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Abstract 

  The swift evolution of biofeedback control has opened up new voyages in 

the field of biomedical engineering and provides powerful perspective to 

researchers for viewing many real problems such as tumor, surgeries of sensitive 

parts of body, control of glucose level of a patient, heart diseases and brain 

disorders associated with humans. Consequently, mysterious and intricate 

biological phenomena can now be studied and investigated by utilizing the 

knowledge of control and nonlinear dynamics of physical systems. The emerging 

theory of biofeedback control can be more fruitful for understanding the brain 

functioning in order to cope with various neural disorders. Neuron, being an 

innate sophisticated structural entity of nervous system, plays an imperative role 

owing to its chief biophysical features and key mechanism of operations, for 

effective transmission of neuronal signals to the brain and the muscles. The probe 

of neuron doctrine gives an insight into understanding of brain information 

processing and information transmittance among neurons which may further 
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corroborate a close relevance between the synchronization of neural systems and 

the information of cerebral process. Thus, neuronal synchronization under deep 

brain stimulation has become a potential application in the study of clinical 

treatment mechanisms for neurodegenerative disorders. Moreover, the famous 

FitzHugh-Nagumo (FHN) model under external electrical stimulation (EES; e.g. 

deep brain stimulation), is extensively used as synchronization study tool for its 

utility in symbolizing the dynamical behavior of neurons. The embryonic impact 

of biofeedback control in improving external therapies for patients suffering 

cognitive disorders such as Parkinson’s disease, epilepsy and dystonia is the main 

motivation to this research work. 

  “This thesis presents an efficient novel mechanism for synchronization of two 

different, chaotic and distant coupled neurons with unknown parameters 

subjected to external electrical stimulation and disturbances” 

  This research investigates the chaotic behavior and synchronization of two 

different coupled chaotic FitzHugh-Nagumo (FHN) neurons with unknown 

parameters under external electrical stimulation (EES). The coupled FHN neurons 
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of different parameters admit unidirectional and bidirectional gap junctions in the 

medium between them. Dynamical properties, such as increase in synchronization 

error as a consequence of the deviation of neuronal parameters for unlike neurons, 

the effect of difference in coupling strengths caused by the unidirectional gap 

junctions, and the impact of large time-delay due to separation of neurons, are 

studied in exploring the behavior of the coupled system. A novel integral-based 

nonlinear adaptive control scheme to cope with infeasibility of the recovery 

variable, for synchronization of two coupled delayed chaotic FHN neurons of 

different and unknown parameters under uncertain EES is derived. Further, to 

guarantee robust synchronization of different neurons against disturbances, the 

proposed control methodology is modified to achieve the uniformly ultimately 

bounded synchronization. The parametric estimation errors can be reduced by 

selecting suitable control parameters. The effectiveness of the proposed control 

scheme is illustrated via simulation results. 

Keywords: Chaos synchronization; FitzHugh-Nagumo model; External electrical 

stimulation; Robust adaptive control; Lyapunov function. 
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Chapter 1  
 

Introduction 
 

1.1 Motivations 
  Investigation of nonlinear dynamics has turned into an important area of 

research because most of the dynamical systems, in nearly all fields of science 

and engineering are nonlinear including chemistry, biology, astronomy, physics, 

electrical, mechanical, electronic, industrial, and brain engineering [1-4]. 

Nonlinear studies have shown fruitful outcomes since its beginning even in 

business and social studies, however, it becomes fascinating owing to its potential 

applications in biomedical engineering [5-6]. In particular, one of its most 

significant utility is to model the different organs by nonlinear systems, to study 

their dynamical behavior, for the purpose of improving clinical treatments of 

various diseases. Furthermore, these nonlinear studies are useful to control the 

dynamics of diseases by using drugs, electrical stimulation and different feedback 

controls [7-8]. 

  Today’s medical engineering research widely considers the control and 

synchronization of nonlinear systems, as; synchronization is often required in 

different biological processes and can be achieved by employing feedback control. 
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Various studies coupled with this research, have been shown its usefulness in 

controlling the dose of the medicine, controlling specific chemicals in the human 

body, synchronizing different parts of the brain, and studying the external 

therapies for the treatment of a disease. Consequently, biofeedback controls are 

studied and employed for coping with the diseases like tumor, surgeries of 

sensitive parts of body, heart diseases and brain disorders, etc [8-11]. 

  There has been remarkable advancement over the past decade in neuronal 

modeling and synchronization, in order to understand the brain functioning of the 

brain. In neurosciences and engineering, the coordination and activities between 

different parts of the brain are monitored and explored by employing the different 

brain imaging technologies. The dissimilarities in brain behaviors of a normal 

person and a patient are compared and the drugs and stimulation therapies are 

suggested to cope with brain disorders. Deep brain stimulation is a type of 

electrical stimulation therapy, in which an electrode is rooted in the brain of the 

patient to stimulate neurons for treatment of cognitive diseases such as Parkinson, 

epilepsy and dystonia [7, 12-14]. There are two types of feedback control studies. 

First, the phenomenon of neuronal synchronization is investigated for an efficient 

signal transmission in the brain [9]. Second, physical symptoms like tremor and 

different brain chemicals like glutamine are controlled by using various feedback 

control strategies [8]. 

  On hand literature encloses countable endeavors for neuronal modeling and 
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synchronization control which motivates the development of a suitable 

mechanism that investigates the underlying methods of external stimulations and 

hence to improve the stimulation therapy based treatments for cognitive diseases. 

 

1.2 Literature survey 
  In recent decades, behavior investigation of chaotic neurons including 

synchronization, particularly under external electrical stimulation (EES; e.g. deep 

brain stimulation), has become an important research area in the study of clinical 

treatment mechanisms for neurodegenerative disorders [16-17]. The many 

published reports of fascinating outcomes have, since the beginnings, attracted 

and inspired many additional researchers to find effectual ways of improving 

external therapies for patients suffering from cognitive diseases [7, 12-15]. The 

famous FitzHugh-Nagumo (FHN) neuronal model has been given extensive 

consideration for its utility in symbolizing the dynamical behavior of neurons and 

complex neuronal networks under EES [18]. 

  The subject of FHN-neuronal synchronization as a potential application in 

cognitive engineering has been intensively examined in the literature [19-30, 72-

74]. Integration of the gap-junction strength in FHN neurons renders the 

synchronization dilemma non-trivial. The synchronization problem becomes more 

complex, once the delay terms owing to distant communication are entertained in 

the coupled models [31-34]. To synchronize various chaotic FNH systems, 
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researchers have utilized different control strategies including backstepping [35], 

active control [36], nonlinear control [9, 19, 37] and adaptive control [30, 38-39]. 

Synchronization of two identical FHN neurons of known or unknown parameters, 

by means of nonlinear adaptive control schemes based on fuzzy logic, neural 

networks, uncertainty estimator and feedback linearization, has been investigated 

[9-19, 22-23, 30]. Recently, robust adaptive control schemes for synchronization 

of two or three FHN neurons of unknown model parameters have been developed 

as well. Synchronization of two identical neurons of unknown parameters, under 

uncertain stimulation currents caused by medium losses and phase shifts, has been 

explored by application of an adaptive control scheme [24]. Another recent work 

has combined the ideas of parametric adaptation and 2L gain reduction for 

synchronization of multiple but slightly different neurons with respect to multiple 

communication pathways and unknown parameters and disturbances [25]. A 

simple methodology for synchronization of two different coupled neurons of 

known parameters by application of a reference-signal-based control approach has 

been evaluated as well [30]. 

 

1.3 Contributions of the Dissertation 
  Neuronal synchronization and control are extensively researched owing to its 

latent application in the emerging field of brain engineering. Major efforts are 

being made in studying the fundamental mechanism of external stimulation 
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therapy for the purpose of advancement in curing of brain diseases. This thesis 

pertains to resource a novel model of coupled neurons with control strategies for 

their synchronization in context of practical situations.  

  The work presented in this thesis analyzes the behavior and synchronization of 

two coupled different chaotic FHN neurons under unidirectional gap junctions. 

The strengths of the gap junctions are assumed to be different for each neuron, 

owing to the presence of both unidirectional and bidirectional gap junctions in the 

inter-neuronal medium. Various dynamical aspects of coupled FHN neurons, such 

as the effects of parametric differences, time-delays and unidirectional gap 

junctions on neuronal synchronization, are investigated. The design of robust 

adaptive control laws for synchronization of coupled chaotic distant FHN neurons 

under unidirectional gap junctions is also addressed. The resultant control 

approach represents a novel means for synchronizing different FHN neurons of 

unknown parameters subject to uncertain stimulation. By utilizing integral-based 

control and adaptation laws to deal with the unavailable neuronal state (i.e., the 

recovery variable), a new adaptive control scheme is developed. By utilizing ideas 

of the standard Lyapunov theorem, the proposed adaptive control scheme is 

modified to ensure uniformly ultimately bounded synchronization and parametric 

estimation errors for robust synchronization of neurons against disturbances. 

  A summary of the contributions are: 

•  A model of coupled FHN neurons under both unidirectional and bidirectional 
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gap junctions is developed. 

•  The complex behavior of two different coupled neurons in a medium 

containing gap junctions is studied through bifurcation analysis and Lyapunov-

exponential investigation. 

•  The idea that, by increasing the time-delay or the difference between the gap-

junction strengths for two neurons, the synchronization error can increase, which, 

further, can lead to non-synchronous neuronal behavior is explored. 

• An integral-based nonlinear adaptive control scheme is developed to cope with 

the infeasibility of the recovery variable, for synchronization of two coupled 

delayed chaotic FHN neurons of different and unknown parameters under 

uncertain EES. 

