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Preface

One of the endlessly alluring aspects of mathematics is that its thorniest paradoxes have a way of

blooming into beautiful theories. Pure mathematics is, in its way the poetry of logical ideas. Today

mathematics especially pure mathematics is not the same as it was �fty years ago. Many revolutions

have occurred and it has taken new shapes with the due course of time. A major change took place

in the mid of 19th century when the concepts of non-associative rings and non-associative algebras

were introduced. The theory of non-associative rings and algebras has evolved into an independent

branch of algebra, exhibiting many points of contact with other �elds of mathematics and also with

physics, mechanics, biology, and other sciences. The central part of the theory is the theory of

what are known as nearly-associative rings and algebras: Lie, alternative, Jordan, Mal�tsev rings and

algebras, and some of their generalizations (see Lie algebra, Alternative rings and algebras, Jordan

algebra, Mal�tsev algebra).

In 1921, Emmy Noether gave the �rst axiomatic foundation of the theory of commutative rings

in her monumental paper �Ideal theory in rings�. The study of commutative rings originated from

the theory of algebraic number and algebraic geometry, discussed by M. F. Atiyah in her book

Introduction to Commutative Algebra in 1969. The genesis of the theory of commutative rings

dates back to the early 19th century while its maturity was achieved in third decade of 20th century.

For any type of abstract algebra, a generalization is a de�ned class of such algebra. Of course,

a generalization of a concept is an extension of the concept to less speci�c criteria. Generalization

plays a vital role to enhance a mathematical concept and to walk around the tracks which leads to

achieve new goals.

Since the introduction of the concept of commutative rings, much progress has been made by

many researchers in the development of this concept through generalization.
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In 1972, a generalization of a commutative semigroup has been introduced by Kazim and

Naseeruddin. In ternary commutative law, abc = cba, they introduced braces on the left of this law

and explored a new pseudo associative law, that is (ab)c = (cb)a. This they called the left invertive

law. A groupoid satisfying the left invertive law is called a left almost semigroup and is abbrevi-

ated as LA-semigroup. Despite the fact that the structure is non-associative and non-commutative,

however it possesses properties which usually come across in associative and commutative algebraic

structures. A systematic investigation of left almost semigroups had started since 1978. Further, in

1996 Q. Mushtaq and S. Kamran extended the concept of left almost groups. The left almost group

which though is a non-associative structure has interesting resemblance with an abelian group.

Due to non-smooth structural formation, many authors established several useful results for LA-

semigroups and LA-groups. With these inspirations in 2006, the concept of Left almost ring was

initiated. Left almost rings are in fact a generalization of commutative rings and carries attraction

due to its peculiar characteristics and structural formation. Although the concept of Left almost

rings was introduced in 2006, but the systematic study of LA-rings goes into the credit of T. Shah

and I. Rehman. In current decade, T. Shah and his co-researchers have put forward a remarkable

contribution to the development of this particular non-associative and non-commutative structure.

For instance, T. Shah and I. Rehman in 2010, utilized the LA-semigroup and LA-ring and generalized

the notion of a commutative semigroup ring. Further in 2010, T. Shah and I. Rehman de�ned the

notion of LA-module over an LA-ring, a non-abelian non-associative structure but closer to abelian

group. Later in 2010, T. Shah et al., introduced the notion of topological LA-groups and topological

LA-rings which are some generalizations of topological groups and topological rings respectively.

They extended some characterizations of topological groups and topological rings to topological

LA-groups and topological LA-rings. In 2011, M. Shah and T. Shah established some basic and

structural facts of LA-ring which will be useful for future research on LA-ring. Also in 2011, T.
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Shah et al., promoted the notion of LA-module over an LA-ring de�ned in and further established

the substructures, operations on substructures and quotient of an LA-module by its LA-sub module.

They also indicated the non similarity of an LA-module to the usual notion of a module over a

commutative ring. Moreover, in 2011, T. Shah, F. Rehman and M. Raees have generalized the

concept of LA-ring by introducing the notion of near left almost ring (abbreviated as nLA-ring).

Also, T. Shah, G. Ali and F. Rehman in 2011 characterized nLA-ring through its ideals. They have

shown that the sum of ideals is again an ideal, and established the necessary and su¢ cient condition

for an nLA-ring to be direct sum of its ideals. Furthermore they observed that the product of ideals

is just a left ideal.

In 2012, T. Shah and I. Rehman explored some notations of ideals and M-systems in LA-ring.

They characterized LA-rings through some properties of their ideals. Later T. Shah et al., in 2012

have applied the concept of intuitionistic fuzzy sets and established some useful results. In 2014, A.

M. Alghamdi and F. Sahraoui broaden the concept of LA-module by constructing a tensor product

of LA-modules. In addition, P. Yiarayong in 2014 studied left ideals, left primary and weakly left

primary ideals in LA-rings. Some characterizations of left primary and weakly left primary ideals

were obtained. Recently, in 2015, F. Hussain and W. Khan characterized LA-rings by congruence

relations. They had shown that each homomorphism of LA-rings de�nes a congruence relation on

LA-rings.

In real world there are many problems where traditional mathematical tools are not useful due

to uncertainty involved there. In order to deal with uncertainty theories like probability and interval

mathematics have been applied since long. Although these theories have their applications yet

di¢ culties are associated with these too. Urge to deal with uncertainty by tools di¤erent from that

of probability lead the way to many theories which have been developed to deal with uncertainties,

for example, in 1965 theory of fuzzy sets was introduced, theory of intuitionistic fuzzy sets in 1986,
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theory of interval mathematics in 1987, theory of vague sets were given in 1994 and theory of

rough sets in 2002. Though many techniques have been developed as a result of these theories, yet

di¢ culties are seem to be there.

In order to model vagueness and uncertainties, D. Molodtsov introduced the concept of soft set

theory and it has received much attention since its inception. In 1999, he presented the fundamental

results of new theory and successfully applied it into several directions such as smoothness of

functions, game theory, operations research, Riemann-integration, Perron integration, theory of

probability etc. A soft set is a collection of approximate description of an object. He also showed

how soft set theory is free from parameterization inadequacy syndrome of fuzzy set theory, rough

set theory, probability theory and game theory. Soft systems provide a very general framework with

the involvement of parameters. Research works on soft set theory and its applications in various

�elds are progressing rapidly in these years.

Application of soft set theory in algebraic structures was introduced by Aktas and Çagman in

2007. They discussed the notion of soft groups and derived some basic properties. They also showed

that soft groups extend the concept of fuzzy groups. Jun in 2008, investigated soft BCK/BCI-

algebra and its application in ideal theory. Feng et al., in 2008 used the soft set theory to initiate

the study of soft semi-rings, soft sub semi-rings, soft ideals, idealistic soft semi-rings and soft semi-

ring homomorphism. In 2008, Sun et al., presented the de�nition of soft modules and constructed

some basic properties using modules.

In 2010, Acar et al., introduced the basic notions of soft rings, which are actually a parameterized

family of subrings of a ring, over a ring. In 2010, Babitha et al., introduced the concept of soft

set relations as a sub soft set of the cartesian product of the soft sets and many related concepts.

Atagun et al., in 2011 introduced soft sub�elds of a �eld and soft submodule of a left R-module and

investigated their related properties about soft substructures of rings, �elds and modules. Further
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in 2011, Celik et al., introduced the notion of soft ring and soft ideal over a ring and provided some

related examples. T. Shah et al., in 2011, investigated the concept of soft ordered Abel-Grassman�s

Groupoids. In 2012, A. Sezgin et al., introduced the union soft subnear-rings and union soft ideals

of a near-ring. X. Liu et al., in 2012 established some useful fuzzy isomorphism theorems of soft

rings. They also introduced the concept of fuzzy ideals of soft rings.

If we review the literature of soft set theory, we can observe that the application of soft sets has

been restricted to associative algebraic structures (groups, semigroups, associative rings, semi-rings

etc). Acceptably, though the study of soft sets, where the base set of parameters is a commu-

tative structure, has attracted the attention of many researchers for more than one decade. But

on the other hand there are many sets which are naturally endowed by two compatible binary op-

erations forming a non-associative ring and we may dig out many examples which investigate a

non-associative structure in the context of soft sets. Thus it seems natural to apply the concept of

soft sets to non-commutative and non-associative structures (LA-rings). To achieve this purpose our

focus is LA-rings as it is a newly established non-associative and non-commutative ring structure.

Due to peculiar characteristics of this particular structure, certainly it has much scope to work with

in it and to develop the theory of soft sets in this structure and eventually this is the main theme

of this thesis.

This thesis comprises of 9 chapters and on the whole it is a twofold study. In �rst phase, our

main focus is on the classical/theoretical work on LA-rings and LA-modules. This work has been

devoted to chapters 2, 3 and 7. While in second phase, we deal with the application of soft set

theory to LA-rings and LA-modules. These concepts have been studied in chapters 4, 5, 6 and 8.

In chapter 1, we give a brief history of LA-semigroup, LA-group, LA-ring, LA-module, soft sets,

soft rings, soft modules and discuss some of their basic properties which are directly related to our

study .
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In chapter 2, we present a comprehensive survey and developments of existing literature of non-

associative rings and enumerate some of their various applications in di¤erent directions to date. We

do believe that this survey would be unique in its own way for the reason that such comprehensive

and complete information regarding all types of non-associative rings under one umbrella can hardly

be found. We hope that this work will provide an endless source of inspiration for future research

in non-associative ring theory. Here we tried to give the literature survey of all non-associative

rings and their developments in di¤erent time periods including LA-rings (a class of non-associative

rings), recently introduced in 2006. It is worth mentioning that although the concept of LA-rings

has been introduced in 2006 by S. M. Yusuf, but the existence of the structure of the non-associative

LA-ring has been remained in doubt because all the examples given by di¤erent authors so far have

associative multiplication. We tackled this problem and gave non-trivial examples of LA-ring which

can be found in chapter 3.

In chapter 3, we prove the existence of non-associative LA-ring and LA-�eld through di¤erent

non-trivial examples. We also give some computational information about these concepts by pro-

viding the cayley tables that we have found by software Mace4. Actually the purpose of giving the

non-trivial examples of LA-ring in the form of cayley tables is based to apply the concept of soft set

to algebraic structure LA-ring which has been discussed in chapter 4 and 5.

The contents of chapter 3 have been published in an ISI index journal with impact factor 0.333:

Analele Stiinti�ce ale Universitatii Ovidius, Constanta, 21(3), (2013), 223-

228.

In chapter 4, our study is distributed in to two sections. In section one; we introduce the concept

soft LA-rings by applying the Molodstov�s soft set theory. We do provide number of examples to

illustrate the concepts of soft ideals, soft prime ideals and soft semi-prime ideals. In section two,

we continued the developments made in section one, regarding the concept of idealistic soft LA-

vi



rings and establish various results by corresponding examples. Also we investigate the properties of

idealistic soft LA-ring with respect to LA-ring homomorphism.

The contents of chapter 4 have been accepted in ISI index journal with impact factor 1.812:

Journal of Intelligent and Fuzzy Systems, vol. 30, no. 3, (2016), 1537-1546.

In chapter 5, in continuation to chapter 4, we have taken a step forward to study the concepts

of soft M-system, soft P-system and establish some related results in soft LA-ring. We make a new

approach to apply the Molodstov�s soft set theory to a class of non-associative rings and its ideals.

We do provide number of examples to illustrate the concepts of soft M-system, soft P-system and

soft I-system in soft non-associative-ring.

The contents of chapter 5 have been accepted in ISI index journal with impact factor 0.405:

U.P.B. Sci. Bull., Series A, Vol. 77, Iss. 3, 2015, 131-142.

In chapter 6, we extend the notion of soft LA-rings (discussed in chapter 4 and 5) to soft

LA-modules. This chapter contains two sections. In section one, we de�ne the notions of soft

LA-module, soft subLA-module and maximal and minimal soft subLA-modules and also discussed

their related results. In section two, we introduce the concepts of quotient soft LA-module, soft

LA-homomorphism and consequently establish some properties of soft LA-modules regarding exact

sequence.

Basically chapter 7 has been included in phase one of the study, in which we establish some

theoretical results regarding projective and injective LA-modules. In fact, projective and injective

LA-modules are generalization of projective and injective modules. We are with plan to use the

concepts of soft sets to projective and injective LA-modules in the subsequent chapter. The scheme

of study of this chapter comprises two sections. Section one is devoted to projective LA-modules,

free LA-module, split sequence in LA-module and its related results. To construct the example of

projective LA-module we have de�ne LA-vector space also and which intuitively would be the most
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useful tool for further developments. In section two, we de�ne injective LA-module and prove some

of its related results.

In chapter 8, we apply the concepts of soft sets to the notions discussed in chapter 7. Here is the

right place to use the concepts of soft LA-homomorphism and exact sequence in soft LA-modules

as discussed earlier in chapter 6; to develop the theory of projective and injective soft LA-modules.

Lastly, in chapter 9 we give conclusion of our study and also give some future prospects of this

study.
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Chapter 1

Brief History and Preliminaries

Introduction
The main purpose of this introductory chapter, which contains de�nitions and basic concepts,

is to provide background to the material presented in a more formal way in succeeding chapters.

This chapter contains the brief history and basic properties of LA-semigroups; LA-groups, LA-rings,

LA-modules, soft sets, soft rings and soft modules. We have provided the preliminaries of these

structures and those de�nitions and fundamental results which are directly related to our study. We

have partitioned this chapter into three sections. In �rst section, we deal with the basic de�nitions

and fundamental results of LA-semigroups and LA-groups. In second section, we discuss LA-rings

and LA-modules which are used successively in further discussion. In the last section, we provide

some preliminaries about soft sets, soft rings and soft modules.

1.1 LA-semigroups and LA-groups

In 1972, the concept of Left almost semigroups (LA-semigroups) has been introduced by Kazim

and Naseeruddin [145]. A groupoid S is called an LA-semigroup if it satis�es the left invertive

law: (ab)c = (cb)a for all a; b; c 2 S. This structure is also known as Abel-Grassmann�s groupoid
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(abbreviated as AG-groupoid) [234, 235]. An AG-groupoid is the midway structure between a

commutative semigroup and a groupoid. The notion of LA-semigroups signi�cantly contributed

in the generalization of commutative semigroups. With the help of this left invertive law, they

successfully manipulated subtraction and division as binary operations and proved several results.

They have generalized some useful results of semigroup theory. Despite the fact that the structure

is non-associative and non-commutative, however it possesses properties which usually valid for

associative and commutative algebraic structures.

Later, Q. Mushtaq and his associates have investigated the structure further and added many

useful results to the theory of LA-semigroups. The notion of locally associative LA-semigroups

was introduced by Q. Mushtaq and S. M. Yusuf [218]. An LA-semigroup S is said to be a locally

associative if (aa)a = a(aa) for all a 2 S: Later in [211], Q. Mushtaq and Q. Iqbal have done

extensive study on Locally associative LA-semigroups. We genuinely acknowledge that in this �eld

much of the spade work has been done by M. Kazim and M. Naseeruddin [145], Q. Mushtaq and

his associates [208, 209, 210, 211, 212, 213, 214, 215, 216, 217, 218] and P. V. Protic and N.

Stevanovic [232, 233, 234, 235, 236].

In [111], P. Holgate has called this structure as left invertive groupoid. He de�ned it as a

groupoid S in which every a; b; c satisfy the left invertive law (ab)c = (cb)a. He has preferred

the term left invertive groupoid instead of LA-semigroup because naturally commutative semigroup

satisfy left invertive law and LA-semigroups lie between them and groupoids.

In an AG-groupoid S the medial property, (ab)(cd) = (ac)(bd) for all a; b; c; d 2 S; holds. A

groupoid G is called a paramedial if (ax)(yb) = (bx)(ya) for all a; b; x; y 2 G [135]. Ideals in

AG-groupoids have been discussed in [235]. In an AG-groupoid S with left identity e, S(Sa) � Sa

and (aS)S � aS; where a is an idempotent in S: Also in [235], a subset Q of an AG-groupoid

S is said to be a quasi-ideal if SQ \ QS � Q and since Q2 = Q2 \ Q2 � SQ \ QS � Q; this

implies that Q is an AG-subgroupoid of S: P. V. Protic and N. Stevanovic [235] have de�ned AG�-
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groupoid. An AG-groupoid with weak associative law is called as AG�-groupoid. Also they have

generalized AG-groupoid with left identity in the form of AG��-groupoid. An AG��-groupoid with a

weak associative law becomes a semigroup. They have shown that a non-associative a left simple

(right simple, simple) AG�-groupoid does not exist. In [236], they have also introduced the concept

of AG-bands. An AG-groupoid is called an AG-band if all of its elements are idempotents.

Later in 1994, Q. Mushtaq and M. Kamran [136] extended this concept to left almost group

(abbreviated as LA-group). An LA-semigroups is called an LA-group if (i) there exist a left identity

such that ea = a for all a 2 G, and (ii) for every a 2 G , there exists a left inverse a
0 2 G such

that a
0
a 2 G. By e we shall mean the left identity. It is not very hard to see that the left identity

�e�and the left inverse are unique. It is important to note that if a0 is the left inverse of a then

aa0 = (ea)a0 = (a0a)e = ee = e: This implies a0 is the right inverse of a. A non-empty subset K of

an LA-group G is said to be an LA-subgroup of G if K is itself an LA-group under the same binary

operation as de�ned in G. Suppose (G; �) is commutative group then it is easy to see that (G; �) ;

where ��� is de�ned as a � b = ba�1 for all a; b 2 G is an LA-group. If K is a non-empty subset of

an LA-group G; then K � G if and only if ab�1 2 K for all a; b 2 K.

Theorem 1 [213] If G is an LA-group; then

(1) GG = G.

(2) eG = Ge = G.

Lemma 2 [213] If G is an LA-group and K � G; then

(1) aK = (Ka)e.

(2) (ab)K = K(ba) for all a; b 2 G.

Lemma 3 [213] The relation a � b(modK) is an equivalence relation; where K � G.

Theorem 4 [213] If G is an LA-group and K � G; then G=K = fKa : a 2 Gg is an LA-group.
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1.2 LA-rings and LA-modules

There are di¤erent concepts of universal algebra. Associative ring (R;+; :) is generalized as semiring

and near ring etc. An algebra (R;+; :), is said to semiring in which (R;+) is assumed to be semigroup

rather than a commutative group. And a near ring holds all properties of an associative ring, except

commutativity of addition and one of the two distributive laws. An LA-ring is another generalization

of an associative rings.

Left Almost Ring (LA-ring) is actually an o¤ shoot of LA-semigroup and LA-group. It is a non-

commutative and non-associative structure and gradually due to its peculiar characteristics it has

been emerging as useful non-associative class which intuitively would have reasonable contribution

to enhance non-associative ring theory. By an LA-ring; we mean a non-empty set R with at least

two elements such that (R;+) is an LA-group, (R; �) is an LA-semigroup, both left and right

distributive laws hold. For example, from a commutative ring (R;+; �) ; we can always obtain an

LA-ring (R;�; �) by de�ning for all p; q 2 R; p� q = q � p and p � q is same as in the ring.

T. Shah and I. Rehman [261], have discussed left almost rings (LA-rings) of �nitely nonzero

functions which is in fact a generalization of a commutative semigroup ring. T. Shah and I. Rehman

[262], discussed some properties of LA-rings through their ideals and intuitively ideal theory would

be a gate way for investigating the application of fuzzy sets, intuitionistics fuzzy sets and soft sets

in LA-rings. For example, T. Shah et al.,[259] have applied the concept of intuitionistic fuzzy sets

and established some useful results. For some more study of LA-rings, we refer the readers to see

[119, 237, 260, 265].

In [261], T. Shah and I. Rehman have introduced the notion of LA-module over an LA-ring. It

is a non abelian non-associative structure but closer to abelian group. So study of this structure

is completely parallel to the modules which are basically the abelian groups. Further T. Shah et

al., [260], have promoted the concept of LA-module and establish some results of isomorphisms

theorems and direct sum of LA-modules. Recently, A. Alghamdi and F. Sahraoui [9], de�ned and
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constructed a tensor product of LA-modules, they extended some simple results from the ordinary

tensor to the new setting.

De�nition 5 [261] Let (R;+; :) be an LA-ring with left identity e. An LA-group (M;+) is said to

be LA-module over R if R�M !M de�ned as (r; n) 7! rn 2M; where r 2 R, n 2M satis�es

(i) (r + s)n = rn+ sn;

(ii) r(n+ l) = rn+ rl;

(iii) r(sn) = s(rn);

(iv) 1:n = n;

where for all r; s 2 R, n; l 2M .

RM is used for left R-LA-module or simply M . Right R-LA-module can be de�ned in similar

manner and is denoted by MR:

De�nition 6 [260] Consider a left R-LA-module M , a sub LA-group N of M over an LA-ring R

is called left R-sub LA-module of M , if RN � N; i.e., rn 2 N for all n 2 N and r 2 R. This is

denoted by N �M:

Theorem 7 [260] If A and B are two sub LA-modules of an LA-module M over an LA-ring R,

then A \B is also an sub LA-module of M .

Corollary 8 Intersection of any number of sub LA-modules of an LA-module is a sub LA-module.

De�nition 9 [260] Let M; N be LA-modules over an LA-ring R. A map ' : M �! N is called

an LA-module homomorphism( or simply R-homomorphism) if, for all r in R and n;m in M

(i) '(n+m) = '(n) + '(m)

(ii) '(rn) = r'(n)

Theorem 10 [260] Let ' : M �! N be an LA-module homomorphism from an LA-module M

to an LA-module N , then
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(1) If A is a sub LA-module of M , then '(A) is a sub LA-module of N .

(2) If B is a sub LA-module of N , then '�1(B) is a sub LA-module of M .

De�nition 11 [260] LetM be an LA-module and A �M is a sub LA-module. We de�ne quotient

module or factor moduleM=A byM=A = fA+n : n 2Mg. That is,M=A is the set of equivalence

classes of elements of M . An equivalence class is denoted by A+ n or by [n]. Each element in the

class A+ n is called a representative of the class.

Lemma 12 [260] With the canonical operations, by choosing representatives, (A+n)+(A+m) =

A + (n +m), the set M=A is an LA-group. A, the equivalence class of 0 2 M is the left identity

of M=A: The map � :M �!M=A, �(n) = A+ n is surjective LA-group homomorphism.

1.3 Soft sets, Soft rings and Soft modules

D. Molodtsov introduced the concept of soft set theory in 1999. It has received much attention since

its inception. He presented the fundamental results of this new theory and successfully applied it

into several di¤erent directions such as smoothness of functions, game theory, operations research,

Riemann-integration, Perron integration and theory of probability etc [204]. A soft set is bascially

a collection of approximate depiction of an object. He also proved that how soft set theory is

free from parametrization inadequacy syndrome of fuzzy set theory, rough set theory, game theory

and probability theory. Soft set theory and soft systems provide a very general framework with

the involvement of di¤erent parameters. Research works on this new theory and its applications

in various �elds are progressing rapidly in these years. Many authors used the concept of soft set

theory in their work, see [1, 11, 60, 133, 134, 204, 231, 263] etc.

De�nition 13 [204] Consider an initial universe U and let E be a set of parameters. P (U) denotes

the power set of U and A be a non-empty subset of E. A pair (F;A) is called a soft set over an

initial universe U , where F is a mapping given by F : A! P (U).
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In other words soft set can be de�ned as, a soft set over U is a parametrized family of subsets of

the initial universe U . For � 2 A, F (�) may be considered as the set of ��approximate elements

of the soft set (F;A).

De�nition 14 [231] (F;A) and (G;B) be two soft sets over a common universe U , then we say

that (F;A) is a soft subset of (G;B) if

(i) A � B.

(ii) For all a 2 A, F (a) � G(a)

which can be written as (F;A)e�(G;B). If a soft set (G;B) is a soft subset of a soft set
(F;A). Then we say that (F;A) is said to be a soft super set of (G;B) and it can be de�ned as

(F;A)e�(G;B)
De�nition 15 [1] (F;A) and (G;B) be two soft sets over a common universe U . Then the bi-

intersection of these two soft sets (F;A) and (G;B) is de�ned as the soft set (H;C); which satis�es

the following conditions:

(i) C = A \B:

(ii) For all c 2 C; H(c) = F (c) \G(c):

Hence the bi-intersection of these soft sets is denoted by (H;C) = (F;A)
�
u (G;B):

De�nition 16 [60] Consider (Fi; Ai)i2I a non-empty family of soft sets over a common universe

U . Then the bi-intersection of the family of soft sets is de�ned to be a soft set (H;C), such that

C = \i2IAi, and H(x) = \i2IFi for all x 2 C. Which can be written as
�
ui2I(Fi; Ai) = (H;C):

De�nition 17 [1] Suppose (F;A) and (G;B) be two soft sets over U . Then union of these two

soft sets is de�ned as (H;C) which is also soft set, satisfying the following conditions:

(i) C = A [B:

(ii) For all c 2 C;
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H(c) =

8>>>>><>>>>>:
F (c) if c 2 A�B;

G(c) if c 2 B �A;

F (c) [G(c) if c 2 A \B:

It can be written as (H;C) = (F;A)
�
[ (G;B)

De�nition 18 [1] Consider two non-null soft sets (F;A) and (G;B) over a common universe

U , then �AND� of these two soft sets is denoted by (F;A)
�
^ (G;B): It is de�ned as (H;C) =

(F;A)
�
^ (G;B), where C = A�B and for all (x; y) 2 C; H(x; y) = F (x) \G(y):

De�nition 19 [1] Suppose that (F;A) and (G;B) be two non-empty soft sets over a common

universe U , then �OR�operation of these two soft sets (F;A) and (G;B) is denoted by (F;A)
�
_

(G;B) and it is de�ned as (H;C) = (F;A)
�
_ (G;B), where C = A�B and for all (x; y) 2 C; we

have H(x; y) = F (x) [G(y) :

De�nition 20 [186] (F;A) and (G;B) be two non-empty soft sets over a common universe U .

These soft sets are said to be soft equal if (F;A) is a soft subset of (G;B) and (G;B) is a soft

subset of (F;A).

De�nition 21 [186] A soft set (F;A) over an initial universe U is said to be a NULL soft set

which is denoted by � if for all a 2 A, F (a) = ; (null set).

De�nition 22 [1] Consider a non-empty family of soft sets (Fi; Ai)i�I over a common universe

U: Then union of this non-empty family of soft sets is de�ned as (H;C) a soft set, which satis�es

the followings conditions:

(i) C = [i�I Ai:

(ii) For all c 2 C , H(c) = [i�IFi(c); where I(c) = fi 2 I j c 2 Aig

It is denoted by
�
[i�I(Fi; Ai) = (H;C):
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De�nition 23 [1] (F;A) and (G;B) be two soft sets over a common universe U . Then intersec-

tion of (F;A) and (G;B) is de�ned as the soft set (H;C) satisfying the following conditions:

(i) C = A \B:

(ii) For all c 2 C; H(c) = F (c) or G(c):

Hence the intersection of two soft sets (F;A) and (G;B) can be written as (H;C) = (F;A)
�
\

(G;B):

De�nition 24 [60] Suppose that (Fi; Ai)i2I be a non-empty family of soft sets over a common

universe U . The AND-soft set
�
^i2I(Fi; Ai) of the non-empty family of soft sets is de�ned to be the

soft set (G;B) such that B = �i2IAi and G(") = \i2IFi("i) for all " = ("i)i2I 2 B:

Similarly, the OR-soft set
�
_i2I(Fi; Ai) of these soft sets is de�ned to be the soft set (G;B) such

that B = �i2IAi and G(") = [i2IFi("i) for all " = ("i)i2I 2 B

De�nition 25 [60] If (F;A) is a soft set over a universe U .Then the set supp (F;A) = fx 2 A j

F (x) 6= ;g is called the support of the soft set (F;A). A soft set is said to be non null if its support

is not equal to the empty set.

1.3.1 Soft rings

U. Acar et al.,[1] initiated the concept of soft rings in 2010. They de�ned soft ring as follows:

De�nition 26 Consider a non-empty soft set (F;A) over a ring R. Then the non-empty soft set

(F;A) is called a soft ring over R if F (a) is a subring of R for all a 2 A.

Example 27 Let R = A = Z6 = f0; 1; 2; 3; 4; 5g: F : A! P (R) is a set valued function which is

given by F (a) = fb 2 R j a:b = 0g: So it can be easily observed that F (a) is a subring of R for all

a 2 R. Hence it is proved that (F;A) is a soft ring over R.
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Theorem 28 (F;A) and (G;B) be two soft rings over R. Then the following assertations hold:

(1) If (F;A)
�
^ (G;B) is non-null then it is a soft ring over R.

(2)If the bi-intersection (F;A)
�
u (G;B) is non-null then it is a soft ring over R.

De�nition 29 Consider two soft rings (F;A) and (G;B) over R. Then the soft ring (G;B) is

said to be a soft subring of (F;A) if it satis�es the following conditions:

(1) B � A.

(2) For all x 2 supp(G;B); G(x) is a subring of F (x).

1.3.2 Soft modules

The concept of soft module was given by Q. M. Sun et al., [291] in 2008 . Consider a left R-module

N and A be any non-null set. Here F : A ! P (N) refer to a set-valued function and (F;A) is a

nonempty soft set over the left R-module N .

De�nition 30 Consider a soft set (F;A) over a left R-module N . Then the pair (F;A) is called

a soft module over N if and only if F (a) < N for all a 2 A.

Proposition 31 Consider two soft modules (F;A) and (G;B) over N . Then show that:

(1) The intersection of soft modules (F;A)
�
\ (G;B) is a soft module over N .

(2) The union of soft modules (F;A)
�
[ (G;B) is a soft module over N if A \B = ;.

De�nition 32 Consider two soft modules (F;A) and (G;B) over N . Then the operation (F;A)+

(G;B) is de�ned as (H;A�B), where H(a; b) = F (a) +G(b) for all (a; b) 2 A�B.

De�nition 33 (F;A) and (G;B) be two soft modules over P and Q respectively, g : P ! Q; f :

A! B be two functions. Then we say that (f; g) is a soft homomorphism if the following conditions

are true:

(1) g : P ! Q is homomorphism of module;
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(2) f : A! B is a mapping;

(3) g(F (a)) = G(f(a)), for all a 2 A.

In other words, we can say that the soft module (F;A) is soft homomorphic to a soft module

(G;B), which can be written as (F;A) �= (G;B). Also, if g is an isomorphism from P to Q and

f is a one-to-one mapping from A onto B, then we can say that (F;A) is a soft isomorphism and

that (F;A) is a soft isomorphic to (G;B), which is denoted by (F;A) �= (G;B).
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Chapter 2

Literature Survey on Non-associative

Rings and Developments

Introduction
In this chapter we present a comprehensive survey and developments of existing literature of all

types of non-associative rings and enumerate some of their various applications in di¤erent directions

to date. These applications explain the voluminous work in di¤erent �elds of non-associative rings

and through which various algebraic structures in theoretical point of view could be developed.

We brie�y describe the origins of the theory of non-associative rings. The oldest non-associative

operation used by mankind was plain subtraction of natural numbers. The �rst ever example of a

non-associative ring is Octonions, constructed by John T. Graves in 1843. On the other hand the �rst

example of an abstract non-associative system was Cayley numbers, constructed by Arthur Cayley in

1845. Later they were generalized by Dickson to what we know as Cayley-Dickson algebras. Later in

1870 a very important non-associative class known as Lie Theory was introduced by the Norwegian

mathematician Sophus Lie. He employed a novel approach, combining transformations that preserve

a type of geometric structure (speci�cally, a contact structure) and group theory to arrive at a theory
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of continuous transformation groups [46]. Since then, Lie Theory has been found to have many

applications in di¤erent areas of mathematics, including the study of special functions, di¤erential

and algebraic geometry, number theory, group and ring theory, and topology [18, 114, 118]. It has

also become instrumental in parts of physics, for some Lie algebras arise naturally from symmetries in

physical systems, and is a powerful tool in such areas as quantum and classical and mechanics, solid

state physics, atomic spectroscopy and elementary particles [18, 48, 114]. No doubt Lie theory is a

fundamental part of mathematics. The areas it touches contain classical, di¤erential, and algebraic

geometry, topology, ordinary and partial di¤erential equations, complex analysis and etc. And it is

also an essential chapter of contemporary mathematics. A development of it is the Uniformization

Theorem for Riemann surface. The �nal proof of such theorem is the invention from Einstein to

the special theory of relativity and the Lorentz transformation. The application of Lie theory is

astonishing. Moreover, in 1890�s the concept of hyperbolic quaternion was given by Alexander

Macfarlane which forms a non-associative ring that suggested the mathematical footing for space

time theory that followed later.

Furthermore, to the best of our knowledge the �rst detailed discussion about Alternative rings was

started in 1930 by the German author M. Zorn [313, 314, 315, 316]. For more study about this non-

associative structure we refer the readers to study N. Jacobson [122], A. A. Albert [3], R. D. Schafer

[245, 246, 247], and Dubisch and Perlis [54]. Another important class of non-associative structures

was introduced in 1932-1933 by German specialist Pasqual Jordan in his algebraic formulation of

quantum mechanics. Jordan structures also appear in quantum group theory, and exceptional Jordan

algebras play an important role in recent fundamental physical theories, namely, in the theory of

super-strings [120]. The systematic study of general Jordan algebras was started by Albert in 1946.

In addition, the study of loops started in 1920�s and these were introduced formally �rst time in

1930�s [230]. The theory of loops has its roots in geometry, algebra and combinatorics. This can

be found in non-associative products in algebra, in combinatorics it is presented in latin squares
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of particular form and in geometry it has connection with the analysis of web structures [229]. A

detailed study of theory of the loops can be found in [4, 5, 29, 31, 32, 229]. Historically, the concept

of a non-associative loop ring was introduced in a paper by R. H. Bruck in 1944 [30]. Non-associative

loop rings appear to have been little more than a curiosity until the 1980s when the author found a

class of non-associative Moufang loops whose loop rings satisfy the alternative laws.

After the concept of loop rings (1944), a new class of non-associative ring theory was given by

S. M. Yusuf in 2006 [309]. Although the concept of LA-ring was given in 2006, but the systematic

study and further developments was started in 2010 by T. Shah and I. Rehman in their paper [261].

It is worth mentioning that this new class of non- associative rings named Left almost rings (LA-ring)

is introduced after a huge gap of 6 decades since the introduction of loop rings. Left almost rings

(LA-ring) is actually an o¤ shoot of LA-semigroup and LA-group. It is a non-commutative and

non-associative structure and gradually due to its peculiar characteristics it has been emerging as

useful non-associative class which intuitively would have reasonable contribution to enhance non-

associative ring theory. By an LA- ring, we mean a non-empty set R with at least two elements

such that (R;+) is an LA-group, (R; :) is an LA-semigroup, both left and right distributive laws

hold. In [261], the authors have discussed LA-ring of �nitely nonzero functions which is in fact a

generalization of a commutative semigroup ring. On the way the �rst ever de�nition of LA-module

over an LA-ring was given by T. Shah and I. Rehman in the same paper [261]. Moreover, T. Shah

and I. Rehman [262] discussed some properties of LA-rings through their ideals and intuitively ideal

theory would be a gate way for investigating the application of fuzzy sets, intuitionistics fuzzy sets

and soft sets in LA-rings. For example, T. Shah et al., [259] have applied the concept of intuitionistic

fuzzy sets and established some useful results. In [238] some computational work through Mace4

has been done and some interesting characteristics of LA-rings have been explored. Further T. Shah

et al., [260] have promoted the concept of LA-module and established some results of isomorphism

theorems and direct sum of LA-modules. Recently, in 2014, A. Alghamdi and F. Sahraoui [9] have
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de�ned and constructed a tensor product of LA-modules and they extended some simple results

from the ordinary tensor to the new setting. In 2014, P. Yiarayong [308] have given the new concept

of left primary and weakly left primary ideals in LA-rings. Some characterizations of left primary

and weakly left primary ideals are obtained. Moreover, in 2015 F. Hussain and W. Khan [119]

have characterized LA-rings by congruence relations. They proved that each homomorphism of left

almost rings de�nes a congruence relation on left almost rings. For some more study of LA-rings,

we refer the readers to see [237, 256, 265, 266].

