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ABSTRACT 

Optimization of engineering processes in the recent decades has highlightened the need for 

improved numerical techniques which can provide accurate solutions to the mathematical models 

formulated by the system of differential equations. Generally, closed-form analytical solutions of 

complex ordinary and partial differential equations are not available, and thus numerical 

techniques are employed.  

Element-Free Galerkin method (EFG) has got worldwide attention in recent years. The optimal 

convergence and accuracy depends upon the order of completeness in the trial space and the 

domain of integration respectively for Galerkin methods. It is very difficult to achieve high 

accuracy without computationally expensive high order quadrature. On the other hand fine 

discretization of the problem domain leads to overlapped shape function support domains and 

thus sub-optimal convergence and frequent divergence of results.  

Improved Element Free Galerkin Method with numerical integration based on Haar-Wavelets, 

Chebyshev Wavelets, Block Pulse Function, and Hybrid Functions has been introduced to avoid 

all these complications. The Element-free Galerkin method on the basis of wavelet numerical 

integration has been implemented for the solution of problems with oscillatory/mild oscillatory 

boundary conditions and source terms. Comparison of results with Finite Element Method 

(FEM), Radial Basis Function (RBF) and Finite Difference Method (FDM) shows the proposed 

method is stable and robust. It is particularly effective in simulating large deformation problems. 

The application of Element free Galerkin method with various types of numerical integration and 

weight functions has been used to solve the ordinary and partial differential equations. The error, 

precision and astringency of the numerical method for the solution of singularly perturbed 

problems is investigated. Structural analysis of viscoelastic thick cylinders and heat dissipation 

problems has also been solved successfully with more accuracy. Obstacle /contact/unilateral 

problems, beam problems; along with sixth order boundary value problems are discussed in 

detail. Moreover elliptic problems and time dependent boundary value problems are covered in 

this research work. 
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Chapter 1: Introduction 

1.1 Background 

In recent years, real time simulation models are gaining significance for the design process of 

integrated complex product in advanced engineering problems [1-2]. The areas of application 

range from design of ships, power plants,  compressors, turbines, aircrafts, spacecrafts, missiles, 

automobiles, bridges to micro-electronic devices, micro/macro/ nano / meso-electro-mechanical 

systems, computer chips and phenomena of fluid flow, heat and mass transfer, atmospheric 

pollution, sustainable ecological technologies etc. All these processes are modeled by differential 

equations with boundary conditions commonly known as boundary value problems (BVP) [3-6]. 

Computational methods are required for the solution of BVP.  

  Most of the ordinary and partial differential equations do not have solution due to complexity 

arising from satisfying a correct set of applied oscillatory and non-oscillatory boundary 

conditions for given domain of problem. In order to determine the correct behavior of linear and 

non-linear governing ODEs and PDEs correct, robust and stable computational algorithms are 

essential [7-10].  

Classical techniques including Finite element method, finite difference method, and finite 

volume method have been largely used to solve such PDEs. These techniques frequently pose 

restrictions in efficient application of the method. The numerical methods such as finite element 

method rely on approximation properties of polynomials as well as non-polynomials, hence they 

often require smooth solutions for obtaining the optimal accuracy. However, if the approximate 

solution exhibits unstable and non-smooth behavior, then the finite element method becomes 

computationally expensive to get optimal accuracy and convergence. Such situations arise when 

strong discontinuities appear due to large deformations in the displacement field, and also when 

high gradients in stress and strain fields occur, as in the case of voids and cracks in structures.  

The popularity of the Finite Element Method (FEM) [10] is due to its intuitively practical 

approach and great versatility. The mathematical formulation of FEM enables its widespread use. 

However, there are particular areas in engineering sciences that are not well appropriate for 

analysis using FEM. For example fracture analysis, dynamic crack growth and moving boundary 

value problems requires huge computational cost, as re-meshing is required.  
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A class of novel computational methods known as meshless (or meshfree) methods, is one of the 

newly emerging computational tools for finding the approximate solutions of ordinary and partial 

differential equations [2].These methods are based on node to node interpolation. They have got 

significant attention from researchers due to their unmatchable performance in applications 

involving re-meshing of the spatial domain. Meshfree techniques have been applied successfully 

in numerous fields of engineering sciences to model, study and predict the physical phenomena 

such as stress distribution, heat transfer, electric conduction, fluid flow and acoustic wave 

propagation. Areas of application include automobile industry, aeronautical and aerospace 

engineering, civil structures, biomechanics, geo-mechanics, material sciences and many more [1-

4]. 

Meshfree techniques have the following pertinent features [5-7]:   

 Re-meshing is not required in meshless method for large deformation /moving 

discontinuities problems 

 Connectivity of the nodes is determined at run-time 

  Mesh alignment sensitivity is not required  

 h-adaptivity is very simple as compared to mesh dependent methods 

 Continuity/ smoothness of the shape functions is simple in meshfree method 

 Convergence in meshless method is considerably better as compared to mesh based 

methods. 

 Shape functions based on “Moving Least Squares” (MLS) scheme in meshfree 

techniques are more complex as compared to shape the functions used in FEM, so more 

integration points are required for accurate approximation.  Thus, stiffness matrix in 

meshfree methods has larger bandwidth as compared to FEM. 

 Implementation of essential boundary conditions in meshless method can create problems 

due to lack of direct delta property. However the boundary conditions are implemented 

using lagrange multipliers or penalty approach for better convergence of the solution. 

1.2 Literature review of Meshless Methods 

The area of research regarding meshless methods is still under development and a lot of work has 

been carried out for last thirty years. In this method the domain of interest is discretized using 

nodes instead of elements as in FEM. These nodes interact with the help of MLS based shape 

functions in a continuum framework. Connectivity of nodes does not matter in mesh free 
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method. The most important superiority in meshless methods is the higher order of smoothness 

/continuity in the shape functions. However the main drawback is that the computational cost is 

higher as compared to FEM. 

Meshfree methods are divided into three types, based on the choice of construction of the 

partition of unity, approximation function and test function [7]. Smooth particle hydrodynamics 

(SPH) is one of the first meshfree methods. This computational technique was developed by 

Gingold, Monaghan  and Lucy (1977) [11-12], who used it for mathematical modeling of 

astrophysical phenomena, such as exploring stars and dust clouds in the universe which are free 

from boundaries. This method was later used in the diverse fields of research such as 

oceanography, volcanology  and ballistics etc. It is also called mesh-free Lagrangian method. 

Initially this method was not stable and consistent. SPH was extended to solid mechanics by 

Petschek and Libersky [13].  

  The diffuse element method (or diffuse approximation method) was developed by B. Nayroles, 

G. Touzot and Pierre Villon in 1992 [14]. This function approximation method is used for 

solution of partial differential equations pertinent to fluid dynamic problems. Hence the term 

Diffuse Element Method (DEM) was originated. The main advantages of DEM over finite 

element method, are that it doesn't depend upon mesh/grid, and is more exact in the estimation of 

the derivatives of the reconstructed functions.  Belytschko et al. [5] developed Element free 

Galerkin method (EFG) in 1994, based on the idea of Lancaster and Salkauskas [15]. The EFG 

was free from inconsistencies because of Moving Least Squares (MLS) approximations. W.K. 

Liu developed similar method in 1995, called as Reproducing Kernel Particle Method (RKPM) 

[16]. The hp-cloud was the first method that employed extrinsic basis by Duarte and Oden 

(1994-95) [17]. The same idea of extrinsic basis was used in X-FEM for crack modeling 

problems. Ivo Babuska et al. presented Partition of Unity Finite Element Method (PUFEM) [18],   

which is very similar to Generalized Finite Element Method (GFEM) developed by Strouboulis 

[29-30].  It is worth to mention here another admired Meshless Local Petrov Galerkin (MLPG) 

method developed by S.N. Atluri in 1998 [1]. MLPG is a truly meshless method as the weak 

form is generated in the local sub-domain instead of global weak form and integration is also 

performed in the local sub-domain. 

http://en.wikipedia.org/wiki/Oceanography
http://en.wikipedia.org/wiki/Volcanology
http://en.wikipedia.org/wiki/Ballistics
http://en.wikipedia.org/wiki/Continuum_mechanics#Lagrangian_description
http://en.wikipedia.org/wiki/Partial_differential_equation
http://en.wikipedia.org/wiki/Fluid_dynamic
http://en.wikipedia.org/wiki/Finite_element_method
http://en.wikipedia.org/wiki/Finite_element_method
http://en.wikipedia.org/wiki/Finite_element_method
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The issue of integration in meshless methods has remained core topic of investigations since its 

inception. Many types of integration rules were used such as: stress point integration, nodal 

integration and gauss quadrature etc., which are not necessary to be aligned with the nodes.   

Nodal integration technique is the simplest way to obtain the required set of discrete equations in 

a computational algorithm, despite instability issues due to rank deficiency. The stress points are 

added to the nodes to avoid the instability. Large number of quadrature points has to be used for 

carrying out integration on the background mesh.  G.R.Liu et.al (NI-RPIM,2007) [19], Hooman 

Razmjoo et .al. (2012) [20], Annamaria Mazzia(MLPG,2005,2007, 2009)[21-23],  Siraj-ul-islam 

et.al (2012)[24], and Majid Rostami et al. [25], have investigated the issue of integration. The 

same idea of integration based on wavelet was implemented in meshfree technique by 

Muhammad Azam , Khalid Parvez and Muhammad Omair [26]. 

Meshfree methods face another complexity regarding stability, which is related to weight 

functions. Weight functions can be represented in terms of Lagrangian or Eulerian kernel. 

Eulerian kernel based meshless methods have tensile instability but such phenomenon has not 

been observed in the case of Lagrangian kernel. So the Lagrangian kernel based meshless 

method is recommended for dynamic crack growth modeling and moving boundaries problems.    

Over the last years   FEM and Meshless methods have been blended resulting in methods like 

Moving Particle Finite Element Method (MPFEM) by Su Hao et al [27,28], and Reproducing 

Kernel Element Method (RKEM) by W.K. Liu.  

Collocation based meshless technique was introduced for the solution of ODEs/PDEs in 1986. 

Many researchers such as Kansa, Fasshaur, Hon, Wendland, Madych, Franke Schaback, Larson 

and Fornberg [31-32] have produced a lot of work in this field. However the detail of this 

collocation based meshless method was omitted in this thesis because the focus of our research 

based on weak formulation instead of strong form of the problem.  

1.3 Element free Galerkin Method (EFG) 

The Element Free Galerkin Method was first introduced by Belytschko et al [5]. It is an 

improved form of the diffuse element method by Nayroles et al. Initially it was not known that 

the employed interpolates are in fact Moving Least Squares interpolates.  Belytschko et al. 

contributed significant improvements in the diffuse element method resulting in precise 

estimation of the derivatives, higher order of integration and exact enforcement of essential 

boundary conditions. Since then, Element free Galerkin Method has been extensively applied to 
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numerous types of problems. Due to its dynamic connectivity of nodes, it does not exhibit 

volumetric locking, provided that the appropriate basis functions are used. Basically EFG 

involves three components: weight functions, MLS interpolation and numerical integration. 

In recent years, considerable attention has been devoted to the formulation and implementation 

of numerical integration based on Haar Wavelet/Block-Pulse function (BPF)/Chebyshev Wavelet 

(CW)/Hybrid functions (HFs) for the solution of integro-differential problems, Boundary Value 

Problems (BVP), and highly oscillatory integrands [19-25]. 

It is worth indicating that, in general, the accuracy of the above mentioned numerical integration 

based on wavelets is superior as compared to the Gauss quadrature rule of integration.   

1.4 Research Aim 

The main aim of this research contributes towards the economic and social importance of the 

physical problems. The computational methods have great significance in simulation of physical 

problems. Failures and damage in high-pressure vessels and in high-energy piping increased 

considerably during the twentieth century. Spinning, chemical, gas-treatment and refinery 

enterprises, fossil and nuclear power plants have suffered more than other industries from 

unforeseen and rarely predictable breakdowns. In recent years computational methods and 

modeling of engineering problems play very important role for design purpose.  Simulation of 

physical and engineering problems has great economic and social consequences.  

1.5 Objectives 

The main objective of this thesis is to address the following areas. 

 To develop a new class of Element Free Galerkin method that converges optimally 

without use of quadrature rules. 

 To investigate the impact of the classical numerical integration techniques as well as 

wavelets based numerical integration for analysis of structure and fluid problems. 

 To study the different types of weight functions on performance of meshfree methods for 

optimal convergence. 

 To investigate the past developments of different computational algorithms and their 

comparison. 
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These identified objectives may lead to a better understanding of the research problem. The 

improved understanding of proposed meshfree techniques in a broad perspective contributes 

towards resolving complex research problems.  

1.6 Scope 

The development and implementation of the proposed method in this research, is limited to one 

and two dimensional problems. Problems in structures and fluids of Contact, singularly perturbed 

and elliptic nature are presented. 

1.7 Methodology 

Constituents, preliminaries, mathematical formulations and theorems used in development of 

proposed computational meshless method have been investigated to achieve the aforesaid 

objectives and concepts. First of all limitations of existing Element Free Galerkin (EFG) based 

techniques have been investigated by implementation on problems of different sorts. For the 

purpose of accuracy proposed meshless method EFG based on different numerical integration 

techniques has been developed and implemented on some test problems. This study of meshfree 

techniques employs the recent advancement in numerical integration using wavelets as discussed 

by: G.R.Liu et.al [19], Hooman Razmjoo et al., Annamaria Mazzia [21-23], Siraj-ul-islam et.al 

[24] and Majid Rostami [25]. Penalty method has been used for implementing boundary 

conditions. 

1.8 Contribution 

In this research, recently developed new numerical integration technique based on 

Haar/Chebyshev wavelets and Block Pulse function has been successfully implemented for the 

first time in the Galerkin approach for meshless methods. In addition to this, the detail 

algorithms and methodology for computing the meshless shape functions and their derivatives 

are discussed. Contact, unilateral, viscoelastic structural and singularly perturbed boundary value 

problems are solved successfully using meshless method based on wavelet numerical integration 

with Dirichlet and Neumann boundary conditions.   

1.7 Outline of the Thesis 

Structure 

In Chapter 1: The step-wise development of Meshless method EFG/MLPG is covered. 
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In Chapter 2: Development of numerical technique is discussed. Different types of weight 

functions: cubic/quartic/quintic/sextic splines, gaussian and derived weight functions are 

elaborated. Moving Least Squares Method for interpolation is explained. Finally Numerical 

Integration based on wavelets is discussed.  

In chapter 3: The meshfree technique is applied on singularly–perturbed two–point boundary 

value problems. These problems are commonly found in numerous branches of sciences and 

engineering, for instance, elasticity, chemical reactor theory, quantum mechanics, fluid 

mechanics, fluid dynamics and optimal control etc. A variety of computational methods is 

available in the literature to solve such type of boundary value problems for second–order 

ordinary differential equation. 

It is evident that the solution of singularly-perturbed problem exhibits a multi-scale character; the 

solution varies very fast on a thin layer, on the other hand, the solution behaves regularly and 

varies slowly away from the layer. So the numerical treatment of singularly perturbed problems 

gives foremost computational complexities and the standard classical methods do not capitulate 

accurate results for all independent variable 𝑥𝑥,  when 𝜖𝜖, is very small value. In recently years, 

large special purpose numerical techniques have been established to provide better numerical 

approximations. 

In chapter 4: The second order boundary value problems are studied. For these problems 

Dirichlet and Neumann boundary conditions are used. Proposed numerical technique was 

successfully applied for stress analysis of thick viscoelastic cylinder and structure related 

problems. 

 In chapter 5: Contact problem/Obstacle problem is studied. Variational inequality theory has 

become very effective and powerful tool for studying unilateral, obstacle, contact problems 

arising in mathematical and engineering problems such as, elasticity, transportation, finance, and 

optimal control, fluid flow through porous media, nonlinear optimization and operation research. 

It has been revealed by Kikuchi and Oden that the problem of equilibrium of elastic bodies in 

contact with a rigid frictionless foundation can be studied in the structure of variational 

inequalities. In a variational inequalities formulation, the location of the free boundary becomes 

an intrinsic part of the solution and no special techniques are needed to locate it. Various 

numerical methods were employed to solve such type of problems. Similarly the simulation of 
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linear simply supported elastic beam using improved meshless method based on Chebyshev and 

Block-Pulse Wavelets integration has been performed.  

In chapter 6: Mesh free approach is used for the solution of sixth order boundary value problems. 

The problem of the stability of a thin layer of fluid heated from below has been considered by 

various researchers. The behavior of fluid and stability of its flow are important topics in the 

research on computational fluid dynamics (CFD). Fluid flows are subjected to disturbance 

because of mechanical instabilities. This whole phenomenon has been modeled by a sixth order 

BVP. 

In chapter 7: Elliptic problems, Poisson equation and motion of particles in fluids under 

dynamical system are discussed. Bi-harmonic equation which deals potential flow in fluids and 

bending of plate in structure has also been discussed in detail. 

In chapter 8: One dimensional heat and wave equation using proposed technique “Element free 

Galerkin method based on wavelet integration” has been discussed. These second order linear 

partial differential equations are well-known for modeling heat transfer in engineering problems. 

They also appear in the mathematical modeling of problems in financial mathematics for price 

options, such as the Black-Scholes option pricing model’s differential equations.  

In chapter 9: Discussion of results.   
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Chapter 2: Development of Numerical Technique 

2.1 Meshless Method 

Various numerical methods exist in the literature for solving ordinary and partial differential 

equations solving engineering problems, such as the classical finite element methods, finite 

difference method, the finite volume method and the boundary element method. In all these 

numerical methods, 𝑢𝑢, is the unknown function which is approximated by a function 𝑢𝑢ℎ , and it is 

evaluated at a finite number of points (nodes) at different locations within the domain. The 

interaction among approximation of functions at the nodes accounts for the differential relations. 

Approximation of functions at nodes replacing the differential equation by a stiffness matrix is 

called discretization. In the finite difference method, the partial differential equation is replaced 

by a set of difference equations, obtained with the help of Taylor series expansions of the 

unknown function. However in the finite element method, elements between the nodes are 

defined in the domain and on the boundaries, such that shape functions can be determined which 

interpolate the nodal values of unknown function. So the nodal connectivity and proper 

arrangement is essential for both methods. In order to formulate the difference equations in the 

finite difference method, we must know neighbor’s nodes of each node. In general, we can say 

that the nodal connectivity is accounted for, by a grid of elements, where each element is a 

fraction of the domain. 

In contrast to the above mentioned methods, another family of numerical methods exists in the 

literature which does not require nodal inter-connectivity and their arrangement. In general, these 

numerical methods are called meshless methods, because the elements are not involved in the 

discretization process. However each node in the meshless method has domain of influence 

which does not depend on the arrangement of the nodes.  

Proposed technique will be discussed in detail in this chapter. This meshless Method consists of 

three major parts  

(1) Weight functions  

(2)  Moving Least Squares method/ shape functions 

(3)  Numerical Integration based on wavelets 
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2.2 Weight Function 

The choice of weight function is very significant because some important properties of the 

moving least square (MLS) shape functions are inherent to the properties of its weight function. 

Weight function should satisfy the properties of positivity, compact support and monotonically 

decreasing which ensure the existence of the minimum of the discrete L-2 norm, locality of the 

MLS approximation and intensity of the influence in the domain of influence respectively.  

Appropriate choices of weight functions include spline and Gaussian types of weight functions. 

Even though both types of weight functions may produce numerical results of satisfactory and 

comparable quality, the improper choice of parameters leads to poor accuracy and stability. 

Investigation of optimal values of these parameters is still open.  Before detail discussion on the 

weight functions, it is essential to know about the following preliminaries. 

