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Abstract 

Due to the lack of heat transfer rate of traditional fluids like water, ethylene, kerosene oil 

and some others, scientists over the year have made efforts to improve the thermal 

properties of these traditional fluids based on the idea of nanofluids. In this manuscript, we 

have used different available models for thermal conductivity of nanofluids to analyze the 

behavior of velocity and temperature profiles. The base fluid mostly considered is water, 

while Copper (Cu) and the carbon nanotubes (CNT) have been utilized as the nanoparticles. 

thermal conductivity have been employed in particular. The flows passing through non-

parallel walls, stretching sheet problems and the flow over a wedge have been keen areas 

of focus in the manuscript. A novel analysis for the flow of nanofluids in 

converging/diverging channels when the walls are stretching/shrinking has also been 

included. Also, the squeezing flow of nanofluids in a channel with lower stretching wall 

has also been studied. The influence of magnetic field on the flow and heat transfer of 

nanofluids is also studied. In some of the problems, Brownian motion and thermophoresis 

effects are also considered. The radiation effects have also been included in modeling the 

problems using Buongiorno servations laws used to model the physical 

problems have been used. Employing suitable similarity transformations, the equations that 

govern the flow are transformed to a set of nonlinear ordinary differential equations. Some 

analytical as well as numerical schemes have been used for the solution purpose. The 

results thus obtained are compared with some of the existing ones, and the agreement 

between the solutions is highlighted in the form of tables. Variations in velocity, 

temperature and concentration profiles with respect to the parameters involved are 

simulated graphically with the help of different mathematical software. 
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Introduction 

Before the emergence of nanotechnology, the low thermal conductivity of many commonly 

used fluids, like water Kerosene oil, engine oil, ethylene glycol, etc., had been a problem 

for researchers and engineers. In many engineering problems, to produce cost effective 

equipment, nanotechnology has been of immense importance. The name nanofluids was 

first used by Choi and Eastman [1] in their landmark paper. He proved that the thermal 

properties of low thermal conductivity nanofluids such as water, ethylene, kerosene and 

others can be enhanced with the addition of an appropriate amount of nanoparticles into 

these fluids. According to the study presented by Choi, the size of the nanoparticles used 

may vary from 1nm to 100nm. This size is dependent on several factors, such as the 

diameter, shape and type of base fluid used. Another aspect of the study was the use of 

nanoparticles.  The nanoparticles used to enhance the thermal properties of base fluids may 

vary. The oxide ceramics ( , ), nitrides of metal , various metals such 

as coper  and Silver , and different forms of carbon such as graphite, diamond 

and carbon nanotubes are generally used as nanoparticles, while water, kerosene, ethylene 

and other of such fluids are used as the base fluids.  

Till now, it is well known that the addition of nanoparticles into the base fluid may not be 

enough to obtain the desired results. In a study, Elena et al. [2] proved that the shape of 

nanoparticles used has immense influence on the effective thermal conductivity of 

nanofluids. They considered five different shapes for the analysis, which include: the 

sphere shaped, cylinder shaped, brick shaped, platelet shaped and blade shaped particles. 

They also pointed out that the shape factor for nanoparticles may influence the thermal 

properties of nanofluids immensely. From this comparative study, the blade shaped 
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nanoparticles were proved to be more efficient as compared to other shapes used. The main 

reason for that was the higher shape factor for these particles.  

Another aspect of the nanoparticles is the materials used as nanoparticles. In another 

remarkable analysis, Murshad et al. [3] verified that the thermal conductivity of the 

nanofluids can be amplified with the proper selection of material used. They also 

commented that at room temperature, carbon nanotubes (CNT) may result in the 

improvement of the thermal conductivity of nanofluids. This improvement is almost six 

times more as compared to other traditional nanoparticles. This study further proved to be 

vital for the analysis of the types of used materials. These are the allotropes of carbon and 

can be characterized in three main types: single wall carbon nanotubes (SWCNT), double 

wall carbon nanotubes (DWCNT) and the multiwall carbon nanotubes (MWCNT). This 

bifurcation is made on the basis of axial distribution of the atoms. In single walled CNTs, 

only one wall or layer holds the particles together. However, for MWCNT there is a group 

of nested tubes that continue to increase in diameter. MWCNT may have between one inner 

and one outer tube called double walled tubes, up to 100 tubes. 

Due to all the above mentioned issues, in recent times, many models for the thermal 

conductivity of nanofluids have been presented. The problem with the models is that they 

only put some aspects of nanoparticles into consideration, which has made researchers to 

work on the idea of coming up with improvements in the models used. Maxwell [4] 

proposed a model for effective thermal conductivity of nanofluids. He used the spherical 

nature of the particles and commented that the thermal conductivity of nanofluids can be 

enhanced by the addition of an appropriate amount of nanoparticles, which will raise the 

thermal conductivity of the nanofluids. The problem of this model is its reliance on the 

spherical nature of the nanoparticles. To cope with this problem, Hamilton and Crosser [5] 

came up with an extended model that also put the type and size of nanoparticles into 

consideration. Based on the experimental results, Hamilton and Crosser concluded that 

their model is also useful for non-spherical nanoparticles. After this groundbreaking idea, 

various researchers used the non-spherical nature of the particles to study different 

problems both experimentally and theoretically. Still, there remained some setbacks in the 

Hami
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particles. Xue [6] gave a more precise model that proved to be more efficient than the 

Maxwell and the Hamilton Crosser model. Xue used the carbon nanotubes as the 

nanoparticles. Later on, it was proved by different studies that carbon nanotubes provide 

the highest thermal conductivity values as compared with other spherical and non-spherical 

nanoparticles.  

In continuation of the work on nanofluids, there emerged another type of model called the 

non-homogeneous model. This non-homogeneous model is somewhat different from the 

other models called the homogeneous models. homogeneous models are based on the 

addition of nanoparticles to the base fluid. The models of Maxwell, Hamilton and Crosser 

and that of Xue are all dispersion models. The problem with the homogenous models is 

that the results of these models do not agree well with the experimental data. The ono-

homogeneous model presented by Buongiorno [7] was based on seven different 

assumptions, these assumptions are different from the already existing slip mechanisms. 

Buongiorno proposed that there may emerge seven slip mechanisms while considering the 

flow of nanofluids. These mechanisms are the inertial forces, Brownian motion, 

thermophoresis, diffusiophoresis, Magnus effect, fluid drainage and settling of the gravity. 

Therefore, while modeling the constitutive equations for the flow phenomenon, these seven 

slip mechanisms are essential to consider. After a thorough study, Buongiorno proposed 

that since most of these concerns are with the turbulent flows, therefore, in modeling the 

laminar nature of flow, some of these mechanisms can be neglected. Thus, he proposed 

that all other forces acting on the flow may be neglected for laminar flows and thus to 

model these flows, only Brownian motion and thermophoresis effects are essential. Due to 

 

Due to the real world applications of Boundary layer flows, much attention of researchers 

has been attracted to it in the last few decades. They are applied in glass fiber production, 

manufacturing of rubber sheets, engineering melt spinning, etc. Khan and Pop [8] were the 

original researchers that extended the general boundary layer flow problem presented by 

Crane [9] 

model to study the thermophoresis, Brownian motion and other thermo-physical properties 

of nanofluids. Their study unleashed a new insight of boundary layer flows. Since this 
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discover, more researchers have been interested in studying the flow behavior in different 

geometries incorporating nanofluids. Nield and Kuznetsov [10, 11] applied the same model 

to examine a number of problems related to nanofluids. Makinde and Aziz [12] expanded 

the Khan 

condition. Following Makinde and Aziz, a number of authors have used the convective 

boundary condition to re-examine the problems which were studied earlier under the 

isothermal or iso-flux boundary conditions. They also extended these studies to the case of 

nanofluids. 

The flow in a channel with non-parallel walls was first discussed by Jeffery and Hamel 

[13, 14] in 1915-1916, hence, it is also called Jeffery Hamel flow. Researchers are still 

keen on the findings of these two researchers and have expanded the scope to study diverse 

variations of velocity and temperature under changeable conditions. Due to the industrial, 

medical, bio-medical and engineering applications, till now, many studies have been 

conducted to show that the variation in flow behavior is possible with a change in the angle 

between the walls [15, 16, 17]. These studies were conducted giving appropriate 

consideration to the Newtonian nature of the fluid but no one tried to extend the idea to 

non-Newtonian fluids except Hayat et al. [18] and Asadullah et al. [19]. The researchers 

used non-Newtonian fluids and evaluated the potential effects that angle opening and other 

applied parameters have on the velocity and temperature profiles. 

As a result of the wide applications of stretching and shrinking surfaces in most 

manufacturing processes, many scientists have been interested in studying the flows 

involving stretching/shrinking surfaces. These surfaces are applied in areas that include 

polymer processes, insulating materials, conveyor belts, cooling or heating of films/sheets, 

cylinders or metallic plates, and several other physical and engineering applications. One 

of such flows is the boundary layer flow over a moving surface constantly in its own plane. 

Falkner and Skan [20] were the first researchers to undertake such a study. They considered 

a  fixed wedge in the absence of any external force. By applying the assumptions governing 

the boundary layer theory, researchers have over the years, eagerly studied the flows related 

to stretching/shrinking surfaces. Hartree [21], Koh and Hartnett [22] made available an 

extended solution to the usual wedge problem by taking into account different factors 
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involved. Takhar and Pop [23] derived closed form solutions of the problem by considering 

the effects of magneto-hydrodynamic forces. In recent times, many researchers applied the 

fundamental idea of Falkner and Skan and came up with a new application of 

nanotechnology. Some of these are available in [24, 25] and other references therein. In a 

recent study, Turkyilmazoglu [26] continuing on the study of flow through non-parallel 

walls, extended the usual Jeffery-Hamel flow problem to a case that included 

stretching/shrinking walls. He also studied the heat transfer effects on the flow. 

The flow between parallel plates squeezing up and down has been an area of interest to 

researchers due the applications in many engineering and physical processes. These 

include: flows in polymer processing, theory of lubrication, flow on vessels due to 

expansion and contraction, etc. The pioneering work in this regard can be traced back to 

Stefan [27].  He used a viscous incompressible fluid for the analysis. Since these pioneering 

works, many researchers devoted their efforts to explore the effects of various applied and 

internal forces on the flow. In a study conducted by Langios [28] and Salbu [29], the effects 

of inertial forces on the fluid flow were neglected. Thorpe [30] proposed an exact solution 

for the problem by incorporating the influence of inertial forces. Later on, Gupta and Gupta 

[31] gave a concise solution for the same problem and proved that the exact solution given 

by Thorpe is not accurate. Kuzma [32] studied the flow of viscous fluid squeezed between 

two infinite circular plates. Munawar et al. [33] extended the above mentioned studies to 

the case of three-dimensional flow by taking the rotation of the channel into account. They 

also assumed that the lower plate of the channel was permeable and stretching with a 

velocity. Further analysis was carried out by various researchers to explore the squeezing 

flows in a channel.  

This dissertation is divided into 9 chapters. The chapter content and distribution of the 

thesis is explained in the coming lines.  

Chapter 1 of this dissertation is based on some basic and preliminary notions and 

definitions.  

In Chapter 2, the aim is to study the flow and heat transfer of nanofluids in 

converging/diverging channels. The analysis is done for the flow and heat transfer of 
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carbon nanotubes (CNTs) based nanofluids under the effects of velocity slip in a channel 

with non-parallel walls. Water is used as a base fluid and two forms of CNTs are used to 

carry out the analysis, i.e. the single and multi-walled carbon nanotubes (SWCNTs and 

MWCNTs respectively). Both cases of widening and narrowing channels are extensively 

discussed. The appropraite equations of the flow are derived by using a suitable similarity 

transformation. A numerical solution is derived by applying a recognized algorithm called 

the Runge-Kutta-Fehlberg Method. The effect of involved parameters on the dimensionless 

velocity and temperature profiles is shown graphically together with comprehensive 

discussions. Also, to verify the numerical results, a comparative analysis is done. A 

variation of skin friction coefficient and the rate of heat transfer at the walls is also carried 

out. Some already available solutions of specific cases of the same problem are also 

verified like the special cases of the solutions derived here. The contents of this chapter 

have already been accepted for publication in Neural Computing and Applications 

(Impact Factor=1.569) [34].  

Chapter 3 is devoted for the analysis of nanofluids based on the different shape of 

nanoparticles. As we know, the shape of naoparticles may vary depending on the type of 

model used. Therefore, to analyze the influence of shape factor on the flow and heat 

transfer, we present two different studies. In the first section of the chapter, Section (3.1), 

the flow and heat transfer analysis for nanofluids between parallel plates is discussed. 

MHD effects are also taken into account for the analysis. Hamilton and Crosser model for 

the effective thermal conductivity of nanofluids has been utilized to examine the flow by 

considering different shape factors. By employing the suitable similarity transformations, 

the equations governing the flow are transformed into a set of nonlinear ordinary 

differential equations. The resulting set of equations is solved numerically with the help of 

Runge-Kutta Fehlberg (RK-F) numerical scheme. The results of this section have been 

accepted for publication in Advances in Mechanical Engineering (Impact 

Factor=0.575) [35]. Section (3.2) gives an analysis for the same type of nanofluid flow 

when the walls of channel are non-parallel. Equations governing the flow are transformed 

to a set of ordinary differential equations by employing suitable similarity transformations. 

The resulting system is solved by using a strong numerical procedure called Runge-Kutta 

Fehlberg Method. Three shapes of nanoparticles namely: platelet, cylindrical and brick 
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shaped particles are considered to perform the analysis for both the problems. The results 

of this section have been submitted for publication in Neural Computing and 

Applications (Impact Factor=1.569).   

Chapter 4 is dedicated to provide an insight into the flow and heat transfer of water based 

nanofluids in converging/diverging channels when the walls of the channel are 

stretching/shrinking. Two different models for the thermal conductivity of nanofluids are 

employed in this chapter. In Section (4.1

conductivity of nanofluids is taken into consideration. Magnetohydrodynamic (MHD) 

nature of the flow is also considered. Equations governing the flow are transformed into a 

system of nonlinear ordinary differential equations. The said system is solved by 

employing two different techniques, Variational Iteration Method (VIM) and Runge-Kutta-

Fehlberg Method (RKF) The results of this section have been published in Applied 

Sciences (Impact Factor=1.484) [36]. Section (4.2) provides an analysis for the problem 

by considering the Xue model for thermal conductivity. The analysis of the Carbon 

Nanotubes suspended nanofluids in a channel with non-parallel stretchable walls is 

presented. Water is taken as the base fluid for the analysis. The governing partial 

differential equations governing the flow are transformed into a set of nonlinear ordinary 

differential equations. The solution to the problem is obtained using a numerical scheme 

as well as an analytical procedure called the Differential Transform Method (DTM). Two 

types of CNTs called the Single Walled Carbon Nanotubes (SWCNT) and Multi Walled 

Carbon Nanotubes (MWCNT) are considered for the analysis. To examine the influence 

of involved parameters on velocity and temperature profiles for both the models, graphical 

analysis is carried out coupled with comprehensive discussions. The results of this section 

have been submitted for publication in Applied Thermal Engineering (Impact 

Factor=3.043).   

In Chapter 5, the effect of nonlinear radiation on the flow of nanofluids over a wedge is 

presented. Two problems are obtained for the mentioned purpose. In Section (5.1), the flow 

over a moving wedge in a nanofluid is put into consideration. Magneto-hydrodynamic 

(MHD) effects are considered along with the passive control model of nanofluids, which 

also takes into consideration the Brownian motion and thermophoresis effects. In the 
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energy equation, the non-linear radiation is also considered. The equations governing the 

flow are transformed into a set of ordinary differential equations by using suitable 

similarity transformations. The reduced system of equations is then solved numerically 

using the Kunge-Kutta-Fehlberg method together with the shooting technique. A 

comparison is also provided between the passive and active control models with keen 

attention on the variations in Nusselt and Sherwood numbers. The results of this section 

have been accepted for publication in International Journal of Numerical Methods for 

Heat and Fluid Flow (Impact Factor=1.475) [37] . Section (5.2) provides an extension 

of the flow analysis when the walls of the wedge are porous. The passive control model 

along with the Magneto-hydrodynamic (MHD) effects is used to formulate the problem. 

Furthermore, in energy equation, the non-linear thermal radiation has also been 

incorporated. The equations governing the flow are transformed into a set of ordinary 

differential equations by using appropriate similarity transformations. The reduced system 

of equations is then solved numerically by applying the Runge-Kutta-Fehlberg method 

together with the shooting technique. In the later part of both sections, concluding 

comments are made on the observations for velocity, temperature and the concentration 

profiles. The contents of this section have already been accepted for publication in Neural 

Computing and Applications (Impact Factor=1.569) [38].  

The Boundary layer flow of a nanofluid towards a permeable stretching surface saturated 

by porous medium with a convective boundary condition is considered in Chapter 6 of 

this dessertation. The effect of thermodiffusion on the flow, heat and mass transfer is also 

considered. By using viable similarity transformations, the equations governing the flow 

were reduced to a system of nonlinear ordinary differential equations. A well known 

numerical technique Runge-Kutta-Fehlberg method is used to solve the system. The 

contents of this chapter have already been published in Aerospace Science and 

Technology (Impact Factor=0.94) [39].  

Chpater 7 highlights the flow, heat and mass transfer in the convergent and divergent 

channels under the influence of a magnetic field. The walls of the channel are also taken to 

be stretching/shrinking. 

nanofluids.  The equations governing the flow are transformed into a set of nonlinear 
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ordinary differential equations by using suitable similarity transformations. The solution 

of the equations is derived with the help of effective numerical technique called the Runge-

Kutta-Fehlberg method. The influence of the various emerging parameters on velocity, 

temperature and concentration profiles is described pictorially. Extensive discussions of 

the results attained are presented. The contents of this chapter have already been accepted 

for publication in Neural Computing and Applications (Impact Factor=1.569) [40].  

Chapter 8 gives a numerical investigation for three dimensional squeezing flow of 

nanofluid in a channel. The governing equations for the problem are transformed into a set 

of nonlinear equations. Solution of the resulting equations is obtained by employing a 

numerical procedure called Runge-Kutta-Fehlberg (RKF) method. Water is taken as the 

base fluid and is assumed to be suspended by Carbon Nanotubes (CNT). Two types of 

nanoparticles namely: Single Wall Carbon Nanotubes (SWCNT) and the Multi Wall 

Carbon Nanotubes (MWCNT) are considered for the analysis. The influence of pertinent 

parameters on velocity and temperature profiles are highlighted graphically coupled with 

comprehensive discussions. he contents of this chapter have been submitted for publication 

in Applied Thermal Engineering (Impact Factor=3.043). 

Chapter 9 is used to conclude the entire study presented in Chapters 1 to 8.  
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Chapter 1 Basic Concepts and Preliminaries 
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This chapter is set to state some basic explanations regarding the methodologies and the 

terminologies that have been used in the chapters to follow. It is done to help the reader to 

understand the core text of this document conveniently. 

1.1  Variational Iteration Method (VIM) 

To illustrate the steps involved in VIM, we consider the following general nonlinear 

ordinary differential equation. 

, (1.1) 

where  and  are linear and nonlinear operators respectively. Moreover,  is the 

inhomogeneous term. According to VIM [41, 42, 43], we can construct the correction 

functionally as follows 

 (1.2) 

where  is Lagrange multiplier that can be identified optimally via variational theory. 

Furthermore,  is the  approximate solution, and  is considered as a restricted 

variation, i.e. . After the identification of Lagrange multiplier, the successive 

approximations  of the solution , can readily be obtained. Consequently, 

the exact solution is of the form: 

 (1.3) 

The convergence of VIM has already been proved in open literature. Few studies on 

convergence of VIM are added  [44, 45].  

1.2 Differential Transform Method (DTM) 

Consider a function  which is analytic in a domain  and let  represent any 

point in . The function  is then represented by a power series whose centre is located 

at . The differential transform of the function  is given by [46, 47, 48]:  
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  (1.4) 

Where,  is the original function and  is the transformed function. The inverse 

transformation is defined as follows:  

  (1.5) 

Combining (1.5) and (1.6), we have:  

  (1.6) 

Considering Eq. (1.6), it is noticed that the concept of differential transform is derived from 

Taylor series expansion. However, this method does not evaluate the derivatives 

symbolically. In actual applications, the function  is expressed by a finite series and 

Eq. (1.5) can be rewritten as follows: 

, (1.7) 

Which means that is negligibly small. Usually, the value 

of m is decided by convergence of the series coefficients. 

For better accuracy of solution, we confined to find more terms in Eq. (1.7)). Some original 

and transformed functions are given in Table 1.1. 

Table 1.1: Transformations of the different functions 

  

  

  is a constant 
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1.3 Some Models for Thermal Conductivity of Nanofluids 

Based on the analysis, different models for the thermal conductivity of nanofluids have 

been proposed over the years. Here, we include some of the models that have been used in 

the current study.  

1.3.1  

Maxwell in his study [4] floated the idea of dispersing solid particles in his base fluid. He 

proposed a model presented here,  

  
(1.8) 

Here,  is the volume fraction for the nanoparticles. , are the thermal conductivities 

of base fluid and nanoparticles.  is the thermal conductivity of nanofluid.  
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1.3.2  

Hamilton and Crosser proposed a more generalized model for the effective thermal 

conductivity of nanofluids. The model presented by Hamilton and Crosser can be 

represented by:  

,  
(1.9) 

where,  and  represent the conductivities of the base fluid and the nanoparticles 

respectively. In Hamilton Crosser model,  is the shape factor of nanoparticles given by 

 (is the sphericity defined by the ratio of the surface area of the sphere and the surface 

area of the real particle with equal volumes). For , Hamilton Crosser Model reduces 

 

1.3.3 The Model of Xue et al.  

Xue et al. presented a model by considering the axial ratio and the space distribution. The 

model can be represented as:  

 

  

(1.10) 

Where,  and  represent the conductivities of the base fluid and the 

carbonnanotubes, respectively. 
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Chapter 2 Flow of Carbon Nanotubes 

Suspended Nanofluid in Converging and 

Diverging Channels 
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2.1 A numerical study for the flow of nanofluid in converging/diverging 
channel with velocity slip effects 

2.1.1 Introduction 

The flow in a channel with non-parallel walls was first presented by Jeffery and Hamel 

[13, 14] in 1915. Hence, it is called Jeffery Hamel flow as well. Researchers are still 

interested in the work presented by these two researcher and have expanded the scope to 

evaluate different variations of velocity and temperature under different conditions. 

Due to the industrial, engineering, medical, and bio-medical uses, up till now, various 

studies that have been done prove that the variation in flow behavior is possible with a 

change in angle between the walls [15, 16, 49, 50]. All these studies were done with 

adequate consideration given to the Newtonian nature of the fluid, but no one extended the 

idea to non-Newtonian fluids except Hayat et al. [18] and Asadullah et al. [19]. They used 

non-Newtonian fluids and evaluated the effects of angle opening and other parameters on 

the velocity and temperature profiles.  

In recent times, nanotechnology is attaining more importance due to its uses in engineering, 

medical sciences, real life and other applicable areas. The initiative is to add a part of 

nanoparticles to some base fluids. It does not only enhance the thermal properties of the 

fluids, but also affects the velocity of the fluids. Various models have been applied to 

analyze the different thermal and physical properties of nanofluids. One of such models 

was provided by Choi [1]. The Hamilton and Crosser model [5] is another of these models 

presented. Also, Buongiorno [7] later provided an extensive model that put both Brownian 

motion and thermophoresis into consideration. Xue [6] observed that the existing models 

considered only the spherical or rotational elliptical nature of the nanoparticles. Also, these 

models do not explain the effect of the space distribution of the CNTs on thermal 

conductivity. Based on Maxwell theory [4], Xue gave a theoretical model that accounted 

for the rotational elliptical nanotubes with very large axial ratio, compensating for the lack 

of attention given to the effects of the space distribution on CNTs. Some of the studies 

existing in open literature can be found in [51, 52, 53, 54] and the references therein. Jeffery 
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Hamel flow is also a part of these studies. Various studies connected to Jeffery-Hamel flow 

of nanofluids can be found in [55, 56, 57]. 

At the end of the 20th century, Iijima [58] presented the possible applications of Carbon 

nanotubes (CNTs) for diverse devices, ultra-capacitors, solar cells, gas storage, etc [59, 

59]. Diverse types of carbon nanotubes are available. Usually, we categorize these into two 

types: single walled (SWCNTs) and multi walled (MWCNTs). In single walled CNTs, 

there is only one layer or wall holding the particles together, while in MWCNTs there is a 

collection of nested tubes that continue to increase in diameter. MWCNTs may have one 

inner and one outer tube called the double walled tubes to 100 tubes. These CNTs give 

more improved thermal properties of base fluids compared to other nanoparticles. In a 

study, Murshed et al. [3] concluded that carbon nanotubes may enhance the thermal 

conductivity of the base fluid to as much as 6 times. Many studies exist using CNTs to 

analyze the flow behavior and heat transfer in different geometries.  

We are not aware of anyone who has attempted to study the flow of CNTs based nanofluids 

between non-parallel walls. Using the model provided by Xue, the equations governing the 

flow are transformed to a set of nonlinear ordinary differential equations. Due to the non-

linearity and complex nature of the problem, an exact solution is unlikely; hence, a 

numerical solution is obtained using the RK-Fehlberg method. The analysis is done by 

putting the velocity slip effects into account. The effects of the nanoparticle volume 

fraction, inclination angle, Reynolds number and Eckert number on the temperature profile 

are shown with the help of graphs. An extensive discussion is provided to highlight certain 

aspects of the analysis. A comparative study with already existing results backs the results 

presented in the current study. 

2.1.2 Governing Equations 

Consider the flow of a fluid started by the presence of a source or sink at the intersection 

Figure 2.1). A 

radial and symmetric nature of the flow is noted. The plates are embedded in a nanofluid 

medium filled with SWCNTs and MWCNTs as nanoparticles.  A thermal equilibrium 

exists between the base fluid (water) and the nanoparticles (CNTs).  A velocity slip at the 
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walls of the channel is assumed. Under the above assumptions, the velocity field takes the 

form V= [ , 0, 0], where   is a function of both r  

 
Figure 2.1 Schematic diagram for the flow problem 

In the absence of body forces, the equations governing the flow are written in the form [60] 

 
 (2.1) 

 
 (2.2) 

 

 
 (2.3) 

 

 

 (2.4) 

Boundary conditions for the problem are,  

 

 at  (2.5) 

In the above equations,  is the component of the velocity,  is the velocity slip parameter 
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and  is the temperature of the base fluid. Further , ,  and  denote 

the density, dynamic viscosity, heat capacity and thermal conductivity of the fluid, 

respectively [6, 61]; where,  

 
 (2.6) 

 , (2.7) 

 

 (2.8) 

Here,  is the viscosity of base fluid and   is the nanoparticle volume fraction. ,  

are the thermal conductivities, and ,  are densities of base fluid and CNT 

respectively. 

Eq.  (2.1) can also be written as  

  (2.9) 

Applying the similarity transformation, the above equations can be reduced to the 

following dimensionless form  

 
 (2.10) 

Here,  is the velocity at the centerline of the channel. By eliminating the pressure 

from Eqs. (2.2), (2.3) and using Eqs. (2.9), the above system reduces to a system of 

nonlinear ordinary differential equations in terms of velocity and temperature profile as 

shown below 

 

, 
 

(2.11) 
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(2.12) 

After implementing the similarity transform, boundary conditions also get reduced to  

   

   

 

(2.13) 

Here, Re is Reynolds number defined as: 

 
(2.14) 

Furthermore,  ,  and   are Eckert number, Prandtl number and 

the velocity slip parameter, respectively. The quantities of physical interest are the skin 

friction coefficient and Nusselt number:  

 

 

Dimensionless form of the same quantities can be written as  

  (2.15) 

 
(2.16) 

2.1.3 Solution Procedure 

Eqs. (2.10) and (2.12), coupled with the boundary conditions  

(2.13), represent a two-point boundary value problem. We solve it by using a popular 

numerical method called the Runge-Kutta-Fehlberg technique. The nonlinear boundary 

value problem is first converted into a system of initial value problems by means of the 

shooting technique and then the solutions are derived by using the RK-Fehlberg method. 
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The step size is taken as  and a tolerance level of is maintained to obtain the 

asymptotically convergent results.  

2.1.4 Results and Discussion 

In this section, the aim is to discuss the behavior of non-dimensional velocity and 

temperature profiles under the influence of varying parameters. In Table 1, the physical 

and thermal properties of interest that are linked to the base fluid and nanoparticles are 

given. These properties are used to investigate the emerging changes in velocity and 

temperature profiles that are subject to the variations in different parameters. For the 

mentioned purpose, two subsections are discussed. One for the diverging channel and the 

other for converging channel. 

