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Abstract 

The flow of gasses and liquids in certain practical situations like artificial respiratory 

system, blood circulation, biological transportation of substances and industrial filling 

equipment, is important enough to require us to understand the flows through dilating and 

squeezing domains. Aforementioned situations, wholly or partially, are reliant on the 

channels flows with expanding and contracting walls. The applications of these types of 

flows vary from a simple filling machine to complex cleansing systems. Many scientists 

have shown their interests in the studies related to the flows in dilating and squeezing 

domains (the references can be found in the text to follow). In this manuscript, we have 

investigated some unexplored aspects of such flows. These include the study of channel 

flows in some particular situations using Newtonian and non-Newtonian flow models. 

Similarity transformations have been used to reduce the governing equation to a single or 

a system of ordinary differential equations. We have also tried to cast a light on the heat 

and mass transfer effects influencing the flows under consideration. The effects of 

nonlinear thermal radiation and linear chemical reaction are also studied for the flows 

through dilating and squeezing channels. We also extended the former work to the latest 

technological boundaries involving the use of nanofluids to enhance the heat transfer in 

flow systems. In our work, some models for the nanofluids are considered to formulate the 

channel flows. Different analytical as well as numerical techniques have been applied to 

solve the resulting equations. The suitable comparison between the solutions obtained by 

different techniques is also provided to see the agreement between the solutions. The 

graphical simulations are presented to analyze the flow behavior caused due to the 

variations in the involved physical parameters. 
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Preamble 

The situation where the fluid flow is confined in a porous domain whose boundaries can 

exhibit an up and down motion, is widely investigated by the researchers from different 

countries of the world. This global popularity is due to its practical applications that are 

seen in several industrial and biological circumstances. Regularly dispersed irrigat ion, 

coolant circulation, filling machines, bio-fluid transportation in living organisms, 

manufacturing process of sheets and papers, propellant combustion, and industr ia l 

cleansing systems are a few examples of such situations. The paragraphs to follow 

highlight some of the studies related to these types of flows, and give due credit to the 

worthy researchers who contributed their efforts in this field. 

Berman [1] in 1953 presented the formative work by initiating a mathematical model to 

describe the flows between parallel plates. He established that the normal component of 

velocity must be independent of the stream-wise coordinate. This in fact enabled him to 

reduce Navier-Stokes equations to a single, fourth order, nonlinear ordinary differentia l 

equation. Following his footsteps, numerous studies were carried out later on (the 

references are provided in the paragraphs to follow). At the start, the studies were confined 

to limiting cases or obtaining a solution to the problem over restricted fluid domains. These 

assumptions were compulsory, which in fact were not ideal to approximate real life flows. 

However, as time passed, many researchers tried to overcome these obstacles and 

presently, more extended works can be seen in literature concerning these types of flows. 

In 1956, Yuan and Finkelstein [2], and Yuan [3], provided analytical solutions in the 

limiting cases of small suction, and both small and large injection for the laminar flow in 

porous circular pipes and tubes. Their formulation was dependent on the cross flow 

Reynolds number R, where this parameter depended on the kinematic viscosity 𝜐, tube 

radius 𝑎, and uniform injection speed V. For large R, they succeeded in reducing the 
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solution of the problem to an inviscid expression, which was presented by Taylor [4] at the 

same time for the infinite injection in an independent study. However, Yuan's regular 

perturbation expansion could not include the viscous layer near the centre line of the flow. 

This challenge was later solved by Terrill (1965) [5], who used matched asymptotic 

expansions to capture the central layer. 

 Uchida and Aoki [6] discussed the option of surpassing peristaltic motion by successive 

wall expansions and contractions. They were the first to evaluate the viscous flow inside a 

tube with impermeable and contracting cross section by reducing Navier-Stokes equations 

to a single differential equation for semi-infinite tube. Then their equation was solved 

numerically and was used to explain the flow characteristics. Their study made a significa nt 

improvement on the previous work presented by Jones [7] relating to peristaltic motion of 

inviscid flows in valve-less tubes of infinite lengths. They also made improvements on the 

work presented by Lighthill [8], Fung et al. [9] and Shapiro [10], which was related to 

pulsating flow inside infinite valve-less tubes. 

Later, Goto and Uchida [11] did not only discuss the effect of viscosity and pressure 

distribution, but also the effect of wall contraction and realistic length of the body. The 

governing equation was reduced to a single ODE by using similarity transformation in time 

and space. They generalized the work presented by Yuan et al. and Terrill. The ODE 

presented by Yuan et al., and Thomas could be taken as a special case of ODE, given by 

Goto and Uchida. In fact, all the preceding results derived from other investigators could 

be regenerated from Goto et al.'s work using constant wall contraction or expansion rate 

with impermeable walls. 

Dauenhauer with Majdalani in 1999 [12] presented their study related to unsteady flow 

inside semi-infinite channels with injecting and uniformly expanding walls. A technique 

showed by them led to the exact similarity solution of the governing flow equations. In 

their work, they utilized the idea of vorticity and stream function to obtain a single fourth 

order nonlinear ODE, which was a result of an imposed similarity transformation in space 

and time. From their study, it was evident that in case of those rectangular domains, where 

injection and regression takes place at the same time, shear stress, stream lines and pressure 

distributions were functions of time and space. They characterized flow parameters with 
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the help of two non-dimensional parameters. One, the wall dilation rate α and second, the 

permeation Reynolds number 𝑅. A numerical solution with the help of the fourth order 

Runge-Kutta method coupled with the shooting method was sought to support the 

analytical results collected by double perturbation technique. 

In 2002, J. Majdalani et al. [13] presented the asymptotic solution for slit flow problems 

without using overly simplified assumptions which were imposed in previous studies 

presented by Wang [14] and Bhatnagar [15]. They also supported their analytical solution 

with numerical solution. J. Majdalani et al., utilized Proudman-Johnson [16] form of flow 

formulation to write the stream function in a form that is consistent with conservation of 

mass. By that, and using similarity transforms in both space and time, a single fourth order 

nonlinear ODE was obtained. Later the resulting ODE was solved by using double 

perturbation method and, to support their asymptotic results, a numerical solution based on 

shooting method coupled with fourth order Runge-Kutta method was also presented. 

Majdalani and Zhou [17] presented their work moderately to large injection and suction 

driven channel flows with expanding or contracting walls. They studied the incompress ib le 

laminar flow in a porous channel with expanding or contracting walls. The channel’s head-

end is considered to be closed by an obstructing membrane, and the downstream end is left 

open with no hurdle. By assuming uniformly expanding porous walls, the Navier-Stokes 

equations get reduced to a single, non-linear ordinary differential equation for symmetr ic 

suction or injection. Using perturbations in cross flow Reynolds number 𝑅, the resulting 

equation is solved both analytically and numerically. Two separate approaches have been 

used for suction and injection cases. For the large injection case, the governing equation is 

integrated to obtain a third-order differential equation, which is then solved by using the 

method of variation of parameters. For the large suction case, they first solved the 

simplified governing equation close to the wall and by using successive approximations, 

the remaining part of the solution was obtained. The results were then correlated and 

compared for variations in 𝑅 and the dimensionless wall expansion rate 𝛼 .̇ 

In 2007, Youssef Z. Boutros et al. [18] presented Lie-group method solution for two-

dimensional viscous flow inside a rectangular domain, with slowly expanding or 

contracting weakly permeable walls. They applied Lie-group method to reduce the 
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governing partial differential equations by determining reduction symmetric transforms. 

They applied a different approach from J. Majdalani et al. to reduce Navier-Stokes 

equations to a single nonlinear ODE, but used the same double perturbation method to 

obtain the analytical solution. They also obtained the numerical solution in the same 

manner and provided comparison between numerical solution, Majdalani's work and their 

analytic solution. They showed that theirs was a better approximation to the flow 

simulation on the basis of numerical results. They visibly reduced the percentage error 

between numerical and asymptotic results. 

In real life, fluids inside living organisms are not Newtonian normally. X. H. Si et al. [19] 

studied the flow of a viscoelastic fluid through a porous channel with expanding and 

contracting walls.  

Heat transfer coupled with chemical reaction, plays an important role in many fields of 

science and engineering. Its practical applications may include; combustion systems, 

atomic reactor safety, dying of cloths, metallurgy, and chemical engineering. A chemical 

reaction is said to be of first order if the rate of reaction varies directly w. r. t the 

concentration. Almost in all chemical industries, a relatively inexpensive raw material is 

put through some specifically designed chemical processes to obtain high value products. 

In most of the situations, these chemical processes are based on chemical reactions in the 

presence of heat transfer. Bridges accompanied by Rajagopal [20] investigated the pulsatile 

flow of a chemically reacting fluid whose viscosity was dependent upon concentration of 

constituents. It is governed by a convection-reaction-diffusion equation and the velocity 

gradient, which can thicken or thin the fluid. The effects of chemical reaction and space 

porosity on mixed convective MHD flow in an asymmetric channel were investigated by 

Srinivas and Muthuraj [21]. Some of the other studies presenting the heat transfer analysis 

can be found in [22, 23, 24, 25, 26, 27, 28, 29, 30].  

In a very recent article, A. Subramanyam Reddy et al. [31], discussed the combined effects 

of heat transfer and chemical reaction on an asymmetric laminar flow between slowly 

expanding and contracting walls. To make their perturbation solution valid, they had to 

impose physical constraints such as lower wall deformation rate and weak permeability. 

Besides, there are other physical parameters which make their solution more vulnerable as 
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the perturbation solution strictly relies on the existence of very small parameter in the 

equation. 

Due to the practical applications stated above, it is very important if one could improve or 

extend the aforementioned works. These improvements and extensions could lead us to 

have a better understanding of the flows between dilating and squeezing domains. In a 

result, such tweaks and enhancements can be proposed that would make us capable of 

making better equipment and industrial systems. Keeping the same in our mind, we present 

this document which discusses several improvements and extensions in the studies 

mentioned above. The chapter–wise detail of the efforts is described as follows. 

In Chapter 1 of this document, we have described some basics about the solution 

techniques that we shall use in forthcoming chapters. 

The Chapter 2 of this manuscript is dedicated to formulate Variation of Parameters 

Method’s algorithms for some specific problems related to the flows through dilating and 

squeezing permeable domains. VPM is an effective technique, but currently in literature, 

its scope is very limited. To extend its applications and show its usefulness, this chapter 

serves a great deal. The first section of this chapter (see Section 2.1), deals with the problem 

related to the study of laminar and isothermal flow of a viscous incompressible fluid, 

through a semi-infinite rectangular channel. The channel’s walls are permeable and it 

dilates or squeezes in height, at a uniform rate. It has an infinite length (in a theoretical 

sense), and is bound by two moving porous walls which enable the fluid to enter or exit 

during successive contractions or expansions. The relevant conservation laws of physics 

are used to obtain mathematical formulation of the problem in form of a system of PDEs. 

Later, the system is converted to a single fourth order ODE using the similar ity 

transformations, both in time and space. The Solution of consequent ODE is approximated 

by using Variation of Parameters Method (VPM). To investigate the effect of non-

dimensional wall expansion/contraction rate 𝛼 and permeation Reynolds number 𝑅 on the 

flow field, graphical results are presented. The analytical solution obtained by (VPM) is 

supported by numerical results and both show an excellent agreement. The study of the 

flow between dilating or squeezing porous walls is a drastic simplification of the transport 



6 

of biological fluids through dilating or squeezing vessels. The contents of this section have 

been accepted for publication in Electronic Journal of Biology (ISI Indexed) [32]. 

In many practical scenarios, the fluid under consideration is electrically conducting; as a 

result, the presence of a magnetic field affects the flow in a great manner. To capture the 

effects of magnetic forces on the flow, Section. 2.2 explains the MHD flow of a viscous 

fluid between dilating and squeezing porous walls. The solution methodology remains the 

same as it was in Section. 2.1. It is worth mentioning that the cases studied by [1] and [13] 

can be obtained as the special cases by setting 𝛼 and 𝑀 to be zero, respectively. The studies 

presented in Sections. 2.1 and 2.2 deal with the flow of Newtonian fluids. For the flows 

occurring in biological and industrial systems, quite often, the involved fluid bears non-

Newtonian nature. As the non-Newtonian fluids are in abundance, their deep study could 

lead us to a better understanding of natural flows. The findings of this section have been 

accepted to be published in Iranian Journal of Science and Technology (Science) 

(Impact Factor=0.34) [33].  

Section 2.3 is included to examine the magneto-hydrodynamic (MHD) flow of a Casson 

fluid between dilating and squeezing porous walls. Casson fluid is a class of non–

Newtonian fluids, and it is commonly used to model the flow of the blood–type fluids. 

Again, VPM is effectively applied to obtain the solution of the problem. The alterations in 

flow behavior, due to the variations in concerned parameters, are captured with the help of 

graphs. The pictorial results are also backed by focused explanations. These results have 

been accepted in Journal of Computational and Theoretical Nanoscience  (Impact 

Factor=1.34) [34]. 

The laminar flow of an incompressible, electrically conducting, viscous fluid is considered 

through a porous medium in Chapter 3. The geometrical configuration is same as was in 

the previous chapter except the medium inside the channel, which is not clear, but porous. 

Section 3.1 highlights some of the applications and importance of the problem under 

consideration. The mathematical formulation is achieved in Section 3.2 by using the 

relevant laws of conservation and the similarity transformations. The result again, is a 

fourth order ODE whose last term arises due to the porous medium. The solution of the 

problem is obtained by using the algorithm–I of Variational Iteration Method [35, 36, 37]. 
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A comparison between the analytical and numerical solutions is shown with the help of 

tables. The pictorial description of the flow, under varying influential parameters, is shown 

in Section 3.4. The last section of this chapter (Section 3.5), concludes the observations 

made. This chapter has been published as a research paper in Journal of Porous Media 

(Impact Factor=0.81) [38]. 

Chapter 4 discusses some of the flow problems dealing with the flows of Nano-fluids in 

dilating and squeezing channels. Section 4.1 presents the study of MHD flow of a Nano-

fluid in an asymmetric channel. Buongiorno’s model [39], has been used to formulate the 

flow equations. A numerical solution (Shooting method followed by Runge-Kutta-

Fehlberg method) has been obtained after reducing the governing equations to a system of 

nonlinear ordinary differential equations. The pictorial description of the flow and effects 

of emerging parameters on the temperature and nanoparticle concentration profiles is 

presented to analyze the flow behavior (see Sub-Section 4.1.4). It is established that the 

asymmetry of the channel affects the flow quite significantly. Moreover, some of the 

graphs are dedicated to see the behavior of Nusselt and Sherwood numbers, under the 

influence of variations in the flow parameters. These results have been accepted for 

publication in Engineering Computations, (Emerald) (Impact Factor=0.69) [40]. 

Section 4.2 presents a numerical study concerning the flow of a nanofluid, suspended by 

carbon nanotubes (CNTs), in an asymmetric channel with dilating and squeezing walls. A 

finite element solution is obtained by using Galerkin’s method [41, 42]. Both the cases of 

single and multi-walled carbon nanotubes have been discussed. The findings of this section 

have been published in Aerospace Science and Technology (Impact Factor=0.94) [43]. 

Chapter 5 elaborates the effects of first order chemical reaction on the flow of a chemica lly 

reacting fluid in a deformable channel. A heat transfer analysis has also been carried out. 

Homotopy analysis method (HAM) [44, 45, 46] has been employed to obtain the solution 

of resulting system of differential equations. The convergence of the solution is ensured by 

optimizing the total squared residual error. The outcomes of this chapter have been 

published in Mathematical Problems in Engineering Impact (Factor=0.762) [47]. 

A numerical study investigating the thermo-diffusion, diffusion-thermo and chemical 

reaction effects on the flow of a micro-polar fluid in an asymmetric channel with dilating 
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and contracting permeable walls, is presented in Chapter 6. The suction/injec t ion 

velocities at the upper and lower walls are taken to be different from each other. The 

channel exhibits a parting or embracing motion and the fluid enters in, or leaves the channel 

due to suction/injection through the permeable walls. The variations in temperature and 

concentration profiles caused by the controlling parameters are highlighted with the help 

of graphs. The results of this chapter have been accepted in Engineering Computations , 

(Emerald) (Impact Factor=0.69) [40]. 

The influence of nonlinear thermal radiation on the flow through dilating and squeezing 

porous channel has been presented in Chapter 7. The first section (Section 7.1) analyzes 

the radiation effects on the flow of a Newtonian fluid between two infinite parallel plates. 

The lower plate is taken to be solid, fixed and heated. A coolant is injected from the upper 

plate that is porous. The permeable plate is also moving towards, or away, from the lower 

plate. The equations governing the flow are reduced to a system of nonlinear ordinary 

differential equation by using viable similarity transformations. A finite element algorithm, 

known as Galerkin method, has been employed to obtain the solution of the resulting 

equations. The Galerkin solution is also supported by the solution obtained by using in-

built routines of the mathematical software; Maple. Both show a reasonably good 

agreement. The pictorial results accompanied by comprehensive discussion are decorated 

to highlight the effects of concerned parameters on the temperature distribution and the 

local rate of heat transfer at the plates. This work has been submitted in Advanced Powder 

Technology (Impact Factor = 2.47).  

 The next section of the same chapter (Section 7.2) analyzes the same effect on the flow of 

viscous incompressible fluid through an expanding and contracting channel. The channel’s 

walls are permeable and they allow the fluid to come in or go out during the successive 

contractions or expansions of the channel. The permeability of the upper and lower wall is 

different from each other. This difference in permeability makes the flow asymmetric and 

it gives rise to a specific parameter named permeability parameter. The said parameter 

influences the flow behavior quite significantly and this fact has been highlighted using 

graphical aid. The solution methodology remains the same as was in Section 7.2. The 
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results of this section have been accepted for publication in Neural Computing and 

Applications (Impact Factor=1.492) [48]. 

A comprehensive conclusive summery of all the chapters is presented in Chapter 8. It 

includes important findings, observations and remarks. Finally, the last chapter of this 

manuscript enlists all the cited work in a sequential order. 
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Chapter 1 Preliminaries 
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This chapter is set to state some basic explanations regarding the methodologies and the 

terminologies that have been used in the chapters to follow. It is written to help the reader 

to understand the core text of this document conveniently. 

