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ABSTRACT 
 

In this dissertation, a new heuristic computational intelligence technique has been 

developed for the solution for fractional order systems in engineering. These systems 

are provided with generic ordinary linear and nonlinear differential equations 

involving integer and non-integer order derivatives.  

The design scheme consists of two parts, firstly, the strength of feed-forward artificial 

neural network (ANN) is exploited for approximate mathematical modeling and 

secondly, finding the optimal weights for ANN. The exponential function is used as 

an activation function due to availability of its fractional derivative. The linear 

combination of these networks defines an unsupervised error for the system. The error 

is reduced by selection of appropriate unknown weights, obtained by training the 

networks using heuristic techniques. The stochastic techniques applied are based on 

nature inspired heuristics like Genetic Algorithm (GA) and Particle Swarm 

Optimization (PSO) algorithm. Such global search techniques are hybridized with 

efficient local search techniques for rapid convergence. The local optimizers used are 

Simulating Annealing (SA) and Pattern Search (PS) techniques.  

The methodology is validated by applying to a number of linear and nonlinear 

fraction differential equations with known solutions. The well known nonlinear 

fractional system in engineering based on Riccati differential equations and Bagley-

Torvik Equations are also solved with the scheme.  

The comparative studies are carried out  for training of weights for ANN networks 

with SA, PS, GA, PSO, GA hybrid with SA (GA-SA), GA hybrid with PS (GA-PS), 

PSO hybrid with SA (PSO-SA) and PSO hybrid with PS (PSO-PS) algorithms. It is 

found that the GA-SA, GA-PS, PSO-SA and PSO-PS hybrid approaches are the best 

stochastic optimizers. The comparison of results is made with available exact 

solution, approximate analytic solution and standard numerical solvers. It is found 

that in most of the cases the design scheme has produced the results in good 

agreement with state of art numerical solvers. The advantage of our approach over 

such solvers is that it provides the solution on continuous time inputs with finite 

interval instead of predefine discrete grid of inputs. The other perk up of the scheme 

in its simplicity of the concept, ease in use, efficiency, and effectiveness. 
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CHAPTER 1 

 

INTRODUCTION 

 

1.1 PROBLEM STATEMENT 

Application of fractional order systems has significant importance in the field of 

engineering and applied science. Generally, a fractional order system is provided by a 

fractional differential equation, a differential equation which contains integer and 

non-integer order derivatives. Theory of fractional order calculus is almost as old as 

that of classical calculus. However, most of the extensive applications of the 

fractional order calculus are found to be in the last three decades. In fact, many 

scientific areas are currently paying attention to the fractional calculus concepts and 

its adoption is well known in viscoelasticity and damping, diffusion and wave 

propagation, electromagnetism, chaos and fractals, heat transfer, biology, electronics, 

signal processing, robotics, system identification, traffic systems, genetic algorithms, 

percolation, modeling and identification, telecommunications, chemistry, 

irreversibility, physics, control systems as well as economy and finance. 

Linear and nonlinear ordinary differential equations have been solved with well 

known modern and classical numerical techniques like Runge Kutta (RK), Adomian 

Decomposition methods (ADM), Taylor Series methods, Homotopy analysis method 

(HAM), Homotopy perturbation method (HPM) and Adams method etc. Recently, the 

capabilities of many numerical approaches have strengthed to such extent that these 

are able to solve fractional differential equations. They provide the approximate 

analytic solution in the form of known special function with esily computable 

mathematical terms. Some of the famous approaches are ADM, HAM, HPM, and 

fractional Adam methods. However, comparatively smaller work has been carried out 
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for the solution of fractional order systems, which motivates the analysts and 

researchers of numerical computing in this field. We have investigated the heuristic 

approaches to provide an effective, viable and less computationally expensive 

solution to these fractional order systems.  

The mathematical models based on Artificial Neural Network (ANN) have been used 

for solution of problems associated with differential equations due to its universal 

capability of modeling. However, the problems solved so far using ANN have 

differential equations with only integer order derivatives. There has been no work 

regarding FDEs solution with such algorithms. In this work we have developed a 

scheme for solving the differential equations, which contain integer, as well as, non-

integer order derivatives. In this regard, the major issues which have to be addressed 

are given below: 

• Unfortunately, the fractional derivatives for commonly used activation 

funcitons such as log-sigmoid are not available. So, investigation is required 

for the selection of activation functions for neural network. 

• The formulation of problem specific objective function has to be carried out 

by linear combination of the neural networks that define unsupervised error 

such that its optimization results in an appropriate model for fractional 

differential equation. 

• To choose appropriate methodology for training of the weights of neural 

networks that can optimize the problem specific objective function. 

• The reliability and effectiveness of the stochastic methodologies need 

investigation by Monte-Carlo simulations and its statistical analysis.   

1.2 CONTRIBUTION OF THE DISSERTATION 

This dissertation presents new developed stochastic techniques for finding the 

solution to the fractional order systems in engineering. The designed scheme consists 

of approximate mathematical modeling of the fractional differential equations (FDE) 

using artificial neural networks that define the unsupervised error. The error is 
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optimized by the use of appropriate unknown weights for neural networks which are 

trained by the use of initial population based on computational intelligence 

techniques. The detail is provided as follows 

1. Development of New Neural Network Mathematical Model for Fractional Order 

System and its Optimization with Heuristic Computational Techniques 

The successful mathematical models of FD equations have been constructed with 

the help of AN networks. In these networks exponential function was used as an 

activation function due to its strength in approximating any function and 

availability of its fractional derivative in term of easily computable terms. The 

accuracy of the modeling is subjected to selection of appropriate weights for the 

networks, which are highly stochastic by nature. Therefore, evolutionary 

computation algorithms, as well as, particle swarm optimization algorithm 

hybridized with rapid local search techniques have been used for training of 

weights. In this way, the proposed design scheme is formulated. 

2. The Application of Proposed Scheme to Generic Linear and Non-Linear Systems 

Design approach has been tested by solving number of linear and nonlinear 

systems based on differential equations of fractional order for which the exact 

solution is known. It is found that the results are in a good agreement with exact 

solutions. 

3. The Application of Proposed Scheme to specific Systems  

The designed scheme was also applied to well-known fractional order systems in 

applied sciences and engineering. These fractional order systems are known in the 

literature as Besset problem involving linear FD equations, Nonlinear Riccati FD 

equations, and Bagley Torvik linear and nonlinear FD equations. The results of 

the scheme are in good agreement with state of art numerical solvers.  
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1.3 ORGANIZATION OF THE DISSERTATION 

Chapter 2 summarizes the overview of fractional calculus. It starts with a short survey 

on the history of fractional calculus and then provides the basic definitions for 

important relations. It also provides introduction to fractional differential equations 

along with their applications to engineering. A short survey on numerical treatment of 

fractional differential equations is also given. 

Chapter 3 covers the designed methodology for modeling of fractional order systems. 

It also provides the formulation of fitness function for the equations and introduces 

the evolutionary computation and swarm intelligence algorithm. Moreover, some 

necessary details of algorithms are also given for further clarity.  

Chapter 4 illustrates the applications of design scheme based on evolutionary 

computational techniques i.e. Genetic Algorithm (GA). It starts with linear differential 

equation of fractional order and ends up with famous engineering applications of 

Riccati and Bagley-Torvik equations.   

Chapter 5 demonstrates some the applications of designed methodology using Particle 

Swarm Optimization algorithm. In this chapter, the scheme is not only applied to 

linear and nonlinear fractional differential equations but also the statistical analysis 

and comparison of the results with other techniques are provided.  

Chapter 6 summarizes and concludes the dissertation. Some of the future directions 

and recommendations are also highlighted at the end. 

 



 

CHAPTER 2 

 

FRACTIONAL CALCULUS: AN OVERVIEW 

 

In this chapter, an overview of the historical development of fractional calculus is 

presented. Some basic definitions of fractional integration and differentiation are 

given with examples of some functions. The important analytical relations are 

introduced to be used later in the thesis. Introduction to fractional differential 

equations with its important applications in engineering and technologies, and 

numerical treatment for the solution of differential equation of fractional order are 

also provided.  

2.1 SHORT HISTORY 

It is utterly wrong to categorize the fractional calculus as a young scientific field. In 

fact, the birth of fractional calculus takes place almost at the same time as that of 

classical calculus itself. The first references to the subject term of fractional order 

derivative were made in the 17th

[1]

 century. It is interesting that today’s mathematical 

topics related to the fractional calculus are far from being the “calculus of fractions” 

as one might assume by the notation itself. As an alternative, the field of fractional 

calculus would be understood today better as “integration and differentiation to an 

arbitrary order”. In recent years, the available literature on fractional calculus in the 

form of books is published ( , [2], [3]) and it contains a lot of information about its 

survey on historical development. Moreover, a number of research articles ([4], [5], 

[6], [7]) have addressed the various aspects of its history. Therefore, at the beginning 

of this document a short summary is provided for the history of fractional calculus 

based on the material provided in above mentioned books and articles. 
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The origin of classical calculus is linked with Leibniz and Newton and actually, it is 

also a historical controversy e. g [8], the birth of fractional calculus can be associated 

with Leibniz. His comments to the questions asked by L’Hospital about the meaning 

of non-integer (real) order derivatives, especially the case 2/1 , are the earliest remarks 

on the subject.  His response is available in a letter to L’Hospital dated 3rd

[9]

 August, 

1695 , and produces the famous statement that “one day very useful consequences 

will be drawn from this paradox” because there are little paradoxes without worth.  

Leibniz also made correspondence about the topic of non-integer order derivatives 

with Johann Bernoulli December 1695 and J. Wallis in 1697 ([10], [11]). The topic of 

non-integer order derivative continued on even after the death of Leibniz in 1716. 

Leonhard Euler made his comments on fractional order derivative in the paper [12] in 

1783. He worked on progressions of numbers and introduced first time the 

generalization of factorials to Gamma function. A little more than fifty year after the 

death of Leibniz, J. L. Lagrange in 1772 [13] indirectly contributed to the 

development of exponents law for differential operators of integer order, which can be 

transferred to arbitrary order under certain conditions. 

Perhaps, P. S. Laplace has provided the first detailed definition for fractional 

derivative in his book in 1812 [14]. It states that fractional derivative can be defined 

for functions with representation by an integral, in modern notation it can be written 

as ∫ − dttty x)( . After few years, work on fractional derivative is also carried out by S. 

F. Lacroix. He worked on generalizing the integer order derivative of function 

mtty =)(  to fractional order, where m  is some natural number. In modern notations 

integer order nth

,,
)!(

! nmt
nm

mt
dt
d nmm

n

n

≥
−

= −

 derivative derived by Lacroix can be given as  

 
 

Generalized factorial used by Lacroix as given by Euler’s Gamma function in order to 

formulate the fractional order derivative and gets 
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,,
)1(

)1( ν
ν

ν
ν

ν
≥

+−Γ
+Γ

= − mt
m

mt
dt
d mm  

 

Lacroix also provided the 2/1 order derivative for function tty =)(  and it is given as  

,
)2/3(

)2( 2/1
21

21

tt
dt
d

Γ
Γ

=  
 

J. B. J. Fourier in 1822 provides more applicable definition for fractional calculus in 

his book [15]. Fractional calculus was talked about right from the commencing of 

classical calculus, but in 1823 first time fractional operations were used in solving of 

specific physical application, named as tautochrone problem. It was Niels Henrik 

Abel who describes the problem along with its solution in detail in 1823.  

After Abel's integral equations, applications in physics, the first detailed study on 

fractional calculus were provided by J. Liouville ([16], [17], [18]). His definitions for 

fractional derivative for a function are given in the form of an infinite series with 

limitations to its convergence and applicability to limited class of functions only.  In 

many applications to physical, geometrical and mechanical problems, Liouville 

definition of fractional derivative is used. Riemann used complementary function for 

defining of fractional derivative.  In 1847 G. F. B. Riemann carried out his work for a 

generalization of a Taylor series, and deduced his definition for fractional derivative. 

In such a way, the commonly used definition for fractional integration has been 

developed. It is called as Riemann-Liouville fractional integer (see also section 2.3.4). 

It is worth mentioning that Riemann could not develop the representation without 

involving problematic complementary function, as pointed out by A. Cayley in [19]. 

However, it is noted that the collective work of Riemann were printed about ten years 

after his death. 

Number of other definitions for fractional derivative or integrals is available in the 

literature. To name a few, Grünwald-Letnikov provided the fractional derivative by 

use of finite differences. H. Weyl [20] in 1917 has introduced fractional integral by 

use of periodic functions and their Fourier transform. Marchaud [21] in 1927 has 
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given the integral version for the fractional derivative of Grünwald-Letnikov. 

Leibniz’s formula for analytic functions has been developed for fractional derivative 

of Riemann-Liouville type by Watanabe [22] in 1931. M. Riesz ([23], [24]) has 

developed the integral known as Riesz Potential, closely related to Riemann-Liouville 

and Weyl fractional integral.  B. S. Nagy [25] in 1940 has developed an inequality for 

trigonometric sums and approximated the fractional integrals by trigonometric 

polynomials. Erdélyi and Kober in ([26], [27]) have introduced the modification in 

Riemann Liouville fractional integral by using Mellin Transform. A large number of 

additional results on fractional calculus were reported in the twentieth century, but it 

is worth mentioning that the definition of fractional derivative provided by M. Caputo 

in 1960 is the most frequently used in the applications. 

The field of fractional calculus has developed to such an extent by the second half of 

twentieth century that the first conference exclusively on the theory and application of 

fractional calculus was held in 1974 at New Haven [28]. The first book on fractional 

calculus by Oldham and Spanier [29] appeared in 1974. The first issue of journal 

related solely to the fractional calculus “Fractional Calculus & Applied Analysis” was 

available in 1998. In recent history a number of books and survey papers have been 

published on the subject of fractional calculus. The most popular in books in this  

regard by Miller and Ross [1], Samko et al. [2] and Podlubny [30]. Furthermore 

application specific books in fractional dynamics are also published like Barlow [31], 

Ben-Avraham and Havlin [32], Carpinteri and Mainardi [33], Metzler and Klafter 

[34], Ozaktas et al [35], Monje et al [36] and  West et al [37] etc. Beside those a large 

number of special issues on fractional calculus and its applications to the physical 

systems are also available in the reputed journals ([38], [39], [40]). Moreover, a 

number of special issues of journals have been launched recently exclusively for 

fractional order calculus.  

In short, fractional calculus from its birth till today, has found wide applications for 

many complex problems in the field of science and engineering.  
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2.2 BASIC DEFINITIONS 

In this section, basic theory of some special functions and definitions of fractional 

integral and derivative is given, which will be used in the next chapters. The fractional 

integral and derivative have been expressed in the literature in a variety of ways, 

including Riemann-Liouville, Caputo, Erdélyi-Kober, Hadamard, Grünwald-Letnikov 

and Riesz type etc. Equivalence of these definitions for some function has been given 

in standard fractional calculus reference books ([1], [2], [29]). All these definitions 

have their own importance and advantages in different types of mathematical 

problems. Riemann-Liouville and Caputo definitions of fractional derivative are used 

in our study. Firstly we introduce the Gamma and Mittag-leffler functions, and then 

other definitions are presented which play significant role to develop a theory for 

differential of arbitrary order, as well as, in the theory of FDE equations. 

2.2.1 GAMMA FUNCTION 

Probably, one of the fundamental functions of the fractional calculus is Euler’s 

Gamma function, which is basically provide the generalization of factorial, !n  and  

permits n  to take as real and even complex values.  

The definition of the gamma function is given by the integral [30] 

∫
∞

−−=Γ
0

1)( dxxet tx  (2.2.1) 

The gamma function can also be defined by the limit representation as 

.0)Re(,
)()1(

!lim)( >
++

=Γ
∞→

x
nxxx

nnt
x

n


 (2.2.2) 

Two basic properties of gamma function are given as 

!)!1()()1( nnnttt =−=Γ=+Γ , (2.2.3) 

and the second important property is that it has simple pole at the points 

).,...,2,1,0(, =−= nnx  
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2.2.2  MITTAG-LEFFLER FUNCTION 

G. M. Mittag-Leffler has developed a function, for one-parameter generalization of 

exponential function, which is represented by [41] 

.
)1(

)(
0

∑
∞

= +Γ
=

n

n

x
xxE

αα  (2.2.4) 

 It was introduced in [42] and also studied by A. Wiman [43]. Mittag-leffler function 

(MLF) of two parameters was in fact developed by Agarwal [44] using series 

expansion [41] and is defined as 

).0,0(,
)(

)(
0

, >>
+Γ

= ∑
∞

=

βα
βαβα

n

n

x
xxE  (2.2.5) 

For ,1=β  the above relation is reduced to MLF function in one parameter. It can be 

obtained from the definition (2.2.5) that 

,1)(,1)(,)( 23,12,11,1 x
xexE

x
exEexE

xx
x −−

=
−

==  (2.2.6) 

The particular cases of MLF can be represented by hyperbolic sine and cosine 

functions 

.)sinh()(),cosh()( 2
2,2

2
1,2 x

xxExxE ==  (2.2.7) 

Similarly the relation of MLF with error function is given as 

∑
∞

=

−=
+Γ

=
0 2

1,2/1 ),(
)1(

)(
2

n

x
n

n

xerfcexxE  (2.2.8) 

where the error function is defined by 

.2)(
2

dxexerfc
x

x∫
∞ −=

π
 (2.2.9) 

Another important particular case of the MLF used extensively in solving fractional 

order systems is given as 
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)(
)1(

)(),( 1,1
0

axEt
n

axta
n

n

x +

∞

=
∑ =

++Γ
= ν

νν

ν
νε , (2.2.10) 

where ν is representing a fraction and a  is a constant. 

2.2.3 RIEMANN LIOUVILLE FRACTIONAL INTEGRAL AND DERIVATIVE 

The definition of Riemann-Liouville fractional integral of order 0<ν is given as  

∫ −−
Γ

=
t

dfttfI
0

1 ,)()(
)(

1))(( τττ
α

νν  

(2.2.11) 

)())(( 0 tftfI =  

where νI is the ν  order fractional integral. Accordingly, the fractional derivative of 

order 0>ν  is normally given as 

),1())(()())(( nntfI
dt
dtfD nn ≤<−= − ννν  (2.2.12) 

where νD  is the fractional derivative and n  is an integer. One of the important 

properties associated with it is that the Riemann Liouville fractional derivative is an 

inverse of the integral of the same order.  

Let us apply the definition of Riemann Liouville fractional derivative to power 

function given as 

,)()( αattf −=  (2.2.13) 

where α is an arbitrary real number and a is some constant. It can be evaluated and 

provided as [30]  

,)(
)1(

)1()( νααν

να
α −−
++Γ

+Γ
=− atatD  (2.2.14) 

Similarly, in case of exponential function, ,teλ  it can be evaluated as 
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).()( 1,1 λν
νλν

−
−= EteD t  (2.2.15) 

2.2.4 CAPUTO FRACTIONAL DERIVATIVE 

The definition of derivative provided by Riemann-Liouville has certain limitations 

when it is used for modeling of real-world phenomena associated with fractional 

differential equations. Therefore, we introduce a modified definition of fractional 

differential operator Dν [45]given by Caputo , [46]. 

),1()()(
)(

1)())((
0

)(1 nndft
n

tf
dt
dItfD

t
nn

n

n
n ≤<−−

−Γ
== ∫ −−− ντττ

ν
ννν  (2.2.16) 

where νI is given in (2.2.11). The usual property of the Caputo integral operator is  

 ),1(
!

)0()())((
1

0
nn

k
tftftfDI

n

k

k
k ≤<−−= ∑

−

=

ννν  (2.2.17) 

The Caputo fractional derivative is obtained by computing an ordinary derivative 

followed by the fractional integral, whereas the Riemann-Liouville is obtained in the 

reverse order. The use of Caputo fractional derivative allows the traditional 

homogeneous, as well as, inhomogeneous initial and boundary conditions occurring 

often in general application. However, both the formulations, Riemann Liouville and 

Caputo, coincide for homogeneous initial conditions. 

Laplace transform operator is used to understand the difference between Riemann-

Liouville and Caputo derivatives in terms of initial conditions accompanied by 

fractional differential equations. The formula for Laplace transform of Riemann-

Liouville fractional derivative contains the initial condition with limiting values for its 

fractional derivative. Problems with such type of initial conditions are solved 

successfully [47], however its solution is useless, because there is no physical 

interpretation for such initial conditions. On the contrary, such problems do not arise 

by taking Laplace transform of Caputo fractional derivative. 
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2.2.5  GRÜNWALD-LETNIKOV FRACTIONAL DERIVATIVE 

In this section, we describe an approach of Grünwald-Letnikov fractional derivative 

by taking a continuous function )(tfy = . Using the definition of first order 

derivative 

h
htftftf

dt
d

h

)()(lim)(
0

−−
=

→
 

 

The nth

),()1(1lim)(
00

mhtf
m
n

h
tf

dt
d n

m

m
nhn

n

−







−= ∑

=
→

 order derivative can be represented as 

 (2.2.18) 

where, in usual notation of binomial coefficient 

!
)1()2)(1(

m
mnnnn

m
n +−−−

=






 

 
 

Now using the arbitrary value of order ν  the equation (2.2.18) can be written as 

),()1(lim)(
00

mhtf
m

htfD
n

m
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tnh
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−







−= ∑

=

−

=
→

ννν  (2.2.19) 

 which represents the derivative of order r  if r=ν  and the r-fold integral if r−=ν . 

By assumption the )(tfy =  and its integer order derivative are continuous in the 

closed interval ],[ ta  and r  is an integer number satisfying the condition 1−>νr , 

then the formula (2.2.18) can be formulated as  

∑ ∫
=

+

+
−

+−

−
++−Γ

+
++−Γ

−
=

r

k

t

a
r

r
r

k

k
k

df
dt
dt

kk

af
dt
dat

tfD
0

1

1

.)()(
)1(

1
)1(

)()(
)( τττ
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ν

ν

ν  
2.2.20 

From the mathematical perspective, the class of the functions for which this definition 

is applicable, is very narrow due to constraints on function for )1( +r -time 

continuously differential functions. Moreover, understanding this fact is important in 

order to apply for the methods of the fractional calculus in applications, especially 



Chapter 2.                                                                                              Fractional Calculus: An Overview 

14 

because of the fact that the Riemann-Liouville definition weakens the conditions on 

the function )(tfy =  and requires the integrable condition on )(tfy =  only. 

2.2.6  OTHER DEFINITIONS 

In this section, we have presented the other definitions of fractional integrals and 

derivatives used in the literature. All these definitions have their own advantages and 

limitations. Let us start with the definition of Erdélyi-Kober type fractional integrals 

and derivative. Let us take ),( ba  as a finite or infinite interval on +ℜ , also let 

,0,0)( >>ℜ σν  and η  be the complex number, then for −∞=a  and ∞=b , the 

Erdélyi-Kober type  right-sided fractional integral is defined by 

∫
∞

−

−−−

>
−Γ

=
t

t
t

dfttfI ),0(
)(

)(
)(

)( )1(

1)1(

_ νσσ

ηνσησ
ν

τ
τττ

ν
σ
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and similarly the right side fractional derivative corresponding to Erdélyi-Kober type 

fractional derivative is defined as 

)),(()1()( )(
1_ tfItD

x
ttfD nnn ννησ

σ
σην

σ
−

−
−−

−
− −=  2.2.22 

where 1)( +ℜ= vn  with dtdD = . Such types of definitions are given in Samko et al 

[2], and Butzer et al [48].  

The left-sided fractional integral and derivative, respectively, introduced by 

Hadamard [49] can be defined as 

∫ >
Γ

= −
+

t

tdfttfI
0

1 ),0()()(log
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τ
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There are many other definitions available in the literature, but we will briefly provide 

the definitions mostly used in engineering applications like Riesz Fractional Integro-
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Differentiation. The definition of Riesz fractional integration is realized in the form of 

Riesz potential and given as the Fourier convolution form 

 ),0)(()()())(( >ℜ−= ∫ νν
ν τττtt dfkfI

nR

 2.2.25 

where nℜ  be the n-dimensional Euclidean space, sufficiently good functions 

),...,,()( 21 ntttff =t  and Riesz kernel function )(tνk  is given as 

  






=−

≠−
≈

−

−

,....,4,2,0),log(||
,....,4,2,0,||

)(
1)(

||
1 n

n
k n

n

n ν

ν
νγ ν

ν

ν
tt

t
t  2.2.26 

where the constant )(νγ n  can be written as 
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The equivalence of all these definition applied on certain function can be easily 

verified and is given in standard reference books of fractional calculus. However, it is 

necessary to mention that we have confined our studies to Riemann-Liouvelli, Caputo 

and Grünwald-Letnikov fractional derivative formulations.   

2.3 FRACTIONAL DIFFERENTIAL EQUATIONS 

In order to abbreviate the Ordinary differential equations involving arbitrary non-

integer order derivatives the notation of fractional differential equation is used in the 

literature.  The interest of the researcher for FDE equations as a separate topic has 

arisen some 40-50 years ago. It is mainly due to its ability to make mathematical 

models of complex phenomena with ease. These equations can hold non-local 

relationships in space and time through power-law memory kernels. Moreover, since 

FDEs have extensive applications in engineering and science, research in such areas 

has developed significant potential all around the world. 

The solution for Cauchy type problems involving the Riemann-Liouville differential 

operators has attracted several researchers specially the mathematicians. The 
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problems involving this kind of FDE equations have been systematically and 

rigorously studied and it can be found in the Ref. ([50], [51], [52]) for review. 

Besides, many applied researchers have used FDE equations models of real process 

however the literature on the subject does not seem to provide the results on far-

reaching consequences. It is due to the fact that for fractional derivative operators 

many useful properties are unknown or not fully developed, such as, a clear physical 

and geometrical interpretation, chain rules, product rules, and so on.  

