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Abstract
As a result of the rising demand of effective cooling and heating systems in the field of
processing, aerospace and automotive industries, the heat transfer technology is attaining
more importance for its desirable solutions. The present study is devoted to heat and mass
transfer analysis by considering two-dimensional laminar wall jet flow. The fluids taken
under investigations are viscous fluid, upper convected Maxwell fluid, nanofluid model
suggested by Buongiorno and nanofluid with nanoparticles like singled walled carbon
nanotubes (SWCNTs) and multiple walled carbon nanotubes (MWCNTs). To highlight the
control on volume fraction of nanoparticles, a passive control model is also discussed. To
determine the importance of porosity for the challenge of heat and mass transfer, a uniform
suction/injection is considered. To make this study further effective, convective heat and
mass boundary conditions are included. To enhance the vital role of Lorentz forces on
velocity and temperature profile, a Magnetohydrodynamic is transversely applied. The
effects of Soret number, Dufour number and nonlinear thermal radiation with
constructive/destructive chemical reaction are studied in detail to analyze the variation in
heat and mass transfer. It is essential to note that the present study also demonstrated the
effect of physical quantities like Nusselt and Sherwood number. By considering the various
applications of bioconvection phenomena in the field of medicine and biotechnology, the
arrangement of gyrotactic microorganisms is also considered through a wall jet. The
solutions are obtained numerically and presented graphically.
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Preamble
Before starting the subject of the heat transfer in a laminar wall jet, it is essential to
elaborate on what a wall jet actually is and what are its further function and effects in heat
transference. A wall jet is thin jet of fluid, blown slightly and connected along a surface.
At a time, the free stream is either co-flowing or not a much active participant. However,
the wall jet has a strong flow; it presents an instance of a flow field having two primary,
under pressure, unstable, broken layers that are further linked with two diverse types of
instability modes: the viscous mode that is linked with the inner near-wall area, and the
inviscid mode that is linked with the changing point in the outer area of the velocity profile,
Mele et al. [1]. Besides, in the reviews of Launder and Rodi [2] in matters of evaporation
enhancement and film cooling, wall jets also deliver essential technological uses in heat
and mass transfer.
Furthermore, the most available use of wall jets over a large area for evaporation
improvement is in the automobile demister system, which is a device or spray that is used
to remove condensation. Wind-screens and windows which are affected by temperature
factors such as fogging and icing, are exposed to a heated wall jet which effectively
increases mass and heat transfer along the surface. When it comes to other applications of
the complex field of film cooling, the turbulent wall jets are also used to screen the lining
walls of combustion chambers in the gas turbines, where the burning process takes place
in a separate part of the machine. During this process, a wall jet protects turbines, blades
and other surfaces exposed to either corrosive or hot gases, which tends to be damaging
gradually in the free stream. Another feature of wall jet is that; it acts as a protective buffer
for the surface by being cooler than the external stream. Ultimately, the success of this
buffer depends upon different variables. Simonea [3] proposed the free-stream turbulence,
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the rotational forces, the upstream wakes, engine vibration, secondary flow, and the
description of the flow out the injection holes. Not only do the wall jet play an effective
role of heat transfer in an actual film cooling environment and stabilizing the external
disturbance, but also actively contributes to physical understanding these complex heat
transfer problems.
According to the study of Kats et al. [4] and Zhou et al. [5], the effective reductions in the
actions of the two opposite surfaces, i.e up to 20%, can be attained through exciting the
flow to be on its powerful mode. Besides the above features of a wall jet, regarding its
contribution in heat transferences to surfaces, the effects of forcing on the convective
transport is noticeable as well. The vast study of the laminar wall jets also directs towards
understanding the physical mechanisms connected with external excitation. It is also
evident that this flow has allowed the analysis of the effects of excitation, through
eliminating extra complications linked with turbulent flow. It will be noticeable during the
gradual development of firmly fixed coherent vortices, that the wall jet produces very
strong changes in the heat transferences. This factual analysis makes the study of wall jet
more critical.
Tetervin [6] had presented the initial theoretical analysis of the isothermal, incompressible
laminar wall jet. According to him, the local maximum of velocity decays with downstream
distance as x3/4 and x1/2 respectively, when it comes to the growing boundary layer
thickness of wall jet. Whereas, Glauert [7] presented more or less the same mathematical
result in his research of the same subject. Beside proving the same result of what Tetervin
found, an additional thing is that Glauert discovered the dependence of wall shearing stress
on the fluid viscosity. Glauert also reduced the laminar radial wall jet case to the same
governing differential equation as the two-dimensional case above and obtained its solution
in closed form. Therefore, the result was the same, i.e., in the applicability of the same
velocity profile in both research cases of the two researchers. Glauert [7] conducted another
research afterwards in which he showed, without changing the solution, that there can be
an addition of arbitrary distance in the downstream coordinate. His work was further
extended by Merkin and Needham [8], and Needham and Merkin [9]. They included the
wall motion, and the effects of injection and suction of fluid. They drew the conclusion

2

that the solution given by the Glauert [7] would only be possible, if we consider the
combined effects of suction/injection and wall movement. According to Magyari and
Keller [10], the conclusion drawn by Merkin and Needham [8, 9] was effective only when
the wall jet was an 'e-jet'. They were of the view that the similarity solutions given by
Glauert [7] can be possible if suction is considered alone.
Similarly, another investigation about the effects of subjecting an incompressible laminar
wall jet was found by Cohen et al. [11], which was about small amounts of blowing or
suction. Glauert’s solution was an addition to a new family of self-similar solutions.
Afterwards, Amitay and Cohen [12] established these self-similar solutions.
Moreover, Schwarz and Casewell [13] obtained the physical properties for important cases
of varying wall temperature, constant wall temperatures and constant wall heat flux. Later,
various values of Prandlt numbers were used during the evaluation of constant and varying
wall temperature and heat fluxes. In many other different wall boundary conditions of
laminar wall jet, a theoretical investigation was performed by Mitachi and Ishiguro [14]..
Another assumption that the dynamic viscosity was straightly dependent on temperature,
was extended by Riley [15] in the study of compressible, radial wall jet. He introduced the
existence of a similarity solution for the distribution of velocity. Furthermore, the
corresponding compressible wall jet solution was expressed by Riley. In the matters of
different wall temperatures as well the Prandtl numbers, the energy equation was also
interpreted.
In 1967, Chun and Schwarz [16] introduced the physical study of the first linear stability
analysis on wall jets. During their research, they conveyed a factual statement about the
critical Reynolds number through solving the Orr-Sommerfeld equation. According to this
statement, the small amplitude disturbances get unstable up to 57 (Reynolds number based
on local maximum velocity and local hydrodynamic boundary layer thickness defined as
the point where the velocity equals half of the local maximum velocity in outer region).The
existence of a second unstable mode in the study of high Reynolds numbers was also
revealed by Chun and Schwarz (1967).When it comes to two dimensional excitations in
the study of wall jet, Bajura and Szewezyk [17] talked about the changing velocity
distribution, which consist of two large peaks and one small peak, where a peak is situated
3

near the wall area with the local maximum velocity of 0.5, while the second larger peak
situated in the outer area on changing point with 0.8 local maximum velocity. Another
weak peak with local maximum 0.06 velocity was also observed. It was so because of the
process of convective heat in a laboratory.
It is to be stated that through the process of flow visualization in water tunnel, the
reformation of turbulence in two dimensional, plane wall jets were performed by Bajura
and Catalaano [18]. They extended this evidence that the pre-stages of reformation are
naturally two-dimensional, which are dominated by the mechanism of vortex pairing
during free shear flows. Above all, Mele et al. [1] presented a physical explanation of the
two mode’s existence. They explained theoretically that the low frequency mode is linked
with the outer changing point, while the high frequency mode is linked with the mean
velocity around the area of a wall with the changing point of temperature. Later, this theory
was approved by Amitay and Cohen [19], while the stability of the wall jet was already
explained by them, regarding the wall blowing and the process of removing air. This
inquiry elaborates the stability of the outer mode and instability of the inner mode through
blowing, whereas, the process of removing air destabilizes the outer mode and stabilizes
the inner mode. Further, the ratio of outer and inner amplitude of the stream wise
fluctuation of velocity increases and decreases respectively through blowing and the
process of removing air.
In the study of heat transference, the research of Eckert and Drake (1974) has an important
place, especially when it comes to transference of thermal energy through a hot body to a
cold body. It is also noticeable that the body and the surroundings reach a state of balance
that is known as thermal equilibrium. The appearance of thermal energy depends upon
three heat transfer modes: radiation, convection and conduction. In the conduction process
the heat transfer is by electron diffusion or photon vibration. In the moving medium, such
as a fluid, the heat transfers through convection mode. Whereas, radiation is the process of
heat transfer by electromagnetic radiation. In case of a very high temperature, the mode of
radiation is considerable. The heat transfer contents are presented in an excellent manner
by Gebhart (1971), Bejan (1984) and Yunus (1999) et al. Through the vast study of heat
transference, it is noticeable that the heat transfer problems arise in several industrial and
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environmental processes, especially in the cases of energy utilization, thermal processing
and thermal control. Suckow et al. [20] studied the heat transfer by considering the nonNewtonian dilatant fluids flowing between parallel plates. Cotta and Ozisik [21]
investigated the heat transfer with wall heat flux by considering non-Newtonian fluid
between parallel plates along with forced convection. It was assumed by Lin [22] that flow
is fully developed. Etemad et al. [23] studied the heat transfer by using flow of power law
model through parallel plates. They utilized numerical technique to solve the governing
equations and record the viscous dissipation effect along with heat transfer.
Natural fluids are used to transfer heat, such as water, engine oil and ethylene glycol. In
the process of heat transfer, several techniques are used to enhance the process of
transmission, where the low heat transfer process blocks the performance enhancement and
functions of heat exchangers. A heat transfer enhancement technique is applied where there
is an additive of solid particles suspended into the base fluid. To enhance the heat transfer
characteristics of natural fluids, the base idea is to improve the thermal conductivity.
Moreover, it is also noticeable in the study of heat transfer that a solid matter has more
capacity for longer thermal conductivity than a natural fluid. The improvement of thermal
conductivity occurs when it comes to suspending metallic solid fine particles inside the
base fluid. The process of mixing the solid particles to enhance the thermal conductivity of
natural fluids has been performed for more than a century, for instance, millimeter or
micrometer sized particles. However, due to the obstacles of staying particles at the bottom,
biasness, fouling and increased pressure, the course of practical application has been
hindered. But the technology has certainly made the production of one thousand millionth
of a meter, i.e. nanometer size particles, possible through which the problem has been
solved. Such nanometer sized solid particles are known as nanoparticles as introduced by
Choi [24]. These suspended nanoparticle process has diverted the transport and thermal
properties of initial fluids.
In literature, the regularly used models for nanofluids are dispersion model [24],
Buongiorno model [25] and homogeneous model [26]. As a result of its simplicity and
compatibility, homogeneous model is generally preferred from of all the models, to
advance the governing equations of conventional fluids to nanofluids. Afterward, all the
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conventional heat transfer parameters applied to estimate the thermophysical properties,
could similarly be applied for nanofluids. The Said model is considerable for lowconcentration nanofluids due to their similarity to Newtonian fluids. This model is not
appropriate to describe the character of nanofluids if the concentration grows higher. Using
the homogeneous model, many scientists were able to record the flow characteristics of
nanofluids. Bachok et al. [27] established that by addition of nanoparticles into ordinary
fluids, the rate of heat transfer can be enhanced. They examined heat transfer through
boundary layer flow of a nanofluid by applying the geometry of rotating disk. Many works
are accessible in literature applying various models to examine the nanofluids flow.
Above all, the technology of the steady-state parallel plate was presented by Wang et al.
[28] with which the measurement of thermal conductivity of nanofluids has been noticed.
Such nanofluids consist of 𝐴𝑙2 𝑂3and CuO nanoparticles. The nanoparticles of ethylene
glycol, vacuum pump oil and engine oil separated and went away in different directions
under water.
Furthermore, another research on the thermal conductivity of nanofluids having base liquid
and copper nanoparticles was performed by Xuan and Li [29]. In this course of thermal
conductivity, the name of Eastman et al. [30] is recognized and their report elaborates an
experimental study on the thermal conductivity. In this result, Eastman reveals that the
ethylene glycol based nanofluids containing nanoparticles displayed an abnormality of
increased effective thermal conductivity. Through the above mentioned report, it has been
noticed that thermal conductivity increased up to 40% for nanofluids having 0.3% of Cu
nanoparticles, with a mean diameter of less than 10 nm that moved apart in ethylene glycol.
Similarly, the increased thermal conductivity with recorded grades of 𝐴𝑙2 𝑂3 and CuO
temperatures was presented by Das et al. [31]. In the process of such measurement, the
temperature oscillation technique was observed.
Besides other study of thermal conductivity, a report of carbon nanotube-oil mixture at
room temperature was presented by Choi et al. [32], where the enhancement ratio was
recorded as more than 2.5, which is approximately 1% vol. of nanotube concentration.
Similar results were found through the report of Xie et al. [33]. This research proposed that
the thermal conductivity of nanofluid was non-linear, with obvious high nanotube
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concentration. In this report, another fact has been revealed, since enhancement of thermal
conductivity increases with greater nanotube concentration, but its reduction occurs
through increasing the thermal conductivity of the base fluid. In the non-linear fact, the
nanotube plays an important role due to its shape and size. This nanotube provides the
highest thermal conductivity enhancement than the other nanostructure materials. Murshed
et al. [34] studied the nanostructured cylindrical shape, allotropes of carbon named as
carbon nanotubes CNT. According to them, at room temperature the thermal conductivity
of CNT is six times better than other nanoparticles. The formation of CNT as single walled
(SWCNT), double walled (DWCNT) and multiple walled (MWCNT), naturally plays an
important role to enhance thermal conductivity. Primarily, the study of heat transfer and
thermal conductivity by considering nanofluids was conducted by Khanafer et al. [35]. Xue
[36] observed that the existing models have only taken into account the spherical or
elliptical nature of the nanoparticles. Also, these models do not describe the effect of the
space distribution of the CNTs on thermal conductivity. In 2015, Mohyud Din et al. [37]
discussed the heat transfer with velocity slip through converging-diverging channels by
considering carbon nanotubes suspended in a base fluid. Also in recent years Mohyud Din
et al. [38, 39, 40] presented the analysis of heat transfer by considering Jeffery Hamel flow
and Casson fluid through converging-diverging channels and parallel disks. Again, in the
presence of porous media and MHD Mohyud Din et al. [41, 42, 43, 44] recorded the
variation in velocity and temperature profiles by considering dilating-squeezing walls and
nanofluid between rotating parallel plates.
Many experts have experimentally certified the composition gradient as the cause of
diffusion of energy. This fact is termed the diffusion-thermo influence or the Dufour
influence. The species’ diffusion by way of the temperature gradient is called the thermal
diffusion effect or the Soret influence. In almost all of the works concerned both with heat
and mass transfer, these impacts are ignored when working the notion that these are
generally of smaller purchases of magnitude referred to Fourier’s law, along with Fick’s
law. However, latest advances indicate that Dufour effect and Soret effect are considerable
if the transfer of mass and heat happens within the flow of gas mixture with a medium
molecular pounds (e.g. 𝑁2 along with air) and with an extremely light molecular pounds
(e.g. 𝐻2 and He). The thermal diffusion together with the diffusion thermo results are
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described for the separation of gases and isotopes from their mixture, and the formulae are
obtained for the thermal diffusion coefficient along with the thermal diffusion factor for
mono-atomic or even poly-atomic gas mixtures. When the density difference is available,
the impacts cannot be ignored. Beg et al. [45] obtained the numerical solutions for the free
convective flow prompted by a stretching surface within the presence of Soret and Dufour
effects.
The analysis of transport processes and their interaction with chemical reaction has the
highest contribution to areas of basic sciences. The effect associated with chemical reaction
on the problems with different geometry has recently been investigated by several authors.
Das et al. [46] studied the effect of mass exchange flow passed over an unlimited vertical
plate, started impulsively, together with chemical reaction and heat flux. Anjalidevi and
Kandaswamy [47] studied the chemical reaction influence on heat and mass transfer flow
together with a semi-infinite horizontal plate and was later expanded for Hiemenz flow by
Seddeek et al. [48] and then for polar fluid by Patil and Kulkarni [49]. Ibrahim et al. [50]
evaluated the impact of radiation and chemical absorption for the unsteady MHD free
convection flow prior a semi-infinite permeable moving menu with suction and heat
source.
Rather than for a vertical plate with rotating system together with periodic suction, Parida
et al. [51] presented a numerical study conducted for unsteady hydromagnetic organic
convection heat and mass transfer coupled with chemical reaction. Using a vertical porous
surface associated with suction, Rajeswari et al. [52] have examined chemical reaction,
mass and heat transfer on non-linear MHD boundary layer flow. Using a vertical truncated
cone in a very porous media together with variable viscosity. Furthermore, Makinde and
Ogulu [53] examined the effect of thermal radiation, heat and mass transfer flow of the
variable viscosity fluid past an upward and downward porous plate in the presence of
transverse magnetic field. Makinde [54] carried out the evaluation of MHD mixed
convection flow with higher chemical reaction and thermal radiation.
In the process of bioconvection, the micro-organisms play an important role. It would be
more suitable to say that micro-organism’s upward movement generates the process of
bioconvection. The small living organisms which are usually too thick, when they move
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altogether in the upper surface of the suspensions, are forced to move down due to their
unstable condition. The moving action of micro-organisms from upward to their fall causes
bioconvection. Moreover, in the process of bioconvection, the bottom-heavy algae and
certain oxytactic bacteria are two well-known types. During the research of Hill and Pedley
[55], it is to be observed that both have similar patterns of bioconvection, but the
performance of micro-organisms at the start of this procedure is different. Furthermore, the
founders of bioconvection models are Plesset and Winet [56]. In their presentation they
observe keenly a Rayleigh-Taylor instability in a consecutive arrangement of two-layer
model, so that they preferred pattern wavelength as a function of the upper layer depth and
the cell concentration. Another more interesting fact of bioconvention was presented by
Levandowsky et al. [57]. According to his model, the micro-organisms were restricted to
move upward only. It was so because of their unequal density distribution. In this
observation the density fluctuations are usually small, so it is considered as a negligible
action because the changes in chemical and after effects can be ignored. In this course, they
emphasized that the cell concentration can only affect the fluid flow through the vertical
changes. Besides, Kessler in his experiments found that the equilibrium of viscous and
gravitational twisting force can term the biological component, i.e., gyrotaxis. This
experiment mentions the swimming direction towards regions of down-welling fluid and
away from the up-welling fluid. The problem of bioconvection of gyrotactic
microorganisms in nanofluids was first considered in [58, 59, 60]. The theory of
suspensions was further advanced by Kuznetsov [58], who applied the Buongiorno’s [25]
concept of convective transport in nanofluids that took into account Brownian motion and
thermophoresis. Aziz et al. [61] extended the work of Kuznetsov [58] by considering free
convection boundary layer flow passed through a horizontal plate embedded in a porous
medium filled by a nanofluid containing both gyrotactic microorganisms and
nanoparticles. A new and more realistic model of biconvection was proposed by
Levandowsky et al. [62], in which the movement of micro-organisms is restricted towards
the upward direction.
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The purpose of our study is to investigate the heat and mass transfer in a laminar wall jet
by considering Newtonian and non-Newtonian fluids, which includes viscous fluid, upper
convected Maxwell fluid, and nanofluid with nanoparticles like singled walled carbon
nanotubes (SWCNTs) and multiple walled carbon nanotubes (MWCNTs). The effect of
emerging non-dimensional numbers like the Hartmann number, Biot number, Prandtl
number, Soret number, Dufour number, Schmidt number, Lewis number, Rayleigh
number, bioconvection Peclet number, and bioconvection Rayleigh number will be
explored for variation in velocity profile, temperature profile, concentration profile of
nanofluid and microorganisms. Like dimensionless numbers, the active parameters
evolved, while non-dimensioning the governing equations of the problem also play a vital
role to give insight of the wall jet flow. We will also highlight the effects of the chemical
reaction parameter, concentration difference parameter, Brownian motion parameter,
Thermophoresis parameter and buoyancy ratio parameter. The physical quantities of
engineering interest like Nusselt number, Sherwood number and density number of motile
microorganism will also be taken into account for better understanding of rate of the heat
and mass transfer through the wall jet flow. To investigate the biomedical and
biotechnology applications of wall jet flow, we will consider the bioconvection phenomena
for the gyrotactic locomotion of the microorganisms. We will illustrate the numerical
results through graphs and tables to analyze the major contribution of different parameters
and dimensionless numbers.
In Chapter 1, some preliminaries regarding the boundary layer theory, boundary layer
equations and wall jet are presented. Moreover, some concepts about numerical methods
like; Shooting and Runge-Kutta Fehlberg methods are also illustrated in detail.
Chapter 2 contains the investigation of the incompressible, steady two-dimensional flow
of electrically conducting fluid through the wall jet in the presence of uniform
suction/blowing. The fluid flow is also exposed to varying magnetic field applied
transversely. The study also explored the impact of chemical reaction and joined effects of
Dufour and Soret numbers on velocity, concentration and temperature profiles. The
boundary conditions and governing equations are reduced to ordinary differential equations
by using boundary layer approximation and similarity transformations. The results are
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obtained by using the Fourth-fifth order Runge-Kutta-Fehlberg numerical method coupled
with the shooting method. The survey indicates that uniform suction can play an important
role for the constancy of the wall jet laminar flow. Also, it is recorded that productive
chemical reaction, Soret and Dufour numbers strengthen the phenomena of heat and mass
transfer rate. Graphical representations are drawn to demonstrate the influence of the nondimensional numbers and flow parameters. The analysis of Nusselt and Sherwood number
is recorded using tables. Paper accepted in Applied Thermal Engineering [63].
(Syed Zulfiqar Ali Zaidi, Syed Tauseef Mohyud-Din, Analysis of wall jet flow for Soret,
Dufour and chemical reaction presence of MHD with uniform suction/injection, Applied
Thermal Engineering, DOI: 10.1016/j.applthermaleng.2016.03.086 (Accepted). IF
2.739).
Chapter 3 analyzes the wall jet flow in two dimensions through a slot with Magnetohydrodynamic effects. The nonlinear Rosseland approximation is also taken into account.
By using the similarity solutions, the governing equations are transformed into ordinary
differential equations. A numerical solution of the problem is obtained by utilizing the
Runge-Kutta Fehlberg of order fourth-fifth with the shooting method. Graphical
representations are also made for useful analysis of the problem. The value of temperature
parameter 𝜃𝑤 that is greater than 1 is considered for the nonlinear radiation and it has been
observed that the magnetic parameter plays an important role in normalizing the velocity
profile and reducing the wall’s heat transfer. Also, it was found that radiation supported
the temperature profile in a way that for incremental values of radiation parameter, we have
observed an increase in thermal boundary layer thickness. Also, the Nusselt number
increases for higher values of the radiation parameter. Also, the rate of heat transfer
increases for the fluid having a high value of Prandtl number. Paper accepted in Neural
Computing and Applications [64].
(Syed Zulfiqar Ali Zaidi, Syed Tauseef Mohyud-Din, Effects of nonlinear Rosseland
thermal radiation on MHD steady wall jet flow, Neural Computing and Applications,
DOI: 10.1007/s00521, (Accepted) IF 1.569).
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In Chapter 4, the boundary-layer flow of an incompressible upper convected Maxwell
fluid through a vertical slot is explored. In addition, the convected boundary condition is
applied for the analysis of heat transfer. To obtain a controlled type of flow, a magnetic
field is applied along the y-axis. A reduced form of ordinary differential equations is
obtained by applying the boundary-layer approximation theory and similarity
transformation. The results are obtained using the numerical Runge–Kutta method coupled
with the shooting method. From the investigation, we conclude that the Biot number,
magnetic parameter, and 𝛽 values play important roles in increasing the temperature and
controlling the fluid velocity through a wall jet. Paper submitted in PLoS ONE.
(Syed Zulfiqar Ali Zaidi, Syed Tauseef Mohyud-Din, Magnetohydrodynamic flow and
heat transfer on upper convected Maxwell fluid through wall Jet, PLoS ONE. IF 3.234)
(Submitted))
The heat transfer technology is gaining importance for the desirable solutions as a result of
rising demand of effective cooling and heating systems in the area of process, aerospace
and automotive industries. By considering the prerequisite of the effective cooling and
heating systems, Chapter 5 is devoted to the study of convective heat and mass transfer
through laminar wall jet. We have looked into the problem of two-dimensional convective
laminar wall jet flow of a viscous nanofluid. The effect of Brownian motion and thermodiffusion was also observed in the course of the evaluation, along with the convective
boundary condition. Passive control condition is utilized to control the concentration of
nanoparticles at the surface. After using similarity solution, the obtained system of
equations is solved by employing a well-known effective numerical scheme; the RungeKutta Fehlberg method. The variation in velocity, temperature and concentration profile
due to Magnetic forces, Lewis number and Prandtl number is recorded. It has been
observed that Lorentz forces are important to control the extra vibrations in the fluid flow.
Due to a passive control boundary condition, we have recorded a negligible effect of
Brownian motion parameter on the heat transfer rate. Paper published in Aerospace
Science and Technology [65].
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(Syed Zulfiqar Ali Zaidi, Syed Tauseef Mohyud-Din, Convective heat transfer and MHD
effects on two dimensional wall jet flow of a nanofluid with passive control model,
Aerospace Science and Technology, 49 (2016) 225–230. IF 0.940).
In Chapter 6 we have focused the study on the nanofluids that have the property to enhance
the heat transfer and thermal conductivity of the base fluids. The present study is conducted
for wall jet flow by considering incompressible, conducting nanofluids in the presence of
normally applied magnetic field. The nanoparticles like single walled carbon nanotubes
(SWCNTs) and multiple walled carbon nanotubes (MWCNTs) are considered to explore
the effects of various emerging parameters and physical quantities like Biot number,
Nusselt number and skin friction coefficient. It has been recorded that the temperature
profile and Nusselt number rises due to the Biot number and volume fraction of
nanoparticles. Also, it is noticed that the Hartmann number plays an important role in
decreasing the skin friction coefficient. Paper submitted in Thermal Science.
(Syed Zulfiqar Ali Zaidi, Syed Tauseef Mohyud-Din, Convective heat transfer and
MHD analysis of wall jet flow of nanofluids containing carbon nanotube, Thermal
Science. IF 1.222). (Accepted).
Keeping in view the application of bioconvection in the biotechnological field, in Chapter
7, we have investigated the bioconvection wall jet flow of gyrotactic micro-organisms
through nanofluid in the presence of magneto-hydrodynamic forces. The results are found
numerically by using the Runge-Kutta Fehlberg method coupled with the shooting method.
Similarity transformations along with boundary layer approximation are utilized to reduce
the governing equations into ordinary differential equation with appropriate boundary
conditions. The effect of diverse governing parameters on the temperature, velocity and
concentration profile of nanoparticles and motile microorganism’s density, along with the
density number of motile microorganisms, rate of mass transfer and rate of heat transfer,
are investigated. It was found that Brownian motion parameter and bioconvection Peclet
number helps to reduce the density of motile microorganisms. Also the parameters like
magnetic field, bioconvection Rayleigh number and buoyancy ratio play an important role
in decreasing the reduced density number of the motile microorganisms.
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Chapter 8 presents the study of laminar wall jet flow in the specific direction of
bioconvection phenomena. For this purpose, we have considered gyrotactic
microorganisms’ phenomena in the presence of nanofluid flow. We have applied
magnetohydrodynamic forces and Soret effects to analyze the behavior of the fluid. To
simplify the governing equations along with boundary conditions for numerical solution,
we have utilized boundary layer approximation and similarity transformation. The
influence on velocity, temperature and concentration profiles of solute, nanoparticle, and
motile microorganisms under various controlling parameters and dimensionless numbers
have been investigated. The physical quantities, like the density number of
microorganisms, Sherwood number and Nusselt number, are also taken into account. The
major findings are that the bioconvection Peclet number increases the Nusselt number and
density number of motile micro-organisms. The Soret number influences the increasing
effect on the Nusselt number, whereas, a decreasing effect is observed for Sherwood
number, concentration profiles of nanoparticles and motile microorganisms. Also,
bioconvection Rayleigh number impose a decreasing effect on the density number of the
motile microorganisms. Paper accepted in Neural Computing and Applications [66].
(Syed Zulfiqar Ali Zaidi, Syed Tauseef Mohyud-Din, Soret and MHD effects on bioconvection wall jet flow of nanofluid containing gyrotatic microorganisms, Neural
Computing and Applications, DOI: 10.1007/s00521, (Accepted) IF 1.569).
In Chapter 9, we have considered two dimensional incompressible flow of nanofluid in
the presence of gyrotactic micro-organisms in the geometry of wall jet. To analyze heat
and mass transfer, convective boundary conditions are introduced. A variable magnetic
field is applied normally to the flow as a controlling parameter. The results are obtained
numerically. Boundary layer approximation is utilized along with similarity
transformations, to reduce the governing equations of the problem into ordinary differential
equation with appropriate boundary conditions. Variations in velocity, concentration, and
temperature profiles of nanoparticles and the motile microorganism’s density for different
parameters have been investigated. Physical engineering quantities like rate of mass
transfer, rate of heat transfer, and density number of motile micro-organisms are also
observed. It was found that the Brownian motion parameter and bioconvection Peclet
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number help to reduce the density of motile micro-organisms. The Biot number that arises
from convective heat and mass boundary condition plays an important role in increasing
the boundary layer thickness. Also, the parameters: bioconvection Lewis number (Lb),
micro-organisms concentration difference parameter (Ω) and standard Lewis number (Le)
are utilized to control and increase the reduced density number of the motile microorganisms. Paper accepted in Biomedical Research [67].
(Syed Zulfiqar Ali Zaidi, Syed Tauseef Mohyud-Din, Bandar Bin-Mohsin, Effects of
convective heat and mass conditions on MHD bio-convection wall jet flow of nanofluid
containing gyrotactic microorganisms, Biomedical Research 2017 27(4). (Accepted) IF
0.236).
Conclusions of all chapters are framed in Chapter 10.
Chapter 11 comprises all the references, which have been cited in this work.
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Chapter 1

