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Abstract  
 
Queueing Network Models (QNMs) with Finite Capacity provide powerful 

and realistic tools for the performance evaluation and prediction of 

discrete flow systems such as computer systems, communication 

networks and flexible manufacturing systems. Over recent years, there 

has been a great deal of progress towards the analysis and application of 

QNMs with finite capacity, and high quality research work has appeared 

in diverse scientific journals of learning and conference proceedings in 

the fields of Operations Research, Computer Science, 

Telecommunication Networks, Management and Industrial Engineering. 

However, there are still many important and interesting finite capacity 

queues and QNMs to be resolved, such as those involving multiple-job 

classes, bounds and theoretical properties, exact analysis, numerical 

solutions and approximate methods, as well as application studies to 

computer and distributed systems, high-speed networks and production 

systems.  

Finite capacity queueing network models (QNMs) also play an important 

role towards effective congestion control and quality of service (QoS) 

protection of modern discrete flow networks. Blocking in such networks 

arises because the traffic of jobs through one queue may be 

momentarily halted if the destination queue has reached its capacity. 

Exact closed-form solutions for QNMs with blocking are not generally 

attainable except for some special cases such as two-station cyclic 



 v

queues and ‘reversible’ queueing networks.  As a consequence, 

numerical techniques and analytic approximations have been proposed 

for the study of arbitrary QNMs with non-Markovian (external) inter-

arrival and service times under various types of blocking mechanisms. 

This research mainly focuses on: 

i) To develop and validate cost effective analytical models for 

arbitrary QNMs with blocking and multiple job classes.  

ii) To use the analytical models to evaluate the performance of 

QNMs under various blocking mechanisms applicable to flexible 

manufacturing systems and high speed telecommunication 

networks. 

iii) To develop approximate analytical algorithms for arbitrary QNMs 

consisting of  G/G/1/N censored-type queues with arbitrary 

arrival and service processes, single server under Partial Buffer 

Sharing (PBS) and Complete Buffer Partitioning (CBP) schemes 

stipulating a sequence of buffer thresholds {N=N1,N2,…,NR,0< Ni ≤ 

Ni-1 , i=1,2,…,R} and buffer partitioning with FCFS service 

discipline. {chapter 4 and 5}  

iv) Validation of these algorithms (iii) using QNAP simulation 

package. 

v) Extension of the above algorithms for multiple servers and its 

validation using simulation. 

Determining a performance distribution via classical queueing theory 

may prove to be an infeasible task even for systems of queues with 

moderate complexity. Hence, the principle of entropy maximization may 

be applied to characterize useful information theoretic approximations 

of performance distributions of queueing systems and queueing network 

models (QNMs). 
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Focusing on an arbitrary open QNM, the ME solution for the joint state 

probability, subject to marginal mean value constraints, can be 

interpreted as a product-form approximation. Thus, the principle of ME 

implies a decomposition of a complex QNM into individual queues each 

of which can be analyzed separately with revised inter arrival and 

service times. Moreover, the marginal ME state probability of a single 

queue, in conjunction with suitable formulae for the first two moments 

of the effective flow, can play the role of a cost-effective analytic 

building block towards the computation of the performance metrics for  

the entire network.
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C H A P T E R  O N E  
I N T R O D U C T I O N  T O  Q U E I N I N G  N E T W O R K  
M O D E L S  W I T H  B L O C K I N G  M E C H A N I S M S  
 

1.1 Introduction 

Over the recent years for highly complex manufacturing and tele- 

communication systems, computer system has become a desire for 

comprehensive analysis and control of such systems. Random influences 

have an important effect on system behavior in many of these systems, 

and thus engineers must rely on stochastic models to gain insight. Most 

useful class of models has been termed queueing networks or perhaps 

more appropriately stochastic processing networks. 

To model real-life systems the role of Queueing networks is 

significant. Networks of finite capacity queues have been analyzed and 

successfully explored towards effective congestion control of network 

traffic and quality of service (QoS) protection in fixed and wireless 

networks. In networks with finite capacity problem of blocking arises as the 

network traffic through one queue may be temporarily halted if the 

destination queue is full. For queueing network models (QNMs) with 

blocking, the exact closed-form solution are not generally attainable 

except for some special cases for instance two-station cyclic queues and 

‘reversible’ queueing networks (i.e., networks with finite capacity whose 

corresponding infinite capacity networks are reversible cf. ([Bask 75] [Kell 

75]) consequently, for the study of arbitrary QNMs with non-Markovian 

(external) inter-arrival and service times under various types of blocking 
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mechanisms, some numerical techniques and analytic approximations 

have been proposed (e.g [Akyi 92] [Alti 87] [Kouv 98] [Kouv 2003] [Bals 

2001] [Fern 2002]). So far, small work has been reported on the 

approximate analysis of arbitrary QNMs with finite capacity and multiple 

job classes, with complex buffer management schemes. For prediction 

and the performance evaluation of more complex systems such as the 

traffic congestion control in the Internet routers, these models are in 

constant demand. Congestion occurs when the aggregate demand 

exceeds the total available capacity of resources. Performance modeling 

techniques, which helps to determine the usefulness of telecommunication 

networks capable of providing interactive services (such as voice, data 

and video) by developing good models. The volume of the Internet traffic 

has been increased, users are about to experience more packet loss, 

longer delay and other performance degradation due to congestion. One 

solution to this problem could be to keep the network utilization low but 

this may not be very cost-effective solution. As IP and packet switching 

dominating the Internet, in order to improve the network utilization,  

handling of congestion and providing  satisfactory level of service to the 

users, is not only  a practical, but challenging problem [Fern 2002]. To 

control traffic congestion traditional technique tail drop has been used, 

which sets a maximum queue capacity and drops packets when the queue 

becomes full but leads to several problems including global 

synchronization and lock out behaviour. Active queue management (AQM) 

has been proposed to surmount these problems. In literature, a number of 
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mechanisms have been proposed to implement AQM. The recommended 

one by the Internet Society in [Brad 1998] is random early detection (RED) 

mechanism and  the focus of this research will therefore be on the 

analysis of RED based congestion control mechanism. 

This research carries out approximate analysis of arbitrary QNMs with 

finite capacity queues with complex buffer management schemes and 

multiple (priority/non-priority) job classes by means of maximum entropy 

(ME) principle and such QNMs can play the role of an important building 

block in the performance of communication networks, which is based on 

the Non-Markovian (external) inter-arrival and service times under various 

types of blocking mechanisms. This research also presents a scaffold for 

the performance analysis of queueing networks with blocking and 

threshold based queue management scheme employed at each station.  

This dissertation also investigates the issues of QOS brought up by 

congestion in network infrastructure. My research concentrates to tackles 

the above mentioned problems by means of theory and practice, with an 

experimental approach. I thoroughly understand the theory behind Internet 

and wireless congestion control and buffer management schemes, as well 

as the structure and functionalities defined in the Internet service 

architecture for QoS provisioning. 

1.2 Background Study 

Before proceeding to my research work, it will be helpful to review 

the Queuing Network Models and Blocking Mechanism. An interconnected 

collection of stations in which customers move from one station to another 
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requesting service called queueing network, where each station consists 

of a queue where customers (or jobs) wait for service. Within the queueing 

system, the customers are organized according to some discipline which 

determines the order in which arriving customers get service, and 

customer are generally grouped into classes. Class membership may be 

switched by the customer. All customers within a given class are 

interchangeable. The customer may be given a length of service from the 

server determined probabilistically and/or according to customer class, 

network state, etc. Transition of a customer, is possible between stations 

and between classes. 

Queueing network models (QNMs) can be divided, into open, closed and 

mixed networks depending upon the workload offered. In open QNMs, an 

arbitrary number of jobs move around, incoming jobs from various external 

sources will depart the network after completion of heir service. Open 

networks are useful to model packet switched networks. While in closed 

QNMs, only a mixed number of jobs is allowed in the network which 

circulates amongst the stations receiving service, these networks are used 

to model multi access computer systems of the central server model type, 

window control in a packet switched network, etc. A combination of these 

two networks (open, closed) where a class of customers constitutes an 

open network and another one a closed network termed “Mixed network”. 

Example of a mixed network is an interactive computer system with a 

mixed number of terminals with the addition of batch jobs. A number of 

additional attributes can be incorporated in QNMs that characterize the 
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customers, the service stations and the customers' treatment in each 

station they visit. Queueing station may have many servers rendering 

service to customers at the same time. Given the number of servers, we 

refer to queues as single or multiple server queues. Each station may 

have a limited number of available spaces to accommodate the arriving 

customers, which causes in rejection of those customers at their arrival 

find the queue full. Given the number of available spaces, we refer to 

queues as infinite or finite capacity queues. Customers may belong to 

different classes with respect to the rates according to which they arrive or 

get service at the stations and the preferential treatment they are likely to 

receive. Given the number of classes, queues refer to as single or multiple 

class queues.  

Set of rules determining the order of service among different classes of 

customers at each station called Scheduling discipline. A vast literature 

exists regarding queues with different scheduling disciplines [CONW 67], 

[KLEI 76]. Most popular ones, are, First Come First Served (FCFS), Last 

Come First Served (LCFS), Processor Sharing (PS), etc. and their brief 

description is as follows.  

• First-Come-First-Served (FCFS): Working procedure of this 

discipline is simple; customers are served according to the order of 

their arrival. This discipline has been explored generally for various 

types of queueing systems involving general inter-arrival or service 

time distribution, single or multiple classes, waiting room with finite 

capacity and finite or infinite population. Several theoretical as well 
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as practical results have been produced in the literature (e.g., 

[ALLE 78], [KLEI 75,76], [GROS 85]).  

• Last-Come-First-Served Preemptive-Resume (LCFS-PR) or 

Non Preemptive (LCFS-NPR): It work in a fashion, the most 

recent arriving customer gets served first. If the arriving customer 

finds a customer being served, one of the two different actions will 

take place i.e. either the customer in service is pre-empted by the 

new arrival until its departure (which, in turn, may be preempted), 

and its service is resumed from the point of interruption (i.e. LCFS-

PR), or the customer in service retains its position and the new 

arrival joins the front of the queue (i.e., LCFS-NPR).  

• Processor Sharing (PS): Under PS discipline the server has a 

mixed rate of service, which is equally distributed among the 

customers in the station, as there is no waiting queue, with each 

customer immediately receiving some service. This discipline is 

actually a mathematical device [KLEI 67], resulting from time-

shared computer systems which uses a scheduling algorithm called 

Round Robin (RR). According to RR each customer's request is 

given a mixed small amount of service (in units of time) on a FCFS 

basis which is called quantum, which may or may not be enough to 

satisfy the customer's request. If sufficient, the customer departs 

from the system; if not, the customer is fed back to the tail of the 

queue waiting to get another quantum and so on, till completion of 

service. This PS scheme is the limiting case of the RR when the 
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quantum shrinks to zero allowing the customers to share the 

server.  

• Priority:   under which a mixed priority to be assigned to different 

classes of customers, which determines the order of service among 

the classes. Two scheduling rules are defined namely: Preemptive 

Resume (PR) and non-preemptive resume, known as Head-Of-Line 

(HOL) priority disciplines. The FCFS, LCFS PR or NPR, PS are 

also known as non-priority scheduling disciplines and they are 

usually embedded as secondary rules in the HOL and PR priority 

disciplines.  In case of ties among members of the same priority are 

broken under non-priority disciplines (e.g., FCFS). 

• Routing Procedure:  In order to avoid congestion, set of rules 

defined, whose function is to direct the customers along paths 

within the network until they reach their destination, in a fashion 

that aims to avoid congestion. Queueing networks have been 

studied at length under various assumptions regarding service and 

inter-arrival distributions, multiple classes, service disciplines, 

priorities, etc. and common assumption made when analyzing 

queueing networks, is that the capacity of each station is infinite. 

This implies that station can accommodate any number of 

customers waiting for his turn to get service. However, in real-life 

systems, the situation is otherwise that is storage space in front of a 

server is finite and this has given rise to the study of queueing 

networks with finite capacity stations. Due to the limitations 
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imposed on the capacity of these stations, the flow of customers 

through one station to another may be momentarily blocked if a 

destination station has reached its capacity and this is known as 

blocking, and in view of this, a queueing network with finite capacity 

is referred to as a queueing network with blocking (QNMs-B). 

Customer in such a station gets blocked means that the customer 

is not lost but delayed for a period of time. QNMs-B, are useful in 

modeling computer systems, distributed systems, and 

telecommunication systems. QNMs with blocking and multiple job 

classes for arbitrary configuration, the exact closed-form solutions 

for queue length distribution are not generally possible. As a result, 

numerical techniques and analytic approximations are employed to 

study these models. Brief description, to most commonly used 

blocking mechanisms is presented.  

1.3  Blocking Mechanisms  

Set of rules that indicates, that the server is blocked or unblocked is 

known as Blocking Mechanism. In literature, different blocking 

mechanisms have been considered during the analysis of different studies 

of real-life systems. The most commonly used blocking mechanisms are: 

Blocking After Service (BAS):  

A customer upon its service completion at station m try to join 

destination station n  and  forced to wait in station m (if station n at that 

moment is full) in front of server M, until it enters destination n, and  for 

this period of time Server M becomes blocked cannot serve any other 
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customer waiting in the station. In addition to this, we might have a 

situation in a network with arbitrary configurations, where more than one 

queue is simultaneously blocked by a single queue, and this situation can 

be resolve by the rule proposed and is attributed to Altiok and Perros 

[ALTI 87]. Under this rule blocked customers may be thought of as forming 

an imaginary blocking queue (although in effect they are waiting in front of 

their respective servers). In this scenario, blocked customers will join the 

blocking queue when they become blocked. As and when a space is 

available in the destination queue, the first customer waiting in the 

blocking queue is allowed to join the queue. Therefore ties among blocked 

customers are broken under a First-Blocked-First-Enter (FBFE) rule. It 

is possible that deadlocks may occur due to nature of this blocking and 

this has been addressed for the first time by Jun and Perro’s [JUN 89]. In 

the cited paper, “deadlocks are assumed to be detected and resolved 

instantaneously”, for example, suppose that queue x is blocked by queue 

y which in turn is blocked by queue z which in turn is blocked by queue x 

and this deadlock is resolved by the instantaneous exchange of the 

blocked customers in these queues whereas the customer in queue x is 

placed in queue y, the customer in queue y is placed in queue z, while the 

customer in queue z is placed in queue x, simultaneously. It is worth 

mentioning to note, that the resolving of deadlocks of this scheme may, in 

general, violate the FBFE priority rule described ibid, to let the 

continuation of the flow of customers. Although results for solving QNMs-B 

with deadlocks are very useful, and in practice, deadlocks in networks are 
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quite limited, since deadlock free networks are more desirable in terms of 

their performance. Thus, necessary and sufficient conditions have been 

put forward for deadlock free QNMs-B and most of these conditions apply 

to closed QNMs-B since they are more agreeable to deadlocks.  

Lemma 1.1 below gives the necessary and sufficient conditions for a 

deadlock free closed network with BAS [KUND 89]. A cycle of a network is 

defined as a set of nodes forming a directed path that starts and ends at 

the same node. Given that a network has L customers and M nodes of 

which each has finite capacity N; j = 1, 2, 3, …….,M, then the following 

Lemma holds: 

Lemma 1.1  

A closed queueing network under BAS is deadlock free if and only if for 

each cycle C in the network the following condition holds:  

j
j c

L N
∈

<∑   

Lemma 1.1 states that the total number of customers in the network must 

be smaller than the sum of node capacities in every possible cycle. The 

BAS blocking, which is, also known as type 1 blocking, classical blocking, 

manufacturing blocking, and transfer blocking. This blocking mechanism 

has been used successfully to model systems such as disk I/O 

configurations and production lines.  

Blocking before Service (BBS): prior to start of service, a customer in 

station i declares its destination (say station j). In case, if station j is full, 

the server of station I become blocked, and cannot serve other customers. 
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As and when a departure from destination station j occurs, the server of 

station I, becomes unblocked and ready to serve the customer. In case, If 

the customer is allowed to occupy the server during the time it is blocked 

or unblocked  we differentiate between Blocking Before Service with the 

Server Occupied (BBS-SO), and the Blocking Before Service with the 

Server Not Occupied (BBS-SNO).  

It is worth mentioning, that during the period of time queue j is full, it 

blocks all the upstream queues which are directly connected with queue j, 

and no service is rendered to any of these queues, and resume service 

simultaneously in the blocked queues when a departure occurs from 

queue j, and then there is no need to impose any kind of priority rules 

similar to the FBFE rule of BAS. In queueing networks under BBS 

deadlocks can also arise, but unlike BAS no rules have been proposed to 

resolve them. The necessary and sufficient conditions for deadlock free 

closed QNMs-B under BBS-SO and BBS-SNO are given by Lemma 1.1 

and 1.2, respectively.  