2.2.1 Support domain  

A set of scattered nodes is created in the problem domain and along its boundary. The 

concentration of the nodes depends on the resources available and the accuracy requirement of 

the analysis. The nodal distribution may or may not be uniform. Generally more concentration of 

the nodes is required for large displacement gradient. For interpolation the value at a point within 

the physical problem domain, the concept of the support domain develops at that point. This sub-

domain included the number of nodes in a “local domain”. This local domain is also called sub-

domain or support domain. This support domain of point x which is also called point of interest, 

determines the number of nodes for the approximation of function value at x. It has different 

types of shapes and dimensions, for instance circular and rectangular.  Details are found in 

Krongauz (1996), Fleming (1997) and  Liu (2003) [2]. 

 
Figure 2.1a: Creation of nodes in Global 

Domain 

 
Figure 2.1b: Creation of elements in Global 

domain   
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Figure 2.2a: Supports in Meshless method are 

adjustable with no Kronecker-delta property 

 

Figure 2.2b: Supports in FEM are pre-defined 

by grid 

 

Figure 2.3: Circular support domain 

 

Figure 2.4: Rectangular support domain 

Figure 2.1a shows the nodes in the problem domain for the implementation of meshless methods. 

Figure 2.1b shows discretization of domain into elements for the implementation of classical 

FEM. The comparison of supports in mesh-less method and FEM are shown in the figures 2.2a 

and figure 2.2b. In figure 2.3 and figure 2.4: , ,IandΩ Ω is the domain of problem and domain of 

node I  respectively. 

2.2.2 Influence domain 

Influence domain is defined as a domain that a node exerts an influence upon. It deals with the 

node, in contrast to the support domain i.e. which deals with the point of interest, but not 

necessarily. Influence domain is another choice to select the nodes for interpolation, and it is also 

well defined for domains having irregularly distributed nodes. Domain of influence may vary 

from node to node in the problem domain as shown in the following figures. Node 1, 2 and 3 has 

different radius of influence r1, r2 and r3 respectively. 
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Figure: 2. 5 Influence domain of nodes 

 

Figure 2.6: Weight function   

It can be differentiated between the point of interest 𝑋𝑋𝑄𝑄 and nodes. In  figure 2.5, Node 1 and 2 

will be used for the construction of shape function for a point of interest but node 3 is not being 

used for such purpose. Dimension of the influence domain may be varying from node to node. It 

allows some nodes to have more influence than others and prevents uneven nodal distribution for 

constructing shape functions. In figure 2.5, , , tt andΩ Γ Γ


, are problem domain, boundary, 

traction force and traction boundary respectively. Weight function and influence domain of x 

(point of interest) has been shown in figure 2.6. 

 

2.2.3 Dimension of a support domain 

Various methods are available to determine the dimension of a support domain depending upon 

the nature of problems. In fact, only one method (average nodal spacing method) is fully 

appropriate to all types of nodal distributions.  In this study, some relative methods will be used 

to determine the dimension of a support domain. 

The number of nodes in the support domain is very important for the improvement of accuracy in 

the interpolation. Therefore, appropriate support domain should be chosen so that a proper area 

of coverage is selected.  

                                                             .s cdm dα=  

Here 𝑑𝑑𝑐𝑐  is the characteristic length that relates to the inter-nodal spacing near the point of 

interest. If the number of nodes is uniformly distributed, then the characteristic length is simply 

the distance between two adjacent nodes. Alternatively, average nodal spacing in the support 

domain is adopted for non-uniformly distributed nodes and 𝛼𝛼𝑠𝑠 is scaling parameter  that 

according to computed experience, its value varies from 1.4 to 4, for good results, Liu and Gu 

(2003).  
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It must be noted that the accuracy of interpolation depends on the nodes in the support domain of 

the point of interest. If the number of nodes is not sufficient in the support domain then a 

problem of singularity of the stiffness matrix arises, for large number of particles in the support 

on the other hand, the bandwidth of the stiffness matrix will be large, which is computationally 

not efficient. 

  The weight functions cannot be chosen arbitrarily, which is used to construct the shape 

functions by means of averaged moving least squares approximation. In order to obtain a unique 

solution, the weight function should be non-negative for minimization of the weighted moving 

least squares. If the components of the polynomial ( )p x  are independent and at least m  (where 

m , is dimensions of coefficients ( )a x  ) weight functions are non-zero at a certain location, then 

the stiffness matrix will be non-singular. So it can be concluded that the domains of influence of 

each node should not be too small. 

The continuity/smoothness of a weighted moving least squares approximation is strongly 

dependent on the smoothness (continuity) of the weight functions. Hence the weight functions 

should satisfy the following properties: 

(1) 𝑤𝑤𝑖𝑖(𝑥𝑥) > 0, in  sub-domain Ω𝑥𝑥 , ( weight functions must be non-negative) 

(2) 𝑤𝑤𝑖𝑖(𝑥𝑥) = 0, outside a sub-domain Ω𝑥𝑥 ,  

(3) 𝑤𝑤𝑖𝑖(𝑥𝑥), is a monotonically decreasing function 

 

Moreover, at least 𝑚𝑚, weight functions should be non-zero at each 𝑥𝑥, to avoid singularity of the 

matrix. The weight function should be k  times continuous as required for continuity of the shape 

function. For comprehensive understanding, the readers are referred to Liu G.R. (2003) [2], 

Belytschko and Shuyao and De’an (2003) [5-6]. 

Weight function defines the size of the domain of influence. Constant weight functions having 

unit value over the entire domain yield the regular least squares approximation. Smooth weight 

functions with circular or rectangular domains and limited radius are employed in general. The 

overlap of the nodal influence domain defines the nodal connectivity. 

 The weight function of the ith  node is defined as: 

                                        ( )
0

i

i

i i m
i

i m

d If d d
w d

If d d

≤=  >
                                                       (2.1) 
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𝑑𝑑𝑚𝑚 𝑖𝑖  =the radius of the domain of influence, 

𝑑𝑑𝑖𝑖  = is the distance of the ith node from the evaluation point: 

                                               𝑑𝑑𝑖𝑖 = |𝑥𝑥 − 𝑥𝑥𝑖𝑖|.                                                                   (2.2) 

It is indispensable to know about pertinent definitions and theorems for understanding of 

properties of the weight functions.    

Definition 2.2.1 [2, 7] A function : [0, )φ ∞ →  that is [0, ) (0, )C C∞∞ ∩ ∞  and satisfies 

( 1) ( ) 0, 0, 0,1,2,3,...,k k r r kφ− ≥ > =  is called completely monotone on [0, ).∞  

 

Monotone functions are closely related to positive definite radial basis functions and has simple 

characterization. First time, Schoenberg [97] introduced a completely monotone function in 

1938. A Gaussian function ( ) exp( ), 0r cr cφ = − ≥  is completely monotone on  [0, ).∞  

Theorem 2.2.1 [2, 7] A function : [0, )φ ∞ →   is completely monotone but not constant if and 

only if ( )2.φ  is positive definite and radial on .q for q∀
 

If a Gaussian function 2( ) exp( ),r crφ = − which is strictly positive definite and radial, then by the 

Theorem 2.2.1, the function ( ) exp( ),r crφ = − is completely monotone and hence multiply 

monotone. 

In this study Gaussian weight functions with optimized shape parameters are often used. 

Sometimes spline weight functions are also used depending upon nature of the problem. 

Following are the typical plots of weight functions and their derivatives. Note that weight 

function has compact support because it is zero outside of a compact set, i.e. 0 ≤ 𝑤𝑤 ≤ 1.   

In this thesis the details of Gaussian, cubic, quartic, quintic, B-spline and derived weight 

functions in 1D & 2D, are given below. Which are often used in meshless methods. 

Compactly supported Gaussian, Spline-type weight functions, with circular base in MLS 

approximation are defined as 

( )
0

i

i

i

d
i m

i
i m

e If d d
w d

If d d

α− ≤= 
<

                                                                                      (2.3) 

http://mathworld.wolfram.com/CompactSet.html
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                                                                   (2.4) 

 

Following Gaussian weight function is used in the present study which is derived from the RBFs 

(Radial Basis Function) [34]: 

 

 

where  
8 6 2 4 4 2 6 8

16
16[16( ) 224( ) 840( ) 840( ) 105 ]i i c i c i c c

c

d d d dA α α α α
α

− + − +
=               (2.5) 

and 𝛼𝛼𝑐𝑐  is the controlling parameter of the shape of the weight function. The weight functions 

affect the accuracy of the solution.  

 

Figure 2.7: Gaussian weight function in the       

                   support domain 

 

Figure 2.8: Weight function in  the support 

domain with αc=10,20,30,40,50,100 

( )( )22( ) exp 1 /i c iw d A dα= −
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Figure 2.9: Derivative of weight function in   

                   the support domain 

 

Figure 2.10: Gaussian weight function at     

                     different nodes  

 

Figure 2.11: Derivative of Gaussian weight      

                    functions 

 

     Figure2.12: Second derivative of Gaussian  

                         weight functions 
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Cubic spline weight function [7, 33]: 

2 3

2 3

2 14 4
3 2

4 4 1( ) 4 4 1
3 3 2

0 1

i i i

i i i i

i

d d for d

w d d d d for d

for d

 − + ≤

= − + − ≤ ≤


>


 

 

Figure 2.13: Cubic spline weight function 

Quartic spline weight function [7, 33]: 
2 3 41 6 8 3 1

( )
0 1

i i i i
i

i

d d d If d
w d

If d
 − + − ≤

= 
>

 

 

Figure 2.14: Quartic spline weight functions.    

Plot of sextic B-spline weight function[7,33,35] 

 

Figure 2.15: Sextic spline weight function  

 

Figure 2.16: Creation of nodes on 

domain[0,1] × [0,1] 
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Some typical plot of weight function in two dimensions and its derivative are as shown in the 

figures 

 

Figure2.17: 2D weight function 

 

Figure 2. 18: 𝑥𝑥-Derivative weight function  

 

Figure 2.19: 𝑦𝑦-Derivative of weight function   

 

Figure 2.20: 𝑥𝑥𝑦𝑦-Derivative of weight function 

 

 
Figure 2.21: Weight functions on nodes 
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2.3 Moving Least Squares (MLS) 

First of all Moving Least Squares was developed by Salkauskas and Lancaster (1981) for 

smoothing, interpolating data and surface construction. Presently Moving Least Squares is a core 

topic in the meshless method for the construction of shape functions that are used for the 

approximation of unknown function. 

Firstly, MLS approximation for the construction of shape functions used in the diffuse element 

method were employed by Nayroles et al (1992). Later on Lu, Gu and Belytschko (1994) worked 

on this topic that gained popularity as an Element free Galerkin method.  

Meshless techniques maintain the local character of the numerical implementation, by using a 

local interpolation to represent the trial function with the fictitious values of the unknown 

variable at some randomly distributed nodes. The moving least squares (MLS) approximation 

has reasonably high accuracy and can be generalized to work with n-dimensional problems. It 

provides continuous approximation for the field function over the entire physical problem 

domain. Here, Moving Least Square (MLS) method is considered to interpolate the field 

variable. MLS approximation hu of a field variable function 𝑢𝑢 (𝑥𝑥) is defined as: 

       0
( ) ( ) ( ) ( ) ( ), ,

m
h T

j j
j

u x p x a x x x x
=

= = ∀ ∈Ω∑ P a                                                       (2.6) 

where m =number of terms in the basis 

( )jp x =polynomial basis function 

1 2( ) [ ( ), ( ),..., ( )]T
mx p x p x p x=P   

1 2( ) [ , ,..., ]T
j ma x a a a= is  a vector coefficients, 

Basis for 1D problem: [1, ] , ; 2Tx linear basis m= =p  , 2[1, , ] , ; 3Tx x quadratic basis m= =p etc.  

Basis for 2D problem is given below:  

[1, , ] , ; 3,Tx y linear basis m= =p 2 2[1, , , , , ] , ; 6Tx y x xy y Quadraticbasis m= =p  
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2 2 3 2 2 3[1, , , , , , , , , ] , ; 10Tx y x xy y x x y xy y Cubic basis m= =p  

2 2 3 2 2 3 4 3 2 2 3 4[1, , , , , , , , , , , , , , ] , ; 15,Tx y x xy y x x y xy y x x y x y xy y quartic basis m= =p and so on. 

)(xTP  is a complete monomial basis vector of order m ; ( )xa  is a vector containing unknown 

coefficients: )(xa j , .,...,3,2,1 mj = The unknown coefficients of approximation are computed by 

minimizing the difference between the local approximation at a point Ix and the nodal parameter

Iu for the node I:  

                                        ( ).I Iu u x=                                                                         (2.7) 

 Here the sample point Ix may be a nodal point under consideration or a quadrature point. The 

support of the nodal point Ix is usually taken to be a circle of radius Ir , centered at Ix . The 

weighted residual functional is evaluated as:         

                                          
∑
=

−−=
n

i
I

h
I uxuxxwJ

1

2))()((                                      (2.8) 

Where )( Ixxw − is weight function associated with the node I  calculated at point x . )( Ixxw −

>0, for all points x  in the support domain of node I  and 

                               ( ) ( ) ( )h T
I Iu x x x= P a                              (2.9) 

Minimization of weighted residual functional results in: 

   uBaA )()()( xxx =                                                                   (2.10)  

where )(xA  is a non-singular matrix (positive definite).                     

                                        uBAa )()()( 1 xxx −=                                                  (2.11) 

                    where         1 2[ , ,..., ]T
nu u u=u  

The weight moment matrix )(xA  is: 
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                              1
( ) ( ) ( ) ( )

n
T T

I I I
i

x w x x p x p x
=

= = −∑A P WP                         (2.12) 

 and 

                                                     WPB Tx =)(                                          (2.13) 

    

where P  is: 

                                                          



















=

)(
...

)(
)(

2

1

n
T

T

T

xp

xp
xp

P                                  (2.14)  

W is the weight function matrix: 

                                       
1( ) 0

0 ( )n

w x x

w x x

− 
 =  
 − 

W


  



 .                                         (2.15)   

Obtain value ( )xa from (2.11) and substituting in equation (2.9).  

                                    
∑
=

Ω∈∀=Φ=
n

I
II

Th xuxxxu
1

)().()( φu                           (2.16)  

  

Φ(x) is the nodal shape function. 

                                                        )](),...,(),([)( 21 xxxx nφφφ=Φ                           (2.17)  

   

For any node I, 

                                                       
1( ) .T

I Ix −Φ = P A B                  (2.18)  

Partial spatial derivatives of the shape function are given below: 
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( )( ) xI

T
Ix

T
Ix

T
xII

T
xI )()( 1

,
11

,,
1

, BAPBAPBAPBAP −−−− ++==Φ
              

(2.19) 

where                 111 ,)( −−− −= AAAA xx ,   )()(,, IIxxI xxxw PB −=  

                                        1
( ) ( ) ( ) ( ).n T

x I I II
w x x x x

=
= −∑A P P  

Similarly other derivatives of shape function can be calculated 

Continuity of the shape functions is directly linked to the continuity of the weight function, such 

that the basis in ( )p x  is also at least as smooth as the weight function [36]. Shape functions and 

their derivatives in 1D and 2D are shown in figures 2.22-2.27. 

 

Figure 2.22: 1D shape functions 

 

Figure 2.23: 2D shape function 

 

Figure 2.24:𝑥𝑥-Derivative of 2D shape   

                     function   

 

Figure 2.25: 𝑦𝑦-Derivative of 2D shape function 
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Figure 2.26: 𝑥𝑥𝑦𝑦-Derivative of 2D shape 

function 

 

  Figure 2.27:2D shape functions on nodes     

   

2.3.1 Consistency 

A numerical method is called consistent if the system of algebraic equation approaches the 

partial differential equation as discretization is refined. Approximate solution approaches to 

exact solution as discretization refined then numerical method is called convergent. Consistency 

and stability guarantees convergence. The choice of monomial basis vector ( )p x  influences the 

consistency of the EFG method. MLS approximation reproduces all components that appear in 

( )p x . EFG method is consistent of order k  if all monomials up to order k  are included in ( )p x  

(Belytschko et al. 1996b). If 1k =  this is linear complete, 2,k = quadratic complete etc.   For 

consistency test we consider MLS approximation which reproduces all components of 

polynomials. 

                                    
∑
=

Ω∈∀=Φ
n

I

k
I

k
I xxuxux

1

)()()(  

     If          ∑
=

=Φ=
n

I
I xthenxu

1

1)(,1)( ,                                                           (2.20)           

     If         ∑
=

=Φ=
n

I
II xxxthenxxu

1

)(,)(
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2.4 Numerical integration based on wavelets 

Wavelet means “small wave”. It is a wave-like oscillation with amplitude that starts from zero, 

increases, and then decreases back to zero. In current years the wavelet based numerical 

integration is becoming more attention-grabbing topic for researchers. Some are given below. 

• Block Pulse Functions (BPFs) 

• Chebyshev Wavelet (CW) 

• Haar Wavelet (HW) and Hybrid functions 

Meshfree methods have achieved remarkable growth and attracted much attention as an 

alternative approach to the FEM, for the solution of engineering problems in recent years. Based 

on formulation, they are classified into three categories “Liu and Gu 2005” [19]. 

Direct discretization of the governing differential equation e. g. SPH, meshfree collocation 

methods. Meshless methods based on weak Galerkin form, such as PIM, EFG, MLPG, etc. 

Meshless methods are based on strong and weak form. Shape functions are constructed without 

any grid/mesh information in the weak Galerkin formulation. This drawback was eliminated by 

truly meshless methods, which were based on nodal integration methodology. Belyschko [37] 

employed nodal integration technique in EFG to avoid background mesh. Liu GR et al.  used the 

same technique in Radial Point Interpolation method (RPIM), however some undesired 

oscillations were found in the results [19]. These oscillations were controlled by introducing 

stabilizing term in the weak form. To overcome this issue, Chen et al. [38] presented a new 

stabilized conforming nodal integration technique. Monte Carlo Integration technique was used 

by Rosca and Leitao in meshless methods such as EFG, MLPG based on global and local weak 

forms [39]. Nagashima T. and Hooman Razmjoo et al. [20, 40] used Taylor series expansion for 

nodal integration in meshless methods. In MLPG, the precise evaluation of the integration on 

local sub-domain is very difficult due to complexity of MLS shape functions. Generally local 

sub-domains are circles or rectangles. A lot of effort has been paid for the solution of this critical 

issue [21-23]. EFG/MLPG meshless methods have been considered for the solution of 

ODE/PDEs and engineering problems with different numerical integration techniques in this 

research. Currently, new developed numerical integration techniques based on Haar wavelet/ 

http://en.wikipedia.org/wiki/Wave
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Chebychev/Hybrid/Block Pulse functions [24-25], have been implemented successfully in 

meshless methods in this thesis. Convergence of numerical solution of physical problems 

depends upon numerical integration, particularly when domain integrals are employed to make 

the stiffness matrix as in meshless Local Petrov Galerkin method. S.N. Atluri, et al   have 

mentioned in their  book on MLPG (Tech science press, in 2002) that the classical numerical 

quadrature rules for integration are designed for polynomials but  not so much efficient for 

rational functions. Numerical results obtained via MLPG based on Gauss-Legender product rule 

in polar coordinates with 6 9×  integration points are not accurate [9, 10]. S.N. Atluri suggested 

that the algorithm of further discretization of domain is more efficient as compared to the 

increase of integration points because the accuracy of numerical method is evaluated by either 

further division of domain of integration or integration points. Many efficient integration 

schemes have been investigated for the accuracy of meshless method, for instance integration 

rule for circular annuli, Gauss-Chebychev rule and midpoint quadrature rule [21-23, 41]. Stroud 

and Cools [42-43] proposed new numerical integration technique “Cubature formulas” 

developed for the unit disk, later on  which was used for meshless method by A. Mazzia [21-23]. 

