
Smooth Sliding Mode Control and its Application to the 

Phase Locked Loops 

 

 

 

By: 

Muhammad Asad 

10-UET/PhD-CASE-CP-52 

 

Supervisor 

Prof. Dr. Aamer Iqbal Bhatti 

 

ELECTRICAL & COMPUTER ENGINEERING DEPARTMENT 

CENTER FOR ADVANCED STUDIES IN ENGINEERING 

UNIVERSITY OF ENGINEERING AND TECHNOLOGY TAXILA 

PAKISTAN 

 



Smooth Sliding Mode Control and its Application to the 
Phase Locked Loops 

                                  

A thesis submitted in partial fulfillment of the requirements for the degree of Doctor of 

Philosophy in Electrical Engineering  

by: 

Mr. Muhammad Asad 

10-UET/PhD-CASE-CP-52 

Approved by: 

                                         __________________________________ 

                                                 Prof. Dr. Aamer Iqbal Bhatti 

                Thesis Supervisor 

 

__________________            _______________________       ____________________ 

Dr. Farrukh Kamran            Dr. Asif Mahmood Mughal     Dr. Fazal ur Rehman 

Member Research Committee     Member Research Committee        External Member 

ECE Department, CASE, ISD.    ECE Department, CASE, ISD.       EE Department, MAJU, ISD. 

 

DEPARTMENT OF ELECTRICAL & COMPUTER ENGINEERING 

CENTER FOR ADVANCED STUDIES IN ENGINEERING 

UNIVERSITY OF ENGINEERING AND TECHNOLOGY 

TAXILA 

Feburary/2016 

 
 



 

 

 

DECLARATION 

 

The substance of this thesis is the original work of the author and due refer-

ences and acknowledgements have been made, where necessary, to the work 

of others. No part of this thesis has been already accepted for any degree, 

and it is not being currently submitted in candidature of any degree. 

 

                       _________________ 

                   Mr. Muhammad Asad 

                                                                                                            10-UET/PhD-CASE-CP-52 

                              Thesis Scholar 

Countersigned: 

 

___________________ 

Dr. Aamer Iqbal Bhatti 

Thesis Supervisor 

 
 



 

Table of Contents 
Chapter 1 ........................................................................................................................... 13 

Introduction ................................................................................................................... 13 

1.1. Motivation .......................................................................................................... 14 

1.2. Contributions...................................................................................................... 15 

1.3. Publications ........................................................................................................ 16 

1.4. Thesis structure .................................................................................................. 16 

1.5. Summary ............................................................................................................ 18 

Chapter 2 ........................................................................................................................... 19 

Smooth Sliding Mode Control ...................................................................................... 19 

2.1. Sliding Mode Preliminaries ............................................................................... 19 

2.2. Smooth Sliding Mode Control ........................................................................... 33 

2.3. Adaptive Sliding Mode Techniques................................................................... 38 

2.4. Higher Order Sliding Mode Control .................................................................. 40 

2.5. Summary ............................................................................................................ 44 

Chapter 3 ........................................................................................................................... 45 

Inverse Hyperbolic Function as a Reaching Law ......................................................... 45 

3.1. Smooth Sliding Mode Control using IHF .......................................................... 46 

3.2. Summary ............................................................................................................ 55 

Chapter 4 ........................................................................................................................... 57 

Smooth Integral Sliding Mode Control......................................................................... 57 

4.1. Smooth Integral Sliding Mode ........................................................................... 57 

4 
 



4.2. Disturbance Estimation and Rejection ............................................................... 61 

4.3. Implementation of the Proposed Reaching Law on FPGA ................................ 69 

4.4. Summary ............................................................................................................ 71 

Chapter 5 ........................................................................................................................... 72 

Chattering Analysis ....................................................................................................... 72 

5.1. The Chattering Problem ..................................................................................... 72 

5.2. Boundary Layer Analysis of the Proposed Reaching Law ................................ 73 

5.3. Chattering Analysis using Describing Functions ............................................... 77 

5.4. Summary ............................................................................................................ 99 

Chapter 6 ......................................................................................................................... 101 

Design of Phase Locked Loop using Sliding Mode Control ...................................... 101 

6.1. Introduction of PLL ......................................................................................... 102 

6.2. Basics PLL Concepts ....................................................................................... 103 

6.3. PLL Design using Integral Sliding Mode Control ........................................... 117 

6.4. Summary .......................................................................................................... 127 

Chapter 7 ......................................................................................................................... 128 

Conclusions and Future Work .................................................................................... 128 

7.1. Thesis Summary............................................................................................... 128 

7.2. Future Work ..................................................................................................... 129 

References ................................................................................................................... 131 

 

  

5 
 



List of Figures 
Figure 2.1: Sliding mode in state space ............................................................................ 21 

Figure 2.2. Satellite Antenna position control system. ..................................................... 23 

Figure 2.3. State trajectories for the satellite control system ............................................ 23 

Figure 2.4. Controller effort .............................................................................................. 24 

Figure 2.5. Sliding surface ................................................................................................ 24 

Figure 2.6. Inverted Pendulum and cart [13]. ................................................................... 27 

Figure 2.7. MATLAB® simulation of the inverted pendulum using ISM. ....................... 29 

Figure 2.8. Pendulum states .............................................................................................. 30 

Figure 2.9. Controller effort for the Inverter Pendulum ................................................... 30 

Figure 2.10. ISM sliding surface s .................................................................................... 31 

Figure 2.11. Square wave disturbance signal F(t) ............................................................ 31 

Figure 2.12. Boundary layer control law .......................................................................... 34 

Figure 2.13: (a) Left- Sliding Errors (Traditional SMC); (b) Right-Sliding Errors (2-

Sliding) [68] ...................................................................................................................... 41 

Figure 3.1. Reaching time for the proposed reaching law ................................................ 51 

Figure 3.2. Inverse hyperbolic function plotted for different values of β ......................... 52 

Figure 3.3. (a) Upper State Convergence for the proposed reaching law. (b) Lower. State 

convergence using simple switching control law ............................................................. 53 

Figure 3.4: (a) Upper: Controller Effort for Proposed Reaching Law. (b) Controller Effort 

using simple switching control law................................................................................... 54 

Figure 3.5. Sliding surface (a) Upper. sliding surface of proposed control law. (b) Lower. 

Sliding surface of the conventional control law. .............................................................. 54 

Figure 3.6: Sinusoidal Disturbance ................................................................................... 55 

6 
 



Figure 4.1. The proposed Integral Sliding Mode Disturbance Estimation and Rejection 

Framework ........................................................................................................................ 61 

Figure 4.2. DC motor speed response ............................................................................... 66 

Figure 4.3. Disturbance and its estimates (upper) conventional ISMC, (lower) proposed 

ISMC. ................................................................................................................................ 67 

Figure 4.4. Controller effort (upper) conventional ISMC, (lower) proposed ISMC. ....... 67 

Figure 4.5. Sliding surface ’s’ (upper) conventional ISMC, (lower) proposed ISMC ..... 68 

Figure 4.6. Implementation of Inverse Hyperbolic Function ........................................... 70 

Figure 5.1. Sliding mode control of plant with sensor dynamics [16] .............................. 73 

Figure 5.2. IHF for different values of β ........................................................................... 74 

Figure 5.3. The feedback system with linear system ........................................................ 77 

Figure 5.4. Plot of the sinh-1(A sin(ωt)) ......................................................................... 81 

Figure 5.5. Describing function plot of the IHF. .............................................................. 86 

Figure 5.6. Describing function plot for saturation nonlinearity. ..................................... 86 

Figure 5.7. Nyquist plot for the ideal sliding mode .......................................................... 89 

Figure 5.8. Sliding surface for G(s) .................................................................................. 90 

Figure 5.9. System states. ................................................................................................. 90 

Figure 5.10. Control effort for the ideal SM at sampling rate 105 samples/sec ................ 91 

Figure 5.11. Nyquist plot for the real sliding mode. ......................................................... 92 

Figure 5.12. System states for the real sliding mode ........................................................ 92 

Figure 5.13. Sliding surface for real SM........................................................................... 93 

Figure 5.14. Controller effort for real SM ........................................................................ 93 

Figure 5.15. Nyquist plot for IHF without un-modeled dynamics ................................... 94 

Figure 5.16. Controller effort using IHF ........................................................................... 94 

Figure 5.17. Nyquist plot of IHF as nonlinearity and first order un-modeled dynamics .. 96 

7 
 



Figure 5.18. The control effort plot (upper), system states(middle) and sliding surface 

(lower) for the IHF as nonlinearity and first order un-modeled dynamics. ...................... 96 

Figure 5.19. The Nyquist plot of the system with second order un-modeled dynamics. .. 98 

Figure 5.20. The control effort plot (upper), system states (middle) and sliding surface 

(lower) for the IHF as nonlinearity and second order un-modeled dynamics. ................. 98 

Figure 5.21. Nyquist plot for plant with 2nd order sensor dynamics. d is varied between 

(0,2] and 1/N (A,ω) is varied by changing A between (0,∞) ........................................... 99 

Figure 6.1. A typical PLL ............................................................................................... 103 

Figure 6.2.(Upper)  Nonlinear PLL. (Lower) Linearized PLL ....................................... 106 

Figure 6.3. PI PLL implemented in Advanced Design System ADS® ........................... 108 

Figure 6.4. Reference signal (Blue)and PLL output (Red and dotted) ........................... 108 

Figure 6.5. Output of the Phase detector ......................................................................... 109 

Figure 6.6. Loop filter output (Control effort) ................................................................ 109 

Figure 6.7. Adlers equation ωinj=98.9 MHz. Outside the lock range .............................. 112 

Figure 6.8. Adlers equation ωinj=99.1 MHz. Inside the lock range ................................ 113 

Figure 6.9. PI PLL with injection signal ......................................................................... 114 

Figure 6.10. PI PLL output with injection signal............................................................ 115 

Figure 6.11. The PD output............................................................................................. 115 

Figure 6.12. Loop filter output ........................................................................................ 116 

Figure 6.13. Power spectrum of the PLL output ............................................................. 116 

Figure 6.14. PLL MATLAB/Simulink® implementation ............................................... 117 

Figure 6.15. Sliding Mode PLL. Overall block diagram ................................................ 120 

Figure 6.16. Digital PLL using sliding mode control ..................................................... 121 

Figure 6.17. Integral Sliding Mode Controller ............................................................... 121 

Figure 6.18. Experimental setup ..................................................................................... 122 

8 
 



Figure 6.19.Frequency step response .............................................................................. 123 

Figure 6.20. Frequency error .......................................................................................... 124 

Figure 6.21. PD output .................................................................................................... 124 

Figure 6.22. Time domain signals................................................................................... 125 

Figure 6.23. Controller effort .......................................................................................... 125 

Figure 6.24. Sliding surfaces .......................................................................................... 126 

Figure 6.25. Disturbance ................................................................................................. 126 

Figure 6.26. Power spectrum of the output signal .......................................................... 127 

 

  

9 
 



List of Tables 
 

Table 1. Inverted pendulum parameters ............................................................................ 28 

Table 2. DC motor parameters .......................................................................................... 65 

Table 3. Coefficients of the Polynomial P(x). .................................................................. 80 

Table 4. DCO and controller parameters ........................................................................ 121 

 

  

10 
 



Acknowledgements 

First of all I thank Allah Almighty, the most gracious and the most merciful who gave me 

strength, courage and intellect to carry out this work. 

I pay my heartiest gratitude's to my supervisor Dr. Aamer Iqbal Bhatti for his guidance 

and patronage due to which I was able to complete this thesis. His guidance undoubtedly 

has resulted in this work. 

My thanks and gratitude's are due to Dr. Asif Mahmood Mughal and Dr. Sohail Iqbal for 

their moral and academic support during the PhD.  

I am also thankful to Dr. Raza Samar for allowing me to attend his classes which helped 

me a lot during my research work. 

I am also thankful to the research colleagues at CASE and especially to the members of 

Controls and Signal Processing Research Group (CASPR) at Mohammad Ali Jinnah 

University Islamabad.  

I am thankful to my wife Irshad Jehan and to my children Manal Asad and Maryam 

Asad, who have been supporting me during all the years of my studies. Without their 

support this work would not have been realized. 

 

  

11 
 



Abstract 
Sliding mode control is a well established control systems design technique. Its robust-

ness against parametric changes and matched uncertainties is well known. Sliding mode 

control is also used for the disturbance estimation and rejection. Unlike other control sys-

tems techniques its control action is discontinuous and results in the unwanted oscilla-

tions known as chattering effect. Chattering in general is considered harmful. In Mechan-

ical systems chattering can result in heat loses and wear of the actuator and plant. In elec-

trical systems it may cause heat loses which may shorten the life of the semiconductors. 

Besides it can excite the fast or un modeled dynamics in the system which can result in 

the unwanted results or may result in the instability. Smooth chattering free sliding mode 

control addresses the issue of chattering and provides smooth control action thereby re-

moving the chattering from the sliding mode controller. The methods used for this pur-

pose is the boundary layer control laws or by using the variable gain or adaptive sliding 

mode techniques. The resulting control action losses the robustness to some extent how-

ever for all practical purposes the system is considered as robust.  

In this work a novel smooth chattering free variable gain sliding mode reaching law has 

been proposed. The proposed reaching law is robust against parametric changes, matched 

uncertainties and disturbances. It is based on the inverse hyperbolic function where the 

gain is a function of the sliding surface. With the convergence of the sliding surface the 

gain reduces and hence the chattering also reduces. The work rigorously proves the sta-

bility, robustness and the chattering elimination behavior of the proposed control law. A 

novel disturbance estimation and rejection framework based on the proposed smooth in-

tegral sliding mode control has also been proposed. Finally the novel control technique is 

applied to design the digital phase locked loop where the phenomenon of oscillator pull-

ing and injection locking have been eradicated. The experimental results endorse the 

mathematical formulations.   
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Chapter 1  
 

 Introduction 
 

Control system is all about design and development of the systems that work in the de-

sired way. The external disturbances and the parametric changes in the system may cause 

straying from the desired behavior but the control action keeps the system within the ac-

ceptable boundaries. Various fields of Mathematics and Physics lay the foundations of 

the control systems. Its application is vast and diverse. Starting from the control of Me-

chanical devices, computer networks, power generation, financial and biological control 

are some of the areas where the control system design principle may apply. In all these 

areas it is the desire to make the plant act in a desired way. The plant being a generic term 

means the system which is to be controlled. The act of controlling the systems is not at all 

an easy task. Any system that is to be controlled requires accurate mathematical model. 

Some phenomenon are too complex and can only be approximately modeled. External 

disturbances and parametric changes within the plant due to aging or wear are the limita-

tions that make the control design more challenging and evergreen field for new tech-

niques and methodologies. 

The control systems design technique started with the classical control techniques where 

the dominant design methods were based on the frequency domain analysis and design 

methods. The well known and popular design method known as PID (Proportional Inte-

gral and Derivative) control is still a dominant control technique [1, 2]. The parameters of 

the control can be arbitrarily tuned to achieve the desired results and is well suited for the 

systems whose models are unknown. This type of control techniques are wide spread and 

are being used in the industry. However the technique lacks the robustness properties and 

sometimes it becomes extremely difficult to get the desired response from the PID con-

trollers which is primarily due to the unknown system models. The modern control tech-

niques which are based on the time domain techniques and state space methods provide 
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more intuitive and straightforward controller design methods. However, the robustness of 

the controllers designed using the modern control techniques such as linear quadratic 

regulator (LQR), state vector feedback (SVF) etc also lack robustness properties [3]. The 

robust control systems design techniques are well suited to overcome the short comings 

of the classical and modern controller design techniques however the design complexities 

and the learning curve required is quite huge. 

Looking at the nonlinear systems the controller design methods are all based on totally 

different philosophies. The controllers are based on the energy based methods or feed-

back linearization techniques where the nonlinearities are cancelled via the feedback and 

the system behaves like a linear system [4, 5]. The feedback linearization requires exact 

cancellation of the nonlinearities which may not be possible in all the cases.  

Sliding mode control is a time domain control system design technique which is applica-

ble to the linear and non linear systems and is robust against the parameter variations and 

external disturbances. This technique is a variable structure control system design tech-

nique. It uses discontinuous controller which switches the control action to steer the state 

trajectories towards the equilibrium point. Thus it implements a sliding manifold in the 

system state space. The switching gain is usually kept higher than norm of the disturb-

ances and parameter changes. Perhaps sliding mode control is the most simple control 

systems design technique ever discovered. However, the switching nature of the sliding 

mode controller results in the undesired phenomenon known as chattering. Chattering 

results due to the rapid switching of the control action and in most cases especially in the 

Mechanical systems this is an undesired phenomenon where it may result in the wear of 

the Mechanical elements, resulting in heat losses, which can limit the life of the systems. 

Chattering eradication has been addressed by many researchers and these techniques have 

been highlighted in the next chapter.  

1.1. Motivation 

The key motivation of this work is to develop a simple yet robust sliding mode control 

scheme that provides chattering free control action and is well suited for many types of 

control applications and provide desired control action within finite time. As mentioned 

previously there are a class of systems where the chattering is undesired phenomenon 
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such as mechanical systems. Another class of systems where due to the chattering the 

performance may be unacceptable is the Phase Locked Loops (PLL). A PLL is a control 

system that is used in diverse engineering applications such as motor control, communi-

cation systems, digital frequency synthesis etc. In such systems when the conventional 

sliding mode is used the resulting spectrum is usually unacceptable due to the spreading 

of the signal energies [6]. Also the resulting Signal to Noise Ratio (SNR) of the system 

can be unacceptable as it can affect the link budget in communication systems. 

Another motivation is to develop a disturbance estimation and rejection framework using 

sliding mode control which is chattering free. The conventional sliding mode may be 

used for the disturbance estimation and rejection requires the use of low pass filtration of 

the discontinuous controller [7]. This may result in the poor estimates which can be af-

fected by the bandwidth of the low pass filter used. The resulting estimate may be attenu-

ated when the bandwidth is relatively less than the disturbance bandwidth or it can have 

chattering if the bandwidth is too high. Usually the low pass filter is an IIR filter which 

has a varying group delay which may delay the estimates according to the frequency of 

the disturbances, as a result the disturbances may not be fully cancelled. 

For the solution of above mentioned problems a novel sliding mode controller is pro-

posed that intends to solve these issues. It has been shown in this work that the proposed 

controller performs well in the presence of disturbances. It eradicates the phenomenon of 

chattering and may be used for disturbance estimation and cancellation.  

1.2. Contributions 

The thesis comprises of the following contributions.  

1. A novel reaching law has been proposed for the smooth chattering free sliding mode 

control. Its stability analysis, robustness criteria has been established. Finite reaching 

time property has also been proved.  

2. A Disturbance estimation and rejection frame work using the integral sliding mode 

control has been proposed. The proposed disturbance estimation and rejection frame-

work has been demonstrated in the control of DC motor and PLL's. 
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3. Chattering Analysis of the proposed reaching law has been described where the eradi-

cation of the chattering has been established with the help of two techniques. The 

boundary layer technique where it has been proved that the proposed reaching law 

bears low pass filter properties and hence eradicates the chattering effects. The same 

has also been proved with the help of describing functions analysis.  

4. A continuous time model of the PLL suited for the sliding mode control has been de-

vised which is based on the work of [8]. 

5. Oscillator Pulling in the Phase locked loops has been cancelled with the help of inte-

gral sliding mode control.  

1.3. Publications  

1. M. Asad, A. I. Bhatti., S. Iqbal., and Y. Asfia, "A Smooth Integral Sliding Mode 

Controller and Disturbance Estimator Design," International Journal of Control, 

Automation and Systems, vol. 13, pp. 1326-1336, December 2015. 

2. M. Asad, A. I. Bhatti, and S. Iqbal, "Digital Phase Locked Loop Design using 

Discrete Time Sliding Mode Loop Filter," in IEEE 9th International Conference 

on Emerging Technologies (ICET), pp. 1-6, 2013. 

3. M. Asad, S. Iqbal, and A. I. Bhatti, "MIMO Sliding Mode Controller Design us-

ing Inverse Hyperbolic Function," presented at the 10th IEEE International 

Bhurbhan Conference on Applied Sciences and Technology (IBCAST), Islama-

bad Pakistan, 2013. 

4. M. Asad, A. I. Bhatti, and S. Iqbal, "A Novel Reaching Law for Smooth Sliding 

Mode Control Using Inverse Hyperbolic Function," in International Conference 

on Emerging Technologies (ICET). pp. 1-6, 2012. 

1.4. Thesis structure 

The thesis comprises of seven chapters. The first chapter covers the motivation, contribu-

tions and the thesis structure.  

The second chapter covers the sliding mode and integral sliding mode theory followed by 

examples. It also covers in detail the currently established reaching laws used in the 
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sliding mode control. The newly adaptive and variable gain sliding mode techniques are 

also reviewed. Higher order sliding mode and smooth sliding mode are also covered in 

this chapter. 

Chapter 3 describes the proposed novel reaching law which is based on the inverse hy-

perbolic function. Stability of the reaching law is proved with the help of Lyapunov 

method. Robustness is also proved with the Lyapunov method. Relationship for the finite 

reaching time has also been derived.  The chapter provides examples demonstrating the 

results of the proposed reaching law. 

Chapter 4 describes the novel smooth integral sliding mode control. In this chapter the 

stability, robustness and sliding mode width of the proposed smooth integral sliding 

mode control (SISMC) have been described. The chapter also covers the disturbance es-

timation and rejection framework based on the proposed SISMC technique. The tech-

nique has been applied on the DC motor where the disturbance estimation and rejection 

has been demonstrated. A comparison with the conventional integral sliding mode has 

also been made. 

Chapter 5 is a theoretical contribution that provides the chattering analysis of the pro-

posed reaching law. It mathematically establishes the reason for the chattering eradication 

behavior of the proposed reaching law. Two techniques have been used for this purpose. 

The first technique is based on the boundary layer analysis. The second method used is 

based on the describing functions technique. Both the techniques converge to the same 

reasons for the chattering eradication behavior. 

Chapter 6 covers the modeling of the phase locked loops and the application of the 

SISMC to eradicate the oscillator pulling and injection locking in the oscillators. A con-

tinuous time model of the PLL is formulated that is suitable for the implementation of the 

sliding mode. The experimental implementation of the PLL has been carried out on the 

FPGA and it has been shown that the proposed SISMC scheme which is based on the In-

verse Hyperbolic function removes the chattering as well as the external disturbances. 

Chapter 7 provides the conclusions and the future work that may extend this work.  
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1.5. Summary 

In this chapter an effort has been made to provide the motivation for this research. The 

contributions made by this research work have been highlighted. Publications done so far 

have been given. The introduction of the thesis has been provided. In the next chapter the 

necessary preliminaries and the literature review has been covered.   
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Chapter 2  
 

 Smooth Sliding Mode Control 
 

Sliding mode control (SMC) is a robust linear as well as nonlinear control system design 

technique with inherent robustness properties against parametric changes, disturbances 

and perturbations etc. Unlike the classical, modern and robust control systems design 

methods this technique is based on the on-off type of control, where the controller 

switches the control direction depending upon the value of a predefined polynomial 

which is a function of the system states and is termed as sliding surface. Due to the nature 

of the controller it is considered as a discontinuous type of control technique and the con-

troller structure is relatively simple to design and implement. It was pioneered by Rus-

sians in the mid of 20th century. Since then it is being actively researched and has been 

applied to numerous diverse control problems. Besides being a control systems tech-

nique, it is also used for the disturbance estimation and rejection. In this chapter this leg-

endary control technique has been described along with examples. Various techniques to 

improve the performance of the SMC, or techniques to overcome the issues related to this 

technique such as chattering, have been critically reviewed. To start with the, next section 

reviews the SMC and its variant known as integral sliding mode control (ISMC). The lat-

er sections of the chapter provide a comprehensive review of the SMC based controller 

design techniques.  

2.1. Sliding Mode Preliminaries 

2.1.1. Sliding Mode Control 

SMC is a variable structure control systems design technique [9-14]. This control scheme 

is inherently robust against parametric changes, external disturbances and matched uncer-

tainties. In SMC the sliding modes are established in some manifold in the systems state 

space. These manifolds are created by the intersection of hyper-planes in the state space 
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of the system and are termed as the switching surface. The sliding mode controller 

switches the control along the sliding surface. The sliding surface eventually brings the 

systems states to the equilibrium point which is usually the origin. Once the system states 

reach the sliding surface the system is considered to have reached the steady state. The 

mathematical formulation of the sliding mode can be given as follows. Consider a non-

linear system with the following mathematical formulation. 

