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Abstract 
 

This dissertation presents an application of heuristic computational intelligence for the 

solution of non-linear systems in engineering. The design scheme is comprised of 

mathematical model based on feed-forward artificial neural network (ANN). The 

linear combination of these networks defines the unsupervised error for the system. 

The most suitable weights to minimize the error are obtained by training the networks 

employing stochastic solvers. These techniques are based on nature inspired heuristics 

including Pattern Search (PS), Simulated Annealing (SA), Genetic Algorithm (GA) 

and Particle Swarm Optimization (PSO) algorithms. Rapid local convergent 

algorithms such as Interior Point (IP) and Active Set (AS) methods are hybridized 

with these global search techniques. To validate the scheme, a number of linear and 

non-linear initial and boundary value problems have been solved.  

The design methodology is also applied to a number of problems having special 

applications in engineering including, singular systems based on non-linear Lane 

Emden Fowler equation, non-linear van der Pol oscillator with stiff and non-stiff 

conditions and systems with high nonlinearity  governed by Painlevé transcendent I. 

In addition to that, the scheme also provides an alternate solution for biomedical 

application like model of heart for low, high and normal blood pressure. It is found 

that the proposed results are in good agreement with available exact solution and 

numerical solvers like Adomian decomposition method, Homotopy Perturbation 

method, Homotopy analysis method and Optimal Homotopy asymptotic method, 

ODE15i and Runge Kutta method.    

The comparative studies of stochastic solvers are carried out under a stringent 

criterion of accuracy, effectiveness, reliability and robustness of the results based on 

Monte Carlo simulation and its analysis. The solvers based on SA, PS, GA, PSO, GA 

and PSO hybrid with IP or AS algorithms are used for optimization of neural network. 

It is found that the GA-IP, GA-AS, PSO-IP and PSO-AS algorithms are the best 

stochastic optimizers.  

The other perk up of the scheme have in its simplicity of the concept, ease in use, 

efficiency and unlike other numerical techniques, it provides the solution on 

continuous inputs with finite interval instead of predefine discrete grid of inputs. 
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CHAPTER 1 

 

INTRODUCTION 

 

1.1 PROBLEM STATEMENT 

Most of the real world problems in applied science and engineering are based on non-

linear systems. A humble percentage of these problems have been solved by 

conventional and nonconventional methods. A large percentage of these non-linear 

systems still remain to be solved. With the result, large scientific community is 

currently paying attention to address such anomalous systems. The well known areas 

of research for non-linear systems are spread in diverse fields such as duffing 

oscillators, heat and diffusion problems, waveguides with different mediums, chaos 

and fractals, computational biology, signal processing, robotics, modeling and system 

identification, abstract cones, random theory, machine design, aviation and aerospace, 

elasticity , irreversibility, astrophysics, control systems , econometrics and finance 

etc.  

The non-linear systems usually modeled with initial and boundary value problems of 

ordinary and partial differential equations. The modern and classical numerical 

techniques are capable to provide reliable solution like Runge Kutta method (RKM), 

Adomian Decomposition methods (ADM), Taylor Series methods (TSM), Homotopy 

analysis method (HAM),Variation iteration method (VIM),  Homotopy perturbation 

method (HPM) and Optimal homotopy asymptotic method (OHAM) etc. Recently, 

some of the analyst and researchers have exploited the strengths of neural networks as 

an alternate to the existing methods to solve these systems, but still a large number of 

problems remain to be tackled.  Therefore, it is still a challenging area of research. I 

have tried to investigate the heuristic approaches to provide a precise, effective, 
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reliable, robust and computationally efficient solution to nonlinear systems. In this 

regard, the major issues which have to be addressed are given below:  

• A novel methodology should be designed using neural network optimized by 

population based computational intelligent techniques. The strength of the 

scheme lies with its capability to cope with generic linear and non-linear 

systems but also the complex non-linear engineering problems as well.    

• One should investigate the applicability of the proposed methodology in non-

linear oscillatory systems, in-particularly, initial and boundary values 

problems with stiff and non-stiff conditions.  

• The strengths and weaknesses of the given scheme should be explored by 

applying it to the systems having in-built singularity at the origin. The 

stochastic numerical treatments of such systems govern by well known Lane 

Emden Fowler equation and its application to polytrophic and isothermal 

sphere model is a broad field for research community.    

• The real benefit of such designed scheme can only be extracted by providing 

an alternate solution to challenging biomedical engineering problems. Model 

of heart is the first choice, for the researchers, to be examined by the proposed 

scheme.   

• Painlevé transcendent are famous for possessing high nonlinearity.  The real 

potential of stochastic solvers against traditional deterministic techniques 

should be tested by applying to such systems. 

• Engineering applications based on stochastic solvers should meet stringent 

criteria for the validation of their results to get a viable space in the research 

community. The foundation of the criteria is build on Monte-Carlo simulations 

and their analysis using the parameters of accuracy, reliability, effectiveness 

and robustness. 
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1.2 CONTRIBUTION OF THE DISSERTATION 

The dissertation presents stochastic techniques for approximating the solution to the 

non-linear systems in engineering. The given scheme consists of an accurate 

mathematical model for non-linear differential equations (NLDE) exploiting the 

strengths of artificial neural networks which define the unsupervised error. This error 

is tuned by optimization of the weights for neural networks that is highly stochastic in 

nature. Therefore the learning methodology is based on evolutionary computational 

technique and the comparison is made with other numerical methods as well as 

stochastic solvers. The detail for contributions is provided as follows. 

1. Development of Neural Network Mathematical Model for Complex non-linear 

system governed by Weissinger’s Equation  

The designed scheme has been successfully tested on numerous initial value 

problems of linear and non-linear differential equations. The scheme is applied on 

Weissinger’s equation. The specialty of this system is that gradient based classical 

numerical methods like Euler, improved Euler and Runge Kutta methods are 

unable to provide the solution, whereas the proposed methodology has provide the 

reliable accuracy as compared to exact, as well as, ODE15i solution.      

2. Nonlinear Singular Systems polytrophic and isothermal sphere 

Stochastic techniques are applied for the first time to nonlinear singular systems in 

engineering, such as thermal behavior of spherical clouds of a gas, polytrophic 

and isothermal sphere. These models are based on well known Lane Emden 

Fowler equation. Neural networks hybridized with both evolutionary computation 

and swarm intelligence are used to solve such systems. The reliability and 

effectiveness of the scheme is validated by Monte Carlo simulations and its 

statistical analysis.    

3. Non-linear oscillator with Stiff and Non-stiff conditions   

Nonlinear oscillators are novelty modeled with neural networks optimized with 

hybrid intelligent methods based on simulated annealing, genetic algorithms and 
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particle swarm optimization assisted with interior point and active set local 

optimizers.  The various examples of the oscillator with stiff and non-stiff 

conditions have been successfully solved and the results are in good agreement 

with state of the art numerical solver.  

4. Biomedical Engineering Application  

The existing model of heart is based on non-linear second order van der Pol 

equation. It is solved for the first time by the evolutionary computational 

technique as per our literature survey. The heart rate, stimulus, low and high blood 

pressure are the varied parameters in our simulation for the model of heart. The 

model is solved for different values of stimulus scalar parameter. The proposed 

scheme is also found to be robust and viable as that of deterministic method.     

5. Transcendent involving highly non-linearity 

Painlevé transcendent are well known non-linear systems, which possess 

nonlinearity at some specific points. The strength of proposed methodology is to 

solve successfully such challenging problems on input domain where the 

traditional analytic solvers like ADM, VIM, HAM have failed.     

1.3 ORGANIZATION OF THE DISSERTATION 

The literature review regarding the evolutionary computational techniques, along with 

their strengths and applicability in various areas of engineering research is narrated in 

Chapter 2. Chapter 3 covers the designed methodology for modeling of non-linear 

systems. The formulation of the fitness function along with the learning methodology 

based on global optimization capabilities of evolutionary computation and swarming 

intelligence has been narrated. Moreover, some necessary details for algorithms based 

on local convergence are also provided. Application of the designed scheme is also 

narrated in this chapter for some of the linear, non-linear and complex non-linear 

systems.   

Chapter 4 illustrates the applications of design scheme based on computational 

techniques i.e. Simulated Annealing (SA), Genetic Algorithm (GA) and Particle 
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swarm optimization (PSO) for the non-linear stiff and non-stiff oscillator with varying 

stiffness factor.  

Chapter 5 demonstrates the application of evolutionary computational technique to 

non-linear singular systems arising in polytrophic and isothermal sphere. Along this 

Lane Emden type equation which models various phenomenon of astrophysics has 

been thoroughly discussed in this chapter. The complete survey about the statistical 

analysis and comparison of the results with other numerical techniques like HAM and 

HPM are also narrated.     

Chapter 6 presents an application of the proposed scheme in biotechnology. The ANN 

modeling of the heart model is narrated along with the learning methodology applied 

in the optimization. The model is tested for normal, low and high blood pressures with 

various stiffness factors. A comprehensive statistical analysis is also presented in this 

chapter to check the reliability, robustness and effectiveness of the given scheme. 

Chapter 7 provides the solution of Painlevé transcendent by various stochastic solvers. 

The strengths and weaknesses of VIM and HPM methods at smaller and larger input 

time are also mentioned.   

Chapter 8 summarizes and concludes the dissertation along with some future 

directions and recommendations. 

 



CHAPTER 2 

 

EVOLUTIONARY COMPUTING: AN OVERVIEW 

 

2.1 EVOLUTIONARY COMPUTATION 

The term evolutionary computation (EC), used vigorously for all evolutionary 

algorithms (EAs), this describes field of investigations. The major advantage of these 

techniques can be seen in practical difficult optimization problems. The major 

benefits are multifold, simplicity of the concept, robustness in changing 

circumstances, flexibility and other facets [1]. By this the EC has received special 

interest in the researchers for its applications in science and engineering. Because it is 

conceptually simple so no gradient information needs to be presented to the 

algorithms. The phenomenon of EC depends upon a data structure to represent 

solutions, the index of performance to evaluate solutions, and operators to generate 

new solutions from old [2]. The operator should take care a behavioral link between 

parents and offspring’s.  A disjoint state space for possible solutions is formed which 

encompasses infeasible regions, and time varying index or a function of competing 

solutions in the population [3]. The procedure of applicability is same for problems 

like, continuous-valued parameter optimization problems, discrete combinatorial 

problems, mixed-integer problems, and so forth [4]. The constraints of real-world 

function optimization problems are as follow: 

1) it imposes the nonlinear constraints 

2) it requires payoff functions that are not concerned with least-squared error 

3) it also involve non-stationary conditions 

4) it incorporates the  noisy or random processing 
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The response surfaces posed in real-world problems are often multimodal, and 

gradient-based methods converge rapidly to local optima, which may yield 

insufficient performance [5]. For simpler problems, where the response surface is, 

say, strongly convex, evolutionary algorithms perform  well as compared to 

traditional optimization methods, this is to be expected the  advantage of evolutionary 

computational algorithms [6]. EC can be used to optimize the performance of neural 

networks [6], fuzzy systems [7], production systems [8], and other program structures 

[9], [10]. The good source of reference material in evolutionary computational 

algorithms can be found in book [11], [12], [13]. In the litreture, one can find a 

number of metaheuristic optimization algorithms for EC technique. There are 

following broad fields of EC.  

• Genetic Algorithm 

• Evolutionary Programming 

• Evolution Strategy  

• Swarm Intelligence 

• Ant Colony Optimization  

• Particle Swarm Optimization  

• Artificial Immune systems 

• Cuckoo Algorithms  

• Cultural Algorithms 

• Differential Evolution  

• Firefly Algorithm 

• Harmony Search  

• Learning Classifier Systems 

• Learnable Evolution Model 

• Parallel Simulated Annealing  

• Self-Organizing Migrating Genetic Algorithm, etc.  
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 However, the particular study is confined to the algorithms based on GA, PSO, SA, 

and PS, whose detail is given in the next section. 

2.1.1    GENETIC ALGORITHMS 

The genetic algorithm (GA) is a heuristic search that mimics the process of natural 

evolution [14]. GAs incorporate parallel procedure [15], as well as, structured strategy 

for randomly searching high aptitude points. This heuristic is routinely used to 

generate useful solutions to optimization and search problems which are 

computationally complex to solve [16]. GAs belong to the larger class of evolutionary 

algorithms (EA), which generate solutions to optimization problems using techniques, 

such as inheritance, mutation, selection, and crossover [17].  The performance of the 

GA depends upon the diversity of initial population, selection that assures the 

propagation of fittest chromosomes to next population, survival of good genes in 

recombination and seeding of new genetic materials in mutation. It runs iteratively 

using its operators randomly based upon some fitness function. Finally it finds and 

decodes the solution from the last pool of mature strings obtained by ranking of 

strings, exchanging the portions of strings and changing some bit of the strings. GA 

works on the survival of fittest strategy.  Commonly, the algorithm terminates, when, 

either a maximum number of generations have been reached, or a satisfactory fitness 

level has been produced. The major advantage of GA is that, it is robust, simple, 

efficient and is less likely to become trapped in poor region of search space like 

classical numerical methods [18]. Moreover the things such as encoding schemes, 

selection procedures, and self-adaptive and knowledge-based operators play a key 

role in the optimization of highly convex and stochastic in nature problems.  

Genetic algorithms have been most commonly applied to solve combinatorial 

optimization problems. Among the heuristic search methods, there are the ones that 

apply local search (e.g., hill climbing) and the ones that use a non-convex 

optimization approach, in which cost-deteriorating neighbors are accepted also. The 
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most popular methods that go beyond simple local search are GAs [19], [20], [21], 

simulated annealing (SA) [22], and tabu search (TS) [23].  

GAs operates on a population of individuals. Each individual is a potential solution to 

a given problem and is typically encoded as a fixed-length binary string, which is an 

analogy with an actual chromosome. After an initial population is randomly or 

heuristically generated, the algorithm evolves population through sequential and 

iterative application of three operators: selection, crossover, and mutation. A new 

generation is formed at the end of each iteration. This procedure should not drastically 

restrict the population diversity, otherwise premature convergence could occur. The 

genetic algorithm cycle is provided in Fig. 2.1. 

 

 

Fig. 2.1 Genetic Algorithm Cycle 

By the strengths of NN and GAs both the techniques are jointly used to solve 

optimization problems for which traditional methods are unable to locate the global 

optimum value. The flexibility of NN along with GA can be seen in the work carried 

out by Stackelberg [24] where Nash equilibrium was achieved by a hybrid intelligent 

algorithm (HIA) in which fuzzy simulation, NN and GAs were integrated. Bumps and 

ruts on the roads cause the abrupt change in the rectilinear motion of the vehicles and 

adhesion coefficient. For a stable movement of the vehicle an appropriate braking 

torque is needed. The optimization of this required torque in this problem can also be 
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accomplished using the ANNs aided with GAs [25]. A novel fractal antenna arrays 

are used for satellite networks, the optimization of the circular ring sierpinski carpet 

arrays is performed by GAs [26].  The unsteady solid-gas reactor, one of the leading 

problems in chemical engineering, possesses a number of parameters patterns; the 

best combination of the parameters is extracted with the help of GA. Schaffer [27] 

point out that GA can be most useful tool to find the adaptive parameters in a 

unsupervised manner. A damped free vibration system under some initial conditions 

can be represented by a linear differential equation (LDE); the optimization of this 

system can be performed with the help of GA. Lucie et al. applied GA on one- 

dimensional non-steady groundwater flow in a confined semi-infinite aquifer towards 

open water without entrance resistance. All the above reported applications can be 

modeled into the differential equations and the weights of these models or best pattern 

of the parameters for the models are optimized by heuristic computation technique 

like GA, this confirms the applicability of genetic algorithms in various fields of 

research. Moreover, the wide spread applicability of optimization techniques like GA 

can been observed in the field of optics [28], electromagnetic [29], control theory 

[30], digital communication [31], [32], Robotics [33], astrophysics [34], chemical 

engineering, civil engineering [35], pattern recognition [36], nuclear power plant [37], 

micro wave engineering [38], antennas and propagation [39], bio medical systems 

[40] etc.  The basic terms and procedure about generic GA can be seen in [41]. GA 

implementation is based on some general and some specific parameters, the general 

setting involve number of generations, population size, number of sub-populations 

and termination criteria based on mean square error (MSE). While, the   specific 

conditions can be scaling function, selection function, elite count crossover fraction, 

mutation function, crossover function and direction of migration etc. The setting or 

values of these parameters are subject to the complexcity of the problem, required 

accuracy, computational time involved and number of objective functions. The 

generic flow diagram of the genetic algorithm hybrid with local optimizer is provided 

in Fig. 2.2.    
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  Fig. 2.2 Flowchart of Evolutionary Algorithm. 

2.1.2    SWARM INTELLIGENCE 

The process of modeling swarm of natural creatures into the computer and then 

making it knowledgeable to perform computational tasks is considered as swarm 

intelligence. This analogy of swarm behavior was started in 1990’s [42]. It belongs to 

the class of biologically inspired computing algorithms such as artificial neural 

networks, evolutionary algorithm, artificial immune systems etc. There are two major 

optimization techniques that come under the umbrella of swarm intelligence, the one 

is ant colony optimization (ACO) and the other is particle swarm optimization (PSO) 

[43], [44]. ACO mainly based on the social behavior of insects like ant and metaphor 

is developed by Dorigo [43]. In ACO, each individual exchanges information through 
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pheromones. PSO is developed by Eberhart and Kennedy based on the analogy of 

swarms of birds, herds of the animals and fish schooling [45]. In PSO, the individual 

share the knowledge of their previous flights. These techniques (ACO & PSO) have 

the scope in diverse field of applied sciences and engineering due to its ability to 

convergence in challenging optimization problems human tremor analysis [46], rule 

extraction in fuzzy neural network [47], battery pack state-o-charge estimation [48], 

computer numerically controlled Milling optimization [49], reactive power and 

voltage control [50], [51], [52] distribution state estimation [53], power system 

stabilizer design [54], fault state power supply reliability enhancement [55], dynamics 

security assessment [56], economic dispatch [57], [58], short-term load forecasting 

[59] and optimal operation of cogeneration[ 60] etc. A detailed survey on swarm 

intelligence can be seen in the books [61], [62]. However, I have confined my study to 

Particle swarm optimization algorithm. The main advantages of the PSO algorithm 

are simple concept, ease in implementation, robustness in controlling parameters, and 

computational efficiency compared to other mathematical algorithms and heuristic 

optimization technique [63]. Moreover, PSO can easily be applied to linear, nonlinear 

systems and continuous optimization problems and generate high quality solution in 

lesser computational time compared to existed heuristic computational techniques and 

with more stable convergence characteristics. 

2.1.2.1    PARTICLE SWARM OPTIMIZATION ALGORITHM 

Introduction: The PSO was introduced by Eberhart and Kennedy in 1995 as an 

efficient approach for global optimizations as an alternate to genetic algorithms [45]. 

In the last decay, PSO was used as an efficient optimization algorithm and gets much 

attention in the researchers [49], [50], [51].PSO is a pseudo-optimization method, so it 

can handle discontinuous, multimodal and non-convex problems effectively [64].  

 Due to the integrity and versatility of neural network and PSO, both these techniques 

are jointly used to solve optimization problems for which traditional methods are 

unable to locate the global optimum value. Particle swarm optimization is a fairly 
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recent addition to the family of non-gradient based, probabilistic search algorithm that 

is based on a simplified social model [45]. The strength PSO to get solution of the 

systems based on differential equations is not debatable. A lot of examples are 

available about the applicability of PSO, but only few of them are narrated as a 

reference. PSOs are exploited for optimization with dynamical varying inertia weight 

in multiprocessor scheduling [65]. Multimodal function optimization based on PSO is 

performed successfully that describe the high convergence capabilities of PSO. 

Kennedy and Eberhart developed discrete binary version of PSO for nonlinear 

optimization problems [66]. The mixed-integer nonlinear optimization problems 

(MINLPs) is one of the most difficult problems in practical optimization, has been 

solved by Fukuyama et al by modifying the continuous versions of PSO [67]. 

Evolutionary PSO (EPSO) is to grant a PSO scheme with an explicit selection 

procedure and with self adapting properties for its parameters [68]. Angeline 

developed hybrid PSO (HPSO) by combining the selection mechanism of EC 

techniques with PSO [69]. HPSO is used for the optimization of large domain 

electromagnetic problems [70].  Due to some of its probabilistic features in the motion 

of particles, it is very less probable to get stuck in the local minima or in an 

unacceptable region of the solution space.  Although lots of research is done in swarm 

intelligence but still one should investigate the applicability of swarm intelligence to 

solve non-linear systems associated with non-linear ODEs. The stiff non-linear 

systems and systems involving singularity are really challenging problems in the 

optimization of engineering models.  

Standard PSO: The basic principle is the adaptation between the individuals; this 

adaptation is a stochastic process that depends upon both the intelligence of each 

individual as well as the knowledge gained by the population as a whole.  In the 

numerical implementation of this simplified social model, the population of random 

solutions called particles is generated in a hyper dimensional search space. The 

particles in PSO have memory remembering the best position of the search space that 

has ever been visited along with adaptable velocity. During the course of search 
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process the individuals have potential to fly towards a superior solution. Thus the 

movement of the particles have an aggregated acceleration towards its best previously 

visited position and towards the best individual of a particle neighborhood. Each 

particle of the swarm has a certain fitness value that is calculated by a non negative 

energy function. The generic flow diagram of PSO applied in this thesis is provided in 

Fig. 2.3.  

 

Fig 2.3 Generic Flow Diagram of Particle Swarm Optimization 
 

The PSO algorithm computes the optimal results iteratively [71], [72]. As PSO run on 

the principle of personal best position (social intelligence) and global best position 

(collective intelligence), personal best position is the position in the solution space at 

which the best fitness value is achieved in the present iteration of the ith  particle and 

is represented by 1−k
iPbest . On the other hand the global best position is the position in 
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the search space which provides the best fitness value in all particles called 1−k
iGbest . 

The particles are manipulated according to the following relations of velocity and 

position.     
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where 1c  and 2c  are the self confidence or stochastic acceleration constants, which 

pull each particle towards pbest andGbest positions.  1rand  and 2rand are two 

random vectors  in the range [0,1],  w is the inertia weight linearly decreasing over the 

course of the search to balance between the global and local search abilities. k

ix , and 

k

iv  are the parameter of position and velocity of thi  particle of the swarm at flight k , 

respectively. The factors 1−k
iwv , )( 11 −− − k

i

k

i xp , and )( 11 −− − k

i

k

g xp represents the  current 

motion , particle motion influence or private thinking by itself and swarm influence 

which represents the cooperation among the individuals,  respectively. 

2.2     SIMULATED ANNEALING ALGORITHM 

The methods like Golden search, steepest descent method, Conjugate-Gradient 

method, Qusai Newton method, Davidon- Fletcher-Powell method [73], [74] etc are 

all of the optimization methods which are aggressive in a sense that they attempt to 

move rapidly toward a minimum using a local approximation of the objective 

function. But the minimum seek out by these methods is a local minimum. To get a 

global minimum, we have to solve the optimization function repeatedly, starting from 

the different initial guesses. The best local minimum found then can be taken as an 

approximation to the global minimum. In this regard, the algorithm of the SA is 

exploited to get the global minimum [75], as it is simple, efficient and can get a 

reasonably a good efficency.   
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Metropolis invents SA technique in 1950s [76]. Later on, the method was 

independently described by Scott Kirkpatrick, C. Daniel Gelatt and Mario P. Vecchi 

in 1983 [77], and by Vlado Černý in 1985 [78].  According to these, SA is a generic 

probabilistic metaheuristic for the global optimization problem of applied 

mathematics, namely locating a good approximation to the global optimum of a given 

function in a large search space. The converging capabilities of SA are remarkable in 

pattern analysis and intelligent system designs [79]. It can find the global minimum 

using stochastic searching technology from the mean of the probability. Simulated 

annealing algorithm has a strong ability to find the local optimistic result [80]. 

Different versions of simulated annealing like parallel simulated annealing [81], 

division algorithm [82], clustering algorithm [83], hybrid simulated annealing (HSA) 

[83] algorithm has been applied in various optimization problems. Other applications 

include the optimal allocation of capacitors in primary distribution feeders [84], the 

optimal reconfiguration of distribution networks [85], phase balancing [86], and 

reactive planning [87].   The major advantage is that, it is robust, simple and efficient 

than other mathematical methods, it can be used both as a local and global optimizer 

[82], [87] and is also less probable to stuck in local minimum like classical numerical 

methods. However, in the optimization of highly convex, singular and stiff situation 

the global version of SA diverges. Although the hybrid approaches with SA provide 

the robustness and stability in the solution. That’s why, the hybrid approached of SA 

are applied in this dissertation, due to its metaheuristic nature, the search can no 

longer stop in the local optimum in theory, if the metaheuristic can run for an infinite 

amount of time, the global optimum will be found. Moreover, I have applied the both 

local and global versions of SA. The generic flow diagram of the algorithm used for 

optimization is provided in Fig. 2.5. The initialization of the solution space is to be 

generated on the basis of scattered neighbourhood points. The size of the population 

of neighbourhood points is dependent on the nature of the problem to be optimized.  

A local efficient technique like interior point algorithm is hybridized with SA for fine 

tunning of the solution and is provided in Fig. 2.4.  
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Fig. 2.4. Flow chart of learning procedure 

2.3    PATTERN SEARCH TECHNIQUE 

Pattern search (PS) belongs to the numerical optimization methods that do not require 

the gradient of the problem under consideration. The capabilities of the PS are also on 

the functions which are not continuous or differentiable. Hooke and Jeeves are the 

researchers who invented PS and applied it in the statistical problems [88]. Pattern 

search computes a sequence of points that approach an optimal point. At each step, 

the algorithm searches a set of points, called a mesh, around the point computed at the 

previous step of the algorithm. The mesh is formed by adding the current point to a 

scalar multiple of a set of vectors called a pattern. If the pattern search algorithm finds 

a point in the mesh that improves the objective function at the current point, the new 

point becomes the current point at the next step of the algorithm. Pattern search is 

very handy for the optimization problems as well as parallel computing [89]. Yu [90] 

presented a convergent pattern-search method which is based on the theory of positive 



Chapter 2.                                                                                Evolutionary Computing: An Overview 

18 

bases. After this, Torczon, Lagarias, and coauthors, [91] prove the convergence 

capability of other patter search technique using positive bases on a certain class 

functions. Beside this class due to the heuristic nature pattern search fail to optimize. 

PS can work as a optimizer alone in various applications of game theory [92], pattern 

recognition and character recognition [93], thermal control systems [94], optimal 

control theory [95] etc. The optimization capabilities of PS are not as accurate as GA 

and PSO but the hybrid approached in which some global optimizer computes the 

sufficiently better results, when these results are passed as a start point to PS that 

works as a local search method and can find more accurate results in a small 

computational time. By seeing this analogy of PS, I have managed PS as a tool for 

rapid local convergence. However, its global convergence capabilities are relatively 

weak than that of other state of art global optimizers.  

2.4 LOCAL SEARCH TECHNIQUE 

Although the global search methods can find the solution from every nook and corner 

of the search space but the rate of convergence of these methods decreases 

considerably with an increase in number of iteration in highly non-linear optimization 

problems. Therefore, the need for efficient local search optimizers arises for getting 

even an accurate solution.  Independently the local search technique can provide the 

excellent results for the linear and non convex problem but in case of complex non-

linear systems these algorithms diverges. However, if a local search method is 

hybridized with global optimizer, it will expedite the procedure substantially and 

provide more robustness and reliability in the convergent capabilities. There are a 

number of local search techniques available, but in this presented work the study is 

limited to techniques involving Interior Point Algorithm and Active set algorithm.  

2.4.1    INTERIOR POINT ALGORITHM 

Interior point methods also referred to as barrier methods are a certain class of 

algorithms to solve linear and nonlinear convex optimization problems. These 
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algorithms have been inspired by Karmarkar's algorithm, developed by Narendra 

Karmarkar in 1984 for linear programming [96]. Interior point algorithm (IPA) is a 

constraint minimization problem solving method. The basic elements of the method 

consist of a self-concordant barrier function used to encode the convex set. Contrary 

to the simplex method, it reaches an optimal solution by traversing the interior of the 

feasible region [97]. To solve the approximate problem, the algorithm uses either a 

Newton step via a linear programming or conjugate gradient step using a trust region 

during each iteration [98]. The interior-point approach to constrained minimization is 

to solve a sequence of approximate minimization problems. The working principle of 

IPA is carried out in two basic steps in each iteration. 

• Newton Step: A direct step which attempts to solve the Karush-Kuhn-Tucker 

(KKT) equations for the approximate problem via a linear approximation.  

• Conjugate Gradient Step: A conjugate gradient (CG) step, using a trust region. 

By default, the algorithm first attempts to take a direct step. If it cannot, it attempts a 

CG step. One case where it does not take a direct step is when the approximate 

problem is not locally convex near the current iterate. At each iteration the algorithm 

decreases a merit function that is problem specific. If an attempted step does not 

decrease the merit function, the algorithm rejects the attempted step, and attempts a 

new step. In the each attempt of the direct step it computes the Hessian of the 

Lagrangian equation. In this step the algorithm take LDL factorization. This is the 

most computationally expensive step. One result of this factorization is a 

determination of whether the projected Hessian is positive definite or not; if not, the 

algorithm uses a conjugate gradient step, described in the next section.  

The conjugate gradient approach to solving the approximate problem is similar to 

other conjugate gradient calculations. In this case, the approach is to minimize a 

quadratic approximation to the approximate problem in a trust region, subject to 

linearized constraints. In this step, the algorithm obtains Lagrange multipliers by 

approximately solving the KKT equations. For detail of the algorithm and the derivate 

the readers should see [99]. The application area of IPA is wide and it can be really 
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effective for the problem involving less local minimums, but as a local optimizer with 

GA and PSO, it performance is excellent in term of computational time, level of 

accuracy, reliability, effectiveness and robustness [99]. By seeing such capabilities, 

IPA has incorporated by global optimizer as a rapid local convergence in this 

dissertation.     

2.4.2    ACTIVE SET ALGORITHM 

Active search algorithm (AS) is used in constrained optimization problems [100]. Normally, 

its objective is to transform the problem into an easier solvable sub-problem which is used as 

the basis of an iterative process. AS algorithm used the quadratic programming so the 

solution is not mandatorily on one of the edges of the bounding polygon. So an 

estimation of the active set gives us a subset of inequalities to watch while searching 

the solution, which reduces the complexity of the search. Thus AS provides a good 

level of accuracy in small computational time.  

An ASA method has the following structure in general 

Step 1: Start Point: Find an appropriate starting point. 

Step 2: Repeat until: Optimal condition is satisfied.  

Solve the equality problem defined approximately by the active set. 

Computation of Lagrange multipliers for the active set 

Removal of the constraints subset with negative Lagrange multipliers 

Search for infeasible constraints 

End repeat 

The AS algorithm has been applied in many practical application of optimization 

problems like Mathematical Programming Problem with Equilibrium Constraints 

[101], Box constrained optimization [102], sparse linear programming problems 

[103], problems in astrophysics and modern physics [104] . AS algorithm has been 

incorporated with methods like GA, PSO, SA and PS  in a number of non-linear 

problems including the problems possess singularity and stiffness in this thesis.  

 



 

CHAPTER 3 

 

DESIGN METHODOLOGY FOR SOLVING NON-LINEAR 
SYSTEMS 

 

This chapter consist of three major parts, in the first part, development of  a 

mathematical model using artificial neural network (ANN) for the accurate 

approximation of the systems involving Linear and Non-Linear Ordinary differential 

Equations of the form given in (3.1) with corresponding initial and/or boundary 

conditions. The ANN model consists of some unknown parameters usually called 

weights and biases. In the second part the refinement of unknowns are performed by 

computational techniques involving global and local search optimizers. The core of 

third part is applicability of design methodology to the systems ranging from linear, 

non-linear and a special kind of non-linear system. The material presented in this 

chapter is from publications [105], [106], [107], [108].    

3.1 NEURAL NETWORK MATHEMATICAL MODELING 

In this section, non-linear systems (NLS) given by non-linear differential equations 

are mathematically modeled with feed-forward artificial neural network with some 

adaptive parameters.  

The generic form of NLS containing nth order derivative can be written as 
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and boundary condition  is written as 
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,1,,2,1,0,)( −== nkbTy
dt

d
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K  3.3 

where f  a non-linear function, n representing the order of the non-linear system,  

)(ty  is the solution of the equation, T  is the constant defining the upper bound of the 

input span, kc  and kb  are the constants defining initial and/or boundary conditions, 

respectively. 

The feed-forward artificial neural networks (ANN) are the most popular architectures 

due to their structural flexibility, good representational capabilities and availability of 

a large number of training methods [109].  An arbitrary continuous function and its 

derivatives on a compact set can be arbitrarily approximated by feed-forward neural 

network by multiple inputs, single output, single hidden layer feed forward neural 

networks with a linear output layer having no bias [110]. Any network suitably 

trained to approximate a mapping satisfying some ODE will have an output function 

that will also approximate the DE [111], [112].The solution of the system given in 

(3.1) to (3.3) can be approximated by following continuous mapping as in neural 

network methodology [113], [114], [115], [116]. 
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respectively, where ii w,α , and iβ  are bounded real-valued adaptive parameters, m  

is the number of neurons, and g  is the activation function normally taken as log-

sigmoid. 
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The linear combination of the networks (3.4) to (3.8) can formulate a mathematical 

model of differential equation (DE). In this way, the solution )(ty  of DE can be 

approximate by )(ˆ ty  constraint to suitable unknown weights. Moreover, the accuracy 

of the scheme is enhanced as )(ˆ ty  approaches to )(ty . In this dissertation, I have 

focused on the NLS involving at-most the second order non-linear differential 

equations. However, the given scheme is equally applicable for higher order 

differential equations. Now the generic form can be represented as follow:  
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subject to the initial and/or boundary conditions. 
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Therefore the continuous mapping of the neural network by using log-sigmoid can be 

rewritten as  
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Similarly the linearly combined networks given in (3.12) to (3.14) can model the 

second order NLS as given in (3.10) and is named as differential equation neural 

network (DE-NN). General form of DE-NN network architectures for equation (3.10) 

is shown in Fig. 3.1. 

 

Fig. 3.1 DE-NN networks architecture for generic DE equation 

3.2 FITNESS FUNCTION 

The unsupervised error function e  is formulated for defining the fitness function. It is 

given by the linear combination of DE-NN networks (3.12) to (3.14) for nonlinear 

systems as 
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where j  is the cycle count for the algorithm , n is the total number of cycle counts to 

be executed, and the function 
je  is defined as the mean of sum of square errors 
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where 1e  is error associated with the equation to be modeled. In case of equation 

(3.10), it is given as 
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where s  is the total number of steps, each step is taken between ),0( T . Setting the 

value of s is bit fiddly, because it is a parameter that decides a compromise between 

accuracy and computational cost.  Greater the value of s, lesser is the step size and 

more will be the accuracy of algorithms, but at the cost of increase in computational 

complexity for the algorithms.   Similarly, 2e  is linked with initial and boundary 

conditions and it is written as 
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It is quite evident that subject to the availability of unknown weights for which the 

function 
je  approaches zero, the value of fitness function e  approaches its 

maximum.  The solution )(ty  of the equation is approximately modeled. Once the NN 

architecture and fitness evaluation function has been formed, the next step is to find 

the intension is to find such real values of the adaptive weights that provide the 

minimum value of the error function. 

3.3 EVOLUTIONARY COMPUTATIONAL INTELLIGENCE  

In this section, evolutionary computational technique mainly based on GA is 

expolited for the learning of unknown adaptive parameters of the designed neural 

networks for the non-linear systems. The real strength of the method can be observed 

by hybridizing such a global optimal solver with efficent local search methods like 

active set algorithm and interior point algorithms. In the next sub-section hybrid 
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computational intelligent method GA-IPA or GA-ASA is explained which are used 

throughout in this dissertation. 

3.3.1     ALGORITHM STEPS 

The Evolutionary computation algorithm formed can be given in the following steps: 

Step (1): Initialization population    

An initial population ofM chromosomes is generated in a bounded range with the 

help of a random number generator. 

 

Step (2): Generation of subpopulations 

Divide the population in q subpopulations, each with 
q

M
 chromosomes.   

Step (3): Fitness Evaluation and Ranking 

Calculate the fitness of each chromosome of the subpopulation using problem 

specific fitness function. Rank each individual of the subpopulation on the 

basis of the maximum fitness. 

Step (4): (Termination Criteria) 

Terminate on the basis of the following criteria 

a) Predefined fitness 1010 −≤je  is achieved  

b) Maximum number generations completed  

If termination criteria met then go to the step 6. 

Step (5): (Reproduction using GA Operators) 

Following methodology is implied for GA operators 

a) Crossover is performed using scattered function 

b) Adaptive feasible function is used for mutation 

c) Selection is carried out on the base of heuristic function 

Step (6): (Improvement)  

The fitness of chromosomes in sub population is improved by repeating step 3 

to step 5 with newly reproduced individual from step 5.  
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Step (7): (Repetition)  

Update the chromosomes of each sub population by repeating step 3 to step 6. 

Store the best chromosome of the population.   

Step (8): (Local Search)  

The chromosome from step 7 is given as a start point to interior point 

algorithm or active set algorithm for rapid local convergence. 

Step (9): (Storage)  

Store the global best individual along with its fitness value from step 8 for this 

independent execution of the algorithm. 

Step (10): (Statistical Analysis)  

Repeat step 1 to step 9 for sufficient large numbers, in order to have a 

statistical analysis of the results.  

 

3.4    SWARM INTELLIGENCE TECHNIQUES 

Swarm intelligence technique mainly based on PSO has been applied for the learning 

of adaptive parameters of the designed neural networks for the non-linear systems. 

The real strength of the method can be achieved by hybridizing such an efficent 

global optimal solver with efficent local search methods like active set algorithm and 

interior point algorithms. In the next sub-section hybrid computational intelligent 

method like PSO-IPA or PSO-ASA is explained in the form of steps, which are used 

throughout in this dissertation. 

3.4.1    ALGORITHM IN STEPS 

The algorithm is given in the following steps: 

Step1: Initialize Swarm: Initialize a swarm of with 200 particles by a random number 

generator. The particle contains scattered values of thirty adaptive parameters. 
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Step2: Initialization: Initialize the values of the number of flights, fitness limit, 

inertia weight, the maximum value of the velocity, local and social acceleration 

according to the proposed parameter setting. 

Step3: Fitness Evaluation: Calculate the fitness, by using the problem specific 

fitness function.  

Step4: Ranking and Storage: The each particle of the swarm is ranked on the basis 

of the minimum fitness value and store the best fitted particle. 

Step5: Termination Criteria: The algorithm is terminated on the basis of the 

following criteria: 

(i) Predefines fitness value i.e MSE= 10-10 is achieved 

(ii)  Predefines number of flights executed 

If any of the above criteria met, then go to step (7)  

Step6: Renewal: The velocity and position is updated using the formulas given in Eq. 

2.1 and Eq. 2.2, respectively.  

Step7: Rapid Local Convergence: The global best particle is given as a start point to 

active set algorithm or interior point algorithm of the MATLAB optimization tool box 

for further fine tuning.  

Step8: Statistical Analysis: Store the global best particle for the current run and then 

repeat step (2) to step (7) to have a sufficient number of global best particles for a 

better statistical analysis. 

 

The whole proposed scheme can be summarized in the Fig. 3.2. First of all, any non-

linear system is modeled in the form of feed-forward artificial neural network. The 

unknown of the neural network is optimized with the help of heuristic computation 

based on the hybridization of global search technique with efficent local optimizer. 

The desired weights are achieved, as the termination criteria met. The termination 

criterion is based on the complexity of the problem.   
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Fig. 3.2 Procedure for finding desired weights. 

 

3.5  INITIAL VALUE PROBLEMS IN ORDINARY DIFFERENTIAL 
EQUATIONS 

3.5.1    INTRODUCTION 

 

The ordinary differential equations (ODEs) problems are encountered in many 

practical applications such as physics, engineering design, fluid dynamics and other 

scientific applications. The generic form discussed in this section to solve systems 

represented by initial value differential equation can be given as 

, , 0, 0
dy

F t y t T
dt

B y C

  = ≤ ≤ 
 

=

 3.19 

where y  is the solution of the problem in the interval (0,T), B is the operator defining 

initial condition and C is the numerically constant value. The exact solutions of ODEs 

are practically difficult due to its dynamical nature and so the need to approximate the 

solution arises. In this regard, we have numerical algorithms like Euler, Improved 

Euler, Runge-kutta, Adams Bashforth, Finite Difference, and Differential Transform 

Methods etc [117], [118]. Some of the shortcomings in these traditional methods are 
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reported in [119]. Artificial neural networks (ANN) have been exploited to solve the 

problems defined by ODEs to overcome the limitations of traditional numerical 

methods [120]. The solution of ODEs obtained by trained ANNs offer some 

advantages, such as; computational complexity does not increase with the increase of 

the number of sampling points and provides rapid calculation for the solution at any 

given input points [121]. A number of differential equation (DE) problems have been 

solved using ANNs but only two of them are given for reference. Van Millingen et.al 

[122] has successfully applied unsupervised feed-forward ANN for finding the 

general solution of magnetohydrodynamic plasma equilibrium problem represented 

by ODE. Radial basis functions neural network were exploited to design a moving 

mass attitude control system [123] to control a vehicle with three axis stabilization in 

intra-atmospheric space. 

3.5.2    NUMERICAL SIMULATION USING EVOLUTIONARY COMPUTATION 

In this section a linear system represented by initial value differential equation has 

been solved by evolutionary computing technique called genetic algorithm. First the 

ODEs have been modeled by ANN using (3.12) and (3.13) and then the unknown 

parameters of ANN are optimized by GA. The results of the proposed scheme are 

compared by traditional numerical methods.  The given scheme can efficiently be 

applied as an alternate approach to various fields, such as Electromagnetic, Fluid 

Dynamics and Control problems.  

3.5.2.1    SIMULATION AND RESULTS 

For the validity of the given method a number of problems have been tested. Few of 

them are presented in this section. These given problems have their known exact 

solution, so that the proposed scheme can be verified in an effective manner. Once the 

proposed scheme is attenticated, after then, I will apply the same scheme for problems 

involving complexity but also for those whose analytical solutions are not available in 

the litreture.     
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Problem 1: 
 
Given an initial value problem of degree one of the form defined in (3.10) 
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1)0( == yα , 1)0( =y& , the number of neurons consist of  8=N  ,so the number of 

adaptive variables optimized are 24. The selection of the number of neurons is solely 

based on the complexity of the problem. An initial population of 240 individuals has 

been taken which is divided over 10 subpopulations each with 24 individuals. The 

input of the training set is chosen from )1,0(∈t  with a step of 0.1. The fitness 

function is evaluated using the criteria i.e 1010)( −≤xe or program is run for 400 

generations which-ever comes earlier. The analytical solution of this problem is 

evaluated for the same inputs. The numerical solution for this problem for the same 

input times is obtained by Euler, improved Euler, Rk and our proposed method. The 

results are summarized in the table 3.1 from which it is quite clear that our approach 

outperform the Euler and improved Euler while it is comparable with RK method.   

Table 3.1: Comparison of numerical methods with evolutionary computing technique 

  

t  
Exact 

)(ty  
Euler Improved Euler Runge Kutta 

Evolutionary Computing 

)(ˆ ty  

0.0 1.0000 1.0000 1.0000 1.0000 1.0000 

0.1 1.0954 1.1000 1.0959 1.0954 1.0955 

0.2 1.1832 1.1918 1.1841 1.1832 1.1831 

0.3 1.2649 1.2774 1.2662 1.2649 1.2650 

0.4 1.3416 1.3582 1.3434 1.3417 1.3418 

0.5 1.4142 1.4325 1.4164 1.4142 1.4143 

0.6 1.4832 1.5090 1.4860 1.4833 1.4833 

0.7 1.5492 1.5803 1.5525 1.5492 1.5493 

0.8 1.6125 1.6498 1.6165 1.6124 1.6127 

0.9 1.6733 1.7178 1.6782 1.6733 1.6734 

1.0 1.7321 1.7848 1.7379 1.7320 1.7321 
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The values of adaptive parameters are restricted in the bounded range of [-5, 5]. I 

have observed that it gives the better results in this range because as this range 

decreases, the level of accuracy suffers and with the increase in bounded range, the 

accuracy improvement is not significant.  

 
Problem 2: 
  
 Given another initial value problem in ODEs 
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5.0)0( == yα , 1)0( =y& , this problem is also solved on the same methodology as in 

the previous problem. An initial population of 200 individuals has been taken which is 

divided over 10 subpopulations, each with 20 individuals. The length of each 

individual is taken to be 24. The input of the training set is chosen from )1.0(∈t with 

a step of 0.2. The fitness function is evaluated using the criteria i.e 1010)( −≤xe or 

program is run for 500 generations this time which-ever comes earlier. This 

termination criterion is achieved after large Monti Carlo simulations.   