2.1 Historical perspective and Developments

It is impossible in a short space to convey the full compass of the subject, but we will site some

literature on non-associative rings from di¤erent decades. Here we tried to give the literature survey

of all non-associative rings and their developments in di¤erent time periods including LA-rings (a

class of non-associative rings), recently introduced in 2006.

2.1.1 Octonions

In order to solidify the non-associative ring theory, the origin of the non-associative ring could be

traced to the work of John T. Graves who discovered Octonions in 1843, which is considered to

be the �rst ever example of non-associative ring. It is an 8-dimensional algebra over R which

is non-associative as well as being non-commutative. These were rediscovered by Cayley in 1845

and are also known sometimes as the cayley numbers. Each nonzero element of octonion still has

an inverse so that it is a division ring, albeit a non-associative one. For a most comprehensive

account of the octonions see [14]. The process of going from R to C, from C to H, and from

H to O, is in each case a kind of doubling process. At each stage something is lost from R to

C it loosed the property that R is ordered, from C to H loosed commutativity and from H to O

loosed associativity. This process has been generalized to algebras over �elds and indeed over rings.
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It is called Dickson doubling or Cayley-Dickson Doubling see [47, 228]. If we apply the Cayley-

Dickson doubling process to the octonions we obtain a structure called the sedenions, which is a

16-dimensional non-associative algebra. In physics community much work is currently focused on

octonion models see (Dixon [51], Gursey [88], Okubo [220] and Ward [298]). Historically speaking,

the inventors or discoverers of the quaternions, octonions and related algebras (Hamilton, Cayley,

Graves, Grassmann, Jordan, Cli¤ord and others) were working from a physical point-of-view and

wanted their abstractions to be helpful in solving natural problems [307].

2.1.2 Lie Rings (1870-2015)

In 1870 a very important non-associative class known as Lie Theory was introduced by the Norwegian

mathematician Sophus Lie. The theory of Lie algebras is an area of mathematics in which we can

see a harmonious between the methods of classical analysis and modern algebra. This theory,

a direct outgrowth of a central problem in the calculus, has today become a synthesis of many

separate disciplines, each of which has left its own mark. The importance of Lie algebras for applied

mathematics and for applied physics has also become increasingly evident in recent years. In the

�eld of applied mathematics, Lie theory remains a in�uential tool for studying di¤erential equations,

special functions and perturbation theory. Lie theory has many applications not only in elementary

particle physics and nuclear physics, but also in such diverse �elds as continuum mechanics, solid-

state physics, cosmology and control theory. Lie algebra is also used by electrical engineers, mainly

in the mobile robot control. For the basic information of Lie algebras, the readers are referred to

read [17, 44, 117].

It is well known that Lie algebra can be viewed as a Lie ring. So, the theory of Lie ring can be

used in the theory of Lie algebra. A Lie ring is de�ned as a non-associative ring with multiplication

that is anti-commutative and satis�es the Jacobi identity i.e.[a; [b; c]] + [b; [c; a]] + [c; [a; b]] = 0:

Although the Lie theory was introduced in 1870 but the major developments were made in the
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20th century with the paper of F. Hausdor¤ [95] in 1906. In (1934-35), I. D. Ado [2] proved that

any �nite dimensional Lie algebra over the �eld of complex numbers can be represented in a �nite

dimensional associative algebra. Moreover, in 1937, Birkho¤ [21] and Witt [304] independently

examined that every Lie algebra is isomorphic to sub-algebra of some algebra of the form A(�),

where A(�) is a Lie ring de�ned by x:y = xy � yx. They also found a formula for computing the

rank of the homogeneous modules in a free Lie algebra on a �nite number of generators. Also in

1937, Magnus [184] proved that the elements yi = 1 + xi of the ring H generate a free subgroup

G of the multiplicative group of the ring H, and every element of the subgroup Gn (the n-th

commutator subgroup) has the form 1 + ln + w, where ln is some homogeneous Lie polynomial

(with respect to the operations x:y and x + y of degree n in the generators ai, and w is a formal

power series in which all the terms have degree greater than n.

In 1947, E. B. Dynkin [55] gave the criteria to determine whether the given polynomial is a Lie

polynomial. Later in (1948-49), Harish Chandra [92] and Iwasawa [121] proved that Ado�s theorem

holds for any �nite dimensional Lie algebra. Moreover, an important role in the theory of Lie rings is

played by free Lie rings. In contrast to free alternative rings and free J-rings (free Jordan-rings), free

Lie rings have been thoroughly studied. In that context, in 1950, M. Hall [89] pointed out a method

for constructing a basis of a free Lie algebra. In addition, analogous theorems about embedding of

arbitrary algebras and of associative rings were proved respectively by A. I. Zhukov [312] in 1950

and by A. I. Malcev [194] in 1952.

In (1953-54), Lazard [175] and Witt [305] studied representations of
P
-operator Lie rings inP

-operator associative rings. The existence of such a representation was proved by them in the case

of
P
-principal ideal rings and in particular for Lie rings without operators. The example constructed

by A.I Shirshov in [268] shows that there exist non-representable
P
-operator Lie rings which do not

have elements of �nite order in the additive group. Also in 1954, Higgins [108] investigated that

solvable rings satisfying the n-th Engel condition are nilpotent and in continuation, Lazard [176]
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studied nilpotent groups using large parts of the apparatus of Lie ring theory.

In 1955, Cohn [45] constructed an example of a solvable Lie ring, with additive p-group (in

characteristic p) and satisfying the p-th Engel condition, which is not nilpotent. Lie rings with a

�nite number of generators and some restrictions on the additive group. Also in 1955, A. I. Malcev

[195] considered a class of binary-Lie rings, which are related to lie rings in a way analogous to the

way alternative rings are related to associative rings. In (1955-56), I. N. Herstein [99, 100, 101]

discussed associative rings which are dedicated to studying the rings A(�) with di¤erent assumptions

on the ring A. In 1956, Witt [306] proved that any sub-algebra of a free Lie algebra is again free. This

theorem is analogous to the theorem of Kurosh for sub-algebras of free algebras. In the year 1957,

many authors work on Lie algebra. For example, Higman [110] proved nilpotency of any Lie ring

which has an automorphism of prime order without nonzero �xed points. This statement allowed him

to prove nilpotency of �nite solvable groups which have an automorphism satisfying the analogous

condition. A. T. Gainov [63], investigated that in the case of a ring for which the additive group has

no elements of order two, for a ring to be binary-Lie it is su¢ cient that these identities hold: a2 =

[(ab)b]a+[(ba)a]b = 0. The author proposed that on the set of elements of some alternative ring D,

we can de�ne the above described operation x:y = xy�yx and then it implies that in the ring D(�),

these relations hold identically: a2 = [(a:b):c]:a + [(b:c):a]:a + [(c:a):a]:b � (a:b):(a:c) = 0. Rings

satisfying these identities are called Moufang-Lie rings. He showed that the class of Moufang-Lie

rings without elements of additive order 6 is properly contained in the class of binary-Lie rings. In

(1957-58), A. I. Kostrikin [167] proved that the Engel condition implies nilpotency. This result is

especially interesting because from it follows the positive solution of the group-theoretical restricted

Burnside problem for p-groups with elements of prime order [165, 166].

I. N. Herstein and E. Kleinfeld [107] in 1960, discussed that the mappings � onto a simple

ring of characteristic 2 which preserve commutators and cubes. This situation is of interest for in

characteristic 2 Jordan homomorphisms are the same thing as Lie homomorphisms, that is, mappings
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which preserve commutators. In 1961, I. Macdonald [182] established analogous results that are

valid for some varieties of Lie rings. It is natural to bring some methods in �nite group theory

into the study of Lie algebras. I. N. Herstein [103] in 1961 gave us the idea of Lie and Jordan

structures in simple associative rings. In 1963, V. A. Kreknin [168] examined that if a Lie ring L

admits a regular automorphism � of �nite order k, that is, such that �k = 1 and CL(�) = 0, then

L is soluble of derived length bounded by a function of k, actually, by 2k � 2. He also discussed

the bounded solubility of a Lie ring with a �xed-point-free automorphism, but the existing Lie ring

methods cannot be used for bounding the derived length in general. Moreover, V. A. Kreknin and

A. I. Kostrikin [170] in 1963 suggested that a Lie ring with a �xed-point-free automorphism of

prime order p is nilpotent of p-bounded class. In continuation V. A. Kreknin and A. I. Kostrikin

also investigated that a Lie ring (algebra) admitting a regular (i.e., without nontrivial �xed points)

automorphism of prime order p is nilpotent of class bounded by a function h(p) depending only on

p. V. A. Kreknin [169] in 1967 projected that a Lie ring (algebra) admitting a regular automorphism

of �nite order n is soluble of derived length bounded by a function of n. In 1969, I. N. Herstein [105]

focused his study on the structures of the Jordan and Lie rings of simple associative rings. In the

latter case the approach is via the study of the structure of I(R), the Lie ring of inner derivations

of R, or, equivalently, the Lie structure of R=Z.

In 1970, I. N. Herstein [106] studied lie structure of associative rings and proved some important

results regarding lie structure of R=Z. In 1972, C. Lanski and S. Montgomery [174] studied Lie

structure of prime rings of characteristic 2. Results on Lie ideals were obtained. These results were

then applied to the group of units of the ring, and also to Lie ideals of the symmetric elements

when the ring has an involution. This work extends recent results of I. N. Herstein, C. Lanski and

T. S. Erickson on prime rings whose characteristic is not 2, and results of S. Montgomery on simple

rings of characteristic 2. In 1974, N. Kawamoto [144] discussed prime and semiprime ideals of Lie

rings and showed that in a Lie algebra satisfying the maximal condition for ideals, any semi-prime
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ideal is an intersection of �nite number of prime ideals and the unique maximal solvable ideal is

equal to the intersection of all prime ideals. C. R. Jordan and D. A. Jordan [132] in 1978, studied

that how the ideal structure of the Lie ring of derivations of R, is determined by the ideal structure

of R. Moreover, the authors were interested in extending these results to the case where R is a

prime or semi-prime ring. B. Hartley et al., [93], in 1981 and E. I. Khukhro [146] in 1986 proposed

that the results on Lie rings with regular or almost regular automorphisms of prime order have

consequences for nilpotent (or even �nite, or residually locally nilpotent-by-�nite, etc.) groups with

such automorphisms.

In 1992, E. I. Khukhro [147] has generalized the work of V. A. Kreknin and A.I. Kostrikin

[168, 170] on regular automorphisms; (almost) regularity of an automorphism of prime order implied

(almost) nilpotency of the Lie ring (algebra), with corresponding bounds for the nilpotency class and

the index (co-dimension). He also showed that a Lie ring (algebra) L admitting an automorphism

� of prime order p with �nite �xed-point sub-ring of order m (with �nite-dimensional �xed-point

sub-algebra of dimensionm) has a nilpotent sub-ring (sub-algebra) K of class bounded by a function

of p with the index of the additive subgroup jL : Kj (the co-dimension of K) bounded by a function

of m and p. Moreover, E. I. Khukhro proved that if a periodic (locally) nilpotent group G admits an

automorphism � of prime order p with m = jCG(�)j �xed points then G has a nilpotent subgroup

of (m; p)- bounded index and of p-bounded class and on the way this group result was also based

on a similar theorem on Lie rings. The result given in [147], was later extended by Medvedev

[200] in 1994 to not necessarily periodic locally nilpotent groups. In 1996 and in 1998, the authors

[189, 190, 191] developed a method of graded centralizers given in [147] to study the almost �xed-

point-free automorphisms of Lie rings and nilpotent groups. Yu. Medvedev [201] in 1999 A. J.

Zapirain [311] in 2000 and N. Yu. Makarenko [187] in 2001 established the most successful case

regarding the nilpotent (or �nite) p-groups with an almost regular automorphism of order pn, where

theorems on regular automorphisms of Lie rings were used.
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Great progress has been made to date in Lie rings (algebras) with almost regular automorphisms.

The history of this area of research started with the classical theorem of Kreknin. In 2003, E. I.

Khukhro and N. Yu. Makarenko [148] proved that if a Lie ring admits an automorphism of prime-

power order that is almost regular then L is almost soluble. Moreover, in 2003 and in 2004 N. Yu.

Makarenko and E. I. Khukhro [192, 193], has succeeded in investigating the most general case of a

Lie ring (algebra) with almost regular automorphism of arbitrary �nite order. N. Yu. Makarenko and

E. I. Khukhro [193] in 2004 analyzed that almost solubility of Lie rings and algebras admitting an

almost regular automorphism of �nite order, with bounds for the derived length and co-dimension

of a soluble sub-algebra, but for groups even the �xed-point-free case remains open. In 2005, F.

Kuzucuoglu [173] proved isomorphisms between �nitary unitriangular groups and those of associated

Lie rings are studied. The author also investigated its exceptional cases. N. Yu. Makarenko [188] in

2005, improved the conclusion in Khukhro�s theorem stating that a Lie ring (algebra) L admitting

an automorphism of prime order p with �nitely many m �xed points (with �nite-dimensional �xed-

point sub-algebra of dimension m) has a sub-ring (sub-algebra) H of nilpotency class bounded by

a function of p such that the index of the additive subgroup jL : Hj (the co-dimension of H)

is bounded by a function of m and p. He proved that there exists an ideal, rather than merely

a sub-ring (sub-algebra), of nilpotency class bounded in terms of p and of index (co-dimension)

bounded in terms of m and p.

In 2008, S. Suanmali [290] used an analogous idea in the theory of group varieties to investigate

the varieties of Lie algebras. She considered the exponent bound problem for some varieties of

nilpotent Lie algebras and extended [182, 183] Macdonald�s results to �nite-dimensional Lie algebras

over a �eld of characteristic not 2 and 3. A. C. Paul and Md. Sabur Uddin [224] in 2010 worked on

Lie and Jordan structure in simple gamma rings. They obtained some remarkable results concerning

to Lie and Jordan structure. In 2010, A. C. Paul and Md. Sabur Uddin [225] focused their discussion

to the study Lie structure in simple gamma rings. They gave us some structural results of simple
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gamma rings with Lie ideals.

In 2011, E. I. Khukhro, N. Yu. Makarenko and P. Shumyatsky [150] developed a Lie ring

theory which is used for studying groups G and Lie rings L with a metacyclic Frobenius group of

automorphisms FH. J. B. Wilson [301] in 2013 introduced three families of characteristic subgroups

that re�ned the traditional verbal subgroup �lters, such as the lower central series, to an arbitrary

length. It was proved that a positive logarithmic proportion of �nite p-groups admit at least �ve such

proper nontrivial characteristic subgroups whereas verbal and marginal methods explained only one.

The placement of these subgroups in the lattice of subgroups is naturally recorded by a �lter over

an arbitrary commutative monoid M and induces an M -graded Lie ring. These Lie rings permit an

e¢ cient specialization of the nilpotent quotient algorithm to construct automorphisms and decide

isomorphism of �nite p-groups. In 2013, E. I. Khukhro and N. Yu. Makarenko [149] discovered that

the representation theory arguments are used to bound the index of the �tting subgroup. Lie ring

methods are used for nilpotent groups. A similar theorem on Lie rings with a metacyclic Frobenius

group FH of automorphisms was also proved. In 2014, M. Horn and S. Zandi [113] the aim in their

paper is to gave an explicit description of the cohomology group H2(L;A) and to show how its

elements correspond one-to-one to the equivalence classes of central extensions of the Lie algebra

L with the module A, where we regard A as abelian Lie ring. More recently in 2015, J. B. Wilson

[302] generalized the common notion of descending and ascending central series. The descending

approach determines a naturally graded Lie ring and the ascending version determines a graded

module for this ring. He link derivations of these rings to the automorphisms of a group.

2.1.3 Alternative Rings (1930-2015)

To the best of our knowledge the �rst detailed discussion about Alternative rings was started in

1930 by the German author M. Zorn. An alternative ring R is de�ned by the system of identities:

(ab)b = a(bb) (right alternativeness) and (aa)b = a(ab) (left alternativeness) for all a; b 2 R:
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In 1930, M. Zorn [313] mentioned the theorem of Artin which states that every two elements of

an alternative ring generate an associative sub-ring. By a result of Zorn [313], it was observed that

the only not associative summands permitted are merely �nite Cayley-Dickson algebras (which is the

�rst example of alternative rings) with divisors of zero. In 1933, M. Zorn [314] discussed also the

�nite-dimensional case in alternative rings. In 1935, R. Moufang [207] proved a generalization for

alternative division rings: if (a; b; c) = 0, then a; b; c generate a division sub-ring which is associative.

For more details regarding �nite dimensional case the readers are referred to the contribution of N.

Jacobson [122], A. A. Albert [3], R. D. Schafer [246, 247] Dubisch and Perlis [54]. In 1943, R. D.

Schafer [245] studied the alternative division algebras of degree two which is independent of Zorn�s

results. In 1946, Forsythe and McCoy [62] gave an approach that an associative regular ring without

nonzero nilpotent elements is a sub-direct sum of associative division rings is easily extendable to

alternative rings. In 1947, M. F. Smiley [286] studied alternative regular rings without nilpotent

elements and proposed an approach that every alternative algebraic algebra which has no nilpotent

elements is the sub-direct sum of alternative division algebras. I. Kaplansky [142] in 1947 presented

many of the preliminary results which were valid at least for special alternative rings. M. F. Smiley

[287] in 1948 studied the concept of radical of an alternative ring and discussed the radicals of

in�nite order algebras and was also able to show that the N. Jacobson�s de�nition of the radical

of an associative ring is applied to alternative ring. In 1948, I. Kaplansky [141] also obtained the

Cayley numbers as the only not associative alternative division ring which was both connected and

locally connected, and he gave a conjecture that a similar result holds in the totally disconnected,

locally compact case. A ring is de�ned to be right alternative in case ab:b� a:bb = 0 is an identical

relation in the ring. Right alternative algebras were �rst studied by A. A. Albert [7] in 1949 he

showed that a semi-simple, right alternative algebra over a �eld of characteristic 0 is alternative.

In 1950, B. Brown and N. H. McCoy [27] suggested that every alternative ring has a greatest

regular ideal. Also in 1950, in the works of L. A. Skornyakov [271, 272] provided a full description of
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alternative but not associative division rings. He showed that each such division ring is an algebra

of dimension 8 over some �eld. Later in 1951, R. H. Bruck and E. Kleinfeld [33] proved the result

of L. A. Skornyakov [271], independently. In 1951, L. A. Skornyakov [273] proposed that the study

of alternative rings in general began with the study of alternative division rings, which in the theory

of projective planes play the role of the so-called natural division rings of alternative. Another

result concerns right alternative division rings, which are of geometrical interest since they arise as

coordinate systems of certain projective planes in which a con�guration weaker than desargue�s is

assumed to hold. In this connection L. A. Skorniakov [270] in 1951 has made known that a right

alternative division ring of characteristic not 2 is alternative. Some attention had been given to

right alternative rings when L. A. Skornyakov [274] in 1951 established the result that every right

alternative division ring is alternative.

In 1952, A. A. Albert [8] proved the results for simple alternative rings and his proposed results

were based on the properties which were given by M. Zorn [313]. E. Kleinfeld [154] in 1953

proved that for the alternativity of a right alternative ring it is su¢ cient that [x; y; z]2 = 0 implies

[x; y; z] = 0. E. Kleinfeld [153] in 1953 proved that even simplicity (that is, not having two-sided

ideals) of an alternative but not associative ring implies that the ring is a Cayley-Dickson algebra.

In 1953, E. Kleineelo [152] proved that right alternative rings without nilpotent elements are known

to be alternative it follows that free right alternative rings with two or more generators have non-

zero nilpotent elements. In 1955, E. Kleinfeld [155] strengthened his results by proving that any

alternative but not associative ring, in which the intersection of all the two-sided ideals is not a nil

ideal, is Cayley-Dickson algebra over some �eld. Hence the class of alternative rings is much larger

than the class of associative rings. R. L. San Soucie [242, 243] in 1955 studied alternative and right

alternative rings in characteristic 2 (2x = 0) and also proved that if R is right alternative division

ring of characteristic two. Then R is alternative if and only if R satis�es w(xy � x) = (wx� y)x.

In 1957, E. Kleinfeld [289] proved very interesting identity: [(ab � ba)2; c; d](ab � ba) = 0 and he
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also showed that in the free alternative ring there are zero divisors. M. F. Smiley [288] in 1957

analyzed the proof of Kleinfeld and noticed that it is su¢ cient to check only these cases: x = y; x =

yz � zy; x = (yz � zy)y; x = [y; y; z], or z = wy and x = [y; y; w] for some w. To study of free

right alternative rings he said that it was one of the main tasks of the theory of alternative rings.

In 1960, H. Hashimoto [94] introduced the notion of �- modularity of right ideals of an alternative

rings and showed a connection between the intersection of all the �- modular maximal right ideals

and the radical SR(A) in an alternative ring A. In 1963, it was shown by E. Kleinfeld [156] that

in an arbitrary alternative ring the fourth power of every commutator lies in the nucleus. Also G.

V. Dorofeev [53] in 1963 proved that in a free alternative ring with six or more generators there

exist elements a; b; c; d; r; s such that ((a; b)(c; d) + (c; d)(a; b); r; s) 6= 0. In 1965, M. B. Slater

[275] asserted that a prime alternative ring R of characteristic not 3 that is not associative can

be embedded in a Cayley-Dickson algebra over the quotient �eld of the center of R. In 1967,

M. M. Humm [115] discussed a necessary and su¢ cient condition for a simple right alternative

ring to be alternative. He assumed that the characteristic is not 2 or 3 in all that follows. The

treatment required an idempotent e in R and used the subspaces R1(e) and R0(e) of the Albert

decomposition [6]. In 1967, M. M. Humm and E. Kleinfeld [116] investigated that with the help

of an example that square of every commutator need always lie in the nucleus. Also, they showed

the existence of speci�c nilpotent elements in the free alternative ring on four or more generators,

and proved abstractly the existence of an ideal I 6= 0, and I2 = 0. M. Slater [276] in 1967 in his

paper on nucleus and center in Alternative rings considered R is any alternative ring, N its Nucleus

and Z its center. Moreover, he investigated the natural conditions on R which were the weakest

possible to ensure. Also applied the results to amplify comments by Humm and Kleinfeld work on

free alternative rings and contained examples of alternative rings. M. Slater [277] in 1968 discussed

the ideals in semiprime alternative rings and also the results of the paper, so far concerned that a

given right ideal A, did not require semiprimeness of R. In 1969, E. Kleinfeld [158] worked on right
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alternative rings without proper right ideals he showed that a right alternative ring R without proper

right ideals, of characteristic not two, containing idempotents e and 1,e 6= 1, such that ex = e(ex)

for all x 2 R must be alternative and hence a cayley vector matrix algebra of dimension 8 over its

center. Moreover, M. Slater [278] in 1969, proved the natural extension to arbitrary rings of the

classical Wedderburn-Artin theorem for associative ones. Also considered the special case where R

is in addition purely alternative; that is, has no nonzero nuclear ideals. He also listed virtually all

the radicals that have been proposed for (alternative) rings in the literature, and showed that on

the class of rings with d.c.c. they all coincide. Also he discussed analogous for arbitrary rings with

d.c.c. of the classical results concerning idempotents in associative rings with d.c.c.

In 1970, M. Slater [280] discussed the class of admissible models. Since a prime ring need not be

algebra over a �eld, so keeping in view, the author intended to extend the class of admissible models

at least slightly. For example, the Cayley integers are a prime ring that is not Cayley-Dickson algebra,

much as an integral domain is prime but need not be a �eld. Moreover, he de�ned a Cayley-Dickson

ring (CD ring) R to be a ring that can be imbedded in a certain natural way in CD algebra R over

the quotient �eld Z of the (nonzero) center Z of R. He then later said that if R is cancellative

alternative but not associative (and of char 6= 2) then R is a CD ring such that R is a CD division

algebra. The added generality in the paper comes from the fact that a prime ring may have zero

divisors. If R is prime with zero divisors [and not associative, and 3R 6= (0)] then R will be a split

CD algebra, instead of a CD division algebra. Again in 1970, M. Slater [281] discussed localization

results on ideals and right ideals of prime and weakly prime rings. Also he showed that if some

exceptional weakly prime ring exists, then there exists an exceptional prime ring having a collection

of properties which taken together. Finally, he gave examples to show that if some exceptional ring

exists, then the restrictions on characteristic imposed in most of the results were not excessive. M.

Slater [279] in 1970 proved the natural extension to alternative rings of the classical Wedderburn-

Artin theorem for semiprime associative rings, considered the extension to arbitrary alternative rings
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of the classical methods, as well as the secondary results of the classical associative theory. Also he

discussed some parallel conditions in alternative theory to the classical connection between primitive

idempotents and minimal right ideals. He also examined the relation between the present results

and the classical structure theory established by Zorn. In 1970, M. Slater [282] discussed that the

main facts about the minimal ideals and minimal right ideals of an associative ring are well known.

In this paper he also proved corresponding results for an alternative ring R. He made no restriction

on the characteristic of R, but will often impose restrictions of semiprimeness type.

M. Slater [283] in 1971 were concerned mainly with the extension to arbitrary (alternative)

rings of Hopkins theorem [112] that in an associative ring with d.c.c. on right ideals the (say, nil)

radical is nilpotent. He also reworked and modi�ed Zhevlakov�s arguments to obtain nilpotence

of S(R) without restriction on characteristic. It turns out that much of the work was done more

simply by working with two-sided ideals, as opposed to the right ideals used by Zhevlakov. As a

consequence, a substantial part of the work was done with the assumption of d.c.c. only on two-

sided ideals, and the result on S(R) appeared as an easy corollary of this work. On the way he

also improved the result that a ring R with d.c.c. on two-sided ideals any solvable ideal is nilpotent

by allowing Baer-radical ideals in place of solvable ideals. In 1971, I. R. Hentzel [96] discussed

the characteristics of right alternative rings with idempotents, he also assumed that all the rings

to have characteristic prime to 2 and 3. In his paper he also used the Albert decomposition for

idempotents for right alternative rings. In 1971, E. Kleinfeld [160] discussed that alternative as well

as Lie rings satisfy all of the following four identities : (i) (x2; y; z) = x(x; y; z) + (x; y; z)x,(ii)

(x; y2; z) = y(x; y; z) + (x; y; z)y,(iii) (x; y; z2) = z(x; y; z) + (x; y; z)z; (iv)(x; x; x) = 0, where

the associator (a; b; c) is de�ned by (a; b; c) = (ab)c � a(bc). He also proved that if R is a ring

of characteristic di¤erent from two and satis�es (iv) and any two of the �rst three identities, then

a necessary and su¢ cient condition for R to be alternative is that whenever a; b; c are contained

in a sub-ring S of R which can be generated by two elements and whenever (a; b; c)2 = 0, then
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(a; b; c) = 0. Also all such division rings must be alternative and hence either Cayley-Dickson

division algebras or associative. Also E. Kleinfeld [159] in 1971 investigated rings R of characteristic

di¤erent from two. The main results were concerned that either rings which have an idempotent

e 6= 1, or those which have no nilpotent elements. He also proved that whenever R is simple and

contains an idempotent e 6= 1, then R must be alternative and hence either a cayley vector-matrix

algebra or associative.

In 1975, A. Thedy in his paper [293] analyzed the two natural concepts in a right alternative

algebra R, the sub-moduleM generated by all alternators (x; x; y), and a new nucleus N . The later

sections of his study dealt mainly with results on simple right alternative algebras. A simple 2-torsion

free right alternative algebra is either alternative, hence associative or Cayley algebra over its center.

Also in 1975, the work of I. R. Hentzel [97] was dealt with a GRA (generalized right alternative)

ring R. It was shown that I is an ideal of R, that I is commutative, and that I is the sum of

ideals of R whose cube is zero. This means that if R is simple, or even nil-semisimple, and then

R is right alternative. Since all the hypotheses on R are consequences of the right alternative law,

showing that R is right alternative is as strong a result. Also he considered that the ideal generated

by each associator of the form (a; b; b) is a nilpotent ideal of index at most three. I. M. Miheev

[203] in 1975 constructed a �nite-dimensional, prime, right alternative nil algebra with nilpotent

heart. Thus a prime right alternative ring need not be s-prime. In 1976, M. Rich [239] discussed

the characterization by J. Levitzkiin 1951 of the prime radical of an associative ring R as the set of

strongly nilpotent elements of R was adapted to apply to a wide class of non-associative rings. As

a consequence it was shown that the prime radical is a hereditary radical for the class of alternative

rings and that the prime radical of an alternative ring coincides with the prime radical of its attached

Jordan ring. In 1978, B. I. Rose [240] �rst gave the brief introduction of Cayley-Dickson algebra. He

then axiomatized split Cayley-Dickson algebras over algebraically closed �elds and showed that this

theory is @1-categorical, model complete, and the model completion of the theory of Cayley-Dickson
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algebras and stability in alternative rings. He also generalized @0-categoricity in associative rings to

@0-categoricity in alternative rings.

In 1980, G. P. Wene in his paper [299] characterized those associative rings with involutions

in which each symmetric element is nilpotent or invertible. Analogous results were obtained for

alternative rings. The restriction was further relaxed to require only that each symmetric element is

nilpotent or some multiple is a symmetric idempotent. A. Widiger [300] in 1983 considered the class

of all alternative rings in which every proper right ideal is maximal. Moreover, he used the theory

of artinian rings for his study. E. Kleinfeld [161] in 1983 examined that a semiprime alternative

ring can have no nonzero anti-commutative elements. However, this was not so for prime right

alternative rings in general. In 1988, H. Essannouni and A. Kaidi [57] proved the natural extension

to alternative rings of the classical Goldie theorem for semiprime associative rings.

In 1994, H. Essannounia and A. Kaidi [58] discovered that the socle of a semiprime Goldie ring

is generated by a central idempotent and that a prime Goldie ring with a non-zero socle is a simple

artinian ring. They also extended these results to alternative rings. They had given an analogue of

Goldie�s theorem for alternative rings. A Goldie like theorem was obtained earlier by the authors for

noetherian alternative rings by a quite di¤erent method. Also in 1994, E. Kleinfeld and H. F. Smith

[162] discussed that a ring is called s-prime if the 2-sided annihilator of a non-zero ideal must be

zero. In particular, any simple ring or prime (�1; 1) ring is s-prime. Also, a non-zero s-prime right

alternative ring, with characteristic 6= 2, cannot be right nilpotent.

In 2000, E. G. Goodaire [71] developed that for a right alternative ring R, the magma (R; �) is

right alternative, that is, (x � y) � y = x � (y � y), and if R is strongly right alternative, then (R; �)

is a Bol magma with neutral element 0. Moreover, in 2001, E. G. Goodaire [72] showed that in a

strongly right alternative ring with unity, it was known that if U(R) is closed under multiplication,

then U(R) is a Bol loop. M. K. Kenneth Kunen and J. D. Phillips [151] in 2005 partially answered

two questions of Goodaire by showing that in a �nite, strongly right alternative ring, the set of units
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(if the ring is with unity) is a Bol loop under ring multiplication, and the set of quasi-regular elements

is a Bol loop under circle multiplication. Again in 2005, L. A. Cárdenas et.al., [34] studied the notion

of a (general) left quotient ring of an alternative ring and showed the existence of a maximal left

quotient ring for every alternative ring that is a left quotient ring of itself. In 2007, M. G. Lozano

and M. S. Molina [181] developed a fountain Gould-like Goldie theory for alternative rings. They

characterized alternative rings which were Fountain-Gould left orders in semiprime alternative rings

coinciding with their socle, and those which were Fountain-Gould left orders in semiprime artinian

alternative rings.

Furthermore, D. Bharathi et al., [20] in 2013 proved that if R is a semiprime and purely non-

associative right alternative ring, then N = C. They also showed that the right nucleus Nr = C if

R is purely non-associative provided that either R has no locally nilpotent ideals or R is semi-prime

and �nitely generated mod Nr. In 2014, L. A. Cárdenas et al., [35] introduced a notion of left

non-singularity for alternative rings and proved that an alternative ring is left non-singular if and

only if every essential left ideal is dense, if and only if its maximal left quotient ring is von Neumann

regular. Finally, they obtained a Gabriel-like Theorem for alternative rings. Bruno L. M. Ferreira

and R. Nascimento [61] in 2014 proved the relationship between the multiplicative and the additive

structures of a ring that became an interesting and active topic in ring theory. They focused their

discussion on the special case of an alternative ring. In this they investigated the problem of when

a derivable map must be an additive map for the class of alternative rings. Recently, in 2015, Y.

s. n. Satyanarayana et al., [244] proved that the peculiar property of nucleus N in an alternative

ring R i.e. nucleus contracts to centre C when alternative ring is octonion and nucleus expands

to whole algebra when the alternative ring is associative. Also in 2015, K. Jayalakshmi and S. M.

Latha [129] presented some properties of the right nucleus in generalized right alternative rings.

Also they showed that in a generalized right alternative ring R which is �nitely generated or free of

locally nilpotent ideals, the right nucleus Nr equals the center C. They also considered the ring to
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be generalized right alternative ring and tried to prove the results of Ng Seong-Nam [252]. On the

way they gave an example to show that the generalized right alternative ring is not right alternative.

2.1.4 Jordan Rings (1933-2011)

In modern mathematics, an important notion is that of non-associative structure. This kind of

structures is characterized by the fact the product of elements veri�es a more general law than

the associativity law. Jordan structures were introduced in 1932-1933 by the German physicist

Pasqual Jordan (1902-1980) in his algebraic formulation of quantum mechanics. The study of

Jordan structures and their applications is at present a wide-ranging �eld of mathematical research.

The systematic study and more developments of general Jordan algebras were started by Albert in

1946. One can de�ne a Jordan ring as a commutative non-associative ring that respects the Jordan

identity i.e. (xy)(xx) = x(y(xx)).

In 1948, N. Jacobson [124] observed that semi-isomorphisms were nothing more or less than

ordinary isomorphisms of the non-associative Jordan ring determined by the given associative ring.

In his paper he introduced the Jordan multiplication a:b = 1=2(ab + ba), he observed that if

ordinary multiplication is replaced by this identity then one can obtained Jordan ring determined

by the associative ring. He also determined the isomorphisms between any two simple Jordan rings.

N. Jacobson [123] in 1948 in his paper discussed about the centre of non-associative ring i.e.; If <

is any non-associative ring one can de�ned the center of < to be the totality of elements c that

commute, c:a = a:c. It was also observed that if a ring contains a nilpotent element in its center

then it contains a nilpotent two-sided ideal.