Table 2.1 Physical and thermal properties of base fluid and CNTs [6, 61] 

   )/( mKWk  Pr 

Pure water    6.2 

SWCNTs    --- 

MWCNTs 1600 796  --- 

 

2.1.4.1 Diverging Channel 

Figure 2.2 Varying values of velocity for varying -Figure 2.10 are plotted to discuss the 

variations in velocity and temperature profiles. Figure 2.2 gives a graphical description of 

the flow under the variation in angle  for the diverging channel. When the opening angle

 increases, velocity is observed to be decreasing. At the centerline of the channel, the 

velocity attains the highest value, while on moving towards the walls, a drop in velocity is 

seen. Slightly higher values of the velocity are clearly observed for MWCNTs. A decline 

in the velocity profile for rising Reynolds number is shown in Figure 2.3. A curvy profile 

is observed for the velocity at the center of the channel. This clearly indicate for the 

dominant velocity that the Reynolds number tends to get higher values, which in result 

causes the velocity to decrease. Also, with increasing values of Reynolds number, a point 

is reached where some backflow regions may be seen near the walls. MWCNTs tend to get 

higher values for increasing Re compared to SWCNTs. 
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Figure 2.2 Varying values of velocity for varying  Figure 2.3 Varying values of velocity for varying 
Re. 

The behavior of the velocity profile for increasing nanoparticles volume fraction is 

shown in Figure 2.4. An increase in the amount of nanoparticles significantly changes the 

velocity close to the walls, however, a minor effect is observed at the center part of the 

channel. Obviously, SWCNTs have a slightly lower velocity than that of the MWCNTs, as 

a result of the higher density values for SWCNTs.  The velocity slip parameter gives an 

accelerated flow close to the walls as presented in Figure 2.5. There is no observed effect 

of the mentioned parameter at the center of the channel. This is obviously caused by the 

slip condition acting at the wall. The slip condition does not affect the velocity near the 

central part of the channel. This means that near the walls, slip conditions increases the 

velocity of the fluid and causes the fluid to regain its original velocity at the central portion 

of the channel.  

 

Figure 2.4 Varying values of velocity for varying 
 

 

Figure 2.5 Varying values of velocity for varying  

Figure 2.6 to Figure 2.10 are presented to show the effects of channel opening, Eckert 

number, Reynolds number and  on the temperature profile. Since water is taken as a base 
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fluid, the Prandtl number had to be fixed at 6.2. The impacts of increasing angle are 

shown in Figure 2.6. As we increased the opening, higher values of the temperature are 

seen. This phenomenon is more obvious at the center of the channel. MWCNTs tend to 

have higher values of temperature than the SWCNTs. The higher thermal conductivity of 

MWCNTs is the main factor causing this. An corresponding behavior of the temperature 

profile for increasing Reynolds number can be seen in Figure 2.7. The only difference is 

the higher thermal values in the case of Re. Therefore, the higher the viscous forces, the 

higher the temperature of the fluid will be. 

 

Figure 2.6 Varying values of temperature for 
varying  

Figure 2.7 Varying values of temperature for 
varying Re. 

In Figure 2.8, the differences in temperature due to an increase in nanoparticle volume 

fraction are plotted. An obvious decrease in temperature is observed for the case of the 

diverging channel. Almost similar values are observed for both SWCNTs and MWCNTs. 

The velocity slip parameter is seen to affect the temperature profile quite considerably. 

Lower values of temperature are seen with the increasing values of slip parameter as shown 

in Figure 2.9. Major variations are at the centerline of the channel for both the nanoparticle 

volume fraction and velocity slip parameter. 
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Figure 2.8 Varying values of temperature for 
varying  

Figure 2.9 Varying values of temperature for 
varying  

In Figure 2.10, the major results following the increasing Eckert number on temperature 

profile are shown. A sudden increase in the temperature of the fluid is seen near the 

centerline of the channel. Since the dissipation function Ec is the ratio of specific heat to 

the thermal conductivity, therefore, it causes the temperature profile to increase quite 

considerably. Again, MWCNTs have slightly higher values of temperature as compared to 

SWCNTs.  

 

 
Figure 2.10 Varying values of temperature for varying  

2.1.4.2 Converging Channel 
As shown in Figure 2.11 and Figure 2.12, the change in  and Re for converging 

channel results is in a quite opposite behavior of velocity to the one observed in the 

diverging channel. A constant value of velocity is seen at the middle of the channel, and as 

we move closer to the walls, a sharp decrease visibly shows the boundary layer character 

of the flow. For increasing nanoparticles volume fraction, an increase in the velocity is 

seen in Figure 2.13 for the case of the converging channel. For all the above cases, 
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MWCNTs have slightly lower velocity values as compared to SWCNTs. The slip 

parameter affects the velocity profile in an almost similar way as it does in the diverging 

channel, that is, an increase in the velocity is observed (Figure 2.14).  However, for the 

converging channel, the change is quite swift near the walls. 

Figure 2.11 Varying values of velocity for varying 
 

Figure 2.12 Varying values of velocity for varying 
Re 

 

 

Figure 2.13 Varying values of velocity for varying 
 

 

Figure 2.14 Varying values of velocity for varying 
 

Figure 2.15 to Figure 2.19 are presented to evaluate the behavior of temperature profile 

under a varying angle, Reynolds number, nanoparticle volume fraction, slip velocity 

parameter  and Eckert number Ec, respectively. Clearly,  reduces with an increase in 

, Re and .  
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Figure 2.15 Varying values of temperature for 
varying  

Figure 2.16 Varying values of temperature for 
varying Re 

Figure 2.17 Varying values of temperature for 
varying  

Figure 2.18 Varying values of temperature for 
varying  

 
Figure 2.19 Varying values of temperature for varying  

Table 2 provides a comparison of the solution gotten by Runge-Kutta-Fehlberg method 

with some of the already existing solutions (of the limited cases of the same problem). A 

remarkably ideal agreement has been met to support our results. 
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Table 2.2  Comparative study of present results to the already existing solutions in literature for   

 

 

 
 

  

 

 

 

 

Present Mosta et 

al [62] 

Turkyilma

zoglu [26] 

Present Mosta et 

al [62] 

Turkyilma

zoglu [26] 

20 2.527192 2.527192 2.527192 10 1.784547 1.784547 1.784547 

60 3.942140 3.942140 3.942140 30 1.413692 1.413692 1.413692 

100 5.869165 5.869165 5.869165 50 1.121989 1.121989 1.121989 

140 8.207326 8.207326 8.207326 70 0.893474 0.893474 0.893474 

180 10.792073 10.792073 10.792073 100 0.640178 0.640178 0.640178 

 

Figure 2.20 to Figure 2.29 have been portrayed to show the behavior of the skin friction 

coefficient and the rate of heat transfer through the wall (Nusselt number) under differing 

emerging parameters for both converging and diverging channels. It can clearly be seen 

from Figure 2.20 and Figure 2.22 that for increasing values of velocity slip parameter, the 

skin friction tends to decrease for both diverging and converging channels. However, the 

converging channels have relatively higher values of skin friction. Therefore, for 

application, velocity slip can act majorly to decrease the effects of skin friction near the 

walls. In the diverging channel, the angle opening , affects the skin friction in a way that 

is contrary to the converging channels as seen in Figure 2.21 and Figure 2.22. The 

converging channel shows an increase in the skin friction, while the diverging channel 

tends to decrease with increasing . Also, MWCNTs tend to have higher values as 

compared to SWCNTs for both parameters. 
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Figure 2.20 Skin friction for varying  (Diverging 
Channel). 

 

Figure 2.21 Skin friction for varying  
(Converging Channel). 

 

 
Figure 2.22 Skin friction for varying  (Diverging Channel). 

The variations in the skin friction for altering Re are plotted in Figure 2.23 and Figure 2.24. 

For the converging channel, an increased skin friction is observed, while a reduction in the 

skin friction coefficient is observed for the diverging channel.  For MWCNTs, the higher 

values of the skin friction at the wall in the diverging channel are majorly different as 

compared to the lower values for the converging channel. 
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Figure 2.23 Skin friction for varying  
(Converging Channel). 

Figure 2.24 Skin friction for varying Re 
(Diverging Channel). 

 
Figure 2.25 Skin friction for varying Re (Converging Channel). 

Figure 2.26 to Figure 2.29 have been presented to show the variations in Nusselt number 

for different parameters. The increase in Nusselt number for varying angles can easily be 

observed. The diverging channel is perceived to have a higher rate of heat transfer at the 

wall as compared to the converging channel. Similar effects on the Nusselt number are 

observed for the slip parameter, in both the channels. The rate of heat transfer at the wall 

tends to be increased by the slip velocity for both channels. 
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Figure 2.26 Nusselt number for varying  
(Diverging Channel). 

Figure 2.27 Nusselt number for varying 
(Converging Channel). 

 

Figure 2.28 Nusselt number for varying  
(Diverging Channel). 

 

Figure 2.29 Nusselt number for varying  
(Converging Channel). 

2.1.5 Conclusions 
The aim of the present study is to formulate Jeffery Hamel flow for the case of 

carbon nanotubes suspended nanofluid flow with heat transfer, putting the velocity slip 

effects into consideration. Similarity transformation was used to derive the non-

dimensional form of the equations governing the flow. The attained results are shown in 

the graphs and the variations in velocity and thermal profiles are discussed extensively. A 

comparative study has also been presented to verify the attained solutions by using existing 

solutions in literature. The effects of the involved parameters have been discussed above 

and in summary; the following conclusions can be established:  

 More reliable and easily computable results are provided from the obtained 

numerical solution.  

 For the case of divergent channel, an increase in angle opening and Reynolds 

number forms backflow regimes. 
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 The nanoparticles volume fraction tends to decrease the velocity and temperature 

profiles for both convergent and divergent channels.  

 Velocity slip parameter increases the velocity profile for both convergent and 

divergent channels. However, the temperature profile for diverging channel 

decreases with increasing slip parameter and increases for converging channel.   

 The slip increases the velocity profile for both the converging and diverging 

channels while the temperature is seen to be decreasing with an increase in slip 

parameter.  

 Dissipation effect increases the temperature of the fluid for both divergent and 

convergent channels.  

 Numerical values of the skin friction coefficient are on a higher side for convergent 

channel as compared to the divergent channel.  

 SWCNTs have higher rate of heat transfer at the walls of the channel for certain 

parameters, while for some other parameters, rate of heat transfer has no change for 

SWCNTs and MWCNTs.   

 For diverging channel, the value of skin friction is greater for MWCNTs as 

compared to SWCNTs. 

Based on the current study, there is a dire need to check the influence of shape and size of 

nanoparticles on the velocity and temperature profiles. The next chapter is dedicated to 

study the shape effects of nanoparticles on flow phenomenon.   
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Chapter 3 Influence of MHD on Flow Water 

Based Nanofluids with Different Shape of 

Nanoparticles 
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3.1 MHD flow and heat transfer of copper-water nanofluid in a channel with non-

parallel walls considering different shapes of nanoparticles 

3.1.1 Introduction 

In 1915, Jeffery and Hamel formulated a problem for the flow between non-parallel walls 

[13, 14].These flows are essential because of many applications in industries, medical and 

bio-mechanics, and engineering. Since the seminal works, many researchers have tried to 

extend the flows in diverging and converging channels considering various effects such as 

MHD and slip, heat transfer phenomena, etc [15, 16, 49, 50]. Newtonian nature of the fluid 

has been considered in most of these studies. Change in angle plays an essential role in 

these flows as discussed in various studies. The work for non-Newtonian nature of the fluid 

has been presented by Hayat et al [18] and Asadullah et al [19]. Some other related studies 

are available in open literature [55, 56, 57] and references therein.  

Nanofluids, as the name suggest are the suspensions of nanoparticles. Due to applications 

in engineering, medical and industries, nanotechnology is gaining its importance. 

Traditional fluids are bad conductors, to cope up with this problem, nanoparticles are added 

to the traditional fluids such as water, kerosene and ethylene glycol, etc. The addition of 

nanoparticles results in enhanced thermal properties of these fluids. Choi was the first one 

to present the idea of nanoparticles [1]. Since these works, many additional studies were 

presented that gave new insight into the nanotechnology. Buongiorno presented a model 

that incorporated the Brownian motion and thermophoresis effects [7]. Xue [6] noticed that 

these models put only the spherical nature of the nanoparticles into consideration. Hamilton 

and Crosser [5] came up with a model that considered the shape of non-spherical particles 

as a parameter. Many studies are available in literature that used all these models to 

investigate the flow and heat transfer of nanofluids in different geometries [8, 53, 51, 10, 

11]. 

Literature survey proves that there is no single study available in literature that used the 

Hamilton and Crosser model to study the flow and heat transfer of nanofluids in divergent 

and convergent channels. The equations governing the flow under the effect of magnetic 



34 

field are transformed into non-linear system of ordinary differential equations. Due to the 

unlikeliness of exact solutions and complicated nature of the model for thermal 

conductivity, numerical solution has been obtained using Runge-Kutta Fehlberg method. 

Results obtained are plotted against the parameters involved coupled with comprehensive 

discussions. The comparison of current results with already existing ones proves the 

efficiency and authenticity of solutions.   

3.1.2 Governing Equations  

Flow of nanofluid due to source or sink is considered at the intersection of two rigid plates. 

Figure 3.1). Flow is assumed to 

be radial and symmetric in nature. Base fluid water that is saturated with copper 

nanoparticles is considered. Non-spherical nature of nanoparticles is taken into account. A 

cross magnetic field of strength  is also applied. Also, it is assumed that there is a thermal 

equilibrium between the base fluid and nanoparticles involved. Under the aforesaid 

conventions, the velocity filed becomes of the form , where  is a function 

of both  and .  

 

 
Figure 3.1 Schematic diagram for the flow problem 

The equations governing the flow are written in the form [60] 

  (3.1) 
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(3.2) 

  (3.3) 

  (3.4) 

Boundary conditions for the problem are,  

, 

 

 

(3.5) 

In the above equations,  is the component of the velocity, is the temperature of the base 

fluid. Also, , , , and  represent the density, dynamic viscosity, heat 

capacity, electrical conductivity and thermal conductivity of the base fluid, and the 

variations in physical parameters is represented by:  

 ,   (3.6) 

,  ,  (3.7) 

Here, , is the viscosity of base fluid and  is the nanoparticle volume fraction. , is the 

thermal conductivity, is the electrical conductivity and  is the density of the 

nanoparticles, respectively. The model for the effective thermal conductivity of the 

of the nanoparticles is 100 times more as compared to the base fluid, the effective thermal 

conductivity of nanofluid is expressed as [5]: 

, 
(3.8) 

where ,  and  represent the conductivities of the base fluid and the nanoparticles 

respectively. In Hamilton Crosser model,  is the shape factor of nanoparticles given by 

 (this is the sphericity defined by the ratio of the surface area of the sphere and the 
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surface area of the real particle with equal volumes). For , Hamilton Crosser Model 

are presented in  

Table 3.1.   

Eq.  (3.1) can also be written as  

 (3.9) 

By employing the similarity transformation, the above equations can be reduced to 

following dimensionless form:   

 
(3.10) 

Here,  is the velocity at the centerline of the channel. By elimination of pressure

from Eqs. (3.2), (3.3) and using Eqs. (3.9), (3.10), the nonlinear ordinary differential 

equations representing velocity and temperature profile will reduce to:  

=0  
(3.11) 

  
(3.12) 

Here, prime denote the differentiation w.r.t . The implementation of similarity 

transformations reduces the boundary conditions to   

  

.  

 

(3.13) 

Here,  is Reynolds number defined as: 

 
 

Further,  , , are Eckert number, Prandtl number, respectively.  
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Table 3.1: Sphericity and shape factor of different nanoparticles [63, 64] 

Nanoparticle Shapes Aspect Ratio Sphericity Shape Factor 

Platelet 1:1/18 0.52 5.7 

Cylinder 1:8 0.62 4.9 

Brick 1:1:1 0.81 3.7 

 

Table 3.2: Thermophysical properties of base fluid and the nanoparticles [63] 

   

 

 

 

Electrical conductivity 

 

Pure water    0.05 

Copper (Cu)     

 

3.1.3 Solution Procedure 

Eqs. (3.11) and (3.12) with the corresponding boundary conditions (3.13) are in the form 

of two-point boundary value problem. Runge-Kutta-Fehlberg technique is used to solve 

the system. Shooting method is firstly employed to convert the nonlinear system to into a 

set of initial value problems. Solution is then obtained with the help of RK-F method. For 

asymptotically convergent results, a tolerance level of is restricted.  

3.1.4 Results and Discussions 

This section will focus on the graphical representation of obtained results. Variations in 

velocity and temperature profiles for varying parameters will be plotted. Table 3.2 gives 

the numerical values of different thermophysical properties of base fluid and nano particles. 

Throughout this section, our focus is on water based nanofluid and copper is taken as the 

nanoparticles. The model used for the effective thermal conductivity of nanofluids is 

Hamilton 

account. The sphericity of different non-spherical nanoparticles is given in Table 2. It is 

pertinent to mention here that the shapes of nanoparticles in this article are taken as platelet, 

cylinder and brick. Since water is taken as base fluid, therefore, value of Prandtl number  



38 

is fixed at 6.2 throughout this study. To highlight the effects of involved parameters on 

velocity and temperature profiles, this section is divided into two sub sections. One for the 

divergent channel and other for the convergent channel. 

3.1.4.1 Diverging Channel 
The influence of parameters involved on the velocity and temperature profile for divergent 

channel will be discussed in this section. For the said purpose, Figure 3.2 to Figure 3.19 

are portrayed. The variations in velocity for increasing values of channel opening  on 

velocity profile are shown in Figure 3.2. The increasing values of opening angle result in 

lower values for the velocity as we move near the walls of the channel. At the central 

portion of the channel, the change in velocity is almost negligible. One can also see that 

increasing angle will result in backflow that in return may cause separation near the walls 

of the channel. It is pertinent to mention here that all the shapes of nanoparticles have 

identical effect on the velocity of the fluid. Figure 3.3 highlights the deviations in velocity 

profile for the increase in Reynolds number . Near the walls of the channel, the higher the 

values of , lower is the velocity of the fluid. Since Reynolds number is the ratio of 

momentum forces and the viscous forces, this means that higher values of  are due to the 

stronger momentum forces. Due to this reason, velocity of the fluid tends to decrease and 

backflow emerges near the walls of the channel. From this, one can observe that the 

stronger momentum forces may be responsible for the separation in divergent channels. 

Figure 3.2 Velocity profile for variation in  Figure 3.3 Velocity profile for variation in R 

Changes in velocity with the variation in solid volume fraction of nanoparticles are plotted 

in Figure 3.4. It can be observed that the higher the amount of nanoparticles in the fluid, 

lower will be the velocity for the divergent channel. This change is prominent near the 



39 

walls of the channel and becomes slower at the central portion. The way in which velocity 

is affected by rising values of magnetic number  is plotted in Figure 3.5. Stronger 

magnetic forces result in increase for the velocity profile of the fluid. Another essential 

phenomenon is the reduction in backflow for increasing magnetic forces. Stronger 

magnetic forces result in accelerated flow near the walls of the channel that in return 

decreases the backflow. This technique is quite useful to reduce the separation for the 

divergent channel case. It is essential to add that all the shapes of nanoparticles have 

identical effects on the velocity of the fluid in divergent channel case.  

Figure 3.4 Velocity profile for variation in  Figure 3.5 Velocity profile for variation in  

To discuss the effects of parameters like channel opening , Reynolds number , 

nanoparticle volume fraction , magnetic number  and the Eckert number , Figure 

3.6 to Figure 3.10 are portrayed. Figure 3.6 displays the effect of angle on temperature 

profile. An increase in the temperature at the central portion of the channel is observed. 

Near the walls of the channel, there is almost negligible change in the temperature of the 

fluid. It can also be seen that the platelet shaped nanoparticles have higher temperature 

followed by cylindrical and brick shaped particles. This means that the higher the sphericity 

of the nanoparticles, lower will be the temperature. Thus, the higher sphericity of 

nanoparticles can be used as a tool to reduce the temperature for the divergent channel case. 

Variations in temperature for increasing values of  are portrayed in Figure 3.7. An 

increase in temperature of the fluid is observed at the central portion of the channel.  

being the ratio of momentum forces and viscous forces, this means that stronger 

momentum forces are responsible for the rise in temperature for divergent channel case.  
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Figure 3.6 Temperature profile for variation in . Figure 3.7 Temperature profile for variation in . 

The variations in temperature by the addition of nanoparticles are plotted in Figure 3.8. A 

rise in temperature is observed. The platelet shaped particles have highest temperature 

among all followed by the cylinder and brick shaped particles. The central portion of the 

channel exhibits the maximum temperature while near the walls of the channel, variations 

in temperature are quite slower. Magnetic field effects on temperature profile with 

increasing magnetic number are displayed in Figure 3.9. Lower values of temperature are 

observed for rising magnetic number. This means that the stronger the magnetic field, the 

temperature of the fluid for divergent channel case will be lower. Again, the center of the 

channel has the maximum temperature values. This phenomenon is very essential to control 

the temperature of the fluid in divergent channels. The use of magnetic field can control 

the rising temperatures. Change in temperature with rising values of Eckert number  are 

shown in Figure 3.10. Rise in temperature for higher values of  is observed. From this 

figure, it can also be verified that the stronger the viscous forces, the temperature of the 

fluid will rise in divergent channels. 
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Figure 3.8 Temperature variation with increasing 
. 

Figure 3.9 Temperature variation with increasing 
 

  

 
Figure 3.10 Temperature variation with increasing  

 

3.1.4.2 Converging Channel 

Flow behavior and temperature variations in convergent channel case are plotted in Figure 

3.11 to Figure 3.19. With varying value of channel opening, velocity of the fluid is seen to 

be increasing away from the walls of the channel, while near the walls of the channel, a 

steeper decrease is observed. This behavior shows a boundary layer character for the flow. 

Similar effects of increase in  are clearly exhibited from the Figure 3.12. A strong 

boundary layer character is observed for increasing Reynolds number. Stronger momentum 

forces are responsible for this type of character. Clearly, the main focus is the flow away 

from the walls of channel. This behavior is quite opposite from the divergent channel case. 

It is also essential to mention here that the shape factor does not affect the velocity of the 

nanofluid considered. 
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Figure 3.11 Velocity variation with increasing  Figure 3.12 Velocity variation with increasing  

Influence of nanoparticle volume fraction on velocity profile for convergent channel is 

shown in Figure 3.13. Stronger nanoparticle volume fraction makes the velocity of the fluid 

to rise for the case of the convergent channel. Near the walls of the channel, an almost 

negligible effect is observed, however, away from the walls, an increase in the velocity is 

obvious. This means that nanoparticle volume fraction affects the velocity of the fluid in a 

quite opposite manner for divergent and convergent channels. The stronger magnetic field 

is responsible for the rise in velocity as seen in Figure 3.14. This behavior for the 

convergent channel is quite similar for both convergent and divergent channels.  No major 

change in velocity profile for different shape of nanoparticles is observed for these 

parameters.  

Figure 3.13 Velocity variation with increasing  Figure 3.14 Velocity variation with increasing  

The variations in temperature profile for the convergent channel with variations in different 

parameters are painted in Figure 3.15 to Figure 3.19. Interesting deviations are observed 

for rise in various parameters. Angle opening raises the temperature profile near the walls 
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of the channel, while moving towards the central portion, a quite reverse behavior is seen 

(Figure 3.15) i.e. the temperature of the fluid starts declining. Interestingly, platelet shaped 

nanoparticle have higher values of temperature followed by cylinder and brick shaped 

particles. This means that the shape factor of the nanoparticles can be used as a controlling 

agent for convergent channel. The higher the shape factor, lesser is the temperature of the 

fluid. Almost similar variations in temperature for increasing  are observed from Figure 

3.16. This behavior is somewhat different from the divergent channel. For divergent 

channel, the temperature of the fluid remains either increasing or decreasing throughout 

the channel while for convergent channel, the central portion of the channel exhibits a drop 

in temperature while an increase is seen near the walls of the channel.  Nanoprticle volume 

fraction decreases the temperature of the fluid as can be observed from Figure 3.17. This 

decrease in temperature is opposite to that for the case of divergent channel. Increasing 

magnetic field parameter results in lower temperature values at the central portion of the 

channel for convergent channel that is quite opposite from the same for divergent channel. 

The stronger magnetic field results in drop in temperature as shown in Figure 3.18. For all 

these parameters, platelet shaped particles have the highest temperature values amongst all 

while brick shaped particles have the lowest temperature. These variations in temperature 

with increase in Eckert number are highlighted in Figure 3.19. Temperature is seen to be 

the increasing function of increasing . The central portion of the channel is again the 

main focus of this variation. Stronger viscous forces are responsible for the rise in 

temperature.  

Figure 3.15 Temperature variation with increasing 
 

Figure 3.16 Temperature variation with increasing 
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Figure 3.17 Temperature variation with increasing 
 

Figure 3.18 Temperature variation with increasing 
 

 

 
Figure 3.19 Temperature variation with increasing  

Comparison of current results with already existing solutions in literature is provided in 

Table 3.3. The obtained solutions in this article are in excellent agreement with the existing 

solutions  

Table 3.3: Comparison of present results to the already existing solutions in literature for  and 
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Turkyilma
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Present Mosta et 

al [62] 

Turkyilma

zoglu [26] 
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20 2.527192 2.527192 2.527192 10 1.784547 1.784547 1.784547 

60 3.942140 3.942140 3.942140 30 1.413692 1.413692 1.413692 

100 5.869165 5.869165 5.869165 50 1.121989 1.121989 1.121989 

140 8.207326 8.207326 8.207326 70 0.893474 0.893474 0.893474 

180 10.792073 10.792073 10.792073 100 0.640178 0.640178 0.640178 

 

3.1.5 Conclusions 

In present study, Jeffery Hamel flow problem is formulated for nanofluids with heat 

transfer effects. The model used for effective thermal conductivity of the nanofluids is 

presented by putting the Hamilton Crosser model into account. Three shapes of 

nanoparticles are considered namely: platelet, cylinder and brick shaped particles. Water 

is used as base fluid while copper is taken as nanoparticle. The obtained results are 

presented graphically coupled with comprehensive discussions. Comparative analysis was 

used to authenticate the results obtained analytically and numerically as well. The major 

outcomes of this study are:  

 The increase in channel opening and the Reynolds number results in backflow for 

diverging channel case.  

 This backflow can be reduced by employing a strong magnetic field. Magnetic 

number increases the velocity of the fluid for converging and diverging channels.  

 The temperature of the fluid can also be controlled with the help of strong magnetic 

field.  

 The nanoparticle volume fraction has opposite effects on convergent and divergent 

channels.  

 The Eckert number gives a rise in temperature for both the channels.  

 The shape factor has no effect on the velocity of the fluid.  

 The temperature of the fluid becomes lower with higher shape factor. Platelet 

shaped particles have higher temperature values followed by cylinder and brick 

shaped particles with the increase in parameters involved. 
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3.2 Analysis of MHD Flow and Heat Transfer of Cu-Water Nanofluid between 

Parallel Plates for Different Shapes of Nanoparticles 

3.2.1 Introduction 

Before the emergence of nanotechnology, the low thermal conductivity of many commonly 

used fluids like water, kerosene, oil, engine oil, ethylene glycol, etc., had been a problem 

for researchers and engineers. To overcome the issue, an addition of an appropriate amount 

of nano-sized particles was suggested by Choi [1] in 1995. His findings paved way towards 

the development of the methods to enhance the thermal properties of the common fluids, 

termed as the base fluids. These base fluids after the addition of nano-sized particles turned 

out to be thermally enhanced suspensions and were called the nanofluids. Commonly used 

nanoparticles are of copper, silver, titanium, carbon nanotubes and some other oxides. 

Since the seminal works, many models have been presented incorporating various different 

properties of nanofluids. Buongiorno [7] presented a model that takes Brownian motion 

and thermophoresis effects into account. Elena et al. [2], showed a new direction by putting 

the effects of shape factor into account. They considered non-spherical nanoparticles and 

discussed some new properties of the nanofluids based on the results obtained. In another 

study, Murshed et al. [3] concluded that at the room temperature, carbon nanotubes can 

provide an improvement in thermal conductivity up to six times. Based on all these studies, 

many researchers used various models for thermal conductivity of nanofluids to study the 

behavior of nanoparticles through different flow regions. A good amount of literature is 

available on these topics [56, 53, 57, 51, 64, 61, 60]. 

The flow between parallel plates has been studied by a number of researchers. They have 

completed their works by using various models of nanofluids. Some of the efforts are 

mentioned in the text below. Hatami et al. [65] studied the flow of a nanofluid between 

parallel plates by taking the thermophoresis and Brownian motion effects into account. 