The strength of classical calculus is well known to provide a powerful tool for 

describing and modeling of important dynamic processes in wide fields of the applied 

sciences. However, there are many complex systems in nature involving anomalous 

dynamics and have a macroscopic complicated behaviors, for which the dynamics 

cannot be characterized fully by classical calculus such as pollution diffusion in 

atmosphere, the transportation studies for chemical contaminants in water around 

rocks, the dynamics of polymers a kind of viscoelastic materials, cellular diffusion 

practices, network traffic, the effect on the profitability in financial markets stocks 

through speculations, transmission of signals during strong magnetic and many more. 

Recently, fractional calculus operators have been utilized rather extensively for 

finding particular solutions of homogeneous as well as non-homogeneous linear 

ordinary and partial differential equations associated with many celebrated equations 

of mathematical physics such as the Gauss hypergeometric equation and Bessel 

equation. The ordinary and partial differential equations of higher orders, and many 

extensions and relatives have presented large number of scattered results in a unified 

manner [53]. Few years ago many interesting applications of so called Fractional 

Fourier Transform (FFT) have been published. This FFT transform has been widely 

applied mainly in Optics and Signal Processing theory. The excellent book by 

Ozaktas et al [35] is a good introduction in this respect (see also, [54], [55], [56], [57]) 
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2.4  APPLICATION OF FRACTIONAL CALCULUS IN ENGINEERING 

 In this section, a short survey has been provided on applications of fractional order 

systems. In recent years, it has been a productive field for research in engineering and 

applied sciences. Fractional calculus concepts are used in many scientific areas of 

applied sciences and and its acceptance is well known in electromagnetism, 

viscoelasticity and damping, diffusion and wave propagation, chaos and fractals, heat 

transfer, biology, electronics, signal processing, robotics, system identification, traffic 

systems, genetic algorithms, percolation, modeling and identification, 

telecommunications, chemistry, irreversibility, physics, control systems as well as 

social sciences like economy and finance. However, we have presented here a brief 

overview on few of them.  

2.4.1  VISCOELASTICITY 

Let us start with the Hooke’s law about the relationships between stress and strain for 

solids and for Newtonian fluids, which are as 

),()( tEt εσ =  

2.4.1 
,)()(

dt
tdt εησ =

 
 where η and E are constants. These mathematical models are applicable for ideal 

solid material and for an ideal fluid. In-fact, in real word neither of such materials 

exists. Its real material properties lie between ideal solid and ideal fluids on the basis 

of sorting of materials on its firmness. Moreover, it can be stated that the zeroth

[58]

 and 

first order derivative of strain is proportional to the stress for solid and stress for fluid, 

respectively. Naturally, a question arises, in ref , that whether “intermediate” 

material stress is proportional to “intermediate” strain derivative (non-integer). 

The models linear viscoelesticity has been developed using integer-order derivatives 

and it is provided in book [30]. Hooke’s elastic element is shown as a spring, while 

the Newton viscous element is represented as a dashpot. Similarly, generic linear 
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model of viscoelasticity can be derived from by replacing integer-order derivative 

with fractional derivatives. It can be given as  

),()(
00

tDbtDa ii

m

i
i

n

i
i εσ µν ∑∑

==

=  2.4.2 

where a  and b  are constant coefficient, ν  and µ  are non-integer order of 

differential equations. It is the generalization of basic laws of deformation of 

viscoelesatic materials in term of complicated differential equations, but it is used in 

formulating and solving many applied problems. Moreover, it is possible to achieve 

the best results for mn =  and ),...,2,1,0(, == iii µν . It is worth mentioning that many 

authors made significant contributions to the development of fractional-order models 

of viscoeleasticity and their applications like M. Caputo ( [60], [61], [62] ), A. 

Fenauder [63], Ch. Friedrich ( [64], [65] ), B. Gross [66], F. Mainardi ( [67], [68] ) 

and others. However, today’s intensive development of this field and its advanced 

state comparing to other fields is undoubtedly due to series of works by R. L. Bagley 

and Torvik ( [69], [70], [71] ) in which the advantages of fractional calculus approach 

were presented with ultimate clarity using both theoretical and experimental 

arguments, and also due to the need for a better description of the properties of 

materials used in industry.  

2.4.2 BODE’S ANALYSIS OF FEEDBACK AMPLIFIERS 

Studies on feedback amplifier design [72] were first published by H. W. Bode in 

1945. He has taken the system characterized with the frequency response given by  

ni
b
aZ −= )()( ωω  (2.4.3) 

and its corresponding transfer function 

,)( n
z s

b
asg −=  (2.4.4) 
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where a  and b  are constant, and n  is the number representing stages for feedback 

amplifier. In his investigation Bode takes n  as an arbitrary real number and found 

that optimal number of stages is non-integer in a feedback amplifier. In short, Bode 

carried out a frequency domain analysis for the performance of non-integer order 

system with fractional order transfer function as given in equation (2.4.4).  

2.4.3 FRACTIONAL LEAST MEAN SQUARE ALGORITHM 

In Least Mean Sqare (LMS) in the literature summarized by the following equations 

[73] 

)()(ˆ)( nnny H uw=  

(2.4.5) )()()( nyndne −=  

)()()(ˆ)1(ˆ nnenn uww µ+=+  

Where y(n) is filter response, d(n) is the desired response, e(n) is the error signal, u(n) 

is input signal, ŵ(n) is tape weights and μ is step size. In deriving the fractional LMS 

algorithm, we have to use fractional derivatives in addition to first derivative. The 

weight adaptation equation of kth

)2(
)(ˆ

)()()()()1(ˆ)(ˆ
1

21 ν
µµ

ν

−Γ
−+−+−=

− nw
knuneknunenwnw k

kk

 element for FLMS algorithm can be written by 

 (2.4.6) 

where ν  is the real number, 10 <<ν . 

To speed up the tedious computations of the non-linear equation in cyclic single step 

iteration, assuming )1(ˆ)(ˆ 11 −≅ −− nwnw kk
νν  then 

)2(
)1(ˆ

)()()()()1(ˆ)(ˆ
1

21 ν
µµ

ν

−Γ
−

−+−+−≅
− nw

knuneknunenwnw k
kk  (2.4.7) 

for 1,,2,1,0 −= Mk  , where M is the number of taps. 

The FLMS algorithm is formulated by using eqation (2.4.5), and weights updation 

using equation (2.4.7).  
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It can be used in digital signal problems extensively like as standard system 

identification problem [73]. The desire response )(nd for for the input vector )(nu , of 

the unknown system is given as  

)()()()( 0 nnnnd H η+= uw  (2.4.8) 

where the tap-weight vector )(n0w  represents the “target” to be tracked by the filter, 

and )(nη is unknown white Gaussian noise with zero mean. The tap-weight vector 

(n)ŵ  is estimated using standard LMS and FLMS algorithm [74] are given in Table 

2.1.  

Table 2.1 Comparison of Convergence Analysis of LMS & FLMS Algorithms 

Step 
size 

Algorithm 
Applied 

Order of 
derivative 

Number of iterations 

5 taps with w∆   7 taps with w∆   9 taps with w∆  
0.5 0.1 0.004 0.5 0.1 0.004 0.5 0.1 0.004 

0.0005 LMS 1 239 651 1000+  345 681 1000+  355 732 1000+ 

FLMS 0.5 91 193 459  104 206 445  149 271 524 

0.001 LMS 1 106 302 719  157 365 698  204 358 745 

FLMS 0.5 55 101 201  61 132 286  68 209 479 

0.0015 LMS 1 79 196 469  79 185 472  89 252 474 

FLMS 0.5 22 58 114  30 76 175  39 140 291 

It can be inferred from the results shown in Table 2.1 that the rate of convergence of 

the FLMS algorithm is superior to that of conventional LMS algorithm 

2.4.4  RICCATI DIFFERENTIAL EQUATION 

In this section, an introductory literature about Riccati fractional order system 

provided by differential equations of arbitrary order is presented. Its historical 

background, introduction to the subject terms, and fundamental theories can be found 

in books ( [75], [76] ). The Riccati differential equations has substantial importance in 

classical, as well as, modern science and engineering applications, like stochastic 

realization theory, random processes, optimal filtering, controls, robust stabilization, 
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calculus of variations, network synthesis, diffusion problems and  areas such as 

financial mathematics ( [75], [76], [77], [78], [79] ). 

 The generic non-linear quadratic Riccati differential equation can be written as    

,0),()()()()()( 2 Tttytrtytqtp
dt

tyd
≤<++=ν

ν

 (2.4.9) 

with initial and boundary conditions given as ,0)0(,0)0( =′= yy  

where ν  is the order of the equations, )(),( tqtp , and )(tr  are known functions, T  is 

the constant used for representing the span of inputs  within the close interval ].,0[ T  
 

The general response equation (2.4.9) contains a parameter ν , the order of the 

fractional derivative that can be varied to obtain various responses. In the case of 

nv = , where n  is some integer, the equation (2.4.9) is reduced to the classical 

Riccati differential equation. It has significant role in many fields of science and 

technology. For example, it is well-known that the one-dimensional static Schrödinger 

equation is closely related to a Riccati differential equation [80]. Solitary wave 

solution of a nonlinear partial differential equation can be represented as a polynomial 

in two elementary functions satisfying a projective Riccati equation [81]. 

In case the order ν  of equation (2.4.9) is non-integer, then it is a Riccati differential 

equation of fractional order. The value of order 5.0=ν  has a special importance. This 

is because in classical fractional calculus many of the model equations have been 

developed by using this particular order of the derivative [82]. However in modern 

applications much more generic values of the order ν  appear in the equations ( [83], 

[84] ). Therefore, the problem to develop the analytical and numerical method to 

solve the Riccati differential equation of arbitrary order, has attracted much attention 

and has been studied by many authors. In this regard an approximate analytical 

solution of the equation is derived using piecewise variation iteration method [85]. 

Recently other numerical methods have been extended to solve such equation, e. g. 

Adomian decomposition method [86], He’s variational iteration method [87], and 

Fractional Adams-Moulton method [88].  
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2.4.5  BAGLEY-TORVIK EQUATION 

The Bagley-Torvik equation is originally formulated in the studies on behavior of real 

materials by use of fractional calculus ([70], [88]). It has raised its importance since 

then in many engineering and applied sciences applications. In particular, the equation 

with 1/2-order derivative or 3/2-order derivative can model the frequency-dependent 

damping materials quite satisfactorily. It can also describe motion of real physical 

systems, the modeling of the motion of a rigid plate immersed in a Newtonian fluid 

and a gas in a fluid, respectively ([30], [90]). Fractional dynamic systems have found 

many applications in various problems such as viscoelasticity, heat conduction, 

electrode–electrolyte polarization, electromagnetic waves, diffusion wave, control 

theory, signal processing and so on ([69], [71], [91], [92], [93], [94], [95]). 

The generic form of Bagley-Torvik equation can be written as   

TttftyC
dt

tydB
dt

tydA n ≤<=++ 0),()]([)()(
2/3

2/3

2

2

 (2.4.10) 

with initial and boundary conditions given as ,0)0(,0)0( =′= yy  

where n  is the nonlinear operator of the equations, BA,  and C  are constant 

coefficients, and T  is the constant representing the span of inputs within the close 

interval ],0[ T .  

The general response expression (2.4.10) contains parameters that can be varied to 

obtain various responses. In the case of ,,1 MAn ==  the mass of thin rigid plate, 

,KC =  the stiffness of the spring, µρSB 2=  where S  is area of plate immersed in 

Newtonian fluid, µ  is viscosity and ρ  is the fluid density, then the equation (2.4.10) 

represent the motion of a large thin plate in a Newtonian fluid [30]. Similarly, linearly 

damped fractional oscillators with the damping term having a fractional derivative of 

order ,5.1=ν  it can be represented by Bagley-Torvik equation ([30], [96]). 

The problem to develop the numerical solvers to find the solution of Bagley-Torvik 

fractional differential equation has attracted much attention and has been studied by 
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many authors. In this regard, an approximate analytical solution of the equation was 

derived using Adomian decomposition method ([97], [98]). He’s variational iteration 

method [99], Taylor collocation method [100]. Diethelm transformed the equation 

into first order coupled fractional differential equation and solved the problem with 

Adams predictor and corrector approach [101]. Podlubny used successive 

approximation method to solve the equation, and recently applied the Matrix 

Approach to Discretization of Fractional Derivatives for same problem ([30], [102]). 

However, there has been no advancement to apply the stochastic numerical solvers to 

find the solution of the equation. 

2.4.6  FRACTIONAL-ORDER CHUA-HARTLEY SYSTEM 

The classical Chua circuit is presented by the following non-linear system of integer order 

differential equations  

,)(

,)(

),()(

3

222

111

ya
dt

tdx

zbyaxa
dt

tdy

tfbyaxa
dt

tdx

−=

−−=

−+−=

 (2.4.11) 

where f(t) is a characteristic of piecewise-linear resistor and  

.1,1,1,1

2
2

1
1

2
2

1
1 RC

b
C

b
rC

a
RC

a ====  
 

Chua's circuit is involved extensively in study of chaos, multi-stable behavior, and 

bifurcations. There are a number of article available on the subject and it is one of the 

most widely considered circuit today [103]. Chua’s circuit can be depicted by the 

closed-loop control systems. It has Chua’s resistor in its feedback with 

.)()(,1)(
21232

2
232

2
1

aabasas
basasasG

s
sG sc −++

++
==  (2.4.12) 
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The system provided in Eq. (2.4.11) can be described by the following system of 

differential equations involving three equations with one containing two fractional 

derivatives [104]: 

),(
7

100)(

),()()()(

)),()(4(
7

2))()(()( 31

ty
dt

tdz

tztytx
dt

tdy

txtxatxtyDtxD

−=

−−=

−−−= −νν α

 (2.4.13) 

by taking the values of coefficients as 

.1,
7

2,
7

100,1, 21321 ===== bbaaa αα  
 

2.4.7  FRACTIONAL DIFFUSION EQUATIONS 

One of the most important applications for fractional order derivatives is the modeling 

of diffusion in a particular type of porous medium in fractal media. The resultant 

equation is related to the fractal dimension of the porous material. The transfer 

processes in fractal are described with the following equation suggested by many 

authors [105]: 

),()(1/1 tLXtJD d =−  (2.4.14) 

where )(tJ  is macroscopic flow across the fractal interface, )(tX  is the driving force, 

L  is a constant, and d  is the fractal dimension. It is significant that the fractional 

diffusion equation has been related to a dynamical process in fractal dimension of the 

fractal, which serves as a model of a porous material. The fractional order diffusion 

equation suggested by R. Metzler et al [106] is an example of second type of 

fractional diffusion equation given by 

),),((1),( 1
1

/2

r
trPr

rr
trPD s

s

w d
d

d

∂
∂

∂
∂

= −
−  

(2.4.15) 
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where wd  and sd  depend on the fractal dimension of the media. Moreover, another 

example of the second type is the fractional diffusion equation in the form deduced by 

R. R. Nigmatullin ([107], [108]). In simple case of spatially one-dimensional 

diffusion, Nigmatullin’s equation is given as 

.),(),( 2

2

dx
txudtxuD =ν  2.4.16 

Since the order ν  of the derivative in the above equation can be of arbitrary real 

order, including 1=ν  and 2=ν , it is known as fractional diffusion wave equation. 

Now for 1=ν  the Eq. (2.4.12) becomes classical diffusion equations, and for 2=ν  it 

is known as classical wave equation. For 10 <<ν  and 20 <<ν  the above equation 

is so-called ultraslow diffusion and intermediate processes, respectively ([109], 

[110]). The fractional diffusion-wave equation was intensively used in application by 

F. Mainardi ([68], [110], [111]), A. N. Kochubei [112] and A. M. A. El-Sayed [113]. 

2.4.8 OTHER APPLICATIONS 

It is well known that a close connection exists between fractional differential 

equations and the dynamics of many complex systems, like anomalous processes, 

fractional Brownian motion, continuous time random walk method, fractal media and 

many others. Therefore, it is not possible to provide the complete list of its 

application. However, some important references are mentioned for selected subject 

terms: Probability and Statistical modeling ([114], [115]); Fractional controls in 

Robotics ([116], [117], [118]); Fractional Capacitor Theory ([119], [120]); 

Mechanical system and its analysis ([121], [122], [123]); Electro-analytic Chemistry 

([124], [125]); Fractional order physics ([126], [127]); Electronics and 

Electromagnetism ([128], [129]); Control Theory ([130], [131], [132]); Fractional 

Multi pole [133]; Intelligent systems for transportation ([134], [135]); Oscillators 

[136]; Thermal systems ([137], [138]); Living systems [139]; Electrolyte processes 

[140]; Economics ([141], [142]); chaos and fractals ([143], [144]). 
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2.5  NUMERICAL TREATMENT OF FRACTIONAL DIFFERENTIAL 
EQUATIONS 

In this section, a brief description on some numerical methods has been given for the 

solution of differential equations of fractional order. It starts with brief introduction 

and brief historical survey of numerical methods. A brief description is also provided 

for the numerical methods used later in the thesis for comparison of the results.   

2.5.1 INTRODUCTION  

The numerical methods have been developed successfully by many researchers for 

linear, nonlinear, ordinary and partial differential equations of fractional order. The 

numerical methods are developed on the ideas for integer order case but due to the 

non-local characteristic of fractional derivatives they will differ in important aspects 

and exhibit problems not known in the classical cases. Before starting the narration of 

methods it is given in the previous sections that in general there exist many 

differential approaches to convert the classical calculus to the fractional case, which 

lead to the number of definition of derivative of fractional order. Such kind of 

behavior is more critical whenever analyzing the numerical methods.  

It is common to develop methods for fractional differential equations by taking the 

techniques for classical differential equations involving integer order derivatives and 

then to generalize the concepts in a suitable manner. The reasonable way to refer 

these methods is then to give them the same name extended with the adjective 

‘fractional’ to the underlying classical algorithms. However, classical numerical 

solvers can be extended in more than one ways due to which it is possible for 

fractional calculus literature that two different algorithm may be denoted by the same 

name. Certainly, it can be the source of potential confusion and reader must be careful 

in this regard.  



Chapter 2.                                                                                              Fractional Calculus: An Overview 

27 

2.5.2 BRIEF HISTORY 

Before moving towards numerical techniques, a brief historical survey is given in this 

section. Most of the authors discussed the numerical method integral equation of Abel 

Volterra involving Riemann-Liouville fractional integral ([145], [146]). However, 

such investigation into the FDE equations began only recently.  

Shkhanukov [147] applied successfully the one-parameter family of difference 

scheme to FDEs equations and proved its stability and convergence. Blank [148] 

applied the collocation method to ordinary FDEs with Caputo derivatives. Diethelm 

([149], [150]) suggested an algorithm for differential equations of fractional orders 

based on Hadamard finite part integral used for interpretation of Riemann-Liouville 

fractional derivative. Diethelm et al [151] have converted the nonlinear FDEs to 

second kind of Volterra integral equation and solved it using trapezoidal quadrature 

formula.  Podlubny ([30], [152]) numerical methods for FDEs are based on successive 

approximation of Riemann-Liouville fractional derivatives. He has applied his 

approach successfully to the Cauchy type-problems. Bagley and Torvik [153] first 

consider the problem of behavior of viscoelastic materials in which dynamics of 

certain gases dissolved in a fluid are mathematically modeled using FDEs.  

Diethelm and Ford [154] carried out the numerical treatment of Bagley-Torvik 

equation by transforming the equation into a system of fractional differential 

equations of order 2/1 . They provide consistent and stable solution using fractional 

linear multistep methods and Adams predictor-corrector approach [155]. Edwards et 

al. [156] provide the solution for multi-term FDEs equation by reduceing it to the 

system of FDE equations of order at most unity. Ford and Simpson [157] solved the 

Cauchy type FDEs problems using fixed memory principle as given by Podlubny 

[30]. Lubich ([158], [159]) used discrete convolution quadrature for approximating 

Riemann-Liouville fractional integral. He applied his approach on ordinary and partial 

differential equations of fractional order. Kilbas and Marzan [160] used the 

corresponding routine of the known numerical mathematical libraries called NAG and 



Chapter 2.                                                                                              Fractional Calculus: An Overview 

28 

IMSL to obtain approximate solutions for FDE with Cauchy type problem and the 

Cauchy problem. The ADM, HAM, He’s VIM methods are applied to find out 

approximate numerical solution of non-linear FDE equations.  In these methods, the 

solutions of FDE equations are provided in the form of rapidly convergent infinite 

series with easily computable components. It can be concluded that the development 

of numerical techniques for FDE equations is a growing field of investigations for the 

researchers.  

2.5.3  GRÜNWALD-LETNIKOV FRACTIONAL BACKWARD DIFFERENCE 
METHOD 

The general form of fractional differential equation can be given as   

),1,...2,1,0()0()),(,()( −=== nkbyDtytftyD k
kν  (2.5.1) 

where ℜ∈> νν ,0  and  ν=n . The solution )(ty  of the equation is determined in 

the interval ),0( T  with a step size of h on input timings ntttt ,....,, 210  where 

0, 0 == thTN  and Ttn = , my  and mf  are denoted by )( mty  and ),( mm ytf , 

respectively. Using the definition of Grünwald-Letnikov differential operation the 

formula of for solving FDEs equations can be given as [29] 
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Using the expression for coefficient as 

,)11()1( 1−
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ω  

(2.5.3) 

with 10 =ω , and mk ,...,3,2,1= , then equation (2.5.2) can be written as 

∑
=

=−−=
m

k
mkmmm Nmkhtyytfhy

1
.,...,2,1),(),( ων  

(2.5.4) 

One can compute mm yyyy ,,...,, 121 −  by using 00 =y  from the initial conditions.  
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2.5.4 PODLUBNY’S MATRIX APPROACH 

Podlubny provides his techniques for solving FDEs equations ([30], [102]) with 

homogeneous initial conditions using matrix approach. The formula for obtaining my  

for all nodes simultaneously in a matrix notation is given as 

,1 1

0

1

0

01

01

0

NNN

NNNN f

f
f

y

y
y

h
FYB =⇔



















=





































−

ν
ν

ωωω

ωω
ω







 (2.5.5) 

where 10 =y  is known due to the initial condition, the solution of FDE equation can 

be obtained by solving simultaneously the system of equations instead of using 

recurrence formula. Podlubny described his plausible and elegant approach for linear 

k-term FDEs with homogeneous or inhomogeneous initial conditions of either 

Riemann-Liouville or Caputo type. However, it is necessary for any inhomogeneous 

initial condition to transform into homogenous ones using appropriate conversion.    

2.5.5 DIETHELM'S FRACTIONAL BACKWARD DIFFERENCES BASED ON 
QUADRATURE 

The brief description of Diethelm’s fractional backward difference method is 

provided here, however its detail descriptions can be found in from ([149], [161]). 

Diethelm’s approach can be provided with the help of Grünwald-Letnikov operator 

using Caputo definition and it is given as 

∑
=

− =+−−=
m

k
mnmkmmmm NmtyTDhkhtyytfhy

1
1 .,...,2,1)](0;[)(ˆ),( ννν ω  (2.5.6) 

 where the weight kmω̂ can be written as 
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and )](0;[1 mn tyTD −
ν  with nkbk ,...,2,1, =  for Riemann-Liouville initial conditions is  
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2.5.6  LUBICH'S FRACTIONAL BACKWARD DIFFERENCE METHODS 

Lubich has developed his fractional backward difference method on the basis of 

fractional linear multistep techniques ([158], [159],[162]). Such approaches have 

already been implemented numerically on Volterra integral equations [163].  

Lubich’s fractional backward difference method of order }6...,2,1{∈p for FDEs 

equations of Caputo type can be given by the formula 
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for Nm ...,2,1= , where 0>ν ,  ν=n , the convolution weights mω in the form of 

generating function are given as 
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and the starting weights  jmw , are provided by the solution of linear system of quations   
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with 

.1},1,,;{ +=−≤Ν∈+== sAcardpjkjkA γνγ , (2.5.12) 
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The restriction of order }6...,2,1{∈p is made due to the fact that backward difference 

methods are stable only up to order 6=p .  

2.5.7 ADOMIAN DECOMPOSITION METHOD 

This is an analytic technique developed on Abel-Volerra integral equation using 

infinite sum of basis solution given as [164] 
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where )(τif A  are the Adomian polynomials. The decomposition method is defined 

explicitly as 
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and the Adomian polynomials )(τif A is provided by 
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The function ijy j ,...2,1,0, =  is written for )(τjy  for clarity. Although if it is not 

possible to use infinite scheme, even then a finite expansion can be obtained for 

corresponding differentiability properties of ))(,( tytf . Such finite expansion contains 

again all necessary information on the lower order terms. The ADM method is widely 

used for solving various initial and boundary value problems associeated with 

ordinary and partial fractional differential equations. Some of recent applications of 

ADM algorithm included the solution obtained for Rayleigh-Stokes problem given by 

fractional model of second grade fluid [165], solving fractional advection-dispersion 

equation [166], and solution of discrete hybrid equation associated with constructed 

solitary [167].  
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2.5.8 ADAMS METHODS  

There are many methods developed for fractional order system in engineering, 

however, we have closed our discussion on the subject matter by providing the simple 

description of Adams method. It can be used for solving highly nonlinear fractional 

differential equations.  

The formula for one step fractional variant of one-step Adams-Moulton method is 

([168], [169]):  
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where 1,1 ++ kka , is given by 
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and in case of equispaced nodes the relation for 1, +kja is given as 

( )

( )
















=
+

≤≤+−−−++−
+

=+−−
+

= +++

+

+

0
)1(

,1)1(2)()2(
)1(

,0)1)((
)1(

111

1

1,

jifh

kjifjkjkjkh

jifkkkh

a kj



νν

νν

ν
νν

ν

ννν
ν

νν
ν

 (2.5.18) 

Now the remaining problem is to determine the predictor formula that is required for 

the calculation of value p
ky 1+ . For the said purpose the generalization of one-step 

Adams-Bashforth method is the used by replacement of the integral in Abel-Volterra 

integral equation with product rectangle rule 
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 Thus, the predictor p
ky 1+ is given by the fractional Adams-Bashforth method as 
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where  
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It completes the algorithm for fractional Adams-Bashforth-Moulton method described 

in (2.5.16) and (2.5.20). The weights are provided in expresions (2.5.17), (2.5.18) and 

(2.5.21).  