Lemma 1.2  

A closed queueing network under BBS-SNO is deadlock free if and only if 

for each cycle C in the network the following condition holds: 

  ( 1)j
j c

L N
∈

< −∑  

The BBS is also known as type 2 blocking, immediate blocking, 

communications blocking and service blocking,  which  has been used to 

model manufacturing systems, disk-to-tape back-up systems, mass 
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storage systems, and telecommunication systems, such as virtual circuits. 

Repetitive Service (RS): A customer upon its service completion at station 

i try to join station j. In case if station i has exhausted its capacity, the 

customer immediately receives another service at station j, till the 

customer completes its service at station j at a moment when station i is 

not full, and this mechanism can be classified further, into following 

categories:  

Repetitive Service with Fixed Destination (RS-FD):  

At the first attempt, once the customer's destination is determined it 

cannot be changed at the second and subsequent attempts. As, if the 

customer in queue j attempted to join and was blocked by queue i at the 

first attempt, every time the customer complete its service it attempts to 

join queue i until succeeded to. Repetitive Service with Random 

Destination (RS-RD): In this category, the customer's choice at each 

service completion is independent of previous choices. Specifically, if the 

customer completes its service at queue j, and tries to join one of the 

downstream queues (queue i or i’) as if it was its first attempt. All open 

QNMs-B under RS-RD are deadlock free because there is always the 

choice of exiting the network, while for closed QNMs-B under RS-FD 

Lemma 1.1 applies. For closed QNMs-B under RS-RD blocking the 

following Lemma applies:  
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Lemma 1.3  

A closed queueing network, under RS-RD blocking mechanism, is 

deadlock free if and only if the network is irreducible (i.e., if every state 

can be reached from every other state) and the following condition holds  

1

M

j
j

L N
=

<∑  

Lemma 1.3 states that there is a path from each queue to every other 

queue in the network and there is at least one free buffer space in the 

network. This free space guarantees that all blocked customers will 

eventually depart and unblock their servers. The RS is referred to as type 

3 blocking and rejection blocking and has been used to model 

telecommunication systems and I/O subsystems with Rotational Position 

Sensing [LAZO 84].  

The following Lemma applies to open QNMs-B.  

Lemma 1.4  

An open queueing network under BAS, BBS, and RS-FD is deadlock free 

if and only if there is no cycle in the network.  

1.2.1 Equivalences of Blocking Mechanisms  

“Two blocking mechanisms are said to be an equivalent if the network 

under consideration has the same rate matrix under both types of blocking 

mechanisms”, and is only applicable to networks under exponential 

assumptions. 
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Table 1.1 

Configurations Equivalences and conditions 

Two-Node Tandem BAS=BBS-SNO=BBS-SO=RS-FD=RS-RD if  N l = ∞ 

Tandem BBS-SO=RS-FD=RS-RD 

BBS-SNO=BAS and node capacities Nj — 1, j = 2, ... , M

Split BBS-SNO=BBS-SO=RS-FD if Upstream queue is 
infinite BBS-SO=RS-FD if Upstream queue in finite 

Merge BBS-SNO=BBS-SO=RS-FD=RS-RD if Upstream 
queues are infinite BBS-SO=RS-FD=RS-RD Upstream 
queues are finite 

 
Table 1.2 

Configurations Equivalences and conditions 

Two-Node Tandem BBS-SNO=BBS-SO=RS-FD=RS-RD= 

BAS and capacities N1 — 1, N2 

Cyclic RS-FD=RS-RD 

BBS-SNO=BAS and node capacities Nj — 1,  j = 1, .....M 

Central Server BBS-SNO=BBS-SO if NI = ∞ 

BBS-SNO=BBS-SO if  Nj = ∞, j = 2, ... , M 

RS-FD=RS-RD if Nj = ∞, j = 2, ... , M 

Arbitrary BBS-SO=RS-FD 

BBS-SO=BBS-SNO if 

L ≤ min{Ni+Nj, i , j = 1, ... , M such that aij > 0} — 1 
 

Equivalences between the blocking mechanisms of the previous section 

have been proved to a limited extent in [CASE 79], [BOCH 80], [ALTI 82], 

and then Onvural and Perros [ONVU 86] “summarized the results in the 

cited papers and made extensive comparisons under different 

configurations and their results are applicable to open QNMs-B”. 
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Moreover, comparisons between blocking mechanism concerning closed 

QNMs-B have been carried out in [BALS 91] and [ONVU 87]. The attribute 

of these comparisons is that the majority of these is generally applicable 

only to specific configurations; tandem, split and merge configurations for 

open networks, and cyclic and central server models for closed networks 

In particular, Table 1.1 summarizes the equivalencies that exist in specific 

open network configurations and Table 1.2 summarizes the equivalencies 

for specific closed network configurations. By split configuration we mean 

that there is only one upstream queue linked with a number of 

downstream queues. The upstream queue receives the external traffic 

which is, in turn, after upon its service completion joins one of the 

downstream queues. Merge configuration indicate that there is a set of 

upstream queues linked altogether with only one downstream queue. 

Every service completion in one of the upstream queues is directed 

towards the downstream queue.  

1.3 Queueing Network Models, an appropriate tool for 
performance evaluation? 

 

In the analysis and design of computer and telecommunication systems, 

Queueing network models have become an important tools, and this is 

due to the fact that, queueing network models achieve a considerable 

equilibrium between accuracy and efficiency for many real time systems 

and applications. In terms of accuracy, a large body of experience 

indicates that queueing network models can be expected to be accurate to 

within 10 to 30% for response times and to within 5 to 10% for utilizations 
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and throughputs and this level of accuracy is consistent with the 

requirements of a wide variety of design and analysis of real time 

applications. Queueing network models, in terms of efficiency, can be 

evaluated at relatively low cost.  

1.4 Buffer Management Schemes 

In telecommunication networks, at router, buffer management schemes 

used to decide when to drop a packet and which packets need to be 

dropped using Drop-Tail buffer management scheme which does not 

guarantee fairness or delay bound and delay-jitter bound, there has been 

no motivation for real-time applications to use end-to-end congestion 

control mechanisms and keeping in view of these reasons, real-time 

applications uses robursted congestion control schemes than TCP 

congestion control. Although, Drop Tail is a simple buffer management 

scheme, penalize bursty traffic, like TCP, does not guarantee fairness, 

and adds unnecessary delay because it doesn’t drop any packets before 

the buffer is fully exhausted.  

Two practicable schemes RED (Random Early Detection) and FRED 

(Flow Random Early Drop) are the foundation of buffer management 

schemes and  designed in the consideration of burstiness of TCP flows. 

RED drops packets before congestion be-comes severe and prevents full 

exhaustion of buffers but, it does not prevent unresponsive flows from 

monopolizing buffer space, and TCP-friendly flows attain only a reaction of 

their fair share. Moreover, queue size can not be control effectively and 

can not prevent buffer overflow in case there are many flows. Researchers 
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stressed on the need for end-to-end congestion control to address the 

problem of unresponsive flows, and insisted that there should be some 

mechanisms on the network to identify and regulate un-responsive flows.  

While on the other, FRED cannot prevent buffer overflow for many flows, 

and much fairer than RED and effectively regulates unresponsive flows. 

Although RED and its variants can be acceptable for applications that only 

require reliability, a router to provide more functions to support real-time 

applications. A router should let a real-time application experience periodic 

packet loss when packet loss cannot be avoided.  

This research will analyze two buffer management schemes that not only 

ensure better less delay, less delay-jitter, and smooth sending rates but 

are also flexible enough to deal with multiple class traffic at the same time 

as avoiding the problems introduced by the traditional buffer management 

scheme. These schemes are presented as: 

Complete Buffer Partitioning (CBP) Scheme shown as: 

 

 Fig. 1. The CBP management scheme with traffic classes 
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Is a buffer management scheme in which the buffer is completely 

partitioned into R (number of classes) portions. Jobs of a class can join 

only its own allocated part. Jobs can be served either according to first-

come-first-served (FCFS), pre-emptive resume (PR) or head-of-line (HoL) 

service disciplines.  

CBP are basically fair as no buffer is shared in CBP. The 

advantage of CBP is that, it is able to achieve relatively high throughput at 

very high traffic load [THAR 84], since a strict partitioning of the buffers 

may prevent some unbalanced cells from hogging all the buffers. 

Partial Buffer Sharing (PBS) shown as: 

 

 

Is a buffer management scheme which works as by setting a descending 

sequence of thresholds Ni (Ni>0, i=1, 2,…, R) corresponding to R priority 

classes of a single server queue with finite capacity N1. Different job loss 

and QoS requirements under various load conditions can be met by 

adjusting the threshold values. The highest priority jobs of class 1 can join 

the queue simply if there is space. However, lower priority jobs of class i (i 

= 2,…, R) can only join the queue if the total number of jobs in the queue 

Fig. 2. Arrangement of a simple threshold based PBS scheme 



 - 19 -

is less than a threshold value Ni (Ni ≤ Ni-1). Once the number of jobs 

waiting for service reaches Ni, all lower priority jobs of class k, (k=i+1,…,R) 

will be lost on arrival but higher priority jobs of class j (j=1,…,i-1) will 

continue to join the queue until it reaches threshold value, Nj (j=1,…,i-1). 

The motivation behind this arrangement is principally to try and meet the 

diverse QoS requirements and this is achieved by improving the loss 

performance of the high priority traffic while degrading the performance of 

the low priority. This arrangement shown by Fig. 2 assumes that the buffer 

comprises a single FIFO queue. 

1.5 Aims and Objectives 

The aims of the research are: 

vi) To develop and validate cost effective analytical models for 

arbitrary QNMs with blocking and multiple job classes.  

vii) To use the analytical models to evaluate the performance of QNMs 

under various blocking mechanisms applicable to flexible 

manufacturing systems and high speed telecommunication 

networks. 

The objectives of the research are: 

i) To develop cost-effective analytical algorithm, based on 

decomposition, for arbitrary QNMs consisting of  G/G/1/N 

censored-type queues with arbitrary arrival and service processes, 

single server and {N =N1,N2,…,NR} finite capacity fixed partitions for 

R classes of jobs under non-priority (FCFS) or priority (HoL,PR) 

service disciplines. RS (with RD and FD) blocking mechanism will 
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be employed to resolve the blocking caused by the finite capacity 

queues. 

ii) Validation of this algorithm (i) using some simulation package (e.g., 

Queueing Network Analysis Package, QNAP). 

iii) Extension of the above algorithm when individual stations have 

multiple servers followed by its validation using simulation. 

iv) To develop approximate analytical algorithm for arbitrary QNMs 

consisting of  G/G/1/N censored-type queues with arbitrary arrival 

and service processes, single server under PBS scheme stipulating 

a sequence of buffer thresholds {N=N1,N2,…,NR,0< Ni ≤ Ni-1 , 

i=1,2,…,R}and FCFS service discipline. 

v) Validation of this algorithm (iv) using QNAP simulation package. 

vi) Extension of the above algorithm for multiple servers and its 

validation using simulation. 
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1.6 Thesis Layout 

 In this thesis the Principle of Maximum Entropy (PME) is used to 

provide an analytic framework for the analysis of QNMs under complex 

buffer management schemes for bursty traffic focusing on an arbitrary 

open QNM, the ME solution for the joint state probability, subject to 

marginal mean value constraints, can be interpreted as a product-form 

approximation. Thus, the principle of ME implies a decomposition of a 

complex QNM into individual queues each of which can be analyzed 

separately with revised inter arrival and service times. Moreover, the 

marginal ME state probability of a single queue, in conjunction with 

suitable formulae for the first two moments of the effective flow, can play 

the role of a cost-effective analytic building block towards the computation 

of the performance metrics for the entire network 

The rest of this dissertation is organized as follows: 

Chapter 2 presents a brief description of previous related work.  

Chapter-3 introduces the concept of ME and the Generalised Exponential 

(GE) distribution. The GE distribution is adopted as an analytic tool for the 

implementation of the ME methodology for solving complex queueing 

systems. Some of the properties of GE distribution are also described. In 

addition this chapter reviews the ME solution of a censored GE queue with 

multiple job classes and non-priority service disciplines under complete 

buffer sharing (CBS) scheme.  

Chapter-4 carries out performance analysis of a threshold based buffer 

management scheme for accommodating multiple class traffic in network 
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routers. This technique effectively controls the allocation of buffer to 

various traffic classes according to their delay constraints. The forms of 

the joint state probabilities, as well as basic performance measures such 

as blocking probabilities are analytically established at equilibrium. Typical 

numerical experiments illustrate the credibility of the proposed mechanism 

in the context of different quality of service (QoS) grades for various 

network traffic classes.  

Chapter-5 presents an analytical model for a finite capacity queue under 

complete buffer partitioning scheme for multiple class external bursty 

traffic. The analysis has been carried out using ME methodology and 

closed form expression for the joint probability distribution and various 

performance measures have been analytically derived. Numerical results 

show the effect of varying buffer partitioning on different performance 

metrics. 

Conclusions and remarks for the future work follow in Chapter-6.



 - 23 -

C H A P T E R  T W O  
R E L A T E D  W O R K  

 

2.1 Introduction 

To model complex computer network, and telecommunication 

systems, by use of queueing network models, which help us to understand 

their behavior, to estimate and finally to improve their performance. Lets 

take an ATM switch based network where each switch is modeled as a 

specific queue and the flow of information  that is of main interest,  such a 

network understanding the correlation between the occupations of the 

different switches can help to improve a switch recovery procedure and to 

avoid switch blocking. The Jackson network model [Jack 1957], [Jack 

1963], which assumes infinite capacity for all queues is most researched 

queueing network model. This infinite capacity assumption does not hold, 

for real systems,  but is often maintained due to the difficulty of grasping 

the between-queue correlation structure present in finite capacity networks 

and this correlation structure helps explaining spillbacks and bottleneck 

effects, the earlier being of special interest in networks containing loops 

which are a source of potential deadlocks (i.e. gridlocks). To capture this 

correlation and to estimate the effects of this congestion we opt to models 

with finite capacities. Featuring in the literature review that exact analytic 

results are only available for small networks with specific topologies.  In 

modeling complex finite capacity networks with arbitrary topologies, the 

main complexity lies in appropriately acknowledging the between-queue 
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correlation while maintaining a tractable model. Finite capacity queueing 

network (FCQN) models have been explored for a number of applications 

such as the study of software architectures performance, criminal flow 

through a network of prisons, hospital patient flow, pedestrian flow through 

circulation systems (e.g. corridors) as well as numerous applications in the 

manufacturing sector.  

2.2 Literature Review 

The related study based primarily on the following books:  

• Introduction to Operations Research (Hiller, H. S. and Lieberman, 

G. L., 1967) 

• Principles of Operations Research (Wagner, H. M., 1969) 

• Queueing Systems : Volume I, (Leonard Kleinrock, Wiley 

Interscience, 1975). 

• Queueing Systems, Computer Applications, Volume II (Leonard 

Kleinrock, Wiley Interscience, 1976). 

• Probability, Statistics and Queueing Theory with Computer Science 

Applications, (Arnold O. Allen, Academic Press, 1977). 

• Probability and Statistics with Reliability, Queueing and Computer 

Science Applications (Kishore S. Trivedi, Prentice-Hall, 1982). 

• An Introduction to Queueing Networks (Jean Walrand, 1988). 

• Stochastic Modeling: Analysis and Simulation (Barry L. Nelson, 

1995).  
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• Fundamentals of Queueing Theory (Gross, G. and Harris, C., 

1998). 

In operations research, Queueing theory has been a prominent analytical 

technique for more than half a century. Simplest one is queueing model 

with single station, and a single server that processes entities called single 

station, single server queueing model in which, the flow of entities is 

modeled as they arrive to the station, waits, if the server is busy serving 

another entity, get service, and then leave the station. Two characteristics, 

used to measure the extent of the queue, by the number of waiting entities 

and the length of waiting time, is derived based on a set of mathematical 

equations given two crucial characteristics of the station, which are: (i) 

distribution of service times, and (ii) distribution of inter-arrival times.  

If the arrival and service patterns are deterministic, the service ate and 

mean arrival rate is sufficient to describe the process. Otherwise, 

classification of the inter-arrival and service times are required in the form 

of a probability distribution such as an exponential distribution or Erlang 

distribution. The maximum capacity of station and the service discipline 

are other characteristics of the station, where capacity of station is the 

maximum number of entities at a station, where such entities include both 

the entity that is being processed (which is “one” in this single-server 

model) and those that are waiting to be processed. Service disciplines 

include, for instance, “First Come First Served” (FCFS), “Last Come First 

Served” (LCFS), Priority, etc. FCFS is most commonly observed, which 

include examples such as a store cashier, bank teller, etc. Examples of 
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LCFS are an inventory system or an elevator. Taxi or bus rides, are the 

examples of random service discipline where arrival time at a certain 

destination could largely depend on the degree of traffic congestion and 

may also be based on some priority rule. For example, passengers with 

children normally have priority for boarding an airplane. 