In 1950, N. Jacobson and C. E. Rickart [127] de�ned a special Jordan ring to be a subset

of an associative ring which is a subgroup of the additive group and which is closed under the

compositions a ! a2 and (a; b) ! aba. Such systems are also closed under the compositions

(a; b)! ab+ ba = fa; bg and (a; b; c)! abc + cba. The simplest instances of special Jordan rings
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were the associative rings themselves. The authors also studied the (Jordan) homomorphism of these

rings. N. Jacobson and C. E. Rickart [128] in 1952 considered the set H of self- adjoint elements

h = h�. Then that set H is a special Jordan ring. In this paper they studied the homomorphism of

the rings of this type. They also obtained an analogue of the matrix method for the rings H. Authors

proved that any Jordan homomorphism of H can be extended to an associative homomorphism of

U . They also examined that this result can be extended to locally matrix rings and in this form it is

applicable to involutorial simple rings with minimal one-sided ideals. On the way they obtained the

Jordan isomorphisms of the Jordan ring of self- adjoint elements of an involutorial primitive ring with

minimal one-sided ideals onto a second Jordan ring of the same type. However, comparatively R. D.

Schafer [248] in 1955 began the study of the class of so-called non-commutative J-rings (Jordan

rings). The study of this class of rings is contained in the theory of algebras of �nite dimension. For

more details readers were referred to study [163, 249, 250]. In 1956, M. Hall and Jr [90] established

the identity fabag2 = fafba2 bgag which hold in abstract Jordan rings. This was immediate for

special Jordan rings. They examined that the identity is proved by �nding a partial basis for the free

Jordan ring with two generators, the basis being found for all elements of degree at most 5 and for

elements of degree 4 in a and degree 2 in b. I. Herstein [102] in 1957 gave us the idea of derivation

of Jordan ring. He mentioned that for any associative ring A, from its operations and elements a

new ring can be obtained, that is the Jordan ring of A, by de�ning the product in the ring to be

a o b = ab + ba for all a; b 2 A. In 1958, A. I. Shirshov [269] has made a detailed discussion of

non-associative structures including Jordan rings. He also constructed some special Jordan rings.

In 1963, R. Brown [26] pointed out a problem of interest in non-associative algebras, regarding

the study of generalized Cayley algebras and exceptional simple Jordan algebras which were closely

related to the exceptional simple Lie algebras. In his work, he de�ned a new class of simple non-

associative algebras of dimension 56 over their centers and possessing non-degenerate trace forms,

such that the derivations and left multiplications of elements of trace zero generate Lie algebras of
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type E7. Moreover, in 1964, E. Kleinfeld [157] gave the concept of middle nucleus and center in

simple Jordan ring. He established the result that in a simple Jordan ring of characteristic 6= 2 the

middle nucleus and center coincide. K. McCrimmon [196] in 1966 discussed about the structure,

characteristics and general theory of Jordan rings. A Jordan ring (i.e., algebra over the ring of

integers) is called non-degenerate if it has no proper absolute zero divisors. He also described that a

Jacobson ring is a Jordan ring such that, the descending chain condition holds for Peirce quadratic

ideals, and each non-zero Peirce quadratic ideal contains a minimal quadratic ideal. These rings

play a role in the Jordan theory analogous to that played by the artinian rings in the associative

theory. In 1968, C. E. Tsai [294] pointed up that there were several de�nitions of radicals for general

non-associative rings given in literature. The u-prime radical of Brown-McCoy which was given in

[28] was similar to the prime radical in an associative ring. However, it depends on the particular

chosen element u. The purpose of the paper was to project a de�nition for the Brown-McCoy type

prime radical for Jordan rings so that the radical will be independent from the element chosen. C.

E. Tsai [295] in 1969 proved that in any Jordan ring J there exists a maximal Von Neumann regular

ideal M . The existence of such an ideal in an associative ring A is a well known. In fact, M could

be characterized as the set of all elements a in A such that any element in the principal ideal in A

generated by a is a regular element. He also had shown that the same characterization holds for

Jordan rings. Also, in 1969, M. McCrimmon [197] established a self-contained proof which does not

depend on the classi�cation of simple rings. The author has taken motivation for this proof from

the work of N. Jacobson [126] in which he has provided the proof in which he used the structure

theory to reduce the problem to the case of simple rings, and then proceeded to check the result

for each of the various types of simple rings that can occur.

Furthermore, in 1970, K. Meyberg [202] established a proof of Fundamental-Formula which

is considered to be a very important in Jordan rings and given a comparatively short proof of

Fundamental-Formula as �rst it was given by N. Jacobson [126]. J. M. Osborn [221] in 1970
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presented three related theorems, one on the structure of Jordan rings in which every element

is either nilpotent or invertible, and two on the structure of associative rings with involution in

which every symmetric element is either nilpotent or invertible. The �rst of these theorems was a

generalization of a well-known result on the structure of Jordan algebras which stated that if each

element of Jordan algebra can be expressed as the sum of a nilpotent element and a scalar multiple

of 1, then the nilpotent elements of J form an ideal. Also C. E. Tsai [296] in 1970 analyzed that

an external characterization of the Levitzki radical of a Jordan ring U as the intersection of a family

of prime ideals U . He also discussed that by applying this characterization, it was easy to see that

the Levitzki radical of a Jordan ring contains the prime radical of the same ring. For associative

rings the same statement was well known, since the prime radical in associative rings was called

the Baer radical. If the minimal condition on ideals holds on Jordan ring U , then the Levitzki

radical, L(U), and the prime radical, R(U) of U coincide. In 1971, K. McCrimmon [198] derived

a general structure theory for non-commutative Jordan rings. He de�ned a Jacobson radical and

showed it coincides with the nil radical for rings with descending chain condition on inner ideals;

semisimple rings with d.c.c. were shown to be direct sums of simple rings, and the simple rings

to be essentially the familiar ones. In addition he also obtained results, which seem to be new

even in characteristic 6= 2, concerning algebras without �niteness conditions. He also showed that

an arbitrary simple non-commutative Jordan ring containing two nonzero idempotent whose sum is

not 1 is either commutative or quasi-associative. T. S. Erickson and S. Montgomery [56] in 1971

observed the special Jordan ring R+, and when R has an involution and R is associative ring, the

special Jordan ring S of symmetric elements. They �rst showed that the prime radical of R equals

the prime radical of R+, and that the prime radical of R intersected with S is the prime radical

of S. Also they gave an elementary characterization, in terms of the associative structure of R, of

primeness of S. Finally, they proved that a prime ideal of R intersected with S is a prime Jordan

ideal of S. Also, in 1971, I. P. Shestakov [267] considered the class of non-commutative Jordan
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rings. This class generalized the class of rings introduced by Block [22] and A. Thedy [292]. Also he

demonstrated, for rings of the given class, a theorem on nilpotency of null rings with a maximality

condition for sub-rings and for anti-commutative rings satisfying the third Engel condition [172].

Moreover, he generalized nilpotency of �nite-dimensional null algebras of the corresponding classes.

Also shown that two su¢ ciently broad subclasses of the class of rings considered, there exists a

locally nilpotent radical. He also considered �nite-dimensional non-commutative Jordan algebra. In

1972, R. Lewand [177] examined some radical properties of quadratic Jordan algebras and showed

that under certain conditions an ideal of a quadratic Jordan algebra is the radical.

In 1973, D. J. Britin [24] restricted his attention to the Jordan ring of symmetric elements of

an associative ring with involution. Although he considered the problem of integral domains in this

restricted case and his main result was more general. He used the approach via Goldie�s theorem

[125] for associative rings i.e.; T has a ring of quotients which is semi-simple Artinian if and only if

T is semi-prime, contains no in�nite direct sum of left ideals and satis�es a.c.c on left annihilator

ideals. He observed that if one replaced semi-prime by prime, then replaced semi-simple by simple.

Then it can be shown that the conditions put on left ideals are implied by a.c.c or d.c.c on left

ideals, when T has an involution. In 1974, D. J. Britin [25] he obtained a Jordan ring of quotients

for H(R) by observing that if R be a 2-torsion free semiprime associative ring with involution.

Conditions are put on the Jordan ring H(R) of symmetric elements which imply the existence of a

ring of quotients which is a direct sum of involution simple artinian rings. S. Montgomery [205] in

1974 studied the concept of quotient rings in a special class of Jordan rings. It is worth mentioning

that this concept was not developed in Jordan algebra before. In his work, he showed that if R is

an associative ring with involution and J is a Jordan sub-ring of the symmetric elements containing

the norms and traces of R, then if J is a Jordan domain with the common multiple property, J has

a ring of quotients which is Jordan division algebra. Also, Ng. Seong Nam [251] in 1974 generalized

the result of Osborn [222] which was basically proved for associative rings with involution. But
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Seong-Nam generalized the result for non-associative Jordan rings with involution. In addition, J.

A. Loustao [180] in 1974 established some results regarding radical extensions of Jordan rings. Along

the way, he proved analogies for Jordan rings of commutativity results for associative rings found in

[104]. Further, he also extended commutativity results from [59, 143] to associative division algebras

with involution whose symmetric elements are a radical extension of a commutative sub-algebra. In

1979, H. P. Petersson [227] completed the solution of the classi�cation problem for locally compact

Jordan division rings initiated in [226]. He also examined that a locally compact non-discrete Jordan

division ring and a �nite dimensional Jordan division algebra over that �eld. He also considered the

centroid of a locally compact non-discrete �eld.

Moreover, in 1986, A. M. Slinko in his article [284] described the structure of a connected

component of a locally compact alternative or Jordan ring. It was shown that each locally compact

semiprime alternative or Jordan ring is a topological direct sum of its zero connected component,

which is a semisimple �nite-dimensional algebra over R and a totally disconnected locally compact

semiprime ring. This result can be viewed as a far reaching generalization of the classical Pontryagin

theorem on connected associative locally compact skew �elds. Furthermore, it was also proved that

a connected locally compact alternative or Jordan ring having no nonzero idempotents is nilpotent

and also established that the quasi-regular radical of an alternative or Jordan locally compact ring

is closed. In 1986, S. Gonzalez et al., [68] introduced the order relation in Jordan rings, he proved

that the relation � de�ned by x � y if and only if xy = x2; x2y = xy2 = x3 is an order relation for

a class of Jordan rings and proved that a Jordan ring R is isomorphic to a direct product of Jordan

division rings if and only if � is a partial order on R such that R is hyperatomic and orthogonally

complete. Later, in 1987, P. J. Garijo [65] discussed the Jordan regular ring associated with �nite

JBW- algebra. In this paper, he showed that every �nite JBW-algebra A is contained in a Von

Neumann regular Jordan ring A such that A has no new idempotents. Moreover, he proved that

every �nite JBW- algebra has the common multiple property (non-associative analogous to the Ore
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condition) and that a is the (unique) total ring of quotients of A. I. R. Hentzel and L. A. Peresi

[98] in 1988 introduced almost Jordan rings. He proved that any Jordan ring with characteristic

6= 2; 3 satis�es the identity: 2((ax)x)x + a((xx)x) = 3(a(xx))x along with commutativity implies

the Jordan identity in any semiprime ring. In 1988, A. M. Slinko [285] generalized the result of H.

P. Petersson [227] that any continuous Jordan division ring is �nite-dimensional over its centroid.

Secondly, he proved the condition of the solvability of the equations xUa = b, for a 6= 0, required

in the de�nition of a Jordan division ring, may be replaced by the weaker condition of the absence

of closed quadratic ideals, which is equivalent to the solvability of such equations with arbitrarily

large accuracy.

In 1993, V. P. Chuvakov [43] proved that in the class non-commutative Jordan rings satisfying the

identity ([x; y]; z; z) = 0 for an arbitrary radical r, any ideal of an r-semisimple ring is r-semisimple.

Thus the problem of heredity of a radical r in the class is equivalent to the problem of r-radicality

of any ideal of an r-radical ring. He also proved that in the class of non-commutative Jordan rings

M a locally-nilpotent radical is hereditary.

For more and intrinsic study the readers are referred to the excellent books by Braun and Koecher

[23] in 1966, N. Jacobson [126] in 1968 and McCrimmon [199] in 2004, on Jordan algebras which

contain substantial material on general non-associative algebras. Also some relative research work

can be found in the Proceedings of the international conferences on non-associative algebra and its

applications [49, 67, 241].

In 2011, I. Radu [120] gave us an overview of the most important applications of Jordan structures

inside mathematics and also to the physics. Nowadays, mathematics becomes more and more non-

associative and the author predicts in his paper that in few years non-associativity will govern

mathematics and applied sciences.
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2.1.5 Loop Rings (1944-2015)

Historically, the concept of a non-associative loop ring according to our knowledge was �rst intro-

duced by R. H. Bruck in 1944 [30]. Non-associative loop rings appeared to have been little more

than a curiosity until the 1980s when the author found a class of non-associative Moufang loops

whose loop rings satisfy the alternative laws. One can de�ned loop ring as given a loop L and

a commutative associative ring R with 1, one forms the loop ring RL just as one would form a

group ring if L were a group. In the construction of RL the binary operations addition �+� and

multiplication �:�are de�ned as �+ � =
P
g2L

(�g + �g)g and �� =
P
g2L

(
P
hk=g

�h�k)g:

In 1946, R. H. Bruck [31] discovered that the group ring result about the centre had a natural

extension and he established a result regarding the centre of loop algebra, i.e.; the centre of loop

algebra is spanned by conjugacy class sums. He also proved that a loop RL is associative (com-

mutative) if and only if L is associative (commutative). L. Paige in 1955 [223], gave a striking

example that the associative and commutative identities are very extraordinary, however in general,

an identity in L does not lift to RL and an identity on RL imposes much more than simply the

same identity on L. He also proved that if R is a ring of characteristic relatively prime to 30 and

L is a loop such that RL is commutative and power associative, then L is a group. In 1959, M.

Hall [91] did an excellent work on right Moufang loops. A Moufang loop is a loop which satis�es

this right Moufang identity: ((ab)c)b = a(b(cb)). The Moufang identity is named for Ruth Moufang

who discovered it in some geometrical investigations in the �rst half of this century [206]. Later, in

1974, O. Chein [37] discovered that any group is a Moufang loop, but here is a family of Moufang

loops which are not associative.

In 1983, E. G. Goodaire [69] proved that if the Moufang identity on L extends to a loop ring

RL, then RL must be an alternative ring. In 1985, O. Chein and E. G. Goodaire [38] presented the

method of constructing all RA loops, one which begins with the class of abelian groups possessing

2-torsion. They further determined when two RA loops constructed by this method are isomorphic.
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In particular, they determined when two non-isomorphic groups with property LC can both be

embedded as index two sub-loops in the same RA loop. Subsequently, in 1986, E. G. Goodair and

O. Chein [39] worked with collaboration and yielded more satisfying information about RA (right

alternative) loops. Soon after, E. G. Goodaire and M. M. Parmenter [82] in 1986 demonstrated that

the certain well known theorems concerning units in integral group rings holds more generally for

integral loop rings which are alternative. Afterwards, in 1987, E. G. Goodaire and M. M. Parmenter

[83] endeavored to establish conditions which guarantee the semi-simplicity of alternative loop rings

with respect to any nil radical and with respect to the Jacobson radical. In 1988, E. G. Goodaire and

C. P. Milies [75] �rst suggested to settle the isomorphism problem for alternative loop rings, it was

shown that a Moufang loop whose integral loop ring is alternative is determined up to isomorphism

by that loop ring. Secondly, it was shown that every normalized automorphism of an alternative loop

ring ZL is the product of an inner automorphism of QL and an automorphism of L. Additionally,

in 1989, E. G. Goodaire and C. P. Milies [86] established that every torsion unit in an alternative

loop ring over Z is � a conjugate of a conjugate of a loop element. They also assumed that ZL

denotes the integral alternative loop ring of a �nite loop L. It is a well-known result of G. Higman

[109] that if L is an abelian group then �g; g 2 L are the only torsion units (invertible elements of

�nite order) in ZL. When L is not abelian, another obvious source of units is the set ��1g of

conjugates of elements of L by invertible elements in the rational loop algebra QL. In the alternative

but not associative case, one can form potentially more torsion units by considering conjugates of

conjugates �11 (
�1
2 g2)1 and so forth.

Furthermore, O. Chein and E. G. Goodaire [40] in 1990 continued their investigation of loops

which gave rise to alternative loop rings. If the coe¢ cient ring has characteristic2, these loops turn

out to form a surprisingly wide class, in contrast to the situation of characteristic 6= 2. This paper

described many properties of this class, includes diverse examples of Moufang loops which were

united by the fact that they had loop rings which were alternative, and discussed analogues in loop
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theory of a number of important group theoretic constructions. In 1992, W. B. Vasantha Kandasamy

[137] introduced a new notion in loop rings KL called normal elements of the loop ring KL. An

element � 2 KL is called a normal element of KL if �KL = KL�. If every element of KL is a

normal element of KL and called KL the normal loop ring, also de�ned normal sub loop rings. W.

B. Vasantha Kandasamy [138] in 1994 investigated a notion called strict right loop ring. He de�ned

that if L be a loop and R a commutative ring with 1. The loop ring RL is called the strict loop

ring if the set of all ideals of RL is ordered by inclusion. He also gave a class of loop rings, which

were not strict loop rings. Moreover, E. G. Goodaire and D. A. Robinson [84] in 1994 exhibited a

class of loops which have strongly right alternative loop rings that are not alternative. And they

also proved fundamental propositions which generalized the necessary and su¢ cient conditions for a

loop to have a strongly right alternative loop ring. Beside this in 1995, W. B. Vasantha Kandasamy

[139] studied the mod p envelope of associative structure. He discussed the case of non-associative

groups which were loops. That is in his study he replaced groups by loops. Again in 1995, E. G.

Goodaire and C. P. Milies [77] further generalized and discussed few examples of Moufang loops

whose loop rings are alternative, but not associative [69]. Since that time, there had been a great

deal of work devoted to the study of such loops and to their loop rings. In their paper authors gave

a brief discussion of those loops whose loop rings are alternative.

In 1996, E. G. Goodaire and C. P. Milies [78] considered an RA loop is a loop whose loop rings,

in characteristic di¤erent from 2, are alternative but not associative. Moreover, authors showed that

every �nite sub-loop H of normalized units in the integral loop ring of an RA loop L is isomorphic

to a sub-loop of L. They also showed that there exist units in the rational loop algebra. Thus, a

conjecture of Zassenhaus which was open for group rings holds for alternative loop rings (which were

not associative). In addition to this E. G. Goodaire and D. A. Robinson [85] in 1996 proposed the

construction of loops L which have right alternative loop rings RL which were not left alternative.

The construction generated loop rings RL which are Bol and hence, right alternative merely set
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z = 1e in the Bol identity (ab:c)b = a(bc:b). Such loop rings are called strongly right alternative

as they satis�ed the more stringent condition. Luiz G. X. de Barros and Stanley O. Juriaans [15] in

1996 discussed that G. Higman has proved a classical result giving necessary and su¢ cient conditions

for the units of an integral group ring to be trivial. In this paper authors extended this result to a

bigger class of diassociative loops which includes abelian groups, groups with a unique non-identity

commutator, RA loops, and other classes of loops. Again in 1997, Luiz G. X. de Barros and Stanley

O. Juriaans [16] proved the isomorphism problem for integral loop rings of �nitely generated RA

loops using a decomposition of the loop of units. Also they described the �nitely generated RA

loops whose loops of units satisfy a certain property. In 1998, K. Kunen [171] discussed that the

right alternative law implies the left alternative law in loop rings of characteristic other than 2. He

also exhibited a loop which failed to be right Bol loop, even though its characteristic 2 loop rings

are right alternative. Also in 1999, E. G. Goodaire [70] sketched the brief history of loop rings which

were not associative from early results of R. H. Bruck and L. J. Paige through the more recent

discovery of alternative and right alternative rings and the work of O. Chein, D. A. Robinson and

by the E.G. Goodaire.

In 2001, A. K. Bhandari and A. Kaila [19] observed that the additive as well as multiplicative

Jordan decompositions hold in alternative loop algebras of �nite RA loops and the RA loops

for which the additive Jordan decomposition holds in the integral loop ring were characterized.

Multiplicative Jordan decomposition (MJD) in ZL, where L is a �nite RA loop with cyclic centre

is analyzed, besides settling MJD for integral loop rings of all RA loops of order � 32. It was also

shown that for any �nite RA loop L, �(ZL) is an almost splittable Moufang loop. Again in 2001,

E. G. Goodaire and C. P. Milies [79] considered L be an RA loop, that is a loop whose loop ring in

any characteristic is an alternative, but not associative ring. They also investigated necessary and

su¢ cient conditions for the (Moufang) unit loop of RL to be solvable when R is the ring of rational

integers or an arbitrary �eld. On the way E. G. Goodaire and C. P. Milies [80] in 2001 observed that
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an RA loop has a torsion-free normal complement in the loop of normalized units of its integral

loop ring. They also examined whether an RA loop can be normal in its unit loop. Furthermore, in

2002, G. P. Nagy [219] showed that the fundamental ideal of loop ring FL is nilpotent if and only

if the multiplication group is p-group, where p is prime, L is �nite loop of p-power order and F is a

�eld of characteristic p. Also in 2002, W. B. Vasantha Kandasamy and J. M. Parimala Kanthi [140]

introduced a new class of Jordan loops of order p + 1 where p is a prime. They also proved this

new class of Jordan loops is not Moufang loops or Bruck loops. Further they proved that the loop

rings de�ned analogous to group rings by using a Jordan loop Jp over rings which are commutative

with unit or �elds are Jordan rings only under special type of rings. Finally they showed that the

loop ring in case of the Jordan loop Jp over the ring Z2 is a Jordan ring. Conversely if the loop

ring KL is a Jordan ring then the loop L is a Jordan loop. Also explained that these new class

of Jordan loops are power associative so the loop rings have proper associative sub-rings and these

loop rings KJp had non-trivial zero divisors and idempotents. In 2005, E. G. Goodaire, Yuanlin

Li and M. M. Parmenter [86] have considered L as RA loop, that is a loop whose loop rings are

alternative, but not associative rings (in any characteristic). They investigated the necessary and

su¢ cient conditions under which the hypercentral units in the integral loop ring ZL are central. In

2006, E. G. Goodaire and C. P. Milies [81] discussed normality of f -unitary units in an alternative

loop rings. In this paper, they also found necessary and su¢ cient conditions for Uf (ZL) to be

normal in U(ZL) (the loop of all units in ZL) where for Uf (ZL) the set of all f -unitary units and

U(ZL) is the loop of all units in ZL.

E. G. Goodaire [73] in 2007 described some of the advances in the theory of loops whose loop

rings satisfy interesting identities. He wrote this paper in memory of his friend D. A. Robinson with

whom he did research. Again in 2007, E. G. Goodaire [74] discussed advances in the theory of loops

whose loop rings satisfy interesting identities that had taken place primarily since 1998. The major

emphasis were on Bol loops that had strongly right alternative loop rings and on Jordan loops a
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hitherto largely ignored class of commutative loops some of whose loops rings satisfy the Jordan

identity (x2y)x = x2(yx). He raised a number of questions and includes several ideas for further

research. H. Doostie and L. Pourfaraj [52] in 2007 studied the �nite rings Zp[S] and Z(p1p2)i [Ln(m)],

and proved that the �rst one is commuting regular and the second ring contains the commuting

regular element and idempotents as well (where p; p1 and p2 are odd primes. Moreover, i;m and

n are positive integers such that m < n; (m;n) = 1 and (m � 1; n) = 1. They also de�ned the

commuting regular semigroup ring, commuting regular loop ring and commuting regular groupoid

ring. In 2008, O. Chein et al., [42] established some connections between loops whose loop rings, in

characteristic 2, satisfy the Moufang identities and loops whose loop rings, in characteristic 2, and

satisfy the right Bol identities. Again in 2008, O. Chein and E. G. Goodaire [41] discussed that the

possession of a unique non-identity commutator or associator was a property that dominates the

theory of loops whose loop rings, while not associative, nevertheless satisfy an interesting identity.

Furthermore, they also considered all loops with loop rings satisfying the right Bol identity (such

loops are called SRAR) have been known to have this property. They presented various constructions

of other kinds of SRAR loops. Also considered Bol loops whose left nucleus is an abelian group

of index 2 and showed that the loop rings of some such loops were strongly right alternative and

exhibited various SRAR loops with more than two commutators.

In 2009, B. C. Dart and E. G. Goodaire [50] investigated the existence of loop rings that were

not associative but which satis�ed the Moufang or Bol identities (without being associative). Their

work turned out, with one exception, loop rings satisfying an identity of Bol- Moufang type all

satisfy a Moufang or Bol identity. They also highlighted some similarities and di¤erences in the

consequences of several Bol- Moufang identities as they applied to loops and rings. Moreover, in

2012, C. R. Giraldo Vergara [66] discussed in details the developments of theory of loop rings that

has been intrigued mathematicians from di¤erent areas. He also mentioned that in recent years, this

theory has been developed largely, and as an example of this the complete description of the loop
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of invertible elements of the Zorn algebra is known to us. Recently, in 2014, K. Jayalakshmi and

C. Manjula [130] investigated the case where the ring has characteristic 2 and extend to alternative

loop rings by proving that the augmentation of order 2n in characteristic 2 is a nilpotent ideal (of

dimension 2n� 1). This, of course, means that virtually all the familiar radicals of alternative rings

coincide with the augmentation ideal. Also, in 2014, K. Jayalakshmi and C. Manjula [131] discussed

that the right alternative law implies the left alternative law in loop rings of characteristic other

than 2. They also shown that there exists a loop which fails to be an extra loop, even though its

characteristic 2 loop rings are right alternative.

2.1.6 LA-Ring (2006-2016)

After the concept of loop rings (1944), a new class of non-associative ring theory was given by S. M.

Yusuf in 2006 [309]. Although the concept of LA-ring was given in 2006, but the systematic study

and further developments was started in 2010 by T. Shah and I. Rehman in their paper [261] It is

worth mentioning that this new class of non-associative rings named Left almost rings (LA-ring) is

introduced after a huge gap of 6 decades since the introduction of loop rings. Left almost rings

(LA-ring) is actually an o¤ shoot of LA-semigroup and LA-group. It is a non-commutative and

non-associative structure and gradually due to its peculiar characteristics it has been emerging as

useful non-associative class which intuitively would have reasonable contribution to enhance non-

associative ring theory. By an LA- ring, we mean a non-empty set R with at least two elements such

that (R;+) is an LA-group, (R; :) is an LA-semigroup, both left and right distributive laws hold.

In [261], the authors have discussed LA-ring of �nitely nonzero functions which is in fact a

generalization of a commutative semigroup ring. They generalized the structure of commutative

semigroup ring (ring of semigroup S over ring R represented as R[X;S] to a non-associative LA-

ring of commutative semigroup S over LA-ring R represented as R[Xs; s 2 S], consisting of �nitely

nonzero functions. Nevertheless it also possesses associative ring structures. Furthermore they also
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discussed the LA-ring homomorphism. On the way the �rst ever de�nition of LA-module over an

LA-ring was given by T. Shah and I. Rehman in the same paper [261].

Later in 2010, T. Shah et al., [266] introduced the notion of topological LA-groups and topologi-

cal LA-rings which are some generalizations of topological groups and topological rings respectively.

They extended some characterizations of topological groups and topological rings to topological

LA-groups and topological LA-rings.

In 2011, M. Shah and T. Shah [265] established some basic and structural facts of LA-ring which

will be useful for future research on LA-ring. They studied basic results such as if R is an LA-ring

then R cannot be idempotent and also (a + b)2 = (b + a)2 for all a; b 2 R. If LA-ring R has left

identity e then e+e 6= e; e+0 6= e and e = (e+0)2. If R is a cancellative LA-ring with left identity

e then e+ e = 0 and thus a+ a = 0 for all a 2 R. An interesting result is that if R is an LA-ring

with left identity e then right distributivity implies left distributivity. Also in 2011, T. Shah et al.,

[260] promoted the notion of LA-module over an LA-ring de�ned in [261] and further established

the substructures, operations on substructures and quotient of an LA-module by its LA-sub module.

They also indicated the non similarity of an LA-module to the usual notion of a module over a

commutative ring. Moreover, in 2011, T. Shah, F. Rehman and M. Raees [264] have generalized

the concept of LA-ring by introducing the notion of near left almost ring (abbreviated as nLA-ring)

(R;+; �). (R;+) is an LA-group, (R; �) is an LA-semigroup and one distributive property of ���over

�+� holds, where both the binary operations �+� and �:� are non-associative. In continuation to

[264], T. Shah, G. Ali and F. Rehman [256] in 2011 characterized nLA-ring through its ideals. They

have shown that the sum of ideals is again an ideal, and established the necessary and su¢ cient

condition for an nLA-ring to be direct sum of its ideals. Furthermore they observed that the product

of ideals is just a left ideal.

In 2012, T. Shah and I. Rehman [262] explored some notations of ideals and M-systems in

LA-ring. They characterized LA-rings through some properties of their ideals. Moreover, they
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also established that if every subtractive subset of an LA-ring R is semi-subtractive and also every

quasi-prime ideal of an LA-ring R with left identity e is semi-subtractive. Also in 2012, T. Shah

et al., [259] investigated the intuitionistic fuzzy normal sub-rings in non-associative rings. In their

study they extended the notions for a class of non-associative rings i.e.; LA-ring. They established

the notion of intuitionistic fuzzy normal LA-subrings of LA-rings. Speci�cally they proved that if an

IFSA = (�A; A) is an intuitionistic fuzzy normal LA-subring of an LA-ring R if and only if the fuzzy

sets �A and
�
A are fuzzy normal LA-subrings of R. Also they showed that an IFSA = (�A; A)

is an intuitionistic fuzzy normal LA-subring of an LA-ring R if and only if the fuzzy sets
�
�A and A

are anti-fuzzy normal LA-subrings of R.

In 2013, a notable development was done by I. Rehman et al., [238] when the existence of LA-ring

was shown by giving the non-trivial examples of LA-ring. The authors showed the existence of LA-

ring using the mathematical program Mace4. With the existence of non-trivial LA-ring, ultimately

the authors were able to abolish the ambiguity about the associative multiplication because the �rst

example on LA-ring given by S. M. Yusuf [309] was trivial. Also in 2013, T. Gaketem [64] studied

the properties of quasi-ideals of P-regular nLA-ring which is in fact a generalization of LA-ring.

In 2014, A. M. Alghamdi and F. Sahraoui [9] broaden the concept of LA-module given in the

paper [261] by constructing a tensor product of LA-modules. Although, LA-groups and LA-modules

need not to be abelian, the new construction behaves like standard de�nition of the tensor product

of usual modules over a ring. They also then extended some simple results from the ordinary

tensor to the new setting. In addition, P. Yiarayong [308] in 2014 studied left ideals, left primary

and weakly left primary ideals in LA-rings. Some characterizations of left primary and weakly left

primary ideals were obtained. Moreover, the author investigated relationships of left primary and

weakly left primary ideals in LA-rings. Finally, he obtained necessary and su¢ cient conditions of a

weakly left primary ideal to be a left primary ideal in LA-rings.

Recently, in 2015, F. Hussain and W. Khan [119] characterized LA-rings by congruence relations.
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They had shown that each homomorphism of LA-rings de�nes a congruence relation on LA-rings.

They also then discussed quotient LA-rings. At the end they proved analogue of the isomorphism

theorems for LA-rings. Also T. Shah and Asima Razzaque in their paper [257] discussed soft non-

associative rings and explore some of its algebraic properties. The notions of soft M-systems, soft

P-systems, soft I-systems, soft quasi-prime ideals, soft quasi-semiprime ideals, soft irreducible and

soft strongly irreducible ideals were introduced and several related properties were investigated.

Moreover in 2016, T. Shah et al., [258] taken a step forward to apply the concepts of soft set theory

to LA-ring by introducing soft LA-rings, soft ideals, soft prime ideals, idealistic soft LA-rings and

soft LA-homomorphism. They provided a number of examples to illustrate these concepts.

In this chapter we present a brief overview of the origins of non-associative rings, and a selec-

tion of current research topics and their prospects. Some classes of non-associative rings replace

associative laws with di¤erent constraints on the order of application of multiplication. For example

Lie ring, a non-associative ring with multiplication that is anti-commutative and satis�es the Jacobi

identity. In alternative rings multiplication need not be associative, only alternative exists: satis�es

the right alternativeness i.e (x�y)�y = x� (y �y) in which alternating in second and third variable,

similarly in left alternativeness (x � x) � y = x � (x � y) that means alternating in �rst and second

variable and �exibility i.e x � (y � x) = (x � y) � x for associator means that alternating in �rst and

third variable. Moreover, Jordan rings are commutative but non-associative ring and associative

law was replaced with the Jordan identity. So this is a type of non-associative ring that may be

commutative but strictly non-associative. Similarly, for the construction of loop rings a loop and a

commutative associative ring R with 1 are required. However, in LA-rings, abelian group is replaced

by LA-group and semigroup is replaced by LA-semigroup.

So from all above discussion we observed that none of any type of non-associative ring can

be compared as all have di¤erent characteristics with di¤erent structural properties. And also no

one non-associative ring can be emerged in any other non-associative ring and even no one can be
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generalized from other in any way. Similarly LA-rings are the generalization of commutative rings

it cannot be compared and it is not close to any of the other non-associative rings. It contains

very di¤erent and very interesting characteristics in its own and it can be used in many ways with

application in di¤erent �elds.
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Chapter 3

On Existence of Non-associative

LA-ring

Introduction
In this chapter, we prove the existence of non-associative LA-ring and LA-�eld and discuss some

of their special cases. We also give some computational information about them. Though some

work on LA-ring has appeared in print for example see [260, 261, 265], yet existence of the structure

of the non-associative LA-ring has remained in doubt because all the examples given by di¤erent

authors so far have associative multiplication. For the existence of the non-associative LA-ring we

provide cayley tables which we have found by Mace4. We also provide examples of some of its

special cases. Consequently we hope this work will attract the researchers to the detailed study of

LA-rings.

3.1 Proving existence of non-associative LA-ring and LA-�eld by

examples

A trivial example of an LA-ring could be:
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(i) Take a non-associative AG-group G of order n with binary operation +,

(ii) de�ne multiplication on G as x � y = 0 where 0 is the left identity (G;+).

Then (G;+; �) is an LA-ring.

A non-trivial LA-ring of smallest possible order is given in the following Example.

Example 34 The following example shows the existence of an LA-ring of order 8, where table (i)

is a non-associative AG-group and table (ii) is a non-associative AG-groupoid.

+ 0 1 2 3 4 5 6 7

0 0 1 2 3 4 5 6 7

1 2 0 3 1 6 4 7 5

2 1 3 0 2 5 7 4 6

3 3 2 1 0 7 6 5 4

4 4 5 6 7 0 1 2 3

5 6 4 7 5 2 0 3 1

6 5 7 4 6 1 3 0 2

7 7 6 5 4 3 2 1 0

� 0 1 2 3 4 5 6 7

0 0 0 0 0 0 0 0 0

1 0 4 4 0 0 4 4 0

2 0 4 4 0 0 4 4 0

3 0 0 0 0 0 0 0 0

4 0 3 3 0 0 3 3 0

5 0 7 7 0 0 7 7 0

6 0 7 7 0 0 7 7 0

7 0 3 3 0 0 3 3 0

Mace4 [318] suggests that this is indeed the example of smallest order of a non-associative LA-

ring. By checking the tables up to order 63 through Mace4, it further suggests that non-associative

LA-rings only exist of orders 8; 9; 12 and 18. Mace4 gives us the lower bound of the number of

non-associative LA-rings of some orders. For example by using iso�lter of Mace4 there are at least

192 non-isomorphic non-associative LA-rings of order 8, at least 502 non-isomorphic non-associative

LA-rings of order 9 and at least 648 non-isomorphic non-associative LA-rings of order 12. However

Mace4 exits at order 64 due to memory exhaustion. Thus we are unable to determine what is the

next order after 18 for which non-associative LA-ring exists. So this will be an interesting question

to be settle down for future research.
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Example 35 The following example shows the existence of an LA-ring with left identity of order

9, where table (i) is a non-associative AG-group and table (ii) is a non-associative AG-groupoid.

