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ABSTRACT 

Propofol Anesthesia; Regulation of Hypnosis using Nonlinear 

Control Techniques 

 

Advance technologies and engineering applications have played a significant role in 

the design and improvement of clinical procedures during the last few decades. 

Control of drug infusion for patients health and safety is one of the most important 

step during surgeries. The main objective of safe anesthesia delivery is to achieve the 

optimum dosage during surgery and simultaneously taking into account the patient 

clinical parameters and drug requirements. Continuous administration of drug 

infusion during surgical procedures is essential but increases the undue load of an 

anesthetist in operating room working in a multi-tasking setup.  Manual and target 

controlled infusion (TCI) systems are not good at handling disturbances or 

instabilities arising due to inter-patient variability. Patient safety, large inter-

individual variability and less post-operative effects are the main factors to motivate 

automation in anesthesia. The idea of automated system for drug (Propofol) infusion 

excites the control engineers to come up with a more sophisticated and safe system 

that handles optimum delivery of drug during surgery and avoid post-operative 

effects.  

 

While most of the work done in anesthesia infusion systems are with linear control 

strategies, like PID (Proportional Integral derivative), IMC (Internal Model Control) 

and LMPC (Linear Model Predictive Control) or their improved variants but these 

linear control methods are not good at handling disturbances and uncertainties related 

to the system dynamics. These disturbances, which includes, heart rate variability, 

blood pressure changes and muscular movement, are the main issues causing 

complexities during surgical activities. The novelty and originality of this research 

work lies in employing nonlinear control techniques i.e., Sliding Mode Control 

(SMC) and Backstepping, to regulate the desired hypnosis level of patients 

undergoing surgery. These two methods, in our knowledge, are not yet applied on 

anesthesia infusion systems for hypnosis regulation. Both of these control strategies 

are capable of handling uncertainties and inter-patient variability arising due to the 



xi 

 

differences in patients clinical data. Simulation results from these methods are 

analyzed in detail for hypnosis level of the patients and for plasma-drug concentration 

as well. This effort is envisioned to unleash the true potentials of these nonlinear 

control techniques for anesthesia systems used today in biomedical field. Results 

obtained from these non-linear control methods, in terms of  hypnosis level of patients 

are better than linear control methods.  

 

A non-linear control strategy, Sliding Mode Control (SMC), possesses outstanding 

characteristics related to robustness, accuracy and implementation. Control of non-

linear processes with different types of external disturbances and model uncertainties 

is one of the practical advantage of this method. This non-linear control method can 

be applied to a wide class of non-linear systems however, their application is limited 

to single input systems. For the sake of research and analysis, we expand this work to 

more advanced control technique i.e., backstepping, for hypnosis level tracking. It is a 

recursive design procedure used for designing stabilizing control for the class of 

nonlinear dynamical systems. The performance of the designed control laws are 

studied on the real dataset of  (8 for SMC and 5 for backstepping) patients undergoing 

surgery with different clinical parameters. Despite large patient variability (which 

includes inter-patient and intra-patient variability), the controller regulates the desired 

hypnosis level of all patient within the acceptable range as specified by BIS (Bi-

spectral Index Scale) without overdose for smooth conduction of surgery. 
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1.1 Anesthesia 

 

General anesthesia is much safer today than it was in the past. This progress is due to 

faster-acting anesthetics, improved safety standards in the equipment used to deliver 

the drugs, and better devices to monitor breathing, heart rate, blood pressure, and 

brain activity during surgery. Unpleasant side effects are also less common. 

 

Going through surgical procedures is an ordinary event in today's life. Modern world 

has taken the pleasure of the rewards conveyed by clinical surgery and medicine for 

more than several decades. This implausible landmark has been achieved only 

through the research outcomes and development in modern anesthesia after the 19th 

century. 

 

The objective of this chapter is to show the comprehensive and detailed analysis of 

clinical anesthesia and to introduce the target audience with the complete overview of 

the current and modern concepts used in the medical domain. The brief history 

presented in the first part of the chapter will highlight the remarkable impact of the 

discovery of anesthesia in medical field with noticeable advances that have taken 

place over the time. Different anesthetic drugs and opioids used today in clinical 

practice for sedation and analgesia are also discussed briefly. Different commonly 

used devices for measuring the hypnosis level are also briefly reviewed at the end of 

this chapter.  To study more on the history of clinical anesthesia interested readers can 

refer to [1-3]. 

 

In early timings before the discovery of anesthesia, conduction of clinical surgeries 

required quick execution to avoid complexities regarding patient safety. Some popular 

local methods like application of cold and nerve compression were employed for the 

sake of slight pain-free feeling during surgery. Decreased cerebral perfusion attained 

by compressing the carotid artery was also in practice to provide the patients with 

unconscious state without pain. The breakthrough in the detection of inhalation gases 

that could increase the level of unconsciousness make invasive surgeries possible and 

it was the major development in the domain of modern medicine [4].  
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1.2 Risks and Outcomes in Anesthesia 

 

Patient safety is the most important concern from pharmacological point of view since 

the advent of anesthesia in the 19th century. Evidence of the first death due to 

anesthesia in 1848, was that of Hannah Greener by inhaling chloroform as anesthetic 

agent during surgery. The issue was debated aggressively that whether the patient's 

death occurred due to inadequate amount of drug infusion or due to the side effects of 

chloroform. This incident obtained huge concentration from the public and medical 

society. Chloroform was relatively a better substitute to ether which has more 

flammable properties. The usage of chloroform, as anesthesia, after more deaths 

around the world was questioned and clinicians thought to replace this drug with 

some other new, safe and more strong gas [5]. By the end of 19th century, the deaths 

due to anesthesia was reported to be less than 0.1%.   

 

Currently, anesthesia is the most safest and secure process during surgical procedures. 

In United States of America, about 28 million people undergo anesthesia in one year 

but only 150 patients die because of anesthesia problems and complications . This 

very low mortality rate was because of the following three reasons used in clinical 

practice, 

 

1. One of the important reason to avoid complications is the choice of suitable 

anesthetic drugs for anesthesia process including dosing scheme which depends on 

the patient drug history and sensitivity, patient's weight, height, age, gender and most 

importantly the type and duration of the surgery. 

 

2. The second reason is related to the quality of devices used in operating rooms to 

measure and observe the patient's clinical signs and advise the clinician from potential 

complications. Nowadays, modern equipments such as mass spectrometers, pulse 

oximeters, blood pressure monitors, capnographs and heart rate monitors used in 

operating rooms which provide better monitoring of patients. 
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3. And the last but not least, the education of anesthesia contributes much to make this 

process reliable and safer for the patient. Trainings related to anesthesia are conducted 

in almost every medical college and the syllabus of the program is administered by 

centralized specialty college in most countries. The medical community also took 

advantage of latest research articles published in different journals. 

 

The techniques used for approximating the mortality rate is reliant on the approach 

used by each researcher. In early days, the deaths during surgery was related to the 

anesthetic drugs but human error is also one of the common reason of deaths during 

anesthesia process. Another most common reason of such incidents is used to be 

overdosing of the anesthetic drug. 

 

In parallel to the safety of the patient, other types of problems appeared by using the 

neuromuscular blocking agents in the era of 1940. These drugs are used to block the 

muscle movement to facilitate the surgical procedure [6]. The patient can therefore, be 

in immobile state during whole time of the surgery.  

 

1.3 The Role of Anesthesiologist and Issues in Anesthesia Process 

 

In light hypnotic state, the movement of the patient, cardio respiratory changes e.g. 

heart rate variability and blood pressure changes and also some hormonal responses 

are caused by the surgical stimulation. To avoid the surgical stimulations and to block 

sensation during surgery, anesthetists typically uses the combination of drugs. These 

drugs act in a way that they disable the central nervous system to the information 

which is essential to control other functions of the body [7]. 

 

An over-dosing of the drug may causes problems to the patients like breathing or 

might even provoke a cardiovascular collapse. The concept of overdosing of the drug 

shows the relationship between the anesthetic agent's dosing scheme and the patient's 

pharmacological requirement. If there is no surgical stimulation, the dosage 

requirement is low and maybe a small quantity of drug is enough to make the patient 

feel comfortable. Similarly, under-dosing of the anesthetic drugs may cause 

inadequate analgesia or awareness. Thus careful administration of the intravenous 

drug delivery is the key feature behind successful anesthesia practice. Also, 
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Electroencephalogram (EEG) signal is the only available on-line source of drug effect 

measurement for depth of anesthesia administration. The measurement errors in the 

EEG signal has inserted uncertainty in the EEG variables. Data rejection in computing 

the EEG variable are the results of bad epochs and artifacts in the EEG signal. The 

movement of the patient's body is also a big reason of corrupted EEG waveform that 

could affect the hypnosis level calculation [8]. 

 

The primary motive in introducing the nonlinear approaches in anesthesia infusion 

systems is the limitation of linear control strategies regarding the inadequate handling 

of large inter-patient variability. Linear control approaches are not good at handling 

uncertainties e.g., heart rate variability and blood pressure changes, available in the 

system model which may affect the stability of the designed system. The system 

performance is affected by these un-modeled dynamics and uncertainties and in such 

situations non-linear control methods play critical role. Nonlinear approaches, 

exhibiting excellent properties of accuracy, provide an efficient approach to cope up 

with parameter variations and modeling uncertainties while working in an ambiguous 

environment. 

  

1.4 Literature Review: 

 

As EEG waveform is the trace of the brain activity and has been used as the only 

available source to estimate the depth of anesthesia in real time. EEG waveform, in 

anesthesia administration, is particularly important because the site of action of the 

drug is the central nervous system. EEG signal is very difficult to interpret and 

sensitive to noise, so therefore it is very important to process the EEG waveform with 

different signal processing techniques for significant interpretation of the results. 

Several EEG variables and derivatives e.g. Bi-spectral Index (BIS), median frequency 

and auditory evoked response have been obtained from EEG signal and can be used as 

a measure to administer the hypnosis level of the patients in a Closed Loop 

Anesthesia (CLAN) system. 

 

In 1950, Bickford initiated the research work on closed loop anesthesia systems when 

he launched the ' servo- anesthetizer ' which controls ether using rectified and 

integrated amplitude of the EEG waveform [9]. The designed system was investigated 
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with several humans and animal species and reasonable results were obtained in 

experiments. However, the servo-anesthetizer was not broadly accepted as it was very 

intricate to establish which derivative of the EEG waveform could be used as a 

measure of depth of anesthesia.   

 

In late 1980, Schwilden and Schuttler started working on CLAN systems and 

designed a system by making use of EEG median frequency as the measure of depth 

of anesthesia. A two compartmental Pharmacokinetic (PK)  model was included in the 

designed system with an adaptive controller whose function is to update the part of 

the PK parameters with respect to the error among measure and target median 

frequency [10]. The system was tested on numerous drugs including the most 

frequently used anesthetic agent, propofol and reasonable results were obtained.  

1990, was the year when many research groups become vibrant in the design and 

development of closed loop anesthesia systems. During 1992, Kenny and his 

colleagues developed an anesthetic index and given the name, Auditory Evoked 

Potentials (AEP) index, which was previously known to be as Level of Arousal Score 

(LAS) [11]. The AEP index is obtained from rigorous analysis of auditory evoked 

potential of human EEG waveform which was then used as feedback to the closed 

loop system. The designed CLAN system comprised of Proportional-Integra l(PI) 

controller with a typical Target Controlled Infusion (TCI) system with three 

compartmental pharmacokinetic model. The PI controller controls the target 

concentration of the TCI system that produces drug infusion rate for the syringe pump 

to keep the target concentration at a specific level. The performance of the developed 

system was tested on propofol infusion with patients breathing spontaneously and also 

with those patients who received paralyzing drugs during surgery and adequate results 

were obtained. 

 

Signal Processing techniques was introduced in this area in year 1997 when Roy and 

Hwang and Linkens et al used wavelet transform on the EEG derived variables like 

AEP, auditory evoked potential, for feature extraction and it is then given to artificial 

neural network for the classification of Depth of Anesthesia (DOA) [12]. For infusion 

rate regulation, fuzzy logic controller was used by Linken's in his designed system 

whereas in the system designed by Roy, infusion pump was regulated by 
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STANPUMP and the target concentration of the STANPUMP was controlled by a 

fuzzy logic controller. 

 

Patient clinical signs plays an important role in assessing the depth of anesthesia in 

anesthesia field. A closed loop anesthesia system designed by Linkens et al based on 

fuzzy logic controller using clinical signs of the patients [13]. Numeric clinical signs  

such as heart rate and systolic arterial pressure are used for the assessment of 

anesthesia depth and on the basis of anesthesiologists experience and knowledge the 

intensity of anesthesia could be measured through the signs like sweating of the 

patient, pupil size and lacrimation. The outcomes of the quick dose i.e. bolus dose are 

examined to analyze the patient sensitivity to the drug used. By using a rule base 

fuzzy logic controller the drug information is controlled and the inputs to this 

controller is primary depth of anesthesia and amount of lightness of anesthetic drug 

and safety of the patient.  

 

Bi-spectral analysis was also used for the examination of EEG waveforms that 

classify the inter-frequency relationship of the EEG signal. BIS was a more better and 

reliable index for depth of anesthesia, developed by amalgamating the results of 

power spectral analysis and bi-spectral analysis of the EEG signal. 

 

Moorley et al., designed a closed loop system by taking BIS as a feedback for 

assessing the depth of aesthesia using Proportional Integral Derivative (PID) control 

system. The designed PID controller controls the drug infusion rate according to the 

integration and derivative error between the BIS target and the measured BIS value. 

The result of the designed control system was effective in retaining the constant level 

of anesthetic drug when used in clinical experiments on different patients [14]. 

 

Mortier and his colleagues designed a closed loop anesthesia system using BIS for 

assessing the hypnosis level. Mortier incorporated a PK model and an adaptive 

controller in the designed system to adjust the inter-individual variability. Depending 

on the BIS measurement for hypnosis level of the patient, model parameters were 

updated. Satisfactory results were reported from the performance based experiments 

on different patients [15].  



8 

 

During 2002, many researchers started working on different control techniques to 

regulate the depth of anesthesia for patients undergoing surgery. In the same year, 

wang and wang designed a system with a predictive control technique and using BIS 

as feedback signal. In this system, proportional controller (P)  was used for infusion of 

the drug and compensation from a predictive controller that predicts the vital surgical 

stimulations during surgery e.g. incision and closing [16]. This closed loop approach 

provided better results in terms of control performance.  

 

In the last few years, control engineers took great interest in the automation of closed 

loop anesthesia systems for drug infusion. Most of the work done in this field is by 

using the linear control methods to control the infusion of drug. For the closed loop 

anesthesia systems, the effect of the drug is measured in real time and is matched with 

the desired value of hypnosis level to generate the error signal which is the basis for 

the modification of drug infusion during surgical activities. 

 

The fashion in which this CLAN system has been comprehended is based on trivial or 

linear control approaches [17]. In [18] using PID, control performance has been 

explored with 10 patients experiencing knee surgery in which the median absolute 

performance error was shown to be 8%. The proposed control scheme was able to 

deliver suitable quantity of anesthesia in 9 patients whereas 3 patients shown 

oscillatory response in their BIS values.  Some other noticeable studies showing 

control of anesthesia using PID include [19-20].  

 

Comparing orthodox PID with Linear Model Predictive Control (LMPC), it is 

investigated in [21] that the later technique outperforms in the sense of robustness to 

intra and inter-patient dynamics and handling disturbances, constraints and 

measurement noise.  

 

Recent research efforts [21-24] aim to target linear approaches by accurately tuning 

the controllers to attain appropriate robustness margins for identifiable uncertainties. 

Such approximation attains good control performance only if the difference between 

the predicted and actual closed-loop systems is small for the designed controller [25]. 
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The traditional PID controller cannot handle disturbances like blood pressure changes, 

neural muscular blockade and heart rate variability and may result in oscillatory 

performance during clinical trials. Accurate administration of anesthesia for 

controlling the depth of hypnosis in the current scenario demands the implementation 

of robust control techniques to handle nonlinearities present in the anesthesia control 

system [26]. 

 

Padmanabhan et al., explored two control strategies based on Euclidean Distance 

Minimization (EDM) and Kullback-Leibler Divergence Minimization (KLDM), to 

determine the minimum midazolam concentration that affects the optimal infusion of 

drug for two different patient models [27]. Simulation results shows that the later 

technique outperforms the EDM method in terms of optimal drug dose infusion which 

leads to less drug dosage, minimize the cost function, improve patient safety and 

reduce Intensive Care Unit (ICU) days.  Also the optimal effect site concentration is 

achieved within 5 minutes for both the techniques. The efficacy of KLDM method is 

also explored for propofol infusion which also approves that a lower concentration is 

required than EDM method to achieve the required sedation level. 

 

The performance of a model-based predictive control algorithm and model predictive 

multi-parametric control for induction and maintenance phases of anesthesia has been 

investigated in [28], to control the patient hypnosis level. Four different controllers 

were designed and their performance is verified on 12 virtually generated patients in 

this research effort. One controller is based on the online optimization, Extended 

Predictive Self-Adaptive Control (EPSAC-MPC) technique while other three 

controllers are based on offline optimization MPC technique. The performance of 

these designed controllers are analyzed and compared with each other for all patients 

which reveals optimal dosage, robustness of the MPC algorithm and high efficiency 

for maintaining the desired hypnosis level suitable for surgery while discarding 

typical disturbances. 
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For smooth conduction of surgery, a model predictive controller based on adaptive 

fuzzy model to control the Depth of Hypnosis (DOH) of the patients has been studied 

in [29]. The modeling strategy focuses on artificial intelligence techniques, fuzzy 

logic and genetic algorithms. The proposed technique consists of two phases; the first 

one is offline phase which includes the derivation of generic patient model from the 

data collected during several surgical activities. This results in generic fuzzy model 

that describes the behavior of the mean patient. The next phase is done online and 

consists of an adaptation of the fuzzy inference system to improve the mode accuracy. 

The performance of the designed controller is then verified with 16 patients having 

different parameters like age, height and weight. Simulation results show that the 

designed controller is able to take the BIS signal to the desired target with a smooth 

transient response. 

 

In [30], a detailed analysis of patient model described through its pharmacokinetics 

and pharmacodynamics (PD) parameters using volatile anesthesia. PK and PD 

parameters of different patients were analyzed and their impact on the overall output 

using global sensitivity analysis has been studied in this work. This study focuses on 

the identification of PD parameters before and after the induction of anesthesia during 

surgical activity. A case study of isoflurane based anesthesia shows that the PK 

variables of the patient are in good accordance with the measured drug concentration 

but the PD parameters need to be estimated online to forecast the depth of anesthesia. 

Authors pointed out a new approach in [31] based on Reinforcement Learning (RL) 

for the development of closed loop control of anesthesia regulation for optimal drug 

dosing and to improve patient safety using BIS as a control variable and taking into 

account Mean Arterial Pressure (MAP) simultaneously. Simulation results of 30 

different patient models with variations in their PK and PD parameters approve the 

proposed control strategy and robust nature to system uncertainties. 

 

Melia et al., proposed a technique for the prediction of pain responses during 

anesthesia process based on EEG filtered in the traditional frequency bands and in 

higher frequency bands [32]. Detailed analysis and data extracted from patient’s EEG 

signal can be quite useful to monitor pain responses during anesthesia infusion. The 
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combination of different linear and nonlinear measures from patient’s EEG resulted in 

a useful methodology for the prediction of pain responses during surgical procedures. 

 

Limitations of the standard compartmental modeling when evaluated for anesthesia 

regulation purposes has been observed in [33]. With Pharmacokinetic-

Pharmacodynamic (PKPD) model structure the issues arising from inter or intra-

patient variability cannot be handled properly. PKPD models are Single Input Single 

Output (SISO) models and therefore the response from multiple drug treatments and 

disturbances cannot be captured. LPV (Linear Parameter Varying) techniques and L1-

adaptive methods are used in this research as a means of multivariable control 

synthesis in anesthetic PD. These strategies permitted the inclusion of disturbance 

input in the model resulting in robustness to inter and intra-patient variability. Multi-

drug regimens can be directly incorporated in the underlying models for the purpose 

of control synthesis. 

 

Focusing on patient's safety and comfort, both under dosing and overdosing is critical. 

Linear control approaches for anesthesia control systems are not good at handling 

uncertainties present in the system and disturbances like blood pressure changes and 

heart rate variability. Consequently, an optimal drug dosing scheme is vital. 

Most of the work done for anesthesia process is by using linear control methods. To 

handle different types of non-linearities present in the system under consideration, 

non-linear strategies can be employed to obtain the better understanding and 

performance. The fact that these non-linear approaches for controlled infusion of drug 

has never been applied to anesthesia systems motivates the researchers to expose such 

systems to these non-linear methods.   

 

1.5 Proposed Methods 

 

Sliding Mode Control (SMC) is a robust control approach used to handle uncertainties 

present in the system. This non-linear control approach changes the higher-order 

system into first order system so that easy and straightforward control algorithms can 

be applied. To control the non-linear systems, Lyapunov stability methods are used in 

this approach. While most of the work in anesthesia infusion is done through linear 
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control techniques, but they are not capable of handling uncertainties involved in the 

patient model due to large inter-patient variability. The novelty of this research lies in 

employing this non-linear control technique to control the conscious level of the 

patients during surgery and to our knowledge this control strategy is not been yet 

applied for hypnosis regulation.  

 

The performance of the designed controller is investigated and characterized with real 

dataset of patients undergoing surgery. Simulation results of 'without controller' 

scenario shows the deviated BIS waveform for all patients used in this study i.e., 

hypnosis level of all patients is not in the desired range to perform surgery which is 

quite dangerous. The plasma-drug concentration in all four compartments of the 

PKPD model is also shown for detailed analysis. However, inclusion of SMC based 

control law improves the performance of anesthesia infusion system and brings the 

patient's hypnosis level within  the suitable range for smooth conduction of surgery. 

 

Backstepping is a systematic non-linear design method with recursive nature and can 

be applied to a wide class of non-linear systems. This non-linear control strategy 

relies on Lyapunov function and recommends the design of a control system in 

several steps in order. In this research work this non-linear method is also applied and 

studied in detail to regulate the hypnosis level of the patients to avoid complexities 

during anesthesia infusion.  

Simulation results of BIS waveforms for five patients with different clinical attributes 

shows better performance in terms of patient safety and health. Using Backstepping 

approach, all patients achieve the desired hypnosis level without overshoot in 

minimum time for safe execution of surgical procedure. 

1. 6 Aims and Objectives of the Research 

 

Closed loop control of anesthesia presents higher level of safety and improved quality 

of anesthesia and in parallel reducing the load of anesthetist to make regular and 

repeated adjustments in drug infusion for its administration. By reducing the chances 

of inadequate amount of drug infusion, closed loop anesthesia system could provide 

the  improved patient care and optimum amount of drug infusion. CLAN systems 

permit the quick identification of disturbances and perturbations that might be 
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overlooked by anesthetist or might be negligible for drug administration during drug 

infusion.       

 

For intravenous drug delivery, closed loop anesthesia system provide a capable and 

efficient method for drug infusion in critical surgical procedures. To accomplish this 

objective, analysis and examination of PK and PD variability in patients, clinical trials 

on the patients undergoing surgery and the development of the control system is 

required. 

 

The key points pointed out from this research are to, 

 

-Examine the pharmacokinetic and pharmacodynamic variability in patients 

undergoing surgery. 

 

-Explore and investigate the non-linear control strategies for drug 

administration. 

 

-Develop methods to guarantee patient safety in clinical trials. 

 

-Assess the designed system on real dataset of patients undergoing surgery. 

 

 

1.7 Summary: 

 

In this chapter, introduction to clinical anesthesia with history and its possible 

outcomes in response to inadequate amount of drug delivered to the patient is 

presented. Different concepts related to patient conscious level, pain free feeling and 

muscles movements is also discussed. Continuous administration of drug is very 

important in the whole anesthesia process which shows the significant role of 

anesthesiologist in clinical practices. Apart from inhaled anesthetics, introduction to 

intravenous anesthetic drugs is also shown in this chapter. Since then further 

advancements in anesthetic pharmacology have occurred keeping in view the patient 

health and safety.  
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Previous and current research approaches in anesthesia delivery systems are also 

discussed with most of the work done using linear control strategies. Finally the aims 

and objectives of this research with respect to drug infusion is discussed. 

 

Chapter 2 discusses the different drug delivery regimes used in the area of medical 

sciences. The effect of anesthetic agent or DOA, either inhaled or intravenous, has 

been measured as the conscious level of the patient undergoing surgical procedures. 

The concept of pharmacokinetics and pharmacodynamics affecting the plasma drug 

concentration during surgical processes are also explained. In contrast to different 

anesthetic drugs, the performance of open loop systems and closed loop systems has 

also been studied in detail for anesthesia infusion. 

 

1.8 Thesis Outline 

 

This thesis comprises of 7 chapters together with the basic knowledge of the current 

research in anesthesia practice including terminologies and medical background, 

analysis of main problems in open loop and closed anesthesia systems, development 

of the patient model and performance evaluation of the designed system on real 

parameters of the patients undergoing surgery.  

 

 Chapter 2 of this thesis presents the essential background of intravenous anesthesia 

used in medical domain. Commonly used drugs for hypnosis like propofol and 

analgesics like remifentanil and alfentanil are also discussed in detail. Issues involved 

in measuring the DOA are also discussed. Frequently used monitor BIS is also 

discussed in detail. 

 

Chapter 3 explores the complexities involved in open loop and closed loop anesthesia 

systems with major emphasis on inter-patient variability. Introduction to 

compartmental modeling is also discussed in detail with PK and PD parameters. 

These PK, PD parameters provide the necessary theoretical foundation for the 

infusion of anesthetic agent with respect to different compartments of the human 

body. Integrated PKPD mode for the patient is also included in this chapter to show 

the drug distribution rate and its elimination from the patient body.  
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Chapter 4 presents the analysis tools used for linear control systems and introduction 

to non-linear systems. This chapter recapitulates the principle of open loop and closed 

loop control with particular attention on the PID control. Transient and steady state 

error analysis, root locus analysis, frequency response analysis and PID control are 

also shown for analysis. The design of manual control, open loop and closed loop for 

intravenous anesthesia infusion to explain the modifications in anesthesia systems up 

till now are also shown with their advantages and disadvantages. Detailed explanation 

of non-linear controls is also shown in this chapter. 

 

Chapter 5 and chapter 6 shows the contribution of this research work. Chapter 5 

shows the designed closed loop anesthesia system based on non-linear control 

strategy i.e., SMC to regulate the hypnosis level of different patients. The designed 

closed loop system uses BIS to show the depth of anesthesia in patient. BIS value is 

derived from the EEG waveform of the patient. The CLAN system is capable of 

delivering controlled drug infusion to avoid complexities during surgical activities. 

 

Chapter 6 presents the another non-linear control method i.e., backstepping for 

hypnosis level regulation of different patients. Control law designed through this non-

linear method tracks the desired hypnosis level of all 5 patients suitable for surgery. 

   

Finally chapter 7 concludes the thesis work with emphasis on the future work.  
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Chapter 2 

 

Intravenous Drug Delivery 
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2.1 The Early Days  

 

Using diethyl ether, Crawford Williamson Long performed the first recorded 

anesthesia procedure. He often used to inhale ether and comprehend that this agent 

had the quality of providing him insensitivity to painful knocks and bruise. In march 

1842, he practiced his theory and concluded that it could be applied in surgical 

activities to give patients pain free impression. In 1844, first dental surgery was 

conducted by Gardner Colton and Horace through nitrous oxide as an anesthetic agent 

but unsuccessful to convince medical society [34]. 

 

William Morton during 1846 succeeded in explaining that ether could be utilized as 

an anesthetic agent to withdraw the patients of their sense undergoing surgery. This 

achievement of 'etherization' method extended rapidly all over the civilized world. 

The name 'anesthesia' (lack of esthesia, i.e. sense) was afterward proposed to Morton 

by Oliver Wendell Holmes to explain this new concept. 

     

Because of increased intricacy in the field anesthesia management and its 

administration, clinicians thought that anesthesia and surgical procedures were two 

different complementary domains that required their own practitioners. The first 

diploma of anesthesia was offered in 1935 and after one year American Society of 

Anesthesiologists (ASA) was founded. 

 

2.2 Functions of Anesthesia 

 

In clinical settings, the meaning of depth of the anesthesia evolved with the use of 

different drugs. Anesthetic depth can be categorized by the definition of three 

components for anesthesia, which are, hypnosis, analgesia and immobility as shown 

in fig. 2.1. Hypnosis defines the unconscious state of the patient, analgesia defines the 

pain free feeling for the patient during surgery whereas immobility includes the 

blockade of reflexes and muscles movement [35-36]. 
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         Functions of Anesthesia

ImmobilityAnalgesiaHypnosis

 
 

FIGURE 2.1: Functional components of anesthesia 

 

For intravenous drug delivery, anesthetists can examine the state of the depth of 

anesthesia by taking into account the clinical observations and signs of the patients. 