1.1 Variation of Parameters Method 

The following general ordinary differential equation is considered to elucidate some basics 

about the variation of parameters method,  

𝐿𝑓(𝜉) +𝑁𝑓(𝜉) + 𝑋𝑓(𝜉) = 𝑔(𝜉). (1.1) 

In the above equation, 𝐿, 𝑋 and 𝑁 represent the highest order of linear operator, the linear 

operator of the order less than 𝐿, and the nonlinear operator, respectively. Moreover, 𝑔 is 

the source term and 𝑓(𝜉) is the solution of the differential equation. In the method under 

consideration, we can write the general approximate of the solution as follows:  

𝑓(𝜉) = ∑
𝐴𝑖

𝑖 !
𝜉𝑖𝑚−1

𝑖=0 −∫ 𝜆(𝜉, 𝜒)(𝑔(𝜒) −𝑁𝑢(𝜒) − 𝑋𝑢(𝜒))𝑑𝜒
𝜉

0
, (1.2) 

In Eq. (1.2), 𝑚 symbolizes the order of given differential equation. Furthermore, the 

unknown constants (𝐴𝑖 s ) can be determined by using the auxiliary initial or boundary 

conditions. Furthermore, 𝜆(𝜉, 𝜒)  is the multiplier that reduces the order of integration and 

it can be determined by using the classical Wronskian technique. Some of the consequent 

expressions for the multiplier for different values of order 𝑚 are stated as follows: 

𝑚 = 1,𝜆(𝜉, 𝜒) = 1,
𝑚 = 2,𝜆(𝜉, 𝜒) = 𝜉 − 𝜒,

𝑚 = 3,𝜆(𝜉, 𝜒) =
𝜉2

2!
− 𝜉𝜒+

𝜒2

2!
,

⋮

 

 

 

(1.3) 

Eq. (1.2) leads us to an iterative scheme that is given as 

𝑓𝑘+1(𝜉) = ∑
𝐴𝑖

𝑖 !
𝜉𝑖𝑛−1

𝑖=0 −∫ 𝜆(𝜉, 𝜒)(𝑔(𝜒) − 𝑁𝑓𝑘(𝜒)− 𝜒𝑓𝑘(𝜒))𝑑𝜒
𝜉

0
, 𝑘 = 0,1,2, …  (1.4) 
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At different levels of iterations, the above iterative algorithm provides us the solution of 

the differential equation with sufficient auxiliary conditions. The terms outside the integra l, 

provide us with an initial guess that initiates the iterative process. Its presence in all the 

iterations gives us a better approximation. 

1.2  Method of Weighted Residual 

The method of Weighted Residual [49, 50] is in fact a group of several methods of unified 

nature. It can be used in the cases where the exact solution 𝑢 of an ordinary or partial 

differential equation cannot be obtained, or for certain reasons an approximate solution is 

desired. In those events, an approximate trial solution �̌� containing a finite number of 

undetermined coefficients (say 𝑐𝑖s; where 𝑖 is a natural number) can be constructed by the 

superposition of carefully chosen basis functions. These basis functions usually are 

polynomials or trigonometric functions. �̌� is chosen in such a way that the so called 

essential boundary conditions are identically satisfied. While being used in the origina l 

differential equation, the trial solution leads to a residual 𝑅. It is due to the fact that the trial 

solution is not an exact solution. If the trial solution itself were an exact solution, even the 

differential equation would have been identically satisfied, which indeed is a rare case. So 

we can define the residual to be the difference between the exact, and approximate, 

satisfaction of the differential equation by the trial solution. Keeping in mind the fact that 

the true solution 𝑅 should vanish identically, we can find such values of undetermined 

coefficients 𝑐𝑖𝑠 using the suitable weight functions which force the residual to approach 

zero throughout the domain of the solution. The number of base functions is exactly same 

as the number of terms taken for the trial solution. 

To understand the concept of the method, we consider a deferential operator 𝐷 acting upon 

a function 𝑢(𝑥) to yield a function 𝑔(𝑥), i.e., 

𝐷(𝑢(𝑥)) = 𝑔(𝑥). (1.5) 

The solution of the above problem is approximated by using a trial solution �̌�(𝑥) which is 

a linear combination of some linearly independent base functions (say {𝜙𝑖 , 𝑖 =

1,2,3, … 𝑛}). We can write it mathematically as; 
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𝑢(𝑥) ≅ �̌�(𝑥) = 𝜙0 + ∑ 𝑐𝑖𝜙𝑖
𝑛
1 , (1.6) 

where 𝜙0  incorporates the essential boundary conditions. After substituting Eq. (1.6) in 

Eq. (1.5), if the equation is satisfied we can say that the trial solution is actually a solution. 

In fact, this is extremely rare. More often, the equation is not satisfied and we get an 

expression representing the error or the residual as shown below 

𝑅(𝑥) = 𝐷(�̌�(𝑥))− 𝑔(𝑥) ≠ 0. (1.7) 

The next step is to construct a weighted residual error with appropriate weights and 

minimize it to get the values of 𝑐𝑖s, that is, 

∫ 𝑅(𝑥) 𝑊𝑖(𝑥) = 0 𝑖 = 1,2,3, … 𝑛𝑥
. (1.8) 

After the selection of appropriate weight functions, Eq. (1.8) gives a system of algebraic 

equations whose solution leads us to the values of 𝑐𝑖s. The values of constants can then be 

plugged back into the trial solution to get the approximate solution �̌�(𝑥). 

Depending on the selection of the weight functions 𝑊𝑖, the method can further be 

categorized as follows. 

1.2.1  Least Square Method 

For the least square method LSM, the continuous summation of square of the residual 𝑅, 

i.e., 𝑆 = ∫ 𝑅(𝑥) 𝑅(𝑥) 𝑑𝑥 = ∫ 𝑅2(𝑥)𝑑𝑥
𝑥𝑥

, is minimized [51]. In that case, all the 

derivatives of 𝑆 w. r. t 𝑐𝑖s should vanish. Mathematically: 

𝜕𝑆

𝜕𝑐𝑖
= 2∫ 𝑅(𝑥)

𝜕𝑅(𝑥)

𝜕𝑐𝑖
 𝑑𝑥 = 0

𝑥
. (1.9) 

Eq. (1.9) in comparison with Eq. (1.8) provides us with the weight functions, that is: 

𝑊𝑖(𝑥) =
𝜕𝑅(𝑥)

𝜕𝑐𝑖
. (1.10) 
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1.2.2  Galerkin Method 

For the Galerkin method GM, the choice of weight functions is slightly different than LSM. 

We can obtain the weight functions for GM by replacing 𝑅(𝑥) with �̌�(𝑥) in Eq. (1.10). 

This in fact gives 𝜙𝑖𝑠 as the weight functions.  

1.3 Homotopy Analysis Method 

To convey the basic concept of Homotopy Analysis Method (HAM) [44, 45, 46] for the 

nonlinear problems, we consider the following nonlinear differential equation: 

𝑅𝑢(𝑥) = 𝐿𝑢(𝑥) +𝑁𝑢(𝑥)+ 𝑔(𝑥) = 0. (1.11) 

In Eq. (1.11), 𝐿 represents the linear differential operator, 𝑁 is the nonlinear operator, and 

𝑔 is the source term. According to HAM, the zero–order deformation equation can be 

written as: 

(1 − 𝑞)𝐻[𝜙(𝑥; 𝑞) − 𝑢0(𝑥)] = 𝑞ℎ𝐺(𝑥)𝑅[𝜙(𝑥;𝑞)]. (1.12) 

In the above equation, 𝑞 ∈ [0,1] is the embedding parameter, ℎ ≠ 0 is the auxiliary 

parameter, 𝐺(𝑥) ≠ 0 is the auxiliary function and 𝐻 is the auxiliary linear operator. 

Moreover, 𝑢0(𝑥) is the initial guess of 𝑢(𝑥) which must satisfy the given conditions, and 

𝜙(𝑥, 𝑞) is an unknown function. In the framework of HAM, we have a great deal of 

freedom in choosing the auxiliary parameter, auxiliary function, auxiliary linear operator 

and the initial guess. This freedom is in fact one of the distinctive features of HAM. 

For 𝑞 = 0 and 𝑞 = 1 we have 

𝜙(𝑥; 0) = 𝑢0(𝑥),𝜙(𝑥; 1) = 𝑢(𝑥). (1.13) 

Thus, when an embedding parameter 𝑞 increases from 0 to 1, the solution 𝜙(𝑥; 𝑞) varies 

from initial guess 𝑢0(𝑥) to the exact solution 𝑢(𝑥). By Taylor’s theorem, the expansion of 

𝜙(𝑥; 𝑞) with respect to embedding parameter 𝑞 is given in the equation to follow: 
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𝜙(𝑥; 𝑞) = 𝑢0(𝑥) + ∑ 𝑢𝑚(𝑥)𝑞
𝑚,

∞

𝑚=1

  (1.14) 

where, 

𝑢𝑚(𝑥) = (
1

𝑚!

𝜕𝑚𝜙(𝑥; 𝑞)

𝜕𝑞𝑚
)
𝑞=0

. (1.15) 

The auxiliary parameter ℎ, auxiliary function 𝐺(𝑥), auxiliary linear operator 𝐻 and init ia l 

guess 𝑢0(𝑥) are so properly chosen that the series solution (1.14) converges at 𝑞 = 1. 

Consequently, we have 

𝜙(𝑥) = 𝑢0(𝑥) + ∑ 𝑢𝑚(𝑥),

∞

𝑚=1

  (1.16) 

Differentiating the Eq. (1.12) 𝑚 times with respect to 𝑞, then dividing by 𝑚, and finally 

setting 𝑞 = 0, we have the following 𝑚𝑡ℎ  order deformation equation: 

𝐻[𝑢𝑚(𝑥)− 𝜒𝑚𝑢𝑚−1(𝑥)] = ℎ𝐺(𝑥) (
1

(𝑚−1) !

𝜕𝑚−1𝑅[𝜙(𝑥;𝑞)]

𝜕𝑞𝑚−1
)|
𝑞=0

 , (1.17) 

subject to homogenous condition. 

and 

𝜒𝑚 = {
0,𝑚 = 1,
1,𝑚 > 1.

 
 

𝑢𝑚 (𝑥) can be obtained by solving Eq. (1.17) at different order of approximation. Finally, 

substituting the value of 𝑢𝑚(𝑥) in Eq. (1.16) gives us the final solution. 

1.4 Variational Iteration Method (VIM) 

To illustrate the steps involved in VIM, we consider the following general nonlinear 

ordinary differential equation. 
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𝐿𝑢(𝑥) +𝑁𝑢(𝑥) + 𝑔(𝑥) = 0, (1.18) 

where 𝐿 and 𝑁 are linear and nonlinear operators respectively. Moreover, 𝑔(𝑥) is the 

inhomogeneous term. According to VIM [35, 36, 37], we can construct the correction 

functional as follows: 

u𝑛+1(𝑥) = 𝑢𝑛(𝑥)+ ∫ 𝜆(𝑥, 𝑠)(𝐿𝑢𝑛(𝑠) + 𝑁�̃�𝑛(𝑠) + 𝑔(𝑠))𝑑𝑠,
𝑥

0

 (1.19) 

where 𝜆 is Lagrange multiplier that can be identified optimally via variational theory. 

Furthermore, 𝑢𝑛 is the 𝑛𝑡ℎ approximate solution, and �̃�𝑛 is considered as a restricted 

variation, i.e. 𝛿�̃�𝑛 = 0. After the identification of Lagrange multiplier, the successive 

approximations 𝑢𝑛+1(𝑥),𝑛 ≥ 0, of the solution 𝑢, can readily be obtained. Consequently, 

the exact solution is of the form: 

𝑢(𝑥) = lim
𝑛→∞

𝑢𝑛(𝑥). (1.20) 
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Chapter 2 Variation of Parameters Algorithms 

for Two Dimensional Flows between Dilating 

and Squeezing Channel with Permeable Walls 
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2.1 Variation of Parameters Solution for Two-Dimensional Flow of a 
Viscous Fluid between Dilating and Squeezing Channel with 

Permeable Walls 

2.1.1 Motivation 

In studying fluid transport in biological organisms, we encounter and deal with the flow 

between permeable walls that may expand or contract, which is of tremendous importance 

in the medical and biological sciences. These types of flows do also have a considerable 

significance in industrial applications. Due to which study of these types of flows have 

attracted many researchers from all over the world and they have contributed their work in 

this regard. 

The first work done on steady flow solutions in channels with porous boundaries was by 

Berman [1], who presented a method to reduce Navier Stokes equations into a single 

ordinary differential equation based on the assumption that suction or injection through the 

porous bodies is uniform. His discovery unlocked a new horizon for various researchers 

who later worked on the guiding principle presented by him. 

Goto and Uchida [11], discussed the effect of wall contraction as well as the effect of 

viscosity and pressure distribution and realistic length of the body. Governing equations 

were reduced to a single ordinary differential equation by applying similar ity 

transformations in time and space. Majdalani [13, 17] evaluated the viscous flow propelled 

by small wall contractions and expansions of two weak permeable walls, by also using the 

same similarity transformation. 

Y. Z. Boutros et al. [18] presented Lie-group method solution for two-dimensional viscous 

flow inside a rectangular domain with slowly expanding or contracting weak permeable 

walls. Lie-group method has been applied to reduce the governing partial differentia l 

equation by determining reduction symmetric transforms. 

Many studies have been carried out to determine a more accurate and easily computable 

solution and many researchers have contributed their efforts to do so [52, 53]. We have 
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considered the same problem and have done some improvements to the solutions obtained 

by previous authors. 

Motivated by the work mentioned above, we present this article to discuss further 

improvements which make the solution more reliable, accurate and easier to compute. We 

considered a laminar, incompressible, isothermal flow inside a channel with infinite length 

and used the exact similar transformation in both space and time to reduce the governing 

equation of the flow and then we used a very effective technique called the variation of 

parameters method (VPM) to solve it and it is observed that the results attained by the VPM 

are more precise and provided expected results that are nearer to the numerical simulat ion. 

Obviously, a low percentage error is witnessed compared to the works done by J. Majdalani 

et al. [17] and Youssef Z. Boutros et al. [18]. It may also be observed from our work that 

the VPM is less strenuous and provides better accurate results as compared to the methods 

previously used. It also was not necessary to impose the assumption of weak permeable 

walls, which was required in many earlier studies. 

2.1.2 Formulation of the Problem: 

In this study, a laminar, incompressible and isothermal flow is considered in a rectangular 

duct of infinite length [6], which contains two permeable walls, from where the fluid can 

enter or exit during successive expansions/contractions. The aspect ratio of the width 𝑊 to 

the height 2𝑎 of the duct is taken to be sufficiently large so that the effect of lateral walls 

can be ignored; it is normally taken as (
𝑊

2 𝑎
> 4) [54]. The head end of the duct is closed 

with an impermeable, solid membrane that is able to expand or contract with the dilating 

or squeezing walls. Due to the higher aspect ratio between the width and the height of the 

duct we can confine the whole problem to half a domain and a plane cross section of the 

simulated domain as shown in Figure 2.1. 
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Figure 2.1: Two-dimensional domain with expanding or contracting porous walls 

 

Both walls are assumed to have equal permeability and to expand uniformly at a time 

dependent rate �̇� (=
𝑑𝑎

𝑑𝑡
) . The flow is only due to suction or injection, and at the walls the 

suction or injection velocity −𝑣𝑤 is assumed to be independent of position. This enables 

us to assume flow symmetry about �̂� = 0 . The auxiliary conditions for this problem are 

specified as 

�̂�(�̂�,𝑎) = 0, �̂�(𝑎) = −𝑣𝑤 = −
�̇�

𝑐
, 

(2.1) 

∂𝑢

∂𝑦
(𝑥, 0) = 0, �̂�(𝑥, 0) = 0, �̂�(0, �̂�) = 0, (2.2) 

�̂� and �̂� here are the velocity components in �̂� and �̂� -directions, respectively, and 𝑐 is the 

suction coefficient which is the measure of wall porosity [11]. For two dimensiona l, 

unsteady, incompressible viscous fluid, the equations of continuity and momentum in 

component form are 

∂�̂�

∂�̂�
+
∂�̂�

∂�̂�
= 0, 

(2.3) 

∂�̂�

∂𝑡
+ �̂�

∂�̂�

∂�̂�
+ �̂�

∂�̂�

∂�̂�
= −

1

𝜌

∂�̂�

∂�̂�
+ 𝜈 (

∂2�̂�

∂�̂�2
+
∂2�̂�

∂�̂�2
), 

(2.4) 
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∂�̂�

∂𝑡
+ �̂�

∂�̂�

∂�̂�
+ �̂�

∂�̂�

∂�̂�
= −

1

𝜌

∂�̂�

∂�̂�
+ 𝜈 (

∂2�̂�

∂�̂�2
+
∂2�̂�

∂�̂�2
),  

(2.5) 

�̂� ,𝜌, 𝜈 and 𝑡 are the dimensional pressure, density, kinematic viscosity and time, 

respectively. 

We can simplify the above system of equations by eliminating the pressure terms from, 

Eqs. (2.4) and (2.5). After cross differentiation, using Eq. (2.3), and introducing vorticity 

𝜔 we get 

∂𝜔

∂𝑡
+ �̂�

∂𝜔

∂𝑥
+ �̂�

∂𝜔

∂𝑦
= 𝜈 (

∂2𝜔

∂𝑥2
+
∂2𝜔

∂𝑦2
), 

(2.6) 

with, 

𝜔 = (
∂�̂�

∂𝑥
−
∂𝑢

∂𝑦
). 

(2.7) 

Due to the conservation of mass, a similar solution can be developed with respect to �̂� as 

follows 

𝑦 = �̂�/𝑎, �̂� = 𝜈�̂�𝑎−2�̂�𝑦 , �̂� = −𝜈𝑎
−1�̂�(𝑦,𝑡), (2.8) 

where, �̂�𝑦 represents ∂�̂�/𝜕𝑦. 

Using Eq. (2.8) in Eq. (2.7), we get 

𝜔 = −𝜈𝑥𝑎−3�̂�𝑦𝑦. (2.9) 

Substituting Eq. (2.9) in Eq. (2.6), we obtain 

3𝜈�̂�𝑎−4�̇��̂�𝑦𝑦 + 𝜈�̂�𝑎
−4�̇�𝑦�̂�𝑦𝑦𝑦 − 𝜈�̂�𝑎

−3�̂�𝑦𝑦𝑡 − 𝜈
2 �̂�𝑎−5�̂�𝑦�̂�𝑦𝑦 + 𝜈

2�̂�𝑎−5�̂��̂�𝑦𝑦𝑦 =

−𝜈2�̂�𝑎−5�̂�𝑦𝑦𝑦𝑦. 

 

A careful simplification leads to, 
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�̂�𝑦𝑦𝑦𝑦 +𝛼(3�̂�𝑦𝑦 +𝑦�̂�𝑦𝑦𝑦) − �̂�𝑦�̂�𝑦𝑦 + �̂��̂�𝑦𝑦𝑦 −
𝑎2

𝜈
�̂�𝑦𝑦𝑡 = 0, (2.10) 

where 𝛼(𝑡) =
𝑎𝑎̇

𝜈
 is the non-dimensional wall expansion or contraction rate, taken to be 

positive for expansion. The auxiliary conditions can also be transformed as  

�̂�𝑦𝑦(0) = 0, �̂�(0) = 0, �̂�𝑦(1) = 0, �̂�(1) = 𝑅, (2.11) 

𝑅 here is the permeation Reynolds number defined as 𝑅 =
𝑎𝑣𝑤

𝜈
 ; it is taken to be positive 

for injection. 