• To guarantee robust synchronization of different neurons against disturbances, 

the control methodology is modified to achieve the uniformly ultimately bounded 

synchronization. 

Based on the experimental results, a biologically understandable synchronization 

tool together with adaptive and robust adaptive control schemes, ensuring 

convergence of the activation potential error to zero is offered, in contrast to the 

conventional approaches that consider unnecessary synchronization of the 

recovery variable. The proposed approaches are general, and thus, applicable to 

many other science and engineering studies. 
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1.4 Organization of the Dissertation 
  The thesis is structured as follows: 

Chapter 2 presents a brief overview of neuronal synchronization. It highlights the 

research work by introducing neuronal modeling with focus on the research 

efforts being made for development of the FHN model. It also thoroughly 

discusses chaos synchronization, and how FHN model is utilized as 

synchronization investigation tool to improve therapy-based treatment of various 

brain disorders. 

Chapter 3 illustrates the behavioral study of coupled neuron for broad 

understanding of neuronal modeling and synchronization. The investigation of 

chaotic behavior and synchronization of two coupled different FHN neurons 

under unidirectional gap junctions will support core research work carried out in 

imminent chapters. 

Chapter 4 addresses synchronization of coupled different chaotic FHN neurons 

with unknown parameters and uncertain external electrical stimulation. 

Chapter 5 provides the robust adaptive control law for synchronization of 

coupled different chaotic FHN neurons with unknown parameters and 

disturbances. 

Chapter 6 finally, concludes the thesis and advocates valuable directions for 

future research. 
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1.5 Summary 
  A summary of the research motivations has been presented by analyzing and 

exploring the existing work for further investigation and synchronization control 

of neuronal dynamics in domain of biomedical engineering. The research 

contributions have been stated comprehensively and outline of the thesis has been 

given. 



   Chapter 2 Neuronal Synchronization 

 9

Chapter 2  
 

Neuronal Synchronization  
 

2.1 Introduction 
  In this chapter, relevant concepts that are prerequisites for a better 

understanding of this thesis are discussed. At the outset, mathematical essentials 

will provide a background for the proposed work. Within this chapter, various 

important subjects are delineated namely neuron, neuronal modeling, chaos and 

synchronization. Neuron and neuronal modeling are introduced by describing the 

dynamics of neurons with particular focus on the FHN model together with 

significant phenomenon of chaos and synchronization. Moreover, diverse 

behaviors of single FHN neuron including quasi-periodic, limit cycle and chaotic 

are illustrated. Furthermore, coupling is incorporated and its affects on neuron 

behavior are exclusively emphasized to help the succeeding work. 

 

2.2 Mathematical Background 
  This section is dedicated to the demonstration of method of synchronization 

which will provide a platform for the proposed methodology. 
Consider a nonlinear system 
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  0

( , ),

(0) ,

dx f t x
dt
x x

=

=
        (2.1) 

Consider another nonlinear feedback control system 

  0

( , ) ,

(0) ,

dy g t y bu
dt
y y

= +

=
       (2.2) 

Where nx∈ℜ  and ny ℜ∈ , represent the states of the systems. The nonlinear 

functions nxtf ℜ∈),(  and nytg ℜ∈),(  are time-varying vectors and finite. 

Here mu ℜ∈  represents the input vector. The 0x  and 0y  are initial conditions 

on the states of the systems. The above systems (2.1) and (2.2) are said to be 

synchronized if the error e x y= −  converges to zero. This can be achieved by a 

proper selection of control inputu  

  In general, the system (2.1) is called a master system and the system (2.2) is 

called a slave system. The above systems could be identical ( , ) ( , )f t x g t y= or 

different. ( , ) ( , )f t x g t y≠  For the purpose of their synchronization a control 

input is used. In identical systems, ),(),( ytgxtf =  the behavior of the two 

systems can be different either due to different initial conditions or due to external 

disturbances. Nevertheless, the linear and nonlinear systems need synchronization 
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in most of the cases; however, synchronization of chaotic systems has got an 

enormous research consideration in many disciplines as these systems are highly 

sensitive to initial conditions [9, 19, 30-32]. If both systems are chaotic in nature 

then synchronization of system (2.1) with system (2.2) is called chaotic 

synchronization. In general, to design a controller for synchronization of two 

nonlinear systems (2.1) and (2.2), the synchronization error dynamics is expressed 

as: 

  0 0

( , ) ( , ) ,

(0) ,

de f t x g t y bu
dt
e x y

= − −

= −
      (2.3) 

The synchronization can be achieved by ensuring the convergence of e  to the 

zero. Feedback linearization is a fundamental technique for synchronization of 

both systems. For instance, if  the right inverse of b  ( 1
Rb − ) exists, then u  can 

be selected as: 

  
1( ( , x) ( , y) )Ru b f t g t Ke−= − −       (2.4) 

Where mnK ×ℜ∈   using (2.4) into (2.3) 

  
de Ke
dt

=         (2.5) 



   Chapter 2 Neuronal Synchronization 

 12

By using the theory of linear systems, the asymptotic stabilization of dynamics 

(2.5) is ensured if the eigen values of matrix K  are negative real. 

 

2.3 Neuron 
  Neuron is important computational unit of the brain and specialized for the 

information processing and transmission from the brain to the muscles and vice 

versa [40-41]. A schematic representation of a typical neuron can be seen in Fig 

2.1. 

 

Fig. 2.1. Scheme of a typical neuron, 
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It consists of three parts, the soma, the dendrites and the axon. The soma or cell 

body is the metabolic center of the neuron and the dendrites spread out from the 

cell body are responsible to receive information from other neurons. The 

functioning of the axon is to conduct electrical pulses generated in cell body to 

other neurons. So the dendrites and the axon can be considered as input and 

output channels respectively. The membrane potential of the neuron will change 

over time owing to the flow of ionic currents across the neuron’s membrane, 

resulting in electrical signals that transmit throughout the axon. These electrical 

signals called neuron’s membrane potential can be categorized mainly into three 

states, namely, resting, spiking and bursting. Two or many neurons are connected 

in such a way that the axon terminal of a particular neuron is connected to the 

dendrites of other neurons. Based on the type of contact, two different 

transmissions can be distinguished; electrical and chemical coupling. A schematic 

representation of coupling between neurons can be seen in Fig 2.2. 

Medium between neurons

Coupling between neurons

 

Fig. 2.2. Schematic representation of coupling between neuron, 
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2.4 Neuronal Models 
  A variety of mathematical models of neurons have been developed to capture 

their firing behaviors, which are the basis for studying the various neuronal 

processes, like neuronal synchronization. The Hodgkin-Huxley, the Hind marsh 

Rose, and Fitzhugh Nagumo are most successful models in dynamical systems 

perspective of neuron. Chaotic and other complex behaviors of neurons have been 

studied on the basis of different model equations such as Hodgkin-Huxley (HH) 

[42], the Hind marsh Rose [43], the Morris Lecar [44] and Fitzhugh Nagumo 

(FHN) [45]. As for their attributes, the HH model is highly nonlinear, consists of 

four differential equations and it is able to generate all the neuronal spiking 

behaviors. On the other hand, the HR model is highly coupled and consists of 

three differential equations. As a final viewpoint, the FHN model is quite simpler 

than HH and an HR model consists of two differential equations. The FHN model 

of neurons is also an effective inspecting tool for investigation of synchronization 

of neurons. 

 

2.5 Chaos Synchronization 
  Neuron possesses various behaviors and among these, chaotic behavior is vital 

and quite notable. In general, chaos is an undesirable, complex and unpredictable 

nonlinear phenomenon that inherently flouts the process of synchronization. The 

inquisitiveness in chaotic systems is mostly because of their complicated behavior 
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which is highly sensitive to initial conditions and parametric variations. In the 

beginning of the twentieth century, chaotic behavior has been observed in several 

different types of systems like, the Lorenz oscillator, vander Pol electrical 

oscillator and the Rössler system [46-48]. 

  Synchronization is considered as universal thought, almost occurring in every 

physical and biological system. By definition, synchronization is the adjustment 

of rhythms of oscillating objects due to their weak interaction [49]. Apparently, 

there are three demands of synchronization; first, oscillatory motion of the 

systems. These oscillations can be periodic or aperiodic. Second; a sort of 

interaction between the systems is required. This interaction might be 

unidirectional and/or bidirectional. Third, the rhythms of the oscillatory systems 

must be adjusted. 

  Particularly, chaos synchronization has attracted immense consideration 

following the work of Pecora and Carroll on synchronization of unidirectional 

coupled chaotic systems in which chaos can be noticed as a form of instability 

[50]. 

  Nowadays, researchers are greatly engaged and focused to explore the 

curiosity of chaos synchronization in neuronal dynamics in order to understand 

the functioning of the brain. In brain dynamics, neurons’ firing is independent and 

simultaneous; however, the phenomenon of synchronization occurs eventually 

due to coupling/gap junctions [51]. Gap junctions are protein channels by which 
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neurons communicate with each other. Usually synchronization is observed in 

different areas of the brain like visual cortex and the olfactory bulb [52-54]. 

Synchronization of chaotic neurons under external stimulation plays a vital role in 

transmitting neuronal signals to the muscles and different areas of the brain [55-

56]. 

 

2.6 FitzHugh-Nagumo Model 
  Neuron is indispensable part of the nervous system. The dynamical 

investigation of neuron is supportive to the study of behavior and working of the 

brain for the purpose of treatment of various disorders [57-58]. The FHN model, 

under sinusoidal electrical stimulation, is widely utilized for the neuronal 

synchronization study due to its potential ability of representing different 

dynamical aspects of neuron [18].  The subsequent section studies the dynamics 

of a single neuron including quasi periodic, limit cycle and chaotic mode. In 

addition, the behavior of two coupled FHN neurons is also analyzed in context of 

synchronization. The affects of strengths of coupling on synchronization are 

investigated as it plays a chief role in synchronization processes. 

