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ABSTRACT 
 

Self-adaptive Methods for General Variational Inequalities 

 

It is known that the general variational inequalities are equivalent to the fixed point 

problem and the Wiener-Hopf equations. We use this equivalent formulation to develop 

some new self-adaptive methods for solving the general variational inequalities. It is 

shown that the convergence of these new self-adaptive methods requires only the 

pseudomonotonicity, which is weaker condition than monotonicity. Relationship of these 

new methods with previous known methods is considered. Several examples are given to 

illustrate the efficiency and implementation of these methods. It is shown that the new 

self-adaptive methods perform better than the previous ones. 

 

A new class of variational inequalities is introduced and studied which is called the 

extended general mixed variational inequality. We establish the equivalence between the 

extended general mixed variational inequalities and the fixed point problems. This 

alternative equivalent formulation is used to suggest and analyze some new iterative 

methods for solving the extended general mixed variational inequalities. The 

convergence analysis of these methods is considered under suitable mild conditions. A 

new class of resolvent equation is introduced. It is shown that the extended general mixed 

variational inequalities are equivalent to the resolvent equation. This equivalence is used 

to suggest some iterative methods for solving the extended general mixed variational 

inequalities. The convergence of these iterative methods is discussed. Since the extended 

general mixed variational inequalities include extended general variational inequalities 

and related optimization as special cases, results obtained in this thesis continue to hold 

for these problems.  
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Introduction
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It is well known that the variational principles have played a central role in the devel-

opment of the various branches of pure and applied sciences such as general theory of

relativity, gauge �eld theory in modern particle physics and soliton theory. This has

been one of the major �elds of mathematical and engineering sciences for more than two

centuries. It can be used to interpret the basic principles of mathematical sciences in

forms of simplicity and elegance. The origin of the variational principles can be traced

back to Newton, Fermat, Leibniz, Bernoulli and Lagrange, see [1, 9, 15, 25, 31, 37].

In recent years, the variational principles have been enriched by the discovery of the

variational inequalities theory, which is mainly due to Stampacchia [69]. Variational in-

equalities theory constituted a signi�cant and novel extension of the variational principles

and describes a broad spectrum of interesting and fascinating developments involving a

link among various �elds of mathematics, physics, economics, equilibrium, �nancial, op-

timization, regional and engineering sciences. In fact, it has been shown that variational

inequality theory provides us with the most natural, direct, simple, uni�ed and e¢ cient

framework for a general treatment for a wide class of problems. It is well known [69] that

the minimum u 2 M of a di¤erentiable convex function F on the convex set M can be

characterized by an inequality of the type:

hF 0(u); v � ui � 0; 8 u; v 2M; (1.1)

where F 0(u) is the Frechet derivative of F at u 2 M . The inequality of the type (1.1)

is called the variational inequality. This shows that the convexity plays a fundamental

part in the variational inequalities. It is amazing that this theory allows many diversi�ed

applications in several branches of pure and applied sciences. This interplay between

variational inequalities and other branches of applied sciences has been used to develop

several techniques for solving variational inequalities and optimization problems. For

the recent development, numerical methods, sensitivity analysis, dynamical system and
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other aspects of the variational inequalities, see [1, 24, 31, 34, 37, 38, 58].

Variational inequality theory achieved its importance in 1971, when Biocchi and Capelo

[1] proved that the �uid through porous media may be studied in the framework of varia-

tional inequalities. Smith [67] formulated the tra¢ c assignment problem as an inequality

problem. However, it was Dafermos [12], who realized that the transportation problem

formulated by Smith [67] is in fact a variational inequality problem. Kikuchi and Oden

[23] studied the contact problems in elasticity in the framework of the variational inequal-

ities. These developments had a signi�cant in�uence in the area of transport engineering

[12], economics equilibrium [15] and other disciplines of pure and applied sciences. One

of the important problems in the variational inequality theory is the development of nu-

merical methods. For developing numerical methods, one can show that the variational

inequalities are equivalent to the �xed point problems. This equivalent formulation has

been used to suggest and analyze several iterative methods for solving the variational

inequalities. This technique is mainly due to Lions and Stampacchia [27]. They [27]

used this alternative equivalent formulation to study the existence of a solution of the

variational inequality. It is known that the convergence of projection iterative method

requires that the operator must be strongly monotone and Lipschitz continuous. These

strict conditions rule out some applications of this method. To overcome these draw-

backs, the projection iterative methods have been modi�ed in several directions using

some novel techniques such as the predictor-corrector and updating the solution. The

predictor-corrector technique was used by Korpelevich [25] to develop the extragradi-

ent method. For the convergence of the extragradient method, it is known that the

operator is monotone and Lipschitz continuous. Note that strongly monotonicity im-

plies the monotonicity, but the converse is not true. This shows that the extragradient

is better than the projection iterative method. For the applications of the extragadi-

ent method and its various modi�cations, see [15, 21, 25, 44]. Shi [66] considered the

problems of solving the Wiener-Hopf equations. It is worth mentioning that the Wiener-
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Hopf equations are exactly the normal equations, which were considered and studied by

Robinson [64]. It is known [64, 66] that the Wiener-Hopf equations are equivalent to the

variational inequality. The equivalence between the Wiener-Hopf equations and the vari-

ational inequalities has been used to develop some e¢ cient iterative methods for solving

the variational inequalities, see [5, 12, 27, 35, 60, 66, 70]. For the convergence analysis,

these methods are applicable, when the operator is Lipschitz continuous and strongly

monotone. Unfortunately, in some problems it is di¢ cult to �nd the Lipschitz constant.

The strongly monotonicity of the operator is also a strict condition. The extragradient

method and its variant forms require an Armijo-like search procedure to compute the

step size with a new projection needed for each trial, which leads to expansive com-

putation. This fact motivated to suggest and analyze a class of self-adaptive projection

methods by modifying the modi�ed �xed-point equations involving a residue vector. This

method is applicable when the Lipschitz constant is not known. The convergence of these

types of self-adaptive methods requires only pseudomonotone operator, which is a weaker

condition than monotone operator.

We now show that the minimum of the energy functional can be characterized by vari-

ational inequality. To be more precise, let A be an operator and let F be a linear

continuous functional F: We consider the functional I[v]; de�ned as:

I[v] = hAv; vi � 2 hF; vi ; 8 v 2 H; (1.2)

which is known as energy (virtual work) functional. It is known [37] that, if the operator

A is linear, symmetric and positive, then the minimum of I[v]; de�ned by (1.2), on a

closed and convex set M in H is equivalent to �nding u 2M such that

hAu; v � ui � hF; v � ui ; 8 v 2M: (1.3)

The inequality of the type (1.3) is known as the variational inequality, which was in-
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troduced by Stampacchia [69] and Fichera [16] independently in di¤erent contexts. The

optimality condition of the functional I[v]; de�ned by (1.2), shows that the operator A

must be positive and symmetric. If the operator A does not satisfy one of these con-

ditions, then the minimum of I[v]; de�ned by (1.2), can not be characterized by the

variational inequality (1.3). To overcome these drawbacks, one de�nes the concept of

�-positivity and �-symmetry with respect to an arbitrary function �; see [17, 63]. Let

A; � be continuous operators and let F be a linear continuous functional : We consider

the functional J [v]; de�ned as:

J [v] = hAv; �(v)i � 2 hF; �(v)i ; 8 v 2 H; (1.4)

which is called the general energy (virtual work) functional.

If the operator A is linear, �-symmetric, �-positive and � is linear, then it has been shown

[36] that the minimum u 2 H : �(u) 2M of the functional J [v]; de�ned by (1.4), on the

convex set M is equivalent to �nding u 2 H : �(u) 2M such that

hAu; �(v)� �(u)i � hF; �(v)� �(u)i ; 8 v 2 H : �(v) 2M: (1.5)

The inequality (1.5) is called the general variational inequality, which was considered and

studied by Noor [31]. It turned out that a class of odd-order and nonsymmetric obstacle,

unilateral, free and moving boundary value problems can be studied in the framework

of the general variational inequalities. For applications, formulation, numerical methods

and other aspects of the general variational inequalities, see [3, 20, 31, 33, 42, 59, 74].

Youness [76] has considered and studied a class of convexity with respect to an arbitrary

function �; which is called the �-convexity. He introduced the concept of �-convex

set with respect to an arbitrary function. We denote the �-convex set by M�. If

� = I; the identity operator, then �-convex set reduces to convex set. The �-convex
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sets are nonconvex sets, see [76]. He also considered the class of convex functions with

respect to an arbitrary function � on the �-convex set, which is called the �-convex

function. If � = I; then �-convex functions are exactly the convex functions. For other

properties of the �-convex sets and �-convex functions, see [76]. Noor [47] has shown that

u 2 H : �(u) 2 M� is a minimum of a di¤erentiable �-convex function F on a �-convex

set M�; if and only if, u 2 H : �(u) 2M� satis�es

hF 0(�(u)); �(v)� �(u)i � 0; 8 v 2 H : �(v) 2M�; (1.6)

where F 0(�(u)) is the di¤erential of a �-convex function F at �(u) 2 M�: Clearly, the

inequality of type (1.6) is exactly the general variational inequality (1.5) with Au =

F 0(�(u)). This shows that the �-convexity plays the same role in the general variational

inequalities as the convexity plays in the formulation of variational inequalities.

Noor [31] has shown that the general variational inequalities are equivalent to the �xed

point problem and the general Wiener-Hopf equations. These alternative formulations

have been used to develop various iterative methods for solving the general variational

inequality. It is known that the convergence of the projection methods requires that the

operator must be strongly monotone and Lipschitz continuous. These are very strict

conditions. Particularly, when the operator is not Lipschitz continuous or when the

Lipschitz constant is unknown. Noor et al. [57] have suggested and analyzed a class of

self-adaptive methods for solving the general variational inequalities. It is known that

these methods converge for the pseudomonotone operators, which is a weaker condition

than monotone operators. To implement the self-adaptive methods, one does not need the

Lipschitz continuity of the operator. This is another advantage of this class of iterative

methods.

The concept of convexity has also been generalized in several directions. Cristescu and

Lupsa [11] considered the � -convex set involving two arbitrary functions � and  ;
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which is denoted by M� : For � =  , the � -convex set is exactly the �-convex set M�

introduced by Youness [76]. For � = I; the identity operator, we obtain the  -convex set,

which is di¤erent from �-convex set. In a similar way, for  = I; we have an other class of

nonconvex set. If � =  = I; then � -convex sets are convex sets. The � -convex set is

nonconvex set. Jian [22] considered the class of convex functions, which is called the � -

convex function. It is known [22] that the � -convex functions are nonconvex functions

and may not be convex functions. Noor [53] has shown that u 2 H :  (u) 2 M� is a

minimum of the di¤erentiable � -convex function F on � -convex set M� ; if and only

if, u 2 H :  (u) 2M� satis�es

hF 0( (u)); �(v)�  (u)i � 0; 8 v 2 H : �(v) 2M� ; (1.7)

where F 0( (u)) is the Frechet di¤erential of F at  (u) 2 M� (1.7): Noor [51] has

considered a more general problem of which (1.7) is a special case. For given nonlinear

operators A; �;  : H ! H; we consider the problems of �nding u 2 H :  (u) 2M such

that

hAu; �(v)�  (u)i � 0; 8 v 2 H : �(v) 2M: (1.8)

The inequality of the type (1.8) is called the extended general variational inequality

involving three operators which was considered and studied by Noor [51]. For di¤erent

and appropriate suitable choice of the operators and spaces, one can obtain several known

and new classes of variational inequalities as special cases. Noor [51, 53] has proved that

the extended general variational inequalities are equivalent to the �xed point problems

and the extended general Wiener-Hopf equations. These equivalent formulations have

been used to suggest and analyze a number of projection iterative methods for solving

the extended general variational inequalities, see [46, 51, 53].

Variational inequalities have been extended in di¤erent directions. A useful generalization

of the variational inequality is known as the mixed variational inequality or the variational
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inequality of the second kind involving the nonlinear term . For a given nonlinear operator

A : H ! H and a function f : H ! R [ f+1g ; we consider the problem of �nding

u 2 H such that

hAu; v � ui+ f(v)� f(u) � 0; 8 v 2 H: (1.9)

The inequality (1.9) is called the mixed variational inequality. It have been shown that

a wide class of linear and nonlinear problems arising in various branches of pure and

applied sciences can be studied in the framework of mixed variational inequality (1.9),

see [39, 41, 52]. If the function f is a proper, convex and semi-lower continuous, then

problem (1.9) is equivalent to �nding u 2 H such that

0 2 Au+ @f(u); (1.10)

where @f(:) is the subdi¤erential of the function f: Problem (1.10) is known as the

variational inclusion problem. The problem (1.10) is also called the problem of �nding

zeros of sum of two (monotone) operators. For the applications, numerical methods and

other aspects of mixed variational inequality inclusion, see [30, 52].

Due to the presence of the nonlinear term f in the mixed variational inequality (1.9);

one can not use the projection technique and its variant forms to establish the equiva-

lence between the mixed variational inequalities and the �xed point problem. However,

if the nonlinear term in the mixed variational inequalities is a proper, convex and lower

semicontinuous function, then one can establish the equivalence between the mixed vari-

ational inequalities and the �xed point problem using the resolvent operator technique.

The important feature of the technique is that the resolvent step involves the subdi¤er-

ential of a proper, convex, and lower semicontinuous function part only and other part

facilitates the problem decomposition. This may lead to develop very e¢ cient methods

for solving the mixed variational inequalities, see [39, 52].
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For given nonlinear operators A; �;  : H ! H; and a continuous function f : H !

H [ f1g, consider the problem of �nding u 2 H such that

hAu; �(v)�  (u)i+ f (�(v))� f ( (u)) � 0; 8 v 2 H: (1.11)

The inequality of the type (1.11) is called the extended general mixed variational in-

equality, which was studied by Noor [52] and Noor et al. [61]. If the nonlinear term in

the extended general mixed variational inequality is an indicator function of a closed and

convex set M , then the extended general mixed variational inequality is equivalent to

the extended general variational inequality (1.8). If the function f(:) is a proper, convex

and lower semi continuous, then it has been shown that the extended general mixed vari-

ational inequality is equivalent to the �xed point problem and the resolvent equations.

These equivalent formulations have been used to study the existence of a solution of

the extended general mixed variational inequality. These formulations are also used to

develop iterative methods for solving the extended general mixed variational inequality

(1.11), see [61].

In this thesis, we suggest and analyze the self-adaptive methods for solving the gen-

eral variational inequality and related optimization problems. A new class of extended

general mixed variational inequality is introduced and studied. Several aspects of these

variational inequalities are discussed. The chapter-wise breakup is given as under.

Chapter 2 is devoted to some preliminary concepts and de�nitions which are required in

obtaining the main results of this thesis.

Chapter 3 is devoted to the review of the general variational inequality. The equivalence

among the general variational inequalities, �xed point problems and the Wiener-Hopf

equations is established. This equivalence is used to study the uniqueness of a solution

of the general variational inequality. Some iterative methods are also discussed.
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In chapter 4, the equivalence among the general variational inequalities, the �xed point

problems and the Wiener-Hopf equations has been used to suggest and analyze new self-

adaptive iterative methods for solving the general variational inequalities. It is shown

that the convergence of the new methods requires only the pseudomonotonicity, which

is a weaker condition than monotonicity. Numerical examples are given to illustrate the

e¢ ciency and performance of the proposed methods. Comparison with other methods

shows that the new self-adaptive methods perform better. It is shown that the new self-

adaptive method can be used for solving the quasi variational inequalities. The contents

of this chapter have been published in Nonlinear Analysis, 71(2009), 3728-3738, see

[57].

