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Abstract 

The effects of the constant and space-dependant flows of plasma species on the linear 

and nonlinear dynamics of low frequency electrostatic and electromagnetic waves are 

studied by using fluid theory. The nonlinear structures such as solitons, double layers 

and vortices produced by plasma flows are studied under local approximation. 

The theoretical model is applied to space and astrophysical plasmas where the 

particle velocity distributions exhibit non-Maxwellian behavior, in general. Therefore 

the nonlinear structures have also been investigated considering kappa, q-

nonextensive and Cairn's distributions etc. of lighter species. The characteristics of 

these structures such as the width and amplitude of solitons and double layers are 

modified in a non-Maxwellian plasma significantly as compared to those when the 

lighter particles are Maxwellian. The Sagdeev pseudo-potential appraoch has been 

employed to get the strongly nonlinear dynamics for the formation of solitons and 

double layers (DLs), while the small amplitude limits are also obtained. Both uniform 

and sheared flows give rise to instabilities of electrostatic and electromagnetic waves. 

The effects of non-Maxwellian distributions on the new type of drift wave, 

which appear even in density homogeneous plasmas and, appear due to sheared flow 

of electrons and ions in the stationary dust plasmas have been pointed out. The 

coupling of this mode with Alfvén wave is also investigated and electromagnetic 

vortices are obtained. Comparison of this research work with initial studies is also 

presented and theoretical model is applied to Saturn's and Jupiter’s magnetosphere for 

the sake of illustrations. An analysis of the sheared flow driven instabilities with 

kinetic approach is also presented and comparison with fluid theory is discussed. 
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Chapter 1

Plasma Flows and Instabilities

1.1 Plasmas and Flows

Plasma physics deals with quasi-neutral ionized gases which exhibit collective behavior under

the long range electromagnetic forces. The charges moving around can generate local concen-

trations of both positive and negative charges which cause electric �elds. The movement of

these charged species also produce currents and magnetic �elds. These �elds a¤ect the motion

of charged species lying even at long distances [1, 2, 3]. In order to maintain quasi-neutrality

in the stationary state, both negative and positive charges in a unit volume are required to

be equal in number. This unit volume element should be large enough that it can include

su¢ cient number of particles, however it small may be in comparison to characteristic lengths

linked with the changes in macroscopic quantities (e.g., temperature and density). Inside every

volume element, the microscopic space-charge �elds of the individual charge carriers must bal-

ance each other to keep the macroscopic neutrality of charge intact [4]. In other words, it
means that the polarization of the plasma medium and consequently redistribution of space

charge stops the external electric �eld penetration. Related to this shielding, the characteristic

length is referred as the Debye length. Since plasma by de�nition is quasi-neutral, so the

external electric �eld will be shielded out by opposite charges over the spatial scale length �D
(which is called Debye length) in such a way that it reduces the applied electric �eld meaning

in other words that the plasma behaves as a dielectric. We use two assumptions to obtain the

expression for electron Debye scaling length �De
(i) weakly coupled plasma condition i.e., the electrostatic potential energy (e') is smaller

than the electron thermal energy KBTe (where Te is the electron temperature and KB Boltz-

mann constant).

(ii) both ions and electrons in simple plasmas are in thermodynamic equilibrium and hence

the velocity distribution of particles can be adopted as Maxwellian [5]. For a strongly coupled

plasma, the Maxwellian velocity distributions are not valid [6, 7].
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Poisson�s Equation in 1-D is mathematically expressed as

r2' = 4�e(ne � ni): (1.1)

The positively charged ions have been assumed singly charged (i.e., Zi = 1). Here the
symbol ' stands for electrostatic potential and for a plasma possessing spherical symmetry,

we have

r2' =
1

r2
d

dr

�
r2
d'

dr

�
;

For Maxwellian electrons ne the number density is given by

ne = n
(0)
e exp

�
e'

KBTe

�
: (1.2)

The symbol Te stands for the electron temperature and e represents charge of an electron.

For e'=KBTe � 1, we can expand the exponential function in the Taylor series as

ne = n
(0)
e

"
1 +

e'

KBTe
+
1

2

�
e'

KBTe

�2
+ ::::

#
: (1.3)

The ions being much heavier than the electrons are assumed to be stationary here. The

assumption of homogeneous plasma allow the electron n(0)e and ion n(0)i densities, to hold the

condition n(0)e = n
(0)
i = n(0) at equilibrium. The ions density far away from grid can be

expressed as

ni = n1 = n
(0). (1.4)

Substituting the values of ne and ni from Eq. (1.3 and 1.4) in Eq. (1.1), we have

1

r2
d

dr

�
r2
d'

dr

�
= 4�e

��
n(0)e

�
1 +

e'

Te
+
1

2
(
e'

Te
)2 + :::

��
� n(0)i

�
;

d'

dr
+ r

d2'

dr2
= 4�e

��
n(0)e

�
1 +

e'

Te
+
1

2
(
e'

Te
)2 + :::

��
� n(0)i

�
;

On retaining only the linear order terms

d2

dr2
(r') =

4�n(0)e2

Te
(r'):

It is a second order linear ordinary di¤erential equation (ODE) whose general solution can

be expressed as

r'(r) = P exp (r=�D) +Q exp (�r=�D) ; (1.5)
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Table 1.1: Typical parameters of naturally occuring and laboratory plasmas
Plasma Particle ne Electron Magnetic Length

density temperature �eld scale
(cm�3) Te (K

o) B (T ) �De (cm)
Interstellar gas 1 104 10�10 1018

Solar wind 10 105 10�8 1012

Van Allen belts 103 106 10�6 108

Earth�s Ionosphere 105 103 3� 10�5 107

Solar Corona 107 106 10�9 1010

Gas discharges 1012 3� 104 - - 1
Fusion Experiment 1013 � 1014 107 � 108 5 102

Fusion reactor 1014 108 5 2� 102

Where P and Q are constants that can be determined by applying the boundary conditions.

The �rst condition, as r ! 0, the electrostatic potential ' ! '0 giving the value of the

integration constant Q = r'0. On the other hand setting r !1, gives exponentially growing
solution which is not physically possible because in such a case the perturbed �eld would

increase inde�nitely. Therefore, by setting P = 0; we get a physically acceptable solution

'D(r) = '0 exp (�r=�D) ; (1.6)

where

'(0) = e=4�"0r; (1.7)

the quantity �De = (Te=4�n(0)e2)
1
2 is de�ned as electron Debye length which can be utilized

as a unit tool to characterize the plasma. Plasmas are found in nature in various forms. For

instance, they exist in terrestrial ionosphere at the heights of 70 � 500 km having density

about ne � 106 cm�3 and Te � 2 � 104 Ko [3]. A stream of charged particles in the form

of solar wind splashing out from sun with density ne � (1 � 10) cm�3 and Te � (104 � 105)
Ko has crucial signi�cance in establishing deep insight into space plasma studies. The corona

(extracted from the Latin word �crown�) represents a form of plasma that circumscribe the

Sun. The corona of the Sun spreads millions of kilometers in space which can be seen in the

course of solar eclipse having density around � (108 � 109) cm�3 near the Sun�s surface and

the electron temperature � 106Ko [3]. The electron number density, temperature and ambient

magnetic �eld for various naturally occurring and laboratory plasma are given in the above

table (1.1) [2].

The essential conditions that an ionized gas must satisfy to be called a plasma are as follows:

� the physical dimension of the system L, must be large as compared to electron Debye

length �De << L,
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� the number of particles in a Debye sphere must be very large i.e.,

(4�=3)ne�
3
De � 1,

� the time � (the average time an electron travels between collisions with neutrals) must be
larger than inverse of !pe i.e., � � 1=!pe [4], where !pe = (4�n

(0)
e e2=me)

1
2 is the plasma

frequency (me, the electron mass).

A large number of di¤erent kinds of waves can propagate in plasmas depending on whether

the system is under the in�uence of electrostatic or electromagnetic perturbations. The inho-

mogeneities and anistropies add to the complexities of the system further [2, 8, 9, 10]. Some

of the low frequency modes that can be excited in a plasma under various conditions are ion

acoustic, lower hybrid, ion cyclotron, Alfvén and drift waves. The fundamental electrostatic

drift mode represents a stable electrostatic vibration mode that requires density inhomgeneity

to exist. The con�nement of low density and high temperature plasmas by magnetic �elds can

be useful for producing electricity by controlled fusion. A great deal of literature exists on

Tokamak devices [3, 11, 12] including the international thermonuclear reactor (ITER) which is

a joint project of several countries for controlled fusion. The interactions of laser with matter

also produces plasmas [13].

The high power laser beams produce high density, high temperature degenerate relativistic

plasmas [14]. In ionosphere, magnetosphere, solar corona and interstellar medium, the plasmas

are generally non-degenerate and non-relativistic. On the other hand, in interior of dense stars

like white neutron stars and dwarfs, the plasmas are highly degenerate and relativistic.

Spatial inhomogeneities (e.g. density, temperature and magnetic �eld etc.) and uniform

or sheared �ows are the reality of a wide variety of plasma systems. The space dependant

(sheared) plasma �ows along and perpendicular to the constant magnetic �eld B0 are present

in space, astrophysical as well as in laboratory environments [15, 16, 17, 18, 19, 20] and are

considered as an important generation source for turbulence and instabilities in plasma. Earlier

it was suggested that the sheared plasma �ow along the constant external magnetic �eld B0
can generate a purely growing electrostatic instability [21]. The con�rmation of it was provided

through Q-machine experiments [22]. Recently [23, 24], it has been explored that such �ows

along B0 in plasma give rise to ion acoustic and ion cyclotron instabilities in addition to

D�Angelo mode [21]. If ions and electrons have the same �ow speed along the �eld B0, then

the zeroth order current does not materialize and in this case, B0 remains unchanged due to

sheared plasma �ow.

It has been pointed out that the otherwise stable electrostatic drift mode [25] becomes

unstable due to sheared �ow along B0. The low frequency drift mode plays a vital role in

particle and mass transport [8, 26, 27, 28]. A few years ago [29, 30, 31], it has been shown that

a drift-like low frequency wave can exist in a plasma having density homogeneity if various
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species move with di¤erent velocities along the external magnetic �eld.

1.1.1 Spatial and Temporal scales

The reality of space-time universe demands that whenever a plasma physicist initiates analysis

of any plasma system, he must be well clear in mind about its dimensions and time of evolution.

The wave structures depend primarily on spatial and temporal scales. The electron-ion plasma

has di¤erent temporal and spatial scales because of the di¤erence in the masses of electrons

and ions. The high frequency waves like upper hybrid, electron plasma, Bernstein and electron

cyclotron [1] appear in the plasma just because of the electron dynamics while the heavy ions

are assumed to be static (having negligible temperature as compared to electrons). On the other

hand, ion acoustic, Alfvén, ion cyclotron and drift waves are called low frequency waves. These

waves have frequencies smaller than or of the order of ion gyrofrequency 
i = eB0=cmi (mi, the

ion mass). In case of low frequency waves, in general, the electrons are assumed to be inertialess

as compared to ions. In between electron and ion time scales, the electrostatic lower hybrid

waves can propagate in the magnetized plasmas with frequency near !LH = (
e
i)
1
2 , where


e = eB0=cme represents the electron gyrofrequency. The high frequency electromagnetic

ordinary and extra-ordinary waves can also propagate in plasmas. Recently [32], it has been

shown that a partially transverse and partially longitudinal wave with frequency near !LH is a

normal mode of the inhomogeneous magnetized electron plasma which has applications mainly

in heavier ion plasmas like barium and fullerene pair-ion plasmas.

The presence of heavier (10�3 to 10�9 m) sized particles as a third species in the plasma
introduce very slow time scales. Corresponding to this additional species, new spatial and

temporal scales appear in the system which make it more complex [33, 34, 35]. The electrons

being the lighter particles in comparison to the mass of ions, may stick to the surface of

these dust species in large numbers converting it to negatively charged particles in most of

the naturally observed space environments and laboratory experiments. However, if secondary

electrons production and photoionization dominate in a system, then dust particles may also

have positive charges, as has been reported in interstellar medium. Depending upon variation in

masses, charge�s signs and their magnitudes dusty plasmas contain various types of dust species.

Dusty plasmas are everywhere that include plasmas near the earth, planetary environments,

Cosmic scenarios and laboratory plasmas [36, 37, 38].

Details about various dusty plasma modes, diverse interactive processes occurring in such

plasmas and dust particles role in materials processing, the recommended readings are the

Refs. [34, 39, 40].

The parameters of di¤erent dusty plasma environments are given in table (1.1.1) [41].
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Table 1.2: Typical naturally occuring and laboratory dusty plasmas
Naturally Man Made
Occurring

(1) Cosmic (i) ordinary �ames
(i) solar nebulae (ii) rocket exhaust
(ii) planetary nebulae (iii) thermonuclear �reballs
(iii) supernova shells (iv) atmospheric aerosols
(iv) interplanetary medium (v) dust in fusion devices
(v) molecular clouds (vi) plasma enhanced chemical
(vii) asteroids vapor deposition (PECVD)
(vi) circunmsolar rings technologies

(2) Solar system (vii) plasmas used for
(i) cometary tails and comae microelectronic fabrication
(ii) planetary ring systems e.g., semiconductor chips,
- Saturn�s rings solar cells and �at
(iii) dust streams ejected panel displays
from Jupiter
(v) zodiacal light

(3) Earth
lightning discharges
volcanoes
meteoric dust
noctilucent clouds
in the mesosphere
moon clouds

Table 1.3: Typical parameters of a dust-laden plasma environments
Solar System Objects ni (cm

�3) Te (K
o) nd (cm

�3)
Interstellar 10�3 10 10�7

clouds

Noctilucent 103 150 10
clouds
Saturn�s E ring 10 105�106 10�7�10�8
Halley�s Comet
I Inside 103�104 < 103 10�3

ionosphere
I Outside 102�103 � 104 5� 10�9�10�7
ionosphere

Saturn�s Spokes 0:1� 102 2� 104 1
Saturn�s F ring 10� 102 105�106 < 30

6



Chapter 1: Plasma Flows and Instabilities

1.1.2 Inhomogeneities and Anisotropies

Most of the naturally occurring and laboratory plasmas have inhomogeneous magnetic �elds

(rB0 6= 0), density gradients (rn(0) 6= 0) and nonuniform �ows (ẑdv(0)=dx 6= 0) and other

type of inhomogeneities. The charged particles under the action of long-range electromagnetic

forces may be distributed in space in such a way that the important plasma quantities are

inhomogeneous and anisotropic. These inhomegeneities and anisotropies of plasma quantities

are the free energy source for waves and instabilities.

1.2 Instabilities

There are situations when a perturbation (or a wave) is capable of extracting energy from

the system. In such case the wave amplitude grows over time, and the wave is said to be

unstable. Most of the space and laboratory plasmas are not thermodynamically stable due to

free energy sources available naturally. There are two kinds of instabilities (macroscopic and

microscopic) that can develop relying on the manner a system departs from thermodynamic

equilibrium. The macroscopic instabilities originate owing to the inhomogeneity or gradients

of plasma species in the coordinate space, while the microscopic instabilities emanate due to

anisotropy in the velocity space or due to velocity distribution shape other than the Maxwellian

distribution. The Kelvin Helmholtz instability due to �ow, purely growing D�Angelo mode [21],

drift wave instability due to sheared �ow and current-driven drift-like waves are the manifesta-

tions of macroscopic instabilities [29, 30, 31]. The examples of microscopic instabilities include

two-stream instability [42, 43, 44], loss-cone instability, Weibel instability [45] and drift wave

instability due to wave-particle interaction [8].

The plasma instabilities give rise to the cross-�eld transport of particles and energy [26, 27]

in Tokamak plasmas. The transport of particles and energy normal to the magnetic �eld

direction is not desirable because it proves destructive for con�nement human endeavor. Due

to instabilities, the radial plasma transport is the major con�nement problem in the fusion

technology [26]. The instabilities in laser plasmas damage the uniform compression of fuel

pellet and this is the main hurdle on the way of achieving break-even [46]. The break-even in

fusion devices is de�ned as the point where the energy released from fusion reactions is larger

than the energy required to sustain the plasma. Plasma energy break-even has never been

achieved. Scientists have now designed the next-step device ITER, currently being built in

France that will be able to �nally achieve the dream of self-sustaining fusion. So far e¤orts are

underway to make this dream come true because it will bring marvellous revolution as a new

source of clean and in�nite energy for human needs. In Space and astrophysical environments,

the plasmas are coupled naturally.

In the availability of free energy source in the plasma system, forces may not restore the
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disturbance back to equilibrium but instead may help the perturbations to grow exponentially.

The plasma perturbation in the linear limit is characterized in Fourier space with frequency

! = !r + i (!r/ being real/imaginary frequencies), corresponding to real wave number k.

The exponential growth or damping of the waves depend upon the sign of the imaginary parts

of the frequencies, while considering the perturbation proportional to ei(k�r�!t). Employing

weak damping or growth condition  � !r, the  > 0 solutions are termed as instabilities.

The interpretation of wave damping or growth is as mutual transfer of energy between the

�uctuations and plasma.

1.2.1 Streaming Instabilities

The two-stream instability, for longitudinal waves was �rst discussed by Pierce [47] for the

case of an electron beam moving through a background of cold ions. The authors of Ref. [48]

carried out experiments to study this instability for the case of electrons traversing a neutral

plasma. The importance of Pierce instability in a current carrying plasma, was pointed out

by Buneman [42]. Later on, streaming instability onset has also been examined for the case

of a dusty ion-electron plasma with dust having a relative velocity w.r.t. simple electron-ion

plasma [49]. The dust drift velocity is assumed u(0) in the gas frame and impact of two-stream

instability on the coupling between solar wind and dust is looked into by considering di¤erent

limits. Long ago it has also been reported that the two-stream instability might be substantial

for grain disintegration in fast moving clouds [50]. The streaming instabilities in a dusty

plasma of interstellar clouds [43] and electron-positron-ion plasma [44] have been investigated.

The electrostatic streaming instabilities in dusty interstellar medium and electron-positron-ion

plasmas have also been discussed [43, 44]. The streaming instabilities have been presented in

detail in many text books as well [51, 52, 53].

We brie�y describe the basic two-stream instability when the ions are assumed to be sta-

tionary as compared to fast moving electrons having some relative speed u(0)e = u(0) parallel to

the wave advancement. In such case, the simple linear dispersion relation becomes [1, 54]:

1 =
!2pi
!2
+

!2pe
(! � ku(0))2 (1.8)

where !pi = (4�n
(0)
i e

2=mi)
1
2 is the ion plasma oscillation frequency. Splitting the frequency

! into real !r and imaginary  parts as ! = !r + i and then expanding the dispersion

relation (1.8) under weak damping conditions, we can evaluate the real roots of the two-stream

instabilities which appear as shown in Fig. (1.1-1.2).

The dispersion relation can be analyzed even without solving the forth order equation after

simplifying it into the following form [1, 54]
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Figure 1.1: The Function F (x; y) of two-stream instability, when the plasma is stable.

Figure 1.2: The Function F (x; y) of two-stream instability, when the plasma is un-
stable.
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1 = !2pe

�
me=mi

!2
+

1

(! � ku(0))2

�
(1.9)

Let us de�ne x = !=!pe and y = ku(0)=!pe which then transform the dispersion relation

(1.8) as

1 =
me=mi

x2
+

1

(x� y)2 � F (x; y) (1.10)

For any given value of y, we can draw a plot for F (x; y) as a function of x. This function

blows up (goes to 1) for x = 0 and x = y: The intersections of the obtained curves with the
�xed line at x = 1 gives the real roots of the forth order equation which can be unstable or

stable.

Relying on y values, intersection of curves with the �xed line indicates positive real roots

and otherwise roots will be imaginary, pointing out hence instability in the system. In Fig.

(1.1), all possible roots are real, while in Fig. (1.2), the two roots which are not intersecting

the �xed line are complex existing as complex conjugate of each other. One of these complex

roots will give instability, which usually occurs at very small values of y = ku(0)=!pe.

1.2.2 Kelvin-Helmholtz Instability

The Kelvin�Helmholtz instability can occur due to existence of velocity gradient across the

interface between two �uids or because of sheared velocity in a �uid. It reveals itself in waves

propagating on surfaces of water. The noteworthy occurrence of this instability are oceans,

corona of the Sun, red spot of planet Jupiter, bands on planet Saturn�s surface and clouds

[55]. The theory gives explanation of turbulent �ow and instability onset in �uids having

di¤erent speeds and/or densities. Helmholtz investigated the dynamics of two �uids of varying

densities with small perturbation, for example introducing a wave at the interface of two

�uids. Chandrasekhar [56] carried out the stability analysis for incompressible and conductive

�uids drifting parallel to the magnetic �eld. For a magnetized, compressible and low-� plasma

(i.e., kinetic pressure/magnetic pressure � 1), D�Angelo (1965) [21] discovered that velocity

gradient in �ows parallel to the magnetic �eld can lead to instability. His theoretical derivations

strongly supported Q-machine experiments [22]. KH instability with reference to space physics

has been disclosed by many investigators. The wave-like motions in type-I comet tails has been

analyzed in terms of this instability [57, 58].

1.2.3 Weibel Instability

The Weibel instability arise in a plasma system due to temperature anisotropy, which can

develop in magnetically con�ned as well as in magnetic �eld-free plasma. First time, this

instability was investigated theoretically by Weibel [45] in a plasma with anisotropic velocity
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distribution for the transverse waves. The arching of the electrons trajectory in the altering

magnetic �eld originates a momentum �ux which resultantly a¤ects < v > (and hence < J >)

in a way as to enhance the varying �eld [59] and establishes a source for this instability. The

Weibel instability di¤ers from the resonant particle-wave instabilities because it depends on

bulk plasma impacts with no resonant particle contributions. Because of this basic di¤erence

one may conclude that it can sustain even in the absence of resonant instabilities [60].