Implementation of Cubature formulas in MLPG, was very exceptional advancement over the 

conventional numerical integration methods.  

Numerical integration formulas are given below but not yet implemented in meshless methods. 

(a)  Numerical integration formula based on Block-Pulse Function (BPFs) 

Wavelet based numerical integration is becoming more popular because of its inherent properties 

such as orthonormality with compact support etc. Details of Block-Pulse function are given in 

[25] and references there in. 

Definition 2.4.1 [25]. An set− of ith Block-Pulse function (BPFs) is defined as follows over 

the interval: 

                            
( 1)1 ,

( )
0

i

i ifor t
t

otherwise
χ

− Γ Γ ≤ <= 


 

                                                

 (2.21) 

[0, ) 1,2,3,..., / .t and i and h∈ Γ = = Γ   
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Here most important basic properties such as orthognality, disjointness, and completeness of 

BPFs are given below: 

Disjointness: Disjoint property of BPFs are defined by dirac delta on each interval  

( ) ( ) ( ) , , 1,2,3,..., .i j ij it t t for i jχ χ δ χ= =   

 Orthognality: Block-Pulse functions are orthogonal to each other in the interval  

[0, ) ,t ∈ Γ  

                                                 0

( ) ( ) , , 1,2,3,..., .i j ijt t dt h for i jχ χ δ
Γ

= =∫   

 where ijδ is the impulse function. 

Completeness: Block-Pulse functions set is complete when ,→∞
for every  

2[0, ),f L∈ Γ  then Parseval’s identity holds
1

22 2

10

( ) ( )i i
i

f t f tχ
∞

=

= ∑∫ , where if  is 

0

1 ( ) ( ) .i if f t t dt
h

χ
Γ

= ∫  

A real, bounded and square integrable ( )f t , [0, )t ∈ Γ  can be expanded into series of block-pulse 

functions, using orthogonal property of block-pulse series. 

We get approximation: 
1

( ) ( ) ( ),i i
i

f t f t f tχ
∧

=

= ∑




  where ( ),tf
∧



is the series of block pulse 

function and  if  is the coefficients w.r.t. ith    BPFs. 

     Now a numerical integration formula is developed based on Block-Pulse function.  For 

evaluation of the integral ( ) .
b

a

f x dx∫  By assuming that ( ) ,x b a t a= − +  it gives  

                                       

1

0

( ) ( ) (( ) ) .
b

a

f x dx b a f b a t a dt= − − +∫ ∫  
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Theorem 2.4.1 [25]. The approximate value of the integral is 
1

10

1( ) .i
i

f t dt f
=
∑∫






 

Proof.  Using BPFs, it can be written in the form of  integral as 

                                                    

1 1

1 10 0

1( ) ( ) .i i i
i i

f t dt f t dt fχ
= =

=∑ ∑∫ ∫
 





 

To calculate the coefficients if   the nodal points considered as, 
2 1, 1,2,3,..., .

2k
kt k−

= = 



 The 

discretized form of equation can also be written as  
1

( ) ( ) , 1,2,..., .k i i k k
i

f t f t f kχ
=

= = =∑


  

so, the approximate value of the integral is given below:  

                                                             

1

10

1 2 1( ) ,
2i

i

if t dt f
=

− 
  ∑∫





 

 

Generally it can be written as 
1

10

2 1( ) ( ) .
2i

b a if x dx f a b a
=

− − + −  ∑∫




 

                        (2.22) 

(b) Numerical Integration Based on Chebyshev Wavelets [25] 

Some preliminary definitions and theorems are to be defined for the development of  numerical 

integration formula. 

Definition 2.4.2 [25]. The Chebyshev wavelets are defined as, consider , ( ),m n x℘          

                       
11,2,3,...,2kn −= , 

               and  defined on the interval [0,1) ,  

( )/2 2 2 1
1 1

,

12( ) 2 2
0 .

k
m

k x n
k k

m n

n nfor xx
otherwise

− +

− −

 −Λ ≤ <℘ = 




                                                       (2.23)         

0,1,2,3,..., 1,m M= −
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where             

1 0
( )

2 ( ) 0
m

m

for m
t

t for m

π

π

 =Λ = 
 Λ >



                                                        (2.24) 

and k  is positive integer and m  is the degree of Chebyshev polynomials of the first kind. In 

equation (2.24) the coefficients are employed for orthonormality. Here, ( )m tΛ  is the Chebyshev 

polynomials of the first kind of degree m and weight function
2

1( )
1

W t
t

=
−

 is used for  

orthogonality of each Chebyshev polynomials, defined on the interval [-1,1] and satisfy the 

following recursive formula: 

1 1

0 1

( ) 2 ( ) ( ) 1,2,3,...,
( ) 1, ( ) .

m m mt t t t for m
t t t

+ −Λ = Λ − Λ =
 Λ = Λ =

                                                     (2.25)   

A square integrable function defined in the interval [0,1),x ∈  can be represented as 

, ,
1 0

( ) ( ), [0,1),n m m n
n m

f x c x xχ
∞ ∞

= =

= ∈∑∑  so we can approximate ( ),f x  as 

12 1

, ,
1 0

( ) ( ), [0,1).
k M

n m m n
n m

f x c x xχ
− −

= =

∈∑∑                                                                           (2.26) 

Now numerical integration formula is developed based on Chebyshev wavelet. Assuming that

( )x b a t a= − + , the evaluation of the integral is given below 

1 1

0 0

( ) ( ) (( ) ) .f x dx b a f b a t a dt− − +∫ ∫                                                                       (2.27) 

Theorem 2.4.2 [25]. Consider the approximate value of the integral is 

                    

1
111 2 22

,0 ,22
1 10

2 2( ) .
1 4

k
Mk

n n l
n l

f x dx c c
lπ

−
−

−

= =

 
 + −
  
∑ ∑∫                                               (2.28) 
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Proof. By definition 
11 12 1

, ,
1 00 0

( ) ( ) .
k M

n m n m
n m

f x dx c x dxχ
− −

= =
∑∑∫ ∫  

1

1
1

1 2 1
2 2

, 1
0

2

( ) 2 (2 2 1) 2 ( ) ,
k

n
k

n
k k

k
m mn m x dx x n dx t dtχ

−

−
−

−

−
= Λ − + = Λ∫ ∫ ∫

 

 

                     Since     
1

1 2

0
( ) 2

1
m

if m is odd
t dt

if m is even
m

χ
−


= −
 −

∫                                     (2.29) 

We have               

1
2

1

,
0

1
2

2

2 0

( ) 0

2 2 ,
1

k

n m
k

m

x dx m is odd

m is even
m

π
χ

π

−

−


 =


= 




−

∫                                          (2.30)       

So,                         

1
111 2 22

,0 ,22
1 10

2 2( ) .
1 4

k
Mk

n n l
n l

f x dx c c
lπ

−
−

−

= =

 
 + −
  
∑ ∑∫                                   (2.31)  

Considering the following nodal points for calculation of  the coefficients ,0nc  and ,2n lc  of 

Chebyshev wavelets 

12 1, 1,2,3,...,2 .
2

k
p k

px p M
M

−−
= =                                                                               (2.32)   

Substituting these points in Equation (2.26), we obtain  

12 1
1

, ,
1 0

( ) ( ), 1,2,3,...,2 .
k M

k
p n m n m p

n m
f x c x p Mχ

− −
−

= =

= =∑∑                                                       (2.33) 

By definition of Chebyshev wavelets, we have  1 1
1 2 1

2 2 2k k k
n p n

M− −

− −
≤  , 

                                              So, ( 1) , 1,2,3,..., ,p n M i i M= − + =  
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2( 1) 2 1( ) , 1,2,3,..., ,
2p k

n M if x f i M
M

− + − = =    

2

,0
2( ) ,

k

n pxχ
π

=  

2 2
,

2 2 2 1( ) 2 (2 2 1) 2 1 .
k k

k
n m p m p m

ix x n
M

χ
π π

− = Λ − + = Λ −                                   (2.34) 

Hence, the above system of equations can be written as 

12
2

,0 ,
1

2( 1) 2 1 2 2 2 12 1 , 1,2,..., .
2

k
kM

n m n mk
m

n M i if c c i M
M Mππ

−

=

− + − −   = + Λ − =      ∑     (2.35) 

Solving the following system of equations, we get the requisite coefficients ,0nc  and ,2n lc  

1 1

1 1

1 1

2 1 11 ... 1
2

2 3 31 ... 1
2
. . . .
. . . .
. . . .

2 2 1 2 11 ... 1
2

M

M

M

M M

M M

M M
M M

−

−

−

    Λ − Λ −        
     Λ − Λ −       
 
 
 
 
 
 − −   Λ − Λ −        

                                                 (2.36) 

                      

,0

,1

2

, 1

2( 1) 1
2

2( 1) 3
2
..

2
.2.
..

2( 1) 2 1
2

k

n

k
n

k

n M
k

n Mf
M

c n Mf
c M

n M Mc f
M

π −

−

 − + 
    

   − + 
        
   
  =  
   
   
   

− + −         
 
  

                                 (2.37) 
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For 1,M =  the coefficients ,0nc  and the approximate value of the integral are given as 

                       
/2

,0
2 12 ,

2
k

n k
nc fπ − − =                                                                   (2.38)   

                            

11 2

1
10

1 2 1( ) .
2 2

k

k k
n

nf x dx f
−

−
=

− =   ∑∫                                                   (2.39) 

    For       2,M =

11 2

1 1
10

1 4 3 4 1( ) .
2 2 2

k

k k k
n

n nf x dx f f
−

+ +
=

 − −   = +        
∑∫                             (2.40)     

Similarly for 3,4,5,6M =   and so on. 

Now for    5, 8M k= =

11 12

6
10

10 9 10 7 10 5275 100 402
5 2 5 2 5 21( ) .

9 2 10 3 10 1100 275
5 2 5 2

k k k k

k
n

k k

n n nf f f
f x dx

n nf f

− +

+
=

 − − −     + +           × × × =
 × − −   + +       × × 

∑∫    (2.41a) 

For 6, 7M K= =  

11 1 1 12

7
10

1 1 1

12 11 12 9 12 7247 139 254
3 2 3 2 3 21( ) .

5 2 12 5 12 3 12 1254 139 247
3 2 3 2 3 2

k k k k

k
n

k k k

n n nf f f
f x dx

n n nf f f

− + + +

+
=

+ + +

 − − −     + +           × × × =
 × − − −     + + +           × × × 

∑∫    (2.41b)    

 

Error Analysis 

Error for numerical integration based on BPFs. For this purpose the upper bound error is 

evaluated for approximation of the function using block-pulse functions. Detail is given below 
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Theorem 2.4.3 [25]. Let ( ),f t  is any real, bounded, and square integrable function defined in 

the interval [0,1),t I∈ =  and ( ) ( ) ( ),e t f t f t= −




[0,1),t I∈ =  which 
1

( ) ( ),i i
i

f t f tχ
=

= ∑






 is the 

block pulse series ( ),f t

1
2

( ) sup | ( ) | .
2 3
he t f t≤ ′  

Proof:   Let, 1( ) ( ) , ( 1) , .i ie t f t f i h t ih h= − − ≤ < =


 

It gives 

( ) ( )
( 1) ( 1) ( 1)

1 1 ( )( ) ( ) ( ) ( ) ( )

1( ) ( ) , ( 1) .
2

ih ih ih
i

i
i h i h i h

i i

fe t f t f s ds f t f s ds t s ds
h h h

f t i h for i h ih

ξ

ξ ξ

− − −

′
= − = − = −

 = + − + − ≤ <′   

∫ ∫ ∫
 

( )
3

2 22 2 2

( 1) ( 1)

( ) | ( ) | ( ( )) ( 1 / 2) ( ( )) .
12

ih ih

i i i i
i h i h

he t e t dt f t i h dt fξ ξ
− −

= = + − + =′ ′∫ ∫  

Or 
3
2

( ) | ( ) |, 1,2,3,..., .
2 3i i
he t f iξ= =′ 

 

Consequently  
3 1
2 2

1
( ) | ( ) | | ( ) | .

2 3 2 3
sup

m

i
i t I

h he t f f tξ
= ∈

≤ ≤′ ′∑  

Theorem 2.4.4 [25]. Any real, bounded square integrable function ( )f t , [0,1),t I∈ =  and 

( ) ( ) ( ),e t f t f t= −




[0,1),t I∈ =  which 
1

( ) ( ),i i
i

f t f tχ
=

= ∑






is the block pulse series ( ),f t and 

( ),E f


 is error of numerical integration based on BPFs. Then,
3
2

| | sup | ( ) | .
2 3 t I

hE f t
∈

≤ ′


 

Proof. ( )E f


can be written in the following form : 

1 1

10 0

1| ( ) | ( ) ( ) , ,i
i

E f f t dt h f e t dt h
=

= − = =∑∫ ∫
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so,
1

1 2

0

| ( ) | ( ) | ( ) |.
2 3 t I

hE f e t dt Sup f t
∈

≤ ≤ ′∫

 

(c)  Numerical Integration formula based on Haar wavelet 

Oscillatory and highly oscillatory functions are involved in various engineering problems. FEM 

and meshless computational methods are used for evaluation of stiffness matrix and as well as 

force vector. It is time consuming factor to use the large number of gauss points for integration 

over a local sub-domain in MLPG/EFG, for the construction of set of algebraic equations from 

ODE/PDEs.  

Use of traditional numerical quadrature scheme in meshless method has the following 

shortcoming: 

Conventional Gaussian quadrature rule requires considerable number of gauss points to evaluate 

oscillatory functions in satisfactory range of accuracy [24].  

Gaussian quadrature rule is based on an infinitely differentiable interpolation function but on the 

other hand MLPG may or may not has such type of function [2,3].   

Numerical results of the Newton-Cotes quadrature rule based on large number nodes uniformly 

distributed may cause erroneous behavior with high degree of polynomial interpolation [24]. 

HWs and HFs numerical methods are proposed for the solution of above mentioned complexities 

to some extent. Using these numerical integration techniques in meshless methods give better 

accuracy with no oscillatory and ill-conditioning behavior.   

 

Before coming directly to define the Haar Wavelet, it is worthwhile to know about its little bit 

history.  Morlet (1982) introduced this notion of wavelet as a family of functions developed by 

translations and dilations. Currently, various types of wavelet are becoming more popular for the 

numerical approximation field due to their advantageous properties, such as orthonormality with 

compact support. Computational cost of the Haar wavelet algorithm is low as compared to other 

numerical algorithm. C.F. Chen [44], has proposed Haar wavelet computational method for the 
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solution of lumped- parameter system. Optimization of dynamic problems using Haar wavelet 

algorithm, was suggested by Chen and Hsiao [45-47]. Solution based on Haar wavelet numerical 

technique for non-linear integro differential equation and non-linear stiff system was proposed 

by Chun Hui Hsiao, Wen-June Wang [48-49]. A wavelet behaves like oscillation of small wave, 

initially increases, and then decreases going back to zero. Wavelets can be added, multiplied and 

shifted and as well as mathematical function to obtain purposeful information from different 

types of data.  

Definition 2.4.3:  Haar Wavelets 

Scaling function and family of Haar Wavelet is defined on the interval [a , b) as: 

Scaling function                    1

1 [ , )
( )

0 ,
for x a b

h x
otherwise

∈
= 


                                      (2.42) 

     Mother wavelet                2

1 ,
2

( ) 1 ,
2

0 .

a bfor x a

a bh x for x b

otherwise

 + ∈   
 + = − ∈  




                        (2.43) 

Functions defined on the subintervals of [ , )a b  in the family of Haar Wavelet using the dilation 

and translation properties are given below. 

                                 

1 [ , )
( ) 1 [ , )

0 ,
i

for x
h x for x

otherwise

α β
β γ

∈
= − ∈


                                                 (2.44) 

Where ( ) ,ka b a
m

α = + −
0.5( ) ,ka b a

m
β +
= + −

1( ) ,ka b a
m

γ +
= + − 3,4,5,...,2 .i M=  

2 ,jm = is the integer, 0,1,2,..., ,j J= 2MJ =  , 0,1,2,..., 1.k m= − j level of wavelet= , 

max.J resolution level=  and k represents the translation.  The relationship among parameters, 

mentioned above is given as 1.i m k= + +  
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Orthogonal property of the Haar wavelet is defined as: 

                                                 

2 ( )
( )

0 .

b j

j k
a

b a when j k
h h x dx

otherwise

− − =
= 


∫  

 

Hence any square integrable function defined in the interval ( , )a b  can be represented as infinite 

sum of Haar wavelets   
1

( ) ( ).i i
i

f x a h x
∞

=

= ∑
 
This series becomes finite if ( )f x is piecewise 

constant. 

Let us consider the integral ( ) ,
b

a

f x dx∫ defined on interval [ , ].a b   Any square integrable 

function defined on the interval can be written as 
2

1
( ) ( ).

M

i i
i

f x a h x
=

≈∑  

 

 

Lemma 2.4.1 [24]. Consider the approximate value of integral is 1( ) ( ).
b

a

f x dx a b a≈ −∫  

Proof. Seeing as ( ) 0, 2,3,...,
b

i
a

h x dx i= =∫  and 1( ) ( ),
b

a

h x dx b a= −∫  

2

1
1

( ) ( ) ( ).
b bM

i i
ia a

f x dx a h x dx a b a
=

= −∑∫ ∫
 Now the nodal points are considered for calculation of the 

Haar coefficients 0.5( ) , 1,2,3,...,2 .
2k

kx a b a k M
M
+

= + − =  So discretized equation can be written 

as 
2

1
( ) ( ), 1,2,3,...,2 .

M

k i i k
i

f x a h x k M
=

≈ =∑  

Following Lemma furnishes better formula for the calculation of Haar coefficients.  
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Lemma 2.4.2 [24]. To determine the coefficients ia  of the above mentioned system of 

equations. 

Particularly for 1a given as   
2

1
1

1 ( ).
2

M

k
k

a f x
M =

= ∑  

Proof. This lemma can be proved with the help of induction hypothesis. 

The linear system is given below when 2 , 0, 1JM J it gives M= = =  

                                                            

1 1 2

2 1 2

( )
( ) ,

f x a a
f x a a

= +
= −

 

by solving the  equations  we get, 1 1 2
1 [ ( ) ( )].
2

a f a f a= + Hence the lemma is true for 0.J =  Now 

the lemma is true for 1, 1,2,3,...J n n= − =  For , 2nJ n wehave M= = and 12n+  number of 

equations  are involved in the system with the same number of variables. After adding 

consecutive equations, a new system of 2n equation with  2n  variables are obtained. So finally it 

gives  

2.2

1
1

1 ( ),
2.2

n

kn
i

a f x
=

= ∑  so the lemma is true for .J n=  similarly it is true for .J∀  Numerical 

integration formula based on Haar wavelet is given below. 

              

2

1

( ) ( )(1 0.5)( ) .
2 2

b M

ia

b a b af x dx f a
M M=

− − − = +  ∑∫                                                  (2.45) 

(d)   Two dimensional numerical integration formula based on Haar wavelet 

Double integral formula can be derived using Haar wavelet properties and lemma as mentioned 

in above section. 

Consider the integral  ( , ) .
d b

c a
f x y dxdy∫ ∫  

This integrand can be approximated as 
2 2

1 1
( , ) ( ) ( ).