These include, different EEG variables derived from patient's EEG waveform using 

advanced signal processing techniques and most commonly, by computation of 

plasma-drug concentration after drug infusion by examining the blood samples taken 

for the patient. The EEG derivatives and clinical signs of the patient are acquired on 

real time basis and also considerable amount of time delay is required for the testing 

of blood samples from the patient [37]. The depth of anesthesia measurement varies 

from anesthesiologist to anesthesiologist because of different experiences in clinical 

practice. 

 

Intravenous and inhaled anesthetic drugs both are used to accomplish the required 

depth of hypnosis. But the strategies to administer these drugs are altogether different. 

Automated TCI and manual drug delivery are still in use in operating rooms using 

intravenous drug delivery. knowledge of appropriate pharmacokinetics and 

pharmacodynamics parameters plays an important role in intravenous drugs with 

which they can be given to the best of their advantage. In target controlled infusion 

methods for anesthesia infusion, the concept of PK and PD leads to the continuous 

infusion techniques.  

 

Large number of intravenous anesthetic agents are available for induction and 

maintenance of anesthesia. Most popularly used anesthetic drug for sedation is 

propofol and is used because of its numerous advantages over other drugs, while 

remifentanil and alfentanil are broadly use for analgesia. Intravenous drugs provide a 

rapid onset of action and fast post-operative recovery to avoid complexities. Below 

we will discuss the ingredients of anesthetic drugs which are capable of providing 

these functions.   
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2.2.1 Anesthetics 

 

Anesthetics can be characterized in two different categories including inhaled 

anesthetics and intravenous anesthetics. Chloroform is the most commonly used 

inhaled anesthetic in the anesthesia process. One of the main plus point of using 

inhaled anesthetic is the drug uptake in arterial blood stream can be accurately titrated 

by computing the difference between the inspired and expired concentration. A 

device, mass spectrometer, is used to measure this concentration. In steady state, the 

expired concentration correlates with the brain concentration. For this reason, the 

inhaled anesthetics are broadly used in clinical settings to achieve the desired 

hypnosis level. 

 

Whereas intravenous anesthesia can be characterized in five different families. 

Barbiturates, Benzodiazepines, phencyclidines, carboxylated imidazoles and 

isopropylphenols. Intravenous agents do not provide analgesic effects. A synergistic 

effect is produced in terms of hypnosis and analgesia when hypnotic drug and 

analgesics are used together. 

 

Propofol is the most frequently used drug in anesthesia and was introduced in 1990s. 

Currently, propofol is the best intravenous drug choice for clinicians because of its 

several advantages. The propofol is well known for its metabolism nature and fast 

redistribution. 

 

2.2.2 Opioids  

 

Opioids, when used in small quantity, are different from hypnotics in the sense that 

they incite analgesia without the loss of touch, temperature sensation and 

consciousness. As opioids do not depress the heart, this implies that it is appropriate 

for cardiac anesthesia. When opioids are used in large amount, they can produce 

unconsciousness in the patient, however, the hypnotic state attained by them are not 

dependable [38]. 

 



20 

 

Five opioid compounds are used in clinical settings e.g. morphine, hydromorphone, 

fentanil, sunfentanil and remifentanil. The effects of all these opioids are same but 

their dynamics vary largely due to tremendous differences in their lipid-solubility. 

Remifentanil is the most frequently used opioid during general anesthesia. The 

strength of remifentanil is twice as compare to fentanyl and its effect site equilibration 

time is about 1.1minute.The main characteristics of remifentanil is that it provides 

rapid onset of action, noncumulative effects in inactive tissues and fast recovery 

during post-operative time.  

 

2.2.3 Neuro-Muscular Blockades 

 

Neuro-muscular blockades (NMB) operate at the neuromuscular junction level by 

suspending the transmission of nerve impulses. The fundamental use of NMBs is to 

provide muscle relaxation to assist in the processes like intubation of the trachea for 

favorable surgical circumstances. NMBs do not provide hypnotic and analgesic 

effects, further they do not interact with opioids and anesthetics. Succinylcholine is 

applied for quick onset of action or when small duration of action is required. 

Mivacurium, cisatracurium, vecuronium, and rocuronium are employed when longer 

effects are required. Fig. 2.2 shows the input-output relationship of the anesthetic 

process. 

 

 

Patient

Propofol

Remifentanil

Rocuronium

Hypnosis

Analgesia

Muscle 
Relaxation 

 
 

FIGURE 2.2: Input-Output of the anesthetic process in a patient 
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2.3 Modern Balanced Anesthesia 

 

All anesthetic agents are basically hypnotic by nature. Anesthetic drugs operate at the 

level of cognition by maintaining the consciousness of the patients undergoing 

surgery. By increasing the amount of anesthetic agent in the patient, apart from 

hypnosis more response to noxious stimuli can be achieved, specifically for 

inhalational anesthetics [39]. In early days, only one drug was infused with high 

concentration to achieve the desired level of hypnosis. But when drugs are 

administered with high concentration, they resulted in large number of side effects 

during and after surgery such as, ventilation depression and nausea, vomiting. In an 

effort to reduce these side effects, some analgesics are being used together with the 

hypnotics for general anesthesia.  

 

The term balanced anesthesia was first used in 1926 by John Lundy to explain the 

concept of using the combination of drugs to achieve the moderate hypnosis level of 

the patient undergoing surgery. As the analgesia and areflexia in patients can be 

accomplished separately by the use of different drugs e.g. opioids and neuro-muscular 

blockades, but  they are not hypnotics. These days, the emphasis is on the use of 

combination of hypnotics, opioids and neuro-muscular blockades to achieve the 

balanced anesthetic state. The benefit of using these drugs concurrently is that a very 

low quantity of each drug is required to achieve the desired anesthetic state. This 

implies, the side effects related to each of these drugs can be reduced adequately. This 

balanced anesthesia is now the standard for the management of anesthesia in clinical 

practices. There are basically three temporal stages of anesthesia process in sequence 

as shown in fig 2.3. 

 

Induction Maintenance Emergence 

 
 

FIGURE 2.3: Temporal stages of anesthesia 
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As discussed, the combination of hypnotics, opioids and NMBs are used to obtain the 

state of general anesthesia. These drugs have very different properties even if they 

belong to the same family of drugs [40].  

 

2.4 Background of Intravenous Drug Administration 

 

Hypnosis level administration is a vital component of patient care. Anesthesia is used 

in many medical domains including dental surgery, intensive care and surgical 

operation with incision. One of the important functions of anesthetic drugs is that the 

patient should not feel pain when he is in unconsciousness state without memory 

during the whole surgical procedure.  

 

Inadequate amount of anesthetic drug is very harmful and dangerous for patients 

undergoing surgery. To control the delivery of intravenous drug, hypnosis level of 

patients needs to be administered continuously in operation theater. One of the major 

clinical problems occurred during surgical activities is how to measure the 

sedation/hypnosis level in patients during surgery. And the second problem is how 

much drug should be injected in patient to attain the desired hypnosis levels to avoid 

problems during and after surgery. The ultimate goal in current scenario is to 

administer the drug to control the depth of anesthesia automatically along with the 

concept that minute human intervention is needed [41]. 

 

At present, anesthesiologists deliver anesthetic drugs manually and measure the depth 

of anesthesia by looking at some clinical signs of the patients like sweating , pupil 

size and so on. The major objective of this research work is to explore and investigate 

the control methods that are able to provide automated drug administration along with 

anesthesia depth measurement.  

 

The advances in the technology of intravenous drug delivery has been grown from 

automated TCI, also recognized as computer assisted continuous infusion (CACI), to 

currently used CLAN systems.  
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During manual control of anesthesia, anesthetists inject anesthesia on the basis of 

standard dose or dosage plan of an anesthetic agent and estimating the amount to 

which a particular person is sensitive to a specific drug by taking into account the data 

collected by pre-operative examination and clinical knowledge. The dosage plan is 

then regulated by trial and error with the purpose of adjusting the optimum delivery of 

anesthesia. In manual delivery, anesthesia syringe pump is frequently used and 

anesthetists often pre-program the syringe pump by using the knowledge of 

pharmacokinetics which mathematically describes the behavior of the drug in terms of 

distribution, absorption, metabolism and elimination from the patient's body. From the 

bolus dose and the fixed maintenance rate of anesthesia, the infusion rate of the drug 

would be computed from the information given by mathematical PK model prior to 

drug infusion. 

 

Bolus dose is used for quick induction of anesthesia to attain the required 

concentration of the drug immediately whereas the maintenance of drug infusion 

compensates for drug elimination over time.  

 

As the computer technology progresses and development of the syringe pump 

accurateness improves, the idea of computer control technology and the PK in manual 

intravenous drug delivery was combined to achieve better results to control sedation 

level of patients. These efforts resulted in the development of a new and technological 

advance automated system CACI broadly recognized as TCI systems. 

 

In TCI based systems, the infusion rate of the anesthetic drug is controlled 

mathematically through the use of pharmacokinetic model of the drug. 

Anesthesiologists typically have to set the target concentration, either at effect site or 

in plasma to achieve the required hypnosis level for a particular patient and anesthesia 

pump to infuse the anesthetic drug. Depending on the difference between the required 

and approximated concentration in plasma, the infusion rate of the drug is defined by 

the parameters of PK model. Measurement of the bolus dose and maintenance of the 

drug in manual delivery is not necessary if aTCI system is being used. For such 

systems, interference for drug measurement form anesthetists is only needed if 

regulation of depth of hypnosis is required [42].    
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TCI systems lessen the efforts of the anesthesiologist of making regularly changes in 

infusion rate of the drug resulting in the stable maintenance of anesthesia than the 

manually maintained anesthesia. Also, reduced amount of overshoot and undershoot 

were monitored and thus improving the quality of anesthesia practice. But in open 

loop control systems such as TCI systems, the dynamic characteristics of the patients 

undergoing surgery involves a mathematical model with ample precision and 

accuracy. 

 

The parameters of PK possibly vary from patient to patient and may vary over time 

within a single patient giving rise to two important terms in anesthesia domain: Inter-

patient variability and Intra-patient variability respectively. From the aforementioned 

statement, it can be concluded that there are no particular set of pharmacokinetic 

parameters that are valid for all patients available in a population. Anesthesiologists 

have to take care of the desired concentration and requires to adjust the higher(or 

lower) target concentration for a particular patient who is considered as less(or more) 

sensitive to the infused anesthetic drug than the average of the given population 

depending on the examination and clinical history of each patient. Because of large 

inter-patient variability, TCI based systems are not capable of adjusting the target 

concentration with no measurement of feedback on drug effect and thus for this 

reason anesthetist have to intervene to set the target concentration manually. 

 

This proposal of presenting the TCI based system by computing the effect of drug 

such that the target concentration is modified automatically give rise to the idea of 

closed loop control of intravenous anesthesia. Using these closed loop systems, 

hypnosis or sedation levels are measured on real time basis and is then compared from 

the target depth of anesthesia to obtain the error signal and the system then produces a 

controlled anesthetic infusion rate according to the calculated error.  

 

From many aspects, the closed loop anesthesia system is far better than open loop TCI 

systems in terms of accurate hypnosis measurement. The performance of the open 

loop systems such as TCI systems, relies heavily on the accuracy and precision of the 

designed patient model with PK and PD parameters, whereas closed loop anesthesia 

systems relies on the accuracy of the calculation of the drug effect. 
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As the nature of the TCI system is like an open loop system, various disturbances in 

the operating room can affect its performance and the system will not be able to deal 

with such perturbations automatically. When the quantity of anesthesia is not enough 

in patient during surgery, the closed loop anesthesia system responds to surgical 

stimulations by injecting large amount of drug, otherwise if the intensity of sedation is 

higher than the required level, the controller stops the anesthetic drug infusion [43]. 

The consequences from the inter-patient variability could be reduced and optimum 

amount of anesthesia could be maintained by employing closed loop anesthesia 

systems for drug infusion. The role of anesthesiologists for drug infusion and 

administration can further be minimized by using CLAN instead of open loop TCI 

systems. 

    

Feedback control is broadly used in industrial applications because of its better quality 

of control ir-respective of the fact which object is under control. In anesthesia infusion 

field, the advances in closed loop control system for intravenous anesthesia has been 

slow due to large inter and intra-individual variability.  

 

2.5 Drugs: Action, Effect and Interaction 

 

The advances in the improvement of safer and more strong intravenous anesthetics 

with quick onset of action and short duration of action has a huge impact in clinical 

anesthesia. As discussed above, nowadays, the anesthetic drugs are used in 

combination to provide a balanced anesthetic state while reducing the side effects of 

each drug used. 

 

The short duration of action, feature makes the intravenous anesthetic drugs e.g 

propofol and remifentanil, the best choice for the bolus infusions during surgery 

because their administration as boluses frequently results in very strong effects for 

very short period of time [44].  
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One of the drawbacks of using intravenous anesthetics is the difficulty in measuring 

the plasma-drug concentration. Infusion schemes available in medical literature are 

most probably affected by errors occurring due to uncertainties present in the system. 

Thus the resulting titration may not match the real needs of the patient.When 

intravenous drugs are used with CLAN systems, the patient variability as well as 

synergistic effect of the drug would be considered as most important issues. 

 

Inter-individual variability corresponds to the way in which the drug is distributed and 

eliminated from the patient's body and is more effected by cardiac output. Some other 

factors including the patient's age, height, weight, lean body mass (lbm) and liver 

functions also are the root causes patient variability. 

 

When different drugs are used in combination, considerable interactions are observed 

between them. An additive effect implies that when two drugs are taken concurrently, 

the total effect is the added effect of individual drugs i.e. the inhaled anesthetics have 

additive effects. This phenomenon is represented by the superposition principle. 

 

The synergistic effect of the drugs represent that the effect of two drugs taken 

concurrently is greater than the additive effect of individual drugs. Drug synergism 

frequently occurs when hypnotics and opioids are used in combination. 

 

From control engineering perspective, the interaction of these drugs produces 

noteworthy cross-coupling in the system that models the patient. 

 

2.6 Issues in monitoring the Depth of Anesthesia 

 

The fundamental and frequently faced difficulty by anesthesiologists and researchers 

in the domain of depth of anesthesia administration is the accurate hypnosis level 

measurement. However, there are number of other complexities involved in the whole 

process which are described below, 
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2.6.1 Pharmacokinetic-Pharmacodynamic modeling 

 

The PK and PD modeling of the drug plays a crucial role for drug infusion in different 

patients. This PKPD approach shows the effect of drug on the patient's body over a 

period of time. The PK model describes the dose-effect association while the PD 

model illustrates the process of drug distribution to the site of drug action [45]. The 

modeling errors related to PK and PD models are still a significant problem in drug 

infusion. 

 

2.6.2 Drug Effect Measurement  

 

Drug effect monitoring is exceptionally complicated for anesthesiologists to 

administer depth of anesthesia quantitatively throughout surgical procedures because 

of not having the required technology supporting on-line. Drug concentration 

administration from patient's blood samples is the only accessible source off-line. The 

clinical signs from the patient like blood pressure changes, heart rate variability, pupil 

size and sweating etc. and the expertise of clinician is still extensively used.    

  

Several spectral variables, for example, beta power from the EEG signal and median 

frequency are very useful that are determined by using the EEG monitors. The 

utilization of these EEG derivatives are very limited as they are not linearly correlated 

with the drug concentration [46].  

 

2.6.3 Inter-Patient Variability 

 

Every patient is different from other patient and this implies that the PK and 

PDparameters are distinct in terms of drug distribution, metabolism and excretion. 

Main reason of inter-patient variability is the incomplete modeling and errors in 

modeling the drug distribution process in different compartments of the patient body 

[47]. Inter-individual variability arises from different clinical parameters of patients 

such as age, weight, height, lean body mass, gender, sensitivity to a specific drug etc. 
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When the PK and PD parameters of the patient varies over a period of time within a 

single patient, it leads to a phenomena, frequently known as intra-patient variability. 

 

EEG signal is the only available on-line source of drug effect measurement for depth 

of anesthesia administration. The measurement errors in the EEG signal has inserted 

uncertainty in the EEG variables. The movement of the patient's body is also a big 

reason of corrupted EEG waveform that could affect the hypnosis level calculation 

[8]. 

 

 

2.7 Depth of Anesthesia Administration  

 

As discussed, the depth of anesthesia can be measured through clinical signs of the 

patients which includes lacrimation, sweating, respiratory patterns, heart rate 

variability, pupil size and blood pressure. But the volume of respiration is eliminated 

which is the sign of DOA measurement through the use of muscle relaxants. In many 

clinical settings, muscle relaxants makes the interpretation of the movement 

complicated and vague. All the clinical signs that are discussed above, only heart rate 

and blood pressure are numerical signs. 

 

Clinical signs, for depth of anesthesia administration are very important but it is not 

possible to utilize all clinical signs to produce uniform measures for DOH [48]. The 

significance of different clinical signs may change over time and some clinical signs 

may correlate with depth of anesthesia for certain anesthetic drugs and may not for 

some others. Surgical stimulation may affect some clinical signs like blood pressure 

or pulse rate. 

 

2.7.1 Plasma-Drug Concentration 

 

Another very important method to administer DOA is to determine the plasma-drug 

concentration from the examination of blood sample of the patients. In intravenous 

administration of the drug, the anesthetic drug move to different parts of the body 

through the circulation of the blood and very little quantity of the drug reaches the 
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effect site i.e. brain. The concentration of the drug in plasma rises immediately after 

infusion and then decays because of distribution and clearance of the anesthetic drug 

from the patient's body. However, the concentration of the drug rises at the effect site 

slowly until the drug concentration in plasma and at effect site equilibrate. The 

relationship of the administered drug with the plasma drug concentration is 

characterized by pharmaokinetics whereas the association of plasma-drug 

concentration and drug concentration at the effect site are shown by 

pharmacodynamics [49].  

 

Drug effect is measured by depth of anesthesia and the concentration of the drug at 

effect site is only a measure of pharmacological effect. Sigmoid model is used to 

determine the approximate effect of the drug from the effect site concentration.  

 

The best way to estimate the depth of anesthesia DOA is from the measurement of the 

drug concentration at the effect site. But the site of action is not accessible and as its 

alternative, plasma drug concentration is calculated from the patient's blood sample. 

PK and PD  provides the estimation of the concentration at the effect site.   

 

As considerable amount of time is required in evaluating the blood samples of the 

patient, the depth of anesthesia measurement from drug concentration in the plasma is 

typically reserved for clinical experiments.   

 

2.7.2 Significance of Human Electroencephalogram signal 

 

Human EEG waveform shows the cortical activity obtained from summated 

excitatory and inhibitory postsynaptic activity which are controlled by sub cortical 

thalamic nuclei [50]. The electrical activity has straight physiologic effects related to 

the patient's depth of anesthesia. Cerebral blood flow and cerebral metabolism are 

inter-related with the level of EEG activity. The role of the electrical activity of the 

brain i.e. EEG signal is very significant in the determination of hypnosis level.  

 

EEG waveform has been a main source of measuring DOA of the patients. The raw 

form of the EEG waveforms are difficult to interpret for useful extraction of 
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information and different categories of anesthetic agents can produce different EEG 

patterns [51]. To get meaningful information available in the raw EEG waveform for 

the purpose of depth of anesthesia administration, different signal processing 

techniques should be employed. 

 

Conventionally, fourier transform is used to process the EEG signal for spectral 

analysis. Processed EEG variables from power spectral analysis are single-variable 

descriptors of depth of anesthesia and they are of limited use in explaining the depth 

of anesthesia. 

 

BIS is a multi-variable DOA device that calculates its value from power spectral and 

bi-spectral analysis of the EEG waveform of the patient. BIS is reported to be linearly 

correlated with the drug concentration over a significant range when propofol is used 

for infusion. 

 

Another vastly used method named, Auditory Evoked Response (AER), commonly 

known as AEP generated from auditory stimulation of peripheral nerves. This method 

was developed on the basis of a computer averaging technique, neural network 

technique and wavelet transform.  

 

AER contains the information related to the EEG signal but can be detached from 

each other through the use of signal averaging methods. The information given by 

auditory evoked response can be separated in three different sections: first section 

shows the brain stem response typically for the first 10ms after stimulation, second 

part shows the early cortical activity between 15 to 80ms and the third part shows the 

late cortical response i.e. 80 to 100ms. 
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2.8 WAVCNS Monitor Model 

 

The WAVCNS is the abbreviation of Wavelet based Anesthetic Value for Central 

Nervous System, used to measure the hypnosis level of the patient. This monitor 

shows the combined response from the anesthetic drug and the unknown surgical 

stimulation. Its value varies from 100 to 0, where 0 corresponds to iso-electrical 

electroencephalogram, 100 represents the awake state of the patient and 60-40 

represents the moderate hypnotic state at which the surgery can be performed 

smoothly. The model of this monitor was derived by Zikov et al in 2006 and can be 

shown as (2.1), 

 

𝑊𝐴𝑉𝐶𝑁𝑆 = 100[1 − (
1

(8𝑠+1)2
) 𝐸(𝑠) + 𝑑(𝑠)]                                                        (2.1) 

 

Where 𝑑(𝑠) represents the unknown surgical stimulation. The value of '1' corresponds 

to the clinical effect of WAVCNS = 0 and the minimum value is '0' which corresponds 

to WAVCNS =100.    

 

2.9 Potentials of the BIS Monitor: 

 

The BIS monitor has obtained substantial attention in research and medical 

community. One of the advantage using the BIS monitor during anesthesia process is 

the reduced drug consumption and less discharge time. The effect of post operative 

nausea, vomiting  and patient comfort level is also improved [52]. 

 

Research shows that the patients undergoing anesthesia without BIS monitor involved 

in anesthesia process, suffers from overdosing. Processed EEG variables including 

BIS offer anesthetist to regulate the amount of anesthesia according to his/her 

requirements. The decrease in the drug consumption during surgery, reduced post-

operative effects have the advantage of reducing the anesthesia related cost.  

 

2.10 Anesthetic Drugs 

 

The most frequently used intravenous anesthetic drug is Propofol, also known as 

Diprivan. When the drug is injected in the patient, Diprivan makes the patient to move 
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into the hypnotic state required for smooth conduction of surgery. Propofol is used as 

hypnotic agent due to numerous advantages over other drugs like it has rapid onset of 

action, reasonable maintenance and rapid post-operative recovery with dependable 

amnestic properties (Sebel and Lowdon, 1989). Propofol can also be used for sedation 

purpose in ICUs and has also been used with opioids e.g., alfentanil and remifentanil 

to produce the synergistic effect. The elimination of the propofol is lower in elder 

patients as compare to younger patients. There were no disparity in the volumes of 

distribution at steady state or in the half-lives of distribution and elimination. The time 

taken by propofol to generate the peak effect after a bolus dose was reported to be 

between 1-2.4 minutes.   

 

To take care of pain during surgical procedures, an intravenous analgesic agent, 

Alfentanil is used. Alfentanil is used in combination with some hypnotic agent for 

total intravenous technique. Alfentanil has a short terminal elimination half-life of 

about 80-120 minutes because of the relatively small steady-state distribution volume 

and a rapid plasma-effect site equilibration time [53]. The peak time of the drug effect 

is about 1-2 minutes which provides a rapid onset of action. The induction of 

analgesics like alfentanil should be stopped roughly about 20 to 30 minutes before the 

end of the surgery. If a hypnotic drug is used in combination with alfentanil for the 

infusion of anaesthetic agent, the quantity of the hypnotic agent can typically be 

reduced.   

 

2.11  Drug Interaction between Propofol and Alfentanil 

 

 

Usually, to reduce the magnitude of side effects during induction and maintenance 

phases of anesthesia inhalational and intravenous anaesthetic agents are combined to 

lessen the drug requirements of the individual agents and to increase the post-

operative recovery [54]. Propofol and alfentanil are short acting anesthetic drugs and 

are used in combination frequently. Drug interaction occurs when the analgesics and 

hypnotics are used in combination e.g. Propofol will decrease the requirements of 

alfentanil concentration by interfering with its metabolism, and in the similar way, 

alfentanil also decreases the requirements of propofol concentration by decreasing  

both the distribution and elimination of propofol which alters the dose-concentration 
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relationship [55]. Table 2.1 shows the comparison of frequently used intravenous 

anesthetic drugs. 

 

TABLE 2.1: Comparison of most commonly used intravenous anesthetics. 

 

Drugs Induction and recovery Unwanted effects 

   

Alfaxalone Non irritant, Rapid 

metabolism. 

Poor water solubility, May induce 

moderate hypotension. 

Ketamine Slow onset, After effects 

during recovery. 

May increase heart rate and blood 

pressure, Administered with xylazine to 

produce better anesthesia and 

analgesia, Nausea, Vomiting, 

Salivation 

Propofol Fast onset, Fast recovery 

phase, Rapid metabolism, 

Potent antioxidant and anti-

inflammatory properties, 

Neuroprotective effects. 

Cardiovascular and respiratory 

depression, Pain at injection site, poor 

analgesia, reduce intracranial pressure 

Thiopental Fast onset, Slow recovery 

phase, Produces smooth and 

quick sedation. 

Cardiovascular and respiratory 

depression, Tissue damage when not 

administered by i.v.route due to high 

histotoxicity. 

Etomidate Fast onset, Fairly fast 

recovery 

Excitatory effects during induction 

Adrenocortical suppression 

Midazolam Slower onset than other 

anesthetic drugs 

Little cardiovascular and respiratory 

depression  

 

 

2.12 Summary: 

 

Ideal intravenous anesthetic drug has a rapid onset of action and is quickly eliminated 

from the bloodstream and central nervous system, facilitating control of the anesthetic 

state during surgery. This chapter starts with the introduction to the concept of 

intravenous anesthesia and measuring the DOA for safe execution of surgery. 

Conscious level of the patients is measured through the patient's EEG signal using 

different clinical monitors including WAVCNS and BIS monitor is introduced.  

 

Performance and working of TCI systems and closed loop control systems for 

anesthesia are also discussed in detail. Comparison of different drugs including 

hypnotic drugs and analgesics are also shown.   

 



34 

 

Closed loop control for anesthesia is more advanced and safer for patient health. The 

following chapter discusses the importance of feed-back signals and drug modeling 

approaches with their pharmacokinetics and pharmacodynamics parameters. The scale 

for anesthesia administration is also discussed based on BIS scale which is used 

extensively during anesthesia process.  
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Chapter 3 

 

 

 Mathematical Model of Closed Loop Controlled Anesthesia 
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3.1 Introduction 

 

 

The design of the closed loop anesthesia systems consists of development of the 

system, testing of the model and the realization of the physical system with hardware 

components or through software. Prior to the implementation of the physical system, 

the modeling of the system provides tremendous advantages. A system model gives 

an efficient approach to explore the closed loop anesthesia system by using different 

control methods. By developing the models, the complex issues related to the system 

i.e. in case of closed loop anesthesia system, the problems such as inter-patient 

variability and drug interaction can be fully explored [56]. This effort certainly 

improves the dependability of the system to be implemented and the patient safety can 

also be ensured.   

 

 

3.2 Feedback Signals 

 

A feedback signal, used to compute the desired effect of the control action, is of great 

importance in the design of closed loop control system [57]. For the closed loop 

anesthesia infusion system, the feedback signal is the depth of anesthesia to measure 

the hypnosis level of the patients undergoing surgery. The choice of anesthesia depth 

as the feedback signal is contentious because of the lack of unifying definition for the 

depth of anesthesia. The anesthetic state of the patient is a complex function of 

unconsciousness, analgesia, motionlessness and amnesia. When several drugs are 

used in combination with opioids, it is very difficult to define the complete anesthetic 

state, however for some components of anesthetic state such as sedation and muscle 

relaxation, reasonable feedback signals are available. Most commonly used feedback 

signals are BIS, median frequency (MF) and AER for hypnosis level regulation in 

CLAN systems.  

 

As compared to the frequently used depth of anesthesia measurement tools, BIS is 

believed to be the best measurement device for depth of anesthesia and has the best 

correlation with blood propofol concentration and with the magnitude of the cerebral 

metabolic reduction. For these reasons, BIS is taken as feedback signal in CLAN 

systems for the measurement of depth of anesthesia [58]. 
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3.3 Control Strategy 

 

Depth of anesthesia in patients is the important object to be controlled in CLAN 

systems. After the induction of the drug, the dynamics of the drug distribution process 

in the patient's body become very complicated and the mathematical modeling of this 

process will be very far from the ideal modeling. Patient's health condition and drug 

history are either unknown or cannot be modeled and they affect the dose-effect 

relationship. These un-modeled parameters are the originating factors of inter-patient 

variability or even within a single patient. On the contrary, considerable amount of 

nonlinearity is present in almost all depth of anesthesia measuring devices although 

their trends could linearly correlates with the drug effect e.g., BIS [59]. The control 

signal is also non-linear because of the fact that it is not possible to take any injected 

drug out of the patient's body. One of the major difficulty found in closed-loop 

anesthesia control is the drug effect hysteresis that differs from one patient to another 

 

During surgical procedures, it is necessary for the  CLAN systems that could be 

employed for patients in the operating rooms, to react immediately for excess as well 

as insufficient amount of anesthesia which may be occurred by stimulation and at the 

same time also ensuring the patient safety. Because of the nature of its fast response 

and reduced computational difficulties, PID controller is the optimum choice. 