As the number of servers and/or stations expands, the complexity of 

queueing model intensifies. With the increase in the number of stations, 

the possible routes of entity flows in the system also expand. 

A model with multiple stations is termed as a queueing network model. A 

number of queueing network frameworks have been developed to 

represent different system mechanisms. The system in a network model is 

characterized by:  

(a) An open or a closed system, and (b) linkage of stations (tandem, 

arbitrary linked with or without feedback flow). In case of single-station 

model, each station in a network system owns characteristics including: 

 (i) Distribution of inter-arrival times, (ii) distribution of service times, (iii) 

the maximum capacity of station, (iv) number of servers, and (v) service 

discipline. Waiting spaces between stations (i.e., part of each station’s 

“capacity”) in a network model, are expressed as “buffer”.  

In a closed network, a constant number of entities move around 

indefinitely in the network whereas in an open network model, entities 

enter the network from outside, get service at one or more stations, and 

finally leave the network. Hence, the population of an open model is likely 

to change randomly with different levels of inflows and outflows from the 
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system at different points in time. The choice between choosing a closed 

or open network models depends on whether or not the congestion levels 

at all possible locations of the entities are controllable by policy maker’s or 

researcher’s interest. The entity flows to these stations represent the 

departure from the system, assuring an open model as opposed to a 

closed model. In a “tandem queueing model”, entities always flow in a 

single direction from one station to the next. Entities also always enter the 

system through the most “upstream” station and exit from the most 

“downstream” station. In a “network model”, there may be multiple entry 

and exit points, and entities can optionally skip processing stations. An 

network models can further be categorized into two groups depending on 

whether or not the system has feedback flow. “Figure 2.1 shows the 

examples of an open network model with different flow configurations. it 

should be noted that a closed model must have feedback flows, as the 

system does not have an exit point and the flow must circulate in a system 

indefinitely”, ref: [Naor 02]. 
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Figure 2.1 Flow Configurations of an Open Network Model taken 

by[Naor 02] 

 

[Jack 1957, 1963] has made valuable contributions to the development of 

queueing network models. A Jackson model, which is probably the most 

researched and widely useful network model in a variety of fields, 

including the healthcare field and made major contribution by finding a 

“product-form” steady-state solution for in open and closed models with a 

tandem or a feed-forward flow configuration. The state of the system in a 

network model, is described by the joint probability distribution for the 

number of entities at each station. 

“Typically, this is denoted as Pr (N1 = n1, N2 = n2 ,…, Nk = nk) ≡ pn1,n2,….,nk, 

where the number of entities at station i is denoted as ni and the system 

consists of k stations in total. Jackson showed that the following 
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relationship must hold for a single-server model under certain 

assumptions” ref [Naor 02]: 

1 2

1 2
, ,......., 1 1 2 2(1 ) (1 ) .......(1 )

k

n n k
n n n k kp ρ ρ ρ ρ ρ ρ= − − −    (2.1) 

“In the equation ρi is the ratio of arrival to service rate from station i and is 

known as the “traffic intensity” in queueing theory. (1- ρi) ρin  is the 

solution of a single-server-single-station model and is equal to the 

probability of ni entities being at station i. Thus, the joint probability that is 

expressed using the product form as (2.1) indicates that the states at the 

stations in the system act as if they are mutually independent. Due to this 

reason, the open Jackson network model helps us to analyze each station 

separately” ref[Naor 02]. The model is based on “Jackson properties”: 

which include the following five assumptions: 

(i) Inter-arrival times to the system are independent and identical 

distributed (IID) random variables following an exponential 

distribution. 

(ii) Exponential Service times exponential distributed at each 

station are IID random variable.  

(iii) Probability of an entity moving from one station to another is 

fixed called “routing probability”. 

(iv) An unlimited capacity “buffer” between stations. 

(v) Mean arrival rate is smaller than the mean service rate at each 

station as the system is stable (equivalently, ρi <1). 

It is worth mentioning that the internal arrival pattern in the Jackson model 

is fundamentally related to the prior finding by [Burk 1956], who has 



 - 30 -

verified that the output distribution from a station is alike to the input 

distribution, as long as: 

(a) Follows Poisson process;  

(b) Exponentially service time distribution at the station; and  

(c)  No restriction on exiting the station.  

In view of Jackson model, Burke’s theorem assures that the internal arrival 

rate follows a Poisson distribution as long as no feedback flows are 

permitted, as in the case of [Burk 1956]. According to [Gross 1998]  Burke 

finding is not intuitive.  

“Naturally one would anticipate the means to be alike, since we are in 

steady state, so that the input rate must equal to the output rate; but it is 

not quite so intuitive that the variances and certainly the distributions are 

alike.” 

Several theoretical works has been published which is simply expansion 

of  the Jackson model, and many of those in an open model have 

examined or modified the Jackson properties (i) and (ii), in particular, [Disn 

1981] and [Mela 1979] are widely known. The internal arrival rate 

distribution with feedback flow as a generalization of Jackson model and 

this was examined by [Disn 1981]. He showed that in case if a system has 

any kind of feedback flow, the internal flows in the system do not follow 

the Poisson distribution. Assumption of Poisson arrival is to be justified 

only when the system under consideration has either arbitrarily linked 

network configuration with feed-forward flows or a tandem. Anyhow, the 
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Jackson’s product-form solution holds regardless of whether or not 

internal flows are Poisson.  

In an open Jackson system [Mela 1979] extended the Burke’s finding and 

showed that in case if arriving rates to all internal stations follow the 

Poisson distribution, the departure rates from internal stations to outside 

the system are mutually independent.  

When waiting spaces between stations are finite (i.e., finite buffer) 

blocking will occurs, which is violation of property (iv) in the Jackson 

model. In case of finite buffer, leaving entity from a station may find that 

the capacity at the destination is full, even after its service completion, the 

said entity may wait at the current station and due to this, a potential 

arriving entity will be blocked from getting service at the station. A finite 

buffer between two stations was examined by [Hunt 1956]  using  single 

server with a sequential two-station model to compare traffic intensities for 

the three basic cases. These cases included:  

(i) First station may have an finite buffer; While  an infinite buffer 

exists between the stations. 

(ii) Where zero buffer exists between the stations; and  

(iii)    First station may have an infinite buffer, while a finite buffer (>0) 

exists between the stations. The model under consideration is based 

on Markov chains with Poisson arrival rates and exponential service 

times, which give the “exact solutions”, by the methodology, used and 

obtained the probabilities of all the permutations of the states at the 

two stations. To demonstrate, consider two station model, station 1 
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and station 2 each with single server. let denote the number of entities 

at station 1 and station 2 as (k1, k2) and consider Jackoson’s property 

(ii), where the first station also has no buffer, and the arriving 

customers to busy server are lost. Five possible system states are 

summarized in the table below, where the state transition rate diagram 

for the corresponding Continuous Time Markov Chain (CTMC) is 

illustrated in Figure 2.2. Let, λ and μi  respectively indicate the arrival 

rate to the station 1 and the service rate at station i (i = 1, 2), where the 

inter-arrival and service times follow iid exponential distributions as 

mentioned above. Let pk1,k2 represent the joint probability of having k1 

and k2 entities at station 1 and 2, respectively, ref [Naor 02].  

K1 K2 Description of State  
0 0 Empty System 
1 0 Station 2 empty,while an entity under process at 1 
0 1 Station 1 empty,while an entity under process at 2 
1 1 Entities are under process at both station 
B 1 Entity at station 2 is blocked and waiting to enter 

station 1 
 

Table 2.1 States of a Blocking Model in a Two-station Model 

 

 

Figure 2.2 Blocking Model in a Two-station Model 

Flow balance between states produces the following five equations. 
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The five unknowns, p0,0, p0,1 , p1,0, p1,1, pb,1 are determined by using any 

four of the five simultaneous equations above besides the normalization 

condition that the probabilities must add up to one, i.e., 1, 2 1k k
k k

p =∑∑  

 According to [Taka 1980] “the number of states increases dramatically, 

since the number of stations and/or the number of servers becomes 

complex, thus the computation becomes more complex. Specifically, it is 

known that the number of unknown variables is approximately 
1

2 Nn
ii

c
=∏  

where ci is the number of servers at stations i, N is the number of stations 

in the system, and k is the number of flow-paths between stations”. 

As a result, the methodology that approximates the solution was 

proposed. This method proposes decomposition of a network into smaller 

subsystems, analyzes each subsystem separately, and uses the results of 

subsystem to analyze the overall network. The main problem is to find “the 

revised arrival rates and the revised service time distributions so that the 

stationary distributions of the individual queues approximate the marginal 

stationary distribution of the network” [Korp 2000]. In this fashion, the 

blocking effect is incorporated through adjusting the arrival and service 

rates for the preceding (upstream) stations. [Hill 1967] introduced the first 

single-node decomposition methodology, which used an open system with 

a tandem configuration where every station is set with multiple servers. In 

their model, the service time was assumed to follow an exponential 

distribution, whereas the arrival process was assumed to be Poisson. The 

arrival time was recorded at the time of the service completion at the 
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previous station and the departure time was recorded at the time of 

physical departure from the station with except to the first station 

assuming that the first station is constantly full, which implies that the 

service rate at the first station is always equal to the service rate at the 

second station. In case of full occupancy of one or more downstream 

stations entities in the system may be blocked, where the service times at 

all downstream stations follow exponential distributions. The congestion at 

each station is calculated separately on the basis of flow balance rate at 

the station. 

In a finite buffer model with tandem flows using the single-node 

decomposition approach, the effects of blocking was further researched by 

[Perr 1986]. The Arrival process follows poisson while service times follow 

exponential distributions. Expected length of time physically spent at each 

station which is obtained as revised service time was used to capture the 

blocking effect  by [Hill 1967], which is contrary to the work by [Hill 1967], 

under which the models assumed an unsaturated first station and a single 

server at all stations. In addition to that one more difference between [Hill 

1967] and [Perr 1986] is the distribution of the revised service time, 

wherein the former research assumed that the service time follows an 

exponential distribution, the latter research assumed that it follows the 

Coxian k distribution where k represents the number of maximum phases 

that entities can endure. Complex calculation was involved in the work by 

[Perr 1986]. The mathematical technique known as the matrix geometric 

procedure [Neut 1981] applied to simplify the large matrix calculations. A 
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single-node decomposition approximation method to solve an open 

queueing network model with feed-forward flows was developed by [Taka 

1980], in which model assumed Poisson arrivals, exponential service 

times, and a single server with finite buffer stations.  In their research, 

concept of revised arrival and service rates used, although they are 

defined as “pseudo-arrival rate” and “the effective service rate”, 

respectively.  

In literature, limited research can be found that analyzed blocking in an 

open queueing network with feedback flows using the single-node 

decomposition approximation as it is theoretically inappropriate to assume 

the conveniently used Poisson arrival process when feedback flows exists, 

as proved by [Disn 1981]. In addition, model faces “deadlock flow” 

problem.  A situation,  in which  entities at two or more stations block each 

other, referred as Deadlock, and occurs only when feedback flows are 

allowed in the system. However, the “First Come First Served” (FCFS) 

discipline, which is the common assumption of a queueing model with 

blocking, could be violated by the deadlock. For example, suppose we 

have three station I,J,K with  the situation where two entities are waiting to 

enter station K at station I first and at station J second. If the entity at 

station K chooses to go to station J upon its service completion, deadlock 

occurs between stations J and K, which is solved by exchanging the two 

entities between the stations. By allowing entity waiting at station J to go 

ahead of the entity waiting at station I is the violation of the FCFS rule. 

The existence of deadlock and how to deal with it in a theoretical model 
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was discussed explicitly by [Jun 1989], which  also solves a single server 

network model with feedback flows by applying a matrix-geometric 

procedure [Neut 1981], where the model assumes Poisson arrivals and 

exponential service times. The two-node decomposition method was 

introduced by [Bran 1985, 1988], in an open tandem framework. In which 

each subsystem consist of two adjacent nodes and analyze individually. 

Theoretically, the two-node decomposition approximation can provide 

more accurate results than single-node decomposition approximation. 

However, since the size of subsystem becomes larger, the calculation 

becomes more computationally intensive [Perr 1994]. On the whole, the 

accuracy of an approximation method can be tested against exact 

numerical solutions or simulation data. Exact numerical solution is, 

however, usually depend on the network size. For complex queueing 

network models, simulation results provide just point of reference to record 

the accuracy of the Network. A bounding method introduced  [Perr 1994]. 

[Kuma 1998] that could surmount some of the deficiencies are natural in 

the decomposition approximation, ref [Naor 02]. 

Queueing models with blocking further investigate the effects of different 

queueing disciplines. The queueing discipline assumed in this dissertation,  

is “Blocking After Service”. Other disciplines include; “Blocking Before 

Service” and “Repetitive Service”. A situation where an entity gets blocked 

prior to receive service is referred to as “Blocking Before Service”. So, 

prior to start of service, the entity declares its destination. Entity begins to 

receive service as and when the server at the destination becomes 
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available. “Blocking Before Service” can be used to analyze production 

lines [Alto 1982]. While in the “Repetitive Service” mechanism, the entity 

continues getting service at its current location until the server at the 

destination becomes available upon the completion of service at the 

current location, and which can be used to analyze telecommunication 

systems [Case 1979]. Queueing models with blocking studies further 

multi-class entities. This model have also been researched under open or 

closed network frameworks with various arrival and service patterns, 

wherein, each type of customer owns a different routing pattern in the 

system. Research paper on this topic include [Onvu 1989], and [Akyl 

1989a]. The general description of the exact and approximate solution 

methods for queueing networks with blocking under different arrival and 

service time distributions, queueing disciplines, and network frameworks 

are given by [Perr 1994] and [Bals 01]. However, no work on this type of 

model was found with the exception of the applied work done by [Korp 

2000]. Their work analyzed the congestion level at prison systems in the 

Netherlands. The publication claims: “no algorithm has been reported on 

networks of bufferless multiple server queues with the blocking-after-

service rule.” 

Building this type of model is generally more difficult than constructing and 

solving a tandem single-server model. Modeling a tandem configuration is 

less complex, because there is only one location for the blocked entities to 

be. Also, the computation is easier for single-server models because the 
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potential number of blocked entities cannot exceed N-1 where N is the 

number of stations in the system. 

2.3 ASPECT OF MAXIMUM ENTROPY 

Over recent years a need for alternative ideas and tools is growing 

since it is apparent that classical queueing theory cannot handle 

effectively those more complex queueing networks. The principle of 

Maximum Entropy (ME) provides a method of inference in order to 

estimate uniquely an unknown but true probability distribution, based on 

information expressed in terms of known mean value constraints.  

N. B. Kendall’s notation has been used to define the parameters of a 

queue. Basically G/G/1/N queue describes a queue with a general (G-

type) inter-arrival time; a G-Type service time, one server and a capacity 

of N. Distributions other than G-Type include the exponential (M), 

generalized exponential (GE) and generalized geometric (GGeo). 

The method existed in Statistical Mechanics and was originally discussed 

by [Jayn 57, 68]. Entropy maximization was first applied to the analysis of 

Markovian queueing systems by [Ferd 1970] who determined the queue 

length distribution of an M/M/1/N queue by analogy to Statistical 

Mechanics. The principle of ME is applied by [Shor 1978] in order to 

investigate the queue length distribution of the M/M/1 and M/M/1/N 

queues. Later [Kouv 1983] derived a ME queue length distribution for 

M/G/1 and G/M/1 queues, which becomes exact when the underlying 

service time distribution in M/G/1 case and arrival distribution in G/M/1 

case, is Generalised Exponential (GE). [Kouv 1983], then applied ME to 
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obtain the queue length distribution for G/G/1 queue. [Kouv 1985] 

analyzed general queueing networks by using ME. [Kouv 1986, 1988] 

produced a GE-type approximation for the ME queue length distributions 

for the stable G/G/1 and G/G/1/N queues. [Kouv 1986] developed a 

universal maximum entropy algorithm for the analysis of general closed 

queueing networks. 

[Geor 1989] extended the algorithm [Kouv 1986] for multiple class open 

networks with mixed disciplines. MEM has been used by [Kouv 1989, 

1989] to analyze approximately arbitrary FCFS open and closed queueing 

networks with multiple server queues and general inter-arrival and service 

times under repetitive service (RS) blocking with either fixed (FD) or 

random (RD) destination. Their work was later revised by [Kouv 1991] in 

which they mainly focused on queueing networks with single server queue 

under RS-RD blocking mechanism and this revised version is based on 

the notion of decomposing a general queueing network into individual, 

finite or infinite capacity queues with revised inter-arrival and service time 

parameters that depend on the blocking mechanism. Each queue, in turn, 

plays the role of a building block, and is solved separately via entropy 

maximization subject to GE constraints, ref [Awan 97]. 

Not much work has been done so far on the analysis of closed finite 

capacity queueing networks with blocking and multiple job classes. 