Table 3.2: Comparison of numerical methods with evolutionary computing technique 

 

t 
Exact 

)(ty  Euler Improved Euler Runge Kutta 
Evolutionary Computing 

)(ˆ ty  

0.0 0.5000 0.5000 0.5000 0.5000 0.5000 

0.2 0.8292 0.8273 0.8260 0.8293 0.8294 

0.4 1.2141 1.2099 1.2069 1.2141 1.2142 

0.6 1.6489 1.6421 1.6372 1.6489 1.64877 

0.8 2.1272 2.1176 2.1102 2.1272 2.1271 

1.0 2.6408 2.6280 2.6177 2.6408 2.6406 

1.2 3.1799 3.1635 3.1499 3.1799 3.1798 

1.4 3.7324 3.7120 3.6973 3.7323 3.7326 

1.6 4.2835 4.2588 4.2351 4.2834 4.2833 

1.8 4.8152 4.7858 4.7556 4.8151 4.8150 

2.0 5.3055 5.2713 5.2330 5.3053 5.3055 
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The analytical solution of this problem is evaluated for the same inputs and the results 

are presented in table 3.2. The numerical solution for this problem for the same input 

times is obtained by Euler, improved Euler, RK and our proposed method. The results 

are summarized in the table 3.2 from which it is quite clear that our approach 

outperform the Euler and improved Euler while it is comparable with RK method. 

3.5.3    NUMERICAL SIMULATION USING SWARM INTELLIGENCE 

In this section, the initial value differential equation problems are solved by swarm 

intelligence approach. In this swarming intelligence, PSO has been exploited as a tool 

for rapid global convergence. First the ODEs have been modelled by ANNs and then 

the adaptive parameters of ANN are optimized by PSO. PSO have great simplicity of 

code, effective for searching the weights and has high convergence rate to the optimal 

solution. The results obtained by proposed method are compared with some 

traditional numerical methods as well as by evolutionary computing technique like 

GA. Moreover, this method has the advantage that the degree of accuracy of the 

approximate solution may be controlled during the process of calculation. In this 

sense, this method is also very economical. 

3.5.3.1 SIMULATION AND RESULTS 

In this section we have presented the simulation results to prove the applicability of 

proposed method. The comparative study with classical numerical methods is 

presented for few examples.  

Example 1 
 
Let us consider the problem in (3.20) under the defined initial conditions. Since the 

number of neurons is 8=N , so the number of adaptive variables to be optimized is 

24. The values of these parameters are restricted in the interval   [-5, 5]. It gives better 

results in this range. We have taken an initial swarm of 240 particles. The input of the 

training set is chosen from )1,0(∈t  with a step of 0.1. The fitness function is 
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evaluated using the criteria i.e 1010)( −≤xe or the program is run for 500 flights which 

ever comes earlier. Table 3.3 list the tuned adaptive weights obtained by proposed 

algorithm. By substituting these values in the DE-NN network, one can approximate 

the solution of the ODE. The analytical solution of this problem is evaluated for the 

same input points.  

Table 3.3: Adaptive parameters tuned by PSO algorithm 

Index 
i 

 

Unknown Weights 

wi αi bi 

1 0.135242650691575 -0.632961407812128 -0.43171486034585 

2 -1.64982514276213 0.602297373248808 -1.92209899736074 

3 1.00559208801384 0.567817853637961 0.42735025936823 

4 -3.10602373246801 0.125473817208223 0.27721251225128 

5 -0.18086615729582 0.094857060670136 -1.30264940425739 

6 0.09213672125948 -0.08624883019992 0.32624373922827 

7 0.19006093429187 -1.35624617676040 -0.60044101667197 

8 -0.48091987624275 0.40412443739574 -1.17081698343923 

 

The numerical solution of the problem is obtained by Euler, improved Euler, RK, GA 

and by proposed method on the same input times. The results are summarized in the 

Table 3.4 from which it is quite clear that our approach outperform the Euler and 

improved Euler, while it is comparable with RK method and GA. The combination of 

control parameters used for running the algorithm is as follows: 

Popoulation size= 200 

Length of the Indvidual= 24 

Inertia weight = 1.4 to 0.4; 

Dimension = 10; 

Fitness= MSE; 

Maximum iteration = 500 

Maximum velocity (min)(max)max ii PPV −= ; 

Linearly varying c1 and c2 
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Evolutionary computing algorithm i.e GA is run for 1000 generations, while the 

number of flights for the PSO was 500, because after 500 flights the result is not 

further improved. The computational cost of PSO is quite less as compared to GA. 

Although the results of the RK45 method are even more precise as compared to the 

proposed method, but the computational cost of RK45 is high because in one iteration 

RK45 has to run four cycles.  

Table 3.4 Results attained by numerical solvers and the proposed scheme 

T Exact 
Y(t)

 
Euler Improved Euler Runge Kutta Evolutionary 

Computing (GA) 
Swarm 

Intelligence 

0.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

0.1 1.0954 1.1000 1.0959 1.0954 1.0955 1.0954 

0.2 1.1832 1.1918 1.1841 1.1832 1.1833 1.1832 

0.3 1.2649 1.2774 1.2662 1.2649 1.2650 1.2650 

0.4 1.3416 1.3582 1.3434 1.3417 1.3418 1.3415 

0.5 1.4142 1.4325 1.4164 1.4142 1.4143 1.4141 

0.6 1.4832 1.5090 1.4860 1.4833 1.4833 1.4832 

0.7 1.5492 1.5803 1.5525 1.5492 1.5492 1.5492 

0.8 1.6125 1.6498 1.6165 1.6124 1.6126 1.6124 

0.9 1.6733 1.7178 1.6782 1.6733 1.6732 1.6733 

1.0 1.7321 1.7848 1.7379 1.7320 1.7321 1.7321 

 

Example 2: 
 
The initial value system represented in (3.21) is also tested with swarming 

intelligence under the same conditions. Since the number of neurons N=6, so the 

number of adaptive variables to be optimized is 18. It has been observed, that eighteen 

variables are sufficient to find the results because of optimizational capabilities of 

PSO.  Again the restriction on the values of these parameters is taken from [-5, 5]. 

180 particles have been taken as an initial population. The input of the training set is 

chosen from )1,0(∈t  with a step of 0.2.  

The adaptive parameter tuned by the given scheme is provided in the Table 3.5 upto 

certain accuracy of fifteen decimal points so that the results can be reproduced on the 

same level of accuracy as mentioned in the Table 3.6.  
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Table 3.5 Adaptive parameters tuned by PSO algorithm 

Index 
i 

 

Unknown Weights 

wi αi bi 

1 2.520516734983681 -0.4835175364987630 -0.602995784367281 

2 0.015626496746953 -0.2346284657639560 -1.229934876590243 

3 -1.302956353850356 -1.1186175694548900 1.241012980578949 

4 0.111034486708409 1.333423894755669 0.616354673902341 

5 0.026836586924276 0.746817523943490 -0.181137987756389 

6 0.521149674564537 0.277528953479889 0.540825783987654 

 

The fitness function is evaluated using the criteria i.e 1010)( −≤xe or program is run 

for 400 flights in this time which-ever comes earlier. The combination of control 

parameters used for running the algorithm is given below: 

Inertia weight = 1.4 to 0.4; 

Dimension = 5; 

Fitness= MSE; 

Maximum iteration = 500 

Maximum velocity ; 

The results are summarized in the Table 2.6 given below. 

Table 3.6 Results attained by numerical solvers and the proposed scheme 

T Exact 
Y(t)

 Euler Improved Euler Runge Kutta Evolutionary Computing  
(GA) 

Swarm Intelligence 

0.0 0.5000 0.5000 0.5000 0.5000 0.50000 0.50000 

0.2 0.8292 0.8273 0.8260 0.8293 0.82910 0.82920 

0.4 1.2141 1.2099 1.2069 1.2141 1.21400 1.21410 

0.6 1.6489 1.6421 1.6372 1.6489 1.64877 1.64880 

0.8 2.1272 2.1176 2.1102 2.1272 2.12720 2.12710 

1.0 2.6408 2.6280 2.6177 2.6408 2.64080 2.64080 

1.2 3.1799 3.1635 3.1499 3.1799 3.18000 3.17990 

1.4 3.7324 3.7120 3.6973 3.7323 3.73245 3.73230 

1.6 4.2835 4.2588 4.2351 4.2834 4.28360 4.28153 

1.8 4.8152 4.7858 4.7556 4.8151 4.81521 4.81520 

2.0 5.3055 5.2713 5.2330 5.3053 5.30550 5.30550 

(min)(max)max ii PPV −=
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3.6  NON-LINEAR DIFFERENTIAL EQUATION PROBLEM  

3.6.1    INTRODUCTION 

The solution of linear differential equation is now not very difficult, but the problems 

associated with non linear ordinary differential equations (NLODE) are still 

challenging. Wide spread applications of nonlinear phenomena appear in many 

domains of engineering, such as electronic engineering, chemical kinetics, nonlinear 

control systems, fluid dynamics, aerodynamics, electromagnetic absorbers etc [124], 

[125]. These nonlinear phenomena can be modeled with NLODEs. These are usually 

solved with traditional numerical methods or heuristic methods [126], both types have 

their strength and shortcoming as well. There are two serious issues regarding 

traditional solvers. Firstly, they provide the solution of differential equations (DEs) on 

discrete pre-defined sampled locations and their complexity grows with an increase in 

sampling points. Secondly, the precision of the algorithm is affected seriously due to 

rounding-off errors, which arise with the increase of sampling points [127]. 

In the last decade, many researchers used artificial neural networks (ANN) in 

numerical calculation to overcome such limitations [128]. There are some major 

advantages offered by ANNs on the solution of DEs, such as computational 

complexity, which does not increase with the increase in sampling points and 

provides rapid calculation for the solution at any given input points.   A nonlinear 

Schrodinger equation was also solved by incorporating feed-forward ANN [129], 

[130]. The system of algebraic equations which results from the discretization of the 

domain is mapped onto the architecture of a Hopfield neural network. The 

minimization of the network energy function provides the solution to the system of 

equations [131].  A nonlinear oscillatory system that can be represented by NLODE 

for which the angular frequency function depends on the first derivatives of the 

coordinates can be managed by homotopy perturbation method, in a small range of 

time.  From the above references the applicability of NLODE is quite evident in real 
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time non-linear systems so the effective optimization of these NLODE can increases 

the performance of these NLS. 

3.6.2    NUMERICAL SIMULATION USING EVOLUTIONARY COMPUTATION  

This section describes the presented methodology for the solution of NLODEs using 

evolutionary computational technique along with ANN. The mathematical model has 

been formulated with ANNs provided in the expression (3.12) to (3.13) which have 

universal function approximation capability and can be electively used as a candidate 

model for treating DEs. 

The learning procedure requires the computation of the gradient of the error with 

respect to some unknown network parameters called weights, for which GA was 

incorporated with pattern search technique to optimize these unknown parameters. 

These weights are adjusted to minimize an appropriate problem specific fitness 

function. 

Application of Simple Nonlinear System:  

 

Let us take a simple problem of NLS to check the applicability and validity of the non 

gradient based methods. 

3)3(,0)1(

31,1)(
2

==

≤≤+=








hh

thth
dt

d

 3.22 

 The exact solution of this problem can be given as  

)32(
4

1
)( 2 −+= ttth  3.23 

This problem will be solved by the Euler method (EM), improved Euler method 

(IEM), Runge Kutta method (RKM) and by the evolutionary computational technique. 

Comparisons of the results are also made with exact solution. The designed 

methodology is applied, by taking eight neurons (i.e., N=8) in constructed DE-NN 
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architecture using expression (3.12) and (3.13) is given in Fig. 3.3. It means that 24 

weights will be optimized. We have restricted the values of these adaptive parameters, 

i.e. weights iα , ib  and iw in the interval (−15, 15). An initial population of 150 

chromosomes has been taken which is divided over 10 sub-populations each with 15 

chromosomes. The input of the training set of neural network is chosen from time t 

between 1 and 3 with a step of 0.1, hence the total number of steps is 20. The first 

term of the right hand side of the fitness function 
jF  is given in (3.24)  

2220
2 2

1

1 1
1 (1) ( (3) 3) , 1,2,3,

20 2j

i
j

dh
F h h h j

dt=

    = − − + + − =       
∑ KK  3.24 

 

Fig. 3.3 DE-NN networks architecture for generic DE equations. 
 

Terminates the algorithm for )10( 08−≤jFMin   or after 500 generations, whichever 

comes earlier. The trained adaptive parameters obtained by our proposed method are 

given in Fig. (3.4), this given multiple bars represents the real values of the weights iα

, ib  and iw respectively.   
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Fig. 3.4 The tuned adaptive parameters for a simple NLS  
 

Using these weights and expression (3.12) one can obtain the solution to the NLODE 

given in (3.22) at any inputs time t between 1 and 3 by the DENN algorithm. Results 

of our proposed solution, EM, IEM, RKM, and exact solutions are given in Table 3.7 

for input time t between 1 and 3 with a step of 0.1. It is quite evident that the precision 

of the DE-NN method outperform than that of EM and IEM and is comparable for 

RKM methods. 

Table 3.7. Comparison of results for the solution of problem 1 

 

Input Exact EM IEM RKM Ours 

1.0 0.0000 0.0000 0.0000 0.0000 0.00000 

1.2 0.2100 0.2049 0.2099 0.2100 0.20995 

1.4 0.4400 0.4293 0.4398 0.4400 0.43948 

1.6 0.6900 0.6733 0.6896 0.6900 0.68878 

1.8 0.9600 0.9369 0.9595 0.9600 0.95824 

2.0 1.2500 1.2202 1.2494 1.2500 1.24821 

2.2 1.5600 1.5231 1.5593 1.5600 1.55818 

2.4 1.8900 1.8457 1.8892 1.8900 1.88844 

2.6 2.2400 2.1880 2.2390 2.2400 2.23867 

2.8 2.6100 2.5501 2.6089 2.6100 2.60879 

3.0 3.0000 2.9318 2.9988 3.0000 3.00008 
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3.6.3    NUMERICAL SIMULATION USING SWARM INTELLIGENCE 

Application of Simple Nonlinear System:  
 

The NLS of (3.22) is approximated by using the PSO, whose DE-NN architecture is 

provided in Fig. (3.7). The designed scheme consist on a population size of 200 

individuals, each with a length of 24. Therefore, the number of adaptive parameters 

i.e. weights  
ii b,α  and 

iw  are eight for each weights. The population should be 

sacattered so that the diversity should be made in the candidate solutions. The reliable 

optimization require, the generation of the population of the random variable from 

different distributions. Their values are restricted in the interval ]15,15[− to get better 

results.  This is the keen observation of the autor that, the level of accuracy suffered 

with the decrease in the bounded range of the adaptive parameters and the increase in 

this range cost more computational time with very less improvement in level of 

accuracy.  The proposed scheme is used to perform global optimization to update the 

weights and biases of neural network.  

The input of the training set of neural network is chosen from time t  between 1 and 

3with a step size of 2.0 , so the total number of time steps are 10 . The objective 

function or fitness function is problem dependant and can be written as  

,,3,2,1,21 KK=+= jeeF j
 3.25 

Here 1e is the error defining the equation.  

2
10

1

2

1 1)()(
10

1












−−







= ∑
=i

ii thth
dt

d
e  3.26 

The number of initial and boundary condition are two, so 2e  can be written as,  

( )[ ]22
2 3)3()1(

2

1
−+= hhe  3.27 
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which is minimized using the criteria i.e. 910)( −≤jFMin or stop the algorithm after 

500 flights which-ever comes earlier. We have found that the minimum fitness value 

is 8( ) 3.74 10jMin F −== × . The trained adaptive parameters obtain by our proposed 

method are tabulated in Table 3.8. Using these weights one can obtain the solution of 

NLODE in (3.22) at any time t  between 1  and 3   by the proposed algorithm. One 

can find the results beyond 3t =  by training the problem on the wider range of time 

required. 

Table 3.8 Adaptive variables obtained by DE-NN network for simple NLS 

 

Index � iw  iα  ib  

1 0.03573 0.45929 0.75393 

2 0.12681 0.51364 0.29404 

3 0.20137 0.29826 0.43488 

4 0.25522 0.70990 0.86280 

5 0.87975 0.10385 0.08949 

6 0.58231 0.15704 0.28360 

7 0.96769 0.41085 0.06553 

8 0.41271 0.74894 0.37907 

 

The combination of control parameters used for running the algorithm is as follow: 

Inertia weight = 0.4 to 1.4 
 

Dimension = 10 

Fitness= 0910−≤MSE  
 

Maximum iteration = 500 

Maximum velocity (min)(max)max ii PPV −=  

 
The analytic solution for this problem is evaluated using (3.12) for inputs time t  

between 1 and 3   with a step size of 1.0 . The numerical solution for the same inputs 

is obtained by Euler, modified Euler, RK and our proposed method as well. The 

results are summarized in Table 3.9. It is quite evident from results that the precision 

of our method outperform than that of Euler, Modified Euler and genetic algorithm 

while is comparable with RK method. 
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Table 3.9 Comparison of results for the solution of simple NLS 

  
Time 
� 

Exact 
���� 

Euler 
 

Improved Euler 
 

Runge-Kutta 
 

DENN 
 

1.0 0.0000 0.00000 0.00000 0.0000 -0.00037 

1.1 0.1025 0.10000 0.10244 0.1025 0.10242 

1.2 0.2100 0.20488 0.20988 0.2100 0.20995 

1.3 0.3225 0.31465 0.32232 0.3225 0.32228 

1.4 0.4400 0.42931 0.43976 0.4400 0.43948 

1.5 0.5625 0.54886 0.56220 0.5625 0.56163 

1.6 0.6900 0.67331 0.68964 0.6900 0.68878 

1.7 0.8225 0.80260 0.82208 0.8225 0.82098 

1.8 0.9600 0.93690 0.95952 0.9600 0.95824 

1.9 1.1025 1.07610 1.10200 1.1025 1.10060 

2.0 1.2500 1.22020 1.24940 1.2500 1.24800 

2.1 1.4025 1.36920 1.40180 1.4025 1.40060 

2.2 1.5600 1.52310 1.55930 1.5600 1.55810 

2.3 1.7225 1.68200 1.72170 1.7225 1.72080 

2.4 1.8900 1.84570 1.88920 1.8900 1.88840 

2.5 2.0625 2.01440 2.06160 2.0625 2.06110 

2.6 2.2400 2.18800 2.23900 2.2400 2.23870 

2.7 2.4225 2.36660 2.42150 2.4225 2.42140 

2.8 2.6100 2.55010 2.60890 2.6100 2.60900 

2.9 2.8025 2.73850 2.80140 2.8025 2.80160 

3.0 3.0000 2.93180 2.99880 3.0000 2.99910 

3.7  SPECIAL NON-LINEAR DIFFERENTIAL EQUATION PROBLEM  

3.7.1    INTRODUCTION 

Different numerical techniques like Runge-Kutta method, Adams method, numerical 

differentiation formulas (NDFs), backward differentiation formulas (BDFs), 

Rosenbrock method, Trapezoidal rule (TR), TR-BDFs2 etc have been developed for 

the solution of explicit, linearly implicit and fully implicit ODEs as given in the 

expression (3.28). Based on these techniques different patent solvers are made such as 

ODE45, ODE23, etc for initial and/or boundary value problems. These solvers have 

their own strengths, weaknesses and applicability [132]. We have interest in analyzing 
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and comparing the solution of a complex non-linear system represented by first order 

non-linear ODE named as Weissinger’s equation. This problem has been solved by 

different numerical approaches in a finite time. The well known Weissinger’s 

equation is given below  

0)1( 22
2

3
3

2 =−
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yt

dt

dy
tt

dt

dy
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dt
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ty  
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with the following given initial and boundary conditions 
 

2
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)4(,

2

3
)1( == yy  

3.29 

       
 

The analytical solution of (2.30) is well known and given as  
 

2

1
)( 2 += tty  

3.30 

The above equation cannot be transformed into the explicit form as well as linearly 

implicit form of ODEs such as 

),()( ytgty
dt

d
=  

and  

),,()(),( ytfty
dt

d
ytM =  

respectively, where ),( ytM is a matrix. So it means that the solvers like ODE45, 

ODE23 and ODE113 cannot directly provide the solution for ODE given in (3.28). 

Whereas ODE15i solver based on variable order method has capability to solve the 

fully implicit differential equation of the type (3.28).  In order to achieve the high 

order accuracy, a consistent initial condition is required for this solver. From the 

section problem of NLS, it is quite clear that swarm intelligence has strength to cope 

up with such a challenging problem as well. In this regard, first a relatively simpler 
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non-linear ODE problem is solved by the PSO approach and compare with some 

standard numerical methods. This will validate the working of our methodology.   

This problem has been solved by variable order method solver using BDFs numerical 

technique and with our approach as well. The comparison of both the methods will be 

made with exact solution. Finally a brief analysis of the advantages and limitations of 

these methods will be investigated.  

3.7.2    MATHEMATICAL MODELING 

The mathematical neural network modeling for highly complex nonlinear system 

represented by Weissinger’s equation is accomplished by ANN. The unsupervised 

error function e is formulated by the linear combination of network from (3.11) to 

(3.12) in the following manner  

( ) njhh
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3.31 

where j is the cycle index. 
jF is the error associated with the equation is given as the 

mean of sum of square error. As 
jF approaches zero, then )(ˆ ty approaches the 

solution y(t). By adding the networks from (3.11) to (3.12) and multiplying it with 

some suitable constants, any non-linear ODE given in (3.10) can be simulated 

depending upon some unknown parameters. These parameters are optimized by using 

stochastic based methods. The accuracy of the NN model is solely dependent on the 

level of the optimization of the unknown adaptive parameter to a global minimum. 

The neural network architecture for expression (3.28) is shown in Fig 3.5. This ANN 

architecture along with adaptive weights is named as differential equation neural 

network (DE-NN). The structure of the given DE-NN is considered to be the feed-

forward artificial neural network containing input and output layer with linear 
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activation function and a hidden layer consists of the log-sigmoid and first derivative 

of the log-sigmoid function.   

Fig. 3.5 Neural network architecture design for Weissinger’s equation 
 

 3.7.3    NUMERICAL SIMULATION AND RESULTS USING EVOLUTIONARY 
COMPUTATIONAL INTELLIGENCE 

The well known Weissinger’s problem is solved on the same methodology as in the 

previous example with some variants. However in this case the numbers of neuron are 

10 that lead to 30 adaptive parameters. The input time t is between 1 and 4 with a step 

size of 0.2. Hence, the total number of time steps are 15.One of the learned weights 

with fitness value 1.49 × 10−8 is provided in Fig. 3.6. The results are obtained for 

inputs t between 1 and 4 with a step size of 0.2 by the DENN method is provided in 

Table 3.10. The fully implicit ODE solver, i.e. ODE15i is also applied to solve the 

problem on the same inputs and the results are provided in Table 3.10. It can be seen 

from the table that our results are in good agreement with ODE15i, whereas the 

traditional numerical methods are unable to solve such problems. Moreover, by 
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proposed methodology the results are available for continuous inputs while ODE15i is 

restricted to pre-defined discrete inputs. 

 

Fig. 3.6 The tuned adaptive parameters of Weissinger’s Equation 
   

Table 3.10 Comparisons of the results for Weissinger’s Equation 

 
 Exact ODE15i DE-NN Absolute Error 
T y(t) ŷ(t)  h(t)  |y(t)- ŷ(t)| |y(t)-h(t)| 

1.1 1.3077 1.3083 1.3077 5.81 × 10−3 7.954 × 10−5 

1.5 1.6583 1.6594 1.6586 1.06 × 10−3 2.478 × 10−4 

1.9 2.0273 2.0282 2.0276 8.46 × 10−4 3.127 × 10−4 

2.3 2.4062 2.4064 2.4065 1.81 × 10−4 3.024 × 10−4 

3.5 3.5707 3.5699 3.5709 7.98 × 10−4 1.941 × 10−4 

3.9 3.9636 3.9622 3.9636 1.35 × 10−3 5.976 × 10−5 

3.7.4    NUMERICAL SIMULATION USING SWARM INTELLIGENCE 

In this section problem1 is solved and analyzed in detail by the proposed method. For 

comparison analytic, as well as, some standard numerical methods were used. The 

constructed neural network architecture consists of eight neurons.  It means that 24  

weights will be optimized.  We have restricted the values of these adaptive parameters 

i.e. weights  
ii b,α  and 

iw  in the interval ]15,15[− . An initial population of  200  

1 2 3 4 5 6 7 8 9 10
-6

-4

-2

0

2

4

6

8

10

12

Unknown Parameters  i

V
a
lu
e
 o
f 
U
n
k
n
o
w
n
 P
a
ra
m
e
te
rs

 

 

w
i

α i

b
i



Chapter 3.                                                               Design Methodology For Solving Non-Linear System  

48 

particles has been taken which is divided over 10  sub-swarms each with 20  

particles. The proposed method is used to perform global search algorithm to update 

the weights and biases of neural network. The combination of control parameters used 

for running the algorithm is as follow:  

Inertia weight = 0.6 to 0.9; 

Dimension = 10; 

Fitness= MSE; 

Maximum velocity (min)(max)max ii PPV −=
;
 

 The inputs time t   is between 1  and 4   with a step size of 2.0 .  Hence, the total 

number of time steps are 15 . The fitness function is generated in (3.31) and the 

fitness value achieve is 8( ) 8.22 10jMin F −= × .The learned adaptive variables are 

provided in Table 3.11. These variable can be used in expression (3.12) for finding 

the solution of ODE given in (3.28) for any input time t between 1 to 4 .  

The analytic and numerical solution is evaluated for inputs time t  between 1and 4  

with a step size of 1.0 . The fully implicit ODE solver i.e. ODE15i is applied to solve 

the given equation and MATLAB built-in function decic is used to make initial 

condition consistent. The result are summarized in Table 3.12 for some input times 

e.g. at the input time 1.1=t the exact solution is 3077.1 while the numerical solver and 

DE-NN network give the solution value as  3083.1  and 3077.1  respectively. It can be 

seen from the table that the accuracy of our method and numerical solver is of the 

order 410−  to  510−  and 310−
to  

410−  respectively. In order to analyze further we has 

also determined the solution of the equation at some continuous time, i.e. at 3.002t =  

the proposed method will readily give the solution by substituting the weights of 

Table 3.12 in expression (3.12) as ( ) 3.0842.z t =  Whereas the Exact solution at the 

same input time calculated from (2.31) is ( ) 3.0842.y t = However, the numerical 

solver runs cumbersome iterative procedure to give the optimum solution for the same 

input.  
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Table 3.11 Adaptive variables obtained by DE-NN algorithm for special NLS 

 

Index � iw  iδ  ib  

1 -2.1420 1.11110 -4.76220 

2 8.59220 1.74060 11.1640 

3 0.44288 5.68310 -0.62643 

4 0.67179 1.05660 -0.14611 

5 -0.62139 -3.74730 3.38110 

6 -0.41874 2.85320 -3.57320 

7 5.62990 0.167450 6.32650 

8 2.44460 -0.49102 0.17166 

 

Table 3.12   Comparison of results for the solution of complex non-linear system 

 

Time 
i  

Exact 
( )y t  

Numerical 
Solver 

( )y t%  

DENN 
)(tz
 

Error 

1 | ( ) ( ) |E y t y t= − %
 2 | ( ) ( ) |E y t z t= −

 

1.1 1.3077 1.3083 1.3077 5.81E-03 7.95E-05 

1.3 1.4799 1.4809 1.4801 9.98E-04 2.20E-04 

1.5 1.6583 1.6594 1.6586 1.06E-03 2.49E-04 

1.7 1.8412 1.8423 1.8415 1.11E-03 2.89E-04 

1.9 2.0273 2.0282 2.0276 8.46E-04 3.28E-04 

2.1 2.2159 2.2164 2.2162 5.02E-04 3.37E-04 

2.3 2.4062 2.4064 2.4065 1.81E-04 3.03E-04 

3.3 3.3749 3.3746 3.3750 3.56E-04 1.26E-04 

3.5 3.5707 3.5699 3.5709 7.98E-04 1.94E-04 

3.7 3.7670 3.7658 3.7672 1.12E-03 2.16E-04 

3.9 3.9636 3.9622 3.9636 1.35E-03 6.01E-05 

3.8  CONCLUSIONS  

• It can be concluded from the problems to be discussed in this chapter that for 

the solution of initial value linear problems as well as simple non-linear 

system the results of evolutionary computation based on GA are more precise 

as compared to Euler and Improved Euler. However, compared to Runge-

Kutta method with order four the results of calculation are less precise. But the 
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presented approach provides an alternate method to solve ODEs. On the other 

hand, the results obtained using PSO are more accurate as compared to GA 

and in a good agreement with Runge-Kutta method. 

• In case of special non-linear system, well described by Weissinger’s equation, 

the Runge Kutta method fails to provide the solution. This time the  proposed 

scheme optimized by PSO provides the absolute error from the exact solution 

in the range from 10-04 to 10-05 while the numerical method based on ODE15i 

solver is from 10-03 to 10-04. The complex NLS optimized by GA is more 

precise as compared to ODE15i but PSO shown the supremacy on the results 

one obtained by GA.  

• Another advantage of the given scheme is that it provides the approximate 

solution on the continuous finite time domain whereas other numerical 

techniques provide the solution on discrete time only. Once learning and 

optimization is performed by the proposed technique, then one can find the 

solution of ODEs readily at some given input time t  within the finite domain 

using these unknown weights without repeating the whole procedure. This will 

reduce the time and space complexity of for the systems. 

• In contrast with the GA, the speed of the convergence for PSO is faster and 

more accurate, as it guarantee the convergence to the global minimum due to 

its capability of swarm theory.  

However, the reliability, effectiveness and robustness of the given scheme have 

not been tested in all previous examples. So in the remaining chapters a 

comprehensive analysis will be made to check the stringent criteria. 

     



 

 

CHAPTER 4 

 

SINGULAR NON-LINEAR SYSTEM AND LANE EMDEN FOWLER 

EQUATIONS 
 

In this chapter, hybridized evolutionary computational technique based on genetic 

algorithm along with active set algorithm is presented to solve a non-linear singular 

system arising in polytrophic and isothermal sphere with tropic index 5=λ . Along 

this, the numerical treatment of Lane Emden Fowler equation is also presented using 

hybridized approaches based on evolutionary and swarming intelligence. The most of 

the material provided in this chapter is from publications [133], [134], and [135].   

4.1 POLYTROPHIC AND ISOTHERMAL SPHERE MODEL 

4.1.1    INTRODUCTION  

The singular phenomenon arises in the modeling of physical structures, random 

processes, control theory, networks synthesis and other areas of the applied sciences 

and engineering [136], [137]. These singular non-linear systems have substantial 

significance in classical and modern science, as it defines the dynamics of a system 

[138]. The singular non-linear system of polytrophic and isothermal sphere is 

represented by the following non-linear second order homogenous equation: 

,10
)(2)(

2

2

≤≤+






−= ty
dt

tdy

tdt

tyd λ  4.1 

The tropic index is taken to be 5=λ , and subject to the following initial conditions 

,0)0(,1)0( == yy &  4.2 
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It is essentially a Poisson’s equation applied is the various modeling application like 

radioactively cooling, self-gravitating clouds and in the clusters of galaxies [139]. The 

analytic solution of the model given in equation (4.1) has been considered by the 

authors in the recent years by handling the singularity having the index λ . In the 

recent years, the merging of Homotopy idea with perturbation is applied for non-

linear systems. [140]. Optimal Homotopy Asymptotic Method (OHAM) is established 

very recently by Marinca et al [141]. The OHAM have built in convergence criteria 

like HAM but is more flexible. From the contribution of Marinca et al [142], [143] 

and Iqbal et al. [144] have proved generalization, effectiveness and reliability of the 

method to important engineering applications. The linear/nonlinear singular initial 

value problems have been solved by Iqbal et al. by using OHAM method [145]. But 

no one yet tried to solve the singular non-linear system of Polytrophic and Isothermal 

sphere by using artificial neural network optimized by evolutionary computation. The 

applicability of artificial neural network (ANN) is remarkable for problem involving 

singularity and convex nature.  

4.1.2 MATHEMATICAL MODELING  

The mathematical neural network modeling for model represented in expression (4.1) 

is accomplished by feed-forward ANN.  The unsupervised error function ε is 

formulated by the linear combination of network from (3.12) to (3.14) for any 

singular non-linear system of the form given in (4.1) as  

,3,2,121
LL=+= jjjj εεε  4.3 

where j is the cycle index.  

jj eee 21 +=  4.4 

where 1
jε error associated with the equation is is given as the mean of sum of square 

error. 
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while the error subject to initial condition is given in expression (4.6) 
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The linear combinations of networks from (3.12) to (3.14) can approximately model 

the system given in (4.1). It is named as differential equation neural network (DE-

NN), whose architecture is given in the Fig. 4.1; the activation function used in this is 

log-sigmoid.  

 Fig.4.1 The DE-NN network of the Singular system 

4.1.3    LEARNING PROCEDURE   

The DE-NN architecture consists of some unknown parameters, and the optimization 

of these weights is carried out using built-in function for GA and ASA in MATLAB. 

The parameter setting used for the execution of the algorithm is given in Table 4.1.  
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Table 4.1 Parameters setting of the algorithms 

GA 
 

ASA 

Parameters Setting Parameters Setting 

Population Size 240  Start Point Weights from GA 

Chromosome size 30  Chromosome size 30 

No. of runs 1500  Number of iterations 1500 

Selection Stochastic uniform  Maximum function 

evaluation 

150000 

Scaling function Rank  Function tolerance  1e-12 

Reproduction  Elite Count of 3  

crossover fraction 0.6 

 Non-Linear constraints 

tolerance   

1e-20 

Mutation Adaptive feasible   Derivative type Central difference  

Crossover  Scattered   X-Tolerance  1e-06 

Migration interval 15  Bound (-30 30) 

Hybridization  ASA   Minimum fitness value 1e-12 

 

4.1.4    RESULTS AND DISCUSSION  

In this section, we shell consider the solution of (4.1) by the proposed scheme. In 

order to prove the applicability and effectiveness of the proposed scheme for singular 

system the solution of OHAM and exact solution is compared with the results attained 

by the given approach. However, the statistical analysis is also carried out for the 

solvers to see the reliability and depth of the algorithm. Moreover, the time 

complexity of the scheme is also provided in the discussion.   

The exact solution of expression (4.1) is given in [145]: 
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2

1
2 −









+=
t

ty  4.7 

The OHAM method series solution is generated by taking zero-order, first-order and 

second-order solution respectively [144], and the final reported expression is as 

follow:  

2 4( ) 1 0.16252076779054878 0.028096429522343383OHAMy t t t= − +  4.8 
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Now, the singular non-linear system of Polytrophic and Isothermal sphere is solved 

by the proposed scheme as well, the number of neurons in each hidden layer of the 

DEN network  are taken to be m = 10 that results in 30 unknown adaptive weights (αi, 

wi and bi).  The input of the training set is taken from time t ϵ (0, 1) with a step size of 

0.1. It means that the total time steps m = 11 so the fitness function is formulated as:  
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where j be the iteration index, 
2

2 )(ˆ

dt

tyd
, 

dt

tyd )(ˆ
and )(ˆ ty  are the networks given in 

(3.12) to (3.14), respectively. The scheme runs iteratively to find the minimum of 

fitness function ej, with stoppage criteria as 3000 number of runs or fitness value ej ≤ 

10
-9 whichever comes earlier. One of the unknown weights learned by given scheme 

with fitness value 7.2039e-11 is provided in Table 4.2. These weights can be used in 

equation (3.12) to obtain the solution of the equation for any input time t between 0 

and 1.  

Table 4.2 Adaptive Parameters Obtained by DE-NN Networks 

Index wi
 

ααααi

 ββββi
 

1 0.629640981406070 0.734362550675546 -0.200888390149721 

2 -0.385947956618289 -0.442473051469874 -0.994494465387963 

3 0.988325374583115 1.944524168475940 1.252751222355890 

4 -0.428119414616133 0.497504101676858 0.686299892190351 

5 0.066289997417983 -1.203306475712070 0.096988771307929 

6 0.960650440363807 -0.791782203756771 0.081407828807695 

7 -1.806500080437780 -0.904970658665490 -0.489752157826344 

8 -1.434684547506530 1.372140554331030 -0.153510274865171 

9 -1.861314323302590 -0.066247775539287 0.335975293394860 

10 0.803834370819629 -0.892632934401436 -0.875741872774712 

 
The comparison of the results is made with OHAM for the same ranges of the inputs 

as taken for stochastic numerical method.  The results are summarized in Table 4.3 in 

comparison of the exact solution. It is clear from the results that the accuracy of the 
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given method is in a good agreement with exact solution and also comparatively 

excellent with OHAM method. The absolute error of the OHAM is in the range 1.0e-5 

to 1.0e-4 while the proposed scheme has the error from 1.0e-7 to1.0e-6.  

Table 4.3 Comparison of the Results with exact and numerical method 

t yexact yohtm yGA-AsA | yexact  - yohtm | | yexact  - yGA-ASA | 

0.0 1.00000000 1.00000000 0.99999987 0.00000E+00 1.27568E-07 

0.1 0.99833749 0.99837760 0.99833660 4.01135E-05 8.84555E-07 

0.2 0.99339927 0.99354412 0.99339754 1.44856E-04 1.73096E-06 

0.3 0.98532928 0.98560071 0.98532741 2.71434E-04 1.87168E-06 

0.4 0.97435470 0.97471595 0.97435312 3.61242E-04 1.58756E-06 

0.5 0.96076892 0.96112583 0.96076766 3.56912E-04 1.26070E-06 

0.6 0.94491118 0.94513382 0.94491012 2.22638E-04 1.06611E-06 

0.7 0.92714554 0.92711078 0.92714455 3.47643E-05 9.88417E-07 

0.8 0.90784130 0.90749501 0.90784036 3.46293E-04 9.37937E-07 

0.9 0.88735651 0.88679225 0.88735566 5.64264E-04 8.50186E-07 

1.0 0.86602540 0.86557566 0.86602468 4.49742E-04 7.25942E-07 

 
The derivative of the system representing in expression (4.1) is also approximated by 

the given scheme to check the depth in the method. The results are summarized in 

Table 4.4 upto twelve decimal places. It is quite evident from the table that the results 

obtained by neural network optimized by evolutionary computation is cable to find 

the derivative of the systems as well by using the same weights as given in Table 4.2.  

Moreover, the reliability of the stochastic algorithm is being tested by a 

comprehensive statistical analysis. The analysis is performed in the complete range of 

the time between 0 to 1 and the results are narrated in table 4.5. The references of the 

analysis are the mean, standard deviation, best and worst values of the absolute error 

of proposed method with exact solution. It is quite evident from the table 4.5, that the 

Best and Mean absolute error of both the system is in the range 1e-04 to 1e-06 and 1e-06 

respectively. The value of the worst of the absolute error is 1e-04 that is even 

remarkable.       
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Table 4.4 Comparison of the Results with exact for the derivative of the system  

T y′exact y′GA-AsA | y′exact  - y′GA-ASA | 

0.0 0.000000000000 0.000001840886 0.000001840886 

0.1 -0.033277916282 -0.033178401419 0.000099514863 

0.2 -0.066226617853 -0.065360105484 0.000866512369 

0.3 -0.098532927816 -0.095661581246 0.002871346570 

0.4 -0.129913960492 -0.123332491326 0.006581469167 

0.5 -0.160128153805 -0.147807897045 0.012320256761 

0.6 -0.188982236505 -0.168732906775 0.020249329729 

0.7 -0.216333959525 -0.185959935851 0.030374023674 

0.8 -0.242091013068 -0.199524924233 0.042566088834 

0.9 -0.266206952825 -0.209610660651 0.056596292174 

1.0 -0.288675134595 -0.216505060841 0.072170073754 

 

Table 4.5 Statistical Analysis of the solution by Proposed Scheme       

 
t Best Worst Mean STD 
0.0 -6.342636E-06 4.594012E-04 9.394565E-06 5.692623E-05 

0.1 -9.995311E-05 3.793471E-04 7.351355E-06 5.810525E-05 

0.2 -1.253426E-04 3.782469E-04 4.657521E-06 5.879943E-05 

0.3 -1.147922E-04 3.337455E-04 3.722699E-06 5.432348E-05 

0.4 -1.180902E-04 3.074559E-04 4.684137E-06 5.170384E-05 

0.5 -1.197289E-04 3.298016E-04 6.264152E-06 5.263826E-05 

0.6 -1.072861E-04 3.398575E-04 7.059596E-06 5.351095E-05 

0.7 -8.684856E-05 3.364792E-04 6.459919E-06 5.092706E-05 

0.8 -7.119308E-05 3.116579E-04 4.779545E-06 4.380955E-05 

0.9 -6.673061E-05 2.635342E-04 2.851818E-06 3.402397E-05 

1.0 -6.732281E-05 2.155496E-04 1.478341E-06 2.624317E-05 

 
The value of the fitness functions are computed for 100 independent runs to have a 

close look on the optimization behavior of various input times.  The value of the 

functions for some of the input times are drawn the descending order. The results are 

plotted on the semi log scale as the difference between the results for various inputs 

times are merely negligible. The optimization behavior is drawn in the Fig.4.2 in 

descending order for 100 independent runs. Finally it has been concluded from the 
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between 0 and 1. Moreover, the absolute error for 12% of the independent runs is in 

the range 10-03 to 10-05 while 88% lies in the range 10-05to 10-09.     

 

 
Fig. 4.2 The behavior of the optimization error for 100 independent runs 

4.2 LANE EMDEN FOWLER EQUATION 

4.2.1 Introduction 
 
Lane- Emden-Fowler equation arises in classical, as well as, modern non linear 

problems in applied science and engineering.  The static spherically symmetric 

charged dust models are also known as Lane-Emden electromagnetic mass models 

[146]. They have their seeds in the Lane-Emden equations. These equations have been 

derived from Einstein-Cartan theory [147]. These models are of purely 

electromagnetic origin [148]. Many problems in mathematical physics, chemical 

physics and astrophysics are modeled by second order non-linear ordinary differential 

equations (ODEs). A second order non-linear ODE of the type Emden-Fowler is used 

to model the phenomena of the theory of stellar structure, the thermal behavior of a 

spherical cloud of gas, isothermal gas sphere and theory of thermionic currents [149], 

[150]. These models are difficult to solve analytically and sometime it is impossible. 

The solution of Emden-Fowler is even more challenging due to the singularity 

behavior at the origin [151]. The generic form of Emden-Fowler taken in this 

dissertation is as follow: 
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with the following initial conditions 
 

,)0(;)0( bycy == &  4.11 

 
where c  is a constant and, )(xf  and )(yg  are some given functions of x and y , 

respectively. The case, when 1)( =xf and 1=a , the expression (4.10) reduces to 

Lane-Emden equation, which, with specified )(yg , was used to model various 

phenomena of engineering [152], [153], [154].   

The vast applications and importance of Emden-Fowler equation attracts a number of 

researchers to find out its numerical solution. In this regard, Adomian decomposition 

methods were used for approximate analytic solution to Lane-Emden equations by 

Shawagfeh [155] and Wazwaz [156]. Recently Wazwaz [157] applied Adomian 

decomposition method (ADM) to solve time dependent Emden-Fowler type of 

equations. The effect of competing parameters on the existence and non-existence of 

positive solutions of singular Emden-Fowler equation is presented by M.Guedda 

[158]. Oscillation criteria for a class of second order Emden-Fowler delay dynamic 

equations on time scale has been solved by means of Riccati transformation technique 

[159]. Variation iteration method (VIM) is used for approximate analytic solutions for 

time dependent Emden-Fowler type equation by Batiha [160]. Homtopy perturbation 

method (HPM) is another powerful and convenient analytical technique given by He 

[161]. A special class of time dependent Emden-Fowler equation was solved 

analytically in [162], [163] using the ADM, HPM and Homtopy analysis method 

(HAM) [164], respectively. Recently, the HAM was successfully applied to Cauchy 

reaction diffusion problems by Bataineh et al [165]; they also extended the 

applicability of HAM to the system of ODEs. After a comprehensive survey it has 

been investigated that a number of researchers analytically and numerically solved 

various forms of Emden-Fowler equation by various methods and in different 

applications [166]. A lot of work has been done to solve this notorious problem of 
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highly stochastic nature, but no one has yet tried to approximate the solution with the 

help of heuristic computation like evolutionary computing, swarm intelligence, 

genetic programming, artificial immune systems, simulated annealing etc. That is the 

motivation to cope with different heuristic techniques to solve linear and non-linear 

forms of Emden-Fowler equation.  

