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Abstract
Black-Scholes equation is a revolutionary concept in the modern financial theory.
Financial instruments such as stocks, commodities and derivatives can be evaluated using
this model. Option valuation, a part of derivative products, is extremely important to trade
in the stocks. The numerical solutions of Black-Scholes equations are used to simulate
these options and are addressed in this dissertation. In particular, the discontinuities in the
domain are addressed. The discontinuities in options create oscillations near exercise price
in the solution.
A grid adaptive finite difference technique is developed to evaluate financial
options using Black-Scholes equation. The grid is refined near the exercise price to
resolve discontinuities in the option evaluation and a coarse grid is generated otherwise.
To cope with these uneven space steps, an innovative numerical finite difference schemes
are developed named as adaptive explicit, adaptive fully implicit and adaptive Crank
Nicolson techniques. These techniques are used to cure oscillations produced by
discontinuities in the digital and butterfly options. These techniques are also used to
simulate multi-asset digital and butterfly options. The numerical experiments show that
the adaptive finite difference method is much more efficient than the method with uniform
spacing. The technique reduces the points drastically which in turn decreases the
computational cost and makes the algorithms highly efficient.
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Symbol
t
T
S
E
V

µ
Σ
Δ

K
r
q
Π
∈
→
CRR
PDE

FDM
SDE
RAPM
PSOR
LIBOR
DJIA
C
OTC
ITM
ATM
OTM
AMM
MLS
RBF
PIM
SPD
P

Interpretation
Time
Expiry or expiration time
S(t), price of the underlying asset at time t
Strike price
V (S, t) value of an option
Value of a European option
Value of an American option
Drift (measures the average rate of growth of the asset price)
Volatility (measures the standard deviation of the returns)
Measure of sensitivity
Measure of sensitivity of delta
Sensitivity with respect to r
Sensitivity with respect to t
Random variable
Number of observations

Riskless interest rate in the bank
Dividend rate
Π(x, τ ), portfolio
Element in
Maps to
Epsilon, distance in the vicinity of a singular point
Cox, Ross & Rubinstein
Partial Diﬀerential Equation
Market price of risk for long term interest rate
Market price of risk for short term interest rate
Finite Difference Method
Stochastic Diﬀerential Equation
Risk Adjusted Pricing Methodology
Projected Successive Over Relaxation
London Inter-bank Offer Rate
Dow Jones Industrial Average
Price of a call option
Over The Counter.
In The Money
At The Money
Out Of The Money
Adaptive Mesh Model
Moving Least Square
Radial Basis Function
Point Interpolation Method
Symmetric Positive Definite
Price of a put option
Maximum price
X

O(n)
W

Minimum price
Option value for uniform explicit
Option value for adaptive explicit
Option value for uniform implicit
Option value for adaptive implicit
Order of n
Wiener Process
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Chapter 1
Introduction

1.1

Historical Backdrop
It is believed that in about 600 B.C., the Greek mathematician, physicist,

philosopher and astronomer Thales of Miletus predicted a abundant yield of olives the
subsequent time and put out to confirm that philosophers be capable of definitely turn into
prosperous. He visited the owners of all the olive presses in the region and rewarded
everyone a little quantity of cash to preserve the presses in favor of him for a particular
payment. While his predictions proved accurate, Thales might name his value for the
utilization of the presses. Consequently goes the story of the most primitive recognized
apply of a produce option. An option is a tool whose price derives from that of a new asset;
thus it is called a `imitative. In anticipation of 1973 the pricing of such tools was completed
by slight additional to supposition occupation. It was in this time that the papers of Black &
Scholes and Merton [8] were available and these would revolutionize the appearance of the
human race of business. The Black-Scholes equation changed option pricing into a
discipline. In the time ever since, derivatives value several trillions of dollars have been
traded on exchanges all over the world. Derivatives initially became trendy as a technique
to assist community such as farmers who had predetermined outlay prior to the crop and
wished to shelter themselves from a decrease in prices while the crop came. To achieve
this, they might be in an agreement to sell their crop in advance for a predetermined
quantity of cash. This is identified as a forward contract, or simply as a forward. It allows
together purchaser and supplier stillness of brain from perceptive how a large amount will
be rewarded in the upcoming, and they can plan in view of that.
On the other hand, assume that wheat prices were to twice over the prevailing era,
the grower who sold his crop in advance might then desire he had bought an option as an
alternative, allowing him the alternative of whether to put up for sale or not. This
1

alternative must obviously approach at a cost. The owner of the option, like Thales, has to
pay a payment to the individual who is captivating the danger.
The binary option has discontinuity at the strike price in one dimensinal BlackScholes equation but in two dimensional Black-Scholes equation this aspect increase one
further measurement and therefore the add up raised to infinity. There are a lot of types of
monetary instruments [102] which depart by the name of Options. In all of the world's
main exchanges Options are traded. Digital options [58] are not only very trendy in the
over-the-counter(OTC) markets but also significant tools for conniving extra composite
monetary derivatives [49]. The most excellent way to compute the value of an option is the
Black-Scholes model [14]. In this thesis, finite differenc methods [64, 96] will be used to
answer the finite difference equation [27] of single and two dimensional Black-Scholes
equation [34,16]. There have been considered dissimilar numerical methods [18, 111] in
several request areas in order to cure this fluctuation from the initial discontinuities. Finite
difference methods [59, 103] with uneven space-steps are proposed in order to valuate
digital options. The aim of this study is to develope proficient and perfect numerical
methods to price options [11] with payoff containing discontinuities. In anticipated study,
we focus on adaptivity [60] for space-steps in order to see effects of variable space-steps.
Currently, options can be bought on a large selection of underlying assets. For most of this
thesis it will be understood that the asset is equity (share of stock).
Other normally used underlying assets consist of bonds, currencies, futures (a future is an
exchange-traded advance with definite agreement modifications to safeguard in opposition
to non-payment) and market indices.
Confident options can be priced systematically, with closed-form solutions; the
bulk cannot. This thesis looks at numerical methods for correctly pricing options which
have no systematic solution. It will be based mostly inside the Black- Scholes structure
even though other possibilities will be considered. The mean of the thesis is to improve
upon the presently used methods.

2

1.2

Literature Survey and Motivations
There are two major approaches to learn the problems in finance: a arithmetical

approach and a differential equation approach. Our study is paying attention on the
differential equation approach and consequently the largest part of the text that we present
in this theory will be based on this approach. Two traditional references for the BlackScholes theory are the paper [8] in which Black and Scholes derive the key equation and
the paper [75] by Merton which adds a rigorous mathematical analysis. Most of the
numerical methods for American options make use of the illustration of the option value as
anticipated payoff in the risk-neutral appraise and compute the value for a specified time to
termination and stock price; they do not resolve the associated complimentary boundary
hitch clearly. The no arbitrage law leads to the widespread n-asset Black-Scholes equation
[43, 63, 104]. The analytic solutions of multi asset equations for exotic options are
extremely restricted. Consequently, we have to rely on a mathematical guess. To attain an
estimate of the option price, we can calculate a answer of Black-Scholes PDEs by a ﬁnite
diﬀerence method (FDM) [98]. There are numerous probable boundary conditions such as
Neumann [46], Dirichlet and PDE [97] that can be used for these types of problems. In this
thesis, we employ a ﬁnite diﬀerence method which is a universal numerical technique that
has been used by numerous researchers in computational ﬁnance. For beginning to these
techniques we suggest the books [94, 45]. These all initiate the idea of ﬁnite diﬀerences for
option valuating and give fundamental understanding, required for a straightforward
accomplishment of the method [47]. Two kinds of novel techniques by uneven time steps
are anticipated in order to valuate binary options competently [60]. From a number of
approaches of numerical methods, the most well-liked is finite difference method (FDM),
As it is proficient and be able to grip American style straightforwardly, see [2, 50, 42, 105].
In order to cure the fluctuations from the initial discontinuities, different numerical
methods have been studied. One approach is to make use of cell-averaged payoff as an
alternative of lattice sampled payoff function to decrease the mistake in the vicinity of
discontinuity, see [94]. Heston and Zhou [41] anticipated a smoothing approach, to smooth
the payoff function at singular points, and an amendment approach to put back the
3

binomial prices earlier to the ending of the tree by the Black-Scholes values. Rannacher
[90] suggested a straightforward damping process, starting the calculation with the fully
implicit steps and proved that the process gives the full second order accurateness. This
Rannacher suggestion was applied to Black-Scholes equation in [28]. Pooley et. al.[84]
compared different smoothing techniques jointly with Rannacher time-stepping based on
finite element study and moreover see time space adaptive algorithms of, finite difference
method [79] for pricing European vanilla options and finite element method [76] for
pricing American options. Moreover notice [63] and [25] for the penalty method with time
adaptivity for American option problems.
Zhao et al. [13] suggested three ways of combining compacted finite difference
methods for American option price on a single asset. The earliest one is the compacted
finite difference method which uses the implicit condition that solutions of the changed
partial differential equation be nonnegative to identify the best possible exercise price. The
succeeding one is the compacted finite difference method that solves numerical nonlinear
equation obtained by [84] at each time step. The third one is the compacted finite
difference method that refines the open boundary value by a technique developed by [51].
In [4], Bates considered the hitch of numerically evaluating American options in the joint
stochastic volatility and jump-diffusion model. One of the strengths of their technique is
that the option price, delta, gamma, and the free boundary, are all computed as a
component of the solution procedure. They considered two finite difference schemes, as a
standard for the method of lines. Crank-Nicholson, is the first a standard two-dimensional
implicit scheme. By means of appropriate adjustments to deal with the integral over the
jumps term, Crank-Nicolson scheme is solved by projected successive over-relaxation
(PSOR) techniques. This algorithm is used by them with a great arrangement of
Discretization as the ‘true’ explanation for the option value. The next technique is a
simplification of the component-wise splitting algorithm of [48] to incorporate jumpdiffusion. Muthuraman [77] offered a numerical method, which is based on Finite Elements
and Finite Differences This solves the free-boundary problem competently, to get the price
function as well as the best possible exercise boundary. He proved that this method
provides a monotone progression of boundaries which converges to the best exercise
boundary. He presented runtime and compared his technique with the 10000-step binomial
4

tree process, penalty method and the integral method. Using the integral method, he
calculated the hedge ratio and compared with those computed by the moving boundary
method. The integral method has the benefit to calculate the hedge ratios of American
options with no arithmetical differentiation.
Exponential time integration schemes for fast numerical pricing of European,
American, barrier and butterfly options when the stock price follows a dynamics described
by a jump-diffusion process, were considered by [88]. The consequential pricing equation
is in the form of a integro-partial differential equation and is approximated in space using
finite elements. Their techniques required the calculation of a single matrix exponential.
Using a wide range of numerical tests, they explained the amalgamation of exponential
integrator and finite element discretizations with quadratic base functions. To demonstrate
the efficiency of their techniques, they made comparisons with other time-stepping
techniques.
Several further workings interrelated to the European and exotic options [5, 17] and
multi-asset options are given in [44, 66, 78, 99]. Several of the books that are related with a
variety of issues in financial mathematics are referred in [9, 62, 95].
It must be noted that there are a lot of other related workings that we have not listed
here, just as we will be focusing on them further in the individual chapters.

1.3

Outline of the thesis
We have rearranged the thesis as follows: In chapter 1, some preliminaries, options

and several elementary concepts are defined briefly.
In Chapter 2, we develop basic equations to solve European and American option pricing
problems in computational ﬁnance. The option pricing Black-Scholes PDE is derived, with
a concise introduction to a variety of financial derivatives.
In Chapter 3, we present some numerical techniques to solve problems for pricing options.
In Chapter 4, a grid adaptive numerical technique is developed to simulate one and multi
assets by using adaptive explicit, fully implicit and crank-Nicolson finite difference
techniques.
5

In Chapter 5, we simulate one asset digital and butterfly options by using grid adaptive
technique. Some comparative numerical results are also presented.
In Chapter 6, we extend the grid adaptive technique to valuate multi asset options. The
results are compared with results of uniform numerical schemes.
Finally, in Chapter 7, we provide summary, conclusions and future research work.

1.4

Preliminaries
In support of the principle of clearness, an overview all of the derivatives to be

considered in this thesis, is given briefly. These will be referred to all over the work;
therefore this chapter can be imagined as a point of reference. It makes common sense to
incorporate all of the background information on every derivative that may be considered
significant. The explanation of every option will be followed by a conversation of the
properties of that option. Plain European and American options are traded in exchanges,
but the majority of the exotic types are not traded on exchanges. These are provided by
saving banks to suit financier demands. These options are known as ‘Over the Counter’
(OTC) options, The major center of attention of this theory concerns mainly the numerical
solution of option pricing problems, for which there are no direct formulae. For a
widespread listing of analytic formulae, see [52].

1.4.1 Some economical definitions
Financial contracts and Options
There are many types of financial contracts. A forward contract is conformity to
purchase or put up for sale an asset for a definite price at a definite time in the future. It is
interrelated to a spot agreement, which is a contract to sell or buy an asset today for
example buying sweet from the shop. The participants in forward agreement are the writer
and the holder. The possessor, who buys the agreement, takes a long position on the asset.
The writer sells the option and takes a short position. A forward contract is obligatory
towards both parties. The owner must have to buy the asset and the writer must should sell
the asset. In case of option contracts it is not obligatory.
6

Portfolio:
The combination of the entire shares, options and other derivatives owned by a dealer is
called a portfolio.

Arbitrage:
It shows that it is not likely in a financial marketplace to earn harmless earnings
better than presently depositing cash in the bank.
There are a number of types of portfolios. The mainly significant is the arbitrage portfolio.
It has a probability of one to raise in time. Shares and options are joined in such
a technique that danger is diminished. This is an immediately harmless cash producing
price
procedure. It is supposed that markets are free of arbitrage, which is also a quality of the
Black-Scholes equation. By placing money in the bank to earn profit from interest rate is
related to the word ’risk-free’.

Risk-free interest rate:
The increase of cash in time, is the risk-free interest rate r(t). There will be a variety

of interest rates, owing to supply and demand, which causes the financial market to be
arbitrage free. In the scope of this theory, r(t) will be a fixed value.

Dividend:
Several profit making companies, give some cash to the holder of a share, this is
called dividend . Usually, the stock price will reduce when dividend is rewarded.

Volatility:
Volatility σ is associated with the standard deviation of the stock price of a share.
The random behavior of the market is indicated by volatility.
An option is a contract between two parties. One party in the contract of a Call
option is the purchaser, which is recognized as the owner of the option. The owner

7

possesses the authority to implement the option. The second party, which is author of the
option, has an obligation of selling the underlying asset when the owner wishes to
implement his right. The simplest financial option, a European call, is a contract in which
the owner of the option may purchase an underlying asset, for a pre-assigned exercise price
at a predetermined time, which is the ending date. The statement ‘may’ here indicates that
the contract is only a right for the owner of the option which he may or may not use. The
author has a probable compulsion that he has to put up for sale the asset at the preference of
the owner. The amount given upon contract initiation is called premium. The option has a
price, because it gives its owner an authority by no compulsion and somewhat should be
paid off at the time of contract writing. Our main apprehension must be the valuation of the
option price; it is what owner pays for this authority.
Call Option:
It gives the authority to purchase a particular asset for a decided price at a specific
time in the future.
Put Option:
A Put Option gives the authority to put up for sale a specified asset for a decided
price at a specific point in time in the future. This decided price is recognized as the strike
price and the particular time is recognized as the expiry date.
An option that encompass a little price if implemented at once is recognized as “In
The Money” but if the basic price is depressing it is recognized as “Out Of The Money”
and if the underlying asset price is the equal to the exercise value in that case the option is
recognized as “At The Money”. Affirmative exposure to a amount of that asset is long
position in any asset and in which the asset has been sold short is short position. The
individual who purchases the option is recognized as the owner and the individual who
sells it is recognized as the author.
Starting now onwards, except if not mentioned, the underlying asset value will be
represented by , the exercise price by

time by t, the expiry date by T and the risk-free

8

interest rate by . The volatility will be represented by

and drift of the underlying asset,

will be represented by .

1.4.2 European Options
The simplest kind of options is known as a European Option. At expiry the payoff
of a call option is

and the payoff of a put option is

–

. A

European option cannot be implemented on any moment in time earlier than the expiration,
and therefore the specific course of the underlying asset in between starting time of the
option and expiry time is unrelated. The word ‘European’ can too be used to explain any
kind of option which cannot be implemented before expiration. Simple European options
by no particular qualities are too recognized as ‘vanilla’ European options. Direct solutions
of European options can exist but if a recognized quantity of dividend is rewarded on the
underlying asset in that case direct formulae be able to give only a rough calculation, see
[87], recommends discounting the underlying from the current worth of the recognized
future dividends. This suggests that as an alternative of pricing for
option by no bonus to be paid except taking an

we must price an

equal to

)=
where

is the moment in time, at what time the discrete dividend D, is rewarded out. This

is just a rough calculation, and it outcomes in a instability which is efficiently very minute
prior to the bonus is rewarded out. Numerical solutions are essential to price these extra
correctly.

