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ABSTRACT 

 The object aim of this experimental study was to investigate the effect of dynamic 

geometry software (GeoGebra) on Grade-12 students’ mathematical thinking and 

mathematical achievement in analytic geometry. In the widespread of mathematical 

thinking aspects, six aspects: Generalization, Analytical thinking, Logical thinking, 

Abstract thinking, Problem solving and Representation thinking were included, while, 

mathematical achievement was simply procedural knowledge. A true experimental design 

(post-test equivalent group design) was used. And the four major objectives of this study 

were selected as: (i) to develop the mathematical thinking model of six aspects for analytic 

geometry; (ii) the criterion-test (post-test) under the constraint of this model; (iii) to find 

out the effect of GeoGebra aided instructions on grade-12 students’ mathematical thinking 

and mathematical achievement in the subject of analytic geometry; and (iv) to explore the 

effectiveness of GeoGebra aided instructions on high and low achievers students.  Before 

experiment, the post-test was piloted; the item analysis along with reliability of the whole 

post-test was found. For experiment, about twenty-two lessons of GeoGebra, relevant to 

analytic geometry were designed in a well-constructed way. In comparison to the control 

group, the experimental group was taught through GeoGebra in the well-equipped 

computer lab. While, to assess the students’ responses, the criterion referenced test (post-

test) was used. After experiment, the data were collected from the post-test and were 

analyzed through SPSS. The t-test, ANOVA and MANOVA tests were used to find out the 

significant difference between the various groups of experimental and control groups. 
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The main study findings showed that there were statistically significant 

differences between the mathematical thinking and mathematical achievement scores of 

the two groups. In the result, the experimental group developed significantly better in 

both mathematical thinking and mathematical achievement except in mathematical 

achievement for high achievers.  In multiple comparison, in five aspects of mathematical 

thinking: Generalization, Analytical thinking, Logical thinking, Abstract thinking and 

Representation thinking out of six, the experimental group students performed 

significantly better. The only aspect problem solving, the mean score of the experimental 

group improved but with no statistical significance. 
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Chapter 1 

INTRODUCTION 

 In this modern technological world, education is not simply imparting 

information from independent to dependent but it is a concept, and through well 

determined process, it gives valuable product to the society. Apart from that it has 

multifunctional roles in reframing, reshaping, reconstructing and developing the society. 

For instance, in the book of Bhattacharya (2002), the process of education is specified for 

more than one dimensions and perspectives, in which the integral objective is to adjust 

the individual in a better way to the environment. Moreover, according to Singh (2008), 

the true meaning of the education process is to develop every individual within constraint 

of his/her inherent tendencies and capabilities with emphasis on concurrent development 

of society of which he is an integral part. In the development process, both society and 

individual are inter-linked and influence each other. Individual construct and develop 

society with the utility of his mental potential and critical thinking that are only possible 

with mathematics and mathematical competency.  

 For this reason, mathematical competency according to PISA 2012 framework is 

the prerequisite for the most of the disciplines and especially for higher degree research 

study (OECD, 2013). That’s why, to be the most effective productive part of this modern 

dynamic society, one must equip himself with this powers. And without the basic 

knowledge of mathematics, it is absolutely impossible for someone to adjust oneself in 

this technological society in which every time one must have to update oneself with new 

technological inventions. Thus, how mathematics should be taught and how an individual 

learns and thinks mathematically. For this purpose, mathematics education is an 
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inseparable part of the education system and its main focus is on how to make teaching 

learning process meaningful (Gutierrez & Boero, 2006). In addition, the basic goal of 

mathematics education is to know about the cognitive aspect of learning mathematics. 

And the mathematics learning ends can only be achieved through systematic process of 

mathematics education. In conclusion, the main epistemology behind the functional role 

of mathematics education is how to transform the mathematics curriculum into reality 

through scientific way.          

 In mathematics, analytic geometry or coordinate geometry is an important 

discipline that combines the techniques of algebra with those of geometry. The French 

mathematician and philosopher Rene Descartes (1595-1650) introduced algebraic method 

in geometry which gave birth to analytic geometry (KPK text Book and Punjab text Book 

for 2nd year). In other words, analytic geometry enables us to apply algebraic methods 

and equations to solution of problems in geometry and conversely to obtain geometric 

representations of algebraic equations. Although, in Pakistan, informal analytic geometry 

is taught at high school (Grade 9-10) and formally, it is a core subject of higher 

secondary level (Grade 11-12). But due to its dual nature, and teacher’s lack of 

proficiency in pedagogical subject matter and in technology, students have a lot of 

misconceptions, in understanding most of the concepts of this subject. 

 Moreover, analytic geometry is a semiotic system of representation: algebraic 

representation and geometric representation (Hesselbart, 2007). Both representations 

consist of structure of generalized points in gestalt way. And every structure deals with 

variables, parameters and constants with interconnected relationship. So, to learn and 

understand analytic geometry, effective thinking which is the process form of 
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unconscious thinking, is a mental attribute, which is essential for it. On the top of that, 

mathematical thinking regulates this thinking. In the book of Feldman (2007), thinking is 

“the manipulation of mental representations of information that exist in the mind of an 

object or event” (p. 259). In addition to this, it is the innate mental ability of human being 

(Vogel, 2014), and mathematical thinking develops this ability in a valuable form and 

turns it into a powerful way of thinking. In particular, mathematical thinking is the 

hypothetical possibility to the solution of a problem and it has many aspects. But the 

main focus of mathematical thinking is to develop long-term strong schema. Notably, one 

must be clear on the point that, thinking and mathematical thinking both are the habits of 

mind and both use the same mental resources in their functional behavior. 

 As, there are so many aspects of mathematical thinking which are strongly 

interlinked, so, it is very tough cognitive process to describe and categorize these in 

various ways (Karadag, 2009). Due to this reality, for assessing and the teaching of 

analytic geometry, a mathematical thinking model of six important aspects are 

categorized and described in this study. In this model, the object of analytic geometry is 

considered as a structure which results in different forms: expressions, equations, 

relations and functions. Each of these constitutes of variables, parameters and constants. 

While, in order to solve the course content of the subject analytic geometry, one must be 

aware of this structure which results in different forms. 

 Moreover, to articulate the structure of analytic geometry the following six 

aspects of mathematical thinking are very crucial :(1) Generalization   (2) Analysis and 

analytical thinking (3) Logical thinking (4) Abstract thinking (5) Problem solving (6) 
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Representation. Teaching and learning of mathematics with specific to analytic geometry 

must be: 

i. To develop thinking of the students in a way that students are able to easily grasp the 

underlying concept of object. 

ii. To develop the student’s ability of solving problem.             

iii. To provide applicable mathematical knowledge, expertise and skills for future need. 

iv. Teaching should always be goal oriented and the process of teaching must be linked 

with ends. 

v. In analytic geometry students must know the sense of every step in a scientific way 

along with validation. 

vi. Sketch drawing and seeing the problem critically. Through diagram, make the 

problem and concept practical. 

vii. Students of analytic geometry must keep the geometry of problem in his mind and 

manipulate it algebraically. 

To achieve all the above predicted targets, an effective pedagogy that includes the content 

of analytic geometry and the effective strategy for presenting the concern content on the 

principles of cognitive psychology is required. For this purpose, different tools are used 

to make it effective and among these tools, technology is one of the best and essential 

tools for understanding mathematics and to enhance learning and instruction. Among 

these effective technological tools are: Calculator, Computer Algebra System (CAS), 

Interactive Geometry Software, Applet etc. are vital components of high-quality 

mathematics teaching learning devices. The importance of technology is also admitted 

and included in one of six principles, stated in the “principle for school mathematics” 
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(NCTM, 2000). Although, the effectiveness of almost every technological tool that 

can/could be used is majorly dependent on its use. Along with this, the attitude and 

potential of teacher towards technology is a guarantee to its effectiveness (NCTM 

document, 2000). With the guidance of effective mathematics teachers, students at 

different level can use these tools to support and extend mathematical reasoning and 

sense making. Now a day, the best software which is suggested by the researchers for 

secondary mathematics teaching is GeoGebra (Dynamic Geometry Software). Further, 

Geogebra (Dynamic Geometry Software) is a free of cost dynamic mathematics teaching 

learning software,which is being used in most of the countries from primary to tertiary 

level. It joins three disciplines: geometry,algebra and calculus. One can easily download 

it through internet www.geogebra.org. (Hohenwarter, Hohenwarter, Kreis & Lavicza, 

2008).  

Next, to teach analytic geometry through GeoGebra one must keep in mind three basic 

principles: 1) content knowledge of analytic geometry; 2) pedagogical knowledge for 

teaching analytic geometry, simply how to teach and; 3) about the GeoGebra tools, its 

function, strength and applications.     

1.1 STATEMENT OF THE PROBLEM 

 This study was aimed at investigating the effect of dynamic geometry software on 

grade-12 students’ mathematical thinking and mathematical achievement in analytic 

geometry. 

1.2 OBJECTIVES OF THE STUDY  

 The major objectives of the study were: 

i. To develop an algebraic geometric thinking model for analytic geometry. 

http://www.geogebra.org/
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ii. To develop the test under the constraint of model, for assessing students in the 

subject of analytic geometry. 

iii. To investigate the effect of GeoGebra (Dynamic Geometry Software) aided 

instructions on students’ mathematical thinking and mathematical achievement. 

iv. To explore the effectiveness of GeoGebra aided instructions on high and low 

achievers students 

1.3  HYPOTHESES     

            To achieve the above objectives following null hypotheses were tested:  

i. There is no significant difference between the experimental and control group on 

standardized mathematical achievement previous record. 

ii. There is no significant difference between the Exp. H.A and Cont. H.A group on 

standardized mathematical achievement previous record. 

iii. There is no significant difference between the Exp. L.A and Cont. L.A group on 

standardized mathematical achievement previous record. 

iv. GeoGebra aided instructions do not effect significantly the mean scores of the 

students in overall mathematical thinking post-test. 

v. GeoGebra aided instructions do not effect significantly the mean scores of the 

students in mathematical achievement post-test. 

vi. GeoGebra aided instructions do not effect significantly the mean scores of the 

students in each aspect of mathematical thinking post-test. 

vii. GeoGebra aided instructions do not effect significantly the mean scores of the 

higher and lower achiever students on the total mathematical thinking post-test. 
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viii. GeoGebra aided instructions do not affect significantly the means’ scores of the 

higher and lower achiever students on the mathematical achievement post-test 

scores after treatment. 

1.4 SIGNIFICANCE OF THE STUDY 

This experimental study was conducted to find out the effect of GeoGebra aided 

instructions on students’ algebraic geometric thinking and mathematical achievement. 

This study is related to mathematics education and the study may be helpful in 

introducing GeoGebra aided instructions in teaching of mathematics in the education 

system of Pakistan. This study will also be helpful for general mathematics teacher 

community to modify their instructions with respect to GeoGebra aided instructions and 

mathematical thinking. As GeoGebra is specifically designed for high school 

mathematics, and more specifically for algebra, geometry and calculus, so, this research 

may helpful for high and higher mathematics curriculum designers in Pakistan to 

integrate it in mathematics curriculum as supplementary tool for learning mathematics. 

1.5   METHOD AND PROCEDURE 

1.5.1    Population  

 All government and non-government higher secondary (grades 11-12), 384207 

male students in Khyber Pukhtunkhwa were the targeted population of this experimental 

study. 

1.5.2  Sample  

 For research experiment a sample of forty students (grade-12) of F.G Inter 

College for Boys Mardan Cantonment was selected. To divided them into experimental 
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and control group through pair random sampling, their previous achievement scores in 

grade-11 exam were considered.  

1.5.3 Data Tool 

 To measure the intervention effect of GeoGebra the posttest of two categories: 

mathematical thinking test (M.T test) and the other was mathematical achievement test 

was developed and used in this research study for data collection. For six aspects of 

mathematical thinking, a total of thirty-six items test was designed. In which, six 

questions for each aspects were made by the researcher. The second category 

mathematical achievement posttest of 10 MCQ’S and eight subjective questions was also 

designed by the researcher. Bothe the tests were verified by the experts in mathematics 

education.  

1.5.4   Design of the Study 

 This study was purely experimental and Posttest only- equivalent group design 

was used to measure the GeoGebra intervention effect.  

1.5.5 Analysis of Data  

           The t-test was used to find the significant difference between the mean of two 

groups. MANOVA (Multivariate analysis of variance) and ANOVA (Analysis of 

variance) were also used to find the significant difference between the groups after 

treatment.  

1.6 RATIONALE OF THE STUDY 

 In the view of National Education Policy (2009), to strengthen the quality of 

education technologies shall be used and utilized creatively. Mathematics teaching-
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learning needs the concretization of abstract idea to decrease the cognitive load of 

students. For this, technology (GeoGebra) is one of the essential freely available tools in 

teaching learning process which concretizes the abstract concept through effective 

modeling and representation. Although, to integrate it in teaching learning mathematics is 

a complex issue, and to communicate and inculcate the mathematical concept, teachers 

must equip themselves with technological and didactic skill (Ang, 2010; Gomez-

Chacon& Joglar, 2010). Further, students understanding towards a particular concept 

depend on various representation systems, and GeoGebra is a tool that explores and 

visualizes the insight concept of the object in a sophisticated way. In addition, 

understanding mathematics with sense promotes different mathematical thinking skills 

and the person who equip with these skills can easily induct himself in the market. Also, 

NCTM (2000), placed technology in one of the six principles for school mathematics, 

under this principle, technology effects the three basic areas: (1) Technology enhance 

mathematics learning through multiple representation of an object and to view it with 

different perspectives; (2) Technology support and give velocity to mathematics teaching, 

if teacher use technology in an appropriate way, by creating task and through 

visualization of the task; and (3) Technology influences what mathematics has taught. 
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Chapter 2 

REVIEW OF RELATED LITERATURE 

 The focal purpose of literature review is to underpin and foundation to the 

conduct of the study. In addition to that, it helps the researcher in defining and clarifying 

the concept of the study (Ary, Jacobs, Sorensen & Razavieh, 2010). Apart from this, the 

focus of literature review is to underlying four basic functions: critical analysis and 

synthesis of information, findings from the studies that support the study itself, 

summarizing, logical interpretation of the findings (Randolph, 2009). Thereupon, the 

literature review of this study is remarkably concerned with the cognitive aspects of 

learning mathematics. 

2.1  EDUCATION SYSTEM OF PAKISTAN 

 As reported by National Education Policy (2009) “our education system must 

provide quality education to our children and youth to enable them to realize their 

individual potential and to make them to contribute to the development of society and 

nation”. To explain further, the education system of Pakistan is divided into five levels: 

primary, middle, secondary, higher secondary and university. Among these five, 

secondary education is a valuable sub-sector of the entire educational system and a 

gateway towards advance studies; it provides a preliminary step for young people and to 

adapt themselves in this economic world (National education policy, 1998-2010).   

 Likewise, the functional role of secondary education according to National 

Education Policy (2009) has two basic important roles: 1) skill labors to the market 

according to the need of the market 2) human stuff to the tertiary education system. 

Nevertheless, the present system does not fulfill the adequate needs in these two 
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functions. So, it is put forward for consideration that, the present system has two main 

shortcomings in this respect: 1) it has narrow base that leaves a huge population outside 

the system 2) skills produce by the system does not match the needs of the market. 

Consequently, the present college system (XI&XII) will be merged with the school level.   

2.2 ANALYTIC GEOMETRY 

 It is certainly, the 17th century, was the century of mathematical advancements. 

This century gave birth to a great French philosopher, mathematician, scientist and 

psychologist “Rene Descartes”, is called the father of philosophy and analytic geometry. 

He combined two distinct disciplines; algebra and geometry into one, and was the first to 

use algebraic process to solve geometry problem (Evans, 2014; Hergenhahn & Henley, 

2013, KPK text Book & Punjab text Book for 2nd year). So, analytic geometry or 

coordinate geometry is a discipline that combines the techniques of algebra with those of 

geometry. To put it in another way, analytic geometry enables us to apply algebraic 

methods and equations to solution of problems in geometry and conversely, to obtain 

geometric representations of algebraic equations. In Pakistan, informal analytic geometry 

is taught at high school and formally it is a core subject at higher secondary level. But 

due to the dual nature of this subject students visualize most of the concepts mentally, 

with great labor. 

2.3  BASIC TERMINOLOGY IN ANALYTIC GEOMETRY 

2.3.1 Coordinate Plane 

 As can be seen in the figure 1, the line XOX/ and YOY/ intersect each other 

perpendicularly at origin “O”. These lines XOX/ and YOY are called x-axis and y-axis 
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respectively. The axes divide the whole space into four quadrants. The axes are also 

called real lines, because real numbers are pasted on it (Jain, 2005). 

The Cartesian coordinate plane uses combinations of x and y values in the form of 

coordinates (x, y) to represent positions of points in a plane. The order pair (x, y) 

represents the exact location of a point in the Cartesian plane (Rock, 2007). The Cartesian 

plane is a model for algebraic representation and it visualizes it through coordinate points 

in a gestalt manner. 

 

                               Figure 1: Coordinate plane 

2.3.2 Point 

 In practical geometry, a point has no dimension. It has no length, breadth or 

depth. But in coordinate system, a point identifies the rectangular position with respect to 

the fixed point origin (Kishan, 2006). While, in analytic geometry every point is named a 

unique order pair of real numbers, i.e. (x, y) and in the similar way, every order pair 

represents a single point in Cartesian plane. In analytic geometry (x, y) represent variable 

and represent specific geometric structure according to algebraic structure. The variables 

“x” and “y” are interdependent and are responsible for geometric structure. 
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Figure 2: Points in the coordinate plane 

2.3.3 Line 

 In coordinate geometry, every linear equation represents a straight line with 

respect to the coordinate system, i.e.   �� + �� + � = 0, represents a straight line 

(Bronshtein, 2012). And straight line is a set of points in coordinate plane, and the 

coordinates of all these points satisfy the linear equation. Further, linear equation has a 

different transformable representation, and all these belong to the same register.  

Different forms of equation of a straight line with proper names are: 

Table 1: Different algebraic forms of a line 
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 Basically, the line has three different categories: horizontal, vertical and inclined 

lines. The horizontal line is parallel to x- axis, and its equation is represented by (y= k). 

While the vertical line is parallel to y- axis, and its equation is represented by (x= k). And 

the Inclined line is a line which makes some angle with x-axis but this angle must not be 

equal to “0” and “90” (Anton, 1995). 

Below is the graphical representation of three different line forms: 

 

  

 Figure 3: Different forms of line 

 
2.3.4  Slope of a Line 

 Usually, a line consists of points and to find the slope of a line, one can take any 

two points on that line and construct a right angle triangle, joining these two points then 

one can find it geometrically and algebraically(Tussy, Gustafson & Koenig, 2010; 

Mckeague, 2009). The idea is clearly constructed in figure 4         
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 Figure 4: Graphical representation of slope  
 

Algebraically, slope = 
�����

�����
  . And generally = 

����

���
 

2.3.5 Graph of the Equation 

The graph of the equation shows the relevant changes between two quantities that 

are represented by variables (generally by x and y’s). And both the variables are 

interdependent, in which one of them is labeled with independent and the other with 

dependent variable that are logically connected with operator, results in equation, the 

formula or function. The graph of the points in R2 verifies the algebraic equation, formula 

or function. The nature of algebraic equation can be predicted by plotting the points in R2 

plane (Swokowsk & Cole, 2009; Protter & Protter, 1998).   

2.3.6 Parameter 

  Parameter in line equation is a special type of variable that plays a dynamic role 

in the geometry of line. In equation of line it has two functions, i.e. either it rotates or 

translate the line. For instance, in line equation   � = �� + �, “m” and “b” represent two 

parameters and, both are having a great geometrical significance. The values of m and b 

are invariant to a definite line (Malhotra, Gupta & Anubhuti, 2009). For example, in 

equation,   � =  �� +  1,  b=1 is a fixed constant. So, for different values of “m” this line 

will rotate about to a specific point (1, 0). Similarly in equation � =  � +  �,  here, m=1, 
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geometrically line will translate in a parallel and discrete way for different values of ‘b’. 

In the similar way, the equation  � = ��� + �, represents parabola having two parameters 

“a” &“b”. In the equation � = ��� + �, for different positive values of ‘a’ the same 

graph will either be stretched or compressed and likewise for different values of  “b” the 

graph of the equation will either be translated in above or below vertical direction. 

2.4 ALGEBRA AND ALGEBRAIC THINKING  

2.4.1  Algebra 

Algebra is the generalize form of arithmetic in which we deal with variables that 

are used in place of numerals. The variable values depend on the context in which it is 

being used; and it shows the relationship between quantities in abstract way rather than 

concrete (Mason, 2007). In Pakistan students learn formal basic algebra from Grade-6. 

Conventionally, in the basic algebra education, to deal with variables, unknowns, 

symbols, relations, function and expressions is an important, epistemological obstacles 

and issues for mathematics educationist.  

 Singularly, algebra is spread out in each discipline of life and without the basic 

skills and competencies in this subject; further mathematics is meaningless. In pursuant 

to Kilpatrick (2009) competence in algebra is the key to success in the high paid-

profession jobs and in readiness for higher studies of mathematics. But due to the abstract 

nature of algebra, students as well as teachers always confront with hurdles. The best 

mental tool to learn abstract algebra is algebraic thinking, the habit of mind. 

2.4.2  Algebraic Thinking 

 In line with Dindyal (2003) algebraic thinking is a form of mathematical thinking 

and is not limited to work in algebra only. “Algebraic thinking is about generalising 



17 
 

 
 

arithmetic operations and operating on unknown quantities. It involves recognising and 

analysing patterns and developing generalisations about these patterns.  In algebra, 

symbols can be used to represent generalisations”. (Net definition downloaded 

fromhttp://arb.nzcer.org.nz/supportmaterials/maths/concept_map_algebraic.php) 

 Furthermore, understanding pattern, arithmetic generalization using symbols, the 

development of mathematical models and the development of the language of algebra, all 

are the cognate aspects of algebraic thinking (Wickett, Kharas & Burns, 2002; Drijvers, 

Dekker & Dolk, 2011). The well-known mathematics educationist Usiskin (1997) 

explained and described this language into five aspects, particularly: unknowns, 

formulas, generalized patterns, place holders and relationships. In algebraic thinking, 

recognition and then extension of pattern are tough cognitive aspects in structure 

articulating.  Out of many, the three best activities that prompt students’ algebraic 

thinking are:  

i. Through T-chart arithmetically  

ii. Through equation using variables 

iii. Through graph (Schuster, 2010). 

  Over a great expanse, to think algebraically, one must be able to understand 

patterns, relationships and functions; represent and analyze mathematical situations and 

structures using algebraic symbols; the use mathematical models to represent and 

understand quantitative relationships and analyze changes in various contexts. 

2.4.3 Significance of Algebra and Algebraic Thinking  

 Algebra is the oldest and basic branch of mathematics and it is accepted as a 

worldwide subject for mathematics education. National Council of Teacher of 

http://arb.nzcer.org.nz/supportmaterials/maths/concept_map_algebraic.php
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Mathematics (NCTM) described the five content standards for learning and 

understanding school mathematics. In which algebra is placed on number two. Likewise, 

Pakistan “National Curriculums for Mathematics” (2006) are circumscribed under five 

major standards throughout the K-12, in which algebra is also on number two/2. 

Moreover, algebra is the need of every individual who wants to survive in this 

technological society. On this ground, educationists always stress, on the need of 

students’ algebraic thinking throughout the mathematics curriculum (Blair, 2003). 

Similarly, algebraic thinking which is likely important for higher studies and to prepare 

students for higher level. California Common Core State Standards Mathematics (CA 

CCSSM) focused and integrated it from the earliest days of the school. Booker (2009) 

says, algebra, is being used as a tool in natural, business and social sciences. For this 

reason countless changes and opportunities are given to everyone to develop algebraic 

thinking. Thus, in conclusion, algebra is not the end of education rather it is the best 

mathematical tool to solve major problems in different disciplines. 