We can now obtain �̂�𝑦𝑦𝑡 = 0 by setting 𝛼 to be a constant or a quasi-constant in time [13]. 

The value of the expansion ratio 𝛼 in this case can be specified by its initial value 

𝛼 =
𝑎𝑎̇

𝜈
=
𝑎0 �̇�0

𝜈
, (2.12) 

where 𝑎0 and �̇�0 =
𝑑𝑎̇0

𝑑𝑡
, represent the initial channel height and expansion rate, 

respectively. Integrating, Eq. (2.12), with respect to time; a similar solution for temporal 

channel altitude evolution can be determined and is given by 

𝑎(𝑡)

𝑎0
= (1 + 2𝜈𝛼𝑡𝑎0

−2). (2.13) 

2.1.3 Dimensionless form of the Governing Equations: 

Eq. (2.8), Eq. (2.10) and Eq. (2.11) can be made non-dimensional by introducing non-

dimensional parameters  

𝑢 =
𝑢

�̇�
, 𝑣 =

𝑣

�̇�
, 𝑥 =

𝑥

𝑎
, 𝐹 =

𝐹

𝑅
. 

Using the transformation, we have  

𝑢 = 𝑥𝐹  
′
/𝑐, 𝑣 = −𝐹/𝑐, 𝑐 = 𝛼/𝑅. 

Substituting 𝐹 =
𝐹

𝑅
 in Eqs. (2.11) and (2.12) , we get  
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𝐹 𝑖𝑣 + 𝛼(𝑦𝐹  
′′′
+ 3𝐹  

′′
) + 𝑅𝐹𝐹  

′′′
− 𝑅𝐹  

′
𝐹  
′′
= 0, (2.14) 

𝐹  
′′
(0) = 0, 𝐹(0) = 0, 𝐹  

′
(1) = 0, 𝐹(1) = 1, (2.15) 

where  ′ denotes differentiation with respect to 𝑦. 

We solve Eq. (2.14) subject to the boundary conditions, provided in Eq. (2.15), using 

Variation of Parameters Method (VPM) which has been employed successfully to 

determine the solution of several research problems [55, 56, 57, 58]. 

2.1.4 Application of VPM to the Problem: 

Following the guidelines provided in Section. 1.1, Eq. (2.14) gives us the following 

iterative scheme, 

𝐹𝑛+1(𝑦) = 𝐴1 +𝐴2𝑦 +𝐴3
𝑦2

2
+𝐴4

𝑦3

6
 

−∫ (
𝑦3

3!
−
𝑦2𝑠

2!
+
𝑦𝑠2

2!
−
𝑠3

3!
)(

𝛼(𝑠𝐹𝑛
′′′(𝑠) + 3𝐹𝑛

′′(𝑠))

+𝑅𝐹𝑛(𝑠)𝐹𝑛
′′′(𝑠)

−𝑅𝐹𝑛
′(𝑠)𝐹𝑛

′′(𝑠)

)
𝑦

0

𝑑𝑠, 

 

 

(2.16) 

with 𝑛 = 0,1,2,3 … 

Utilizing the boundary conditions given in Eq. (2.15), we have 𝐴1 = 0,𝐴3 = 0. Moreover, 

by setting 𝐴2 = 𝐴, and 𝐴4 = 𝐵, Eq.  

(2.16) leads us to 

𝐹𝑛+1(𝑦) = 𝐴𝑦 + 𝐵
𝑦3

6
 

−∫ (
𝑦3

3!
−
𝑦2𝑠

2!
+
𝑦𝑠2

2!
−
𝑠3

3!
)(

𝛼(𝑠𝐹𝑛
′′′(𝑠) + 3𝐹𝑛

′′(𝑠))

+𝑅𝐹𝑛(𝑠)𝐹𝑛
′′′(𝑠)

−𝑅𝐹𝑛
′(𝑠)𝐹𝑛

′′(𝑠)

)
𝑦

0

𝑑𝑠. 

 

 

(2.17) 

The first two iterations of the solution are given as 
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𝐹1(𝑦) =
1

2520
 𝑅𝐵2𝑦7 + (−

1

30
 𝛼 𝐵) 𝑦5 +

 𝐵

6
𝑦3 +𝐴𝑦,   

𝐹2(𝑦) =
1

2476656000
𝑅3𝐵4𝑦15 + (−

1

16216200
 𝑅2𝐵3𝛼) 𝑦13 

+ (−
1

2494800
 𝐵3𝑅2 +

1

178200
 𝑅𝛼2𝐵2)  𝑦11 

+ (−
1

11340
 𝛼 𝑅𝐵2 −

1

45360
 𝐴𝑅2𝐵2) 𝑦9 

+ (
1

210
 𝛼2𝐵 +

1

630
 𝑅𝐴𝛼 𝐵 +

1

2520
 𝑅𝐵2) 𝑦7 

+ (−
1

30
 𝛼 𝐵) 𝑦5 +

 𝐵

6
𝑦3 +𝐴𝑦. 

 

 

 

 

 

 

 

(2.18) 

 

2.1.5 Results and Discussion 

After the successful determination of the pivotal function 𝐹; we can find the other flow 

characteristic in terms of 𝐹. The graphical representation of the flow behavior is an easy 

way to see the effects of different flow parameters on the flow field; the figures to follow 

are displayed for the same purpose. Over the range of non-dimensional wall 

expansion/contraction rate 𝛼, Figure 2.2 and Figure 2.3 show the behavior of axial velocity, 

𝐹′ ( or 𝑢𝑐/𝑥), for the permeation Reynolds numbers, 𝑅 = 3 and 𝑅 = −3 , respectively. It 

can be clearly seen with increasing values of 𝛼, the expansion (𝛼 > 0) combined with 

suction or injection, delays the flow near the walls; however it raises the fluid’s velocity 

near the centerline of the channel. In fact, the expansion of the walls create a space nearby; 

to fill it, the fluid in the vanicity moves in; as a result, a delayed axial flow near the walls 

is as expected. The phenomenon is least dominant near the center, so the conservation of 

mass ensures an increased axial flow there. 
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Figure 2.2: Effects of wall deformation rate on axial 

velocity in case of injection 

 

Figure 2.3: Effects of wall deformation rete on axial 

velocity in case of suction 

On the other hand, when the contraction (𝛼 < 0) is combined with suction or injection, the 

increasing absolute value of 𝛼 increases the axial velocity near the walls; however, at the 

center, the behavior is opposite and a decelerated flow is observed for increasing |𝛼|. The 

contraction aids the axial flow near the walls and hence, a velocity-rise is expected there. 

Moreover, it leads to a lighter flow near the center and hence a delayed flow near the center 

is also logical. From the same figures it can be concluded that the deviations in the velocity 

are more prominent in the case of suction (𝑅 = −3) . The maximum of the velocity lies 

near the center in all these cases; it increases with increasing expansion and does the 

otherwise for increasing contraction. 

Figure 2.4 and Figure 2.5 show the behavior of axial velocity 𝐹′ ( or 𝑢𝑐/𝑥) over a range 

of permeation Reynolds numbers 𝑅; the wall deformation rate is taken to be 𝛼 =

2.5 and 𝛼 = −2.5 , respectively. As observed in Figure 2.4, in case of expansion, the 

increasing 𝑅 leads to a decelerated flow near the walls and an acceleration near the 

centerline of the channel. Figure 2.5 on the other hand, shows a quite opposite behavior, in 

case of contraction, there is a slight increase in the velocity near the walls with increasing 

𝑅, and near the centerline the same decreases. It can also be seen that these two figures 

affirm the results obtained in Figure 2.2 and Figure 2.3. 
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Figure 2.4: Effects of permeation Reynolds number on 

axial velocity in case of expansion 

 

Figure 2.5: Effects of permeation Reynolds number on 

axial velocity in case of contraction 

To support our analytical work future, we have solved Eq. (2.14) with Eq. (2.15) 

numerically by using the shooting method combined with fourth order Runge-Kutta 

scheme. A comparison between the numerical solution and the purely analytical solution, 

obtained by VPM, is presented in Figure 2.6 and Figure 2.7. The solution is given for the 

axial velocity for the cases of contraction combined with injection (see Figure 2.6) and the 

expansion coupled with injection (see Figure 2.7). It is evident from the figures that the 

solution obtained by VPM has a remarkable agreement with the numerical solution. 

Numerical values for the velocity profile are given in Table 2.1 and Table 2.2.  

 

Figure 2.6: Comparison between numerical and 

analytical solution (expansion/injection) 

 

Figure 2.7: Comparison between numerical and 

analytical solution(contraction/injection) 
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Table 2.1: Comparison among numerical, VPM, Majdalani et al. [13] and Boutros et al. [18] solutions for 

axial velocity 𝛼 = 0.5 and 𝑅 = 5.0 

 

 

Table 2.2: Comparison among numerical, VPM, Majdalani et al. [13] and Boutros et al. [18] solutions for axial  

𝛼 = −0.5 and 𝑅 = 5.0 

Y VPM Numerical [13]  [18] %error(VPM) %error 

[13] 

%error 
[18] 

0 1.557560 1.559473 1.536002 1.556324 0.122669 1.515606 0.212613 

0.1 1.539048 1.540888 1.519377 1.538164 0.119411 1.396013 0.176781 

0.2 1.483882 1.485503 1.469505 1.483935 0.109121 1.076941 0.105553 

0.3 1.393173 1.394434 1.386445 1.394421 0.090430 0.572920 0.000932 

0.4 1.268770 1.269540 1.270464 1.271006 0.06065 0.072782 0.115474 

0.5 1.113244 1.113402 1.122275 1.115778 0.014190 0.796926 0.213400 

0.6 0.929856 0.929302 0.943364 0.931656 0.059614 1.513178 0.253308 

0.7 0.722502 0.721169 0.736373 0.722523 0.184838 2.108243 0.187750 

0.8 0.495575 0.493513 0.505538 0.493322 0.417820 2.436612 0.038702 

0.9 0.253585 0.251330 0.257149 0.250109 0.897226 2.315282 0.485815 

1 0 0 0 0 0 0 0 

Y VPM Numerical [13]  [18] %error(VPM) %error 

[13]  

%error 
[18] 

0 1.492721 1.492595 1.535426 1.515104 0.008441 2.869566 1.508036 

0.1 1.478656 1.478533 1.518837 1.500051 0.008319 2.725945 1.455310 

0.2 1.43619 1.43608 1.469083 1.454653 0.007659 2.298131 1.293250 

0.3 1.364586 1.364498 1.386238 1.378261 0.006449 1.593259 1.008589 

0.4 1.262828 1.262772 1.27056 1.270018 0.004434 0.616738 0.573781 

0.5 1.129906 1.129884 1.122702 1.129200 0.001947 0.635640 0.060599 

0.6 0.965093 0.965127 0.944014 0.955722 0.003522 2.187587 0.974504 

0.7 0.768314 0.768404 0.736968 0.750818 0.011712 4.091077 2.288682 

0.8 0.540357 0.540502 0.505712 0.517928 0.026826 6.436608 4.176497 

0.9 0.283151 0.28331 0.259708 0.263822 0.056122 8.330803 6.878854 
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2.1.6 Conclusions: 

In this work, we have examined an isothermal laminar flow of a viscous incompress ib le 

fluid in a rectangular domain bounded by two moving permeable walls. We have used 

Variation of Parameters Method (VPM) to approximate the solution for the equations 

governing the fluid flow. It is clear from our work that VPM can successfully be applied 

to highly nonlinear equations like the one we have and the results obtained are encouraging. 

The results bear a remarkable resemblance with the numerical solution as well as some of 

the already existing ones. The effects of different flow parameter on the flow behavior are 

shown with the help of graphs. The purpose of this study is to improve the work done by 

the previous researchers and it can be seen that we have applied such a technique that is 

less laborious and flexible to apply yet it gives quite accurate results. As the flow between 

the expanding/contracting porous walls is a basic model for understanding the complex 

fluid motion involved in bio-fluid mechanics and other branches of science, hence, this 

work can help to understand those flow behaviors in more accurate and flexible ways. 

2.2  MHD flow of a viscous Fluid between Dilating and Squeezing 

Porous Walls 

2.2.1 Motivation 

The flow between an expanding and contracting porous domain is a very important 

phenomenon. Its biological and industrial applications attracted many scientists towards its 

study. Since the pioneer work by Berman [1], researchers from all over the world did not 

only show their interest in such types of flows, but they carried Berman’s work to new 

limits. Although we have a better understanding of such flows nowadays, yet there is still 

a lot of room for exploring new ideas. The flow between expanding and contracting vessels 

on one hand is a very essential transportation method in many industries, while on the other 

hand, it is also a potent simplification to the blood flow model that is responsible for inter-

body transportation of food and other minerals. 

1 0 0 0 0 0 0 0 
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Most of the studies done earlier [11, 12, 13, 17, 18] refer to the flow of a non-conducting 

fluid in expanding/contracting domain, however, blood and many other fluids in industr ies 

contain metallic impurities and are electrically conducting. To understand the flow 

behavior better, we need to consider this aspect as well. Conducting fluids under the 

influence of magnetic field may not only behave differently, but there is also a visible 

change in the pressure distribution across the flow. X. H. Si et al. [59] studied the effects 

of magnetic field on the flow of an electrically conducting fluid flowing between expanding 

and contracting walls. He applied Homotopy Perturbation Method to determine the 

solution. 

Motivated by the work mentioned above, in this study we present another solution scheme 

using Variation of Parameters Method (VPM) [55, 56, 57, 58]. VPM is easier to employ, 

yet it gives excellent results. It is also free from the existence of small or large parameters, 

linearization, calculation of Adomian’s polynomials etc. A numerical solution using the 

forth order Runge–Kutta method coupled with the shooting technique has also been sought. 

Comparison shows that the numerical solution agrees very well with the analytical solution. 

2.2.2 Formulation of the Problem 

In this study magneto-hydrodynamic (MHD) flow of a viscid incompressible fluid is taken 

into consideration. The flow is assumed to be inside a rectangular duct whose length is 

infinite and it has two penetrable walls through which the fluid may go in or out during 

sequential deformations. The leading end of the channel is sealed with an impervious, solid 

but flexible membrane. Due to narrow gape assumption, the larger aspect ratio between the 

width and the height of the channel allows us to restrict the full problem to a half domain 

whose planer cross section is displayed in Figure 2.8. 
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Figure 2.8 Cross sectional geometry of the problem 

Both walls are presumed to have an equivalent permeability and to deform homogeneous ly 

at a time reliant rate �̇� (= 𝑑𝑎/𝑑𝑡).  

 A magnetic field (of the strength 𝛽) is imposed, relatively fixed and normal to the walls. 

The following assumptions are also a part of the flow model: 

a). The induced electromagnetic fields are negligible. 

b). The absence of any outer electric field is presumed. 

Moreover, the origin is taken to be the middle of the channel as shown in above figure. 

That permits us to suppose the flow symmetry about �̂� = 0.  

The suitable supporting conditions are specified as 

�̂� = 0, �̂� = −
1

𝑐
⋅
𝑑𝑎

𝑑𝑡
= −𝑣𝑤 , at �̂� = 𝑎, (2.19) 

⟨
∂𝑢

∂𝑦
|
(𝑥,0)

= 0, �̂�(0, �̂�) = 0, �̂�(�̂�,0) = 0, 
(2.20) 

�̂�,�̂� are the velocity components along �̂� and �̂� -axis, respectively, while 𝑐 is coeffic ient 

representing wall permeability [11]. Under aforementioned assumptions, the equations of 

mass and momentum conservation in component form are 

∂𝑢

∂𝑥
+
∂𝑣

∂�̂�
= 0, (2.21) 
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∂𝑢

∂𝑡
+ �̂�

∂𝑢

∂𝑥
+ �̂�

∂𝑢

∂𝑦
+
1

𝜌

∂𝑝

∂𝑥
− 𝜐 (

∂2𝑢

∂𝑥2
+
∂2𝑢

∂𝑦2
) +

𝜎𝛽2

𝜌
�̂� = 0, (2.22) 

∂𝑣

∂𝑡
+ �̂�

∂𝑣

∂𝑥
+ �̂�

∂𝑣

∂𝑦
+
1

𝜌

∂𝑝

∂𝑦
− 𝜐 (

∂2𝑣

∂𝑥2
+
∂2𝑣

∂𝑦2
) = 0, (2.23) 

where, �̂� and �̂� denote the components of the velocity in �̂� and �̂� directions, respectively. 

Moreover, 𝜌, �̂�, 𝜐, 𝛽, 𝜎 and 𝑡 symbolize the density of the fluid, dimensional pressure, 

kinematic viscosity, magnitude of imposed magnetic field, electric conductivity and time, 

respectively. 

Utilizing Eq. (2.21), we may shorten the above system after eliminating the terms of 

pressure from Eq. (2.22) and Eq. (2.23). After that, we can get a single equation in terms 

of vorticity 𝜔 as 

∂𝜔

∂𝑡
+ 𝑢

∂𝜔

∂𝑥
+ 𝑣

∂𝜔

∂𝑦
− 𝜐 (

∂2𝜔

∂𝑥2
+
∂2𝜔

∂𝑦2
) +

𝜎𝛽2

𝜌

∂𝑢

∂𝑦
= 0, (2.24) 

where, 

𝜔 = (
∂𝑣

∂𝑥
−
∂𝑢

∂𝑦
). (2.25) 

A similar solution w. r. t �̂� can be established on the basis of conservation of mass as 

follows, 

𝜉 = �̂�/𝑎, �̂� =
𝜐 𝑥 𝐹𝜉

𝑎2
, �̂� = −

𝜐𝐹(𝜉,𝑡)

𝑎
. 

(2.26) 

where, �̂�𝜉 represents ∂�̂�/ ∂𝜉. 

Using Eq. (2.26) in Eq. (2.25), we get, 

𝜔 = −𝜐𝑥𝑎−3�̂�𝜉𝜉. (2.27) 

After substituting Eq. (2.27) in Eq. (2.24), and simplifying we obtain 
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�̂�𝜉𝜉𝜉𝜉 + 𝛼(3�̂�𝜉𝜉 + 𝜉�̂�𝜉𝜉𝜉)− �̂�𝜉 �̂�𝜉𝜉 + �̂��̂�𝜉𝜉𝜉 −
𝑎2

𝜐
(�̂�𝜉𝜉𝑡 +

𝜎𝛽2

𝜌
�̂�𝜉𝜉) = 0. (2.28) 

here, 𝛼(𝑡) =
𝑎𝑎̇

𝜐
 is the non-dimensional wall deformation rate. Its positive values 

correspond to the expansion of the channel. 

The supporting conditions also get transformed to 

�̂�(𝜉) = 𝑅, �̂�𝜉 (𝜉) = 0, at 𝜉 = 1,

�̂�(𝜉) = 0, �̂�𝜉𝜉 (𝜉) = 0 at 𝜉 = 1.
 