�̇� = 𝑓(𝑥) + 𝑔(𝑥)𝑢. (1)  

where 𝑥 ∈ ℝ𝑛 represents the states, 𝑓(𝑥) ∈ ℝ𝒏 and 𝑔(𝑥) ∈ ℝ𝒏  are the smooth vector 

fields respectively, 𝑢 ∈ ℝ is the control input to the system. A single input single output 

(SISO) system is assumed. The sliding manifold 𝑠(𝑥) can be written as. 

𝑠(𝑥) = 𝑐𝑇𝑥. (2)  

where 𝑐 ∈ ℝ𝑛 defines the sliding surface.  The derivative of equation (2) can be given as. 

�̇�(𝑥) = 𝑐𝑇�̇�,
�̇�(𝑥) = 𝑐𝑇𝑓(𝑥) + 𝑐𝑇𝑔(𝑥)𝑢.

 (3)  

The reaching law is a differential equation that ensures the establishment of the sliding 

mode. The constant rate reaching law (RL) is given as [10, 13]. 

�̇�(𝑥) = −𝑀 𝑠𝑖𝑔𝑛(𝑠(𝑥)). (4)  

Where M is selected in such a manner that the magnitude of uncertainties and perturba-

tions, given by 𝜁, is smaller than the magnitude of the gain term ‘M’. i.e. 𝑀 > |𝜁| > 0.  

From equation (3) and (4) the control law can be deduced as. 

𝑢 = −(𝑐𝑇𝑔(𝑥))−1[𝑐𝑇 .𝑓(𝑥) + 𝑀 𝑠𝑖𝑔𝑛(𝑠(𝑥))] 

𝑢 = −(𝑐𝑇𝑔(𝑥))−1𝑐𝑇 .𝑓(𝑥)���������������
𝐸𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡
𝑐𝑜𝑛𝑡𝑟𝑜𝑙

− (𝑐𝑇𝑔(𝑥))−1𝑀 𝑠𝑖𝑔𝑛(𝑠(𝑥))�����������������
𝐷𝑖𝑠𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 

𝑐𝑜𝑛𝑡𝑟𝑜𝑙

. (5)  

where (𝑐𝑇𝑔(𝑥))−1 ≠ 0, The controller has two parts, the equivalent control and the dis-

continuous control. In the absence of disturbances the equivalent control guarantees con-
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vergence. In practical situations the perturbations and uncertainties etc are always present 

in the system and in such cases the discontinuous control ensures robustness. As depicted 

in Figure 2.1 the sliding surface is a manifold where the sliding mode is established in the 

system state space. Initially the system is not in sliding mode and is said to be in the 

reaching phase (RP). During the RP the control law steers the system states towards the 

sliding manifold. Once the sliding mode is established which occurs when the sliding sur-

face 's' is reached, the system states remain on the sliding surface and the system is 

known to be in the sliding mode (SM). The system while in SM, becomes robust against 

parametric variations, matched uncertainties and external disturbances. 

 

Figure 2.1: Sliding mode in state space 

While in the SM the discontinuous controller switches the control with gain of magnitude 

‘M’ as defined in the equation (4) and (5). The switching phenomenon of the control ac-

tion is termed as chattering [15, 16]. The phenomenon of chattering is the fundamental 

reason behind the robustness properties of the SMC. It has some resemblance with the 

pulse width modulation (PWM). However it is not a PWM signal. The amplitude of the 

chattering equals the discontinuous controller gain 'M' as given in equation (4), and its 

frequency depends upon many factors such as the type of disturbance, model uncertain-

ties, actuator and sensor dynamics etc. In chapter 5 chattering is described in more de-

tails. Although the phenomenon of chattering results in the robustness, it is also harmful 
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in certain class of systems such as mechanical systems because it causes wear of the ac-

tuators and plants. The chattering remedies are discussed in more detail in the later sec-

tions of this chapter in the sequel a simple design example is presented to demonstrate the 

concepts of SMC. 

2.1.1.1. Design Example 

In this example the sliding mode control is applied to the control of a double integrator 

problem. This type of control is commonly used in the satellite antenna positioning sys-

tems where the control objective is to keep the satellite antenna at zero degree position. A 

double integral angular positioning system can be given as.  

�̈� = 𝑢. (6)  

Let 𝑥1 = 𝜃 then equation (6) can be written in state equation form as. 

�̇�1 = 𝑥2, 

�̇�2 = 𝑢. (7)  

The state space representation can be written as . 

�̇� = �0 1
0 0� 𝒙 + �01� 𝑢, 

𝑦 = [1 0]𝑢. (8)  

The sliding surface is defined as.  

𝑠 = 𝑐𝑇𝑥. (9)  

where 𝑐𝑇 = [1   1.5]. The sliding mode controller as given in equation (5) is used. The 

resulting controller can be given as. 

𝑢 = −[0 2/3]𝑥 − 0.75 𝑠𝑖𝑔𝑛(𝑠). (10)  

The overall simulation model is shown in the Figure 2.2.  

The initial conditions for the simulation are 𝑥 = [20   10]𝑇 . The simulation results are 

depicted in Figure 2.3 through Figure 2.5. 
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Figure 2.2. Satellite Antenna position control system. 

 

 

Figure 2.3. State trajectories for the satellite control system  

In Figure 2.3 the system state trajectories are depicted. From the initial conditions [20   

10] the states are converging to the origin in finite time. The controller effort is plotted in 

the Figure 2.4, where the chattering starts once the SM has started. The sliding surface is 

depicted in Figure 2.5. The sliding surface is converging to zero in finite time. 

As described in the above text the SMC is a simple and very effective controller design-

ing scheme and hence finds vast application to diverse control problems. It has been ap-

plied to numerous control problems [17-31]. 

23 
 



 

 

Figure 2.4. Controller effort 

 

Figure 2.5. Sliding surface 

From the Figure 2.1 and Figure 2.4, initially the system is in the RP during which the 

sliding mode control is not robust and may be affected by the parameter variations and 
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disturbances. In order to ensure the robustness during the RP a variant of the SM known 

as integral sliding mode (ISM) may be used. ISM eliminates the RP by enforcing the SM 

from the initial conditions. The next subsection describes the ISM. 

 

2.1.2. Integral Sliding Mode Control 

Let a nonlinear system be described by the following state equation [7, 13]. 

�̇� = 𝑓(𝑥) + 𝐵𝑢 + ℎ(𝑥, 𝑡). (11)  

where x∈ℝn , u∈ℝm
 are the system states, and the input vector respectively and m˂n ,  

f(x) is the nonlinear function of states, B∈ℝn
 represents the input gain having 

rank(B)=m. h(x,t) is the matched uncertainty such that h(x,t)∈span(B) or equivalent-

ly h(x,t)=Buh.  Further it is assumed that h(x,t) is bounded. i.e. h(x,t)≤hmax,i, i=1..n. The 

controller for the ISM can be expressed as. 

𝑢 = 𝑢𝑜 + 𝑢1. (12)  

where uo∈ℝ
m

 is the ideal controller and u1∈ℝ
m is designed to reject the disturbance term 

h(x,t). Using equation (11) and equation (12) the system dynamics can be given as. 

�̇� = 𝑓(𝑥) + 𝐵𝑢𝑜 + 𝐵𝑢1 + ℎ(𝑥, 𝑡).  (13)  

Define the sliding manifold as. 

𝑠 = 𝑠𝑜(𝑥) + 𝑧. (14)  

where so∈ℝ
m, s∈ℝmand z∈ℝm. so(x) is the conventional sliding manifold and may be 

designed using any of the available sliding surface design techniques. The second term z 

introduces the integral term in the sliding surface. Differentiating equation (14) with re-

spect to time as. 

�̇� = �̇�𝑜(𝑥) + �̇�, 

�̇� =
𝜕𝑠𝑜
𝜕𝑥

�̇� + �̇�, 
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�̇� =
𝜕𝑠𝑜
𝜕𝑥

[𝑓(𝑥) + 𝐵𝑢𝑜 + 𝐵𝑢1 + ℎ(𝑥, 𝑡)] + �̇�. (15)  

For the achievement of the ISM, the nominal or ideal plant trajectory xo(t) should be 

equal to the ISM trajectory x(t) or in other word x(t)≡xo(t). In order to achieve this, the 

equivalent control of u1(t) denoted by u1eq(t) should fulfill the following condition. 

𝐵𝑢1𝑒𝑞(𝑡) = −ℎ(𝑥, 𝑡). (16)  

Equivalent control, which is the average value of the discontinuous control gives the ac-

curate description of the system state trajectories along the sliding manifold i.e. when 

s(x)=0. z  can be computed by using equation (16) into equation (15) as. 

�̇� =
𝜕𝑠𝑜
𝜕𝑥

�𝑓(𝑥) + 𝐵𝑢𝑜 + 𝐵𝑢1𝑒𝑞 + ℎ(𝑥, 𝑡)� + �̇�, 

0 =
𝜕𝑠𝑜
𝜕𝑥

[𝑓(𝑥) + 𝐵𝑢𝑜] + �̇�. 

(17)  

Equation (16) holds true if the following condition is satisfied. 

�̇� = −
𝜕𝑠𝑜
𝜕𝑥

[𝑓(𝑥) + 𝐵𝑢𝑜]. (18)  

Where z(0)=−so(x(0)). The initial condition z(0) ensures s=0. Which means the sliding 

mode will exist from the start and is termed as ISM. The dynamics of the system in ISM 

may be expressed as. 

�̇� = 𝑓(𝑥) + 𝐵𝑢𝑜 . (19)  

The system given by equation (19) has no disturbance. i.e. h(x,t) is cancelled out. The 

system thus represents the nominal system. ISM has been successfully applied to many 

control problems worth mentioning are [32-44]. In the next subsection a design example 

is presented to demonstrate the ISM controller design. 
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2.1.2.1. Design Example 

In this design example the ISM is applied on the inverted pendulum problem to demon-

strate the control design using the ISM. Depicted in Figure 2.6. is a cart and inverted 

pendulum system. The inverted pendulum is stabilized at its unstable equilibrium point 

(up right straight) by the motion of the cart.  

 

Figure 2.6. Inverted Pendulum and cart [13]. 

The linearized model of the inverted pendulum model in state space form can be given as 

[13].  

�̇� = 𝐴𝑥 + 𝐵(𝑢 + 𝐹(𝑡)). (20)  

where 𝐴 = �

0 0
0 0

1 0
0 1

0 𝑎32
0 𝑎42

0 0
0 0

�, 𝐵 = �

0
0
𝑏3
𝑏4

�, 𝑥 = �

𝑥
𝛼
�̇�
�̇�
�. The vector x denotes the states of the 

pendulum which are the linear position x and angular position 𝛼. The last two states are 

their respective derivatives. u is the input force and F(t) is the external disturbance. Vari-

ous parameters of the pendulum and cart are given in the Table 1. The terms 𝑎32, 𝑎42, 𝑏3 

and 𝑏4 can be given as.  

𝑎32 = −
3(𝐶 −𝑚𝑔𝑎)
𝑎(4𝑀 + 𝑚) , 
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𝑎42 = −
3(𝑀 + 𝑚)(𝐶 −𝑚𝑔𝑎)

𝑎2𝑚(4𝑀 + 𝑚) , 

𝑏3 =
4

4𝑀 + 𝑚
, 

𝑏4 =
3

4𝑀 + 𝑚
. 

 

Table 1. Inverted pendulum parameters 

Parameter Value 

Mass of cart M 5 kg 

Mass of pendulum, m 1 kg 

Length of pendulum 2a 

a 1 

Spring stiffness between cart 

and pendulum,  C 
1 

 

2.1.2.1.1. ISM controller Design 

The ISM controller is designed in two steps. In the first step the linear controller 𝑢𝑜 is 

designed by using the linear controller design techniques. Let the desired poles of the lin-

ear controller be [-3   -1.8   -1.9   -1.5]. The linear controller is then designed using the 

MATLAB® place command. The controller gains are [-12.2281   241.1542   -25.4574   

91.3432]. The discontinuous controller is designed as.  

𝑢1 = −𝑘 𝑠𝑖𝑔𝑛(𝑠). 

where s is the sliding surface and k is the gain and is selected using the following criteria.  

𝑘 > |𝐹(𝑡)|∞ > 0.  

For this example k=5 is assumed.  
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Figure 2.7. MATLAB® simulation of the inverted pendulum using ISM. 

 

2.1.2.1.2. ISM Sliding Surface Design 

The sliding surface of the ISM is given in equation (14). There are two surfaces. The 

conventional sliding surface 𝑠𝑜 and the integral sliding surface z. The 𝑠𝑜 is designed using 

the Ackermann’s formula [45]. The desired poles of the conventional sliding surface are 

selected as. [-1   -2   -3   -4]. The resulting coefficients of the sliding surface 𝑠𝑜 can be 

given as.  

𝑐𝑇 = [−19.0692  323.2857  − 39.7276  122.9701]. 

The integral sliding surface is designed using equation (18) as. 

 �̇� = −𝑐𝑇[𝐴𝑥 + 𝐵𝑢𝑜]. 

z is obtained through integration. The overall simulation model is represented in the Fig-

ure 2.7 where the dark yellow blocks implement the z, which is the integral sliding sur-

face.  

The simulation results are depicted in the. Figure 2.8 through Figure 2.11. In Figure 2.8 

the states of the pendulum are depicted. The pendulum states start at initial conditions 

x(0)=[0.5  0.2  0  0]T.  All the states become zero after six seconds. Thus the system is 

converging in finite time.  
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Figure 2.8. Pendulum states 

 

Figure 2.9. Controller effort for the Inverter Pendulum 

In Figure 2.9 the controller effort is depicted. The controller effort is the sum of continu-

ous controller and the discontinuous controller. In order to show the chattering the control 

signal is zoomed at t=2.99 seconds. The chattering due to the discontinuous controller is 

evident in the zoomed part of the picture and is responsible for the cancellation of the dis-

turbance signal. The sliding surface s for the ISM is shown in Figure 2.10. It is evident 

from this figure that the RP is eliminated as the system states are on the sliding surface 

from the initial conditions. Thus the resulting system is robust from the initial conditions.  
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Figure 2.10. ISM sliding surface s 

 

 

Figure 2.11. Square wave disturbance signal F(t) 

The disturbance input to the pendulum system is a square wave signal. The ISM control-

ler is cancelling the disturbance which is evident from the states shown in Figure 2.8. 

Having described the ISM in detail another important aspect of the SMC which is the dis-

turbance estimation and rejection is briefly presented. This aspect of the SMC and ISM 

has been demonstrated in the design examples covered so far. However the mathematical 

treatment of the disturbance estimation and rejection is not highlighted. The next section 

tries to explain the disturbance estimation and rejection aspect of SMC. 
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2.1.3. SMC and Disturbance Estimation 

SMC can be used as a disturbance estimation and rejection [14]. Consider the system de-

scribed by following state equations.  

�̇� = 𝑓(𝑥) + 𝐵(𝑢 + 𝑑). (21)  

where d is the disturbance. The sliding surface is defined in equation (2). The sliding 

mode controller is given as.  

𝑢 = −𝑀 𝑠𝑖𝑔𝑛(𝑠). (22)  

Using equation (22) in equation (21) results as.  

�̇� = 𝑓(𝑥) + 𝐵(−𝑀𝑠𝑖𝑔𝑛(𝑠) + 𝑑). (23)  

When the sliding mode is established 𝑥 = 0 and 𝑓(𝑥) = 0, equation (23) can be written 

as. 

0 = 𝐵(−𝑀 𝑠𝑖𝑔𝑛(𝑠) + 𝑑), 

𝑀 𝑠𝑖𝑔𝑛(𝑠) = 𝑑. (24)  

which is the estimate of the disturbance. Thus the chattering after the establishment of the 

sliding mode is equivalent to the disturbance. However as the left hand side of equation 

(24) contains high frequency chattering it has to be passed through a low pass filter to get 

the estimate of the disturbance.  

Having described the SMC, ISMC, the disturbance estimation and rejection aspects of the 

SMC, now an issue related to the SMC which is the phenomenon of chattering is dis-

cussed. The phenomenon of chattering in SMC brings robustness against parameter varia-

tions matched uncertainties and perturbations. Its average value also gives estimate of the 

disturbance. However chattering is also a dangerous phenomenon. It may cause severe 

damage to the actuators in mechanical systems and results in heat losses both in electrical 

systems and mechanical systems. Due to the chattering the application of SMC to a cer-

tain class of systems is not feasible. One example of such systems is the phase locked 

loops (PLL). A PLL is a control system used in the electronic circuits for stabilizing the 
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phase and frequency of the frequency synthesizers. Modern day communication systems 

and digital circuits such as computers and smart phones etc rely a lot on the PLL's. With-

out the PLL's the functioning of these systems is impossible. SMC if used to control such 

systems can cause unacceptable phase and frequency errors due to the chattering. De-

tailed introduction of PLL and its control using SMC is covered in the chapter 6 of this 

thesis. As already mentioned the SMC is a robust control system design technique with 

robustness properties inherently present in the scheme. The robustness is due to the chat-

tering phenomenon, which is considered as an unwanted phenomenon. It can be said that 

the relationship between the chattering and robustness is a direct relationship. If one in-

creases the other also increases. However the first which is the chattering is undesired. 

The robustness which is the consequence of chattering is what the control engineers are 

always seeking. Chattering eradication and its attenuation in the SMC has been a topic of 

research since the inception of this control scheme in early 1950’s. The techniques are 

broadly: (a) The conventional or the first order sliding mode techniques and (b) the high-

er order sliding mode techniques (HOSM) [46-48], which is covered in the forthcoming 

sections and is well known for its simplicity and chattering elimination properties. How-

ever the HOSM may exhibit chattering under certain conditions especially when there are 

fast dynamics or left over dynamics in the system. The first order smooth chattering free 

sliding mode based methods are reviewed in the next Section. 

 

2.2. Smooth Sliding Mode Control 

 Smooth sliding mode control (SSMC) as the name suggests eliminates the chattering 

effect. The resulting control law looses the robustness to some extent however for all 

practical purposes the performance degradation remains within the limits. There are two 

approaches to achieve the SSMC. In the first approach the signum function which is the 

basis of the sliding mode control is replaced by other functions such as saturation func-

tion that results in the formation of boundary layer [4, 49, 50]. In the later approaches 

smooth sliding mode reaching laws are used which either adopt the gain according to cer-

tain predefined rules or the gains are made function of the sliding surface. In the sequel 

these approaches are reviewed.  
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2.2.1. Boundary Layer Approach 

In the boundary layer approach the control action in a certain region around the sliding 

manifold is linear and once the sliding variable enters in that region then there is no 

switching of the control [4, 49, 50] as a result the chattering effects are eliminated. 

Boundary layer approaches always result in the loss of robustness. However for all prac-

tical purposes the loss of robustness is within certain limits. The basic boundary layer 

controller can be given as. 

𝑢 = −𝑘 𝑠𝑎𝑡 �
𝑠
Φ
� , 

𝑠𝑎𝑡 �
𝑠
Φ
� = �

𝑠
Φ

, |𝑠| < Φ

 𝑠𝑖𝑔𝑛(𝑠), |𝑠| ≥ Φ
�. 

(25)  

 

Figure 2.12. Boundary layer control law 

The controller implements the boundary layer when |𝑠| < Φ elsewhere it returns 

𝑠𝑖𝑔𝑛(𝑠). The boundary layer results in the band around the sliding manifold where the 

control law is linear in nature and hence it eradicates the chattering effect. The boundary 

layer representation of the control law is shown in the Figure 2.12. The boundary layer is 

between –Φ and Φ. Inside the boundary layer the controller gain is 𝑠
Φ

 , outside the 

boundary layer the controller gain is equal to k. Another controller that implements the 

boundary layer can be given as [51].  
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𝑢𝐷(𝑡) = 𝐾𝐷
𝑠(𝑡)

|𝑠(𝑡)| + 𝛿
,       𝑤ℎ𝑒𝑟𝑒   0 ≤ 𝛿 < 1. (26)  

where 𝑠(𝑡) is the sliding surface, 𝐾𝐷 is the gain and 𝛿 controls the width and shape of the 

sliding mode boundary. The controller eliminates chattering just like the saturation func-

tion however it also implements the boundary layer therefore losses the robustness. 

2.2.2. Reaching Law Approach to Smooth Sliding Mode Control 

A reaching law is a discontinuous differential equation that governs the sliding mode 

dynamics [52]. In conventional first order sliding mode the reaching law used is given by 

equation (4). The reaching law has constant gain which is selected in such a way that its 

magnitude is greater than the disturbances present in the system. The gain of the reaching 

law causes chattering with amplitude equals the gain. The philosophy used in the smooth 

sliding mode control is to reduce the gain once the RM starts. This can be done if the gain 

of the reaching law is a function of the sliding variable. In the literature a number of 

reaching laws have been proposed. The reaching law for smooth first order sliding mode 

control was pioneered by [10]. The reaching law was termed as power rate reaching law 

and is given as. 

�̇� = −𝑘. |𝑠|𝛼𝑠𝑖𝑔𝑛(𝑠),               0 < 𝛼 < 1. (27)  

where 𝑘 > 0. In equation (27) the gain is a function of the switching surface defined by 

‘s’. It reduces chattering as the system states converge towards the sliding surface. How-

ever the robustness is lost as 𝑠 → 0, mainly due to the diminishing gain. Modified power 

rate reaching law was proposed by [53] as. 

�̇� = −𝜀𝑠𝛼𝑠𝑖𝑔𝑛(𝑠) − 𝑘𝑠𝛽 . (28)  

where 𝜀 > 0 and 𝛼 > 1. 𝑘 > 0, 𝛽 > 1. The law proposed in equation (28) exhibits small-

er reaching phase due to the exponential term added to the original power rate reaching 

law however it also loses robustness as ‘s’ approaches zero.  

In [54] an exponential reaching law has been proposed which can be given as. 
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�̇� = −
𝑘

𝑁(𝑠) . 𝑠𝑖𝑔𝑛(𝑠),   𝑘 > 0, (29)  

𝑁(𝑠) = 𝛿𝑜 + (1 − 𝛿𝑜)𝑒−𝛼|𝑠|𝑝 . (30)  

where 0 < 𝛿𝑜 < 1, 𝛼 > 0 and  𝑝 > 0. The law proposed in equation (29)-(30) uses expo-

nential function in the gain term as a function of the switching surface. The gain term de-

pends upon 𝛿𝑜 , 𝑝 and 𝛼. For 𝛿𝑜 = 1 the exponential term becomes zero and the reaching 

law simply becomes the constant rate reaching law. For 0 < 𝛿𝑜 < 1 the reaching law, has 

exponential gain which increases when the states are away from the surface. Once the 

states reach the sliding surface the gain reduces to 𝑘. The upper limit depends upon the 

initial conditions of the states i.e. s(0) while its lower limit is 𝑘. Thus the gains of the 

reaching law remain within the band � 𝑘, 𝑘
𝑁(𝑠)

�. Due to the variable gain the reaching law 

reduces the reaching phase and is robust to the disturbances and uncertainties. The draw-

backs of this scheme are: (a). Very high gains which can result in the saturation of the 

actuators and (b). the increased computational complexity.  

In [55] was proposed a modified exponential reaching law which tries to overcome the 

drawbacks of the above mentioned reaching law by using saturation function instead of 

the signum function. The modified exponential reaching law can be given as. 

Σ̇ = −𝐾(Σ). 𝑠𝑎𝑡 �
Σ
ϕ
� ,   ∀𝑡,𝐾 > 0, 

where K(Σ) = 𝑑𝑖𝑎𝑔 � 𝑘𝑖
𝑁𝑖(𝑠𝑖)

� ,⋯ (𝑖 = 1,⋯ ,𝑚),  

𝑁𝑖(𝑠𝑖) = 𝛿𝑜𝑖 + (1 − 𝛿𝑜𝑖)𝑒−𝛼𝑖|𝑠𝑖|
𝑝𝑖 . (31)  

where Σ is the vector of sliding variables and ϕ is the width of boundary layer. Due to the 

introduction of saturation function the boundary layer is introduced which eliminates the 

chattering. Robustness is compromised due to the boundary layer. 