 

In medical field, TCI systems has gained considerable success for anesthesia infusion 

process. Although the TCI system is an open loop system, the target drug 

concentration for every patient is controlled by anesthesiologist [60-61]. This 

regulation of drug concentration depends on the administration of the depth of 

anesthesia and anesthesiologist's experience. In many systems, to make full use of 

TCI systems knowledge, a TCI component is used within the closed loop system to 

control the infusion pump movement and the PID controller behaves like an 

anesthesiologist to control the target drug concentration of the TCI component. The 

key advantage offered by using TCI system with the closed loop anesthesia system is 

the level of patient safety which is enhanced more by the fact that when the working 

of closed loop control system failed during anesthesia or the feedback signal have bad 
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quality or unavailable, the system can be converted towards open loop TCI system 

and switched back to  closed loop control after the problem has been resolved. 

 

 

3.4 Closed Loop System Diagram 

 

The general form of the closed loop anesthesia system can be shown as, 
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FIGURE 3.1: General form of  closed loop anesthesia system. 

 

 

This chapter covers the whole process of the drug modeling approach used in medical 

domain. This method of modeling shows that how the infused drug is distributed in 

the patient's body which leads to the analysis defined by Pharmacokinetc modeling 

[62]. The pharmacokinetic model, which is the first step of PKPD modeling, can be 

used to calculate the plasma-drug concentration in the body after infusion over a 

certain period of time. The second step in this modeling approach is to show 

mathematically, the relation of the plasma-drug concentration with the effect. This 

leads to the concept of Pharmacodynamics modeling.  

 

Propofol and remifentanil, frequently used hypnotic agent and analgesic agent 

respectively, easily available in present pharmacological practice, so we consider that 

the CLAN systems will benefit from these two agents. Most of the discussion will be 

focused on these anesthetic drugs. 
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3.5 Principles and Concepts 

 

Pharmacokinetic concepts can be described by taking into account the distribution 

process of any drug in the different parts of the human body and understanding the 

phenomena of drug concentration in plasma over the time. After the bolus infusion 

during the induction phase, the drug is absorbed by the central compartment resulting 

in the maximum concentration of drug in plasma. The magnitude of the maximum 

plasma-drug concentration does not occur immediately after the bolus infusion, 

instead of this a slight time delay exists between the infusion and the mixing of the 

drug in central compartment. Systematic blood circulation then initiates the process of 

drug distribution in the other parts of the body including fats and muscles. Part of the 

drug penetrates in different tissues of the body through molecular diffusion and 

according to the affinity of the tissues for the drug. 

 

The organs of the human body with high flow of blood and low volume e.g. brain 

equilibrate quickly with the concentration of central compartment. Parallel to this 

drug distribution in central compartment, part of the drug is also transferred from 

central compartment to other tissues like muscles, fat, viscera and bones resulting in 

the decreased plasma-drug concentration in central compartment. 

 

This reversible transmission of drug from one part of the body to other is known 

distribution of the drug, which involves molecular movement across lipid membranes 

and capillary walls.  

 

The clearance of the drug is typically achieved through the process of metabolism and 

excretion of the drug from the central compartment of the PKPD model. The process 

of metabolism transforms the lipophilic substances like, anesthetics and opioids into 

hydrophilic substances, thus assisting their excretion through renal mediation. This 

process is done at hepatic level typically guide towards the inactivation of the drug. 

Renal and hepatic excretion are responsible for most of the drug elimination within 

the body.  
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3.6  Modeling: 

 

The process of drug induction, distribution, metabolism and elimination can be 

described through the process of mathematical modeling. Various methods are 

proposed to model the different stages of drug, some of which are discussed. 

 

3.6.1  Exponential Model 

 

For large number of drugs, the time taken by the drug for its concentration in plasma 

after intravenous infusion can be fitted to resemble a decaying function having two 

different modes related to distribution and clearance stages of the drug respectively. 

Mathematically, this behavior of the drug infusion process shown in equation (3.1) 

and can be represented as [4],  

 

𝐶𝑝(𝑡) =  𝐴𝑒−αt +  𝐵𝑒−βt                                                                                         (3.1) 

 

Where 𝐶𝑝(𝑡) is the drug concentration shown in nanogram per milliliter for opioids 

and microgram per milliliter for hypnotic drug. α is the rate constant of distribution 

phase i.e. slope of the tangent line at origin and β is the rate constant of the 

elimination phase i.e. slope of the curve after the distribution phase is completed. The 

parameter β is normally used to model and represent the slow elimination phase. A 

tri-exponential model is also used to model this process which will be able to capture 

the dynamics of this process in a better way. The added exponential is for handling 

the fast dynamics of the distribution phase by introducing the notation of P and π.  

    

𝐶𝑝(𝑡) =  𝑃𝑒−πt + 𝐴𝑒−αt +  𝐵𝑒−βt                                                                          (3.2) 

 

The main purpose of using exponential models is that one can easily analyze and 

obtain the plasma-drug concentration graphically. The desired results can be analyzed 

by taking into account the bolus dose data and measures the plasma-drug 

concentration  

 

In pharmacological studies and practice, the representation of rate constants can be 

shown by half lives which illustrates that how much time is required to observe the 

decline of 50% of the initial amount given and can be calculated as follows,   



41 

 

 

 

𝑇1/2
π =

𝑙𝑛2

π
 

 

𝑇1/2
α =

𝑙𝑛2

α
 

 

 𝑇1/2
β

=
𝑙𝑛2

β
                                                                                                          (3.3)                                                               

 

The unit of these half lives is [min]. From control engineering perspective, the 

exponential model shown above can be represented in Laplace domain as, 

 

 𝑃𝐾(𝑠) =  
𝐶𝑝(𝑠)

𝐼(𝑠)
= 𝑃.

1

𝑠+ π
+  𝐴.

1

𝑠+ α 
+  𝐵.

1

𝑠+ β
                                           (3.4)                  

 

 

3.6.2  Compartmental Model 

 

The compartmental modeling is used broadly in pharmacological studies and their use 

is not limited to the modeling of anesthetic drugs. In compartmental modeling, a 

compartment in the body represents the tissue group that has similar characteristics 

such as in normal practice, human body is divided in three compartments. A central 

compartment including highly perfuse tissues e.g. liver and brain, a rapid peripheral 

compartment containing muscles and viscera and a slow peripheral compartment 

containing fats and bones [63].  

After the bolus infusion of the drug, the quantity of drug inducted in the central 

compartment is eliminated with the use of rate constant 𝑘10 expressed in min-1. This 

elimination of the drug from central compartment is related to metabolism and hepatic 

or renal excretion. At the same time, during this elimination process, the infused drug 

is moved towards the two peripheral compartments through the use of two rate 

constants 𝑘12 and 𝑘13. Following the infusion of the drug, the concentration of the 

drug in central compartment decreases and at the same time the concentration of the 

drug in other two peripheral compartments rises exponentially. As soon as the 
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concentration of the drug in central compartment and any one of the two peripheral 

compartments equilibrates, the movement of the drug from central to peripheral 

compartments stops. This equilibrium stage reverses the direction of distribution 

process of the drug and now the accumulated drug in peripheral compartments moves 

back to central compartment with rate constants 𝑘21 and 𝑘31. As the blood of the 

central compartment is the carrier of the drug from central to peripheral compartments 

so this implies that the there will be movement of drug between these two peripheral 

compartments and for this reason only the drug present in the central compartment is 

eliminated. 

 

3.6.2.1Volume of Distribution 

 

The volume of distribution 𝑉𝑑 is the measurement of the degree of the drug 

distribution process over the time. This phenomenon can be described as the ratio of 

the total quantity of drug in patient's body versus the drug plasma concentration from 

the start of the elimination stage.  

 

The volume of distribution relies on the size of the compartment to which the drug is 

infused, the extent of protein binding and the partition coefficient of the drug. This 

volume can be very large showing that most of the drug is circulated in peripheral 

tissues. In 3-compartmental modeling, the volume[L] of distribution is the sum of 

three volumes of the compartments and can be shown as, 

 

 𝑉𝑑 =  𝑉1 + 𝑉2 +  𝑉3                                                                                              (3.5)                                

 

where 𝑉1 , 𝑉2 and 𝑉3 are the volumes of central, rapid and slow peripheral 

compartments. 

 

3.6.2.2 Clearance 

 

One of the main terminologies in the drug distribution process is the clearance of the 

drug from the patient's body. This clearance can be classified at two different levels, 

inter-compartmental clearance and total drug clearance. As discussed previously, the 
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elimination of the drug from the patient's body can be attained through different 

means such as, metabolism and excretion of the drug. This is basically a capability of 

the patient's body to eradicate the total amount of drug from the patient's body. For 

one compartmental model, the concept of clearance can be shown in the following 

figure as,   

 

Volume (V)

Concentration = X/V 

X Amount of drug 

K (Rate Constant)

Q(Clearance)=KV

 
 

 

FIGURE 3.2: One compartmental model 

 

 

 

The concept of clearance can be represented in [ml.h-1]. For a 3-compartmental 

model, the total amount of drug eliminated from compartment 1 or central 

compartment can be determined as, 

 

  𝐶𝑙1 =  𝑉1. 𝑘10                                                                                                       (3.6) 

 

The clearances 𝐶𝑙12, 𝐶𝑙21. 𝐶𝑙13 and 𝐶𝑙31 are the inter-compartmental eliminations of 

the  drug and depict the same concept. In other words, these inter-compartmental 

clearances represent the drug distribution phenomenon between three compartments. 

Considering  

 

𝐶𝑙2 =  𝐶𝑙12 = 𝐶𝑙21 and 𝐶𝑙3 =  𝐶𝑙13 = 𝐶𝑙31 and from above equation, we can 

conclude that, 

 

𝑉2

𝑉1
=  

𝐾12

𝐾21
 

and  

𝑉3

𝑉1
=  

𝐾13

𝐾31
 

                                        (3.7) 
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3.7  Equivalence of the Two Compartments: 

 

The two models shown above, are equal because they interpret the same input-output 

relationship and due to this equivalence, the parameters of the PK model can take 

different forms such as, 

                                         

 − {𝑃. 𝐴. 𝐵,   𝑇1/2
α  , 𝑇1/2

β
 , 𝑇1/2

π }  standard exponential parameter set 

 

−{𝑉1, 𝐾10, 𝐾12, 𝐾13, 𝐾21, 𝐾31} Standard compartmental parameter set 

 

−{𝑉1, 𝑉2, 𝑉3, 𝐶𝑙1, 𝐶𝑙2, 𝐶𝑙3} Compartmental set in terms of volumes and clearances 

 

All of the above defined sets are equal as they represent the same PK relationship. 

Most of the PK parameters available in literature are seen in either of these 

representation. 

 

The representation of the PK model as the single input-single output transfer function 

with the help of compartmental and exponential parameters is given as, 

 

 𝑃𝐾(𝑠) =
1

𝑉1
.

(𝑆+𝐾21)(𝑆+𝐾31)

(𝑆+ 𝛼)(𝑆+ 𝛽 )(𝑆+ 𝜋 )
                                                             (3.8)     

 

This illustration has some benefits for the skilled observer to recognize the frequency 

response of the system easily. 

 

3.8  Remarks: Drug Uptake 

 

 

In pharmacokinetic analysis, it is typically considered that the anesthetic agent mixes 

immediately in the central compartment when administered. Drug uptake phase is 

defined as the phase right after administration. The above supposition that the drug 

mixes instantaneously will become unacceptable when considering the dynamics of 

the drug during this phase. Because of the reason that the drug uptake stage is of very 

short duration, this process is really hard to determine accurately as it requires the 
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administration of several blood samples taken from the patient's body in the first 

minute after infusion. 

 

3.8.1 Linearity: 

 

The PK parameters of the drug are not linear as the drug injection rate influences the 

overall drug distribution process. This characteristic of the pharmacokinetics is highly 

recognized by medical specialists and practitioners who do not titrate anesthetic drugs 

the same way whether they use boluses and infusions. 

 

Mostly PK studies show obvious differences between the PK models acquired from 

bolus data and PK models achieved from infusions. 

 

3.8.2 Time Variance: 

 

There exists huge number of physiological dissimilarities between patients that 

influence the parameters of pharmacokinetics. Analysis, understanding and measuring 

these dissimilarities can certainly decrease the uncertainty present in the model. 

 

Mostly PK parameters are derived for a certain age group. However, pediatric, adult 

and elderly patients can have very different hepatic and renal extraction ratio and 

therefore effecting the drug clearance process.  

 

Due to the presence of the adipose tissues, the distribution process of the lipophilic 

drug is effected, obesity in individuals have to be checked as this factor boost the 

elimination half life of the drug. This implies, that the weight of the patient, fatness 

and lbm are assumed to be the covariates of the pharmacokinetic parameters. 

 

It has also been observed that the dynamics of the drug is also affected by the cardiac 

output of the patient. But the problem for the reduction of the uncertainty level in the 

model after the insertion of the patient's cardiac output in pharmacokinetic parameters 

remains open. PK and PD modeling follows compartmental approach. 
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3.9  Pharmacokinetic Modeling  
 

In 2001, Mertens et al, found that administration of propofol drastically decreases the 

overall elimination and clearances of alfentanil between different compartments of the 

integrated PKPD model. Authors also reported that one of the cause of this interaction 

can be related with the fact that propofol have the tendency of decreasing the mean 

arterial blood pressure and therefore disturbing the opioid distribution and clearance 

[64]. 

 

PK describes mathematically the dose-concentration relationship after the quick 

induction of the drug [65]. In this research work, a three-compartment 

pharmacokinetic model with additional effect site compartment is chosen because of 

its wide use in clinical research for its simplicity and having enough accuracy and 

computational efficacy. The mathematical representation of the PK model will be 

derived by the plasma-drug concentration relationship and dose-effect concentration 

relationship.  

 

Although, our stress will be on drugs like propofol and remifentanil in this research, 

the discussed concepts related to drug disposition can be applicable to large number 

of other drugs too. For more detailed analysis of these concepts, we invite readers to 

follow the text books by stanski and watkins [76]. 

 

The change in concentration of the primary or central compartment over the time is 

dependent on the movement of drug to and from the rapid and slow peripheral 

compartments. This change of concentration in the primary compartment at any time 

is also reliant on the amount of drug inducted in and eliminated from the primary 

compartment. Similarly, the change in concentration of the peripheral compartment is 

related with the amount of drug moved to and from the central compartment at any 

time.  

 

PK describes the process of drug distribution, metabolism and elimination of the drug 

and illustrate the effect of drug as the time passes at the site of action. Mathematical 

modeling explaining the drug distribution phenomena in the patient body can be 

developed from the clinical experiments in which the plasma drug concentration 
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administration is done at regular basis after the bolus dose. The nonlinear regression is 

used to fit the time versus concentration curve. Plasma drug concentration rises 

instantly after the bolus dose  and decays exponentially with the passage of time. 

 

The pharmacokinetic model describes a method to simulate the procedure of drug 

distribution in the patient's body. In this modeling process, linear approximation is 

applied along with the mathematical description of the process of the drug distribution 

in the body [4],   

 

𝐷𝑃(𝑡) =  ∑ 𝐴𝑖  𝑒−𝜆𝑡𝑛
𝑖=1                                                                                               (3.9) 

 

𝐷𝑝 (𝑡) is the disposition function of the drug after the quick dose in the patient's body,  

the exponents 𝜆𝑖  are the inverse of half lives (half life = 0.693/λ) and 𝐴𝑖 are the 

coefficientsof the relative contributions of each half life to the overall drug 

disposition. Also, the integer 'n' representing the number of exponentials. I(t) is the 

drug infusion rate over a time, the plasma drug concentration, 𝐶𝑃𝐶𝐴𝐿𝐶(𝑡) is given as, 

 

𝐶𝑃𝐶𝐴𝐿𝐶(𝑡) =  𝐼(𝑡) ∗ 𝐷𝑃(𝑡)                                                                                   (3.10) 

 

The PK model provides greater accuracy when there are more number of exponential 

terms in the equation of 𝐷𝑃(𝑡). Typically, in general for most anesthetic agents two or 

three exponential terms give reasonable better results and to avoid computational 

complexities not more than three exponential terms are used in practice. Tri-

exponential drug disposition function is shown by the following equation, 

    

𝐷𝑃(𝑡) =  𝐴1 𝑒−𝛼𝑡  + 𝐴2 𝑒−𝛽𝑡  + 𝐴3 𝑒−𝛾𝑡                                                             (3.11) 

 

After the drug infusion to the patient, the drug is moved to different parts or 

compartments of the body through plasma including high blood flow organs, 

peripheral tissues and fats. The movement of drug stops to different parts of the body 

when the concentration of the drug equilibrates at the two sites. If further decay 

occurs in plasma concentration, redistribution of the drug starts from that part of the 

body to plasma until again the concentration of the drug equilibrates. The 
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equilibration rate described above is kept to certain value between plasma and the rest 

of the body.    

 

The drug disposition process is very similar to multi-compartment model on which a 

multi-compartment pharmacokinetic model was designed. Central compartment 

shows the plasma and the peripheral compartments symbolize the different 

physiological parts of the body. In central compartment, organs with high flow of 

blood are included whereas the rapid and slow peripheral compartments include 

organs i.e. muscles and fats respectively that have different drug accumulation than 

central compartment. Each compartment is supposed to get the same amount of drug 

to and from the plasma.  

 

A three compartmental model of PK consists of three compartments: central 

compartment, also known as plasma compartment or compartment 1, rapid peripheral 

compartment or compartment 2 which composed of muscles and slow peripheral 

compartment or compartment  which constitutes of fats in the body. After infusion 

and distribution of the drug in different compartments, the drug is removed from the 

patient's body through distributional clearance, metabolic clearance and terminal 

elimination [66]. 

 

The important physiological part of the modeling is the effect site or site of action of 

the drug in the drug distribution process. The effect compartment includes 

membranes, receptors and enzymes but that site of action is not accessible. Extra time 

is required to increase the quantity of drug concentration in brain according to the 

clinical observation after a bolus dose. This phenomena is known as hysteresis of drug 

effect and it varies from patient to patient. The effect of hysteresis may also changes 

within a single patient and also from one drug to another drug. The concentration of 

the drug at the site of action is lower than that in plasma.  

 

The drug concentration in plasma rises quickly after the quick dose and then declines 

immediately [67]. However, the drug concentration at the effect site grows gradually 

and reaches to maximum when both the drug concentrations in plasma and site of 

action equilibrate. Following this equilibration state, the concentration at the effect 
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site and plasma concentration decays. Even though, the concentration of the drug at 

the effect site is high than in plasma after achieving the equilibrate state, the drug 

transmitted from plasma to effect site is irreversible. Some quantity of the drug is 

eradicated from the effect site. This whole process can be fully illustrated by the 

addition of fourth compartment to the already discussed three compartmental model. 

 

The differential equations used to represent the PK and PD of the drug distribution 

process are expressed by frequency domain analysis, particularly with Laplace 

transform. The Laplace transform is used broadly to show the differential equations 

which are in time domain into algebraic expressions so that they can be easily solved.   

 

3.10  Pharmacodynamic Modeling 

 

Mathematically, the function of the PD modeling can be shown as the monitored 

effect of the drug and the plasma concentration 

 

  𝑃𝐷(𝑠) =  
𝐸(𝑠)

𝐶𝑝(𝑠)⁄                                                                                            (3.12) 

 

where 𝑃𝐷(𝑠) is the pharmacodynamic model and 𝐸(𝑠)is measured drug effect. 

 

Mostly, the anesthetic drugs can be characterized with the help of dose response 

curves [68]. As anticipated, the effect of the drug is minimum at small drug doses, 

whereas increased drug effect is observed when the quantity of the drug is increased. 

Dose-response curve shows a linear characteristic i.e. constant slope for a given range 

of doses. A saturation effect emerges when large quantity of drug is infused, pointing 

out that the full effect of the drug has been achieved. 

 

When administering anesthetic agents and opioids together, it is very hard to classify 

the effects of each drug. Observation like,  response or no response can be made, but 

not at regular basis. However, it is more likely that the effect of the drug is targeted 

and can be characterized. The resultant dose-response relation would then specify the 

plasma concentration or dose concentration to attain the partial effect e.g. plasma 

concentration of the drug to achieve a certain BIS value. 
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The PK explains the dose-concentration relationship while the PD distinguishes 

concentration-effect relationship [69]. The concentration discussed here means the 

drug concentration at the effect site i.e. brain and that effect is basically a 

measurement of the effect of the drug on the patient in terms of consciousness. This 

effect may include several EEG effects like BIS and MF.   

 

A sigmoid model is used to represent the concentration-effect relationship. The 

mathematical form of this relationship is also shown. 𝐶𝑒(𝑡) is the concentration at the 

effect site, 𝐶50 is the steady state drug concentration when 50% of drug effect has 

been attained, 𝐸0is the effect without drug infusion, 𝐸𝑚𝑎𝑥is the maximum effect of the 

drug after infusion and 𝛾 is the steepness of the sigmoid curve. 

 

𝐵𝐼𝑆(𝑡) = 𝐸0 − 𝐸𝑚𝑎𝑥 ∗
𝐶𝑒(𝑡)𝛾

(𝐶𝑒(𝑡)𝛾+𝐶50
𝛾

)
                                                   (3.13) 

 

When 𝛾 is not an integer, the mathematical behavior of  the sigmoid curve becomes 

very complex. The sigmoid model depends on different parameters and most 

importantly it varies from patient to patient. The concentration effect relationship is 

considered to be linear within a certain range of effect [70]. This condition allows the 

linear approximation of the model. Figure 3.3 shows the general form of PK-PD 

model. 

 

 

U(t)
E(t)

PK  (Keo/S+Keo)
Sigmoid 

curve

Cp(t)

PD model

Ce(t)

 
 

FIGURE 3.3: Pharmacokinetic-Pharmacodynamic model 

 

 

 

The relationship of the drug response can be achieved on the basis of steady state 

observations. When the monitored effect is shown against the plasma concentration, a 
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hysteresis-like cycle can be seen pointing out the disequilibrium between plasma 

concentration and the effect site concentration of the drug. One of the outcome of this 

disequilibrium is that the effect lags the plasma concentration.  

 

Sheiner et al, [71], recommended an enhancement in the typical PK model by adding 

an extra compartment in the form of effect site compartment which was attached with 

the central compartment. This added compartment models the different features of the 

PD including the parameter 𝑘𝑒𝑜which is used to show the relationship for the transfer 

of plasma concentration to the biophase, which is the physiological milieu targeted by 

the drug. This implies that the effect site concentration 𝐶𝑒(𝑠) and plasma drug 

concentration 𝐶𝑝(𝑠) can be represented mathematically as, 

 

𝐶𝑒(𝑠) = (
𝑘𝑒0

𝑠+ 𝑘𝑒0
) ∗  𝐶𝑝(𝑠)                                                                                    (3.14) 

 

Above equation calculates the dynamics of the effect site. This added compartment is 

used with nonlinear gain of the steady state model. 

 

But this approach suffers from many drawbacks including the lack of time delay 

factor which may put out of sight the inherent latency of the drug effect. Also the 

dynamics of the device which is used to measure the effect of the drug is not 

incorporated in the model design. 

 

The drug distribution process for the patient undergoing surgery can be illustrated by 

the designed set of PK and PD parameters i.e., a patient model can be achieved 

identifying the PKPD parameters. It cannot be determined from the whole set of 

patient's population that which pharmacokinetic-pharmacodynamic parameters have 

the extreme case with which the patient needs the most or least drug to attain a 

specific level of anesthesia than the others. 

 

The drug transfer rate constant 𝑘𝑒0 is normally determined from the patient's weight 

and the peak time of the drug effect. As discussed earlier, the peak time taken by 

propofol to attain the maximum effect is between 1 to 2.4 minutes, this implies that 
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for patient model peak time values of 1 minute and 2.4 minutes are used together with 

their mean value of 1.7 minutes.   

 

3.11 Accuracy of  Pharmacokinetic Model and Patient Variability 

 

Currently, pharmacokinetic model plays a significant role in determining the 

accurateness of the concentration of the drug. The assessment of the commercial 

diprifusor TCI in patients undergoing surgery demonstrates that the drug 

concentration prediction are 24.1% of MDAPE (Median Absolute Performance Error) 

and 16.2% of the MDPE(Median Performance Error). This study also shows that after 

the drug induction or if the target concentration is increased, the measured 

concentration of propofol is higher than the concentration determined through the use 

of PK model. 

 

Because of physiological differences in patients, all patients are unique  in terms of 

PK and PD parameters. These PKPD parameters changes intra-operatively during the 

procedure of drug induction. Inter-individual variability arises from both PK and PD 

parameters.  

 

Inter-patient and intra-patient variability generates a significant error in the estimation 

of drug concentration through the use of PK  model. At present, there is not enough 

information that describes the intensity of inter and intra-patient variability. The 

reality of inter-patient variability resulted in the development of  population PK 

models and physiology based PK models. A population based PK model considers the 

clinical parameters which changes the pharmacokinetics of the anesthetic drug e.g., 

age, height, weight, gender, drug history, duration of anesthesia and the state of the 

disease.   

 

Many PK models have been designed but they all are average population models. 

Stanski et al, concluded that there is no change in brain responsiveness on the basis of 

age or pharmacodynamics when the spectral edge is used as a measure of drug effect. 
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During 1995, Egan et al., achieved the results from his research work and concluded 

that the patient's gender has no role in the modeling of PK and PD when remifentanil 

is used. Minto et al., in 1997, presented his work and concluded that the patient's age 

effect the pharmacokinetics and pharmacodynamics of remifentanil, and another 

factor (lbm) only effect the PK parameters and also suggested that the patient's gender 

has no effect on any PK and PD parameters. In 1999, Schnider et al., disclosed that 

the EEG waveform of the elder patients are more sensitive to the hypnotic drug like 

propofol than younger patients. An average PK model is used in clinical practices 

which is the representation of the population [71-73].  

 

To build the average population model, three steps need to be followed. In the first 

step, a mathematical model of every representative present in the population is 

developed by experiments and by using non-linear regression on experimental data. 

These designed models are transformed mathematically into compartmental models 

and at the end different sets of the PK parameters present in the designed 

compartmental models are then averaged to form one set of parameters showing the 

average PK model.  

 

3.12 Manually Controlled Drug Infusion 

 

The conventional method of anesthesia delivery is the manual delivery by means of 

an accurate anesthesia pump. This pump calculates the bolus dose and the 

maintenance rate of anesthesia for induction and maintenance phases of anesthesia. 

The concentration of the drug in the patient's body is defined as the amount of drug 

divided by the volume as shown in equation. If we assume 'x,' the amount of drug in 

patient's body and 'v' is its volume, the concentration of the drug can be written as, [4]   

 

                  𝐶𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛 =   𝐴𝑚𝑜𝑢𝑛𝑡
𝑉𝑜𝑙𝑢𝑚𝑒⁄                                             (3.15) 
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and can be shown in figure as,  

 

 

 

Volume (V)

Concentration = X/V 

X Amount of drug 

 
 

FIGURE 3.4: Drug concentration in patient's body 

 

 

The bolus dose 𝐵𝑑 can be determined from the target drug concentration 𝐶𝑇 and the 

volume of the patient shown in equation,  

 

 𝐵𝑑 =  𝐶𝑇 ∗  𝑉1                                                                                                     (3.16) 

 

The quick dose or bolus dose Bd calculated from above equation can be used to attain 

the target drug concentration in plasma without overshoot. 

 

Following the infusion of quick bolus dose, small infusion profiles of the drug have to 

be maintained to balance the amount of drug in the patient's body which is being lost 

due to the elimination of the drug or distribution of the drug to and from different 

compartments. Distribution rate of the drug to peripheral compartments decays 

gradually with time therefore the infusion to maintain the quantity of drug varies 

accordingly. Above equation obtained from pharmacokinetic model, can be used for 

the computation of maintenance infusion rate which is given as, 

  

 𝑀𝑎𝑖𝑛𝑡𝑒𝑛𝑒𝑛𝑐𝑒 𝑅𝑎𝑡𝑒 =  𝐶𝑇 ∗  𝑉1( 𝑘10𝑒−k10t +  𝑘12𝑒−k12t +  𝑘13 𝑒
−𝑘13𝑡)           (3.17) 
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Where 𝑘10 , 𝑘12  and  𝑘13  are the rate constants. Average manual infusion dosing 

schemes, developed from PKPD model, are available for various drugs.     
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FIGURE 3.5: Manually controlled drug infusion 

 

 

 

3.13 Target Controlled and Closed Loop Drug Infusion     

 

The manual drug infusion in which the anesthesiologist controls the quantity of drug 

to be injected is shown in fig. 3.5. An automated drug delivery technique, TCI often 

called as CACI is widely used for research activities as well as in clinical practices. 