4.2.2    MATHEMATICAL MODELING OF SINGULAR NON-LINEAR SYSTEMS 

The mathematical neural network modeling for singular non-linear systems is 

accomplished by feed-forward ANN.  The unsupervised error function e is formulated 

by the linear combination of network from (3.12) to (3.14) for any singular non-linear 

system of the form given in (4.10) as  

KK,2,1
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e
e

j

 4.12 

where j is the cycle index, and the function ej is defined as:  

jj eee 21 +=  4.13 

where 1e is error associated with the equation and is given as the mean of sum of 

square error. 
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where s = mh, m is the total number of steps and h defines the size of step while t is 

taken between (0,T). Greater the value of s , more will be the accuracy but at the cost 

of greater computational complexity of the algorithm. Setting the value of s is bit 

fiddly, because it is a parameter that decides a compromise between accuracy and 

computational cost.   

Similarly 2e is linked with initial conditions and is written as, 
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where N is the number of initial conditions. It is quite evident that subject to the 

availability of unknown weights for which the function ej approaches zero, the value 

of unsupervised error e approaches to 1and hence, z(t) approaches the solution y(t). 

The linear combinations of networks from (3.12) to (3.14) can approximately model 

the differential equation given in (4.10). It is named as differential equation neural 

network (DE-NN). The DE-NN architecture for Emden-Fowler is given in Fig. 4.3. 

 

 
Fig. 4.3 Artificial neural network architecture of Emden-Fowler equation 

4.2.3    NUMERICAL SIMULATION USING EVOLUTIONARY COMPUTATION 

According to the best of author literature survey, this represents the first application of 

heuristic computational technique for the numerical approximation of the system 

based on Emden Fowler equation. The modeling of the equation is performed by 

ANN networks by defining an unsupervised error. The unknown weights of these 

networks are highly stochastic by nature, therefore, it has been tuned with genetic 

algorithm (GA) and simulated annealing (SA) hybridized with interior point algorithm 

(IPA) for efficient local search. Various models of )(xf  and )(yg  are systematically 

discussed to verify the efficiency of stochastic numerical solvers. A number of Monte 
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Carlo simulations are performed to determine the effectiveness of the given scheme. 

Moreover the reliability of the scheme is carried out with superior statistical analysis. 

4.2.3.1    LEARNING PROCEDURE 

The learning of the weights is performed by GA, SA, IPA and their hybrid 

approaches.  The parameter setting for the global optimization by SA and GA, along 

with IPA as local optimizer is listed in Table 4.6.  

TABLE 4.6 Parameters setting for SA, IPA, and GA 

GA  IPA  SA  
Parameters Setting  Parameters Setting Parameters Setting 

Population 

Size 

240  Subproblem 

Algorithm 

IDL 

factorization 

 Temperature 

update function 

Exponential 

temperature 

update 

Chromosome 

size 

30  Chromosome 

size 

30  Chromosome size  30 

No. of runs 2000  Hessian BFGS  Mesh Size (1, 10) 

Selection Stochastic 

uniform 

 Minimum 

Perturbation 

1e-8  Annealing 

function  

Fast 

Annealing  

Reproduction  Elite Count of 2  

crossover 

fraction  

0.7 

 Maximum 

Perturbation 

0.1 

 

 Re-annealing 

interval 

200 

 

Mutation Adaptive 

feasible  

 Maximum 

function  

Evaluation 

3000  Maximum 

function  

Evaluation 

90000 

Hybridization  IPA   Maximum 

Iteration  

1000  Hybridization  IPA 

4.2.3.2    SIMULATION AND RESULTS  

In this section, we shall consider three test problems based on generalized Emden-

Fowler equation. In order to prove the applicability and effectiveness of the proposed 

scheme a non-linear homogenous Emden Fowler equation has been considered as a 

problem I. The comparison is made with exact, Homtopy analysis method (HAM) as 
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well as by stochastic solvers. Moreover, the statistical analysis is also carried out for 

solvers to see the reliability of the algorithm. In problem II, another non-linear 

homogenous Emden-Fowler equation is solved by the proposed method as well as 

Homtopy Perturbation method (HPM) and exact solution. In the last example the 

results are compared with the proposed methodology, various solvers and with exact 

method. The error differences of the SA and GA are shown in the form of the graphs 

to have a close look on the strengths of the stochastic solvers.  

Case1: ym eygxxf == )(,)(  

  
Let us consider a non-linear, homogeneous Emden-Fowler type equation [157],[167]  

,0)2(8
5 2/ =+++ yy eeay
x

y &&&  4.16 

with initial and boundary conditions,  

,0)0(,0)0( == yy &  

The exact solution for this equation is given as 

)1ln(2)( 2axty +−=  4.17 

The following results of Homtopy analysis method (HAM) upto third term given in 

[161] is used to take the analytic result of the expression (4.16) 

2
1 2ahxu =  

422222
2 22 xhaxahahxu ++=  

63343242223222
2 3

2
22242 xhaxhaxhaxahxahahxu +++++=  

By considering the value of 1−=h and 1=a , the above relation is converted into the 

following limiting solution of third term 

63422

3

2
2)( xaxaaxxu −+−=  4.18 

The neural network modeling of the equation in (4.16) is done by DE-NN networks 

that consist of ten neurons )10.( =Nei , it means 30 adaptive parameters are optimized 
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during the training. The real numbered values of the weights are restricted in the 

interval ]15,15[− .The training is performed for inputs between 0 to 1 with a problem 

specific fitness function. The fitness evaluation function formulated for (4.16) is given 

as  
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where, j is the number of generations and )(tz , )(tz& and )(tz&& are the networks provided 

in (3.12) to (3.14), respectively.  In order to compute the minimum value of the fitness 

function, an initial population with N number of chromosome is generated. The 

scheme runs iteratively for specified number of generations or fitness function

910−≤je , whichever comes earlier. The best chromosome achieved by global search 

is passed as a start point to IPA, which is an efficient and reliable local search 

technique. One can find the solution for the above problem for any input time t 

between 0 and 1 by the best refined weights achieved after the hybridization. For the 

approximate numerical solution of (4.16) the proposed technique has been applied by 

considering the value of 5=r , with some value of a=1,2 and 3, respectively. The 

comparisons of the results for SA and GA are made with exact solution and limiting 

solution of third term approximation for HAM method.   

The results along with error difference of SA, GA and HAM methods with exact 

solution are summarized in Table 4.8.This is obvious from the given table that the 

accuracy of third term HAM method decreases as the time increases from 0 to 1 

while the results obtained by SA and GA are consistent and are in good agreement 

with the exact solution. By taking the limiting solution on large number of terms, we 

can get results at a good accuracy but at the cost of high computation. However, 

equivalent precision in the results is found with reduced computational cost, when 

compared with evolutionary computational intelligence based on neural networks and 

Genetic Algorithm hybridized with Interior point Algorithm. Another advantage of 
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the given scheme is that it involves mathematically less expensive operations like 

crossover, selection and mutation. 

One of the best set chromosome of DE-NN trained heuristically by SA and GA are 

provided in Table 4.7. The weights in table is used to optimize the problem I and the 

results are listed in Table 4.8 for 1=a . 

Table 4.7 DE-NN weights trained by different solvers for case 1 

I 

wi  ααααi   ββββi 
SA GA  SA GA  SA GA 

1 1.4194776 1.3016022  -1.5326960 -1.1591736  -1.2697695 -1.2774433 

2 -0.3377788 -0.6914482  0.0867564 0.758588  0.1556725 -1.5518364 

3 1.3075257 1.3758173  0.5201725 -2.5515528  0.5014446 -2.2615302 

4 1.1603475 -3.8639086  -1.4711290 -1.1223040  -1.7152615 -2.2908400 

5 -1.2964929 2.5369194  -0.6763090 -0.8775756  0.2254261 -0.6663938 

6 3.0114602 -1.3861552  2.7874442 0.92781952  1.2373492 1.9764443 

7 -2.5958861 -0.5048545  1.0323294 -0.2828672  1.0723367 1.0073925 

8 1.1789274 -2.9993198  -3.1465080 -1.9515727  -1.3092351 -0.7214404 

9 0.2404541 -0.1051222  -1.5441880 -0.1131359  0.2116409 -0.0237624 

10 0.0920477 -2.1426376  -1.0836810 1.09664274  1.2447624 1.2280225 

 

Table 4.8 Comparison of results for the solution of problem in Case 1 

t y(t)  

ŷ(t)   |y(t)- ŷ(t)| 
SA GA HAM  SA GA HAM 

0.0 0.0000000 -1.55E-06 -2.24E-07 0.0000000  1.55E-06 2.24E-07 0.000000 

0.1 -0.0199007 -0.0198783 -0.0198923 -0.0199007  2.24E-05 -8.34E-06 4.96E-09 

0.2 -0.0784414 -0.0784194 -0.0784337 -0.0784427  2.20E-05 -7.71E-06 1.24E-06 

0.3 -0.1723554 -0.1723453 -0.1723516 -0.1723860  1.01E-05 -3.77E-06 3.06E-05 

0.4 -0.2968400 -0.2968288 -0.2968353 -0.2971307  1.13E-05 -4.73E-06 0.000291 

0.5 -0.4462871 -0.4462706 -0.4462805 -0.4479167  1.65E-05 -6.55E-06 0.001630 

0.6 -0.6149694 -0.6149552 -0.6149643 -0.6215040  1.42E-05 -5.07E-06 0.006535 

0.7 -0.7975522 -0.7975441 -0.7975497 -0.8183327  8.18E-06 -2.50E-06 0.020780 

0.8 -0.9893925 -0.9893854 -0.9893899 -1.0451627  7.07E-06 -2.59E-06 0.055770 

0.9 -1.1866537 -1.1866447 -1.1866498 -1.3181940  9.02E-06 -3.91E-06 0.131540 

1.0 -1.3862944 -1.3862883 -1.3862922 -1.6666667  6.09E-06 -2.18E-06 0.280372 

  
In order to have a reliability in the proposed method a comprehensive simulation is 

performed by considering a=2, and a=3, respectively on the same inputs from 0 to 1. 
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The real valued chromosomes for adaptive parameters ii w,α and iβ  of 3,2,1=a are 

represented in Fig.3.4 in the form of multiple bars.     

 

 

Fig. 4.4 Real valued chromosomes of adaptive weights for problem I at a=1,a=2 an a=3 
respectively for interval between 0 to 1 

 

The results achieved by the chromosomes represented in Fig. 4.4 are thoroughly given 

in Table 4.8. Fig. 4.5(a) provides the result for ]1,0[∈t  with a step size of 0.1 for 

different values of the variable coefficient by GA hybridized with IPA. The above 

chromosomes are also used to find the behavior of their corresponding derivative of 

the solution as shown in the Fig. 4.5. It can be seen from Fig 4.5(a) and 4.5(d) that the 

results obtained by GA hybrid with IPA are overlapping to the exact solution as well 

as at its derivative. As there is no noticeable difference between the exact and 

proposed technique so the results of the same chromosomes are also achieved for 

]4,0[∈t . In Fig 4.5(b) and 4.5(e), it is evident that the error is starting to accumulate 

for input greater than 2, but still under an acceptable level of accuracy. Fig. 4.5(c) and 

4.5(f) presents the results for the input time ]10,0[∈t with the same chromosomes as 

achieved in Fig. 4.4. This is worth mentioning that for Fig. 4.5(c) and 4.5(f) some of 

the error difference is there, but still the trend is the same. It has been seen in the 

solution of non-linear systems that the results start to diverge for the large input times 

but in the presented method, this is not the case. This is the point of attention that the 
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results of the derivatives of the problem with the given method also validate the 

capability of stochastic solvers. The results drawn in Fig. 4.5 are at the log scale as the 

error difference between exact and approximated methods is from 510 −  to 610 − .  

 

 
(a) 

 
(d) 

 
(b) 

 
(e) 

 
(c) 

 
(f) 

Fig.4.5 The results of the problem I and their derivatives for 3,2,1=a  with GA and exact solution 

It can be concluded from the figure that the results are convergent for smaller training 

inputs and it is still consistent for the larger inputs. However, the accuracy for longer 
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time intervals can be calculated by training for larger intervals. We have optimized 

the problem for larger interval from 0 to 4. Now this time the results remain 

convergent even for this large interval but at a cost of large computations. The 

chromosomes obtained by training from 0 to 4 are also used to get results from 0 to 10 

for both of the solution and its derivative. Fig. 4.6(a) and 4.6(f) show the experimental 

results of  case 1 for training from 0 to 4, while Fig. 4.6(c) and 4.6(d) represents the 

results of its corresponding derivatives. It has been observed that the error started to 

grow after t=7, however this error can be reduced by training for even larger intervals. 

It can be concluded that there is always a tradeoff between the computational cost and 

level of accuracy. 

 
(a) 

 
(c) 

 
(b) 

 
(d) 

Fig.4.6 The results of the problem and their derivatives for larger time spans with GA and exact 
solution 

 

The chromosome attained in the training of problem I from 0 to 4 are provided in the 

Fig. 4.7. These weights are in a bounded range, by using these tuned adaptive variable 
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one can get the reported result. It is remarkable to mention that only 30 units of 

neurons are needed to solve such a complex non-linear problem, which is a small 

number as compared to the number of basic function required in the conventional 

calculations iteratively of the classical numerical techniques. To get a reliable 

statistical analysis for the efficiency of the given method a large number of 

simulations are performed. In this regard 125 independent runs are carried out to 

determine the adjustable unknown parameters i.e., weights of DEN network 

optimized with SA and GA algorithms.  

Fig. 4.7 Real valued chromosomes of adaptive weights for problem I at a=1,a=2 an a=3 respectively for 
interval between 0 to 4 

 

The MATLAB 7.7 version optimization tool box is used for SA, GA and IPA with 

setting given in the Table 4.6. The chromosomes obtained by SA and GA are given as 

a starting point to IPA to get better tuning of the results. All 125 independent run 

results are ranked in descending order; the results of 25 runs are discarded for a better 

refinement. The discarded independent runs are ill with respect to the desired level of 

accuracy. From the remaining 100 runs the analysis is made on the criteria of best, 

worst, mean and standard deviation (STD). The best is defined as the minimum value 

of the function je while the worst is the maximum value of the problem specific 

fitness function.  
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Table 4.9 Statistical analysis of SA-IPA for the Problem in Case I 

t SA-IPA |y(t)- ŷ(t)|  SA-IPA |y′(t)- ŷ′(t)| 

Best Worst Mean STD  Best Worst Mean STD 

0 1.59E-06 0.3981116 0.0077061 0.0475609  4.93E-06 0.1375817 0.003319 0.018618 

0.1 2.42E-06 0.4078750 0.0081924 0.0497579  2.48E-05 0.2161927 0.007198 0.028326 

0.2 2.94E-05 0.4041971 0.0084656 0.0502946  4.10E-07 0.1519571 0.004509 0.019977 

0.3 7.98E-06 0.3838130 0.0081235 0.0479361  5.62E-07 0.2809099 0.007577 0.038486 

0.4 5.16E-06 0.3496018 0.0075024 0.0437811  5.26E-06 0.3936050 0.007966 0.046685 

0.5 2.28E-07 0.3071916 0.0067488 0.0390909  4.11E-06 0.4438464 0.008318 0.048712 

0.6 1.23E-06 0.2628983 0.0059721 0.0344089  1.95E-07 0.4325150 0.008369 0.047540 

0.7 7.40E-06 0.2223111 0.0052307 0.0299886  3.79E-06 0.3728862 0.007862 0.043151 

0.8 1.15E-06 0.1891149 0.0045437 0.0260048  4.18E-06 0.2898748 0.006915 0.037425 

0.9 3.70E-06 0.1638794 0.0039304 0.0225083  9.74E-06 0.2224257 0.006256 0.032872 

1.0 8.45E-07 0.1429506 0.0033790 0.0193419  4.53E-05 0.2277216 0.006040 0.031511 

          

 

Table 4.10: Statistical analysis of GA-IPA for the Problem in Case I 

t GA-IPA |y(t)- ŷ(t)|  GA-IPA |y′(t)- ŷ′(t)| 

Best Worst Mean STD  Best Worst Mean STD 

0 8.32E-08 0.0001571 1.54E-05 2.75E-05  1.72E-07 0.0005165 4.27E-05 6.42E-05 

0.1 6.76E-08 0.0001249 3.03E-05 2.55E-05  3.08E-06 0.0014745 0.000227 0.000216 

0.2 1.27E-06 0.0001865 3.24E-05 3.12E-05  3.43E-06 0.0002540 0.000112 5.93E-05 

0.3 2.70E-07 0.0001212 2.25E-05 2.50E-05  1.90E-07 0.0010292 0.000104 0.000149 

0.4 1.36E-06 0.0001181 1.91E-05 2.10E-05  1.06E-07 0.0006177 5.97E-05 8.13E-05 

0.5 3.76E-08 0.0001014 1.99E-05 1.84E-05  2.21E-07 0.0002282 5.47E-05 5.27E-05 

0.6 1.00E-06 8.490E-05 1.95E-05 1.60E-05  1.78E-06 0.0006360 6.66E-05 8.41E-05 

0.7 8.76E-07 0.0001115 1.69E-05 1.85E-05  1.44E-07 0.0004913 5.24E-05 6.24E-05 

0.8 5.16E-08 0.0001376 1.52E-05 1.97E-05  3.24E-09 0.0001630 3.62E-05 3.62E-05 

0.9 1.04E-07 0.0001167 1.42E-05 1.64E-05  7.56E-08 0.0004424 2.86E-05 6.04E-05 

1.0 1.02E-08 8.100E-05 1.11E-05 1.24E-05  2.25E-06 0.0002694 5.17E-05 4.08E-05 

 

The statistical results of the solution and its derivatives are given in the table 4.9 for 

SA-IPA while table 4.10 presents the statistical analysis for GA-IPA. The absolute 

error difference is taken with exact and approximated solutions from stochastic 

solvers. 

The best values for the solution via SA-IPA and GA-IPA lie in the range of 610 − to 

710 −  and 610 − to 810 − , respectively. The statistical analysis is made for 125 
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independent runs. The best 100 values of the function je for GA, SA-IPA and GA-

IPA are drawn in the decreasing order in Fig. 4.8. The results are drawn on log-scale 

as the stochastic solvers provide the results close to each other. It has been noticed 

that GA-IPA characteristics curve is always superior to SA-IPA and GA in terms of 

minimum of je .  

 

FIG. 4.8 Comparison of DE-NN networks optimized with stochastic solvers for 100 independent runs 
 

Case 2: )ln()(,)( yyygxxf
nm ==  

 
Another type of the nonlinear, homogeneous Emden-Fowler equation is taken to 

investigate the strengths of the proposed stochastic algorithm. Consider the equation 

of Emden-Fowler [157], [163]     

0ln418
8

=+++ yayayy
x

y &&&  4.20 

subject to the following conditions 

 

,0)0(,1)0( == yy &  4.21 

The exact solution obtained Wazwaz [157] by Adomian decomposition method is as 

follow,  
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)( ax
exy

−=  4.22 

The problem II is also solved numerically by using Homtopy Perturbation method 

(HPM) method upto a limiting solution of fourth order and following relationships are 

obtained from [167] to take the analytic result of equation (4.20).   
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By considering the value of a=1 the above relation is converted into the following 

relation 
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1)( xxxxu −+−=  4.23 

This problem is solved on the same manner as the previous one by considering the 

value of 8=r and constant coefficient 1=a . The problem specific fitness function for 

(4.20) is given below as 
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where, j=1,2,3…… is the number of generations used for the given algorithm. This 

time the numerical method used for the limiting solution is Homtopy perturbation 

method (HPM) of order four. The HAM method, exact solution and the proposed 

solution is compared to see the working of the proposed method. The results are 

summarized in Table 4.11 along with absolute error difference of SA, GA and HPM 

methods with exact solution. The global error of the GA based approach is close to 

1.012E-06. 
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Table 4.11 Comparison of results for the solution of Case 2 

t y(t)  

SA GA HPM 

ŷ(t) |y(t)- ŷ(t)| ŷ(t) |y(t)- ŷ(t)| ŷ(t) |y(t)- ŷ(t)| 

0.0 1.0000000 1.0000301 3.01E-05 0.9999945 5.46E-06 1.000000 0.000000000 

0.1 0.9900498 0.9900765 2.66E-05 0.9900465 3.30E-06 0.990050 4.15835E-10 

0.2 0.9607894 0.9608197 3.02E-05 0.9607871 2.29E-06 0.960789 1.05819E-07 

0.3 0.9139312 0.9139616 3.04E-05 0.9139282 2.94E-06 0.913929 2.68527E-06 

0.4 0.8521438 0.8521687 2.49E-05 0.8521405 3.26E-06 0.852117 2.64556E-05 

0.5 0.7788008 0.7788180 1.72E-05 0.7787980 2.75E-06 0.778646 0.000154950 

0.6 0.6976763 0.6976891 1.28E-05 0.6976743 2.03E-06 0.697024 0.000652326 

0.7 0.6126264 0.6126415 1.51E-05 0.6126246 1.76E-06 0.610442 0.002184561 

0.8 0.5272924 0.5273142 2.18E-05 0.5272907 1.76E-06 0.521109 0.006183091 

0.9 0.4448581 0.4448837 2.56E-05 0.4448567 1.36E-06 0.429477 0.015381566 

1.0 0.3678794 0.3679015 2.20E-05 0.3678787 7.83E-07 0.333333 0.034546108 

 
The one of the best chromosomes tuned by SA and GA hybridized by IPA for 

constructed DE-NN architecture are narrated in Table 4.12. The real values of the 

adaptive parameters are between -10 to 10. 

Table 4.12 DE-NN weights trained by different solvers for Case 2 

I 

SA
    GA   

wi αi bi
  wi αi bi

 

1 1.5201467 8.8901147 0.9027935  1.4716276 -0.4755607 1.6002860 

2 -1.5685892 -7.3210845 7.9901269  2.4783652 0.4507208 1.3647668 

3 -2.5359836 0.8868132 4.6943234  0.9541985 -0.3475089 1.3352805 

4 -1.7266383 6.4666929 0.7572675  2.5578620 1.3607064 1.3871906 

5 -5.0384262 -2.4886952 -7.4792495  -2.3116898 1.6004335 1.5874304 

6 1.3903107 -7.0050581 2.0164435  0.3587036 -0.4600746 1.1781354 

7 4.3444801 -5.7561590 7.8112571  2.4280146 -0.1688584 -0.6624523 

8 0.7428610 8.4312150 5.5882520  -0.6946742 -0.8847606 1.7750085 

9 -0.6469537 -7.7219384 1.6934410  2.8451283 -0.3666042 -0.9588452 

10 3.9783800 6.7728618 9.1006489  1.9122634 0.4222301 -0.4777037 

 
The error of the results achieved by SA and GA in comparison with exact solution is 

given on the training set t between 0 and 1 and results are shown in Table 4.11. The 

training of the weights of case 2 is also performed iteratively for 125 independent runs 

for a reliable statistical analysis. The results for best 100 runs are given for GA, SA-

IPA and GA-IPA, respectively, in Fig. 4.9. This is quite evident from the figure that 
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the results achieved by GA-IPA are not only consistent but also the value of fitness 

function ej is minimum. In other words the fitness has been maximized.    

  

 

Fig. 4.9. Comparison of GA, Sa-IPA and GA-IPA for 100 independent runs for case2 
 

The statistical analysis for Case 2 is also made on the same pattern as in case 1. The 

results of SA-IPA is given in Table 4.13 which clearly mention that best of the fitness 

value is in an acceptable range of 610− to 810− for SA-IPA while for GA-IPA the 710 −

to 810 − . This is the point to be noticed that the best value of the derivative of problem 

II is also in the range of 710− to 810− for GA-IPA.   

Table 4.13 Statistical analysis of SA-IPA for Case 2 

t SA-IPA |y(t)- ŷ(t)|  SA-IPA |y′(t)- ŷ′(t)| 

Best Worst Mean STD Best  Worst Mean STD 

0 5.44E-06 0.4784636 0.0105718 0.0659547  2.14E-05 0.1322593 0.0027999 0.0153775 

0.1 2.50E-07 0.4829271 0.0105837 0.0657393  1.86E-05 0.1258985 0.0037624 0.0133579 

0.2 4.62E-06 0.4707706 0.0103640 0.0639148  8.60E-06 0.1982206 0.0046631 0.0256108 

0.3 5.26E-06 0.4441879 0.0098226 0.0606821  9.22E-06 0.3281620 0.0072667 0.0399769 

0.4 1.61E-06 0.4063106 0.0090563 0.0559941  2.34E-06 0.4230523 0.0092947 0.0538737 

0.5 1.40E-05 0.3608972 0.0080880 0.0500828  1.34E-06 0.4784944 0.0108722 0.0636673 

0.6 8.72E-06 0.3119360 0.0070140 0.0434912  1.27E-05 0.4943658 0.0114913 0.0672539 

0.7 6.55E-06 0.2631978 0.0059292 0.0368166  8.44E-06 0.4751860 0.0110547 0.0655619 

0.8 4.42E-07 0.2177561 0.0049074 0.0304788  9.15E-07 0.4304859 0.0101328 0.0607597 

0.9 9.06E-08 0.1774355 0.0039639 0.0247030  1.64E-06 0.4002562 0.0092000 0.0546916 

1.0 2.17E-06 0.1420642 0.0031492 0.0195324  5.92E-06 0.3587941 0.0081473 0.0490579 
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Table 4.14 Statistical analysis of GA-IPA for Case 2 

t GA-IPA |y(t)- ŷ(t)|  GA-IPA |y′(t)- ŷ′(t)| 

Best Worst Mean STD Best  Worst Mean STD 

0 3.62E-08 0.0003170 1.75E-05 3.81E-05  1.51E-08 8.36E-05 2.26E-05 1.74E-05 

0.1 1.07E-07 0.0003079 1.74E-05 3.81E-05  9.39E-08 0.0002902 8.89E-05 6.27E-05 

0.2 3.23E-07 0.0002956 1.81E-05 3.72E-05  2.52E-07 0.0002698 5.11E-05 4.02E-05 

0.3 2.89E-08 0.0002844 1.49E-05 3.55E-05  1.48E-07 0.0002478 5.79E-05 4.79E-05 

0.4 4.29E-08 0.0002660 1.36E-05 3.20E-05  4.32E-07 0.0002475 4.13E-05 4.42E-05 

0.5 4.40E-08 0.0002344 1.17E-05 2.83E-05  3.39E-07 0.0003781 5.17E-05 5.27E-05 

0.6 2.23E-07 0.0001933 1.20E-05 2.43E-05  4.80E-07 0.0004222 2.64E-05 4.61E-05 

0.7 1.10E-07 0.0001541 1.04E-05 2.09E-05  2.18E-07 0.0003448 4.36E-05 5.26E-05 

0.8 1.66E-08 0.0001263 8.49E-06 1.81E-05  4.47E-07 0.0002431 3.66E-05 4.05E-05 

0.9 5.51E-08 0.0001091 6.87E-06 1.47E-05  1.07E-07 0.0003073 3.35E-05 4.81E-05 

1.0 4.67E-08 8.990E-05 4.92E-06 1.15E-05  3.15E-07 0.0002595 3.39E-05 4.36E-05 

 

Case 3: nm yygxxf == )(,)(  
 
Consider the following non homogeneous Emden-Fowler equation [163], [165] 

xxxxxyy
x

y 3044
8 245 −+−=++ &&&  4.25 

where the initial conditions are given as  

0)0(,0)0( == yy &  4.26 

The exact solution of the problem is [165] 

34)( xxxy −=  4.27 

The equation (4.25) is the special form of expression (1) by taking r=8 and a=1. The 

problem is also solved on the same pattern as the previous case, with a number of 

variations, the number of neurons in each hidden layer are taken as m = 8 which 

results in 24 unknown adaptive weights (αi, wi and bi). These parameters are restricted 

to real numbers between (-10, 10). A randomly generated initial population consists of 

a set of 100 chromosomes. Each chromosome has a length of 24 parameters. The 

input of the training set is taken from time t ϵ (0, 1) with a step size of 0.1. It means 

that s = 11 in the expression (10) is to be used, so the fitness evaluation function 

subject to the problem III in this case can be given as: 
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Our scheme runs iteratively in order to find the minimum of fitness function ej, with 

stoppage criteria as 2000 number of runs or fitness value ej ≤ 10
-10 whichever comes 

earlier. One of the best unknown weights trained stochastically by DE-NN algorithms 

for the step size of 0.1 for SA and GA are provided in Fig. 4.10(a) and 4.10(b), 

respectively, in the bounded range. These weights can be used to obtain the solution 

of the equation for any real input time t between 0 and 1. The trained weights by SA 

and GA hybridized by IPA provide the results so close to each other that it was 

merely difficult to differentiate between the accuracy levels of both of the stochastic 

solvers, so the error of each method with the exact solution has been computed at each 

time step. The absolute error of the exact solution with the results achieved by the 

training of SA-IPA and GA-IPA are given in the Fig. 4.11. The Fig. 4.11 is drawn on 

the log scale to have a clear view on the difference of both the errors. This is obvious 

from the figure that the SA-IPA provides the results upto an error of 410 − and GA-IPA 

in the range of 610 −  to 810 − , which clarify the strengths of the genetic algorithm in 

optimization of complex problems.   

 

 
(a) 

 
(b) 

Fig. 4.10 The unknown weights trained by DE-NN algorithm for problem III, 4.10(a) for SA and 
4.10(b) for GA 
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Fig.4.11 The difference of the absolute error with the exact for SA-IPA and GA-IPA )()( tzty −   

The training of the weights of problem III is highly stochastic in nature so the 

statistical analysis is made to see the consistency and accuracy for the stochastic 

optimizer. 125 independent runs are for made for both SA and GA in collaboration of 

IPA. The results for best 100 runs are given in Fig. 4.12. The statistical analysis, 

based on 100 independent runs of our scheme, is provided in the Table 4.15. It is clear 

from the table that the values of the best and worst have much difference, while the 

mean and standard deviation results are not spread as wide. Moreover, the average 

accuracy is obtained in the range of 10-5 to 10-6. On the basis of these result it can be 

stated that the proposed method is applicable to solve such problems of Emden-

Fowler at a good level of accuracy. 

  

 

Fig. 4.12 Comparison of GA, Sa-IPA and GA-IPA for 100 independent runs 
 



Chapter 4.                                              Singular Non-Linear Systems and Lane Emden Fowler Equation  

78 

The best and mean value of the GA-IPA is much better than that of SA-IPA as evident 

from the Table 4.15.    

Table 4.15 Statistical analysis for )1,0(∈t in Case 3 

T Best  Worst  Mean  Standard Deviation 
SA-IPA GA-IPA  SA-IPA GA-IPA  SA-IPA GA-IPA  SA-IPA GA-IPA 

0.0 5.29E-07 4.58E-09  0.512802 0.000239  0.034635 6.36E-06  0.102069 2.85E-05 

0.1 1.36E-06 3.95E-08  0.512550 0.000254  0.034916 2.88E-05  0.102204 3.69E-05 

0.2 1.51E-05 2.21E-07  0.519216 0.000255  0.035242 2.91E-05  0.103080 3.84E-05 

0.3 2.10E-06 3.55E-07  0.526737 0.000243  0.035403 1.51E-05  0.104314 3.04E-05 

0.4 9.50E-06 5.31E-07  0.531842 0.000242  0.035555 1.64E-05  0.105443 2.97E-05 

0.5 4.66E-07 3.01E-08  0.533322 0.000254  0.035687 2.71E-05  0.106162 3.52E-05 

0.6 4.96E-07 1.33E-07  0.531300 0.000257  0.035763 2.89E-05  0.106351 3.69E-05 

0.7 2.81E-06 5.87E-08  0.526544 0.000244  0.035764 1.94E-05  0.106177 3.20E-05 

0.8 5.92E-06 1.36E-08  0.523687 0.000238  0.035703 1.73E-05  0.105848 2.97E-05 

0.9 2.64E-06 2.84E-07  0.518163 0.000248  0.035564 2.52E-05  0.105248 3.33E-05 

1.0 3.32E-06 1.81E-07  0.509409 0.000238  0.035291 1.91E-05  0.104137 3.02E-05 

 

4.2.4    NUMERICAL SIMULATION USING SWARM INTELLIGENCE 

In this, the swarming intelligence and pattern search is used to solve various models 

of Lane-Emden-Fowler equations. The nature inspired population based algorithms do 

not get stuck in local minima and possess some prominent features which can handle 

abnormalities and singularities of the models. We have used particle swarm 

optimization (PSO) and pattern search (PS) for global search hybridized with interior 

point algorithm (IPA) which is efficient for local search. The efficiency of these 

stochastic solvers has been discussed systematically on various models of )(xf and

)(yg .  

4.2.4.1    LEARNING PROCEDURE 

Some of the important parameters setting to be done in the simulation by stochastic 

algorithms is narrated in Table 4.16. The learning of the weights is performed by 

PSO, PS, IPA and their hybrid approaches.   
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Table 4.16 Parameter setting of PS, IPA and PSO 

PS  IPA  PSO  

Parameters Setting Parameters Setting Parameters Setting 

Poll Method GPS 

Positive 

 basis 2N 

Sub-population  

Algorithm 

Idl  

factorization 

Population Size 200 

Poll order Consecutive Max Perturbation 0.1 Length  

individual 

30 

Mesh Size (1, 10) Finite difference  

Type 

Forward 

 Differences 

No of flights 3000 

Penalty factor 100 Hessian BFGS Inertia weight 1.4 to 0.4 

Variables 30 Variables 30 Dimensions 10 

Function 

evaluations 

60000 Maximum 

function 

Evaluation 

3000 c1,c2 Linearly 

varying 

Maximum iterations 30000 Maximum 

Iteration 

1000 Hybridization IPA 

 

4.2.4.2    SIMULATION AND RESULTS  

In this section we will discuss various cases of initial value problem of Lane Emden 

Fowler equation.  In order to determine the accuracy and applicability of the method, 

a comprehensive statistical analysis is performed. The results are compared with the 

standard state of the art analytic methods [167], as well as, stochastic numerical 

solvers. Moreover, a detailed discussion has been made on the results.  

Case 1: )ln()(,)( yyygxxf nm ==  

 
Consider the following non-linear, non homogeneous case [167]. 

0)(ln)(4)(18
)(8)(

2

2

=+++ tytaytay
dt

tdy

tdt

tyd
 4.29 

subject to the following initial conditions   

,0
)0(

,1)0( ==
dt

dy
y  4.30 

The exact solution of (4.29) is well defined by Wazwaz [162] by ADM.   

2

)( at
ety

−=  4.31 
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A limiting solution upto fourth order is computed by using Homtopy Perturbation 

method (HPM) method. The relations in (4.32) of the HPM are taken from [167] in 

order to take analytic results.  

63
3

42
2

2
10 3

1
,

2

1
,,1 xauxauaxuu −==−==  4.32 

The algebraic sum of (4.32) leads a closed form of the solution in which the value of 

a=1and is given below.       

642

3

1

2

1
1)( xxxxu −+−=  4.33 

The numerical treatment of (4.29) is achieved with unsupervised training of the 

adaptive parameters of generated neural network model. The DE-NN model consists 

of ten numbers of neurons, so 30 weights are to be optimized during the learning 

procedure. The weights are based on iα , iw and ib , respectively. The real numbered 

values of the weights are restricted in the interval (-10, 10).  The training is performed 

for inputs value between 0 and 1.These weights are tuned based upon a problem 

specific energy function. The fitness function has the combined effect of the problem 

itself along with initial conditions and is formulated below.   
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where j  is the generation number and 
j

e  is the error in the specific generation. dtydˆ  

and 
22 ˆ dtyd   are the network taken from (3.13) and (3.14). This energy function is 

optimized on the basis of minimum of the value of error function; in other words 

fitness is maximized as the function 
j

e is decreased. The adaptive learning of the 

unknown weights of DE-NN network is performed by PSO-IPA, while the results are 

also compared with PS, IPA, PSO and PS-IPA. As these stochastic solvers are 
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population based methods so a random initial population is generated that consists of 

a set of 100 individuals. The length of each individual is 30. As the input of the 

training set is taken from time t ϵ (0, 1) with a step size of 0.1, so s = 11 is taken in 

expression (4.34). The same input data set is given to all solvers in order to see the 

applicability, effectiveness and level of accuracy of the solvers. Some of the important 

parameters setting to be done in the simulation by stochastic algorithms are narrated 

in Table 4.16.  

The given scheme runs iteratively and is stopped based upon the specific number of 

runs/flight or a certain level of accuracy is achieved i.e. ej ≤10
-10, whichever comes 

earlier. The problem in case I is solved by the mentioned algorithms under the 

specified conditions and the results are compared with exact as well as a high level of 

accuracy HPM method. One of the best results learned by the given methods are 

tabulated in Table 4.17 along with the absolute errors of the HPM and PSO-IPA in 

comparison with the exact solution. The results of PSO-IPA is marginally good as 

compared to PS, IPA, PSO and PS-IPA, while as compared to HPM, it is in good 

agreement.   

Table 4.17 Comparison of the results for the solution of the problem in case I.   

 )(ty  )(ˆ ty  Absolute error 

T Exact PS IPA PSO PS-IPA PSO-IPA HPM HPM PSO-IPA 

0.0 1.000000 0.996230 0.999549 1.000049 1.000003 0.999996 1.000000 0.000000000 3.57175E-06 

0.1 0.990050 0.986500 0.989508 0.990120 0.990054 0.990048 0.990050 4.15835E-10 1.94261E-06 

0.2 0.960789 0.957551 0.960290 0.960834 0.960793 0.960788 0.960789 1.05819E-07 1.55089E-06 

0.3 0.913931 0.910953 0.913485 0.913967 0.913934 0.913929 0.913929 2.68527E-06 2.62031E-06 

0.4 0.852144 0.849291 0.851731 0.852201 0.852147 0.852141 0.852117 2.64556E-05 2.71329E-06 

0.5 0.778801 0.775926 0.778440 0.778857 0.778804 0.778799 0.778646 0.000154950 1.59584E-06 

0.6 0.697676 0.694955 0.697383 0.697703 0.697679 0.697676 0.697024 0.000652326 7.53000E-07 

0.7 0.612626 0.610508 0.612396 0.612637 0.612628 0.612625 0.610442 0.002184561 9.34231E-07 

0.8 0.527292 0.525787 0.527113 0.527315 0.527293 0.527291 0.521109 0.006183091 1.31121E-06 

0.9 0.444858 0.443562 0.444725 0.444887 0.444859 0.444857 0.429477 0.015381566 1.05530E-06 

1.0 0.367879 0.367084 0.367783 0.367890 0.367880 0.367879 0.333333 0.034546108 7.42779E-07 

 
It is clear from the absolute of error of the HPM method and PSO-IPA that the results 

are more consistent in PSO-IPA and are also in an acceptable limit of accuracy of
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0710− . The results in Table 4.17 are reported by the tuned adaptive parameters or 

individuals provided in Fig.4.13.  

By using these weights in the expression (4.34), one can readily reproduce the results 

for any input time t between 0 and 1. Although the training is performed in a small 

interval but one can find out the solution in the bigger time span as well by using the 

same individual given in Fig. 4.13. The results are equally good for the approximation 

of the derivative of the problem, as it can be seen from Table 4.18. 

It is worth mentioning that these results are also achieved by the same set of learned 

parameters as given in Table 4.16. The absolute error is computed from the exact 

results of the derivative of the problem with one approximated by HPM and PSO-

IPA, respectively, and are given in the table. It can be inferred from the table that the 

error of HPM is very small for the initial points but afterwards the error starts to grow. 

On the other hand, the results achieved by PSO-IPA are consistent in the range 610 − to

710 − . For example at t=0.6 the value of the error the HPM is 0.008548 and is 3.04e-06 

in the case of PSO-IPA.  Similarly the error at t=0.9 is 0.131745 by HPM method and 

is 4.64e-06 by PSO-IPA at the same point. This trend in the error certifies the 

effectiveness of the given method.  

Table 4.18 Comparison of the results for the derivative of problem in case I 

 dtdy  dtydˆ  Absolute error 

T Exact PS IPA PSO PS-IPA PSO-IPA HPM HPM PSO-IPA 

0.0   0.00000 -0.00121   0.00128 9.43E-05 8.43E-07 -4.14E-06 0.00000 0.000000 4.14E-06 

0.1 -0.19801 -0.19465 -0.19839 -0.19804 -0.19800 -0.19799 -0.19801 3.33E-08 1.72E-05 

0.2 -0.38432 -0.38144 -0.38359 -0.38462 -0.38433 -0.38432 -0.38432 4.22E-06 7.91E-06 

0.3 -0.54836 -0.54621 -0.54801 -0.54822 -0.54836 -0.54837 -0.54843 7.13E-05 8.61E-06 

0.4 -0.68172 -0.68144 -0.68133 -0.68153 -0.68171 -0.68171 -0.68224  5.25E-04 6.96E-06 

0.5 -0.77880 -0.77891 -0.77816 -0.77900 -0.77880 -0.77879 -0.78125 2.45E-03 1.24E-05 

0.6 -0.83721 -0.83343 -0.83653 -0.83751 -0.83723 -0.83721 -0.84576 8.55E-03 3.04E-06 

0.7 -0.85768 -0.85024 -0.85712 -0.85767 -0.85769 -0.85768 -0.88207 2.44E-02 4.95E-06 

0.8 -0.84367 -0.83995 -0.84319 -0.84350 -0.84367 -0.84367 -0.90368 6.00E-02 8.66E-07 

0.9 -0.80074 -0.79838 -0.80029 -0.80083 -0.80074 -0.80074 -0.93249 1.32E-01 4.64E-06 

1.0 -0.73576 -0.72976 -0.73555 -0.73594 -0.73577 -0.73576 -1.00000 2.64E-01 1.20E-06 
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(3a) (3b) 

(c) (d) 

 
 

(e) 

Fig.4.13 The best weights trained for PS, IPA, PSO, PS-IPA and PSO-IPA respectively 
 

The large numbers of Monte Carlo simulations are preformed to have a reliable 

statistical analysis. In this regard 125 independent runs are carried out for finding the 

adaptive parameters of DE-NN optimized with PS, IPA, PSO, PS-IPA and PSO-IPA 

algorithms. The MATLAB version R2009b optimization tool box is used for PS, IPA 

and PSO with setting given in the Table. 4.16. All the individuals of each algorithm 

are ranked based upon their fitness. The 100 best fitted individuals of each algorithm 

is arranged in the descending order based upon the error. The individual with the 
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maximum error should be first and the one with the lowest error at the end. The 

behavior of various algorithms on 100 independent runs based on the value of the 

energy function is shown in the Fig.4.14.  

 

Fig.4.14. The comparison of the DE-NN optimized by stochastic solvers 
 

The statistical analysis of the algorithms is made on the bases of best, worst, mean 

and standard deviation (STD). The results are achieved by taking 100 independent 

runs to see the capability of the solvers.  The results of the statistical analysis 

calculated on some of the input points are given in Table 4.19. It is quite evident from 

Table 4.19 that results for PSO-IPA are notable as compared to other solvers, for 

example, at t=0.5 and t=1, the results of PSO-IPA are in the range of 10-09 to 10-08, 

respectively. 

For the heuristic methods the results are to be analyzed on the bases of a 

comprehensive statistical analysis. In this regards the graphical representation is given 

for some input points to see the minimization of the absolute error. The results are 

provided for input timing 0, 0.5 and 1 in Fig. 4.15(a), 4.15(b), and 4.15(c), 

respectively.  

 

 

 



Chapter 4.                                              Singular Non-Linear Systems and Lane Emden Fowler Equation  

Table 4.19  Statistical analysis of stochastic solvers  

T Solvers Best Worst Mean Std 

0 PS 0.001278 0.496718 0.277227 0.180243 

 IPA 7.20E-05 1.004489 0.102894 0.293658 

 PSO 3.16E-05 0.001375 4.52E-04 3.73E-04 

 PS-IPA 1.41E-07 1.42E-04 2.85E-05 3.70E-05 

 PSO-IPA 2.33E-07 1.19E-05 4.88E-06 2.98E-06 

0.5 PS 0.060600 0.778801 0.361597 0.204029 

 IPA 5.00E-05 0.781786 0.080249 0.229204 

 PSO 3.02E-06 0.000866 0.000290 0.000246 

 PS-IPA 1.29E-07 0.000116 1.89E-05 2.61E-05 

 PSO-IPA 6.85E-09 1.03E-05 2.95E-06 2.17E-06 

1 PS 0.000188 0.143361 0.078747 0.052587 

 IPA 2.15E-05 0.371687 0.036746 0.105620 

 PSO 9.30E-07 0.000283 9.51E-05 8.43E-05 

 PS-IPA 4.76E-08 4.83E-05 8.36E-06 1.13E-05 

 PSO-IPA 2.22E-08 3.95E-06 1.20E-06 9.64E-07 

 

.   
(a) 

 
(b) 
 

 
(c) 

Fig.4.15 The characteristic curve of the absolute errors by various numerical solvers, a. is for t = 0, b is 
for t=0.5 and c is for t=1. 
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Case 2: ym eygxxf == )(,)(  

 

Let us consider, another non-linear homogenous case [167] of Lane-Emden equation 

  ,0)2(8
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with the following initial conditions  for both of the function itself, as well as, its 

respective derivative 

,0
)0(

,0)0( ==
dt

dy
y  4.36 

The exact solution of the above problem is known and is reported by various 

researchers by various methods [167] other than the stochastic approach.  