The extended general variational inequality is considered and reviewed in chapter 5. The

optimality conditions for the di¤erentiable � -convex function can be characterized by

the extended general variational inequality. The projection technique is used to estab-

lish the equivalence among the extended general variational inequality, the �xed point

problems and the Wiener-Hopf equations. These alternative equivalent formulations are

used to discuss the existence of a solution of the extended general variational inequality.

This equivalence is also used to suggest some iterative methods for solving this type of

variational inequality. Some special cases are also discussed.

In chapter 6, it is shown that the minimum of a sum of a di¤erentiable � -convex function

and a nondi¤erentiable � -convex function can be a characterized by a class of varia-

tional inequality which is called the extended general mixed variational inequality. The

resolvent operator technique is used to establish the equivalence between the extended

general mixed variational inequalities and �xed point problems. By applying this alter-

native equivalent formulation, we suggest and analyze iterative methods for solving the

extended general mixed variational inequalities. We study the convergence criteria for

10



the new method under appropriate conditions. The equivalence between the extended

general mixed variational inequality and the resolvent equations is also established. This

equivalence is used to study the existence and to suggest new iterative methods for solv-

ing the extended general mixed variational inequalities. These methods may be viewed

as re�nements and generalization of the various known results. Some special cases are

discussed. The results of this chapter have been published in Computers and Math-

ematics with Applications, 62(2011), 804-813, see [61].
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Chapter 2

Preliminaries and Basic Concepts
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The main objective of this chapter is to provide some necessary de�nitions and well

known results which will be used throughout the study of this thesis. For more details,

see [24, 31, 37-38, 44, 63].

De�nition 2.1. A real linear space X is called an inner product space, if for each pair of

elements x; y in X; there is de�ned a real scalar hx ; yi having the following properties:

(i) hx; xi � 0; 8 x 2 X;

(ii) hx; xi = 0; if and only if, x = 0; 8 x 2 X;

(iii) hx; yi = hy; xi ; 8 x; y 2 X;

(iv) h�x; yi = � hx; yi ; 8 x; y 2 X; � 2 R;

(v) hx+ y; zi = hx; zi+ hy; zi ; 8 x; y; z 2 X:

De�nition 2.2. For each x 2 X; the norm is de�ned by

kxk =
p
hx; xi:

The norm has the following properties:

(i) kxk � 0; 8 x 2 X;

(ii) kxk = 0; if and only if, x = 0; 8 x 2 X;

(iii) k�xk = j�j kxk ; 8 x 2 X and � 2 R;

(iv) kx+ yk � kxk+ kyk ; 8 x; y 2 X:

De�nition 2.3. A complete inner product space is called a Hilbert Space, which is

denoted by H.

De�nition 2.4. Let M be any set in a real Hilbert Space H: The set M is said to

be a convex set, if

(1� t)u+ tv 2M; 8 u; v 2M; t 2 [0; 1] :

13



In other words, a set M is said to be convex, if the line segment joining any two points

of the set also belongs to the set.

De�nition 2.5. Let M be a convex set in H: The function F : M ! H is said to

be a convex function, if

F ((1� t)u+ tv) � (1� t)F (u) + tF (v); 8 u; v 2M; t 2 [0; 1] :

Every linear function is a convex function, but the converse is not true. For example,

F (x) = x2 is a convex function. However, F (x) = x2 is not a linear function.

De�nition 2.6. Let F be a di¤erentiable convex function on H. Then, the derivative

of F at the point u 2 H de�ned as:

lim
t!0

F (u+ tv)�F (u)
t

= hF 0(u); vi ; 8 v 2 H;

provided the limit exists. The derivative F 0(u) is known as the Frechet derivative of

function F at u in the direction of v 2 H:

De�nition 2.7. A point u 2 H is called the minimum of a function F; if and only if,

F (u) � F (v); 8 v 2 H:

We now consider the minimum of a di¤erentiable convex function on the convex set. This

is the main motivation of our next result.

Theorem 2.1 [69]. Let F be a di¤erentiable function on a convex set M: Then, u 2M

14



is a minimum of a di¤erentiable convex function F on M; if and only if, u 2M satis�es

hF 0(u); v � ui � 0; 8 v 2M; (2.1)

where F 0(u) is the di¤erential of F at u 2M:

Proof. Let u 2 M be a minimum of a convex function F on M: Then, by de�nition of

the minimum, we have

F (u) � F (v); 8 v 2M: (2.2)

Since M is a convex set, so 8 u; v 2M; t 2 [0; 1]; we have

vt = (1� t)u+ tv 2M:

Setting v = vt in (2.2), we have

F (u) � F ((1� t)u+ tv);

Dividing the above inequality by t and taking the limit as t! 0; we have

0 � lim
t!0

F (u+ t(v � u))� F (u)

t
;

=
D
F

0
(u); v � u

E
:

Thus u 2M satis�es D
F

0
(u); v � u

E
� 0; 8 v 2M;

which is the required result (2.1).

Conversly, let u 2 M satisfy (2.1). We have to prove that u 2 M is a minimum of
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a convex function F: Using convexity of the function F; we have

F ((1� t)u+ tv) � (1� t)F (u) + tF (v); 8 u; v 2M; t 2 [0; 1] :

From which, it follows

F (v)� F (u) � F (u+ t(v � u))� F (u)

t
:

Taking the limit as t ! 0 in the above inequality and using the di¤erentiability of F ,

we have

F (v)� F (u) �
D
F

0
(u); v � u

E
;

� 0;

where, we have used (2.1). This implies that u 2M satis�es

F (u) � F (v); 8 v 2M:

This shows that u 2M is the minimum of the function F on M: �

From Theorem 2.1, it is clear that the minimum of a di¤erentiable convex function on a

convex set can be characterized by an inequality, which is called the variational inequality.

This result is due to Stampacchia [69].

We also need the following well known results. For the sake of completeness and to

convey the main idea, we include all the details.

Lemma 2.1 [60]. Let M be a closed and convex set in a real Hilbert space H. Then,
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for a given z 2 H; u 2M satis�es the inequality

hu� z; v � ui � 0; 8 v 2M; (2.3)

if and only if

u = PMz; (2.4)

where PM is the projection of H onto the closed and convex set M:

Proof. For a given z 2 H; let u 2M satisfy the inequality (2.3). Then

0 � hu� z; v � z + z � ui ;

= hu� z; z � ui+ hu� z; v � zi ;

which implies that

hu� z; u� zi = ku� zk2 ;

� hu� z; v � zi ;

� ku� zk kv � zk :

We have

ku� zk � kv � zk ; 8 v 2M: (2.5)

This shows that u = PMz is the projection operator of H on M:

Conversely, let u 2 M satisfy the inequality (2.5), 8 v 2 M: Since M is a convex

set, we have

vt = (1� t)u+ tv 2M; 8 u; v 2M; t 2 [0; 1]:

17



Taking v = vt in (2.5), we have

ku� zk2 � ku� z + t(v � u)k2 ;

= ku� zk2 + 2t hv � u; u� zi+ t2 kv � uk2 : (2.6)

From which, we have

hv � u; u� zi � � t
2
kv � uk2 :

Taking the limit in the above inequality as t! 0; we have

hv � u; u� zi � 0; 8 v 2M:

the required result (2.3). �

It is known [60] that the projection operator PM is nonexpansive, that is

kPMu� PMvk � k u� vk ; u; v 2 H; (2.7)

and

kPMz � uk � k z � uk � kz � PMzk ; 8 u; z 2 H: (2.8)

Remark 2.1. If u 2M; then u = PMu:

De�nition 2.8. An operator A : H ! H is said to be:

(i) strongly monotone, if there exists a constant � > 0 such that

hAu� Av; u� vi � � ku� vk2 ; 8 u; v 2 H: (2.9)

(ii) monotone, if

hAu� Av; u� vi � 0; 8 u; v 2 H: (2.10)
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(iii) pseudomonotone, if

hAu; v � ui � 0 implies hAv; v � ui � 0; 8 u; v 2 H: (2.11)

De�nition 2.9. An operator A is said to be symmetric, if

hAu; vi = hu; Avi ; 8 u; v 2 H: (2.12)

De�nition 2.10. A linear operator A is said to be:

(i) positive de�nite, if there exists a constant � > 0; then

hAu; ui � � kuk2 ; 8 u 2 H: (2.13)

(ii) positive, if

hAu; ui � 0; 8 u 2 H: (2.14)

De�nition 2.11. An operator A is said to be Lipschitz continuous, if there exists a

constant � > 0 such that

kAu� Avk � � ku� vk ; 8 u; v 2 H:

Remark 2.2. If � = 1; in the above de�nition, then A is called nonexpansive.
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Chapter 3

General Variational Inequalities
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3.1 Introduction

In this chapter, we consider the general variational inequality and Wiener-Hopf equa-

tions. The projection technique is used to establish the equivalence between the general

variational inequality and the �xed point problems. This equivalent formulation is used

to study the existence of a solution of the general variational inequality.

Let M be a convex set in H and A; � : H ! H be nonlinear operators. We consider the

problem of �nding u 2 H : �(u) 2M such that

hAu; �(v)� �(u)i � 0; 8 v 2 H: �(v) 2M: (3.1)

Problem (3.1) is called the general variational inequality, which was introduced and

studied by Noor [31]. It has been shown that a wide class of unrelated odd-order and

nonsymmetric obstacle, unilateral, contact, free moving and equilibrium problems, which

arise in regional, physical, mathematical, engineering and applied sciences can be studied

in the uni�ed and general frame work of the general variational inequalities (3.1), see [6,

20, 36, 40, 59].

If � = I; where I is the identity operator, then problem (3.1) is equivalent to �nding

u 2M such that

hAu; v � ui � 0; 8 v 2M; (3.2)

which is known as the classical variational inequality, introduced and studied by Stam-

pacchia [69]. For applications, sensitivity analysis, formulation, numerical methods, dy-

namical system and other aspects of the variational inequality, see [5, 17, 27, 58, 37, 38,

60].
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We need the following well known results and concepts.

De�nition 3.1 [36]. An operator A is said to be:

(i) �-symmetric, if there exists an operator � : H ! H such that

hAu; �(v)i = h�(u); Avi ;8 u; v 2 H: (3.3)

(ii) �-positive, if there exists an operator � : H ! H such that

hAu; �(u)i � 0; 8 u 2 H: (3.4)

If � = I; where I is the identity operator, then de�nition 3.1 reduces to De�nition 2.9

and De�nition 2.10.

Let F be a linear continuous functional on H. For given A; � : H ! H be continuous

operators, we consider the functional J [�(v)]; de�ned as:

J [�(v)] = hAv; �(v)i � 2 hF; �(v)i ; 8 v 2 H; �(v) 2M; (3.5)

which is called the general energy functional.

It has been shown that the minimum of the functional J [�(v)]; de�ned by (3.5), can be

characterized by general variational inequality (3.1).

Theorem 3.1 [36]. Let the operator A : H ! H be linear, �-symmetric and �-positive.

If the operator � is linear, then u 2 H : �(u) 2 M minimizes the functional J [�(v)] on

the convex set M in H; if and only if, u 2 H : �(u) 2M satis�es the inequality

hAu; �(v)� �(u)i � hF; �(v)� �(u)i ; 8 v 2 H : �(v) 2M: (3.6)
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Proof. Let u 2 H : �(u) 2M be a minimum of the functional J [�(v)]: Then

J [�(u)] � J [�(v)]; 8 v 2 H : �(v) 2M:

Since M is a convex set, so 8 u; v 2 H : �(u); �(v) 2 M and t 2 [0; 1]; �(vt) =

�(u) + t(�(v)� �(u)) 2M: Replacing �(v) by �(vt) in the above inequality, we get

J [�(u)] � J [�(vt)]; 8 v 2 H : �(vt) 2M: (3.7)

From (3.5) and (3.7), we have

hAu; �(u)i � 2 hF; �(u)i � hAvt; �(vt)i � 2 hF ; �(vt)i ;

= hT (u+ t(v � u)); �(u+ t(v � u))i

� 2 hF ; �(u+ t(v � u))i ;

= hAu; �(u)i+ t hA(v � u); �(u)i+ t hAu; �(v � u)i

+ t2 hA(v � u); �(v � u)i � 2 hF ; �(u)i � 2t hF ; �(v � u)i ;

= hAu; �(u)i+ t hAu; �(v)� �(u)i+ t hAu; �(v)� �(u)i

+ t2 hAv � Au; �(v)� �(u)i � 2 hF ; �(u)i � 2t hF ; �(v)� �(u)i ;

= hAu; �(u)i+ 2t hAu; �(v)� �(u)i+ t2 hAv; �(v)� �(u)i

� t2 hAu; �(v)� �(u)i � 2 hF ; �(u)i � 2t hF ; �(v)� �(u)i ;

(3.8)

where we have used the fact that A is linear, �-symmetric and � is linear. After simpli-

fying the above expression, we obtain

hAu; �(v)� �(u)i � hF ; �(v)� �(u)i+ t

2
hAv � Au; �(v)� �(u)i � 0: (3.9)
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Taking limit in the above inequality as t! 0; we have

hAu; �(v)� �(u)i � hF; �(v)� �(u)i ; 8 v 2 H : �(v) 2M;

which is required result (3.6):

Conversely, let u 2 H be the solution of (3.6). Then, 8 u 6= v 2 H; consider

J [�(u)]� J [�(v)] = hAu; �(u)i � 2 hF; �(u)i � hAv; �(v)i+ 2 hF; �(v)i ;

= hAu; �(u)i � hAv; �(v)i+ 2 hF; �(v)� �(u)i ;

� hAu; �(u)i � hAv; �(v)i+ 2 hAu; �(v)� �(u)i ;

= hAu; �(u)i � hAv; �(v)i+ 2 hAu; �(v)i � 2 hAu; �(u)i ;

= �hAu; �(u)i � hAv; �(v)i+ 2 hAu; �(v)i ;

= �[hAu; �(u)i+ hAv; �(v)i � hAu; �(v)i � hAu; �(v)i];

= �[hAu; �(u)� �(v)i+ hAv; �(v)i � hAv; �(u)i];

= �[hAu; �(u)� �(v)i+ h�Av; �(u)� �(v)i];

= �hAu� Av; �(u)� �(v)i ;

= �hA(u� v); �(u� v)i ;

� 0;

where we have used the fact that the operator A is linear, �-positive, �-symmetric and

� is linear. Thus u 2 H : �(u) 2M satis�es

J [�(u)] � J [�(v)]; 8 v 2 H : �(v) 2M: (3.10)

This shows that u 2 H : �(u) 2M is a minimum of the functional J [�(u)]: This completes

the proof. �
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To convey an idea of the applications of the general variational inequality in di¤erential

equations, we consider the following example of third-order obstacle boundary value

problem.