1.4.3 Digital Call Options
Digital option belongs to the category of exotic options. These options are not
purchased and sold in markets, except such agreements are traded between a bank and a
client. These days, there is a great range of exotic options. These are normally
characterized by dissimilar boundary or initial conditions than as of the normal or vanilla
European options. Digital option are observed due to their irregular payoff. The rule is very
straightforward. The owner gets a predetermined quantity A, if the stock value is upper
9

than the implement price

for pure digitals). These kinds of options are not

helpful in American approach, since, the options are at once implemented; just the asset
value rises over the exercise price. The final condition for a digital call option is the
Heaviside function,

and

The right boundary is

just the payoff quantity corrected by the interest rate and the left boundary is the equal to
the normal call, C(0, t) = 0 and (see [18]). Another kind of digital call option, is the cash or
nothing call. It is too accessible in American type options. The option is valueless if the
asset value is less than the implement price at expiry time, then payoff is equal to
. When the exercise price is less than the asset price, then
payoff is equal to

. The left boundary condition is equal to zero and the

right boundary condition is equal to .
The solution at t = 0 and the final condition of a digital call option are plotted in Figure 1.1
for

Figure 1.1 Solution and final value for a European digital call
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The final condition and the solution at t = 0 of a cash or nothing call option are plotted in
Figure 1.2.

Figure 1.2 Solution and final value for a European cash or nothing call.

1.4.4 Butterfly Options
Marketing in options is not done normally with a particular option, but trading is
done with a mixture of options. In fact, trading an amalgamation of options on the unique
underlying asset is an extremely widespread policy. Generally traded strategies are the socalled spreads. A spread is a mixture of two or more than two options having unlike strike
prices

These are together in a long as well as in a short position, this means that a dealer

acts as an owner as well as a writer in this position. Every one of options has the identical
expiry date. For example, a Bull spread, is a long position call having a strike price
a short position on an option having strike price

such that

and

. The income for

the owner and losses for the writer at the same time are decreased by a bull spread
compared to a particular option. A reverse of the bull spread is Bearspread. It is a blend of
a long position having an upper strike price
price

and a short position having a lesser strike

In this case, the losses of the owner as well as the profit of the writer is reduced as

compared to a particular option as exposed in Figure 1.3.
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Figure 1.3 exposes the payoff and solution for a bull spread having parameters E1=15, E2=
20, σ = 0.4, r = 0.06, = 0.04, T = 0:5.

Figure 1.3 Final value and Solution of Bull spread
The combination of four options is called Butterfly Spread. Two long position calls
having strike prices E1 and E3 and two short position calls with strike prices
The payoff is given by:

And is shown in Figure 1.4,
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Figure 1.4 Final value and Solution of a Butterfly spread
By using call or put options, the butterfly spread can be created.The policy is named
"Butterfly" owing to the profile of the danger character diagram we observe, the two wings
and the bigger body.A butterfly spread is obtained by buying 1 long In The Money(ITM)
call, shorting two At The Money (ATM) calls and buying 1 long Out of the money(OTM)
call. The three options are in ratio 1:2:1 The short call exercise and the exercise prices of
long options should be equidistant. A butterfly spread, for example, might be prepared of
three call options having exercise values of

. Since the

ITM and OTM call options will sum a larger worth than the two short ATM calls so
butterfly will give a overall deduction deal. The payoff function of butterfly spread call
option is given by
.
The payoff is acting as the final condition, in butterfly spread call option and has a
piecewise discontinuity at the exercise prices.
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1.4.5 American Options
These options may be implemented on any date before the expiry date. This
property of American options makes their valuating procedure very complicated. It is an
acknowledged result that the price of an American option Vam is not at all lesser than the
price of a European option Veu
These options have at least the equal privileges as the equivalent European options. This
signifies that this contract may be implemented on any moment in time earlier to expiration
and not only at expiration date. Suppose that on any time T > t, someone has a
portfolio

comprising of single call option along with a sum of cash equivalent to its

implement value, E, deposited in a bank on an interest rate r. After that imagine another
individual who has the identical portfolio and is implementing the option currently and
purchasing the underlying asset of value E; hence

is equal to S. At expiration (T),

is

equivalent to

for every one price of

. Therefore

on moment in time t too. With the similar

reasoning, suppose separate bonuses’ are rewarded in that case value is just maximum only
earlier than a bonus is rewarded out. A apparently logical answer for these options, having
bonuses is given in [87], rectified by [90] and [19]. However, it is not an accuratet solution
except an estimate since it is valued by using portfolio in which an American option is
replaced by European call option having the identical dividend. Exactly, this value cannot
be calculated directly. In a similar way an American put option is an open boundary
problem. It shows that here is an implement periphery in an unidentified location within S
for every value of t. The open periphery makes a compact direct answer impracticable,
even though [86] shows, how direct solution, is probable in the shape of endless nested
integrals, clearly which cannot be evaluated. The problems for the convergence of
arithmetical solutions also appears due to free boundary, see [90]. Many hypothetical
calculations to American put options, for changeable degrees of correctness, have been
planned. These comprise [35] who built-in a function to arithmetical results, [20] who
extended, pattern to contain a only one bonus, [3] who based their solution on Merton's
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solution, for a continuous put option, [87] who found the correct essential solution by
means of [91] composite option representation.

1.4.6 Exotic Options
Exotic options are non-standard options. These options have more complex features
than the features of American and standard options. These option contracts are of type
which is able to be traded by the normal price of the asset throughout a particular era of
point in time along with their optimum values. Exotic options are of several types. But,
in this work we will concentrate on digital and butterfly options.

1.4.7 Binary Options
These options are very basic and pay out a predetermined cash if implement
conditions are satisfied. If, the underlying asset is greater than the exercise value, at the
expiration date, a binary call pays out and a put out if the underlying is less than the
exercise price. An option which pays out as soon as the exercise value is hit, is identified as
a Digital Option. Observe that if the option is greater in the cash the payoff does not
increase but also the payoff does not decrease easily towards zero at the exercise price.
This means that at a time very close to expiration a European binary option at the money is
a very unstable instrument or, more strictly, has a delta that approaches to infinity at the
money as t tends to T. European binary options do have analytic solutions. When c is the
price of a binary call and p is the price of a binary put, then

The direct solutions are merely approximations if distinct bonuses are rewarded on the
underlying asset.

1.4.8

Compound Options
Options on other options are known as Compound options. The option to sell a put

option at a definite date for a definite value is a compound option. These options may be
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compounded several times as desired For compound options a methodical solution may be
established in the shape of nested integrals with a several degrees of compounding as the
option suggests. To see the methodical solutions to options compounded once, see [91]. A
particular kind of Compound option is recognized as a Chooser option. Here, the possessor
has the authority to purchase on a definite time either a put or a call (whichever has the
largest value).

1.4.9 Barrier Options
These options are very cheap however are extra uncertain for the possessor than
simple vanilla options. These depends upon the path-dependent. It means that the price of
the option at expiration is calculated not only by the value at expiration however by the
course followed to reach there. Their payoff function is just similar to European options but
has a barrier, B, in the asset S this means, if it is crossed at some time throughout the life of
the option, whether ‘knocks in’ or ‘knocks out’ the option. If the underlying asset has
reached over B at some spot throughout the life of the option an `up-and-in call' option,
then, has the payout of a simple vanilla European call but only A `down-and-out call'
option gives the equal privileges as a call option unless the underlying asset has reached
lower than B. Every consequent movement lower than or higher than the barrier do not
influence knock-outs or knock-ins. If the buyer's view of the market was more specific,
these options could be selected as an alternative of vanilla options. These options may be
checked either constantly or disjointedly. If the barrier is crossed at any moment, then
option is knocked in or out, is called constantly monitoring. If the underlying asset is just
monitored at disjoint points, then it is called disjoint monitoring. For analytic solutions of
barrier options, see [71, 53]. But, for more correctness and litheness Disjoint barrier
options should be valued numerically. It is to be noted that knock-in options are usually
valued as a simple option less the knock-out option.

1.4.10

Look back Options
These options are mainly path-dependent contracts. The payout depends on either

the minimum or maximum value approached by the principal asset throughout the
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existence of the contract. Let the greatest value is

and the least value is , approached by

the principal asset throughout the existence of the contract, then the payoff of a look back
option may be either
–

.The continuous or discrete

monitored look backs may have logical solutions, but mostly the discrete monitored
contracts have no analytical solution. Therefore these should be solved numerically
frequently require an additional measurement to model

or . Similarity solutions can

decrease the dimensions, see [36].

1.4.11

Asian Options
These options are a further kind of powerfully path-dependent contracts. The

payout depends on standard value, A of the principal asset throughout the existence of the
option. The payoff of Asian option may be:
.
Actually, Asian options should be clearly watched disjointedly; however for more
calculations these may be considered nearly continuous. There is an additional distinction
which can be suggested. An analytic solution for constantly monitored Asian options, is
possible, only when the average is taken as the exponential of the average of the logarithms
of the asset prices throughout the age of the contract. This type of average is recognized as
the arithmetical average. An average of the definite asset values is recognized as the
mathematics average, see [6, 21] Numerical methods should be used to get accurate results.

1.4.12

Bonds
Debt is issued by companies and government by means of bonds. These generally

give preset ‘voucher’ amounts semi-annually or annually. These can on the other hand
compose payments connected to some floating rate directory, for example the 4-month
London Inter-bank Offer Rate (LIBOR). The expected future interest rates model is needed
to price a bond. Further, investors be expecting a payment of high interest rates to
overcome two kinds of unchangeable and undiversifiable risk. It comes from the CAPM.
The first type is simply the bonds with long duration, so, tend to pay a somewhat superior
17

rate of interest than interim bonds. The second, and generally better, premium is for default
risk; anticipated loss is part of it. Therefore a bond, is considered as a complex instrument.

1.4.13

Swaps

These are contracts to trade single set of currency flows for another. It may be a
floating interest rate for a preset rate, a preset quantity in one currency for a preset quantity
in another. The agreement starts with no essential price and therefore no early
compensation to any side. The fair value of a straightforward swap may be calculated by
splitting it into a sequence of onward contracts. Before their normal expiration swaps may
also be putt able. These are extra complicated to value than vanilla swaps and need a
modeling of the interest rate.

1.5

Put-Call Parity
It is an essential link between the value of a put and the value of a call option with

the equal implement value and expiration value. A portfolio consisting of holding one share
(+S), writing one European call option (-C) and holding one European put (+P), both
agreements having exercise price E, at expiration, will have a payoff:

Regardless of the price of underlying asset

the payoff is forever E. Put-call parity is a

significant restriction on European option values. However, what must be the worth of the
portfolio, at a time earlier to T? The portfolio is a risk-free investment because there is no
uncertainty in the outcome at time T, and hence, it must give the equal outcome as any
additional deal supposed risk free; basically talking, a zero-coupon government bond that
will be established on the same date. This is recognized as the risk-free rate. Actually r is
used for a continuously compounded interest rate. Suppose that a bank account paying this
compound interest rate at time t has a deposit of value
value will be increased to

. After a small time (dt), the

. The change in value of the portfolio is given by:
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It has been also recognized that as

then the alteration in worth of the collection is

equivalent to
When both sides are divided by

, we get:

Solution of the above equation with

at t = 0 is given by:

Therefore a portfolio with definite price E at moment t = T will be of worth
The relation of put-call parity designed for a European contract is given by:

The

equation

(1.9)

for

1.6

Random Walk

American

type

options

can

be

written

as:

The movement of price of an underlying asset is a stochastic process. In the BlackScholes frame work, it is assumed that asset prices follow a random walk, see [6, 21]. It is
not reasonable for some assets. But, later on the fundamental structure may be adapted for
these assets. Using this thought, the price paths of stocks and currencies, will be modeled.
The idea is an extremely fundamental explanation of the stochastic processes and how to
shape the requisite stochastic differential equation. The underlying asset following the
stochastic process may be measured in distinct or constant time. We will first look at the
discrete time model and after that it would be extended to continuous time.
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1.7

Drift
The investors will invest their wealth in an asset, if they expect of receiving an

affirmative payoff on that deal. If there are no such anticipations then the investors would
prefer to keep their wealth in cash. In fact, the more return would be required on the risky
deal. It is planned to pay compensation the depositor for taking the additional risk with
their wealth. Let M successive prices of the underlying assets

are taken in

a time with no dividends; in that case the returns (Ri) on this may be considered as:

The drift parameter, by using past values, may be found as:

where

is the time among observations. But generally past drift, is not a appropriate

estimation of upcoming drift. Particularly for single stock, it might be extremely
injudicious to receive precedent performance as a guide. It would be preferable to take an
estimation of the requisite risk payment in the perspective of the CAPM by means of alike
assets as benchmarks. but, it will be proved later on, that the dimension of the drift will not
be relevant. Merely while a few of the conditions are removed, at that time drift will
happen to be significant once more.

1.8

Volatility
The anticipated standard deviation is called volatility (σ). It is a ratio of the unique

asset value at the end of one year. For any time period, for an asset following a geometric
Brownian motion the standard deviation is:
Standard deviation = σ
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The measurement of this factor is a contentious problem. Past information is frequently
used but this is simply an estimation of present volatility. On this basis, still in the BlackScholes structure, option pricing can not at all be an accurate discipline. If the price of an
asset follows a random walk, has a standard deviation of σ

and has a drift of

t then

the returns Ri, on that asset, can be modeled in the following way:

for little

whereas

is an arbitrary variable drawn from a normal distribution having

zero mean and standard deviation one. Let

where

be a given drift parameter, then σ is, given by:

is the average of the entire Ri’s

Volatility has also been measured by other methods. For example, see, [93],which
recommended the make use of of their bias-adjusted volatility cones firstly suggested by
[29]. If the underlying asset is such that there are previously traded options at that time the
volatility may be backed out from the traded price. Such implied volatility might differ
with dissimilar implement prices or period to expiration. This shows that the fundamental
Black-Scholes formulation with steady volatility is not forever suitable.

1.9

The Wiener Procedure

Uptil now, by means of distinct time steps a model has been established. One may
visualize that the

term would become dominate as t becomes very small and the drift

expression must tend to zero. The dilemma is further delicate than this, but, as
average of zero. Since the variance of the random term is of order
probable to write down the bound of

has an

t therefore it is

merely as dX. dX might be considered as a
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random variable drawn from a normal distribution with average zero and variance dt. It is a
Wiener procedure and it enables the hypothesis to improvement into continuous time. The
model might be written as a stochastic differential equation:

1.10 It Process
It is a general shape of the Wiener procedure. It is recognized as an It procedure,
see [79], and is specified by the equation:

Now, the variance and drift both may vary by time or by asset . It might include an
average degeneration quality wherever the drift might alter by asset S. This may in addition
include an altering volatility expression arrangement which uses instability surfaces.

1.11 The Markov Property
A Markov procedure is a special kind of stochastic method wherever simply the
present worth of the unknown is related for anticipating the upcoming. It shows that this is
not possible to foresee future value variations by seeing on earlier period patterns. It does
not mean that quantities such as volatility and drift may not be determined from prior
prices. Simply it means that the entire knowledge from the earlier period prices is enclosed
in the present value. It is interrelated to the thought of marketplace competence, a
hypothesis that has three stages; the feeble stage, the semi-strong stage and the strong
stage. In feeble stage it is not possible to always gain greater profits to the marketplace by
seeing for samples in earlier period profits and dealing in the anticipation of their
recurrence. This procedure, is recognized as technological examination. This study
suggests that these techniques are not successful in the long term, see [30]. The semi-strong
stage describes that the value of an asset possess all available information related to that
value. Since all traders should be conscious of all of the information. In a proficient
marketplace knowledgeable traders will sell or buy pending the accurate price is
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approached. Therefore it is not possible to always hit the market yet with careful
investigation as new investors will have previously completed so and hence the value is
accurate, see [30]. It is argued in [106] that there is no such thing as market competence,
just comparative market competence. In fact, these are the knowledgeable traders which
formulate the market proficient and they people get an improved profit than the others.
This gain may be considered as prize for their better investigation. The strong stage of the
market competence describes that it is not possible to always create better profits yet by
within information as most probably, sufficient investors will have this information that the
market is accurate. When the options are valued, it is compulsory that the Markov property
holds and hence the asset price at any time is the reasonable price. So, option pricing
assumption supposes proficient markets. From now beyond, it will be understood that the
markets are definitely proficient too much to maintain the hypothesis which will go behind.