2.4.4 The Nature of Algebra and Algebraic Thinking  

 Generality is the cardinally essence of algebra. In algebra every expression 

underlying some structure and to articulate this structure, is one of the complex cognitive 

activity for students (Gutierrez, Mavrikis & Pearce, 2008; Geraniou, Mavrikis, Hoyles & 

Noss, 2008). In addition, symbols that compress the whole pattern in a meaningful way; 

it makes algebra an abstract. And because of this nature, algebra is viewed as a formal 

system of thoughts rather than concrete. However, (Lew, 2004) through concrete 

operational activities the cognitive gap between these two systems of thoughts can be 

reduced and, through the best contextual teaching method, the formal stage of Piaget can 
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be achieved and effective techniques could minimize the distance between the last two 

stages of Piaget. 

 By the same token, mathematics is all about the critical study of pattern. While 

solving problem in mathematics, that always underlying some pattern and structure, one 

must identify, recognize, articulate and generalize the pattern in exchange to understand 

and solve the problem. Pattern identification in the structure of a problem and using this 

pattern to solve the problem according to the context is the essence of algebraic thinking. 

Searching for pattern that keeps mind busy and then analytical investigation of this 

pattern results in some specific behavior and represents it into symbolic register that 

always promotes algebraic thinking. For example, functions in mathematics are the result 

of some sort of pattern. To unearth and analyze the pattern, and their exclusive 

relationships; developing generalizations are all, the cognate of algebraic thinking 

(Kennedy, Tipps & Johnson, 2007; Seeley, 2004). 

 Apart from above, in algebra, we use symbols for objects to impose the operation 

on the structure for expressing generality. With the computational ability of structure, 

abstraction takes place. Verbal manipulation of a structure causes in different type of 

representations system.  All these representations concepts revolve around four types of 

models: 1) structural 2) linguistic representation 3) functions and relations 4) and 

modeling (Dossey, 1998). 

For instance,�� �� = (� �)(� + �), is a structure and it can be generalized through 

arithmetic induction, that is      3� 2� = (3 2)(3 + 2) .Whence teaching learning 

algebra, one must know the underlying structure of an abstract concept and pattern. And 

the structure can be abstracted through computation. Thus, students abstract the structure 
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after arithmetization. Next, linguistic representation is the representation of a concept 

through words. But it is developed in three ways: graphical, tabular and symbolic. In 

addition, verbal description is the central of these three. For example, length of an entity 

“3” is easy to apprehend in compare to area of a square “4”. To understand and teach this 

area concept, we need to represent it through different or multiple representations. 

 

 

 

And the symbolic representation of area will be:  A= x2, where x is the length of side. 

Verbal representation = 1 cm2 means 1cm on each side of a square. While, 4 cm2 means 

that we have a closed polygon having 4 squares in it. The verbal representation in area 

concept expresses high concept and need conceptual understanding in describing it. And 

students achieve it in late stage. 

2.4.5    Development Students’ Algebraic Thinking  

 As from the above literature it is clear that algebraic thinking is an indispensable 

skill throughout the curriculum k-12. And success in advanced mathematics and practical 

life definitely depends on algebraic thinking that promotes reasoning. While, students’ 

difficulties in algebra and their potential in algebraic thinking, is not the only reason of 

their incompetency, but the presentation of the activity in the context of the curriculum 

Tabular representation of area 

If side length               

1cm                             

2cm                             

3cm                              

area 

1cm2 

4cm2 

9cm2 
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and the source guaranteed for this activity to solve it, also vital for this problem 

(Gutierrez et al., 2008). 

 So for as, in our present education system, knowing that algebra is a structural 

tool to most of the disciplines necessitate for each individual. And for this structural tool, 

algebraic thinking, that is the functional tool of mind, results in optimizing 

understanding. However, activities are the prerequisite for the development of this tool. 

There are different patterns activities in combination with distinct permutations that 

involve relationships, significantly affect the computational fluency and algebraic 

reasoning of the students. In the activity students must know about the relationship of the 

objects and get them ready before formalizing the relationship (Booker, 2009). In fact, 

not only algebra content, also different aspects of environment surely influence the 

development and individual thinking of the students (Hannah, 2013). So, designing such 

environmental situations that give opportunities according to the individual potential, in 

which students can construct and analyze the pattern along with computational support 

for transforming the pattern into generality, although pattern investigation and 

generalizing problems that are common hurdles for most of the students, not by nature is 

the cause of difficulties for them, but the ways that is the reason, that problems are 

represented and constructed in teaching process, are the virtual problems. In addition to 

that, in teaching process, connecting new experiences to what already known by the 

students in a familiar context and getting sense of pattern, is a way leading to promote 

students’ algebraic thinking. Along with this, teacher role in the presentation of activity 

in the environment is also an essential course, to develop algebraic thinking. Which is 

why, it is the teacher who turns the activity into an intended learning. And the degree of 



22 
 

 
 

Figure 5: Path diagram of causal effect on students' algebraic thinking 

students’ algebraic thinking development chiefly depends on three exogenous variables: 

the nature of the task, the teacher’s role and the student role in the activity. These three 

are the causal effect variables that drive students’ algebraic thinking. We can visualize 

this relationship through a path diagram as (Loehlin, 2004).  

 

In the same line, in the book of Blanton (2008), four instructional goals are declared to 

promote students’ algebraic reasoning, which are: representation, questioning, listening 

and generalizing. 

Table 2: Four basic instructional goals that promote algebraic thinking 

Representation  Students have to do different thing in their process and their 
product. Multiple representations through multiple ways. 

Questioning During the activity asking questions to the students direct and 
organize their thinking. 

Listening  Observe and listen to students thinking. Uncover their intrinsic 
thinking. 

Generalizing Capturing idea and interpreting it into meaningful form. The 
difficult stage, achieved by students at variance. 

 

Generally, in school algebra, algebraic thinking is related to the transformation of 

computational behavior of structure arithmetic in generalization of arithmetical thinking. 

As a whole, the crucial points for promoting algebraic thinking in classroom setting are: 

i. The teacher professional development in algebra and algebraic thinking. 

ii. The activity which is responsible for it. 
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iii. The student’s engagement in the activity (Stephens, Grandau, Asquith, 

Knuth & Alibali, 2004). 

iv. The rich learning environment according to the potential of the students. 

v. The instruction scaffolding should be in the zone of a proximal 

development (ZPD) of the child in a constraint way and restricted time 

(Seifert & Sutton, 2009). 

2.4.6  Cognitive aspects in algebraic thinking 

 To develop algebraic thinking, mind’ functionality is an essential tool. And during 

the process of pattern investigation, to aim at the arithmetic generality that always keeps 

mind in function, is also important for algebraic generality and evokes the mind about the 

reality of algebraic structure. In addition, to formalize the algebraic structure, arithmetic 

support is too much necessary for this process (Engaging the Australian National 

Curriculum, chapter 3, 2012).  Further, to reach to the end, we use symbols that make 

algebra abstract, hide the arithmetic structure, and represent the whole population in a 

very sophisticated way in the form of expression or equation.  

 Moreover, symbols that play an active role in expressing the general relationship 

between unknowns always abide by the restriction of constraints of the problem (Mason, 

2007). And symbols (letters) are the main players in algebraic thinking, which are used to 

represent the ignorance of the learner’s mind about the expected quantitative value. 

While, developing relationship between the abstract quantities through symbols, is a 

complex cognitive process and it needs the potential of mind.  

In the same fashion, mathematical cognition in developing the concept requires a 

cognitive structure of the concern concept. And the sophisticated cognitive structure for 
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learner is an important element for the development of math competency (Royer, 2003). 

The different aspects of activities which demand proper cognitive process in developing 

cognitive structure, and to understand the concept and develop algebraic thinking. Out of 

these aspects, some important aspects along with descriptions are: 

2.4.6.1 Structuring 

In order to develop the algebraic relationship of a structure, understanding the 

underlying structure of the relationship is the key element. And to unearth the structure, 

the two mathematical processes are required: specializing and generalizing, conjecturing 

and convincing. In addition to that, to uncover the structural relationship, the arithmetical 

relationship supported examples are very much necessary before symbolizing or 

generalizing. For example, in generalizing the arithmetic progression formula             

�� = � + (� 1)�, first the underlying structure with the support of arithmetic 

understanding is necessary. Pattern understanding of the structure, as in arithmetic 

progression, the structure is additive, while in geometric progression the underlying 

structure is multiplicative. In doing so, meaningful schema can be developed through a 

proper understanding of pattern in the structure of a problem (Steel & Johanning, 2004).   

2.4.6.2 Analytical relationship 

Secondly, understanding of the relationship between the quantitative terms of the 

problem in structure is the essence of algebraic thinking. These types of meaningful 

relationship play an integral role in the process of assimilation and accommodation of the 

schema. While, arithmetical thinking no doubts supports algebraic thinking, so, the 

pattern investigation using table of values promotes numerical relationship, and the 
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probability of algebraic symbolization and generalization purely based on the analytic 

view of pattern (Atweh, Goos, Jorgensen & Siemon, 2012). 

2.4.6.3 Generalizing 

Pattern understanding of a concrete way or expansion of pattern and getting idea 

in the context of a problem are essential for schema development. With a view, to 

generalize the pattern, we use variables which represent common behavior for some 

typical case.  And the product the generalization process can be seen in broader context 

(Tall, 1991). In the algebraic thinking every structure can be generalized in three distinct 

cognitive aspects, based on cognitive activities: expansive, reconstructive and disjunctive 

generalizations (Harel & Tall, 1991). 

2.4.6.4 Representation 

Strictly speaking, in teaching learning mathematics, the role of representations is 

fundamental to understand the concept of an object. And these representations are 

basically of two forms: external representations and internal representations. The internal 

representations which are the main concern in learning mathematics may vary across the 

students’ representations and structure-wise it might be different from the external one 

(Godino & Font, 2010). Certainly, the different sorts of representations always promote 

algebraic thinking. And through representation we can look into the students’ mind 

towards a specific concept. In conclusion, symbolizing the structure through different 

representations, gives potential to understanding and to contract the cognitive unit. 
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2.5      GEOMETRY AND GEOMETRICAL THINKING  

2.5.1 Geometry  

 In the historical perspective, geometry is the oldest and inseparable branch of 

mathematics taught all over the world as a common core subject in pre-high schools and 

high schools. The high school geometry is a logical and deductive system of thoughts, in 

which some basic thoughts are predefined and through logical deduction other results are 

deduced (Solomonovich, 2010; Meserve, 2014). Generally, we improve our knowledge 

with observation along with deductive reasoning. And deductive reasoning results in 

valid conclusion if the process of reasoning is free from fallacy.  

2.5.2 The Importance of Geometry and Geometrical Thinking  

 Algebra and geometry are the two basic pillars in the school education of every 

curriculum. Both the disciplines are used as a tool for developing thinking, which are the 

paramount aims of school curriculum. According to Muyeghu (2008), geometry is a 

worldwide subject and proficiency in it, is one of the premier goals of school curriculum. 

Basically, algebra results in algebraic while geometry results in geometrical thinking. In 

addition, in geometrical thinking, we think with the minds’ eye in geometrical context.  

 Moreover, according to Han (2007), geometry and geometrical thinking are the 

basic needs for every individual to live and survive in this geometrical world and are 

essential for higher level and intellectual growth. Likewise according to Mateya (2009), 

geometry helps students in developing different aspects of mathematical thinking and all 

these skills are the pre-requisite for most of the science disciplines. Mathematical 

problem-solving skills, spatial ability and problem solving ability enhance with the 

effective use of geometry content structure. 
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 Furthermore, (NCTM) described five standards for school curriculum in which 

geometry is placed on number three. In the same way, Pakistan “National curriculum for 

mathematics” (2006) has kept geometry also in one of the five standards. And the 

curriculum emphasizes the geometrical concepts that enable the students to think 

logically, reason systematically and conjecture astutely. The curriculum stresses graphics 

that enable the students to visualize and interpret mathematical expressions correctly 

rather than to manipulate them ‘blindly’. In addition to all these, in the “National 

curriculum of Pakistan”, it has been described that students should able to achieve these 

three basic domains regarding geometry: 

Table 3: Three basic domains of geometry 

1: Identify measurable attributes of objects, construct angles and two dimensional        

figures. 

2: Analyze characteristics and properties of geometric shapes and develop arguments   

about their  geometric relationships 

3: Recognize trigonometric identities, analyze conic sections, draw and interpret 

graphs of functions. 

 

And according to NCTM, the geometry standard for students throughout the grades 

should achieve the four domains and for grade 9-12 the expectation within these domains 

are: 
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Table 4: NCTM Geometry standards 

http://www.nctm.org/standards/content.aspx?id=26853 

Clearly, systematic deductive reasoning is one of the important skill for understanding 

science and higher study that prone into valid conclusion. And it is geometry which 

develops students’ reasoning and justification skills. To achieve all these objectives, the 

best teaching strategies along with technological tools like dynamic geometry software, 

should be used to enhance these skills. 

2.5.3 Different Skills for Learning Geometry 

2.5.3.1 Intuitive skill 

In fact, geometry is one of the most attractive disciplines of mathematics. And to 

learn and improve its teaching, until now, different organizations have been developed of 

http://www.nctm.org/standards/content.aspx?id=26853
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mathematicians and educationists (Fujita, Jones & Yamamoto, 2004). Their researches 

have been resulted in various tasks and techniques that develop skills for learning 

geometry. One of these skills is intuitive skill (informal knowledge of an individual) 

which was considered pre-eminent for understanding geometrical concepts. It plays a 

vital role in geometry learning and it is the skill that everyone has, a habit of mind that 

manipulates an object to solve the problem (Secada, Fennema & Adajian, 1995). As the 

learning process in the children is uniform and it is independent of culture, and every 

child comes to school with some intuitive knowledge. So, it depends on a teacher, how he 

connects the informal knowledge of students to formal system of knowledge to build and 

expand the schema of students. Commonly, teaching methods are dynamic in nature and 

no proper method can be defined for a proper concept generally, the method varies like 

variable in changing context. The best teaching method is the one that is fully connected 

with the context and design according to the background of the learner. 

2.5.3.2 Spatial skill 

As a matter of fact, in mathematics spatial skill is the ability of mind to 

manipulate and navigate the object, figure or diagram in 2D or in 3D space. To 

understand the geometrical and physical properties of a concept, spatial competency and 

ability is of paramount importance, and it is correlated with the personal experience and 

motor skills of an individual (Cornoldi & Vecchi, 2003). Another, text always depends on 

context and to learn visual concept of the object, contextual information could not be 

avoided during the process of cognition. So, along with visual and perceptual skills, one 

must have the understanding of the spatial properties of the contextual environment.   
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Further, geometry exploits visual intuition; it has rich content and having dual 

nature: the one is for most practical and reality-related component of mathematics and the 

other is related to theory of mathematics (Watson, Jones & Pratt, 2013). For this reason, 

spatial reasoning is an important factor for both the geometry and mathematics education; 

and it is a form of mental activity that cause the drawing of concrete and abstract spatial 

images along with navigation for the solution of practical and theoretical problem in 

mathematics. Now, the students who are well equipped with spatial strength can 

understand well the language of geometry (Gargiulo & Metcalf, 2012). This necessary 

human trait, spatial thinking, is further divided into two main distinct abilities: i) spatial 

orientation and ii) spatial visualization.  

 It is believed, spatial-orientation is the innate nature of every individual and it is 

judging and knowing the position of one with respect to other in space. In addition, it also 

involves the understanding of the relationship between different positions in space. As, 

spatial-orientation ability grows and develops through discrete manner like Piaget’s 

cognitive model and Van heile’s model. So, combination of effective teaching method 

with proper technology integration, the process of learning regarded to spatial ability 

could be fasted (Mathematics Learning in Early Childhood: Paths toward Excellence and 

Equity, National Research Council, 2009). For instance, in coordinate plane, origin is the 

fixed point and one can find the position of different points with respect to the origin, and 

through the origin one can find the position of different points with respect to each other 

too. Simple understanding or natural understanding is required to locate and judge the 

positions of different objects into two or three dimensions. In conclusion, generally every 
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individual uses two types of representation in spatial orientations: egocentric and 

allocentric spatial representation (Mou, McNamara, Rump & Xiao, 2006).   

 Spatial visualization or visuo-spatial cognition is concerned with mental images 

and manipulation of these images with geometrical eye. In nut shell, the power of mind to 

imagine and manipulate the movement of objects in spatial manner is called spatial 

visualization (Van Nes & De Lange, 2007). 

 Obviously, geometry is a set of structure and every structure having some 

numerical or spatial pattern, and there is some spatial regularity and correspondences 

between the elements of structure in patronized fashion. While, in the process of spatial 

visualization, the pattern understanding is very essential for spatial structure, and 

manipulation of the image of this pattern in spatial manner through different perspectives, 

as parts and  whole, and keeping all these information abstractly and then retrieve the 

whole process, all are cognates in solution of the problems in 3D or  2D (Mather& Jaffe 

2010). According to Gilbert (2006), spatial visualization is a mental representation 

activity which believes in internal spatial images and due to this ability one can 

manipulate 3D object from 2D and vice versa. In addition, the critical representations of 

the objects and understanding and performing the imagined movements of these objects 

(2D and 3D), all are concerned with spatial images that are internally experienced. In 

facts, images are the abstract concept and more concrete in nature than pictures, although 

its dynamic nature is not easily understandable (National Research Council, 2009). 

 Moreover, Connolly (2007) in his doctoral thesis described that, there is a spread 

out among the cognitive scientists and educationists about the spatial-visualization 

ability. Some cognitive scientists argued that this ability is static and could not be 

http://www.google.com.pk/search?tbo=p&tbm=bks&q=inauthor:%22Nancy+Mather%22
http://www.google.com.pk/search?tbo=p&tbm=bks&q=inauthor:%22Lynne+E.+Jaffe%22
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improved in the students. On contrary, most of the educationists claim that this ability can 

be developed and increased significantly in both the genders. Precisely, those students, 

who are equipped with strong visual spatial ability, can easily draw the spatial structure 

of objects and they can demonstrate the relationship between the parts of the structure, in 

a spatial way in space very confidently. For instance, Matthaei (2008), in her master 

thesis says, visual spatial learning-disorder causes low achievement and low 

understanding, in the geometry learning in both of the genders and it can be improved 

through effective spatial teaching activities.  

2.5.3.3 Deductive skill  

 As a matter of fact school geometry is deductive and logical. And on the basis of 

the logic and deduction, we prove, verify and solve most of the geometry problems. So, 

to learn geometry, one must be capable of this skill. While, the valid results of deductive 

reasoning based on statements that is taken and accepted as true. According to Ehrhardt 

(2011), reasoning is a cognitive process by which one travel mentally within the given 

data or set of logical statements to arrive at a certain theory or authentic conclusion. The 

substitution of one choice over another based on the reasoning process after evaluation 

and judging different statements and the drawing conclusion for best one, but the whole 

process relies on logical statements (Sternberg, 2008, 2009).  

 Certainly, researchers, scientists apply the logical skill in the solution of complex 

problem (Sinsel, 2006). Johnson-Laird (1999), called deduction is a process of thoughts 

and its implication or fruit results into a definite conclusion of thoughts. We can say there 

is a direct or functional relation between the reasoning process and valid conclusion 

within given true premises. For example, in deductive reasoning, if a student works hard, 
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Figure 6: Vertical lines with intersecting angle 

then he will claim A- grade. But a student did not get A-grade; it means that he did not 

work hard. 

 Furthermore, Beebe and Beebe (2011) structured deductive reasoning into three 

forms of reasoning that is called syllogism: the major premise, the minor premise and the 

conclusion. For instance, firstly “parallel lines having the same slope” is a major premise. 

Secondly, “if two lines having the same slope”, this statement is called minor premises. 

And thirdly, from these two statements we can conclude that lines are parallel. In the 

same way, in the geometry-learning there are some known principles, axioms, postulates 

and truths. And students must know about these well-known premises. So, on the basis of 

deductive skill, one can draw and conclude from these premises a particular desire 

statement. For instance, a deductive nature question, if two lines intersect, then their 

vertical angles must be congruent. 
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Figure 7: Logical gate of two reasoning process 

As from the figure 6, if one angle is 500, so the opposite angle will also be 500. And 

similarly, through deduction the remaining angles could also be found. Likewise, in 

analytic geometry problems, as an example if two lines are perpendicular and the slope of 

one line is 2, then through deduction we can find the slope of the other line that must be 

(-1/2). In contrast, the opposite thesis of deduction is induction. While in the induction 

process one moves from specific to general truth. And these general truth latterly used in 

deduction process also. In conclusion, both induction and deduction are reasoning 

processes and always result in some conclusions. The hierarchy of both types of 

reasoning processes is demonstrated in figure 7. 

 
2.6 THE VAN HEILE’S GEOMETRIC THINKING MODEL AND STRAIGHT  

 LINE EQUATION 

 Two Dutch educators (Husband and Wife) Pierre van Hiele and Dina van Hiele-

Geldof developed a cognitive geometric thinking model of five discrete levels for 

teaching learning school geometry. They explained geometrical understanding of students 

in levels through a structured hierarchy of stages (Pandiscio & Knight, 2010). Each of 

these level, constituted a definite characteristics in term of activities and instructions. And 

the students’ progression through each level depends on the activities and instructions 
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and its implication by teacher. What is move, the geometrical understanding of students 

depend on their active participation in a well-designed activity, and the proper objectives 

of the lesson, context of the study, involving in discussion rather than memorization all 

leads to raising the levels.  

 Usually, school geometry is mostly divided into two categories: 1) Space 

geometry 2) Deductive geometry. The content of space geometry is related to real world 

situation and, it can be visualized and analyzed in real and concrete way. In contrast to 

space geometry, the nature of deductive geometry is abstract, and is mostly taught at high 

school. And to learn this, logical and deductive nature is required. Likewise, in Van Hiele 

model, the first two levels are related to space and the remaining are related to deductive 

geometry. The description of this geometric thinking model and application with 

reference to linear equation is given below (Chan, Tsai & Huang, 2006; Yazdani, 2007; 

Burger & Shaughnessy, 1986; Mason, 1998; Pandiscio & Knight 2010; Kospentaris & 

Spyrou, 2007). 

2.6.1 Level 1(visualization) 

 In the first stage of the model, students observe the object in a gestalt, and 

decisions are mostly perception based rather than reasoning. And students treat the figure 

without its traits, definitions and descriptions. In addition, students just learn in this stage 

the geometric vocabulary. Similarly, in analytic geometry the concept of a function, 

relation or equation is the most important one.  While discussing linear equation or 

quadratic equation students must know the object as a whole. At the first level, students 

must know the structure of concept. And through arithmetization and table they know the 

shape of equation. For example, in understanding equations   �� + �� + � = 0  or  
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�� + �� = 4. At first level, students must know that {�� + �� + � = 0}is linear 

equation, representing the straight line, and the other is quadratic (circle equation) 

representing a circle, without further description and traits. 

2.6.2 Level 2(Analysis) 

 At this level, students identify the traits of the object, figure or shape. They name 

and analyze the traits of objects without observing the mutual relationships between their 

traits. We can call this level, trait oriented level. In which students cannot define and 

describe the object completely. Though, the necessary and sufficient conditions for an 

object according to their properties are still ambiguous. However, in teaching context, 

first two levels of Van Hiele model are very important and students should apply it in 

different context. 

 Furthermore, level two does not mean to learn just the properties of figure which 

are mostly offered as ready-made by teacher, but students have to apply all these 

properties of well-known figures into differential context. That’s the reason that, the first 

two levels must be implemented by the teacher in active ways that require some mental 

action along with some process. Moreover, the attainment of level two is directly linked 

with the activity of this level. For example, in square, all the four sides are equal, parallel 

and angle between any two adjacent sides is 900. 