M M

ij i j
j i

f x y a h x h y
= =

≈∑∑  
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Lemma 2.4.3 [24]. The approximate value of the integral in two dimensions is  

                                                      11( , ) ( )( ).
d b

c a
f x y dxdy a b a d c≈ − −∫ ∫  

Proof.  The proof of this lemma is similar to the proof of lemma1, which has already been 

discussed. However the detail of this proof and some other mathematical notion can be seen in 

[24, 48-50] and references there in. 

The double integral formula based on Haar wavelet is given below 

2 2

2
1 1

( )( ) ( )( 0.5) ( 0.5)( , ) , ( ) .
4 2 2

d b M M

i kc a

b a d c b a k if x y dxdy f a c d c
M M M= =

− − − − − ≈ + + −  ∑∑∫ ∫         (2.46)   

(e)   Numerical integration formula based on Hybrid functions [24,50] 

for 1,m =
1

( ) ( )(2 1)( ) .
2

b n

ia

b a d c if x dx f a
n n=

− − − = +  ∑∫
                                             

(2.47) 

For two dimensional formula   

( )(18 17) ( )(18 15)832221 260808
18 18

( )(18 13) ( )(18 11)2903148 3227256
18 18

( ) ( )(18 9) (( , ) 5239790 3227256
5734400 18

d

c

b a i b a iG a G a
n n

b a i b a iG a G a
n n

b a b a iF x y dxdy G a G a
n n

− − − −   + − +      

− − − −   + + − +      

− − − = + + + +  ∫
1

)(18 7) .
18

( )(18 5) ( )(18 3)2903148 260808
18 18

( )(18 1)832221
18

b n

ia

b a i
n

b a i b a ia G a
n n

b a iG a
n

=

 
 
 
 
 
 
 − − 
    
 − − − −   + + − +        
 − − + +    

∑∫

                                                                                                                                                (2..48)                                    

                      where                                                                                                              
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( )(18 17) ( )(18 15)833331 260808
18 18

( )(18 13) ( )(18 11)2903148 3227256
18 18

( ) ( )(18 9) ( )(18( ) 5239790 3227256
5734400 18

d c i d c iF c F c
n n

d c i d c iF c F c
n n

d c d c i d c iG y F c F c
n n

− − − −   + − +      

− − − −   + + − +      

− − − − − = + + − +  1

7) .
18

( )(18 5) ( )(18 3)2903148 260808
18 18

( )(18 1)832221
18

n

i n
d c i d c iF c F c

n n
d c iF c

n

=

 
 
 
 
 
 
  
    
 − − − −   + + − +        
 − − + +    

∑  

                                                                                                                                            (2.49) 

 

2.5   Weak Formulation of Differential Equations  

There are two major types of meshless methods: 

(1) Meshless method based on collocation method  

(2) Meshless method based on Galerkin weak form   

During this study, meshless methods based on weak formulation will be discussed only. The 

same weak form is used as in the Finite Element Method (FEM). However the use of weak form 

is slightly different in meshless method because construction of the shape functions is different 

from shape function used in the FEM. The integration domain may overlap in meshless method. 

The Galerkin weak form is used to obtain the discretized system of equations from strong form 

of the differential equation. This topic and the implementation of boundary conditions can be 

observed in any book on FEM, variational calculus and references there in [2, 8]. Meshless 

methods based on strong formulation perform well for Dirichlet boundary value problems, 

however sometimes become unstable and inaccurate depending on the nature of the problems. 

Meshless methods based on weak formulation provide better accuracy and stability for Neumann 

BVP. Sometimes meshless methods based on strong and weak formulation give better accuracy.    

2.6 Concluding Remarks 
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In this chapter constituents of proposed numerical techniques of meshless method based on 
different wavelet have been investigated. Theoretical background of Moving Least Square, 
different types of weight functions, numerical integration is explored. Numerical integration 
based on wavelet was crucial in successful implementation of the proposed meshless technique.    
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Chapter 3: Singularly-Perturbed Boundary-Value Problems 

 

3.1 Introduction 

 

A lot of work has been done in the field of singularly perturbed boundary value problems [52] 

since 1980s. In this work the main objective is to implement the wavelet based numerical 

integration on singularly perturbed BVP.  

Specifically the proposed technique “Element Free Galerkin approximation based on Block-

Pulse Functions and Chebyshev Wavelets numerical integration” is implemented on singularly-

perturbed two point boundary-value problems. Numerical results for three examples are 

presented, to show the pertinent features of the proposed technique. Comparison with existing 

techniques shows that proposed method based on integration technique provides better 

approximation at reduced computational cost. 

 

This chapter provides comprehensive study of singularly perturbed boundary value problems.  

Engineering sciences face many practical problems in real life, such as the boundary layer theory 

or approximation of diverse problems described by the differential equations involving variable 

parameters. Therefore, more efficient and stable computational method is required to solve these 

problems. Asymptotic analysis has been developed for the differential operator with regular 

perturbation; however the perturbations are subsidiary to the unperturbed operator. We have to 

face some critical issues in solving problems that is perturbations that occur over a very narrow 

region across which the field variable changes rapidly. These narrow regions having small width 

are adjacent to the boundaries of the domain. Mathematically, a small parameter (variable) 

multiplied by the highest derivative of the differential equation. Consequently, these small 

regions are referred to as:  

 Boundary layers in fluid mechanics 

 Shock layers in solid and fluid mechanics  

 Transition points in quantum mechanics  

 Edge layers in solid mechanics  

 Skin layers in electrical applications 
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A lot of attention has been given by the mathematicians and researchers for the solution of such 

type of boundary value problems. Mathematically, the perturbation is “singular” when parameter 

multiplied to the highest derivative is not zero but small. Expected numerical solution of the 

boundary value problem changes very fast in small region called boundary layer, while away 

from the layer behaves regularly and varies very slowly. Mathematically another way of 

description is that a problem is called singularly perturbed problem whose perturbation series 

cannot be represented by power series i.e. that has no radius of convergence. It is very important 

to note that the zeroth-order solution depends upon the variable parameter in singularly perturbed 

problems. 

In 1904,  Prandlt  introduced term ” boundary layer “ for singularly perturbed problems. Later on 

Friedrichs and Wasow presented term “singular perturbation” in paper on non-linear vibrations. 

Initially such types of problems were solved by finite difference method. In later year’s 

mathematicians, researchers have used numerous computational methods i.e FEM, cubic, 

quartic, quintic, sextic splines methods [53, 67] to solve singularly perturbed boundary value 

problems. For details readers are referred to [52-55, 58-59]. 

J.H. He, [57] suggested some novel asymptotic methods for the solution of strongly nonlinear 

equations and singularly perturbed problems. Variational approaches, homotopy perturbation 

method, parameter-expanding method, variational iteration method (VIM) have been 

implemented for solving of the singularly perturbed problems [60-61]. 

During the last decade much progress and interest has been developed by mathematicians and 

engineers for the implementation of computational methods of singularly perturbed problems.   

These problems exist in many branches of science and engineering, for instance, fluid 

mechanics, quantum mechanics, Bubble-electro spinning for mass production of nanofibers, 

fluid dynamics, elasticity [62-63]. In addition to  nanomechanics in textile engineering, fractal 

approach to carbon nanotube, E-infinity theory in high energy physics, Spider-spinning process, 

Kleiber’s 3/4 law in biology, chemical-reactor theory, plasticity,  aerodynamics, rarefied-gas 

dynamics, magneto-hydrodynamics, plasma dynamics, meteorology, reaction-diffusion processes 

, oceanography, diffraction theory, non-equilibrium and radiating flows [67] etc. are also 

included. 
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Some simple models regarding singular perturbation are available in the literature such as 

viscous flow past a sphere, child’s swing, a piston problem, a variable-depth Korteweg-de Vries 

equation for water waves. 

 

In recent years, large numbers of numerical methods have been developed to provide accurate 

numerical solution of singularly perturbed boundary value problems. Natesan and Ramanujan 

[64] have used asymptotic method, Mohanty and Jha. [65] have given compression based spline 

method. Khan et al., Aziz and Khan [66], have presented many papers on this topic. Similarly  

Kadlbajoo, Surla, M.Stojanovic et al. [54-56] have contributed in the same field.   

3.2. Numerical Examples 

Consider a Second order singularly perturbed boundary problem 

                                                      '' ( ) ( )y P x y f xε− + =                                                  (3.1) 

and boundary conditions 

                                                            (0) 0, (1) 0.y y= =                                                  (3.2) 

 

Strong form and boundary conditions are satisfied in an integral sense which gives rise to weak 

or variational form of the given problem. For detail study of weak formulation is referred to [2, 

8] and references there in. 

The problem (3.1) can be written as: ( )'' ( ) ( ) 0
b

a

y P x y f x vdxε− + − =∫  

where 𝜀𝜀 is small positive parameter such that 10 ≤< ε ,  v  is the test function [2] and ( ), ( )P x f x  

are small bounded real functions.  Singularly perturbed BVP, are solved for different values of 

perturbation and number of nodes with the help of improved EFG based on numerical integration 

using Chebyshev (CW) and Block pulse functions/wavelets (BPF). Maximum absolute errors in 

solution are tabulated and compared with the results existing in literature. The comparison shows 

improved accuracy. 
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The numerical solution of singularly perturbed problem has greater significance in the 

engineering fields such as fluid mechanics; chemical reactor theory etc.  

Problem 3.2.1: [54-56]. In order to estimate the accuracy of EFG based on wavelet numerical 

integration for solving singularly perturbed boundary value problems. Following examples are 

considered because they have been commonly discussed in the existing literature and also 

approximate solutions are available for comparison. 

                        
( )2 2'' cos 2 cos(2 )y y x xε π επ π− + = − −                                                    (3.3) 

                           (0) 0, (1) 0y y= =                                                                                    (3.4) 

The exact solution of (3.3) is given as: 

                    

( 1)/ ( / )
2

( / )
( ) cos ( ).

1

x x

x

e ey x x
e

ε ε

ε
π

− −

−

+
= −

+
                                                            (3.5) 

Figure3.1: Plots of numerical and analytical 

solutions for problem 3.2.1 (10 nodes) 

 

 

Figure 3.2: Error plot for  problem 3.2.1       

                  (10 nodes) 

Problem 3.2.2  [68] 

Consider the following second order singularly perturbed boundary problem [68]: 

                           
2'' (1 ) 40( ( 1)) 2y x y x xε ε− + + = − − −                                                  (3.6) 

                                               (0) 0, (1) 0.y y= =                                                             (3.7)        

The analytical solution of (3.6) is as follows: 

0.0 0.2 0.4 0.6 0.8 1.0
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                                              ( ) 40 (1 ).y x x x= −                                                              (3.8) 

 

Figure 3.3: Plots of numerical and analytical 

solutions for problem.3.2.2 (10 nodes) 

 

Figure3.4: Error plot for  problem 3.2.2 (10  

nodes) 

Problem 3.2.3  [149]. 

Consider the fourth order singularly perturbed BVP. 

                             '''' ( )y y sin xε π− + =                                                                           (3.9) 

                             (0) 0, (1) 0,y y= = 4010ε −= .                                                              (3.10) 

                Exact solution 
2 2 2

( )
( )

sin xy
i

π
επ

=
−

                                                                    (3.11) 

Figure 3.5: Plots of numerical and analytical 

sol. for problem. 3.2.3 (20 nodes) 

 

Figure 3.6: Error plot problem 3.2.3 (20 nodes) 
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3.3 Results and Discussion 

Three examples are solved using present technique for different parameters (perturbation) and 

various step lengths. Maximum errors 
0
max ( ) ( )n

i ii n
e y x y xε ≤ ≤

 = −  



  encountered using presented 

technique based on Block Pulse Function (BPF) and Chebyshev Wavelet (CW) for test problem 

3.2.1 is shown in Table 3. 1. Comparison of Maximum absolute errors with reference results [54, 

55, 56] shown in Tables 3.2-3.4 demonstrates accuracy of the said method. 

Test Problem 3.2.2 is evaluated using improved EFG technique with maximum absolute errors 

shown in Table 3.5. Comparison with reference results [68-70] in Table 3.6 proves that presented 

method in chapter 2, provide better accuracy at lesser number of nodes. Finally, numerical 

results of singularly perturbed fourth order BVP are presented in Table 3.9. The results obtained 

by the suggested method for three numerical examples exhibit its ability to provide improved 

solutions of second and fourth order singularly perturbed boundary value problems. The 

improved EFG technique showed fast convergence and provided better results at reduced number 

of nodes. Therefore, the results obtained with this numerical technique are very encouraging as 

compared with other existing methods. Moreover this technique gives highly accurate results on 

a very coarse mesh in comparison with traditional finite element method or finite difference 

method. However it has been observed, that the accuracy of this numerical technique depends 

upon the size of influence of domain, penalty factor, choice of weight functions as well as 

sample points in integration formulae. Finally L-2 norm errors for problems 3.2.1-3.1.2 are 

presented in the Tables 3.7-3.8. This error depends upon the positivity property of the weight 

function.   
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Table 3.1: Comparison of results for Problem 3.2.1 

𝜀𝜀 

Maximum Absolute Error problem 3.2.1, ||Error|| (Proposed Method) 

Nodes=8 

EFG 

based on 

BPF 

Nodes=16 

EFG based 

on  

BPF 

Nodes=8  

EFG based 

on 

CW,(2.41b) 

 

Nodes=16 

EFG based 

on 

CW, (2.41b) 

Nodes=8  

EFG based 

on 

CW, (2.41a) 

Nodes=16 

EFG based 

on 

CW,(2.41a) 

1/16 3.33E-4 5.63E-6 3.33E-4 3.75E-9 3.33E-4 4.14E-9 

1/32 6.20E-4 8.014E-6 6.16E-4 9.066E-9 6.16E-4 4.51E-9 

1/64 1.79E-3 1.22E-5 1.78E-3 1.33E-7 1.78E-3 1.17E-7 

                        Table 3.2: Comparison of results for problem 3.2.1 [55] 

𝜺𝜺 

Maximum Absolute Error, ||Error|| (Surla & Stojanovic [55]) 

 N=16 N =32 

 

N=64 

 

N=128 N=256 

1/16 8.06E-3 2.02E-3 5.08E-4 1.27E-4 3.17E-5 

1/32 7.11E-3 1.79E-3 4.48E-4 1.12E-4 2.80E-5 

1/64 6.58E-3 1.66E-3 4.15E-4 1.04E-4 2.60E-5 
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                         Table 3.3: Comparison of results for problem 3.2.1 [56] 

𝜀𝜀 

Maximum Absolute Error, ||E|| (Surla & Stojanovic [56]) 

 N=16 N =32 

 

N=64 

 

N=128 

 

N=256 

1/16 4.14E-3 1.02E-3 2.54E-4 6.35E-5 1.58E-5 

1/32 3.68E-3 9.03E-4 5.61E-5 1.40E-5 3.50E-6 

1/64 3.45E-3 8.40E-4 2.08E-4 5.20E-5 1.30E-5 

                               Table 3.4: Comparison of results for problem 3.2.1 [54] 

𝜀𝜀 

Maximum Absolute Error, ||E||(Kadalbajoo and Bawa [54]) 

 N=16 

 

N =32 

 

N=64 

 

N=128 

 

N=256 

1/16 7.09E-3 1.77E-3 4.45E-4 1.11E-4 2.78E-5 

1/32 5.68E-3 1.42E-3 3.55E-4 8.89E-5 2.22E-5 

1/64 4.07E-3 1.01E-3 2.54E-4 6.35E-5 1.58E-5 

                      Table 3.5: Comparison of results for problem 3.2.2 

𝜺𝜺 

Maximum Absolute Error, ||E|| (Proposed Method) 

Nodes=4 

EFG 

based on 

BPF 

Nodes=8 

EFG based 

on BPF 

 

Nodes=4  

EFG based 

on  

CW(2.41b) 

Nodes=8 

EFG based 

on  

CW (2.41b) 

Nodes=4  

EFG based 

on 

CW (2.41a) 

Nodes=8 

EFG based 

on 

CW (2.41a) 

10E-4 1.039E-8 9.70E-7 3.55E-14 3.23E-12 3.19E-14 4.81E-12 
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10E-5 1.040E-9 9.98E-8 3.55E-14 4.35E-13 3.46E-14 1.13E-12 

10E-6 1.040E-10 1.00E-8 3.41E-14 3.05E-12 3.73E-14 1.74E-12 

10E-7 1.038E-11 1.00E-9 3.37E-14 1.20E-12 3.28E-14 3.06E-12 

10E-8 1.051E-12 1.10E-10 3.46E-14 1.11E-12 3.90E-14 3.94E-13 

10E-9 1.33E-13 8.73E-12 3.55E-14 3.98E-12 3.28E-14 3.181E-13 

10E-10 4.26E-14 6.38E-12 3.19E-14 3.09E-12 3.73E-14 4.33E-13 

 

                    Table 3. 6: Comparison of results for problem 3. 2.2 [68-70] 

𝜺𝜺 

Maximum Absolute Error, ||E|| [68-70] 

Method 

[68] 

N=16 

Method [68] 

 N=32 

Method [69] 

N=16 

Method [69] 

N=32 

Method[70] 

N=16 

Method[70] 

N=32 

10E-4 2.5E-2 6.4E-3 2.6E-2 6.5E-3 6.5E-5 5.9E-5 

10E-5 2.1E-2 6.1E-3 2.4E-2 6.4E-3 3.6E-5 2.1E-5 

10E-6 7E-3 4.1E-3 1.7E-2 5.6E-3 3.3E-5 3.5E-5 

10E-7 7.5E-4 7.7E-4 6.9E-3 3.1E-3 2.6E-5 3.9E-5 

10E-8 7.4E-5 7.6E-5 2.3E-3 1.2E-3 2E-5 2.1E-5 

10E-9 6.7E-6 6.7E-6 7.6E-4 3.8E-4 2E-5 2.1E-5 

10E-10 0 0 2.4E-4 1.3E-4 1.1E-5 1.4E-5 
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Table 3.7: L-2 Norm error for problem 3.2.1, perturbation=1/16 

                  

 

 

 

 

Table 3.8: L-2 Norm error for problem 3.2.2, perturbation=0.0001 

Type of basis EFG based on CW (2.41b), 

Nodes=4 

L-2 Norm Error 

Constant 0.41 

Linear 0.067 

quadratic 2.5E-15 

Table 3.9 Fourth order singularly perturbed boundary value problem 3.2.3, using EFGBPF 

Perturbation  parameter Max. Error for Ten nodes Max. Error, Nodes=20 

4010ε −=  2.24E-7 3.06E-10 

3.4 Concluding Remarks  

Singularly perturbed boundary value problems have been solved successfully by employing 
proposed technique based on BPFs/CW. Numerical results as compared to classical methods are 
more accurate and stable. However the source terms in test problems are oscillatory in nature. It 
has also been observed that quadratic basis in the proposed method produces more accurate 
numerical results.  

Type of basis EFG based on CW (2.41b),  Nodes=16 

L-2 Norm Error 

Constant 0.000022 

Linear 0.000067 

quadratic 2.46E-9 
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Chapter 4:  Second Order Boundary Value Problems:  

(Analysis of Structures) 

4.1 Introduction 

It is well known that the differential equations have broad applications in a variety of 

engineering and science disciplines. Various linear and nonlinear problems in the fields of 

physics, engineering, nature, economics and medicine are modeled by second order boundary 

value problems which have analytical/numerical solutions.  A large number of second-order 

differential equations arising in pragmatic applications cannot be solved exactly, so we have to 

numerically simulate such systems using mathematical models. Differential equations generally 

deal with quantities that change over space or time, leading to important discoveries in the 

scientific world. In general, mathematical modeling of the changes in physical and chemical  

quantities, such as displacement, buckling, velocity, temperature, pressure, stress, strain, density, 

current, voltage, concentration of a pollutant, structural dynamics, mechanical vibration, heat 

transfer, theory of electric circuits,  with the change of time or position, result in differential 

equations. It is very important for scientist and engineers to transform the physical phenomena 

into mathematical description for study of the behavior of solution.  