In [30] a reaching law for chattering reduction has been proposed which can be given as. 

�̇� = −𝑒𝑞(𝑥1, 𝑠). 𝑠𝑔𝑛(𝑥1, 𝑠), 
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𝑒𝑞(𝑥1, 𝑠) =
𝑘

�𝜀 + �1 + 1
|𝑥1|� − 𝜀� 𝑒−𝛿|𝑠|�

. 
(32)  

Where k>0, 0 < 𝜀 < 1, 𝛿 > 0 and 𝑥1 is the system state. This reaching law provides vari-

able gain and reduces the chattering effect due to the reduced gain. However it also loses 

robustness as 𝑠 → 0. When 𝑠 = 0, the exponential term diminishes and the gain term 

𝑒𝑞(𝑥1, 𝑠) reduces to 𝑘 |𝑥1|
[(1+|𝑥1|)] . This also becomes zero when the state norm |𝑥1| = 0. As a 

result the robustness is compromised. The said reaching law has been applied to the con-

trol of motor speed. A disturbance observer is also proposed in this paper.  

In [56, 57] the authors proposed a novel sliding mode reaching law. The proposed 

reaching law makes use of the Inverse Hyperbolic Function (IHF) as a gain term, with 

sliding surface as its parameter. The proposed reaching law can be given as. 

�̇� = −𝑘. sinh−1(𝑎 + 𝑏. |𝑠(𝑥)|) . 𝑠𝑖𝑔𝑛�𝑠(𝑥)�. (33)  

 Where 𝑠(𝑥) is the sliding surface 𝑎 ≥ 0, 𝑏 > 0 and 𝑘 > 0. The terms 𝑎, 𝑏 and 𝑘 are the 

gains to be tuned for optimal performance. The proposed reaching law is mathematically 

proved to be robust and results in the smooth control action that reduces the chattering 

effect.  

 In [58] proposed a modified reaching law that replaces the signum function with the 

IHF. The proposed novel reaching law can be given as. 

�̇� = −𝑘. sinh−1�𝛽. 𝑠(𝑥)�. (34)  

 Where 𝑠(𝑥) is the sliding surface. The terms  𝛽 > 0 and 𝑘 > 0 are the gains. IHF is a 

monotonic odd function that can act as a switching function and results in varying gain 

during the reaching as well as the sliding phase. In Figure 3.2 the IHF is shown where it 

is plotted by varying ‘s’ between [-100, 100] for various values of  𝛽. The plot shows odd 

nature of the IHF. The function is smooth and continuous at all points and results in the 

chattering eradication. Mathematical proof of the robustness and finite time stability has 

been worked out in this reference. 
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In this subsection the overview of the reaching laws with variable gain has been given. 

All the variable gain reaching laws have gain which is a function of the sliding surface. 

The dynamics of the sliding surface govern the gain and once the surface converges the 

gain is reduced to its minimum value. In the next section Adaptive sliding mode methods 

are presented where the gain is adopted according to the dynamic law. Thus it can be said 

that the Adaptive sliding mode approach is a more mature form of the variable gain 

reaching laws presented in this Section. 

2.3. Adaptive Sliding Mode Techniques 

 Adaptive sliding mode techniques use more complex methods for the adaptation of the 

gain where usually the gain dynamics are governed by a differential equation. The domi-

nant adaptive sliding mode methods are reviewed in this subsection. 

In [59] the Adaptive SMC is introduced where the gain of the SMC is adapted accord-

ing to the magnitude of the disturbances. This results in the minimization of the chatter-

ing phenomenon while the robustness is intact. The control law for the adaptive SMC is 

given as. 

𝑢 = −𝐾(𝑡) 𝑠𝑖𝑔𝑛 �𝜎(𝑥, 𝑡)�, 

�̇� = 𝐾�. |𝜎(𝑥, 𝑡)|, 𝑊ℎ𝑒𝑟𝑒  𝐾� > 0 𝑎𝑛𝑑 𝐾(0) > 0.. (35)  

where 𝜎(𝑥, 𝑡) is the sliding variable. The drawback of this adaptation law is that as 

𝜎(𝑥, 𝑡) → 0 the gain increases and results in the high level of chattering. To overcome 

this problem in [60] a modified adaptive law was proposed as. 

𝑢 = −𝐾(𝑡) 𝑠𝑖𝑔𝑛 �𝜎(𝑥, 𝑡)�, 

𝐾(𝑡) = 𝐾�. |𝜂| + 𝜒, 

𝜏�̇� + 𝜂 = 𝑠𝑖𝑔𝑛�𝜎(𝑥, 𝑡)�. (36)  

where 𝜒 > 0, 𝐾� > 0. The main drawbacks of this adaptation law is that it requires a filter 

to average out the value of  𝜂 which requires tuning the parameter 𝜏. Secondly it requires 

the maximum bound of the disturbance to be known a-priori.  

38 
 



In [61] a new adaptive smooth SMC law is proposed that reduces the chattering by ad-

aptation. The modified adaptive gain SMC can be given as. 

𝑢 = −𝐾(𝑡) 𝑠𝑖𝑔𝑛 �𝜎(𝑥, 𝑡)�, (37)  

where the gain 𝐾(𝑡) is adopted according to the following rules. 

𝐾(𝑡) =
 

 �
�̇� = −𝐾�1. |𝜎(𝑥, 𝑡)|,   𝜎(𝑥, 𝑡) ≠ 0,  𝐾�1 > 0,𝐾(0) > 0
𝐾�2(𝑡). |𝜂| + 𝐾�3, 𝜏 �̇� + 𝜂 = 𝑠𝑖𝑔𝑛�𝜎(𝑥, 𝑡)� ,𝜎(𝑥, 𝑡) = 0� 

(38)  

where 𝐾�2(𝑡) = 𝐾(𝑡∗),𝐾�3 > 0, 𝜏 > 0, 𝑡∗ is the maximum time value. 𝑡∗− is just before 𝑡∗  

where 𝜎(𝑥(𝑡∗−), 𝑡∗−) ≠ 0, and 𝜎(𝑥(𝑡∗), 𝑡∗) = 0. 

The second control law proposed in [61] can be given as. 

�̇� = �𝐾
�|𝜎(𝑥, 𝑡)|. 𝑠𝑖𝑔𝑛(|𝜎(𝑥, 𝑡)| − 𝜖)   𝑖𝑓 𝐾 > 𝜇
𝜇                                                        𝑖𝑓 𝐾 ≤ 𝜇

� (39)  

where 𝐾(0) > 0, 𝐾�(0) > 0, 𝜖 > 0 and 𝜇 > 0. The second adaptive control law keeps the 

minimum gain equal to 𝜇 after the sliding mode is established. 

In [62] the above mentioned adaptive sliding mode methods are applied along with the 

nonlinear sliding surface to control the industrial emulator unit. The results show efficacy 

of the adaptive control methods given in [59-61]. 

In [42] the ISMC and the adaptive gain sliding mode control has been combined. The 

control law may be given as.  

𝑢 = 𝑢𝑛 + 𝑢�𝑠. (40)  

where 𝑢𝑛 is the nominal control and 𝑢�𝑠 is the sliding mode control with gain adaptation, 

that can be written as.  

𝑢�𝑠 = −𝜌�𝑐𝑛−1𝑠𝑎𝑡 �
𝑆(𝑡)
𝜀
�, 

(41)  

The sliding mode controller is based on the saturation function where 𝑆(𝑡) is the sliding 

surface, 𝑐𝑛−1 is a constant term that comes from the model and the gain term 𝜌� is dynam-

ically adopted according to the following control law.  
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𝜌�̇ =
1
𝜆
𝑐𝑛−1|𝑆(𝑡)|. (42)  

where 1
𝜆
 is the learning rate. The proposed reaching law is shown to serve the purpose of 

chattering alleviation and robustness against the disturbances. 

Adaptive sliding mode control schemes are considered robust however they add extra 

complexities into the system. The gain dynamics may result in unpredictable and stability 

problems which are not well addressed in the sliding mode control literature. 

Other approaches for achieving the smooth chattering free SMC is the dynamic sliding 

mode control (DSMC) [63-65]. In DSMC, extra dynamics into the system are introduced 

which are the compensator dynamics, which can reduce the chattering. A possible meth-

od is to introduce low pass filters in the compensator dynamics by adding integrators. 

DSMC is usually implemented on computer based controller platforms. Its continuous 

implementation may result in the heat losses in the continuous type of filters and hence 

may not be very practical. A similar approach to chattering eradication was proposed by 

[66], where the low pass filtration is used to eradicate the chattering. 

This section has described the adaptive sliding mode control. In the previous section the 

variable gain reaching laws which form the SSMC, were discussed. The adaptive and 

SSMC being the techniques popular for the chattering reduction have some limitations 

such as both are not considered robust. In the next section HOSM is presented that is 

considered as robust and eliminates the chattering effect.  

2.4. Higher Order Sliding Mode Control 

HOSM control strategies further reduces the chattering effects at the control inputs as 

described by [46, 47, 67]. Let ‘r’ denote the sliding order of the sliding mode system and 

𝜎 be the sliding variable then HOSM ensures that the r-1 derivatives of the sliding varia-

ble also become zero. Let 𝜎 be the sliding variable then mathematically it can be written 

as. 

𝜎 = �̇� = �̈� = ⋯ = 𝜎(𝑟−1) = 0 (43)  
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Increasing the sliding order reduces the width of the sliding manifold and thus results in 

the reduction of the chattering in the vicinity of the sliding manifold. As a consequence 

the controller effort becomes more and more continuous. As shown in the Figure 2.13 the 

sliding error in 1-SMC is of the order Ο(τ) whereas the error in the 2-SMC is of the order 

Ο(τ2). 

Amongst the HOSM the second order sliding mode control (SOSM) is more popular for 

its ease of implementation and performance. The very first algorithm that used the second 

order sliding mode is the real twisting algorithm proposed by [47]. Real twisting algo-

rithm reduces the chattering effect however it is sensitive to the sampling rate. A lower 

sampling rate may degrade its performance. Another drawback is that the algorithm re-

quires measurement of the derivative of the sliding variable i.e. �̇�. Its measurement accu-

racy may degrade the performance especially in the presence of high levels of the meas-

urement noise. 

The super twisting algorithm is another variant of the second order sliding mode control.  

 

           

Figure 2.13: (a) Left- Sliding Errors (Traditional SMC); (b) Right-Sliding Errors (2-

Sliding) [68] 

It drives both the sliding variable and its derivative to zero in finite time. It does not re-

quire the measurement of �̇�. Also the algorithm is invariant against the sampling rate. 

HOSM is a popular controller design technique due to its simplicity and has been applied 

to numerous control problems worth mentioning here are [33, 69-72]. In [73, 74] variable 
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gain super twisting algorithm was proposed. It has properties similar to that of the first 

order sliding mode with chattering alleviation. The proposed algorithms, provides smaller 

transients low chattering and has been experimentally tested on the spring mass damper 

systems. Although the HOSM reduces the chattering, it may result in chattering due to 

the un-modeled fast dynamics as described by [75]. Smooth sliding mode control which 

eliminates the chattering is covered in the next section.  

 

2.4.1. Smooth Higher Order Sliding Mode Techniques 

HOSM and conventional smooth SM as discussed in the above text significantly re-

duce the chattering effect. The conventional smooth sliding mode is in general not robust. 

The HOSM especially the second order sliding mode is considered robust however as 

discussed by [76, 77] in the presence of un-modeled fast dynamics  the HOSM may result 

in chattering. Smooth second order sliding mode (SSOSM) controller as proposed by [77] 

can be given as: 

𝑢 = −𝜆|𝜎|2 3�  𝑠𝑖𝑔𝑛(𝜎) + 𝑢1, 

�̇�1 = −𝛼|𝜎|1 3 �  𝑠𝑖𝑔𝑛(𝜎). (44)  

where the parameters are: 𝜆 > 0, 𝛼 > 0 and 𝜎 is the sliding surface. The control law has 

variable gain which is a function of the sliding surface and hence smoothes down the 

chattering as the states converge. However in the presence of the un-modeled fast dynam-

ics and disturbances the control law will lose robustness. In this case a disturbance ob-

server based on robust exact differentiator proposed by [78] may be used to cancel the 

disturbances. The resulting control will be robust and chatter free. 

SSOSM was extended to the relative degree 2 systems by [68, 79]. Robust exact dif-

ferentiator was used for cancelling the drift term. The SSOSM control law can be derived 

as follows. consider a SISO system with sliding dynamics of the second order can be ex-

pressed as. 

�̈� = 𝑓(𝜎, �̇�, 𝑡) + 𝑢. (45)  
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where 𝜎 ∈ ℝ, and 𝑓(𝜎, �̇�, 𝑡) < 𝐿 ∈ ℝ, and is smooth uncertain function. The states of the 

system are known and 𝑓(𝜎, �̇�, 𝑡) may be estimated by using the disturbance estimator. 

Let  𝑓(𝜎, �̇�, 𝑡) be the estimate and assuming that 𝑓(𝜎, �̇�, 𝑡) − 𝑓(𝜎, �̇�, 𝑡) = 0, which means 

that the estimates are exact. By using the estimate in the control input u to cancel the drift 

term. The (45) reduces as. 

�̈� = 𝑢. (46)  

In state space representation (46) can be written by using two states, 𝜎0 = 𝜎, 𝜎1 = �̇�. The 

smooth control law can be given as.  

𝑢 = −𝑘1|𝜎0|(𝑝−1) 𝑝⁄  𝑠𝑖𝑔𝑛(𝜎0) − 𝑘2|𝜎1|(𝑝−2) (𝑝−1)⁄  𝑠𝑖𝑔𝑛(𝜎1). (47)  

where 𝑘1,  𝑘2 > 0, and 𝑝 ≥ 2. The disturbance or the uncertain term may be estimated by 

using the robust exact differentiator [78].  

The SSOSM eliminates the chattering effect at the cost of robustness. Other draw-backs 

are: (a) the increased complexity of the system due to the disturbance estimation and can-

cellation, (b) the convergence of the system is slower and takes more time to compute the 

derivatives by using the robust exact differentiator.  

Smooth integral sliding mode control was proposed by [80, 81], where the discontinuous 

control law of the traditional ISM is replaced by the super-twisting algorithm [48], result-

ing in the better disturbance estimation and chattering reduction. The smooth integral 

sliding mode with super-twisting algorithm is mathematically formulated in the following 

text. Let a nonlinear system with matched disturbance be described as. 

𝑥1̇ = 𝑥2, 

𝑥2̇ = 𝑢 + 𝑑. (48)  

where u is the control input and d is the matched disturbance respectively. u can be given 

as. 

𝑢 = 𝑢𝑛𝑜𝑚𝑖𝑛𝑎𝑙 + 𝑢𝑑𝑖𝑠𝑐𝑜𝑛. (49)  

where 𝑢𝑛𝑜𝑚𝑖𝑛𝑎𝑙 represents the nominal control and is expressed as.  
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𝑢 = −𝑘1|𝑥1|
1
3 𝑠𝑖𝑔𝑛(𝑥1) − 𝑘2|𝑥2|

1
2 𝑠𝑖𝑔𝑛(𝑥2). (50)  

 𝑢𝑑𝑖𝑠𝑐𝑜𝑛 is based on the super-twisting algorithm and is expressed as. 

𝑢𝑆𝑇𝐶 = −𝑘4|𝑠|
1
2 𝑠𝑖𝑔𝑛(𝑠) + 𝑣, 

�̇� = −𝑘5𝑠𝑖𝑔𝑛 (𝑠). (51)  

The values of 𝑘4,  𝑘5 are appropriately chosen. The results show good disturbance cancel-

lation and chattering elimination.  

2.5. Summary 

This Chapter provided a review of the SMC preliminaries covering the SMC, ISMC, 

along with disturbance estimation and rejection techniques. Chattering elimination tech-

niques such as boundary layer methods, SSMC, Adaptive SMC, HOSM and SSOSM 

have been described in detail. A review of the SSMC where various reaching laws that 

are proposed recently for the variable gain SMC to eradicate the chattering have been re-

viewed. Recent work done in the SMC, ISMC and its application to the diverse control 

problems has been highlighted. In the next Chapter the novel smooth sliding mode con-

trol scheme is covered.  
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Chapter 3  
 

 Inverse Hyperbolic Function as a Reaching 

Law 
 

Smooth sliding mode control results in the smooth control action primarily due to the 

boundary layer formation around the sliding manifold. In the previous chapter the smooth 

sliding mode reaching laws and the ensuing control has been reviewed. In this chapter a 

novel smooth sliding mode control is described in detail. The motivation for the new con-

trol law is to formulate a chattering free control law that results in the smoother control 

action and is robust. The power rate reaching law [10] which is the foundation of the 

smooth sliding mode control losses robustness once the sliding surface is reached due to 

the gain being the function of the sliding surface. The proposed reaching law addresses 

the robustness issues. The proposed reaching law is based on the inverse hyperbolic func-

tion (IHF) and is robust against the parameter variations and disturbances. It is continu-

ous and is differentiable and eliminates the chattering effects by forming a variable width 

boundary layer which is a function of the sliding variable. Its boundary layer may be 

shaped with the help of its parameters as described later in the chapter as a result it acts as 

a low pass filter and results in the eradication of the chattering effect. Second motivation 

for the proposed reaching law is a class of nonlinear systems known as PLL’s, which are 

used for the phase and frequency tracking in many diverse engineering applications such 

as communications systems, power electronics and computer products where the accura-

cy of the phase and frequency of oscillations are very critical. The chattering effects pre-

sent in the conventional sliding mode may result in the poor performance of such sys-

tems. Thus the smooth robust sliding mode control law is an excellent candidate for such 

system. The next section describes the proposed reaching law based control scheme. 
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3.1. Smooth Sliding Mode Control using IHF 

Let a nonlinear system be described by the following state equations [56, 58]. 

�̇� = 𝑓(𝑥) + 𝑔(𝑥)𝑢. (52)  

where 𝑥 ∈ ℝ𝑛 is the system states vector, 𝑓(𝑥) ∈ ℝ𝒏 and 𝑔(𝑥) ∈ ℝ𝒏,  are the nonlinear 

functions of system states and input respectively, 𝑢 ∈ ℝ. For the sake of simplicity SISO 

system is assumed. The switching surface 𝑠(𝑥) is defined as. 

𝑠(𝑥) = 𝑐𝑇𝑥 (53)  

where 𝑐𝑇 = [𝑐1 𝑐2 … 𝑐𝑛] are the coefficients of the sliding surface.  The time derivative of 

the switching function is given as: 

�̇�(𝑥) = 𝑐𝑇�̇�, 

�̇�(𝑥) = 𝑐𝑇𝑓(𝑥) + 𝑐𝑇𝑔(𝑥)𝑢. (54)  

The reaching law is defined as: 

�̇�(𝑥) = −𝑘 𝑠𝑖𝑔𝑛�𝑠(𝑥)�. (55)  

By using equation (54) and equation (55) the controller can be deduced as. 

𝑐𝑇𝑓(𝑥) + 𝑐𝑇𝑔(𝑥)𝑢 = −𝑘 𝑠𝑖𝑔𝑛�𝑠(𝑥)�, 

𝑢 = −(𝑐𝑇𝑔(𝑥))−1[𝑐𝑇 .𝑓(𝑥) + 𝑀 𝑠𝑖𝑔𝑛(𝑠)]. (56)  

Assumption: (𝑐𝑇𝑔(𝑥))−1 ≠ 0. The sliding surface is designed to ensure that this condi-

tion is fulfilled. 

The reaching law given in equation (55) is a conventional reaching law that results in the 

chattering. For smooth control action a smooth continuous type reaching law is proposed 

and is described in the next subsection. 

3.1.1. Proposed Reaching Law for the Smooth Sliding Mode Control. 

The proposed reaching law for the smooth sliding mode control can be given as. 
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�̇� = −𝑘. sinh−1(𝛼 + 𝛽. |𝑠(𝑥)|) . 𝑠𝑖𝑔𝑛(𝑠(𝑥)) (57)  

where k∈ℝ,  k>0, α  ∈ℝ,  α  ≥0, 𝛽 ∈ ℝ,𝛽 > 0, |s(x)| ∈ ℝ  ,  when a single input single 

output (SISO) system is assumed. For multi input multi output (MIMO) systems, 

k∈ℝm×m, ki,i>0, and 𝛽 ∈ ℝm×m,βi,i > 0 are block diagonal matrices. α∈ℝm×1
, α i,i≥0, 

i=1..m. 𝑠(𝑥) ∈ ℝm×1 and  |𝑠(𝑥)| ∈ ℝm×1 are vectors. By using (54) and (57) the control 

law can be formulated as. 

𝑐𝑇𝑓(𝑥) + 𝑐𝑇𝑔(𝑥)𝑢 = −𝑘. sinh−1(𝛼 + 𝛽. |𝑠(𝑥)|) . 𝑠𝑖𝑔𝑛�𝑠(𝑥)�, 

𝑐𝑇𝑔(𝑥)𝑢 = −𝑐𝑇𝑓(𝑥) − 𝑘. sinh−1(𝛼 + 𝛽. |𝑠(𝑥)|) . 𝑠𝑖𝑔𝑛�𝑠(𝑥)�, 

𝑢 = −(𝑐𝑇𝑔(𝑥))−1�𝑐𝑇𝑓(𝑥) + 𝑘. sinh−1(𝛼 + 𝛽. |𝑠(𝑥)|) . 𝑠𝑖𝑔𝑛�𝑠(𝑥)��, 

𝑢 = −(𝑐𝑇𝑔(𝑥))−1𝑐𝑇𝑓(𝑥)−�𝑐𝑇𝑔(𝑥)�
−1
𝑘. sinh−1(𝛼 + 𝛽. |𝑠(𝑥)|) . 𝑠𝑖𝑔𝑛�𝑠(𝑥)�. (58)  

where 𝑢𝑒𝑞 = −(𝑐𝑇𝑔(𝑥))−1𝑐𝑇𝑓(𝑥), and the discontinuous controller can be given as.  

𝑢𝑑 = −(𝑐𝑇𝑔(𝑥))−1𝑘. sinh−1(𝛼 + 𝛽. |𝑠(𝑥)|) . 𝑠𝑖𝑔𝑛�𝑠(𝑥)�. (59)  

Assumption: (𝑐𝑇𝑔(𝑥)) ≠ 0, |(𝑐𝑇𝑔(𝑥))| ≤ 𝑁, 𝑁 > 0. 

3.1.2. Stability Analysis 

The stability of the proposed reaching law can be proved with the help of Lyapunov 

method. The Lyapunov function is defined as.  

𝑉 =
1
2
𝑠2. (60)  

Differentiating equation (60) w.r.t time and using equation (52)-(54) and equation (57). 

�̇� = 𝑠�̇�, 

�̇� = 𝑠𝑐𝑇𝑥,̇  

�̇� = 𝑠𝑐𝑇[𝑓(𝑥) + 𝑔(𝑥)𝑢], 

�̇� = 𝑠𝑐𝑇 �𝑓(𝑥) − 𝑔(𝑥)�𝑐𝑇𝑔(𝑥)�
−1
𝑘. sinh−1(𝛼 + 𝛽. |𝑠(𝑥)|) . 𝑠𝑖𝑔𝑛�𝑠(𝑥)�� , 

�̇� = 𝑠𝑐𝑇𝑓(𝑥) − 𝑠�(𝑐𝑇𝑔(𝑥)��𝑐𝑇𝑔(𝑥)�
−1
𝑘. sinh−1(𝛼 + 𝛽. |𝑠(𝑥)|) . 𝑠𝑖𝑔𝑛�𝑠(𝑥)�, 

�̇� = 𝑠𝑐𝑇𝑓(𝑥) − 𝑠𝑘. sinh−1(𝛼 + 𝛽. |𝑠(𝑥)|) . 𝑠𝑖𝑔𝑛�𝑠(𝑥)�, 

47 
 



�̇� = 𝑠𝑐𝑇𝑓(𝑥) − 𝑠 𝑘 𝜂(𝛼,𝛽𝑠) 𝑠𝑖𝑔𝑛�𝑠(𝑥)�,   𝑤ℎ𝑒𝑟𝑒 𝜂(𝛼,𝛽𝑠) = sinh−1(𝛼 + 𝛽|𝑠(𝑥)|) , 

�̇� = 𝑠𝑐𝑇𝑓(𝑥) −  𝑘 𝜂(𝛼,𝛽𝑠)|𝑠|, 

�̇� < 0 if 𝑘 𝜂(𝛼,𝛽𝑠)|𝑠| > 𝑠𝑐𝑇𝑓(𝑥).  (61)  

3.1.3. Robustness 

Sliding Mode Control is considered robust against parameter variations and matched un-

certainties. Here the performance of the proposed reaching law is evaluated in the pres-

ence of matched uncertainties and parameter variations. Consider the nonlinear system 

represented by equation (52). It is assumed that 𝑓(𝑥) contains matched uncertainties and 

parameter variations. Let 𝑓(𝑥) represent the estimate of the 𝑓(𝑥) as given in [4]. The 

sliding surface is defined by equation (53) and the reaching law is given by equation (57). 