 Similarly, in the context of analytic geometry if we consider the linear equation or 

circle equation i.e. � = �� + � &�� + �� = �� , the instructional goals of level two for 

these two equations would be: that students must know about the different analytical 

attributes of these equations without their mutual relationships. Such as, in the above 

linear equation "(�, �)" shows a point, “m” stands for slope and “b” for y-intercept. Thus, 
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to learn different attributes of a line equation, the practicality of the activity is the most 

important thing. In last, in analytic geometry, students must get the sense of line- 

equation in both ways: Algebraically and geometrically.   

2.6.3 Level 3 (Abstraction) 

 From this level deductive geometry takes on, and it’s the level where students 

perceive relationships between properties of figures within and among the classes. Here 

students at this stage are capable of reasoning with meaningful description along with 

class inclusion also. For example, students at this stage can use the transformation logic 

that is, “square being a type of rectangle”, also they can understand and use the 

definitions. Nevertheless, the concept nesting is understood although intrinsic 

characteristics still could not be manipulated. 

  Likewise, in reference to the line equation, for example, � = 2� + 1&� = 2� +

2 are two distinct parallel lines because their slopes are equal with different intercepts. 

Students at this stage do not know, if two lines having different intercepts are parallel or 

not? In the same way, in equation of line� = 3� + 1,   students must know the analytical 

relationships between the slope and y-intercept in a concrete way. Students of this level 

can understand different semiotic representation in the same register, with facility. 

2.6.4 Level 4 (Formal deduction) 

 At this level, students can construct proofs. In the specification of the attributes of 

this level, students can understand the inter-relationship between undefined terms, 

definitions, axioms; postulates, theorem and proof, and they can use it with facility. The 

student reasons formally and can look at different possibility within the context of a 

mathematical system. Students in this level ask ambiguous questions and can rephrase the 
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problem tasks into precise language. Moreover, in the addition of the attributes of this 

level: the frequent conjecturing, attempt to verify conjectures deductively, systematic use 

of arguments, If- and if only, and sufficient conditions all are included and understood. 

 In reference to the line equation, students of this stage must know, such as, “if the 

two lines are parallel”, then the lines will be of same slopes. In addition to that, students 

at this stage must reason also, if lines are having same slopes, then the lines may be 

parallel or coincided. In the same way, for the axiomatic rule for two perpendicular lines, 

if two inclined lines are perpendicular then the product of their slopes must equal to -1. 

Moreover, in equation of line � = �� + �, students must know the role of “m” and “b” 

in abstract way rather than concrete.  

2.6.5 Level 5 (Rigor) 

 Students at this level understand the formal aspects of deduction, such as 

establishing and comparing mathematical systems. At the same way, they can understand 

the use of “indirect proof and proof” by contra positive and can understand non-

Euclidean system. Transformation of different systems can take place and students can 

compare different axiomatic systems. 

2.7 MATHEMATICAL THINKING  

 It has been the demand of education all over the world to instill thinking behavior 

in students. But the important questions are what thinking is? And how we think to think? 

Cognitive scientists are common in this fact that thinking is the mental attribute of mind 

that is related to its function rather than its structure. And on the basis of this cognitive 

ability humans rule the whole universe and due to the same attribute, we rank the groups 

in different context with different labels. Especially in education these labels mostly are: 
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genius, creative, intellectual etc. Additionally, different cognitive scientists defined 

thinking and mathematical thinking in different ways with respect to the function of 

mind. Like, in the book of Feldman (2007), thinking is the manipulation of mental 

representation of information. In the same way, in the book of Ruggiero (1998), 

“Teaching thinking across the curriculum” thinking is a mental activity or attitude of 

mind or habit of mind that helps in various dimensions: in the solution of a problem, 

searching for the truth, desire to understand, and reaching for meaning and decision 

making.  

 Another, thinking is the mental innate ability of human being (Vogel, 2014) and 

mathematical thinking develops this ability in valuable and turns it into powerful way of 

thinking. One must be clear in this point that, thinking and mathematical thinking both 

are the habits of mind and both uses the same mental resources in their functional 

behavior. Explicitly mathematical thinking is a number of interrelated attributes which 

are necessary for mathematics, and abstract attribute is one of the most difficult attribute 

in mathematical thinking (Devlin, 2000). Likewise, according to Waismann (2003), 

mathematical thinking is the hypothetical behavior of functional mind, and in 

mathematics learning we use it as a guessing and validating behavior. So, due to this 

important hypothetical behavior an individual represents a concept in different semiotic 

systems of representation. Similarly, the importance of mathematical thinking by a 

distinguished mathematics educationist Stacey (2007), she declared and described these 

mental behaviors for three ways: (1) for one of the main goal of school everywhere, (2) 

for learning mathematics and (3) for teaching mathematics. In conclusion, mathematical 

thinking is the hypothetical possibility, to the solution of a problem in hypothetical world. 
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And the main function of mathematical thinking is to evoke our unconscious thinking to 

conscious, or in other simple words, mathematical thinking is like a regulator to regulate 

our thinking in an effective way.  

For example,   � + � = 1 & � + � = 2   has no solution arithmetically but it may have 

some solution in some other context. 

2.8  ALGEBRAIC GEOMETRIC THINKING MODEL 

 Variables, syntax and symbols are the focal concern of algebra that make this 

subject abstract and all these are signs of frustration to most of the students. To 

understand the meaning of these signs, are the toughest cognitive activities in teaching 

learning process (Mason, 2007; Radford & Puig, 2007).  And the value of each sign 

depends on context in which it is being used and it has multiple representations. Contrary 

to algebra, geometry deals with objects: lines, points, shapes and their corresponding 

properties. While, analytic geometry is the union of these two discrete disciplines, 

algebra and geometry. It has different transformable names; Cartesian geometry, 

Coordinate geometry, two dimensional geometry. The credit goes to “Rene Descartes”, 

who used for the first time algebraic equations, to solve geometry problems using 

Cartesian coordinate system, which gave birth to analytic geometry (Boyle, 2009). In 

simple words, analytic geometry enables us to apply algebraic methods to solution of a 

problem in geometry and vice versa, and embodied the solution in both the registers: 

algebraic and graphic register. So, owing to the dual register system, to understand 

analytic geometry, dual thinking is necessary for conceptualization: the one is Algebraic 

thinking and the other is Geometric thinking. In this manner, analytic geometry is a 

semiotic system of representation: algebraic representation and geometric representation 
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(Hesselbart, 2007). Both the representations consist of structure of generalized points in a 

gestalt way. And every structure deals with variables, parameters and constants with 

interconnected relationship. 

 As mathematical thinking has versatile dimensions and different researchers 

described and mentioned it at some variance, and no one can clearly circumscribe it in 

general. That’s why, Ma’ moon (2005) selected six most significant aspects of 

mathematical thinking out of fourteen. He used these six aspects: generalization, 

induction, deduction, use of symbols, logical thinking and mathematical proof in 

evaluating of student’s mathematical thinking of grade-11 for his doctoral research. 

Similarly, Zaman (2011) also mentioned in his doctoral dissertation, the work of different 

researchers, related to mathematical thinking model and their aspects. He also used and 

selected six aspects of mathematical thinking for his doctoral study but the population of 

the study was secondary level. Likewise, Lew (2004) also claimed six important aspects, 

which are necessary for success in algebra. The summary of their mathematical thinking 

aspects are: 

Table 5: Aspects of mathematical thinking according to different researchers 

Mamoon’s six aspects Zaman’s six aspects Lew’s six aspects  

Generalization  Generalization Generalization 

Induction  Induction Abstraction  

Deduction  Deduction Dynamic thinking  

Symbol Problem solving Modeling  

Mathematical proof Proof Organizing  

Logical thinking  Logical thinking Analytic thinking  
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Figure 8: Web of analytic geometry structure 

Although, mathematical thinking has a long list of different interrelated aspects and it is 

impossible to confine it in a static way. In addition, the aspects of mathematical thinking 

vary from text to text and from context to context. On the same ground, in this study, six 

major significant aspects were selected for analytic geometry. And all these aspects are 

generally important for mathematics and significantly essential for teaching learning 

analytic geometry. In analytic geometry, every object of analytic geometry is a structure 

which results in different form: expressions, equations, relations and functions. 

Geometrically every structure constitutes of points and the algebraic form of this 

constitutes of variables, parameters and constants. Like Lew (2004), this idea through 

model behavior can be represented as: 
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As algebraic concepts are everywhere in school geometry, and it is a best approach to the 

solution of problem in geometry by involving and understanding the concepts of 

variables (Dindyal, 2007). So, to learn and understand Analytic Geometry both Algebraic 

and Geometric analysis of each nested results of structure, is important and the six 

aspects of algebraic geometric thinking model (Generalization, Analysis, Logical 

thinking, Abstract thinking, Problem solving, Representation) is an approach towards the 

understanding of analytic geometry. And to conceptualize the concept in analytic 

geometry, the six mathematical thinking skills of dual nature are essential and in this 

study, it has given the name of algebraic geometric thinking model. The model is a 

hybrid of Algebra and Geometry. To understand Analytic geometry both the aspects 

(algebraic and geometric thinking) are necessary. 

 As, for every algebraic structure, there is an equal geometrical representation in 

coordinate geometry. So, the similar approach to the Descartes, Markus Hohenwarter was 

also used and combined algebra and geometry into software language (GeoGebra). In 

Mathematics education, GeoGebra is being used mostly at every level.  

The six aspects of model are :(1) Generalization,  (2) Analysis and analytical thinking, 

(3) Logical thinking, (4) Abstract thinking, (5) Problem solving, and (6) Representation 

The description of the Algebraic Geometric thinking model is given below: 

2.8. 1 Generalization 

 In mathematics “generalization” is used at every stage and levels either in content 

expansion or in teaching process. In reference to mathematical thinking, generalization is 

one of the object tools of cognitive functional process, that effect and activates an 

individual’s thinking. Particularly, the main aspects in the cognitive process of 
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generalization involves: pattern investigation, making claim that extend beyond a 

particular situations and extension of observation from less to broader (Zaman, 2011; 

Lew, 2004 & Ma ’moon, 2005). In the line of Lew (2004), pattern investigation is the 

main characteristics of generalization process which cause addition in most of algebraic 

concepts. For example, the functional relation of linear equation y-3x=0, is represented as 

y = 3x. The table values of this function are found as: 

 

These values are simply a linear pattern that is for each unit increment in x, 

corresponding addition of “3” in the value of y. As researchers of mathematics education 

use the term generalization for different meanings according to their contexts. So, it is 

very difficult to get stuck to the generalization for single identity.  

 Moreover, generalization is a process which results in knowing expansion and it 

searches for similarity after articulating pattern and accommodates new one in the 

existing category of cognitive unit structure. According to Tall (1991), generalization and 

abstraction are the cognitive processes in which concepts can be seen in the larger context 

and concepts are the product of those processes. Further, he divided generalization 

process into three different categories: expansive, reconstructive and disjunctive 

generalizations. In addition, the process of generalization thinking can be instilled in the 

students at each level through: pattern investigation and understanding (Dindyal, 2007). 

Generally, in generalization process, extension and expansion of reasoning involves in 

both way: within system and out of the system. 

Apart from this, students use generalization process when they confront with new 

concepts, they search for these new concepts similarity in their previous similar concepts. 
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By Dorko and Weber (2014), students used taxonomy of generalization process in 

different situations, so, in teaching process, instructions should be designed to support 

this process. Furthermore, they divided and described the taxonomy of this generalization 

process into two distinct categories with different attributes: generalization action, 

generalization reflection. 

Particularly, in the concept of algebraic equation, recognizing and analyzing 

pattern and structure articulating are essentials (Geraniou et al., 2008). In the same way, 

in analytic geometry, every concept has a definite structure underlying some pattern, and 

understanding of pattern, identification of relationship between the terms and in the last 

how to represent this pattern on coordinate plane, all are very important features for 

concept building. For instance, in all six items of the generalization thinking aspect of 

this research study, there are some insight patterns: numeric pattern, slope pattern, 

intercept pattern, process pattern or generalized result pattern. However, the instruction 

can be designed to learn all these patterns to support the ability of generalization process. 

The item given below is an actual test item for this research study. 

 

This question is related to pattern investigation of the generalize equation. Similarly, the 

third question of the generalization aspect of this study was:  

G3: Find the slope of a line passing through (c, d) and (a, b). This question “G3” is also 

about slope-generalize-form for general number. In this question students are required to 
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think beyond arithmetic. For measuring students’ generalization thinking in this study, 

the researcher had used six/6 items that are specific to analytic geometry context. As, in 

the web of mathematical thinking aspects, most of them are interconnected, out of these 

aspects: symbolism, induction, specialization and generalization are highly correlated; 

and there are a lot of interconnected relationships among them. That is why, Zaman 

(2011), combined symbolism and generalization aspects of mathematical thinking in a 

single unit because of high correlation between them. Contrary to that, Ma ’moon, 

(2005), used induction, deduction, symbol and generalization in his doctoral study as 

separate aspects of mathematical thinking. 

In fact, every linear equation is a structure and to articulate this structure by 

investigating pattern, always prompts mathematical thinking (Geraniou, Mavrikis, Hoyles 

& Noss, 2009). And to generalized and represent the pattern, we switch on symbolism. 

As the process of symbolization, is very elusive for most of the algebra struggling 

students. So, before generalizing the pattern, proper arithmetic scaffolding should be 

provided to them. It is mentioned that, in this study, we used all the three aspects of 

mathematical thinking: generalization, induction and symbolism as a single unit.   

2.8.2 Analysis and Analytical Thinking 

 Hypothetical behavior or creativity is the main focus of education. And the 

analytical thinking always precedes to this behavior. The importance of analytical 

thinking according to Sak (2008), this ability causes creativity and creativity is the subset 

of analytical ability or in other mathematical words analytical thinking is the superset of 

creativity, and through symbol we can express this statement as {Creativity ⊆Analytical 

thinking}. 
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 Apart from this, in the book of Bassarear (2011), “Mathematics for Elementary 

School Teacher” analytical thinking is an important object tool for problem solving, and 

the elemental or parts analysis of a complex problem, idea, object or concept always 

results in mathematical proficiency. And that mathematical proficiency is the driving 

cause of economic development in the country (OECD, 2006). More importantly, as, the 

main function of analytical thinking ability, is to break or dissect mathematical 

combination or microscopic work, on a structure or concept. So, to solve the problems in 

analytic geometry, one must have this skill.  

For instance, in equation   � = �� + � �� �� + �� + � = 0, the learner should have the 

knowledge of point (x, y) and the role of “m” and the “b”. 

Secondly,   � = 2� + 1, is a linear equation which represents a line in coordinate plane 

and in this equation, (x, y) are the solution points for this line equation, and (3, 1) is one 

of the points on this line. So, if we put it in the equation, this will balance the equation. 

Also, the slope of this line is 2, variations in the values of “m” which is a parameter, 

cause rotation in the line and similarly the y- intercept of this line is “1”, and variations in 

the value of this parameter “b” cause translation or shifting.  

 Furthermore, according to (Junoh, Muhamad, Abu, Jusoh & Desae, 2012; Thompson, 

2011) analysis is a higher order cognitive activity and it is the ability related to 

distinguish between different parts of a concept, in understanding the concept as a whole. 

For structure understanding, students must break the whole concept into its parts and then 

relate the functionality of these parts to whole. At higher level mathematics, students 

always have a lot of misconceptions about the parts of a concept or the components that 

are related to the concept. For example, in equation of line or circle, students always 
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having no clear concept about the meanings and understanding about their related 

analytical part of these equations: (x, y), “m”, “b” and radius in either algebraic or 

geometric way. The item given below is an actual test item for this research 

 

This question is related to the components analysis of this line, as every structure is the 

cluster of different sub nested concepts, being aware of these sub concepts and 

component concepts the whole structure become alive and concretized. 

2.8.3 Logical Thinking 

To inculcate the reasoning power in students’ mind is one of the most important 

objectives of mathematics education. And this explicit attribute of mind, is the pre-

requisite for conceptual learning. Atkinson (2011), called reasoning, as a process, which 

is employed in argumentations and by the power of this process we present concept in 

sophisticated way. Because of the importance of this skill, National Curriculum of 

Pakistan included it among the five standards of national curriculum (MoE, 2006). 

Moreover, like algebra and geometry, analytic geometry discipline is also surrounded by 

logical rules and limitations, and to solve analytic geometry problems one must have the 

logical power of reasoning. In the book of “The teaching of mathematics” by (Sidhu, 

2006) according to Lock, “mathematics is a way to settle in the mind a habit of 

reasoning.”  And it is the thinking and logical reasoning which make a student differ from 

the rest and this power being the effect of mathematics education.  

Apart from above, using argument is central in logical deduction, and it is 

employed for the truthiness and validation of a mathematical statement (Rosen, 2011). In 

addition to that, logical reasoning process constitute of systematic evaluation of 
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arguments that leads to valid conclusions. And distillation of argumentations draws a 

narrow and explicit line, between trustworthy and untrustworthy argument. Precisely, 

logical thinking is a process that is having three main characteristics: exactness (true 

statements), methodical (systematic and scientific) and rigorous (precise and logically 

valid) (Stratton, 1999). From the above discussion we can describe the different aspects 

of logical thinking as: 

 Table 6: Aspects of logical thinking behavior 

  

By the same token, in the process of argumentations two basic types of reasoning 

take on: inductive reasoning and deductive reasoning. Both are opposite to each other in 

their nature, and potential in these behaviors promote problem-solving ability in 

mathematics (Rainbolt & Dwyer, 2012). Further, it is deductive reasoning, which was 

used and utilized by most of the influential mathematicians in their research work, which 

resulted in modern mathematics (Rossi, 2006). Generally, in logical deduction, reasoning 

flows from a hypothesis to a conclusion. For example, if two lines are parallel then they 

will never intersect. So, there are two possible statements. Let the first statement is “p” 

and the second is denoted by “q” then these sentences are denoted through symbol as 

“p→q”; in this symbol p is the hypothesis and q is the conclusion. Next, the item given 

below is an actual logical thinking test item for this research: 

Nature Narrow, purposeful, complex cognitive activity 
Function  Systematic and scientific. 

Implication  Valid conclusion, generality, expansion of knowledge. 

Scope Only logician mind understand, small population in high logical thinking 
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L1: If two distinct lines are parallel in two dimension plane, then which of these         

statement are more logically for two parallel? 

Think about the language of the relationship about the parallel lines, different 

possibilities are there for this statement. In this question, students are required to find the 

limitation and the best possible solution according to the question statement. 

2.8.4 Problem Solving 

We are surrounded by different types of problems, and problem starts with goal 

understanding, and the solution of every problems need some labor (Robertson, 2005).  

Mathematical words problems that are the important part of school curriculum always 

problematic in teaching, and students feel anxiety about it. Specifically, word problems in 

mathematics is a real-world context which are the combinations of known and unknown 

quantities and their corresponding relationships, and in these words problem, students are 

asked to find some unknown on the basis of given known quantities. 

Next, problem-solving skill is one of the main objectives of mathematics 

education. And the main concern in problem-solving skill is to think and select proper 

strategy towards the solution of problem. In the paper of Zakari and Yusoff (2009), the 

summaries of different research studies regarding student’s difficulties in solving 

mathematical problems have been reported, in which most are: Reading comprehension, 

Reading skills, Question understanding and question requirement. So, to solve a problem 

in mathematics is not an easy task, it needs some basic skills and proper strategies. While, 

the distinctive attribute of problem solving ability is to get to the result or solution. A 

well-known mathematician George Polya (1945), described four basic principles to 

solution of a problem that are: (1) Problem understanding and recognizing (2) Strategy 

development (3) Implementation of strategy (4) look back (assessment and evaluation).  
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In addition to that, in solving problem, students need to employ their previous knowledge 

to deepen their concept. And the student success in problem solving depends on three 

main processes: strategy, cognition and meta cognition (Erbas & Okur, 2010). 

Furthermore, NCTM also stressed on problem solving throughout the grades, and 

included it in one of the five process standards. As problem solving is the ability and 

through problem solving, students can acquire a way of thinking. So, problem solving 

should be integrated in all parts of mathematics education and should be included in 

content throughout the grades. In addition, instructions should be designed throughout the 

grades in such a way that, the problem solving effects the four major possibilities: (1) It 

must construct new knowledge, especially in the high school curriculum can be exposed 

through problem from mathematical or application context, (2) Real world problem, (3) 

Proceptual strategy to solve problem, and (4) Critical thinking across the process of 

problem solving, one must be absolutely clear during the process of problem solving, and 

in case of failure he/she might use alternative and appropriate one, to the solution of 

problem (NCTM, 2000). 

As observed keenly, in the study of Zaman (2011), problem solving ability 

recorded low scores and according to most of the teachers’ perception, was found among 

one of the difficult abilities in the overall six aspects of mathematical thinking.  As, 

problem solving is a mental skill, so through the discrete stages of George Polya one can 

learn and apply this strategy to the solution of the problem. While solving a problem, 

students must be well aware of the problem solving process. They should solve the 

problems in different context, through multiple strategies to expand their knowledge, 

during the process of problem solving (NCATE/NCTM Program Standards, 2003).  
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Furthermore, mathematical words problem is basically used for two purposes: 

first, to practice the mathematics skill and secondly, to judge the mastery of skill along 

with its application (Acosta-Tello, 2010). While solving word problem, a discrete 

mathematical skill should bring into practice. In teaching words problem, a problem 

strategy should be designed and remembered the difficulties encountered by students 

while obtaining the solution of a problem. In addition to that, while writing a word 

problem, the three major points must be encountered: 

i. The word problem should be according to the grade level of the students. 

ii. The readability level of the word problem must match the reading level of the 

students. 

iii. The length of sentence should be in appropriate manner. 

In the same way, Grabiner (1995) described Descartes’ Problem-solving method in five 

points, which are almost essential to solve analytic geometry problems- 

i. İn analytic geometry, one must draw the graph, to understand the visuals of the 

problem. 

ii. Comprehension of the requirements.  

iii. Analysis of known and unknown quantity. 

iv. Listing the relationship between the variables. 

v. Multiple strategies to get to the goal. 

 The problem-solving approach nurtures the thinking and learning behavior in 

students, through a well-designed activity. The task activity and the role of teacher play 

essential role in promoting students’ problem solving ability, and ultimately results in 

mathematical thinking (Isoda & Katagiri, 2012).   
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Figure 9: Graphical representation of problem: 

Below, is one of the problem-solving thinking questions of the test i.e.:  

P1: Find K so that the points A (-1, 1), B (3, 7) & C (K,-2) lies on the same line. 

In the above test question, students have to apply the slope logic in solving this problem. 

First student must comprehend the problem and then model the situation or draw the 

graph. 

Now, there are various strategies to solve this problem. The best strategy is, to use the 

slope concept. That is, the slope of the line AB is equal to slope of the line BC.  

2.8.5 Abstract Thinking 

 In abstract thinking a person thinks and manipulates the concept of an object 

beyond its visual vision on the basis of the theoretical background of that object concept. 

As, in algebra, we use variables and symbols in place of visible numerals that make it 

abstract, and its representation always depends on the context (Witzel, Mercer & Miller, 

2003). That’s why to learn about the symbols and variables, abstract thinking is the pre-

requisite and the algebra subject is a gateway towards the development of these abstract 

thoughts. On the contrary to this, analytic geometry deals with variables and parameters 

in a concrete way rather than abstract way. For example, in algebra, � + � = 1 has no 

concrete meaning in general, but in analytic geometry this equation represents a straight 

line, consist of infinite points, having slope “-1”, and y-intercept “1”. In this case (x, y) is 
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an abstract object, if we do not use the coordinate system. Although, in coordinate 

system, it represents different combination of x’s and y’s and through the process of 

relation with generalization we abstract this point to any point on the infinite line. 

 Moreover, abstract thinking or hypothetical thinking was the final end point of 

cognitive development in Piaget’s views (Keenan & Evans 2009). And according to Tall 

(1991), abstract thinking is the result of tough cognitive mental process of generalization 

in broader context, and it’s always less concrete, so it requires a massive mental 

organization. However, in the process of abstract thinking, the understandings of 

concepts along with attributes are very important. As in analytic geometry one must 

know the geometry of concept along with their related attributes in abstract way and 

before abstraction, it must be concretized in a practical way. For example, in the concept 

of slope, the attributes of slope are very important to solve abstract questions related to 

slope. And slope is defined as, the tangent of inclination of the straight line (tan �) or the 

ratio of two perpendicular sides of a right angle triangle inscribed by a straight line. In 

analytic geometry, we use variables and parameters in an abstract way to solve abstract 

questions. Below is one of the test items of this research study. 