If the perturbations are assumed to be sinusoidal i.e., ei(kzz�!t), the linearized Vlasov equa-

tion can be written as

i(! � kvz)f1 =
e

m
(E1 +

v � �B1
c

) � @f0
@v

(1.11)

which yields

f1 = �i
e

m

E1x
(! � kvz)

�
(1� kvz

!
)
@

@vx
+
kvz
!

@

@vz

�
f0 (1.12)

With f0 = f0(v
2
x; v

2
y ; v

2
z); it is clear from Eq. (1.12) that only Jx contributes and the

dispersion relation becomes,

�c2k2 + !2Dxx = 0 (1.13)

Dxx = 1 + i
4��xx
!

= 1 +
X
j

!2pe
!2

�Z
d3v

v2xk

(! � kvz)
@f0
@vz

� 1
�

(1.14)

If we further assume ! � kvz and de�neZ
v2xd

3vf0 =
v2tx
2

Then Eq. (1.13) becomes (for mi !1)

�c2k2 + !2 �
!2pe
!2
k2v2tx
2

� !2pe = 0 (1.15)

Equation (1.15) is quadratic in !2 and one readily obtains

!2 =
c2k2 + !2pe �

q�
c2k2 + !2pe

�2
+ 2!2pek

2v2tx

2
(1.16)

Approximating the relation given in Eq. (1.16)

!2 ' �
!2pek

2v2tx
2(!2pe + c

2k2)
(1.17)

 ' !pekvtx
q
1=2(!2pe + c

2k2) (1.18)

The minus sign in Eq. (1.17) gives !2 < 0 indicating a pure growing instability [61],
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producing rate of growth  given by equation (1.18).

1.2.4 Drift-Wave Instability

The drift wave instability occurs in magnetized plasmas due to density inhomogeneity. The

plasmas are generally inhomogeneous because gradients exist in temperature, pressure and

magnetic �eld strength etc. Drift waves are mainly supported by the gradients which produce

drifts in particle motion. The kinetic energies of these drifts can be transferred to waves,

thus creating instabilities. The drift waves can be excited due to the free energy available

in the system therefore these instabilities are also called �universal instabilities�. The basic

electrostatic drift wave propagates mainly perpendicular to both constant magnetic �eld and

density gradient. Like �ute instabilities, drift-wave instabilities extract plasma thermal energy

as it propagates across a magnetic �eld. However drift wave instabilities di¤er from �ute

instabilities in a way that they have �nite wavelengths parallel to the �eld.

The linear drift-wave instabilities have both real !r and imaginary  parts of frequency

satisfying the condition ( � !r). Commonly, we work in the rest frame of laboratory assum-

ing stationary plasma having unperturbed equilibrium. In �uid theory, the drift dissipative

instability arises due to electron-ion collisions. The drift dissipative instability needs non-zero

plasma resistivity or other mechanisms of dissipation to be unstable. However, stable waves

can also survive and propagate in any inhomogeneous plasma in the absence of collision. More-

over, for low � plasma (� << 1), drift waves do not give rise to a cogent perturbation of the

magnetic �eld, rather they involve a self-consistent wave-like pattern of density perturbations

and �ow velocities that propagates partly along and partly across a �xed, approximately uni-

form, straight magnetic �eld. All drift instabilities can also be described by kinetic theory

[8, 62].

1.3 Nonlinear Structures

The validity of linear theory is only for adequately small amplitude perturbations. The equa-

tions used to analyze the evolution of plasma systems are basically nonlinear partial di¤erential

equations. The �rst signi�cant step to study a complex system is to linearize these equations,

which are then simpli�ed with the help of Fourier and Laplace transforms. The set of dif-

ferential equations is then changed to a set of algebraic equations, consequently producing

linear dispersion relation . In the availability of a free energy source, the linear perturbations

can go unstable whose amplitude grows large and hence the nonlinear terms substantial to

be considered necessarily. For nonlinear analysis, the travelling wave solutions are, in general,

very restricted. Mostly only appropriate pro�les in the form of travelling wave solutions are

guaranteed for some special equations.

12
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During the last four decades, increasing attention has been paid to large amplitude nonlinear

wave dynamics [8, 51, 63, 64] and references therein. The nonlinearities may contribute to the

localization of waves that cause various nonlinear coherent structures like shocks, vortices and

solitons etc. The shock waves are developed in a nonlinear dissipative medium due to the

balance between nonlinearity (help wave steepening) and dissipation, while soliton are formed

due to a balance between nonlinearity and dispersion (cause wave �attening) in a dispersion

dominant medium. The study of nonlinear wave phenomenon has attracted a big community

to explore the basic features of localized electrostatic perturbations in Space and laboratory

plasmas.

1.3.1 Vorticity and Vortices

A vortex is a region within a �uid where the �ow is mostly oriented around some axis, either

straight or curved. The formation of vortices occur in the whirlpools often seen in the wake

of boats and paddles, stirred �uids like smoke rings, and, the winds surrounding dust devils,

tornadoes and hurricanes. Such structures are the prominent features of Jupiter�s atmosphere

and are formed in the wake of airplanes. They are the leading factor of turbulent �ow. Once

formed, vortices can stretch, move and interact in complicated ways. A moving vortex carries

with it some linear and angular momentum, mass and energy.

The dynamics of vortex structures is typically governed by nonlinear equations. Charney

derived a nonlinear equation governing the evolution of Rossby waves for neutral �uids in

planetary atmospheres [65]. Hasegawa and Mima obtained a nonlinear equation for drift

waves that describes the generation of strong turbulence in magnetized plasmas having density

inhomogeneity [63]. Consequently, it was pointed out that the Hasegawa-Mima (HM) equation

has a structure similar to nonlinear Rossby wave in the inviscid limit [66]. In the linear limit,

the Charney and Hasegawa-Mima equations explain drift waves in inhomogeneous plasmas and

Rossby waves in planetary atmospheres, respectively. In the nonlinear regime both equations

contain a nonlinearity in the form of two dimensional vector product or Poisson bracket. This

nonlinearity is essential for the formation of dipole vortices [67].

A vortex describes the distinct �ow phenomenon in terms of vorticity. Vorticity is a vector

that explains the local spiraling motion of a �uid near some point, as would be perceived by an

observer that travels along it. In mathematical language, it is equal to r� v which in other
words mean the curl of the �ow velocity v of a �uid. For 2-dimensional �ows, vorticity is a
vector perpendicular to the plane of velocity.

Comparison between Hasegawa-Mima and Charney Equations

Here the Hasegawa-Mima equation will be calculated and compared with Charney equation to

highlight the physics of vector nonlinearity responsible for the formation of vortices. Let the

13
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ambient magnetic �eld be B = B0 ẑ � constant, the density gradientrn(0) = �x̂dn(0)=dx and
the ions temperature smaller compared to that of electrons (i.e., Ti � Te) in the plasma. As-

sume that the electrostatic perturbation propagates in yz-plane with wave vector k = kyŷ+kz ẑ.

In order to derive the Hasegawa-Mima equation, �rst of all the electron response will be taken

into account. Under low frequency drift approximation (! � 
i) in density inhomogeneous

plasmas, the inertialess electrons are assumed to follow the Boltzmann distribution as given in

(1.2). The continuity equation which governs the ion dynamics is given as,

@ni
@t

+r � (nivi) = 0 (1.19)

while ion momentum equation can be written as,�
@

@t
+ vi�r

�
vi =

e

mi

�
E+

v �B0
c

�
(1.20)

where B0 = B0ẑ is constant. Using the drift approximation, the ion velocity perpendicular

to the constant magnetic �eld becomes,

vi? =
c

B0
ẑ �r'+ c


iB0

�
@

@t
+ vE�r

�
r?' = vE + vpi (1.21)

Here the �rst term shows the convective drift, whereas the second term is the polarization

drift, and the electrostatic �eld follows the relationE = �r'. With the help of equations (1.2),
(1.19) and (1.20), and ignoring nonlinear terms along with quasi-neutrality n(0)i ' n(0)e = n(0),

we obtain a linear dispersion relation (LDR) of drift wave,

! = !�e=(1 + k
2
y�
2
s) (1.22)

where !�e = kyvd is the drift wave frequency and

vd = �
cKBTe
eB0

ẑ �rn(0) = vdŷ (1.23)

is the diamagnetic drift velocity, �n =
���d lnn(0)i =dx��� is the inverse density gradient length,

�s = cs=
i is the ion Larmor radius at electron temperature Te and cs =
p
KBTe=mi is ion

acoustic speed. The term k2y�
2
s in relation (1.22) is because of the ion polarization drift that

gives rise to dispersion. In the �uid limit, the drift wave is a stable mode that propagates

with diamagnetic drift velocity vd perpendicular to both the density gradient and constant

magnetic �eld. Under long wavelength approximation k2y�
2
s � 1, the linear dispersion relation

reduces to !�e = kyvd. It is signi�cant to point out here that vd = 0 in a uniform plasma,

the drift wave disappears. If the parallel dynamics of ion is also taken into account which was
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neglected while deriving HM equation under the assumption kzcs � kyvd, then LDR (1.22) is

changed, given as [28]

(1 + k2y�
2
s)!

2 � !�e! � k2zc2s = 0 (1.24)

which is the coupled drift and ion acoustic waves dispersion relation. The vorticity is linked

with the electric �eld drift de�ned by r� vE, directed along z-axis. Using Eqs. (1.21) and
(1.2) along with quasi-neutrality condition (ni ' ne), the ion continuity equation yields,

(1�r2
?�

2
s)
@'

@t
+ vd

@'

@y
+ vE �r(1�r2

?�
2
s)' = 0 (1.25)

which can also be written as,

(1�r2
?�

2
s)
@'

@t
+ vd

@'

@y
� c

B0
[';�2sr2

?'] = 0 (1.26)

where

[';r2
?'] =

�
@'

@x

@r2
?'

@y
� @'
@y

@r2
?'

@x

�
is the Poisson bracket. For neutral �uids, assuming �2sr2

?' � 1 and neglecting the 2nd

term (containing vd), Eq. (1.25) becomes,

@r2
?'

@t
+ (vE �r)r2

?' = 0 (1.27)

which is well-known 2-dimensional Navier-Stokes equation for the vortex �ow, where
=r2
?'

is the vorticity. For the sake of comparison, Charney equation for rotating �uids can be written

as [65],

(1�r2�2R)
@'

@t
+ vR

@'

@y
� c

B0
[';�2Rr2'] = 0 (1.28)

The comparison of the two equations indicate that the term vR the Rossby velocity is

similar to drift velocity vd and �R the Rossby radius is analogous to �s. In neutral �uids the

vorticity arises due to the geostrophic �ow which is the analog of the electric �eld drift. It may

be noted that Eqs. (1.25) and (1.28) are similar.

Stationary Solution as vortex In order to investigate the nonlinear coherent structures

like vortices, we introduce the transformation � = y �Mt, where M being speed of the frame

(i.e. the nonlinear structure) and � is the moving coordinate. It can be easily checked that the

resulting equation (1.26) is satis�ed by,

r2
?' = C1'+ C2x (1.29)
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where x = r cos �, r2
?' = @

2'=@x2 + @2'=@y2 and the constants C1; C2 are related by,

C1 =
1

�2s
(1� vd

M
)� c

B0
C2; (1.30)

The inner and outer dipolar vortex solutions for ' of Eq. (1.29) can be written in terms of

Bessel functions by adopting the standard procedure mentioned in Ref. [67] as,

'Out = �0K1 (�1r) cos � r > R0;

'In =

�
�1J1 (�2r) +

MB0(�
2
1 + �

2
2)

cDe

r

�
cos � r < R0 (1.31)

The physically justi�ed continuity conditions of '1, @r'1 and r2'1 at the boundary of the

circle (r = R0) which are used to determine the constants are 'Out = 'In, @'Out=@r = @'In=@r

and r2'Out = r2'In, where R0 is de�ned as the radius of the vortex orbit, the symbols �0,

�1, �1, �2 stand for some constants, with J and K as Bessel function and modi�ed Bessel

function, respectively.

1.3.2 Solitons

Soliton is a type of solitary wave which retains its shape while traveling at constant speed.

The story of solitons found in texts [68, 69] started when John Scott Russell in 1834 spotted a

solitary wave in the Union Canal in Scotland. He repeated such phenomenon in a wave tank

and named it the "Wave of Translation". Solitons (and solitary waves) appear both in discrete

systems such as the Toda lattice [70, 71] and continuous systems like the KdV equation, both

in one and multiple spatial dimensions. The research on soliton has also been performed in

many branches of physics which include high energy physics, solid state physics and optical

communications.

It is the signi�cant feature that whenever a soliton interacts with another soliton, it emerges

after the collision unchanged, except a possible phase shift. In the physics literature, the

terms "solitary wave" and "soliton" are usually used interchangeably. They are said to be

constructed as an outcome of a balance between nonlinearity and dispersive e¤ects in a plasma

or a collisionless �uid. The dispersion refers to a property of certain systems showing frequency

variation of the waves with wave number k. The solitons have tendency to propagate over

longer distances at unchanged speed without distorting their shape, and were named so by

Zabusky and Kruskal for the �rst time to explain particle-like behavior of the localized solutions

of the nonlinear equations.

The solitons are stable structures and solutions of the integrable nonlinear partial di¤eren-

tial equations, which can be solved through various techniques depending on amplitude of the
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waves. If amplitude of the waves is small, then while doing simpli�cation for these equations we

truncate the nonlinear terms to some order and employ reductive perturbation method (RPM).

Consequently, the Korteweg�de Vries (KdV) and Kadomtsev-Petviashvili (KP) nonlinear par-

tial di¤erential equations are derived, which yield solitary wave solutions. But whenever the

amplitude of the waves is large, then we have to retain all nonlinear terms. The famous pseudo-

potential approach proposed by Sagdeev [72] is a beautiful manifestation of getting solutions

of fully nonlinear systems without using small amplitude limit.

Korteweg�de Vries equation

Here we derive the Korteweg�de Vries (KdV) equation for ion acoustic wave (IAW) which is

a fundamental mode of an unmagnetized and magnetized plasmas. The dynamics of ions are

dominant over those of electrons but the electron pressure is needed to develop compressions

and rarefactions. The one-dimensional unnormalized basic set of plasma equations are written

as follows.

Continuity and momentum equations for dynamic ions are given as

@Ni

@
�
t
+
@(NiVi)

@
�
x

= 0 (1.32)

minif
@

@
�
t
+ Vi

@

@
�
x
gVi = �

@'

@
�
x

(1.33)

The electrons equation of motion for me ! 0 as compared to ions reduces to the following

0 = e
@'

@
�
x
� @pe
@
�
x

(1.34)

The Poisson�s equation is,

@2'

@
�
x
2 = 4�e(ne � ni) (1.35)

where pe = neKBTe is the isotropic electron pressure with KB = 1:38 � 10�16 ergs=Ko

being the Boltzmann constant.

Simpli�cation of Eq. (1.34) gives the famous Boltmann relation of the electron density as

Eq. (1.2).

The linear analysis of Eqs. (1.32-1.35) under the assumption that all types of perturbations

are proportional to � ei(kx�!t) gives the following linear dispersion relation

! =
kcsp

1 + k2�2De
(1.36)
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For the sake of nonlinear analysis, we have to normalize the basic set of equations (1.32-

1.35), which change into the following form

@ni
@t

+
@(nivi)

@x
= 0 (1.37)

@vi
@t
+ vi

@vi
@x

= �@�
@x

(1.38)

ne = e
� (1.39)

@2�

@x2
= ne � ni (1.40)

Here ni = Ni=n(0), ni = ne=n(0) and � = e'=Te with n(0) the equilibrium plasma density

(n(0)e � n
(0)
i = n(0)). The velocities are normalized by cs, time by !pi =

�
4�n(0)e2=mi

� 1
2 and

space dimension by �De =
�
KBTe=4�n

(0)e2
� 1
2 .

The propagation of weakly nonlinear and dispersive waves can be described by the Korteweg-

de Vries (KdV) equation given in Ref. [73]. In order to investigate the propagation of small

amplitude nonlinear IAWs in a collisionless, homogeneous and unmagnetized plasma, we em-

ploy the standard reductive perturbation method (RPM) [74] to obtain the KdV equation. For

ion acoustic waves, the stretching of independent variables is de�ned as

x = �1=2(
�
x� �

�
t); � = �

3=2�
t (1.41)

where "�" is a small (0 < � � 1) expansion parameter characterizing the strength of the

nonlinearity. The perturbed quantities can be expanded in the power series of � as follows,

ni = 1 + �n
(1)
i + �2n(2)e + :::

ne = 1 + �n
(1)
e + �2n(2)e + :::

vi = �v
(1)
i + �2v

(2)
i + :::

� = ��(1) + �2�(2) + ::: (1.42)

Here all perturbed quantities are functions of x and t. In order to proceed ahead, �rst we

expand the electron number density in the Poisson�s equation as

@2�

@x2
= ne � ni (1.43)

Using Eqs. (1.42), in the set of Eqs. (1.41-1.43) and then collecting the terms of the lowest

order (� � 3=2), we obtain the following set of equations as

�n
(1)
i = v

(1)
i (1.44)

18



Chapter 1: Plasma Flows and Instabilities

and

�v
(1)
i = �(1) (1.45)

On collecting the terms of order � the Poisson Eq. (1.40) gives

�(1) = n
(1)
i (1.46)

The values of �rst order perturbation quantities that have been used are as:

n
(1)
i = �(1)=�2, v(1)i = �(1)=� (1.47)

Now we collect the next higher order (� � 5=2) terms as

f1 = �
@n

(2)
i

@�
� @v

(2)
i

@�
(1.48)

f2 = �
@v

(2)
i

@�
� @�

(2)

@�
(1.49)

f3 = �
(2) � n(2)i (1.50)

where f1 = f@n(1)i =@� +@(v
(1)
i n

(1)
i )=@�g, f2 = f@v

(1)
i =@� +v

(1)
i @v

(1)
i =@�g, f3 = f@2�(1)=@�2�

(�(1))2=2g have been de�ned for simpli�cation. The �2 order term from the Poisson equation

gives
@2�(1)

@�2
= �2 +

�21
2
� n(2)i (1.51)

On solving these next higher order terms in Eqs. (1.48-1.51), with the help of �rst order

expressions we arrive at the following relation, known as famous KdV equation

@�(1)

@�
+ A�(1)

@�(1)

@�
+B

@3�(1)

@�3
= 0 (1.52)

where A = 1, B = �3=2, The transformation � = � � �� is introduced into the Eq. (1.52),
which after integration and simpli�cation, yields solution of the following form under boundary

conditions �(1) ! 0, @�(1)=@� ! 0, @2�(1)=@�2 ! 0, as � ! �1 (for localized waves) [75],

�(1) = �msech
2(
�

w
) (1.53)

where �m = (3�=A) represents the peak amplitude, � is the structure speed, whereas width

of the observed soliton is w =
p
4B=�. The factors A and B are the coe¢ cients of the

nonlinear and dispersion terms, respectively. Depending upon the sign of the coe¢ cient (A)
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of the nonlinear term in Eq. (1.53), two types of soliton structures are possible. For positive

coe¢ cient A > 0, the Eq. (1.53) produces compressive soliton whereas for negative coe¢ cient

A < 0 it yields refractive soliton. In Eq. (1.53), it can be seen that KdV equation admits

solution in the form of sech (secant hyperbolic function), which can be expressed beautifully in

terms of well-known simple exponential functions (e.g., sechx = 2=(ex + e�x)). This function

gives hump like structure which in plasma physics are studied as small amplitude solitary waves.

It is mentioned here for a common reader that the hyperbolic functions are a parametrization

of a hyperbola in contrast to trignometric functions which are the parametrization of a circle.

The dispersion causes a spread in the group of waves. The small amplitude KdV equation

is employed to model the one-dimensional physical systems for the evolution of nonlinear

waves, which was derived by Korteweg and de Vries. He did it for the �rst time in modeling

the long waves in shallow water [73]. Gardner and Morikawa derived it for waves propagating

perpendicular to a constant magnetic �eld in cold plasmas [76]. Later on, Kruskal and Zabusky

derived it for acoustic waves in anharmonic crystals [77].

Sagdeev Solitons

Another possibility about the nonlinear ion acoustic mode can be of signi�cance is that the

perturbations are of large amplitude. In that case, we have to retain complete set of nonlinear

terms and in such case, reductive perturbation method can not be fruitful. So another approach

employed by Sagdeev is very convenient.

We introduce a substitution � = x � Mt into Eqs. (1.37-1.40) with imposed boundary
conditions ni ! 1, �! 0 and vi ! 0 at j�j ! �1 to get

vi =M

�
1� 1

ni

�
(1.54)

ni =
Mp

M2 � 2�
(1.55)

Using Eqs. (1.39) and (1.55) into (1.40), after multiplication by d�=d� and then integrating

under suitable boundary conditions (BCs), the pseudo-potential energy equation is obtained

as,

1

2

�
@�

@�

�2
+ S (�) = 0; (1.56)

where

S (�) = 1� e� +M2 �M2

�
1 +

2�

M2

� 1
2

(1.57)

The term S (�) is called pseudo-potential or Sagdeev potential. Equation (1.56) is a well-
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known equation in the form of energy integral of unit mass particle oscillating in a conservative

force �eld with position �, velocity d�=d� and pseudo-time � in a pseudo-potential well S (�).