Example 3.1 [36]. Find u such that

�d
3u

dx3
� F (x) on 
;

u � !(x) on 
;

[
d3u

dx3
+ F (x)][ u� !(x)] = 0 on 
; (3.11)

u(0) = 0; u0(0) = 0; u0(1) = 0;

where 
 = [0; 1]: Here F (x) is a continuous function and !(x) is the obstacle function.

The problem (3.11) is known as the third-order obstacle problem.

We remark that the problem (3.11) is a generalization of the boundary value problem

�d
3u

dx3
= F (x) on 
;

u(0) = 0; u0(0) = 0; u0(1) = 0;

considered by Dunbar [14]. The problem of this type arise from a similarity solution of

the so-called barotropic quasi-geostrophic potential vorticity equation for one layer ocean

circulation.

It has been shown [36] that the problem (3.11) can be studied in the frame work of

variational inequality (3.1). For this purpose, we de�ne the set M as:

M= fv : v 2 H2
0 (
) : � � ! on 
 = [0; 1]g; (3.12)

which is a closed and convex set in H2
0 (
); Sobolev(Hilbert) space, [1]. Using the tech-
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nique of Filippov [17], we construct the energy functional associated with the problem

(3.11) as:

I[�(v)] =

Z 1

0

�
�d

3v

dx3

��
dv

dx

�
dx� 2

Z 1

0

F (x)

�
dv

dx

�
dx; 8 dv

dx
2M;

= �
��

d2v

dx2

��
dv

dx

��1
0

+

Z 1

0

�
d2v

dx2

��
d2v

dx2

�
dx� 2

Z 1

0

F (x)

�
dv

dx

�
dx;

= �
�
d2v(1)

dx2

��
dv(1)

dx

�
+

�
d2v(0)

dx2

��
dv(0)

dx

�

+

Z 1

0

�
d2v

dx2

��
d2v

dx2

�
dx� 2

Z 1

0

F (x)

�
dv

dx

�
dx;

=

Z 1

0

�
d2v

dx2

�2
dx� 2

Z 1

0

F (x)

�
dv

dx

�
dx;

= hAv; �(v)i � 2 hF; �(v)i ; (3.13)

where

hAu; �(v)i =

Z 1

0

�
d2u

dx2

��
d2v

dx2

�
dx; (3.14)

hF; �(v)i =

1Z
0

F (x)

�
dv

dx

�
dx; (3.15)

and � = d
dx
; which is a linear operator.

We now show that the operator A; de�ned by (3.14), is �-linear, �-symmetric and �-
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positive.

(i) hA(u1 + u2); �(v)i =

Z 1

0

�
d2(u1 + u2)

dx2

��
d2v

dx2

�
dx;

=

Z 1

0

�
d2u1
dx2

��
d2v

dx2

�
dx+

Z 1

0

�
d2u2
dx2

��
d2v

dx2

�
dx;

= hAu1; �(v)i+ hAu2; �(v)i :

This shows that A is �-linear.

(ii) hAu; �(v)i =

Z 1

0

�
d2u

dx2

��
d2v

dx2

�
dx;

=

Z 1

0

�
d2v

dx2

��
d2u

dx2

�
dx = h�(u); Avi ;

which shows that A is �-symmetric.

(iii) hAu; �(u)i =
Z 1

0

�
d2u

dx2

��
d2u

dx2

�
dx =

Z 1

0

�
d2u

dx2

�2
dx � 0;

This shows that A is �-positive.

It is clear that all the assumptions of the Theorem 3.1 are satis�ed, so the minimum

u 2 H : �(u) 2M of the function I[�(v)]; de�ned by (3.13), associated with the problem

(3.11) on the closed and convex set M; de�ned by (3.12), satis�es

hAu; �(v)� �(u)i � hF; �(v)� �(u)i ; 8 v 2 H : �(v) 2M:

which is exactly the general variational inequality (3.1). In fact, the problems equivalent

to (3.11) are:
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(a) The Variational Problem

Find u 2 H2
0 (
) : �(u) 2M; which gives the minimum value to the functional

I[�(v)] = hAv; �(v)i � 2 hF; �(v)i ; 8 v 2 H2
0 (
) : �(v) 2M;

on the convex set M:

(b) The Variational Inequality (Weak) Problem

Find u 2 H2
0 (
) : �(u) 2M such that

hAu; �(v)� �(u)i � hF; �(v)� �(u)i ; 8 v 2 H2
0 (
) : �(v) 2M:

3.2 Nonconvex Functions

In this section, we de�ne the concepts of nonconvex sets and nonconvex functions. It is

well known [47, 76] that the optimality condition of the di¤erentiable nonconvex function

is equivalent to solving the general variational inequality (3.1).

De�nition 3.2 [76]. A setM� in H is said to be �-convex set, if there exists a mapping

� : H ! H such that

(1� t)�(u) + t�(v) 2M�; 8 u; v 2 H : �(u); �(v) 2M�; t 2 [0; 1]: (3.16)

If � = I, then �-convex set reduces to the convex set, see De�nition 2.4. Thus it is clear

that every convex set is a �-convex set, but the �-convex set may not be a convex set,

see [76].
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De�nition 3.3 [76]. A function F on the �-convex set M� is said to be �-convex

function, if there exists a mapping � : H ! H such that

F ((1� t)�(u) + t�(v)) � (1� t)F (�(u)) + tF (�(v));

8 u; v 2 H : �(u); �(v) 2M�; t 2 [0; 1]: (3.17)

If � = I; then �-convex functions are convex function. This shows that every convex

function is a �-convex function. However, converse is not true.

Example 3.2 [76]. Let � : R2 �! R2 be de�ned as

�(x; y) = (0; y): (3.18)

Then,

M� = f(x; y) 2 R2 : f�1(0; 0)+�2(2; 1)+�3(0; 3)g [ f�1(0; 0)+�2(0;�3)+�3(�2;�1)gg;

with, �1; �2; �3 � 0;
P3

i=1 �i = 1 is a �-convex set but not a convex set.

It is known that the minimum of a di¤erentiable �-convex function on M� in H can

be characterized by a class of general variational inequality, see [47]. For the sake of

completeness, we include all the details.

Lemma 3.1 [47]. Let F be a di¤erentiable function on the �-convex set M�. Then u 2

H : �(u) 2M� is a minimum of a di¤erentiable �-convex function F on the �-convex set
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M�; if and only if, u 2 H : �(u) 2M� satis�es the inequality

hF 0(�(u)); �(v)� �(u)i � 0; 8 v 2 H : �(v) 2M�; (3.19)

where F 0(�(u)) is the di¤erential of F at �(u) 2M�:

Proof. Let u 2 H : �(u) 2 M� be a minimum of the �-convex function F on the

�-convex set M�: Then

F (�(u)) � F (�(v)); 8 v 2 H : �(v) 2M�: (3.20)

Since M� is a �-convex set, then 8 u; v 2 H : �(u); �(v) 2 M�; t 2 [0; 1]; �(vt) =

�(u) + t(�(v)� �(u)) 2M�: Setting �(v) = �(vt) in (3.20), we have

F (�(u)) � F (�(u) + t(�(v)� �(u)); (3.21)

Dividing the above inequality by t and taking limit as t! 0; we have

0 � lim
t!0

F (�(u) + t(�(v)� �(u))� F (�(u))

t
;

= hF 0(�(u)); �(v)� �(u)i ; 8 v 2 H : �(v) 2M�;

which is the required result (3.19).

Conversely, let u 2 H : �(u) 2 M� satisfy the inequality (3.19). Since F is a �-convex

function, 8 u; v 2 H : �(u); �(v) 2M�; t 2 [0; 1]; �(u) + t(�(v)� �(u)) 2M�; and

F (�(u) + t(�(v)� �(u))) � (1� t)F (�(u)) + tF (�(v));
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which implies that

F (�(v))� F (�(u)) � F (�(u) + t(�(v)� �(u)))� F (�(u))

t
:

Taking the limit as t! 0 in the above inequality and using (3.19), we have

F (�(v))� F (�(u)) � hF 0(�(u)); �(v)� �(u)i ;

� 0:

Thus, we have

F (�(u)) � F (�(v)); 8 v 2 H : �(v) 2M�;

which shows that u 2 H : �(u) 2M� is a minimum of F on M� in H: �

Lemma 3.1 implies that the optimality condition of the di¤erentiable nonconvex functions

can be characterized by the general variational inequalities.

If � = I; then Lemma 3.1 reduces to the following result of Stampacchia [69].

Corollary 3.1. Let F be a di¤erentiable function on the convex set M . Then u 2M is

a minimum of a di¤erentiable convex function F on the convex set M; if and only if,

u 2M satis�es the inequality

hF 0(u); v � ui � 0; 8 v 2M;

where F 0(u) is the di¤erential of F at u 2M:

3.3 Existence

In this section, we consider the problem of existence of the general variational inequal-

ity. For this purpose, we, �rst of all, show that the general variational inequalities are
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equivalent to the �xed point problem by using the projection technique. We use this

alternative equivalent formulation to study the existence of a solution of the general

variational inequalities (3.1).

Lemma 3.2 [31]. Let M be a closed and convex set in H. Then u 2 H : �(u) 2 M

is a solution of the general variational inequality (3.1), if and only if, u 2 H : �(u) 2

M satis�es the relation

�(u) = PM [�(u)� �Au]; (3.22)

where PM is the projection of H onto the closed and convex set M and � > 0 is a

constant.

Proof. Let u 2 H : �(u) 2 M be a solution of (3.1). Then, for a constant � > 0; we

have

h�(u)� (�(u)� �Au); �(v)� �(u)i � 0; 8 v 2 H : �(v) 2M; (3.23)

which, using Lemma 2.1, is equivalent to

�(u) = PM [�(u)� �Au]: �

Lemma 3.2 implies that the general variational inequality (3.1) is equivalent to the �xed

point problem (3.23). This alternative equivalent formulation plays a fundamental role in

the study of various aspects of the general variational inequality. We use this alternative

equivalent formulation to study the existence of a solution of the general variational

inequality (3.1).

From Lemma 3.2, we de�ne the mapping G(u) as:

G(u) = u� �(u) + PM [�(u)� �Au]: (3.24)
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We now study those conditions under which the general variational inequality (3.1) has

a unique solution. This is the main motivation of the following result.

Theorem 3.2 [40]. Let the operators A; � : H ! H be both strongly monotone with

constants � > 0; � > 0 and Lipschitz continuous with constants � > 0; � > 0 repectively.

If ������ �

�

���� <
q
�2 � �2k(2� k)

�2
; � > �

p
k(2� k); k < 1; (3.25)

where

k = 2
p
1� 2� + �2; (3.26)

then there exists a unique solution u 2 H : �(u) 2M of the general variational inequality

(3.1).

Proof. (a) Uniqueness. Let u1 6= u2 2 H : �(u1) 6= �(u2) 2M be two solutions of the

general variational inequality (3.1). Then

hAu1; �(v)� �(u1)i � 0; 8 �(v) 2M; (3.27)

and

hAu2; �(v)� �(u2)i � 0; 8 �(v) 2M: (3.28)

Taking v = u2 in (3.27) and v = u1 in (3.28) and adding the resultant inequalities, we

obtain

hAu1 � Au2; �(u1)� �(u2)i � 0;

which can be written as

hAu1 � Au2; u1 � u2i � hAu1 � Au2; u1 � u2 � (�(u1)� �(u2))i : (3.29)

Since A is strongly monotone with a constant � > 0 and Lipschitz continuous with a
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constant � > 0; we have

� ku1 � u2k2 � kAu1 � Au2k ku1 � u2 � (�(u1)� �(u2))k ;

� � ku1 � u2k ku1 � u2 � (�(u1)� �(u2))k : (3.30)

Now using the strongly monotonicity with constant � > 0 and Lipschitz continuity with

constant � > 0 of the operator �; we have

ku1 � u2 � (�(u1)� �(u2))k2 = ku1 � u2k2 � 2 h�(u1)� �(u2); u1 � u2i

+ k�(u1)� �(u2)k2 ;

� (1� 2� + �2) ku1 � u2k2 : (3.31)

From (3.30) and (3.31), we obtain

� ku1 � u2k2 � �
p
1� 2� + �2 ku1 � u2k2 ;

which implies that

(�� �
p
1� 2� + �2) ku1 � u2k2 � 0: (3.32)

Since � > �
p
1� 2� + �2; it follows that

ku1 � u2k2 � 0;

which is impossible. Thus it follows that, u1 = u2; the uniqueness of the solution of (3.1).

(b) Existence. From Lemma 3.2, it follows that the solution of (3.1) can be written as

(3.22). Thus it is enough to show that the mapping G(u) de�ned by (3.24) has a �xed

point.
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Now, 8 u 6= v 2 H : �(u) 6= �(v) 2M; and using (3.30) and (3.31), we have

kG(u)�G(v)k = ku� v � (�(u)� �(v))+PM [�(u)� �Au]�PM [�(v)� �Av]k ;

� ku� v � (�(u)� �(v))k

+ kPM [�(u)� �Au]�PM [�(v)� �Av]k ;

� ku� v � (�(u)� �(v))k

+ k�(u)� �(v)� �(Au� Av)k ;

� 2 ku� v � (�(u)� �(v))k+ ku� v � �(Au� Av)k ;

� (2
p
1� 2� + �2 +

q
1� 2��+ �2�2) ku� vk ;

= (k + t(�)) ku� vk ;

= � ku� vk ; (3.33)

where

t(�) =

q
1� 2��+ �2�2; (3.34)

� = k + t(�): (3.35)

From (3.25), it follows that � < 1. This shows that the mapping G(u); de�ned by (3.24),

is a contraction mapping. Consequently, the mapping G(u); de�ned by (3.24), has a �xed

point G(u) = u 2 H : �(u) 2M; a closed and convex set, satisfying (3.1). �

We now use the �xed point formulation (3.22) to suggest and analyze the following

iterative method for solving general variational inequalities (3.1).

Algorithm 3.1. For a given u0 2 H; calculate un+1 by the recurrence relation

�(un+1) = PM [�(un)� �Aun]; n = 0; 1; 2; : : : (3.36)

where � > 0 is a constant.
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For the convergence analysis of Algorithm 3.1, see [31, 74].

For � = I; where I is the identity operator, the algorithm 3.1 reduces to the following

method for solving the variational inequalities (3.2).

Algorithm 3.2. For a given u0 2 H; calculate un+1 by the recurrence relation

un+1 = PM [un � �Aun]; n = 0; 1; 2; : : : : (3.37)

We now de�ne the residue vector r(u; �) as:

r(u; �) = �(u)� PM [�(u)� �Au]: (3.38)

From Lemma 3.2, it is clear that u 2 H : �(u) 2M is a solution of (3.1), if and only if,

u 2 H : �(u) 2M is a zero of the equation

r(u; �) = 0: (3.39)

For a positive constant ; we can rewrite equation (3.39) as

�(u) + �Au = �(u) + �Au� r(u; �): (3.40)

We use the �xed point formulation to suggest and analyze the following iterative method.

Algorithm 3.3 [44]. For a given u0 2 H; calculate un+1 by the recurrence relation

�(un+1) = �(un) + �Aun � �Aun+1 � r(un; �): (3.41)

Algorithm 3.3 is known as the implicit method.
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For  = 1; the above iterative scheme can be written as

�(un+1) = (I + �A��1)fPM [I � �A��1] + �A��1g�(un): (3.42)

For the convergence analysis of Algorithm 3.3, see [44].