Comprehensive reviews on open and closed QNMs under various 

blocking mechanisms have been carried out by [Onvu 1990] and [Perr 

1990, 1994]. [Akyi 1989] and [Bran 1989] analyzed open, closed and 
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mixed QNMs with finite capacity and multiple job classes under reversible 

routing and repetitive service (RS) blocking. [Chou 1992], and [Akyi 1992] 

solved exactly special types of multiple class QNMs with finite capacity 

and reversible routing. [Kouv 1993] developed multiple class open QNM 

under repetitive service blocking with random destination (RS-RD). 
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C H A P T E R  T H R E E  
METHODOLOGY 

E N T R O P Y  M A X I M I Z A T I O N   
A N D  

G E N E R A L I S E D  E X P O N E N T I A L  D I S T R I B U T I O N  
This chapter presents the Principle of Maximum Entropy (PME) and its 

applications in the queueing systems. It also introduces the GE 

distribution, its properties and shows how it is related with the PME. This 

relationship justifies the use of GE in modeling queuing systems as a 

fundamental distribution. At the end, it reviews the application of PME in 

the censored G/G/1/N queue with multiple job classes. 

3.1 Introduction 

 The problem of probability assignment has a root in Bernoulli 

principle (1713) known as the principle of insufficient reason which 

states that: 

I. A probability assignment is a state of knowledge, 

II. The outcomes of an event should be considered initially equally 

possible, unless there is evidence to make us think otherwise. 

If these probabilities are not equally possible then the question is 

how all the information available can be incorporated to assign a 

probability distribution. It was Shannon's work on information theory 

[SHAN 48] that provided the means for answering this question by 

introducing the entropy functional. Although, the entropy functional was 

known as long ago as Boltzman, “it was Shannon who gave it a 
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universal meaning by identifying it as a measure of uncertainty, and 

thus made it possible for others to find applications in different areas”, 

ref [Awan 97]. 

Jaynes [Jayn 79] extended Bernoulli's principle in Statistical 

Mechanics, to the constrained problem, in which prior information 

about the system is available. He observed that in lack of prior 

information, the entropy gains its maximum value provided that all 

outcomes of an event are equally probable. Then he proposed that one 

should take start with a distribution of ME, and then set this distribution 

for entropy maximization subject to given information. His proposed 

solution is then known as the pr inciple of  maximum entropy 

(PME). 

3.2 The Maximum Entropy Formalism 

Consider a system Qu that has a possible set of discrete states St = 

(St0, St1, St2,) which may be finite or countable infinite and state {Stn}, n 

= 0, 1, 2, ... may be specified arbitrarily. Also assume that the available 

information about Qu places a number of constraints on P (Stn), the 

probability distribution that the system Qu is in state Stn. These constraints 

are assumed to be of mean value type constraints and are generalized by 

the following form: 

( ) ( ) , 1,2,....., ,k

n

n n k

St St
f St P St f k m= 〈 〉 ∀ =

∈
∑  (3.1) 

Where { ( f k) }  are the mean values defined on the set of functions 
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{f k(Stn)}, k = 1, 2, . . . , m. In a stochastic context, these functions can be 

defined on the state space St of a Markov process with states {Stn}, n ≥ 

0, and P(Stn) can be interpreted as the asymptotic probability 

distribution of state Sn at equilibrium. The normalization constraint: 

( ) 1
n

n

St St
P St =

∈
∑      (3.2) 

is always assumed. As the number of these functions (constraints) is 

less than the number of possible states, therefore there is an infinite set 

of distributions {P (Stn)}, Stn∈St, which satisfy the said set of 

constraints. Now the question may arise that which one to choose. 

First of all ME principle was proposed by Jaynes [JAYN 57a, 57b, 68] who 

states that:  

“Of all distributions satisfying the constraints supplied by the given 

information, the cleanly prejudiced distribution P(Stn) is the one that 

maximizes the system's entropy function”:  

( ) ( ) log ( )
n

n nH P
St St

P St P St= −
∈
∑    (3.3) 

Subject to the constraints (3.1)- (3.2). 

The maximization of H(P), subject to constraints (3.1)- (3.2), can be 

manipulated by using Lagrange's method of undetermined multipliers 

leading to the solution [TRIB 69]: 

1 exp
1

( ) ( )k kn n

m
f

Z k
P St Stβ

⎧ ⎫⎪ ⎪−⎨ ⎬
⎪ ⎪=⎩ ⎭

= ∑    (3.4) 
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Where exp {βk}, k = 1,2. .. ,m are the Lagrangian coefficients determined 

from the set of constraints {<fk>}, and Z, (in statistical physics) known 

as the “partition function”, is the normalizing constant given by: 

   0exp{ } exp
1

( )k k

n

n

m
f

St St k
Z Stβ β

⎧ ⎫⎪ ⎪= −⎨ ⎬
⎪ ⎪∈ =⎩ ⎭

= ∑ ∑   (3.5) 

Where β0 is a Lagrangian multiplier correspond to normalization 

constraint. 

It can be proved that in absence of constraint (3.1) and for finite state 

space, the ME solution correspond to (3.4) eliminates to the uniform 

distribution i.e., the ME solution (3.4) tackles all possible alternatives 

equally subject to known information. This result shows that Bernoulli's 

principle of insufficient reason is a special case of the PME. According 

to Jaynes own words, the ME probability distribution expressed by 

(3.4) “the only unbiased assignment we can make; to use any other 

would amount to arbitrary assumption of information which by 

hypothesis we don’t have”. Moreover it has many interesting properties 

which were elaborated by Jaynes [JAYN 57a, 57b, 68] for the first 

time. For example, it can be verified that the Lagrangian multipliers βk, 

k = 1,2. .. ,m satisfy the following relations: 

   0 , 1, 2,........,k
k

f k mβ
β
∂

− = 〈 〉 =
∂

    (3.6) 

While the ME functional can be expressed by: 
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0

1

max ( ) k k

m

p
k

H P fβ β
=

= + < >∑
   

Although in general it is not possible to solve (3.6) for {βk} explicitly 

in terms of {<fk>}, approximate solutions obtained through numerical 

methods are available. When the system Qu has finite set of states, then 

the PME transforms to Principle of Insufficient Reasons as in absence of 

any known information, except normalization constraint expressed by 

(3.2), ME distribution is the uniform distribution .i.e. all events Stn, are 

almost equally probable .But when system Qu has a countable infinite set 

of states, St, the entropy functional H(P) is an infinite series with no 

upper limit even under the normalization constraint expressed by (3.2). 

The description of a ME solution (closed-form) requires the prior 

estimates of the said multipliers in terms of constraints {<fk>}. These 

constraints may not all be known at earlier stage; but the existence of 

these constraints is the well known phenomena. This information can be 

incorporated into the ME solution in order to describe the form of the state 

probabilities (3.4). The analytic solution, however, demands the prior 

calculation of these constraints through queueing theoretic exact or 

approximate formulae expressed in terms of basic system parameters, ref 

[Awan 97]. 

(3.7) 
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3.2.1   Justification of ME  

Refer to [JAYN 57a], the ME solution corresponds to the maximum 

disorder of system states, and therefore is considered to be the least 

biased distribution estimate of all solutions that satisfy the constraints 

of the system's. Jaynes [JAYN 57b] in sampling terms has shown that, 

the ME solution can be experimentally realized in devastatingly more 

ways than any other distribution subject to imposed constraints. Main 

discrepancy, between the ME distribution and the experimentally 

observed distribution, indicates that important physical constraints 

have been overlooked. Conversely, experimental agreement with the 

ME solution represents evidence that the constraints of the system 

have been properly identified, ref [Awan 97]. 

The formal justification of the PME is due to Shore and Johnson 

[SHOR 80]. They formalized the requirements of an inference method 

in terms of four axioms which are all based on the principle that if a 

problem can be solved in more than one way the results should be 

consistent. Under this set-up, they proved that the principle of ME 

method is a uniquely correct and self consistent method of inductive 

inference, in the sense that it is the only inference procedure satisfying 

these consistency axioms. 

It is worth stating here, that the ability of the principle of ME to 

characterize the form of the ME distribution, despite the fact that the 

constraints are not known a-priori, is a very important property that if it 
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is used correctly it is capable of giving very remarkable results. That is 

because it is easier to guess information in terms of mean values, 

rather than the form of solution, or, after experimenting with different 

sets of constraints, to create candidate ME solutions the validity of 

which can then be established. 

3.3 Application of the PME to Queueing Systems  

The failure of classical queuing theory towards the solution of 

complex queueing systems and networks with many interacting elements 

did raise the need of some other ideas and tools to be used to solve 

theses complex queueing systems. The PME came into play late in 

1960’s. A promising principle applied to the performance analysis of 

queueing system was Jayne’s PME. The field of analytic modeling, by 

its nature, is particularly suitable for the application of this technique, 

since expected values of various distributions of interest are usually 

known in terms of moments of the inter arrival and service time distri-

bution which are generally obtained either analytically or by system 

measurements. Another justification behind this is, in practice, neither 

generally the probability distribution that describes the arrival and 

service processes is known nor that these systems satisfy assumptions 

made by stochastic process models, all that is known is few moments 

obtained from empirical data. The ME formalism provides an analytical 

framework similar to that of Operational Analysis [BOBR 83], and 
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establishes connections with Stochastic and Operational analysis 

[SHOR 82], [ELAF 83]. 

Benes [BENE 65] proposed, first time, the use of maximum entropy 

and statistical mechanical analysis of large communication systems. For a 

telephone system in which only the expected number of calls is known, 

Benes shows that the ME distribution is precisely the one which is 

obtained as the equilibrium distribution of an ergodic, reversible, birth-

death Markov process with constant birth and death rate. A direct 

implication of this is that the ME approximation of a single server system 

with only one constraint by the number of customers in the system is 

exactly the same as derived from M/M/1 queue length distribution (QLD). 

It is worth noting that the accuracy of the ME distribution is subject to the 

available information. Therefore, the question behind the information 

theoretic approach for solving stochastic systems, is that of finding the 

sufficient (minimum) amount of information required for the resulting ME 

distribution to be reasonably accurate. 

Ferdinand [FERD 70] used the principle with only the mean queue 

length as constraint to derive the equilibrium solution of the M/M/l/N queue 

by analogy with statistical mechanics. Shore applied entropy maximization 

to investigate the stationary QLDs of the M/M/∞ and M/M/∞ /N queues 

[SHOR 78], and also to propose ME approximations for stable M/G/1 and 

G/G/1 queues subject to mean queue length and utilization constraints, 

respectively [SHOR 82]. The latter ME solution turns out to be identical to 

the QLD of an M/M/1 queue. Guiasu [GUTA 86] examined the ME 
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condition for a stable M/M/1 queue, and Rego and Szpankowski [REGO 

89] investigated the presence of exponentially in entropy maximized 

M/G/1 queues. Wu and Chan [WU 89] provided ME solutions for stable 

G/G/c/N/K and G/M/c queues, while Arizono et al. [ARIZ 91] analyzed 

M/M/c queues at equilibrium, ref [Awan 97]. 

However, most of these studies provided a new method for 

deriving performance distributions rather than attempting to provide a 

new methodology. Based on the PME, Kouvatsos in a series of 

publications [ELAF 83], [KOUV 86a, 88a], and [KOUV 85, 86b], laid the 

foundations of a new analytic framework which can be used to derive 

minimally biased approximations of performance distributions for G/G/1 

and G/G/l/N queues, and queueing networks, subject to mean value 

constraints which only depend on the mean rate and squared 

coefficient of variation (SCV) of the inter-arrival and service time 

distributions, represented by λ, Ca
2 and µ, Cs

2, respectively. 

It was argued in [ELAF 83] and [KOUV 88a], that subject to 

constraints, 

(i) The Normalization, 

0

( ) 1
n

P n
∞

=

=∑       (3.8) 

(ii) The Utilization, ρ=λ/μ , 0 < ρ < 1, 

0

( ) ( ) 1 (0)
n

h n P n P ρ
∞

=

= − =∑     (3.9) 
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Where 

0,    if  0,
( )

1,    if   0,
n

h n
n
=⎧ ⎫

= ⎨ ⎬≠⎩ ⎭
 

(iii) The Mean Queue Length, <n>, ρ≤<n> 

    
1

( )
n

nP n n
∞

=

=< >∑      (3.10) 

a general ME solution {P(n)} , n = 0, 1 , 2, ... , that maximizes the system's 

entropy functional: 

   
0

( ) ( ) log{ ( )}
n

H P P n P n
∞

=

= −∑    (3.11) 

Is given by: 

   ( )1( ) h n nP n g x
Z

=      (3.12) 

Where the Lagrangian coefficient g and x are given by: 

  nx
n

ρ< > −
=

< >
       (3.13) 

   2

(1 )
(1 )

   =
(1 )( )

xg
x

n

ρ
ρ

ρ
ρ ρ

−
=

−

− < > −

    

and Z is the normalizing constant and is given by: 

   1 1
1 1
x gxZ

x ρ
− +

= =
− −

    (3.15)  

(3.14)



 - 51 -

The proof can be established by substituting the ME solution (3.12) into 

the constraints (3.8) - (3.10). 

If we consider only the mean queue length constraint (2.10), then the 

ME solution reduces to the one appeared in [SHOR 82]. 

Note that the mean queue length in M/G/1 queue (Pollaczek-Khinchin 

formula) is expressed analytically [KLEI 75], and given by: 

   
21

1
2 1

sC
n

ρρ
ρ

⎛ ⎞+
< >= +⎜ ⎟−⎝ ⎠

    (3.16) 

Where 2
sC  is the SCV of the service time distribution. 

Theorem 3.1 [ELAF 83]: 

The ME M/G/1 solution (3.12) subject to constraints (3.9)-(3.10) 

with <n> given by (3.16), is equivalent to the equilibrium solution of an 

M/G/1 queueing system with a service time distribution of the form: 

   2
0( ) (1 ) ( ) ,       0r tf t r u t r e tμμ −= − + ≥  

where 

   2

2
1S

r
C

=
+

   

and u0(t) is the unit impulse function ([KLEI 75]). 

Theorem 3.1 was proved by substituting (3.16) and (3.13)- (3.15) into 

(3.12) and finding the z-transform of the QLD {P(n), n = 0, 1, ... }. 

Then, if we equate this z-transform with the Pollaczek-Khinchin z-

transform of the M/G/1 queue, and solving for the Laplace Transform 

(LST) of the service time, we end up with the GE distribution defined 

in Theorem 3.1. 
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The connection, therefore, between the PME and the GE 

distribution had been established, and readily provides the justification 

for using GE as our distribution model. This connection implies that in 

information theoretic context the GE/GE/1 QLD is the best hypothesis 

for G/G/1 queues where the first two moments of the G-type 

distributions are known. 

On the basis of this argument, Kouvatsos generalized these 

results in the approximation analysis of complex QNMs [KOUV 85, 

86a]. The finite capacity queue with general service and inter-arrival 

time distributions (G/G/l/N) has been examined by Kouvatsos [KOUV 

86b] under the set of four constraints; normalization, utilization, mean 

queue length and the full buffer constraint with the flow balance 

condition namely: 

   (1 ( )) (1 (0))N NP n Pλ μ− = −  

where λ and µ are the mean arrival and service rates, respectively, 

and PN(n) is the long run probability to have n jobs in the system with 

the total capacity N. The Lagrangian coefficients corresponding to the 

mean queue length and utilization constraints are estimated by making 

an asymptotic connection to the infinite capacity, ref [Awan 97]. 

In particular, they are assumed to be invariant to the capacity size. The 

PME has then successfully been applied in: general multiple server 

queues of infinite [KOUV 88a] and finite [KOUV 88b, 88c], [ALMO 88] 

capacity; general open or closed single class networks of finite capacity 
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[KOUV 89c, 89d], [XENI 89]; general open or closed multiple class 

networks of infinite capacity [KOUV 89a, 90], and priority scheduling 

disciplines , [KOUV 89b, 90], [TABE 89] and finite capacity general open 

multiple class networks [KOUV 93b]; decomposition schemes [KOUV 

92a], [TOMA 89, 91]; Computer-Communication Networks (CCNs) with 

random or semi-dynamic routing where the routing algorithm employed is 

shortest queue with jockeying [GEOR 89]; optimal flow control of end-to-

end PS networks with random routing [OTHM 88]; closed computer 

systems with job concurrency and synchronization [SKLI 91]; complex I/O 

subsystems [SIMP 93]. A detailed review of all these works can be seen in 

[KOUV 94]. 

Analysis of open QNMs with blocking and multiple job classes [DENA 93], 

closed QNM with blocking and multiple job classes [KOUV 98]. 

Advancement of ME based analysis of various queueing systems with 

space and service priorities has been carried out by Awan [AWAN 97].   

