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Abstract

The one-atom maser or micromaser has been a system of fundamental interest in quantum

optics. It provides an experimental realization of the Jaynes–Cummings model. As

compared to the ordinary laser, field inside a micromaser exhibits a number of interesting

features. In this thesis, we consider the problem of quantum phase fluctuations of the

field generated in one and two-photon micromaser. In a one-photon micromaser, we

discuss the effect of cooperative atomic interactions, cavity losses, and pump fluctuations

on quantum phase properties of the field. We consider, initial coherent state of the

radiation field and atoms initially in the excited and coherent superposition of their

atomic states, respectively. We find that quantum phase properties of the field in a

micromaser are highly sensitive to two-atom events and cavity losses. Both contribute to

the randomization of the well defined phase structure associated with the initial coherent

state. However, the approach towards the randomization is quite different in the two

cases. We also find that the fluctuations, associated with the random injection of the

atoms, affect the phase structure of the coherent state.

Next, we study the quantum phase properties of the field in a two-photon micromaser,

including the effects of the finite detuning of the intermediate level. For initial coherent

state of the cavity field and atoms initially in their excited state multipeak phase structure

appears which eventually leads to the randomization of the cavity field phase. However,

the approach towards the randomization depends upon the detuning. If the atoms are

injected in a coherent superposition of their upper and lower atomic states then the

phase distribution evolves into two-peak structure. For initial thermal state and atoms

in polarized state, cavity field acquires some phase. We also consider the effect of the

finite Q of the cavity and random injection of the atoms in our system.

Finally, we discuss the effects of spatial mode function in a one-photon micromaser in

the presence of two-atom events. It is shown that two-atom events allow us a possibility to

study the effects of different cavity eigenmodes in a micromaser. We find that squeezing

properties of the radiation field depend upon the parity (odd or even) and order (lower
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or higher) of cavity eigenmodes. For example, squeezing can be obtained for odd-order

cavity eigenmodes which completely vanishes for even-order modes. Our results also show

that effects similar to self-induced transparency which are studied in Jaynes-Cummings

model with atomic motion are never obtained in a micromaser in the presence of two-atom

events.
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Chapter 1

Introduction

One of the simplest and most fundamental system of radiation-matter coupling is a

two level atom interacting with a single mode of the quantized electromagnetic field.

This system was first treated theoretically by Jaynes and Cummings [1]. Their model

predicted an enhancement of the spontaneous emission rate near resonance and Rabi

oscillations of energy exchange between the atom and the field. The Jaynes-Cummings

Model (JCM) is exactly solvable in the absence of dissipation and under the rotating-wave

approximation (RWA). Some of the features of JCM are signature of the quantum nature

of the electromagnetic field, e.g., collapse and revival in the Rabi nutation [2]. This model

exhibits squeezing of the field and shows chaotic behaviour in the semiclassical limits [3].

The one-atom maser or micromaser is an experimental realization of JCM. This real-

ization has become experimentally feasible due to the advances in constructing supercon-

ducting cavities, together with the Rydberg state spectroscopy. The high quality factor

Q of superconducting cavities allows the possibility of observing the periodic energy ex-

changes between the atom and the cavity field. In some recent experiments, values of the

quality factor Q as high as 4× 1010 have been achieved for the resonant mode leading to

a photon lifetime in the cavity of 0.3 sec [4]. The interesting properties of the Rydberg

atoms make them very useful for micromasers. In these atoms, the probability of induced

transitions between neighboring states is very high and only few photons are enough to

saturate the transition between adjacent levels [5]. In addition, the atomic life time of

the Rydberg atoms are large enough, specifically for the circular Rydberg states it is tens

of a milliseconds as a result atomic decay can be neglected during the transit time in the

cavity.

The first micromaser was developed by Herbert Walther and coworkers in Garching

9



Figure 1.1: Micromaser experimental setup. After interacting with the cavity the atoms
are detected using state selective field ionization. Reprinted from B. T. H. Varcoe, S.
Brattke, and H. Walther, New J. Phys. 6, 97 (2004).

[6]. A schematic diagram of their experimental setup is shown in Fig. 1.1. Their system

consists of a series of identically prepared rubidium Rydberg atoms pumped by laser

excitation into the 63P3/2 upper maser level. In this case, the lower maser level is either

the 61D5/2 or the 61D3/2 depending on the cavity frequency. The atoms are injected into

a maser cavity at a rate small enough so that it is rare for more than one atom to interact

with the field at the same time. For this experiment they used a closed cylindrical shape

superconducting niobium microwave cavity with diameter 24.7 mm and a length of 24

mm. This cavity was at 2 K with Q ' 8 × 108. The atom-field dynamics are observed

by measuring the state of atoms leaving the cavity in a state sensitive field ionization

detector. The experiments with the micromaser performed by Garching group have been

reviewed by Herbert Walther in Refs. [7, 8].
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1.1 One-Photon Micromaser

The theory of one-photon micromaser based on JCM was developed by Filipowicz, Ja-

vanainen and Meystre [9]. They investigated that the field mode evolves towards a steady

state when the average lifetime of a photon in the field mode is larger than the mean time

between the interactions. It was also found that as the pump rate increases, the steady

state goes through thresholds that resemble first-order phase transitions. The quantum

theory of one-photon micromaser has been extended by several authors. For example,

Lugiato et al. have shown that the steady-state photon number distribution of the micro-

scopic maser can be recovered using the standard macroscopic quantum laser theory [10].

Other approaches to the micromaser include the damping basis method which allows for

treating the damping during atom-field interaction [11]. The time averaged inversion

during the atom-field interaction has also been studied in a micromaser [12]. Recently,

Bergou et al. have reviewed the quantum theory of micromasers [13]. In some other

studies, the physics and variety of fundamental phenomena occurring in micromasers

have been discussed [14–16].

As compared to the ordinary laser, field inside a micromaser exhibits a number of

interesting features which include sub-Poissonian photon statistics [9, 17], collapse and

revival of the Rabi oscillations [18], bistability and quantum jumps of the field [19],

generation of trapping states [20, 21] and atomic interference [22]. A number state, i.e.,

a state of fixed photon number can also be created in high Q micromaser using state

reduction method [23, 24]. The generation of squeezed states of the radiation field in

which quantum fluctuations in one variable are reduced below their value in a symmetric

minimum uncertainty state at the expense of the corresponding increased fluctuations

in the conjugate variable have also been studied in a micromaser [25–27]. These states

have drawn a great deal of interest both theoretically and experimentally due to their

potential applications [28]. Another interesting feature of the micromaser is the genera-

tion of pure state of the field known as tangent and cotangent states [29]. In some recent

studies, micromaser spectrum [30,31], quantum clock [32], phase diffusion dynamics [33],
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detection statistics [34], and other interesting features related to the micromaser have

also been discussed [35–37].

Micromasers provide the possibility of testing new ideas in the emerging field of

quantum information [38]. The wide range of application is possible mainly due to the

creation of entanglement either between field and atomic state in which a particular atom

is leaving the cavity or among the atoms of the pumping beam. A number of schemes

for the generation of entanglement have been proposed using micromasers. For example,

atom-field and atom-atom entanglement has been discussed in a review paper by Englert

et al. [39]. Masiak [40] has shown that the pairs of atoms, after interaction with the

electromagnetic field, leave the cavity in the quantum correlated states violating the Bell

inequality. In another study, Englert et al. have shown, using a non-separability criterion,

the generation of entanglement between two atoms that pass through a micromaser one

after the other, in immediate succession [41]. Recently, Datta et al. have shown the

possibility of information transfer between the micromaser cavity and the atoms [42].

1.2 Two-Photon Micromaser

In addition to a large number of studies related to one-photon micromaser, a two-photon

micromaser has also been studied quite extensively theoretically as well as experimentally.

This system offers a unique chance to study under appropriate conditions, the interaction

of a single-mode of the electromagnetic field with a source of correlated pair of photons.

Many interesting phenomena related to the interaction of three-level atoms with radiation

field have been studied recently [15]. For example, the atomic coherence and interference

effects, which are related to the electromagnetically induced transparency [43], lasers that

emit squeezed light [44], the lasing without inversion [45], and laser cooling of atoms [46].

The theory of two-photon micromaser was initiated by Brune, Raimond, Haroche

and Davidovich [47, 48]. Later, this theory was further developed by Ashraf et al. [49]

using an exact Hamiltonian approach and obtained results for the photon statistics that
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were at variance with some of the conclusions of Davidovich et al. [48] for small detuning

limits. Laughlin and Swain have discussed the theory of two-photon micromaser for

degenerate and non-degenerate cases [50]. They have found solution to the Fokker-

Planck equation using a detailed balance, linearization procedure. It is shown that under

certain conditions, photon statistics exhibits sub-Poissonian behaviour.

Soon after the presentation of the theory, first two-photon micromaser was realized

experimentally by Brune et al. [51]. They used a liquid-He-cooled cylindrical niobium

superconducting cavity with diameter of 7.7 mm and a length of 7.5 mm. This cavity

was operating in the TE121 mode having a Q value ' 108 at 1.7 K, resonant at 68.41587

GHz. In this experiment, they used three-level atom to probe the quantum state in a

cavity, the two-photon degenerate transition in rubidium atoms was exploited between

the levels 40S1/2 and 39S1/2 through an intermediate level 39S3/2 detuned from the cavity

resonant mode. The excited atoms cross the niobium superconducting cavity at thermal

velocity (v ' 300m/sec), in an average time tint ' 25 µs.

The field inside a two-photon micromaser exhibits quite interesting properties such

as generation of squeezed states [52] and trapping states of non-zero photons [53]. Dif-

ferent schemes have also been proposed for the generation of nonclassical state from a

mixed state. For example, Garraway et al. [54] have proposed a simple scheme for the

generation and detection of nonclassical states of electromagnetic field by conditional

measurement. Orszag et al. [55] have studied the generation of pure states which can

be made of a superposition of even photon-number states or odd-number states in a

two-photon micromaser with finite detuning of the intermediate atomic level. They have

also discussed the possibility of generation of ideal squeezed vacuum for a broad range

of detunings in a lossless cavity and away from the trapping condition. It is shown

by Moya-Cessa et al. [56] that for a especially chosen interaction times, amplified and

strongly sub-Poissonian fields can be generated in a two-photon micromaser.

Spectral properties of the radiation field in a two-photon micromaser have also been

studied in some recent studies [57, 58]. For example, Toor et al. [57] have calculated the
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linewidth for a two-photon micromaser using an exact Hamiltonian approach. The effects

of atomic decay on the linewidth of a two-photon micromaser have also been discussed

for both zero and nonzero detuning limits [58]. It is found that for both cases, the well

known oscillatory behaviour of the linewidth vanishes for large decay rates.

1.3 Cooperative Atomic Interactions

Most of the studies in a micromaser are based upon the assumption that at the most there

is only one atom at a particular time inside the cavity. The possibility of more than one

atom events which leads to cooperative atomic effects is normally ignored. However, in an

actual experimental, the micromaser is pumped by a beam of atoms having Poissonian

statistics for the arrival times. Therefore no matter how low the beam intensity is,

there is always a finite probability of finding more than one atom at a particular time

inside the cavity. The presence of two atoms inside the cavity plays a crucial role in the

field dynamics in a micromaser. In some recent studies, effect of two-atom events also

known as cooperative effects have been studied in a micromaser. For example, Bonifacio

et al. [59] have studied cooperative effects in semiclassical regime for high fluxes for a

regularly injected micromaser. They found different phase transition corresponding to a

strongly nonlinear chaotic behaviour.

The effects of two atom events on trapping state have been considered in various

studies. For example, Orszag et al. [60] has shown that the presence of inverted two-

atoms produces a strong disruption in the trapping states for low photon number which

makes their experimental detection difficult. Wehner et al. [61] have shown that vacuum

trapped state which can occur in an ideal cavity in one-atom micromaser is destroyed

even for less then 1% probability of two-atom events. The two-atom events affect the

visibility of trapping states due to the slow relaxation of the micromaser field between

two-atom events even if these events are very rare. The trajectory analysis of the steady-

state photon statistics of a micromaser shows a significant suppression of the trapping
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behaviour due to the inclusion of two-atom events [62]. However the results obtained

by Johnson and Schieve disagree with this analysis and show less suppression of the

trapping behavior [63]. Recently, Rekdal and Skagerstamb [64] have investigated the

signals of trapping states in the micromaser system in terms of the average number of

cavity photons and correlation length of atoms leaving the cavity. They have found that

characteristic effects of trapping states on the order parameter are not as suppressed as

was previously suggested [62].

The effects of two-atom events on squeezing properties of the field in a micromaser is

also considered [65]. The steady-state squeezing in a micromaser can be obtained under

the following conditions: (i) the cavity is pumped by a beam of two-level atoms initially

prepared in a coherent superposition of their upper and lower atomic states and (ii) the

field is in a trapping state. Qamar et al. [65] has shown that transient squeezing can be

obtained in the presence of two-atom events, however, it decreases with the increase in

cooperative atomic effects. In another study, it is shown that injected polarization makes

the micromaser more insensitive to cooperative effects, as compared to the unpolarized

case [66]. Ashraf and Toor have studied cooperative atomic interactions in one and two-

photon micromasers for a pair of atoms injected simultaneously into a single-mode cavity

on the photon statistics for different coupling constant ratios [67]. Earlier, the effect of

cooperative atomic interactions on the photon statistics of a single-mode one-photon laser

has been studied on the basis of an equation of motion for the reduced-density operator

using a perturbative approach [68]. Sharma and Brescansinthe have studied the effects

of cooperative interactions on the photon statistics in two-photon lasers [69].

1.4 Quantum Phase

The concepts of intensity and phase of optical fields are well established in classical optics.

The oscillating real electromagnetic field associated with one mode, E = A cos (Φ), has a

well defined amplitude and phase. In classical electrodynamics, there is no real need to
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use complex numbers to describe the field. However, many phenomena are most easily

understood in terms of complex amplitudes of the field, E = A exp (−iΦ), associated

with each mode of the field. The modulus squared of this amplitude A is the intensity

of the field and the argument is the phase. Both the intensity and the phase can be

measured simultaneously in classical optics so there is no distinction between the physical

description and measurement of the field.

Although, it is quite natural to extend the concept of quantum phase in quantum

optics, however, the situation is much complicated. There have been many attempts to

construct explicitly a quantum phase operator. In 1927, Dirac raised the idea to construct

explicitly a quantum phase operator as a quantity conjugate to the number operator [70].

Louisell in 1963 gave the idea to use cosine and sine as Hermitian operators describing

the phase [71]. However, due to the absence of explicit form of these operators this idea

did not help much in solving the phase problem. Pegg and Barnett have found a way

for the construction of a Hermitian phase operator which has revived the interest in the

quantum phase problem [72]. They introduced phase states in a finite (s+ 1) dimensional

space Ψ spanned by the number state |0〉 , |1〉 , ..., |s〉 for a given mode of the field. The

Hermitian phase operator operates on this finite space and, after all necessary expectation

values have been calculated in Ψ, the value of s is allowed to tend to infinity. The phase

distributions for the fields, mean values and variances of the phase, and other phase

characteristics of the field can be obtained using this Hermitian phase operator. The

phase distributions obtained from this formalism are 2π periodic, positive definite and

normalized. Along with Pegg and Barnett phase formalism there are other approaches

to describe the phase properties of optical fields. For example, Shapiro et al. approach is

based on the quantum estimation theory and probability operator measures [73]. Noh et

al. presented an operational approach to the quantum phase problem [74] which is further

analyzed in different studies [75]. In another approach, Bergou and Englert introduced

the idea of phasors and phasor bases for studying the quantum phase operators [76].

Recently, Tanas et al. [77] have reviewed some results concerning the quantum phase
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description of optical fields that can be generated in various nonlinear optical processes.

A comprehensive discussion of the quantum phase problem can be found in Refs. [78–80].

There are other ways to describe the phase properties of the field which employ the

phase space of quasiprobability distribution functions such as the Wigner function. This

description of the quantum state of the system can be associated with realistic measure-

ments performed on the system. For example, in order to measure the phase distribution

one requires the field-state density matrix elements which can be extracted from the

measured Wigner function. Recently, the complete Wigner function of the vacuum and

of a single-photon state for a field stored in a high-Q cavity has been measured [81].

The quantum phase properties have been widely studied for various systems. For

example, an anharmonic oscillator [82], correlated-emission laser [83], and laser with

atomic memory effects [84]. In some other studies phase properties of Jaynes-Cummings

model with and without the rotating-wave approximation have been discussed [85, 86].

The phase properties of squeezed states have been studied within different phase for-

malisms [87–89]. The bifurcation in the phase probability distribution of squeezed states

has been discussed by Schleich et al. [90]. The phase properties of coherent states have

also been analyzed for different phase formalism [91]. The coherent states are states

of minimum uncertainty product and are most common single-mode field in quantum

optics. These states have quantum statistical properties like the classical radiation field

and they define the limit between the classical and non-classical behaviours. Other states

which are interesting from the point of view of their phase properties are the cotangent

states [27] and displaced number states [92].

The study of quantum phase properties in a micromaser directly link to off-diagonal

elements which can be created either by preselecting a phase to inject into the cavity

or by post-selecting a phase via the detection of the exiting atoms. The micromaser

with injected atomic coherence was first investigated by Krause, Scully and Walther [93]

and it is found that the phase of the atomic coherence is transferred to the micromaser

field. The coherently pumped micromaser has also been investigated by other authors
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[94–96]. Casagrande et al. have investigated the dynamics of a micromaser continuously

driven by a resonant coherent field and pumped by atoms injected in superposition states

by a Monte Carlo wave-function approach [97]. Recently, Németh and Bergou have

presented model and analytic steady-state solution as a part of their comprehensive study

of quantum theory of the coherently pumped micromaser [98]. In some other studies,

transfer of coherence from atoms to mixed field states in a two-photon micromaser has

also been studied [99,100].

The quantum phase properties of the field in a one-photon micromaser without cavity

losses have been investigated for different initial states of the cavity field and the atoms.

For example, Ganstog et al. [101] have discussed the quantum phase properties in a one-

photon micromaser for an ideal cavity. It is shown that for an initial coherent field and

with no injected atomic coherence, single peaks splits into N + 1 peaks after N atoms

have passed through the cavity. Due to the injection of successive atoms, number of

peaks are increased which eventually randomizes the phase. If the cavity field is initially

in a coherent state and atoms are injected in the cavity in their coherent superposition

state, the phase distribution switches between the two and three-peak with the injection

of successive atoms. It is also found that considerable well defined phase is reached if

cavity field is initially in a thermal state and atoms are in a coherent superposition of

their atomic states. Skvarcek and Hillery have considered the phase distribution of a

micromaser field with injected atomic coherence in the semiclassical approximation [102,

103]. In some other studies, the phase properties of the field state have been investigated

using retrodictive quantum theory [104,105].