3.4 Wiener-Hopf Equations

We consider the problem of the Wiener-Hopf equations. Assume that QM = I�PM : For

continuous operators A; � : H ! H, we consider z 2 H such that

�A��1PMz +QMz = 0; (3.43)

provided that ��1 exists. The equations (3.43) are called the general Wiener-Hopf

equations, see [34]. For the applications, sensitivity analysis, numerical methods and

other aspects of the Wiener-Hopf equations, see [35, 40, 43, 44].

If � = I; then general Wiener-Hopf equations (3.43) reduce to:

�APMz +QMz = 0; (3.44)

which are called the origional Wiener-Hopf equations, see [64, 66].

We now establish the equivalence between the Wiener-Hopf equations (3.43) and the

general variational inequalities (3.1).

Lemma 3.3 [44]. The element u 2 H : �(u) 2M is a solution of (3.1), if and only if,
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z 2 H is a solution of (3.43), provided

�(u) = PMz; (3.45)

z = �(u)� �Au; (3.46)

where � > 0; is a constant and ��1 exists.

Proof. If u 2 H : �(u) 2M is a solution of (3.1), then

�(u) = PM [�(u)� �Au]; (3.47)

where we have used Lemma 3.2. Set

z = �(u)� �Au:

From (3.46) and (3.47), we have

�(u) = PMz:

Using the fact QM = I � PM and the above expression repeatedly, we have

QMz = QM [�(u)� �Au];

= [I � PM ][�(u)� �Au];

= �(u)� PM [�(u)� �Au]� �Au;

= ��Au;

= ��A��1PM [�(u)� �Au];

= ��A��1PMz; (3.48)

which implies that

A��1PMz + ��1QMz = 0;
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the required Wiener-Hopf equations (3.43).

Conversely, let z 2 H be a solution of (3.43), then we have

�A��1PMz = �QMz = PMz � z: (3.49)

From Lemma 2.1 and (3.49), 8 v 2 H : �(v) 2M; we obtain

0 � hPMz � z; �(v)� PMzi ;

= h�QMz; �(v)� PMzi ;

=


�A��1PMz; �(v)� PMz

�
: (3.50)

Thus �(u) = PMz is a solution of (3.1). �

Lemma 3.3 implies that the general variational inequalities (3.1) and general Wiener-

Hopf equations (3.43) are equivalent. This equivalence is useful from the numerical and

theoretical point of views. It has been shown that the Wiener-Hopf equations are �exible

and provide a uni�ed framework to develop e¢ cient and powerful numerical techniques

for solving variational inequalities and related optimization problems. See [35, 40, 43,

44] for more details. In the next chapter, we use the Wiener-Hopf equations to suggest

some self-adaptive iterative methods.
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Chapter 4

Self-adaptive Method
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4.1 Introduction

The general variational inequalities have been considered in chapter 3. It has been

shown [44, 45] that the general variational inequalities are equivalent to the �xed point

problems and the Wiener-Hopf equations. These equivalent formulations have been used

to suggest and analyze some iterative methods for �nding the approximate solutions of

the general variational inequalities (3.1). The convergence of these methods requires

that the operator is both strongly monotone and Lipschitz continuous. These are very

strict conditions. Secondly, it is di¢ cult to evaluate the projection of the operator expect

for very simple cases. This fact motivated to develop other methods or to modify the

projection method. To overcome this disadvantage, He [19], Bnouhachem and Noor

[6, 8], Noor and Bnouhachem [55] and Noor [42, 44] used these alternative equivalent

formulation to suggest and analyze the modi�ed projection iterative method for solving

the general variational inequalities.

In this chapter, a new class of self-adaptive methods for solving the general variational

inequality in conjunction with Wiener-Hopf equations is suggested and analyzed. Using

essentially the idea and technique of Noor [43, 44], we prove that the convergence of

the new methods require only the pseudomonotonicity, which is a weaker condition than

monotonicity. Our results can be viewed as a signi�cant extention of the previously

known results for variational inequalities. Examples are given to illustrate the e¢ ciency,

implementation and the performance of the proposed methods. Comparison with other

methods shows that the new self-adaptive methods perform better. We also show that

these methods can be extended for solving the quasi variational inequalities. These results

are published in Nonlinear Analysis 71(2009), 3728-3738, see [57].

For given nonlinear operators A; � : H ! H; we consider the problem of �nding u 2 H :
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�(u) 2M such that

hAu; �(v)� �(u)i � 0; 8 v 2 H: �(v) 2M: (4.1)

Problem (4.1) is called the general variational inequality, see [6, 20, 36, 44, 59].

We note that, if � = I; where I is the identity operator, then problem (4.1) is equivalent

to �nding u 2M such that

hAu; v � ui � 0; 8 v 2M; (4.2)

which is known as the classical variational inequality (4.2). For the applications, numer-

ical methods and other aspects of the variational inequalities, see [5, 17, 27, 37-38, 58,

60].

We also recall some well known concepts.

De�nition 4.1 [44]. An operator A is said to be �-pseudomonotone; if

hAu; �(v)� �(u)i � 0 implies hAv; �(v)� �(u)i � 0; 8 u; v 2 H:

Assumptions.

(i) H is a �nite demension space.

(ii) A is �-continuous, �-pseudomonotone operator on H and the operator � is bijective

and its inverse ��1 exists.

(iii) The solution set of problem (4.1) is denoted by S� and is nonempty.
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From (3.38), (3.45) and (3.46), the Wiener-hopf equations (3.43) can be written as:

0 = QMz + �A��1PMz;

= QM [�(u)� �Au] + �A��1PM [�(u)� �Au];

= [I � PM ][�(u)� �Au] + �A��1PM [�(u)� �Au];

= �(u)� �Au� PM [�(u)� �Au] + �A��1PM [�(u)� �Au];

= r(u; �)� �Au+ �A��1PM [�(u)� �Au];

where

r(u; �) = �(u)� PM [�(u)� �Au]:

Let

d(u; �) = r(u; �)� �Au+ �A��1PM [�(u)� �Au]:

Obviously, u 2 H : �(u) 2 M is a solution of the general variational inequality (4.1), if

and only if, u 2 H : �(u) 2M is a zero of the equation

d(u; �) = 0: (4.3)

For a positive number � 2 [0; 1]; equation (4.3) can be written as

�(u) = �(u)� �d(u; �): (4.4)

This �xed point formulation is used to suggest and analyze the self-adaptive methods for

solving the general variational inequalities (4.1). This method is obtained by adjusting

the parameters at each iteration in the method of Noor [43, 44].

4.2 Iterative Methods
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Algorithm 4.1.

Step 0:

Given � > 0;  2 [1; 2); � 2 (0; 1); � > 0; �0; � 2 (0; 1) and uo 2 H; set n = 0:

Step 1:

Set �n = �: If kr(un; �)k < �; then stop; otherwise, �nd the smallest non-negative

integer mn; such that �n = ��mn satisfying

�n


A(un)� A��1PM [�(un)� �nA(un)]; r(un; �n)

�
� � kr(un; �n)k

2 :

Step 2:

Compute

d(un; �n) = r(un; �n)� �nA(un) + �nA�
�1PM [�(un)� �nA(un)]:

�n =
(1� �) kr(un; �n)k

2

kd(un; �n)k
2 :

Step 3:

Get the next iterate

�(un+1) = �(un)� �nd(un; �n):

Step 4:

If

�n


A(un)� A��1PM [�(un)� �nA(un)]; r(un; �n)

�
� �0 kr(un; �n)k

2 ;

then set � = �n
�
; else set � = �n: Set n = n+ 1, and go to step 1.

If we take � = I; where I is the identity operator, then Algorithm 4.1 collapses to

the following iterative method for solving variational inequalities (4.2).
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Algorithm 4.2.

Step 0:

Given � > 0;  2 [1; 2); � 2 (0; 1); � > 0; �0; � 2 (0; 1) and uo 2 H; set n = 0:

Step 1:

Set �n = �: If kr(un; �)k < �; then stop; otherwise, �nd the smallest non-negative

integer mn; such that �n = ��mn satisfying

�n hA(un)� APM [un � �nA(un)]; r(un; �n)i � � kr(un; �n)k
2 :

Step 2:

Compute

d(un; �n) = r(un; �n)� �nA(un) + �nAPM [un � �nA(un)];

�n =
(1� �) kr(un; �n)k

2

kd(un; �n)k
2 :

Step 3:

Get the next iterate

un+1 = un � �nd(un; �n):

Step 4:

If

�n hA(un)� APM [un � �nA(un)]; r(un; �n)i � �0 kr(un; �n)k
2 ;

then set � = �n
�
; else set � = �n: Set n=n+1, and go to step 1.

We prove some of the important results which will be required in our following analysis.

The following lemma shows that kr(u; �)k is a non-decreasing function, while kr(u; �)k
�

is

a non-increasing one with respect to �: This result is mainly due to Toint [71]. We give
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its proof to convey an idea of the technique involved.

Lemma 4.1. For all u 2 H and �0 � � > 0; it holds that

kr(u; �0)k � kr(u; �)k ; (4.5)

and
kr(u; �0)k

�0
� kr(u; �)k

�
:

Proof. Let

t =
kr(u; �0)k
kr(u; �)k :

We need to prove that

1 � t � �0

�
;

we have

(t� 1)(t��
0

�
) � 0:

Substituting z = �(u) � �Au; u = PM [�(u) � �Au]; v = PM [�(u) � �0Au] in (2.3), we

get

h�(u)� �Au�PM [�(u)� �Au]; PM [�(u)� �Au]� PM [�(u)� �0Au]i � 0: (4.6)

Again substituting z = �(u) � �0Au; u = PM [�(u) � �0Au ]; v = PM [�(u) � �Au ] in

equation (2.3), we have

h�(u)� �0Au�PM [�(u)� �0Au]; PM [�(u)� �0Au]� PM [�(u)� �Au]i � 0: (4.7)

From (3.38), we get

r(u; �0)�r(u; �) = PM [�(u)� �Au]� PM [�(u)� �0Au]: (4.8)
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From (4.6) and (4.8), we have

hr(u; �)� �Au; r(u; �0)� r(u; �)i � 0: (4.9)

After rearranging the above expression will become

hr(u; �); r(u; �0)� r(u; �)i � � hAu; r(u; �0)� r(u; �)i � 0: (4.10)

From (4.7) and (4.8), we get

hr(u; �0)��0Au; r(u; �)� r(u; �0)i � 0: (4.11)

After rearranging the above expression, we obtain

hr(u; �0); r(u; �)� r(u; �0)i � �0 hAu; r(u; �)� r(u; �0)i : (4.12)

Multiplying (4.10) by �0 and (4.12) by �, we get

h�0r(u; �); r(u; �0)� r(u; �)i � �0� hAu; r(u; �0)� r(u; �)i : (4.13)

Similarly, we have

h�r(u; �0); r(u; �)� r(u; �0)i � ��0 h�Au; r(u; �)� r(u; �0)i : (4.14)

Adding (4.13) and (4.14), we get

h�0r(u; �)��r(u; �0); r(u; �0)� r(u; �)i � 0;
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and consequently, we obtain

�0 kr(u; �)k2 + � kr(u; �0)k2 � (�+ �0) hr(u; �); r(u; �0)i ; (4.15)

� (�+ �0) kr(u; �)k kr(u; �0)k : (4.16)

Dividing both side by kr(u; �)k2 in the above expression and substituting t = kr(u; �0)k
kr(u; �)k ;

we get

�0 + �t2 � (�+ �0)t:

This implies

0 � �0 � �0t+ �t2 � �t;

= �0(1� t)� �t(1� t);

= (1� t)(�0 � �t):

Hence (1� t) < 0; this implies that

(�0 � �t) � 0;

from which, we have

t � �0

�
:

Substituting value of t
kr(u; �0)k
kr(u; �)k �

�0

�
;

we get
kr(u; �0)k

�0
� kr(u; �)k

�
:

This is the required result. �

Lemma 4.2. If u is not a solution of problem (4.1), then there exists � 2 (0; 1) and
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�0 > 0; such that for all � 2 (0; �0);

�
Au�A��1PM [�(u)� �Au]

 � � kr(u; �)k : (4.17)

Proof. Suppose that (4.17) is not true, then

�
Au�A��1PM [�(u)� �Au]

 � � kr(u; �)k ; 8 � > 0:

Since A is �-continuous and taking the limit as �!0 in the above inequality, we have

0 � lim
�!0

� kr(u; �)k
�

� � kr(u; 1)k : (4.18)

We know that from Lemma 4.1

kr(u; �0)k
�0

� kr(u; �)k
�

: (4.19)

From (4.18) and (4.19), we follow that kr(u; 1)k = 0; which contradicts the assumption

of the lemma. �

Lemma 4.3. Let A be �-pseudomonotone. Then, 8 u 2 H; u� 2 S� and � > 0; we

obtain

h�(u)� �(u�); d(u; �)i � d1(u; �) � (1� �) kr(u; �)k2 ;

where

d(u; �) = r(u; �)� �Au+ �A��1PM [�(u)� �Au]; (4.20)

d1(u; �) = kr(u; �)k2 � �


r(u; �); Au��A��1PM [�(u)� �Au]

�
: (4.21)

Proof. Let u� 2 S� be a solution of problem (4.1). Then, using the �-pseudomonotone
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of A; we have

h�Av; �(v)� �(u�)i � 0; 8 v 2 H : �(v) 2M:

Taking �(v) = PM [�(u)� �Au] in the above inequality, since ��1 exists, then the above

expression will become



�A��1PM [�(u)� �Au]; PM [�(u)� �Au]� �(u�)

�
� 0: (4.22)

Substituting u = PM [�(u)��Au]; v = �(u�); z = �(u)��Au in equation (2.3), we have

h�(u)� �Au� PM [�(u)� �Au]; PM [�(u)� �Au]� �(u�)i � 0:

From (3.38), we have r(u; �) = �(u)� PM [�(u)� �Au]; the above inequality becomes

hr(u; �)� �Au; PM [�(u)� �Au]��(u�)i � 0: (4.23)

From (4.20), (4.22) and (4.23), we have

0 �


�A��1PM [�(u)� �Au]; PM [�(u)� �Au]� �(u�)

�
+

hr(u; �)� �Au; PM [�(u)� �Au]� �(u�)i ;

=


�A��1PM [�(u)� �Au] + r(u; �)� �Au; PM [�(u)� �Au]� �(u�)

�
;

=


r(u; �)� �[Au� A��1PM [�(u)� �Au]];

�(u)� �(u�)� �(u) + PM [�(u)� �Au]i ;

= hd(u; �); �(u)� �(u�) � r(u; �)i : (4.24)

This implies

hd(u; �); �(u)� �(u�) i � hd(u; �); r(u; �)i : (4.25)
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From (4.20), (4.21) and (4.25), we obtain

hd(u; �); �(u)� �(u�) i �


r(u; �)� �[Au� A��1PM [�(u)� �Au]; r(u; �)

�
;

= kr(u; �)k2 � �


Au�A��1PM [�(u)� �Au; r(u; �)

�
;

= d1(u; �): (4.26)

From (4.21), we have

d1(u; �) � kr(u; �)k2�� kr(u; �)k
Au�A��1PM [�(u)� �Au]

 : (4.27)

From (4.17) and (4.27), we get

d1(u; �) � kr(u; �)k2 � � kr(u; �)k2 : (4.28)

From (4.26) and (4.28), we obtain

h�(u)� �(u�); d(u; �)i � d1(u; �) � (1� �) kr(u; �)k2 : (4.29)

Hence, the required proof. �

This fact has motivated us to construct the following iterative method for solving the

general variational inequalities (4.1).