Basic Concepts and Preliminaries
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Boundary Layer Flow
A boundary layer, in physics and fluid mechanics, is the layer of fluid in the close
surrounding area of a bounding surface where the impacts of viscosity are substantial. In
the Earth's atmosphere, the atmospheric boundary layer is the air layer close to the ground
and influenced by diurnal heat, momentum or moisture transfer from or to the surface. On
an aircraft wing, the boundary layer is the part of the flow close to the wing, where viscous
forces alter the surrounding non-viscous flow.
Based on their structure and the conditions under which they are created, laminar boundary
layers can be loosely classified. An example of a Stokes boundary layer is the thin shear
layer which develops on an oscillating body, while the Blasius boundary layer refers to the
familiar similarity solution close to an attached flat plate, held in an approaching
unidirectional flow. An Ekman layer forms when a fluid rotates and viscous forces are
balanced by the Coriolis impact (other than the convective inertia). A thermal boundary
layer occurs in the theory of heat transfer. Multiple kinds of boundary layer can
concurrently be contained in a surface. Two kinds of boundary layer flow exist: turbulent
and laminar.

1.1.1 Laminar Boundary Layer Flow
In a laminar boundary layer, the flow occurs in layers, that is, each layer slides past the
adjacent layers. Opposite to the laminar boundary layer, the Turbulent Boundary Layers
has a strong agitation. In a laminar boundary layer, all exchange of momentum or mass
occur only between the adjacent layers on a microscopic level, which is invisible to the
eyes. Therefore, the associated shear stress can be predicted through the molecular
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viscosity. Laminar boundary layers are discovered only when the Reynolds numbers are
small.

1.1.2 Turbulent Boundary Layer Flow
On the other hand, a turbulent boundary layer is identified by mixing across several of its
layers. This time, the mixing is on a macroscopic scale and is visible to the eyes. Packs of
fluid may be observed moving across. Therefore, compared to a laminar boundary layer,
there is an exchange of momentum, mass and energy on a larger scale. A turbulent
boundary layer forms only when the Reynolds number is large. The molecular viscosity
alone cannot be used to determine the scale of mixing. Those calculating turbulent flow
depend on what is called the Turbulence Viscosity or Eddy Viscosity, which has no exact
expression and has to be modeled. Various models have been established for the reason.

Boundary layer equations
Deducting the boundary layer equations was among the most essential advancements in
fluid dynamics. The familiar governing Navier–Stokes equations of viscous fluid flow can
be extensively simplified within the boundary layer by applying an order of magnitude
analysis. Conspicuously, the characteristic of the partial differential equations (PDE)
becomes parabolic, rather than the elliptical form of the full Navier–Stokes equations. This
largely simplifies the solution of the equations. By making the boundary layer
approximation, the flow is divided into an inviscid portion (which is easy to solve by a
number of methods) and the boundary layer, which is governed by an easier to solve PDE.
The continuity and Navier–Stokes equations for a two-dimensional steady incompressible
flow in Cartesian coordinates are given by
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Where 𝑢 and 𝑣 are the velocity components, 𝑃 is the pressure, 𝜌 is the density, and 𝜈 is the
kinematic viscosity of the fluid at a point.
The approximation indicates that, for an adequately high Reynolds number, the flow over
a surface can be separated into an outer region of inviscid flow that is not affected by
viscosity (the majority of the flow), and a region close to the surface (the boundary layer),
where viscosity is essential. 𝑢 and 𝑣 are taken to be streamwise and transverse (wall
normal) velocities respectively inside the boundary layer. It can be shown by using scale
analysis, that the above equations of motion are reduced within the boundary layer to be

and if the fluid is incompressible (as liquids are under standard conditions):

The order of magnitude analysis takes the stream-wise length scale to be considerably more
than the transverse length scale within the boundary layer. It corresponds that the variations
in the characteristics of the stream-wise direction are in general, lesser than those in the
wall normal direction to a large extent. Applying this to the continuity equation reveals that
the wall normal velocity, 𝑣, is small compared with 𝑢 the stream-wise velocity.
Since the static pressure 𝑃 is independent of 𝑦, then pressure at the edge of the boundary
layer is the pressure throughout the boundary layer at a given stream-wise position. By the
application of Bernoulli's equation, the external pressure may be derived. Let 𝑢0 be the
fluid velocity outside the boundary layer, where 𝑢 and 𝑢0 are both parallel. Upon
substituting for 𝑃, this gives the following result

When the static pressure

for a flow equally do not change in the direction of the flow,

then
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so 𝑢0 remains constant.
Thus, the equation of motion is simplified to be

These approximations are applied in a range of practical flow problems of engineering and
scientific interest. The analysis given above is for any instantaneous turbulent or laminar
boundary layer, but is used majorly in laminar flow researches, since the mean flow is
equally the instantaneous flow because velocity fluctuations are absent. This simplified
equation is parabolic PDE in nature and can be resolved by applying a similarity solution
that is well-known as the Blasius boundary layer.

Wall Jet
Launder and Rodi (1981) defined a wall jet as “a shear flow directed along a wall where,
by virtue of the initially supplied momentum, at any station, the streamwise velocity over
some region within the shear flow exceeds that of the free stream”.
Schwartz and Cosart (1960) defined a wall jet as “a jet of fluid which impinges onto a wall
at an angle from 0 to 90 degrees”, and noted that the wall jet flow is a member of a group
of self-preserving flows such as wakes, jets, and free mixing layers.
These definitions allow for the chance of having some external streams of fluid containing
added momentum. Glauert (1956) was the researcher to first discover that the total plane
turbulent wall jet flow can never conform to a single similarity solution. He shared the flow
into two regions, an outer and an inner region, which were taken to be the regions of the
flow above and below the local maximum velocity of the wall jet.
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Figure 1.1: Schematic diagram of Wall jet

Figure 1.2: Schematic diagram of wall jet with velocity profile
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Figure 1.3: Wall jet flow basic idea

Applications of wall jet flow
Freezing of tissue in cryosurgery, where Cryosurgery (cryotherapy) is the use of extreme
cold in surgery to destroy abnormal or diseased tissue
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Spray-paint processing for vehicles or buildings

Defrosters in automobiles where wall jets are used for mass transfer modifications

Wall jet control of boundary layer separation on a wing
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Cooling systems for the central processing units of laptops and Nuclear power plants.
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Numerical Methods
1.5.1 Shooting Method
The shooting method works by taking the boundary conditions as a multi-variate function
of the initial conditions at some points, and reduces the boundary value problem to find the
initial conditions that give a root. The shooting method has a benefit of it taking advantage
of the adaptivity and speed of the methods for initial value problems. The method has a
shortcoming of not being as robust as the finite difference or collocation methods: some
initial value problems with growing modes are characteristically unstable even though the
BVP itself may be quite well posed and stable.

1.5.2 Runge-Kutta-Fehlberg method:
A way to ensure accuracy in the solution of an IVP is to solve the problem in two ways,
using step sizes h and h/2, and compare the solutions at the mesh points corresponding to
the larger step size. But, a considerable amount of computation is required for the smaller
step size and must be repeated if an appropriate agreement is not reached.
Using the Runge-Kutta-Fehlberg method (RKF45) is an approach to to resolving this
problem. It follows a procedure that aids in determining if the correct step size h is being
applied. Two different approximations for the solution are determined and compared at
each step. The approximation is accepted, if the two answers are in close agreement. The
step size is reduced if the agreement of the two answers does not meet the required
accuracy. The step size is increased if the answers agree to more appropriately than
required.
Each step requires the use of the following six values:
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ℎ, 𝑦𝑗 + (
𝑘0 −
𝑘1 +
𝑘 ) ℎ),
13
2197
2197
2197 2
⌢
⌢
439 ⌢
3860 ⌢
845 ⌢
𝑘 4 = 𝑓(𝑥𝑗 + ℎ, 𝑦𝑗 + (
𝑘 0 − 8𝑘 1 +
𝑘2 −
𝑘 ) ℎ),
216
513
4104 3
⌢
⌢
1
8 ⌢
3544 ⌢
1859 ⌢
11 ⌢
𝑘 5 = 𝑓(𝑥𝑗 + ℎ, 𝑦𝑗 + (−
𝑘 0 + 2𝑘 1 −
𝑘2 +
𝑘3 −
𝑘 ) ℎ),
2
27
2565
4104
40 4
25 ⌢
1408 ⌢
2197 ⌢
1⌢
𝑦𝑗+1 = 𝑦𝑗 + (
𝑘0 −
𝑘2 +
𝑘3 − 𝑘4 ) ℎ
216
2565
4104
5
⌢
⌢
⌢
16
6656
28561
9 ⌢
2 ⌢
𝑧𝑗+1 = 𝑧𝑗 + (
𝑘0 +
𝑘2 +
𝑘3 −
𝑘4 +
𝑘 )ℎ
135
12825
56430
50
55 5
Where y gives us fourth order RK method and z is for fifth order RK method.
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Chapter 2

Analysis of wall jet flow for Soret,

Dufour and chemical reaction effects in the
presence of MHD with uniform suction/injection
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Introduction
In the present study we have investigated wall jet flow with lower porous plate. An
incompressible electrically conducting viscous fluid is considered with the assumption of
fully developed flow. A variable magnetic field is applied normal to the flow. In order to
see the practical application of the mathematical model, a homogeneous chemical reaction,
Soret and Dufour effects are also included in the study. To study the impact of different
parameters of the flow, we have used graphical representations along with tabulation
forms.

Mathematical Formulation
Consider a two-dimensional laminar wall jet flow of incompressible conducting viscous
𝑉

𝑜
fluid. It is assumed that lower plate is heated and porous with 𝑉𝑤 = 𝑥 3/4
. The plate is taken

horizontally along x-axis and the slit is along y-axis, as shown in Figure 2.1. A variable
magnetic field B(x) is applied normal to the wall jet. At the wall, the temperature is taken
as 𝑇𝑤 and the main stream far from the plate will be 𝑇∞ . It is also assumed that the flow is
fully developed. Along with Soret and Dufour effects, an influence of homogeneous
chemical reaction is also brought into account. The governing equations of the problem
after utilizing boundary layer approximation are given in equations (2.1)-(2.4). In such an
approximation, a scale analysis is used to develop approximations in order to ignore the
factors that have negligible contribution on the flow process. In boundary layer flow, it is
expected that the order of magnitude of viscous forces will be same as that of inertial forces
near the surface, due to low Reynolds number. That enables us to develop a relation
between scale length along x-axis and y-axis. Also, the comparable scale for velocity is
parallel to the surface and main free stream outside the boundary layer.
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Figure 2.1: Schematic diagram of Problem

∂𝑢 ∂𝑣
+
= 0,
∂𝑥 ∂𝑦

(2.1)

𝑢

∂𝑢
∂𝑢
∂2 𝑢
𝜎 𝐵 2 (𝑥)
+𝑣
= 𝜐 ( 2) −
𝑢,
∂𝑥
∂𝑦
∂𝑦
𝜌𝑓

(2.2)

𝑢

∂𝑇
∂𝑇
∂2 𝑇
𝐷𝑒 𝐾𝑇 ∂2 𝐶
+𝑣
= 𝛼 ( 2) +
,
∂𝑥
∂𝑦
∂𝑦
𝑐𝑠 𝑐𝑝 ∂𝑦 2

(2.3)

∂𝐶
∂𝐶
∂2 𝐶
𝐷𝑒 𝐾𝑇 ∂2 𝑇
𝑢
+𝑣
= 𝐷𝑒 ( 2 ) +
− 𝐾1 𝐶.
∂𝑥
∂𝑦
∂𝑦
𝑇𝑒 ∂𝑦 2

(2.4)

with boundary conditions
𝑢 = 0,
𝑢 → 0,

𝑣 = ± 𝑉𝑤 , 𝑇 = 𝑇𝑤 ,
𝐶 = 𝐶𝑤
𝑎𝑡
𝑇 → 𝑇∞ ,
𝐶 → 𝐶∞ , 𝑎𝑠 𝑦 → ∞.

𝑦 = 0,

(2.5)

Here, u and v are velocity components along x and y-axis, respectively, 𝜌 is the density of
𝜇

the fluid, 𝜐 = 𝜌 is kinematic viscosity, 𝜎 is electrical conductivity and 𝐵(𝑥) is the variable
magnetic field applied normal to the wall jet. We followed the suggestion by
Sheikholeslami et al. [68] and Chiam et al. [69] to take 𝐵(𝑥) = 𝐵0 𝑥

𝑟−1
4

, where 𝐵0 a𝑛𝑑 𝑟

are physical constants. Also, 𝐾𝑇 is the thermal-diffusion ratio, 𝛼 represents the thermal
diffusivity, 𝐷𝑒 is the effective mass diffusivity, 𝑇𝑒 is the mean fluid temperature. The
concentration susceptibility is denoted by 𝑐𝑠 and specific heat at constant pressure is
represented by 𝑐𝑝 .
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To get detailed analysis of the problem, we used the following similarity transformations
[7, 70].

𝜂=

𝑦
𝜈 1/2 𝑥 3/4

ϕ(𝜂) =

𝜓 = 4√𝜈 𝑥1/4 𝑓(𝜂) ,

,

𝜃(𝜂) =

𝑇 − 𝑇∞
,
𝑇𝑤 − 𝑇∞

(2.6)

𝐶 − 𝐶∞
.
𝐶𝑤 − 𝐶∞

We define stream function 𝜓as 𝑢 =

∂𝜓

∂𝜓

and 𝑣 = − ∂𝑥 .
∂𝑦

By applying Eq.(2.6), Eq.(2.1) is identically satisfied and a system of differential equations
is obtained from Eq.(2.2)–(2.4) as follows:
2

𝑓′′′ + 𝑓 𝑓′′ + 2𝑓 ′ − 𝑀2 𝑓′ = 0,

(2.7)

𝜃′′ + Pr𝑓𝜃′ + Pr 𝐷𝑓 ϕ′′ = 0,

(2.8)

ϕ′′ + 𝑆𝑐 𝑓ϕ′ + 𝑆𝑟 𝑆𝑐𝜃′′ − 𝛾 𝑆𝑐 (𝑁𝑐 + ϕ) = 0.

(2.9)

The reduced boundary conditions are obtained by employing Eq.(2.6),
𝑓(0) = 𝑆,
𝑓′(∞) → 0,

𝑓′(0) = 0, 𝜃(0) = 1 , ϕ(0) = 1,
𝜃(∞) → 0,
ϕ(∞) → 0.

(2.10)

here, the primes denote the differentiation with respect to  , and S represents the parameter
for porosity, where 𝑆 = −

𝑉𝑤
√

𝑉

𝑜
𝑥 3/4 and 𝑉𝑤 = 𝑥 3/4
is assumed to be the suction/blowing
𝜈

velocity. From this we conclude that S > 0 (𝑡ℎ𝑎𝑡 𝑖𝑠 𝑉𝑜 < 0) will represent suction and S <
3

0 (𝑡ℎ𝑎𝑡 𝑖𝑠 𝑉𝑜 > 0) will be used for injection/blowing, since 𝐵(𝑥) = 𝐵0 𝑥 −4 ,
Sheikholeslami et al. [68] and Chiam et al. [69].
Besides, the following dimensionless numbers are
𝑀2 =

𝜎 𝐵02
𝜈
𝐷𝑒 𝐾𝑇 (𝐶𝑤 − 𝐶∞ )
𝐷𝑒 𝐾𝑇 (𝑇𝑤 − 𝑇∞ )
𝜈
, Pr = , 𝐷𝑓 =
, 𝑆𝑟 =
, 𝑆𝑐 = ,
𝜌
𝛼
𝑐𝑠 𝑐𝑝 (𝑇𝑤 − 𝑇∞ )
𝜈 𝑇𝑒 (𝐶𝑤 − 𝐶∞ )
𝐷𝑒
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𝑁𝑐 =

𝐶∞
, 𝛾 = 𝐾1 𝑥 3/2 .
(𝐶𝑤 − 𝐶∞ )

characterized as Hartmann number, Prandtl number, Dufour number, Soret number,
Schmidt number, concentration difference number and chemical reaction parameter,
respectively.
The quantities concerned with engineering uses are local Nusselt number 𝑁𝑢𝑥 and local
Sherwood number 𝑆ℎ𝑥 . These factors determine the wall heat and mass transfer rates,
correspondingly. We can define them as
𝑥 𝑞𝑤
,
𝛼 (𝑇𝑤 − 𝑇∞ )

𝑁𝑢𝑥 =
−1/2

𝑁𝑢𝑥

𝑆ℎ𝑥 =

𝑞𝑚 𝑥
,
𝐷𝐵 (𝐶𝑤 − 𝐶∞ )

−1/2

(2.11)

= −𝜃 ′ (0),

𝑅𝑒𝑥

𝑅𝑒𝑥

∂𝑇
𝑤ℎ𝑒𝑟𝑒 𝑞𝑤 = −𝛼 ( )|
∂𝑦 𝑦=0

𝑤ℎ𝑒𝑟𝑒

∂𝐶
𝑞𝑚 = −𝐷𝐵 ( )|
∂𝑦 𝑦=0

(2.12)

𝑆ℎ𝑥 = −ϕ′ (0).

Where 𝑅𝑒𝑥 =

𝑥 1/2
𝜈

Numerical Procedure
After utilizing the set assumptions and similarity transformation, we obtained a highly
nonlinear system of ordinary differential equation with appropriate boundary conditions
(2.7)-(2.10). The manual solution of these equations is possible analytically and
numerically, but it will take much time and computational work. So in order to get the
desired results numerically in a shorter time, we utilized the advanced technology and
software.
Mathematica 10 software has been used to run Fourth-fifth order Runge-Kutta-Fehlberg
method coupled with a shooting method, to obtain the numerical solution of the equations
(2.7)-(2.9), with appropriate boundary conditions. To achieve the order of convergence at
10−7, we used the step size of ∆𝜂 = 0.001.
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Results and Discussions
The influence of various dimensionless numbers and parameters like Soret number (Sr),
Dufour number (𝐷𝑓 ), Prandtl number (Pr), Hartmann number (M), Schmidt number (Sc),
local Sherwood number (𝑆ℎ𝑥 ), local Nusselt number (𝑁𝑢𝑥 ), porosity parameter (S),
chemical reaction parameter (𝛾) and concentration difference parameter (Nc) have been
investigated for velocity, concentration and temperature profiles. Also in the presence of
suction/injection and magnetic field, the effect of heat and mass transfer has also been
highlighted by considering the physical quantities like Sherwood number and Nusselt
number. The graphical representation of the solution is given in Figure 2.2 - Figure 2.20

Figure 2.2: Effect of Hartmann number M on velocity
Profile (Longitudinal)

Figure 2.3: Effect of Hartmann number M on velocity
Profile (transverse)

2.4.1 Effect on Velocity Profile
Figure 2.2 - Figure 2.4 represents the effect of emerging flow parameters and dimensionless
number on the velocity profile attained by using numerical method. Figure 2.2 - Figure 2.3
depicts the effect of the magnetic parameter on the velocity distribution in the presence of
uniform suction/injection from the heated plate. It was recorded that the Hartmann number
M acts as the controlling parameter for fluid velocity. Whenever the magnetic field is
applied normal to the flow, the Lorentz forces resist the flow of the fluid to normalize the
magnitude of flow velocity. The Hartmann number (M) plays an important role in reducing
the backflow in wall jet produced due to blowing. It has also been observed that for S < 0
(blowing), velocity attains the maximum value for upstream as compare to S > 0 (suction).
A shift in point of inflection can be observed in the velocity profile during suction in Figure
2.2. By the theory of hydrodynamics stability, a small disturbance can make the flow
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unstable. We have recorded a shift in point of inflection for suction, which shows a more
stable form of the flow.