 

2.6.1  Single FHN Neuron 
  Consider the model of a single FHN neuron under external stimulation 

presented in [18]. 
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( 1)(1 ) ,

,

dx x x rx y I
dt
dy bx vy
dt

= − − − +

= +
      (2.6) 

where x  and y  are the states of FHN neuron in terms of activation potential 

and recovery voltage. The r  represents the nonlinearity parameter in the model 

and ),( vb  are the parameters linked with the recovery voltage. Here, external 

stimulation current is represented by I ( / )cosa tω ω= . The parameter a  

describes the amplitude of the external stimulation current, fπω 2=  is the angular 

frequency, and t  is dimensionless time. 

  The traditional works have already studied a detailed dynamical behavior of a 

single FHN neuron. To examine the behavior of single FHN neuron, the values of 

model parameters are taken as  

  10.2r = , 1b = , 0v = , 0.1a =      (2.7) 

The initial conditions are given as 

  (0) 0.1x = , y(0) 0.1= .       (2.8) 

The single FHN neuron exhibits diverse dynamical behaviors by varying  
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stimulation frequency; associated with the external electrical stimulation.  

Consequently, selection of the stimulation frequency becomes a significant  

fact in studying the behavior of a single neuron. The behavior of single FHN 

neuron under different frequencies is shown in the simulations below. 
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Fig. 2.3. Quasi-periodic behavior of the FHN neuron for stimulation 
frequency 0.0671f = , 
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It can be shown from Fig. 2.1 that, the neuron exhibits quasi periodic behavior for 

stimulation frequency 0.0671f =  If the frequency is slightly increased to 

0.069f = , the neuron changes its behavior from quasi periodic to a new one, a 

significant dynamical characteristic named as limit cycle as shown in Fig 2.2. 
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Fig. 2.4. Limit cycle behavior of FHN neurons for stimulation frequency at 

0.069f =  
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  An important behavior of neuron named as chaotic behavior under 

0.1270f =  can also be seen in Fig.2.3, Fig 2.4 and Fig 2.5. 
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Fig. 2.5. Chaotic behavior of the FHN neuron for stimulation frequency, 

0.1270f =  

  The diversity in the neuronal behavior can be verified by increasing 

stimulation frequency from 0.069f =  to frequency 0.1270f = . It is shown that 

neuron exhibits an essential dynamical behavior named as chaotic behavior in Fig
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. 2.3. The chaotic behavior of neuron can further be elaborated by analyzin

g neuron’s potentials independently. A neuron’s potentials are expressed as 

 activation potential; represented by x  and inactivation potential; represente

d by y . It can be seen clearly in Figs 2.4 and 2.5 that the neurons are b

ursting their potentials in chaotic manner. 
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Fig. 2.6. Chaotic behavior of the activation potential of FHN neuron for  
stimulation frequency, 0.1270f =  
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Fig. 2.7. Chaotic behavior of the recovery variable of FHN neuron for stimulation 

frequency, 0.1270f =  
 

2.6.2  Coupled FHN Neurons 
  Researchers have initially observed only the dynamical behavior of single 

neuron. However, it has been realized over time that the activities in the brain are 

also synchronous. Therefore, the study of coupled neurons got more attention and 

it became a motivational area of research in the field of neuroscience. 
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  Consider two coupled FHN neurons under external electrical stimulation [59]. 

  

1
1 1 1 1 1 2

1
1

( 1)(1 ) ( )

( / ) cos ,

,

dx x x rx y g x x
dt

a t
dy bx
dt

ω ω

= − − − − −

+

=

 (2.9) 

  

2
2 2 2 2 2 1

2
2

( 1)(1 ) ( )

( / ) cos ,

,

dx x x rx y g x x
dt

a t
dy bx
dt

ω ω

= − − − − −

+

=

 (2.10) 

where )( 21 xxg −  is the strength of gap junctions by which the master neuron 

communicates with the slave neuron and )( 12 xxg − is the strength of gap 

junctions by which slave neuron communicates with the master neuron. The gap 

junctions that represent the coupling between master and slave neurons have 

influential impact on transmission of neuronal signals. Being an important 

dynamical aspect of neuron models, the gap junctions have been focused in 

neuronal modeling.  

  It is noted that the strength of gap junctions between two neurons can vary due 

to different mediums between them and this variation in the strength of gap 

junctions affects the overall behavior of neurons. If the strength of gap junctions 

is higher, the neurons have stronger impact on each other. For a lower strength, 

both neurons behave as two independent neurons. Too strong and too weak 
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interactions between neurons can cause a brain disorder. Therefore, the study of 

dynamical behavior of coupled neurons under different strengths of gap junctions 

is useful. For further clarification, the behavior of coupled FHN neurons is 

observed, with model parameters taken as 10r =  1b =  0.127f =  

0.1a = 0v = and initial conditions are 1(0) 0.1x = , 1(0) 0.1y = and 2(0) 0.1x = − ,  

2 (0) 0.1y = − . The succeeding section discusses the chaotic behavior of the 

coupled FHN neurons under strong coupling and low coupling.  

Fig. 2.6 shows the behavior of two coupled neurons under strong coupling of 

0.8g = . In Figs 2.6(a) and 2.6 (b) phase portrait diagrams shows chaotic 

behaviors of coupled FHN neurons. Fig. 2.7 plots the synchronization behavior of 

two coupled FHN neurons. It can be seen clearly in Figs 2.7(a) and 2.7(b) that the 

synchronization errors 1 1 2e x x= −  and 2 1 2e y y= − converging to the zero only 

owing to the strong coupling effect. Now, the behavior of two coupled FHN 

neurons is also analyzed under low coupling .01g =  in Fig.2.8. It can be 

observed clearly in Figs 2.8(a) and 2.8(b) that the synchronization errors 

1 1 2e x x= −  and 2 1 2e y y= −  is not converging to the zero. 

  An Important conclusion can be drawn from Fig.2.7 and Fig.2.8 regarding the 

affect of coupling on synchronization of neurons. It is noted that coupling may 

affect the neuron behaviors and plays a chief role in synchronization processes, 

that is why, it is considered as important aspect of neurons dynamics. 
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Fig. 2.8. Chaotic behavior of two coupled FHN neurons (a) phase portrait of the 
first FHN neuron, (b) phase portrait of the second FHN neuron 
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Fig. 2.9. Synchronous behavior of two coupled FHN neurons under strong 

coupling (a) synchronization error 1 1 2e x x= −  vs. t  (b) synchronization error 

2 1 2e y y= − vs. t  
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Fig. 2.10. Non synchronous behavior of two coupled FHN neurons under low 

coupling (a) synchronization error 211 xxe −=  vs. t  (b) synchronization error 

212 yye −= vs. t  
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2.7 Synchronization of FHN Neurons 
  The investigation of neuronal synchronization is imperative for understanding 

the functioning of nervous systems, neuronal degenerations and the mechanism of 

stimulation therapies which further can be useful for improving the stimulation 

therapies based treatment of neuro-degenerative disorders. The next section 

explains the synchronization in neurons under deep brain stimulation. 

 

 
 

Fig.2.11. Neuronal synchronization under deep brain stimulation 
 

  The schematic diagram in Fig.2.9 illustrates the phenomenon of 

synchronization of FHN neurons under external electrical stimulation named as 
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deep brain stimulation (DBS). To achieve neuronal synchronization in a patient 

having cognitive disorder, an electrode is implanted in the skull of a patient in 

order to stimulate certain neurons through stimulation current. The stimulation 

current, ( / )cosa tω ω  is characterized by amplitude and frequency. The 

parameters a  describe the amplitude and 2 fω π= describe the angular 

frequency of the external stimulation current. The 1x  and 1y  are the states of 

the master FHN neuron in terms of activation potential and recovery voltage and 

similarly 2x  and 2y  are states of the slave FHN neuron. When synchronization 

of neurons occurs, the synchronization errors become 1 1 2 0e x x= − =  

and 2 1 2 0e y y= − = . This goal of neuronal synchronization is achieved by 

designing a suitable control law u . 

  Many of the researchers have incorporated gap junctions in order to study the 

behavior of two coupled chaotic neurons and investigated that the synchronization 

of identical coupled FHN neurons under external electrical stimulation can be 

achieved for sufficiently large gap junctions [59-61]. In [9] and [19] 

synchronization of chaotic neurons with gap junctions under external electrical 

stimulation, in order to improve therapy-based treatments of brain disorders is 

presented. 

  In aforementioned techniques, synchronization has been achieved by canceling 

the gap junction’s term appearing in FHN neurons dynamics. Moreover, the 
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reported control laws are computationally complex. Two control inputs have been 

utilized for a single slave neuron, which is not applicable in reality, and makes the 

technique very conservative. The cancellation of coupling term cannot be possible 

when variations in the strength of gap junctions occur due to some biological 

reasons, so; cancellation of coupling term is not an appropriate treatment to get 

synchronization.  

  In 2012, Ambrosio et al [26] dealt with the synchronization and control 

analysis of N coupled FHN systems. In 2013, Marzena Ciszak et al [62] studied 

the synchronization of network of four forced FitzHugh–Nagumo neurons by 

inducing the coupling and noise in the network model. In this technique the 

neurons can be synchronized in the presence of a coupling; bidirectional diffusive 

interactions, a common noise; white and colored noises, or by combining both 

noise and coupling together. The synchronization can be achieved for smaller 

values of coupling strength with small addition of noise. It is observed that 

coupling can change the behavior of the system during the synchronization 

phenomenon and these dynamical changes in the behavior giving a spike 

suppression regime. It also shows that the noise destroys the appearance of this 

dynamical regime induced by coupling and also observed that colored noise is 

more efficient in synchronizing the systems with respect to white noise. 