Using equation (52)-(54) and equation (57) the control law for the uncertain system is 

given as: 

𝑢� = −(𝑐𝑇𝑔�(𝑥))−1�𝑐𝑇𝑓(𝑥) + 𝑘. sinh−1(𝛼 + 𝛽|𝑠(𝑥)|) . 𝑠𝑖𝑔𝑛(𝑠)�. (62)  

Using the control law specified in (62) the sliding dynamics can be expressed as. 

�̇� = 𝑐𝑇𝑓(𝑥) − 𝑐𝑇𝑔�(𝑐𝑇𝑔�)−1�𝑐𝑇𝑓(𝑥) + 𝑘. sinh−1( 𝛼 + 𝛽|𝑠(𝑥)|). 𝑠𝑖𝑔𝑛�𝑠(𝑥)���, 

�̇�𝑠 = 𝑐𝑇𝑓(𝑥). 𝑠 − 𝑐𝑇𝑔�(𝑐𝑇𝑔�)−1�𝑐𝑇𝑓(𝑥) + 𝑘. sinh−1( 𝛼 + 𝛽|𝑠(𝑥)|). 𝑠𝑖𝑔𝑛�𝑠(𝑥)���. 𝑠, 

For Robustnes performance �̇�𝑠 < 0, 

𝑐𝑇𝑓(𝑥)𝑠 − 𝑐𝑇𝑔(𝑐𝑇𝑔�)−1𝑐𝑇𝑓(𝑥)𝑠 – 𝑐𝑇𝑔(𝑐𝑇𝑔�)−1𝑘. sinh−1( 𝛼 + 𝛽|𝑠(𝑥)|) |𝑠|  < 0, 

𝑐𝑇𝑓(𝑥)𝑠 − 𝑐𝑇𝑔(𝑐𝑇𝑔�)−1𝑐𝑇𝑓(𝑥)𝑠 < 𝑐𝑇𝑔(𝑐𝑇𝑔�)−1 𝑘. sinh−1( 𝛼 + 𝛽|𝑠(𝑥)|) |𝑠|, 

Let 𝐿 = 𝑘. sinh−1(𝛼 + 𝛽|𝑠(𝑥)|) and 𝑐𝑇𝑔 = 𝐵, 𝑐𝑇𝑔� = 𝐵�  where  𝐵 ∈ ℝ and 𝐵� ∈ ℝ, 

𝑐𝑇𝑓(𝑥)𝑠 − 𝐵𝐵�−1𝑐𝑇𝑓(𝑥)𝑠 < 𝐵𝐵�−1 𝐿 |𝑠|,  

Let  𝐵𝐵�−1 = 𝛾, where  𝛾 ∈ ℝ, 

𝑐𝑇𝑓(𝑥)𝑠 − 𝛾𝑐𝑇𝑓(𝑥)𝑠 < 𝛾 𝐿 |𝑠|, 

𝐿 > �𝑐
𝑇𝑓(𝑥)
𝛾

− 𝑐𝑇𝑓(𝑥)�,  Define 𝜌 = 1
𝛾
 where 𝛼 ∈ ℝ, 
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𝐿 > �𝑐𝑇�𝜌𝑓(𝑥) − 𝑓(𝑥)��. (63)  

Where 𝜌 > 0,∝∈ ℝ. Let the maximum error be given as: 

𝐻𝑚𝑎𝑥 =
𝑆𝑢𝑝
𝑡
�𝑐𝑇 �𝜌𝑓(𝑥) − 𝑓(𝑥)�� (64)  

Using equation (64) the convergence condition can be stated as. 

𝐿 > 𝐻𝑚𝑎𝑥 (65)  

3.1.4. Performance of Hyperbolic Reaching Law 

A good metric for the performance of the reaching law is the time it takes to enter the 

sliding mode from the reaching mode. For this purpose equation (57) is integrated with 

respect to time as: 

𝑑𝑠
 sinh−1(𝛼 + 𝛽|𝑠(𝑥)|) = −𝑘 𝑠𝑖𝑔𝑛(𝑠)𝑑𝑡, 

1
𝑘
�

𝑠𝑖𝑔𝑛(𝑠)
 sinh−1(𝛼 + 𝛽|𝑠(𝑥)|)𝑑𝑠 = � 𝑑𝜏

𝑡𝑠

0

𝑠(0)

0
. (66)  

In equation (66) the 𝑠𝑖𝑔𝑛(𝑠) can be either positive or negative. 

CASE 1: 𝒔𝒊𝒈𝒏(𝒔) < 0 

1
𝑘
�

𝑠𝑖𝑔𝑛(𝑠)𝑑𝑠
 sinh−1(𝛼 + 𝛽|𝑠(𝑥)|)

𝑠(0)

0
= � 𝑑𝜏

𝑡𝑠

0
, 

 −
1
𝑘
�

𝑑𝑠
 sinh−1(𝛼 + 𝛽|𝑠(𝑥)|)

𝑠(0)

0
= � 𝑑𝜏

𝑡𝑠

0
, 

1
𝑘
�

𝑑𝑠
 sinh−1(𝛼 + 𝛽|𝑠(𝑥)|)

−𝑠(0)

0
= � 𝑑𝜏

𝑡𝑠

0
. (67)  

 

CASE 2: 𝒔𝒊𝒈𝒏(𝒔) > 0 

In this case the L.H.S of equation (66) can be evaluated as. 
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1
𝑘
�

𝑠𝑖𝑔𝑛(𝑠)𝑑𝑠
 sinh−1(𝛼 + 𝛽|𝑠(𝑥)|)

𝑠(0)

0
= � 𝑑𝜏

𝑡𝑠

0
, 

1
𝑘
�

𝑑𝑠
 sinh−1(𝛼 + 𝛽|𝑠(𝑥)|)

𝑠(0)

0
= � 𝑑𝜏

𝑡𝑠

0
. (68)  

Combining equation (67)and equation (68) the reaching time can be given as: 

1
𝑘
�

𝑑𝑠
 sinh−1(𝛼 + 𝛽|𝑠(𝑥)|)

|𝑠(0)|

0
= � 𝑑𝜏

𝑡𝑠

0
 (69)  

Equation (69) has no trivial solution in this form. It can be solved in two ways. In the first 

method it was solved symbolically using Mathematica®. The resulting time is expressed 

as. 

𝑡𝑠 =
1
𝑘.𝛽

[𝐶𝑜𝑠ℎ𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙(𝐴𝑟𝑐𝑆𝑖𝑛ℎ(𝛼 + 𝛽|𝑠(0)|))

− 𝐶𝑜𝑠ℎ𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙(𝐴𝑟𝑐𝑆𝑖𝑛ℎ(𝛼))] 

(70)  

For 𝛼 = 1and 𝛽 = 1, equation (70) reduces as. 

𝑡𝑠 =
1
𝑘
�𝐶𝑜𝑠ℎ𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙�𝐴𝑟𝑐𝑆𝑖𝑛ℎ(1 + |𝑠(0)|)� −  0.651542� (71)  

The CoshIntegral is defined as. 

𝐶𝑜𝑠ℎ𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙(𝑧) = 𝛾 + log𝑒(𝑧) = �
(cosh(𝑡) − 1) 

𝑡
𝑑𝑡.

𝑧

0
 

(72)  

In the second method the solution of equation (69) can be made by assuming |𝑠(𝑥)| ≈

|𝑠(0)|. Under this assumption equation (69) can be written as. 

 

1
𝑘
�

𝑑𝑠
 sinh−1(𝛼 + 𝛽|𝑠(0)|)

|𝑠(0)|

0
= � 𝑑𝜏,

𝑡𝑠

0
 

1
𝑘 sinh−1(𝛼 + 𝛽|𝑠(0)|)� 𝑑𝑠

|𝑠(0)|

0
= � 𝑑𝜏,

𝑡𝑠

0
 

𝑡𝑠 =
|𝑠(0)|

𝑘 sinh−1(𝛼 + 𝛽|𝑠(0)|). (73)  
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Figure 3.1. Reaching time for the proposed reaching law 

When (𝛼 + 𝛽|𝑠(0)|) ≪ 1 then sinh−1(𝛼 + 𝛽|𝑠(0)|) ≈ (𝛼 + 𝛽|𝑠(0)|) in this case equa-

tion (73) can be written as. 

𝑡𝑠 =
|𝑠(0)|

𝑘(𝛼 + 𝛽|𝑠(0)|). (74)  

This reaching time is comparable to the reaching time given by the constant rate reaching 

law [10].  

3.1.5. Simplification 

The reaching law proposed in the previous section provides reduction in the reaching 

time and also results in the reduced chattering. However For α>0 ,  β>0 and so→0 , 

equation (57) can be written as. 

𝑢𝑑 = −𝑘. sinh−1(𝛼) . sign�𝑠(𝑥)�. (75)  

The resulting controller represents the constant gain reaching law where gain represented 

by 𝑘. sinh−1(𝛼). However when α=0 ,  β>0 the control law can be given as.  

𝑢𝑑 = −𝐾. sinh−1(𝛽|𝑠(𝑥)|) sign�𝑠(𝑥)�. (76)  
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Figure 3.2. Inverse hyperbolic function plotted for different values of β 

 

Proposition 1: If f(x) is a real continuous function then it may be expressed as. 

𝑓(𝑥) = |𝑓(𝑥)|𝑠𝑖𝑔𝑛�𝑓(𝑥)�. (77)  

Proof: The proposition can be trivially proved by using mathematical induction. 

By using Proposition 1, equation (75) can be reduced as. 

𝑢𝑑 = −𝐾. sinh−1(𝛽𝑠(𝑥) ). (78)  

The controller given by equation (78) is a computationally more efficient implementation 

as the signum function has been eliminated. The resulting controller implements the 

boundary layer around the sliding manifold which is proved in Chapter 5. The width of 

the boundary layer can be controlled by the parameter 𝛽. As the value of β is increased 

the shape of the IHF tends to be more and more like the signum function which is due to 

the fact that the width of boundary layer reduces with increase of β . The second parame-

ter K acts as a scale factor. Thus the parameter β controls the shape of the switching func-

tion and K acts as a scaling factor. The resulting controller is plotted in Figure 3.2. 
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3.1.6. Simulation 

Consider the example of a Pendulum system as described in [9]. The state space form of 

the Pendulum is given as: 

𝑥1̇(𝑡) = 𝑥2(𝑡), 

𝑥2̇(𝑡) = −𝑎2𝑥2(𝑡) − 𝑎1𝜉(𝑡)𝑥1(𝑡) + 𝑢(𝑡). (79)  

Define the switching surface as.  

𝑠(𝑡) = 𝑚𝑥1(𝑡) + 𝑥2(𝑡)
�̇�(𝑡) = 𝑚𝑥2(𝑡) + �̇�2(𝑡) (80)  

Substituting �̇�2(𝑡) from equation (79) and using equation (59) the control input can be 

given as. 

𝑢(𝑡) = −𝑘. sinh−1(𝛼 + |𝑠(𝑡)|) . 𝑠𝑖𝑔𝑛�𝑠(𝑡)� + 𝑎2𝑥2(𝑡) + 𝑎1𝜉(𝑡)𝑥1(𝑡)

−𝑚𝑥2(𝑡). 

(81)  

Assuming that ‖𝜉(𝑡)‖ ≤ 𝑀  ∀ 𝑡, equation (81) can be written as. 

𝑢(𝑡) = −𝑘. sinh−1(𝑎 + |𝑠(𝑥)|) . 𝑠𝑖𝑔𝑛�𝑠(𝑥)� + 𝑎2𝑥2(𝑡) + 𝑎1𝑀𝑥1(𝑡)

−𝑚𝑥2(𝑡). 

(82)  

 

Figure 3.3. (a) Upper State Convergence for the proposed reaching law. (b) Lower. State 

convergence using simple switching control law 
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Figure 3.4: (a) Upper: Controller Effort for Proposed Reaching Law. (b) Controller Effort 

using simple switching control law 

 

Figure 3.5. Sliding surface (a) Upper. sliding surface of proposed control law. (b) Lower. 

Sliding surface of the conventional control law. 

The system was simulated using Simulink®. Initial conditions are assumed to be [1,-1]. 

The simulation parameters are as: 𝑎1 = 0.25, 𝑎2 = 0.1, m=5, M=5 and  b=1. The results 

are shown in Figure 3.3 through Figure 3.6. The simulation compared the conventional 

sliding mode scheme and the proposed novel reaching law based sliding mode scheme. In 

Figure 3.3 the pendulum states are depicted. The state regulation is evident in both the 
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cases. Figure 3.4 shows the control effort. It is clearly visible that the proposed reaching 

law eliminates the chattering effect. In Figure 3.5 the sliding surface for the proposed 

controller and the conventional sliding mode are depicted. The sliding surface in both the 

cases is converging to the equilibrium point. However there is some chattering observed 

in the sliding surface of the conventional reaching law whereas in the case of proposed 

controller there is no chattering observed. 

 

Figure 3.6: Sinusoidal Disturbance 

Figure 3.6 shows the sinusoidal disturbance 𝜉(𝑡)  which is added to the model. This is a 

sinusoidal disturbance having amplitude equal to 5. The disturbance is a matched disturb-

ance as it is added through the input channel. This type of disturbance can be easily can-

celled by the help of sliding mode controller with sufficient gain. The results depicted 

show cancellation of the disturbance.  

3.2. Summary 

In this chapter a novel smooth sliding mode control law which is based on the inverse 

hyperbolic function has been described. The proposed reaching law removes the chatter-

ing effects and results in the smooth control action. The stability of the said law is proved 

with the help of Lyapunov’s method, where the general stability and the minimum gain 

required to maintain the robustness are formulated. Relationship for the reaching time has 
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also been formulated. The robustness against external disturbances and smooth control 

action has been demonstrated with the help of simulation.  

In the next chapter smooth ISM has been discussed where the primary achievements are 

the smooth control action, robustness from the initial conditions and disturbance estima-

tion and cancellation by using ISM. 
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Chapter 4  
 

 Smooth Integral Sliding Mode Control 
 

Integral sliding mode control is unique in the sense that it has no reaching phase. The 

sliding mode starts from the initial conditions and the resulting system is robust from the 

start. Integral sliding mode also has the intrinsic ability for the disturbance estimation and 

rejection. However the phenomenon of chattering that is inherently present in the SM is 

also present in the ISM and may cause severe damages especially in mechanical systems. 

In this chapter a smooth chattering free integral sliding mode control (SISMC) has been 

proposed by using the novel controller described in the previous chapter. It results in the 

smooth control action at the plant input along with the chatter free disturbance estimates. 

It uses two different surfaces. The first surface is the traditional sliding surface where as 

the second surface is the integral sliding surface that rejects the disturbances. It also gives 

the estimates of the disturbance. The next section describes the SISMC based on the nov-

el controller. 

4.1. Smooth Integral Sliding Mode  

Integral sliding mode has been reviewed in Section 2.1.2. Consider a non linear system 

described by following state equations.  

�̇� = 𝑓(𝑥) + 𝐵𝑢 + ℎ(𝑥, 𝑡). (83)  

where 𝑓(𝑥), and 𝐵 are the system states and input gains vector respectively with appro-

priate dimensions, ℎ(𝑥, 𝑡) is the matched disturbance and is defined as. 

ℎ(𝑥, 𝑡) = 𝐵𝑢ℎ. (84)  

Where 𝑢ℎ is the disturbance input. The sliding surface is defined as  
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𝑠 = 𝑠𝑜(𝑥) + 𝑧. (85)  

ISM controller is defined as. 

𝑢 = 𝑢𝑜 + 𝑢1. (86)  

where 𝑢𝑜 is the conventional controller that may be designed using the pole placement 

technique, LQR or by using Ackerman formula [45]. 𝑢1 denotes the discontinuous con-

troller as given in equation (5). The discontinuous controller in this work is replaced by 

the proposed controller as defined in equation (78) and is reproduced here as. 

𝑢1 = −𝐾. 𝑠𝑖𝑛ℎ−1(𝛽𝑠(𝑥)). (87)  

4.1.1. Stability Analysis 

Using the Lyapunov's method the candidate Lyapunov function is written as: 

𝑉 =
1
2
𝑠𝑇𝑃−1𝑠. (88)  

where 𝑃−1 = �𝜕𝑠𝑜
𝜕𝑥
𝐵�

−1
is a positive definite matrix. Differentiating equation (88) with 

respect to time and by using equation (11)-(15), �̇� can be given as. 

�̇� = 𝑠𝑇𝑃−1�̇�, 

�̇� = 𝑠𝑇𝑃−1[�̇�𝑜(𝑥) + �̇�], 

�̇� = 𝑠𝑇𝑃−1 �
𝜕𝑠𝑜
𝜕𝑥

 �̇� −
𝜕𝑠𝑜
𝜕𝑥

[𝑓(𝑥) + 𝐵𝑢𝑜]�, 
(89)  

Simplifying equation (89) by using equation (11)-(15) results as: 

�̇� = 𝑠𝑇𝑃−1 �
𝜕𝑠𝑜
𝜕𝑥

[𝑓(𝑥) + 𝐵𝑢 + ℎ(𝑥, 𝑡)] –
𝜕𝑠𝑜
𝜕𝑥

[𝑓(𝑥) + 𝐵𝑢𝑜]�, 

�̇� = 𝑠𝑇𝑃−1 �
𝜕𝑠𝑜
𝜕𝑥

[𝑓(𝑥) + 𝐵𝑢𝑜 + 𝐵𝑢1 + ℎ(𝑥, 𝑡)] –
𝜕𝑠𝑜
𝜕𝑥

[𝑓(𝑥) + 𝐵𝑢𝑜]� , 
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�̇� = 𝑠𝑇𝑃−1 �
𝜕𝑠𝑜
𝜕𝑥

[𝑓(𝑥) + 𝐵𝑢𝑜]  +
𝜕𝑠𝑜
𝜕𝑥

𝐵𝑢1 +
𝜕𝑠𝑜
𝜕𝑥

ℎ(𝑥, 𝑡)–
𝜕𝑠𝑜
𝜕𝑥

[𝑓(𝑥) + 𝐵𝑢𝑜]�, 

�̇� = 𝑠𝑇𝑃−1 �
𝜕𝑠𝑜
𝜕𝑥

𝐵𝑢1 +
𝜕𝑠𝑜
𝜕𝑥

ℎ(𝑥, 𝑡)�, (90)  

Where equation (90) is achieved by the cancellation of 𝜕𝑠𝑜
𝜕𝑥

[𝑓(𝑥) + 𝐵𝑢𝑜] terms. Using the 

discontinuous control law given in equation (87) and using h(x,t)=Buh results as. 

�̇� = 𝑠𝑇𝑃−1 �−
𝜕𝑠𝑜
𝜕𝑥

𝐵𝑘𝑠𝑖𝑛ℎ−1�𝛽𝑠(𝑥)� +
𝜕𝑠𝑜
𝜕𝑥

𝐵𝑢ℎ�, (91)  

Put 𝑃 = 𝜕𝑠𝑜
𝜕𝑥
𝐵, 

�̇� = 𝑠𝑇𝑃−1�−𝑃𝑘𝑠𝑖𝑛ℎ−1�𝛽𝑠(𝑥)� + 𝑃𝑢ℎ�, (92)  

Let 𝑠𝑖𝑛ℎ−1�𝛽𝑠(𝑥)� = 𝜂(𝑠)𝑠𝑖𝑔𝑛(𝑠), where 𝜂(𝑠) = �𝑠𝑖𝑛ℎ−1�𝛽𝑠(𝑥)��, 𝜂(𝑠) ∈ ℝ𝑚×𝑚, 

�̇� = 𝑠𝑇𝑃−1[−𝑃𝑘𝜂(𝑠)𝑠𝑖𝑔𝑛(𝑠) + 𝑃𝑢ℎ], 

�̇� = −𝑠𝑇𝐿(𝑠)𝑠𝑖𝑔𝑛(𝑠) + 𝑠𝑇𝑢ℎ . (93)  

where L(s)=kη(s) is a diagonal positive definite matrix. 

�̇� = −�𝐿(𝑖,𝑖)(𝑠𝑖)|𝑠𝑖| + 𝑠𝑖𝑢ℎ,𝑖.
𝑚

𝑖=1

 
(94)  

The Lyapunov function will be negative definite. i.e. �̇� < 0 if. 

𝐿(𝑖,𝑖)(𝑠𝑖) ≥ �𝑢ℎ,𝑖� + Δ𝑖. (95)  

where ∆i is strictly positive real constant. 

Discussion: The matrix B is a known constant matrix having rank m. The sliding surface 

so is a design variable and is designed to ensure the positive definiteness of the P−1 ma-

trix. This can be achieved by using iterative design procedure.  
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4.1.2. Sliding Mode Width 

The proposed control law is based on the IHF, which is a continuous nonlinear function 

as depicted in Figure 3.2. It results in the boundary layer around the sliding manifold. The 

work in this subsection is based on the work of [4, 50]. The width of the boundary layer 

is a function of k and β, and may be formulated by using equation (95). 

Let Umax=‖uh‖∞ be the infinity norm of uh. The corresponding gains are denoted as k (p,p) 

and β (p,p). Changing the inequality in equation (95) to equality the boundary layer width 

can be given as. 

𝐿(𝑝,𝑝)�𝑠𝑝� = 𝑈𝑚𝑎𝑥. 

𝑘(𝑝,𝑝)�sinh−1(𝛽𝑝,𝑝𝑠𝑝(𝑥)� = 𝑈𝑚𝑎𝑥, 

�sinh−1(𝛽𝑝,𝑝𝑠𝑝(𝑥)� =
𝑈𝑚𝑎𝑥
𝑘𝑝,𝑝

, 

sinh−1��𝛽𝑝,𝑝𝑠𝑝(𝑥)�� =
𝑈𝑚𝑎𝑥
𝑘𝑝,𝑝

, 

�𝛽𝑝,𝑝𝑠𝑝(𝑥)� = sinh�
𝑈𝑚𝑎𝑥
𝑘𝑝,𝑝

� , 

𝛽𝑝,𝑝 �𝑠𝑝(𝑥)� = sinh�
𝑈𝑚𝑎𝑥
𝑘𝑝,𝑝

� , 

�𝑠𝑝(𝑥)� =
1
𝛽𝑝,𝑝

sinh�
𝑈𝑚𝑎𝑥
𝑘𝑝,𝑝

�, 

Φ�𝑘𝑝,𝑝,𝛽𝑝,𝑝� =
1
𝛽𝑝,𝑝

sinh�
𝑈𝑚𝑎𝑥
𝑘𝑝,𝑝

�. 
(96)  

where𝛽𝑝,𝑝 > 0,  𝑘𝑝,𝑝 > 0.  When 𝑈𝑚𝑎𝑥
𝑘𝑝,𝑝

≪ 1 then sinh �𝑈𝑚𝑎𝑥
𝑘𝑝,𝑝

� ≈ 𝑈𝑚𝑎𝑥
𝑘𝑝,𝑝

. Equation (96) can 

be further simplified as. 

Φ�𝑘𝑝,𝑝,𝛽𝑝,𝑝� =
𝑈𝑚𝑎𝑥
𝛽𝑝,𝑝 𝑘𝑝,𝑝

. 
(97)  

From equation (96) and equation (97) it is concluded that in order to achieve narrow slid-

ing mode boundary the value of k and β should be high. 
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Figure 4.1. The proposed Integral Sliding Mode Disturbance Estimation and Rejection 

Framework 

4.2. Disturbance Estimation and Rejection 

ISM control has intrinsic capability for the disturbance estimation and rejection [7, 13, 

81, 82], where the discontinuous controller mainly contributes towards the disturbance 

estimation and rejection. At the steady state when the controller is tracking the reference 

input, the discontinuous controller action when passed through a low pass filter results in 

the disturbance estimate. Under sliding when s(x)=ṡ(x)=0, the following holds. 