Figure 2.4: Effect of Hartmann Number M on
temperature profile

Figure 2.5: Effect of destructive chemical reaction γ on
temperature profile

Figure 2.6: Effect of constructive chemical reaction 𝛄 on
temperature profile

Figure 2.7: Dufour number effect on temperature profile

2.4.2 Effect on Temperature Profile
The influence of different flow parameters on temperature profile in the presence of porous
wall jet is obtained by using the numerical simulation as shown in Figure 2.4 - Figure 2.9.
Here, Figure 2.4 portrayed the effect of the Hartmann number M on temperature
distribution. It can be observed that the magnetic field helps to reduce the heat transfer by
increasing the temperature of the fluid. For both suction/injection the temperature profile
increases with transversely applied magnetic field. The Analysis of the effect of the
chemical reaction parameter (ɤ) on temperature is recorded and presented in Figure 2.5 Figure 2.6. It shows that a point of infection exists at 𝜂 = 2 for the destructive type of
chemical reaction. From Figure 2.5, it can be seen that for the value 0 ≤ 𝜂 < 2, the
temperature increases as we increase the value of chemical reaction parameter, whereas, it
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decreases for 2 < 𝜂 ≤ 5.4. After that, it reached the stage where no change in temperature
is recorded. By observing Figure 2.6, we have summed up that temperature decreases for
different increasing values of productive chemical reaction. The effect of destructive and
generative chemical reactions for temperature profile has always been opposite.

Figure 2.8: Effect of Soret number on temperature for
injection

Figure 2.9: Effect of Soret number on temperature for
suction

Figure 2.10: Effect of Schmidt number Sc on
temperature for suction/injection

Figure 2.11: Effect of Prandtl number Sc on temperature
for suction/injection

Figure 2.7 showed that temperature rises for increased value of Dufour number 𝐷𝑓 . As it is
known that due to increase in Dufour number, a concentration gradient is produced, which
in return helps to disperse heat energy from the boundary into the fluid, resulting to the
increase in temperature. Figure 2.8 shows an interesting analysis of Soret number on
temperature, that there exist two points of infections. For increasing values of Soret number
and S < 0, we have observed that in the interval 0 ≤ 𝜂 ≤ 1.6, the temperature profile
decreases and within the interval 1.6 < 𝜂 ≤ 3.2, it increases. But after observing a decrease
in the interval 3.2 < 𝜂 ≤ 7, we have recorded no change in temperature profile. Also for
S > 0, the Figure 2.9 portrayed that the temperature profile rises with increasing value of
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Soret number for the 0 ≤ 𝜂 ≤ 3.6 and decreases within the interval 3.6 < 𝜂 ≤ 7. From
Figure 2.10, a sudden increase in temperature can be seen near the wall for increasing
values of Schmidt number (Sc). After 𝜂 = 2.8, it slowly decreases for the fixed values of
suction and injection. The combined effect of suction /injection is presented in Figure 2.11
for different value of Prandtl number. It is recorded that for increased value of Prandtl
number, the thermal boundary layer decreases with a higher heat transfer. This is as a result
of the physical fact that, for the fluids having a small Prandtl number, the heat diffusion is
quicker and thermal conductivity is higher than the fluids with larger Prandtl number.

Figure 2.12: Effect of generative γ on concentration
profile

Figure 2.13: Effect of destructive γ on concertation
profile

Figure 2.14: Effect of Nc on concentration profile

Figure 2.15: Effect of Sc on concentration profile
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Figure 2.16: Effect of Soret number Sr on concentration profile

2.4.3 Effect on Concentration profile
The numerical analysis of the concentration profile for different non-dimensional
parameters in the presence of a porous wall jet is presented in Figure 2.12 - Figure 2.16. It
has been noticed from Figure 2.12, that concentration profile rises for increasing values of
the generative chemical reactive parameter. The increase in profile is much greater for S >
0 as compared to S < 0. Whereas, the concentration boundary layer decreases for increased
value of the destructive chemical reaction parameter as shown in Figure 2.13. The variation
in concentration due to the concentration difference parameter Nc is portrayed in Figure
2.14. It reveals that for the bracket values of the concentration difference parameter 0 <
𝑁𝑐 < 1, the concentration difference will be large and for Nc > 1, the difference will
decrease, in return the concentration profile decreases whether it is suction or injection.
Figure 2.15 - Figure 2.16 shows the variation in the concentration profile due to different
values of Schmidt number (Sc) and Soret number (Sr) passed through the porous surface.
It can be noticed that for increasing values of Schmidt number, concentration boundary
layer decreases. The reason behind it is that, with large value of Schmidt number, the
momentum is transferred more effectively through molecules than species. Like Schmidt
number, the effect recorded for Soret number on concentration profile is also decreasing.
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Figure 2.17: Effect of chemical reaction parameter on
Nusselt number

Figure 2.18: Effect of Soret and Dufour number on
Nusselt number

Figure 2.19: Effect of Nc on Sherwood number

Figure 2.20: Effect of Sr on Sherwood number

Finally, the variation in physical quantities like Sherwood number and Nusselt number for
different values of flow parameters are presented in Table 1 and Table 2. Also, graphical
representation is recorded through Figure 2.17 - Figure 2.20. It can be observed from Table
1 that for productive chemical reaction parameter, the rate of heat transfer increases,
whereas, it decreases for increased value of the destructive chemical reaction parameter.
Also for the value of ɤ from -0.2 to -0.4, an exponential rise in Nusselt number is observed.
Whereas, rate mass transfer increases for uniform suction or blowing. The influence of
Schmidt number is recorded as an increase in Sherwood number and a decrease in Nusselt
number for different varying values of Schmidt number.
Table 1: Impact of Schmidt number and chemical reaction parameter on Nusselt and Sherwood Number

S<0
M
Nc Sr
𝐷𝑓 Pr
0.5 6.2 0.15 0.01 0.5
0.5 6.2 0.15 0.01 0.5

Sc
0.5
0.5

𝛾
-0.4
-0.2

−𝜃′(0)
0.558097
0.960938
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−∅′(0)
−𝜃′(0)
-0.848476 0.843559
0.0903734 2.24437

S>0
−∅′(0)
-1.43978
0.143033

0.5
0.5
0.5
0.5
0.5
0.5
0.5

6.2
6.2
6.2
6.2
6.2
6.2
6.2

0.15
0.15
0.15
0.15
0.15
0.15
0.15

0.01
0.01
0.01
0.01
0.01
0.01
0.01

0.5
0.5
0.5
0.5
0.5
0.5
0.5

0.5
0.5
0.5
0.24
0.62
0.78
1.56

0
0.2
0.4
0.5
0.5
0.5
0.5

0.5 6.2 0.15 0.01 0.5 2.62

0.5

0.399915
0.275459
0.16542
0.229497
0.0786662
0.0416983
0.0591473
-0.117719

0.287284
0.401309
0.486321
0.397046
0.559766
0.59776
0.697318

0.575179
0.393587
0.243442
0.430886
0.101335
0.0258207
-0.168746

0.345438
0.454906
0.53454
0.430261
0.608322
0.648945
0.752714

0.752775

-0.274596

0.808267

Table 2: Impact of Soret and Dufour numbers on Nusselt and Sherwood Number

𝐷𝑓
0.1
0.2
0.4
0.5
0.5
0.5
0.5
0.5

Sc
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5

M
0.15
0.15
0.15
0.15
0.15
0.15
0.15
0.15

Sr
0.5
0.5
0.5
0.5
0.4
0.8
1.6
2.0

Nc
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01

Pr
6.2
6.2
6.2
6.2
6.2
6.2
6.2
6.2

𝛾
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5

S<0
−𝜃′(0)
−∅′(0)
0.349228 0.534488
0.273499 0.520545
0.142983 0.497041
0.0858619 0.486981
0.0657564 0.491325
0.130377 0.479719
0.191432 0.480674
0.207538 0.485883

S>0
−𝜃′(0)
−∅′(0)
0.745323 0.660323
0.557446 0.619404
0.271427 0.55876
0.158511 0.535474
0.145599 0.53716
0.185456 0.533887
0.217871 0.540505
0.225033 0.545898

Table 2 recorded the impact of Soret and Dufour numbers on the rate of heat transfer and
the rate of mass transfer. Since we know that Soret is thermo-diffusion and Dufour is
defined as diffuso-thermal, whenever we increase the temperature and start decreasing the
difference between concentrations, then actually, we are raising the value of Soret number.
Similarly, if we go the other way around, it will lead to increase in the value of Dufour
number. With this justification, we can conclude that from Table 2, it can be seen that as
the value of Dufour number is increased, we noticed a decrease in Nusselt number and an
increase in Sherwood number. The case is totally opposite for different values of Soret
number.
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Chapter 3

Effects of nonlinear Rosseland

thermal radiation on MHD steady wall jet flow
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Introduction
In 1952, Smith [71] was the first one to record the thermal radiation effects while studying
the boundary layer flows. The study of wedge flow in a porous medium by considering the
heat transfer and the effects of radiation on temperature profile was conducted by Viskanta
and Grosh [72]. They produced results for varying values of thermal radiation parameter
with specified values of Prandtl number. During their work concerning heat transfer, they
observed that thermal radiation appeared as a key factor for all the applications of heat
transfer like missile technology, cooling systems, nuclear reactors, combustion chambers
of rocket, etc.
Till now, a lot of researches have been conducted by different researchers showing the
effect of thermal radiation in boundary layer flows by considering Newtonian and nonNewtonian fluids over the moving plates. They also discussed the role of parameters like
Magneto-hydrodynamics, viscous dissipation, etc. The interesting thing is that in most of
the problems, they used a nonlinear Rosseland approximation to study the effects of
radiation.
The purpose of current study is to investigate in particular the impacts of different
parameters like MHD, temperature parameter on wall jet flow and to explore the properties
of nonlinear radiation and Nusselt number. Similarity solution is utilized to reduce the
governing equations into a system of ordinary differential equations. The results are
obtained by applying the Numerical method. Graphical representations are developed to
analyze the problem and to arrive at useful remarks.

Governing Equations
For the present study of wall jet laminar flow, we have considered the formation of vertical
slot flow over a horizontal heated plate. A two-dimensional flow of the fluid is assumed to
be steady and incompressible. Transversal dynamic magnetic force B(x) is also taken into
account with the assumption that induced magnetic field is negligible. In order to explain
the role of radiation, a nonlinear Rosseland approximation is applied [73]. Component u
of the velocity along x-axis, parallel to the horizontal plate, and v component with y-axis,
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perpendicular to the plate, have been considered to explain the behavior of flow. The
temperature of plate is taken to be 𝑇𝑤 . Under the aforementioned assumptions and
boundary layer approximation, the governing equations of the flow along with boundary
conditions can be written as follows:

Figure 3.1: Schematic diagram of Problem
⌢

∂𝑢

⌢

∂𝑥

⌢

+

∂𝑣

⌢

∂𝑦

⌢
⌢
⌢ ∂𝑢
⌢ ∂𝑢
𝑢 ⌢+𝑣 ⌢

∂𝑥

(3.1)

= 0,

∂𝑦

= 𝑈∞

𝑑𝑈∞

⌢
⌢
⌢ ∂𝑇
⌢ ∂𝑇
𝑢 ⌢+𝑣 ⌢

⌢ 2

⌢

∂2 𝑢

(3.2)

𝜎 𝐵(𝑥 ) ⌢
𝑢,
⌢ +𝜐( ⌢ )−
𝜌
𝑑𝑥
∂𝑦 2
⌢

(3.3)

∂2 𝑇

1 ∂𝑞𝑟
=𝛼 ( ⌢ )−
⌢
𝜌 𝐶𝑝 ∂𝑦
∂𝑦
∂𝑦 2

∂𝑥

⌢

𝑢 = 0,

⌢

𝑢 → 0,
⌢

⌢

⌢

⌢

𝑣 = 0, 𝑇 = 𝑇𝑤 ,
⌢

⌢

⌢

(3.4)

𝑎𝑡 𝑦 = 0,
⌢

𝑇 → 𝑇∞ ,

𝑎𝑠 𝑦 → ∞

⌢

⌢

⌢

⌢

Where 𝑢 and 𝑣 are the components of velocity in 𝑥 and 𝑦 directions, respectively, 𝑇 is the
⌢

⌢

temperature of the fluid, 𝑇𝑤 is the plate temperature and 𝑇∞ is the temperature of the main
⌢

stream. Also, represents viscosity, 𝐵(𝑥 ) is a variable magnetic field, 𝜌 is the density of the
fluid, 𝜌 𝐶𝑝 is the heat capacity of fluid and 𝛼 represents the thermal diffusivity. Thermal
radiation was defined by Rosseland approximation for the energy flux. Eq. (3.5) represents
the mathematical formulation of the approximation and is usually known as the equation
of radiative diffusion.
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𝑞𝑟 = −

4
𝑔𝑟𝑎𝑑(𝑒𝑏 )
3 𝛼𝑅

(3.5)

Here, 𝛼𝑅 denotes coefficient of spectral absorption and 𝑒𝑏 stands for blackbody emissive
power. According to Stefan-Boltzmann, radiation law 𝑒𝑏 is given in terms of absolute
temperature as 𝑒𝑏 = 𝜎𝑆𝐵 𝑇 4 .
We pursue similarity solutions for the Eqn. (1) - (4) of the form:
𝑦̂

, 𝜓 = 4√𝜈 𝑥̂1/4 𝑓(𝜁) , 𝜃(𝜁) = 𝑇∞ (1 + (𝜃𝑤 − 1)𝜃)

𝜁 = 𝜈1/2 𝑥̂ 3/4

(3.6)

𝑇

Where 𝜃𝑤 = 𝑇𝑤 𝑎𝑛𝑑 𝑇𝑤 > 𝑇∞
∞

𝜓 is the stream function, and velocity component are converted as 𝑢̂ =

𝜕𝜓
𝜕𝑥̂

𝜕𝜓

and 𝑣̂ = − 𝜕𝑦̂ .

After using the similarity transformation, the system of ordinary differential equation along
with appropriate boundary conditions are given as follows:
2

𝑓′′′ + 𝑓 𝑓′′ + 2𝑓 ′ − 𝑀2 𝑓′ = 0,

(3.7)

𝜃′′(1 + 4𝑅𝑑(1 + (𝜃𝑤 − 1)𝜃)3 ) + Pr𝑓𝜃′ − 12 𝑅𝑑 (1 − 𝜃𝑤 )(1 + (𝜃𝑤

(3.8)

− 1)𝜃)2 𝜃′2 = 0,
𝑓(0) = 0,

𝑓′(0) = 1,

𝜃(0) = 0 , 𝑓(∞) → 1,

𝜃(∞) → 0,

(3.9)

Here, the dimensionless numbers are involved,

𝑀2 =

𝜎 𝐵02
𝜌

, 𝑃𝑟 =

𝜈
𝛼

, 𝑅𝑑 =

3
4 𝜎𝑆𝐵 𝑇̂𝑤

3 𝛼𝑅 𝑘

are magnetic number, Prandtl number, and radiation parameter, respectively. It is
appropriate to indicate that 𝜃𝑤 > 1 relates to the non-linear radiation effect.
The physical quantity of interest is Nusselt number, given as:
𝑁𝑢𝑥 =

𝑥(𝑞𝑤 + 𝑞𝑟 )
𝜕𝑇̂
, 𝑤ℎ𝑒𝑟𝑒 𝑞𝑤 = −𝑘 ( )
𝑘(𝑇𝑤 − 𝑇∞ )
𝜕𝑦̂ 𝑦=0
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−1/2

𝑅𝑒𝑥

𝑁𝑢𝑥 = −[4𝑅𝑑(𝜃𝑤 + 𝜃(0)(1 − 𝜃𝑤 ))3 ]𝜃 ′ (0),

Here, 𝑅𝑒𝑥 =

𝑢𝑒 𝑥̂ 1/2
𝜈

(3.10)

is the local Reynold number.

Numerical Method
The reduce system of ordinary differential equations with appropriate boundary conditions
Eqns.(3.7)-(3.9) has been solved by using numerical methods of fourth, fifth order of the
Runge-Kutta-Fehlberg method coupled with shooting method. The error of the procedure
can be calculated by subtracting the obtained values from the fifth and fourth order. The
algorithm is given as:
⌢

𝑘 0 = 𝑓(𝑥𝑗 , 𝑦𝑗 ),
⌢
1
1
𝑘 1 = 𝑓(𝑥𝑗 + ℎ, 𝑦𝑗 + ℎ 𝑘0 ),
4
4
⌢
3
3 ⌢
9 ⌢
𝑘 2 = 𝑓(𝑥𝑗 + ℎ, 𝑦𝑗 + (
𝑘0 +
𝑘 ) ℎ),
8
32
32 1
⌢
12
1932 ⌢
7200 ⌢
7296 ⌢
𝑘 3 = 𝑓(𝑥𝑗 +
ℎ, 𝑦𝑗 + (
𝑘0 −
𝑘1 +
𝑘 ) ℎ),
13
2197
2197
2197 2
⌢
⌢
439 ⌢
3860 ⌢
845 ⌢
𝑘 4 = 𝑓(𝑥𝑗 + ℎ, 𝑦𝑗 + (
𝑘 0 − 8𝑘 1 +
𝑘2 −
𝑘 ) ℎ),
216
513
4104 3
⌢
⌢
1
8 ⌢
3544 ⌢
1859 ⌢
11 ⌢
𝑘 5 = 𝑓(𝑥𝑗 + ℎ, 𝑦𝑗 + (−
𝑘 0 + 2𝑘 1 −
𝑘2 +
𝑘3 −
𝑘 ) ℎ),
2
27
2565
4104
40 4
25 ⌢
1408 ⌢
2197 ⌢
1⌢
𝑦𝑗+1 = 𝑦𝑗 + (
𝑘0 −
𝑘2 +
𝑘3 − 𝑘4 ) ℎ
216
2565
4104
5
16 ⌢
6656 ⌢
28561 ⌢
9 ⌢
2 ⌢
𝑧𝑗+1 = 𝑧𝑗 + (
𝑘0 +
𝑘2 +
𝑘3 −
𝑘4 +
𝑘 )ℎ
135
12825
56430
50
55 5

(3.11)

(3.12)

Where y gives us fourth order RK method and z is for fifth order RK method.

Results and Discussions
On this note, we have established numerical expressions for the velocity field
corresponding to the vertical slot flow over a horizontal heated plate of an incompressible
viscous fluid. The solutions are obtained by means of Runge-Kutta-Fehlberg method. The
flow includes the effect of Hartmann number, Prandtl number and radiation parameter. The
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effects of different emerging parameters on velocity and temperature has been sketched in
Figure 3.2 – Figure 3.9.

Figure 3.2: Variation in velocity with increasing M

Figure 3.2 depicts the effect of Magnetic force applied perpendicularly to the flow. The
Lorentz forces produce resistance against the motion of the fluid, but in the case of wall jet
flow with fixed values of radiation and temperature parameter  w , the findings are a bit
different. In the interval 0 ≤ 𝜁 ≤ 3, it can be observed that by increasing the value of the
Hartmann number M, the velocity profile faces resistance and seems to be normalized, but
after 𝜁 > 3, for M = 0, the velocity profile is much closer to zero as compared to higher
values of Hartmann number M.
The effect of the magnetic parameter on temperature distribution has been shown in Figure
3.3. As evident from the figure, the temperature increases when all parameters are fixed
and Hartmann number is varied. The reason behind is that, due to Lorentz forces the flow
faces retardation and friction among the layers of the fluid increases, which in return raises
the overall temperature of the fluid.
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Figure 3.3: Variation in Temperature with increasing M

Figure 3.4: Variation in Temperature with increasing Rd

Temperature variation with thermal radiation can be seen in Figure 3.4. In interval 0 ≤ 𝜁 ≤
6, for increasing value of radiation parameter, temperature distribution increases. Whereas,
for 𝜁 > 6, it approaches to zero for all values of radiation parameter. In other words, it
reached the temperature of the main stream. The conclusion drawn is that the nonlinear
radiation and temperature profile is directly proportional to each other. This means that
thermal radiation adds more kinetic energy among the fluid particles, which in return
increases the overall temperature. Figure 3.5 shows the result regarding variation in
temperature profile with respect to temperature parameter  w , which is the ratio of
temperature at the wall and temperature of free surface and for nonlinear thermal radiation,
it should be greater than 1. It has been perceived that temperature profile and thermal
boundary layer thickness depends on temperature parameter  w . Besides this, with an
increase in the value of  w , the temperature distribution and boundary layer thickness also
increases.
For fixed values of Hartmann number M, nonlinear radiation Rd and temperature parameter
𝜃𝑤 , the variation in temperature is obtained by considering the Prandtl number of fluids
like acetone, water, ethanol, kerosene and 2-propanol. From Figure 3.6 it can easily be
understood that for incremental values of Prandtl number, we observed decrement behavior
of the temperature profile.

Figure 3.5: Variation in Temperature with increasing 𝜃𝑤

Figure 3.6: Variation in Temperature with different
Prandtl number

Figure 3.7 – Figure 3.9 reveals the variation in rate of wall heat transfer with temperature
parameter 𝜃𝑤 for different values of Hartmann number M, nonlinear Rosseland
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approximation Rd, Prandtl number Pr for acetone, water, ethanol, kerosene and 2-propanol
respectively.

Figure 3.7: Variation Nusselt number with for different
values of Magnetic parameter

Figure 3.8: Variation Nusselt number with for different
values of Radiation parameter

Figure 3.9: Variation Nusselt number with for different values of Prandtl number

The detailed study highlights that for higher values of Lorentz forces, we obtained
reduction in Nusselt number. The mechanism behind it is that, in the presence of Lorentz
forces, the flow of fluid faces resistance, as a result, the temperature rises and transfer rate
decreases. It is recorded from the Figure 3.8 that as we increase the value of the Radiation
parameter Rd, we observe a decrease in Nusselt number along with various values of 𝜃𝑤
greater than 1. From Figure 3.9, it can easily be understood that fluid of low Prandtl number
has a low transfer rate, whereas, for higher Prandtl number, the transfer rate is also high.
In all cases, the value of Nusselt number remains less than 1, which shows that the flow
remains laminar for the problem under consideration.
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Table 3 Variation in Nusselt number

𝜃𝑤
1.5
1.5
1.5
1.5
1.5
1.5
1.5
1.5
1.5

M
0.05
0.1
0.15
0.2
0.2
0.2
0.2
0.2
0.2

Rd
0.7
0.7
0.7
0.3
0.5
0.7
0.7
0.7
0.7

Pr
6.2
6.2
6.2
6.2
6.2
6.2
3.97
6.2
14.2
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0.207401
0.202229
0.193869
0.107666
0.149016
0.182744
0.149468
0.182744
0.254094

Chapter 4

Magneto-hydrodynamic flow and

heat transfer effect on upper convected Maxwell
fluid through wall jet
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Introduction
Substantial research has been done on the phenomena of heat and mass transfer as it has
wider applications in the field of engineering. Such phenomena are perceived in motions
due to buoyancy forces in the atmosphere, bodies present in water, quasi-solid bodies such
as earth and many others. Unsteady motion of a boundary or boundary temperature; pave
the way for such type of flows. There are a number of industrial in which applications of
heat and mass transfer can be observed at the same time. Such transfer of heat and mass
takes place due to combined buoyancy effects of thermal diffusion and dissemination of
chemical species. The industries like food processing, production of polymer and chemical
industries face the aforementioned heat and mass transfer problem.
Another issue worth considering is the flow of non-Newtonian fluids between parallel
plates. As the parallel plates are simple and original in nature, they are used to simulate the
actual flow conditions for the industrial applications of materials processing like casting,
formation of plastic and extrusion. Various studies have been conducted to thoroughly
monitor flow of heat transfer of different classes of materials in ducts and channels. The
task was done by investigating the flow models of viscoelastic fluids.
The purpose of the current study is to explore the boundary-layer flow of a non-Newtonian
fluid that is similar to the Maxwell fluid when it spreads out through a vertical slit. A
convected boundary condition is considered to investigate the heat transfer of a wall jet.
After vertically applying a magnetic field along the y-axis, the effects on the velocity and
temperature profiles are observed. To simplify the governing equations, boundary-layer
approximation and similarity solutions are introduced. On the basis of the similarity
solutions, assumptions are made that 𝑢 ∝ 𝑥 −1/2, and the heat-transfer coefficient inversely
varies with the three-quarter root of the distance along a flat surface from the leading edge.
The numerical Runge–Kutta (RK) technique is applied to obtain approximate results for
the velocity and temperature profiles. The problem considered is original, and until now,
no one has worked in this direction of considering the Maxwell fluid.
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Mathematical Description
The wall-jet boundary-layer flow of an upper convected Maxwell fluid is considered. The
flow through a vertical slit along the y-axis is assumed to be laminar and incompressible.
The fluid temperature is 𝑇𝑓 , and the temperature at the lower surface of the plate depends
on the convected boundary condition of the problem. Fig. 1 shows that magnetic field B(x)
is applied perpendicular to the x-axis under the assumption that the induced magnetic force
is negligible. Velocity components 𝑢̃ and 𝑣̃ are considered along the x- and y-axes,
respectively. To obtain the reduced ordinary differential form of the governing and
constitutive equations, a boundary-layer approximation is applied together with an
appropriate similarity solution from literature.