Ab1: If "α" is the angle of inclination which the line makes with x-axis, &0 < � < 90°. 

Then the slope to this line always is? İn this question, students are required to find the 

concept of slope related to inclination angle with various values of the line. While, 

answering to this question, students will have to manipulate the angle mentally with line 

along with different possibilities. Next, the other test item of abstract thinking:     
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This question is also related to slope concept, using symbols with different possibilities. 

In all abstract thinking questions of this research study, the focus is on the possibility and 

hypothetical thinking of mind with less concrete manner.  

 Further, in the words of Gray and Tall (2007), abstraction is a process that results, 

in compression of concept, in meaningful way, after a series of different stages of 

development concept. And the individual of the last compression stage can evoke and 

retrieve the whole concept by using only some aspects of this whole concept. In teaching 

learning process, abstract problems are more difficult than concrete one, because: in the 

solutions of such problems we exercise symbolism. Generally, in mathematics, concept 

evolves through the process of abstraction by two ways: Abstract-General and Abstract-

Apart (Mitchelmore & White, 1995). In simple words, the abstract-general is related to 

applied mathematics, and in teaching we use it to model the situation or on the basis of 

similarity in ideas or using context for understanding idea. In contrast, abstract-apart is 

related to pure mathematics, which is independent of context.  

  In the same way, abstract-general according to Skemp (1986) “abstracting is an 

activity by which we become aware of similarities … among our experiences. Classifying 

means collecting our experiences together on the basis of these similarities. An 

abstraction is some kind of lasting change; the result of abstracting enables us to 

recognize new experiences as having the similarities of an already formed”. In last, 

according to most of the mathematics educationist and cognitive psychologists the 

abstract idea is invisible, less concrete and complex visually. But, now, most of the 

abstract ideas have been concretized, visualized through technology and through real 

mathematics. 
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2.8.6 Representation Thinking 

 Analytic geometry is the combination of algebra and geometry; it has concrete 

representation in coordinate plane unlike algebra which has multiple representations. In 

analytic geometry every algebraic equation has a unique graphical representation and 

vice versa. Both representations are isomorphic, completely concrete and also having 

concrete concept representations, in their sub parts in both way. Through these 

representations, mathematical thinking is conveyed. Nakahara (2008), in mathematical 

thinking, representation has a key role, and through representation mathematical thinking 

is conveyed and deepened. In mathematics education, representation means: symbolic, 

algebraic and graphic etc.  

 Apart from this, the performance of children is directly linked to their embodied 

structure in their concept image. To create the image of a concept in their mind, children 

always struggle to construct a concrete form of this concept in relation to someone that is 

similar to the under consideration, to build a concrete form (Bruner & Kenney, 1965). 

As, graphical representation of a structure in analytic geometry gives us a complete 

insight and concrete mathematical analysis, so, to learn analytic geometry, students must 

have a good stoke of images in their mind for each concept to achieve the abstract 

concept. The importance of visualization or graphical representation described by 

(Arcavi, 2003) for three basic aspects: (1) it is helpful in supporting symbolic result, (2) it 

helps in resolving the conflict between correct symbolic solution and incorrect intuition, 

and (3) it functions as a way to help us re-engage with and recover conceptual 

underpinnings. It is to add, every object in mathematics is accessed through their 

representation in their different semiotic register, and to understand the concept of this 
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object one must represent it through different representations along with flexible 

articulation between these representations (Souto & Gómez-Chacón, 2011).  

 Moreover, analytic geometry is a register of semiotic representation and through 

transformation within the same register we get valuable information about the previous 

register and through conversion we change one register to another form (Hesselbart, 

2007). All these representations are very necessary for understanding higher and complex 

mathematics and useful for mathematical thinking (Huang, 2012, 2013).The item given 

below is an actual test item for this research           

  R2: Graph the line y =
�

�
x 2 

This question requires cognitive ability of mental representation and transformation from 

one register to another register. In the same way the other item for representation thinking 

of this study is: 

 R5: Investigate and encircle the correct graph for the line y = x 2 ? 

The main objective of all the test items of representation aspect, are to investigate the 

visual stoke of students rather than their abstract. Further, students are capable to draw 

the graphical representation of algebraic equation; and how students embodying the 

concepts in analytic geometry.  
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Figure 10: Embodied structure model for analytic geometry 

2.9 STRUCTURE MODEL TO TEACH ANALYTIC GEOMETRY 

 As analytic geometry is the combination of algebra and geometry, and there is 1-1 

correspondence between each algebra and geometry concept (Dindyal, 2004), so, to 

comprehend analytic geometry one must keep geometric structure in his/her mind, 

manipulating it algebraically with the help of different mathematical thinking tools to 

solve the contextual problem of analytic geometry. 

In analytic geometry, every concept consists of many sub concepts and to capture 

all these at once is difficult for every learner. So, to understand analytic geometry, strong 

cognitive structure of different inter-related cognitive items should be built inside the 

brain. Barnard and Tall (1997), a piece of cognitive structure that can be held in the focus 

of attention all at one time will be called a cognitive unit. And the connectivity between 

cognitive item strongly depends on the understanding (Timmer & Verhoef, 2012). For 
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Figure 11: Geometrical relationship of slope concept 

example, to teach slope concept of a line, joining two points (�� , ��)&(��, ��) along with 

strong cognitive process under the shade of above model will be as: 

The algebraic structure to find the slope of the above line joining two points is  

                                          

Through simple arithmetic, this structure can be specialized. For the whole cognitive unit 

the geometry of this concept must be drawn.  

Firstly, inscribe a right angle triangle by point-A and point-B of the line. The geometric 

structure of slope concept is clearly interpreted in figure-11. By holding the concept of 

points in coordinate plane, the value of horizontal and vertical length in right angle 

triangle can be found. After that the basic formula for slope (i.e. tangent formula or the 

ratio of perpendicular to the base) is used. The slope depends on perpendicular to the base 

and by increasing perpendicular length means that, the inclination angle is tending to 90o, 

as a result the inscribed triangle base length will be shortening, and will approach to zero 
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Figure 12: Geogebra window 

and vice versa. In structural reasoning, if the base is zero, then the slope will reach to 

infinity and if perpendicular is zero, the slope will be zero, and at the same time line will 

be paralleled to x-axis. That’s the reason that, students must keep geometry in mind and 

then apply the process of the concept in a continuous and in systematic way.  Although, 

students can find slope of this line by various ways, that result into same procept. Hence, 

by doing so, the cognitive unit can be strengthened.  

2.10 GEOGEBRA 

2.10.1 Introduction. 

 Geogebra is a free of cost dynamic mathematics teaching learning software which 

is being used in most of the countries from primary to tertiary level. And it joins three 

disciplines: geometry,algebra and calculus. One can easily download it through internet 

www.geogebra.org. (Hohen et al., 2008 ).  

When we open geogebra, we will see the below window: 

http://www.geogebra.org/
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2.10.2 GeoGebra and Mathematics Education 

 In fact, mathematics teaching does not depend on a single discipline or pedagogy 

but it involves different disciplines: psychology, philosophy and sociology. Additionally, 

the role of content and the nature of learning are also very important in teaching learning 

mathematics. Besides, the teacher role is integral and could not be ignored in the whole 

learning process. Because, teacher is responsible for that: to investigate and decide what 

should be taught, how to assess the understanding and what the purpose of learning 

mathematics is? All these need a theory to help us decide (Dengate & Lerman, 1995). 

   Furthermore, learning needs tools to accomplish its objectives. For this reason, 

different tools are being used to make learning process meaningful. Technology is one of 

the essential tools in teaching learning process. And it is the technology which 

concretizes the abstract concept through effective modeling and representation. To 

integrate technology in teaching learning mathematics is a complex issue, and to 

communicate and inculcate the mathematical concept, teachers must equip themselves 

with technological and didactic skill (Ang, 2010; Gomez-Chacon & Joglar, 2010). 

 Moreover, technology is one of the six principles for school mathematics (NCTM, 

2000), under this Principle, technology affects the three basic areas:  

1. Technology enhances mathematics learning through multiple representations of an 

object and to view it with different perspectives. 

2. Technology support and give velocity to mathematics teaching, if teacher use 

technology in an appropriate way, by creating task and through visualization of the 

task. 

3. Technology influences what mathematics has taught. 
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GeoGebra is easy, free and accessible software through which the three main objectives 

apart from education can easily be achieved. GeoGebra gives different views of 

representation about a concept and content: graphical, numerical and algebraic etc. 

GeoGebra software has multiple proficiencies inside, and it’s up to the teacher how he 

uses it for his constructive objectives in an effective way. 

2.10.3 The Role of the Teacher in an Integrated Technology Environment 

 Despite, the potential power of technology in teaching learning process, it cannot 

replace a good teacher. But technology only transforms its role in the classroom. 

Likewise, mind without effective and appropriate use, results in no meaning, similarly 

technology in classroom always depends on its functional role rather than its 

constructional role. As, stated in “NCTM document” (2000), the effectiveness of 

technology in the classroom is always dependent on teacher, that how he/she uses it. 

 In non-integrated technology environment the role of a teacher is always active 

and teacher-centered and students are less involved in learning process. On the contrary, 

in integrated learning environment, the role of a teacher is to become a coach, a guide and 

get close to the students. Students need to be completely involved in learning and in 

learning process, which is the main objective of mathematics education. Teacher 

facilitates students to construct their own knowledge and monopoly of teacher in learning 

process replace as partner (Shimamoto, 2012). Along with this teacher do assessment 

during the learning process of student understanding. 
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2.10.4 New Aspects that Emerge with GeoGebra Environment in Teaching 

Analytic-Geometry 

 As, geogebra is a technological tool that gives a different  way of learning 

environment for concept learning that is, it provides dynamic geometry features with 

symbolic approch. So, it is effective to teach analytic geometry with geogebra aided 

instructions (Kushwaha, Chaurasia & Singhal, 2013; Ljajko & Ibro, 2013). In higher 

mathematics classes, the understanding of abstract concepts is essential, and is one of the 

main objectives of mathematics education. And students always struggle with these 

abstract concepts, but through the use of manipulative most of these concepts can be 

concretized. Moreover, because of GeoGebra, new aspects are emerged in teaching of 

analytic geometry and due to these new technological aspects, so it assists to integrate 

GeoGebra in analytic geometry. Some of the GeoGebra aspects are:  

i. Virtual manipulation:  GeoGebra gives virtual manipulation of an abstract object 

in a concrete way through multiple representations (Özgün-Koca & Meagher, 

2012). 

ii. The conjunction of algebraic and geometric thinking: GeoGebra is easy and 

straightforward software that gives the simultaneous representation of algebraic 

and geometric object along with the process (Little, 2009). 

iii. The process of concept can be seen through discrete and continuous way by using 

slider and animation. 

iv. Idea processing: GeoGebra has the ability to act on object through different 

possibility and then process the possible ideas in more rapid, accurate and gaining 

the spontaneous feedback in an exact way.  
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v. Analytic and synthetic views: GeoGebra has the potential through which students 

can observe and translate the ideas of different concept in analytic geometry, in 

both analytic and synthetic ways across different transformation.  

2.11 MODEL TO INTEGRATE GEOGEBRA TECHNOLOGY IN   

 MATHEMATICS   EDUCATION 

2.11.1 Description of the Model 

 On the whole, in education, teaching of mathematics is tough and complex 

cognitive entity. And to be a good teacher, just knowing mathematics is not enough and 

final. But for effective teaching, three basic aspects: the content knowledge, the 

pedagogical knowledge and the pedagogical content knowledge are a license. In addition, 

along with these three, the teacher must know about the mathematical thinking of the 

students as well (Baş et al., 2013). As, mathematics teaching is the transformation of 

mathematics content with concept, so to make it understandable and meaningful for the 

students, the teacher must know about the different aspects of its transformation. And in 

the process of this transformation, the teacher must know and understand the various 

aspects of learner: his/her misconceptions, psychological age and developmental stage as 

well. 

 Furthermore, to teach effectively, teacher must have necessary skills and 

competencies. In these skills, teacher should not only rely on a single content or subject 

matter knowledge, but he must equip himself with pedagogical content knowledge that 

influences teaching and content knowledge of teacher as well. In addition, Nakiboglu and 

Karakoç (2005) described that; teacher should have the awareness of four interrelated 

categories: content knowledge, pedagogical knowledge, context of the learning and 
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pedagogical content knowledge. And pedagogical content knowledge which is the 

intersection result of content plus pedagogy is the continuous understanding of 

professional development of teacher in a specific discipline. 

   However, the integration of technology into mathematics that change the role of 

teacher in the classroom does not depend on a single factor, but it takes into account 

different interrelated components. Gómez-Chacón and Joglar (2010) specified them into 

four: cognitive, didactical, technological and affective components. And to integrate 

technology, teacher must have a proper skill and competency. Like other profession, 

teaching can be learned and teacher should be a part of scholar community (Shulman, 

1987). According to UNESCO (2008), technology proficiency is necessary for the 

professional development and the effective integration of technology depends on the 

ability of teacher in technology proficiency. Ramatlapana (2014), described that the 

engagement of students due to technology results in higher order thinking. To implement 

and integrate technology in mathematics education is not so simple, teacher should have 

the knowledge of technological pedagogical content knowledge (TPCK) which is the 

extension of pedagogical content knowledge (PCK) and the teacher technological 

knowledge should be built around these three domains: content knowledge, pedagogical 

knowledge and technological knowledge. 

 Now, how technology is to be used into the classroom to make teaching more 

effective. Mishra and Koehler (2006) described the three important, complex interactive 

domains: content, pedagogy and technology. The integration model of content, pedagogy 

and technology in TPCK is shown in figure-13. 
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Figure 13: Intersectional behavior of content, pedagogy and technology 
Download from (http://tpack.org/) 
 
The three overlapping circles results into four interrelated kinds of knowledge. In which 

three (PK, CK & TK) are the intersection of any two domains of content, pedagogy and                                                             

technology, while the intersection of all three domains results into a new discipline of 

technological pedagogical content knowledge (TPACK). Simply (TPACK), is the soft 

combination of technology with pedagogical content knowledge to make technology 

effective for the ends of education. Likewise, for the subject of analytic geometry through 

GeoGebra the above term will be (GPAAK) GeoGebra pedagogical analytical geometry 

knowledge. To implement GeoGebra into teaching of analytic geometry, during teacher 

training, two disciplines should be combined: GeoGebra and pedagogical analytic 

geometry content knowledge. There discrete knowledge is shown in figure 14 to teach 

analytic geometry in professional manner.  
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Figure 14: Three domain for teaching analytic geometry 

 

2.11.2 Analytic Geometry Content Knowledge 

 The organization of knowledge in the mind of teacher, understanding of structure 

of subject and its different representation, transformation; beyond the facts and concept 

of a domain (Shulman, 1986). 

2.11.3 Geogebra Technology Knowledge 

 The teacher ought to know, how to operate GeoGebra software with respect to its 

function, tools and application; the expertise in the features of GeoGebra and its potential 

(Niess, 2006). 

2.11.4 Pedagogical Knowledge 

 One of the effective focus elements in teacher education program that includes: 

the knowledge of teaching and learning process. The reflections of this are optimum 

engagement of students in the class. On the basis of this demarcation is drawn between 

professional and non-professional (De Miranda, 2008).  

2.11.5 Pedagogical Analytic Geometry Knowledge 

 The pedagogy of how to teach analytic geometry and how to design lesson plans 

for the content of analytic geometry to make teaching effective. A teacher of analytic 
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Figure 15: PCK and TPCK for analytic geometry 

geometry must know how to make the content easier to the students. While teaching, he 

must use illustrations and to model the situation to daily life (Işık, Öcal & Kar, 2013)   

2.11.6 TPCK for Analytic Geometry 

 To teach analytic geometry through GeoGebra one must keep in mind three basic 

principles: 1) teacher must know about the content of knowledge 2) pedagogical 

knowledge for teaching analytic geometry simply how to teach and 3) about the 

GeoGebra tools, its function, strength and applications. To combine pedagogical content 

knowledge of analytic geometry with GeoGebra technology is a complex cognitive 

pedagogy. To learn concept in analytic geometry one’s must put the geometry of this 

concept into Cartesian plan and then through proper process one can get the sense of this 

concept (De Miranda, 2008).  TPCK for teaching analytic geometry with GeoGebra means 

how teacher will have to visualize different concepts so that it would become alive to the 

students (Niess, 2006). Example, the slope concept of a line in analytic geometry, is the 

ratio of rise to run. Through GeoGebra lesson, the process of this concept and steps of the 

process can be validated practically by constructing the triangle along the line. The sense 

of every concept can be prevailed by proper lesson planning and through correct 

implementation of tools of GeoGebra.  



69 
 

 
 

Figure 16: Geogebra lesson plan model structure 

Some basic points in planning the activity through GeoGebra: 

i. Keeping the main objective or result of the lesson. 

ii. Mention the GeoGebra tools which will be used in the activity. 

iii. Design the possible action which can result the process into valid result. 

iv. The process of the concept should be performed through step by step. 

v. Sub concept should be validated in each step and sense of understanding must be 

maintained in action. 

vi. Connect the sub concepts in scientific way.  

vii. Concretize and then generalize the concept.  

The slope concept activity through GeoGebra is shown below- 
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2.12 RESEARCH RELATED TO GEOGEBRA AIDED INSTRUCTION 

 In this technological age, everyone, including teachers and students having 

technology in their hands and around them but still in class, the tradition teaching (minus 

technology). Although, various technological tools have been developed and is being 

used to assist teaching and give scaffolding to the students understanding in different 

perspectives. Out of these, DGE’S (Dynamic Geometry Environment) offer 

fundamentally different learning environment with the facility with easy manipulation of 

objects. The features of GeoGebra are also very simple and straight forward in usage. The 

study of Erbas and Yenmez (2011) showed the significant effect of DGE’S on 

experimental group in achievement, interest and motivation in geometry learning. 

Besides this, experimental group process learning in best way and showed effective result 

in retention. In other study, dynamic geometry was supported by digital photograph 

results in greater achievement and cause of permanence of knowledge (ZeynepGecü & 

NesrinÖzdener, 2010). 

 In the same way, Cakir and Yildirlim (2006) observed the positive attitude of pre-

service teacher towards the integrating of technology in classroom setting; and to foster 

the process of integrated technology in classroom the role of teachers and its attitudes are 

major. Likewise, Salim (2014) selected lower performance group for DGS treatment in 

comparison to the control group whose performance was higher, after the treatment the 

experimental group showed better performance than the control group in geometry.  

 While, in the research study of (Olkun, Sinoplu & Deryakulu, 2005), the 

instructions activities was designed on the bases of van Heile geometric thinking levels 

with the application tool of dynamic geometry, in the result the effective and distinguish 
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creativity of the students were observed along with positive attitude towards learning. 

Further, the geometrical progression through stages was also achieved by the students on 

their own activities. In conclusions, as teachers use different tools for teaching learning 

mathematics. So, they must keep Geogebra tool in their toolkit to make mathematics 

learning and understanding alive.  

2.13 GEOGEBRA FEATURES REGARDING TO TEACHING ANALYTIC       

 GEOMETRY 

2.13.1  GeoGebra as a Representational Tool 

 Mathematical ideas and concepts are only comprehended through variety of 

representations and the strength of understanding relies on the functional relationships 

between these representations. Traditional teachings are lack of versatile representations 

and Geogebra is the best technological tool that produces results in multiple 

representations. Bayazit and Aksov (2010), categorized representation into two: visible 

and invisible. Visible means to represent a concept in a concrete way either: symbol, 

graph, model, drawing or an algebraic expression. On contrary to visible, invisible related 

to mental manipulation on the bases of external representation. In fact, it is GeoGebra 

that can turn different possible invisibles representations of analytic geometry concepts 

into visible. Furthermore, GeoGebra has all the essential characteristics that should be for 

educational software. On a single click, GeoGebra turns the symbolic representation into 

geometric and vice versa.  

2.13.2 GeoGebra as a Process Tool 

 GeoGebra gives the process of a concept or activity also in a well-defined way. 
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Through construction protocol the whole activity can be known. The process of a concept 

can also be designed by using slider and dynamic tool also. 

2.13.3 GeoGebra as a Concept Development Tool 

 The main concern of psychology of learning and mathematical task is to create 

and develop concept related images in students’ mind that are non-verbal. For this, 

dynamic geometry software is a best tool which enables students to grasp the concept by 

doing and acting with object in a flexible way. The product of the concept can be seen 

after doing process in different windows that helps in compressing the concept (Karadag, 

2009) 

2.13.4 GeoGebra as a Proceptual Thinking Development Tool 

  One of the main objectives of mathematics teaching is to formalize concept and 

to involve the participants in learning process. Concept learning is a mental process that 

requires proper systematic strategy. In mathematics, proceptual thinking means the 

representation of an object through flexible symbol. Object, process and procept form 

proceptual thinking. Dynamic geometry software has the capacity through which we can 

represent a concept in multiple perspectives (Gray & Tall, 1994). 
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Chapter 3 

METHOD AND PROCEDURE 

 In the context of education, the experimental research is the critical investigation 

of causal effect relationship. These investigations would be reliable and valid, if they are 

done by the scientific and systematic way along with statistical qualification. In such 

experiment, the experimenter manipulates the experimental variable that is the distinctive 

attribute of experimental study, to investigate the causal effect. And for the real causal 

effect, the researcher must either control the other influential variables or keeping these 

influential variables equal across the experimental design (Ary, Jacobs, Sorensen & 

Razavieh, 2010). 

3.1 POPULATION  

 All the government and non-government higher secondary, 384207 male 

students, were the targeted population of this experimental study (EMIS 2013-2014). 

According to Farooq (2001), a population is any group of individuals, who have one or 

more characteristics in common, that are of interest to the researcher. 

3.2 SAMPLE 

 A sample is a sub collection of a population selected for critical investigation and 

analysis (Farooq, 2001). Forty students of grade-12 of F.G Boys Inter College Mardan 

Cantt for this experimental study were selected. They were ranked according to their 

previous grade-11 exam results in mathematics subject. Only, the students of 

mathematics group were included in the sample of this study. And through pair-random 

sampling, the two groups were constructed (Annexure-C). In pair random sampling, the 

researcher identifies different pairs on the basis of some influential variables, and within 
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each pairs, he/she assigns one participant to the one treatment and the other participant to 

the second treatment (Gay & Mills, 2009). 

 As a result of pair-random sampling, experimental and control groups were 

constructed (Annexure-C). To explore the GeoGebra treatment effects on higher and 

lower achievers students of both the groups, the students of both the groups were divided 

into two halves: the higher achievers and the lower achievers. The first twelve students of 

each group were considered as higher achievers and last eight students of each group 

were considered as lower achievers (Annexure-C).  

3.3  DESIGN OF THE STUDY 

 The pure posttest only equivalent groups design was used because of low sample 

size of the total of forty students. This design is very powerful, suitable and authentic to 

unearth the causal effect of the small sample over random sampling. Because the random 

sampling in small sample there might be a chance that result into two non-equivalent 

random groups. In such cases, the effect might be owing to non-equivalent group rather 

than experimental variable. To reduce the risk, rank order should be used. And during the 

pair-random sampling process the students were divided and exposed to two groups, on 

the basis of certain characteristics which should be highly correlated with the post-test  

(Newby, 2014; Nestor & Schutt,2014; Ary, Jacobs, Sorensen & Walker, 2013; Cohen, 

Manion & Morrison, 2011; Goodwin, 2010 & Farooq, 2001). 