𝑢1 = −𝑢ℎ. (98)  

This is the estimate of the disturbance and is also called equivalent control u1eq, as it is 

the average value of the control that achieves the sliding mode. This can be proved as fol-

lows [7, 13]. 

Consider the system defined by equation (83). The sliding surface is defined in equation 

(85) where the auxiliary sliding dynamics are defined as: 

�̇� = −
𝜕𝑠𝑜
𝜕𝑥

[𝑓(𝑥) +  𝐵𝑢 − 𝐵𝑢1]. (99)  

where z(0)=−so(x(0)). Equation (99) results when uo=u−u1is substituted in equation 

(18). The sliding surface for the ISM is defined as.  

𝑠 = 𝑠𝑜 + 𝑧. (100)  

61 
 



Differentiating equation (100) w.r.t time and using equation (83) (84)and equation (99) 

results as. 

�̇� = �̇�𝑜 + �̇�, 

�̇� =
𝜕𝑠𝑜
𝜕𝑥

 �̇� + �̇� 

�̇� =
𝜕𝑠𝑜
𝜕𝑥

[𝑓(𝑥) +  𝐵𝑢 + 𝐵𝑢ℎ] −
𝜕𝑠𝑜
𝜕𝑥

[𝑓(𝑥) +  𝐵𝑢 − 𝐵𝑢1], 

�̇� =
𝜕𝑠𝑜
𝜕𝑥

𝐵𝑢ℎ +
𝜕𝑠𝑜
𝜕𝑥

𝐵𝑢1 (101)  

where 𝜕𝑠𝑜
𝜕𝑥
𝐵 ≠ 0. During the sliding mode, ṡ=0 and following holds: 

0 =
𝜕𝑠𝑜
𝜕𝑥

𝐵𝑢ℎ +
𝜕𝑠𝑜
𝜕𝑥

𝐵𝑢1, 

𝜕𝑠𝑜
𝜕𝑥

𝐵𝑢1 = −
𝜕𝑠𝑜
𝜕𝑥

𝐵𝑢ℎ, 

𝑢1 = −𝑢ℎ. (102)  

From equation (102) it is evident that after the establishment of the ISM the discontinu-

ous controller gives an estimate of the disturbance. However the chattering present in the 

u1 needs to be filtered out by using a low pass filter that results in the average value of the 

discontinuous control and is termed as u1av.  The low pass filter is based on the first order 

differential equation with time constant μ>0, chosen sufficiently large to allow the dis-

turbances and plant dynamics. 

𝜇�̇�1𝑎𝑣 + 𝑢1𝑎𝑣 = 𝑢1. (103)  

This represents a low pass filter with time constant given by μ. The low pass filtration of 

the discontinuous control has two main problems.  

1. The bandwidth of the disturbance should be known for the correct estimation.  

2. The group delay of the filter may cause problems which primarily result in the de-

layed estimates at different frequencies especially when the disturbances are sinusoi-

dal or periodic in nature. As a consequence the disturbance may not be fully cancelled. 
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If the bandwidth is selected high then the estimates will contain the chattering or the 

higher frequencies. If the bandwidth is kept low then the estimates will be attenuated. 

Thus for good estimates the proper bandwidth selection is important. 

Remark 1: From (102) it can be inferred that any controller u1 or equivalently u1eq that 

enforces the integral sliding mode i.e. s=ṡ=0 can act as a disturbance estimator.  

4.2.1. Proposed Disturbance Estimation and Rejection 

The proposed disturbance estimation and rejection framework uses the proposed con-

trol law. As proved in the forthcoming chapter the proposed reaching law has low pass 

filter characteristics and hence eliminates the need for a separate low pass filter which is 

required by the traditional ISM. Thus the equivalent control and thus the average control 

is obtained by using the proposed control law as. 

𝑢1𝑎𝑣 = −𝐾 sinh−1(𝛽𝑠(𝑥)). (104)  

where the value of β is selected very high usually greater than 500. This results in the 

shape of the controller closer to the signum function (see Figure 3.2), and hence results in 

sufficient gain and bandwidth required for the accurate estimation of the disturbance and 

also satisfies (102). If β results in very high gains, then the value of k may be used to 

scale the resulting controller.  

It may be noted that the need of a separate low pass filter is eliminated due to the low 

pass filter characteristics of the proposed controller which is proved in the next Chapter. 

The overall disturbance rejection controller is depicted in the Figure 4.1. 

4.2.2. Design Example 

In this design example the proposed ISM based control scheme is used to track the speed 

of a DC motor. A comparison of the traditional integral sliding mode based disturbance 

rejection framework and the proposed controller based disturbance rejection is also made. 

A DC motor is a typical example of the application of the PLL where the speed is con-

trolled by using the PLL [83-85]. The mathematical model of the DC motor is given as 

[13, 86]. 
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𝐿
𝑑𝑖
𝑑𝑡

= 𝑢 − 𝑅𝑖 − 𝐾𝑒𝜔, 

𝐽
𝑑𝜔
𝑑𝑡

= 𝐾𝑡𝑖 − 𝜏𝑙. (105)  

where i ,  ω  represent the current and angular speed of the motor respectively, τ l=Bω  is 

the load torque and u is the input voltage applied to the motor. Various parameters of the 

motor and their values are given in Table 2. Let ω r  be the reference speed of motor, the 

angular speed error can be given as e=  ω r−ω . Define x 1 =e  and x 2=  ė  as the state varia-

bles. The state space in terms of error dynamics can be given as. 

𝑥1 = 𝜔𝑟 − 𝜔, 

�̇�1 = 𝑥2 = �̇�𝑟 − �̇�, 

By using equation (105) the states can be written as. 

�̇�1 = �̇�𝑟 − �
𝐾𝑡
𝐽
𝑖 −

𝐵
𝐽
𝜔� , 

�̇�1 = �̇�𝑟 −
𝐾𝑡
𝐽
𝑖 +

𝐵
𝐽
𝜔, 

�̇�2 = �̈�𝒓 −
𝐾𝑡
𝐽
𝑑𝑖
𝑑𝑡

+
𝐵
𝐽
�̇�, 

Put equation (105) here.  

�̇�2 = �̈�𝒓 −
𝐾𝑡
𝐽
�
1 
𝐿
𝑢 −

𝑅 
𝐿
𝑖 −

𝐾𝑒
𝐿
𝜔� +

𝐵
𝐽

 �̇�, 

�̇�2 = �̈�𝒓 −
𝐾𝑡 
𝐽𝐿
𝑢 +

𝐾𝑡𝑅 
𝐽𝐿

𝑖 +
𝐾𝑡𝐾𝑒
𝐽𝐿

𝜔 +
𝐵
𝐽

 �̇�, 

�̇�2 = �̈�𝒓 − 𝑏𝑢 +
𝐾𝑡𝑖 
𝐽
𝑅
𝐿

+ 𝑎1𝜔 +
1
𝐽

 �̇�, 

where 𝑎1 = 𝐾𝑡𝐾𝑒
𝐽𝐿

 , 𝑏 = 𝐾𝑡
𝐽𝐿

. By using equation (105), define  𝐾𝑡𝑖 
𝐽

= �̇� + 𝐵
𝐽
ω,  

�̇�2 = �̈�𝒓 − 𝑏𝑢 + ��̇� +
𝐵
𝐽
ω� 𝑎2 + 𝑎1𝜔 +

1
𝐽

 �̇�, 

where 𝑎2 = 𝑅
𝐿
. 
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�̇�2 = �̈�𝒓 − 𝑏𝑢 + 𝑎1𝜔 + 𝑎2�̇� +
𝑅
𝐽𝐿
𝜏𝑙 +

1
𝐽

 �̇�, 

�̇�2 = �̈�𝒓 − 𝑏𝑢 + 𝑎1𝜔 + 𝑎1𝜔𝑟 − 𝑎1𝜔𝑟 + 𝑎2�̇� + 𝑎2�̇�𝑟 − 𝑎2�̇�𝑟 +
𝑅
𝐽𝐿
𝜏𝑙 +

1
𝐽

 �̇�, 

�̇�2 = −(𝑎1𝜔𝑟 − 𝑎1𝜔) − (𝑎2�̇�𝑟 − 𝑎2�̇�) + �̈�𝒓 − 𝑏𝑢 + 𝑎1𝜔𝑟 + 𝑎2�̇�𝑟 +
𝑅
𝐽𝐿
𝜏𝑙 +

1
𝐽

 �̇�, 

�̇�2 = −𝑎1𝑥1 − 𝑎2𝑥2 − 𝑏𝑢 + �̈�𝒓 + 𝑎1𝜔𝑟 + 𝑎2�̇�𝑟 +
𝑅
𝐽𝐿
𝜏𝑙 +

1
𝐽

 �̇�, 

�̇�2 = −𝑎1𝑥1 − 𝑎2𝑥2 + 𝑓(𝑥1,𝑥2, 𝑡) − 𝑏𝑢. (106)  

where 𝑓(𝑥1, 𝑥2, 𝑡) is the drift term and may be given as. 

𝑓(𝑥1, 𝑥2, 𝑡) = �̈�𝑟 + 𝑎1𝜔𝑟 + 𝑎2�̇�𝑟 +
𝑅
𝐽𝐿
𝜏𝑙 +

�̇�𝑙
𝐽

.  (107)  

Neglecting the drift term and by using the linear part of equation (106) the continuous 

controller is designed using the pole placement technique where the arbitrary poles may 

be selected in the left half plane. The continuous controller can be given as. 

𝑢𝑜 = −𝐾𝑥.  (108)  

where K=[0.2615 −0.05] represents the state feedback gains. The sliding surface so is de-

fined as. 

Table 2. DC motor parameters 

Parameter name Value 

Inductance L 1 mH 

Resistance R 0.5 Ω 

Inertia of motor J 0.001 kg.m2 

Torque constant Kt 0.008 N. m A-1 

Back emf constant Ke 0.001 V. sec. rad -1 

Viscous friction coefficient B 0.01 N.m. sec. rad-1 
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𝑠𝑜 = 𝑐1𝑥1 + 𝑥2.  (109)  

where c1=1.2. The overall sliding surface is defined by equation (100). Using equation 

(99) ż may be given as: 

�̇� = −𝑐1𝑥2 + 𝑎1𝑥1 + 𝑎2𝑥2 + 𝑏𝑢𝑜 .  (110)  

z is obtained by the integration of the ż. The controller is the sum of continuous controller 

and the discontinuous controller. The discontinuous controller for the traditional integral 

sliding mode is defined as. 

𝑢1 = −𝑘 𝑠𝑖𝑔𝑛(𝑠).  (111)  

 

Figure 4.2. DC motor speed response 

where the gain term k=1.2 is selected that ensures correct disturbance estimate. The low 

pass filter used to filter the discontinuous controller mentioned above is given in equation 

(103) where the value of μ=0.1 is used. The discontinuous control law of the proposed 

sliding mode controller is given as. 

𝑢1 = −𝑘 sinh−1(𝛽𝑠).  (112)  
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Figure 4.3. Disturbance and its estimates (upper) conventional ISMC, (lower) proposed 

ISMC. 

 

Figure 4.4. Controller effort (upper) conventional ISMC, (lower) proposed ISMC. 
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Figure 4.5. Sliding surface ’s’ (upper) conventional ISMC, (lower) proposed ISMC 

 

where k=0.43 and β=5. The disturbance term is a square wave signal. The simulation 

results are shown in the Figure 4.2 through Figure 4.5. In Figure 4.2 the speed tracking is 

depicted. Both the conventional and proposed controllers are tracking the speed. In Fig-

ure 4.3 the disturbance and its estimates are depicted which show more accurate estima-

tion of disturbance by using the proposed ISM technique whereas in the case of tradition-

al ISM there is some estimation error and residual chattering which may be removed by 

further tuning the bandwidth of the low pass filter. It can be inferred that in case of un-

known disturbance bandwidth the traditional ISM will not always result in the best esti-

mate of the disturbance as the bandwidth of the low pass filter is fixed. In Figure 4.4, the 

controller effort is depicted. There is chattering at the control input in the case of tradi-

tional ISM whereas in the case of proposed integral sliding mode there is no chattering at 

the control input. The surface s for both the cases is depicted in Figure 4.5. Chattering 

around the sliding surface is observable in the case of the traditional integral sliding mode 

(upper) whereas in the case of proposed ISM there is no chattering. 
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4.3. Implementation of the Proposed Reaching Law on FPGA 

The proposed reaching law as given in equation (57) and equation (87) can be effi-

ciently implemented in three ways.  

1) Implementation of Floating point processors  

2) Implementation of Fixed point processors. 

3) Implementation on Field Programmable Gate Arrays (FPGA). 

Implementation of the proposed control laws on the floating point processor platforms 

such as Intel Pentium IV or Texas Instruments DSP processor TMS320C67 or other DSP 

processors requires a high level language compiler such as C/C++ or 

MATLAB/Simulink®. Most of the compilers have efficient implementation of hyperbol-

ic, exponential and inverse hyperbolic functions. Controller implementation using these 

processors is a trivial task. Implementation for the fixed point processors can be done in 

two ways.  

1) Lookup table approach 

2) Fixed point implementation. 

In the first approach i.e. the lookup table implementation can be done using pre-

computed values of the inverse hyperbolic function stored in an array in the memory. The 

look up table consists of the discrete values and the values in between the two values can 

be computed using the interpolation techniques.  

The fixed point implementation can be done using the MATLAB® fix point toolbox. The 

algorithm is first implemented in the Simulink® and then using the fixed point tool box it 

is converted in to the fixed point. The fixed point simulation can be implemented on any 

of the available microcontrollers by using the code generation features of Simulink®.  

The FPGA implementation for high speed and near continuous controller design is a key 

requirement in many control problems. In this section the control law proposed using in-

verse hyperbolic function is optimized and implemented on FPGA using the Xilinx Sys-

tem Generator®. The control law proposed in equation (87) is reproduced here as.  

𝑢𝑑 = −𝐾. sinh−1(𝛽𝑠(𝑥) ). (113)  
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Mathematically inverse hyperbolic function can be given as.  

sinh−1(𝑧) = loge �𝑧 +  �(𝑧2 + 1)�. (114)  

if 𝑧 ≫ 1 then   

sinh−1(𝑧) = loge �𝑧 +  �(𝑧2 + 1)� ≈  loge(2𝑧). (115)  

if z<<1 then  

sinh−1(𝑧) = loge �𝑧 +  �(𝑧2 + 1)� ≈  loge(𝑧) ≈ 𝑧. (116)  

Equation (115) and equation (116) are implemented using Xilinx System Generator® and 

MATLAB/Simulink®. The implementation is shown in Figure 4.6, which shows the im-

plementation of the inverse hyperbolic function using Xilinx System Generator®. The in-

put to this model is a floating point number and the output is the inverse hyperbolic of the 

input number. The figure shows two paths the upper blocks calculates loge(2𝑧). The 

lower path performs two tasks. It checks whether the input is less than 1 or greater than 1. 

If the value is less than 1 then it sends the z as output (as for small values the loge(𝑧) ≈

𝑧). 

 

Figure 4.6. Implementation of Inverse Hyperbolic Function 

Multiplexers and comparison blocks checks whether the input number is positive or nega-

tive. If the number is negative then it appends the sign accordingly. This implementation 
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was test on Xilinx ML507 development board and the logic synthesizes at 180 MHz. The 

speed is well suited for a wide class of controller design problems. The resulting system 

will be a multi-rate system.  

 

4.4. Summary 

In this chapter a novel ISM controller has been described. The stability of the proposed 

controller is proved with the help of Lyapunov function. The width of the sliding mode 

has been calculated. The disturbance estimation and rejection framework has been de-

scribed. The scheme has been applied to control the speed of the DC motor. The simula-

tion results show accurate disturbance estimation and rejection using the proposed 

SISMC. The chattering has also been eradicated from the control input. High speed im-

plementation on FPGA has also been discussed in this chapter.  

As demonstrated in this chapter the chatter free response and the accurate disturbance 

estimation are the key features of the proposed control scheme. In the next chapter the 

chattering elimination and the low pass filter properties of the proposed controller are 

discussed and proved rigorously.  
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Chapter 5  
 

 Chattering Analysis 
 

As discussed in the previous chapters the proposed reaching law eliminates the chattering 

effect. However it is still not addressed rigorously how the chattering effect is removed 

by the proposed reaching law? In this chapter the chattering analysis of the proposed con-

troller is discussed with the help of two approaches. The describing function approach 

and the boundary layer approach. The describing function approach is a standard analysis 

method used in the nonlinear systems analysis and design where the nonlinear systems 

are approximated by the linear systems or with some known functions whose behavior is 

similar to the system under consideration and then the approximated system is analyzed 

using the frequency domain techniques. The approach is useful and has been successfully 

used in the analysis of numerous nonlinear and linear systems. The boundary layer analy-

sis is yet another method employed in the sliding mode control to analyze the chattering 

phenomenon. The next Section of this chapter describes the fundamental reasons that 

cause chattering in the sliding mode based systems.  

5.1. The Chattering Problem 

The sliding mode control is a switching control where the control law switches the con-

trol action according to the sliding variable 's'. Theoretically the switching frequency is 

infinite and the amplitude of the chattering oscillations is infinitesimally small. Such a 

sliding mode occurs in the systems where the system dynamics are well modeled and is 

termed as the ideal sliding mode [13, 15], however in the practical systems there are al-

ways left over fast dynamics [13, 15, 16, 87-91] that cause finite frequency oscillations in 

the systems which are termed as the chattering. The sliding mode that occurs in such sys-

tems is termed as the real sliding mode. The second main reason of the chattering is the 

actuators and sensors present in the system. The actuator and sensor dynamics are usually 

ignored and result in the finite amplitude and frequency chattering in the system. Other 
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very important reason for the chattering is due to the sampling. This type of chattering is 

common in the computer or digital implementation of the sliding mode. At lower sam-

pling rates the chattering is usually high and as the sampling rate increases the chattering 

decreases and its frequency starts increasing. 

 
Figure 5.1. Sliding mode control of plant with sensor dynamics [16] 

In Figure 5.1 the dynamics of the system with the sensor are depicted. The sensor dynam-

ics changes the actual system output which also affects the sliding surface design. As a 

consequence the ideal sliding mode does not occur and the resulting system implements 

the real sliding mode, which may result in the chattering. Various remedies to avoid chat-

tering have been discussed in Chapter 2, where the gain of the sliding mode controller is 

made a function of the sliding surface as a result the gain will reduce as the surface con-

verges towards zero and hence results in the eradication of the chattering effect. Another 

remedy of the chattering is to implement the boundary layer [49, 50]. The motivation of 

the work in this chapter is to rigorously justify the chattering eradication behavior of the 

proposed control law. In order to achieve this, in the next Section the boundary layer 

analysis of the proposed control law is described where the chattering eradication is 

proved due to the implementation of the boundary layer.  

5.2. Boundary Layer Analysis of the Proposed Reaching Law 

The proposed control law is based on the IHF, which is a continuous nonlinear function 

as depicted in Figure 5.2. It forms a boundary layer around the sliding manifold. The 

boundary layer creation is a function of the parameters β and k. When β increases the cor-

responding gain of the reaching law also increases. At the same time the width of the  
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Figure 5.2. IHF for different values of β 

boundary layer decreases (discussed ahead) which results in the high frequency response 

of the said control law. Thus with the increase in the value of β the width of boundary 

layer narrows down and the shape of the controller changes due to high value of β. If the 

scaling of the control law is not desired then it can be adjusted with the help of k. This is 

obvious from the Figure 5.2 and equation (87). The discussion is backed by the mathe-

matical proof in the following text, which is based on the work of [4, 50]. The Lyapunov 

stability bound of the reaching law was given in equation (95) as. 

𝐿(𝑖,𝑖)(𝑠𝑖) ≥ �𝑢ℎ,𝑖� + Δ𝑖. (117)  

Let Umax=‖uh‖∞ be the infinity norm of uh. The corresponding gains are denoted as k (p,p) 

and β (p,p). Changing the inequality in equation (117) to equality the boundary layer width 

can be given as: 

𝐿(𝑝,𝑝)�𝑠𝑝� = 𝑈𝑚𝑎𝑥, 

𝑘(𝑝,𝑝) �sinh−1 �𝛽𝑝,𝑝𝑠𝑝(𝑥)�� = 𝑈𝑚𝑎𝑥, 

 𝑘(𝑝,𝑝) sinh−1��𝛽(𝑝,𝑝)𝑠𝑝(𝑥)�� = 𝑈𝑚𝑎𝑥, 

sinh−1��𝛽(𝑝,𝑝)𝑠𝑝(𝑥)�� =
𝑈𝑚𝑎𝑥
𝑘(𝑝,𝑝)

, 

where 𝑘(𝑝,𝑝) > 0, 
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�𝛽(𝑝,𝑝)𝑠𝑝(𝑥)� = sinh�
𝑈𝑚𝑎𝑥
𝑘(𝑝,𝑝)

� , 

�𝑠𝑝(𝑥)� =
1

𝛽(𝑝,𝑝)
sinh�

𝑈𝑚𝑎𝑥
𝑘(𝑝,𝑝)

� , 

𝑤ℎ𝑒𝑟𝑒 𝛽(𝑝,𝑝) > 0, 

Φ�𝑘(𝑝,𝑝),𝛽(𝑝,𝑝)� =
1

𝛽(𝑝,𝑝)
sinh�

𝑈𝑚𝑎𝑥
𝑘(𝑝,𝑝)

�. (118)  

where Φ�𝑘(𝑝,𝑝),𝛽(𝑝,𝑝)� represents the width of the boundary layer and is a function of 

𝑘 > 0, and 𝛽. 

Assumption: sinh(𝑥) ≈ 𝑥,∀ |𝑥| ≪ 1. This assumption is justified in the vicinity of the 

sliding surface. Equation (118) may be written as. 

Φ�𝑘(𝑝,𝑝),𝛽(𝑝,𝑝)� =
𝑈𝑚𝑎𝑥

𝛽(𝑝,𝑝) 𝑘(𝑝,𝑝)
. (119)  

In equation (119) the width of the sliding mode band is calculated. From this equation the 

width of the sliding mode band depends upon the parameters 𝛽 and 𝑘. A higher value of 

these parameters will result in a narrower sliding mode width. 

The proposed controller possesses low pass filter properties and hence eradicates the 

chattering phenomenon. It may be proved by considering a SISO system defined as.  

ẋ = 𝑓(𝑥) + 𝐵𝑢. (120)  

where 𝑓(𝑥) is a nonlinear function of system states and B is the input gain vector, both 

having appropriate dimensions. B is assumed constant for simplicity and u is the input. 

The sliding surface is defined as.  

s = 𝑐𝑇𝑥. (121)  

Differentiating equation (121) and using equation (120) will results as. 

ṡ = 𝑐𝑇�̇�, 

ṡ = 𝑐𝑇[𝑓(𝑥) + 𝐵𝑢 + ℎ(𝑥, 𝑡)]. (122)  
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In the presence of matched uncertainties and the parameter variations etc, the best esti-

mate of the equivalent control can be expressed as. 

𝑢𝑒𝑞 = −(𝑐𝑇𝐵)−1𝑐𝑇 𝑓(𝑥). (123)  

where (𝑐𝑇𝐵)−1 ≠ 0 and 𝑓(𝑥) is the best estimate of the uncertain system. The overall 

controller can be given as. 

𝑢 = 𝑢𝑒𝑞 − 𝑘 sinh−1(𝛽𝑠). (124)  

Using this control law in equation (122) under the assumption of eradication of h(x,t) 

due to the proposed controller, the sliding mode dynamics can be given as. 