Figure 4.1: Schematic diagram of Problem

To mathematically define the problem for a steady-state flow, the momentum and energy
equations in a component form are expressed as
∂𝑢̃ ∂𝑣̃
+
= 0,
∂𝑥̃ ∂𝑦̃
∂𝑢̃
∂𝑢̃
1 ∂𝑝 𝜎 𝐵(𝑥̃)2
1 ∂𝑆̃𝑥𝑥 ∂𝑆̃𝑥𝑦
𝑢̃
+ 𝑣̃
=−
−
𝑢̃ + (
+
),
∂𝑥̃
∂𝑦̃
𝜌 ∂𝑥̃
𝜌
𝜌 ∂𝑥̃
∂𝑦̃
∂𝑢̃
∂𝑢̃
1 ∂𝑝 1 ∂𝑆̃𝑦𝑥 ∂𝑆̃𝑦𝑦
𝑢̃
+ 𝑣̃
=−
+ (
+
),
∂𝑥̃
∂𝑦̃
𝜌 ∂𝑦̃ 𝜌 ∂𝑥̃
∂𝑦̃
∂𝑇̃
∂𝑇̃
∂2 𝑇̃ ∂2 𝑇̃
𝑢̃
+ 𝑣̃
= 𝛼 ( 2 + 2)
∂𝑥̃
∂𝑦̃
∂𝑥̃
∂𝑦̃

(4.1)
(4.2)
(4.3)
(4.4)

The extra stress tensors are given in a component form by 𝑆𝑥𝑥 , 𝑆𝑥𝑦 , 𝑆𝑦𝑥 , and 𝑆𝑦𝑦 , which
𝑑𝑆̃

can be calculated using 𝑆̃ + 𝜆 ( 𝑑𝑡 − 𝐿𝑆̃ − 𝑆̃𝐿𝑇 ) = 𝜇𝐴1 , where 𝜆 is the relaxation time, 𝜇 is
the viscosity, 𝐿𝑇 denotes the transpose of L, and 𝐴1 = ∇𝑉 + (∇𝑉)𝑇 represents the first

50

Rivlin–Ericksen tensor. The investigation of the boundary layer demonstrates that for a
𝛿

𝜕𝑝

very high Reynolds number, we can obtain a thin jet (𝑥 ≪ 1), in which 𝜕𝑦 ≈ 0.
After applying the boundary-layer approximation, the governing and constitutive equations
can be expressed as
∂𝑢̃
∂𝑢̃
∂2 𝑢
∂2 𝑢
∂2 𝑢
∂2 𝑢 𝜎 𝐵(𝑥̃)2
2
2
𝑢̃
+ 𝑣̃
+ 𝛽 (𝑢
+𝑣
+ 2𝑢𝑣
)=𝜐 2−
𝑢̃,
∂𝑥̃
∂𝑦̃
∂𝑥 2
∂𝑦 2
∂𝑥 ∂𝑦
∂𝑦
𝜌

(4.5)

∂𝑇̃
∂𝑇̃
∂2 𝑇̃
𝑢̃
+ 𝑣̃
= 𝛼 ( 2)
∂𝑥̃
∂𝑦̃
∂𝑦̃

(4.6)

with the boundary conditions of the above problem expressed as
𝑢̃ = 0,
𝑢̃ → 0,

𝑣̃ = 0, − 𝑘

∂𝑇̃
= ℎ (𝑥)(𝑇̃𝑓 − 𝑇̃∞ ),
∂𝑦̃

𝑇̃ → 𝑇̃∞ ,

𝑎𝑡

𝑦̃ = 0,

𝑎𝑠

𝑦̃ → ∞

(4.7)

In addition, 𝜌 and 𝜎 represent the fluid density and electric conductivity, respectively, and
𝐵(𝑥̃) denotes the dynamic magnetic forces. In Eq.(4.6), 𝛼 represents the thermal
diffusivity, and 𝛽 = 𝜆 𝑥 −3/2 in Eq. (4.5)
To reduce Eq. (4.5)(4.7) to ordinary differential equations, we introduce the following similarity
transformation and define the stream function as:
𝜂=

𝑦̃
,
𝜈 1/2 𝑥̃ 3/4

𝜓 = 4√𝜈 𝑥̃1/4 𝑓(𝜂) ,

𝐴𝑙𝑠𝑜,

∂𝜓
,
∂𝑦

𝑢=

𝑣=−

𝜃(𝜂) =

𝑇 − 𝑇∞
,
𝑇𝑓 − 𝑇∞

(4.8)

∂𝜓
∂𝑥

We can obtain the differential equations, along with the boundary conditions, in a reduced
form as
𝑓′′′ + 𝑓 𝑓′′ + 2𝑓′2 − 𝛽(12𝑓′3 + 10𝑓𝑓′𝑓′′ + 𝜂𝑓′2 𝑓′′ + 𝑓 2 𝑓′′′) − 𝑀2 𝑓′ = 0,
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(4.9)

𝜃 ′′ + 𝑃𝑟𝑓𝜃 ′ = 0

(4.10)

𝑓(0) = 0, 𝑓′(0) = 0, 𝜃′(0) = −𝐵𝑖(1 − 𝜃(0)) ,
𝑓(∞) → 1,
𝜃(∞) → 0,

(4.11)

The derivative with respect to 𝜂 is represented by the prime symbol, and Bi represents the
heat-transfer parameter (Biot number)
In addition,
2

𝑀 =

𝜎𝐵02
𝜌𝑓

1

,

𝜈

Pr = 𝛼

Where 𝐵(𝑥) = 𝐵0 𝑥

𝑓

−3⁄
4

,

𝐵𝑖 =

(4.12)

ℎ𝜈 2
𝑘

and the controlling parameters, such as the Hartmann number (M),

Prandtl number (Pr), and heat-transfer parameter Biot number (Bi), are given in Eq. (4.12).

Results and Discussions
In this section, we present the graphical results of the velocity and temperature profiles of
the boundary-layer flow of a Maxwell fluid through a wall jet. The convective boundary
condition is applied to study the heat-transfer phenomenon. The numerical solution is
obtained to assess the problem and to determine the effects of the controlling parameters
such as the Hartmann number, magnetic field, and Prandtl number. Graphs are constructed
and shown in Figure 4.2 - Figure 4.7
Figure 4.2 and Figure 4.3 shows the effect of M and 𝛽. A parabolic velocity profile is
obtained at different values of M and 𝛽. In both cases, the velocity decreases in an upstream
flow and approaches zero in the downstream flow. We can conclude that the magnetic
parameter acts as a controlling parameter that normalizes the velocity by resisting the flow.
From 𝛽 = 𝜆 𝑥 −3/2, we can conclude that 𝛽 depends on relaxation time λ, which shows that
for an increased value of 𝛽, the relaxation time increases, thus retarding the velocity.
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Figure 4.3: Effect of 𝛽 on the velocity profile

Figure 4.2: Effect of magnetic parameter on the velocity
profile

Figure 4.4 - Figure 4.7 show the effect of different parameters on the temperature profile
of the boundary-layer flow of the upper convected Maxwell fluid. Figure 4.4 shows that M
can be used to raise the temperature, as a result, heat transfer through fluid flow increases.
The analysis of the Prandtl number in Figure 4.5 shows that a fluid with a high Prandtl
number resists the temperature. Meanwhile, the effect of 𝛽 on the temperature profile is
totally opposite to that of the Prandtl number. Figure 4.6 shows that the temperature is
directly proportional to 𝛽.

Figure 4.4: Effect of the magnetic parameter on
temperature profile

Figure 4.5: Effect of Pr on temperature profile

For the comparison of internal and external transport resistances within the fluid,
researchers presented a dimensionless number named Biot number in the literature, which
is always formulated while non-dimensionalizing the boundary condition related to heat
and mass transfers. Figure 4.7 shows the analysis of the Biot number for the temperature
profile. We can conclude that when the Biot number is zero, no heat transfer occurs.
Meanwhile, heat transfer increases when the Biot number increases.

53

Figure 4.6: Effect of 𝛽 on the temperature

Figure 4.7: Effect of Bi on the temperature
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Chapter 5

Convective heat transfer and MHD

effects on two dimensional wall jet flow of a
nanofluid with passive control model
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Introduction
Lately, the study of convective flows of nanofluids is gaining popularity as a result of their
improved thermal conductivities as compared to the conventional fluids like water, oil,
ethylene glycol, etc. Nanotechnology unlocked new possibilities for various technologies
like power generation, cooling systems, biotechnology, treatment of diseases like cancer,
medicine, transportation, security and military departments
In the current study, according to the suggestion of Kuznetsov and Nield [74, 75], we
considered the laminar wall jet flow of incompressible nanofluid spreading through a
narrow vertical slit with convective and more accurate boundary conditions. It is also
available in literature that Mele et al. [76] and Zhou et al. [77] studied the steadiness of
wall jet ranging from laminar to turbulent state by specifying the Reynold number to range
from 300 to 500. We applied the similarity solution of the boundary layer problem with the
transversely applied magnetic field to attain the needed form of governing equations. We
assumed that the similarity solution exists as 𝑢 ∝ 𝑥 −1/2 and the heat transfer coefficient
vary inversely to the three-quarter root of the distance along the flat surface from the
leading edge. We used the Numerical approach to examine the related velocity,
concentration and temperature profiles. To understand the nature of the problem, the
variation of various parameter is presented and described graphically. The effects of
thermophoresis parameter, Hartmann number, Brownian motion parameter and Biot
number on Sherwood and Nusselt numbers has equally been examined.

Mathematical Modelling
A two-dimensional completely developed incompressible laminar wall-jet flow of a
viscous nanofluid was considered at temperature 𝑇𝑓 , through a vertical thin slit with
convective flow over a plate at temperature 𝑇𝑤 , parallel to x-axis. The spread of fluid over
the plate forms a boundary layer and at a far field, the temperature is denoted by 𝑇∞ . A
physically more realistic passive control model of the nanoparticle is also taken into
consideration along with the convective boundary condition. A transversely applied
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variable magnetic field B(x) is also available as shown in Figure 5.1. The equations
governing the flow under the aforementioned assumptions can be written as:

Figure 5.1: Diagram of Problem

𝜕𝑢 𝜕𝑣
+
= 0,
𝜕𝑥 𝜕𝑦

(5.1)

𝜕𝑢
𝜕𝑢
1 𝜕𝑝
𝜕 2𝑢 𝜕 2𝑢
𝜎𝐵 2 (𝑥)
𝑢
+𝑣
=−
+ 𝜐𝑓 ( 2 + 2 ) +
𝑢
𝜕𝑥
𝜕𝑦
𝜌𝑓 𝜕𝑥
𝜕𝑥
𝜕𝑦
𝜌𝑓

(5.2)

𝑢

𝜕𝑣
𝜕𝑣
1 𝜕𝑝
𝜕 2𝑣 𝜕 2𝑣
+𝑣
=−
+ 𝜐𝑓 ( 2 + 2 )
𝜕𝑥
𝜕𝑦
𝜌𝑓 𝜕𝑦
𝜕𝑥
𝜕𝑦

(5.3)

𝑢

𝜕𝑇
𝜕𝑇
𝜕 2𝑇
𝜕𝜙 𝜕𝑇 𝜕𝜙 𝜕𝑇
𝐷𝑇
𝜕𝑇 2
𝜕𝑇 2
+𝑣
= 𝛼 2 + 𝜏 [𝐷𝐵 (
+
) + ( ) {( ) + ( ) }],
𝜕𝑥
𝜕𝑦
𝜕𝑦
𝜕𝑥 𝜕𝑥 𝜕𝑦 𝜕𝑦
𝑇∞
𝜕𝑥
𝜕𝑦

(5.4)

𝜕𝜙
𝜕𝜙
𝜕 2𝜙 𝜕 2𝜙
𝐷𝑇 𝜕 2 𝑇 𝜕 2 𝑇
𝑢
+𝑣
= 𝐷𝐵 ( 2 + 2 ) + ( ) ( 2 + 2 )
𝜕𝑥
𝜕𝑦
𝜕𝑥
𝜕𝑦
𝑇∞ 𝜕𝑥
𝜕𝑦

(5.5)

with boundary conditions
𝑢 = 0, 𝑣 = 0,

− 𝑘𝑓

𝑢 → 0, 𝑇 → 𝑇∞ ,

𝜕𝑇
𝜕𝜙 𝐷𝑇 𝜕𝑇
= ℎ𝑓 (𝑥)(𝑇𝑓 − 𝑇), 𝐷𝐵
+
= 0 𝑎𝑡 𝑦 = 0
𝜕𝑦
𝜕𝑦 𝑇∞ 𝜕𝑦

𝜙 → 𝜙∞ ,

(5.6)

𝑎𝑡 𝑦 → ∞

In the given boundary conditions, a passive control model is used, while the assumption of
controlling the volume fraction of nanoparticle at the surface is neglected, according to the
nanoparticle flux that is zero at the surface. Here, u and v are velocity components along x
and y-axis, respectively, 𝐵(𝑥) is the perpendicularly applied variable magnetic field, 𝜐𝑓 =
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𝜇
𝜌𝑓

is kinematic viscosity, 𝜌𝑓 is the density of base fluid, 𝜎 is electrical conductivity and p is

the pressure. Sheikholeslami et al. [68], Sadoughi et al. [78] and Chiam et al. [69] suggested
to take 𝐵(𝑥) = 𝐵0 𝑥

𝑟−1
4

, where a𝑛𝑑 𝐵0 are physical constants. Also, 𝐷𝐵 is the Brownian

motion diffusion coefficient, 𝛼𝑓 represents the thermal diffusivity, 𝑘𝑓 is the thermal
conductivity of the fluid, 𝐷𝑇 is the thermophoresis diffusion coefficient, ϕ is the
nanoparticle volume fraction and T is the fluid temperature. (𝜌 𝑐)𝑝 and (𝜌 𝑐)𝑓 are the
nanoparticle material and heat capacities of fluid respectively. Besides 𝜏 is the parameter
(𝜌 𝑐)𝑓

defined by (𝜌 𝑐) . By applying boundary layer approximations, Eq. (5.1)–(5.5) reduced to:
𝑝

∂𝑢 ∂𝑣
+
= 0,
∂𝑥 ∂𝑦

(5.7)

∂𝑢
∂𝑢
∂2 𝑢
𝜎 𝐵(𝑥)2
𝑢
+𝑣
= 𝜐 ( 2) −
𝑢,
∂𝑥
∂𝑦
∂𝑦
𝜌𝑓

(5.8)

∂𝑇
∂𝑇
∂2 𝑇
∂ϕ ∂𝑇
𝐷𝑇
∂𝑇 2
𝑢
+𝑣
= 𝛼𝑓 ( 2 ) + 𝜏 [𝐷𝐵 (
)+
{+ ( ) }],
∂𝑥
∂𝑦
∂𝑦
∂𝑦 ∂𝑦
𝑇∞
∂𝑦

(5.9)

𝑢

∂ϕ
∂ϕ
∂2 ϕ
𝐷𝑇 ∂2 𝑇
+𝑣
= 𝐷𝐵 ( 2 ) +
(
).
∂𝑥
∂𝑦
∂𝑦
𝑇∞ ∂𝑦 2

(5.10)

We use following similarity transformations to get inside analysis of the problem [7, 79]
𝑦
𝑇 − 𝑇∞
1/4
,
𝜓
=
4
𝜈
𝑥
𝑓(𝜂)
,
𝜃(𝜂)
=
,
√
𝑇𝑓 − 𝑇∞
𝜈 1/2 𝑥 3/4
ϕ − ϕ∞
ϕ(𝜂) =
, (𝑓𝑜𝑟 𝑃𝑎𝑠𝑠𝑖𝑣𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑜𝑓 ϕ)
ϕ∞
𝜂=

We define stream function 𝜓 as 𝑢 =

∂𝜓
∂𝑦

(5.11)

∂𝜓

and 𝑣 = − ∂𝑥 .

By applying Eq. (5.11), the Eq. (5.7) is similarly satisfied and a system of differential
equations is derived from Eq. (5.8) – (5.10) as follows:
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2

𝑓′′′ + 𝑓 𝑓′′ + 2𝑓 ′ − 𝑀2 𝑓′ = 0,

(5.12)

𝜃′′ + Pr𝑓𝜃′ + Pr𝑁𝑏𝜃′ϕ′ + Pr𝑁𝑡𝜃′2 = 0,

(5.13)

ϕ′′ + 𝐿𝑒𝑓ϕ′ +

𝑁𝑡
𝜃′′ = 0.
𝑁𝑏

(5.14)

By utilizing Eq. (5.11), we get the reduced boundary conditions,
𝑓(0) = 0, 𝑓′(0) = 0, 𝜃′(0) = −𝑏(1 − 𝜃(0)) ,
𝑓(∞) → 1,
𝜃(∞) → 0,
ϕ(∞) → 0,

𝑁𝑏 ϕ′(0) + 𝑁𝑡𝜃′(0) = 0,

(5.15)

where, the primes denote the differentiation with respect to  , and b denotes the reduced
3

heat transfer parameter (Biot number), since 𝐵(𝑥) = 𝐵0 𝑥 −4 , Sheikholeslami et al. [68] ,
Sadoughi et al. [78] and Chiam et al. [69]. Besides,
𝛼𝑓
𝜏 𝐷𝑇 (𝑇𝑓 − 𝑇∞ )
𝜈
𝜎𝐵02
𝜏 𝐷𝐵 ϕ∞
2
Pr = , 𝑀 =
, 𝐿𝑒 =
, 𝑁𝑡 =
, 𝑁𝑏 =
,
𝛼𝑓
𝜌𝑓
𝐷𝐵
𝑇∞ 𝛼𝑓
𝛼𝑓

(5.16)

characterized the Prandtl number, Hartmann number, Lewis number, thermophoresis
parameter and Brownian motion parameter, respectively.
The quantities of engineering relevance are local Sherwood number 𝑆ℎ𝑥 and local Nusselt
number 𝑁𝑢𝑥 . These parameters describe the nano-mass and wall heat transfer rates,
respectively. It was observed that the Sherwood number is identically zero [74, 80] when
the passive control condition is used. We can define these as:

𝑁𝑢𝑥 =
−1/2

𝑅𝑒𝑥

𝑥 𝑞𝑤
,
𝑘 (𝑇𝑤 − 𝑇∞ )
𝑁𝑢𝑥

∂𝑇
𝑤ℎ𝑒𝑟𝑒 𝑞𝑤 = −𝑘 ( )|
∂𝑦 𝑦=0

= −𝜃 ′ (0),
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(5.17)

𝑆ℎ𝑥 =

𝑞𝑚 𝑥
,
𝐷𝐵 (ϕ𝑤 − ϕ∞ )

−1/2

𝑅𝑒𝑥

𝑤ℎ𝑒𝑟𝑒

𝑞𝑚 = −𝐷𝐵 (

∂ϕ
)|
∂𝑦 𝑦=0

(5.18)

𝑆ℎ𝑥 = −ϕ′ (0) = 0.
1/2

Where 𝑅𝑒𝑥 =

𝑢𝑤 𝑥 1/2
𝜈

Numerical Method
We used Runge-Kutta-Fehlberg fourth-fifth order method to derive the solution of
combined governing equations for the flow of nanofluid through a wall jet, with relative
error as 1e-7 and ∆𝜂 = 0. 001 as step size. It is appropriate to take 1000 points in the
numerical process, to get a smooth graph.

Results and Discussions
Using graphical representation, the impacts of various parameters on the temperature
profile, flow velocity, heat transfer rate and volume concentration of nanoparticles are
described to give a proper understanding of the wall-jet flow of a nanofluid. To verify the
soundness of the current study, we have proffered the comparison of the exact solution of
viscous fluid flow through wall jet offered by Glauert [7], by applying the VIM-Pade given
by Shahmohamadi et al. [81] and the results of the current study (viscous fluid without
MHD) for velocity profile. It is noticeable that there is a sound agreement between the
exact solution and the results attained by this study.
Table 4: Comparison of velocity profile

𝜂
0.5
1
1.5
2
2.5
3
3.5
4
4.5
5
5.5

VIM-Pade
0.1105
0.2123
0.2865
0.3149
0.2949
0.2428
0.181
0.1256
0.0829
0.053
0.0329

Present Solution
0.1105
0.2123
0.2865
0.3149
0.2949
0.2428
0.1810
0.1256
0.0830
0.0531
0.0333
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Exact Solution
0.1105
0.2123
0.2865
0.3149
0.2949
0.2428
0.181
0.1256
0.083
0.0531
0.0333

6
6.5
7

0.0198
0.0111
0.0049

0.0206
0.0127
0.0077

0.0206
0.0126
0.0077

In the first place, the role of magnetic forces through the fluid, applied along y-axis is
evaluated. As a result of a magnetic field through the conducting fluid, polarization of the
fluid occurs, which in turn adjusts the velocity profile, mass concentration and temperature
profile of the nanofluid. Figure 5.2 shows a fascinating result about the velocity profile
regarding Hartmann number M; with increasing values of M, velocity is retarded, since the
Hartmann number M is determined by the Lorentz force that opposes the flow. Therefore,
this implies that the velocity is a decreasing function of the Hartmann number M,
furthermore, it implies that the stronger magnetic forces control the vibration of particles
within the fluid.

Figure 5.2: Effect of Magnetic forces on velocity profile

For the value of Biot number (b) to remain between 0 and 0.9, a uniform temperature field
has been considered. The variation in the temperature distribution θ (η) for varying values
of Biot number (b) is portrayed in Figure 5.3. It is noted that with increasing Biot number
(b), the temperature field θ(η) rises quickly near to the boundary. The impact of the
thermophoretic parameter Nt on the temperature profile is show in Figure 5.4. It is noted
that the temperature of the fluid rises with increase in Nt. Increase in the momentum of the
particles on the hotter side is actually aided by higher values of thermophoresis parameter.
Their kinetic energy transmitted towards the cooler side, which then warms up quickly with
increase in thermal boundary layer thickness and surface temperature. A similar story of
the rise in temperature profile dues to increasing strength of magnetic forces is depicted in
Figure 5.4.
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Figure 5.3: Effect of Biot number b on Temperature

Figure 5.4: Effect of Thermophoresis Parameter Nt on
Temperature

Figure 5.5: Effect of Magnetic force M on temperature

Figure 5.6: Effect of Magnetic forces on concentration
profile

Figure 5.5 shows that the higher values of Lorentz forces speed-up the process of
conduction near the boundary and convection within the fluid, which results in a rise in
temperature. It can be noted that in the interval 0 ≤ 𝜂 ≤ 2.6, the concentration profile
decreases for different values of M, which means a decrease in the boundary layer thickness
and the viscosity of the fluid. After 𝜂 > 2.6, a reverse process is started and the
concentration profile becomes stable close to the surface. By applying the passive model
offered by Kuznetsov and Nield [74, 75] at the surface, the negative value of concentration
profile is observed for the varying values of thermophoresis parameter (Nt), which is
caused by the curbed nanoparticle flux, as displayed in Figure 5.6. This character is the
same as the one discovered by Kuznetsov and Nield in their study and it is a more accurate
characterization of the flow of nanofluids. For 0 ≤ 𝜂 ≤ 2.2, the value of the concentration
profile is much closer to zero for smaller values of Nt, while in the interval 2.2 < 𝜂 ≤ 4. 8,
it gives an opposite result, while for 𝜂 > 4.8, it nearly becomes zero for all values of Nt.
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Although Figure 5.7 reveals a similarity between the behaviors of the concentration profiles
as a result of the thermophoresis parameter and the Brownian motion parameter, but for
0 ≤ 𝜂 ≤ 2.4, the concentration profile is almost zero for greater values of the Brownian
motion parameter (Nb). For the interval 2.4 < 𝜂 ≤ 5, we can notice the opposite behavior
of the profile, that is, the concentration profile increases with higher value of Nb and it
decreases for lesser values. For 5 < 𝜂, it advanced to zero because of the passive control
condition as revealed by Figure 5.8.