2.6  SUMMARY OF CHAPTER 

This chapter presents the literature review for fractional calculus and its applicatons to 

engineering systems. The chapter starts with the description of brief history of 

fractional calculus from the origin in 1665 till its present status. The important 

relations used in fractional calculus like Mittag-Leffler function, gamma function and 

few basic definitions of fractional integrals and derivatives are presented, which are 

provided by Riemann Liouville, Caputo and Grünwald-Letnikov. The description of 

Fractional order system in engineering as fractional differential equations are also 

presented and few applications are included like viscoeleasticity, Bode’s analysis of 

feedback amplifiers, fractional LMS algorithm, Riccati and Bagley-Torvik fractional 

system, fractional Chua-Hartley system and fractional diffusion equations. Chapter 

ends with the narration of deterministic numerical treatment of fractional differential 

equations such as Grunwald-Letnikov fractional backward difference method, 

Podlubny’s matrix approach, Diethelm and Lubish fractional backward difference 

methods, Adomian decomposition method and Adams methods. 

 



 

 

CHAPTER 3 

 

DESIGN METHODOLOGY FOR SOLVING FRACTIONAL ORDER 
SYSTEMS  

 

In this chapter, the detailed design methodology for fractional order system 

represented with fractional differential equations is provided. The proposed scheme 

consists of two parts. In the first part, the well known strength of artificial neural 

networks is exploited to model the fractional differential equations. In the second part, 

the heuristic learning methodologies are given for training of weights of neural 

networks. These are based on global and local search optimizers.  

3.1 NEURAL NETWORK MATHEMATICAL MODELING 

In this section, mathematical modeling for fractional order system (FOS) given by 

differential equations of arbitrary order with feed forward artificial neural network is 

presented. It is based on the existing neural network modeling for the differential 

equation of integer order. The possible extension to the existing designed 

methodology is developed, so that it is applicable to the equations containing non-

integer order derivatives as well. 

The generic form of FOS containing single and multi-terms fractional derivatives can 

be written as 

TttyDtytftyD n ≤≤= 0)),(),(,()(ν  (3.1.1) 

with initial conditions as follows. 

,1,,2,1,0,)0( −== NkcyD k
k

  (3.1.2) 

and boundary condition at btt =  for Ttb ≤≤0  is written as 
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,1,,2,1,0,)( −== NkbtyD kb
k

  (3.1.3) 

where D  is the derivative operator, ν  is the order of fractional derivative term, 

  Ν∈=ℜ∈> nN ,,),(,0),( νµνµν , )(ty  is the solution of the equation, T  is the 

constant representing the span of inputs within the close interval ],0[ T , kc  and kb  

are the constants giving initial and boundary conditions, respectively. 

3.1.1  INTEGER ORDER CASE 

It is well known that an arbitrary continuous function and its derivatives on a compact 

set can be arbitrarily approximated by multiple inputs, single output, single hidden 

layer feed forward neural networks with a linear output layer having no bias. The 

solution )(ty  of the differential equation along with its 2nd and nth

nn dtyd /

 order derivative, 

, can be approximated by the following continuous mapping as in neural 

network methodology ([170], [171], [172]): 
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where ii w,α , and iβ  are bounded real-valued adaptive parameters, m  is the number 

of neurons, and f  is the activation function normally taken as log sigmoid function 

.
1

1)( xe
xf −+

=  (3.1.7) 

The mathematical model for differential equation involving integer order derivatives 

can be formulated with the linear combinations of the networks (3.1.4) to (3.1.6). It 

means that the solution )(ty  can be approximated with )(ˆ ty  subject to some 
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appropriate unknown weights. Moreover, the accuracy of the algorithm increase as 

)(ˆ ty  match closely to )(ty  and it depends upon availability of suitable weights for 

networks. Such kind of neural networks based mathematical modeling for linear and 

nonlinear differential equation has been used by various authors in wide areas of 

applied sciences ([171], [172]).   

 3.1.2  FRACTIONAL ORDER CASE 

The networks represented by (3.1.4) to (3.1.6) could not be applied to model the 

differential equations of fractional order due to non-availability of the fractional 

derivative of the log-sigmoid activation function. The exponential function is a 

candidate solution to be used as activation function in the neural network modeling 

for such equation. It has universal function approximation capability, as well as, 

fractional order derivative is known with terms represented by classical MLF function 

of two parameters.  

The approximate continuous mappings in the form of linear combination of 

exponential functions can be taken to approximate the solution )(ty , its integer order 

derivative )(tyDn  and fractional derivatives )(tyDν  as 
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respectively. The linear combination of the networks represented in equations (3.1.8) 

to (3.1.10) can approximately model the fractional differential equations as given in 

(3.1.1). The standard ANN architecture has been extended to be applicable to solution 

for these problems. It is named as fractional differential equation neural network 

(FDE-NN). A generic form of the FDE-NN network architectures for equations 

(3.1.1) is represented in Fig. 3.1. 
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Fig. 3.1 FDE-NN networks architecture for generic FDE equations. 

3.1.3  FITNESS FUNCTION 

The unsupervised error function e  is formulated for defining the fitness function. It is 

given by the linear combination of FDE-NN networks (3.1.8) to (3.1.10) for fractional 

order systems as 

,2,1
1

1
=

+
= j

e
e

j

 (3.1.11) 

where j  is the cycle count for the algorithm, and the function je  is defined as the 

mean of sum of square errors 

jj eee 21 +=  (3.1.12) 

where 1e  is error associated with the equation to be modeled. In case of equation 

(3.1.2), it is given as 
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where s  is the total number of steps, each step is taken between ),0( T . Greater the 

value of s, lesser is the step size and more will be the accuracy of algorithms, but at 

the cost of increase in computational complexity for the algorithms.    

Similarly, 2e  is linked with initial and boundary conditions and it is written as 

∑∑
−

=

−

=

−+−=
1

0

2
1

0

2
2 ))((1))0((1 N

k
kb

k
N

k
k

k btyD
N

cyD
N

e  (3.1.14) 

It is quite evident that subject to the availability of unknown weights for which the 

function je  approaches zero, the value of fitness function e  approaches its 

maximum.  The solution )(ty  of the equation is approximately modeled by )(ˆ ty  as 

given in (3.1.8).  

Similarly, the generic form of fractional order system given by non-linear quadratic 

Riccati and Bagley-Torvik differential equation of fractional order can be written as    

,0),()()()()()( 2 Tttytrtytqtp
dt

tyd
≤<++=ν

ν

 (3.1.15) 

TttgtCytyBDtyAD ≤<=++ 0),()()()(2 ν  (3.1.16) 

with initial conditions given as 

,1,0,)0( == kcyD k
k  (3.1.17) 

whereas boundary condition is written as 

TtkbtyD ok
k ≤<== 01,0,)( 0  (3.1.18) 

where dtdD =  is derivative operator, )(),(),( trtqtp  and )(tg  are known functions 

of t . The linear combination of FDE-NN networks provided in equation (3.1.8) to 

(3.1.10) can also model (3.1.16), and (3.1.17). The generic FDE-NN networks 

architecture for Riccati and Bagley-Torvik fractional differential equation is provided 

in Fig. 3.2 and Fig. 3.3, respectively. 
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Fig. 3.2 The FDE-NN networks architecture for nonlinear Quadratic 

Riccati fractional differential equation. 
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Fig. 3.3 FDE-NN networks architecture for fractional order system of 

generic Bagley-Torvik equation. 

The fitness function is also same as defined in equations (3.1.11) and (3.1.12) but the 

expressions 1e  for (3.1.15) and (3.1.16) are, respectively, given by 
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where )(ˆ),(ˆ 2 tyDty  and )(ˆ tyDν  are the networks given in (3.1.8), (3.1.9) for 2=n  

and (3.1.10), respectively. 

Similarly, 2e  is linked with initial and boundary conditions and it is given as 

It is quite evident that the weights, for which the value of fitness function e is 

maximized, are the most desired ones. 

3.2 COMPUTATIONAL INTELLIGENCE TECHNIQUES 

In this section, the introductory material is given for the methodologies used in 

learning of the unknown weights of networks representing the equation. The well 

known computation intelligence techniques like Evolutionary Computational and 

Swarm intelligence techniques aided with efficient local search methods, such as 

simulating annealing, pattern search and active set algorithm, are used to solve such 

optimization problem.  

3.2.1  EVOLUTIONARY COMPUTATIONAL INTELLIGENCE 

Evolutionary computation use natural evolution as an optimization mechanism for 

solving the problems. The main objective of every evolutionary computational 

technique is to find a good solution to a problem from a large search space of 

candidate solutions. There are some aggressive methods like simulated annealing, hill 

climbing etc, while the non-aggressive consist of genetic algorithms (GA). Simulating 

annealing (SA) is a kind of optimization technique based on annealing of metal [173]. 

It can be found the minimum using stochastic searching technique from the mean of 
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the probability. SA algorithm has a strong ability to find the local optimistic result. It 

can also avoid the problem of local minimum, but its ability of finding the global 

optimal result is weak. The main concern in the hill climbing is local minimum trap. 

In general all aggressive search technique stuck in the local minimum. Differential 

evolution (DE) is very successful for global continuous optimization problems ([174], 

[175]). It mainly utilizes the differential information to guide its further search. DE 

algorithms have very good search ability but, it may be trapped in local minima. On 

the other hand, genetic algorithm does not get stuck in local minima and is a powerful 

tool for optimization problems [176]. The good source of referencne meterail in 

evolutionary computational algorithms can be found in books ([177], [178], [179]). 

However, our studies are confined to evolutionary algorithm based on GA. A brief 

description of GAs is provided in next section. 

3.2.1.1  GENETIC ALGORITHMS 

Genetic Algorithm (GA) is global optimization tool based on natural selection and 

genetic mechanisms. GAs have been developed for the solution of many non-linear 

problems in engineering and applied sciences, such as a novel non-linear feature 

selection problem [180], bankruptcy prediction modeling [181], and non-linear mixed 

integer programming problems [182]. One of the prominent features of GAs is that 

unlike ANNs, do not get stuck in local minima. GAs incorporate parallel procedure as 

well as structured strategy for randomly searching high aptitude points.  Generally the 

GA consists of three fundamental operators: selection, crossover and mutation. GA 

encodes the design parameters into finite bit string to solve the required optimization 

problem.  GA runs iteratively using its operators randomly based upon some fitness 

function. Finally, it finds and decodes the solution from the last pool of mature strings 

obtained by ranking of strings, exchanging the portions of strings and changing some 

bit of the strings. The following basic terms are used in GAs. 

Chromosome or Individual: It is a set of genes. Chromosome or individual contains 

the solution represented in the form of genes. 
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Gene: It is a part of chromosome and contains only a part of solution 

Population: Number of individuals present with same length of chromosome. 

Fitness and Fitness function: Fitness is the rank value assigned to an individual. It is 

based on how far or close an individual is from the solution. The Greater the fitness 

value, the better is the solution. Fitness function is a function which assigns fitness 

value to the individual. It is problem specific. 

Crossover: The process by which the chromosomes from the parents exchange 

systematically using probabilistic decision. It means change occurs during 

reproduction. Therefore, the offspring exhibit some traits of the father and some traits 

of the mother. 

Mutation: The process of changing a random gene in an individual. How often to do 

mutation, how many genes to change, and how big a change to make are adjustable 

parameters. Suitable mutation avoids the early maturation.  

Selection: Selecting individuals for creating the next generation. The aim in selection 

is to give the fitter individuals a better chance to survive in the next generation. It is 

against the nature to kill all unfit genes as they may mutate to something handy. 

Therefore, in selection there is always a tradeoff for better individual and diversity. 

The genetic algorithm process is discussed through GA cycle as given in Fig. 3.4 and 

the flowchart showing the process of evolutionary algorithm is as shown in Fig. 3.5. 

3.2.1.2 ALGORITHM STEPS 

Evolutionary computation algorithm can be given in the following steps: 

Step 1. Initial Population: Randomly generate bounded real value to form initial 

population of P number of the individuals or chromosomes. Each individual 

represents the unknown parameters of neural network. The initial population is 

scatter enough for better search space of the algorithm. Create a Q number of 

subpopulations each having P/Q individuals. 
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Fig. 3.5 Flowchart of Evolutionary Algorithm. 
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Step 2. Initialization: Initialize parameter setting as follows for algorithm execution. 

Set the number of variable in a GA function equivalent to element in the 

individual. Set the number of generations. Set the fitness limit, start cycle 

count. Set the value of Elite count and crossover fraction for reproduction. Set 

Migration in both forward and backward direction. Start generation count etc. 

Step 3. Fitness evaluation: Calculate fitness by using the fitness function given in 

expressions (3.1.11-14). 

Step 4. Ranking: Ranking is carried out for each individual of the populations on the 

basis of maximum fitness values.  

Step 5.  Termination Criteria: Check for termination of the algorithm, which is set as 

either predefined fitness value i.e. MSE 10-08 for linear FDEs equations and 

10-04 for non-integer order cases of the equation or Number of cycles is 

complete. If yes, go to step 8 else continue.  

Step 6. Reproduction: Create next generation on the basis of 

Crossover: Call for scattered function, Mutation: Call for Adaptive Feasible 

function, Selection: Call for Stochastic Uniform function and Elitism etc. 

Step 7. Improvement: Repeat the procedure from step 3 to step 6 with newly 

generated population for improvement of results until total number of cycle is 

complete. 

Step 8. Refinement: Further fine tuning of result is made by using local search 

technique by taking the best fitted individual of step 7 as start point of the 

algorithm. Call for MATLAB function for such techniques like active-set 

algorithm, simulating annealing method, pattern search techniques etc.  Store 

in the memory the refined value of fitness along with the best individual for 

this run of the algorithm. 

Step 9. Statistical Analysis: Repeat step 1 to 8 for sufficiently large number of the 

times to make the statistical analysis of the algorithm. Store these result in 

memory for detail analysis later. 
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3.2.2 SWARM INTELLIGENCE TECHNIQUES 

Swarm intelligence techniques belong to the class of biologically inspired computing 

algorithms such as artificial neural networks, evolutionary algorithm, artificial 

immune systems, fractal geometry, and Quantum computing etc. It is basically an 

amalgamation of computational and collective intelligence of groups that interact with 

the environment. There are two common swarm intelligence techniques in 

computational areas: The Ant colony optimization (ACO) introduced by Marco 

Dorigo in 1993 and Particle swarm optimization (PSO) introduce by Eberhart and 

Kennedy in 1995 [183]. These techniques are widely used in diverse fields of 

engineering and applied sciences due to their ability to provide extremely simple 

high-level algorithmic framework for challenging optimization problems like 

physically-based erosion model [184], resource contrained scheduling problem [185], 

and job-shop scheduling algorithm [186]. Comprehensive studies for the method are 

available in standard reference books ([187], [188]). However, our studies here are 

limited to Particle swarm optimization algorithm. The main advantages of the PSO 

algorithm are simple in concept, ease in implementation, robustness in controlling 

parameters, and computational efficiency compared to other mathematical algorithms 

and heuristic optimization techniques ([189], [190]). Moreover, PSO can easily be 

applied to nonlinear and continuous optimization problems and generate high quality 

solutions in lesser computational time and with more stable convergence 

characteristics. 

3.2.2.1  PARTICLE SWARM OPTIMIZATION ALGORITHM 

Introduction: The PSO was introduced by Eberhart and Kennedy in 1995 as an 

alternative to Genetic Algorithm [183]. It is a stochastic global optimization technique 

based on the behavior of individuals (i.e., particle or agents) of the swarm. Its roots 

are in modeling of the movement of particle, inspired by social behavior of bird 

flocking or fish schooling [183]. It simulates the conduct of bird flocking involving 

the scenario of a group of birds sharing information among them, a fact that leads to 
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enhance the efficiency of the group. The PSO algorithm searches in parallel using 

such groups. Discrete and continuous versions of PSO algorithm have widely been 

applied to different optimization problems in science and engineering. Few examples 

include multiuser detection schemes in mobile communications ([191], [192]), sensor 

networks [192]. Similarly its continuous versions have been used in diverse fields like 

inventory control [193], multiprocessor scheduling [194], controls ([195], [196]) etc. 

Some improved versions of PSO can also be seen in the literature ([197], [198]).  

Standard PSO: the PSO algorithm is originally initialized with a swarm of particles 

placed on the search space randomly and is used to search for optimal solution 

iteratively. In each cycle the position and the velocity of each particle are updated 

according to its known previous local best position, Lbesti
n-1, and the global best 

position of all particles, Gbesti
n-1

),()( 11
22
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1 −−−−− −+−+= j
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j
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i cc XGbestrXLbestrVV ω

, in the swarm so far. The updating formula for each 

particle’s velocity and position in continuous PSO is given as 

 (3.2.1) 

j
i

j
i

j
i VXX += −1  (3.2.2) 

where ω  is the inertia weight linearly decreasing over the course of search from 1 and 

0, r1 and r2 are random vectors and there elements taken between 0, and 1, i = 

1,2,3,…M, where M is the number of particles in  a swarm,  j and j-1 is the present and 

previous flight, respectively. The scalar constants c1 and c2 are the local and global 

social acceleration constants respectively. X and V are the parameters of position and 

velocity, its member are restricted to real numbers such that (X, V)∈ℜd  where d be the 

dimension of search space. 

Following are the common terms used in PSO. 

Particle: In PSO algorithm, each single solution to an optimization problem is 

considered as a particle in the search space.  

Swarm: The exploration of a problem space was made in PSO by a population of 

particles called a swarm. 
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Fitness Function:  All particles in the swarm have fitness values which are evaluated 

by the problem specific fitness function. 

Local Best: The particle with best fitness value with respect to its previous best 

position. 

Global Best: The particle with best fitness in the swarm is call global best particle.  

Local intelligence: The second term on the right hand side in (18) is the difference 

between local best and position of ith particle. It is called as local intelligence. The 

more this difference, the more will be the change in velocity. 

Collective intelligence: The third term in equation (18) is the difference between 

global best position and position of ith

],[ maxmax VVV −∈

 particle is known as collective intelligence. 

Generally, more weightage is given to the local intelligence in the initial stages while 

global intelligence is given more importance in the ending phase of the optimization 

problem. 

Maximum Velocity: The velocity  where maxV  is maximum velocity. 

It is a constant preset defined by users that controls the convergence rate and can 

prevent the method from growing too fast.  

Termination: The termination criterion is determined according to whether the 

presetting maximum flights or a designated value of the fitness is reached.  

The generic flow diagram of PSO algorithm used in this article is given in Fig. 3.6. 

3.2.2.2 ALGORITHM IN STEPS 

The algorithm is given in the following steps: 

Step 1 Initialize swarm: Randomly generate bounded real values to form initial 

swarm of particles. Each particle represents the unknown parameters of neural 

network. The initial swarm is scattered enough for better search space for the 

algorithm. 

Step 2 Initialization: Following parameter values assigned for algorithm execution. 

Set the number of flights. Set the fitness limit and start cycle count. Set the 
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values of individual best and global best acceleration factors. Set the value of 

inertia weight ω and maximum velocity maxV .  
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Fig. 3.6 Generic flow diagram of PSO algorithm. 

Step 3 Fitness Evaluation: Calculate fitness by using the fitness function given in 

expressions (3.1.11) to (3.1.14). 

Step 4 Ranking: Rank each particle of the swarm on the basis of minimum fitness 

values. Store the best fitness particle. 

Step 5 Termination Criteria: Terminate the algorithm if either predefined fitness 

value i.e. MSE 10-08 for linear FDEs and 10-04 for non-linear FDEs is achieved 
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or number of maximum flights/cycles is reached. If yes go to step 7 else 

continue 

Step 6 Renewal: Update the Velocity using equation (3.2.1). Update the position 

using equation (3.2.2). Repeat the procedure from step 3 to step 6 until total 

number of flights is reached. 

Step 7 Storage: Store the best fitted particle so far and name it as global best particle 

for this run. 

Step 8 Refinement: MATLAB optimization toolbox is used for SA algorithm and PS 

techniques for further fine-tuning by taking the best fitted particle as start point 

of the algorithm. Store the value of fitness along with the best particle for this 

run. Stop. 

3.2.3 LOCAL SEARCH METHODS 

The rate of convergence of the global search methods is decreased considerably with 

an increase in number of iterations of the optimization problems. Therefore, in such 

scenarios very slight improvements in the results have seen. However, if local search 

method is hybridized at this stage of the optimization problem, it will expedite the 

procedure substantially. There are number of local search techniques available, but 

this work presented in this study is limited to SA technique, PS method and Active set 

algorithm only.  

3.2.3.1 SIMULATING ANNEALING 

Simulated annealing (SA) technique was originally proposed by Metropolis in 1950s, 

in which crystallization process model is explained. However, in early 1980s, 

independent research on the subject has been carried out by Kirkpatrick et. al [199] 

and Cerny [200]. They noted the similarities between optimization problem for 

combinatorial and the physical process of annealing and found a correspondence 

between the different physical states of the material and the candidate solution space 



Chapter 3.                                                          Design Methodoly for Solving Fractional Order Systems 

50 

of an optimization problem. It was also observed that the fitness function of an 

optimization problem links with the free energy of the material. 

The annealing is the process in which a solid is heated in a heat bath by increasing the 

temperature of the bath until the solid is melted into liquid, and then the temperature 

is declined slowly. In statictical mechanics, SA is introduced to solve complex 

combinatorial optimization problems based on the annealing process. SA method is a 

kind of global optimization technique and found the global minimum using stochastic 

searching technique from the mean of the probability. SA algorithm has a strong 

ability to find the local optimal result as well. SA approaches can avoid the problem 

of local minimum, but its ability to find the global optimistic result is relatively weak. 

The main advantages of the SA techniques lies in its application to hard optimization 

problems without considering the conditions of differentiability, convexity and 

continuity, which are required normaly for other optimization methods. 

Following is brief description of some of its terminology [201]: 

Temperature: The controlling parameter in SA technique that is gradually decreasing 

as the algorithm proceeds. It is parameters on which the acceptance probability of 

candidate solution is determined at any step in a search space.  

Annealing Schedule: Defines the rate of decrease in temperature as the algorithm 

proceeds. It is worth mentioning that using slowly decrease the rate of temperature, 

the better is the performace of algorithm, but at the cost of more computations.    

Reannealing: It is the method to control the temperature precisely during cooling a 

material such that it is brought to an optimal state. After the sufficient number of new 

points has been accepted, it raises the temperature and starts the algorithm again at the 

higher temperature. It is due to reannealing for which one can avoid to get stuck at 

local minima 

Moreover, SA scheme is used extensively by researcher in diverse fields of 

engineering and technologies like the transmission network expansion planning 

problem [202], operational research problems [203] and unit commitment problem 

[204].    
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3.2.3.2  PATTERN SEARCH ALGORITHM 

The name, pattern search, was introduced first by Hooke and Jeeves [205], however, 

the convergent pattern search method was developed using the theory of positive 

bases by Yu [206]. Pattern search algorithm is a kind of aggressive optimization 

technique which belongs to the class of direct search methods, or black box method or 

derivative free techniques [207], [208]. Hence it can be applied for optimization 

problems which are not continuous and the gradiant information is not already 

available. It can find the optimum values using stochastic searching technique based 

on scaled and translated integer lattice. PS techniques have been extensively used by 

the research optimization problem like Bound Constrained Minimization [209], 

linearly Constrained Minimization [210] and Globally Convergent Augmented 

Lagrangian Algorithm [211]. 

Some of its common terms are discribed as  

Poll: Defines the set of mesh point for the search of the algorithm.  

Poll Method: it specifies the method used to create the mesh points. Normally 

generalized pattern search algorithms or mesh adaptive direct search algorithms is 

used for setting the poll.  

Mesh: It is a parameter which avoids the alogorithm from premature convergence. 

The comprehensive search space is explored by robust controlling of Mesh size, its 

acceleration, scaling and rotation characteristics.  

3.2.3.3 Active Set Algorithm 

Active set algorithm is used in constrained optimization problems [212] Normally the 

objective is to transform the problem into an easier solvable subproblem which is 

used as the basis of an iterative process. In early methods, the translation of the 

constrained problem to a basic unconstrained problem is made using a penalty 

function for constraints. Thus the constrained problem is solved using a chain of 

parameterized unconstrained optimizations. These schemes are now considered to be 

inefficient and have been replaced by techniques based on the solution of the Karush-
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Kuhn-Tucker (KKT) equations. The KKT equations are necessary conditions for 

optimization of constrained problems, whereas if the problem is convex programming 

then the KKT equations are both necessary and sufficient for global candidate 

solution. These schemes attempt to obtain the Lagrange multipliers directly.  

An ASA method has the following structure in general 

Start Point: Find an appropriate starting point. 

Repeat until: Optimal condition is satisfied.  

Solve the equality problem defined approximately by the active set. 

Computation of Lagrange multipliers for the active set 

Removal of the constraints subset with negative Lagrange multipliers 

Search for infeasible constraints 

End repeat 

The AS algorithm has been applied in many particle application of optimization 

problems like Mathemtical Programing Problem with Equilibrium Constraints [213], 

Box constrained optimization [214], and sparse linear programming problems [215]. 

The flow diagram for obtaining desired weights of FDE-NN networks by Genetic 

algorithm hybridized with pattern search algorithm is given in Fig. 3.7. 

Termination 
criteria

Mathematical 
Modeling 

using ANN

Update in 
weight 

Required

Desired 
Weights

Heuristic 
Computations 

GA-PS 

No

Yes

FDEs

 
Fig. 3.7 Procedure for finding desired weights 

http://en.wikipedia.org/wiki/Lagrange_multipliers�
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3.3  SUMMARY OF CHAPTER 

This chapter presents the design methodology for solving fractional order system 

using feed-forward ANN supported with evolutionary computing and swarm 

intelligence techniques. The chapter starts with description of neural network 

mathematical modeling for FDEs. Neural networks architecture for different FOS are 

also provided The fitness function is formulated on the basis of unsupervised error 

that is used as objective function. The computational intelligence algorithms are used 

to optimize this objective function. Introductory material is provided global search 

techniques like GA, and PSO algorithms. The definitions of important subject terms 

used, generic flow diagram, the parameter setting for execution, and implementation 

procedure in steps are provided for such optimization tools. The chapter ends with 

brief description of local search methods like simulated annealing, pattern search and 

active set algorithms.  