ṡ = 𝑐𝑇𝑓(𝑥)  + 𝑐𝑇𝐵�𝑢𝑒𝑞 − 𝑘 sinh−1(𝛽𝑠)�, 

ṡ = 𝑐𝑇𝑓(𝑥) − 𝑐𝑇𝐵�(𝑐𝑇𝐵)−1𝑐𝑇 𝑓(𝑥) + 𝑘 sinh−1(𝛽𝑠)�, 

ṡ = 𝑐𝑇𝑓(𝑥) − 𝑐𝑇𝐵 (𝑐𝑇𝐵)−1𝑐𝑇 𝑓(𝑥) − (𝑐𝑇𝐵)𝑘 sinh−1(𝛽𝑠), 

ṡ − 𝑐𝑇𝑓(𝑥) + (𝑐𝑇𝐵) (𝑐𝑇𝐵)−1𝑐𝑇 𝑓(𝑥) + (𝑐𝑇𝐵)𝑘 sinh−1(𝛽𝑠) = 0, 

ṡ − 𝑐𝑇𝑓(𝑥) + 𝑐𝑇 𝑓(𝑥) + (𝑐𝑇𝐵)𝑘 sinh−1(𝛽𝑠) = 0, 

ṡ + (𝑐𝑇𝐵)𝑘 sinh−1(𝛽𝑠) = 𝑐𝑇𝑓(𝑥) − 𝑐𝑇 𝑓(𝑥), 

Put Δ𝐹(𝑥) = 𝑐𝑇 �𝑓(𝑥) −  𝑓(𝑥)�  𝑎𝑛𝑑 𝜓 = (𝑐𝑇𝐵) 

ṡ + 𝜓𝑘 sinh−1(𝛽𝑠) = Δ𝐹(𝑥). (125)  

Assuming sinh−1(𝛽𝑠) ≈ 𝛽𝑠 when 𝑠 ≪ 1, equation (125) can be written as. 

ṡ + 𝜓𝑘𝛽𝑠 = Δ𝐹(𝑥), 

𝑃𝑢𝑡 𝜓𝑘𝛽 = 𝜆, 

ṡ + 𝜆𝑠 = Δ𝐹(𝑥).  (126)  

where 𝜆 = 𝑘𝜓𝛽 > 0. In frequency domain equation (126) can be written as. 

𝑠(𝜌)
𝛥𝐹(𝜌) =

1
𝜌 + 𝜆

. (127)  
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where 𝜌 represents the Laplace transform variable. Equation (127) represents the low 

pass filter and hence removes the chattering effects. The frequency of the low pass filter 

depends upon the pole at 𝜆 = 𝑘𝜓𝛽.  

In this section the boundary layer analysis of the proposed controller is presented where it 

has been proved to posses low pass filter characteristics which results in the eradication 

of the chattering. However the boundary layer analysis does not provide the chattering 

frequency and the amplitudes. This information is required to eradicate the chattering. 

The describing function approach gives the solution to this problem. In the next Section 

the describing functions analysis of the IHF based controller is presented and the reasons 

for the chattering eradication behavior along with the conditions under which the chatter-

ing may occur are described. 

5.3. Chattering Analysis using Describing Functions 

Use of the describing functions for the nonlinear analysis is well known [4]. In this 

method the system is approximated by the known linear or nonlinear functions and then 

analyzed for stability by detecting the limit cycles in the system. 

 

 

 
 
 

Figure 5.3. The feedback system with linear system 

The nonlinear system is arranged as shown in the Figure 5.3. The system is divided in-

to linear elements and a single non linearity. It is assumed that the system has a self sus-

tained oscillation or in other words it has a periodic solution at frequency 𝜔𝑐 and ampli-

tude 𝐴𝑐 .  The periodic solution can be expressed as.  

𝑦(𝑡) = 𝐴𝑐sin (𝜔𝑡).  (128)  

The characteristic equation of the system can be given as.  

r=0 

Describing 
function 

Linear el-
ement w(t) x(t)  y(t) G(jω) N(A,ω) 

- 
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𝑦 = 𝐺(𝑗𝜔)𝑤, 

𝑤(𝑡) = 𝑁(𝐴,𝜔)𝑥(𝑡), 

𝑥(𝑡) = −𝑦(𝑡).  (129)  

Using the above equations the following equation can be deduced trivially. 

𝐺(jω) = −
1

𝑁(𝐴,𝜔) . (130)  

Where 𝐺(jω) is the linear system. 𝑁(𝐴,𝜔) is the frequency domain representation of the 

nonlinear element present in the loop. It is the Fourier series representation of the nonlin-

ear system. Its output can be expressed as . 

𝑤(𝑡) =
𝑎0
2

+  �[𝑎𝑛 cos(𝜔𝑡) + 𝑏𝑛sin (𝜔𝑡)]
∞

𝑛=1

. 
(131)  

where 𝑎0 … 𝑎𝑛.𝑎𝑛𝑑 𝑏0 … 𝑏𝑛 are the coefficients of the Fourier series and are calculated 

as.  

𝑎𝑛 =
1
𝜋
� 𝑤(𝑡) cos(𝑛𝜔𝑡)
𝜋
2

−𝜋2

, 

𝑏𝑛 =
1
𝜋
� 𝑤(𝑡) sin(𝑛𝜔𝑡)
𝜋
2

−𝜋2

. 

 (132)  

In the describing functions analysis the nonlinearity is assumed to be odd, therefore 𝑎0 

and 𝑎1are zero. The nonlinear system is approximated by the term 𝑏1. This is due to the 

reason that in the describing functions analysis only the fundamental components are ana-

lyzed. The harmonic components are ignored. This means that the G(s) is assumed to be a 

low pass filter which does not allows the harmonic components. 

The Fourier representation of the 𝑤(𝑡) can be given as. 

𝑤(𝑡) = 𝑎1 cos(𝜔𝑡) + 𝑏1 sin(𝜔𝑡) = 𝑀 sin(𝜔𝑡 + 𝜙).  (133)  
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where 𝑀 = �𝑎12 + 𝑏12 and 𝜙 = tan−1 𝑏
𝑎

.  

 In complex exponential form 𝑤(𝑡) can be expressed as. 

𝑤(𝑡) = 𝑀𝑒𝑗(𝜔𝑡+𝜙).  (134)  

In the systems perspective 𝑤(𝑡) can be expressed as.  

𝑤(𝑡) = 𝑁(𝐴,𝜔)𝑥(𝑡), 

 𝑀𝑒𝑗(𝜔𝑡+𝜙) = 𝑁(𝐴,𝜔)𝐴𝑒𝑗𝜔𝑡. (135)  

From (135) the describing function 𝑁(𝐴,𝜔) can be expressed as.  

 𝑁(𝐴,𝜔) =
𝑀𝑒𝑗(𝜔𝑡+𝜙)

𝐴𝑒𝑗𝜔𝑡
=
𝑀
𝐴
𝑒𝑗𝜙. (136)  

In this subsection the overview of the describing function technique has been given. In 

the next subsection the chattering analysis technique with the help of describing functions 

is provided. 

In order to carry out the describing function analysis, the describing function for the IHF 

is to be computed using Fourier analysis. The next subsection describes the method used 

to compute the describing function for the IHF.  

5.3.1. Describing Function of the Inverse Hyperbolic Function 

The describing function of the inverse hyperbolic function is essentially the Fourier series 

representation of the IHF, which can be calculated as follows. Let 𝑤(𝑡) represent the sys-

tem whose describing function is to be calculated. Input to the system is a sinusoidal sig-

nal. The response of the system is given by 𝑤(𝑡).  

𝑤(𝑡) = k sinh−1(𝑥). (137)  

The input signal is a sinusoidal signal. 

𝑥(𝑡) = A sin(𝜔𝑡). (138)  

The output w(t) is given as.  
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𝑤(𝑡) = k sinh−1(A sin(𝜔𝑡)). (139)  

In order to compute the describing function of the IHF given in equation (137) the func-

tion is approximated with the following relations.  

sinh−1(𝑥) ≅ �
𝑥  𝑤ℎ𝑒𝑛 𝑥 < 0.5

𝑃(𝑥)  𝑤ℎ𝑒𝑛 0.5 ≤ 𝑥 < 5
𝑙𝑜𝑔𝑒(2𝑥) 𝑤ℎ𝑒𝑛 𝑥 ≥ 5

� . 
(140)  

where P(x) is the 10th order polynomial representing the IHF in the specified range. The 

polynomial can be given as.  

𝑃(𝑥) = 𝑝1𝑥10 + 𝑝2𝑥9 + ⋯+ 𝑝10𝑥 + 𝑝11. (141)  

Table 3. Coefficients of the Polynomial P(x). 

Coefficient Value 
p1 -3.5839e-07 
p2 1.7937e-07 
p3 0.00014632 
p4 -0.0023175 
p5 0.01741 
p6 -0.07639 
p7 0.20355 
p8 -0.29751 
P9 0.041885 
p10 0.9944 
p11 0.00017508 

 

The coefficients of the polynomial are given in the Table 3. These coefficients were 

computed using MATLAB® where the Vandermonde matrix inversion method has been 

used for the computation of the coefficients [92]. For A=0.6 the response of the IHF to 

the input sinusoidal signal is plotted in the Figure 5.4. It is clear from the figure that 

sinh−1(𝑥) ≈ 𝑥 when x<0.5. As the value of x increases from 0.5 then error starts grow-

ing. Therefore for values of x greater than or equal to 5 the IHF can be approximated with  
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Figure 5.4. Plot of the sinh-1(A sin(ωt)) 

the log (2𝑥). In between the 0.5 and 5 the function is approximated using a 10th order 

polynomial as given in equation (141). The describing function is computed for the three 

ranges of amplitudes as given in the equation (140). The describing function is computed 

using the Fourier Integral as follows. 

𝑏1 =
1
𝜋
� 𝑤(𝑡)

𝜋
2  

−𝜋2

sin(𝜔𝑡)𝑑(𝜔𝑡), 

𝑏1 =
4
𝜋
� 𝑤(𝑡)

𝜋
2  

0

sin(𝜔𝑡)𝑑(𝜔𝑡), 

The describing function can be given as.  

𝑁(𝐴,𝜔) =
4
𝜋𝐴

� 𝑘 𝑠𝑖𝑛ℎ−1(A sin(𝜔𝑡))  sin(𝜔𝑡) 𝑑(𝜔𝑡)

𝜋
2  

0

. (142)  

There is no trivial solution to this equation due to the nature of the IHF. Therefore the 

equation is solved for the different ranges of the input amplitude A. 

CASE I. when 𝐴 ∈ [0, 0.5]. 
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By using equation (140) into (142) results as. 

𝑁(𝐴,𝜔) =
4
𝜋𝐴

� 𝑘 A sin(𝜔𝑡)  sin(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0

, 

𝑁(𝐴,𝜔) =
4
𝜋𝐴

� 𝑘𝐴 sin2(𝜔𝑡)  𝑑(𝜔𝑡),

𝜋
2  

0

 

𝑁(𝐴,𝜔) =
4
𝜋𝐴

� 𝑘𝐴 sin2(𝜔𝑡)  𝑑(𝜔𝑡),

𝜋
2  

0

 

𝑁(𝐴) = 𝑘. (143)  

Thus the describing function of the IHF is a constant given by k when A<0.5. 

 

CASE II when 𝑥 ∈ [0.5, 5] 

The describing function can be computed using (142) as. 

𝑁(𝐴,𝜔) =
4
𝜋𝐴

� 𝑘 𝑠𝑖𝑛ℎ−1(A sin(𝜔𝑡))  sin(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0

, 

 

Put 𝑠𝑖𝑛ℎ−1(𝑥) = 𝑃(𝑥). Where 𝑃(𝑥) is given in equation (141) and is a 10th order 

polynomial. The resulting equation can be written as. 

 

𝑁(𝐴,𝜔) =
4𝑘
𝜋𝐴

�[𝑝1(𝐴10 sin10(𝜔𝑡) + 𝑝2(𝐴9 sin9(𝜔𝑡) + 𝑝3(𝐴8 sin8(𝜔𝑡)

𝜋
2  

0

+ 𝑝4(𝐴7 sin7(𝜔𝑡) + 𝑝5(𝐴6 sin6(𝜔𝑡) + 𝑝6(𝐴5 sin5(𝜔𝑡)

+ 𝑝7(𝐴4 sin4(𝜔𝑡) + 𝑝8(𝐴3 sin3(𝜔𝑡) + 𝑝9(𝐴2 sin2(𝜔𝑡)

+ 𝑝10(𝐴 sin(𝜔𝑡) + 𝑝11]  sin(𝜔𝑡)𝑑(𝜔𝑡), 
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𝑁(𝐴,𝜔) =
4𝑘
𝜋𝐴

�[𝑝1(𝐴10 sin11(𝜔𝑡) + 𝑝2(𝐴9 sin10(𝜔𝑡) + 𝑝3(𝐴8 sin9(𝜔𝑡)

𝜋
2  

0
+ 𝑝4(𝐴7 sin8(𝜔𝑡) + 𝑝5(𝐴6 sin7(𝜔𝑡) + 𝑝6(𝐴5 sin6(𝜔𝑡)
+ 𝑝7(𝐴4 sin5(𝜔𝑡) + 𝑝8(𝐴3 sin4(𝜔𝑡) + 𝑝9(𝐴2 sin3(𝜔𝑡)
+ 𝑝10(𝐴 sin2(𝜔𝑡) + 𝑝11  sin(𝜔𝑡)] 𝑑(𝜔𝑡), 

 

𝑁(𝐴,𝜔) =
4𝑘
𝜋𝐴

⎣
⎢
⎢
⎡
� 𝑝1𝐴10 sin11(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0

+ � 𝑝2𝐴9 sin10(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0

+ � 𝑝3𝐴8 sin9(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0

+ � 𝑝4𝐴7 sin8(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0

+ � 𝑝5𝐴6 sin7(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0

+ � 𝑝6𝐴5 sin6(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0

+ � 𝑝7𝐴4 sin5(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0

+ � 𝑝8𝐴3 sin4(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0

+ � 𝑝9𝐴2 sin3(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0

+ � 𝑝10𝐴1 sin2(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0

+ � 𝑝11𝐴 sin(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0

�, 

The individual integrals can be trivially solved by using MATLAB®. The describing 

function after solving the individual terms can be given as. 

𝑁(𝐴) =
4𝑘
𝜋𝐴

�
256 
693

𝑝1𝐴10 +
63𝜋
512

𝑝2𝐴9 +
128
315

𝑝3𝐴8 +
35𝜋
256

𝑝4𝐴7

+
16
35

𝑝5𝐴6 +
5𝜋
32

𝑝6𝐴5 +
8

15
𝑝7𝐴4 +

3𝜋
16

𝑝8𝐴3

+
2
3
𝑝9𝐴2 +

𝜋
4
𝑝10𝐴 + 𝑝11� ,   𝑤ℎ𝑒𝑟𝑒 𝐴 ∈ [0.5,5]. 

(144)  
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The describing function represented by equation (144) is valid for the range mentioned 

above. Outside that range the results will be incorrect for the given coefficients. It may be 

noted that the polynomial is only used to approximate the describing function in the given 

range as the Fourier integral given by equation (140) has no trivial solution.  

CASE III.when  𝑥 ∈ [5 ∞) 

Starting with the equation (142) and using the approximation given in equation (140) for 

the mentioned range of the amplitude the describing function for this range can be given 

as. 

𝑁(𝐴,𝜔) =
4𝑘
𝜋𝐴

� 𝑙𝑜𝑔(2 A sin(𝜔𝑡))  sin(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0

, 

𝑁(𝐴,𝜔) =
4𝑘
𝜋𝐴

�[𝑙𝑜𝑔(2 A) + log(sin(𝜔𝑡))]  sin(𝜔𝑡)𝑑(𝜔𝑡),

𝜋
2  

0

 

𝑁(𝐴,𝜔) =
4𝑘
𝜋𝐴

⎣
⎢
⎢
⎡
� 𝑙𝑜𝑔(2𝐴)  sin(𝜔𝑡)𝑑(𝜔𝑡) +

𝜋
2  

0

� 𝑙𝑜𝑔( sin(𝜔𝑡))  sin(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0 ⎦
⎥
⎥
⎤
, 

𝑁(𝐴,𝜔) =
4𝑘
𝜋𝐴

⎣
⎢
⎢
⎡
𝑙𝑜𝑔(2𝐴)�  sin(𝜔𝑡)𝑑(𝜔𝑡) +

𝜋
2  

0

� 𝑙𝑜𝑔( sin(𝜔𝑡))  sin(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0 ⎦
⎥
⎥
⎤
, 

𝑁(𝐴,𝜔) =
4𝑘
𝜋𝐴

⎣
⎢
⎢
⎡
𝑙𝑜𝑔(2𝐴) ��−cos (𝜔𝑡)|0

𝜋
2� + � 𝑙𝑜𝑔( sin(𝜔𝑡))  sin(𝜔𝑡)𝑑(𝜔𝑡)

𝜋
2  

0 ⎦
⎥
⎥
⎤
, 

𝑁(𝐴,𝜔) =
4𝑘
𝜋𝐴

⎣
⎢
⎢
⎡
𝑙𝑜𝑔(2𝐴) + � 𝑙𝑜𝑔( sin(𝜔𝑡))  sin(𝜔𝑡) 𝑑(𝜔𝑡)

𝜋
2  

0 ⎦
⎥
⎥
⎤
, 

∫ 𝑙𝑜𝑔( sin(𝜔𝑡))  sin(𝜔𝑡) 𝑑(𝜔𝑡)
𝜋
2 
0 = −0.306853. This integral was solved with the 

help of Mathematica®. 
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𝑁(𝐴,𝜔) =
4𝑘
𝜋𝐴

[𝑙𝑜𝑔(2𝐴) − 0.306853], 

𝑁(𝐴,𝜔) =
4𝑘
𝜋𝐴

[𝑙𝑜𝑔(2) + log (𝐴) − 0.306853], 

𝑁(𝐴,𝜔) =
4𝑘
𝜋𝐴

[0.6931 + log (𝐴) − 0.306853], 

𝑁(𝐴) =
4𝑘
𝜋𝐴

[log(𝐴) + 0.3863]. (145)  

Equation (145) is a canonical form of the describing function for the IHF for values of 

amplitude A greater than 5. Below this value the function will have some error. The func-

tion becomes incorrect below one as the 𝑙𝑜𝑔(𝑥) becomes negative. From equations 

(143)-(145) it is clear that the describing function of the IHF does not depend upon the 

frequency. The describing function for the IHF can be written as.  

𝑁(𝐴) = 𝑘,   𝑤ℎ𝑒𝑛 𝐴 ∈ [0, 0.5]. (146)  

𝑁(𝐴) =
4𝑘
𝜋𝐴

�
256 
693

𝑝1𝐴10 +
63𝜋
512

𝑝2𝐴9 +
128
315

𝑝3𝐴8 +
35𝜋
256

𝑝4𝐴7

+
16
35

𝑝5𝐴6 +
5𝜋
32

𝑝6𝐴5 +
8

15
𝑝7𝐴4 +

3𝜋
16

𝑝8𝐴3 +
2
3
𝑝9𝐴2

+
𝜋
4
𝑝10𝐴 + 𝑝11� , 𝑤ℎ𝑒𝑛 𝐴 ∈ [0.5 5]. 

(147)  

𝑁(𝐴) =
4𝑘
𝜋𝐴

[log(𝐴) + 0.3863], 𝑤ℎ𝑒𝑛 𝐴 ∈ [5,∞). (148)  

Equation (146)-(148) are plotted in the Figure 5.5. The figure is similar to the describing 

function curve for the saturation function as shown in Figure 5.6 with a small difference 

which is that the describing function plot of the IHF is more continuous around the low 

gain area as compared to the plot of the saturation function where there is a discontinuity 

at the boundary layer. 

This subsection was devoted to the calculation of the relation for the describing function 

for the IHF. In the next subsection the chattering analysis using describing function in 

general is described where it is applied to analyze the IHF based proposed controller. 
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Figure 5.5. Describing function plot of the IHF. 

 

Figure 5.6. Describing function plot for saturation nonlinearity. 

 

5.3.2. Chattering Analysis using Describing Functions Technique 

In the case of SMC with linear plants the only nonlinear element present in the system is 

the switching function which can be either the relay function or the saturation function. 

The structure of such systems is similar to the describing function analysis diagram as 

shown in Figure 5.3. Assuming the chattering with amplitude 𝐴𝑐 and frequency 𝜔𝑐 be the 

periodic solution, the describing functions technique can be applied for the chattering 

analysis. Equation (130) is the necessary condition for the existence of the limit cycle in 
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the system. In the case of SMC the existence of the limit cycle means that there is chatter-

ing present in the system. If there is no limit cycle in the system then equation (130) will 

have no solution and hence there will be no chattering in the system [91]. As asserted by 

many researchers [13, 15, 16, 87-91] the main causes of the chattering are un-modeled 

fast dynamics which itself can be due to the simplifications made in the system modeling 

or due to the sensor and actuator dynamics. The sensors and actuators add extra dynamics 

in the system which are typically fast dynamics and result in the non ideal sliding mode 

and results in the low frequency oscillations which are called as chattering. In such cases 

there has to be a limit cycle in the system that results in the chattering. Consider a system 

in the state space form given as.  

�̇�1 = 𝑥2, 

�̇�2 = 𝑥3, 

⋯ , 

�̇�𝑛 = −𝑎0𝑥1 − 𝑎1𝑥2 …− 𝑎𝑛−1𝑥𝑛 + 𝑏𝑢. (149)  

The sliding surface is given as. 

𝑠 = 𝑐1𝑥1 + 𝑐2𝑥2 + ⋯+ 𝑥𝑛. (150)  

The control law is given as . 

𝑢 = −𝐾 𝑠𝑖𝑔𝑛(𝑠). (151)  

where 𝐾 is large enough to enforce the sliding mode. Assuming ideal sliding mode where 

there are no left over dynamics in the system. The system under ideal sliding mode can 

be given as.  

�̇�1 = 𝑥2, 

�̇�2 = 𝑥3, 

⋯ , 

�̇�𝑛−1 = 𝑥𝑛, 

𝑥𝑛 = −𝑐1𝑥1 − 𝑐2𝑥2 …− 𝑐𝑛−1𝑥𝑛−1. (152)  

87 
 



Further the system is assumed to be passive system which satisfies the following passivi-

ty condition.  

∠𝐺(𝑠) ≤ −
𝜋
2

. (153)  

The passivity assumption is important to establish the ideal sliding mode conditions as 

discussed ahead in the text. It may be noted that the linear system is assumed for the sim-

ple analysis. A similar analysis can be carried out for the nonlinear systems. Equation 

(152) represents the system with ideal sliding mode where there is chattering with infini-

tesimally small amplitude and infinite frequency. However the ideal sliding mode is not 

realized due to model uncertainties un-modeled dynamics and imperfections in the 

switching controller. The practical sliding mode ensures the switching surface within a 

small band which can be given as.  

‖𝑠(𝑥)‖ ≤ 𝛿. (154)  

Thus the practical sliding mode ensures the sliding dynamics with a band of width 𝛿 

where the frequency of the chattering and the amplitude are finite. In other words this 

means that there exists a limit cycle in the system. The existence of limit cycle means 

chattering in the system, with finite amplitude and frequency. The describing functions 

analysis is used to detect the presence of limit cycle. Using the system shown in Figure 

5.3, and assuming a strictly passive system the following may be concluded by using de-

scribing functions analysis [91]. 

1. There exists ideal sliding mode with amplitude of oscillation, 𝐴𝑐 = 0 and fre-

quency 𝜔𝑐 =  ∞. 

2. There exists real sliding mode with oscillations having amplitude 𝐴𝑐 > 0 and 

𝜔𝑐 <  ∞. 

3. There exists real sliding mode with no oscillations. 

In order to explain these points an example is described.  

5.3.2.1. Design Example 

Consider a passive system as described by the following transfer function. 
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𝐺(𝑠) =
𝑠 + 1

𝑠2 + 𝑠 + 1
 . (155)  

This is a second order system. It’s a strictly passive system having ∠𝐺(𝑠) ≤ −𝜋
2

. 

 

 

Figure 5.7. Nyquist plot for the ideal sliding mode 

The closed loop system is depicted in Figure 5.3. The sliding surface is designed to 

ensure the passivity condition given in equation (153) . Assuming that the signum exists 

as a nonlinearity. The describing function of the signum function can be given as [4].  

𝑁(𝐴,𝜔) =
4𝑀
𝜋𝐴

. (156)  

Where M is the gain of the discontinuous controller, and A is the amplitude of the input 

signal. As discussed above, for the existence of limit cycle in the closed loop system the 

harmonic balance condition given by equation (130) must be fulfilled. The Nyquist plot 

in Figure 5.7 shows the plot of the 𝐺(𝑗𝜔) and −1
𝑁(𝐴,𝜔) . The two plots only meet at the 

origin (0,0), which means there exists limit cycle with zero amplitude and infinite fre-

quency. The sliding surface for this case is shown in the Figure 5.8. The surface shows no 

chattering, as the chattering has zero amplitude.  