Sheikholeslami et al. [66] studied the behavior of Cu-Water nanofluids between parallel 

plates. In another study [67], Sheikholeslami with his colleagues investigated the flow 

between rotating parallel plates under the influence of magnetic field. They used a 

numerical scheme for the purpose of a solution. In a recent study, Mahmoodi in 
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collaboration with Kandelousi [68], presented a study by taking the radiation effect into 

account. They also provided an analysis for the entropy generation for the nanofluids. 

Hamilton and Crosser [5] provided a model that defines a relationship between the base 

fluid and the non-spherical nanoparticles. The same model has recently been used by Ellahi 

et al. [64] to study the entropy generation in the flow over a cone. They have used various 

shapes of non-spherical particles for the analysis. Sher Akber and Butt [63], studied the 

peristaltic flow of copper-water nanofluid considering the same model and using platelet, 

brick and cylinder shaped particles. Ellahi et al. in another study [69], presented the shape 

effects of nanoparticles on the flow over a wedge by considering mixed convection flow. 

Keeping in view all the properties of nanofluids, Sheikholeslami et al. [70] gave new 

dimensions to the flows between parallel plates by putting the thermophoresis and 

Brownian motion effects into account. Mahmoodi and Kandelousi [71] provided a detailed 

analysis for the flow between rotating parallel plates by taking kerosene as a base fluid. In 

another study, Sheikholeslami and Ganji [66] carried out the analysis of copper-water 

nanofluids between parallel plates. The three dimensional extension of the same flow was 

conducted by Sheikholeslami and Ganji [72]. They also have taken the rotation of the plates 

into account.  

To the best of our knowledge, no one ever has explored the flow of nanofluids between 

parallel plates by considering the shape factor of different nanoparticles. Therefore, we 

present this study that considers different shapes of nanoparticles in the flow of copper 

suspended nanofluid between parallel plates. The effect of magnetic forces on the flow is 

also analyzed. The obtained equations, governing the flow, are solved by using a numerical 

scheme known as Runge-Kutta Fehlberg method. The obtained results are plotted against 

the emerging parameters and a detailed discussion is also provided highlighting the 

influence of these parameters on the velocity and temperature profiles.  

3.2.2 Governing Equations  
Let us consider the nanofluid flow in a channel bounded by two parallel plates. The 

cartesian coordinate system  is taken to describe the flow behavior and the lower 

plate of the channel is taken as the x-axis ( ). The upper plate is placed at a 

distance . Induced magnetic field is neglected and a cross magnetic field of strength 
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 is applied along y-axis. It is also assumed that the nanoparticles and the base fluid are 

in thermal equilibrium and there is no slip between them. Under the aforesaid assumptions, 

the equations governing the flow can be written as follows:    

  (3.14) 

   
(3.15) 

  (3.16) 

 . 
(3.17) 

Boundary conditions describing the flow are: 

at  

at  

(3.18) 

In above equations, and  are the components of velocity in and  directions, 

respectively.   is the temperature of the fluid and  is the pressure.   

 
Figure 3.20 Gerometry of the problem 

Further,  is the density, viscosity, thermal diffusivity and the 

electrical conductivity of the nanofluid, respectively [63, 64]; 

,   
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,  

where  is the volume fraction of the nanoparticles. The model for the effective thermal 

conductivity of the nanofluid considered here is the Ham

thermal conductivity of the nanoparticles is 100 times as compared to the base fluid, the 

effective thermal conductivity of nanofluid is expressed as [5]: 

, 
(3.19) 

where,  and  represent the conductivities of the base fluid and the nanoparticles 

respectively. In Hamilton Crosser model,  is the shape factor of nanoparticles given by 

 (is the sphericity defined by the ratio of the surface area of the sphere and the surface 

area of the real particle with equal volumes). For , the Hamilton Crosser Model 

decreases to Maxw

are presented in Table 3.4.   

For a mathematical analysis of the problem, we introduce the following form of 

non-dimensional variables:  

  (3.20) 

where, the primes represent the differentiation with respect to the independent variable  

After the implementation of Eq. (3.20) into Eqs. (3.14) to (3.17) and eliminating the 

pressure terms, we get the following system of nonlinear differential equations:  

, (3.21) 

  (3.22) 

The boundary conditions also transform to 

  

.        

 

(3.23) 
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Here, , , and  represent the 

magnetic number, Reynolds number, Prandtl number, and Eckert number, respectively. 

The parameters denoted by and  are taken to be 

, ,  

,  

.  

Physical quantities of interest are the skin friction coefficient and Nusselt number defined 

as: 

 

  

 

Table 3.4: Sphericity and shape factor of different nanoparticles [63, 69] 

Nanoparticle Shapes Aspect Ratio Sphericity Shape Factor 

Platelet 1:1/18 0.52 5.7 

Cylinder 1:8 0.62 4.9 

Brick 1:1:1 0.81 3.7 

 

Table 3.5: Thermophysical properties of base fluid and the nanoparticles [63] 

   

 

 

 

Electrical conductivity 

 

Pure water    0.05 

Copper (Cu)     
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Figure 3.21 Thermal conductivity of copper nanofluid with different shape factors 

3.2.3 Solution Procedure 
The set of equations governing the flow of a nanofluid between parallel plates is solved 

numerically by using the well-known Runge-Kutta-Fehlberg (RKF) method. Shooting 

technique is used to convert the system of boundary value problems into a system of initial 

value problems and then the solution is obtained by RKF method. The step size is taken as 

0.001 and the convergence criteria is taken as .   

3.2.4 Results and Discussion 

In this section, the effects of different parameters on velocity and temperature profiles are 

plotted and discussed in details. Figure 3.22 to Figure 3.31 are displayed for the said 

purpose. It is essential to mention here that the three different shapes of nanoparticles have 

been taken for the analysis. The base fluid is water and therefore the value of Prandtl 

number is taken as 6.2 throughout the manuscript. In Table 1, the shape and shape factor 

for various nanoparticles is given. Three types of nanoparticles with different shape factor 

are considered. The thermophysical properties of the base fluids and nanoparticles are 

given in Table. 2.  In Figure 3.22, the effects of Reynolds number on the dimensionless 

velocity along  direction are portrayed. It can be seen for increasing  that the velocity of 

the fluid increases at the central portion of the channel. However, near the walls, there is 

almost no change in the velocity of the fluid. The flow behavior along the  direction is 

plotted in Figure 3.23. This behavior is quite an interesting one. In the first half of the 

channel, i.e. , the velocity tends to increase with an increase in , however, 

an opposite behavior in the velocity is seen for the second half ( ) and a 

decelerated flow is evident. All the values of velocity are same for platelets, bricks and 
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cylinders. In Figure 3.24 and Figure 3.25, the actions of magnetic parameter on the 

velocities in and  directions are presented respectively. The velocity profile is seen to 

be almost similar for varying   to the one for varying . This means, both the parameters 

can be used to normalize the flow wherever required. For the velocity along  direction, 

there might come a point where the reverse flow may emerge. To reduce the backflow, 

magnetic field can also be used as a controlling parameter.  

Figure 3.22 Variation in  with increasing  Figure 3.23 Variation in  with increasing  

Figure 3.24 Variation in  with increasing  Figure 3.25 Variation in  with increasing  

The influence of nanoparticle volume fraction on the velocity profile is shown in Figure 

3.26 and Figure 3.27. Clearly, the velocity along  direction is seen to be an increasing 

function of the nanoparticles volume fraction. The maximum value of the velocity for this 

case is seen at the central portion away from the walls of the channel. For the velocity along 

 direction, the change in velocity is same as was for  and , the only difference is the 

lesser effect of nanoparticle volume fraction on the velocity of the fluid. For all the 

parameters, the shape factor has no effect on the velocity as the shape factor changes the 
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thermal conductivity of the fluid and the velocity profile is independent of thermal 

conductivity. 

 

Figure 3.26 Variation in  with increasing  Figure 3.27 Variation in  with increasing  

Figure 3.28 Variation in  with increasing  Figure 3.29 Variation in  with increasing  

The impact of various involved parameters on the temperature profile is highlighted in 

Figure 3.28 to Figure 3.31. From Figure 3.28, it is can be seen for rising Reynolds number 

that the temperature of the fluid rises for a certain region, i.e. . While 

for , the behavior changes quite significantly and a decrease in the 

temperature is seen. It is worth mentioning here that the platelet shaped nanoparticles have 

a higher temperature than the cylinder and brick shaped nanoparticles. In Figure 3.29, the 

effects of magnetic number on the temperature profile are portrayed. A decrease in 

temperature of the fluid is seen for the increasing values of magnetic number. Again, 

platelet shaped nanoparticles have a slightly higher temperature as compared to the 

temperature of cylinder and brick shaped particles. Figure 3.30 displays the changes in 
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temperature with the increase of nanoparticle volume fraction. As expected, the 

temperature of the fluid is seen to be declining with the increase in the solid nanoparticle 

volume fraction. The temperature is decreasing when , after this region, the 

temperature starts increasing very slowly. The dissipation term results in the rise in 

temperature of the fluid. As expected, the viscous force result in the higher temperature 

values as seen from Figure 3.31. For all these values, platelet shaped nanoparticles have a 

higher temperature values as compared to the cylinder and brick shaped particles. 

Figure 3.30 Variation in  with increasing  Figure 3.31 Variation in  with increasing  

The variations in skin friction coefficient and the local Nusselt number caused by the 

variations in different parameters are plotted in Figure 3.32 to Figure 3.36. From Figure 

3.32, a decrease in skin friction coefficient for the increasing values of nanoparticle volume 

fraction and Reynolds number R is observed. A similar behavior of the skin friction 

coefficient is seen for increasing values of nanoparticle volume fraction and the magnetic 

number M. All the nanoparticles, i.e. platelet, cylinder and bricks have an identical 

behavior.  
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Figure 3.32 Change in skin friction coefficient for 
increasing nanoparticle volume fraction and 

Reynolds number 

 

Figure 3.33 Change in skin friction coefficient for 
increasing nanoparticle volume fraction and 

magnetic number 

Figure 3.34 to Figure 3.36 are portrayed to highlight the variations in Nusselt number with 

the increasing values of nanoparticle volume fraction, Reynolds number , magnetic 

number  and Eckert number . Clearly, as observed from these figures, tends to 

increase the rate of heat transfer at the wall, while, the same goes to a decline for 

increasing . It is appropriate to mention here that the platelet shaped particles have the 

lowest rate of heat transfer at the wall, cylinder shaped particles come next while the brick 

shaped particles have the highest rate of heat transfer at the wall among all three. Further, 

nanoparticle volume fraction tends to increase the rate of heat transfer. Reynolds number 

and Magnetic number decrease the rate of heat transfer. For both of these cases, Platelet 

shaped particles have lower values of rate of heat transfer as compared to cylinder and 

brick shaped nanoparticles as shown in Figure 3.34 and Figure 3.36. Change in Nusselt 

number with varying Ec can be seen in Fig. 15. Clearly, drop in heat transfer rate is 

observed with increasing Ec.  
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Figure 3.34 Change in Nusselt number for 
increasing nanoparticle volume fraction and 

Reynolds number 

 

Figure 3.35 Change in Nusselt number for 
increasing nanoparticle volume fraction and 

magnetic number 

 
Figure 3.36 Change in Nusselt number for increasing nanoparticle volume fraction and Eckert number 

To check the accuracy of the prescribed numerical scheme, we have compared our 

solutions with some existing results that are a limiting case of our study. The comparison 

shows that our solutions, when restricted, coincide well with the already existing solutions. 

It is a common practice to back numerical results with some already existing results to see 

the accuracy of numerical schemes. The comparison is shown in the Table 3.6.  

Table 3.6: Comparison of current results with already existing in literature [70] when  
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3.2.5 Conclusions 

This article presents the flow and heat transfer analysis of the nanofluid flow between 

parallel plates. The MHD effects are also taken into account. The Hamilton and Crosser 

model for the effective thermal conductivity of nanofluids has been used for modeling the 

flow problem. Three different shapes (Platelet, cylinder and bricks) of copper nanoparticles 

have been used to compose copper-water nanofluids. The equations obtained after 

mathematical formulation are solved numerically. It can be concluded that the shape factor 

has no significant effect on the velocity of the fluid. On the other hand, it does affect the 

temperature profile quite significantly. The platelet shaped particles bear maximum 

temperature values and the brick shaped particle has the least. Moreover, the rate of heat 

transfer for the platelet shaped particles is lowest of all. It can be concluded, that the higher 

the shape factor of the nanoparticles, the higher the temperature of the fluid and the lower 

the heat transfer rate at the wall would be. Also, the present analysis shows that our results 

(for limiting cases) are in excellent agreement with already existing results in literature. 

It is still a dire need to extend the work presented here to the case when the walls of the 

channel are either stretching or shrinking. In the next chapter, we analyze the flow of 

nanofluids in a channel with non-parallel walls with stretching/shrinking walls.  
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Chapter 4 Analytical and Numerical Solutions 

for the Flow of Nanofluids in 

Convergent/Divergent Channels with 

Stretchable Walls 
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4.1 Flow and Heat Transfer of Water-Based Nanofluid in 

Converging/Diverging Channels under the Influence of Magnetic Field: 

Analytical and Numerical Solutions 

4.1.1 Introduction 

Flow through non-parallel walls has many practical, industrial, physical and biological 

applications, hence it is an essential area of research; such as flows through rivers and 

canals. Blood also undergoes such a flow, where the arteries and capillaries are linked with 

each other. Jeffery and Hamel [13, 14] did the first study in this area. Many studies are 

available in this area, evaluating the different properties of flow by putting various external 

forces into consideration, such as the external magnetic fields and other forces. Adequate 

literature on this topic can be found in [49, 50] and the references therein. 

The study of stretching or shrinking sheets, which has practical applications in the real 

world, has been an area of modern research. Its applications include: glass fiber production, 

the manufacturing of rubber sheets, engineering melt spinning, etc. Crane [9] presented the 

first study on stretching flows. Thereafter, various researchers around the world have used 

the mentioned problem to formulate and present the various properties of flows over the 

stretching/shrinking surfaces that can be seen in [73, 74, 75] and some of the references 

therein. They used heat and mass transfer effects and analyzed the various properties of 

flows over stretching/shrinking surfaces. 

Traditional fluids like water, kerosene, ethylene glycol, etc., in general, are not good 

conductors. To cope with this problem and to enhance the thermal properties of various 

fluids, Choi and Eastman [1] presented a model that used the term nanofluids. The idea is 

to add an appropriate amount of nanoparticles to the traditional fluids. The experimental 

results have proven that the thermal properties of traditional fluids can be enhanced 

appreciably by using the said technique. After this groundbreaking idea, many models were 

presented by various researchers that had also incorporated the Brownian motion and 

thermophoresis effects. Buongiorno [7], Xue [6], Hamilton and Crosser [5], and Maxwell 

[4] are the major contributors who have presented some useful and efficient models for 
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nanofluids. In recent times, many authors have been inclined to work in the field of 

and Pop [8] extended the work on nanofluids 

to a stretching surface. Since then, many studies have been presented using the models 

discussed earlier for different geometries and various types of nanoparticles. One can find 

enough literature on these topics as presented in previous chapters of this dessertation. 

The complex nature of the equations in daily life problems makes exact solutions least 

likely. Therefore, many analytical as well as numerical techniques are developed to solve 

the problems representing the physical nature. Some of the analytical techniques are 

s decomposition method (ADM), the homotopy perturbation method (HPM), the 

variational iteration method (VIM), the variation of parameters method (VPM), the 

homotopy analysis method (HAM), etc. In this article, VIM is successfully applied to the 

problem, and the efficiency and accuracy of VIM can be seen in [76, 77] and the references 

therein. 

In a recent study, Turkyilmazoglu [26] extended the traditional Jeffery-Hamel flow 

problem to a case incorporating stretching/shrinking walls. He also studied the heat transfer 

effects on the flow. In the study under consideration, we examined a further extended form 

of the same problem dealing with the nanofluid flow under the influence of 

magnetohydrodynamic forces. Due to the very abstract nature of the governing equations 

and the expected non-availability of the exact solutions, an analytical approximation 

technique called the variational iteration method (VIM) has been used to approximate the 

solution. A comparison of analytical results is made with the numerical ones obtained by 

employing the Runge-Kutta-Fehlberg technique and is presented in the form of tables. 

Existing solutions (of the limited cases) and the ones obtained in this article are also 

compared to verify the solutions obtained. A comprehensive graphical description of the 

effects of the various parameters on the velocity and temperature profiles is presented 

coupled with some detailed discussions. 

4.1.2 Governing Equations  

Consider the flow from source or sink at the intersection of two plane walls.  is taken as 

the angle between the walls as shown in Figure 4.1. The walls are assumed to be 

stretching/shrinking at a rate  in such a way that the velocity at the wall can be written as 
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. Also,  represents the case of a divergent channel while for  the 

same channel is convergent. The channel is assumed to be saturated by the nanofluid 

consisting of water (the base fluid) and the copper (Cu) or silver (Ag) nanoparticles. A 

thermal equilibrium between the base fluid and the nanoparticles is assumed. A uniform 

transverse magnetic field of strength is applied across the channel to analyze the flow 

under the influence of an external body force.    

 
Figure 4.1 Schematic diagram of the flow problem 

For the said flow, the polar coordinates system  is used to formulate the problem. 

Under the said conventions, the velocity field takes the form V= [ , 0, 0], where  is a 

function of both  and  both.  

The equations of continuity, momentum and energy in polar under the imposed 

assumptions become [26]: 

, (4.1) 

  
(4.2) 

  
(4.3) 

  
(4.4) 

Boundary conditions for the problem are,  
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 at  

 at   

(4.5) 

Where,  is the velocity at the centerline of the channel and ,  , respectively, represent 

the velocity and temperature at the wall of the channel. 

Furthermore, , , ,  and  denote the density, dynamic viscosity, electric 

conductivity, heat capacity and the thermal conductivity of the fluid, respectively [53, 64], 

where,   

  

 , 

Maxwell-Garnetts model for the effective thermal conductivity of nanofluids is used in this 

problem as [4]: 

. 
(4.6) 

As proposed by Maxwell [4], the effective electrical conductivity of the nanofluid can be 

written as: 

. 

(4.7) 

Here,  is the viscosity of the base fluid and  is the volume fraction for the nanoparticles. 

,  are the thermal conductivities, and ,  are the densities of the base fluid and 

nanoparticles, respectively. Also,  and in order, represent the electrical conductivity 

of the base fluid and nanoparticles. 

The continuity equation (4.1) gives a clear description of the radial velocity of the 

form,  

, (4.8) 

Using the following non-dimensional variables,  



63 

 
(4.9) 

The elimination of the pressure terms from Eqs. (4.2), (4.3) and the implementation of 

similarity transformation (4.9), give us the coupled equations for the velocity and 

temperature profiles as:   

 (4.10) 

  (4.11) 

Use of Eq. (4.9) reduces the boundary conditions for the problem to a more compact form 

as: 

 
 

 

 

(4.12) 

In the above equations,  denotes the stretching/shrinking parameter and  stands 

for stretchable walls while  represents the case of shrinking walls. Re here is 

Reynolds number given by: 

  
(4.13) 

Further,   ,  , represent Hartmann number, Eckert 

number and Prandtl number, respectively, also  
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Quantities of physical interest are the skin friction coefficient and Nusselt number defined 

as:  

 

 

 

In terms of Eqs. (4.9), we have  

 

,   

.    

Table 4.1: Thermo physical properties of water, copper and silver nanoparticles [64].    

   

 

 

 

Electrical conductivity 

 

Pure water    0.05 

Copper (Cu)     

Silver 10500 235   

4.1.3 Solution Procedure 
The solution of the system of equations governing the flow is obtained by using the 

Variational Iteration Method (VIM). By implementing the traditional form of VIM, the 

velocity and temperature profiles in recursive form can be written in the form, 

 

(4.14) 

 

(4.15) 

where, Lagrange multipliers for velocity and temperature profile are and , 
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respectively. Approximate Lagrange multipliers for above problem can be obtained using 

variational approach as and  , so that the above iterative 

scheme can be reformulated as: 

 

(4.16) 

 

 

 

(4.17) 

For the initial guess, using boundary conditions for velocity and temperature profiles, we 

get: 

 

.

 where, and  are the constants that will be calculated by using the boundary conditions 

 and .  

Next few terms of the solution are given as  

,  

 

(4.18) 

,  

 

 

 

(4.19) 

For the sake of simplicity, other iterations of the solutions are omitted here. One can 

calculate next iterations in a similar manner. The convergence of the obtained solution has 



66 

been approved by running the code for different number of iterations. We conclude that 

only 5 iterations are enough to obtain a convergent solution.   

4.1.4 Results and Discussion 

To study the flow behavior and the variations in velocity and temperature resulting from 

the varying values of involved parameters, this section is divided into two subsections. One 

is for the velocity profile and the other is for the temperature distribution. Both the 

stretching and shrinking cases combined with the convergence or the divergence of the 

channel is discussed in detail using the graphical aid. Since water is taken to be the base 

fluid, the numerical values of Prandtl number Pr shall be fixed at 6.2 throughout the study 

unless stated otherwise. Copper (Cu) and Silver (Ag) are the nanoparticles incorporated 

into the base fluid. The thermos-physical properties of the base fluid and the nanoparticles 

are highlighted in Table. 1. Also, in all the graphical descriptions, solid line represents the 

graphs for Cu while the dashed line represents the same for Ag.  

4.1.4.1 Velocity Profile 

This section is dedicated to explore the behavior of velocity profile for both convergent 

and divergent channels under the variations in the parameters like the channel opening , 

Reynolds number , volume fraction of nanoparticles , Hartmann number  and the 

stretching/shrinking parameter S. For the said purpose, Figure 4.2 - Figure 4.11 are plotted. 

Figure 4.2 gives a graphical description of the variations in the velocity profile of a 

divergent channel for different values of channel opening . Both the stretching and 

shrinking cases are discussed in the same figure. A clear drop in velocity profile is evident 

for increasing values of . Here, clearly, for the stretching walls, the change in velocity is 

seen to be quite rapid at the central portion and there comes a point at which the backflow 

phenomena is observed particularly for   This backflow behavior may result in 

separation at some point. In Figure 4.3, the same effects of  are portrayed for the 

convergent channel. A quite opposite behavior is observed for this case and the increasing 

values of the velocity are observed. For the stretching walls, the change in velocity is on a 

lower side as compared to the shrinking walls. This means that for a shrinking convergent 

channel, more fluid is moved towards the walls as compared to the same for diverging 

channel.  Copper nanoparticles are seen to have a slightly higher velocity for the divergent 
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channel as compared to the silver nanoparticles. The behavior is reversed for a convergent 

channel.   

 

Figure 4.2 Change in velocity for varying  

(Divergent Channel) 

 

Figure 4.3 Change in velocity for varying  

(Convergent Channel). 

 

Figure 4.4 Change in velocity for varying  
(Divergent Channel) 

Figure 4.5 Change in velocity for varying  
(Convergent Channel) 

The velocity profile for the increasing values of Reynolds number Re for the case of the 

divergent channel is plotted in Figure 4.4. The higher the values of Re, the lower the 

velocity becomes in diverging channel. It results in a backflow near the walls of the channel 

for stretching walls. A steep decrease in velocity is seen for the stretching/diverging 

channel as compared to the shrinking one. A quite opposite scenario is seen for the 

convergent channel and the velocity is an increasing function of Re (Figure 4.5). This entire 

discussion shows that the upsurge in viscous forces results in lower values of Reynolds 

number and an increase in mainstream velocity of the channel gives a rise in the values of 
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Re that results in the increasing of velocity for convergent channels and decline in velocity 

for the divergent channel. Again, for increasing Re, the copper nanoparticles have slightly 

higher values of the velocity for the divergent channel. This is due to the lower density of 

copper as compared to silver.  

The Hartmann number that represents the strength of the magnetic field results in a growth 

in the velocity profile when the channel is divergent as shown in Figure 4.6. The behavior 

is similar for both the stretching and shrinking of the walls. Also, whenever there is a 

backflow in divergent channel, the Hartmann number can be used to reduce the backflows. 

It controls the separation phenomena resulting in a much smoother flow. The velocity 

behaves in a similar manner for a convergent channel and the increasing values of Ha. 

However, in this case the change is slower as compared to the divergent channel. Also, a 

stretching/converging channel has lower variations in velocity as compared to the shrinking 

channel (see Figure 4.7).  

Figure 4.6 Change in velocity for varying  

(Divergent Channel) 

Figure 4.7 Change in velocity for varying  

(Convergent Channel). 

To discuss the strength of nanoparticles on the velocity, Figure 4.8 and Figure 4.9 are 

portrayed. A rise in nanoparticle volume fraction decreases the velocity in a divergent 

channel. For the stretching of a divergent channel, again, a backflow is observed. However, 

when the channel is shrinking, there is no backflow. Again, slightly higher values of the 

velocity can be observed for the copper nanoparticles than the silver nanoparticles.  From 

all these, one can easily say for a divergent channel that the higher volume fraction of the 

nanoparticles provides a low speed flow. On the other hand, a slow rise in the velocity for 
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a convergent channel is evident and it keeps growing with the rising nanoparticles volume 

fraction.  

Figure 4.8 Change in velocity for varying  

(Divergent Channel) 

Figure 4.9 Change in velocity for varying  

(Convergent Channel). 

 

Figure 4.10 Change in velocity for varying  

(Divergent Channel). 

Figure 4.11 Change in velocity for varying  

(Convergent Channel) 

The influence of the stretching and shrinking parameter  on the velocity profile is shown 

in Figure 4.10 and Figure 4.11. For a divergent channel, an upsurge in the velocity is 

observed. The stretching of a divergent channel marks a higher velocity near the walls as 

compared to the center of the channel. On the contrary, when a divergent channel is 

shrinking, the velocity decreases quite sharply near the walls as shown in Figure 4.10. In 

Figure 4.11, the effects of the same parameter on a convergent channel are portrayed. It gives 

a clear picture of an accelerated flow near the walls for a stretching channel. On the 

contrary, a significant decrease in velocity is seen in a convergent channel with shrinking 
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walls. For both these cases, the changes are quite prominent near the walls of the channel. 

As we move towards the center, the effects get weaker and less influential.   

4.1.4.2 Temperature Profile 

Variations in temperature profile under the influence of various parameters like the angle 

of opening , volume fraction of nanoparticle , stretching/shrinking parameter  and the 

Eckert number  are plotted in Figure 4.12 - Figure 4.27. Here, the value of the Prandtl 

number  is fixed at 6.2 because we are taking water as a base fluid. The temperature 

profile under the effect of angle opening  is plotted in Figure 4.12 to Figure 4.15. Almost 

an identical behavior of the temperature profile is observed for both the divergent and 

convergent channels due to the increasing values of . When the walls are stretching, the 

temperature is seen to be on a slightly lower side for rising . On the other hand, for 

shrinking walls, some higher values of temperature is seen when there is no opening of the 

walls . This means weather the walls are stretching or shrinking, with the change 

in angle, the temperature of 

the temperature of Cu and Ag. 

 

Figure 4.12 Change in temperature for varying  

(Divergent Channel/Stretching Case) 

Figure 4.13 Change in temperature for varying 

 (Divergent Channel/Shrining Case) 
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Figure 4.14 Change in temperature for varying  

(Convergent Channel/Stretching Case) 

Figure 4.15 Change in temperature for varying  

(Convergent Channel/Shrinking Case) 

The influence of nanoparticle volume fraction on the temperature profile is plotted in 

Figure 4.16 to Figure 4.19. An addition of the nanoparticles in the base fluid decreases the 

temperature of the system quite considerably. This change is prominent at the centerline of 

the channel.  For a divergent channel, the temperature profile is somewhat on a higher side 

when the walls are stretching as compared to the shrinking of the walls. For a convergent 

channel, this behavior is reversed.  For all these cases, Silver (Ag) nanoparticles tend to 

have a slightly lower temperature values than Copper (Cu) nanoparticles. Differences in 

the specific heat and the thermal conductivity of Cu and Ag are the major factors for the 

change in temperature.   

Figure 4.16 Change in temperature for varying  

(Divergent Channel/Stretching Case) 

Figure 4.17 Change in temperature for varying  

(Divergent Channel/Shrinking Case). 
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Figure 4.18 Change in temperature for varying  

(Convergent Channel/Stretching Case) 

Figure 4.19 Change in temperature for varying  

(Convergent Channel/Shrinking Case) 

The next set of figures describes the behavior of temperature with the stretching/shrinking 

of walls. Both the convergent and divergent channel cases are discussed. Figure 4.20 and 

Figure 4.21 depict that the stretching and shrinking of the walls have a quite opposite effect 

on the temperature profile for a divergent channel. When the walls are stretching, a steep 

drop in the temperature is observed at the center of the channel. The change becomes 

smaller as we move near to the walls of the channel. On the other hand, the shrinking walls 

tend to increase the temperature quite substantially at the central portion of the channel. 