In this chapter  the problems arising in structural mechanics concerned with applying Newtonian 

mechanics to the analysis of internal forces, deformations and stresses within continuum /framed 

structural elements and sub-assemblages are investigated, either for performance or design 

purpose. The problems relating to stress analysis of viscoelastic material undergoing mechanical 

large deformation, temperature in a circular ring, a bar subject to body force etc [71-78] have 

been considered. Structural analysis of viscoelastic material is the core topic in computational 

mechanics. In structural analysis, the stresses calculated employing finite element method 

algorithms are less accurate because the elements become highly distorted due to viscoelastic 

material properties. The proposed method has been implemented for the problems 4.1-4.5. 
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4.2. Numerical Examples 

Variational / Weak form has been discussed in previous chapters and for  detail study readers are 

referred to  [2,8]. Second order boundary value problem is given below in the integral form: 

                                         ,0()(∫ =







−






−

b

a

vdxxf
dx
duxp

dx
d

                             (4.1) 

where ( ), ( )p x f x , are bounded functions, u  is the trial function and v   is the test function. A 

system of linear equations is given below after integration by parts and substituting the shape 

functions and boundary conditions in equation (4.1). 

 
                    

( ) ,ˆ)'(')(∫ ∫ Φ=ΦΦ
b

a

b

a

T dxfdxxp u                                                        (4.2) 

                                                   ,ˆ FK =u                                                                 (4.3) 

                                                  ( ) ,)'(')(∫ ΦΦ=
b

a

T dxxpK                                         (4.4) 

                                                 .
b

a

F f dx= Φ∫                                                           (4.5) 

Solving the system of equation, we get û nodal fictitious values. Required numerical solution can 

be determined by multiplication of nodal fictitious values and shape functions Φ  

                                                            ˆ .= Φu u                   

Consider the following problems for testing of proposed technique. These particular problems 

have a lot of applications in different field of sciences. For example viscoelastic thick cylinder 

has significance importance in propulsion and biomedical engineering field.                                                   
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Problem 4.2.1  

Consider a thick-walled viscoelastic cylinder, with the following geometry parameters and 

boundary conditions: radiusinnera = , radiusouterb =  25.0=a  m, 5.0=b m, 200=ip MPa,

0=op ,  

Material properties: Effective modulus of elasticity is obtained from prony series [73],      

                      ∑
=

−+=
n

i

t
i

ieEEtE
1

/
0)( τ ,                                                                            (4.6) 

 where t is the current time & iτ  is relaxation time.       

0 1 2 30.168169 6, 0.098714 6, 1.930384 6, 0.705886 6E E E E E E E E= + = + = + = +  

For 1sec,t =  we get 2.9E Mpa=  and poisson ratio 0.499.V =  

Find the following parameters assuming plane stress state: 

 Radial displacement u , radial stress rσ , tangential stress θσ , in  cylinder. 

 Mathematical Formulation 

The solution of the thick-wall cylinder problem can be found by solving the equation of 

compatibility in polar coordinates, which is a fourth order partial differential equation of Airy 

stress function, or by using axis-symmetry conditions to formulate the problem as a second order 

differential equation of displacement, or equivalent forms (potential energy, integral equation, 

etc.).  The last approach is adopted in this thesis, as it is direct and does not require inverse or 

semi-inverse solution methods [74-75].  The details of this approach are given in [75] and the 

relevant formulas are summarized as follows.  The radial strain, rε , tangential strain, θε , in 

terms of radial displacement, u  are given as: 

                              
dr
du

r =ε                                   (4.7) 

                            
r
u

=θε                         (4.8) 
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The radial stress, rσ , and tangential stress, θσ , in terms of radial displacement, u , are given as 

                       21r
E du uV

dr r
σ

ν
 = +  −

                                         (4.9) 

                          21
E du uV

dr rθσ ν
 = +  −

                     (4.10) 

The governing equation for radial displacement u  is given by 

                            01
22

2

=−+
r
u

dr
du

rdr
ud                                                       (4.11) 

Using Equations 4.9-4.10, the boundary conditions ir pa −=)(σ  and or pb −=)(σ  can be 

rewritten as  

                         ( ) ( ) 21
i

u a Vu a V p
a E

−
+ = −′                                                     (4.12) 

                               ( ) ( ) 21
o

u b Vu b V p
b E

−
+ = −′                       (4.13) 

The exact solution of problem 4.1 is shown in equations (4.14-4.16). 

                  
( ) ( )

( )
2 2 2 2

2 2 2 2

1 1i o i oa p b p r p p a bV Vu
E b a E b a r

− −− +
= +

− −
                     (4.14) 

                 
( )
( ) 222

22

22

22

rab
bapp

ab
pbpa oioi

r −
−

−
−
−

=σ                         (4.15) 

                
( )
( ) 222

22

22

22

rab
bapp

ab
pbpa oioi

−
−

+
−
−

=θσ                                                        (4.16)     

Results obtained by proposed method compared with analytical and finite element method 

(ANSYS®) are shown in the Table 4.1. Element 183 (mid node) has been used in ANSYS®. The 

domain is discretized so as to give 6 edge nodes.          
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                            Table 4.1: Comparison of results for problem 4.1, using EFG based on BPF 

Basis  Nodes Max. Abs. Relative Error in 

Radial Stresses 

Max. Abs. Relative  Error in Tangential Stresses 

Proposed 

method 

using 

ANSYS 

using 

ABAQUS 

proposed 

method 

  

using ANSYS® using ABAQUS 

linear 10 0.07 0.157 0.157 0.0018 0.008 0.008 

              

 

Figure 4.1: Plots of numerical and analytical sol. for  

problem 4.2.1 (10 nodes)   

 

Figure 4.2: Error plot for  Problem 4.2.1 (10 

nodes) 
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Figure 4.3: Plots of numerical and analytical 

solutions for problem 4.2.1 (radial stresses, 10 

nodes) 

 

Figure 4.4 : Error plot for problem 4.2.1 (10 nodes) 

 
Figure 4.5: Plots of numerical and analytical 

solutions for problem 4.2.1( tangential stresses,  10 

nodes) 

 

Figure 4.6: Error plot for  problem 4.2.1 (10 nodes)  
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Figure 4.7:  Radial stresses using ANSYS, problem 4.2.1 

 

 

Figure 4.8: Tangential stresses using ANSYS,  

problem 4.2.1 

 

Figure 4.9: Error plots of radial stresses using 

EFG, FEM(ANSYS/ABAQUS)  and exact sol. 

for  problem 4.2.1 

 

Figure 4.10:Error plots of tangential stresses using 

EFG, FEM(ANSYS/ABAQUS) and exact sol. for  

problem 4.2.1 

 Test problem 4.2.1, was solved for ten numbers of nodes with the help of improved EFG based 

on numerical integration using Block Pulse Functions (BPF). Maximum absolute relative errors 

are tabulated and shown in the figures 4.1-4.8. It has been investigated that the results of our 

proposed method for problem 4.2.1 are more accurate and stable as compared to the results 

obtained by ANSYS/ABAQUS (FEM), however mid node element was used in ANSYS. It is 

clear from results (Table 4.1) and figures 4.9-4.10, that significant errors occur when FEM is 

used to handle such type of problems with Poisson ratio, 0.499 (Viscoelastic material).  
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Problem 4.2.2 [75-77]. 

The Temperature u(r) in the circular ring is determined from boundary-value problem.              

       02

2

=+
dr
du

dr
udr ,        0)( uau = ,        1)( ubu =                                                       (4.17) 

              2)1( =u , 4)2( =u  

Exact solution:     
)/ln(

)/ln()/ln()( 10

ba
arubruru −

=                                                           (4.18) 

         Table 4.2: Comparison of results for problem 4.2.2, using EFG based on BPF 

Type of 

Basis 

Number 

of Nodes 

Max. Abs. 

Error 

using BPF 

RBF 

Approximation 

Max. Absolute 

Error 

Constant 6 5.5E-5 9.4E-2 

Constant 12 3.7E-5 1.0E-1 

Linear 6 4.2E-5 - 

 

Figure 4.11 : Plots of numerical and analytical 

solutions for problem 4.2.2 (6 nodes) 

 

Figure 4.12: Error plot for problem 4.2.2 (6 

nodes) 
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Problem 4.2.3  [19]. 

A one dimension bar subjected to body force. The governing equation and the boundary 

conditions are shown as follows:  

                 
,010)(

2

2

=+ x
dx

xudE  ,0)10(,0)0( == uu   and    Modulus   E=3E+7.       (4.19) 

                Exact Solution 

                          
E

x
E
xxu

3
500

3
5)(

3

+−=                                                                            (4.20) 

Table 4.3: Comparison of results for problem 4.2.3 

Number 

Of  Nodes 

EFGBPF Max. Abs. 

error  

EFGBPF 

L2- Norm 

error  

EFG based on BPF 

Energy-norm error  

RBF 

Approximation 

Max. Abs. error 

20 5.95E-10 3.43E-9 3.26E-8 2.94E-6 

30 2.48E-10 3.163E-10 3.16E-9 1E-6 

 

Figure 4.13: Plots of numerical and analytical 

solutions for problem 4.2.3 (20 nodes) 

 

Figure 4.14: Error plot for  problem 4.2.3 

(20 nodes) 
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Problem 4.2.4: [75]. 

Consider the problem transverse displacement of a non-uniform cable fixed at both ends and 

subjected to a distributed transverse force. 

The governing equation and the boundary conditions are shown as follows:  

                                 0))1(( =−+− f
dx
dux

dx
d ,                                                           (4.21) 

                                     0)1(,0)0( == uu                                                                     (4.22) 

                 Exact solution:   )1()( xxxu −=                                                                  (4.23) 

Table 4.4: Comparison of results for  problem 4.2.4 

Method 

EFG 

Based on 

Type of 

Basis  

Number 

Of Nodes 

Max. Abs. 

Error  

L2- Norm 

Error  

Energy-

norm 

 Error  

BPF Linear 

basis 

6 9.2E-5 5.97E-5 9.17E-4 

BPF Quadratic 3 3.75E-7 2.73E-7 9.08E-7 

CW (2.41a) Quadratic 3 2.77E-17 0 5.69E-17 

CW(2.41a) Quadratic 6 1.14E-14 7.21E-15 6.85E-14 
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Figure 4.15: Plots of numerical and analytical 

solutions for problem 4.2.4 (3 nodes)  

 

 Figure 4.16: Error plot  for                            

                                  problem 4.2.4  (3 nodes)     

 

Problem 4.2.5: [80] 

One-dimensional model of various important following physical  processes which often exhibit a 

remarkable oscillatory behavior and are modeled by Sturm-Liouville BVPs. 

 Quantum physics, quantum chemistry, Schrödinger problems 

 Acoustics 

 Vibration and heat flow problems 

 Geophysical applications 

Consider the Sturm-Liouville boundary value problems:   

)()( xf
dx
duxp

dx
d

=





− ,           , ( ) ( ) 0.a x b u a u b< < = =        (4.24)  

,1)(,)( )1()1( xx exfexp −− +==    in the interval               ].1,0[],[ =ba  

         Exact solution:                            )1()( )1( −−= xexxu                                             (4.25)      

0.0 0.2 0.4 0.6 0.8 1.0
0

5. 1018

1. 1017

1.51017

2. 1017

2.51017

x

dis
p_

Er
ro

r



61 
 

Figure 4.17: Plots of numerical and analytical 

solutions  problem 4.2.5,  (10 nodes)  

 

Figure 4.18: Error plot for problem 4.2.5, 

(10 nodes) 

Table 4.5: Comparison of results for problem 4.2.5 

Finite 

difference 

solution 

   [78] 

Finite 

element 

solution 

  [78] 

Finite 

volume 

solution  

  [78] 

B-Spline 

interpolation 

                                                                                                                  

[78] 

RBF 

Euclidean, 

meshless 

method 

      [81] 

RBF 

(Gaussian) 

meshless 

method  

    [81] 

Wavelet 

based 

Galerkin 

method 

  [82] 

Proposed 

method at 

10 nodes 

8.2E-3 6.35E-3 3.18E-3 4.2E-5 4.8E-5 6.8E-5 3.2E-4 2.6E-6 

 

Problem 4.2.6: [141]   

Consider non linear problem  

𝑢𝑢′′ = 16𝑢𝑢2 + 𝑥𝑥2 + 1, with  boundarry conditions:       𝑢𝑢(1) = 𝑢𝑢(0) = 0. 

 
Figure 4.19: Plots of numerical results by 
proposed  method  and  solution obtained via 
Mathematica,   problem 4.2.6,  (10 nodes) 

 
Figure 4.20: Error plot for problem 4.2.6, (10 
nodes) 
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4.3 Results and Discussion 

Linear and non linear problems were solved with the help of meshless method based on 

numerical integration using Block Pulse Functions/Wavelets (BPF)/ Chebshev Wavelet. 

Maximum absolute errors in solution are presented in the Tables 4.2-4.5 and figures 4.11-4.20 

for problems 4.2.2-4.2.6 and compared with the results existing in literature; our proposed 

method shows better accuracy. It has also been observed, that the accuracy of this numerical 

technique depends upon the size of influence of domain, penalty factor and as well as integration 

points. In conventional numerical integration techniques, the accuracy of numerical method 

improves as increase the number of integration points, however if the number of gauss points 

exceeds some limiting value, it may have some adverse effects on the accuracy. It has been 

determined that arrangement of background cells and ratio of total number of Gauss points to the 

total number of nodes plays very important role in accuracy. To avoid all these complications 

and improve the numerical accuracy, the EFG method based on wavelet integration has been 

proposed.  

4.4 Concluding Remarks 

Structural related problems specifically viscoelastic materials have been solved by proposed 

method and compared with the results obtained by some other classical numerical methods such 

as finite difference, FEM and Radial Basis Functions (RBF) approximation methods. Various 

benchmark numerical test examples subjected to displacement and stresses are solved to 

elaborate the implementation and performance of the presented approach. Excellent conformity 

has been shown between the analytical solution and the results obtained by proposed method.  
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Chapter 5: Fourth Order Boundary Value Problems 

5.1 Introduction 

As discussed already in chapter 2, finite element method (FEM) is being replaced by meshless 

methods. In previous chapter implementation of meshless method on structure related problems 

was done. In this chapter, the meshless method (EFG) based on wavelet numerical integration 

has been implemented on fourth order boundary value problems with homogeneous and non-

homogeneous boundary conditions in section I and obstacle, contact unilateral problems in 

section II. 

A variety of problems in structural and fluid mechanics are characterized by differential 

equations in space and time. Fourth order boundary value problems deal with the relationship 

between the beam's deflection and the applied load. Viscoelastic and inelastic flows [83], 

deformation of beams with linear and nonlinear boundary conditions [84] and plate deflection 

theory [85] are also modeled by fourth order differential equation.  Structural mechanics confines 

the scope of study from solid mechanics which deals with the motion and deformation of solids, 

together with microscopic exploration of material behavior.  Effects of stability, dynamic, and 

non-linear behavior are included for structural analysis. 

Usually following three approaches are used for structural analysis [86-90]:  

 Strength of materials 

 Elasticity theory  

 Computational method (Finite element method/Meshless method ) 

The first two methods are being used for analytical formulations which give closed-form 

solutions.  The third, a computational method for the solution of field problems such as 

displacement field, stress field, etc., is very commonly used for structural analysis.  The 

algebraic and differential equations are required for the formulation of finite element method 

which is based on theories of mechanics such as strength of materials and elasticity theory.  

Analytical technique is employed for simple linear elastic problems, while the numerical method 

is computer oriented and applicable to structure related problems of great complexity.  
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Regardless of any approach, either analytical or numerical, structural analysis depends upon the 

some fundamental relations such as stress, strain-deformation constitutive, compatibility and 

equilibrium.  The solutions are said to be approximate when any of these relations are satisfied 

approximately.  

Many developments have been made in the strength of materials and elasticity approaches.  

Stephen P. Timoshenko Vasilii Z. Vlasov (1951-1961) generalized the Timoshenko's problems 

and enunciated the relationship between the Euler-Bernoulli’s beam theory and the modern 

theory of thin-walled members. 

The use of Computational methods was made practical when Clough and Wilson presented fully 

automated finite element method for modeling of structures in 1960s by discretizing a 

continuous system into finite number of elements and nodes.  

The higher order ordinary differential equations are more complex. Conventionally 

displacement–based approaches in FEM, interpolation of displacement requires 1c  continuity (to 

ensure the convergence of FEM), which involves very intricate shape functions. These shape 

functions occupy large number of degrees of freedom in every element, including nodal 

rotations, displacement etc. For detailed discussion for solving Bernoulli-Euler beam problems, 

the readers are referred to works [91] and references therein. A lot of numerical methods [83-85, 

92-97] have been used for the solution of fourth order BVPs.  

5.2 Weak formulation of fourth order BVP 

Strong form of fourth order differential equation: 

                                         

4

4( ) ( ) ( ) ( )d uD x k x u x f x
dx

+ = ,                                                           (5.1) 

where  ( ), ( ) ( )D x k x and f x  are bounded functions. 

Transform the strong form of fourth order boundary value problem (5.1) into symmetric 

variational or weak form using variational calculus [2,8] . Equation (5.1) can be written in 

integral form as: 
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                                         ,0)()()()( 4

4

∫ =







−+

b

a

vdxxfxuxk
dx

udxD                           (5.2) 

where u  is the trial function and v   is the test function. Following system of linear equations 

system is obtained after integration by parts and substituting the shape functions and boundary 

conditions in equation (5.2). 

( ) ,ˆ)()''('')(∫ ∫ Φ=ΦΦ+ΦΦ
b

a

b

a

TT dxfdxxkxD u                                                             (5.3) 

                                                   ,ˆ FK =u                                                                    (5.4) 

                                                  ( ) ,)()''('')(∫ ΦΦ+ΦΦ=
b

a

TT dxxkxDK                      (5.5) 

                                                 ,∫ Φ=
b

a

dxfF                                                               (5.6) 

By solving the system of equations, û nodal fictitious values are obtained,. Required Numerical 

solution can be determined by multiplication of nodal fictitious values and shape functions ,Φ  

                                                         ,ˆΦ= uu                                                                (5.7) 

5.3 Numerical Examples 

Consider the following three problems for testing of proposed computational method. 
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5.3.1 Section I: (Beam Problems) 

To achieve an efficient and accurate meshfree method, one should decrease the order of the 

derivatives of the trial function in the local weak forms. There are many ways to get this purpose. 

The method which is used in this thesis by means of integrating by parts, through which the 

differentiation can be transferred from the trial function, u, to the test function, v.  

Problem 5.1: [91, 98] 

Description of the problem: Fourth order differential equations arise in a variety of physical 

problems which include certain phenomena related to the theory of elastic stability. Linear elastic 

beam which governs fourth order ordinary differential equation: 

                     
,01)( 4

4

=−+ u
dx

udxD                                                                                     (5.8) 

 where ( )D x EI=  (flexural rigidity), E= modulus of elasticity, I=moment of Inertia and 0 1.x< <   

       Boundary conditions (0) (0) 0,u u= =′′     and (1) (1) 0,u u= =′′                                                                                                

Assuming for the purpose of analytical solution and simplicity  ( ) tan 1.D x EI cons t= = =  

Exact solution: 
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                             (5.9) 

 The numerical solution with 16 nodes is presented and compared with analytical 
results. Atluri [91] used Meshless Local Petrov Galerkin method (MLPG) for this problem and 
discussed results obtained for 20 nodes. Results of first and third derivative of the solution 
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showed in figures 5.6-5.7 shows that MLPG losed accuracy. Comparison with proposed 
technique highlights its superiority over the MLPG in this case. 