In this thesis, we present a detailed study of the quantum phase properties of the

field in one and two-photon micromaser. We use the well known Pegg-Barnett Hermitian

phase formalism [72] to calculate the phase properties of the cavity field for different

initial atomic polarizations. We consider both regular and Poissonian injection statistics

for the arrival times of the atoms inside the cavity. We also study the effects of cavity

losses on quantum phase properties of the field.
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In chapter two, we discuss the effect of two-atom events which results in the coop-

erative atomic effects on quantum phase properties of the field in a one-photon micro-

maser [106]. The initial state of the cavity field is considered to be in a coherent state and

atoms are considered in different initial atomic states. For example, if the initial state of

the radiation field is in a coherent state and N atoms are pumped in their excited state

then N + 1 peaks occur in the phase distribution as mentioned in [101]. We find that

the process of randomization of the phase which occurs due to the injection of succes-

sive excited atoms increases in the presence of two-atom events. Our results show that

phase becomes more and more random with the increase in cooperative effects. We also

consider the situation, when atoms are injected inside the cavity in a coherent superpo-

sition of their atomic states. We find that even in the case of injected atomic coherence,

two-atom events contribute towards the degradation of the quantum phase structure of

the cavity field. This clearly shows that the quantum phase structure is highly sensitive

to cooperative atomic effects.

We find that damping of the cavity field due to the finite Q of the cavity leads

to the broadening of the phase distribution. For example, our results show that both

two-atom events and cavity losses contribute towards the randomization of the phase

structure. However, the approach towards the randomization is quite different in the

two situations owing to the different nature of the two processes. We also study the

effects of cavity losses on quantum phase when atoms are injected inside the cavity in a

coherent superposition of their atomic states. We find that due to the injected atomic

coherence complete randomization of quantum phase does not takes place, which is quite

interesting. Our results also show that the noise associated with the random injection of

the atoms also contributes towards the degradation of the quantum phase structure.

In addition to one-photon micromaser there are some studies related to quantum

phase properties of the field in a two-photon micromaser. For example, Orszag, et al. [107]

have studied the bifurcation in the phase probability distribution in a two-photon micro-

maser. Berger and Knöll [108] have discussed phase properties of a single mode coherent
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field interacting with a three-level atom using approximate linewidth and dressed-state

formalism. Recently, Sun et al. [109] have investigated the phase distribution by Monte

Carlo wave function approach for a steady-state field in a two-photon micromaser. It

is shown that phase of the field in a micromaser can be manipulated by adjusting the

relative phases, amplitudes of the polarized atoms, and the detuning between the atom

and cavity.

In chapter three, we present a detailed study of the quantum phase properties of the

field in a two-photon micromaser by incorporating the effects of the finite detuning of the

intermediate level [110]. We consider, both zero and nonzero detuning of the intermediate

level for a three-level atom in a cascade configuration that interacts with a single mode

cavity. In case of zero detuning, when the initial state of the radiation field is in a coherent

state and N atoms are pumped in their excited states then 2N + 1 peaks appear in the

phase distribution. Due to the injection of successive atoms more peaks appear in the

phase distribution which leads to the complete randomization of the initial cavity phase.

An approximate analytical expression for the phase distribution is also obtained for the

case of zero-detuning and atoms initially in their excited states. The resulting expression

can be used to obtain the exact position and height of different peaks appearing in the

phase distribution. We also find that for nonzero detuning, overall phase structure of the

cavity field remains the same, however positions of different peaks are shifted along with

a lift of phase distribution at the origin. The phase of the micromaser field eventually

randomizes due to the injection of a large number of excited atoms through the cavity.

An interesting feature appears when we consider initial coherent state of the cavity

field and atoms in a coherent superposition of their upper and lower atomic states. In

this case, single peak structure of the initial field evolves into two peaks. The phase

structure in a two-photon micromaser is independent of the fact whether the number of

atoms passed through the cavity are odd or even which is in contrast to the one-photon

micromaser case. We also consider initial thermal state of the cavity field and atoms in

polarized state. We find that the cavity field which has no initial phase acquires some
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phase due to the injected atomic coherence. The effects of cavity losses and Poissonian

injection for the arrival times of the atoms inside the cavity is also considered. Our

results show that both contribute to the randomization of the well-defined phase structure

associated with the initial coherent field.

1.5 Spatial Variation of the Cavity Field

In most of the studies related to micromaser, it is assumed that the atom interacts with

a constant electric field while crossing the cavity. The effects of the mode structure of

the cavity field is usually not taken into account. However, an atom may experience

the variation of the mode structure while crossing the cavity. The strength of the atom-

photon interaction then depends upon the position of the atom inside the cavity. The

effects of atomic motion in Jaynes-Cummings model (JCM) have been studied, which

exhibits some interesting optical phenomena [111–113]. For example, Schlicher [111]

has shown that the motion of a two-level atom through a spatially varying single-mode

field gives rise to nonlinear transient effects in atomic population, which are similar to

self-induced transparency and adiabatic following [114]. The spectrum of spontaneous

emission of an atom strongly coupled to a single mode field also exhibits interesting

features resulting from effective modulation of the atom-field coupling constant [115].

In some other studies, atomic coherence effects in the JCM with atomic motion and

nonlinear transient effects in a two-photon JCM have also been examined [116–118].

Whenever, it is assumed that there is only one atom at a particular time inside the

micromaser cavity, it is not possible to observe the effects of different cavity eigenmodes.

For one-atom events, cavity field depends upon the total time that atom spends inside

the cavity, which gives rise to a rescaling of the interaction time for different cavity

eigenmodes. On the other hand, in the presence of two-atom events, cavity field depends

upon the position of the atoms inside the cavity. For example, we may consider a situation

in which, we have two atoms inside the cavity, such that one of the atoms is at the node
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and the other is at the anti-node of the cavity eigenmode. Under this condition, the

atom at the node experiences zero coupling with the field, whereas the atom at the anti-

node experiences maximum coupling with the field. The two-atom events thus allow us

a possibility to investigate the effects of different cavity eigenmodes which is not possible

in case of one-atom events.

In chapter four of this thesis, we study the effects of spatial mode function in the

presence of two-atom events in a micromaser [119]. In particular, we are interested to see

how the squeezing which can be generated in a micromaser through the transfer of atomic

coherence to the cavity field is affected due to the spatial variation of the cavity eigenmode

index. Micromaser is one of the few active systems in which the generation of steady-state

squeezing has been discussed [25]. In this system phase sensitive preparation involves

the cavity field in a vacuum state and the atoms injected inside the cavity in a coherent

superposition of their atomic states. We find that the cavity field exhibits substantially

different behaviour for different cavity eigenmodes. The squeezing properties of the

radiation field in a micromaser depend on the parity (odd or even) and order (lower or

higher) of cavity eigenmodes. Our results show that squeezing can be generated for the

odd-order modes, however it decreases and eventually vanishes with the increase in the

cavity mode. For even-order modes, when we have equal number of positive and negative

half cycles of the cavity field, squeezing is never obtained, which is quite interesting. We

also discuss the behaviour of average photon numbers for different cavity eigenmodes. We

find that the effects similar to self-induced transparency which are studied in JCM with

atomic motion, vanishes in the presence of two-atom events in a micromaser. Finally,

we consider the effect of cavity losses and Poissonian injection statistics for the injected

atoms for the case of fundamental mode of the cavity field. Our results show that in

both cases, the amount of squeezing decreases.
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Chapter 2

Quantum Phase Properties of the

Field in a One-Photon Micromaser

Micromaser provides one of the most interesting experimental and theoretical system

for the study of purely quantum aspects of the interaction between the radiation and

matter. In this chapter, we discuss the quantum phase properties of the field in a one-

photon micromaser by incorporating the effect of cooperative atomic interactions, cavity

losses, and pump fluctuations. We consider, initial coherent state of the radiation field

and atoms initially in the excited and coherent superposition of their atomic states,

respectively. We find that quantum phase properties of the field in a micromaser are highly

sensitive to two-atom events and cavity losses. Both contribute to the randomization of

the well defined phase structure associated with the initial coherent state. However, the

approach towards the randomization is quite different in the two cases. We also find

that the fluctuations, associated with the random injection of the atoms, affect the phase

structure of the coherent state.

2.1 Model

We consider a beam of two-level Rydberg atoms injected inside a single mode high-Q

cavity. The injection rate is assumed to be such that there is always a finite probability

of finding more than one-atom at a particular time inside the cavity. Here, we restrict

ourselves to two-atom events. We assume that ith atom enters the cavity at time ti. If

the interval ∆ti between the ith and (i+1)th atom i.e., ∆ti ≡ ti+1− ti is greater than the

total time that atom spends inside the cavity which is tint, then we have only one-atom
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Figure 2.1: Micromaser pumped by a beam of two-level atoms. For ∆ti, ∆ti−1 > tint, we
have one-atom events.

events as shown in Fig. 2.1. The evolution of the atom-photon system is governed by

the well known Jaynes-Cummings Hamiltonian which is given by [1]

H = H0 +HI , (2.1)

where H0 describes free part of the Hamiltonian and is given by

H0 = ~ωa†a︸ ︷︷ ︸
photon

+ ~Ωσz︸ ︷︷ ︸
atom

. (2.2)

Here, ω is the field frequency, Ω is atomic transition frequency and a† (a) is the cre-

ation (annihilation) operator for the cavity field which obey the standard commutation

relations [
a†, a

]
= 1, [a, a] =

[
a†, a†

]
= 0. (2.3)

The interaction Hamiltonian HI in Eq. (2.1) under the dipole and rotating-wave approx-

imation, at exact resonance i.e., ω = Ω is given by

HI = ~g
(
a†σ− + σ+a

)
. (2.4)
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Here, g is the atom-field coupling constant, σ+ (σ−) is the raising (lowering) operator for

the atom which are also known as Pauli spin operators, are defined as

σ+ =

 0 1

0 0

 , σ− =

 0 0

1 0

 , (2.5)

and σz = [σ+, σ−].

The time evolution of the atom field density matrix can be described by using the

following unitary operator:

U (tint) = exp

(
− i

~
HItint

)
, (2.6)

where HI is defined by Eq. (2.4). The unitary operator U (tint) for two-level atom is

given by:

U (tint) =

 cosαgtint −i sin αgtint

α
a

−i sin βgtint

β
a† cos βgtint

 , (2.7)

where

α =
√
aa†, (2.8)

β =
√
a†a. (2.9)

The form of the unitary operator (2.7) is the same as given in [65]. If ρS
AF (ti) is the

atom-field density matrix at some initial time ti then the atom-field density matrix at

some later time tint is given is by the following:

ρS
AF (ti + tint) = U(tint)ρ

S
AF (ti)U

†(tint), (2.10)

where the label S corresponds to one-atom events. In order to obtain the reduced density

matrix for the field, we take the trace over the atomic variables in Eq. (2.10) and obtain

ρS
F (ti + tint) = TrA

[
U(tint)ρ

S
AF (ti)U

†(tint)
]
. (2.11)

25



��
 ��
��

���

��������	�	������
�
�

��
�� ��
 ��
��

Figure 2.2: Micromaser pumped by a beam of two-level atoms having regular injection
statistics and ∆ti < tint : (a) one-atom event and (b) two-atom event.

If the atom and field are initially decoupled, the initial condition ρS
AF (ti) in Eq. (2.10)

can be written as

ρS
AF (ti) = [ρA (ti)]⊗ ρF (ti) , (2.12)

(where ρA (ti) and ρF (ti) represent the initial atomic and field density matrices, respec-

tively). However, if the atom and field are initially coupled then their entangled state

becomes the initial condition.

In order to study the cooperative atomic effects, we assume that i+ 1th atom enters

the cavity at time ti+1 before the exit of the first atom. Here we consider two cases (i)

regular injection and (ii) Poissonian injection statistics for the arrival time of the atoms.

In Fig. 2.2, we show a schematic picture that corresponds to the injection of two-levels

atoms inside the cavity in a regular interval such that the interval between the ith and

(i + 1)th atom i.e., ∆ti ≡ ti+1 − ti remains fixed. In this case ∆ti < tint and we have

a sequence of one-atom and two-atom events as shown in Figs. 2.2(a) - (b). Here the

time belonging to all the two-atom events i.e., tc = tint − ∆ti remains fixed. In Figs.
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Figure 2.3: Micromaser pumped by a beam of two-level atoms having Poissonian injection
statistics: (a) for ∆ti, ∆ti−1 > tint we have one-atom event inside the cavity, (b) for
∆ti < tint and ∆ti+1, ∆ti−1 > tint we have two-atom event, and (c) ∆ti, ∆ti+1 < tint and
∆ti−1 > tint, we have two consecutive two-atom events.

2.3(a) - (c), we show a schematic diagram for the Poissonian injection of the atoms.

If ∆ti−1,∆ti ≥ tint then we have one-atom event as shown in Fig. 2.3(a). However,

if ∆ti < tint and ∆ti+1,∆ti−1 > tint then we have two-atom event as shown in Fig.

2.3(b). In Fig. 2.3(c), we show the situation when ∆ti, ∆ti+1 < tint and ∆ti−1 > tint,

hence we have two consecutive two-atom events. The time for two-atom events does not

remain same it fluctuates owing to the fact that the atoms are injected randomly having

a Poissonian distribution.

Whenever there are two atoms inside the cavity, then we can model this, in the dipole
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and rotating wave approximation by the following Hamiltonian [120]:

HI = ~g
2∑

i=1

(
aσ

(i)
+ + a†σ

(i)
−

)
(2.13)

where g is the coupling constant which is assumed to be the same for the two atoms and

σ
(i)
+

(
σ

(i)
−

)
are the raising (lowering) operators for the ith atom.

If both the atoms remain inside the cavity for a time interval tc, then the combined

atom-field density matrix after a time ti+1 + tc can be written as:

ρD
AF (ti+1 + tc) =
ρa1a2n;a1a2m ρa1a2n;a1b2m+1 ρa1a2n;b1a2m+1 ρa1a2n;b1b2m+2

ρa1b2n+1;a1a2m ρa1b2n+1;a1b2m+1 ρa1b2n+1;b1a2m+1 ρa1b2n+1;b1b2m+2

ρb1a2n+1;a1a2m ρb1a2n+1;a1b2m+1 ρb1a2n+1;b1a2m+1 ρb1a2n+1;b1b2m+2

ρb1b2n+2;a1a2m ρb1b2n+2;a1b2m+1 ρb1b2n+2;b1a2m+1 ρb1b2n+2;b1b2m+2

 (2.14)

Here D corresponds to two-atom events. A detailed calculation to obtain the density

matrix elements for the interaction of two two-level atom with a single mode of the

radiation field is given in the Appendix A for arbitrary values of coupling constants g1

and g2. However when g1 = g2, which is the situation we are discussing here, it can easily

be obtained from Eqs. (A.22) - (A.37) in Appendix A.

When first atom leaves the cavity, then the second atom is left behind in the cavity

under this situation, the partial trace over the atomic variables of the outgoing atom

leads to the following reduced atom-field density matrix:

(
ρD

AF (ti+1 + tc)
)

Tr1
= ρa1a2n;a1a2m + ρb1a2n+1;b1a2m+1 ρa1a2n;a1b2m+1 + ρb1a2n+1;b1b2m+2

ρa1b2n+1;a1a2m + ρb1b2n+2;b1a2m+1 ρa1b2n+1;a1b2m+1 + ρb1b2n+2;b1b2m+2

 (2.15)

The reduced atom-field density matrix then becomes the initial condition for the single-
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atom density matrix (see Eq. (2.10)) to describe the interaction of the second atom

with the cavity field. In the forthcoming section, we present a review of Pegg-Barnett

Hermitian phase formalism.

2.2 Review of the Pegg−Barnett Hermitian Phase

Formalism

In this section we review the formalism used to describe the quantum phase properties

of the field in a one-photon micromaser. Pegg and Barnett [72] introduced phase states

in a finite (s+ 1) dimensional space Ψ spanned by the number state |0〉 , |1〉 , ..., |s〉 for a

given mode of the field. In this case the Hermitian phase operator operates on this finite

space and after all necessary expectation values have been calculated in Ψ, the value of

s is allowed to tend to infinity. A complete orthonormal basis of (s+ 1) states defined

on Ψ is given by

|θm〉 ≡
1√
s+ 1

s∑
n=0

exp (inθm) |n〉 , (2.16)

here

θm ≡ θ0 +
2πm

s+ 1
(m = 0, 1, ..., s) . (2.17)

The reference phase θ0 is arbitrary and it defines the phase state basis for the space. The

Hermitian phase operator is defined as

φ̂θ =
s∑

m=0

θm |θm〉 〈θm| . (2.18)

where the subscript θ indicates the dependence on the choice of θ0. The phase states in

Eq (2.16) are eigenstates of the phase operator (2.18) with the eigenvalues θm restricted

to lie within a phase window between θ0 and θ0 + 2π.

The expectation value of lth power of Hermitian phase operator in a state defined by
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density operator ρ is given as

〈
φ̂l

θ

〉
=

s∑
m=0

θl
m 〈θm| ρF |θm〉 , (2.19)

here 〈θm| ρF |θm〉 is the probability being found in the phase state |θm〉. The density of

phase states is (s+ 1) /2π, so in the continuum limit as s tends to infinity, Eq. (2.19)

can be written as 〈
φ̂l

θ

〉
=

∫ θ0+2π

θ0

θlP (θ) dθ, (2.20)

where continuum phase distribution P (θ) is given as

P (θ) = lim
s→∞

s+ 1

2π
〈θm| ρF |θm〉 . (2.21)

When θm is replaced by continuous phase variable θ, the phase distribution has the

following form:

P (θ) =
1

2π

∞∑
n,m=0

ρF (n,m) exp [−i(n−m)θ] , (2.22)

where ρF (n,m) are the matrix elements of density operator. Once the phase distribution

function P (θ) is known then all the quantum-mechanical phase expectation values can

be calculated with this function in a classical-like manner by integrating over θ. The

choice of θ0 defines a particular window of phase values.

2.3 Phase Properties of the Field in the Presence of

Cooperative Atomic Interactions

The phase properties of the field in a micromaser can be analyzed by using the phase

formalism given by Eq. (2.22). An insight about the quantum phase properties of the

field can be obtained from this expression. For example, if the field is initially in a Fock

or thermal state then all the off-diagonal elements of the density matrix will be zero and
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we have a flat phase space distribution, i.e., P (θ) = 1/(2π), whereas a well defined phase

exists if the field is initially in a coherent state with non-diagonal density matrix elements.

The phase distribution in a micromaser is strongly dependent upon the interaction time

of the atom with the cavity field, which can be controlled in the experiment by changing

the velocity of the injected atoms.