Figure 5.7: Effect of Nt on concentration profile

Figure 5.8: Effect of Nb on concentration profile

Figure 5.9: Effect of Le on concentration profile

Figure 5.10: Effect of M with Nt on Nusselt number

Figure 5.9 shows the impact of the Lewis number, the ratio of thermal diffusivity to mass
diffusivity on the concentration profile. It is used to determine the character of fluid flows
where there is concurrent mass and mass transfer by convection. It reveals that in the
interval 0 ≤ 𝜂 ≤ 3.5, an increase in the Lewis Number increases the volume fraction of
nanoparticle. That implies that the molecules within the fluid will collide more, thus raising
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the kinetic energy of the particles. While, a decrease in concentration profile can be
observed in the interval 3.5 < 𝜂 ≤ 8.
The ratio of thermal diffusivity to mass diffusivity plays a vital role in high heat and bulk
transfer rate problems. The rate of heat transfer at the wall under the influence of some
variable and fixed parameters is shown in Figure 5.10 and Figure 5.11. The effect of
increasing values of Lorentz forces on Nusselt number can easily be noticed from the
mentioned figures. A decrease in local Nusselt number Nux is seen when plotted against
growing Nt and Nb, respectively. It implies that the magnetic force affects the rate of heat
transfer in an inverse way.

Figure 5.11: Effect of M with Nb on Nusselt number

Figure 5.12: Effect of Prandtl number on temperature
profile of different Base Fluids

Similar to the study presented by Parvin et al. [82] Khan et al. [80] and [83, 84] on the
effect of diverse values of Prandtl number, our study also involves the examination of the
temperature profile for diverse base fluids like water, acetone, kerosene and ethanol with
their corresponding Prandtl numbers 6.2, 3.97, 21 and 14.2, accessible in Figure 5.12. It
can be noted that the temperature profile is inversely proportion to rising values of Prandtl
number.
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Chapter 6

Convective heat transfer and MHD

analysis of wall jet flow of nanofluids containing
carbon nanotubes
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Introduction
The worldwide application of nanofluids in the fields of drug delivery within the body for
the sake of treatment, enhanced cooling/heating systems, aerospace technology, chemical
industrial processes, etc., attracted many researchers to study the field of nanotechnology
in depth, to get maximum benefited out of it. By review of Choi [85], there is an
exponential increment in Science Reference Index (SCI) distribution and it is found that
nanofluid has presently one of the fastest development rates in exploratory papers in
nanotechnology. In early days, there was a common conception that for enhanced heat
transfer, the higher cost should be borne in the shape of pumping power. But now a day,
the views are totally changed, after the introduction of nanoparticles by the Choi [24].
The present study involves steady flow of incompressible nanofluid with carbon nanotubes
(SWCNT & MWCNT) through a wall jet. We have considered the model proposed by the
Xue [8] based on Maxwell model for effective thermal conductivity of CNTs. Xue also
taken in to account the axial ratio effects and distribution of space between the CNTs in his
proposed model. The transport properties of conductive materials are given in Table 5. The
problem is elaborated in light of the study firstly conducted by Glauert [7]. He derived the
similarity solution and found closed form solution of the problem under certain conditions.
Later, his work was extended by Merkin and Needham [8], and Needham and Merkin [9]
to record analysis of wall jet flow by considering effects of suction / injection with moving
walls. To analyze the heat transfer and skin friction, we have included convected boundary
condition. Also, we have applied variable magnetic field normal to flow in order to study
its effect on velocity and temperature profiles. For the validation of similarity solutions,
the assumption has been made that 𝑢 ∝ 𝑥 −1/2 and the heat transfer coefficient vary
inversely to the three-quarter root of the distance from the leading edge. Range-Kutta
Fehlberg method coupled with shooting method is implied for the solution. The problem
considered is original and till now nobody has worked in this direction by considering
carbon nanotube.
Table 5 Transport Properties of Conductive Materials
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Material
Carbon Nanotubes
Copper
Carbon Fiber-Pitch
Carbon Fiber-PAN

Thermal Conductivity
(W/m.k)
>3000
400
1000
8-105

Electrical conductivity (s/m)
104 − 107
6 × 107
2 − 8.5 × 106
6.5 − 14 × 106

Problem Formulation
Two-dimensional laminar wall jet flow of incompressible conducting nanofluid is
investigated for various emerging parameters. The flow is parallel to the horizontal plate
in x-axis direction and the slit is taken vertically along y-axis as shown in Fig 1. A variable
magnetic field B(x) is applied normal to the flow with assumption that induced magnetic
field is negligible. The temperature of the fluid is assumed to be 𝑇𝑓 , whereas, due to
convection, the lower side of the plate will be 𝑇𝑤 and far from the wall the main stream
temperature will be 𝑇∞ . It is also assumed that the flow is fully developed. Two types of
nanoparticles, which are assumed to be in thermal equilibrium with the base fluid (water)
are considered, namely; single walled carbon nanotubes (SWCNTs) and multiple walled
carbon nanotubes (MWCNTs). Also, convective boundary condition is taken into account
to study the heat transfer through wall jet flow.

Figure 6.1: Schematic diagram of Problem

The equations of motion after utilizing boundary layer approximation and under the
assumption as cited above are given as:
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∂𝑢̂ ∂𝑣̂
+
= 0,
∂𝑥̂ ∂𝑦̂

(6.1)

∂𝑢̂
∂𝑢̂
∂2 𝑢̂ 𝜎 𝐵 2 (𝑥)
𝑢̂
+ 𝑣̂
= 𝜐𝑛𝑓 2 +
𝑢̂,
∂𝑥̂
∂𝑦̂
∂𝑦̂
𝜌𝑛𝑓

(6.2)

∂𝑇̂
∂𝑇̂
∂2 𝑇̂
𝑢̂
+ 𝑣̂
= 𝛼𝑛𝑓
,
∂𝑥̂
∂𝑦̂
∂𝑦̂ 2

(6.3)

Here, u and v represents the velocity components along x and y-axis, respectively,
temperature of the base fluid is represented by 𝑇̂. Also,

 nf is electrical conductivity of

nanofluid (relation with electrical conductivity of CNTs and base fluid water is given by
Eq.
(6.7)) and 𝐵(𝑥) is variable magnetic field applied perpendicularly to the flow.
Sheikholeslami et al. [68], Chiam et al. [69] and Sadoughi et al. [78] proposed to take
𝐵(𝑥) = 𝐵0 𝑥

𝑟−1
4

, where 𝐵0 a𝑛𝑑 𝑟 are physical constants. 𝜌𝑛𝑓 denotes the density of

nanofluid, 𝜇𝑛𝑓 is the viscosity of nanofluid, 𝛼𝑛𝑓 is used to represents the thermal diffusivity
of nanofluid. The following definitions are applicable:
𝜇

𝜇

𝑘

𝑓
𝑛𝑓
𝜐𝑛𝑓 = 𝜌𝑛𝑓 , 𝜇𝑛𝑓 = (1−ϕ)
2.5, 𝛼𝑛𝑓 = (𝜌 𝐶 )

(6.4)

𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙 𝜌𝐶𝑁𝑇 ,

(6.5)

𝑝 𝑛𝑓

𝑛𝑓

𝑘𝑛𝑓
=
𝑘𝑓

(𝜌𝐶𝑝 )𝑛𝑓 = (1 − 𝜙)(𝜌𝐶𝑝 )𝑓 + 𝜙 𝜌𝐶𝑝 )𝐶𝑁𝑇

k CNT + 𝑘𝑓
k CNT
1 − 𝜙 + 2𝜙 (
) 𝑙𝑛(
)
k CNT − 𝑘𝑓
2𝑘𝑓
𝑘𝑓
k CNT + 𝑘𝑓
1 − 𝜙 + 2𝜙 (
) 𝑙𝑛(
)
k CNT − 𝑘𝑓
2𝑘𝑓

(6.6)

σCNT
3𝜙 (( 𝜎
) − 1)
𝑓

𝜎𝑛𝑓
=1+
𝜎𝑓
(

(6.7)

σCNT
σCNT
(( 𝜎
) + 2) + 𝜙 (( 𝜎
) − 1)
𝑓
𝑓
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)

𝑘𝐶𝑁𝑇 represents the thermal conductivity of carbon nanotubes, also 𝑘𝑓 is thermal
conductivity of the base fluid, ϕ denotes the nanoparticle volume fraction, (𝜌 𝑐𝑝 )𝑓 and
(𝜌 𝑐𝑝 )𝐶𝑁𝑇 are the heat capacities of the base fluid and nanoparticle material CNT
respectively.
The appropriate boundary conditions are:

𝑢̂ = 0,

𝑣̂ = 0, − 𝑘𝑓

𝑢̂ → 0,

𝑇̂ → 𝑇̂∞

∂𝑇̂
= ℎ𝑓 (𝑥̂)(𝑇̂𝑓 − 𝑇̂),
∂𝑦̂

𝑎𝑡 𝑦̂ = 0,

(6.8)

𝑎𝑠 𝑦̂ → ∞

To get classified analysis of the wall jet flow problem, we use the following similarity
transformations as defined by [7, 70]

𝜂=

𝑦̂
,
1/2
𝜈 𝑥̂ 3/4

𝜓 = 4√𝜈 𝑥̂1/4 𝑓(𝜂) ,

Defining stream function as 𝑢̂ =

∂𝜓
∂𝑦̂

𝜃(𝜂) =

and 𝑣̂ = −

∂𝜓
∂𝑥̂

𝑇̂ − 𝑇̂∞
,
𝑇̂𝑓 − 𝑇̂∞

(6.9)

.

Using the definitions given in Eqns. (6.4)-(6.6) along with similarity transformations in
Eqn. (6.9), we get from Eqns. (6.1)-(6.3) & (6.8) a system of differential equations, as
follows:

𝑓 ′′′ + (1 − 𝜙)2.5 [((1 − 𝜙) + 𝜙

𝜌𝐶𝑁𝑇
′
) {2(𝑓 ′ )2 + 𝑓𝑓 ′ }]
𝜌𝑓
(6.10)

−𝑀2 (1 − 𝜙)2.5 𝑓′ = 0
(𝜌𝐶𝑝 )𝐶𝑁𝑇
𝑘𝑛𝑓 ′′
𝜃 (𝜂) + ((1 − 𝜙) + 𝜙
) 𝑃𝑟𝜃′𝐹 = 0.
𝑘𝑓
(𝜌𝐶𝑝 )
𝑓

We reduced appropriate boundary conditions by utilizing Eqn.(6.9),
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(6.11)

𝑓(0) = 0, 𝑓′(0) = 0, 𝜃′(0) = −𝐵𝑖(1 − 𝜃(0))
𝑓(∞) → 1,
𝜃(∞) → 0,

(6.12)

where, differentiation with respect to  are represented by the primes.
Besides,
ℎ𝑓 𝑥 3/4 √𝜈𝑓
𝜈𝑓
𝜎𝐵02
𝑀 =
, Pr = , 𝐵𝑖 =
𝜌𝑛𝑓
𝛼𝑓
𝑘𝑓

(6.13)

2

characterized the Hartmann number, Prandtl number and the reduced heat transfer
parameter (Biot number) respectively.
The physical quantities of engineering interest are local Nusselt number 𝑁𝑢𝑥 and skin
friction coefficient 𝐶𝑓 , and are defined as:

𝑁𝑢𝑥 =
−1/2

𝑥̂ 𝑞𝑤
,
𝑘𝑓 (𝑇𝑤 − 𝑇∞ )

𝑅𝑒𝑥

𝑁𝑢𝑥

𝐶𝑓 =

𝜏𝑤𝑥
,
𝜌𝑓 𝑈𝑤2

1/2

𝑅𝑒𝑥

𝐶𝑓 =

=−

𝑤ℎ𝑒𝑟𝑒 𝑞𝑤 = −𝑘𝑛𝑓 (

∂𝑇̂
)|
∂𝑦̂ 𝑦=0

(6.14)

𝑘𝑛𝑓 ′
𝜃 (0),
𝑘𝑓

𝑤ℎ𝑒𝑟𝑒

𝜏𝑤𝑥 = −𝜇𝑛𝑓 (

∂𝑢̂
)|
∂𝑦 𝑦=0

(6.15)

𝑓′′(0)
(1 − ϕ. )2.5
1/2

Where 𝑅𝑒𝑥 =

𝑢𝑤 𝑥 1/2
𝜈

Numerical Procedure
A highly nonlinear differential equations system is obtained by applying similarity
transformations to governing equations and boundary conditions. It is a bitter truth that
manual solution of nonlinear equations is not an easy task. For better insight of the problem,
we have used the numerical method namely; Fourth-fifth order Runge-Kutta-Fehlberg
coupled with the shooting method. The support of software like Mathematica 10 was taken
for speedy calculation and to save time. For such types of numerical methods, discretization
of interval matters is ideal for the best order of convergence. We have use the interval size
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∆𝜂 = 0.001 to achieve order of convergence at 10−7. The influence of different
dimensionless numbers and controlling parameters like Prandtl number (Pr), Hartmann
number (M) and local Biot number (Bi) have been explored for the velocity and
temperature profiles of nanofluid, in the presence of single walled carbon nanotube
(SWCNT) and multi wall carbon nanotube (MWCNT) as nanoparticles. The physical
engineering quantities like local Nusselt number (Nux ), skin friction, along with change in
volume fraction of the nanoparticles within the fluid have also been considered. A
graphical illustration of the solution is given in Fig (2-10).

Results and Discussions
Figure 6.2 - Figure 6.3 represents the analysis of velocity profile due to variation in
Hartmann number and volume fraction of nanoparticle (SWCNT and MWCNT). Figure
6.2 shows that within the interval 0 ≤ 𝜂 ≤ 4, the velocity decreases for the extended values
of Hartmann number (M) in both single walled CNT and multi walled CNT. The only
difference is that the amplitude of the velocity profile is more in the presence of single
walled CNT as compared to multiple walled CNT. That means that, in the presence of
Hartmann number (M), velocity faces resistance, in return, retardation is recorded. In other
words, we can say that the Hartmann number (M) helps in normalizing the velocity profile.
After 𝜂 > 4, we have observed that the nature of velocity changes that it increases to some
extent for rising values of Hartmann number. Figure 6.3 portrayed that as we increase the
volume fraction of nanoparticles (SWCNTs), the velocity decreases within the interval 0 ≤
𝜂 ≤ 3.5 and after that, a slight increase in velocity has been observed. For the MWCNTs,
a decrease is obtained for 0 ≤ 𝜂 ≤ 4, but afterwards, a little rise can be seen. The reason
behind this is that the increase of nanoparticles (SWCNT/MWCNT) in base fluid increases
the viscosity of the mixture, which produces resistance through the flow.
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Figure 6.2: Effect of Hartmann number M on velocity
profile

Figure 6.3: Effect of volume fraction φ on velocity
profile

Figure 6.4: Effect of Biot number Bi on temperature
profile

Figure 6.5: Effect of Hartmann number M on
temperature profile

In literature, Biot number is taken as a dimensionless number to compare the internal and
external flow resistance of the fluid. Normally, the convective boundary conditions of heat
transfer contain Biot number. From Figure 6.4, it can be recorded that due to the presence
of temperature slip at the wall, we observed a rising temperature near the wall for extended
values of Biot number (Bi). It is also highlighted that by using the multi walled CNT as
nanoparticle, we gain low temperature near the wall due to extended values of Biot number
as compare to single walled CNT. From Figure 6.5, it can be interpreted that the Hartmann
number plays an important role in raising the temperature for both types of nanoparticles
(SWCNTs / MWCNTs). The rise in temperature, due to Hartmann number, is controlled
in a gradual manner.
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Figure 6.6: Effect of volume fraction 𝝓 on temperature
profile

Figure 6.7: Effect of Prandtl number Pr on temperature
profile

The analysis of volume fraction of nanoparticles and Prandtl number is provided in Figure
6.6 - Figure 6.7. It is important to note that an increase in volume percentage of
nanoparticles, on one hand, helps to raise the temperature and on other hand, resist the
flow. Actually, an increase in volume means the quantity of nanoparticles is increasing,
which tends to decrease in distance between the molecules of the fluid. We know that rapid
collision means increase in kinetic energy of the molecules, which in return, support to
raise the overall temperature. It is also observed that formation of MWCNTs facilitates a
manufacturing effect where temperature is slightly high as compare to SWCNTs. Figure
6.7 shows the effect of Prandtl number on temperature and it is recorded that as we increase
the Prandtl number, a decrease in temperature profile is obtained.
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Figure 6.8: Effect of Hartmann number with volume
fraction on skin friction

Figure 6.9: Effect of volume fraction with Biot number
on Nusselt number

Figure 6.10: Effect of Biot number with volume fraction on Nusselt number

Figure 6.8 shows a very interesting and useful result about skin friction. We know that the
greater the parasitic drag, the more resistance to flow, with energy drop. It can be observed
from the figure that for SWCNTs, firstly, a little rise is seen in skin friction, but after the
very next moment, it slowly starts decreasing. Again the formation of MWCNTs helps in
the rapid decrease in skin friction. Heat transfer rate is another more important physical
feature for the problems of heat transfer. It can be translated from Figure 6.9 - Figure 6.10
that heat transfer rate increases, whether we increase volume fraction percentage of
nanoparticles or Biot number. That means, we always get increasing function, but the only
difference is that, for extended values of volume fraction, the Nusselt number is a little bit
higher for MWCNTs and by giving increment in Biot number, a slightly higher heat
transfer rate is observed for SWCNTs. Table 6 is presented to get more insight of the
problem by analyzing the variation in Nusselt number due to Biot number and volume
fraction of nanotubes.
Table 6 Variation in Nusselt number
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Pr = 6.2, M = 0.15, ϕ = 0.2
SWCNTs
MWCNTs
7.71012
0
0
× 10−42
0.1
0.529387
0.277132
0.2
1.05877
0.554264
0.3
1.58816
0.831397
0.4
2.11755
1.10853
0.5
2.64693
1.38566
0.6
3.17632
1.66279

Pr = 6.2, M = 0.15, Bi = 0.5
SWCNTs
MWCNTs
ϕ%

Bi

0
0.04
0.08
0.12
0.16
0.2
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0.5
0.857941
1.24695
1.67127
2.13591
2.64693

0.5
0.647708
0.808216
0.983263
1.17492
1.38566

Chapter 7

Heat and mass transfer analysis for

bioconvection wall jet flow containing both
nanofluid and gyrotactic microorganisms in the
presence of MHD
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Introduction
The laminar wall jets still attract researchers due to their numerous practical and potential
applications such as; cooling systems for laptop CPUs, vehicle spray paint processes,
downward directed jets from a vertical take-off aircraft, cooling jets over turbo machinery
components and so on, but actually, the turbulent wall jets are dominant. An effective
approach for the simplification of the laminar wall jet problems can be the use of Boundary
layer approximation.
Bioconvection has many biological and biotechnological applications. The focus of the
study is nanofluid bioconvection, which describes the spontaneous pattern formation and
density stratification caused by the simultaneous interaction of the denser self-propelled
micro-organisms, nanoparticles and buoyancy forces. These microorganisms may include
gyrotaxis or oxytaxis organisms. The hydrodynamic convection caused by the oxytactic
microorganisms leading to a flow system, which tends to move cells and oxygen from the
fluid region above to the fluid regions below. Nanoparticles are not self-driven unlike
motile microorganisms, and their motion is driven by thermophoresis and Brownian
motion taking place within the nanofluid, which proves that the movement of motile microorganisms is independent on the motion of nanoparticles. There is an assumption that the
presence of nanoparticles has no effect on the directional locomotion of the self-propelled
micro-organisms. It is worth mentioning that the nanofluid has to be water-based, since the
motile microorganisms have to be able to live in the base fluid. Due to the mass transport
enhancement and mixing, bioconvection has many applications in bio-microsystems, such
as enzyme biosensors and biotechnology. Nanofluid bioconvection is predicted to be
possible if the concentration of nanoparticles is little, to prevent nanoparticles from causing
any substantial increase in the viscosity of the base fluid. Furthermore, nanofluid stability
depended on the nanoparticle distribution and the density stratification induced by either
the vertical temperature gradient or the upward swimming of oxytactic microorganisms,
while the impact of micro-organisms on the stability of the suspension depended on the
value of bioconvection Peclet number.
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So far, in the research work already conducted, to understand nanofluid bioconvection, no
attempt has been made in literature to examine the impacts of various emerging parameters
on nanofluid bioconvection for wall jet flow in the presence of magnetic field and
gyrotactic microorganisms. Such analysis may give some insight into the complex
dynamics of self-propelled microorganisms in nanofluid influenced by an external
magnetic field, for application purpose. For the said study we have considered Buongiorno
model of nanofluid with appropriate boundary conditions. To the best of my knowledge
the results obtained from the present study are new.

Problem Formulation
Consider the arrangement of steady incompressible nanofluid through a wall jet with
gyrotactic microorganism bioconvection flow when a magnetic field is present. It is
assumed that the variable magneto-hydrodynamic field is applied normal to the flow and
the induced magnetic field is insignificant. It is also taken as assumption that velocity and
direction of microorganisms is not disturbed by the nanoparticles because concentration of
nanoparticles is assumed to be less than 1%. The problem is defined in Cartesian coordinate
system as such that flow of fluid and movement of microorganisms is taken along x-axis
and the slit is located vertically along y-axis. The temperature of the lower plate is taken
as 𝑇𝑤 and far from the plate, the temperature of the fluid will be 𝑇∞ . The schematic diagram
of the problem is given in Figure 7.1.

Figure 7.1: Schematic diagram of Problem

The governing equations to present the flow problem after utilizing boundary layer
approximation are given as:
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𝜕𝑢̂ 𝜕𝑣̂
+
= 0,
𝜕𝑥̂ 𝜕𝑦̂

(7.1)

𝜕𝑢̂
𝜕𝑢̂
𝜕 2 𝑢̂ 𝜎𝐵 2 (𝑥)
𝑢̂
+ 𝑣̂
= 𝜐𝑓 2 −
𝑢̂ + 𝛽𝑔(1 − 𝐶̂∞ )(𝑇̂ − 𝑇∞ )
𝜕𝑥̂
𝜕𝑦̂
𝜕𝑦̂
𝜌𝑓

(7.2)

−

𝑔
𝑔𝛾
(𝜌𝑝 − 𝜌𝑓 )(𝐶̂ − 𝐶∞ ) −
(𝑛̂ − 𝑛∞ )(𝜌𝑚 − 𝜌𝑓 ),
𝜌𝑓
𝜌𝑓

2
𝜕𝑇̂
𝜕𝑇̂
𝜕 2 𝑇̂
𝜕𝐶̂ 𝜕𝑇̂
𝐷𝑇 𝜕𝑇̂
𝑢̂
+ 𝑣̂
= 𝛼 2 + 𝜏 [𝐷𝐵
+ ( ) ( ) ],
𝜕𝑥̂
𝜕𝑦̂
𝜕𝑦̂
𝜕𝑦̂ 𝜕𝑦̂
𝑇∞ 𝜕𝑦̂

(7.3)

𝜕𝐶̂
𝜕𝐶̂
𝜕 2 𝐶̂
𝐷𝑇 𝜕 2 𝑇̂
𝑢̂
+ 𝑣̂
= 𝐷𝐵 2 + ( ) 2 ,
𝜕𝑥̂
𝜕𝑦̂
𝜕𝑦̂
𝑇∞ 𝜕𝑦̂

(7.4)

𝑢̂

𝜕𝑛̂
𝜕𝑛̂
𝑏𝑊𝑐
𝜕𝑛̂ 𝜕𝐶̂
𝜕 2 𝐶̂
𝜕 2 𝑛̂
+ 𝑣̂
+
(
+ 𝑛̂ 2 ) = 𝐷𝑚 2 ,
𝜕𝑥̂
𝜕𝑦̂ (𝐶̂𝑤 − 𝐶̂∞ ) 𝜕𝑦̂ 𝜕𝑦̂
𝜕𝑦̂
𝜕𝑦̂

(7.5)

here, 𝑢̂ and 𝑣̂ are the velocity components in the direction of 𝑥̂ and 𝑦̂, respectively. 𝜌𝑓 is
the density of nanofluid, 𝜐𝑓 is the kinematics viscosity of nanofluid,

𝛼

is the thermal

diffusivity of nanofluid and 𝑇̂ is the temperature of the fluid. The heat capacitance ratio
of nanoparticles and base fluid is given by 𝜏 =

(𝜌𝐶)𝑝
(𝜌𝐶)𝑓

, where 𝛽 represents the volumetric

expansion coefficient and the density of the particles is mentioned by 𝜌𝑝 . Further, 𝑛̂ is the
motile microorganism’s density, 𝛾 is used to represent the average volume of
microorganisms and with the assumption that the product of b (constant of chemotaxis)
and 𝑊𝑐 (maximum speed of microorganisms) remains constant, we define 𝐷𝑚 as
microorganism’s diffusion. Also 𝐷𝐵 𝑎𝑛𝑑 𝐷𝑇 denote the Brownian and thermophoresis
diffusion coefficients respectively and 𝐶 is for nanoparticles concentration.
The appropriate boundary conditions are:
𝑢̂ = 0, 𝑣̂ = 0, 𝑇̂ = 𝑇𝑤 , 𝐶̂ = 𝐶𝑤 , 𝑛̂ = 𝑛𝑤 , 𝑎𝑡 𝑦̂ = 0,
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(7.6)

𝑇̂ → 𝑇∞ , 𝐶̂ → 𝐶∞ , 𝑛̂ → 𝑛∞ 𝑎𝑠 𝑦 → ∞

𝑢̂ = 0,

To perform analysis of the problem, I used the following similarity transformations [7, 70]

𝜂=

1

𝑦

𝑇−𝑇∞

𝐶−𝐶∞

, 𝜓 = 4√𝜐𝑓 𝑥 4 𝑓(𝜂) , 𝜃(𝜂) =
, 𝜙(𝜂) =
1/2
𝑇𝑤 −𝑇∞
𝐶𝑤 −𝐶∞
𝜐𝑓 𝑥 3/4

We define stream function 𝜓 as 𝑢 =

𝜕𝜓
𝜕𝑦

(7.7)

𝜕𝜓

and 𝑣 = − 𝜕𝑥

Adding Eq. (7.7) and stream function into Eqs.(7.1)-(7.6), we get the following system of
non-linear differential equations with boundary equations:
1
𝑓 ′′′ + 2(𝑓′)2 + 𝑓𝑓 ′′ + 𝜆(𝜃 − 𝑁𝑟 𝜙 − 𝑅𝑏 𝜒) − 𝑀2 𝑓′ = 0
4

(7.8)

𝜃′′ + 𝑃𝑟𝑓𝜃 ′ + 𝑁𝑏𝜙 ′ 𝜃 ′ + 𝑁𝑡𝜃′2 = 0,

(7.9)

𝜙 ′′ + 𝐿𝑒𝑓𝜙 ′ +

𝑁𝑡 ′′
𝜃 =0
𝑁𝑏

(7.10)

𝜒 ′′ + 𝐿𝑏(𝑓𝜒′) − 𝑃𝑒(𝜙 ′ 𝜒 ′ + 𝜙 ′ ′(Ω + 𝜒)) = 0.