(2.29) 

𝑅 =
𝑎𝑣𝑤

𝜐
 , is the Reynolds number representing permeation and its positive values 

correspond to injection. 

Considering 𝛼 to be the quasi-independent w. r. t time [60], the term �̂�𝜉𝜉𝑡 present in Eq. 

(2.28) vanishes. In the said occasion, the deformation ratio 𝛼 may be identified by its init ia l 

value 

𝛼 = �̇�0𝑎0/𝜐 = �̇�𝑎/𝜐,  (2.30) 

where, 𝑎0, �̇�0 in order symbolize the initial altitude and the deformation rate of the channel. 

The above equation, after being integrated w. r. t time, provides a similar solution for time-

based channel height evolution as 

𝑎(𝑡)

𝑎0
= (1 + 2𝜐𝛼𝑡𝑎0

−2). (2.31) 

A non-dimensional form of Eqs. (2.26), (2.28) and (2.29) can be obtained by means of the 

following substitutions  

𝑢�̇� = �̂�, 𝑣�̇� = �̂�, 𝑥𝑎 = �̂�, 𝐹𝑅 = �̂�.   

Consuming Eq. (2.31), we get 
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𝑢 = 𝑥𝐹′/𝑐, 𝑣 = −𝐹/𝑐, 𝑐 = 𝛼/𝑅.   

Replacing 𝐹 =
𝐹

𝑅
 in Eqs. (2.29) and (2.30), we get 

𝐹 𝑖𝑣 + 𝛼(𝜉𝐹′′′ + 3𝐹′′) + 𝑅𝐹𝐹′′′ − 𝑅𝐹′𝐹′′ −𝑀𝐹′′ = 0, (2.32) 

𝐹′′(𝜉) = 0, 𝐹(𝜉) = 0, at 𝜉 = 0,
𝐹 ′(𝜉) = 0,𝐹(𝜉) = 1 , at 𝜉 = 1.

. 
(2.33) 

where “ ′” indicates the differentiation w. r .t 𝜉, and 𝑀 =
𝑎2𝜎𝛽2

𝜌𝜐
 is the magnetic parameter. 

2.2.3 Solution of the Problem 

Following the procedure proposed for VPM (for the details, see Section 1.2) and applying 

it on Eq. (2.32) we have the following iterative scheme; 

𝐹𝑛+1(𝜉) = 𝐴1 + 𝐴2𝜉 + 𝐴3
𝜉2

2
+𝐴4

𝜉3

6
 

−∫ (
𝜉3

3!
−
𝜉2𝑠

2!
+
𝜉𝑠2

2!
−
𝑠3

3!
)

(

 
 

𝛼(𝑠𝐹𝑛 
′′′(𝑠) + 3𝐹𝑛

′′(𝑠))

+𝑅𝐹𝑛(𝑠)𝐹𝑛
′′′(𝑠)

−𝑅𝐹𝑛
′(𝑠)𝐹𝑛

′′(𝑠)

−𝑀𝐹𝑛
′′(𝑠) )

 
 𝜉

0

𝑑𝑠, 

 

 

 

(2.34) 

with, 𝑛 = 0,1,2,3 …. 

Utilizing the auxiliary conditions, Eq. (2.33), both 𝐴1 and 𝐴3 become zero. 

Also by setting 𝐴2 = 𝐴 and 𝐴4 = 𝐵, Eq. (2.34) reduces to; 

𝐹𝑛+1(𝜉) = 𝐴 𝜉 + 𝐵
𝜉3

6
 

−∫ (
𝜉3

3!
−
𝜉2𝑠

2!
+
𝜉𝑠2

2!
−
𝑠3

3!
)

(

 
 
𝛼(𝑠𝐹𝑛 

′′′(𝑠) + 3𝐹𝑛
′′(𝑠))

+𝑅𝐹𝑛(𝑠)𝐹𝑛
′′′(𝑠)

−𝑅𝐹𝑛
′(𝑠)𝐹𝑛

′′(𝑠)

−𝑀𝐹𝑛
′′(𝑠) )

 
 𝜉

0

𝑑𝑠. 

 

 

 

(2.35) 
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The first two iterations of the solution are below 

𝐹1(𝜉) =
1

2520
 𝑅𝐵2𝜉7 + (−

1

30
 𝛼 𝐵+

1

120
 𝑀𝐵) 𝜉5 +

 𝐵

6
𝜉3 + 𝐴𝜉.   

𝐹2(𝜉) =
1

2476656000
𝑅3𝐵4𝜉15  

+ (−
1

16216200
 𝑅2𝐵3𝛼 +

1

64864800
 𝑅2𝐵3𝑀) 𝜉13  

+(

1

2851200
 𝑅𝑀2𝐵2 −

1

2494800
 𝐵3𝑅2 −

1

356400
 𝑅𝛼 𝐵2𝑀

+
1

178200
 𝑅𝛼2𝐵2

) 𝜉11 

+ (
1

60480
 𝑀𝑅𝐵2 −

1

11340
 𝛼 𝑅𝐵2 −

1

45360
 𝐴𝑅2𝐵2) 𝜉9 

+(
−
1

504
 𝛼 𝑀𝐵 −

1

2520
 𝑅𝐴𝑀𝐵 +

1

210
 𝛼2𝐵 +

1

630
 𝑅𝐴𝛼 𝐵

+
1

5040
 𝑀2𝐵 +

1

2520
 𝑅𝐵2

) 𝜉7 

+ (−
1

30
 𝛼 𝐵+

1

120
 𝑀𝐵) 𝜉5 +

 𝐵

6
𝜉3 +𝐴𝜉.  

 

 

 

 

 

 

 

 

 

 

 

 

(2.36) 

2.2.4 Results and Discussion 

As the principal flow parameter 𝐹 is now known, to analyze the flow behavior, we can 

work the other flow variables out in terms of 𝐹. An illustrative presentation using graphs 

is a good way to see the flow tendencies, therefore, we present the following discussion 

based on the graphs obtained. The main focus of this study is to see the effects of magnetic 

parameter 𝑀 on the axial velocity 𝐹′(𝜉). 

Figures 2.9−2.11 describe the behavior of axial velocity, 𝐹′(𝜉), for the varying magnetic 

parameter 𝑀, over the ranges of non-dimensional wall deformation rate 𝛼 and permeation 

Reynolds number 𝑅. In the case of expansion ( 𝛼 > 0 ) combined with suction, the higher 

values of 𝛼 result in a back flow near the corner. To reduce the backflow, we apply a 

magnetic field on the axial velocity. In Figure 2.9, for the small values of 𝛼, a backflow 

occurs at 𝑅 = −11. To make the flow smoother and to reduce the backflow, the value of 

𝑀 should be taken 1.2. From Figure 2.10, one can see that for 𝛼 = 2, the backflow occurs 
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at a slightly lower value of 𝑅 i.e. 𝑅 = −6. To remove the backflow in this case we need 𝑀 

to be slightly higher, i.e. 𝑀 = 2.1. Similarly for the case when 𝛼 = 3, only 𝑅 = −4 is 

enough to create a backflow and we need a higher value of 𝑀 to control that, i.e. 𝑀 = 3.2. 

 

Figure 2.9: Influence of 𝑀 on 𝐹′(𝜉) 
(suction, expansion) 

 

Figure 2.10: Influence of 𝑀 on 𝐹′(𝜉) 
(suction, expansion)  

 

 

Figure 2.11: Influence of 𝑀 on 𝐹′(𝜉) 
(suction, expansion) 

 

Figure 2.12: Influence of 𝑀 on 𝐹′(𝜉) 
(suction, contraction) 

Figure 2.12 shows that for a combined suction and contraction, with the increase in 

magnetic parameter 𝑀, the flow becomes smoother. It also shows that the higher values of 

magnetic parameter are needed to affect the axial velocity. Figure 2.13 demonstrates the 

same behavior for the case of injection coupled with expansion. Again, an increase in the 

magnetic parameter makes the flow smoother. For the case of injection combined with 

contraction, the effects of increasing magnetic parameter are demonstrated in Figure 2.14, 

it shows that the increase in magnetic parameter makes the flow smoother. 
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Figure 2.13: Influence of 𝑀 on 𝐹′(𝜉) 
(injection, expansion) 

 

Figure 2.14: Influence of 𝑀 on 𝐹′(𝜉) 
(injection, suction) 

To reaffirm our analytical solution, we have solved the Eq. (2.32) with Eq. (2.33) 

numerically by using the shooting method combined with Runge-Kutta scheme. The 

comparison between the numerical solution and the purely analytical solution obtained by 

VPM is presented in Table 2.3 and Table 2.4. It is evident from the tables that the solution 

obtained by VPM has a remarkable agreement with the numerical solution. 

Table 2.3: Comparison of the numerical and VPM solutions for 𝑅 = 5, 𝛼 = 0.5 and 𝑀 = 1 

𝜉 VPM Numerical % Error(VPM) 

0 1.540526 1.541418 0.057868 

0.1 1.523234 1.524092 0.056295 

0.2 1.471535 1.472294 0.051552 

0.3 1.38599 1.386586 0.042983 

0.4 1.267614 1.267985 0.029259 

0.5 1.117972 1.118059 0.007781 
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0.6 0.939258 0.939011 0.026304 

0.7 0.734356 0.733738 0.084226 

0.8 0.506818 0.505844 0.192549 

0.9 0.260706 0.259625 0.416369 

1 0 0 0 

 

 

Table 2.4: Comparison of the numerical and VPM solutions for 𝑅 = 5, 𝛼 = −0.5 and 𝑀 = 1 

𝜉 VPM Numerical % Error(VPM) 

0 1.477488 1.477336 0.010288 

0.1 1.464379 1.464232 0.010039 

0.2 1.424674 1.424541 0.009336 

0.3 1.357304 1.357197 0.007883 

0.4 1.260719 1.260650 0.005473 

0.5 1.133181 1.133160 0.001853 

0.6 0.973104 0.973142 0.003904 

0.7 0.779401 0.779508 0.013726 

0.8 0.551814 0.551990 0.031884 
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0.9 0.291225 0.291423 0.067942 

1 0 0 0 

 

2.2.5 Conclusions 

In this part of the document, we studied the laminar MHD flow of an isothermal, 

Newtonian fluid in a rectangular channel constrained by two moving permeable walls. We 

have used the Variation of Parameters Method (VPM) to approximate the solution of the 

equations governing the fluid flow. It is clear from our work that VPM can successfully be 

applied to high nonlinear equations like the one we had. The results obtained are accurate 

and they bear a remarkable resemblance with a numerical solution found by Runge-Kutta 

scheme (combined with the shooting method). The outcomes of magnetic parameter on the 

flow behavior are shown for diverse values of 𝛼 and Reynolds number 𝑅 with the help of 

graphs. One of the purposes of this work is to study the effects of magnetic field. We 

observe that for 𝛼 > 0, by increasing Reynolds number, backflow emerges and to reduce 

it we may use magnetic field. For 𝛼 < 0, backflow emerges only in the case of suction 

(𝑅 < 0). For all other cases, there is no backflow and a higher value of magnetic parameter 

is required to affect the flow. 

Finally, it is concluded that the magnetic field affects the flow in a manner that the flow 

becomes smoother by increasing the magnetic parameter. 

2.3 Magneto-hydrodynamic (MHD) Flow of a Casson Fluid between 

Dilating and Squeezing Porous Walls 

2.3.1 Motivation 

The flow between expanding and contracting porous domains is a very important 

phenomenon. Its biological and industrial applications have attracted many scientists 

towards its study. Since the pioneering work by Berman [1], the researchers from all over 

the world not only showed their interest in such types of flows, but they also carried 

Berman’s work to new limits. However, due to the abstract nature of these flows, further 

investigations and developments are still welcomed. This is the reason why people are still 

working on these types of problems. Flow between expanding and contracting vessels on 
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one hand is a very essential transportation method in many industries, while on the other 

hand, it is also a potent simplification to the blood flow model that is responsible for inter-

body transportation of food and other minerals. 

To simulate the flow of blood mathematically, many fluid models have been used, such as 

power law, Cross or Carreau models. However, [61, 62] showed that the most viable model 

for this purpose is Casson fluid model as its rheological properties are very similar to blood. 

The said model depicts the shear thinning behavior of blood, which cannot be described 

correctly by Newtonian fluids. 

Most of the studies done earlier [11, 13, 17, 18, 19] refer to the flow of a non-conducting 

fluid in expanding contracting domains. However, blood and many other fluids in 

industries contain metallic impurities and are electrically conducting. To understand the 

flow behavior of such fluids, we need to consider the MHD aspects as well. These 

conducting fluids, under the influence of magnetic field, do not only behave differently, 

but there is also a visible change in pressure distribution across the flow. Researchers [59, 

63] studied the effects of magnetic field on the flow of an electrically conducting 

Newtonian fluid between expanding and contracting walls. 

Motivated by the work mentioned above, we present this article to discuss the MHD flow 

of a Casson fluid, which is an effort to remove some of the shortcomings mentioned above. 

This work can help greatly in the development of better blood flow simulating software, 

which nowadays, are used not only in different cardiac tests but also in fabrication of 

synthetic organs. 

Like most of the physical problems, the ordinary differential equation governing the flow 

of a Casson fluid through deformable porous walls is abstract and nonlinear in nature. For 

this reason, the exact solution is unlikely. However, to tackle these nonlinearities many 

approximation techniques have been developed. One of such techniques is Variation of 

Parameters Method (VPM) (see Section 1.1). It is easier to employ, yet it gives excellent 

results when compared to the numerical results. It is also free from the compulsion of small 

parameters, linearization, calculation of Adomian’s polynomials etc. 
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We have successfully applied VPM to approximate the solution of the problem. A 

numerical solution has also been sought to back our analytical results by using R-K 4 

coupled with shooting method. The comparison between both the solutions is presented 

and an excellent agreement has been discovered. 

2.3.2 Formulation of the Problem 

In this study the magneto-hydrodynamic (MHD) flow of an incompressible, Casson fluid 

is taken into consideration. The flow is assumed to be inside a rectangular duct of infinite 

length and having two permeable walls through which the fluid may enter or exit during 

successive deformations. The head end of the duct is closed with an impermeable solid, 

but flexible membrane. Due to narrow gape assumption, the higher aspect ratio between 

the width and height of the duct allows us to confine the whole problem to half domain and 

a plane cross section of the restricted domain is shown in Figure 2.15. 

 
Figure 2.15 Two-dimensional domain with deformable porous walls 

Both walls are assumed to have an equal permeability and deform uniformly at a time 

dependent rate �̇� (= 𝑑𝑎/𝑑𝑡) . 

A constant magnetic field of strength 𝛽 is imposed perpendicular and relatively fixed to 

the walls. The following assumptions are also a part of the flow model: 

a). The induced magnetic and electric fields produced due to the flow of electrica lly 

conducting fluid are negligible. 
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b). There is no external electric field present.  

Furthermore, the origin is assumed to be at the center of the channel as shown in above 

figure. This enables us to assume the flow symmetry about �̂� = 0. 

The suitable auxiliary conditions for this problem are specified as 

�̂�(�̂�,𝑎) = 0, �̂�(𝑎) = −𝑣𝑤 = −
𝑎̇

𝑐
, (2.37) 

∂𝑢

∂𝑦
(𝑥, 0) = 0, �̂�(𝑥, 0) = 0, �̂�(0, �̂�) = 0. (2.38) 

�̂� and �̂� here are the velocity components in �̂� and �̂�-directions, respectively. Moreover, 𝑐 

is the suction coefficient, which is the measure of wall porosity [17]. Under all imposed 

assumptions, the equations of continuity and momentum in component form are  

∂𝑢

∂𝑥
+
∂𝑣

∂�̂�
= 0, (2.39) 

∂𝑢

∂𝑡
+ �̂�

∂𝑢

∂𝑥
+ �̂�

∂𝑢

∂𝑦
= −

1

𝜌

∂𝑝

∂𝑥
+ 𝜐 (1 +

1

Λ
)(2

∂2𝑢

∂𝑥2
+
∂2𝑢

∂𝑦2
+

∂2𝑣

∂𝑦 ∂𝑥
) −

𝜎𝛽2

𝜌
�̂�, (2.40) 

∂𝑣

∂𝑡
+ �̂�

∂𝑣

∂𝑥
+ �̂�

∂𝑣

∂𝑦
= −

1

𝜌

∂𝑝

∂𝑦
+ 𝜐 (1 +

1

Λ
)(2

∂2𝑣

∂�̂�2
+
∂2𝑣

∂𝑦2
+

∂2𝑢

∂𝑦 ∂𝑥
), (2.41) 

where �̂� , 𝜌 , 𝜐 and 𝑡 represent the magnitude of imposed magnetic field, dimensiona l 

pressure, density, kinematic viscosity and time, respectively. Moreover, Λ is the Casson 

fluid parameter. 

We can simplify the above system of equations by eliminating the pressure terms from Eqs. 

(2.40) and (2.41), and using Eq. (2.39). After cross differentiation and introducing vorticity 

𝜔, we get 

∂𝜔

∂𝑡
+ �̂�

∂𝜔

∂𝑥
+ �̂�

∂𝜔

∂𝑦
= 𝜐 (1 +

1

Λ
)(

∂2𝜔

∂𝑥2
+
∂2𝜔

∂𝑦2
+

∂2𝜔

∂𝑦∂𝑥
) −

𝜎𝛽2

𝜌

∂𝑢

∂𝑦
, (2.42) 

where  
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𝜔 = (
∂𝑣

∂𝑥
−
∂𝑢

∂𝑦
). (2.43) 

The similarity solution with respect to �̂� can be achieved on the basis of conservation of 

mass as follows:  

𝜉 = �̂�/𝑎, �̂� = 𝜐�̂�𝑎−2�̂�𝜉 , �̂� = −𝜐𝑎
−1�̂�(𝜉, 𝑡), (2.44) 

where �̂�𝜉 represents 
∂𝐹

∂𝜉
 . 

Using Eq. (2.44) in Eq. (2.43), we get 

𝜔 = −𝜐𝑥𝑎−3�̂�𝜉𝜉. (2.45) 

After substituting Eq. (2.45) in Eq. (2.42) and simplifying, we obtain 

(1 +
1

Λ
) �̂�𝜉𝜉𝜉𝜉 + 𝛼(3�̂�𝜉𝜉 + 𝜉�̂�𝜉𝜉𝜉)− �̂�𝜉 �̂�𝜉𝜉 + �̂��̂�𝜉𝜉𝜉 −

𝑎2

𝜐
(�̂�𝜉𝜉𝑡 +

𝜎𝛽2

𝜌
�̂�𝜉𝜉) = 0, (2.46) 

here, 𝛼(𝑡) =
𝑎𝑎̇

𝜐
 is the non-dimensional wall deformation rate taken to be positive for 

expansion. The auxiliary conditions can also be transformed as  

�̂�𝜉𝜉 (0) = 0, �̂�(0) = 0, �̂�𝜉 (1) = 0, �̂�(1) = 𝑅, (2.47) 

𝑅 is the permeation Reynolds number defined as 𝑅 =
𝑎𝑣𝑤

𝜐
. Besides, it is taken to be positive 

for injection. 