  The forthcoming discussion, encapsulates the contributions of different 

researchers for synchronization of Fitzhugh Nagumo neurons.  
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  Most of the work done in this area of the research is related to the identical or 

different master slave neurons based on known or unknown parameters. In the 

literature, conventional adaptive control techniques for synchronization of FHN 

neurons are suggested in two scenarios, one is for identical neurons with 

known/unknown parameters and other for different neurons with totally known 

parameters. 

 

2.7.1 FHN Neurons with Known or Unknown Parameters 
  Synchronization of two identical FHN neurons with known or unknown 

parameters by means of nonlinear adaptive control schemes, mostly utilizes fuzzy 

logic, neural network, uncertainty observer, and feedback-linearization. In 2007, 

Jiang Wang et al [9] used nonlinear feedback linearization with adaptive control 

technique for synchronization of two identical FHN neurons with known 

parameters In 2008, Jiang Wang et al [22] designed a robust adaptive variable 

universe fuzzy control to synchronize two neurons in which an additional control 

u is employed to attenuate both the effects of fuzzy approximate error and 

external disturbance. In 2009, Yan-Qiu Che et al [63] presented a control 

technique for synchronization of two coupled chaotic FHN neurons. An adaptive 

law was derived based on Lyapunov stability theorem which guarantees the 

uniformly ultimately bounded (UUB) error and NN weights. The synchronization 

error can be kept as small as possible by proper choice of control parameters. In 
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2008, Chung-Wen Lai et al [39] established a robust adaptive control law by using 

sliding mode control technique that guarantees synchronization even when the 

parameters of the master and slave FHN neurons are fully unknown. In 2011, 

Rehan et al [24] investigated the synchronization of two identical neurons with 

totally unknown parameters, under uncertain stimulation current due to medium 

losses and phase shifts. The derived robust adaptive control utilizes linear matrix 

inequalities (LMI) for asymptotic synchronization. In 2011, Rehan et al [25] 

presented robust adaptive control by combining the ideas of parametric adaptation 

and 2L  gain reduction for synchronization of multiple neurons with unknown 

parameters and disturbance under slightly different neurons due to multiple 

communication pathways. In 2012 Rehan et al [34] investigated the dynamics of 

uncertain coupled chaotic delayed FitzHugh-Nagumo (FHN) neurons under EES 

for incorporated parametric variations. A global nonlinear control law for 

synchronization of delayed neurons with known parameters was developed. By 

integrating the ideas of neuronal state bounds, local and global Lipschitz 

conditions for nonlinear and uncertain components of the dynamics of delayed 

neurons, a less conservative regional robust synchronization control was 

developed that ensures both robust stability and robust performance. In 2012, 

Muhammad Aqil et al [20] addressed the robust synchronization of coupled 

chaotic locally Lipschitz FitzHugh–Nagumo chaotic systems using simplest and 
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locally robust control laws. The proposed scheme ensured the local asymptotic 

stability in the absence of disturbances and locally uniformly ultimately bounded 

stability in the presence of bounded disturbances. In 2012, Haitao Yu et al [64] 

presented an adaptive control scheme to synchronize two coupled chaotic FHN 

neurons by combining backstepping and sliding mode control together under 

external electrical stimulation. First, a backstepping sliding mode control is used 

to compensate the uncertainties which occur in the control system by considering 

the uncertainty bound. The condition for the bound of uncertainty which is a 

hurdle in practical applications is relaxed by introducing an adaptive law which 

adopts the uncertainties in real time design. The controller derived in this scheme 

is robust for external disturbances varying with the time. In 2010, Xingyuan Wang 

et al [30] presented a simple methodology for synchronization of two different 

coupled neurons with totally known parameters, by application of a control law 

based on the reference signal. 

  All in all, the techniques presented in literature, mainly based on designing a 

control law, for synchronization of identical neurons with known/unknown 

parameters and for synchronization of different neurons with totally known 

parameters. The conventional techniques also assume bidirectional gap junctions 

for the medium between neurons. However, effects of difference in parameters, 

time-delays and unidirectional gap junctions on neuronal synchronization cannot 

be ignored. On the whole, the development of control strategies for 
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synchronization of two coupled delayed chaotic neurons of different and unknown 

parameters is very challenging. 

 

2.8 Summary 
  This chapter commences the rudiments of the doctrine of neuron, neuronal 

modeling, chaos and synchronization. The fundamental model of single FHN 

neuron is simulated together with coupled model. The coupling behavior of two 

FHN neurons is analyzed and a very short overview of existing understandable 

methods of neuronal synchronization and modeling are included in this chapter. 

The main purpose of this chapter is to provide the reader a background which will 

be helpful in the next chapters. In the next section, the behavior of two coupled 

FHN neurons is examined through exploring the effects of neuronal-parameter 

difference, gap-junction strength variation and time-delay deviation on 

synchronization. 
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Chapter 3  
 

Behavioral Investigation of Coupled 

FHN Neurons  

 

3.1 Introduction 
  Traditionally, studies have detailed the dynamical behavior of single FHN 

neurons, focusing on that, the dynamics of a coupled system of neurons is more 

significant to understanding the neuronal synchronization. Therefore, this chapter 

focuses on discussion of behavior investigation of chaotic neurons including 

synchronization, particularly under external electrical stimulation (EES; e.g. deep 

brain stimulation). 

  Dynamical properties, such as increase in the synchronization error as a 

consequence of the deviation of neuronal parameters for unlike neurons, the effect 

of difference in coupling strengths caused by unidirectional gap junctions, and the 

impact of large time-delay due to separation of neurons, are studied with the help 

of methods of bifurcation and maximum Lyapunov exponent. Bifurcation analysis 

and studies on the largest Lyapunov exponent have been productive for 

biomedical systems such as magnetic resonance imaging of myocardial perfusion 
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and snore classification [65-66]. 

  The computation of bifurcation diagram is a distinguished and recognized 

method to investigate that how a system precisely responds by changing a certain 

system parameter. In general, the bifurcation diagram illustrates the long term 

behavior of the system along the bifurcation parameter. The bifurcation plot can 

be obtained by computing the intersections of the trajectories of systems with a 

plane.  

  Another more pertinent and acknowledged approach for investigating chaotic 

systems is to compute the Lyapunov exponent. The maximum Lyapunov exponent 

informs about how much and for which range of, stimulation amplitude, the 

neuronal behaviors are chaotic. The method of Lyapunov exponent analysis is 

specifically used to avoid the ambiguity that the complicated behavior is 

occurring either due to a strange or a chaotic attractor. 

  Here, bifurcation diagrams show the qualitative change in the dynamical 

behavior of neurons by changing the amplitude of stimulation current. 

Furthermore, the degree of synchronization of neurons can be quantified by 

utilizing bifurcation diagrams. 

 

3.2 Behavior of Coupled Identical FHN Neurons 
  To study the behavior of two identical FHN neurons, first the model 

parameters 1 2 10.5r r= = , 1 2 1.06b b= = , 1 2 / 3ϕ ϕ π= = , 1 2 0.2g g= = , 
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0.135f =  and 40τ =  are selected under disturbances 1 0.1sin12tζ =  and 

2 0.1sin 20tζ =  and identical stimulation amplitudes aaa == 21 . Fig. 3.1 shows 

bifurcation diagrams for both identical neurons under stimulation amplitude a . 

Fig. 3.1(a) shows that the first neuron exhibits oscillatory behavior for almost all 

values of the stimulation amplitude and similarly, the second neuron also exhibits 

oscillatory behavior for almost all values of the stimulation amplitude as depicted 

in Fig. 3.1(b). Fig. 3.2 shows the largest Lyapunov exponent plots for both 

identical neurons under stimulation amplitude a . Figs. 3.2(a) and 3.2(b) show 

that the neurons exhibit chaotic behavior when the largest Lyapunov exponent 

becomes greater than 0. Specifically, the first FHN neuron shows chaotic behavior 

in the regions 0.04 0.13a< < and 0.74 0.92a< < , whereas the second FHN 

neuron shows chaotic behavior in the region 0.12 1a< < . 

  Important conclusions can be drawn from Figs. 3.1 and 3.2 such that firstly, 

both of the identical FHN neurons bursting their activation potentials which 

indicate that both are not dead and their behavior is oscillatory in nature. Secondly, 

the Lyapunov exponent diagrams confirm that both of the neurons have chaotic 

behaviors and it is evident that the complicated behavior of both of identical FHN 

neurons is not due to a strange attractor or some other reason. Lastly, it is 

concluded that both of neurons firings their activation potentials and showing 

chaotic behavior. 
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Fig. 3.1. Behavior of identical FHN neurons under EES: (a) bifurcation diagram 

of the first neuron; (b) bifurcation diagram of the second neuron. 
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Fig. 3.2. Chaotic behavior of identical FHN neurons under EES: (a) largest 

Lyapunov exponent for the first neuron; (b) largest Lyapunov exponent for the 
second neuron 
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Fig. 3.3 depicts a more interesting phenomenon of synchronization of FHN 

neurons by means of a rare bifurcation diagram treatment of synchronization 

error 1 2e x x= − . It is evident that the identical neurons possess synchronous 

behavior, except in the regions 0.05 0.74a< < and 0.9 1.1a< < . This means that 

both of the neurons can be synchronized by selecting a proper stimulation 

amplitude, either in the region 0.74 0.9a< < or 1.1a > , without utilizing any 

control signal. 
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Fig. 3.3. Bifurcation diagram of the synchronization error between the identical 

coupled FHN neurons 
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3.3 Behavior of Coupled Different FHN Neurons 
  Next, the dynamics of different coupled FHN neurons are analyzed by 

changing the parameters of the first neuron to 1 10r = , 1 1b = , 1ϕ π=  and 

1 0.1g = . The parameters of the second neuron are the same as in the identical 

case; 2 10.5r = , 2 1.06b = , 2 / 3ϕ π= , 2 0.2g = , 0.135f =  and 40τ =  under 

disturbances 1 0.1sin12tζ =  and 2 0.1sin 20tζ =  The amplitudes of stimulation 

are taken to be different, and the difference is fixed to 2 1 0.04a a− = . Fig. 3.4 

plots the bifurcation diagrams for the system of different coupled FHN neurons. 