The main components of this device are high precision anesthesia pump which 

controls the movement of a syringe and a dedicated microprocessor to manage the 

infusion rate of the pump through a PK model.  

 

TCI systems are open loop systems as there is no measure of patient response or drug 

effect present in the system as shown in fig. 3.6. TCI system injects the anesthetic 

drug in accordance with the error between the given target concentration in plasma or 

at effect site and the drug concentration at the target site calculated through the 

incorporated PK model [74]. STANPUMP is the one of the example of TCI system. 
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FIGURE 3.6: A Typical target controlled infusion system 

 

 

Less overshoot, reduced drug consumption and convenience are the big plus points of 

the TCI systems over manual systems. 

 

The major negative aspect of a TCI system is its open loop configuration through 

which the control system respond to the effect of the drug to the injected drug. For the 

maintenance of anesthesia at some specific value, the anesthesiologists requires to 

regulate manually the target concentration in the light of clinical examinations [75]. A 

TCI system is unable to select the pharmacokinetic model for different patients. 

 

As opposite to the open loop systems, the closed loop anesthesia systems would inject 

the anesthetic drug in accordance with the real time measure of drug effect on the 

patient and the target drug effect (see fig. 3.7). In case of any event that effects the 

drug delivery in the sense of inadequate amount of anesthesia, the CLAN system 

responds to this activity immediately. A stable closed loop system is capable of 

reducing the error between the required and measured output. Taking advantage of 

this property of a closed loop system, an accurately designed anesthesia system is able 

to induce and maintain the desired depth of hypnosis in large population despite 

patient variability and intra-operative surgical procedures producing the insufficient 

amount of drug. 

 

More precisely, a fundamental closed loop anesthesia systems has a high precision 

anesthesia pump regulating the movement of syringe, a device measuring the 

hypnosis level of the patient undergoing surgery plus a microprocessor which 

manages the drug infusion rate from the pump by measuring the depth of anesthesia 
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and the desired anesthesia level. Block diagram of the general CLAN system is shown 

below,  

Infusion 
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Patient
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Opioids
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BIS

E(t)

+

+

+

+
Controller 

-

+

 

FIGURE 3.7: A basic closed loop anesthesia system 

   

Anesthesia quality proves to be better with CLAN systems as compare to open loop 

systems. Taking the benefits of the TCI system, a closed loop anesthesia system offers 

a more reliable and stable DOA and reduced overshoot [76]. Anesthesiologist 

intervention can be reduced for frequently adjusting the anesthesia in drug delivery 

process to give attention to other important tasks in operating room. One potential use 

of a CLAN system would be to allow a less skilled practitioner to deliver anesthesia. 

 

3.14 PKPD Uncertainty 

 

Patient variability is the biggest challenge involved  in the design of closed loop 

anesthesia systems. Characterizing and representing the patient variability as system 

uncertainty is necessary to ensure the stability of the system when closing the loop. 

 

Quantifying system uncertainties permits control engineers and also pharmacologists 

to analyze and review more accurately the significance of various causes of 

uncertainty in the designed PKPD model. Eventually, understanding of the sources of 

uncertainties help the designers in the selection of suitable control method to 

implement the system and achieve better performance. 

 

The study and analysis of pharmacokinetics achieved the great amount of 

consideration from the clinicians, practitioners and researchers globally. Modern 

research in nonlinear regression analysis permitted the pharmacologists to develop 
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pharmacokinetic parameters to measure the effects of different clinical parameters of 

the patients including height, weight, gender and age. Today, with the help of 

technological advancements, blood plasma concentration can be calculated with the 

reasonable accuracy and precision. From control engineering perspective, some 

significant characteristics of the phramacokinetics needs some attention such as, 

 

1. The pharmacokinetic parameters are entirely reliant on drug infusion rate. For 

example, the infusion of less than 200μg.kg-1.min-1 is linear w.r.t. the amplitude of the 

input, whereas the infusion related to bolus-type of about or above 2500 μg.kg-1.min-1 

have different drug distribution in the beginning, which give rise to different 

pharmacokinetic parameters. 

 

2. Second point is related to the interaction of the drugs especially of propofol and 

remifentanil. Clinicians have agreed that the interaction between drugs leads to the 

issues related to the re-distribution and elimination of the drug from the patient's 

body. 

 

3. The blood plasma concentration of the drug cannot be controlled as there is no real 

time measure exists. This implies that the pharmacokinetic parameters are used to 

forecast the plasma drug concentration only. Very diverse PK parameters observed 

having different renal and hepatic diseases. 

  

Pharmacodynamics, the concentration-effect relationship, describes the connection 

between the drug concentration at the effect site and the level of the biological effect 

i.e. level of consciousness of the patient.  

 

The sigmoid model describes the shape of the sigmoid curve. However, every patient 

may have his own model represented by a set of pharmacodynamic parameters (i.e., 

𝐸0, 𝐸𝑚𝑎𝑥, 𝐶50, and 𝛾 ) [77] .  

 

When 𝛾 is not an integer in the expression of sigmoid model, the model becomes 

mathematically complex to define. But the dose-effect relationship for some 

anesthetic drugs might be approximately linear, for example, dose-BIS effect in which 
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case a linear approximation of the sigmoid model could exist and has the following 

forms depending upon the definition of the anesthetic depth descriptor. 

 

𝐸 = 𝑘 ∗ 𝐶                                                                                                              (3.18) 

or if smaller descriptor value represents a deeper depth of anesthesia, 

𝐸 =  𝑘 ∗ 𝐶 + 𝑏                                                                                                      (3.19) 

 

where k is the slope of the relationship line, and b is the baseline value of the drug 

effect and 𝐶 is the steady state concentration of the drug. In 1997, Doi et al., derived, 

by linear regression on the data obtained from a group of patients, a simple linear 

relationship equation for concentration-BIS effect in their clinical study [78]. This 

relationship is shown as follows, 

 

𝐵𝐼𝑆(𝑘) = −12.837 ∗ 𝐶(𝑘) +  93.582                                                                 (3.19a) 

 

𝐵𝐼𝑆(𝑧) =  −12.837𝐶(𝑧) + 
93.582𝑧

𝑧−1
                                                            (3.20)                 

 

The steady-state drug concentration in plasma shows the  state in which the drug 

concentrations in plasma and at effect site equilibrate, and this meets the requirement 

of the concentration-effect relationship.  

 

All the relationships discussed above may vary from patient to patient or may within 

the single patient during the drug induction process. This inter-patient variability 

cannot be calculated and for this reason, the mathematical model developed as the 

average model of the population. Practically, in clinical settings, this inter-individual 

variability is the main reason of introducing uncertainty on the control of anesthesia 

infusion.    

 

The developed model has some constraints which arise from pharmacokinetics-

pharmacodynamics parameters. PKPD modeling also includes some other factors that 

affect the distribution of the drug and they cannot be modeled like health condition of 

the patient, gender or age, further the linear approximation of the patient specific 

sigmoid model also bring in the modeling error.  
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Although BIS has been considered as the paramount indicator of the depth of 

anesthesia, it lacks quantitative precision. The value of BIS under a specific anesthetic 

depth varies in patients, and the value of BIS may show oscillatory response over a 

certain period of time even if the drug has constant maintenance rate.  

 

3.15  Closing the Loop in Anesthesia 

 

The dose of anesthetic agent and opioids are regulated continuously to evade the 

problems occurring due to over and under dosing. The concept of an automated 

system that would control the drug infusion to keep its amount to a certain level 

during surgical procedures is very important for patient safety and to avoid adverse 

post-operative effects. 

 

According to bibian [79], the phenomenon of automated closed loop anesthesia 

system is very much similar to automated flight control. The job of anesthetist is 

closed to job of pilot in flight control process. After aircraft's take-off which can be 

compared to the induction phase of anesthesia, the pilot typically keep the sufficient 

and satisfactory flight trajectory which can be compared to the achieving of the 

factors like hypnosis, analgesia, immobility of the anesthesia process. One of the duty 

of the flight controller is to reduce the flight duration resulting in the decreased fuel 

consumption, in other words, the flight controller is managing different tasks related 

to the flight control. Just like this, by altering the amount of the infusion of the drug, 

the anesthetists, in accordance with the intensity of surgery, can transform the 

conscious level of the patient in deeper or lighter hypnotic state together with the 

analgesic state.  

 

However, the involvement of anesthesiologist in the whole process of anesthesia can 

still not be replaced with these closed loop anesthesia systems. But the incorporation 

of the CLAN system in the anesthesia process surely decreases the load of anesthetist 

working in the multi-tasking environment. Anesthesiologist can give attention to other 

clinical activities in the operating room using a CLAN system for anesthesia 

management. Proper feedback parameters and accurate pharmacokinetic-

pharmacodynamic models can increase the possibility of accurate calculation of 



61 

 

hypnosis level and permit the clinicians to concentrate on higher level task in 

operating room [80]. 

 

The concepts and development of closed loop anesthesia has been explored for the 

last few decades through the feedback control. Researchers found that CLAN systems 

are not only good at maintaining the desired BIS value during surgery by infusing 

optimum amount of drug but also proves helpful in post-operative recovery phase and 

wake-up time [81]. CLAN systems also respond quickly to the sudden changes 

occurred due to surgical stimulations.   

 

 

The subsequent chapter deals with the discussion on different linear control 

approaches for analysis purposes including the conventional PID controller. The 

performance of different control methods based on stability of the designed controller 

is discussed in detail to attain the desired control action. Apart from linear control 

methods, fundamental concepts for non-linear system analysis and the potential of 

non-linear control techniques are also introduced and explored in the following 

chapter.  
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Chapter 4 

 

Linear Control Methods and Importance of  Non-linear 

Control Techniques  
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4.1 Introduction 

 

For the progress of engineering applications, automatic control plays a vital part 

during the last few decades. Applying automatic control to different areas of science 

including autonomous under water vehicle or rockets are of tremendous importance. 

Automatic control has become fundamental and essential part in modern industrial 

practices  to increase the productivity of the plant and change the manual procedures 

while attaining and maintaining the best possible performance of the system. The use 

of automatic control was infrequent in biomedical domain but however, automated 

systems for the induction of different drugs during surgical activities such as 

nitroprusside for blood pressure control are successfully implemented [82]. 

 

Control systems, in general, can be categorized in two groups: Open loop control 

systems and closed loop control systems  as shown in fig 4.1(a) and (b). A precise and 

exact model of the plant or for the object to be controlled is required because of the 

open loop nature of the system, while the closed loop control system measures the 

overall output or states of the system to calibrate the system input to make its output 

approaches to the required or follows the required if it changes [83].    

System

 

 Input Output

 
                                 FIGURE 4.1(a):  Open loop system 

System

 

Feedback

 

Input Output
Controller 

-

+

 

FIGURE 4.1(b):  Closed loop system  
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In advanced control systems, digital signal processing techniques are broadly used. 

Power spectral analysis is the most commonly used method for the investigation of 

human EEG waveform to measure the level of anesthesia. Another method to 

examine the EEG signal and for the extraction of meaningful information available in 

the signal, BIS is used to determine the depth of anesthesia [84]. 

 

A detailed discussion on closed loop control systems with emphasis on PID controller 

is discussed in this chapter. The principle of higher order spectral analysis including 

power spectral and bi-spectral analysis is also shown. 

 

4.2 Open Loop Control 

 

The consequences of  the output of an open loop control system has no effect on the 

control action even if the output is administered in some specific manner. There are 

many practical examples of the open loop systems available including the common 

example of washing machine in which all the events are carried out on timely basis. 

The accurateness and precision of the open loop systems entirely depends on the 

accuracy of the system's input as well as the mathematical model illustrating the 

output-input relationship of the system. 

  

An actuator which is required for the control system to execute the control action is 

either physically constrained or not. When the actuator is constrained, some open loop 

systems can adjust the scheduled control signals to meet the requirements of the 

actuator e.g., a TCI system for drug infusion is a model-driven open-loop control 

system. The actuator of the system comprises of a medical pump and a syringe which 

are physically constrained by the maximum speed of the pump, its accuracy, syringe 

diameter and volume. In this open loop control system, one of the adjustment on the 

infusion  rate is to clamp it to the maximum infusion rate when the scheduled infusion 

rate is higher than the maximal pump speed and also modify the following infusion 

rates to compensate the clamping     

 

Open loop control systems are unable to fulfill the required job if there are some 

disturbances or non-linearities present in the system. The functionality of the open 

loop systems is also affected by the presence of such parameters which are time 
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varying or parameters which cannot be mathematically modeled and incorporated in 

the model used for control. These type of issues will affect the performance of the 

open loop systems and generates the error between the actual output of the system and 

required output. This is one of the main reason of using the feedback signal in control 

systems to decrease the amount of this error. The use of feedback signal makes it 

possible for a control system to adapt those uncertainties [85-86]. 

 

 

4.3 Closed Loop control 

 

The main property of the closed loop control system is its ability to regulate the 

system output by minimizing the error between the input of the system and feedback 

signal which is given to the controller to adjust the control action. The feedback signal 

can may be defined as the output of the system, or maybe some variant of the output 

like its derivative or any function of the output of signal which may affect the 

performance of the system including stability properties of the system, gain and 

sensitivity. By utilizing the feedback signal, the response of the system becomes 

insensitive to external and internal disturbances of the system which cannot be 

overcome in case of open loop systems [87]. For the open loop systems, accurate 

models are required to make the system stable but for closed loop systems or feedback 

systems, it is not essential to have the exact model because of the advantage discussed 

above. The combination of open loop and closed loop control systems can also be 

used and proved suitable in different situations where the system dynamics are very 

difficult to model and information related to the model parameters are not enough 

[88-89]. 

 

From control engineering point of view, the selection of the suitable control method is 

very vital and therefore, stable controller with appropriate specifications is designed 

to achieve the required control action from the system.   

 

Many control methods have been used in industry in countless areas of engineering 

with the biomedical domain as the new field. There is no one control method that is 

suitable and best for all control related problems. Currently used control methods may 

vary from conventional control i.e. PID control, optimal control, model reference 

control and stochastic control to fuzzy logic control and neural network control. The 
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all listed control methods could be non-adaptive , semi adaptive or full adaptive. To 

solve some control problem, a control engineer may use one control method in 

combination with other to develop a new method e.g. PID with fuzzy or reference 

model with PID.  

 

PID control is the most successful control method of all the available control 

techniques currently used in control engineering practices because of its simplicity 

and effectiveness. The PID control method is useful when the model parameters are 

partly known or unknown. It is possible that other control strategies can also give 

satisfactory results, but PID often gives better control results.   

 

There are numerous methods exist to design the conventional single-input-single-

output discrete time closed-loop system. Continuous control system can be used to 

design the equivalent discrete time system using the different transform methods. The 

discrete systems can also be designed using the analytical method, root locus method 

or frequency response method. If there exists insufficiency in the frequency response 

or locations of the roots of the plant, a compensation would be needed to acquire the 

required root locations or frequency response. 

 

Design of a discrete system using a transform method needs the design of a 

continuous control system and then transforms it to the discrete form. The available 

methods for the transformation are impulse invariance method, pole zero mapping and 

bilinear transform. 

 

The root locus method depends on the location of zero and poles in the z-plane. The 

required transient and steady state response of the system can be achieved by adding 

extra zeros and poles to compensate or to cancel the undesirable zeros or poles. 

 

On the other hand, frequency response method suggests the control engineers to 

design the system whose parameters are available in frequency domain. 

 

The analytical methods are very different from the above discussed methods in the 

sense that they are dependent  on the scheme that all features of the performance of 

the closed loop system should be measured through the use of one appropriately 
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defined criteria. A performance index is used in these methods to administer the 

performance of the control system. The analytical control techniques are broadly used 

in optimal control and stochastic control. 

 

4.4 Transient and Steady State Analysis 

 

Absolute stability of a control system is classified as when the system is exposed to 

disturbances whether the output of the system ultimately comes back to its 

equilibrium state or not. In equilibrium state, a control system maintains the same 

output in the absence of any disturbance or input [90]. 

 

The behavior of the control system must be predictable in the design of closed-loop 

control system, and absolute stability of the system is the most important attribute of 

the dynamic behavior. The absolute stability of the control system can be simply 

examined with the use of different test signals including the most commonly used step 

and impulse functions. 

 

when the impulse signal is given to the control system, the absolute stability of the 

control system can be investigated. For the unit impulse signal x(t) = δ(t) and  X(z)= 

1, the z-transform of the impulse response of the control system is given as (4.1),   

 

 𝑦(𝑧) = 𝐺(𝑧)𝑋(𝑧) = 𝐺(𝑧)                                                                                       (4.1) 

 

The transient response of the control system demonstrates that with what pace the 

behavior of the system goes into the steady state. With the step function as input, the 

transient response of the control system characterizes the different parameters 

including rise time 𝑡𝑟, settling time 𝑡𝑠 , peak time 𝑡𝑝, delay time 𝑡𝑑,damping ratio ζ 

and maximum overshoot 𝑀𝑝.  
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FIGURE 4.2: Time response of a second order system [90] 

 

With step input, the steady state response of the control system shows the tolerance 

band  and the steady state error 𝑒𝑠𝑠 . The steady state response describes how well the 

system maintains its steady state.  

 

when the input of the system is unit step u(k), unit ramp ku(k), or unit acceleration 

signal k2u(k), respectively, the steady state error can then be obtained as, 

 

 

  𝑒𝑠𝑠 =  
1

1+ 𝑘𝑝
                              for unit step input                     

 

  𝑒𝑠𝑠 =  
1

 𝑘𝑣
                                  for unit ramp input                     

 

  𝑒𝑠𝑠 =  
1

 𝑘𝑎
                                  for unit acceleration input                     

 

The steady state error for type 0 system, which has no open loop pole at z=1, 

corresponding to unit step as input is finite. However, the steady state error for type 1 
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system in which one open loop pole is at z=1, corresponding to unit step input is zero. 

But if unit ramp input is given to the type 1 system, its steady state response is finite. 

And the steady state response for type 2 system, which has two open loop poles at 

z=1, when subjected to unit step and unit ramp input, is also zero. 

 

 

4.5 Root Locus Analysis 

 

The fundamental behavior of the transient response of the closed loop control system 

relies on the location of the poles of the closed loop system, if the system has a 

variable open loop gain that varies the location of the closed loop poles. For the 

choice of correct gains of the closed-loop system, it is essential to explore the root 

locus of the system when the loop gain varies. 

 

On the contrary, a closed-loop system design having fixed gain, the control engineer 

may be able to find a reasonable gain by moving the poles of the system to a better 

location or the desired location to improve the transient response characteristic of the 

closed-loop system [90]. 

As the closed loop poles are basically the roots of the characteristic equation, 

 

1 + 𝐻(𝑧) = 0                                                                                                        (4.2) 

 

where, 𝐻(𝑧) is the open loop transfer function of the system in equation (4.2) . As the 

gain of this open loop transfer function varies, the position of the roots of the above 

equation also varies accordingly. In z-domain, for a stable system, all the poles of the 

closed loop systems must lie within the unit circle. When the pole of the closed loop 

system lies at the origin in the z-domain, the output of the closed loop system after the 

input will be one cycle time delay, but when the pole location is within the unit circle 

other than origin, the closed loop system response will be either damped or 

oscillatory. Location of the poles outside the unit circle in z-domain makes the system 

unstable. In case of complex poles, a pole with positive real part shows the slow 

system response whereas a pole having negative real part makes the system response 

oscillatory. All the complex poles of the closed loop system makes the system 

response oscillatory, however, the more closer the location of the poles to the unit 

circle the more oscillations occur in the closed loop system response.  
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4.6 Frequency Response Analysis 

 

In the analysis and design of discrete or continuous time systems, the idea of the 

frequency response for closed loop control systems is very important and helpful for 

the control system designers. For discrete time systems, the analysis with frequency 

response are done with the help of Bode diagrams which comprises to two different 

plots, the logarithmic magnitude of the open-loop transfer function versus logarithmic 

frequency and its phase angle versus logarithmic frequency. 

       

In the z-plane, if the conventional frequency response is used for analysis, the 

unfussiness of the logarithmic plots will be entirely lost as in the z-plane the 

frequency appears as 𝑧 =  𝑒𝑗𝑤𝑇. As the left half of the laplace-plane is mapped in the 

unit circle of the z- domain, the frequency response strategies that are based on the 

entire left half plane does not apply to the z-plane. But this problem can be resolved 

by transforming the transfer function into the w-plane from z-plane with the help of 

w-transformation. The w-transformation is basically a bilinear transformation and is 

given as (4.3), 

 

 𝑧 =  
1+(𝑇

2⁄ )𝑤

1−(𝑇
2⁄ )𝑤

                                                                                                (4.3) 

 

 T is the sampling period. The inverse relationship between z and w is shown in (4.4), 

 

𝑤 = (
2

𝑇
) ∗  

1− 𝑧−1

1+ 𝑧−1                                                                                       (4.4) 

 

When the transfer function H(z) is converted into H(w) through the use of w-

transform, the frequency response analysis can then be applied for the design and 

examination of the discrete time system.   
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4.7  PID Control 

 

 

PID controllers are widely used in industrial applications as well as in many research 

areas because of its efficient nature, simplicity and fast response. If the object to be 

controlled has some unknown system dynamics or has non-linearity which cannot be 

negligible, PID controllers are the typical option to start with and reasonable results 

may be obtained. The quick response or the speed of the response is the main 

advantage of PID control. Sensitive systems such as, anesthesia infusion systems, the 

response speed is the most vital condition for patient safety and health. The simplicity 

of the PID control law decreases considerably the condition of computational 

resources for a closed loop anesthesia system. 

  

Many control methods including adaptive control, fuzzy control, neural network 

control has been used in the design and analysis of closed loop control anesthesia. 

However, neural network control and adaptive control has slow response speed and 

extreme requirement of computational capability.    

 

The PID controllers involve in three types of control actions, proportional control, 

integral control, and derivative control, where 𝑘𝑝 , 𝑘𝑖 , and 𝑘𝑑  are the individual 

gains of these control actions, respectively. PID controller operates on the error signal 

𝑒(𝑡) to regulate the overall control action of the system. The proportional control (P) 

multiplies the error signal with a constant, the integral control (I) multiplies the 

integral of the error signal, whereas the derivative control (D) multiplies the time 

derivative of the error signal. The integral control is used in the PID controller for 

decreasing the steady state error, whereas the derivative control provides an 

anticipatory action to control the overshoots and undershoots in the transient and 

steady state response.  

  

A variety of PID controllers are in use in different applications in industry, but 

Proportional Integral (PI),  Proportional Derivative (PD), and PID are the most 

commonly used PID type controllers. 
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The PID control law and its s-domain transfer function are shown as (4.5) and (4.6), 

 

𝑢(𝑡) = 𝑘𝑝𝑒(𝑡) +  𝑘𝑖 ∫ 𝑒(𝑡) 𝑑𝑡 +  𝑘𝑑  
𝑑𝑒(𝑡)

𝑑𝑡
                                                            (4.5) 

 

𝐻𝑐(𝑠) =  𝑘𝑝 + 
𝑘𝑖

𝑠
+  𝑠𝑘𝑑                                                                                       (4.6) 

 

In order to obtain the pulse transfer function for the discrete time controller, we can 

discretize the equation (4.5). The integration term in the (4.5) can be approximated 

using trapezoidal integration while the derivative term can be discretized by a two- 

point difference as described by equation (4.7), 

 

𝑢(𝑘𝑡) = 𝑘𝑝𝑒(𝑘𝑡) +  𝑘𝑖 ∑
𝑇

2

𝑘
𝑛=1 [𝑒((𝑛 − 1)𝑇) + 𝑒(𝑛𝑇)] +  𝑘𝑑  

𝑒(𝑘𝑇)−𝑒((𝑘−1)𝑇)

𝑇
      (4.7)      

 

The z-transformation of (4.7) gives, 

 

𝑢(𝑧) =  (𝑘𝑝 +  𝑘𝑖
𝑇

2

1+𝑧−1

1−𝑧−1 +  𝑘𝑑
1−𝑧−1

𝑇
) 𝑒(𝑧)                                                           (4.8) 

  

Hence the discrete time PID controller pulse transfer function is, 

 

𝐻𝑐(𝑧) =  𝑘𝑝 +  𝑘𝑖
𝑇

2

1+𝑧−1

1−𝑧−1 +  𝑘𝑑
1−𝑧−1

𝑇
                                                                    (4.9) 

 

As we know that, the PID controller is a particular case of a phase lag-lead controller. 

When we cascade a simple phase lag compensator 𝑘1(1 + 𝑠𝑇1), which is 

fundamentally a PD controller, and a simple phase lead compensator 𝑘2(1 + 
1

𝑠𝑇2
), 

which is basically a PI controller, we achieve a phase lag-lead compensator having the 

following transfer function, 

 

𝐻𝑐(𝑠) =  𝑘1𝑘2(1 + 𝑠𝑇1) (1 +  
1

𝑠𝑇2
) =  (𝑘1𝑘2 +  

𝑘1𝑘2𝑇1

𝑇2
 ) +

𝑘1𝑘2

𝑠𝑇2
+ 𝑠𝑘1𝑘2𝑇1        (4.10) 

 

 𝐻𝑐(𝑠) =  𝑘𝑝 + 
𝑘𝑖

𝑠
+  𝑠𝑘𝑑                                                                                      (4.11) 
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The above transfer function is same as of the PID controller, Comparing (4.10) and 

(4.11),we get 𝑘𝑝 =  𝑘1𝑘2(1 +  
𝑇1

𝑇2
), 𝑘𝑖 =  

𝑘1𝑘2

𝑇2
, and 𝑘𝑑 =  𝑘1𝑘2𝑇1 . 

 

From phase lead compensator, the main property of the PD control action is to effect 

the high frequency portion of the system's response resulting in the increase of phase 

lead angle, improves the system in terms of stability and improving the transient 

response of the system. 

 

From the phase lag compensator, the main control action of the PI control is that it 

effects the lower frequency regions of the system response, the low frequency gains 

are raised and above all improves the steady state response by minimizing the steady 

state error. The PID controller captures all these positive points of PI and PD control 

laws as it is the combination of these two control actions. 

 

4.8 Higher Order Spectra: EEG Application 

 

EEG waveform of the humans represents the electrical activity in the brain. 

Specifically, millions of neurons generating the bioelectrical activity in the brain 

contributes in the information representing the EEG waveform with composite non-

linear dynamics. EEG signal, the most important signal which is the measure of the 

depth of anesthesia in anesthesia infusion systems, containing the information related 

to amplitude, frequency and phase interactions which change as the neuronal firing 

patterns change. For this reason, the parameters of the EEG waveform can be 

extensively changed  by anesthesiologists, hypothermia, neuro-active drugs and many 

other physiologic changes that affect cerebral function. Therefore, the examination 

and analysis of the patient's brain condition is very essential and has been an ultimate 

goal for researchers in the field of EEG analysis. 

  

An EEG signal can be decomposed into the set of different components like sine 

waves, such that when these components are joined together, the original waveform is 

re-captured. Conventionally, by using the power spectral analysis, the EEG signal can 

be divided in smaller components and amplitudes or power of the sine wave 
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components can be achieved. EEG derived power spectral variables, such as MF and 

spectral edge frequency (SEF), have been used to measure the anesthetic state    

 

By applying the power spectral analysis on the EEG waveform, an assumption that 

each sine wave component is independent of the others in a particular EEG waveform 

which is not always correct for all biological systems including the brain. Typically, 

biological systems may have nonlinear behavior and the dependencies may be present 

between different components of the signal. This implies, that an analysis method is 

required to identify and compute the non-linear changes occurring in the EEG 

waveform to achieve a reasonable good approximation of the  anesthetic conditions. 

To measure these anesthetic states of the patient, BIS is widely used [91].        

 

 

4.9  Median Frequency 

 

Median frequency is the frequency below which it lies half of the power in the 

human's EEG signal. Using Fourier transform on the EEG signal, the total power of  

the EEG signal can be computed by adding the role of every decomposed sine wave 

component and the median frequency can also be determined then. 

 

Median frequency has been studied and analyzed by Schwilden, Schuttler and 

colleagues and reported that median frequency would be centered at approximately 

10Hz during pre-anesthetic base-line condition and in the period of anesthesia, level 

of median frequency was almost below to 5Hz. However, after surgery when the 

patient is near to awake state or in recovery stage. median frequency level was found 

to be above 6Hz. 

 

In their research work, they reported that the level of median frequency below 5Hz 

should be kept constant when the patient is in moderate hypnotic agent. The most 

favorable interval for median frequency to acquire the possibility of 5% or less 

chances of signs of inadequate anesthesia is 2Hz to 4Hz. 

 

During their effort, their research leads to the design of an adaptive closed loop 

system with median frequency as the feedback to the system with target median 
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frequency of 2 to 3Hz and conducted large number of experiments with their designed 

system with different drugs as anesthetics.   