Algorithm 4.3.

Step 0:

Given � > 0;  2 [1; 2); � 2 (0; 1); � > 0; �0; � 2 (0; 1) and u0 2 H; set n = 0:

Step 1:

Set �n = �; if kr(un; �)k < �; then stop; otherwise, �nd the smallest non-negative
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integer mn ; such that �n = �umn , satisfying

k�n(A(un)� A(wn))k � � kr(un; �n)k ;

where

�(wn) = PM [�(un)� �nA(un)]:

Step 2:

�n =
d1(un; �n)

kd(un; �n)k
2 ; (4.30)

where

d1(un; �n) = kr(un; �n)k
2 � �n



r(un; �n); A(un)�A��1PM [�(un)��nA(un)]

�
;

d(un; �n) = r(un; �n)��nA(un)+A��1PM [�(un)� �nA(un)]:

Step 3:

Get the next iterate

�(un+1) = �(un)� �nd(un; �n): (4.31)

Step 4:

If �
n
(A(un)�A(wn))

 � �0 kr(un; �n)k ;

then set � = �n
�
; else set � = �n: set n = n+ 1; and go to step 1.

If � = I; the identity operator, then Algorithm 4.3 reduces to the following method for

solving the variational inequalities (4.2) and appear to be a new one.

Algorithm 4.4.

Step 0:
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Given � > 0;  2 [1; 2); � 2 (0; 1); � > 0; �0; � 2 (0; 1) and u0 2 H; set n = 0:

Step 1:

Set �n = �; if kr(un; �)k < �; then stop; otherwise, �nd the smallest non-negative

integer mn; such that �n = �umn , satisfying

�
n
(A(un)�A(wn))

 � � kr(un; �n)k ;

where

wn = PM [un��nA(un)]:

Step 2:

Step size

�n =
d1(un; �n)

kd(un; �n)k
2 ;

where

d1(un; �n) = kr(un; �n)k
2 � �n hr(un; �n); A(un)�APM [un��nA(un)]i ;

d(un; �n) = r(un; �n)��nA(un)+APM [un��nA(un)]:

Step 3:

Get the next iterate

un+1 = un��nd(un; �n):

Step 4:

If �
n
(A(un)�A(wn))

 � �0 kr(un; �n)k ;

then set � = �n
�
; else set � = �n; set n = n+ 1; and go to step 1.
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4.3 Convergence Analysis

We consider the convergence of Algorithm 4.3. For this purpose, we need the following

result.

Theorem 4.1. Let u� 2 H be a solution of (4.1) and let un+1 be the sequence obtained

from Algorithm 4.3. Then

k�(un+1)� �(u�)k2 � k�(un)��(u�)k2 �
1

2
(2� )(1� �) kr(un; �n )k

2 : (4.32)

Proof. Let u� 2 H be a solution of problem (4.1). Then, from (4.29), (4.30) and (4.31),

we have

k�(un+1)� �(u�)k2 = k�(un)��(u�)��nd(un; �n)k
2 ;

= k�(un)��(u�)k2 � 2�n h�(un)��(u�); d(un; �n)i

+2�2n kd(un; �n)k
2 ; (4.33)

� k�(un)��(u�)k2 � 2�nd1(un; �n) + 2�nd1(un; �n);

� k�(un)��(u�)k2 � 2�n(1� �) kr(un; �n)k
2

+2�n(1� �) kr(un; �n)k
2 ;

= k�(un)��(u�)k2 � (2� )(1� �)�n kr(un; �n)k
2 : (4.34)
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is the required result. �

We know prove that �n > 1
2
: From (4.17), (4.20), (4.21), we have

d1(u; �) = kr(u; �)k2 � �


r(u; �); Au��A��1PM [�(u)� �Au]

�
; (4.35)

>
1

2
kr(u; �)k2 � �



r(u; �); Au��A��1PM [�(u)� �Au]

�

+
1

2
�2
Au�A��1PM [�(u)� �Au]

2 ;
=

1

2
[
r(u; �)� �[Au� A��1PM [�(u)� �Au]

2];
=

1

2
kd(u; �)k2 : (4.36)

From (4.30) and (4.36), we get

d1(un; �n) >
1

2

d1(un; �n)

�n
; (4.37)

this implies

�n >
1

2
: (4.38)

Combining (4.34) and the above inequality, we have the desired result. �

Theorem 4.2. Let u 2 H be a solution of (4.1) and let fung be the sequence obtained

from Algorithm 4.3. If  2 [1; 2) and � 2 (0; 1); then, limn!1 un = u:
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Proof. Since  2 [1; 2) and � 2 (0; 1); from (4.34), we have

1X
n=0

(2� )(1� �)�n kr(un; �n)k
2 � k�(u0)� �(u)k2 : (4.39)

This implies that

lim
n!1

kr(un; �n)k = 0; (4.40)

and it follows from Lemma 4.2 that

minf1; �ng kr(un; 1)k � kr(un; �n)k : (4.41)

Combining (4.40) and (4.41), we get

lim
n!1

�n kr(un; 1)k = 0: (4.42)

We have, two possible cases. Firstly, suppose that

lim
n!1

sup �n > 0;

it follows from (4.42) that is

lim
n!1

inf kr(un; 1)k = 0:

It follows from (4.32) that the sequence fung is bounded and consequently, it has a cluster

point u such that kr(u; 1)k = 0; which implies u is a solution of problem (4.1).

Now, we consider the second possible case

lim
n!1

�n = 0:

By the choice of �n; we know that (4.17) was not satis�ed. Then for n large such that
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�n < �; we obtain

A(un)� A��1PM [�(un)�
�n
�
A(un)]

 � ��

r(un; �n
�
)


�n
� � kr(un; 1)k :

Where the second inequality follows from Lemma 4.1.

Let u be a cluster point of un and the subsequence unj converges to u: Then, we have

kr(u; 1)k = lim
j!1

kr(unj ; 1)k �
limj!1

A(unj )� A��1PM [�(unj )�
�nj
�
A(unj )]


�

= 0;

which means that u is a solution of problem (4.1). In the following, we show that the

sequence un has exactly one cluster point. Suppose that u is another cluster point and

satis�es

� = k�(u)� �(u)k > 0:

Since u is a cluster point of the sequence fung, there is a n0 > 0 such that

k�(un)� �(u)k � �

2
:

:

On the other hand, since u 2 S� and from (4.31), we have

k�(un)� �(u)k � k�(unj)� �(u)k ; 8 n � n0;

it follows that

k�(un)� �(u)k � k�(u)� �(u)k � k�(un)� �(u)k � �

2
; 8 n � n0:

This contradicts the assumption, thus the sequence fung converges to u 2 S�: �
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4.4 Computational Results

In this section, we present some numerical results for the proposed method, we consider

the following examples:

Example 4.1. We consider the problem (4.1) with

A(u) = D1(u) +D2u+ q (4.43)

where, D1(u) is nonlinear part and D2u+ q is linear part of A(u) respectively. Problem

(4.43) is a special case of problem (4.1), by taking � = I; the identity operator, since

Algorithm 4.1 and 4.3 reduce to Algorithm 4.2 and 4.4, respectively. We form the test

problems similarly as in Harker and Pang [18]. The matrix D2 = BtB + C; where B is

n � n matrix whose entries are randomly generated from the interval (�5; +5 ) and

skew-symmetric matrix C is generated in the same way. The vector q is generated from

a uniform distribution in the inteval (�500; +500 ) for easy problems and (�500; 0 )

for hard problems, respectively. In D1(u); the nonlinear part of A(u); the componenets

are Dj(u) = dj � arctan(uj ) and dj is a random variable in (0; 1):

In this test, we take, � = 2
3
; � = 0:95; �0 = 0:95; � > 0 and  = 1:95; the starting

point u0 = (0; 0; 0; : : : ; 0)T . The computation begins with �0 = 1 and stop as soon

as kr(un; �n)k � 10�7; all codes are written in Matlab. The test results for problems

(q 2 (�500; +500 )) and (q 2 (�500; 0 )) are re�ected in Table 4.1 and Table 4.2 for

example 4.1.
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Table 4.1. Numerical Results

for q 2 (�500; +500 )

Order of matrix Algorithm 4.2 Algorithm 4.4

n No. It. CPU(Sec) No. It. CPU(Sec)

200 61 7.16 53 0.36

300 54 17.56 46 0.87

500 27 61.15 24 2.83

700 50 179.9 41 8.49

Table 4.2. Numerical Results

for q 2 (�500; 0 )

Order of matrix Algorithm 4.2 Algorithm 4.4

n No. It. CPU(Sec) No. It. CPU(Sec)

200 90 11.56 85 0.58

300 96 35.73 85 1.75

500 40 121.99 31 5.50

700 91 422.07 64 18.32

Table 4.1 and Table 4.2 show the comparison of results of Algorithm 4.2 and Algorithm

4.4 respectively. Algorithm 4.4 shows that the proposed self-adaptive method is more

e¢ cient and controlling parameters play an important role to reduce the number of

iterations. It has been observed that Algorithm 4.4 converge rapidly than Algorithm 4.2

with the same parameters. In additiom, it seems that the CPU are not sensitive to the

problem size compared with Algorithm 4.2.

Example 4.2 [59]. This example is a general variational inequality with �(u) = Lu+ q

and Au = u; where
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L =

26666666666664

4 �2 0 � � � 0 0

1 4 �2 � � � 0 0

0 1 4
. . . 0 0

...
...

. . . . . . . . .
...

0 0 0
. . . . . . �2

0 0 0 � � � 1 4

37777777777775
; q =

26666664
1
...
...

1

37777775 :

For this problem, we take the domain setM = fu 2 Rn : 0 � ui � 1; i = 1; 2; 3; ::::ng :

Table 4.3 provides the results for Algorithm 4.1. Table 4.4-Table 4.7 provide the results

for Algorithm 4.3 with starting point u0 = �L�1q for order n = 100 of the matrix: In

all tests, we take, �; � 2 (0; 1); � > 0 and  2 [1; 2]: The computation stops as soon as

kr(un; �n)k � 10�7:

Table 4.3. (Numerical Results for Algorithm 4.1)

Parameters � = 5; � = 0:01; � = 6; � = 0:01; � = 6; � = 0:01;

� = 0:7 � = 0:8 � = 0:9

Iterations 15 24 51

Table 4.4. (Numerical Results for Algorithm 4.3)

Parameters � = 5; � = 0:01; � = 6; � = 0:01; � = 6; � = 0:01;

� = 0:7 � = 0:8 � = 0:9

Iterations 10 16 34

From Table 4.3 and Table 4.4, we see that the number of iterations vary with the change

of parameters. Table 4.4 provides the results for self-adaptive method (Algorithm 4.3).

We also note that the new proposed self-adaptive method (Algorithm 4.3) converges more

rapidly than Algorithm 4.1 for solving general variational inequalities.
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Table 4.5. (Numerical Results for Algorithm 4.3)

Parameters � = 7; � = 0:2; � = 7; � = 0:1; � = 7; � = 0:04;

� = 0:8 � = 0:8 � = 0:8

Iterations 11 15 19

Table 4.6. (Numerical Results for Algorithm 4.3)

Parameters � = 3; � = 0:05; � = 6; � = 0:05; � = 8; � = 0:05;

� = 0:7 � = 0:7 � = 0:7

Iterations 9 11 12

Table 4.7. (Numerical Results for Algorithm 4.3 )

Parameters � = 5; � = 0:15; � = 6; � = 0:1; � = 6; � = 0:05;

� = 0:6 � = 0:7 � = 0:8

Iterations 5 9 17

From Table 4.5-Table 4.7, we have observed that in the new self-adaptive method the

number of iterations vary with the change of parameters �; � and �: By changing the

parameters appropriately, the number of iterations can be reduced.

4.5 Applications

In this section, we show that the results obtained in this chapter can be extended for

a class of quasi variational inequalities. If the convex set M depends upon the solution

explicitly or implicitly, then variational inequality problem is known as the quasi varia-

tional inequality, see [32]. For a given operator A : H ! H; and a point-to-set mapping

M : u!M(u); which associates a closed convex-valued set M(u) with any element u of

H; we consider the problem of �nding u 2M(u) such that

hAu; v � ui � 0; 8 v 2M(u): (4.44)
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Inequality of type (4.44) is called the quasi variational inequality. To convey an idea

of the applications of the quasi variational inequalities, we consider the second-order

implicit obstacle boundary value problem of �nding u such that

�d
2u

dx2
� F (x) on 
 = [a; b];

u � B(u) on 
 = [a; b];

[
d2u

dx2
+ F (x)][ u�B(u)] = 0 on 
 = [a; b]; (4.45)

u(a) = 0; u(b) = 0;

where F (x) is a continuous function and B(u) is the cost (obstacle) function, which

depends on the solution u: The prototype encountered is

B(u) = k + inf
i
fuig: (4.46)

In (4.46), k represents the switching cost. It is positive when unit is turned on and equal

to zero when the unit is turned o¤. Note that the operator B provides the coupling

between the unknowns u = (u1; u2; : : : ui); see [2]. We study the problem (4.45) in the

framework of variational inequality approach. For this purpose, we de�ne the set M as

M(u)= fv : v 2 H1
0 (
) : v � B(u); on 
g; (4.47)

which is a closed and convex set in H1
0 (
); Sobolev(Hilbert) space, [1]. One can easily

show that the energy functional associated with the problem (4.45) is

I[v] =

Z b

a

�
�d

2v

dx2

�
vdx� 2

Z b

a

F (x)(v)dx; 8 v 2M(u);

= �
��

dv

dx

�
(v)

�b
a

+

Z b

a

�
dv

dx

��
dv

dx

�
dx� 2

Z b

a

F (x) (v) dx;
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=

Z b

a

�
dv

dx

�2
dx� 2

Z b

a

F (x) (v) dx;

= hAv; vi � 2 hF; vi ; (4.48)

where

hAu; vi = �
Z b

a

�
d2u

dx2

�
(v)dx; (4.49)

hF; vi =

bZ
a

F (x) (v) dx:

It is clear that the operator A de�ned by (4.49) is linear, symmetric and positive. Using

the technique of the Noor [44], one can easily show that the minimum of the functional

I[v]; de�ned by (4.48), associated with the problem (4.45) on the closed and convex set

M(u) de�ned by (4.47) can be characterized by the inequality of the type

hAu; v � ui � hF; v � ui ; 8 v 2M(u); (4.50)

which is exactly the quasi variational inequality (4.44). See also [1, 32] for the formu-

lation, applications, numerical methods and sensitivity analysisof the quasi variational

inequality.

Using Lemma 2.1, one can show that the inequality (4.44) is equivalent to �nding

u 2M(u) such that

u = PM(u)[u� �Au]: (4.51)

In many important applications [2], the convex-valued set M(u) is of the form

M(u) = m(u) +M; (4.52)

where m is a point-to point mapping and M is a closed and convex set.
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From, (4.51) and (4.52), we see that problem (4.44) is equivalent to

u = PM(u)[u� �Au];

= Pm(u)+M [u� �Au];

= m(u) + PM [u�m(u)� �Au];

which implies that

�(u) = PM [�(u)� �Au];

with

�(u) = u�m(u);

which is equivalent to the general variational inequality (4.1) by an application of Lemma

4.2. We have shown that the quasi variational inequalities (4.44) with the convex-valued

set M(u) de�ned by (4.52) are equivalent to the general variational inequalities (4.1).