Figure 17: Research design 
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Figure18: Tree diagram of the experimental variable effect 

Through Hierarchy diagram (tree diagram) in figure 18, the experimental effect 

on students’ different levels of mathematical ability can be represented in this way:   

 

 

3.4 RESEARCH INSTRUMENT  

 In fact, there is no single instrument and method for collecting data to test the 

hypothesis. So many instruments and methods are being used in educational research 

which are basically developed and designed according to the nature of the study. Out of 

these, test is one of the instruments that are basically used to gauge the students’ abilities 

(mathematical thinking and mathematical achievement) (Farooq, 2001). In these 

students’ abilities, mathematical thinking is the abstract attribute of mind, and is not a 

single entity to measure. It has a web of aspects and every aspect depends on the level, 

context and specific underlined theme. This abstract attribute of mind, is not so easy in 

measuring but it requires a proper method and every method involve some measurement 

model, and the model shows the relationship between the aspects of model data and the 

objective of the model. While mathematical achievement is the course content 

memorized and understood by an individual (Haladyna, 1997). 

https://www.google.com.pk/search?tbo=p&tbm=bks&q=inauthor:%22Thomas+M.+Haladyna%22
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The post-test of two categories: mathematical thinking and mathematical 

achievement was developed to measure the experimental effect. To measure the 

mathematical thinking, firstly, a model was developed around the content and the context 

of the study (Zaman, 2011). The six aspects of mathematical thinking were selected 

which were constructed in collaboration with mathematics educationist in the area of 

mathematical thinking especially with Amir Zaman and Ma ’moon (PhD doctors). The 

algebraic geometric thinking test of 36 questions for this study was made by the 

researcher to measure the six levels: Generalization, Analytical, Logical, Abstract, 

Problem Solving and Representation thinking with six items for each level (Annexure-A). 

The maximum and minimum score for each item was assigned four/4 and zero/0 

respectively.  The researcher used the content of the text books, related articles, specialist 

books, Mathematics Assessment Resource Service University of Nottingham and UC 

Berkeley Beta Version and internet source in constructing the items test in the direction 

of each aspect. In the same way, the mathematical achievement test was designed and 

approved by the doctoral committee of researcher. The achievement test was of two 

portions: objective (multiple choice questions) and problem base related to the content 

specified for the treatment. A total of 10 MCQ’S and eight problems of 100 weights were 

included in this mathematical achievement test (Annexure-B). 

Further, to score the test items, rubrics were defined for both the categories of the 

posttest. The test score is a numerical number that represents the mental performance of 

an individual on a test. To bring the objectivity in the scoring of a test, a proper scale 

should be designed (Farooq, 2001). Mostly, in the item testing, rubrics allow a more 

systematic and holistic grading. A rubric generally contains all sub-components that 
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constitute the construct. It provides the descriptive statements of behaviors that 

candidates may exhibit in a particular sub-component. A rubric is developed by 

identifying what is being assessed and it is important for the different level of an 

individual in response to the test item (Angelelli, 2009; Danielson & Marquez, 1998). 

Like Zaman (2011), the four point rubrics were chosen for the post-test items along with 

complete description. Every rubric was described according to the thinking and 

understanding of the test item. Both the rubrics were refined and designed by the 

researcher after the discussion with the concerned field experts (Annexure-D). 

3.4.1 PILOT TESTING  

 After a series of the discussion with the experts in the field of mathematics and 

mathematics educationist, the mathematical thinking test was designed and exposed to a 

group of 25 non sample students of Khyber Model College Nowshera for item analysis. 

Due to the lengthiness and thinking related content, the test was taken into the two 

intakes. The result of the 25 students (Annexure-E) and descriptive statistics was also 

determined (Annexure-F). The item analysis of the test was also determined and reported 

(Annexure-G). 

 In the same way, the mathematical achievement test was also piloted to the twenty 

non sample students of F.G Boys Inter College Mardan. The result of the students along 

with descriptive statistics was recorded (Annexure-F). In addition to that the items 

difficulty and discrimination power were also carried out (Annexure-G). The formulae 

for item difficulty and item discrimination power are: 
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                                                                                      (Zaman, Kayani, & Farooq, 2009) 

3.4.2  Content Validity  

  During the experiment, analytic geometry course content was delimited in the 

following topics: 1) Distance formula & ratio formula 2) Slope of a line joining two 

points 3) Equation of a line with different formats (point slope form, two points form, 

slope intercept form, two intercepts form, normal form) 4) Position of a point with 

respect to the line 5) Parallel and perpendicular line 6) Function analysis   7) Circle 

equation. 

 For criterion-referenced measure, the content validity is essential and it deals with 

the degree of appropriateness of the test items for which the items are being assessed. In 

content validity the major focuses are on the instruments and the format of the test, the 

test score and the measurement has no significance (Wainer & Braun, 2013).  

 As, the content validity of a test depends on the declaration opinions of the group 

of experts in the relevant area (Farooq, 2001), so, the judgments of the experts indicate 

whether the test items really assess the desired competencies or content that is 

predetermined by constructor (Shroch &Coscarelli, 2007). For this purpose, the posttest 

was discussed with five mathematics educationists (Dr. Amir Zaman, Dr. Erdinç 

Çakıroğlu, Dr.Ayhan Kürşat ERBAŞ, Dr.Mamoon and Dr. Abdul Majeed) and the two 

mathematics educationist scholars (Muhammad Nasar & Murat Kol). On the bases of 

their experts’ opinions, the posttest was modified. 
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3.4.3 Reliability  

 The overall reliability of mathematical thinking test was measured. For this 

purpose generally Cronbach’s Alpha coefficients is used to measure the internal 

consistency (reliability) of the test items. For the test reliability, its value is 0.7 or a 

higher value than this is required for pilot study. The post-test which was consist of two 

levels: mathematical thinking and mathematical achievement. While, at the time of pilot 

testing, the students had covered the course content of analytic geometry. The overall 

reliability of the mathematical thinking test was 0.92, which is highly reliable 

 In the same way, as all the achievement test questions are of maximum 10 marks 

except Q1. So, for equality in questions marks, the Q1 was converted into 10 marks and 

then the reliability of the whole achievement test was calculated. The reliability of 

achievement test was also measured 0.92. 

 The researcher used Cronbach’s alpha to measure the internal consistency or the 

reliability of the whole test. 

(Boslaugh & Watters, 2008) 

               Where  

               K = The number of items in test 

��
�= The variance of item � 

∑ ��
�= Sum of the variances of all the items in a test. 

��
� = The total test variance 
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3.5 TREATMENT 

 This study investigated the effect of GeoGebra aided instructions on students’: 

mathematical thinking and mathematical achievement. On a group of 20 students in each 

group, two teaching methods (tradition verses DGS aided instructions) were tested with 

almost equal statistical background and with the same compatibility in the biological age 

and the social background. Six week experiments of 22 lessons were prepared for this 

study. So, all the lesson plans were prepared by the researcher with the help of internet, 

GeoGebra website, GeoGebra research material (GeoGebra self-learning supporting 

material) and were uploaded on (http://tube.geogebra.org/mkhalilkhan). 

 The experiment was started on 1st August 2014 and ended on 19th September 

2014. In which two different instruction patterns were used for two groups. Both the 

groups were taught by the same teacher. The teacher who was volunteered for this 

experiment had master degrees in mathematics and education along with expertise in 

computer field. He was assisted 10 days training in GeoGebra learning and in 

implementation. The assistance was delimited to the contents: GeoGebra installation, 

GeoGebra menu and toolbar, navigation bar and construction protocol, slider creating, 

creating dynamic object, GeoGebra object properties, inserting text into graphic window, 

visualization of linear equation with concept, open and save GeoGebra files.   

Moreover, the only difference in the two treatment patterns was that the 

GeoGebra aided instructions were conducted in a well-equipped computer lab under the 

supervision of researcher. And about ten computers were arranged there in U-shape and 

the students worked there in the pairs. On first two days, the experimental group students 

were trained about GeoGebra using in the two main topics: GeoGebra installation and 

http://tube.geogebra.org/mkhalilkhan
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GeoGebra user interface. While all the lessons were taught through GeoGebra applets 

and directed activities. The experimental group students were mostly involved in 

GeoGebra learning environment through drill and practice. In addition, they were 

engaged to learn the analytic geometry concept through applets and further they were 

also assigned to solve the problems with the help of GeoGebra. 

3.6 DATA COLLECTION 

 The post-test of two categories was used to collect the data. 

i. The First category was mathematical thinking test of six levels and each level 

consist of six items, a total of 36 items (Annexure-A) were constructed. This test 

was used at the end of the experiment for data collection as a post-test. The 36 

items test was divided into two sections, on two consecutive days for 

administration. In the first administration three aspects (Generalization, analysis 

and Logical thinking) were selected while in the second section of the test 

administration the remaining three aspects (abstract, problem solving and 

representation thinking) were selected. 

ii. The second category of post-test was mathematical achievement test                       

(Annexure-B) of 10 MCQ’S and eight subjective questions of 100 marks. 

Achievement test was administered on the 4th day of the experimental end. 

3.7 ANALYSIS OF DATA 

The data were collected from the post-test and were tabulated in a meaningful 

way. The t-test was used to find the significant difference between the two groups’ total 

mathematical thinking and mathematical achievement. For six aspects of mathematical 

thinking, that are dependent variables, multiple analysis of variances (MANOVA) test 
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was used to find the significance means differences of the two groups. Two way ANOVA 

was also used to investigate the significance difference between the higher and lower 

achievers of the two groups’ total mathematical thinking and mathematical achievement.  
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Chapter 4 

ANALYSIS AND INTERPRETATION OF DATA 

 This chapter describes the analysis of “standardized mathematical achievement 

previous-test scores” of two groups and the analysis of post-test (criterion tests). The 

post-test analysis consists of two parts of data: mathematical thinking and mathematical 

achievement. The first part, mathematical thinking that included six dependent variables: 

generalization, analytical thinking, logical thinking, abstract thinking, problem solving 

and representation thinking. And the second part was mathematical achievement. The 

whole data were analysed through SPSS. As, for t-test and ANOVA it is assumed that 

both the group has equal variance. So, before applying these tests the assumptions were 

checked out. Although, if variances are unequal across the groups, but still we can apply 

t-test and ANOVA test, subject to the condition that our sample sizes are equal and small 

(Miles & Banyard, 2007; Pallant, 2005).  

EQUATING EXPERIMENTAL AND CONTROL GROUPS ON PREVIOUS 

MATHEMATICAL ACHIEVEMENT   SCORES  

The null hypothesis for the pre-test standardized mathematical achievement was: 

H01: There is no significant difference between the means scores of the two groups in 

the previous mathematical achievement 
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Figure19:  Box plot of pre-test scores for Exp. & Cont. groups 

Table 7: Significance of difference between the means scores of the two groups on                                                     

previous mathematical achievement scores 

 
To look at the significant difference between the two groups, an independent-

samples t-test was used at significance level 0.05. The given description in table 7 

illustrates that, the difference between the means and standard deviations of the two 

groups were considerably low. This result implies that the experimental and control 

groups were almost equal in the previous mathematical achievement scores. Further, in 

table 7, the tcalculated = 0.13 and p = 0.897 > 0.05. Hence, the null hypothesis was 

accepted and it was concluded that there was no significant difference between the means 

scores of the two groups in the previous mathematical achievement record. Graphical 

representation of the two groups on the previous mathematics achievement record is 

clearly shown in figure-19.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Groups N Mean SD Df t-test for equality of means 

Experimental 20 64.30 12.92 

  38 

t Sig. (2-tailed) Mean Diff 

Control 20 64.80 11.28 .13 .897 .5 
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Conversely, the box plot represents the data in quartile concept, in which the middle 50% 

of the data is represented by box while the whisker at the top and the bottom of the 

shaded box shows the 25% of the data expected at surge and 25% at the bottom. The 

above two boxes in figure 19, clearly indicate that before experiment both the groups 

were the same in their previous mathematical achievement scores. 

H02: There is no significant difference between the means scores’ of two high 

achievers groups on the previous mathematical achievement scores 

Table 8: Significance of difference between experimental and control high 

achievers on previous test scores 

 
 The description in table 8 shows the difference between the means of high 

achievers of two groups in the pre-test is very low. That implies that before treatment 

both the H.A participants in both the groups were almost equal. Furthermore, to check 

whether this difference was significant or insignificant, we look at the independent t-test 

statistics. The t-test showed that there was no significant difference between the means 

scores of the two groups (Exp.H.A & Cont.H.A), in the previous test scores. The tcalculated 

=0.07, and p=0.893>0.05. Hence the null hypothesis was accepted and concludes that 

there was no significant difference between the means scores of the two groups in the 

previous mathematical achievement test. 

H.A Group N Mean SD Df t-test for Equality of Means 

Exp.H.A 12 73.08 6.24 
22 

t Sig. (2-tailed) Mean Diff 

Cont.H.A 12 72.75 5.80 .07 .893 .33 
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Figure 20: Box plot for Exp.H.A and Cont.H.A on pre-test 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The box plot in figure 20, is a clear visual justification for the similarity of two matching 

(Exp.H.A & Cont.H.A) groups in the previous mathematical achievement scores. By 

inspection the median in both the boxes, it can be claimed that both the high achiever 

groups were equal in their previous scores before experiment. Next, the null hypothesis 

for lower achievers: 

H03: There is no significant difference between the means scores of experimental and 

control low achiever groups on the previous mathematical achievement test. 

 
Table 9: Significance of difference between experimental and control low achievers 

on previous test scores 

L.A Group N Mean SD Df t-test for Equality of Means 

Exp.LA 8 51.12 7.81 
14 

t Sig. (2-tailed) Mean Diff 

Cont.LA 8 52.88 4.67 .544 .595 1.75 
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Figure 21: Box plot for the comparison of two groups on pre-test scores 

 The summary statistics in table 9, illustrates that the difference between the means 

of two lower achievers of the groups in the pre-test was very low. In addition, we use t-

test to check whether this difference was significant or insignificant. And the tcalculated 

=0.544 and p=0.595>0.05, showed that there was no significant difference between the 

mean scores of lower achievers of the two groups in the pretest achievement, before the 

experiment. The visual status of two lower achievers matched groups is shown.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

From figure 21, the two boxes in the box plot are shown, the one is for experimental 

lower achievers and the other is for control lower achievers. If we run over the box and 

whisker sizes, it shows that both the groups were almost equal in respect to their 

previous mathematical achievement ability.  
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THE ANALYSIS OF THE OVERALL MATHEMATICAL THINKING POST-

TEST OF THE TWO GROUPS  

In the post-test analysis, the six dependent variables form the total mathematical 

thinking in this research study. So, the total mathematical thinking (collectively) was 

considered as a single dependent variable. And to investigate the difference between the 

experimental and control groups in the mathematical thinking post-test, an independent 

sample t-test was used and calculated at alpha (α) value 0.05. 

In the below description it was investigated whether the GeoGebra treatment 

significantly affect the overall unit of mathematical thinking of the experimental group 

in comparison to the control group. 

The null hypothesis for total mathematical thinking was: 

H04: Treatment does not significantly affect the overall mathematical thinking   

 means’ scores of the two groups on post-test. 

Table 10: Significance of difference for experimental and control groups’     

mathematical thinking post-test 

 
 The table 10, of the total mathematical thinking for both the groups (experimental 

group and control group) indicates that the average marks obtained by the experimental 

group were higher than that of the control group. At the same time if the column of the 

standard deviation is observed, it can be seen that the standard deviation of the 

experimental group is lower than that of the control group. The comparative compression 

in the scores distribution and reduction in standard deviation of experimental group 

Group N Mean SD Df t-test for Equality of Means 
   Exp. 20 115.8 14.6 

 38 

t Sig. (2-tailed) Mean Diff 

Cont. 20 92.7 23.6 3.7 .001 23.1 
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implies that GeoGebra improved the mathematical thinking of all the participants across 

the experimental group in comparison to the traditional control group. 

 In addition, the table 10, tcalculated =3.7 and p-value=0.001<0.05, so we reject the 

null hypothesis. Thus, treatment did significant effect on the experimental group. The t-

test result indicates that all the participants in the experimental group (Mean=115.8; 

SD=14.6) performed better in the mathematical thinking test than participants in the 

control group (Mean=92.7; SD= 23.6).  

 Moreover, to investigate the absolute magnitude of the treatment effect, the effect 

size was measured that describes the effect of intervention. And through effect size we 

come to know about the level of treatment effect on dependent variable (mathematical 

thinking): large, medium or small (Hahs-Vaughn & Lomax, 2012). The effect size or 

“Cohen’s d” for equal number of participants in each group compute as: 

� =
�������������

��
 ,   Where �� is the pooled standard deviation=���

����
�

�
 . 

The computed value of d= 1.18, as this value shows a large effect size. This result 

notifies that the difference between the experimental and control groups’ means was 

slightly greater than one standard deviation. In such situation, we use eta square in place 

of Cohen’s d. The eta square value computed as 

�� =
��

�����

    , the computed eta square value is 0.26. 

No doubt, this value shows a strong relationship between manipulated independent and 

outcome dependent variable. We can say that, 26% of the variation in the mathematical 

thinking variable was accounted by the dynamic geometry software. 
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Figure 22: Box plot of M.T post scores for Exp. and Cont. groups 

       Moreover, to express the mathematical thinking post-test data dispersion visually, we 

use Box plot. In figure 22, the Box Plot of mathematical thinking scores of experimental 

and control group shows that there is a treatment effect of the experimental variable. We 

can easily observe the comparative differences through the 50% boxes data (higher for 

experimental group and lower for control group), and the whiskers at the top and at the 

bottom of two comparable boxes, that is 25% above the boxes and 25% below the boxes 

(higher for experimental group and lower for control group). 

 

 

 

 

 

 

 
 
 
 
 
 
 

THE ANALYSIS OF EXPERIMENTAL AND CONTROL GROUPS 

MATHEMATICAL ACHIEVEMENT POST-TEST SCORES 

 The mathematical achievements of the students were collected from the second 

part of post-test (Mathematical achievement). The null hypothesis for this aspect was: 

H05: Treatment does not significantly affect the mathematical achievement score 

 means of the two groups. 
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Table 11: Significance of difference for experimental and control groups’        

mathematical achievement post-test 

 
 The table 11 of mathematical achievement for both the groups (experimental 

group and control group) shows that the average score obtained by the experimental 

group was higher than that of the control group. At the same time if we look at the 

column of the standard deviation, we can see that the standard deviation of the 

experimental group is lower than that of the control group. The comparative compression 

in the scores distribution of experimental group implies that GeoGebra did effect the 

mathematical achievement of all the participants across the experimental group as 

compared to control group. 

 In addition, in table 11, tcalculated =2.6 and p-value=0.012<0.05, so we reject the 

null hypothesis. Thus the treatment did significant effect on the mathematical 

achievement scores of experimental group. The t-test result indicates that all the 

participants in the experimental group (Mean=70; SD=13.5) did well in the mathematical 

achievement test than participants in the control group (Mean=56.95; SD=17.5).  

 Next, to investigate the absolute magnitude of the treatment effect, we measure 

the effect size that describes the effect of intervention.  The value of Cohen’s d   is 

“0.83”, which shows larger effect of the treatment intervention. We can say, the 

difference between the experimental and control groups mean was greater than 0.83 

standard deviation. The spread out of the two group data  

Group N Mean SD Df t-test for Equality of Means 

Exp. 20 70 13.5 
38 

t Sig. (2-tailed) Mean Diff 

Cont. 20 56.95 17.5 2.6 .012 13.05 
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Figure 23: Box plot of mathematical achievement post-test scores 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
ANALYSIS OF SIX ASPECTS OF MATHEMATICAL THINKING POST- TEST 

FOR TWO GROUPS  

 The mathematical thinking tool which includes six dependent variables: 

generalization, analytical thinking, logical thinking, abstract thinking, problem solving 

and representation thinking. To analyse and to investigate the statistical significance 

among all these six multiple correlated dependent variables at alpha (α) value 0.05, 

MANOVA test was used. 

The null hypothesis for this case was: 

H06: Treatment has no significant effect on the six aspects of mathematical thinking 

 post-test mean scores of the two groups. 

The SPSS MANOVA test output for the two groups of six dependent variables isgiven: 
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 Table 12: Experimental and control groups performance on six aspects of 

 mathematical thinking post-test  

 

In table 12, the descriptive statistics for both the groups (experimental group and control 

group) shows that in all six cases, the average marks obtained by the experimental group 

was higher than that of the control group. And at the same time if we look at the column 

of the standard deviation, we can see that the standard deviation of the experimental 

group is lower than that of the control group. 

 Before running multivariate ANOVA first we have to check its assumptions. In 

these assumptions, the box’s M test, Bartlett’s test of Sphericity and Levene’s test were 

checked out. 

The result of MANOVA as under: 

 

 

 

Group Mean Std. Dev N 

95% Confidence Interval 

Lower Bound Upper Bound 

Gen Exp. 20.8 2.71 20 19.145 22.455 

Cont. 17.6 4.4 20 15.945 19.255 

An.T Exp. 20.1 2.6 20 18.481 21.719 

Cont. 15.3 4.3 20 13.681 16.919 

Log.T Exp. 18.6 3.3 20 16.791 20.409 

Cont. 14.7 4.6 20 12.891 16.509 

Ab.T Exp. 18.95 2.5 20 17.513 20.387 

Cont. 15.25 3.7 20 13.813 16.687 

Prb.S Exp. 17.2 3.6 20 15.415 18.985 

Cont. 14.9 4.2 20 13.115 16.685 

Rep.T Exp. 20.15 2.96 20 18.539 21.761 

Cont. 14.95 4.07 20 13.339 16.561 
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Table 13: Multivariate tests for the six aspects of  mathematical thinking post-test 

 mean scores of experimental and control groups 

Effect Value F Hypdf 

 

Error    

Df Sig. 

Partial 

Eta 

Squared 

Noncent. 

Parameter 

Observed 

Power 

Intercept 

Pillai's Trace .978 246.8 6 33 .000 .978 1480.6 1 

Wilks' Lambda .022 246.8 6 33 .000 .978 1480.6 1 

Hotelling's Trace 44.86 246.8 6 33 .000 .978 1480.6 1 

Roy's Largest Root 44.86 246.8 6 33 .000 .978 1480.6 1 

G
roup

 

Pillai's Trace .573 7.4 6 33 .000 .573 44.37 .999 

Wilks' Lambda .427 7.4 6 33 .000 .573 44.37 .999 

Hotelling's Trace 1.34 7.4 6 33 .000 .573 44.37 .999 

Roy's Largest Root 1.34 7.4 6 33 .000 .573 44.37 .999 

Each F tests the multivariate effect of Group. These tests are based on the linearly independent pairwise comparisons among the 
estimated marginal means. 
a. Design: Intercept + Group   b. Exact statistic c. Computed using alpha = .05 

 There are four different multivariate tests. These results in table 13, tell us that 

there is significant effect of the experimental group on the six different mathematical 

thinking levels (considered as a group). It means that there is a significant effect of the 

two groups on the combined effect of the six dependent variables.   

 All four tests in table 13 explore whether the mean for each groups are same. 

From the column of significance, it can be noticed that all tests are significant due to the 

significance values less than 0.05. Hence it is concluded that the null hypothesis that 

there is no significance is rejected. Therefore, it can be stated that there are significant 

differences between the two groups on the mean of the six variables (generalization, 

analytical thinking, logical thinking, abstract thinking, problem solving, and 

representation) 

  The result of the two-way ANOVA – namely, whether any of the six dependent 

variables or their interaction is statistically significant, is shown in the table below. 
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Table 14: Tests of between-subjects effects for six aspects of mathematical thinking  

In table 14, it can be summarized that five out of the six dependent variables have 

high statistical significance except the problem solving which was insignificance, that is, 

it shows that there was no significance difference between experimental group and 

control group for the problem solving aspect. The rest of five variables are extremely 

significant i.e. there was a high significant difference between the control group and 

experimental group.  
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 Unfortunately, the presence of multiple dependent variables complicates things. 