(7.11)

The boundary conditions also transform to
𝑓(0) = 0,

𝑓 ′ (0) = 0, 𝜃(0) = 1, 𝜙(0) = 1, 𝜒(0) = 1,

𝑓(∞) = 1, 𝜃(∞) = 0, 𝜙(∞) = 0,

𝜒(∞) = 0

(7.12)

where the primes denote the differentiation with respect to 𝜂.
Besides,
Pr =

𝜈𝑓

, 𝑀2 =
α

𝐺𝑟𝑥 =

𝜎𝐵02
𝜌𝑓

, 𝑁𝑏 =

𝑔𝛽(1−𝐶∞ )(𝑇𝑤 −𝑇∞ )𝑥 3
𝜐𝑓

𝜏 𝐷𝐵 (Cw −C∞ )
α

α

, 𝐿𝑒 = 𝐷 , 𝑁𝑡 =

𝜏 𝐷𝑇 (𝑇𝑤 −𝑇∞ )
𝛼 𝑇∞

𝐵

1/2

(𝐶 −𝐶 )(𝜌𝑝 −𝜌𝑓 )

, 𝑅𝑒𝑥 = 𝑥𝜐 , 𝑁𝑟 = 𝛽 𝜌 𝑤(1−𝐶∞
𝑓

𝑓
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𝐺𝑟

, 𝜆 = 𝑅𝑒𝑥 ,
𝑥

,

∞ )(𝑇𝑤 −𝑇∞ )

(7.13)

𝑅𝑏 =

𝛾(𝑛𝑤 −𝑛∞ )(𝜌𝑚 −𝜌𝑓 )

, 𝑃𝑒 =

𝛽 𝜌𝑓 (1−𝐶∞ )(𝑇𝑤 −𝑇∞ )

𝑏𝑊𝑐
𝐷𝑚

, Ω = (𝑛

𝑛∞
𝑤− 𝑛∞ )

𝜐

, 𝐿𝑏 = 𝐷 𝑓

𝑚

characterized the Prandtl number, Hartmann number, Brownian motion parameter, Lewis
number, thermophoresis parameter, ratio of local Grashof number (𝐺𝑟𝑥 ), local Reynolds
number (𝑅𝑒𝑥 ), buoyancy ratio parameter 𝑁𝑟, bioconvection Rayleigh number 𝑅𝑏,
bioconvection Peclet number 𝑃𝑒, microorganisms’ concentration difference parameter Ω,
bioconvection Lewis number 𝐿𝑏, respectively.
We defined the physical quantities like; local Nusselt number 𝑁𝑢𝑥 , local Sherwood number
𝑆ℎ𝑥 and density number of motile microorganisms 𝑁𝑢𝑟𝑥 . We can define them as

𝑁𝑢𝑥 =
−1⁄2

𝑥𝑞𝑤
𝑘𝑓 (𝑇𝑤 − 𝑇∞ )

𝑅𝑒𝑥

𝑁𝑢 = −𝜃′(0)

𝑆ℎ𝑥 =

𝑥𝑞𝑚
𝐷𝐵 (𝐶𝑤 − 𝐶∞ )

−1⁄2

𝑅𝑒𝑥

−1⁄2

(7.14)

𝜕𝐶̂
)
𝜕𝑦̂ 𝑦̂=0

(7.15)

𝜕𝑛̂
𝑤ℎ𝑒𝑟𝑒 𝑞𝑛 = −𝐷𝑛 ( )
𝜕𝑦̂ 𝑦̂=0

(7.16)

𝑤ℎ𝑒𝑟𝑒 𝑞𝑚 = −𝐷𝐵 (

𝑆ℎ𝑥 = −𝜙′(0)

𝑁𝑢𝑟𝑥 =
𝑅𝑒𝑥

𝜕𝑇̂
𝑤ℎ𝑒𝑟𝑒 𝑞𝑤 = −𝑘𝑓 ( )
𝜕𝑦̂ 𝑦̂=0

𝑥𝑞𝑛
𝐷𝑛 (𝑛𝑤 − 𝑛∞ )

𝑁𝑛𝑥 = −𝜒′(0)

Numerical Procedure
By utilization of similarity transformations and boundary layer approximation, we obtained
the governing equations (7.1) - (7.5) in the form of a set of nonlinear ordinary differential
equations. To obtain the solution of nonlinear coupled boundary layer problem (BVP), we
first applied the shooting method to transform BVP into an initial value problem and then
used a well-known numerical method; Runge-Kutta Fehlberg method in order to represent
the effective results of the wall jet flow. The influence of different controlling flow
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parameters has been studied to collect more facts for practical application of wall jet flow
of nanofluid with motile micro-organisms.

Results and Discussions
The graphical study of numerical solutions are represented in Figure 7.2 - Figure 7.28 to
demonstrate the results obtained. The effects of different flow parameters and
dimensionless numbers namely, Hartmann number M, the ratio of local Grashof number
and local Reynolds number 𝜆, standard Lewis number Le, Prandtl number Pr,
bioconvection Lewis number Lb, bioconvection Peclect number Pe, bioconvection
Rayleigh number Rb, Brownian motion parameter Nb, Thermophoresis parameter Nt and
microorganism’s concentration difference parameter Ω, have been recorded. To better
understand the physics of the problem, graphical representation has also been considered.
Figure 7.2 - Figure 7.5 shows the effect of various parameters on velocity profile. Figure
7.2 shows that the Lorentz forces applied perpendicular to the flow shows resistance
towards the flow of the fluid. For 0 ≤ 𝜂 ≤ 2.6, the velocity distribution is normalized due
to extended values of the Hartmann number, but after 𝜂 > 2.6, a little rise in velocity is
noticed. It is recorded from Fig. 3 that before the point of inflection at 𝜂 > 2.1, the velocity
increases for different increasing values of 𝜆 (the ratio of local Grashof number to local
Reynolds number). This shows that the value of local Reynolds number depends upon local
Grashof number or in other words, we can say that for higher values of 𝜆, the viscosity of
fluid decreases, which means increase in mobility.
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Figure 7.2: Effect of Hartmann number M on velocity
Profile

Figure 7.3: Effect of 𝜆 on velocity profile

Figure 7.4: Influence of Nr on velocity profile

Figure 7.5: Influence of Rb on velocity profile

Figure 7.4 - Figure 7.5 represents the influence of the buoyancy ratio parameter Nr and
bioconvection Rayleigh number Rb on the velocity profile. The impact of both parameters
is almost the same, but for small values of Rb, a rapid increase in the velocity profile is
observed near the wall. Velocity deceases for higher values of Rb until 𝜂 ≤ 2.1, afterwards,
it seems to rise. The impact of Nr on the velocity distribution is the same as that of the
bioconvection Rayleigh number.
The analysis of temperature profile for various parameters is presented through Figure 7.6
- Figure 7.9. The effect of Brownian motion parameter Nb shows that temperature rises for
extended values of Nb by Figure 7.6. The reason is that; due to increased Brownian motion,
the collision increases near the wall and rapid transfer of energy within the molecules takes
place, which in return raises the overall temperature. Figure 7.7 depicted that thermal
boundary layer increases along with temperature when the values of thermophoresis
parameter Nt is increased. Figure 7.8 - Figure 7.9 revealed the analysis of temperature
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profile for Nr buoyancy ratio parameter and Prandtl number Pr. It can be observed that at
the surface, the temperature decreases in the absences of buoyancy ratio. For different
increased values of buoyancy ratio in the presence of a magnetic field, the dimensionless
temperature increases. Figure 7.9 recorded decrease in temperature for higher values of
Prandtl number.

Figure 7.6: Effect of Nb on temperature profile

Figure 7.7: Effect of Nt on temperature profile

Figure 7.8: Effect of Nr on temperature profile

Figure 7.9: Effect of Pr on temperature profile

The variation in concentration boundary layer thickness, due to volume fraction of
nanoparticles for various controlling parameters, is presented in Figure 7.10 - Figure 7.13.
It can be seen from Figure 7.10 - Figure 7.11 that the thickness of concentration boundary
layer is due to the variation in the values of Lewis number Le and Brownian motion
parameter Nb. The thickness decreases as we increase the value of Le and Nb, the reason
being that the volume fraction of nanoparticles decreases for higher values of Lewis
number. The effect of thermophoric parameter Nt and buoyancy ratio Nr on the
concentration profile is shown in Figure 7.12 - Figure 7.13. In both the cases, the thickness
of concentration boundary layer increases for the increment in the values of Nt and Nr. For
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the value 𝜂 > 0.3 , we have observed a rapid increase in the concentration profile near the
wall. On the other hand, for certain values of buoyance ratio Nr, the concentration profile
rises away from the leading edge.
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Figure 7.10: Effect of Le on nanoparticle concentration
profile

Figure 7.11: Effect of Nb on nanoparticle concentration
profile

Figure 7.12: Effect of Nt on nanoparticle concentration
profile

Figure 7.13: Effect of Nr on nanoparticle concentration
profile

Figure 7.14: Effect of Lb on microorganism
conservation

Figure 7.15: Effect of Pe on microorganism
conservation

Figure 7.14 - Figure 7.17 portrays the valuable analysis on the motility of microorganisms
along with nanofluids. The effects of parameters like bioconvection Lewis number Rb,
Brownian motion parameter Nb and thermophoresis parameter Nt on density of motile
microorganisms is noted in the presence of magnetic field. Figure 7.14 - Figure 7.16
depicted the effect of bioconvection Lewis number Lb, bioconvection Peclet Pe and
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Brownian motion parameter (Nb) on density of motile microorganisms. It is recorded that
the thickness of the concentration of boundary layer of motile decreases for the increasing
values of bioconvection Lewis number (Lb), bioconvection Peclet (Pe) and Brownian
motion parameter (Nb). It is also observed that as we increase the range of bioconvection
Peclet number, a reverse flow of a dimensionless motile microorganism’s density is
produced. Whereas, for different values of thermophoresis parameter Nt, the density of the
motile microorganism increases, which in return can affect the movement of the
microorganisms.
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Figure 7.16: Effect of Nb on microorganism
conservation

Figure 7.17: Effect of Nt on microorganism
conservation

Figure 7.18: Effect of Nr with Nt on Nusselt number

Figure 7.19: Effect of Rb with Nt on Nusselt number

Figure 7.20: Effect of M with Pe on Nusselt number

Figure 7.21: Effect of Le with Pe on Nusselt number

In Figure 7.18 - Figure 7.21, the analysis of Nusselt number for different controlling
parameters is presented. It is observed that for increased values of bioconvection Rayleigh
number (Rb), Hartmann number (M), and buoyancy ratio (Nr), the Nusselt number
decreases. The reason behind this is that the thermal boundary layer increases for a rise in
temperature in the presence of magnetic field. This leads to decrease in rate of heat transfer.
Conversely, the Nusselt number increases for various higher values of Lewis number (Le).
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Figure 7.22: Effect of Nb with Nt on Sherwood number

Figure 7.23: Effect of Nr with M on Sherwood number

Figure 7.24: Effect of M with Pe on Sherwood number

Figure 7.25: Effect of M with Pe on density number of
motile microorganisms

The effect of different parameters on reduced Sherwood number is illustrated in Figure
7.22 - Figure 7.24. It can be observed from Figure 7.22 that the rate of mass transfer
increases for various values of the Brownian motion parameter (Nb) along with the
thermophoresis parameter. Actually, the increase in Brownian motion parameter means
increase in collision of molecules, which in return helps to increase the reduced Sherwood
number. Also, Figure 7.23 depicted that for higher values of buoyancy ratio Nr, the
Sherwood number decreases. Since, within the concentration boundary layer, the
nanoparticles volume fraction rises in the presence of higher values of magnetic field, it is
noticed from Figure 7.24 that this leads to decrease in the rate of mass transfer.
Figure 7.25 - Figure 7.28 presents the analysis of reduced density number of the motile
microorganisms. It is recorded that for increased values of Hartmann number M, buoyancy
ration (Nr) and bioconvection Rayleigh ratio (Rb), the density number of the motile
microorganism decreases. Whereas, it increases for different values of Lewis number.
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Figure 7.27: Effect of Rb with M on density number of
motile microorganisms

Figure 7.26: Effect of Nr with M on density number of
motile microorganisms

Figure 7.28: Effect of Le with Pe on density number of motile microorganisms
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Chapter 8

Soret and MHD effects on bio-

convection wall jet flow of nanofluid containing
gyrotatic microorganisms
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Introduction
A liquid having a dispersion of sub-micronic solid particles with a typical length scale of
order 1-100 nm is a nanofluid. It contains remarkable heat transfer and thermal
conductivity improvement. Choi [86] . An important rise in the applications of nanofluids
has been shown in recent literature, such as micro-channels, micro heat pipes and microreactors. Das et al. [87] gave a review of nanofluid research.
The interaction between phenomena at different physical scales results in bioconvection.
The directional movement of self-driven micro-organisms, which are denser than cell fluid,
drives the process. In 1911, Wager [88] presented a detailed study of bioconvection. In
literature, the research work regarding wall jet flow of nanofluids with bioconvection
process and Soret effect have not been presented. Our aim is to investigate bioconvection
phenomena with gyrotactic locomotion of micro-organism by putting under consideration
the Buongiorno [25] model of nanofluid with appropriate boundary conditions. A special
concentration will be the focus, to analyze the Soret effects on temperature and
concentration profiles in the presence of normally applied magnetic field. To get insight of
the complex problem, the rate of heat and mass transfer will also be taken into account. To
the best of my knowledge, the results obtained from the present study are new.

Problem Formulation
An incompressible Buongiorno [25] model of nanofluid with base fluid water is considered
through a wall jet. To analyze the bioconvection phenomena of gyrotactic microorganisms, it is assumed that suspension of nanoparticles is stable and with concentration
of less than 1%. It is also assumed that the presence of nanoparticles does not alter the
swimming direction and velocity of the uniformly shaped micro-organisms. Lower
horizontal plate parallel to x-axis is at temperature 𝑇𝑤 and an ambient temperature of the
fluid is taken as 𝑇∞ . The experimental results obtained by Sarkar et al. [89] shows that
micro-organism actively survive up to the temperature of 42 degrees centigrade. To analyze
the solute concentration, we have also taken into account Soret effect. A variable magnetic
field is applied normal to the flow of the fluid to record the effects on velocity, temperature
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and concentration profiles with the assumption that the induced magnetic field is
negligible. The schematic diagram of the problem is given in Figure 8.1

Figure 8.1: Schematic diagram of Problem

After utilizing boundary layer approximation and the said assumptions, we obtained the
governing equations in the form:
𝜕𝑢̂ 𝜕𝑣̂
+
= 0,
𝜕𝑥̂ 𝜕𝑦̂

(8.1)

𝜕𝑢̂
𝜕𝑢̂
𝜕 2 𝑢̂ 𝜎𝐵 2 (𝑥)
𝛽𝑠
𝑢̂
+ 𝑣̂
= 𝜐𝑓 2 −
𝑢̂ + 𝑔(1 − 𝐶∞ )(𝛽𝑇 (𝑇̂ − 𝑇∞ ) + (𝑆̂ − 𝑆∞ )
𝜕𝑥̂
𝜕𝑦̂
𝜕𝑦̂
𝜌𝑓
𝜌𝑓
−

𝑔
𝑔𝛾
(𝜌𝑝 − 𝜌𝑓 )(𝐶̂ − 𝐶∞ ) −
(𝑛̂ − 𝑛∞ )(𝜌𝑚 − 𝜌𝑓 )),
𝜌𝑓
𝜌𝑓

(8.2)

Velocity components are to be defined as 𝑢̂ and 𝑣̂ in 𝑥̂ and 𝑦̂ direction respectively.
Represents density of nanofluid as  f , 𝜐𝑓 is the kinematics viscosity of nanofluid, 𝜎
denotes the electric conductivity and 𝐵(𝑥) is used to represent the variable magnetic field.
𝐶̂ , ̂𝑇, ̂𝑆, 𝑛̂ indicate the concentration of nanofluid, temperature, concentration of solute and
microorganism’s concentration respectively. The thermal expansion coefficient is taken as
𝛽𝑇 , the volumetric solute expansion coefficient is denoted by 𝛽𝑠 and the nanoparticle’s
density is mentioned by 𝜌𝑝 The gravitational force and motile microorganism’s average
volume fraction are denoted by 𝑔 𝑎𝑛𝑑 𝛾 respectively.
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2
𝜕𝑇̂
𝜕𝑇̂
𝜕 2 𝑇̂
𝜕𝐶̂ 𝜕𝑇̂
𝐷𝑇 𝜕𝑇̂
𝑢̂
+ 𝑣̂
= 𝛼 2 + 𝜏 [𝐷𝐵
+ ( ) ( ) ],
𝜕𝑥̂
𝜕𝑦̂
𝜕𝑦̂
𝜕𝑦̂ 𝜕𝑦̂
𝑇∞ 𝜕𝑦̂

𝑢̂

(8.3)

𝜕𝑆̂
𝜕𝑆̂
𝜕 2 𝑆̂
𝐷𝑚 𝜕 2 𝑇̂
+ 𝑣̂
= 𝐷𝑠 2 + 𝑘𝑇 ( ) 2 ,
𝜕𝑥̂
𝜕𝑦̂
𝜕𝑦̂
𝑇∞ 𝜕𝑦̂

(8.4)

𝜕𝐶̂
𝜕𝐶̂
𝜕 2 𝐶̂
𝐷𝑇 𝜕 2 𝑇̂
𝑢̂
+ 𝑣̂
= 𝐷𝐵 2 + ( ) 2 ,
𝜕𝑥̂
𝜕𝑦̂
𝜕𝑦̂
𝑇∞ 𝜕𝑦̂

𝑢̂

(8.5)

𝜕𝑛̂
𝜕𝑛̂
𝑏𝑊𝑐
𝜕𝑛̂ 𝜕𝐶̂
𝜕 2 𝐶̂
𝜕 2 𝑛̂
+ 𝑣̂
+
(
+ 𝑛̂ 2 ) = 𝐷𝑛 2 ,
̂
𝜕𝑥̂
𝜕𝑦̂ (𝐶̂
̂ 𝜕𝑦̂
𝜕𝑦̂
𝜕𝑦̂
𝑤 − 𝐶∞ ) 𝜕𝑦

Thermal diffusivity of nanofluid is taken as

𝛼,

(8.6)

𝐷𝐵 is used for Brownian diffusion

coefficient and 𝐷𝑇 is the coefficient of thermophoresis diffusion. The ratio of heat
capacitance of nanoparticles and base fluid is given by 𝜏 =

(𝜌𝐶)𝑝
(𝜌𝐶)𝑓

, where 𝐷𝑠 𝑎𝑛𝑑 𝐷𝑚

represents the coefficients of solute and mass diffusivity respectively. With the assumption
that the product of 𝑏 𝑎𝑛𝑑 𝑊𝑐 remains constant, we define b as the constant of chemotaxis
and 𝑊𝑐 to be the maximum speed of microorganisms. We also define 𝐷𝑛 as the coefficient
of microorganisms’ diffusion.
The appropriate boundary conditions are:
𝑢̂ = 0, 𝑣̂ = 0, 𝑇̂ = 𝑇𝑤 , 𝐶̂ = 𝐶𝑤 , 𝑛̂ = 𝑛𝑤 , at 𝑦̂ = 0,

(8.7)

𝑇̂ → 𝑇∞ , 𝐶̂ → 𝐶∞ , 𝑛̂ → 𝑛∞ , 𝑦 → ∞,

𝑢̂ = 0,

In order to utilize numerical techniques, the following similarity transformations [7, 70]
are adopted:

𝜂=

𝑦̂

1

𝑇̂ −𝑇∞

𝐶̂ −𝐶∞

, 𝜓 = 4√𝜐𝑓 𝑥̂ 4 𝑓(𝜂) , 𝜃(𝜂) =
, 𝜙(𝜂) =
1/2
𝑇𝑤 −𝑇∞
𝐶𝑤 −𝐶∞
𝜐𝑓 𝑥̂ 3/4
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(8.8)

𝑤(𝜂) =

𝑆̂−𝑆∞
𝑆𝑤 −𝑆∞

, 𝜒(𝜂) =

𝑛̂−𝑛∞
𝑛𝑤 −𝑛∞

Velocity in stream function form is defined as 𝑢 =

𝜕𝜓
𝜕𝑦̂

𝜕𝜓

and 𝑣̂ = − 𝜕𝑥̂

By incorporating Eq.(8.8) and the stream function into Eqs. (8.1)-(8.7), we obtained a
system of non-linear differential equations with boundary equations as follow:
1
𝑓 ′′′ + 2(𝑓′)2 + 𝑓𝑓 ′′ + 𝜆(𝜃 + 𝑁𝑐 𝑤 − 𝑁𝑟 𝜙 − 𝑅𝑏 𝜒) − 𝑀2 𝑓′ = 0
4

(8.9)

𝜃′′ + 𝑃𝑟𝑓𝜃 ′ + 𝑁𝑏𝜙 ′ 𝜃 ′ + 𝑁𝑡𝜃′2 = 0,

(8.10)

𝑤 ′′ + 𝐿𝑛𝑓𝑤 ′ + 𝑆𝑟 𝜃 ′′ = 0,

(8.11)

𝑁𝑡 ′′
𝜃 = 0,
𝑁𝑏

(8.12)

𝜙 ′′ + 𝐿𝑒𝑓𝜙 ′ +

𝜒 ′′ + 𝐿𝑏(𝑓𝜒′) − 𝑃𝑒(𝜙 ′ 𝜒 ′ + 𝜙 ′ ′(Ω + 𝜒)) = 0.