+ 0 1 2 3 4 5 6 7 8

0 3 4 6 8 7 2 5 1 0

1 2 3 7 6 8 4 1 0 5

2 1 5 3 4 2 0 8 6 7

3 0 1 2 3 4 5 6 7 8

4 5 0 4 2 3 1 7 8 6

5 4 2 8 7 6 3 0 5 1

6 7 6 0 1 5 8 3 2 4

7 6 8 1 5 0 7 4 3 2

8 8 7 5 0 1 6 2 4 3

� 0 1 2 3 4 5 6 7 8

0 3 1 6 3 1 6 6 1 3

1 0 3 0 3 8 8 3 0 8

2 8 1 5 3 7 2 6 4 0

3 3 3 3 3 3 3 3 3 3

4 0 6 7 3 5 4 1 2 8

5 8 6 4 3 2 7 1 5 0

6 8 3 8 3 0 0 3 8 0

7 0 1 2 3 4 5 6 7 8

8 3 6 1 3 6 1 1 6 3

Example 36 The following example shows the existence of an LA-�eld of order 9, where table

(i) is a non-associative AG-group and table (ii) is a non-associative AG-group.
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+ 0 1 2 3 4 5 6 7 8

0 3 0 5 1 8 7 4 2 6

1 1 3 7 0 6 2 8 5 4

2 4 6 3 8 7 1 5 0 2

3 0 1 2 3 4 5 6 7 8

4 2 7 6 5 3 4 0 8 1

5 6 8 0 4 5 3 2 1 7

6 5 2 4 7 1 8 3 6 0

7 8 4 1 6 2 0 7 3 5

8 7 5 8 2 0 6 1 4 3

� 0 1 2 3 4 5 6 7 8

0 4 5 1 3 6 7 2 8 0

1 5 4 0 3 7 6 8 2 1

2 6 7 5 3 2 8 1 0 4

3 3 3 3 3 3 3 3 3 3

4 1 0 8 3 5 4 7 6 2

5 0 1 2 3 4 5 6 7 8

6 8 2 6 3 0 1 4 5 7

7 2 8 7 3 1 0 5 4 6

8 7 6 4 3 8 2 0 1 5

The LA-ring (R;+; �) given in the above example is indeed an LA-�eld as (R;+) is a non-

associative AG-group having 3 as a left identity and (R�f3g; �) is also a non-associative AG-group

having 5 as a left identity and both distributive laws hold. For the fact that (R � f3g; �) is a

non-associative AG-group with left identity 5 indeed, we have used GAP [317].

Remark 37 By [265, Corollary 4] in an LA-�eld (F;+; �) the additive AG-group (F;+) will always

has all elements as self-inverse. Note that this is not necessary for an AG-group if it is not an

LA-�eld as many examples of such an AG-group can be found in [254, 255].

Associativity in the multiplicative AG-groupoid of an LA-ring does not force associativity in the

additive AG-group even if it be an LA-�eld. Consider the following example of an LA-�eld (F;+; �)

of order 3 in which (F � f0g; �) is an abelian group yet (F;+) is non-associative.

Example 38 The following example shows the existence of an LA-�eld of order 3, where table (i)

is a non-associative AG-group and table (ii) is an abelian group and hence is an AG-group without
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0.

+ 0 1 2

0 0 1 2

1 2 0 1

2 1 2 0

� 0 1 2

0 0 0 0

1 0 1 2

2 0 2 1

Note that associativity of addition is not allowed in LA-ring. If we allow it we can see that the

converse of Example 38 is also true, that is, associativity in the additive AG-group of an LA-ring

does not force associativity in the multiplicative AG-groupoid. By doing so we get a sort of special

LA-ring and thus we call it a Special LA-ring. Let us de�ne it properly.

De�nition 39 A Special LA-ring is a non-associative structure having at least two binary opera-

tions �+�and ���such that (R;+) is an abelian group and (R; �) is an AG-groupoid (LA-semigroup)

and the two distributive laws also hold in R.

Recall from [254] that associativity and commutativity are equivalent for an AG-group.

Example 40 The following example shows the existence of a non-associative Special LA-ring of

order 8, where

table (i) is an abelian group and table (ii) is a non-associative AG-groupoid.
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+ 0 1 2 3 4 5 6 7

0 0 1 2 3 4 5 6 7

1 1 0 3 2 6 7 4 5

2 2 3 0 1 5 4 7 6

3 3 2 1 0 7 6 5 4

4 4 6 5 7 0 2 1 3

5 5 7 4 6 2 0 3 1

6 6 4 7 5 1 3 0 2

7 7 5 6 4 3 1 2 0

� 0 1 2 3 4 5 6 7

0 0 0 0 0 0 0 0 0

1 0 2 0 2 0 0 2 2

2 0 4 0 4 0 0 4 4

3 0 5 0 5 0 0 5 5

4 0 0 0 0 0 0 0 0

5 0 4 0 4 0 0 4 4

6 0 2 0 2 0 0 2 2

7 0 5 0 5 0 0 5 5

Open problem: Finally the LA-ring given in Example 35, (R; :) has left identity 7 while

(R;+) has left identity 3. If we consider (R�f3g; :), then this is not an AG-groupoid because it is

not closed as for example 6 � 1 = 3 that does not belong to (R � f3g; :). It can happen to be an

AG-groupoid as in Examples 35 and 36. Suppose this is the case then having left identity it becomes

an AG-monoid (An AG-groupoid with left identity is called an AG- monoid). Now whether there

exists an example in which it remains merely an AG-monoid and not an AG-group, we are unable

to settle it. So we leave it as open problem. However we give the following conjecture.

Conjecture 1. Let (R;+; �) be an LA-ring having multiplicative left identity e and additive left

identity 0. If (R� f0g; :) is an AG-monoid, then it will be an AG-group.
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Chapter 4

Application of Soft Sets to LA-rings

Introduction
In order to model vagueness and uncertainties, the concept of soft set theory was introduced

by D. Molodtsov and it has received much attention since its inception. In his work [204], he

presented the fundamental results of new theory and applied it successfully into several directions

such as smoothness of functions, operations research, game theory, Perron integration, Riemann-

integration, theory of probability etc. Since the introduction of this concept, the application of soft

sets has been restricted to associative algebraic structures (groups, semigroups, associative rings,

semi-rings etc). Acceptably, though the study of soft sets, where the base set of parameters is a

commutative structure, has attracted the attention of many researchers for more than one decade.

But on the other hand there are many sets which are naturally endowed by two compatible binary

operations forming a non-associative ring and we may dig out examples which investigate a non-

associative structure in the context of soft sets. Thus it seems natural to apply the concept of soft

sets to non-commutative and non-associative structures.

In this chapter, we make a new approach to apply Molodtsov�s notion of soft sets to LA-ring

(a class of non-associative ring). We extend the study of soft commutative rings from theoretical

aspect. We have initiated this idea by taking inspiration from an article �Soft sets and soft rings�
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published in Computers and Mathematics with Applications, 2010. In this article, U. Acar et al.,[1]

introduced the concept of soft rings for the �rst time.

Our study is distributed in to two sections. In section one; we introduce the concept soft LA-

rings by applying the Molodstov�s soft set theory. We do provide number of examples to illustrate

the concepts of soft ideals, soft prime ideals and soft semi-prime ideals. In section two, we continued

the developments made in section one, regarding the concept of idealistic soft LA-rings and establish

various results by corresponding examples. Also we investigate the properties of idealistic soft LA-

rings with respect to LA-ring homomorphism.

4.1 Soft LA-rings

In this section, we de�ne soft LA-rings, soft ideals, soft prime ideals and soft semi-prime ideals and

establish various results by corresponding examples.

De�nition 41 Consider a non-empty soft set (F;A) over an LA-ring R. Then the non-empty soft

set (F;A) is called a soft LA-ring over R, if F (a) is a sub LA-ring of R for all a 2 R:

Throughout this chapter, R denotes an LA-ring. We illustrate this de�nition by the following

example.

Example 42 Let R = f0; 1; 2; 3; 4; 5; 6; 7g be an LA-ring taken from [238], de�ned by the following
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cayley table.

+ 0 1 2 3 4 5 6 7

0 0 1 2 3 4 5 6 7

1 2 0 3 1 6 4 7 5

2 1 3 0 2 5 7 4 6

3 3 2 1 0 7 6 5 4

4 4 5 6 7 0 1 2 3

5 6 4 7 5 2 0 3 1

6 5 7 4 6 1 3 0 2

7 7 6 5 4 3 2 1 0

� 0 1 2 3 4 5 6 7

0 0 0 0 0 0 0 0 0

1 0 4 4 0 0 4 4 0

2 0 4 4 0 0 4 4 0

3 0 0 0 0 0 0 0 0

4 0 3 3 0 0 3 3 0

5 0 7 7 0 0 7 7 0

6 0 7 7 0 0 7 7 0

7 0 3 3 0 0 3 3 0

(F;A) is a soft set over R; where A = R = f0; 1; 2; 3; 4; 5; 6; 7g is the set of parameters. F : A �!

P (R) is a set valued function de�ned by F (x) = fy 2 R j x � y 2 f0; 4gg. Then F (0) = F (1) =

F (2) = F (3) = f0; 1; 2; 3; 4; 5; 6; 7g; F (4) = F (5) = F (6) = F (7) = f0; 3; 4; 7g, which are sub

LA-rings of R and hence (F;A) is soft LA-ring over the ring R:

De�nition 43 (F;A) and (�;B) be two soft LA-rings over R. Then (�;B) is called soft sub

LA-ring of (F;A) if the following conditions hold:

(i) B � A

(ii) For all x 2 supp(�;B); �(x) is a sub LA-ring of F (x):

Example 44 Let R = f0; 1; 2; 3; 4; 5; 6; 7; 8g be an LA-ring of order 9, as de�ned by the cayley

table given below. Let we take A = R = f0; 1; 2; 3; 4; 5; 6; 7; 8g and B = f0; 3; 8g � A. De�ne a
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set-valued function F : A �! P (R) by F (x) = fy 2 R j x � y 2 f0; 3; 8gg:

+ 0 1 2 3 4 5 6 7 8

0 3 4 6 8 7 2 5 1 0

1 2 3 7 6 8 4 1 0 5

2 1 5 3 4 2 0 8 6 7

3 0 1 2 3 4 5 6 7 8

4 5 0 4 2 3 1 7 8 6

5 4 2 8 7 6 3 0 5 1

6 7 6 0 1 5 8 3 2 4

7 6 8 1 5 0 7 4 3 2

8 8 7 5 0 1 6 2 4 3

� 0 1 2 3 4 5 6 7 8

0 3 1 6 3 1 6 6 1 3

1 0 3 0 3 8 8 3 0 8

2 8 1 5 3 7 2 6 4 0

3 3 3 3 3 3 3 3 3 3

4 0 6 7 3 5 4 1 2 8

5 8 6 4 3 2 7 1 5 0

6 8 3 8 3 0 0 3 8 0

7 0 1 2 3 4 5 6 7 8

8 3 6 1 3 6 1 1 6 3

From table, F (0) = F (2) = F (4) = F (5) = F (7) = F (8) = f0; 3; 8g and F (1) = F (3) =

F (6) = f0; 1; 2; 3; 4; 5; 6; 7; 8g: It can be easily seen that all these sets are sub LA-rings over R:

Hence (F;A) is soft LA-ring over R. On the other hand consider the mapping � : B �! P (R)

de�ned by �(x) = fy 2 R j x + y 2 f0; 3; 8gg, it is not hard to see that (�;B) is a soft LA-ring

�(0) = �(3) = �(8) = f0; 3; 8g; here all these sets are also subLA-rings over R; hence (�;B) is also

soft LA-ring. Also it can be seen that for all x 2 B; �(x) = fy 2 R j x+ y 2 f0; 3; 8gg becomes a

sub LA-ring of F (x) = fy 2 R j x � y 2 f0; 3; 8gg. Hence (�;B) is a soft sub LA-ring of (F;A):

Theorem 45 Let (�;A) and (;B) be two soft LA-rings over R. Then

(1) (�;A)
�
^ (;B) is a soft LA-ring over LA-ring R if it is non-null.

(2) The bi-intersection (�;A)
�
u (;B) is a soft LA-ring over R if it is non-null.

Proof. (1) By de�nition 18, let (�;A)
�
^ (;B) = (�;C), where C = A � B and �(x; y) =

�(x)\(y), for all (x; y) 2 C: Since by hypothesis (�;C) is non-empty soft set over R and (x; y) 2
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supp(�;C); so �(x; y) = �(x)\ (y) 6= ;: As both �(x) and (y) are sub LA-rings, so this implies

that �(x; y) is also a sub LA-ring of R. Hence (�;C) = (�;A)
�
^ (;B) is a soft LA-ring over R.

(2) By de�nition 15, we have (�;A)
�
u (;B) = (�;C), where �(x) = �(x) \ (x) 6= ; for

some x 2 A \ B: Since the non-empty sets �(x) and (x) both are sub LA-rings of R and hence

�(x)\ (x) is a sub LA-ring of R. Consequently (�;A)
�
u (;B) = (�;C) is a soft LA-ring over R.

Theorem 46 Let (�;A) and (�;B) be soft LA-rings over R. Then the following assertations are

true:

(1) If �(x) � �(x), for all x 2 B � A, then (�;B) is a soft sub LA-ring of (�;A):

(2) (�;A)
�
u (�;B) is a soft sub LA-ring of both (�;A) and (�;B) if it is non-null.

Proof. (1) Straightforward from the de�nition of soft sub LA-ring.

(2) Let (�;A)
�
u (�;B) = (�; C): Since A\B � A and also �(x) = �(x)\ �(x) is a sub LA-ring

of �(x), thus (�; C) is a soft sub LA-ring of (�;A): Likewise it can be proved that (�; C) is a soft

subLA-ring of (�;B):

Example 47 By using example 44, we have two soft LA-rings over R and let (�;A)
�
u (�;B) =

(�; C), where C = A\B = f0; 1; 2; 3; 4; 5; 6; 7; 8g \ f0; 3; 8g = B = f0; 3; 8g. For every x 2 C; we

have �(x) = �(x)\ �(x) = f0; 3; 8g which is sub LA-ring of both �(x) = fy 2 R j x � y 2 f0; 3; 8gg

and �(x) = fy 2 R j x+ y 2 f0; 3; 8gg: Consequently (�;A)
�
u (�;B) is a soft sub LA-ring of both

(�;A) and (�;B):

Theorem 48 Let ( i; Ai)i�I be a non-empty family of soft LA-rings over R. Then the following

are true:

(1)
�
^i2I( i; Ai) is a soft LA-ring over R if it is non-null.

(2) If fAi j i 2 Ig are pairwise disjoint, i.e, i 6= j implies Ai \ Aj = ;, then
�
[i2I( i; Ai) is a

soft LA-ring over R.
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(3)
�
u( i; Ai) is a soft LA-ring over R if it is non-null.

Proof. (1) By de�nition 24, Let
�
^i2I( i; Ai) = (;B), where B = �i2IAi and (x) =

\i2I i(xi) for all x = (xi)i2I 2 B: By hypothesis the soft set (;B) is non-null. If x = (xi)i2I 2

supp(;B), then (x) = \i2I i(xi) 6= ;: Thus the non-empty set  i(xi) is a sub LA-ring of R,

since ( i; Ai) is a soft LA-ring over R for all i 2 I. Hence (x) is a sub LA-ring of R for all x 2

supp(;B) and so
�
^i2I( i; Ai) = (;B) is a soft LA-ring over R.

(2) By de�nition 22, we have
�
[i�I( i; Ai) = (;B): Since (;B) is non-null soft set and

supp(;B) = [i2Isupp ( i; Ai) 6= ;; so B = [i2I Ai and for all x 2 B, (x) = [i2I(x) i(x),

where I(x) = fi 2 I j x 2 Aig: Now let x 2 supp(;B) then (x) = [i2I(x) i(x) 6= ; and

obviously  i0(x) 6= ; for some io 2 I(x). But by the hypothesis, fAi j i 2 Ig are pairwise disjoint.

Hence above io is indeed unique and so (x) coincides with  i0(x). Moreover, since ( i0 ; Ai0) is a

soft LA-ring over R, therefore it implies that the non-empty set  i0(x) is a sub LA-ring of R and

so (x) =  i0(x) is a sub LA-ring of R for all x 2 supp(;B). Consequently
�
[i�I( i; Ai) = (;B)

is a soft LA-ring over R.

(3) By de�nition 16, let
�
ui2I( i; Ai) = (;B), where B = \i2IAi and (x) = \i2I i for all

x 2 B: Since (;B) is a non-null soft set and if x 2 supp(;B), then (x) = \i2I i 6= ;. As

intersection of any number of sub LA-rings of an LA-ring is a sub LA-ring, hence for all i 2 I, the

non-empty set  i(x) is a sub LA-ring of R. Hence ( i; Ai) is a soft LA-ring over R and therefore

(x) is a sub LA-ring of R for all x 2 supp(;B). Thus it follows that
�
ui2I( i; Ai) = (;B) is a

soft LA-ring over R.

De�nition 49 Let (F;A) be a soft LA-ring over R. A non-empty soft set (G; I) over R is said to

be soft ideal of (F;A), if it satis�es the conditions:

(i) I � A

(ii) G(a) is an ideal of F (a) for all a 2 supp(�; I):

and it can be denoted by (G; I)
�
C (F;A)
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Example 50 Let us re-consider the LA-ring as de�ned in the cayley table of example 42. Let

A = f0; 1; 2; 3; 4; 5; 6; 7g and I = f0; 3; 4; 7g. De�ne a mapping F : A �! P (R) by F (x) = fy 2

R j x � y 2 f0; 4gg. Then F (0) = F (1) = F (2) = F (3) = f0; 1; 2; 3; 4; 5; 6; 7g and F (4) = F (5) =

F (6) = F (7) = f0; 3; 4; 7g: Obviously all these sets are sub LA-rings of R and hence (F;A) is soft

LA-ring over LA-ring R: On the other hand, consider the set valued function � : I ! P (R) given

by �(x) = fy 2 R j x+ y 2 f0; 3; 4; 7gg, then �(0) = �(3) = �(4) = �(7) = f0; 3; 4; 7g: It follows

that �(0) C F (0); �(3) C F (3); �(4) C F (4); �(7) C F (7): Hence (�; I) is a soft ideal of soft

LA-ring (F;A):

Theorem 51 Let (�1; I1) and (�2; I2) be two soft ideals of soft LA-ring (�;A) over R. Then

(�1; I1)
�
u (�2; I2) is a soft ideal of (�;A) if it is non-null.

Proof. Since (�1; I1)
�
C (�;A) and (�2; I2)

�
C (�;A), so using de�nition 15, we can write

(�1; I1)
�
u (�2; I2) = (�; I); where I = I1 \ I2 and for all x 2 I; �(x) = �1(x) \ �2(x): Also

it is obvious that I � A: Suppose that the soft set (�; I) is non-null. If x 2 supp(�; I), then

�1(x) \ �2(x) 6= ;. Since (�1; I1)
�
C (�;A) and (�2; I2)

�
C (�;A); so there is a liberty to say that

the non-empty sets �1(x) and �2(x) both are ideals of �(x). It follows that �(x) is an ideal of

�(x) for all x 2 supp(�; I). Hence (�1; I1)
�
u (�2; I2) = (�; I) is a soft ideal of (�;A):

Theorem 52 Let (�1; I1) and (�2; I2) be two soft ideals of soft LA-rings (�;A) and (;B) over an

LA-ring R respectively. Then the bi-intersection (�1; I1)
�
u (�2; I2) is a soft ideal of (�;A)

�
u (;B)

if it is non-null.

Proof. By de�nition 15 we write (�1; I1)
�
u (�2; I2) = (�; I); where I = I1 \ I2 and for all

x 2 I; �(x) = �1(x)\�2(x): Similarly we can write (�;A)
�
u(;B) = (�;C) and C = A\B; where

�(x) = �(x) \ (x) for all x 2 C. Since I1 \ I2 is non-null, there exists an x 2 supp (�; I) such

that �(x) = �1(x) \ �2(x) 6= ;. As I1 \ I2 � A \B; we need to show that �(x) is an ideal of LA

ring �(x) for all x 2 supp(�; I): Because of the fact that �1(x) � �(x) and �2(x) � (x), it can
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be observed that �1(x) \ �2(x) � �(x) \ (x): Hence �(x) is a subLA-ring of R. Finally we show

that r:a 2 �(x) for all r 2 �(x) and for all a 2 �(x): Since for all x 2 C; �1(x) is an ideal of �(x)

and �2(x) is an ideal of (x): Therefore for r 2 �(x) = �(x)\(x) and a 2 �(x) = �1(x)\�2(x),

it is observed that r:a 2 �1(x) and r:a 2 �2(x): Hence r:a 2 �(x): Similarly we can show that

a:r 2 �(x):

Example 53 Let (F;A) and (G;B) be soft LA-rings over R as de�ned in example 44, where

A = f0; 1; 2; 3; 4; 5; 6; 7; 8g and B = f0; 1; 2; 3; 4; 5; 6; 7g. Let de�ne F : A �! P (R) by F (x) =

fy 2 R j x � y 2 f0; 3; 8gg and the mapping G : B �! P (R) is de�ned by G(x) = fy 2 R j

x � y 2 f0; 4gg. Using cayley tables of example 42 and example 44, we see that (F;A) and (G;B)

become soft LA-rings over R: Let we take I1 = f0; 3; 8g and I2 = f0; 3; 4; 7g: If we de�ne the set

valued functions 1 : I1 �! P (R) and 2 : I2 �! P (R) by 1(x) = fy 2 R j 3x + y = 3g

and 2(x) = fy 2 R j x + y 2 f0; 3; 4; 7gg respectively, then 1(0) = 1(3) = 1(8) = f3g

and 2(0) = 2(3) = 2(4) = 2(7) = f0; 3; 4; 7g and obviously these are ideals of F (x) and

G(x) respectively. Also for all x 2 I1 \ I2; 1(x) \ 2(x) = f3g C F (x) \ G(x). This implies

(1; I1)
�
u (2; I2) is a soft ideal of (F;A)

�
u (G;B).

Theorem 54 Let (�1; I1) and (�2; I2) be soft ideals of soft LA-ring (�;A) over R. If I1 and I2

are disjoint, then (�1; I1)
�
[ (�2; I2) is soft ideal of (�;A):

Proof. Assume that (�1; I1)
�
C (�;A) and (�2; I2)

�
C (�;A). According to de�nition 17, we

can write (�1; I1)
�
[ (�2; I2) = (�; I), where I = I1 [ I2 and for every x 2 I;

�(x) =

8>>>>><>>>>>:
�1(x) if x 2 I1 � I2;

�2(x) if x 2 I2 � I1;

�1(x) [ �2(x) if x 2 I1 \ I2:
Clearly we have I � A. Suppose I1 and I2 are disjoint. Then for every x 2 supp(�; I); we know

that either x 2 I1 � I2 or x 2 I2 � I1: If x 2 I1 � I2, then �(x) = �1(x) 6= ; is an ideal of �(x)

since (�1; I1)
�
C (�;A). Similarly if x 2 I2 � I1; then �(x) = �2(x) 6= ; is an ideal of �(x) since
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(�2; I2)
�
C (�;A). Thus �(x) C �(x) for all x 2 supp(�; I): Hence (�1; I1)

�
[ (�2; I2) = (�; I) is

soft ideal of (�;A):

Theorem 55 Let (�;A) be a soft LA-ring over R and (�i; Ai)i2I be a non-empty family of soft

ideals of (�;A). Then the following are true:

(1) If
�
^i2I(�i; Ai) is non-null, then

�
^i2I(�i; Ai) is a soft ideal of the soft LA-ring (�;A).

(2) If fAiji 2 Ig are pairwise disjoint, i.e.,i 6= j implies Ai \Aj = ;, then
�
[i2I(�i; Ai) is a soft

ideal of (�;A) if it is non-null.

(3)
�
ui2I (�i; Ai) is a soft ideal of (�;A) if it is non-null.

Proof. (1) Using de�nition 24, we can write
�
^i2I(�i; Ai) = (; C), where C = �i2IAi; and

(x) = \i2I�i(xi) for all x = (xi)i2I 2 C. It remains to show that the non-null soft set (; C)

is a soft ideal of the soft LA-ring (�;A). Since for all i 2 I; Ai � A and C � A. Moreover, if

x = (xi)i2I 2 supp(; C); then (x) = \i2I�i(xi) 6= ;. Since (�i; Ai) is a soft ideal of (�;A) for

all i 2 I, we deduce that the non-empty set �i(xi) is an ideal of �(xi) for all i 2 I. It follows that

(x) = \i2I�i(xi) is an ideal of �(xi) for all x = (xi)i2I 2 supp(; C): Hence we conclude that
�
^i2I(�i; Ai) = (; C) is a soft ideal of the soft LA-ring (�;A).

The proofs of (2) and (3) are similar to those of the corresponding parts of theorem 48

De�nition 56 Let (F;A) be a soft LA-ring over R. A non-null soft set ('; I) over R is called soft

prime ideal of (F;A) denoted by ('; I) Cp (F;A); if

(i) I � A:

(ii) '(x) is an ideal of F (x) for all x 2 supp('; I).

(iii) For F (a); F (b) 2 (F;A), F (a)�F (b) 2 ('; I) implies either F (a) 2 ('; I) or F (b) 2 ('; I).
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Example 57 Let R = f0; 1; 2; 3; 4; 5; 6; 7g be an LA-ring of order 8 de�ned as follows:

+ 0 1 2 3 4 5 6 7

0 2 3 4 5 6 7 0 1

1 3 2 5 4 7 6 1 0

2 0 1 2 3 4 5 6 7

3 1 0 3 2 5 4 7 6

4 6 7 0 1 2 3 4 5

5 7 6 1 0 3 2 5 4

6 4 5 6 7 0 1 2 3

7 5 4 7 6 1 0 3 2

� 0 1 2 3 4 5 6 7

0 2 7 2 7 2 7 2 7

1 2 7 2 7 2 7 2 7

2 2 2 2 2 2 2 2 2

3 2 2 2 2 2 2 2 2

4 2 7 2 7 2 7 2 7

5 2 7 2 7 2 7 2 7

6 2 2 2 2 2 2 2 2

7 2 2 2 2 2 2 2 2

Let we take A = R = f0; 1; 2; 3; 4; 5; 6; 7g and take I = f0; 2g � A: Consider a set valued function

F : A �! P (R) de�ned by F (x) = fy 2 R j x + 4y 2 f2; 4; 5gg: Then F (0) = F (1) = F (4) =

F (5) = f0; 2; 4; 6g and F (2) = F (3) = F (6) = F (7) = f0; 1; 2; 3; 4; 5; 6; 7g, it can be seen that

all these sets are sub LA-rings over R: Hence (F;A) is a soft LA-ring over R. On the other hand

consider the function ' : I �! P (R) given by '(x) = fy 2 R j x �y = 2g. Since '(0) = f0; 2; 4; 6g

and '(2) = f0; 1; 2; 3; 4; 5; 6; 7g; it can be seen that '(x) is an ideal of F (x) for all x 2 supp ('; I).

Also ('; I) = ('(0); '(2)) = (R; f0; 2; 4; 6g): For F (a); F (b) 2 (F;A), F (a) � F (b) 2 ('; I): It

follows that either F (a) 2 ('; I) or F (b) 2 ('; I). Hence ('; I) is a soft prime ideal of a soft

LA-ring (F;A) over the ring R.

Remark 58 It can be noted that every soft prime ideal is soft ideal but converse is not true. We

illustrate this fact in the following example.

Example 59 Let R = A = f0; 1; 2; 3; 4; 5; 6; 7g is an LA-ring , I = f0; 3; 4; 7g � A. Now consider

the set-valued function F : A �! P (R) given by F (x) = fy 2 R j x�y 2 f0; 4gg: Using example 42,
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it is can be shown that (F;A) is a soft LA-ring over LA-ring R: De�ne a mapping � : I ! P (R) by

�(x) = fy 2 R j x+y 2 f0; 3; 4; 7gg, then �(0) = �(3) = �(4) = �(7) = f0; 3; 4; 7g and obviously

�(0) C F (0); �(3) C F (3); �(4) C F (4); �(7) C F (7): So (�; I) = (�(0); �(3); �(4); �(7)) =

f0; 3; 4; 7g. It is not hard to see that F (3) � F (3) 2 (�; I);but F (3) =2 (�; I): Also if we take

F (0) � F (3) 2 (�; I); then neither F (3) =2 (�; I) nor F (0) =2 (�; I). Hence (�; I) is a soft ideal of

(F;A) but not a soft prime ideal of (F;A):

De�nition 60 Let (F;A) be a soft LA-ring over R. A non-null soft set (�; I) over R is called a

soft semi-prime ideal of (F;A) denoted as (�; I) Csp (F;A) if

(i) I � A:

(ii) �(x) is an ideal of F (x) for all x 2 supp(�; I).

(iii) For F (a) 2 (F;A), F (a) � F (a) 2 (�; I) implies F (a) 2 (�; I):

Theorem 61 Let (; I) and (�; J) be soft prime ideals of soft LA-ring (�;A) over R. If I and J

are disjoint, then (; I)
�
[ (�; J) is soft prime ideal of (�;A):

Proof. By de�nition 17, (; I)
�
[ (�; J) = (';K), where K = I [ J and for every x 2 K;

'(x) =

8>>>>><>>>>>:
(x) if x 2 I � J;

�(x) if x 2 J � I;

(x) [ �(x) if x 2 I \ J:
Since (; I) Cp (�;A) and (�; J) Cp (�;A); clearly K � A. Suppose that I and J are disjoint.

Then for all x 2 supp(';K); we know that either x 2 I � J or x 2 J � I. If x 2 I � J , then

'(x) = (x) 6= ; is a prime ideal of �(x) since (; I) is a soft prime ideal of (�;A). Similarly if

x 2 J� I; then '(x) = �(x) 6= ; is a prime ideal of �(x) since (�; J)is a soft prime ideal of (�;A).

Thus '(x) is a prime ideal of �(x) for all x 2 supp(';K) and hence (; I)
�
[ (�; J) = (';K) is

soft prime ideal of (�;A):

Theorem 62 Let ( ;A) be a soft LA-ring over R and (�i; Ii)i2I be a non-empty family of soft
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prime ideals of ( ;A): If fIi j i 2 Ig are pairwise disjoint, then
�
[i2I(�i; Ii) is a soft prime ideal of

soft LA-ring ( ;A):

Proof. Clear from theorem,61.

4.2 Idealistic Soft LA-rings

T. Shah and I. Rehman [261], have de�ned the notion of LA-ring homomorphism. In this section we

de�ne idealistic soft LA-ring and using the notion of LA-ring homomorphism and soft set theoretic

approach we establish some results to study some characteristic properties of idealistic soft LA-ring.

De�nition 63 Let (�;A) a non-empty soft set over an LA-ring R. Then (�;A) is called an

idealistic soft LA-ring over R; if �(x) is an ideal of R for all x 2 supp(�;A):

Example 64 Consider example 50, (�;A) is an idealistic soft LA-ring over R since F (x) is an

ideal of R for all x 2 A.

We know that every ideal of an LA-ring R is a sub LA-ring of R, similarly every idealistic soft

LA-ring over R is a soft LA-ring over R. Following example shows that the converse is not true in

general.

Example 65 Consider R = f0; 1; 2; 3; 4; 5; 6; 7; 8g be an LA-ring of order 9 de�ned by the following
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cayley table.

+ 0 1 2 3 4 5 6 7 8

0 3 4 6 8 7 2 5 1 0

1 2 3 7 6 8 4 1 0 5

2 1 5 3 4 2 0 8 6 7

3 0 1 2 3 4 5 6 7 8

4 5 0 4 2 3 1 7 8 6

5 4 2 8 7 6 3 0 5 1

6 7 6 0 1 5 8 3 2 4

7 6 8 1 5 0 7 4 3 2

8 8 7 5 0 1 6 2 4 3

� 0 1 2 3 4 5 6 7 8

0 3 1 6 3 1 6 6 1 3

1 0 3 0 3 8 8 3 0 8

2 8 1 5 3 7 2 6 4 0

3 3 3 3 3 3 3 3 3 3

4 0 6 7 3 5 4 1 2 8

5 8 6 4 3 2 7 1 5 0

6 8 3 8 3 0 0 3 8 0

7 0 1 2 3 4 5 6 7 8

8 3 6 1 3 6 1 1 6 3

Let A = R = f0; 1; 2; 3; 4; 5; 6; 7; 8g. De�ne a set-valued function F : A �! P (R) by F (x) = fy 2

R j x � y 2 f0; 3; 8gg: Then F (0) = F (1) = F (2) = F (4) = F (5) = F (7) = F (8) = f0; 3; 8g and

F (3) = F (6) = f0; 1; 2; 3; 4; 5; 6; 7; 8g:It can be easily observed that all these sets are sub LA-rings

over R: Therefore it follows that (F;A) is soft LA-ring over R. Although F (8) = f0; 3; 8g is a

subLA-ring but it is not an ideal of R because the condition for right ideal is not satis�ed. Therefore

(F;A) is not an idealistic soft LA-ring over R.

Proposition 66 Let ( ;A) be a soft set over R and let B � A. If ( ;A) is an idealistic soft

LA-ring over R, then so is ( ;B) whenever it is non-null.

Proof. Straightforward so omitted.

In the following we provide an example which shows that the converse of proposition 66 is not

true in general.

Example 67 Let ( ;A) be the soft set as considered in example 65. It is clear that ( ;A) is
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not an idealistic soft LA-ring over R. But on the other hand if we take B = f0; 3; 8g � A and by

considering  jB(x) : fy 2 R j 3x + y = 3g; then clearly  jB(0) =  jB(3) =  jB(8) = f3g is an

ideal of R for all x 2 supp( jB; B): Therefore ( jB; B) is an idealistic soft LA-ring over R.

Theorem 68 Let (�;A) and (�;B) be idealistic soft LA-rings over R. Then (�;A)
�
u (�;B) is an

idealistic soft LA-ring over R if it is non-null.

Proof. By de�nition 15, we can write (�;A)
�
u (�;B) = (; C), where C = A \ B and

(x) = �(x)\ �(x) for all x 2 C: Let assume that (; C) is a non-null soft set over R. If x 2 supp

(; C), then (x) = �(x) \ �(x) 6= ;. Clearly the nonempty sets �(x) and �(x) both are ideals of

R and therefore it follows that (x) is an ideal of R for all x 2 supp(; C): Hence (�;A)
�
u (�;B)

= (; C) is an idealistic soft LA-ring over R.

Theorem 69 Let (�;A) and (�;B) be idealistic soft LA-rings over R. If A and B are disjoint,

then (�;A)
�
[ (�;B) is an idealistic soft LA-ring over R.