 



 

 

CHAPTER 4 

 

EVOLUTIONARY COMPUTATIONAL INTELLIGENCE 
TECHNIQUES IN SOLVING FRACTIONAL ORDER SYSTEMS 

  

In this chapter, the evolutionary computation technique based on genetic algorithm is 

applied for learning of weights for FDE-NN networks representing the differential 

equations. The proposed methodology was applied to a number of linear and 

nonlinear fractional order systems given by differential equation of fractional order. A 

number of problems have been solved and comparison of the results is also made with 

available exact solutions, as well as, other numerical solvers to validate the 

applicability of the designed scheme. Moreover, the scheme is also applied to solve 

fractional Riccati differential equation and well known Bagley-Torvik equation. 

4.1 FRACTIONAL ORDER SYSTEM REPRESENTED WITH FRACTIONAL 
DIFFERENTIAL EQUATIONS 

Fractional order systems governed with fractional differential equation has attracted 

so many authors due to its importance in diverse field of applied sciences and 

engineering ([3], [30]).  In this section, the studies have been presented to solve 

numbers of problems associated with linear, nonlinear, ordinary fractional differential 

equations by our proposed scheme. Moreover, material mentioned here is taken 

mostly from a published work in [217]. 

4.1.1  PROBLEM I: LINEAR FRACTIONAL DIFFERENTIAL EQUATION WITH 
KNOWN EXACT SOLUTION 

Consider the linear ordinary fractional differential equation ([164], [216]). 
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with known exact solution and it is given as 2)( tty = . The value of the fraction order 

derivative is taken as 5.0=ν  in equation (4.1.1). 

The problem is solved with help of FDE-NN networks optimized with GA algorithm. 

The number of neurons 6=m  are taken in FDE-NN networks, then the total number 

of 18  unknown parameter ( ii w,α  and ib ) are to be adapted. These adaptive weights 

are restricted to real numbers between ( 10,10− ). The initial population consists of a 

set of 160  chromosomes divided into 8  subpopulations. Each chromosome consists 

of 18  genes equivalent to number of unknown weights. Input of the training set is 

taken from time )1,0(∈t  with a step size of 1.0 . Therefore the error function, je , is 

formulated as 
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where j  be the number of generation, )(ˆ ty  and )(ˆ5.0 tyD  are networks given as in 

(3.1.8), and (3.1.10), respectively. Our scheme runs iteratively in order to have the 

maximum fitness, e, for which to find the minimum of the value of function, je , with 

stoppage criteria as 2000  number of generations or the value 810−≤je  whichever 

comes earlier. One of the unknown weights learned by the algorithm is provided in 

Table 4.1. Using these weights in equation (3.1.8) one can obtain the solution for any 

input time t  between 0  and 1. Comparison of the results with exact solution is made 

and summarized also in Table 4.1. The results of our proposed scheme are also plotted 

in Fig. 4.1 for interval (0, 2) with step of 2.0  along with exact solution. It can be seen 

from Table 4.1, as well as, Fig. 4.1 that the solution obtained by our algorithm is close 

to the exact solution. It proves the applicability of our approach for solving FDE 

equations.  
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Fig. 4.1 The result obtained by FDE-NN networks optimized with  
GA algorithm and exact solutions for t ∈ (0, 2). 

Table 4.1 Weights and Solution for Problem I.  

i 
Unknown Weights 

Time Exact FDE-NN 
Absolute 

Error w αi bi i 

1  0.1960 0.0830  0.2050 0.0 0.0000 0.0004 3.726e-04 

2 -1.3561 0.6221  0.4691 0.2 0.0400 0.0396 3.605e-04 

3 -0.8717 -0.2375  0.9537 0.4 0.1600 0.1596 4.328e-04 

4  0.9907  0.3870  0.7539 0.6 0.3600 0.3573 2.741e-03 

5  0.3077 -0.0155 -0.2624 0.8 0.6400 0.6352 4.777e-03 

6  0.0228 -1.0413  0.2148 1.0 1.0000 1.0004 3.519e-04 

4.1.2.  PROBLEM II: LINEAR FRACTIONAL DIFFERENTIAL EQUATION WITH 
UNKNOWN EXACT SOLUTION AND AVAILABLE NUMERICAL 
SOLUTION 

Consider the ordinary fractional differential equation   

,0)0(,0)()()( 15
221

15
11 ==+− ytytyDtDy  (4.1.3) 

with analytic solution obtained by direct approach method [1] given as  
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where 21, aa  are the zeros of indicial polynomial of (4.1.3) and tε  is related to MLF 

function given in equation (2.2.10). The equation (4.1.3) can be a simplified form of 

composite fractional relaxation equation [220].  For 2/1=ν  it can represent the 

unsteady motion of a particle accelerating in a viscous fluid under the action of 

gravity referred to as Basset problem ([220], [221]).  

This problem has been simulated by FDE-NN networks (3.1.8) to (3.1.10) on a 

similar parameter setting as in previous problem, however, the input of the training set 

is chosen from time )4,1.0(∈t  with a step size of 2.0  and adaptive parameters are 

restricted to the range [-100,100]. The error function, je , can be formulated as 
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One of the unknown weights learned by FDE-NN algorithm stochastically with value 

for error, 071085.8 −×=je , is given in Table 4.2. Using these weights in expression 

(3.1.8) one can find the solution to the equation for any input time t  between 0  and 

4 . 

Table 4.2 Weights Obtained by FDE-NN Networks Trained with GA Algorithm and 
Results for FDE in Problem II.  

i 
Unknown Weights 

T Exact FDE-NN Numerical 
Absolute Error 

w δi bi FDE-NN i Numerical 

1 04.8188 -46.7244 -29.5226 0.5 0.1236 0.1234 0.1203 2.70E-04 3.34E-3 

2 00.5509 61.4131 -10.5329 1.0 0.1629 0.1633 0.1571 3.91E-04 5.83E-3 

3 -00.4554 -16.6884 -05.9407 2.0 0.2459 0.2461 0.2335 1.01E-04 1.25E-2 

4 -10.7147 -53.8387 -08.6134 3.0 0.3436 0.3424 0.3214 1.21E-03 2.22E-2 

5 -00.7676 -11.8304 -05.9951 3.5 0.3998 0.3990 0.3712 8.02E-04 2.86E-2 

6 00.2721 03.7615 -03.1966 4.0 0.4616 0.4616 0.4254 4.30E-05 3.61E-2 

 The analytic approximate solution can be determined using expression (4.1.4) for 

input time )4,1.0(∈t  with a step size of 1.0 . We have also calculated the numerical 

solution by numerical technique developed by Podlubny based on successive 

approximation method [30]. The recursive relations are used for computations with 
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parameters .4000,,2,1,0,001.0 == nh  In order to compare the results on given 

inputs, Podlubny numerical, approximate analytical, FDE-NN solutions were 

obtained. Results are shown in Fig. 4.2 and given in Table 4.2. 

 

Fig. 4.2 The Comparison of results obtained for interval t ∈ (0, 4). 

It can be seen that our algorithm approximate the exact solutions more accurately than 

classical numerical method. For example, at time 2=t  the solution obtained by FDE-

NN approach is 2459521.0)( =ty  and by Podlubny numerical techniques is 

2334612.0  whereas exact solution is 2429514.0 . The accuracy achieved by the 

FDE-NN method is of the order of 0410−  to 0510−
 whereas it is of the order of 0210−  

0310−

to 

 

4.1.3 PROBLEM III: NONLINEAR FRACTIONAL DIFFERENTIAL EQUATION 

for Podlubny method. 

Consider a non-linear ordinary fractional differential equation given as [164]  
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with initial condition 0)0( =y  for the case 10 ≤<ν . The exact solution for this 

equation is given as 

νν tttty
4
93)( 2/48 +−= +  (4.1.7) 

The classical numerical technique used in problem II is unable to provide solution for 

such equations. However, modern deterministic methods with high computational 

cost can provide solution to (4.1.6), like fractional Adams method [223]. 

The simulation has been performed for this problem also and the results are 

summarized in Table 4.3 and plotted in Fig. 4.3 for inputs t ∈ (0, 1) with step size 0.1. 

The accuracy achieved is of the order of 0210−  0310−to , whereas numerical result of 

the Adams scheme [30] at input 1=t , for mesh size 1.0=h  the error is 011050.2 −×  

and 031053.5 −×−   25.0=νfor  and 25.1=ν , respectively. It means that for such 

complex non-linear problems our designed method is still able to provide solution 

realiable and accurate. 

 

Fig. 4.3 The result obtained by FDE-NN networks optimized with  
GA algorithm and exact solutions for t ∈ (0, 1). 
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Table 4.3 Weights Obtained by FDE-NN Networks Trained with GA Algorithm and 
Results for FDE in Problem III. 

i 
Unknown Weights 

Time Exact FDE-NN 
Absolute 

Error w δi bi i 

1 2.5205 -0.4835 -0.6029 0.1 0.7113 0.7066 0.0047 

2 0.0156 -0.2346 -1.2299 0.2 1.0030 0.9994 0.0036 

3 -1.3029 -1.1186 1.2410 0.3 1.2145 1.2198 0.0054 

4 0.1110 1.3334 0.6163 0.4 1.3626 1.3656 0.0030 

5 0.0268 0.7468 -0.1811 0.5 1.4372 1.4317 0.0055 

6 0.5211 0.2775 0.5408 0.6 1.4175 1.4095 0.0080 

7 -0.6929 0.9731 0.1722 0.7 1.2813 1.2857 0.0044 

8 0.4450 -0.1819 -0.0018 0.8 1.0181 1.0420 0.0239 

4.1.4  CONCLUSION 

A stochastic computational approach has been developed for solving the FDEs using 

neural networks and genetic algorithm. This method has been successfully applied to 

different linear and non-linear ordinary FDE equations. It has been shown that 

proposed scheme approximates the exact solution with better accuracy than the 

standard numerical technique. An advantage of this method is that, unlike other 

numerical method, it gives approximate solution on the continuous finite time 

domain.  

4.2 NONLINEAR RICCATI DIFFERENTIAL EQUATIONS OF ARBITRARY 
ORDER 

In this section, the simulation results are presented for two different problems 

associated with Riccati differential equation of arbitrary order to prove the 

applicability of our algorithm. Comparative studies are also provided in this regard. 

The material provided is mostly based on published work [225]. 

4.2.1 PROBLEM I: FRACTIONAL RICCATI DIFFERENTIAL EQUATION  

Consider the simple form of fractional Riccati differential equation   
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,10,1)()( 2 ≤≤+−= ttytyDν  (4.2.1) 

subject to the initial condition as .0)0( =y   

First order case: Let us take the value of order 1=ν . Then the exact solution of the 

equation (4.2.1) is given as 
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The Adomian Decomposition method (ADM) can provide the approximate solution of 

equation (4.2.1) in the form of a rapidly convergent series with easily computable 

terms [226]. The solution in a series form is given as  
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In order to solve the problem with DE-NN networks using equations (3.1.5) and 

(3.1.6) and we have taken 8=m  number of neurons. Then the total number of 24 

unknown parameter (wi, αi, and bi

10−

) are to be adapted. These adaptive weights are 

restricted to real numbers between  to 10 . The initial population consists of a set 

of 160  chromosomes or individuals divided into 8  subpopulations.  Each 

chromosome or individual consist of 24  genes equivalent to number of weights. Input 

of the training set is taken form time )1,0(∈t  with a step size of 1.0 . Its mean that 

function, je , is formulated as 
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where j  is the number of generation, )(ˆ ty  and )(ˆ tyD  are networks provide as in 

equation (3.1.5), and (3.1.6), respectively with 8=m  number of neurons. Our scheme 

runs iteratively in order to find the minimum of the function, je , with stoppage 

criteria as 800  numbers of generations or the value for function 0810−≤je  whichever 
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comes earlier. One of the unknown weights learned by DE-NN algorithm with the 

value of 08106429.8 −×=je  are provided in Table 4.4. Using these weights in 

expression (3.1.5) one can find the solution to this problem for any input time t  

between 0  and 1. 

Table 4.4 Weights Obtained for ODE in Problem I. 

Index 
i 

Unknown Weights 
w

 i α  i bi 
ν = 1 ν = ½ ν = 1 ν = ½ ν = 1 ν = ½ 

1 -1.1581 1.1585  0.0381 0.2443  2.3696 0.2119 

2 1.6803 0.3749  1.8166 0.5420  -0.0616 0.6061 

3 -2.5918 0.6269  0.0196 -0.7132  5.3030 0.9942 

4 -2.3802 0.4679  -1.2224 0.0372  -2.3049 -0.2808 

5 4.0543 0.9160  -0.3111 0.0247  1.1153 -0.9092 

6 -0.8090 0.4100  3.0061 0.4812  -1.6223 0.9103 

7 2.2916 0.5152  0.9911 0.0292  0.4843 -0.3812 

8 -0.3401 -4.6597  -1.8075 -0.5627  2.7448 0.0154 

We have obtained the analytic solution of represented by equations (4.2.2) and 

(4.2.3), as well as, by our proposed solution for the equation (4.2.1) for input time 

)2,0(∈t with a step size of 2.0 . Results are provided in Table 4.5 and it is shown 

graphically in Fig. 4.4. It can be seen that solutions obtained by GA algorithm 

hybridized simulating annealing are closest fit to the exact solutions.   

 

 
(a) 

 
(b) 

Fig. 4.4  Graphical representation for the solution of ODE in problem I (a) for first order case ν = 1 and 
0 ≤ t ≤ 2 (b) for fractional order ν = 1/2 and 0 ≤ t ≤ 2. 
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Table 4.5 Comparison of Results for the Solution of ODE in problem I for First Order 
Case 1=ν . 

Time 
t 

Exact 
( )y t  

ADM 
( )tϕ  

DE-NN 
( )tφ  

Error 

( ) ( )y t tϕ−  ( ) ( )y t tφ−  
0.0 0.0000 000.0000 0.0000 0.000000 2.208e-08 

0.2 0.1974 000.1974 0.1971 -2.559e-09 2.869e-04 

0.4 0.3799 000.3799 0.3796 -1.7847e-08 3.078e-04 

0.6 0.5370 000.5370 0.5367 -4.516e-08 2.997e-04 

0.8 0.6640 000.6640 0.6637 -2.373e-07 2.913e-04 

1.0 0.7616 000.7616 0.7615 -2.791e-05 1.171e-04 

1.2 0.8337 000.8353 0.8338 -0.001600 -1.720e-04 

1.4 0.8854 000.9356 0.8857 -0.050200 -3.663e-04 

1.6 0.9217 001.8762 0.9220 -0.954500 -3.089e-04 

1.8 0.9468 013.5716 0.9469 -12.62400 -4.592e-05 

2.0 0.9640 126.6693 0.9639 -125.7050 1.178e-04 

Fractional order case: Let’s take the value of order 2/1=ν  then the expression 

(4.2.1) transforms into a fractional Riccati differential equation. ADM can be 

extended to provide the approximate analytic solution for such kind of the equation as 

well [226]. The analytic solution by this method can be given as  

.6.436205.1406865.456322.1491925.491
385.1649634.556157.1924332.700901.32)(

2119171513
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xxxxx
xxxxxxty

+−+−+

−+−+−=
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where for simplicity let 21tx =  in the above relation (4.2.5).  

Similarly, the approximate analytic solution represented by expression (4.2.5) and 

stochastic proposed solution for the equation (4.2.1) are determined for input time 

)1,0(∈t with a step size of .2.0  The genes of best fitted chromosome in term of 

weights are given in Table 4.4 for order 21=ν . The solution can be obtained using 

these weights and results are provided in Table 4.6 at some inputs along with the 

value of unsupervised error. It can be inferred from the results that our algorithm can 

also be applicable to provided approximate solutions of the Riccati differential 

equation of fractional order. 
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Table 4.6 Solution of Equation in Problem 1 for Order .21=ν  

4.2.2 PROBLEM II: COMPLEX FRACTIONAL RICCATI DIFFERENTIAL 
EQUATION  

 A relatively complex example of Riccati differential equation of arbitrary order is 

taken to investigate the strengths and weaknesses of the proposed stochastic 

algorithm. Let us take another form of Riccati equations as 

,10,1)()(2)( 2 ≤≤+−= ttytytyDν  (4.2.6) 

subjected to the initial condition as .0)0( =y  

The exact solution of the above equation for order 1=ν  is given as 

).
12
12log(

2
1)2tanh(21)(

+
−

++= tty  (4.2.7) 

The analytic solution of (4.2.6) by ADM [226] for the case 21=ν  is provided as 

21432 4206.802732.005121.20.212838.1)( xxxxxty ++−++=   (4.2.8) 

where 21tx = .  

This problem is solved for first order case as well as fractional order case on the same 

methodology adopted for problem I, but here we have taken 6 number of neuron. DE-

NN or FDE-NN method used to determine 18  numbers of unknown weights. The 

stoppage criterion is that the value for function 0610−≤je or maximum number of 

generations is equal to 2000. The fitness function, je , used in said problem for the 

fractional order case 21=ν is given as 

Time FDE-NN Value of Objective Function je  

0.0 0.0505 8.475e-07 

0.2 0.4047 7.623e-07 

0.4 0.5507 3.031e-02 

0.6 0.6178 1.652e-07 

0.8 0.6594 1.086e-02 

1.0 0.6992 2.464e-02 
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where ),(ˆ ty  and yD ˆ21  are networks as provided in equation (3.1.8), and (3.1.10), 

respectively, using 6=m  number of neurons. Adaptive weights ii w,α  and ib  are 

restricted to real numbers between 10−  and 10  for the approximation of result. The 

unknown weights determined by our scheme are used in expression (3.1.5) and (3.1.8) 

for finding the solution of the equations for input timing between 0  and 1. Result are 

summarized in Table 4.7, where the order of the equation is taken as 1=ν  and 

21=ν . It can be seen that the value of absolute error in first order case on average 

lies between 0510−  to 0610− , while for order  21=ν  the value of unsupervised error, 

je , mostly lies around 0310− .   

Table 4.7 Results of Proposed Scheme for Solution of Equation in Problem II. 

T 
First order Case ν = 1   Fractional Order Case ν =1/2 

Exact 
( )y t  

DE-NN 
( )tϕ  

Error 
( ) ( )y t tϕ−  

FDE-NN 
Value of objective function 

je  

0.0 0.0000 -0.0000 2.97e-09  0.0561 1.121e-07 

0.1 0.1103 0.1103 -3.14e-05  0.5610 1.226e-02 

0.2 0.2420 0.2420 -7.01e-06  0.9121 2.199e-03 

0.3 0.3951 0.3950 5.58e-05  1.1594 1.876e-04 

0.4 0.5678 0.5677 9.87e-05  1.3369 2.510e-03 

0.5 0.7560 0.7559 6.96e-05  1.4671 2.247e-03 

0.6 0.9536 0.9536 -3.07e-05  1.5652 1.045e-06 

0.7 1.1529 1.1531 -1.40e-04  1.6414 2.398e-03 

0.8 1.3464 1.3465 -1.80e-04  1.7024 3.333e-03 

0.9 1.5269 1.5270 -1.20e-04  1.7528 1.863 e-03 

1.0 1.6895 1.6896 -6.20e-05  1.7957 2.337 e-03 

4.2.3  CONCLUSION 

On the basis of the simulation results obtained in the last section it can be concluded 

that nonlinear Riccati differential equation of arbitrary order can be solved with 
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evolutionary computation based on genetic algorithm. Combination of neural network 

aided with GA can provide stochastically the solution fairly close to the exact 

solution. Our proposed evolutionary computing approaches can also be applied on 

complex nonlinear differential equation of arbitrary order as well. 

4.3 FRACTIONAL ORDER SYSTEM OF BAGLEY-TORVIK EQUATION 

In this section, the simulation results are presented for three different fractional order 

systems represented by Bagley-Torvik equation which is famous Multi-term 

fractional differential equation. In order to prove the applicability of the designed 

scheme for such systems, we have considered the equation in problem I for which 

exact solution is available. Moreover, the statistical analysis of results is also carried 

out to verify and validate reliability of the algorithm. In problem II, we have tested the 

proposed methodology on Bagley-Torvik equation for which PMA technique fails to 

determine the results due to non-homogeneous initial conditions. In problem III, the 

strength and weakness of our scheme is analyzed by taking such equation for which 

the exact solution is not known, however, its numerical solution is available. The 

necessary discussion on strength and weakness of the proposed scheme is also 

provided for the results determined. The material provided in this section is mostly 

from the published work in [227].  

4.3.1 PROBLEM I: BAGLEY-TORVIK EQUATION WITH KNOWN EXACT 
SOLUTION  

Consider the Bagley-Torvik equation ([99], [228])   

10,42)()()( 2
2/3

2/3

2

2

≤<++=++ tttty
dt

tyd
dt

tyd π  (4.3.1) 

Subject to the initial condition and boundary condition as  

2)1(,1)1(,0)0()0( =′==′= yyyy  (4.3.2) 

The exact solution of the equation is given as .)( 2tty =  
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Mathematical modeling of the above equation is done with FDE-NN networks 

represented by equations (3.1.8) to (3.1.10) by taking 10  numbers of neuron resulting 

in 30  numbers of unknown parameters or weights. These weights are restricted to real 

numbers between 10−  to 10 . The initial population consists of a set of 200  

individuals, which is divided into 10  subpopulations each with 20  numbers of 

individuals. Each individual consists of 30  genes, which is equivalent to number of 

unknown parameters of FDE-NN. Input of the training set is taken from )1,0(∈t . 

Therefore the fitness function is formulated as 

,,3,2,1
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 (4.2.3) 

where, j   is the number of generations, )(ˆ ty , 22 /ˆ dtyd  and 2/32/3 /ˆ dtyd  are networks 

provided as in equations (3.1.8), (3.1.9) and (3.1.10), respectively. Our scheme runs 

iteratively in order to find the minimum for function, je , 

3000

with termination criteria as 

 number of generations or the value for 0410−≤je  whichever comes earlier. 

Then, the best individual found so far is used in rapid local search algorithm as a 

starting point for further refinements. The parameter setting of GA and PS are given 

in Table 4.8.  

One set of the weights of FDE-NN learned stochastically by PS and GA algorithms 

are provided in Table 4.9, while for GA-PS algorithm weights are given in Table 4.10.  

Using these weights in (3.1.8) one can find the solution to this problem for any input 

time t  between 0  and 1.  

The results obtained by our scheme and other numerical solvers like Podlubny matrix 

approach (PMA) [102] and reported results of He’s variational iteration method 

(VIM) [99] for inputs between 0  and 1 with a step of 1.0  are given in Table 4.11. In 

order to determine the results by PMA technique, the library functions provided by 

Podlubny at MATLAB central file exchange are used [229]. Following parameter 
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setting is employed for PMA technique is as follows: The value of Fractional order 

derivative 5.1=ν . Set the value for constant coefficients 1=== CBA . The 

discretization step is taken as 01.0=h . Total number of time steps is taken as 100 .  

It can be seen that the result obtained by our scheme is in good agreement with the 

state of art numerical solvers 

Table 4.8 Parameters Setting for Algorithms. 

GA  PS 
Parameters Setting  Parameters Setting 

Population Creation Constrain dependant  Poll method GPS Positive  

basis 2N 

Scaling faction Rank  Polling order Consecutive 

Selection function Stochastic Uniform  Mesh Accelerator Off 

Crossover fraction 0.75  Mesh Rotae/Scale  On 

Crossover  fuction Scattered  Mesh expansion factor  2.0 

Mutation Adaptive feasible  Mesh Contraction factor 0.5l  

Elite count  2  Cache Tolerance  EPS 

Initial Penalty 10  Initial Penalty 10 

Penalty factor 100  Penalty factor 100 

Migration fraction 0.2  Max Iteration 3000 

Migration interval 20  Max. function evolutions 60000 

Table 4.9 Weights of FDE-NN Networks Trained by PS and GA Algorithms for 
Problem I. 

I 
w

 i α  i β i 

PS GA PS GA PS GA 

1 0.227249 0.014313  0.731960 -1.16770  0.769316 0.046808 

2 0.031563 -0.15713  0.708549 0.554705  0.871064 -0.73877 

3 0.121262 -0.29925  -7.73928 -0.16469  0.504503 -0.12463 

4 2.583099 0.000465  -4.61892 -0.74905  -4.77791 0.050833 

5 0.564499 1.169105  0.941493 -0.14210  0.702424 -0.00566 

6 0.659389 -1.30293  0.964177 0.334789  0.748012 0.248267 

7 0.434814 -0.40253  0.988058 0.284607  0.199868 0.648494 

8 -0.78165 0.906189  0.711952 -0.07749  0.918857 0.372823 

9 -0.19301 0.348033  0.595146 0.076874  1.270213 -1.37687 

10 0.192005 0.975022  0.223502 0.271679  0.873072 1.502332 
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Table 4.10 Weights of FDE-NN Networks Trained by GA-PS Method for Problem I. 

i w αi
 βi

 
i
 

1 0.076813 -1.16770 0.042905 

2 -0.15713 0.304705 -0.73877 

3 3.669499 -0.16469 -8.12463 

4 0.000465 -0.74905 0.050833 

5 1.169105 -0.14210 -0.00566 

6 -1.30293 0.209789 0.248252 

7 -0.90253 0.284607 0.648494 

8 -5.09381 3.922500 -7.62717 

9 -4.64415 0.014374 -9.37687 

10 0.943742 0.271679 1.502332 

Table 4.11 Comparison of Results for the Solution of Problem I. 