89 
 



 

Figure 5.8. Sliding surface for G(s) 

 

 

Figure 5.9. System states. 

The states are plotted in Figure 5.9 where there is no chattering present in the system 

states. The control effort plot is shown in Figure 5.10. Ideally there should not be any 

chattering. The fundamental reason for the chattering is due to the computer implementa-

tion of the sliding mode. The frequency of the sliding mode is proportional to the sam-

pling rate. 
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Figure 5.10. Control effort for the ideal SM at sampling rate 105 samples/sec 

The chattering is zoomed in Figure 5.10 at time equal to 12 seconds. There is a zero 

crossing at every sampling instance. Increase in the sampling rate will decrease the am-

plitude and the frequency will increase.  

In order to demonstrate the real sliding mode sensor dynamics are added to the system 

described in equation (148). The sensor dynamics can be given by the following transfer 

function.  

𝐺𝑠(𝑠) =
1

0.0001𝑠2 + 0.02𝑠 + 1
 . (157)  

The resulting system is a cascaded system given as. 

𝐺(𝑠)𝐺𝑠(𝑠) = 𝐺(𝑠) =
𝑠 + 1

𝑠2 + 𝑠 + 1
 .  

1
0.0001𝑠2 + 0.02𝑠 + 1

 . (158)  

The sliding surface is designed by neglecting the sensor dynamics and hence is the same 

as for the ideal case. The resulting system exhibits real sliding mode. The Nyquist plot of 

the system is shown in the Figure 5.11. Near to the origin where the frequency is high, 

the −1
𝑁(𝐴,𝜔) and the 𝐺(𝑗𝜔) plots meet at non zero location. This means that there is an ex-

istence of the limit cycle in the system and hence there will be chattering in the system. 

The frequency of the chattering and amplitude can be inferred from the graph.  
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Figure 5.11. Nyquist plot for the real sliding mode. 

The state plot for the real sliding mode is shown in Figure 5.12. The states exhibit low 

frequency chattering.  

 

Figure 5.12. System states for the real sliding mode 

In Figure 5.13 and Figure 5.14 the sliding surface and the control effort are depicted for 

the real sliding mode case. The sliding surface exhibits low frequency chattering which is 

reflected in the chattering shown in the controller effort plot (Figure 5.14). The chattering  
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Figure 5.13. Sliding surface for real SM Figure 5.14. Controller effort for real SM 

shown is different from the chattering shown in the Figure 5.10 (Ideal SM control effort), 

where the chattering was due to the discretization effects. 

5.3.3. Chattering Analysis of the Proposed IHF Controller 

As described in detail in the previous subsection the main cause of the chattering are the 

un-modeled dynamics, model imperfections and imperfections in the switching functions 

itself. The resulting SM is termed as the real sliding mode which may not exhibit chatter-

ing if proper switching function with appropriate gain is used. One possible remedy of 

the chattering elimination is the saturation function, which implements the real sliding 

mode in the presence of fast un-modeled dynamics.  

The proposed controller is based on the IHF which implements boundary layer. The de-

scribing function of the IHF was computed in the previous subsection. Its shape is similar 

to the describing function plot of the saturation function. The only difference is that it has 

no discontinuity as in the case of saturation function where there is a discontinuity at the 

edge of the boundary layer. The analysis presented in this Section extends the analysis 

done by [91].  

5.3.3.1. No Un-Modeled Dynamics and IHF as Nonlinearity 
It is assumed that there are no un-modeled dynamics in the closed loop system and the 

nonlinearity present in the system is IHF. The sliding surface is selected to make the  
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Figure 5.15. Nyquist plot for IHF without un-modeled dynamics 

 

 

Figure 5.16. Controller effort using IHF  
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system given by equation (155) strictly passive. In this case for positive amplitude i.e for 

𝐴 > 0, there exists no solution to the harmonic balance equation (130) and thus there is 

no chattering in the system. The sliding mode is termed as real sliding mode. In order to 

illustrate, consider the system given by equation (155). Assuming there are no un-

modeled dynamics. The describing function for IHF is given in equation (146)-(148). The 

Nyquist plot for this case is shown in the Figure 5.15. As there is no point where the two 

plots meet and hence there is no solution of the harmonic balance equation. This means 

there is no self sustained oscillation and hence there is no limit cycle. As a consequence 

there is no chattering and the resulting sliding mode will be a real sliding mode. The plots 

of the system states, control effort and sliding surface are shown in Figure 5.16. The con-

troller effort is smooth and shows no chattering. Similarly the state plot and the sliding 

surface show good convergence without chattering. This result is in accordance with the 

theoretical results described in the [91] for the boundary layer switching functions. 

5.3.3.2. Un-Modeled Dynamics and IHF as a Nonlinearity 

Un-modeled dynamics are assumed to be of two difference types. In the first type the un-

modeled dynamics are assumed to be the first order. In the second type the un-modeled 

dynamics are assumed as second order. Consider a linear system defined as. 

𝐺(𝑠) =
𝑠 + 1

𝑠2 + 𝑠 + 1
. 

The first order sensor dynamics are given as.  

𝐺𝑠(𝑠) =
1

0.001𝑠 + 1
. 

The combined system can be given as.  

𝐺(𝑠)𝐺𝑠(𝑠) = 𝐺(𝑠) =
𝑠 + 1

𝑠2 + 𝑠 + 1
 .  

1
0.001𝑠 + 1

 . 

The resulting system satisfies the following condition. 

∠𝐺(𝑠)𝐺𝑠(𝑠) = 𝐺(𝑠) =
𝑠 + 1

𝑠2 + 𝑠 + 1
 .  

1
0.001𝑠 + 1

= −𝜋. 
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Figure 5.17. Nyquist plot of IHF as nonlinearity and first order un-modeled dynamics 

 

 

Figure 5.18. The control effort plot (upper), system states(middle) and sliding surface 
(lower) for the IHF as nonlinearity and first order un-modeled dynamics. 
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The resulting system is not passive and hence there is a possibility that there exists limit 

cycle in the system. The Nyquist plot is shown in the Figure 5.17. As depicted in the Fig-

ure 5.17 for A>0 the plot of −1
𝑁(𝐴,𝜔) and 𝐺(𝑗𝜔) do not meet anywhere. Thus there is no so-

lution of the harmonic balance equation. This means in the case of first order un-modeled 

dynamics there will be no chattering. The simulation results shown in the Figure 5.18 en-

dorse the result.  

In the sequel the case of a system with second order un-modeled sensor dynamics is as-

sumed. The system can be given as.  

𝐺(𝑠) =
𝑠 + 1

𝑠2 + 𝑠 + 1
. 

The un-modeled sensor dynamics are given as.  

𝐺𝑠(𝑠,𝑑) =
𝑑

0.0001𝑠2 + 0.02𝑠 + 1
 

𝐺𝑠(𝑠,𝑑) represents the sensor dynamics, where 𝑑 is the uncertainty, 𝑑 ∈ 𝛀 ⊂ ℝ. The 

combined system can be given as. 

𝐺(𝑠)𝐺𝑠(𝑠, 𝑑) = 𝐺(𝑠) =
𝑠 + 1

𝑠2 + 𝑠 + 1
 .  

𝑑
0.0001𝑠2 + 0.02𝑠 + 1

 . 

The phase angle of the combined transfer function is given as.  

∠𝐺(𝑠)𝐺𝑠(𝑠) = −
𝜋
2

(𝑘 + 1). 

where k represents the order of the uncertainty. For 𝑘 ≥ 1, the resulting system is a non 

passive system and therefore there is a possibility of limit cycle in the system. 

The Nyquist plot of the combined system 𝐺(𝑠)𝐺𝑠(𝑠,𝑑) is shown in the Figure 5.19, 

where d=1 is assumed. As shown in the Figure 5.19, for 𝐴 > 0 the harmonic balance 

equation (130) has no solution for this case, which means that the system will have no 

chattering. Simulation results of the system with these dynamics are shown in the Figure 

5.20. The simulation results show no chattering. Thus the real sliding mode exists with no 

chattering in the system. 
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Figure 5.19. The Nyquist plot of the system with second order un-modeled dynamics. 

 

Figure 5.20. The control effort plot (upper), system states (middle) and sliding surface 
(lower) for the IHF as nonlinearity and second order un-modeled dynamics. 
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An analysis using second order sensor dynamics by varying 𝑑 such that 𝑑 ∈ (0, 2], and 

k>0.5 is assumed. The value of 𝐴 is varied such that 𝐴 ∈ (0,∞). The simulation results 

are shown in the Figure 5.21. From the Figure it is evident that when the gain 𝐴 and 𝑑 are 

varied there can be multiple intersection points between a and b (shown on the graph) 

where the limit cycle exists. Thus in the case of combined dynamics where 

|∠𝐺(𝑠)𝐺𝑠(𝑠)| > 𝜋
2
, the controller gains should be chosen in such a manner that the har-

monic balance equation (130) has no solution. This will ensure real sliding mode with no 

chattering.  

 
Figure 5.21. Nyquist plot for plant with 2nd order sensor dynamics. d is varied between 

(0,2] and 1/N (A,ω) is varied by changing A between (0,∞)  
 

5.4. Summary 

In this chapter the detailed chattering analysis of the proposed sliding mode control tech-

nique has been provided. The chattering eradication behavior has been proved with the 

help of two different methods. The first method is based on the boundary layer approach 

where it has been proved that the proposed sliding mode controller possesses low pass 

filter properties and hence eliminates the chattering effect. In the second approach de-

scribing function method is used to give an answer for the chattering elimination behav-
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ior. The describing functions analysis extends the work of [91] for the IHF and establish-

es the conditions under which the real sliding mode will occur with limit cycle and with-

out limit cycle.   

 Up to this point in this thesis the focus was on the sliding mode theory where we have 

proposed sliding mode reaching laws there stability analysis, reaching time etc have been 

covered. In the next chapter the proposed theory is applied on the design and develop-

ment of phase locked loops (PLL). PLL's are used for the control of phase and frequency 

of the oscillators. There application is diverse and many modern engineering systems use 

phase locked loops. In the next chapter the phase locked loop has been modeled and then 

the proposed control techniques are applied.  
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Chapter 6  
 

 Design of Phase Locked Loop using Sliding 

Mode Control 
 

Phase Locked loop (PLL) is a feed back control system. Its application is vast and di-

verse. It is found in many consumer electronics items. It is also used in the control of 

electric motors. In digital communications it is used for the tracking of phase and fre-

quency of the receiver and transmitter. Without the PLL’s the modern digital communi-

cations is impossible due to the stringent requirements of the frequency and phase stabil-

ity. High quality frequency synthesis with spectral purity and waveform synthesis also 

requires PLL's. It is designed usually with the traditional controller design methods. The-

se methods are based on the classical control system techniques such as proportional, 

proportional plus integral or proportional integral derivative (PID). A major drawback of 

these methods is lack of the disturbance estimation and cancellation. The modern and ro-

bust control methods are seldom used in the design of PLL’s which may result in the ro-

bust performance of the phase locked loops. A PLL designed using the conventional 

techniques mentioned above, has no mechanism of disturbance rejection which are com-

mon in the communications systems such as interference, jamming and oscillator pulling.  

SMC which is a robust control systems design technique with its inherent capabilities 

against the disturbance rejection and parameter variations is a very good candidate for the 

design of the PLL’s having robust performance against external disturbances especially 

the oscillator pulling and injection locking. In this chapter the ISM control is applied to 

the design of digital phase locked loop that cancels out external disturbances such as in-

jection signal. In the next Section the introduction of the PLL is covered. The later sec-

tions cover the oscillator pulling and injection locking in phase locked loops. Finally the 
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mathematical model that is suitable for designing sliding mode controllers is described 

along with the ISM controller design and experimental results.  

6.1. Introduction of PLL 

A phase locked loop as the name shows controls the phase and frequency of the oscilla-

tors. Its use was first reported in the early 1930’s when there were research efforts being 

made to develop the direct conversion receivers. A direct conversion receiver multiplies 

the received input RF signal with the locally generated RF signal. The resultant signal is 

passed through a low pass filter and the original base-band signal is recovered. This tech-

nique had major advantage that it eliminates the number of local oscillators that are re-

quired in the super heterodyne receivers and the number of RF amplifier stages required. 

In those days it was very important to reduce the number of RF stages because the tech-

nology was evolving. There were no semiconductors. Electronic tubes, such as triodes, 

pentodes etc were used as amplifier devices and they required a lot of power to operate. 

The direct conversion receiver also known as the homodyne receiver was able to solve all 

the problems of the heterodyne receivers but it required a very stable local oscillator. In 

homodyne receivers without a stable local oscillator it is not possible to demodulate the 

base-band signal. Henri de Bellescize who is also considered the pioneer of the coherent 

modulation technique introduced the concept of reference signal to control the phase and 

frequency of the local oscillator [93]. This gave birth to the term phase locked loop. Later 

the phase locked loops have been used in the television systems for the synchronization 

and control of the phase and frequency of the oscillators. In communications systems the 

phase locked loops are used for the frequency synthesis, frequency tracking, phase track-

ing and sampling clock tracking. It is also used for the demodulation of Frequency modu-

lated signals, where the robustness of the technique is unquestionable. In the early days 

the phase locked loops were analog but with the invention of integrated circuits in late 

sixties and early seventies the digital phase locked loops emerged. The RCA’s famous 

CD-4046 is a phase locked loop integrated circuit that is still used. The powerful micro-

processors and DSP processors enabled the use of all digital implementation of the phase 

locked loops, which are also termed as the software phase locked loops or All Digital 

PLL.  
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In digital communications the role of phase locked loops is becoming more and more 

vital. It is impossible to design a digital communication system without the PLL's. In dig-

ital communication systems especially where less bandwidth is available, requirement to 

track the phase and frequency of the received signal and in the synthesis of the exact fre-

quencies is more stringent. Usually such systems are single carrier systems where BPSK 

(Binary Phase Shift Keying)  modulation is used. In decoding the BPSK signal a frequen-

cy drift of several hertz may result in decrease in the SNR (Signal To Noise Ratio) which 

causes increase in the bit error rate. Similarly in multi-carrier systems especially OFDM 

(Orthogonal Frequency Division Multiplexing) demodulation requires highly stable local 

oscillators with near to zero phase and frequency error. All these requirements need high-

ly stable oscillators which are impossible without PLL's. 

PLL being a control system that controls the phase and frequency, however the degree 

to which the control systems theory is currently applied in the design of PLL for commu-

nications systems is of preliminary nature. There is a lot that the modern and robust con-

trol system can contribute towards the design of robust PLL’s. Many problems that the 

current design methodologies are facing require the use of modern and robust control 

schemes. The later sections of this chapter highlight the modern challenges that the PLL 

designs are facing and there possible solution using the Modern and Robust control sys-

tems methods. In the next Section the basic theory of the PLL is covered.   

6.2. Basics PLL Concepts 

In Figure 6.1 a typical PLL is depicted. It has three main components. 

1. The Phase frequency detector (PFD) 

2. The Loop filter/controller. 

3. Voltage Controlled Oscillator (VCO). 

 

Figure 6.1. A typical PLL 
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The PFD detects the difference in the phase and frequency of the VCO signal and the in-

coming signal. The input to the PFD is the reference signal 𝑥𝑟𝑒𝑓 and 𝑥𝑣𝑐𝑜, which is the 

output of the VCO and is the negative feedback signal. The output of the PFD is the error 

signal, which is the difference of the reference signal and the output of the VCO. The 

Loop filter is basically a controller that takes as input the error signal from the PFD and 

drives the VCO. The frequency of the VCO changes proportionally to the input voltage, 

𝑉𝑐𝑜𝑛𝑡. The PLL operation can be explained as: When the 𝑉𝑐𝑜𝑛𝑡 is equal to zero the VCO 

is running on the frequency 𝜔𝑜, which is also called the center frequency. When the ref-

erence input signal 𝑥𝑟𝑒𝑓 has a frequency different than that of the VCO, the PFD gener-

ates an error signal. The Loop filter/controller generates the 𝑉𝑐𝑜𝑛𝑡 signal which changes 

the frequency of the VCO. When the frequency and phase of the VCO and the input sig-

nal becomes the same the error signal 𝑒(𝑡) becomes almost zero. In this way the lock on 

the input reference signal is achieved.  

6.2.1. Mathematical Mode of the PLL 

A basic PLL is shown in Figure 6.1. The input signal is given as.  

𝑥𝑟(𝑡) = 𝐴𝑐 cos(2𝜋𝑓𝑐𝑡 + 𝜙𝑟(𝑡)) .   (159)  

The output of the VCO is given as. 

𝑥𝑣𝑐𝑜(𝑡) = Av sin�2𝜋𝑓𝑐𝑡 + 𝜙𝑣(𝑡)� .   (160)  

The phase detector is a multiplier that multiplies the signals as.  

𝑥𝑀(𝑡) = Ar Av cos�2𝜋𝑓𝑐𝑡 + 𝜙𝑟(𝑡)� . sin�2𝜋𝑓𝑐𝑡 + 𝜙𝑣(𝑡)� , 

𝑥𝑀(t)= Ar Av
2

�sin�𝜙𝑟(𝑡) − 𝜙𝑣(𝑡)� + sin�4𝜋𝑓𝑐𝑡 + 𝜙𝑟(𝑡) + 𝜙𝑣(𝑡)��, 

where the above term is achieved by the trigonometric substitution. At this point there are 

two terms which are the output of the multiplier. The double frequency term and the dif-

ference frequency term. The low pass filter which is part of the phase detector filters out 

the double frequency term and the output of the phase detector is the difference term giv-

en as.  
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e(t) =
 Ar Av

2
sin�𝜙𝑟(𝑡) − 𝜙𝑣(𝑡)� , 

e(t) = Kpd sin�𝜙𝑟(𝑡) − 𝜙𝑣(𝑡)�. (161)  

where Kpd =  Ar Av
2

 is the gain of the phase detector. It has units Volts/rad.  

The loop is nonlinear due to the sin term. This loop can be linearized for small phase an-

gles. When 𝜙𝑟(𝑡) − 𝜙𝑣(𝑡) ≪ 1 then sin�𝜙𝑟(𝑡) − 𝜙𝑣(𝑡)� ≈ 𝜙𝑟(𝑡) − 𝜙𝑣(𝑡). The resulting 

phase difference is simply the difference of the input phase and the VCO phase and is 

given as. 

 e(t) = Kpd�𝜙𝑟(𝑡) − 𝜙𝑣(𝑡)�. (162)  

6.2.1.1. The Loop Filter. 

Loop filter is the controller. This element is either passive or active. It is usually a PI con-

troller or a lead lag controller. In many cases it is simply a gain.  The transfer function of 

the LF can be given as  

𝐻(𝑠) = 𝐾, when LF is simply a gain. 

𝐻(𝑠) =
1 + 𝜏2𝑠
𝜏1𝑠

. , for PI type of LF   
(163)  

𝐻(𝑠) =
1 + 𝜏2𝑠
1 + 𝜏1𝑠

. , for lag lead type of LF. 
(164)  

6.2.1.2. The VCO 

A VCO is the voltage controlled oscillator. Its output frequency varies with the input 

voltage. Its mathematical model can be given as follows. Let 𝜔𝑜 be the nominal frequen-

cy of the VCO and 𝜃𝑣 be the instantaneous phase of the VCO then its frequency is pro-

portional to the input voltage. The mathematical relation can be given as. 

𝑑𝜃𝑣
𝑑𝑡

∝ 𝑒(𝑡), 
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𝑑𝜃𝑣
𝑑𝑡

= 𝐾𝑣𝑒(𝑡). (165)  

In the frequency domain this relation can be given as.  

𝑠Θ𝑣(𝑠) = 𝐾𝑣𝑢(𝑠), 

𝐺(𝑠) =
Θ𝑣(𝑠)
𝑢(𝑠) =

𝐾𝑣
𝑠

. (166)  

where  𝐾𝑣 is the gain of the VCO. Its units are Hz/volts or KHz/Volts, MHz/Volts and 

vice versa.  

 

 
Figure 6.2.(Upper)  Nonlinear PLL. (Lower) Linearized PLL 

Using the mathematical model of the elements the loop transfer functions can now be 

given as.  

Θ𝑣(𝑠)
Θ𝑟(𝑠) =

𝐺(𝑠)𝐻(𝑠)
1 + 𝐺(𝑠)𝐻(𝑠)

. 
(167)  

The error transfer function can be given as.  

𝐸(𝑠)
Θ𝑟(𝑠) =

1
1 + 𝐺(𝑠)𝐻(𝑠)

. 
(168)  
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These transfer functions are standard transfer functions as defined in almost all the con-

trol systems text books. For low tracking error the 𝐺(𝑠)𝐻(𝑠) should be high and vice ver-

sa.   

6.2.2. Classification of PLL 

Phase locked loops are classified as  

1. Analog Phase locked loops 

2. Digital phase locked loops 

3. All Digital phase locked loops 

4. Software Phase locked loops 

The analog phase locked loop is already discussed in the previous section and is the older 

type of the PLL. The Digital Phase Locked Loop (DPLL) is an advanced form of the lin-

ear or analog PLL. It has at least one digital element [94]. It is a sampled system. Usually 

its Phase detector (PD) is digital and is based on either XOR gate or a flip flop. The rest 

of the elements of the DPLL are analog. One of the popular DPLL is the charge pump 

PLL [95], and is still being used in many communications systems for its simplicity and 

ease of implementations.  

The All Digital Phase locked loop (ADPLL) comprises of all the digital components and 

works on the discrete time signals [96]. The Loop filter is a digital filter The VCO is ei-

ther a numerically controlled oscillator (NCO) or a digitally controlled oscillator (DCO). 

The Software PLL (SPLL) is the most sophisticated form of the phase locked loop [97]. It 

is fully implemented in software. The A/D converter samples the input signal and the 

output of the PLL is taken from a D/A converter. Currently the SPLL is very popular in 

Software Defined Radios (SDR) and all types of communications equipment.  

Another popular classification of the PLL is based on the number of integrators in the 

loop. They are called Type I, Type II or Type III PLL’s based on the number of integra-

tors in the system which come by the type of loop filter used in the system. Phase locked 

loops classified based on number of integrators have different performance and stability 

characteristics. Interested readers are referred to [83, 98, 99]. 
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6.2.2.1. Design Example 

A PLL shown in Figure 6.3 was implemented in Advanced Design System ADS®. The 

loop filter H(s) is based on the PI controller. The phase detector is a multiplier type which 

is a double balanced mixer type of phase detector. The output of the phase detecotor 

passes through a low pass filter. The responses are plotted in the Figure 6.4 through Fig-

ure 6.6. 

 

Figure 6.3. PI PLL implemented in Advanced Design System ADS® 

 

 

Figure 6.4. Reference signal (Blue)and PLL output (Red and dotted) 
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In Figure 6.4 the output of the PLL and the reference signal are plotted. The output of the 

PLL and VCO are being correctly tracked by the PLL.  

In Figure 6.5 the output of the phase detector is shown. During the transients the phase 

detector has produced the voltage. Once the phase error gets reduced to zero the output of 

the phase detector is around the zero value. Due to the double frequency term there is a 

high frequency term present in the output of the phase detector.  This is common in the 

multiplier type of phase detectors.  

 

Figure 6.5. Output of the Phase detector 

 

Figure 6.6. Loop filter output (Control effort) 

109 
 



In Figure 6.6 the output of the loop filter is shown that derives the VCO. The reference 

frequency was 11 MHz where as the VCO frequency was 10MHz. The VCO gain Kv is 1 

MHz. The loop filter /controller has generated 1 Volts to move the VCO to 11 MHz. The 

settling time is around 1 micro seconds. 

In this Section the basic theory of the PLL has been covered, the purpose of which was 

to give a brief of the PLL’s. Further details can be found in [83, 98, 99].In the next Sub-

section the modern challenges that the PLL design is facing are highlighted and there 

possible solutions using SMC is highlighted.  

6.2.3. Modern PLL Design Challenges. 

Spurious and unwanted injection of small signal perturbations in PLL's is a frequent phe-

nomenon in the modern modular and integrated systems used in communication systems. 