(8.13)

The boundary conditions also transform to
𝑓(0) = 0,

𝑓 ′ (0) = 0, 𝜃(0) = 1, 𝑤(0) = 1, 𝜙(0) = 1, 𝜒(0) = 1,

𝑓(∞) = 1, 𝜃(∞) = 0,

𝑤(∞) = 𝜙(∞) = 0,

(8.14)

𝜒(∞) = 0

The derivative w.r.t 𝜂 is represented by primes.
After applying Eq. (8.8), we obtained the following non-dimensional numbers and
parameters,
𝑀2 =

𝜎𝐵02
𝜌𝑓

𝛾(𝑛𝑤 −𝑛∞ )(𝜌𝑚 −𝜌𝑓 )

𝑅𝑏 = 𝛽

Hartmann number

𝑇

𝜌𝑓 (1−𝐶∞ )(𝑇𝑤 −𝑇∞ )

Bioconvection

Rayleigh number
𝜈

Pr = 𝛼

𝑓

𝛽 (𝑆 −𝑆 )

𝑁𝑐 = 𝛽𝑠 (𝑇𝑤 −𝑇∞) Regular double-diffusive

Prandtl number

𝑇

𝑤

∞

buoyancy parameter
𝛼

𝐿𝑒 = 𝐷𝑓

𝐵

Standard Lewis number

𝑆𝑟 =
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𝐷𝑚 𝑘𝑇 (𝑇𝑤 −𝑇∞ )
𝐷𝑠 𝑇∞ (𝑆𝑤 −𝑆∞ )

Soret number

𝜏 𝐷𝐵 (Cw −C∞ )

𝑁𝑏 =

𝛼𝑓

𝜐

𝐿𝑛 = 𝐷𝑓

Brownian motion

Nanofluid Lweis number

𝑠

parameter
𝜏 𝐷𝑇 (𝑇𝑤 −𝑇∞ )

𝑁𝑡 =

Thermophoresis 𝑁𝑟 =
𝛽

𝑇∞ 𝛼𝑓

parameter
𝐺𝑟

𝜆 = 𝑅𝑒𝑥2

(𝐶𝑤 −𝐶∞ )(𝜌𝑝 −𝜌𝑓 )

𝑇

𝜌𝑓 (1−𝐶∞ )(𝑇𝑤 −𝑇∞ )

Buoyancy ratio

parameter
𝑃𝑒 =

Ratio of Grashof and Reynolds

𝑥

𝑏𝑊𝑐
𝐷𝑛

Bioconvection Peclet number

number
3

𝐺𝑟𝑥 =

𝑔 𝛽𝑇 (1−𝐶∞ )(𝑇𝑤 −𝑇∞ ) 𝑥 ⁄ 2
𝜐𝑓
𝑥
⁄𝜐2
𝑓

𝑥 1/2

𝑅𝑒𝑥 =

Grashof

𝜐𝑓

Reynolds number

number
𝜐

𝐿𝑏 = 𝐷𝑓 Bioconvection Lewis number

Ω = (𝑛

𝑛∞

Microorganisms

𝑤− 𝑛∞ )

𝑛

concentration
difference parameter

The physical engineering interest quantities are local Nusselt number 𝑁𝑢𝑥 , local Sherwood
number 𝑆ℎ𝑥 and density number of motile microorganisms 𝑁𝑛𝑥
𝑁𝑢𝑥 =
−1⁄2

𝑥𝑞𝑤
𝑘𝑓 (𝑇𝑤 − 𝑇∞ )

𝑅𝑒𝑥

𝑁𝑢𝑥 = −𝜃′(0),

𝑆ℎ𝑥 =

𝑥𝑞𝑚
𝐷𝐵 (𝐶𝑤 − 𝐶∞ )

−1⁄2

𝑅𝑒𝑥

𝑆ℎ𝑥 = −𝜙′(0)

𝑁𝑛𝑥 =

𝑥𝑞𝑛
𝐷𝑛 (𝑛𝑤 − 𝑛∞ )

−1⁄2

𝑅𝑒𝑥

𝜕𝑇̂
𝑤ℎ𝑒𝑟𝑒 𝑞𝑤 = −𝑘𝑓 ( )
𝜕𝑦̂ 𝑦̂=0

(8.15)

𝜕𝐶̂
)
𝜕𝑦̂ 𝑦̂=0

(8.16)

𝜕𝑛̂
𝑤ℎ𝑒𝑟𝑒 𝑞𝑛 = −𝐷𝑛 ( )
𝜕𝑦̂ 𝑦̂=0

(8.17)

𝑤ℎ𝑒𝑟𝑒 𝑞𝑚 = −𝐷𝐵 (

𝑁𝑛𝑥 = −𝜒′(0)
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Numerical Procedure
To obtained the numerical solution of the problem, we have utilized boundary layer
approximation and similarity transformation. For the obtained solution of set of ordinary
differential equations along with boundary conditions, we used Runge-Kutta method
coupled with the shooting method. In order to calculate the results in an efficient and
speedy manner, we employed the support of software like Mathematica 10 in our research
work. To obtain the meaningful results and order of convergence at 10−7, we selected the
interval size ∆𝜂 = 0.001. To get insight of the problem, the influence of various parameters
on velocity, concentration and temperature profiles of nanoparticles and microorganism
has also been recorded in Figure 8.2 - Figure 8.34

Results and discussion
Figure 8.2 – Figure 8.6 represents the analysis of velocity distribution under the effect of
parameters, which arises due to the nanofluid and bioconvection phenomena. From Figure
8.2 – Figure 8.3, we have observed rise in velocity for increasing values of 𝜆 (Ratio of
Grashof number to Reynolds number) and Nc (Regular double-diffusive buoyancy
parameter), since we know that double-diffusive means occurrence of heat and mass
transfer due to thermal buoyancy. Now, increasing Nc leads to higher solute volumetric
expansion as compare to thermal volumetric expansion. So resistance between decreases
in fluid layers, leads to rise in velocity distribution. Figure 8.4 depicted that magnetic field
normal to flow produces a tendency to resist the flow due to increase in Lorentz drag force.
The Hartmann number is taken as the controlling parameter because by increasing its value,
we have observed a decrease in velocity profile in a normalized manner. Figure 8.5 shows
that increase in buoyancy parameter produces retardation in velocity, which in return
decreases the momentum boundary layer thickness. Also, higher values of bioconvection
Rayleigh number (Rb) in Figure 8.6 show an interesting behavior towards velocity
distribution. Due to the property of the bioconvection plumes of opposing upward motion
of nanofluid, because of its downward concentration, the velocity profile decreases along
with momentum boundary layer thickness.
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Figure 8.2: Influence of 𝜆 on velocity distribution

Figure 8.3: Influence of Nc on velocity distribution

Figure 8.5: Influence of Nr on velocity distribution

Figure 8.4: Influence of M on velocity distribution

Figure 8.6: Influence of Rb on velocity distribution

Figure 8.7: Influence of M on Temperature distribution

From Figure 8.7, it is easy to understand that increased friction between the fluid layers in
the presence of Lorentz force tends to raise the temperature profile. Figure 8.8 - Figure
8.10 recorded increase in temperature distribution for incremental values of
thermophoresis parameter (Nt), buoyancy ratio parameter (Nr) and Brownian motion
parameter (Nb). In all of the cases, a rapid collision between the molecules increases the
kinetic energy, which in return increases the overall temperature distribution and thermal
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boundary layer thickness. For higher value of buoyancy ratio parameter, we have to
decrease the value of Reynolds number, which means increasing the friction between the
fluid layers. It is a known thing that resistance in flow tends to increase in temperature.

Figure 8.8: Influence of Nt on Temperature distribution

Figure 8.9: Influence of Nr on Temperature distribution

Figure 8.10: Influence of Nb on Temperature
distribution

Figure 8.11; Influence of Le on nanofluid concentration
profile

The analysis of nanoparticles concentration is given in Figure 8.11 - Figure 8.15. It has
been observed that nanoparticles volume fraction decreases for higher value of Lewis
number (Le), Brownian motion parameter (Nb), and Soret number (Sr), whereas, it
increases by considering different incremental values of thermophoresis parameter (Nt)
and buoyancy ratio parameter (Nr). When mass diffusion is less than thermal diffusion,
then overall Lewis number increases and in results, we observed a decrease in nanoparticle
concentration. Similarly, for higher values of Brownian motion parameter, the collision
among the molecules will be faster, which in response reduces the nanoparticle
concentration and boundary layer thickness. From Figure 8.14, an interesting behavior of
nanoparticle concentration has been observed for higher values of buoyancy ratio
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parameter (Nr). Within the interval 0 ≤ 𝜂 ≤ 0.7 and 𝜂 > 3.2, a negligible increase in
nanoparticle concentration is obtained, whereas, for 0.7 < 𝜂 ≤ 3.2, a remarkable increase
is presented. Also, Figure 8.15 depicted that for increasing values of thermophoresis
parameter, a rapid rise in nanoparticle concentration is recorded near the wall due to heated
plate.

Figure 8.12: Influence of Nb on nanofluid concentration
profile

Figure 8.13: Influence of Sr on nanofluid concentration
profile

Figure 8.14: Influence of Nr on nanofluid concentration
profile

Figure 8.15: Influence of Nt on nanofluid concentration
profile

A strong influence of different parameters on motile microorganism’s concentration can
be observed in Figure 8.16 - Figure 8.20. Due to a high diffusion rate for increasing value
of bioconvection Lewis number (Lb), the surface velocity reduces, which tends towards a
decline of the microorganism’s concentration layer thickness as shown in Figure 8.16.
From Figure 8.17, we have recorded that for higher values of the Brownian motion
parameter (Nb), the density of microorganisms reduces due to rapid collision of molecules.
The speed of the microorganisms is controlled and increases directly with the help of the
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bioconvection Peclet number (Pe). Figure 8.18 shows that by giving increment in the values
of Pe, we observed reduction in microorganism’s concentration close to the surface.

Figure 8.16: Influence of Lb on microorganism
concentration profile

Figure 8.17: Influence of Nb on microorganism
concentration profile

Figure 8.18: Influence of Pe on microorganism
concentration profile

Figure 8.19: Influence of Sr on microorganism
concentration profile

The impact of Soret effect can be observed in Figure 8.19. The density of the motile
microorganism decreases for rising values of Soret number. The low mass diffusion always
tends to stronger thermophoresis effects, which means higher values for the thermophoresis
parameter. Figure 8.20 helps to increase the concentration profile of motile
microorganisms. Figure 8.21 shows the decrease in solute concentration for higher values
of nanofluid Lewis number (Ln). For Ln=1, we have observed a rapid increase in solute
concentration for the interval 0 ≤ 𝜂 ≤ 1.2 and then a gradual decrease. A reduction in mass
diffusivity, due to higher values of nanofluid Lewis number, results in a reduction in solute
concentration boundary layer thickness. In the presence of Lorentz viscous drag, the
velocity of fluid reduces because of friction between the fluid layers which in turn increases
the solute concentration as shown in Figure 8.22. Also, it is known that Soret effect
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decreases the temperature gradient, which helps in enhancing the solute concentration
boundary layer thickness as shown in Figure 8.23

Figure 8.20: Influence of Nt on microorganism
concentration profile

Figure 8.21: Influence of Ln on Solute concentration
profile

Figure 8.22: Influence of M on Solute concentration
profile

Figure 8.23: Influence of Sr on Solute concentration
profile

The influence of various parameters on the rate of heat of transfer is presented in Figure
8.24-Figure 8.27 Since, increase in advective transport rate leads to a rise in the rate of heat
transfer. An increasing and converging effect of bioconvection Peclet number in the
presence of bioconvection Lewis number on Nusselt number is shown in Figure 8.24. The
influence nanofluid Lewis number (Ln) with Soret number (Sr) on Nusselt number is
shown in Figure 8.25. It has been observed that near the wall, the rate of heat transfer is
greater. Also, with increased Soret number, we obtained a rise in Nusselt number. Figure
8.26 depicted that, Nusselt number decreases for incremental values of buoyancy ratio
parameter (Nr). Actually, increase in Nr along with nanofluid Lewis number (Ln) helps in
reducing the thermal boundary layer which in turn decreases the rate of heat transfer near
the wall. Figure 8.27 recorded that for increasing values of bioconvection Rayleigh number
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(Rb) in the presence of bioconvection Lewis number (Lb), a decrease in Nusselt number in
converging manner is observed.

Figure 8.24: Effect of Pe with Lb on Nusselt number

Figure 8.25: Effect of Sr with Ln on Nusselt number

Figure 8.26: Effect of Nr with Ln on Nusselt numbe

Figure 8.27: Effect of Rb with Lb on Nusselt number

The analysis of the rate of mass transfer is recorded through Figure 9.28- Figure 8.32 under
variation of different parameters. In Figure 8.28-Figure 8.29, an increase in Sherwood
number is presented by taking higher values of bio-convection Peclet number (Pe) with
bioconvection Lewis number (Lb) and incremental values of thermophoresis parameter
(Nt)with Brownian motion parameter (Nb). For higher Pe, there is increase in convected
thermal energy, which in return increases the rate of mass transfer. Also, increase in
Brownian motion parameter leads to increase in collision, which results in increase of
Sherwood number. Figure 8.30 - Figure 8.31 shows the decrease in Sherwood number due
to various incremental values of buoyancy ratio parameter (Nr) and Soret number (Sr).
Since solute diffusion faces resistance due to higher values of Soret number, in return, it
decreases the rate of mass transfer as shown in the figures. From Figure 8.31, it is recorded
that for the interval 0 ≤ 𝜂 ≤ 0.4, a little rise in Sherwood number has been observed for
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increasing values of the buoyancy ratio parameter with nanofluid Lewis number, whereas,
after 𝜂 > 0.4, it decreases.

Figure 8.28: Effect of Pe with Lb on Sherwood number

Figure 8.29: Effect of Nb with Nt on Sherwood number

Figure 8.30: Effect of Pe with Lb on Sherwood number

Figure 8.31: Effect of Sr with Ln on Sherwood number

The influence of various parameters on the local density number of motile micro-organisms
is presented in Figure 8.32 - Figure 8.34. It is known that the density of microorganisms is
dependent on the concentration of nanoparticles. From Figure 8.32, we have observed that
for different incremental values of bioconvection Peclet number (Pe), the density number
of gyrotactic microorganisms increases with bioconvection Lewis number due to higher
convected thermal energy. Figure 8.33 reveals that by increasing the bioconvetion Rayleigh
number in the presence of the bio-convection Lewis number, the density number of motile
micro-organisms decreases. A strong buoyancy force, in the presence of nanofluid Lewis
number, leads to decrease in the density number of microorganisms as shown in Figure
8.34.
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Figure 8.32: Effect of Pe with Lb on density number of
motile microorganism

Figure 8.33: Effect of Rb with Lb on density number of
motile microorganism

Figure 8.34: Effect of Nr with Ln on density number of motile microorganism
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Chapter 9

Effects of convective heat and mass

conditions on MHD bio-convection wall jet flow
of nanofluid containing gyrotactic microorganisms
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Introduction:
Inspite of the dominancy of turbulent wall jet flows, a laminar flow for the same geometry
is still gaining importance due to an extensive range of its practical applications in the field
of spray paint industries, cooling/heating systems of transport/electronic devices,
biomedical sciences and turbo engine.
The movement of micro-organisms in the direction of the upper surface of the fluid and
then falling downward because of a much concentrated gathering and unstable formation
of the micro-organisms at the top surface of the fluid, gives rise to the bioconvection
phenomena. It has several practical uses in the field of biotechnology, enzyme biosensors,
and bio-microsystems. The bottom- heavy algae and certain oxytactic bacteria are the main
types, which are normally considered for bioconvection experiments. In still water, the
movement of bottom-heavy organisms is always in upward direction, but when we have
considered micro-organisms in the flow of fluid, then, their movement can be detected due
to equilibrium between gravity and torque produced by the drag force. The concept of
nanofluid and bioconvection is only applicable when viscosity of base fluid is not
significantly increasing due to the presence of nanoparticles. The two layered model of
bioconvection was first presented by Plesset and Winet [90]. They investigated the pattern
of concentration of micro-organisms by taking wavelength as the function of the upper
layer depth.
The aim of our study is to analyze the bioconvection process in wall jet flow. We have
considered flow of incompressible electrically conducting nanofluid in combination with
self-propelled micro-organisms. Buongiorno’s [25] model of nanofluid is considered to
investigate the effect of different impacting parameters on the temperature, velocity,
nanoparticles concentration profiles and the concentration of micro-organisms. A special
focus is on the concentration of bottom-heavy micro-organisms, which follows gyrotaxis
type of movement and physical quantities like the density number of motile
microorganisms, local Sherwood number, and local Nusselt number.
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Problem Formulation
Buongirono [25, 91] model of nanofluid with base fluid water is considered to investigate
the wall jet flow of nanofluid containing self-propelled micro-organisms. It is assumed that
the fluid is incompressible and electrically conducting, and the concentration of
nanoparticles is so much diluted that there will be no effect on the movement and direction
of the micro-organisms. A system of Cartesian coordinates is implied to represent the
geometry of the problem. The flow of fluid is taken in the x-axis, parallel to the heated
plate placed horizontally. The movement of micro-organism, due to the bioconvection and
gyrotaxis property, has been detected in the direction of the flow. The lower plate is at a
temperature 𝑇𝑤 and the ambient temperature of the fluid is taken as 𝑇∞ . To get better
understanding about heat and mass transfer, we have included convective boundary
conditions for heat and mass. The schematic explanation of the problem is given in Figure
9.1

Figure 9.1: Schematic diagram of Problem

The governing equations to present the flow problem after utilizing boundary layer
approximation are given as:
𝜕𝑢̂ 𝜕𝑣̂
+
= 0,
𝜕𝑥̂ 𝜕𝑦̂

𝑢̂

(9.1)

𝜕𝑢̂
𝜕𝑢̂
𝜕 2 𝑢̂ 𝜎𝐵 2 (𝑥)
+ 𝑣̂
= 𝜐𝑓 2 −
𝑢̂ + 𝛽𝑔(1 − 𝐶̂∞ )(𝑇̂ − 𝑇∞ )
𝜕𝑥̂
𝜕𝑦̂
𝜕𝑦̂
𝜌𝑓
−

𝑔
𝑔𝛾
(𝜌𝑝 − 𝜌𝑓 )(𝐶̂ − 𝐶∞ ) −
(𝑛̂ − 𝑛∞ )(𝜌𝑚 − 𝜌𝑓 ),
𝜌𝑓
𝜌𝑓
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(9.2)

2
𝜕𝑇̂
𝜕𝑇̂
𝜕 2 𝑇̂
𝜕𝐶̂ 𝜕𝑇̂
𝐷𝑇 𝜕𝑇̂
𝑢̂
+ 𝑣̂
= 𝛼 2 + 𝜏 [𝐷𝐵
+ ( ) ( ) ],
𝜕𝑥̂
𝜕𝑦̂
𝜕𝑦̂
𝜕𝑦̂ 𝜕𝑦̂
𝑇∞ 𝜕𝑦̂

𝑢̂

(9.3)

𝜕𝐶̂
𝜕𝐶̂
𝜕 2 𝐶̂
𝐷𝑇 𝜕 2 𝑇̂
+ 𝑣̂
= 𝐷𝐵 2 + ( ) 2 ,
𝜕𝑥̂
𝜕𝑦̂
𝜕𝑦̂
𝑇∞ 𝜕𝑦̂

(9.4)

𝜕𝑛̂
𝜕𝑛̂
𝑏𝑊𝑐
𝜕𝑛̂ 𝜕𝐶̂
𝜕 2 𝐶̂
𝜕 2 𝑛̂
𝑢̂
+ 𝑣̂
+
(
+ 𝑛̂ 2 ) = 𝐷𝑚 2 ,
̂
𝜕𝑥̂
𝜕𝑦̂ (𝐶̂
̂ 𝜕𝑦̂
𝜕𝑦̂
𝜕𝑦̂
𝑤 − 𝐶∞ ) 𝜕𝑦

(9.5)

here, 𝑢̂ and 𝑣̂ are the velocity components in the direction of 𝑥̂ and 𝑦̂, respectively. 𝜌𝑓 is
the density of nanofluid, 𝜐𝑓 is the kinematics viscosity of nanofluid,

𝛼

is the thermal

diffusivity of nanofluid and 𝑇̂ is the temperature of the fluid. The heat capacitance ratio
of nanoparticles and base fluid is given by 𝜏 =

(𝜌𝐶)𝑝
(𝜌𝐶)𝑓

, where 𝛽 represents the volumetric

expansion coefficient and the density of the particles is denoted by 𝜌𝑝 . Further, 𝑛̂ is the
motile microorganism’s density, 𝛾 is used to represents the average volume of
microorganisms. With the assumption that the product of b (constant of chemotaxis) and
𝑊𝑐 (maximum speed of microorganisms) remains constant, we define 𝐷𝑚 as the
microorganism’s diffusion. Also 𝐷𝐵 𝑎𝑛𝑑 𝐷𝑇 denote the Brownian and thermophoresis
diffusion coefficients respectively and 𝐶 is for nanoparticles’ concentration.
The appropriate boundary conditions are:

𝑢̂ = 0, 𝑣̂ = 0,
𝑛̂ = 𝑛𝑤 ,

−𝑘𝑓
𝑎𝑡

𝑢̂ = 0, 𝑇̂ → 𝑇∞ ,

𝜕𝑇̂
𝜕𝐶̂
= ℎ(𝑥)𝑓1(𝑇𝑓 − 𝑇), −𝐷𝐵
= ℎ(𝑥)𝑓2 (𝐶𝑓 − 𝐶),
𝜕𝑦̂
𝜕𝑦̂

(9.6)

𝑦̂ = 0,
𝐶̂ → 𝐶∞ ,

(9.7)

𝑛̂ → 𝑛∞ 𝑎𝑠 𝑦 → ∞

To analyse the problem, we apply the following similarity transformations [7, 70]

𝜂=

𝑦
1/2
𝜐𝑓 𝑥

1

, 𝜓 = 4√𝜐𝑓 𝑥 4 𝑓(𝜂) , 𝜃(𝜂) =
3/4
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𝑇−𝑇∞
𝑇𝑤 −𝑇∞

, 𝜙(𝜂) =

𝐶−𝐶∞
𝐶𝑤 −𝐶∞

(9.8)

Incorporating Eq.(9.7) and the stream function into Eqs.(9.1)-(9.6), we get the following
system of non-linear differential equations with boundary equations:
1
𝑓 ′′′ + 2(𝑓′)2 + 𝑓𝑓 ′′ + 𝜆(𝜃 − 𝑁𝑟 𝜙 − 𝑅𝑏 𝜒) − 𝑀2 𝑓′ = 0
4

(9.9)

𝜃′′ + 𝑃𝑟𝑓𝜃 ′ + 𝑁𝑏𝜙 ′ 𝜃 ′ + 𝑁𝑡𝜃′2 = 0,

(9.10)

𝜙 ′′ + 𝐿𝑒𝑓𝜙 ′ +

𝑁𝑡 ′′
𝜃 =0
𝑁𝑏

(9.11)

𝜒 ′′ + 𝐿𝑏(𝑓𝜒′) − 𝑃𝑒(𝜙 ′ 𝜒 ′ + 𝜙 ′ ′(Ω + 𝜒)) = 0.