T y(t)  

ŷ(t) 
 

|y(t)- ŷ(t)| 

PS GA GA-PS PMA HVIM GA-PS PMA HVIM 

0.0 0.00 2.73e-02 0.06730 0.03346 0.00000 0.00000  3.34E-2 0.0000 0.00000 

0.1 0.01 0.012392 0.08925 0.04437 9.29e-3 0.01005  3.43E-2 7.04E-4 5.48E-5 

0.2 0.04 0.049646 0.12802 0.07338 0.03892 0.04063  3.33E-2 1.07E-3 6.31E-4 

0.3 0.09 0.111143 0.18375 0.12044 0.08873 0.09266  3.04E-2 1.26E-3 2.66E-3 

0.4 0.16 0.196074 0.25676 0.18573 0.15867 0.16748  2.57E-2 1.32E-3 7.48E-3 

0.5 0.25 0.303374 0.34756 0.26961 0.24871 0.26679  1.96E-2 1.28E-3 1.67E-2 

0.6 0.36 0.431620 0.45684 0.37262 0.35883 0.39277  1.26E-2 1.16E-3 3.22E-2 

0.7 0.49 0.578880 0.58548 0.49549 0.48903 0.54806  5.49E-3 9.67E-4 5.80E-2 

0.8 0.64 0.742531 0.73455 0.63911 0.63928 0.73588  8.80E-4 7.14E-4 9.58E-2 

0.9 0.81 0.919015 0.90530 0.80457 0.80958 0.96007  5.42E-3 4.12E-4 1.50E-1 

1.0 1.00 1.103535 1.09922 0.99308 0.99993 1.22519  6.91E-3 6.83E-5 2.25E-1 

 
Moreover, the behavior of the derivative of the solution is also analyzed with the 

same individuals as given in Table 4.9 and Table 4.10. The results for derivative of 

the solutions are provided for inputs between 0  and 1 with a step of 1.0  by PS, GA 

and GA-PS algorithms in Table 4.12. It is quite evident that the accuracy level lies in 

the range of  0210−  to 0310− . 

Before moving toward the statistical analysis of our designed scheme, it is necessary 

to mention that entire surrogate model of the algorithm is based on MLF function. Its 
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generic form is given in expression (2.2.5). However, the difficulty faced in 

calculation of MLF function is due to its complex nature. This issue is tackled in our 

simulation by use of MATLAB code provided by Podlubny at MATLAB Central File 

Exchanges to determine the value of MLF function for desired inputs [230].       

Table 4.12 Comparison of Results for Derivative of the Solution for Problem I. 

T ŷ/ ŷ
(t) 

/

 
(t) |y/(t)- ŷ/ (t)| 

PS GA GA-PS PS GA GA-PS 

0.0 0.00 0.00267 0.13526 0.017687  2.67e-3 1.80e-2 1.76e-2 

0.1 0.20 0.24906 0.30350 0.199858  4.90e-2 9.07e-2 1.41e-4 

0.2 0.40 0.49494 0.47211 0.380284  9.49e-2 1.20e-2 1.97e-2 

0.3 0.60 0.73366 0.64301 0.561324  0.13366 1.34e-2 3.86e-2 

0.4 0.80 0.96318 0.81805 0.745050  0.16318 3.14e-2 5.49e-2 

0.5 1.00 1.18047 0.99909 0.933359  0.18047 2.07e-2 6.66e-2 

0.6 1.12 1.38125 1.18798 1.128047  0.18125 6.03e-2 7.19e-2 

0.7 1.40 1.55960 1.38659 1.330850  0.15960 1.80e-2 6.91e-2 

0.8 1.60 1.70751 1.59685 1.543479  0.10751 9.07e-4 5.65e-2 

0.9 1.80 1.81424 1.82073 1.767629  0.01424 1.20e-2 3.23e-2 

1.0 2.00 1.86549 2.06033 2.004987  0.13450 1.34e-2 4.98e-3 

 

Training of the weights for neural networks of the equation is highly stochastic nature. 

It is necessary to have statistical analysis of the results obtained by FDE-NN 

algorithms. A total of 125  independents runs are executed for each stochastic 

optimizer. These optimizers are PS, GA and GA hybrid with PS (GA-PS) algorithms. 

The values of the best 100  runs of algorithm in term of absolute error |)(ˆ)(| tyty −  are 

provided in Table 4.13 for input at 0  and 1 while the absolute error for the derivative 

of the solution is given in Table 4.14 on the same input timing.   The value of Mean 

and Standard deviation (STD) are also calculated for solution and its derivative and 

results are provided in Table 4.13 and Table 4.14, respectively. 

The value of unsupervised error, je , of the equation in ascending order is plotted 

against each independent run of the algorithm in Fig. 4.5.  The values of the absolute 

error for the solution at 0  and 1 are plotted in Fig. 4.6(a) and Fig 4.6(b), respectively, 
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against 100  independent runs of stochastic solvers. Moreover, results for derivative of 

the solutions are also plotted in Fig. 4.7(a) and Fig. 4.7(b). It can be seen from Fig. 

4.5, Fig. 4.6, and Fig. 4.7, that the best results are obtained by the use of GA-PS 

algorithm. The same inference can be drawn for the results provided in Table 4.13 and 

Table 4.14. 

Table 4.13 Statistical Parameter Based on Value of Absolute Error ( |)(ˆ)(| tyty − ). 

T FDE-NN Networks  
optimized with Best Worst Mean STD 

0 PS 2.36e-2 1.00232 0.32789 0.24679 

GA 4.87e-2 0.18695 0.14635 3.25e-2 

GA-PS 3.11e-3 0.17193 0.12111 4.14e-2 

1 PS 2.35e-3 0.82603 0.24834 0.20391 

GA 4.61e-4 7.19e-2 3.36e-2 2.12e-2 

GA-PS 1.06e-4 6.87e-2 3.31e-2 2.00e-2 

 

 

Fig. 4.5 The value of the unsupervised error for the equation 
obtained by for different stochastic numerical solvers 
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Table 4.14 Statistical Parameter Based on Value of Absolute Error ( |)(ˆ)(| tyty ′−′ ). 

T FDE-NN Networks  
optimized with Best Worst Mean STD 

0 PS 2.91e-2 0.65725 0.27233 0.19051 

GA 6.13e-6 6.63e-2 2.99e-2 1.78e-2 

GA-PS 8.31e-4 5.82e-2 2.90e-2 1.70e-2 

1 PS 9.59e-3 1.00357 0.40912 0.28778 

GA 1.48e-3 0.12491 7.54e-2 3.35e-2 

GA-PS 2.62e-2 0.11201 6.17e-2 3.37e-2 

 
 

 
(a)  

(b) 

Fig. 4.6 Comparison of FDE-NN for different stochastic numerical solvers (a) and (b) the  
value of |y(t)-ŷ(t|  at t = 0 and t = 1, respectively. 

 
 
 

 
(a) 

 
(b) 

Fig. 4.7 Comparison of FDE-NN for different stochastic numerical solvers (a) and (b) are  
for absolute error for derivative of solution at t = 0 and t = 1, respectively. 
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4.3.2 PROBLEM II: BAGLEY-TROVIK EQUATION WITH INHOMOGENEOUS 
INITIAL CONDITIONS 

Another fractional order system of Bagley-Torvik equation is chosen to investigate 

the strengths and weaknesses of the proposed stochastic algorithm. Consider the 

Bagley-Torvik equation ([98], [100]) 

,10),1()()()(
2/3

2/3

2

2

≤<+=++ ttCtCy
dt

tydB
dt

tydA  (4.3.4) 

with initial condition as 1)0()0( =′= yy . It has the exact solution given as 

 .1)( += tty  (4.3.5) 

This problem can be made simpler by use of following substitution 

,1)()( ttytY −−=  (4.3.6) 

then the equation (4.3.4) will be  

.0)0()0(,0)()()(
2/3

2/3

2

2

=′==++ YYtCY
dt

tYdB
dt

tYdA  (4.3.7) 

This problem is solved on the same methodology adopted for previous example. 

However, the problem specific fitness function for equation (4.3.4) by taking the 

values of constant coefficient as unity can be formulated as  
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(4.3.8) 

where, j  is the generations index, )(ˆ ty , 22 /ˆ dtyd  and 2/32/3 /ˆ dtyd  are FDE-NN 

networks provided as in equations (3.1.8), (3.1.9) and (3.1.10), respectively. One of 

the unknown set of weights of FDE-NN networks trained stochastically by using PS 

and GA algorithm are given in Table 4.15 while for GA-SA weights are provided in 

Table 4.16. Using these weights the results are determined and is summarized in 
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Table 4.17.  It can be inferred from the table that best results are obtained by FDE-NN 

networks trained by GA-PS algorithm. The average accuracy achieved in the given 

scheme lies in the range of 0310−  to 0410− .  

Table 4.15 Weights of FDE-NN Networks Trained by PS and GA Algorithms for 
Problem II. 

i 
w

 i α  i β i 

PS GA PS GA PS GA 

1 -7.5259 0.45094  0.46874 -0.6587  0.769316 -1.1923 

2 -7.7316 -0.0968  0.90230 -0.5674  0.871064 0.67735 

3 -5.9519 -0.3544  -6.6940 0.51534  0.504503 -0.7461 

4 -1.5897 1.75859  0.43284 -0.1467  -4.77791 0.33795 

5 0.20093 -0.8300  0.13829 0.14195  0.702424 -1.7544 

6 0.72030 0.05750  0.37976 0.49843  0.748012 -0.8822 

7 -5.4554 1.10507  0.37135 1.51126  0.199868 -0.1709 

8 -7.4683 1.55824  6.05083 -0.7505  0.918857 -1.0854 

9 -7.8736 0.24057  0.95588 0.22079  1.270213 1.82921 

10 -6.9500 -0.1263  0.59958 -0.2013  0.873072 0.47301 

 

Table 4.16 Weights of FDE-NN Networks Trained by GA-PS Method for Problem II. 

i w αi
 βi

 
i
 

1 0.45094 -0.6587 0.48045 

2 -0.0968 -0.5674 0.84448 

3 -0.3544 0.51534 0.13803 

4 1.75884 -0.1467 0.57994 

5 -4.5800 0.14171 0.66264 

6 0.05750 0.49062 0.68844 

7 1.10702 1.50930 0.00385 

8 1.55824 -0.7505 -5.9491 

9 0.24057 0.22079 0.83593 

10 -0.1263 -0.2013 0.63207 

 

The results computed for the algorithm are also plotted graphically in Fig. 4.8. In the 

Fig. 4.8(a), the comparison of the results are given from exact solution on interval 

)1,0(  with step of 1.0 . Moreover, the results are also plotted for larger interval )4,0(  
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in Fig. 4.8(b) by using same weights and it can be seen that error starts to grow for 

inputs larger than 1 and it tends toward divergence for inputs greater than 2 . One can 

increase the accuracy slightly on large intervals by taking the large number of neurons 

in FDE-NN networks or by the training of networks for large input span or increasing 

the number of steps. However, it is worth mentioning that in these cases 

computational complexity will increase exponentially.   

Table 4.17 Comparison of Results for Problem II. 

t y(t) 
ŷ(t)  |y(t)- ŷ (t)| 

PS GA GA-PS  PS GA GA-PS 

0.0 1.00 0.691604 1.024862 1.016007  0.30839 2.30e-2 1.60e-2 

0.1 1.10 0.623749 1.121206 1.104733  0.47625 2.69e-2 4.73e-3 

0.2 1.20 0.859697 1.220821 1.199804  0.34030 3.13e-2 1.95e-4 

0.3 1.30 1.122266 1.323041 1.299333  0.17773 3.45e-2 6.66e-4 

0.4 1.40 1.337736 1.426952 1.401629  6.22e-2 3.45e-2 1.62e-3 

0.5 1.50 1.501839 1.531330 1.504972  1.83e-3 2.87e-2 4.97e-3 

0.6 1.60 1.628907 1.634569 1.607429  2.89e-2 1.36e-2 7.42e-3 

0.7 1.70 1.734458 1.734591 1.706705  3.44e-2 1.49e-2 6.70e-3 

0.8 1.80 1.830520 1.828738 1.799987  3.05e-2 2.30e-2 1.27e-5 

0.9 1.90 1.925308 1.913640 1.883785  2.53e-2 2.69e-2 1.62e-2 

1.0 2.00 2.024099 1.985057 1.953762  2.40e-2 3.13e-2 4.62e-2 

 

 
(a) 

 
(b) 

 
Fig. 4.8 Comparison of the results (a) is for interval (0, 1) and (b) is for interval (0, 4). 
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4.2.3  PROBLEM III: BAGLEY-TORVIK EQUATION WITH UNKNOWN EXACT 
SOLUTION 

In this example, the fractional order system based on Bagley-Torvik equation is taken 

for which the exact solution is not available. However, its numerical solutions are 

obtained by different state of art solvers.  

Consider the fractional order system ([30], [102]) 
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The problem is also solved on the same manner as the previous one. However, the 

objective function used in this case can be written as 
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(4.3.11) 

The aim of our algorithm is to tune weights for which the value of fitness function as 

given in (4.3.11) is at its minimum. One such set of unknown weights of FDE-NN 

networks trained stochastically using PS and GA is provided in Fig 4.9(a) and Fig. 

4.9(b) respectively, while for GA-SA that are given in Fig. 4.10. The results obtained 

based on these weights are summarized in Table 4.18. It also includes the results of 

PMA algorithm obtained with same set of parameters as taken in problem I. It can be 

inferred that the given scheme can perform comparable to the state-of-art solvers.  
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(a) 

 
(b) 

Fig. 4.9 The weights trained for FDE-NN networks for example III, (a) is for PS technique 
(b) is for GA algorithm. 

 

Fig. 4.10 Weights obtained by GA-SA algorithm.  

Table 4.18 Comparison of Results for Problem III. 

T PMA 
ŷ(t) 

PS GA GA-PS 

0.0 0.000000 0.016428 0.001534 0.001437 

0.1 0.032734 0.101048 0.037205 0.036102 
0.2 0.133300 0.276368 0.132477 0.132843 
0.3 0.296654 0.327819 0.299232 0.292562 
0.4 0.519024 0.442389 0.512509 0.520411 
0.5 0.797107 0.682939 0.799598 0.801290 
0.6 1.127822 0.123648 1.128962 1.126923 
0.7 1.508199 0.160237 1.502085 1.504872 
0.8 1.935317 2.009871 1.945076 1.928239 
0.9 2.406276 2.536479 2.360927 2.382738 
1.0 2.918175 2.978356 2.908120 2.910234 
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4.3.4  SOME FURTHER DISCUSSION 

In this section, some necessary further discussion is added to elaborate the results. 

The advantages and limitation of the proposed method is also presented, so one 

should know about its effectiveness and reliability. 

In the design scheme, the number of steps s is taken as 2, 5, and 10, respectively, for 

corresponding equations (4.3.3), (4.3.8) and (4.3.11) in the interval (0, 1) randomly.  

It means the mesh size used in our scheme is 0.5, 0.2 and 0.1 for problem I. II, and III 

respectively. On the other hand in PMA technique the results obtained with number of 

steps are 100, using mesh size 01.0=h  in the interval (0, 1). It is well-known that for 

the numerical method, decreasing the mesh size increases the accuracy of algorithm, 

but at the cost of extensive computational budget. It can be inferred from Table 4.11 

and Table 4.18 that the results of our scheme are closed to PMA method with less 

number of steps. Another advantage of our algorithm is that once weights are obtained 

by the training of FDE-NN networks, the solution of the equation can be obtained for 

any continuous input time within the interval (0, 1), whereas, PMA approach results 

are available only on predefined discrete grid of inputs within the interval (0, 1). 

Therefore, if one desired the result on any new inputs timing, the whole cumbersome 

iterative procedure has to run. 

It can be seen from the result given in Table 4.11 that on average the value of absolute 

error for GA-PS lies in the range 10-2 to 10-3 [99], whereas reported results of VIM  

have good approximation for the exact solution in closed vicinity of initial guess 

while the value of absolute error is going to raise with increase of time e.g. at 1=t , it 

is 0.225. However, the results by PMA method are better than that of GA-PS 

algorithm, but it has limitation as discussed earlier. 

Moreover, it is bit tricky to decide the appropriate number for steps in optimization of 

weights by our scheme. The decision of the input span interval and step is made on 

compromise between the computation complexity and accuracy of the algorithm. The 

time taken for the computation is measured in order to solve Bagley-Torvik equation 
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with FDE-NN networks optimized with GA algorithm (200 individuals, 3000 

generations) and PS technique (3000 generation). Optimization of weights with the 

help of fitness function provided in equation (4.3.11) the algorithm required executing 

MLF function 20000 times for single generation, whereas the single generation using 

fitness functions in equation (4.3.3) and (4.3.8) required 10000 and 4000 time 

execution of MLF function, respectively. The average total time taken by the 

algorithm for its single run and time taken exclusively by MLF function is shown in 

Table 4.19.  It can be seen that about 80% of execution time is spent on the 

calculation of MLF function only. The time analysis provided in this article is 

carryout using Dell Latitude D630 laptop with Intel(R) Core(TM) 2 Duo CPU T9300, 

2.50GHz and MATLAB version R2008b. 

Table 4.19 Computational Complexity of the Algorithms. 

Span 
(0,T) Steps FDE-NN Counts for MLF 

(Million) Total Time Time (MLF) 

(0,1) 02 GA 12.0000 462s 371s 

  PS 0.06000 7.66s 4.55s 

(0,1) 05 GA 30.0000 1149s 920s 

  PS 0.15000 15.4s 9.34s 

(0,1) 10 GA 60.0000 2297s 1852s 

  PS 0.30000 31,7s 18.6s 

(0.1) 20 GA 120.000 4593s 3695s 

  PS 0.60000 60.8s 37.5s 

 

4.3.4 CONCLUSION 

On the basis of the simulations and analysis in the last sections, it can be concluded 

that fractional order system of Bagley-Torvik equation can be solved by designed 

heuristic computational intelligence algorithm. The fractional differential equation 

neural networks of the equation trained by GA-PS algorithm is the best stochastic 

optimizer compared to PS, GA algorithms. On the basis of the statistical analysis, it 

can be inferred that our proposed computing approaches is reliable, effective and 
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easily applicable to such complex fractional order systems. In our future work, we 

intend to use other biologically inspired computational intelligence algorithms to 

solve these fractional order systems. 

4.4  SUMMARY OF CHAPTER 

This chapter presents the application of design methodology for solving fractional 

order system using feed-forward ANN optimized with evolutionary computational 

intelligence technique. The chapter is divided in three sections. In the first section 

generic form of fractional order system given by linear and non-linear differential 

equations of fractional order has been solved. In the second section design scheme is 

applied to well known Riccati fractional system. Two problems have been solved for 

such system for both integer and non-integer order cases. In the third section, solution 

of Bagley-Torvik fractional system is presented. Three problems have been solved. In 

the first problem, Bagley-Torvik equation with known exact solution is solved for 

validation of our design scheme to such systems. In the second problem, the given 

scheme is applied to solve Bagley-Torvik equation with inhomogeneous initial 

conditions for which Podlubny scheme fails to provide results. In the third problem, 

Bagley-Torvik equation with unknown exact solution is solved by the given approach. 

 



 

 

CHAPTER 5 

 

SWARM INTELLIGENCE OPTIMIZED NEURAL NETWORKS FOR 
SOLVING FRACTIONAL ORDER SYSTEMS 

 

In this chapter, fractional order systems given by  fractional differential equations 

involving single and multi term fractional derivatives, are solved using swarm 

intelligence optimized neural networks. A number of linear and nonlinear problems 

are solved with detailed analysis and investigation by the given scheme. The 

statistical analysis of the results is also given to prove the reliability and effectiveness 

of the proposed scheme. Beside the exact solution, the comparison of the results is 

made with various state of the art stochastic and deterministic numerical solvers. The 

time of computation was also analysed for the results by change of intervals and step 

size. Special kind of fractional order systems represented by fractional Riccati 

differential equations and Bagley-Torvik equations are also solved with the proposed 

scheme. Moreover, the comparative studies of results are made with FDE-NN 

networks optimized with evolutionary computation techniques.  

5.1 FRACTIONAL ORDER SYSTEM REPRESENTED WITH FRACTIONAL 
DIFFERENTIAL EQUATIONS 

In this section, the studies are presented to solve linear and nonlinear fractional order 

systems given by fractional differential equation by proposed scheme. Studies are 

carried out to analyze the applicability of the methodology to such equations and 

made comparison with available exact solutions, other numerical solvers. The 

material presented in this section is based on our accepted work [231]. 
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5.1.1 PROBLEM I: LINEAR FRACTIONAL DIFFERENTIAL EQUATION WITH 
KNOWN EXACT SOLUTION 

In this problem, a linear ordinary fractional differential equation with known exact 

solution is taken and analyzed the applicability of the proposed designed scheme. The 

following equation was taken which has also been solved by many authors of 

fractional calculus ([164], [216]). 
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with condition 0)0( =y , and 1)1( =y  and  the exact solution is given as  

2)( tty =  (5.1.2) 

To solve this problem using FDE-NN methodology, the learning of weights was made 

with PSO-SA, a hybrid intelligent algorithm. Results were also determined by training 

of weights with PSO, GA, GA-SA and SA algorithms. A total of 10  neurons were 

taken, which resulted in 30  unknown parameters or weights ( ii w,α  and ib ). These 

weights were restricted to be real numbers between 10−  and 10 . The values of the 

fractional order derivative ν  were taken as 5.0  and 75.0 . The input t  is taken 

between 0  and 1 with a step size of 1.0 0. Therefore, the error function, je , is 

formulated as 
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where j  is the flight index, )(ˆ ty  and )(ˆ tyD  are networks given in (3.1.8) and 

(3.1.10), respectively. The parameter settings used for evaluation of results for PSO 

and SA techniques are provided in Table 5.1 while for GA the setting is given in 

Table 5.2. 
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Our scheme runs iteratively in order to find the minimum of error function, je , with 

stoppage criteria as 2000  number of flights or value of 0810−<je  whichever comes 

earlier. One of the set of unknown weights learned by the PSO-SA algorithm is 

provided in Table 5.3. These weights can be used in equation (3.1.8) to obtain the 

solution of the equation for any input time t  between 0  and 1. 

Table 5.1 Parameters Setting for SA and PSO Algorithms. 

PSO 
 

SA 
Parameters Value / Setting Parameters Value / Setting 

Swarm Size 80   Start Point size 30 

Particle size 30  Annealing function Fast 

Flights 2000  Iteration 60000 

Local acceleration factor Linear decreasing 
(5 to 0.5) 

 Max. function evaluations  90000 

Global acceleration factor Linear increasing 
(0.5 to 5) 

 Reannealing interval   100 

Inertia weight Linearly decreasing 
(0.9 to 0.4) 

 Temperature update Exponential  

v 02 max  Initial temperature 100 

Table 5.2 Parameters Setting for GA Algorithm. 

No. Parameters Value / Setting 

1 Population Size 200 

2 Chromosome size 30 

3 Generations 1000 

4 Selection Stochastic Uniform 

5 Crossover fraction & method 0.8 & Scattered 

6 Mutation Adaptive feasible 

7 Elite count  4 

 

The classical deterministic numerical technique in GL method [164] is also used to 

obtain the solution of the equation (5.1.1). The relation used to solve the equation can 

be written as 
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Table 5.3 The Set of Weights of FDE-NN Networks trained by PSO-SA algorithm. 

I ν = 0.5  ν = 0.75 
w αi bi  i w αi bi i 

1 -0.868488 2.267107 0.158642  0.818694 1.037723 -0.043346 

2 0.000202 0.508606 -1.322480  0.826450 0.690690 -0.162463 

3 -0.114243 -0.541645 1.406505  0.846779 -0.513357 -0.973743 

4 0.351035 -0.664693 -0.157457  0.247052 -0.093627 -0.677092 

5 0.194204 -0.656206 -3.438001  1.023052 -0.416330 -4.214132 

6 -0.365107 1.172230 -0.431901  0.235052 -1.818209 -0.428702 

7 -0.573958 -0.516307 0.319690  0.019579 0.597240 0.746637 

8 0.727216 0.951739 0.458089  -1.490539 0.292185 0.784214 

9 0.792515 0.138632 -0.129783  0.726425 -0.321066 -1.424499 

10 -0.557634 -2.763771 -0.504124  -0.070790 -1.453336 0.305023 

 

The solution obtained for the equation by FDE-NN with PSO-SA algorithm and the 

GL method are given in Table 5.4 and Table 5.5 for 5.0=ν  and 75.0=ν , 

respectively. These tables also include the exact solution as well as the reported result 

of stochastic solver using neural network supported by genetic algorithms [217]. It 

can be seen from the tables that the proposed methodology gives better result than that 

of GL method. It also gives better results as compared to that of GA-SA algorithm, 

although the population size for GA-SA case was 200  while that for PSO- SA was 

only 80 . Hence with less than half the computational cost, the results of PSO-SA 

technique are still comparable to that of GA-SA algorithm.  

In order to make further analysis of the scheme results are also determined for various 

inputs )10,0(∈t . The results are shown graphically in Fig. 5.1. It can be seen from 

Fig. 5.1(a), that the result obtained by our algorithm is overlapping the exact solution. 

In order to view the difference clearly the zoomed diagram is also shown in Fig. 
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5.1(b). The training of FDE-NN is made for bounded inputs between 0  and 1. 

Therefore, the error starts to accumulate for input greater then 1, as can be seen from 

Fig. 5.1(c). It may start to grow rapidly for more deviated training inputs. Moreover, it 

can be seen from Fig. 5.1(d) that solution starts to diverge for inputs greater than 4 . 