Similar to the identical neurons case, both neurons exhibit oscillatory behavior for 

most of the amplitude values, as shown in Figs. 3.4(a) and 3.4(b). Fig. 3.5 shows 

the largest Lyapunov exponent plots for the system of different coupled FHN 

neurons. It is clearly shown in Fig. 3.5(a) and Fig. 3.5(b) that both neurons exhibit 

chaotic behavior in the different ranges of the stimulation amplitude. In more 

details, it can be seen evidently that the first neuron shows chaotic behavior in the 

regions 10.03 0.37a< < and 10.69 0.95a< < , as depicted in Fig. 3.5(a), while the 

second neuron shows chaotic behavior in the regions 20.12 0.72a< <  and 

21.33 1.77a< < , as indicated in Fig. 3.5(b). Important conclusions can be drawn 

from Figs. 3.4 and 3.5, such that both of neurons are oscillatory and Lyapunov 

exponent diagrams confirm their chaotic nature. 
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Fig. 3.4. Behavior of different FHN neurons under EES: (a) bifurcation diagram 
of the first neuron; (b) bifurcation diagram of the second neuron 
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Fig. 3.5. Chaotic behavior of different FHN neurons under EES: (a) largest 
Lyapunov exponent for the first neuron; (b) largest Lyapunov exponent for the 

second neuron;  
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  The bifurcation diagram of synchronization error 1 2e x x= −  is shown in Fig. 

3.6. Surprisingly, neither of the neurons are at all synchronous for any stimulation 

amplitude within the entire region 10 2a< <  (and 20.4 2.4a< < ), due to the 

different parameters as compared with the case of identical neurons. It can be 

concluded that the two different FHN neurons can be non-synchronous, owing to 

variations in model parameters, and, additionally, that a suitable value of 

stimulation amplitude in the set [ ]1 0 2a ∈  (correspondingly [ ]2 0.4 2.4a ∈ ), 

for synchronization of these different neurons, might not exist. 
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Fig. 3.6. Bifurcation diagram of the synchronization error between the different 

coupled FHN neurons 
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  For further elaboration, the oscillatory and chaotic behavior of two different 

neurons together with synchronization is investigated through a conventional 

method of phase portrait. The phase portraits of the two different neurons, with 

the parameter values as considered above under the initial conditions 1(0) 0.5x = , 

2 (0) 0.5x = − , 1(0) 0y =  and 2 (0) 0y = , are shown in Fig. 3.7 and Fig. 3.8 for 

1 0.1a =  and 2 0.14a = . 
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Fig. 3.7. Phase portrait of behavior of the two different coupled FHN neurons 

under EES; phase portrait of the first neuron; 
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Fig. 3.8. Phase portrait of behavior of the two different coupled FHN neurons 
under EES; phase portrait of the second neuron 

 

  It is evident that the first neuron, possessing the chaotic behavior as shown in 

Fig. 3.7 and in the same way the second neuron also shows chaotic behavior as 

depicted in Fig. 3.8. A further way of analyzing the synchronization of chaotic 

neurons is to construct a phase plane plot 1x  vs. 2x . If the overall response is 

converging to straight line of unity slope and passing through origin then the 
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neurons are said to be synchronized. The non-synchronous behavior of different 

neurons for parameter values as selected above by utilizing phase plane plot is 

shown in Fig. 3.9.  
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Fig. 3.9. Phase portrait of the activation potentials for non-synchronous behavior 
of the two different FHN neurons under EES 

 

  It can be verified that both of neurons show non-synchronous behavior because 

responses are not converging to straight line. 
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3.4 Effect of Time Delay 
  The effects of time-delays between two identical neurons are examined in this 

section. The model parameters are selected as 1 2 10.5r r= = , 1 2 1.06b b= = , 

1 2 / 3ϕ ϕ π= = , 0.135f = , 1 0.1sin12tζ =  and 2 0.1sin 20tζ = , with identical 

stimulation amplitudes, that is, 1 2a a a= = . Fig. 3.10 shows bifurcation diagrams 

of the synchronization error for different values of time-delay τ  under fixed (but 

different) values of gap-junction strengths 1 0.8g =  and 2 0.9g = . For the small 

value of 0.001τ = , the FHN neurons are synchronous, as shown in Fig. 3.10(a). 

As the time delay is increased to 15τ = , the synchronization error, as shown in 

Fig. 3.10(b), increases.  The neurons exhibit non-synchronous behavior for 

15τ =  in the three regions 0 0.2a< < , 0.5 0.7a< <  and 0.95 1.05a< < . For 

further clarification, the non-synchronous behavior of identical neurons for the 

large time delay is observed. Fig. 3.11 shows bifurcation diagrams of the 

synchronization error for large values of  time delay τ  .The overall region of 

non-synchronous behavior further increases for time-delay 30τ = , as compared 

to the time delay 15τ =  as shown in Fig. 3.11(a). It is noted that for largest 

value 40τ = , the synchronization behavior becomes worst as illustrated in Fig 

3.11(b). Important conclusions can be drawn from Figs. 3.10 and 3.11 that the 

synchronization error e  of two FHN neurons or the region of non-synchronous 

behavior can increase, for distant neurons with more time-delay τ  
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Fig. 3.10. Effects of time-delay due to separation between the two coupled 

neurons under different gap-junction strengths: (a) bifurcation diagram of the 
synchronization error for 0.001τ = ’ (b) bifurcation diagram of the 

synchronization error for 15τ = ; 
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Fig. 3.11. Effects of large time-delay on synchronization of FHN neurons: (a) 
bifurcation diagram of the synchronization error for 30τ = ; (b) bifurcation 

diagram of the synchronization error for 40τ =  
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3.5 Effect of Direction Dependent Coupling 
  Lastly, the effect of strengths of unidirectional gap junctions is determined. The 

model parameters are selected as 1 2 10.5r r= = , 1 2 1.06b b= = , 1 2 / 3ϕ ϕ π= = , 

0.135f = , 1 0.1sin12tζ =  and 2 0.1sin 20tζ = , with identical stimulation 

amplitudes, that is, 1 2a a a= =  and time-delay 1τ = .  

  Gap junctions are protein channels that represent neuronal medium properties, 

allow communication between two neurons. Traditionally, gap junctions are 

bidirectional; permit communication from master neurons to the slave and 

alternatively, from slave to the master neuron. However, some of the gap 

junctions can in reality be unidirectional, as a result, both of neurons 

communicate with different strengths of gap junctions. Therefore, the importance 

and effects of unidirectional gap junctions on overall communication between two 

neurons cannot be overlooked. 

  Fig. 3.12 provides bifurcation diagrams of the synchronization error under 

different values of 2g  for the constant parameter 1 1g = . At 2 1g = , the neurons 

behave like identical oscillators with a small synchronization error, as depicted in 
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Fig. 3.12(a). As the value of 2g  is decreased to 0.8 from 1 the synchronization 

error increases, as shown in Fig. 3.12(b).  

  For further elucidation, the non-synchronous behavior of identical FHN 

neurons for smaller values of 2g  or in other words by increasing the overall 

large (absolute) difference 1 2g g−  is observed in Fig. 3.13. It can be seen 

undoubtedly that as the value of 2g  is decreased to 0.5 from 0.8, the overall 

region of non-synchronous increases, as shown in Fig. 3.13(a), and by further 

decreasing it to 2 0.01g = , the FHN neurons’ degree of non-synchronization is 

the worst, as is apparent in Fig. 3.13(b). Important conclusions can be drawn from 

Figs. 3.12 and 3.13, that the synchronization error e  between two FHN neurons 

or region of non-synchronous behavior can increase, for neurons with large 

(absolute) difference values between gap-junction strengths 1g  and 2g ; 

accordingly, the behavior of neurons subject to a medium containing both 

unidirectional and bidirectional gap junctions can change from synchronous to 

non-synchronous on an increase of 1 2g g− . 
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Fig. 3.12. Effects of the unidirectional gap junctions in a medium between the two 

coupled neurons: (a) bifurcation diagram of the synchronization error for 2 1g = ; 

(b) bifurcation diagram of the synchronization error for 2 0.8g =  
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Fig. 3.13. Effects of the unidirectional gap junctions in a medium between the two 

coupled neurons under large value of 1 2g g− : (a) bifurcation diagram of the 

synchronization error for 2 0.5g = ; (b) bifurcation diagram of the 

synchronization error for 2 0.01g =  
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3.6 Summary 

  This chapter of the thesis is pertaining to provide a deep insight to the 

forthcoming research problem. Before tackling the synchronization dilemma of 

different coupled chaotic neurons under controlled external electrical stimulation, 

the chaotic behavior and synchronization of coupled FHN neurons is explored 

with the help of bifurcation and maximum Lyapunov exponent studies. This 

behavioral study of coupled FHN neurons analyzes the effects of difference in 

parameters, time-delays and unidirectional gap junctions in the presence of 

disturbance on neuronal synchronization. 
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Chapter 4  
 

Adaptive Synchronization of Different 

FHN Neurons  

 

4.1 Introduction 
  Conventional techniques for synchronization of FHN neurons are based either 

on designed control laws for identical neurons of known or unknown parameters 

or developed control strategies for different neurons of known parameters. 