)1ln(2)( 2atty +−=  4.37 

The results of the Homtopy analysis method (HAM) is taken from [165] to calculate 

the analytic result of the expression in (4.35).  
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The algebraic sum upto the third term of the HAM is used to find the result, the 

expression of this is given below in which the value of h is assumed to be unity.   
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The case 2 is also solved on the same methodology as in the case 1 with some 

variations. As energy function is problem specific, so this is formed below based on 

the sum of the function and its initial conditions.     
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where j is the generation number and eleven time step are taken to solve the problem. 

The training of the DE-NN is performed for time between 0 and 1 in an unsupervised 
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way. The networks are trained based upon the values of the unknown weights; these 

trained weights are given in the Fig. 4.16. The values of the individuals are given in 

the form of 3D bar graph, in which ten numbers of individuals are there for iα , iw and 

ib  each. The values of these individuals are bounded between -10 and +10. The 

trained individuals of only PS-IPA and PSO-IPA are given in Fig. 4.16.   

 

(a) (b) 

Fig.4.16 The best weights trained (a) is for PS-IPA and (b) is for PSO-IPA respectively 
 

The results are obtained by using the individuals trained by stochastic algorithms of 

PS, IPA, PSO, PS-IPA and PSO-IPA. The limiting solution of the problem is attained 

using the expression (4.39). The absolute error of all the stochastic algorithms and 

HAM are taken with the exact solution and the results are drawn in the Table 4.20 for 

the solution of the problem and in Table 4.21 for the derivative of the equation. It is 

worth mentioning that the results for both proposed and existed scheme are taken the 

same input times. 

Now the algorithms run iteratively for 100 independent runs based on the minimum of 

the energy function as defined in Eq. 4.40.  The results are graphically shown in 

Fig.4.17 and it can be seen that the trend to optimize the problem by various solvers 

and the strength of the PSO-IPA is incredible.   

One of the important measures of stochastic methods is their reliability based upon 

the statistical method. In this regard, the statistical parameters like Best, Worst, Mean 
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and standard deviation have been determined between the times 0 to 1 for PSO-IPA 

hybrid approach. The summary of the results is given below in Table 4.22 for the 

bounded time from 0 to 1 with a step of 0.1.  

Table 4.20 Comparison of the results for the solution of case 2 

Time )(ˆ ty   

T PS IPA PSO PS-IPA PSO-IPA HAM 

0.0 0.000349708 2.09E-07 1.65E-05 2.09E-07 9.77E-07 0.000000 

0.1 0.000622658 3.70E-06 2.74E-05 3.70E-06 1.98E-07 0.119901 

0.2 0.000525090 4.10E-06 3.18E-05 4.10E-06 2.00E-07 0.278443 

0.3 0.000375771 1.33E-06 4.39E-06 1.33E-06 2.38E-07 0.472386 

0.4 0.000448260 1.40E-06 1.08E-05 1.40E-06 5.49E-07 0.697131 

0.5 0.000541021 2.62E-06 2.50E-06 2.62E-06 1.99E-08 0.947917 

0.6 0.000467940 2.20E-06 1.65E-05 2.20E-06 2.42E-07 1.221504 

0.7 0.000306529 1.50E-06 2.74E-05 1.50E-06 6.04E-08 1.518333 

0.8 0.000234283 1.54E-06 2.19E-05 1.54E-06 2.82E-07 1.845163 

0.9 0.000244523 1.07E-06 1.01E-05 1.07E-06 2.30E-07 2.218194 

1.0 0.000202045 1.23E-06 7.61E-06 1.23E-06 5.22E-08 2.666667 

 

Table 4.21 Comparison of the results for the derivative of the solution  

for case 2 

time dtydˆ   

t PS IPA PSO PS-IPA PSO-IPA HAM 

0.0 0.000134044 5.26E-06 2.73E-05 5.26E-06 6.41E-07 0.000000 

0.1 0.001360123 3.92E-05 3.64E-04 3.92E-05 9.44E-07 3.96E-07 

0.2 0.002221810 2.58E-05 2.09E-04 2.58E-05 1.44E-06 4.92E-05 

0.3 0.000300820 1.71E-05 2.60E-04 1.71E-05 7.10E-06 0.000803 

0.4 0.001308176 1.39E-05 2.74E-05 1.39E-05 2.24E-06 0.005650 

0.5 0.000193816 4.85E-06 1.69E-04 4.85E-06 5.82E-06 0.025000 

0.6 0.001491720 9.80E-06 1.77E-04 9.80E-06 1.04E-06 0.082334 

0.7 0.001379590 2.00E-06 2.56E-05 2.00E-06 3.57E-06 0.221085 

0.8 8.22240E-05 6.24E-07 1.16E-04 6.24E-07 6.57E-07 0.511500 

0.9 2.93830E-05 6.26E-06 8.74E-05 6.26E-06 1.60E-06 1.057010 

1.0 0.000630090 8.51E-06 1.77E-05 8.51E-06 3.20E-06 2.000000 
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Fig.4.17. The comparison of the DE-NN optimized by stochastic solvers for 100 independent runs 

Table 4.22 The statistical analysis of PSO-IPA based 

 upon the value of absolute error 

t Best Worst Mean STD 

0.0 6.64E-08 3.36E-05 1.77E-06 3.68E-06 

0.1 1.98E-07 4.56E-05 1.81E-05 7.37E-06 

0.2 2.00E-07 4.94E-05 1.76E-05 7.72E-06 

0.3 7.98E-08 2.47E-05 8.18E-06 3.94E-06 

0.4 5.49E-07 2.09E-05 9.27E-06 3.81E-06 

0.5 1.99E-08 3.13E-05 1.36E-05 5.18E-06 

0.6 2.42E-07 3.18E-05 1.16E-05 4.97E-06 

0.7 6.04E-08 1.88E-05 6.61E-06 3.22E-06 

0.8 2.82E-07 1.35E-05 5.67E-06 2.50E-06 

0.9 2.30E-07 1.80E-05 7.45E-06 2.85E-06 

1.0 5.22E-08 1.21E-05 4.99E-06 2.08E-06 

 

Case 3: nm yygxxf == )(,)(  

 

In the last case, following non homogeneous Emden-Fowler equation [167] 

xxxxxyy
x

y 3044
8 245 −+−=++ &&&  

4.41 

where the initial conditions are given as  

0)0(,0)0( == yy &  4.42 

The exact solution of the problem is [165] 
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34)( xxxy −=  4.43 

The input of the training set is taken from time t ϵ (0, 1) with a step size of 0.1. It 

means that s = 11 is the points used in the energy function to the problem in case III 

can be given as: 
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The scheme runs iteratively in order to find the minimum of fitness function ej, with 

stoppage criteria as 2000 number of runs or fitness value ej ≤ 10
-10 whichever comes 

earlier. One of the best unknown weights trained stochastically by DE-NN algorithms 

for the step size of 0.1 for PS-IPA and PSO-IPA algorithms are provided in Fig. 

4.18(a) and 4.18(b), respectively, in the bounded range. 

(a) (b) 

Fig.4.18. The best weights trained for DE-NN (a) is for PS-IPA (b) is for PSO-IPA 
 

These weights can be used to obtain the solution of the equation for any real input 

time t between 0 and 1. The absolute error of the exact solution with the results 

achieved by the training of PS, IPA, PSO, PS-IPA and PSO-IPA are given in the 

Table 4.23, while Table 4.24 outline the functionality of the same technique using the 

same set of individuals on the derivative of the problem deal in the third case. 

 

Table 4.23 Comparison of the results for the solution of case 3 
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time )(ˆ ty  

t PS IPA PSO PS-IPA PSO-IPA 

0.0 8.93E-05 2.70E-07 2.02E-05 2.98E-05 2.58E-07 

0.1 1.44E-05 2.67E-05 3.88E-05 1.82E-05 7.50E-06 

0.2 1.37E-05 2.13E-05 5.48E-05 1.94E-05 7.72E-06 

0.3 1.60E-04 1.72E-05 2.63E-05 1.83E-05 3.64E-06 

0.4 1.13E-04 2.21E-05 1.12E-05 1.62E-05 2.92E-06 

0.5 1.14E-04 2.17E-05 2.77E-05 1.65E-05 6.79E-06 

0.6 1.64E-04 2.03E-05 3.99E-05 1.50E-05 9.28E-06 

0.7 1.23E-05 2.08E-05 4.07E-05 1.52E-05 4.75E-06 

0.8 1.06E-05 1.95E-05 4.03E-05 1.81E-05 1.55E-06 

0.9 1.16E-04 2.16E-05 1.57E-05 1.49E-05 8.74E-06 

1.0 8.11E-05 1.69E-05 5.69E-05 2.44E-05 1.54E-06 

 

Table 4.24 Comparison of absolute error for the derivative of solution 

 for case 3 

t PS IPA PSO PS-IPA PSO-IPA 

0.0 9.80E-05 1.19E-05 9.47E-05 1.89E-05 9.68E-06 

0.1 1.03E-03 1.24E-04 3.65E-04 4.58E-05 5.82E-05 

0.2 1.19E-03 1.16E-04 1.22E-04 1.98E-05 3.69E-05 

0.3 9.75E-04 3.56E-05 3.19E-04 3.17E-05 3.17E-05 

0.4 1.89E-03 3.07E-05 4.75E-05 3.68E-06 1.98E-05 

0.5 1.90E-03 2.50E-05 2.02E-04 2.46E-06 4.64E-05 

0.6 9.45E-04 2.60E-06 3.23E-05 1.85E-05 9.31E-06 

0.7 1.39E-03 4.57E-06 2.05E-05 2.73E-05 6.57E-05 

0.8 9.77E-04 7.05E-06 1.06E-04 5.47E-06 2.68E-05 

0.9 8.17E-04 3.23E-05 2.18E-04 3.09E-05 6.33E-05 

1.0 0.333333 0.034546 7.43E-07 1.98E-04 1.73E-04 

 

The training of the weights of case 3 is highly stochastic in nature so the statistical 

analysis is made to see the consistency and accuracy for the stochastic optimizer. 125 

independent runs are for made for both PS and PSO in collaboration with IPA. The 

statistical analysis, based on 100 independent runs of our scheme, is provided in the 

Table 4.25. It is clear from the Table that the values of the best and worst have big 
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difference, while the results of mean and standard deviation are not wide spread. 

Moreover, the average accuracy is obtained in the range of 10-5. On the basis of these 

result it can be stated that the proposed method is applicable to solve such problems 

of Emden-Fowler at a good level of accuracy. The behavior of minimizing the energy 

function by various solvers along with PSO-IPA is given in Fig. 4.19. It is very much 

clear from the figure that the minimization of the error function for PSO-IPA is in  

good agreement as compared to the discussed solvers.    

 

Fig.4.19 The comparison of stochastic solvers for 100 independent runs for case 3 
 

Table.4.25. Statistical analysis for )1,0(∈t on the bases of best, worst, mean and 
standard deviation for case 3 

Statistical Analysis 
Time PS-IPA PSO-IPA 

t Best Worst Mean STD Best Worst Mean STD 

0.1 2.06E-07 0.001623 0.000141 0.000230 2.13E-08 0.000468 5.48E-05 8.27E-05 

0.1 1.88E-06 0.001974 0.000182 0.000233 1.00E-06 0.000545 9.98E-05 9.14E-05 

0.2 8.56E-07 0.002221 0.000191 0.000252 1.74E-06 0.000552 0.000107 9.46E-05 

0.3 1.00E-06 0.001981 0.000159 0.000241 6.27E-07 0.000500 6.69E-05 8.30E-05 

0.4 3.03E-07 0.001744 0.000155 0.000226 2.53E-07 0.000505 6.55E-05 8.20E-05 

0.5 2.46E-06 0.001819 0.000178 0.000223 1.93E-07 0.000564 9.36E-05 8.97E-05 

0.6 2.22E-06 0.001955 0.000185 0.000232 1.22E-06 0.000586 0.000102 9.20E-05 

0.7 2.10E-07 0.001868 0.000168 0.000232 7.57E-08 0.000536 7.74E-05 8.59E-05 

0.8 1.55E-06 0.001777 0.000159 0.000225 1.14E-07 0.000506 6.85E-05 8.16E-05 

0.9 7.73E-07 0.001904 0.000173 0.000225 2.30E-06 0.000548 9.14E-05 8.83E-05 

1 1.30E-06 0.001812 0.000160 0.000224 5.53E-07 0.000508 7.39E-05 8.39E-05 
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4.3 CONCLUSIONS  

On the basis of simulation and results provided in the last section it can be concluded 
that: 

• The stochastic solvers based on DE-NN networks optimized with hybridized 

genetic algorithm can effectively provides the solution of the Non-Linear 

Singular System of Polytrophic and Isothermal sphere model. The mean of the 

absolute error lies in range of 10-06.   

• The reliability and effectiveness of proposed artificial intelligence techniques 

are validated from statistical analysis base on 100 independent runs. It is found 

that the confidence interval for the convergence of the given approach 100% 

to get an approximate solution in an acceptable error range.  

• It has been observed that the proposed scheme show the supremacy on the 

optimal Homotopy asymptotic method in comparison with the exact solution. 

Moreover, the proposed scheme can readily provide the solution on the 

continuous grid of time. Thus this provides an alternate approach to 

researchers to apply the solver to complex real life problems in engineering. 

• A novel method appropriate for the numerical treatment of Emden-Fowler 

equation that relies upon the function approximation capabilities of neural 

network assisted with computational intelligence based on evolutionary 

computing and particle swarm optimization has been presented. The accuracy 

of the proposed method is checked by comparing the results with exact and 

standard state of art deterministic numerical solver and is found to be in good 

agreement. A large number of Monte- Carlo simulations are performed to 

validate the reliability and effectiveness of the stochastic solvers. 

• The best results are achieved for DE-NN networks optimized with PSO-IPA 

algorithm instead of PS, IPA, PSO, or PS-IPA algorithms. It has also been 

shown that proposed scheme can approximate the solution with the accuracy 
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comparable to the standard state of art deterministic numerical solver. The 

result achieved by hybrid approach of PSO is more efficient as compared to 

that of hybrid GA approach. 

 

 



 

 

CHAPTER 5 

 

NON-LINEAR VAN DER POL OSCILLATOR 
 

In this chapter, van der Pol oscillators for stiff and non-stiff conditions are solved by 

DE-NN network optimized by simulated annealing, genetic algorithm and particle 

swarm optimization along with their hybrid approaches. The accuracy and 

effectiveness is checked by comprehensive statistical and timing analysis. The 

robustness of the given schemes is found particularly for oscillators with stiff 

conditions. The material provided in this chapter is from publications [168], [169] and 

[170].    

5.1 Introduction 
 
Van der Pol  oscillators occur in a large number of applications such as electrical 

circuits [171], beating of heart [172], chemical reactions [173], sound and acoustics 

[174] etc. The system that has been investigated is used as a notorious example in the 

study of limit cycles and self-sustained oscillatory phenomena in the nonlinear 

systems. This nonlinear system is represented by so called van der Pol equation. It is 

catalogued as a good example of both non-linear and stiff system at the same time, 

thus making it tedious to solve by analytical methods. The generic form of the van der 

Pol oscillator discussed in this thesis is as follow: 

200)1( 2 ≤≤=+−+ tuuuu &&& µ  5.1 

subject to the initial conditions 

0)0(,2)0( == uu &  5.2 

where µ  is the factor defining stiffness of the oscillator, for 1=µ , it is considered to 

be non-stiff and stiff for 1000=µ .  The fundamental study of this class of nonlinear 
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oscillator began with the study of Mickens and Jockon [175], they have investigated 

some general properties of two cases of expression (5.1). The simplest relevant case 

of (5.1), for which all the solutions are periodic, was considered by Beatty and 

Mickens [176], and is given by the following expression  

    ,)0(,0)0(,0)()1)(()( 2 Auutututu ===++ &&&&   

The extension in the work is performed on this particular class of oscillator by 

Mickens [176], Belend ez et al. [177] and Kalmar Erneux [178]. This is the point of 

intention that the above relation is a special case of an equation modeling a 

mechanical oscillator having both static and inertia type cubic nonlinearities. On the 

account of solving the system involving nonlinearity, classical methods have been 

exhaustively analyzed in the last two decades; therefore it is possible to assert that 

they are the most consolidated available tools. The interested readers can study [179] 

for a recent survey on the state-of-the-art.  Minorsky [180] has studied two van der 

Pol oscillators with small coupling. Hayashi and Kuramitsu [181] used an averaging 

method to study van der Pol damped linear oscillators. Linkens [182], [183] has used 

the method of harmonic balance to study large group of van der Pol oscillators. A 

perturbation method is used to study the steady state behavior of two van der Pol 

oscillators [184], which were fiddly and complex in solving by analytical methods, so 

the need for approximating the solution arises. A number of algorithms such as 

Runge-Kutta, finite difference, etc are available for the approximation of the solutions 

at discrete grid of time [185], [186]. The limitations like, discrete pre- defined 

locations of the solution space, increase of computational complexity with the number 

of sampling points and problem of rounding of error [187] give birth to solutions with 

neural networks (NN) optimized by various optimization methods. The strengths and 

applicability of stochastic methods along with neural networks in non-linear systems 

and fractional systems got importance in the recent years [188], [189], [190]. After a 

comprehensive survey, it has been noticed that, the approximation of van der Pol 

oscillator by stochastic computation may be an area to be explored.  
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5.2 MATHEMATICAL MODELING OF NON-LINEAR VAN DER POL 
OSCILLATOR  

The unsupervised error function e is formulated by the linear combination of network 

(3.12) to (3.14) for any problem in the form given in (5.1) as 

KK,2,1
1

1
=

+
= j

e
e

j

 5.3 

where j is the cycle index, and the function ej is defined as the mean of sum of square 

error. 

jj eee 21 +=  5.4 

where 1e , the error associated with the equation, is given as 
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where s = mh, m is the total number of steps and h defines the size of step while t is 

taken between (0,T). The greater the value of s , the more will be the accuracy, but at 

the cost of greater computational complexity of algorithm. Setting the value of s is bit 

fiddly, because it is a parameter that decides a compromise between accuracy and 

computational cost.   

Similarly 2e  linked with initial conditions, is written as, 

{ }22
2 )0()2)0((

2

1
zze &+−=  5.6 

It is quite evident that subject to the availability of unknown weights for which the 

function ej approaches zero, then the value of unsupervised error e approaches 1. 

Hence, the solution u(t) of the equation will approximate the model given in (5.1). 

The ANN architecture for the expression (5.1) is shown in the Fig. 5.1 and is called 

differential equation neural network (DE-NN). This network consist of multiple 

inputs and single out, the activation function used in the inputs and output layer is 
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identity function while the hidden layer contain activation function as log-sigmoid, 

first derivative of log-sigmoid and second derivative of log-sigmoid function 

respectively.   

 

Fig. 5.1 Neural network architecture of van der Pol oscillator 

5.3 NUMERICAL SIMULATION USING EVOLUTIONARY COMPUTATION 

According to the best of author literature survey, this represents the first application of 

heuristic computational technique for the numerical approximation of the system 

based on Emden Fowler equation. The modeling of the equation is performed by 

ANN networks by defining an unsupervised error. The unknown weights of these 

networks are highly stochastic by nature, therefore, it has been tuned with genetic 

algorithm (GA) and simulated annealing (SA) hybridized with interior point algorithm 

(IPA) for efficient local search. Various models of )(xf  and )(yg  are systematically 

discussed to verify the efficiency of stochastic numerical solvers. A number of Monte 

Carlo simulations are performed to determine the effectiveness of the given scheme. 

Moreover the reliability of the scheme is carried out with superior statistical analysis. 

5.3.1 Optimization by Simulated Annealing  

The optimization is performed via SA algorithm. The approximated results are 

compared with the results, one reported by Runge Kutta method [191], and are 
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provided for entire continuous finite time domain instead of discrete grid of time 

unlike the classical numerical methods. Also the present application of NN and 

stochastic algorithms in electrical engineering is used from the point of view of a new 

approach for solving non-linear system associated with second order nonlinear 

differential equation. 

5.3.1.1 Learning Procedure 
 

The necessary details about the learning procedure for adaptive parameters during the 

simultaneous training of DE-NN networks is provided in chapter 3, section (3.2.3.1). 

The optimization is dependent on some general and some problem specific settings. 

The general setting consists of number of iterations, bounded range and size of 

neighborhood sample size. The However, the efficiency and better search space of 

algorithm is based on wide spread of initial population. The optimization of these 

weights is carried out using built-in function for simulated annealing in MATLAB 

version R2009b. The parameter settings used for the execution of the algorithm is 

given in Table 5.1.   

Table 5.1 Parameters Setting of the Algorithms 

SA 
Parameters Value/Setting 

Start Point Size 30 

Creation randomly between (-1, 1) 

Neighborhood sample Size 240 

Annealing function Fast 

Iteration 10000 

Max. function evaluations 90000 

Re-annealing interval 100 

Temperature update Exponential 

Initial temperature 100 

Bounds (-10, 10) 

Hybrid function Call for FMINCON 

Hybrid function Call Interval End 
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5.3.1.2 Results and Discussion  
 
In this section, a detailed simulation is performed and the discussion on the results is 

also provided for both non-stiff and stiff cases. 

a)  Non-stiff Oscillator  
 

Consider an oscillator model of the form (5.1) is for non-stiff problem by taking 1=µ

[217]. This problem is solved by DE-NN algorithm, the number of neurons in each 

hidden layer are taken as m = 10 which results in 30 unknown adaptive weights (αi, wi 

and bi). The input of the training set is taken from time t ϵ (0, 2) with a step size of 

0.1. It means that the total time steps m = 21 so the fitness function is formulated as:  
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where j be the iteration index, u&& ,u&  and u are the networks given in (3.12) to (3.14) 

respectively. The scheme runs iteratively to find the minimum of fitness function ej, 

with stoppage criteria as 1000 number of runs or fitness value ej ≤ 10
-9 whichever 

comes earlier. One of the unknown weights learned by given scheme with fitness 

value 1.8779×10-06 is provided in Table 5.2. These weights can be used in equation 

(3.12) to obtain the solution of the equation for any input time t between 0 and 2.  

The solution YSA and its derivative Y′SA are determined using the weight given in 

Table 5.2, expressions (3.12) and (3.13) on interval (0, 2) with step 0.2. The results 

are summarized in Table 5.3. In order to make the comparison the results are also 

obtained for RK45 on the same ranges of the inputs. The results for the solution Yrk45 

and its derivative Y′rk45 are also provided in Table 5.3. It is clear from the results that 

the accuracy of the SA is in good agreement with state of art numerical solvers. 

 

Table 5.2 Adaptive Parameters Obtained by DE-NN Networks 
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iα  iw  ib  

-2.6052677906 -2.7850984491 -3.3571527087 

-1.3412261692 2.5451900652 -7.7174308525 

-1.7162836298 -3.4298552294 -6.4651765203 

-2.5828431241 2.9546018668 7.0165094816 

-1.9310033545 2.4962121780 6.4849991488 

0.1828687743 -2.3438816683 8.0796553762 

-1.1347848742 -0.2325926643 -6.7562312664 

-1.8901050291 0.4974843048 3.0935291312 

0.5935496938 -3.4090096954 -0.3477460845 

-4.6016832356 -1.5838700320 -3.1014306538 

 
The absolute error of the RK45 with proposed scheme for the solution and its 

derivative is in the range 1.0×10-04.   

  Table 5.3 Comparison of the Results 

t Yrk45 Y′rk45 YSA Y′SA | Yrk45- 
Y  | 

| Y′rk45- Y′SA 
| 

0.0 2.0000000000 0.000000000 1.9996209816 0.000018651 3.79×10-04 1.87×10-05 

0.2 1.9669616702 -0.300749204 1.9665861084 -0.300641039 3.76×10-04 1.08×10-04 

0.4 1.8881754340 -0.472875822 1.8878310154 -0.472702925 3.44×10-04 1.73×10-04 

0.6 1.7815435398 -0.587768058 1.7812555272 -0.587404530 2.88×10-04 3.64×10-04 

0.8 1.6543223862 -0.683255669 1.6541126756 -0.682913644 2.10×10-04 3.42×10-04 

1.0 1.5081277498 -0.780231130 1.5079497668 -0.780311220 1.78×10-04 8.01×10-05 

1.2 1.3411602556 -0.893236551 1.3409167886 -0.893765189 2.43×10-04 5.29×10-04 

1.4 1.1488338914 -1.036336518 1.1484775568 -1.036849978 3.56×10-04 5.13×10-04 

1.6 0.9234887000 -1.226656830 0.9230540916 -1.226968065 4.35×10-04 3.11×10 -04 

1.8 0.6535937959 -1.485665588 0.6530751578 -1.486268758 5.19×10-04 6.03×10-04 

2.0 0.3232754956 -1.833019558 0.3226181075 -1.833709324 6.57×10-04 6.90×10-04 

 

The reliability of the stochastic algorithm is being tested by a comprehensive 

statistical analysis. In which, 50 independent runs of the proposed methodology is 

carried out with the parameter setting of  Table 5.1. The references of the analysis are 

the mean, standard deviation (STD), the best and the worst values of the absolute 

error of proposed method from RK45. The best and the worst are considered as the 

ones with minimum and maximum absolute error from Yrk45.  The results are provided 
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in Table 5.4 for inputs between 0 to 2 with step 0.5.  The mean of the absolute error 

lies in the range of 10-03 to 10-04 for both solution and its derivative, whereas, the Best 

value of the absolute error close to 10-06.  

Table 5.4 Statistical Analysis of the Solution and its derivative by Proposed Scheme       

t |Yrk45 – YSA| |Y′rk45 – Y′SA| 
 Best Worst Mean STD Best Worst Mean STD 
0.0 5.84×10-05 4.61×10-03 7.26×10-04 9.77×10-04 2.01×10-06 1.30×10-03 3.12×10-04 3.32×10-04 

0.5 6.82×10-06 4.52×10-03 8.44×10-04 9.01×10-04 5.54×10-07 3.83×10-03 7.22×10-04 7.94×10-04 

1.0 5.21×10-06 6.48×10-03 1.07×10-03 1.33×10-03 6.01×10-06 5.38×10-03 1.41×10-03 1.35×10-03 

1.5 2.62×10-06 8.46×10-03 1.50×10-03 1.71×10-03 2.82×10-05 7.18×10-03 1.07×10-03 1.30×10-03 

2.0 5.80×10-06 1.38×10-02 2.43×10-03 2.77×10-03 1.17×10-05 1.79×10-02 3.04×10-03 3.50×10-03 

 

The value of the fitness functions are computed for 50 independent runs to have a 

close look on the optimization behavior of various input times.  The value of the 

functions ej and various input times are given in the descending order. The results are 

plotted on the semi-log scale as the difference between the results for various inputs 

times are almost negligible. The value of the fitness function 
je   is in the range from 

10
-04 to 10-06. The optimization behavior of the input at t = 0, t = 0.8 and t = 1.6 are also 

drawn in Fig. 5.2 in descending order for 50 independent runs. The behavior of the 

solution is provided in Fig. 5.2(a), while Fig. 5.2(b) presents result for the derivative 

of the solution. 

 
(a) 

 
(b) 

Fig. 5.2 The behavior of the optimization error for 50 independent runs 
 
 
b) Oscillator with stiff condition 
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An oscillator model of the form (5.1) is transformed into the stiff problem by taking 

1000=µ  [191]. This case is solved on the same methodology and parameter setting 

as in the previous case. The input of the training set is taken in the continuous finite 

time interval t ϵ (0, 2) with a step size of 0.1. It means that m = 21 so the fitness 

function is formulated as:  
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One of the best unknown weights learned by DE-NN algorithms optimized by SA for 

the step size h=0.1 is provided in Table 5.5.The tuned parameters can provide the 

results for both the differential equation and its derivative in the given time.   

Table 5.5 Adaptive Parameters Obtained by DE-NN Networks and its Results  

iα  iw  ib  t YSA Yrk45 
-2.6052677906 -2.7850984491 -3.3571527087 0.2 1.9998379509 1.9998668816 

-1.3412261692 2.5451900652 -7.7174308525 0.4 1.9997046877 1.9997335260 

-1.7162836298 -3.4298552294 -6.4651765203 0.6 1.9995713464 1.9996001557 

-2.5828431241 2.9546018668 7.0165094816 0.8 1.9994379060 1.9994667708 

-1.9310033545 2.4962121780 6.4849991488 1.0 1.9993044107 1.9993333702 

0.1828687743 -2.3438816683 8.0796553762 1.2 1.9991709239 1.9991999557 

-1.1347848742 -0.2325926643 -6.7562312664 1.4 1.9990374906 1.9990665259 

-1.8901050291 0.4974843048 3.0935291312 1.6 1.9989041119 1.9989330814 

0.5935496938 -3.4090096954 -0.3477460845 1.8 1.9987707251 1.9987996221 

-4.6016832356 -1.5838700320 -3.1014306538 2.0 1.9986371928 1.9986661477 

 
The fitness value obtained from the weights given in Table 5.5 is 1.6566×10-06.  As the 

stiff case of van der Pol oscillator is even more difficult, therefore, a comprehensive 

statistical analysis is performed. The solution and its derivative obtained by the 

proposed scheme and their absolute errors from classical RK45 are presented in Table 

5.6. The mean of the absolute error for the solution and its derivative are close to 

1.0×10-03 and 1.0×10-06, respectively.   
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The value of the fitness functions are computed for 50 independent runs for various 

input times, but in Fig. 5.3(a), only the result at t = 0.8 and fitness function 
je  

are 

drawn in descending manner. The value of the fitness function 
je   for stiff condition 

is in the range from 10-04 to 10-06. The 50 independent run are computed iteratively and 

the results are plotted in Fig. 5.3(b) for derivative of the solution. The fitness 

evaluation obtained in this case is also in the same range from 10-04 to 10-06. 

Table 5.6 Statistical Analysis of van der Pol Oscillator for Stiff Case 

t |Yrk45 - YSA| |Y′rk45 – Y′SA| 
 Best Worst Mean STD Best Worst Mean STD 

0.0 0.00002872 0.04677766 0.00588008 0.00919220 0.00060899 0.00070329 0.00066754 0.00001235 

0.2 0.00002893 0.04678374 0.00588057 0.00919307 0.00000010 0.00003568 0.00000613 0.00000724 

0.4 0.00002883 0.04678869 0.00588119 0.00919401 0.00000009 0.00002768 0.00000522 0.00000601 

0.6 0.00002880 0.04679466 0.00588223 0.00919513 0.00000001 0.00003157 0.00000619 0.00000779 

0.8 0.00002886 0.04680119 0.00588322 0.00919659 0.00000003 0.00003422 0.00000623 0.00000782 

1.0 0.00002895 0.04680795 0.00588385 0.00919805 0.00000006 0.00003310 0.00000461 0.00000649 

1.2 0.00002903 0.04681483 0.00588421 0.00919917 0.00000002 0.00003486 0.00000382 0.00000557 

1.4 0.00002903 0.04682179 0.00588456 0.00920003 0.00000001 0.00003483 0.00000421 0.00000565 

1.6 0.00002896 0.04682883 0.00588527 0.00920097 0.00000015 0.00003518 0.00000510 0.00000641 

1.8 0.00002889 0.04683593 0.00588640 0.00920224 0.00000012 0.00003584 0.00000649 0.00000819 

2.0 0.00002895 0.04684312 0.00588713 0.00920350 0.00000004 0.00003604 0.00000732 0.00000723 

 

 
5.3(a) 

 
5.3(b) 

Fig. 5.3 The behavior of the optimization error for 50 independent runs 
 

5.3.2 Optimization by Genetic Algorithm   

This time the optimization is accomplished using genetic algorithms as global 

optimizer hybridized with interior point algorithm (IPA) that performs the rapid local 

convergence. The approximated results by GA, IPA and GA-IPA are compared with 

Runge Kutta (RK45) numerical method. The approximated results are provided for 
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entire continuous finite time domain instead of discrete grid of time unlike the 

classical numerical methods.  

5.3.2.1 Learning Procedure 
 

The learning methodology is based on GA-IPA and the algorithm runs iteratively for 

the optimization of adaptive parameters of DE-NN network, provided in Fig. 5.1. The 

structure of the given algorithm is described briefly in the steps in chapter 3. Although 

the necessary details of the parameter setting used for the execution of the algorithm 

is given in Table 5.7. 

Table 5.7 Parameters Setting of the Algorithms 

GA 
 

IPA 

Parameters Setting Parameters Setting 

Population Size 240  Subproblem Algorithm IDL factorization 

Chromosome size 30  Chromosome size 30 

No. of runs 2000  Minimum Perturbation 1e-8 

Selection Stochastic uniform  Maximum Perturbation 0.1 

Scaling function Rank  X-tolerance  1e-15 

Reproduction  Elite Count of 2  

crossover fraction 0.7 

 Scaling  Objective and 

constraints  

Mutation Adaptive feasible   Derivative type Central difference  

Crossover  Scattered   Hessian BFGS 

Migration direction Forward  Initial barrier parameter 0.1 

Migration interval 20  Maximum function  

Evaluation 

50000 

Hybridization  IPA   Maximum Iteration  1000 

 

5.3.2.2     RESULTS AND DISCUSSION  

The results of detailed simulation are presented by the proposed scheme.  We have 

considered two test cases for non-stiff oscillator and two for stiff. The comparative 

analysis is provided with RK45, GA and IPA.  
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a)  Van der Pol non-stiff Oscillator  
 

Consider an oscillator model of the form (5.1) for non-stiff case by taking 1=µ and 

3=µ  . This problem is solved by DE-NN algorithm. The number of neurons in each 

hidden layer is taken as n = 10 which results in 30 unknown adaptive weights (αi, wi 

and bi). The optimization of these weights is carried out using built-in function of GA 

using genetic algorithm and direct search Toolbox of MATLAB.  

The input of the training set is taken from time t ϵ (0, 2) with a step size of h=0.1. It 

means that the total time steps m = 20 so the fitness function for non-stiff cases at 

1=µ and 3=µ  are formulated below:  
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5.10 

where j is the iteration index and u ,u&  and u&&  are the networks given in (3.12) to 

(3.14), respectively. One of the unknown weights learned by GA are provided in table 

5.8 which has the fitness values 4.3217E-04 and 6.7077E-04 for µ=1 and µ=3, respectively 

are provided in Table 5.8. The one of the best chromosomes attained by GA-IPA are 

also given in Table 5.8 and also the fitness values 4.3217E-04 and 6.7077E-04 for µ=1 and 

µ=3, respectively. This is worthy to note that the results obtained by GA-IPA are more 

precise than those achieved by IPA or GA.  The adaptive weights are taken upto an 

accuracy of 10 decimal places, because by using the weights of the mentioned 

accuracy level can provide the desired solutions. These weights and the parameter 

setting given in Table 5.7 can be used in equation (3.12) to obtain the solution of the 
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equation readily for any input time t between 0 and 2 on the continuous grid of the 

time.  

   

Table 5.8 Adaptive Parameters Obtained by DE-NN Networks 

 µ=1 µ=3 

 wi
 

ααααi

 ββββi
 

wi
 

ααααi

 ββββi
 

GA 0.8453261042 -0.401166183 1.3620270226 0.3312201351 -1.062307791 0.5750409795 

 -0.597168469 0.7263677524 0.7557357130 -0.814935321 1.0024050738 2.7219971074 

 3.6166798222 0.6177622934 1.0367813700 1.0066182284 0.4659396762 0.5278975371 

 1.3946054222 -0.514716383 -0.333645320 -1.599513697 0.2758782816 4.5951103401 

 -0.970085003 1.7824544146 2.9351614986 -0.290339878 1.0782618973 0.3663869480 

 9.0841060478 0.2445612189 2.5754169671 0.0724065760 1.0824790284 0.3386196337 

 0.8352946883 -1.764430684 2.5427879135 2.8918366775 -0.355666724 0.8103846571 

 1.5405272613 -4.519460449 -4.761122370 4.6761358608 0.0986752919 -0.305014192 

 -3.083202921 1.2494958374 8.2785213477 9.9999850963 0.3823374438 2.5511569007 

 -0.263452342 0.2012972617 -0.260808750 0.6611531635 -0.455917016 0.1215298773 

GA-IPA -2.890150700 1.2991330862 -1.386498621 -0.168031168 1.3029426975 1.2291823021 

 -1.842398067 1.1566279413 3.4827264402 -0.659671605 -1.830053491 -2.767961714 

 -0.617188340 1.4117053435 -0.252259410 -2.136744268 0.9001358585 7.2326536215 

 -2.806118522 3.4786140479 7.5790075797 -0.935682061 0.6832914852 -0.453442102 

 -1.831567882 -0.810036876 -1.796872916 -0.660279604 -0.081886326 -0.118998586 

 0.8431074104 -3.631781933 2.7122634135 -0.924039622 0.9338323979 -1.409926433 

 -2.556514798 -0.391787542 0.7682924141 -0.917905283 -0.685992316 -1.529244416 

 -3.490951713 -0.405727479 -0.234152775 1.0866654896 -0.729796122 -2.401405791 

 -1.240800225 2.9304478749 -1.008085356 -9.516492458 -3.820806351 -5.163488401 

 -3.808123687 -3.791594769 -2.484540768 -1.956661257 -0.152811958 -3.361168512 

 

The solution of yGA yIPA and yGA-IPA are determined using the weight given in Table 

5.8 for µ=1 on the interval (0, 2) with step 0.1. The results are summarized in Table 

5.9. In order to make the comparison, the results are also obtained for RK45 on the 

same ranges inputs domain. The results for the solution yrk45 are also provided in 

Table 5.9.    
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Table 5.9 Comparison of the Results for µ=1 

t yrk45 yGA yIPA yGA-IPA  | yrk45 - yGA |  | yrk45 - yIPA | | yrk45 - yGA-IPA | 

0.0 2.00000000 1.99856580 2.00000072 1.99999993 1.43420E-03 7.17921E-07 7.30998E-08 

0.1 1.99093553 1.98940627 1.99093359 1.99093171 1.52927E-03 1.94811E-06 3.82916E-06 

0.2 1.96696167 1.96551353 1.96695173 1.96694877 1.44814E-03 9.94267E-06 1.29049E-05 

0.3 1.93182891 1.93056081 1.93183124 1.93182788 1.26810E-03 2.33301E-06 1.02753E-06 

0.4 1.88817543 1.88693815 1.88817762 1.88817220 1.23728E-03 2.18679E-06 3.23425E-06 

0.5 1.83771055 1.83629196 1.83771993 1.83771202 1.41859E-03 9.37805E-06 1.46847E-06 

0.6 1.78154354 1.77977779 1.78155431 1.78154551 1.76575E-03 1.07683E-05 1.97494E-06 

0.7 1.72030907 1.71816438 1.72032295 1.72031441 2.14470E-03 1.38730E-05 5.33362E-06 

0.8 1.65432239 1.65188882 1.65433729 1.65432839 2.43356E-03 1.49057E-05 6.00259E-06 

0.9 1.58364203 1.58109764 1.58365847 1.58364795 2.54439E-03 1.64444E-05 5.91987E-06 

1.0 1.50812775 1.50568067 1.50814595 1.50813342 2.44709E-03 1.81985E-05 5.67248E-06 

1.1 1.42746201 1.42529749 1.42748267 1.42746893 2.16452E-03 2.06526E-05 6.91085E-06 

1.2 1.34116026 1.33939552 1.34118322 1.34116945 1.76474E-03 2.29633E-05 9.19626E-06 

1.3 1.24856580 1.24721965 1.24858957 1.24857654 1.34615E-03 2.37758E-05 1.07466E-05 

1.4 1.14883389 1.14781450 1.14885690 1.14884460 1.01939E-03 2.30133E-05 1.07071E-05 

1.5 1.04090799 1.04002070 1.04093014 1.04091790 8.87291E-04 2.21462E-05 9.90988E-06 

1.6 0.92348870 0.92246842 0.92351246 0.92349960 1.02028E-03 2.37601E-05 1.09004E-05 

1.7 0.79500506 0.79357298 0.79503194 0.79501869 1.43208E-03 2.68760E-05 1.36262E-05 

1.8 0.65359380 0.65154164 0.65362244 0.65361035 2.05216E-03 2.86396E-05 1.65572E-05 

1.9 0.49712104 0.49440554 0.49714747 0.49713753 2.71550E-03 2.64291E-05 1.64903E-05 

2.0 0.32327549 0.32009833 0.32330481 0.32329465 3.17716E-03 2.93224E-05 1.91554E-05 

It is clear from the results that the accuracy of the GA-IPA is better as compared to 

GA and IPA and is also in good agreement with the state of art numerical solver. The 

absolute error of the RK45 with GA, IPA and GA-IPA is listed and is evident that the 

absolute error of GA-IPA is in the range E-08 to E-05. The behavior of the derivative of 

the solution using the same weights as given in Table 5.8 is seen. The results are also 

provided for the derivative of the solution from 0 to 1 with a step of 0.1 in Table 5.10. 

It can be seen from table that the absolute error is in the range E-03 to E-05, E-05 to E-06 

and E-05 to E-07 for GA, IPA and GA-IPA respectively from RK45. 

The effectiveness of the proposed scheme is tested for non-stiff van der Pol oscillator 

at µ=3, as well, for inputs t between 0 to 2 with a step size of 0.1. The adaptive 

parameters trained by GA and GA-IPA are also provided in Table 5.8. 
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Table 5.10 Comparison of the Results for µ=1 for derivative of the solution 

t y′rk45 y′GA y′IPA y′GA-IPA  | y′rk45  - y′GA |  | y′rk45  - y′IPA | | y′rk45 - y′GA-IPA | 

0.0 0.00000000 -0.0011487 -0.0000024 -0.0000002 1.14873E-03 2.40137E-06 1.98882E-07 

0.1 -0.1726571 -0.1728155 -0.1726656 -0.1726845 1.58384E-04 8.44737E-06 2.73896E-05 

0.2 -0.3007492 -0.2990455 -0.3007272 -0.3007295 1.70366E-03 2.19857E-05 1.96525E-05 

0.3 -0.3974185 -0.3961166 -0.3973906 -0.3974016 1.30194E-03 2.79205E-05 1.68968E-05 

0.4 -0.4728758 -0.4736300 -0.4728407 -0.4728680 7.54242E-04 3.51020E-05 7.82024E-06 

0.5 -0.5345421 -0.5373829 -0.5345157 -0.5345342 2.84083E-03 2.63951E-05 7.95439E-06 

0.6 -0.5877680 -0.5916277 -0.5877465 -0.5877468 3.85966E-03 2.15086E-05 2.11672E-05 

0.7 -0.6363890 -0.6399187 -0.6363747 -0.6363727 3.52967E-03 1.43270E-05 1.63344E-05 

0.8 -0.6832556 -0.6853538 -0.6832444 -0.6832548 2.09820E-03 1.12602E-05 8.66959E-07 

0.9 -0.7305841 -0.7306578 -0.7305702 -0.7305905 7.37045E-05 1.39338E-05 6.37924E-06 

1.0 -0.7802311 -0.7782519 -0.7802099 -0.7802275 1.97918E-03 2.12021E-05 3.62187E-06 

1.1 -0.8338895 -0.8303340 -0.8338639 -0.8338700 3.55544E-03 2.55821E-05 1.95187E-05 

1.2 -0.8932365 -0.8889641 -0.8932193 -0.8932146 4.27236E-03 1.71843E-05 2.19336E-05 

1.3 -0.9600565 -0.9561447 -0.9600576 -0.9600490 3.91178E-03 1.09979E-06 7.53042E-06 

1.4 -1.0363365 -1.0338893 -1.0363488 -1.0363441 2.44715E-03 1.22832E-05 7.58999E-06 

1.5 -1.1243423 -1.1242687 -1.1243419 -1.1243453 7.36521E-05 4.23529E-07 3.02337E-06 

1.6 -1.2266568 -1.2294188 -1.2266276 -1.2266350 2.76204E-03 2.91819E-05 2.17662E-05 

1.7 -1.3461258 -1.3514825 -1.3460960 -1.3460938 5.35669E-03 2.98105E-05 3.20623E-05 

1.8 -1.4856655 -1.4924381 -1.4856713 -1.4856507 6.77258E-03 5.73543E-06 1.48327E-05 

1.9 -1.6476887 -1.6537524 -1.6477012 -1.6476862 6.06362E-03 1.24775E-05 2.58710E-06 

2.0 -1.8330195 -1.8357861 -1.8329571 -1.8329721 2.76662E-03 6.23651E-05 4.74402E-05 

 

By using these weights the results of the problem are given with absolute error in 

Table 5.11 and its derivative in table 5.12, respectively.  For the second non-stiff 

condition, the value of the absolute error lies in the range of E-03, E-05 to E-06 and E-06 

to E-08 for GA, IPA and GA-IPA respectively from RK45. So it this can be concluded 

that the results attained by GA-IPA are the best which represents the supremacy of 

GA-IPA algorithm on GA and IPA. 