3.4 The Generalised Exponential (GE) Distribution 

Measurements of actual traffic or service times are generally 

limited and only few parameters, such as mean and variance, can be 

computed reliably. In this case, the choice of a GE distribution - which is 

completely determined in terms of its first two moments - implies least 

biased. 

Let X be the random variable represented by a GE distribution 

with parameters λ-1 as its mean and C2 as its SCV. Then the probability 

density function (pdf), f (.), is given by: 
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   2
0( ) (1 ) ( ) ,      0tf t u t e tτλτ τ μ −= − + ≥   (3.17) 

where 

   22 ( 1)Cτ = +  

and u0(t) is the unit impulse function defined by: 

   0

,   0,
( )

0,    0,
t

u t
t

∞ =⎧ ⎫
= ⎨ ⎬≠⎩ ⎭

  

Such that 0 ( ) 1u t dt
+∞

−∞

=∫  ([KLEI 75]). 

The probability distribution function (PDF), F(.), is then given by: 

   ( ) 1 ,    0tF t e tτλτ −= − ≥     (3.18) 

It can be seen that F(0) = 1 —τ ,  and we thus conclude that GE is a 

mixed distribution with a jump at the origin. The LST f *(.), of f (t), is 

   * ( ) 1f s
s
τλτ τ
τλ

= − +
+

           (3.19) 

Since the term ( )sτλ τλ+  represents the LST of the exponential 

distribution with parameter (τλ ), the GE distribution may then be 

considered as a phase-type distribution [KLEI 75] with a possibility of a 

null inter-event time. 

It can be shown by successive differentiation of LST (3.19), that the kth 

moment, M k of X ,  is given by the following expression: 

   1

!
k k k

KM
τ λ−=       (3.20) 
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Pseudo-Memory less Property 

Given a random variable X conforming to GE distribution, the 

remaining inter-event time X is distributed exponentially with mean 

1/σλ. 

The GE is versatile, possessing pseudo-memoryless properties which 

makes the solution of many GE-type queueing systems and networks 

analytically tractable (e.g., [KOUV 86a, 91,98]). 

GE can be interpreted as either: 

i)  An external case of the family of two-phase exponential 

distributions (e.g., Hyperexponential-2 (H2)) having the same λ and 

C2, where one of the two phases has zero service time; or 

ii) A bulk type distribution with an underlying counting process 

equivalent to a Compound Poisson Process (CPP) with 

parameter 2λ /(C2+1) and a geometrically distributed bulk sizes 

with mean (1+C2)/2 and SCV (C2—1)/(C2+1) given by: 

 1

1
(1 ) ,   if  1

1!( )

,                                               if  0

in
i n i

i
cp

n
e n

iiP N n

e n

σ

σ

σ τ τ− −

=

−

⎧ ⎫−⎛ ⎞
− ≥⎪ ⎪⎜ ⎟−= = ⎨ ⎬⎝ ⎠

⎪ ⎪=⎩ ⎭

∑   (3.21) 

where Ncp is a CPP random variable of the number of events per unit 

time corresponding to a stationary GE-type inter-event random variable. 

It has been experimentally established that the GE model, due to 

its external nature, defines performance bounds over corresponding 

solutions based on two-phase distributions with the same two moments 

as the GE. The GE distribution can be interpreted as an ME solution 
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(c.f., [JAYN 57a, 57b, 68]), subject to the constraints of normalization, 

discrete-time zero probability and expected value. In this sense, it can 

be viewed as the least biased distribution estimate, given the available 

information in terms of the constraints. For C2 < 1, the GE distributional 

model with (F(0) < 1) cannot be physically interpreted as a stochastic 

model. However, it can be meaningfully considered as a pseudo-

distribution function of a flow model approximation of an underlying 

stochastic model (with C2 < 1) in which negative branching pseudo-

probabilities (or weights) are permitted. In this sense, all analytical GE-

type exact and approximate results obtained for queueing networks with 

C2 > 1 can also be used - by analogy - as useful heuristic 

approximation when C2 < 1 (e.g., [KOUV 86b, 89a]). Note that, the 

utility of other improper two-phase type distributions with C2 < 1 has 

been proposed in the field of  systems modeling by various authors 

(e.g., [SAUE 75], [NOJO 87]). 

The main objectives towards accurate but also cost-effective 

analytic ME solutions for GE-type queueing systems of varying 

complexity are: 

(i) To identify as many relevant mean value constraints as 

possible, which can be stochastically determined via exact or 

approximate formulae involving basic system parameters and  

(ii) To express the corresponding Lagrangian multipliers in terms 

of these constraints.  
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Moreover, it is appropriate for both efficiency and tractability purposes to 

use GE-type approximation formulae for the first two moments of the 

effective flow (departure, splitting, merging) streams of individual queues 

within an arbitrary QNM. For example, it can be shown [KOUV 86a] that 

merging GE-type processes describing M arriving streams with rates and 

SCVs {λi} and { 2
iC } , i = 1, 2, . . . , M, respectively, results in a GE-type 

overall arriving stream, generally corresponding to a non-renewal CPP 

(unless all 2
iC ’s are equal) 

3.5 The Multiple Class G/G/l/N Queue 

In realistic computer environment, we encounter situations where 

jobs may belong to different classes and/or can be served under 

different service disciplines. Therefore, there is a need to develop 

models in order to tackle such realistic situations, ref [Awan 97]. 

This section reviews the ME analysis of a stable single server G/G/1/N 

queue (c.f., [KOUV 93b]) with: 

R different classes of jobs,  

N total buffer capacity, 

FCFS, PS, LCFS-PR, LCFS-NPR scheduling disciplines,  

Complete Buffer Sharing (CBS) Scheme, and 

Censored Arrival Process. 

The method presented here is based on the ME solution of multiple job 

classes G/G/1 FCFS queue proposed by Almond [ALMO 88]. He used the 
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idea of state partition [SHOR 81] and combinatorics [JAYN 68] to derive a 

ME distribution for the joint state probabilities for this queue. 

Notation 

Let 

S =(c1, c2,. .. , cn),  n ≤ N, where ci is the class of ith job in the queue and 

c1 is the class of the job in service, 

Q be the set of all feasible states of S, 

K= (k1, k2,. .. , kR) be a system state seen by a random observer, 

ki be the number of jobs of class i, i = 1, 2, . . . , R, present in the queue, ki 

≥ 0 ,  

Λi be the arrival rate, 

µi be the service rate, 

πi be the blocking probability that an arrival of class i finds the queue 

full, 

P(S) be the stationary state probability. 

For each state S, S Є Q, and class i, i = 1, 2, . . . , R, the following 

auxiliary functions are defined: 

  ni (S)= number of class i jobs present in state S, 
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  si(S)=1, if a class ni (S)>0 or 0 otherwise. 
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  fi (S)= i=1
1,     if ( ) ,  and ( ) 1

0,    otherwise

R

i in S N s S⎧ = =⎪
⎨
⎪⎩

∑  

Suppose that the following mean value constraints about the state 

probability P(S) are known to exist: 

(i) Normalization, 

( ) 1
S Q

P S
∈

=∑       (3.30) 

(ii) Utilization, 

( ) ( ) ,0 1, 1,2,.....,i i i
S Q

S S P S U U i R
∈

= < < =∑    (3.31) 

 (iii) Mean queue length, 

( ) ( ) , , 1, 2,.....,i i i i
S Q

n S P S n U n N i R
∈

= 〈 〉 < 〈 〉 < =∑    (3.32) 

    (iv)  Full buffer state probability, 

  ( ) ( ) ,0 1i i i
S Q

f S P S φ φ
∈

= 〈 〉 < <∑     (3.33) 

And iφ  satisfies the flow balance equations, namely 
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  ,(1 ) 1,2,.......,i i i iU i Rπ μΛ − = =     (3.34) 

The choice of mean values (3.30) - (3.33) is based on the type of 

constraints used for the ME analysis of stable single class FCFS G/G/l/N 

queue [KOUV 86b]. If additional constraints are used, it is no longer 

feasible to capture a closed-form ME solution at the building block level, 

with clearly, adverse implications on the efficiency of an iterative queue-

by-queue decomposition algorithm for general QNMs. Conversely, if one 

or more constraints from the set (2.30) - (2.33) are missing, it is expected 

that the accuracy of the ME solution will be generally reduced. The form 

of the state probability distribution, P(S), S∈Q, can be characterized by 

maximizing the entropy functional: 

 ( ) ( ) log ( )
s

H P P S p S= −∑  

subject to constraints (3.30) - (3.33). By employing Lagrange's method of 

undetermined multipliers [TRIB 69] the following solution is obtained: 

   ( ) ( ) ( )

1

1( ) ,i i i

R
s S n S f S
i i i

i

P S g x y S Q
Z

=

= ∀ ∈∏  

where Z is the normalizing constant and { , , }i i ig x y  for i  = 1, 2, ... , R, 

are the Lagrangian coefficients corresponding to constraints (3.31) - 

(3.3) respectively. Defining the sets: 

  
0

;

{ / : ( ) 0, 1,2,......., }
{ / : ( ) 1, 1,2,......., }

{ : ( ) & 1, 1,2,......., }

i

i i

i K i i i i

S S S Q s S i R
Q S S Q s S i R
Q S Q n S k k i R

= ∈ = =

= ∈ = =
= ∈ = ≥ =

 

Where K=(k1,k2,……..,kR) 
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To derive the ME distribution for the joint QLD, all the possible 

arrangements of the jobs in the queue must be taken into account. 

After some manipulation, the ME joint state probability distribution is 

given by: 

 0
1( )P S
Z

=        (3.35) 

 

;
1

1 ( )

11
1

( ) ( )

( 1)!1         =
!

j

R

i K
i

R
R Rj

kj K
j i i iR

ijj
j

P K P Q

k
x k g y

Z k

δ

=

=

==
=

=

− ⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

∑
∑ ∑∏∏

 

Where ( ) 1,  if ,  0, otherwise.j
j

K k Nδ = =∑  

3.5.1 The Aggregate ME Probability Distribution 

By using equations (3.35) and (3.36), the aggregate QLD PN(n), for n = 0, 

1, .. .., N  is given by: 

  1(0)N
N

P
Z

=        (3.37) 

  n-1

1

1( ) ( )  X ,1 1
n

R

N j j
NK A j

P n P K g x n N
Z

∈ =

⎛ ⎞
⎜ ⎟= = ≤ ≤ −
⎜ ⎟
⎝ ⎠

∑ ∑  (3.38) 

Where, 
1

;1 , 1, 2,......,  and 
R

n i j
j

A K k N i R k n
=

⎧ ⎫⎪ ⎪= ≤ ≤ = =⎨ ⎬
⎪ ⎪⎩ ⎭

∑  

  N

1

1( )  X
R

N j j j
N j

P N g x y
Z

=

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠
∑     (3.39) 

While ZN can be expressed as: 

(3.36) 
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N-1

1

1

1-X1  
1

R
N

N j j j
j

Z g x X y
X

−

=

⎡ ⎤
= + +⎢ ⎥−⎣ ⎦
∑    (3.40) 

Where 
1

R

j
j

X x
=

=∑  

  

3.5.2 The Marginal ME Queue Length Distribution 

The marginal queue length distribution per class Pi(k), i = 1, 2, . . . 

, R, k = 0, 1,…,N, is given by: 

 

1

1

1

11(0) 1
1

N

NR
i

i j j j i
ii j

x
P x g y x

Z x

−

−

≠ =

⎧ ⎫⎛ ⎞
−⎪ ⎪⎜ ⎟= + +⎨ ⎬⎜ ⎟−⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭

∑    (3.41) 

 

1 2

0 1 0

1

1

11( )    
    1     

1
             

1     

i

i

N k R N k
n nk

i i i i i i
n i j n

R
N k N k

i i i i i i
i j

n k n k
P k x g x x g x

k kZ

N k N
y g x x g y x

k k

− − − −

= ≠ = =

− − −

≠ =

⎧ ⎛ ⎞+ − +⎛ ⎞ ⎛ ⎞⎪ ⎜ ⎟= +⎨ ⎜ ⎟ ⎜ ⎟⎜ ⎟−⎝ ⎠ ⎝ ⎠⎪ ⎝ ⎠⎩
⎫⎛ ⎞− −⎛ ⎞ ⎛ ⎞ ⎪⎜ ⎟+ + ⎬⎜ ⎟ ⎜ ⎟⎜ ⎟−⎝ ⎠ ⎝ ⎠ ⎪⎝ ⎠ ⎭

∑ ∑ ∑

∑
 (3.42) 

For all k = 1, 2, .. ., N-1, where ix  = X — xi , and 1( ) N
i i i iP N g x y

Z
=  

 Note that by using Pascal's triangle equality and carrying out 

laborious but not complex operations, cost-effective recursive 

expressions for the marginal probabilities (3.41) and (3.42) can be 

obtained (c.f., [KOUV 93b]). 



 - 63 -

3.5.3 The Lagrangian Coefficients {xi, gi, yi} 

 The Lagrangian coefficients xi and gi can be approximated 

analytically by making asymptotic connections to an infinite capacity 

queue. Assuming xi and gi are invariant to the buffer capacity size N, it 

can be established that: 

   i i
i

n
x

n
ρ〈 〉 −

=
〈 〉

      (3.43) 

   (1 )
(1 )

i
i

i

X
g

x
ρ

ρ
−

=
−

     (3.44) 

where 
1 1

,  and 
R R

i i i
i i

X x n n n
= =

= 〈 〉 = 〈 〉 〈 〉∑ ∑  is the asymptotic marginal mean 

queue length of a multi-class GE/GE/l queue (c.f., (3.29).  

 The flow balance condition (3.34), which is used in deriving the 

Lagrangian coefficients yi, i = 1, 2, . . . , R, is characterized by the blocking 

probabilities πi of a censored GE/GE/l/N queue. These blocking 

probabilities can be approximated by focusing on a censored GE/GE/l/N 

queue as follows: 

  
0

( )(1 ) ( )
N

N k
i i i N

k

k P kπ ξ σ −

=

= −∑     (3.45) 

Where 

  
, 0

(1 )( )
1                        otherwise

i

i i ii

r
k

rk σ σξ
⎧ =⎪ − += ⎨
⎪
⎩

    (3.46) 
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By substituting the value of aggregate probabilities, PN(n), n = 0, 1, ..., N, 

and blocking probabilities, πi, i = 1, 2, . . . , R, into the flow balance 

condition (2.34), the Lagrangian coefficients yi, after some manipulation 

lead to the following recursive relationships. 

  
( ) ( 1)

1

(1)
1 2

1 1
, 2n ni i

i i i

i i i

X
y y n

X X

y

σ σ−− − −⎛ ⎞ ⎛ ⎞= −Θ ≥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= Θ −Θ

  (3.47) 

Where 

  
1

2

(1 )1 ,   and
1 1

1(1 ) (0)
1 1

i
i

i

i i i
i

X X

X X

ρ σρ
σ

ρ ρσ ξ
σ

−−
Θ = +

− − −

⎛ ⎞−
Θ = − +⎜ ⎟− − −⎝ ⎠

 

3.6 Summary 

This chapter consists of three parts. The first part presents the 

maximum entropy formalism. It is demonstrated that how a ME distribution 

can be built around some mean value constraints, which are considered to 

be known a-priori. In the second part of this chapter, a definition of the GE 

distribution and its two physical interpretations, limiting and the bulk 

interpretation, are given. Some properties of GE distributions have also 

been discussed. Finally, a review of censored G /G/ l /N  queue with 

multiple job classes is given to show how the results, obtained in the 

previous two parts, are implemented in this queueing system. 
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C H A P T E R  F O U R  
PERFORMANCE ANALYSIS OF NETWORK OF QUEUES 

WITH PARTIAL BUFFER SHARING 

Analysis of networks of queues under repetitive service blocking 

mechanism has been presented in this chapter. Nodes are connected 

according to an arbitrary configuration and each node in the networks 

employs an active queue management (AQM) based queueing 

policy to guarantee certain quality of service for multiple class external 

traffic. This buffer management scheme has been implemented using 

queue thresholds. The use of queue thresholds is a well known technique 

for network traffic congestion control. The analysis is based on a queue-

by-queue decomposition technique where each queue is modeled as a 

G E / G E / l / N  queue with single server, R (R > 2) distinct traffic classes 

and { N  = Nl, N2, ..., NR} buffer threshold values per class under 

first-come-first-serve (FCFS) service rule. The external traffic is modeled 

using the Generalised Exponential (GE) distribution which can capture the 

bursty property of network traffic. The analytical solution is obtained 

using the Maximum Entropy (ME) principle. The forms of the state 

and blocking probabilities are analyt ically established at 

equil ibrium via appropriate mean value constraints. The init ial 

numerical results demonstrate the credibility of the proposed 

analytical solution. My main research contribution is included in chapter (4, 

5). 
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4.1 Introduction 

Analysis of networks of finite capacity queues plays an important role for 

the effective congestion control of network traffic and quality of 

service (QoS) protection in fixed and wireless networks. Because of 

finite capacity blocking in such networks arises as the network 

traff ic through one queue may be temporari ly halted if the 

destination queue is full. Exact closed-form solutions for queueing 

network models (QNMs) with blocking are not generally 

attainable except for some special cases such as two-station cyclic 

queues and 'reversible' queueing networks (i.e., networks with 

finite capacity whose corresponding infinite capacity networks 

are reversible c.f., [Bask 75] [Kell 75] As a consequence, numerical 

techniques and analytic approximations have been proposed for the 

study of arbitrary QNMs with non-Markovian (external) inter-

arrival and service times under various types of blocking mechanisms 

(e.g., [Akyi 92] [Alti 87] [Kouv 79] [Kouv 03] [Bals 01] ). However, 

relatively little work has been reported so far on the approximate 

analysis of arbitrary QNMs with finite capacity and multiple job classes, 

particularly those involving complex buffer management schemes. Such 

models are in constant demand for the performance evaluation and 

prediction of more complex systems such as the traffic congestion 

control in the Internet routers. 