 

The level of median frequency of 2Hz to 3Hz is enough to make sure that the 

unconsciousness level of the patients is achieved during surgery. To acquire this set 

point, Schwilden and Schuttler proposed that the patients had to stimulate with six 

diverse acoustic and tactile stimuli after every 90 seconds to preserve the suitable 

value of drug concentration with the similar median frequency target. An additional 

insufficiency related to median frequency is that it is influenced by filtering to a much 

greater extent specifically by the high-pass filter frequency. Also, there was no 

recorded evidence for the value of median frequency that covers the unconsciousness 

up to 100% and is correlated with blood concentration of propofol. 

 

4.10 Auditory Evoked Response 

 

The auditory evoked response is the response included in the EEG waveform to a 

sound stimulus. The contents for auditory evoked response are extracted from 

computer averaging process. This response comprises of series of waves showing the 

electrical activity along the auditory pathway from the cochlea through the brain-stem 

to cortex. This response i.e., AER has three different stages in sequence and can be 

listed as, brain stem response, early cortical response and late cortical response. Even 

though, the AER is very helpful for the measurement of the depth of anesthesia, but 

which AER parameter is the best for the computation of the DOA remains 

contentious. 

 

Kenny group used an AER index namely, Level of Arousal Score (LAS) in their 

research work in their closed loop anesthesia system for the assessment of depth of 

anesthesia. The group reported that LAS emerges to differentiate the conscious state 

with the hypnotic state to provide the more reliable values when different anesthetic 

drugs are used. 

 

AER is assumed to be the best tool to show the switching from conscious state to 

unconscious state but still, AER does not correlate with the blood concentration of 

propofol in the emergence phase of anesthesia. The patients undergoing surgery have 
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to put headphones on their head to hear the sound stimuli.  Muscle responses will be 

evoked but not regularly by the stimuli and cannot be detached by the computer 

averaging [92]. 

  

4.11 Bi-spectral Index Scale 

 

Anesthesiologists analyzing anesthetic agents and sedatives manage the hypnotic state 

of the patients undergoing surgery to maintain the optimum level of hypnosis to save 

them from stress, consciousness and post operative effects. Presently, the hypnotic 

state cannot be measured directly. An indirect way of measuring the hypnosis level of 

the patients is to observe the clinical signs, response to touch and voice. The hypnotic 

state of the patients should be measured without giving any stimulation to provide 

good patient care. 

 

Based on bi-spectral analysis of the patient's EEG waveform,  BIS [93] explains in 

detail the hypnotic state to measure the anesthesia depth. The BIS monitor was 

designed by Aspect Medical Systems.  

 

BIS was primarily studied by Bamett et al., and Dummermuth et al., for EEG analysis 

to measure the patient's anesthetic states but the advances in the analysis of this 

method was slow because of extreme computational requirements. With the passage 

of time and the development of high speed and low cost micro-processors, the 

research on the analysis of EEG signal using bi-spectral index became active. The 

research comprises of the analysis of the nonlinear behaviors present in the EEG 

waveform taken from different sources. 

 

While power spectral analysis suppresses the inter-frequency relationship, bi-spectral 

analysis measures the potential interactions between the wave components to 

determine whether dependent or harmonic components are present.  

 

The task to determine the meaningful information using bi-spectrum is to conclude 

that how the variations in the bi-spectrum is related to the variations involved in the 

EEG waveform during the periods of altered cerebral function e.g. the administration 

of anesthetics and neuro-active drugs. Different categories of waveforms have been 
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observed in the raw EEG signal during the process of anesthesia when the amount of 

anesthetic drug is increased. It has been observed that the EEG signal slows down and 

appears to become more synchronized. The recognition of the 'slow down' of the EEG 

signal is also provided by power spectral analysis. 

 

The BIS was created from bi-spectral analysis and power spectral analysis using a 

sophisticated proprietary algorithm. It is a complex numerical index that follow the 

variations in the cerebral state and quantifies the bi-spectral characteristics like power, 

phase and frequency all over the complete frequency range.  

 

BIS is a real time hypnosis level or sedation level indicator with values starting from 

0 to 100, The more the value of BIS, lighter the DOH [94]. 

 

Firstly, prior to the computation of BIS, the EEG segments with artifacts and 

suppressed EEG are recognized and discarded and then the index is determined by 

joining the EEG features selected from a set of candidate bi-spectral and power 

spectral variables [95-96]. The power spectral analysis is employed to find the 

information concealed in the power of every sine waveform component whereas the 

bi-spectral variable is employed to characterize the degree of phase coupling between 

the frequency components. 

 

The potential of the BIS has been authenticated with large number of clinical 

database. BIS  monitors come in different models and the information obtained from 

one version may not necessarily be similar to the results obtained from any other 

version. Previous models of the BIS monitor proved to be good indicators of the 

movement response to skin incision and hemodynamic response to intubation but not 

good to predict movement when different drugs were used in combination especially 

when the opioids dose is varied.  

 

It was observed that BIS offered an outstanding prediction of the conscious level of 

the patients and responsiveness level [97]. It was also found that that BIS is linearly 

correlated with the blood concentration of propofol. 

 



78 

 

The value of BIS is mapped to the DOH level of a patient based on the scaling band 

shown in fig. 4.3. The value of 100-90 corresponds to a fully awake state while level 

of 90-60 and 60-40 indicate light and moderate hypnosis levels respectively. The 

moderate level represents the surgical procedure band in which general surgery is 

performed by clinical professionals. Level beyond deep hypnotic state (40-20) is quite 

dangerous. 

 

 
 

 

FIGURE 4.3:  BIS scaling band to indicate DOH level 

 

 

 

The need of automation in control engineering is emphasized to improve and maintain 

the performance of the system to be controlled. Automated drug delivery systems in 

biomedical field is gaining interest in control engineering community because of its 

vast scope [98-99]. Open loop and closed loop control of drug has its own advantages 

and disadvantages. However, recent research shows that the closed loop control of 

anesthesia is the future of anesthesia infusion systems which are capable of handling 

disturbances and non-linearities present in the system. But still, the non-linearities 

involved in the process of anesthesia cannot be handled through linear control 

methods. This research is emphasized on applying non-linear methods for anesthesia 

infusion which are capable of handling uncertainties present in the system. 

 

Whenever there is a discussion on intelligent control in control engineering 

community, nonlinear control systems will always be in the spot light. The reasons to 

study these types of control systems are that non-linear systems are difficult to 

analyze and design as compared to linear control systems. 
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4.12 Why Nonlinear 

 

Slotine, in 1991, define the concepts of non-linearity as [100], When dealing with 

non-linear control systems, their design and analysis typically uses an iterative 

process. 

 

The functionality of linear control methods are reliant on a very major postulation for 

the system model to be valid in the small operating range. Due to such types of 

constraints in linear control strategies, when the operating range is large, they tend to 

perform inadequately or may become unstable going far from the desired results. 

Linear controllers are not capable of handling non-linearities hidden in the system. 

However, controllers designed by using  non-linear control techniques are capable of 

overcoming these difficulties in large operating range and bring the system to the 

stable state. 

 

For controlling the robot motion, linear controller ignores the nonlinear forces related 

to the movement of the robot links. Due to the increase in speed of motion, the 

accuracy of the controller decays rapidly, because various dynamic forces are acting 

concurrently e.g. Coriolis and centripetal forces and their effect changes continuously 

with the square of the speed. Whereas, a simple designed non-linear controller also 

known as computed torque controller can handle the nonlinearities present in the 

robot motion which results in accurate control for the large range of robot speed. 

 

Many nonlinearities exist in the control system which have discontinuous behavior 

and do not permit the linear approximation. These non-linearities are known as 'hard  

nonlinearities' which includes coulomb friction, dead-zones, saturation, hysteresis and 

backlash. These nonlinearities cannot be handled by linear control methods and 

because of the existence of these intrinsic nonlinearities, the development of non-

linear methods is the demand of the time.  

 

 When dealing with linear controllers, it is normally assumed that there is enough 

information available related to system parameters. But uncertainties in the control 

system may involve at the model parameters. One of the reason of this is the slow 
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varying nature of the model parameters or even a sudden change in parameter. 

Inaccurate model parameters of the linear controller may lead to substandard 

performance measures or even unstable the system.  

 

From the control engineering perspective, a controller designed through non-linear 

control methods may be simple but have good performance than its linear counterpart. 

The control of the system through linear methods may need good quality sensors and 

actuators to generate the linear behavior in the desired operating range, however, the 

control of the same system with non-linear controller allows the use of cheaper 

components but with non-linear characteristics.  

 

For these reasons, the area of non-linear control is a significant field of automatic 

control. To deal with real world control problems in an efficient and effective way, 

knowledge and expertise of the fundamental concepts and techniques of the non-

linear control design and analysis can considerably increase the capability of the 

control engineers, as all the real world problems are inherently non-linear in nature. 

The computational complexities related to the non-linear control analysis and design 

restricted the use of non-linear methods in the past [101]. But currently, thanks to 

technological advancements and computer technology that sort out this problem. So 

therefore, the scope of the applications of different non-linear control strategies for 

the research community as well as clinicians is very wide. 

 

The main feature of non-linear control design is the ability to operate in large range 

which attracted the researchers, the most. Use of powerful and high speed micro-

processors has made the realization of non-linear controllers a simple issue today. 

Non-linear control became a very important part of control engineering, as depicted 

by ever-increasing number of research articles and its applications. 
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4.13 Non-linear System Behavior 

 

All the control systems are non-linear to a certain extent. Physical systems are 

inherently non-linear and such systems are expressed through the use of non-linear 

differential equations. On the contrary, if the nonlinearities present in the system are 

smooth and the operational range of the system is not large, then the control system 

can be approximated to a linearized system and now its dynamics can be described by 

linear differential equations.  

 

Non-linearities in the system can be characterized as inherent and intentional non-

linearities. They are also known as natural and artificial non-linearities respectively. 

Inherent non-linearities can be defined as those non-linearities which comes with the 

system hardware. Coulomb friction between contacting surfaces and centripetal force 

in rotational motion are the examples of inherent non-linearities. These types of non-

linearities have adverse effects on the output of the control system and have to be 

controlled. Whereas, the intentional non-linearities are incorporated by the designer 

himself to check the behavior of the system for some specific application. The 

examples of intentional nonlinearities are adaptive control laws and bang-bang 

optimal control laws.  

 

Non-linearities can also be categorized depending on its mathematical properties, as 

continuous and discontinuous non-linearites. Discontinuous non-linearities are also 

known as hard non-linearities as they are unable to be approximated through linear 

functions. Hard nonlinearities which includes hysteresis and backlash are frequently 

seen in control systems in small as well as large operating range [102]. The control 

system is said to be linear or non-linear depending on the degree of hard non-

linearities and the intensity of effects on the performance of the system.  

 

 

4.14 Nonlinear System Analysis 

 

As the design methods are typically based on analysis tools, it is necessary to 

understand the fundamental concepts of these analysis methods for the design and 

application related to the non-linear systems. The biggest advantage of using analysis 
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tools is to evaluate the system after its first design and can be modified in case of 

inadequate performance [102].     

  

The analysis of non-linear control systems is always a difficult task, however, 

continuous effort has been seen in this field for the development of different 

theoretical analysis tools. Several methods of nonlinear control system analysis have 

been suggested. 

 

4.14.1 Phase Plane Analysis 

 

Phase plane analysis is a graphical tool of analyzing second-order non-linear systems. 

The fundamental concept behind phase plane analysis is to solve the 2nd order 

differential equation graphically without solving it analytically. Graphical analysis 

shows the family of system motion trajectories on a two-dimensional plane known as 

the phase plane. Phase plane analysis allows to visually examine the motion patterns 

of the system. Apart from many advantages of the phase plane analysis, the major 

disadvantage of this method is that it is applicable to the systems only which can be 

approximated by 2nd order dynamics. The graphical nature of this technique allows 

the researchers to use this method frequently because it provides intuitive insights 

about nonlinear properties of the system. 

 

4.14.2 Lyapunov Theory 

 

When analyzing a control system, the first and the most important question that arises 

about the system is whether it is stable or not. The unstable system is ineffective with 

useless properties may have potentially dangerous effects. A control system is said to 

be stable if starting the system somewhere near its desired point ensures that it will 

reside around the point ever after. A control system, whether it is linear or non-linear, 

has the stability issue which needs to be addressed cautiously. The most important 

approach used for the analysis and the study of non-linear control systems is 

presented in late 19th century by Alexandr Mikhailovich Lyapunov, a Russian 

mathematician. His work consists of two methods for stability analysis. The first 

method known as linearization method and the second method is direct method and 

they got published in 1892. The first method suggests about the local stability of a 
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non-linear system around an equilibrium point from the stability properties of its 

linear approximation. Whereas, the direct method is not limited to the concept of local 

motion, rather it computes the stability properties of a non-linear system by designing 

an energy-like function for the system and evaluating the function's time variation. 

 

The fundamentals of the Lyapunov theory constitutes of two methods as discussed 

above. The linearization method, also known as indirect method, suggests that the 

stability properties of a nonlinear system in the close neighborhood of an equilibrium 

point are fundamentally similar as those of its linearized approximation. This 

technique provides a theoretical explanation of the usage of linear control for the 

systems which are naturally non-linear.  

 

The direct method offers a strong and detailed procedure for the analysis of non-linear 

control sytems, and the Lyapunov analysis is often known as the direct method. This 

method is the generalization of the energy concepts related to the mechanical system 

which can be described as, the motion of a mechanical system is stable if its overall 

mechanical energy decays for all values of time. Using this method for the analysis of 

the stability of a non-linear system, the plan is to create a scalar energy-like function, 

also known as Lyapunov function, for the desired system and observe whether it 

decreases or not. The strength of this technique comes from the fact that it is 

applicable to all types of control systems whether finite or infinite dimensional and 

time-invariant or time-variant. However, one of the biggest disadvantage of this 

method is that it is difficult to determine the Lyapunov function for a system. 

 

 Lyapunov method is normally used for the stability analysis of the system, however 

its application lies in other field of the non-linear control as well. One of the important 

and practical application of this method is the designing of non-linear controllers. The 

concept is to create a scalar positive function of the states of the system by some 

means and then designing a control law to make this function to decay. The stability 

of such designed non-linear controller is ensured and are used in many complex 

control problems e.g., in adaptive control and robotics. The direct method scheme can 

also be employed to estimate the performance of a control system and analysis of its 

robustness. 
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Lyapunov's indirect method represents the theoretical explanation of linear controls, 

whereas Lyapunov's direct method proves to be the most important method for 

nonlinear system design and analysis.  

 

4.14.3 Describing Functions 

 

Describing function technique is an approximate method used for the study and 

analysis of non-linear control systems. The fundamental idea behind this method is to 

approximate the non-linear components present in the non-linear system by its 

equivalent linear parts and then apply the frequency domain analysis to investigate the 

resulting system. Compare to phase plane analysis, the application of this method is 

not limited to 2nd order systems. Also in comparison with Lyapunov methods, which 

depends on the appropriate selection of Lyapunov function, its application is simple 

for nonlinear systems satisfying some easy conditions [103]. 

 

This technique is primarily used to calculate limit cycles in nonlinear systems. Some 

other applications include the prediction of sub harmonic generation and the 

calculation of system response to sinusoidal excitation. This technique has many 

advantages such as, they can handle high order and low order systems with same 

straightforward procedure. secondly, due to its resemblance with the frequency 

domain analysis used for linear control systems, this method is simple and interesting, 

permitting different users to apply their physical and engineering knowledge about the 

control system theory. Lastly, this method  can handle the "hard nonlinearities" 

commonly found in control systems without any intricacy. For such reasons, this 

method becomes an important method related to practical problems of the non-linear 

control system design and analysis. However, the method has some disadvantages as 

well, which are related with the approximate behavior which may result in incorrect 

predictions and limitations of the system to which this method can be applied i.e. this 

method has some problems in handling the systems having multiple non-linearities.     

 

The contribution of this research work lies in applying non-linear control methods for 

controlled drug infusion during surgery. The sensitivity related to anesthesia process 

and the presence of non-linearities which will ultimately affect the patient's health and 
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post-operative conditions making nonlinear control methods suitable to be explored 

and studied in detail. In the next chapter, a non-linear control technique i.e., SMC is 

introduced and applied for anesthesia delivery. Hypnosis level of different patients 

undergoing surgery by using SMC is shown using bi-spectral index scale. Nonlinear 

approaches shows better performance in the presence of large inter-individual 

variability and covering different aspects of patient clinical parameters. 
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Chapter 5 

 

Control Law Design using Sliding Mode Control 
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Sliding Mode Control (SMC) handles the different classes of the systems including 

uncertain non-linear systems. The main property of this design technique is the 

enforcement of the states of the system trajectories onto a defined surface resulting in 

a reaching phase. These surfaces are also known as manifold and created as some 

hyper surface or intersection of hyper surfaces in the state space known as switching 

surfaces. As the states of the system reach the switching surface the structure of the 

feedback loop is adaptively altered to slide the system states along the switching 

manifold and this phase is known as sliding phase.    

 

 5.1 Introduction 

 

Sliding Mode Control demonstrated successful results after its first appearance in the 

field of non-linear controls and got the attention of control engineers immediately. 

Sliding mode control being a robust method has diverse applications in control 

industry. The control law designed through sliding mode control technique shows 

oscillations having infinite frequencies against a switching manifold. This 

phenomenon is known as chattering which is the root cause of complexities in 

different control related problems [104]. The sensitivity of the system related to the 

chattering effect leads to the marginal stability or instability of the control system. 

Thus the reaching phase elimination may increase the robustness of the system and 

some other applications may demand the need of shortest settling time. So researchers 

start focusing on such issues and directed their efforts to resolve these problems.  

 

The current research of sliding mode control revolves around robustness 

enhancement, chattering attenuation and performance improvement (see fig. 5.1). 

There is a trade-off involved in resolving these problems. The reduced chattering 

effect results in the loss of robustness of the system. In the same way, increased 

chattering effect have robust performance [105].  
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Figure 5.1 : Chattering in SMC because of delay in control switching 

 

Sliding mode control originated from the work in the former soviet union during 

1960. This control method is one of the form of the variable structure system which is 

illustrated through the use of several number of feedback control laws and a decision 

rule. 

 

Sliding mode control is a non-linear control method with significant features of 

precision, robustness, simple tuning and implementation. The systems designed 

through non-linear control technique like sliding mode control, forces the state of the 

systems on a specific surface known as sliding surface. As soon as the system states 

reaches the sliding surface, the sliding mode control makes the system state to stay in 

the closed vicinity of the designed sliding surface. For these reasons, the sliding mode 

control can be thought of two stages controller design. The first phase consists of a 

design of sliding surface so that the sliding motion satisfies design specifications. 

Whereas, the second phase is related with the choice of control law which makes the 

switching surface attractive to the system states [106]. 

 

There are many advantages of using this non-linear method for design point of view. 

However, the two most important features are, 1) Dynamic behavior of the system 



89 

 

under consideration may be modified by selecting the suitable and specific sliding 

surface, 2) The closed loop response of the system becomes totally insensitive to 

some uncertainties. This principle includes the uncertainties related to the model 

parameters, disturbances and bounded non-linearities. Practically, sliding mode 

control permits the control of non-linear processes subjected to model uncertainties 

and external disturbances [107]. 

 

A major disadvantage of this method is the implementation of discontinuous control, 

which theoretically, should switch with infinite frequency to provide the total 

rejection from uncertainties present in the system . 

 

Recent research transforms the concept of existing sliding mode control to higher 

order sliding mode control where one's target is to define a smooth control that will 

obviously and accurately include the benefits of the traditional approach. 

 

By choosing the suitable sliding manifold for defining the sliding mode dynamics is 

termed as solving the existence problem. A control to guarantee that the desired 

sliding mode dynamics are achieved and maintained is termed as solving the 

reachibility problem. The basic condition is that the sliding mode dynamics should be 

attractive to the states of the system.    

 

 

5.2 Motivation of the Work 

 

Most of the work done for anesthesia process is by using linear control methods. To 

handle different types of non-linearities present in the system under consideration, 

non-linear strategies can be employed to obtain the better understanding and 

performance. The fact that these non-linear approaches for controlled infusion of drug 

has never been applied to anesthesia systems motivates the researchers to expose such 

systems to these non-linear methods.   

 

For the last few decades, the control of uncertain systems through the non-linear 

control method, SMC, had been the major focal point for the researchers. The most 

demanding task in this control method for the control engineers is to control the 
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chattering phenomenon and this leads to the loss of robustness. There is a trade-off  

between these two term as discussed earlier.   

 

Large number of non-linear systems demonstrate extremely sensitive behavior, even 

when subjected to small disturbances in the reaching phase of this method. This 

sensitivity of the system using sliding mode control method, may lead to undesirable 

effects or may take the system to unstable state. This problem forces the researchers 

to focus and design of the reaching phase free sliding mode. The first attempt to 

overcome this problem named as, Integral Sliding Mode Control (ISMC) was 

presented in [108]. Many efforts have been done to handle the chattering effect, 

improvement in performance and increasing the level of robustness. 

 

 

5.3 Statement of Contribution 

 

The contribution of the research work presented in this chapter is based on the non-

linear control method, SMC to regulate the hypnosis level of the patients undergoing 

surgery. The novelty of this research lies in employing a non-linear control technique, 

SMC for hypnosis control of the patients during surgery. This non-linear control 

technique, to our knowledge is not yet applied for hypnosis regulation. While most of 

the work in anesthesia infusion is done through linear control techniques, but they are 

not capable of handling uncertainties involved in the patient model due to large inter-

patient variability. Non-linear control strategies are more suitable to handle such non-

linearities. The performance of the designed controller is investigated and 

characterized with real dataset of 8 patients undergoing surgery. Results of this in 

silico study indicate that for all the patients, with 0% overshoot observed, the steady 

state error lies in-between ±5. Clinically, this implies that in all the cases, without any 

overdose, the controller maintains the desired DOH level for smooth conduction of 

surgical procedures. 

 

The uncertainties appearing in the nonlinear systems may be caused by the un-

modeled dynamics, external disturbances and parametric variations. The nature of 

these uncertainties may either be matched (uncertainties which disturb the system 

through the same channel where the control input is applied to the system) or 
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unmatched (uncertainties which acts upon the system at the nodes other than the 

control input node). 

 

5.4 General Design Procedure 

 

SMC is a robust control strategy designed for non-linear systems. This design method 

has two steps. In first step, the system states moves from the non-zero initial state 

towards the sliding surface and stays on that surface for all future values of time.  

To design a control law through this non-linear approach, a general procedure is 

shown in this section. Consider a non-linear system represented by the following form 

shown in (i) , [107], 

 

𝑑𝑥

𝑑𝑡
= 𝑓(𝑥, 𝑡) +  𝑏(𝑥, 𝑡)𝑢 +  Δ(x, t)                                                                               (i)              

 

Where uЄR is the system applied input and 𝑥 𝟄 𝑹𝒏 is a measurable state vector. The 

known terms 𝑓(𝑥, 𝑡) 𝑎𝑛𝑑 𝑏(𝑥, 𝑡) are sufficiently smooth vector fields. The term 

Δ(x, t) is a matched uncertainties vector and is assumed to be norm bounded i.e., 

Δ(x, t) = b(x, t)δ(t), where δ(t) is known and bounded by a positive constant i.e., 

ǁδ(t)ǁ ≤ 𝑘. Also, assuming the system shown by above equation is in canonical form, 

the control objective is to regulate the system states to zero even in the presence of 

uncertainties. This can be achieved by selecting a sliding surface as follows, 

 

𝑆 = 𝐶𝑥(𝑡)                                                                                                               (ii) 

 

As 𝐶 is a row vector of compatible dimension to the states vector, whose entries are 

chosen positive such that the surface defined in above equation becomes Hurwitz 

monic polynomial. Using this control method, the major goal is to keep 𝑆 = 0 through 

the control law. The control law is designed in such a way that it meets this 

requirement after sometime . The satisfaction of 𝑆 = 0  provides order reduction 

which results in the insensitivity of the closed loop system to the matched 

disturbances. In other words, the robustness against uncertainties increases through 

order reduction and the system evolves with 𝑛 − 1 states in sliding mode. The control 

law designed by using sliding mode control is given as, 
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𝑈 = 𝑈𝑒𝑞 +  𝑈𝑑𝑖𝑠𝑐                                                                                                  (iii) 

 

where 𝑈𝑒𝑞 is the equivalent control  and 𝑈𝑑𝑖𝑠𝑐 is a discontinuous control.  𝑈𝑒𝑞 is 

constructed by putting the derivative of (19), i.e.  �̇� = 0 along the dynamics of (i) and  

assuming that  Δ(x, t) =  0. This implies, 

 

𝑈𝑒𝑞 =  𝑏−1(𝑥, 𝑡)(−𝑓(𝑥, 𝑡))                                                                                 (iv) 

 

The designed control law shown above is capable of keeping  �̇� = 0, but cases exist 

when one may have �̇� ≠ 0 which is the indication that sliding mode control is not 

implemented properly [109]. 

 

𝑈𝑑𝑖𝑠𝑐 is constructed with such conditions that it rejects the effect of the disturbance 

terms and maintains  �̇� = 0. This part can be designed by defining a Lyapunov 

function of the following shape shown in (v) as, 

 

𝑣 = 0.5𝑠2                                                                                                             (v) 

 

The derivative of the selected lyapunov function along (i) is given as, 

 

�̇� = 𝑆�̇� = 𝑆 (
𝜕𝑆

𝜕𝑥
 𝑓(𝑥, 𝑡) +  𝑏(𝑥, 𝑡)𝑢 +  Δ(x, t))                                                     (vi) 

Solving for �̇�, we obtain equation (vii),  

 

�̇� = 𝑠(𝑏(𝑥, 𝑡)𝑈𝑑𝑖𝑠𝑐 +   Δ(x, t))                                                                            (vii) 

    

From the norm bounded assumption, (vii) becomes, 

 

�̇� = 𝑏(𝑥, 𝑡)𝑠(𝑈𝑑𝑖𝑠𝑐 +   𝛿(x, t))                                                                            (viii) 

 

Taking 𝑈𝑑𝑖𝑠𝑐 =  −𝑘𝑠𝑖𝑔𝑛(𝑠) , the above equation takes the form, 

 

�̇� = 𝑏(𝑥, 𝑡)(−𝑠𝑘𝑠𝑖𝑔𝑛(𝑠) +   𝑠𝛿(t))                                                                     (ix) 



93 

 

 

and 

 �̇� ≤ − ǁ𝑏(𝑥, 𝑡)ǁ |s|( 𝑘 −  |𝛿(t)|)                                                                             (x) 

 

This implies, 

 

�̇�   ≤  − μ|s|  =  −√2  μ v1/2                                                                                 (xi) 

 

provided that 𝑘 −  |𝛿(t)|)  ≥  μ >  0 .  

 

This differential inequality in above equation verifies that the sliding mode takes 

place in finite ts, although the uncertainties are still present in the system. This 

confirms that 𝑠 = 0 holds after  ts ≤  √2 μ−1 v0
1/2

, and v0 shows  the energy of the 

system at time 𝑡0.  

 

5.5 Patient Model 

  

The compartmental modeling is used to describe the procedure of drug distribution 

and patient dynamics in PKPD model. As explained earlier, the pharmacokinetics 

shows the relationship between the drug injected and its concentration in the patient's 

body and pharmacodynamics represents the measured effect in the patient and drug 

concentration in primary compartment which is related to the highly perfuse tissues.   

 

In this research, a three compartmental model with an added effect site compartment 

is used which explains in detail the dynamics of the patient body together with the 

infusion of anesthetic drug intravenously. As immediate mixing of drug is assumed in 

the blood, the concentration of drug is supposed to be same in all compartments.  