The equation (1.57) can be solved numerically to get the dips of Sagdeev potential which give

rise to nonlinear soliton structures. The equation (1.56) produces a nonlinear structure if the

following conditions are satis�ed:

(i) dS (�) =d�j�=0 = 0, and S (�)j�=0 = 0 at j�j ! �1. It is the point where S (�) curve
crosses the ��axis, secondly it�s the point of maximum amplitude of the structure re�ecting

back the pseudo particle.

(ii) d2S (�) =d�2
��
�=0

< 0, the �xed point at the origin is unstable, consequently solitons

are developed.

Solitons existence domain can be found by determining the lower and upper limit on the

Mach number. The maximum and minimum values of Mach number M for which solitons

exist, can be obtained by taking double derivative of S (�) in Eq. (1.57), analytically. The

assumption that the ion number density ni must be real and well-behaved, gives �max =M
2=2,

which limits the amplitude of positive potential pulses. By using �max in Eq. (1.57) and

then solving it numerically, the upper limit on Mach number (say M2) can be calculated. The

permitted range of solitons will lie in between the Mach numbers, which satisfyM1 < M < M2.

1.4 Double Layers

A double layer in a plasma is a structure which represents a transition between two regions of

di¤erent constant values of the electric potential essentialy, but not necessarily plane. These

two transition regions carry opposite charges which are a source of strong electric �eld. This

sharp variation in electrical potential force ions and electrons in�ltrating into the double layer

either get accelerated, decelerated or re�ected back by the electric �eld. Generally, double

layers (that may be curved rather than �at) isolate regions of plasma with quite di¤erent

characteristics. The quasi-neutrality condition within a double layer structure is violated.

Other names for a double layer are electrostatic shock, electric double layer, electrostatic

double layer, space charge layer and plasma double layer. The study of double layers (DLs)

in laboratory as well as Space plasmas is of signi�cant interest because of their capability of
accelerating electrons along the magnetic �eld lines. Block [78] was the �rst to assume DLs

to be the main reason for accelerated particles in a collisionless plasma. These electrostatic

structures (DLs) have a tremendous role to play in laboratory plasmas as well as Space plasmas,
because they are considered appropriate phenomenon to interpret charged particles acceleration

to high energies in plasmas, e.g., the auroral region of the ionosphere. Naturally DLs have been

noticed in various space plasma environments such as extragalactic jets, solar wind, auroras

and ionospheres etc. Many research papers have appeared in which the generation of DLs
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have been chosen as a subject of interest [79, 80, 81, 82] because of its relevance in Cosmic

plasmas, con�nement of plasma in tandem mirror devices [83], ion heating in linear turbulence

and heating devices [84], etc. The ion-acoustic (IA) DLs in plasmas have been investigated

theoretically [85, 86, 80] as well as experimentally [87, 88, 89]. The authors [89] have reported

experimentally the observation of strong DLs in a plasma comprising of negative ions, positive

ions and electrons. The double layers are very thin (typically ten Debye lengths) as compared

to the sizes of the plasmas containing them, having widths of the order of a few millimeters

for laboratory plasmas to thousands of kilometers for astrophysical plasmas. A double layer

in laser physics is sometimes called an ambipolar electric �eld.

Double layers may be classi�ed into weak and strong double layers. The ratio of the

potential drop in comparison with the plasma�s equivalent thermal energy or the rest mass

energy of the electrons determine the strength of a double layer. This structure is considered

to be strong if the potential drop across the space charge layer is larger than the equivalent

thermal energy of the plasma�s components (i.e. e� >> KBTfe, where Tfe is the free streaming

electron temperature), otherwise it will be considered weak. It means that for strong DLs there

are four possible di¤erent situations:

� the negatively charged electrons in�ltrating at the negative (or low) potential side of DL
are accelerated, while the positively charged ions in�ltrating at the positive (or high) potential

side are accelerated;

� while the electrons in�ltrating at the positive potential side of DL are decelerated and
successively re�ected, but the ions entering it at the low potential side get decelerated and

hence returned back.

1.4.1 Characteristics of Double Layers

Some salient characteristics of DLs are described as:

� The production of a DL needs sectors with a signi�cant population of negative or positive
charge i.e., where the quasi-neutrality condition is violated [85, 90]. Generally, the quasi-

neutrality can only be violated on scales of the order of Debye length. The thickness of a double

layer varies in di¤erent plasma environments which is � ten Debye lengths (few centimeters)

in the ionosphere, a few tens of meters in the interplanetary medium and tens of kilometers in

the intergalactic medium.

� The electric potential variation across the DL accelerate electrons and positive ions in
opposite directions. The acceleration of the charged particles depend mainly on the magnitude

of potential drop across the DL. In the case of strong DLs, this acceleration can be su¢ cient

to produce beams or jets of charged particles.

� As mentioned above in the formation of DLs that there are four possible populations
of charge particles inside a DL: free electrons, free ions, trapped (or re�ected) electrons and
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Figure 1.3: Electrostatic potential, electric �eld and space charge distribution across
the double layer.

trapped (or re�ected) ions. It is to be noted here that in case of weak DLs, not all ions

and electrons in�ltrating "from the wrong side" will be re�ected back, hence a population of

decelerated ions and electrons will be present there also .

� These structures in laboratory plasmas may be unstable or stable but it depends on the
parameters [91]. Di¤erent types of instabilities may appear, most probable of them are because

of the formation of beams of electrons and ions. The unstable DLs are said to be noisy in the

sense that they produce oscillations across a broad frequency band. The unstable situation

may lead to a drastic change in con�guration often named as an exploding double layer.

� DLs can be formed both in magnetized and unmagnetized and plasmas.
� The electric �eld variation inside DLs support the convertion of electrical energy into

kinetic energy.

� The other important point about DLs is that they can be either stationary or moving in
the laboratory frame.

The variation of various quantities within a double layer are depicted in Fig. (1.3) [54].

1.5 Layout of the Thesis

In chapter 2, we have studied the impact of cold electron beam on small amplitude double

layers calculated by employing Sagdeev truncated method. This method begins with obtain-

ing energy integral equation for Sagdeev psedudo-potential and then expanded upto various
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orders of electrostatic perturbations, by exploiting the condition (e'=KBTe � 1). It produces

double layers solutions under certain conditions. Secondly we have investigated solitary waves,

existence of solitary waves regions and large amplitude double layers in an electron positron ion

plasma with cold positron beam. The role of kappa distributed and q-nonextensive distributed

electrons have been elaborated for varying values of � and q.

In chapter 3, we study the formation of current-driven solitons and shocks in the presence of

nonthermal electrons following various forms of possible distributions like ��distribution and
Cairn�s distribution [92] in Saturn�s atmospheres. First of all, we derive the linear dispersion

relation for electrostatic drift type waves in the presence of sheared current, which can exist in

a homogeneous density plasma. The linear dispersion relation is changed as compared to that

for Maxwellian electrons and hence the instability conditions in the presence of nonthermal

electrons get modi�ed depending signi�cantly on the controlling parameter like superthermal-

ity quantifying index � in case of ��distributed electrons and � the nonthermal population
quantifying factor in case of Cairns�s distributed electrons. Then in the nonlinear regime, we

obtain the solutions under di¤erent sheared �ow limits, which gives drift solitons for dispersive

plasma and drift shocks for dissipative media.

In chapter 4, we investigate the current-driven Alfvén waves in the presence of stationary

dust in which acoustic and Alfvén modes are coupled. Employing various conditions, several

previous limits can be retrieved. Ordinary zeroth order drift mode, new type of drift mode

due to magnetic �eld inhomogeneity and Shukla-Varma mode are tractable within the coupled

linear dispersion relation. These current-driven waves and instabilities are shown to exist even

if the plasma density is assumed to be homogeneous. Next, in the nonlinear regime, di¤erent

type of structures such as dipolar vortices and solitons are discussed.

In chapter 5, we present the problem of solar coronal heating and a few models used to

explain such phenomena. The sheared �owmodel in solar coronal model has been tried recently

to make an insight into the solar coronal heating issue. Our comment on one of the research

paper on "ion kinetic D�Angelo mode" which could be misleading in the research studies of

sheared �ow plasmas has been added.

Appendix chapter contains elaborative behavior of various non-Maxwellian distributions

which could be helping in making clear picture about the trends of nonthermal species cate-

gorized under di¤erent distributions.
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Chapter 2

Unmagnetized Streaming Plasmas and
Nonlinear Structures

2.1 Small amplitude IA double layers with cold electron
beam and q-nonextensive electrons

The double layers formed by nonlinear ion acoustic perturbations are investigated in a plasma

which has q-nonextensive electron and external cold electron beam [93]. Nonlinear waves play

an important role in plasmas and these waves can be studied with the help of various techniques,

for example Sagdeev potential approach and reductive perturbation method (RPM). Their

signi�cant role has been found in Space plasmas, the solar atmospheric physics and other
astrophysical plasma environments.

The electron-beam in the plasma modi�es the properties and conditions for the existence

of arbitrary-amplitude electrostatic excitations [94, 95, 96]. The e¤ects of electron-beam speed

and beam density on the electron-acoustic mode in an electron beam�plasma system have been

shown in Refs. [97, 98, 99]. A latest combined investigation of nonlinear electron and ion-

acoustic solitons in multicomponent Space plasmas in the presence of electron and ion beams

has shown that three kinds of solitons may exist; namely, slow ion acoustic, ion acoustic and

electron-acoustic solitons are formed above a critical value of Mach number [99]. Considering

higher order nonlinearity e¤ects in a plasma comprising of nonisothermal electrons, adiabatic

warm ions and weakly relativistic electron beam, it is examined that the shape and amplitude

of IA soliton is modi�ed signi�cantly [100]. Arbitrary amplitude electrostatic Sagdeev solitons

have been studied for an unmagnetized plasma, comprising of ions and excess superthermal

electrons, which is penetrated by cold electron beam [101]. It has been noticed that allowed

range of Mach number becomes narrower under the combined e¤ect of superthermal electrons

and electron beam. Recently [102], the propagation of ion-acoustic (IA) solitary waves have

been investigated in a plasma system, comprising of cold electron beam, warm ions and kappa

distributed superthermal electrons. It has been presented that both rarefactive and compressive
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solitary waves coexist in this plasma system.

Many spacecraft measurements have con�rmed the presence of nonthermal particles in

Space plasmas (e.g., solar wind, planetary magnetospheres and astrophysical plasmas) [103,
104, 105] and laboratory plasma systems may also have such an excess of superthermal electrons

population due to velocity space di¤usion, which may lead to an inverse power-law distribution

[106, 107]. The nonextensive behavior of non-thermal plasmas have been modelled through

q�nonextensive distribution. The one-dimensional equilibrium q-distribution function is given
by [108]:

fe (v) = Cq

�
1 + (1� q)

�
mev

2

2KBTe
� e'

KBTe

�� 1

q � 1

where q is known as the entropic index [109] which determines the degree of non-extensivity

of the system, Cq =
ne0�(

1
1�q )

�( 1
1�q �

1
2
)

r
me(1� q)
2�KBTe

for �1 < q < 1 and Cq =
ne0(1 + q)

2

�( 1
q�1 +

1
2
)

�( 1
q�1)r

me(q � 1)
2�KBTe

for q > 1.

The presence of electron-beam into a simple electron-ion plasma may produce the conditions

for the existence of double layers. Here, we will present an analysis of small amplitude double

layers structures, in which the impact of electron-beam speed and density on the formation of

double layers (DLs) and their existence domain will be elaborated. Also the e¤ect of nonthermal

population through entropic index q on the shape of DL pro�les and their accessible regions

will be investigated.

Let us consider a system of collisionless, unmagnetized plasma comprising of cold positive

ions �uid (with subscript i), superthermal electrons (with subscript e), and cold electrons

external beam (with subscript b). The charge neutrality condition demands n(0)i = n
(0)
e + n

(0)
b ,

where n(0)e , n
(0)
i and n(0)b are the equilibrium number densities of electrons, ions, and electron

beam, respectively. The complete set of normalized �uid equations for the system under

discussion is given below

@ni
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+
@ (nivi)

@x
= 0 (2.1)

@nb
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+
@ (nbvb)

@x
= 0 (2.2)
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+
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ne = [1 + (q � 1)�]
q + 1

2 (q � 1) (2.6)

where �bi = n
(0)
b =n

(0)
i measures the concentration of electrons in the external beam with

respect to ions. In Eqs. (2.1-2.6), ni, ne and nb are the number densities of ions, electrons and

cold electron beam respectively, vi and vb are the �uid velocities of ions and electrons beam,

respectively, � is the electrostatic potential, and � = me=mi for electron beam where mi (me)

is the ion (electron) mass. The dimensionless quantities in the above nonlinear set of equations

(2.1-2.6) are de�ned as vi = Vi=cs, vb = Vb=cs, u
(0)
b = U

(0)
b =cs, � = e'=KBTe, cs = (KBTe=mi)

1=2

the ion acoustic speed,
�
t = !pit, x =

�
x=�D with �D = (KBTe=4�N

(0)
i e

2)1=2, nj = Nj=N
(0)
j (

j = e, b, i ).

In order to investigate the properties of fully nonlinear structures, we introduce the trans-

formation � = x�Mt, where � is a moving coordinate normalized by �D and M is the Mach

number of the localized wave (M = structure speed/cs). We assume that as j�j ! �1, ni ! 1,

ne ! 1, nb ! �bi, vi ! 0, vb ! u
(0)
b , and ' ! 0; where u(0)b is the electrons beam speed.

After applying the transformation and performing useful integration under the described men-

tioned boundary conditions, the Eqs. (2.1-2.6) yield the values of various normalized perturbed

quantities as,

ui =M

�
1� 1

ni

�
; ub =Md

�
1� 1

nb

�
(2.7)

ni =
Mp

M2 � 2�
; nb =

Mdp
M2
d + 2�=�Zi

(2.8)

HereMd = (M�u(0)b ) is the reduced structure speed due to the electron beam. Now we use
the values of ne, ni and nb in the resultant equation obtained from Eq. (2.6) after employing

the transformation, which gives

@2�

@�2
= � Mp

M2 � 2�
+
�

Zi

Mdp
M2
d + 2�=�Zi

+
Zi � �
Zi

f1 + (q � 1)�g
q+1

2(q�1) (2.9)

This equation is then multiplied throughout by d�=d� and integrated under the boundary

conditions. The whole story �nishes in the form of a energy balance equation:

1

2

�
d�

d�

�2
+ S (�) = 0; (2.10)

where pseudo-potential (Sagdeev potential) S (�) is de�ned as

S (�) �M2 �M
p
M2 � 2�+ ��bi

h
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i
;

(2.11)
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The electrostatic short scale (a few tens of Debye length) double layer structures can be

formed in the presence of particle beams in the plasmas. If the beam e¤ect is neglected (i.e.,

�bi = 0) and entropic index q approaches to 1, then Sagdeev potential (2.11) reduces to the case

for electrons following Boltzmann density distribution which is Eq. (8-29) of Refs. [1, 110]. In

this case, either a double layer or a soliton can appear in the plasma depending upon certain

conditions as discussed in Ref [1].

The double layer structure are formed when the following three conditions are satis�ed

S(�) = 0 at � = 0; and �m 6= 0;

dS(�)=d� = 0 at � = 0; and �m 6= 0;

d2S(�)=d�2 < 0 at � = 0; and �m 6= 0;

Applying weak electrostatic potential limit i.e., � � 1, the Eq. (2.11) can be expanded

and then after simpli�cation yields the following result,

S (�) = A1�
2 + A2�

3 + A4�
4 + 0�5

where
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1

2M2
+

�bi
2�Z2iM

2
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24
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� Zi � �bi
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(q + 1)(3� q)(5� 3q)
192

; (2.14)

The �rst two boundary conditions gives

A1�
2
m + A2�

3
m + A3�

4
m = 0 (2.15)

2A1�m + 3A2�
2
m + 4A3�

3
m = 0 (2.16)

Solving these two equations simultaneously, we get

2�m = �A2=A3 (2.17)

Using value of A2 in Eq. (2.15), we get

A1 = A3�
2
m
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Thus the truncated Sagdeev-like potential S(�) can be written as

S(�) = A3�
2 f�m � �g

2 (2.18)

Using this expression in energy integral Eq. (2.11), we obtain

1

2
(
@�

@�
)2 + A3�

2
m f�m � �g

2 = 0

The standard solution of Eq. (2.18) yields the shock-like double layer solution as

� =
�m
2

�
1� tanh(2�

�
)

�
(2.19)

where � =
p
�8=A3=�m represents the width of the double layer provided A3 < 0 as it

will only make the maximum amplitude �m to be positive valued. In order to �nd out the

presence of double layers, it is greatly important to locate those regions for the selected set

of parameters for which the coe¢ cient A3 < 0: For such a set of parameters, there is another

useful coe¢ cient A2 which help us to identify the nature of the double layers. The nature of

the double layer depends upon the sign of A2, i.e., for A2 > 0 a compressive double layer exists,

whereas for A2 < 0 we would have a rarefactive double layer.

The condition A3 < 0 gives

5

8

�
1

M6
+

�bi
�3Z4iM

6
d

�
<
(Zi � �bi)

Zi

(q + 1)(3� q)(5� 3q)
192

By solving it numerically, we can determine the minimum Mach number value for which

double layers will be formed.

The free energy source carried by the beam of electrons will play a signi�cant role in deciding

the DLs wave pro�le and modifying the internal dynamics of the plasma system. In carrying

out the nonlinear analysis, we will restrict the electron beam density and velocity to very low

values, i.e. by taking �biu
(0)
b � 1, which correspond to a �nite but negligible equilibrium charge

current J0. This restriction is necessary in order for the electrostatic character of excitations to

remain in tact. The Landau damping e¤ects occur in the system only when the phase speed of

the acoustic mode comes in resonance with electron beam speed. Therefore, to avoid Landau

e¤ects in the system we will restrict to the condition u(0)b < cs. The important comment that

is necessary to be made here is that the weak electrostatic potential limit i.e., �� 1 demands

A2=A3 � 1 (in Eq. (2.17)), otherwise the small amplitude limit breaks down.

The Sagdeev-like potential for the formation of double layers by varying the positive values

of entropic index (i.e. q > 0) is shown in the lower panel Fig. 2.1(a). The corresponding

double layers solution is shown in Fig. 2.1(b) for three di¤erent values of the entropic index
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Figure 2.1: (a) Variation of Sagdeev-like potential pro�le S(�) for rarefactive DL
structures against � for di¤erent values of q = 0:1 (solid curve) q = 0:2 (blue dashed
curve) and q = 0:3 (red dotted curve) (b) Variation of the electrostatic potential �
for rarefactive DL structures against � for di¤erent values of q = 0:1 (solid curve)
q = 0:2 (blue dashed curve) and q = 0:3 (red dotted curve). Other parameters used
are u(0)b = 0:05, �bi = 10�12 and M = 1:9.

q; while keeping all the other relevant parameters �xed and it can be noticed in this part

of the �gure that both amplitude and steepness of the electrostatic potential � increase with

increased values of entropic index parameter q. It is observed that by increasing q (i.e. 0:1, 0:2,

0:3), the nonlinear potential expands away from the origin for the rarefactive double layers.

The impact of variation of the negative entropic index (i.e., q < 0) on nonlinear structures

is also signi�cant as given in Fig. (2.2). In Fig. 2.2(a), the Sagdeev-like potential is plotted,

corresponding to the negative entropic index (i.e., q = �0:1, �0:2, �0:3). In order to illustrate
the results, the double layers solution by using three varying values of q < 0, is drawn in Fig.

2.3(b). It has been found by looking at this �gure that as we decrease the values of the entropic

index (q = �0:1, �0:2, �0:3), both amplitude and steepness of the electrostatic potential �
shows diminution behavior.

The Sagdeev-like potential S(�) for q = �0:88, �0:89, �0:90 and other parameters �xed as
�bi = 10

�12, M = 2:1, u(0)b = 0:1 is depicted in Fig. 2.3(a), while the corresponding variation

in the electrostatic potential � has been given in Fig. 2.3(b). The behavior of the amplitude of

the electrostatic potential (double layers solution) is such that it is enhanced with depreciated

30



Chapter 2: Unmagnetized Streaming Plasmas and Nonlinear Structures

Figure 2.2: (a) Variation of Sagdeev-like potential pro�le S(�) for rarefactive DL
structures against � for di¤erent values of negative entropic index q = �0:1 (solid
curve) q = �0:2 (blue dashed curve) and q = �0:3 (red dotted curve) (b) Variation
of the electrostatic potential � for rarefactive DL structures against � for di¤erent
values of q = �0:1 (solid curve) q = �0:2 (blue dashed curve) and q = �0:3 (red
dotted curve). Other parameters used are u(0)b = 0:05, �bi = 10�12 and M = 1:9:
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Figure 2.3: (a) Variation of Sagdeev-like potential pro�le S(�) for compressive DL
structures against � for di¤erent values of negative entropic index q = �0:88 (solid
curve) q = �0:89 (blue dashed curve) and q = �0:90 (red dotted curve) (b) Variation
of the electrostatic potential � for compressive DL structures against � for di¤erent
values of q = �0:88 (solid curve) q = �0:89 (blue dashed curve) and q = �0:90 (red
dotted curve). Other parameters used are u(0)b = 0:05, �bi = 10�12 and M = 2:1:

values of entropic index (q < 0).