Table 5.4 Results for Solution of FDE Equation Given in Problem I for 5.0=ν . 

t Exact 
Solvers 

 
Absolute error 

PSO-SA GA[217] GL PSO-SA GA[217] GL 

0.0 0.00 2.8e-05 0.0004 0.0000  2.8e-05 3.7e-04 0.0000 

0.1 0.01 0.0099 -- 0.0104  1.1e-04 -- 4.0e-04 

0.2 0.04 0.0404 0.0396 0.0407  3.6e-04 3.6e-04 7.4e-04 

0.3 0.09 0.0910 -- 0.0910  9.6e-04 -- 1.1e-03 

0.4 0.16 0.1614 0.1596 0.1613  1.4e-03 4.3e-04 1.3e-03 

0.5 0.25 0.2514 -- 0.2516  1.4e-03 -- 1.6e-03 

0.6 0.36 0.3611 0.3573 0.3619  1.1e-03 2.7e-03 1.9e-03 

0.7 0.49 0.4905 -- 0.4921  4.9e-04 -- 2.1e-03 

0.8 0.64 0.6399 0.6352 0.6423  6.5e-05 4.8e-03 2.3e-03 

0.9 0.81 0.8098 -- 0.8126  1.7e-04 -- 2.6e-03 

1.0 1.00 1.0007 1.0004 1.0028  7.5e-04 3.5e-04 2.8e-03 

Table 5.5 Results for Solution of FDE Equation Given in Problem I for 75.0=ν . 

t Exact PSO-SA GL 
Absolute error 

PSO-SA GL 

0.0 0.00 0.0001 0.0000 6.3e-05 0.0000 

0.1 0.01 0.0103 0.0107 3.1e-04 6.7e-04 

0.2 0.04 0.0414 0.0413 1.4e-03 1.2e-03 

0.3 0.09 0.0928 0.0918 2.8e-03 1.8e-03 

0.4 0.16 0.1636 0.1622 3.6e-03 2.2e-03 

0.5 0.25 0.2538 0.2527 3.8e-03 2.7e-03 

0.6 0.36 0.3631 0.3631 3.1e-03 3.1e-03 

0.7 0.49 0.4918 0.4934 1.8e-03 3.4e-03 

0.8 0.64 0.6402 0.6438 2.3e-04 3.8e-03 

0.9 0.81 0.8091 0.8141 9.3e-04 4.1e-03 

1.0 1.00 0.9991 1.0044 9.1e-04 4.4e-03 
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Enough simulations have been preformed to test the reliability of our designed 

scheme. In this regard, 100  independent runs were carried out for finding the weights 

of FDE-NN optimized with SA, GA, GA-SA, PSO, and PSO-SA algorithms. The 

MATLAB optimization toolbox is used for SA and GA with parameter setting as 

given in Table 5.1 and Table 5.2 respectively.  The term best and worst corresponds to 

minimum and maximum errors. The statistical parameter like mean and standard 

deviation (STD) are useful to determine the behavior of the results.  

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 5.1 Comparison of proposed scheme with exact solution for ν = 0.75, (a) is for inputs between (0, 
1), (b) is for inputs between (0.6, 0.7), (c) is for inputs between (0, 2) (d) is for inputs (0, 10). 

The best, worst, mean and STD for inputs t ∈ (0, 1) with step 1.0  is calculated for 

FDE-NN networks optimized by PSO-SA algorithm. The results are summarized in 

Table 5.6. These results validate the applicability of our scheme for such equations. 

Moreover, the other stochastic solvers are used for this optimization problem for 
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comparison. In this regard 100 independent runs for finding weights by SA, GA, GA-

SA, and standard PSO are also executed. The comparison of the results is made for 

some inputs and it is given in Table 5.7 and Table 5.8 for fractional order 5.0=ν  and 

75.0=ν , respectively. It can be seen that the best result are obtained using PSO-SA 

hybrid technique in both the cases.  

Table 5.6 The Statistical Parameters of the Solution by FDE-NN Networks Optimized 
with PSO-SA Scheme. 

T 
ν = 0.5  ν = 0.75 

Best Worst Mean STD  Best Worst Mean STD 

0.0 3.03e-06 0.03467 4.45e-03 5.36e-03  2.55e-05 0.05611 6.03e-03 8.59e-03 

0.1 1.31e-05 0.01877 5.22e-03 3.94e-03  1.31e-04 0.01429 5.33e-03 3.41e-03 

0.2 1.69e-04 0.03917 8.42e-03 7.46e-03  9.79e-05 0.04466 9.82e-03 8.60e-03 

0.3 2.34e-06 0.04928 8.94e-03 9.27e-03  1.88e-04 0.07427 1.22e-02 1.16e-02 

0.4 8.41e-04 0.05069 1.00e-02 8.93e-03  8.71e-04 0.09121 1.41e-02 1.33e-02 

0.5 1.91e-05 0.04241 9.37e-03 1.04e-02  2.77e-04 0.09974 1.39e-02 1.62e-02 

0.6 1.04e-04 0.04956 9.44e-03 1.15e-02  1.32e-05 0.10673 1.30e-02 1.81e-02 

0.7 2.46e-04 0.04828 1.09e-03 1.06e-02  3.69e-05 0.09606 1.41e-02 1.58e-02 

0.8 3.55e-05 0.03809 1.06e-02 8.22e-03  2.67e-05 0.06624 1.27e-02 1.10e-02 

0.9 4.89e-05 0.02684 5.59e-03 4.52e-03  1.20e-05 0.03013 6.10e-03 4.83e-03 

1.0 3.77e-06 0.02643 6.55e-03 5.52e-03  3.15e-05 0.05315 8.49e-03 8.57e-03 

 

Table 5.7 Comparison of Stochastic Solvers for Solution of Problem I for ν = 0.5. 

T FDE-NN 
ν = 0.5 

Best Worst Mean STD 

0.2 SA 2.47e-03 33.1611 1.25208 3.18773 

GA 4.52e-03 0.05746 1.89e-02 9.37e-03 

GA-SA 3.09e-04 0.04393 1.50e-02 8.57e-03 

PSO 7.25e-04 0.06474 1.12e-02 9.48e-03 

PSO-SA 1.69e-04 0.03917 8.42e-03 7.46e-03 

0.8 SA 3.38e-03 59.8564 1.20177 5.42192 

GA 4.86e-04 0.07343 1.61e-02 1.26e-02 

GA-SA 1.67e-04 0.06357 1.38e-02 1.12e-02 

PSO 6.17e-05 0.06138 1.44e-02 1.16e-02 

PSO-SA 3.55e-05 0.03809 1.06e-02 8.22e-03 
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Table 5.8 Comparison of stochastic solvers for solution of Problem I for ν = 0.75. 

T FDE-NN 
ν = 0.75 

Best Worst Mean STD 

0.2 SA 3.58e-03 10.4269 1.04062 1.38306 

GA 4.44e-04 0.08311 2.83e-02 1.09e-02 

GA-SA 4.38e-04 0.05050 2.45e-02 9.55e-03 

PSO 3.60e-04 0.06313 1.29e-02 1.08e-02 

PSO-SA 9.79e-05 0.04466 9.82e-03 8.60e-03 

0.8 SA 6.48e-04 7.97759 0.68042 1.13319 

GA 2.28e-04 0.07917 3.14e-02 1.66e-02 

GA-SA 1.71e-05 0.06028 2.19e-02 1.39e-02 

PSO 4.95e-05 0.07404 1.41e-02 1.28e-02 

PSO-SA 2.67e-05 0.06624 1.27e-02 1.10e-02 

 

Results are also provided in Fig. 5.2, in which the value of error function, je ,

[218]

 is 

plotted in descending order against the number of independent runs of different 

solvers. It can be seen that the best results are given by PSO-SA algorithm. It is 

further added that our approach used optimization mainly based on particle swarm 

optimization technique, which is already proven to have reduced computational 

complexity than that of Genetic Algorithm based approaches ( , [219]).  

 
  
 
 
 
 
 
 
 
 
 
 
 

(a) 

 
 
 
 
 
 
 
 
 
 
 

(b) 
 

Fig. 5.2 Comparison of FDE-NN networks optimized with stochastic solvers, (a) is for the value of 
fractional order ν = 0.5 and (b) is for the value of fractional order ν = 0.75. 
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5.1.2 PROBLEM II: LINEAR FRACTIONAL DIFFERENTIAL EQUATION WITH 
UNKNOWN EXACT SOLUTION BUT AVAILABLE NUMERICAL 
SOLUTION 

In this example our intent is to further analyze the proposed methodology by applying 

to the differential equation of fractional order for which no exact solution exists. 

Therefore, the comparative studies of the scheme are carried out against approximate 

analytic solver and other standard numerical methods. Let us take such ordinary 

fractional differential equation as [217] 
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The approximate analytic solution can be determined by direct approach method [1]. 

It is written in the form of special function as  

).,(),(),0(),0()( 2
22

1
2

2
12

1
1

2
22

2
11 aaaaaaaaty tttt −−−+−= εεεε  (5.1.6) 

where 1a  and 2a  are the zeros of indicial polynomial of (5.1.5) and tε  is a special 

function to two inputs and it can be represented in term of Mittag-Leffler function as 
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where )(1,1 atE +ν  is given in equation (2.2.5). Similarly, (5.1.6) can be written in terms 

of error function as 
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The equation (5.1.5) is an important relation in fractional calculus. It can be 

interpreted as a simplified form of composite fractional relaxation equation, and also 

it is representing a special case of the unsteady motion of a particle accelerating in a 

viscous fluid under the action of gravity, which is referred to as Basset problem 

([220], [221]).  
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This problem has been simulated by FDE-NN networks given in equations (3.1.8), 

(3.19) and (3.1.10) similar to previous problem. The input of the training set is chosen 

from time )1,0(∈t  with a step of 1.0 . The error function, je , can be formulated as 
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The set of weights learnt stochastically using GA-SA, PSO, PSO-SA algorithms are 

given in Table 5.9. Using these weights in equation (3.1.8) the solution of the 

equation can be determined.  

Table 5.9 A Set of Weights Trained for FDE-NN Networks for Problem II. 

i 
GA-SA  

PSO 
 

PSO-SA 

w αi bi wi αi bi wi αi bi i 

1 0.4094 0.9826 -0.2061  -2.3181 -0.1225 0.9630  -0.0892 0.3091 0.1164 

2 -0.6304 -0.7774 -1.1842  1.0130 0.1499 -0.6659  0.4324 0.1317 -1.7017 

3 0.2215 0.5764 -0.5567  -0.2743 0.1722 -0.3252  -0.0593 0.2479 -1.5050 

4 -0.7881 0.2389 -0.2642  -0.9922 0.8438 0.0738  -0.3343 0.3535 -0.5573 

5 0.5069 0.4321 -0.6154  0.0771 -2.5002 -0.1074  -6.0474 -0.7880 -1.2859 

6 0.5308 -0.7908 0.6351  -0.4106 0.2219 0.3278  0.2264 -0.0343 0.4295 

7 0.3133 1.6549 -0.5389  -0.0258 0.9376 0.9195  -2.0075 0.0881 0.9903 

8 0.2510 -1.3473 -1.0939  -1.0528 0.5050 -0.5135  -0.6530 -0.2343 0.0673 

9 -0.1792 0.8190 -0.3509  -0.0671 0.8402 -2.1567  -0.0425 -1.4225 -0.8739 

10 -0.6003 -1.6898 -0.6316  -0.8067 -1.4298  0.1100   0.3306  0.1853  0.2807 

 

The famous numerical technique developed by Podlubny [30] based on successive 

approximation method is also applied to solve the equation. The recursive relations 

are used for computations, given as 

,01.0),100,2,1(,)1(
1
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where my  and )2/1(
jW  are given in equation (5.1.4). In order to compare the results on 

time span )1,0(∈t  with step 0.1, Podlubny numerical method (PNM) using equation 

(5.1.10), approximate analytical solution using direct approach method (DAM) as 
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given in (5.1.8) and solution due to stochastic solvers GA-SA, PSO and PSO-SA have 

also been given in Table 5.10. It can be seen that PSO-SA algorithm provide best 

results. 

Table 5.10 Results for Solution of the Equation in Problem II. 

T DAM PNM 
FDE-NN 

GA-SA PS0 PSO-SA 

0.0 0.066666 0.066700 0.008640 0.005948 0.003596 

0.1 0.087156 0.080612 0.042230 0.048428 0.068514 

0.2 0.097760 0.089371 0.071560 0.080050 0.103152 

0.3 0.106931 0.096917 0.096658 0.103402 0.119309 

0.4 0.115451 0.103878 0.117534 0.120541 0.126997 

0.5 0.123620 0.110499 0.134181 0.133108 0.131393 

0.6 0.131591 0.116910 0.146577 0.142423 0.135090 

0.7 0.139453 0.123186 0.154685 0.149556 0.139316 

0.8 0.147266 0.129376 0.158449 0.155386 0.144588 

0.9 0.155071 0.135515 0.157798 0.160649 0.151071 

1.0 0.162898 0.141627 0.152642 0.165974 0.158757 

 

Once again 100  independent runs have been executed for this equation using solvers 

SA, GA, GA-SA, PSO and PSO-SA. The minimum value of function, je , is set as 

figure of merit for this equation. The summary of the statistical results are provided in 

Table 5.11 and plotted in Fig 5.3. 

Table 5.11 Statistical Analysis of Stochastic Solvers.  

FDE-NN 
Value of error function ‘ej’ 

Best Worst Mean STD 

SA 1.47e-02 112.161 4.12208 7.1233 

GA 1.37e-05 0.05746 2.81e-03 4.57e-03 

GA-SA 9.01e-06 0.04393 1.75e-03 3.72e-03 

PSO 1.25e-05 0.06474 1.82e-03 9.48e-03 

PSO-SA 1.79e-06 0.03917 1.41e-03 2.45e-03 
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Fig. 5.3 Comparison of results for FDE-NN networks optimized  
with stochastic solvers. 

5.1.3 PROBLEM III: COMPLEX NONLINEAR FRACTIONAL DIFFERENTIAL 
WITH KNOWN EXACT SOLUTION 

In this example a complex fractional differential equation is taken to determine the 

strength and weakness of our proposed scheme for such models. In this regard let us 

take a non-linear ordinary fractional differential equation given as ([164], [222]) 
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with initial and boundary conditions given as 0)0( =y  and 25.0)1( =y , respectively. 

The exact solution for this equation is given as 

νν tttty 4
9248 3)( +−= +  (5.1.12) 

The classical numerical techniques used for solution of FDEs in problem I and II are 

unable to provide solution to such problems. However, modern deterministic methods 

with higher computational cost can provide solution for (5.1.11), such as fractional 

Adams method [223] and Variation Iteration method [224]. 

The simulation has been performed for this problem on similar pattern to the previous 

examples. The order of fractional derivative ν  is taken as 5.0,25.0  and 75.0 . The set 
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of weights learned stochastically using PSO-SA algorithms are given in Table 5.12. 

Using these weights in equation (3.1.8), the results can be obtained which are given in 

Table 5.13. Moreover, the graphic comparison of our obtained solution with the exact 

solution is given in Fig. 5.4. The numerical result of the Adams scheme [164] based 

on predictor corrector approach are given separately in Table 5.14 as the errors are 

given only for t = 1 for different mesh sizes. 

Table 5.12 Weights for FDE-NN Networks by PSO-SA Algorithm for Problem III. 

I 
ν = 0.25

  
ν = 0.5  

ν = 0.75
 w αi bi wi αi bi wi αi bi i 

1 0.1054 0.6575 0.0868  -1.6488 -0.0591 1.7376  0.5114 0.9316 0.1784 

2 0.2637 3.1429 -0.9555  -0.1061 0.5117 -1.1450  -0.0521 0.9119 -0.2006 

3 0.0883 0.4428 0.7153  -1.2606 0.4263 -0.4043  -4.6482 0.5299 -2.0818 

4 -5.3349 -1.9707 0.2794  -0.7293 -0.0394 -7.9611  -2.0321 -0.657 1.1406 

5 1.4004 -0.6343 0.2388  -0.5461 0.4472 1.6015  -0.4419 0.0081 -0.2150 

6 0.4616 -0.7894 -0.3201  2.9929 -0.4345 -1.6370  -1.7249 -0.063 0.4909 

7 -0.1989 7.2787 -6.1817  0.5516 1.1411 -1.3916  1.2395 0.3243 -0.5894 

8 0.2006 1.2917 0.5472  -2.5526 -2.0805 -0.5869  -0.3688 1.2300 -1.6236 

9 -0.8850 -0.8777 -1.5429  -3.6911 -0.8474 0.6270  2.0127 0.0272 1.3750 

10 0.5557 -0.7218 0.2288  -0.5337 0.1364 0.4523  2.4863 -2.503 -2.1158 

Table 5.13 Summary of the Results for Solution of FDE in Problem III.  

T Exact 

ν = 0.5  ν = 0.25 

 

ν = 0.75 

FDE-NN   Absolute Error 
 Exact PSO-SA Exact PSO-SA 

PSO-SA GA[23]  PSO-SA GA[23] 

0.0 0.0000 3.8e-05 3.8e-05  -- --  0.0000 4.1e-04  0.0000 1.5e-06 

0.1 0.7113 0.6235 0.0879  0.7066 0.0047  1.2650 0.9272  0.3999 0.3781 

0.2 1.0030 1.0308 0.0278  0.9994 0.0036  1.5007 1.4600  0.6702 0.6811 

0.3 1.2145 1.2787 0.0642  1.2198 0.0054  1.6443 1.7297  0.8966 0.9137 

0.4 1.3626 1.4051 0.0425  1.3656 0.0030  1.7215 1.8183  1.0778 1.0779 

0.5 1.4372 1.4339 0.0034  1.4317 0.0055  1.7240 1.7759  1.1971 1.1725 

0.6 1.4175 1.3780 0.0395  1.4095 0.0080  1.6323 1.6323  1.2296 1.1926 

0.7 1.2813 1.2410 0.0041  1.2857 0.0044  1.4268 1.4036  1.1494 1.1286 

0.8 1.0181 1.0181 8.6e-05  1.0420 0.0239  1.1007 1.0970  0.9408 0.9658 

0.9 0.6479 0.6955 0.0477  -- --  0.6794 0.7136  0.6174 0.6828 

1.0 0.2500 0.2499 4.7e-05  -- --  0.2500 0.2501  0.2500 0.2499 

 



Chapter 5.            Swarm Intelligence Optimized Neural Networks for Solving Fractional Order System 

94 

 
Fig. 5.4 The exact solution and solution due to PSO-SA algorithm  

For problem III. 

Table 5.14 Numerical Results of Adam Scheme [164].  

No Mesh size (h) Error at t = 1 
1 1/10 0.25000 

2 1/20 1.81e-02 

3 1/40 3.61e-03 

4 1/80 1.45e-03 

5 1/160 6.58e-04 

6 1/320 2.97e-04 

7 1/640 1.31e-04 

As can be seen from Table 5.13 and 5.14 that at time 25.0,1 == νt  and mesh size 

10/1=h , the value of the error by Adam scheme is 0.25 while by our proposed 

scheme is 041060.5 −× . This error reduces to 041031.1 −×  in Adam scheme by reducing 

mesh size to 640/1  but at cost of much greater computational complexity.   

The statistical analysis, based on 100  independent runs of our scheme is provided in 

Table 5.15. It can be seen that differences exist between best and worst results. 

Moreover, the average accuracy obtained is in the range of 0110−  to 10-02. The 

stochastic solver like SA algorithm mostly provides the results with objective function 

value more than 1. Similarly the effects of SA in hybridization approach with PSO 
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and GA are also not significant. In most of the independent runs there is no sufficient 

improvement is seen with SA technique. Numbers of 125  independent runs of GA-SA 

and PSO-SA hybrid approaches are executed and the results of best 100  runs are 

plotted in Fig. 5.5, in which the value of the error function, je , has been drawn in 

descending order against the numbers of independent runs of the algorithms.  

Table 5.15 Statistical Parameters for Solution by FDE-NN Networks Optimized 
with PSO-SA Algorithm. 

T 
ν = 0.5 

 
ν = 0.75 

Best Worst Mean STD Best Worst Mean STD 

0.0 2.06e-05 0.0392 0.0106 0.0184  1.73e-05 0.0961 0.0342 0.0283 

0.1 2.34e-03 0.3549 0.1366 0.0866  8.30e-04 0.2191 0.0568 0.0487 

0.2 2.10e-03 0.3164 0.0933 0.0762  1.31e-03 0.3038 0.0898 0.0722 

0.3 2.58e-04 0.2946 0.0784 0.0599  4.35e-04 0.2476 0.0820 0.0646 

0.4 1.55e-04 0.1627 0.0477 0.0334  4.29e-04 0.1288 0.0477 0.0322 

0.5 8.82e-08 0.1835 0.0094 0.0259  4.19e-07 0.1837 0.0207 0.0349 

0.6 4.50e-04 0.2091 0.0550 0.0398  3.03e-03 0.2762 0.0679 0.0541 

0.7 3.82e-04 0.2690 0.0816 0.0630  1.48e-03 0.3071 0.0837 0.0720 

0.8 4.10e-04 0.3646 0.0924 0.0782  3.52e-04 0.2698 0.0757 0.0643 

0.9 1.80e-03 0.3331 0.0887 0.0767  1.77e-05 0.2619 0.0621 0.0419 

1.0 1.08e-09 0.6208 0.0120 0.0641  1.06e-06 0.1944 0.0105 0.0296 

 

 
(a) 

 
(b) 

Fig. 5.5 Comparison of FDE-NN networks optimized with stochastic solvers, in (a) and (b) the value 
of fractional order is taken as ν = 0.5 and ν = 0.75, respectively. 
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5.1.4 CONCLUSION 

A new stochastic computational approach has been developed for solving the FDEs 

by swarm intelligence optimized neural networks. The method has been tested 

successfully by applying it to different linear and non-linear ordinary differential 

equations of fractional order. A large number of Monte Carlo simulations with 

stochastic solvers validated its reliability and effectiveness. The best results are 

achieved for FDE-NN networks optimized with PSO-SA algorithm instead of SA, 

GA, GA-SA, PSO algorithms. We have shown that PSO-SA for less than half the 

population as compared to GA-SA gives same accuracy. It has also been shown that 

proposed scheme can approximate the solution with the accuracy comparable to the 

standard state of art deterministic numerical solvers or even better in some cases. The 

strength of designed scheme over such solvers is that, it can provide the result on 

continuous finite time domain, instead of predefined discrete grid of points. 

5.2 RICCATI DIFFERENTIAL EQUATION OF FRACTIONAL ORDER 

In this section, the results of simulation are presented for two different problems 

associated with the nonlinear Riccati differential equation of arbitrary order. Apply 

the scheme to integer order case of the equation and then extend the proposed method 

for application to fractional order cases. The statistical analysis of results is carried 

out to test the verification, validation of the method. The effect of change of input 

span and step size to the accuracy and computational complexity has been analyzed. 

The comparison of the results of all problems is made with available exact solutions, 

stochastic solvers, and standard numerical techniques. The necessary discussion is 

also provided on the results obtained. Moreover, the material provide in this section is 

based on the published work [232]. 

5.2.1 PROBLEM I: NONLINEAR RICCATI DIFFERENTIAL EQUATION OF 
FRACTIONAL ORDER 

Consider the nonlinear Riccati differential equation ([226], [233])   
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 (5.2.1) 

Subject to the initial condition as 0)0( =y . 

5.2.1.1 FIRST ORDER CASE  

The exact solution of the equation for 1=ν  is given as 

.
1
1)( 2

2

+
−

= t

t

e
ety  (5.2.2) 

Mathematical modeling of the equation is done with differential equation neural 

network (DE-NN) represented by equations (3.1.5) and (3.1.6) by taking 10  number 

of neurons resulting in 30  number of unknown parameters or weights. These adaptive 

weights are restricted to real numbers between 10−  to 10 . The initial population 

consists of a set of 160  numbers of particles.  Each particle consists of 30  agents, 

which is equivalent to number of weights. Input of the training set is taken from 

)1,0(∈t  with a step size of 1.0 . Therefore the fitness function, je , is formulated as 
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where, j  is the number of flights, )(ˆ ty  and dtyd /ˆ  are networks provided in equation 

(3.1.5), and (3.1.6), respectively. Our scheme runs iteratively in order to find the 

minimum of fitness function, je , 

0810−≤je

with stoppage criteria as 800 number of flights or 

value , whichever comes earlier. One of the unknown weights learned by 

DE-NN algorithm with value of, 08102035.5 −×=je , are provided in Table 5.16.  

Using these weights in (3.1.5) one can find the solution to this problem for any input 

time t  between 0  and 1. The solution obtained by our scheme is provided in Table 

5.17. It also contains the reported result of other numerical solvers such as solution by 

DE-NN based on Genetic Algorithm (DE-NN GA) [225], the fourth-component 

approximate solution using 10  terms by Modified Homotopy perturbation method 
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(HPM) [233], Solution obtained by Adomian decomposition method (ADM) 

approximated using 11 terms [226], and solution obtained by variational iteration 

method (VIM) approximated using 3  iterations [235]. It can be seen from Table 5.17 

the result obtained by our approach are similar to other numerical techniques and 

more close to the exact solution.   

Table 5.16 Best Weights Trained for FDE-NN Networks Optimized with PSO-SA 
Hybrid Algorithm.  