This is because the dependent variables usually correlate with each other. As an 

additional source of variance, this covariance between dependent variables must be taken 

into account when performing MANOVA significance tests. To account for the 

correlation among Dependent Variables, MANOVA computes the between- and within-

group sums of cross-products.  

   In univariate ANOVA, we divided the total variance (sum of squares total) into 

two components: (1) the sum of squares between (effect) and (2) the sum of squares 

within (error):                             SS total = SS within + SS between 

MANOVA also divides the total variance (the total sum of squares and cross products) 

into two components (1) the sum of squares and cross products (SSCP) within and (2) the 

sum of squares and cross products between:  

            SSCP total = SSCP within + SSCP between. 

The key difference is that SSCP total, SSCP within and SSCP between represent sets of 

values, rather than just a single value. These sets of values, called matrices, include both 

the sum of squares for both dependent variables and their cross-products.  

As with ANOVA, the greater the ratio of effect to error variance, the less likely the 

finding is due to chance and the more likely it is due to the intervention. For ANOVA this 

ratio is  

SS between/SS within. For MANOVA, we compute similar ratios based on the overall 

matrix variances, as quantified by a measure called the matrix determinant.  

Thus in MANOVA the simple univariate ANOVA sums of squares between and within 

are replaced with matrices containing the sums of squares for each dependent variable as 
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well as their cross-products (representing the covariance). Then the overall variances in 

each matrix (the determinants) are compared in order to compute the multivariate F-ratio 

and its significance. 

Table 15:  Residual SSCP matrix for six aspects of mathematical thinking 

 Gen An.T Log.T Ab.T Prb.S Rep.T 
Sum-of-Squares& 
Cross-Products 

Gen 508 320.8 360 325.8 435 375.2 

An.T 320.8 486 463.6 362.6 427 309 

Log.T 360 463.6 607 414.1 493 386.9 

Ab.T 325.8 362.6 414.1 382.7 405.7 298.4 

Prb.S 435 427.2 493 405.7 591 408.3 

Rep.T 375.2 309 386.9 298.4 408.3 481.5 
Covariance Gen 13.368 8.442 9.474 8.57 11.45 9.87 

An.T 8.442 12.789 12.200 9.54 11.24 8.13 
Log.T 9.474 12.200 15.974 10.89 12.97 10.18 
Ab.T 8.574 9.542 10.897 10.07 10.68 7.85 
Prb.S 11.447 11.242 12.974 10.68 15.55 10.74 
Rep.T 9.874 8.132 10.182 7.85 10.74 12.67 

Correlation Gen 1 .65 .65 .74 .79 .76 

An.T .65 1 .85 .84 .80 .64 

Log.T .65 .85 1 .86 .82 .72 

Ab.T .74 .84 .86 1 .85 .69 

Prb.S .79 .79 .82 .85 1 .76 

Rep.T .76 .64 .72 .69 .76 1 
Based on Type III Sum of Squares 

 The table 15 also shows the covariance and correlation between all the 

dependent variables. We can easily notice that there was medium to high correlation 

between all the variables.  
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Table 16: Pair wise comparisons for six aspects of mathematical thinking in two 

 groups 

 The Pair wise comparisons in table 16 also provide the same results and shows 

that all the variables were statistically significant and again we can see from the above 

table that only the dependent variable “problem solving” was insignificant i.e. there was 

no significant difference between experimental group and control group. 

Below are the univariate test results, and shows that five out of six dependent variables 

are statistically significant. 

 

 

 

 

 

 

 

Dependent 

Variables 

(I)  

Group 

(J)  

Group 

Mean Diff 

(I-J) Std. Error Sig. 

95% C.I for Difference 

Lower Bound Upper Bound 

Gen Exp. Cont. 3.2 1.16 .009 .859 5.541 

An.T Exp. Cont. 4.8 1.13 .000 2.511 7.089 

Log.T Exp. Cont. 3.9 1.26 .004 1.341 6.459 

Ab.T Exp. Cont. 3.7 1.00 .001 1.668 5.732 

Prb.S Exp. Cont. 2.3 1.25 .073 -.225 4.825 

Rep.T Exp. Cont. 5.2 1.13 .000 2.921 7.479 

Based on estimated marginal means 

*. The mean difference is significant at the   0.05 level. 

b. Adjustment for multiple comparisons: Bonferroni. 
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 Table 17:  Univariate tests for six aspects of mathematical thinking post-test for  

 experimental and control groups 

 The table 17, univariate tests based on the linearly independent pairwise 

comparison for the generalization thinking between the experimental and control group 

and similarly the effect of experimental group and control group was significant on 

analytical thinking, logical thinking, abstract thinking and representation. Here once 

more, that this effect was insignificant on problem solving.  

 

 

 

Dependent 

Variable 

Sum of 

Squares df 

Mean 

Square F Sig. 

Partial Eta 

Squared 

Noncent. 

Parameter 

Observed 

Power 

Gen Contrast 102.4 1 102.4 7.66 .009 .168 7.66 .769 

Error 508 38 13.37 
     

An.T Contrast 230.4 1 230.4 18 .000 .322 18.02 .985 

Error 486 38 12.79 
     

Log.T Contrast 152.1 1 152.1 9.52 .004 .200 9.52 .852 

Error 607 38 15.97 
     

Ab.T Contrast 136.9 1 136.9 13.6 .001 .263 13.59 .949 

Error 382.7 38 10.07 
     

Prb.S Contrast 52.9 1 52.9 3.4 .073 .082 3.40 .436 

Error 591 38 15.55 
     

Rep.T Contrast 270.4 1 270.4 21.3 .000 .360 21.34 .994 

Error 481.5 38 12.67 
     

The F tests the effect of Group. This test is based on the linearly independent pairwise comparisons among the estimated marginal 
means.   Computed using alpha=0.05 
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THE OVERALL MATHEMATICAL THINKING POST-TEST ANALYSIS  FOR 

HIGH ACHIEVERS & LOW ACHIEVERS OF THE TWO GROUPS 

The six dependent variables are combined together to form the total mathematical 

thinking in this research study. Hence the total mathematical thinking is considered as 

one dependent variable. To check the significant effect of the treatment on the students’ 

overall mathematical thinking variable across the groups, the two-way (ANOVA) was 

used. For this purpose, two hypotheses were carried out: 

HO7: Treatment does not significantly affect the higher achievers of the two groups 

in mathematical thinking mean scores. 

HO8: Treatment does not significantly affect the lower achievers of the two groups in   

          mathematical thinking mean scores. 

Table 18: High achiever and low achiever groups performance on mathematical 

 thinking post-test 

Group N Mean Std. Deviation 

Exp. H.A  12 123.33 11.01 

Exp.L.A 8 104.50 12.04 

Cont. H.A 12 108.83 12.52 

Cont. L.A 8 68.50 12.22 

Total 40 104.25 22.62 

 

Table 18 reports the descriptive statistics for both higher and lower achiever 

groups of (experimental group & control group). It shows that the average score obtained 

by the Exp.H.A (123.33) group was higher than that of the Cont.H.A (108.83) group. 

Likewise, the average score obtained by Exp.L.A (104.5) group was higher than that of 

the Cont.L.A (68.5) group in overall mathematical thinking. At the same time if we look 
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at the column of the standard deviation, we can see that the standard deviations of the 

experimental groups (Exp.H.A & Exp.L.A) are lower than that of the control groups 

(Cont.H.A & Cont.L.A). The descriptive statistics clearly indicate that the experimental 

group (H.A and L.A) performed better than that of the control group (H.A and L.A).  

 Table 19: Tests of between-subjects effects for total mathematical thinking 

 
Table 19, shows the ANOVA test value. In this case, the test value =34.82, and 

the p-value in the significance column is less than 0.05. So, it is decided that there was a 

significant difference across the groups after treatment. As ANOVA only tells us 

generally, about the experimental variable effect and, it does not show specifically about 

the particular effected groups. So, to investigate that, which of the groups’ means was 

significant, for this, we apply post-hoc test (Gravetter & Wallnau, 2012). 

 

 

 

 

 

Source 

Type III 
Sum of 
Squares df 

Mean 
Square F Sig. 

Partial 
Eta 

Squared 
Noncent. 
Parameter 

Observed 
Powerb 

Corrected 
Model 

14847.17a 3 4949.06 34.82 .000 .744 104.47 1 

Intercept 393984.07 1 393984.07 2772.2 .000 .987 2772.19 1 

Group 14847.17 3 4949.06 34.82 .000 .744 104.47 1 

Error 5116.33 36 142.12      

Total 454686.00 40       

Corrected 
Total 

19963.50 39       

The F tests the effect of group4. This test is based on the linearly independent pairwise comparisons among the 
estimated marginal means.                    a. R Squared = .744 (Adjusted R Squared = 0.722)               b. Computed using 
alpha = 0.05 
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 Table 20:  Multiple comparisons between-subjects factors on the mathematical 

 thinking post-test 

Table 20 shows that the treatment effected the means’ scores of the both the 

groups (Exp.H.A and Cont.H.A) at a significant level. If we look at the column of 

significance values for Exp.H.A and Cont.H.A, the p-value is 0.031 which is less than 

0.05. In similar way, for Exp.H.A and Cont.L.A, the p-value is also less than 0.05. That 

is, both the tests values are insignificant. So, the summary of the two null hypotheses is: 

We reject HO4: Treatment did significantly affect the higher achievers of the two groups 

in mathematical thinking mean scores. 

We also reject HO5 and accept the alternative that is; treatment did significantly affect the 

lower achievers of the two groups in mathematical thinking mean’s scores. Below is the 

graph that shows the performances of experimental high and lower achievers as 

compared with the control high and lower achievers. 

(I) Group (J) Group 

Mean 

Difference 

(I-J) 

Std. 

Error Sig. 

95% Confidence Interval 

Lower Bound 

Upper 

Bound 

Exp.H.A Exp.L.A  18.83* 5.44 .008 3.64 34.02 

Cont.H.A 14.50* 4.87 .031 .91 28.09 

Cont.L.A 54.83* 5.44 .000 39.64 70.02 

Exp.L.A Exp.H.A -18.83* 5.44 .008 -34.02 -3.64 

Cont.H.A -4.33 5.44 1.000 -19.52 10.86 

Cont.L.A 36.00* 5.96 .000 19.36 52.64 

Cont.H.A Exp.H.A -14.50* 4.87 .031 -28.09 -.91 

Exp.L.A 4.33 5.44 1.000 -10.86 19.52 

Cont.L.A 40.33* 5.44 .000 25.14 55.52 

Cont.L.A Exp.H.A -54.83* 5.44 .000 -70.02 -39.64 

Exp.H.A -36.00* 5.96 .000 -52.64 -19.36 

Cont.H.A -40.33* 5.44 .000 -55.52 -25.14 
Based on observed means. 
The error term is Mean Square (Error) = 142.12. 
*. The mean difference is significant at the 0.05 level. 
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Figure 24: Box plot for the comparison of M.T scores across the group 

 

 
 
 
 

 

 

 

 

 

 

 

 

ANALYSIS OF THE MATHEMATICAL ACHIEVEMENT POST-TEST FOR 

HIGH AND LOW ACHIEVERS OF THE TWO GROUPS 

 The two way ANOVA was used to investigate the significant effect of the 

treatments on the two levels (High achievers and low achievers) of experimental and 

control groups in mathematical achievement post-test. The following two hypotheses 

were carried out: 

HO9: Treatment does not significantly affect the higher achievers of the two groups 

on the mathematical achievement mean scores. 

HO10: Treatment does not significantly affect the lower achievers of the two groups            

on the mathematical achievement mean scores. 
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 Table 21: Between-subjects factors performance on mathematical achievement    

post-test 

 

The descriptive statistics in table 21, for both the higher and lower achiever 

groups (experimental group and control group) shows that the average marks` obtained 

by the Exp.H.A group was higher than that of the Cont.H.A group. In the same way, the 

average mark obtained by Exp.L.A group was higher than that of the Cont.L.A group. At 

the same time, if we look at the column of the standard deviation, we can see that the 

standard deviations of the experimental groups (Exp.H.A & Exp.L.A) are lower than that 

of the control groups (Cont.H.A & Cont.L.A). 

 Table 22: Tests of between-subjects effects on mathematical achievement post-test 

Group N Mean Std. Deviation 
Exp.H.A 

Exp.L.A 

Cont.H.A 

Cont.L.A 

Total 

12 

8 

12 

8 

40 

78.33 

57.50 

66.92 

42.00 

63.48 

10.79 

3.93 

15.49 

5.37 

16.80 

Source 

Type III 

Sum of 

Squares Df 

Mean 

Square F Sig. 

Partial 

Eta 

Squared 

Noncent. 

Parameter 

Observed 

Powerb 

Corrected 

Model 
6766.39a 3 2255.46 19.20 .000 .615 57.59 1 

Intercept 143766.2 1 143766.2 1223.7 .000 .971 1223.66 1 

Group 6766.4 3 2255.46 19.20 .000 .615 57.59 1 

Error 4229.6 36 117.49      

Total 172159 40       

Corrected 
Total 

10995.97 39       

The F tests of (Exp. & Cont.). H.A&L.A. This test is based on the linearly independent pairwise comparisons among the estimated 
marginal means.                         a. R Squared = 0.615 (Adjusted R Squared =0.583)              b. Computed using alpha = 0.05 
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 The table 22 shows the ANOVA test value. The test value =19.20, and the p-value 

in the significance column is less than 0.05. So, there was a significant difference 

between-subjects factor means of the two groups after treatment.  

 Table 23: Multiple comparisons between-subjects factors in the mathematical 

 achievement post-test 

Table 23 shows that the treatment did not affect the mean’s scores of the two 

groups (Exp.H.A and Cont.H.A) at the significance level. On contrary, the same table 23, 

clearly shows that the treatments significantly affected the performance of lower group in 

the experimental group. 

Thus, the summary of the two null hypotheses are: 

We accept HO9: Treatment did not significantly affect the high achievers of the two 

groups in mathematical achievement mean scores. 

We reject HO10 and accept the alternative, that is, treatment did significantly affect the 

lower achievers of two groups in mathematical achievement mean scores. Below are the 

(I)Group (J)Group 

Mean Difference 

(I-J) 

Std. 

Error Sig. 

95% C.I 

Lower 

Bound 

Upper 

Bound 

Exp.H.A Exp.L.A 20.83* 4.95 .001 7.02 34.65 

Cont.H.A 11.42 4.42 .085 -.94 23.77 

Cont.L.A 36.33* 4.95 .000 22.52 50.15 

Exp.L.A Exp.H.A -20.83* 4.95 .001 -34.65 -7.02 

Cont.H.A -9.42 4.95 .390 -23.23 4.40 

Cont.L.A 15.50* 5.42 .042 .37 30.63 

Cont.H.A Exp.H.A -11.42 4.42 .085 -23.77 .94 

Exp.L.A 9.42 4.95 .390 -4.40 23.23 

Cont.L.A 24.92* 4.95 .000 11.10 38.73 

Cont.L.A Exp.H.A -36.33* 4.95 .000 -50.15 -22.52 

Exp.L.A -15.50* 5.42 .042 -30.63 -.37 

Cont.H.A -24.92* 4.95 .000 -38.73 -11.10 
   Based on observed means         The error term is Mean Square (Error) = 117.488. 
*.The mean difference is significant at the 0.05 level. 
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Figure 25: Box plot of the M.Ach post-test scores between-subjects factors 

graphs that show the performances of experimental high and lower achievers on the 

mathematical achievement post-test as compared with the control high and lower 

achievers. The graph indicates that the performance of experimental low achievers 

participants was outstanding and they improved their mathematical achievement ability at 

significant mark as compared to the traditional low achievers participants. 
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DISCUSSION 

 The hypothetical aim of this experimental study was to investigate the effect of 

GeoGebra aided instructions on the students’ mathematical thinking and mathematical 

achievement, in the subject of analytic geometry at grade-12. To test the hypotheses, two 

groups were constructed: the experimental and the control group. Before the experiment, 

both of the groups were comparatively the same and statistically insignificant, on the 

basis of their previous standardized achievement test scores. Furthermore, each group 

was divided into high and low achievers group. While, the difference between the mean 

of (Exp.H.A & Cont.H.A) was insignificant. In the same way, the difference between the 

mean of (Exp.L.A & Cont.L.A) was also insignificant. It means that all the groups were 

almost the same and insignificant with respect to their previous standardized 

mathematical achievement scores. 

 To assess the effect of GeoGebra, two criterion tests: mathematical thinking test 

and mathematical achievement test in analytic geometry were developed. Both the tests 

were used as a post-test variable in this experiment.  

 Firstly, the two research hypotheses of this study H04 and H05: “The difference 

between the mean scores of two groups on the overall mathematical-thinking and the 

mathematical achievement post-tests are insignificant”. These hypotheses were rejected. 

The results of this experimental study showed that the six-week GeoGebra treatment 

significantly affect the M.T and M.Ach of the experimental group as compared to the 

control group. The larger means (table 10 and table 11) on mathematical thinking and 

mathematical achievement (post-tests) of the experimental group as compared to the 

control group was evident, likewise, the low standard deviation of the experimental group 
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as compared to the control group, on the same tests, these statistical facts indicated that 

the experimental group participants were equally involved during the geogebra aided 

activities. In addition to that, the p-values for M.T and M.Ach in the same table-10 and 

table-11 are: 0.001 and 0.012 respectively, which are less than 0.05 shows that the 

treatment significantly influenced the performance of the experimental group. In 

conclusion, it can be claimed that the dynamic geometry aided instructions increased the 

cognitive ability of the experimental group at significance. 

 Indeed, these results findings are clearly in the line of the study of Tabassum 

(2004), in her experimental study, she integrated the technology in the teaching of 

biology, and the findings revealed that the experimental group improved at significance, 

due to the intervention of the computer assisted instructions (CAI). Besides, the above 

findings also supports the claims of different studies conducted by); Mwei et al (2011), 

Tran et al (2014), Bakar et al (2010),Demirbilek, M
* 

&Özkale, A (2014),Erbas& Yenmez 

(2011),Olkun et al (2005) andShadaan, P. & Leong. K. E. (2013). All of them reported 

that the technology-integrated environments cause increase in competencies, 

achievement, positive attitude, mathematical reasoning and mathematical thoughts across 

different grades. 

 Secondly, H06: “The differences between the mean scores of the two groups on 

the six aspects of the mathematical-thinking post-tests are insignificant”. The MANOVA 

test explored the comparative means and standard deviations statistics in table-13. The 

vivid differences were found in each aspects of the mathematical thinking with respect to 

means and standard deviations. These results statistically predicate that GeoGebra is the 

best option to prompt the distinct contextual thinking ability. Further, the pair wise and 
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univariate test results in (table 16 and table 17) asserted that five out of six aspects of 

mathematical thinking were statistically significant, except the problem solving which 

was insignificant. In conclusion, we can say that GeoGebra significantly affects each 

aspects of the mathematical thinking.  

 In fact, the above results also support the suggestions and analysis of the study of 

(Karadag, 2009), in his critical analysis of a very small sample of five students, he 

reported that GeoGebra integrated environment encouraged students and assisted them in 

the conceptual understanding and mathematical advancement. In addition, it validates 

also the findings of Aql (2011). In his research, out of 952 samples, the 589 students 

received computer aided instructions while 363 students received traditional instructions. 

In his revealed analysis, the students who were taught through computer aided 

instructions, they improved at significance. 

 Thirdly, H07 and H08: “The difference between the means’ scores of the 

corresponding nested factors of the two groups that is (Exp. and Cont. high achievers 

groups) and (Exp. and Cont. low achievers groups) on the mathematical-thinking post-

tests are insignificant”. As a result, these two hypotheses were rejected. The differences 

in the means and standard deviations in (table-18) were in the favor of the experimental 

group in comparison with the control group. Moreover, the p- values in the multiple 

comparison table-20 for Exp.H.A and Cont.H.A is 0.031, likewise, for Exp.L.A and 

Cont.L.A, the p-value is nearly 0, as both the values are less than 0.05. These results 

explored that GeoGebra was equally in use of nested factors, and it equally improved the 

M.T of Exp. group at significance.  
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 As well, these results findings are parallel to the study of Gilani (2005), as she 

selected 80 students (grade-10) sample for her experimental study, out of which 52 were 

constituted for higher achiever and 28 students were included for lower achievers, she 

used instructional technology in the teaching of biology, and the finding assured that both 

of the experimental higher and lower achievers groups improved at significance as 

compared to the control high and low achievers. By the same token, it supports the study 

of Jena (2013), too. 

 Fourthly, H09 and H010: The difference between the means’ scores of the 

corresponding nested factors of two groups that were: (Exp. and Cont. high achievers 

groups) and (Exp. and Cont. low achievers groups) on the mathematical-achievement 

post-tests are insignificant”. The first hypothesis was accepted while the second one was 

rejected. The p-value in the multiple comparison (table 23) for Exp.H.A and Cont.H.A is 

0.085, which is greater than 0.05. So, this result showed that the experimental high 

achiever group did not improve at significance. Meanwhile, the p-value in the table-23, 

for Exp.L.A and Cont. L.A is 0.042 which is less than 0.05. This result implied that the 

interactive software brought significant change in the ability of the experimental low 

achiever group as compared to the control low achiever group.  

 However, these findings analysis contradicted the findings of Tabassum (2004), 

Salbani, Ruzzaman & Umar Salbani (2013) and Afzal, Gondal & Fatima (2014), 

regarding to the higher and the lower achievers perspective.  
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Chapter 5 

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS 

5.1 SUMMARY 

 The conduct of this study was to provide assistance to higher grade mathematics 

concern people to reform mathematics learning with respect to mathematical thinking by 

the use of GeoGebra technology, and to know the cognitive aspects of analytic geometry 

learning. The study was experimental and the main concern of this study were; (i) To 

develop an algebraic geometric thinking model for analytic geometry; (ii) To develop the 

test under the constraint of model, for assessing students in the subject of analytic 

geometry; (iii) To investigate the influential comparative effect of GeoGebra (Dynamic 

Geometry Software) aided instructions on students’ mathematical thinking and 

mathematical achievement; (iv) To explore the effectiveness of GeoGebra aided 

instructions on high and low achievers students. 

The hypothetical aim of this study was to investigate the effect of GeoGebra aided 

instruction on grade-12 students’ mathematical thinking and mathematical achievement 

in the subject of analytic geometry. To figure out the effect of dynamic geometry 

software in respect to cognitive development in the students, various hypotheses were 

taken, and to know about the potential of this software in teaching perspective, distinct 

objectives were: (i) To explore its (DGS) effect in regarding to mathematical thinking 

and mathematical achievement in analytic geometry (ii) To scratch its effectiveness on 

the development of the six different aspects of mathematical thinking in the analytic 

geometry students (iii) To estimate the DGS profound impact on two cognitive ability 

(M.T and M.Ach) of low and high achievers students.  
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 For this reason, a sample of forty students of FG Boys inter college Mardan were 

secured. The posttest only equivalent group design was used and on the bases of their 

previous scores in mathematics they were brought into two comparatively equal groups: 

the experimental group and the control group. After conducting the six-week experiments 

of two different teaching environment approaches, the performance of both the groups 

were measured by the two data tools. In last, the collected data were analyzed through 

SPSS by applying different tests: the t-test, the one-way ANOVA, the two way ANOVA, 

MANOVA and along with necessary non-parametric test justification. In addition the two 

groups were compared statistically. Finally, the effect was also separately measured on 

the lower and higher achievers of both the groups. 