(9.12)

The boundary conditions also transform to
𝑓(0) = 0, 𝑓 ′ (0) = 0, 𝜃 ′ (0) = −𝐵𝑖1 (1 − 𝜃(0)),
𝜙 ′ (0) = −𝐵𝑖2 (1 − 𝜙(0)),

𝜒(0) = 1,

(9.13)

𝑓(∞) = 1, 𝜃(∞) = 0, 𝜙(∞) = 0, 𝜒(∞) = 0.
3

where the primes denote the differentiation with respect to 𝜂. Also, 𝐵(𝑥) = 𝐵0 𝑥 −2 ,
Sheikholeslami et al. [68], Chiam et al. [69] and Sadoughi et al. [78].
Besides,
𝑀2 =

𝜎𝐵02

𝐺𝑟𝑥 =
𝑅𝑏 =

𝜌𝑓

𝛼𝑓

𝜈

, Pr = 𝛼 , 𝐿𝑒 = 𝐷 , 𝑁𝑏 =

𝜏 𝐷𝑇 (𝑇𝑤 −𝑇∞ )

𝛼𝑓

𝑇∞ 𝛼𝑓

𝐵

𝑓

𝑔𝛽(1−𝐶∞ )(𝑇𝑤 −𝑇∞ )𝑥 3
𝜐𝑓

, 𝑁𝑡 =

1/2

(𝐶 −𝐶 )(𝜌𝑝 −𝜌𝑓 )

𝑓

𝛾(𝑛𝑤 −𝑛∞ )(𝜌𝑚 −𝜌𝑓 )
𝛽 𝜌𝑓 (1−𝐶∞ )(𝑇𝑤 −𝑇∞

, 𝑃𝑒 =
)

𝑓

𝜐

𝑏𝑊𝑐

𝑥

,

∞ )(𝑇𝑤 −𝑇∞ )

𝑓
,
𝐿𝑏
=
, Ω = (𝑛
𝐷𝑚
𝐷
𝑚

𝐺𝑟

, 𝜆 = 𝑅𝑒𝑥 ,

, 𝑅𝑒𝑥 = 𝑥𝜐 , 𝑁𝑟 = 𝛽 𝜌 𝑤(1−𝐶∞

3

𝐵𝑖1 =

𝜏 𝐷𝐵 (Cw −C∞ )

𝑛∞
𝑤− 𝑛∞)

3

𝑥 4 √𝜈𝑓 ℎ𝑓1 (𝑥)

𝑥 4 √𝜈𝑓 ℎ𝑓2 (𝑥)

𝑘𝑓

𝐷𝐵

, 𝐵𝑖2 =

characterized the Hartmann number, Prandtl number, Lewis number, Brownian motion
parameter and thermophoresis parameter, ratio of local Grashof number (𝐺𝑟𝑥 ), local
Reynolds number (𝑅𝑒𝑥 ), buoyancy ratio parameter, bioconvection Rayleigh number,
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bioconvection

Peclet

number,

bioconvection

Lewis

number,

microorganism’s

concentration difference parameter, Biot numbers for heat and mass convection,
respectively.
The quantities of engineering interest are the local Nusselt number 𝑢, local Sherwood
number 𝑆ℎ𝑥 and the density number of motile microorganisms 𝑁𝑢𝑟𝑥 . We can define them
as
𝑁𝑢 =

𝑥𝑞𝑤
𝑘𝑓 (𝑇𝑤 − 𝑇∞ )

−1⁄2

𝑅𝑒𝑥

𝑁𝑢 = −𝜃′(0)

𝑆ℎ𝑥 =

𝑥𝑞𝑚
𝐷𝐵 (𝐶𝑤 − 𝐶∞ )

−1⁄2

𝑅𝑒𝑥

−1⁄2

𝜕𝑇̂
)
𝜕𝑦̂ 𝑦̂=0

(9.14)

𝜕𝐶̂
)
𝜕𝑦̂ 𝑦̂=0

(9.15)

𝜕𝑛̂
𝑤ℎ𝑒𝑟𝑒 𝑞𝑛 = −𝐷𝑛 ( )
𝜕𝑦̂ 𝑦̂=0

(9.16)

𝑤ℎ𝑒𝑟𝑒 𝑞𝑚 = −𝐷𝐵 (

𝑆ℎ𝑥 = −𝜙′(0)

𝑁𝑢𝑟𝑥 =
𝑅𝑒𝑥

𝑤ℎ𝑒𝑟𝑒 𝑞𝑤 = −𝑘𝑓 (

𝑥𝑞𝑛
𝐷𝑛 (𝑛𝑤 − 𝑛∞ )

𝑁𝑛𝑥 = −𝜒′(0)

Numerical Procedure
By utilization of similarity transformations and boundary layer approximation, we obtained
the governing Eqs.(9.1)-(9.5) in the form of a set of non-linear ordinary differential
equations. To obtain the solution of nonlinear-coupled boundary layer problem (BVP), we
first applied shooting method to transform BVP into an initial value problem. Actually, the
shooting method resolves the boundary condition by considering it as a multivariate
function of the initial conditions at a particular point. Then we have used a well-known
numerical method, Runge-Kutta Fehlberg method, in order to represent the effective results
of the wall jet flow with ∆𝜂 = 0. 001 as step size and relative error as 1e-7. To get a smooth
graph, it is enough to take 1000 points in numerical process. The influence of different
controlling flow parameters has been studied to dig out more facts for the practical
application of wall jet flow of nanofluid with motile micro-organisms.
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Results and discussions
The variation in velocity profile due to different parameters is given in Figure 9.2-Figure
9.5. It can be observed from Figure 9.2 that the velocity profile faced retardation due to
increased values of normally applied magnetic field within the interval 0 ≤ 𝜂 ≤ 2.8, and
got normalized. After 𝜂 > 2.8, less resistance for the velocity is observed. Figure 9.3
depicted that higher values of the ratio (𝜆) between Grashof number and Reynolds number,
effects velocity of the fluid in two ways. For the interval 0 ≤ 𝜂 ≤ 2.1, the velocity profile
increases near the leading edge, whereas, it slightly decreases for 𝜂 > 2.1. From the Figure
9.4 - Figure 9.5, we have recorded, almost the same behavior of velocity profile for
increasing values of the buoyancy ratio parameter (Nr) and bio-convection Rayleigh
number (Rb). A decrease in velocity is observed in the interval 0 ≤ 𝜂 ≤ 2.1 for
bioconvection Rayleigh number and in 0 ≤ 𝜂 ≤ 2.5 for buoyancy ratio parameter,
respectively.
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Figure 9.2: Effect of M on velocity profile

Figure 9.3: Effect of 𝜆 on velocity profile

Figure 9.4: Effect of Nr on velocity profile

Figure 9.5: Effect of Rb on velocity profile

From Figure 9.6 - Figure 9.10, it has been concluded that rising values of the parameters,
like Brownian motion parameter (Nb), Thermophoresis parameter (Nt), buoyancy ratio
parameter (Nr), Hartmann number (M) and Biot number (𝐵𝑖1), left increasing impact on
the temperature profile. Figure 9.6 represents the effect of Biot number (𝐵𝑖1), which arises
from convective heat condition. It illustrates that as much we increase the Biot number, we
also obtained thicker thermal boundary layer and exponential increase in temperature,
which could be unfavorable for the micro-organisms. So it is noted that the range of Biot
number needed to increase the temperature should be in the favor of micro-organisms
survival. From Figure 9.7-Figure 9.8, it can easily be noted that increased values of both
of the parameters (M) and (Nb) helps to increase the kinetic energy, which in turn raises
the temperature, but in a controlled manner. Also, from Figure 9.9 - Figure 9.10, a gradual
increase in the dimensionless temperature profile has been recoded for higher values of
thermophoresis parameter and buoyancy ratio parameter, since it is known from the
definition of thermophoresis that this phenomenon is observed in the mixtures of different
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species. Also, we have considered the homogeneous model of nanofluids and microorganisms. On a final note, collision of particles increases the overall temperature.

Figure 9.6: Effect of Biot number on temperature profile

Figure 9.7: Effect of M on temperature profile

Figure 9.8: Effect of Nb on temperature profile

Figure 9.9: Effect of Nr on temperature profile

Figure 9.10: Effect of Nt on temperature profile

Figure 9.11: Effect of Biot number on nanoparticles
concentration profile

The variation in the concentration profile of nanoparticle due to various parameters is
presented in Figure 9.11-Figure 9.15. We know that Biot number (𝐵𝑖2) appeared in
convective mass transfer condition. Therefore, increase in the Biot number (𝐵𝑖2) gives a
stronger mass transfer coefficient, which results to increase in the boundary layer thickness
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and concentration of the nanoparticles. Figure 9.12-Figure 9.13 depicted that the boundary
layer thickness and concentration profile of nanoparticle reduces for increased values of
Lewis number (Le) and Brownian motion parameter (Nb). Since mass diffusion is involved
in Lewis number and it is known that when Lewis number is increased we get weaker mass
diffusion coefficient, therefore, we conclude that the boundary layer thickness and
concentration of nanoparticles will reduce for a weaker mass diffusion coefficient.
Similarly, due to increase in Brownian motion, the collision between the particles will
increase, which in turn will decrease the concentration profile. Figure 9.14-Figure 9.15
illustrates that for higher values of buoyancy ratio and thermophoresis parameters, the
boundary layer thickness and concentration starts increasing.

Figure 9.12: Effect of Le on nanoparticles concentration
profile

Figure 9.13: Effect of Nb on nanoparticles concentration
profile

Figure 9.14: Effect of Nr on nanoparticles concentration
profile

Figure 9.15: Effect of Nt on nanoparticles concentration
profile

Figure 9.16-Figure 9.19 studies the change in concentration profile of micro-organisms
when a magnetic field is present. We have recorded that variation in the values of bioconvection Lewis number (Lb), bio-convection Peclet number (Pe), micro-organisms
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concentration difference parameter (Ω) and Brownian motion parameter (Nb) leads to
decrease in boundary layer thickness and concentration of micro-organisms. Figure 9.16
portrayed that whenever mass diffusion is weaker than thermal diffusion, there will be a
decrease in the concentration boundary layer, which in turn will decrease the concentration
of motile micro-organisms. Figure 9.17 shows that by increasing the Brownian motion
parameters results to increase in the collision within the fluid. In return, it raises the kinetic
energy and movement of micro-organisms towards the down-welling region of the fluid
which decreases the concentration of the micro-organisms. From Figure 9.19, we have
observed a small amount of reverse flow due to increase in bioconvection Peclet number.
Since we know that Peclet number is the ratio of advective transport rate to diffusive
transport rate, therefore, for higher Peclet number, diffusion should be less than the bulk
flow of the fluid. That is why we have observed reverse flow for higher Peclet number and
a decrease in concentration of motile micro-organisms.
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Figure 9.16: Effect of Lb microorganism’s concentration
profile

Figure 9.17: Effect of Nb microorganism’s
concentration profile

Figure 9.18: Effect of 𝛺 microorganism’s concentration
profile

Figure 9.19: Effect of Pe microorganism’s concentration
profile

Figure 9.20-Figure 9.24 shows the analysis of the rate of heat transfer due to variation in
various parameters. Figure 9.20-Figure 9.22 depicted that Nusselt number reduced for
higher values of bioconvection Rayleigh number (Rb), buoyancy ratio parameter (Nr) and
Hartmann number (M). It can be observed that in all cases, we obtained a linearly
decreasing function. On the other hand, the rate of heat transfer rises for different
incremental values of Biot number (𝐵𝑖1) and Lewis number (Le). Thermal conductivity
coefficient plays an important role in enhancing the Nusselt number. For higher values of
Lewis number (Le), a slow mass diffusion and high thermal diffusion has been observed
and in return, it increases the rate of heat transfer.
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Figure 9.20: Effect of Nr with Nt on Nusselt number

Figure 9.21: Effect of Rb with Nt on Nusselt number

Figure 9.22: Effect of M with Nt on Nusselt number

Figure 9.23: Effect of Le with Nt on Nusselt number

Figure 9.24: Effect of Biot number with Nt on Nusselt
number

Figure 9.25: Effect of Biot number with Nt on Sherwood
number

The analysis of local Sherwood number is presented in Figure 9.25-Figure 9.28. It has been
observed that the rate of mass transfer rises for various higher values of Biot number (𝐵𝑖2)
and Lewis number (Le). Higher thermal diffusion and mass convection actually speed up
the collision process within the fluid which as a result raises the rate of mass transfer. From
Figure 9.27-Figure 9.28, we have recorded a linear decrease in local Sherwood number due
to the controlling Hartmann number parameter (M) and buoyancy ratio parameter (Nr).
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Figure 9.26: Effect of Le with Nt on Sherwood number

Figure 9.27: Effect of M with Nt on Sherwood number

Figure 9.28: Effect of Nr with Nt on Sherwood number

Figure 9.29: Effect of Lb with Pe on density number of
motile microorganism

The variation in reduced density number of motile micro-organisms is recorded in Figure
9.29-Figure 9.32 for different parameters. From Figure 9.29-Figure 9.31, it can be observed
that the density number of micro-organisms increases for higher values of parameters like
bioconvection Lewis number (Lb), micro-organisms concentration difference parameter
(Ω) and standard Lewis number (Le). The bioconvection process and low rate of mass
diffusion leads to an increase in the reduced density number of micro-organisms. In all the
case, we obtained a linearly increasing function. Bioconvective Rayleigh number (Rb) play
an important role in reducing the density number of motile micro-organisms.
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Figure 9.31: Effect of 𝛺 with Pe on density number of
motile microorganism

Figure 9.30: Effect of Le with Pe on density number of
motile microorganism

Figure 9.32: Effect of Rb with Pe on density number of motile microorganism
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Chapter 10 Conclusions
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Analysis of wall jet flow for Soret, Dufour and chemical reaction
effects in the presence of MHD with uniform suction/injection
The influence of different flow parameters on temperature, velocity and concentration
profile for wall jet flow in the presence of uniform suction /injection have been presented.
The effects of the controlling parameter along with chemical reaction are also recorded.
The analysis of Soret and Dufour effects is also included in the present study. The following
inferences have been made from the solution:


Hartmann number acts as the controlling parameter for velocity profile, whereas, it
helps to raise the temperature.



A change in point of inflection of velocity profile is noticed due to the porous
surface of wall jet. A uniform suction can be used for the stable laminar wall jet
flow to some extent.



When the Prandtl number increases the velocity decreases and thermal boundary
layer reduces with high heat transfer.



The impact of chemical reaction parameter on temperature, changes within the
intervals. For 0 ≤ 𝜂 < 2, the temperature rises and within the interval 2 < 𝜂 ≤ 5.4,
it decreases. It is noted that temperature decreases for productive types of chemical
reaction, whereas, increases for destructive types of chemical reactions.



The increase in Dufour number produces concentration gradient, which helps in
raising the temperature. Nusselt number decreases for extended values of Dufour
number, whereas, Sherwood number increases.



For S < 0 and increment in the values of Soret, we noticed a decrease in temperature
in interval 0 ≤ 𝜂 ≤ 1.6, and an increase within the interval 1.6 < 𝜂 ≤ 3.2. Also,
for S > 0, the temperature profile rises with increasing value of Soret number for
values 0 ≤ 𝜂 ≤ 3.6 and decreases within the interval 3.6 < 𝜂 ≤ 7. Also, for
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increased values of Soret number, we have noticed an increase in the rate of heat
transfer and a decrease in the rate of mass transfer.


Temperature profile increases for diverse values of Schmidt number, whereas,
concentration decreases for suction/blowing.



The concentration profile increases due to generative chemical reaction, whereas,
it decreases for destructive chemical reaction.



The effect of concentration difference parameter shows that for 0 < 𝑁𝑐 < 1, the
concentration difference will be large, for 𝑁𝑐 = 1, the difference at the wall will
be twice the concentration difference at infinity and for 𝑁𝑐 > 1, the difference will
decrease, and in return the concentration profile will decrease, whether it is
suction/blowing.

Effects of nonlinear Rosseland thermal radiation on MHD steady
wall jet flow
This study examines the flow of wall jet by considering an electrically conducting fluid
having a Prandtl number 6.2. The effects of the controlling Hartmann number parameter
M and nonlinear radiative heat transfer are investigated for velocity and temperature
profiles. The study of heat transfer rate is carried out in the presence of Hartmann number,
nonlinear Rosseland approximation and temperature parameter. Graphical representations
are also made to explore the problem in detail. From the analysis, we can conclude that:


For diverse values of Hartmann number M, 𝜁 ∈ (0,3), whereas, for 𝜁 > 3, an
opposite behavior has been observed.



The temperature profile is directly proportional to the controlling Hartmann number
parameter M, nonlinear Rosseland approximation Rd and temperature parameter
𝜽𝒘 . In all these cases, the temperature rises within the interval 0 ≤ 𝜁 ≤ 6 and then
approaches to zero after 𝜁 > 6.



A low temperature profile is observed for the fluid with higher Prandtl number.
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Heat transfer rate decreases for various increasing values of Hartmann number M
and radiation parameter Rd.



Nusselt number remains low for a fluid having small Prandtl number and vice versa.
Also, for values of radiation parameter greater than 1, we have observed an increase
in the rate of heat transfer.

Magnetohydrodynamic flow and heat-transfer effect on upper
convected Maxwell fluid through wall jet
The boundary-layer heat-transfer problem has been considered by analyzing the flow of
non-Newtonian fluids, such as the Maxwell fluid through a wall jet. Appropriate convected
boundary conditions were applied to obtain the results of heat transfer. The reduced
equations were solved using the well-known RK method coupled with the shooting
method. The conclusions drawn from this work are given as follows:


The magnetic parameter always acts as a controlling parameter for the velocity
profile of the aforementioned problem. In addition, it helps increase the
temperature.



The Biot number plays a vital role in heat transfer. For a high Biot number, the
temperature increases.



For a fluid with a high Prandtl number, the temperature is seen to decrease.



The impact of 𝛽 causes the temperature to rise, whereas, there is a decrease in the
velocity of the fluid and an increase in 𝛽.

Convective heat transfer and MHD effects on two dimensional wall
jet flow of a nanofluid with passive control model
This current study brings to light the main properties of the laminar wall jet flow of a
nanofluid numerically. The model that has been applied to formulate the problem, takes
the properties of thermophoresis and Brownian motion. A passive control boundary
condition is used on the surface to present a physically more accurate model of the flow of
a nanofluid. We can obtain a little effect of the Brownian motion parameter on the heat
transfer rate by using such boundary condition. The impacts of thermophoresis and
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Brownian parameters are obtained following the variations in the Magnetic force applied
transversely and the Lewis number. The main findings of the study are as follows:


We can control the vibration of the nanoparticles within the fluid using the variation
of the Hartmann number.



A rise in temperature of the fluid is noticed after an increase in Biot number.



Increasing values of thermophoresis parameter also increases the temperature of
the fluid.



Heat transfer increases when there is an increase in the strength of the Magnetic
field.



The Lorentz forces performs a vital role in regulating the flow and raising the
temperature



Lorentz forces also influence the Nusselt number with varying values of
thermophoresis and Brownian motion parameters.



An opposite behavior of the concentration profile is observed for the diverse values
of the thermophoresis parameter and Hartmann number. Convective heat transfer
and MHD analysis of wall jet flow of nanofluids containing carbon nanotubes

Convective heat transfer and MHD analysis of wall jet flow of
nanofluids containing carbon nanotubes
MHD boundary layer wall-jet flow of a nanofluid with the convective boundary condition
has been investigated numerically. The effects of different values of controlling parameters
are conferred for temperature and velocity profiles. The analysis of physical quantities like
local Nusselt number and local skin friction is also taken in account. The focal outcomes
of present study are listed below:


The Hartmann number is utilized as a controlling parameter for velocity and
temperature profile that can be recorded. Its extended values help to normalize the
velocity, whereas, it also controls the rapid increase in temperature.
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The temperature profile is boosted by giving increment to the value of the physical
parameter; Biot number. Similarly, it also increases for increased percentage of
volume fraction of particles (SWCNTs / MWCNTs).



The Hartmann number plays an important role in decreasing local skin friction
coefficient.



The Influence of the Biot number and volume fraction of nanoparticles caused
similar increasing effects on the local Nusselt number.



Nanoparticles like SWCNTs deliver better heat transfer as compared to MWCNTs,
from Table 6, it can be observed that rate of heat transfer rises due to SWCNTs in
comparison with MWCNTs.

Heat and mass transfer analysis for bioconvection wall jet flow
containing both nanofluid and gyrotactic microorganisms in the
presence of MHD
The Analysis of bioconvection flow of gyrotactic microorganisms through an
incompressible nanofluid in the presence of MHD is considered and investigated
numerically. The effect of various controlling parameters has been recorded to get a more
realistic picture of the wall jet flow of nanofluid along with microorganisms. The following
important conclusions have been drawn:


The thickness of concentration boundary layer of nanoparticles depends upon
variation in Brownian motion parameter (Nb) and Lewis number (Le), it decreases
for higher values of Le and Nb. It has also been noted that the thickness increases
for different increasing values of the thermophoresis parameter and buoyancy ratio.



A decrease in density of motile microorganisms is observed for both bioconvection
Peclet number and Brownian motion parameter.



The rate of heat transfer is observed to be higher when bioconvection Rayleigh
number (Rb) is absence, but it decreases for different increased value of Rb.
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It is recorded that the Sherwood number decreases for Hartmann number and
buoyancy ratio, whereas the rate of mass transfer rises with Brownian motion
parameter.



The higher value of magnetic field M, bioconvection Rayleigh number Rb and
buoyancy ratio Nr are responsible for decrease in the density number of motile
micro-organisms.

Nanofluid containing gyrotactic microorganism’s analysis for Soret
and MHD effects on bioconvection wall jet flow
By considering the wall jet flow of bioconvection gyrotactic microorganisms through
incompressible nanofluid, under the impact of MHD applied normal to the flow, we have
investigated the effects of different parameters for temperature, velocity and concentration
profiles. To solve numerically, the governing equations along with appropriate boundary
conditions are reduced to ordinary differential equations by utilizing similarity
transformation. A Graphical representation is used to give a more realistic picture of the
problem. The following conclusions have been drawn:


Regular double-diffusive buoyancy parameter leads to higher solute volumetric
expansion as compared to thermal volumetric expansion, which results in the
increase in velocity distribution. Similarly, Hartmann is used as a controlling
parameter to normalize the velocity profile.



The buoyancy ratio parameter produces retardation in velocity of the flow, which
in return decreases the momentum boundary layer thickness.



Increase in temperature distribution is recorded for incremental values of
thermophoresis parameter, buoyancy ratio parameter and Brownian motion
parameter. In all of the cases, a rapid collision between the molecules increases the
kinetic energy, which in return increases the overall temperature distribution and
thermal boundary layer thickness.



It has been observed that nanoparticles’ volume fraction decreases for higher value
of Lewis number, Brownian motion parameter and Soret number, whereas, it
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increases by considering different incremental values of the buoyancy ratio
parameter and thermophoresis parameter.


For higher values of buoyancy ratio parameter, within the interval 0 ≤ 𝜂 ≤ 0.7 and
𝜂 > 3.2, a negligible increase in nanoparticle concentration is obtained, whereas,
for 0.7 < 𝜂 ≤ 3.2, a remarkable increase is represented.



Due to high diffusion rate for increasing values of the bioconvection Lewis number,
the surface velocity reduces, which tends towards a decline in the microorganism’s
concentration layer thickness. Also, we have recorded that for higher values of the
Brownian motion parameter, the density of microorganisms reduces due to rapid
collision of the molecules.



A decreasing impact of Soret number is observed on the density of the motile
microorganism. Increased values of the thermophoresis parameter assist to increase
the concentration profile of motile microorganisms.



For Ln=1, we have observed a rapid increase in the solute concentration for interval
0 ≤ 𝜂 ≤ 1.2, and then a gradual decrease. Also, the effect of Soret number
decreases the temperature gradient, which helps in enhancing the solute
concentration boundary layer thickness.



Nusselt number rises due to increment in the bio-convection Peclet number when
the bio-convection Lewis number is present. With nanofluid Lewis number, the
influence of the Soret number is observed to be greater on the Nusselt number, near
the wall. Also, for increasing values of the bioconvection Rayleigh number, in the
presence of bioconvection Lewis number, a decrease in Nusselt number in a
converging manner is observed.



Since, solute diffusion faces resistance due to higher values of the Soret number
and in return decreases the rate of mass transfer, it is recorded that for the interval
0 ≤ 𝜂 ≤ 0.4, a little rise in the Sherwood number have been observed for
increasing values of buoyancy ratio parameter with nanofluid Lewis number,
whereas, after 𝜂 > 0.4, it decreases.
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We have observed that for different incremental values of bio-convection Peclet
number (Pe), the density number of gyrotactic micro-organisms increases with
bioconvection Lewis number, due to higher convected thermal energy. A strong
buoyancy force in the presence of nanofluid Lewis number causes a decrease in the
density number of microorganisms.

Effects of convective heat and mass conditions on MHD bioconvection wall jet flow of nanofluid containing gyrotactic
microorganisms
The analysis of bioconvection flow of gyrotactic microorganisms through an
incompressible nanofluid in the presence of MHD is considered and investigated
numerically. By applying convective heat and mass conditions, the effect of various
controlling parameters has been recorded to get a more realistic picture of the wall jet flow
of nanofluid along with microorganisms. The following important conclusions have been
drawn:


The thickness of concentration boundary layer of nanoparticles depends upon
variation in Brownian motion parameter Nb and Lewis number Le; it decreases for
higher values of Le and Nb. It has also being noticed that the thickness increases
for various increasing values of the thermophoresis parameter and buoyancy ratio.



Also, large values of Biot number helps to increase the boundary layer thickness of
the concentration of nanoparticles.



A decrease in the density of motile microorganisms is observed for both
bioconvection Peclet number, microorganism’s concentration difference parameter
and bioconvection Lewis number.



The rate of heat transfer is observed to be greater for giving increment to the values
of the Biot number and Lewis number, whereas, it decreases for variation in the
values of buoyancy ratio parameter, bioconvection Rayleigh number and Hartmann
number.
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It is recorded that Sherwood number decreases for Hartmann number and buoyancy
ratio, whereas, the rate of mass transfer with Biot number arises due to convective
mass condition and Lewis number.



Reduced density number of the motile micro-organisms, in the presence of
magnetic field, rises for higher value of bioconvection Lewis number and microorganisms concentration difference parameter, whereas, it reduces for increased
values of the bioconvective Rayleigh number.
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