The quantum phase properties of the field in a one-photon micromaser for one-atom

events have been discussed in detail by Ganstog and Tanas [101]. In case when atoms

are injected into the cavity in their excited states they have obtained following analytical

expression for phase probability distribution [101]:

PN (θ) ' 1

2N

N∑
l=0

 N

l

 1

2π

∞∑
n,m=0

ρF (n,m)

× exp

[
−i (n−m)

(
θ − N − 2l

2
√
〈n〉

gtint

)]

=
N∑

l=0

aN
l P0 (θ − φl) , (2.23)

where

P0 (θ − φl) =
1

2π

∞∑
n,m=0

ρF (n,m) exp [−i (n−m) (θ − φl)] , (2.24)

is the phase probability distribution for a coherent field with mean number of photons 〈n〉

and aN
l = 1

2N

 N

l

 is a weight factor. The phase distribution PN (θ) in Eq. (2.23) is a

superposition of N + 1 phase distributions for coherent states P0 (θ − φl) with different

weights aN
l and mean phases φl. From Eq. (2.23) explicit form of PN (θ) for even number

of atoms N passed through the cavity can be written as

PN (θ) = aN
N/2P0 (θ) +

N/2−1∑
l=0

aN
l [P0 (θ − φl) + P0 (θ + φl)] . (2.25)
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Similarly, for odd number of atoms N passed through the cavity, PN (θ) is

PN (θ) =

(N−1)/2∑
l=0

aN
l [P0 (θ − φl) + P0 (θ + φl)] . (2.26)

The behaviour of phase probability distribution for one-atom events can be fully described

by the Eqs. (2.23) - (2.26). For example, N +1 peaks appear symmetrically with highest

peak at θ = 0 such that for an even N the highest peak is located at θ = 0, and for

an odd N there are two peaks of equal height symmetrically placed with respect to the

origin.

Here we are interested in the quantum phase properties of the field in the presence

of two-atom events in a micromaser. Our discussion is centered around numerical so-

lutions, since analytical solutions are unavailable owing to the higher dimensionality of

the problem. We consider two different cases of interest (a) when there is no injected

atomic coherence, i.e., the atoms are initially in their excited states and (b) there is in-

jected atomic coherence which is obtained by preparing the atoms initially in a coherent

superposition of their atomic states |a〉 and |b〉 , respectively.

2.3.1 Atoms Initially in their Excited State and Field in a Co-

herent State

Here, we present the results of our numerical simulation for a lossless micromaser for

the case when atoms are initially in their excited states, i.e., ρaa = 1 and the field

is in a coherent state which can be prepared in a micromaser cavity [121]. In all our

numerical results, we choose the coupling constant g = 7× 105 sec−1 which is typical for

a micromaser. In order to incorporate the cooperative effects, we define a cooperativity

parameter κ = tint/tatom. Here, tint is the atom-field interaction time and tatom is the

interval between the successive atoms entering inside the cavity, which is fixed in case of

regular injection of the atoms. In order to avoid more than two-atom events κ should

satisfy the inequality 1 < κ ≤ 2. If κ ≤ 1 then there will be only one-atom events.
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However, for κ > 1 cooperative effects will occur. The probability for two-atom event

increases for κ > 1 and decreases for κ < 1. In case of Poissonian injection statistics

for arrival times of the atoms with average injection time 〈tatom〉, the parameter κ =

tint/ 〈tatom〉 . In our simulations, we generate Poissonian distribution for the arrival times

of atoms using standard numerical routines.

Whenever there is only one atom at a particular time inside the cavity, the evolution

of the field is described by Eq. (2.10), whereas Eq. (2.14) is used to describe the two-

atom events. We have used Eqs. (2.10), (2.14) and (2.22) to numerically calculate the

evolution of phase probability distribution. In Fig. 2.4, we show the plots of phase

probability distribution for initial coherent state of the field for 〈n〉 = 25 and for various

values of N (the number of atoms crossed the cavity). Here, the injection of the atoms

is assumed to be regular and scaled interaction time gtint = 5. The dotted curves in Fig.

2.4 correspond to the situation when we have only one-atom events inside the cavity,

whereas solid curves show the results when cooperative effects are also present (here

the amount of cooperative effect is 10%). For N = 0, we obtain the well-known single-

peak phase probability distribution of the initial coherent state. When the first atom is

injected inside the cavity then single peak splits into two. The injection of second atom

further split the two peaks which results in a three peak structure (a central peak due

to the overlap of the two secondary peaks and two side peaks). With the injection of

successive atoms the probability distribution splits into N + 1 peaks. It is clear that

the splitting depends whether the number of injected atoms are even or odd. For an

even N the peak appears at the phase angle θ = 0,±1,±2, ...rad and the phase of the

initially coherent state is partially preserved. However, for odd N it is completely lost

and the peaks appear at θ = 0,±1
2
,±3

2
, ... rad. It is interesting to note that in case of

cooperative atomic interaction (see solid curves in Fig. 2.4) the overall phase structure

remains the same, i.e., the positions of the peak remain the same, however, the height of

the individual peaks decrease.

In Fig. 2.5, we show the plot of phase distribution for Poissonian injection of the
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Figure 2.4: Phase distribution P (θ) for initial coherent field with the mean number of
photons 〈n〉 = 25. Here, gtint = 5, ρaa = 1.0 and N corresponds to the number of
inverted atoms passed through the cavity. In these figures the dotted curves correspond
to one-atom events whereas solid curves correspond to 10% cooperative effects (for regular
injection of the atoms).
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Figure 2.5: Phase distribution P (θ) for initial coherent field with mean number of photons
〈n〉 = 25, after the passage of N number of inverted atoms through the cavity. Here,
dotted curves correspond to one-atom events whereas solid curves correspond to 10%
cooperative effects (for Poissonian injection of the atoms). All the other parameters are
the same as in Fig. 2.4.
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atoms. All the other parameters are the same as in Fig. 2.4. These figures show that

cooperative effect occurs when 5th atom enters the cavity before the exit of the 4th

atom. Here the phase structure exhibits quite interesting behaviour. For example, the

individual peaks further splits into two secondary peaks as a result their heights also

decrease. The difference between the phase distribution for the regular and random

injection of the atoms is due to the fact that the time two atoms simultaneously spend

inside the cavity is different in the two cases. For regular injection of the atoms, the

time for two-atom events remain same, whereas it fluctuates for random injection of

the atoms (which contribute to the dechorence of the cavity field) and results in further

splitting of the individual peak. For both regular and random injection of the atoms,

cooperative effects lead to the randomization of the phase structure, however, the process

of randomization increases for the case of Poissonian injection of the atoms.

In Fig. 2.6, we show the plots of phase distribution at the exit of 9th and 10th

atoms from the cavity for (a) without cooperative effects (b) 5% (c) 10% and (d) 20%

amount of cooperative effects, respectively. All the other parameters are the same as in

Fig. 2.4. Both the figures show a degradation in the phase structure with the increase in

cooperative atomic effects. It is clear from the results that the phase distribution becomes

more and more uniform due to the increase in cooperative effects and eventually leads

to the complete randomization of the phase.

In order to get some idea of why cooperative effects are degrading the phase, we

consider a lossless micromaser in which atoms are always injected into the cavity in

pairs. In Fig. 2.7, we show the plots of phase probability distribution for initial coherent

state of the cavity field for 〈n〉 = 25 and various values of the number of injected atomic

pairs P (initially prepared in their excited states). Here, the injection of the atomic pairs

is assumed to be regular and the scaled interaction time gtint = 5. Due to the injection

of first pair, the single-peak structure splits into three peaks structure having a central

peak located at the origin with two side peaks. When second pair is injected, then three

peak structure further splits with the generation of two more side peaks. There is also
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Figure 2.6: Phase distribution P (θ) for (a) without cooperative effects (b) 5% (c) 10%,
and (d) 20% cooperative effects after the passage of 9th and 10th atom from the cavity.
All the other parameters are the same as in Fig. 2.4.

a decrease in the height of the central peak. With the injection of successive atomic

pairs height of the central peak further decreases and overall phase distribution spreads

leading towards the randomization of the phase structure. It is interesting to point out

that our numerical results are in good agreement with the analytical results obtained by

Drobny et al. [86] for a cooperative Dicke model.

A comparison of phase distributions corresponding to one-atom micromaser and two-

atom micromaser shows some interesting features. For example, as discussed earlier for

one-atom micromaser, we have two different kinds of phase distributions corresponding
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Figure 2.7: Phase distribution P (θ) for initial coherent field with the mean number of
photons 〈n〉 = 25, for gtint = 5, ρaa = 1.0, and various values of the number of inverted
pairs of atoms P (for regular injection statistics).

38



to odd and even number of injected atoms inside the cavity. Whereas, for atom pairs,

we always have a higher central peak located at the origin with smaller side peaks. It is

interesting to note that the phase distribution corresponding to one-atom micromaser for

even number of injected atoms is identical to two-atom micromaser distribution (see Fig.

2.4 dotted curves for N = 2 and 4 and Fig. 2.7 for P = 1 and 2). Such similarity stems

from the fact that in both the situations, atoms interact with one another only through

the cavity field. For both one and two-atom micromaser quantum phase randomizes due

to the injection of excited atoms, however, the route to the random phase distribution

is quite different. For one-atom micromaser, it goes through a sequence of increasing

numbers of odd and even peaks, whereas for two-atom micromaser, it goes through a

sequence of odd number of peaks.

A case in which we have cooperative effects, i.e., sometimes there are only single atom

inside the cavity and sometimes two, are shown in Fig. 2.4 (solid curves) and in Fig. 2.6

for regular injections of the atoms. Fig. 2.4, shows only decrease in the heights of the

peaks whereas the overall phase structure remains same. In Fig. 2.6, the effect becomes

more prominent due to the increase in the amount of cooperativity. For example, at the

exit of 9th atom from the cavity, it shows a lift in the distribution at the origin which

is no longer there if we have only single-atom events as shown by the dotted curve (in

Fig. 2.6 for N=9). The lift in the phase distribution at the origin further increases if we

increase the cooperative effects as shown in Fig. 2.6(b) - (d) for N=9. It is evident from

Fig. 2.6, that in the presence of cooperative effects, we obtain a phase structure which

is basically a mixture between the two-atom phase distributions and one-atom one.

2.3.2 Atoms Initially in a Coherent Superposition of their Atomic

States and Field in a Coherent State

Next, we present the results of phase distribution for initial coherent state of the field

and atoms initially in a coherent superposition of their atomic states |a〉 and |b〉, such

that ρab = ρ∗ba = |ρab| eiϕ. Here, ϕ is the atomic phase and |ρab| =
√
ρaa(1− ρaa). We
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Figure 2.8: Phase distribution P (θ) for N = 40 and ρaa = 0.5 (a) without cooperative
effects and (b) 10% cooperative effects. All the other parameters are the same as in Fig.
2.4.

choose the atomic phase ϕ = π/2 such that the density matrix remains real. In Fig. 2.8,

we show the plots of phase distribution (for the regular injection of the atoms) after the

passage of 40th atom from the cavity for (a) without cooperative effects and (b) 10%

cooperative effects. Here, ρaa = 0.5, and all the other parameter are the same as in Fig.

2.4. Fig. 2.8(a) shows that in case of injected atomic coherence even after the passage of

40th atom complete randomization does not occur which is in agreement with the results

obtained in [101]. It is interesting to see that the presence of two-atom events degrade the

phase of the cavity field even for initial coherent superposition of atomic states (see Fig.
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2.8(b)). The results show that the interaction time and the way atom interacts with the

field determines the phase structure of the field inside the cavity. When there are only

single-atom events then each injected atom interacts with the field that is prepared by the

interaction of the previous atom and carries its information. The transfer of coherence

from the injected atom to the cavity field gives rise to the phase structure even after the

passage of the 40th atom. In contrast, in the presence of two-atom events, simultaneous

interaction of the atoms with the field, prevents the transfer of atomic coherence to the

cavity field. It introduces incoherence that contributes to the degradation of the phase

structure of the field inside a micromaser cavity.

In order to get more insight, we show in Fig. 2.9, the three dimensional plots of field

density matrix element ρnm for (a) N = 0 (b) N = 40 (without cooperative effects) and

(c) N = 40 (10% cooperative effects). Here, all the parameters are the same as in Fig.

2.8. These figures clearly show that for N = 0, we have a well-defined distribution of

density matrix elements with non-zero off-diagonal matrix elements. The distribution,

however, changes due to the injection of successive atoms and after N = 40 (see Fig.

2.9(b)) we have oscillations in the density matrix elements. We still have non-zero values

of the off-diagonal matrix elements which contribute to the phase distribution as shown

in Fig. 2.8(a). In the presence of cooperative atomic effects, off-diagonal elements almost

vanish and we have non-zero contribution mainly due to the diagonal elements (see Fig.

2.9(c)). This gives rise to the vanishing of the well defined peak structure corresponding

to the initial coherent state of the cavity field.

The role of cooperative atomic interaction on squeezing properties of the field in a

micromaser is also considered in some earlier studies [65,66]. It is shown that the presence

of two-atom events affects the amount of squeezing. The increase in the cooperativity can

even lead to the complete destruction of the squeezing inside the micromaser cavity [65].
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Figure 2.9: Plots of density matrix elements ρnm for (a) N = 0 (before the injection of
any atom) (b) N = 40 (without cooperative effects), and (c) N = 40 (10% cooperative
effects). All the other parameters are the same as in Fig. 2.8. It may be pointed out that
here ρnm is meaningful only for integer n and m while the figure is plotted for continuous
n and m values. This is just to make the plot easy to read.
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2.4 Effect of Cavity Losses and Pump Fluctuations

on Quantum Phase Properties of the Field in a

Micromaser

Next, we discuss the effects of cavity losses on quantum phase properties of the field in

a micromaser. The decay of the micromaser field for the cavity at zero temperature,

formally given as ρF (t) = eLtρF (0), is described by the master equation [122]

dρF

dt
= LρF = −γ

2
(a†aρF + ρFa

†a− 2aρFa
†), (2.27)

which has the solution in the number-state representation [103]

ρnm(t) = e−γt(m+n)/2

∞∑
l=0

(
(m+ l)!

m!

(n+ l)!

n!

)1/2

× (1− e−γt)
l

l!
ρm+l,n+l(0), (2.28)

where γ is the loss coefficient. Its reciprocal 1/γ is equal to the mean cavity life time.

For regularly pumped micromaser, when the time between the two consecutive atoms is

constant, the time evolution of the field density matrix is given by the following:

ρF (ti+1) = eLTM(tint)ρF (ti), (2.29)

where M(tint) is an appropriate operator that describes the change of ρF (ti) due to the

interaction of the atom with single-mode of the cavity field for time interval tint and

eLT describes the relaxation of the field during the time T = ti+1 − ti. Here, time T

corresponds to the interval between the atom i leaving the resonator and the atom i+ 1

entering it. Equation (2.29) conventionally means that during the interaction of the atom

with the cavity field no loss takes place. The field decays at a rate γ between ρF (ti) and

ρF (ti+1). The underlying assumption here, is that the atom field interaction time tint is

much shorter than the cavity damping time 1/γ, i.e., there is a very small contribution to
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the cavity field by individual atoms. This means that the density matrix does not change

appreciably between ti and ti+1, as a result we can replace ρF (ti) by ρF (ti + tint) when

field is leaking out of the cavity. It may be mentioned that an average cavity field life

time of 0.2 s, which is much longer than the interaction time of an atom with the cavity

field (which is typically in microseconds) has been achieved in the experiments [21,123].

For regular injection of the atoms, if K atoms cross the cavity at a rate R, then the

field density matrix at time t is given by

ρF (t) =
[
eL/RM(tint)

]K
ρF (0), (2.30)

where K = RT is the number of atoms that interact with the cavity field in time t. Here,

it is assumed that the atomic beam is monokinetic as a result, all the atoms spend equal

time within the cavity.

If we have a distribution of the incoming atoms which generally happens, then the

field density matrix is given by [124]

ρF (t) =
K∑

k=0

∑
p

(1− p)K−kpk
[
eL/RM(tint)

]k × [eL/R
](K−k)

ρF (0), (2.31)

where k is the number of atoms actually entering the cavity, K is the number of atoms

corresponding to a regular injection, and p is the probability that the atom enters the

cavity after a time R−1. The summation over p corresponds to all possible permutations.

2.4.1 Atoms Initially in their Excited state and Field in a Co-

herent State

Here, we present the numerical results for quantum phase distribution of the field in a one-

photon micromaser in the presence of cavity losses. The injected atoms are considered to

be initially in their excited states and field is initially in a coherent state with 〈n〉 = 25.

In Fig. 2.10, we show the plot of phase distribution for different values of injected atoms
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inside the cavity in a regular interval. Here, the scaled interaction time gtint = 5. The

dotted curves show the phase distribution in the absence of cavity losses while solid curves

show the effect of cavity losses when Nex = 10. The parameter Nex = R/γ, where R is the

atomic injection rate (which is assumed to be 800 atoms/sec in our numerical simulation)

and γ is the cavity decay rate. It is clear that cavity losses, not only contribute in the

reduction of peak heights but also broaden the individual peaks. A careful look at the

results also show that there is a slight shift in the position of peaks due to the cavity losses

which is no longer present in the case of two-atom events (see Fig. 2.4). A comparison

with Fig. 2.4 shows that both two-atom events and cavity losses randomize the phase

structure of the cavity field, however, the process of randomization is quite different in

the two cases. In the presence of cavity losses, it is the dissipation of the cavity field

that introduces incoherent noise while in the presence of two-atom, it is the simultaneous

interaction of the atoms with the cavity field that contribute incoherence into the cavity

field.

In Fig. 2.11, we show the plots of phase distribution for the same set of parameters

as mentioned in Fig. 2.10 except that the injection of the atoms is considered to be

Poissonian. A careful analysis of the results show that the width of the peak at the exit

of 5th atom is larger as compared to the one obtained for regular injection of the atoms

(see Fig. 2.10). Similarly, height of the peaks are also smaller as compared to the regular

injection case. This clearly shows that the noise associated with the random injection

of the atoms contributes towards the randomization of the phase. Figure 2.12 shows the

phase distribution at the exit of 9th and 10th atom from the cavity for regular injection

statistics. Here, curves (a)− (d) correspond to Nex = 10, 20, 30 and ∞, respectively. It

is clear that due to the increase in the cavity loss rate the process of randomization of

the phase structure increases. A comparison with the results obtained in the presence

of cooperative atomic interactions (as shown in Fig. 2.6) is quite interesting. Both

the results show the degradation of phase structure, however, the approach towards the

randomization is clearly different in the two cases.
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Figure 2.10: Phase distribution P (θ) without cooperative effects for Nex = ∞ (dotted
curves) and Nex = 10 (solid curves). All the other parameters are the same as in Fig.
2.4.
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Figure 2.11: Phase distribution P (θ) for the Poissonian injection statistics of the atoms.
All the other parameters are the same as in Fig. 2.10.
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Figure 2.12: Phase distribution P (θ) for (a) Nex = 10, (b) Nex = 20, (c) Nex = 30 and
(d) Nex = ∞, respectively after the passage of 9th and 10th atom from the cavity (for
regular injection of the atoms). All the other parameters are the same as in Fig. 2.4.