1.12 The Greeks
These are the hedge parameters. Delta (=

), is the first from ‘Greeks’ that

diminishes the major role of arbitrariness within this model. This is the most significant
parameter in option valuating. This is the rate of alteration of the option value with respect
to the value of the underlying asset. This represents the amount of shares that must be
reserved with every contract issued to deal with a loss due to implement. This measures the
sensitivity of the contract value to variations in the underlying asset. If interest rates and
volatility were constant and hedging might happen constantly in that case the worth of delta
should which was required for a just right hedge. As re-hedging does not take place
constantly in fact, a parameter that relates to the sensitivity of the delta to variations in S is
necessary. It is called as the gamma and is specified by:

If gamma is small it is just essential to adjust the portfolio. If this is high, then the
collection results just for an extremely small time period. As interest rates and volatility are
not constant any, investor might desire to be familiar with the sensitivity of their share to
these amounts. The rate of change of the option value with respect to volatility is called
Vega and is specified by:
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The rate of change of option value with respect the risk-free rate, is rho and is specified
by:

The rate of change of option price with respect to time is called theta and is given by:

Figure 1.5 shows the delta for European Call Option. Figure 1.6 shows the Gamma for
European Call Option and Figure 1.7 shows the Gamma for Cash-or-nothing call options
respectively.

Figure 1.5 Delta of a European Call Option
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Figure 1.6

Figure 1.7

Gamma of European Call Option

Gamma of a Cash-or- nothing Call Option

25

It is not easy to get correct approximations of the Greeks numerically. As these are found
from a arithmetical segregation of the major unidentified V. Typically, arithmetical
segregation decreases the level of correctness. By 2nd degree correct answers might be of
just O(1), which is not reasonable. In arithmetical experiments, it is clear that the
correctness of the Greeks is improved than predictable, perhaps because of the smoothness
of the answers. However by extremely correct Discretization, we anticipate realistic
correctness of the hedging parameters. These parameters are much helpful to investors. The
analytic solutions for European options, for all of these parameters exist, see [31].

1.13 Objectives of Research
Oscillations produced by discontinuous option values are cured by clustering more
points in the vicinity of the singular points. To achieve this purpose the whole procedure
can be divided into the following objectives.


Mark the discontinuous points and generate the uneven grid by placing more points
at discontinuities



Developed a finite difference scheme to take care this uneven grid in the domain.



Apply this technique to valuate digital and butterfly option using Black-Scholes
equation



Extend this technique for multi-dimension problems, i.e. multi-asset butterfly and
digital options.



Compare the results with available solutions of Black-Scholes equation in the
literature

.
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Chapter 2
Governing Equations in Finance
2.1

The Black-Scholes Model

2.1.1 It 's Lemma
This is the foremost building block for the Black-Scholes equation, see [56]. This is
extended from fundamental calculus using Taylor series expansions; therefore it is
applicable to stochastic functions in constant point in time. A main end result, which will
relates

to dt, as dt tends to zero is given by:

having possibility one. It makes sense that if dX has the limit
may consequently be seen as

, and the expected value of

as

approaches to 0.
is 1,see [107].

Let F be a function of two no correlated parameters S and t. Then by Taylor series, we get:

Suppose

be considered as an It procedure, then, from equation (1.13) and the above

point of view, as

t approaches to 0,

approaches to

. Neglecting

and

higher order terms, we get:

Which is It 's theorem. By putting in equation (1.13), we get:

It ’s theorem may be simply extended to more dimension problems This can be derived in
same way as that of single stochastic changeable and therefore the detail is not necessary.
27

Suppose that F depends on n stochastic changeable Si and t. Every stochastic changeable,
Si, obeys an It

lemma, then we have:
,

and the coefficient of correlation

, where

) . Then It 's theorem becomes

as:

2.1.2 Lognormal Property of Stock Returns
Suppose that the variable

, as given in equation (1.12). Then

and

in

the equation (1.13) are respectively
. The mixed derivatives of asset

are given by:

Putting these values in equation (2.4) we get:

Obviously see that the above equation has no dimensions; as it is independent of . The
change between time T and t in

is therefore generally dispersed by an average and

standard deviation given by:

and
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Observe that owing to the characteristics of logarithms the anticipated rate of outcome
annually on the logarithm of the underlying asset is

but not .

.

2.1.3 Suppositions By Black-Scholes
The Black & Scholes psychoanalysis is made feasible by using a variety of
suppositions. Later on most of them may be relaxed.
1.

and

are constant for underlying asset following a Brownian motion.

2. For the underlying asset short selling is allowed.
3. Risk-free rate of interest r, is invariable.
4. No taxes or transaction costs are imposed
5. Securities are completely dividable.
6. On the underlying asset there are no bonuses.
7. Securities may be traded constantly.
8. For arbitrage, there are no risks-less possibilities

2.1.4 Portfolio of Black & Scholes
The Black-Scholes equation can be derived by starting from a plain portfolio.
Suppose

depends on deterministic changeable t and stochastic changeable . Let

is the

worth of a portfolio comprising of one short and one long option position with a proportion
of the proposed asset. Then:

The alteration in price of the portfolio, following a short point in time dt, in which the delta
should be constant, is known to be:
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As the underlying asset describes a random walk so

from equation (2.3) is given by:

Hence

On the right hand side of the equation (2.11) there are two kinds of terms. The
arbitrary. and

terms are

terms are deterministic Since,

transform the equation entirely into deterministic which is independent of drift, .

Hedging is the procedure by which the hazard in a arrangement is eliminated This type of
hedging is called as delta hedging. By means of this approach it is feasible to reproduce
option positions but, as practical hedging may not be accepted constantly, so the
reproduction is estimated. In the first major crash of 1987, the unexpected illiquidity of
markets came as a shock to investors trying to replace put options It is a knick-knack of the
deficiencies of the Black-Scholes technique. In all cases, the change in

in equation (2.13)

is entirely riskless. Then what should be the outcome on that portfolio? Obviously the
answer is the risk-free rate of interest. So:
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2.1.5 The Black-Scholes Equation
Substituting relations (2.8),(2.12) and (2.14) into the relation (2.13), and then
dividing by

we get the well-known Black&Scholes equation:

This is a linear, 2nd order, parabolic partial differential equation.
Observe that this equation does not depend upon the type of the option which is to be
evaluated. Various option kinds find out the periphery conditions applied at what time the
Black-Scholes equation is used for assessment.

2.2

Dividend Yields
A straightforward change of the technique allows the compensation of a permanent

and steady bonus give up on the fundamental asset, see [72]. It is represented by D and is
the constantly compounded ratio after one year. This might be uniformly measured as the
rate of interest on overseas money which an individual is valuing in an agreement. The
equation similar to equation (2.11) is given as:

The last expression is related to the deterministic transform in

due to the bonus give up.

After calculations the subsequent simplification of the Black-Scholes equation is given as:

It may too be proved that for futures the equation is merely the Black-Scholes equation
with no drift expression. Hence the equation for future F is given by:
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2.3

Instability Surfaces

Instability surfaces, in spite of their limitations, have become very well-liked by
individuals demanding to model the arrangement of profits for option evaluating. An
instability surface is formed by using the disguised instabilities from exercised agreements
on a fundamental asset having various exercise values and expiration dates, for further
facts, see [31,106]. But to fill the gaps among the disconnected points interpolation is
approved. The option value is extremely responsive to how the gaps are interpolated. The
characteristics of the `instability smile' and prices are used by this surface It is well-known
that the market is forever accurate. Contracts on the identical principal asset, but having
dissimilar terms to the exercised ones may at this moment be priced by means of this face.
The supposition that the volatilities that market has properly priced is a doubtful one, see
[110]. On the other hand, if the traded options are used for hedging instead of the principal
asset itself in that case the technique becomes reliable and model-independent. To value
exotic contracts these lattices may in that case be applied on the identical principal asset for
a binomial description

2.4

Stochastic Instability
In fact, instability is neither identified nor a stable function of variables

.

Instability varies with passage of time in a random way. Suppose that instability is a
stochastic procedure then the general model is given by:

with

following a path represented by:

where the two increments

and

have a correlation of . The standard deviation (q)

and drift (p) of the instability may be calculated from huge quantities of past facts. It may
be supposed that takings from this sample will represent actual globe profits more exactly.
There are a many special stochastic instability models which are applicable for this study A
contract on this fundamental asset depends on three unknowns,

. For this a

hedged collection must be formed to derive the pricing equation, Due to the additional
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changeable, there will be an additional imitative of the unchanged underlying

.

For this portfolio is given as:

By using Ito's theorem, the transform in this collection, in small time

, is given as:

+

Δ

The study continues as with Black-Scholes; deleting the entire arbitrariness by sensible
selection of

and Δ, then taking the outcome on the collection equivalent to the rate of

interest. After simplifying and rearranging the terms, we get:

=

Since the left hand side of this equation depends on V and the right hand side on only
,it means that both sides are functionally independent of each other. Each side therefore
depends on

and can be written as -

, where

also depends on

. So the expression for valuing a contract by stochastic instability may be given
as:
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σ

σ

The quantity

σ

σ

σ

is called the drift rate and the parameter

is called the sell price of

the risk (volatility).
The idea of a sell price of risk is an attractive one. It originates from the fact that to take
undiversifiable risk, a depositor should be assured more predictable profits. It is due to
these grounds that the predictable outcome

is normally larger than

.the risk-free rate

On the other hand, it is essential to value options in a risk-neutral network, since
equivocation may be done to reduce the risk,. This shows that as an alternative of using the
definite drift, we should make use of the risk-neutral drift. It means using
alternative of

as an

for the underlying asset. Approximating this factor is complicated, but the

values of traded derivatives may be used to see how the market prices the parameter .

2.5

Jump Diffusion Model
. Jump diffusion model is another way by which the volatility can be included into

the model for alternative pricing. A momentary look at practical stock returns shows that
there occur large jumps. Even though these are probable in the random walk, the jumps
noted take place very regularly than that average variation. See [17] to propose that the
random walk is superior modeled as:

where
Here

is the annually anticipated number of jumps. It may be global such that J is drawn

from a supply with possibility mass function

, which does not depend on Random

walk.
A collection may be put up, like with Black-Scholes, however there is the
complexity that one has to hedge two properties; the jumps and the diffusion. One method
34

of valuing the contract is just to enclose the diffusion and adjust the outcome on the
collection to be the risk-free interest rate. But, there is no risk-free portfolio; this is
responsive to great non-hedge able jumps. This complexity can be diminished by taking the
supposition that the jump hazard is divisible through a collection of derivatives on
numerous underlying assets. If this supposition is accepted as correct, then the study
analogous to that of Black & Scholes gives:

where,

Kushner [37] explains that the constant time model will be received from random-time
description of the model. Jumps are not involved only in the Merton model. Models
involving Jumps are not extremely well-known due to a lot of reasons. Firstly there are
many parameters and these cannot be determined easily. The most important is that the
Merton's jump model may not be completely hedged. A further significant cause is that in
reality this makes extremely slight dissimilarity to the price of the contracts. In [10] Ball &
Torous determined the related parameters for fifty derivatives in the New York Stock
Exchange, it was noted that the real amount of the parameters attained the prices of
ordinary call contracts as given by Black-Scholes nearly the same to those in the jumpdiffusion model. It does not indicate that jump-diffusion model is not at all applicable.
Naik [100] described a variation of jump diffusion, which is called jump instability.
In it, the instability is focused to jumps at discrete times. Thus the instability might have
two stages; one stage is normal (

) and the other is jump stage (

). At the same time

when there are jumps in instability, there may as well jumps in the asset value
corresponding to a coefficient of correlation Naik claims that the volatility should be
between the two levels. The jumps which take place in volatility can be hedged with the
use of traded contracts plus the underlying assets

35

2.6

Manifold Fundamental Assets
To expand the establishment of the Black-Scholes equation in one fundamental

asset to manifold fundamental assets, is extremely simple. These types of options are also
called basket contracts. Here again, we will put up a collection as earlier by one basket
contract and enclose by means of an amount

of every one of the fundamental assets:

The alteration in the worth of above portfolio in small time

is given as:

Applying It 's theorem in manifold dimensions, gives us:

Putting equation (2.31) into equation(2.30), we get:

Choose
and set the outcome equivalent to the rate of interest, then the above differential equation
can be written as:

Since basket options can be solved analytically, so analytical solution of above partial
differential equation is given as:
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where

It may be transformed into exact solutions by means of multivariable ordinary
distributions, see [38]. It is observed that there occur troubles to these exact solutions on
two reasons. The first reason is that the collective multivariable function should be solved
numerically in any case.
Secondly, we see that even though definite payouts have been solved, here are several
collections which are still not solved. So it is preferable to use numerical methods to find
solutions of path-dependent and early put into effect options.

2.7

Discrete Hedging

In the application of Black-Scholes equation, it is assumed that equivocation may
be completed constantly. In fact, it is not true obviously. But suppose that if it may not be
done constantly in that case what is the meaning for (1) the price of the prevaricate
parameter, and (2) the price of option? Details of this topic are explained in [82,24] and in
[102]. The variable
which follows a Brownian motion may be modeled in the following
way:
t+
Observe that here the larger period t than the extremely small dt is used, so it is essential
to take the pathway of
instead of the comparable in , this is simply an estimate in
distinct time period. As by means of the Black-Scholes model a hedged collection is
established as:
37

and so in discrete time period t

By ignoring expressions of larger order than t in Taylor expansion, we get:

and

may be expressed as:

Putting equation (2.37), equation (2.40) and equation (2.41) in equation (2.39), we get:

Question 1) may be answered with that price of Δ which reduces the variation of
Question 2) is not so simple. As the market value of risk must become a factor, so it might
be argued that the portfolio cannot be made independent of risk. Since the Black-Scholes
network is a risk-free, so it will be assumed that the market value of risk is zero. The
expression for the variance of
is given as:

with the minimum given by

Noting that E[ ] = 0 and E[

] = 1, it can be shown that the optimal Δ is given by
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From this we note that why the hedge parameter gamma is an important, if hedging is
discrete.
To value the option, this value of Δ should be substituted into (2.42) and the return
set as the risk-free return on the portfolio . As the time step is currently the bigger t, but,
in a risk free network the estimated price of
is given as:

Then the price of the contract may be given by:

t(

)(

It may be easily proved to be nearly equal to the Black-Scholes equation except by
alteration to the instability expression. Let
is the set instability, in that case

represents the adjusted price. We see that unlike Black-Scholes equation the drift term, µ,
appears explicitly in this equation

2.8

Transaction Expenditures
Every security which is traded will have a bid-ask spread. It is the difference

between the price it would cost to purchase that security and the price dealer might get for
selling that security. There would be no motivation to market-makers if there was no bidask spread and the liquidity of that derivative would lose its marketplace. By extra liquid
underlying assets the spread will be so small that equivocation is not too much costly. If
there is no liquidity in markets, then spread will be fairly large. Deal expenditures are not
assumed in the Black-Scholes model.
It implies that the worth of a portfolio having two dissimilar contracts might not be
the identical as the collective worth of those two contracts.
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Leland model is the first model to include deal expenditures. Refinements in this model are
listed in [75]. The version similar to that of [105] will be examined here. After time step t
the alteration in worth of the portfolio, is attuned to take into consideration the estimated
worth of deal expenditure at the subsequently time step. We get the following expression:

where k is the deal expenditure as a ratio of the asset value, and t is the space among rehedging. A portfolio of options or a single option on the identical underlying asset may be
substituted into the equation (2.49). If we add a location to the portfolio, it would raise the
worth of the portfolio in more than the worth of that entity location. If we solve it by
numerical methods, the non-linearity of this equation does not symbolize a theoretical
problem. This model represents the option values those are analogous to which traded is an
open issue. Issues occur due to three reasons. Firstly, this model does not take account of
probable fixed hedging which will decrease hazard and therefore deal expenditure.
Secondly, if values rise very high, then it ignores the chance that there might be investors
eager to take the hazard in a diversified collection instead of to prevaricate it. Thirdly, the
equivocation expenditure will not be the identical quantity for unlike buyers, as economies
of scale signify that deal expenditure is different. Then what it will advise the writer, how
much it would cost them to prevaricate the option and this is significant. An appealing
matter that can be basis for advance research, concerns the equation when close to
singularities. With a distinct barrier contract, the delta is tremendously unstable, fluctuating
between zero and 1 when near to the border of the barrier. So gamma may also come close
to 1. The expenditure of equivocation about the region of the discontinuity as t becomes
very small might be extremely large and in fact using this model would result in unfair
option values.
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2.9

Modeling of Interest Rate
Interest rate derivatives are immensely well-liked and very extensively
exercised. These incorporate swaps, bonds and many other derivatives. To Model
the course of the rate of interest is, an enormously significant action. But, the topic
is extremely far-reaching and difficult, see [105]. If the rates of interest are assumed
to pursue a Brownian motion, then these might be permitted, to grow up
enormously big or undersized. Clearly it is not a realistic model. Every model of
rate of interest must include a structure of average reversion. This is too
advantageous that it may be suitable to market prices for bonds of dissimilar expiry
dates. A best model supposes that the spot rate of interest r is governed by the
equation:

Using a similar portfolio to that of Black-Scholes, a bond may be valued using this
model. Hedging should be done by a further bond, as the rate of interest is not a trade able
asset. The equation, for bond-pricing by a combination of the Black-Scholes process and
the process explained above for stochastic instability, is given by:

where

is an expression for the market value of risk. This definitely exists in bond

evaluating, for two aspects. For the undiversifiable feature of non-payment of risk and for
the hazard taken by individuals purchasing long term bonds. The factor
described in the equation (2.51) may be supposed as the risk-free rate of drift. Dissimilar
selections of the values of variables

and

are given by [52]. These samples may be

substituted to the produced curve to include the market's predictions. Modeling of the
short-term rate by a one-factor model is a extremely dangerous trade. The configuration of
short term rate of interest is extremely irregular. Both short and long-term rates are taken
into account to find a more accurate model. In 2 term model the simple interest rate
depends on the short term interest rate and the long-term interest rate . Functions
take the following paths:
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and

Observe that both the 2 paths are modeled separately. The bond-evaluating equation by
means of a two-term model is given by:

where
are the market value of hazard for the short term and long term interest rates of interest
respectively. The amounts

are the hazard attuned rates of drift.
A number of precise 2-term models are presented in [1] and [23]. Exact solutions, for
known precise conditions, are given in [12]
Further difficult, yet possibly the mostly sensible of all rate of interest models is
given in [75]. This model tries to attain the entire production curve, instead of just
modeling short-term or long-term rates. This is not a Markov model and so the pricing
troubles are solved by Monte Carlo simulation.