Thus all the results obtained in this chapter continue to hold for quasi variational in-

equalities (4.44) with M(u) de�ned by (4.52).

4.6 Conclusion

In this chapter, some self-adaptive projection methods have been suggested and analyzed

for solving the general variational inequalities. The convergence analysis is proved under

the pseudomonotone of the operator, which is a weaker condition than monotonicity. This

shows that the new methods are more e¢ cient than the previously known methods. Some

examples have been given to illustrate the e¢ ciency of the new method. Comparison with

other method is given. The numerical results show that our new algorithms work well for

the problems tested. It is also shown that the new self-adaptive method can be extended

for solving the quasi variational inequalities.
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Chapter 5

Extended General Variational Inequalities
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5.1 Introduction

In this chapter, a new class of variational inequality is considered and studied. This class

of variational inequality is called the extended general variational inequality involving

three nonlinear operators, which was introduced and studied by Noor [51, 53]. It has been

shown [53] that the extended general variational inequalities are equivalent to �xed point

problem and the extended general Wiener-Hopf equations. These equivalent formulations

are used to study the existence of a solution of extended general variational inequality.

These equivalent formulations are also used to suggest some iterative methods for solving

the extended general variational inequality. Several known [32, 44, 47] and new classes of

variational inequality can be obtained as special cases of the extended general variational

inequalities.

For given nonlinear operators A; �;  : H ! H; we consider the problems of �nding

u 2 H :  (u) 2M such that

hAu; �(v)�  (u)i � 0; 8 v 2 H : �(v) 2M: (5.1)

The inequality of the type (5.1) is called the extended general variational inequality

involving three operators, which was considered and investigated by Noor [46, 48, 51,

53]. Recently the concept of convexity has been generalized in several directions using

the new ideas and techniques. Cristescu and Lupsa [11] considered � -convex set with

respect to arbitrary functions � and  ; which is denoted by theM� . Jian [22] considered

and studied the class of convex function with respect to two operators, say � and  ;

which is called the � -convex function. It is known [53] that the minimum of a class of

di¤erentiable nonconvex functions on the � -convex setM� inH can be characterized by

the extended general variational inequality (5.1), which is Lemma 5.1. For this purpose,

we recall the following well known concepts.
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De�nition 5.1 [11]. The set M� in H is said to be � -convex set, if there exist

functions �;  : H ! H such that

 (u) + t (�(v)�  (u)) 2M� ; 8 u; v 2 H :  (u); �(v) 2M� ; t 2 [0; 1]: (5.2)

Note that all the convex sets are � -convex, but the converse is not true, see [11].

We now discuss some special cases:

I. If � =  ; then De�nition 5.1 reduces to De�nition 3.2.

II. If � =  = I, where I is the identity operator, then De�nition 5.1 reduces to

De�nition 2.4.

III. If  = I; then De�nition 5.1 reduces to:

u+ t (�(v)� u) 2M�; 8 v 2 H : u; �(v) 2M�; t 2 [0; 1];

which is also called �-convex set, see [47].

IV. If � = I; then De�nition 5.1 collapses to:

 (u) + t (v �  (u)) 2M ; 8 u 2 H : v;  (u) 2M ; t 2 [0; 1];

which is also called  -convex set, see [47].

De�nition 5.2. Let M� be a � -convex set in H with respect to arbitrary functions

� and  : The function F : M� ! H is called � �convex, if there exist functions �;  
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such that

F (�(u) + t( (v)� �(u))) � (1� t)F (�(u)) + tF ( (v));

8 u; v 2 H : �(u);  (v) 2M� ; t 2 [0; 1]: (5.3)

It is obvious that every convex function is � -convex function, but the converse is not

true, see [22]. For the properties and di¤erent classes of the � -convex functions, see [22,

47, 48, 53].

We now discuss some special cases of De�nition 5.2.

I. If � =  ; then De�nition 5.2 reduces to De�nition 3.3.

II. If � =  = I, then De�nition 5.2 reduces to De�nition 2.5.

III. If � = I; then De�nition 5.2 reduces to:

F (u+ t( (v)� u)) � (1� t)F (u) + tF ( (v)); 8 v 2 H : u;  (v) 2M ; t 2 [0; 1];

which is also called  -convex function, see [47].

IV. If  = I; then De�nition 5.2 reduces to:

F (�(u) + t(v � �(u))) � (1� t)F (�(u)) + tF (v);

8 u 2 H : v; �(u) 2M�; t 2 [0; 1];

which is also called �-convex function, see [47].

We now give an example to show that F is an � -convex function, but F is not a convex
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function and  -convex function.

Example 5.1 [51]. Let the function F : R! R be de�ned by

F (x) =

8<: �1; if x > 1;

1; if x � 0:

Consider the functions � and  de�ned by

 (x) = x3; �(y) = 0:

For t 2 [0; 1]; we have

F ((1� t)�(y) + th(x)) = F (tx3) =

8<: �t; if x > 1;

�tx3; if x � 0;

and

tF ( (x)) + (1� t)F (�(y) = tF (x3) =

8<: �1; if x > 1;

�tx3; if x � 0:

Thus

F ((1� t)�(y) + th(x)) � tF ( (x)) + (1� t)F (�(y));

x; y 2 R :  (x); �(y) 2M� ; t 2 [0; 1]:

This shows that the function F is � -convex function. We now show that the function

F is not a convex function, since

F

�
1

2
(�2) +

�
1� 1

2

��
1

2

��
= F

�
�3
4

�
;

=
3

4
>
1

2
=
1

2
F (�2) +

�
1

2

�
F

�
1

2

�
:

69



We now also show that function F is not  -convex function, we have

F

�
1

2
 (�2) +

�
1� 1

2

�
 

�
1

2

��
= F

�
�63
16

�
;

=
63

16
>
56

16
=
1

2
F ( (�2)) +

�
1

2

�
F

�
 

�
1

2

��
:

This implies that the function F is not  -convex function.

Noor [53] has shown that the optimality condition of � -convex function on the � -

convex set can be represented by a variational inequality of the type (5.1). We include

all the details for the sake of completeness and to convey the main idea.

Lemma 5.1 [53]. Let F be a di¤erentiable � -convex function on the � -convex set

M� in H: Then u 2 H :  (u) 2 M� is the minimum of the � -convex function F on

M� ; if and only if, u 2 H :  (u) 2M� satis�es the inequality

hF 0( (u)); �(v)�  (u)i � 0; 8 v 2 H : �(v) 2M� ; (5.4)

where F 0( (u)) is a Frechet di¤erential of F at  (u) 2M� :

Proof. Let u 2 H :  (u) 2 M� be a minimum of � -convex function F on the

� -convex set M� : Then

F ( (u)) � F (�(v)); 8 v 2 H : �(v) 2M� : (5.5)

Since M� is a hg-convex set, then for all u; v 2 H : �(v);  (u) 2 M� ; t 2 [0; 1];

�(vt) =  (u) + t(�(v)�  (u)) 2M� : Letting �(v) = �(vt) in (5.5), we obtain

F ( (u)) � F ( (u) + t(�(v)�  (u))): (5.6)
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Dividing the above inequality by t and taking the limit as t! 0; we have

0 � lim
t!o

F ( (u) + t(�(v)�  (u)))� F ( (u))

t
;

= hF 0( (u)); �(v)�  (u)i ; 8 v 2 H : �(v) 2M� ;

which is the required result (5.4).

Conversely, let u 2 H :  (u) 2 M� satisfy the inequality (5.4). We have to prove that

u 2 H :  (u) 2 M� is a minimum of � -convex function on the � -convex set . Using

the � -convexity of the function F; we have

F ( (u)+ t(�(v)� (u))) � (1� t)F ( (u))+ tF (�(v)); 8 u; v 2 H : �(v); �(u) 2M� ;

we get

F (�(v))� F ( (u)) � F ( (u) + t(�(v)�  (u)))� F ( (u))

t
: (5.7)

Taking the limit as t! 0 in the above inequality and using di¤erentiability of � -convex

function, we get

F (�(v))� F ( (u)) � hF 0( (u)); �(v)�  (u)i ;

� 0; using 5.4:

Thus we have

F ( (u)) � F (�(v)); 8 v 2 H : �(v) 2M� ;

which shows that u 2 H :  (u) 2 M� is a minimum of F on hg-convex set M� in

H: �

Lemma 5.1 implies that � -convex programming problems can be studied via the ex-

tended general variational inequality (5.1) with Au = F 0( (u)):
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We now discuss some special cases of the extended general variational inequality (5.1).

I. If � =  ; then (5.1) reduces to (4.1).

II. If � = I; then (5.1) is equivalent to �nding u 2 H :  (u) 2M; a convex set, such that

hA(u); v �  (u)i � 0; 8 v 2M; (5.8)

which is called general variational inequality. For applications and numerical methods,

see [32, 44].

III. If  = I; then (5.1) is equivalent to �nding u 2M such that

hA(u); �(v)� ui � 0; 8 v 2 H : �(v) 2M; (5.9)

which is called general variational inequality. For applications and other aspects, see [47].

IV. If � =  = I; then (5.1) reduces to (4.2).

We note that the extended general variational inequality (5.1) can be written in the

following equivalent form: Find u 2 H :  (u) 2M such that

h�Au+  (u)� �(u); �(v)�  (u)i � 0; 8 v 2 H : �(v) 2M; (5.10)

where � > 0; is a constant. This equivalent formulation plays an important part in the

study of existence results and numerical methods.

One can establish the equivalence between the extended general variational inequality
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(5.10) and the �xed point problem using Lemma 2.1. This result is due to Noor [51].

Lemma 5.2 [51]. LetM be a closed and convex set in H. Then u 2 H :  (u) 2M is a

solution of extended general variational inequality (5.10), if and only if, u 2 H :  (u) 2M

satis�es the relation

 (u) = FM [�(u)� �Au]; (5.11)

where PM is the projection operator and � > 0 is a constant.

Proof. Let u 2 H :  (u) 2M be a solution of (5.10). Then, we have

h (u)� (�(u)� �Au); �(v)�  (u)i � 0; 8 v 2 H : �(v) 2M; (5.12)

which is equivalent to, using Lemma 2.1,

 (u) = PM [�(u)� �Au];

the required result. �

Lemma 5.2 implies that the extended general variational inequality (5.10) is equivalent

to the �xed point problem (5.11). This equivalent formulation is very useful from the

numerical and theoretical points of view.

Using the �xed point problem (5.11), we can establish the �xed point formulation for

solving (5.10). This is the main motivation of our next result.

For a given �n 2 (0; 1); we can rewrite (5.11) in the following equivalent form as:

u = (1� �n)u+ �nfu�  (u) + PM [�(u)� �Au]g: (5.13)
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Using the �xed point formulation (5.13), we suggest and analyze the following iterative

method for solving (5.10).

Algorithm 5.1. For a given u0 2 H; �nd the approximate solution un+1 by using the

iterative schemes

un+1 = (1� �n)un + �nfun �  (un) + PM [�(un)� �Aun]g; n = 0; 1; 2; : : : ; (5.14)

which is known as the Mann iteration process for solving (5.10), where 0 � �n � 1: For

the convergence analysis, see [53].

Related to (5.10), we now consider the problem of the Wiener-Hopf equations. To be

more precise, let QM = I � � �1PM ; where, I is the identity operator and PM the pro-

jection of H onto a closed and convex setM . For given nonlinear operators A; �;  ; such

that  �1 exists, consider the problem of �nding z 2 H such that

�A� �1PMz +QMz = 0; (5.15)

which is known as the extended general Wiener-Hopf equations. The problem (5.15) was

considered and investigated in [53].

The Wiener-Hopf equation technique can be used to suggest and analyze an iterative

method for solving (5.10). For this purpose, we need the following result.

Theorem 5.1 [53]. The extended general variational inequality (5.10) has a solution

u 2 H :  (u) 2M; if and only if, the extended general Winer-Hopf equations (5.15) has

a solution z 2 H; where

 (u) = PMz; (5.16)

z = �(u)� �Au; (5.17)
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where � > 0; is a constant and  �1 exists.

5.2 Existence

We now study the existence of a solution of (5.1) using the Wiener-Hopf equation tech-

nique. This is main motivation of our next result.

Theorem 5.2. Let the operatorsA; �;  : H ! H be strongly monotone with constants

� > 0; � > 0; � > 0 and Lipschitz continuous with constants � > 0; � > 0; � > 0;

respectively.

If ������ �

�2

���� <
q
�2 � �2k1(2� k1)

�2
; � > �

p
k1(2� k1); k1 < 1; (5.18)

where

k1 =
p
1� 2� + �2 +

p
1� 2� + �2; (5.19)

then there exists a solution u 2 H :  (u) 2M satisfying the extended general variational

inequality (5.1).

Proof. From Lemma 5.2, it follows that problem (5.1) and (5.15) are equivalent. This

equivalence is used to de�ne the mapping G(z) as:

G(z) = �(u)� �Au: (5.20)

Thus it is enough to show that the mapping G(z); de�ned by (5.20) has a �xed point

satisfying (5.10).
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8 u1 6= u2 ; z1 6= z2 2 H; now from (3.30), (3.31) and (3.34), we have

kG(z1)�G(z2)k = k�(u1)� �(u2)� �(Au1 � Au2)k ;

� ku1 � u2 � (�(u1)� �(u2))k+ ku1 � u2 � �(Au1 � Au2)k ;

�
q
1� 2��+ �2�2 ku1 � u2k+

p
1� 2� + �2 ku1 � u2k ;

= (t(�) +
p
1� 2� + �2) ku1 � u2k ; (5.21)

From (5.16), 8 u1 6= u2 2 H; we have

ku1 � u2k = ku1 �  (u1) + PMz1 � u2 +  (u2)� PMz2k ;

� ku1 � u2 � ( (u1)�  (u2))k+ kPMz1 � PMz2k ;

� ku1 � u2 � ( (u1)�  (u2))k+ kz1 � z2k : (5.22)

Since PM is a nonexpansive mapping. It is given that  is strongly monotone with

constant � > 0 and Lipschitz continuous with constant � > 0; we have

ku1 � u2 � ( (u1)�  (u2))k2 � (1� 2� + �2) ku1 � u2k2 : (5.23)

From (5.22) and (5.23), we get

ku1 � u2k �
p
1� 2� + �2 ku1 � u2k+ kz1 � z2k ;

from which it follows that

ku1 � u2k �
kz1 � z2k

1�
p
1� 2� + �2

: (5.24)
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From (5.21) and (5.24), we get

kG(z1)�G(z2)k � (t(�) +
p
1� 2� + �2)

1�
p
1� 2� + �2

kz1 � z2k ;

� � kz1 � z2k ;

where

� =
(t(�) +

p
1� 2� + �2)

1�
p
1� 2� + �2

:

From (5.18), it follows that � < 1; which implies that the mapping G(z) is a contraction

mapping. Consequently, the mapping G(z); de�ned by (5.20) has a �xed point G(z) =

z 2 H; satisfying (5.15). Using Theorem 5.1 , it follows that z 2 H is a solution of

(5.15), if and only if, u 2 H is a solution of (5.10). �

Theorem 5.1 implies that the extended general variational inequalities (5.10) and the

Wiener-Hopf equations (5.15) are equivalent. This equivalent formulation can be used to

suggest a number of iterative methods for solving (5.10).