Schnider and Minto in [110] also explained the PKPD models as the fourth order 

compartmental model for Propofol infusion. With the help of large groups of patient 

parameters available frequently in current literature, these models are developed, 

tested and validated to manage the infusion of anesthesia during surgeries. 
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The study of PK model on real dataset of patient parameters in cooperation with 

professional anesthetists shows that this model is linear. This property of PK model is 

also authenticated through the clinical analysis of patient's blood samples taken from 

different medical institutes. To derive the PK model, state equations corresponding to 

the three compartments [4] can be written as (5.1-5.3), 

 

𝑑𝑥1

𝑑𝑡
= (−𝑘10 − 𝑘12 − 𝑘13)𝑥1(𝑡) + 𝑘21𝑥2(𝑡) + 𝑘31𝑥3(𝑡) + 𝑢(𝑡)                             (5.1) 

 
𝑑𝑥2

𝑑𝑡
= 𝑘12𝑥1(𝑡) − 𝑘21𝑥2(𝑡)                                                                                               (5.2) 

 
𝑑𝑥3

𝑑𝑥
= 𝑘13𝑥1(𝑡) − 𝑘31𝑥3(𝑡)                                                                                                (5.3) 

 

or these differential equations can also be written as follows, 

 

𝑥1̇(𝑡) = −𝑘10𝑥1(𝑡) − 𝑘12𝑥1(𝑡) − 𝑘13𝑥1(𝑡) + 𝑘21𝑥2(𝑡) + 𝑘31𝑥3(𝑡) + 𝑢(𝑡)            
 

(5.1a) 

𝑥2̇(𝑡) = 𝑘12𝑥1(𝑡) − 𝑘21𝑥2(𝑡) 
 

(5.2a) 

𝑥3̇(𝑡) = 𝑘13𝑥1(𝑡) − 𝑘31𝑥3(𝑡) (5.3a) 

 

 

Where 𝑥1 represents the concentration of drug in primary compartment of the 

integrated PKPD model. The  drug concentration in rapid and slow peripheral 

compartments for muscles and fats are shown by 𝑥2 and 𝑥3 respectively. The 

parameters 𝑘𝑖𝑗 with 𝑖 ≠ 𝑗 shows the drug transfer rates between different 

compartments of the PKPD model. And 𝑢(𝑡) represents anesthetic drug infusion 

in the primary compartment. 
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FIGURE 5.2: Integrated PKPD model 

 

 Figure (5.2), describes the phenomenon of integrated PKPD model with different 

compartments, drug infusion and rate constants between different compartments. 

Laplace transform of (5.1-5.3) yields (5.4-5.6) 

 

𝑠𝑋1(𝑠) = −(𝑘10 + 𝑘12 + 𝑘13)𝑋1(𝑠) + 𝑘21𝑋2(𝑠) + 𝑘31𝑋3(𝑠) + 𝑈(𝑠) (5.4) 

 

𝑠𝑋2(𝑠) = 𝑘12𝑋1(𝑠) − 𝑘21𝑋2(𝑠) (5.5) 

 

𝑠𝑋3(𝑠) = 𝑘13𝑋1(𝑠) − 𝑘31𝑋3(𝑠) (5.6) 

 
 

Solving (5.4-5.6) for 𝑋1(𝑠), the input-output relationship can be written as (5.7) 

 

 

𝐷𝑝(𝑠) =
𝑋1(𝑠)

𝑈(𝑠)
 

 

=
(𝑠2 + 𝑠(𝑘21 + 𝑘31) + 𝑘21𝑘31)

(𝑠3 + 𝑠2(𝑘10 + 𝑘12 + 𝑘21 + 𝑘13 + 𝑘31) + 𝑠(𝑘10𝑘21 + 𝑘10𝑘31 + 𝑘12𝑘31 + 𝑘13𝑘21 + 𝑘31𝑘21) + 𝑘10𝑘21𝑘31))
 

 

(5.7) 

  

where 𝐷𝑝(𝑠) is the rate of drug absorption/metabolism within the body defined as 

Disposition rate constant. With equation (5.7), the general form of PK model is 

obtained as, 
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𝐷𝑝(𝑠) =
𝑋1(𝑠)

𝑈(𝑠)
 =

𝑏2𝑠2 + 𝑏1𝑠 + 𝑏0

𝑎3𝑠3 + 𝑎2𝑠2 + 𝑎1𝑠 + 𝑎0
 (5.8) 

where 

𝑏2 = 1, 𝑏1 = 𝑘21 + 𝑘31,       𝑏0 = 𝑘21𝑘31 
𝑎3 = 1 ,    𝑎2 = (𝑘10 + 𝑘12 + 𝑘21 + 𝑘13 + 𝑘31),    𝑎1

= (𝑘10𝑘21 + 𝑘10𝑘31 + 𝑘12𝑘31 + 𝑘13𝑘21 + 𝑘31𝑘21),
     
 𝑎 0

= 𝑘10𝑘21𝑘31 

 

Now, assume that the roots of the characteristic equation in (5.8) are 𝑞, 𝑟 and 𝑤, the 

equation cab be re-written as,  

𝐷𝑝(𝑠) =
𝑋1(𝑠)

𝑈(𝑠)
 =

𝑏2𝑠2+𝑏1𝑠+𝑏0

(𝑠+q)(s+r)(s+w)
                                                               (5.8a) 

 

We can simplify (5.8a) by using partial fraction method as,  

 

𝐷𝑝(𝑠) =  
𝐴

(𝑠+q)
+

𝐵

(s+r)
+

𝐶

(s+w)
                                                                      (5.8b) 

 

After simplification, the values of 𝐴 , 𝐵 , and 𝐶 can be obtained as, 

 

𝐴 =  
𝑏2q2 − 𝑏1q +  b0

(r − q)(w − q)
 

 

𝐵 =  
𝑏2r2 − 𝑏1r +  b0

(q − r)(w − r)
 

 

𝐶 =  
𝑏2w2 − 𝑏1w + b0

(q −  w)(r − w)
 

                                                                                                                          (5.8c) 

The drug disposition constant 𝐷𝑝(𝑡) can be obtained by taking the Inverse Laplace 

Transform of (5.8b) as, 

 

𝐷𝑝(𝑡) =  𝐴𝑒−qt + 𝐵𝑒−rt +  𝐶𝑒−wt                                                                     (5.8d) 

 

The PD model indicating level of consciousness relates concentration of the drug in 

plasma to the effect site concentration. The effect site compartment obtain the minute 

quantity of drug from primary compartment through the rate constant 𝑘1𝑒 as shown in 
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fig 5.2. The rate constants 𝑘1𝑒 and 𝑘𝑒0 shows the infusion and removal of the drug 

form the effect compartment and they are assumed to be equal in clinical settings. The 

concentration of drug in effect site compartment is represented by 𝐶𝑒 or 𝑥𝑒 and can be 

shown as, 

 

𝑑𝑥𝑒

𝑑𝑡
=  𝑘1𝑒𝑥1(𝑡) − 𝑘𝑒0𝑥𝑒(𝑡)                                                                                           (5.8𝑑) 

or it can also be written as, 

 

�̇�𝑒(𝑡) = 𝑘1𝑒𝑥1(𝑡) − 𝑘𝑒0𝑥𝑒(𝑡) (5.9) 
 

Applying Laplace transform on (5.9), 

 

𝑠𝑋𝑒(𝑠) = 𝑘1𝑒𝑋1(𝑠) − 𝑘𝑒0𝑋𝑒(𝑠) (5.10) 
 

Considering 𝑘1𝑒 𝑎𝑛𝑑 𝑘𝑒0 are equal because of its negligible volume of the effect site 

compartment, the disposition rate at the effect side is given by (5.11) 

 

𝑋𝑒(𝑠) =  
𝑘𝑒0

(𝑠 + 𝑘𝑒0)
 𝑋1(𝑠)                                                                                              (5.10𝑎) 

or 

 

𝐷𝑒(𝑠) =
𝑋𝑒(𝑠)

𝑋1(𝑠)
=  

𝑘𝑒0

(𝑠 + 𝑘𝑒0)
 

 

 

(5.11) 

The drug disposition function from plasma to effect site can be obtained by taking the 

inverse Laplace transform of the above equation, 

 

     𝐷𝑒 (𝑡) =  𝑘𝑒𝑜𝑒−𝑘𝑒𝑜𝑡                                                                                        (5.11a) 

 

Based on the cascaded nature of PK and PD models, the overall patient model can 

finally be written as 

 

𝐻𝑝(𝑠) =
𝑘𝑒0

(𝑠 + 𝑘𝑒0)
∗

𝑏2𝑠2 + 𝑏1𝑠 + 𝑏0

𝑎3𝑠3 + 𝑎2𝑠2 + 𝑎1𝑠 + 𝑎0
 (5.12) 
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The effect of injected drug i.e., Propofol can be observed using a Bi-spectral Index 

Scale (BIS) by relating the anesthetic effect site concentration 𝐶𝑒(𝑡) through 

nonlinear sigmoid model i.e., 

 

𝐵𝐼𝑆(𝑡) = 𝐸0 − 𝐸𝑚𝑎𝑥 ∗
𝐶𝑒(𝑡)𝛾

(𝐶𝑒(𝑡)𝛾 + 𝐶50
𝛾

)
 (5.13) 

 

where 𝐶𝑒(𝑡) can be computed by integrating (5.14) 

 

�̇�𝑒 = −0.1068𝑥1 + 0.456𝐶𝑒 (5.14) 
 

During the last decade, the dynamic control of non-linear systems has emerged as an 

exciting research area which constantly stimulates the ideas of control engineers. This 

research is intended at unfolding the true potentials of a non-linear control strategy 

based on SMC) to manage propofol anesthesia infusion rate. SMC involves defining a 

sliding surface typically a linear hyper-surface. The fundamental concept [111] 

behind SMC is to drive the system dynamics from any initial state to the sliding 

surface (i.e. reaching phase). The system is then maintained on this surface for all 

future values of time (sliding phase). The major benefit offered by SMC is its low 

sensitivity to plant disturbances and uncertainties [112]. 
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Table 5.1 Nomenclature for SMC design 

 

Symbol Unit      Name 
 

𝑢(𝑡) 𝑚𝑔. 𝑠𝑒𝑐−1  Infusion rate 

𝑘10 𝑠𝑒𝑐−1  Elimination rate constant 

𝑥1 𝑚𝑔 Amount of drug in primary compartment 

𝑥2 𝑚𝑔 Amount of drug in rapid peripheral 
compartment 

𝑥3 𝑚𝑔 Amount of drug in slow peripheral 
compartment   

𝑥𝑒 𝑚𝑔 Flow of hypnotic agent in effect site 

𝑘1𝑒 𝑠𝑒𝑐−1 Rate constant at effect site 

𝑘𝑒0 𝑠𝑒𝑐−1 Elimination rate constant at effect site 

𝐶𝑒 𝑚𝑔. 𝑙−1 Effect site concentration  
𝐸0 - Awake stage (100-90) 

𝐸𝑚𝑎𝑥 - Maximum effect achieved by  drug 
infusion 

𝐶50 𝑚𝑔. 𝑙−1 Drug concentration at half of the 
maximum effect 

𝛾 - Sigmoid curve slope parameter 
 

 

 

5.6  Control Design using SMC 

 

Sliding Mode Control is a robust control technique widely used for non-linear 

systems. This control method provides a systematic design by modeling uncertainties 

and maintaining stability related issues and system performance [113]. Anesthesia 

infusion using sliding mode control involves the design of control law which will be 

capable of delivering the safe amount of drug to the patient undergoing surgery.   

 

The overall closed-loop system in the present study mainly consists of SMC and 

cascaded PK-PD model. The output of this model is fed to the sigmoid function also 

known as Hill function, which maps the output on BIS scale. The value of BIS is used 

as a feedback to the controller. Figure 5.3 presents the block diagram of the overall 

feedback control system used to achieve the desired DOH during surgical procedures. 

The overall objective in the control design is to minimize steady state error so as to 

maintain DOH level within acceptable range for surgery. 
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FIGURE 5.3: Block diagram of overall closed-loop system 

 

 

The control law is based on SMC, which is one of the most effective robust control 

techniques for highly nonlinear systems operating in uncertain environments 

subjected to disturbances. SMC involves defining a sliding surface typically a linear 

hyper-surface. The fundamental concept behind SMC is to drive the system dynamics 

from any initial state to the sliding surface (i.e. reaching phase). The system is then 

maintained on this surface for all future values of time (sliding phase). The major 

benefit offered by SMC is its low sensitivity to plant disturbances and uncertainties 

[114]. 

 

The first step in this control approach involves the design of sliding surface whose 

function is to drive the state trajectory of the non-linear system on to a user defined 

surface in the state space and maintains dynamics of this system trajectory on this 

surface for upcoming time. 

  

A different gain has been shown by the feedback path when the system state trajectory 

is above the surface and when the trajectory is below the surface, it will be 

represented by some another gain. The imperfect implementation of this switching 

leads to the concept of Chattering which involves high frequency oscillation between 

the two switching values. To design SMC, considering the sliding surface given by 

(5.15) as,  

𝜎 = 𝑎1𝑥1 + 𝑎2𝑥2 + 𝑎3𝑥3 + 𝑎4𝑥𝑒 (5.15) 
or 

�̇� = 𝑎1�̇�1 + 𝑎2�̇�2 + 𝑎3�̇�3 + 𝑎4�̇�𝑒 (5.16) 
 

S

M

C

0

0

e

e

k

s k

( )R s ( )eX s2

2 1 0

3 2

3 2 1 0

b s b s b

a s a s a s a

 

  

PK

Patient Model

PD

BIS



Sigmoid



101 

 

where 𝑎1, 𝑎2, 𝑎3, 𝑎4 are tuning parameters of the controller and 𝑥1 , 𝑥2 , 𝑥3 and 𝑥𝑒 are 

the states of the system defined in PKPD modeling. With 𝑎1 = 1, values of other 

parameters are chosen in a way that 𝜎 becomes Hurwitz monic polynomial. This 

condition ensures reduction in order of the system which can be represented with n-1 

states [115]. Such a system demonstrates insensitivity to matched uncertainties. 

Substituting the state equations, (5.16) can be re-written as, 

 

�̇� = 𝑎1[(−𝑘10 − 𝑘12 − 𝑘13)𝑥1(𝑡) + 𝑘21𝑥2(𝑡) + 𝑘31𝑥3(𝑡) + 𝑢(𝑡)]

+ 𝑎2[𝑘12𝑥1(𝑡) − 𝑘21𝑥2(𝑡)] + 𝑎3[𝑘13𝑥1(𝑡) − 𝑘31𝑥3(𝑡)]   
+ 𝑎4[𝑘1𝑒𝑥1(𝑡) − 𝑘𝑒0𝑥𝑒(𝑡)] 

(5.17) 

 

The overall control law (𝑢) consists of equivalent control (𝑢𝑒𝑞) and discontinuous 

control (𝑢𝑑𝑖𝑠𝑐) i.e. 

 

𝑢 = 𝑢𝑒𝑞 + 𝑢𝑑𝑖𝑠𝑐  (5.18) 

 

The equivalent control forces the system dynamics to move to the sliding surface and 

depends on the states of the system and state parameters. It makes the derivative of 

sliding manifold equal to zero and can be computed by putting �̇� = 0 along the 

system dynamics (5.17). Thus, 

 

𝑢𝑒𝑞 = −[(−𝑘10 − 𝑘12 − 𝑘13)𝑥1(𝑡) + 𝑘21𝑥2(𝑡) + 𝑘31𝑥3(𝑡)]

− 𝑎2[𝑘12𝑥1(𝑡) − 𝑘21𝑥2(𝑡)] − 𝑎3[𝑘13𝑥1(𝑡) − 𝑘31𝑥3(𝑡)]

− 𝑎4[𝑘1𝑒𝑥1(𝑡) − 𝑘𝑒0𝑥𝑒(𝑡)] 

(5.19) 

 

Presence of disturbances or uncertainties may lead 𝜎 ≠ 0. Discontinuous control 

handles such disturbances and depends on gain and signum function, which exhibits 

switching behavior. Thus, 

 

𝑢𝑑𝑖𝑠𝑐 = −𝑘𝑠𝑖𝑔𝑛(𝜎) 
 

(5.20) 

 

where 𝑘 ∈ 𝑅𝑛𝑋𝑛 is the discontinuity gain matrix. Mathematically, 

 

𝑠𝑖𝑔𝑛 (𝜎) = [
1 𝑓𝑜𝑟 𝜎 > 0

−1 𝑓𝑜𝑟 𝜎 < 0
] 

 
(5.21) 
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So, sliding mode control is a two step procedure for controller design, in which the 

first step deals with the robustness to parametric uncertainties, Whereas, the second 

stage of the design process attains the robustness to un-modeled high frequency 

dynamics. 

  

To investigate and characterize the performance of the designed controller, clinical 

data including characteristic variables of eight patients is presented in the following 

Table [116-117], 

 

TABLE 5.2: Clinical dataset showing patient's attributes 

 

Patient 
Age 
Years 

Height 
(H) 
cm 

Weight 
(W) 
kg 

Gender 𝐶50 𝐸0 𝐸𝑚𝑎𝑥 𝛾 

1 40 163 54 F 6.33 98.80 94.10 2.24 

2 36 163 50 F 6.76 98.60 86.00 4.29 

3 34 172 58 F 4.95 96.20 90.80 1.84 

4 28 164 60 M 4.93 94.70 85.30 2.46 

5 37 187 75 M 8.02 92.00 104.00 2.10 

6 42 179 78 M 4.82 91.80 77.90 1.85 

7 38 174 80 F 6.56 95.50 76.40 4.12 

8 43 163 59 F 12.10 90.20 147.00 2.42 
 

 

5.7 Simulation Results and Discussion 

 

This section comprises of controller-less scheme and with controller scenario for drug 

infusion process. Both situations with simulation results are discussed in detail as they 

have different plasma-anesthesia concentrations and the BIS signals. 

  

5.7.1 Controller-less Paradigm 

 

In this section, anesthesia infusion with corresponding plasma concentration during 

surgery without a dedicated controller is discussed. Plasma drug concentration in all 

the four compartments of the PKPD model against time is plotted in Fig. 5.4(a) which 

shows the unusual behaviour of drug movement between compartments.   
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As shown in Fig. 5.2 that infusion and removal of drug is done through the primary 

compartment which is also known as central compartment. With the help of rate 

constants, as defined in previous chapters, the movement of the drug takes place 

between all the four compartments. During the infusion of drug in primary 

compartment, the quantity of drug increases exponentially in this compartment. With 

the passage of time, the elimination or distribution of the drug from the primary 

compartment starts to other compartments through the use of rate constants. At that 

time, the amount of drug decays exponentially in primary compartment and at the 

same time the amount of drug increases exponentially in rapid and slow peripheral 

compartments as well as in the effect site compartment and the corresponding effect is 

instigated. Amount of drug in rapid peripheral compartment transferred through 

primary compartment, reduce the muscle movements in patient body. The plasma-

drug value in primary compartment starts approaching to minimum level as soon as 

the effect-site compartment receives the desired  drug concentration. 

Fig 5.4(a) presents plasma drug concentration in various compartments while 5.4(b) 

shows the output profile in the form of BIS signal. As it can be observed from Fig. 

5.4(a), the plasma-drug concentration of all four compartments is not following the 

exponential behaviour of the drug distribution process. Fig. 5.4(b) represents the BIS 

value for patient 6 which shows that it is not in the required band to attain the desired 

DOH level which is suitable for the general surgery. This unusual scenario for the 

drug distribution process and corresponding BIS waveforms suggests the need of a 

dedicated controller for optimum delivery of drug during surgeries. It is observed 

from these results that manipulating anaesthesia without a dedicated controller in the 

loop can be quite risky and may not be suitable in many operational scenarios. Using 

this scheme, the accuracy and precision of the drug delivery to a patient during 

surgery is totally dependent on the anaesthesiologist experience. The critical response 

of this controller becomes more problematic and crucial especially in case of children 

and cardiac patients. 
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FIGURE 5.4: Controller-less administration of anesthetic agent in patient 6 (a) Drug 

concentration in various compartments (b) Output profile 

 

5.7.2 Controlled Input and Plasma Drug Concentration for Patient 6 

 

As discussed in previous section, the importance of a dedicated controller to achieve 

the desired hypnosis level for surgery, a non-linear controller is introduced in the 

designed system which will be capable of delivering safe amount of anesthesia to 

avoid post-operative side effects. With such an arrangement, employing a robust 

controller in a closed-loop fashion completely changes the response for Plasma-drug 

concentration and BIS waveforms. Figure 5.5(a) presents the controlled drug infusion 

level using SMC technique for patient 6. Drug infusion using SMC based law, as 

shown in equation (5.18), drastically improves the results related to plasma-anesthesia 

concentration and the corresponding hypnosis levels of the patients. All the patients 

achieved the suitable level of hypnosis to stay in comfort zone during surgical 

activities.  It is evident from Fig. 5.5(c) that the hypnosis level of all patients, whose 

data are being used in this research work,  reaches the desired interval in less than 100 

seconds.  

 

Plasma drug concentration in the compartments of the PKPD structure is illustrated in 

Fig. 5.5(b), where the rate of change of drug concentration with respect to time in all 
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the four compartments of the body after the drug infusion is shown. With SMC 

control law, the plasma-drug concentration shows exponential behaviour for all the 

four compartments in the PKPD model. Initially the drug concentration is maximum 

in the primary compartment, but as the drug moves between primary and peripheral 

compartments, its level decays exponentially in the primary compartment and rises in 

the peripheral compartments. The output of BIS indicator is plotted in fig. 5.5(c) 

which shows the DOH level of all patients in the required band as specified in the 

definition of BIS scale. Initially, the patient is in awake state with BIS value close to 

100. It is evident that the presence of controller with a closed-loop feedback system 

dramatically improves performance of anesthesia process. The output i.e., the 

hypnosis level of the patient shown in fig. 5.5(c) converges to the required level of 

BIS for surgery within seconds. The controller then maintains this DOH level so as to 

assist anaesthesiologist in ensuring safer region of operation.  

Controlled infusion of the drug using SMC based control law, plasma drug 

concentration and the hypnosis level of patient 6 is shown below proving the accuracy 

the of the designed control law.  
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FIGURE 5.5: SMC based closed-loop control of anesthetic agent in patient 6 (a) 

Control input (b) Plasma drug concentration in different compartments (c) Output 

profile 

 

5.7.3 Plasma Drug Concentration of 4 Patients 

 

For analysis purposes, the plasma drug concentration of four different patients has 

been plotted to observe the behaviour of drug movement between compartments 

depending on different clinical parameters of the patient like age and weight. As an 

example, we compared the drug concentration of patients 4 and 8 illustrated in fig 5.6 

(a) and 5.6 (b) respectively on the basis of their age. The analysis reveals that lesser 

the age of a patient, faster is the metabolism/elimination of the drug. It is evident that 

patient 4 being comparatively younger demonstrates fast metabolism of the drug 

occurring in primary compartment than patient 8. Comparison of young and old 

patients discloses that the concentration in rapid peripheral compartment increases 

substantially due to the fast flow of Propofol from primary compartment. The same 

effect is reflected in slow peripheral compartment and the effect site compartment.  

 

However, this analysis also provides us with another important information that the 

weight of a patient does not significantly affect the plasma drug concentration profile. 

To study this effect, the concentration in patients 2 and 7 in which the difference 

between their weights is 30 Kg has been analyzed and as shown in fig. 5.6 (c) and 5.6 

(d). It can be seen that the Propofol concentration in the primary compartment of 

patient 2 decreases at a relatively same rate when compared with the Propofol 

concentration of patient 7. The minor difference in the responses is due to difference 
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in ages of the patients. Same behaviour is observed regarding flow of drug from 

primary to other compartments. 

 

 

 

 

 

FIGURE 5.6: Plasma drug concentration in (a) Patient 4 (b) Patient 8 (c) Patient 2  

                      (d) Patient 7 
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5.7.4 Patient Hypnosis Level using SMC 

 

In this section, the hypnosis level of all patients used in this study has been plotted to 

show the overall response of the conscious level during surgery. Simulation results 

shown in fig. 5.7, present the hypnosis level of 8 patients after the infusion of drug for 

surgery. These responses indicate both the induction and maintenance phases of 

anesthesia. First 100 seconds shows the induction phase of drug infusion while after 

that maintenance phase starts in which the drug quantity is maintained throughout the 

surgery. All the patients have BIS value close to 100 before the infusion of drug i.e., 

they are in awake condition and as soon as the anesthesia infusion starts, the hypnosis 

level of the patients move towards the region between 60-40 so that the surgical 

procedures can be initiated. This moderate hypnotic state is necessary for comfortable 

execution of surgical activities and patient health. However, for patients with major 

but non-cardiac surgeries, BIS value beyond this interval have more risks in terms of 

death rates during the first year. All the patients achieve this BIS value in less than 

100 seconds and therefore the initial drug amount is also reduced to small quantity 

which will help to minimize the post-operative effects like nausea, vomiting. 

 

As soon as the patients achieve this level of hypnosis, the maintenance phase of 

anesthesia process starts in which the infusion of the drug quantity is made constant to 

stay in the interval of 60-40 for the rest of the time required for surgery. In this study, 

all the patients achieved the required hypnosis level within 100 seconds without 

overdosing of the drug. 
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FIGURE. 5.7: Simulation results for BIS value for 8 patients showing that there is no 

overdose 

To show the hypnosis level of the patients in summarized form we have also shown 

the steady state error considering DOH level of 50 as reference in fig. 5.8, although it 

is acceptable for clinicians for the DOH level to be in the band of 40-60. It can be 

observed that the error during the maintenance phase is bounded in between ±5 which 

is still within acceptable range for surgical operations. Except for patient 1 and patient 

8 whose DOH values are above 50 while other patients have DOH value less than or 

equal to 50 showing these results acceptable. 

 

 

FIGURE 5.8: Steady state error showing that DOH is under desired range  
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5.7.5 Controlled Drug Infusion using SMC  

 

As discussed earlier, the controller-less scheme for drug infusion was not capable of 

injecting the suitable amount of drug during induction and maintenance stages of 

anesthesia. The derived control law using SMC delivers the optimum amount of drug 

during surgery avoiding the problem of under/over-dosing The designed SMC 

provides different rates of Propofol infusion corresponding to different patients as 

shown in fig. 5.9 due to difference in patient's parameters like age, weight, height, 

gender and LBM to maintain the desired level of DOH.  

 

The controller initially permits the injection of large amount of drug to bring the 

patient in unconsciousness state in induction phase of anaesthesia. After few seconds, 

the induction of large quantity of drug which is also known as bolus dose reduces as it 

can be observed form plasma drug concentration (see fig. 5.6), where each 

compartment starts receiving some quantity of drug. Once the desired hypnosis level 

is achieved, then the controller strictly maintains the specific infusion rate throughout 

the maintenance phase of anaesthesia for each patient. This maintained or constant 

amount of anesthesia in maintenance phase is helpful in keeping the DOH level of all 

patients to reside in 60-40 band as characterized by the BIS scale. 

 

 
 

FIGURE 5.9: Propofol infusion rate for 8 patients 

 

This stable amount of drug will eventually makes the plasma-drug concentration in all 

four compartments of the PKPD model almost constant for all patients. All the eight 
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patients in this research study achieve the desired hypnosis level suitable for surgical 

procedures without overshoot.  

 

5.8 Summary: 

 

In this chapter a non-linear control strategy SMC is considered for anesthesia infusion 

system for induction and maintenance of anesthesia. SMC is one of the most effective 

robust control technique for highly nonlinear systems operating in uncertain 

environments subjected to disturbances. SMC involves defining a sliding surface 

typically a linear hyper-surface. The major benefit offered by SMC is its low 

sensitivity to plant disturbances and uncertainties. 

 

The patient model is derived based on state equations of pharamacokinetics and 

pharmacodynamics parameters. This patient modelling involves the concept of 

compartmental modelling for different parts of the human body. Non-linear Hill 

function or sigmoid model is also discussed. The designed control law consists of two 

parts: Ueq and Udisc corresponding to reaching phase and sliding phase respectively. 

Eight patients with different clinical parameters have been used in this research work.   

All the patients achieve the desired hypnosis using this control law which is capable 

of delivering safe amount of drug during surgical procedures.   

 

The induction phase of the drug which involves the bolus dose, is the one of the most 

important part of the anesthesia process. The basic purpose of bolus dose is to transfer 

the conscious level of the patient in the range which is safe for surgery as early as 

possible after which the quantity of drug is maintained throughout the anesthesia 

process. From medical point of view, the time to achieve the suitable hypnosis level 

for surgery can may be further improved in the presence of inter-patient variability by 

applying another non-linear control strategy. For this purpose, backstepping technique 

is introduced and studied in the next chapter. Control law designed through 

backstepping shows improved results in terms of patient hypnosis level.  
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Chapter 6 

 

Hypnosis Level Tracking Using Backstepping Design 
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The goal of the control system design is described by Slotine and Li as follows, 

Given a control system to be controlled and the parameters of its desired behavior, 

develop a feedback control law to make the closed-loop system exhibit the desired 

behavior [100]. 

 

 

6.1 Introduction 

 

Many fundamental concepts are included in this definition that must be analyzed 

when dealing with non-linear control systems. In the first step, a simple and clear 

explanation related to the system is developed, as well as the mathematical model of 

the system that is to be controlled should be designed. The second step deals with the 

representation of the desired system behavior. The desired behavior of the system can 

be defined as either trajectory tracking or set point stabilization. Lastly, the designed 

control system must attain the desired system behavior as accurately as possible. Each 

of these elements must be designed  in correspondence with the other two steps. The 

system model must contain information about the system which is relevant to the type 

of behavior that is desired and the shape of the control law that is to be developed 

[118]. 

    

The biggest advantage of the backstepping control design is the possibility to take 

advantage from the naturally stabilizing non-linear terms in the system dynamics. 

Keeping such non-linearities in the system rather canceling them has many 

advantages which include the need of less control effort to control the designed 

system. Also, the designed controller may not require exact or accurate model 

information which is responsible for improving the robustness of the system against 

the errors in modeling.  