2.10 Allocation of Returns
One of the main causes concerning the Black-Scholes equation is the dependence
on logo normally allocated takings. Empirically experimental outcome, see Figure 2.1, tend
to prove that for a known standard deviation and mean, the max out is upper and tails are
fatter in the actual takings than in normal logo normal takings. It shows that main jumps in
the asset value have a significantly higher possibility of happening than the Black-Scholes
model permits. It may have an obvious effect on contract values, particularly when
valuating instruments like barrier contracts.

42

Figure 0.1 Normalized frequency distribution

The consequence of the thick tails may be observed while seeing at implied
instabilities of contracts on the identical principal asset having all variables unchanged but
having dissimilar exercise prices. For contracts which are either obviously in the money or
obviously out of the money, the implied instabilities are frequently found to be higher than
contracts which are at the money. A diagram is which implied instabilities are sketched as a
function of the work out price is identified as an instability grin, and it is for the reason that
the external edges have a tendency of higher volatility. In fact, the fright of a smash into
may lead to out-of-the-money puts, which have the uppermost instability. This
recommends a possibility division which is tilted to one side.
In any division, the average Y may be supposed to be the first instant and the
variance may be the second. The average is specified by

43

and the variance is given by:

where

is the normal variation. the third instant, which is called skewness, is given by:

and the fourth instant, which is called is kurtosis, is specified by:

A normal division has zero skewness but its kurtosis is 3, so it is more ordinary to speak of
surplus kurtosis which is given by:

If the division of the log of takings is merely normal then third and fourth instants are
unrelated. But, facts recommend that the case is different. Positive values for skewness
show data that are skewed to the right and negative values for skewness show data that are
skewed to the left of the division.
For principal assets wherever fright of a smash into is driving up the value of out of
the money puts, this might be supposed that the estimated division of consequences is tilted
to the left. Kurtosis measures the peak of the division. Negative surplus kurtosis represents
a flatter division and positive surplus kurtosis represents a high peaked division, with fewer
possibilities of occurring of great actions.
Generally, the facts that have been collected would propose a little positive surplus.
A technique of improving a risk-free possibility division from the values of traded
contracts is given in [7].
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In fact, the economic institutions which make the markets take the fear, see [15].
Since more people want to purchase contracts than those who write contracts, so the writers
must be somehow hedged. An extremely difficult position occurs if place jointly, In [99],
it is suggested only to add a fudge factor of enlarged volatility that helps the writers to
accept the hazards which they should get.

2.11 Nonlinear Black-Scholes Equations
This is simple to envisage that the preventive suppositions explained in the
preceding sector are by no means achieved in actuality. Due to deal expenditure, huge
depositor preferences and imperfect markets, these become impractical and the usual model
consequences in fully nonlinear, parabolic convection diﬀusion equations, wherever
together the drift µ and instability σ are dependent on the time t, the stock worth
option price

or

itself. Here, we shall be concerned with numerous deal expenditure models

from the most related category of nonlinear Black–Scholes equations for American and
European contracts having a steady drift µ and a variable modiﬁed instability function.

Due to these conditions, equation

changes into the subsequent nonlinear Black-

Scholes equation, that will be considered for European contracts.

Since the price of an American Call contract is equal to the price of a European Call
contract when dividends are not paid and the instability is steady, so studying equation
(2.15) for an American Call option would be unnecessary,. To make the model further
sensible, we shall think a alteration of equation (2.60) for American contracts, where the
asset

pays out a constant bonus

in a small time step
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where

follows the dynamics
∈

and the bonus give in q is steady.
Remark 2.1. The majority of bonus expenditure over an index such as the Standard and
Poor’s 500 (S&P500) or the Dow Jones Industrial Average (DJIA) are very common so
that they may be modeled as a constant disbursement, that is the situation in equation
(2.63). Conversely, if companies make only 2 or 4 bonus disbursements annually, in that
case individual should consider the bonus disbursements disjointedly and then problem to
include distinct bonus disbursements into the Black–Scholes equation occurs. We shortly
check the consequences for distinct bonus disbursements from [75] in the continuation.
We suppose that there is single bonus disbursement of the bonus give in q between
the duration of the option at the bonus date

Ignoring further terms, the asset price

should reduce accurately by the quantity of the bonus disbursement q at time

. Therefore

we have the following jump condition

where

represent the time instants very soon before and after the bonus date

.

This gives to the subsequent influence on the option value:
(2.61)
Equation (2.61) shows that the price of the contract at asset price
to the price just after the bonus date tq and at the asset price

and date

, is similar

. To find the price of

a Call contract with one bonus disbursement, one should compute the Black -Scholes
equation from expiry date T until

and use the relation (2.60) to calculate the prices at

Lastly, we keep on to resolve the Black–Scholes equation by beginning from

.

.The

periphery conditions, which are given in the subsequently section, require not to be
changed in that case.
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In the ﬁnancial mathematics, the partial derivatives represent the sensitivity of the contract
value

to the related variables and are known as Greeks. The sensitivity parameter delta is

represented by ∆=VS, the sensitivity parameter gamma is represented by Γ = VSS and the
sensitivity parameter theta is represented by θ=Vt.

2.12 Initial and Boundary Conditions
To compute an exclusive resolution for the equation (2.59), we should finish the
difficulty by beginning from the initial and periphery conditions for together the European
Put and Call contract.
As American contracts may be traded at any time before expiry date, so we are required to
know the best possible date of implement, which is known as the best possible exercise
date. On this date, which is exactly known as ending date, the price of asset reaches the
best possible implement value or the best possible implement boundary Sf (t). This guides
to the formation of the setback for American contracts by splitting the field [0, ∞[×[0,T] of
equation(2.60) into two sectors, in the direction of the curve

. As

is not given in

advance, so the problem is known as free periphery value problem.
Here, we shall think only the formation of a free periphery problem. We shall state
the conditions for call and Put options.

2.12.1

Vanilla Call Contract
The price
on

of the Vanilla Call contract is the answer to equation (2.58)
,

with the following terminal and boundary conditions

2.12.2

Vanilla Put Contract
Conversely, the price

of the Vanilla Put contract is the answer
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to equation(2.59) on
with the payoﬀ function for the Put as boundary conditions and the initial condition and.

2.12.3

American Call Contract

The spatial domain for the American Call contract is separated into two fields by the open
periphery

, the terminating field

exercised with

, where the contract is

and the continuance field

,

wherever the contract is detained and equation (2.60) is applicable under the subsequent
boundary and initial and conditions.

V(

=

VS(

=1

For straightforwardness we shall suppose

in this work, and so we have

for the American Call Option.

2.12.4

American Put Option
This type of option is implemented in the stopping field
, where it has the value

continuation region

,

. In the

this contract remains active and

equation (2.60) is applicable under the subsequent boundary and initial conditions
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V(

=
V(

Since we assumed that

= -1,

for

, we have

for the American Put Option.

2.13 Leland
Leland presented theory of tranquil the equivocation circumstances to deal at
distinct period, which ensures to decrease the expenses of the collection
modification. He supposes that the deal expenditure

, where κ

represents the deal expenditure per unit dollar and ∆, is the amount of assets
sold

or purchased

at price , is comparative to the economic

price of the assets sold or bought. Let us suppose a replicating collection with ∆
units of the principal asset and the bond B.

After a little alteration δt in time, the alteration in the collection is given by:
∏

where

δ

δ

δ

is the alteration in value , therefore the ﬁrst expression denotes the alteration in

price, the next expression denotes the bond increase in time δt and the third term represents
the alteration in the amount of assets. Due to change in portfolio, the last expression
becomes the deal cost.
Applying Itˆo’s theorem to the price of the contract
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we get:

Suppose that the option value

is replaceable by the collection Π, their prices are assumed

to be equivalent at every period and there may be no risk neutral proﬁt. By using this noarbitrage concept, we get:

Comparing the expressions in equations (2.66) and (2.67), we get

and

δ

Leland proved that
δ

where Le represents the Leland number, given by:

with δt is the deal frequency and κ is the trip deal cost per unit dollar. Substituting equation
(2.69) and

–

into the equation (2.68), we get:

with the modiﬁed volatility

where Le represents the Leland number and σ denotes the historical instability. It is
obvious from the Leland number that minor the δt, the higher the deal cost and the larger
the price of . Since, in the nonappearance of deal costs, the option value is greater than
zero for European Call Options and Put Options. Equation (2.59) becomes linear with an
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attuned stable volatility assuming the identical performance in the existence of deal costs,
so:

The model of Leland has played an important role in mathematics of finance, although it is
partially disliked by [84], who shown that Leland number has an equivocation error. The
constraint of Leland model is the convexity of the consequential option value

and the

chance to simply think one contract in the collection. [22] reading equation (2.59) by
means of the modiﬁed instability in equation (2.72) for a number of underlying assets, see
[63].
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Chapter 3
Numerical Techniques to Evaluate Financial Options
The majority of types of contracts do not have exact solution but there are
numerous numerical techniques of solution accessible, each one suitable to special kinds of
problems. In this chapter we shall explain how numerical methods may deal with the
individual characteristics appearing when valuing unlike options. Since there are no general
closed form solutions of the Black–Scholes equations, so there are different numerical
techniques to find solution of Black–Scholes equations for European Call and Put Options
and Exotic Options. The methods are, lattice techniques, Monte-Carlo simulation, the leastsquare methods, analytical methods and ﬁnite-diﬀerence techniques.

3.1

Lattice Numerical Techniques

Probably, the most sensitive method to price options is to make use of lattice
techniques. Most generally, these are identified as trees. There are two kinds of lattice
techniques; the ‘binomial’ and the ‘trinomial’. Binomial lattice techniques were initially
suggested by [54] and the trinomial lattice techniques were firstly proposed by [73] and
afterward by [81,112]. The thoughts following them are extremely analogous and therefore
the binomial lattice technique is applied to most of the problems, with expansion to the
trinomial lattice technique incorporated wherever it varies from the binomial lattice
techniques. Multinomial lattice techniques, which may be applied to price options having
more dimensions. Lattice techniques may be used either as techniques to resolve the BlackScholes equation or as models in themselves. These will be offered here as models in
themselves but it may be proved that these are similar to the finite-difference techniques
which are applied on the differential equations. The convergence of Lattice numerical
techniques for option valuing has been tested in a variety of problems.

3.1.1 Fundamental Technique
To start with, it is supposed that the basic asset

adopt a Brownian motion and it is

assumed that the anticipated outcome on the asset in little time interval dt is the risk neutral
rate, of interest . Beginning with an asset price

at time

, the expiration time, T, is

divided into n time steps of the same step, Δt. For a binomial Lattice technique, subsequent
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to a time period Δt, the value will either be raised up to a new value
or will come down to

, with possibility

, where

and

, with possibility

,

are not dependent on the asset

value. In the Lattice numerical technique, each one situation of asset value at any time is
specified as a node. One case of a binomial lattice technique is specified in the Figure 3.1.
The leap variables, d and u, and the risk-free possibilities are described according to the
variables of binomial lattice technique selected and will be identified briefly. If the
Brownian motion specified by the lattice technique has the accurate drift, then it is essential
that:

It may be simplified as:
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Figure 3.1 A Binomial tree

Subsequently, the variance of the binomial lattice technique distribution becomes equal to
that of the Brownian distribution; the subsequent expression should also be valid:

From these two conditions, it follows that a binomial lattice technique is a distinct time
estimate to the constant time explanation and from Lindeberg's Central Limit Theorem, the
binomial lattice technique will approach to the Black Scholes explanation in constant time
period. This is too suitable that the tree recombines. This shows that

and gives n+

1 node at expiry date. The degree of freedom retains, permitting numerous writers to
recommend substitute definitions for the lattice technique variables. The most general for
simple problems is that of [54], in which, we have:
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(3.4)

.

Putting equations (3.2) and (3.4) into equation (3.3), and neglecting higher powers of Δt
gives:

and thus

Studying the lattice method more deeply, at expiration the nodes

where n represents the number of steps in the Lattice method and

are given as:

represents the primary

asset value. Initial conditions are next forced at these nodes; for instance, for a call option
at expiry time
where

the contract price at every node is determined as,

represents the exercise value. Contract price at a node one time step before may be

determined from the two values, at lower and higher asset values, to which this is
associated in the next time period by giving discount at the risk neutral rate of interest and
measuring according to the risk-free possibilities. This may be recurring, initially for all
nodes at the earlier time period, then for a more time step backwards, and carry on until the
contract value at time
time are represented by

has been determined. Let the option values at a afterward
and that at the prior time is represented by:

The trinomial numerical method was, initially given by [73] and was supported by [54], is
established in a similar way. In this method, three branches are emerging from each joint. It
permits the underlying asset worth to go either down or up, because with the trinomial as
well as with the binomial value. Hence, for both
the underlying asset, here

and ,

is risk-neutral probability of

is a parameter. The major disadvantage of the binomial lattice

is that it has only one degree of freedom whereas the trinomial model has advantage of
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having two degrees of freedom. A fundamental trinomial lattice technique,
uses the following choices of

,

and

The straightforward construction of binomial and trinomial lattice techniques may be
applied with no complexity to price a large variety of options.