Proof. Using de�nition 17, (�;A)
�
[ (�;B) = (; C); where C = A \B and for all x 2 C;

(x) =

8>>>>><>>>>>:
�(x) if x 2 A�B;

�(x) if x 2 B �A;

�(x) [ �(x) if x 2 A \B:
Now suppose that A\B = ; and so for every x 2 supp(; C), either x 2 A�B or x 2 B�A.

As (�;A) is an idealistic soft LA-ring over, so if x 2 A�B; then obviously (x) = �(x) is an ideal

of R: Likewise, if x 2 B �A; then (x) = �(x) is an ideal of R. Consequently (x) is an ideal of

R;for every x 2 supp(; C): Hence (�;A)
�
[ (�;B) = (; C) is an idealistic soft LA-ring over R.

Remark 70 In theorem 69, if A and B are not disjoint, then (�;A)
�
[ (�;B) may not be an

idealistic soft LA-ring over R. Indeed, let R = f0; 1; 2; 3; 4; 5; 6; 7g, A = f2; 7g and B = f2g.

Consider the set valued function � : A �! P (R) de�ned by �(x) = fy 2 R j x + y 2 f2; 7gg.

Using example 57, we have �(2) = �(7) = f2; 7g C R: Hence (�;A) is an idealistic soft LA-ring
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over R. De�ne a set valued function � : B �! P (R) by �(x) = fy 2 R j x + y 2 f2; 6gg.

Then �(2) = f2; 6g C R and it follows that (�;B) is also an idealistic soft LA-ring over R. But

�(2)[�(2) = f2; 6; 7g is not an ideal of R and hence (�;A)
�
[(�;B) is not an idealistic soft LA-ring

over R.

Theorem 71 Let (�;A) and (�;B) be idealistic soft LA-rings over R. Then (�;A)
�
^ (�;B) is an

idealistic soft LA-ring over R if it is non-null.

Proof. Let (�;A)
�
^ (�;B) = (; C), where C = A � B and (x; y) = �(x) \ �(y) for all

(x; y) 2 C: Since (; C) is non-null soft set over R, so (x; y) = �(x) \ �(y) 6= ;: Also given that

(�;A) and (�;B) are idealistic soft LA-rings over R, therefore it follows that �(x) and �(y) are ideals

of R and hence (x; y) is an ideal of R for all (x; y) 2 supp(; C). Thus (; C) = (�;A)
�
^ (�;B)

is an idealistic soft LA-ring over R.

De�nition 72 An idealistic soft LA-ring ( ;A) over R is said to be trivial if  (x) = f0g for all

x 2 A. An idealistic soft LA-ring ( ;A) over R is said to be whole if  (x) = R for all x 2 A:

Example 73 Let R = A = f0; 1; 2; 3; 4; 5; 6; 7g and consider a set valued function  : A �! P (R)

given by  (x) = fy 2 R j y+3x = 0g. Using example 42, for every x 2 A we have  (x) = f0g C R

and hence ( ;A) is a trivial idealistic soft LA-ring over R: If we de�ne a set valued function

� : A �! P (R) by �(x) = fy 2 R j x � y 2 f0; 3; 4; 7gg, then �(x) = R C R for every x 2 A:

Hence (�;A) is a whole idealistic soft LA-ring over R.

Let (�;A) be a soft set over R and let f : R �! R
0
be a mapping of LA-rings. Then we can

de�ne a soft set (f(�); A) over R
0
, where f(�) : A �! P (R) is given by f(�)(x) = f(�(x)) for

all x 2 A. By de�nition, it is easy to see that supp(f(�); A) =supp(�;A).

Proposition 74 Let f : R �! R
0
be an epimorphism of LA-rings. If ( ;A) is an idealistic soft

LA-ring over R, then (f( ); A) is an idealistic soft LA-ring over R
0
.
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Proof. Since ( ;A) is a non-null soft set over R, so obviously (f( ); A) is a non-null soft set

over R
0
: We see that for all x 2 supp(f( ); A), f( )(x) = f( (x)) 6= ;: As the non-empty set

 (x) is an ideal of R and f is an epimorphism, so f( (x)) is an ideal of R
0
: Therefore f( (x)) is

an ideal of R
0
for all x 2supp(f( ); A). Hence (f( ); A) is an idealistic soft LA-ring over R0

:

Theorem 75 Let ( ;A) be an idealistic soft LA-ring over R and f : R �! R
0
be an epimorphism

of LA-rings.

(1) If  (x) = ker(f) for all x 2 A, then (f( ); A) is the trivial idealistic soft LA-ring over R0.

(2) If ( ;A) is whole, then (f( ); A) is the whole idealistic soft ring over R0.

Proof. (1) Assume that  (x) = ker(f) for all x 2 A: Then f( )(x) = f( (x)) = f0R0g for

all x 2 A and by proposition 74 and de�nition 72, it follows that (f( ); A) is the trivial idealistic

soft LA-ring over R0.

(2) Assume that ( ;A) is whole. Then  (x) = R for all x 2 A. Hence f( )(x) = f( (x)) =

f(R) = R0 for all x 2 A and by proposition 74 and de�nition 72 (f( ); A) is the whole idealistic

soft ring over R0.
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Chapter 5

Soft M-Systems in a Class of Soft

LA-rings

Introduction
In continuation to chapter 4, we have taken a step forward to study the concepts of soft M -

systems, soft P -systems, soft I-systems, soft quasi-prime ideals, soft quasi-semiprime ideals, soft

irreducible and soft strongly irreducible ideals and establish some related results in soft LA-rings.

We make a new approach to apply the Molodstov�s soft set theory to a class of non-associative

rings and its ideals. We do provide number of examples to illustrate these concepts in soft non-

associative-rings.

5.1 Soft M-systems, Soft P-systems and Soft I-systems in Soft LA-

rings

In this section, we discuss soft M -system, soft P -system, and soft I-system in soft LA-rings. We

prove the equivalent conditions for soft left ideal to be soft M -system, soft P -system, soft I-system

and establish that every soft M -system of elements of soft LA-ring (F;A) is soft P -system. Also
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by de�ning soft quasi-prime ideals, soft quasi-semiprime ideals, soft irreducible and soft strongly

irreducible ideals, we have investigated various related properties and illustrated these notions by

number of corresponding examples.

De�nition 76 Let (F;A) be a soft LA-ring over R. A non-null soft set (�;M) is said to be soft

M -system if it satis�es the following conditions:

(i) (�;M) is subset of soft LA-ring (F;A):

(ii) For �(a); �(b) 2 (�;M) then there exists F (x) in (F;A) such that �(a)(F (x)�(b)) 2 (�;M):

Throughout in this chapter, R is considered to be an LA-ring.

Example 77 Let R = A = f0; 1; 2; 3; 4; 5; 6; 7g is an LA-ring. Now consider the set-valued

function F : f0; 1; 2; 3; 4; 5; 6; 7g �! P (R) given by F (x) = fy 2 R j x � y 2 f0; 4gg

+ 0 1 2 3 4 5 6 7

0 0 1 2 3 4 5 6 7

1 2 0 3 1 6 4 7 5

2 1 3 0 2 5 7 4 6

3 3 2 1 0 7 6 5 4

4 4 5 6 7 0 1 2 3

5 6 4 7 5 2 0 3 1

6 5 7 4 6 1 3 0 2

7 7 6 5 4 3 2 1 0

� 0 1 2 3 4 5 6 7

0 0 0 0 0 0 0 0 0

1 0 4 4 0 0 4 4 0

2 0 4 4 0 0 4 4 0

3 0 0 0 0 0 0 0 0

4 0 3 3 0 0 3 3 0

5 0 7 7 0 0 7 7 0

6 0 7 7 0 0 7 7 0

7 0 3 3 0 0 3 3 0

Then F (0) = F (1) = F (2) = F (3) = f0; 1; 2; 3; 4; 5; 6; 7g and F (4) = F (5) = F (6) =

F (7) = f0; 3; 4; 7g, which are sub LA-rings of R and hence (F;A) is soft LA-ring over R: Let

M = f0; 2; 3; 4; 7g and consider the set valued function � : M �! P (R) given by � : fy 2

R j x � y 2 f0; 2; 4gg: Then �(0) = �(2) = �(3) = f0; 1; 2; 3; 4; 5; 6; 7g and �(4) = �(7) =
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f0; 3; 4; 7g: Here it can be seen that if �(a); �(b) 2 (�;M) then there exists F (x) in (F;A) such

that �(a)(F (x)�(b)) 2 (�;M): Hence (�;M) is a soft M -system over a soft LA-ring (F;A):

De�nition 78 Let (�; I) be a soft left ideal of soft LA-ring (F;A): Then (�; I) is said to be soft

quasi-prime ideal if (�1;H)(�2;K) � (�; I) implies that either (�1;H) � (�; I) or (�2;K) � (�; I);

where (�1;H) and (�2;K) are any soft left ideals of (F;A): If for any soft left ideal (�1;H) of (F;A)

such that (�1;H)
2 � (�; I); we have (�1;H) � (�; I); then (�; I) is said to be soft quasi-semiprime

ideal of soft LA-ring (F;A).

Example 79 Let R = A = f0; 1; 2; 3; 4; 5; 6; 7g is an LA-ring. Now consider the set-valued

function F : f0; 1; 2; 3; 4; 5; 6; 7g �! P (R) de�ned by F (x) = fy 2 R j x � y 2 f0; 4gg

+ 0 1 2 3 4 5 6 7

0 0 1 2 3 4 5 6 7

1 1 0 3 2 6 7 4 5

2 2 3 0 1 5 4 7 6

3 3 2 1 0 7 6 5 4

4 4 6 5 7 0 2 1 3

5 5 7 4 6 2 0 3 1

6 6 4 7 5 1 3 0 2

7 7 5 6 4 3 1 2 0

� 0 1 2 3 4 5 6 7

0 0 0 0 0 0 0 0 0

1 0 2 0 2 0 0 2 2

2 0 4 0 4 0 0 4 4

3 0 5 0 5 0 0 5 5

4 0 0 0 0 0 0 0 0

5 0 4 0 4 0 0 4 4

6 0 2 0 2 0 0 2 2

7 0 5 0 5 0 0 5 5

Then F (0) = F (2) = F (4) = F (5) = f0; 1; 2; 3; 4; 5; 6; 7g; F (1) = F (3) = F (6) = F (7) =

f0; 2; 4; 5g, which are sub LA-rings of R and hence (F;A) is soft LA-ring over R: Let I = f0; 2; 4g.

Now consider the set valued function � : I �! P (R) given by � : fy 2 R j 3x+ y 2 f0; 2gg: Then

�(0) = �(2) = �(4) = f0; 2g: Here it is observed that (�; I) is a soft left ideal of soft LA-ring (F;A):

Now consider H = f0; 2g and K = f0; 5g de�ned by the set valued functions �1 : H �! P (R) and
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�2 : K �! P (R) respectively. Given by �1 : fy 2 R j 3x+ y 2 f0; 2gg and �2 : fy 2 R j 3x+ y 2

f0; 5gg respectively: Then �1(0) = �1(2) = f0; 2g and �2(0) = �2(2) = f0; 5g: Here it can be

easily observed that (�1;H) and (�2;K) are any soft left ideals of a soft LA-ring (F;A): Also it can

be seen that if (�1;H)(�2;K) � (�; I) implies that either (�1;H) � (�; I) or (�2;K) � (�; I);

where (�1;H) and (�2;K) are any soft left ideals of (F;A). Hence (�; I) is a soft quasi-prime ideal

over a soft LA-ring (F;A):

De�nition 80 Let (F;A) be a soft LA-ring over R and X is an element of P (R). Then the set

f(�; hxi : F (�) = hxi; x 2 Xg is called a soft subset of soft LA-ring (F;A) generated by the set X

and it is denoted by hXi:

Proposition 81 Let (�; I) be a soft left ideal of (F;A); then the following statements are equiv-

alent:

(1) (�; I) is soft quasi-prime ideal.

(2) (�1;H)(�2;K) = h(�1;H)(�2;K)i � (�; I) which implies that either (�1;H) � (�; I) or

(�2;K) � (�; I); where (�1;H) and (�2;K) are any soft left ideals of (F;A):

(3) If (�1;H) * (�; I) and (�2;K) * (�; I); then (�1;H)(�2;K) * (�; I); where (�1;H) and

(�2;K) are any soft left ideals of (F;A):

(4) If F (a); F (b) are elements of (F;A) such that F (a) =2 (�; I) and F (b) =2 (�; I); then

hF (a)ihF (b)i * (�; I):

(5) If F (a); F (b) are elements of (F;A) satisfying F (a)((F;A)F (b)) � (�; I); implies that either

F (a) 2 (�; I) or F (b) 2 (�; I):

Proof. (1), (2) Let (�; I) is soft quasi-prime ideal. Now by de�nition 78, if (�1;H)(�2;K) =

h(�1;H)(�2;K)i � (�; I), then it implies that either (�1;H) � (�; I) or (�2;K) � (�; I) for all

soft left ideals (�1;H) and (�2;K) of a soft LA-ring (F;A).. Converse is trivial by de�nition 78.

(2), (3) is obvious. (1)) (4) Let (�; I) is soft quasi-prime ideal, if hF (a)ihF (b)i � (�; I), then
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by hypothesis hF (a)i � (�; I) or hF (b)i � (�; I); which further implies that either F (a) 2 (�; I)

or F (b) 2 (�; I); then clearly we can say that if F (a); F (b) are elements of (F;A) such that

F (a) =2 I and F (b) =2 I then hF (a)ihF (b)i * (�; I): (4) ) (2) Let (�1;H)(�2;K) � (�; I): If

F (a) 2 (�1;H) and F (b) 2 (�2;K); then hF (a)ihF (b)i � (�; I) and hence it implies that either

F (a) 2 (�; I) or F (b) 2 (�; I). This implies either (�1;H) � (�; I) or (�2;K) � (�; I): (1), (5)

Let F (a)((F;A)F (b)) � (�; I); then (F;A)(F (a)((F;A)F (b))) � (F;A)(�; I) � (�; I): Now

consider

(F;A)[F (a)f(F;A)F (b)g] = [(F;A)(F;A)][F (a)f(F;A)F (b)g]

= [(F;A)F (a)][(F;A)f(F;A)F (b)g]; by medial law

= [(F;A)F (a)][f(F;A)(F;A)gf(F;A)F (b)g]

= [(F;A)F (a)][F (b)(F;A)][(F;A)(F;A)]; by paramedial law

= [(F;A)F (a)][f(F;A)(F;A)gF (b)]; by left invertive law

= [(F;A)F (a)][(F;A)F (b)] � (�; I):

Since (F;A)F (a) and (F;A)F (b) are soft left ideals for all F (a) 2 (�1;H) and F (b) 2 (�2;K);

hence either F (a) 2 (�; I) or F (b) 2 (�; I): Conversely, let (�1;H)(�2;K) � (�; I) where (�1;H)

and (�2;K) are any soft left ideals of soft LA-ring (F;A): Let (�1;H) * (�; I) then there exists

F (c) 2 (�1;H) such that F (c) =2 (�; I): For all F (d) 2 (�2;K), we have F (c)((F;A)F (d)) �

(�1;H)((F;A)(�2;K)) � (�1;H)(�2;K) � (�; I): This implies that (�2;K) � (�; I) and hence

(�; I) is a soft quasi-prime ideal of (F;A):

Proposition 82 A soft left ideal (�; I) of soft LA-ring (F;A) is soft quasi-prime if and only if

(F;A)n(�; I) is soft M -system.
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Proof. Suppose (�; I) is a soft quasi-prime ideal. Let �; � 2 (F;A)n(�; I) which implies that

� =2 (�; I) and � =2 (�; I): So by proposition 81, �((F;A)�) * (�; I). This implies that there

exists some F (r) 2 (F;A) such that �(F (r)�) =2 (�; I) which further implies that �(F (r)�) 2

(F;A)n(�; I): Hence (F;A)n(�; I) is a soft M -system. Conversely, let (F;A)n(�; I) is a soft M -

system. Suppose that �(F (r)�) � (�; I) and let � =2 (�; I) and � =2 (�; I): This implies that

�; � 2 (F;A)n(�; I): Since (F;A)n(�; I) is a soft M -system so there exists F (r) 2 (F;A) such

that �(F (r)�) 2 (F;A)n(�; I) which implies that �((F;A)�) * (�; I), which is a contradiction.

Hence either � 2 (�; I) or � 2 (�; I): This shows that (�; I) is a soft quasi-prime ideal.

De�nition 83 A non-empty subset (�; I) of a soft LA-ring (F;A) is called soft P -system if for all

�(a) 2 (�; I); there exists F (r) 2 (F;A) such that �(a)(F (r)�(a)) 2 (�; I):

Example 84 Let R = f0; 1; 2; 3; 4; 5; 6; 7; 8g be an LA-ring of order 9, as de�ned by the cayley

table given below. Let we take A = R = f0; 1; 2; 3; 4; 5; 6; 7; 8g and I = f0; 2; 4g � A. De�ne a

set-valued function F : A �! P (R) by F (x) = fy 2 R j x � y 2 f0; 3; 8gg:

+ 0 1 2 3 4 5 6 7 8

0 3 4 6 8 7 2 5 1 0

1 2 3 7 6 8 4 1 0 5

2 1 5 3 4 2 0 8 6 7

3 0 1 2 3 4 5 6 7 8

4 5 0 4 2 3 1 7 8 6

5 4 2 8 7 6 3 0 5 1

6 7 6 0 1 5 8 3 2 4

7 6 8 1 5 0 7 4 3 2

8 8 7 5 0 1 6 2 4 3

� 0 1 2 3 4 5 6 7 8

0 3 1 6 3 1 6 6 1 3

1 0 3 0 3 8 8 3 0 8

2 8 1 5 3 7 2 6 4 0

3 3 3 3 3 3 3 3 3 3

4 0 6 7 3 5 4 1 2 8

5 8 6 4 3 2 7 1 5 0

6 8 3 8 3 0 0 3 8 0

7 0 1 2 3 4 5 6 7 8

8 3 6 1 3 6 1 1 6 3
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From table, F (0) = F (1) = F (2) = F (4) = F (5) = F (7) = F (8) = f0; 3; 8g and F (3) = F (6) =

f0; 1; 2; 3; 4; 5; 6; 7; 8g: It can be easily seen that all these sets are subLA-rings over R: Hence (F;A)

is soft LA-ring over R. On the other hand consider the mapping ' : I �! P (R) de�ned by

'(x) = fy 2 R j xy + y = 3gg. Then '(0) = '(2) = f1; 3; 6g and '(4) = f0; 3; 8g. Here it can

be seen that if '(a) 2 ('; I); then there exists F (r) in (F;A) such that '(a)(F (r)'(a)) 2 ('; I):

Hence ('; I) is a soft P -system over a soft LA-ring (F;A):

Proposition 85 Let (�; I) be a soft left ideal of soft LA-ring (F;A), then the following assertions

are equivalent:

(1) (�; I) is a soft quasi-semiprime.

(2) (�1;H)
2 = h(�1;H)2i � (�; I) ) (�1;H) � (�; I); where (�1;H) is any soft left ideal of

(F;A):

(3) For any soft left ideal (�1;H) of (F;A) such that (�1;H) * (�; I)) (�1;H)
2 * (�; I):

(4) If F (a) is any element of (F;A) such that hF (a)i2 � (�; I); then it implies that F (a) 2

(�; I):

(5) For all F (a) 2 (F;A) such that F (a)((F;A)F (a)) � (�; I)) F (a) 2 (�; I):

Proof. (1) , (2) , (3) is trivial. (1) ) (4) Let hF (a)i2 � (�; I): But by hypothesis

(�; I) is soft quasi-semiprime, so it implies that hF (a)i � (�; I) which further implies that F (a) 2

(�; I): (4) ) (2) For all soft left ideals (�1;H) of (F;A) let (�1;H)
2 = h(�1;H)2i � (�; I):

If F (a) 2 (�1; I); then by (4) hF (a)i2 � (�; I) implies that F (a) 2 (�; I): Hence it shows that

(�1;H) � (�; I): (1), (5) is obvious.

Proposition 86 A soft left ideal (�; I) of soft LA-ring (F;A) is a soft quasi-semiprime if and only

if (F;A)n(�; I) is a soft P -system.

Proof. Let (�; I) is a soft quasi-semiprime ideal of (F;A) and let � 2 (F;A)n(�; I): On contrary

suppose that there does not exist an element F (r) 2 (F;A) such that �(F (r)�) 2 (F;A)n(�; I).
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This implies that �(F (r)�) 2 (�; I): Since (�; I) is a soft quasi-semiprime, so by proposition

85, � 2 (�; I) which is a contradiction. Thus there exists F (r) 2 (F;A) such that �(F (r)�) 2

(F;A)n(�; I). Hence (F;A)n(�; I) is a soft P -system. Conversely, suppose for all � 2 (F;A)n(�; I)

there exists F (r) 2 (F;A) such that �(F (r)�) 2 (F;A)n(�; I). Let �((F;A)�) � (�; I). This

implies that there does not exist F (r) 2 (F;A) such that �(F (r)�) 2 (F;A)n(�; I) which implies

that � 2 I: Hence by proposition 85, (�; I) is a soft quasi-semiprime ideal.

Lemma 87 A soft M -system of elements of soft LA-ring (F;A) is a soft P -system.

Proof. Let ( ;B) be a non-empty subset of (F;A) such that ( ;B) is a softM -system. Then

for all  (a);  (b) 2 ( ;B); there exists an element F (r) 2 (F;A) such that  (a)(F (r) (b)) 2

( ;B): If we take  (b) =  (a), then  (a)(F (r) (a)) 2 ( ;B) which implies that ( ;B) is a soft

P -system.

Remark 88 Converse of Lemma 87 need not to be true always. We illustrate this fact in the

following example.

Example 89 84 Let A = R = f0; 1; 2; 3; 4; 5; 6; 7; 8g and I = f0; 2; 4g � A. De�ne a set-

valued function F : A �! P (R) by F (x) = fy 2 R j x � y 2 f0; 3; 8gg: Using example 84,

it is can be shown that (F;A) is a soft LA-ring: De�ne a mapping ' : I �! P (R) de�ned by

'(x) = fy 2 R j xy + y = 3g. Then '(0) = '(2) = f1; 3; 6g and '(4) = f0; 3; 8g: By example

84 it is soft P -system. It is not hard to see that '(4)(F (1)'(0)) =2 '(4); so the condition of soft

M -system is not true in this case. Hence every soft P -system need not to be soft M -system.

De�nition 90 A soft ideal (�; I) of a soft LA-ring (F;A) is soft strongly irreducible if and only if

for soft ideals (�1;H) and (�2;K) of (F;A), (�1;H)
�
\(�2;K) � (�; I) implies that (�1;H) � (�; I)

or (�2;K) � (�; I) and (�; I) is said to be soft irreducible if for soft ideals (�1;H) and (�2;K),

(�; I) = (�1;H)
�
\ (�2;K) implies that (�; I) = (�1;H) or (�; I) = (�2;K):
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Example 91 Let R = f0; 1; 2; 3; 4; 5; 6; 7g be an LA-ring of order 8 de�ned as follows:

+ 0 1 2 3 4 5 6 7

0 2 3 4 5 6 7 0 1

1 3 2 5 4 7 6 1 0

2 0 1 2 3 4 5 6 7

3 1 0 3 2 5 4 7 6

4 6 7 0 1 2 3 4 5

5 7 6 1 0 3 2 5 4

6 4 5 6 7 0 1 2 3

7 5 4 7 6 1 0 3 2

� 0 1 2 3 4 5 6 7

0 2 7 2 7 2 7 2 7

1 2 7 2 7 2 7 2 7

2 2 2 2 2 2 2 2 2

3 2 2 2 2 2 2 2 2

4 2 7 2 7 2 7 2 7

5 2 7 2 7 2 7 2 7

6 2 2 2 2 2 2 2 2

7 2 2 2 2 2 2 2 2

Let R = A = f0; 1; 2; 3; 4; 5; 6; 7g and I = f2; 3; 6; 7g � A: Now consider set valued function

F : A �! P (R) de�ned by F (x) = fy 2 R j x � y 2 f1; 2; 7gg. Then F (0) = F (1) =

F (2) = F (3) = F (4) = F (5) = F (6) = F (7) = f0; 1; 2; 3; 4; 5; 6; 7g, it can be seen that all

these sets are sub LA-rings over R: Hence (F;A) is soft LA-Ring over R. On the other hand

consider the function ' : I �! P (R) given by '(x) = fy 2 R j x + y 2 f2; 3; 6; 7gg. Since

'(2) = '(3) = '(6) = '(7) = f2; 3; 6; 7g. Here it is observed that (�; I) is soft ideal of soft

LA-ring (F;A): Now consider H = f2; 7g and K = f2; 6g de�ned by the set valued functions

'1 : H �! P (R) and '2 : K �! P (R) respectively. Given by '1 : fy 2 R j x+ y 2 f2; 7gg and

'2 : fy 2 R j x + y 2 f2; 6gg respectively: Then '1(2) = '1(7) = f2; 7g and '2(2) = '2(6) =

f2; 6g: Here it can be easily observed that ('1;H) and ('2;K) are any soft ideals of a soft LA-ring

(F;A): Also it can be seen that if ('1;H)
�
\ ('2;K) � ('; I) implies that either ('1;H) � ('; I)

or ('2;K) � ('; I); where ('1;H) and ('2;K) are any soft left ideals of (F;A). Hence ('; I) is

a soft strongly irreducible ideal over a soft LA-ring (F;A):

Lemma 92 Every soft strongly irreducible ideal of soft LA-ring (F;A) is soft irreducible.
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Proof. Proof is straightforward.

De�nition 93 An ideal ('; I) of soft LA-ring (F;A) is said to be soft prime ideal if and only

if ('1;H)('2;K) � ('; I) implies either ('1;H) � ('; I) or ('2;K) � ('; I); where ('1;H)

and ('2;K) are ideals in (F;A) and it is called soft semi-prime if for any ideal ( ;G) of (F;A);

( ;G)2 � ('; I) implies that ( ;G) � ('; I):

Proposition 94 A soft ideal ('; I) of a soft LA-ring (F;A) is soft prime if and only if it is soft

semiprime and soft strongly irreducible.

Proof. Let ('; I) is a soft prime ideal of soft LA-ring (F;A), then ('; I) is trivially soft semi-

prime ideal of soft LA-ring (F;A). Now to prove irreducible condition, let ('1;H) and ('2;K)

be ideals of soft LA-ring (F;A) such that ('1;H)
�
\ ('2;K) � ('; I), as ('1;H)('2;K) �

('1;H)(F;A) � ('1;H) and ('1;H)('2;K) � (F;A)('2;K) � ('2;K) =) ('1;H)('2;K) �

('1;H)
�
\ ('2;K) � ('; I) =) ('1;H)('2;K) � ('; I) =) ('1;H) � ('; I) or ('2;K) � ('; I):

Hence ('; I) is soft strongly irreducible ideal. Conversely, suppose that ('; I) is a soft semi-prime

and soft strongly irreducible ideal. Now let ('1;H)('2;K) � ('; I); where ('1;H) and ('2;K)

are ideals of soft LA-ring (F;A). Consider ('1;H)
�
\ ('2;K) � ('1;H) and ('1;H)

�
\ ('2;K) �

('2;K) =) (('1;H)
�
\ ('2;K))2 � ('1;H)('2;K) � ('; I) =) (('1;H)

�
\ ('2;K))2 � ('; I).

Since ('; I) is a soft semi-prime, so ('1;H)
�
\ ('2;K) � ('; I) =) ('1;H) � ('; I) or ('2;K) �

('; I)) ('; I) is a soft prime ideal of soft LA-ring (F;A):

De�nition 95 A non-empty soft subset (�; I) of a soft LA-ring (F;A) is called a soft I-system if

for all �(a); �(b) 2 (�; I); (h�(a)i
�
\ h�(b)i)

�
\ (�; I) 6= �:

Proposition 96 The following conditions on a soft ideal (�; I) of a soft LA-ring (F;A) are equiv-

alent:

(1) (�; I) is a soft strongly irreducible ideal.
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(2) For all F (a); F (b) 2 (F;A) : hF (a)i
�
\ hF (b)i � (�; I) implies that either F (a) 2 (�; I) or

F (b) 2 (�; I):

(3) (F;A)n(�; I) is a soft I-system.

Proof. (1)) (2) is obvious. (2)) (3) Let �; � 2 (F;A)n(�; I): Let (h�i
�
\h�i)

�
\(F;A)n(�; I) =

�: This implies that h�i
�
\ h�i � (�; I) and so by hypothesis either � 2 (�; I) or � 2 (�; I) which

is a contradiction. Hence (h�i
�
\ h�i)

�
\ (F;A)n(�; I) 6= �. (3) ) (1) Let (�1; I1) and (�2; I2) be

soft ideal of (F;A) such that (�1; I1)
�
\ (�2; I2) � (�; I): Suppose (�1; I1) and (�2; I2) are not con-

tained in (�; I); then there exist elements �; � such that � 2 (�1; I1)n(�; I) and � 2 (�2; I2)n(�; I):

This implies that �; � 2 (F;A)n(�; I): So by hypothesis (h�i
�
\ h�i)

�
\ (F;A)n(�; I) 6= � which

implies that there exists an element  2 h�i
�
\ h�i such that  2 (F;A)n(�; I): It shows that

 2 h�i
�
\ h�i � (�1; I1)

�
\ (�2; I2) � (�; I) which further implies that (�1; I1)

�
\ (�2; I2) * (�; I):

A contradiction. Hence either (�1; I1) � (�; I) or (�2; I2) � (�; I) and so (�; I) is soft strongly

irreducible ideal.

83



Chapter 6

Soft LA-modules and Exact Sequence

Introduction
On the basis of developments made in chapter 4 and chapter 5, regarding the concepts of soft

LA-rings, we take a step forward into broad vision and extend the notion of soft LA-rings to soft

LA-modules which is comparatively a hard area. In 2010, T. Shah and I. Rehman in their paper

[261], have given the �rst ever de�nition of LA-modules. The work of this chapter can be classi�ed

as a theoretical study of soft LA-modules. We have presented a detailed theoretical study of soft

LA-homomorphism and exact sequence of soft LA-modules. A functional approach has been used to

undertake a characterization of soft LA-modules leading to a determination of some of its interesting

theoretic properties. We have established some useful results regarding soft LA-modules,soft LA-

homomorphisms, quotient soft LA-modules and �nally the exact sequence of soft LA-modules.

This chapter contains two sections. In section one, we de�ne the notions of soft LA-module, soft

subLA-module and maximal and minimal soft subLA-modules and also discussed their related results.

In section two, we introduce the concepts of quotient soft LA-moduleS, soft LA-homomorphism and

consequently establish some properties of soft LA-modules regarding exact sequence.

84



6.1 Soft LA-modules

We initiate this section with the following de�nition.

De�nition 97 Let (F;A) be a non-empty soft set over left R LA-module M . The soft set (F;A)

is said to be soft LA-module over M if F (�) is a sub LA-module of M for all � 2 A denoted by

F (�) �M:

Throughout this chapter, M is considered to be a left R LA-module, A be any non-empty set.

The pair (F;A) refers to a soft set over M and F : A �! P (M) refers to a set valued function.

Proposition 98 Let (F;A) and (G;B) be two soft LA-modules over M . Then

(1) (F;A)
�
\ (G;B) is a soft LA-module over M .

(2) (F;A)
�
[ (G;B) is a soft LA-module over M if A and B are disjoint i.e., A \B = �:

Proof. (1) By using de�nition 23, (F;A)
�
\ (G;B) = (H;C) is a soft set over soft LA-module

M , where A\B = C. Since (F;A) and (G;B) are soft LA-modules overM , so H(x) = F (x) �M

and also H(x) = G(x) �M for all x 2 C: Hence it follows that (F;A)
�
\(G;B) is a soft LA-module

over M:

(2) Using de�nition 17, we write (F;A)
�
[ (G;B) = (H;C) is a soft set, where C = A [B and

for every x 2 C,

H(x) =

8>>>>><>>>>>:
F (x) if x 2 A�B;

G(x) if x 2 B �A;

F (x) [G(x) if x 2 A \B:
Since A and B are disjoint, therefore either x 2 A � B or x 2 B � A: If x 2 A � B; then

H(x) = F (x) �M as (F;A) is a soft LA-module. Similarly if x 2 B�A; then H(x) = G(x) �M

as (G;B) is a soft LA-module. Hence (F;A)
�
[ (G;B) = (H;C) is soft LA-module over M .

Theorem 99 Let (F;A) and (G;B) be soft LA-modules over M . Then
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(1) (F;A)
�
^ (G;B) is a soft LA-module over M if it is non-null.

(2) The bi-intersection (F;A)
�
u (G;B) is a soft LA-module over M if it is non-null.

Proof. (1) By de�nition 18, let (F;A)
�
^ (G;B) = (H;C), where C = A� B and H(x; y) =

F (x)\G(y), for all (x; y) 2 C: Since by hypothesis (H;C) is non-null soft set over M and (x; y) 2

supp(H;C); so H(x; y) = F (x) \G(y) 6= ;: As both F (x) and G(y) are sub LA-modules, so this

implies that H(x; y) is also a sub LA-modules. Hence (H;C) = (F;A)
�
^(G;B) is a soft LA-module

over M .

(2) By de�nition 15, we write (F;A)
�
u (G;B) = (H;C), where C = A\B and H(x) = F (x)\

G(x) 6= ; for some x 2 A \B: Since the non-empty sets F (x) and G(x) both are sub LA-modules

overM and hence F (x)\G(x) is a sub LA-module overM . Consequently (F;A)
�
u(G;B) = (H;C)

is a soft LA-module over M .

De�nition 100 Let (F;A) and (G;B) be two soft LA-modules overM . Then (F;A)+(G;B) =

(H;C), where C = A�B and H(�; �) = F (�) +G(�) for all (�; �) 2 C:

Proposition 101 Let (F;A) and (G;B) be two soft LA-modules overM: Then (F;A)+(G;B) =

(H;C); where C = A�B is soft LA-module over M .

Proof. From de�nition 100, we have (F;A) + (G;B) = (H;C), where C = A � B and

H(�; �) = F (�) +G(�) for all (�; �) 2 C. Since (F;A) and (G;B) be two soft LA-modules over

M , therefore F (�) �M and G(�) �M for all (�; �) 2 C respectively. Then F (�)+G(�) �M for

all (�; �) 2 C: Hence it follows thatH(�; �) �M for all (�; �) 2 C: Thus (F;A)+(G;B) = (H;C)

is a soft LA-module over M .

De�nition 102 Let (F;A) and (G;B) be two soft LA-modules overM and N respectively. Then

(F;A)�(G;B) = (H;C); where C = A�B is de�ned as H(x; y) = F (x)�G(y) for all (x; y) 2 C:
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Proposition 103 Let (F;A) and (G;B) be two soft LA-modules over M and N respectively.

Then (F;A)� (G;B) = (H;C); where C = A�B is soft LA-module over M �N:

Proof. From de�nition 102, we can write (F;A) � (G;B) = (H;C), where C = A � B and

H(x; y) = F (x) � G(y) for all (x; y) 2 C. Since (F;A) and (G;B) be two soft LA-modules over

M and N respectively, therefore F (x) � M and G(y) � N for all (x; y) 2 C: Hence by [291,

De�nition 8], it can be easily seen that H(x; y) = F (x)�G(y) �M �N for all (x; y) 2 C: Thus

(F;A)� (G;B) = (H;C) is a soft LA-module over M �N .