5.2  CONCLUSIONS 

 For better comprehension, the important conclusions of this experimental study 

were as listed below:  

i. The development of algebraic geometric thinking model relevant to analytic geometry 

for grade-12. 

ii. There was no statistically significance difference between the mean’s scores of pre-

test of the two groups before experiment. The mean and standard deviation of the 

standardized pre-test scores of the two groups before experiment were approximately 

the same.  

iii. The developments of two criterion referenced tests (mathematical thinking and 

mathematical achievement) were piloted. The reliability of both the tests was 

approximately equal to 0.92. 
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iv. The total mathematical thinking scores of experimental group was statistically 

significant at .05 level. The p-value 0.001 is less than 0.05 implies that GeoGebra 

aided instructions have significantly affect the mathematical thinking level of 

experimental group.  

v. The mathematical achievement score of the experimental group was also 

statistically significant at 0.05 level. The p-value 0.012< 0.05 implies that 

GeoGebra aided instructions have significantly affect the mathematical 

achievement of experimental group. 

vi. The four different multivariate test results were statistically significant on the six 

different levels of mathematical thinking considered as a group. The p-values of 

all these test results were found less than 0.05. 

vii. In the pair wise comparison, it was found that all dependent variables except 

problem solving were statistically significant and all the p-values are less than 

0.05. 

viii. For the problem solving aspect, the investigated p-value (0.073) was found 

greater than 0.05. It implied that DGS did not affect the problem-solving aspect 

of mathematical thinking at significance.  

ix. The GeoGebra aided instructions effect the performance of both the two (high 

and low) levels of experimental group significantly at significance level of alpha 

0.05 in comparison to control group two levels(high and low) achiever in 

mathematical thinking test scores. 



114 
 

 
 

x. It was concluded that GeoGebra aided instructions did not increase the 

performance of Exp.H.A group in comparison to Cont.H.A in the mathematical 

achievement test scores at significance. 

xi. It was analysed that the dynamic geometry software clearly increased the mean’s 

scores of Exp.LA group in comparison to Cont.L.A in mathematical achievement 

scores at significance. 

5.3  RECOMMENDATIONS 

This study was investigated to look into the cognitive strength of dynamic geometry 

software (GeoGebra) in regarding to the development of students cognitive ability. The 

cognitive strength of dynamic geometry software was measure through two data tools and 

was critically analyzed by SPSS. Hence, after critical analysis of this study results 

finding, the following recommendations can be suggested for innovation, and for future 

study are: 

i.  It is strongly recommended that the mathematics teaching objectives must be 

revisited regarding to the mathematical thinking and we must focus on the facts, 

to adjust and straighten the learning of dynamic geometry software or 

mathematics teaching software with mathematical thinking objectives. In this 

study for teaching learning analytic geometry, six major aspects of mathematical 

thinking were described. All these thinking skills ultimately cause the 

development of students’ achievement and thinking. So, it is suggested for the 

text developers that in designing the content of the analytic geometry these 

aspects should be integrated in the book.  
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ii.          Technology should be used as a tool to support mathematics instructions. 

Educational choices should be made on the basis of objectives, methodologies, 

role of the teacher and the level of the students, while implementing appropriate 

technology. It is to add that, the GeoGebra applet should be built in a way that 

students are able to explore it  independently  and get a sense of concept with 

minimum assistance of the teacher. 

iii.          Mathematics education is the extensive study of the teaching learning practices 

and it is a distinct field of education; it has its own concepts, dimensions, 

philosophical and psychological foundations, methods and procedures, 

conferences and organizations. In the present perspective the prominent aim of the 

mathematics education is to blend the three overlapping disciplines that are: 

content, pedagogy and technology in a way that, the standard objectives of 

mathematics curriculum turns into reality.  

iv.          Mathematics teaching should be a professional profession, and a four years   

program (B.S elementary and secondary mathematics education) should be 

implemented for pre service mathematics teachers like in turkey (METU/Ankara). 

The main aim of such type of program is to develop and groom pre service 

teacher with a well sound understanding of how to teach mathematics and how 

students learn mathematics through the different ages and stages. Along with 

confidence in the use of technology with problem solving behavior. The program 

should be emphasis on mathematical thinking and professional development of 

pre service mathematics teacher. 
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v.  As, GeoGebra is a free package and it’s specially designed for the high school 

mathematics. It is easy to use and learn and implement in the classroom. A proper 

computer lab is the basic requirement to implement it in mathematics learning. 

So, the school and college administration need to facilitate students and teachers 

with respect to computer lab. 

vi.  Another fact is that, in this research study, the fact was to investigate the dynamic 

geometry software significant effect on the six aspects of M.T. In result, all the 

aspects of mathematical thinking except problem solving improved with 

significance. Because the problem solving is a tough cognitive activity, so, 

teacher trainers must keep them in their minds, while teachers training programs 

with the focus and emphasis on PCK (pedagogical content knowledge) and TPCK 

(technological pedagogical content knowledge). 

vii.          In this research algebraic geometric thinking model for analytic geometry had 

been constructed and developed. Like this, similar model can also be developed 

for the other area of mathematics to assess students in relation to the mathematical 

thinking. 

viii.          As, in this research the six main aspects of mathematical thinking were considered 

in a specific contents. So, for the different and larger area of mathematics this test 

would be different and would be helpful in assessing different mathematical 

thinking skills of students across the content area of mathematics. 

ix.          This research investigated the effect of dynamic geometry software on grade-12 

students’ M.T & M.Ach in analytic geometry. Similar studies can be conducted to 
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investigate the effect on female and can be compared with the male students 

across different grades. 

x.          The effect of GeoGebra can also be investigated on students’ attitude across 

different levels of grades in mathematics. But for such study the proper attitude 

scale in degree measurement should be defined. 

xi.          The Effect of GeoGebra basically depends on the activity and its implementation. 

The criterion and standardized activities one’s can develop, to find its effect on 

the students. 

xii.          As, this research investigated the significant effect of GeoGebra on students’ 

different aspects of M.T except problem solving. So, further research can be 

conducted for the improvement of this skill through dynamic geometry software.  
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Annexure -A 

ALGEBARIC GEOMETRIC THINKING MODEL POSTTEST FOR 

GRADE-12(LEVEL-1) 

This test was designed to measure your mathematical thinking ability. The test consists of 

two parts of 18 questions in each. The time for each part is 120 minutes. Before attempt 

read out and follow the below instructions. 

1- Write your name, code no Exp. or Cont. and Group. 
2- Read each question carefully before attempt. 
3- Justify and give reason, how you arrive at the solution. 
4- In front of each question or on extra sheet you can write your justification. 
5- Multiple choice questions have only one correct option you have to encircle the 

one option according to your thinking along with best justification. 
6- This test is only for the research of this study along with confidential. 

Don’t fill the below table, it’s for evaluator. 
Q. No G1 G2 G3 G4 G5 G6 Total An1 An2 An3 An4 An5 An6 Total 

 
Marks               

 

Q. No L1 L2 L3 L4 L5 L6 Total Ab1 Ab2 Ab3 Ab4 Ab5 Ab6 Total 
 

 
Marks 

              

 

Q. No P1 P2 P3 P4 P5 P6 Total R1 R2 R3 R4 R5 R6 Total 
 

 Marks               

 

  

Name  Group  

College Name FG Boys Inter College Mardan Cantt Code No- 
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PART A 

Questions related to Generalization 

G1:  Complete the table for the linear function                                               

X 0 1 2 3 4 5 6 

Y -1 1 3 5 7   

   Also the generalize form of the above linear pattern will be 

                    A)   � = � �                  B)     � = �� + � 

                    C)   � = �� �                D)    � = �� � 

 

 G2: Find the missing numbers of quadratic pattern 

 

 

 

 

Also the generalize form for “n” the above linear pattern will be 

                    A)   � = ��� �                             B)   � = ��� 

                    C)    � = ��� + �                            D)  � = �� + � 

 

 G3: The slope of a line passing through (c, d) and (a, b) is  

                    A)     
���

���
                            B)     

���

���
 

                    C)     
���

���
                           D)     

���

���
 

  

X 1 2 3 4 5 ---------------    n 

Y 4 7 12   ---------------  
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G4:     Investigate the intercept pattern of the given parallel lines. 

 

The equation of                     4L    is       y  = x -  2 

 And the equation of            3L     is       y =  x – 1 

 Similarly the equation of    2L    is        y =  x 

What will the equation of L1 and L5 if we construct it in the same way? 

Encircle the correct option below 

Equation for L1 

 A)   y  = x+ 1 

 B)   y = x+ 2 

 C)  y = x +3 

 D)  y = x – 1 

Equation for L5 

A)   y  = x + 1 

 B)   y = x -  2 

 C)  y = x – 3 

 D)  y = x – 1 
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G5:  If   ax+ by +c=0,   and   dx+ ey +f=0   are two perpendicular lines, then the 

generalize form of their slopes will be 

                    A) ae+bd = 0                          B) ab+ed = 0 

                    C) ad-eb = 0                           D) ad+eb = 0 

G6: 

 

    Investigate the increasing slope pattern, if Slope of L1 = 1
8

    , Slope of L2 =  2
6

 

     and Slope of L3 = 3
4

 ,then slopes of L4 &L5  will be  

                          A)
4 5

&
1 2

                        B)     
�

�
&

�

�
 

                           C) 4 5
&

2 0
                      D)      

�

�
&

   �

��
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 Questions related to Analysis and Analytical Thinking  

An1:   The slope and y-intercept of the line 3x + y -1=0 

           A) -3&-1                        B)      3& 1 

           C) 3 & -1                       D)     -3 &1 

An2:  Investigate the position of points P (1, 1) and Q (1, 3) with respect to the line  

          x – y +2 = 0. Encircle the correct option 

      A)  P above& Q is on the line            B)   P below& Q is on the line 

      C)  P is above and Q is below            D)   Both P&Q on the line  

An3: From the figure, the coordinates of x-intercept and y-intercept are? 

 

           A)   (0, -1) & (0, 2)                     B)    (-1, 0) & (2, 0) 

           C)   (-1, 2) & (2, -1)                    D)    (-1, 0) & (0, 2) 

An4: First convert the general circle equation        �� + �� 4� 2� + 1 = 0   into   

         Standard form and then find Centre and radius?  

          A)  Centre= (2, 1) & r=2                            B) Centre= (2, 1) & r=1 

          C)  Centre= (1, 2) & r=2                            D) Centre= (1, 1) & r=2      
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An5: Construct any triangle of the line joining two points, and find length of horizontal 

and vertical and then find slope of the line. 

 

 

 

 

Vertical length = 

 

Slope= 

 

Horizontal length = 

 

Slope =  

 

An6: Which of the two points lies on the circle�� + �� 6� 2� + 6 = 0? 

 

            A)    (1, 3) & (1, 1)                                 B)     (3, -1) & (1, 5) 

 

            C)    (1, 5) & (5, 1)                                  D)     (5, 1) & (1, 1) 
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LOGICAL THINKING QUESTIONS 

L1: If two distinct lines are parallel in two dimensional plane, then which of these   
      Statements is more logically for two parallel lines?  
 
      A: They are having same slopes and same intercepts  
      B: They are having different slopes but same x and y- intercepts.  
      C: They are having same slopes but different length.  
      D: They are having same slopes and different x and y intercepts. 

 

L2:  If A, B, C and D are the consecutives vertices of a parallelogram. Then select the   
        Correct possible option? 

A) AD & BC intersect          
B) AD &DC are parallel         
C) AC & CD are non parallel lines 
D) AC & BD non-intersect lines. 

 
 

   Justify your answer? 

Justify your answer? 
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L3: In the figure two perpendicular lines 1L and 2L are given. If 1L   rotate about point A    

      through180& 2L  through 9 0   about C, then 1L  and 2L after rotation will be    

  
         A)   Parallel         B) No effect         C) Perpendicular        D)   both B&C 

 

    L4:  Consider  � = 2� 1  with conditional values of ‘m=2’ and ‘b= -1’, If we    
          multiply the value of ‘b’ with -1 then what change would  
              Occur in the line? 

A) Line will not change. 
B) The x-intercept would be positive. 
C) The new line would be parallel to the original line. 
D) The slope would become negative. 

 
 
 
 
 
 
 
 

 

  

Justify? 

Justify? 
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L5:  If   L1  is perpendicular to L2&L3, and L3 is perpendicular to L4&L1 in two    
       dimensional plane. Then what about L1 and   L4. (L1, L2,L3,L4 are lines). 

A) L1 &L4 are Perpendicular. 
B) L1 &L4 are non-parallel. 
C) L1 &L4 are parallel. 
D) L1 &L4 intersect each other.  

 

L6:   What will be the value of α and β in the given below figure? 

 

 

A)    75° &120°                  B) 75°& 75º            C) 45°&120°          D) All A, B&C        

 

Justify 

Statement  Reason  
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Time allowed: 180 minutes                   PART-B 

Questions related to abstract thinking 

Ab1:  If “α” is the angle of inclination which the line makes with x-axis, and 0 < α < 90. 
           Then slope of this line always be  
           A)  Zero              B) Positive        C) Negative            D) Undefined  
 

 

 

 

 

Ab2: If m is the slope and b is the y-intercept of the line, observe the graphs; and  
match each graph to the given options; and give reason to each matching. 
 
    A)  � & � > 0       B) � > 0 & � < 0      C)� & � < 0       D) � < 0 & � > 0 
 

                               1)                                                                    2) 

 

                                  3)                                                                      4) 

 

 

Justify? 
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Ab3) Consider 
1a

y x
b b

    then the correct values for “a” and “b” for the given   

             figure. Using slope and y-intercept concept 

 
            A)   a& b > 0        B)  a & b < 0       C)  a < 0, b > 0       D)   a > 0 , b < 0 

 

Ab4:    Investigate the greatest slope in the below figure? 

 

 

 

 

 

 

 

 

        A)    1                    B) 2                  C)    3                    D)   4  

justify 

Justify? 
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Ab5:  If y = (a / b) x   is the equation of line in the below given figure. 

 

        Then    “a” & “b” having  

         A)  � > 0 & � < 0B) � < 0 & � > 0   C)   Same signs      D) Both A&B option 

 

Ab6:  In which quadrants (a, b), (-c, 3) and (d,-2) lie where all a, b, c & d > 0    

          A)     1st, 2nd& 4threspectively      B)       1st, 2nd&3rd respectively 

          C)     1st, 3rd &4th respectively     D)       2nd, 3rd& 4th respectively 

 

 

 

 

 

 

 

Justify? 

Justify? 
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Problem Solving thinking Questions  
 Note: Dear students use separate sheet for these questions 
 
P1:   Find K  so that the points  A(-1 , 1) , B(3 , 7) and C(K , -2) lies on the same line. 

P2: Find an equation of the perpendicular bisector of the line joining the points 

      (2, -3) and (4, 5). 

P3: Find the distance between two lines 

       6x + 8y + 16= 0   and   3x +4y – 12= 0.                                      

P4: Find the area bounded by the region in the given figure 

 

 

P5:   A particle moves along a line of slope -2 from its initial position (-1, 2) to a new    

Position (x, y).   Find              a)    y if x= -2  

                                            & b)    Find x if y = 5  
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P6: Graph shows P liters of petrol are consumed by a motorcycle to travel D km. 

       Use the graph to find   a) Distance covered by bike in 3 liters 

                                             b)  Distance covered by bike in 3.5 liters 

                                             c) If the cost of petrol is 100Rs then in how much price  

                                                  Motorcycle will cover 45 km distance. 
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Questions related to Graphical representation thinking 
R1: Plot these points (4, 2) (3, 0) (0, 2) (-3, 2) (-2, 0) (-1,-2) (0,-2) (1,-2)   
 

 

R2: Graph the line y= (5 / 2) x – 2    

 

  



 

R3: Draw the Graph of the function  

R4: Draw the graph of the equation of circle    
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R3: Draw the Graph of the function  � = �� + 1 

R4: Draw the graph of the equation of circle    (� 1)� + (� 2)� = 4 

 

 

 



150 
 

 
 

Q5)    Investigate and encircle the correct graph for the    � = � 2  ? 

               

R6: Write the algebraic equation for the below given line graph. 
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Annexure -B 

PAPER: MATH ACHIEVEMENT POST-TEST (LEVEL-2) 
TIME: 20 MINUTES 

NAME: ----------------------------------------------                                    ROLL NO: --------------------- 

GROUP: --------------------------------------                                              MARKS: 20 

Q1         Note: Encircle the correct option i.e. A, B, C or D 

i. What is the domain of the function   f(x)=  1

4

x

x




 

     A)    R             B) R-{1}         C)    R-{4}          D) R-{-4} 
 

ii. For what value of “a” & “b”, the f(x) = ax +b, will become a constant function. 

     A)  a =1, b =1        B) a ≠0, b=1        C) a=1, b=0       D) a=0, b ≠ 0 
 

iii. x²+4x+8  is a polynomial of  

      A)    Degree first      B) 3rd degree       C)   2nd degree   D) 0 degree 
 

iv. (1, -3) lies in 

   A) 4th Quadrant       B) 3rd Quadrant     C) 2nd Quadrant      D) 1st Quadrant 
 

v. If ( )f x be a function then 
1( )f x

exist if ( )f x is 

                A)   1-1 function      B) onto functionC) Into function D) Bijective function 
 

vi. The radius of the circle  

                A)   100                   B)    50                   C)    1                 D)    10 
 

vii. The slope of the line �� + �� + � = � 

               A)    3/4                  B)     4/3                   C)    -3/4                 D)    -4/3 
 

viii. Circle which passing through the vertices of any triangle is called the 

              A) Circum circle    B) In circle      C) Escribed circle    D) None of these 
 

ix. Sinθ is positive in  

      A)   1st&3rd            B) 1st&2nd       C) 1st& 4th               D) 2nd&4th 

x. If two lines with slopes 1m  and 2m  are parallel then which one will be correct 

              A)  1 2m m             B) - 1 2m m      C)  1

2

1
m

m
              D)   - 1

2

1
m

m
  

2 2 100x y 
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Part II          Time: 160 minutes  
Note: Attempt all questions, each carry 10 marks equally. 

 

Q2) Find the equation of a line passing through (1, 4) and having slope undefined. 

Q3) Find domain and range of f(x) = x² 

Q4) Determine whether   f(x) = x² + x2/3     is an even or odd function. 

Q5) If f(x) = x² - 2. , then find inverse of  f(x)? 

Q6) Find the angle from the line 1 : 2 0l x y   to 2 :3 7 0l x y   . 

Q7) Find the point dividing the line segment joining the points A (4, 6) and B (-2, 3)  

in the ratio 1: 2 internally. 

 Q8) Find the mid-point and distance between A (3,-4) and B (3, 1). 

 Q9) Find the slope of the line joining the points (1,-1) and (5, 3). 

 

Q. No Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Q9 

 

Obtained 

points 
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Annexure -C 

  

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exp. Group Cont. Group 

Stds  Grade-11 Pretest 
scores 
 

Grade-11 Pretest 
scores 

S1 84 84 

S2 83 80 

S3 77 77 

S4 76 76 

S5 74 74 

S6 74 73 

S7 72 72 

S8 70 70 

S9 69 69 

S10 68 67 

S11 66 66 

S12 64 65 

S13 58 58 

S14 56 56 

S15 55 56 

S16 53 54 

S17 53 53 

S18 52 53 

S19 49 50 

S20 33 43 

 H.A Exp. Group H.A Cont. Group 

Stds  Grade-11Pretest 
scores 

Grade 11 
 Pretest scores 

S1 
84 84 

S2 
83 80 

S3 
77 77 

S4 
76 76 

S5 
74 74 

S6 
74 73 

S7 
72 72 

S8 
70 70 

S9 
69 69 

S10 68 67 

S11 
66 66 

S12 
64 65 

 The Detail of L.A Groups 

L.A Exp. Group L.A Cont. Group 

Stds Grade 11 
 Pretest scores 

Grade 11 
 Pretest scores 

S1 
58 58 

S2 
56 56 

S3 
55 56 

S4 
53 54 

S5 
53 53 

S6 
52 53 

S7 
49 50 

S8 
33 43 
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Annexure -D 

 

 

Rubric for item response for algebraic geometric thinking test 

Response 
score 

Detail description 

4 Correct answer with strong justification and correct reasoning. Using of proper 
reasoning and diagram and deep understanding. Process understanding. 

3 Incorrect answer with consistent reasoning along with some process 
 

2 Correct answer with inconsistent reasoning and error in mathematical process. 

1 Correct option with no reasoning or justification or with a little sense of understanding 
in writing justification. 

0 No response, completely incorrect with no reasoning 

Rubric for mathematical achievement test 

Response score Description 

Full Marks(10) 
100% 

Demonstrates a thorough understanding of concept through correct procedure 
embodied in task. Identify the important aspects of problem with no serious error. 
Using of appropriate diagram along with some description. 

75% Shows partially understanding of concept of problem and execution of correct 
strategy. May contain error but no serious misconception. Using partially the diagram  

50% Describes some understanding of a problem with serious error. But the procedure 
related to the content of the question. 

25% Describes the problem with no concept and principal. With no proper strategy and no 
description of important aspects of the problem. Try to attempt the problem. 