3.1.2 Applications
Due to presence of exact solutions of European contracts, to speed up the rate of
convergence of the lattice methods is in fact no other than an intellectual practice, which
may confidently be applied to other complicated issues. With this reasoning, [67], manage
to reduce non-linearity error and then by using Richardson Extrapolation to decrease
division error. This fundamental plan may frequently increase the convergence from the
normal

. The common techniques to increase rate of convergence pursue this

fundamental sketch. For example, see [90] which use the degree of freedom in the binomial
lattice method to compare with the trinomial model, but it gives no progress whatever
fundamental method is used. Binomial lattice techniques can be used to value American
options very quickly. Choosing the maximum value of

and the outcome from before time

implement at each node, adjustments to allow for before time exercise are easily made.
Bermudan contracts are valued just like American contracts but with before time exercise
simply occurring at definite times. Refinements in tree models normally take place in the
equivalent way as European options. To reduce the non-linearity in mistake just about the
exercise value generally followed by extrapolation to decrease division mistake. [67] uses
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the degree of freedom in the binomial lattice method to move it so that the exercise value
should be in the middle of the division. Tian makes use of this degree of freedom to put the
nearby node exactly on the exercise value. [26] makes use of a trinomial lattice technique
but creates the mesh very fine about the discontinuity. [74] use basic lattices but by means
of interpolation they maintain the location of the last nodes with respect to the steady
exercise value. In Richardson extrapolation it is to extrapolate from distinct exercise points
to constant exercise points.
In general, the results for early exercise options are not as much exciting as these
are for the European options since at present; there are fresh sources of discontinuity at the
open boundary. Apart from Breen, every one significantly increase the correctness of the
tree models however rate of convergence is only with

Simply [65] arranges to attain

2

second order (n) convergence by introducing random variable time steps, but the method
unlikely becomes very complicated.
As European options have an exact solution and so need not to be solved
numerically but these present an exciting difficulty that may exist for all numerical
methods. The rate of convergence of lattice methods is very slow but very large errors.
To price Barrier options using lattice methods is tricky. Just putting the option price
equal to zero while the barrier has been crossed, gives huge mistakes due to the dispositioning of nodes about the discontinuity.[92] explains that for constant barrier
contracts, it is most favorable to have a streak of nodes really on the barrier but for distinct
barrier contracts it is preferable that the barrier is partially in between the nodes. If the
nodes are inaccurately positioned the the rate of convergence becomes very slow.
A lot of unlike methods have been recommended to defeat this difficulty. Boyle &
Lau propose selecting those values for n which put nodes approximately on the barrier and
this decreases the mistake significantly. [82] purposes a technique which has turn out to be
more well-liked, i.e. the make use of a trinomial lattice model for its 2 degrees of freedom.
The 1st degree of freedom may be supposed as the location of the center node, the 2nd
degree of freedom as the ‘stretch’ in the exterior nodes. In Ritchken's technique, the central
node must be kept flat whereas the ‘stretch’ draws a row of nodes on the barrier. [97]
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proposes this technique for binomial lattice model. [22] proposes an interpolation of
standards such that even though the nodes might not be in the accurate position, a value
may be established which approximately corresponds to its presence. This technique is not
mostly correct however it has the advantage that it may be employed while volatility is
changeable. [32] suggest a level of elasticity in a dissimilar logic since they employed an
adaptive mesh model (AMM) to purify the mesh about barriers. Even though the scheme is
easy, but accomplishment of AMM may be extremely difficult and it will possibly bound
its fame in coming years. Moving constant-barrier contracts are also valued by [65], who
change the state gap so that the barriers are preset, change time with the intention that the
dispersion factor is set aside and in that case make use of a trinomial lattice technique.
Parisian contracts need further computational endeavor than that of barrier contracts
as, in fact there is an additional measurement to think about. This measurement shows that
how for or how long and how many explanations, the original asset are on the other side of
the barrier. The barrier must be placed as in [83]) work but modified for distinct barriers as
recommended by [22]. Suppose k be the amount of comments previously used up under the
barrier and suppose K are the amount of observations that should be used up under the
barrier prior to a knock out is triggered. The contract should be valued at every node for
every probable value of k at that node. Suppose the timer resets itself every time, the
underlying asset re-crosses the obstacle in that case over a down-and-out barrier, the
contract must be priced at k = 0 and under the barrier the contract must be priced at k = 1,
2, … K - 1. At K, the price is clearly nil. To price contracts at a definite time step for given
k, the values at the next time step at k0= k +1 are used and if less than the barrier and at k=
0 if beyond. Knock-in contracts may be valued like European option less the knock-out
contract. The fundamental thought is verified by means of finite-difference techniques.
Look back contracts may be valued, as proposed by [52], by means of a binomial
lattice technique but valuing at every node for every probable highest it might have attained
between
requiring of

and that node. This technique is very elastic but mainly it is not quick,
N4

calculations for an N-step lattice method.

By decreasing the

dimensions, calculations may be drastically reduced for the particular issues of floating-
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strike contracts. [33] observed steady-strike options. [39] compares binomial lattice
methods for dealing with look back contracts.
Multiple state variables are very easy to handle by means of finite-difference
techniques or Monte Carlo simulation. Because of the reputation of lattice models, yet,
there are a lot of workings on the topic. From them, Boyle planned a tree for two position
variables which had five arms. Which corresponded to fall or a rise a in the price of one
asset shared with a rise or a fall in the price of another asset, having the other arm
corresponding to both assets having the identical value? Boyle, extended it to k assets but
with no additional no movement arm. This gives

arms at every node. Kamrad &

Ritchken prepared alike tree to Boyle. It enables the tree models to be proficiently used for
valuing preset barrier contracts.
The use of lattice models becomes much complicated when the asset values are not
supposed to obey a Brownian motion.

3.2

Mesh Free Method

3.2.1 A brief overview of mesh free methods
Our numerical methods will largely be based on the so-called mesh free methods.
These methods, nowadays, are being used in many diﬀerent areas of sciences and
engineering, for example, scattered data modeling, problems involving moving
discontinuities such as cracks and shocks, multi-scale resolution, non-uniform sampling,
computer graphics, neural networks, etc. The salient features of mesh free methods which
make them very powerful are the following:
• In mesh free methods the connectivity of the nodes is determined at run-time, hence no apriori mesh is required.
• No mesh alignment sensitivity is required. This is a serious problem in mesh based
algorithms.
• Continuity of shape functions: The shape functions of mesh free methods can be
constructed to have any desired order of continuity.
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• Convergence: For the same order of consistency numerical experiments suggest that the
convergence results of the mesh free methods are often considerably better than the results
obtained by mesh-based shape functions.
In the usual ﬁnite-diﬀerence methods the spatial field is discretized into a grid [106]. A grid
may be deﬁned as the interstices among the strands of a lattice that is created by linking
nodes in an already deﬁned method.
The mesh free technique is used to set up a scheme of arithmetic equations for the entire
problem field not including the employ of a pre-deﬁned grid. Mesh free techniques
basically employ a set of nodes spread inside the problem field plus on the borders to
signify the problem field and its borders.
Applications related to mesh free methods [26] can be found in
• Many diﬀerent areas of science and engineering via scattered data modeling (e.g., ﬁtting
of potential energy surfaces in chemistry),
• Non-uniform sampling (e.g., medical imaging),
• Computer graphics (e.g., image warping),
• learning theory, neural networks and data mining (e.g., support vector machines),
• Optimization, etc.
The main plan of the mesh free techniques is to give correct and steady arithmetical
solutions for partial differential equations with all types of probable border conditions with
a bundle of randomly dispersed nodes lacking use of any grid which provides the
connectivity of these nodes.

3.2.2 Diﬀerent approaches of constructing the mesh free shape functions
Smooth Particle Hydrodynamics Approach [14]: Probably the most old of the mesh
free techniques is the smooth particle hydrodynamics (SPH) technique [91]. A foundation
for this technique was given by to invoke the concept of a kernel or weight function guess
for solution
on a field Ω given by:
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where
shore up.
The kernel

is the estimate,

is a kernel and

is a gauge of the range of the

is a decreasing function and satisﬁes the following properties

There are 3 usually used weight functions, the cubic spline, an exponential and quartic
spline functions.
The mainly simple quadrature techniques are generally employed.
For example, in single measurement, the quadrature may be computed by the trapezoidal
method and is given by:

for a sequentially counted bundle of nodes

For internal nodes, ∆

is given by:

∆
On the left end,
∆
where
is coordinate of the left hand side boundary, having an analogous appearance on
the right hand side. The summation should be simply taken over the spot
whereas
.
For 2 or-more measurements, the quadrature is an additional diﬃcult to overcome to the
grips with normally, formulas of the kind, given by:

are used, where

represents the volume of node I.

Moving Least-Squares Approach [108]: In this approach, we let
ﬁeld changeable identiﬁed in the area Ω. The estimate for
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at spot

is dependent on a
is represented by

. The Moving Least-Squares estimates the region function in the shape of sequence
representation

where m may be the amount of expressions of monomials,
and

are first degree functions

be a matrix of coeﬃcients.

In one dimensional field, a whole monomial base of degree m is specified as:
P(X) =
whereas in two dimensional field, this is specified as
P(X) =
Suppose that the support field of x consists of a set of n restricted nodes
relation
(3.16) can be used to compute the estimated values of the regional function at the nodes

Using the estimated values of the regional function and the nodal variables
function of biased outstanding may be given as:

= u( ), a

J=
=

where
is a kernel function and be the nodal variable of the regional
changeable at node I by means of compacted support the identical kernel functions as in
SPH are used.
Equation (3.21) may be expressed as:
J=
where
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P=

(3.24)

and

W(x)=

To compute the constants a(x), we get the optimum of J as:

where A be the instant vector and may be expressed as:

Also
Therefore, we get the following

The approximation

can then be expressed as

where k be the degree of the monomial base.
Point Interpolation Method [69]: In this approach, a relation u(x) is specified in

the question field Ω by means of a lot of spread region nodes. In support of a spot of
significance
, the domain relation u(x) is estimated by the subsequent sequence demonstration
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where
are the basis functions, represent the quantity of nodes in hold up field of a
given point
and
is a coeﬃcient for a basis function
corresponding to the
given point
The approximation of the Point Interpolation Method (PIM) is obtained by supposing that
exclamation relation passes throughout the relation values at every spread node.
Formulation of polynomial by point interpolation method starts with the following
representation

where
is the basis function of monomials, represents the quantity of nodes in hold
up field of a specified spot
and
is a coeﬃcient for monomial
corresponding to a given point
. The matrix may be represented as:

The coeﬃcients from expression (3.33) may be computed by compelling that relation
must be fulfilled at nodes in hold up field of spot . For node we may get expression
as given by

where

represent the nodal amount of

for

.

Expression (3.35) may be expressed in vector form as:

where
is the matrix which receives the values of region changeable at the entire
in the support domain

and

represents the instant vector specified by
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nodes

Using equation (3.36) and assume that the converse of the instant vector
then we may get:

is possible,

Substituting equation (3.39) into equation (3.27), we obtain:

or in matrix form

where (x) represents a vector of point interpolation method like expressions
by

specified

3.2.3 Radial basis functions
A radial foundation function [69] interpolant has the following form:

where a is a matrix of unidentified constants, and
function.

represents the ith radial foundation

Radial foundation functions are of two types, the unlimited flat and the limited flat, radial
functions. We have a shape parameter c, for the unlimited flat radial foundation functions.
As this factor becomes close to 0, the radial foundation function becomes more ﬂat. Table
3.1 shows a list of mostly used radial basis functions whereas following Figures show the
surface of some of these functions.
The matrices of unknown constants a in expression (3.40) are computed by implementing
interpolation passing throughout the local hold up nodes chosen by with the help of hold
up field. The interpolation has the form:
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where

R=

where

Because the distance is directionless, we have

Hence, the instant vector R is symmetric. The symmetric characteristics of R suggest
that R will be symmetric positive deﬁnite and thus inverse of R exists. In fact it has been
proved right [110].If the matrix R is invertible then a distinctive answer for matrices of
unknown constants may be given by:
a
putting expression (3.45) into expression (3.42), we get:

where the vector of figure functions may be given by:

here

is the figure function for the

node and may be given by:

where
is the (i,k)th component of vector
positions of the nodes in the hold up field.

, this represents a steady vector for known
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Table 3.1 Some well known radial basis functions
Name of RBF
Multi quadric

Type
Smooth

Inverse multi quadric

Smooth, global

Inverse quadratic

Smooth, global

Gaussian
Cubic

Smooth, global
Piecewise
smooth,
global

The direct method expressed in equations (3.40) and (3.45) entails inverting the collocation
matrix R in order to ﬁnd the expansion coeﬃcients, thus the RBF interpolant.
We now consider the invertibility of the collocation matrices associated with the most
common radial functions from the sources [59, 67] and [108]:

Figure3.2

Multi quadric radial function
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Figure 3.3 Inverse multi quadric radial function

Figure 3.4 Cubic radial function
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Figure 3.5 Thin plate spline radial function

3.3

A Mesh Free Method for pricing Options

We introduce a mesh free numerical technique which is based on radial foundation
functions, to resolve problems for valuing European and American put contracts on a
dividend paying asset. The system of diﬀerential equations that we obtain solved by a time
integration methods. To resolve the diﬃculties associated in solving the free boundary
problem associated with American options, we use a penalty approach.
Options on dividend paying assets are more popular than those on non-dividend paying
assets. Several attempts are made in the past to solve these option pricing problems through
a variety of techniques. We describe a few of them below.
Whaley [109] examined the evaluating efficiency of the assessment relation for European
call contracts on derivatives having identified bonuses and compares it by 2 estimation
techniques. They showed that the estimation received after putting the derivative value
total of the current price of the escrowed bonuses into the Black-Scholes equation induces
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fake relationship among forecast mistake and (i) the level to which the contract, is out-ofthe-money or in-the-money (ii) the normal deviation of stock outcome (iii) the possibility
of before time implement, (iv) the moment to termination of the contract and (v) the bonus
give in of the supply.
Barone-Adesi and Whaley gave straightforward exact estimation for evaluating exchange
traded American put and call contracts written on product futures contracts. Their
estimations were computationally eﬃcient than those obtained by binomial method or
standard ﬁnite-diﬀerence methods.
Fischer derived an exact estimation for the evaluation of American call contracts on
derivatives offering identified yields. The results obtained by his formula are comparable to
other approximations seen in the literature.
Mallier and Alobaidi used Laplace transform techniques to learn the evaluation of
American put and call contracts with steady bonus yield.
Meyer illustrated that a simple arithmetical execution of the time distinct method of lines
for the Black-Scholes model may eagerly manage with the vanishing and recurrence of the
before time exercise border. They discussed the efficiency of the process by calculating
option values when bonuses are rewarded disjointedly at a identified rate or recognized
quantity along with a steady bonus yield.
[57] derived a technique for evaluating and equivocation American contracts written on a
bonus-paying stock. This technique is founded on Kim expressions presented in [61]. They
demonstrated that a straightforward estimation of the Kim integral equations by iterative
formulae direct to an accurate and efficient arithmetical method. This estimation was
supported by the Newton-Raphson numerical method to calculate the optimum exercise
border at every time. The planned series of estimations converges monotonically.
Company et al. [12] obtained the arithmetical answer of a classiﬁed Black-Scholes
equation modeling the evaluation of stockpile options with distinct bonus offerings.
They used a delta; deﬁning series of the concerned general Dirac delta function and applied
an approach based on the Mellin transforms.
Vellekoop and Nieuwenhuis [99] presented a technique to contract with currency dividends
pricing equity options, under the supposition that in between bonus period the stock
follows random walk, and somewhere the identical dynamics are used to evaluate all stock
goods. They deﬁned an algorithem which is eﬃcient and ensures to create values that
eliminate arbitrage possibilities. They showed that for the technique to work a gentle
consistent convergence form should be satisﬁed which does happen in the case of standard
options like European and American ones.
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3.3.1 Problem description
The Black-Scholes equation for evaluating European and American contracts on
bonus paying assets is also an initial-boundary value problem. For European options this
problem reads as:

where is the risk neutral rate of interest, is the value of a stock, σ be the volatility of the
derivative value, D be the dividend yield on the stock and
denotes the option’s
value at time for the asset value .
The initial condition may be given by the terminal payoﬀ function:
(3.53)
whereas the boundary conditions are given by
(3.54)
where

is the maturity time and

is the exercise value of the contract.

On other hand, American option evaluating issue takes the form of free-periphery
problems. The early exercise possibility leads to the subsequent expression for the price
of an American put option to sell the underlying asset [55]:
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Where
represents the free boundary, represents the strike value of the contract,
denotes the value of the put option and as before, represent the instability of the basic
asset, represents the risk neutral rate of interest and represents the dividend yield on the
stock.
Since early exercise is permitted, the value P of the put option must satisfy

3.3.2 Pricing European options on a dividend paying asset
We approximate the unknown function , using the radial basis functions as:

where
are unknown coeﬃcients and
following radial basis functions for this problem

where c is a positive parameter.
Collocating at the same N points, equation (3.52) becomes

Diﬀerentiating (3.57), we get
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are the RBFs. We will use the

and

In case of Gaussian basis functions, we have

and

Substituting the expressions for various partial derivatives from equations (3.60) to (3.62)
into (3.59), we obtain

We can write equation (3.65) in form of a system of diﬀerential equations as

where

and

To solve the system described by (3.66), we used a θ-method
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with the initial condition given by the ﬁrst part of equation (3.53) and boundary conditions
given by the ﬁrst part of equation (3.54).
We can rewrite equation (3.69) as:

Equation (3.69) applied at all collocation points may be expressed in vector shape as:

Using equation (3.72) into equation (3.71) and rearranging, we get:

Above equation is solved along with equation (3.53) and the ﬁrst part of equation (3.54) to
obtain the numerical solution. Also the form of this equation should be read in context to
the computing process because in the problems like those considered in this chapter, we
usually have a final boundary value problem rather than an initial boundary value problem.
To this end, note that the scheme given by (3.70) corresponding to θ = 0, 0.5, and 1 are the
fully-implicit, Crank-Nicolson and explicit methods, respectively.