In Table 5.12, the results of the derivative of the solution at µ=3 are listed, which 

represents the deep strength of the proposed scheme, because the same chromosomes 

are used to find the results against the derivative as taken for the solution of the 

problem.  
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Table 5.11 Comparison of the Results for µ=3 

t Yrk45 yGA yIPA yGA-IPA  | yrk45 - yGA |  | yrk45  - yIPA | | yrk45  - yGA-IPA | 

0.0 2.00000000 2.00434418 1.99998880 1.99999897 4.34418E-03 1.12034E-05 1.02883E-06 

0.1 1.99243120 1.99636319 1.99241680 1.99243075 3.93199E-03 1.44000E-05 4.52743E-07 

0.2 1.97611798 1.97972162 1.97610013 1.97611804 3.60364E-03 1.78553E-05 5.75850E-08 

0.3 1.95608236 1.95958659 1.95606618 1.95608255 3.50423E-03 1.61779E-05 1.84967E-07 

0.4 1.93428980 1.93781173 1.93427735 1.93429248 3.52193E-03 1.24455E-05 2.68847E-06 

0.5 1.91150856 1.91505031 1.91149929 1.91151411 3.54174E-03 9.27176E-06 5.55032E-06 

0.6 1.88803750 1.89159194 1.88802615 1.88804027 3.55444E-03 1.13491E-05 2.77388E-06 

0.7 1.86396902 1.86758765 1.86396110 1.86397434 3.61863E-03 7.91655E-06 5.32270E-06 

0.8 1.83933722 1.84309758 1.83932736 1.83934081 3.76036E-03 9.86336E-06 3.59540E-06 

0.9 1.81412506 1.81811209 1.81411302 1.81412869 3.98703E-03 1.20400E-05 3.62215E-06 

1.0 1.78830451 1.79257404 1.78828923 1.78830873 4.26952E-03 1.52802E-05 4.21758E-06 

1.1 1.76183618 1.76639976 1.76181702 1.76184051 4.56358E-03 1.91650E-05 4.32976E-06 

1.2 1.73466993 1.73949493 1.73464937 1.73467514 4.82500E-03 2.05619E-05 5.20977E-06 

1.3 1.70675175 1.71176484 1.70673119 1.70675610 5.01310E-03 2.05606E-05 4.35260E-06 

1.4 1.67801469 1.68312028 1.67799820 1.67801888 5.10559E-03 1.64872E-05 4.18640E-06 

1.5 1.64838677 1.65348065 1.64837542 1.64838970 5.09388E-03 1.13470E-05 2.92721E-06 

1.6 1.61777986 1.62277568 1.61777525 1.61778342 4.99583E-03 4.60659E-06 3.55941E-06 

1.7 1.58609666 1.59094668 1.58609547 1.58610069 4.85002E-03 1.19591E-06 4.02462E-06 

1.8 1.55321849 1.55794779 1.55321704 1.55322447 4.72930E-03 1.44760E-06 5.97906E-06 

1.9 1.51901036 1.52374780 1.51900192 1.51901623 4.73744E-03 8.44710E-06 5.86988E-06 

2.0 1.48330742 1.48833231 1.48329080 1.48331234 5.02489E-03 1.66235E-05 4.91511E-06 

 

It is quite evident from the table 5.12 that the  value of the absolute error lies in the 

range of E-03 to E-04, E-05 to E-06 and E-05 to E-07 for GA, IPA and GA-IPA, respectively, 

as compared from K45. This describes the strength of GA-IPA on other mentioned 

solvers. By decreasing the period of oscillation and seeing the behavior of oscillation 

for a long span, the results can be achieved at a low accuracy. We can increases the 

accuracy by tuning the weights for a longer span but this will cost a large 

computational complexity in terms of time and space. 

The reliability of the stochastic algorithm is being validated by a comprehensive 

statistical analysis. In which, 50 independent runs of the proposed methodology are 

carried with the parameter setting of Table 5.7. 
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Table 5.12 Comparison of the Results for µ=3 for derivative of the solution 

t y′rk45 y′GA y′IPA y′GA-IPA  | y′rk45- y′GA |  | y′rk45-y′IPA | | ′yrk45- y′GA-IPA | 

0.0 0.00000000 -0.0048344 0.00002224 -0.0000003 4.83443E-03 2.22353E-05 3.93393E-07 

0.1 -0.1319543 -0.1360406 -0.1319888 -0.1319146 4.08624E-03 3.44359E-05 3.96989E-05 

0.2 -0.1866747 -0.1887653 -0.1866575 -0.1866566 2.09060E-03 1.71615E-05 1.81046E-05 

0.3 -0.2110649 -0.2111933 -0.2110273 -0.2110469 1.28407E-04 3.76386E-05 1.80412E-05 

0.4 -0.2235972 -0.2233347 -0.2235792 -0.2235844 2.62530E-04 1.80033E-05 1.28367E-05 

0.5 -0.2315317 -0.2314387 -0.2315328 -0.2315366 9.29736E-05 1.12692E-06 4.94363E-06 

0.6 -0.2377926 -0.2374820 -0.2377744 -0.2377840 3.10675E-04 1.82983E-05 8.62938E-06 

0.7 -0.2434815 -0.2425067 -0.2434945 -0.2435001 9.74797E-04 1.30022E-05 1.85740E-05 

0.8 -0.2491839 -0.2473145 -0.2492029 -0.2491913 1.86943E-03 1.89846E-05 7.41515E-06 

0.9 -0.2550997 -0.2524941 -0.2551328 -0.2551009 2.60560E-03 3.31480E-05 1.26506E-06 

1.0 -0.2613692 -0.2584090 -0.2614081 -0.2613659 2.96018E-03 3.89474E-05 3.30219E-06 

1.1 -0.2680869 -0.2652354 -0.2681144 -0.2680800 2.85151E-03 2.75369E-05 6.86313E-06 

1.2 -0.2753202 -0.2730199 -0.2753301 -0.2753214 2.30034E-03 9.88430E-06 1.22788E-06 

1.3 -0.2831625 -0.2817310 -0.2831403 -0.2831666 1.43155E-03 2.22308E-05 4.05614E-06 

1.4 -0.2916906 -0.2912948 -0.2916439 -0.2917004 3.95853E-04 4.66895E-05 9.74188E-06 

1.5 -0.3010221 -0.3016151 -0.3009573 -0.3010246 5.92922E-04 6.48804E-05 2.45504E-06 

1.6 -0.3112703 -0.3125822 -0.3112161 -0.3112659 1.31185E-03 5.42472E-05 4.42716E-06 

1.7 -0.3225983 -0.3240745 -0.3225775 -0.3225830 1.47619E-03 2.08411E-05 1.53384E-05 

1.8 -0.3351821 -0.3359555 -0.3352206 -0.3351715 7.73378E-04 3.85246E-05 1.05754E-05 

1.9 -0.3492623 -0.3480687 -0.3493469 -0.3492653 1.19360E-03 8.46445E-05 3.06623E-06 

2.0 -0.3651214 -0.3602331 -0.3651793 -0.3651314 4.88835E-03 5.79136E-05 9.99094E-06 

   

The references of the statistical analysis are the mean, standard deviation (STD), the 

best and the worst values of the absolute error of proposed method from RK45. The 

best and the worst are considered as the ones with minimum and maximum absolute 

error from Yrk45. The statistical mode of mean and STD determine the spreadness in 

the results.  The results are provided in Table 5.13 for inputs between 0 to 2 with a 

step size of 0.5 for both of the non-stiff cases.  

The value of the fitness functions are computed for 50 independent runs to have a 

close look on the optimization behavior of various input times.  The value of the 

functions ej for GA, IPA and GA-IPA are plotted in the descending order for µ=1 in 

the Fig.5.4 (a) and for µ=3 in the Fig. 5.4(b), respectively. The results are plotted on 

the semi-log scale as the difference between the results for various inputs times are 

almost negligible. 
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Table 5.13 Statistical Analysis of the Solution and its derivative by Proposed Scheme     

  µ=1 µ=3 

t Method Best Worst Mean STD Best Worst Mean STD 

0 GA 1.43E-03 2.05E-01 6.25E-02 4.80E-02 3.05E-03 6.84E-02 2.26E-02 1.71E-02 

 IPA 7.31E-08 2.82E-03 1.06E-04 4.01E-04 9.25E-09 5.19E-05 7.24E-06 1.00E-05 

 GA-IPA 2.11E-07 1.34E-04 2.49E-05 2.72E-05 1.32E-07 4.64E-04 5.21E-05 7.28E-05 

0.5 GA 1.42E-03 2.23E-01 6.86E-02 5.28E-02 1.33E-03 5.30E-02 1.81E-02 1.30E-02 

 IPA 4.11E-07 2.48E-03 1.13E-04 3.56E-04 1.56E-07 6.85E-05 1.43E-05 1.64E-05 

 GA-IPA 3.63E-07 1.01E-04 2.69E-05 2.77E-05 2.74E-06 5.75E-04 6.81E-05 9.12E-05 

1 GA 2.45E-03 2.67E-01 8.49E-02 6.37E-02 1.97E-03 5.89E-02 2.08E-02 1.46E-02 

 IPA 1.86E-06 2.66E-03 1.29E-04 3.84E-04 1.55E-07 8.00E-05 1.48E-05 1.97E-05 

 GA-IPA 1.07E-06 1.53E-04 4.39E-05 3.88E-05 1.39E-06 6.31E-04 8.31E-05 1.01E-04 

1.5 GA 1.88E-04 3.74E-01 1.24E-01 8.92E-02 2.68E-03 6.41E-02 2.30E-02 1.58E-02 

 IPA 3.18E-06 3.08E-03 1.77E-04 4.53E-04 4.16E-07 8.75E-05 2.14E-05 2.15E-05 

 GA-IPA 1.35E-06 2.11E-04 5.73E-05 5.13E-05 2.16E-06 7.12E-04 9.07E-05 1.15E-04 

2 GA 1.53E-03 5.85E-01 1.98E-01 1.42E-01 2.09E-03 7.80E-02 2.71E-02 1.93E-02 

 IPA 2.09E-06 4.39E-03 2.68E-04 6.46E-04 2.01E-07 1.03E-04 2.48E-05 2.65E-05 

 GA-IPA 2.38E-06 3.43E-04 9.94E-05 8.65E-05 6.49E-07 9.10E-04 1.16E-04 1.46E-04 

 

Table 5.14 Statistical Analysis of the Solution and its derivative by Proposed Scheme 

  µ=1 µ=3 

t Method Best Worst Mean STD Best Worst Mean STD 

0 GA 3.26E-04 5.11E-02 1.93E-02 1.36E-02 5.88E-04 2.02E-01 5.13E-02 7.64E-02 

 IPA 6.34E-08 6.60E-04 6.99E-05 1.58E-04 2.25E-08 4.65E-05 6.00E-06 9.05E-06 

 GA-IPA 3.78E-07 1.34E-04 2.03E-05 2.57E-05 1.77E-07 2.89E-04 3.26E-05 5.23E-05 

0.5 GA 1.04E-03 5.30E-02 1.80E-02 1.38E-02 9.30E-05 1.33E-02 4.45E-03 3.18E-03 

 IPA 1.09E-07 1.61E-03 1.03E-04 2.40E-04 2.92E-07 1.64E-04 4.20E-05 3.60E-05 

 GA-IPA 3.84E-07 2.60E-04 4.95E-05 5.35E-05 1.13E-06 3.45E-04 1.03E-04 6.95E-05 

1 GA 1.80E-04 1.44E-01 5.24E-02 3.37E-02 1.25E-04 1.38E-02 6.15E-03 2.61E-03 

 IPA 2.83E-06 7.29E-04 9.20E-05 1.28E-04 5.28E-07 1.38E-04 2.74E-05 3.37E-05 

 GA-IPA 1.82E-06 4.14E-04 7.39E-05 9.12E-05 4.02E-06 4.91E-04 1.10E-04 8.77E-05 

1.5 GA 7.37E-05 2.84E-01 1.04E-01 7.14E-02 7.57E-05 1.43E-02 4.03E-03 3.77E-03 

 IPA 3.38E-07 9.25E-04 2.11E-04 2.37E-04 1.48E-06 2.09E-04 4.55E-05 4.42E-05 

 GA-IPA 2.17E-07 4.39E-04 1.39E-04 1.00E-04 8.05E-06 3.04E-04 1.42E-04 6.92E-05 

2 GA 1.69E-03 6.48E-01 2.26E-01 1.60E-01 2.89E-03 4.97E-02 1.93E-02 1.14E-02 

 IPA 9.79E-06 1.74E-03 2.90E-04 3.53E-04 9.99E-06 1.71E-04 5.75E-05 3.43E-05 

 GA-IPA 9.84E-06 6.31E-04 1.83E-04 1.26E-04 4.82E-05 6.22E-04 1.49E-04 9.20E-05 
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Fig 5.4 The behavior of the optimization error for 50 independent runs 
 
b) Van der Pol Stiff Oscillator  

We have discussed two cases in van der pol stiff oscillator. For a stiff problem, the 

solution can change in a small scale of time. That’s why if the stiffness factor µ  is 

increased to 1000, the solution to the van der Pol equation changes dramatically and 

exhibits oscillation on a much longer time scale. Due to this abrupt change in the 

oscillator the numerical solution of the problem become even challenging.  I have 

solved the problem by taking 500=µ  and 1000=µ  on the same pattern as done in 

the non-stiff case to validate the strengths of the given scheme. The input of the 

training set is taken from time t ϵ (0, 2) with a step size of h=0.1, the DENN network 

training is performed in an unsupervised manner. It means that the total time steps are 

m = 20. So the fitness function for stiff cases at 500=µ  and 1000=µ  are 

formulated below : 
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where j be the iteration index and u&& ,u& and u are the networks given in (3.14) to 

(3.12), respectively. One of the unknown weights learned by GA which provide the 

fitness values 1.82072E-04 and 8.6912E-05 for µ=500 and µ=1000 respectively are 

provided in Table 5.15.  

Table 5.15 Adaptive Parameters Obtained by DE-NN Networks 

 µ=500 µ=1000 

 wi
 

ααααi

 ββββi
 

wi
 

ααααi

 ββββi
 

GA 0.7527096645 0.1862053267 0.3654400314 0.1141257491 0.0377515785 2.9209935697 

 1.0465559797 0.6891535682 0.0627992234 0.0807704982 0.1893975271 0.9725291549 

 0.8485928003 0.2612432984 1.2466074493 0.0205415788 1.4307581392 1.8118541283 

 -0.976551187 0.2300192727 0.5044516489 0.1056166693 0.5601390582 1.8976221713 

 1.1947150990 0.7024971819 -0.519464859 0.1918623476 -0.562182180 0.0981422911 

 0.9323993611 1.6773505695 0.0039455975 0.0115658659 0.4274465969 1.0033073239 

 0.8621008861 0.8824853562 0.3105447091 0.6222549241 0.0120562978 0.9176148698 

 0.7033175039 -0.244952106 -0.039149972 0.2749566037 0.2120383320 0.0710802217 

 0.2588161607 0.9063877837 1.4224897743 0.5639631544 0.0212104669 1.1938222781 

 0.1211192555 0.3976889017 0.6369191533 0.5449252481 -0.059819082 0.9822889301 

GA-IPA 0.711285649 -3.65E-06 -0.20149591 0.3580028924 0.0317720676 1.7260250307 

 0.645974777 0.004989814 0.889547460 0.4121950120 -0.210681806 0.8249257600 

 0.201191050 0.208202329 3.063171364 -0.035513427 0.6303786326 1.3087086803 

 0.292641281 0.062669691 1.674428041 -0.024550879 0.4332772525 1.7438866640 

 -0.018983625 1.168009758 1.853548662 0.2813287368 0.1761584824 2.3547165653 

 0.118449060 0.257229237 1.312785952 0.0572577506 0.7137221600 2.0970560342 

 0.376056629 0.094329233 0.240445049 0.4434120503 0.0965946045 0.5331224754 

 0.483440301 0.042088139 2.173924004 0.6919841191 0.0080808876 0.5650787931 

 0.287407257 -0.349835012 0.918172326 0.0169215383 0.4653219244 0.8384971612 

 -3.808123687 -3.791594769 -2.484540768 -1.956661257 -0.152811958 -3.361168512 

 

The one of the best chromosomes attained by GA-IPA are also given in Table 5.7. For 

this case the fitness values are 9.0870E-07 and 4.5396E-07 for µ=500 and µ=1000, 
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respectively. The adaptive weights are taken upto an accuracy of 10 decimal places to 

get a good accuracy and ease in the reproduction of the results. The solution of yGA 

yIPA and yGA-IPA are determined using the weight given in Table 5.15 for µ=500 on the 

interval (0, 2) with step 0.1. The results are summarized in Table 5.16. In order to 

make the comparison, the results are also obtained for RK45 on the same ranges of 

the inputs. The results for the solution yrk45 are also provided in Table 5.16. It is clear 

from the results that the accuracy of the GA-IPA is better as compared to that of GA 

or IPA alone and is also in good agreement with the state of art numerical solver. The 

absolute error of GA-IPA in comparison to RK45 is close to E-05.    

  Table 5.16 Comparison of the Results for µ=500 

t yrk45 yGA yIPA yGA-IPA  | yrk45- yGA |  | yrk45 - yIPA | | yrk45  - yGA-IPA | 

0.0 2.00000000 1.99984218 1.99995851 2.00002439 -1.57822E-04 -4.14895E-05 2.43853E-05 

0.1 1.99986755 1.99970753 1.99982507 1.99989105 -1.60022E-04 -1.08488E-04 2.35058E-05 

0.2 1.99973419 1.99957470 1.99969176 1.99975769 -1.59494E-04 -1.75125E-04 2.35010E-05 

0.3 1.99960082 1.99944266 1.99955851 1.99962431 -1.58160E-04 -2.41697E-04 2.34906E-05 

0.4 1.99946744 1.99931073 1.99942526 1.99949092 -1.56708E-04 -3.08262E-04 2.34801E-05 

0.5 1.99933404 1.99917849 1.99929198 1.99935751 -1.55545E-04 -3.74863E-04 2.34732E-05 

0.6 1.99920062 1.99904576 1.99915863 1.99922409 -1.54864E-04 -4.41526E-04 2.34715E-05 

0.7 1.99906719 1.99891249 1.99902520 1.99909067 -1.54701E-04 -5.08262E-04 2.34749E-05 

0.8 1.99893375 1.99877876 1.99889170 1.99895723 -1.54992E-04 -5.75073E-04 2.34826E-05 

0.9 1.99880029 1.99864468 1.99875813 1.99882378 -1.55614E-04 -6.41944E-04 2.34929E-05 

1.0 1.99866682 1.99851039 1.99862452 1.99869032 -1.56424E-04 -7.08855E-04 2.35040E-05 

1.1 1.99853333 1.99837605 1.99849088 1.99855684 -1.57280E-04 -7.75782E-04 2.35137E-05 

1.2 1.99839982 1.99824176 1.99835726 1.99842334 -1.58064E-04 -8.42698E-04 2.35208E-05 

1.3 1.99826630 1.99810762 1.99822367 1.99828983 -1.58687E-04 -9.09577E-04 2.35239E-05 

1.4 1.99813277 1.99797367 1.99809012 1.99815629 -1.59096E-04 -9.76402E-04 2.35224E-05 

1.5 1.99799922 1.99783995 1.99795664 1.99802274 -1.59272E-04 -1.04316E-03 2.35167E-05 

1.6 1.99786566 1.99770643 1.99782321 1.99788917 -1.59225E-04 -1.10987E-03 2.35077E-05 

1.7 1.99773208 1.99757309 1.99768981 1.99775558 -1.58992E-04 -1.17655E-03 2.34976E-05 

1.8 1.99759849 1.99743986 1.99755638 1.99762198 -1.58632E-04 -1.24325E-03 2.34895E-05 

1.9 1.99746488 1.99730666 1.99742284 1.99748837 -1.58220E-04 -1.31005E-03 2.34879E-05 

2.0 1.99733126 1.99717341 1.99728908 1.99735475 -1.57842E-04 -1.37706E-03 2.34988E-05 
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The results are also provided for the derivative of the solution as well as for the same 

input points by using the same weights as given in table 5.15. The absolute of error of 

GA-IPA is less as compared to that of GA and IPA when compared with RK45, 

which show the strength of the GA-IPA algorithm. The results of the derivative of the 

solution for the stiffness factor 500 are given in table 5.17. There is always a tradeoff 

between the level of accuracy and the step size used in the approximation procedure. 

Table 5.17 Comparison of the Results for µ=500 for derivative of the solution 

t Y′rk45 y′GA y′IPA y′GA-IPA  | y′rk45- y′GA|  | y′rk45  - y′IPA | | yrk45  - yGA-IPA | 

0.0 0.0000000 -0.0013600 -0.0013354 -0.001333 1.36007E-03 1.33541E-03 1.33313E-03 

0.1 -0.0013334 -0.0013353 -0.0013336 -0.001333 1.87953E-06 6.66989E-04 8.33914E-09 

0.2 -0.0013334 -0.0013229 -0.0013326 -0.001333 1.05577E-05 6.65740E-04 2.53336E-07 

0.3 -0.0013336 -0.0013189 -0.0013323 -0.001333 1.47214E-05 6.65716E-04 2.17537E-07 

0.4 -0.0013340 -0.0013203 -0.0013325 -0.00133 1.36723E-05 6.65688E-04 2.43795E-08 

0.5 -0.0013343 -0.0013246 -0.0013331 -0.001334 9.62744E-06 6.65636E-04 1.91463E-07 

0.6 -0.0013344 -0.0013300 -0.0013338 -0.001334 4.41220E-06 6.67052E-04 2.44744E-07 

0.7 -0.0013344 -0.0013351 -0.0013346 -0.001334 7.38352E-07 6.68337E-04 1.32772E-07 

0.8 -0.0013344 -0.0013393 -0.0013354 -0.001334 4.91504E-06 6.67580E-04 2.34490E-08 

0.9 -0.0013344 -0.0013420 -0.0013359 -0.001334 7.65320E-06 6.68354E-04 1.42371E-07 

1.0 -0.0013345 -0.0013433 -0.0013362 -0.001334 8.79654E-06 6.70292E-04 1.42726E-07 

1.1 -0.0013349 -0.0013433 -0.0013363 -0.001334 8.34725E-06 6.69460E-04 1.13899E-07 

1.2 -0.0013354 -0.0013422 -0.0013361 -0.001335 6.80594E-06 6.68772E-04 4.01235E-07 

1.3 -0.0013359 -0.0013404 -0.0013356 -0.001335 4.58471E-06 6.69043E-04 6.47798E-07 

1.4 -0.0013362 -0.0013383 -0.0013351 -0.001335 2.08392E-06 6.68094E-04 8.08925E-07 

1.5 -0.0013364 -0.0013361 -0.0013345 -0.001335 2.89374E-07 6.67283E-04 8.13191E-07 

1.6 -0.0013366 -0.0013342 -0.0013341 -0.001335 2.39036E-06 6.67025E-04 8.10821E-07 

1.7 -0.0013366 -0.0013327 -0.0013340 -0.001336 3.84880E-06 6.66804E-04 6.77578E-07 

1.8 -0.0013367 -0.0013320 -0.0013346 -0.001336 4.68793E-06 6.67234E-04 6.34469E-07 

1.9 -0.0013366 -0.0013320 -0.0013362 -0.001336 4.60543E-06 6.68870E-04 5.35788E-07 

2.0 -0.0013362 -0.0013330 -0.0013391 -0.001336 3.21744E-06 6.71812E-04 1.23669E-07 

The effectiveness of the proposed scheme is also for µ=1000 and inputs between 0 to 2 

with a step size 0.1. The adaptive parameters trained by GA and GA-IPA are also 

provided in Table 5.7. By using these weights the results of the problem along with 

absolute errors are given in Table 5.18 and its derivative in Table 5.19, respectively.   
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Table 5.18 Comparison of the Results for µ=1000 

t Yrk45 yGA yIPA yGA-IPA  | yrk45 - yGA |  | yrk45  - yIPA | | yrk45 - yGA-IPA | 

0.0 2.00000000 1.99926999 2.00000978 2.00000518 7.30006E-04 9.78240E-06 5.17519E-06 

0.1 1.99993355 1.99920379 1.99994313 1.9999384 7.29759E-04 9.57434E-06 4.85084E-06 

0.2 1.99986688 1.99913720 1.99987644 1.9998717 7.29680E-04 9.55856E-06 4.81811E-06 

0.3 1.99980021 1.99907034 1.99980974 1.99980509 7.29868E-04 9.53405E-06 4.88522E-06 

0.4 1.99973353 1.99900330 1.99974304 1.99973852 7.30223E-04 9.51277E-06 4.99255E-06 

0.5 1.99966684 1.99893619 1.99967634 1.99967195 7.30657E-04 9.50065E-06 5.10669E-06 

0.6 1.99960016 1.99886905 1.99960966 1.99960537 7.31101E-04 9.49959E-06 5.21360E-06 

0.7 1.99953346 1.99880196 1.99954297 1.99953877 7.31503E-04 9.50753E-06 5.30689E-06 

0.8 1.99946677 1.99873495 1.99947629 1.99947215 7.31825E-04 9.52066E-06 5.38364E-06 

0.9 1.99940007 1.99866803 1.99940961 1.99940552 7.32040E-04 9.53639E-06 5.44418E-06 

1.0 1.99933337 1.99860123 1.99934292 1.99933886 7.32137E-04 9.55100E-06 5.48806E-06 

1.1 1.99926666 1.99853455 1.99927623 1.99927218 7.32118E-04 9.56026E-06 5.51385E-06 

1.2 1.99919996 1.99846796 1.99920952 1.99920548 7.31993E-04 9.56331E-06 5.52245E-06 

1.3 1.99913324 1.99840146 1.99914280 1.99913876 7.31782E-04 9.55983E-06 5.51412E-06 

1.4 1.99906653 1.99833501 1.99907608 1.99907201 7.31516E-04 9.54975E-06 5.48807E-06 

1.5 1.99899981 1.99826857 1.99900934 1.99900525 7.31231E-04 9.53538E-06 5.44472E-06 

1.6 1.99893308 1.99820211 1.99894260 1.99893847 7.30970E-04 9.51971E-06 5.38413E-06 

1.7 1.99886635 1.99813557 1.99887586 1.99887166 7.30781E-04 9.50616E-06 5.30606E-06 

1.8 1.99879962 1.99806891 1.99880912 1.99880483 7.30717E-04 9.49900E-06 5.21061E-06 

1.9 1.99873289 1.99800205 1.99874239 1.99873798 7.30832E-04 9.50261E-06 5.09786E-06 

2.0 1.99866615 1.99793496 1.48329080 1.48331234 5.02489E-03 1.66235E-05 4.91511E-06 

 

  The reliability of the stochastic algorithm is being tested by a comprehensive 

statistical analysis. In which, 50 independent runs of the proposed methodology is 

carried with the parameter setting of Table 5.7. The references of the analysis are the 

mean, standard deviation (STD), the best and the worst values of the absolute error of 

proposed method from RK45. The results are provided in Table 5.20 for some of the 

inputs between 0 to 2 for both stiff cases. 

The value of the fitness functions are computed for 50 independent runs to have a 

close look on the optimization behavior of various input times.  The value of the 

functions ej for GA, IPA and GA-IPA are plotted in the descending order for µ=500 in 

the Fig.5.5 (a) and for µ=1000 in the Fig. 5.5(b), respectively. 
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Table 5.19 Comparison of the Results for µ=1000 for derivative of the solution 

t y′rk45 y′GA y′IPA y′GA-IPA  | y′rk45 - y′GA |  | y′rk45 - y′IPA | | y′rk45 - y′GA-IPA | 

0.0 0.00000000 -0.00065959 -0.0006664 -0.00066628 6.59590E-04 6.66394E-04 6.66280E-04 

0.1 -0.00066664 -0.00066418 -0.0006677 -0.00066675 2.46378E-06 1.05766E-06 1.11533E-07 

0.2 -0.00066693 -0.00066747 -0.0006665 -0.00066697 5.38633E-07 4.76676E-07 3.58056E-08 

0.3 -0.00066666 -0.00066965 -0.0006658 -0.00066702 2.98585E-06 8.35089E-07 3.58831E-07 

0.4 -0.00066690 -0.00067088 -0.0006657 -0.00066699 3.98450E-06 1.22880E-06 8.67310E-08 

0.5 -0.00066750 -0.00067135 -0.0006657 -0.00066692 3.84431E-06 1.77045E-06 5.85267E-07 

0.6 -0.00066683 -0.00067120 -0.0006659 -0.00066685 4.37068E-06 9.44242E-07 2.37900E-08 

0.7 -0.00066634 -0.00067059 -0.0006661 -0.00066681 4.25805E-06 2.63326E-07 4.77632E-07 

0.8 -0.00066782 -0.00066967 -0.0006663 -0.00066681 1.85809E-06 1.54198E-06 1.00542E-06 

0.9 -0.00066760 -0.00066857 -0.0006665 -0.00066685 9.76392E-07 1.11761E-06 7.52485E-07 

1.0 -0.00066598 -0.00066742 -0.0006667 -0.00066692 1.43605E-06 7.05305E-07 9.30389E-07 

1.1 -0.00066687 -0.00066633 -0.0006669 -0.00066701 5.47822E-07 2.69638E-08 1.35358E-07 

1.2 -0.00066735 -0.00066539 -0.0006671 -0.00066711 1.96129E-06 2.41838E-07 2.38199E-07 

1.3 -0.00066665 -0.00066471 -0.0006673 -0.00066722 1.93889E-06 6.72731E-07 5.70845E-07 

1.4 -0.00066702 -0.00066436 -0.0006675 -0.00066731 2.66365E-06 5.07492E-07 2.86816E-07 

1.5 -0.00066725 -0.00066441 -0.0006677 -0.00066738 2.83865E-06 4.90637E-07 1.26740E-07 

1.6 -0.00066709 -0.00066492 -0.000668 -0.00066741 2.16293E-06 8.65748E-07 3.25190E-07 

1.7 -0.00066727 -0.00066594 -0.0006682 -0.00066741 1.32717E-06 8.96002E-07 1.39082E-07 

1.8 -0.00066745 -0.00066750 -0.0006684 -0.00066736 5.17514E-08 9.29288E-07 8.68283E-08 

1.9 -0.00066738 -0.00066962 -0.0006686 -0.00066727 2.24332E-06 1.21053E-06 1.07414E-07 

2.0 -0.00066731 -0.00067232 -0.0006688 -0.00066714 5.00761E-06 1.48550E-06 1.73305E-07 

Table 5.20 Statistical Analysis of the Solution by Proposed Scheme       

  µ=500 µ=1000 

t Method Best Worst Mean STD Best Worst Mean STD 

0 GA 1.58E-04 1.07E+00 1.33E-01 1.84E-01 7.30E-04 1.05E+00 4.24E-01 4.06E-01 

 IPA 4.15E-05 3.06E+00 1.21E-01 9.79E-01 9.78E-06 1.05E+00 2.30E-01 4.38E-01 

 GA-IPA 1.10E-05 3.06E+00 1.44E-02 9.79E-01 5.18E-06 4.80E+01 2.90E-02 7.72E+00 

0.5 GA 1.56E-04 1.06E+00 1.33E-01 1.83E-01 3.98E-04 1.04E+00 4.23E-01 4.04E-01 

 IPA 3.75E-04 3.05E+00 1.01E-01 9.77E-01 9.50E-06 1.04E+00 2.29E-01 4.35E-01 

 GA-IPA 4.21E-05 3.05E+00 1.47E-02 9.77E-01 5.11E-06 4.80E+01 2.90E-02 7.72E+00 

1 GA 1.56E-04 1.05E+00 1.32E-01 1.82E-01 6.56E-05 1.04E+00 4.22E-01 4.03E-01 

 IPA 7.09E-04 3.04E+00 1.02E-01 9.75E-01 9.55E-06 1.03E+00 2.28E-01 4.32E-01 

 GA-IPA 4.23E-05 3.04E+00 1.43E-02 9.75E-01 5.49E-06 4.80E+01 2.89E-02 7.72E+00 

1.5 GA 1.59E-04 1.04E+00 1.92E-01 1.81E-01 2.69E-04 1.03E+00 4.20E-01 4.00E-01 

 IPA 1.04E-03 3.03E+00 1.42E-01 9.72E-01 9.54E-06 1.02E+00 2.26E-01 4.29E-01 

 GA-IPA 4.26E-05 3.03E+00 1.21E-02 9.72E-01 5.44E-06 4.80E+01 2.89E-02 7.72E+00 

2 GA 1.58E-04 1.02E+00 1.32E-01 1.79E-01 3.63E-05 1.02E+00 4.18E-01 3.98E-01 

 IPA 1.38E-03 3.00E+00 1.41E-01 9.66E-01 9.52E-06 1.01E+00 2.22E-01 4.22E-01 

 GA-IPA 4.22E-05 3.00E+00 1.12E-02 9.66E-01 4.97E-06 4.80E+01 2.88E-02 7.72E+00 
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Table 5.21 Statistical Analysis of the derivative of the solution by Proposed Scheme       

  µ=500 µ=1000 

t Method Best Worst Mean STD Best Worst Mean STD 

0 GA 1.13E-03 1.69E-02 1.69E-03 2.21E-03 5.43E-04 1.43E-02 3.79E-03 4.83E-03 

 IPA 2.89E-06 6.69E-01 3.84E-02 1.29E-01 6.63E-04 1.07E-02 2.85E-03 4.16E-03 

 GA-IPA 2.43E-06 6.69E-01 3.84E-02 1.29E-01 5.08E-08 7.43E-01 2.21E-02 1.04E-01 

0.5 GA 2.26E-04 1.96E-02 1.44E-02 7.01E-03 2.40E-04 1.46E-02 3.65E-03 5.10E-03 

 IPA 9.12E-06 1.60E-02 5.52E-04 2.26E-03 4.15E-08 1.28E-02 2.81E-03 5.34E-03 

 GA-IPA 1.17E-06 2.03E-02 1.48E-02 7.33E-03 4.30E-07 1.40E-02 8.90E-03 5.77E-03 

1 GA 2.02E-04 2.42E-02 1.70E-02 8.45E-03 1.57E-06 1.54E-02 4.34E-03 6.24E-03 

 IPA 1.11E-06 2.12E-02 5.65E-04 2.99E-03 5.94E-08 1.52E-02 3.33E-03 6.33E-03 

 GA-IPA 3.95E-07 2.48E-02 1.75E-02 8.79E-03 7.26E-08 1.69E-02 1.07E-02 6.94E-03 

1.5 GA 3.24E-05 3.50E-02 2.31E-02 1.18E-02 7.40E-05 2.32E-02 5.66E-03 8.44E-03 

 IPA 2.89E-07 3.02E-02 7.78E-04 4.25E-03 5.55E-09 2.04E-02 4.41E-03 8.39E-03 

 GA-IPA 6.60E-07 3.57E-02 2.35E-02 1.21E-02 1.06E-07 2.40E-02 1.39E-02 9.31E-03 

2 GA 6.43E-04 1.42E-01 6.28E-02 3.83E-02 1.22E-04 3.24E-02 7.10E-03 1.08E-02 

 IPA 3.22E-06 3.88E-02 1.03E-03 5.46E-03 1.16E-08 5.91E-02 1.11E-02 2.12E-02 

 GA-IPA 2.88E-06 1.42E-01 6.32E-02 3.86E-02 5.31E-07 9.52E-02 3.27E-02 2.61E-02 

The results are plotted on the semi-log scale as the difference between the results for 

various inputs times are almost negligible. It is quite evident from the Fig 5.5 that the 

optimization behavior of the results for GA-IPA is more precise as compared to GA 

and IPA. While, 90% of the results of the IPA and 50% for GA are non convergent, 

but the results that obtained by GA-IPA is 95% convergent. The criteria formed for 

the acceptance of the convergence is 10-02.  

 
5.5(a) 

 
5.5(b) 

Fig 5.5 The behavior of the optimization error for 50 independent runs 
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5.3.3 Optimization by Particle Swarm Optimization  
 
In this section, unsupervised artificial neural networks optimized by pattern search, 

particle swarm optimization, active set algorithm and their hybrid techniques has been 

exploited to cope with nonlinear van der Pol oscillator. The comparative study of 

these stochastic optimizers is performed by Runge Kutta45 numerical method for stiff 

and non-stiff conditions of the oscillator. A critical review of the obtained results is 

given in order to provide useful guidelines of the similar practical applications 

associated with nonlinear systems in electronic engineering. 

5.3.3.1 Learning Procedure 

The learning methodology is based on PSO-AS and the algorithm runs iteratively for 

the optimization of adaptive parameters of DE-NN network, provided in Fig. 5.1. The 

structure of the given algorithm is described briefly in the steps in chapter 3, particle 

swarm optimization section. The parameter setting used in simulation for PSO and 

ASA algorithms has been provided in the Table 5.22. 

Table 5.22 Parameters Setting for PSO and AS Algorithms 

PSO 
 

ASA 

Parameters Setting Parameters Setting 

Swarm Size 200  Start Point Particles achieved by PSO 

Particle size 30  No. of variable 30 

Flights 2000  Iteration 1000 

Local Acceleration 

Factor 

Linear decreasing 

(1.9 to 0.2) 

 Maximum function 

Evaluations 

50000 

Global Acceleration 

Factor 

Linear increasing 

(0.2 to1. 9) 

 Function tolerance 10-20 

Inertial Weights Linearly decreasing 

(1.4 to 0.4) 

 Nonlinear Constraints 

tolerance 

10-20 

Vmax 04  Derivative approximate Finite central difference 

Population Span (-20, 20)   X-Tolerance 10-20 

Velocity Span (-4, 4)  Bounds (-10, 10) 

Fitness Limit 10-10  Fitness Limit 10-15 
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5.3.3.2 Results and Discussion  
 

In this section, a detailed simulation is performed and the discussion on the results is 

provided for oscillator of non-stiff condition at 1=µ  and  5=µ  as well as the stiff 

nature of oscillator at 750=µ  and 1000=µ .  The results are obtained on the 

continuous grid of time by PS, PSO, AS, PS-AS and PSO-AS, respectively.  

The non-stiff Oscillator for  1=µ  

Consider an oscillator model of the form Eq. (5.1) for non-stiff condition by taking 

1=µ [191]. This problem is solved by DE-NN algorithm, the number of neurons in 

each hidden layer are taken as m = 10 which results in 30 unknown adaptive weights 

(αi, wi and bi). These parameters are restricted to real numbers between (-10, 10). 

Randomly generated values are used to form initial swarm with N number of the 

particles. Each particle consists of number of agents as the number of unknown 

parameter in neural networks representing the model equation. The efficiency and 

better search space of algorithm is based on wide spread of initial generated swarm. 

As this was the hybrid approach which show the superiority on PS, PSO, AS and PS-

AS. One can reproduce the given results in this article by using the mentioned 

parameters values and settings in the given schemes. A randomly generated initial 

swarm consists of a set of 200 particles. Each particle has a length of 30 parameters. 

The input of the training set is taken from time t ϵ (0, 2) with a step size of 0.2. It 

means that s = 11 so the fitness function is formulated as:  
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where j be the number of flights, 
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d
and )(ˆ ty are the networks given in Eq. (3.12) 

to Eq. (3.14) respectively. Our scheme runs iteratively to find the minimum of fitness 
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function ej, with stoppage criteria as 1000 number of runs or fitness value ej ≤ 10
-12 

whichever comes earlier. One of the best unknown weights learned by DE-NN 

algorithms optimized by PS and PSO for the step size h=0.2 is provided in Table 

5.23. These weights can be used in Eq. (3.12) to obtain the solution of the equation for 

any input time t between 0 and 2. The one of the best particle for AS and PS hybrid 

with AS algorithm is also provided in Table 5.24. Table 5.25 provides the best 

particle because it optimizes the problem more accurately as compared to the other 

mentioned stochastic solvers. This particle of length 30 contains ten of each agent 

values called, αi, wi and bi, , respectively. Every agent of the particle is provided upto 

fifteen decimal places so that the results can be reproduced at the same accuracy level 

as mentioned below.  

Table 5.23 The best optimized particle using PS and PSO Algorithms 

Index PS PSO 
I 

iα  iw  ib  iα  iw  ib  

1 2.638306 -1.648346 -6.926148 4.492514 0.570903 3.183190 

2 -1.632861 -0.217606 -0.436018 0.972213 -3.187811 -2.368024 

3 -3.304764 -9.999397 -4.503903 9.104447 -0.002459 -5.524449 

4 5.257886 0.023046 -9.999579 -0.682284 0.364196 0.201863 

5 -9.999951 9.997579 -7.782794 -9.811846 -0.111567 -2.424958 

6 6.595731 0.826063 4.427356 5.356118 0.245735 1.165732 

7 -1.117639 1.526977 0.261406 -3.357537 1.724094 8.495002 

8 1.260659 -9.999882 -4.832111 -4.460026 -1.837941 8.322769 

9 1.661120 -0.209713 -2.252181 -1.694628 0.098534 -1.232671 

10 6.932134 0.625190 3.853945 -1.012574 1.525954 2.796221 

The value of the fitness function is achieved as 4.69500E-06, 9.43068E-07, 5.03585E-10, 

2.66208E-10 and 5.16385E-13 for PS, PSO, AS, PS-AS and PSO-As, respectively by 

using the weights of Table. 5.23 to Table. 5.25 in the DE-NN networks. The 

comparison of the results is made with numerical method of Runge Kutta for the same 

ranges of the inputs as taken for stochastic numerical methods.   
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Table 5.24 The best optimized particle using AS and PS-AS Algorithms 

Index AS PS-AS 
I 

iα  
iw  

ib  
iα  

iw  
ib  

1 -0.838232 0.725787 0.665456 -0.469370 3.481184 -3.306436 

2 -1.115400 0.358899 -0.143916 5.963825 -0.000449 -7.867347 

3 0.185314 -3.858274 0.842710 7.184052 0.002085 -8.841523 

4 1.439208 -0.770213 -6.293501 4.774069 0.280609 2.468178 

5 -4.036749 -3.212482 -3.199808 -3.464638 -9.971557 -4.346329 

6 -3.537753 -0.008188 0.763791 -0.610717 1.834268 0.061819 

7 -1.408094 1.497146 2.633083 1.976163 -7.335665 -6.083908 

8 -0.514898 -0.250503 0.430428 -3.796067 0.031057 4.858895 

9 -2.955838 2.940679 7.859545 -1.032803 0.988602 1.351597 

10 2.850305 -0.115419 -5.372039 4.912667 0.005307 -1.692822 

Table 5.25 The best optimized particle using PSO hybrid with AS Algorithm 

Index PSO-AS 

I 
iα  iw  ib  

1 -3.280389408192890 0.145461431364873 0.224846831014792 

2 0.284013058479831 -3.506809825948980 1.410244342580650 

3 -3.198507024991130 2.225670513447980 8.486442259295340 

4 -1.733029847164110 1.588468999322740 4.027520876941830 

5 -0.876765391094680 -0.589538635573468 -2.312435397077880 

6 -0.735802854049862 1.036233040309420 0.408468978845618 

7 0.268580874857245 -2.070659650645480 1.236104978297170 

8 7.366761983413520 0.338731490680641 2.522180432395260 

9 2.722839260786550 1.039616591520960 1.148685080140250 

10 -0.676753114712862 1.124552728185610 1.303049814169360 

 

The results are summarized in Table 5.26 for non-stiff condition at 1=µ . It can be 

seen from the table that the absolute error is in the range 1.0e-3 to 1.0e-5, 1.0e-5 to 1.0e-7 

and 1.0e-5 to 1.0e-8 for AS, PS-AS and PSO-AS, respectively from the numerical 

method. The absolute error lies in the range 1.0e-4 for PS and 1.0e-3 to 1.0e-5 for PSO 

algorithm. The global absolute error for PSO-AS is 1.45e-5.  
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Table 5.26 The simulation results of the numerical and proposed stochastic 
algorithms 

t 
Proposed Solutions Numerical Absolute Error 

yRK yPS yPSO yAS yPS-AS yPSO-AS yAS yPS-AS yPSO-AS 

0.0 2.0000000 1.9998755 2.0000505 1.9999997 1.9999999 1.9999998 5.05E-05 2.06E-07 4.99E-08 

0.1 1.9669616 1.9667511 1.9666888 1.9669565 1.9669494 1.9668643 2.73E-04 5.13E-06 1.22E-05 

0.2 1.8881754 1.8879591 1.8876616 1.8881856 1.8881741 1.8880047 5.14E-04 1.02E-05 1.28E-06 

0.3 1.7815435 1.7812976 1.7809856 1.7815635 1.7815486 1.7813282 5.58E-04 2.00E-05 5.11E-06 

0.4 1.6543223 1.6539513 1.6537807 1.6543486 1.6543317 1.6540685 5.42E-04 2.63E-05 9.40E-06 

0.5 1.5081277 1.5076619 1.5076114 1.5081584 1.5081378 1.5078358 5.16E-04 3.07E-05 1.01E-05 

0.6 1.3411602 1.3407032 1.3402384 1.3411960 1.3411760 1.3408247 9.22E-04 3.58E-05 1.58E-05 

0.7 1.1488338 1.1483828 1.1473861 1.1488765 1.1488503 1.1484428 1.45E-03 4.26E-05 1.65E-05 

0.8 0.9234887 0.9229402 0.9218969 0.9235389 0.9235081 0.9230245 1.59E-03 5.02E-05 1.94E-05 

0.9 0.6535938 0.6529478 0.6520933 0.6536551 0.6536125 0.6530307 1.50E-03 6.14E-05 1.87E-05 

1.0 0.3232755 0.3224061 0.3213211 0.3233538 0.3233269 0.3225835 1.95E-03 7.83E-05 5.15E-05 

 
The depth in the proposed schemes has been tested by finding the derivative of the 

problem by using the same weights provided in Table 5.23 to Table 5.25. The results 

of the derivative are summarized in Table 5.27. The absolute error of the stochastic 

solvers is performed with the numerical method.  