In �gure 2.4(a & b), the coe¢ cient A3 [Eq. (2.14)] has been plotted against nonthermality

determining index q, where the set of three curves in Fig. 2.4(a) shows the values of the

coe¢ cient A3 by varying the electron streaming speed, while the other set of three curves

in Fig. 2.4(b) corresponds to the variation in electron concentration p. Only those values of

entropic index q will yield double layer solution for which the coe¢ cient A3 remains negative

as mentioned in the section "formation of double layers". Looking at Figs. 2.4(a & b), it is

noticed that the value of coe¢ cient A3 is negative (i.e. A3 < 0) for the range �1 < q < 1,

therefore either compressive or rarefactive double layers will lie in between these values of q.

The second important thing about this �gure is that this range of values allowed for the

existence of double layers is very sensitive to the values of electron beam density and speed.

Fig. (2.5) has been presented to separate out the regions of the occurrence of compressive and

rarefactive double layers for a particular choice of Mach number M and entropic parameter q.

The nonlinear analysis has been carried out by pseudo-potential approach and applying ap-

propriate boundary conditions. The small amplitude DLs solution is derived by expanding the
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Figure 2.4: (a) Plot of Coe¢ cient A3 against q for di¤erent values of electron beam
speed u

(0)
b = 0:0 (solid curve), u(0)b = 0:5 (blue dashed curve) and u

(0)
b = 0:7 (red

dotted curve). Fixed parameters are �bi = 10�12 and M = 1:5 (b) Plot of Coe¢ cient
A3 against q for di¤erent values of electron number density �bi = 10�12 (solid curve),
�bi = 5 � 10�11 (blue dashed curve) and �bi = 1:2 � 10�10 (red dotted curve). Other
parameters are u(0)b = 0:05 and M = 1:5.
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Figure 2.5: Region plot separating the existence domain of compressive and rar-
efactive DLs.

Sagdeev potential in weak electrostatic potential limit (� � 1). The e¤ects of entropic index

q, speed of beam electrons (u(0)b ) and ratio of number density of cold beam electrons to ions

(�bi), on DLs structures (both compressive and rarefactive in nature) have been investigated.

The DLs solution and corresponding Sagdeev-like potential have been plotted with the help

of some suitable parameters indicating that both compressive and rarefactive double layers in

the system depend on the beam speed, number density and the value of entropic parameter q.

It is pointed out that the speed and number of electrons in the beam play a predominant and

crucial role in determining the nature of small amplitude DLs structures.

2.2 Fully nonlinear acoustic waves in a plasma with positrons
beam and kappa distributed electrons

Here we study the solitons formed by the fully nonlinear acoustic waves in the presence of cold

positrons beam and superthermal electrons [111]. In contrast to ordinary plasmas consisting of

electrons and positive ions, linear and nonlinear waves in electron-positron (ep) plasmas behave

di¤erently. This type of plasmas have been believed to exist in solar atmosphere, active galactic

nuclei, the early universe, pulsar magnetospheres at the center of our own galaxy and are

also of great signi�cance in inertial con�nement fusion schemes by utilizing ultra-intense lasers

[112, 113, 114, 115, 116]. A number of signi�cant research studies about production of positron

beams, positron lifetimes, accumulation of positrons and their characteristics can be found in

Refs. [117, 118, 119]. Several authors have discussed the annihilation of positrons in a plasma
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in detail [120]. Tsytovich and Wharton [121] have studied the waves and their instabilities in

e-p plasma theoretically. Numerous methods have been developed to accumulate positrons in

the laboratory storing a large number of them in an electrostatic trap [122, 123]. The positron-

trapping techniques have provided us with room temperature plasmas having lifetimes about

103s [118]. Improvements in the plasma manipulation and diagnostic methods have made

possible a variety of new experiments, including recent studies in plasmas. Many authors have

focused their attention on di¤erent types of linear and nonlinear coherent wave structures in

e-p plasmas [124, 125, 126, 127, 128]. Lominadze et al. [129] have explained the high e¤ective

temperatures of pulsar radio-emissions in electron-positron plasmas. Gedalin et al. [130] have

studied nonlinear wave conversion in electron-positron (ep) plasmas. They considered e¤ects of

nonlinear Cerenkov and cyclotron resonances in order to associating pulsar radio-emissions with

their model for nonlinear conversion of high-frequency radiation into the low-frequency region.

However, ions may be present in most of the plasmas leading to the existence of low-frequency

modes, which can not propagate in electron-positron plasmas otherwise. The work of the

Advanced Satellite of Cosmology and Astrophysics (ASCA) indicate the presence of a fraction

of ions in astrophysical electron-positron plasmas [131]. Nonlinear wave propagation involving

the collective interactions in electron-position, and electron-position-ion (epi) plasmas has been

studied previously [132, 133, 134, 135, 136, 137]. Popel et al. [134] have investigated e-p-i

plasmas with Boltzmann electrons distribution. Later, the nonlinear mode coupling equations

have been derived for electrostatic and electromagnetic waves in strongly nonuniform e-p-i

magnetoplasmas by Jammalamadaka et al. [135]. Shukla et al. [136] have demonstrated the

properties of obliquely propagating coupled ion-acoustic and low-frequency electrostatic drift

waves in a strongly magnetized inhomogeneous electron-positron-ion plasma with sheared ion

�ow. Furthermore, the intense radiation nonlinearly interacts with the acoustic-like waves in

electron-position-ion plasma at nonrelativistic temperatures have been investigated [137]. The

low-frequency drift waves play an important role in the dynamics of electron-positron plasmas

comprising of some concentration of ions, while in the nonlinear regime these waves can give

rise to dipolar vortices in both electrostatic and electromagnetic limits [138].

Whenever one of the plasma constituents is in relative motion w.r.t the remaining plasma

or a beam is inserted from external source, this free energy source available to the system

can make the plasma unstable and appears in the form of a well-known streaming instability.

The e¤ect of particle streaming on the nonlinear plasma waves propagation has been studied

before [139]. The astrophysical situations like pulsars or more commonly called rotation pow-

ered neutron stars are exceptionally good manufactories of anti-matter like electron-position

pairs [140]. In order to speed up the progress in positron and anti-matter related studies, it

is needed extremely to develop options for strong sources of positrons capable of providing

positron beams with greater than 107 positrons/sec. Di¤erent methods have been reported to
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collect large numbers of positrons in the laboratory [141, 142, 123, 143] and are likely to be

useful in a wide range of other applications including a low-emittance source for accelerators,

antihydrogen formation, the study of inelastic processes involving atoms and molecules [122],

and as a diagnostic of transport in fusion plasmas [144]. Progress in the capability to collect

and cool, positrons and anti-protons is empowering new technological and scienti�c opportu-

nities [145]. Self-consistent production of kappa distributed superthermal electrons by beam

plasma interaction in laboratory experiments has been reported [146]. Electrostatic waves pro-

duce superthermal electrons during the beam-plasma interaction and, nonlinear structures like

solitary or shock waves have been studied in Refs. [147, 148, 149]. These studies motivated us

to study the e¤ects of positrons streaming parameters, as well as electrons superthermality on

the fully nonlinear structures of non-Maxwellian plasma.

Being paired species both electrons and positrons can lead to the annihilation process

forming the present model to be highly unstable. But the annihilation e¤ect can be neglected

if !�1pp;e � �ann, (where !�1pp;e is the inverse of positron, electron plasma frequency and �ann =
1

3ne;pc�t
(
4�

1 + 6�
) is the annihilation time for a nonrelativistic plasma. The Thomson cross-

section for electron is de�ned as �t = 6:65 � 1025 cm2 and c the light speed in vacuum. The

normalized thermal energy (� = KBT=mec
2) satis�es the condition �2 � � � 1 [150], where

� = 7:29�103 is the �ne-structure constant. Surko and Murphy [117] have discussed that over
a wide range of parameters, the annihilation of positrons and electrons similar to recombination

in simple electron-ion plasmas, is comparatively insigni�cant. Also they have reported that

even at low electron density of 1012 cm3 and temperatures � 104 Ko, the observed positron

annihilation time is greater than 1 sec, which is much greater than the characteristic ion-

acoustic (IA) wave time scale. Positron annihilation in electron-positron plasmas has been

treated in detail in Bussard et al. [151] and Guessoum et al. [152].

2.2.1 Theoretical Model

Let us consider a system of an unmagnetized, collisionless plasma consisting of cold positive

ions �uid (with subscript i), superthermal electrons (with subscript e), and positrons beam

(with subscript p). Thus, the equilibrium charge neutrality condition is n(0)e = n
(0)
i + n

(0)
p ,

where n(0)e , n
(0)
i , and n

(0)
p are the unperturbed number densities of electrons, ions and positrons,

respectively. The nonlinear dynamics of such disturbances are governed by the normalized �uid

equations as
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@x
= 0; (2.23)

@2�

@x2
� 4�e(ne � ni � np) = 0: (2.24)

In Eqs. (2.20)�(2.24), ni, ne and np are the number densities of ions, electrons, and positrons

beam, respectively, vi and vp are the �uid velocities of ions and positrons beam, respectively,

' is the electrostatic potential, and � = (mi=mp) for positrons, where mi (mp) is the ions

(positrons) mass. Here, ne;i;p; vi;p, and ', scaled, respectively, by n
(0)
i , the ion acoustic speed

and the thermal potential KBTe=e. The space x and time t variables, are scaled, respectively,

by the ion Debye length �Di = (KBTe=4�e
2n
(0)
i )

1=2, where e is the magnitude of the electron

charge. We shall adopt a kappa-distribution for electrons (as given in Appendix), by relying on

a similar notations in Ref. [153, 154], wherein the fundamental algebra is expressed in detail.

Therefore, the normalized number density of electrons is given by

ne = �

�
1� �

�� 3=2

���+ 1
2

, (2.25)

where � = n(0)e =n
(0)
i (� = p + 1 and p = n(0)p =n

(0)
i ) and the index � (> 3=2) determines the

slope of the superthermal energy distribution. The kappa distribution reduces to Maxwellian

distribution for � ! 1, while low values of kappa � represents a �hard� spectrum with a

strong non-Maxwellian, arising from strong acceleration.

In order to investigate the properties of the fully nonlinear IAWs, we assume that all the

dependent variables in Eqs. (2.20)�(2.25) depend only on a single variable � (� = x �Mt),
where � is a moving coordinate normalized by �Di, andM is the Mach number of the localized

wave (M = wave speed/cs). We assume that as j�j ! 1, ni ! 1, ne ! �, np ! p, vi ! 0,

vp ! u
(0)
p , and � ! 0, where u(0)p is the positrons beam streaming velocity. Under these

conditions, the basic Eqs. (2.20)�(2.25) are reduced to the following energy equation:

1

2

�
d�

d�

�2
+ S (�) = 0; (2.26)
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where Sagdeev potential S (�) is de�ned as

S (�) � �
�
1�

h
1� '

(��3=2)

i��+3=2�
+M2

n
1�

p
1� 2�=M2

o
+ p
�

�
M � u(0)p

�2(
1�

r
1� 2��=

�
M � u(0)p

�2)
:

(2.27)

In this equation (2.27), the values of ion ni and positron np perturbed number densities,

which were obtained after integrations equations (2.20-2.21) are as follows:

ni =
Mp

M2 � 2�
; np =

M � u(0)pq
(M � u(0)p )2 � 2��

(2.28)

Note that in the absence of positrons beam, Eq. (6) reduces to (19) in Ref. [146]. The ions

density will be real and positive valued only when fM2 � �=2g � 0.
Equation (2.27) can be solved numerically to obtain the pro�le of the Sagdeev potential

which describes either the solitons or shocks. The appropriate conditions for solitary waves

propagation are:

(i) S (�) j�=0 = dS (�) =d�j�=0, which indicates that the electrostatic �eld be zero far from
the localized solitary potential, (ii) d2S (�) =d�2j�=0 < 0, which yields the inequality

1

M2
+

p�

(M � u(0)p )2
� � (�� 1=2)

(�� 3=2) < 0, (2.29)

and (iii) the solitary waves exist only when S (�m) � 0, where �m is the maximum potential

for the solitary waves and it is determined by
��
Mmax � u(0)p

�2
� 2��m

�
� 0. This implies

that the inequality

�

8<:1�
"
1�

�
Mmax�u(0)p

�2
2�(��3=2)

#��+3=29=;+M2

8<:1�
r
1�

�
Mmax�u(0)p

�2
�M2

9=;
+ p
�

�
M � u(0)p

�2
� 0

(2.30)

holds.

It is important to mention here that the soliton exists only for Mach numbers satisfying

Mmin < M < Mmax, i.e., the point at the origin is unstable with respect to both sides (positive

and negative ��axis). One can notice that in absence of positrons beam, the lower limit Mmin

(represented by Eq. (2.29)) is reduced to Mmin =
p
(�� 1=2)=(�� 3=2), which agrees with

earlier study of Saini et al. [101] (cf. Eq. (21) in Ref. [101]).

Another nonlinear wave that may propagate is the shock wave. The required conditions for
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shocks are the same conditions (i) and (ii) above, in addition to the Sagdeev potential S (�)

must satisfy the following new requirement [155]:

S(�mD) = 0, (2.31)

dS(�)j�=�mD=d� = 0, (2.32)

d2S(�)j�=�mD=d�
2 < 0, (2.33)

where �mD is the maximum amplitude of the shock wave. Equations (2.26)�(2.33) provide

the numerical and analytical toolbox to be used in the next section.

2.2.2 Numerical Analysis and Discussions

Now, we will numerically study the existence region of the �nite amplitude ion-acoustic solitary

waves. Recalling that the existence region is con�ned between the minimum Mach number

Mmin [represented by Eq. (2.29)] and the maximum Mach number Mmax [represented by Eq.

(2.30)]. Within this region, i.e., Mmin < M < Mmax; the solitary waves can exist. Figure

(2.6) shows the minimum and maximum Mach numbers for di¤erent values of plasma para-

meters, namely the superthermal parameter �, positrons beam concentration p, and positrons

beam streaming velocity u(0)p . It is interesting to point out here that the minimum and max-

imum Mach numbers move to higher values with an increase of the superthermal parameter

�, positrons beam concentration p, and beam velocity u(0)p . On the other hand, the solitons

become slower for non-Maxwellian electrons, as well as for sluggish and dilute positrons. It is

straightforward to mention that both supersonic and subsonic pulses can propagate, however

the supersonic waves are the dominant. This indicates that the positrons beam provide the

system with energy that makes the ion-acoustic solitary waves moves faster.

Figure (2.7) shows the e¤ects of the superthermality � on the Sagdeev potential S (�) and

the corresponding solitary wave pro�le. It is seen that increasing the spectral index � decreases

the amplitude but increases the width. It is also found that the characteristics of nonlinear

IAWs vary substantially due to the superthermal nature of electrons. Moreover, the amplitude

and width of the solitons are di¤erent when the electrons are superthermal (non-Maxwellian)

from the case when they are thermal (Maxwellian). Note that increasing the Sagdeev potential

depth means that the width of the pulse decreases and vice versa.

The impact of positrons beam velocity u(0)p on the Sagdeev potential and the associated

pulse potential / is depicted in Fig. (2.8). We see from Fig. 2.8(a) that the root of S (�)

(maximum potential �m) and the depth of S (�) decrease monotonically with an increase of

the beam velocity u(0)p : On the other hand, the amplitude (width) of the soliton becomes

shorter (wider) for faster positrons (see Fig. 2.8(b)).
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Figure 2.6: The maximum and minimum Mach numbers M are depicted versus (a)
the spectral index � with di¤erent values of the positrons beam concentration p
and (b) the spectral index � with di¤erent values of the positrons beam streaming
velocity u(0)p .

Figure 2.7: (a) Behavior of the Sagdeev potential S(�) and (b) the corresponding
soliton pro�les � for di¤erent values of �. Other parameters are u(0)p = 0:2, p =
0:00015, and M = 1:14.

Figure 2.8: (a) Behavior of the Sagdeev potential S(�) and (b) the corresponding
soliton pro�les � for di¤erent values of u(0)p . Other parameters are � = 6, p = 0:00015
and M = 1:29.
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Figure 2.9: (a) Behavior of the Sagdeev potential S(�) and (b) the corresponding
soliton pro�les � for di¤erent values of p. Other parameters are u(0)p = 0:2; � = 4,
and M = 1:3.

Figure 2.10: (a) Behavior of the Sagdeev potential S(�) and (b) the corresponding
soliton pro�les � for di¤erent values of M . Other parameters are u(0)p = 0:2; � = 2:5,
and p = 0:00015.

Figure (2.9) shows the e¤ect of the positrons concentration p on the solitary wave pro�les.

Indeed, an increase of p leads to the reduction (enhancement) of the amplitude (width) of the

solitons.

From Fig. (2.10), it is obvious that the potential pro�le becomes taller and narrower with

the increase of Mach number M , while slower ones will be shorter and wider, in agreement

with the soliton phenomenology.

To �nd out whether the shock waves propagate in our system or not, the Sagdeev potential

S (�) represented by Eq. (2.27) should satisfy the conditions (2.31)�(2.33). Applying conditions

(2.31) and (2.32) into Eq. (2.27) and solving it numerically for �m, we obtain two lines (in our

case solid and dashed lines). If these lines have crossing point, then both conditions (2.31) and

(2.32) are ful�lled then the shock waves can exist around the crossing point (see, e.g., Refs.

[155, 156]), but we should ensure also from with condition (2.33). If the numerical analysis

indicate that there is no crossing point, thus conditions (2.31) and (2.32) are not achieved and

the shock waves cannot propagate.

Our numerical results are displayed in Fig. (2.11). It is obvious that there is no crossing
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Figure 2.11: Numerical solutions of the condition 2.31 [solid curve] and condition
2.32 [dash curve] at M > Mmin: Other parameters are u

(0)
p = 0:2 and � = 2:5.

point between the two lines represented by conditions (2.31) and (2.32). Therefore, our system

cannot support the propagation of shock waves.

2.2.3 Summary

The fully nonlinear solitary structures of IAWs in an e-p-i plasma with positrons beam and

superthermal electrons are investigated. A pseudo-potential formalism was employed to derive

an energy-balance like equation. The numerical analysis of the latter are obtained. The e¤ects

of superthermality and positrons beam parameters on the characteristics of the IAWs have

been traced. The results can be summarized as follows:

� The existence regions for the ion-acoustic solitons and shocks are examined, which indi-
cates that only solitons can propagate and the system cannot support shocks.

� Two types of solitary waves, namely supersonic and supersonic modes, can exist. How-
ever, the supersonic mode is the dominant mode.

� The polarity of the solitary waves is always positive (compressive solitary wave) in an
electron-ion with external positron beam plasma model under investigation in this re-

search work.

� The plasma with strong deviation from the Maxwellian state (i.e., strong non-Maxwellian
electrons with low values of �) have solitary pulses with taller amplitude and thinner

width, which indicates that the non-Maxwellian particles increase the nonlinearity of the

system.

� Energetic and dense positrons cause the pulses to be shorter and wider, therefore the
positrons play a role to reduce the nonlinearity.
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The above theoretical analysis and results improve our understanding about the proper-

ties of fully nonlinear IAWs that propagate in a non-Maxwellian plasma with positrons

beam. Of course, adopting other non-Maxwellian cases could lead to di¤erent nonlinear

mode behavior, which we will consider in our future work.

2.3 IA double layers in the presence of positrons beam
and q-nonextensive electrons

Now we present the solution of nonlinear ion acoustic waves in the form of double layers

in a plasma with a cold beam of positrons carrying energy is being guided into simple q-

nonextensive electrons and ions [157]. The model for which fully nonlinear solitary structures

and double layers existence has been discussed in the previous section will be considered again

with slight di¤erent assumptions. We in this work are studying the ion acoustic waves in

electron-ion plasma with an external beam of positrons. The electrons are assumed to follow

q-nonextensive velocity distribution. Growth rates of streaming instability are discussed from

linear dispersion relation. The small amplitude double layer structures are studied with a

special focus on a positron beam entering into an electron-ion plasmas.

2.3.1 Basic Set of Equations

We consider a homogeneous, unmagnetized and collissionless plasma whose constituent species

are electrons and ions with beam of positrons having some relative speed U (0)p 6= 0 inserted

into it. Electrons are assumed to be following q-nonextensive distribution. The basic set of

equations which will describe the plasma system can be written as

@Ni

@
�
t
+
@NiVi

@
�
x

= 0 (2.34)

mi

�
@Vi

@
�
t
+ Vi

@Vi

@
�
x

�
= �e@'

@
�
x

(2.35)

@Np

@
�
t
+
@NpVp

@
�
x

+ U (0)p
@Np

@
�
x
= 0 (2.36)

mp

�
@Vp

@
�
t
+ Vp

@Vp

@
�
x
+ U (0)p

@Vp

@
�
x

�
= eE, (2.37)

where E = �@'=@�x is the electrostatic �eld. For q-nonextensive velocity distributed elec-
trons, the number density is
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Ne = N
(0)
e

�
1 + (q � 1) e'

KBTe

� q + 1

2 (q � 1) , (2.38)

and the Poisson equation for such a system can be written as

@2'

@
�
x
2 = 4�e (Ne �Ni �Np) (2.39)

In equations ( 2.34)-(2.39) the symbol ' stands for the electrostatic potential, mi (mp) is

the mass of ion (positron). The unnormalized perturbed and equilibrium number densities

of di¤erent species are described as Ni, N
(0)
i (for ion), Ne, N

(0)
e (for electron), Np, N

(0)
p (for

positron), respectively, and Vp (U
(0)
p ) is the �uid (streaming) speed of the positron. Linearizing

the above set of equations by assuming perturbations to be / ei(kx�!t), we get Ne1 = N (0)
e (q+

1)e'=2KBTe and the dispersion relation is,

(�q + k
2�2De)

k2�2De
=
!2pi
!2
+

!2pp�
! � ku(0)p

�2 (2.40)

where �q = (q + 1)=2 and !pp = (4�n
(0)
p e2=mp)

1
2 is the positron plasma frequency with mp

the positron mass.