De�nition 104 Let (F;A) and (G;B) be two soft LA-modules over M: Then (G;B) is called

soft sub LA-module of (F;A); if

(i) B � A and

(ii) G(x) � F (x) for all x 2 B:

This is denoted by (G;B)
�
� (F;A):

If (G;B)
�
� (F;A) and (F;A)

�
� (G;B); then two soft sets (F;A) and (G;B) overM are called

soft equal sub LA-modules and it is written as (F;A) = (G;B):

Proposition 105 Let (F;A) and (G;A) are soft LA-modules over M . (G;A) is a soft sub LA-

module of (F;A) in case if G(x) is a sub LA-module of F (x) i.e.,G(x) � F (x) for all x 2 A:

Proof. By de�nition 104, it is straightforward.

De�nition 106 Let E = feg, where e is unit of A. Then every soft LA-module (F;A) over M

has at least two soft sub LA-modules (F;A) and (F;E) called trivial soft sub LA-module.

Theorem 107 Let (F;A) be soft LA-module over M , and f(Gi; Bi) j i 2 Ig be a family of

non-empty soft sub LA-modules of (F;A). Then

(1)
P
i2I
(Gi; Bi) is soft sub LA-module of (F;A).

(2)
�
u
i2I
(Gi; Bi) is soft sub LA-module of (F;A):
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(3)
�
[
i2I
(Gi; Bi) is soft sub LA-module of (F;A); if Bi \Bj = ; for all i; j 2 I:

Proof. (1) Straightforward by using [291, Proposition 2].

(2) By de�nition 16, let
�
u
i2I
(Gi; Bi) = (H;C); where C = \

i2I
Bi and H(x) = \

i2I
Gi(x) for all

x 2 C: Since (H;C) is non-null soft set and if x 2 supp(H;C), then H(x) = \
i2I
Gi(x) 6= ;. As

intersection of any number of sub LA-modules over M is a sub LA-module, hence for all i 2 I, the

non-empty set Gi(x) is a sub LA-module of (F;A) over M . Hence (Gi; Bi) is a soft sub LA-module

of (F;A) over M and therefore H(x) is a sub LA-module over M for all x 2 supp(H;C). Thus it

follows that
�
ui2I(Gi; Bi) = (H;C) is a soft sub LA-module of (F;A) over M .

(3) Straightforward by proposition 98, part (2).

De�nition 108 Let (G;B)
�
� (F;A) be soft LA-modules over M . Then (G;B) is called maximal

soft sub LA-module of (F;A) if G(x) is maximal sub LA-module of F (x) for all x 2 B. Similarly

(G;B) is called minimal soft sub LA-module of (F;A) if G(x) is minimal sub LA-module of F (x)

for all x 2 B:

Proposition 109 Let (F;A) be a soft LA-module over M . Then

(1) If f(Gi; Bi) j i 2 Ig be a family of non-empty maximal soft sub LA-modules of (F;A), then
�
\
i2I
(Gi; Bi) is maximal soft sub LA-module of (F;A):

(2) If f(Gi; Bi) j i 2 Ig be a family of non-empty minimal soft sub LA-modules of (F;A), thenP
i2I
(Gi; Bi) is minimal soft sub LA-module of (F;A):

Proof. The proof follows from [291, De�nition 6].

6.2 Soft LA-module Homomorphism and Exact Sequence

In continuation to �rst section, in this section we introduce the concept of soft LA-module ho-

momorphism and quotient soft LA-modules. Moreover, we established some useful results of exact
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sequence in terms of soft LA-modules and studied several related properties. Throughout this section

homomorphism means an LA-module homomorphism.

De�nition 110 Let (F;A) and (G;B) be two soft LA-modules over M and N respectively. Then

(f; g) is a soft homomorphism if the following conditions are satis�ed:

(i) f :M �! N is a homomorphism

(ii) g : A �! B is a mapping

(iii) f(F (x)) = G(g(x)) for all x 2 A:

If this de�nition is satis�ed, then we say that (F;A) is soft homomorphic to (G;B) and it is

denoted by (F;A) ' (G;B):

If f : M �! N is an isomorphism and g : A �! B is a bijective mapping, then (f; g) is

called soft isomorphism. Also we say that (F;A) is soft isomorphic to (G;B): and it is denoted by

(F;A) �= (G;B).

Proposition 111 Let (F;A) and (G;B) be two soft LA-modules over M , and (G;B) be soft sub

LA-module of (F;A). If f : M �! N is a homomorphism then (f(F ); A) and (f(G); B) are soft

LA-modules over N , and (f(G); B) is soft sub LA-module of (f(F ); A).

Proof. Since f :M �! N is a homomorphism and we know that homomorphic image of sub

LA-module is a sub LA-module by theorem 10. Therefore f(F (x)) and f(G(y)) are soft LA-modules

over N for all x 2 A and y 2 B: Hence (f(F ); A) and (f(G); B) are soft LA-modules over N: If

(G;B) is a soft sub LA-module of (F;A), then G(y) is a sub LA-module of F (y) for all y 2 B and

f is a homomorphism so intuitively f(G(y)) is a sub LA-module of f(F (y)) for all y 2 B: Hence

(f(G); B) is soft sub LA-module of (f(F ); A):

De�nition 112 Let (F;A) be soft LA-module over M , then

(i) (F;A) is said to trivial (null) soft LA-module over M if F (x) = f0g for all x 2 A; where 0

is zero element of M .
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(ii) (F;A) is said to whole (absolute) soft LA-module over M if F (x) =M for all x 2 A:

Proposition 113 (1) Let (F;A) be a soft LA-module over M and f : M �! N be a homo-

morphism, if F (x) = kerf for all x 2 A, then (f(F ); A) is a trivial (null) soft LA-module over

N .

(2) Let (F;A) be an absolute soft LA-module over M and f :M �! N be an epimorphism, if

F (x) =M for all x 2 A, then (f(F ); A) is a whole (absolute) soft LA-module over N .

Proof. (1) Since F (x) = kerf for all x 2 A, and f : M �! N is a homomorphism, so it

follows that f(F (x)) = f(kerf) = f0Ng for all x 2 A. Hence by de�nition 112, (f(F ); A) is a

trivial (null) soft LA-module over N .

(2) Since (F;A) be an absolute soft LA-module over M; then clearly F (x) =M for all x 2 A:

Since f is an epimorphism, therefore it follows that f(F (x)) = f(M) = N for all x 2 A: Hence

(f(F ); A) is a whole (absolute) soft LA-module over N .

De�nition 114 A sequence of R-homomorphisms and R-LA-modules � � � �! Pn�1
fn�1�! Pn

fn�!

Pn+1 �! � � � is called exact sequence if Imfn�1 = kerfn for all n 2 N: An exact sequence of the

form 0 �! P 0
f�! P

g�! P 00 �! 0 is called short exact sequence.

Example 115 Consider a sequence

0! hf(s)i i! R[X;S]
�! R[X;S]

hf(s)i ! 0 (�)

where i : hf(s)i ! R[X;S] is an inclusion map de�ned as i[hf(s)i] = hf(s)i; where hf(s)i =

fg(X):f(s) : g(X) 2 R[X;S]g. Let � : R[X;S] ! R[X;S]
hf(s)i de�ned by �[g(X)] = hf(s)i + g(X)

for all g(X) 2 R[X;S], where f(s) is an irreducible polynomial in R[X;S]. Here hf(s)i; R[X;S]

and R[X;S]
hf(s)i being LA-rings are LA-modules over an LA-ring R and S is a commutative semigroup

and every commutative semigroup is an LA-semigroup. It is important to note that the additive
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identity in R[X;S]
hf(s)i is hf(s)i:So if i is monomorphism, � is an epimorphism and Imi = ker�: Then

the sequence (�) is an exact sequence of LA-modules over an LA-ring R.

First we show that i : hf(s)i ! R[X;S] de�ned by i[hf(s)i] = hf(s)i; where hf(s)i =

fg(X):f(s) : g(X) 2 R[X;S]g, is a homomorphism. Let f1(s); f2(s) 2 hf(s)i where f1(s) =

g1(X):f(s) and f2(s) = g2(X):f(s)

iff1(s) + f2(s)g = ifg1(X):f(s) + g2(X):f(s)g

= fg1(X):f(s) + g2(X):f(s)g

= iff1(s)g+ iff2(s)g

ifrf1(s)g = ifrg1(X):f(s)g

= rg1(X):f(s) = rfg1(X):f(s)g

= riff1(s)g

so i is an LA-module homomorphism. Now we show that it is monic, as we know that f1(s); f2(s) 2

hf(s)i where f1(s) = g1(X):f(s) and f2(s) = g2(X):f(s); so

iff1(s)g 6= iff1(s)g

=) ifg1(X):f(s)g 6= ifg2(X):f(s)g

=) g1(X):f(s) 6= g2(X):f(s)

=) f1(s) 6= f2(s)

Hence proved that i is monic and hence it is monomorphism.

Now we have to show that � : R[X;S] ! R[X;S]
hf(s)i is an epimorphism de�ned as �fg(X)g =

hf(s)i+ g(X) for all g(X) 2 R[X;S], where f(s) is an irreducible polynomial in R[X;S]:
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Let

�fg1(X) + g2(X)g = hf(s)i+ fg1(X) + g2(X)g

= fhf(s)i+ g1(X)g+ fhf(s)i+ g2(X)g

= �fg1(X)g+ �fg2(X)g

�frg(X)g = fhf(s)i+ rg(X)g

= rfhf(s)i+ g(X)g

= r�fg(X)g

Hence � is an LA-module homomorphism. So by de�nition it is obviously onto and hence � is an

epimorphism.

Now we prove that Imi = ker�

As we know that � : R[X;S] ! R[X;S]
hf(s)i which is de�ned by �fg(X)g = hf(s)i + g(X) for

all g(X) 2 R[X;S], where f(s) is an irreducible polynomial in R[X;S]: Now ker� = fg(X) 2

R[X;S] : �fg(X)g = hf(s)ig: Let g(X) 2 ker�: As �fg(X)g = hf(s)i =) hf(s)i + g(X) =

hf(s)i =) g(X) 2 hf(s)i =) ker� � hf(s)i = Imi =) ker� � Imi (��): Let

g(X) 2 Imi; this implies that there exist an element g(X) 2 hf(s)i such that g(X) = i[g(X)] =)

�fg(X)g = �[ifg(X)g] =) hf(s)i + g(X) = �fg(X)g =) hf(s)i = �fg(X)g =) g(X) 2

ker� =) Imi � ker� (� � �): Hence from (��) and (� � �) it is proved that that ker� = Imi:

Thus the sequence (�) is an exact sequence of LA-modules over an LA-ring R.

De�nition 116 Let (Fn; A) be a soft LA-module over M; where n 2 N: Then a sequence of

R-homomorphisms and soft LA-modules � � � �! Fn�1(x)

�
fn�1�! Fn(x)

�
fn�! Fn+1(x) �! � � � is called

exact sequence if Im
�
fn�1 = ker

�
fn for all n 2 N and for all x 2 A: An exact sequence of the form

0 �! F 0(x)
�
f�! F (x)

�
g�! F 00(x) �! 0 is called short exact sequence.
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Theorem 117 Let (F;A) be a trivial (null) soft LA-module over P and (G;B) be an absolute

soft LA-module over Q. If 0 �! P
f�! M

g�! Q �! 0 is a short exact sequence, then

0 �! F (x)

�
f�!M

�
g�! G(y) �! 0 is a short exact sequence for all x 2 A and y 2 B:

Proof. We have given that the sequence 0
0
f�! P

f�! M
g�! Q

0
g�! 0 is a short exact

sequence, so by [291, De�nition 9] and by [303, Page 51, Section 7.14], Imf
0
= f0g = kerf .

Since (F;A) is a trivial (null) soft LA-module over P , so by de�nition 112, F (x) = f0g for all

x 2 A. Then from the triplet 0
�
f�! F (x) = f0g

�
f�! M we have Im

�
f = f0g = ker

�
f: This

implies that
�
f is a one-one and hence it is monomorphism. Conversely if

�
f is monomorphism, then

obviously the triplet 0
�
f�! F (x) = f0g

�
f�! M becomes an exact sequence. From the hypothesis

we have Img = ker
0
g: Now consider the triplet M

�
g�! G(y)

�
g�! 0; since (G;B) is an absolute soft

LA-module over Q; so G(y) = Q for all y 2 B: From triplet M
�
g�! G(y)

�
g�! 0 it is obvious that

ker
�
g = G(y)for all y 2 B: This implies that Im

�
g = G(y) = ker

�
g for all y 2 B: It follows that

�
g is onto and hence it is epimorphism: Conversely, if

�
g is epimorphism; then obviously the triplet

M
�
g�! G(y)

�
g�! 0 becomes an exact sequence: Now from the [303, Page 51, Section 7.14]; it

follows that 0 �! F (x)

�
f�!M

�
g�! G(y) �! 0 is a short exact sequence for all x 2 A and y 2 B:

Proposition 118 Let (F;A) be a trivial (null) soft LA-module over P and (G;B) be an absolute

soft LA-module over M . If 0 �! P
f�! M

g�! Q �! 0 is a short exact sequence, then

0 �! f(F (x))

�
f�!M

�
g�! g(G(y)) �! 0 is a short exact sequence for all x 2 A and y 2 B:

Proof. The proof follows from theorem 117 and proposition 10.

Theorem 119 Let (F;A) be a soft LA-module over P and (G;B) is a soft LA-module over Q.

Then for a short exact sequence 0 �! F (x)

�
f�! M

�
g�! G(y) �! 0 of soft R-LA-modules and

R-homomorphisms, the following assertations are equivalent:

(1) There exists an R-homomorphism � :M �! F (x) such that �
�
f = 1F (x) for all x 2 A:
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(2) There exists an R-homomorphism � : G(y) �!M such that
�
g� = 1G(y) for all y 2 B:

(3) Im
�
f is direct summand of M .

Proof. (1) =) (3) Suppose that there exists a homomorphism � : M �! F (x) such that

�
�
f = 1F (x) for all x 2 A: Let m 2M: Then �(m) 2 F (x): We have �

�
f = 1F (x)for all x 2 A; then

�
�
f(�(m)) = �(m) =) �

�
f(�(m)��(m)) = 0 =) �(

�
f(�(m)�m))) = 0 or �(m�

�
f(�(m))) = 0:

It follows that m �
�
f(�(m)) 2 ker� = K (say) =) m �

�
f(�(m)) 2 K =) m �

�
f(�(m)) = k

for some k 2 K =) m = k +
�
f(�(m)) for some k 2 K: Thus M = K + Im

�
f: Suppose

that there is an other element k
0 2 K and an element " 2 F (x) such that m = k +

�
f(�(m))

= k
0
+
�
f("):::::::(�). Then �(k+

�
f(�(m))) = �(k

0
+
�
f(")) =) �(k)+�(

�
f(�(m))) = �(k

0
)+�(

�
f("))

=) 0+�(
�
f(�(m))) = 0+�(

�
f(")), since k; k

0 2 K;=) �(
�
f(�(m))) = �(

�
f(")) =) (�

�
f)(�(m)) =

(�
�
f)(") =) 1F (x)(�(m)) = 1F (x)(") =) �(m) = ": Thus relation (�) becomes k+

�
f(") = k

0
+
�
f(")

=) k = k
0
. Hence every element of M can be uniquely expressed as k+ f(") for some k 2 K and

" 2 F (x): Therefore M = K � Im
�
f: (3) =) (2) Let K be a soft sub LA-module of M such that

M = K � Im
�
f: Let "

0 2 G(y) and �g is an epimorphism so �g(m) = "
0
. Let m = k+

�
f(") for some

k 2 K and " 2 F (x): Then �g(m) = �
g(k +

�
f(")) =) "

0
=
�
g(k) +

�
g(
�
f(")) =) "

0
=
�
g(k) + 0 =)

"
0
=
�
g(k): If k

0
is an other element such that "

0
=
�
g(k); then

�
g(k

0
) =

�
g(k) =) �

g(k
0
)� �

g(k) = 0

=) �
g(k

0
) +

�
g(�k) = 0 =) �

g(k
0 � k) = 0 =) k

0 � k 2 ker
�
g =) k

0 � k 2 Im
�
f: This implies

that there exists an element "
00 2 F (x) such that

�
f("

00
) = k

0 � k: The direct summand property

of M shows that k
0 � k =

�
f("

00
) = 0 =) k = k

0
: Thus there exists a unique k 2 K such

that "
0
=

�
g(k). De�ne � : G(y) �! M by �("

0
) = k; where k is a unique element such that

�
g(k) = "

0
: Let "

0
1; "

0
2 2 G(y) =) there exist unique elements k1; k2 2 K such that

�
g(k1) = "

0
1

and
�
g(k2) = "

0
2 =) �("

0
1) = k1 and �("

0
2) = k2. Since

�
g is homomorphism so

�
g(k1 + k2) =

�
g(k1) +

�
g(k2) = "

0
1 + "

0
2 =)

�
g(k1 + k2) = "

0
1 + "

0
2 =) �("

0
1 + "

0
2) = k1 + k2 = �("

0
1) + �("

0
2):

Let r 2 R and "
0 2 G(y) =) r"

0 2 G(y): Consequently, there exists a unique element k 2 K such

that
�
g(k) = "

0
=) �("

0
) = k. Also

�
g(rk) = r

�
g(k) = r"

0
=) �(r"

0
) = rk = r�("

0
). Thus � is
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an R-homomorphism and since
�
g�("

0
) =

�
g(k) = "

0
for all "

0 2 G(y) =) �
g� = 1G(y) for all y 2 B.

(2) =) (1) Suppose that there exists an R-homomorphism � : G(y) �!M such that
�
g� = 1G(y)

for all y 2 B: Let m 2 M and
�
g(m) = "

0
: Then

�
g(m) = "

0
=

�
g�("

0
) =) �

g(m) � �
g�("

0
) = 0

=) �
g(m � �("

0
)) = 0 =) m � �("

0
) 2 ker

�
g =) m � �("

0
) 2 Im

�
f: Intuitively, there exists an

element " 2 F (x) such that
�
f(") = m � �("

0
) =) m = �("

0
) +

�
f("): To prove uniqueness, let

�("
00
) +

�
f("

0
) = �("

0
) +

�
f("): Then �("

00
)� �("0) =

�
f(")�

�
f("

0
) =) �("

00
� "0) =

�
f("� "0) =)

�
g�("

00
� "

0
) =

�
g
�
f(" � "

0
) = 0 =) "

00
� "

0
= 0 =) "

00
= "

0
: Now we have �("

0
) +

�
f("

0
) =

�("
0
) +

�
f(") =)

�
f("

0
) �

�
f(") = 0 =)

�
f("

0 � ") = 0 =) "
0 � " 2 ker

�
f =) "

0 � " 2 f0g

since
�
f is monic so ker

�
f = f0g =) "

0
= ": Hence every element of M can be written as

�("
0
) +

�
f("); "

0 2 G(y) and " 2 F (x): Let de�ne a map � :M �! F (x) by �(�("
0
) +

�
f(")) = ":

Obviously � is well-de�ned homomorphism and �
�
f = 1F (x) for all x 2 A: Let �("

0
1) +

�
f("1),

�("
0
2) +

�
f("2) 2 M; then �((�("

0
1) +

�
f("1)) + (�("

0
2) +

�
f("2))) = �((�("

0
1) + �("

0
2)) + (

�
f("1) +

�
f("2))) = �(�("

0
1 + "

0
2) +

�
f("1 + "2)) = "1 + "2 = �(�("

0
1) +

�
f("1)) + �(�("

0
2) +

�
f("2)) and

�(r(�("
0
) +

�
f(")) = �(r�("

0
) +

�
rf(")) = �(�(r"

0
) +

�
f(r")) = r" = r(�(�("

0
) +

�
f(")): Hence

� is homomorphism. Now
�
f(") = m � �("

0
) = �

�
f(") = �(m � �("

0
)) = �(m) � �(�("

0
))

= "� 0 = " =) �
�
f(") = " =) �

�
f = 1F (x) for all x 2 A:

De�nition 120 Let (F;A) be a soft LA-module over M and (G;B) be a soft sub LA-module

of (F;A). Then soft quotient LA-module is de�ned as (F;A)=(G;B) = f(G;B) + F (x) j for all

x 2 Ag:

Theorem 121 Let (F;A) be a soft LA-module over M . (G;B) be a soft sub LA-module of

(F;A) and f : (G;B) �! (F;A) be the inclusion map ( f(G(y)) = G(y) for all y 2 B ) and

g : (F;A) �! (F;A)=(G;B) be the natural projection i.e., g(F (x)) = (G;B)+F (x) for all x 2 A:

Then f is a monomorphism, g is epimorphism and Imf = (G;B) = kerg. Then the sequence

0 �! G(y)
f�! F (x)

g�! F (x)=G(y) �! 0 is short exact.
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Proof. De�ne f : (G;B) �! (F;A) by f(G(y)) = G(y) for all y 2 B: For all y1; y2 2 B;

G(y1) = G(y2) =) f(G(y1)) = f(G(y2)) by de�nition, so f is well de�ned. Let f(G(y1)) =

f(G(y2)) for all y1; y2 2 B =) G(y1) = G(y2) by de�nition. Hence f is one-one. Now for all

y1; y2 2 B f(G(y1) + G(y2)) = G(y1) + G(y2) = f(G(y1)) + f(G(y2)), and for all y 2 B and

r 2 R, f(r � G(y)) = r � G(y) = r � f(G(y)): So it follows that f is homomorphism and hence

monomorphism. De�ne g : (F;A) �! (F;A)=(G;B) by g(F (x)) = (G;B) + F (x) for all x 2 A:

For all x1; x2 2 A; F (x1) = F (x2) =) (G;B) + F (x1) = (G;B) + F (x2) =) g(F (x1)) =

g(F (x2)) by de�nition, so g is well de�ned. Now to show g is onto map, it is obvious that for

every (G;B) + F (x) 2 (F;A)=(G;B) there exists an element F (x) 2 (F;A) such that g(F (x)) =

(G;B)+F (x) for all x 2 A; hence g is onto. Now g(F (x1)+F (x2)) = (G;B)+(F (x1)+F (x2)) =

((G;B)+F (x1))+ ((G;B)+F (x2)) = g(F (x1))+ g(F (x2)): Also for all r 2 R and for all x 2 A;

g(r � F (x)) = (G;B) + r � F (x) = r � (G;B) + r � F (x) = r � [(G;B) + F (x)] = r � g(F (x))

because (G;B) is zero of (F;A)=(G;B) so we can write (G;B) = r � (G;B): Therefore g is

homomorphism and hence epimorphism. Now we show that Imf = (G;B) = kerg: So for this;

let F (x) 2 kerg =) g(F (x)) = (G;B) =) (G;B) + F (x) = (G;B) =) F (x) 2 (G;B):

Since f is inclusion map so f(F (x)) = F (x) =) F (x) 2 f(G;B) = Imf =) F (x) 2 Imf .

Hence it follows that kerg � Imf:::::::::::::::::(�). Let F (x) 2 Imf . Then there exist an element

F (x) 2 (G;B) such that F (x) = f(F (x)) =) g(F (x)) = g(f(F (x))) =) (G;B) + F (x) =

g(F (x)) =) (G;B) = g(F (x)) =) F (x) 2 kerg =) Imf � kerg:::::::::::::::::(��): Hence from

(�) and (��) we have Imf = kerg: Now to show Imf = (G;B), let F (x) 2 Imf . Then there

exists an element G(y) 2 (G;B) such that f(G(y)) = F (x); where y 2 B. Now as f is inclusion

map so G(y) = F (x) =) F (x) 2 (G;B) =) Imf � (G;B)::::::(� � �): For all y 2 B, let G(y) 2

(G;B) =) f(G(y)) = G(y) =) G(y) 2 Imf . Hence (G;B) � Imf::::::(� � ��). Thus from

(� � �) and (� � ��) we have Imf = (G;B): Finally, let F (x) 2 kerg () g(F (x)) = (G;B)()

(G;B) + F (x) = (G;B) () F (x) 2 (G;B) () (G;B) = kerg. Hence Imf = (G;B) = kerg:

96



Consequently, the sequence 0 �! G(y)
f�! F (x)

g�! F (x)=G(y) �! 0 is short exact sequence.

In the following we extend the �Five Lemma� in terms of soft LA-modules.

Lemma 122 Let (Fi; Ai) and (Gi; Bi) be soft LA-modules overM , where i = 1; 2; 3; 4; 5: Consider

a commutative diagram

of R- LA-modules and homomorphisms with exact rows

(1) If t2and t4 are epimorphisms and t5 is a monomorphism, then t3 is an epimorphism.

(2) If t2and t4 are monomorphisms and t1 is an epimorphism, then t3 is a monomorphism.

Proof. (1) Suppose that t2and t4 are epimorphisms and t5 is a monomorphism. For all y 2 B3;

let "3 2 G3(y): Then g3("3) 2 G4(y) for all y 2 B4. Since t4 is an epimorphism, then there exists

an element "
0
4 2 F4(x) for all x 2 A4 such that g3("3) = t4("

0
4) for all y 2 B3: By commutativity

of diagram, t5f4("
0
4) = g4t4("

0
4) =) t5f4("

0
4) = g4(g3("3)) = 0 because Img3 = kerg4: As t5 is a

monomorphism thus f4("
0
4) = 0: The row being exact there exists an element "

0
3 2 F3(x) for all x 2

A3; such that f3("
0
3) = "

0
4: Then g3("3) = t4("

0
4) = t4(f3("

0
3)) = g3t3("

0
3) and so g3("3)�g3t3("

0
3) =

0 =) g3("3� t3("
0
3)) = 0 =) "3� t3("

0
3) 2 kerg3 =) "3� t3("

0
3) 2 Img2 because Img2 = kerg3:

Therefore there exists an element "2 2 G2(y) for all y 2 B2 such that g2("2) = "3 � t3("
0
3):

The homomorphism t2 being an epimorphism, there exists an element "
0
2 2 F2(x) for all x 2 A2

such that t2("
0
2) = "2: But then g2("2) = g2(t2("

0
2)) =) "3 � t3("

0
3) = g2(t2("

0
2)) = t3f2("

0
2) by

commutativity of diagram. It follows that "3 = t3f2("
0
2) + t3("

0
3) = t3(f2("

0
2) + "

0
3): Hence t3 is

epimorphism.
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(2) Suppose t2and t4 are monomorphisms and t1 is an epimorphism. For all x 2 A3; let

"
0
3 2 F3(x) such that t3("

0
3) = 0. Then 0 = g3(0) = g3t3("

0
3) = t4(f3("

0
3)) because diagram is

commutative, =) 0 = t4(f3("
0
3)): Now t4 being a monomorphism we have f3("

0
3) = 0: It follows

that "
0
3 2 kerf3 but due to exact row kerf3 = Imf2 =) "

0
3 2 Imf2: Then there exists an element

"
0
2 2 F2(x) for all x 2 A2 such that f2("

0
2) = "

0
3. But from commutativity of diagram g2t2("

0
2) =

t3f2("
0
2): Then it follows that g2t2("

0
2) = t3f2("

0
2) = t3("

0
3) = 0. This implies that g2t2("

0
2) = 0 =)

t2("
0
2) 2 kerg2 and hence t2("

0
2) 2 Img1: Then there exists an element "1 2 G1(y) for all y 2 B1

such that g1("1) = t2("
0
2): Since t1 is an epimorphism, then there exists an element "

0
1 2 F1(x) for all

x 2 A1 such that t1("
0
1) = "1: Then t2("

0
2) = g1("1) = g1(t1("

0
1)) = t2f1("

0
1) =) t2("

0
2) = t2f1("

0
1):

Now t2 being a monomorphism, we have "
0
2 = f1("

0
1) and hence "

0
3 = f2("

0
2) = f2(f1("

0
1)) = 0 =)

"
0
3 = 0: Hence proved that t3 is a monomorphism.

Following corollary is the consequence of Lemma 122.

Corollary 123 Consider a commutative diagram with exact rows

If any two t1; t2; t3 are isomorphism, then so is the third.

Proof. Follows from Lemma 122.
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Chapter 7

Projective and Injective LA-modules

Introduction
Basically, chapter 7 has been included in phase one of the study, in which we establish some

theoretical results regarding projective and injective LA-modules. In fact, projective and injective

LA-modules are generalization of projective and injective modules. We are with the plan to use the

concepts of soft sets to projective and injective LA-modules in the subsequent chapter. The scheme

of study of this chapter comprises two sections. Section one is devoted to projective LA-modules,

free LA-modules, split sequence in LA-modules and its related results. To construct the example

of projective LA-modules we have de�ned LA-vector space also and which intuitively would be the

most useful tool for further developments. In section two, we de�ne injective LA-modules and prove

some of its related results.

7.1 Projective LA-modules

We initiate this section with the de�nition of projective LA-modules and also give its example by

constructing LA-vector space �rst. Throughout this chapter R-homomorphism is considered as R

LA-homomorphism.
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De�nition 124 Let M be a left LA-module over LA-ring R, M is called projective LA-module, if

given diagram

of R LA-modules and LA-homomorphisms with row exact. There exists an R LA-homomorphism

g :M ! A which makes the completed diagram commutative that is �g = f .

To construct the example of projective LA-module, �rst we need to de�ne LA-vector space.

De�nition 125 A non-empty set V together with binary operations "addition and scalar multipli-

cation" is said to be an LA-vector space over an LA-�eld F if F�V ! V de�ned as (f; v) 7! fv 2 V;

where f 2 F and v 2 V satis�es the following:

(i) (V;+) is an LA-group;

(ii) If f; g 2 F and v 2 V then (f + g)v = fv + gv;

(iii) If f 2 F and v1; v2 2 V then f(v1 + v2) = fv1 + fv2;

(iv) If f; g 2 F and v 2 V then f(gv) = g(fv);

(v) For v 2 V; 1:v = v:

Example 126 Let (F;+; :) is an LA-�eld and S is a commutative semigroup. It is well known that

every commutative semigroup is an LA-semigroup. Consider F [S] = f
nX
i=1

fisi : fi 2 F; si 2 Sg;

which is obviously is an additive LA-group. De�ne the map F � F [S] 7! F [S] by (f;
nX
i=1

fisi) 7!

nX
i=1

(ffi)si which is well-de�ned. It is easy to verify the (ii), (iii) and (v) property. Here we only
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prove the (iv) property of LA-vector space. So for this consider f(g
nX
i=1

fisi) = f(

nX
i=1

(gfi)si) =

(
nX
i=1

(f(gfi))si): Since F is an LA-�eld with left identity, then by [?, Lemma 4], a(bc) = b(ac) holds

for all a; b; c 2 F: Hence f(g
nX
i=1

fisi) = (
nX
i=1

(g(ffi))si) = g(
nX
i=1

(ffi)si) = g(f
nX
i=1

fisi): Thus

f(g

nX
i=1

fisi) = g(f

nX
i=1

fisi): Hence proved.

Remark 127 If (S; :) is a commutative semigroup and we know that every commutative semigroup

is an LA-semigroup. It is easy to observe that S becomes a free basis for F [S] as an LA-vector

space over an LA-�eld F . Indeed, let consider f1s1 + f2s2 + :::+ fnsn = 0: Since s1; s2; :::; sn 2 S

and si 6= 0 for all i = 1; 2; :::; n; so; fi = 0 for all i = 1; 2; :::; n: Thus s1; s2; :::; sn are linearly

independent. Now let f1; f2; :::; fn 2 F and s1; s2; :::; sn 2 S: Then, f1s1 + f2s2 + ::: + fnsn is

a linear combination of elements of S whose coe¢ cients are from the LA-�eld F: Thus S is a free

basis for F [S] as an LA-vector space over LA-�eld F .

Now we give example of projective LA-modules.

Example 128 An LA-vector space over an LA-�eld F is a free F LA-module and hence is a

projective LA-module.

De�nition 129 A left R LA-module F is called a free left R LA-module on a basis X 6= �; if

there is a map � : X ! F such that given any map f : X !M; whereM is any left R LA-module,

there exists a unique R LA-homomorphism g : F !M such that f = g�:

The unique LA-homomorphism g : F ! A is said to extend the map f : X ! A:

Theorem 130 Every free R LA-module is projective LA-module.
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Proof. Let F be a free LA-module with basis X. Let

be a diagram of R LA-modules and R-homomorphism in which row is exact. Let x 2 X. Then

f(x) 2 B and as � is onto, so there exists a 2 A such that �(a) = f(x): De�ne g : X ! A by

g(x) = a and extend this function g : F ! A; here it can be seen easily that �g(x) = �(g(x)) =

�(a) = f(x): Hence it follows that �g = f . Therefore it is proved that every free LA-module is

projective LA-module.

Remark 131 On the other hand if LA-module is not free then it will not be projective LA-module.

To illustrate this fact we have the following example.

Example 132 Consider the following cayley tables of LA-module (M;+) over an LA-ring (R;+; :):

LA� ring (R;+; :)
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+ 0 1 2 3 4 5 6 7

0 2 4 0 6 1 7 3 5

1 3 2 6 5 0 4 7 1

2 0 1 2 3 4 5 6 7

3 1 5 4 2 7 6 0 3

4 6 0 3 7 2 1 5 4

5 7 3 5 1 6 2 4 0

6 4 7 1 0 5 3 2 6

7 5 6 7 4 3 0 1 2

� 0 1 2 3 4 5 6 7

0 2 5 2 5 5 2 5 2

1 0 1 2 3 4 5 6 7

2 2 2 2 2 2 2 2 2

3 0 4 2 6 1 5 3 7

4 0 3 2 1 6 5 4 7

5 2 0 2 0 0 2 0 2

6 0 6 2 4 3 5 1 7

7 2 7 2 7 7 2 7 2

LA� group (M;+)

+ 0 1 2 3 4 5 6 7

0 2 4 0 6 1 7 3 5

1 3 2 6 5 0 4 7 1

2 0 1 2 3 4 5 6 7

3 1 5 4 2 7 6 0 3

4 6 0 3 7 2 1 5 4

5 7 3 5 1 6 2 4 0

6 4 7 1 0 5 3 2 6

7 5 6 7 4 3 0 1 2

From tables it is can be seen that additive LA-group (M;+) becomes an LA-module. If n is

the order of the �nite LA-group M then n =jM j= 8 and also we can observe from the table that

2 is the zero element of M . Choose an element 1 2 M we see that 8(1) = 2M ; also 8(2) = 2M ;

likewise it can be proved that for all m 2 M , nm = 0M : This further implies that m can never be

a part of basis. Thus M is not a free LA-module and hence is not projective LA-module.
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Proposition 133 Let M be a projective R LA-module. If the diagram

of R LA-modules and homomorphisms the row is exact and �f = 0, then there exist a homomor-

phism g :M ! A such that �g = f:

Proof. Let B = Im� = ker� and � : A ! B be the homomorphism induced by �: So

that �f = 0 this implies that Imf is contained in ker� = Im� = B: Therefore f induces a

homomorphism f : M ! B such that if i : B ! B is the inclusion map then � = i� and f = if :

We have then a diagram

in which row is exact. The module M is as projective LA-module, so there exists a homomorphism

g : M ! A such that �g = f: But �g = i�g = if = f: This implies that �g = f . Hence proved.