For a convergent channel, the temperature behaves almost in an identical manner with the 

one seen in a divergent channel, Figure 4.22 and Figure 4.23 are presented to back our 

remarks. The only difference is the slightly higher values of the temperature for the 

stretching walls in a divergent channel. Interestingly, Cu nanoparticles have marginally 

lower values for the stretching of a divergent channel as compared to the stretching of a 

convergent channel. For a convergent channel, the temperature of Cu seems to be on a 

higher side. However, when the walls are shrinking, Cu nanoparticles show a marginal 

advantage in temperature.  
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Figure 4.20 Change in temperature for varying  

(Divergent Channel/Stretching Case). 

Figure 4.21 Change in temperature for varying  

(Divergent Channel/Shrinking Case). 

Figure 4.22 Change in temperature for varying  

(Convergent Channel/Stretching Case) 

Figure 4.23 Change in temperature for varying  

(Convergent Channel/Shrinking Case). 

Figure 4.24 to Figure 4.27 are plotted to study the changes occurring in the temperature 

profile due to the variations in . Here, Ec represents the influence of dissipation on the 

temperature profile. As expected, Eckert number increases the temperature quite 

expressively. This change in the temperature is slightly lower for this case, when the walls 

are stretching. For the shrinking walls, the temperature rises quite efficiently with 

increasing values of Eckert number. Also, for a convergent channel and the stretching 

walls, the temperature curves are relatively less deviated.  
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Figure 4.24 Change in temperature for varying  

(Divergent Channel/Stretching Case) 

Figure 4.25 Change in temperature for varying  

(Divergent Channel/Shrinking Case) 

Figure 4.26 Change in temperature for varying  

(Convergent Channel/Stretching Case) 

Figure 4.27 Change in temperature for varying  

(Convergent Channel/Shrinking Case). 

4.1.4.3 Skin Friction Coefficient and Nusselt Number 

The effects of various parameters on skin friction coefficient and Nusselt number are 

plotted in Figure 4.28 to Figure 4.35. Both stretching and shrinking cases are taken into 

account. For the case of divergent channel, Figure 4.28 gives a description of the varying 

angles and the nanoparticle volume fraction on skin friction coefficient. Clearly, with an 

increase in nanoparticle volume fraction, skin friction is seen to be declining for both the 

stretching and shrinking divergent channels. Also, the more the channel opening for the 

divergent channel, the lower the skin friction values. It can be observed that the stretching 

channel has lower values of skin friction as compared to the shrinking case. Due to the 

higher density values, silver nanoparticles have lower values as compared to copper 

nanoparticles. For the case of convergent channel, the behavior of skin friction coefficient 
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can be observed from Figure 4.29. Skin friction is seen to be increasing with increase in 

the angle for the convergent channel. Here, the stretching convergent channel has lower 

values of skin friction as compared to the shrinking convergent channel.  The manners in 

which skin friction behaves for increasing values of Re are plotted in Figure 4.30 and 

Figure 4.31. For the divergent channel, an increase in Re results in declining values of skin 

friction coefficient and so does the nanoparticle volume fraction. The stretching divergent 

has lower skin friction values than the shrinking divergent channel. An almost reversed 

behavior is observed for convergent channel, i.e. higher Re values result in higher skin 

friction values for both stretching and shrinking convergent channels.  

Figure 4.28 Variation in skin friction coefficient 
with the angle and nanoparticle volume fraction 

(Divergent Channel) 

Figure 4.29 Variation in skin friction coefficient 
with the angle and nanoparticle volume fraction 

(Convergent Channel) 

 

Figure 4.30 Variation in skin friction coefficient 
with Reynolds number and nanoparticle volume 

fraction (Divergent Channel) 

Figure 4.31 Variation in skin friction coefficient 
with Reynolds number and nanoparticle volume 

fraction (Convergent Channel) 
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The changes in Nusselt number with varying parameters are plotted in Figure 4.32 to Figure 

4.35 both for divergent and convergent channels. Figure 4.32 gives a description of change 

in Nusselt number with varying nanoparticle volume fraction and angle for the divergent 

channel case. Heat transfer rate at the wall is seen to be an increasing function of both angle 

and nanoparticle volume fraction. This behavior is quite fast for shrinking divergent 

channel. A similar pattern is seen for the convergent channel. The only difference is that 

the vlaues of the convergent channel are slightly on the higher side as compared to the 

same values for the divergent channel as shown in Figure 4.33. Apparently, there is no 

difference in values for copper and silver nanoparticles. Increase in Eckert number results 

in higher heat transfer rate at the wall for both divergent and convergent channels. The 

stretching of the walls has a dominant effect as compared to the shrinking of the walls. 

Nanoparticle volume fraction increases the heat transfer rate and thus can be useful in many 

industrial processes.  The problem under consideration is solved using two methods: the 

Variational Iteration Method and Kunge-Kutta-Fehlberg Method. The results obtained are 

compared with existing solutions when there is no magnetic field and the fluid is taken as 

water only. An excellent agreement between the solutions is seen as given in Table 4.2 and 

Table 4.3.  

Figure 4.32 Variation in Nusselt number with 
angle and nanoparticle volume fraction (Divergent 

Channel) 

Figure 4.33 Variation in Nusselt number with 
angle and nanoparticle volume fraction 

(Convergent Channel) 
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Figure 4.34 Variation in Nusselt number with 
Eckert number and nanoparticle volume fraction 

(Divergent Channel) 

Figure 4.35 Variation in Nusselt number with 
Eckert number and nanoparticle volume fraction 

(Convergent Channel) 

 
Table 4.2: Comparison of numerical values for skin friction coefficient with the already existing solutions 

in literature for  

 

 

 

  

 

 

 

 VIM RK-F Turkyilma

zoglu [26] 

VIM RK-F Turkyilma

zoglu [26] 

-1 -3.508103 -3.508103 -3.508103 -2 -5.130922 -5.130922 -5.130922 

-1/2 -2.173044 -2.173044 -2.173044 -1 -4.652159 -4.652159 -4.652159 

0 0.000000 0.000000 0.000000 0 -2.833951 -2.833951 -2.833951 

1/2 -0.361846 -0.361846 -0.361846 1 0.000000 0.000000 0.000000 

1 0.000000 0.000000 0.000000 2 3.669711 3.669711 3.669711 

 

Table 4.3: Comparison of numerical values for Nusselt number with the already existing solutions in 
literature for  

 

 

 

   

 

 

  

 VIM RK-F Turkyilma

zoglu [26] 

VIM RK-F Turkyilma

zoglu [26] 

-1 0.034775 0.034775 0.034775 -2 0.031576 0.031576 0.031576 

-1/2 0.0372685 0.0372685 0.0372685 -1 0.037322 0.037322 0.037322 

0 0.039982 0.039982 0.039982 0 0.042151 0.042151 0.042151 

1/2 0.042986 0.042986 0.042986 1 0.046401 0.046401 0.046401 
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1 0.046401 0.046401 0.046401 2 0.050242 0.050242 0.050242 

4.1.5 Conclusions 

This article is presented to study the flow and heat transfer of water based nanofluids in 

stretchable convergent/divergent channels. The Magnetohydrodynamic nature of the flow 

in incorporated. Copper and Silver nanoparticles are added to water to analyze the behavior 

of velocity and temperature profiles with varying parameters involved. The equations 

governing the flow are solved using two methods namely: VIM and RK-F. A comparison 

with existing solutions is also given to check the accuracy of our obtained results. The 

effects of parameters in Skin friction coefficient and heat transfer at the wall are also 

plotted. The major outcomes of this study are as follows:  

 The Angle opening and Reynolds number have opposite effects on velocity profile 

for convergent and divergent channels.  

 Stretching walls may result in backflow regimes for divergent channel because it 

moves the particles near the wall away. An increase in angle opening and Reynolds 

number may result in backflow and thus separation. This in result might cause 

instabilities in the flow.  

 The Hartmann number gives a solution to the backflow regions. An increase in 

Hartmann number removes the backflow for stretching divergent channels. This 

effect can be useful in several physical phenomena.  

 The nanoparticle volume fraction decreases the velocity of the fluid for both copper 

and silver nanoparticles in the case of the divergent channel. For convergent 

channel, an increase in volume fraction increases the velocity.  

 The stretching of the divergent channel gives a rise in flow near the walls of the 

channel, and shrinking decreases the velocity of the fluid near the walls of the 

channel. An identical behavior is seen for the case the convergent channel.  

 Almost identical behavior of temperature profile for increasing channel opening is 

observed for both convergent and divergent channels both for the stretching and 

shrinking channels.  

 Temperature is seen to be decreasing for increasing values of nanoparticle volume 

fraction. Both the stretching and shrinking channels have an almost identical 
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behavior.  

 The stretching of the walls result in lower temperature values for both the 

convergent and divergent channels. The increasing values of temperature near the 

walls of the channel are observed for shrinking case.  

 The Eckert number raises the temperature of the fluid for all the cases.  

 The nanoparticle volume fraction decreases the skin friction coefficient for all the 

cases. The stretching channels have lower skin friction values than the shrinking 

channels.  

 An opposite behavior of skin friction coefficient for increasing Re is observed for 

the convergent and divergent channels. 

 The rate of heat transfer at the wall increase with higher nanoparticle volume 

fraction and Eckert number. These two parameters have same behavior for all the 

cases. 

4.2 Investigation of the Flow and Heat Transfer of Nanofluids in 

Converging/Diverging Channels Suspended by Carbon Nanotubes 

4.2.1 Introduction 

The recent advancements in the industries, relying on the heat transfer phenomenon, laid 

the inspirational basis for scientists to work on a novel field of research named 

 and Eastman [1] in 1995, stands for 

the fluids containing nano-sized particles. The conventional fluids like water, kerosene oil, 

engine oil, etc. are some of the poor conductors of heat and electricity. To overcome the 

issue of their low thermal conductivity and to boost their thermal properties, Choi proposed 

some improvements. The idea was to add an appropriate amount of nanoparticles into 

conventional fluids (base fluids) to enhance their thermal properties. Nowadays, nanofluids 

are being commonly used at the industrial level; some of the uses include making scratch 

proof eye glass, removal of bacteria and coating of wood, plastic and textiles to protect 

them from the exposure to ultraviolet rays. After the pioneering work of Choi, many 

researchers came up with different other models that also considered the type, size, shape 

and other factors of nanoparticles. Buongiorno [7], proposed a more comprehensive model 

that takes Brownian motion and thermophoresis effects into account. Hamilton and Crosser 
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[5] provided a new insight into the area of nanofluids with the addition of nano-

model [4], and the model provided by Xue et al. [6]. Khan and Pop [8] used the 

sheet.  The same model has been considered by various researchers for the analysis of the 

flows of nanofluids in different geometries. Some related studies have already been 

been employed by different researchers to investigate the flows through different 

geometries [63, 64]. 

The flows through non-parallel walls, named after Jeffery and Hamel [13, 14], have been 

widely used to study the flow behavior for various types of fluids. After the pioneering 

work of Jeffery and Hamel, different researchers used the same concept and extended their 

work to cases including magnetic forces [57, 78], slip effects [17, 60] and the non-

Newtonian fluids [18, 19]. The work of Jeffery and Hamel has also been extended for the 

case of nanofluids. Hatami et al. [56] 

of a nano-fluid in a converging and diverging channel. Mohyud-Din et al. [60] studied the 

velocity and temperature slip effects on the flow of a nanofluid in a convergent and 

divergent channel. In a recent study, Turkyilmazoglu [26], extended the work of Jeffery 

and Hamel to stretchable walls. He obtained the solution using a numerical procedure.  

To the best of our knowledge, no study is available that considered the case of stretchable 

convergent and divergent channels in the presence of Carbon-nanotubes suspended 

nanofluids. The nonlinear form of governing equations gives a conclusion that the exact 

solution might not be available. To cope with the problem, a useful analytical technique 

called Differential Transform Method (DTM) has been used to obtain the solution. A 

numerical solution has also been obtained for the sake of comparison with the analytical 

results. The graphs and tables are provided to study the behavior of velocity and 

temperature profiles with the variations in parameters involved. 

4.2.2 Governing Equations  

Flow due to a source or sink is considered at the intersection of two plane walls.  The angle 

Figure 4.36). Where, is the angle between the walls 
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of the channel and the central portion of the channel. Furthermore, there is a 

stretching/shrinking at the walls of the channel. The rate of stretching/shrinking of the walls 

is assumed to be  Wall velocity assumes the form . Also, the divergent 

channel is taken into consideration when , and for , the same channel becomes 

convergent channel. Water (the base fluid) is assumed to be flowing through the channel 

saturated by carbon nanotubes as the nanoparticles. Two types of nanoparticles are taken, 

single wall nanotubes (SWCNT) and the multi walled carbon nanotube (MWCNT). A 

thermal equilibrium between the base fluid and the nanoparticles is also taken into 

consideration. Also, there is no slip between the fluid and the walls of the channel.  

 
Figure 4.36 Schematic diagram of the flow problem 

For the formulation of the problem, we consider the polar coordinate system. Taking into 

consideration the aforesaid assumptions, the final form of velocity field becomes 

where  depends upon both  and .  

Under the aforesaid assumptions, the equations governing the flow of nanofluid can be 

expressed as:  

  (4.20) 

  (4.21) 

  (4.22) 
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, 
(4.23) 

Boundary conditions for the problem are,  

 at  

 at   

 

(4.24) 

In the above equations,  is the component of the velocity, is the temperature of the 

base fluid. Also, , , , and  represent the density, dynamic 

viscosity, heat capacity, electrical conductivity and thermal conductivity of the base fluid. 

The variations in physical parameters is represented by  

,   (4.25) 

, (4.26) 

Here, , is the viscosity of base fluid and   is the nanoparticle volume fraction. , is 

the thermal conductivity,  is the electrical conductivity and  is the density of the 

nanoparticles, respectively.   

The effective thermal conductivity of nanofluid is expressed as [6] 

  

 

(4.27) 

here,  and are the thermal conductivities of the base fluid (water) and the 

nanoparticles, respectively. 

 From the continuity equation (Eq. (4.20)) radial velocity takes the form,  

.  (4.28) 

To obtain the non-dimensional form of the equations, we use following non-dimensional 

variables,  
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, (4.29) 

From Eqs. (4.21) and (4.22), pressure can be eliminated by cross differentiating both 

equations. To obtain the non-dimensional form of the governing equations, similarity 

transform (4.29) is employed to get a system of non-linear coupled equations for the 

velocity and temperature profiles as:   

,  (4.30) 

  (4.31) 

Implementation of Eq. (4.29) gives the boundary conditions a more comprehensive form: 

  

. 

 

(4.32) 

Here, it is pertinent to mention that  stands for the stretching/shrinking of the walls, 

representing stretching of the walls when  and represents the shrinking of walls for 

.  here is the Reynolds number given by: 

,  

Also,  and  represent the Eckert number and the Prandtl numbers 

respectively. Further,    

,  

,  

,  

Physical quantities of interest are the skin friction coefficient and Nusselt number defined 

as:  

,  
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, 

Above quantities can be written in terms of non-dimensional variables as:  

,
     

  

,       

Table 4.4: Thermo physical properties of water, SWCNT and sMWCNT nanoparticles [61].    

 

 

 

 

4.2.3 Solution Procedure 

To obtain the analytical solution for the system of nonlinear differential equations (4.31) 

and (4.30), following the general procedure for DTM [46, 47], we can write the system as:  

  

, 

Consuming boundary conditions (), we have 

 

where,  are constants, and can be determined using remaining boundary conditions. 

The final form of the solution can be obtained using the following relations:  

 

 

For the simplicity and to avoid any repetition, here we skip the solutions obtained. Different 

iterations for the solution can be obtained using the above mentioned methodology.  

     

Pure water    6.2 

SWCNTs    --- 

MWCNTs    --- 
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4.2.4 Results and Discussion 

This section is dedicated to provide a detailed analysis for the profiles of velocity and 

temperature with the variations in the pertinent parameters. Graphical utility 

MATHEMATICA is used to plot the velocity and the temperature profiles. Both the 

convergent and the divergent channels are taken into consideration for the purpose of 

analysis. Also, the cases of stretching/shrinking of the walls of the channel are also 

discussed. The base fluid is taken as water, therefore, the values for the Prandtl number are 

fixed at 6.2. SWCNT and MWCNT are used as the nanoparticles. Table 1 gives a 

description of the thermo-physical properties of both the base fluid and nanoparticles. In 

the analysis to follow, the solid line in the graphs is for the SWCNT and the dotted line 

stands for MWCNT.  

The variations in velocity of the fluid for convergent and the divergent channels are 

discussed in the graphs to follow. In Figure 4.37, the variation in velocity profile for 

different values of the angle  are plotted. The stretching/shrinking of the walls of the 

channel are also considered for the analysis. Velocity is seen to be dropping with the 

increase of the angle. Furthermore, the velocity for the stretching divergent channel is 

higher than the shrinking divergent channel. The major variations in velocity are at the 

central portion of the channel. For stretching divergent channel, backflow phenomena are 

seen for the higher values of angle . Due to the occurrence of backflow, there might come 

a point where separation may take place for the stretching divergent channel. A slight 

variation in velocity for SWCNT and MWCNT is also evident from the same figure with 

the velocity values for MWCNT slightly on the higher side. Figure 4.38 portrays the effects 

of  on velocity for the convergent channel case. The behavior of the velocity profile is 

observed to be on the opposite for increase in the angle . Change in velocity is slightly on 

the slower side for the convergent channel. The stretching of the walls has a slower 

variation in velocity with the varying angle as compared to the case of shrinking walls for 

the convergent channel. For the case stretching walls, more fluid are moved towards the 

walls of the channel thus reducing the variations at the central portion.  Interestingly, a 

marginally lower velocity is perceived for the MWCNT in the case of convergent channel.  
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Figure 4.37 Variations in velocity for varying  

(Divergent Channel) 

Figure 4.38 Variations in velocity for varying  

(Convergent Channel) 

 

Figure 4.39 Change in velocity for varying   

(Divergent Channel) 

Figure 4.40 Change in velocity for varying  

(Convergent Channel) 

The next set of figures give a pictorial description of the variations in velocity profile for 

growing Reynolds number . The stronger the viscous forces, the lower are the values 

of  and an upsurge in main stream velocity is responsible for the higher . Rising  

results in a steep decrease in velocity profile for the divergent channel (Figure 4.39). With 

the stretching of the walls, rising  gives backflow regions closeness to the channel walls 

for divergent channel. The higher values of Reynolds number may result in a separation 

near the channel walls. For the case of convergent channel, Figure 4.40 gives a graphical 

description for the flow behavior. An opposite scenario for the convergent channel is 

observed. With an increase in , the velocity of the fluid gets an increase. The values of 

velocity for the stretching convergent channel case are on the higher side as compared to 
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same for the shrinking convergent channel. From Figure 4.39 and Figure 4.40, one can also 

observe that the upsurge in the mainstream velocity gives a rise to the Reynolds number, 

which in return increases the velocity for the convergent channel while the velocity for the 

divergent channels decreases. A marginally higher velocity for the SWCNT than MWCNT 

is evident from the graphs for the convergent channel case.  

Figure 4.41 and Figure 4.42 are portrayed to highlight the velocity behavior under varying 

nanoparticle volume fraction. An upsurge in the velocity of the fluid is seen for the 

divergent channel as observed in Figure 4.41. For the stretching divergent channel, a 

backflow is seen near the walls of the channel. Marginally higher velocity values are 

observed for the MWCNT. Furthermore, the velocity profile is on the lower side for 

shrinking divergent than the velocity for the stretching divergent channel. The behavior of 

velocity for the convergent channel is shown in Figure 4.42. With the higher concentration 

of nanoparticle volume fraction, a drop in velocity at the central portion of the channel is 

perceived. Again, the velocity for the stretching convergent channel is on the higher side 

as compared to the velocity for the shrinking convergent channel. For the convergent 

channel case, MWCNT have a slightly lower velocity than the SWCNT.  

Figure 4.41 Change in velocity for varying 

(Divergent Channel) 

Figure 4.42 Change in velocity for varying   
(Convergent Channel) 
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Figure 4.43 Change in velocity for varying 

(Divergent Channel) 

Figure 4.44 Change in velocity for varying 

(Convergent Channel) 

The velocity variations under the influence of the stretching/shrinking parameter are 

presented in the next two figures. Figure 4.43 is portrayed to analyze the velocity behavior 

for the increasing values of the stretching/shrinking parameter. Velocity increases quite 

significantly adjacent to the channel walls when there is stretching at the walls. At the 

center of the channel, the velocity has no change with the increase in stretching parameter. 

A clear drop in velocity is evident with the shrinking of the walls of the channel. Again, 

the central portion of the channel is the part less influential, while, at the immediate portion 

of the walls, a steep decrease in the velocity is observed. For the stretching divergent 

channel, SWCNT have a slightly higher velocity near the walls of the channel. Figure 4.44 

gives a sketch of the velocity profile for the case of the convergent channel with the 

variations in stretching/shrinking parameter. A similar behavior is observed in the velocity 

of the fluid for the convergent channel also.  

Figure 4.45 to Figure 4.60 are plotted to analyze the temperature variations with varying 

parameters for divergent and convergent channels. Both stretching and shrinking cases are 

taken into consideration. Since, base fluid is taken as water, throughout this study, Prandtl 

number  is restricted to 6.2. Figure 4.45 and Figure 4.46 give a pictorial explanation of 

the deviations in temperature profile for the divergent channel case. In Figure 4.45, 

variations in temperature with increase in opening of the channel ( for the stretching 

divergent channel are portrayed. As the opening increases, a rise in the temperature profile 

at the central portion of the channel is perceived. Due the higher thermal conductivity, 

MWCNT have higher temperature values than the SWCNT. Almost identical behavior is 
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seen for the shrinking divergent channel from Figure 4.46. From Figure 4.47 and Figure 

4.48, a similar behavior of the temperature profile for the convergent channel (both for 

stretching and shrinking channels) is perceived.  

Figure 4.45 Change in temperature for varying  
(Divergent Channel/Stretching Case) 

Figure 4.46 Change in temperature for varying  
(Divergent Channel/Shrining Case) 

 

Figure 4.47 Change in temperature for varying  
(Convergent Channel/Stretching Case) 

Figure 4.48 Change in temperature for varying  
(Convergent Channel/Shrinking Case) 

Temperature variations with varying values of nanoparticle volume fraction are shown in 

Figure 4.49 to Figure 4.52. A considerable decrease in temperature of the base fluid is seen 

with the addition of nanoparticles. The change in temperature is prominent at the central 

portion of the channel. A slightly higher temperature is evident for the shrinking divergent 

channel from Figure 4.50. Due to the higher thermal conductivity, MWCNT have a 

marginally higher temperature as compared to SWCNT. Almost similar behavior in the 

temperature of the convergent channel is seen from Figure 4.51 and Figure 4.52.  
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Figure 4.49 Change in temperature for varying  
(Divergent Channel/Stretching Case) 

Figure 4.50 Change in temperature for varying  
(Divergent Channel/Shrinking Case) 

 

Figure 4.51 Change in temperature for varying  
(Convergent Channel/Stretching Case) 

Figure 4.52 Change in temperature for varying  
(Convergent Channel/Shrinking Case) 

Figure 4.53 to Figure 4.56 are plotted to analyze the temperature variations under the 

influence of stretching/shrinking parameter. Temperature of the fluid increases with the 

increase in stretching/shrinking parameter. The central portion of the channel exhibits the 

major changes in temperature. For both convergent and divergent channels, the temperature 

behaves almost identically with higher temperature values when the walls of the channel 

are stretching. Furthermore, the temperature of MWCNT is slightly on the higher side than 

the temperature of SWCNT for all the cases.  
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Figure 4.53 Change in temperature for varying  
(Divergent Channel/Stretching Case) 

Figure 4.54 Change in temperature for varying  
(Divergent Channel/Shrinking Case) 

 

Figure 4.55 Change in temperature for varying  
(Convergent Channel/Stretching Case) 

Figure 4.56 Change in temperature for varying  
(Convergent Channel/Shrinking Case) 

The analysis of temperature profile for the increasing values of Eckert number  is 

provided with the help of Figure 4.57 to Figure 4.60. gives a description of dissipation 

on temperature profile. From all these figures, the temperature of the fluid is seen to be 

increasing for all the cases. For stretching divergent channel, the values for temperature are 

on the lower side and for shrinking divergent channel, an upsurge in temperature is quite 

significant at the center of the channel. An almost identical phenomenon of rise in 

temperature is observed for the case of the convergent channel. From all these figures, it is 

also clear that due to the higher values of thermal conductivity, MWCNT have somewhat 

higher temperature values than the SWCNT for all the cases discussed.  
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Figure 4.57 Change in temperature for varying   
(Divergent Channel/Stretching Case) 

Figure 4.58 Change in temperature for varying  
(Divergent Channel/Shrinking Case) 

 

Figure 4.59 Change in temperature for varying  
(Convergent Channel/Stretching Case) 

Figure 4.60 Change in temperature for varying  
(Convergent Channel/Shrinking Case) 

The next set of figures (Figure 4.61 to Figure 4.64) give a pictorial description for the 

influence of different involved parameters on the coefficient of skin friction. From these 

figures, it can be observed that the coefficient decreases with an increase in the volume 

fraction of nanoparticles for both divergent and convergent channels. Furthermore, a 

similar behavior is also evident for stretching/shrinking channels. The values of the 

coefficient are on the higher side for stretching of convergent and divergent channels. 

Angle opening increases the skin friction coefficient for the divergent channel (Figure 

4.61), while it results in decreased values of skin friction coefficient for the convergent 

channel case (Figure 4.62). An increase in the values of coefficient is evident with growth 

in the Reynolds number  for the divergent channel (Figure 4.63). Again, stretching 

divergent have higher values as compared to the case of shrinking divergent channels. A 

rather reversed behavior of the narrowing channel is evident from Figure 4.64, i.e. a 
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decrease in coefficient occurs with increasing values of . For all the cases discussed, 

MWCNT have somewhat lower values of coefficient as compared to SWCNT.  

 

Figure 4.61 Variation in skin friction coefficient 
with the angle and nanoparticle volume fraction 

(Divergent Channel) 

 

Figure 4.62 Variation in skin friction coefficient 
with the angle and nanoparticle volume fraction 

(Convergent Channel) 

 

Figure 4.63 Variation in skin friction coefficient 
with Reynolds number and nanoparticle volume 

fraction (Divergent Channel) 

 

Figure 4.64 Variation in skin friction coefficient 
with Reynolds number and nanoparticle volume 

fraction (Convergent Channel) 

The variations in Nusselt number with different values of involved parameters are plotted 

in Figure 4.65 to Figure 4.72. The addition of nanoparticles in the base fluid results in a 

drop in Nusslt number as evident from all these figures. Figure 4.65 and Figure 4.66 give 

a description of the variations in Nusselt number by a change in the volume fraction of 

nanoparticles and opening angle for the case of the divergent channel. Obviously, the more 

the channel opening, the higher the values of Nusselt number will be. The variations in 

Nusselt number for the stretching divergent channel are more prominent than the same for 

the shrinking divergent channel. Furthermore, MWCNT have marginally higher values of 

Nusselt number for the stretching and shrinking divergent channels. A virtual matching 

behavior of the Nusselt number for the case of convergent channel is seen from Figure 4.67 
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and Figure 4.68. The only difference is the marginally higher Nusselt number values for 

the shrinking convergent channel.  

Figure 4.65 Variation in Nusselt number with 
angle and nanoparticle volume fraction (Divergent 

Channel/Stretching Case) 

Figure 4.66 Variation in Nusselt number with 
angle and nanoparticle volume fraction (Divergent 

Channel/Shrinking Case) 

 

Figure 4.67 Variation in Nusselt number with 
Eckert number and nanoparticle volume fraction 

(Convergent Channel/Stretching Case) 

Figure 4.68 Variation in Nusselt number with 
Eckert number and nanoparticle volume fraction 

(Convergent Channel/Shrinking Case) 

The next set of figures give a sketch of the deviations in Nusselt number with rising values 

of volume fraction of nanoparticle and the Eckert number. In Figure 4.69 and Figure 4.70, 

the effects of these two parameters on the divergent channel are portrayed. The more the 

nanoparticles in the base fluid, the higher the values of Nusselt number will be. The higher 

the Eckert number , the stronger the rate of heat transfer (Nusselt number) will be. For 

the stretching divergent channel, the Nusslt number is on the lower side, which is the same 

for shrinking divergent channel. An almost similar behavior of the Nusselt number for the 

convergent channel is portrayed from Figure 4.71 and Figure 4.72. Solitary alteration has 
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higher values for the shrinking convergent channel than for the shrinking divergent 

channel.  