The linear dispersion relation (2.40) is solved numerically to obtain the growth rates of

instability. In carrying out the linear and nonlinear analysis, we will restrict the positron

beam density and beam velocity to very low values, i.e. by taking pu(0)p � 1, which correspond

to a �nite but negligible equilibrium charge current J0. This restriction is necessary in order

for the electrostatic character of excitations to be protected [102]. For ion acoustic mode the

phase speed of the wave should be such that vti < vph < vte. The Landau damping e¤ects can

occur in the system only when the phase speed of the acoustic mode comes in resonance with

positron beam speed. Therefore, to avoid Landau damping e¤ects in the system we restrict to

the condition vb < cs. Using relation (2.40) the variation between the ratio =!pi and u
(0)
p =cs

is shown in Figs. 2.12(a) and 2.12(b). To elaborate the growth rates of streaming instabilities

we choose the following parameters p = 10�9 and k�De = 0:1. Figure 1a has been plotted for

di¤erent values of nonextensive parameter q = 0:3, 0:8, 1. The lower values of entropic index

q � 1 contains the plentiful supply of superthermal (nonthermal) electrons and the modi�ed
Debye length for smaller values is larger than at higher q values. The q-distribution for q > 1

are suitable for the description of systems containing a large number of low speed particles.

As we are interested to see the e¤ect of the presence of a signi�cant number of superthermal

particles on streaming instability and nonlinear double layers structures, so we will restrict

ourselves to the range of nonextensive entropic parameter q � 1. Figure 2.12(a) shows that
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Figure 2.12: (a) Plot of Normalized imaginary frequency =!pi versus u
(0)
p =cs for

Maxwellian (solid curves), q = 0:3 (blue dashed curves) and q = 0:8 (red dotted
curves), (b) Plot of Normalized imaginary frequency =!pi versus u

(0)
p =cs for di¤er-

ent values of the parameter q = �0:1 (solid curves), q = �0:5 (blue dashed curves)
and 0:8 (red dotted curves). Other parameters are p = 10�9, Ti = 10eV , Te = 0:1Ti
and k�De = 0:01. (c) Plot of Normalized imaginary frequency =!pi versus u

(0)
p =cs

for di¤erent values of the positron to electron number density p = 10�9 (black solid
curves), p = 10�8 (black dashed curves) for positive q = 0:6 and p = 10�9 (blue solid
curves), p = 10�8 (blue dashed curves) for negative q = �0:6.

45



Chapter 2: Unmagnetized Streaming Plasmas and Nonlinear Structures

for lower values of q, the growth rate of instability is enhanced as compared to that at higher

values of q (which corresponds to Maxwellian case at q = 1). Figure 2.12(b) depicts the

variation in streaming instability when the negative values of the nonextensive parameter (i.e.,

q = �0:1;�0:5;�0:8) is given, it has the same behavior as explained in Fig. 2.12(a) for positive
value of q. Figure 2.12(c) shows the change occurring in the behavior of the growth rates of

instability with respect to variation in the concentration of positrons present in the beam, that

has been externally introduced into electron-ion plasma. It is obvious from this �gure that the

growth rates of instability are on the rise if we increase the positron to electron concentration

p in the beam whether the chosen parameter q is positive or negative (i.e., within the range

�1 < q � 1). Therefore it seems justi�ed to say that the presence of nonthermal particles and
external beam of positrons is playing the dominant role in creating signi�cant instability in

the plasma system under consideration.

2.3.2 Nonlinear Analysis (Pseudopotential Approach)

For nonlinear studies, the rescaled form of Equations (2.34-2.39) are written as

@ni
@t

+
@ (nivi)

@x
= 0 (2.41)

@vi
@t
+
1

2

@v2i
@x

= �@�
@x

(2.42)

@np
@t

+
@ (npvp)

@x
+ u(0)p

@np
@x

= 0 (2.43)

@vp
@t

+ u(0)p
@vp
@x

+
1

2

@v2p
@x

= ��@�
@x

(2.44)

@2�

@x2
= (1 + p)ne � ni � pnp (2.45)

ne = [1 + (q � 1)�]
q + 1

2 (q � 1) (2.46)

where the terms � = mi=me, � = (1+p) = n
(0)
e =n

(0)
i and p = n(0)p =n

(0)
i shows the concentra-

tion of the population of positron to ions. In the above nonlinear set of equations (2.41-2.46),

the quantities have been rescaled in a dimensionless form as,
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vi = Vi=cs, vp = Vp=cs, u(0)p = U (0)p =cs

� = e'=KBTe, cs = (KBTe=mi)
1=2

nj = Nj=Nj0 with j = e, p, i

x =
�
x=�D, with �D = (KBTe=4�N

(0)
i e

2)
1
2

�
t = !pit,

For localized stationary solution, we introduce a transformation which will physically make

possible for us to look at the solitary structure in a new frame of coordinates with velocityM =

u=cs. This new transformation � = x�Mt, will help to change the spatio-temporal di¤erential
equations into a single variable dependent di¤erential equation i.e., all the dependent variables

are functions of �, and Eqs. (2.41)-(2.46) after applying the above introduced transformation

and useful integration turn into the following form as

ne = f1� (q � 1)�g
q + 1

2 (q � 1) , np =
M � u(0)pq

(M � u(0)p )2 � 2��
, ni =

Mp
M2 � 2�

(2.47)

@2�

@�2
= (1 + p)ne � ni � pnp (2.48)

Using the values of number densities of electron, positron and ion in (2.47) into (2.48), and

after multiplication by d�=d�, we get

@2�

@�2
d�

d�
= (1 + p) f1� (q � 1)�g

q + 1

2 (q � 1) d�
d�
� Mp

M2 � 2�
d�

d�

� p(M � u(0)p )q
(M � u(0)p )2 � 2��

d�

d�

and then integration we arrive at famous energy integral equation as

1

2

�
d�

d�

�2
+ S (�) = 0 (2.49)

The appropriate boundary conditions which have been used to get number densities in 2.47

and 2.48 are ni;p ! 1, �! 0, @�=@� and vi;p ! 0 at j�j ! �1. The Sagdeev potential S (�)
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for the above described plasma model is given as

S (�) =
2�

3q � 1[1� f1 + (q � 1)�g
3q � 1
2 (q � 1) ] (2.50)

+MfM �
p
M2 � 2�g+ p

�
M0fM0 �

q
M2
0 � 2��g

whereM�u(0)p =M0 is known as modi�ed Mach number in the presence of streaming beam.

The Eq. (2.49) is a well known equation in the form of energy integral of an oscillating particle

of unit mass in a conservative force �eld with velocity d�=d�, position � and pseudo-time � in

a potential well S (�).

2.3.3 Formation of Double Layers

The double layers structures are formed if the following conditions are satis�ed:

(i) S(�) = 0 at � = 0, and �m 6= 0
(ii) dS(�)=d� = 0 at � = 0, and �m 6= 0
(iii) d2S(�)=d�2 < 0 at � = 0, and �m 6= 0
Applying weakly coupled plasma limit i.e., � < 1, the Eq.(2.50) can be expanded and then

after simpli�cation yields the following result,

S (�) = A1�
2 + A2�

3 + A4�
4 + 0�5

where

A1 =
1

2M2
+
p�

2M2
0

� �(q + 1)
4

; (2.51)

A2 =
1

2M4
+
p�2

2M4
0

� �(q + 1)(3� q)
24

; (2.52)

A3 =
5

8M6
+
5p�3

8M6
0

� �(q + 1)(3� q)(5� 3q)
192

; (2.53)

The �rst two boundary conditions gives

A1�
2
m + A2�

3
m + A3�

4
m = 0 (2.54)

2A1�m + 3A2�
2
m + 4A3�

3
m = 0 (2.55)

Solving these two equations simultaneously, we get

2�m = �
A2
A3

(2.56)
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Using value of A2 in Eq. (2.54)

A1 = A3�
2
m

and now the Sagdeev-like potential S(�) is given by :

S(�) = A3�
2 f�m � �g

2

Using this value in energy integral Eq. (2.49)

1

2
(
@�

@�
)2 + A3�

2 f�m � �g
2 = 0

The standard double layer solution can be obtained as

� =
�m
2

�
1� tanh(2�

�
)

�
(2.57)

where � =
p
�8=A3=�m represents the width of the double layer provided A3 < 0 as it

will only make the maximum amplitude �m to be positive valued. In order to �nd out the

presence of double layers, it is greatly important to locate those regions for the selected set

of parameters for which the coe¢ cient A3 < 0. For such set of parameters, there is another

useful coe¢ cient A2 which help us to identify the nature of the double layers. The nature of

the DL depends upon the sign of the coe¢ cient A2: for the coe¢ cient A2 > 0 a compressive

double layer exists, whereas for the coe¢ cient A2 < 0 a rarefactive DL is formed.

The condition on A3 < 0 gives

5

8

�
1

M6
+
p�3

M6
0

�
� �(q + 1)(3� q)(5� 3q)

192

By solving it numerically, we calculate the minimum Mach number value for which DLs

will be formed and this value ofM will be used in all of the related illustrations to follow. The

width of the double layers is inversely proportional to j�mj.

2.3.4 Results and Discussion

In this section we study the formation of double layers, related to those systems in which

positrons are passing through a simple electron-ion plasma in such a way that it works like a

beam of positrons inserted into the plasma. This beam of positrons will be carrying energy and

hence this free energy source is going to play a signi�cant role in the formation of nonlinear

structures. For entropic index q = 1, the Maxwell distribution function is obtained, but on

the other hand for q < 1 (superextensivity) the probability of higher energy states is more

as compared to Maxwellian (extensive) case. The q-nonextensive distribution corresponds to

a Lêvy function, with power law behavior for higher energy. The other possible case is for
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Figure 2.13: (a) Sagdeev-like potential pro�le S(�) for double layer for di¤erent
values of the parameter q = 0:2 (solid curves), q = 0:3 (blue dashed curves) and
0:4 (red dotted curves). (b) Plot of double layer solution � for IA rarefactive for
di¤erent values of the parameter q = 0:2 (solid curves), q = 0:3 (blue dashed curves)
and 0:4 (red dotted curves). Other parameters used are u(0)p = 0:1, p = 10�12 and
M = 1:9.

nonextensive index q > 1 (subextensivity), the probability of higher energy states is less as

compared to Maxwellian case. The Sagdeev-like potential for the formation of double layers

by varying the positive values of entropic index (i.e. q > 0) is shown in the lower panel Fig.

2.13(a). The corresponding double layers solution is shown in Fig. 2.13(b) for three di¤erent

values of the entropic index q, while keeping all the other relevant parameters �xed and it can

be noticed in this part of the �gure that both amplitude and steepness of the electrostatic

potential � increases with increased values of entropic index parameter. It is observed that by

increasing q (i.e. 0:2, 0:3, 0:4), the nonlinear potential expands away from the origin for the

rarefactive double layers.

Now another Fig. (2.14) is obtained to see the impact of variation in the values of the

negative entropic index (i.e., q < 0). In Fig. 2.14(a), The Sagdeev-like potential is plotted,

by giving variation in the negative entropic index (i.e., q = �0:2, �0:3, �0:4). In order to
illustrate the results, the double layers solution by using three varying values of q < 0, is drawn

in Fig. 2.14(b). It has been found by looking at this �gure that as we decrease the values of

the entropic index (q = �0:2, �0:3, �0:4), both amplitude and steepness of the electrostatic
potential � shows diminution behavior.

As the plasma system which contains the plasma species following q-nonextensive distrib-
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Figure 2.14: (a) Plot of the Sagdeev-like potential pro�le S(�) for di¤erent values
of the negative extensive parameter q = �0:2 (solid curves), q = �0:3 (blue dashed
curves) and �0:4 (red dotted curves). (b) Plot of electrostatic potential � for IA
rarefactive double layer for di¤erent values of the negative extensive parameter
q = �0:2 (solid curves), q = �0:3 (blue dashed curves) and �0:4 (red dotted curves).
Other parameters are u(0)p = 0:1, p = 10�12 and M = 1:9.
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Figure 2.15: (a) Plot of the Sagdeev-like potential pro�le S(�) for entropic parameter
q = �0:89 (solid curves), q = �0:90 (blue dashed curves) and q = �0:91 (red dotted
curves). Other parameters are u(0)p = 0:1, p = 10�12 and M = 2:1. (b) Plot of double
layer solution � for IA compressive double layer for entropic parameter q = �0:89
(solid curves), q = �0:90 (blue dashed curves) and q = �0:91 (red dotted curves).
Other �xed parameters are u(0)p = 0:1, p = 10�12 and M = 2:1.

ution has strong inclination to hold both rarefactive and compressive double layers, so for this

purposes, we choose another set of parameters to elaborate the presence of compressive double

layers as well and Fig. 4 has been dedicated to show the presence of compressive double layers.

The Sagdeev-like potential S(�) for q = �0:89, �0:90, �0:91 and other parameters �xed as
p = 10�12, M = 2:1, u(0)p = 0:1 is depicted in Fig. 2.15(a), while the corresponding variation in

the electrostatic potential � has been given in Fig. 2.15(b). The behavior of the amplitude of

the electrostatic potential (double layers solution) is such that it is enhanced with depreciated

values of entropic index (q < 0).

As it has been shown in the above discussion that both compressive and rarefactive layers

structures are excited in the plasma system depending on the choice of parameters, Fig. (2.16)

has been included to elaborate the region of the presence of both types of DLs. In Fig. 2.16(a)

and 2.16(b), the coe¢ cient A3 [Eq.(2.53)] has been plotted against superthermality determining

index q, where the set of three curves in Fig. 2.16(a) shows the values of the coe¢ cient A3
by varying the positron streaming speed, while the other set of three curves in Fig. 2.16(b)

corresponds to the variation in positron concentration p. Only those values of entropic index

q will yield double layer solution for which the coe¢ cient A3 remains negative as mentioned

in the section �formation of double layers�. As a �rst test, this condition must be ful�lled by
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Figure 2.16: (a) Plot of Coe¢ cient A3against q for di¤erent values of positron beam
speed u(0)p = 0:0 (solid curves), u(0)p = 0:4 (blue dashed curves) and u(0)p = 0:6 (red
dotted curves). Fixed parameters are p = 10�12 and M = 1:5 (b) Plot of Coe¢ cient
A3 against q for di¤erent values of positron number density p = 10�12 (solid curves),
p = 10�11 (blue dashed curves) and p = 10�10 (red dotted curves). Other parameters
are u(0)p = 0:1 and M = 1:5.

the set of parameters for which we are seeking the solution for double layers. From this Fig.

2.16(a) and 2.16(b), it is clear that variation in streaming speed u(0)p and positron concentration

p signi�cantly modify the curves for coe¢ cient A3 and hence the regions of the presence of

double layers in the system.

For those set of parameters, for which the coe¢ cient A3 is negative, the possibility of the

double layers to be either rarefactive and compressive, can be separated out, by looking at the

behavior of the next valuable coe¢ cient A2.

2.3.5 Summary

We have studied the e¤ect of positron streaming speed u(0)p , number density p, and nonextensive

velocity distributed electrons on the streaming instability due to the positron beam and the

formation of double layers structures (both compressive and rarefactive in nature). In the

linear analysis, it has been shown that the free energy coming into the plasma system due to

external beam of positrons generate the streaming instability which is predominantly modi�ed

due to entropic parameter q and concentration of positrons in the beam speed. Secondly

the e¤ects of variation of entropic parameter q and positron to electron concentration ratio

p on the growth rates of instability clearly indicate that these parameters have considerable
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impact on the dispersive nature of the plasma medium. The nonlinear analysis have been

carried out by Sagdeev-potential approach and applying appropriate boundary conditions, the

double layers solution is calculated. The double layer solution and corresponding Sagdeev-

like potential have been plotted with the help of some suitable parameters indicating that

both compressive and rarefactive double layers are excited in the system which depend on the

beam speed, number density and the value of entropic parameter q. The main conclusion of

our research work is that the positron beam speed and the number of positrons in the beam

play a predominant and crucial role in deciding the nature of double layers structures. The

choice of the chosen parameters will decide the amplitude, nature and shape of the nonlinear

double layer structures. The research material presented in this chapter has been taken from

the published works [93, 111, 157] of the author of this thesis.
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Chapter 3

Current-driven Solitons and Shocks in
Magnetized Plasmas

3.1 Introduction

A theoretical model has been proposed to study the new type of drift-like electrostatic waves

and instabilities which develop as a result of background inhomogeneous current in magnetized

plasmas [31]. It shows that the sheared �ow of electrons and ions in the presence of stationary

dust produces electrostatic drift-like wave even if density of the plasma is homogeneous. Such

waves and instabilities can also appear in electron ion plasmas if sheared �ow velocities of both

species are not the same. On the other hand, in the presence of heavy dust, such waves and

instabilities can occur even if the �ow velocity of both electrons and ions are the same.
Since the solar wind is structured and has local sheared �ows [158, 159], therefore at the edge

regions of Saturn�s dusty magnetosphere these unstable waves can be produced where the solar

wind is locally parallel to the planetary magnetic �eld. Similar situation can be achieved in

laboratory experiments as well. In this model, it is assumed that the local equilibrium has been
reached with the background sheared �ow of electrons and protons in the presence of stationary

dust. The zero order inhomogeneous current twists the local ambient magnetic �eld and it

becomes space dependent. The inhomogeneous magnetic �eld plays similar role in producing

this wave as density gradient does in producing usual low frequency drift wave. However, in

this case the available free energy in the form of sheared �ow of plasma species can give rise

to unstable electrostatic perturbations. It has also been proposed that the nonlinear dynamics

produce dipolar vortices [30] in dusty magnetospheres of planets and comets. Recently, this

model has been applied to Jupiter�s magnetosphere [160].

The work presented in this chapter shows that the short scale electrostatic solitons and

shocks are produced as a result of solar wind interaction with the dusty magnetosphere of

Saturn in the region where the solar wind �ows almost parallel to the planet�s magnetic �eld.

But we have noticed that the nonlinear structures in such environments will have very large
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scales contrary to the results mentioned in the Ref. [160]. The usual drift waves [161, 162]
exists due to density gradient and it forms nonlinear structures like vortices [63], solitons [163]

and shocks [164]. Here we extend the previous investigations to show that the electrostatic

shocks and solitons can be formed by sheared �ows of electrons and ions in the presence of

stationary dust in a plasma having non-Maxwellian electrons.

During the past few years, several researchers have shown interest in studying those sys-

tems which contain species following the velocity distribution with elongated energy tail, sig-

ni�cantly deviating from Maxwellian behavior [92, 165]. Both Space plasmas (e.g., planetary
magnetospheres, astrophysical plasmas, the interstellar medium where binary collisions are

su¢ ciently rare and the solar wind) and laboratory plasmas have habitats of superthermal

electrons [166, 106, 107]. The distribution of particles in a plasma system carrying a signif-

icant population of superthermal particles is e¤ectively modeled by the kappa or generalized

Lorentzian distribution function [165, 166, 167]. The role of highly energetic electrons in the

formation of acoustic-like solitary waves with the help of kappa distribution has been investi-

gated in various research works [167, 168, 169]. Various forms of distribution functions which

take into account non-Maxwellian behavior of particles, like kappa, q-nonextensive, Cairn�s

distribution functions etc., are available in the literature which have been used by the plasma

physicists to investigate laboratory, space and astrophysical environments.

As the particles of the solar wind have been found to show non-Maxwellian behavior [170,

171], therefore in this work we choose electrons to have kappa and Cairn�s distributions, while

the ions are considered to be cold. We investigate the e¤ects of non-Maxwellian electrons (using

kappa and Cairn�s distributions) on the linear waves and, nonlinear current-driven electrostatic

structures like the solitons and shocks.

3.2 Theoretical Model

If ions and electrons have sheared �ow with respect to the heavy dust particles in the back-

ground, consequently the zero order current can be produced in such dusty plasmas. In this

case the zero order current produces twist in the initial external constant magnetic �eld. Con-

sidering a local situation with the same electron-ion �ow velocity and stationary dust, it has

been reported that a new type of low frequency drift-type mode is excited in such plasmas

even if the density is uniform [29, 30, 31].

Let us consider a plasma system in which the electrons and ions (protons) are moving

with the same sheared �ow velocity v(0)j = v(0)ẑ (where j = e, i) parallel to the zero order

magnetic �eld B0 = B0ẑ and the heavy negatively charged dust is stationary. Thus the

equilibrium plasma current j0 = e(n
(0)
i � n(0)e )v(0)(x)ẑ becomes non-zero. To include the usual

drift waves in our investigations, we assume the density inhomogeneity in �x̂-direction such
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Figure 3.1: The wave geometry in the presence of external sheared current j0 =
e(ni0 � ni0)v(0)ẑ.

that rn(0)j (x) = �(dn(0)j (x) =dx)x̂. The local steady state condition is

n
(0)
i + Zdn

(0)
d = n(0)e ; (3.1)

where n(0)j (j = i, e, d) denote the equilibrium plasma density of jth species. The presence

of zero order current will produce shear in the total magnetic �eld, which can be expressed as

B0 = B0zẑ+B0yŷ = B0fẑ+ (x=LB)ŷg = B0êk;

with B0y � B0z, B0(x) = B0z
p
1 + x2=L2B, rB0=B0 = x̂�B and �B = 1=LB = jd=dx lnB0j

is the inverse of magnetic �eld inhomogeneity scale length. Following the notation of Ref.