Table 5.27 The simulation results of the numerical and proposed stochastic 
algorithms for the derivative 

t 
Proposed Solutions Numerical Absolute Error 

y′PS y′PSO y′AS y′PS-AS y′PSO-AS y′RK y′AS y′PS-AS y′PSO-AS 

0.0 -0.0001239 -0.0002030 -0.0000001 -0.0000000 0.0000000 0.0000000 9.79E-08 1.17E-07 4.05E-09 

0.1 -0.3010889 -0.3030200 -0.3006930 -0.3013220 -0.3007542 -0.3007492 5.62E-05 5.73E-04 5.00E-06 

0.2 -0.4728139 -0.4730720 -0.4728352 -0.4731479 -0.4728283 -0.4728758 4.06E-05 2.72E-04 4.74E-05 

0.3 -0.5882198 -0.5882418 -0.5877381 -0.5879812 -0.5877745 -0.5877680 2.99E-05 2.13E-04 6.47E-06 

0.4 -0.6839346 -0.6826012 -0.6832334 -0.6834447 -0.6832191 -0.6832556 2.22E-05 1.89E-04 3.65E-05 

0.5 -0.7804305 -0.7811353 -0.7802105 -0.7804319 -0.7802630 -0.7802311 2.06E-05 2.01E-04 3.20E-05 

0.6 -0.8930558 -0.8960575 -0.8932064 -0.8934787 -0.8931475 -0.8932365 3.01E-05 2.42E-04 8.90E-05 

0.7 -1.0365749 -1.0382792 -1.0363009 -1.0366545 -1.0364170 -1.0363365 3.56E-05 3.18E-04 8.06E-05 

0.8 -1.2272464 -1.2262506 -1.2266124 -1.2270754 -1.2265455 -1.2266568 4.44E-05 4.19E-04 1.11E-04 

0.9 -1.4861895 -1.4860172 -1.4855987 -1.4862447 -1.4858006 -1.4856655 6.69E-05 5.79E-04 1.35E-04 

1.0 -1.8346292 -1.8366784 -1.8328980 -1.8337041 -1.8324297 -1.8330195 1.22E-04 6.85E-04 5.90E-04 

 

It is clear from the results that the accuracy of the PSO-AS is in a good agreement 

than that of other solvers for both of its problem and its derivative as compared to the 
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standard state of art classical numerical method. The absolute errors of AS, PS-AS 

and PSO-AS lying in the range are 1.0e-4 to 1.0e-8, 1.0e-4 to 1.0e-7 and 1.0e-4 to 1.0e-9, 

respectively. The global absolute error for PS and PSO is 4.5e-4 and 1.0e-4.  

The reliability of the stochastic algorithms is being tested by a comprehensive 

statistical analysis. Although the analysis is performed in the complete range of the 

time between 0 to 2 but only few of the results are narrated in Table 5.28 to show the 

reliability and effectiveness of the algorithm. The references of the analysis are the 

mean, standard deviation, best and worst values of the absolute error of proposed 

schemes and RK45. Best describes the minimum error while worst describes the 

highest error. Mean and STD explain spreadness in the obtained results. The statistical 

modes are obtained from )2,0(∈t with a step of 0.4. It is quite evident from the Table 

5.28, that the Best of absolute error lie in the range 1e-06 to 1e-08 for PSO-AS and 1e-05 

to 1e-06 for PS-AS. While the Mean absolute error of )(ˆ ty is 1e-03 to 1e-04, 1e-04 to 1e-06 

for PS-AS and PSO-AS, respectively. The statistical mode for )(ˆ ty ′  of PSO-AS is 

also more precise as compared to the PS-AS, this represents the strengths of hybrid 

PSO approach.  

Table 5.28 The statistical analysis of PSO and PS hybrid with AS algorithms for the 
solution and its derivative 

Algorithm 
)(ˆ ty  )(ˆ ty ′  

Time Best Worst Mean STD Best Worst Mean STD 

PSO-AS 

0.0 1.560E-08 2.842E-05 4.174E-06 6.495E-06 1.862E-09 4.413E-05 3.639E-06 8.174E-06 

0.4 1.445E-06 4.318E-04 8.375E-05 9.256E-05 6.707E-07 7.521E-04 1.121E-04 1.525E-04 

0.8 8.706E-06 6.559E-04 1.279E-04 1.409E-04 4.633E-06 4.541E-04 1.107E-04 1.071E-04 

1.2 1.405E-06 8.852E-04 1.650E-04 1.867E-04 1.737E-06 7.031E-04 1.242E-04 1.508E-04 

1.6 1.526E-07 1.203E-03 2.308E-04 2.588E-04 4.678E-06 1.058E-03 2.079E-04 2.253E-04 

2.0 4.898E-06 1.805E-03 3.417E-04 3.866E-04 6.567E-07 1.616E-03 4.398E-04 4.109E-04 

PS-AS 

0.0 1.227E-08 6.691E-05 4.643E-06 1.153E-05 1.400E-09 4.823E-05 3.236E-06 8.059E-06 

0.2 1.282E-06 1.676E-02 6.707E-04 2.393E-03 2.176E-05 3.020E-02 1.136E-03 4.308E-03 

0.4 9.400E-06 2.601E-02 1.037E-03 3.713E-03 1.629E-05 1.944E-02 7.863E-04 2.774E-03 

0.6 1.576E-05 3.434E-02 1.369E-03 4.904E-03 2.293E-06 2.462E-02 9.831E-04 3.520E-03 

0.8 1.945E-05 4.734E-02 1.893E-03 6.761E-03 3.673E-05 4.237E-02 1.717E-03 6.053E-03 

1.0 5.149E-05 7.064E-02 2.832E-03 1.009E-02 7.560E-06 7.679E-02 3.164E-03 1.096E-02 
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The robustness of the proposed schemes are evaluated by computing the values of the 

fitness functions for 50 independent runs to have a close look on the optimization 

behavior. The value of the functions ej and various input times are drawn in the 

descending order. The results are plotted on the semi-log scale as the differences 

between the results are merely negligible. The value of the fitness function 
je   is in 

the range from 1.0e-6 to 1.0e-12 for PSO-AS. The optimization behavior of the PS, PSO, 

AS, PS-AS and PSO-AS are drawn in the Fig.5.6 in descending order for 50 

independent runs. It is quite clear from the figure that the optimization level of the PS 

and PSO independently are not appreciable while, the hybrid approach with a local 

search algorithm like active set provides 100% accuracy in the convergence to the 

best optimal solution.  It can be concluded from the facts of the Fig. 5.6 that once 

again the PSO-AS show superiority on the other mentioned solvers in terms of the 

level of robustness.   

 

Fig 5.6. The optimization behavior of various stochastic solvers on 50 independent runs 
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numbers between (-100, 100). The input of the training set is taken from time t ϵ (0, 2) 

with a step size of 0.2. The fitness function formulated as follow:  
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where j be the number of flights. The scheme runs iteratively to find the minimum of 

fitness function ej, with stoppage criteria as 1000 number of runs or fitness value ej ≤ 

10
-12, whichever comes earlier.  
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Fig 5.7. The one of the best particles tuned by stochastic algorithms  
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One of the best unknown weights learned by DE-NN algorithms optimized by PS, 

PSO, AS, PS-AS and PSO-AS are drawn in Fig. 5.7(a), 5.7(b), 5.7(c), 5.7(d) and 

5.7(e), respectively in the form of 3D bars. These weights can be used in Eq. (3.12) to 

obtain the solution of the equation for any input time t between 0 and 2.  The x-axis 

defines the 
iiw α, and 

ib , respectively each with 10 agents and their values can vary 

from (-100,100).   The weights of the Fig. 5.7 are used to find the approximated 

results of  Eq. (5.14) and the results are compared with numerical methods. The value 

of the fitness function is achieved as 2.23224E-04, 1.94522E-06, 3.01558E-08, 3.12702E-09 

and 2.01903E-09 for PS, PSO, AS, PS-AS and PSO-As, respectively. The results are 

summarized in Table 5.29 for non-stiff condition at 5=µ . It can be seen from the 

table that the absolute error is in the range 1.0e-4 to 1.0e-7, 1.0e-3 to 1.0e-7 and 1.0e-4 to 

1.0e-7 for AS, PS-AS and PSO-AS, respectively from the numerical method. The 

absolute error of PSO-AS is well optimized at all input points as compared to the PS-

AS algorithm.   

Table 5.29 The simulation results of the numerical and proposed stochastic 
algorithms 

t 
Proposed Solutions Numerical Absolute Error 

yPS yPSO yAS yPS-AS yPSO-AS yRK yAS yPS-AS yPSO-AS 

0.0 1.99841095 2.00002563 2.00000049 1.99999946 2.00000034 2.00000000 4.91E-07 5.36E-07 3.39E-07 

0.1 1.97877887 1.98094216 1.98149225 1.98095741 1.98154141 1.98172508 2.33E-04 7.68E-04 1.84E-04 

0.2 1.95195782 1.95406638 1.95470804 1.95407371 1.95476485 1.95497951 2.71E-04 9.06E-04 2.15E-04 

0.3 1.92400036 1.92628545 1.92691326 1.92626211 1.92697095 1.92719164 2.78E-04 9.30E-04 2.21E-04 

0.4 1.89535930 1.89775250 1.89840136 1.89773651 1.89846376 1.89868990 2.89E-04 9.53E-04 2.26E-04 

0.5 1.86639559 1.86845426 1.86914163 1.86845937 1.86920667 1.86943855 2.97E-04 9.79E-04 2.32E-04 

0.6 1.83648079 1.83834788 1.83906870 1.83836463 1.83913296 1.83937245 3.04E-04 1.01E-03 2.39E-04 

0.7 1.80525390 1.80736389 1.80810511 1.80737660 1.80816834 1.80841567 3.11E-04 1.04E-03 2.47E-04 

0.8 1.77283125 1.77540678 1.77615995 1.77540671 1.77622499 1.77647966 3.20E-04 1.07E-03 2.55E-04 

0.9 1.73946350 1.74235770 1.74312669 1.74235076 1.74319725 1.74346027 3.34E-04 1.11E-03 2.63E-04 

1.0 1.70516284 1.70808394 1.70888345 1.70807965 1.70895990 1.70923410 3.51E-04 1.15E-03 2.74E-04 

 

The depth in the proposed schemes has been tested by finding the derivative of the 

problem by using the same weights provided in Fig. 5.7. The results of the derivative 
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are summarized in Table 5.30, the absolute error of the stochastic solvers is performed 

with the numerical method. It is clear from the results that the accuracy of the PSO-

AS is in good agreement than that of other solvers for both of its problem and its 

derivative as compared to the standard state of art classical numerical method. The 

absolute errors of PS, PSO, AS, PS-AS and PSO-AS lie in the ranges 1.0e-3 to 1.0e-4, 

1.0e-3 to 1.0e-5, 1.0e-4 to 1.0e-7, 1.0e3 to 1.0e-7 and 1.0e-4 to 1.0e-7, respectively.  

Table 5.30 The simulation results of the numerical and proposed stochastic 
algorithms for the derivative 

t 
Proposed Solutions Numerical Absolute Error 

y′PS y′PSO y′AS y′PS-AS y′PSO-AS y′RK y′AS y′PS-AS y′PSO-AS 

0.0 0.0000000 -0.000047 0.0000007 0.0000007 0.0000004 -0.0005128 7.39E-07 7.42E-07 4.17E-07 

0.1 -0.1277525 -0.1301682 -0.1284694 -0.1304630 -0.1283459 -0.1335504 7.17E-04 2.71E-03 5.93E-04 

0.2 -0.1370550 -0.1369818 -0.1370692 -0.1371127 -0.1370695 -0.1359867 1.41E-05 5.77E-05 1.45E-05 

0.3 -0.1407171 -0.1407887 -0.1407734 -0.1408546 -0.1407564 -0.1425348 5.64E-05 1.38E-04 3.93E-05 

0.4 -0.1443284 -0.1445535 -0.1443808 -0.1444522 -0.1443579 -0.1436265 5.24E-05 1.24E-04 2.95E-05 

0.5 -0.1482334 -0.1484646 -0.1482718 -0.1483726 -0.1482690 -0.1466623 3.85E-05 1.39E-04 3.56E-05 

0.6 -0.1524884 -0.1526570 -0.1525216 -0.1526380 -0.1525293 -0.1527914 3.32E-05 1.50E-04 4.09E-05 

0.7 -0.1571518 -0.1572626 -0.1571898 -0.1573159 -0.1571897 -0.1593460 3.80E-05 1.64E-04 3.79E-05 

0.8 -0.1622939 -0.1624082 -0.1623506 -0.1624685 -0.1623316 -0.1646394 5.67E-05 1.75E-04 3.77E-05 

0.9 -0.1680020 -0.1681950 -0.1680837 -0.1681996 -0.1680501 -0.1690059 8.17E-05 1.98E-04 4.81E-05 

1.0 -0.1743898 -0.1746485 -0.1744611 -0.1746278 -0.1744440 -0.1743987 7.13E-05 2.38E-04 5.42E-05 

 

The reliability of the stochastic algorithms is being tested by a comprehensive 

statistical analysis in the complete range of the time between 0 and 2. Tables 5.31 

describe the reliability and effectiveness of the algorithms under the statistical modes 

of mean, standard deviation, best and worst values of the absolute error. These modes 

are obtained from time 0 to 2 starting from 0.1 with a step of 0.4. It is quite evident 

from the Table 5.31, that the Mean absolute error of )(ty lie between 1e-04 to 1e-06 for 

PSO-AS and close to 1e-04 for PS-AS. Similarly for )(ˆ ty ′  the mean of absolute error 

is in the range from 1e-03 to 1e-04 and 1e-04 to 1e-06 for PS-AS and PSO-AS, 

respectively.  

 



Chapter 5.                                                                                             Non-Linear Van Der Pol Oscillator 

Table 5.31 The statistical analysis of PSO and PS hybrid with AS algorithms for the 
solution and its derivative 

Algorithm 
y(t) y′(t) 
Time Best Worst Mean STD Best Worst Mean STD 

PS-AS 

0.1 4.873E-06 2.705E-03 5.725E-04 5.655E-04 2.303E-05 9.677E-03 2.033E-03 2.014E-03 

0.5 2.734E-06 3.298E-03 6.766E-04 6.899E-04 2.791E-06 5.256E-04 1.707E-04 1.357E-04 

0.9 6.520E-06 3.465E-03 7.162E-04 7.232E-04 4.910E-06 5.097E-04 1.198E-04 1.132E-04 

1.3 1.588E-06 3.693E-03 7.549E-04 7.716E-04 1.247E-05 5.426E-04 1.119E-04 1.142E-04 

1.7 6.828E-06 3.929E-03 8.116E-04 8.213E-04 7.399E-06 7.392E-04 1.892E-04 1.825E-04 

PSO-AS 

0.1 8.637E-08 9.782E-05 6.035E-06 1.471E-05 8.848E-08 5.312E-05 5.925E-06 8.806E-06 

0.5 1.972E-05 4.068E-03 5.471E-04 6.321E-04 1.792E-06 1.751E-03 9.478E-05 2.449E-04 

0.9 2.223E-05 4.236E-03 5.796E-04 6.592E-04 1.930E-07 4.858E-04 6.711E-05 7.455E-05 

1.3 2.058E-05 4.476E-03 6.088E-04 6.981E-04 3.663E-06 6.341E-04 1.056E-04 1.073E-04 

1.7 2.667E-05 4.769E-03 6.451E-04 7.434E-04 4.881E-07 7.831E-04 1.019E-04 1.223E-04 

 

The robustness of the proposed schemes is also evaluated for stiffness factor 5=µ  

for 50 independent runs. The value of the functions ej and various input times are 

drawn in the descending order on the semi-log scale. The optimization behavior of 

PS, PSO, AS, PS-AS and PSO-AS are drawn in the Fig.5.8. It is quite clear from the 

figure that the optimization level of the PS independently is not remarkable and for 

PSO almost 60% of the runs are unable to converge for the optimal solution. 

However, the algorithms based on PS-AS and PSO-AS provides 100% reliability.  It 

can be concluded from Fig.5.8 that PSO along with AS show superiority on the other 

mentioned solvers in terms of the level of robustness.   

 

Fig 5.8. The optimization behavior of various stochastic solvers on 50 independent runs 
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Stiff Oscillator for  750=µ  

Now, the stiff case of van der Pol oscillator of the form Eq. (5.1) has been 

investigated. The stiffness factor is taken to be 750=µ . The model has been solved 

on the same methodology with 30 numbers of adaptive parameters that are restricted 

in the real values (-10, 10). The input of the training set is taken from time t ϵ (0, 2) 

with a step size of 0.2. The fitness function formulated for stiff oscillator is as follow: 
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where j be the number of flights. The scheme runs iteratively to find the minimum of 

fitness function ej, with stoppage criteria as 1000 number of runs or fitness value ej ≤ 

10
-12 whichever comes earlier. One of the best unknown weights learned by DE-NN 

algorithms optimized by PS, PSO and AS are drawn in Fig. 5.9(a)  and for PS-AS and 

PSO-AS in Fig.5.9 (b) in the form of bars chart. These weights can be used in Eq. 

(3.12) to obtain the solution of the equation for any input time t between 0 and 2.     

The weights of the Fig. 5.9(a) and 5.9(b) are used to find the approximated results of 

the Eq. (5.15) and the results are compared with numerical method. The value of the 

fitness function is achieved as 3.56335E-01, 7.25752E-05, 1.14505E-06, 6.47393E-07 and 

4.67679E-07 for PS, PSO, AS, PS-AS and PSO-AS, respectively. The results are 

summarized in Table 5.32 for stiff condition at 750=µ . It can be seen from the table 

that the absolute error is in the range 1.0e-4 for AS and PS-AS while it lie from 1.0e-4 

to 1.0e-5 for PSO-AS from the numerical method. For the optimization via PS and 

PSO the absolute error lies from 1.0e-1 and 1.0e-4 respectively. The absolute error of 

PSO-AS is well optimized at all input points as compared to the PS-AS algorithm.   
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Fig 5.9 (a). The one of the best particles tuned by PS, PSO and AS 

 

Fig 5.9 (b). The one of the best particles tuned by PS-AS, PSO-AS 

The depth in the proposed schemes has been tested by finding the derivative of the 

problem by using the same weights as given in the above figure. The results of the 

derivative are summarized in Table 5.33, the absolute error of the stochastic solvers is 

performed with the numerical method.  The absolute errors of AS, PS-AS and PSO-

AS lie in the range are 1.0e-4 to 1.0e-7, 1.0e-3 to 1.0e-7,  and 1.0e-4 to 1.0e-7, respectively. 

The global absolute error of AS, PS-AS and PSO-AS are 1.05E-04, 3.72E-04 and 8.46E-05, 

respectively. 
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Table 5.32 The simulation results of the numerical and proposed stochastic 
algorithms 

t 
Proposed Solutions Numerical Absolute Error 

yRK yPS yPSO yAS yPS-AS yPSO-AS yAS yPS-AS yPSO-AS 

0.0 2.0000000 1.2422964 1.9998102 1.9999891 1.9997849 1.9999875 1.90E-04 2.15E-04 1.25E-05 

0.1 1.9998226 1.2417738 1.9996333 1.9998114 1.9996071 1.9998097 1.89E-04 2.16E-04 5.72E-05 

0.2 1.9996448 1.2411998 1.9994563 1.9996335 1.9994293 1.9996319 1.88E-04 2.15E-04 1.02E-04 

0.3 1.9994669 1.2404829 1.9992779 1.9994556 1.9992515 1.9994541 1.89E-04 2.15E-04 1.46E-04 

0.4 1.9992891 1.2397247 1.9990988 1.9992776 1.9990736 1.9992762 1.90E-04 2.15E-04 1.91E-04 

0.5 1.9991112 1.2390386 1.9989201 1.9990997 1.9988957 1.9990983 1.91E-04 2.15E-04 2.35E-04 

0.6 1.9989333 1.2384760 1.9987423 1.9989218 1.9987177 1.9989204 1.91E-04 2.16E-04 2.80E-04 

0.7 1.9987553 1.2380134 1.9985650 1.9987439 1.9985397 1.9987424 1.90E-04 2.16E-04 3.24E-04 

0.8 1.9985773 1.2375701 1.9983876 1.9985661 1.9983616 1.9985644 1.90E-04 2.16E-04 3.69E-04 

0.9 1.9983993 1.2370350 1.9982095 1.9983881 1.9981836 1.9983864 1.90E-04 2.16E-04 4.13E-04 

1.0 1.9982213 1.2362906 1.9980310 1.9982100 1.9980056 1.9982084 1.90E-04 2.16E-04 4.58E-04 

 

Table 5.33 The simulation results of the numerical and proposed stochastic 
algorithms for the derivative 

t 
Proposed Solutions Numerical Absolute Error 

y′RK y′PS y′PSO y′AS y′PS-AS y′PSO-AS y′AS y′PS-AS y′PSO-AS 

0.0 -0.003189 -0.000892 -0.000892 -0.000889 -0.000889 0.000000 7.39E-07 7.42E-07 4.17E-07 

0.1 -0.002514 -0.000882 -0.000882 -0.000889 -0.000888 -0.128345 7.17E-04 2.71E-03 5.93E-04 

0.2 -0.003273 -0.000888 -0.000888 -0.000889 -0.000880 -0.137069 1.41E-05 5.77E-05 1.45E-05 

0.3 -0.003796 -0.000894 -0.000894 -0.000889 -0.000889 -0.140756 5.64E-05 1.38E-04 3.93E-05 

0.4 -0.003685 -0.000895 -0.000895 -0.000889 -0.000889 -0.144357 5.24E-05 1.24E-04 2.95E-05 

0.5 -0.003130 -0.000891 -0.000891 -0.000889 -0.000889 -0.148269 3.85E-05 1.39E-04 3.56E-05 

0.6 -0.002515 -0.000887 -0.000887 -0.000890 -0.000889 -0.152529 3.32E-05 1.50E-04 4.09E-05 

0.7 -0.002180 -0.000886 -0.000886 -0.000890 -0.000889 -0.157189 3.80E-05 1.64E-04 3.79E-05 

0.8 -0.002347 -0.000888 -0.000888 -0.000890 -0.000890 -0.162331 5.67E-05 1.75E-04 3.77E-05 

0.9 -0.003102 -0.000892 -0.000892 -0.000890 -0.000890 -0.168050 8.17E-05 1.98E-04 4.81E-05 

1.0 -0.004432 -0.000891 -0.000891 -0.000890 -0.000890 -0.174444 7.13E-05 2.38E-04 5.42E-05 

 
The reliability of the stochastic algorithms is being tested by a comprehensive 

statistical analysis in the complete range of time between 0 and 2. The Table 5.34 

describes the reliability of the algorithm under statistical modes. These modes are 

obtained from )2,0(∈t starting from 0.0 with a step of 0.4. It is quite evident from the 

Table 5.34, that the Best of the absolute error of )(ty lie between 1e-06 to 1e-07 for 
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PSO-AS and 1e-04 to 1e-05 for PS-AS. Similarly for )(ˆ ty ′  the best of absolute error is 

in the range from 1e-04 to, 1e-09 and 1e-04 for PSO-As and PS-AS, respectively. 

Table 5.34 The statistical analysis of PSO and PS hybrid with AS algorithms for the 
solution and its derivative  

Algorithm 
y(t) y’(t) 

Time Best Worst Mean STD Best Worst Mean STD 

PSO-AS 

0.0 8.387E-07 1.053E+00 2.127E-02 1.489E-01 8.853E-04 1.213E-02 1.114E-03 1.590E-03 

0.4 9.654E-07 1.048E+00 2.117E-02 1.481E-01 2.665E-08 1.443E-02 2.896E-04 2.040E-03 

0.8 1.222E-06 1.042E+00 2.105E-02 1.473E-01 2.590E-08 1.594E-02 3.200E-04 2.255E-03 

1.2 1.293E-06 1.035E+00 2.091E-02 1.463E-01 1.850E-08 1.943E-02 3.896E-04 2.748E-03 

1.6 9.368E-07 1.026E+00 2.073E-02 1.451E-01 2.200E-08 2.448E-02 4.904E-04 3.462E-03 

2.0 1.222E-06 1.012E+00 2.045E-02 1.430E-01 5.968E-09 5.677E-02 1.136E-03 8.028E-03 

PS-AS 

0.0 3.541E-05 3.034E+00 7.913E-01 7.348E-01 7.878E-04 3.853E-01 7.119E-02 1.059E-01 

0.4 1.239E-04 3.044E+00 7.893E-01 7.373E-01 2.099E-04 1.512E+00 5.239E-02 2.212E-01 

0.8 6.329E-05 3.040E+00 7.816E-01 7.343E-01 1.862E-04 4.351E-01 1.824E-02 6.070E-02 

1.2 2.542E-05 3.032E+00 7.807E-01 7.331E-01 2.074E-04 4.323E-01 2.046E-02 6.015E-02 

1.6 1.040E-04 3.023E+00 7.797E-01 7.318E-01 2.057E-04 2.349E-01 1.977E-02 3.339E-02 

2.0 1.542E-05 3.007E+00 7.799E-01 7.363E-01 2.187E-04 1.557E+00 6.860E-02 2.175E-01 

 
The robustness of the proposed schemes is also evaluated for stiffness factor 750=µ  

for 50 independent runs. It has been observed from the results that the proposed 

numerical mathematical modeling is also effective for very high stiffness factors 

introduced in the non-linear systems. The optimization behavior of PS, PSO, AS, PS-

AS and PSO-AS are drawn in descending order in Fig.5.10. It is quite clear from the 

figure that the optimization level of the PS independently is not remarkable and for 

AS almost 30% of the runs are unable to converge for the optimal solution as , the 

local search methods are more probable to be capture in a local minimum as 

compared to a global search method. Similarly, almost 70% of the independent run 

has not found the predefined level of accuracy, when optimized by PS-AS. However, 

the algorithms based on PSO and PSO-AS provide 100% reliability for such kind of 

stiff oscillator.  It can be concluded from Fig. 5.10 that PSO along with AS has the 

capability to find the optimal solution for complex nonlinear systems. Thus the PSO-

AS can be robust and reliable scheme stiff nonlinear models. 
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Fig 5.10 The optimization behavior of various stochastic solvers on 50 independent runs 

 

The stiff Oscillator for  1000=µ  

Finally the highly complex and periodic nonlinear stiff oscillator has been taken as a 

model of the form given in Eq. (5.1) for 1000=µ  [191]. This problem is also solved 

on the same methodology but the parameters are now restricted to real numbers 

between (-10, 10). The input of the training set is taken from time t ϵ (0, 2) with a step 

size of 0.2. The fitness function is formulated as follows  
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where j be the number of flights. The scheme runs iteratively on the above mentioned 

stoppage criteria. One of the best unknown weights learned by DE-NN algorithms 

optimized by PS and PS-AS are drawn in Fig.5.11(a) and Fig.5.11(b), respectively, in 

the form of 3D bars. The x-axis defines the iiw α, and ib , respectively each with 10 

agents and their values can vary from (-10,10) of the Fig.5.11.   However, the weights 

tuned by active set algorithm are provided in Fig. 5.12 in the form of the three 

dimensional bar graph. 
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Fig. 5.11 The one of the best particles tuned by PS and PS-AS 
 

Fig. 5.12 The one of the best particles tuned by Active set algorithm  
 

Moreover, the optimized weights of PSO and PSO-AS are narrated in the Table 5.35. 

These weights can be used in Eq. (5.12) to obtain the solution of the equation for any 

input time t between 0 and 2.  The weights of the Fig. 5.11, Fig. 5.12 and Table 5.35 

are used to find the approximated results of  Eq.(5.16) and the results are compared 

with numerical method. The results are summarized in Table 5.36 for stiff condition 

at 1000=µ . It can be seen from the table that the absolute error is in the range 1.0e-4 , 

1.0e-5 and 1.0e-5 for AS, PS-AS and PSO-AS, respectively, from the numerical 

method.  
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Table 5.35 The best optimized particle using PSO and PSO-AS Algorithms 

Index PSO PSO-AS 

I iα  iw  ib  iα  iw  ib  

1 -0.277132 -1.048949 -1.198363 -0.101832 0.248733 -1.044833 

2 0.136808 -0.262295 0.124394 -0.030321 0.090268 -0.763888 

3 0.390551 0.214816 0.862826 -0.100667 -0.566632 -9.999942 

4 0.001635 4.209541 0.867070 -0.148903 -0.048453 -0.253013 

5 0.585823 -0.527527 -0.071620 -0.034273 -0.066496 0.039459 

6 -2.044950 -0.004672 0.691935 -0.064400 0.092767 0.151778 

7 -0.753354 -0.192417 0.764575 0.098734 0.222910 1.747179 

8 0.109090 -0.050282 0.287068 0.305570 0.892279 9.117039 

9 0.373915 -0.083688 4.964934 0.099354 0.011702 -1.159029 

10 0.223832 -0.350913 0.728141 0.017316 0.883641 2.681346 

       

 

Table 5.36 The simulation results of the numerical and proposed stochastic 
algorithms 

t 
Proposed Solutions Numerical Absolute Error 

yPS yPSO yAS yPS-AS yPSO-AS yRK yAS yPS-AS yPSO-AS 

0.0 1.1131228 1.99867483 2.0001686 1.9999840 2.0000208 2.0000000 1.69E-04 2.08E-05 1.60E-05 

0.1 1.1121926 1.99853852 2.0000353 1.9998507 1.9998875 1.9998669 1.68E-04 2.06E-05 1.61E-05 

0.2 1.1111871 1.99840426 1.9999020 1.9997175 1.9997541 1.9997335 1.68E-04 2.06E-05 1.60E-05 

0.3 1.1101763 1.99827249 1.9997686 1.9995842 1.9996208 1.9996002 1.68E-04 2.06E-05 1.60E-05 

0.4 1.1092163 1.99813960 1.9996352 1.9994507 1.9994874 1.9994668 1.68E-04 2.06E-05 1.61E-05 

0.5 1.1083071 1.99800508 1.9995018 1.9993172 1.9993540 1.9993334 1.68E-04 2.06E-05 1.62E-05 

0.6 1.1074174 1.99787058 1.9993684 1.9991837 1.9992205 1.9992000 1.68E-04 2.06E-05 1.63E-05 

0.7 1.1065039 1.99773719 1.9992351 1.9990503 1.9990871 1.9990665 1.69E-04 2.06E-05 1.63E-05 

0.8 1.1055219 1.99760427 1.9991016 1.9989169 1.9989537 1.9989331 1.69E-04 2.06E-05 1.62E-05 

0.9 1.1044317 1.99747056 1.9989682 1.9987836 1.9988202 1.9987996 1.69E-04 2.06E-05 1.60E-05 

1.0 1.1032000 1.99733655 1.9988347 1.9986501 1.9986868 1.9986661 1.69E-04 2.06E-05 1.60E-05 

 
The derivative of the problem is also computed by using the same weights to see the 

depth in the proposed schemes. The results of the derivative are summarized in Table 

5.37, the absolute error of the stochastic solvers is performed with the numerical 

method. It is clear from the results of the Table 5.36 and Table 5.37 that the accuracy 

of the PSO-AS is in a good agreement than that of other solvers for both of its 

problem and its derivative as compared to the standard state of art classical numerical 

method. 
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Table 5.37 The simulation results of the numerical and proposed stochastic 
algorithms for the derivative 

t 
Proposed Solutions Numerical Absolute Error 

y′PS y′PSO y′AS y′PS-AS y′PSO-AS y′RK y′AS y′PS-AS y′PSO-AS 

0.0 -0.004702 -0.000662 -0.000666 -0.000667 -0.000666 0.000000 6.66E-04 6.67E-04 6.67E-04 

0.1 -0.004850 -0.000682 -0.000666 -0.000666 -0.000666 -0.000666 2.19E-07 8.04E-07 2.02E-07 

0.2 -0.005114 -0.000661 -0.000666 -0.000666 -0.000666 -0.000666 5.00E-05 4.70E-07 6.09E-08 

0.3 -0.004946 -0.000659 -0.000666 -0.000667 -0.000666 -0.000666 5.90E-05 2.33E-07 8.96E-08 

0.4 -0.004656 -0.000669 -0.000666 -0.000667 -0.000667 -0.000667 9.32E-07 2.92E-07 8.35E-07 

0.5 -0.004463 -0.000674 -0.000666 -0.000667 -0.000667 -0.000666 9.01E-07 1.62E-06 1.05E-06 

0.6 -0.004470 -0.000669 -0.000666 -0.000667 -0.000667 -0.000667 4.21E-07 3.01E-08 2.62E-07 

0.7 -0.004702 -0.000664 -0.000667 -0.000666 -0.000667 -0.000667 1.29E-05 1.55E-07 1.28E-07 

0.8 -0.005149 -0.000665 -0.000667 -0.000666 -0.000667 -0.000667 9.95E-05 5.23E-07 1.37E-07 

0.9 -0.005780 -0.000671 -0.000667 -0.000666 -0.000667 -0.000667 1.29E-07 6.29E-07 1.32E-07 

1.0 -0.006556 -0.000665 -0.000667 -0.000668 -0.000667 -0.000667 2.29E-05 7.74E-07 1.10E-07 

 
As this is even stiffer problem as compared to the previous one so the reliability of the 

stochastic algorithms is being tested by a comprehensive statistical analysis in the 

complete range of the time between 0 and 2 with a step of 0.1. Table 5.38 describes 

the reliability and effectiveness of the algorithms under the statistical modes of mean, 

standard deviation, best and worst values of the absolute error. It is quite evident from 

the table, that the best absolute error of )(ty lie in 1e-06 for PSO-AS and 1e-04 to 1e-05 

for PS-AS. Similarly for )(ˆ ty ′  absolute error is in the range from 1e-04 to, 1e-09 and 1e-

04 for PSO-As and PS-AS, respectively. 

Fifty independent runs are simulated to check the robustness of the proposed schemes 

for stiffness factor 1000=µ . The value of the functions ej and various input times are 

drawn in the descending order on the semi-log scale. The optimization behavior of 

PS, PSO, AS, PS-AS and PSO-AS are drawn in the Fig. 5.13. It is quite clear from the 

figure that the optimization via PS-AS and AS have failed to converge for 50%. 

However, the algorithm based on PSO-AS provides 100% reliability to get the 

optimum results.  It can be concluded from Fig. 5.13 that PSO along with AS is the 

best optimizer as compared to the mentioned solvers.   
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Table 5.38 The statistical analysis of PSO and PS hybrid with AS algorithms for the 
solution and its derivative  

Algorithm Time y(t) y’(t) 
  Best Worst Mean STD Best Worst Mean STD 

PSO-AS 

0.0 1.822E-06 1.046E+00 4.253E-02 2.069E-01 6.634E-04 1.060E-02 1.063E-03 1.961E-03 

0.1 1.676E-06 1.044E+00 4.243E-02 2.064E-01 1.257E-07 1.183E-02 4.734E-04 2.336E-03 

0.2 1.620E-06 1.041E+00 4.234E-02 2.060E-01 1.741E-08 1.240E-02 4.942E-04 2.442E-03 

0.3 1.506E-06 1.039E+00 4.224E-02 2.055E-01 2.514E-08 1.312E-02 5.241E-04 2.588E-03 

0.4 1.393E-06 1.036E+00 4.213E-02 2.049E-01 2.298E-07 1.408E-02 5.607E-04 2.768E-03 

0.5 1.327E-06 1.033E+00 4.201E-02 2.044E-01 1.779E-07 1.512E-02 6.051E-04 2.987E-03 

0.6 1.329E-06 1.030E+00 4.189E-02 2.037E-01 3.236E-09 1.682E-02 6.700E-04 3.311E-03 

0.7 1.399E-06 1.026E+00 4.174E-02 2.030E-01 3.664E-08 1.897E-02 7.569E-04 3.742E-03 

0.8 1.507E-06 1.022E+00 4.158E-02 2.022E-01 1.613E-08 2.160E-02 8.630E-04 4.266E-03 

0.9 1.595E-06 1.017E+00 4.139E-02 2.013E-01 3.888E-08 2.935E-02 1.174E-03 5.805E-03 

1.0 1.576E-06 1.009E+00 4.105E-02 1.996E-01 1.098E-07 5.980E-02 2.392E-03 1.183E-02 

PS-AS 

0.0 3.541E-05 3.034E+00 7.913E-01 7.348E-01 7.878E-04 3.853E-01 7.119E-02 1.059E-01 

0.1 7.967E-05 3.060E+00 7.890E-01 7.399E-01 2.181E-04 5.355E-01 6.564E-02 1.388E-01 

0.2 1.239E-04 3.044E+00 7.893E-01 7.373E-01 2.099E-04 1.512E+00 5.239E-02 2.212E-01 

0.3 1.080E-04 3.043E+00 7.863E-01 7.361E-01 2.100E-04 9.098E-01 4.055E-02 1.462E-01 

0.4 6.329E-05 3.040E+00 7.816E-01 7.343E-01 1.862E-04 4.351E-01 1.824E-02 6.070E-02 

0.5 1.880E-05 3.036E+00 7.800E-01 7.334E-01 2.142E-04 3.068E-02 1.087E-02 8.617E-03 

0.6 2.542E-05 3.032E+00 7.807E-01 7.331E-01 2.074E-04 4.323E-01 2.046E-02 6.015E-02 

0.7 6.957E-05 3.028E+00 7.810E-01 7.326E-01 2.043E-04 5.717E-02 1.373E-02 1.170E-02 

0.8 1.040E-04 3.023E+00 7.797E-01 7.318E-01 2.057E-04 2.349E-01 1.977E-02 3.339E-02 

0.9 5.940E-05 3.017E+00 7.779E-01 7.298E-01 2.147E-04 7.928E-02 2.085E-02 1.782E-02 

1.0 1.542E-05 3.007E+00 7.799E-01 7.363E-01 2.187E-04 1.557E+00 6.860E-02 2.175E-01 

 

The timing analysis has been performed on the system Travel Mate 4652LMI, Intel® 

Pentium®, M 740 processor (2MB L2 Cache, 1.73GHz, 533MHz FSB), MATLAB 

R2009b. The mean time of the PS, PSO, AS, PS-AS and PSO-AS are 153.2277749s, 

377.6664495s, 33.51568062s, 168.1016609s and 391.0542993s, respectively. The 

computational time for PS and PS-AS is small as compared to the AS and PSO-AS 

but the reliability and robustness is not deep-rooted. 
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Fig 5.13. The optimization behavior of various stochastic solvers on 50 independent runs 
 

Table 5.39 The timing analysis of the stochastic solver algorithms   

Statistical Mode Algorithm 
Non-Stiff Oscillator Stiff Oscillator 

1=µ  5=µ  750=µ  1000=µ  

Best PS 140.0953227 134.8506321 132.9234322 179.0507408 

 PSO 303.5676593 308.1871682 419.3863863 402.0904964 

 AS 3.413644472 8.948106812 3.132434150 4.960687462 

 PS-AS 142.2657303 138.0370862 137.5283559 181.8842266 

 PSO-AS 305.4055582 311.2485801 421.5173481 405.3658375 

Worst PS 212.3957249 208.5373884 234.6125119 210.4296968 

 PSO 458.8957901 458.3750851 617.8179732 647.2348639 

 AS 33.51568062 15.56211837 27.40214301 28.08747872 

 PS-AS 227.1016609 223.0022935 153.5943839 238.9163586 

 PSO-AS 472.0542993 480.1526836 631.4186205 667.9350744 

Mean PS 153.2277749 152.6885717 181.8552214 203.4605401 

 PSO 377.6664495 442.2272090 600.5187610 465.0371412 

 AS 33.51568062 15.56211837 27.40214301 28.08747872 

 PS-AS 168.1016609 157.0022935 211.5943839 221.9163586 

 PSO-AS 391.0542993 463.1526836 619.4186205 482.9350744 

STD PS 23.50157014 24.50657814 31.29587496 4.758850078 

 PSO 61.67163148 21.25720907 36.453682790 78.14358900 

 AS 6.343569570 1.581052983 5.0613451360 5.742916589 

 PS-AS 27.09632658 27.50656304 35.138738928 7.502046935 

 PSO-AS 65.16675928 25.69020632 40.463049092 84.00392355 
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Similarly the average time of active set algorithm is the least one  but in some of the 

independent runs it fails to converge, on the other hand PSO-AS perform excellent 

reliability, effectiveness and robustness at the cost of some extra computation time as 

compared to AS and other given algorithms. The results of the timing analysis are 

provided in Table 5.39, and the time is measured in SI units.    

5.4 Conclusions  
 

• A novel method appropriate for the numerical treatment of van der Pol 

oscillator has been presented for both stiff and non-stiff conditions. The 

accuracy of the proposed method based on evolutionary computational 

technique like simulated annealing and genetic algorithms are found to be in 

good agreement with standard state of art numerical RK45 method. A large 

number of Monte Carlo simulations are performed to validate the reliability 

and effectiveness of the proposed scheme.  

• Moreover, results provided by the hybrid particle swarm optimization, it can 

be concluded that hybridized PSO-AS algorithm is more efficient and stable as 

compared to SA and GA-IPA.  

• The reliability and effectiveness of proposed artificial intelligence techniques 

are validated from statistical analysis. The means of the absolute error from 

numerical solution lie in the range of 10-04 to 10-06, 10-04 to 10-06, 10-02 and 10-

01 to 10-02 for oscillators having stiffness factor 1=µ , 5=µ , 750=µ  and 

1000=µ , respectively for PSO-AS.  

• The robustness of the given schemes is tested by taking 50 independent runs. 

It has been concluded from the discussion in the last section that the 

convergence percentage to the optimal solution is 100% for PSO-AS 

algorithm for both stiff and non-stiff oscillators. On the other hand PS, AS and 

PS-AS fail to converge in each independent run for stiff problems. Moreover, 
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the trend of the convergence is good for PSO but with a small mean square 

error.      

• It has been observed that PSO-AS is equally good for both stiff and non-stiff 

oscillators as compared to other mentioned stochastic solvers. In contrast with 

explicit Runge-Kutta formula the proposed scheme can readily provide the 

solution on the continuous grid of time while numerical methods perform the 

whole cumbersome procedure to provide the solution. Thus this provides an 

alternate approach to researchers to apply the solver to complex real life 

problems in science and engineering.  

In future, one can look for application of other artificial intelligence techniques 

based on neural networks optimized with ant/bee colony optimization, genetic 

programming and differential evolution etc.  



 

 

CHAPTER 6 

 

NUMERICAL TREATMENT OF THE MODEL OF HEART 
 

The prestigious application of biotechnology is examined to investigate the depth in 

the given scheme. In this regard existing model of heart is taken as a non-linear 

system based on second order differential equation. This equation is modeled with 

neural network optimized with Hybrid evolutionary computational algorithm based on 

simulated annealing. The material presented in this chapter is from [192].  