Figure 4.69 Variation in Nusselt number with 
Eckert number and nanoparticle volume fraction 

(Divergent Channel/ Stretching Case) 

Figure 4.70 Variation in Nusselt number with 
Eckert number and nanoparticle volume fraction 

(Divergent Channel/ Shrinking Case) 

 

Figure 4.71 Variation in Nusselt number with 
Eckert number and nanoparticle volume fraction 

(Convergent Channel/Stretching Case) 

Figure 4.72 Variation in Nusselt number with 
Eckert number and nanoparticle volume fraction 

(Convergent Channel/Shrinking Case) 

Table 4.5 and Table 4.6 are given to compare the results obtained in the present study with 

some of the already existing solutions in nature. In the present study, the results are 

obtained using two different approaches, one using an analytical method called Differential 

Transform Method (DTM) and the other using a numerical procedure called the Runge-

Kutta method. In Table 4.5, the comparison of skin friction coefficient values is evident 

for the case where no nanoparticle is involved with the existing solutions and also when 

there is an excellent agreement between the solutions. Table 4.6 is given to compare the 

numerical values of the Nusselt number for the results obtained by DTM, numerically and 
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the ones obtained by Turkyilmazoglu [26]. Again an exceptional agreement between the 

solutions is evident.  

Table 4.5: Comparison of numerical values for skin friction coefficient with the already existing solutions 
in literature for  

 

 

 

  

 

 

 

DTM RK Turkyilma

zoglu [26] 

DTM RK Turkyilma

zoglu [26] 

-1 -3.508103 -3.508103 -3.508103 -2 -5.130922 -5.130922 -5.130922 

-1/2 -2.173044 -2.173044 -2.173044 -1 -4.652159 -4.652159 -4.652159 

0 0.000000 0.000000 0.000000 0 -2.833951 -2.833951 -2.833951 

1/2 -0.361846 -0.361846 -0.361846 1 0.000000 0.000000 0.000000 

1 0.000000 0.000000 0.000000 2 3.669711 3.669711 3.669711 

 

Table 4.6: Comparison of numerical values for Nusselt number with the already existing solutions in 
literature for  

 

 

 

  

 

 

 

 DTM RK Turkyilma

zoglu [26] 

DTM RK Turkyilma

zoglu [26] 

-1 0.034775 0.034775 0.034775 -2 0.031576 0.031576 0.031576 

-1/2 0.0372685 0.0372685 0.0372685 -1 0.037322 0.037322 0.037322 

0 0.039982 0.039982 0.039982 0 0.042151 0.042151 0.042151 

1/2 0.042986 0.042986 0.042986 1 0.046401 0.046401 0.046401 

1 0.046401 0.046401 0.046401 2 0.050242 0.050242 0.050242 

4.2.5 Conclusions 
The flow of a nanofluid saturated with the SWCNT and the MWCNT is investigated. The 

solutions of the equations governing the flow are obtained using an analytical scheme 

called the Differential Transform Method (DTM). For the sake of comparison, the 

numerical results are also included in the Table 4.5 and Table 4.6. The major outcomes of 

the current study can be concluded as:  

 The numerical and the analytical solutions obtained are in excellent agreement with 
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already published data.  

 Velocity increases with an increase in the opening of the channel as well as the 

Reynolds number for the convergent channel. An opposite scenario is observed for 

the divergent channel.  

 The volume fractions of nanoparticles enhance the velocity for divergent channel 

and a drop in velocity is observed for the convergent channel observed.  

 The stretching of the channel walls results in a growth in the velocity of the fluid. 

Shrinking of the walls drops the velocity. This behavior is same for both the 

convergent and divergent channels.  

 Temperature profile gets an increase for the increasing values of the opening of the 

channel, the stretching/shrinking parameter and the Eckert number. The 

phenomenon is the same for the divergent as well as the convergent channel. The 

more the nanoparticles added to the base fluid, the more the temperature of the fluid 

drops in values.   

 The coefficient of the skin friction gets an improvement with increasing opening of 

the channel and the Reynolds number for the divergent channel case. A reverse 

behavior for the convergent channel is observed for increase in both of these 

parameters.  

 Volume fraction of nanoparticles can be used to control the rise in skin friction 

coefficient for both the divergent and convergent channels.  

 The Nusselt number is enhanced by the increase in all the involved parameters. 

The analysis presented here is only for the dispersion type of models for the thermal 

conductivity. Still, it is a dire need to analyze the flow behavior by employing a 

homogeneous model for nanofluids. The next chapter is dedicated to the study of the 

behavior of velocity, temperature and the concentration profiles under the influence of 

nonlinear thermal radiation.  
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Chapter 5 Numerical Investigation for the Flow 

of Nanofluid Over a wedge in the Presence of 

Nonlinear Thermal Radiation 
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5.1 MHD Flow of Nanofluid Over a Nonlinearly Stretching/Shrinking Wedge 

Under the Influence of Nonlinear Thermal Radiation 

5.1.1 Introduction 

Due to the lower values of thermal conductivity, traditional fluids are poor conductors and 

due to this reason, many industrial and physical phenomena need to brace up with the 

problem and extra input is required to get rid of the situation. Over the years, many 

scientists have tried to overcome this problem by presenting some novel aspects of heat 

transfer enhancing materials. Choi [1] used the idea and came up with the term nanofluids. 

Nanofluids, as the name suggests are nano-sized particles that are used in traditional fluids 

as a supplement to enhance their thermal properties. Choi provided a model for the 

effective thermal conductivity of nanofluids and proposed that the thermal properties of 

the base fluids can be enhanced exceptionally by adding nanoparticles of different nature. 

Choi also gave a comprehensive model that provided a new insight into the field. 

Subsequently, many models have been presented and used to study the various aspects of 

many industrial and physical problems. Buongiorno [7] proposed a very unique model that 

incorporated the Brownian motion and thermophoresis effects. This model has vastly been 

used in recent studies. Khan and Pop [8] 

boundary layer theory for the flow over a stretching surface. After these works, plenty of 

studies are available that analyzed the physical and thermal properties of nanofluids and 

incorporated various models through different geometries. Some of them are included in 

the chapters presented earlier. In recent studies, Kuznetsov and Nield [79, 80] presented a 

revised model that used a passive control of nanoparticles at the wall rather than an active 

control. They also argued that this model is more realistic as compared to the models 

proposed earlier. 

Due to the applications of stretching and shrinking surfaces in most of the manufacturing 

processes, scientists have been keen to study the flows involving stretching/shrinking 

surfaces. The applications of these surfaces include polymer processes, cooling or heating 

of films/sheets, insulating materials, conveyor belts, cylinders or metallic plates and many 

other physical as well as engineering applications. Among these flows is the boundary layer 
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flow continuously over a moving surface and in its own plane. Falkner and Skan [20] were 

the first to deal with such kind of a study.  Fixed wedge in the absence of any external force 

was considered by Falkner and Skan. By implementing the assumptions of boundary layer 

theory, researchers over the years have keenly studied the flows involving 

stretching/shrinking surfaces. Hartree [21], Koh and Hartnett [22] provided an extended 

solution to the traditional wedge problem by considering various factors involved. Takhar 

and Pop [23] obtained the closed form of solutions of the problem by incorporating the 

effects of magneto-hydrodynamic forces. In recent times, many researchers used the basic 

idea of Falkner and Skan and provided a new implementation of the nanotechnology. 

In the present day world, shortage of energy is a major cause of concern in many regions. 

A dire need is to develop some suitable models that can replace the traditional ones to cope 

with the shortage problem. Renewable or sustainable energy is one form that can be 

capitalized on at a massive level. Solar power is nowadays a new form of renewable energy 

and has gained some importance. This form of renewable energy can be used to transform 

the energy from the sun for use at industrial as well as domestic scale. The thermal radiation 

is also a form of solar energy that has many applications in heating and cooling chambers, 

large open water reservoirs, heating and cooling chambers and many other industrial and 

environmental areas. Some studies related to thermal radiative heat transfer can be seen in 

[81, 82]. 

The present study is dedicated to study the non-linear radiation effects on a moving wedge 

for nanofluids. The magnetic field is also incorporated along with the passive control 

model. A relationship is provided between the passive and active control models for the 

rate of heat transfer that gives a new interpretation of the results obtained. Numerical 

solutions for the problem are obtained using the Runge-Kutta-Fehlberg method. Graphs for 

the velocity, temperature and concentration profile are plotted and analyzed with the help 

of comprehensive discussions. A comparison among the present and already existing 

solutions is also provided in the form of tables. Furthermore, a comparison of the results 

regarding the forms of radiation (absence, linear, nonlinear) is also the part of the current 

study.  
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5.1.2 Governing Equations 

Consider that the boundary layer flow passed a stretchable wedge. Wedge is assumed to be 

moving with velocity  and the free stream velocity is taken as . It is pertinent 

to mention that >0 corresponds to a stretching wedge while <0 stands for a 

shrinking wedge. The Cartesian coordinate system (x, y) is taken to describe the flow 

behavior, where x and y are the coordinates along the surface and normal to it, respectively. 

Also, a uniform magnetic field is applied parallel to y-axis and the induced magnetic field 

is assumed to be negligible. Under the aforesaid assumptions, the boundary layer equations 

governing the flow can be written as shown below:  

 
Figure 5.1 Schematic diagram of the flow problem 

 

  (5.1) 

  (5.2) 

  
(5.3) 

   (5.4) 

In the above equations, and  are the components of velocity in and  directions, 

respectively,   is the temperature of the fluid, is the density of nanofluid, is the 
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viscosity of nanofluid and  is the thermal diffusivity of nanofluid,  with  as 

the volumetric expansion coefficient and  the density of the particles. The last term in 

the energy equation represents the thermal radiation term. It is defined by Rosseland 

approximation for energy flux. The following equation gives us the mathematical form of 

the said approximation and is commonly known as the equation of radiative diffusion 

  (5.5) 

Boundary conditions describing the flow are: 

at  

   

at (for passive control model), 

at  (for active control model) 

 

 

 

 

(5.6) 

For a mathematical analysis of the problem, we assume that  and  have the 

following form:  

,  (5.7) 

where  and  are the positive constants, and   here is the Hartee 

pressure gradient parameter which corresponds to = [83].   

The constant moving parameter in Eq. (5.6) is defined as ,  corresponds to a 

stretching wedge,  corresponds to a shrinking wedge and represents a fixed 

wedge. We seek a similar solution for the Eqs. (5.1) to (5.4) in the form:   

  

(for passive control model), 

(for active control model), 

 

 

 

 

(5.8) 

 (with  is temperature difference parameter so that ).  
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where is the stream function that can be defined in a usual way as  and 

. After the implementation of Eq. (5.5) into Eqs. (5.1) - (5.4) and using stream 

functions, we get the following system of nonlinear differential equations:  

, (5.9) 

 (5.10) 

, (5.11) 

The boundary conditions also transform to 

 

(for passive control model) 

 (for active control model) 

.  

 

 

 

(5.12) 

Here, the parameters involved are,  is the pressure gradient parameter,  

, , , , ,  

, (for passive control model) 

, (for active control model) 

are magnetic number, Prandtl number, Lewis number, Brownian motion parameter, 

thermophoresis parameter and radiation parameter, respectively. It is pertinent to mention 

here that  corresponds to non-linear radiation effect and , gives us the case 

of linear radiation.  

The physical quantities of interest are the skin friction coefficient and Nusselt number 

defined as: 
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(for passive control model) 

(for active control model) 

Here,  is the local Reynolds number.  

5.1.3 Solution Procedure 

The system governing the equations is solved by employing a reputable numerical Runge-

Kutta-Fehlberg (RKF) Method coupled with the shooting technique. For the solution of the 

problem, the shooting method converts the system to a set of initial value problems and 

then the solution is obtained by RKF method. The step size is taken as 0.001 and the 

convergence criteria is taken as . The asymptotic boundary conditions in Eq. (5.7) are 

replaced by using a value 12 for the similarity variable  as follows: 

 

It is pertinent to mention here that all the results in this study have been computed by using 

the mathematical software Maple.  

5.1.4 Results and Discussion 

This section is dedicated to check and plot the influence of various parameters on the 

velocity, temperature and concentration profiles. For the said purpose, Figure 5.2 to Figure 

5.23 are plotted. Figure 5.2 to Figure 5.4 give a graphical description of the actions of the 

magnetic number M, pressure gradient parameter m and the stretching/shrinking parameter 

on the velocity profile. It is quite clear from the Figure 5.2 that an increase in the pressure 

gradient provides higher velocity values. The increase in m decreases the boundary layer 

thickness, which in result normalizes the velocity of the fluid. The solid lines here represent 

the flow for a stretching wedge while the dotted lines correspond to the case of shrinking 

wedge. Clearly, the velocity for the stretching case is on a higher side as compared to the 

shrinking one. Figure 5.3 shows the behavior of the magnetic parameter on the velocity 

profile. An upsurge in the velocity profile is seen for increasing values of the magnetic 

parameter M. The boundary layer thickness is observed to be a decreasing function of 
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increasing values of M. The shrinking wedge bears lower velocity values as compared to 

the stretching wedge.  The influence of stretching/shrinking parameter on the velocity 

profile is plotted in Figure 5.4. It is quite interesting to note that the stretching of the wedge 

increases the velocity quite significantly. On the other hand, when the wedge is shrinking, 

velocity of the fluid is seen to be reducing. The boundary layer thickness is on a higher 

side for the shrinking case, for all the parameters involved.  

Figure 5.2: Variation in velocity with increasing  Figure 5.3 Variation in velocity with increasing  

 

 
Figure 5.4 Variation in velocity with increasing  

To highlight the variations in temperature profile for different increasing parameters, 

Figure 5.5 to Figure 5.10 are portrayed. It is essential to mention here that the value of the 

Prandtl number  is taken as 6.2, which corresponds to water. Also,  is taken to be 

greater than 1 for nonlinear radiation to take place. In Figure 5.5, the variations in 

temperature profile for increasing values of m are shown graphically. Obviously, when the 

wedge is stretching, the effects of m on the temperature profile are almost negligible, 
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however, for the shrinking wedge, the temperature profile is seen to be affected quite 

significantly by increasing values of m. Higher thermal boundary layer is also a major 

finding for the shrinking wedge case. The influence of the magnetic parameter M on the 

temperature profile is illustrated in Figure 5.6. An increase in M decreases the thermal 

boundary layer thickness as well as the temperature of the fluid. Almost a negligible effect 

is seen for the stretching wedge as compared to the case of the shrinking wedge. Also, the 

thermal boundary layer is on a lower side for the stretching wedge. 

Figure 5.5 Variation in temperature with . Figure 5.6 Variation in temperature with  

The stretching/shrinking parameter affects the temperature in an opposite manner. It is 

shown in Figure 5.7. The stronger the stretching of the wedge, the lower the temperature 

of the fluid becomes. Also, the stronger the shrinking of the wedge, the higher the 

temperature profile becomes. It is also pertinent to mention that the shrinking wedge 

thickens the thermal boundary layer. The variations in temperature for increasing the 

thermophoresis parameter  is highlighted in Figure 5.8. Stronger thermophoresis results 

in higher temperature values. Thermal boundary layer also becomes thicker with increasing 

values of . Again, the shrinking wedge has higher temperature and thermal boundary 

layer values than the stretching wedge. Figure 5.9 and Figure 5.10 are plotted to highlight 

the variations in temperature profile for increasing values of the radiation parameter and 

temperature difference parameter respectively. Radiation raises the temperature of the 

fluid quite significantly as expected. Thermal boundary layer is increased with growing 

values of  The stretching wedge has a lower temperature and thermal boundary layer 

than the shrinking wedge.  also uplifts the temperature profile quite significantly. Being 

the ratio of temperatures at the wall and the free surface temperature,  has to be greater 
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than 1. Therefore, it is expected to have a higher temperature and a thicker thermal 

boundary layer with increasing values of . A clear difference between the temperatures 

for stretching and shrinking wedges is also observed. The stretching wedge has lower 

temperature values as compared to the shrinking wedge.  

 Figure 5.7 Variation in temperature with 
 

Figure 5.8 Variation in temperature with  

 

Figure 5.9 Variation in temperature with  Figure 5.10 Variation in temperature with  

The impact of various involved parameters on the concentration profile is highlighted in 

Figure 5.11 to Figure 5.16. The pressure gradient parameter m increases the concentration 

of the fluid near the wall before getting a smooth effect away from the wall where the 

concentration becomes stable. Higher values of the concentration for shrinking wedge are 

observed compared to the stretching wedge as seen from Figure 5.11. Interestingly, the 

influence of m for stretching wedge is almost negligible as compared to the shrinking 

wedge. An almost similar behavior of the concentration profile is perceived from Figure 
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5.12 for the magnetic number M. The concentration boundary layer thickness is on a higher 

side for the magnetic number. It is also evident from these two figures that the 

concentration boundary layer becomes thicker with the rise in m and magnetic number. For 

the stretching case, near the surface, the concentration overshoots for increasing values of 

m and the magnetic number M.  

Figure 5.11 Variation in concentration with  Figure 5.12 Variation in concentration with  

The variations in concentration for varying values of the stretching/shrinking parameter 

and Lewis number are shown in Figure 5.13 and Figure 5.14, respectively. Stretching of 

the wedge increases the concentration profile near the wall as well as the concentration 

boundary layer thickness while shrinking decreases the concentration and the associated 

boundary layer. The change in concentration is more evident for the shrinking case. An 

almost similar behavior is observed for increasing values of Lewis number  from Figure 

5.14. An increase in concentration is seen with a rise in near the wall for the stretching 

wedge before the concentration starts declining at some point away from the wall, 

stabilizing far away from the end points of the wedge. For the shrinking case,  decreases 

the concentration boundary layer thickness by reducing the concentration of the fluid. Since 

the Lewis number depends on the Brownian diffusion coefficient that in turn decreases the 

concentration boundary layer for the shrinking case. For the stretching of the wedge, an 

overshoot near the surface is observed for increasing values of the stretching parameter and 

Lewis number. It also gives a thicker concentration boundary layer. While moving away 

from the surface, the concentration becomes stable after some points.  
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Figure 5.13 Variation in concentration with   Figure 5.14 Variation in concentration 
with  

 

 

Figure 5.15 Variation in concentration with  

 

Figure 5.16 Variation in concentration with  

Figure 5.15 and Figure 5.16 are dedicated to study the change in concentration profile for 

increasing values of the Thermophoresis parameter and Brownian motion 

parameter . Obviously, the concentration declines near the surface with improvement in 

the thermophoresis parameter , which also decreases the associated boundary layer 

thickness both for stretching and shrinking cases. This change is faster for the shrinking 

wedge case. With increasing Brownian motion parameter , the concentration gets 

enhanced near the surface and overshoots slightly away from the surface before stabilizing. 

This improvement in concentration also increases the associated boundary layer thickness. 

Virtually an identical behavior is observed for the case of shrinking wedge, for increasing 

values of The radiation parameter gives us a dual concentration profile for the 

stretching and shrinking cases. Higher values of result in a fall of concentration profile 
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for the stretching case besides reducing the associated boundary layer thickness (Figure 

5.17). For the shrinking case, a quite opposite behavior is observed.  

 
Figure 5.17 Variation in concentration with  

The variations in skin friction coefficient, local Nusselt number and local Sherwood 

number caused by the variations in different parameters are plotted in Figure 5.18 to Figure 

5.21. From Figure 5.18, increase in skin friction coefficient is observed for increasing 

values of m and magnetic number M for both the stretching and shrinking wedges. A higher 

magnetic field increases the skin friction coefficient. The stretching wedge has lower 

values of skin friction as compared to the shrinking wedge.   

 
Figure 5.18 Variation in skin friction coefficient with  and  
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Figure 5.19 Variation in Nusselt number with m 
and  

 

Figure 5.20 Variation in Nusselt number with m 
and  

Figure 5.19 and Figure 5.20 highlight the variations in Nusselt number with increase values 

of m, Brownian motion parameter  and the radiation parameter aAs clearly 

observed from these figures, m and  tend to increase the rate of heat transfer at the wall, 

both for the stretching and shrinking cases. For rising  the behavior of rate of heat 

transfer is quite reverse for the stretching and shrinking cases. For the stretching wedge, 

 decreases the heat transfer rate, while for the shrinking case, an increase in heat transfer 

rate at the wall is seen due to increasing . The temperature ratio parameter  decreases 

the Nusselt number both for the stretching and shrinking wedge as shown in Figure 5.21.  

 
Figure 5.21 Variation in Nusselt number with  

A comparison of the current results with already existing ones is provided in Table 5.1. 

One can easily see that the results obtained in the current study are in excellent agreement 

with the ones already available in literature.  

Since, we are using the passive control model for the present study, therefore, the Sherwood 

number becomes identically zero as explained by Nield et al. in their studies. The numerical 

values of Nusselt number for both active and passive control models is provided in Table 



112 

5.2. In Table 2, a comparison of the results for three different scenarios is also discussed. 

These include: absence of radiation, linear form of radiation and the nonlinear form of the 

radiation. Clearly, the rate of heat transfer is seen to be increasing with the radiation in all 

the cases. When there is no radiation effect, Nusselt number has lower values as compared 

to the cases that have linear and nonlinear forms of radiation involved. The nonlinear form 

of the radiation has the highest heat transfer rate in all the cases. Furthermore, the passive 

control model has the higher values for the Nusselt number. This gives a clear description 

that the passive control model is more realistic and can be used to control the rate of heat 

transfer.  A similar behavior is seen for the Sherwood number (active control model) (Table 

5.3). Furthermore, for the passive control model, Sherwood number becomes identically 

zero and hence can be useful in controlling the mass transfer rates in many practical 

situations. 

Table 5.1: Comparison of current results with already existing ones in the literature when 
 

   

 Khan and 

Pop [83] 

Present Khan and 

Pop [83] 

Present 

     

     

     

     

     

     

     

 

Table 5.2: Numerical values of Nusselt number for different cases when  and 
 

 Active control model Passive control model 

   Absence 

of 

Radiation 

Linear 

Radiation 

 

Non-

Linear 

Radiation 

Absence 
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Radiation 

 

Non-

Linear 

Radiation 
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Table 5.3: Numerical values of Sherwood number for different cases when  
and  

 Active control model 

   Absence 

of 

Radiation 

Linear 

Radiation 

 

Non-

Linear 

Radiation 
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5.1.5 Conclusions: 

This study analyzes the flow of nanofluid under the effects of nonlinear radiative heat 

transfer. The problem is formulated and solved numerically using a well know RKF 

method. The magneto-hydrodynamic characteristics of the flow are highlighted by 

considering an electrically conducting fluid. Graphical aid is used to present the actions of 

various parameters applied on velocity, temperature and concentration profiles. Also, the 

influence of some prominent parameters on skin friction coefficient, Nusselt number and 

Sherwood number are also described with graphical aid. From the above analysis, we can 

conclude that: 

 Increase in and magnetic parameter  results in increased velocity profile. Both 

these parameters normalize the velocity field. For both the stretching and shrinking 

wedge, this behavior is same.  

 Increased values of the stretching parameter increase the velocity.  
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 Shrinking wedge also has the same behavior as stretching wedge.  

  increases the temperature and concentration of the system, so does the 

temperature ratio  

 A rise in  and  will result in higher skin friction at the wall. For the stretching 

case, the values for skin friction are lower as compared to same for the shrinking 

wedge.  

 The Nusselt number is the increasing function for increasing the Brownian motion 

parameter.  

 The Radiation parameter decreases the Nusselt number for stretching wedge, and 

increases the heat transfer at the wall for shrinking case wedge.   

  decreases the heat transfer rate at the wall for both the stretching and shrinking 

wedge.  

 The Nusselt number is seen to be increasing with the increase in radiation effects 

(both linear and nonlinear). Nonlinear radiation effects give the highest values for 

heat transfer rate in all the cases involved. Lowest values of heat transfer rate are 

observed in the absence of radiation effects.  

 Sherwood number becomes identically zero for passive control model.  

 The numerical values of Sherwood are the increasing functions of the radiation 

parameter for all the cases. Nonlinear radiation effects give the highest values for 

mass transfer rate in all the cases involved. Lowest values of heat transfer rate are 

observed in the absence of radiation effects. 

5.2 Influence of Nonlinear Thermal Radiation on the Flow of Nanofluid Over a 

Porous Wedge 

5.2.1 Introduction   

Stretching and shrinking surfaces are used in most of the manufacturing processes such as 

polymer processes, cooling or heating of films/sheets, insulating materials, conveyor belts, 
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cylinders or metallic plates and many other physical as well as engineering applications. 

One of these types of flows is the boundary layer flow over a moving surface continuously 

in its own plane. Such types of flows were first discussed by Falkner and Skan [20]. They 

considered a fixed wedge in the absence of any external force. Many researchers used this 

concept and have analyzed various properties of the flow by using the boundary layer 

theory. Hartree [21], Koh and Hartnett [22] provided an extended solution to the traditional 

wedge problem by considering various involved factors. They considered the 

suction/injection cases coupled with the variable wall temperature and provided solutions 

to the problem for conventional fluids. Takhar and Pop [23] extended this idea by 

considering the effects of magneto-hydrodynamic forces and obtained a closed form of the 

solutions. Many studies extending the work of Falkner and Skan are available and they 

provided some interesting results for wedge flows. Some of these are included in the 

previous section of this chapter.  

Traditional fluids have lower values of thermal conductivity, and due to this reason, extra 

efforts are put into many industrial and physical phenomena to cope with the problem. 

Scientists have been looking for models that can solve this problem. Choi [1] came up with 

the idea of nanofluids. He provided a model for the effective thermal conductivity of 

nanofluids and proposed that the thermal properties of the base fluids can be enhanced 

exceptionally by adding nanoparticles of different nature. Choi also gave a comprehensive 

model that provided a new insight into the field. Subsequently, many models were 

developed and used to study the various problems of physical nature. The model proposed 

by Buongiorno has been vastly used in recent studies [7]. Khan and Pop [8] used the same 

model and extended it for the flow over a stretching surface. They also obtained the 

solutions for wedge flow saturated by nanofluid [83]. The flow over a wedge with 

suction/injection at the wall was presented by Kasmani et al. [84]. After these works plenty 

of studies were made available that analyzed the physical and thermal properties of 

nanofluids and incorporated various models through different geometries. In recent studies, 

Kuznetsov and Nield [79, 80] presented a revised model that used a passive control of 

nanoparticles at the wall rather than an active control. They also argued that this model is 

more realistic as compared to the models proposed earlier. 
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Since the shortage of energy is causing major problems in various parts of the world,  there 

is a dire need to give some suitable models that can replace the traditional ones to cope 

with the shortage problem. Renewable or sustainable energy is one form that can be 

capitalized on at massive level. For this purpose, solar power is gaining much attention as 

it can be used to transform the energy from the sun for use at industrial and domestic scale. 

The thermal radiation is also a form of solar energy that has many applications in heating 

and cooling chambers, large open water reservoirs, heating and cooling chambers, and 

many other industrial and environmental areas. Some studies related to thermal radiative 

heat transfer can be seen in [81, 82].  

The aim of this study is to model and analyze the non-linear radiation effects on a moving 

wedge for the nanofluids. Magneto-hydrodynamic effects are also incorporated along with 

the passive control model. The resulting equations are solved using a numerical procedure 

called Runge-Kutta Fehlberg Method, coupled with a shooting technique. Graphs for the 

velocity, temperature and concentration profile are plotted and analyzed with the help of 

comprehensive discussions. A comparison between the present and already existing 

solutions is also provided in the form of table.  

5.2.2 Governing Equations  

Consider that the boundary layer flow passed a stretchable wedge. The Wedge is assumed 

to be moving with the velocity and the free stream velocity is taken as .  It 

is pertinent to mention that the positive values of correspond with a stretching 

wedge, while, the negative values stand for a shrinking wedge. Cartesian coordinate system 

(x, y) is used to describe the flow behavior, where x and y are the coordinates along the 

surface and are normal to it (see Fig. 1). Also, a uniform magnetic field is applied parallel 

to y-axis, and, the induced magnetic field is assumed to be negligible. At the surface of the 

wedge, a constant suction or injection is imposed. Under the aforesaid assumptions, the 

boundary layer equations governing the flow can be written as follows [13]:  
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Figure 5.22 Schematic diagram of the flow problem 

  (5.13) 

  (5.14) 

    
(5.15) 

  (5.16) 

In above equations, and  are the components of velocity in and  directions, 

respectively.  is the temperature of the fluid, is the density of nanofluid, is the 

viscosity of nanofluid and  is the thermal diffusivity of nanofluid.  where  

is the volumetric expansion coefficient and  is the density of the particles. The last term 

in the energy equation (Eq.(5.15)) represents the contribution of thermal radiation and is 

deduced by using Rosseland approximation for the energy flux. The following equation 

gives us the mathematical form of the said approximation and is commonly known as the 

equation of radiative diffusion. 

,  (5.17) 

The boundary conditions for the problem are: 
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at  

at  

 

(5.18) 

Here,  is the shrinking/stretching parameter.   