 

Backstepping is a systematic method for nonlinear control design systems, which can 

be applied to a wide category of non-linear systems. The term backstepping points to 

the recursive nature of the design method in which a virtual control law is designed 

first for a subsystem of the overall system and then the  design is expanded in various 

iterations unless a control rule for the overall system has been developed. In parallel 

to the design of this control rule, a Lyapunov function for the controlled system is 

developed [119]. 
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The beginning of this non-linear method is not confirmed because of its concurrent 

and implicit availability in literature in the late 1980's. But after the work of Petar V. 

Kokotovic and coworkers, this non-linear control strategy got much attention in the 

the feild of controls. In 1992, Kanellakopoulos et al., proposed a mathematical tool kit 

for control law design of several non-linear systems with the help of backstepping. In 

1995, the textbook from Kristic et al., and later in 1996 Freeman and kokotovic, and 

Sepulchre et al in1997 were published. 

 

This chapter focuses on non-linear control strategy backstepping for the development 

of control law related to the anesthesia infusion systems. The recursive design 

method, backstepping, divides the whole design problem into the series of lower order 

design problems [120]. The concept of dividing the dynamic system into subsystems 

is not odd for the design and analysis of nonlinear controllers. 

 

The design procedure of sliding mode controllers follows two step process: 1) 

Selection of the stable sliding surface to accomplish the desired goal, 2) make sliding 

surface attractive by forcing the states of the system in the direction of sliding surface. 

In sliding mode controllers design, the design of the sliding surface depends on the 

relative degree from the control input to the sliding surface variable which should be 

one, i.e., a first order system for the sliding variable. Using this process, system states 

can be easily controlled towards the sliding surface as compare to handling the 

original dynamic systems. But for uncertain non-linear systems, the usage of sliding 

mode control involves the step of matching condition that should be satisfied i.e., the 

uncertain terms come into the state equation at the same point as the control input. 

The biggest benefit provided by this non-linear control method is that the matching 

condition can be relaxed for nonlinear systems ensuring the strict feedback form. The 

control law for such non-linear systems can be attained with the help of recursive 

designs of scalar first order sub-systems. From utilization of the flexibility that is 

present in the scalar systems, the use of matching condition is not required [121]. 

  

One more biggest advantage of this non-linear control method is that this technique 

does not forces the designed system to look like a linear system, through which the 
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cancellation of useful non-linear terms can be evaded. Also, extra non-linear terms 

can be added to improve the robustness properties of the system in the feedback loop. 

 

6.2 General Design Procedure 

 

By recursively applying the backstepping method, as shown in (i), a systematic design 

can be achieved for the strict-feedback system [121]: 

 

�̇� = 𝑓(𝑥) + 𝑔(𝑥)𝜉1 

𝜉1̇ =  𝑓1(𝑥, 𝜉1) +  𝑔1(𝑥, 𝜉1) 𝜉2 

𝜉2̇ = 𝑓2(𝑥, 𝜉1, 𝜉2) +  𝑔2(𝑥, 𝜉1, 𝜉2) 𝜉3 

                                                       ⋮ 

𝜉�̇� =  𝑓𝑘(𝑥, 𝜉1 … 𝜉𝑘) + 𝑔𝑘(𝑥, 𝜉1 … 𝜉𝑘) 𝑢   

                                                                                                                                  (i) 

where x Є Rn and 𝜉1, … . . , 𝜉𝑘 Є R. In this non-linear technique, the control law and the 

Lyapunov function will be designed in a recursive way. 

 

Point 1 

 

Formulate a stabilizing function which is continuously differentiable 𝜉1 =  𝛼(𝑥) for 

the 𝑥 subsystem, i.e., create a radially unbounded function 𝑉(𝑥) and positive definite 

such that, by using this control law, its derivative will be written as (ii), 

 

𝜕𝑣

𝜕𝑥
(𝑓(𝑥) + 𝑔(𝑥))  <  −W(x)                                                                                (ii) 

 

and W(x) is positive definite.   

 

Point 2 

 

This recursive backstepping process can be initiated by taking the following 

subsystem, 

�̇� = 𝑓(𝑥) + 𝑔(𝑥)𝜉1                                                                                                (iii) 
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𝜉1̇ =  𝑓1(𝑥, 𝜉1) +  𝑔1(𝑥, 𝜉1) 𝜉2                                                                               (iv) 

 

In point 1, we presume 𝜉1 is a virtual control and the control law, 

 

𝜉1 =  𝛼(𝑥)                                                                                                              (v) 

stabilizes the subsystem 𝑥. To take into account the deviation of the state variable 𝜉1 

from the stabilizing function 𝛼1(𝑥) we define the error variable as,  

 

𝑧1 =  𝜉1 −  𝛼(𝑥)                                                                                                     (vi) 

  

and  

𝑧1̇ =  𝜉1̇ −  
𝜕𝛼(𝑥)

𝜕𝑥
 �̇�                                                                                                          (𝑣𝑖𝑖) 

 

=  𝑓1(𝑥, 𝜉1) +  𝑔1(𝑥, 𝜉1) 𝜉2 −  
𝜕𝛼(𝑥)

𝜕𝑥
(𝑓(𝑥) + 𝑔(𝑥)(𝛼(𝑥) + 𝑧1))                          (viii) 

 

We move forward by taking the Lyapunov function shown in (ix), 

 

𝑉1 = 𝑉(𝑥) + 
1

2
𝑧1

2                                                                                                  (ix) 

 

In this step, our goal is to design a stabilizing function  𝜉2 =  𝛼1(𝑥, 𝑧1)  keeping in 

view the time derivative of the Lyapunov function 𝑉1 should be negative definite. 

 

𝑉1̇ =  �̇�(𝑥) + 𝑧1𝑧1̇ 

=  
𝜕𝑉(𝑥)

𝜕𝑥
(𝑓(𝑥) + 𝑔(𝑥)(𝛼(𝑥) + 𝑧1)) +  𝑧1𝑧1̇ 

<  −W(x) +  
𝜕𝑉(𝑥)

𝜕𝑥
𝑔(𝑥)𝑧1 + 𝑧1𝑧1   ̇  

                                                                                                                               (x) 

substituting the value of  𝑧1̇ above equation, we get, 
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𝑉1̇  <  −𝑊(𝑥) +  
𝜕𝑉(𝑥)

𝜕𝑥
𝑔(𝑥)𝑧1 + 𝑧1{𝑓1(𝑥, 𝜉1) + 𝑔1(𝑥, 𝜉1) 𝜉2 − 

𝜕𝛼(𝑥)

𝜕𝑥
(𝑓(𝑥)

+ 𝑔(𝑥)(𝛼(𝑥) + 𝑧1)) } 

                                                                                                                                  (xi) 

If, 𝑔1(𝑥, 𝜉1)  ≠ 0 , now by selecting the stabilizing function for the virtual control 𝜉2 

as, 

 

𝜉2 =  𝛼1(𝑥, 𝑧1)                                                                                                     

 

        =  
1

𝑔1
{−𝑘1𝑧1 −

𝜕𝑉(𝑥)

𝜕𝑥
𝑔(𝑥) −  𝑓1(𝑥, 𝜉1) + 

𝜕𝛼(𝑥)

𝜕𝑥
(𝑓(𝑥) + 𝑔(𝑥)(𝛼(𝑥) + 𝑧1)) }                              

                                                                                                                                   (xii) 

 

The derivative of lyapunov function will get the shape as (xiii), 

 

𝑉1̇  <  −𝑊(𝑥) −  𝑘1𝑧1
2                                                                                             (xiii) 

Point 3 

 

In point 3, we will assume the subsystem as shown in (xiv), 

 

�̇� = 𝑓(𝑥) + 𝑔(𝑥)𝜉1 

𝜉1̇ =  𝑓1(𝑥, 𝜉1) +  𝑔1(𝑥, 𝜉1) 𝜉2 

𝜉2̇ = 𝑓2(𝑥, 𝜉1, 𝜉2) +  𝑔2(𝑥, 𝜉1, 𝜉2) 𝜉3 

                                                                                                                                (xiv) 

 

This system can also be written as, 

 

𝑋1̇ =  𝐹1(𝑋1) + 𝐺1(𝑋1)𝜉2 

𝜉2̇ = 𝑓2(𝑋1, 𝜉2) +  𝑔2(𝑋1, 𝜉2) 𝜉3 

                                                                                                                                   (xv) 

and, 

 

𝑋1 = ( 𝑥
𝜉1

) ,      𝐹1(𝑋1) =  (𝑓(𝑥)+𝑔(𝑥)𝜉1

𝑓1(𝑥,𝜉1)
) ,       𝐺1(𝑋1) =  ( 0

𝑔1(𝑥,𝜉1))         (xvi) 
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Therefore, the error variable is defined as, 

𝑧2 =  𝜉2 − 𝛼1(𝑋1)                                                                                                 (xvii) 

 

We move forward in the same manner as in point 2 by taking the Lyapunov function 

shown as (xviii), 

 

𝑉2 =  𝑉1(𝑋1) +  
1

2
𝑧2

2                                                                                             (xviii) 

 

Now, again our objective is to design a stabilizing function,  

 

𝜉3 =  𝛼2(𝑋1, 𝑧2)                                                                                                               (xix) 

 

keeping in view that the derivative of the Lyapunov function 𝑉2 should be negative 

definite. This recursive process continues till the 𝑘𝑡ℎ point, where we will get the 

actual control law for 𝑢. 

  

6.3  Lyapunov Theory 

 

Backstepping control design is based on Lyapunov theory. The aim is to construct a 

control law that brings the system to, or at least near, some desired state. That is to 

say, we wish to make this state a stable equilibrium of the closed loop system. 

 

Lyapunov method is normally used for the stability analysis of the system, however 

its application lies in other field of the non-linear control as well. One of the important 

and practical application of this method is the designing of non-linear controllers. The 

concept is to create a scalar positive function of the states of the system by some 

means and then designing a control law to make this function to decay. The stability 

of such designed non-linear controller is ensured and is used in many complex control 

problems e.g., in adaptive control and robotics. 
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6.4 Patient Model  

 

This part of the section shows differential equation model of how propofol leads to 

hypnosis. State equations of the PK model corresponding to the three compartments 

of the integrated PKPD model can be written as using a three compartment Schnider 

model as described in [122] as shown in fig 6.1, 

 

𝑑ℎ4

𝑑𝑡
= −𝑞10ℎ4(𝑡) − 𝑞12ℎ4(𝑡) − 𝑞13ℎ4(𝑡) + 𝑞21ℎ1(𝑡) + 𝑞31ℎ3(𝑡) + 𝑖(𝑡) (6.1) 

𝑑ℎ1

𝑑𝑡
= 𝑞12ℎ4(𝑡) − 𝑞21ℎ1(𝑡) 

(6.2) 

𝑑ℎ3

𝑑𝑡
= 𝑞13ℎ4(𝑡) − 𝑞31ℎ3(𝑡) 

(6.3) 

 

or these differential equations can also be written as follows, 

 

ℎ4̇(𝑡) = (−𝑞10 − 𝑞12 − 𝑞13)ℎ4(𝑡) + 𝑞21ℎ1(𝑡) + 𝑞31ℎ3(𝑡) + 𝑖(𝑡)                        (6.1a) 

 

ℎ1̇(𝑡) = 𝑞12ℎ4(𝑡) − 𝑞21ℎ1(𝑡)                                                                                         (6.2𝑎) 
 

ℎ3̇(𝑡) = 𝑞13ℎ4(𝑡) − 𝑞31ℎ3(𝑡)                                                                                         (6.3𝑎) 
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FIGURE 6.1: Integrated PKPD model 

 

Taking Laplace transform of above equations, 
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𝑠𝐻4(𝑠) = −(𝑞10 + 𝑞12 + 𝑞13)𝐻4(𝑠) + 𝑞21𝐻1(𝑠) + 𝑞31𝐻3(𝑠) + 𝐼(𝑠) (6.4) 

 

𝑠𝐻1(𝑠) = 𝑞12𝐻4(𝑠) − 𝑞21𝐻1(𝑠) (6.5) 

 

𝑠𝐻3(𝑠) = 𝑞13𝐻4(𝑠) − 𝑞31𝐻3(𝑠) (6.6) 
 

From above equations, the input-output relationship is given as, 

 

𝐻4(𝑠)

𝐼(𝑠)
 =  𝐷𝑝 (𝑠) 

 

 

=
(𝑠2 + 𝑠(𝑞21 + 𝑞31) + 𝑞21𝑞31)

(𝑠3 + 𝑠2(𝑞10 + 𝑞12 + 𝑞21 + 𝑞13 + 𝑞31) + 𝑠(𝑞10𝑞21 + 𝑞10𝑞31 + 𝑞12𝑞31 + 𝑞13𝑞21 + 𝑞31𝑞21) + 𝑞10𝑞21𝑞31))
  (6.7) 

 

where 𝐷𝑝(𝑠) is the rate of drug absorption/metabolism within the body defined as 

Disposition rate constant. PK model is generally written as, 

 

𝐻4(𝑠)

𝐼(𝑠)
=  𝐷𝑝 (𝑠) =

𝑛2𝑠2 + 𝑛1𝑠 + 𝑛0

𝑑3𝑠3 + 𝑑2𝑠2 + 𝑑1𝑠 + 𝑑0
 (6.8) 

 

and, 

𝑛2 = 1, 𝑛1 = 𝑞21 + 𝑞31,       𝑛0 = 𝑞21𝑞31 

𝑑3 = 1 ,    𝑑2 = (𝑞10 + 𝑞12 + 𝑞21 + 𝑞13 + 𝑞31),    𝑑1

= (𝑞10𝑞21 + 𝑞10𝑞31 + 𝑞12𝑞31 + 𝑞13𝑞21 + 𝑞31𝑞21),  𝑑0 =  𝑞10𝑞21𝑞31 

 

Now, assume that the roots of the characteristic equation in (6.8) are 𝑗, 𝑘 and 𝑙, the 

equation cab be re-written as (6.8a),  

 

𝐷𝑝(𝑠) =
𝐻4(𝑠)

𝐼(𝑠)
 =

𝑛2𝑠2+𝑛1𝑠+𝑛0

(𝑠+j)(s+k)(s+l)
                                                       (6.8a) 

 

We can simplify the above equation by using partial fraction method as,  

 

𝐷𝑝(𝑠) =  
𝐸

(𝑠 + j)
+

𝐹

(s + k)
+

𝐺

(s + l)
                                                              (6.8𝑏) 
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After simplification, the values of 𝐸 , 𝐹 , and 𝐺 can be obtained as, 

 

𝐸 =  
𝑏2j2 − 𝑏1j +  b0

(k − j)(l − j)
 

 

𝐹 =  
𝑏2k2 − 𝑏1k +  b0

(j − k)(l − k)
 

 

𝐺 =  
𝑏2l2 − 𝑏1l +  b0

(j −  l)(k − l)
 

                                                                                                                               (6.8c) 

 

The drug disposition constant 𝐷𝑝(𝑡) can be obtained by taking the inverse Laplace 

transform of the equation (6.8b) as, 

 

𝐷𝑝(𝑡) =  𝐸𝑒−jt + 𝐹𝑒−kt +  𝐺𝑒−lt                                                                        (6.8d) 

 

State equation corresponding to PD model relates to concentration of the drug in 

plasma to the effect site concentration and can be modeled as, 

 

𝑑ℎ2

𝑑𝑡
= 𝑞1𝑒ℎ4(𝑡) − 𝑞𝑒0ℎ2(𝑡)  (6.9) 

 

ℎ̇2(𝑡) = 𝑞1𝑒ℎ4(𝑡) − 𝑞𝑒0ℎ2(𝑡) (6.9a) 

 

Using Laplace transform on above equation, 

 

𝑠𝐻2(𝑠) = 𝑞1𝑒𝐻4(𝑠) − 𝑞𝑒0𝐻2(𝑠) (6.10) 
 

Taking 𝑞1𝑒 𝑎𝑛𝑑 𝑞𝑒0 equal because of negligible volume at the effect site 

compartment, the overall PD model can be written as, 

 

𝐻2(𝑠) =  
𝑞𝑒0

(𝑠+𝑞𝑒0)
 𝐻4(𝑠)  (6.10a) 
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𝐻2(𝑠)

𝐻4(𝑠)
=  𝐷𝑒(𝑠) =  

𝑞𝑒0

(𝑠 + 𝑞𝑒0)
 (6.11) 

 

The drug disposition function from plasma to effect site can be obtained by taking the 

inverse Laplace transform of the above equation, 

 

𝐷𝑒 (𝑡) =  𝑘𝑒𝑜𝑒−𝑘𝑒𝑜𝑡                                                                                              (6.11a) 

 

From the cascaded behavior of PK and PD models, the complete patient model can 

finally be shown as, 

 

𝑀𝑝(𝑠) =
𝑞𝑒0 ∗ (𝑛2𝑠2 + 𝑛1𝑠 + 𝑛0)

(𝑑3𝑠3 + 𝑑2𝑠2 + 𝑑1𝑠 + 𝑑0) (𝑠 + 𝑞𝑒0)
 (6.12) 

 

The Bi-spectral index is linked with effect site concentration 𝐶𝑒(𝑡) through nonlinear 

sigmoid model, 

 

𝐵𝐼𝑆(𝑡) = 𝐶𝐸0 − 𝐶𝐸𝑚𝑎𝑥 ∗
𝐶𝑒(𝑡)𝛾

(𝐶𝑒(𝑡)𝛾 + 𝐶50
𝛾

)
 (6.13) 

 

where 𝐶𝐸0 corresponds to the clinical effect without drug and 𝐶𝐸𝑚𝑎𝑥 is the maximum 

effect achieved after drug infusion. 
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TABLE 6.1: Nomenclature for backstepping design 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6.5 Control Law Design using Backstepping 

 

This section presents the design of control law using a non-linear control technique 

for optimum delivery of Propofol anesthesia during surgical procedures. The 

complete architecture of the designed system mainly constitutes a nonlinear controller 

cascaded with the patient PKPD model followed by a nonlinear sigmoid model. The 

prime aim of this arrangement is to minimize the steady state error while maintaining 

the patient’s DOH level in the required band suitable for surgery. 

 

Backstepping is a recursive design procedure, established in 1990 by Petar V. 

Kokotovic for designing stabilizing control for the class of nonlinear dynamical 

systems. This nonlinear control strategy consists of dividing a whole design problem 

into sequence of small problems of lower order [123]. One of the important features of 

this technique is its ability to tackle nonlinearities in a very special way, i.e. instead of 

cancelling the useful nonlinearities present in the system, retaining them will give 

Parameters Units Description 

   

ℎ1 𝑚𝑔 Drug amount in rapid peripheral 

compartment 

ℎ2 𝑚𝑔 Flow of hypnotic drug at effect site 

ℎ3 𝑚𝑔 Drug amount in slow peripheral 

compartment   

ℎ4 𝑚𝑔 Drug amount in primary compartment 

𝑞10 𝑠𝑒𝑐−1 Elimination rate constant 

𝑞1𝑒 𝑠𝑒𝑐−1 Effect site rate constant   

𝑞12,𝑞21,𝑞13,𝑞31 𝑠𝑒𝑐−1 Rate constants b/w compartments 

𝑞𝑒0 𝑠𝑒𝑐−1 Elimination rate constant at effect site 

𝑖(𝑡) 𝑚𝑔. 𝑠𝑒𝑐−1 Infusion rate 

𝛾 - Nonlinear sigmoid curve slope parameter 

𝐶𝑒 𝑚𝑔. 𝑙−1 Concentration at effect site 

𝐶50 𝑚𝑔. 𝑙−1 Drug concentration at half of the 

maximum effect 

𝐶𝐸0 - Effect in the absence of drug  

𝐶𝐸𝑚𝑎𝑥 - Maximum effect achieved through drug 

infusion 

https://en.wikipedia.org/wiki/Petar_V._Kokotovic
https://en.wikipedia.org/wiki/Petar_V._Kokotovic
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more benefits and may require less control effort [124-125]. The design method based 

upon backstepping approach is presented in this section. This method ensures that the 

output tracks the desired reference signal during surgery to avoid complexities. The 

four states of our patient model are, 

 

�̇�1 =  𝑎1𝑦4 − 𝑎2𝑦1 (6.14) 

 

�̇�2 =  𝑒1𝑦2 +  𝑒2𝑦4 (6.15) 

 

�̇�3 =  𝑏1𝑦4 − 𝑏2𝑦3 (6.16) 

 

�̇�4 =  −𝑐1𝑦4 +  𝑎2𝑦1 + 𝑏2𝑦3 + 𝑢(𝑡) (6.17) 
 

Where 𝑎1 = 𝑞12, 𝑎2 = 𝑞21, 𝑏1 =  𝑞13, 𝑏2 =  𝑞31, 𝑐1 = (𝑞10 + 𝑞12 + 𝑞13), and 𝑒1 =

𝑞𝑒0 =  −0.456, 𝑒2 = 𝑞𝑒0 = 0.1068 and are calculated as shown at the end of this 

section. Defining the error variables for the four states with 𝑦𝑑 as desired trajectory to 

be tracked,where 𝛽1, 𝛽2, and 𝛽3 are the first, second and third stabilizing functions. 

 

 𝑧1 =  𝑦1 −  𝑦𝑑 (6.18) 

 

𝑧2 =  𝑦2 − 𝛽1 (6.19) 

 

𝑧3 =  𝑦3 − 𝛽2 (6.20) 

 

𝑧4 =  𝑦4 − 𝛽3 (6.21) 
 

STEP:1 Consider the new variable 𝑧1 that represents the error between the actual 

output and desired output (BIS value) which can be expressed as (6.18). The 

derivative of (6.18) is,  

�̇�1 =  �̇�1 − �̇�𝑑                                                                                                   (6.21a) 
 

 

Using the state equation (6.14) corresponding to rapid peripheral compartment, we 

get, 

�̇�1 =  −𝑎2𝑦1 + 𝑎1𝑦4 − �̇�𝑑                                                                            (6.21b) 
  
Now substituting (6.18) and (6.21) in above equation, 

 

�̇�1 =  −𝑎2(𝑧1 + 𝑦𝑑) + 𝑎1(𝑧4 +  𝛽3)  − �̇�𝑑                                           (6.21c)  

 
Simplifying, 

�̇�1 =  −𝑎2𝑧1 − 𝑎2𝑦𝑑 +  𝑎1𝑧4 + 𝑎1𝛽3 − �̇�𝑑 (6.22) 
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Considering the Lyapunov function as, 

 

𝑣1 = 0.5 𝑧1
2 (6.23) 

 
Taking derivative of the above equation, 

 

�̇�1 =  𝑧1�̇�1 (6.24) 

 

Solving for �̇�1, Substituting (6.22) in (6.24), 

 

�̇�1 =  −𝑎2𝑧1
2 +  𝑧1(−𝑎2𝑦𝑑 + 𝑎1𝛽3 − �̇�𝑑) + 𝑎1𝑧1𝑧4  (6.25) 

 
Assuming, 

(−𝑎2𝑦𝑑 + 𝑎1𝛽3 − �̇�𝑑) =  −𝑘1𝑧1 (6.26) 

 
Eq. (6.25) becomes, 

�̇�1 =  −𝑎2𝑧1
2 −  𝑘1𝑧1

2 + 𝑎1𝑧1𝑧4  
 (6.27) 

From (6.26), 

𝛽3 =  (𝑎1)−1 ∗ [−𝑘1𝑧1 +  𝑎2𝑦𝑑 +  �̇�𝑑] (6.28) 
 

STEP:2 To take into account the deviation of the state variable 𝑦2 from the 

stabilizing function 𝛽1, we define the error variable as (6.19), taking its derivative, 

�̇�2 =  �̇�2 − �̇�1                                                                                                   (6.28a) 
  
Putting (6.15) in above equation, 

 

�̇�2 =  𝑒1𝑦2 +  𝑒2𝑦4 −   �̇�1 (6.29) 

 
Substituting (6.19) and (6.21) in (6.29), we get, 

 

�̇�2 =  𝑒1(𝑧2 + 𝛽1) +  𝑒2(𝑧4 + 𝛽3 ) − �̇�1 (6.30) 

 
Now, again considering the Lyapunov function, 

 

𝑣2 =  𝑣1 + 0.5 𝑧2
2 (6.31) 

 
We want to design the stabilizing function such that the time derivative of the 

Lyapunov function is negative definite, 
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�̇�2 = �̇�1 +  𝑧2�̇�2 (6.32) 

 
Substituting (6.27) and (6.30) in (6.32), we get, 

 

�̇�2 =  −𝑎2𝑧1
2 −  𝑘1𝑧1

2 + 𝑒1𝑧2
2 + 𝑧2(𝑒1𝛽1 + 𝑒2𝛽3 − �̇�1) + 𝑎1𝑧1𝑧4 + 𝑒2𝑧4𝑧2 (6.33) 

 
Let, 

𝑒1𝛽1 + 𝑒2𝛽3 − �̇�1 =  −𝑘2𝑧2 (6.34) 
 

Putting (6.34) in (6.33), we get, 

 

�̇�2 =  −𝑎2𝑧1
2 −  𝑘1𝑧1

2 + 𝑒1𝑧2
2 − 𝑘2 𝑧2

2 + 𝑎1𝑧1𝑧4 + 𝑒2𝑧4𝑧2 (6.35) 

 
From (6.34), the stabilizing function can be written as, 

𝛽1 = (
1

𝑒1
) ∗ [−𝑘2𝑧2 − 𝑒2𝛽3 + �̇�1] (6.36) 

 

STEP:3  As 𝛽2 is the stabilizing function shown in (6.20), time derivative will be, 

 

�̇�3 =    �̇�3 − �̇�2                                                                                                (6.36a) 
  
Putting (6.3) in above equation, 

 

�̇�3 =  𝑏1𝑦4 − 𝑏2𝑦3 −  �̇�2                                                                                (6.36b) 
  

Substituting (6.20) and (6.21) in above equation, 

 

�̇�3 =  𝑏1(𝑧4 + 𝛽3) − 𝑏2(𝑧3 + 𝛽2) −  �̇�2                                                      (6.36c) 
  

�̇�3 =  𝑏1𝑧4 + 𝑏1𝛽3 − 𝑏2𝑧3 − 𝑏2𝛽2 −  �̇�2 (6.37) 

 
Now considering the candidate Lyapunov function as, 

 

�̇�3 = �̇�2 + 𝑧3�̇�3 (6.38) 

 
Substituting (6.35) and (6.37) in above equation, 

 

�̇�3 = −𝑎2𝑧1
2 −  𝑘1𝑧1

2 + 𝑒1𝑧2
2 − 𝑘2 𝑧2

2 + 𝑎1𝑧1𝑧4 + 𝑒2𝑧4𝑧2

+  𝑧3(𝑏1𝑧4 + 𝑏1𝛽3 − 𝑏2𝑧3 − 𝑏2𝛽2 −  �̇�2) 
(6.39) 

 

Simplifying,  
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�̇�3 = −𝑎2𝑧1
2 −  𝑘1𝑧1

2 + 𝑒1𝑧2
2 − 𝑘2 𝑧2

2 + 𝑎1𝑧1𝑧4 + 𝑒2𝑧4𝑧2 − 𝑏2𝑧3
2

+  𝑧3(𝑏1𝛽3  − 𝑏2𝛽2  − �̇�2)+ 𝑏1𝑧4𝑧3 
(6.40) 

Let, 

(𝑏1𝛽3  − 𝑏2𝛽2  − �̇�2) =  −𝑘3𝑧3 (6.41) 

 
(6.40) becomes, 

 

�̇�3 = −𝑎2𝑧1
2 −  𝑘1𝑧1

2 + 𝑒1𝑧2
2 − 𝑘2 𝑧2

2 + 𝑎1𝑧1𝑧4 +  𝑒2𝑧4𝑧2 − 𝑏2𝑧3
2

−  𝑘3𝑧3
2+ 𝑏1𝑧4𝑧3 

(6.42) 

 

 
From (6.41), 

𝛽2 = (
1

𝑏2
) ∗ [𝑏1𝛽3 −  �̇�2 + 𝑘3𝑧3] (6.43) 

 

This recursive procedure terminates at 4th step, where the actual control law  𝑢(𝑡) can 

be obtained. 