[31] we de�ne the parallel and perpendicular unit vectors as êk = (ẑ+ x
LB
ŷ)=
p
1 + x2=L2B; and

ê? = (ŷ� x
LB
ẑ)=
p
1 + x2=L2B whereas r? reads as r? = x̂d=dx+ ê?@? as shown in Fig. (3.1).

The ions equation of motion can be written as

(@t + vi �r)vi =
e

mi

(E+
1

c
vi �B0); (3.2)

where ions are assumed to be cold as compared to superthermal electrons (i.e. Ti0 � Te0)

and �in is the ion-neutral collision frequency. The drift approximation j@tj � 
i helps to
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simplify the perpendicular component of the velocity of ions which can be written as

vi? ' vE + vpi; (3.3)

In the above expression vE = c=B0(ẑ�r?') and vpi = � c

iB0

[@t + vE �r?]r?' are the

electric and polarization drifts of ions, respectively. In the polarization drift expression, we

assume vjk@k � vE �r? while the diamagnetic drift part is cancelled out with the collisionless

stress tensor part [8]. The continuity equation and parallel component of momentum equation

for the ions can be written respectively, as

@tni1 +r?: (nivi?) + @k
�
nivik

�
= 0: (3.4)

and

�
@t + vE �r? + v

(0)(x)@k
�
vik = �c2sf@k�1 � Sir?�1g: (3.5)

where Si =
��� 1
idv(0)(x)=dx���. The electrons are assumed to be inertia-less in the slow time

scale phenomenon (! � 
i) of ion acoustic and drift waves being considered here. The

dispersion relation for a plasma having Boltzmann electrons can be written as

fn(0)e =n
(0)
i + k2?�

2
sg
20 � (!�ni + !�B)
0 � (1� Sik?=kk)k2kc2s = 0 (3.6)

For rn(0)j = 0, the new type of unstable drift mode in the absence of density inhomogeneity

has been reported [31] as,

fn(0)e =n
(0)
i + k2?�

2
sg
20 � !�B
0 � (1� Sik?=kk)k2kc2s = 0 (3.7)

Eq. (3.7) has two roots


0 =
!�B �

q
(!�B)2 + 4a(1� Sik?=kk)k2kc2s

2a
(3.8)

where a = fn(0)e =n(0)i +k2?�
2
sg: Eq. (3.8) becomes unstable [31] for the instability conditions

(!�B)
2 < 4a

��(1� Sik?=kk)�� k2kc2s, kk=k? < Si: (3.9)

It may be mentioned here that there are a few misprints in Ref. [31] in the solutions of

quadratic equation (3.7). If the ion-neutral collision frequency �in can not be neglected, then

the ion dynamic equation can be written as
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(@t + vi �r+ �in)vi =
e

mi

(E+
1

c
vi �B0); (3.10)

where ions are assumed to be cold as compared to superthermal electrons (i.e. Ti � Te).

The drift approximation j@tj � 
i helps to simplify the perpendicular component of the

velocity of ions which can be written as

vi? ' vE + vpi; (3.11)

The parallel component of momentum equation for the ions can be written as

�
@t + vE �r? + v

(0)(x)@k + �in
�
vik = �c2sf@k�1 � Sir?�1g: (3.12)

The electrons are assumed to be inertia-less in the slow time scale phenomenon (! � 
i)

of ion acoustic and drift waves being considered here. In case of Maxwellian distribution, the

dynamics of electrons are de�ned by Boltzmann density distribution [63, 31]. For Maxwellian

electrons the dispersion relation for the above mentioned model has appeared in Ref. [31] as

(n(0)e =n
(0)
i + k2?�

2
s)


2
0 � (!�ni + !�B)
0 � (1� Sik?=kk)k2kc2s = 0 (3.13)

With the help of this relation (3.13), purely growing new type of drift mode in the absence

of density inhomogeneity has been reported and instability condition has been given.

In these investigations, we consider the electrons to be non-Maxwellian following kappa and

Cairn�s distributions which reduce to Maxwellian density distribution in limiting cases.

3.3 Linear Analysis

Linear analysis is carried out by assuming all types of perturbations proportional to be ei(k?�r?+kk�rk)�i!t,

where rk is along and r? is perpendicular to the total magnetic �ledB0. We focus our attention

on the e¤ects of non-Maxwellian kappa and Cairn�s distribution functions on the low frequency

current-driven waves and instabilities.

3.3.1 Kappa Distributed Electrons

The number density expression for kappa distributed electrons that will be utilized is (see

appendix A)

ne = n
(0)
e [1�

e'

(�� 3=2)KBTe
]��+1=2: (3.14)

In the linear approximation e'=(��3=2)KBTe � 1, the perturbed electron number density
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from Eq. (3.14), becomes

ne � n(0)e
�
1 + A(�)�+B(�)�2=2

	
(3.15)

where A(�) = (� � 1=2)=(� � 3=2), B(�) = (�2 � 1=4)=(� � 3=2)2 and � = e'=KBTe is

the normalized electrostatic potential. The ion continuity equation (3.4), with the help of

quasi-neutrality (ni1 � ne1) along with Eq. (3.12) gives the linear dispersion relation as

fn(0)e A(�)=n
(0)
i + k2?�

2
sg
20 � (!�n + !�B)
0 � (1� Sik?=kk)k2kc2s = 0 (3.16)

where Dek?�ni = !�n, Dek?�B = !�B; 
0 = (! � kkv(0)), De = cKBTe=eB0, �ni =���dn(0)i =dx��� =n(0)i is the inverse of density inhomogeneity scale length and �B = jdB0=dxj =B0 is
the inverse of magnetic �eld inhomogeneity scale length. For homogeneous plasma, we obtain

the linear dispersion relation of current-driven wave

fne0A(�)=ni0 + k2?�2sg
20 � !�B
0 � (1� Sik?=kk)k2kc2s = 0 (3.17)

Eq. (3.17) has two roots


0 =
!�B �

q
(!�B)2 + 4a(1� Sik?=kk)k2kc2s

2a
(3.18)

where a = fne0A(�)=ni0 + k2?�2sg. Eq. (3.18) becomes unstable for

(!�B)
2 < 4a

��(1� Sik?=kk)�� k2kc2s, kk=k? < Si: (3.19)

Thus the instability condition (3.19) now depends on the value of spectral index � and for

�!1, it becomes the same as given in Ref. [31].

3.3.2 Cairn�s Distributed Electrons

If one-dimensional Cairns�s distribution function as given in Ref. [92] is integrated over velocity

space, the number density for this distribution is then obtained as

ne = n
(0)
e (1 + �c�+ �c�

2)e�; (3.20)

In the linear limit �ce'=KBTe � 1, the perturbed electron number density from Eq. (3.20),

becomes

ne = n
(0)
e f1 + (1� �c)�+

�2

2
g (3.21)

Note that Eq. (3.21) is similar to Eq. (3.15) if we assume A(�) = (1� �c) and B(�) = 1.
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For quasi-neutrality ni � ne, the ion continuity equation (3.4) yields

fn(0)e (1� �c)=n
(0)
i + k2?�

2
sg
20 � (!�n + !�B)
0 � (1� Sik?=kk)k2kc2s = 0

For density homogeneous plasma, the linear dispersion relation becomes

fn(0)e (1� �c)=n
(0)
i + k2?�

2
sg
20 � !�B
0 � (1� Sik?=kk)k2kc2s = 0 (3.22)

Eq. (3.22) yields two roots


0 =
!�B �

q
(!�B)2 + 4b(1� Sik?=kk)k2kc2s

2b
(3.23)

where b = fn(0)e (1� �c)=n
(0)
i + k2?�

2
sg: The instability conditions are

(!�B)
2 < 4b

��(1� Sik?=kk)�� k2kc2s, (3.24)

and inequality (kk=k? < Si). It shows that the instability condition (3.24) is modi�ed in

the presence of nonthermal population because it depends on �c and for �c = 0, we retrieve

the previous condition as evaluated in Ref. [31].

3.4 Nonlinear Analysis

In order to investigate the possibility of the formation of nonlinear coherent structures in the

form of shock and solitary potential pro�les, we follow the standard procedure, and assume

a new frame of reference (x; �) which is moving with the constant velocity u such that � =

y + �z � ut, where � = tan � and � is the small angle between the wave front normal and

the z-axis therefore 0 < � < 1. After applying this useful transformation, the continuity and

momentum equation of ions can be simpli�ed in the limit �in � U@� and hence the normalized

ion parallel equation becomes

(@t + v
(0)(x)@k)vik = �c2sf@k�� Sir?�g; (3.25)

Using quasi-neutrality condition i.e. ni1 � ne1, the ion continuity equation in the form of

normalized parameters can be written as
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A(�)f@t + v(0)(x)@kg�+B(�)�@t�+
n
(0)
i

n
(0)
e

De(�ni + �B)r?�

+B(�)v(0)(x)�@k�+De(�T + �ne)�r?�

�n
(0)
i De

n
(0)
e 
i

�
@t + vE �r? + v

(0)(x)@k + �in
�
r2
?�+

n
(0)
i

n
(0)
e

@kvik = 0 (3.26)

where dt = (@t+vE �r?+v
(0)(x)@k+�in), c2s=


2
i = �

2
s. The subscripts "0" and "1" represent

the equilibrium and perturbed parts of various quantities, respectively. Applying the above

mentioned transformation, the parallel component of the momentum equation yields

vik =
(� � Si)c2s
U � �v(0)(x)� (3.27)

where U 6= �v(0)(x): Using Eq. (3.27), the Eq. (3.26) in transformed frame can be expressed
as

[A(�)� n
(0)
i De(�ni + �B)

n
(0)
e fU � �v(0)(x)g

� n
(0)
i �(� � Si)c2s

n
(0)
e fU � �v(0)(x)g2

]@��

+[B(�)� De(�T + �ne)

U � �v(0)(x) ]�@���
n
(0)
i De

n
(0)
e 
i

@3�� = 0 (3.28)

This equation (3.28) can also be written as

@��+ A�@��+B@
3
�� = 0 (3.29)

The coe¢ cients A and B appearing in the above equation are de�ned as A = A2=A1,

B = A3=A1.

where

A1 = A(�)�
n
(0)
i De(�ni + �B)

n
(0)
e fU � �v0(x)g

� n
(0)
i �(� � Si)c2s

n
(0)
e fU � �v0(x)g2

A2 = B(�)�
De(�T + �ne)

U � �v(0)(x) ; A3 = �
n
(0)
i De

n
(0)
e 
i

Its analytical solution can be sought out by adopting the same procedure as reported by

Mal�iet [172], which comes out to be equal to

�1 = �
3

A
sech2(�=

p
�4B) (3.30)

As the coe¢ cients A and B depend on the values of various factors/quantities, therefore
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the solution in (3.30) will produce drift solitary structures whose amplitude and width will

vary with concentration of nonthermal particles, density, temperature and magnetic �eld in-

homogeneities.

Now we consider the second case in the limit U@� � �in. In this case the Eqs. (3.25 and

3.26) becomes

@�vik = �
c2s(� � Si)
�in

@2��

[A(�)� n
(0)
i

n
(0)
e

De(�ni + �B)

U � �v(0)(x) ]@��+ [B(�)�
De(�T + �ne)

U � �v(0)(x) ]�@��

+
n
(0)
i

n
(0)
e fU � �v(0)(x)g

[
De�in

i

+
�(� � Si)c2s

�in
]@2�� = 0 (3.31)

In order to get solution of Eq. (3.31), it is re-written in the following form as

@��+ C�@���D@2�� = 0 (3.32)

This is the di¤erential equation which produces shock wave solution. Again Mal�iet method

[172] can be utilized to obtain the analytical solution for this di¤erential equation, which is

� = � 1
C

h
1 + tanh(�=

p
2D)

i
where C = B2=B1, D = B3=B1 and

B1 = A(�)�
n
(0)
i De(�ni + �B)

n
(0)
e fU � �v(0)(x)g

B2 = B(�)�
De(�T + �ne)

U � �v(0)(x)

B3 = �
n
(0)
i

n
(0)
e fU � �v(0)(x)g

[
De�in

i

+
�(� � Si)c2s

�in
]

The drift solitary and shock structures for Cairn�s distributed electron case can be obtained

for A(�) = 1�� and B(�) = 1, while all the other terms in the relevant coe¢ cients will remain
the same.

3.5 Application

Here we apply our theoretical results to Saturn�s magnetosphere for v(0) � 106 cm=s, Ti =

105Ko, Te = 10Ti, B0 = 0:1 � 0:15 Gauss, n(0)e = 103 cm�3, n(0)d = 10 cm�3, Zd = 102 � 103
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Figure 3.2: Real frequency !r is plotted versus kk (a) for � = 20 (solid curves),
� = 5 (blue dashed curves) and � = 3 (red dotted curves), (b) for � = 0:0 (solid
curves), � = 0:1 (blue dashed curves) and � = 0:2 (red dotted curves), choosing
v(0) = 2�106cm= sec, Si = 4�10�5; �n = 1:06�10�10cm�1, B0 = 0:1 G, �B = 1:06�10�10cm�1

and k?�s = 0:5.

and ion neutral collision frequency �in = 5 � 102 [173]. The Fig. 3.2(a) has been obtained
by plotting real frequency !r against kk for di¤erent values of superthermal index � by using

Eq. (3.17), such that for larger values it approaches to the Maxwellian behavior. The lower

values of spectral index mean that the plasma system contains more and more superthermal

electrons.

The linear dispersion relation (3.22) has been shown in Fig. 3.2(b) for real frequency versus

kk such that the values of � has been varied as � = 0:1, 0:15, 0:2, 0:28. The large values of the

factor � shows increasing concentration of nonthermal particles following Cairn�s distributed

electrons.

The Fig. 3.3(a) shows that the temperature gradient supports the formation of drift solitary

structures, which are a¤ected by the presence of superthermal electrons. Lower values of

superthermal index �, meaning higher superthermality, reduces the amplitude of the solitons.

The Fig. 3.3(b) elaborates the change occurring in the drift solitary structures for di¤erent

values of � for Cairn�s distributed electrons. It shows that the larger contents of of nonthermal
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Figure 3.3: Solitary wave pro�le (a) for � = 6 (solid curves), � = 4 (blue dashed
curves) and � = 3 (red dotted curves), choosing �B = 1:6 � 10�7cm�1, �v = 1:6 �
10�7cm�1, �T = 1:2� 10�6, U = 0:2�v(0); (b) for � = 0:12 (solid curves), � = 0:13 (blue
dashed curves) and � = 0:14 (red dotted curves), choosing �B = 1:6 � 10�7cm�1,
�v = 1:6� 10�7cm�1, �T = 1:2� 10�6 and U = 0:02�v(0).
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Figure 3.4: Solitary wave pro�le (a) for �B = 1:6 � 10�9cm�1 (solid curves), �B =
1:6 � 10�7cm�1 (blue dashed curves) and �B = 3 � 10�7cm�1 (red dotted curves),
choosing �T = 1:2 � 10�6, �v = 1:6 � 10�7cm�1, � = 3, � = 0:02 and U = 0:2�v(0); (b)
for �B = 1:4� 10�7cm�1 (solid curves), �B = 1:6� 10�7cm�1 (blue dashed curves) and
�B = 1:8�10�7cm�1 (red dotted curves), choosing �T = 1:2�10�6, �v = 1:6�10�7cm�1,
� = 0:02, � = 0:12 and U = 0:2�v(0).

Cairn�s distributed electrons (larger values of �) will also reduce the amplitude.

The e¤ect of variation of magnetic �eld inhomogeneity on the drift solitary structures has

been illustrated in Fig. 3.4(a) and Fig. 3.4(b) which give drift solitary structures of higher

amplitude and squeezed width for larger values of �B and �xed value of �T .

We also investigate the e¤ects of kappa and Cairn�s distributed nonthermal electrons on

the current-driven electrostatic shock structures. The Fig. 3.5(a) portrays the impact of

superthermality on the pro�le of shocks potential which have been constructed by altering

the values of spectral index �. It is noticed that the shock amplitude and steepness decrease

as the superthermality increases. On the other hand, larger values of � in case of Cairn�s

distributed electrons indicate that the amplitude and steepness of the shock reduce as shown

in Fig. 3.5(b).

The variations occurring in the pro�le of shock wave potential structures, at incremental

values of inverse of magnetic inhomogeneity scale length �B have been plotted in �gure. 3.6(a)
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Figure 3.5: Shock wave pro�le (a) for � = 6 (solid curves), � = 4 (blue dashed curves)
and � = 4 (red dotted curves), selecting �B = 1:6 � 10�7cm�1, �v = 1:6 � 10�7cm�1,
�T = 2:5� 10�5, � = 0:1 and U = 0:2�v(0); (b) for � = 0:1 (solid curves), � = 0:12 (blue
dashed curves) and � = 0:14 (red dotted curves), selecting �B = 1:6 � 10�7cm�1,
�v = 1:6� 10�7cm�1, �T = 2:5� 10�5, � = 0:1 and U = 0:2�v(0).
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Figure 3.6: Shock wave pro�le (a) for �B = 1:6 � 10�9cm�1 (solid curves), �B =
1:6 � 10�7cm�1 (blue dashed curves) and �B = 3 � 10�7cm�1 (red dotted curves),
selecting �T = 2:52 � 10�5, �v = 1:6 � 10�7cm�1, � = 0:02, � = 3 and U = 0:2�v(0), (b)
for �B = 1:6� 10�9cm�1 (solid curves), �B = 1:6� 10�7cm�1 (blue dashed curves) and
�B = 3� 10�7cm�1 (red dotted curves), selecting �T = 2:5� 10�5, �v = 1:2� 10�9cm�1,
� = 0:1, � = 0:1 and U = 0:2 �v(0).

and 3.6(b).

3.6 Summary

The e¤ects of nonthermal kappa and Cairn�s distributed electrons on the linear dispersion

relation of low frequency current-driven unstable wave [31] have been investigated. Since

many space plasma environments have such nonthermal distributions, therefore the e¤ects are

important to study. The linear dispersion for kappa distributed electrons (Fig. 2a) shows

that the real frequency of the wave reduces in the presence of kappa distributed superthermal

electrons. On the other hand, in case of Cairn�s distributed nonthermal electrons (Fig. 2b) it

increases with the increasing value of �. The current-drive instability also depends upon the

magnitudes of the spectral index � for kappa distributed electrons and � in case of Cairn�s

distributed electrons.
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The nonlinear structures, solitons and shocks, have also been investigated in the presence of

superthermal electrons. The amplitude, width and steepness of both the nonlinear structures

(solitons and shocks) also depend on the parameters � and � as shown in �gures. The shape of

the current driven nonlinear structures developed due to the temperature gradient along with

density gradients are modi�ed by population of superthermal electrons. The scale length of

magnetic �eld nonuniformities also has impact on the shape and amplitude of these current-

driven nonlinear structures. The theoretical model is general one and here it has been applied to

Saturn�s magnetosphere. This study will be helpful to understand the future space observations

of such environments.

69



Chapter 4

Current-driven Alfvén Wave
Instabilities and Vortex Structures

In this chapter we show that the electrostatic current-driven drift mode proposed by Saleem

[31] can also couple with electromagnetic Alfvén waves [174]. In the nonlinear regime, the

electromagnetic vortices can be formed. Di¤erent plasma waves are modi�ed in the presence of

dust �uid and many new waves appear in such plasmas [175, 39]. A great deal of research work

has been published on low frequency dust acoustic wave [176, 177, 178], dust drift wave [179],

dust ion acoustic wave [175] and many other dust time scale phenomena [39]. The stationary

dust gives rise to Shukla-Varma mode [180] which propagates in the direction perpendicular to

the external magnetic �eld and it exists if the plasma has density inhomogeneity. It is di¤erent

from the usual drift wave which requires the non-zero parallel wave vector.

The usual drift waves is a stable mode in the �uid limit and develops in a plasma system

where inhomogeneity in density exists [161, 162]. A lot of research work on drift waves has

already been published in literature due to their importance in particle and energy transport

in plasmas [8, 26, 27].

The low frequency Alfvén waves are very important in plasmas and they also play an im-

portant role in the linear and nonlinear dynamics of magnetized plasmas [181, 182, 183]. It

is well known that drift and acoustic waves also couple with Alfvén waves in inhomogeneous

plasmas [8, 184]. The electromagnetic Alfvén waves also play a crucial role in energy and

particle transport. We have found that the zero order sheared current can also produce low

frequency electromagnetic waves and instabilities in plasmas. Consequently, in dusty magne-

tospheres, the Alfvén waves due to electromagnetic perturbations in the presence of zero order

background current will be unstable.

In this chapter we investigate the low frequency Alfvén wave instabilities driven by sheared

�ow of electrons and ions in the presence of stationary dust. Actually, this is the extension of

the model presented in chapter 3 where we did not consider the magnetic perturbations. Now

we assume that the perturbations are electromagnetic and hence the perturbed electric �eld has
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the form E = �r'� 1
c
(@Ak=@t): Linear dispersion relation will be found for the coupled drift,

Alfvén (both inertial and kinetic Alfvén) and acoustic waves under the action of inhomogeneous

background current. A general dispersion relation is obtained and under di¤erent conditions,

many standard relations available in the literature are retrieved from it. Further, the nonlinear

stationary evolution of these waves in the form of electromagnetic vortices is investigated. It

has also been found that both slow and fast shear Alfvén waves can become unstable due to

the presence of inhomogeneous current. We apply this theoretical model to the dusty plasma

of night side boundary regions of Jupiter�s magnetosphere.