Figure 5.1:Plots of numerical and analytical 

solution for problem 5.1, (16 nodes with quadratic 

basis) 

 

Figure 5.2: Error plot for problem 5.1, (16 

nodes with quadratic basis) 

 

 

Figure5.3: First derivative of solution for 

problem 5.1 (16 nodes with quadratic basis)  

 

 

Figure5.4: Second derivative of solution for 

Problem5.1 (16 nodes with quadratic basis) 
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Figure5.5: Third derivative of solution for 

problem 5. 1   (16 nodes with quadratic basis) 

 

 

Figure5.6: Second derivative of solution for 

problem 5.1 [91], (20 nodes) 

 

Figure 5.7: Third derivative of solution for 

problem 5.1 [91], (20 nodes) 

Table 5.1: Comparison of results for problem 5.1, using EFG based on BPF 

Type of Basis Number of 

nodes 

Max.Absolute 

error 

L-2 Norm Energy Norm 

constant  4 5.2E-4 3.7E-4 2.1E-3 

constant 8 2.68E-6 1.64E-6 2.6E-5 

constant 16 3.09E-6 1.618E-6 2.4E-5 
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Linear 4 1.55E-3 9.5E-4 3.6E-3 

Linear 8 2.09E-6 1.07E-6 1.5E-5 

Linear 16 7.20E-7 4.33E-7 6.17E-6 

Quadratic 4 2.55E-3 1.62E-3 5.89E-3 

Quadratic 8 3.51E-7 2.03E-7 3.03E-6 

Quadratic 16 5.04E-9 3.76E-9 1.33E-8 

Table 5.2: Comparison of results for problem 5.1 using EFG based on CW (2.41a) 

Type of Basis Number of 

nodes 

Max.Absolute 

error 

L-2 Norm Energy Norm 

constant  4 5.23E-4 3.75E-4 2.16E-3 

constant 8 3.01E-6 1.80E-6 2.8E-5 

constant 16 2.65E-6 1.52E-6 2.16E-5 

Linear 4 1.55E-3 9.5E-4 3.69E-3 

Linear 8 2.10E-6 1.07E-6 1.55E-5 

Linear 16 1.25E-6 6.47E-7 9.37E-6 

Quadratic 4 2.55E-3 1.62E-3 5.88E-3 

Quadratic 8 3.56E-7 2.03E-7 3.03E-6 

Quadratic 16 4.79E-12 2.63E-12 6.33E-11 
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Table5.3:  Comparison of results for problem 5.1, using EFG based on CW (2.41b) 

Number of 

nodes 

Max.Absolute 

error 

L-2 Norm Energy 

Norm 

Max. absolute error 

Galerkin 

method(Trignometric trial & 

test function) [91] 

4 2.5E-3 1.62E-3 5.88E-3 2.5E-3 

8 3.56E-7 2.03E-7 3.03E-6 1.52E-4 

10 2.44E-9 1.37E-9 2.70E-8 6.5E-5 

It has been investigated that the maximum absolute error of presented computational method is 

less as compared to standard Galerkin method as mentioned in column 5 of table 5.3.  

Problem 5.2 [99-100]. 

Consider the beam equation: 

( ) 1,0,)cos(4)sin( 34
4

4

====≤≤−= LIEpLxxxxp
dx

udEI ππππ                                (5.10) 

With corresponding non-homogeneous boundary conditions 

ππ 2)('',0)(,2)0('',0)0( −==== LuLuuu  

Exact solution of equation (5.10) can be expressed as         

                          ( ) sin( ).u x x xπ=                                                                                         (5.11) 

It should be noted that change the non-homogeneous boundary conditions to homogenous 

boundary conditions for the purpose of variational formulation, introduces a new unknown as 

Lxxwxuxu ≤≤+= 0),()()( 0  

( ) ),12(1)( 22 −−−= xxxxw π  
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Problem becomes  

( ) 1,0,120240)cos(4)sin( 34
4

04

====≤≤−+−= LIEpLxxxxxp
dx

udEI ππππππ  

(0) 0, ''(0) 0, ( ) 0, ''( ) 0.u u u L u L= = = =  

 

Figure5.8: Plots of numerical and analytical 

solutions for problem 5. 2 (10 nodes) 

 

Figure 5.9: Error plot for problem 5.2 (10 

nodes) 

 

 

Figure5.10: First derivative of solution (10 

nodes), Problem 5.2 

 

 

Figure5.11: Second derivative of solution (10 

nodes), Problem 5.2 
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Figure 5.12: Third derivative of solution for 

problem 5.2,  (10 nodes) 

Table 5.4:  Comparison of results for problem 5.2 using EFG based on BPF 

Type of Basis Number of 

nodes 

Max. Absolute 

error 

L-2 Norm Energy Norm 

Linear basis 10 1.33602E-7 7.97787E-8 1.74797E-6 

Quadratic basis 10 3.53402E-7 2.65202E-7 2.92456E-6 

Table5.5:  Comparison of results for problem 5. 2, using EFG based on CW (2.41a) 

Type of Basis Number of 

nodes 

Max. Absolute 

error 

L-2 Norm Energy Norm 

Linear basis 10 1.289E-4 6.857E-5 1.148E-3 

Quadratic basis 10 1.31417E-7 7.944E-8 1.791E-6 
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Table 5.6:  Comparison of results for problem 5.2, using EFG based on CW (2.41b) 

Type of Basis Number of 

nodes 

Max. 

Absolute 

error 

L-2 Norm Energy 

Norm 

Max. 

Absolute 

error, 

Numerical 

solution 

using 

Mathematica 

for exact 

solution 

Linear basis 10 1.289E-4 6.85E-5 1.148E-3 4.38E-8 

Quadratic 

basis 

10 1.314E-7 7.9433E-8 1.7416E-6 

Quadratic 

basis  

16 8.7E-10 4.73E-10 1.23E-8 

Problem 5.3 [74]. 

Consider the following problem. 

                            
,0)(4

4

=− xu
dx

ud                                                                               (5.12)     

Boundary conditions (0) 1, ''(0) 1, (1) 0, ''(1) 0u u u u= = = =  

With exact solution 

                                                      ( )1 11( )
2sinh(1)

x xu x e e− −= −                                    (5.13) 
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Figure5.13: Plots of numerical and 

analytical solutions for problem 5.3, (8 

nodes) 

 

Figure 5.14: Error plot for problem 5.3 (8 nodes) 

 

 

Figure 5.15: First derivative of solutions for 

problem 5.3  (8 nodes) 

 

Figure 5.16: Second derivative of solutions for 

problem 5.3 (8 nodes) 
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               Figure 5.17:  Third derivative of solutions for problem 5.3 (8 nodes) 

Table 5.7: Comparison of results for problem 5.3 using EFG based on BPF 

Type of Basis Number of 

nodes 

Max.Absolute 

error 

L-2 Norm Energy Norm 

Linear basis 8 7.34313E-6 4.73037E-6 0.0000539135 

Quadratic basis 8 7.08941E-6 3.34227E-6 0.0000306351 

Table 5.8:  Comparison of results for problem 5.3 using EFG based on CW (2.41a) 

Type of Basis Number of 

nodes 

Max.Absolute 

error 

L-2 Norm Energy Norm 

Linear basis 8 1.46614E-6 4.73037E-6 0.0000539135 

Table 5.9:  Comparison of results for problem 5.3 using EFG based on CW (2.41b) 

Type of Basis Number of 

nodes 

Max.Absolute 

error 

L-2 Norm Energy Norm 

Linear basis 8 1.466E-6 9.6766E-7 0.000011 
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Section II: (System of fourth order boundary value problems) 

In this section fourth order obstacle problems are discussed. Meshless approach based on wavelet 

numerical integration implemented successfully for the solution of such types of problems. 

Variational inequality theory has turned out to be an effective and potent tool for studying 

obstacle, unilateral, contact problems arising in mathematical and engineering problems such as 

fluid flow through porous media, elasticity, transportation and finance, optimal control, nonlinear 

optimization and operation research, details are referred to [101-104] The area of obstacle 

problems arising in fluid flow through porous media and elasticity form significant basis for the 

applications of variational inequalities. It has been revealed by kikuchi and oden [105] that the 

problem of equilibrium of elastic bodies in contact with a rigid frictionless foundation can be 

studied in the structure of variational inequalities. In a variational inequalities formulation, the 

location of the free boundary becomes an intrinsic part of the solution and no special techniques 

are needed to locate it. Various numerical methods were employed to solve such type of 

problems by many authors [101-104] and reference there in. 

Development of various computational methods is in progress and applied to find the numerical 

solutions of the obstacle problems. If the obstacle is known, then the variational inequalities can 

be characterized by a system of differential equations by using the penalty function method of 

Lewy and Stampacchia [106]. In this chapter, Element free Galerkin method based on block 

pulse functions  has been used for obtaining smooth approximations to the solution of a system 

of fourth order obstacle boundary-value problems. 

Consider the obstacle problem 








≤≤
≤≤++
≤≤

=
bxdxf
dxcrxfxuxg
cxaxf

u
)(

,)()()(
),(

)4(                                                                  (5.14) 

       Bounday conditions 

                         ,)('')('',)()( 21 αα ==== buaubuau             

                         ,)('')('',)()( 21 ββ ==== buauducu  
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 where  ,& gf are continuous functions on [a,b] and [c,d], respectively. The parameters 

2,1,, =ir iα and  2,1, =iiβ are real constants and the continuity conditions of  

.&'', dcatuu  

This problem was solved by many authors using different order of polynomial and non 

polynomial spline.  Al-Said , Noor and Khalifa [101-103]  have developed first and second order 

methods for solving such type of boundary value problems . More recently Siraj-ul-Islam, and 

Tirmize. M,A. Khan [107] has established and analyzed smooth approximation for second and 

third-and fourth order linear  nonlinear boundary-value problems  

Consider fourth order obstacle boundary value problem (BVP), for finding u such that  

                                     ]1,1[),()()4( −=Ω≥= onxfxu                                                       (5.15) 

                                     ]1,1[),()( −=Ω≥= onxxu ψ  

                                        ]1,1[,0)]()][()([ )4( −=Ω=−− onxuxfxu ψ  

                                        ,0)1('')1('',0)1()1( ==−==− uuuu  

where  ,f  is a force acting on the beam and  ),(xψ is the elastic obstacle . Now the problem has 

been discussed in the framework of variational inequality approach. Define set K, as 

{ }2
1 1 0 1: ( ) : ,K v v H v onψ= ∈ Ω ≥ Ω                                                                (5.16) 

Which is a closed convex set in )(2
0 ΩH (Soboleve space), in fact it is also called Hilbert space. It 

can be easily shown that energy functional associated with the obstacle problem (5.15) is 

                                   }
1 4

2
1 1 1 04

1

[ ] 2 ( ) ( ) , ( )d uI v f x v x dx v H
dx−


= − ∀ ∈ Ω


∫  

                                   
1 12

1 12
1 1

[ ] 2 ( ) ( ) ,d uI v dx f x v x dx
dx− −

 = −  
∫ ∫  

                                    1 1 1 1[ ] ( , ) 2( , ),I v a v v f v= −                                                       (5.17)                      
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1 2 2

1
1 2 2

1

( , ) ,d u d va u v dx
dx dx−

   
=       ∫                                                    (5.18)                                        

                               and  ( )
1

1 1
1

, ( ) ( ) ,f v f x v x dx
−

= ∫                                                        (5.19)                               

It can easily be proved that the form ( )1, ,a u v defined by (5.18) is bilinear, symmetric and 

positive (coercive) and the functional ,f  is a linear continuous functional [101-103]. Minimum 

u  of the functional 1[ ],I v defined by (5.17) on the closed convex set  2
0 ( ),K H∈ Ω  can be 

characterized as            1 1 1( , ) ( , ), .a u v u f v u v K− ≥ − ∀ ∈                                  (5.20)    

which is called the variational inequality, introduced by Stampacchia (1964). Thus the obstacle 

problem (5.15) is equivalent to solve variational inequality problem (5.20). This equivalence has 

been used to study the existence of uniqueness of problem (5.15) see [101-103]. Using the idea 

of Lewy and Stampacchia [106], obstacle problem (5.15) can be written as: 

                        
(4)

1{ }( ) ,u v u u fψ ψ+ − − =                                                             (5.21)                                                                                        

where ψ is the obstacle function  and 1( )v t is a penalty function defined by  

                                     1

4 0
( )

0 0
t

v t
t
≥

=  <
                                                                  (5.22)                                           

  &        
1 / 4 1 1 / 2, 1 / 2 1

( )
1 / 4 1 / 2 1 / 2.

for x and x
x

x
ψ

− − ≤ ≤ − ≤ ≤
=  − ≤ <

                               (5.23) 

To obtain the following system of equations from (5.21-5.23) 

             (4) 1 1 / 2, 1 / 2 1
1 4 1 / 2 1 / 2

f for x x
u

u f x
− ≤ ≤ − ≤ ≤

=  − + − ≤ <
                                 (5.24) 

with the boundary conditions  

                                      ,0)1()2/1()2/1()1( ===−=− uuuu  



79 
 

                                       .0)1('')2/1('')2/1('')1('' ===−=− uuuu                           (5.25)                                                          

Problem 5.4 [103-104]. 

Consider the system of differential equation (5.24), when ,0=f   

                             (4) 0 1 1 / 2, 1 / 2 1
1 4 1 / 2 1 / 2

for x x
u

u x
− ≤ ≤ − ≤ ≤

=  − − ≤ <
 

                            ,0)1()2/1()2/1()1( ===−=− uuuu                                            (5.26)                                                                     

                      ,)1('')2/1('')2/1('')1('' ε===−=− uuuu  

,0→ε the analytical solution for this boundary value problem is 









≤≤+−+−
≤≤−+−
−≤≤−−−−−

=
12/1)4/112/132/33/2(

2/12/1)]cosh()cos()sinh()sin([/15.0
2/11)4/112/132/33/2(

)(
22

213

22

xxxx
xxxxx

xxxx
xu

ε
φφφ

ε
              (5.27) 

Where  

 ,)1cosh()1cos(,)2/1cosh()2/1cos(,)2/1sinh()2/1sin( 321 +=== φφφ   

 

Figure 5.18: Plots of numerical and analytical 

solutions for problem 5. 4 

 

 

Figure5.19: Error plot (symmetric) for problem 

5.4, (8 nodes) 
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  Table 5.10: Comparison of results for problem 5.4, using EFG based on BPF  

Number 

of nodes 

Proposed 

method 

Max.Abs. 

Error 

Central 

Difference 

method[101] 

Max.Abs. 

Error 

Colloc-

quintic 

spline 

method 

[103] 

Max.Abs. 

Error 

Cubic 

spline 

method 

[104] 

Max.Abs. 

Error 

EFG based 

on 

Quadrature 

rule 

Max.Abs. 

Error 

8 2.853E-6 1.4E-4 3.0E-4 1.9E-5 3.12E-6 

16 9.949E-7 3.6E-5 7.0E-5 4.8E-6 1.976E-6 

32 9.996E-7 8.9E-6 1.4E-5 1.3E-6 1.971E-6 

 

Problem 5.5  [101]. 

Substitute   1f =  in equation (5.24) 

   (4) 1 1 1 / 2, 1 / 2 1
2 4 1 / 2 1 / 2

for x x
u

u x
− ≤ ≤ − ≤ ≤

=  − − ≤ <
                                                        (5.28) 

with same boundary conditions as in problem 5.4. 

Exact solution of equation (5.28) 

     

4 3 2

3 1 2
4 3 2

(1/ 24 1/ 8 1/ 8 3 / 64 1/192) 1 1/ 2
( ) 0.5 1/ [ sin( )sinh( ) cos( ) cosh( )] 1/ 2 1/ 2

(1/ 24 1/ 8 1/ 8 3 / 64 1/192) 1/ 2 1.

x x x x x
u x x x x x x

x x x x x
ϕ ϕ ϕ

 + + + + − ≤ ≤ −
= − + − ≤ ≤
 − + − + ≤ ≤

          (5.29) 
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Figure 5.20: Plots of numerical and analytical 

solutions for problem 5.5 

 

 
Figure 5.21: Error plot (symmetric) for 

problem 5.5 

                Table 5.11:  Comparison of results for problem 5.5 using EFG based on BPF 

Number 

of nodes 

Proposed 

method 

Max. Abs. 

Error 

Central 

difference 

method 

[101] 

Max.Abs. 

Error 

Quartic 

spline 

method 

[102] 

Max.Abs. 

Error 

Cubic 

spline 

method 

[104] 

Max.Abs. 

Error 

EFG based 

on 

quadrature 

rule 

Max.Abs. 

Error 

12 9.894E-7 6.2E-5 1.2E-5 8.4E-6 2.99E-6 

24 9.894E-7 1.6E-5 2.8E-6 2.2E-6 1.970E-6 

5.4 Results and Discussion 

Three problems with non-homogeneous and homogeneous boundary conditions and two obstacle 

problems were solved for different number of nodes and basis with the help of improved EFG 

based on numerical integration Block pulse functions (BPF)/CW. Maximum absolute errors/ L-2 

Norm/Energy Norms in solution are tabulated and compared with the results of exact solution. 

The results obtained by the suggested method for problem 5.1 exhibit its ability to provide 

improved solutions as compared with the results [91] as shown in the figures 5.1-5.7. The 
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2.107

4.107

6.107

8.107
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improved EFG technique showed fast convergence and provide better results at reduced number 

of nodes, as mentioned in Table 5.1-5.3 in section I. It has capability of handling of improper, 

oscillatory function. The results discussed by S.Rao et al [100] and K.S., Thankane et al. [99] for 

problem 5.2, are not good as compared with the results shown in Table 5.4-5.6 and figures 5.8-

5.12 obtained via proposed method. The comparison of results is shown in Table 5.7-5.9 and 

figures 5.13-5.17, for problem 5.3.  Similarly the results obtained via EFG based on BPFs/CW, 

for fourth order obstacle problems 5.4-5.5 are more accurate as shown in the Tables 5.10-5.11 

and figures 5.18-5.21. 

5.4 Concluding remarks: 

Meshless methods based on wavelet are presented for the fourth order ordinary differential 

equation and system of fourth order boundary value problems (contact problems). Local weak 

form is developed for implementation of proposed method. The numerical examples reveal that 

the presented technique obtain accurate results and possess excellent convergence rate for the 

displacement, its first, second and third derivatives, and the energy norm.     
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Chapter 6:  Sixth Order Differential Equations: Applications in 

Fluid 

6.1 Introduction 

Engineering computations are in progress over the past three decades. The most successful 

computational methods among them are the boundary element method and the finite element 

method. However, as compared to its solid theoretical foundation, the finite element method 

suffers from drawbacks such as shear locking, incompressibility, crack propagation, large 

deformation, shear-band formation, fluid flow problems etc. To alleviate some of these 

demerits in FEM, meshless approaches in solving the boundary value problems have become 

more popular. 

Numerical Mesh-free method with improved numerical integration using block pulse function 

and Chebyshev wavelets is engaged for the solution of sixth order boundary value problems 

(BVP). The proposed improved Element Free Galerkin based on block pulse function 

(EFGBPF) technique has already been successfully implemented on various physical 

applications such as large deformation, stress, strain, viscoelasticity in a solid and fluid 

problem in previous chapters. Numerical results for test cases of sixth order boundary value 

problems are presented in this chapter to elaborate the relevant features and of the proposed 

technique. Comparison with existing techniques shows that the proposed method based on 

integration technique provides better approximation at reduced computational cost. 