We can now obtain �̂�𝜉𝜉𝑡 = 0 by setting 𝛼 to be a constant or a quasi-constant in time [17]. 

Consequently, the value of the deformation ratio 𝛼 can be specified by its initial value 

𝛼 =
𝑎𝑎̇

𝜐
=
𝑎0 �̇�0

𝜐
, (2.48) 
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where, 𝑎0 and �̇�0 =
𝑑𝑎̇0

𝑑𝑡
 represent the initial channel height and deformation rate, 

respectively. Integrating Eq. (2.48), with respect to time; a similar solution for time-based 

growth in channel’s height can be determined and is given by  

𝑎(𝑡)

𝑎0
= (1 + 2𝜐𝛼𝑡𝑎0

−2). (2.49) 

2.3.3 Dimensionless form of the Governing Equations 

Eqs. (2.44) (2.46) and (2.47) can be made dimensionless by introducing the non-

dimensional parameters  

𝑢 =
𝑢

�̇�
, 𝑣 =

𝑣

�̇�
, 𝑥 =

𝑥

𝑎
, 𝐹 =

𝐹

𝑅
. 

Using the transformation from Eq. (2.44), we have  

𝑢 = 𝑥𝐹 ′/𝑐, 𝑣 = −𝐹/𝑐, 𝑐 = 𝛼/𝑅. 

By substituting 𝐹 =
𝐹

𝑅
 in Eqs. (2.46) and (2.47), we get  

(1 +
1

Λ
)𝐹 𝑖𝑣 + 𝛼(𝜉𝐹′′′ + 3𝐹 ′′) + 𝑅𝐹𝐹′′′ − 𝑅𝐹 ′𝐹 ′′−𝑀𝐹 ′′ = 0, (2.50) 

𝐹 ′′(0) = 0, 𝐹(0) = 0, 𝐹 ′(1) = 0, 𝐹(1) = 1, (2.51) 

where   
′
 denotes the differentiation with respect to 𝜉 and 𝑀 =

𝑎2𝜎𝛽2

𝜌𝜐
 is the magnetic 

parameter. 

We solve Eq. (2.50), subject to the boundary conditions (2.51), by using Variation of 

Parameters Method (VPM). The same method has been employed successfully to 

determine the solution of several research problems [55, 56, 57, 58]. 

2.3.4 Solution of the Problem 

Following the procedure proposed for VPM Eqs. (1.4) and (2.50) leads us to the following 

iterative scheme: 
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𝐹𝑘+1(𝜉) = 𝐴1 +𝐴2𝜉 + 𝐴3
𝜉2

2
+ 𝐴4

𝜉3

6
 

 − (
Λ

Λ + 1
)∫

𝜉

0

(

 

𝜉3

3!
−
𝜉2𝑠

2!

+
𝜉𝑠2

2!
−
𝑠3

3!)

 

(

 

𝛼(𝑠𝐹𝐹𝑘
′′′(𝑠) + 3𝐹𝑘

′′(𝑠))

+𝑅𝐹𝑘(𝑠)𝐹𝑘
′′′(𝑠)

−𝑅𝐹𝑘
′(𝑠)𝐹𝑘

′′(𝑠)

−𝑀𝐹𝑘
′′(𝑠) )

 𝑑𝑠 

 

 

 

(2.52) 

𝑘 = 0,1,2, …. 

Utilizing the boundary conditions given in Eq. (2.51), we have 𝐴1 = 0,𝐴3 = 0. Also, by 

setting 𝐴2 = 𝐴 and 𝐴4 = 𝐵, Eq. (2.52) becomes 

𝐹𝑘+1(𝜉) = 𝐴𝜉 + 𝐵
𝜉3

6
− (

Λ

Λ+1
)∫

𝜉

0
(

𝜉3

3!
−
𝜉2𝑠

2!

+
𝜉𝑠2

2!
−
𝑠3

3!

)

(

 

𝛼(𝑠𝐹𝐹𝑘
′′′(𝑠) + 3𝐹𝑘

′′(𝑠))

+𝑅𝐹𝑘(𝑠)𝐹𝑘
′′′(𝑠)

−𝑅𝐹𝑘
′(𝑠)𝐹𝑘

′′(𝑠)

−𝑀𝐹𝑘
′′(𝑠) )

 𝑑𝑠. 

 

(2.53) 

The first two iterations of the solution are below 

𝐹1(𝜉) = 𝐴𝜉 +
 𝐵

6
𝜉3 + (

Λ

Λ+1
){(−

1

30
 𝛼 𝐵+

1

120
 𝑀𝐵) 𝜉5 +

1

2520
 𝑅𝐵2𝜉7},   

𝐹2(𝜉) = 𝐴𝜉 +
 𝐵

6
𝜉3 + (

Λ

Λ + 1
){(−

1

30
 𝛼 𝐵 +

1

120
 𝑀𝐵) 𝜉5  

+(
−
1

504
 𝛼 𝑀𝐵 −

1

2520
 𝑅𝐴𝑀𝐵 +

1

210
 𝛼2𝐵

+
1

630
 𝑅𝐴𝛼 𝐵+

1

5040
 𝑀2𝐵 +

1

2520
 𝑅𝐵2

) 𝜉7  

+ (
1

60480
 𝑀𝑅𝐵2 −

1

11340
 𝛼 𝑅𝐵2 −

1

45360
 𝐴𝑅2𝐵2) 𝜉9 

+(

1

2851200
 𝑅𝑀2𝐵2 −

1

2494800
 𝐵3𝑅2

−
1

356400
 𝑅𝛼 𝐵2𝑀+

1

178200
 𝑅𝛼2𝐵2

) 𝜉11  

+(
−

1

16216200
 𝑅2𝐵3𝛼

+
1

64864800
 𝑅2𝐵3𝑀

) 𝜉13 −
1

2476656000
 𝑅3𝐵4𝜉15}. 
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In a similar way, we can find the further iterations of the solution. 

2.3.5 Results and Discussion 

The pivotal flow parameter 𝐹 can be determined by the process stated in the previous 

subsection. It is now easier to analyze the flow behavior in terms of 𝐹. Graphical 

representation is an apt way to see the flow tendencies, and hence, we present the following 

discussion based on the obtained graphical results. The main focus of this study is to 

observe the influence of Casson fluid parameter Λ, and magnetic parameter 𝑀, on the axial 

velocity 𝐹 ′(𝜉).  

Figure 2.16 and Figure 2.17 describe the behavior of axial velocity 𝐹 ′(𝜉) over the range of 

non-dimensional wall deformation rate 𝛼, for the cases of injection and suction, 

respectively. In both cases, the maximum of the axial velocity lies near the center of the 

channel; in contraction ( 𝛼 < 0 ), the maximum of the velocity is smaller, while it is larger 

for expansion ( 𝛼 > 0 ). For the contracting channel, the velocity near the walls rises due 

to a push by the contracting walls. In the same case a decelerated flow is observed near the 

center of the channel. For the expanding channel, the phenomenon is reversed and a 

delayed flow is observed near the walls. It is also expected, that the channel expands and 

creates a gap that is filled by the nearby fluid; therefore, the axial velocity drops there. 

Figure 2.18 and Figure 2.19 depict the behavior of 𝐹 ′(𝜉) over the range of permeation 

Reynolds number 𝑅 for the expansion and contraction cases, respectively. Again, the 

maximum of axial velocity is at the center of the channel and this phenomenon holds for 

both contraction and expansion cases. For expansion, the maximum of the axial velocity 

becomes larger with decreasing 𝑅; while for contraction, the behavior is quite opposite i.e., 

the maximum of axial velocity increases with increasing 𝑅.  
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Figure 2.16: Velocity for 𝛼 varying; in case of injection 

 

Figure 2.17: Velocity for 𝛼 varying; in case of suction 

 

 

Figure 2.18: Velocity for 𝑅 varying; in case of 

expansion 

 

Figure 2.19: Velocity for 𝑅 varying; in case of 

contraction 

The effects of the Casson fluid parameter Λ on the axial velocity are shown in Figures 

2.20.−2.23. For the case of expansion coupled with injection, it is evident from Figure 2.20 

that, for increasing Λ, the axial velocity decreases near the vicinity of the center, and it 

increases near the walls of the channel. Figure 2.21 describes that, for contracting and 

injecting channels, the increase in Λ affects the velocity in an adverse manner to the one 

seen in Figure 2.20. Figure 2.22 is of great interest as it shows Λ is acting as a backflow 

reducing agent. The back flow emerges when the expansion is united with suction. Figure 

2.23 shows for increasing Λ, the flow near the walls is delayed, while at the center it is 

rapid. 
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Figure 2.20: Velocity for Λ varying; incase of 

injection/expansion 

 

Figure 2.21: Velocity for Λ varying; incase of 

injection/contraction 

 

 

Figure 2.22: Velocity for Λ varying; incase of 

suction/expansion 

 

Figure 2.23: Velocity for Λ varying; incase of 

suction/contraction 

Figures 2.24 − 2.27 demonstrate the effects of magnetic parameter 𝑀 on the axial velocity 

for different combination of suction-injection and contraction-expansion cases. From all 

these figures, it is clear that in each case, 𝑀 acts as a flow control parameter and it 

smoothens the flow. From Figure 2.26, it can also be concluded that 𝑀 too, reduces the 

back flow. 
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Figure 2.24: Velocity for 𝑀 varying; incase of 

injection/expansion 

 

Figure 2.25: Velocity for 𝑀 varying; incase of 

injection/contraction 

 

 

Figure 2.26: Velocity for 𝑀 varying; incase of 

suction/expansion 

 

Figure 2.27: Velocity for 𝑀 varying; incase of 

suction/contraction 

Furthermore, to support our analytical work, we have solved Eq. (2.50) with boundary 

conditions (2.51) numerically by using the shooting method combined with the forth order 

Runge-Kutta scheme. The comparison between the numerical solution and the purely 

analytical solution obtained by VPM, is presented in Tables. 2.5 and 2.6. It is evident from 

the tables that the solution obtained by VPM has a remarkable agreement with the 

numerical solution. 

Table 2.5: Comparison of numerical and VPM solutions for 𝑅 = 1.5, 𝛼 = −0.5,Λ = 1.0 and 𝑀 = 0.5. 

𝜉 VPM Numerical Abs Error 
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0 1.476821155 1.476821161 6.491241988e-009 

0.1 1.46327328 1.46327329 9.618287722e-009 

0.2 1.422461533 1.42246154 7.298674554e-009 

0.3 1.353887817 1.353887824 6.974028022e-009 

0.4 1.256742927 1.256742932 5.195425423e-009 

0.5 1.129937991 1.129937996 5.220705646e-009 

0.6 0.9721486521 0.9721486564 4.274775312e-009 

0.7 0.7818721777 0.7818721797 1.961586005e-009 

0.8 0.5574980214 0.5574980231 1.669933525e-009 

0.9 0.2973926637 0.297392664 2.871453075e-010 

1 0 0 0 

 
Table 2.6: Comparison of numerical and VPM solutions for 𝑅 = 1.5, 𝛼 = 0.5,Λ = 1.0 and 𝑀 = 0.5. 

𝜉 VPM Numerical Abs Error 

0 1.522828678 1.522828355 3.225944827e-007 

0.1 1.506502936 1.506502625 3.105225914e-007 

0.2 1.457648838 1.457648563 2.750061718e-007 

0.3 1.376639357 1.37663914 2.165821658e-007 

0.4 1.264107739 1.264107603 1.356796426e-007 
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0.5 1.120963792 1.12096376 3.184804154e-008 

0.6 0.94841454 0.9484146315 9.146247271e-008 

0.7 0.7479873579 0.7479875878 2.29942474e-007 

0.8 0.52155357 0.5215539293 3.593429614e-007 

0.9 0.271350474 0.2713508629 3.888643312e-007 

1 0 0 0 

 

2.3.6 Conclusions 

In this section, we have examined the laminar flow of an isothermal and incompress ib le 

Casson fluid in a rectangular domain bounded by two moving permeable walls. To 

approximate the solution for the equation governing the fluid flow, we have used Variation 

of Parameters Method (VPM). It is clear from our work that VPM can successfully be 

applied to highly nonlinear equations like the ones we have. The results obtained are 

accurate, and the numerical solution also supports the analytical results. The effects of 

different flow parameters on the flow behavior are shown with the help of graphs. As the 

flow between expanding/contracting porous walls is the basic model for understanding the 

complex fluid motion involved in bio-fluid mechanics and some other branches of 

sciences; this work can be helpful to understand those flow behaviors in a more accurate 

and flexible way. 
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Chapter 3  MHD flow of an Incompressible 

Fluid through Porous Medium between Dilating 

and Squeezing Permeable Walls 
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3.1 Motivation 

Due to its applications in industrial and biological sciences, the flow between orthogona lly 

deformable porous domains has grabbed the attention of many scientists. Numerous studies 

have been carried out to explain the flow behavior under the influences of flow parameters 

such as the permeation Reynolds and deformation rate. The detailed history of those 

contributions can be found in the preamble of this manuscript. To avoid repetition, we only 

mention the recent work here. For the flow of viscous fluid between expanding contracting 

permeable walls, [53] discussed the flow behavior using different numerical as well as 

analytical techniques. However, improved works are still welcomed and needed. 

In real life, most of the fluids involved in biological or industrial transport are electrica lly 

conducting. These fluids therefore behave differently under the influence of electric or 

electromagnetic fields. The magneto-hydrodynamic (MHD) flow of a viscous fluid 

between deforming permeable domains has been considered by [59]. Similar ity 

transformation has been used to reduce the partial differential equation governing flow to 

a highly nonlinear ordinary differential equation, which is later solved by using the 

perturbation method. However, the main drawback is to construct the small parameter, 

which is essential for the successful application of traditional perturbation method so the 

study is restricted to slow deformation and low permeability, which in some cases may not 

be achievable physically. 

In biological and industrial cases, most of the time, small impurities flow along the fluid. 

A porous medium inside the channel causes the flow to be resisted and it behaves 

differently than the flow through free medium. To understand the obstructed flow inside 

the capillaries due to fats and other impurities, this study provides us a basic model. [63] 

presented a study on MHD flow of a viscous incompressible fluid in deformable channel 

with porous medium. Lie group symmetries coupled with double perturbation method has 

been used to determine the solution. To make this solution valid, they had to employ 

unrealistic simplifications. We have generalized the studies stated above and have provided 

a more practical and flexible solution scheme. 
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In this article, we have considered laminar MHD flow of a viscous incompressible fluid 

through a porous medium inside a channel with deformable porous walls. We have tried to 

overcome restriction imposed on previous studies and a more flexible technique known as 

the Variational Iteration Method (VIM) [35, 36, 37] has been used to determine the flow 

behavior. VIM is a strong analytical technique and has been employed by several 

researchers in recent times to study different types of problems. It is shown that VIM can 

effectively be applied to such types of problems and it also does not require us to impose 

hefty restrictions such as slow deformation and low permeability [64, 65, 66, 67, 68, 69, 

70, 71]. The positive features of this technique are its simplicity, selection of init ia l 

approximation, compatibility with the nonlinearity of physical problems of diversified 

complex nature, minimal application of integral operator and rapid convergence [72]. To 

check the accuracy of the analytical method a numerical solution is also obtained using the 

shooting method coupled with the RK-4 method and results are shown with the help of 

graphs and tables. 

It is evident from the comparison of both numerical and analytical solutions that the results 

are in excellent agreement and VIM gives us an improved solution removing overly 

imposed restrictions. 

3.2 Formulation of the Problem 

In this study magneto-hydrodynamic (MHD) flow of a viscous incompressible fluid is 

taken into account. Fluid is assumed to pass through a porous medium. It is confined in a 

rectangular duct of infinite length and having two permeable walls which allow fluid to 

enter or exit during successive deformations. The leading end of the duct is closed with an 

impermeable but flexible membrane. The height ℎ of the channel is taken to be very small 

as compared to other dimensions of the duct; this allows us to reduce the whole problem 

to half domain as shown in Figure 3.1. 
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Figure 3.1: Two-dimensional domain with expanding or contracting permeable walls 

Both walls are assumed to have equal permeability and they deform uniformly at a time 

dependent rate ℎ̇(=
𝑑ℎ

𝑑𝑡
). A constant magnetic field of strength 𝛽 is imposed 

perpendicularly and relatively fixed to the walls. The following assumptions are also a part 

of the flow model: 

 a). Induced electromagnetic forces are negligible. 

 b). System is not near to any electric field. 

Furthermore, the origin is considered at the center of the channel as shown in Figure 3.1. 

This enables us to assume flow symmetry about �̃� = 0. 

Following all these assumptions, equation of continuity and momentum in component form 

are  

∂𝑢

∂𝑥
+
∂𝑣

∂�̃�
= 0, (3.1) 

∂𝑢

∂𝑡
+ �̃�

∂𝑢

∂𝑥
+ �̃�

∂𝑢

∂𝑦
= −

1

𝜌

∂𝑝

∂𝑥
+ 𝜈 (

∂2𝑢

∂𝑥2
+
∂2𝑢

∂𝑦2
) −

𝛿𝜐

𝑘
�̃� −

𝜎𝛽2

𝜌
�̃�, (3.2) 

∂𝑣

∂𝑡
+ �̃�

∂𝑣

∂𝑥
+ �̃�

∂𝑣

∂𝑦
= −

1

𝜌

∂𝑝

∂𝑦
+ 𝜐 (

∂2𝑣

∂𝑥2
+
∂2𝑣

∂𝑦2
) −

𝛿𝜐

𝑘
�̃�. (3.3) 

�̃� and �̃� correspondingly, are the velocity components in �̃� and �̃�-directions; 𝛽 , 𝑝 , 𝜌 , 𝜐 

and 𝑡 represent magnitude of imposed magnetic field, dimensional pressure, density, 

kinematic viscosity and time, respectively. Furthermore, 𝛿 and k are the porosity and 

permeability of porous medium. 
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The suitable auxiliary conditions for this problem are specified as 

 �̃�(�̃�, ℎ) = 0, �̃�(ℎ) = −𝑣𝑤 = −
ℎ̇

𝑐
,

 
∂𝑢

∂𝑦
(�̃�,0) = 0, �̃�(�̃�,0) = 0, �̃�(0, �̃�) = 0.

  

 

(3.4) 

where 𝑐 is the suction coefficient, which is the measure of wall porosity. 