Congestion occurs when the aggregate demand exceeds the avail-

able capacity of resources. Performance modeling techniques help to 
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determine the efficacy of telecommunication networks capable of 

providing interactive services (such as voice, data and video) by 

developing good models. As the volume of the Internet traffic has 

increased, users are likely to experience more packet loss, longer 

delay and other performance degradation due to congestion. One 

solution to this problem could be to keep the network utilization low 

but this may not be very cost-effective solution. As IP and packet 

switching continue to dominate the Internet, handling congestion 

more efficiently to improve the network utilization, while providing a 

satisfactory level of service to the users, is known to be a 

practical, but challenging problem [Fern 02]. Traditionally tail 

drop has been used for traffic congestion control. It sets a 

maximum queue capacity and drops packets when the queue 

becomes full but leads to several problems including global 

synchronization and lock out. In order to overcome these problems 

an approach called active queue management (AQM) has been 

proposed. A number of mechanisms have been proposed in the 

literature to implement AQM. The random early detection (RED) 

mechanism is the one recommended by The Internet Society in  

[Brad 98]. For this reason the focus of this research will therefore be 

on the analysis of RED based congestion control mechanism.  This 

chapter carries out analysis of a finite capacity queue with AQM based 

buffer management scheme using maximum entropy (ME) principle. 

Such queues can play the role of an important building block in the 
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performance of communication networks. This analysis is based on 

the Compound Poisson arrival processes (CCPs) with geometrically 

distributed batches and generalized exponential (GE) service times, 

subject to suitable GE-type queueing theoretic mean value 

constraints. This research also presents a framework for the 

performance analysis of queueing networks with blocking and 

threshold based queue management scheme employed at each 

station. 

4.2  ME Analysis of GE/GE/1/N/FCFS Network of Queues with 
Buffer Thresholds 

 
This section presents the analysis of a single server GE/GE/1/N 

system to model a finite capacity network of queues with buffer thresholds. 

In the analysis, the multiple class bursty external traffic has been modeled 

with Compound Poisson Process (CPP) and the transmission times of this 

traffic is represented by the GE distribution under FCFS service discipline. 

The total buffer capacity is N1 (N1>0) and the vector N represents a 

sequence of thresholds N1, N2, … , NR, 0< Ni≤ Ni-1, i=2, … ,R to give 

space priorities to different classes of traffic in order to control the delay 

and delay jitter by reducing the queue length. 

Notations: 

For each class i (i=1,2,…,R), let  

λi be the mean arrival rate, 2
aiC be the inter-arrival time SCV, 

μi be the mean service rate and 2
siC  be the service time SCV. 
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Focusing on a stable GE/GE/1/N/FCFS queue,  

let at any given time ni  (0≤ni ≤ Ni ) be the number of class i packets in the 

queue (waiting and/or receiving service) 

S = (n1, n2, … , nR) be a joint queue state    

Q be the set of all feasible states S 

n  = (n1, n2, … , nR) be an aggregate joint queue state (n.b., 0=0, … ,0) 

Ω be the set of all feasible states n 

Av
j  Be the set of all those states of the queue when class j job is in the 

service while there are v jobs of class j. 

Remarks 

• The arrival process for each class i (i=1,2,…,R) is assumed to be 

censored, i.e., a packet of class i will be lost if on arrival it finds Ni 

(i=1,2,…,R) packets in the queue. 

• For exploration purposes, the analysis that follows focuses on the 

FCFS with PBS is applicable in the performance modeling of networks 

for the effective mechanism of traffic congestion control and also for 

providing various QoS demands by different multimedia services.  

4.2.1   Prior Information 

For each state S, S ∈ Q and class i (i=1,2,…,R) the following 

auxiliary functions are defined: 

ni(S) =   the number of class i packets present in state S, 

1, if class  packet is in service
( )

0, otherwise,i

i
s S

⎧
= ⎨
⎩
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1
1, if ( ) & ( ) 1

( )
0, otherwise,

R
i i ii

i
n S N s S

f S =
⎧ = =⎪= ⎨
⎪⎩

∑  

Suppose what is known about the state probabilities {P(S)} is that they 

satisfy the  

• Normalization constraint 

( ) 1,
S Q

P S
∈

=∑           (4.1)  

and that the following marginal mean value constraints per class i exist: 

• Server utilization, Ui, (0<Ui<1), 

( ) ( ) , 1, 2,..., ;i i
S Q

s S P S U i R
∈

= =∑        (4.2) 

• Mean queue length, Li (Ui ≤ Li<N1), 

( ) ( ) , 1, 2,..., ;i i
S Q

n S P S L i R
∈

= =∑        (4.3) 

• Full buffer state probability, φi (0< φi <1), 

( ) ( ) , 1, 2,..., ;i i
S Q

f S P S i Rφ
∈

= =∑        (4.4) 

Satisfying the flow balance equations, namely 

( )1i i i iUλ π μ− =             (4.5) 

Where πi is the blocking probability that an arriving packet of class i finds 

Ni (i=1….., R) packets in the queue (waiting or receiving service). 

The choice of mean value constraints (4.1) - (4.4) is based on the type of 

constraints used for the ME analysis of stable multiple class queue without 

space priorities [KOUV 93]. Note that if additional constraints are used, it 

is no longer feasible to capture a computationally efficient ME solution in 
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closed-form. Conversely, the removal of one or more constraints from the 

set (4.1) - (4.4) will result into an ME solution of reduced accuracy. 

4.2.2   A Universal Maximum Entropy Solution 

A universal form of the state probability distribution P(S), S ∈ Q can 

be characterized by maximizing the entropy functional  

( ) ( ) ( )log
s

H P P S P S= −∑                  (4.6) 

subject to constraints (4.1) - (4.4). By employing Lagrange's method of 

undetermined multipliers [TRIB], the ME solution is expressed by:  

( ) ( ) ( ) ( )

1

1 ,i i i
R

s S n S f S
i i i

i
P S g x y S Q

Z =
= ∏ ∀ ∈         (4.7) 

where Z, the normalizing constant, is clearly given by 

( ) ( ) ( )

1

i i i
R

s S n S f S
i i i

iS Q
Z g x y

=∈

⎛ ⎞= ∏⎜ ⎟
⎝ ⎠

∑          (4.8) 

And {gi, xi, yi, i=1,2, … ,R} are the Lagrangian coefficients corresponding 

to constraints (4.2) - (4.4), respectively.   

Remarks: 

Although constraints (4.2) - (4.4) are not known priori, nevertheless 

it is assumed that these constraints exist. This information, therefore, has 

been incorporated into the ME formalism (4.1) - (4.6) in order to 

characterize the form of the joint state probability (4.7). An efficient 

computational implementation of the ME solution (4.7), however, requires 

the prior estimation of the Lagrangian coefficients. This can be achieved 

by making GE-type buffer size invariance assumptions with regard to 
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Lagrangian coefficients {gi, xi, i=1,2, … ,R} together with asymptotic 

connections to an infinite capacity GE/GE/1 queue (c.f., [KOUV 94]). 

Aggregating (4.7) over all feasible states S ∈ Q and after some 

manipulation, the joint aggregate ME queue length distribution {P(n), n ∈ 

Ω } is given by: 

( ) 10P
Z

=            (4.9) 

( ) ( )

( )
( )

;
1

1 ( )

11
1

Pr

!1
!

j

R

i k
i

R
R R i jik k

j j j jR
jj i ji

P k ob Q

k N
x k g y

Z k N
δ

=

=

==
=

=

⎛ ⎞−⎛ ⎞ ⎜ ⎟= ⎜ ⎟ ⎜ ⎟−⎜ ⎟⎝ ⎠ ⎝ ⎠

∑

∑
∑∏

∏

    

where, δ(k) = 1, if ∑jkj=Ni  & si(k)=1, or 0, otherwise; and Ni are the 

threshold values for each class j, j=1,2, … ,R. 

4.2.3   Blocking Probability 

A universal form for the marginal blocking probabilities {πi, i=1,2, … 

,R} of a stable multiple class GE/GE/1/N/FCFS queue with PBS can be 

approximately established, based on GE-type probabilistic arguments.  

Consider a multiple class GE/GE/1/N/FCFS/PBS queue with non-zero 

inter-arrival time and service time stage selection probabilities 

( )2 1 2i aiCσ = +  and ( )2 1 2i sir C= + , respectively. Each arriving bulk of class 

i (i=1,2, … ,R) joins the queue at Poisson arriving instants and finds the 

same aggregate number of packets as a random observer (n.b., this 

assumption is strictly true if the SCVs of the GE-type inter-arrival times per 

class are equal). Let us focus on a tagged packet within an arriving bulk of 

  
(4.10)
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class i (i=1,2, … ,R) which finds the queue in state nj=(0,…,0, nj, nj+1, … 

,nR) where nk=0, k=1,2,…,j-1. Clearly, the total number of packets in the 

queue is R
kk j

v n
=

=∑ and the number of available buffer spaces is equal to 

N1-v. Therefore, it follows that P(a tagged packet is blocked & the bulk 

finds the system in state} Av
j , v=1,2, … ,Ni, j=1,2,…,R)  

                         ( ) ( )v
j

vN
i APi −−= σ1                   (4.11) 

Un conditioning on all those states  Av
j   with j=1,2,…,R, yields  

P(a class i tagged packet is blocked & the bulk finds the system in state 

Av
j , j=1,2,…,R)  

   ( ) ( ) ( )∑∑∑ ∑
= ==

−

=

− +⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

R

j

N

Nv

v
j

R

j

N

v

v
j

vN
i

i

i
i APAP

11

1

1

1

1 σ                     (4.12) 

Finally, taking into account the idle state So,   

P(a tagged packet is blocked & the bulk finds the system in state So)   

              ( ) ( )01 SPiN
ii σδ −=                             (4.13) 

Where ( ) iiiii rr σσδ +−= 1 . Combining equations (4.11)-(4.13) the 

following expression for probability πi is obtained. 

 

( )( )[ ] ( )1

1
0

1
N

N k
i i i N

k
k P kπ δ σ

+−

=

= −∑       (4.14) 

Where 
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( ) ( )
, 0

1
1, otherwise

i

i i ii

r k
rk σ σδ

⎧ =⎪ − += ⎨
⎪
⎩

      

 

4.2.4   Lagrangian Coefficients 

The Lagrangian coefficients xi and gi can be approximated 

analytically by making asymptotic connections to an infinite capacity 

queues. Assuming xi and gi are invariant to the buffer capacity size N, it 

can be established that 

i i
i

Lx
L
ρ−

=        (4.15) 

( )
( )
1
1

i
i

i

X
g

x
ρ

ρ
−

=
−

        (4.16) 

Where 
1 1

,    R R
i ii i

X x L L
= =

= =∑ ∑  and Li is the asymptotic marginal mean 

queue length of a multi-class GE/GE/1 queue. Note that statistics Li, i=1,2, 

… ,R can be determined by (c.f., Kouvatsos et al [DEN93]) 

( ) ( ) ( )2 2 2 2

1

11 ,
2 2 1

R
i i

i ai j ai sj
j j

L C C Cρ ρ
ρ =

Λ
= + + +

− Λ∑      (4.17) 

Where 
1

, R
i i i ii

ρ μ ρ ρ
=

= Λ =∑ . 

By substituting the value of aggregate probabilities, PN(n), n=0,1, … ,N, 

and blocking probabilities, πi, i=1,2, … ,R, into the flow balance condition 

(4.5), the Lagrangian coefficients {yi, i=1,2, … ,R} can be easily derived. 
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4.2.5   Queueing Networks 

Consider an arbitrary open queueing network at equilibrium with M 

single GE-type server queues, R (R > 1) distinct classes of jobs, GE 

external inter-arrival t imes and RS-RD blocking. Each queue k  

( k  =  1, 2, ...., M) is assumed to be modeled by a finite capacity 

GE/GE/l/N/FCFS queue with a threshold based queue management 

scheme. 

A universal product-form ME solut ion {P(S), SЄQ}, subject to 

normalization and afore mentioned constraints, can be established. 

By aggregating overall feasible states SЄQ, an extended product-

form approximation for the joint aggregate state probability {P(n), n 

Є  Ω}, can be obtained, namely 

1

( ) ( )
M

k k
k

P n P n
=

=∏  

Where { P k(nk), k =  1 ,  2 .............. M } are the state probabilities which 

has been established via expression (11). 

4.2.6 Queue-By-Queue Decomposition Algorithm 

The ME queue-by-queue decomposition algorithm for the approx-

imate analysis of arbitrary open QNMs with single server 

queueing stations, threshold based queue management scheme 

under RS-RD blocking is described below. It provides a generic 

analytic framework for a unified exposition of entropy 
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maximization and complex multiple class open QNMs with 

blocking [6 Kouv 03] . The algorithm incorporates  

•  A feedback correction of the original service parameters {µki, 

s
2
skiC } and transition probability matrix A  =  ( a k i 0 ,  a kinij) in 

order to mit igate the strong underlying assumption that 

arr ival streams per class are renewal CPPs with 

geometrically distributed batches. 

• An RS-RD blocking mechanism influence the derivation of stochastic 

closed-form expressions for the calculation of the effective service time 

parameters  

{µki,, C ski}. Note that the effective service time can be determined as 

the random sum of GE-type service times over a geometric counter 

with parameter Лcki
. 

• The GE-type distribution is used to approximate the effective 

service time as well as the effective overall inter-arrival and 

inter-departure time processes and their corresponding first 

two moments for each class i ( i  =  1, 2, ... , R) at each 

queue k ( k = 1, 2 ... , M) of the network. 

•  The RS-RD blocking mechanism imposes a dependence relation-ship on 

the actual routing of jobs from one queueing station to another. 

This necessitates the use of the effective transition probabilities 

{ a kinij} in the solution process. Furthermore, the algorithm describes the 

computational process of solving the non-linear equations for job 
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loss {Л 0 k i }  and blocking {Л k i m j }  probabilities under GE-type flow 

formulae [6 Kouv 03]  for the first two moments of merging, splitting 

and departing streams [6 Kouv 03] (assumed to be known). Note 

that the probabil i t ies {Л 0 k i ,  Л k i m j ,  ∀ k , m , i , j } generally depend on 

the effective job flow balance equations for {λ0 k i , λk i , 2
akiC  , ∀ k , i },  

effective service time parameters { µki, s
2
skiC }inter-departure time SCVs 

{ 2
dkiC , ∀ k , i } and overall inter-arrival time parameters{λk i , 2

akiC , 

∀ k , m , i , j }. 

ME DECOMPOSITION ALGORITHM  

Input Data 

• M, R, 

•  {N k, λ0ki, 2
0a kiC , µki, s

2
skiC  , a kimj} ,  

k = 1 , 2 , . . . M  ,  m = 0 , 1 , 2 , 1. . . M , i , j = 1 , 2 , … , R  

Begin 

Step 1 Feedback correction 

For each queue k, k=1,2,….,M, and class i, i=1,……,R, 

with akikj>0, substitute  

µki = µki (1-
1

R

kikj
j

a
=
∑ ), 

2
0a kiC =  

1

R

kikj
j

a
=
∑ + (1-

1

R

kikj
j

a
=
∑ ) 2

skiC , 
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Where 

{ }0 , ,
/(1 ), , ;kimj kikj

k m
kimj a a m k ma =

− ≠ ∀=  

Step 2 Initialize correction Л 0 k  &  Л k i m j← any value in (0, 1), 

∀ k , m = 1 , 2 , 3 , … … , M  a n d  ∀ i , j = 1 , 2 , … … , R ;  

Step 3 Solve the system of non-linear equations of blocking 

probabilities { Л 0 k ,  Л k i m j }; 

Step 3.1 For each censored GE/GE/1/N/FCFS queuing 

station k, k=1,2,…….M under Rs blocking, 

calculate the effective flow transition 

probabilities {a k i m j } (c.f., [Kouv 03] ); 

Step 3.2 Calculate effective job flow balance equations 

for {λki, λki,} (c.f., [Kouv 03]); 

Step 3.3 Calculate the effective service-time parameters, 

{ µki, s
2
skiC } for an RS-RD blocking mechanism 

(c.f., [Kouv 03]); 

Step 3.4 Calculate the overall GE-type inter-arrival time 

parameters, {λki, 2
akiC } (c.f., [Kouv 03] ); 

Step 3.5 Obtain new values for {Л0ki, Лmjki}by applying 

Newton Raphson method. 