3.4

Monte Carlo Scheme
This scheme was first proposed by [85] to evaluate options. Monte Carlo scheme is

perhaps the easiest one to apply on all arithmetical techniques. The major benefit of this
scheme over mesh based techniques is that it can be applied easily on problems having
manifold dimensions. While for grid based and tree methods the evaluation period
increases exponentially by increasing the dimensions but for Monte Carlo scheme
computational time increases linearly. A more main benefit of this scheme is that this is
extremely expandable with respect to the selection of division of profits, jumps, stochastic
instability, instability surfaces may be input with no trouble. However, there are setbacks in
this method. The main difficulty is to deal with the American type options. This is due to
the fact that tree methods evaluate the contract backwards in time while Monte Carlo
scheme evaluate forward in time. One more difficulty is that this scheme converges very
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slowly. It is frequently said that Monte Carlo simulation schemes converge with
O(

where N is the number of trials) while tree methods converge with

O(

(where n is the number of steps in the lattice). It is a very unjust association since as

N raises the evaluation cost raises linearly, but as n rises the computational cost increases
approximately with O(

It shows that convergence is roughly the same. Monte Carlo

schemes may also be run on parallel processors which reduce on the whole evaluation time.
What is indeed correct is that the coefficient of convergence for Monte Carlo simulation
methods is too high, and receiving fine results may get a more time. A suitable latest
review of the achievements in simulation techniques, with association of dissimilar
methods may be seen in [7]. A brief review of methods in which to get better, the
fundamental technique will be described now following an explanation of the technique
itself.

3.4.1 Fundamental process
Again suppose that a stock follows a Brownian motion,

In fact, the usual logarithm of

describes an arbitrary walk which has no dimensions.

This shortage of dimensionality shows that it may be expanded into distinct instance so that

where

is an arbitrary changeable calculated from a normal distribution with average of 0

and has standard deviation of 1. Here

may be of any required dimension.

With a huge amount of values for

unusual probable risk-free future prices for

may be replicated as given by:
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At definite points in time, the contract is evaluated and at expiration it might be essential to
identify the location of the derivative. If an obstruction is to be forced and a bonus is given
after that it would be essential to split up the complete time properly. What take place
during these times is unrelated. A course of the basic derivative can be simulated with its
price known at every one of the necessary points. If the contract is a European option
giving no distinct bonus, in that case

must be the complete period of the option. The

suitable circumstances must be forced at each time step and the contract price is computed
at the closing stages and low-priced to provide an anticipated current value. For a European
put contract having

simulations the Monte Carlo value is given by:

The regulation of great records defines that as the amount of simulations approaches to
one, then known price will meet to the accurate. For those derivative courses which may
not be converted to dimensionless it is essential to split the period of the contract into tiny
time gaps since for those,

t should tends to zero as well as

tends to infinity for

correctness to be guaranteed. This happens for stochastic instability, interest rate options,
instability surfaces and other complex derivative paths.

3.4.2 Manage Variants
A helpful technique for increasing the correctness of a Monte Carlo method is
identified as Manage Variant method, recommended by [43]. One can use this technique to
evaluate similar to the one being valued, however which has an exact answer. Using the
identical facts, two Monte Carlo techniques are applied, one on every contract. It is
supposed that the mistakes in evaluating both contracts are approximately equivalent and
therefore, if the analytical solutions are represented by
Carlo simulated solutions are represented by
-(

and

-
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and

and the relevant Monte

, then we have:

The accuracy of this technique depends on how alike the evaluated option is to the given
however, when this is used to price constant mathematically averaged Asian contracts and
the manage variant is the recognized exact answer for geometrically averaged contracts in
that case Boyle, Broadie & Glasserman [77] explain that it may be extremely successful.

3.4.3 Applications
A main unanswered issue in option evaluating supposition is the complexity in
evaluating problems having more dimensions while before time exercise is probable.
Monte Carlo simulation is the single technique which may efficiently cope with manifold
dimensions however the price of the contract at every time step is not identified and
consequently the optimality of before time exercise may not be checked. Numbers of
technique have been recommended to deal the difficulty yet there is still great possibility
for development.
Tilley [97] prepared the earliest effort to evaluate the American contracts for one
underlying asset using Monte Carlo method with bundling procedure. Paths in the
underlying asset are preserved and after that the state gap is sub-divided into bundles for
which before time exercise conclusion is specified for every collection. There are
numerous troubles with this technique; this is prejudiced low because the before time
exercise choice will essentially be sub-optimal; this needs a huge amount of remembrance
to hoard every one of the paths, most significantly, it is complicated to take a broad view of
this technique to huge records of variables as, when the manifold-dimensional state gap is
separated up, the bunches will turn into smaller and smaller and hence the work out
judgment will turn into fewer and fewer most favorable. [9] use a technique which is called
Stratified State Aggregation with which they divide the payoff gap into bunches and,
similar to Tilley, calculate an estimated before time exercise policy. As the payoff gap is
sub-divided as a substitution of the state gap, the sub-division is just in one dimension,
making improvements in the optimality of the before time exercise judgment. Moreover,
the hoarding necessities are lesser than for Tilley’s technique. But, the consequences are
too biased small and there is no technique of calculating or minimizing the mistake. [107]
used a parallel method to evaluate American Asian contracts with simulation.
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[67] make a d-dimensional least-square fit at each time pace for every one options
in-the-money in order to make a decision whether to exercise before time. All paths should
be preserved and after that working backwards a most favorable exercise method is
determined with reference to a 2nd degree function calculated from the price at the
subsequently time step specified the price at this. However, the deficiencies are significant.
The estimator is prejudiced small as the exercise judgment is suboptimal and there is no
method of approximating error. This will converge however just the quantity of basic
functions and the amount of simulations approach to infinity. The amount of basic
functions also increases exponentially with d and, even though [67] explain this is probable
to cut corners by merely selecting which base functions to be used, this technique is very
heuristic and disorganized.
Perhaps the most excellent technique is given by [77], who gain sensibly rigid
lower and upper boundaries for the option value. It is completed by arrangement of a
shaggy tree, for which unlike paths guide to either sub-optimal or supper-optimal exercise
policy. In the sub-optimal policy the exercise judgment is based on one set of simulations
and the upcoming price on one more simulation whereas in the super-optimal policy
exercise takes place with complete perception. This involves no estimations and gives a
limit that may be understood to be correct but it makes efforts since the amount of
calculations necessary rises exponentially with the amount of explanations. The further
remarks necessary, the looser the limits will have to be to maintain the evaluation time
sensible.

3.5 Finite Difference Techniques

[23] used first time, the finite-difference techniques to explain option evaluating
problems. These methods may be seen to have a number of similarities with tree methods,
however these are formulated in a different way in that, these work on the partial
differential equation. These methods are used to solve the Black-Scholes partial differential
equation. The concept of ﬁnite-diﬀerence methods is the estimation of the derivatives by
diﬀerence quotients. Suppose

is the option price, this price depends on the
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present value of underlying asset
option. Let

at any time . Let

be the expiration time of European

be the exercise value of a European call option. The Black-Scholes partial

differential equation is a parabolic partial differential equation. We may construct universal
statements regarding the class of border conditions that direct to an exclusive answer.
Usually, we should impose two restrictions on . The initial condition for a European call
option is given by:

and the boundry conditions are

∞
The time interval [0,T] is sub-divided into M uniformly sized sub-intervals of time-span
. The value of primary asset will acquire the prices in the boundless interval [0,∞). But,
a non-natural bound

is mentioned. The magnitude of

however normally
sub-interval [0,

needs experimentations;

can be taken around three to four times the exercise price . The
] can be sub-divided into

Therefore, the space [0,

uniformly sized sub-intervals of span

numerical approximation of

∈

]×[0,T] is estimated by a mesh

, wherever

S.

. Let

denote the

.

The convergence of these methods is considered by [111]. See [15], for more guidance to
make use of finite-difference methods for option evaluating.
Consider again the basic Black-Scholes equation:

The above differential equation should be simplified by means of boundary and initial
conditions depending upon the payout. These conditions, for a European call option are
given by:
(i) At
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(ii) At
(iii) As

Figure 3.6 A finite difference grid

A fundamental finite-difference mesh which could be used to evaluate a European call
option is represented in Figure 3.6. The following technique should be used to get the
prices at

making use of the given border prices and the Black-Scholes dispersion

method. The price

represented at this time is a limit of the range in , in standard

deviations. Many finance books and articles [104] and [63] propose that it is much
proficient to log-transform the hoard value, by transforming the differential equation
having no dimensions. It is not only theoretically easier to cope with the actual asset value

80

yet, indeed, evaluation of some derivatives such as rate of interest goods is not possible by
means of a log-transformed mesh.

3.5.1 Explicit Finite Difference Scheme
This numerical finite-difference technique is indeed, extremely admired. Main
cause of its popularity is that it is the simplest o finite-difference technique to be
programmed. For the explicit finite difference method, the expressions in the BlackScholes model are estimated as given by:

Substituting equations (3.80),

and (3.82) into the Black-Scholes equation (3.79),

The error in the finite difference scheme may be of order O((
Rearranging the above equation, we have,

We see that the term

for the (m+1)th time step is calculated by means of the

expressions,
from the previous step in time. Let

and

using these substitutions, the above equation becomes:
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Let

A=

where

∈

∈

where

and

Then, in vector form, the expression (3.83) may be expressed as:

We note that at each moment footstep m+1, the estimated answer may be received from
the vector equation given above.
The prices

,

,

with

and

may be identified from

boundary and initial conditions.
Obviously, the stability situation for the explicit method is given by:

One drawback of the explicit finite difference technique is imposition of constrains on the
lengths of

gaps which make the explicit scheme extremely ineffective.

Even though [86] make a conclusion that the explicit finite difference technique is better
than that of implicit finite difference scheme, their point of view are faulty since they
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match up to similar to for similar to; an implicit finite difference mesh of definite
measurement and amount of points will get more time to evaluate for no more accuracy
than the corresponding explicit finite difference grid. Moreover, the intensity of correctness
they are considering is not much more, they consider just 2 decimal places; to attain this
level of correctness a binomial tree method is known to be the most excellent alternative.
However, the implicit finite difference technique is most supple in the selection of mesh
than the explicit finite difference technique and so to attain better correctness, the explicit
finite difference scheme is not the most excellent alternative.

3.5.2 Fully Implicit Finite-Difference Scheme
In this scheme, backward difference estimation is used for derivative of time, a
middle difference approximation for first order derivative of

and a symmetric middle

difference approximation for second order derivative of . Hence, the expressions for the
Black-Scholes equation are given by:

Using the above discretization into equation (3.79) and after simplifying, we get:

The error in implicit finite difference scheme is of order O((
We see that the term
,

,

for

for

time step, is found by means of the expressions

time step.
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Let

A=

where

∈

∈

where

and

Using the above substitutions, relation (3.20) may be expressed in vector notation as:

At each

moment step, from the above vector relation the estimated

solution may be calculated. The expressions

,

,

with

and

are found from border and initial conditions. Thus, for every time- step, the fully
implicit finite difference scheme gives a system of equations which may be solved
concurrently, for values

The Fully implicit method is unconditionally stable. Even though the fully implicit
technique has same stability as that of a Crank-Nicolson technique but, fully implicit finite
difference scheme has convergence of poorer quality than that of Crank-Nicolson finite
difference scheme, for more details, see [96].
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3.5.3 Crank-Nicolson Finite Difference Scheme
Crank-Nicolson scheme is one of the largest frequently applied second order
techniques.
Crank-Nicolson finite difference technique [55] was applied to evaluate options by [33].
This finite difference scheme has numerous benefits on explicit finite difference schemes.
It has a convergence of order O(
restrictions on the rato

) and further prominently, there are no

, with the exception of at extreme borders,.

Backward difference approximation is applied for the time rate of change , a forward
difference approximation for first derivative of and a symmetric middle difference
approximation is applied for second derivative of . The estimations to the expressions in
the Black-Scholes models are given as follows:

Substituting in to the Black-Scholes equation (3.83) and after simplifying, we have:

=
It may be expressed in vector form, as given by:

where A and B are tridiagonal matrices,

and

matrix of known boundary values. The values

are column matrices and D is a
,

,

with

and

are computed from boundary and initial conditions. Crank-Nicolson finite
difference technique is absolutely stable.
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The Crank-Nicolson finite difference scheme is not suitable for non-smooth initial
conditions [60] since the Crank-Nicolson is not L-stable [27]. Mathematical oscillations are
not completely removed and stay to a little extent. It can too take place owing to an
irregular initial condition. Consequently particular irregular initialization steps are needed.

3.5.4 Adaptation in Time
Now, we concentrate on adaptation for time-steps in order to observe special effects
of uneven time- step [60]. Discontinuity exists just in the primary condition for normal
binary contracts, as a result we require making use of little time steps in the beginning after
that use larger time- steps to maintain the effectiveness.

3.5.4.1

Algorithm for Time-stepping

We consider a time-stepping algorithm based on local errors to control initial
instability At each time
, we approximate
in two different ways,
once using

as time -step size and then using

denote approximations of

as time- step. Let

with time- step sizes

and

and

,

respectively. If the relative error defined by

is smaller than predefined tolerance, TOL, we use
and proceed in time. Here

denotes

as approximation of
norm of

on

meshes. When

the mistake is larger than the tolerance,
is halved, and after that
calculated for a second time in two dissimilar methods as described earlier.

is

If the mistake is still larger than the tolerance,
is again made half and this process is
revised unless the mistake becomes lesser than the tolerance. To increase speed of
calculation, while the mistake specified above is within the acceptance, then time-step is
enlarged by:
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where

is a problem constant. The procedure may be explained as under:

(i) fix the parameter c and tolerance.
(ii) after that, find the solution of system of equations (3.84), (3.88) and (3.92) twice
with

and

to obtain

and

(iii) Compute the relative error
(iv) If
>tolerance after that
solution of the system once more.
(v) Otherwise, increase

.

.
is halved and again do the step (i) to find the

by the formula of

and go to step 2 with

3.5.5 Why Finite-Difference Methods?
The literature over the uses finite-difference techniques is less than that for tree
methods. Someone may visualize that it is due to the simplicity of tree methods or more
flexible however in reality the case is contradictory. For most multifaceted contracts, make
use of finite-difference schemes is frequently very much simple than that of Lattice, Mesh
free and Monte-Carlo methods. The finite difference methods are more flexible than other
numerical methods. This makes the finite-difference methods superior than the other
numerical methods.
For example, the amount of work that has taken place for lattice methods to deal
proficiently with barriers is too much more than the finite-difference techniques. Most of
the literature on tree methods may be modified for finite-difference schemes. Moreover,
too many books are accessible on the topic of evaluating options by means of finitedifference methods. Barrier contracts are evaluated, by means of the simple explicit finite
difference method. The Crank-Nicolson finite difference method is used to evaluate more
difficult case of Parisian options. Exchangeable Bonds are priced by means of the explicit
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finite difference method, when

and r both follow Brownian motion. Finite-difference

schemes are also used extensively for modeling further economic problems.

3.6

Summary of Numerical Methods
Dissimilar numerical techniques have diverse significance. It is usually preferable

to make use of finite-difference methods, for issues in one or two primary assets. CrankNicolson finite difference scheme must be used in single underlying asset. Explicit finite
difference scheme should be used in more than one underlying assets. Tree methods are
normally fewer proficient and fewer flexible than the finite-difference techniques and
consequently have no benefit over finite difference methods. For straightforward problems
they give a straightforward method, on the other hand, when more correctness is not a main
concern in that case no damage is done by means of them. These are definitely very
accepted by practitioners, when American features are not necessary and large correctness
is not essential.
Monte Carlo scheme is a very good technique for evaluating options. It is extremely
straightforward and flexible and it is fast to calculate some solution. This may evaluate
options in any amount of size and path-dependent features are simple to deal. American
options are not easy to cope with and convergence to the accurate answer is not excellent.
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Chapter 4
A Grid Adaptive Numerical Technique
A novel grid adaptive numerical scheme is developed and applied to resolve
Black-Scholes equation. The explicit, fully implicit and Crank-Nicolson
discretizations for uneven grid are named as explicit grid adaptive, fully implicit
grid adaptive and Crank-Nicolson grid adaptive techniques. These are discussed in
this chapter.