Proposition 134 The LA-module M is projective LA-module if and only if Mj is projective LA-

module for every j 2 J:
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Proof. Suppose that every Mj is projective LA-module for every j 2 J: Consider, a diagram

with row exact. We have a homomorphism fij :Mj ! B for every j 2 J and Mj being projective

LA-module, so there exists a homomorphism gj : Mj ! A such that �gj = fij : Now de�ne

g :M ! A by g(x) =
P
j
gj�j(x); for x 2M:

It can be observed that the sum on the right hand side is �nite. Then g is a homomorphism. Now to

show projective LA-module, so for x 2 M , �g(x) = �(
P
j
gj�j(x)) =

P
j
�gj�j(x) =

P
j
fij�j(x) =

f(
P
j
ij�j(x)) = f((

P
j
ij�j)(x)) = f(x): Therefore it shows that �g = f: Hence it is proved that

M is projective LA-module. Conversely, suppose that M is projective LA-module. For any j 2 J ,
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consider a diagram

with row exact. Then f�j :M ! B is a homomorphism and M being projective LA-module,

there exists a homomorphism g : M ! A such that �g = f�j : Now let take gj = gij which is

a homomorphism from Mj ! A, then �gj = �gij = f�jij = f: Hence it is proved that Mj is

projective LA-module.

De�nition 135 A short exact sequence of the form O ! P
i! Q

j! R ! O of LA-modules

and homomorphisms is said to splits or split sequence of LA-modules, if any of the following these

condition holds

(i) there exists a homomorphism  : Q! P such that i =?P

(ii) there exists a homomorphism � : R! Q such that j� =?R

(iii) Imi is a direct summand of Q.

Remark 136 Since every R LA-module is homomorphic image of a free R LA-module and every

free R LA-module is projective, then we the following result.
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Lemma 137 Every R LA-module is a homomorphic image of a projective R LA-module.

Proof. Straightforward.

Theorem 138 An R LA-module M is projective LA-module if and if every exact sequence O !

A! B !M ! O splits.

Proof. Suppose that M is projective LA-module. Consider an exact sequence,

then by de�nition of projective LA-module, there exists a homomorphism h : M ! B such that

gh =?Mwhich shows that the sequence splits. Now conversely, suppose that the sequence of the

form O ! A ! B ! M ! O splits. Since every LA-module being homomorphic image of a free

R LA-module. Let F being free R LA-module and � : F ! M be an epimorphism. If A denotes

the kernel �, we get an exact sequence O ! A
i! F

�!M ! O which by hypothesis splits. Thus

F �= M � A: The R LA-module F being free is projective LA-module and hence this implies that

M and A are projective. Hence proved.

Proposition 139 (Projective Basis Theorem for LA-module).

An R LA-module M is projective i¤ there exists a subset fmi : i 2 Ig of M and a set

f�i :M ! R; i 2 Ig of R LA-homomorphisms such that

(i) For any m 2M; �i(m) = 0 for almost all i 2 I:

(ii) For any m 2M , m = ��i(m)mi. Also then M is generated by the elements fmi : i 2 Ig:
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Proof. Firstly, suppose thatM is projective LA-module. Let F be a free R LA-module with the

basis fxi : i 2 Ig and � : F !M be an epimorphism. The module M being projective LA-module

over R: Then there exists

a homomorphism  : M ! F such that � =?M : Now for any i 2 I, de�ne �i : M ! R

by �i(m) = ri where (m) = �
i2I
rixi , ri 2 R: It is clear that �i are well-de�ned. As F is free

LA-module on fxi : i 2 Ig and �i are clearly LA-homomorphisms. Since (m) is �nite sum of

the form �
i2I
rixi; �i(m) = 0 for almost all i. For i 2 I; de�ne mi = �(xi): If m 2 M then

m = �(m) = �((m)) = �( �
i2I
rixi) = �

i2I
ri�(xi) = �

i2I
rimi = �

i2I
�i(m)mi: Hence (i)and (ii) are

proved. Conversely, suppose that there is a subset fxi : i 2 Ig of M and a set f�i :M ! R; i 2 Ig

of R LA-homomorphisms such that the conditions (i) and (ii) are true. Now consider a set X =

fxi : i 2 Ig of symbols indexed by the same set I and let F be a free LA-module with basis X.

The map � : X ! M given by �(xi) = mi where i 2 I; extends to homomorphism � : F ! M

. If m 2 M; then m = �
i2I
�i(m)mi = �

i2I
�i(m)�(xi) = �( �

i2I
�i(m)xi) which shows that � is

an epimorphism. On other hand, de�ne a map  : M ! F by (m) = �
i2I
�i(m)xi::::::::(�): By

condition (i) satis�ed by �i; the right hand side of (�) is a �nite sum. That is  is LA-homomorphism

follows easily. Also, for m 2 M; �(m) = �( �
i2I
�i(m)xi) = �

i2I
�i(m)�(xi) = �

i2I
�i(m)mi = m by

condition (ii): Hence � =?M : Therefore, it shows that an LA-epimorphism � splits. And hence

M is a direct summand of the free LA-module F and thus proved that M is projective LA-module.
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7.2 Injective LA-modules

In this section, we de�ne injective LA-modules and establish some relevant results.

De�nition 140 Let I be a left LA-module over LA-ring R, I is called injective LA-module, if

given diagram

of R LA-modules and LA-homomorphisms with row exact. Then there exists anR LA-homomorphism

g : B ! I which makes the completed diagram commutative that is g� = f .

Alternatively, we can de�ne injective LA-module as:

De�nition 141 A left LA-module M over an LA-ring R is injective if M is an LA-submodule of

some other left LA-module N , then there exists another LA-submodule K of N such that N is the

internal direct sum of M and K, i.e. M +K = N and M \K = f0g:

Example 142 In view of above de�nition we have the following examples of injective LA-module.

(1) f0g LA-module is trivially an injective LA-module.

(2) Let K be an LA-�eld then every K LA-vector space is an injective K LA-module.
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Proposition 143 If I is an injective R LA-module. Then given diagram

with row exact and f� = 0; then there exists a homomorphism g : C ! I such that the completed

diagram is commutative g� = f:

Proof. Let X = ker� = Im�: Then � induces a monomorphism
�
� : B=X ! C; given by

�
�(b+X) = �(b); where b 2 B: Let

�
�(b1+X) =

�
�(b2+X)) �(b1) = �(b2)) �(b1)��(b2) = 0)

�(b1�b2) = 0) b1�b2 2 ker� = X ) b1�b2 2 X ) b1�b2+X = X ) b1�b2+X = b2+X;

hence it shows that
�
� is a monomorphism. Also f� = 0) f(�(a)) = 0(a) = 0) f(�(a)) = 0)

�(a) 2 kerf but �(a) 2 Im� ) Im� � kerf ) X = Im� � kerf and, therefore f induces a

homomorphism
�
f : B=X ! I by

�
f(b +X) = f(b); where b 2 B: Let � : B ! B=X denotes the

natural projection. Then
�
f�(b) =

�
f(�(b)) =

�
f(b + X) = f(b) for all b 2 B; hence

�
f� = f and

�
��(b) =

�
�(�(b)) =

�
�(b +X) = �(b) for all b 2 B; therefore

�
�� = �: Since I is an injective LA-

module, so there exists a homomorphism g : C ! I such that
�
f = g

�
� then g� = g

�
�� =

�
f� = f .

Hence proved.

Proposition 144 Let fIjgj2J be a family of R LA-modules and I = �
j2J

Ij (=direct product of

Ij). Then I is injective LA-module if and only if Ij is injective.

Proof. Since I = �
j2J

Ij ; there exists a homomorphism ij : Ij ! I and pj : I ! Ij such

that pjij =?Ijand pkij = 0; the zero map if j 6= k: Let � : A ! B be a monomorphism of R
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LA-modules. Suppose that every Ij is an injective LA-module, by considering diagram.

Let f : A! I be a homomorphism, then pjf : A! Ij is a homomorphism and as Ij being injective,

then there exists a homomorphism gj : B ! Ij such that gj� = pjf: Now de�ne g : B ! I by

g(b) = (gj(b)); b 2 B: Then g is a homomorphism and for a 2 A; g(�(a)) = (gj�(a)) = pjf(a) =

f(a), which shows that g� = f: Hence proved that I is an injective LA-module. Conversely, suppose

that I is an injective LA-module. For any j 2 J; let fj : A! Ij be a homomorphism.

The module I being injective LA-module, there exists a homomorphism g : B ! I such that

g� = ijfj : Then pjg : B ! Ij is a homomorphism such that pjg� = pjijfj = fj . Hence proved

that Ij is an injective LA-module.
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Proposition 145 If I is an injective LA-module, then every exact sequence of the form O ! I
�!

A
�! B ! O splits.

Proof. Consider the diagram,

since I is an injective LA-module, so there exists a homomorphism g : A! I such that g� =?I :

Hence this proves that the exact sequence of the form O ! I
�! A

�! B ! O splits.
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Chapter 8

Projective and Injective Soft

LA-modules

Introduction
In this chapter, we apply the concepts of soft sets to the notions discussed in chapter 7. Here is

the right place to use the concepts of soft LA-homomorphism and exact sequence in soft LA-modules

as discussed earlier in chapter 6; to develop the theory of projective and injective soft LA-modules.

The study of this chapter is based on two sections. In section one we give the concepts of projective

soft LA-modules, free soft LA-module and split sequence in soft LA-module and establish various

related results. In section two, we develop the concept of injective soft LA-modules and prove it

results by using the concepts of free soft LA-modules and split sequence in soft LA-modules as

discussed earlier in section one.

8.1 Projective Soft LA-modules

As we are familiar with the notions of exact sequence in LA-modules, LA-homomorphism and

projective LA-modules as discussed earlier in chapter 6 and 7. Now we initiate this section with the
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de�nition of projective soft LA-modules and investigate its various results.

De�nition 146 Let M be a left LA-module over LA-ring R: Then (F;A) is called a projective

soft LA-module over M , if the given diagram

of soft LA-modules and soft LA-homomorphisms with row exact, there exists an soft LA-homomorphism

�
g : F (x)! G(y) which makes the completed diagram commutative that is

�
�
�
g =

�
f .

De�nition 147 A soft LA-module (F �; A) over M is called a free soft LA-module on a basis

(
�
X;A) 6= �; if there is a map

�
� :

�
X(x)! F �(x) such that given any map

�
f :

�
X(x)! G�(y); where

(G�; B) is any soft LA-module, there exists a unique soft LA-homomorphism
�
g : F �(x) ! G�(y)

such that
�
f =

�
g
�
�:

Theorem 148 Every free soft LA-module is projective soft LA-module.

Proof. Let (F �; A) be a free soft LA-module with basis (
�
X;A). Let
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be a diagram of soft LA-modules and soft LA-homomorphism in which row is exact. Let x 2
�
X(x)

for all x 2 A. Then
�
f(x) 2 H(z) for all z 2 C; x 2 A and as

�
� is onto, so there exists b 2 G(y)

for all y 2 B such that
�
�(b) =

�
f(x): De�ne

�
g :

�
X(x) ! G(y); for all x 2 A; for all y 2 B by

�
g(x) = b and extend this function

�
g : F �(x)! G(y) where x 2 A; y 2 B: It can be observed that

�
�
�
g(x) =

�
�(
�
g(x)) =

�
�(b) =

�
f(x): Hence it follows that

�
�
�
g =

�
f . Therefore it is proved that every

free soft LA-module is projective soft LA-module.

Proposition 149 Let (F;A) be a projective soft LA-module. If the diagram

of soft LA-modules and soft LA-homomorphisms the row is exact and
�
�
�
f = 0, then there exist a

homomorphism
�
g : F (x)! G(y) for all x 2 A and y 2 B such that

�
�
�
g =

�
f:

Proof. Let
�
H = Im

�
� = ker

�
� and

�
�
� : G(y) !

�
h(z) be the homomorphism induced by

�
�

where y 2 B and z 2 C: So that
�
�
�
f = 0 this implies that Im

�
f is contained in ker

�
� = Im

�
� =

�
H:

Therefore
�
f induces a homomorphism

�
�
f : F (x) !

�
H(z) where z 2 C and x 2 A; such that if

�
i :

�
H(z)! H(z) is the inclusion map then

�
� = i

�
�
� and

�
f = i

�
�
f: We have then a diagram
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in which row is exact. The soft LA-module F (x) for all x 2 A is projective soft LA-module, so

there exists a homomorphism
�
g : F (x) ! G(y) such that

�
�
�
�
g =

�
�
f for x 2 A and y 2 B: But

�
�
�
g = i

�
�
�
�
g = i

�
�
f =

�
f .This implies that

�
�
�
g =

�
f . Hence proved.

Proposition 150 The soft LA-module (F;A) is projective soft LA-module if and only if (Fj ; A)

is projective soft LA-module for every j 2 J:

Proof. Suppose that every (Fj ; A) is projective soft LA-module for every j 2 J: Consider, a

diagram

with row exact. We have a soft LA-homomorphism
�
f
�
i j : Fj(x) ! H(z) for all x 2 A; z 2 C and

j 2 J . Fj(x) being projective soft LA-module, so there exists a homomorphism
�
gj : Fj(x)! G(y)

such that
�
�
�
gj =

�
f
�
i jfor all x 2 A; y 2 B and j 2 J: Now de�ne

�
g : F (x) ! G(y) for all

x 2 A; y 2 B by
�
g(") =

P
j

�
gj
�
�j("); for " 2 F (x), x 2 A:
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It can be observed that the sum on the right hand side is �nite. Then
�
g is a soft homomorphism.

Now to show projective soft LA-module, so for " 2 F (x) where x 2 A, ���g(") = �
�(
P
j

�
gj
�
�j(")) =P

j

�
�
�
gj
�
�j(") =

P
j

�
f
�
i j
�
�j(") =

�
f(
P
j

�
i j
�
�j(")) =

�
f((
P
j

�
i j
�
�j)(")) =

�
f("): Therefore it shows that

�
�
�
g =

�
f . Hence it is proved that (F;A) is projective soft LA-module. Conversely, suppose that

F (x) for all x 2 A is projective soft LA-module. For any j 2 J , consider a diagram

with row exact. Then for all x 2 A and z 2 C;
�
f
�
�j : F (x)! H(z) is a homomorphism

and F (x) being projective soft LA-module, there exists a homomorphism
�
g : F (x) ! G(y) such

that
�
�
�
g =

�
f
�
�jwhere x 2 A and y 2 B: Now let take

�
gj =

�
g
�
i j which is a homomorphism from

Fj(x) ! G(y), then
�
�
�
gj =

�
�
�
g
�
i j =

�
f
�
�j
�
i j =

�
f: Hence it is proved that Fj(x) is projective soft

LA-module.

De�nition 151 A short exact sequence of the form O ! F (x)
�
i! G(y)

�
j! H(z) ! O of soft

LA-modules and soft homomorphism is said to splits or split sequence of soft LA-modules, if any of
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the following these condition holds

(i) there exists a homomorphism
�
 : G(y)! H(z) such that

�

�
i =?F (x)

(ii) there exists a homomorphism
�
� : H(z)! G(y) such that

�
j
�
� =?H(z)

(iii) Im
�
i is a direct summand of G(y)

where for all x 2 A; y 2 B and z 2 C:

Theorem 152 Every soft LA-module is a homomorphic image of a free soft LA-module.

Proof. Let (F;A) be a soft LA-module over M . Let (
�
X;B) 6= � be soft set of the elements

of which are in one to one correspondence with the elements of (F;A). Let the elements of (
�
X;B)

corresponding to the element " 2 (F;A) be denoted �
x". Let (F �; B) be the free soft LA-module

over N with basis (
�
X;B): For all x 2 A and y 2 B, let

�
f :

�
X(y) ! F (x) be the map given by

�
f(

�
x") = ": Then by de�nition 147, for all x 2 A and y 2 B,

�
g : F �(y) ! F (x) is the unique

homomorphism which satis�es
�
g(

�
x") = " =

�
f(

�
x"): Thus

�
g is an epimorphism and hence it is proved

that (F;A) is a homomorphic image of (F �; B):

Remark 153 Since every soft LA-module is homomorphic image of a free soft LA-module and

every free soft LA-module is a projective soft LA-module, then we the following result.

Lemma 154 Every soft LA-module is a homomorphic image of a projective soft LA-module.

Proof. Straightforward by theorem 148 and theorem 152.

Theorem 155 A soft LA-module (F;A) is projective soft LA-module if and only if every exact

sequence O ! G(y)! H(z)! F (x)! O splits for all x 2 A; y 2 B and z 2 C.
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Proof. Suppose that for all x 2 A; F (x) is a projective soft LA-module. Consider an exact

sequence,

then by de�nition of projective soft LA-module, there exists a homomorphism
�
h : F (x) ! H(z)

where x 2 A and z 2 C; such that �g
�
h =?F (x)which shows that the sequence splits. Now conversely,

suppose that the sequence of the form O ! G(y) ! H(z) ! F (x) ! O splits. Since every soft

LA-module being homomorphic image of a free soft LA-module. Let (F �; D) being free soft LA-

module and
�
� : F �(t) ! F (x) be an epimorphism for all t 2 D and x 2 A. If G(y) denotes the

kernel
�
�, we get an exact sequence O ! G(y)

�
i! F �(t)

�
�! F (x) ! O which by hypothesis splits.

Thus F �(t) �= F (x) � G(y): The soft LA-module (F �; D) being free is projective soft LA-module

and hence this implies that F (x) and G(y) are projective. Hence proved.

8.2 Injective Soft LA-modules

De�nition 156 Let (I; A) be a soft LA-module over M , (I;A) is called injective soft LA-module,

if given diagram
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of soft LA-modules and soft LA-homomorphisms with row exact, then there exists a homomorphism

�
g : G(z) ! I(x) for all z 2 C and x 2 A; which makes the completed diagram commutative that

is
�
g
�
� =

�
f .

Proposition 157 If (I;A) is an injective soft LA-module, then given diagram

with row exact and
�
f
�
� = 0; there exists a homomorphism

�
g : H(t)! I(x) such that the completed

diagram is commutative
�
g
�
� =

�
f for all x 2 A and t 2 D:

Proof. Let X(z) � G(z) = ker
�
� = Im

�
� where z 2 C: Then

�
� induces a monomorphism

�
�
� : G(z)=X(z) ! H(t) for all t 2 D and z 2 C; given by

�
�
�(" +X(z)) =

�
�("); where " 2 G(z):

Let

�
�
�("1 +X(z)) =

�
�("2 +X(z)) )

�
�("1) =

�
�("2) )

�
�("1) �

�
�("2) = 0 )

�
�("1 � "2) = 0 )

"1 � "2 2 ker
�
� = X(z)) "1 � "2 2 X(z)) "1 � "2 +X(z) = X(z)) "1 +X(z) = "2 +X(z);

hence it shows that

�
�
� is a monomorphism. Also

�
f
�
� = 0)

�
f(
�
�("0)) = 0("0) = 0)

�
f(
�
�("0)) = 0)

�
�("0) 2 ker

�
f but

�
�("0) 2 Im�

� ) Im
�
� � ker

�
f ) X = Im

�
� � ker

�
f and, therefore

�
f induces a

homomorphism

�
�
f : G(z)=X(z) ! I(x) for all x 2 A and z 2 C; by

�
�
f(" + X(z)) =

�
f("); where

" 2 G(z): Let
�
� : G(z) ! G(z)=X(z) denotes the natural projection. Then

�
�
f
�
�(") =

�
�
f(
�
�(")) =

�
�
f("+X(z)) =

�
f(") for all " 2 G(z); hence

�
�
f
�
� =

�
f and

�
�
�
�
�(") =

�
�
�(
�
�(")) =

�
�
�("+X(z)) =

�
�(")

for all " 2 G(z); therefore

�
�
�
�
� =

�
�: Since I(x) is an injective soft LA-module, so there exists a

homomorphism
�
g : H(t) ! I(x) for all t 2 D and x 2 A such that

�
�
f =

�
g

�
�
� then

�
g
�
� =

�
g

�
�
�
�
� =

�
�
f
�
� =

�
f . Hence proved.
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Proposition 158 Let (Ij ; A)j2J be a family of soft LA-modules and I(x) = �
j2J

Ij(x) (=direct

product of Ij) for all x 2 A. Then I(x) is injective soft LA-module if and only if Ij(x) is injective

soft LA-module.

Proof. Since for all x 2 A; I(x) = �
j2J

Ij(x); there exists a homomorphism
�
i j : Ij(x)! I(x)

and
�
pj : I(x)! Ij(x) such that

�
pj
�
i j =?Ijand

�
pk
�
i j = 0; the zero map if j 6= k: Let

�
� : F (y)!

G(z) for all y 2 B and z 2 C be a monomorphism of soft LA-modules. Suppose that every Ij(x)

for all x 2 A; is an injective soft LA-module, by considering diagram.

Let
�
f : F (y) ! I(x) be a homomorphism for y 2 B and x 2 A, then

�
pj
�
f : F (y) ! Ij(x) is

a homomorphism and as Ij(x) being injective soft LA-module, then there exists a homomorphism

�
gj : G(z) ! Ij(x) such that

�
gj
�
� =

�
pj
�
f , where z 2 C and x 2 A: Now de�ne

�
g : G(z) ! I(x)

by
�
g(") = (

�
gj(")); " 2 G(z): Then

�
g is a homomorphism and for "0 2 F (y) where y 2 B;

�
g(
�
�("0)) = (

�
gj
�
�("0)) =

�
pj
�
f("0) =

�
f("0), which shows that

�
g
�
� =

�
f: Hence proved that I(x) is an

injective soft LA-module. Conversely, suppose that I(x) is an injective soft LA-module. For any
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j 2 J; let
�
f j : F (y)! Ij(x) be a homomorphism where y 2 B and x 2 A.

The soft LA-module I(x) being injective soft LA-module, there exists a homomorphism
�
g : G(z)!

I(x) where z 2 C and x 2 A; such that �g�� =
�
i j
�
f j : Then

�
pj
�
g : G(z)! Ij(x) is a homomorphism

such that
�
pj
�
g
�
� =

�
pj
�
i j
�
f j =

�
f j . Hence proved that Ij(x) is an injective soft LA-module.

Proposition 159 If (I;A) is an injective soft LA-module, then every exact sequence of the form

O ! I(x)
�
�! F (y)

�
�! G(z)! O splits for every x 2 A; y 2 B and z 2 C.

Proof. Consider the diagram,

since I(x) is an injective soft LA-module, so there exists a homomorphism
�
g : F (y)! I(x) such that

�
g
�
� =?I(x) : Hence this proves that the exact sequence of the form O ! I(x)

�
�! F (y)

�
�! G(z)! O

splits.
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Chapter 9

Conclusion

The whole study in this thesis can be divided into two phases. In �rst phase, our main focus was

on the classical or theoretical work on LA-rings and LA-modules. This work has been devoted to

chapters 2, 3 and 7. In second phase, we dealt with the application of soft set theory to LA-rings

and LA-modules. These concepts have been studied in chapters 4, 5, 6 and 8.

Left almost rings (abbreviated as LA-rings), are in fact a generalization of commutative rings.

Despite the fact that this structure is non-associative and non-commutative, interestingly it possesses

properties which usually are valid in associative and commutative algebraic structures. For the

detailed study of LA-rings we refer the readers to see [119, 237, 256, 260, 262, 265].

In phase one of the study, �rst time we have constructed the non-trivial examples of LA-rings

by using the software Mace4. Also we have given a detailed survey of all types of non-associative

rings and its developments in di¤erent time span. Moreover, we discussed projective and injective

LA-modules which are infact a generalization of projective and injective modules.

In second phase, we have made an e¤ort to lay the foundation of the theory of soft non-associative

rings. We have initiated a step to apply soft sets (in Molodtsov�s sense) by considering a set of

parameters as a non-associative structure and have studied several related properties. We have in-

troduced the notions of soft LA-rings, soft subLA-rings. By de�ning soft ideals, soft prime ideals and
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soft semi-prime ideals, we have investigated various related properties and illustrated these notions

by number of corresponding examples. Also in this phase, we studied the concepts of concepts of

softM -systems, soft P -systems, soft I-systems, soft quasi-prime ideals, soft quasi-semiprime ideals,

soft irreducible and soft strongly irreducible ideals and establish several relevant results. Moreover,

in the same phase we have extended the notion of soft LA-rings to soft LA-modules. Also we have

introduced the concepts of quotient soft LA-modules, soft LA-homomorphisms, projective and in-

jective soft LA-modules and consequently established some properties of soft LA-modules regarding

exact sequence. The concepts focused in phase two have been discussed in chapter 4, 5, 6 and 8.

Some of the important conclusions which can be drawn from the chapters 2-8 are as follows:

(1) To keep the researchers well informed about all the types of non-associative rings, we have

provided a detailed survey. Although, we have discussed all types of non-associative rings but our

prime focus was on LA-rings. For the study of LA-rings we followed [119, 237, 256, 259, 260, 262,

265, 266].

(2) By following [317, 318, 261, 265], we have shown existence of LA-rings.

(3) We have introduced the concept of soft LA-rings. The motivation behind this study was an

article �Soft sets and soft rings�by U. Acar et al., [1] published in 2010. The supporting literature

for this study which we followed is in [11, 60, 133, 186, 204].

(4) We have investigated some elementary concepts in soft LA-rings by introducing the concept

of soft ideals. We also discussed soft M-systems, soft P-systems, soft I-systems, soft quasi-prime

ideals, soft quasi-semiprime ideals, soft irreducible and soft strongly irreducible ideals in soft LA-

rings. For this study we followed [1, 11, 60, 134, 237].

(5) We have made a functional approach to undertake a characterization of soft LA-modules

leading to a determination of some of its interesting theoretic properties. We have established some

useful results regarding soft LA-modules, soft LA-homomorphisms, quotient soft LA-modules and

�nally the exact sequence of soft LA-modules. During discussion on soft LA-modules, we followed
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[237, 260, 262, 265].

(6) Projective and injective LA-modules are generalization of projective and injective modules.

We have de�ned projective and injective LA-modules established several relevant results. Moreover,

for the construction of the example of projective and injective LA-modules, we have de�ned LA-

vector space also and which intuitively would be the most useful tool for further developments.

Moreover, we have applied the concepts of soft set theory to the notions of projective and injective

LA-modules. During this study we followed [9, 237, 265, 297, 303].

If we look into the future prospects of this study, we can see a lot of space to be �lled in. For

example, one can make further developments in the theory soft LA-rings by investigating fuzzy soft

LA-rings, (�; �) soft ideals in soft LA-rings, intutionistic fuzzy soft LA-rings, soft � LA-rings and

soft ordered LA-rings. Moreover, one can make developments by constructing soft tensor products

in soft LA-modules, pullback and pushout in soft LA-modules.
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[11] H. Aktaş and N. Ça¼gman, Soft sets and soft groups, Inform. Sci., 177(2007), pp. 2726-2735.

126



[12] K. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20(1986), pp. 87-96.

[13] K. Atanassov, Operators over interval valued intuitionistic fuzzy sets, Fuzzy Sets and Systems,

64(1994), pp. 159-174.

[14] J. C. Baez, The Octonions, Bull. Amer. Math. Soc., 39(2002), pp. 145-205.

[15] Luiz G. X. de Barros and S. O. Juriaans, Units in Integral loop rings, J. Algebra, 183(1996),

pp. 637-648.

[16] Luiz G. X. de Barros and S. O. Juriaans, Units in alternative integral loop rings, Results

Math., 31(1997), pp. 266-281.

[17] J. G. F. Belinfante and B. Kolman, A survey of Lie groups and Lie algebras with applications

and computational methods, SIAM J. Appl. Math., 1989.

[18] J. G. Belinfante, B. Kolman and H. A. Smith, An introduction to Lie groups and Lie algebras,

with applications, SIAM Rev., 8(1966), pp. 11-46.

[19] A. K. Bhandari and A. Kaila, Jordan decompositions in alternative loop rings, Rend. Circ.

Mat. Palermo (2), 50(2001), pp. 117-128.

[20] D. Bharathi, D. Eswara Rao and P. Ravi, Right nucleus in right alternative rings, International

Journal of Mathematical Archive, 4(2013), pp. 252-255.

[21] G. Birkho¤, Representability of Lie algebras and Lie groups by matrices, Ann. of Math.,

38(1937), pp. 526-532.

[22] R. E. Block, A uni�cation of the theories of Jordan and alternative algebras, Notices Amer.

Math. Soc., 16(1969), pp. 389-412.

[23] H. Braun and M. Koecher, Jordan-Algebren [German], Springer-Verlag, Berlin-New York,

1966.

127



[24] D. J. Britten, On prime Jordan rings H(R) with chain condition, J. Algebra, 27(1973), pp.

414-421.

[25] D. J. Britten, On semiprime Jordan rings H(R) with A.C.C, Proc. Amer. Math. Soc., 45(1974),

pp. 175-178.

[26] R. B. Brown, A new type of non-associative algebras, Proc. Natl. Acad. Sci. USA, 50(1963),

pp. 947-948.

[27] B. Brown and N. H. McCoy, Some theorems on groups with applications to ring theory, Trans.

Amer. Math. Soc., 69(1950), pp. 302-311.

[28] B. Brown and N. H. McCoy, Prime ideals in non-associative rings, Trans. Amer. Math. Soc.,

89(1958), pp. 245-255.

[29] R. H. Bruck, Some results in the theory of quasigroups, Trans. Amer. Math. Soc., 56(1944),

pp. 19-52.

[30] R. H. Bruck, Some results in the theory of linear non-associative algebras, Trans. Amer. Math.

Soc., 56(1944), pp. 141-199.

[31] R. H. Bruck, Contributions to the theory of loops, Trans. Amer. Math. Soc., 60(1946), pp.

245-354.

[32] R. H. Bruck, A survey of binary systems, Springer-Verlag, 1958.

[33] R. H. Bruck and E. Kleinfeld, The structure of alternative division rings, Proc. Amer. Math.

Soc., 2(1951), pp. 878-890.

[34] L. A. Cárdenas, M. G. Lozano and J. R. Calviño, The maximal left quotient rings of alternative

rings, Comm. Algebra, 33(2005), pp. 1031-1042.

128



[35] L. A. Cárdenas, M. G. Lozano and J. R. Calviño, On quotient rings in alternative rings, Comm.

Algebra, 42(2014), pp. 5464-5473.

[36] D. Chen, The parametrization reduction of soft sets and its Applications, Comput. Math.

Appl., 49(2005), pp. 757-763.

[37] O. Chein, Moufang loops of small order I, Trans. Amer. Math. Soc., 188(1974), pp. 31-51.

[38] O. Chein and E. G. Goodaire, Isomorphism of loops which have alternative loop rings, Comm.

Algebra, 13(1985), pp. 1-20.

[39] O. Chein and E. G. Goodaire, Loops whose loop rings are alternative, Comm. Algebra,

14(1986), pp. 293-310.

[40] O. Chein and E.G. Goodaire, Loops whose loop rings in characteristic 2 are alternative, Comm.

Algebra, 18(1990), pp. 659-688.

[41] O. Chein and E. G. Goodaire, SRAR loops with more than two commutators, J. Algebra,

319(2008), pp. 1903-1912.

[42] O. Chein, E. G. Goodaire and M. Kinyon, When is a right alternative loop ring that is also

right Bol actually Moufang, arXiv preprint arXiv:0803.2205 (2008).

[43] V. P. Chuvakov, Heredity of radicals in a class of non-commutative Jordan rings, Math. Notes,

54(1993), pp. 1267-1273.

[44] P. Coelho and U. Nunes, Lie algebra application to mobile robot control: a tutorial, Robotica,

21(2003), pp. 483-493.

[45] P. M. Cohn, A non-nilpotent Lie ring satisfying the Engel condition and a non-nilpotent Engel

group, Math. Proc. Cambridge Philos. Soc., 51(1955), pp. 401-405.

129



[46] J. J. O�Connor and E. F. Robertson, Maruis Sophus Lie, The Mac Tutor History of Mathe-

matics Archive (Accessed November 2, 2007).

[47] J. H. Conway and D. A. Smith, On quaternions and octonions, A. K. Peters, 2003.

[48] J. F. Cornwell, Group Theory in Physics: An Introduction, San Diego: Academic Press, 1997.

[49] R. Costa, A. Grishkov, H. Guzzo Jr and L. A. Peresi, Non-associative Algebra and its Appli-

cations, Proc. of the Fourth Intl. Conf, CRC Press, Marcel Dekker, New York, 2000.

[50] B. C. Dart and E. G. Goodaire, Loop rings satisfying identities of bol- moufang type, J.

Algebra Appl., 8(2009), pp. 401-411.

[51] G. M. Dixon, Division algebras: Octonions, quaternions, complex numbers and the algebraic

design of physics, Springer US, 1994.

[52] H. Doostie and L. Pourfaraj, Finite rings and loop rings involving the commuting regular

elements, International Mathematical Forum, 2(2007), pp. 2579-2586.

[53] G. V. Dorofeev, One example in the theory of alternative rings, Sibirsk. Mat. Zh., 4(1963),

pp. 1049-1052.

[54] R. Dubisch and S. Perlis, On the radical of a non-associative algebra, Amer. J. Math.,

70(1948), pp. 540-546.

[55] E. B. Dynkin, Computation of the coe¢ cients in the Campbell-Hausdor¤ formula, Dokl. Akad.

Nauk SSSR, 57(1947), pp. 323-326.

[56] T. S. Erockson and S. Montgomery, The prime radical in special Jordan rings, Trans. Amer.

Math. Soc., 156(1971), pp. 155-164.

[57] H. Essannouni and A. Kaidi, Semiprime alternative rings with A.C.C, Lecture Notes in Math.,

1328(1988), pp. 82-93.

130



[58] H. Essannounia and A. Kaidi, Goldie�s theorem for alternative rings, Proc. Amer. Math. Soc.,

121(1994), pp. 39-45.

[59] C. Faith, Radical extensions of rings, Proc. Amer. Math. Soc. , 12(1961), pp. 274-283.

[60] F. Feng, Y. B. Jun and X. Zaho, Soft semirings, Comput. Math. Appl., 56(2008), pp. 2621-

2628.

[61] B. L. M. Ferreira and R. Nascimento, Derivable maps on alternative rings, Rev. Ciênc. Exatas

Nat., 16(2014), pp. 9-15.

[62] A. Forsythe and N. H. McCoy, On the commutativity of certain rings, Bull. Amer. Math. Soc.,

52(1946), pp. 523-526.

[63] A. T. Gainov, Identical relations for binary-Lie rings, Uspekhi Mat. Nauk, 3(1957), pp. 141-

146.

[64] T. Gaketem, Quasi-ideals of a p-regular near left almost rings, International Journal of Pure

and Applied Mathematics, 87(2013), pp. 219-227.

[65] P. J. Garijo, The Jordan regular ring associated to a �nite JBW-algebra, J. Algebra, 110(1987),

pp. 56-73.

[66] C. R. Giraldo Vergara, A walk through the loop rings, Rev. Integr. Temas Mat., 30(2012),

pp. 15-24.

[67] S. Gonzalez, Non-associative algebra and its applications, Proc. of the Third Intl. Conf.

(Oviedo, Spain, 12-17 July 1993), Kluwer, Dordrecht, 1994.

[68] S. Gonzalez and C. Martinez, Order relation in Jordan rings and a structural theorem, Proc.

Amer. Math. Soc., 98(1986), pp. 379-388.

[69] E. G. Goodaire, Alternative loop rings, Publ. Math. Debrecen, 30(1983), pp. 31-38.

131



[70] E. G. Goodaire, A brief history of loop rings, Mat. Contemp., 16(1999), pp. 93-109.

[71] E. G. Goodaire, Nilpotent right alternative rings and Bol circle loops, Comm. Algebra,

28(2000), pp. 2445-2459.

[72] E. G. Goodaire, Units in right alternative loop rings, Publ. Math. Debrecen, 59(2001), pp.