6.1 INTRODUCTION 

In this thesis, an investigation has been made to get the numerical solution of a model 

of heart [193], [194] represented in the form of neural networks. The equations 

represented the model of heart can be written in the form given below: 









−−= x

x
ux

3

3

µ&  6.1 

xu −=&  6.2 

where 0>µ  is a scalar parameter, x  represents the length of the heart fiber and u  is 

the stimulus applied to the heart. The fluctuation in the length of the heart fiber, as the 

heart contracts and dilates subject to an electrical stimulus, thus pumping blood 

through the system, may be represented by the pair of the expression (6.1) and (6.2).  

Starting from the relaxed state, the contractions begin with the application of the 

stimulus. In the start it will be slow and then becoming faster, in order to give a 

sufficient final impetus to the blood. When the stimulus is removed, the heart dilates 

slowly at first and then more rapidly until it returns to the relaxed state and the cycle 

can begin again. To follow this behavior the van der pol equation required some 
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modifications so that u  can be replaced by a variable that represents the stimulus 

applied to the heart. This can be done by substituting µus −=  , where s  represents 

the stimulus and µ  is a scalar parameter. Since,  

suus &&&& µµ −=⇒−=
 

6.3 

Hence the Eq (6.1) and (6.2) reduces as follow:  

( )xxsx +−−= 33µ&

 
6.4 

µxs =&
 

6.5 

However it is important to introduce the tension factor p , 0>p into the model. This 

will take account of the effects of the increased blood pressure in terms of the 

increased tension in the heart fiber. The final form of the model is then as follows 

( )pxxsx +−−= 33µ&  6.6 

µxs =&  6.7 

The solution of expression (6.6) and (6.7) is numerically challenging due to the 

nonlinear behavior. The expression (6.6) and (6.7) are coupled first order differential 

equations that can be converted into a single second order non-linear ordinary 

differential equation of van der pol and is provided in expression (6.8).   

)
3

1
()3( 333 spsspxxsxs &&&&& µµµ +−−=+−−==

 
6.8 

Therefore the general form of the model of the heart with some initial condition 

are given below:   
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with the following initial conditions : 

0)0(,2)0( == yy &   

The idea of treating the heart as a system of coupled non-linear oscillator dates back 

from 1928, when van der Pol and van der mark [193] simulated a heartbeat with three 

coupled electronic systems exhibiting relaxation oscillation [194]. Accordingly, the 

van der Pol equation has been frequently used in theoretical models of the heart 

function [195]. The van der Pol equation is a useful phenomenological model for the 

heart beat, since it displays many of those features supposedly occurring in the 

biological setting, periodicity, entrainment and chaotic behavior [196]. The van der 

pol equations are justifiable on the basis of similarity of the qualitative features of the 

heart dynamics [197]. More information can be seen about the tradeoff between the 

van der pol equation and the model of the heart [198]. A number of researchers 

analytically and numerically solved various forms of van der Pol equation by various 

methods [199], [200], [201], [202] and for different applications. A lot of work has 

been done to approximate the model of heart but no one has yet tried to approximate 

the solution with the help of hybridized evolutionary computational approach based 

on SA.That attracts the authors to work with this heuristic technique.  

6.2 MATHEMATICAL MODELING OF THE HEART  

The mathematical modeling is formulated by linear combination of the networks 

(3.12) to (3.14), respectively. The unsupervised error function e  for the model is 

given in (6.10) as 

KK,2,1
1

1
=

+
= j

e
e

j

 6.10 
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where j is the cycle index, and the function ej is defined as the mean of sum of square 

error. 

jj eee 21 +=  6.11 

where 1e is error associated with the equation is given as 
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Where s = mh, m is the total number of steps and h  defines the size of step, t is taken 

between (0,T). Greater the value of s more will be the accuracy but at the cost of 

greater computational complexity of algorithm.   

Similarly 2e  linked with initial conditions, is written as, 

])0()2)0([(
2

1 22
2 uue &+−=  6.13 

It is quite evident that subject to the availability of unknown weights for which the 

function ej approaches zero then the value of unsupervised error e approaches to 1, 

hence, the solution u(t) of the equation approximate the modeled given in (6.9). The 

ANN architecture for the expression (6.9) is shown in the Fig. 6.1 and is called 

differential equation neural network (DE-NN).  

 

Fig. 6.1 Neural network architecture of heart model 
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6.3 NUMERICAL SIMULATION USING EVOLUTIONARY COMPUTATION 

In this section, a reliable method has been presented based on heuristic computation to 

obtain an approximate solution of model of the heart. The modeling is performed by 

ANN networks by defining an unsupervised error. The unknown weights, which are 

highly stochastic in nature, are tuned with hybridized simulated annealing (HSA) 

algorithm.  A number of Monte Carlo simulations are performed using the proposed 

scheme to determine its applicability and effectiveness. Moreover, the reliability of 

the scheme is carried out with superior statistical analysis of the results. As per our 

literature survey, this is the first article in which the technological scientific method is 

exploited to solve the model of the heart, which is one of the applications in 

biotechnology. 

6.3.1 Optimization by Simulated Annealing  

The optimization is performed via simulated annealing algorithm. The approximated 

results are compared with the results, one reported by Runge Kutta method, and are 

provided for entire continuous finite time domain instead of discrete grid of time 

unlike the classical numerical methods. Also the present application of NN and 

stochastic algorithms in electrical engineering is used from the point of view of a new 

approach for solving non linear system associated with second order non-linear 

differential equation. 

6.3.1.1 Learning Procedure 
 

The necessary detail about the learning procedure for adaptive parameters during the 

simultaneous training of DE-NN networks is provided in chapter 3. However, the 

efficiency and better search space of algorithm is based on wide spread of initial 

population. The optimization of these weights is carried out using built-in function for 

SA in MATLAB. The parameter setting used for the execution of the algorithm is 

given in Table 6.1. 
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Table 6.1 Parameters Setting of the Algorithms 

SA 

Parameters Value/Setting 

Start Point Size  30  

Creation randomly between (-1, 1) 

Neighborhood Size 240 

Annealing function Fast 

Iteration 10000 

Max. function evaluations  90000 

Re-annealing interval   100 

Temperature update Exponential  

Initial temperature 100 

Bounds (-10, 10) 

Hybrid function Call for FMINCON 

Hybrid function Call Interval End  

 

6.3.1.2 Results and Discussion  
 
In this section, results of the simulations have been presented for the solution of heart 

model for various cases of the blood pressure using the given scheme. The numerical 

solution of the model is computed using explicit Runge-Kutta formula, the Dormand 

Prince pair and by the proposed scheme. The comparison of the results and necessary 

discussion on the simulated results are provided. The statistical analysis on the given 

methodology is listed to confirm the reliability and effectiveness.  

a)  High Blood Pressure  
 

In case of high blood pressure the value of tension factor is taken to be 0.1=p that 

represents the high heart rate. The value of the µ is taken to be non-stiff in order to see 

the actual effect of the high blood pressure i.e. µ ≤ 2. The designed schemes is applied 

on two such situations i.e. the value of µ = 1.0 and µ = 2.0 are taken in equation 

(6.12). The mathematical model of the equation (6.12) is made using DENN networks 

given in equations (3.12) to (3.14) with n = 10 number of neurons, which gives 30 

number of adaptive weights to be optimized. The weights are real and are in the 
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bounded range from -10 to 10.  Input of the training set is divided into N = 10 equal 

steps between )1,0(∈t  with a step size h = 0.1. Therefore, the formulated fitness 

function for µ = 1 is written as 
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On the other hand the fitness evaluations function for µ = 2.0 is given as 
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The minimization of the fitness function ej by the adjustment of the weights for DE-

NN networks is performed by hybridized SA (HSA) algorithm. The parameters 

settings used in optimization algorithm are provided in Table 6.1. The one of the best 

set of weights using fitness function as given in equations (6.14) and (6.15) for HSA 

approach is provided in Table 6.2 for µ = 1.0 and µ = 2.0. These weights are provided 

upto 8 decimal places in order to minimize the rounding of errors and to reproduce the 

results on the mentioned accuracy.  

Table 6.2: The weights optimized for DENN Networks for High Blood Pressure 

Index µ = 1.0 µ = 2.0 

i 
iw  iα  ib  

iw  iα  ib  

1 -5.81565000 -8.92239000 -7.70280000 -6.12044035 0.26469332 2.20792070 

2 1.43612500 5.04445700 -1.16741000 -1.12435655 3.55615134 1.99367834 

3 0.07144000 -5.94653000 3.10752500 -1.38959986 -0.26774408 -4.42109627 

4 0.14311800 0.30073700 0.20376000 -3.91100719 -0.67120744 0.78172465 

5 -2.20875000 -0.54910000 2.88927800 2.22358722 -3.14069987 -1.05227488 

6 -2.39197000 5.45420600 1.93529400 0.80113919 5.70582331 -0.47627704 

7 2.45290100 0.08364500 5.50889600 -1.28795439 -0.99986590 3.00007142 

8 5.05874900 0.11087200 2.02548000 2.34729050 1.45351640 2.26604901 

9 -1.65549000 -0.22220000 -2.25141000 -2.40278502 1.86807289 4.69990521 

10 -3.38040000 1.93932800 5.07273700 1.36978898 -4.53229686 4.75968327 



Chapter 6.                                                                               Numerical Treatment of the Model of Heart 

150 

In case of µ = 1.0, the value of fitness function is 2.15E-06 for weight determined by 

HSA algorithm, while for  µ = 2.0, the fitness value is  2.74E-05.  The weights 

provided in Table 6.2 can be used in equation (6.12) to determine the solution for any 

input in the interval (0, 1). 

First, we have found the numerical solution of the model at high blood pressure by 

explicit Runge-Kutta formula (4,5) using the following pair of coupled first order 

differential equations for the inputs from (0,1) with a step size of 0.1.  

,21 yy =&  6.16 

and  

,
3

1
2

3
2

3
12 ypyyy µµ +−−=&  6.17 

By taking the value of µ = 1.0 and 0.1=p in equation (6.16) and (6.17), we have 

calculated the numerical results of the model. Now, we have solved the same problem 

by the proposed scheme at the same input domain for   µ = 1.0.  The results of the 

solution and its derivative for ERK formula and HSA method are provided in the 

Table 6.3 upto eight decimal places. It can be observed from the table that the 

absolute error for the solution and its derivative between ERK solution and the 

proposed scheme is quite small. The value of the absolute error for the solution of the 

problem is in the range 10-05 to 10-06 , while for the derivative of the solution lies from  

10
-04
 to 10

-06.  

The solution and its derivative is also provided for µ = 2.0 in the range 0 to 1 with a 

step of 0.1 and the results are given in Table 6.4. The learning of the weights on the 

derivative of the problem is necessary to get the unique solution of the problem. It is 

quite evident from the table that the absolute error of the proposed method from ERK 

formula is in the range of E-04
 to E

-06 and E-04
 to E

-05 for the derivative of the solution, 

respectively.    
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Table 6.3 The solution of numerical method and proposed scheme for µ = 1.0 

t yERK y′ERK yHSA y′HSA | yERK - yHSA | | y′ERK – y′HSA | 

0.0 2.00000000 0.00000000 2.00000444 -0.00017301 4.439E-06 1.730E-04 

0.1 1.98966836 -0.20991498 1.98965980 -0.20990804 8.560E-06 6.941E-06 

0.2 1.95739219 -0.43847312 1.95739748 -0.43826112 5.289E-06 2.120E-04 

0.3 1.90148935 -0.68142381 1.90151108 -0.68134612 2.172E-05 7.768E-05 

0.4 1.82089932 -0.93047679 1.82091948 -0.93055895 2.016E-05 8.217E-05 

0.5 1.71559692 -1.17336625 1.71560942 -1.17340889 1.250E-05 4.265E-05 

0.6 1.58690979 -1.39579584 1.58692269 -1.39576099 1.289E-05 3.485E-05 

0.7 1.43755036 -1.58502477 1.43756516 -1.58503765 1.480E-05 1.288E-05 

0.8 1.27127655 -1.73332613 1.27128742 -1.73337096 1.087E-05 4.484E-05 

0.9 1.09230182 -1.83930346 1.09231119 -1.83928961 9.362E-06 1.386E-05 

1.0 0.90470572 -1.90667069 0.90471500 -1.90669790 9.281E-06 2.721E-05 

Table 6.4 The solution of numerical method and proposed scheme for µ = 2.0 

T yERK y′ERK yHSA y′HAS | yERK - yHSA | | y′ERK – y′HSA | 

0.0 2.00000000 0.00000000 1.99991559 0.00043912 8.441E-05 4.391E-04 

0.1 1.98932137 -0.22033182 1.98928499 -0.21990874 3.637E-05 4.231E-04 

0.2 1.95477350 -0.47435674 1.95476572 -0.47411136 7.783E-06 2.454E-04 

0.3 1.89448058 -0.72659255 1.89451777 -0.72594471 3.719E-05 6.478E-04 

0.4 1.81135786 -0.92298902 1.81144439 -0.92280749 8.653E-05 1.815E-04 

0.5 1.71261320 -1.03914557 1.71269039 -1.03929065 7.720E-05 1.451E-04 

0.6 1.60563329 -1.09238535 1.60572296 -1.09201416 8.967E-05 3.712E-04 

0.7 1.49530953 -1.11000437 1.49543204 -1.10991059 1.225E-04 9.377E-05 

0.8 1.38419552 -1.11038368 1.38429563 -1.11082451 1.001E-04 4.408E-04 

0.9 1.27349005 -1.10286271 1.27356405 -1.10277126 7.400E-05 9.145E-05 

10 1.16374156 -1.0916987 1.16385885 -1.09121472 0.0001172 0.000484 

 
 

The solutions yHSA and y′HSA  are determined using weights given in Table 6.2 for DE-

NN networks optimized with HSA algorithm for µ = 1.0 and µ = 2.0, respectively. 

The values of fitness function ej given in equations (6.14) and (6.15) are calculated for 

125 independent runs by the proposed methodology. The results are shown 

graphically in Fig. 6.2 in descending order of fitness values against the number of 

independent run. In Fig. 6.2(a) results are shown by taking the value of µ = 1.0, while 

in Fig. 6.2(b), results are plotted for the derivative of the solution for the same value 
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of µ. The Fig. 6.2(a) represents the behavior of the optimization for independent runs 

for the time 0, 0.4, and 0.8, respectively. On the other hand the fitness values for the 

derivative of the solution for 125 runs are taken at the times 0.1, 0.5 and 0.9, 

respectively. The Fig. 6.2(c) and 6.2(d) are also for same number of independent runs 

and on the same input ranges for  µ=2.0. This proves the stability and confidence in 

the given scheme. By running the proposed scheme for a large number of times it has 

been observed that the convergence to a reliable accuracy was achieved every time by 

SA hybridized with FMINCON. Therefore, this can been be concluded from the 

figure that for reported input time the optimization capabilities of stochastic bases 

algorithm is fair enough. The behavior of independent runs against the fitness value is 

provided in the figure given below: 
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Fig. 6.2 The results for 125 independent runs for High Blood Pressure at µ = 1.0 and µ =2.0 
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The reliability and effectiveness of the solutions provided by given scheme can only 

be validated through detailed statistical analysis. In this regard, 125 independent runs 

are carried out for the proposed methodology. The Best is defined as the minimum of 

the absolute error and Worst as the maximum of the absolute error from yERK 

numerical results. The parameter of mean represents the average behavior of the 

results and standard deviation represents the spreadness in the data from the mean. 

The statistical analysis has been given on the basis of 125 independent runs of the 

proposed scheme for the inputs from 0 to 1 with a step 0f 0.2 for µ = 1.0 µ = 2.0 

respectively. The results for the derivative of the solution are also provided in Table 5. 

It is very much clear from the table that the Best, Worst, Mean and STD lie in the 

range 10-06 to 10-07, 10-01 to 10-02, 10-03 and 10-02 respectively for µ = 1.0. On the other hand 

at µ = 2.0, the Best, Worst, Mean and STD of the absolute error is in the range 10-03 to 

10
-05
, 10

-01
, 10

-02
 and 10-02 respectively.  The statistical behavior for the derivative of the 

solution also provides a good reliable accuracy as given in Table 6.5. The statistical 

analysis modes can be provided on intermediate points as well for the solution and its 

derivative. 

Table 6.5 The statistical analysis of the proposed results for at low blood pressure 

  µ = 1.0 µ = 2.0 
yHSA T Best Worst Mean STD Best Worst Mean STD 
 0.0 1.06E-06 2.13E-01 2.60E-03 1.96E-02 1.23E-05 2.70E-01 2.62E-02 5.92E-02 

0.2 6.09E-07 2.02E-01 2.62E-03 1.91E-02 2.09E-03 2.89E-01 2.70E-02 5.66E-02 

0.4 6.99E-06 1.77E-01 2.69E-03 1.76E-02 7.79E-05 3.21E-01 3.13E-02 5.54E-02 

0.6 6.08E-06 1.35E-01 2.50E-03 1.48E-02 3.04E-03 3.14E-01 3.62E-02 5.47E-02 

0.8 8.68E-07 9.92E-02 2.31E-03 1.18E-02 9.50E-04 4.11E-01 1.16E-01 5.44E-02 

1.0 1.59E-06 9.89E-02 2.12E-03 1.02E-02 6.37E-03 5.53E-01 2.56E-01 6.44E-02 

y′HSA          

 0.0 2.43E-06 7.14E-02 1.33E-03 6.83E-03 5.86E-06 3.83E-01 3.15E-02 7.32E-02 

0.2 2.91E-05 1.05E-01 3.36E-03 1.21E-02 1.06E-02 6.47E-01 7.03E-02 9.21E-02 

0.4 7.57E-07 1.75E-01 3.38E-03 1.71E-02 3.04E-04 8.88E-01 4.72E-02 1.17E-01 

0.6 2.07E-07 2.35E-01 3.63E-03 2.10E-02 2.70E-01 9.93E-01 3.21E-01 7.35E-02 

0.8 6.93E-06 1.97E-01 2.72E-03 1.76E-02 6.03E-01 8.86E-01 6.27E-01 2.51E-02 

1.0 4.81E-06 1.18E-01 1.66E-03 1.05E-02 7.78E-01 8.53E-01 8.16E-01 8.26E-03 
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b) Normal Blood Pressure  
 
The normal state of the heart is in the situation when the tension factor is also normal, 

So the value of the tension factor 1.0=p that represents the normal heart rate. The 

value of the µ is taken to be the same as in the previous case. The mathematical model 

of the equation (6.12) is made using DE-NN networks given in equations (3.12) to 

(3.14) with n = 10 number of neurons, which gives 30 number of adaptive weights to 

be optimized. The training is performed for the inputs between )1,0(∈t  with a step 

size h = 0.1. Therefore, the formulation of the fitness function for µ = 1 is written as 
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Similarly the fitness evaluation function for µ = 2.0 is given as 
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The minimization of the fitness function ej by the adjustment of the weights for DE-

NN networks is performed by hybridized SA (HSA) algorithm using the same set of 

parameters given in Table 6.1. The one of the best set of weights obtained by the 

optimization by HSA approach is provided in Table 6.6 for µ = 1.0 and µ = 2.0. 

These weights are provided on an accuracy of eight decimal places in order to 

reproduce the required results. In case of µ = 1.0, the value of fitness function is 

7.49E-07 for weight determined by HSA algorithm, while for µ = 2.0, the fitness value 

is 5.79E-06. The weights provided in Table 6.6 can be used in equation (3.12) to 

determine the solution for any input in the interval (0, 1). 

The numerical solution of the model at normal blood pressure is found by explicit 

Runge-Kutta formula using the following pair of coupled first order differential 

equations for the inputs from (0,1) with a step size of 0.1. We have calculated the 

numerical results of the problem by using selected value of tension factor and µ to get 

the results provided in the Table 6.7 and 6.8, respectively.  
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Table 6.6: The weights optimized for DENN Networks for Normal Blood Pressure 

Index µ = 1.0 µ = 2.0 

I 
iw  iα  

ib  
iw  iα  

ib  

1 -0.87658640 -0.42414998 4.32925819 2.21712128 -1.34319227 0.61645939 

2 6.31761861 0.63424714 8.11778828 -1.06169305 0.71725093 7.23365569 

3 -2.75370751 -6.06448581 4.90670452 9.71926776 -5.49681492 7.06537815 

4 0.64558251 1.53577450 -9.43476478 -6.11494011 -0.18289000 0.51715994 

5 -1.85057232 6.84673710 2.67827603 -3.91575876 -9.99695336 -7.49753727 

6 3.80526949 0.26120836 1.32445759 2.21504326 -4.04314675 5.73850124 

7 1.95820939 -0.42315641 -2.10726512 -0.11906404 8.22091715 -4.29877613 

8 -3.23260051 -0.15575963 3.15524580 5.26782456 6.73588564 9.86767489 

9 2.00115375 1.71597833 1.43753228 3.86649342 2.62806978 2.06589233 

10 5.07104821 -1.78618088 -8.30670336 -0.83073635 3.47187413 1.12303806 

 

The same problem is optimized by the proposed scheme at the same input domain for 

µ = 1.0 as used for the numerical solution. The results of the solution and its 

derivative for ERK formula and HSA method are provided in the Table 6.7 upto eight 

decimal places. It can be observed from the table that the absolute error for the 

solution and its derivative from the ERK formula than that of proposed scheme is in 

the range 10-04 to 10-05 , while for the derivative of the solution lie from the range 10-03 to 

10
-04.  

Table 6.7 The solution of numerical method and proposed scheme for µ = 1.0 

t yERK y′ERK yHSA y′HSA | yERK - yHSA | | y′ERK – y′HSA | 

0.0 2.00000000 0.00000000 1.99957409 0.00074966 4.259E-04 7.497E-04 

0.1 1.98997630 -0.20060120 1.98959102 -0.20076842 3.853E-04 1.672E-04 

0.2 1.95990932 -0.40026269 1.95946196 -0.40110168 4.474E-04 8.390E-04 

0.3 1.91009890 -0.59462989 1.90959886 -0.59462368 5.000E-04 6.203E-06 

0.4 1.84134274 -0.77820285 1.84091805 -0.77672753 4.247E-04 1.475E-03 

0.5 1.75501348 -0.94514583 1.75477899 -0.94305705 2.345E-04 2.089E-03 

0.6 1.65304038 -1.09034198 1.65298053 -1.08917362 5.985E-05 1.168E-03 

0.7 1.53778752 -1.21033931 1.53776061 -1.21083532 2.692E-05 4.960E-04 

0.8 1.41185829 -1.30383373 1.41173487 -1.30494537 1.234E-04 1.112E-03 

0.9 1.27788136 -1.37156152 1.27770571 -1.37119680 1.756E-04 3.647E-04 

1.0 1.13833137 -1.41575380 1.13827566 -1.41428385 5.571E-05 1.470E-03 
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Table 6.8 The solution of numerical method and proposed scheme for µ = 2.0  

t yERK y′ERK yHSA y′HAS | yERK - yHSA | | y′ERK – y′HSA | 

0.0 2.00000000 0.00000000 1.99999276 -0.00045876 7.243E-06 4.588E-04 

0.1 1.98995231 -0.20113358 1.98989423 -0.20161259 5.808E-05 4.790E-04 

0.2 1.95994243 -0.39681951 1.95983902 -0.39734176 1.034E-04 5.223E-04 

0.3 1.91138129 -0.56874423 1.91121565 -0.56936832 1.656E-04 6.241E-04 

0.4 1.84757983 -0.69957566 1.84737368 -0.69970748 2.061E-04 1.318E-04 

0.5 1.77300713 -0.78464391 1.77280688 -0.78448578 2.002E-04 1.581E-04 

0.6 1.69191755 -0.83184109 1.69172660 -0.83185538 1.909E-04 1.430E-05 

0.7 1.60749568 -0.85324199 1.60729424 -0.85339804 2.014E-04 1.561E-04 

0.8 1.52178763 -0.85895784 1.52157590 -0.85896725 2.117E-04 9.402E-06 

0.9 1.43600165 -0.85564954 1.43580222 -0.85540612 1.994E-04 2.434E-04 

1.0 1.35082601 -0.847231 1.3506554 -0.84696334 1.706E-04 2.680E-04 

 

The solution and its derivative is also provided for µ = 2.0 in the range 0 to 1 with a 

step of 0.1 and the results are given in Table 6.8. It is quite evident from the table that 

the absolute error of the proposed method from ERK formula is in the range of E-04 to 

E
-06 for both the solution and its derivative.     

The solutions yHSA and y′HSA  are determined using weights given in Table 6.6 for 

DENN networks optimized with HSA algorithm for µ = 1.0 and µ = 2.0, respectively. 

The values of fitness function ej given in equations (6.18) and (6.19) are calculated for 

the 125 independent runs by the proposed methodology. The results are shown 

graphically in Fig. 6.3 in descending order of fitness values against the number of 

independent run. In Fig. 6.3(a) results are shown by taking the value of µ = 1.0, while 

in Fig. 6.3(b), results are plotted for the derivative of the solution for the same value 

of µ. The Fig. 6.3(a) represents the behavior of the optimization for independent runs 

for the time 0, 0.3, 0.6 and 0.9, respectively. On the other hand the fitness values for 

the derivative of the solution for 125 runs are taken at the times 0.1, 0.4, 0.7 and 1.0, 

respectively. The Fig. 6.3(c) and 6.3(d) are also for same number of independent runs 

and on the same input ranges for  µ=2.0. This demonstrates the stability and 

confidence in the given scheme. 
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Fig. 6.3 The results for 125 independent runs for High Blood Pressure at µ = 1.0 and µ =2.0 
 
Moreover, the reliability and effectiveness of the given scheme can be validated 

through a comprehensive statistical analysis. In this regard, 125 independent runs are 

carried out for the proposed methodology and the results are narrated in Table 6.9. 

The modes of the statistical analysis are same as explained in the previous case. The 

analysis of yHSA in the form of absolute error has been given on the basis of 125 

independent runs of the proposed scheme for the inputs from 0 to 1 with a step 0f 0.2 

for µ = 1.0 µ = 2.0 respectively. It is very much clear from the table that the Best, 

Worst, Mean and STD lie in the range 10-05 to 10-07, 10-03, 10-04 and 10-04 respectively for µ 

= 1.0. On the other hand at µ = 2.0, the Best, Worst, Mean and standard deviation of 

the absolute error is in the range 10-05 to 10-07, 10-01 to 10-02 , 10-03 and 10-02 to 10-03 , 

respectively.   
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Table 6.9 The statistical analysis of the proposed results yHSA for at Normal blood 
pressure 

 µ = 1.0 µ = 2.0 
t Best Worst Mean STD Best Worst Mean STD 

0.0 7.23E-06 1.12E-03 2.25E-04 2.27E-04 4.07E-06 1.27E-01 3.53E-03 1.49E-02 

0.1 8.33E-07 1.07E-03 2.30E-04 2.32E-04 7.03E-07 1.17E-01 3.45E-03 1.32E-02 

0.2 1.40E-06 1.38E-03 2.99E-04 2.98E-04 1.19E-05 1.04E-01 3.53E-03 1.13E-02 

0.3 1.35E-06 2.08E-03 4.13E-04 4.23E-04 3.90E-06 8.84E-02 3.45E-03 9.21E-03 

0.4 2.45E-06 2.69E-03 4.96E-04 5.35E-04 9.54E-07 7.16E-02 3.10E-03 7.19E-03 

0.5 3.46E-06 2.99E-03 5.22E-04 5.82E-04 9.94E-06 5.64E-02 2.72E-03 5.55E-03 

0.6 3.50E-06 2.96E-03 5.15E-04 5.66E-04 7.23E-06 4.53E-02 2.54E-03 4.50E-03 

0.7 6.66E-07 2.80E-03 5.23E-04 5.23E-04 1.15E-05 3.90E-02 2.57E-03 4.02E-03 

0.8 1.24E-05 2.75E-03 5.59E-04 5.13E-04 7.93E-06 3.69E-02 2.63E-03 3.92E-03 

0.9 3.76E-06 2.93E-03 6.04E-04 5.50E-04 1.33E-05 3.71E-02 2.60E-03 3.96E-03 

1.0 4.91E-06 3.21E-03 6.34E-04 6.06E-04 2.08E-05 3.73E-02 2.49E-03 3.95E-03 

 
 
C) Low Blood Pressure 
 
At low blood pressure the value of tension factor will be very small so it is taken as

05.0=p . The value of the µ is taken to be non-stiff i.e. µ ≤ 2. The designed schemes 

is applied on two such situations i.e. the value of µ = 1.0 and µ = 2.0 are taken in 

equation (6.10). The mathematical model of the equation (6.12) is made using DENN 

networks given in equations (3.12) to (3.14) with n = 10 number of neurons, which 

gives 30 number of adjustable parameter to be founded. The weights are real and are 

in the bounded range from -10 to 10.  Input of the training set is divided into N = 10 

equal steps between )1,0(∈t  with a step size h = 0.1. Therefore, the formulated 

fitness function for µ = 1 is written as 
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On the other hand the fitness evaluations function for µ = 2.0 is given as 
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Now, we have to minimize the value of the fitness function ej by adjustment of the 

weights for DENN networks. We have applied hybridized SA (HSA) algorithm for 

the training of weighs of said optimization problem. The parameters settings used in 

the given scheme is provided in Table 6.1. The one of the best set of weights using 

fitness function as given in equations (6.20) and (6.21) for HAS approach is provided 

in Table 6.10. These weights are given upto 8 decimal places in order to minimize the 

rounding of errors. In case of µ = 1.0, the value of fitness function is 9.21E-07 for 

weight determined by HSA algorithm, while for  µ = 2.0, the fitness values is  4.88E-

06.  The weights provided in Table 6.10 can be used in equation (6.12) to determine 

the solution for any input in the interval (0, 1).    

Table 6.10: The weights optimized for DENN Networks for Low Blood Pressure 

Index µ = 1.0 µ = 2.0 
i 

iw  iα  
ib  

iw  iα  
ib  

1 -1.57819642 -3.65215216 -3.60729681 6.57075967 2.91068598 7.05734642 

2 3.16637460 -0.53171620 -1.98577233 -5.12830156 2.93184919 -4.89220917 

3 1.39263231 -1.37809405 -1.39970501 1.42367754 -3.20650349 1.75287783 

4 -4.53934333 0.10040528 4.54897945 -2.44094246 -3.60992021 -7.56342897 

5 5.97689199 7.12521557 7.86891331 -1.12394649 -0.46747200 -5.61183166 

6 -2.52408989 -2.61227236 -2.06784954 -2.98153273 1.33939217 -1.40970088 

7 1.42367212 -3.81167192 -3.38342650 -4.43747610 -2.66737975 -1.96617934 

8 2.47587159 -0.30655202 5.93908679 -1.70408396 2.20089264 -5.47261467 

9 1.70098895 -3.18072001 7.37130828 -5.52968234 -0.32159562 0.29325147 

10 3.74719883 -0.92963357 3.01050967 -1.05807780 2.51258665 1.47868331 

 

First of the numerical solution of the model at blood pressure is calculated by explicit 

Runge-Kutta formula using the following pair of coupled first order differential 

equations for the inputs from (0,1) with a step size of 0.1. The numerical results are 

calculated for model of heart by taking µ=1 and µ=2 simultaneously, but using the 

value of tension factor as 0.05.   

Now, we have solved the same problem by the proposed scheme at the same input 

domain for   µ = 1.0.  The results of the solution and its derivative for ERK formula 
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and HSA method are provided in the Table 6.11 upto eight decimal places. It can be 

observed from absolute error for the solution and its derivative from the ERK formula 

that the proposed method is in a good agreement. The absolute error is in the range 10-

4
 to 10

-5.    

The solution for µ = 2.0 is provided from 0 to 1 and the results are given in Table 

5.12. It is quite evident from the table that the absolute difference between the 

proposed scheme and ERK formula lies close to E-05 for the solution and E-04
 to E

-06 for 

the derivative of the solution.   

Table 6.11 The solution of numerical method and proposed scheme for µ = 1.0 

t yERK y′ERK yHSA y′HSA | yERK - yHSA | | y′ERK – y′HSA | 

0.0 2.00000000 0.00000000 1.99974540 0.00005659 2.546E-04 5.659E-05 

0.1 1.98999301 -0.20010001 1.98974169 -0.20007512 2.513E-04 2.489E-05 

0.2 1.96004262 -0.39827095 1.95979725 -0.39815902 2.454E-04 1.119E-04 

0.3 1.91054431 -0.59024072 1.91031663 -0.59000526 2.277E-04 2.355E-04 

0.4 1.84237780 -0.77070228 1.84217687 -0.77041655 2.009E-04 2.857E-04 

0.5 1.75697282 -0.93412131 1.75680084 -0.93382764 1.720E-04 2.937E-04 

0.6 1.65628212 -1.07573944 1.65614056 -1.07542548 1.416E-04 3.140E-04 

0.7 1.54265796 -1.19243790 1.54254614 -1.19218197 1.118E-04 2.559E-04 

0.8 1.41866302 -1.28314786 1.41856777 -1.28308055 9.525E-05 6.731E-05 

0.9 1.28686811 -1.34871274 1.28677501 -1.34867825 9.311E-05 3.449E-05 

10 1.14968522 -1.39135879 1.14960616 -1.39114130 7.906E-05 2.175E-04 

The solutions yHSA and y′HSA  are determined using weights given in Table 6.10 for 

DE-NN networks optimized with HSA algorithm for µ = 1.0 and µ = 2.0, 

respectively. The values of fitness function ej given in equations (6.20) and (6.21) are 

calculated for the 125 independent runs using the given scheme. The results are 

shown graphically in Fig. 6.4 in descending order of fitness values against the number 

of independent run. 
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Table 6.12 The solution of standard numerical method and proposed scheme for µ = 
2.0 

t yERK y′ERK yHSA y′HSA | yERK - yHSA | | y′ERK – y′HSA | 

0.0 2.00000000 0.00000000 2.00001984 -0.00017848 1.984E-05 1.785E-04 

0.1 1.98998573 -0.20013278 1.98999787 -0.20004960 1.214E-05 8.318E-05 

0.2 1.96020417 -0.39299827 1.96021979 -0.39313465 1.562E-05 1.364E-04 

0.3 1.91221066 -0.56117225 1.91219673 -0.56151149 1.394E-05 3.392E-04 

0.4 1.84934053 -0.68869269 1.84930849 -0.68868116 3.205E-05 1.153E-05 

0.5 1.77597011 -0.77170356 1.77594937 -0.77156707 2.074E-05 1.365E-04 

0.6 1.69622755 -0.81799503 1.69621074 -0.81807544 1.681E-05 8.040E-05 

0.7 1.61320555 -0.83916531 1.61317202 -0.83938384 3.354E-05 2.185E-04 

0.8 1.52890358 -0.84493932 1.52885099 -0.84507651 5.259E-05 1.372E-04 

0.9 1.44451254 -0.84177415 1.44445363 -0.84177298 5.891E-05 1.172E-06 

10 1.36071701 -0.83350150 1.36066094 -0.83347210 5.610E-05 2.940E-05 

 

In Fig. 6.4(a) results are shown by taken the value of µ = 1.0, while in Fig. 6.4(b), 

results are plotted for the derivative of the solution for the same µ. The Fig. 6.4(a) 

represents the behavior of the optimization for independent runs for the time 0, 0.3, 

0.6 and 0.9 respectively. On the other hand, the fitness values for the derivative of the 

solution for 125 runs are taken at the times 0.1, 0.4, 0.7 and 1.0 respectively. The Fig. 

6.4(c) and Fig. 6.4(d) are also for same number of independent runs and on the same 

input ranges for  µ=2.0. This proves the stability and confidence in the given scheme. 

The reliability and effectiveness of the solutions provided by given scheme can only 

be validated through detailed statistical analysis. In this regard, 125 independent runs 

are carried out for the proposed methodology. The best and the worst solution are 

defined, respectively, as minimum and maximum value of absolute error from yERK 

numerical results. The parameter of mean represents the average behavior and 

standard deviation represents the spreadness in the data from the mean result. The 

statistical analysis on the basis of 125 independent runs of the proposed scheme for 

the inputs from 0 to 1 for µ = 1.0 and µ = 2.0, respectively. 
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Fig. 6.4 The results for 125 independent runs for Low Blood Pressure at µ = 1.0 and µ =2.0 
 

The results for the derivative of the solution are represented in Table 5.13. It is very 

much clear from the table that the mean and STD for µ = 1.0 is in the range 10-03 to 

10
-04 and is from 10-02 to 10-03 for µ = 2.0.   

Table 5.13 The statistical analysis of the results y′HSA for at Low blood pressure  

 µ = 1.0 µ = 2.0 
t Best Worst Mean STD Best Worst Mean STD 

0.0 4.78E-07 1.77E-03 3.11E-04 3.03E-04 6.87E-05 1.39E-01 5.42E-03 1.87E-02 

0.2 1.11E-05 4.09E-03 1.39E-03 1.06E-03 2.35E-05 1.33E-01 7.52E-03 1.75E-02 

0.3 1.20E-05 5.19E-03 1.30E-03 1.26E-03 5.80E-05 9.97E-02 4.41E-03 1.22E-02 

0.4 9.43E-06 5.56E-03 8.78E-04 9.62E-04 3.04E-06 7.02E-02 2.39E-03 7.37E-03 

0.5 9.51E-06 7.24E-03 7.20E-04 8.94E-04 3.01E-06 4.99E-02 1.52E-03 4.68E-03 

0.6 1.53E-05 6.86E-03 9.51E-04 1.00E-03 2.07E-05 3.43E-02 1.52E-03 3.19E-03 

0.7 1.12E-05 4.33E-03 9.02E-04 7.29E-04 6.43E-06 1.80E-02 1.56E-03 2.03E-03 

0.8 5.44E-06 2.23E-03 5.03E-04 4.69E-04 6.12E-06 1.91E-02 9.26E-04 1.94E-03 

0.9 5.15E-06 2.31E-03 6.82E-04 6.22E-04 1.17E-06 3.10E-02 1.67E-03 2.99E-03 

1.0 1.66E-05 2.27E-03 6.33E-04 4.16E-04 1.81E-06 4.41E-02 1.58E-03 4.09E-03 
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6.3.1.3 Conclusions  
 
On the basis of simulation results provided in the last section, it can be concluded 

that: 

• The stochastic solvers based on DE-NN networks optimized with hybridized 

simulated annealing algorithm can effectively provide solution of the model of 

heart for high, normal and low blood pressures. The absolute error are from 

numerical solution that lie in range of 10-04 to 10-06, 10-05 to 10-06 and 10-04 to 10-06 for 

high, normal and low blood pressure, respectively.  

• The reliability and effectiveness of proposed artificial intelligence techniques 

are validated from statistical analysis based on 125 independent runs. It is 

found that the confidence interval for the convergence of the HSA algorithm is 

100% to get an approximate solution in an acceptable error range.  

• It has been observed that the proposed scheme is equally good for both µ = 1 

and  µ = 2 at high, normal and low blood pressures. In contrast with explicit 

Runge-Kutta formula, the proposed scheme can readily provide the solution 

on the continuous grid of time while numerical methods have to perform the 

whole chamber some procedure to provide the solution. Thus this provides an 

alternate approach to researchers to apply the solver to complex real life 

problems in biotechnology. 



 

 

CHAPTER 7 

 

NON-LINEAR FIRST PAINLEVÉ TRANSCENDENT  
 

7.1 INTRODUCTION 

The history of Painlevé equations is more than one century old. These equations are 

introduced by Painlevé and his school in the form of six second order irreducible 

equations, which discover new transcendental functions. These functions had no 

physical applications over a long period of time, but now these equations are used 

extensively to describe different physical processes. The special interest of the 

research community in this area is due to its nature of singularity. The solutions of 

Painlevé equations gain their importance in both pure [203] and applied mathematics 

[204], along with theoretical physics [205]. These transcendent have a number of 

applications in applied sciences and engineering. For instance, Painlevé I provide 

certain solutions to Korteweg-de Vries (KdV) and Bussinesq equations [206], [207], 

bifurcations in nonlinear non-integral models [208], matrix models of quantum 

gravity with continuous limits [209], [210], [211], [212]. KdV and cylindrical KdV 

equations are reduced to Painlevé equation [213], [214]. The function associated with 

Painlevé I appears in n-large asymptotic of semi-classical orthogonal and bi-

orthogonal polynomials [215], [216] and accordingly becomes a major object in the 

Laplacian growth problem [217]. In recent publications involving Painlevé 1 

equation, a semi-classical approximation of special real solution of first Painlevé 

transcendent can model the viscous shocks in Hele-shaw flow and Stokes phenomena 

[218], the existence of  Tronquée solutions for higher order analogous of first 

Painlevé equation [219], and  Hyperasymptotics solution for the first Painlevé 

equation [220] etc. Beside this, because of its utmost importance, a number of 

researchers have focused their intention to provide the solution of Painlevé I using 
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different techniques [221], [222], [223], [224], [225], [226], [227], [228], [229], 

[230], [231], [232]. 

The well known analytic solvers like Adomian decomposition method (ADM), 

variation iteration method (VIM) and Homotopy perturbation method (HPM) are also 

capable of finding out the solution to this kind of non-linear problems [233], [234], 

[235], [236], [237]. The generic solution is provided in all these mentioned methods 

in the form of infinite series, but the results are determined using finite number of 

terms. Beside this, the stochastic solver based on neural network supported with 

particle swarm optimization algorithm has been used extensively not only for the 

solution of nonlinear ordinary differential equation [238], [239] but also linear and 

nonlinear fractional differential equation [240]. However, as per our literature survey 

these methods are not exploited for finding the solution of Painlevé I. This motivates 

the authors for finding the approximate solution of such non-linear initial value 

problem.  

In this section, the investigation is confined to find out solution of initial value 

problem of nonlinear differential equation well known as Painlevé I. It can be written 

in the following form    

,)(6
)( 2

2

2

xxy
dx

xyd
+=  7.1 

and its associated initial conditions are given as 

1
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,0)0( ==
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7.2 MATHEMATICAL MODELING OF PAINLEVÉ’ I  

The mathematical modeling of this problem is by the linear combination of ANN 

given in equation (3.12) to (3.14). The DEN network architecture for Painlevé I is 

given in the Fig. 7.1.   
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Fig. 7.1 Neural networks architecture for Painlevé I. 
 

The objective function ej can be formulated as 

,3,2,1,21 K=+= jeee
jj  7.3 

where j is the flight index, and e1 is the error associated with the equation (7.1) and 

its expression can be  represented as using networks given in (3.12) and (3.14) 
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where s = mh. It means that m is the total number of steps and h defines the size of 

step and x is taken between (0, X). By increased the value of m, the higher accuracy in 

the modeling can be achieved, but at the cost of computation complexity of the 

algorithm. 

Similarly 2e is associated with initial conditions and it can be written as, 
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It is quite evident that the unknown weight for which the fitness function ej 

approaches zero, the approximate solution ŷ(x) approaches the exact solution y(x) of 

the Painlevé I.  

7.3 NUMERICAL SIMULATION USING EVOLUTIONARY COMPUTATION 

The evolutionary computation technique based on genetic algorithm is used find the 

results by using the DEN network. In this dissertation, the neural networks supported 

with computational intelligence algorithms are used to solve Painlevé equation. The 

availability of weights to optimize such error is highly stochastic in nature. So, the 

training of weights is carried out by GA, IPA, SA and PS along with hybrid 

combinations.  

  7.3.1 Learning Procedure 
 
The learning of the weights is performed by GA, PS, SA, IPA and their hybrid 

approaches. The parameter setting used in this study for GA and IPA algorithms are 

given in Table 7.1, while for SA and PS techniques is shown in Table 7.2. 

Table 7.1: Parameters Setting for GA and IPA Algorithms 

GA  IPA 
Parameters Setting  Parameters Setting 

Population Creation Constrain 

dependant 

 Start Point Randomly between (-

1,1)  

Scaling faction Rank  Derivative Approximate by solver  

Selection function Stochastic Uniform  Sub-problem algorithm IDI factorization 

Crossover fraction 0.80  Scaling  Objective and constraints 

Crossover  function Heuristic  Maximum Perturbation  0.1 

Mutation Adaptive feasible  Finite Difference types Forward Differences  

Elite count  3  Hessian  BFGS 

Initial Penalty 10  Minimum Perturbation 10-08 

Penalty factor 100  X-Tolerance 10-10 

Migration fraction 0.2  Max Iteration 2000 

Migration interval 20  Max. function evolutions 25000 
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Table 7.2: Parameters Setting for SA and PS Algorithms 

SA  PS 
Parameters Setting  Parameters Setting 

Start Point Randomly between 

(0, 1) 

 Start Point Randomly 

between (0, 1) 

Annealing Function Fast Annealing  Polling order Consecutive 

Reannealing Interval 100  Mesh Accelerator Off 

Temperature Update 

Function 

Exponential  Mesh Rotae/Scale  On 

Acceptance Criteria Simulating 

annealing 

acceptance 

 Poll method GPS Positive  

basis 2N 

Stall Iteration 15000  Mesh expansion factor  2.0 

Initial Temperature 100  Mesh Contraction factor 0.5l  

Maximum Iteration 30000  Maximum Iteration 3000 

Maximum Function 

Evolutions 

90000  Maximum function 

evolutions 

100000 

 

7.3.2 Numerical Simulation  

In this section, results of the detailed simulations have been presented for Painlevé 

equation I.  The exact solution of this nonlinear ordinary differential equation is not 

known; therefore, its comparative studies are presented only with other stochastic as 

well as approximate analytic numerical techniques. 