Various RF blocks such as transmitters, receivers and power amplifiers etc may be pre-

sent on the same substrate and may cause interference to each other. The power amplifier 

running at a relatively higher power may cause interference and hence result in the spec-

tral impurity of the output of the PLL which in turn can reduce the overall signal to noise 

ratio of the communication systems. On the other hand the spectrum may not be usable in 

tightly packed OFDM systems. Eradication of the pulling effect in the PLL's is thus a key 

step in order to achieve a reliable and robust communication system. In order to eliminate 

these effects, novel SMC has been used to cancel the effects of the pulling by cancelling 

the injection signal. Although the traditional loop filter reduces the effects of the injection 

signal it does not fully cancel the effect of injection signal and results in degraded spec-

trum. Disturbance estimation and cancellation may further reduce or may fully eradicate 

the injection signal resulting in better spectral purity and robustness.  

 The phenomenon of injection locking has been addressed by many authors in the past 

such as [100-103]. A nonlinear approach for generating small phase-domain oscillator 

macro models that capture injection locking well was suggested by [104]. More recent 

work has been reported by[8, 105] where the digital PLL was designed using Kalman fil-

ter and Extended Kalman Filter. The disturbance was modeled using Adler's equation and 

was cancelled. Phase domain macro-model was developed by [106]. The analysis of the 

oscillator pulling in continuous and discrete time is reported by [107]. Estimation of the 
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locking ranges of the injection locked frequency dividers and their sensitivity to parame-

ter variations was proposed by [108] where the perturbation projection vector (PPV) 

technique was used. Injection locking characteristics of oscillators were analytically ex-

pressed and estimated with negligible amplitude perturbation by [109]. A modeling tech-

nique based on admittance of the voltage controlled oscillator (VCO) was proposed by 

[110]. Mutual pulling was recently addressed by [111]. Analytical model of oscillator 

pulling phenomenon in unlocked driven nonlinear oscillators was done by [112]. Thus 

the injection locking and pulling of frequency in oscillators are the major issues. The next 

subsection describes the oscillator pulling and injection locking. 

6.2.4. Oscillator Pulling and Injection Locking 

In this section the Oscillator pulling and injection locking are described which are com-

mon problems in PLL’s. Any oscillator is prone to the pulling and injection locking. 

When two oscillators are oscillating in the nearby frequency and there exists some form 

of coupling in between them then it has been observed that the frequency of both the os-

cillators changes. This phenomenon is known as oscillator pulling. It happens when both 

the oscillators are at the same power level. The phenomenon was discovered by the in-

ventor of the pendulum Christian Huygens in 1666. He observed that the clocks on the 

wall are getting synchronized. Subsequently the phenomenon was found to be reproduci-

ble. He called the phenomenon as odd symphony.  

There are two possible cases of the oscillator pulling. the unlocked case where the VCO 

is free running and the locked case where the VCO is phase locked.  

6.2.4.1. Pulling or Injection Locking of Free Running VCO  

When two identical oscillators having proximity in frequency and are coupled through 

some medium which may be undesired, both the oscillators will lock to the same fre-

quency which will be different from the fundamental frequencies of both the oscillators. 

If one of the oscillator is powerful it will pull the second oscillator which will lock to the 

fundamental frequency of the oscillator having higher power. This is known as injection 

locking. Locking phenomenon was addressed by [100, 102] where the dynamics of the 

oscillator pulling were modeled by the Adler's equation which can be given as. 
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𝑑𝜃
𝑑𝑡

 = 𝜔𝑜 − 𝜔𝑖𝑛𝑗 − 𝜔𝐿𝑠𝑖𝑛(𝜃).   (169)  

where 𝜔𝑜 is the unperturbed fundamental frequency of the oscillator, 𝜔𝑖𝑛𝑗  is the frequen-

cy of the injected signal and 𝜔𝐿 is the one sided lock range. If the 𝜔𝑜 − ωinj ≤ ωL then 

 𝑑𝜃
𝑑𝑡

 will converge to zero or in other words the oscillator will lock to the injection fre-

quency, if on the other hand if the 𝜔𝑜 − ωinj > ωL  then the solution to the Adler's equa-

tion is periodic in nature where the frequency i.e. 𝑑𝜃
𝑑𝑡

  varies between 𝜔𝑜 − 𝜔𝑖𝑛𝑗 − 𝜔𝐿  

 and  𝜔𝑜 − 𝜔𝑖𝑛𝑗 + 𝜔𝐿. 

Equation (169) was simulated using MATLAB®. Assuming 𝜔𝑜 = 100MHz, 𝜔𝐿 = 1 MHz 

and 𝜔𝑖𝑛𝑗 = 98.9 MHz which is just out side the lock range. and 𝜔𝑖𝑛𝑗 = 99.1 MHz which 

is within the lock range. The results are depicted in the Figure. 6.7-6.8.  

 

 

Figure 6.7. Adlers equation ωinj=98.9 MHz. Outside the lock range 

As depicted in the plots when 𝜔𝑖𝑛𝑗 is outside the lock range it results in the beat frequen-

cies. When the 𝜔𝑖𝑛𝑗 is within the lock range then it locks to the injection signal and vice 

versa.   
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Figure 6.8. Adlers equation ωinj=99.1 MHz. Inside the lock range 

 

6.2.4.2. Pulling in Phase Locked Oscillators 

In the case of phase locked oscillators the injection locking and pulling does not occur at 

the low injection levels as it is phase locked and the loop filter is tracking the phase and 

frequency of the oscillation. However there are side bands that appear due to the modula-

tion. The dynamics of the phase locked oscillator can be given as [100, 102]. 

 
𝑑𝜃
𝑑𝑡

 = 𝜔𝑜 + 𝐾𝑣𝑐𝑜𝑉𝑐𝑡𝑟𝑙−𝜔𝑖𝑛𝑗 − 𝜔𝐿𝑠𝑖𝑛(𝜃).   (170)  

where 𝐾𝑣𝑐𝑜 is the VCO gain and 𝑉𝑐𝑡𝑟𝑙 is the loop filter output voltage. As the PLL is 

phase locked to the reference signal the loop filter keeps the phase and frequency of the 

oscillator within the limits. This is achieved by the generation of the control signal that 

cancels the effects of the 𝜔𝑖𝑛𝑗 + 𝜔𝐿𝑠𝑖𝑛(𝜃). For the perfect tracking and rejection of the 

injection terms the following condition must be met.  

𝑉𝑐𝑡𝑟𝑙  =
1

𝐾𝑣𝑐𝑜
�𝜔𝑖𝑛𝑗 + 𝜔𝐿𝑠𝑖𝑛(𝜃)� + 𝛿.   (171)  

The resulting closed loop system can be given as.  
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𝑑𝜃
𝑑𝑡

 = 𝜔𝑜 + 𝐾𝑣𝑐𝑜𝛿. (172)  

Equation (172) represents the ideal case. Practically the loop filter due to the time delays 

and bandwidth limitations or parameter variations does not result in the perfect cancella-

tion of the injection signals. The resulting spectrum has side lobes which are significantly 

suppressed but contribute to the impurities in the output spectrum and hence results in 

relatively lower SNR.  

In order to further clarify the effects of the injection signal for the phase locked case, the 

example of the PLL is reiterated. As shown in the Figure 6.9 a PI PLL with injection sig-

nal. The power of the injection signal is 30db below the VCO output  power. The refer-

ence signal is at 11MHz. The injection signal is at 10.2 MHz. Various parameters of the 

simulation are shown in the Figure 6.9.  

 

Figure 6.9. PI PLL with injection signal 

In Figure 6.10 the output of the PLL is depicted. The output of the PLL which is shown 

in blue is attenuated due to the injection signal. However the tracking performance is 

good. The PLL is well tracking the reference input. The output of the phase detector is 

shown in Figure 6.11. The transients settle down after 5 micro seconds. However it also 

has the components of the injection signal. 
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Figure 6.10. PI PLL output with injection signal 

 

 

Figure 6.11. The PD output 

In Figure 6.12 the output of the loop filter is shown. The loop filter output has a mean 

value of 1 Volts which is required by the VCO to track the reference input, however its 

output is wavy, which is due to the injection tone. This shows that the Loop filter is try-

ing to cancel out the effects of the injection. signal. In Figure 6.13 the output of the power 

spectrum is depicted. The output spectrum shows three peeks. The main peek in the mid-

dle is at 11 MHz which is the output of the PLL. 
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Figure 6.12. Loop filter output 

 

Figure 6.13. Power spectrum of the PLL output 

The peek at the left is at 𝜔𝑖𝑛𝑗 = 10.2 MHz which is the injection signal, and the peek at 

the right is at the 2𝜔𝑜 − 𝜔𝑖𝑛𝑗 = 22 − 10.2 = 11.8MHz. This result verifies the results 

achieved by [101] for the PLL with injection.  

Having described the PLL's in detail and covering the major practical issues in the PLL 

design and development, now the SMC is applied to the design of PLL's. SMC control 

and ISMC can result in the cancellation of the injection terms as this disturbance is a 

matched disturbance. 
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 In the next Section the Integral Sliding Mode is applied in the control of the DPLL 

where the injection locking has been eradicated by the SMC. 

6.3. PLL Design using Integral Sliding Mode Control 

In the Section the ISM is used to design the DPLL. The ISMC is used due to the reason 

that it is robust from the start and hence can result in the better performance as compared 

to the conventional sliding mode. In the next subsection the mathematical model of the 

DPLL is developed which is well suited for the ISMC design.  

6.3.1. Mathematical Formulation 

The model of the PLL is derived from the work of [8, 105] . A detailed derivation of 

the mathematical model follows. In Figure 6.14 a proportional plus integral PLL is 

shown. The VCO is the plant and is modeled as integrator. The loop filter (LF) which is 

typically  

 

Figure 6.14. PLL MATLAB/Simulink® implementation 

a proportional plus integral controller and the phase detector (PD) which gives the phase 

difference between reference signal and the VCO signal. For a continuous time PLL the 

output of the VCO can be expressed as. 

𝑠(𝑡) = sin�2𝜋𝑓𝑡 + 𝜙(𝑡) + 𝑘𝑣 � 𝑉𝑐𝑡𝑟𝑙(𝜏)𝑑𝜏
𝑡

0
� , 

𝑠(𝑡) = sin�2𝜋𝑓𝑜𝑡 + 2𝜋𝑓𝜀𝑡 + 𝜙(𝑡) + 𝑘𝑣 � 𝑉𝑐𝑡𝑟𝑙(𝜏
𝑡

0
)𝑑𝜏� , 
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𝑠(𝑡) = sin(2𝜋𝑓𝑜𝑡 + 𝜃(𝑡)). (173)  

where 𝑓 = 𝑓𝑜 + 𝑓𝜀 is the frequency of the oscillation, 𝑘𝑣 is the VCO gain, 𝑓𝑜 is the nomi-

nal frequency and 𝑓𝜀 = 𝑓𝑜 − 𝑓. 𝜙(𝑡) = ∫ 𝑧(𝑢)𝑡
0 𝑑𝑢 is the wiener phase process [113] and 

z is the white noise. From (173) the phase and its derivative can be given as: 

𝜃(𝑡) = 2𝜋𝑓𝜀𝑡 + 𝜙(𝑡) + 𝑘𝑣 � 𝑉𝑐𝑡𝑟𝑙(𝜏
𝑡

0
)𝑑𝜏. (174)  

�̇�(𝑡) = 2𝜋𝑓𝜀 + 𝑧(𝑡) + 𝑘𝑣𝑉𝑐𝑡𝑟𝑙(𝑡). (175)  

Let fd be the desired frequency and may be expressed as: 

�̇�𝑑(𝑡) = 2𝜋𝑓𝑑 . (176)  

The difference of the desired and actual frequency may be expressed as: 

�̇�𝑑(𝑡) − �̇�(𝑡) = 2𝜋𝑓𝑑 − 2𝜋𝑓𝜀 − 𝑧(𝑡) − 𝑘𝑣𝑉𝑐𝑡𝑟𝑙(𝑡), 

Δ�̇�(𝑡) = 2𝜋Δ𝑓𝑜 − 𝑧(𝑡) − 𝑒(𝑡).   (177)  

where e(t)=KvVctrl(t) and ∆fo=fd−fε  is the initial frequency error between the desired 

and the actual frequency offset from the center frequency. The error in the frequency will 

converge to zero with time and is modeled as a first order integrator process. The result-

ing state equations can be given as: 

Δ�̇�(𝑡) = 2𝜋Δ𝑓 + 𝑤(𝑡) + 𝑢𝑜(𝑡), 

Δ 𝑓̇(𝑡) = 𝑢1(𝑡).   (178)  

where w(t)=−z(t). The inputs u0(t) and u1(t) are related to e(t) as: 

𝑒(𝑡) = −𝑢0(𝑡) − 2𝜋� 𝑢1(𝜏)𝑑𝜏
𝑡

0
.   (179)  

In state space notation (178) can be written as. 
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�Δ�̇�
(𝑡)

Δ �̇�(𝑡)
� = �0 2𝜋

0 0 � �
Δθ(t)
Δ𝑓𝑜(𝑡)� + �1 0

0 1� �
𝑢0
𝑢1� + �10�𝑤

(𝑡), 

𝑦 = �1 0
0 0� �

Δθ(t)
Δ𝑓𝑜(𝑡)� .   (180)  

where A = �0 2𝜋
0 0 �, 𝐵 = �1 0

0 1�and 𝐶 = �1 0
0 0�. The pair (A ,B) is controllable and 

(A ,C) is observable. The state equations given by (180) and the control input expressed 

in (179) are discretized using the Euler's forward rule. The DPLL can be represented in 

state space as: 

�
Δ𝜃(𝑘 + 1)
Δ 𝑓(𝑘 + 1)� = �1 2𝜋𝑇𝑠

0 1 � �
Δθ(k)
Δf(k) � + �𝑇𝑠 0

0 𝑇𝑠
� �
𝑢0(𝑘)
𝑢1(𝑘)� + �𝑇𝑠0 �𝑤

(𝑘), 

𝑦(𝑘) = �1 0
0 0� �

Δθ(k)
Δ𝑓𝑜(𝑘)� .   (181)  

where Ts is the sampling period. The inputs u0(k) and u1(k) are related as: 

𝑒(𝑘𝑇𝑠) = −𝑢0(𝑘𝑇𝑠)𝑇𝑠 − 2𝜋𝑇𝑠2�𝑢1(𝑛)
𝑘−1

𝑛=0

.   
(182)  

The state space given above describes the PD and the DCO which are collectively con-

sidered as the plant.  

The overall system is depicted in the Figure 6.15. The output of the plant is a differ-

ence of phase as given in the state space model. This signal is supposedly be a line with 

zero slope, which means perfect lock between the reference signal and the VCO. Howev-

er in practical situations there is some residual error in the phase that results in the inter-

mediate frequency. This frequency error is obtained by differentiating the plant output, 

which results in the difference frequency. The resulting system becomes a two state sys-

tem with model given by equation (180) and equation (181). 

 In this section the model of the PLL is developed that can be used for the develop-

ment of PLL using SMC. In the next Section the ISMC is applied in the control of the 

DPLL where the injection locking and oscillator pulling have been eradicated by the 

ISMC. 
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Figure 6.15. Sliding Mode PLL. Overall block diagram 

6.3.2. DPLL Design using Novel Integral Sliding Mode 

As mentioned in the previous chapters the ISM control is robust from the start. This 

property of the ISM is well suited for the design of high speed DPLL where the robust-

ness is ensured from the initial conditions. In this subsection a DPLL is developed with 

the help of novel ISM controller design technique. It is proved with the help of experi-

ment that the said controller is robust against oscillator pulling and injection locking. 

6.3.3. Control Objectives and Controller Design 

Using the state space model developed in the previous subsection the controller design 

objectives are:  

1. To design a high speed digital phase locked loop using the proposed smooth integral 

sliding mode controller design technique for tracking the input signal. 

2. To reject the injection tone thereby eliminating the oscillator pulling phenomenon 

[100, 101]. 

In Figure 6.16 and Figure 6.17 the DPLL and the proposed integral sliding mode control-

ler are depicted. Reference input to the DPLL is a phase domain signal at 1MHz. A dis-

turbance input which is an external sinusoidal signal at 1.5 MHz is injected into the DCO. 
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Figure 6.16. Digital PLL using sliding mode control 

 

Figure 6.17. Integral Sliding Mode Controller 

Table 4. DCO and controller parameters 

Parameter Name Value 

DCO gain (Kv) 106 radians/volt 

Continuous Controller Q,R  matrix 1
1 1

0.0015 
   ,

3000 0
0 1000

 
    

Sliding surface Q, R matrix 0.07 0
0 0.0015

 
   , 1 100

200 0 
    

β1 , β2 5000 

K1 4.5013 

K2 0.9 

Sampling Period Ts 10-8 seconds 

121 
 



 

Figure 6.18. Experimental setup 

In the feedback path ∆θk is differentiated to produce ∆fk. The proposed integral sliding 

mode controller is used for the disturbance rejection and control purposes. The continu-

ous controller uo is designed using LQR method. The discontinuous controller is based on 

equation (87). The model has two inputs and therefore requires two sliding surfaces that 

are designed using LQR method. The continuous controller and the sliding surfaces may 

be designed using other methods such as H∞. Various parameters of the plant, continuous 

controller and sliding surface so are given in the Table 4. 

6.3.4. Experimental Implementation and Results 

The DPLL was implemented in Verilog hardware design language by using MATLAB®, 

Simulink®, Xilinx ISE® and ModelSim® softwares. The resulting code was synthesized 

using Xilinx ISE® tool and verified by running on the ML507 FPGA development board. 

The experimental setup is shown in Figure 6.18. The process of implementation can be 

summarized in following steps. 

1. Design the controller, sliding surface and DCO using MATLAB® and Simulink®. 

2. If the desired design specifications are fulfilled then go to step 3 else go to step 1. 

3. Convert the Simulink®  model into fixed point by using  Simulink® fixed point toolbox. 
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4. Compare the results of fixed point simulation and the floating point simulation and re-

move the errors or bring the results in acceptable regions. 

5. Generate the Verilog code with HDL coder. 

6. Perform co-simulation using ModelSim® and Simulink® . 

7. If the co-simulation is correct then generate the FPGA In the Loop (FIL) simulation 

and synthesize the verilog code. 

8. If the Verilog code synthesizes at the correct clock speed then go to step 10. 

9. Optimize the verilog code for synthesis at a higher clock frequency and go to step 8. 

10. Run the FIL simulation. 

 

The results achieved are depicted in the Figure 6.19 through Figure 6.26.  

 

Figure 6.19.Frequency step response 

In Figure 6.19 the frequency step response is plotted. A step in frequency of 1 MHz was 

applied. The response shows very good tracking. The settling time is around 100 micro 

seconds, which can be further reduced by tuning the controller parameters. The transient 

response is also very good.  

In Figure 6.20 the error between the reference frequency and the PLL output frequency is 

shown. The error plot also depicts zoomed frequency error at time 0.3 milliseconds. 

There is a frequency error of few Hz, which will be further reduced if the disturbance 

magnitude is reduced. 
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Figure 6.20. Frequency error 

 

 

Figure 6.21. PD output 

In Figure 6.21 the output of the phase detector is depicted. The phase detector shows 

good convergence of the error between the reference and the VCO output.  

In the Figure 6.22 the time domain plot of the reference signal and the PLL output are 

shown. The convergence is evident in this plot. At 0.3 milliseconds the plot is zoomed to 

show few cycles of the reference and the PLL output.  
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Figure 6.22. Time domain signals 

 

Figure 6.23. Controller effort 

In Figure 6.23 the controller effort is plotted. The controller effort will be reduced if the 

disturbance level is reduced. 

 In Figure 6.24 the sliding surfaces for the phase and frequency are depicted. The sliding 

surface is zoomed to demonstrate that there is minimal chattering effect which is primari-

ly due to the high disturbance levels. The convergence of the sliding surface shows good 

disturbance rejection. 
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Figure 6.24. Sliding surfaces 

 

Figure 6.25. Disturbance 

In Figure 6.25 the disturbance signal at 1.5 MHz is plotted. The amplitude level of the 

disturbance signal and the reference signal are the same. This was deliberately done to 

check the cancellation of the disturbance signal. In the literature the reported levels of the 

injection signals are -30 dBm to -50 dBm below the VCO output. As there is no disturb-

ance cancellation mechanism in the reported schemes therefore even a small signal can 

disturb the PLL. This has also been shown in the PLL injection example in the previous 

sections.  
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In Figure 6.26 the power spectrum of the output of the DPLL is depicted. The cancella-

tion of the disturbance signal at 1.5MHz is evident. The side bands that usually appear 

due to the injection signal are also eradicated.  

 

Figure 6.26. Power spectrum of the output signal 

6.4. Summary 

This Chapter has introduced the PLL and its design. The injection locking and oscillator 

pulling have been described in detail with the help of examples. A mathematical model of 

the PLL is formulated which is suitable for designing PLL's using SMC. The experi-

mental implementation of a DPLL on FPGA is also discussed, where the disturbance es-

timation and rejection features of the proposed ISMC are used to cancel the injection 

locking and oscillator pulling by assuming them the matched uncertainties.   
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Chapter 7  
 

 Conclusions and Future Work 
 

In this chapter the thesis is summarized. It also discusses the future directions for the re-

searchers who are working in the field of sliding mode control and phase locked loop de-

sign. 

7.1. Thesis Summary 

In this thesis first of all a novel reaching law for the smooth sliding mode control has 

been described. The proposed reaching law is based on the inverse hyperbolic function, 

where the main achievement is the smooth control action and the chattering eradication. 

The mathematical proofs related to the stability, finite reaching time and robustness of the 

novel reaching law have been described. Numerical simulations have been carried out to 

show the results of the proposed reaching law.  

The second contribution made by this thesis is the smooth integral sliding mode control-

ler design, where the proposed control law is used to develop the smooth integral sliding 

mode control. Integral sliding mode control as mentioned in the Chapter 4 is robust from 

the start however due to the chattering its application to certain class of systems where 

the chattering is unacceptable is not possible. The SISMC has been proved to provide 

smooth control action and hence can be used for such systems.  

Further a disturbance estimation and rejection framework has been proposed, which is 

based on the SISMC. Its key advantage is the accurate and chattering free disturbance 

estimation and rejection. The effectiveness of the disturbance estimation and rejection has 

been proved by applying it to the control of DC motor. Simulation results show accurate 

disturbance estimation and rejection. 

128 
 



Third contribution is the mathematical proof of the chattering eradication behavior of the 

proposed reaching law which is covered in Chapter 5, where the boundary layer analysis 

and describing functions analysis techniques are used to answer the chattering elimina-

tion behavior of the proposed sliding mode controller.  

Further in chapter 6 a continuous time model of the PLL has been deduced from the work 

of [8, 105]. This model of the PLL is suitable for the design of sliding mode based PLL. 

Conventional model of the PLL is a first order system that cannot be used to design a 

sliding mode based PLL. The model combines the VCO and the phase detector to form a 

second order model of the PLL. The sliding mode PLL was implemented on the Xilinx 

ML507® FPGA board using MATLAB® and Simulink®. In this work the injection lock-

ing and oscillator pulling has been eradicated with the help of proposed Integral sliding 

mode control. The results show cancellation of the injection signal, as a consequence the 

oscillator pulling effects are removed. The side bands that appear in the case of PI con-

troller when used as loop filter are also eliminated by the proposed ISM.  

7.2. Future Work 

The framework for the proposed novel sliding mode control has been laid down by this 

thesis. There is a huge frontier open to extend this work. Following extensions of this 

work are possible.  

1. Application of the proposed reaching law to the higher order sliding mode and 

smooth higher order sliding mode.  

2. Sliding Mode observer design using the proposed sliding mode reaching law and con-

troller. The proposed controller can help in removing the chattering present in the 

sliding mode observers due to the injection term. 

3. Discrete time analysis of the proposed reaching law. 

4. Efficient digital implementation of the proposed controller. Although an implementa-

tion technique for the FPGA and fix point microcontrollers has been suggested in this 

work. However there is still cushion for the improvement. The complexity of the im-

plementation can be further reduced in many ways. First the number of cycles re-

quired to compute the control law can be reduced and secondly the amount of logic 

circuits needed to implement can be reduced.  
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5. Continuous time implementation of the proposed reaching law is yet another chal-

lenging area for the analog circuits designers. 

6. Transport delays in the feedback and actuators can be addressed in the future work.  

7. This work has proposed a reaching law for smooth sliding mode control in a generic 

manner and may be applied to many application areas other than PLL’s. 
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