353-362.

[73] E. G. Goodaire, Advances in loop rings and their loops, Quasigroups Related Systems,

15(2007), pp. 1-18.

[74] E. G. Goodaire, More on the History of loop rings, (2007).

[75] E. G. Goodaire and C. P. Milies, Isomorphisms of integral alternative loop rings, Rend. Circ.

Mat. Palermo (2), 37(1988), pp. 126-135.

[76] E. G. Goodaire and C. P. Milies, Torsion units in alternative loop rings, Proc. Amer. Math.

Soc., 107(1989), pp. 7-15.

[77] E. G. Goodaire and C. P. Milies, Ring alternative loops and their loop rings, Resenhas do

Instituto de Matemática e Estatística da Universidade de São Paulo, 2(1995), pp. 47-82.

[78] E. G. Goodaire and C. P. Milies, Finite subloops of units in an alternative loop ring, Proc.

Amer. Math. Soc., 124(1996), pp. 995-1002.

[79] E. G. Goodaire and C. P. Milies, Alternative loop rings with solvable unit loops, J. Algebra,

240(2001), pp. 25-39.

[80] E. G. Goodaire and C. P. Milies, Normal subloops in the integral loop ring of an RA loop,

Canad. Math. Bull., 44(2001), pp. 27-35.

[81] E. G. Goodaire and C. P. Milies, Normality of f -unitary units in an alternative loop rings, J.

Algebra Appl., 5(2006), pp. 537-548.

132



[82] E. G. Goodaire and M. M. Parmenter, Units in alternative loop rings, Israel J. Math., 53(1986),

pp. 209-216.

[83] E. G. Goodaire and M. M. Parmenter, Semi-simplicity of alternative loop rings, Acta Math.

Hungar., 50(1987), pp. 241-247.

[84] E. G. Goodaire and D. A. Robinson, A Class of loops with right alternative loop rings, Comm.

Algebra, 22(1994), pp. 5623-5634.

[85] E. G. Goodaire and D. A. Robinson, A Construction of loops which admit right alternative

loop rings, Results Math., 29(1996), pp. 56-62.

[86] E. G. Goodaire, Yuanlin Li and M. M. Parmenter, Hypercentral units in alternative loop rings,

J. Algebra, 283(2005), pp. 317-326.

[87] M. B. Gorzalzany, A method of inference in approximate reasoning based on interval-valued

fuzzy sets, Fuzzy Sets and Systems, 21(1987), pp. 1-17.

[88] F. Gürsey and C.H. Tze, On the role of division, Jordan and related algebras in particle physics,

World Scienti�c, 1996.

[89] M. Hall, A basis for free Lie rings and higher commutators in free groups, Proc. Amer. Math.

Soc., 1(1950), pp. 575-581.

[90] M. Hall and Jr, An identity in Jordan rings, Proc. Amer. Math. Soc., 7(1956), pp. 990-998.

[91] M. Hall and Jr, The theory of groups, MacMillan, New York, 1959.

[92] Harish-Chandra, Faithful representations of lie algebras, Ann. of Math., 50(1949), pp. 68-76.

[93] B. Hartley and T. Meixner, Finite soluble groups containing an element of prime order whose

centralizer is small, Arch. Math. (Basel), 36(1981), pp. 211-213.

133



[94] H. Hashimoto, On �-Modular right ideals on an alternative ring, Journal of the Faculty of

Science, Hokkaido University. Ser. 1, Mathematics, 15(1960), pp. 131-133.

[95] F. Hausdor¤, Die symbolische exponentialformel in der gruppentheorie, Ber Verh Saechs Akad

Wiss Leipzig, 58(1906), pp. 19-48.

[96] I. R. Hentzel, Right alternative rings with idempotents, J. Algebra, 17(1971), pp. 303-309.

[97] I. R. Hentzel, Generalized right alternative rings, Paci�c J. Math., 60(1975), pp. 95-102.

[98] I. R. Hentzel and L. A. Peresi, Almost Jordan rings, Proc. Amer. Math. Soc., 104(1988), pp.

343-348.

[99] I. N. Herstein, On the Lie and Jordan rings of a simple associative ring, Amer. J. Math.,

77(1955), pp. 279-285.

[100] I. N. Herstein, The Lie ring of a simple associative ring, Duke Math. J., 22(1955), pp. 471-476.

[101] I. N. Herstein, Lie and Jordan systems in simple rings with involution, Amer. J. Math.,

78(1956), pp. 629-649.

[102] I. N. Herstein, Jordan derivatives of prime rings, Proc. Amer. Math. Soc., 8(1957), pp. 1104-

1110.

[103] I. N. Herstein, Lie and Jordan structures in simple, associative rings, Bull. Amer. Math. Soc.,

67(1961), pp. 517-531.

[104] I. N. Herstein, Non-commutative rings, The Carus Mathematical Monographs15, MAA Textb.,

1968.

[105] I. N. Herstein, Topics in Ring Theory, University of Chicago Press, 1969.

[106] I. N. Herstein, On the Lie structure of an associative ring, J. Algebra, 14(1970), pp. 561-571.

134



[107] I. N. Herstein and E. Kleinfeld, Lie mappings in characteristic 2, Paci�c J. Math., 10(1960),

pp. 843-852.

[108] P. J. Higgins, Lie rings satisfying the engel condition, Math. Proc. Cambridge Philos. Soc.,

50(1954), pp. 8-15.

[109] G. Higman, The units of group rings, Proc. Lond. Math. Soc., 46(1940), pp. 231-248.

[110] G. Higman, Groups and rings having automorphisms without non-trivial �xed elements, J.

Lond. Math. Soc., 32(1957), pp. 321-332.

[111] P. Holgate, Groupoids satisfying a simple invertive law, Math. Stud., 61(1992), 101-106.

[112] C. Hopkins, Rings with minimal condition for left ideals, Ann. of Math., 40(1939), pp. 712-

730.

[113] M. Horn and S. Zandi, Second cohomology of Lie rings and the schur multiplier, Int. J. Group

Theory, 3(2014), pp. 9-20.

[114] R. Howe, Very basic Lie theory, Amer. Math. Monthly, 90(1983), pp. 600-623.

[115] M. M. Humm, On a class of right alternative rings without nilpotent ideals, J. Algebra,

5(1967), pp. 164-174.

[116] M. M. Humm and E. Kleinfeld, On free alternative rings, Journal of Combinatorial Theory,

2(1967), pp. 140-144.

[117] J. E. Humphreys, Introduction to Lie algebras and representation theory, Springer, New York,

1972.

[118] J. E. Humphreys and E. James, Introduction to Lie algebras and representation theory,

Springer, 1994.

135



[119] F. Hussain and W. Khan, Congruences on left almost rings, International Journal of Algebra

and Statistics, 4(2015), pp. 1-6.

[120] Radu Iordanescu, Jordan structures in mathematics and physics, arXiv preprint

arXiv:1106.4415 (2011).

[121] K. Iwasawa, On the representation of Lie algebras, Jpn. J. Math., 19(1948), pp. 405-426.

[122] N. Jacobson, Cayley numbers and normal simple Lie algebras of type G, Duke Math. J.,

5(1939), pp. 775-783.

[123] N. Jacobson, The centre of a Jordan ring, Bull. Amer. Math. Soc., 54(1948), pp. 316-322.

[124] N. Jacobson, Isomorphisms of Jordan rings, Amer. J. Math., 70(1948), pp. 317-326.

[125] N. Jacobson, Structure of rings, Amer. Math. Soc. Transl. Ser. 2, (1964).

[126] N. Jacobson, Structure and representations of Jordan algebra, Amer. Math. Soc. Colloq. Publ.,

1968.

[127] N. Jacobson and C. E. Rickart, Jordan homomorphisms of rings, Trans. Amer. Math. Soc.,

69(1950), pp. 479-502.

[128] N. Jacobson and C. E. Rickart, Homomorphisms of Jordan rings of self-adjoint elements,

Trans. Amer. Math. Soc., 72(1952), pp. 310-322.

[129] K. Jayalakshmi and S. Madhavi Latha, Right nucleus in generalized right alternative rings,

International Journal of Research-Granthaalayah, 3(2015), pp. 1-12.

[130] K. Jayalakshmi and C. Manjula, Bol loops in nilpotent alternative loop ring, International

Journal of Statistika and Mathematika, 10(2014), pp. 56-60.

[131] K. Jayalakshmi and C. Manjula, Extra and alternative loop rings, International Journal of

Scienti�c and Research Publications, 4(2014).

136



[132] C. R. Jordan and D. A. Jordan, Lie rings of derivations of associative rings, J. Lond. Math.

Soc., 2(1978), pp. 33-41.

[133] Y. B. Jun, Soft BCK/BCI-algebras, Comput. Math. Appl., 56(2008), pp. 1408-1413.

[134] Y. B. Jun and C. H. Park, Applications of soft sets in ideal theory of BCK/BCI-Algebras,

Inform. Sci., 178(2008), pp. 2466-2475.

[135] R. Jung Cho, Pusan, J. Jezek and T. Kepka Praha, Paramedial Groupoids, Czechoslovak

Math. J.., 49(1999), 277-290.

[136] M. S. Kamran, Conditions for LA-semigroups to resemble associative structures, Quaid-i-Azam

Univ., Islamabad, 1993.

[137] W. B. V. Kandasamy, On normal elements in loop rings, Ultra Scien. of Phys. Sci., 4(1992),

pp. 210-212.

[138] W. B. V. Kandasamy, On strictly right loop rings, J. of Harbin Inst. of Sci. and Tech.,

18(1994), pp. 116-118.

[139] W. B. V. Kandasamy, A note on the modular loop ring of a �nite loop, Opuscula Math.,

15(1995), pp. 109-112.

[140] W. B. V. Kandasamy and J. M. Parimala Kanthi, Loop rings of jordan rings, National Sym-

posium on Mathematical Methods and Applications 22nd December 2002, Indian Institute of

Technology, Madras, Chennai, TN, India (2002).

[141] I. Kaplansky, Topological rings, Amer. J. Math., 69(1947), pp. 153-183.

[142] I. Kaplansky, Topological rings, Bull. Amer. Math. Soc., 54(1948), pp. 809-826.

[143] I. Kaplansky, A theorem on division rings, Canad. J. Math., 3(1951), pp. 290-292.

137



[144] N. Kawamoto, On prime ideals of Lie algebras, Hiroshima Math. J., 4(1974), pp. 679-684.

[145] M. A. Kazim and M. Naseerudin, On almost semigroups, Aligarh Bull. Math., 2(1972), pp.

1-7.

[146] E. I. Khukhro, Finite p-groups admitting an automorphism of order p with a small number of

�xed points, Math. Notes, 38(1986), pp. 867-870.

[147] E. I. Khukhro, Lie rings and Lie Groups admitting an almost regular automorphism of prime

order, Sb. Math., 71(1992), pp. 51-63.

[148] E. I. Khukhro and N. Yu. Makarenko, Lie rings with almost regular automorphisms, J. Algebra,

264(2003), pp. 641-664.

[149] E. I. Khukhro and N. Yu. Makarenko, Finite groups and Lie rings with a metacyclic frobenius

group of automorphisms, J. Algebra, 386(2013), pp. 77-104.

[150] E. I. Khukhro, N. Yu. Makarenko and P. Shumyatsky, Frobenius groups of automorphisms

and their �xed points, Forum Math., 26(2011), pp. 73-112

[151] M. K. Kinyon, K. Kunen and J. D. Phillips, Strongly right alternative rings and Bol loops,

arXiv preprint math/0508005 (2005).

[152] E. Kleineelo, Right alternative rings, Proc. Amer. Math. Soc., 4(1953), pp. 939-944.

[153] E. Kleinfeld, Simple alternative rings, Ann. of Math., 58(1953), pp. 544-547.

[154] E. Kleinfeld, Right alternative rings, Proc. Amer. Math. Soc., 4(1953), pp. 939-944.

[155] E. Kleinfeld, Generalization of a theorem on simple alternative rings, Port. Math., 14(1955),

pp. 91-94.

[156] E. Kleinfeld, A characterization of the cayley numbers, Prentice-Hall, Englewood Cli¤s, N. J.

(1963), pp. 126-143.

138



[157] E. Klienfeld, Middle nucleus-center in a simple Jordan ring, J. Algebra, 1(1964), pp. 40-42.

[158] E. Kleinfeld, On right alternative rings without proper right ideals, Paci�c J. Math., 31(1969),

pp. 87-102.

[159] E. Kleinfeld, Generalization of alternative rings II, J. Algebra, 18(1971), pp. 326-339.

[160] E. Kleinfeld, On a generalization of Alternative and Lie rings, Trans. Amer. Math. Soc.,

155(1971), pp. 385-395.

[161] E. Kleinfeld, Anti-commutative elements in alternative rings, J. Algebra, 83(1983), pp. 65-71.

[162] E. Kleinfeld and H. F. Smith, On prime right alternative rings with commutators in the left

nucleus, Bull. Aust. Math. Soc., 49(1994), pp. 287-298.

[163] L. A. Kokoris, Some nodal non-commutative Jordan algebras, Proc. Amer. Math. Soc.,

9(1958), pp. 164-166.

[164] Z. Kong, L. Gao, L. Wong and S. Li, The normal parameter reduction of soft sets and its

algorithm, Comput. Math. Appl., 56(2008), pp. 3029-3037.

[165] A. I. Kostrikin, Lie rings satisfying the Engel condition, Izvestiya Akademii Nauk USSR,

21(1957), pp. 515-540.

[166] A. I. Kostrikin, On the relation between periodic groups and Lie rings, Izvestiya Akademii

Nauk USSR, 21(1957), pp. 289-310.

[167] A. I. Kostrikin, On the burnside problem, Dokl. Akad. Nauk SSSR, 119(1958), pp. 1081-1084.

[168] V. A. Kreknin, The solubility of Lie algebras with regular automorphisms of �nite period, Dokl.

Math., 4(1963), pp. 683-685.

[169] V. A. Kreknin, Solvability of a Lie algebra containing a regular automorphism, Sib. Math. J.,

8(1967), pp. 536-537.

139



[170] V. A. Kreknin and A.I. Kostrikin, Lie algebras with regular automorphisms, Dokl. Math.,

4(1963), pp. 355-358.

[171] K. Kunen, Alternative loop rings, Comm. Algebra, 26(1998), pp. 557-564.

[172] E. N. Kuzmin, On anti-commutative algebras satisfying the Engel condition, Sibirsk. Mat.

Zh., 8(1967), pp. 1026-1034.

[173] F. Kuzucuoglu, Isomorphisms of the unitriangular groups and associated Lie rings for the

exceptional dimensions, Acta Appl. Math., 85(2005), pp. 209-213.

[174] C. Lanski and S. Montgomery, Lie structure of prime rings of characteristic 2, Paci�c J. Math.,

42(1972), pp. 117-136.

[175] M. Lazard, Sur les algebres enveloppantes universelles des certaines algebres de Lie, Publica-

tions Scienti�ques de l�Universite d�Alger, Series A1, 2(1954), pp. 281-294.

[176] M. Lazard, Sur les groupes nilpotents et les anneaux de Lie, Ann. Sci. Ec. Norm. Super.,

71(1954), pp. 101-190.

[177] R. Lewand, Hereditary radicals in Jordan rings, Proc. Amer. Math. Soc., 33(1972), pp. 302-

306.

[178] X. Liu, D. Xiang, J. Zhan and K. P. Shum, Isomorphism theorems for soft rings, Algebra

Colloq., 4(2012), pp. 649-656.

[179] X. Liu, D. Xiang and J. Zhen, Fuzzy isomorphism theorems of soft rings, Neural Computing

and Applications, 21(2012), pp. 391-397.

[180] J. A. Loustao, Radical extensions of Jordan rings, J. Algebra, 30(1974), pp. 1-11.

[181] M. G. Lozano and M. S. Molina, Left quotient rings of alternative rings, J. Algebra Appl.,

6(2007), pp. 71-102.

140



[182] I. Macdonald, On certain varieties of groups, Math. Z., 76(1961), pp. 270-282.

[183] I. Macdonald, On certain varieties of groups II, Math. Z., 78(1962), pp. 175-188.

[184] W. Magnus, Uber Beziehungen zwischen hoheren Kommutatoren, Journal fur die reine und

angewandte Mathematik, 177(1937), pp. 105-115.

[185] P. K. Maji, R. Biswas and R. Roy, An application of soft sets in a decision making problem,

Comput. Math. Appl., 44(2002), pp. 1077-1083.

[186] P. K. Maji, R. Biswas and R. Roy, Soft set theory, Comput. Math. Appl., 45(2003), pp.

555-562.

[187] N. Yu. Makarenko, Finite 2-groups with automorphisms of order 4, Algebra Logic, 40(2001),

pp. 47-54.

[188] N. Yu. Makarenko, A nilpotent ideal in the Lie rings with automorphisms of prime order, Sib.

Math. J., 46(2005), pp. 1097-1107.

[189] N. Yu. Makarenko and E. I. Khukhro, On Lie rings admitting an automorphism of order 4

with few �xed points, Algebra Logic, 35(1996), pp. 21-43.

[190] N. Yu. Makarenko and E. I. Khukhro, Nilpotent groups admitting an almost regular automor-

phism of order four, Algebra Logic, 35(1996), pp. 176-187.

[191] N. Yu. Makarenko and E. I. Khukhro, Lie rings admitting automorphisms of order 4 with few

�xed points II, Algebra Logic, 37(1998), pp. 78-91.

[192] N. Yu. Makarenko and E. I. Khukhro, Almost solvability of Lie algebras with almost regular

automorphisms, Dokl. Math., 68(2003), pp. 325-326.

[193] N. Yu. Makarenko and E. I. Khukhro, Almost solubility of Lie algebras with almost regular

automorphisms, J. Algebra, 227(2004), pp. 370-407.

141



[194] A. I. Malcev, On a representation of non-associative rings, Uspekhi Mat. Nauk, 1(1952), pp.

181-185.

[195] A. I. Malcev, Analytic loops, Mat. Sb., 78(1955), pp. 569-576.

[196] K. McCrimmon, A general theory of Jordan rings, Proc. Natl. Acad. Sci. USA, 56(1966), pp.

1072-1079.

[197] K. McCrimmon, Nondegenerate Jordan rings are von Neumann regular, J. Algebra, 11(1969),

pp. 111-115.

[198] K. McCrimmon, Non-commutative Jordan rings, Trans. Amer. Math. Soc., 158(1971), pp.

1-33.

[199] K. McCrimmon, A Taste of Jordan Algebras, Springer-Verlag, New York, 2004.

[200] Y. A. Medvedev, Groups and Lie algebras with almost regular automorphisms, J. Algebra,

164(1994), pp. 877-885.

[201] Yu. Medvedev, p-Divided Lie rings and p-groups, J. Lond. Math. Soc., 59(1999), pp. 787-798.

[202] K. Meyberg, The fundamental-formula in Jordan rings, Arch. Math., 21(1970), pp. 43-44.

[203] I. M. Miheev, On prime right alternative rings, Algebra Logika, 14(1975), pp. 56-60.

[204] D. Molodtsov, Soft set theory �rst results, Comput. Math. Appl., 37(1999), pp. 19-31.

[205] S. Montgomery, Rings of quotients for a class of special Jordan rings, J. Algebra, 31(1974),

pp. 154-165.

[206] R. Moufang, Alternativkörper und der Satz vom vollständigen Vierseit (D9), Abh. Math.

Semin. Univ. Hambg., 9(1933), pp. 207-222.

[207] R. Moufang, Zur Struktur von Alternative pern, Math. Ann., 110(1935), pp. 416-430.

142



[208] Q. Mushtaq, Abelian group de�ned by LA-semigroup, Studia Sci. Math. Hungar., 18(1983),

pp. 427-428.

[209] Q. Mushtaq, Zeroids and idempoids in AG-groupoids, Quasigroups Related Systems,

11(2004), pp. 79-84.

[210] Q. Mushtaq and M. Iqbal, Partial ordering and congruences on LA-semigroups, Indian J. Pure

Appl. Math., 22(1991), pp. 331-336.

[211] Q. Mushtaq and Q. Iqbal, Decomposition of a locally associative LA-semigroup, Semigroup

Forum, 41(1991), pp. 155-164.

[212] Q. Mushtaq and M. S. Kamran, On LA-semigroup with weak associative law, Sci. Khyber,

1(1989), pp. 69-71.

[213] Q. Mushtaq and M. S. Kamran, Left almost group, Proc. Pakistan Acad. Sci., 33(1996), pp.

1-2.

[214] Q. Mushtaq and M. Khan, Ideals in AG-band and AG�-groupoid, Quasigroups Related Sys-

tems, 14(2006), pp. 207-215.

[215] Q. Mushtaq and M. Khan, M-systems in LA-semigroups, Southeast Asian Bull. Math.,

33(2009), pp. 321-327.

[216] Q. Mushtaq and M. Khan, Semilattice decomposition of locally associative AG��-groupoids,

Algebra Colloq., 16(2009), pp. 17-22.

[217] Q. Mushtaq and S. M. Yusuf, On LA-semigroups, Aligarh Bull. Math., 8(1978), pp. 65-70.

[218] Q. Mushtaq and S. M. Yusuf, On locally associative LA-semigroups, J. Nat. Sci. Math.,

19(1979), pp. 57-62.

143



[219] G. P. Nagy, On nilpotent loop rings and a problem of Goodaire, Publ. Math. Debrecen,

61(2002), pp. 549-554.

[220] S. Okubo, Introduction to octonion and other non-associative algebras in physics, Cambridge

University Press, 1995.

[221] J. M. Osborn, Jordan and associative rings with nilpotent and invertible elements, J. Algebra,

15(1970), pp. 301-308.

[222] J. M. Osborn, Varieties of algebras, Adv. Math., 8(1972), pp. 163-369.

[223] L. J. Paige, A theorem on commutative power associative loop algebras, Proc. Amer. Math.

Soc., 6(1955), pp. 279-280.

[224] A. C. Paul and Md. Sabur Uddin, Lie and Jordan structure in simple gamma rings, J. Phys.

Sci., 14(2010), pp. 77-86.

[225] A. C. Paul and Md. Sabur Uddin, Lie structure in simple gamma rings, Int. J. Pure Appl. Sci.

Technol., 4(2010), pp. 63-70.

[226] H. P. Petersson, Lokal kompakte Jordan-divisions ringe, Abh. Math. Semin. Univ. Hambg.,

39(1973), pp. 164-179.

[227] H. P. Petersson, Classi�cation of locally compact Jordan division rings, J. Algebra, 58(1979),

pp. 350-360.

[228] H. Petersson, Composition algebras over algebraic curves of genus zero, Trans. Amer. Math.

Soc., 337(1993), pp. 473-491.

[229] H. O. P�ugfelder, Quasigroups and loops: Introduction, Heldermann Verlag, Berlin, 1990.

[230] H. O. P�ugfelder, Historical notes on loop theory, Comment. Math. Univ. Carolin., 41(2000),

pp. 359�370.

144



[231] D. Pie and D. Miao, From soft sets to information systems, Granular computing, 2(2005),

pp. 617-621.

[232] P. V. Protic and M. Bozinovic, Some congruence on an AG��-groupoid, Algebra Discrete

Math., 9(1995), pp. 879-886.

[233] P. V. Protic and N. Stevanovic, On Abel-Grassmann�s groupoids, Proc. Math. Conf. Pristina,

(1994), pp. 31-38.

[234] P. V. Protic and N. Stevanovic, AG-test and some general properties of Abel-Grassmann�s

groupoids, Pure Math. Appl., 6(1995), pp. 371-383.

[235] P. V. Protic and N. Stevanovic, The structural theorem for AG�-groupoids, Series Mathematics

Informatics, 10(1995), pp. 25-33.

[236] P. V. Protic and N. Stevanovic, Abel-Grassmann�s bands, Quasigroups Related Systems,

11(2004), pp. 95-101.

[237] I. Rehman, On generalized commutative rings and related structures, Quaid-i-Azam University,

Islamabad, 2011.

[238] I. Rehman, M. Shah, T. Shah and Asima Razzaque, On existence of non-associative LA-rings,

An. Stiint. Univ. �Ovidius�Constanta Ser. Mat., 21(2013), pp. 223-228.

[239] M. Rich, The Prime radical in alternative rings, Proc. Amer.Math. Soc., 56(1976), pp. 11-15.

[240] B. I. Rose, Model theory of alternative rings, Notre Dame J. Form. Log., 19(1978), pp.

215-243.

[241] L. Sabinin, L. SbitnevaI and P. Shestakov, Non-associative algebra and its applications, Taylor

& Francis / CRC Press, 2005.

145



[242] R. L. San Soucie, Right alternative division rings of characteristic 2, Proc. Amer. Math. Soc.,

6(1955), pp. 291-296.

[243] R. L. San Soucie, Right alternative rings of characteristic two, Proc. Amer. Math. Soc.,

6(1955), pp. 716-719.

[244] Y.s.n.Satyanarayana, Dr. A. Anjaneyulu and Dr. D. prabhakara Reddy, Peculiarity of nucleus in

alternative rings, International Journal of Engineering Research and General Science , 3(2015),

pp. 556-561.

[245] R. D. Schafer, Alternative algebras over an arbitrary �eld, Bull. Amer. Math. Soc, 49(1943),

pp. 549-555.

[246] R. D. Schafer, Inner derivations of non-associative algebras, Bull. Amer. Math. Soc., 55(1949

), pp. 769-776.

[247] R. D. Schafer, The Wedderburn principal theorem for alternative algebras, Bull. Amer. Math.

Soc., 55(1949), pp. 604-614.

[248] R. D. Schafer, Non-commutative Jordan algebras of characteristic zero, Proc. Amer. Math.

Soc., 6(1955), pp. 472-475.

[249] R. D. Schafer, On non-commutative Jordan algebras�Proc. Amer. Math. Soc., 9(1958), pp.

110-117.

[250] R. D. Schafer, Restricted non-commutative Jordan algebras of characteristic p, Proc. Amer.

Math.Soc., 9(1958), pp. 141-144.

[251] Ng Seong-Nam, Jordan rings with involution, Trans. Amer. Math. Soc., 200(1974), pp. 111-

139.

146



[252] Ng Seong-Nam, Right nucleus in Right alternative algebras, J. Lond. Math. Soc. (2),

21(1980), pp. 456-464.

[253] A. Sezgin, A. Osman and N. Cagman, Union soft substructures of near-rings and N-groups,

Neural Computing and Applications, 21(2012), pp. 133-143.

[254] M. Shah and Asif Ali, Some structural properties of AG-groups, International Mathematical

Forum, 6(2011), pp. 1617-1661.

[255] M. Shah, C. Gretton and V. Sorge, Enumerating AG-groups with an introduction to Sama-

randache AG-groups, International Mathematical Forum, 6(2011), pp. 3079-3086.

[256] T. Shah, G. Ali and F. Rehman, Direct sum of ideals in a generalized LA-ring, International

Mathematical Forum, 6(2011), pp. 1095-1101.

[257] T. Shah and Asima Razzaque, Soft M-systems in a class of soft non-associative rings, U.P.B.

Sci. Bull., Series A, 77(3)(2015), pp. 131-142.

[258] T. Shah, Asima Razzaque and I. Rehman, Application of soft sets to non associative rings,

Journal of Intelligent and Fuzzy systems, 30(3)(2016), 1537-1546.

[259] T. Shah, N. Kausar and I. Rehman, Intuitionistics fuzzy normal subring over a non-associative

ring, An. Stiint. Univ. �Ovidius�Constanta Ser. Mat., 20(2012), pp. 369-386.

[260] T. Shah, M. Raees and G. Ali, On LA-modules, Int. J. Contemp. Math. Sciences, 6(2011),

pp. 999-1006.

[261] T. Shah and I. Rehman, On LA-rings of �nitely non-zero functions, Int. J. Contemp. Math.

Sciences, 5(2010), pp. 209-222.

[262] T. Shah and I. Rehman, On characterizations of LA-rings through some properties of their

ideals, Southeast Asian Bull. Math., 36(2012), pp. 695-705.

147



[263] T. Shah, I. Rehman and Asima Razzaque, Soft ordered Abel-Grassman�s Groupoid (AG-

Groupoid), International Journal of Physical Sciences, 6(25), 6118-6126, 23 October, 2011.

[264] T. Shah, F. Rehman and M. Raees, On near left almost rings, International Mathematical

Forum, 6(2011), pp. 1103-1111.

[265] M. Shah and T. Shah, Some basic properties of LA-rings, International Mathematical Forum,

6(2011), pp. 2195-2199.

[266] T. Shah and K. Yousaf, Topological LA-groups and LA-rings, Quasigroups Related Systems,

18(2010), pp. 95-104.

[267] I. P. Shestakov, Certain classes of non-commuative Jordan rings, Algebra Logic, 10(1971),

pp. 252-280.

[268] A. I. Shirshov, On the representation of Lie rings in associative rings, Uspekhi Mat. Nauk,

5(1953), pp. 173-175.

[269] A. I. Shirshov, Some problems in the theory of rings that are nearly associative, Uspekhi. Mat.

Nauk 13(1958), pp. 3-20.

[270] L. A. Skorniakov, Right alternative �elds, Izvestia Akad. Nauk SSSR Ser. Math., 15(1951),

pp. 177-184.

[271] L. A. Skornyakov, Alternative division rings, Ukrain. Mat. Zh., 2(1950), pp. 70-85.

[272] L. A. Skornyakov, Alternative division rings of characteristic 2 and 3, Ukrain. Mat. Zh.,

2(1950), pp. 94-99.

[273] L. A. Skornyakov, Projective planes, Uspekhi Mat. Nauk, 6(1951), pp. 112-154.

[274] L. A. Skornyakov, Right-alternative division rings, Izvestiya Akademii Nauk USSR, 15(1951),

pp. 177-184.

148



[275] M. Slater, Weakly prime alternative rings (abstract), Notices Amer. Math. Soc., 12(1965),

pp. 367-368.

[276] M. Slater, Nucleus and center in alternative rings, J. Algebra, 7(1967), pp. 372-388.

[277] M. Slater, Ideals in semiprime alternative rings, J. Algebra, 8(1968), pp. 60-76.

[278] M. Slater, Alternative rings with D.C.C., I, J. Algebra, 11(1969), pp. 102-110.

[279] M. Slater, Alternative rings with D.C.C., II, J. Algebra, 14(1970), pp. 464-484.

[280] M. Slater, Prime alternative rings I, J. Algebra, 15(1970), pp. 229-243.

[281] M. Slater, Prime alternative rings II, J. Algebra, 15(1970), pp. 244-251.

[282] M. Slater, The socle of an alternative ring, J. Algebra, 14(1970), pp. 443-463.

[283] M. Slater, Alternative rings with D.C.C., III, J. Algebra, 18(1971), pp. 179-200.

[284] A. M. Slinko, Locally compact alternative and Jordan rings, Algebra Logic, 25(1986), pp.

274-278.

[285] A. M. Slinko, Locally compact Jordan rings that are nearly division rings, Math. Notes,

43(1988), pp. 409-415.

[286] M. F. Smiley, Alternative regular rings without nilpotent elements, Bull. Amer. Math. Soc.,

53(1947), pp. 775-778.

[287] M. F. Smiley, The radical of an alternative ring, Ann. of Math., 49(1948), pp. 702-709.

[288] M. F. Smiley, Jordan homomorphisms and right alternative rings, Proc. Amer. Math. Soc.,

8(1957), pp. 668-671.

[289] M. F. Smiley, Kleinfeld�s proof of the Bruck-Kleinfeld-Skornyakov theorem, Math. Ann.,

134(1957), pp. 53-57.

149



[290] S. Suanmali, On the relationship between the class of a Lie algebra and the classes of its

subalgebras, International Journal of Algebra and Computation, 18(2008), pp. 83-95.

[291] Q. M. Sun, Z. L. Zhang and J. Liu, Soft sets and soft modules, Rough Sets and Knowledge

Technology Series Lecture Notes in Computer Science, 5009(2008), pp. 403-409.

[292] A. Thedy, Concerning the wedderburn factorization theorem, Math. Z., 113(1970), pp. 173-

195.

[293] A. Thedy, Right alternative rings, J. Algebra, 37(1975), pp. 1-43.

[294] C. E. Tsai, The Prime radical in Jordan rings, Proc. Amer. Math. Soc, 19(1968), pp. 1171-

1175.

[295] C. E. Tsai, A Characterization of the maximal von-neumann regular ideal in Jordan rings, J.

Algebra, 12(1969), pp. 227-230.

[296] C. E. Tsai, The Levitzki radical in Jordan rings, Proc. Amer. Math. Soc., 24(1970), pp.

119-123.

[297] L. R. Vermani, An elementary approach to homomlogical algebra, Chapman and Hall, 2003.

[298] J. P. Ward, Quaternions and cayley numbers, Kluwer, Dordrech, 1997.

[299] G. P. Wene, Alternative rings whose symmetric elements are or a right multiple is symmetric

idempotent, Paci�c J. Math., 90(1980), pp. 483-492.

[300] A. Widiger, Alternative rings in which every proper right ideal is maximal, Fund. Math.,

116(1983), pp. 165-167.

[301] James B. Wilson, More characteristic subgroups, Lie rings and isomorphism tests for p-groups,

J. Group Theory, 16(2013), pp. 875-897.

150



[302] James B. Wilson, New Lie products for groups and their automorphisms, arXiv preprint

arXiv:1501.04670 (2015).

[303] R. Wisbauer, Foundations of module and ring theory, Gordon and Breach Science Publishers,

1991.

[304] E. Witt, Treue Darstellung Liescher Ringe, Journal fur die reine und angewandte Mathematik,

177(1937), pp. 152-160.

[305] E. Witt, Treue Darstellung beliebiger Liescher Ringe, Collect. Math., 6(1953), pp. 107-114.

[306] E. Witt, Die Unterringe der freien Liescher Ringe, Math. Z., 64(1956), pp. 195-216.

[307] I. M. Yaglom, F. Klein and S. Lie, Evolution of the idea of symmetry in the nineteenth century,

Birkhauser, Boston, 1988.

[308] P. Yiarayong, On left primary and weakly left primary ideals in LA-rings, Asian Journal of

Applied Sciences, 2(4)(2014).

[309] S. M. Yusuf, On left almost rings, Proc. of 7th International Pure Math., 2006.

[310] L. A. Zadeh, Fuzzy sets, Information and Control, 8(1965), pp. 338-353.

[311] A. J. Zapirain, On almost regular automorphisms of �nite p-groups, Adv. Math., 153(2000),

pp. 391-402.

[312] A. I. Zhukov, Complete systems of de�ning relations in non-associative algebras, Mat. Sb.,

69(1950), pp. 267-280.

[313] M. Zorn, Theorie der alternativen ringe, Abh. Math. Semin. Univ. Hambg., 8(1930), pp.

123-147.

[314] M. Zorn, Alternativkör per und quadratische Système, Abh. Math. Semin. Univ. Hambg.,

9(1933), pp. 395-402.

151



[315] M. Zorn, The automorphisms of Cayley�s non-associative algebra, Proc. Natl. Acad. Sci. USA,

21(1935), pp. 355-358.

[316] M. Zorn, Alternative rings and related questions I: Existence of the radical, Ann. of Math.,

42(1941), pp. 676-686.

[317] GAP-Groups, Algorithms and Programming, Version 4. 4. 12. 2008, http://www.gap-

system.org

[318] McCune W. Prover9 and MACE4. http://www.cs.unm.edu/mccune/mace4/

152