For a mathematical analysis of the problem, we assume that  and  have 

the following form:  

, 

where ,  and  are the positive constants, and   here is the 

Hartee pressure gradient parameter which corresponds to = /2 for a total wedge angl

The constant moving parameter in Eq. (5.18) is defined as ,  corresponds to 

a stretching wedge,  corresponds to a shrinking wedge and represent a fixed 

wedge. We seek a similar solution for the Eqs. (5.13)-(5.16) in the form,   

  
(5.19) 

 (with  is temperature difference parameter so that ).  

is the stream function that can be defined in a usual way. Besides,  and .  

Using Eq. (5.19) and the stream function into Eqs. (5.13) - (5.16), we get the following 

system of nonlinear differential equations, Equation numbers are missing 

,   (5.20) 

 (5.21) 

. (5.22) 

The boundary conditions also transform to 

 
(5.23) 
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.  (5.24) 

Here, the parameters involved are:  as the pressure gradient parameter,  as the 

suction/injection parameter,   corresponds to the suction at the wall while  

corresponds to the injection at the wall.  

, , , , , ,  

are magnetic number, Prandtl number, Lewis number, Brownian motion parameter, 

thermophoresis parameter and radiation parameter, respectively. It is pertinent to mention 

here that  corresponds to non-linear radiation effect and , gives us the case 

of linear radiation.  

Physical quantities of interest are the skin friction coefficient and Nusselt number defined 

as: 

 

 

It is pertinent to mention here that the Sherwood number for the passive control model 

becomes identically zero [35,36], i.e.  

 

 Here,  is the local Reynolds number.  

5.2.3 Solution Procedure 

The system governing the equations is solved by employing a reputable numerical Runge-

Kutta-Fehlberg (RKF) Method coupled with the shooting technique. For the solution of the 

problem, shooting method converts the system to a set of initial value problems and then 

solution is obtained by RKF method. The step size is taken as 0.001 and the convergence 

criteria is taken as . The asymptotic boundary conditions in Eq. (5.24) are replaced by 

using a value 12 for the similarity variable as follows: 
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5.2.4 Results and Discussion 

This section of the manuscript is dedicated to check, and display (using plots) the influence 

of various parameters on the velocity, temperature and concentration profiles. For the 

mentioned purpose, Figure 5.23 to Figure 5.46 have been plotted. Figure 5.23 and Figure 

5.24 give a pictorial description of the velocity profile under the action of pressure m. In 

Figure 5.23, the effect of increasing m on the velocity profile for the stretching case is 

presented. Evidentially, the velocity is seen to be rising when m gains higher value. The 

solid lines in the graphs represent the case when there is suction at the wall, while, the 

dotted lines are for the injection case. From Figure 5.23, one can also see that the suction 

at the wall allows the fluid to enter the plate, which in return causes the velocity of the fluid 

to increase. Figure 5.24 shows that the velocity increases for the shrinking wedge also.  

However, the change in velocity for the suction at the walls when the wedge is shrinking 

is quite sharp. Figure 5.25 and Figure 5.26 present the variations in velocity for the increase 

in magnetic parameter  for the stretching and shrinking cases, respectively. It is quite 

clear from these figures that an increase in  provides higher velocity values. The increase 

in M decreases the boundary layer thickness, which in result normalizes the velocity of the 

fluid. Also, the velocity for the stretching case is on a higher side as compared to the 

shrinking one. The boundary layer thickness is observed to be a decreasing function of the 

increasing values of M. The shrinking wedge bears lower velocity values as compared to 

the stretching wedge. As evident from these figures, suction case has higher velocity values 

as compared to the injection case. The influence of stretching/shrinking parameter on the 

velocity profile is plotted in Figure 5.27 and Figure 5.28. It is quite interesting to note that 

the stretching of the wedge increases the velocity quite significantly. On the other hand, 

when the wedge is shrinking, velocity of the fluid is seen to be reducing. The boundary 

layer thickness is on a higher side for the shrinking case, for all the parameters involved. 

Again, the suction at the wall results in higher values of velocity due to the entrance of the 

fluid. Furthermore, Figure 5.29 and Figure 5.30 give a description of the suction/injection 

parameter on the velocity profile. The larger the suction, more increase in velocity is 

observed, while with the injection at the wall, velocity seems to be decreasing instantly.  
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Figure 5.23 Variation in velocity with increasing 
m for stretching case 

Figure 5.24 Variation in velocity with increasing m 
for shrinking case 

Figure 5.25 Variation in velocity with increasing 
M for stretching case 

Figure 5.26 Variation in velocity with increasing m 
for shrinking case 

Figure 5.27 Variation in velocity with increasing 
for stretching case 

Figure 5.28 Variation in velocity with increasing 
for shrinking case 
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Figure 5.29 Variation in velocity with increasing 
for stretching case 

Figure 5.30 Variation in velocity with increasing 
for shrinking case 

To highlight the variations in temperature profile for different increasing parameters, 

Figure 5.31 to Figure 5.36 are portrayed. It is essential to mention here that the value of 

Prandtl number  is taken as 6.2 that corresponds to water.  In Figure 5.31 and Figure 

5.32, the variations in temperature profile for the increasing values of the 

stretching/shrinking parameter are shown graphically. The stronger the stretching of the 

wedge, the lower the temperature of the fluid becomes. Besides, a rise in temperature is 

evident for stronger shrinking of the wedge. It is also clear that the shrinking wedge 

thickens the thermal boundary layer. Higher thermal boundary layer is one of the major 

findings for shrinking wedge case. Interestingly, when the wedge is stretching, with the 

suction at the wall, temperature profile is on a lower side as compared to the case when 

there is injection at the wall. This is probably due to the fact that with suction, more fluid 

enters the wedge that in return causes a downfall of the temperature. However, this 

behavior is opposite when the wedge is shrinking and the suction case bears higher 

temperature values.  
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Figure 5.31 Variation in temperature with  for 
stretching case 

 

Figure 5.32 Variation in temperature with  for 
shrinking case 

 

 

Figure 5.33 Variation in temperature with  for 
stretching case 

 

Figure 5.34 Variation in temperature with  for 
shrinking case 

Figure 5.33 and Figure 5.34 are plotted to highlight the variations in temperature profile 

for increasing values of the radiation parameter and the temperature difference 

parameter respectively. Radiation raises the temperature of the fluid quite significantly 

as expected. Thermal boundary layer is increased with growing values of  Stretching 

wedge has a lower temperature and thinner thermal boundary layer than the shrinking 

wedge as shown in Figure 5.35 and Figure 5.36 respectively.  also uplifts the 

temperature profile quite significantly. Being the ratio of temperatures at the wall and the 

free surface,  has to be greater than 1. Therefore, it is expected to have a higher 

temperature and a thicker thermal boundary layer with increasing values of . A clear 

difference between the temperatures for the stretching and shrinking wedges is also 

observed. The stretching wedge has lower temperature values as compared to the shrinking 

wedge. From these figures, it is also evident that for suction at the wall, the temperature of 
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the fluid is on a lower side as compared to the case when there is injection at the wall. The 

reason for this difference is the entrance of more fluid when there is suction, which in return 

controls the temperature of the fluid.  

 

Figure 5.35 Variation in temperature with  for 
stretching case 

 

Figure 5.36 Variation in temperature with  for 
shrinking case 

 

Figure 5.37 Variation in concentration with  for 
stretching case 

 

Figure 5.38 Variation in concentration with  for 
shrinking case 

 

Figure 5.39 Variation in concentration with  for 
stretching case 

 

Figure 5.40 Variation in concentration with  for 
shrinking case 
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The variations in concentration for varying values of stretching/shrinking parameter and 

Lewis number are portrayed in Figure 5.37 to Figure 5.40 respectively. The stretching of 

the wedge increases the concentration profile near the wall as well as the concentration 

boundary layer thickness (Figure 5.37), while the shrinking decreases the concentration 

profile as well as the associated boundary layer thickness (Figure 5.38). The change in 

concentration is more evident for the shrinking case. Almost a similar behavior is observed 

for increasing values of Lewis number  from Figure 5.39 and Figure 5.40. An increase 

in the concentration is seen for a rise in near the wall for stretching wedge before the 

concentration starts declining at some point away from the wall and it stabilizes far away 

from the end points of the wedge (Figure 5.39). For the shrinking case,  decreases the 

concentration boundary layer thickness by reducing the concentration of the fluid, since 

Lewis number depends on the Brownian diffusion coefficient that in turn decreases the 

concentration boundary layer for the shrinking case (Figure 5.40). For the stretching of the 

wedge, an overshoot near the surface is observed for increasing values of the stretching 

parameter and Lewis number. It also gives a thicker concentration boundary layer. While 

moving away from the surface, the concentration becomes stable after some point.  From 

all these figures, it can also be observed for the suction, at the wall, that the concentration 

profile gains higher values near the surface before stabilizing away from the surface. On 

the other hand, injection at the wall results in lower values of the concentration profile.  

 

Figure 5.41 Variation in concentration with  for 
stretching case 

 

Figure 5.42 Variation in concentration with  for 
shrinking case 
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Figure 5.43 Variation in concentration with  for 
stretching case 

 

Figure 5.44 Variation in concentration with  for 
shrinking case 

Figure 5.41 to Figure 5.44 are dedicated to study the changes in concentration profile for 

increasing values of the thermophoresis parameter and Brownian motion parameter , 

respectively. With an increase in the thermophoresis parameter , the concentration near 

the surface drops and a thinner boundary layer is observed for both the stretching and 

shrinking cases (Figure 5.41 and Figure 5.42). This change is more prominent for shrinking 

wedge case. With increasing Brownian motion parameter , the concentration gets 

enhanced near the surface and overshoots slightly away from the surface before stabilizing 

(Figure 5.43). This improvement in concentration also increases the associated boundary 

layer thickness. Virtually, an identical behavior for the case of the shrinking wedge is 

observed for the increasing values of  (Figure 5.44). The radiation parameter gives 

us a dual concentration profile for the stretching and shrinking case. Higher values of 

result in a fall of concentration profile and the boundary layer thickness for the 

stretching case (Figure 5.45). For the shrinking case, a quite opposite behavior is observed 

(Figure 5.46). For all these variations in involved parameters, the suction at the wall has 

the higher concentration values as compared to the injection at the wall.  
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Figure 5.45 Variation in concentration with  for 
stretching case 

 

Figure 5.46 Variation in concentration with  for 
shrinking case 

The variations in skin friction coefficient and the local Nusselt number caused by the 

changes in different parameters are plotted in Figure 5.47 to Figure 5.52. From Figure 5.47 

and Figure 5.48, an increase in the skin friction coefficient for increasing values of m and 

magnetic number M is observed for both the stretching and shrinking wedges. A higher 

magnetic field increases the skin friction coefficient. The stretching wedge has lower 

values of skin friction as compared to the shrinking wedge.  Here, suction at the wall results 

in higher values of the skin friction coefficient as compared to the injection at the wall.  

Figure 5.47 Variation in skin friction coefficient 
with m and  for stretching case 

Figure 5.48 Variation in skin friction coefficient 
with m and  for shrinking case 
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Figure 5.49 Variation in Nusselt number with m 
and  for the stretching case 

 

Figure 5.50 Variation in Nusselt number with m 
and  for the shrinking case 

Figure 5.49 to Figure 5.52 highlight the variations in Nusselt number with increasing values 

of m and the radiation parameter . As observed from these figures, m and  tend to 

increase the rate of heat transfer at the wall for both the stretching and shrinking cases. For 

rising  the behavior of rate of heat transfer is quite reverse in the stretching and 

shrinking cases (Figure 5.49and Figure 5.50). For stretching wedge,  decreases the heat 

transfer rate, while for shrinking case, an increase in heat transfer rate at the wall is seen 

due to increasing . Suction at the wall results in higher values of Nusselt number as 

compared to injection at the wall. When there is suction at the wall, the temperature ratio 

parameter  and pressure decreases the Nusselt number for both the stretching and 

shrinking wedges as shown in Figure 5.51 and Figure 5.52. For the case of injection at the 

wall, the Nusselt number increases with an increase in the pressure. 

 

Figure 5.51 Variation in Nusselt number with m 
and  for the stretching case 

 

Figure 5.52 Variation in Nusselt number with m 
and  for the shrinking case 

Comparison of the results obtained in this study with already existing ones has shown that 

the solution obtained here is in excellent agreement. Table 5.4 is given to confirm that.  
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Table 5.4: Comparison of current results with already existing ones in the literature when 
 and  

   

 Khan and 

Pop [83] 

Kasmani et 

al [84] 

Present Khan and 

Pop [83] 

Kasmani 

et al [84] 

Present 

0 0.4697 0.4690 0.4690 0.4207 0.4201 0.4201 

0.0141 0.5047 0.5046 0.5046 0.4263 0.4257 0.4257 

0.0435 0.5690 0.5689 0.5689 0.4359 0.4354 0.4354 

0.0909 0.6550 0.6549 0.6549 0.4477 0.4473 0.4473 

0.1429 0.7320 0.7320 0.7320 0.4572 0.4569 0.4569 

0.2000 0.8021 0.8021 0.8021 0.4653 0.4650 0.4650 

0.3333 0.9276 0.9276 0.9276 0.4780 0.4781 0.4781 

5.2.5 Conclusions 

This study analyzes the flow of nanofluid under the effects of nonlinear radiative heat 

transfer. The problem is formulated and solved numerically using a well know RKF 

method. The magneto-hydrodynamic characteristics of the flow are highlighted by 

considering an electrically conducting fluid. Graphical aid is used to present the actions of 

various parameters applied on velocity, temperature and concentration profiles. Also, the 

influence of some prominent parameters on skin friction coefficient, Nusselt number and 

Sherwood number are also described with graphical aid. From the above analysis, we can 

conclude that: 

 Increase in and magnetic parameter  results in increased velocity profile. Both 

of these parameters normalize the velocity field. For both the stretching and 

shrinking wedges, this behavior is same.  

 Increased values of stretching parameter increase the velocity.  

 Shrinking wedge also has the same behavior.  

 Suction at the wall results in a higher velocity profile as compared to injection at 

the wall. Furthermore, increasing suction parameter gives a rise in the velocity, 

while increase in injection drops the velocity of the fluid quite significantly.  
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  increases the temperature and concentration of the system, so does the 

temperature ratio  

 A rise in  and  will result in higher skin friction at the wall. For the stretching 

case, the values for skin friction are lower as compared to same for the shrinking 

wedge.  

 Concentration profile for the suction case is higher as compared to the injection at 

the wall.  

 For suction at the wall, temperature of the fluid is on the lower side and with the 

injection, temperature profile is on the higher side.  

 Radiation parameter decreases the Nusselt number for the stretching wedge, and 

increases the heat transfer at the wall for the shrinking case wedge.  

 Suction results in higher values for the Nusselt number as compared to the injection. 

  decreases the heat transfer rate at the wall for both the stretching and shrinking 

wedges. 

In a cases when the medium involved is porous, the flow may be influenced drastically. To 

check the influence of porous medium on velocity, temperature and the concentration 

profiles, the next chapter is presented.  
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Chapter 6 Numerical Solutions for the Flow of 

Nanofluid Over a Stretching Surface Saturated 

by Porous Medium 
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6.1 Influence of Convective Heat Transfer Effects on Flow of Nanofluid 

Towards a Permeable Stretching Sheet Saturated by Porous 

Medium 

6.1.1 Introduction 

The fluids like water, kerosene oil, ethylene and glycol are commonly used in many heating 

and cooling systems. These fluids (called the base fluids) mostly are very poor conductors 

of heat. To enhance the performance of such systems, we need to handle the problems 

caused by their poor conductivities. To boost the thermal conductivity and other thermal 

properties, a relatively new technique is being applied nowadays. They add an appropriate 

amount of nano-sized particles of good conductors to the base fluids which enables them 

to bear relatively higher thermal conductivities. Choi [1] was the first one to come up with 

the idea that by adding nano-sized particles of good conductors such as copper, aluminum, 

titanium, iron and other oxides to the fluids, the thermal properties of nanofluids can be 

enhanced. Choi further established that the nano particles can be added to conventional 

fluids to increase the thermal conductivities and other thermal properties of these fluids. 

These improvements can practically be used in electronic cooling, heat exchangers, double 

plane windows, etc. A more comprehensive model was presented by Buongiorno [7] that 

incorporates all the nanotechnology based fluids that unveils the thermal properties 

superior to base fluids. He discussed all the convective properties of nanofluids by 

developing a more generalized model.  

Boundary layer flows, due to their real world applications, have gotten much attention of 

researchers in the last few decades. These applications include: glass fiber production, 

engineering melt spinning, manufacturing of rubber sheets, etc. Khan and Pop [8] were the 

first to extend the general boundary layer flow problem presented by Crane [9] over a 

thermophoresis, Brownian motion and other thermo-physical properties of nanofluids. 

That study revealed a new insight of boundary layer flows. Since then, more researchers 

are now interested in studying the flow behavior in different geometries incorporating 
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nanofluids. Nield and Kuznetsov [11, 85] used the same model to investigate several 

problems related to nanofluids. Makinde and Aziz [12] 

problem to convective boundary condition instead of isothermal condition. Following 

Makinde and Aziz, several authors have used convective boundary condition to revisit the 

problems which were previously studied under isothermal or iso-flux boundary conditions. 

They also extended these studies to the case of nanofluids.  

Until now, all aforementioned studies were conducted in the absence of Soret and Dufour 

effects. In a flowing liquid, simultaneous occurrence of heat and mass transfer results in a 

complicated relationship between the fluxes and the flowing nature of the fluid. Energy 

flux can be generated not only by the temperature gradients but also by the composition 

gradients. Mass fluxes can be created by the temperature gradients that result in Soret 

(thermo-diffusion) effect. On the other hand, the energy fluxes caused by the composition 

gradients are termed as Dufour (diffusion-thermo) effect. When there is a density 

difference in the flow regime, such fluxes play a significant role. For the flows of mixture 

of gases with light molecular weights (He, ) and moderate weights (
2N , air), Soret and 

Dufour effects cannot be neglected. Awad et al. [86] used the same idea to study the 

thermo-diffusion effect on the flow of nanofluid over a stretching sheet that has later been 

extended for power law stretching sheet by Goyal et al. in a recent study [87]. Khan et al. 

[88] also used the same concept and studied the thermo-diffusion effects on stagnation 

point flow towards a stretching sheet. Nowadays, aerospace technology has not only 

enabled us to room around our own space but also to explore the outer space. During the 

exploration or traveling, crafts and gear go through structural loads and faces certain 

conditions like variation in dynamic pressure, temperature and electric/magnetic fields. As 

the craft manufacturing is a highly complex procedure, many branches of science are 

applied and used in the process. One the most used is fluid mechanics. Aerodynamics plays 

a vital role in any flight and understanding it correctly is very essential. Air flow through 

the wings and wind tunnels can be understood by utilizing the concepts of fluid mechanics. 

Lubrication, fuel supply and some cooling methods totally rely on the deep understanding 

of fluids involved.  
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Heat convection and conduction, also occurs in certain parts of an aircraft. Extra heat is 

generated due to the friction, chemical processes or combustion of fuels. On one hand, it 

may be useful and necessary to run the machines, but on the other, an imbalance generated 

can lead to disaster. Thermos-diffusion and diffusion-thermo phenomena occur quit often. 

So, we hope that our study will cast some light on different aspects of these effects. By 

understanding the flow of nanofluids around the surface of the planes, scientists and 

engineers would be able to enhance the performance of aircrafts furthermore.  

Literature survey reveals that no study is available discussing thermo-diffusion effects on 

a permeable stretching sheet saturated by a porous medium with convective boundary 

condition. To fill out this gap, a concrete analysis is provided in current study. The main 

objective of this study is to extend the work of Awad et al. for a permeable sheet 

incorporating the porous medium. The convective boundary condition is considered 

instead of isothermal condition. Mathematical formulation of the problem is carried out to 

study the combined effects of thermophoresis, Brownian motion and thermo-diffusion. 

After employing viable similarity transformations, the equations governing the flow are 

converted to a system of ordinary differential equations. Shooting technique is used to 

convert boundary value problems to a system of initial value problems. A well-known 

numerical technique called the Runge-Kutta-Fehlberg method is then used to solve the 

resulting system. The influence of emerging parameters on velocity, temperature, solute 

and nanoparticle concentration profiles are presented with the help of graphs and tables 

coupled with comprehensive discussions. Also, a comparison of the current study to the 

previous ones is provided to authenticate our solutions.  

6.1.2 Governing Equations  

Consider the two-dimensional, incompressible, steady and laminar flow of a nanofluid over 

a permeable sheet embedded in a uniform porous medium. Sheet is being stretched with a 

linear velocity varying with the distance , i.e. = , where  is a real positive number 

and x is the coordinate measured from the location where the sheet velocity is zero. The 

 (to be determined later), is a result of convective heating 

process characterized by the fluid temperature and heat transfer coefficient .  is the 

solutal concentration and is the nanoparticle concentration at the wall. At a large 
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distance from the sheet; temperature, solutal concentration and the nanoparticle 

concentration are represented by , and , respectively. Fluid phase and the 

nanoparticles are assumed to be in a thermal equilibrium and there is no slip between them. 

x-axis is assumed to be along the stretching sheet and y-axis is assumed to be normal to it. 

Under aforementioned assumptions, the equations representing conservation of mass, 

momentum, energy, solute and nanoparticles can be written as [86]: 

 
Figure 6.1 Gerometry of the problem 

 

  (6.1) 

  (6.2) 

  
(6.3) 

  (6.4) 

. (6.5) 
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with the boundary conditions  

  
(6.6) 

where u and v are the velocity components along x and y-axis respectively and  is the 

velocity at the permeable wall.  means there is an injection at the wall while 

 stands for suction,  density of base fluid,  is kinematic viscosity, p pressure,  

is electrical conductivity,  thermal diffusivity, is Brownian motion diffusion 

coefficient,  thermo-phoresis diffusion coefficient,  and  are Soret and Dufour 

diffusivities,  is solutal diffusivity, T is fluid temperature,  is solutal concentration,  

is the nanoparticle volume fraction,  and  are heat capacity of fluid and effective 

heat capacity of nanoparticle material respectively,  is the parameter defined by , and 

 is the permeability of the porous medium.  

 

For the mathematical analysis of problem, we use following similarity transforms 

  

(6.7) 

where stream function  is defined in a usual way as   and  

After utilizing Eq. (6.7), Eq. (6.1) is identically solved and from Eqs. (6.2)-(6.5), we get 

the following  system of nonlinear differential equations: 

  (6.8) 

 (6.9) 

  (6.10) 

  (6.11) 
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Using Eq. (6.7), boundary conditions (6.6) reduce to 

  
(6.12) 

where primes denote the differentiation with respect to , is the injection/suction ( 0 

injection and 0 for suction) parameter and  is the Biot number.    

Besides, 

, , , , , , 

 and , 

 

represent the permeability parameter, velocity ratio, Prandtl number, Lewis number, 

Brownian motion parameter, thermophoresis parameter, nano Lewis number, modified 

Dufour parameter and Dufour solutal Lewis number respectively. 

The quantities of engineering interest are local Nusselt number , Sherwood 

number  and nanofluid Sherwood number . These parameters characterize the 

wall heat, regular and nano mass transfer rates, respectively and are defined by  

  

  

  

Reduced form of the Nusselt, Sherwood and nanofluid Sherwood number is given by 

 and . 

6.1.3 Numerical Solution 

System of coupled nonlinear equations (6.8)-(6.11) is solved numerically by using an 

efficient numerical technique, the Runge-Kutta-Fehlberg method. Shooting technique has 

been employed to convert boundary value problems (6.8)-(6.11) into initial value 

problems. We have chosen in such a way that our solution converges for all the 

parameters. A fifth decimal place accuracy is restricted for the sake of convergence.   
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6.1.4 Results and Discussion 

This section is devoted to a comprehensive discussion on the effects of all the emerging 

parameters on velocity, temperature and solute/nanoparticles concentration profiles. 

Figures and tables are provided to serve the mentioned purpose. Figure 6.2 describes the 

behavior of the porosity parameter on the velocity profile . One can observe a 

decrease in the velocity with an increase the in values of . It can also be seen that the 

velocity is higher for injection ( 0) as compared to suction ( 0) at the solid boundary. 

Figure 6.3 is plotted to investigate the influence of Biot number on the temperature profile 

. A rise in the temperature is seen with increasing values of , this is due to a higher 

temperature concentration of the fluid over the sheet. For a case of injection ( 0), 

relatively higher values of the temperature can be seen as compared to suction ( 0). 

Figure 6.4 presents the action of Prandtl number Pr on temperature profile. Temperature is 

seen to be an increasing function of the values of Pr. Since Prandtl number is the ratio of 

viscous diffusion rate to the thermal diffusion rate, an increase in Pr results in a decrease 

in thermal diffusivity that results in a decrease in the temperature and heat transfer rate of 

the fluid. Also, injection ( 0) makes the temperature slightly lower, as compared to the 

case of suction ( 0). Figure 6.5 shows the behavior of thermophoresis parameter Nt on 

the temperature profile. The thermophoretic force generated by the temperature gradient 

results in a fast flow away from the stretching surface, therefore, increasing Nt gives an 

increase in the heat transfer rate. Here, temperature is on the higher side for the case of 

injection ( 0), while it is on the lower side for suction ( 0). In Figure 6.6 and Figure 

6.7, the effects of the Brownian motion parameter Nb and modified Dufour solute 

parameter Nd on the temperature profile are plotted. It is clear that with rising Nb and Nd, 

the temperature of the fluid increases considerably. For both parameters, lower values of 

temperature are observed for injection ( 0) as compared to the suction ( 0). This 

change is quite significant for Brownian motion parameter Nb. 
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Figure 6.2 Variation of  for different values 
of .   

Figure 6.3 Variation of  for different values 
of . 

 

Figure 6.4 Variation of  for different values of 
 

Figure 6.5 Variation of  for different values of 
 

 

Figure 6.6 Variation of  for different values of 
 

Figure 6.7 Variation of  for different values of 
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Effects of Lewis number Le and Dufour-solute Lewis number Ld on the concentration 

profile are shown in Figure 6.8 and Figure 6.9 respectively. Figure 6.8 shows that an 

increase in Le decreases quite significantly, i.e. there is a rapid decrease in mass. Ld 

shows the opposite behavior on the concentration profile as compared to Le. Increasing Ld 

gives an increased . As a result, the concentration boundary layer thickness increases. 

It can also be seen that suction ( 0) raises the temperature profile slightly as compared 

to injection ( 0).  

Figure 6.8 Variation of  for different values of 
 

Figure 6.9 Variation of  for different values of 
 

Figure 6.10 to Figure 6.12 are plotted to investigate the behavior of nanomass volume 

fraction under varying nanofluid Lewis number Ln, thermophoresis parameter Nt and 

Brownian motion parameter Nb. Figure 6.10 considers the influence of Ln on . Ln is 

the ratio between thermal diffusivity and mass diffusivity; it is used to analyze the fluid 

flows where simultaneous effects of heat and mass transfer by convection are considered. 

A decrease in is seen for increasing values of nanofluid Lewis number Ln. This is due 

to the fact that Brownian diffusion decreases with an increase in Ln, which forces the 

concentration to decrease. Suction ( 0) accounts for a minor increase in the temperature 

compared to injection ( 0). The influences of thermophoresis parameter Nt on  are 

plotted in Figure 6.11. A rapid increase in  is seen for the increasing values of Nt. 

Increasing Nt corresponds to a greater mass flux (due to temperature gradient) that 

increases the concentration appreciably. For this case, temperature is seen to be slightly 

lower for suction ( 0) as compared to injection ( 0). Increasing values of Brownian 

motion parameter Nb are plotted for  in Figure 6.12. A slightest drop in is 

observed for increasing values of Nb. The rise in Nb is due to an increase in Brownian 
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motion that increases the temperature, which is responsible for the fall in concentration. 

Suction ( 0) on the wall for this parameter gives a small rise in the temperature as 

compared to injection ( 0). Figure 6.1 shows the behavior of streamlines for velocity 

profile with different values of suction/injection parameter.  

 

Figure 6.10 Variation of  for different values 
of  

Figure 6.11 Variation of  for different values 
of  

  

 
Figure 6.12 Variation of  for different values of  
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Figure 6.13 Streamline pattern for different values of suction/blowing parameter S keeping all other 

parameters fixed. 

Table 6.1 is drawn to compare the results obtained from using Runge-Kutta-Fehlberg 

method with already existing results in literature. The numerical values of the local Nusselt 

number, for the case of a regular Newtonian fluid, are compared with the existing solutions. 

An excellent agreement is seen between the solutions.  

Table 6.1: Comparison of values local Nusselt number  with existing solutions for K=0, in the 
absence of suction/blowing and . 
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Table 6.2 is drawn to compare the results obtained by Khan and Pop and Ahmed et al. 

Again, our solution is in excellent agreement with the solutions obtained by other 

researchers. 