The two processes, i.e., cooperative atomic interaction and cavity losses which con-

tribute towards the degradation of the phase structure are quite different in the nature.

Due to the finite Q of the cavity, field leaks through the cavity as a result quantum

coherence associated with the initial field destroys and causes the phase diffusion. This

leads to the broadening of the initial phase distribution of the cavity field. It is evident

from Fig. 2.12 that due to the increase in the cavity losses, individual peaks in the phase

structure spreads and move further away from their original position (shown by dotted

curves in Fig. 2.12) that corresponds to zero-cavity losses. Due to this broadening of
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the phase distribution takes place which eventually leads to the randomization of field

phase. The effects of cooperative atomic interaction are discussed in detail in Sec. 2.3.1.

2.4.2 Atoms Initially in a Coherent Superposition of their Atomic

States and Field in a Coherent State

Next, we study the effects of cavity losses on phase properties of the micromaser field

when atoms are injected inside the cavity in a coherent superposition of their upper

and lower atomic states. In Fig. 2.13, we present the plots of phase distribution in the

absence of any atom, i.e., N = 0 and at the exit of 1st, 2nd, 3rd, 4th and 5th atoms

from the cavity for Nex = 10. Here, all the other parameters are the same as in Fig. 2.10

except that ρaa = 0.5. In case of injected atomic coherence, we obtain two-peaks and

three peaks (with much sharper central peak) structure due to the injection of successive

atoms. In the presence of cavity losses, overall phase structure remains the same however,

the width of the individual peak increases, in addition to the decrease in the height of the

peaks. The injected atomic coherence contributes coherently to the cavity field, however,

due to the finite Q of the cavity dissipation takes place and incoherent noise adds to the

system which leads to the degradation of the phase structure. In Fig. 2.14, we present

the result for the Poissonian injection statistics of the atoms. All the other parameters

are the same as in Fig. 2.13. The results show the destructive effect of pump fluctuations

arising in terms of further broadening of the width and reduction in the heights of the

individual peaks. This shows that even in the presence of the injected atomic coherence,

noise associated with the random injection of the atoms, affect the quantum phase of the

field.

If the incoming atoms follow a regular distribution, then the time interval between

the successive atoms always remains the same. Each atom interacts with the cavity field

after a fix time interval that depends upon the injection rate. During this interval, field

leaks through the cavity which contributes towards the randomization of the quantum

phase. However, if the distribution of the incoming atoms is Poissonian, then the time

49



-4 -2 0 2 40

1

2

3

4

-4 -2 0 2 40

1

2

3

4

-4 -2 0 2 40

1

2

3

4

-4 -2 0 2 40

1

2

3

4

-4 -2 0 2 40

1

2

3

4

-4 -2 0 2 40

1

2

3

4

 
 

 

P(
θ)

N=0 N=1

 

 

 

P(
θ)

 
 

N=2
  

 

N=3

θ

P(
θ)

 

 

N=4

  

 

θ

N=5

Figure 2.13: Phase distribution P (θ) without cooperative effects for Nex = ∞ (dotted
curves) and Nex = 10 (solid curves) for polarized atoms with ρaa = 0.5. All the other
parameters are the same as in Fig. 2.10.
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Figure 2.14: Phase distribution P (θ) without cooperative effects for Nex = ∞ (dotted
curves) and Nex = 10 (solid curves) for the Poissonian injection statistics of the atoms.
All the other parameters are the same as in Fig. 2.13.
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interval between two successive atoms fluctuates. In this situation, cavity losses take

place for random time intervals between the injected atoms. This gives rise to the further

broadening of the quantum phase as compared to the one obtained for the case of regular

injection of the atoms.

In Fig. 2.15(A), we present the results of phase variance against the number of

injected atoms initially prepared in their excited states, i.e., ρaa = 1 for different values

of Nex. The phase variance which is given by the following:

(∆Φ)2 =

∫
θ2P (θ) d (θ)−

[∫
θP (θ) d (θ)

]2

(2.32)

gives an idea of the evolution of the field phase fluctuations. Here curves (a) − (d)

correspond to Nex = 10, 20, 30 and ∞, respectively. The injection of the atoms is

considered to be regular. We find that the phase variance increases with the injection of

successive atoms and asymptotically approaches to the value of π2/3, that corresponds

to the uniformly distributed phase. The approach towards the uniform phase strongly

depends upon the cavity decay rate. Due to the increase in the decay rate, quantum phase

quickly approaches towards a uniform phase. For example, in the absence of losses,

cavity phase completely randomizes after the passage of almost 45 atoms (initially in

their excited states) through the cavity, whereas for Nex = 10, it randomizes only after

20 atoms passed through the cavity (see Fig. 2.15(A)). This clearly shows the effect of

cavity losses on quantum phase of the cavity field. In Fig. 2.15(B), we consider atoms

initially in a coherent superposition of their atomic states such that ρaa = 0.5. All the

other parameters are the same as in Fig. 2.15(A). In this case, we find oscillations in the

phase variance which appear due to the fact that the phase variances for an even N is

always less then that for an odd N which is also clear from Fig. 2.13. For even N , there

is a central peak (with very small side peaks), which remains static and contains essential

phase information of the coherent state. Due to the injection of successive atoms, phase

variance increases and asymptotically approaches to a steady-state value that depends

upon Nex. It is interesting to note that cavity losses affect the phase variance, however,
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Figure 2.15: Phase variance (∆Φ)2 against the number of injected atoms N for (a) Nex =
10, (b) Nex = 20, (c) Nex = 30, and (d) Nex = ∞, respectively for (A) ρaa = 1.0 and
(B) ρaa = 0.5. All the other parameters are the same as in Fig. 2.4.

due to the injected atomic coherence it never approaches to the value of π2/3.

When atoms are injected inside the cavity incoherently, i.e., in their excited states

then they do not carry any phase information and contribute completely random phase

to the cavity field. In addition, presence of cavity loss also causes quantum coherence

to be destroyed as a result quantum phase associated with the initial coherent field

completely randomizes and leads to the uniform phase distribution. In contrast, when

atoms are injected inside the cavity coherently, i.e., in a coherent superposition of their

atomic states then every atom contributes well defined phase to the cavity field. Due to

53



the transfer of coherence between the atom and the micromaser field, we can expect a

buildup of the phase structure for the field. As a result even in the presence of losses

cavity field never completely randomizes.
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Chapter 3

Quantum Phase Properties of the

Field in a Two-Photon Micromaser

In addition to a large number of studies related to one-photon micromaser, a two-photon

micromaser has also been the subject of interest in recent years. In a two-photon mi-

cromaser under appropriate conditions the dominating process is a double one-photon

process and there is a high degree correlation between photons which are emitted and

absorbed in pairs. In this chapter, we study the quantum phase properties of the field in

a two-photon micromaser, including the effects of the finite detuning of the intermediate

level. For initial coherent state of the cavity field and atoms initially in their excited state

multipeak phase structure appears which eventually leads to the randomization of the

cavity field phase. However, the approach towards the randomization depends upon the

detuning. If the atoms are injected in a coherent superposition of their upper and lower

atomic states then the phase distribution evolves into two-peak structure. For initial

thermal state and atoms in polarized state, cavity field acquires some phase. We also

consider the effect of the finite Q of the cavity and random injection of the atoms in our

system.

3.1 Model

Here, we consider a beam of three-level atoms in a cascade configuration (as shown in

Fig. 3.1) interacting with a single-mode of radiation field inside a micromaser cavity. We

assume that the atoms are injected at such a low flux that at the most one atom at a

time is present inside the cavity. The exact two-photon resonance is assumed between

55



�
�

�
� ��

� ��

� ��

Figure 3.1: Schematic diagram of a three-level atom in a cascade configuration.

the upper state |a〉 and the lower state |c〉 such that the intermediate level |b〉 is detuned

from the exact one-photon resonance with the detuning defined by

∆ = ω − (ωa − ωb) = (ωb − ωc)− ω, (3.1)

where ω is frequency of the cavity field while ωa, ωb and ωc are frequencies associated

with atomic levels |a〉 , |b〉 and |c〉 , respectively. In this case ∆ = 0 corresponds to two

one-photon transitions whereas for large values of ∆ the transition acquires a two-photon

character.

The interaction Hamiltonian under the rotating wave approximation is given by

HI = ~g1

(
a |a〉 〈b| e−i∆t + a† |b〉 〈a| ei∆t

)
+ ~g2

(
a |b〉 〈c| ei∆t + a† |c〉 〈b| e−i∆t

)
, (3.2)

where a† (a) is the creation (annihilation) operator for the cavity-mode and g1 (g2) is

one-photon coupling constant for the atomic transitions |a〉 → |b〉 (|b〉 → |c〉). Here, we

assume for simplicity that the matrix elements for the two transitions are approximately

the same i.e., g1 = g2 = g. We also assume that the lifetime of all the atoms is much

larger than the interaction of the atom with the cavity field, as a result spontaneous
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decay process to other levels can be neglected.

When an atom enters the cavity in a coherent superposition of its upper atomic state

|a〉 and lower atomic state |c〉, then the state vector can be defined as

|ψ〉 = ca |a〉+ cc |c〉 , (3.3)

where |ca|2 = ρaa and |cc|2 = 1− ρaa are the probability amplitudes of the atom in

upper and lower atomic states. The time evolution of the atom field density matrix

can be described by unitary operator given by expression (2.6) for the the interaction

Hamiltonian HI defined by Eq. (3.2).

In order to obtain the reduced density matrix for the field, we take the trace over the

atomic variables such that

ρN+1
n,m = Tratom

[
U(tint)ρA ⊗ ρN

n,mU
†(tint))

]
. (3.4)

Here ρA is the initial density matrix for the atom and ρN
n,m is the reduced density matrix

for the field after the interaction of Nth atom.

On using Eq. (3.4) together with the Eqs. (2.6) and (3.2), we obtain the following

equation for the field density matrix which is the same as given in Ref. [55]:

ρN+1
n,m =

{
|ca|2

[
1− n+ 1

2n+ 3
R (n+ 1)

] [
1− m+ 1

2m+ 3
R∗ (m+ 1)

]
+ |cc|2

[
1− n

2n− 1
R (n− 1)

] [
1− m

2m− 1
R∗ (m− 1)

]}
ρN

n,m

+ |ca|2
√
n (n− 1)m (m− 1)

(2n− 1) (2m− 1)
R (n− 1)R∗ (m− 1) ρN

n−2,m−2 + |cc|2

×
√

(n+ 1) (n+ 2) (m+ 1) (m+ 2)

(2n+ 3) (2m+ 3)
R (n+ 1)R∗ (m+ 1) ρN

n+2,m+2

−ccc∗a
[
1− m+ 1

2m+ 3
R∗ (m+ 1)

] √
(n+ 1) (n+ 2)

2n+ 3
R (n+ 1) ρN

n+2,m

−ccc∗a
[
1− n

2n− 1
R (n− 1)

] √
m (m− 1)

2m− 1
R∗ (m− 1) ρN

n,m−2
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− cac
∗
c

[
1− n+ 1

2n+ 3
R (n+ 1)

] √
(m+ 1) (m+ 2)

2m+ 3
R∗ (m+ 1) ρN

n,m+2

− cac
∗
c

[
1− m

2m− 1
R∗ (m− 1)

] √
n (n− 1)

2n− 1
R (n− 1) ρN

n−2,m

+
sin
(
φ
√

2n+ 1 + λ2
)
sin
(
φ
√

2m+ 1 + λ2
)√

(2n+ 1 + λ2) (2m+ 1 + λ2)

×
[
|ca|2

√
nmρN

n−1,m−1 + |cc|2
√

(n+ 1) (m+ 1)ρN
n+1,m+1

+ccc
∗
a

√
(n+ 1)mρN

n+1,m−1 + cac
∗
c

√
n (m+ 1)ρN

n−1,m+1

]
, (3.5)

where λ = ∆/2g, φ = gtint and R (n) is defined as

R (n) = 1− e−iλφ

[
cos
(
φ
√

2n+ 1 + λ2
)

+ iλ
sin
(
φ
√

2n+ 1 + λ2
)

√
2n+ 1 + λ2

]
. (3.6)

The terms proportional to |ca|2 and |cc|2 in Eq. (3.5) correspond to the gain and ab-

sorption in the system while the terms proportional to cac
∗
c and ccc

∗
a are due to coherent

superposition of initial atomic states and are responsible for the phase-sensitivity in the

system. For a given state of the cavity field and atoms, Eq. (3.5) allows us to obtain the

field density matrix ρN+1
n,m after N + 1 atoms have passed through the cavity.

It is clear from Eq. (3.5) that if the micromaser is pumped by unpolarized atoms

i.e., ρac = ρca = 0 and the field is initially in a vacuum or thermal state then the off-

diagonal elements of field density matrix always remain equal to zero, as a result cavity

field never acquires a preferred phase. However, if the atoms are prepared in a coherent

superposition of their atomic states then the cavity field attains a preferred phase.

3.2 Phase Properties of the Micromaser Field: The

Case of no Injected Atomic Coherence

Here, we study the quantum phase properties of the field in a two-photon micromaser

using the Pegg-Barnett phase formalism as discussed in chapter two. First, we consider
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the case when the atoms are injected inside the cavity in their excited states i.e., ρaa = 1.

Under this condition ρac = ρca = 0 and there is no injected atomic coherence. In this

case Eq. (3.5) reduces to the following:

ρN+1
n,m =

[
1− n+ 1

2n+ 3
R (n+ 1)

] [
1− m+ 1

2m+ 3
R∗ (m+ 1)

]
ρN

n,m

+

√
n (n− 1)m (m− 1)

(2n− 1) (2m− 1)
R (n− 1)R∗ (m− 1) ρN

n−2,m−2

+
sin
(
φ
√

2n+ 1 + λ2
)
sin
(
φ
√

2m+ 1 + λ2
)√

(2n+ 1 + λ2) (2m+ 1 + λ2)

√
nmρN

n−1,m−1. (3.7)

On substituting Eq. (3.7) into the expression for PN (θ) given by Eq. (2.22) in chapter

two, we obtain the phase distribution after N atoms have traversed the micromaser

cavity.

PN (θ) =
1

2π

∞∑
n,m=0

e−i(n−m)θ

{[
1− n+ 1

2n+ 3
R (n+ 1)

]
×
[
1− m+ 1

2m+ 3
R∗ (m+ 1)

]
ρN

n,m

+

√
n (n− 1)m (m− 1)

(2n− 1) (2m− 1)
R (n− 1)R∗ (m− 1) ρN

n−2,m−2

+
sin
(
φ
√

2n+ 1 + λ2
)
sin
(
φ
√

2m+ 1 + λ2
)√

(2n+ 1 + λ2) (2m+ 1 + λ2)

√
nmρN

n−1,m−1

}
. (3.8)

It is clear, that the phase distribution in a two-photon micromaser strongly depends

upon the detuning and the interaction time. A careful look into Eq. (3.8) shows that if

the cavity field is initially in a Fock or thermal state then the off-diagonal elements will

be zero and we obtain a flat phase distribution, i.e., P (θ) = 1/(2π), which corresponds

to completely random phase of the field. If the initial field has no well defined phase

and atoms are also pumped incoherently then the cavity field remains random. This is

expected since there is no phase information into the system either through the atom or

field. However, the situation is different if the cavity field is initially in a coherent state
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i.e., ρ = |α〉 〈α| for α =
√
〈n〉 where 〈n〉 is the mean number of photons in the coherent

state. This state exhibits a phase peak and can be prepared in a micromaser cavity [121].

Here, we discuss the two cases of interest (i) zero detuning case which is merely

two one-photon transitions and (ii) nonzero detuning case which leads to two-photon

character of the transition.

3.2.1 Zero Detuning Case:

In this case the model under consideration for two photon process reduces to two one-

photon transitions which are |a〉 → |b〉 and |b〉 → |c〉 , respectively. Under the condition

of zero detuning, the phase distribution PN (θ) in Eq. (3.8) can be written as

PN (θ) =
1

2π

∞∑
n,m=0

ρN−1
n,m e−i(n−m)θ

×
{[

1− n+ 1

2n+ 3

(
1− cos

(
φ
√

2n+ 3
))]

×
[
1− m+ 1

2m+ 3

(
1− cos

(
φ
√

2m+ 3
))]

+

√
(n+ 1) (n+ 2) (m+ 1) (m+ 2)

(2n+ 3) (2m+ 3)

×
(
1− cos

(
φ
√

2n+ 3
))(

1− cos
(
φ
√

2m+ 3
))

+
sin
(
φ
√

2n+ 3
)
sin
(
φ
√

2m+ 3
)√

(2n+ 3) (2m+ 3)

√
(n+ 1) (m+ 1)

}
. (3.9)

For n,m >> 1, the above equation reduces to the following form:

PN (θ) ' 1

2π

∞∑
n,m=0

ρn,m (0)
1

2N
e−i(n−m)θ

×
[
1 + cos

(
gtint

(√
2n+ 3−

√
2m+ 3

))]N
. (3.10)

In the limit of large photon number i.e., 〈n〉 >> N, an analytical treatment for the phase

distribution function can be obtained along the line discussed in Ref. [101]. If we expand
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√
2n+ 3 in Eq. (3.10) using Taylor expansion around

√
2 〈n〉+ 3, we obtain

√
2n+ 3 =

√
2 〈n〉+ 3 +

n− 〈n〉√
2 〈n〉+ 3

− (n− 〈n〉)2

2 3
√

2 〈n〉+ 3
+ ... . (3.11)

Next, we assume that in the limit of large mean photon numbers i.e., 〈n〉 >> N, the

size of the region in which the field density matrix is different from zero is not a large

quantity compared to
√
〈n〉. This condition is satisfied for short interaction times gtint

and for small number of atoms N passed through the cavity. Therefore, for the number

states that contribute significantly to the sum in Eq. (3.10), one expects (n−〈n〉)2 to be

of order of 〈n〉 or smaller. Hence, for gtint << 2π
√
〈n〉 the third and higher order terms

in Eq. (3.11) can be ignored and we obtain

gtint(
√

2n+ 3−
√

2m+ 3) =
n−m√

2 〈n〉
gtint. (3.12)

From Eqs. (3.10) and (3.12) we have

PN (θ) ' 1

2π

∞∑
n,m=0

ρn,m (0)
1

2N

[
1 + cos

(
n−m√

2 〈n〉
gtint

)]N

e−i(n−m)θ. (3.13)

Using the trigonometric relations, 1 + cos (x) = 2
[
cos
(

x
2

)]2
and cos(x) = eix+e−ix

2
, we

obtain

PN (θ) ' 1

2π

1

22N

2N∑
k=0

 2N

k

 ∞∑
n,m=0

ρn,m (0)

× exp

[
−i (n−m)

(
θ − N − k√

2 〈n〉
gtint

)]
. (3.14)

This can be written as

PN (θ) '
2N∑
k=0

a2N
k P0 (θ − φk) , (3.15)
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where

P0 (θ − φk) =
1

2π

∞∑
n,m=0

ρn,m (0)× exp [−i (n−m) (θ − φk)] , (3.16)

is the phase distribution for a coherent field |α exp (iφk)〉, having amplitude α =
√
〈n〉,

phase φk = N−k√
2〈n〉

gtint (k = 0, 1, 2..., 2N) and weight factor a2N
k = 1

22N

 2N

k

 . The

phase distribution PN (θ) in Eq. (3.15) is a superposition of 2N + 1 phase distributions

for coherent states P0 (θ − φk) with different weights a2N
k and mean phases φk. From Eqs.