4.1 Governing Equations

In this chapter the same plasma model whose electrostatic mode has been discussed in the

previous chapter will be extended to see the coupling various modes with above predicted new

type of drift mode in the elctromagnetic limit. For our convenience we assume Zd = �Z, (where

Z represents the charge number on dust particles and � = �1 for negatively and positively
charged dust respectively). The parallel wave vector kk of the linear perturbation will be along

êk and perpendicular wave vector k? will be along ê?. Since we are interested in the study of

low frequency electromagnetic wave, therefore we de�ne the perturbed electric and magnetic

�elds as E = �r'� 1
c
(@Ak=@t) and B? =r�Ak. For a low � plasma (� � 1), the parallel

component of the perturbed magnetic �eld is neglected here, therefore the compressional Alfvén

wave will not appear in this model.

Equation of motion for jth species is

(@t + vj �r)vj =
qj
mj

(E+
vj �B
c

)�rpj; (4.1)

where B = B0 + B1? is the total magnetic �eld and B1? is the perturbed perpendicular

part in the direction of ê?. The perpendicular component of the velocity of jth species under

drift approximation j@=@tj � 
j(= ZjeB0=mjc) can be written as

vj? =
c

B0
êk �r?'�

c


jB0

�
@t + vE �r? + v

(0)@k
�
r?'

+De
rne
n
(0)
e

� êk + (vj0 + vjk)
r?Ak � êk

B0
(4.2)

where vDj =
cKBTj

en
(0)
j B0

rnj � êk represents the diamagnetic drift while De = cKBTe=eB0:

The polarization drift of electrons will be ignored in the limit @t � 
e = eB0=cme. Thermal

velocity of the species is de�ned as vtj = (KBTj=mj)
1
2 and the ideal gas equation pj = njKBTj,

(the temperature Tj is isotropic and in energy units) is used to replace pj in Eq. (4.1).

The continuity equation for jth species can be written as
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@tnj +r? � (njvj?) + @k
�
njvjk

�
= 0; (4.3)

For j = e, it becomes

@tne +Den
(0)
e r?�(�ne + �B) +Den

(0)
e

r?Ak � êk
c

�r?v
(0)

+n(0)e (@k �
êk �r?Ak

B0
�r?)vek = 0; (4.4)

and for j = i, we obtain

@tni � n(0)i �2s
d

dt
(r2

?�) +Den
(0)
i r?�(�ni + �B)

+Den
(0)
i

r?Ak � êk
c

�r?v
(0) + n

(0)
i (@k �

êk �r?Ak
B0

�r?)vik = 0; (4.5)

where c2s=

2
i = �

2
s and � = e'=Te. After subtracting Eq. (4.4) from Eq. (4.5), we obtain

4�
êk �r?Ak � r?J0

B0
+
c2

V 2A
dt(r2

?�1)�De4�Zdn
(0)
d r?�(�nd + �B)

+(@k �
êk �r?Ak

B0
�r?)cr2

?Ak = 0; (4.6)

where dt = f@t + c=B0(êk �r?' �r) + v(0)@kg and VA =
q
B20=4�n

(0)
i mi is the Alfvén

speed. Ampere�s law r�B = 4�
c
J has been used to obtain Eq.(4.6).

The parallel component of the momentum equation for electron can be written as

�
@t + vE �r? + v

(0)@k
�
vek =

Te
me

f@k�+
1

c
@tAkg

+fDeêk �r?� �r?Ak +
c

n
(0)
e B0

rne � êk �r?Ak

+
c

n
(0)
e B0

rn(0)e � êk �r?Akg+Der?�
dv(0)

dx
� Te0

men
(0)
e

@kne: (4.7)

Similarly, the parallel component of the momentum equation for ions gives

�
@t + vE �r? + v

(0)@k
�
vik = �

Te0
mi

(@k �
1

B0
êk �r?Ak �r?)�

� Te0
cmi

@tAk +Der?�
dv(0)

dx
: (4.8)

Equations (4.4) to (4.8) are complete set of equations which governs the coupled linear and

nonlinear dynamics of current-driven low frequency electrostatic and electromagnetic waves.
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4.2 Linear Analysis

Linearizing Eqs. (4.4) to (4.8) and assuming that perturbations are proportional to ei(k?�r?+kk�rk)�i!t,

the �nal coupled linear dispersion relation can be expressed as

! f! � (!SV + !SB)g [(1 + k2?�2e)!2 � !�e! + �fDek?kkv
0

0 � k2kc2sg]

= Q[f(1 + ��2sk2?)�
4�k?�

2
e

ckkB0
J 00k(x)g!2

�(!�e + �!�B)! + �fDek?kkv
0
0 � k2kc2sg];

(4.9)

where Q = V 2Af
4�kk
ck?B0

(J
0

0k � J0k�B) + k2kg include the term due to external current into the

plasma, !�e = Dek?�ne, � = n
(0)
i =n

(0)
e , !SV = 
i�d�nd=k? is the frequency of the Shukla-Varma

mode and !SB = 
i�d�B=k? is the frequency of the new mode due to magnetic inhomogeneity

[31]. Here J
0

0k = dJ0k=dx, v
0
0 = dv

(0)
k =dx, �d = Zdn

(0)
d =n

(0)
i and �nj = d lnn

(0)
j =dx is the

inverse of density gradient scale length. This linear dispersion relation shows the coupling of

current-driven modes with acoustic, drift and Alfvén waves. We now discuss few limiting cases:

4.2.1 Homogeneous Plasma

If all types of inhomogeneities are ignored in the system, then the drift waves will disappear

from the dispersion relation (4.9) and hence it will express the coupling of Alfvén waves and

acoustic waves as

f(1 + k2?�2e)!2 � �k2kc2sg!2 � k2kV 2A(!2 � �k2kc2s) = �k2kV 2A(k2?�2s)!2: (4.10)

This relation (4.10) is the same as Eq. (4.47) of reference [8] in the absence of inhomogeneities.

In the longer wavelength approximation, the factor k2?�
2
e will disappear from the linear disper-

sion relation (4.10) and it reduces to [185]

(!2 � �k2kc2s)(!2 � k2kV 2A) = �k2kV 2A(k2?�2s)!2: (4.11)

4.3 Plasma Without Sheared Flow

If we ignore the sheared �ow e¤ects and keep the density inhomogeneity, then Eq.(4.9) reduces

to

!(! � !SV )f(1 + k2?�2e)!2 � !�e! � !2A��2sk2? � �k2kc2sg (4.12)

= !2A(!
2 � !�e! � �k2kc2s):
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This relation is the same as Eq. (12) of Ref. [184] without ions temperature. The dispersion

relation (4.12) give us the coupling of Alfvén, drift and acoustic waves with Shukla-Varma mode

which appears due to the presence of stationary dust.

4.3.1 Electrostatic Limit

If we ignore the magnetic �uctuations, dust particles and sheared �ow in Eq.(4.9), we are left

with a simpler dispersion relation of drift and acoustic waves as

(1 + �2sk
2
?)!

2 � !�e! � k2kc2s = 0: (4.13)

This is the same relation as Eq. (3.11) of [8].

In the electrostatic limit, the dispersion relation (4.9) in the absence of density inhomo-

geneity reduces to

(1 + �2sk
2
?)!

2 � !�B! � (1� Sik?=kk)k2kc2s = 0; (4.14)

Here !�B = Dek?�B and Si = 1

i
(dv

(0)
k =dx). This is the same dispersion relation as Eq.

(16) of Ref. [31] with !�e = 0. It may be noted that the dispersion relation (4.14) is valid for

a pure electron-ion plasma if J0 6= 0 for v(0)i (x) < v
(0)
e (x). This shows that a drift-like wave can

appear in a homogeneous density plasma system if zero-order space is nonzero (i.e., J0(x) 6= 0)
in e-i plasma.

4.3.2 Current-driven Instabilities

If ion parallel dynamics are taken into account along with electron-ion sheared �ow, then in

a homogeneous density plasma, the coupled linear dispersion relation contains shear Alfvén

modes and the new drift type mode [31] as

!(! � !SB)[(1 + k2?�2e)!2 + �Dek?kkv
0

0] (4.15)

= Q[f(1 + ��2sk2?)�
4�k?�

2
e

ckkB0
J 00k(x)g!2 � �!�B! + �Dek?kkv

0

0]:

Since this linear dispersion relation (4.15) contains the e¤ect of background current gradient,

therefore shear Alfvén mode present here becomes unstable under certain conditions. Now we

will discuss the limiting cases of two types of shear Alfvén waves and the growth rates of their

instabilities due to sheared �ow.

Inertial Alfvén wave

In the limit, kkvte, !SB � ! and � � me=mi, the dispersion relation (4.15) reduces to
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!2 = !2IA

�
1 +

4�

ckkk?B0
J
0

0k(1� k2?�2e)�
4�

ckkk?B0
J0k�B

�
: (4.16)

where !2IA = k
2
kV

2
A=(1 + k

2
?�

2
e) is the frequency of the inertial Alfvén wave. As we have an

external source of energy in the form of non-zero current, so inertial Alfvén wave will become

unstable. The growth rate of this instability depending on strength of sheared �ow is shown in

Fig. (4.1). It is important to mention here that the product terms of J0k have been ignored.

If J0k = 0, then (4.16) yields the well-known dispersion relation of slow shear Alfvén wave

!2 = k2kV
2
A=(1 + k

2
?�

2
e) in a homogeneous plasma. For

4�

ckkk?B0

���J 00k(1� k2?�2e)� J0k�B]��� > 1; (4.17)

and
4�

ckkk?B0
[J

0

0k(1� k2?�2e)� J0k�B] < 0;

the inertial Alfvén wave becomes unstable.

Kinetic Alfvén wave

In the limit me=mi � � � 1, the dispersion relation Eq. (4.15) yields as

!2 = !2KAf1 +
4�

ckkk?B0
(J

0

0k � J0k�B)g: (4.18)

where !2KA = k
2
kV

2
A(1+��

2
sk
2
?) is the frequency of the kinetic Alfvén wave. The growth rate

of kinetic Alfvén wave due to sheared �ow in the presence of dust is shown in Fig. (4.2) with

di¤erent plasma parameters of Jupiter�s magnetosphere. It is clear from the relation (4.18) and

related �gures that the growth rate of this instability modi�es in the presence of background

current. For J0k = 0, the dispersion relation (4.18) reduces to the linear dispersion relation of

kinetic Alfvén wave in a homogeneous currentless plasmas as !2KA = k2kV
2
A(1 + ��

2
sk
2
?): This

wave becomes unstable if

4�

ckkk?B0

���(J 00k � J0k�B)��� > 1 and 4�

ckkk?B0
(J

0

0k � J0k�B) < 0 (4.19)

4.4 Nonlinear Solution

In this section, we investigate the formation of nonlinear coherent structures of electromagnetic

waves in the form of vortices due to convective nonlinearity. Let us de�ne a new frame � =

y + �z � ut moving with velocity u, where 0 < � < 1: We will use the limit of slow sheared
�ow such that v0@k � vE � r?: In the stationary frame, we can write dt = �ud=d� and
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D� = @� +De=u [@�� (@=@x)� @�=@x (@�)] and DA = @� +De=�c[@�Ak (@=@x)� @Ak=@x (@�)]:
These two operators obey the relation.

D�(��
u

�c
Ak) = DA(��

u

�c
Ak):

In the moving frame, Eq. (4.8) gives the ions parallel velocity as

vik = �
(ai � �)c2s

u
�� c

2
s

c
Ak: (4.20)

Ignoring electron inertia in the electron parallel equation (4.7), the perturbed electron

number density is obtained as

ne = n
(0)
e ��

n
(0)
e (u� u�e)
�c

Ak; (4.21)

where De�ne = u
�
e: Then electron continuity Eq. (4.4) gives

r2
?Ak =

(u� u�e)
�c�2De

�� f(u+De�B)(M � u�e)
�2c2�2De

+
Dev

0
0

c2��2De
gAk: (4.22)

Using quasi-neutrality condition (ni1 � ne1), Eq. (4.20) and Eq.(4.21) in ion continuity Eq.
(4.5), we get

r2
?�+

Q0
��2s
�+

Q1
��2s
Ak + C1(

u

De

x) = 0; (4.23)

where Q0 = �De(�ni+�B)=u���(ai��)c2s=u2�(1+C1), Q1 = �(ai��)c2s=uc+(u�u�e)=�c.
Solving Eqs. (4.22) and (4.12), we obtain

r4
?�+ F1r2

?�+ F2�+ F3
C1
��2s
(
u

De

x) = 0; (4.24)

where F1 = (u + De�B)(u � u�e)=�2c2�2De + Dev
0
o=�c

2�2De + De(�ni + �B)=�
2
su � �(ai �

�)c2s=�
2
su
2 � (1 + C1)=�2s, F2 = f(u + De�B)(u � u�e)=�2c2�2De + Dev

0
0=�c

2�2Deg fDe(�ni +

�B)=�
2
su��(ai��)c2s=�2su2� (1+C1)=�2sg+(u�u�e)f(ai��)c2s=�2suc+(u�u�e)=��2s�cg=�c�2De,

F3 = (u + De�B)(u � u�e)=�2c2�2De + Dev
0
0=c

2��2De and �, Ak are normalized potentials with

e=Te. In order to �nd the spatially bounded solution of Eq.(4.24), we transform it into (r; �)-

coordinates and choose a circular region of arbitrary radius R0 such that r < R0 represents the

inner and r > R0 the outer region. For outer region, we set C1 = 0 to avoid direct dependence

on x. The parameters F1 and F2 are changed and renamed as �1 and �2; so the Eq. (4.24)

becomes

r4
?�+ �1r2

?�+ �2� = 0; (4.25)

where �1 = (u + De�B)(u � u�e)=�2c2�2De + Dev
0
0=�c

2�2De + De(�ni + �B)=�
2
su � �(ai �
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�)c2s=�
2
su
2�1=�2s and �2 = f(u+De�B)(u�u�e)=�2c2�2De+Dev

0
0=�c

2�2Deg fDe(�ni+�B)=�
2
su�

�(ai � �)c2s=�2su2 � 1=�2sg + (u � u�e)f(ai � �)c2s=�2suc + (u � u�e)=��2s�cg=�c�2De. In the outer
region , the solution of Eq. (4.25) can be written as,

�out (r; �) = [A1K1(S1r) + A2K1(S1r)] cos �; (4.26)

where A1 and A2 are constants and S21;2 =
1
2
(��1 �

p
�21 � 4�2). The modi�ed Bessel

function K1 is monotonically decreasing function and the stable solution requires �1 < 0 and

�21 > 4�2 > 0. As �1 and �2 contains the current-driven modes as discussed in linear analysis,

so the stability condition for the existence of vortex solution is modi�ed as compared to that

obtained in Ref. [184].

The solution of the Eq. (4.24) for the inner region (r < R0), has the following form

�in (r; �) = [A3J1(S3r) + A4J1(S4r)�
F3C1
F2��2s

(
M

De

r)] cos �; (4.27)

where A3 and A4 are arbitrary constants, J1 is ordinary Bessel function of order one and

S23;4 =
1
2
(F1�

p
F 21 � 4F2) with C1 6= 0:The stable solution requires F1 > 0 and F 21 > 4F2 > 0,

which is a modi�ed condition because of the presence of various current-driven modes. Thus

we conclude that dynamics of the dipolar vortices (4.26, 4.27) generated by nonlinear evolution

of the coupled inertial, kinetic Alfvén, acoustic and drift (both due to density and magnetic

�eld inhomogeneities) waves will be di¤erent as compared to the dipolar vortices obtained

previously in references [184, 185].

4.5 Application

The present results are applied to the night side edge regions of Jupiter�s magnetosphere with

parameters found in the literature as B0 � 10�5 Gauss, n(0)e = 0:15 cm�3, n(0)i = 0:1 cm�3,

Zn
(0)
d = 0:05 cm�3, � = �1 and Te = 103 � 104K� [186, 187, 160].

The linear growth rates of current-driven inertial Alfvén wave instability are presented in

Fig. (4.1). Fig. (4.1) is obtained by varying the sheared �ow speed as v(0) = 3� 107 cm= sec
(red dotted curve), v(0) = 4�107 cm= sec (blue dashed curve) and v(0) = 5�107 cm= sec (solid
curve).

It shows that the imaginary frequency increases predominantly with increased values of

sheared �ow. Hence, we conclude that the inertial Alfvén wave becomes more and more

unstable as the sheared �ow speed increases. Similarly the growth rates of kinetic Alfvén

wave instability are shown in Fig. (4.2). Again, we notice from Fig. (4.2) that increased

sheared �ow speed v(0) enhance the kinetic Alfvén mode instability.
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Figure 4.1: The imaginary frequency () for inertial Alfvén wave is plotted against
kk with di¤erent values of sheared �ow speed v0 = 3�107 cm= sec (red dotted curve),
v0 = 4�107 cm= sec (blue dashed curve), v0 = 5�107 cm= sec (solid curve). The other
�xed parameters are B0 = 6 � 10�5; � = 4:3 � 10�4, n(0)e = 0:5 cm�3, n(0)i = 0:45 cm�3,
Zn

(0)
d = 0:05 cm�3; �v = 10

�6 cm�1, �B = 10�6 cm�1 and k? = 0:9=�e = 1:2� 10�6cm�1.

Figure 4.2: The imaginary frequency () is plotted for kinetic Alfvén wave against
kk with di¤erent values of sheared �ow speed v0 = 3�107 cm= sec (red dotted curve),
v0 = 4�107 cm= sec (blue dashed curve), v0 = 5�107 cm= sec (solid curve). The other
�xed parameters are B0 = 10�5; � = 3:4 � 10�2; n(0)e = 0:15 cm�3, n(0)i = 0:1 cm�3,
Zn

(0)
d = 0:05 cm�3, �v = 10�7 cm�1, �B = 10�5 and k? = 0:1=�s = 3:2� 10�5 cm�1.
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4.6 Discussion

The e¤ects of sheared current on the low frequency ion time scale electrostatic and electro-

magnetic waves have been discussed. The present theoretical model predicts that the inho-

mogeneous zero order current can give rise to unstable Alfvén waves under certain conditions

(4.17) and (4.19). The analytical results have been applied to the boundary region of Jupiter�s

magnetosphere and according to this model Alfvén waves may exist in this dusty plasma.

In a previous work [31], it has been shown that the low frequency electrostatic drift-like

modes can appear in a plasma with linear dispersion relation ! = Dek?�B even if the density

of the plasma is homogeneous. This mode has propagation only in the direction perpendicular

to the total zero-order magnetic �eld B0 in the presence of stationary dust similar to Shukla-

Varma mode. If the parallel vector is assumed to be small but non-zero (i.e., kk 6= 0), then it
becomes drift-like wave in a homogeneous plasma with dispersion relation (4.14).

In the present work, we have presented the coupling of above mentioned current-driven

modes with the shear Alfvén waves, density inhomogeneity driven drift wave and ion acoustic

wave. It has been pointed out through dispersion relation (4.16) and (4.18) that both slow

shear and kinetic Alfvén waves can become unstable due to sheared current in the plasma. The

growth rate increases corresponding to the steeper gradient of the current. We have presented

a more complex linear dispersion relation in the form of Eq. (4.9) which contains the e¤ects of

the current-gradient on the low frequency modes. Several limits of this dispersion relation have

been discussed. The nonlinear dynamics of the low frequency electromagnetic waves have also

been investigated. The analytical calculations show that the electromagnetic vortex structures

can be formed by these waves. We have presented a general theoretical model to show that the

parallel sheared current can give rise to unstable Alfvén waves. For illustration, the analytical

results have been applied to the boundary regions of Jupiter�s magnetosphere which contains

positive dust and where the solar wind �ows almost parallel to the planet�s magnetic �eld.

It seems important to mention that the low frequency instabilities studied in this work

are di¤erent from streaming instabilities like Buneman instability [42], Weibel instability [45]

and many other streaming instabilities in dusty plasmas [50]. In these instabilities one plasma

species has constant velocity relative to the other species. The Weibel instability is pure

transverse in character and recently it has been investigated in a magnetized plasma [188].

It has been pointed out that due to the presence of constant external magnetic �eld B0,

the transverse perturbation develops a non-zero real frequency as well. The basic instability

studied long ago [45] is a purely growing-mode and it appears due to velocity anistropy (non-

Maxwellian velocity distribution) in a homogeneous density plasma. We have presented a

theoretical model where the electrons and ions have sheared �ow along the external magnetic

�eld while the dust is stationary. Moreover the perturbations of ions is not ignored and hence

the instabilities occur on ion time scale.
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The evidence about the existence of long wavelength Alfvén waves in the boundary region

of Jupiter�s magnetosphere have not been found in literature due to lack of observations. We

have applied our theoretical model to this region using the plasma parameters quoted in the

literature. However we have assumed certain magnitudes of gradient scale lengths of sheared

�ow and consequently the magnetic �eld gradient. The results predict that the Alfvén waves

will be observed in the dusty magnetospheres of Jupiter in the region where we have applied

our theoretical model. This study will be useful for future works on dusty magnetospheres and

laboratory experiments with sheared electron-ion �ows in the presence of heavy dust.
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Distribution Function

In order to investigate a system of huge number of particles in which they are making random

motions, it is essential to locate the trajectories of the particle with some physical quantities.

For that, we take start from a single particle. A particle contained in a plasma system can

be tracked with help of some velocity and position at any instant of time. Let us consider a

particle moving in a one dimensional system with some velocity v(t) at some position x(t): A

way to visualize the x and v trajectories simultaneously on a two-dimensional graph with v

on vertical coordinate and x on the horizontal coordinate. As a result of it, a x � v plane in
con�guration space is developed which in the language of physics is de�ned as phase space. As

the particles have choice to move in three con�gurational space dimensions, so they will have

three possible spatial dimensions (x; y; z) and three velocity dimensions (vx; vy; vz). In phase

space, the spatial and coordinates will be independent of each other.