By eliminating the pressure terms from Eq. (3.2) and Eq.(3.3), and introducing vorticity 

𝜔 = (
∂𝑣

∂𝑥
−
∂𝑢

∂𝑦
), we have 

∂𝜔

∂𝑡
+ �̃�

∂𝜔

∂𝑥
+ �̃�

∂𝜔

∂𝑦
= 𝜐 (

∂2𝜔

∂𝑥2
+
∂2𝜔

∂𝑦2
) −

𝜎𝛽2

𝜌

∂𝑢

∂𝑦
−
𝛿𝜐

𝑘
𝜔. (3.5) 

The similarity solution, with respect to 𝑥,̃ can be established on the basis of conservation 

of mass and it allows us to define 

𝜉 = �̃�/ℎ, �̃� = 𝜐�̃�ℎ−2�̃�𝜉 ,

�̃� = −𝜐ℎ−1�̃�(𝜉, 𝑡), 𝜔 = −𝜐�̃�ℎ−3�̃�𝜉𝜉 .
  

(3.6) 

where �̃�𝜉 represents 
∂𝐹

∂𝜉
. 

Substituting Eq. (3.6) in Eq. (3.4) and Eq. (3.5) we obtain 

�̃�𝜉𝜉𝜉𝜉 + 𝛼 (
3�̃�𝜉𝜉

+𝜉�̃�𝜉𝜉𝜉
)− �̃�𝜉 �̃�𝜉𝜉 + �̃��̃�𝜉𝜉𝜉 −

ℎ2

𝜐
(

�̃�𝜉𝜉𝑡

+
𝜎𝛽2

𝜌
�̃�𝜉𝜉
)−

𝛿ℎ2𝜐

𝑘
�̃�𝜉𝜉 = 0, 

 

(3.7) 

and 

�̃�𝜉𝜉 (0) = 0, �̃�(0) = 0, �̃�𝜉 (1) = 0, �̃�(1) = 𝑅. (3.8) 

𝛼(𝑡) =
ℎ̇ℎ

𝜐
 in Eq. (3.7) is the non-dimensional wall deformation rate, which is taken to be 

positive for expansion. While 𝑅 in Eq. (3.8) is the permeation Reynolds number defined as 

𝑅 =
ℎ𝑣𝑤

𝜐
 and is taken to be positive for injection. 
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We can now obtain �̃�𝜉𝜉𝑡 = 0 by setting 𝛼 to be a constant or a quasi-constant in time. In 

that event, the value of the expansion ratio 𝛼 can be specified by its initial value 

𝛼 =
ℎ̇ℎ

𝜐
=
ℎ̇0ℎ0

𝜐
, (3.9) 

where, ℎ0 and ℎ̇0 =
𝑑ℎ̇0

𝑑𝑡
 represent the initial channel height and expansion rate, 

respectively. Integrating Eq. (3.9) with respect to time; a similarity solution for temporal 

channel altitude evolution can be determined and is given by 

ℎ(𝑡)

ℎ0
= (1 + 2𝜐𝛼𝑡ℎ0

−2)
1
2 . 

(3.10) 

Eqs. (3.6), (3.7) and (3.8) can be made non-dimensional by using 

𝑢 =
𝑢

ℎ̇
, 𝑣 =

𝑣

ℎ̇
, 𝑥 =

𝑥

ℎ
, 𝐹 =

𝐹

𝑅
.   

It reduces the problem to 

𝐹(𝑖𝑣) +𝛼(𝜉𝐹  
′′′
+3𝐹  

′′
) + 𝑅𝐹𝐹  

′′′
−𝑅𝐹  

′
𝐹  
′′
− (𝑀+ 𝐾)𝐹  

′′
= 0. (3.11) 

𝐹  
′′
(0) = 0, 𝐹(0) = 0, 𝐹  

′
(1) = 0, 𝐹(1) = 1, (3.12) 

where  
′
denotes the differentiation with respect to 𝜉.𝑀 =

ℎ2𝜎𝛽2

𝜌𝜐
, in above equation is the 

magnetic parameter, while 𝐾 =
ℎ2𝛿

𝑘
 denotes the dimensionless reciprocal of porosity 

parameter. 

3.3 Solution of the Governing Equation 

We now solve Eq. (3.11), subject to the boundary conditions of Eq. (3.12), by using 

Variational Iteration Method (VIM) (for the details see Section 1.4). 

Following the procedure of the VIM Algorithm-I [35], we have the following correction 

functional  
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𝐹𝑛+1(𝜉) = 𝐹𝑛(𝜉) +∫
𝜉

0

𝜆(𝜉, 𝑠) (

𝐹𝑛
′′′′(𝑠) + 𝛼(𝑠𝐹𝑛

′′′(𝑠) + 3𝐹𝑛
′′(𝑠))

−𝑅𝐹𝑛
′(𝑠)𝐹𝑛

′′(𝑠) + 𝑅𝐹𝑛(𝑠)𝐹𝑛
′′′(𝑠)

−(𝑀+ 𝐾)𝐹𝑛
′′(𝑠)

)
𝑑𝑠, 

 

(3.13) 

where 𝑛 = 0,1,2,3…. 

𝜆(𝜉,𝑠)  in Eq. (3.13) can be approximated as 𝜆(𝜉, 𝑠) =
(𝑠−𝜉)3

3!
; consequently Eq. (3.13) 

becomes 

𝐹𝑛+1(𝜉) = 𝐹n(𝜉) + ∫ (
(𝑠−𝜉)3

3!
) (

𝐹𝑛
′′′′(𝑠) + 𝛼(𝑠𝐹𝑛

′′′(𝑠) + 3𝐹𝑛
′′(𝑠))

−𝑅𝐹𝑛
′(𝑠)𝐹𝑛

′′(𝑠)+ 𝑅𝐹𝑛(𝑠)𝐹𝑛
′′′(𝑠)

−(𝑀 + 𝐾)𝐹𝑛
′′(𝑠)

)𝑑𝑠.
𝜉

0  

 

(3.14) 

The initial approximation is given by 

𝐹0(𝜉) = 𝐴𝜉 +
𝐵𝜉3

6
, (3.15) 

where 𝐴 and 𝐵 are the constants, which can be calculated by using the auxiliary of the 

conditions. 

The next two iterations of the solution are given below 

𝐹1(𝜉) = 𝐴𝜉 +
1

6
 𝐵𝜉3 + (−

1

30
 𝛼 𝐵+

1

120
 𝐵𝑀+

1

120
 𝐵𝐾) 𝜉5 +

1

2520
 𝑅𝐵2𝜉7 . 
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𝐹2(𝜉) =𝐴𝜉+
1

6
 𝐵𝜉3 + (−

1

30
 𝛼 𝐵 +

1

120
 𝐵𝑀+

1

120
 𝐵𝐾) 𝜉5

+

(

 
 
 

1

2520
 𝑅𝐵2 +

1

5040
 𝐵𝐾2 −

1

2520
 𝑅𝐴𝐵𝑀

+
1

5040
 𝐵𝑀2 +

1

210
 𝛼2𝐵 +

1

630
 𝑅𝐴𝛼 𝐵 +

1

2520
 𝑀𝐵𝐾

−
1

2520
 𝑅𝐴𝐵𝐾 −

1

504
 𝛼 𝐵𝑀 −

1

504
 𝛼 𝐵𝐾 )

 
 
 

 𝜉7

+(
−

1

45360
 𝐴𝑅2𝐵2 −

1

11340
 𝛼 𝑅𝐵2

+
1

60480
 𝑅𝐵2𝐾 +

1

60480
 𝑅𝐵2𝑀

) 𝜉9

+

(

 
 
 
 
 
−

1

356400
 𝑅𝛼 𝐵2𝐾 −

1

356400
 𝑅𝛼 𝐵2𝑀

−
1

2494800
 𝐵3𝑅2 +

1

1425600
 𝑅𝐵2𝑀𝐾

+
1

178200
 𝑅𝛼2𝐵2 +

1

2851200
 𝑅𝐵2𝑀2

+
1

2851200
 𝑅𝐵2𝐾2 )

 
 
 
 
 

 𝜉11

+(

1

64864800
 𝑅2𝐵3𝐾 −

1

16216200
 𝑅2𝐵3𝛼

+
1

64864800
 𝑅2𝐵3𝑀

)𝜉13

+
1

2476656000
 𝑅3𝐵4𝜉15 .

 

  

In a similar fashion, we can find further iterations of the solution. 

3.4 Results and Discussion 

The solution to the problem is obtained both analytically and numerically by using 

Variational Iteration Method (VIM) and shooting method coupled with Runge-Kutta order-

4, respectively. Table 2.1, Table 3.1 and Table 3.2 show the comparison between the 

numerical and analytical results. The Comparison is done for 6th order VIM solution. Table 

3.1 is obtained for 𝑅 = 3.0, 𝛼 = −1.0, 𝑀 = 1.0 and 𝐾 = 0.5, while Table 3.2 is for 𝑅 =

3.0, 𝛼 = 1.0, 𝑀 = 1.0 and 𝐾 = 0.5. It is evident from the tables that the results are in good 

agreement, which shows the effectiveness of the analytical scheme that we have used. 
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Table 3.1: Comparison between numerical and VIM solution (6th order approximation) for 𝑅 = 3.0, 𝛼 = −1.0 𝑀 = 1.0 
and 𝐾 = 0.5 

  VIM Numerical error(VIM) 

0 1.422202422 1.422202236 1.30678E-07 

0.1 1.412050612 1.412050426 1.31531E-07 

0.2 1.381042377 1.381042211 1.19902E-07 

0.3 1.327537304 1.327537182 9.15635E-08 

0.4 1.248861483 1.248861463 1.57944E-08 

0.5 1.141398325 1.141398318 6.20293E-09 

0.6 1.000718044 1.000718182 1.37859E-07 

0.7 0.821750341 0.821750534 2.35071E-07 

0.8 0.599008700 0.599008976 4.61499E-07 

0.9 0.326880005 0.326880349 1.05164E-06 

1 0 0 0 

 

Table 3.2: Comparison between numerical and VIM solution (6th order approximation) for 𝑅 = 3.0, 𝛼 = 1.0, 𝑀 = 1.0 

and 𝐾 = 0.5 

  VIM Numerical error(VIM) 

0 1.565584808 1.565912389 0.000209195 

0.1 1.546491208 1.546806113 0.000203584 
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0.2 1.489685032 1.489962239 0.000186050 

0.3 1.396568461 1.396783903 0.000154242 

0.4 1.269409274 1.269540499 0.000103364 

0.5 1.111246883 1.111273709 0.000024139 

0.6 0.925777087 0.925682472 0.000102211 

0.7 0.717224766 0.716997432 0.000317063 

0.8 0.490205219 0.489853106 0.000718814 

0.9 0.249549207 0.249162974 0.001550120 

1 0 0 0 

 

The effects of the physical parameters on the flow behavior are demonstrated with the help 

of graphs below. The main focus of this study is to see the influence of magnetic parameter 

𝑀 and reciprocal of porosity parameter 𝐾 on the flow. Figures 3.2−3.5 shows the effects 

of magnetic parameter 𝑀 on axial velocity for different cases of suction/injection and 

expansion/contraction. Figure 3.2 shows that back flow appears in the case when expansion 

is combined with injection for fixed permeability. It can be seen that the increase in 

magnetic parameter M results in elimination of the back flow and the flow becomes 

smoother. 
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Figure 3.2: Effects of magnetic parameter on axial 

velocity for expansion/suction case 

 

Figure 3.3: Effects of magnetic parameter on axial 

velocity for expansion/injection case 

Figure 3.3 illustrates the influence of 𝑀 in case of expansion coupled with suction; flow 

near the center line is delayed, while near the walls there is a slight increase in axial velocity 

with increasing 𝑀. In Figure 3.4 and Figure 3.5, flow behavior is explained for the case of 

contraction, keeping the rest of the scheme similar to Figure 3.2 and Figure 3.3. It can be 

seen that there is no back flow for contractions and flow near the walls becomes rapid, 

while near the center of the channel velocity, it decreases. 

 

Figure 3.4 Effects of magnetic parameter on axial 

velocity for contraction/suction 

 

Figure 3.5 Effects of magnetic parameter on axial 

velocity for contraction/injection 

For Figures 3.3−3.5, permeability has been kept constant and a fixed value of reciprocal 

of porosity parameter 𝐾 has been used. However, in Figures 3.6–3.9, the influence of 𝐾 is 

demonstrated for fixed value of the magnetic parameter 𝑀. These show that the effects of 

𝑀 and 𝐾 on the flow are similar; increasing 𝐾 i.e. decreasing permeability, the flow is 

obstructed and it becomes smoother, and similar graphs are obtained as were in case of 

increasing 𝑀. 
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Figure 3.6: Effects of reciprocal of porosity parameter 

on axial velocity for expansion/suction 

 

Figure 3.7: Effects of reciprocal of porosity parameter 

on axial velocity for expansion/injection 

 

Figure 3.8: Effects of reciprocal of porosity parameter 

on axial velocity contraction/suction 

 

Figure 3.9: Effects of reciprocal of porosity parameter 

on axial velocity for contraction/injection 

3.5 Conclusions 

Flow of a viscous electrically conducting fluid in porous channel with expanding and 

contracting walls is considered. Conservation laws coupled with similarity transformations 

are used to obtain a highly nonlinear ordinary differential equation that is solved later by 

using Variational Iteration Method (VIM), Numerical results are also used to back our 

analytical conclusions and both show very good agreement. The influence of magnetic and 

permeability factors are discussed with the help of graphs and it is concluded that by 

increasing the intensity of magnetic parameter and deceasing permeability, flow is 

obstructed and in case where back flow emerges, this phenomenon eliminates it and a 

smoother flow is obtained.  
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Chapter 4 Flows in Dilating and Squeezing 

Channel involving Nano-Fluids 



64 

 

4.1 MHD Nanofluid Flow through a Deformable Asymmetric Porous 
Channel 

4.1.1 Motivation 

The physical models, based on the flows through deformable porous domains, play a very 

pivotal role in describing some of the very important physical problems, which include 

certain industrial as well as biological situations. Regularly dispersed irrigation, filling 

machines, bio-fluid transportation in living organisms, manufacturing process of sheets and 

papers, propellant combustion, and industrial cleansing systems are a few examples of such 

situations. 

A large number of scientists have put their worthy efforts to study these kinds of flows and 

several research studies are available casting light on the different aspects of these models. 

Researchers [11, 13, 54] investigated the two-dimensional unsteady viscous flow between 

slowly expanding/contracting channel with weak permeability. They figured out the 

similarity transforms, both in time and space to reduce the governing equations to nonlinear 

ordinary differential equation. Later they attempted to solve consequent differentia l 

equation using double perturbation method. In 2007 Boutros with his colleagues [18] 

derived the same equation using Lie group symmetry analysis that again was solved using 

double perturbation method. Recently, a number of articles got published dealing with the 

same problem but taking care of different rheological and physical generalizations of the 

flow [73, 38]. 

In modern science it has been established that adding an appropriate amount of nano-sized 

particles to the fluids may enhance their thermal characteristics. The fluids that are 

generally poor conductors of heat can be made relatively good conductors by adding these 

tinier particles. The term nanofluids was primary used by Choi et al. [74, 75], where they 

termed the mixture of ordinary fluid and the nano-sized particles as a nanofluid. It has been 

shown in their study that a minor addition of nanoparticles can double the heat transfer in 

ordinary liquids. This innovative technique is widely used nowadays. Its applications are 

almost everywhere, from physical to biological sciences, and industry to medicines. Due 

to its significant application, it has been a subject of interest of many recent research 
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activities. Some of the studies are mentioned in [39, 76, 77, 78, 79, 80, 81]. In a very recent 

study, S. Srinivas et al. [82] presented the hydromagnetic flow of a nano-fluid in a porous 

channel with expanding or contracting walls. The walls are assumed to have an equal 

permeability and to deform at a uniform rate. These assumptions lead us to a symmetr ic 

channel and the flow characteristics inside that symmetric channel has been discussed in 

detail by the mentioned worthy authors. However, in many practical situations, the 

permeability of the walls may be different from each other, and to analyze this, we have to 

consider an asymmetric nature of the channel. Some studies have been done to analyze the 

flow of different types of fluids in asymmetric channel with deformable porous walls [31, 

83, 84].  

To the best of our knowledge, no one has ever attempted to study the magneto-

hydrodynamic flow of a nanofluid in an asymmetric channel with expanding/contrac t ing 

permeable walls. Due the particle significance, it would be worth it to study the flow in an 

asymmetric channel. To serve this purpose, we present this study which deals with the 

MHD flow of a nanofluid in a channel where the walls are deforming at a uniform rate and 

bear different permeability. A numerical solution is obtained by using a widely used 

technique known as Runge-Kutta-Fehlberg method. The method has been used as a 

solution tool in most several recent studies [85, 86]. The way, in which the flow is 

influenced by the parameters involved is highlighted with the help of graphs and associated 

discussions. It is concluded that the flow behavior is quite different from the one presented 

for a symmetric channel in a very recent study [82]. 

4.1.2 Mathematical Analysis 

The aim of this study is to analyze the flow of an electrically conducting nano-fluid through 

deformable domains having a pair of penetrable walls. The fluid may go in or out through 

the permeable walls during the succeeding deformations. The foremost end of the container 

is sealed with an impermeable but flexible sheath that synchronizes the movement of the 

walls. The other end of the container is left open, and to neglect any effects on this end, the 

length of the channel is assumed to be infinite. This supposition is in accordance with [54] 

and some others that follow. The length and the width of the channel are assumed to be 
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very large as compared to its height (2ℎ). It permits us to restrict ourselves to a semi 

domain and its cross-sectional sketch is shown in the following figure. 