(3.15) and (3.16) we can write down the following explicit form:

PN (θ) = a2N
N P0 (θ) +

N−1∑
k=0

a2N
k [P0 (θ − φk) + P0 (θ + φk)] , (3.17)

which describes the phase distribution for both odd and even number of atoms passed

through the cavity. In zero detuning case when injected atoms are in their excited states,

we can fully understand the behaviour of phase distribution from Eq. (3.17). In this case

phase distribution of initial coherent state (i.e., N = 0) splits into 2N + 1 peaks which

appear symmetrically with highest peak at θ = 0 and the height of kth peak is 1/a2N
k

times smaller than that of initial peak for N = 0. It is clear from Eq. (3.17) that we have

similar phase structure for odd and even number of atoms passed through the cavity.

The structure is similar in the sense that there is always a central peak at the origin,

which is independent of the fact whether the number of atoms passed through the cavity

are odd or even. However, the side peaks depend upon the injected number of atoms.

For example, according to Eq. (3.17) there should be three peaks located at θ = 0, ±φ0

after the injection of first atom, whereas there should be five peaks located at θ = 0,

±φ0, ±φ1 after the injection of second atom. It would be interesting to compare these

results with one-photon micromaser case as discussed in chapter two. In a one-photon

micromaser, initial phase structure associated with the coherent field splits into N + 1

separate peaks. The splitting however, depends on whether the number of injected atoms

are odd or even. For an even N, peaks appear symmetrically with respect to origin such
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that there is always a central peak at the origin and phase of the initial coherent field

is partially preserved. For an odd N there are side peaks with no central peak at the

origin. In this case initial phase of the cavity field is completely lost.

Next, we discuss the results obtained through numerical simulations. In all our results,

we choose the coupling constant g = 7 × 105 sec−1 and atomic injection rate R = 500

atoms/sec. In Fig. 3.2, we plot the phase distribution P (θ) against the phase angle θ

for different number of atoms N passed through the cavity i.e., N = 0, 1, 2, 3, 4, and 5.

The initial state of the cavity field is taken to be coherent state with 〈n〉 = 25, the scaled

interaction time gtint = 5 and the injected atoms are considered to be in their excited

states. For N = 0 a single peak structure of the phase distribution corresponds to initial

coherent field inside the micromaser cavity. Due to the injection of successive atoms

phase distribution splits into multiple peaks. For example, when first atom has passed

through the cavity single peak splits into three peaks with a central peak as highest peak

at θ = 0 and two side peaks of equal heights at θ = ± 1√
2

rad. After 2nd atom has

passed through the cavity i.e., N = 2 the height of the central peak decreases, however

two further side peaks appear, as a result, we obtain five peaks. These peaks appear

at θ = 0, ± 1√
2
,± 2√

2
rad and the height of different peaks decreases with increasing N .

Due to the passage of 3rd, 4th, and 5th atom through the cavity more peaks appear in

the phase distribution at the expense of decrease in the central peak. The splitting of

the phase distribution shows that due to the injection of successive atoms cavity field

evolves into a superposition of distinguishable state with definite mean phase. Due to

the increase in the number of injected atoms, number of peaks in the phase distribution

increase which leads to the randomization of the initial phase distribution associated with

the coherent state. In a one-photon micromaser the phase distribution randomizes after

going through a sequence of odd and even number of peaks as discussed in chapter two.

Whereas in a two-photon micromaser phase randomizes, however, there is no switching

between odd and even number of peaks due to the injection of successive atoms. The

appearance of similar structure for odd and even number of atoms show that one photon
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Figure 3.2: Phase distribution P (θ) for different number of atoms N passed through the
cavity i.e., N = 0, 1, 2, 3, 4, and 5 for zero-detuning. The initial state of the cavity field is
taken to be coherent state with average number of photons 〈n〉 = 25, gtint = 5, ρaa = 1.0
and the injection of atoms is considered to be regular.
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Figure 3.3: Phase variance (∆Φ)2 against the number of atoms N passed through the
cavity. Here curves (a)− (d) correspond to gtint = 1, 5, 10, and 15, respectively. All the
other parameters are the same as in Fig. 3.2.

transition are largely irrelevant for the phase properties in a two-photon micromaser.

The quantum phase properties of the field can also be described by phase variance

which is given by the expression (2.32) in chapter two. The phase variance gives an

idea about the evolution of the field phase fluctuations due to the injection of successive

atoms. In Fig. 3.3, we plot phase variance (∆Φ)2 against the number of atoms N

passed through the cavity for different values of gtint. Here curves (a) − (d) correspond

to gtint = 1, 5, 10, and 15, respectively. The initial field inside the cavity is taken to be

coherent state with 〈n〉 = 25 and atoms are injected regularly in their excited states. We

find that for gtint = 1, randomization of phase does not take place even after the passage

of 500 atoms through the cavity. However, for gtint = 5, 10, and 15 the phase variance

increases with the injection of successive atoms and asymptotically approaches to the

value of π2/3, which corresponds to the uniformly distributed phase. It is clear that the

phase distribution is strongly dependent upon the interaction time of the atom with the

cavity field, which can be controlled in an experiment by changing the velocity of the
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Figure 3.4: Purity parameter ξ against the number of atoms N passed through the cavity.
All the other parameters are the same as in Fig. 3.3.

injected atoms. In a one-photon micromaser phase variance shows odd-even oscillations

as discussed in chapter two. It is due the fact that the phase variance is always less

for even N (due to the appearance of central peaks) than that for odd N . Whereas in

a two-photon micromaser we never obtained such oscillations due to the same kind of

structure for both odd and even number of atoms passed through the cavity.

In order to get an insight about the role of interaction time in the evolution of cavity

field we also consider the state purity parameter ξ = 1 − Tr(ρ
2) which is zero for pure

state and equal to one for maximally mixed state. In Fig. 3.4, we plot ξ against the

number of atoms N passed through the cavity for different values of the scaled interaction

time gtint i.e., 1, 5, 10, and 15 all the other parameters are the same as in Fig. 3.3. The

temporal evolution of ξ due to the injection of successive atoms depends upon the choice

of the interaction times. For example, when gtint = 1, the purity parameter ξ initially

increases and then start decreasing after the passage of almost 16 atoms through the

cavity. Due to the injection of successive atoms it approaches to the value of 0.37 which
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shows that the field is in a mixed state. For gtint = 5, 10, and 15 the temporal evolution

of ξ is different, however, in all the cases field never approaches to a pure state. It is the

incoherent injection of the atoms that result in the mixed state for the cavity field.

3.2.2 Nonzero Detuning Case:

Next, we consider the nonzero detuning of the intermediate level |b〉 with the cavity field

mode. Due to increase in the detuning, one-photon transitions are very rare and we have

mainly two-photon transitions. In an earlier study Ashraf et al. [49] have studied the

effects of finite detuning of the intermediate level in a two-photon micromaser. It is shown

that for large detuning, intermediate level |b〉 never populates thus probability of finding

the atom in state |b〉 becomes almost zero and transition acquires a true two-photon

character. In order to see how phase properties are affected with detuning, here we

consider different values of ∆/g. In Fig. 3.5, we plot phase distribution P (θ) against the

phase angle θ for different number of atoms N passed through the cavity, for ∆/g = 10

and all the other parameters are the same as in Fig 3.2. The overall structure of phase

distribution is the same as in case of zero detuning i.e., the number of peaks at the exit

of 1st, 2nd, 3rd, 4th, and 5th atom remain the same as in Fig. 3.2. However, a careful

look shows that there is a slight shift in the position of side peaks and a lift of the phase

distribution from the origin due to the finite detuning of intermediate level.

In Fig. 3.6, we plot phase distribution P (θ) against the phase angle θ for different

number of atoms N passed through the cavity for ∆/g = 20, all the other parameters

are the same as in Fig. 3.2. The effects of large detuning become more prominent in this

case. For all the values of N , central peak is always located at the origin and the side

peaks are further shifted towards the origin. Further, we see that with the increase of

detuning of the middle atomic level the lift in phase distribution is increased. It is the

change in the effective Rabi oscillation due to the finite detuning that results in the shift

of the position of the peaks and lift from the origin. Our results, show that due to the

injection of successive atoms phase eventually randomizes, however approach towards it
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Figure 3.5: Phase distribution P (θ) for ∆/g = 10. All the other parameters are the
same as in Fig. 3.2.
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Figure 3.6: Phase distribution P (θ) for ∆/g = 20. All the other parameters are the
same as in Fig. 3.2.
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Figure 3.7: Phase distribution P (θ) as a function of ρaa for (a) N = 2 and (b) N = 3.
All the other parameters are the same as in Fig. 3.2.

depend upon the detuning.

3.3 Phase Properties of the Micromaser Field: The

Case of Injected Atomic Coherence

In our discussion so for we have considered atoms in their excited state, however, it

is interesting to see how the phase distribution is effected if we drive the cavity with

polarized atoms. Here we consider the coherent superposition of upper atomic state |a〉

and lower atomic state |c〉.

In Fig. 3.7, we show a three dimensional plot of phase distribution P (θ) against

the phase angle θ for different choices of polarized amplitudes ρaa (i.e., 0.2, 0.4, 0.6 and

0.8) for (a) N = 2 and (b) N = 3. Here N is the number of atoms passed through

the cavity. The results show that the overall structure of the phase distribution remains

the same for different state of the injected atoms. However, a careful look shows that

the height of central peak decreases after the passage of third atom through the cavity.
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This shows that the phase of the initial coherent state that partially preserves after 2nd

atom deteriorates after the third atom. In order to see, how phase distribution appears

after the passage of large number of atoms through the cavity, next we show (in Fig.

3.8) the plots of P (θ) at the exit of 51st and 52nd atom from the cavity. It is clear

that for stationary states i.e., ρaa = 0 and 1 cavity phase almost completely randomizes.

However, for ρaa = 0.2, 0.4, 0.6, and 0.8 central peak almost suppresses due to the

injected atomic coherence. For ρaa = 0.4 and 0.6 phase distribution clearly evolves into

two well separated peaks. An insight into these results can be obtained by considering

the fact that for zero-detuning and atoms initially in the excited state, we have two one-

photon transitions which contribute incoherently to the cavity field. There is no phase

relationship between the transitions from |a〉 → |b〉 and |b〉 → |c〉 as a result phase of the

cavity field randomizes. However, in the presence of injected atomic coherence between

levels |a〉 → |c〉 the transitions form |a〉 → |b〉 and |b〉 → |c〉 have phase relationship

that results in the appearance of two-peak structure in the phase distribution. For a

one-photon micromaser phase distribution exhibits switching between the two and three

peak structure due to each subsequent atom passing through the cavity as discussed in

chapter two. However, we do not obtain any switching effect in the phase structure for

a two-photon micromaser.

Next, we consider the case of injected atomic coherence for ∆/g = 20. In Fig. 3.9,

we show the plots of phase distribution P (θ) as a function of ρaa for (a) N = 2 and (b)

N = 3. All the other parameters are the same as in Fig. 3.2. The overall behaviour of

phase distribution is the same as in Fig. 3.7 except that the side peaks are slightly shifted

towards the origin and a slight lift in distribution is found. The lift of central peak in the

phase distribution is minimum for ρaa = 0.4 and 0.6. In Fig. 3.10, we show the plots of

phase distribution P (θ) as a function of ρaa for (a) N = 51 and (b) N = 52. Our results

clearly show the randomization of the phase when atoms are in one of their stationary

states (ρaa = 0, 1). However, for injected atomic coherence the phase distribution again

evolves as a two-peak structure.
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Figure 3.8: Phase distribution P (θ) as a function of ρaa for (a) N = 51 and (b) N = 52.
All the other parameters are the same as in Fig. 3.2.
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Figure 3.9: Phase distribution P (θ) as a function of ρaa for (a) N = 2 and (b) N = 3.
Here ∆/g = 20 and all the other parameters are the same as in Fig. 3.2.
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Figure 3.10: Phase distribution P (θ) as a function of ρaa for (a) N = 51 and (b) N = 52.
All the other parameters are the same as in Fig. 3.9.

Next, we consider some typical value of detuning i.e., ∆/g = 350 of the middle atomic

level reported in experiment [51]. In Fig. 3.11, we plot the phase distribution P (θ) as

a function of ρaa for (a) N = 2000 and (b) N = 4000. All the other parameters are

the same as in Fig. 3.7. Our results show that the phase distribution exhibits the same

behaviour as discussed earlier i.e., it randomizes for ρaa = 0 and 1 and evolves into two-

peak structure for injected atomic polarization. However, due to the large detuning of

the intermediate level, we have to send more atoms to obtain the two-peak structure. It

is interesting that we obtain two-peak structure for both zero and nonzero detuning. For

nonzero detuning two photon process dominates however, the atomic coherence between

the upper and ground level again give rise to two peaks of the phase distribution.

Here, we discuss the case when cavity field has no preferred phase, however, atoms are

injected in coherent superposition of their upper and lower atomic states. For example,

we consider initial thermal state for the cavity field with mean number of photons nb

= 1. In Fig. 3.12, we plot phase variance (∆Φ)2 against the number of atoms N passed

through the cavity for different values of scaled interaction time gtint for zero detuning.
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Figure 3.11: Phase distribution P (θ) as a function of ρaa for (a) N = 2000 and (b)
N = 4000. Here ∆/g = 350 and all the other parameters are the same as in Fig. 3.2.
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Figure 3.12: Phase variance (∆Φ)2 against the number of atoms N passed through the
cavity for initial thermal field with mean number of photons nb = 1 and ρaa = 1/2 for zero
detuning case. The curves (a)− (d) correspond to gτint = 1, 5, 10, and 15, respectively.
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Injection of atoms is considered to be regular and in coherent superposition of their

upper and lower atomic states such that ρaa = 1/2. The curves (a)− (d) correspond to

gtint = 1, 5, 10, and 15, respectively. It is clear from the results shown in Fig. 3.12, that

due to the increase in the number of atoms that passed through the cavity, the phase

variance approaches asymptotically towards a steady-state value which is independent

of the atom-field interaction time. However, approach towards the steady-state value

depends on the interaction time. Due to injected atomic coherence micromaser field

develops some preferred phase.

3.3.1 Effect of Poissonian Injection and Cavity Losses

The results discussed so for are obtained under the assumptions of regular injection of

atoms and ignoring the effect of cavity losses. However, in a realistic model atoms follow

Poissonian injection statistics and the field also leaks through the cavity due to the finite

Q of the cavity that would necessarily affect the phase distribution of the field. The

effect of cavity losses and injection statistics on quantum phase properties of the field in

a micromaser are discussed in quite detail in Sec. 2.4 in chapter two. Here we follow the

same formalism to discuss their effects in a two-photon micromaser.

In Fig. 3.13, we show the plots of phase distribution P (θ) against the phase angle

θ for different number of excited atoms passed through the cavity i.e., N = 0, 1, 2, 3, 4,

and 5. The dotted curves show the phase distribution for regular injection of atoms and

in the absence of cavity losses i.e., Nex = ∞. Here Nex is the same as defined in chapter

two. The solid curves show the effect of cavity losses when Nex = 20 and Poissonian

injection statistics of the atoms. The injection rate R is considered to be 500 atoms/sec

which is typical for micromaser experiment [21, 123]. The field is initially in a coherent

state with 〈n〉 = 25 and the scaled interaction time gtint = 5. Our results show that the

overall structure of the phase distribution remains the same in the presence of Poissonian

injection and cavity losses. However, a careful look shows that losses not only reduce the

heights of the individual peak but also broadened it. It is the incoherent noise that is
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Figure 3.13: Phase distribution P (θ) for Nex = ∞ (dotted curves) and Nex = 20 (solid
curves). Here the injection of the atoms is considered to be Poissonian. All the other
parameters are the same as in Fig. 3.2.
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Figure 3.14: Phase variance (∆Φ)2 against the number of atoms N passed through the
cavity for Nex = 20. All the other parameters are the same as in Fig. 3.13.

added into the system due to finite Q of the cavity in the presence of random injection

of atoms that affect the phase structure of the cavity field.

In order to get an insight how Poissonian injection and cavity losses affect the phase

distribution, next we show the plots of phase variance (∆Φ)2 in Fig. 3.14, against the

number of injected atoms N passed through the cavity for Nex = 20. All the other

parameters are the same as in Fig. 3.13. Our results show that the phase variance

approaches to the value π2/3 after 50 atoms have passed through the cavity. If we

compare this with regular injection and ideal cavity case (as shown in Fig. 3.3 (b)) we

find that complete randomization occur after 59 atoms have passed through the cavity.

It is clear that Poissonian injection and losses increase the process of randomization.
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Chapter 4

Role of Spatial Mode Function in

the Presence of Two-Atom Events in

a Micromaser

Most of the studies related to a micromaser are based on the assumption that the atom

interacts with a constant electric field while crossing the cavity. The effects of the mode

structure of the cavity field are usually not taken into account. However, an atom may

experience the variation of the mode structure while crossing the cavity. In chapter two,

we have shown the effect of two-atom events on quantum phase properties of the field

in a one-photon micromaser. Here, we show that two-atom events allow us a possibility

to study the effects of mode structure of the cavity field. In particular, we discuss

the squeezing properties of the cavity field and the behaviour of average number of

photons in the presence of spatial mode function. We find that squeezing properties of

the radiation field depend upon the parity (odd or even) and order (lower or higher)

of cavity eigenmodes. For example, squeezing can be obtained for odd-order cavity

eigenmodes which completely vanishes for even-order modes. We also discuss the effects

of mode structure on average photon numbers inside the cavity. Our results also show

that effects similar to self-induced transparency are never obtained in the presence of

two-atom events. Finally, we consider the effect of pump fluctuations and cavity losses

in our system.