 

STEP:4  using the error variable defined in (6.21), 

 

𝑧4 =  𝑦4 − 𝛽3                                                                                                    (6.43a) 
  
Where 𝛽3 is the stabilizing function. Taking derivative of the above equation 

 

�̇�4 =  �̇�4 −  �̇�3                                                                                                  (6.43b) 
  
Substituting (6.17) in above equation, 

 

�̇�4 =  −𝑐1𝑦4 + 𝑎2𝑦1 + 𝑏2𝑦3 + 𝑢(𝑡) −  �̇�3                                                 (6.43c) 
  
Putting (6.18), (6.20) and (6.21) in above equation, 

 

�̇�4 =  −𝑐1(𝑧4 + 𝛽3) +  𝑎2(𝑧1 + 𝑦𝑑) + 𝑏2(𝑧3 +  𝛽2) + 𝑢(𝑡)  −  �̇�3       (6.43d) 
  

�̇�4 =  −𝑐1𝑧4 − 𝑐1𝛽3 +  𝑎2𝑧1 + 𝑎2𝑦𝑑 + 𝑏2𝑧3 + 𝑏2𝛽2 + 𝑢(𝑡) − �̇�3 (6.44) 
 

Now the candidate Lyapunov function is given as, 

 

�̇�4 = �̇�3 +  𝑧4�̇�4 (6.45) 
 

Putting (6.42) and (6.44) in above equation, we obtain, 
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�̇�4 =  −𝑎2𝑧1
2 −  𝑘1𝑧1

2 + 𝑒1𝑧2
2 − 𝑘2 𝑧2

2 − 𝑏2𝑧3
2 −  𝑘3𝑧3

2 + 𝑎1𝑧1𝑧4 

+ 𝑒2𝑧4𝑧2+ 𝑏1𝑧4𝑧3

+   𝑧4(−𝑐1𝑧4 − 𝑐1𝛽3 +  𝑎2𝑧1 +  𝑎2𝑦𝑑 + 𝑏2𝑧3 + 𝑏2𝛽2 + 𝑢(𝑡)

−  �̇�3) 

    

(6.46) 

�̇�4 =  −𝑎2𝑧1
2 −  𝑘1𝑧1

2 + 𝑒1𝑧2
2 − 𝑘2 𝑧2

2 − 𝑏2𝑧3
2 −  𝑘3𝑧3

2 − 𝑐1𝑧4
2

+ 𝑧4(−𝑐1𝛽3 + 𝑎2𝑧1 + 𝑎2𝑦𝑑 + 𝑏2𝑧3+ 𝑏2𝛽2 + 𝑢(𝑡) − 𝛽3̇

+  𝑎1𝑧1 + 𝑒2𝑧2 + 𝑏1𝑧3) 

 

(6.47) 

Let, 

 

(−𝑐1𝛽3 + 𝑎2𝑧1 + 𝑎2𝑦𝑑 + 𝑏2𝑧3+ 𝑏2𝛽2 + 𝑢(𝑡) − 𝛽3̇ + 𝑎1𝑧1 +  𝑒2𝑧2 +  𝑏1𝑧3)

=  −𝑘4𝑧4                                                                                                                           (6.47a) 
  

Now the controlled input for the overall system will be, 

 

𝑢(𝑡) = −𝑘4𝑧4 + 𝑐1𝛽3 − 𝑎2𝑧1 −  𝑎2𝑦𝑑 −  𝑏2𝑧3 − 𝑏2𝛽2  + �̇�3 −  𝑎1𝑧1 

− 𝑒2𝑧2− 𝑏1𝑧3 
 

(6.48) 

The derived control law shown in (6.48) tracks the desired hypnosis level during 

surgical procedures. Simulation results for five patients using this control law have 

been shown in the next section. This control law depends on different clinical 

parameters of the patients undergoing surgery. To investigate and characterize the 

performance of the designed controller, clinical data including characteristic variables 

like height(H) and weight(W) of 5 patients is presented in following Table as [117], 

 

TABLE 6.2: Patient’s clinical parameters 

 

 

 

 

 

 

 

 

Based on the patient’s attributes, clinical parameters computed using Schnider three 

compartmental model for propofol are given below: 

𝑉1 = 4.27[𝑙] 𝑉2 = 18.9 − 0.391(𝐴𝑔𝑒 − 53)[𝑙] 𝑉3 = 238[𝑙] 
 

Patients Weight (kg) Height
(cm) 

Age 𝐶𝐸0 𝐶𝐸𝑚𝑎𝑥 𝛾 𝐶50 

Patient 1 54 163 40 98.80 94.10 2.24 6.33 

Patient 2 50 163 36 98.60 86.00 4.29 6.76 

Patient 3 58 172 34 96.20 90.80 1.84 4.95 

Patient 4 60 164 28 94.70 85.30 2.46 4.93 

Patient 5 75 187 37 92.00 104.0 2.10 8.02 
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𝐶𝑙1 = 1.89 + 0.0456(𝑊 − 77) − 0.0681(𝐿𝐵𝑀 − 59) + 0.0264(𝐻 − 177)[𝑙/𝑚𝑖𝑛] 
 

𝐶𝑙2 = 1.29 − 0.024(𝐴𝑔𝑒 − 53)[𝑙/𝑚𝑖𝑛]   
 

 𝐶𝑙3 = 0.836[𝑙/𝑚𝑖𝑛]   

 

 

where Lean Body Mass (LBM) is a function of patient’s gender, height and width. For 

male and female, it is respectively given as, 

 

LBM = 1.1 ∗ W − 128 ∗
𝑊2

𝐻2
 𝐿𝐵𝑀 = 1.07 ∗ 𝑊 − 148 ∗

𝑊2

𝐻2
 

 

The rate constants 𝑞10, 𝑞12, 𝑞13, 𝑞21, 𝑞31 depend on weight, height, age, gender of the 

patient and are given as: 

 

𝑞10 =
𝐶𝑙1

𝑉1
[min−1] 

 

𝑞12 =
𝐶𝑙2

𝑉1
[min−1] 𝑞13 =

𝐶𝑙3

𝑉1
[min−1] 

 

𝑞21 =
𝐶𝑙2

𝑉2
[min−1] 𝑞31 =

𝐶𝑙3  

𝑉3
[min−1] 

Where 𝐶𝑙1, 𝐶𝑙2, 𝐶𝑙3 are the amounts of drug elimination from different compartments 

of the patient’s body. 

 

6.6 Results and Discussion 

 

This section presents the DOH level of five patients using backstepping approach. 

Simulation results show hypnosis level of 5 patients which reflects the efficiency and 

efficacy of the designed control law. The resulting control law brings the hypnosis 

level of all patients in the desired range within seconds. Hypnosis levels during 

induction and maintenance phases has been shown for all patients. Ideally, the 

objective of drug induction is to bring the patient's DOA level in the required interval 

of 60-40 as fast as possible for the surgical activities to be started. Therefore it is 

necessary for the patients to achieve this DOA level for comfortable conditions during 

surgery. BIS value near to 50 is usually assumed to be reasonable for patient surgery. 

But the BIS value below 40 has severe effects on patient health and dangerous for life. 

Whereas, in maintenance stage of anesthesia process, it is desirable for the designed 

controller to handle the disturbances occurring in the operating room and keep the 

BIS target value of 50 throughout the anesthesia process.    
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The derived control law provides optimum delivery of drug during surgical 

procedures which will be helpful in post-operative conditions and patient safety and 

health. 

 

6.6.1 Hypnosis Level of Patients 

 

Patients are anesthetized to facilitate the process of clinical procedures e.g., surgery or 

ventilation etc. The most frequently used hypnotic drug in ICU is Propofol and is 

recommended when rapid awakening is required.  

The goal of this study is to compute the unconscious level of the patients which in 

turn provides the DOA during induction and maintenance phases. As explained 

previously that for safe and smooth conduction of surgeries, patients hypnosis level 

must be in the range of 60-40.  

 

Fig. 6.2 shows the hypnosis level of 5 patients used in this study with backstepping 

design procedure. The conscious level of the patients in both the induction and 

maintenance phases of anesthesia is shown to explain the overall effect of drug 

infusion. Induction phase is normally assumed to be the region of anesthesia induction 

process when the hypnosis level of the patient reaches in the interval of 60-40. The 

main purpose in the induction phase is to achieve the DOH reference value i.e., 50 in 

minimum duration of time with no overshoot and undershoot. The goal of achieving 

this minimum possible time can be attained through large bolus dose but it can create 

overshoots in the BIS waveform. However, the drug infusion is affected in this stage 

by the phenomenon of inter-patient variability associated with the drug. Fast induction 

of the drug in this phase may increase discomfort level in the patients undergoing 

surgery. Another significant aspect in maintenance phase of the anesthesia process is 

the achievement of small settling time i.e., BIS values corresponding to drug infusion 

will remain in the desired interval as defined by the BIS scale throughout the whole 

surgical process in less time. 

Despite the large differences in clinical parameters of the patients, all the patients 

used in this study attained the desired BIS values. As both under-dosing and over-

dosing are not acceptable due to the risk factors involved in patients health, usage of 
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optimal drug delivery schemes are very critical and vital. The drug delivery rates 

using non-linear control techniques are able to handle uncertainties occurring during 

surgeries and  increase the patient safety. 

 

Simulation results of the BIS waveform shown in the following figure illustrates the 

effect of using the designed controller. The designed controller handles the inter-

patient variability as shown through the clinical parameters of the patients (see Table 

6.2) and brings the hypnosis level of all patients close to the reference value of 50. 

The derived control law efficiently maintains the DOH values of all patients in the 

maintenance stage with a very small error value. 

 

 
 

FIGURE 6.2: Hypnosis level tracking with backstepping control for 5 patients 

 

Initially all the patients are in awake state with DOH value near to 100. After the 

infusion of bolus dose, the DOH value starts moving towards the moderate hypnotic 
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state and after few seconds the hypnosis level of all patients achieve the suitable level 

for smooth execution of surgery. Introduction of a non-linear controller designed 

through backstepping brighten the results of this system by tracking the desired 

hypnosis level suitable for surgery. BIS waveforms shown above illuminate the robust 

behavior of the controller. Simulation results depicts the optimal dosage of drug 

infusion with no under and overshoot.    

 

The hypnosis level of all the five patients shown in table 6.2 depending on different 

clinical parameters e.g. weight, age, height, gender and lean body mass. The designed 

controller handles the inter-patient variability as well as achieving the desired 

hypnosis level which is 60-40 for general surgical procedures. It is evident from 

above figure that the designed controller tracks the desired value of BIS very well 

maintaining the tracking error to a very low value confirming the efficacy and 

effectiveness of the design.  

 

The results from this control strategy, backstepping, shows better performance in 

terms of drug infusion. As the steady state is achieved early i.e., in less than 50 

seconds, the quantity of drug infusion in maintenance phase also decreases confirming 

the optimum drug delivery rates which in turn reduces the post operative health 

conditions and cost for the hospital expenses. 

 

 

6.6.2 Plasma Drug Concentration 

 

 

Clinically, there are many ways available for measuring the plasma-drug 

concentration from the patient's body by taking the samples of plasma or blood, saliva 

and urine. Variation in plasma-anesthesia concentration depicts the variation in 

anesthesia concentration in all compartments of the PKPD model representing 

different tissues of the body and eventually at the effect site. Any increase of the drug 

concentration in the patient's body would result in proportional increase of drug 

concentration in most tissues. 

 

After the drug infusion, the rate of change of Plasma-drug concentration with respect 

to time in all 4 compartments of the integrated PKPD model for 5 patients is shown in 
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fig 6.3. As the drug infusion and elimination is done through the primary 

compartment by using rate constants, the amount of drug is maximum in this 

compartment initially. After some time the distribution/elimination of drug starts from 

primary to rapid and slow peripheral compartments in an exponential fashion and the 

corresponding impact is initiated at the effect site. When the effect site is getting the 

desired drug concentration, the plasma-drug levels in primary compartment gradually 

approaches to zero. 

 

 
 

FIGURE 6.3: Plasma drug concentration for 5 patients 

 

As the distribution/elimination of the drug from primary compartment to other 

compartments is carried out in an exponential way, the concentration in the primary 

compartment decays gradually with time. Similarly, at the same time the plasma-drug 

concentration in rapid and slow peripheral compartments rises slowly with time. So 
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there exists some time delay from the infusion of the drug to reaching the brain (effect 

site compartment) which cannot be avoided.  

 

Comparison of different patients on the basis of diverse parameters like age and 

weight has been shown for analysis. Comparing the drug concentration of patients 4 

and 1 illustrated in fig 6.3, it is evident that patient 4 being younger exhibits fast 

metabolism of the drug occurring in primary compartment than patient 1. Evaluation 

of young and old patients reveals that the concentration in rapid peripheral 

compartment increases substantially due to the fast flow of Propofol from primary 

compartment. The same effect is replicated in slow peripheral compartment and effect 

site compartment. Lesser the age of the patient, faster is the metabolism of the drug. 

As compare to age, the weight of a patient does not significantly affect the plasma 

drug concentration profile. To examine this effect, the drug concentration in patients 2 

and 5 (Δweight = 25 Kg) has been compared. It has been observed that the 

concentration of Propofol in the primary compartment of patient 2 decays at a 

reasonably same rate as that of patient 5. Same approach is observed regarding the 

flow of drug to other compartments of the PKPD model. 

 

6.6.3 Tracking Error 

 

Fig. 6.4 shows the tracking error in achieving the desired BIS level for all 5 patients. 

Tracking error shows the difference between the desired BIS value or reference BIS 

value which is 50 and the achieved BIS after the infusion of the drug. Tracking error 

for the first 250 samples is shown for simulation purposes.  

 

In induction phase of anesthesia, the error in tracking the BIS value is high because all 

the patients are in awake state and it decreases with time when the actual BIS value 

starts tracking the reference BIS value. As soon as the maintenance phase starts, this 

tracking error reduces to very small value and thus very little amount of drug is 

required in this stage to maintain the hypnosis level. Less tracking error in 

maintenance phase of anesthesia process represents the small steady state error 

confirming the suitable level of hypnosis for smooth conduction of surgery. 
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FIGURE 6.4: Tracking error for hypnosis level regulation 

 

The derived controller tracks the desired value of BIS very well maintaining the 

tracking error to a very low value confirming the efficacy and effectiveness of the 

design. This scheme shows that the tracking error for all the five patients having 

different clinical parameters is very small and thus suitable for surgery. Simulation 

results elucidate the performance of the designed control law with accurate hypnosis 

level regulation for all the five patients. 

 

In the current discussion, our aim is to draw the comparison of the results obtained 

from this research work with the results reported in literature. As stated earlier that the 

process of anesthesia regulation is mostly carried out with linear control methods. 

Therefore, we compare our results with the hypnosis level shown in different studies 

using linear control techniques. By comparing the DOH levels obtained through 

backstepping control method, with linear approaches, it is observed that former 

technique shows better performance in terms of achieving the suitable hypnosis level 
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in less time. 

 

In [126], shahab Anna and Peng Wen used Internal Model Control (IMC) for the 

design of predictive controller to reduce the effects originating from large inter and 

intra-patient variability. The purpose of the controller is to deliver the optimum 

quantity of drug and the results are compared with PID controller. DOH level 

obtained using IMC reaches the interval of 60-40 in almost 10 minutes. In 2013, 

Klaske Ven Heusden et al., [93] made an effort for the validation of 47 approximated 

models that describe the patient variability in response to Propofol infusion. The 

average level of DOA obtained in this study is close to 250 seconds. Klaske ven 

Heusden et al., [23] in 2014, shows the control of anesthesia using PID controller 

with WAVCNS value as a measure of clinical effect and observed that all patients 

achieved the desired level of hypnosis in approximately 5 minutes (300 sec.).  

 

We have compared our results with linear control approaches and it is observed that 

non-linear control strategies compensate the effects of inter and intra-patient 

variability. All the patients used in this study achieve the required DOH level in less 

than 30 seconds showing the efficiency of the designed control law. Small induction 

phase shows the less amount of infused drug which has several benefits related to 

patient health and safety. Simulation results obtained from the family of patients 

shows that optimum amount of drug is injected in patients using non-linear methods 

to avoid any post-operative effects. 

 

6.7 Summary 

This chapter presents a non-linear control technique backstepping, well-known for its 

robust nature against parameter variations and model uncertainties to maintain the 

suitable level of consciousness in the patients undergoing surgery. Backstepping is a 

recursive design method that interlaces the option of a Lyapunov function with the 

design of feedback control. The method is based on a Lyapunov function and 

proposes a stepwise control design of the system. It divides a design problem for the 

full system into a series of design problems for lower order subsystems. By utilizing 

the additional flexibility that exists with lower order  subsystems, backstepping can 
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often solve stabilization, tracking and robust control problems under conditions which 

are less restrictive than those encountered in other methods.  

 

The designed control law is obtained by solving complex mathematical equations 

together with the state equations derived from the integrated PKPD model of the 

patient. Regardless of different clinical patient parameters, this control law tracks the 

required hypnosis level of 5 patients used in this study without overshoot. The plasma 

drug concentration of the 5 patients under consideration is also shown The control law 

tracks the hypnosis level in less than 50 seconds maintaining the tracking error to a 

very low value. 
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Chapter 7 

 

Conclusion And Future Work 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

7.1 Conclusion 
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The intricacy and the difficulties involved in the strategies of non-linear feedback 

control, forces the control engineers to move towards the methodical design 

procedures to meet the desired requirements for the control objectives and its design 

specifications. The appearance of such challenging tasks in the system design shows 

that it is not possible for a specific design procedure to handle all non-linear systems 

easily. Similarly, it has been observed that there are very less chances for the design 

of non-linear feedback controllers to be based on one specific control strategy. From 

control engineering perspective, the system designer needs to have a set of analysis 

and  design tools to handle the broad range of circumstances arising during the design 

procedure. When dealing with the specific problem, the designer have to select the 

most appropriate tools to solve for the solution of the problem in hand. This chapter 

summarizes the research work carried out in this thesis, Propofol Anesthesia; 

Regulation of hypnosis level using nonlinear control techniques. 

 

Different hypnotic drugs may have different side-effects on the patient health which 

can be avoided by choosing the suitable anesthetic drug and following its dosing 

scheme. Apart from this factor, the patient clinical history and drug sensitivity also 

plays an important role to avoid complexities. Large inter-patient variability, patient 

health and less post-operative effects are the main reasons of motivation of using 

automation for anesthesia infusion systems. As linear control strategies are not good 

at handling disturbances related to patient safety which includes under and over-

dosing of anesthetic drug, is one of the main reason of employing non-linear control 

methods for the regulation of hypnosis level.  

 

In this research work, two non-linear control methods i.e. SMC and Backstepping are 

studied for the regulation of hypnosis level of the patients undergoing surgery. 

Controller-less administration of the drug shows the unusual behavior of the drug 

distribution process as compare to the exponential nature of drug flow in different 

compartment of the integrated PKPD model. It also confirms the  incorrect value of 

BIS (hypnosis level) which is very far from the range specified for smooth execution 

of surgical procedures.  
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For wide acceptance of a CLAN system by clinical professionals, guarantees of robust 

stability and performance are must. Employing a non-linear and robust control 

strategy is therefore need of the hour in clinical anesthesia. We applied non-linear 

control approaches on the anesthesia infusion system for the optimum delivery of 

drug during anesthesia process. In SMC, trajectories are forced to reach a sliding 

manifold in finite time and to stay on the manifold for all future time. Motion on the 

manifold is independent of matched uncertainties. By using a lower order model, the 

sliding manifold is designed to achieve the control objectives. The most striking 

feature of the SMC is its robustness to system uncertainties. This control method can 

be applied to wide class of non-linear systems. However, the application of this 

method is limited to single input systems. Real implementation of sliding mode 

control approximate this theoretical behavior with a high-frequency and generally 

non-deterministic switching control signal that causes the system to chatter in a close 

neighborhood of the sliding surface.  

 

This research work focuses on the non-linear control strategy SMC, for the regulation 

of hypnosis level of the patients undergoing surgery. The control law designed 

through this design procedure manages the propofol infusion rate to bring the patient 

in moderate hypnotic state for smooth conduction of surgery. The clinical data of 

different patients have been used including gender, height, weight, age and lean body 

mass to observe the patient's state during anesthesia infusion process. Despite large 

inter-patient variability, shown by different clinical parameters of the patients, all 

patients almost achieve the desired hypnosis level of the drug suitable for surgery. 

Simulation results indicate for all the patients that the steady state error lies in 

between ±5 of the BIS value with SMC during maintenance phase of anesthesia. Drug 

infusion rate with induction and maintenance phase using the designed control law for 

different patients is also shown. 

 

Another non-linear control method backstepping is also explored to track the desired 

hypnosis level of the patients undergoing surgery. Backstepping is a recursive design 

procedure used for designing stabilizing control for the class of nonlinear dynamical 

systems. The method is based on a Lyapunov function and proposes a stepwise 

control design of the system. This nonlinear control strategy consists of dividing a 
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whole design problem into sequence of small problems of lower order. One of the 

important features of this technique is its ability to tackle nonlinearities in a very 

special way i.e. instead of cancelling the useful nonlinearities present in the system, 

retaining them will give more benefits and may require less control effort. This 

method ensures that the output tracks the desired reference signal during surgery to 

avoid complexities. As under dosing and over dosing both are undesirable for patient 

health, the proposed control law ensures the optimum delivery of drug and less post-

operative effects. The control law designed through this method tracks the hypnosis 

level with real clinical parameters of the patients. Simulation results show high 

efficiency and optimal dosage of Propofol using the designed control law to maintain 

the desired hypnosis level during surgery. It has also been shown that the tracking 

error is reduced to a very small value when the designed controller is used in cascade 

with the derived patient model, proving its accuracy and precision. The stability of the 

aforesaid control law is analyzed using Lyapunov theory. Plasma drug concentration 

in different compartments of the integrated PKPD model is also shown for five 

patients used in this study.  

 

Comprehensive analysis of most of the linear control techniques which are being used 

in literature for anesthesia delivery processes together with the non-linear control 

methods that we have applied in this research work have been shown in the Table 7.1. 

The designed control rules when compared with different existing linear control 

methods for anesthesia regulation, shows better performance in terms of improved 

time to achieve the suitable DOH value. Similarly, small steady state error has been 

observed in the maintenance stage of anesthesia process representing less quantity of 

drug to be injected to keep the patient in the desired interval. This small quantity of 

drug infusion during maintenance phase has benefits for patients in terms of health 

and expenses during the stay in hospital.  

                   

 

 

 

 

 

Table 7.1 Comparison of Linear and Non-linear Control Techniques 
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 Type Advantages Disadvantages 

    

PID Linear Most Simple controller. Cannot handle the uncertainties 

present in the system.  

 

IMC 

 

Linear 

Developed in many forms: 

SISO, MIMO, continuous and 

discrete design procedures, 

design procedures for unstable 

open loop systems.  

Cannot handle the uncertainties 

present in the system, Unable to 

handle open-loop unstable systems.  

LMPC Linear Optimizing problem has to be 

solved online. 

Control laws computed offline can 

be easily implemented on 

embedded controllers.  

 

 

 

SMC 

 

 

 

Non-linear 

Handles model uncertainties and 

external disturbances efficiently, 

system order reduction at sliding 

surface which make the system 

to regulate easily,  Robust to 

parameter uncertainties, Can be 

combined with PID controllers, 

Can be applied to a wide range 

of non-linear systems (also of 

higher order). 

 

The chattering effect: 

Implementation of discontinuous 

control which requires switching 

with infinite frequency (fast 

switching), Trade-off between 

robustness enhancement, chattering 

attenuation and performance 

improvement, Restricted to single 

input systems. 

 

Backstepping Non-linear Can be applied recursively in 

terms of extension of the 

dimension of the system. 

Difficulty in finding a Lyapunov 

function. All state variables must be 

measurable. Sensitive to parameter 

variation. 

 

Patients with diverse clinical parameters have been used in this research study to 

emphasize the effect of inter-patient variability. The big difference in the clinical 

parameters of the patient used in this study validates that in-spite of large inter-patient 

variability the derived control laws are capable of bringing the patients DOH level in 

the desired range comfortable for surgical procedures. Both the designed non-linear 

control laws maintain this hypnosis level of patients between 40-60 of the BIS scaling 

band. Using SMC, the required sedation level is achieved in about 100secs from the 

start of anesthesia infusion. However, backstepping approach dynamically reduces 

that time to approximately 30secs and bring the patients into unconscious state which 

is suitable for surgery. This shows small transient part of the response and represents 

that steady state is achieved in minimum time. Therefore, we can conclude that results 

from backstepping technique are better than SMC. Comparison of different patients 

for plasma drug concentration on the basis of age and weight are also analyzed. All 

patients in this research work attain the suitable level of hypnosis with 0% overshoot. 
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7.2 Sliding Mode Control and Backstepping: A Comparison  

 

This section presents the analysis of the performance of the two non-linear control 

techniques for patient's conscious level regulation. This performance analysis mainly 

depends on how these methods achieve the moderate level of hypnosis in less time to 

minimize the quantity of bolus dose which in turns require less drug induction in the 

maintenance phase. Secondly, the concept of inter-patient variability proves to be an 

important factor in drug dosage methods which is handled by these two control 

approaches in an efficient way. 

 

When analysing these two non-linear control approaches for drug infusion process, 

the backstepping technique shows improved results and better performance with less 

transient part as compared to sliding mode control. By comparing the hypnosis level 

of all patients with these non-linear approaches, it is observed that backstepping 

method takes less time to achieve the maintenance phase than SMC, which in turns 

reduces the amount of bolus dose. Comparison of Figure 5.7 and Figure 6.2 shows 

that patients with backstepping approach achieve steady state in about 25(sec) as 

compare to SMC where patients achieve this state in approximately after 80(sec). 

Consequently, BIS waveforms obtained through backstepping design process tracks 

the desired hypnosis level accurately maintaining the tracking error to a very small 

value. 

 

One of the objective of this research is to analyse the performance of the designed 

control laws in the presence of patients having different clinical parameters. Inter-

patient variability plays a crucial role in drug dosage schemes during surgical 

activities. Both these control approaches handles patient variability in an efficient way 

and maintains the BIS value in the specified band. Despite large variability present in 

patient clinical parameters as shown in Table 5.2, Table 6.2 and disturbances from 

medical electronic devices, all patients achieve the desired hypnosis level without 

overdosing for smooth conduction of surgery which shows the robustness of the 

discussed non-linear control techniques. Controlled infusion of anesthetic drugs using 

these control laws improves the level of patient safety as it avoids the problem of 

under and overdosing.  
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The limitations in this research and future work to design more safe and advance 

control system for anesthesia control which will be helpful for interested audience has 

been discussed in the next section.  

 

7.3 Limitations and Future Work 

 

The research work conducted and presented in this thesis is continued. There are 

many aspects of this research work which can be considered for future work. In this 

section we will discuss some important points which can be helpful for researchers 

taking interest in the field of anesthesia control and its regulation during surgery.  

 

 One of the major issues faced by clinicians in anesthesia delivery process is 

the large inter-patient variability which depends on different clinical factors. 

Various PK and PD characteristics affects the plasma drug levels when it is 

measured in different patients. Inter-patient variability heavily depends on 

ability of how the patient behaves on distribution, absorption and metabolism 

of the drug. Diseases such as renal or hepatic insufficiency may affect the drug 

distribution process. Similarly, the clinical data of the patients like age, 

weight, height, dosing and medication errors and most importantly patient's 

history related to different diseases are the reasons of increased inter-patient 

variability. This inter-individual variability can be minimized by accurate 

modeling of these pharmacokinetic and pharmacodynamic parameters to 

increase the level of patient safety and health. 

 

 The role of the EEG signal is very significant and contains important 

information related to the different activities of the brain. The brain responds 

differently in different phases of the time. The recording and analysis of these 

brain signals is very critical in anesthesia infusion process. EEG is very low 

amplitude signal which can be recorded by placing the electrodes on the 

patient scalp. The EEG signal is affected by the patient's eye movement, 

blinking of the eyes, breathing and heartbeat etc. Therefore, the analysis of 

EEG signals for BIS value become more complicated in the presence of these 

factors which cannot be avoided. Different signal processing techniques have 
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been shown in research for extracting information to determine the DOH level 

of the patients. However, researchers focus and interest is still high in studying 

signal processing tools for determining the accurate EEG signal for accurate 

hypnosis level regulation.   

 

 The patient safety and health issues can be increased by studying and 

analyzing the DOH levels of the patient in induction and maintenance phases 

of drug infusion process. The transient response and steady state response of 

the hypnosis level of different patients can be further improved by applying 

these two non-linear methods in combination. Another improvement can be 

made by implementing the whole design with the help of adaptive version of 

backstepping technique to overcome the factors related to uncertainties present 

in the system and inter-patient variability.  

 

 The modified version of designed controllers or entirely new design of the 

controller can be very helpful to enhance the speed of the induction of the drug 

without overshoot and small steady state error in maintenance phase. The 

maintenance stage of anesthesia is very important as the surgery is performed 

in this stage. This stage ensures the hypnosis level of the patients to be in the 

range as specified by BIS for safe surgery. One of the most important 

objective of anesthesia process is the small steady state error in the 

maintenance phase so that the less quantity of drug is required to maintain the 

hypnosis level. Higher order sliding mode control can be applied to such 

systems to further improve the settling time and to reduce the steady state 

error in the maintenance phase of hypnosis levels which in turns have less post 

operative effects in terms of health and cost. 

 

 Hardware implementation of the designed control law will be very helpful for 

medical professionals and anesthesiologists working in the biomedical field. 
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