0% No attempt. Serious mathematical concept. Inadequate attempt 
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PILOT TESTING DATA OF M.T                             Annexure -E 

s.no S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11 S12 S13 S14 S15 S16 S17 S18 S19 S20 S21 S22 S23 S24 S25   

G1 4 4 3 4 4 3 2 4 2 4 4 4 2 4 2 0 2 4 2 2 2 3 4 2 2 73 

G2 4 2 2 4 3 2 2 2 4 0 2 2 0 2 0 2 2 0 2 0 2 2 2 2 2 47 

G3 4 0 4 4 2 2 2 4 2 2 2 4 2 2 2 1 2 0 2 1 0 2 4 4 2 56 

G4 4 4 4 4 2 4 1 0 2 4 4 2 0 2 4 0 2 0 2 2 0 1 0 0 1 49 

G5 2 2 3 4 2 2 4 4 2 4 2 0 4 0 0 2 1 1 0 0 2 1 1 0 0 43 

G6 2 4 2 3 4 2 4 4 4 2 4 4 4 2 4 2 0 2 0 4 2 0 0 0 2 61 

An1 4 4 4 4 2 4 4 4 4 4 4 2 0 0 4 0 0 4 2 2 0 2 0 4 2 64 

An2 4 1 2 2 2 2 4 2 3 2 2 0 3 0 2 2 1 0 0 2 2 1 0 1 0 40 

An3 4 4 2 2 4 2 0 1 3 4 4 4 0 0 0 0 0 2 0 2 0 0 2 1 1 42 

An4 4 2 2 2 1 2 3 2 2 2 0 2 3 0 2 0 0 2 1 0 1 0 1 0 0 34 

An5 4 4 2 2 2 0 1 0 2 4 4 0 0 0 0 0 1 2 0 0 1 0 0 2 0 31 

An6 4 4 2 2 1 2 2 0 2 0 3 0 0 3 2 0 2 0 0 1 2 1 0 1 0 34 

L1 2 4 4 4 4 0 4 4 4 1 0 4 4 4 4 2 2 1 4 0 2 0 2 2 1 63 

L2 4 0 2 2 2 4 4 4 2 0 4 0 0 2 0 0 1 0 1 0 1 1 0 0 0 34 

L3 4 4 2 0 2 4 0 4 0 0 0 1 0 0 0 0 2 1 0 1 1 0 1 0 0 27 

L4 4 4 2 3 2 2 2 2 0 1 2 2 2 2 2 0 2 0 0 1 0 2 0 0 2 39 

L5 4 3 2 1 2 3 0 3 2 2 1 2 2 0 1 2 0 1 0 1 1 1 2 0 0 36 

L6 4 4 2 4 4 2 2 2 0 4 0 0 0 2 0 2 1 0 0 0 0 2 0 2 0 37 

Ab1 4 4 4 4 1 4 4 1 4 4 4 2 4 4 2 4 2 4 3 0 2 2 2 1 0 70 

Ab2 2 4 3 2 2 1 1 1 3 0 1 0 1 0 0 1 0 2 1 0 1 1 0 1 0 28 

Ab3 3 2 2 1 2 1 1 2 2 0 1 2 0 0 0 0 0 1 1 1 1 0 1 1 0 25 

Ab4 4 4 4 0 2 1 4 4 2 4 4 0 4 0 4 4 2 4 0 0 0 2 0 0 2 55 

Ab5 2 2 2 0 1 3 1 2 2 0 2 0 1 2 2 1 0 0 2 1 0 0 0 2 0 28 

Ab6 4 4 2 4 4 4 2 1 2 4 4 4 0 4 4 0 0 2 4 2 4 3 4 4 0 70 

Pb1 4 4 4 2 4 2 4 2 3 4 0 4 4 4 4 4 2 2 4 0 1 2 2 0 0 66 

Pb2 2 2 3 1 2 3 3 2 1 2 4 3 2 0 0 3 0 2 2 0 0 1 2 0 0 40 

Pb3 3 0 2 4 4 2 0 2 2 0 0 4 2 2 0 0 2 0 1 2 2 1 1 0 0 36 

Pb4 3 0 4 4 3 2 4 1 0 3 0 0 0 0 0 1 0 0 0 2 0 1 0 0 0 28 

Pb5 4 4 4 4 2 2 2 2 2 4 0 2 2 0 2 2 1 2 2 2 0 0 0 0 0 45 

Pb6 2 4 2 0 3 2 4 2 4 0 4 4 0 4 4 4 4 0 2 2 2 0 0 0 0 53 

R1 4 2 4 4 4 4 1 4 2 2 0 4 4 4 0 4 3 0 1 3 2 1 0 0 2 59 

R2 2 2 2 3 2 2 3 0 0 0 0 0 0 0 0 1 1 1 0 2 1 0 0 0 0 22 

R3 3 2 2 4 2 3 0 1 0 1 0 0 0 0 0 0 2 0 0 0 0 0 2 0 1 23 

R4 4 2 2 2 2 2 1 1 0 0 2 4 1 4 0 1 0 0 0 0 0 0 2 0 0 30 

R5 3 2 2 1 2 1 1 2 1 2 1 2 2 1 0 0 2 1 1 2 2 0 0 0 1 32 

R6 4 4 4 3 3 2 4 4 4 4 4 4 4 2 4 4 1 1 1 1 0 2 0 0 0 64 

Marks 123 102 98 94 90 83 81 80 74 74 73 72 57 56 55 49 43 42 41 39 37 35 35 30 21 1584 
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Annexure – F 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

20 students M.Ach data in pilot testing 

Stds Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Q9 

S1 20 10 8 10 10 10 10 10 10 

S2 20 10 8 10 8 8 10 10 10 

S3 18 10 8 8 10 8 8 10 10 

S4 18 10 10 10 8 8 6 8 10 

S5 16 8 10 8 10 8 10 10 8 

S6 18 8 10 10 6 10 4 4 10 

S7 16 8 6 10 4 8 10 10 8 

S8 16 6 8 10 8 10 4 8 8 

S9 16 8 8 6 8 6 8 8 8 

S10 16 6 4 8 8 8 6 10 8 

S11 14 6 8 6 4 6 6 8 8 

S12 14 6 6 10 6 8 4 4 4 

S13 14 6 8 6 8 4 2 4 8 

S14 12 6 4 4 2 4 6 8 10 

S15 12 4 4 4 2 6 2 4 10 

S16 12 4 4 2 2 2 4 6 8 

S17 10 6 4 2 2 2 4 6 8 

S18 10 6 2 2 2 6 4 6 4 

S19 10 2 2 4 2 4 6 8 4 

S20 8 2 4 2 4 4 6 6 6 

Total 290 132 126 132 114 130 120 148 160 

Descriptive Statistics of M.Ach Post-test Pilot testing 
 

N Min Max Sum Mean Std. Dev 

Q1 20 8 20 290 14.50 3.49 

Q2 20 2 10 132 6.60 2.43 

Q3 20 2 10 126 6.30 2.61 

Q4 20 2 10 132 6.60 3.18 

Q5 20 2 10 114 5.70 3.06 

Q6 20 2 10 130 6.50 2.50 

Q7 20 2 10 120 6.00 2.59 

Q8 20 4 10 148 7.40 2.26 

Q9 20 4 10 160 8.00 2.05 

Descriptive statistics of mathematical thinking test in pilot testing 

Aspects N Sum Mean Std. Dev 

Generalization 25 329 13.16 4.57 

Analytical thinking 25 245 9.80 5.89 

Logical thinking 25 236 9.44 5.48 

Abstract thinking 25 276 11.04 4.43 

Problem solving 25 268 10.72 5.30 

Representation 25 230 9.2 5.21 
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Annexure -G 

Item wise reliabilit 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Item wise reliability analysis of mathematical thinking test 

Item 
Scale Mean if 
Item Deleted 

Cronbach's 
Alpha if 

Item 
Deleted Item 

Scale 
Mean if 

Item 
Deleted 

Cronbach's 
Alpha if 

Item 
Deleted 

G1 60.24 .922 Ab1 60.56 .919 

G2 61.64 .921 Ab2 62.24 .918 

G3 61.28 .923 Ab3 62.36 .918 

G4 61.32 .918 Ab4 61.16 .921 

G5 61.64 .918 Ab5 62.24 .920 

G6 60.92 .919 Ab6 60.56 .922 

An1 60.80 .919 Pb1 60.72 .919 

An2 61.76 .918 Pb2 61.76 .919 

An3 61.68 .918 Pb3 61.92 .920 

An4 62.00 .917 Pb4 62.24 .918 

An5 62.12 .918 Pb5 61.56 .915 

An6 62.00 .918 Pb6 61.24 .922 

L1 60.84 .921 R1 61.00 .919 

L2 62.00 .918 R2 62.48 .918 

L3 62.28 .918 R3 62.44 .918 

L4 61.80 .917 R4 62.16 .918 

L5 61.92 .917 R5 62.08 .919 

L6 61.88 .917 R6 60.76 .916 

Item analysis of mathematical achievement test in pilot 

testing 

İtem Item 

difficulty 

Item 

discrimination 

Q1 72.5 .29 

Q2 66 .36 

Q3 63 .34 

Q4 66 .48 

Q5 57 .46 

Q6 65 .38 

Q7 60 .32 

Q8 74 .28 

Q9 80 .20 

Item difficulty and item discrimination of mathematical thinking test 

Item Difficulty Disc Item Difficulty Disc Item 
Difficul

ty Disc 

G1 .73 0.22 L1 .63 0.14 Pb1 .66 0.16 

G2 .47 0.22 L2 .34 0.44 Pb2 .40 0.32 

G3 .56 0.16 L3 .27 0.3 Pb3 .36 0.2 

G4 .49 0.42 L4 .39 0.26 Pb4 .28 0.4 

G5 .43 0.38 L5 .36 0.28 Pb5 .45 0.38 

G6 .61 0.34 L6 .37 0.38 Pb6 .53 0.18 

An1 .64 0.48 Ab1 .70 0.2 R1 .59 0.22 

An2 .40 0.24 Ab2 .28 0.24 R2 .22 0.2 

An3 .42 0.52 Ab3 .25 0.26 R3 .23 0.26 

An4 .34 0.28 Ab4 .55 0.22 R4 .30 0.28 

An5 .31 0.38 Ab5 .28 0.12 R5 .32 0.16 

An6 .34 0.2 Ab6 .70 0.16 R6 .64 0.48 
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                                                                                                                         Annexure –H 

Experimental Group Algebraic Geometric thinking POSTTEST Scores after Treatment 

stds→ S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11 S12 S13 S14 S15 S16 S17 S18 S19 S20 Sum 

G1 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 3 4 4 4 4 79 

G2 4 4 4 4 4 4 4 4 4 4 3 4 4 4 4 4 3 4 3 3 76 

G3 4 4 4 4 4 4 4 4 3 4 4 4 4 4 4 4 4 3 2 2 74 

G4 4 4 4 4 4 4 4 4 4 4 4 4 4 3 4 3 2 4 4 2 74 

G5 4 2 2 4 3 4 4 4 4 2 2 2 4 2 1 2 2 1 3 2 54 

G6 4 4 4 4 4 4 2 4 2 3 4 2 4 1 2 3 2 2 2 2 59 

An1 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 80 

An2 4 4 3 2 2 3 2 4 2 2 1 2 2 2 2 2 2 4 1 2 48 

An3 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 80 

An4 4 4 4 4 2 4 4 4 4 4 2 3 4 4 2 4 2 4 1 2 66 

An5 4 4 4 4 2 4 4 3 2 2 4 4 4 2 4 4 4 4 4 2 69 

An6 4 3 4 4 2 3 4 2 4 3 4 2 1 2 2 4 3 4 2 2 59 

L1 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 80 

L2 4 3 3 3 1 3 3 1 2 3 2 2 2 3 0 4 3 4 0 1 47 

L3 4 4 4 4 2 4 4 4 4 4 4 4 2 2 2 2 4 4 2 2 66 

L4 4 4 3 3 2 3 3 1 3 3 2 3 2 2 2 3 3 4 0 1 51 

L5 4 4 4 4 2 4 4 2 2 3 3 4 4 3 3 4 2 4 4 2 66 

L6 4 4 4 4 4 2 2 2 4 2 4 2 4 2 4 4 2 2 4 2 62 

Ab1 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 2 2 4 76 

Ab2 4 4 4 4 2 3 3 2 3 3 3 3 3 2 2 4 3 3 2 1 58 

Ab3 4 4 4 4 2 4 3 2 3 3 3 3 3 2 2 2 2 2 2 1 55 

Ab4 4 4 4 4 4 4 4 4 4 4 4 4 4 2 4 4 4 4 4 4 78 

Ab5 3 3 2 3 1 2 2 2 2 1 1 1 1 - 2 2 2 2 2 2 36 

Ab6 4 4 4 2 4 4 4 4 4 4 4 4 4 4 4 4 4 4 3 3 76 

P1 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 2 2 4 2 4 74 

P2 4 4 4 4 2 4 4 4 4 4 2 2 4 4 2 2 2 2 2 2 62 

P3 4 4 4 4 2 4 4 2 4 2 4 4 2 2 2 2 2 2 2 2 58 

P4 4 4 4 4 3 2 2 2 2 3 2 2 2 2 2 4 4 2 2 1 53 

P5 4 4 3 3 2 4 2 4 3 2 2 2 2 1 2 2 2 3 2 1 50 

P6 4 2 2 2 2 2 4 3 3 3 4 2 2 2 2 3 - 2 2 1 47 

R1 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 2 4 78 

R2 4 3 4 4 2 2 2 2 4 2 1 2 4 4 4 2 2 2 2 2 54 

R3 4 4 3 3 4 2 4 2 4 2 4 2 4 4 4 4 2 2 4 3 65 

R4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 2 4 4 4 3 77 

R5 4 4 4 4 4 1 4 3 2 4 3 2 4 4 2 2 4 2 - 1 58 

R6 4 4 4 4 4 4 4 4 2 4 3 4 4 4 4 4 2 2 4 2 71 

 
143 136 133 133 108 124 126 115 120 116 115 111 120 105 106 115 103 112 91 84 2316 
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                        Annexure-I 

 

 

 

Control Group Result of algebraic geometric thinking Post-test 

Stds→ S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11 S12 S13 S14 S15 S16 S17 S18 S19 S20 Sum 

G1 4 4 4 4 4 4 4 4 4 4 4 2 4 3 4 2 2 2 2 4 69 

G2 4 4 4 4 4 4 4 2 2 4 3 2 3 2 2 2 2 2 2 2 58 

G3 4 4 2 4 4 4 4 4 4 4 4 3 4 4 4 1 4 2 2 2 68 

G4 4 2 4 2 3 4 4 4 2 2 3 4 2 2 4 1 2 2 2 1 54 

G5 4 4 2 2 4 4 2 4 3 4 3 4 2 1 4 2 2 2 2 1 56 

G6 4 4 2 2 4 2 4 2 2 2 2 2 3 4 2 2 2 - 0 2 47 

An1 4 4 4 4 4 4 4 4 4 4 4 2 2 4 2 4 4 2 4 2 70 

An2 4 2 2 4 4 3 4 1 2 2 2 2 2 2 2 2 2 2 2 1 47 

An3 4 4 4 1 2 4 2 2 4 2 2 3 2 2 1 2 1 1 1 1 45 

An4 4 4 4 4 2 4 4 2 2 3 1 3 4 2 2 2 2 2 - 2 53 

An5 4 4 4 4 4 4 2 4 4 2 1 2 4 3 2 1 1 2 2 1 55 

An6 2 3 2 2 2 2 2 2 1 3 - 4 2 2 1 2 2 1 - 1 36 

L1 4 4 4 3 4 4 4 2 2 2 2 4 3 2 4 2 4 4 2 1 61 

L2 4 2 2 2 2 3 2 2 4 2 2 2 1 2 2 2 2 - 2 1 41 

L3 4 4 4 4 4 2 4 4 2 2 2 3 2 - - 4 2 2 2 1 52 

L4 3 4 4 4 4 2 2 2 3 4 4 2 2 - - 1 - 1 1 1 44 

L5 4 4 4 4 2 2 4 3 4 4 3 1 2 2 4 2 - 1 1 2 53 

L6 4 4 2 2 2 2 2 4 2 2 2 2 2 4 - 1 2 1 1 2 43 

Ab1 4 4 4 4 2 4 4 4 4 4 2 4 2 4 4 2 4 4 2 2 68 

Ab2 2 4 4 2 4 2 2 2 1 2 1 2 2 1 - 1 2 2 2 2 40 

Ab3 4 2 2 2 2 3 2 2 1 2 2 4 2 - 2 2 2 - 1 1 38 

Ab4 4 4 4 2 4 3 2 2 4 4 2 3 2 4 - 1 1 3 1 - 50 

Ab5 4 2 2 2 2 2 3 2 2 2 4 2 2 4 2 3 1 1 2 1 45 

Ab6 4 4 4 4 4 4 4 4 4 1 4 4 4 - 4 2 4 2 1 2 64 

P1 4 4 4 4 4 2 4 4 4 4 4 4 4 4 2 2 4 2 2 2 68 

P2 4 4 4 4 2 3 4 2 2 2 2 2 2 2 2 2 2 - - 2 47 

P3 2 4 2 2 2 4 4 4 4 2 4 2 2 2 2 1 2 4 2 - 51 

P4 4 2 2 2 4 4 4 2 2 2 2 2 2 2 2 2 - 2 - - 42 

P5 4 4 4 4 2 2 2 2 2 - 2 2 2 2 - 2 2 2 2 2 44 

P6 4 2 2 2 3 2 4 2 3 2 2 4 2 2 4 2 - - 2 2 46 

R1 4 4 4 4 4 2 4 4 4 4 4 2 2 4 2 2 2 2 2 2 62 

R2 4 2 4 4 2 4 4 4 2 2 2 1 2 1 1 2 1 2 1 1 46 

R3 4 4 2 2 4 2 4 2 2 2 2 2 2 1 2 1 1 1 2 1 43 

R4 2 2 2 2 2 4 2 2 2 2 4 2 2 2 3 1 1 1 1 1 40 

R5 2 4 2 2 4 3 2 2 2 2 2 3 2 1 2 2 2 1 2 1 43 

R6 4 4 4 4 4 4 3 2 4 4 4 4 2 4 2 4 2 2 2 2 65 

 133 125 114 108 114 112 116 100 100 95 93 96 86 81 76 69 69 60 55 52 1854 
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Annexure -J 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Post-test data of Experimental and Control group in M.Ach 

Stds Achievement 
Score of Exp.Group 

stds Achievement 
Score of Cont. Group 

S1 
95 

S1 
90 

S2 
84 

S2 
78 

S3 
91 

S3 
85 

S4 
92 

S4 
75 

S5 
65 

S5 
70 

S6 
85 

S6 
78 

S7 
70 

S7 
65 

S8 
72 

S8 
50 

S9 
75 

S9 
70 

S10 
78 

S10 
45 

S11 
67 

S11 
49 

S12 
66 

S12 
48 

S13 
61 

S13 
50 

S14 
60 

S14 
42 

S15 
58 

S15 
48 

S16 
60 

S16 
40 

S17 
58 

S17 
45 

S18 
60 

S18 
40 

S19 
50 

S19 
36 

S20 
53 

S20 
35 
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Annexure -K 
 
 

Experimental  Group  collective 6 aspects score including overall 

M.T Post-test 
 

Control Group collective 6 aspects score including overall M.T Post-

test 

Stds Gen An.T Log.T Ab.T Prb.S Rep.T 
Total 

M.T 

 
Gen An.T Log.T Ab.T Prb.S Rep.T 

Total 

M.T 

S1 24 24 24 23 24 24 143  24 22 23 22 22 20 133 

S2 22 23 23 23 22 23 136  22 21 22 20 20 20 125 

S3 22 23 22 22 21 23 133  18 20 20 20 18 18 114 

S4 24 22 22 21 21 23 133  18 19 19 16 18 18 108 

S5 23 16 15 17 15 22 108  23 18 18 18 17 20 114 

S6 24 22 20 21 20 17 124  22 21 15 18 17 19 112 

S7 22 22 20 20 20 22 126  22 18 18 17 22 19 116 

S8 24 21 14 18 19 19 115  
20 15 17 16 16 16 100 

S9 21 20 19 20 20 20 120  
17 17 17 16 17 16 100 

S10 21 19 19 19 18 20 116  
20 16 16 15 12 16 95 

S11 21 19 19 19 18 19 115  
19 10 15 15 16 18 93 

S12 20 19 19 19 16 18 111  
17 16 14 19 16 14 96 

S13 24 19 18 19 16 24 120  
18 16 12 14 14 12 86 

S14 18 18 16 14 15 24 105  16 15 10 13 14 13 81 

S15 19 18 15 18 14 22 106  20 10 10 12 12 12 76 

S16 19 22 21 20 15 18 115  10 13 12 11 11 12 69 

S17 17 19 18 19 12 18 103  14 12 10 14 10 9 69 

S18 18 24 22 17 15 16 112  10 10 9 12 10 9 60 

S19 18 16 14 15 12 16 91  10 9 9 9 8 10 55 

S20 15 16 12 15 11 15 84  12 8 8 8 8 8 52 

Sum 416 402 372 379 344 403 2316  352 306 294 305 298 299 1854 
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Lesson Plan Format                                                                                        Annexure -L 

Date -------------         Unit: Analytic Geometry 

Lesson: coordinate plane and points in coordinate plane 

Grade level: 12th (calculus and analytic geometry) 

Class room lay out: 

→students will be in a group of two in a well-equipped computer lab with their desks adjacent to each 

other. 

Prerequisite knowledge for students:  

 Students should have some prior experience with computer and web browsing. 

 Line, point .segment and vector shape recognition. 

Objective of the lesson: 

 To reinforce the plotting of points in two dim Cartesian coordinate system. 

 To learn the concept of x and y components in dynamic way. 

 The concept of x and y coordinate through concept image process 

Time: 40 minutes 

Material: computer lab with internet facility. Computer with installed GeoGebra (available free on web) 

Paper, pencil and graph paper 

Short description of the lesson: in this lesson students will learn about the point in XY-Plane, and to 

compute the X and Y components of a point in 2dim. 

Introduction: students will learn the coordinates of a point with respect to origin. A coordinate plane is an 

intersection of two perpendicular lines: one is x-axis and other is y-axis. The intersection point is called 

origin. The position of a point in 2 dim plane consist of two components which are called rectangular 

components. 

Instructional method: whole group through lecture and then demonstrate and then discussion. Discussion 

with student in paired wise. 

Procedure:  students will use computer to access and open Geogebra file. They will be paired up with 

another student. A colored dynamic right angle triangle will be constructed through Geogebra with the help 

of tools. Rotate the point through move tool and describe and observe the x and y component of point. 

Assessment: student will be asked to draw different points in geometry window and analyze its horizontal 

and vertical components. 

Different questions to assess student understanding, 

Draw (3, 4) (-4, 5) (-3,-2) (2,-5) 

Find the direct distance of (3, 4) from x-axis and find the direct distance of (-3, 5) from y-axis. 
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Annexure -M 

Activity 1: coordinate of a point concept                  

First students will open the GeoGebra window. Then select point tool from tool bar and click on graphic 
window. A point will be shown and student will ask to move the point in different direction and observe the 
x and y component of the point. 
The concept image of x component = horizontal distance or direct distance of the point from y-axis. 
And in similar way the concept image of y component = the direct distance of the point from x-axis. 
Then dynamic view of point will be constructed. 
The construction protocol is given 

No. Name Definition Value 

1 Point A   A = (6, 5) 

2 Line a Line through A perpendicular to xAxis a: x = 6 

3 Line b Line through A perpendicular to yAxis b: y = 5 

4 Point B Intersection point of xAxis, yAxis B = (0, 0) 

5 Point C Intersection point of a, xAxis C = (6, 0) 

6 Point D Intersection point of b, yAxis D = (0, 5) 

7 Segment c Segment [B, A] c = 7.81 

8 Segment d Segment [D, A] d = 6 

9 Segment e Segment [A, C] e = 5 

10 Point E Midpoint of B, A E = (3, 2.5) 

11 Point F Midpoint of A, D F = (3, 5) 

12 Point G Midpoint of A, C G = (6, 2.5) 

13 Text text1 "x-coordinate = " + (FormulaText[x(A)]) + "" x-coordinate = 6 

14 Text text2 "y-coordinate = " + (FormulaText[y(A)]) + "" y-coordinate = 5 

15 Text text3 "Direct distance= OA= " + (FormulaText[Distance[B, A]]) + "" Direct distance= OA= 7.81 

Created with GeoGebra 

 

 

http://www.geogebra.org/
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Observe change in   x   and y components and internalize the concept and concept image of point A. 

 

 

 

 

 

 

 

 

 

 


	2.13 GEOGEBRA FEATURES REGARDING TO TEACHING ANALYTIC       
	 GEOMETRY 
	2.13.1  GeoGebra as a Representational Tool 
	 Mathematical ideas and concepts are only comprehended through variety of representations and the strength of understanding relies on the functional relationships between these representations. Traditional teachings are lack of versatile representations and Geogebra is the best technological tool that produces results in multiple representations. Bayazit and Aksov (2010), categorized representation into two: visible and invisible. Visible means to represent a concept in a concrete way either: symbol, graph, model, drawing or an algebraic expression. On contrary to visible, invisible related to mental manipulation on the bases of external representation. In fact, it is GeoGebra that can turn different possible invisibles representations of analytic geometry concepts into visible. Furthermore, GeoGebra has all the essential characteristics that should be for educational software. On a single click, GeoGebra turns the symbolic representation into geometric and vice versa.  
	2.13.2 GeoGebra as a Process Tool 
	 GeoGebra gives the process of a concept or activity also in a well-defined way. 
	Through construction protocol the whole activity can be known. The process of a concept can also be designed by using slider and dynamic tool also. 
	2.13.3 GeoGebra as a Concept Development Tool 
	2.13.4 GeoGebra as a Proceptual Thinking Development Tool 
	  The result of the two-way ANOVA – namely, whether any of the six dependent variables or their interaction is statistically significant, is shown in the table below. 
	Boslaugh,S.,& Watters,P.A. (2008). Statistics in a Nutshell: A desktop quick Reference.Sebastopol,CA: O’Reilly.p.378. Retrieved from 
	Bronshtein. (2012). A Guide Book to Mathematics: Fundamental Formulas, Tables, Graphs, Methods. Springer Science & Business Media: New York.p-239. 
	Matthaei, D. (2008). Strategies for Success in Geometry for Students with a Visual-spatial   Disorder: I Got a D- in Algebra---now what? Master Thesis in Education.Pacfic Lutheran University.p-33-56. 
	Olkun, S., Sinoplu, N.B., & Deryakulu, D. (2005). Geometric Explorations with Dynamic Geometry Applications based on Van Hiele Levels. International Journal for Mathematics Teaching and Learning.  Download from http://www.cimt.plymouth.ac.uk/journal/olkun.pdf 

	Rossi,R. (2006). Theorems, Corollaries, Lemmas, and Methods of Proof. Canada: John   Wiley & Sons. pp 1-9. 
	This test was designed to measure your mathematical thinking ability. The test consists of two parts of 18 questions in each. The time for each part is 120 minutes. Before attempt read out and follow the below instructions. 
	Time allowed: 180 minutes                   PART-B 
	Questions related to abstract thinking 
	Problem Solving thinking Questions  
	Questions related to Graphical representation thinking 