78



4.1 Model

We consider the same system as discussed in chapter two i.e., a beam of two-level Rydberg

atoms injected inside a single mode high-Q microwave cavity. Whenever an atom enters

the cavity and remains alone during its passage through the cavity, its interaction with

the cavity field at exact resonance can be described by the well known Jaynes-Cummings

Hamiltonian under the dipole and rotating wave approximation [1]:

HI = g(t)
(
a†σ− + σ+a

)
, (4.1)

The Hamiltonian given by Eq. (4.1) is the same as given by Eq. (2.4) in chapter two,

however, in this case coupling constant is time dependent which incorporates the effects

of the spatial mode function. Here we focus on the TEmnp mode of the cavity field.

Under this condition, the form of the coupling constant is defined in the usual way [125]:

g(t) = g0sin(pπvt/l), (4.2)

where p stands for the number of half-wavelengths of the eigenmode inside the cavity of

length l and v denotes the velocity of the atoms passing through the cavity. The bare

cavity Rabi frequency g0 is given by the following expression:

g0 = [ω0/ (ε0~V )]1/2 ℘. (4.3)

Here V is the mode volume, ω0 is the frequency of single-mode radiation and ℘ is the

matrix element of the atomic dipole transition. The form of the coupling constant shows

that the atom experiences a sinusoidally varying field during its passage through the

micromaser cavity. It enters the cavity at a node of the mode and follows the spatial

variation of the mode structure and then leaves the cavity again at the node of the

mode. For a more general treatment of the problem, we can include the kinetic energy

term in the Hamiltonian, which accounts for the mechanical effects of the light field on
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the atomic motion. In an earlier study, Englert et al. [126] have considered the effects

of kinetic energy term in the Hamiltonian and predicted the reflection of slowly moving

excited atoms from a maser cavity. Recently, a new kind of emission known as microwave

amplification via z-motion induced emission of radiation (mazer) is also proposed when

very slow atoms are considered in a micromaser [127]. Here we consider that the atoms

move fast enough such that there are no reflection effect from the micromaser cavity and

they have a constant velocity along the cavity axis. The interaction energy of atom-

field coupling is considered to be much larger than the transverse spread of the kinetic

energy of the atoms; under this condition we can consider only the time dependence of

atom-field coupling. This is also known as Raman-Nath regime which we have considered

throughout the chapter.

The time evolution of the atom-field density matrix for the case when there is only

one atom at a time inside the cavity (which is injected at time ti) can be determined by

using Eq. (2.10). However, the unitary operator is given by the following:

U(tint) = exp

(
− i

~

∫ tint

0

HIdtint

)
, (4.4)

where HI is the interaction Hamiltonian defined by Eq. (4.1) and tint is the total time

that atom spends inside the cavity. The unitary operator for a two-level atom reduces

to the following form:

U (tint) =

 cos (αg (0, tf )) −i sin(αg(0,tf))
α

a

−i sin(βg(0,tf))
β

a† cos (βg (0, tf ))

 , (4.5)

where α and β are defined by Eqs. (2.8) - (2.9) in chapter two.

The scaled interaction time g(0, tf ) in Eq. (4.5) is given by

g(0, tf ) = g0

∫ tf

0

sin(pπvt/l)dt; (4.6)
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after carrying out the integration we obtain

g(0, tf ) = g0(l/(pπv))[1− cos(pπvtf/l)]. (4.7)

It is interesting to analyze the scaled interaction time for odd and even values of cavity

eigenmodes. First we consider the case when p is even, which corresponds to the situation

when there are even number of half wavelengths inside the cavity. In this case we have

g(0, tf ) = 0, (4.8)

which shows that the total pulse area vanishes. Under this condition, cavity appears

transparent and the atoms cross the cavity without having a net contribution to the

cavity field [111]. As compared to the well known idea of trapping states [9, 20], this

effect is independent of the initial state of the atom or field and the velocity of the

atoms. This effect is a direct consequence of the spatial structure of the cavity modes.

Next, we consider the situation when p is odd corresponding to odd number of half

wavelengths inside the cavity. We then have

g(0, tf ) = 2g0(l/(pπv)), (4.9)

which is only a rescaling of the scaled interaction time. This clearly shows that same

results can be obtained from the standard micromaser without mode structure, (i.e., with

a constant electric field) just by using an effective length l∗ for the resonator. A constant

pulse of effective length l∗ = (2/pπ)l has the same area as a sinusoidal pulse of length l

in Eq. (4.2), hence same results can be obtained by using an effective interaction time

t∗ = l∗/v.

Whenever, there are two atoms inside the cavity, we can model the interaction of

two two-level identical atom at exact resonance with cavity field, under the dipole and
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rotating wave approximation by the following Hamiltonian:

HI = ~
2∑

i=1

g
i
(t)
(
aσ

(i)
+ + a†σ

(i)
−

)
, (4.10)

where g1(t) and g2(t) are the time dependent coupling constants for the two atoms simul-

taneously present inside the cavity. The forms of the coupling constants g1(t) and g2(t)

are the same as defined in Eq. (4.2), however, their strengths depend upon the exact

positions of the two atoms inside the cavity. For example, if one of the atom is at the

anti-node, then it will interact with the cavity field with full magnitude of the coupling

constant g0. Whereas, the atom at the node does not couple with the cavity field and

thus does not contribute towards the build up of the field.

In order to study the effects of two-atom events in the presence of spatial mode

function, we assume that i+1th atom enters the cavity at time ti+1 before the exit of the

first atom. Here we consider two cases (i) regular injection and (ii) Poissonian injection

statistics for the arrival time of the atoms. In Figs. 4.1(a) - (b), we show a schematic

picture that corresponds to the injection of two-levels atoms inside the cavity in a regular

interval such that, the interval between the ith and (i + 1)th atom, i.e., ∆ti ≡ ti+1 − ti

remains fixed. In this case, ∆ti < tint and we have a sequence of one-atom and two-atom

events (as shown in Figs. 4.1(a) - (b)). Here the time belonging to all the two-atom

events, i.e., tc = tint − ∆ti remains fixed. In Figs. 4.2(a) - (c), we show a schematic

diagram for the Poissonian injection of the atoms. If ∆ti−1, ∆ti ≥ tint, then we have

one-atom event as shown in Fig. 4.2(a). However, if ∆ti−1 or ∆ti < tint, then a two-atom

event occurs. Figure 4.2(b) shows the situation when ∆ti < tint, and ∆ti+1,∆ti−1 > tint,

and we have two-atom event. In Fig. 4.2(c), we show the situation when ∆ti, ∆ti+1 < tint

and ∆ti−1 > tint, hence we have two consecutive two-atom events. The time for two-

atom events does not remain the same; it fluctuates owing to the fact that the atoms are

injected randomly having a Poissonian distribution. It may be pointed out that here we

are discarding the events with three or more atoms simultaneously inside the cavity.
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Figure 4.1: Micromaser with TEmnp mode pumped by a beam of two-level atoms having
regular injection statistics and ∆ti < tint : (a) one-atom event and (b) two-atom event.
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Figure 4.2: Micromaser with TEmnp mode pumped by a beam of two-level atoms having
Poissonian injection statistics: (a) ∆ti,∆ti−1 > tint we have one-atom event, (b) ∆ti <
tint and ∆ti+1,∆ti−1 > tint, we have two-atom event and (c) ∆ti,∆ti+1 < tint and ∆ti−1 >
tint, we have two consecutive two-atom events.
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During the two-atom event, both atoms remain inside the cavity for a time interval

tc. The combined atom-field density matrix after a time ti+1 + tc is the same as given

by Eq. (2.14) in chapter two. The values of different matrix elements in Eq. (2.14) for

g1 6= g2 are given in the Appendix A. The reduced density matrix for the field can easily

be obtained by following the formalism as discussed in chapter two.

We now discuss the effects of spatial mode function in a one-photon micromaser in

the presence of two-atom events. For time interval tc during which cooperative effects

take place, the two atoms experience different coupling with the cavity field depending

upon their location inside the cavity. We therefore have two different values of scaled

interaction times, for example, the scaled interaction time for the first atom is given by

g1(ti+1, ti+1 + tc) = g0

∫ ti+1+tc

ti+1

sin(pπvt/l)dt. (4.11)

Here ti+1 corresponds to the time when second the atom enters the cavity before the exit of

the first atom, and hence it corresponds to the start up time for two-atom events. At time

ti+1, the first atom can be anywhere inside the cavity and thus depending upon its position

inside the cavity, it interacts with some general value of the spatial mode function. During

the interval ti+1 to ti+1 + tc, the first atom contributes towards the cooperative effects,

while experiencing the spatial variation of the cavity field. For fundamental mode, i.e.,

p = 1, it experiences spatially varying field which goes to zero at the node that lies at

the exit of the cavity. Whereas, for higher order modes, it goes through the varying field

with multiple nodes and anti-nodes depending upon the mode number p.

The scaled interaction time for the second atom which at time ti+1 is at the entrance

of the cavity is defined as

g2(0, tc) = g0

∫ tc

0

sin(pπvt/l)dt. (4.12)

The second atom contributes towards cooperative effects for the interaction time that

goes from 0 to tc. During this interval, the atom-field coupling for the second atom
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goes from zero (at the entrance of the cavity) to some arbitrary value depending upon

its position inside the cavity after the time tc. It is clear that the two atoms, while

contributing towards the cooperative effect, experience different coupling with the field

depending upon the mode number of the field mode and their positions inside the cavity.

The two-atom event continues up to the time ti+1 + tc when the first atom leaves the

cavity and there is again one atom left inside the cavity.

After carrying out the integrations in Eqs. (4.11) and (4.12), we obtain the following

explicit forms for scaled interaction times g1(ti+1, ti+1 + tc) and g2(0, tc):

g1(ti+1, ti+1 + tc) = g0(l/(pπv))[cos(pπvti+1/l)− cos(pπv(ti+1 + tc)/l)], (4.13)

g2(0, tc) = g0(l/(pπv))[1− cos(pπvtc/l)]. (4.14)

If we compare the scaled interaction times given by Eqs. (4.13) and (4.14) with Eq.(4.7),

we find some interesting features. For example, when we have only one-atom events

in a micromaser, then the total pulse area is defined by the expression for the scaled

interaction time given by Eq. (4.7). Whereas, in the presence of two-atom events, we

have two different scaled interaction time, corresponding to atom 1 and 2 that define the

pulse area. It is clear that the pulse area depends upon the starting and ending time of

the two-atom events.

If we consider even-order modes, then, we find that pulse area never vanishes, which

is in contrast to one-atom event case. Similarly, for odd-order modes, we never obtain a

simple rescaling of the interaction time. This clearly shows that two-atom events allow

us a possibility to investigate the effects of different cavity eigenmodes in a micromaser

which is not possible when we have only one-atom events inside the cavity.
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4.2 Squeezing and Average Photon Numbers in the

Presence of Spatial Mode Function

The steady-state squeezing can be obtained in a micromaser under the following condi-

tions: the cavity is pumped by a beam of two-level atoms initially prepared in a coherent

superposition of their upper and lower atomic states and the field is in a trapping state. A

detailed study of the squeezing properties of the field in a micromaser for an ideal cavity

is presented in Ref. [25]. It is shown that the steady-state squeezing is independent of the

initial state of the cavity field. In the presence of cooperative atomic effects, steady-state

squeezing is never obtained in a lossless micromaser, however, transient squeezing can

still be obtained depending upon the amount of cooperativity [65].

Here, we discuss the role of spatial mode function in the presence of two-atom events

on squeezing properties of the field and average number of photons in a one-photon

micromaser. We also consider the effects of cavity losses and random injection statistics

of the arrival times of the atom on squeezing in the presence of different cavity eigenmode.

It may be pointed out that our discussion is centered around numerical solution, since

analytical solutions are unavailable owing to the higher dimensionality of the problem.

We have calculated the variances in the two quadratures defined by [28]:

X1 =
1

2
(a+ a†), (4.15)

X2 =
1

2i
(a− a†). (4.16)

It is well known that squeezing occurs if the variances in any one of the quadrature X1

or X2 satisfy the relation (∆Xi)
2 < (1/4), i = 1, 2.
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4.3 Numerical Results

Here, we present the results of our numerical simulations for a one-photon micromaser in

the presence two-atom events and for different eigenmodes of the cavity field. Throughout

our numerical simulation, we consider the atom-field coupling constant g0 = 7×105 sec−1

which is typical for a micromaser and scaled interaction time gtint = π/
√

11, which

corresponds to 10 photon trapping states. We consider the initial state of the cavity field

to be in a vacuum state and atoms initially in a coherent superposition of their atomic

states |a〉 and |b〉 such that ρaa = 0.8.

4.3.1 Odd-Order Cavity Eigenmodes

Here, we present the results corresponding to odd-order cavity eigenmodes in the presence

of two-atom events for a lossless micromaser. In Fig. 4.3, we show the plots of quadrature

variances (∆X1)
2 and (∆X2)

2 against the number of atoms N passed through the cavity.

The initial state of the cavity field is in a vacuum state and injection of atoms is considered

to be regular. The cooperativity parameter κ which is the same as defined in Sec. 2.3.1

of chapter two is considered to be 1.04 which corresponds to 4% probability of two-atom

events. The curves (a)− (d) correspond to odd-order cavity eigenmodes such that p = 1,

3, 5, and 9, respectively. For p = 1 , which corresponds to fundamental cavity mode, we

obtain up to 61% amount of squeezing (which corresponds to quadrature fluctuations of

61% of the vacuum fluctuations). The variances in the two quadratures initially increase,

then decrease, and finally approach towards an apparently steady-state value. However,

due to the absence of trapping state in the presence of two-atom events, it is not a true

steady-state. For p = 3, the temporal evolution of the variances is qualitatively similar to

the results obtained for p = 1, i.e., initially variances increase, then decrease, and finally

approach towards an apparent steady-state value.

In contrast to the fundamental cavity mode where cavity field approaches towards

an apparent steady-state value only after the injection of almost 80 atoms, for p = 3 we

87



����
����
����
����
����
����
����

� �� ��� ��� ��� ��� ���
����
����
����
����
����
����
����

�

�
�	�

��

���

������
���

�	�

���������
�

��

���

�

Figure 4.3: Quadrature variances (∆X1)
2 and (∆X2)

2 against the number of atoms N
passed through the cavity for different values of the cavity eigenmodes, i.e., (a) p = 1,
(b) p = 3, (c) p = 5, and (d) p = 9. Here, the initial state of the cavity field is vacuum,
ρaa = 0.8, κ = 1.04 and gtint = π/

√
11.

obtain the same amount of squeezing after the injection of almost 160 atoms through the

micromaser cavity. Further increase in mode number, i.e., p = 5 shows the degradation

in the squeezing. For p = 9, squeezing completely vanishes which clearly shows that the

increase of odd p finally destroys the generation of squeezing in a one-photon micromaser.

It is interesting to note that in the presence of cavity eigenmodes, the two atoms which

are simultaneously interacting with the cavity field experience different order of coupling

with the field. For example, one atom could be at the node of the cavity having zero

coupling with the field, while the other atom is at the anti-node experiencing maximum
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Figure 4.4: Average number of photons <n> against the number of atoms N passed
through the cavity. All the other parameters are the same as in Fig. 4.3.

coupling. An increase in the number of cavity eigenmodes (which corresponds to the

increase of the cavity eigenmode index) further increases the difference in the coupling

of the two atoms with the cavity field. This introduces decoherence into the cavity field

which is already there, due to the presence of two-atom events. In fact, spatial variation

of the cavity field affect the transfer of atomic coherence from the injected atoms to the

cavity field and causes the decrease and eventually complete vanishing of the cavity field

squeezing.

In Fig. 4.4, we plot the average number of photons 〈n〉 against the number of atoms

N passed through the cavity for the same set of parameters as in Fig. 4.3. Here curves

(a) − (d) corresponds to p = 1, 3, 5, and 9, respectively. For the fundamental cavity

eigenmode, i.e., p = 1, the average photon number, i.e., 〈n〉 increases and after the

passage of almost 38 atoms through the cavity, it approaches an apparently steady-state

value; however it is not a true steady state due to the absence of trapping state as

discussed earlier. For p = 3, 5, and 9, the average photon numbers continue to grow

with varying degree of slope. It is clear that the behaviour of average photon numbers

with the injection of successive atoms is entirely different as compared to its behaviour

for fundamental eigenmode.
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Figure 4.5: Quadrature variances (∆X1)
2 and (∆X2)

2 against the number of atoms N
passed through the cavity for different values of the cavity eigenmodes, i.e., (a) p = 1,
(b) p = 3, (c) p = 5, and (d) p = 9. Here, the initial state of the cavity field is vacuum,
ρaa = 0.8, κ = 1.08 and gtint = π/

√
11.

In order to get some idea of the general behaviour, next we consider κ = 1.08 that

corresponds to 8% cooperativity. In Fig. 4.5, we show the plots of quadrature variances

against the number of atoms N passed through the cavity for (a) p = 1, (b) p = 3,

(c) p = 5, and (d) p = 9. All the other parameters are the same as in Fig. 4.3. Our

results show that for p = 1 we obtain the same amount of squeezing as in the case of

κ = 1.04. For p = 3, squeezing almost approaches to the value corresponding to the case

of p = 1 after the injection of around 210 atoms through the cavity. However, squeezing

completely vanishes for p = 5, and 9. In Fig. 4.6, we show the plots of average photon
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Figure 4.6: Average number of photons <n> against the number of atoms N passed
through the cavity. All the other parameters are the same as in Fig. 4.5.

numbers against the number of atoms N passed through the cavity. For p = 1, average

photon number exhibits the same behaviour as obtained for κ = 1.04, i.e., it increases

due to the injection of successive atoms and then approaches to an apparent steady state

value. For p = 3, 5, and 9, average photon numbers continue to increase with the injection

of successive atoms. Our results show that the average photon number inside the cavity

is a sensitive function of cavity eigenmode. In Fig. 4.7, we plot the average number of

photons 〈n〉 against the different values of cooperativity parameter κ after the injection

of 300 atoms through the cavity for p = 1. Here, it assumed that the atoms are injected

inside the cavity in their excited states. All the other parameters are the same as in

Fig. 4.5. It is clear from figure that the average photon number exhibit oscillations as

we increase the cooperativity parameter. For smaller values of κ there is no significant

increase in the average number of photons. However, for κ greater than 1.15 and less

than 1.45 there is very fast growth of the field. Further increase in the probability of two

atom events results in the oscillations along with decrease in average number of photons.