The problem of the stability of a thin layer of fluid heated from below has been considered by 

various researchers, the behavior of fluid has very important role in the computational fluid 

dynamics (CFD). Fluid flows have been subjected to disturbance because of mechanical 

instabilities. The concept of stability of a flow plays very important role in CFD. 

 Element Free Galerkin (EFG) technique with Block Pulse Function (BPF) and Chebyshev 

wavelets (CW) based numerical integration is applied to obtain smooth approximations for 

the following boundary-value problem [108-111,119-122]. 

                                           
6

6
( ) ( ) ( ) ( ), .d u x k x u x f x a x b

dx
+ = < <                    (6.1) 

Boundary conditions (0) (1) 0, (0) (1) 0, (0) (1) 0u u u u u u= = = = = =′ ′ ′′ ′′     

where 𝑢𝑢(𝑥𝑥) and 𝑓𝑓(𝑥𝑥) are continuous functions defined in the interval [𝑎𝑎, 𝑏𝑏].     
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The numerical solutions of sixth order boundary value problems are available in the 

literature. Such type of problems are found in astrophysics, e.g. the narrow convecting layers 

bounded by stable layers, which are assumed to  surround A-type stars, is modeled by sixth-

order differential equation [114-115,120]. The sixth-order differential equations handle 

dynamo action in some stars. Chandrasekhar [117] determined that instabilities are found 

when an infinite horizontal layer of fluid is heated from below and is under the action of 

rotation. When these instabilities are treated as ordinary convection, they are modeled by a 

sixth order ordinary differential equation. Twizell developed a second-order method for 

solving special and general sixth-order problems [123] and in later work Twizell and 

Boutayeb developed finite-difference methods of order two, four, six and eight for solving 

such problems [124]. Siddiqi and Twizell used sixth-degree splines [112-113,116, 118], 

where spline values at the mid knots of the interpolation interval and the corresponding 

values of the even order derivatives are related through consistency relations. M. E Gamel et 

al. used Sinc-Galerkin method for the solutions of sixth order boundary-value problems 

[119]. Siraj-ul-islam et al solved Sixth-Order Boundary-Value Problems using Non-

Polynomial Splines Approach [125] and Wazwaz [108-109] used decomposition and 

modified domain decomposition methods to explore solution of the sixth-order boundary-

value problems.  

For the implementation of proposed method, first strong form of sixth order boundary value 

problem (6.1) is transformed into symmetric variational or weak form using variational 

formulation [2, 8]. 

                   

6

6 ( ) ( ) ( ) 0,
b

a

d u k x u x f x vdx
dx

 
+ − = 

 
∫                                              (6.2) 

where u  is the trial function and v  is the test function. Following linear equation system is 

obtained after Integration by parts and substituting the shape functions, boundary conditions. 

                                 ( ) ˆ'''( ''') ( ) ,
b b

T T

a a

k x dx f dxΦ Φ + ΦΦ = Φ∫ ∫u                           (6.3) 

                                                   ˆ ,K F=u                                                              (6.4) 

where                                  ( )'''( ''') ( ) ,
b

T T

a

K k x dx= Φ Φ + ΦΦ∫                               (6.5) 
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                                            .
b

a

F f dx= Φ∫                                                       (6.6) 

Nodal fictitious values û are obtained by solving the system of equations (6.4).  Finally, 

required numerical solution can be determined by multiplication of nodal fictitious values and 

shape functions .Φ  

                                                  ˆ .= Φu u                                                          (6.7)  

6.2 Numerical Results 

The proposed improved EFGBPF/EFGCW techniques and derived Gaussian weight function 

(6.8) are tested on problem (6.1) & problem (6.2)

( ) ( ) ( )
( )

( )
8 6 416 2 4

22
2 2 8

16 / 16( 224 840
( ) ( 1/ ( ))

840 105

I I I
I I

I

x x x x x x
w x x Exp x x

x x

α α α
α

α α

 − − − − + −
 − = − −
 − − + 

                                                                                                                                  (6.8) 

Problem 6.1 [119]. 

Consider the following problem 

                            
6

2 3
6 720 ( ) ,x xd u e u e x x

dx
− −+ = − + −       0 1,x< <                         (6.9) 

boundary conditions (0) (1) 0, (0) (1) 0, (0) (1) 0.u u u u u u= = = = = =′ ′ ′′ ′′  

  Exact solution of problem (6.1):       3 3(1 ) .exactu x x= −                                         (6.10)                                                              

 

Figure 6.1:Plots of numerical (EFGBPF) and 

analytical solutions for problem 6.1  (6 nodes)    

 

Figure 6.2: First derivative of numerical 

(EFGBPF) and analytical solutions for problem 

6.1  (6 nodes) 
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Figure 6.3: Second  derivative of numerical 

(EFGBPF) and analytical solutions for 

problem 6.1,  (6 nodes) 

 

Figure 6.4: Third derivative of numerical 

(EFGBPF) and analytical solutions for 

problem 6.1,  (6 nodes) 

 

Figure 6.5: Plot of max. absolute error of 

numerical (EFGBPF) and analytical solutions 

for problem 6.1,  (6 nodes) 

 

Figure 6.6: Max. absolute error of numerical 

(EFGCW(2.41a)) and analytical solutions for 

problem 6.1, (6 nodes) 

 

Figure 6.7: Max. absolute error of numerical 

(EFGCW(2.41b) and analytical solution for 

problem 6.1,  (6 nodes) 
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Table 6.1: Comparison of results for problem 6.1 

Presented 

Technique  

Number of 

nodes 

Max.Absolute 

error 

EFGBPF 

Eq.(2.22) 

6 1.51392E-7 

EFGCW(2.41a) 6 3.499E-13 

EFGCW(2.41b) 6 4.673E-14 

Efficiency of Meshless method based on Chebyshev wavelet is commendable as compared to 

EFG based on BPF for problem (6.1) as shown in the Table 6.1. 

Problem 6.2 [112] 

Consider sixth order BVP 

                                
6

3 4 5 6
6 3 3 0 1d u x x x x x

dx
= − + − ≤ ≤                      (6.11)             

boundary conditions (0) (1) 0, (0) (1) 0, (0) (1) 0.u u u u u u= = = = = =′ ′ ′′ ′′  

Exact solution:

( )12 11 10 9 5 4 3
8

1 1 22 11 1( ) 2 2976 4058 1503
221760 3 5 3 10

u x x x x x x x x = − + − + + − + − 
 

.    (6.12) 

 

Figure 6.8: Plots of numerical (EFGBPF) and 

analytical solutions for problem 6.2, (6 nodes)    

 

Figure 6.9: First derivative of numerical 

(EFGBPF) and analytical solution for 

problem 6.2, (6 nodes) 
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Figure 6.10: Second derivative of 

numerical (EFGBPF) and analytical 

solution for problem 6.2, (6 nodes) 

 

 

Figure 6.11: Third derivative of numerical 

(EFGBPF) and analytical solution for  

problem 6.2, (6 nodes) 

 

Figure 6.12: Error plot for problem 6.2, (6 nodes), 

using (EFGBPF) 

Table 6.2: Comparison of results for problem 6.2 

Presented 

method  

Number of 

nodes 

Max.Absolute Error 

EFGBPF 6 1.246E-9 

EFGCW (2.41a) 6 1.246E-9 

EFGCW (2.41b) 6 1.246E-9 
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Table 6.3: Comparison of results for problem 6.1 

x Exact Solution Sinc-

Galerkin[119] 

Max.Absolute 

Relative Error, 

1.0E-3 

0 0 0 - 

0.1675 0.002711 0.002710 0.45 

0.2764 0.008000 0.008997 0.32 

0.3449 0.011534 0.011531 0.28 

0.4205 0.014469 0.014465 0.26 

0.5 0.015625 0.015620 0.25 

0.6550 0.011539 0.011536 0.28 

0.7828 0.004915 0.004913 0.37 

0.8324 0.002715 0.002714 0.45 

0.9041 0.000651 0.000651 0.73 

1 0.0 0 - 

6.3 Results and Discussion 

Test problems are solved for different number of nodes and types of basis with the help of 

improved Element free Galerkin based on BPF and Chebyshev wavelet (EFGBPF/EFGCW). 

Comparison of maximum absolute errors with exact solution and problem 6.1 solved by M. 

E. Gamel [119], demonstrates the accuracy of proposed method as shown in the Tables 6.1-

6.3 and figures 6.1-6.12.  Moreover the presented method gives better approximations for the 

first, second and third derivatives of the solution as shown in the figures. In addition to 

problem 6.1 involves transcendental functions, so the numerical integration based on 

quadrature rule does not perform well for evaluation of stiffness matrix as compared to 

proposed method. It has also been observed for problem 6.2, that results obtained via EFG 

based on different numerical integration techniques are the same at six nodes. Hence it can be 
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inferred that this technique perform well, particularly for source terms or boundary conditions 

involve oscillatory functions. 

6.4 Concluding Remarks 

The computations regarding higher order BVPs  as discussed above have been per-formed by 

using Mathematica. It is, therefore, concluded that the proposed algorithms 

(EFGBPF/EFGCW), provide a fast convergent and more accurate solution as compared to 

Sinc-Galerkin Method. This approach is free from complications and of practical nature. 

Moreover, numerical methods based on Galerkin weak form are more stable. 
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Chapter 7: Two Dimensional Elliptic Boundary Value Problems 

7.1 Introduction to elliptic boundary value problems 

The proposed computational meshless method has been applied on one-dimensional boundary 

value problems in the previous chapters of this thesis. In this chapter the effectiveness of the 

proposed numerical technique will be tested on elliptic boundary value problems with various 

types of boundary conditions. Elliptic boundary value problems [126-128] only depend on space 

variables. A lot of natural phenomena are modeled by elliptic boundary value problems such as 

heat transfer, large deflection, torsion, fluid flow, electrostatic potential, velocity, pressure, 

magnetic field etc. In this chapter the poisson equation, Laplace equation with evolution of 

parcels [130-131] and bi-harmonic equation with oscillatory and non-oscillatory boundary 

conditions are considered. 

7.2 Weak Formulation of Elliptic Boundary Value Problems [2, 8] 

 

 Consider the elliptic boundary value problem [135-138] involving the Laplace operator, 

           

2 2

2 2
u uu Lu f

x y
∂ ∂

∆ = = + =
∂ ∂

,    in  Ω                                                   (7.1) 

                                             0, .u on= ∂Ω  

Variational formulation [2, 8] is employed for transformation of strong form into integral form. 

Multiply both side of the elliptic equation by a "test function", v  then integrate by parts using 

Green's theorem to obtain: 

            
. . . .u v u v f v

Ω ∂Ω Ω

− ∇ ∇ + =∫ ∫ ∫                                                                       (7.2) 

It has been assumed that the test function belongs to the same space for the solution of boundary 

value problems involving Dirichlet boundary conditions i.e. 0, ,u on= ∂Ω so that the test 

function must be  0, .v on= ∂Ω  Hence, the second term in equation (7.2) will be vanished. 

http://en.wikipedia.org/wiki/Integrate_by_parts
http://en.wikipedia.org/wiki/Green%27s_theorem
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Finally the equation (2) becomes    ( , ) ( )A u v F v= ,                                                     (7.3) 

where ( , ) .A u v u v
Ω

= ∇ ∇∫     and  ( ) .F v f v
Ω

= −∫  

If  L = ∆ is a general elliptic operator then the bilinear form is as follows: 

( , ) .
T TA u v u a v b uv cuv

Ω Ω Ω

= ∇ ∇ − ∇ −∫ ∫ ∫            (7.4) 

Where a, b and c are continuous differentiable functions, constants or depending upon many 

choices. Detail of weak formulation can be seen in the literature on FEM and variational calculus 

books [137]. 

7.3 Numerical experiments 

Problem 7.1 [144] 

Consider the 2D poisson equation: 

       
2 2

2 2 sin( )sin( ), 0 , 1.u u x y x y
x y

π π∂ ∂
+ = − ≤ ≤

∂ ∂
                                                    (7.5) 

       Boundary conditions  ( , ) 0,u x y = on  .∂Ω  

        Exact solution: 2
1( , ) sin( )sin( ).

2
u x y x yπ π

π
=

                                     
        (7.6) 

Comparison of numerical results and exact solution are given below: 
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Figure 7.1: Plot of nodes on 2d 

domain 

 
Figure 7.2: Plot of shape functions on nodes 

 

 

 
Figure 7.3: Numerical solution of problem 7.1 

 
Figure 7.4: Error plot of problem 7.1 

 

Table7.1: Comparison of result for problem 7.1 

Mesh/Grid Proposed method 1: 

EFG based on HW 

 

Proposed method 2: 

EFG based on 

Hybrid Wavelet 

 

RBF 

Approximation 

 

FEM 

 

Max. Absolute Error 

5*5 1.04E-3 1.28E-3 2.4E-3 2.62E-3 

7*7 4.23E-4 5.8E-4 6.8E-4 1.16E-3 

10*10 2.60E-4 2E-4 2.9E-4 5.063E-4 
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Problem 7.2 [150]. 

Consider the model of steady state distribution of heat in a plane region. Mathematically 

 2D Laplace equation: 

                                         
2 2

2 2 0, 0 , 1 / 2.u u x y
x y
∂ ∂

+ = ≤ ≤
∂ ∂

                              (7.7) 

Boundary conditions: ( ,0) 0,u x = ( ,0.5) 200 ,u x x= (0, ) 0,u y = (0.5, ) 200 ,u y y=  

Exact solution: ( , ) 400 .u x y xy=                                                                   (7.8) 

Comparison of numerical results and exact solution are given below. 

 
Figure 7.5: Plot of numerical and analytical 

solutions for Problem 7.2 

 
Figure 7.6: Error plot of problem 7.2 

 

Table 7.2: Comparison of results for problem 7.2 

𝑿𝑿 𝒀𝒀 
Prosed 
EFG based 
on HW 

Exact 

Solution 
Absolute Error 

0.0000 0.0000 0.000000 0.000000 0.000000 
0.1000 0.0000 0.000000 0.000000 0.000000 
0.2000 0.0000 0.000000 0.000000 0.000000 
0.3000 0.0000 0.000000 0.000000 0.000000 
0.4000 0.0000 0.000000 0.000000 0.000000 
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0.5000 0.0000 0.000000 0.000000 0.000000 
0.0000 0.1000 0.000000 0.000000 0.000000 
0.1000 0.1000 4.000000 4.000000 0.000000 
0.2000 0.1000 8.000000 8.000000 0.000000 
0.3000 0.1000 12.00000 12.00000 0.000000 
0.4000 0.1000 16.00000 16.00000 0.000000 
0.5000 0.1000 20.00000 20.00000 0.000000 
0.0000 0.2000 0.000000 0.000000 0.000000 
0.1000 0.2000 8.000000 8.000000 0.000000 
0.2000 0.2000 16.00000 16.00000 0.000000 
0.3000 0.2000 24.00000 24.00000 0.000000 
0.4000 0.2000 32.00000 32.00000 0.000000 
0.5000 0.2000 40.00000 40.00000 0.000000 
0.0000 0.3000 0.000000 0.000000 0.000000 
0.1000 0.3000 12.00000 12.00000 0.000000 
0.2000 0.3000 24.00000 24.00000 0.000000 
0.3000 0.3000 36.00000 36.00000 0.000000 
0.4000 0.3000 48.00000 48.00000 0.000000 
0.5000 0.3000 60.00000 60.00000 0.000000 
0.0000 0.4000 0.000000 0.000000 0.000000 
0.1000 0.4000 16.00000 16.00000 0.000000 
0.2000 0.4000 32.00000 32.00000 0.000000 
0.3000 0.4000 48.00000 48.00000 0.000000 
0.4000 0.4000 64.00000 64.00000 0.000000 
0.5000 0.4000 80.00000  80.00000  0.000000 
0.0000 0.5000 0.000000 0.000000 0.000000 
0.1000 0.5000 20.00000 20.00000 0.000000 
0.2000 0.5000 40.00000 40.00000 0.000000 
0.3000 0.5000 60.00000   60.00000   0.000000 
0.4000 0.5000 0.800000   0.800000   0.000000 
0.5000 0.5000 100.0000   100.0000   0.000000 

 

Problem 7.3  

Consider the 2D Laplace equation and evolution of parcels [131] 

                                     

2 2

2 2 0, 0 , 1.u u x y
x y
∂ ∂

+ = ≤ ≤
∂ ∂

                                       (7.9) 

Boundary conditions ( ,0) 0,u x = ( ,1) ,u x f= (0, ) 0,u y = (1, ) ,u y g=  
where  (1 ), 0.3 (1 ).f x x g y y= − = −    

Exact solution : 1
1

( , ) sin( )sinh( ),
n

ex n
i

u x y a n x n yπ π
=

= ∑ 2
1

( , ) sinh( )sin( )
n

ex n
i

u x y b n x n yπ π
=

= ∑
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                                           1 2( , ) ,exact ex exu x y u u= +                                   (7.10) 

where 
1

0

2 / sinh( ) (1 )sin( ),na n x x n xπ π= −∫
1

0

2 / sinh( ) 0.3 (1 )sin( ).nb n y y n yπ π= −∫  

The proposed method “Element free Galerkin method based on Haar wavelet numerical 

integration” has been used here to approximate the solution of this BVP and compared with 

Galerkin method using Chebyshev polynomialsas basis for shape functions,and numerical 

integration based on Quadrature Rule and Haar wavelet. All of the calculations are carried out in 

Wolfram®Mathematica. Meshing of domain is considered very coarse to save computational cost 

and to avoid memory problems.  

CaseI 

The numerical solution u is the stream function of the underlying dynamical system. The 

components of velocity of this flow are related to u  as follows: 

                                                         
y

dxu
dt

= and x
dyu
dt

− =  

In order to obtain the evolution of a set of parcels that forms a disk of radius 0.1 in a corner of 

the domain under the action of the above system of differential equations. Considering the 40 

points on the boundary of the disk and follow their evolution in time. 

Case II 

Consider the same problem with oscillatory boundary conditions cos(15 ) (1 )f x x x= −  

Numerical solution (case I), error plots and comparison with FEM is shown in figures 7.7-7.15. 
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Figure 7.7: Plot of numerical solution of 

problem 7.3 

 
Figure 7.8: Error plot of problem 7.3 

 

 

 
Figure 7.9: FEM solution with course meshing 

52 nodes  of problem 7.3 

 

 

 
Figure 7.10: FEM solution for problem 7.3, with 

fine meshing  2705 nodes  
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Figure 7.11: Contour plot using EFG based on 

HW, problem 7.3 

 

 
Figure 7.12: Contour plot of exact solution 

for problem 7.3 

 

 

 
Figure 7.13: Evolution of parcels and contours (orbit/stream functions),  problem7.3 
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Figure 7.14: Numerical solution of problem 

7.3, CaseII, using oscillatory boundary 

conditions, 𝑓𝑓 = 𝐶𝐶𝐶𝐶𝑠𝑠(15𝑥𝑥)(𝑥𝑥(1 − 𝑥𝑥)) 

 
Figure 7.15: Error plot for problem 7.3, CaseII, 

using oscillatory boundary conditions, 

𝑓𝑓 = 𝐶𝐶𝐶𝐶𝑠𝑠(15𝑥𝑥)(𝑥𝑥(1 − 𝑥𝑥)) 

Table 7.3a: Comparison of results for problem 7.3, Case I 

Mesh/Grid Proposed 

Method: EFG 

based on HW 

Galerkin method 

with Chebyshev 

basis: HW based 

Numerical 

Integration  

Galerkin method with Chebyshev basis: 

Quadrature Rule based Numerical 

Integration 

Max. Absolute Error 

3*3 7E-3 6.3E-3 6.3E-3 

4*4 1.5E-3 1.0E-3 1.4E-3 

5*5 5E-4 4.6E-4 2.0E-3 

6*6 5E-4 1.12E-4 2.5E-4 

Remark: Results obtained by proposed method for the solution of problem 7.3, are comparable 

quality with the Galerkin method based on Quadrature Rule for Integration. However, proposed 

method can handle more complex problem such as the solution of dynamical system of equations 

(evolution of parcels). On the other hand Galerkin method based on Quadrature Rule face 

singularity. 
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Table7.3b:  Comparison of results for problem 7.3, Case II, with oscillatory boundary conditions 

Mesh/Grid Proposed Method/EFG based on HW 

 

Galerkin method Chebyshev 

basis/Quadrature Rule based 

Numerical Integration 

Max. Absolute Error 

3*3 0.17 0.85 

4*4 0.16 0.80 

5*5 0.15 0.80 

Problem 7.4 [144]:  Consider the bar made of isotropic martial with rectangular cross section 

subjected to twisting torque modeled by 2D poisson equation.   