For a given �n 2 (0; 1); equations (5.17) can be written as:

 (u) = PMz;

z = (1� �n)z + �nf�(u)� �Aug: (5.25)

We use this �xed point formulation to suggest the following iterative method for solving

(5.10).

Algorithm 5.2. For a given z0 2 H; compute zn+1 by the iteraive the schemes.

 (un) = PMzn;

zn+1 = (1� �n)zn + �nf�(un)� �Aung; n = 0; 1; 2::::;
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where 0 � �n � 1; for all n � 0 and
P1

n=0 �n =1: For convergence analysis, see [53].
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Chapter 6

Extended General Mixed Variational Inequalities
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6.1 Introduction

In this chapter, we introduce a new class of mixed variational inequalities involving four

operatotrs, which is called the extended general mixed variational inequality. Using the

resolvent operator technique, we establish the equivalence between the extended gen-

eral mixed variational inequalities and the �xed point problems as well as to resolvent

equations. We use this alternative equivalent formulation to suggest and analyze some

iterative methods for solving the extended general mixed variational inequalities. We

study the convergence criteria for the suggested iterative methods under suitable condi-

tions. The results proved in this chapter may be viewed as re�nements and important

generalization of the previous known results.

In recent years, several numerical methods including projection and its variant forms,

Wiener-Hopf equations and auxiliary principle techniques have been developed. This

class of iterative methods have witnessed great progress in recent years. Apart from

theoretical interest, the main advantage of these methods, which makes them successful

in addressing real world problems, is in the computation. These methods have the ability

to handle large size problems of dimensions for which other methods cease to be e¢ cient.

In brief, the �eld of the iterative method itself is vast, see [15, 24, 27, 29, 31, 33, 35,

39, 44, 52, 53, 65, 73]. It is well known that for mixed variational inequality involving

the nonlinear term f; one can not use the projection technique and its variant forms

to establish the equivalence between the mixed variational inequalities and the �xed

point problem. To overcome this drawback, we assume that the nonlinear term involving

general mixed variational inequalities is a proper, convex and lower semicontinuous. In

this case, it is known that the subdi¤erential of a proper, convex and lower semicontinuous

form is a maximal monotone operator. This characterization enables us to de�ne the

resolvent operator associated with the maximal monotone operator. We use the resolvent
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operator technique to establish the equivalence between the mixed variational inequalities

and the �xed point problem, which is Lemma 6.3. The novel feature of the technique

is that the resolvent step involves the subdi¤erential of a proper, convex, and lower

semicontinuous function part only and other part facilitates the problem decomposition.

This can lead to the development of very e¢ cient methods, since one can treat each part

of the origional operator independently. We use this alternative formulation to study

the existence of a solution of the extended general mixed variational inequality, which

extends the known results. This equivalent formulation is used to suggest and analyze

a new Mann-type iterative methods for solving the extended general mixed variational

inequality, see Algorithm 6.1. In the process of proving the main results (Theorem 6.1

and 6.2), we use the resolvent operator technique. We note that if the proper, convex

and lower semicontinuous function in the general mixed variational inequalites is an

indicator function of a closed and convex set M in the real Hilbert space, then the

resolvent operator is exactly the projection operator of H onto the closed and convex set

M: In this case, we recover the Algorithm of Noor [53] for solving the extended general

variational inequalities.

Related to the general mixed variational inequality, we have the problems of solving the

resolvent equations, the origin of which can be traced back to Noor [38]. Using again the

resolvent operator technique, we establish the equivalence between the extended general

mixed variational inequality and the resolvent equations. Here, we would like to empha-

size the fact that, if the nonlinear term in the general mixed variational inequalities is an

indicator function of a convex and closed subset in the Helbert space, then the resolvent

operator is exactly the projection operator from the Hilbert space on to the closed and

convex set and consequently the resolvent equations are equivalent to the Wiener-Hopf

equations, which were initially introduced by Shi [66]. It turned out that this approach

is more general and �exible. We use the resolvent equations technique to suggest and

analyze a number of new iterative methods for solving the general mixed variational vari-
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ational inequalities and related optimization problems. We prove the strong convergence(

the main theorem, Theorem 6.3) of the new iterative method under same conditions as

for Theorem 6.2. Since the extended general mixed variational inequalities include the

various classes of variational inequalities and nonlinear programming problems as special

cases, the results obtained in this chapter continue to hold for these problems. The ideas

and techmiques of this chapter may be a starting point for a wide range of novel and

innovative applications in various �elds. The results of this chapter have been published

in Computers and Mathematics with Applications, 62(2011), 804-813, see [61].

For given nonlinear operators A; �;  : H ! H; and a continuous function f : H !

H [ f1g, consider the problem of �nding u 2 H such that

hAu; �(v)�  (u)i+ f (�(v))� f ( (u)) � 0; 8 v 2 H: (6.1)

The inequality of the type (6.1) is called the extended general mixed variational inequal-

ity involving four operators and is quite di¤erent than all other classes of variational

inequalities. Extended general mixed variational inequalities (6.1) were introduced by

Noor [52]. A wide class of problems arising in pure and applied sciences can be studied

via the extended general mixed variational inequalities (6.1).

As an application of problem (6.1), we show that the optimality condition for the mini-

mum of a sum of di¤erentiable and nondi¤erentiable nonconvex function on a nonconvex

setM in H can be characterized by class of extended general mixed variational inequality

of type (6.1). This result is due to Noor [52]. We include all the details to convey an

idea of the technique.
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To be more precise, we consider the functional I[v]; let

I[v] = F (v) + f(v); 8 v 2M� ; (6.2)

where F is a di¤erentiable � -convex function and f is a nondi¤erentiable � -convex

function. It has been shown that the minimum of the functional I[v] on the � -convex

set M� can be characterized by a class of variational inequality (6.1). For the sake of

completeness and to convey an idea of the technique, we include the proof.

Lemma 6.1. Let F be a di¤erentiable � -convex function and f be a nondi¤erentiable

� -convex function on a � -convex setM� : Then u 2M� is a minimum of I[v]; de�ned

by (6.2), on M� � �(H); if and only if, u 2 H :  (u) 2M� satis�es the inequality

hF 0( (u)); �(v)�  (u)i+ f(�(v))� f( (u)) � 0; 8 v 2 H : �(v) 2M� ; (6.3)

where F 0( (u)) is the di¤erential of F at  (u) 2M� :

Proof. Let u 2 H :  (u) 2M� be a minimum of functional I[v] on M� : Then

I[ (u)] � I[�(v)]; 8 v 2 H : �(v) 2M� : (6.4)

Since M� is a � -convex set, 8 u; v 2 H :  (u); �(v) 2 M� ; t 2 [0; 1]; �(vt) =

 (u) + t(�(v)�  (u)) 2M� : Setting �(v) = �(vt) in (6.4), we have

I[ (u)] � I[ (u) + t(�(v)�  (u))];

which implies that

F ( (u)) + f( (u)) � F ( (u) + t(�(v)�  (u))) + f ( (u) + t(�(v)�  (u))) ;

� F ( (u) + t(�(v)�  (u))) + f( (u)) + t(f(�(v))� f( (u))):
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From this, we have

F ( (u) + t(�(v)�  (u)))� F ( (u)) + t(f(�(v))� f( (u))) � 0:

Dividing the above inequality by t and taking the limit as t! 0; we have

hF 0( (u)); �(v)�  (u)i+ f(�(v))� f( (u)) � 0; 8 v 2 H : �(v) 2M� ;

which is the required result (6.3).

Conversely, let u 2 H :  (u) 2 M� satisfy the inequality (6.3). Since M� is a � -

convex set, 8 u; v 2 H :  (u); �(v) 2M� ; t 2 [0; 1];  (u)+ t(�(v)� (u)) 2M� :

Consider

I[ (u)]� I[�(v)] = F ( (u)) + f ( (u))� F (�(v))� f (�(v)) ;

= �fF (�(v))� F ( (u)) + f (�(v))� f ( (u))g ;

� hF 0 ( (u)) ;  (u)� �(v)i � f (�(v)) + f( (u));

� 0; using (6.3).

Thus, we have

I[ (u)] � I[�(v)]; 8 v 2 H : �(v) 2M� ;

which shows that u 2 H :  (u) 2M� is a minimum of I[v]; de�ned by (6.2), on M� in

H. �

Lemma 6.1 implies that � -convex programming problems can be studied via the ex-

tended general mixed variational inequality (6.1) with Au = F 0( (u)):

If the nondi¤erentiable function f is zero, that is f(:) = 0; then Lemma 6.1 reduces to
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Lemma 5.1, which is due to Noor [48].

We would like to point out that the general mixed variational inequality (6.1) can be

written in an equivalent form as follows:

Find u 2 H such that

h�Au+  (u)� �(u); �(v)�  (u)i+ �'(�(v))� �'( (u)) � 0; 8 v 2 H; (6.5)

where � > 0; is a constant. This equivalent formulation plays an important part in

developing iterative methods for solving the extended general mixed variational inequality

(6.1).

If  = I; the identity operator, then the extended general mixed variational inequality

problems (6.1) is equivalent to �nding u 2 H such that

hAu; �(v)� ui+ f(�(v))� f(u) � 0; 8 v 2 H; (6.6)

which is also called extended general mixed variational inequality.

If � = I; then the extended general mixed variational inequality (6.1) is equivalent to

�nding u 2 H such that

hAu; v �  (u)i+ f(v)� f( (u)) � 0; 8 v 2 H; (6.7)

which is also called the extended general mixed variational inequality.

If  = �; then the extended general mixed variational inequality (6.1) is equivalent to
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�nding u 2 H such that

hAu; �(v)� �(u)i+ f( �(v))� f(�(u)) � 0; 8 v 2 H; (6.8)

which is called general mixed variational inequality.

If  = � = I; then the extended general mixed variational inequality (6.1) is equivalent

to �nding u 2 H such that

hAu; v � ui+ f( v)� f(u) � 0; 8 v 2 H; (6.9)

which is known as the mixed variational inequality.

We note that, if the function f in the extended general mixed variational inequality (6.5)

is a proper, convex and lower semicontinuous, then the problem (6.5) is equivalent to

�nding u 2 H such that

0 2 �Au+ �(u)�  (u) + �@f(�(u)); (6.10)

which is known as the problem of �nding a zeros of a sum of two (or more) monotone

operators. It is well known that a large class of problems arising in industry, ecology,

�nance, economics, transportation, network analysis and optimization can be formulated

and studied in the framework of (6.1) and (6.10), see [30].

If f is an indicator function of a closed and convex set M in H, that is,

f(u) = IM(v) =

8<: 0; if v 2M;

+1; otherwise,
(6.11)

then the extended general mixed variational inequality (6.1) is equivalent to �nding
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u 2 H :  (u) 2M such that

hAu; �(v)�  (u)i � 0; v 2 H : �(v) 2M; (6.12)

is called a extended general variational inequality (5.1), which is studied in chapter 5.

For the iterative methods and other aspects of extended general variational inequality,

see [46, 48, 51, 53].

We note that for  (u) = �(u); the inequality problem (6.12) is equivalent to �nding

u 2 H : �(u) 2M such that

hA1(u); �(v)� �(u)i � 0; v 2 H : �(v) 2M;

with A1(u) = A( )�1(�(u)); which is known as general variational inequality and has

been studied extensively in recent years. For the formulation, numerical methods, sen-

sitivity analysis and other aspects of the general variational inequalities, see [30, 32, 34,

40, 44].

If � =  ; then the extended general variational inequality (6.12) is equivalent to �nding

u 2 H : �(u) 2M such that

hA(u); �(v)� �(u)i � 0; 8 v 2 H : �(v) 2M; (6.13)

which is known as the general variational inequality (4.1), introduced by Noor [31]. For

applications, numerical methods and other aspects of the general variational inequalities,

see [6, 20, 36, 38, 44, 59].

If � = I; then the extended general variational inequality (6.12) is equivalent to �nding
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u 2 H :  (u) 2M such that

hA(u); v �  (u)i � 0; 8 v 2M; (6.14)

is also called general variational inequality. For applications and numerical methods, see

[32, 44].

If  = I; then the extended general variational inequality (6.12) is equivalent to �nding

u 2M such that

hA(u); �(v)� ui � 0; 8 v 2 H : �(v) 2M; (6.15)

which is called general variational inequality. For applications and other aspects, see [47].

If � =  = I; then the extended general variational inequality (6.12) and the general

variational inequality (6.13) reduce to �nding u 2M such that

hAu; v � ui � 0; 8 v 2M; (6.16)

which is known as the classical variational inequality, introduced and studied by Stam-

pacchia [69]. For the numerical methods, formulation and applications of the variational

inequalities, see [5, 17, 27, 37-38, 58, 60].

We now recall some well known concepts and results.

De�nition 6.1 [9]. For any maximal monotone operator A; the resolvent operator

associated with A; for any � > 0; is de�ned as

JA(u) = (I + �A)�1(u); 8 u 2 H:

It is well known that an operator A is maximal monotone, if and only if, its resolvent
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operator JA is de�ned everywhere. It is single valued and nonexpansive.

If f (:) is a proper, convex and lower semicontinuous function, then its subdi¤erential

@f(:) is a maximal monotone operator. In this case, we can de�ne the resolvent operator

Jf (u) = (I + �@f)�1(u); 8 u 2 H;

associated with the subdi¤erential @f(:):

The resolvent operator Jf has the following useful characterization.

Lemma 6.2 [9]. For a given z 2 H; u 2 H satis�es the inequality

hu� z; v � ui+ �f(v)� �f(u) � 0; 8 v 2 H;

if and only if

u = Jf (z);

where Jf = (I + �@f)�1 is the resolvent operator.

It is well known that the resolvent operator Jf is nonexpansive, that is,

kJfu� Jfvk � ku� vk ; 8 u; v 2 H:

6.2 The Resolvent Operator Method

In this section, we suggest and analyze some new approximation schemes for solving the

extended general mixed variational inequality (6.5). One can prove that the extended

general mixed variational inequality (6.5) is equivalent to the �xed point problem by

using Lemma 6.2. However, for the sake of completeness and to convey an idea of the

technique, we include the proof.

89



Lemma 6.3. The function u 2 H is a solution of extended general mixed variational

inequality (6.5), if and only if, u 2 H satis�es the relation

 (u) = Jf [�(u)� �Au]; (6.17)

where Jf is the resolvent operator and � > 0; is a constant.

Proof. Let u 2 H be a solution of problem (6.5). Then

h (u)� (�(u)� �Au) ; �(v)�  (u)i+ �f(�(v))� �f( (u)) � 0; 8 v 2 H; (6.18)

which is equivalent to, using Lemma 6.2

 (u) = Jf [�(u)� �Au];

the required result. �

Lemma 6.3 implies that the extended general mixed variational inequality (6.5) is equiv-

alent to the �xed point problem (6.17). This alternative equivalent formulation is useful

from the theoretical and numerical points of view.