4.1 Grid Adaptive Technique for One Asset Black-Scholes
Equation
4.1.1 Adaptive Explicit Finite Difference Scheme
Let

represent the value of the basic asset at moment in time

 t  T ) having a known expiry time T, steady rate of interest

instability  > 0 . The price,

and a fix

of exotic contracts in traditional Black-Scholes

equation may be estimated by finding the solution of one asset differential equation
given by:

V
V 1 2 2  2V
 rS
  S
 rV = 0.
t
S 2
S 2

(4.1)

One asset Digital call options disburse a cash equal to fix amount A at expiry date when
the contract is in-the-money, i.e,

where

is an agreed exercise value and

is the payout function at expiration time

.
The interval

is sub-divided into M uniformly measurement subintervals of time-span

t. The value of basic asset will acquire the values in the boundless space [0, ). But, a
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fake bound S max is supposed. The magnitude of S max needs observatations; however
usually S max is choosen about four to five times the exercise value . The space 0, S max 


is sub-divided into

subintervals of span

The stock worth at a random spot



will be

given by:
n

 S
i 0

i

= S 0  S 1  S 2  S N 1  S n . . Let us assign a variable  n to this
n

summation, then

 n   S i
i 0

.
N

Using this nomenclature, we can say that  N =  S n = S max , where S i are the nonn 0
uniform space-steps. Hence, the space 0, S max   0,T  is approximated by a grid

(n , m t )  0,N   0, M t  ,
where n = 0,1,, N and m = 0,1,, M . For uniform spacing  n = nS n . Let Vnm denote
the numerical approximation of V  n , mt . The time derivative Vt can be approximated
as:

V t  n , m t  

V nm 1 V nm
 o (t ).
t

(4.2)

The first spatial derivative VS is given as:

Vnm11  Vnm11
VS  n , mt  =
 o(S n ) 2 .
2S n

(4.3)

The second spatial derivative VSS is given by:
V SS  n , m t  =

V nm1  2V nm V nm1
 o (S n )2 ,........................................(4.4)
2
(S n )
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where a space-step size Sn = Sn1  Sn is assumed uniform but S n can be different in our
case. The above equation (4.3) and equation (4.4) can be easily modified for variable
spacing as follows:

V

S





Vm

V m
n 1
S  S
n
n 1

 , m t  n  1
n

S
(V m V m )  S (V m V m )
 2V
n 1 n 1 n
n n
n 1

2
2
S
(S )  S
n
n 1

In digital option, the discontinuity appears at exercise price. In the proposed procedure,
dense grid is generated in the vicinity of the exercise price and coarse grid is generated else
where. Hence, the whole space can be divided into three patches of points as shown in
Figure 4.1. The patch I and patch III have coarse grids while in patch II, the dense grid is
generated. The grid in each patch is uniform therefore, the order of the error in each patch

2
is the same as for uniform grid, i.e. O (S n ) , but at the two intersection points, the order
of the numerical scheme is reduced.

Figure 4.1 Patch II is in the vicinity of discontinuity
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Following is the discretized form of equation (4.1) for non uniform grid:
V m  1 V m
V m V m
n
n
n  r  S ( n  1
n 1 )
i S  S
t
i =0
n
n 1

m
m
m
m 
 S
1 2 n
 n  1(V n  1 V n )  S n (V n V n  1) 
2
m
  (  S ) 
  rV n = 0
2
2 i =0 i 
(S )  S


n
n 1


Simplifying and re-arranging, the above equation takes the form:


 2 2
r
V m
n
n
V m  1 = t 

 n 1
n
2

S


S

S


S

n
n 1
n
n  1 



 2 n2
 1  t
2S n



  2 n2
 m
 1
r n
1 

  rt Vnm t 


V n 1.
2
S n  S n 1 
 2(S n )
 S n S n 1 


The term Vnm1 at m  1 in explicit form is evaluated using the terms Vnm1 ,Vnm ,Vnm1 .
Let
d
 1
 l1

0
A =



0


u
d
l

2
2

2
0

0
u
d

3






,
0 

u
N 1 

d
N 1
0

0

3

0

l

N 2

where A  R ( N 1)( N 1) ,
 l V m
V m  1 
 V m 
 0 0
 1

 1


0
 m 1


m

V
V
 2

 2

m

1
m
m
V
=
=
=
 ,V
, Z





0

 m 1
 m


m
V N  1 
V N  1 
u N V N
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,





(4.5)

where

V m 1 ,V m , Z m  R N 1

t  2 n 2  1
1 
d n  1


  r t ,
2S n  S n S n 1 

  2 2

r
,
n 1 
n 1
u  t 

n
2

S


S
 2(S
)
n 2
n  1 

n 1
n=2, . . . , N,

  2 n21
r n 1 
l n  t 


 2S n  S n 1 S n  S n 1 

The equation (4.5) can then be written in matrix form as :

We observe that at every time-step m  1, the approximate solution can be obtained from
the above matrix equation. The values Vn0 , V0m , VNm with n = 0, , N and m = 0, , M are
known from initial and boundary conditions.
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4.1.1.1

Stability Analysis
By taking L 2  norm from 2nd last row of above matrix.

Putting the values of

we get

  2 2

r


N

2
N

2
t 


2

S


S
 2(S
)
N 3
N  2 
N 2




 2 N2 2
r N 2
t 

.
 2S N 3  S N 2 S N 2  S N 3 
After simplifying we get.
  2 2

2
2
N  2   N 2
= t 
 r   1  1
 2(S

)2 S N  2  S N 3
N 2



For stability

So
  2 2
 S N 3  S N  2  r 

N

2
t 
 
2

(S
)2  S N 3
N 2



 2 2

N 2

2(S

 S N 3  S N  2 

N 2

)2  S

1

0  t <

 2 N2  2  

where  =

S

2

n 3

r
2

N 3



r
2

,

 S

n 2 .
2
2(S
)  S
n 2
n 3
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-

1

t  2 N  2 2  1
1 


  r t
2S N  2  S N  2 S N 3 

+

4.1.2 Adaptive Backward-Euler Finite Difference Scheme
In this method, we use forward difference for V first time derivative, central difference
for first S derivative and for second S derivative, we first use forward difference and then
backward difference:

V nm 1 V nm
V
( n ,(m  1)t ) 
,
t
t
V m  1 V m  1
V
n 1 ,
( ,(m  1)t )  n  1
n
S
S  S
n
n 1

S
(V m  1 V m  1)  S (V m  1 V m  1)
 2V
n

1
n 1
n
n n
n 1 .
( ,(m  1)t ) 
n
2
2
S
(S )  S
n
n 1

Using the above substitutions, equation (4.1) takes the form:
V m  1 V m
V m V m
n
n
n  r  S ( n  1 n  1 )
i S  S
t
i =0
n
n 1

S
(V m  1 V m  1)  S (V m  1 V m  1)
1 2 n
2
n

1
n 1
n
n n
n  1  rV m  1 = 0
  (  S )
i
n
2
(S )2  S
i =0
n
n

After simplifying and re-arranging, the above equation takes the form:

 t  2  2

t  2  2
1 
V m  1
n 
n

r

t

 n
2
2

S


S


(S )
n
n 1

n
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r t 
t  2 2

V m  1
m
n
n
=V



n
 S n  S n  1 2S n  S n  1  n  1


 t  2 2

r t 
V m  1.
n 
n
 

 2(S )2 S n  S n  1  n  1

n


(4.6)

This system of equations can be solved by Gauss-Seidel method. The values Vn0 , V0m , VNm
with n = 0, , N and m = 0, , M are known from initial and boundary conditions.

4.1.3 Adaptive Crank-Nicolson Finite Difference Scheme
By forward difference equation (4.1) becomes:

–
Now by backward difference equation (4.1) becomes:

By adding above two equations
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After simplifying and re-arranging, the above equation takes the form:

where

4.2 Grid Adaptive Discretization of Two-Asset Black-Scholes
Equation
Let

1

and

(t). be the prices of the two underlying assets
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1

and

at time t

(0  t  T ) . The interval 0, T  is divided into K equally sized subintervals of length t. Let
be the option value. The corresponding Black-Scholes equation for two
assets[16,38] is given by:

V
1 2 2  2V
1 2 2  2V
(S 1 , S 2 , t )  1 S 1 2 (S 1 , S 2 , t )   2 S 2 2 (S 1 , S 2 , t )
t
2
2
S 1
S 2

 2V
V
V
 1 2S 1S 2
(S 1 , S 2 ,t )  rS 1 (S 1 , S 2 ,t )  rS 2
(S 1 , S 2 ,t ) rV (S 1 , S 2 ,t ) = 0,
S 1S 2
S 1
S 2
(4.7)
where  1 is the instability of stock S1 ,  2 is the instability of sock S 2 and  is the
relationship coefficient connecting S1 and S 2 , r is the rate of interes, E is the exercise
value of the multiple asset contract and T is the point in time to expiration of the multiple
asset contract. The resolution field may be given by:

{S 1  0,   , S 2  0,   , t  0,T } and the initial condition is given by:

The boundary conditions as in [18] are as under:

 If

then the option value is

 If S1 = 0 and S2
 If S1

0, the option value V depends only on S 2 and t.

0 and S 2 = 0, the option value V depends only on S1 and t.

 If S1   and S2  , the option value is approximately equal to S1 or S 2 .
 If S1   and S 2 is finite, the option value is approximately equal to S1.
 If S1 is finite and S2  , the option value is approximately equal to S 2 .
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M

S 1max = S0  S1  S2     S M 1  S M =  S m =  M ,

We choose,

m 0

N

S 2 max = S0  S1  S2     S N 1  S N =  S n =  N .
n 0

For arbitrary interval m and n, the prices of the assets S1 and S 2 . will be mS m and nS n
for uniform space-stepping. If the space is not uniform, the asset price at mth and nth
m

interval is

n

 S and  S respectively, where Si are the non-uniform space-steps and
i 0

i

m

assume

i 0

 m =  S i ,
i 0

i

n

 n =  S i .
i 0

In this method, we use forward difference for time derivative, central difference for first
space derivative, we first use forward difference and then backward difference in case of
second space derivative, i.e,

V mk,n1 V mk,n
V
( m ,  n , k t ) =
 O (t ),
t
t

(4.8)

V mk 1,n V mk 1,n
V
( m ,  n , k t ) 
,
S 1
S m  S m 1

(4.9)

V
V
V
( m ,  n , k t )  m , n 1 m , n 1 ,
S 2
S n  S n 1
k

k

(4.10)

Vk
V k
V k
V k
 2V
( m ,  n , k t )  m 1, n 1 m 1, n 1 m 1, n 1 m 1, n 1 ,
S 1S 2
(S m  S m 1 )  (S n  S n 1 )

S m 1 (V mk 1, n V mk, n )  S m (V mk, n V mk 1, n )
 2V
(

,

,
k

t
)

,
m
n
S 12
(S m )2  S m 1

S (V
V )  S n (V m ,n V m ,n 1 )
 2V
( m ,  n , k t )  n 1 m , n 1 m , n 2
.
2
S 2
(S n )  S n 1
k

k

Using the above substitutions in equation (4.7), we get :
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k

(4.11)

(4.12)

k

(4.13)

V mk,n1 V mk, n
t

1 m

 12  S i 
2  i =0 

2

 S m 1 (V mk 1, n V mk, n )  S m (V mk,n V mk 1,n ) 


(S m )2  S m 1



2
k
k
k
k
1 2 n
  S n 1 (V m , n 1 V m , n )  S n (V m , n V m , n 1 ) 
  2  S i  

2  i =0  
(S n )2  S n 1


m
 n
 1 2  S i  S i
 i =0
 i =0

 V m 1, n 1 V m 1, n 1 V m 1, n 1 V m 1, n 1 


  (S m  S m 1 )  (S n  S n 1 ) 

m
V k V k
r S i  m 1,n m 1,n
 S  S
i =0
m 1
 m

 n
V mk,n 1 V mk,n 1 
k

r

S
  i 
  rV m , n = 0.
 i =0  S n  S n 1 

k

1

k

k

n

m

Using

k

 n =  S i .

=  m =  S i ,

i 0

i 0

then the above equation becomes:

V

k 1
m ,n

=V

k
m ,n

k
k
k
k
1 2 2  S m 1 (V m 1, n V m , n )  S m (V m , n V m 1, n ) 
 t [ 1  m 

2
(S m )2  S m 1



 S (V k V k )  S n (V mk, n V mk, n 1 ) 
1
  22  n2  n 1 m , n 1 m , n 2

2
(S n )  S n 1


k

V k
V k
V k
V
 1 2 m  n  m 1, n 1 m 1, n 1 m 1, n 1 m 1,n 1 
 (S m  S m 1 )  (S n  S n 1 ) 

V mk 1, n V mk 1, n
r m 
 S  S
m 1
 m


V mk, n 1 V mk, n 1 
k
  r  n 
  rV m ,n ],

S


S
n
n 1 



with m = 1,, M  1, n = 1,, N  1 and k = 0,1,, K  1. The values V m0, n , V 0,0k , V 0,kn ,

V mk,0 ,V Mk ,n ,V mk,N ,V Mk ,N with n = 0,, N and m = 0,, M and k = 0,1,, K are known from
initial and boundary conditions.
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Chapter 5
Evaluating Exotic options using Grid Adaptive technique
Proposed grid adaptive techniques in chapter 4, are used to simulate one asset
digital and butterfly options. Implementation details and results are discussed in this
chapter.

5.1. Numerical Experiments For Digital Options
We demonstrate some numerical experiments for one asset for the digital call
option. In digital call option, the payoff is acting as the initial condition and has a piecewise
discontinuity at the strike price. For digital call option or binary option [103], the payoff is

0 before the strike price and A , after the strike price. It is also known as cash or nothing
option. Payoff for Digial Option at expiry is:

A ,if S(t)  E ,

 0,if S(t) < E ,
where A > 0, is fixed. Such type of options are usually traded between a bank and a
customer.
We use the following parameters for the computation of the cash-or-nothing option for one
asset: T=0.5, r=0.1,  =0.4 , E=15, S=40, A=1,
with N=20, 40, 60, 80, 100, 120, 140, 160 grids in space, different schemes are applied for
option valuation. Tables 5.1 and 5.2, show the option prices for an at-the-money(S=E)
cash-or-nothing option from various schemes. In Tables 5.1 and 5.2, N and L show the
number of points for uniform and variable space-stepping respectively, Cu , e shows the
option price for uniform spacing and C a, e shows the option price for adaptive spacing for
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Explicit scheme. Cu , i and C a, i are option prices for Fully Implicit scheme. It can be
observed that same option values are obtained by using less number of points in adaptive
space-stepping as compared to uniform space-stepping and adaptive space-stepping
converges more rapidly than uniform space-stepping
Table 5.1
Option.

Results of explicit and adaptive explicit schemes option values for Digital
N

u ,e

Difference

L

a, e

Difference

20

0.5777

---

25

0.5392

---

40

0.5347

0.0430

50

0.5133

0.0259

60

0.5186

0.0261

75

0.5010

0.0082

80

0.5116

0.0070

100

0.5010

0.0041

100

0.5068

0.0048

125

0.4986

0.0024

120

0.5040

0.0028

150

0.4970

0.0016

140

0.5018

0.0022

175

0.4959

0.0011

160

0.5003

0.0015

200

0.4950

0.0009

C
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C

Table 5.2
Results of Fully implicit and adaptive Fully implicit schemes option values
for Digital Option
N

C

Difference

L

C

20

0.5781

---

25

0.5393

---

40

0.5349

0.0432

50

0.5134

0.0259

60

0.5187

0.0162

75

0.5052

0.0082

80

0.5117

0.0070

100

0.5011

0.0041

100

0.5069

0.0048

125

0.4987

0.0024

120

0.5041

0.0028

150

0.4971

0.0016

140

0.5018

0.0023

175

0.4959

0.0012

160

0.5003

0.0015

200

0.4951

0.0008

u ,i

a, i

Difference

Figure 5.1, depicts the grid for initial conditions for one asset. Here, we refined interval
[E-  , E+  ] around the strike price. We choose  ( epsilon) as 5 and E=15. The grid is
refined in the interval [E-  , E+  ] to cure oscillations caused by discontinuity.
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Figure 5.1 Payoff function for one asset Digital Call Option.
Figure 5.2, represents graph of payoff function of digital call option for one asset. As is
obvious from graph, in uniform coarse grid, in adaptive grid and in uniform dense grid, we
have taken 50, 38 and 70 number of points respectively. It is clear that adaptive grid
solution is very close to uniform dense grid solution but uniform coarse grid solution is
away from uniform dense grid solution.
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Figure 5.2 Simulation using adaptive explicit method
Figure 5.3, represents the Gamma plot for exact solution, uniform coarse/dense grid and
adaptive grid solutions for one asset by explicit method. Here also, we see that adaptive
grid plot matches with the plot of uniform dense grid and plot of exact solution.