                                     
2 2

2 2
2 2 32( ), 0 , 1.u u x x y y x y

x y
∂ ∂

+ = − − + − ≤ ≤
∂ ∂

                           (7.11) 

( , ) 0,u x y = along the boundaries. 

                                 Exact solution: ( , ) 16 (1 )(1 ).u x y xy x y= − −                                   (7.12) 

Where  ( , ),u u x y=  is Prandtl stress function.  

Comparison of numerical results and exact solution are given below. 

 
Figure 7.16: Numerical solution for problem 

7.4 

 
Figure 7.17: Error plot for problem 7.4 
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Table 7.4: Comparison of results for problem 7.4 

Mesh Proposed 

Method/EFG based 

on HW 

Max. Abs. Error 

RBF Approximation 

Max. Absolute Error 

FEM(Standard) 

Max. Abs. Error 

4*4 6E-2 1.9E-1 6.58E-2 

6*6 1.7E-2 7.7E-2 2.84E-2 

8*8 7.7E-3 2.9E-2 8.195E-3 

7.4 Results and Discussion: 

The Galerkin finite element method has been widely used, for the solution of practical 

problems in engineering. Due to mesh-based least square interpolation, high distortion in 

elements leads to significant errors. In this method meshing and re-meshing is time consuming 

task, so the researchers have been pursuing methods that do not involve meshes. Extended FEM 

is another choice for capturing weak and strong discontinuities using local enrichment of 

approximations at critical areas. However, these computational methods face problems for 

solving oscillatory boundary conditions and in the case of analysis of viscoelastic structures. 

Somchart Chantasiriwan [129] and many other mathematicians have solved partial 

differential equations such as Laplace / Poisson  problems with different boundary conditions 

using global and local collocation methods. Many meshless methods such as EFG, MLPG 

[130,132-134] etc., have been used for the solution of PDEs and engineering problems. In this 

chapter improved element free Galerkin method based on HW/Hybrid functions, are used for the 

solution of BVP with oscillatory and non-oscillatory boundary conditions.  

The proposed method is implemented on problem 7.1, and the results are compared with 

RBF approximation (meshless method based on collocation) and FEM, as shown in the figures 

7.3-7.4 and Table 7.1. Solution of Problem 7.2 has been compared with the exact solution as 

shown in the figures 7.5-7.6 and Table7.2. Problem7.3 has many applications in combustion, 

bubble column and other engineering fields. It has two cases mentioned above in the problem 

statement. Simple Laplace problem can be easily handled by classical  computational methods 
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however; in case of evolution of fluid parcels increases the complexity level. Improved 

computational methods are needed for the solution of such types of problems.  

In this thesis, problem of evolution of fluid parcels has been solved by following 

numerical methods:  

(i) EFG based on HW. 

(ii) Galerkin method (Orthogonal basis) based on HW numerical integration.  

(iii) Galerkin method (Orthogonal basis) based on Quadrature Rule (numerical integration). 

(iv) Standard FEM. 

Computational Methods (i-ii) are more accurate as compared to Methods (iii-iv) for the solution 

of problem 7.3, with evolution of parcels as shown in the figures 7.7-7.13 and Table 7.3a. In the 

case II, when the oscillatory boundary condition cos(15 ) (1 )f x x x= −  was used, the numerical 

results obtained by method (iii) was not good as compared to proposed method (i) as shown in 

the Figures 7.14-7.15 and Table7.3b.  Problem 7.4 has been solved by three types of 

computational methods i.e., HW based EFG, RBF approximation and Galerkin-finite element 

method (FEM). The results are compared and found better accuracy of the proposed method as in 

Table7.4 and Figures7.16-7.17.  

7.5 Concluding Remarks: 

The significance of numerical integration of Galerkin weak forms for meshfree computational 

methods is investigated and some improvements are presented as discussed in detail chapter 2. 

The character of the shape functions based on MLS in meshfree methods is reviewed and 

compared to shape functions based on orthogonal polynomials such as Hermite, Chebyshev etc., 

used in the Finite Element Method (FEM) [139-140]. It has been observed that numerical 

integration based on quadrature rule has considerable error due to construction of quadrature 

cells without local support of shape functions. Computational studies using Element Free 

Galerkin method based on HW/Hybrid numerical integration demonstrate the consequence of 

these errors on solutions to elliptic boundary value problems and oscillatory boundary 

conditions.   
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Chapter 8: Time Dependent One Dimensional Boundary Value 

Problems 

8.1 Introduction to time dependent problems:  

In this chapter the time dependent boundary value problems [141] involving heat and wave 

equation have been considered. The time dependent partial differential equations have 

fundamental importance in diverse engineering and scientific fields. Heat equation is parabolic in 

nature which is used to study practical engineering and mathematical problems such as Brownian 

motion, financial mathematics, probability, Black-Scholes models and chemical processes [142-

144]. 

Energy is conserved in wave equation; however dissipation occurs in heat equation. Therefore 

heat equation represents a reversible process, as opposed to wave equation.   

The performance of the proposed technique “EFG based on Haar-wavelet numerical integration” 

has been tested and shows better accuracy with the capability of handling oscillatory terms of the 

partial differential equation. 

Heat and wave equation with different types of conditions have been considered in the following 

section. 

8.2 Weak formulation of parabolic differential equation: 

Consider the heat equation with Dirichlet boundary conditions 

                                          

2

2 ( , )u uc f x t
t x

ρ κ∂ ∂
− =

∂ ∂
            (8.1) 

Boundary conditions  (0, ) ( , ) 0u t u L t= =  (zero-temperature endpoint conditions), initial 

conditions ( ,0) ( )u x xψ=  and source term is ( , )f x t . 

Multiplying both sides of the equation by test function and integrating by parts to make the weak 

form [145-148].          
2

2
0 0

( , )
L Lu uc vdx f x t vdx

t x
ρ κ
 ∂ ∂

− = ∂ ∂ ∫ ∫ .                                         (8.2) 

Since ( )v x  vanishes at the boundary, finally the equation (8.2) may be written as 
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                              0 0

( ) ( , )
L Lu u vc v x dx dx f x t vdx

t x x
ρ κ∂ ∂ ∂ + =  ∂ ∂ ∂∫ ∫                                    (8.3) 

Consider the approximate solution 
1

( , ) ( ) ( )
N

N j j
j

u x t t xα φ
=

=∑  and test function ( ) ( )iv x xφ= . 

Where ( )i xφ  shape functions based on MLS. 

Substituting into the weak form gives 

1 10 0

( ) ( ) ( ) ( ) ( ) ( ) ( , ) ( )
L LN N

j j i j j i i
j j

c t x x t x x dx f x t x dxρ α φ φ κ α φ φ φ
= =

′+ =′ ′∑ ∑∫ ∫                                   (8.4) 

The above equation can be simplified into simple ODE with initial condition, which can be 

easily solved  

                                             ( ) ( ) ( )M t K t f tα α= +′                                                         (8.5) 

where  ,
0

( ) ( ) ,
L

i j j iM c x x dxρ φ φ= ∫ is the mass matrix  ,
0

( ) ( )L
j i

i j

d x d xK dx
dx dx
φ φκ= ∫  stiffness matrix 

and  
0

( ) ( , ) ( ) .
L

j jf t f x t x dxφ= ∫
 

Problem 8.1:[141] 

Consider the problem 
2

2 ( , ),u uc f x t
t x

ρ κ∂ ∂
− =

∂ ∂
 0 1, 0.x t< < >                                   (8.6) 

Boundary condition   (0, ) (1, ) 0u t u t= = , initial conditions ( ,0) 0u x =  and source term is

7( , ) 10f x t −= , 1, 0.208cρ κ= = =  

Exact Solution:  

 𝑢𝑢(𝑥𝑥, 𝑡𝑡) = ∑ 𝑎𝑎𝑛𝑛(𝑡𝑡) 𝑠𝑠𝑖𝑖𝑛𝑛 �𝑛𝑛𝑛𝑛𝑥𝑥
1
�∞

𝑛𝑛=1 ,   

  𝑐𝑐𝑛𝑛(𝑥𝑥) = 2∫10−7 𝑠𝑠𝑖𝑖𝑛𝑛 �𝑛𝑛𝑛𝑛𝑥𝑥
1
�𝑑𝑑𝑥𝑥,   𝑎𝑎𝑛𝑛(𝑡𝑡) = ∫ ∫𝐸𝐸𝑥𝑥𝐸𝐸[−𝜅𝜅𝑛𝑛2𝑛𝑛2 (𝑡𝑡 − 𝑠𝑠)]𝑐𝑐𝑛𝑛

𝑡𝑡
0 𝑑𝑑𝑠𝑠.  

where  𝜅𝜅 = 0.208. 
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Results: 

 

 
Figure 8.1: Numerical solution for problem 

8.1,Time=0.5 

 
Figure 8.2:Error  plot for problem 8.1 

Table 8.1: Comparison of results Of Proposed method/FEM with Exact sol. for problem 8.1 

Number  of Nodes Proposed Method  
Max. Abs Error 

FEM 
Max. Abs Error 

3 1.023E-9 2.67E-9 
4 1.023E-9 1.83E-9 
5 1.21E-10 1.29E-9 
6 1.20E-10 - 

 

Problem 8.2: Consider the problem with following conditions: 

(0, ) (1, ) 0u t u t= = , initial conditions ( ,0) 0u x =  , source term cos(15 ) .f x xt=  & 1, 1cρ κ= = =  

 
Figure 8.3: Numerical solution for problem 

8.2,Time=0.01 

 
Figure 8.4:Error  plot for problem 8.2 

 

0.2 0.4 0.6 0.8 1.0 x
2.1011
4.1011
6.1011
8.1011
1.1010

1.21010
Error

Error plot
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Table 8.2: Comparison of results for Problem 8.2 

FEM EFG based on HW Remarks 

Number of 

nodes 

Max. Abs. Error Number of 

Nodes 

Max. Abs. Error For 

comparison of 

numerical 

results the 

exact solution 

was obtained 

using 

Mathematica 

6 1.47E-5 6 9.42E-6 

8 9.51E-6 8 5.63E-6 

10 6.48E-6 10 1.36E-6 

Considering the PDE for wave equation 

                                                          

2 2
2

2 2 ( , ).u uc f x t
t x

∂ ∂
− =

∂ ∂                                      
    (8.7) 

 Boundary conditions (0, ) ( , ) 0u t u L t= = , initial conditions ( ,0) ( )u x xψ= ,  ( ,0) ( )u x x
t

γ∂
=

∂
and 

source term is ( , )f x t  

The equation (8.7) can be transformed into ODE with two initial conditions, using the same 

methodology for weak form  

                                                     ( ) ( ) ( ).M t K t f tα α= +′′                                             (8.8)  

Problem 8.3: 

Consider the wave equation  

                                                    
2 2

2
2 2 ( , )u uc f x t

t x
∂ ∂

− =
∂ ∂

                                                (8.9) 

Boundary conditions (0, ) ( , ) 0u t u L t= = , initial conditions ( ,0) sin(15 ) (1 )u x x x x= − ,  

( ,0) 0u x
t

∂
=

∂
and source term is ( , ) 0f x t =   , 1.c =   

Results: 
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Figure 8.5:Numerical solution for problem 8.3, 

using proposed technique 

 
 

Figure 8.6: Error plot for problem 8.3 

 

 
Figure 8.7: Numerical solution for problem 

8.3, using FEM 

 
         Figure 8.8: Error plot for problem 8.3 

 

Table 8.3: Comparison of results for problem 8.3 

FEM/Mathematica EFG based on HW/Mathematica Remark 

Number of 

elements 

Max. Absolute 

Error 

Number of 

Nodes 

Max. Absolute 

Error 

For comparison 

of numerical 

results, the 

exact solution 

was obtained 

using 

Mathematica 

6 0.3562 6 0.2904 

8 0.377 8 0.2731 

10 0.3701 10 0.2681 
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 Problem 8.4: 

Consider wave equation  

                                                            
2 2

2
2 2 ( , )u uc f x t

t x
∂ ∂

− =
∂ ∂

                                        (8.10) 

Boundary conditions  (0, ) ( , ) 0u t u L t= = , initial conditions
1 0.4 0.6

( ,0)
0

x
u x

otherwise
≤ ≤ 

=  
 

,   

 It is more difficult to model such problems which have the initial shape with sharp edges. 
 

( ,0) 0u x
t

∂
=

∂
, source term is ( , ) 0f x t =  and 1.c =  

 
Figure 8.9: Numerical sol. for 

problem 8.4.(Time t=1sec), using 

FEM 

 
Figure 8.10: Numerical sol. for 

problem 8.4. (Time t=1.2sec), 

using FEM 

 
Figure 8.11: Numerical sol. for 

problem 8.4. (Time t=1.5 sec), 

using FEM 

 

 
Figure 8.12: Numerical sol. for 

problem 8.4.(Time t=1sec),using 

proposed technique 

 
Figure 8.13: Numerical sol. for 

problem 8.4. (Time t=1.2sec), 

using proposed technique 

 
Figure 8.14: Numerical sol. for 

problem 8.4. (Time t=1.5 sec), 

using proposed technique 
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8.3 Results/Discussion 

The comparison of numerical results of finite element method and proposed method for problem 

8.1 and problem 8.2, have been shown in the figures 8.1-8.4 and presented in the Tables 8.1-8.2. 

Results show better accuracy as compared to FEM. As it has been discussed in detail in previous 

chapters that the numerical integration based on BPF/Haar-Wavelet is more accurate as 

compared to quadrature rule for integration used in FEM.  

The problem 8.3 has been modeled for wave equation and the effect of oscillatory initial 

conditions has been investigated and results are compared with FEM as shown in the figures 8.5-

8.8 and Table 8.3. To observe the behavior of the string, the problem 8.4 with step initial 

conditions has been solved with FEM and EFG based on Haar-wavelet. Results obtained via 

FEM are quite noisy as shown in the figures 8.9-8.11. Solution obtained with the help of 

proposed method is more accurate as shown in the figures 8.12-8.14.  

8.3 Concluding Remarks: Time dependent BVPs involving heat and wave equation have been 

considered in this chapter. The time dependent partial differential equations have basic 

importance in various engineering and scientific fields. Effectiveness of the proposed method for 

the numerical solution of heat and wave equations along with complex boundary and initial 

conditions has been investigated. 



110 
 

Chapter 9:  Conclusions 
General Conclusions:  

During this research different numerical integration techniques were employed in Element Free 

Galerkin method for the numerical solution of 1D and 2D boundary value problems. This mesh-

less technique based on Moving Least Square has been investigated. Wavelet based numerical 

integration gives accurate solution with less collocation points and no oscillatory behavior for the 

integrand involved in the meshless method for the solution of boundary value problems. 

Implementation of this technique is very simple and not susceptible to the problem of ill-

conditioning, however penalty parameter may affect the solution for the implementation of 

boundary conditions.  Accuracy of the numerical integration based Gaussian quadrature rule is 

sometimes adversely affected and leads to erratic behavior. 

A comprehensive study revealed that this developed method is not completely meshless as it 

requires the background mesh for integration purpose. However, this grid /mesh is solely 

required for integration and thus not needed to be pre-defined. Nodal density depends upon the 

physics of the application. Another important critical issue was that the shape function developed 

by MLS approximation does not satisfy the essential boundary conditions due to lack of 

Kronecker delta property, hence use of penalty method or Lagrange multipliers was 

indispensable to enforce the boundary conditions. The Consistency of the proposed method and 

maximum absolute errors between exact and numerical solution of the BVPs has been 

investigated.  

Basis Function, Partition of Unity, Continuity (smoothness), Weighting Function (The selection 

of the weighting function such as Gaussian, cubic, quartic, quintic, sextic spline, is very 

important in the formulation of meshless methods), Influence of support domain, sampling points 

etc are studied. Uniform distribution of nodes in the domain leads to the mirror image of the 

shape functions from the central node. Parameters affecting the features of shape function have 

been discussed. The role of ‘Gauss points’ for integration and ‘point of interest’ has been 

investigated.  
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Scientific Innovations: 

An efficient, reliable and accurate computational method EFG based on wavelets, was developed 

for modeling discontinuities, structural analysis of viscoelastic materials, fluid boundary value 

problems. These developed schemes enhance the accuracy of the numerical solution of the 

physical problems, minimize computational efforts, and overcome the limitations and drawbacks 

of the existing methods.  

Practical Value:  

Improved numerical methods for the solution of viscoelastic thick cylinder, evolution of 

parceles, singularly perturbed boundary value problems along with variation of perturbed 

parameters, beam problems, elliptic and parabolic problems are developed. All these physical 

problems discussed in thesis have a lot of social and economic importance. 

Recommendations for Future Research work 

Meshless methods have been introduced in the recent years and are still under development. 

To make them become more powerful and practical computational tools, a lot of research works 

needs to be done, leading to application in new areas of sciences and engineering.  

The accuracy of this method has a significant role in accurate modeling of practical engineering 

problems; particularly structural analysis of nonlinear materials. In my future work, I intend to 

implement numerical integration techniques based on wavelet in MLPG/EFG and execution of 

these methods in more complex large scale engineering, non-linear 2D and 3D problems. 

Some suggestions on future research work are given below:  

 (1) The problems of large deformation such as viscoelastic materials, metal forming shock and 

contact that have not yet been solved very well by the FEM may be investigated by the meshfree 

methods based on different numerical integration techniques.  

(2) The EFG method requires background cells for integration of system equations derived from 

the weak form over the problem domain. Generally, the generation of background cells is 

feasible and can be done automatically. However, further theoretical development is necessary to 

reach a computational method without any mesh.  

http://www.google.com.pk/url?sa=t&rct=j&q=&esrc=s&source=web&cd=4&cad=rja&uact=8&ved=0CDcQFjAD&url=http%3A%2F%2Fwww.fda.gov%2Fdownloads%2FFood%2FFoodScienceResearch%2FUCM088771.pdf&ei=zpbkVP2KDsS2UdTOgqgN&usg=AFQjCNHuo_7CxLszBg8nlQg_pg5jCj92Fw&sig2=p4DOE7kBuChpJNxwE1twgQ&bvm=bv.85970519,d.d24
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(3) Dynamic, static and transient analyses of piezoelectric plates based on the classic and high-

order shear deformable theories may be carried out by using the EFG based on different 

numerical integration techniques.  

(4) Dynamic, static and transient analyses of 3D thick plates may be carried out by using the 

proposed method  

 (5) The meshfree methods such as collocation method do not require mesh for both the 

displacement approximation and the integration of matrices of the system equation. However, the 

results are poor and less stable. Further work is needed to improve both the accuracy and 

stability. 

 

 

 

 

.
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