Table 6.2: Comparison of values Sherwood number with existing solutions for K=0, in the absence 
of suction/blowing and . 
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The effects of different parameters on reduced Nusselt number and reduced nanofluid 

Sherwood number are presented in Table 6.3. One can clearly observe that with an increase 

in Brownian motion parameter Nb, decrease in the values of reduced Nusselt number is 

seen and reduced nanofluid Sherwood number is found to be an increasing function of Nb 

both for suction and injection. For injection, numerical values of local Nusselt number and 

local nanofluid Sherwood number are slightly higher than the case of suction.  The 

thermophoresis parameter Nt affects the Nusselt number and nanofluid Sherwood number 

in a same manner as the Brownian motion parameter Nt. That is, a decrease in Nusselt 

number and an increase in nanofluid Sherwood number is observed for increasing values 

of Nt. Again, for injection, these values are on the higher side as compared to the case of 

suction.  

Table 6.3: Variation of Nur and Shrn for different values 
 

    

            

0.1 0.1 0.1243 0.1109 0.1238 -0.0706 0.1232 -0.2191 0.1226 -0.4244 
-0.1 0.1200 0.1004 0.1193 -0.0612 0.1186 -0.2492 0.1178 -0.3792 

0.3 0.1 0.1221 0.1732 0.1215 0.1147 0.1209 0.0572 0.12032 0.0010 
-0.1 0.1176 0.1564 0.1188 0.1047 0.1161 0.0544 0.1153 0.1155 

0.5 0.1 0.1199 0.1853 0.1192 0.1518 0.1185 0.1187 0.1178 0.0863 
-0.1 0.1151 0.1676 0.1143 0.1380 0.1135 0.1092 0.1127 0.1141 

0.7 0.1 0.1175 0.1911 0.1168 0.1678 0.1160 0.1451 0.1153 0.1230 
-0.1 0.1125 0.1724 0.1117 0.1523 0.1108 0.1328 0.1099 0.1117 

Table 6.4 gives us the numerical values of reduced Sherwood number for increasing values 

of Dufour solutal number Ld and Lewis number Le. Increase in Sherwood number is seen 

for increasing values of Le for both cases of suction and injection, while an increase in Ld 
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decreases the numerical values of Sherwood number. As in the previous case, the values 

for the case of injection are on the higher side.  

Table 6.4: Variation of Shr for different values of Ld and Ne and S taking 
 . 

=0.1    

 
 

S=-0.1 S=0.1 S=-0.1 S=0.1 S=-0.1 S=0.1 S=-0.1 S=0.1 
Shr Shr Shr Shr 

0.1 0.1294 0.1366 0.1091 0.1133 0.0875 0.0885 0.0645 0.0624 
0.3 0.2206 0.2525 0.2038 0.2328 0.1861 0.2122 0.11674 0.1904 
0.5 0.3126 0.3721 0.2989 0.3561 0.2847 0.3393 0.2699 0.3219 
0.7 0.3968 0.4836 0.3859 0.4710 0.3747 0.4582 0.3634 0.4451 

6.1.5 Conclusions 

The analysis of thermodiffusion effects on flow of nanofluid over the permeable stretching 

sheet under the effects of porous medium and convective boundary conditions is presented. 

Proper similarity transformations are used to convert the equations governing the flow 

phenomena into a system of non-linear ordinary differential equations. The RK-Fehlberg 

method is used to solve the governing system coupled with a shooting technique. The 

emerging parameters are analyzed graphically. Comparison with existing solutions is also 

done to check the efficiency of numerical technique applied. The suction and injection 

parameter plays an essential role in helping to control the boundary layer. High injection 

can be used to control the velocity boundary layer. Also, temperature, concentration and 

solutal boundary layers can also be controlled using the injection at the plate.  

It can also be concluded from our study that increase in Brownian motion parameter Nb 

and thermophoresis parameter Nt results in decreasing values of the reduced Nusselt 

number and increasing values of the reduced nanofluid Sherwood number. A slightly 

different behavior is observed for the case of injection and suction.  Also, the numerical 

values of the reduced Sherwood number increase slightly with increase in Dufour solutal 

number Ld. A slight increase in Sherwood number is seen for increasing values of Le. A 

decrease in Sherwood number is seen for increasing values of Lewis number Le.  

This study may help the development of more efficient cooling systems based on 

nanotechnology. The analysis also casts light on different factors affecting the rates of heat 

and mass transfer. These rates play a very critical role for the proper functioning of aircrafts 
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and spaceships. Thermal processing based on such types of analysis can lead to enhanced 

properties of metals, alloys, and fluids applied to extend the lifespan of the components. 

Components like Aircraft turbine blades and vanes must endure through extreme 

temperatures during operation. Sometimes, these temperatures get to the melting points of 

the materials involved. Proper heat treatment and the use of surface and nanotechnology 

cannot only prolong the life of the blades, but also allow them to work more reliably under 

these extreme conditions. The porosity of the blades increases their creep and fatigue; Hot 

Isostatic Pressing (HIP) is therefore used to remove or reduce the porosity. For these 

reasons, our study is expected to contribute positively to the development of aerospace 

equipment.  

nterest. In problems where the 

walls of the channel are either stretching or shrinking, this model can prove to be very 

efficient. The next chapter presents a novel analysis for the flow of nanofluids in 

converging/diverging channels with stretchable walls..  
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Chapter 7 Numerical Solutions for the Flow of 

Nanofluid in a Stretchable 

Convergent/Divergent Channel: Application of 
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7.1 MHD Flow of Nanofluid in Convergent/Divergent Channels with Stretchable 

W  

7.1.1 Introduction 

Flows in converging and diverging channels have attracted many researchers due to the 

applications in physical, biological and engineering sciences. Flows through rivers and 

canals, blood flow through arteries and capillaries are the main examples of these flows. 

The pioneering research in this regard can be traced back to Jeffery and Hamel [13, 14]. 

Therefore, these flows are also termed as Jeffery-Hamel flows. Numerous studies are 

available that presented various aspects of these flows under varying conditions. Analytical 

solution of the mentioned problem was computed by Esmaeilpour and Ganji [89]. Many 

studies are available in literature that extended the traditional Jeffery-Hamel flow problem 

for various non-Newtonian fluids. Related studies are already discussed in the introduction 

part of this manuscript.  

Stretching and shrinking sheets play an essential role in practical situations such as 

engineering melt spinning, manufacturing of rubbers, glass fiber production, etc. A seminal 

work in this regard was presented by Crane [9]. After the pioneering work, till date, many 

researchers provided various aspects of stretching/shrinking flows by taking into account 

the various forces involved. Heat and mass transfer analysis for these types of flows and 

other properties have been extensively studied in recent times by various researchers. 

Numerous studies are available in this regard that analyzed the various aspects of flows 

over stretching/shrinking surfaces [73, 81, 82] 

The fluids like water, ethylene, kerosene, etc., at room temperature, are poor conductors in 

general. There have been several attempts to enhance the thermal properties of these fluids. 

Experimental results proved that the thermal properties of traditional fluids can be 

enhanced significantly by adding the nanosized particles in the traditional fluids. This idea 

was first put forward by Choi [1] and the term nanofluids was presented for the first time. 

Choi presented a model that incorporated various aspects of nanofluids into account. 

Experimental validations have shown that the thermal properties of the traditional fluids 
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can be enhanced using the idea presented by Choi. After this pioneering and ground-

breaking study, researchers presented different models to incorporate various aspects of 

flows. Buongiorno [7] gave a new insight into the study of nanofluids by proposing a model 

that used the Brownian motion and thermophoresis effects as a benchmark in the model. 

Hamilton and Crosser [5], Maxwell [4], and Xue [6] gave proper perception of different 

properties of nanofluids by presenting different models for the effective thermal 

[8] extended the work 

on nanofluids to a stretching surface. Khan et al. [60] 

the slip effects on the flow of nanofluids in converging/diverging channels.  

In a recent study, Turkyilmazoglu [26] extended the traditional Jeffery-Hamel flow 

problem to the case incorporating the stretching/shrinking walls. Heat transfer effects were 

also taken into consideration by Turkyilmazoglu. Mohyud-Din et al. [36] used the 

he flow and heat transfer of nanofluids in stretchable 

convergent/divergent channels in the presence of magnetic field effects. The purpose of the 

current study is to present a concrete analysis of flow behavior in converging and diverging 

channels having 

governing the flow. MHD effects are also taken into consideration. Due to the uncertainty 

of the exact solutions, numerical solutions will be obtained using Runge-Kutta-Fehlberg 

method. Comparison with existing solutions will also be a part of the study.  

7.1.2 Governing Equations  

Flow is considered at the intersection of two plane walls due to source or sink with the 

angle between the walls taken (Figure 7.1). The walls are assumed to be 

stretching/shrinking at a rate in such a way that the velocity at the wall can be written as 

. Furthermore, a divergent channel is represented when , while for 

, the same channel is convergent. A thermal equilibrium is assumed between the base 

fluid and the nanoparticles. A uniform transverse magnetic field of strength is 

applied across the channel to analyze the flow under the influence of an external body 

force.   
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Figure 7.1 Schematic diagram of the flow problem 

For the mentioned flow, polar coordinates system  is used to formulate the problem. 

Under this convention, the velocity field takes the form , where  is a 

function of   and  both.  

The equations of continuity, momentum and energy in polar coordinates under the imposed 

assumptions become [26] 

  (7.1) 

     
(7.2) 

   (7.3) 

  (7.4) 

, (7.5) 

Boundary conditions for the problem are,  

 at    

 at  

 

(7.6) 

where,  is the velocity at the centerline of the channel and ,  respectively, represent 

the velocity and temperature at the wall of the channel. In the boundary conditions,  
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represents the stretching/shrinking of the walls of the channel.  

Furthermore,  denote the density, dynamic viscosity, electric conductivity,  

is the thermal diffusivity of nanofluid,  where  is the volumetric expansion 

coefficient and  is the density of the particles.  is the thermophoresis coefficient and 

 represents the Brownian motion coefficient, respectively. 

The continuity equation (Eq. (7.1)) gives a clear description of the radial velocity of the 

form,   

.  (7.7) 

Using the following non-dimensional variables,  

  (7.8) 

Elimination of the pressure terms from Eqs. (7.2), (7.3) and the implementation of 

similarity transformation (7.8), gives us the coupled equations for the velocity and 

temperature profiles as:  

   (7.9) 

 (7.10) 

 
(7.11) 

Use of Eq. (7.6) reduces the boundary conditions for the problem to a more compact form 

as: 

      

        

 

 

(7.12) 

In the above equations,  denotes the stretching/shrinking parameter and  

stands for stretchable walls, while  represents the case of shrinking walls. Re here is 

Reynolds number given by: 
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, . 

Further, , , ,  represent 

Hartmann number, Prandtl number, Brownian motion and thermophoresis parameters 

respectively.  

Quantities of physical interest are the skin friction coefficient and Nusselt number defined 

as:  

 

 

 

7.1.3 Solution Procedure  

The system governing the equations is solved by employing a reputable numerical Runge-

Kutta-Fehlberg (RKF) Method coupled with the shooting technique. For the solution of the 

problem, the shooting method converts the system to a set of initial value problems and 

then the solution is obtained by RKF method. The step size is taken as 0.001 and the 

convergence criteria is taken as .  

7.1.4 Results and Discussion 

This section is dedicated to critically analyze the flow behavior, temperature and 

concentration variations for the problem with the variations in the involved parameters. For 

the said purpose, the section is divided into two subsections, one for the divergent channel 

and the other for convergent channel. With the graphical aid, both the stretching and 

shrinking cases for diverging and converging channels are considered in details. It is 

pertinent to mention here that throughout the manuscript, solid lines for the graphs 

represent the flow for stretching walls, while the dashed lines represent the flow for 

shrinking walls. Also, the value of Prandtl number  is fixed at 6.2.  

7.1.4.1 Divergent Channel 

To explore the behavior of velocity, temperature and concentration profiles under varying 

parameters for the divergent channel, Figure 7.2 to Figure 7.18 are plotted. The stretching 

and shrinking cases are represented in the same figure. From Figure 7.2, with the increase 
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in , velocity is seen to be decreasing. The major change is near the walls of the channel, 

while at the central portion of the channel, there seems to be no effect on the velocity of 

the fluid. The stretching of the divergent channel for increasing  results in backflow 

regimes that may cause separation at some point. For the shrinking divergent channel, 

velocity is also seen to be decreasing with increasing values of channel opening . For the 

stretching divergent channel, more fluid moved towards the walls of the channel that results 

in backflow phenomena. The variations in velocity profile for increasing values of 

Reynolds number  are shown in Figure 7.3. Drop in velocity is observed with higher 

values of . Since  is the ratio of momentum forces and viscous forces, it means that 

strong momentum forces will be required for higher values of . These momentum force 

drags more fluid towards the walls of the channel for the stretching divergent channel that 

in return will affect the laminar nature of the flow. There may be a point that separation 

will come into action. An increase in velocity of the fluid is observed for shrinking of the 

divergent channel. Essentially, the backflow region is only observed for stretching of the 

divergent channel.  

Figure 7.2 Change in velocity for 

varying (Divergent channel) 

Figure 7.3 Change in velocity for varying  

(Divergent channel) 

Change in velocity profile of the fluid with the increase in strength of the applied magnetic 

field represented by Hartmann number is shown in Figure 7.4. The velocity of the fluid 

is seen to increase for both the stretching and shrinking of the divergent channels. The main 

advantage of applying magnetic field is that it decreases the backflow regions and can be 

used as a controlling agent for the stretching of the divergent channel. For higher channel 

opening  and , stronger magnetic field will be required to control the separation. 
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Stretching of the walls result in rapid increase in velocity of the fluid as shown in Figure 

7.5. More fluid is drawn towards the walls, which causes the fluid to fluctuate between the 

walls of the channel. On the other hand, shrinking of the walls decreases the velocity of the 

fluid quite considerably. The central portion of the channel is not affected by stretching or 

shrinking of the channel.  

Figure 7.4 Change in velocity for 

varying (Divergent channel) 

Figure 7.5 Change in velocity for 

varying (Divergent channel) 

The temperature variations resulting from the variations in the parameters involved are 

plotted in Figure 7.6 to Figure 7.11. Figure 7.6 gives a description of the temperature profile 

for the increasing values of channel opening . A rise in the temperature of the fluid is 

observed. The main change in temperature is at the central portion of the channel for both 

the stretching and shrinking converging channels. This change becomes slower while 

moving near the walls of the channel. Also, stretching divergent channel has higher 

temperature values as compared to the shrinking channel. The way in which temperature 

profile is affected with the variations in  is shown in Figure 7.7. Stronger momentum 

forces reduce the temperature of the fluid for the divergent channel. The center of the 

channel has the highest temperature, while near the walls, temperature variations are very 

slow. Temperature for the shrinking channel is on the lower side as compared to the 

temperature for stretching channel. The effects of Hartmann number on the temperature 

profile for the divergent channel are portrayed in Figure 7.8. A rise in temperature of the 

fluid is observed at the center of the channel. Near the walls, this change is almost 

negligible. Again, stretching divergent channel has higher temperature values than the 

shrinking channel. In Figure 7.9, variations in temperature with stretching/shrinking 
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parameter  are displayed. It can be observed that the stretching of the channel results in 

upsurge in temperature at the central portion of the channel. For the stretching channel, the 

temperature of the fluid rises with the increase in the stretching parameter. On the other 

hand, the shrinking of the channel results in a drop in temperature at the central portion of 

the channel.  

Figure 7.6 Change in temperature for varying  
(Divergent channel) 

Figure 7.7 Change in temperature for varying  
(Divergent channel) 

 

Figure 7.8 Change in temperature for varying  
(Divergent channel) 

Figure 7.9 Change in temperature for varying  
(Divergent channel) 

The effects of Brownian motion and thermophoresis parameters on temperature profile are 

highlighted in Figure 7.10 and Figure 7.11, respectively. From Figure 7.10, one can easily 

observe that higher values of  are responsible for the rise in temperature of the fluid. 

The major change is at the central area of the channel.  Due to a stronger Brownian motion, 

values of  becomes higher; therefore, the temperature of the fluid increases in this case. 

The stretching divergent channel has higher temperature values as compared to the same 

for the shrinking case. The rising values of thermophoresis parameter result in the increase 
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in temperature of the fluid. Figure 7.11 gives a graphical description for this phenomenon. 

Again, the temperature values for stretching divergent channel are on the higher side as 

compared to the same for the shrinking channel.  

Figure 7.10 Change in temperature for varying  
(Divergent channel) 

Figure 7.11 Change in temperature for varying  
(Divergent channel) 

The behavior of the concentration profile for the divergent channel, under the influence of 

varying parameters, has been discussed in Figure 7.12 to Figure 7.18. Angle opening of the 

channel gives a considerable drop in concentration of the fluid as is evident from Figure 

7.12. The main variation in concentration is at the central part of the channel. This drop in 

concentration is more prominent for the stretching of divergent channel case. Stronger 

velocity force results in higher concentration values as seen from Figure 7.13. Rising in 

Reynolds number gives a rise in the concentration of the fluid. Again, the stretching 

divergent channel has a lower concentration for increasing . 

Figure 7.12 Change in concentration for varying  
(Divergent channel) 

Figure 7.13 Change in concentration for 
varying  (Divergent channel) 

The way in which the Hartmann number alters the concentration profile for the divergent 

channel is displayed in Figure 7.14. The strong magnetic field results in a drop in the 



157 

concentration of the fluid thus can be used to control the concentration. The main area of 

interest for this drop is the middle part of the channel and while moving near the walls, the 

concentration of the fluid becomes stable. In this case also, stretching diverging channel 

has lower concentration values as compared to the shrinking diverging channel. The effects 

of the stretching/shrinking parameter on the concentration profile are plotted in Figure 

7.15. It is clearly observed that stretching of the walls results in a drop in the concentration 

at the central portion of the channel, while shrinking gives a rise in the concentration of the 

fluid.  

Figure 7.14 Change in concentration for 
varying  (Divergent channel) 

Figure 7.15 Change in concentration for varying  
(Divergent channel) 

The Brownian motion and thermophoresis effects on the concentration of the fluid for the 

divergent channel are highlighted in Figure 7.16 and Figure 7.17. A rise in concentration 

is observed for increasing Brownian motion parameter (Figure 7.16). The shrinking of the 

walls for the divergent channel has higher concentration values than for the stretching 

divergent channel. A drop in concentration of the fluid is seen resulting from the increase 

in the thermophoresis parameter . At the central portion of the channel, the drop in 

concentration is more evident, while moving near the walls, a more stable and unchanged 

behavior is observed. This is all shown in Figure 7.17. Figure 7.18 highlights the 

concentration profile under varying values of Lewis number. Increase in  gives a rise in 

concentration of the fluid. This behavior is quite significant for the divergent stretching 

channel as compared to the shrinking divergent channel. Higher values are observed for 

the stretching case.  
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Figure 7.16 Change in concentration for 
varying  (Divergent channel) 

Figure 7.17 Change in concentration for 
varying  (Divergent channel) 

 

 
Figure 7.18 Change in concentration for varying  (Divergent channel) 

7.1.4.2 Convergent Channel 

The behaviors of velocity, temperature and concentration profiles with the variations in 

involved parameters are plotted in Figure 7.19 to Figure 7.35 for the case of convergent 

channel. Both the stretching and shrinking cases are taken into account. The variations in 

the velocity profile with the increase in angle opening are shown in Figure 7.19. An upsurge 

in velocity is seen with the increase in . This increase is mainly in the portion away from 

the walls of the channel and is quite prominent when the convergent channel is shrinking. 

Higher values are seen for the stretching convergent channel. The effects of  on the 

velocity profile are shown in Figure 7.20. Higher  results in more force that pushes the 

fluid away from the walls. Therefore, increasing  results in higher velocity values. This 

increase in velocity is on the higher side for the stretching convergent channel and the 

shrinking channel has lower values for velocity of the fluid. This behavior of the velocity 

profile is quite opposite from the one obtained for the divergent channel.  
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Figure 7.19 Change in velocity for varying   
(Convergent channel) 

Figure 7.20 Change in velocity for varying  
(Convergent channel) 

The influence of Hartmann number on velocity for the case of the convergent channel is 

highlighted in Figure 7.21. A minor increase in velocity of the fluid is seen with increasing 

values of . Again, stretching convergent channel has higher velocity values as compared 

to the shrinking one. This figure proves that the strong magnetic field can be used to 

normalize the flow behavior for the convergent channel. Stretching of the convergent 

channel when all the others parameters are fixed gives a rise in velocity of the fluid as 

shown in Figure 7.22.  This also shows that shrinking of the convergent channel can be 

used as a controlling agent for the rising velocity.  

Figure 7.21 Change in velocity for varying   
(Convergent Channel) 

Figure 7.22 Change in velocity for varying   
(Convergent Channel) 

Variations in temperature profile with varying parameters for convergent channel are 

presented in the next set of figures. Figure 7.23 to Figure 7.29 are plotted for the mentioned 

purpose. An increase in angle opening gives a rise in temperature for both stretching and 

shrinking cases. The major portion of interest is the center of the channel. Near the walls, 

the temperature becomes stable. Higher values of temperature for the stretching of the 
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convergent channel are visible from the figure. The effects of  on the temperature for 

convergent channel are highlighted in Figure 7.24. A rise in temperature of the fluid is 

obvious from the figure. The stretching of convergent channel has higher temperature 

values than the same for the shrinking channel. This behavior of  is quite opposite to the 

same for the divergent channel.  

Figure 7.23 Change in temperature for varying  
(Convergent Channel) 

Figure 7.24 Change in temperature for varying 
(Convergent Channel) 

The influence of Hartmann number on the temperature profile for the convergent channel 

is shown in Figure 7.25. A strong magnetic field gives a rise in the temperature of the fluid. 

This means by employing magnetic forces, the temperature of the system can be enhanced. 

Also, the temperature values for the stretching convergent channel are on the higher side 

as compared to the same for the shrinking channel. The main variations are in the central 

portion of the channel. This behavior of the temperature profile for the convergent channel 

is almost identical to that of the divergent channel. The stretching/shrinking parameter 

influences the temperature of the fluid in a significant way as shown in Figure 7.26. The 

stretching convergent channel results in rising temperature at the middle portion of the 

channel. While the shrinking of the convergent channel decreases the temperature values 

quite significantly and hence can be used as a controlling agent for the rising temperatures 

in many practical situations. The variations in temperature with varying 

stretching/shrinking parameter for the convergent channel are very much same as those for 

the divergent channel. The way in which Brownian motion and thermophoresis parameters 

influence the temperature profile is shown in Figure 7.27 and Figure 7.28 respectively. 

With the rise in these parameters, the temperature profile rises and the temperature for the 

stretching convergent channel is also on the higher side. Again, the main area of interest is 
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the center of the channel and while we move towards the corner of the channel, the 

variations in temperature becomes less dominant.   

Figure 7.25 Change in temperature for 
varying (Convergent Channel) 

Figure 7.26 Change in temperature for varying 
(Convergent Channel) 

Figure 7.27 Change in temperature for varying  
(Convergent Channel) 

Figure 7.28 Change in temperature for 
varying (Convergent Channel) 

The changes in the concentration profile for the convergent channel due to the variations 

in various applied parameters are presented in Figure 7.29 - Figure 7.35. A drop in 

concentration is evident with increasing values of channel opening. This drop is quite 

expressive for the stretching channel case. In Figure 7.30, the variations in the 

concentration profile with the increase in Reynolds number are portrayed. The 

concentration is seen to drop with the strong forces. The stretching convergent channel has 

slightly lower concentration values as compared to the shrinking case.  
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Figure 7.29 Change in concentration for varying  
(Convergent Channel) 

Figure 7.30 Change in concentration for 
varying (Convergent Channel) 

Figure 7.31gives a graphical description of the variations in the concentration of the fluid 

with varying values of the Hartmann number. Clearly, the stronger the magnetic field, the 

lower will the concentration values be for both the stretching and shrinking channels. These 

values for the stretching convergent channel are on the lower side as compared to the same 

for the shrinking channel.  The stretching of the convergent channel marks a drop in the 

concentration of the fluid, while shrinking gives a rise in the concentration as shown in 

Figure 7.32. For all these parameters, the central portion of the channel is the main focus 

of the profile, where it bears the minimum value. When near the walls of the channel, the 

variations in concentration become almost negligible.  

Figure 7.31 Change in concentration for 
varying  (Convergent Channel) 

Figure 7.32 Change in concentration for varying  
(Convergent Channel) 

The way in which Brownian motion parameter effects the concentration profile is shown 

in Figure 7.33. It can be seen that the stronger the Brownian motion, the higher will the 

concentration of the fluid be. For this case, the stretching convergent channel has slightly 

higher values of concentration than the shrinking channel. The effects of the 
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thermophoresis parameter on the concentration are shown in Figure 7.34. A drop in 

concentration is observed with increasing thermophoresis parameter. The stretching of the 

walls for the convergent channel has lower concentration values for this case as well. The 

deviations in concentration for increasing values of Lewis number are plotted in Figure 

7.35. An increase in concentration is observed with the increase of Lewis number. At the 

central part of the cannel, concentration gains its maximum value and while moving 

towards the walls of the channel, the variations in concentration become almost zero. From 

Figure 7.35, it is also evident that the stretching of the convergent channel has higher 

concentration values than the same for the shrinking channel.  

Figure 7.33 Change in concentration for 
varying (Convergent Channel) 

Figure 7.34 Change in concentration for 
varying  (Convergent Channel) 

 
Figure 7.35 Change in concentration for varying  (Convergent Channel) 

Figure 7.36 to Figure 7.39 are plotted to analyze the behavior of the skin friction coefficient 

with the variations in the channel opening and the Reynolds number . With an increase 

in , the values of the skin friction coefficient get a slight increase for the case of the 

divergent channel case. However, for the convergent channel, a slight drop in the 

coefficient of skin friction is observed. The channel opening gets the coefficient to increase 
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considerably for the divergent channel case. And a reverse behavior is seen for the case of 

the convergent channel, i.e. a drop with the increase in channel opening is evident from 

Figure 7.37. For both convergent and the divergent channels, the case of stretching walls 

hold higher skin friction values as compared to the case when the walls of the channel are 

shrinking.  

Figure 7.36 Variations in Skin friction coefficient 
with varying  and  (Diverging Channel) 

Figure 7.37 Variations in Skin friction coefficient 
with varying  and  (Converging Channel) 

 

 

Figure 7.38 Variations in Skin friction coefficient 
with varying  and  (Divergent Channel) 

 

Figure 7.39 Variations in Skin friction coefficient 
with varying  and  (Convergent Channel) 

The variations in the Nusselt number for some of the prominent parameters involved are 

plotted in next set of figures. Figure 7.40 - Figure 7.45 are displayed for the mentioned 

purpose. From these figures, it is noted that with increase in the Reynolds number , the 

values of the Nusselt number gets a slight drop for the case of the divergent channel. For 

the convergent channel case, the behavior is on the opposite side, a slight increase in the 

Nusselt number is observed with an increase in . In the case of the stretching walls, both 

the convergent and divergent channel get higher values of Nusselt number for all cases 
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involved. The upsurge in Brownian motion parameter increases the rate of heat transfer for 

both the convergent and the divergent channels as observed in Figure 7.40 and Figure 7.41. 

A similar behavior is also observed for increasing values of thermophoresis parameter , 

the difference being the higher values of Nusselt number for variations in the 

thermophoresis parameter. The Lewis number  behaves almost identically for both the 

convergent and divergent channels as plotted in Figure 7.44 and Figure 7.45. Increase in 

the heat transfer rate at the wall resulting from the increase in  is evident from these two 

figures. 

Figure 7.40 Variations in Nusselt number with 
varying  and  (Divergent Channel) 

Figure 7.41 Variations in Nusselt number with 
varying  and  (Convergent Channel) 

 

Figure 7.42 Variations in Nusselt number with 
varying  and  (Divergent Channel) 

Figure 7.43 Variations in Nusselt number with 
varying  and  (Convergent Channel) 
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Figure 7.44 Variations in Nusselt number with 
varying  and  (Divergent Channel) 

Figure 7.45 Variations in Nusselt number with 
varying  and  (Convergent Channel) 

The values of the Sherwood number with the variations in the involved parameters are 

plotted in Figure 7.46 to Figure 7.49. These figures reveal that the increase in Reynolds 

number is responsible for a rise in the Sherwood number for the divergent channel case, 

while a slight decrease in the Sherwood number is observed for the convergent channel. 

Higher values for the shrinking of the walls for both the convergent and divergent channels 

are obvious from the figures. The Brownian motion parameter increases the Sherwood 

number for both the convergent and divergent channels. A drop is seen in the Sherwood 

number with an increase in the thermophoresis parameter  as shown in Figure 7.48 and 

Figure 7.49. 