However, two coupled neurons cannot be completely identical, and the model 

parameters cannot be totally known, due to biological restrictions. Furthermore, 

whereas the traditional techniques assume bidirectional gap junctions for the 

inter-neuronal medium, they can in fact be unidirectional, resulting in different 

coupling strengths for each neuron [67-69]. The effects of unidirectional gap 

junctions in the presence of time-delay (due to neuronal separation) cannot be 

ignored. All in all, the development of control strategies for synchronization of 

two coupled delayed chaotic neurons of different and unknown parameters is very 

challenging. 

  In this chapter, the issue of synchronization of coupled different chaotic distant 
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FHN neurons under direction dependent coupling is addressed by designing an 

adaptive control law [70]. A model of coupled FHN neurons with different 

parameters is presented. Moreover, the gap junctions are considered both 

unidirectional and bidirectional. The strengths of the gap junctions are assumed to 

be different for each neuron, owing to the presence of both unidirectional and 

bidirectional gap junctions in the inter-neuronal medium. The resultant control 

approach represents a novel means for synchronizing different FHN neurons of 

unknown parameters subject to uncertain stimulation. By utilizing integral-based 

control and adaptation laws to deal with the unavailable neuronal state (i.e., the 

recovery variable), a new adaptive control scheme is developed for 

synchronization of different coupled chaotic FHN neurons of unknown 

parameters. Motivated by experimental results [71], the proposed control scheme, 

unlike the traditional synchronization approaches, ensures partial synchronization 

of neurons in terms of their activation potentials (or membrane voltages). The 

results of the proposed adaptive control scheme for chaos synchronization of FHN 

neurons of different and unknown parameters are verified through numerical 

simulation. 

Standard notation is used throughout the paper. The notation ⋅  symbolizes the 

Euclidian norm of a vector. 
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4.2 Model Description 

 Consider two coupled chaotic delayed FHN neurons (see also [18, 24]) of 

different and unknown parameters under uncertain EES, given by 

  

1
1 1 1 1 1 1 1 2

1 1

1
1 1

( 1)(1 ) ( ( ))

          ( / ) cos( ),

,

dx x x r x y g x x t
dt

a t
dy b x
dt

τ

ω ω ϕ

= − − − − − −

+ +

=

 (4.1) 

  

2
2 2 2 2 2 2 2 1

2 2
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2 2

( 1)(1 ) ( ( ))

           ( / ) cos( ),

,

dx x x r x y g x x t
dt

a t
dy b x
dt

τ

ω ω ϕ

= − − − − − −

+ +

=

 (4.2) 

where 1x  and 1y  are the states of the master FHN neuron in terms of the 

activation potential and the recovery variable, respectively, and 2x and 2y  are the 

corresponding states of the slave FHN neuron. The FHN model parameters 

1 2( , )r r  and 1 2( , )b b  are linked with the neurons’ nonlinear part and recovery 

variable, respectively. The parameters 1a  and 2a  denote the amplitude of the 

external stimulation current for the master and the slave neurons, respectively, 

while 1ϕ  and 2ϕ  represent their phase shifts. Time and the angular frequency of 

the stimulation current are indicated by t  and 2 fω π= , respectively, where 
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f denotes frequency. The strength of the gap junctions for communication from 

the master neuron to the slave neuron is represented by 1g . Correspondingly, 2g  

represents the strength of the gap junctions for transmission of an electro-

chemical signal from the slave neuron to the master neuron. The time-delay 

between the master and slave neurons is represented by τ .  

 In the present work, all physical quantities of FHN models (4.1)-(4.2) are 

assumed to be dimensionless. In modeling of most biological processes, only the 

nominal parametric values are often known, and not the true ones, owing to the 

biological restrictions. That is why; units are not considered through this work. 

The amplitudes and phases are taken to be different due to the medium losses and 

different path lengths occurring during the current flow from an electrode to both 

of the coupled neurons. The strengths of the gap junctions differ owing to the fact 

that some of the channels are unidirectional while others are bidirectional 

  Remark 1. It should be noted that all of the FHN model parameters associated 

with the master and slave neurons in (4.1)-(4.2) are fairly different and unknown 

owing to the physical limitations and the biological restrictions. Furthermore, 

usually, the majority of gap junctions allow bidirectional communication between 
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two neurons. However, some permit only unidirectional transmission of a signal 

[67-69], responsible for different strengths of gap junctions. To capture this 

property, the strengths of gap junctions are taken as 1g and 2g . This direction-

dependent selection of gap junction strength, in contrast to the schemes available 

in the literature [19-34], enables a more realistic model, and, as such, is a superior 

synchronization-study tool for coupled FHN neurons. 

 

4.3 Adaptive Control 

 The present work proposes a control strategy that uses a single control input u  

for synchronization of coupled FHN neurons of different and unknown 

parameters. Thus, model (4.1)-(4.2) takes the form 
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 Assumption1. The parameters ( )1 2 1 2 1 2 1 2 1 2, , , , , , , , ,r r b b g g a a φ φ of 
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FHN neurons (4.3)-(4.4) are unknown constants.  

  Now, a new control methodology for synchronization of master-slave neurons 

(4.3)-(4.4) of different and unknown parameters is developed. Traditionally, 

synchronization of neurons is addressed in order to minimize the differences 

between all of the corresponding states of the master and slave neurons. In the 

literature [19-34], synchronization techniques for FHN neurons ensure 

convergence of both synchronization errors, the difference between the activation 

potentials and the error between the recovery variables for the master-slave 

systems, either to zero or in a small compact set. Nevertheless, various 

experimental studies (e.g., [71]) have demonstrated identical behavior of two 

synchronous neurons for their activation potentials only. In reality, the recovery 

variable is introduced in the model for membrane responses of potassium 

activation and sodium inactivation. Two different FHN neurons, with identical 

firing in terms of membrane (or activation) potentials, might not necessarily have 

the same (or similar) patterns for this hypothetical recovery variable. This 

property can also be verified from FHN neurons (4.3)-(4.4). Suppose that control 
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law u  is designed to achieve 1 2x x x= = , and equations (4.3)-(4.4) reveal that 

1 1y b x=&  and 2 2y b x=& . This implies that the recovery variables, due to different 

parametric values of 1b  and 2b , are not identical for the two different neurons. 

In fact, different behavior between the recovery variables can be responsible for 

identical membrane potentials of two different neurons.  

  Here a partial synchronization of two distinct FHN neurons is addressed 

according to their activation potentials, as supported by experimental results and 

theoretical reasoning. In order to construct a control law, the dynamics of 

synchronization error 1 2e x x= −  for FHN neurons (4.3)-(4.4) can be expressed 

as 

  1 1 2 2 1 2 1 1 2 2 2 1( ) ( ) ( ( )) ( ( ))

         ( / )cos ( / )sin ,C S

de f x f x y y g x x t g x x t
dt

a t a t uϕ ϕ

τ τ

ω ω ω ω

= − − + − − − + − −

+ − −
 (4.5) 
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The synchronization error dynamics in (4.5) contain the recovery variables (i.e., 

1y and 2y ). These terms can be canceled through the control law u ; however, 

this requires measurement (or estimation) of the recovery variables, which may 

not be possible in the case of neuronal synchronization. To deal with this problem, 

the recovery-variable dynamics in equation (4.3)-(4.4) are integrated to obtain 

  
1 1 1 10

2 2 2 20

(0),

(0).

t

t

y b x d y

y b x d y

α
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= +

= +

∫
∫

 (4.7) 

According to equations (4.6)-(4.7), the alternate synchronization error dynamics 

become 

  2 2
1 2 1 2( , ) ,Tde x x x x e u

dt
=Φ Γ + − − −  (4.8) 

where Φ 10R∈ is a vector of unknown constant parameters and 1 2( , )x xΓ 10R∈ is 

vector of a known bases function given by

   1 2 1 2 1 2 1 2[ (0) (0) ]T
C Sr r b b y y g g a aϕ ϕΦ = , (4.9) 
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The proposed controller takes the form  
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  2 2
1 2 1 2

ˆ ( , ) ,Tu x x x x Ke=Φ Γ + − +  (4.11) 

where Φ̂ is the estimate of vector Φ , and K  is a scalar quantity. The selected 

adaptation law for Φ̂  is  

  1 2
ˆ ( , )1/pe x x qΦ = Γ& , 0p > , 0q > , (4.12) 

where p  and q  are scalars. 

  Remark 2. It is notable that the control and adaptation laws, containing 

integral terms in 1 2( , )x xΓ , do not require measurement of recovery variables for 

the master-slave neurons, owing to the utilization of (4.7).  

  A condition for synchronization of FHN neurons (4.3)-(4.4) by application of 

control and adaptation laws (4.9)-(4.12) can be stated as follows. 

  Theorem 1. Consider the time-invariant FHN neural oscillators (4.3)-(4.4) 

with synchronization error dynamics (4.8)-(4.10) satisfying Assumption 1. 

Nonlinear control and adaptation laws (4.10)-(4.12), which satisfy ( 1) 0p K + > , 

ensure  

  (i) synchronization of the coupled FHN neurons under different and unknown 

parameters by guaranteeing the convergence of synchronization error e  to zero; 
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  (ii) convergence of Φ̂  to *Φ̂ , where *Φ̂ is the constant steady-state value 

satisfying *
1 2

ˆ( ) ( , ) 0T x xΦ−Φ Γ = , if the steady state is achieved within a finite 

time.  