 

Figure 4.1 Cross sectional sketch of the problem 

The permeability of the upper wall is dissimilar to the permeability of the lower wall and 

the walls are assumed to move up and down uniformly at a time reliant rate ℎ̇ (=
𝑑ℎ

𝑑𝑡
). The 

center of the foremost side of the channel is taken as the origin as declared in the above 

sketch. 𝜃 denotes the temperature, while C is used to represent the nano-particles 

concentration. The subscripts 𝑢 and 𝑙 in the figure correspond to the upper and lower wall 

respectively. A constant magnetic field of strength 𝛽 is applied orthogonal to the walls. It 

is assumed that no other external magnetic field is present and the induced magnetic forces 

are negligible. The governing equations are formulated in such a way that they take 

Buongiorno’s model [39] into consideration. In this model, the thermal conductivity and 

the viscosity are taken to be constant. The feature that makes Buongiorno’s model distinct 

from the other models of nano-fluids, is the consideration of Brownian motion and the 

thermophoresis effects. The governing equations of the flow abiding the aforementioned 

constraints are as follows: 
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𝜕�̆�

𝜕𝑥
+
𝜕𝑣

𝜕𝑦
= 0, . (4.1) 

∂�̆�

∂𝑡
+ �̆�

∂𝑢

∂𝑥
+ �̆�

∂�̆�

∂𝑦
= −

1

𝜌𝑓
(
∂𝑝

∂𝑥
+𝜎𝛽2 �̆�) + 𝜐 (

∂2�̆�

∂𝑥2
+
∂2�̆�

∂𝑦2
),. (4.2) 

𝜕𝑣

𝜕𝑡
+ �̆�

𝜕𝑣

𝜕𝑥
+ �̆�

𝜕𝑣

𝜕𝑦
= −

1

𝜌𝑓

𝜕𝑝

𝜕𝑦
+ 𝜐 (

𝜕2𝑣

𝜕𝑥2
+
𝜕2𝑣

𝜕𝑦2
). (4.3) 

∂�̆�

∂𝑡
+ �̆�

∂�̆�

∂𝑥
+ �̆�

∂�̆�

∂𝑦
=

𝜅 (
∂2�̆�

∂𝑥2
+
∂2�̆�

∂𝑦2
) + 𝜏 [𝐷𝐵 (

∂�̆�

∂𝑥
 
∂𝐶

∂𝑥
+
∂�̆�

∂𝑦
 
∂𝐶

∂𝑦
) +

𝐷𝑇

�̆�𝑀
{(
∂�̆�

∂𝑥
)
2

+ (
∂�̆�

∂𝑦
)
2

}]
  

 

(4.4) 

∂𝐶

∂𝑡
+ �̆�

∂𝐶

∂𝑥
+ �̆�

∂𝐶

∂𝑦
= 𝐷𝐵 (

∂2𝐶

∂𝑥2
+
∂2𝐶

∂𝑦2
) −

𝐷𝑇

�̆�𝑀
(
∂2�̆�

∂𝑥2
+
∂2�̆�

∂𝑦2
). (4.5) 

�̆� and �̆� in the above equations are the horizontal and vertical velocity components, 

respectively. 𝑝 denotes the pressure, 𝜌𝑓  is the density of the base fluid and 𝜐 is the 

kinematic viscosity. Further, the temperature, time, thermal diffusivity, electrical 

conductivity, and concentration of the nanoparticles, respectively, are symbolized 

by 𝜃, 𝑡, 𝜅, 𝜎, and 𝐶. The coefficients of Brownian and thermophoretic diffusions are 𝐷𝐵 and 

𝐷𝑇, respectively. 𝜃𝑀  is the mean temperature and 𝜏 = (𝜌𝑐)𝑝  / (𝜌𝑐)𝑓, where, (𝜌𝑐)𝑝is the 

effective volumetric heat capacity of the nanoparticles, and (𝜌𝑐)𝑝, is the fluid’s heat 

volumetric heat capacity. 

Suitable boundary conditions for the problem are as follows: 

�̆� = 0;  �̆� = −𝑣𝑙 = −𝐴𝑙ℎ̇;  𝜃 = 𝜃𝑙;  𝐶 = 𝐶𝑙  𝑎𝑡 �̆� = −ℎ(𝑡), (4.6) 

�̆� = 0;  �̆� = −𝑣𝑢 = −𝐴𝑢 ℎ̇; 𝜃 = 𝜃𝑢;  𝐶 = 𝐶𝑢 𝑎𝑡 �̆� = ℎ(𝑡), (4.7) 

where 𝐴𝑙 = 𝑣𝑙/ℎ̇ and 𝐴𝑢 = 𝑣𝑢/ℎ̇ are the measures of the permeability of the lower and 

upper wall respectively. At the lower wall, the temperature and concentration are taken to 

be higher as compared to the upper wall, i.e. 𝜃𝑙 > 𝜃𝑢 and 𝐶𝑙 > 𝐶𝑢. 
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We can reduce Eqs. (4.2) and (4.3) by eliminating the pressure terms. Further, utilizing Eq. 

(4.1) and introducing vorticity 𝜔, we get 

𝜕�̆�

𝜕𝑡
+ �̆�

𝜕�̆�

𝜕𝑥̅
+ �̆�

𝜕�̆�

𝜕𝑦
= 𝜐 (

𝜕2�̆�

𝜕𝑥2
+
𝜕2�̆�

𝜕𝑦2
) −

𝜎�̆�2

𝜌

𝜕�̆�

𝜕𝑦
, (4.8) 

with 𝜔 =
∂𝑣

∂𝑥
−
∂�̆�

∂𝑦
. 

A similarity solution with respect to �̆� can be obtained by using the conservation of mass 

[3-5] as follows 

𝜁 =
𝑦

ℎ
, �̆� = 𝜐�̆�ℎ−2 �̆�𝜁 , �̆� = −𝜐ℎ

−1�̆�(𝜁, 𝑡) , (4.9) 

where �̆�𝜁 represents 
∂𝐹

∂𝜁
. 

 Eq. (4.9) transforms the vorticity equation to 

𝜔 = −𝜐�̆�ℎ−3�̆�𝜁𝜁. (4.10) 

Putting Eq. (4.10) in Eq. (4.8) gives 

�̆�𝜁𝜁𝜁𝜁 + 𝛼(3�̆�𝜁𝜁 + 𝑦�̆�𝜁𝜁𝜁 )− �̆�𝜁 �̆�𝜁𝜁 + �̆� �̆�𝜁𝜁𝜁 −
ℎ2

𝜐
(�̆�𝜁𝜁𝑡 +

𝜎�̆�2

𝜌
�̆�𝜁𝜁) = 0, (4.11) 

where 𝛼 =
ℎℎ̇

𝜐
, is the non-dimensional wall deformation rate and its positive values 

correspond to expansion of the channel. 

 Following the footsteps marked by [13] and [17], one can achieve a similarity solution in 

time; which in result, vanishes the term �̆�𝜁𝜁𝑡  by setting 𝛼 to be a quasi-constant or a constant 

in time. 

The part of boundary condition related to the velocity profile in Eqs. (4.6) and (4.7) also 

gets transformed to 
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�̆�(−1,𝑡) = 𝑅𝑙;  �̆�𝜁 (−1,𝑡) = �̆�𝜁(1,𝑡) = 0, �̆�(1,𝑡) = 𝑅, (4.12) 

where 𝑅𝑙 = −𝑣𝑙ℎ/𝜐, is the permeation Reynolds number associated to the lower wall, 

while 𝑅 = 𝑣𝑢ℎ/𝜐, is the one associated to the upper wall. Their positive values correspond 

to the injection. 

The following normalizing parameters are used to get a non-dimensional form of the 

velocity profile.  

�̃� =
�̆�

ℎ̇
, �̃� =

𝑣

ℎ̇
, �̃� =

𝑥

ℎ
, �̃� =

𝐹

𝑅
,   

Hence one can get 

�̃�(𝑖𝑣) +𝛼(𝜁 �̃�′′′ + 3�̃�′′) + 𝑅(�̃��̃�′′′ − �̃�′�̃�′′) +𝑀�̃�′′ = 0, (4.13) 

with the following non-dimensional boundary conditions 

�̃�(−1) = 𝐴; �̃�′(−1) = �̃�′(1) = 0; �̃�(1) = 1, (4.14) 

where 𝐴 = −𝑣𝑙/𝑣𝑢, and the primes denote the differentiation with respect to 𝜁. 

 Further 𝑀 =
ℎ2𝜎�̆�2

𝜇
 is the square of Hartman number. 

The similarity relations that transform the energy and nanoparticle concentration equations 

are given as [82] 

𝜃 = 𝜃𝑢 + (𝜃𝑙 − 𝜃𝑢)𝜃(𝜁), (4.15) 

𝐶 = 𝐶𝑢 + (𝐶𝑙 −𝐶𝑢)𝜙(𝜁). (4.16) 

By consuming Eqs. (4.15) and (4.16) into Eqs. (4.4) and (4.5), we get a simplified form of 

the governing equations associated to the temperature and concentration profiles. The said 

form can be made non-dimensional by using 𝜃 =
�̆�−�̆�𝑢

�̆�𝑙−�̆�𝑢
 and 𝜙 =

𝐶−𝐶𝑢

𝐶𝑙−𝐶𝑢
. The substitut ion 
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leads us to the following dimensionless equations for the temperature and concentration 

distributions. 

𝜃′′ + Pr(𝜁𝛼 + 𝑅�̃� +𝑁𝑏𝜙′+ 𝑁𝑡𝜃′)𝜃′ = 0, (4.17) 

𝜙′′ + 𝐿𝑒(𝜁𝛼 + 𝑅�̃�)𝜙′ +
𝑁𝑡

𝑁𝑏
𝜃′′ = 0. (4.18) 

The aiding conditions become 

𝜃(−1) =  𝜙(−1) = 1;
𝜃(+1)  = 𝜙(+1)  = 0.

  
(4.19) 

Pr, appearing in Eq. (4.17) denotes Prandtl number, 𝑁𝑏 (= 𝜏
𝐶−𝐶𝑢

𝜐
𝐷𝐵) is Brownian motion 

parameter and 𝑁𝑡 (= 𝜏
�̆�−�̆�𝑢

�̆�𝑀𝜐
𝐷𝑇) is thermophoresis parameter. Moreover,  𝐿𝑒(=

𝜐

𝐷𝐵
) 

appearing in Eq. (4.18) is Lewis number.  

The dimensionless rate of heat and mass transfer at the walls is formally represented as 

Nusselt (𝑁𝑢) and Sherwood (𝑆ℎ)numbers, respectively. The mathematical expressions for 

the said numbers are as follows. 

At the upper wall: 

𝑁𝑢 = −𝜃′(1);  𝑆ℎ = −𝜙′(1).   

At the lower wall: 

𝑁𝑢 = −𝜃′(−1);  𝑆ℎ = −𝜙′(−1).   

4.1.3 Solution of the Problem 

The solution is obtained by using a well-known numerical routine, Runge-Kutta-Fehlberg 

(RKF) method. In many recent studies, the said method has been applied successfully and 

its effectiveness has been shown. To apply the numerical method, first, shooting technique 

has been used to convert the boundary value problem to the corresponding initial value 
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problem. The resulting nonlinear initial value problem is then solved by employing RKF 

algorithm. A mathematical software, Maple 2015, has been used to obtain the numerica l 

solutions. The tolerance level used is 10−7. 

4.1.4 Results and Discussion 

The core aim of this analysis is to see the influence of involved physical parameters on the 

temperature and nanoparticle concentration profiles. For the said objective, we present this 

section. Assigning some suitable numerical values to the involved parameters, we can get 

a graphical overview of the flow, which enables us to see and analyze certain properties of 

the fluid flow. The figures to follow are dedicated to show the variations in non-

dimensional temperature (𝜃(𝜁)) and nanoparticle concentration (𝜙(𝜁)) profiles. 

For the sake of the discussion to follow, the value of magnetic parameter 𝑀 is taken to be 

2, unless stated otherwise. The manner in which Brownian motion parameter 𝑁𝑏 and 

thermophoresis parameter 𝑁𝑡 influence the temperature profile is illustrated in Figures. 

4.2− 4.5. It is evident from Figure 4.2 and Figure 4.3 that the temperature distribution rises 

with the increasing values of 𝑁𝑏 for injection, combined with contraction and expansion, 

respectively. It is due to an upsurge in Brownian motion of the nanoparticles from the lower 

wall to the fluid; it increases the flow of energy and in a result an upswing in the 

temperature is observed. An identical behavior of the temperature distribution, for 

varying 𝑁𝑡 can be seen in the next two figures. It is noticeable that the variation in 

temperature is almost negligible near the upper wall as expected. 

 

Figure 4.2: Temperature profile for 𝑁𝑏 varying 
 𝛼 < 0,𝑅 > 0  

 

Figure 4.3: Temperature profile for 𝑁𝑏 varying 
 𝛼 > 0,𝑅 > 0. 
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Figure 4.4: Temperature profile for 𝑁𝑡 varying 
 𝛼 < 0,𝑅 > 0 

 

Figure 4.5: Temperature profile for 𝑁𝑡 varying 
𝛼 > 0,𝑅 > 0 

The pictorial results portraying the impact of Prandtl number on the temperature profile are 

displayed in Figure 4.6 and Figure 4.7. Several values of Prandtl numbers (i.e. 𝑃𝑟=0.015, 

4.5, 6.2, 7.2, representing mercury, R-12 refrigerant, pure water, and sea water at 20o C, 

respectively) are taken to examine the said influences. It can be observed for contraction 

combined with injection that an increase in 𝑃𝑟 results in a decreased temperature 

distribution (see Figure 4.6). On the other hand, for the expansion/injection case, rising 

values of 𝑃𝑟 increase the temperature distribution in almost the entire lower half of the 

channel, while in the upper half the phenomenon is quite reversed (see Figure 4.7). 

 

Figure 4.6: Temperature profile for 𝑃𝑟 varying 
 𝛼 < 0,𝑅 > 0 

 

Figure 4.7: Temperature profile for 𝑃𝑟 varying 
 𝛼 > 0,𝑅 > 0 

The effects of magnetic number 𝑀 on the temperature and nanoparticle concentration 

distributions are displayed in Figure 4.8 and Figure 4.9, respectively. It is apparent that the 

temperature drops near the lower wall as the magnetic number increases, while near the 

upper wall a slight rise in the temperature can clearly be seen from the inset display 
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associated to Figure 4.8. A similar behavior can be seen for the nanoparticle concentration 

following the increasing values of 𝑀 (see Figure 4.9), these observations are made for the 

expansion/injection case.  

 

Figure 4.8: Temperature profile for 𝑀 varying 

𝛼 > 0,𝑅 > 0 

 

Figure 4.9: Concentration profile for 𝑀 varying 

𝛼 > 0,𝑅 > 0 

The impact of permeability parameter 𝐴 on the temperature and concentration profiles for 

expanding and injecting channels is portrayed in Figure 4.10. Both the profiles are found 

to be increasing functions of absolute values of 𝐴. A similar behavior, but with more 

prominent deviations are evident for the contracting and injecting channel from Figure 

4.11. It can be concluded that the permeability parameter arising due to the asymmetry of 

the channel is affecting the flow behavior quite significantly. 

 

Figure 4.10: Temperature and concentration profiles for 

𝐴 varying 𝛼 > 0,𝑅 > 0. 

 

Figure 4.11: Temperature and concentration profiles for 

𝐴 varying 𝛼 < 0,𝑅 > 0. 

The variations in 𝜙(𝜁) for changing physical parameters 𝑁𝑏,𝑁𝑡 and Lewis number 𝐿𝑒 are 

shown in Figures 4.12 − 4.15. It is clear from Figure 4.12 that the case where contraction 
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is coupled with injection, the nanoparticle concentration drops throughout the channel with 

increasing values of 𝑁𝑏. The fall in concentration looks more prominent near the lower 

wall. The spread of nanoparticles due to the effective Brownian motion is perhaps the 

reason for this fall in concentration. However, the case where injection is combined with 

expansion (Figure 4.13), the concentration of the nanoparticles rise near the lower wall, 

while again a drop in concentration near the upper wall is observed. It is also worth 

mentioning that with the increasing values of 𝑁𝑏, the graph curves exhibit less oscilla tory 

behavior. Figure 4.14 and Figure 4.15 visibly indicate that the behavior of concentration 

for increasing 𝑁𝑡 is exactly an opposite of the one discussed in the start of this paragraphs 

for rising 𝑁𝑏. 

. 

 

Figure 4.12: Concentration profile for 𝑁𝑏 varying 
𝛼 < 0,𝑅 > 0 

 

Figure 4.13: Concentration profile for 𝑁𝑏 varying 
𝛼 > 0,𝑅 > 0 

 

 

Figure 4.14: Concentration profile for 𝑁𝑡 varying 
𝛼 < 0,𝑅 > 0 

 

Figure 4.15: Concentration profile for 𝑁𝑡 varying 
𝛼 > 0,𝑅 > 0 
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The influence of 𝐿𝑒 on the nanoparticle concentration for the case of contraction and 

expansion accompanied by injection is portrayed in Figure 4.16 and Figure 4.17, 

respectively. From both figures, one can easily conclude that the Lewis number affects the 

concentration of nanoparticle in a similar manner as the Brownian motion parameter does. 

However, the effects are more influential in the case of 𝐿𝑒. 

 

Figure 4.16: Concentration profile for 𝐿𝑒 varying 
𝛼 < 0,𝑅 > 0 

 

Figure 4.17: Concentration profile for 𝐿𝑒 varying 
𝛼 > 0,𝑅 > 0 

The next couple of paragraphs are dedicated to capture the variations in Nusselt (𝑁𝑢) and 

Sherwood (𝑆ℎ) numbers due to the changing parameters. The non-dimensional form of the 

said numbers at the lower and upper walls is plotted against the thermophoresis parameter 

in the figures to follow. Figure 4.18 describes the changes in 𝑁𝑢 due to increasing values 

of 𝑁𝑡 and 𝑀. At the lower wall, the values of 𝑁𝑢 appear to be a decreasing function of 

magnetic as well as the thermophoresis parameter. However, at the upper wall 𝑁𝑡 increase 

the values of 𝑁𝑢. Figure 4.19 displays the combined effects of growing 𝑁𝑏 and 𝑁𝑡 on 

Nusselt number at both walls. The picture at the left shows Nusselt number to be directly 

proportional to both 𝑁𝑡 and 𝑁𝑏 at the upper wall. However, at the lower wall, an inverse 

variation is evident from the right part of the same figure. 
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Figure 4.18: Nusselt number for 𝑀 varying 𝛼 < 0,𝑅 < 0. 

 
Figure 4.19: Nusselt number for 𝑁𝑏 varying 𝛼 < 0,𝑅 < 0. 

The upshots of varying permeability parameter 𝐴 on Nusselt number are displayed in 

Figure 4.20. It is clearly visible that Nusselt number shows a growing tendency for 

increasing 𝑁𝑡 at the upper wall; however, at the lower wall it decreases with rising 𝑁𝑡. It 

is also shown in the same figure that the variation in 𝑁𝑢, due to deceasing values of 𝐴, is 

direct at the upper wall. On the other hand, the phenomenon is reversed at the lower wall 

and an increasing behavior in 𝑁𝑢 is observed for decreasing permeability parameter 𝐴. 
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Figure 4.20: Nusselt number for 𝐴 varying 𝛼 < 0,𝑅 < 0 

Figure 4.21 is drawn to display the effects of 𝑁𝑡 and 𝑁𝑏 on Sherwood number. As the 

thermophoresis parameter increases, a decline in 𝑆ℎ at upper wall is observed, while at the 

lower wall, 𝑆ℎ tends to incline with the increasing values of 𝑁𝑏. An exact opposite 

behavior of 𝑆ℎ can be viewed for increasing Brownian motion parameter from the same 

graph, i.e. an increase in Sherwood number at the upper wall and a decrease in the same 

number at the lower wall. 

 
Figure 4.21: Sherwood number for 𝑁𝑏 varying 𝛼 < 0,𝑅 < 0 

Figure 4.22 and Figure 4.23 portray the changes occurring in 𝑆ℎ due to 𝐿𝑒 and 𝐴, 

respectively. The graphs are again plotted against the thermophoresis parameter. Sherwood 

number shows a similar influence at the lower and upper wall under altering Lewis number. 