Figure 7.46 Variations in Sherwood number with 
varying  and  (Divergent Channel) 

Figure 7.47 Variations in Sherwood number with 
varying  and  (Convergent Channel) 
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Figure 7.48 Variations in Sherwood number with 
varying  and  (Divergent Channel) 

Figure 7.49 Variations in Sherwood number with 
varying  and  (Convergent Channel) 

The comparison of the results obtained in this study with some of the earlier studies indicate 

that the solution obtained here is in excellent agreement with already existing solutions as 

seen in Table 7.1and Table 7.2.  

Table 7.1: Comparison of numerical values for skin friction coefficient with the already existing solutions 
in literature for  

 

 

 

  

 

 

  

 RK-F Turkyilma

zoglu [26] 

Mohyud-Din 

et al [36] 

RK-F Turkyilma
zoglu [26] 

Mohyud-Din 

et al [36] 

-1 -3.508103 -3.508103 -3.508103 -2 -5.130922 -5.130922 -5.130922 

-1/2 -2.173044 -2.173044 -2.173044 -1 -4.652159 -4.652159 -4.652159 

0 0.000000 0.000000 0.000000 0 -2.833951 -2.833951 -2.833951 

½ -0.361846 -0.361846 -0.361846 1 0.000000 0.000000 0.000000 

1 0.000000 0.000000 0.000000 2 3.669711 3.669711 3.669711 

 

Table 7.2: Comparison of numerical values for Nusselt number with the already existing solutions in 
literature for  

 

 

 

   

 

 

  

 RK-F Turkyilma

zoglu [26] 

Mohyud-Din 

et al [36] 

 RK-F Turkyilma

zoglu [26] 

Mohyud-Din 

et al [36] 

-1 0.034775 0.034775 0.034775 -2 0.031576 0.031576 0.031576 

-1/2 0.0372685 0.0372685 0.0372685 -1 0.037322 0.037322 0.037322 
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0 0.039982 0.039982 0.039982 0 0.042151 0.042151 0.042151 

½ 0.042986 0.042986 0.042986 1 0.046401 0.046401 0.046401 

1 0.046401 0.046401 0.046401 2 0.050242 0.050242 0.050242 

7.1.5 Conclusions 

In this sectione, the flow of nanofluid in a converging/diverging channel with stretchable 

walls is presented. The magnetoydrodynamic nature of the flow is incorporated. 

Bu  model is used to transform the equations governing the flow into a system 

of ordinary differential equations. Comparison with existing solutions is also given to 

check the accuracy of our obtained results. The effects of the parameters on the Skin 

friction coefficient, Nusselt and Sherwood numbers are also given in a tabular form. The 

major outcomes of this study are as follows:  

 Angle opening and Reynolds number have opposite effects on the velocity profile 

for convergent and divergent channels.  

 A backflow phenomenon is observed for the stretching of divergent channel when 

angle opening and  are increasing. This backflow can be controlled in two ways; 

one is by applying a strong magnetic field and the other by shrinking the walls of 

the divergent channels. These results can be useful in various practical situations.  

 The stretching of the divergent channel gives a rise in flow near the walls of the 

channel and shrinking decreases the velocity of the fluid near the walls of the 

channel. An identical behavior is seen for the case of the convergent channel.  

 A higher Reynolds number can be used to control the temperature profile. 

Furthermore, the shrinking of both the converging and diverging channels can be 

used as a controlling agent for the temperature profile.  

 Channel opening, Hartmann number, stretching of a channel, thermophoresis and 

Brownian motion parameters are responsible for the rise in temperature both for the 

converging and diverging channels.  

 The stretching of both the converging and diverging channels can be used to reduce 

the concentration of the fluid. Also, the increase in the channel opening, Hartmann 

number and thermophoresis parameter is responsible for a drop in the concentration 

of the fluid.  
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 The concentration profile increases with increasing Reynolds number for the 

diverging channel, while it decreases with increasing Reynolds number.  

 The concentration of fluid increases with the stretching of both the converging and 

diverging channels. Furthermore, Brownian motion parameter and Lewis number 

increases the concentration of fluid for both the converging and diverging channels. 

So far in this manuscript, our focus was on two dimensional flows. For the flow of 

nanofluids in three dimensions, we present a study in next chapter.   
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Chapter 8 Numerical Investigation for Three 

Dimensional Flow of nanofluid in a Channel 

with Lower Stretching Wall  
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8.1 Numerical Investigation for three dimensional squeezing flow of 

nanofluid in a channel with lower permeable stretching wall  

8.1.1 Introduction  

The flow between parallel plates squeezing up and down has been an area of interest to 

researchers due to the applications in many engineering and physical processes. These 

include: flows in polymer processing, theory of lubrication, flow on vessels due to 

expansion and contraction, etc. The pioneering work in this regard can be traced back to 

Stefan [27].  He used a viscous incompressible fluid for the analysis. Since these pioneering 

works, many researchers devoted their efforts to explore the effects of various applied and 

internal forces on the flow. In a study conducted by Langios [28] and Salbu [29], the effects 

of inertial forces on the fluid flow were neglected. Thorpe [30] proposed an exact solution 

for the problem by incorporating the influence of inertial forces. Later on, Gupta and Gupta 

[31] gave a concise solution for the same problem and proved that the exact solution given 

by Thorpe is not accurate. Kuzma [32] studied the flow of viscous fluid squeezed between 

two infinite circular plates. Munawar et al. [33] extended the above mentioned studies to 

the case of three-dimensional flow while taking the rotation of the channel into account. 

They also assumed the lower plate of the channel to be permeable and stretching with a 

velocity. Further analysis was carried out by various researchers to explore the squeezing 

flows in a channel.  

In many engineering phenomenon, the low thermal conductivity of the fluids like water, 

kerosene, ethylene, and so on has been an area of concern. Due to the lower values of 

thermal conductivity, heat transfer rates of these fluids is on the lower side. To overcome 

the issues and to enhance the thermal properties of these fluids, Choi [1] in 1995, presented 

the idea of nanofluids. The basic notion is to add a suitable amount of nanoparticles to the 

fluids that traditionally are poor heat conductors. By this method, the thermal properties 

can be enhanced to a large extent as pointed out in various studies. Several researchers 

came up with different models based on experimental results that proved to be significant 

in improving the heat transfer characteristics of different nanofluids. Maxwell [4] proposed 

a model for the spherical shaped nanoparticles and concluded that the thermal conductivity 
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of nanofluids can be enhanced by using his model. Hamilton and Crosser [5] generalized 

-spherical shaped nanoparticles. They also discovered that the 

higher the shape factor of nanoparticles, the higher will the thermal conductivity of the 

corresponding nanofluid be. Xue [6] presented a model for the effective thermal 

conductivity of carbon nanotubes and concluded that the thermal conductivity of CNT 

based nanoparticles is on the higher side to that of spherical, platelet and cylindrical shaped 

nanoparticles. One can find enough work on various models for thermal conductivity of 

nanofluids. Freidoonimehret al. [90] extended the three dimensional squeezing flow in a 

channel with permeable lower wall by incorporating the nanoparticles in the flow. In 

another study, Shahmohamadi and Rashidi [91] obtained the analytical solutions for the 

same problem for different types of nanoparticles. 

To the best of 

carbon nanotubes and squeezed in a channel with lower stretching permeable wall, has not 

been considered by any researcher up till now. To fill up the gap, in this study, we present 

a detailed analysis for the mentioned problem. Equations that govern the flow are 

transformed into a set of ordinary differential equations. The resulting equations are solved 

numerically by employing a useful numerical algorithm called the Runge-Kutta-Fehlberg 

scheme. The analysis is carried out with the help of graphs coupled with comprehensive 

discussions.  

8.1.2 Governing Equations  

Consider a three-dimensional channel of parallel plates. An incompressible fluid is 

assumed to be flowing in the channel. The type of fluid is taken as a nanofluid. 

Nanoparticles of the form called Carbon Nanotubes (CNT) are suspended in the base fluid. 

Base fluid and the nanoparticles are taken to be in equilibrium. The lower wall of the 

channel is placed at , and is assumed to be stretching in the -direction. The velocity 

with which the plate is stretching is taken as . The distance between the lower 

and the upper plate of the channel is taken to be . Also, the lower plate of the 

channel is assumed to be permeable with the velocity at the wall taken as  The flow 
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configuration is shown in Figure 8.1. Under the abovementioned assumptions, the 

equations governing the flow in a rotating frame can be expressed as [33]: 

 
Figure 8.1 Schematic diagram of the flow problem 

  (8.1) 

,  (8.2) 

  (8.3) 

,   (8.4) 

 . 

(8.5) 

Supported boundary conditions for the problem are: 
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, 

,  

 

(8.6) 

In the equations appended above,  represent the components of velocity in  and 

 directions, respectively.  is the temperature of the base fluid. Also,  gives the 

strength for the stretching of the lower wall of the channel. Furthermore, , ,  

and  stand for the density, dynamic viscosity, heat capacity, electrical conductivity and 

thermal conductivity of the base fluid, and the variations in physical parameters is 

represented by: 

,   (8.7) 

, (8.8) 

Here, , is the viscosity of base fluid and   is the nanoparticle volume fraction. , is 

the thermal conductivity, and  is the density of the nanoparticles, respectively. 

The effective thermal conductivity of nanofluid is expressed as [6]:   

,  

 

(8.9) 

where,  and  are the thermal conductivities of the base fluid (water) and the 

nanoparticles respectively. 

To get a more simplified form of the equations governing the flow, Eq. (8.1)-(8.5) are 

transformed to a non-dimensional set of equations. For the mentioned purpose, the 

following similarity transformations are employed:  
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(8.10) 

The implementation of Eq. (8.10) in Eqs. (8.1) - (8.5) means that, the continuity of Eq. 

(8.1) is satisfied identically. Also, the elimination of pressure from Eqs. (8.2)-(8.3) and the 

use of the similarity variables gives us a set of ordinary differential equations of the form:  

 
(8.11) 

 
(8.12) 

 (8.13) 

Implementation of similarity transformations converts the boundary conditions for the 

problem to a more simplified form: 

 

 

 

(8.14) 

The non-dimensional variables involved in the above equations are summarizes as follows:  

,     ,  (8.15) 

represent the rotation parameter, the suction parameter, squeeze number, Prandtl number, 

Eckert number and the modified Eckert number, respectively. The squeeze number  can 

have both positive and negative values, i.e. when , the upper plate of the channel 

moves towards the lower stretching one, while,  results in the case when the upper 

plate is moving away from the lower one. When , the flow decreases to become 

steady.  Furthermore, 

,    
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,   

, 

Physical quantities of interest are the skin friction coefficient and Nusselt number defined 

as:  

, 

, 

, 

. 

(8.16) 

The properties of the base fluids and the nanoparticles are presented in Table 8.1. 

  

Table 8.1: Thermo physical properties of water, copper and silver nanoparticles [61, 92]. 

 

 

8.1.3 Solution Procedure 

The equations governing the flow i.e. Eqs. (8.11)-(8.13) with the corresponding boundary 

conditions in Eq. (8.14) are solved numerically. A well-known procedure, the Runge-

Kutta-Fehlberg (RKF) method, is employed to solve the system. Firstly, the boundary value 

problem is converted into a set of initial value problems and then the solution is obtained 

using RKF method. The step size is taken as 0.001 and the convergence criteria is taken as 

     

Pure water    6.2 

SWCNTs    --- 

MWCNTs    --- 
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. Here, we have used the built in routine of the software MATHEMATICA that 

considers the RKF numerical scheme for the purpose of finding a solution.   

8.1.4 Results and Discussion 

The analysis for the influence of pertinent parameters on velocity and temperature profiles 

will be provided in this section. For the mentioned purpose, Figure 8.2 to Figure 8.24 are 

portrayed. All the graphical illustrations in this article are plotted with the help of graphical 

utility MATHEMATICA. Throughout this article, the value of Prandtl number  is taken 

as 6.2, which corresponds to water as a base fluid. Carbon nanotubes are used as the 

nanoparticles. Single wall carbon nanotubes (SWCNT) and the multi wall carbon 

nanotubes (MWCNT) are considered for the analysis. The properties of the base fluid and 

the nanoparticles such as the density, specific heat and the thermal conductivity are 

highlighted in Table 8.1. In all the figures illustrated in the upcoming part of the section, 

the solid lines are for the SWCNT, while the dotted lines represent the MWCNT. The 

influence of the suction parameter  on the velocity profile is presented in Figure 8.2 to 

Figure 8.5. The component of the velocity  of the fluid seems to be increasing with an 

increase in the suction parameter .  Due to the suction at the lower plate, more fluid in 

sucked from the region confining the plates and that gives a rise to the velocity at the lower 

plate. >0 refers to the case when the upper plate moves towards the lower stationary 

plate. For the velocity component , with the increase in , a drop in velocity is 

observed from Figure 8.3. This drop causes a flow reversal at the central portion of the 

channel. An almost similar behavior of the velocity components is observed from Figure 

8.4 and Figure 8.5 when . Since  means that the upper plate is moving away 

from the lower plate that result in a space between the plates and the fluid gets in this region 

to fill up this space, this will result in a reverse flow for the fluid. The SWCNT are seen to 

have a slightly higher velocity as compared to the MWCNT. The higher values of the 

density of MWCNT are the reason for this difference between the velocities. The variations 

in the components of the velocity caused by the rise in volume fraction of the nanoparticles 

are shown in Figs. 6 and 7. A rise in  is observed from Figure 8.6. Obviously, when 

the upper plate is moving towards the lower stationary plate, velocity exhibits lower values 

as compared to the case when upper plate is moving away from the lower plate. A drop in 
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the velocity component  is obvious from Figure 8.7 with the rise in the volume 

fraction of the nanoparticles.  

 

Figure 8.2 Velocity profile ( )) for different 
values of  (  

 

Figure 8.3 Velocity profile ( )) for different 
values of  (  

 

 

Figure 8.4 Velocity profile ( )) for different 
values of  (  

 

Figure 8.5 Velocity profile ( )) for different 
values of  (  
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Figure 8.6 Velocity profile ( )) for different values 
of  

 

Figure 8.7 Velocity profile ( )) for different 
values of  

  

Figure 8.8 and Figure 8.9 are plotted for the analysis of velocity profiles with the variations 

in the Squeeze number . The increase in  gives a rise to the velocity components  

and . The velocity at the upper plate for velocity component rises with the 

increase in , while the component of velocity  gets a major change at the central 

portion of the channel. When the plates are moving apart <0), a reverse flow at the 

central part is observed in Figure 8.10. With an augmentation in , this reverse flow can 

be stopped as shown in the figure.  

Figure 8.8 Velocity profile ( )) for different 
values of  

Figure 8.9 Velocity profile ( )) for different 
values of  

The next set of figures give a graphical narrative for the deviations in velocity profiles for 

increasing values of the rotation parameter . The component of velocity  behaves 

quite interestingly. Near the lower plate of the channel, the velocity of the fluid starts 

decreasing with a rise in the rotation parameter and from the center of the channel, onwards, 

a drop in velocity with an increase in  is observed. The case when the plates are moving 
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apart exhibits higher velocity values as compared to the case when the plates are coming 

together. Figure 8.11 represents the changes in velocity component  for different 

values of the rotation parameter . In the region close to the lower plate, i.e. between 

, velocity drops with an increase in the rotation parameter. At the middle portion 

of the channel, i.e. in the region , augmentation in velocity is observed with 

the rising values of . And at the region closer to the upper plate, i.e. , 

velocity declines with the rise in rotation parameter. For all these values, in the first and 

the third region, SWCNT are seen to be with slightly lower velocity values than the 

MWCNT, however, at the central region, the velocity for the SWCNT in on the higher 

side.   

Figure 8.10 Velocity profile ( )) for different 
values of  

Figure 8.11 Velocity profile ( )) for different 
values of  

The next set of figures give a graphical description of variations in the velocity component 

 with the deviations in various involved parameters. When the values of suction 

parameter  are higher, a steep drop in velocity component is evident from Figure 8.12 and 

Figure 8.13. However, this drop in velocity   is more sharp when the plates are moving 

away from each other . Figure 8.14 is plotted to investigate the variations in 

 for increase in the nanoparticle volume fraction .  A rise in the velocity is observed 

in this figure both for  and . However, the velocity is on the higher side 

when . At the central part of the channel, a reverse flow is also observed. In the 

case, when , the addition of nanoparticles in the base fluid may be used to reduce 

the reverse flow at the center of the channel. The influence of the Squeeze number on the 

 component of the velocity is highlighted in Figure 8.15.  Higher values of  can 
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provide a solution to the reverse flow as seen from this figure. When the plates are moving 

apart, a strong reverse flow is observed at the central part of the channel and hence, 

reducing the velocity quite efficiently. The rotation parameters deliver a drop in velocity 

component  as documented in Figure 6.1. These give us a clear indication that the 

velocity of fluid for the SWCNT is lower as compared to the velocity for the MWCNT. 

Figure 8.12 Velocity profile ( )) for different 
values of  ( ) 

Figure 8.13 Velocity profile ( )) for different 
values of  ( ) 

  

Figure 8.14 Velocity profile ( )) for different 
values of  

Figure 8.15 Velocity profile ( )) for different 
values of  
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Figure 8.16 Velocity profile ( )) for different values of  

The influence of the parameters involved on the temperature profile is highlighted 

graphically in Figure 8.17 to Figure 8.24. Figure 8.17 and Figure 8.18 give a description 

of the temperature variation for different values of the suction parameter keeping all the 

other parameters fixed. Suction at the lower wall provides higher temperature near the 

lower end of the channel and at the upper plate; temperature is on the lower side. The 

increase in temperature at the central portion of the channel is evident from these two 

figures. When , temperature of the fluid is lower as compared to the case when 

. The influence of squeeze number  on the temperature profile is underlined 

in Figure 8.19 and Figure 8.20. When the plates are coming together ( ), the 

temperature of the fluid inside the channel increases. On the other hand, when the upper 

plate is moving away from the lower plate, the values for the temperature profile are on the 

higher side (Figure 8.20).  

Figure 8.17 Temperature profile ( )) for 
different values of  ( ) 

Figure 8.18 Temperature profile ( )) for 
different values of  ( ) 
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Figure 8.19 Temperature profile ( )) for 
different values of  

Figure 8.20 Temperature profile ( )) for 
different values of  

The next set of Figures (Figure 8.21-Figure 8.24) provide a pictorial analysis of the 

deviations in temperature profile with the increase in rotation parameter, the volume 

fraction of nanoparticles, the Eckert number , and the local Eckert number .  From 

Figure 8.21, the temperature of the fluid is seen to be increasing with a rise in the rotation 

parameter. The case when the upper plate is moving away from the stationary lower plate 

( ) has lower values of temperature as compared to the case when the upper plate 

is moving towards the lower plate ( ). This difference between the temperatures 

is quite justified, because, when the upper plate is moving away from the lower stationary 

plate ( ), more fluid is sucked inside the region between the plates and hence the 

temperature of the fluid will be on the lower side. When the plates are coming together 

( ), the amount of fluid inside the channel becomes lesser, so the higher 

temperature values are expected in this case. Interestingly, the MWCNT have slightly 

lesser temperature than SWCNT in this case. In Figure 8.22, the influence of the volume 

fraction of nanoparticles on the temperature is shown. The more the nanoparticles in the 

base fluid, the higher the temperature is expected to rise. The reason for this rise in 

temperature is the stronger thermal conductivity provided by the addition of nanoparticles 

in the base fluid. The stronger the viscous forces in the energy equation, the higher will the 

temperature of the fluid become. This fact is confirmed from Figure 8.23 and Figure 8.24. 

The stronger the viscous forces, the kinetic energy inside the fluid gains higher values 

resulting in rising temperatures. Thus, higher Eckert numbers (both  and ) provide a 
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way to increase the temperature of the fluid. In this case, the temperature for SWCNT is 

marginally lower than the temperature for MWCNT. 

Figure 8.21 Temperature profile ( )) for 
different values of    

Figure 8.22 Temperature profile ( )) for 
different values of      

 

 

Figure 8.23 Temperature profile ( )) for different 
values of  

 

Figure 8.24 Temperature profile ( )) for different 
values of    

  

The analysis of the skin friction coefficient and the Nusselt number for different parameters 

are highlighted in next set of figures. There are two forms of skin friction and Nusselt 

number, one at the lower wall and another at the upper wall. Figure 8.25-Figure 8.28 depict 

the behavior of the skin friction coefficient for various values of involved parameters. 

Figure 8.25gives a description of the skin friction under varying volume fraction of 

nanoparticles and squeeze number . The increase in the nanoparticle volume fraction, 

results in a drop in the skin friction coefficient at the lower wall of the channel. However, 
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at the upper wall, the stronger concentration of nanoparticles gives a rise to the skin friction 

coefficient (Figure 8.26 and Figure 8.28). Furthermore, the increase in the squeeze number 

causes a downfall in the skin friction coefficient at the upper wall of the channel. 

Interestingly, at the lower wall of channel, SWCNT have somewhat higher values of skin 

friction as compared to the MWCNT. A reverse behavior for CNT at the upper wall is 

observed. 

Figure 8.25 Skin friction coefficient for different 
values of  and  (lower wall) 

Figure 8.26 Skin friction coefficient for different 
values of  and  (upper wall) 

Figure 8.27 and Figure 8.28 provide a description of the skin friction coefficient with the 

varying values of the rotation parameter . At lower wall of the channel, the skin friction 

coefficient appears to be dropping with higher values of the rotation parameter. When the 

upper plate is moving towards the lower plate ( , lower values of the skin friction 

coefficient are observed. However, when the upper plate is moving away from the lower 

plate, the values of the skin friction are on the higher side. At the lower channel wall, a rise 

in skin friction values is observed (Figure 8.28).  
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Figure 8.27 Skin friction coefficient for different 
values of  and  (lower wall) 

Figure 8.28 Skin friction coefficient for different 
values of  and  (upper wall)   

The next set of figures are plotted to analyze the variations in Nusselt number with varying 

values of the parameters involved. Figure 8.29 - Figure 8.34 are plotted for the mentioned 

purpose. From these figures, a rise in the local Nusselt number is observed both at the lower 

and upper walls. With the rise in squeeze number ,  the rate of heat transfer at the lower 

wall increases while the same drops for the case of the upper wall (Figure 8.29 and Figure 

8.30). The local Nusselt number increases its values as the lower wall of the channel gets 

a drop with an increase in the rotation parameter. The stronger the rotation of the channel, 

the lower the values of heat transfer at the lower wall. When the plates are coming close to 

each other ( , at the lower plate of the channel, the values of heat transfer rate are 

higher compared to case when the plates are moving apart (  (Figure 8.31). A 

reverse behavior is observed for the upper wall of the channel from Figure 8.32. The effects 

of the increasing Eckert number on the Nusselt number are plotted in Figure 8.33 and 

Figure 8.34. The rise in Eckert number is due to stronger viscous diffusion in the energy 

equation, which results in a drop in the heat transfer rate at the lower plate of the channel. 

At the upper wall of the channel, when Ec gets a rise, heat transfer rate gets a rise. Again, 

the behavior when the upper plate comes closer to the lower plate, and when the upper 

plate moves away from the lower plate, have reverse behavior.  



187 

Figure 8.29 Nusselt number for different values 
of  and  (lower wall) 

Figure 8.30 Nusselt number for different values 
of  and  (upper wall) 

 

Figure 8.31 Nusselt number for different values 
of  and  (lower wall) 

Figure 8.32 Nusselt number for different values 
of  and  (upper wall) 
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Figure 8.33 Nusselt number for different values 
of  and  (lower wall)   

Figure 8.34 Nusselt number for different values 
of  and  (upper wall) 

To compare the results of the obtained solutions in this article with the already existing 

ones, Table 8.2 has been provided. One can easily observe that the solution obtained in this 

article is in agreement with already existing solutions in literature.  

Table 8.2: Comparison of current results with already existing solutions in literature  

    [33]  (Present)  [33]  (Present) 

       

       

       

       

       

     0.   

       

       

       

 

8.1.5 Conclusions 
This article is dedicated to analyze the three dimensional squeezing flow and heat transfer 

of nanofluid in a rotating channel. The lower wall of the channel is assumed to be 

permeable. Water is taken as the base fluid, and the base fluid is assumed to be saturated 

by Carbon nanotubes (CNT). SWCNT and MWCNT are used for the purpose of analysis. 

The solution to the problem is obtained numerical by using the Runge-Kutta-Fehlberg (RK-
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F) method. The major outcomes of this study can be outlined as follows:   

  For the velocity profile , an increase in the suction parameter  is observed 

for both the cases, i.e. when the upper plate is moving away from the lower one, 

and when the upper plate is moving towards the lower plate. 

 The component of velocity  has quite an opposite behavior from the one for 

.   

 The volume fraction of nanoparticles tend to increase the velocity component , 

SWCNT have a slightly lower velocity compared to the MWCNT.  

 A drop is observed in the component  with an increase in . Furthermore, a 

slightly higher velocity is evident for MWCNT compared to the SWCNT.  

 With a rise in squeeze number, the components  and  get a rise when the 

upper plate is moving towards the lower stationary plate ( ), while a drop is 

seen also in the velocity components with an increase in the squeeze number when 

the upper plate is moving away from the lower plate ( ).   

 With the rise in the rotation parameter , both  and  have dual behaviors. 

SWCNT have higher velocity than the MWCNT.  

 The velocity component  increases with an increase in the  and , 

while a drop is observed in  for all the other involved parameters. For the 

increasing values of  and , SWCNT have slightly lower velocity than the 

MWCNT. With increase in , the MWCNT have a higher velocity.  

 A rise in temperature is seen for increasing values of ,  and  is seen. 

With increasing values of the parameters  and , SWCNT have slightly higher 

temperature values compared to MWCNT. With increase in  and , the 

behavior of SWCNT and MWCNT is opposite. 

 The skin friction coefficient at the lower wall drops with the stronger volume 

fraction of nanoparticles. However, at the upper wall of the channel, the skin 

friction coefficient gets a rise with the nanoparticle volume fraction.  

 Increase in squeeze number raises the skin friction coefficient at the lower wall, 

while a drop in skin friction coefficient occurs at the upper wall with a higher 

squeeze number. An almost reverse behavior of the skin friction coefficient is 
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perceived with the stronger rotation of the channel.  

 SWCNT have higher values of skin friction coefficient at the lower wall than 

MWCNT, while at the upper wall of the channel, the values of MWCNT are seen 

to be on the higher side.  

 The effect of the squeeze number  on the Nusselt number is almost identical to 

that of the skin friction coefficient. A rise is observed at the lower channel wall and 

a drop at the upper wall of the channel resulting from increase in the squeeze 

number.  

 The rotation parameter and the Eckert number have almost similar effects on the 

Nusselt number. For both of these parameters, the Nusselt number gets a rise at the 

upper wall, while a drop is observed in the Nusselt number at the lower wall of the 

channel.  

 The results obtained in this article agree exceptionally well with already existing 

literatures.  
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Chapter 9 Conclusions 
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The purpose of this dissertation is to model and analyze the flow of nanofluids in various 

geometries. As expected, the equations governing the flow involve nonlinear terms. Since, 

the exact solutions for these problems are unlikely, therefore, some numerical and 

analytical techniques have been used for the solution purpose. In this study, two types of 

models for nanofluids have been utilized. One is the homogeneous model while, the other 

type is t

have been utilized to study the flow of nanofluids through various geometries. Based on 

the observations of this study, we can conclude that the model presented by Xue et al is 

most suitable among all the dispersion models used. Next comes the Hamilton and 

Hamil

gives the better performance to control the temperature rise and the rate of heat transfer at 

the wall for different geometries.  

The homogeneous model used is the Buongiorno

thermophoresis and the Brownian motion effects into consideration. In chapters 5, 6 and 7 

of this dissertation, we have used this model. In chapter 5, the influence of nonlinear 

radiation on the flow of nanofluid through wedge was presented. It was observed that the 

rise in  raises the temperature and concentration profiles for the flow. In chapter 6, 

influence of convective boundary condition on the flow through porous medium was 

discussed. It can be remarked that the suction and injection parameter plays an essential 

role in helping to control the boundary layer. High suctionn can be used to control the 

velocity boundary layer. Also, temperature, concentration and solutal boundary layers can 

also be controlled using the injection at the plate. A novel study regarding the flow of 

nanofluid in converging and diverging channel with stretchable walls has also been 

considered. The models of Buongiorno, Maxwell and the model proposed by Xue et al 

have been considered for that analysis. Among all these models, the model of Xue et al is 

seen to provide better heat transfer rates for the fluid.  

In short, this study can be useful in many areas of science. In many engineering problems, 

where, we encounter the problems of low heat transfer rates and high temperature values, 
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this study can be utilized to control the respective problems. Further, we remark that the 

use of Carbon nanotubes as the nanoparticles can be beneficial in controlling the heat 

transfer rates.  