S t e p  4  Calculate 2
dkiC , the SCV for inter-departure times (c.f., 

[Kouv 03] ); 

S t e p  5  Calculate a new value for the overall inter-arrival time 

SCV, 2
akiC  ∀ ( k , i ) ;   
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S t e p  6  Return to Step 3 until convergence of { 2
dkiC  ∀ k , i  } ;  

S t e p  7  Obtain GE-type performance metrics of interest. 

E n d  

4.3 Numerical Results 

This section presents the accuracy of the proposed model against 

simulation (based on QNAP-2 at 95% confidence interval [Vera 85]). The 

numerical study considers three stat ion networks with arbitrary 

configurations and two classes of traffic Creams. The arriving traffic 

streams have been represented by the GE distribution to model the 

burstiness properties. Each queue in the network employs a 

threshold based buffer management scheme where one threshold per 

traffic class has been used to control the buffer o c c u p a n c y .  For 

validation purposes, the following error measures (EMs) between 

simulation (SIM) results and ME algorithmic values are used for 

each queue k (k = 1, 2, ... , M) and class i  ( i  =  1,  2 , . . .  ,  R) :  

• Absolute ratio for marginal throughputs, { X ki,  ∀ k , i  }, is de-

fined by: 

( ) ( )( )
( )

ki ki
ki

ki

SIM X MEM XEM X
SIM X

−
= ,    ∀ k , i  

• Absolute ratio for marginal mean queue lengths (MQLs), 

{Lki}, is defined by: 
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1

( ) ( )( )
( )

ki ki
ki M

ki
k

SIM L MEM LEM L
SIM L

=

−
=

∑
,    ∀ k , i  

• Absolute difference for statistics eki is defined by: 

( ) ( ) ( )ki ki kiEM e SIM e MEM e= − ,    ∀ k , i  

Where eki stands for either marginal queue length probabil i ty 

P ki (n), , ∀ n , k , i  or marginal uti l ization U ki, , ∀ k , i .  

The decomposition algorithm is said to be within a tolerance ε  ( ε  

>  0) if the estimated EMs do not exceed ε ∀ n , k , i .  Note that for our 

investigation, the accuracy of the algorithm is said to be good, if 

tolerance ε  is less than 0.05 and adequate if ε ∈  (0. 05, 0.1) . More 

details on the definition of EMs and the suitability of tolerance 

levels in performance evaluation studies can be seen in Chandy 

ET. Al. [Chan 75]. 

The results of the validation study are displayed in Figs. 3a-3c by 

means of histograms indicating the EMs between ME 

approximations and simulation results. It can be observed that ,  

in all experiments, the ME solutions are very comparable to those 

obtained by corresponding simulation models with EMs usually 

remaining below 0.05 and never exceeding 0.1.  

Figs. 4a-4c shows the effect of SCV on the aggregate throughput for the 

proposed algorithm and validates against those obtained from 
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simulation at al l  three stations. It can be observed that the 

increasing burstiness of the external traffic has adverse implications on 

the aggregate throughput at al l  three stations. 

 

Figs. 3a-3c: Tolerances of typical performance measure 

Queue1:  Xl1=0.5, l2=1.0, C2a1=5, C2a2=3, m1=6, C2s1=6, 

m2=7, C2s2=8 {a1121=0.3, a1131=0.7, a 1222=0.4, 
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a1232=0.6}  

Queue2:  m1=4, C2s1=5, m2=6, C2s2=7, {a2111=0.4, a210=0.6, 

a2212=0.4, a220=0.6}  

Queue3:  m1=3, C2s1=4, m2=5, C2s2=5, {a3111=0.3, a310=0.7, a3212=0.3, 

a320=0.7}
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C H A P T E R  F I V E  

PERFORMANCE ANALYSIS OF QUEUEING NETWORKS 
WITH COMPLETE BUFFER PARTITIONING 

This chapter extends the analysis of networks of queues under repetitive 

service blocking mechanism presented in Chapter 4 by considering a 

different buffer management scheme, namely, complete buffer partitioning 

(CBP). This analysis considers the networks with arbitrary configuration 

where each node in the networks employs an active queue 

management (AQM) type buffer management scheme to 

guarantee certain quality of service for multiple class external traffic. The 

analysis is based on a queue-by-queue decomposition technique where 

each queue is modeled as a G E / G E / l / N  queue with single server, R (R 

> 2) distinct traffic classes and { N  = Nl, N2, ... , NR} buffer partit ions for 

each class under first-come-first-serve (FCFS) service rule. The 

external traffic is modeled using the Generalised Exponential (GE) 

distribution which can capture the bursty property of network traffic. The 

analytical solution is obtained using the Maximum Entropy (ME) 

principle. The forms of the state and blocking probabilities are 

analytically established at equil ibrium via appropriate mean 

value constraints. The init ial numerical results demonstrate 

the credibility of the proposed analytical solution. My main reseach 

contribution is included in chapter (4,5). 
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5.1 Introduction 

Queueing Network Models (QNMs) with Finite Capacity 

provide powerful and realist ic tools for the performance 

evaluation and prediction of discrete f low systems such as 

computer systems, communication networks and flexible 

manufacturing systems. Over recent years, there has been a 

great deal of progress towards the analysis and application of 

QNMs with f inite capacity, and high quality research work has 

appeared in diverse scientif ic journals of learning and 

conference proceedings in the f ields of Operations Research, 

Computer Science, Telecommunication Networks, Management 

and Industrial Engineering. However, there are sti l l  many 

important and interesting f inite capacity queues and QNMs to 

be resolved, such as those involving mult iple-job classes, 

bounds and theoretical properties, exact analysis, numerical 

solutions and approximate methods, as well as application 

studies to computer and distributed systems, high-speed 

networks and production systems.  

Finite capacity queueing network models (QNMs) also play an 

important role towards effective congestion control and quality 

of service (QoS) protection of modern discrete f low networks. 

Blocking in such networks arises because the traff ic of jobs 

through one queue may be momentari ly halted if the 

destination queue has reached its capacity. Exact closed-form 
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solutions for QNMs with blocking are not generally attainable 

except for some special cases such as two-station cyclic 

queues and ‘reversible’ queueing networks. 

As a consequence, numerical techniques and analytic 

approximations have been proposed for the study of arbitrary 

QNMs with non-Markovian (external) inter-arrival and service 

t imes under various types of blocking mechanisms. 

Analysis of networks of f inite capacity queues plays an impor-

tant role for the effective congestion control of network traff ic 

and quality of service (QoS) protection in f ixed and wireless 

networks. Because of f inite capacity blocking in such networks 

arises as the network traff ic through one queue may be 

temporarily halted if the destination queue is ful l. Exact 

closed-form solutions for queueing network models (QNMs) 

with blocking are not generally attainable except for some 

special cases such as two-station cyclic queues and 

'reversible' queueing networks (i.e., networks with f inite 

capacity whose corresponding infinite capacity networks are 

reversible c.f., [Bask 75] [Kell 75] As a consequence, 

numerical techniques and analyt ic approximations have been 

proposed for the study of arbitrary QNMs with non-Markovian 

(external) inter-arrival and service t imes under various types 

of blocking mechanisms (e.g., [Akyi 92] [Alt i  87] [Kouv 79] 

[Kouv 03] [Bals  01] ). However, relatively l i t t le work has been 
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reported so far on the approximate analysis of arbitrary QNMs 

with f inite capacity and multiple job classes, particularly those 

involving complex buffer management schemes. Such models 

are in constant demand for the performance evaluation and 

prediction of more complex systems such as the traff ic 

congestion control in the Internet routers. 

This chapter carries out analysis of a f inite capacity queue 

with complete buffer management scheme using maximum 

entropy (ME) principle. Such queues can play the role of an 

important building block in the performance of communication 

networks. This analysis is based on the Compound Poisson 

arrival processes (CCPs) with geometrically distributed 

batches and generalized exponential (GE) service t imes, 

subject to suitable GE-type queueing theoretic mean value 

constraints. This study also presents a framework for the 

performance analysis of queueing networks with blocking and 

threshold based queue management scheme employed at each 

station. 

5.2  ME ANALYSIS OF GE/GE/1/N/CBP QUEUE WITH BUFFER 
PARTITIONINGS 
 

This section presents the analysis of a single server 

GE/GE/1/N system to model a f inite capacity queue with 

complete buffer partit ioning. The analysis models the bursty 
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external traff ic with Compound Poisson Process (CPP) and the 

transmission t imes of this traff ic is represented by the GE 

distribution under FCFS service discipline. The total buffer 

capacity is N (N>0) and the vector N represents a sequence of 

partit ioning N1, N2, … , NR, 0< Ni, i=1,2, … ,R to give 

different space priorit ies to different classes of traff ic in order 

to control the delay and delay j i t ter by reducing the queue 

length. 

Notations 

For each class i ( i=1, 2,…,R), let  

λ i  be the mean arrival rate, 
2
aiC be the inter-arrival t ime SCV, 

μ i  be the mean service rate and 
2
siC  be the service t ime SCV. 

Focusing on a stable GE/GE/1/N/FCFS queue,  

Let at any given t ime ni,  ni ≤  Ni be the number of class i 

packets in the queue (waiting and/or receiving service) 

S = (n1, n2, … , nR) be a joint queue state, where    

Q be the set of al l  feasible states S 

n = (n1, n2, … , nR) be an aggregate joint queue state (n.b., 

0=0, … ,0) 

Ω  be the set of all feasible states n 
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Remarks: 

•  The arrival process for each class i ( i=1,2,…,R) is assumed 

to be censored, i.e., a packet of class i wil l  be lost if on 

arrival i t  f inds Ni ( i=1,2,…,R) packets at the queue. 

•  For exploration purposes, the analysis that fol lows focuses 

on the FCFS with CBP is applicable in the performance 

modeling of networks for the effective mechanism of traff ic 

congestion control and also for providing various QoS 

demands by different mult imedia services.  

5.2.1 Prior Information 

For each state S, S ∈  Q and class i ( i=1,2,…,R) the following 

auxil iary functions are defined: 

ni(S) =   the number of class i packets present in state 

S, 

1, if class  packet is in service
( )

0, otherwise,i

i
s S

⎧
= ⎨
⎩  

1
1, if ( ) & ( ) 1

( )
0, otherwise,

R
i i ii

i
n S N s S

f S =
⎧ = =⎪= ⎨
⎪⎩

∑
 

Suppose what is known about the state probabil i t ies {P(S)} is 

that they satisfy the  

•  Normalization constraint 

( ) 1,
S Q

P S
∈

=∑
       (5.1)  
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And that the fol lowing marginal mean value constraints per 

class i exist: 

•  Server uti l ization, Ui, (0<Ui<1), 

( ) ( ) , 1, 2,..., ;i i
S Q

s S P S U i R
∈

= =∑
    (5.2) 

•  Mean queue length, Li (Ui ≤ Li<N1), 

 

( ) ( ) , 1, 2,..., ;i i
S Q

n S P S L i R
∈

= =∑
    (5.3) 

•  Full buffer state probabil i ty, φ i  (0< φ i  <1), 

( ) ( ) , 1, 2,..., ;i i
S Q

f S P S i Rφ
∈

= =∑
    (5.4) 

Satisfying the f low balance equations, namely 

( )1i i i iUλ π μ− =       (5.5) 

Where π i  is the blocking probabil i ty that an arriving packet of 

class i f inds Ni ( i=1,…,R) packets in the queue (wait ing or 

receiving service). 

The choice of mean value constraints (5.1) - (5.4) is 

based on the type of constraints used for the ME analysis of 

stable multiple class queue without space priorit ies [DEN93]. 

Note that i f  addit ional constraints are used, it  is no longer 

feasible to capture a computationally eff icient ME solution in 

closed-form. Conversely, the removal of one or more 
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constraints from the set (5.1) - (5.4) wil l  result into an ME 

solution of reduced accuracy. 

5.2.2  A Universal Maximum Entropy Solution 

A universal form of the state probabil ity distribution P(S), 

S∈Q can be characterized by maximizing the entropy 

functional:  

( ) ( ) ( )log ,
s

H P P S P S= −∑
     (5.6) 

subject to constraints (5.1) - (5.4). By employing Lagrange's 

method of undetermined mult ipl iers [], the ME solution is 

expressed by  

( ) ( ) ( ) ( )

1

1 , ;i i i
R

s S n S f S
i i i

i
P S g x y S Q

Z =
= ∏ ∀ ∈

    (5.7) 

Where Z, the normalizing constant, is clearly given by 

( ) ( ) ( )

1
,i i i

R
s S n S f S
i i i

iS Q
Z g x y

=∈

⎛ ⎞= ∏⎜ ⎟
⎝ ⎠

∑
     (5.8) 

And {gi, xi, yi, i=1,2, … ,R} are the Lagrangian coefficients 

corresponding to constraints (5.2) - (5.4), respectively.   

Remarks 

Although constraints (5.2) - (5.4) are not known priori, 

nevertheless it  is assumed that these constraints exist. This 

information, therefore, has been incorporated into the ME 

formalism (5.1) - (5.6) in order to characterize the form of the 

joint state probabil i ty (5.7). An eff icient computational 
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implementation of the ME solution (5.7), however, requires the 

prior estimation of the Lagrangian coefficients. This can be 

achieved by making GE-type buffer size invariance 

assumptions with regard to Lagrangian coefficients {gi, xi, i=1, 

2, … ,R} together with asymptotic connections to an infinite 

capacity GE/GE/1 queue (c.f., [KOVA 94]). 

Aggregating (5.7) over al l  feasible states S ∈  Q and after 

some manipulation, the joint aggregate ME queue length 

distribution {P(n), n ∈  Ω } is given by: 

( ) 10P
Z

=
  

( )

( ) ⎟⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

=

∏
∑∏

∑

=

==

=

R

i
ji

j
R

j

k
jjj

j

k
j

R

i
ki

Nk

N
ygkxR

Z

QobkP

1

1

)(

1

1
;

!

!1

Pr)(

δ

  (5.9) 

   

where, δ(k) = 1,  i f   ∑ jkj=Ni  & si(k)=1, or 0, otherwise; and Ni 

are the threshold values for each class j, j=1,2, … ,R. 

 5.2.3 Blocking Probability 

A universal form for the marginal blocking probabil i t ies 

{π i ,  i=1,2, … ,R} of a stable multiple class GE/GE/1/N/FCFS 

queue with PBS can be approximately established, based on 

GE-type probabil ist ic arguments.  
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Consider a multiple class GE/GE/1/N/FCFS/PBS queue with 

non-zero inter-arrival t ime and service t ime stage selection 

probabil it ies ( )2 1 2i aiCσ = +  and ( )2 1 2i sir C= + ,  respectively. Each 

arriving bulk of class i ( i=1,2, … ,R) joins the queue at Poisson 

arriving instants and finds the same aggregate number of 

packets as a random observer (n.b., this assumption is strictly 

true if the SCVs of the GE-type inter-arrival t imes per class 

are equal). Let us focus on a tagged packet within an arriving 

bulk of class i ( i=1,2, … ,R) which f inds the queue in state nj = 

(0,…,0, nj, nj+1, … ,nR) where nk = 0, k = 1,2,…,j-1. Clearly, 

the total number of packets in the queue is 
R

kk j
v n

=
=∑ and the 

number of available buffer spaces is equal to N-v.  

Using the probabil ist ic arguments, the blocking probabil i t ies 

can be approximated as follows: 

( )( )[ ] ( )∑
=

− +

−=
N

k

kN
iii kPk

0
1 σδπ

                (5.11) 

Where 

( ) ( )
, 0

1
1, otherwise

i

i i ii

r k
rk σ σδ

⎧ =⎪ − += ⎨
⎪
⎩    (5.12) 

5.2.4  Lagrangian Coefficients 

The Lagrangian coefficients xi and gi can be 

approximated analytically by making asymptotic connections to 
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an infinite capacity queues. Assuming xi and gi are invariant to 

the buffer capacity of size N, i t  can be established that 

i i
i

Lx
L
ρ−

=
      (5.13) 

( )
( )
1
1

i
i

i

X
g

x
ρ

ρ
−

=
−      (5.14) 

Where 1 1
,R R

i ii i
X x L L

= =
= =∑ ∑  and Li is the asymptotic marginal 

mean queue length of a multi-class GE/GE/1 queue. Note that 

statistics Li, i=1,2, … ,R can be determined by (c.f., Kouvatsos 

et al [DEN93]) 

( ) ( ) ( )2 2 2 2

1

11 ,
2 2 1

R
i i

i ai j ai sj
j j

L C C Cρ ρ
ρ =

Λ
= + + +

− Λ∑
  (5.15) 

where 1
, R

i i i ii
ρ μ ρ ρ

=
= Λ =∑ .  