I 
w

 
i α

 
i β i 

ν = 1 ν = 0.5 ν =0.75 ν = 1 ν = 0.5 ν = 0.75 ν = 1 ν = 0.5 ν = 0.75 

1 2.9126 -0.2862 0.9386  0.1035 0.2971 0.4767  0.6284 -0.7362 0.8893 

2 -1.3172 -0.1675 0.8134  -0.7544 0.8051 0.1716  2.0250 0.6830 -0.6803 

3 2.7278 0.1429 -1.8554  0.7892 0.8953 -0.4685  -1.3869 0.4173 -0.8094 

4 0.3031 0.0290 0.6009  1.2622 -0.9547 1.1421  -0.6302 0.5121 -0.4901 

5 -0.7725 -14.910 0.8612  1.1813 0.1186 0.0775  -0.0486 0.3295 1.1524 

6 1.1042 -15.652 0.9230  -0.2408 -1.0017 -0.7054  -0.8391 -0.8255 0.3864 

7 -1.5585 -0.1842 0.9949  0.6595 -0.1540 -0.2469  0.0321 -0.9051 0.9204 

8 -2.2683 0.2745 0.1913  -1.9361 -0.9104 -0.7614  -1.0197 -0.7837 -1.1823 

9 2.3799 -0.3484 0.2980  -0.2635 0.1905 0.5860  1.0555 0.8232 -1.3460 

10 -4.0783 -0.9056 -5.7971  -0.2094 -0.4053 -0.2562  0.4381 1.0641 -0.0492 

Table 5.17 Comparison of Results for Solution of the Equation for First Order Case. 

t Exact 
DE-NN 

VIM ADM HPM 
PSO-SA GA 

0.0 0.000000 4.04×10 2.20×10-9 0.000000 -8 0.000000 0.000000 

0.1 0.099667 0.099665 -- 0.099667 0.099667 0.099668 

0.2 0.197375 0.197400 0.197100 0.197375 0.197375 0.197375 

0.3 0.291312 0.291351 -- 0.291312 0.291312 0.291312 

0.4 0.379948 0.379954 0.379600 0.379946 0.379948 0.379944 

0.5 0.462117 0.462081 -- 0.462103 0.462117 0.462078 

0.6 0.537049 0.537021 0.536700 0.536983 0.537049 0.536857 

0.7 0.604367 0.604390 -- 0.604124 0.604367 0.603631 

0.8 0.664036 0.664095 0.663700 0.663300 0.664037 0.661706 

1.0 0.761594 0.761596 0.761500 0.757166 0.761622 0.746032 

In order to analyses further, the results are also obtained for different inputs by our 

algorithm. These results are provided graphically in Fig. 5.6. The traditional 
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approximate analytic numerical solvers give good approximation only in the 

neighborhood of the initial position [226], [233], [235].  It can be seen from Fig. 

5.6(a) that our scheme gives good approximation for comparatively larger interval 

whereas the ADM method diverges. Moreover, in our proposed method, the error 

starts to build up for larger interval )100,0(  but does not diverge earlier as can be 

seen in Fig. 5.6(b). So, it can be concluded that our approach gives better 

approximations even for larger intervals and not only in local vicinity of initial 

position.  

 
(a)  

(b) 
Fig. 5.6 Comparison of results for problem I (a). is for interval (0, 2)  

and (b). is for interval (0, 100) 

5.2.1.2 FRACTIONAL ORDER CASE  

The exact solution for nonlinear equation (5.2.1) for fractional order case is not 

available, however, approximate numerical solutions are available like AMD [226], 

and HPM [234] etc. Stochastic numerical solution using neural networks optimized 

with GA [225] is also given for comparison.  

In our scheme, mathematical modeling for equation (5.2.1) is done with FDE-NN 

networks represented by (3.1.8) and (3.1.10) by taking 10  number of neurons 

resulting in 30  number of unknown parameter or weights. These adaptive weights are 

restricted to real numbers between 10−  to 10 . The value of the fraction order 

derivative ν  is taken as 5.0  and 75.0 . Randomly generated initial swarm consists of 

a set of 160  particles. Each particle consists of 30  elements equal to the number of 
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unknown weights in networks. Input of the training set is taken for time interval 

)1,0(∈t  with a step size of 1.0 . Therefore the fitness function is formulated as 
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where j  be the flight number, and )(ˆ ty  and νν dtyd ˆ  are networks given in (3.1.8), 

and (3.1.10), respectively. Our scheme runs iteratively in order to find the minimum 

for function, je , with stoppage criteria as 2000  number of flights or value of 

0610−≤je . The agents of best fitted particles in term of weights are given in Table 

5.16 for order 5.0=ν  and  75.0=ν . These weights can be used in equation (3.1.8) to 

obtain the solution of the equation for any input time t  between 0  and 1.  

The proposed solution for the equation (5.2.1) is obtained for inputs )1,0(∈t  with a 

step size of 1.0 . The results are summarized in Table 5.18. It also contains reported 

results for the solution of the equation with HPM techniques based on fourth-term 

approximation [234] and evolutionary computation technique based on neural 

networks supported with GA algorithm [217]. It can be inferred that our algorithm 

provides approximate solution to the fractional Riccati differential equation 

effectively. Moreover, FDE-NN algorithms based on PSO is computationally efficient 

from GA based, because it does not involve the computationally extensive operation 

of crossover and mutations [219]. 

The statistical studies are necessary for the optimization of weights due to its highly 

stochastic nature. The reliability of results is determined with such analysis. In this 

regard, 100  independent runs of the algorithm are executed, in order to make 

statistical analysis of the result obtained by our method. Results in the form of 

absolute unsupervised error at different inputs are given in Table 5.19. The parameters 

best and worst, defined as minimum and maximum, of error are given. The statistical 

mean and standard deviation are also determined for errors. It can be seen from the 

average and standard deviation values that reliable results are obtained by our scheme. 
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Table 5.18 Comparison of Results of Problem I for Fractional Order Cases. 

t 
ν =  0.5  ν = 0.75 

GA PSO HPM PSO HPM 

0.0 0.0505 0.009493 0.000000  0.000798 0.000000 

0.1  0.289667 0.273875  0.165087 0.184795 

0.2 0.4047 0.386489 0.454125  0.276350 0.313795 

0.3  0.441120 0.573932  0.356196 0.414562 

0.4 0.5507 0.482348 0.644422  0.416916 0.492889 

0.5  0.516379 0.674137  0.465520 0.462117 

0.6 0.6178 0.544872 0.671987  0.506004 0.597393 

0.7  0.568545 0.648003  0.540629 0.631772 

0.8 0.6594 0.587895 0.613306  0.570632 0.660412 

0.9  0.603344 0.579641  0.596636 0.687960 

1.0 0.6992 0.615268 0.558557  0.618873 0.718260 

Table 5.19 Statistical Analysis of Results by FDE-NN Networks Optimized with 
PSO-SA algorithm for Problem I. 

T 
Best 

 
Worst 

 
Mean 

 
Standard deviation 

ν = 0.5 ν = 0.75 ν = 0.5 ν = 0.75 ν = 0.5 ν = 0.75 ν = 0.5 ν = 0.75 

0.0 2.29e-10 5.22e-07  1.94e-04 12.206  9.30e-05 0.12720  2.11e-05 1.2205 

0.2 8.69e-05 4.53e-07  0.4561 0.3411  2.93e-02 2.95e-02  5.78e-02 6.32e-02 

0.4 2.16e-05 6.31e-07  0.2402 0.1688  3.78e-03 1.16e-02  2.40e-02 3.02e-02 

0.6 9.02e-05 5.98e-07  7.40e-02 0.4403  2.81e-03 9.44e-03  7.88e-03 4.44e-02 

0.8 3.28e-06 6.05e-07  9.16e-03 0.9329  9.80e-04 1.17e-02  1.79e-03 9.33e-02 

1.0 9.08e-05 6.81e-07  0.1176 1.2612  7.93e-03 3.96e-02  1.57e-02 0.1362 

Training of the weights for neural networks of the equation is also made by different 

stochastic optimizers. These optimizers are simulating annealing (SA), Genetic 

Algorithm (GA), Genetic algorithm hybridized with simulating annealing (GA-SA), 

PSO, and PSO hybridized with simulating annealing (PSO-SA). MATLAB 

optimization toolbox with built-in functions for SA and GA are used. In order to make 

the comparison, 100  independent runs for each optimizer are made. The values of the 

fitness function, je , for inputs 0  and 1 are given in Table 5.20 and Table 5.21 for 

5.0=ν  and 75.0=ν , respectively. Moreover, in Fig 5.7 the value of unsupervised 

error, je , is plotted in ascending order for each independent run of the algorithms. It 

can be seen that best results are obtained by PSO-SA algorithm. 
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Table 5.20 Comparison for Stochastic Solvers Based on the value of Error Function, 
ej

t 

, for Problem I by taking ν = 0.5. 

FDE-NN 
ν = 0.5 

Best Worst Mean STD 

0 SA 8.62e-04 1.29e-02 1.47e-03 1.83e-03 

GA 9.40e-05 9.79e-04 1.22e-04 9.64e-05 

GA-SA 8.91e-05 2.72e-04 9.90e-05 1.93e-05 

PSO 3.03e-09 1.01e-03 1.36e-04 1.52e-04 

PSO-SA 2.29e-10 1.94e-04 9.30e-05 2.11e-05 

1 SA 6.07e-03 5.71214 0.46847 0.81886 

GA 9.11e-05 8.19e-02 1.03e-02 1.67e-02 

GA-SA 9.10e-05 8.12e-02 9.76e-03 1.63e-02 

PSO 9.08e-05 0.11765 7.93e-03 1.57e-02 

PSO-SA 9.07e-05 0.11764 7.24e-03 1.57e-02 

Table 5.21 Comparison for Stochastic Solvers Based on the value of Error Function, 
ej

t 

, for Problem I by taking ν = 0.75. 

FDE-NN 
ν = 0.75 

Best Worst Mean STD 

0 SA 6.06e-06 0.24519 4.02e-03 2.54e-02 

GA 6.88e-07 1.64e-02 1.02e-03 2.43e-03 

GA-SA 5.88e-07 7.39e-05 4.87e-06 1.07e-05 

PSO 5.22e-07 0.28122 5.16e-03 2.94e-02 

PSO-SA 3.01e-8 3.16e-02 3.18e-04 3.16e-04 

1 SA 2.96e-05 11.3487 0.53983 1.28091 

GA 2.08e-06 0.17387 2.13e-02 3.40e-02 

GA-SA 4.92e-06 0.17567 1.97e-02 3.10e-02 

PSO 6.81e-07 0.33742 2.71e-02 5.76e-02 

PSO-SA 6.82e-07 1.25906 3.83e-02 0.13574 

It is necessary to mention that whole building block of our algorithm for fractional 

order case is based on MLF function. The calculation for MLF function is also very 

complex in nature. In our simulation, the MATLAB code for MLF function, patent by 

Podlubny at MATLAB central file exchange, is used [230]. The equation is solved 

with FDE-NN networks optimized with GA (160  individuals, 2000  generations) and 
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PSO (160  particle, 2000  flights) algorithms for time analysis. Average total time of 

execution for single run of algorithms, timeT , and time taken for calculation of MLF 

function only, MLFT , is provided in Table 5.22. It can be inferred from the Table 5.22 

that about %82  of execution time is spent on calculation of MLF function only. In 

this paper, the time analysis are carried using Dell Latitude D630, Intel(R) Core(TM) 

2 Duo CPU T9300, 2.50GHz and Matlab version R2008b.  

 

 
(a) 

 
(b) 

Fig. 5.7 Comparison of FDE-NN optimized by stochastic numerical solvers, (a). is for ν = 0.5 and 
(b). is for ν = 0.75. 

 

Table 5.22 The Effects for Varying Intervals and Steps on Execution time and 
Accuracy of the Algorithms. 

 
(0,T) 

Step 
size Steps Algo. MLF Average Values for ν = 0.5 calls 

Million  
Average Values for ν = 0.75 

T Ttime eMLF Tj TTime Ej MLF 

(0,1) 0.10 11  PSO 3.5552 1305s 1066s 2.84e-03  1258s 1026s 3.48e-03 

   GA 3.5552 1313s 1051s 4.98e-03  1313s 1052s 4.72e-03 

(0,2) 0.10 21  PSO 6.7872 2348s 1924s 9.04e-03  2351s 1931s 9.82e-03 

   GA 6.7872 2426s 1972s 6.97e-02  2462s 2006s 7.63e-02 

(0.1) 0.05 21  PSO 6.7872 2386s 1954s 2.74e-03  2386s 1953s 2.91e-03 

   GA 6.7872 2430s 1992s 4.92e-03  2469s 2010s 4.70e-03 

 
The effect of change of intervals and step size on execution time, as well as, accuracy 

of algorithms is also evaluated. It can be seen from Table 5.22 that as the input span 

)1,0(  is increased to )2,0(  without changing the step size, the accuracy of the 
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algorithm decreases, but the computational time increases. As the step size is 

decreased from 1.0  to 05.0  without changing the interval size, the accuracy of the 

algorithms increase slightly, but it also increases computational time. Therefore, it can 

be concluded that there is always tradeoff between the computational complexity and 

accuracy while selecting the values of intervals and step sizes.     

5.2.2 PROBLEM II: COMPLEX RICCATI DIFFERENTIAL EQUATION 

 Another form of Riccati differential equation of arbitrary order is taken to investigate 

the strength and weaknesses of the proposed stochastic algorithm. Consider the 

quadratic Riccati differential equation of fractional order ([236], [237]) 

,10,1)()(2)( 2 ≤≤+−= ttytyty
dt
d

ν

ν

 (5.2.5) 

subject to the initial condition as 0)0( =y . 

5.2.2.1 FIRST ORDER CASE  

The exact solution of the above equation for order 1=ν  is given as 

).
12
12log(

2
1)2tanh(21)(

+
−

++= tty  (5.2.6) 

This problem is solved with the same methodology as adopted in example I. The 

termination criterion is that the value for function 0810−≤je  or maximum number of 

flights is equal to 1000 . The fitness function, je , in case can be given as 

[ ] [ ] 3,2,1,)0(ˆ1)(ˆ2)(ˆ)(ˆ
11
1 2

11

1

2
2 =+



 −−+= ∑

=

jytytyty
dt
de

i
iiij  (5.2.7) 

where )(ˆ ty  and dtydˆ  are networks provides in equations (3.1.5), and (3.1.6), 

respectively, using 10  number of neurons. The best unknown weights trained 

stochastically by our scheme are given in Table 5.23. These weights are used in 

expression (3.1.5) for finding the solution of the equations for some inputs between 0  
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and 1. Results are summarized in Table 5.24. It also includes the reported results of 

HPM technique using fourth-term approximate solution [234], VIM based on 3  

iterations [235], Chebyshev Wavelets (CW) using 192  set of block pulse functions 

[238], generalized differential transform method (GDTM) using 5  terms [216] and 

FDE-NN GA [225]. It can be inferred from the results that in this context our method 

performs comparable to or is better than specialized state-of-art numerical solvers.  

Table 5.23 Best Weights Trained for Neural Networks by PSO-SA in Problem II. 

i 
w

 i α
 

i β i 

ν = 1 ν = 0.5 ν =0.75 ν = 1 ν = 0.5 ν = 0.75 ν = 1 ν = 0.5 ν = 0.75 

1 -0.1781 -0.2617 2.7969  -0.6315 0.1442 0.3068  1.3428 -0.7450 0 .1628 

2 0.9627 -1.8771 -0.1816  -0.0041 -1.2903 0.9164  -1.4170 -0.0531 1.3084 

3 0.8416 0.3915 -1.6007  0.3301 0.6852 -0.3002  -0.5538 -1.9151 1.0313 

4 0.7852 -9.7906 0.9376  0.3234 -0.7260 0.5739  -2.9840 -0.4774 0.4451 

5 0.6856 -0.0861 -1.9930  -0.3826 0.2467 0.2111  -1.0800 -1.0307 -0.9704 

6 -2.1440 -0.0304 0.7810  -0.0137 0.2348 0.2406  -0.5275 1.6564 -0.9591 

7 -0.3696 -5.4479 -0.2021  -0.2856 -0.2731 -0.0024  -0.5790 -0.1701 -0.3669 

8 -1.1879 0.6175 -0.4029  0.0322 0.1959 -1.6387  -0.4203 -2.7192 1.0064 

9 -0.7665 0.3376 2.4966  0.2818 0.4952 -1.2774  0.1399 -1.1731 -0.6628 

10 2.8433 -1.0567 0.2644  2.7946 0.3140 1.4747  -1.7701 -0.1915 -0.2350 

 

Table 5.24 Comparison of Results for Problem II for First Order Case. 

t Exact 
DE-NN 

HPM CW VIM GDTM 
GA PSO-SA 

0.0 0.000000 2.97×10 6.58×10-9 0.000000 -9 0.000000 0.000000 0.000000 

0.1 0.110295 0.1103 0.110328 0.110294 0.110311 0.110295 0.110296 

0.2 0.241976 0.2420 0.241997 0.241965 0.241995 0.241977 0.241997 

0.3 0.395104 0.3950 0.395101 0.395106 0.395123 0.395113 0.395231 

0.4 0.567812 0.5677 0.567797 0.568115 0.567829 0.567845 0.568158 

0.5 0.756014 0.7559 0.756008 0.757564 0.756029 0.756086 0.756250 

0.6 0.953566 0.9536 0.953580 0.958259 0.953576 0.953666 0.951475 

0.7 1.152948 1.1531 1.152973 1.163459 1.152955 1.153037 1.141385 

0.8 1.346363 1.3465 1.346374 1.365240 1.346365 1.346379 1.343061 

0.9 1.526911 1.5270 1.526890 1.554960 1.526909 1.526411 1.498164 

1.0 1.689498 1.6896 1.689459 1.723810 1.689494 1.686027 1.600000 
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5.2.2.2 FRACTIONAL ORDER CASES 

 The exact solution is not available for the Riccati differential equation of fractional 

order (5.1.17). However, for such equations solutions are determined by number of 

approximate analytic solvers such as HPM [234], Homotopy analysis method (HAM) 

[237] and CW techniques [238]. We have also applied our design scheme to solve the 

equation (5.1.17) for such cases.   

The solutions are determined for input time )1,0(∈t  with a step size of 1.0 . The 

parameter setting for execution of algorithm is similar to the previous examples for 

fractional order cases. However, the function, je , developed for this case is given as 

[ ] [ ] 3,2,1,)0(ˆ1)(ˆ2)(ˆ)(ˆ
11
1 2

11

1

2
2 =+








−−+= ∑

=

jytytyty
dt
de

i
iiij ν

ν

 (5.2.8) 

where j  be the number of flight index, ν  is fractional order and )(ˆ ty  and νν dtyd ˆ  

are networks given in (3.1.8) and (3.1.10), respectively. The agents of best fitted 

particle in terms of weights are given in Table 23 for order 5.0=ν  and  75.0=ν . The 

results obtained in our approach (PSO) and other reported numerical techniques are 

provided in Table 5.25. The solution obtained by HPM technique based on fourth-

component approximate solution with 16 terms [234]. The results of CW method are 

based on 192  sets of block pulse functions [238]. It can be inferred from the results 

that our algorithm can also provide approximate solutions of the fractional Riccati 

differential equation. 

The statistical analysis of the result obtained by our method on the basis of 100  

independent runs of our algorithm is provided in Table 5.26. Results are given in the 

form of absolute unsupervised error at different inputs.  It further validates the 

applicability and effectiveness of our methodology.  

Training of the weights for neural networks of the equation is also made by SA, GA, 

GA-SA, PSO, PSO-SA optimizers. Statistical analysis is made on the basis of 100  

independent runs for each optimizer. The values of unsupervised error function, je , 
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for some inputs are given in Table 5.27. It can be seen that PSO-SA algorithm 

provides better results. Moreover, the minimum value of function, je , is also plotted 

in ascending order in Fig 5.8. It can be seem from Fig. 5.8(a) that the least value of, 

je , is obtained in PSO-SA algorithm. The effectiveness of the simulating annealing 

can be seen in Fig. 5.8(b). This makes the average results slightly better than without 

it. 

Table 5.25 Comparison of Results for Fractional Order Cases of Problem II. 

T 
ν = 0.5 

 
ν = 0.75 

GA PSO HPM CW PSO HPM CW 

0.0 0.0561 0.009420 0.000000 0.000000  0.000705 0.000000 0.000000 

0.1 0.5610 0.574648 0.321730 0.592756  0.283503 0.216866 0.310732 

0.2 0.9121 0.890890 0.629666 0.933179  0.539352 0.428892 0.584307 

0.3 1.1594 1.090716 0.940941 1.173983  0.768804 0.654614 0.822173 

0.4 1.3369 1.230069 1.250737 1.346654  0.971833 0.891404 1.024974 

0.5 1.4671 1.334181 1.549439 1.473887  1.147939 1.132763 1.198621 

0.6 1.5652 1.415512 1.825456 1.570571  1.296320 1.370240 1.349150 

0.7 1.6414 1.480918 2.066523 1.646199  1.416139 1.594278 1.481449 

0.8 1.7024 1.534604 2.260633 1.706880  1.506936 1.794879 1.599235 

0.9 1.7528 1.579396 2.396839 1.756644  1.569252 1.962239 1.705303 

1.0 1.7957 1.617332 2.466004 1.798220  1.605580 2.087384 1.801763 

Table 5.26 Statistical Analysis of Results for Problem II using FDE-NN Networks 
Optimized with PSO-SA Algorithm. 

T 
Best 

 
Worst 

 
Mean 

 
Standard deviation 

ν = 0.5 ν = 0.75 ν = 0.5 ν = 0.75 ν = 0.5 ν = 0.75 ν = 0.5 ν = 0.75 

0.00 7.57e-06 3.93e-07  1.67e-03 2.25457  4.38e-04 4.69e-02  3.99e=04 0.240993 

0.20 9.08e-05 9.42e-07  0.974512 1.49943  2.91e-02 0.226850  9.82e-02 0.454657 

0.40 9.02e-05 9.11e-04  4.51e-02 0.99943  5.42e-03 0.186886  9.02e-03 0.300739 

0.60 8.87e-05 2.24e-06  2.84e-02 0.75562  3.09e-03 0.111913  5.28e-03 0.172089 

0.80 9.02e-05 2.25e-06  2.47e-02 0.68828  3.04e-03 2.93e-02  5.24e-03 0.079974 

1.00 9.01e-05 5.08e-07  4.38e-02 0.76585  4.96e-03 0.100795  7.84e-03 0.172544 

Moreover, effects on the accuracy of results by changing the intervals and step size 

for this example were also evaluated. The summary of the results are provided in 
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Table 5.28. The value of the unsupervised error, je , as well as, total execution time of 

algorithms increases by changing the interval size from )1,0(  to )2,0(  without 

changing the step size. As step size decrease from 1.0  to 05.0  the total time of 

execution for algorithm, as well as, the accuracy increases. In addition to that, the 

time taken by MLF function, MLFT , in the total time of execution of algorithm, MLFT , 

is also determined. The average values of MLFT , and timeT  for fractional order 5.0=ν  

and 75.0=ν  for the solution of equation (5.2.5) due to PSO, GA are provided in 

Table 5.28. The parameter setting for PSO and GA are same as that of example 1. It 

can be seen that 81% of total time on average spent on calculation of MLF function. 

 
(a) 

 
(b) 

Fig. 5.8 Graphical representation of results obtained by different stochastic numerical technique for 
example III by taking fractional order ν = 0.5. 

Table 5.27 Comparison of Results for Solvers by Taking ν = 0.5. 

t FDE-NN Best Worst Mean STD 

0 SA 3.83e-05 3.00e-02 2.81e-03 4.95e-03 

GA 8.74e-05 5.76e-03 3.83e-04 7.16e-04 

GA-SA 8.85e-05 3.83e-04 1.23e-04 5.42e-05 

PSO 8.94e-05 4.57e=-2 2.86e-03 7.45e-03 

PSO-SA 7.57e-06 1.67e-03 4.38e-04 3.99e-04 

1 SA 1.05e-04 0.518259 5.19e-02 7.31e-02 

GA 9.37e-05 0.184723 2.14e-02 3.26e-02 

GA-SA 8.69e-05 0.103180 1.42e-02 2.22e-02 

PSO 9.01e-05 9.83e-02 6.98e-03 1.35e-02 

PSO-SA 9.01e-05 4.38e-02 4.96e-03 7.84e-03 
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Table 5.28 Effects on Accuracy and Execution Time by Varying Intervals and Steps.  

 
(0,T) 

Step 
size Steps Algo. MLF Average Values for ν = 0.5 calls 

Million  
Average Values for ν = 0.75 

T Ttime eMLF Tj TTime eMLF j 

(0,1) 0.10 11  PSO 3.5552 1314s 1065s 2.94e-03  1326s 1032s 3.04e-03 

   GA 3.5552 1328s 1051s 9.36e-03  1334s 1053s 9.98e-03 

(0,2) 0.10 21  PSO 6.7872 2420s 1925s 8.37e-03  2451s 1936s 8.24e-03 

   GA 6.7872 2485s 1971s 1.18e-02  2462s 1969s 1.93e-02 

(0.1) 0.05 21  PSO 6.7872 2434s 1951s 2.63e-03  2435s 1928s 3.01e-03 

   GA 6.7872 2473s 1996s 9.62e-03  2450s 1964s 9.92e-03 

5.2.3  CONCLUSION 

On the basis of the simulations and results obtained in the last section, it can be 

concluded that nonlinear Riccati differential equation of arbitrary order can be solved 

by heuristic computational intelligence such as Particle swarm optimization algorithm 

supported with simulating annealing. The differential equation neural networks 

trained by PSO-SA algorithm is a better stochastic optimizer compared to SA, GA, 

GA-SA PSO algorithms. On the basis of the statistical analysis it can be stated that 

our proposed computing approach is reliable, effective and easily applicable to 

complex nonlinear differential equations of arbitrary order. In our future work, we 

intend to use other biologically inspired computational intelligence algorithms like 

ant-colony optimization and bee-colony optimization to solve these problems.   

5.3 FRACTIONAL ORDER SYSTEM BASED ON BAGLEY-TORVIK 
EQUATION 

In this section, fractional order systems represented by Bagley-Torvik FDE 

differential equations are solved by the designed heuristic computational intelligence 

techniques based on FDE-NN network and PSO algorithm. The results of simulation 

are narrated for three linear and non-linear problems of fractional order systems given 

by Bagley-Torvik equations. Comparison of the design scheme is made with available 

exact solutions, stochastic and deterministic numerical solvers. The necessary 
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discussion on results is also provided. Moreover, the material presented here is based 

on the publication [239].  

5.3.1 PROBLEM I: BAGLEY-TORVIK EQUATION WITH KNOWN EXACT 
SOLUTION 

In this problem, a fractional order system of Bagley-Torvik equation is taken, which 

has known exact solution, to check the validity and applicability of the proposed 

design scheme. Let us take the Bagley-Torvik equation in the form as in [228], [240]. 