Mathematical modeling of the equation is formulated with DENN networks 

represented by expression (3.12) and (3.14) by taking 10 number of neurons, which 

result in 30 number of unknown weights of the networks. These weights are bounded 

real numbers between -10 to 10. The initial population consists of a set of 240 

individuals, which is divided into 8 subpopulations each with 30 individuals. Each 

individual has 30 elements, which is equivalent to a number of unknown parameters 

of DENN networks. Input of the training set is taken as t ∈ (0, 1) with a step of 0.1. 

Therefore, the fitness function as given in equation (7.6) in this case can be 

formulated as 



Chapter 7.                                                                                     Non-Linear First Painlevé Transcendent                                                                    

169 

K3,2,1]}1)0(ˆ{)}0(ˆ[{
2

1
])}(ˆ{6

)(ˆ
[

11

1 22
11

1

22
2

2

=−++−−= ∑
=

jy
dt

d
ytty

dt

tyd
e

ji

ii

i

i
j  7.6 

where, j is the number of generations, ŷ and d2ŷ/dt2 are networks provided in 

equations (3.12), and (3.14), respectively. The proposed scheme runs iteratively in 

order to compute the minimum of fitness function with a termination criteria as 1600 

number of generations or the value of the fitness function  ej ≤ 10
-09  whichever comes 

earlier. The best individual found by GA technique is passed to IPA algorithm as a 

start point for rapid local search. Optimization of the fitness function (7.6) is also 

done with SA and PS techniques by using the parameter setting used given in Table 

7.2. One of the best set of weights to DENN learned stochastically by GA hybrid with 

IPA (GA-IPA) and PS hybrid with IPA (PS-IPA) are given in Table 7.3, while for SA 

hybrid with IPA (SA-IPA) and IPA algorithm alone is shown in Fig. 7.1(a) and Fig. 

7.1(b), respectively.  These weights can be used in (7.3) to obtain the solution of 

Painlevé I for any input time t between 0 and 1.  

Table 7.3: Weights Trained by GA-IPA and PS-IPA Algorithms 

i 

GA-IPA  PS-IPA 
wi

 αi
 

        βi
  wi

 αi
 

        βi
 

1 -0.09419252 4.40969456 0.71523375  -1.78933408 -1.12659854 1.16741047 

2 -7.74586194 -6.53184804 9.91763408  6.81748687 9.85249048 -8.84014695 

3 -0.49586318 1.78392014 2.06442263  -3.59430726 1.04319752 1.88017204 

4 -4.72851231 -0.43163723 2.74248908  -0.43443994 0.69086185 2.60000911 

5 -0.61856008 -0.15933885 -2.33076773  -2.13391965 -0.74371424 -0.33900757 

6 1.70851031 1.82676926 1.58142028  -8.66716665 1.60682702 9.86368403 

7 8.68663701 -0.95884483 -6.99811597  -3.28087403 0.81147957 0.35898406 

8 8.00958999 1.58562081 -6.57768753  -1.75825624 -1.28078620 -0.05537760 

9 -0.16835997 1.61553058 2.12009645  -2.96689160 -1.09785526 2.12656963 

10 -2.21614693 -1.13364609 -0.05052634  -2.28235189 -1.12692452 1.18012342 
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(a)  

(b) 

Fig. 7.2: The weights trained for DENN networks (a) for SA-IPA, (b) for IPA algorithm 
 

The solutions obtained from the individuals in Table 7.3, Fig 7.2(a) and Fig 7.2(b) are 

given in Table 7.4 for inputs between 0 and 2 with step of 0.1. It also includes the 

results of 3rd iterate variational iteration method (VIM) and Homotopy perturbation 

method (HPM) for the same inputs [228], [229]. It is further elaborated that VIM 

method, based on a polynomial of 38 degree with 34 terms, while the solution for 

HPM method is represented by 20 terms based on a polynomial of 22 degree. It can 

be seen from the results given in Table 7.4 that solution provided by our scheme is in 

good agreement with VIM and HPM methods for inputs between 0 and 1. However, 

for the values greater than ‘1’ the analytical methods diverge while the results by 

stochastic solvers are still convergent. It is interesting to see that the differences in the 

results near t = 2 are very large while the difference of the results for stochastic 

solvers is very small. As the exact solution for Painlevé I is unknown, so the 

following criteria is made for the comparison of our proposed solution ŷ(t) and 

approximate analytical solvers.   

22
2

2

])}({6
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dt
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It means that the solution that provides the minimum of expression (7.3) will lead to 

the accurate solution of Painlevé I. The results are determined between the time 0 to 2 

with a step of 0.1 for stochastic and analytical solvers and is given in the Table 7.5. It 

can be found that the results for input less than 0.8, the VIM and HPM techniques are 
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remarkable, while the results by proposed scheme remain consistent with an accuracy 

of 10-06 to 10-08 between 0 and 1. It can also be seen that for t ϵ (1, 2) the error of the 

given proposed scheme is much less than that of VIM and HPM techniques. 

Table 7.4 Summary of the results for Painlevé I.  

t 
Ў(t) 

 
ŷ(t) 

VIM HPM GA-IPA PS-IPA SA-IPA IPA 

0.0 0.00000000 0.00000000  -0.00039196 -0.00009893 -0.00028524 -0.00019076 

0.1 0.10021675 0.10021675  0.09980365 0.10011231 0.09991484 0.10001106 

0.2 0.20213945 0.20213945  0.20170181 0.20203160 0.20181712 0.20190915 

0.3 0.30863075 0.30863075  0.30815596 0.30851505 0.30828301 0.30837833 

0.4 0.42398628 0.42398629  0.42345876 0.42385344 0.42359728 0.42370064 

0.5 0.55433991 0.55434012  0.55372347 0.55418851 0.55388222 0.55399693 

0.6 0.70845966 0.70846209  0.70772733 0.70828524 0.70792054 0.70805274 

0.7 0.89922969 0.89924992  0.89831646 0.89901945 0.89855904 0.89872394 

0.8 1.14639825 1.14653134  1.14532872 1.14623689 1.14563612 1.14584789 

0.9 1.48177895 1.48251774  1.48078306 1.48210078 1.48124971 1.48154291 

1.0 1.95942104 1.96303937  1.96099008 1.96263649 1.96147223 1.96190600 

1.1 2.67624476 2.69235969  2.68210924 2.68863694 2.68619845 2.68651955 

1.2 3.81549745 3.88205938  3.72145787 3.78667552 3.78268911 3.77519443 

1.3 5.74150466 5.99957450  4.97894878 5.24591958 5.28519638 5.23208793 

1.4 9.21266839 10.15837961  6.15133119 6.78950450 6.97977217 6.80867366 

1.5 15.87246747 19.16051447  6.99170361 8.08090883 8.48183210 8.13726415 

1.6 29.40316664 40.27336198  7.48178522 8.98117383 9.54431170 9.02949288 

1.7 58.27239041 92.49760981  7.72898187 9.54051283 10.17677508 9.53261660 

1.8 122.32053949 225.09720711  7.83899494 9.86881508 10.51077040 9.78093116 

1.9 268.59971659 563.40155337  7.87872259 10.05879080 10.67133968 9.88817221 

2.0 609.39725329 1418.35049652  7.88382437 10.17037746 10.74012436 9.92470932 

 
It is difficult to compare analytical solvers like VIM and HPM with the stochastic 

solvers; however, one has to go through the complex mathematical procedures to 

obtain the results for such analytical solvers, whereas such issues are not dealt with 

stochastic solvers. Beside this, the advantages of the stochastic schemes are 

robustness, simplicity of the concept, ease in implementation and broader application 

domain. 

Furthermore, the accuracy of the proposed methods can be increased further by 

training of the weights for the larger intervals. In this regard, DENN networks are 
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optimized with GA-IPA and IPA algorithms for interval (0, 2) with a step of 0.2. The 

weights obtained by learning are given in Fig.7.3. These weights are used in 

expression (7.3) for finding the solution of the equation in the interval 0 to 2. The 

results are also given in Table 7.5. It is quite evident from the table that the error for 

IPA and GA-IPA are in acceptable range. Moreover, it is noted that on the points 

where we have not performed learning, the value of the error is large. Such error can 

be reduced by the proposed scheme, but at the cost of much greater computational 

budget. 

Table 7.5: Comparison of the results for Painlevé I based on function )(tε .  

t 
Ў(t) 

 

ŷ(t) 

DENN trained for (0, 1) & step 0.1 
 

DENN trained for (0, 2) & step 
0.2 

HPM VIM GA-IPA PS-IPA SA-IPA IPA GA-IPA IPA 

0.0 0 0  3.22E-08 3.88E-08 1.79E-08 6.75E-08  2.81E-08 1.04E-08 

0.1 1.93E-34 5.28E-24  1.80E-08 1.93E-07 2.62E-08 1.10E-06  2.36E+02 2.29E+02 

0.2 4.93E-32 2.29E-17  1.15E-07 3.34E-08 1.66E-07 1.36E-06  2.74E-07 4.21E-08 

0.3 5.80E-26 1.84E-13  2.97E-07 4.53E-07 3.40E-08 1.60E-08  8.68E+01 8.92E+01 

0.4 1.04E-20 1.16E-10  2.05E-06 3.94E-07 1.72E-06 2.35E-06  5.54E-07 4.89E-08 

0.5 1.41E-16 1.88E-08  2.95E-06 4.40E-07 6.30E-06 5.30E-06  8.69E-02 7.73E-02 

0.6 3.65E-13 1.32E-06  2.10E-06 3.66E-06 6.60E-06 4.45E-06  6.91E-06 3.11E-07 

0.7 3.03E-10 5.37E-05  7.28E-07 3.41E-06 3.03E-06 1.83E-06  1.74E-03 1.07E-03 

0.8 1.10E-07 1.51E-03  2.42E-07 9.59E-07 9.57E-07 4.60E-07  1.22E-05 1.19E-07 

0.9 2.13E-05 3.32E-02  5.70E-08 8.42E-08 1.62E-07 6.13E-08  1.52E-04 4.90E-05 

1.0 2.54E-03 6.18E-01  6.59E-09 2.11E-09 1.03E-08 3.56E-09  7.34E-05 1.17E-06 

1.1 2.10E-01 1.04E+01  1.17E+02 3.8.1E+01 4.28E+01 5.04E+01  6.25E-06 3.23E-07 

1.2 1.30E+01 1.65E+02  3.64E+03 2.34E+03 1.94E+03 2.25E+03  4.43E-06 2.87E-06 

1.3 6.53E+02 2.63E+03  2.53E+04 2.48E+04 2.19E+04 2.32E+04  4.91E-05 6.16E-07 

1.4 2.86E+04 4.29E+04  6.97E+04 9.32E+04 9.89E+04 9.38E+04  8.90E-05 1.84E-05 

1.5 1.17E+06 7.43E+05  1.09E+05 1.88E+05 2.30E+05 1.98E+05  5.42E-06 3.03E-05 

1.6 4.69E+07 1.40E+07  1.31E+05 2.70 E+05 3.50E+05 2.81E+05  2.34E-04 2.63E-05 

1.7 1.92E+09 2.91E+08  1.39E+05 3.26 E+05 4.26E+05 3.27E+05  6.28E-04 3.24E-04 

1.8 8.11E+10 6.73E+09  1.42E+05 3.60 E+05 4.65E+05 3.48E+05  6.69E-05 6.06E-06 

1.9 3.45E+12 1.72E+11  1.43E+05 3.80 E+05 4.82E+05 3.54E+05  6.38E-03 4.71E-03 

2.0 1.43E+14 4.77E+12  1.42E+05 3.93 E+05 4.88E+05 3.55E+05  5.67E-06 5.44E-07 
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(IPA) 

 
(GA-IPA) 

Fig. 7.3: The weights trained for DENN networks (a) for IPA, (b) for GA-IPA algorithms 
 

In order to see the behavior of the proposed schemes on the intermediate points, we 

have trained DENN networks using IPA and GA-IPA on interval (0, 2) with a step of 

0.1. In this case, the values of weights are restricted between (-100, 100). One of the 

weights trained stochastically using IPA and GA-IPA are presented in Table 7.6. The 

value of the function ε(t) as given in equation (7.7) is determined using the values of 

weights given in Table 7.6. The results are provided in Table 7.7 for t ϵ (0, 2) with a 

step of 0.05. It can be seen from the table the accuracy of the results increases by 

using the small step in training of the DENN networks. Comparing the results given 

in Table 7.5 and Table 7.7, it can be inferred that the values of ε(t) at intermediate 

points is significantly reduced. For example, the maximum and minimum values of 

ε(t) for GA-IPA from Table 7.5 are 2.36×10+02 and 2.81×10-08, respectively, while from 

Table 7.7 the maximum and minimum values are reduced to 5.68×10-02 and 2.97×10-14, 

respectively.  

The proposed schemes are based on stochastic solvers, so their reliability and 

effectiveness can only be validated through detailed statistical analysis. In this regard, 

75 numbers of independent runs for IPA, SA-IPA, PS-IPA, and GA-IPA algorithms 

are executed for finding the appropriate DENN weights. 
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Table 7.6: DENN Weights Trained by GA-IPA and IPA Algorithms for t ϵ (0, 2) with 
step 0.1 

i 

GA-IPA  PS-IPA 
wi

 αi
 βi

  wi
 αi

 βi
 

1 1.627731173 -1.964056581 -0.830827211  20.707100303 -4.322007442 1.857541819 

2 0.994022490 31.645165969 -3.462621476  -1.526442724 5.805740231 1.345861331 

3 -2.147601125 2.863033611 4.478531064  6.290128273 24.707247370 -18.500355928 

4 22.268747793 -5.734756230 1.702104935  1.625638900 5.942102408 -2.006044015 

5 24.712733978 23.446289484 0.512616301  -1.708264898 3.867769436 5.350663694 

6 0.463797590 -11.164712858 -3.203001065  26.256425090 8.205202910 0.311103174 

7 -25.002601935 19.609535867 -0.402797628  22.925431583 2.889684830 0.514252150 

8 -0.772323791 4.173399462 1.806632823  -2.832776358 4.455045236 11.115752032 

9 -6.128245101 -39.217282625 18.256623043  26.077683492 -8.703159025 0.198001829 

10 0.065242347 15.967903052 2.988390482  -2.382561337 -11.648769588 7.201053979 

Table 7.7: Comparison of the Results based on value of Function )(tε  

t ϵ (0, 1)  t ϵ (1, 2) 
T IPA GA-IPA t IPA GA-IPA 

0.00 8.93138905E-15 2.96786048E-14  1.05 6.87284565E-09 2.82837938E-09 

0.10 7.64293387E-13 1.14700655E-12  1.10 5.29072203E-11 2.17723047E-09 

0.15 8.04058697E-02 5.68451868E-02  1.15 3.27985472E-09 1.67912064E-08 

0.20 9.17657716E-11 3.96855328E-12  1.20 8.30889828E-09 2.77909622E-08 

0.25 1.34199584E-04 9.26695097E-05  1.25 7.41833106E-09 2.04858379E-08 

0.30 9.93722701E-09 4.02880669E-10  1.30 2.24501736E-09 4.04241353E-09 

0.35 3.17074099E-06 2.13702657E-06  1.35 6.37618280E-11 2.19347491E-09 

0.40 1.89576156E-07 9.27401210E-08  1.40 3.14669944E-09 2.19496228E-08 

0.45 2.54817898E-07 2.21201379E-07  1.45 5.53076252E-09 3.89668392E-08 

0.50 3.69339842E-07 2.87815947E-07  1.50 2.58086613E-09 2.72008859E-08 

0.55 8.90738070E-08 6.72326886E-08  1.55 6.77226162E-11 2.61125061E-09 

0.60 2.36862171E-09 2.28745281E-09  1.60 5.65943902E-09 1.06854328E-08 

0.65 6.78727097E-08 5.63774307E-08  1.65 1.16398922E-08 4.92622905E-08 

0.70 9.49389552E-08 7.87542587E-08  1.70 4.57663966E-09 4.83100461E-08 

0.75 5.44449495E-08 4.41008028E-08  1.75 2.45555186E-09 3.28013602E-09 

0.80 9.94492350E-09 6.57809884E-09  1.80 3.19837612E-08 3.68076772E-08 

0.85 1.18614278E-09 2.54814926E-09  1.85 3.04899533E-08 9.01184546E-08 

0.90 1.65841203E-08 2.02236284E-08  1.90 1.34180367E-08 4.73597042E-10 

0.95 2.71195877E-08 2.93014949E-08  1.95 3.14913209E-07 4.69653377E-07 

1.00 2.06676906E-08 1.84347082E-08  2.00 6.28509811E-10 1.60490096E-10 
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The best and worst are defined as the minimum and maximum value of function ej as 

given in equation (7.6), respectively. Moreover, the statistical parameter of mean and 

standard deviation (STD) are also estimated to check the scatterness of the results. 

The results of statistical analysis are provided in Table 7.8 for inputs t between 0 and 

1 with a step of 0.2. It can be seen from the table that the best value at given input 

points is not consistent for a specific algorithm. ,whereas, the values for the worst, 

mean and STD are consistently the lowest for GA-IPA algorithm as compared to the 

values obtained for IPA, SA-IPA, and PS-IPA algorithms. Therefore, the GA-IPA 

demonstrates its supremacy on other stated stochastic algorithms. 

Table 7.8: Statistical Analysis for Stochastic Solvers 

T Algorithm Best ej Worst ej   
Mean  STD 

ŷ(t) ej ŷ(t) ej 

0.2 IPA 6.95E-09 0.000197 0.199095 1.67E-05  0.005190 2.75E-05 

SA-IPA 3.40E-08 0.000109 0.199647 1.58E-05  0.002284 1.99E-05 

PS-IPA 3.34E-08 0.063693 0.192070 0.001395  0.042241 0.00862 

GA-IPA 4.57E-08 2.19E-05 0.201029 6.36E-06  0.001133 5.80E-06 

0.4 IPA 7.53E-08 0.000953 0.420263 3.76E-05  0.006325 0.000118 

SA-IPA 2.85E-09 0.000126 0.420921 2.12E-05  0.002823 2.40E-05 

PS-IPA 3.49E-08 0.055404 0.406569 0.000866  0.082342 0.006446 

GA-IPA 8.43E-08 6.15E-05 0.422626 1.08E-05  0.001381 1.02E-05 

0.6 IPA 4.10E-08 0.001425 0.703277 8.77E-05  0.008859 0.000172 

SA-IPA 5.01E-07 0.000327 0.704203 8.87E-05  0.003947 7.12E-05 

PS-IPA 7.49E-07 0.179667 0.681390 0.003056  0.131618 0.021278 

GA-IPA 2.10E-06 0.000159 0.706578 4.06E-05  0.001941 3.85E-05 

0.8 IPA 4.60E-07 0.004384 1.137980 0.000129  0.014466 0.000524 

SA-IPA 8.18E-07 0.000261 1.139475 3.82E-05  0.006535 5.08E-05 

PS-IPA 6.95E-08 0.035404 1.104146 0.000603  0.203184 0.004101 

GA-IPA 1.89E-07 0.000661 1.143407 2.12E-05  0.003202 7.62E-05 

 

Moreover, the behavior of the algorithms must be investigated on the basis of fitness 

achieved on the training interval instead of value for fitness at specific point. The 

values of the fitness function ej are determined on interval (0, 1) with a step of 0.1 for 

75 independent runs of IPA, PS-IPA, SA-IPA and GA-IPA algorithms. The values of 
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fitness function ej are plotted against independent runs in Fig 7.4. These runs are 

arranged by descending order of the fitness values. It can be seen from the figure that 

for IPA and PS-IPA about 5% to 10% of the independent runs have failed to provide 

convergence up to a reliable accuracy, while SA-IPA and GA-IPA are 100% 

consistent in providing the convergent results. Comparing the results obtained from 

GA-IPA and SA-IPA, it is observed that GA-IPA provides consistently the lowest 

value of the fitness than that of SA-IPA.   

 

 

Fig. 7.4: Comparisons of different stochastic numerical solvers 

 

7.4 Numerical Simulation Using Swarm Intelligence 

The Painlevé transcendent is optimized by swarm intelligence procedure that one of 

the recent optimization technique to find the unknown weights of the DEN networks. 

In this section, the strength of neural networks is exploited for approximate 

mathematical model of the equation. The real strength of such mathematical model 

can be seen using modern stochastic solver like, particle swarm optimization 

technique, for training of its weights. The availability of appropriate weights is highly 

stochastic by its nature.  So, the training of the weights is carried out by PSO, ASA, 

PSO-ASA algorithms. The statistical parameters like mean and standard deviation 

(STD) are used to analyze the effectiveness of the proposed scheme. The comparison 
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of the results is made with the state of the art approximate analytic solvers like HPM 

and VIM techniques. 

7.4.1 Learning Procedure 

The procedure for the training is performed by PSO and PSO-IPA, whose necessary 

detail is provided in chapter 3. However, the parameter setting for the stochastic 

solver is provided in Table 7.9. 

Table 7.9 Parameters Setting for PSO and ASA Algorithms 

PSO 
 

ASA 
Parameters Setting Parameters Setting 

Swarm Size 160  Start Point Random between (-1, 1) 

Particle size 30  No. of variable 30 

Flights 2000  Iteration 1000 

Local Acceleration 

Factor 

Linear decreasing 

(2.5 to 0.5) 

 Maximum function 

Evaluations 

50000 

Global Acceleration 

Factor 

Linear increasing 

(0.5 to2. 5) 

 Function tolerance 10-15 

Inertial Weights Linearly decreasing 

(0.9 to 0.4) 

 Nonlinear Constraints 

tolerance 

10-15 

vmax 02  Derivative 

approximate 

Finite forward 

difference 

Population Span (-10, 10)   X-Tolerance 10-06 

Velocity Span (-2, 2)  Bounds (-10, 10) 

 

7.4.2 Numerical Experimentation 

In this section, detail simulations have been presented for the solution of Painlevé 

equation I by the given designed methodology.  

Mathematical model of the equation is made with DE-NN networks given by 

equations (3.12) and (3.14) by taking 10 number of neurons resulting in total 30 

unknown weights in DE-NN networks. The weights are bounded to be real numbers 

between -10 to 10. The initial swarm consists of 160 particles, each with 30 numbers 

of elements, which is equivalent to the number of weights for DE-NN networks. Input 
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of the training set is taken as t ∈ (0, 1) with a step of 0.1. The fitness function as given 

in equation (7.8) can be formulated as 
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where, j is the number representing flight index, ŷ(x) and d2ŷ/dx2 are networks 

provided in equations (3.12), and (3.14), respectively. The proposed scheme runs 

iteratively in order to compute the minimum of fitness function with a termination 

criteria as 2000 iterations or value of the fitness function  ej ≤ 10
-09  whichever comes 

earlier. The parameter setting for the execution of algorithms is provided in Table 7.9. 

The best particle of PSO technique is passed to ASA algorithm as a start point for 

rapid local search.  

One of the best set of weights for DE-NN networks obtained stochastically by PSO is 

provided in Fig. 7.5, while for ASA and PSO-ASA are given in Table 7.10. These 

weights are used in equation (3.12) for finding the solution of Painlevé I for any input 

x between 0 and 1.  

 

Fig. 7.5 The weights trained for DE-NN networks by PSO algorithm. 
 

The solutions obtained from the weights given in Table 7.10 and Fig. 7.5 are provided 

in Table 7.11 for inputs between 0 and 2 with step of 0.1. The results of approximate 

analytical solver, 3rd iterative VIM method [53] and HPM method [54], are also 
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provided in Table 7.11 for inputs between 0 and 2 with step of 0.1. It can be inferred 

from the results given in Table 7.11 that solution provided by our scheme is in good 

agreement with state of art solvers like VIM and HPM for inputs between 0 and 1. 

However, for the values greater than 1, the analytical methods start to diverge rapidly, 

for example, for the value of inputs x = 1.1 and x = 2 the solution is ỹ(x) = 

2.67624476 and ỹ(x) = 609.39725329, respectively, while for PSO-ASA for inputs x 

= 1.1 and x = 2 the solution is ŷ(x) = 2.68950878 and ŷ(x) = 11.79183603, 

respectively. It is an interesting observation that difference of the results near x = 2 

are very large for VIM and HPM, while the difference of the results for stochastic 

solvers is comparatively very small.  

Table 7.10 A set of Weights Trained for DE-NN networks 

I 

ASA  PSO-ASA 

wi
 αi

 βi
  wi

 αi
 βi

 

1 -0.09579844 -1.71062258 4.83682464  -1.61444713 -1.31287181 -3.64867132 

2 -1.45365957 -0.42794068 4.78716251  0.35954937 1.19370642 -0.82414793 

3 1.54840542 0.45511260 -0.87653948  0.48021999 2.93224739 1.43744892 

4 1.08408927 -1.09715626 -0.80699759  7.23787996 10.00000000 -9.95001032 

5 -3.01135540 1.94831143 0.17429775  -8.16572808 0.24827591 6.39175130 

6 9.57637090 0.07983320 -8.83430074  2.12850677 -2.08494099 -1.34539136 

7 7.26751093 9.99971422 -9.99990145  5.81523477 -1.98089009 -4.02937657 

8 -0.51470366 -1.05218698 0.59089981  -2.20127232 -0.49020227 -3.27009086 

9 2.42918196 3.89698008 -0.01815012  -5.32539183 -3.58626710 3.98950559 

10 4.76012350 0.94609983 -4.24496529  1.83672811 2.71289081 -0.45043198 

 

As the exact solution for Painlevé I is unknown, therefore, the following criteria is 

made for comparison of our proposed solution ŷ(x) and the solution ỹ(x) of 

approximate analytical solvers for the larger intervals. 

xxy
dx

xyd
x −−= 2

2

2

)}({6
)(

)(ε  7.9 
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Table 7.11 Comparison of the Results for Solution of Painlevé I  

T 
ỹ(x)  

ŷ(x) 
VIM HPM PSO ASA PSO-ASA 

0.0 0.00000000 0.00000000  -0.01379599 0.00001165 -0.00003621 

0.1 0.10021675 0.10021675  0.08482512 0.10022540 0.10018328 

0.2 0.20213945 0.20213945  0.18497824 0.20214047 0.20211355 

0.3 0.30863075 0.30863075  0.28944604 0.30863062 0.30860714 

0.4 0.42398628 0.42398629  0.40220095 0.42398330 0.42396770 

0.5 0.55433991 0.55434012  0.52891859 0.55432835 0.55432156 

0.6 0.70845966 0.70846209  0.67775876 0.70844854 0.70844723 

0.7 0.89922969 0.89924992  0.86065143 0.89922801 0.89923078 

0.8 1.14639825 1.14653134  1.09568702 1.14650562 1.14651931 

0.9 1.48177895 1.48251774  1.41210813 1.48246339 1.48247752 

1.0 1.95942104 1.96303937  1.86087849 1.96319682 1.96324168 

1.1 2.67624476 2.69235969  2.53130062 2.68964740 2.68950878 

1.2 3.81549745 3.88205938  3.54240898 3.80110922 3.79833294 

1.3 5.74150466 5.99957450  4.90861897 5.36840992 5.35711699 

1.4 9.21266839 10.15837961  6.37635449 7.21742535 7.19066723 

1.5 15.87246747 19.16051447  7.67041815 8.94371163 8.89954407 

1.6 29.40316664 40.27336198  8.74764641 10.22717498 10.17050778 

1.7 58.27239041 92.49760981  9.65404660 11.02911322 10.96699549 

1.8 122.32053949 225.09720711  10.41355399 11.47916068 11.41699660 

1.9 268.59971659 563.40155337  11.03344375 11.71902917 11.66007727 

2.0 609.39725329 1418.35049652  11.52305597 11.84580353 11.79183603 

 

It means that the solution that provides the minimum of expression (7.8) will lead to 

the accurate solution of Painleve I. The values of function )(xε  are determined 

between 0 to 2 with a step of 0.1 for PSO, ASA and PSO-ASA stochastic solver and 

also for analytical solvers VIM and HPM methods. The solution y(x) is taken in VIM 

method based on third iteration involving a polynomial of 38 degree with 34 terms, 

whereas for HPM method 20 term solution is taken involving 22 degree polynomial 

[26]. The results are summarized in Table 7.12. It can be found that the results of 

VIM and HPM techniques are remarkable for input between 0 and 0.8, while the 

results by proposed scheme  remain consistent with an accuracy of 10-03 to 10-04 
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between 0  and 1. It can also be seen that for x between 1 and 2 the error of our 

proposed solution is smaller than that of VIM and HPM approaches. 

Table 7.12 Comparison of the Results based on value of function )(xε   

X 
Ў(x) 

 
ŷ(x) 

HPM VIM ASA PSO PSO-ASA 

0.0 0.000000 0.000000  0.00024964 0.04718053 0.000182623 

0.1 1.39E-17 2.30E-12  0.00060886 0.00315402 0.000671503 

0.2 2.22E-16 4.79E-09  0.00075326 0.01642363 0.000919707 

0.3 2.41E-13 4.29E-07  0.00066759 0.01212127 0.000213397 

0.4 1.02E-10 1.08E-05  0.00067188 0.00548577 0.000854584 

0.5 1.19E-08 0.00013703  0.00063643 0.00338574 0.001165146 

0.6 6.04E-07 0.00114802  0.00049632 0.00034505 0.000708618 

0.7 1.74E-05 0.00732701  0.00030541 0.01693764 0.000218311 

0.8 0.00033142 0.03890575  0.00015513 0.03537113 3.06E-05 

0.9 0.00461190 0.18229614  0.00006142 0.04208956 2.44E-06 

1.0 0.05043969 0.78621629  0.00001505 0.00596078 2.45E-06 

1.1 0.45779311 3.22285588  5.80018942 4.81472438 5.570659968 

1.2 3.60288577 12.8827421  40.52577578 38.0079138 40.04864512 

1.3 25.5459960 51.2978309  143.65023552 135.527412 143.6179982 

1.4 169.077892 207.201661  325.03795846 265.370395 327.1374257 

1.5 1079.92069 862.126533  523.26130855 376.725743 528.5335605 

1.6 6847.31570 3740.69914  671.03926113 477.492669 678.7121375 

1.7 43869.1803 17062.7393  757.95417617 575.459646 766.6934244 

1.8 284845.512 82044.0300  804.15292811 666.450800 813.0119898 

1.9 1856204.76 414602.102  828.42700400 745.414515 836.8689747 

2.0 11951356.1 2184710.65  841.75414842 810.121831 849.4907037 

 

The accuracy of the proposed methods can be enhanced by the training of weights for 

DE-NN networks for the larger intervals. In this regard, weights of DE-NN networks 

are optimized with PSO-ASA and ASA algorithms for intervals (0, 2) and (0, 4) with 

a step of 0.1. The set of weights learnt are given in Fig. 7.6. Using the equation (7.3) 

and the weights given in Fig 7.6(a) and Fig. 7.6(c), the solution of the equation is 

determined as shown in Fig. 7.7(a) for interval (0, 2) with step 0.1. Similarly, using 

equation (3.12) and weight in Fig 7.6(b) and Fig. 7.6(d), the solution of the equation 
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are obtained as presented in Fig. 7.7(b) for interval (0, 4) with step 0.2. Moreover, 

weights given in Fig. 7.6 are also used to calculate the values for function )(xε for 

intervals (0, 2) and (0, 4) with steps 0.1 and 0.2, respectively. The results are 

summarized in Table 7.13. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 7.6 The weights trained for DE-NN networks with step 0.1 (a) and (b) for ASA in intervals (0, 2) 
and (0, 4), respectively, (c) and (d) for PSO-ASA in intervals (0, 2) and (0, 4), respectively 

 

 
(a) 

 
(b) 

Fig. 7.7 The solution ŷ(x) for ASA and PSO-ASA algorithms using (a) interval (0, 2) with step of 0.1 
(b) interval (0, 4) with step of 0.2   
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Table 7.13 Results based on function )(xε  for Training of Weights for DE-NN 
Networks for larger intervals 

x 
(0, 2)  with step 0.1 

 x 
(0, 4) with step 0.1 

ASA PSO-ASA ASA PSO-ASA 

0.0 0.00000014 0.00000093  0.0 0.00117678 0.00000649 

0.1 4.40397282 1.53552728  0.2 2.92547721 2.19740568 

0.2 2.12211674 1.81608614  0.4 0.00353086 0.00000103 

0.3 0.58137266 1.60926187  0.6 0.29288637 0.40620588 

0.4 0.09171969 1.23308806  0.8 0.81574717 0.69638159 

0.5 0.00011933 0.83546765  1.0 1.21334376 0.85642234 

0.6 0.00000604 0.49129542  1.2 1.51348959 0.99296558 

0.7 0.00448037 0.23517578  1.4 1.67362048 1.17040147 

0.8 0.00233054 0.07483821  1.6 1.56135997 1.44290442 

0.9 0.00004289 0.00000064  1.8 1.08785642 1.84086638 

1.0 0.00202960 0.01003293  2.0 0.72181165 2.32792359 

1.1 0.00612861 0.01975551  2.2 1.85935133 2.78113194 

1.2 0.00580528 0.06424285  2.4 4.46875963 3.04424834 

1.3 0.00006733 0.10048987  2.6 5.25698769 3.02734429 

1.4 0.00120335 0.10916407  2.8 3.24622144 2.75062433 

1.5 0.01350612 0.07663857  3.0 0.96183769 2.28058351 

1.6 0.03273636 0.00015704  3.2 0.00522186 1.63811451 

1.7 0.01858557 0.10011385  3.4 0.15225793 0.81653878 

1.8 0.04084258 0.15567328  3.6 0.23990947 0.00000147 

1.9 0.00036140 0.00000127  3.8 0.29326097 0.00000173 

2.0 0.65943316 0.72256207  4.0 1.95202335 2.85725401 

 
It can be seen from Table 7.14 and Table 7.15 that minimum and maximum span 

(MMS) for function )(xε  for ASA algorithm is reduced to (0, 4) from (0, 842) in the 

interval (0, 2). Similarly, MMS for PSO-ASA is reduced to (0, 2) from (0, 850) in the 

interval (0, 2). Moreover, for large interval (0, 4) the MMS for ASA and PSO-ASA 

algorithm are (0, 5) and (0, 3), respectively. It is noted that on some inputs in Table 

7.15 the values of error is large, however, such error can be reduced by the proposed 

scheme using small step size i. e. 0.001 instead of 0.1, but, it is at the cost of much 

greater computational budget for the algorithms. 
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Since the proposed scheme is based on stochastic solvers so its reliability is tested and 

validated through statistical analysis. The statistical analysis is made on the basis of 

best, worst, mean and STD parameters. The algorithms is given 75 numbers of 

independent runs for finding the weights of DE-NN networks in the interval (0, 1) 

with step of 0.1. Using these weights in expression (7.3) the solution ŷ(x) are obtained 

in interval (0, 1) with a step of 0.2. The values of mean and STD are provided in 

Table 7.14. It can be seen that for x = 0.5 the mean solution by PSO-ASA is ŷ(x) = 

0.55372429; while for VIM and HPM methods are ỹ(x) = 0.55433991 and 

0.55434012, respectively. It is found that the mean deviations of our result from VIM 

and HPM methods is 6.156×10-04 and 6.158×10-04, respectively. 

The weights learnt by 75 independent runs of the algorithm are also used to find out 

the value of function )(xε . The minimum and maximum value of the function )(xε is 

defined as the best and the worst values, respectively. The statistical analysis on the 

basis of best worst, mean and STD parameters are provided in Table 6.15 for inputs 

(0, 1) with step 0.2. It can be seen that the best value for ASA, PSO and PSO-ASA 

algorithm at x = 0.9 is 9.99×10
-06
 , 4.77×10

-03 and 2.44×10
-06, respectively. It can be 

inferred from the results given in the Table 7.15 that invariably PSO-ASA hybrid 

algorithm is superior to the rest of them.  

Table 7.14 Statistical Analysis of Results for Solution ŷ(t) of Painlevé I 

x 
ASA  PSO  PSO-ASA 

Mean STD Mean STD Mean STD 

0.1 0.09428076 0.03928187  0.00943686 0.04803556  0.09977897 0.00049186 

0.3 0.28958572 0.08209245  0.20167737 0.05751802  0.30815537 0.00057701 

0.5 0.51995280 0.14033704  0.41762216 0.07270108  0.55372429 0.00075839 

0.7 0.84422115 0.21996819  0.70003739 0.10289426  0.89832745 0.00115806 

0.9 1.39342097 0.35017669  1.13842549 0.16903913  1.48084918 0.00210504 
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Table 7.15 Statistical Analysis of Results on the basis of function )(xε  

x Method Best Worst Mean STD 

0.1 ASA 0.00002555 0.71852823 0.03890394 0.13950439 

 PSO 0.00027663 0.13185313 0.03412964 0.03101928 

 PSO-ASA 0.00000359 0.00992363 0.00312197 0.00229354 

0.3 ASA 0.00002645 0.89579845 0.04539846 0.17731191 

 PSO 0.00021637 0.12099475 0.03220013 0.02284277 

 PSO-ASA 0.00001419 0.00807093 0.00251425 0.00183345 

0.5 ASA 0.00013251 0.47991830 0.02065656 0.07796922 

 PSO 0.00338574 0.19792956 0.02975523 0.02583012 

 PSO-ASA 0.00003946 0.00783818 0.00254334 0.00165048 

0.7 ASA 0.00026615 0.47856837 0.02609730 0.08196325 

 PSO 0.00502157 0.15303604 0.05886318 0.03446341 

 PSO-ASA 0.00021831 0.01007924 0.00404556 0.00237294 

0.9 ASA 0.00000999 0.86681629 0.03351071 0.13884471 

 PSO 0.00477262 0.21689486 0.11203862 0.04408056 

 PSO-ASA 0.00000244 0.00323386 0.00082160 0.00072640 

 

The value of the fitness function ej as given in (7.8) is also determined using the 

weights of DE-NN networks for 75 number of independent run of ASA, PSO, and 

PSO-ASA algorithm. Results are provided in descending order of fitness function ej in 

Fig 7.8. It ranges for the values of fitness function for ASA, PSO and PSO-ASA 

algorithm is 10-01 to 10-07, 10-02 to 10-04 and 10-05 to 10-07, respectively. It can be inferred that 

on average the PSO-ASA is the best stochastic optimizer.  

Before concluding, it is worth analyzing the computation complexity of the stochastic 

solvers. In this regard, the total time of the computation, time taken exclusively for 

important functions and time taken by other functions for ASA, PSO techniques are 

determined for intervals (0, 1), (0, 2) and (0, 4) with step of 0.1. The parameter setting 

is used as given in Table 7.9. Results of time analysis are provided in Table 7.16 for 

ASA and PSO algorithms. It is observed that ASA algorithm has taken lesser time 
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than that of PSO algorithm. It is well known that the local convergence algorithms are 

fast but they are more probable to be trapped in local minima. However, with PSO-

ASA hybrid algorithm the results always converge. It can be observed from Table 

7.15 and Fig. 7.8 as well. Moreover, it can be inferred that for optimization of weights 

for larger interval with same step size the computational complexity for all solver 

increases, but at the same time one has valid results for larger span as well.  

 

Fig. 7.8 Comparison of results on the basis of fitness function ej for Painlevé I 

Table 7.16 Computational Time Analysis of the Algorithms 

Span, step size & Total 
Steps 

Functions 
Time of Execution (Seconds) 

ASA PSO 

(0,1), 0.1, 11 

 

 

Fitness 02.532 024.492 

Equation Parameter 20.702 226.030 

Other 05.360 024.557 

All  27.594 275.079 

(0, 2), 0.1, 21 

 

Fitness 04.420 042.983 

Equation Parameter 47.730 440.509 

Other 06.349 025.870 

All 58.499 509.362 

(0,4), 0.1, 41 

 

Fitness 07.575 082.020 

Equation Parameter 85.725 842.549 

Other 05.968 021.198 

All 99.268 949.767 
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It is always a bit tricky task for selecting the values of intervals, step size, and time of 

computations of the algorithms. The time analysis provided in this article is carried 

out using Dell Latitude D630 laptop with Intel(R) Core(TM) 2 Duo CPU T9300, 2.50 

GHz and MATLAB version R2009b. 

7.4.3 Conclusions 
On the basis of the simulations and results, it can be concluded that: 

• Painlevé I can be solved by the designed computational intelligence 

algorithm. The DENN networks of the equation trained by GA-IPA algorithm 

is the best stochastic optimizer as compared to PS-IPA, SA-IPA and IPA 

algorithms.  

• On the basis of the statistical analysis, it can be inferred that the proposed 

computational approaches are reliable and effective. For smaller inputs the 

methods like VIM and HPM are better while for larger inputs the stochastic 

solvers are much better. 

• The weights for DE-NN networks of the equation trained by PSO-ASA 

algorithm is the best stochastic optimizer as compared to GA-IPA, PS-IPA, 

SA-IPA, IPA, ASA and PSO techniques. On the basis of the statistical 

analysis for the given scheme, it has been found to be a reliable and effective 

approach. This study can also be extended to solve other Painlevé 

transcendent. 

 

 

 

 

 

 

 

 



 

 

CHAPTER 8 
 

CONCLUSION 
 

8.1 CONCLUDING REMARKS 

• A successful design of mathematical model for non-linear systems represented 

by differential equation has been developed using the strength of artificial 

neural network supported with evolutionary and swarm intelligence 

techniques.  

• The methodology is tested successfully on linear and non-linear systems and it 

is found that the results are better as compared to Euler and Improved Euler 

method, while it is in good agreement with Runge Kutta method. Moreover, 

the special nonlinear system based on Weissinger’s equation for which the 

traditional approaches fail are also solved with the given scheme having an 

accuracy comparable ODE15i. 

• Unstable nonlinear systems with singularity at origin often governed by Lane 

Emden Fowler equations are also approximately modeled with ANN 

optimized with stochastic solvers. It is found that proposed solutions are better 

than that of state of the art analytic solvers like ADM, HPM, HAM and 

OHPM techniques. 

• The given scheme applied successfully to the utmost non-linear systems in 

engineering such as van der Pol oscillators with stiff and non-stiff conditions. 

It is inferred that the given results are matched with Standard RK45 solution 

with an order of 5 to 9 decimal places.  

• The number of cases for Model of heart based on nonlinear systems with 

changes coefficients is also solved successfully by the scheme. It is found 

again that the DE-NN networks optimized with hybrid evolutionary 
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techniques can approximate the behavior of the heart model in different 

situation accurately. The given methodology provides an alternate platform to 

such important biomedical engineering problems. 

• The nonlinear systems possesses divergence at specific inputs such as Painlevé 

transcendent equation I is solved reliably by such stochastic solvers. It is 

found that for larger inputs span the accurate result are obtained by our design 

methodology where other approaches like VIM and HPM unable to provide 

solution.  

• Monte-Carlo simulations of stochastic solvers and its statistical modes of 

mean and standard deviation clearly validate the reliability, effectiveness and 

robustness, on all given non-linear systems by the proposed scheme.  

• It is inferred from the comparison of DE-NN network optimized with 

stochastic solvers like SA, PS, GA, PSO as well as their hybrid techniques that 

the hybrid approaches provide better results. Generally, GA and PSO 

hybridized with IPA or ASA show supremacy over other schemes given in the 

dissertation.  

8.2 DIRECTIONS OF FUTURE WORK 

• In future one should look into other optimization techniques for training of 

weights of the neural networks based on other biological inspired methods like 

differential evolution, genetic programming and ant colony or bee colony 

optimization etc.  

• One can look for other neural network models like cellular, Radial, 

competitive, probabilistic and recurrent neural networks for mathematical 

modeling of non-linear systems.  

• The choice for activation functions such as log-sigmoid, log-log, tan-log etc,    

for a better capability of function approximation can be an area of research. 
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• The proposed scheme can be tested on other nonlinear systems including 

Jeffery Hamn Flow, White-dwarf equation, Thomas Fermi Model and 

Pantograph type systems etc. 

• Time of computation of the designed approaches can also be decreased with 

the use of more sophisticated hardware platform like grid, parallel, distributed 

processing techniques.  

• The design scheme can also be expended to be applied to the non-linear systems 

based on coupled ordinary differential equations as well as partial differential 

equations. 
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