Proof. Incorporating (4.11) into (4.8) leads to 

  1 2
ˆ( ) ( , ) ( 1)Tde x x K e

dt
= Φ −Φ Γ − + . (4.13) 

Constructing a Lyapunov function candidate as  

  ( )( )2ˆ ˆ ˆ( , ( )) 1 2 ( ) ( ) ,TV e pe qΦ−Φ = + Φ−Φ Φ−Φ  (4.14) 

with 0p > , 0q > , the time-derivative of (4.14) is given by   

  ˆ ˆ ˆ( , ( )) ( )TV e pee qΦ−Φ = − Φ −Φ Φ&& & . (4.15) 

Note that ˆ ˆ ˆ ˆ( ) ( )T TΦ −Φ Φ = Φ Φ −Φ& & . Incorporating (4.13) into (4.15), yields 

  
2

1 2
ˆ ˆ( , ( )) ( ) ( , ) ( 1)

ˆ ˆ                          ( )

T

T

V e pe x x p K e

q

Φ −Φ = Φ −Φ Γ − +

− Φ −Φ Φ

&

&
 (4.16) 

Application of the adaptation law (4.12) yields 

  2ˆ( , ( )) ( 1)V e p K eΦ−Φ = − +& . (4.17) 

Thus, convergence of synchronization error e  between the membrane activation 

potential to zero is ensured, which completes the proof of statement (i) in 
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Theorem 1. In practice, it has been observed that steady state is achieved within a 

finite time by application of an adaptive control law such as in Theorem 1. In the 

steady state, the synchronization error e  between the membrane activation 

potential and the neuronal states satisfy  

  0e =& , 0e = , 1 2x x x= = .  (4.18) 

Using 0e =  in (4.12), ˆ 0Φ =&  is obtained in the steady state. This further implies 

that *ˆ ˆΦ =Φ is satisfied in the steady state, where *Φ̂ is a constant. Similarly to 

the steady-state analysis in [24], applying the steady-state conditions (i.e., 0e =& , 

0e = , 1 2x x= , *ˆ ˆΦ =Φ ) to (4.13), yields 

  *
1 2

ˆ( ) ( , ) 0T x xΦ−Φ Γ = , (4.19) 

which completes the proof of statement (ii) in Theorem 1.  ■ 

 

  Remark 3. In contrast to the traditional synchronization methodologies 

presented in [19-34], the proposed adaptive control strategy in Theorem 1 can be 

used for synchronization of two different FHN neurons with all parameters 

unknown. This feature is achieved by incorporation of the knowledge acquired in 

experimental studies (e.g., [71]) on synchronization of a single state (i.e., the 

membrane potential) of neurons (rather than both the membrane potential and the 
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recovery variable). 

4.4 Simulation Results 

  To demonstrate the effectiveness of the proposed methodology, the model 

parameters for FHN neurons (4.3)-(4.4) are set as 1 10r = , 1 0.1a = , 1 1b = , 

1ϕ π= , 1 0.1g = , 2 10.5r = , 2 0.14a = ,  2 1.06b = , 2 / 3ϕ π= , 2 0.2g = , 

0.135f = , and 40τ = . Using Theorem 1, the controller and the adaptation law 

parameters are obtained as 1p = , 1q = , and 0.1K = . Figs. 4.1(a) and 4.1(b) 

show phase portraits and 4.1(c) shows a synchronization error plot for the two 

coupled chaotic FHN neurons. By application of the controller at 185t = , 

synchronization error e  converges but with small synchronization error, as 

shown in Fig. 4.1(c).  

  Fig. 4.2 shows a synchronization error plot for the two coupled chaotic FHN 

neurons under disturbances 1 0.1sin12tζ = and 2 0.1sin 20tζ = . It is quite visible 

from Fig. 4.2(c) that the synchronization error e   becomes worst by adding 

disturbances. Hence, the proposed adaptive control scheme does not provide 

robustness against disturbance. 
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Fig. 4.1. Adaptive synchronization of the two different coupled chaotic FHN 
neurons under EES by application of the proposed control scheme. The controller 
was applied for the time 185≥t : (a) phase portrait of the first neuron; (b) phase 

portrait of the second neuron; (c) synchronization error plot 
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Fig. 4.2. Adaptive synchronization of the two different coupled chaotic FHN 
neurons under EES with disturbance by application of the proposed control 

scheme. The controller was applied for the time 185≥t : (a) phase portrait of the 
first neuron; (b) phase portrait of the second neuron; (c) synchronization error plot 

with disturbances.  
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4.5 Summary 
  This chapter has introduced a biologically understandable synchronization tool 

for two coupled chaotic FHN neurons under both unidirectional and bidirectional 

gap junctions. The proposed control scheme has offered convergence of the 

activation potential error to zero, in contrast to the conventional approaches that 

consider unnecessary synchronization of the recovery variable. The simulation 

results have confirmed the efficacy of the proposed scheme. The forthcoming 

chapter provides conditions for robust adaptive synchronization of different FHN 

neurons of unknown parameters under disturbances. 
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Chapter 5  
 

Robust Adaptive Synchronization of 

Different FHN Neurons  
 

5.1 Introduction 
  This chapter manages the significant issue of robustness against disturbances 

and enhances the authenticity of the proposed control strategy by providing 

conditions for robust adaptive synchronization of different FHN neurons of 

unknown parameters subject to disturbances. 

  First, a model of different coupled FHN neurons with disturbances is presented 

and then a condition for their robust adaptive synchronization is developed [70].  

In order to cope with the disturbances, and to guarantee robust synchronization, 

the proposed control methodology is modified to achieve uniformly ultimately 

bounded synchronization. The effectiveness of the proposed control scheme is 

illustrated via numerical simulations 

 

5.2 Model Description 

  Consider two coupled chaotic delayed FHN neurons (see also [18, 24]) of 
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different and unknown parameters under disturbances, given by 

 

1
1 1 1 1 1 1 1 2

1 1 1

1
1 1

( 1)(1 ) ( ( ))

          ( / ) cos( ) ,

,

dx x x r x y g x x t
dt

a t
dy b x
dt

τ

ω ω ϕ ζ

= − − − − − −

+ + +

=

    (5.1) 

 

2
2 2 2 2 2 2 2 1

2 2 2

2
2 2

( 1)(1 ) ( ( ))

           ( / ) cos( ) ,

,

dx x x r x y g x x t
dt

a t
dy b x
dt

τ

ω ω ϕ ζ

= − − − − − −

+ + +

=

    (5.2) 

Where disturbances at the master and slave neurons are denoted by 1ζ  and 2ζ . 

 

5.3 Robust Adaptive Control 

  The proposed robust adaptive synchronization control scheme utilizes a single 

control input u . Thus, model (5.1)-(5.2) takes the form 

  

1
1 1 1 1 1 1 1 2

1 1 1

1
1 1

( 1)(1 ) ( ( ))

          ( / ) cos( ) ,

dx x x r x y g x x t
dt

a t
dy b x
dt

τ

ω ω ϕ ζ

= − − − − − −

+ + +

=

    (5.3) 

  

2
2 2 2 2 2 2 2 1

2 2 2

2
2 2

( 1)(1 ) ( ( ))

          ( / ) cos( ) ,

dx x x r x y g x x t
dt

a t u
dy b x
dt

τ

ω ω ϕ ζ

= − − − − − −

+ + + +

=

    (5.4) 
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Conditions for robust adaptive synchronization of different FHN neurons of 

unknown parameters under disturbances are now provided. First, the following 

assumption is made. 

  Assumption 2. Assume that 1 2 mζ ζ ζ ζ= − ≤  and mΦ ≤Φ , where mζ  

and mΦ  are positive scalars. 

 The purpose of the present work is to develop a robust adaptive control law u  

for synchronization of FHN neurons (5.3)-(5.4) under Assumptions 1-2, to 

achieve the uniformly ultimately bounded synchronization. For developing a 

control law, the dynamics of synchronization error 21 xxe −=  can be expressed 

as 

  1 1 2 2 1 2 1 1 2 2 2 1( ) ( ) ( ( )) ( ( ))

         ( / )cos ( / )sin ,C S

de f x f x y y g x x t g x x t
dt

a t a t uϕ ϕ

τ τ

ω ω ω ω ζ

= − − + − − − + − −

+ − + −
 (5.5) 

where 

  

3 2 2
1 1 1 1 1 1 1 1

3 2 2
2 2 2 2 2 2 2 2

1 1 2 2

1 1 2 2

1 2

( ) ,

( ) ,
cos cos ,
sin sin ,

.

C

S

f x r x r x x x

f x r x r x x x
a a a
a a a

ϕ

ϕ

ϕ ϕ

ϕ ϕ

ζ ζ ζ

= − + + −

= − + + −
= −

= −

= −

      (5.6) 
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1 1 1 10

2 2 2 20
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t

t

y b x d y

y b x d y

α

α

= +

= +

∫
∫

      (5.7) 

According to equations (5.6)-(5.7), the alternate synchronization error dynamics 

becomes 

  2 2
1 2 1 2( , ) ,Tde x x x x e u

dt
ζ= Φ Γ + − − + −      (5.8) 

where Φ 10R∈ is a vector of unknown constant parameters and 1 2( , )x xΓ 10R∈ is 

a vector of a known bases function given by

   1 2 1 2 1 2 1 2[ (0) (0) ]T
C Sr r b b y y g g a aϕ ϕΦ = ,  (5.9) 

  

3 2 3 2
1 2 1 1 2 2 1 20 0

1 2 2 1

( , ) 1 1

cos sin                ( ( )) ( ( )) .

t t

T

x x x x x x x d x d

t tx x t x x t

α α

ω ωτ τ
ω ω

⎡Γ = − + − − −⎢⎣

⎤− − − − − − ⎥⎦

∫ ∫
 (5.10) 

The proposed controller takes the form  

  2 2
1 2 1 2

ˆ ( , ) ,Tu x x x x Ke=Φ Γ + − +       (5.11) 

  Theorem 2. Consider the time-invariant FHN neurons (5.3)-(5.4) with 

synchronization error dynamics (5.8)-(5.10) satisfying Assumptions 1-2. 