It may be pointed out that in the presence of two-atom events, atom-field dynamics

becomes quite complex due to the inclusion of field mode structure.
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Figure 4.7: Average number of photons <n> against the different values of cooperativity
parameter κ after the injection of 300 atoms through the cavity. Here p = 1 and all the
other parameters are the same as in Fig. 4.5.

4.3.2 Even-Order Cavity Eigenmodes

Next, we consider the effects of even-order cavity eigenmodes on squeezing properties

of the field in a one-photon micromaser. In Fig. 4.8, we show the plots of quadrature

variances (∆X1)
2 and (∆X2)

2 against the number of atoms N passed through the cavity

for p = 2, 4, 6, and 10, respectively. All the other parameters are the same as in Fig.

4.3. In this case, variances in the two quadratures remain above 0.25. It is clear that

squeezing is never obtained for even-order cavity modes, which is quite interesting. In

order to get some insight into these results, next we plot the average photon numbers

against the number of atoms N passed through the cavity in Fig. 4.9. Our results show

some interesting features of the average photons numbers 〈n〉 against different even-order

cavity eigenmodes. For example, when p = 2, the average number of photons grow inside

the cavity and approach to almost 0.3 after the injection of 300 atoms through the cavity.

This is in contrast to the self-induced transparency effect discussed for a single atom

moving through the cavity [111]. In the presence of two-atom events, total pulse area

never vanishes, as a result, cavity field is affected by the atoms. This becomes clear when

we further increase the number of even-order cavity eigenmode. Due to the increase in
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Figure 4.8: Quadrature variances (∆X1)
2 and (∆X2)

2 against the number of atoms N
passed through the cavity for different values of the cavity eigenmodes, i.e., (a) p = 2,
(b) p = 4, (c) p = 6, and (d) p = 10. Here, the initial state of the cavity field is vacuum,
ρaa = 0.8, κ = 1.04 and gtint = π/

√
11.
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Figure 4.9: Average number of photons <n> against the number of atoms N passed
through the cavity. All the other parameters are the same as in Fig. 4.8.
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mode number, two-atom events contribute more towards the cavity field and as a result,

average photon number increases. However, the atomic coherence associated with the

injection of the successive atoms completely vanishes due to the even-order modes as a

result, squeezing is never obtained in this case. Further insight into this result can be

obtained from the fact that in the present system, phase sensitive preparation involves

the cavity field in a vacuum state and the atoms prepared in a coherent superposition

of states. It is the transfer of coherence from the injected atoms to the cavity field

which results in the generation of squeezed field inside the cavity. In the presence of

even order-modes, each atom while crossing the cavity, experiences equal number of

positive and negative half cycles of the cavity field. The resulting variation in the atom-

field coupling strength affects the transfer of atomic coherence to the field such that

squeezing completely vanishes. In order to see how the results behave for even-order

modes corresponding to κ = 1.08, here we show the plots of quadrature variances and

average number of photons for (a) p = 2, (b) p = 4, (c) p = 6, and (d) p = 10 (see Fig.

4.10). Our results clearly show that squeezing is never obtained for even-order modes.

The average photon number shown in Fig. 4.11 exhibits the same behaviour as in Fig.

4.9, i.e., it increases due to the injection of successive atoms and cavity eigenmode index.

In Fig. 4.12, we plot the average number of photons 〈n〉 against the different values

of cooperativity parameter κ after the injection of 300 atoms through the cavity. Here

we consider p = 2, all the other parameters are the same as in Fig. 4.7. It is clear from

figure that for κ upto 1.15 there is a very small increase in 〈n〉. However, as we increase κ

such that it equal to 1.18 then there is a rapid increase in the 〈n〉 which starts decreasing

for κ greater than 1.31. Due to further increase in κ a slow decrease in average number

of photons is observed.

4.3.3 Poissonian Injection Statistics

Here, we consider the effects of random injection statistics for the arrival times of the

atoms in our system. For regular injection of the atoms, the time for two-atom events
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Figure 4.10: Quadrature variances (∆X1)
2 and (∆X2)

2 against the number of atoms N
passed through the cavity for different values of the cavity eigenmodes, i.e., (a) p = 2,
(b) p = 4, (c) p = 6, and (d) p = 10. Here, the initial state of the cavity field is vacuum,
ρaa = 0.8, κ = 1.08 and gtint = π/

√
11.
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Figure 4.11: Average number of photons <n> against the number of atoms N passed
through the cavity. All the other parameters are the same as in Fig. 4.10.
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Figure 4.12: Average number of photons <n> against the different values of cooperativity
parameter κ after the injection of 300 atoms through the cavity. Here p = 2 and all the
other parameters are the same as in Fig. 4.5.

remains the same (as shown in Fig. 4.1(b)) and all the two-atom events experience

the same spatially varying field for the same interval of time. However, for Poissonian

injection statistics, the time for two-atom events does not remains the same (as shown

in Figs. 4.2(b) - (c)), it fluctuates depending upon the injection statistics. Under this

condition, the spatial variation of the cavity mode no longer remains the same for different

two-atom events. In Fig. 4.13, we show the plots of quadrature variances (a) (∆X1)
2

and (b) (∆X2)
2 against the number of atoms N passed through the cavity for Poissonian

injection of atoms. Here we consider the fundamental mode of the cavity, i.e., p = 1.

All the other parameters are the same as in Fig. 4.3. The results shown in Fig. 4.13

appears to be the same as in Fig. 4.3 curve (a) due to the small difference in the values of

quadrature variances. However, a careful look shows that in this case, we obtain almost

59% squeezing after the injection of 300 atoms through the cavity, as compared to the

61% squeezing obtained for the case of regular injection as shown in Fig. 4.3 through

curve (a). It is interesting to note that the amount of squeezing decreases due to the

random injection of the atoms in the presence of spatial varying cavity field. It is due

to the fact that the time for which two-atom events take place fluctuates in the presence

of random injection of the atoms and hence the atom-field coupling with spatial varying
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Figure 4.13: Quadrature variances (a) (∆X1)
2 and (b) (∆X2)

2 against the number of
atoms N passed through the cavity for fundamental cavity mode, i.e., p = 1. Here
injection of the atoms is considered to be Poissonian. All the other parameters are same
as in Fig. 4.3.

field also varies for different time intervals. As a result, it introduces decoherence into

the system and results in the decrease of squeezing.

4.3.4 Effect of Cavity Losses

For a more realistic treatment of the problem, here we consider the effect of finite Q of

the cavity which can be calculated using Eq. (2.28) as discussed in chapter two. In Fig.

4.14, we show the plots of quadrature variances (a) (∆X1)
2 and (b) (∆X2)

2 against the

number of atoms N passed through the cavity for Nex = 10. All the other parameters

are the same as in Fig. 4.13. Our results show that the amount of squeezing decrease

to 30% in the presence of cavity losses. Due to the finite Q of the cavity, field leaks

through it and introduces incoherent noise into the system which results in the reduction

of squeezing.

It may be interesting to compare here the different processes which contribute to-

wards the degradation of squeezing, i.e., the variation of the mode structure, Poissonian

injection statistics and cavity losses. For different cavity eigenmodes, it is the variation
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Figure 4.14: Quadrature variances (a) (∆X1)
2 and (b) (∆X2)

2 against the number of
atoms N passed through the cavity for fundamental cavity mode, i.e., p = 1 and Nex = 10.
All the other parameters are same as in Fig. 4.13.

in the atom-field coupling strength that affects the process of transfer of injected atomic

coherence to the cavity field. For even-order mode, this transfer of coherence never takes

place as a result, squeezing is never obtained. Whereas for lower order odd number of

modes, coherence introduces into the cavity field from the injected atoms as a result,

squeezing is generated in the cavity field. For Poissonian injection statistics, the spatial

variation of the mode structure becomes more crucial due to the fluctuations in the time

for different two-atom events. In this situation, the spatial variation of the field no longer

remains the same for different two-atom events. During each such event, atom-field cou-

pling strength varies, depending upon the position of the two atoms inside the cavity.

This introduces incoherence and decrease the amount of squeezing. In contrast, in the

presence of cavity losses, it is the leakage of the field through the cavity that introduces

incoherence into the field. This results in the phase diffusion and degradation in the

squeezing of the cavity field.

Another interesting feature related to the field inside a micromaser is the generation

of sub-Poissonian photon statistics [17]. Here we consider the effects of different cavity

eigenmodes on photon statistics of the cavity field. We calculate the normally ordered
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Figure 4.15: Photon number variance :σ: against the number of atoms N passed through
the cavity. All the other parameters are the same as in Fig. 4.3.

photon number variance, which is given by

: σ :=

〈
a†aa†a

〉
−
〈
a†a
〉2

〈a†a〉
. (4.17)

The photon statistics is Poissonian, sub-Poissonian, or super Poissonian depending upon

whether :σ: is equal to, less then, or greater then zero. In Fig. 4.15, we show the plots

of :σ: against the number of atoms N passed though the cavity for the same set of

parameters as in Fig. 4.3. Our results show that photon statistics is sub-Poissonian for

p = 1, 3, and 5. However, for p = 9, we obtain super Poissonian photon statistics. A

comparison of these results with Fig. 4.3. show that for p = 1, 3, and 5, the cavity

field approaches to the squeezed state and the photon distribution finally exhibits sub-

Poissonian statistics.
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Chapter 5

Conclusions

Micromaser provides an opportunity to investigate a number of interesting features in

the field of quantum optics. For example, it has permitted the generation of nonclassical

states of the radiation field such as highly pure Fock states, squeezed states of the radi-

ation field and the detection of photon number trapping states. It has also provided the

possibility of testing new ideas in quantum information.

In this thesis, we discuss quantum phase properties of the field in one and two-photon

micromaser. We have used Pegg-Barnett phase formalism to study the phase probability

distribution and variance of the phase. For a one-photon micromaser, the effect of the

cooperative atomic interaction, cavity losses and pump fluctuations is considered. We

find that the quantum phase properties of the field are highly sensitive to cooperative

atomic effects. For initial coherent state of the field and atoms initially in their excited

state, randomization of the quantum phase increases due to the presence of two-atom

events. It is shown that even for injected atomic coherence and initial coherent state of

the field, quantum phase is affected due to the presence of two-atom events. We also

find that cavity damping due to the finite Q of the cavity affects the quantum phase

structure of the field. It contributes in the broadening of the phase structure due to

the phase diffusion. For initially excited atoms, complete randomization of the phase

structure occurs both in the presence of two-atom events and cavity losses. However,

approach towards the randomization is quite different in the two cases. Even in the

presence of the injected atomic coherence, phase structure degrades due to the cavity

losses. We considered both regular and random injection statistics of the atoms and

find that the process of degradation of the phase structure strongly depends upon the

injection statistics of the atoms.
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Next, we studied the quantum phase properties of the field in a two-photon micro-

maser by considering the effects of finite detuning of the intermediate level. For both zero

and nonzero detuning, phase structure associated with the initial coherent field evolves

into multiple peak structure which eventually leads to complete randomization of the

cavity field phase due to the injection of successive excited atoms. However, approach

towards the randomization depends upon the detuning of the intermediate level. We also

considered a situation, when the micromaser field is initially prepared in a coherent state

and the cavity is pumped with polarized atoms. The phase distribution of the cavity field

that initially shows multiple peak phase structure finally evolves into two-peak structure

for both zero and nonzero detuning cases. It is interesting that resulting phase structure

does not depend on even and odd number of atoms passed through the cavity. For an

initial thermal state, cavity field acquires some phase due to the injected atomic coher-

ence. The effects of cavity losses and Poissonian injection statistics for the arrival times

of the atoms inside the cavity is also incorporated, both contribute to the randomization

of the well-defined phase structure associated with the initial coherent field.

A comparison of phase structure for one and two-photon micromaser shows some

interesting features. For example, in a one-photon micromaser the initial phase structure

of the coherent state splits into N + 1 peaks due to the injection of N excited atoms

through the cavity. For even number of injected atoms, odd number of symmetrical

peaks in the phase structure appear such that there is always a central peak at the

origin. In this case phase of the initial coherent state is partially preserved. Whereas for

odd number of atoms, multiple even number of peaks appear however, there is no central

peak at the origin as a result phase of the initial coherent state is completely lost. For

a two-photon micromaser, 2N + 1 peaks appear due to the injection of N excited atoms

through the cavity. Interestingly, the phase structure is always symmetric with respect

to a central peak at the origin. When the field in a one-photon micromaser is initially

in a coherent state and atoms are pumped in a coherent superposition of their atomic

states then switching between two and three peak structure is obtained for odd and even
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number of atoms. Whereas in a two-photon micromaser phase structure evolves into two

peak structure due to the injected atomic coherence which is independent of odd or even

number of atoms passed through the cavity.

It may be interesting to look into the possible experimental consideration of the results

presented for the phase probability distribution in one and two-photon micromaser. In

order to study the phase properties of the field in a micromaser, the measurement of the

field density matrix is required. The information about the cavity field can be obtained

by probing the atoms. In some recent studies, several non-destructive schemes for the

measurement of quantum state of the cavity field have been proposed [128]. For example,

Bertet et al. have shown that the Wigner function of the vacuum and of a single photon

state for a field stored in a high Q cavity can be directly measured [81]. Once the Wigner

function is known then the corresponding density matrix elements for the field can be

obtained as discussed in Ref. [129]. The reconstruction of the density matrix elements

and the Wigner function for different quantum states of motion of a 9Be+ ion has been

reported in Ref. [129].

Finally, a scheme is discussed to study the effects of spatial variation of the cavity

modes in a micromaser. It is shown that in the presence of two-atom events it is possible

to study the effects of different cavity eigenmodes in a micromaser. The results show that

for initial vacuum state and atoms initially in a coherent superposition of their atomic

states, squeezing can be obtained for odd order modes. For fundamental cavity mode,

i.e., p = 1 we obtained up to 61% squeezing, which decreases and eventually vanishes

due to the increase in the order of the modes. Interestingly, squeezing is never obtained

for even-order cavity modes. We also discussed the effects of mode function on average

number of photons inside the cavity. Our results show that the average photon numbers

depend upon the cavity eigenmode function. The non-linear transient effects similar to

self-induced transparency which are studied in JCM with atomic motion no longer exist

in a micromaser in the presence of two-atom events.

Here we would like to mention that the effects of spatial mode function would become
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relevant whenever there is a finite probability of two-atom events. In a typical micromaser

experiment, atoms are injected inside the cavity in a Poissonain distribution. As a

result, even for atomic fluxes lower than 500 atoms/sec which have been reached in the

experiments and for interaction times which are of the order of 30−130 µs, there is always

a finite probability of having two-atom simultaneously inside the cavity [18,21,123].
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Appendix A

Atom-Field Density Matrix

Elements for Two-Atom Events

Here we calculate the elements of combined atom-field density matrix which are required

to study the effects of two-atom events and spatial variation of the mode structure in

a one-photon micromaser. To obtain different matrix elements we follow the procedure

as discussed in Ref. [120]. When there are two atoms simultaneously present inside the

micromaser cavity, the Hamiltonian for the system, in the interaction picture is given

by Eq. (4.10) in chapter four. In the interaction picture the combined atom-field wave

function |ΨI (t)〉 satisfies the Schrodinger equation

d

dt
|ΨI (t)〉 = − i

~
HI |Ψ (t)〉 . (A.1)

We can expand the wave function |ΨI (t)〉 as under:

|ΨI (t)〉 =
∞∑

n=0

4∑
i=1

Ci,n (t) |i, n〉 , (A.2)

where

C1,n ≡ Ca1a2n, (A.3)

C2,n ≡ Ca1b2n+1, (A.4)

C3,n ≡ Cb1a2n+1, (A.5)

C4,n ≡ Cb1b2n+2, (A.6)
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where a and b are upper and lower levels of an atom.

Now substituting Eqs. (4.10) and (A.2) into Eq. (A.1) and solving for the C’s, we

obtain the following:

Ci,n (t) =
4∑

j=1

A
(n)
ij (t)Cj,n (0) (i = 1, 2, 3, 4) (A.7)

The coefficients A
(n)
ij (t) are given by [120]

A11 (t) =

(
1

2β

)
[Y− cos (λ1t) + Y+ cos (λ3t)] , (A.8)

A12 (t) = A21 (t) = −
(
i

2β

)[
(Y−Z+)

1
2 sin (λ1t)− (Y+Z−)

1
2 sin (λ3t)

]
, (A.9)

A13 (t) = A31 (t) = −
(
i

2β

)[
(Y−Z−)

1
2 sin (λ1t) + (Y+Z+)

1
2 sin (λ3t)

]
, (A.10)

A14 = A41 =

(
1

2β

)
(Y+Y−)

1
2 [cos (λ1t)− cos (λ3t)] , (A.11)

A22 (t) =

(
1

2β

)
[Z+ cos (λ1t) + Z− cos (λ3t)] , (A.12)

A23 (t) = A32 (t) =

(
1

2β

)
(Z+Z−)

1
2 [cos (λ1t)− cos (λ3t)] , (A.13)

A24 (t) = A42 (t) = −
(
i

2β

)[
(Y+Z+)

1
2 sin (λ1t) + (Y−Z−)

1
2 sin (λ3t)

]
, (A.14)

A33 (t) =

(
1

2β

)
[Z− cos (λ1t) + Z+ cos (λ3t)] , (A.15)

A34 (t) = A43 (t) = −
(
i

2β

)[
(Y+Z−)

1
2 sin (λ1t)− (Y−Z+)

1
2 sin (λ3t)

]
, (A.16)

A44 (t) =

(
1

2β

)
[Y+ cos (λ1t) + Y− cos (λ3t)] . (A.17)

Here

λ1,3 =
1√
2

[
(2n+ 3)

(
g2
1 (t) + g2

2 (t)± β
)]1/2

, (A.18)
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β =
[
(2n+ 3)2 (g2

1 (t) + g2
2 (t)

)2 − 4 (n+ 1) (n+ 2)
(
g2
1 (t)− g2

2 (t)
)2]1/2

, (A.19)

Y± = β ±
(
g2
1 (t) + g2

2 (t)
)
, (A.20)

Z± = β ±
(
g2
1 (t)− g2

2 (t)
)
. (A.21)

The elements of combined atom-field density matrix can easily be obtained by us-

ing the expressions for the probability amplitudes given by Eq. (A.7). The resulting

expressions are given by the following:

ρa1a2n;a1a2m (t) =

A
(n)
11 (t)A

∗(m)
11 (t) ρa1a2n;a1a2m (0) + A

(n)
11 (t)A

∗(m)
12 (t) ρa1a2n;a1b2m+1 (0)

+ A
(n)
11 (t)A

∗(m)
13 (t) ρa1a2n;b1a2m+1 (0) + A

(n)
11 (t)A

∗(m)
14 (t) ρa1a2n;b1b2m+2 (0)