We rewrite the relation (6.17) in the following form:

G(u) = u�  (u) + Jf [�(u)� �Au]; (6.19)

which is used to study the existence of a solution of the extended general mixed variational

inequality (6.5) and this is the main motivation for our next result.

Theorem 6.1. Let the operators A; �;  : H ! H be strongly monotone with constants

� > 0; � > 0; � > 0 and Lipschitz continuous with constants � > 0; � > 0; � > 0;
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respectively, if

������ �

�2

���� <
q
�2 � �2k1(2� k)

�2
; � > �

p
k1(2� k1); k1 < 1; (6.20)

where

k1 =
p
1� 2� + �2 +

p
1� 2� + �2; (6.21)

then there exists a solution of problem (6.5).

Proof. From Lemma 6.3, it follows that problems (6.1) and (6.17) are equivalent. Thus

it is enough to show that the mapping G(u) de�ned by (6.19) has a �xed point. For all

u 6= v 2 H; we have

kG(u)�G(v)k � ku� v � ( (u)�  (v))k+ kJf [�(u)� �Au]� Jf [�(v)� �Av]k ;

� ku� v � ( (u)�  (v))k+ k�(u)� �(v)� �(Au� Av)k ;

� ku� v � ( (u)�  (v))k+ ku� v � (�(u)� �(v))k

+ ku� v � �(Au� Av)k : (6.22)

Since the operator A is strongly monotone with constant � > 0 and Lipschitz continuous

with constant � > 0; it follows that

ku� v � �(Au� Av)k2 � ku� vk2 � 2� hAu� Av; u� vi+ �2 kAu� Avk ;

� (1� 2��+ �2�2) ku� vk2 : (6.23)

In a similar way, we have

ku� v � (�(u)� �(v))k2 � (1� 2� + �2) ku� vk2 ; (6.24)

ku� v � ( (u)�  (v))k2 � (1� 2� + �2) ku� vk2 ; (6.25)

91



where � and  are strongly monotone with constants � > 0; � > 0 and Lipschitz

continuous with constants � > 0; � > 0:

From (6.22)-(6.25), we get

kG(u)�G(v)k �
�q

1� 2��+ �2�2 +
p
1� 2� + �2 +

p
1� 2� + �2

�
ku� vk ;

� (k1 + t(�)) ku� vk ;

= � ku� vk ;

where

t(�) =

q
1� 2��+ �2�2; (6.26)

and

� = k1 + t(�): (6.27)

From (6.20), it follows that � < 1: Thus the mapping G(u) de�ned by (6.19) is a contrac-

tion mapping and consequently has a �xed point belonging to H satisfying the extended

general mixed variational inequality (6.5). �

If f is the indicator function of a closed and convex setM in H and  = �; then Theorem

6.1 reduces to Theorem 3.2.

For a given �n 2 (0; 1); we can rewrite the relation (6.17) in the following equivalent

form, as:

u = (1� �n)u+ �nfu�  (u) + Jf [�(u)� �Au]g: (6.28)

Using the �xed point formulation (6.28), we suggest the following iterative method for

solving the extended general mixed variational inequality (6.5).

Algorithm 6.1. For a given u0 2 H; �nd the approximate solution un+1 by using the

92



iterative schemes

un+1 = (1� �n)un + �nfun �  (un) + Jf [�(un)� �Aun]g; n = 0; 1; 2; : : : ; (6.29)

which is known as the Mann iteration process for solving the extended general mixed

variational inequalities, where 0 � �n � 1:

We now discuss some special cases of Algorithm 6.1.

If  = �; then Algorithm 6.1 reduces to the following iterative method for solving the

general mixed variational inequalities (6.8).

Algorithm 6.2. For a given u0 2 H; �nd the approximate solution un+1 by using the

iterative schemes

un+1 = (1� �n)un + �nfun � �(un) + Jf [�(un)� �Aun]g; n = 0; 1; 2; : : : ; (6.30)

which is also known as the Mann iteration process for solving the general mixed varia-

tional inequalities, where 0 � �n � 1; see [41].

If  = I; then Algorithm 6.1 reduces to the following iterative method for solving the

extended general mixed variational inequalities (6.6).

Algorithm 6.3. For a given u0 2 H; �nd the approximate solution un+1 by using the

iterative schemes

un+1 = (1� �n)un + �nJf [�(un)� �Aun]; n = 0; 1; 2; : : : ; (6.31)

where 0 � �n � 1:

If � = I; then Algorithm 6.1 reduces to the following iterative method for solving the
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extended general mixed variational inequalities (6.7).

Algorithm 6.4. For a given u0 2 H; �nd the approximate solution un+1 by using the

iterative schemes

un+1 = (1� �n)un + �nfun �  (un) + Jf [un � �Aun]g; n = 0; 1; 2; : : : ; (6.32)

where 0 � �n � 1:

If  = � = I; then Algorithm 6.1 reduces to the following iterative method for solving

mixed variational inequalities (6.9).

Algorithm 6.5. For a given u0 2 H; �nd the approximate solution un+1 by using the

iterative schemes

un+1 = (1� �n)un + �nJf [un � �Aun]; n = 0; 1; 2; : : : ; (6.33)

where 0 � �n � 1; see [54].

If the function f is an indicator function of a closed convex set M; then Jf = PM ;

the projection of H onto the convex set M: Consequently, Algorithm 6.1 reduces to the

following iterative method for solving the extended general variational inequality (5.1),

which is mainly due to Noor [51, 53].

Algorithm 6.6. For a given u0 2 H; �nd the approximate solution un+1 by using the

itrative schemes

un+1 = (1� �n)un + �nfun �  (un) + PM [�(un)� �Aun]g; n = 0; 1; 2; : : : ; (6.34)

where 0 � �n � 1:

We now consider the convergence analysis of Algorithm 6.1 and this is the main mo-
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tivation for our next result.

Theorem 6.2. Let the operators A; �;  satisfy all the assumptions of Theorem 6.1.

If the condition (6.20) holds and 0 � �n � 1; for all n � 0 ,
P1

n=0 �n = 1; then the

approximate solution un obtained from Algorithm 6.1 converges to a solution u 2 H

satisfying the extended general mixed variational inequality (6.5).

Proof. From Theorem 6.1, it follows that there exists a solution u 2 H of problem (6.5).

Then, from (6.23)-(6.29), we have

kun+1 � uk � k(1� �n)(un � u)k+ �n kun � u� ( (un)�  (u))k

+ kJf [�(un)� �Aun]� Jf [�(u)� �Au]k ;

� (1� �n) k(un � u)k+ �n kun � u� ( (un)�  (u))k

+ �n kun � u� (�(un)� �(u))k+ �n kun � u� �(Aun � Au)k ; (6.35)

� (1� �n) k(un � u)k+ �n
p
1� 2� + �2 k(un � u)k

+ �n
p
1� 2� + �2 k(un � u)k+ �n

q
1� 2��+ �2�2 k(un � u)k ;

= (1� �n) k(un � u)k+ �n(k + t(�)) k(un � u)k ;

= (1� �n) k(un � u)k+ �n� k(un � u)k : (6.36)

From (6.20), it follows that � < 1: Thus

kun+1 � uk � (1� �n) k(un � u)k+ �n� k(un � u)k ;

= [1� (1� �)�n] k(un � u)k ;

�
nY
i=0

[1� (1� �)�i] k(u0 � u)k : (6.37)

Since
P1

n=0 �n diverges and 1 � � > 0; we have limn!1f
nQ
i=0

[1 � (1 � �)�i]g = 0: Con-

sequently, the sequence fung convergences strongly to u 2 H; satisfying the extended
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general mixed variational inequality (6.5). This completes the proof. �

6.3 The Resolvent Equation Technique

In this section, we use the resolvent equation technique to suggest and analyze an iterative

schemes for solving the extended general mixed variational inequality (6.5).

We consider the problem of solving the resolvent equations. To be more precise, suppose

that Rf = I � � �1Jf ; where I is the identity operator and � is a given nonlinear

operator and Jf = (I + �@f)�1. For given nonlinear operators A; �;  ; we consider the

problem of �nding z 2 H such that

A �1Jf z + ��1Rfz = 0; (6.38)

which is called the extended general resolvent equation. We note that if � =  = I; then

one can obtain the origional resolvent equations. It has been shown that the resolvent

equations have played an important and signi�cant role in developing several numer-

ical techniques for solving extended general mixed variational inequalities and related

optimization problems, see [46, 52, 61].

If the proper, convex and lower semicontinuous function f is an indicator function of a

closed and convex set M; then Jf = PM ; the projection of H onto the closed convex set

M: Consequently, the extended general resolvent equation (6.38) is equivalent to �nding

z 2 H such that

A �1PMz + ��1QMz = 0; (6.39)

which are called the extended general Wiener-Hopf equations (5.15), where QM = I �

� �1PM . If � =  ; then equation (6.39) reduces to equation (3.43). For � =  = I;
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we can obtain the origional Wiener-Hopf equations of Shi [66]. For the applications,

sensitivity analysis and numerical methods for solving Wiener-Hopf equations, see [40,

43, 44, 46, 48, 51, 63] and the references therein.

We know show that the (6.5) is equivalent to (6.39). This is the main motivation of

our next result.

Lemma 6.4. The solution u 2 H satis�es the extended general mixed variatinal inequal-

ity (6.5), if and only if, z 2 H is a solution of the extended general resolvent equation

(6.38), where

 (u) = Jfz; (6.40)

z = �(u)� �Au: (6.41)

Proof. Let u 2 H be a solution of (6.5). Then, from Lemma 6.3, we have

 (u) = Jf [�(u)� �Au]: (6.42)

Suppose that

z = �(u)� �Au: (6.43)

Then

 (u) = Jfz: (6.44)

Combining (6.42), (6.43) and (6.44), we get

z = �(u)� �Au = � �1Jf z � �A �1Jf z;

from this it follows that z 2 H is a solution of the extended general resolvent equation

(6.38), the required result. �
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If f is the indicator function of a convex set M in H; then Lemma 6.4 reduces to

Theorem 5.2.

Lemma 6.4 implies that the extended general mixed variational inequality (6.5) and

the extended general resolvent equation (6.38) are equivalent. We use this equivalent

formulation to suggest a number of iterative methods for solving the extended general

mixed variational inequality (6.5).

I. Using (6.40), the extended general resolvent equation (6.38) can be rewritten in the

form

Rfz = ��A �1Jf z;

which implies that

z = � �1Jf z � �A �1Jf z = �(u)� �Au:

This �xed point formulation enables us to suggest the following iterative methods for

solving the extended general mixed variational inequality (6.5).

Algorithm 6.7. For a given z0 2 H; compute the approximate solution zn+1 by using

the iterative schemes

 (un) = Jfzn; (6.45)

zn+1 = (1� �n)zn + �nf�(un)� �Aug; n = 0; 1; 2; : : : ; (6.46)

where 0 � �n � 1 for all n � 0 and
P1

n=0 �n =1:

II. By an appropriate and suitable rearrangement of the terms and using (6.40), the
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resolvent equation (6.38) can be written as

z = � �1Jf z � �A� �1Jf z + (I � ��1)Rfz;

= �(u)� �Au+ (I � ��1)Rfz;

which is another �xed point formulation. Using this �xed point formulation, we can

suggest the following iterative method.

Algorithm 6.8. For a given z0 2 H; compute the approximate solution zn+1 by using

the iterative schemes

 (un) = Jfzn;

zn+1 = �(un)� �Aun + (I � ��1)Rfzn; n = 0; 1; 2; : : : ;

III. If A is linear and A�1 exists, then the general resolvent equation (6.38) can be written

as

z = (I � ��1�A�1)Rfz:

This �xed point formulation allows us to suggest the following iterative method for solving

the extended general mixed variational inequality (6.5).

Algorithm 6.9. For a given z0 2 H; compute the approximate solution zn+1 by using

the iterative schemes

zn+1 = (I � ��1�A�1)Rfzn; n = 0; 1; 2; : : : ;

For  = � = I; the identity operator, Algorithm 6.7-Algorithm 6.9 are due to Noor

[31]. In brief, by appropriate and suitable rearrangement of the terms of the general

resolvent equation (6.38), one can suggest and analyze a number of iterative methods

for solving the extended general mixed variational inequality (6.1) and (6.5) and related
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optimization problems. For the investigation of such resolvent iterative methods and the

veri�cation of their numerical e¢ ciency, further research e¤orts are needed.

We now consider the convergence analysis of Algorithm 6.7. In a similar way, we can

study the convergence analysis of Algorithm 6.8 and Algorithm 6.9.

Theorem 6.3. Let the operators A; �;  satisfy all the assumptions of Theorem

6.1. If the condition of (6.20) holds, then the approximate solution fzng obtained from

Algorithm 6.7 converges to a solution z 2 H satisfying the resolvent equation (6.38)

strongly.

Proof. Let u 2 H be a solution of (6.5). Then, using Lemma 6.4, we have

z = (1� �n)z + �n[�(u)� �Au]; (6.47)

where 0 � �n � 1; and
P1

n=0 �n =1:

From (6.45), (6.47) (6.23) and (6.24), we have

kzn+1 � zk � (1� �n) kzn � zk+ �n k�(un)� �(u)� �(Aun � Au)k ;

� (1� �n) kzn � zk+ �n kun � u� (�(un)� �(u))k

+�n kun � u� �(Aun � Au)k ;

� (1� �n) kzn � zk+ �nf
p
1� 2� + �2

+

q
1� 2��+ �2�2g kun � uk : (6.48)

Also from (6.44) and (6.45) and the nonexpansivity of the resolvent operator Jf ; we have

kun � uk � kun � u� ( (un)�  (u))k+ kJfzn � Jfzk ;

�
p
1� 2� + �2 kun � uk+ kzn � zk ;
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which implies that

kun � uk � 1

1�
p
1� 2� + �2

kzn � zk : (6.49)

Combining (6.48) and (6.49), we have

kzn+1 � zk � (1� �n) kzn � zk+ �n�1 kzn � zk ; (6.50)

where

�1 =

p
1� 2� + �2+

p
1� 2��+ �2�2

1�
p
1� 2� + �2

:

Using (6.20), we see that �1 < 1 and consequently

kzn+1 � zk � (1� �n) kzn � zk+ �n�1 kzn � zk ;

= [1� (1� �1)�n] kzn � zk ;

�
nY
i=0

[1� (1� �1)�i] kz0 � zk :

Since
P1

n=0 �n diverges and 1 � �1 > 0; we have limn!1

�
nQ
i=0

[1� (1� �1)�i]

�
= 0:

Consequently, the sequence fzng convergences strongly to z in H; the required result. �

6.4 Conclusion

In this chapter, we have introduced and considered a class of extended general mixed

variational inequalities involving four di¤erent operators . We have established the equiv-

alence among the extended general mixed variational inequalities, �xed point problem

and resolvent equations. This equivalence is used to suggest and analyze some iterative

methods for solving the extended general mixed variational inequalities. The convergence

criteria for the proposed iterative method under suitable conditions was also studied.

Several special cases are also discussed. Results proved in our work may be seen as

re�nements and important generalization of the existing known results. Using the tech-

101



nique of Liu and Cao [28] and Liu and Yang [29], one can develop a neural network for

solving the extended general mixed variational ineqalities, which is another direction for

future research work. We hope that the idea and technique of this chapter may stimulate

further research in this �eld.
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