Nonlinear control laws (5.10)-(5.11) and the adaptation law given by 

  ( )1 2
ˆ ˆ( , ) cpe x x k e qΦ= Γ − Φ& , 0p > , 0q > , 0ck > , (5.12) 
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where ck  is a scalar, will ensure uniformly ultimately bounded synchronization 

error e  and parameter estimation error ˆΦ−Φ , if ( 1) 0p K + > is satisfied. 

Moreover, the estimation error can be kept small by selecting a large value of ck  

for a given value of p , and the synchronization error can be minimized by 

enlarging ( 1)p K +  for a given value of ck . 

Proof. Incorporating (5.11) into (5.8) leads to 

  1 2
ˆ( ) ( , ) ( 1)Tde x x K e

dt
ζ= Φ −Φ Γ − + +  (5.13) 

Constructing a Lyapunov function candidate as 

  ( )( ),)ˆ()ˆ(21))ˆ(,( 2 Φ−ΦΦ−Φ+=Φ−Φ TqpeeV  (5.14) 

with 0p > , 0>q , the time-derivative of (5.14) is given by  

  ΦΦ−Φ−=Φ−Φ &&& ˆ)ˆ())ˆ(,( TqepeeV . (5.15) 

Note that )ˆ(ˆˆ)ˆ( Φ−ΦΦ=ΦΦ−Φ TT && . Incorporating (5.13) into (5.15), yields 

  
2

1 2
ˆ ˆ( , ( )) ( ) ( , ) ( 1)

ˆ ˆ                          ( ) .

T

T

V e pe x x p K e

q peζ

Φ −Φ = Φ −Φ Γ − +

− Φ −Φ Φ +

&

&
 (5.16) 

Using (5.16) and (5.12) implies 

  2ˆ ˆ ˆ( , ( ) ) ( 1) ( )T T
cV e p K e k e peζΦ−Φ = − + − Φ−Φ Φ +& . (5.17) 
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It can easily be verified under mΦ ≤Φ  that 

  
2

2

ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆ                 

ˆ ˆ                 .

T T

m

Φ−Φ Φ = Φ−Φ Φ−Φ+Φ

≥ Φ −Φ − Φ−Φ Φ

≥ Φ −Φ − Φ−Φ Φ

 (5.18) 

Using (5.17), (5.18) and mζ ζ≤ yields 

  ( )22ˆ ˆ ˆ( , ( ) ) ( 1)T
m c mV e p K e k e peζΦ−Φ ≤ − + − Φ−Φ − Φ−Φ Φ +& . (5.19) 

 ( )2
2ˆ ˆ( , ( ) ) ( 1) 2 4T

c m c m mV e e p K e k k pζ⎛ ⎞Φ −Φ ≤ − + + Φ−Φ −Φ − Φ −⎜ ⎟
⎝ ⎠

& . (5.20) 

Given that ( 1) 0p K + > , (20) implies that 1
ˆ( , ( ) ) 0TV e Φ−Φ <&  if either 

  
2 4
( 1)

c m mk pe
p K

ζΦ +
>

+
 (5.21) 

or 

  
2

ˆ
2 4

m m m

c

p
k
ζΦ Φ

Φ−Φ > + + . (5.22) 

Therefore, synchronization error e  and estimation error ˆΦ−Φ  are uniformly 

ultimately bounded. The size of compact set 2ˆ 2 4m m m cp kζΦ −Φ ≤ Φ + Φ +  

can be minimized by selecting a large value of  ck  for a given value of p . 

Similarly, the size of ( )2 4 ( 1)c m me k p p Kζ≤ Φ + +  can be kept smaller by 
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selecting a large value of ( 1)p K +  for a given parameter ck . This completes the 

proof of Theorem 2.  

  Remark 4. By application of Theorem 2, synchronization of different chaotic 

FHN systems of unknown parameters under disturbances can be achieved, in 

contrast to the traditional synchronization tools, by ensuring uniformly ultimately 

bounded synchronization and parametric estimation errors. Further, the effect of 

disturbances can be minimized by selecting suitable control parameters K , ck  

and p .  

 

5.4 Simulation Results 

  To demonstrate the effectiveness of the proposed methodology, the model 

parameters for FHN neurons (5.3)-(5.4) are set as 1 10r = , 1 0.1a = , 1 1b = , 

1ϕ π= , 1 0.1g = , 2 10.5r = , 2 0.14a = ,  2 1.06b = , 2 / 3ϕ π= , 2 0.2g = , 

0.135f = , and 40τ = . Using Theorem 2, the controller and the adaptation law 

parameters are obtained as 1p = , 1q = , 5ck =  and 20K = . Figs. 5.1(a) and 

5.1(b)1show phase portraits and 5.1(c) shows a synchronization error plot for the 

two coupled chaotic FHN neurons under disturbances 1 0.1sin12tζ = and 

2 0.1sin 20tζ = . By application of the controller at 185t = , synchronization error 

e  converges to a small compact set, as shown in Fig. 5.1(c).  
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  Although the simulation results provided herein represent a specific scenario of 

FHN neurons, however, the proposed methods in Theorems 1-2 are applicable to 

a general form of FHN neurons with different parameters. Moreover, robustness 

against bounded perturbations has been ensured in Theorem 2. The results of 

Theorems 1 and 2 may not be applicable to FHN systems with fast time-varying 

parameters. Nevertheless, studies on time-varying FHN systems can be carried 

out in future. To conclude, the proposed robust adaptive control methodology can 

be used for synchronization of distinct FHN neurons of unknown model 

parameters subject to disturbances. 
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Fig. 5.1. Synchronization of the two different coupled chaotic FHN neurons 
under EES by application of the proposed control scheme. The controller was 

applied for the time 185≥t : (a) phase portrait of the first neuron; (b) phase 
portrait of the second neuron; (c) synchronization error plot 
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5.5 Summary 
  This chapter has addressed the synchronization of two coupled chaotic FHN 

neurons for different and unknown parameters under disturbances. In order to 

guarantee robust synchronization of different neurons against disturbances, the 

proposed control methodology has been extended and modified to achieve the 

uniformly ultimately bounded synchronization. The parametric estimation errors 

can be reduced by selecting suitable control parameters. The proposed control 

scheme was successfully applied to the synchronization of coupled chaotic FHN 

neurons under disturbances, the numerical simulation results of which were 

provided. 
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Chapter 6  
 

Conclusions and Future Research 
 

6.1 Conclusions 
  The behavioral investigation and synchronization control of neurons which 

promising the understanding of neural circuit functioning and brain information 

processing, is one of the greatly emphasized research problem. The literature 

reveals that many of the physical seizure such as epilepsy, parkinson, and 

dystonia and even heart attack might be closely linked with (de)synchronisation 

of neurons in the brain. Nevertheless, neuro scientists are focusing on this 

problem, by trying to get a grasp on the circumstances of (de)synchronization. 

Moreover, they are exploring the underlying mechanism of external stimulation 

therapies, to improve the treatments for various brain disorders. The incorporation 

of nonlinear control studies, for the synchronization of chaotic neurons can be 

more advantageous in the field of neuroscience. 

  This thesis pertains to investigate the neuronal dynamics and synchronization 

by incorporating practical situations for constructing a superior and realistic 

neuronal synchronization study tool. A model of two coupled FHN systems with 

different parameters has been presented by considering the unidirectional and the 



Chapter 6 Conclusions and Future Research 

 82

bidirectional gap junctions in the medium between two distant neurons. 

Dynamical properties, such as increase in synchronization error as a consequence 

of deviation in neuronal parameters for unlike neurons, effect of difference in 

coupling strengths caused by the unidirectional gap junctions and impact of large 

time-delay due to separation between neurons, have been studied to explore the 

behavior of coupled chaotic FHN neurons. A novel integral-based nonlinear 

adaptive control scheme, to cope with infeasibility of recovery variable 

measurement, for synchronization of two coupled delayed chaotic FHN neurons, 

with different and unknown parameters, under uncertain external electrical 

stimulation has been derived. Further, the proposed control methodology has been 

modified, to guarantee the robust synchronization of different neurons against 

disturbances, by ensuring uniformly ultimately bounded synchronization and 

parametric estimation errors. These synchronization and estimation errors can be 

reduced by selecting suitable control parameters. 

 

6.2 Future Research Directions 
  This thesis describes the synchronization and behavior investigation of two 

different chaotic coupled FitzHugh-Nagumo neurons with unknown parameters 

under external electrical stimulation. Even though, the main results of this 

research provide evidences and confirm the efficacy of the proposed mechanism, 
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however, there are numerous aspects which may be well thought-out and probed 

in the future research. 

  Towards the end, subsequent suggestions and recommendations are given for 

future that could results in potential work of this research area: 

• In the presented work, the synchronization and control methodologies are 

specific for FitzHugh-Nagumo neurons. Such approaches can be further extended 

for other types of neurons like Hind marsh-Rose etc. 

• This work discusses the synchronization of two different neurons which further 

can be enhanced for three neurons and generalized for synchronization of n-

neurons. 

  The offered model of different FHN which incorporates the medium properties 

as unidirectional and bidirectional can further be modified by exploiting and 

including neuronal medium related discoveries given by the biologist and neuro 

scientists. A more advanced framework is needed for modeling of neuronal 

medium and synchronization to progress towards comprehensive and all-

encompassing investigation. 
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