By substituting the value of aggregate probabil i t ies, 

PN(n), n=0,1, … ,N, and blocking probabil i t ies, π i ,  i=1,2, … ,R, 

into the f low balance condit ion (5.5), the Lagrangian 

coeff icients {yi, i=1,2, … ,R} can be derived as follow: 

5.3   Queueing Networks 

Consider an arbitrary open queueing network at equil ibrium 

with M single GE-type server queues, R (R > 1) distinct 

classes of jobs, GE external inter-arrival t imes and RS-RD 

blocking. Each queue k (k = 1, 2, M) is assumed to be 
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modeled by a f inite capacity GE/GE/l/N/FCFS queue with a 

threshold based queue management scheme. 

A universal product-form ME solution {P(S), SЄQ}, subject to 

normalization and afore mentioned constraints, can be estab-

l ished. By aggregating overall feasible states SЄQ, an 

extended product-form approximation for the joint aggregate 

state probabil i ty {P(n), n Є  Ω}, can be obtained, namely 

1

( ) ( )
M

k k
k

P n P n
=

=∏
 

Where {Pk(nk), k = 1, 2 ..... . . M}are the state probabil i t ies which 

has been established via expression (11). 

5.3.1 Queue-By-Queue Decomposition Algorithm 

The ME queue-by-queue decomposit ion algorithm for the 

approximate analysis of arbitrary open QNMs with single 

server queueing stations, threshold based queue 

management scheme under RS-RD blocking is described 

below. It provides a generic analytic framework for a 

unif ied exposit ion of entropy maximization and complex 

multiple class open QNMs with blocking [6 Kouv 03] . The 

algorithm incorporates  

•  A feedback correction of the original service parameters 

{µki, s
2
skiC } and transit ion probabil i ty matrix A = (aki0, 

akini j) in order to mitigate the strong underlying 
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assumption that arrival streams per class are renewal 

CPPs with geometrically distributed batches. 

•  An RS-RD blocking mechanism influence the derivation of 

stochastic closed-form expressions for the calculation of 

the effective service t ime parameters  

{µki, Cski}. Note that the effective service t ime can be 

determined as the random sum of GE-type service t imes 

over a geometric counter with parameter Лcki. 

•  The GE-type distribution is used to approximate the 

effective service t ime as well as the effective overall 

inter-arrival and inter-departure t ime processes and 

their corresponding f irst two moments for each class i( i  

= 1, 2, ...  ,  R) at each queue k(k=1, 2 ... ,  M) of the 

network. 

•  The RS-RD blocking mechanism imposes a dependence 

relation-ship on the actual rout ing of jobs from one queueing 

station to another. This necessitates the use of the effective 

transit ion probabil i t ies {akinij}  in the solution process. 

Furthermore, the algorithm describes the computational 

process of solving the non-l inear equations for job loss {Л0ki} 

and blocking {Лkimj} probabil i t ies under GE-type flow formulae 

[6]  for the f irst two moments of merging, splitt ing and 

departing streams [6] (assumed to be known). Note that the 
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probabil it ies {Л0ki, Лkimj, ∀ k,m,i, j}generally depend on the 

effective job f low balance equations for {λ0ki, λki, 
2
akiC  ,  ∀ k,i},  

effective service t ime parameters { µki, s 2
skiC } inter-departure 

t ime SCVs { 2
dkiC ,∀ k,i}and overall inter-arrival t ime 

parameters{λki, 2
akiC ,  ∀ k,m,i, j}. 

ME DECOMPOSITION ALGORITHM  

Input Data 

• M, R, 

•  {N k, λ0ki, 2
0a kiC , µki, s

2
skiC  , a kimj} ,  

k = 1 , 2 , . . . M  ,  m = 0 , 1 , 2 , 1. . . M , i , j = 1 , 2 , … , R  

Begin 

Step 1 Feedback correction 

For each queue k, k=1,2,….,M, and class i, i=1,……,R, 

with akikj>0, substitute  

µki = µki (1-
1

R

kikj
j

a
=
∑ ), 

2
0a kiC =  

1

R

kikj
j

a
=
∑ + (1-

1

R

kikj
j

a
=
∑ ) 2

skiC , 

Where 
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{ }0 , ,
/(1 ), , ;kimj kikj

k m
kimj a a m k ma =

− ≠ ∀=  

Step 2 Initialize correction Л 0 k  &  Л k i m j← any value in (0, 1), 

∀ k , m = 1 , 2 , 3 , … … , M  a n d  ∀ i , j = 1 , 2 , … … , R ;  

Step 3 Solve the system of non-linear equations of blocking 

probabilities { Л 0 k ,  Л k i m j }; 

Step 3.1 For each censored GE/GE/1/N/FCFS queuing 

station k, k=1,2,…….M under Rs blocking, 

calculate the effective flow transition 

probabilities {a k i m j } (c.f., [Kouv 03] ); 

Step 3.2 Calculate effective job flow balance equations 

for {λki, λki,} (c.f., [Kouv 03]); 

Step 3.3 Calculate the effective service-time parameters, 

{ µki, s
2
skiC } for an RS-RD blocking mechanism 

(c.f., [Kouv 03]); 

Step 3.4 Calculate the overall GE-type inter-arrival time 

parameters, {λki, 2
akiC } (c.f., [Kouv 03]); 

Step 3.5 Obtain new values for {Л0ki, Лmjki}by applying 

Newton Raphson method. 

S t e p  4  Calculate 2
dkiC , the SCV for inter-departure times (c.f., 

[Kouv 03]); 

S t e p  5  Calculate a new value for the overall inter-arrival time 

SCV, 2
akiC  ∀ ( k , i ) ;   
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S t e p  6  Return to Step 3 until convergence of { 2
dkiC  ∀ k , i  } ;  

S t e p  7  Obtain GE-type performance metrics of interest. 

E n d  

5.4 Numerical Results 

This section presents the accuracy of the proposed model against 

simulation (based on QNAP-2 at 95% confidence interval [Vera 85]). The 

numerical study considers three stat ion networks with arbitrary 

configurations and two classes of traffic streams. The arriving traffic 

streams have been represented by the GE distribution to model the 

burstiness properties. Each queue in the network employs a 

threshold based buffer management scheme where one threshold per 

traffic class has been used to control the buffer o c c u p a n c y .  For 

validation purposes, the following error measures (EMs) between 

simulation (SIM) results and ME algorithmic values are used for 

each queue k (k = 1, 2, ... , M) and class i  ( i  =  1,  2 , . . .  ,  R) :  

• Absolute ratio for marginal throughputs, { X ki,  ∀ k , i  }, is de-

fined by: 

( ) ( )( )
( )

ki ki
ki

ki

SIM X MEM XEM X
SIM X

−
= ,    ∀ k , i  

• Absolute ratio for marginal mean queue lengths (MQLs), 

{Lki}, is defined by: 
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1

( ) ( )( )
( )

ki ki
ki M

ki
k

SIM L MEM LEM L
SIM L

=

−
=

∑
,    ∀ k , i  

• Absolute difference for statistics eki is defined by: 

( ) ( ) ( )ki ki kiEM e SIM e MEM e= − ,    ∀ k , i  

Where eki stands for either marginal queue length probabil i ty 

P ki (n), , ∀n , k , i  or marginal uti l ization U ki, , ∀ k , i .  

The decomposition algorithm is said to be within a tolerance ε  ( ε  

>  0) if the estimated EMs do not exceed ε ∀n , k , i .  Note that for our 

investigation, the accuracy of the algorithm is said to be good, if 

tolerance ε  is less than 0.05 and adequate if ε ∈  (0. 05, 0.1) . More 

details on the definition of EMs and the suitability of tolerance 

levels in performance evaluation studies can be seen in Chandy 

et. Al. [Chan 75]. 

The relative accuracy of the approximate solution for various performance 

metrics against simulation (using QNAP 2 package at 95% confidence 

interval)  In total four experiments have been carried by considering an 

arbitrary networks with three stations. The arrival traffic has been 

modelled using GE distributions with varying burstiness.  

Input data 

Total capacity for  each queue N = 10,  

Partition for Class 1, N1 = 6,  Partition for Class 2, N2 = 4 
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Queue1:  λ1=0.5, λ2=1.0, C2a1=5, C2a2=3, μ1=6, C2s1=6, μ2=7, 

C2s2=8 {a1121=0.3, a1131=0.7, a1222=0.4, a1232=0.6}  

Queue2:  μ1=4, C2s1=5, μ2=6, C2s2=7, {a2111=0.4, a210=0.6, a2212=0.4, 

a220=0.6}  

Queue3:  μ1=3, C2s1=4, μ2=5, C2s2=5, {a3111=0.3, a310=0.7, a3212=0.3, 

a320=0.7} 

The results of the validation study have been carried out in four 

experiments. Experiments 1 and 2 (Figures 1 and 2) demonstrate the 

validation of various performance metrics against simulation in the form 

of histograms of EMs between ME approximations and simulation 

results. It can be observed that ,  in both these experiments, the 

ME solutions are very comparable to those obtained by 

corresponding simulation models with EMs usually remaining 

below 0.05 and never exceeding 0.1. These results show the EMs 

for both aggregate statistics and marginal statistics for each class. 

Experiment 3 (Figures 3a-3c) show the effect of SCV on the aggregate 

throughput for the proposed algorithm and validates against those 

obtained from simulation at al l three stations. It  can be observed 

that the increasing burstiness of the external traffic has adverse 

implications on the aggregate throughput at al l  three stations. 
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Experiment 1 

 

Figs. 1a-1c: Tolerances of typical performance measure 

Aggregate

0

0.02

0.04

1 2 3

S ta tions

X
<n>
U
P(0)
P(10)

Class-I

0
0.005

0.01
0.015

1 2 3

S ta tions

X
<n>
U
P(0)
P(10)

Class-I I

0

0.05

0.1

1 2 3

S ta tions

X
<n>
U
P(0)
P(10)



 - 103 -

Experiment 2 

 

Figs. 2a-2c: Tolerances of typical performance measure 
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Experiment 3 

 

Figs. 3a-3c: Effect of SCVs on Throughputs 
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Experiment 4 deals with the performance impact of the external GE-

type service and inter-arrival times variability on the performance of 

a typical open queueing network model with arbitrary topology 

consisting of three stations. It can be seen (Figure 4a-4c) that the 

mean queue lengths increase by increasing the external inter-

arrival-time SCVs beyond a specific critical value of the buffer size 

which corresponds to the same mean queue length for two different 

SCV values. For smaller buffer sizes in relation to the critical buffer 

size, the mean queue length steadily improves with increasing 

values of the corresponding SCVs. This  can be because for a given 

arrival rate, the mean batch size of arriving bulks as well as their 

inter-arrival time increase as the inter-arrival time SCV increases, 

resulting in a greater proportion of arrivals being blocked (lost) and, 

thus, a lower mean effective arrival rate; this influence has much 

greater impact on smaller buffer sizes.  
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Experiment 4  

 

Figs. 4a-4c: Tolerances of typical performance measure 
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C H A P T E R  S I X  
C O N C L U S I O N S  A N D  F U T U R E  W O R K  

 

6.1 Thesis Summary 

Exact analysis of networks of finite capacity queues and multiple job 

classes is generally difficult to develop. Consequently, approximate 

numerical techniques and simulation techniques are used to study these 

queuing systems. However, simulation is time consuming and it does not 

usually yield the great precision needed for rare events such as packet 

loss whilst numerical methods for the models are often hindered by the 

generation of large state spaces requiring a considerable or even 

prohibitive amount of computation. Thus, here is a great need to extend 

current methodologies or create new ones leading to both credible and 

cost-effective solutions for such complex systems. 

This research work has investigated into the approximate analysis of 

networks of finite capacity queues with multiple job classes under different 

buffer management schemes and first come first served scheduling 

discipline. These queues can be connected under any arbitrary 

configurations and provide very powerful tools to evaluate the 

performance of various communication systems. The analysis presented 

in this thesis specifically focuses on the open queueing systems.  

In this thesis the principle of ME has been applied to provide a new 

analytic framework for the approximate analysis of open queueing 

networks of finite capacity queue with arbitrary configurations and multiple 
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classes of jobs under complete and partial buffer partitioning schemes 

involving FCFS scheduling disciplines. The GE distribution is used to 

represent the various processes and plays the role of a versatile tool 

towards a cost-effective implementation of ME methodology for solving the 

aforementioned queuing network systems.  

The thesis is summarized as follows: 

Chapter-1 presents introduction to Queueing Network Models and various 

blocking mechanisms. It also presents how Queueing Network Models 

play important role for performance evaluation of computer and 

communication systems. It also elaborates the different buffer 

management schemes. Aims and objectives of the research study are 

presented at end of the chapter. 

In Chapter 2, the related work to finite capacity queueing network (FCQN) 

has been presented. This chapter lays down the foundation for research 

carried out in the later chapters of this thesis. It also reviews the related 

work that was already produced using the principal of maximum entropy. 

The ME solution is described in Chapter 3 as a uniquely correct, self-

consisted method of inference for characterising an unknown but true 

probability distribution subject to known (or known to exist) mean value 

constraints. This chapter also presents the GE model as a suitable tool for 

modeling general distributions with known first two moments. Several GE-

type properties are presented which establish the GE distribution as the 

second most mathematically tractable non-discrete distribution after the 

exponential distribution. At the end of this chapter, analysis of a G/G/1/N 
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censored queue with multiple job classes and non-priority service 

disciplines using ME methodology has been reviewed which can be used 

as a building block in analysis of networks with arbitrary configurations. 

In Chapter 4, the ME methodology is extended to analyze an open 

queueing networks with arbitrary configurations. All the queues in such 

networks are of finite capacity and usually result in blocking. This chapter 

follows a repetitive service blocking in the analysis of such system due to 

their wide applications. Each queue in the network employs a threshold 

based partial buffer sharing scheme in order to effectively handle the 

traffic congestion. This technique effectively controls the allocation of 

buffer to various traffic classes according to their delay constraints. The 

analysis is based on a queue by queue decomposition technique where 

each queue is solved in isolation and the flow formulae for merging and 

splitting of various traffic streams are used to solve the network. The 

proposed ME joint queue length distribution is then implemented by 

identifying the first two moments of the overall inter-arrival and effective 

(due to blocking) service times of finite capacity queue by employing the 

GE distributional model. The joint queue length distributions are 

analytically established via appropriate mean value constraints and 

generating function approach. Typical numerical experiments illustrate the 

credibility of the proposed mechanism in the context of different quality of 

service (QoS) grades for various network traffic classes. 

Chapter-5 extends the analysis of open queueing networks with arbitrary 

configurations where each queue employs a complete partitioning buffer 
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management scheme.  The analysis has been carried out using ME 

methodology and closed form expression for the joint probability 

distribution and various performance measures have been analytically 

derived. Numerical results show the effect of varying buffer partitioning on 

different performance metrics. 

6.2 Suggestions for Future Work 

Chapters 4 and Chapter 5 presents the main contribution of this thesis 

where approximate analysis of arbitrary open queueing networks of finite 

capacity queues under different buffer management schemes were carried 

out.  Although, these techniques meet various QoS constraints for 

different traffic streams regarding low delay and high throughput values, a 

more robust technique, called weighted fair queueing (WFQ) has also 

been identified as the most powerful technique to provide fair treatment to 

various classes of traffic. Analytical modeling of such system is quite 

challenging task and can make an immediate extension to the work 

presented in this thesis. 

An other possible extension of this work can include the introduction of 

multiple servers where these servers can represent the communication 

channels in the telecommunication networks or multiple processors in the 

high speed networks.   

Although analysis of the proposed solutions presented in this thesis 

considered the first two moments of the external traffic to capture the 

burstiness property of the traffic, analysis of the networks can be extended 

when the external traffic shows self similarities and correlation properties.  
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• Performance Analysis of Multimedia based Web Traffic with QoS 

Constraints, Published in Elsevier (UK) :  “ Research Journal of Computer and 

System Sciences” 74 (2008) 232–242. Impact factor of this journal is  

2006: 1.252 

• Performance Analysis of Queueing Networks of Queue Under Active Queue 

Management Scheme, Published in Elsevier (UK) : “Simulation Modelling 

Practice and Theory” 15 (2007) 416–425 Impact factor of this journal is  

2006: 0.474 

• Performance Analysis of Queueing Networks with Complete Buffer 

Partioning, Published in HEC Recognized Gomal University Journal of 

Research 24:1 (2008) 11-23, Gomal University Dera Ismail Khan, N-W.F.P, 

Pakistan. 
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