+ A
(n)
12 (t)A

∗(m)
11 (t) ρa1b2n+1;a1a2m (0) + A

(n)
12 (t)A

∗(m)
12 (t) ρa1b2n+1;a1b2m+1 (0)

+ A
(n)
12 (t)A

∗(m)
13 (t) ρa1b2n+1;b1a2m+1 (0) + A

(n)
12 (t)A

∗(m)
14 (t) ρa1b2n+1;b1b2m+2 (0)

+ A
(n)
13 (t)A

∗(m)
11 (t) ρb1a2n+1;a1a2m (0) + A

(n)
13 (t)A

∗(m)
12 (t) ρb1a2n+1;a1b2m+1 (0)

+ A
(n)
13 (t)A

∗(m)
13 (t) ρb1a2n+1;b1a2m+1 (0) + A

(n)
13 (t)A

∗(m)
14 (t) ρb1a2n+1;b1b2m+2 (0)

+ A
(n)
14 (t)A

∗(m)
11 (t) ρb1b2n+2;a1a2m (0) + A

(n)
14 (t)A

∗(m)
12 (t) ρb1b2n+2;a1b2m+1 (0)

+ A
(n)
14 (t)A

∗(m)
13 (t) ρb1b2n+2;b1a2m+1 (0) + A

(n)
14 (t)A

∗(m)
14 (t) ρb1b2n+2;b1b2m+2 (0) , (A.22)

ρa1a2n;a1b2m+1 (t) =

A
(n)
11 (t)A

∗(m)
21 (t) ρa1a2n;a1a2m (0) + A

(n)
11 (t)A

∗(m)
22 (t) ρa1a2n;a1b2m+1 (0)

+ A
(n)
11 (t)A

∗(m)
23 (t) ρa1a2n;b1a2m+1 (0) + A

(n)
11 (t)A

∗(m)
24 (t) ρa1a2n;b1b2m+2 (0)

+ A
(n)
12 (t)A

∗(m)
21 (t) ρa1b2n+1;a1a2m (0) + A

(n)
12 (t)A

∗(m)
22 (t) ρa1b2n+1;a1b2m+1 (0)

+ A
(n)
12 (t)A

∗(m)
23 (t) ρa1b2n+1;b1a2m+1 (0) + A

(n)
12 (t)A

∗(m)
24 (t) ρa1b2n+1;b1b2m+2 (0)

+ A
(n)
13 (t)A

∗(m)
21 (t) ρb1a2n+1;a1a2m (0) + A

(n)
13 (t)A

∗(m)
22 (t) ρb1a2n+1;a1b2m+1 (0)
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+ A
(n)
13 (t)A

∗(m)
23 (t) ρb1a2n+1;b1a2m+1 (0) + A

(n)
13 (t)A

∗(m)
24 (t) ρb1a2n+1;b1b2m+2 (0)

+ A
(n)
14 (t)A

∗(m)
21 (t) ρb1b2n+2;a1a2m (0) + A

(n)
14 (t)A

∗(m)
22 (t) ρb1b2n+2;a1b2m+1 (0)

+ A
(n)
14 (t)A

∗(m)
23 (t) ρb1b2n+2;b1a2m+1 (0) + A

(n)
14 (t)A

∗(m)
24 (t) ρb1b2n+2;b1b2m+2 (0) , (A.23)

ρa1a2n;b1a2m+1 (t) =

A
(n)
11 (t)A

∗(m)
31 (t) ρa1a2n;a1a2m (0) + A

(n)
11 (t)A

∗(m)
32 (t) ρa1a2n;a1b2m+1 (0)

+ A
(n)
11 (t)A

∗(m)
33 (t) ρa1a2n;b1a2m+1 (0) + A

(n)
11 (t)A

∗(m)
34 (t) ρa1a2n;b1b2m+2 (0)

+ A
(n)
12 (t)A

∗(m)
31 (t) ρa1b2n+1;a1a2m (0) + A

(n)
12 (t)A

∗(m)
32 (t) ρa1b2n+1;a1b2m+1 (0)

+ A
(n)
12 (t)A

∗(m)
33 (t) ρa1b2n+1;b1a2m+1 (0) + A

(n)
12 (t)A

∗(m)
34 (t) ρa1b2n+1;b1b2m+2 (0)

+ A
(n)
13 (t)A

∗(m)
31 (t) ρb1a2n+1;a1a2m (0) + A

(n)
13 (t)A

∗(m)
32 (t) ρb1a2n+1;a1b2m+1 (0)

+ A
(n)
13 (t)A

∗(m)
33 (t) ρb1a2n+1;b1a2m+1 (0) + A

(n)
13 (t)A

∗(m)
34 (t) ρb1a2n+1;b1b2m+2 (0)

+ A
(n)
14 (t)A

∗(m)
31 (t) ρb1b2n+2;a1a2m (0) + A

(n)
14 (t)A

∗(m)
32 (t) ρb1b2n+2;a1b2m+1 (0)

+ A
(n)
14 (t)A

∗(m)
33 (t) ρb1b2n+2;b1a2m+1 (0) + A

(n)
14 (t)A

∗(m)
34 (t) ρb1b2n+2;b1b2m+2 (0) , (A.24)

ρa1a2n;b1b2m+2 (t) =

A
(n)
11 (t)A

∗(m)
41 (t) ρa1a2n;a1a2m (0) + A

(n)
11 (t)A

∗(m)
42 (t) ρa1a2n;a1b2m+1 (0)

+ A
(n)
11 (t)A

∗(m)
43 (t) ρa1a2n;b1a2m+1 (0) + A

(n)
11 (t)A

∗(m)
44 (t) ρa1a2n;b1b2m+2 (0)

+ A
(n)
12 (t)A

∗(m)
41 (t) ρa1b2n+1;a1a2m (0) + A

(n)
12 (t)A

∗(m)
42 (t) ρa1b2n+1;a1b2m+1 (0)

+ A
(n)
12 (t)A

∗(m)
43 (t) ρa1b2n+1;b1a2m+1 (0) + A

(n)
12 (t)A

∗(m)
44 (t) ρa1b2n+1;b1b2m+2 (0)

+ A
(n)
13 (t)A

∗(m)
41 (t) ρb1a2n+1;a1a2m (0) + A

(n)
13 (t)A

∗(m)
42 (t) ρb1a2n+1;a1b2m+1 (0)

+ A
(n)
13 (t)A

∗(m)
43 (t) ρb1a2n+1;b1a2m+1 (0) + A

(n)
13 (t)A

∗(m)
44 (t) ρb1a2n+1;b1b2m+2 (0)

+ A
(n)
14 (t)A

∗(m)
41 (t) ρb1b2n+2;a1a2m (0) + A

(n)
14 (t)A

∗(m)
42 (t) ρb1b2n+2;a1b2m+1 (0)

+ A
(n)
14 (t)A

∗(m)
43 (t) ρb1b2n+2;b1a2m+1 (0) + A

(n)
14 (t)A

∗(m)
44 (t) ρb1b2n+2;b1b2m+2 (0) , (A.25)
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ρa1b2n+1;a1a2m (t) = ρ∗a1a2n;a1b2m+1 (t) , (A.26)

ρa1b2n+1;a1b2m+1 (t) =

A
(n)
21 (t)A

∗(m)
21 (t) ρa1a2n;a1a2m (0) + A

(n)
21 (t)A

∗(m)
22 (t) ρa1a2n;a1b2m+1 (0)

+ A
(n)
21 (t)A

∗(m)
23 (t) ρa1a2n;b1a2m+1 (0) + A

(n)
21 (t)A

∗(m)
24 (t) ρa1a2n;b1b2m+2 (0)

+ A
(n)
22 (t)A

∗(m)
21 (t) ρa1b2n+1;a1a2m (0) + A

(n)
22 (t)A

∗(m)
22 (t) ρa1b2n+1;a1b2m+1 (0)

+ A
(n)
22 (t)A

∗(m)
23 (t) ρa1b2n+1;b1a2m+1 (0) + A

(n)
22 (t)A

∗(m)
24 (t) ρa1b2n+1;b1b2m+2 (0)

+ A
(n)
23 (t)A

∗(m)
21 (t) ρb1a2n+1;a1a2m (0) + A

(n)
23 (t)A

∗(m)
22 (t) ρb1a2n+1;a1b2m+1 (0)

+ A
(n)
23 (t)A

∗(m)
23 (t) ρb1a2n+1;b1a2m+1 (0) + A

(n)
23 (t)A

∗(m)
24 (t) ρb1a2n+1;b1b2m+2 (0)

+ A
(n)
24 (t)A

∗(m)
21 (t) ρb1b2n+2;a1a2m (0) + A

(n)
24 (t)A

∗(m)
22 (t) ρb1b2n+2;a1b2m+1 (0)

+ A
(n)
24 (t)A

∗(m)
23 (t) ρb1b2n+2;b1a2m+1 (0) + A

(n)
24 (t)A

∗(m)
24 (t) ρb1b2n+2;b1b2m+2 (0) , (A.27)

ρa1b2n+1;b1a2m+1 (t) =

A
(n)
21 (t)A

∗(m)
31 (t) ρa1a2n;a1a2m (0) + A

(n)
21 (t)A

∗(m)
32 (t) ρa1a2n;a1b2m+1 (0)

+ A
(n)
21 (t)A

∗(m)
33 (t) ρa1a2n;b1a2m+1 (0) + A

(n)
21 (t)A

∗(m)
34 (t) ρa1a2n;b1b2m+2 (0)

+ A
(n)
22 (t)A

∗(m)
31 (t) ρa1b2n+1;a1a2m (0) + A

(n)
22 (t)A

∗(m)
32 (t) ρa1b2n+1;a1b2m+1 (0)

+ A
(n)
22 (t)A

∗(m)
33 (t) ρa1b2n+1;b1a2m+1 (0) + A

(n)
22 (t)A

∗(m)
34 (t) ρa1b2n+1;b1b2m+2 (0)

+ A
(n)
23 (t)A

∗(m)
31 (t) ρb1a2n+1;a1a2m (0) + A

(n)
23 (t)A

∗(m)
32 (t) ρb1a2n+1;a1b2m+1 (0)

+ A
(n)
23 (t)A

∗(m)
33 (t) ρb1a2n+1;b1a2m+1 (0) + A

(n)
23 (t)A

∗(m)
34 (t) ρb1a2n+1;b1b2m+2 (0)

+ A
(n)
24 (t)A

∗(m)
31 (t) ρb1b2n+2;a1a2m (0) + A

(n)
24 (t)A

∗(m)
32 (t) ρb1b2n+2;a1b2m+1 (0)

+ A
(n)
24 (t)A

∗(m)
33 (t) ρb1b2n+2;b1a2m+1 (0) + A

(n)
24 (t)A

∗(m)
34 (t) ρb1b2n+2;b1b2m+2 (0) , (A.28)
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ρa1b2n+1;b1b2m+2 (t) =

A
(n)
21 (t)A

∗(m)
41 (t) ρa1a2n;a1a2m (0) + A

(n)
21 (t)A

∗(m)
42 (t) ρa1a2n;a1b2m+1 (0)

+ A
(n)
21 (t)A

∗(m)
43 (t) ρa1a2n;b1a2m+1 (0) + A

(n)
21 (t)A

∗(m)
44 (t) ρa1a2n;b1b2m+2 (0)

+ A
(n)
22 (t)A

∗(m)
41 (t) ρa1b2n+1;a1a2m (0) + A

(n)
22 (t)A

∗(m)
42 (t) ρa1b2n+1;a1b2m+1 (0)

+ A
(n)
22 (t)A

∗(m)
43 (t) ρa1b2n+1;b1a2m+1 (0) + A

(n)
22 (t)A

∗(m)
44 (t) ρa1b2n+1;b1b2m+2 (0)

+ A
(n)
23 (t)A

∗(m)
41 (t) ρb1a2n+1;a1a2m (0) + A

(n)
23 (t)A

∗(m)
42 (t) ρb1a2n+1;a1b2m+1 (0)

+ A
(n)
23 (t)A

∗(m)
43 (t) ρb1a2n+1;b1a2m+1 (0) + A

(n)
23 (t)A

∗(m)
44 (t) ρb1a2n+1;b1b2m+2 (0)

+ A
(n)
24 (t)A

∗(m)
41 (t) ρb1b2n+2;a1a2m (0) + A

(n)
24 (t)A

∗(m)
42 (t) ρb1b2n+2;a1b2m+1 (0)

+ A
(n)
24 (t)A

∗(m)
43 (t) ρb1b2n+2;b1a2m+1 (0) + A

(n)
24 (t)A

∗(m)
44 (t) ρb1b2n+2;b1b2m+2 (0) , (A.29)

ρb1a2n+1;a1a2m (t) = ρ∗a1a2n;b1a2m+1 (t) , (A.30)

ρb1a2n+1;a1b2m+1 (t) = ρ∗a1b2n+1;b1a2m+1 (t) , (A.31)

ρb1a2n+1;b1a2m+1 (t) =

A
(n)
31 (t)A

∗(m)
31 (t) ρa1a2n;a1a2m (0) + A

(n)
31 (t)A

∗(m)
32 (t) ρa1a2n;a1b2m+1 (0)

+ A
(n)
31 (t)A

∗(m)
33 (t) ρa1a2n;b1a2m+1 (0) + A

(n)
31 (t)A

∗(m)
34 (t) ρa1a2n;b1b2m+2 (0)

+ A
(n)
32 (t)A

∗(m)
31 (t) ρa1b2n+1;a1a2m (0) + A

(n)
32 (t)A

∗(m)
32 (t) ρa1b2n+1;a1b2m+1 (0)

+ A
(n)
32 (t)A

∗(m)
33 (t) ρa1b2n+1;b1a2m+1 (0) + A

(n)
32 (t)A

∗(m)
34 (t) ρa1b2n+1;b1b2m+2 (0)

+ A
(n)
33 (t)A

∗(m)
31 (t) ρb1a2n+1;a1a2m (0) + A

(n)
33 (t)A

∗(m)
32 (t) ρb1a2n+1;a1b2m+1 (0)

+ A
(n)
33 (t)A

∗(m)
33 (t) ρb1a2n+1;b1a2m+1 (0) + A

(n)
33 (t)A

∗(m)
34 (t) ρb1a2n+1;b1b2m+2 (0)

+ A
(n)
34 (t)A

∗(m)
31 (t) ρb1b2n+2;a1a2m (0) + A

(n)
34 (t)A

∗(m)
32 (t) ρb1b2n+2;a1b2m+1 (0)

+ A
(n)
34 (t)A

∗(m)
33 (t) ρb1b2n+2;b1a2m+1 (0) + A

(n)
34 (t)A

∗(m)
34 (t) ρb1b2n+2;b1b2m+2 (0) , (A.32)
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ρb1a2n+1;b1b2m+2 (t) =

A
(n)
31 (t)A

∗(m)
41 (t) ρa1a2n;a1a2m (0) + A

(n)
31 (t)A

∗(m)
42 (t) ρa1a2n;a1b2m+1 (0)

+ A
(n)
31 (t)A

∗(m)
43 (t) ρa1a2n;b1a2m+1 (0) + A

(n)
31 (t)A

∗(m)
44 (t) ρa1a2n;b1b2m+2 (0)

+ A
(n)
32 (t)A

∗(m)
41 (t) ρa1b2n+1;a1a2m (0) + A

(n)
32 (t)A

∗(m)
42 (t) ρa1b2n+1;a1b2m+1 (0)

+ A
(n)
32 (t)A

∗(m)
43 (t) ρa1b2n+1;b1a2m+1 (0) + A

(n)
32 (t)A

∗(m)
44 (t) ρa1b2n+1;b1b2m+2 (0)

+ A
(n)
33 (t)A

∗(m)
41 (t) ρb1a2n+1;a1a2m (0) + A

(n)
33 (t)A

∗(m)
42 (t) ρb1a2n+1;a1b2m+1 (0)

+ A
(n)
33 (t)A

∗(m)
43 (t) ρb1a2n+1;b1a2m+1 (0) + A

(n)
33 (t)A

∗(m)
44 (t) ρb1a2n+1;b1b2m+2 (0)

+ A
(n)
34 (t)A

∗(m)
41 (t) ρb1b2n+2;a1a2m (0) + A

(n)
34 (t)A

∗(m)
42 (t) ρb1b2n+2;a1b2m+1 (0)

+ A
(n)
34 (t)A

∗(m)
43 (t) ρb1b2n+2;b1a2m+1 (0) + A

(n)
34 (t)A

∗(m)
44 (t) ρb1b2n+2;b1b2m+2 (0) , (A.33)

ρb1b2n+2;a1a2m (t) = ρ∗a1a2n;b1b2m+2 (t) , (A.34)

ρb1b2n+2;a1b2m+1 (t) = ρ∗a1b2n+1;b1b2m+2 (t) , (A.35)

ρb1b2n+2;b1a2m+1 (t) = ρ∗b1a2n+1;b1b2m+2 (t) , (A.36)

ρb1b2n+2;b1b2m+2 (t) =

A
(n)
41 (t)A

∗(m)
41 (t) ρa1a2n;a1a2m (0) + A

(n)
41 (t)A

∗(m)
42 (t) ρa1a2n;a1b2m+1 (0)

+ A
(n)
41 (t)A

∗(m)
43 (t) ρa1a2n;b1a2m+1 (0) + A

(n)
41 (t)A

∗(m)
44 (t) ρa1a2n;b1b2m+2 (0)

+ A
(n)
42 (t)A

∗(m)
41 (t) ρa1b2n+1;a1a2m (0) + A

(n)
42 (t)A

∗(m)
42 (t) ρa1b2n+1;a1b2m+1 (0)

+ A
(n)
42 (t)A

∗(m)
43 (t) ρa1b2n+1;b1a2m+1 (0) + A

(n)
42 (t)A

∗(m)
44 (t) ρa1b2n+1;b1b2m+2 (0)

+ A
(n)
43 (t)A

∗(m)
41 (t) ρb1a2n+1;a1a2m (0) + A

(n)
43 (t)A

∗(m)
42 (t) ρb1a2n+1;a1b2m+1 (0)

+ A
(n)
43 (t)A

∗(m)
43 (t) ρb1a2n+1;b1a2m+1 (0) + A

(n)
43 (t)A

∗(m)
44 (t) ρb1a2n+1;b1b2m+2 (0)

+ A
(n)
44 (t)A

∗(m)
41 (t) ρb1b2n+2;a1a2m (0) + A

(n)
44 (t)A

∗(m)
42 (t) ρb1b2n+2;a1b2m+1 (0)

+ A
(n)
44 (t)A

∗(m)
43 (t) ρb1b2n+2;b1a2m+1 (0) + A

(n)
44 (t)A

∗(m)
44 (t) ρb1b2n+2;b1b2m+2 (0) . (A.37)
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