Figure 5.3 Comparison of Gamma plots

From figures, it is obvious that in adaptive space-stepping, we used less number of points
but solution is nearly similar to that of exact solution but in uniform space-stepping, the
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solution does not match to exact solution when we use less number of points. Similar
results can be obtained for space-stepping by Fully implicit scheme. This shows that
adaptive space-stepping is much better than uniform space-stepping.

5.2. Numerical Experiments for Butterfly Options
We demonstrate some numerical experiments for one asset butterfly spread call option.
The butterfly can be created by using call or put options.The strategy is termd "Butterfly"
due to the shape of the risk characteristics graph we see, the two wings and the larger
body.The butterfly spread is constructed through buying 1 long In The Money(ITM) call,
shorting two At The Money (ATM) calls and buying 1 long Out of the money(OTM) call.
The ratio between the three options is 1:2:1 and the distance between the strike prices of
long options should be equidistant from the short call strike. For example, a butterfly
spread could be made of 3 call options with strikes of E1=10, E2 =20 and E3 =30. The
butterfly will result in a net debit transaction as the ITM and OTM call options will total a
larger value than the two short ATM calls. The payoff function of butterfly spread call
option is given by
.
In butterfly spread call option, the payoff is acting as the initial condition and has a
piecewise discontinuity at the strike prices. We use the following parameters for the
computation of the butterfly spread call option for one asset: T=0.5, r=0.1,  =0.4, S=40,
E1=10, E2 =20 and E3 =30, with N=27,57, 85,115, 143, 216, 289 grids in space, different
schemes are applied for option valuation. Tables 5.3 and 5.4 show the option prices for an
at-the-money (S=E1) butterfly option from various schemes. In Tables 5.3 and 5.4, N
shows the number of points for uniform and variable space-stepping, Cu,e shows the option
price for uniform spacing and Ca,e shows the option price for adaptive spacing for Explicit
scheme. Cu,i and Ca,i are option prices for Fully implicit scheme. It can be observed that
same option values are obtained by using less number of points in adaptive space-stepping
as compared to uniform space-stepping and adaptive space-stepping converges more
rapidly than uniform space-stepping.
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5.3 Results explicit and adaptive explicit schemes option values for Butterfly option

N

Cu,e

Ca,e

29

1.4266

1.2860

59

1.1761

1.1904

89

1.1685

1.1574

119

1.1658

1.1406

149

1.1644

1.1305

Table 5.4 Results of Fully implicit and adaptive Fully implicit schemes option values for
Butterfly Option

N

Cu,i

Ca,i

27

1.4522

1.3101

57

1.2697

1.1938

85

1.2313

1.1612

115

1.1956

1.1419

143

1.1299

1.1321
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Similar results can be obtained for space-stepping by Fully implicit scheme. This shows
that adaptive space-stepping is much better than uniform space-stepping.
Figure 5.4, depicts the grid for initial conditions for one asset. Here, we refined intervals
[E1-  ,E1+  ],

[E2-  , E2+  ] and [E3-  , E3+  ] around the strike prices. We choose  (

epsilon) as 5 and the grid is refined in these intervals to cure oscillations caused by
discontinuity.
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Figure 5.4 Payoff function for one asset Butterfly Spread
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Figure 5.5 represents butterfly option simulation by adaptive explicit scheme. Figure 5.6,
represents the Gamma plot for for one asset by explicit method. Figure 5.7, represents the
time plot for payoff function. Figure 5.8, shows time option evolution plot for gamma.
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Figure 5.5 Butterfly option simulation using adaptive explicit
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Figure 5.6 Gamma plot for Butterfly Option

Figure 5.7 Time evolution for Butterfly Call Option
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Figure 5.8 Time evolution for Gamma
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Chapter 6

Pricing Multi-Assets Options using Grid-Adaptive
Technique
In this chapter, proposed grid adaptive techniques in chapter 4, are used to simulate two
asset digital and butterfly options. Implementation details and results are also discussed.

6.1

Numerical Experiments For Two Asset Digital Options

Here, we consider a two asset digital call option with non smooth payoff [16] at strike price
E given by:



1.0, max(S1 ,S 2 )  E
V (S 1 , S 2 , 0) = 0.0, otherwise

.

We choose the following parameters to valuate digital call option for two assets:
M=N=80, S 1 =S 2 =40,  1 =  2 = 0.2, r=0.1,  = 0.1, E=15, T=0.5, K=401.
Figure 6.1, shows the payoff function of two asset digital call option. It is a three
dimensional plot with x-axis as S 1 asset price, y-axis as S 2 asset price and z-axis is the
payoff function at zero time. In the interval [E-  , E+  ] around the exercise price E=25
with  =5 (for both S 1 and S 2 ), the grid intensity is higher than the other part of the
domain shown in the Figure 6.1. The simulation results of this grid are shown in Figure 6.2
and Figure 6.3. In Figure 6.2, numerical solution is shown at S 2 = E = 25 and S 1 = 0 . The
comparison is made with the grid converged solution of a uniform grid with the adaptive
and a coarse grid. The adaptive grid result is matched with the uniform grid converged
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solution but the points in adaptive grid are about 30 percent less than the uniform dense
grid.
In uniform coarse grid, we used less number of points. In uniform dense grid, we used
maximum number of points but in adaptive grid, a coarse grid with refined mesh at
singularities is used. Figure 6.3, shows a three dimensional plot of digital option at final
time. The intensity of the points along singularities is higher than the other part of the grid
and therefore cure oscillations.

:

Figure 6.1 Grid refinement and Digital Payoff function
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Figure 6.2

Simulation result for two asset digital option at strike price
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Figure 6.3

Surface plot for adaptive explicit scheme for two asset digital call option

6.2. Numerical Experiments For Two Asset Butterfly Options
We demonstrate some numerical experiments for two assets butterfly spread call
option. The butterfly can be created by using call or put options.The strategy is termd
"Butterfly" due to the shape of the risk characteristics graph we see, the two wings and the
larger body.The butterfly spread is constructed through buying 1 long In The Money(ITM)
call, shorting two At The Money (ATM) calls and buying 1 long Out of the money(OTM)
call. The ratio between the three options is 1:2:1 and the distance between the strike prices
of long options should be equidistant from the short call strike. For example, a butterfly
spread could be made of 3 call options with strikes of E1=10, E2 =20 and E3 =30. The
butterfly will result in a net debit transaction as the ITM and OTM call options will total a
larger value than the two short ATM calls.
Let Smax =max(S1,S2)
The payoff function of butterfly spread call option for two assets is given by:
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In butterfly spread call option, the payoff is acting as the initial condition and has a
piecewise discontinuity at the strike prices. We use the following parameters for the
computation of the butterfly spread call option for two asset. M=N=80, S 1 =S 2 =40,

 1 =  2 = 0.2, r=0.1,  = 0.1, T=0.5, K=401, E1=10, E2 =20 and E3 =30, different schemes
are applied for option valuation. It can be observed that same option values are obtained by
using less number of points in adaptive space-stepping as compared to uniform spacestepping and adaptive space-stepping converges more rapidly than uniform space-stepping.
Figure 6.4, shows the payoff function of two asset butterfly call option. It is a three
dimensional plot with x-axis as S 1 asset price, y-axis as S 2 asset price and z-axis is the
payoff function at zero time. We choose  ( epsilon) as 5 and we refined grid around the
intervals [E1-  ,E1+  ], [E2-  , E2+  ] and [E3-  , E3+  ] to cure oscillations caused by
discontinuity. In these intervals, grid intensity is higher than the other part of the domain as
is obvious from the Figure 6.4.
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Figure 6.4
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Adaptive grid and Payoff function for two asset Butterfly Spread
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Figure 6.5 shows the simulation results of the grid, this figure represents four subplots,
two surface plots and two plots one for constant S1 and varying S2 while the other is for
fixed S2 and varying S1. The two different views for surface plots are shown. The figure
shows that the more points are placed in the vicinity of E1, E2 and E3 for both assets. The
lower half of the Figure shows two plots. The left graph is taken at S1=E1 and S2 varies
from zero to its maximum value. The right graph shows option value for S2=E1 and S1
taking all its values.
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Figure 6.6, shows the comparison plot of option value for three different grids, uniform
dense grid, adaptive grid and a uniform coarse grid. The course grid underpredict the
option value while the uniform dense grid and adaptive grid has same answer but the points
used in adaptive grid is about the same as for the coarse unifrom grid. This shows that
adaptive space-stepping is much better than uniform space-stepping. Similar results can be
obtained for space-stepping by Fully implicit and Crank-Nicolson schemes.
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Figure 6.6 Comparison results for various grids at S= E1

118

40

Chapter 7
Summary, Conclusions and Future work
Summary
In this work numerical, solutions of Black-Scholes equation are explored and
investigated. Some exotic options has discontinuities and create oscillations in the
solutions. This issue was addressed by using adaptive time-stepping scheme but this
research adopted a grid refinement technique to resolve this issue. A finite difference
scheme is developed to cope with uneven grid/variable grid and is named as grid adaptive
technique.
Discontinuity in one asset digital option is at exercise price. Three patches of grids,
two patches of coarse grid and one patch of a dense grid are generated in this simulation.
The middle patch is of a refined grid and is generated around the vicinity of exercise price
of digital option. These patches are generated in such a way that each patch consists of a
uniform grid but point spacing is different in the refined grid. In case of digital option,
there is only one exercise price therefore three patches are enough but in case of butterfly
option, there are three exercise prices, E1, E2 and E3, therefore we need to refine around
these prices.
The Black-Scholes equation consist of second derivative in space, therefore, we
need to modify the central difference scheme for second derivative by incorporating the
different spacing. In this discretization of second derivative, first a forward difference and
then backward difference is used. In time discretization, the Explicit, Fully implicit and
Crank-Nicolson techniques are used. It gives first order in time and second order in space
finite difference schemes. We named these schemes as grid adaptive explicit, grid adaptive
fully implicit and grid adaptive Crank-Nicolson schemes.
MATLAB is used to code uniform and non uniform grids. The results of digital
option are shown in Figure 5.2. The refined mesh is shown in Figure 5.1. The Figure 5.1,
shows that the grid is refined in the vicinity of exercise price and Figure 5.2 shows the call
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option for three different grids, coarse, dense and adaptive grid. The Figure 5.2 shows that
the results for the adaptive grid are close the dense grid with very small number of points.
Figure 5.3 shows the Gamma plot for the digital option and it is close to the exact solution.
Figure 5.4, shows the grid refined for butterfly options for one asset. Here, we refined
intervals [E1-  ,E1+  ],

[E2-  , E2+  ] and [E3-  , E3+  ] around the strike prices. We

choose  ( epsilon) as 5 and the grid is refined in these intervals to cure oscillations caused
by discontinuity. Figure 5.5 represents butterfly option simulation by adaptive explicit
scheme. Figure 5.6, represents the Gamma plot for one asset by explicit method. Figure
5.7, represents the time plot for payoff function. Figure 5.8, shows time option evolution
plot for gamma.
Figure 6.1, shows the payoff function of two asset digital call option. It is a three
dimensional plot with x-axis as

1

asset price, y-axis as

2

asset price and z-axis is the

payoff function at zero time. In the interval [E-  , E+  ] around the exercise price E=25
with  =5 (for both

1

and

2

), the grid intensity is higher than the other part of the

domain shown in the figure. The simulation results of this grid are shown in Figure 6.2 and
Figure 6.3. In Figure 6.2, numerical solution is shown at

and

1

= 0 . The

comparison is made with the grid converged solution of a uniform grid with the adaptive
and a coarse grid. The adaptive grid result is matched with the uniform grid converged
solution but the points in adaptive grid are about 30 percent less than the uniform dense
grid. In uniform coarse grid, we used less number of points. In uniform dense grid, we used
maximum number of points but in adaptive grid, a coarse grid with refined mesh at
singularities is used. Figure 6.3, shows a three dimensional plot of digital option at final
time. The intensity of the points along singularities is higher than the other part of the grid
and therefore cure oscillations. Figure 6.4, shows the payoff function of two asset butterfly
call option. It is a three dimensional plot with x-axis as S 1 asset price, y-axis as S 2 asset
price and z-axis is the payoff function at zero time. We choose  ( epsilon) as 5 and we
refined grid around the intervals [E1-  ,E1+  ], [E2-  , E2+  ] and [E3-  , E3+  ] to cure
oscillations caused by discontinuity. In these intervals, grid intensity is higher than the
other part of the domain as is obvious from the figure. The simulation results of this grid
are shown in Figure 6.5, this figure represents four subplots, two surface plots and two
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plots one for constant

and varying

while the other is for fixed

and varying

. The

two different views for surface plots are shown. The Figure 6.5 shows that the more points
are placed in the vicinity of E1, E2 and E3 for both assets. The lower half of the figure
shows two plots. The left graph is taken at

and

value. The right graph shows option value for

varies from zero to its maximum

=E1 and

taking all its values. Figure

6.6, shows the comparison plot of option value for three different grids, uniform dense grid,
adaptive grid and a uniform coarse grid. The course grid underpredict the option value
while the uniform dense grid and adaptive grid has same answer but the points used in
adaptive grid are about the same as for the coarse unifrom grid. This shows that adaptive
space-stepping is much better than uniform space-stepping. The scheme proposed can be
generalized to higher dimensional problems.

Conclusions
Numerical solution of Black-Scholes equation has been explored. The oscillations
produced at the discontinuities in the domain are particularly investigated.

Finite

difference grid adaptive explicit and impliticit techniques are developed and stability
analysis is performed.

These techniques are tested on one dimensional and two

dimensional problems. In one dimensional problem, the digital and butterfly options are
simulated. It is deduced that the grid adaptive technique reduced the oscillations by placing
dense grid around the excercise prices. It also reduces the point as compared to uniform
dense grid. In uniform case, we need to use high grid resolution every where in the domain
while in adaptive grid we placed coarse grid other than the exercise price, which reduced
the points requirment drastically.
These techniques are also tested for two asset (two-dimensional) digital and butterfly
options. In this case, the singular points are increased indefinitely, therefore, the adaptive
grid technique has more influence on the problem. The grid generator is required in this
case. A two dimensional structured grid is generated and is refined along the line of
discontinuities. It also gives good result for very less points as compared to a dense
uniform grid. In case of butterfly, two dimensional problem we need to refine along three
exercise prices. Again a uniform grid with refined grid along discontinuities is simulated.
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In these efforts, developed a solver using finite difference method to cope uneven grid.
These results were compared with the solver operated on uniform grid.

Future Work
The numerical schemes to solve the Black-scholes equations are explored and the
solution effected by discontinuities in the domain are investigated. The grid adaptive
implicit and explicit techniques are proposed to take care of singular points. These
techniques are applied for butterfly and digital options.
These can be further applied on barrier options because these options have
discontinuities in time as well as space discontinuities. The interesting results are expected
in this case.
These techniques can be further extended to two asset barrier options. Time
adaptive and space adaptive techniques can also be tried simultaneously for exotic options.
The grid adaptive techniques can be further extended for multi dimensional
problems, such as more than two asset problems. The three asset problems are
computationally expensive and the grid adaptive technique reduce the points drastically in
higher dimensional problem.
The grid adaptive techniques can also be used with finite volume approach. The
grid adaptive finite volume approach can be used for simulation of financial options.
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Published Work
i.

The work of section 5.1 is published in the following paper, M.Ashraf, N. A.
Mir, and S. Ahmad. Space Adaptive Numerical Scheme to Solve BlackScholes Equation, Life Sci J, 10(1) (2013),994-998.

ii. The work of section 5.2 is published in the following paper, N. A. Mir, S.
Ahmad and M. Ashraf. Space Adaptive Technique to Simulate Butterfly
Option Using Black-Scholes Equation, Life Sci J 10(5s)(2013),76-79.
iii.

The work of section 6.2 is published in following paper, M.Ashraf, N. A. Mir, S.
Ahmad. Simulation of Butterfly Option Using Two Dimensional Black-Scholes Equation,
Life Sci J 2013;10(12s), 883-887.

iv. The work of section 6.1 is submitted in an impact factor journal having
following title,Finite Difference Scheme to Solve two-Dimensional Black-Scholes
Equation with Non-uniform Grid.
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