The description of a plasma is initiated with the introduction of a probability distribu-

tion function giving likelihood of �nding the particles at a given position, velocity and time.

The probability distribution of particles in phase space is characterized by a function f of

seven variables as f(x; y; z; t; vx; vy; vz): It shows the number of particles per unit volume in

single-particle phase space having approximately the velocity (vx; vy; vz) near the place (x; y; z)

and time t: Therefore, it can be concluded saying that it is the logical way to proceed from

discussing the motion of single-particle to the description of the collective behavior of the

particles that make up a plasma. The plasma systems which sustain thermodynamic equilib-

rium are categorized as Maxwellian plasmas, while those deviating from such thermodynamic

equilibrium are studied under the umbrella of non-Maxwellian plasmas.

A.0.1 Maxwellian Plasmas

Whenever the plasma system is in thermodynamic equilibrium, the most probable distribution

function will be the Maxwell-Boltzmann distribution function which was recognized by James

Clark Maxwell. Most of the plasmas will attain Maxwell-Boltzmann distribution if they are
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Figure A.1: Maxwellian distribution function.

given enough time in a situation where there is no net energy �ow into and out of the system.

Historically, it has been a very important distribution in plasma physics. This distribution

was suggested by Langmuir on the basis of his observations in experiments on discharge tube

[54]. He was puzzled at such relaxation of the assembly of charged particles because the

analytical calculations were indicating that the energy released in relaxation was much larger

than that obtained by including the collisional mechanism. This lead him to believe that some

very di¤erent phenomena other than collisional e¤ects should be responsible for relaxing the

gas towards Maxwellian distribution. He �nally concluded that the high frequency organized

oscillations are the responsible factor for the relaxation of a plasma towards the Maxwellian

distribution [54].

For a particle moving in a single dimensional system, the quantity f(x; v; t)dxdvx represents

the number of particles at time t having positions in the range x! x+dx and velocities in the

range vx ! v+ dvx: As time progresses ahead, the number of particles in these x and y ranges

alter, which will change the probability distribution function f . The temporal evolution of f

gives a description of the system more detailed as compared to a �uid description, but less

detailed than achieved by following the trajectory of each individual particle. For the sake of

convenience, we de�ne a distribution function as f(r;v; t) that represents the number density

of particles near a point in the six-dimensional space (r;v).

The number density of particles in physical space is given simply by
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n(r; t) =

ZZZ
f(r;v; t)d3rd3v

For a free particle, the steady state Maxwellian-Boltzmann distribution can be written

as f(x; v) = Ce�mev2=2KBTe, where C is a normalization constant which can be evaluated by

imposing the condition that integration over the whole six dimensional phase space is the total

number of particles in a containerZZ
Ce�mev2=2KBTed3rd3v = N

The integral over the molecular position coordinates just gives the volume V of the con-

tainer, since the factor e�mv
2=2KBTe is independent of position r.

+1Z
�1

+1Z
�1

+1Z
�1

CV e�mev2=2KBTed3v = N

The integration over the velocity coordinates can be reduced to the product of three iden-

tical integrals (one for vx , one for vy , and one for vz), so we have

CV

+1Z
�1

e�mev2x=2KBTedvx

+1Z
�1

e�mev2y=2KBTedvy

+1Z
�1

e�mev2z=2KBTedvz = N

Evaluating only one integral will help us to determine the �nal result. So we proceed as

+1Z
�1

e�mev2x=2KBTedvx =

r
2�KBTe
me

Similarly
+1Z
�1

e�mev2y=2KBTedvy =

r
2�KBTe
me

+1Z
�1

e�mev2z=2KBTedvz =

r
2�KBTe
me

Therefore we arrive at the following result

CV (
2�KBTe
me

)
3
2 = N

It implies that C = N=V ( me

2�KBTe
)
3
2 and the steady state normalized Maxwell-Boltzmann
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distribution comes out to be

f(v) = N=V (
me

2�KBTe
)
3
2 e�mev2=2KBTe

or

f(v) = n(0)(
me

2�KBTe
)
3
2 e�mev2=2KBTe (A.1)

where N=V = n(0) is de�ned as the number density of the species in a plasma system and

the relation (A.1) is Known as normalized Maxwellian-Boltzmann distribution function.

The normalized Maxwellian-Boltzmann distribution function for electrons, under the action

of external electrostatic potential ' can be written as

fe(r; v; t) = n
(0)
e (

me

2�KBTe0
)3=2e�(

1
2
mev2�e')=KBTe0 (A.2)

where the e�(
1
2
mev2�e')=KBTe is known as Boltzman factor. In order to evaluate the number

density we integrate the unperturbed Maxwell-Boltmann distribution function (A.2) over three

dimensional velocity space as

ne(r; t) =

Z
n(0)e (

me

2�KBTe0
)3=2e�(

1
2
mev2�e')=KBTe0d3v

After integration we get

ne(r; t) =

Z
n(0)e e

e'=KBTed3v

This is the famous Boltzmann distribution function.

A.0.2 Non-Maxwellian Plasmas

Most of the studies of waves assume that the plasma follows the perfect thermodynamic equi-

librium, the consequence of this assumption is that the plasma species especially as compared

to ions, while ions as compared to heavy dust follow Boltzmann distribution. The condition

of strict thermodynamic equilibrium is a rare �nding as the systems having some external

disturbing energy agents (e.g., �ows, force �eld present in natural space plasma environments,

wave-particle interaction, turbulence, etc.) force the system to go the other way around. These

space plasma observations have indicated the ubiquitous presence of electron and ion popula-

tions deviating from their respective thermodynamic equilibria [189, 190, 191, 192]. The plasma

species having energy greater than average thermodynamic equilibrium and such species are

termed as superthermal particles. The plasma systems containing superthermal species having

greater than the average thermal energy can not be described by the Maxwellian velocity dis-

tributions. Some of the important distributions which incorporate higher energy particles and
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are now well-known in plasma physics include kappa, q-nonextensive and Cairns�s distribution

etc.

A.0.3 q-nonextensive Distribution

It is commonly known that statistical or thermodynamical description of nonextensive systems

require a generalization of the usual Boltzmann-Gibbs-Shannon thermostatistics [193, 194,

195], because some physical systems or processes like self-gravitating systems, some turbulence

phenomena and fractal space-time structures cannot be explained by employing the standard

approach. When long-range interactions are comparable to the size of the system under study,

some modi�cation is compulsory. The reason is that the systems subject to the long-range

interactions and correlations, and long-time memories are related to the nonextensive statistics,

where the standard Boltzmann-Gibbs statistics and its Maxwellian distribution do not apply.

The standard BGS approach is based on the extensive entropy measure

S = �KB

X
i

pilnpi (A.3)

The quantity pi denotes the probability for the system to be in the i-th microstate, con�g-

urations. In order to tackle the mentioned di¢ culties linked with nonextensivity, a generaliza-

tion of BGS entropy for statistical equilibrium was �rst indicated by Reyni [196] and later on

suitably proposed by Tsallis [197, 198] as

Sq = �KB

1�
X
i

pqi

(q � 1) (A.4)

where q is a factor which quanti�es the degree of nonextensivity. Tsallis [197] discussed

nonextensive statistical mechanics, which has applications to many complex physical systems

that are not in thermal equilibrium. It provides a consistent de�nition of nonequilibrium

temperature, and a measure of how far the system is from thermal equilibrium. Nonextensive

entropy plays a crucial role in describing the transitions of the system towards or away from

thermal equilibrium. The most distinctive feature of Sq is its pseudoadditivity such that

Sq(A+B) = Sq(A) + Sq(B) + (1� q)Sq(A)Sq(B) (A.5)

for a composite system (A+B), constituted by two subsystems A and B, which are indepen-

dent in the sense of factorizability of the microstate probabilities (i.e. P (A+B)ij = PAi P
B
j ). In the

limit q ! 1, Sq reduces to the standard logarithmic measure (A.3), and the usual additivity of

entropy is recovered. Similarly for q ! 1, the relation (A.5) reduces Sq(A+B) = Sq(A)+Sq(B)

and this behavior is attributed as "pseudo-additivity". It clearly shows that the factor j1� qj
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is a measure of the lack of extensivity of the system.

Some important physical scenarios where the q-entropy may provide a convenient frame

for the thermostatistical analysis include stellar polytropes [199], turbulence in electronic

plasmas[200], anomalous di¤usion [201], Levy distributions [202, 203], the critical regime in low

dimensional dissipative chaotic systems [204, 205, 206], the solar neutrino problem [207], pecu-

liar velocity distribution of galaxy clusters [208] or more generally, systems endowed with long

range interactions, long range memory e¤ects, or a fractal-like space-time [193, 194]. It has

been shown the nonextensive thermostatistics possesses interesting mathematical properties

[209, 210, 211, 212, 213, 214, 215]. The issue related with the connection between q-statistics

and q-thermodynamics has also been addressed [198, 216], while the time evolution of Sq has

been analyzed both in the discrete case through a direct application of the master equation

[217], and in the continuous one in connection with the Liouville and Fokker-Planck equa-

tions [218]. Some cosmological implications of Tsallis generalized thermostatistics have also

been discussed [219, 220]. However, at present there is only a limited understanding on the

relation between the q parameter and the underlying microscopic dynamics. In the cases of

low dimensional dissipative chaotic maps [195, 205], and in some toy models of self-organized

criticality [221], the value of q characterizing the system has been obtained from studies of the

concomitant dynamics. In spite of the importance of these developments, they do not involve

directly the Tsallis maximum entropy distribution and the experimental evidences supporting

it. In order to clarify this point, let us brie�y review the main observational facts supporting

nowadays Tsallis�proposal. First, a Tsallis�maximum entropy distribution has been shown

to describe properly a metastable equilibrium state of a 2-dimensional pure electron plasma

[200]. Second, the q-distribution corresponding to an ideal classical gas provides a better �t

for the observed distribution of peculiar velocities of galaxy clusters than the ones obtained by

recourse to more complicated models based on the standard thermostatistics [208]. Finally, as-

suming a q-velocity distribution for the involved particles, the evaluation of the nuclear reaction

rates in the solar interior predicts a neutrino �ux in agreement with the observational data,

thereby suggesting that Tsallis� thermostatistics may provide a solution for the well-known

solar neutrino problem [207].

It is remarkable that all the experimental evidence listed above deals, directly or indirectly,

with the q-distribution of velocities, which can be obtained maximizing Sq under the normal-

ization and mean energy constraints. Within a more general framework, such a distribution

describes how the q-nonextensive canonical ensemble, associated with the classical many body

problem, depends on the particle velocities [222]. In this way, the q-velocity distribution seems

to be a reasonable nonextensive generalization of the celebrated Maxwell-Boltzmann distribu-

tion, which is recovered as the particular q ! 1 limiting case. In spite of its theoretical interest,

a satisfactory microscopic explanation for the physical origin of the q-velocity distribution is
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Figure A.2: q�nonextensive velocity distribution function for electron for di¤erent
values of q < 1.

still lacking, although some interesting attempts have recently been made in connection with

the linear and nonlinear Fokker-Planck equations [223]. However, to shed some light on this

matters, it seems important to consider suitable (nonextensive) generalizations of the kinetic

approach pioneered by Maxwell and Boltzmann.

The q-equilibrium distribution function takes the power-law form. For one-dimensional

case, it is given by [108]

fqe(v) =
n
(0)
e Cqp
�vte

[1� (q � 1) mev
2

2KBTe
]

1
q�1 (A.6)

where q is the entropic index which characterizes the degree of non-extensivity of the system,

Cq =
n
(0)
e �( 1

1�q )

�( q
1�q �

1
2
)
for 0 < q � 1 and Cq =

n
(0)
e (1 + q)

2

�( q
q�1 +

1
2
)

�( 1
q�1)

for q � 1. The quantity n(0)e

is the electron number density, T is the temperature, me is the mass and vte is the thermal

speed, vte =
p
2KBTe=me: It is worth to notice that for q > 1, there is a thermal cuto¤ on

the maximum value allowed for the velocity of the particles, namely v <
p
vte=(q � 1). Many

classical questions in BG statistics have been reconsidered in the framework of Tsallis statistics.

The behavior of q�nonextensive distributed electrons for 0 < q � 1 and 1 < q � 3 have been
depicted in Fig. (A.2) and (A.3).

In the presence of external electrostatic potential force, the one-dimensional q-nonextensive

distribution can be written as:
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Figure A.3: q�nonextensive velocity distribution function for di¤erent values of
q > 1.

fqe(vx) = n
(0)
e

�
me

2�KBTe

�1=2
Cq[1� (q � 1)

�
mev

2
x

2KBTe
� e'

2KBTe

�
]

1
q�1 (A.7)

In the extensive limiting case q ! 1, distribution (A.7) reduces to the well-known Maxwell�

Boltzmann velocity distribution,

fqe(vx) = n
(0)
e

�
me

2�KBTe

�1=2
e
�mev

2
x�2e'

2KBTe (A.8)

Integrating fe(vx) over the velocity space and noting that for q > 1, the distribution function

(A.7) exhibits a thermal cuto¤ on the maximum value allowed for the velocity of the particles

[224], as

vmax =

r
2KBTe

me

� 2e'
me

;

and hence we obtain

ne(') =

8>>>>>><>>>>>>:

+1Z
�1

fqe(vx)dvx for 0 < q < 1

+1Z
�1

fqe(vx)dvx for 1 < q � 3

= e
f1+(q�1) e'

KBTe
g

1
q�1+

1
2

9>>>>>>=>>>>>>;
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A.0.4 Kappa Distribution

Whenever a plasma system is in thermodynamic equilibrium, the plasma species are assumed

to be following Maxwellian distribution function. But ideally speaking such situations are

least occurring in physical environments of space and laboratory. Many space and laboratory

plasma observations indicate the presence of energetic superthermal particles in plasmas, shape

up long-tailed (or shoulders) distributions [165, 225, 226, 227, 103, 228, 229, 230, 231, 232].

Many di¤erent models have been proposed to describe this e¤ect on wave dynamics via phe-

nomenological modi�cation to the electron distribution function. The spectral index kappa

(�), for which the kappa distribution is named works as a e¤ective thermal speed modi�er

in the distribution function. The strong superthermality is exhibited for lower values of �,

meaning that there is an excess in the superthermal component of the distribution compared

to that of a Maxwellian. The planetary magnetospheres, astrophysical plasmas, Earth�s fore-

shock having 3 < � < 6 [233], Earth�s magnetospheric plasma sheet [190], the solar wind

models [230, 104] with coronal electrons (satisfying 2 < � < 6) are important observations for

� distributed species. Moreover, laboratory plasmas may have such an excess of superthermal

electrons population, such as in laser matter interactions or plasma turbulence [234].

kappa functions are used to describe particle velocity distribution function (PVDF) of

plasmas out of equilibrium whose isotropic form is as follows [166, 167]:

f�e(v) =
n
(0)
e

(���2�)
3=2

�(�+ 1)

�(�� 1=2)

�
1 +

v2

��2�

���+1
for � >

1

2
; 4�

Z
f(v)v2dv = 1 (A.9)

Here �� =
q
f(�� 3=2)=�g2KBT�e

me
is the e¤ective thermal speed of the charged particles,

clearly indicating that for physically acceptable thermal speed, the condition on spectral index

� is that it must take values larger than a minimum critical value � > �c = 3=2, for which the

distribution function (A.9) collapses and the e¤ective temperature is not de�ned. For large

value of � ! 1, the �� ! vte =
p
2KBT�e=me and the the power-law distribution function

reduces to a Maxwellian, f�e(v)! fMe(v) as shown in Fig. (A.4).

The equivalent temperature T� of an isotropic kappa distribution is de�ned by the relation:

1

2
m < v2 >=

3

2
KBT�

By evaluating < v2 > with the help of the relation (A.9), implies that

KBT� =
1

2
m�2�f�=(�� 3=2)g

The kappa distribution functions are used to describe particle velocity distribution function
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Figure A.4: Kappa velocity distribution function for di¤erent values of �.

(PVDF) of plasmas out of equilibrium. It is to be noted that the usual Maxwellian distribution

describes distribution of particles in velocity space and is provided by the classical statistics

by incorporating nonrelativistic kinetic energy (mv2=2) into

Boltzmann distribution function:

f(E) � e�E=KBT ! f(v) � e�mv2=2KBT = e�v
2=v2th

Now rewrite the Maxwellian by changing the exponential with the limit

ex = lim
�!1

(1� x
�
)�(�+1) ! f(v) � lim

�!1
(1 + v2=��2�)

�(�+1)

where x = �v2=�2�, and generalizing particle velocity scaling factor � ! �� with � = lim
�!1

��;

the power-law distribution functions of kappa type describe intermediary states of nonequilib-

rium as deviations from a thermal (Maxwellian) equilibrium f�(v) � (1 + v2=��2�)�(�+1) with
lim
�!1

f�(v) = f(v): It may be mentioned that various forms of the distribution have appeared in

the past, implying di¤erent physical scenarios, a discussion is found in [235]. The particles fol-

lowing kappa distributions in Space plasmas have been detected by various satellite missions,
important observations of them are brie�y listed below [236]:

� OGO: electron VDF measured in the magnetosphere [165] f(v) � (v � V )�2(��1) with
2 � � � 6 (V � bulk velocity).

� Cluster (after 2000) & WIND (after 1994): terrestrial magnetosphere plasma sheet, mag-
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netosheath, radiation belts.

� Helios I and II (before 1985) & WIND: solar wind from 0:3 AU to 1 AU � electrons (�t
with 2 � � � 8) and ions (H+, He+, He++, O++ �t with 2:5 � � � 5) [237, 238, 239].

� Ulysses (before 2009) large heliocentric orbits from 1 AU to 5 AU [240].

� Helios, Ulysses and WIND in the magnetosphere of other planets: Mercury, Jupiter,

Saturn, Uranus, Neptune,Titan [229, 241, 242, 243, 107, 244].

� Voyager: reports of Kappas in outer heliosphere and heliosheath [245, 246, 247, 248, 249,
250, 251].

� Some other numerous locations where empirical kappa distributions have successfully
described plasmas are reported in Refs. [252, 106].

The reported non-Maxwellian distribution function as discussed above has some bene�ts

over the other models as listed below:

� kappa distributions give the best �t to the observed distributions using only 3 parameters:
n, T and spectral index � characterizing the superthermal tails, while a sum of two

Maxwellians gives less good �ts and needs 4 parameters (n1;2, T1;2).

� Electron VDFs in the solar wind (diamonds) as reported by direct measurements [253].

Although there is no complete satisfactory theory for the persistence and apparent ubiq-

uity of distributions in space environments, however works by Treumann and co-workers

[254, 255], Leubner [106] and Collier [256], provided heuristic explanations of various

observations.

It can be easily predicted that the family of kappa distributions is obtained from the

positive de�nite part 12 � � � 1, corresponding to �1 � q � 1 of the general statistical
formalism, the standard Maxwell-Boltzmann statistics admit profound generalizations

within nonextensive statistics [222, 213, 214, 212, 215], a justi�cation of the use of kappa-

distributions in astrophysical plasma modeling is provided from fundamental physics.

Leubner [257] suggested a nonextensive approach to provide some fundamental reasoning

for the occurrence of q-distributions, a reduced �-distribution, which can be transformed

into q-nonextensive distribution. Here the form of q�distribution can be retrieved by
replacing � with q= j1� qj.
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A.0.5 Cairns�s Distribution

It is found theoretically and con�rmed experimentally that only positive (having density hump)

solitons exist in two component plasma and the system does not support negative (having

density dip) ion-acoustic solitons [258]. However, in a plasma with more than two components

(namely, with an ion component and two electron components of di¤erent temperatures) it

has been reported by several authors [259, 260, 261] that both compressive and rarefactive

solitons coexist in a non-thermal dusty plasma. Motivated by the observations of solitary

structures with density depletions made by the Freja satellite [263], the authors [92, 262] have

considered a plasma consisting of non-thermal electrons, with excess of energetic particles,

and cold ions and have shown that it is possible to obtain both compressive and rarefactive

solitons. Cairns et al. (1995) showed that the presence of a nonthermal distribution of electrons

could change the nature of ion acoustic solitary structures as have been observed by the Freja

and Viking satellites [264, 263]. The non-thermal electrons have also been observed in the

low-altitude auroral ionosphere by the auroral particle detector on board the sounding rocket

S-310-35 [265], in low-altitude solar wind by Helios, Cluster and Ulysses [266] and in solar �are

spectra observed by RESIK and RHESSI [267]. The suggested distribution function [92] for

the particles showing such a behavior in three dimensions can be written as

fce(v) =
n(0)

(9�+ 1)(2�v2te)
3=2
(1 + �v4=v4te)e

�v2=2v2te ; (A.10)

where � is a parameter which denotes the degree of deviation from Maxwellian distribution.

The number density for Cairn�s distribution turns out to be

ne = n
(0)
e (1 + �c�+ �c�

2)e�; (A.11)

The factor �c = 4�=(3�+ 1) reduces to normal isothermal Boltzmann density distribution

for � = 0. Allowing � to vary from zero to in�nity, the value of � is restricted between 0 �
�c < 4=3. It is to be noted that for larger values of � the distribution function develops wings

for higher velocities and becomes multi-peaked. In the linear limit (1��c)� 1, the perturbed

electron number density from Eq. (A.11), becomes

ne = n
(0)
e f1 + (1� �c)�+

�2

2
g (A.12)
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Figure A.5: Cairn�s distribution function for di¤erent values of �:
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