10,42)()()( 22 ≤<++=++ ttttytyDtyD πν  (5.3.1) 

with the initial condition and boundary condition given as  

2)1(,1)1(,0)0()0( =′==′= yyyy  (5.3.2) 

The exact solution of the equation is given as 

.)( 2tty =  (5.3.3) 

Mathematical model of the equation is made with FDE-NN networks given in 

equation (3.1.8) to (3.1.10) by taking 10 numbers of neurons resulting in 30  number 

of unknown parameters or weights. These weights are restricted to be real numbers 

between 10−  to 10 . The training of weights is made with PSO-PS algorithm, a hybrid 

computational intelligence algorithm. The parameter values setting for the execution 

of the algorithm are provided in Table 5.29. 

Input of the training set is taken from )1,0(∈t  with a step size 2.0 . Therefore, the 

fitness function, e, is formulated as 

,2,1
1

1
=

+
= j

e
e

j

 (5.3.4) 

where, je , is given as 
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where, j  is the number of flights, 23=ν , and  )(ˆ ty , yD ˆ2 , and )(ˆ tyDν  are networks 

provided in equations (3.1.8), (3.1.9) and (3.1.10), respectively.   

Table 5.29 Parameters setting of the algorithms. 

PSO 
 

PS 
Parameters Value/Setting Parameters Value/Setting 

Initial population or 
Swarm Size 

200  Poll Method Generalized PS Positive  
basis 2N 

Particle size 30  Poll order Consecutive 

No. of Flights 2000  Mesh Size (1, 10) 

Local acceleration factor Linear decreasing 
between 4 to 0.5 

 Expansion factor 2 

Global acceleration factor Linear increasing 
between 0.5 to 4 

 Contraction factor 0.5 

 

Inertia weight Linearly decreasing 
between 0.9 to 0.2 

 Maximum function  
Evaluation 

3000 

v 04 max  Maximum Iteration  50000 

Our scheme runs iteratively in order to find the maximum of fitness function, e , or 

maximum number of flights as 2000 , whichever comes earlier. Then, the best 

particle found so far is used in rapid local search algorithm as a starting point for 

further refinements.  One set of the weights of FDE-NN learned stochastically by 

PSO-PS algorithm are given in Table 5.30. It also includes the reported result in 

which weights are learned by GA-PS algorithm [227]. The solution of the equation for 

any input time t  between 0  and 1 can be determined by using Table 5.30 and 

equation (3.1.8). 

The solution of the equation by deterministic numerical solver like Podlubny matrix 

approach (PMA) [102] and He’s variational iteration method (HVIM) [99] are 

provided in Table 5.31 as a reported result. It also includes the results of our proposed 

designed scheme as well as solution by GA-PS algorithm [227]. The PMA results 



Chapter 5.            Swarm Intelligence Optimized Neural Networks for Solving Fractional Order System 

112 

based on the library functions, given at MATLAB central file exchange, patent by 

Podlubny [229]. The following setting is employed for parameters. Step of 

discretization is h = 0.01, total number of steps 100, setting the value of fractional 

order derivative as  ν = 1.5, and the value of constant coefficient of the equation is 1, 

whereas result of solution of equation by HVIM method are taken form article [99]. It 

can be seen form Table 5.31 that the value of mean error of our proposed scheme is 

better than that of GA-PS and HVIM algorithms and comparable with PMA 

algorithm. However, it should also be noted that the PMA algorithm result are 

determined at much higher computation cost due to very small step size 0.01 

compared to 0.2 for our scheme.   

Table 5.30 A set of FDE-NN Weights Trained by Solvers for Problem I 

I 
Reported Results (GA-PS) 

 
Our Results(PSO-PS) 

w αi
 

βi
 wi

 αi
 

βi
 

i
 

1   0.07681 -1.16770   0.04291  -1.03449   1.45013 -0.85097 

2 -0.15713   0.30471 -0.73877    0.87250   0.31841   1.12423 

3   3.66950 -0.16469 -8.12463  -0.33075 -0.00428 -0.76606 

4   0.00046 -0.74905   0.05083  -0.00278 -0.49270   1.37384 

5   1.16911 -0.14210 -0.00566  -1.45464   0.66446   0.03498 

6 -1.30293   0.20979   0.24825  -2.09966 -0.33922 -0.78875 

7 -0.90253   0.28461   0.64849    0.57286   1.21462 -0.45543 

8 -5.09381   3.92250 -7.62717  -0.50976 -0.20076   1.03642 

9 -4.64415   0.01437 -9.37687    0.74570 -1.09118 -1.29133 

10   0.94374   0.27168   1.50233    0.59957 -0.88360 -2.31774 

Moreover, derivative of the solution can be determined by using Table 5.30 and 

equation (3.1.9). The results of PSO-PS hybrid technique along with reported results 

are provided in Table 5.32. It can be seen that the results obtained by PSO-PS method 

are better than that of PS, GA, GA-PS algorithms.  
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Table 5.31 Comparison of Results for the Solution of Problem I. 

T y(t) 
Reported Result 

 
Our Result 

ŷ(t)  
|y(t)- ŷ(t)| ŷ(t)  

|y(t)- ŷ(t)| 
GA-PS PMA HVIM GA-PS PMA HVIM PSO-PS PSO-PS 

0.0 0.00 0.03346 0.00000 0.00000  3.34e-2 0.00000 0.00000  0.00212  2.12e-3 

0.1 0.01 0.04437 9.29e-3 0.01005  3.43e-2 7.04e-4 5.48e-5  0.01220  2.20e-3 

0.2 0.04 0.07338 0.03892 0.04063  3.33e-2 1.07e-3 6.31e-4  0.04263  2.63e-3 

0.3 0.09 0.12044 0.08873 0.09266  3.04e-2 1.26e-3 2.66e-3  0.09298  2.98e-3 

0.4 0.16 0.18573 0.15867 0.16748  2.57e-2 1.32e-3 7.48e-3  0.16297  2.97e-3 

0.5 0.25 0.26961 0.24871 0.26679  1.96e-2 1.28e-3 1.67e-2  0.25246  2.46e-3 

0.6 0.36 0.37262 0.35883 0.39277  1.26e-2 1.16e-3 3.22e-2  0.36149  1.49e-3 

0.7 0.49 0.49549 0.48903 0.54806  5.49e-3 9.67e-4 5.80e-2  0.49027  2.67e-4 

0.8 0.64 0.63911 0.63928 0.73588  8.80e-4 7.14e-4 9.58e-2  0.63917  8.34e-4 

0.9 0.81 0.80457 0.80958 0.96007  5.42e-3 4.12e-4 1.50e-1  0.80873  1.27e-3 

1.0 1.00 0.99308 0.99993 1.22519  6.91e-3 6.83e-5 2.25e-1  0.99970  3.05e-4 

Mean 1.89e-2 8.14e-4 5.35e-2    1.78e-3 

Table 5.32 Comparison of Results for Derivative of the Solution of Problem I. 

t ŷ/
Reported Result 

(t)  
Our Result 

ŷ(t)  
|y(t)- ŷ(t)| ŷ(t)  

|y(t)- ŷ(t)| 
PS GA GA-PS PS GA GA-PS PSO-PS PSO-PS 

0.0 0.00 0.00267 0.13526 0.017687  2.67e-3 1.80e-2 1.76e-2  0.002837  2.84e-3 

0.1 0.20 0.24906 0.30350 0.199858  4.90e-2 9.07e-2 1.41e-4  0.203398  3.40e-3 

0.2 0.40 0.49494 0.47211 0.380284  9.49e-2 1.20e-2 1.97e-2  0.404523  4.52e-3 

0.3 0.60 0.73366 0.64301 0.561324  0.13366 1.34e-2 3.86e-2  0.602020  2.02e-3 

0.4 0.80 0.96318 0.81805 0.745050  0.16318 3.14e-2 5.49e-2  0.797445  2.55e-3 

0.5 1.00 1.18047 0.99909 0.933359  0.18047 2.07e-2 6.66e-2  0.992412  7.59e-3 

0.6 1.12 1.38125 1.18798 1.128047  0.18125 6.03e-2 7.19e-2  1.188575  1.14e-2 

0.7 1.40 1.55960 1.38659 1.330850  0.15960 1.80e-2 6.91e-2  1.387622  1.24e-2 

0.8 1.60 1.70751 1.59685 1.543479  0.10751 9.07e-4 5.65e-2  1.591275  8.72e-3 

0.9 1.80 1.81424 1.82073 1.767629  0.01424 1.20e-2 3.23e-2  1.801289  1.29e-3 

1.0 2.00 1.86549 2.06033 2.004987  0.13450 1.34e-2 4.98e-3  2.019460  1.95e-2 

Mean 1.11e-1 2.64e-2 3.93e-2    6.93e-3 

Training of the weights for such networks representing the equation is of extremely 

stochastic nature. It is, therefore, necessary to calculate the statistical parameter for in-

depth analysis of the results. In this regard, the four statistical modes, minimum, 

maximum, mean, and standard deviation, are chosen.  The minimum and maximum of 

error are named as best and worst results, respectively. A total number 125 
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independents runs are executed for training of weights for FDE-NN networks with 

PSO-PS algorithm. The statistical parameters for best 100 are provided in Table 5.33 

for input at 0 and 1. Table 5.33 also contained the reported result of PS, GA, and GA-

PS algorithms for comparison [227].  

Table 5.33 Statistical Parameter Based on the Value of Absolute Error for Problem I. 

t Modes 
Reported Result 

 
Our Result 

PS GA GA-PS PSO-PS 
|y(t)-ŷ(t| |ý(t)-ŷ/ |y(t)-ŷ(t| (t| |ý(t)-ŷ/ |y(t)-ŷ(t| (t| |ý(t)-ŷ/ |y(t)-ŷ(t| (t| |ý(t)-ŷ/(t| 

0 Best 2.36e-2 2.91e-2 4.87e-2 6.13e-6 3.11e-3 8.31e-4  7.38e-7 9.02e-4 

 Worst 1.00232 0.65725 0.18695 6.63e-2 0.17193 5.82e-2  1.49e-2 7.03e-2 

 Mean 0.32789 0.27233 0.14635 2.99e-2 0.12111 2.90e-2  4.46e-3 2.55e-2 

 Std 0.24679 0.19051 3.25e-2 1.78e-2 4.14e-2 1.70e-2  4.45e-3 1.72e-2 

1 Best 2.35e-3 9.59e-3 4.61e-4 1.48e-3 1.06e-4 2.62e-2  1.08e-5 4.81e-4 

 Worst 0.82603 1.00357 7.19e-2 0.12491 6.87e-2 0.11201  1.35e-2 0.10629 

 Mean 0.24834 0.40912 3.36e-2 7.54e-2 3.31e-2 6.17e-2  5.32e-3 5.07e-2 

 Std 0.20391 0.28778 2.12e-2 3.35e-2 2.00e-2 3.37e-2  3.81e-3 3.14e-2 

 
The value of unsupervised error given by the function ej of the equation is plotted in 

descending order against number of independent runs for the stochastic solvers in Fig. 

5.9. It can be seen that on average PSO-SA algorithm provides better convergence for 

error function ej than that of PS and GA-PS techniques.   

The values of the absolute error for the solution at 0 and 1 are plotted in Fig. 5.10(a) 

and Fig. 5.10(b), respectively, against the number of independent run of the 

algorithms. Moreover, the behavior of the derivative of the solution is also analyzed 

by plotted it values in Fig. 5.10(c) and Fig 5.10(d) for input timing 0 and 1, 

respectively, against the number of independent runs of the stochastic solvers.  

It can be inferred from Fig. 5.9 and 5.10, as well as Table 33 that the best results for 

FDE-NN networks are obtained by PSO-PS algorithm as compared with PS and GA-

PS techniques. 
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Fig. 5.9 The value of function ej

 

 obtained by different stochastic  
numerical solvers for example 1 

 

 
(4a) 

 

 
(4b) 

 

 
4(c) 

 

 
4(d) 

Fig. 5.10 Comparison of stochastic numerical solvers, (4a) and 4(b) the value of |y(t)-ŷ(t|  at t = 0 
and t = 1 respectively, 4(c) and 4(d) the value of |ý(t)-ŷ/(t| at t = 0 and t = 1 respectively.  
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5.3.2 PROBLEM II: BAGLEY-TORVIK EQUATION WITH INHOMOGENEOUS 
INITIAL CONDITIONS 

In this example, a fractional order system of Bagley-Torvik equation is taken for 

which PMA method is unable to determine the solution due to non-homogeneous 

initial condition. However, our intention is to check the applicability of our scheme 

for such problems. In this regard, consider the Bagley-Torvik equation with non-

homogeneous initial conditions ([98], [100]) 

10),1()()()( 2/32 ≤<+=++ ttCtCytyBDtyAD  (5.3.6) 

with initial condition as 1)0()0( =′= yy  It has the exact solution given as 

 1)( += tty  (5.3.7) 

This problem is work out with the same methodology as used in the previous 

example. A set of weights for FDE-NN networks trained stochastically by using PSO-

PS and reported result of GA-PS algorithms [227] are given in Table 5.34.  

Table 5.34 FDE-NN Networks Weights Trained by Different solvers for Problem II. 

i 
Reported Results (GA-PS) 

 
Our Results(PSO-PS) 

w αi
 βi

 wi
 αi

 βi
 

i
 

1   0.45094 -0.65870   0.48045  -0.90928   0.23072   0.85724 

2 -0.09680 -0.56740   0.84448  -0.68412   0.46887   0.20841 

3 -0.35440   0.51534   0.13803  -0.03747 -0.54460 -1.46511 

4   1.75884 -0.14670   0.57994    1.65704   0.16841   0.73563 

5 -4.58000   0.14171   0.66264    0.49229   0.69282 -0.92286 

6   0.05750   0.49062   0.68844    0.98725   0.00986 -0.36973 

7   1.10702   1.50930   0.00385    0.47866   0.71605 -0.12232 

8   1.55824 -0.75050 -5.94910  -1.34877 -0.40643   0.74156 

9   0.24057   0.22079   0.83593    2.83351 -0.12491 -0.79326 

10 -0.12630 -0.20130   0.63207    0.44834 -0.55608 -0.45546 

 

The solution of the problem can be obtained using Table 5.34 and equation (3.1.8) for 

inputs between 0 and 1. The reported results, PS, GA, GA-PS [227], and the PSO-PS 
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algorithms, are given in Table 5.35.  It can be inferred from the results that the best 

result are obtained by FDE-NN trained by PSO-PS algorithm. 

Table 5.35 Comparison of Results for the Solution of Problem II. 

T y(t) 
Reported Result 

 
Our Result 

 ŷ(t)  
 

|y(t)- ŷ(t)| ŷ(t)  
|y(t)- ŷ(t)| 

PS GA GA-PS PS GA GA-PS PSO-PS PSO-PS 

0.0 1.0 0.691604 1.024862 1.016007  0.30839 2.30e-2 1.60e-2  1.000257  2.57e-4 

0.1 1.1 0.623749 1.121206 1.104733  0.47625 2.69e-2 4.73e-3  1.097252  2.75e-3 

0.2 1.2 0.859697 1.220821 1.199804  0.34030 3.13e-2 1.95e-4  1.194203  5.80e-3 

0.3 1.3 1.122266 1.323041 1.299333  0.17773 3.45e-2 6.66e-4  1.292454  7.55e-3 

0.4 1.4 1.337736 1.426952 1.401629  6.22e-2 3.45e-2 1.62e-3  1.392900  7.10e-3 

0.5 1.5 1.501839 1.531330 1.504972  1.83e-3 2.87e-2 4.97e-3  1.495865  4.13e-3 

0.6 1.6 1.628907 1.634569 1.607429  2.89e-2 1.36e-2 7.42e-3  1.600920  9.20e-4 

0.7 1.7 1.734458 1.734591 1.706705  3.44e-2 1.49e-2 6.70e-3  1.706612  6.61e-3 

0.8 1.8 1.830520 1.828738 1.799987  3.05e-2 2.30e-2 1.27e-5  1.810101  1.01e-2 

0.9 1.9 1.925308 1.913640 1.883785  2.53e-2 2.69e-2 1.62e-2  1.906636  6.64e-3 

1.0 2.0 2.024099 1.985057 1.953762  2.40e-2 3.13e-2 4.62e-2  1.988841  1.11e-2 

Mean 1.37e-1 2.62e-2 9.52e-3    5.72e-3 

Table 5.36 Statistical Parameter Based on the Value of Absolute Unsupervised Error. 

Absolute error T 
Statistical Parameters 

Best Worst Mean STD 

|y(t)-ŷ(t| 0.0 2.37e-06 0.173705 0.084275 0.047378 

 0.2 8.55e-04 0.140164 0.068181 0.035941 

 0.4 1.65e-03 0.117775 0.048829 0.030167 

 0.6 5.58e-05 0.115513 0.039045 0.034439 

 0.8 4.56e-04 0.150716 0.050269 0.043599 

 1.0 2.26e-04 0.224342 0.093478 0.065664 

|ý(t)-ŷ/ 0.0 (t| 1.65e-03 0.191944 0.082781 0.052253 

 0.2 1.21e-03 0.167551 0.082567 0.047238 

 0.4 3.10e-04 0.125426 0.072890 0.035678 

 0.6 6.34e-04 0.104915 0.051419 0.028603 

 0.8 1.74e-03 0.259299 0.128442 0.081655 

 1.0 0.134624 0.487895 0.365691 0.088140 
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Moreover, the statistical parameters for best 100 out of 125 independents runs are 

executed for training of weights for FDE-NN networks with PSO-PS algorithm. The 

values of the absolute error for solution of equation and its derivative for input 

between 0 and 1 with step size of 0.2 are given in Table 5.36. It can be inferred from 

that result that our scheme approximates the solution and its derivative closer to the 

exact solutions. 

5.3.3 PROBLEM III: BAGLEY-TORVIK EQUATION WITH UNKNOWN EXACT 
SOLUTION 

In this example, the fractional order system based on Bagley-Torvik equation is taken 

for which the exact solution is not available. However, its numerical solutions are 

obtained by different state of the art solvers.  

Consider the fractional order system [30], [102] 

0),()(
2
1)(

2
1)( 232 >=++ ttgtytyDtyD  (5.3.8) 

where the function g(t) and initial conditions are given as  





>
≤≤

=
)1(,0

)10(,8
)(

t
t

tg  
(5.3.9) 

0)0()0( =′= yy
 

Set of unknown weights of FDE-NN networks trained stochastically using PSO-PS 

algorithm and reported results for GA-PS algorithms are given in Table 5.37. The 

results obtained based on these weights are summarized in Table 5.38. It also includes 

the results of PMA algorithm. The results shows that our scheme, PSO-PS, performs 

better than other due to its computational superiority over GA in term of fast 

convergence as reported in [190], [218]. Moreover, PMA takes a small step size of 

0.01while our scheme use step size of 0.2 and still gives comparable results.   
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Table 5.37 FDE-NN Networks Weights Trained by Different Solvers for Problem III. 

i 
Reported Results (GA-PS) 

 
Our Results(PSO-PS) 

w αi
 

βi
 wi

 αi
 

βi
 

i
 

1 1.17510 0.35237 -0.58370  -0.90928 0.23072 0.85724 

2 1.96535 0.29495 0.33525  -0.68412 0.46887 0.20841 

3 -0.59990 0.16328 1.22993  -0.03747 -0.54460 -1.46511 

4 0.55992 0.18356 1.06363  1.65704 0.16841 0.73563 

5 -9.66370 -3.21670 2.52132  0.49229 0.69282 -0.92286 

6 1.28638 0.26612 0.53455  0.98725 0.00986 -0.36973 

7 -0.13130 0.08985 -0.48310  0.47866 0.71605 -0.12232 

8 0.98771 0.20273 0.60954  -1.34877 -0.40643 0.74156 

9 -4.21050 0.20278 -0.58700  2.83351 -0.12491 -0.79326 

10 0.49425 -0.55250 1.35857  0.44834 -0.55608 -0.45546 

 

Table 5.38 Comparison of Results for the Solution of Problem III. 

T 
Reported results  

Our Result 
PMA PS GA GA-PS PSO-PS 

0.0 0.000000 0.026428 0.095404 0.011779  0.004812 

0.1 0.032734 0.191048 0.176205 0.172272  0.103582 

0.2 0.133300 0.260819 0.282477 0.298043  0.278269 

0.3 0.296654 0.317447 0.419234 0.427562  0.321835 

0.4 0.519024 0.405184 0.592514 0.587411  0.593562 

0.5 0.797107 0.537824 0.809598 0.791994  0.843210 

0.6 1.127822 0.724469 1.079262 1.052421  1.253451 

0.7 1.508199 0.983967 1.412097 1.380009  1.592648 

0.8 1.935317 1.360854 1.820877 1.787807  1.993762 

0.9 2.406276 1.954990 2.321026 2.291464  2.464897 

1.0 2.918175 2.984840 2.931170 2.909908  2.945782 

5.3.4 CONCLUSION 

On the basis of the simulations and analysis it can be concluded that both linear and 

non-linear fractional order system based on Bagley-Torvik equations can be solved by 

proposed  heuristic computational intelligence algorithm. The fractional differential 

equation neural networks of the equation trained by PSO-PS algorithm is the better 

stochastic optimizer than that of PS, GA, GA-PS algorithms. On the basis of the 
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statistical analysis, it can be inferred that our proposed computing approach is 

reliable, effective and easily applicable to such complex fractional order systems. In 

our future work, our intention is to use other biologically inspired computational 

intelligence algorithms to solve these fractional order systems. 

5.4  SUMMARY OF CHAPTER 

This chapter presents the application of the design approach to solve fractional 

differential equations with the help of swarm intelligence optimized neural networks. 

The comparative studies with standard numerical techniques, as well as, with different 

stochatics solvers are also presented. The chapter starts with application of the scheme 

to generic form of fractional order system associated with linear and non-linear 

fractional differential equations. The designed methodology also tested for Riccati 

and Bagley-Torvik fractional systems on the same problems as solved in the last 

chapters. The accuracy, reliability, convergence, computational complexity and 

effectiveness of different stochastic numerical solvers have been described based on 

large numbers of independents runs and their statistical analysis. 

 



 

 

CHAPTER 6 

 

CONCLUSION 
 

6.1 SUMMARY OF RESULTS 

In this section, the conclusions are presented on the basis of the simulation and results 

given in the last three chapters. 

A successful design of mathematical model for differential equation of fractional 

order has been given using the strength of artificial neural network defines by taking 

exponential function as an activation function. The linear combination of neural 

networks is defining an unsupervised error for the equation. Optimization problem of 

highly stochastic in nature is formulated for finding the weights for networks. The 

accuracy of proposed scheme is dependent on availability of weights for which the 

value of unsupervised error is minimized. 

The evolutionary computational techniques are applied successfully to this difficult 

optimization problem. In the scheme, the effective global search is carried out using 

Genetic Algorithm hybridized with efficient local search techniques like simulating 

annealing, active-set algorithm, and pattern search etc. 

The designed methodology has been tested successfully for a number of linear and 

nonlinear differential equations of fractional order. Comparison of the results is made 

with available exact solutions as well as with numerical solvers like ADM, DAM, and 

PMA etc. It is found that the error obtained in the range of 10-02 to 10-04

Moreover, the solution for nonlinear Riccati differential equation of arbitrary order 

has also been obtained successfully by the scheme. It is further added that the solution 

to fractional order system, known as Bagley-Torvik equation, is a special example for 

 in case of 

linear FDE equations. However, it is decreased slightly in case of solving complex 

nonlinear fractional differential equations. 
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successful applications of the designed scheme. The reliability of the algorithm is 

analyzed with comprehensive statistical analysis of the results. It is found that FDE-

NN networks optimized with GA-PS is best stochastic solver as compared with GA 

and PS techniques. 

Swarm intelligence is also used successfully as an alternate to evolutionary algorithm 

learning of weights of FDE-NN networks and it has produced comparatively superior 

results than that of other solvers.  

The method has been tested successfully by applying it to different linear and non-

linear ordinary differential equations of fractional order. A large number of Monte 

Carlo simulations with stochastic solvers validated its reliability and effectiveness 

through statistical analysis. It is found that the best results are achieved for FDE-NN 

networks optimized with PSO-SA algorithm instead of SA, GA, GA-SA, PSO 

algorithms. In addition to that, it is observed that PSO-SA, for less than half the 

population as compared to GA-SA, gives same accuracy.  

The accuracy of the proposed scheme is comparable with standard state of the art 

deterministic numerical solvers. It is found that our solution is in agreement with 

these techniques or even better in some cases. The strength of the proposed scheme 

over such solvers is that it can provide the result on continuous finite time domain, 

instead of predefined discrete grid of points. 

The nonlinear system based on Riccati differential equation of arbitrary order is also 

solved successfully by this scheme. It is found again that the FDE-NN networks 

optimized with PSO-SA Hybrid approach is the best solver compared to SA, GA, 

GA-SA PSO algorithms.  

A linear and non-linear fractional order system based on Bagley-Torvik equations are 

solved successfully by proposed heuristic computational intelligence algorithm based 

on PSO hybridized with PS algorithm. It is found that PSO-PS technique is better 

stochastic optimizer than PS, GA, and GA-PS algorithm. 
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6.2 DIRECTIONS OF FUTURE WORK 

• One can look for other basis function in fractional neural network modeling 

with a better capability of universal function approximation than that of 

exponential function and availability of its fractional derivative in term of 

computable mathematical terms. 

• Optimization with smaller step size, more number of neuron and training for 

larger interval will improve the strength of FDE-NN networks for approximate 

modeling of the equation, but at the cost of computational complexity. 

However, in future with the availability of efficient computing equipment it 

can be tested easily. 
• Time of computation of the designed approaches can also be decreased with 

the use of more sophisticated hardware platforms like grid, parallel, distributed 

processing techniques.  
• Training of weights can also be investigated with other hybrid stochastic 

optimization techniques like genetic programming, ant and bee colony 

optimization etc and compare the results with the given algorithm. 

• The designed scheme can also be applied on systems of ordinary linear and 

nonlinear differential equation of fractional order and a practical example of 

fractional-order Chua-hartley System is taken to investigate the strength 

and weakness of the approach. 

• The fractional heat, wave and diffusion equation are used extensively in 

fractional orders system in engineering and their models can be made by 

expanding our scheme to be applicable to partial differential equations of 

fractional order. 
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