An increasing trend is evident in 𝑆ℎ for increasing values of 𝐿𝑒. It is also noticeable that 
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the values of 𝑆ℎ fall with rising 𝑁𝑡 at the upper walls, and at the lower wall an opposite 

behavior is evident. Some significant impacts of the permeability parameter on Sherwood 

number are shown in Figure 4.23. 

Decreasing the values of 𝐴 makes 𝑆ℎ to rise at both walls, it is worth noting that for lower 

values of 𝑁𝑡, the permeability parameter does not affect 𝑆ℎ much at the upper wall. Also, 

at 𝜁 = 1 an inverse relation between 𝑆ℎ and 𝑁𝑡 is visible. At 𝜁 = −1 the same relation is 

direct and 𝑆ℎ is found to be an increasing function of 𝑁𝑡. 

 
Figure 4.22: Sherwood number for 𝐿𝑒 varying 𝛼 < 0,𝑅 < 0 

 

 
Figure 4.23: Sherwood number for 𝐴 varying 𝛼 < 0,𝑅 < 0. 
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4.1.5 Conclusions 

The flow of a nanofluid through a deformable asymmetric channel composed of porous 

parallel walls has been analyzed. After the formulation an effective numerical scheme has 

been utilized to find the solution of resulting equations. The following outcomes may be 

established on the basis of analysis done above: 

 Dissimilar permeability of the upper and lower walls result in an asymmetric nature 

of the flow and it affects the flow behavior very significantly. 

 Heat transfer rate at the upper wall decreases with the increasing absolute values of 

permeability parameter. At the lower wall, the same rate increases. 

 Increment in absolute values of permeability parameter results in enhanced mass 

transfer rate at both the walls. 

 It is also concluded that the rise in absolute values of permeability parameter boosts 

the temperature and concentration profiles. 

  The temperature profile increases for the rising values of thermophoresis and 

Brownian motion parameters. 

 For the contracting and injecting channel, the concentration falls with increasing 

Lewis number and Brownian motion parameter, while it rises with the increasing 

values of thermophoresis parameter. 

 An upsurge in magnetic parameter results in a lower heat transfer rate at the walls. 

 Rate of mass transfer increases at the walls with increasing Lewis number. For 

Brownian motion parameter, a fall in mass transfer rate is observed at the upper wall. 

4.2 Flow and heat transfer of nanofluid in an asymmetric channel with 

expanding and contracting walls suspended by carbon nanotubes: 
A Numerical investigation 

 

4.2.1 Motivation 

Some physical and biological conditions are related to the channels with expanding and 

contracting walls. Cleansing chambers in industries, aerospace engineering, respiratory 

system in organisms, filling machines, coolant circulation and inter-body fluid 

transportation are some of these conditions. As a result of these applications, scientists are 
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eager to evaluate the problems related to these types of flows. Several studies exist that 

cast light on various aspects of the flows through channels with dilating/squeezing walls. 

A brief historical background of these studies has been provided in the preamble of this 

paper.  

To improve the thermal and physical properties of poor conducting fluids like water, 

kerosene oil and glycol, nanotechnology has revealed some ways. By using nano-scaled 

metal particles, the properties like conduction can be enhanced. These improvements can 

lead to a better, and more advanced mechanical and thermal system. This technology is 

used in engineering as well as medical sciences. It is also used in mechanical and electrical 

equipment. Not long ago, various mathematical models have been applied to study the 

properties, and the effects of these tiny scaled particles on regular conditions. The idea of 

adding macro-micro sized metal particles to the fluids/coolants, which are inherently poor 

conductors of heat transfer, was presented by Maxwell [87]. Thereafter, different 

theoretical models were provided, such as Hamilton-Crosser [88] and Wasp [89] models. 

Due to some shortcomings, the use of macro-micro sized particles could not retain much 

interest. However, after the discovery of nanoparticles, the idea got some attention from 

scientist again. Choi [74, 75], started the seminal work and gave nanoparticle suspension 

the term “nanofluid”. Thereafter, Buongiorno [39] proposed a more general model, taking 

the Brownian and thermophoresis motion effects into consideration.  

The use of nanoparticle suspension in fluids was given substantial attention because of the 

practical benefits; high mobility, large surface area, and less particle momentum, which are 

some of the benefits. So far, conduction in engine oil can be increased up to 20,000 times 

at room temperature by using multi-walled carbon nanotubes MWCNTs [90]. The tiny size 

of nanoparticles makes them an appropriate option for making clog free suspensions. 

Because of their size, they also have a lesser impact momentum on channel’s wall, which 

reduces the probability of erosion occurrence [91]. 

Iijima [92] offered an option of nanoparticles based on carbon nanotubes CNTS to be used 

in different devices such as solar cells and ultra-capacitors. Furthermore, CNTs can be 

shared into different groups, based on their structural qualities. The two groups are single-

walled and multi-walled carbon nanotubes (SWCNTs and MWCNTs). 
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As far as we know, no one has tried to model the use of CNTs in a channel with dilating 

and squeezing permeable walls. Due to the practical importance, this study could be of 

unique value. We present this work to analyze the flow of CNTs/water based nanofluid 

through a rectangular channel with permeable walls. After we obtained the system of 

ordinary differential equations governing the flow and heat transfer, two numerica l 

schemes were used to attain the solution. One of the numerical schemes is Galerkin’s finite 

element method [GM] and the other is Runge-Kutta-Fehlberg [RKF] method. Both the 

numerical schemes have been used to solve several abstract problems. Both the single and 

multi-walled carbon nanotubes have been used in the theoretical model. The effects of 

CNTs on the flow and heat transfer are captured in Subsection 4.2.4. Graphical results have 

been provided along with extensive discussions. In the final section, the summary of the 

observations is presented with the help of bullet points. 

4.2.2 Mathematical Exploration 

The flow of a nanofluid confined in a rectangular channel of infinite length has been 

considered. We have derived the composition of the nanofluid by addition of carbon 

nanotubes (CNTs) to the base fluid (water). The channel is assumed to be smaller in height 

as compared to the length and width. A cross sectional sketch of the geometry is shown in 

Figure 4.24. 

 
Figure 4.24 Cross-sectional view of the geometry 



82 

the leading end of the channel is covered by a flexible but impenetrable membrane; while 

the other end of the channel is not covered and fluid is allowed to flows through it 

unhindered. The permeable walls aid the fluid to move into or exit the channel during 

successive dilations or contraction in height of the channel. The initial height of the channel 

is 2 ℎ(𝑡). 

The center of the head end has been taken as the origin as shown in Fig. 1. An embracing 

or parting motion is exhibited at a uniform rate ℎ̇ =
𝑑ℎ

𝑑𝑡
 by the lower and upper wall. In 

above figure, the subscripts 𝑙 and 𝑢 signify the traits associated with the lower and upper 

walls, respectively. �̆� denotes temperature and is taken to be higher at the lower wall. 𝐴𝑙 , 

𝐴𝑢 (𝐴𝑙 ≠ 𝐴𝑢) is the permeability of the walls at �̆� = −ℎ(𝑡) and �̆� = ℎ(𝑡) respective ly. 

The above-mentioned assumptions aid us to write the laws of conservation of mass, 

momentum and energy in the following mathematical form: 

𝜕𝑢

𝜕𝑥
+
𝜕�̆�

𝜕�̆�
= 0,  (4.20) 

𝜕𝑢

𝜕𝑡
+ �̆�

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕�̆�
= −

1

�̆�𝑛𝑓

𝜕𝑝

𝜕𝑥
+
𝜇𝑛𝑓

𝜌𝑛𝑓
(∇2�̆�), (4.21) 

𝜕�̆�

𝜕𝑡
+ �̆�

𝜕�̆�

𝜕𝑥
+ 𝑣

𝜕�̆�

𝜕�̆�
= −

1

�̆�𝑛𝑓

𝜕𝑝

𝜕�̆�
+
𝜇𝑛𝑓

�̆�𝑛𝑓
(∇2𝑣), (4.22) 

𝜕𝑇

𝜕𝑡
+ �̆�

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕�̆�
= −𝛽𝑛𝑓(∇

2�̆�), 
(4.23) 

where ∇= ( 𝜕
𝜕�̆�
+ 𝜕

𝜕�̆�
) and ∇2= (

𝜕2

𝜕𝑥2
+

𝜕2

𝜕�̆�2
). The horizontal and vertical components of 

the velocity are denoted by �̆� and 𝑣 respectively. 𝜌𝑛𝑓  and 𝜇𝑛𝑓  signify the effective density 

and dynamic viscosity of the nanofluid. 𝑝 is the pressure and 𝛽𝑛𝑓 = 𝑘𝑛𝑓/(�̆�𝐶𝑝)𝑛𝑓. 

Moreover, 𝑘𝑛𝑓  represents the effective thermal conductivity and (𝜌𝐶𝑝)𝑛𝑓
 is the effective 
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volumetric specific heat under constant pressure. The necessary expressiona l 

representation of some of the terms involved is shown below. 

�̆�
𝑛𝑓
= (1 −𝜙)�̆�

𝑓
+𝜙𝜌𝐶𝑁𝑇 , 𝜐𝑛𝑓 =

𝜇𝑛𝑓

�̆�
𝑛𝑓

, 𝜇𝑛𝑓 =
𝜇𝑓

(1−𝜙)5/2
 , 𝛽𝑓 = 𝑘𝑓/(�̆�𝐶𝑝)𝑓 , and 

(𝜌𝐶𝑃)𝑛𝑓 = (1 − 𝜙 )(𝜌 𝐶𝑝  )𝑓
+𝜙(𝜌 𝐶𝑝  )𝐶𝑁𝑇

, 

where 𝜙 denotes the nanoparticles volume fraction and 𝜇𝑓  is the dynamic viscosity of 

water. The appropriate auxiliary conditions for the problem are as follows 

�̆� = 0; �̆� = −𝑣𝑙 = −𝐴𝑙  ℎ̇; �̆�=�̆�𝑙  at �̆� = −ℎ(𝑡),. (4.24) 

�̆� = 0; �̆� = −𝑣𝑢 = −𝐴𝑢 ℎ̇; �̆�=�̆�𝑢 at �̆� = +ℎ(𝑡), (4.25) 

here, 𝐴𝑙, 𝐴𝑢 denote the permeability of lower and upper walls, respectively. 

Using the idea of conservation of mass, the following transform can be established [13]: 

𝜁 = �̆�/ℎ , �̆� = 𝜐𝑓 �̆�ℎ
−2�̆�𝜁 , �̆� = −𝜐𝑓  ℎ

−1�̆�(𝜁, 𝑡), (4.26) 

where, the subscript 𝜁 represents the differentiation w. r .t the similarity variable 𝜁. By 

means of Eq. (4.26) and the elimination of pressure terms, we can obtain a single equation 

out of Eqs. (4.20)−(4.22) as follows: 

�̆�𝜁𝜁𝜁𝜁 +
𝜐𝑓

𝜐𝑛𝑓
{𝛼(3�̆�𝜁𝜁 + 𝜁�̆�𝜁𝜁𝜁 )− �̆�𝜁 �̆�𝜁𝜁+ �̆��̆�𝜁𝜁𝜁} −

ℎ2

𝜐𝑛𝑓
(�̆�𝜁𝜁𝑡) = 0, (4.27) 

where, 𝛼 =
ℎℎ̇

𝜐𝑓
 is the wall deformation rate and dilating channel has a positive value of 𝛼. 

By adhering to the guidelines presented by [13]; a similarity solution in time can be attained 

by taking 𝛼 to be uniform in time. As a result, the term �̆�𝜁𝜁𝑡 vanishes. Besides, the init ia l 

height and expansion rate of the channel can be used to set the value of 𝛼. 

The velocity boundary conditions (see Eqs. (4.24) and (4.25)) also get transformed to 
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�̆�(−1,𝑡) = 𝑅𝑙 , �̆�𝜁 (−1,𝑡) = �̆�𝜁 (1,𝑡) = 0 , �̆�(1, 𝑡) = 𝑅, (4.28) 

where, the terms 𝑅𝑙 =
𝑣𝑙ℎ

𝜐
 and 𝑅 =

𝑣𝑢ℎ

𝜐
 denote the permeation Reynolds number at the 

lower and upper wall, respectively. For injection, their value is taken to be positive. 

The velocity can be made dimensionless by using the following scale variables 

�̿� =
�̆�

ℎ̇
, �̿� =

𝑣

ℎ̇
, �̿� =

𝑥

ℎ
, 𝐹 =

𝐹

𝑅
.   

Using the above variables in Eq. (4.27), we get a dimensionless equation for velocity as 

follows 

𝐹(𝑖𝑣) + (1 − 𝜙+ 𝜙
𝜌𝐶𝑁𝑇
𝜌
𝑓

)(1 − 𝜙)2.5{𝛼(𝜁𝐹 ′′′+ 3𝐹′′) + 𝑅(𝐹𝐹 ′′′ −𝐹 ′  𝐹′′)}, (4.29) 

The dimensionless boundary conditions for the velocity are 

𝐹(−1) = 𝐴, 𝐹 ′(−1) = 𝐹 ′(1) = 0, 𝐹(1) = 1, (4.30) 

where the differentiation with respect to 𝜁 is denoted by primes and 𝐴 =
𝑣𝑙

𝑣𝑢
 is the 

permeability parameter. 

For energy equation (Eq. (4.23)), the following similarity transform can be used 

�̆� = �̆�𝑢 + (�̆�𝑙 − �̆�𝑢)𝜃(𝜁), (4.31) 

which in result, gives us the following ordinary differential equation 

𝑘𝑛𝑓

𝑘𝑓
𝜃 ′′ + ((1 − 𝜙) + 𝜙

(𝜌𝐶𝑝)𝐶𝑁𝑇

(𝜌𝐶𝑝)𝑓

) 𝑃𝑟(𝛼𝜂 + 𝑅𝐹)𝜃 ′ = 0. 
(4.32) 

The auxiliary conditions become 
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𝜃(−1) = 1, 𝜃(1) = 0, (4.33) 

Pr =
𝛽𝑓

𝜐𝑓
 denotes Prandtl number and 

𝑘𝑛𝑓

𝑘𝑓
=

1−𝜙+2𝜙(
𝑘𝐶𝑁𝑇

𝑘𝐶𝑁𝑇−𝑘𝑓
) ln(

𝑘𝐶𝑁𝑇+𝑘𝑓

2𝑘𝑓
)

1−𝜙+2𝜙(
𝑘𝑓

𝑘𝐶𝑁𝑇−𝑘𝑓
) ln(

𝑘𝐶𝑁𝑇+𝑘𝑓

2𝑘𝑓
)

. 

(4.34) 

We can obtain the expression for local rate of heat transfer (Nusselt numbers(𝑁𝑢)) using 

the following relation: 

𝑁𝑢 =
ℎ

𝑘𝑓(�̆�𝑙−�̆�𝑢)
 �̆�𝑤,   

where �̆�𝑤 = −𝑘𝑛𝑓
𝜕

𝜕𝑦
(�̆�3). 

After using the transformations, the dimensionless rate of heat transfer at the lower and 

upper wall is given as 

(𝑁𝑢)𝑙 = − (
𝑘𝑛𝑓

𝑘𝑓
)𝜃′(−1), 

(4.35) 

(𝑁𝑢)𝑢 = −(
𝑘𝑛𝑓

𝑘𝑓
) 𝜃′(1). 

(4.36) 

4.2.3 Solution of the Problem 

Two numerical schemes have been employed to find the solution of resulting system of 

differential equations, Galerkin’s method and Runge-Kutta-Fehlberg (RKF) method. The 

former method has been coded in the mathematical software Maple while the latter is a 

built-in routine available in the same software. Galerkin’s method is a kind of Method of 

Weighted Residual (MWR) and its details are given in Section 1.2. It requires an init ia l 

approximation to start with. After using the supposed trial function into original differentia l 

equation, an expression for the residual is obtained. The trial function contains some 
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undermined constants that can be calculated by minimizing the weighted residual in an 

average sense. This scheme is summarized as follows. 

Consider a deferential operator 𝐷 acting upon a function 𝑢(𝑥) to yield a function 𝑔(𝑥), i.e. 

𝐷(𝑢(𝑥)) = 𝑔(𝑥). (4.37) 

The solution of above problem is approximated by using a trial solution �̌�(𝑥) which is a 

linear combination of some linearly independent base functions (say {𝜙𝑖 , 𝑖 = 1,2,3,… 𝑛}). 

We can write it mathematically as  

𝑢(𝑥) ≅ �̌�(𝑥) = 𝜙0 + ∑ 𝑐𝑖𝜙𝑖
𝑛
1 ,. (4.38) 

where 𝜙0  incorporates the essential boundary conditions. After substituting Eq. (4.38) in 

Eq. (4.37), if the equation is satisfied we can say that the trial solution is actually a solution. 

In fact, this is extremely rare. More often the equation is not satisfied and we get an 

expression representing the error or the residual as follows 

𝑅(𝑥) = 𝐷(�̌�(𝑥))− 𝑔(𝑥) ≠ 0, (4.39) 

The next step is to construct a weighted residual error with appropriate weights and 

minimize it to get the values of 𝑐𝑖s, that is, 

∫ 𝑅(𝑥) 𝑊𝑖(𝑥) = 0, 𝑖 = 1,2,3,… 𝑛𝑥
. (4.40) 

Eq. (4.40) gives a system of algebraic equations and its solution gives us the values of 𝑐𝑖s 

that can be plugged back in to the trial solution to get the numerical solution. 

To solve the problem, two trial function are needed that are written as under 

�̌�(𝜁) =
1

4
(𝐴− 1) 𝜁3 −

1

2
(3𝐴− 1) 𝜁+

1

2
(𝐴 + 1) + ∑ 𝑐1 (𝜁 + 1)(𝜁 − 1)

𝑖5
𝑖=1 , (4.41) 

𝜃(𝜁) =
1

2
(1 − 𝜁)+ ∑ 𝑑1 (𝜁 + 1)(𝜁 − 1)

𝑖5
𝑖=1 . (4.42) 
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Firstly, the numerical solution using Eq. (4.41) is obtained by following the procedure 

stated above. For a particular set of values of the parameters the approximated solution is 

as follows 

𝐹(𝜁) ≅ �̌�(𝜁) = −0.003084877468𝑥6 +0.007249919149𝑥5

+ 0.01632195107𝑥4 −0.2894998383𝑥3

− 0.02338926975𝑥2 +0.8322499192𝑥 + 0.4601521962. 

 

 

(4.43) 

Using the above solution and trial function for the temperature profile we can proceed in a 

similar fashion to get the solution for temperature profile as 

𝜃(𝜁) ≅ 𝜃(𝜁) = 0.06563414797𝑥6− 0.0808550254𝑥5 −0.2211338777𝑥4

+0.3061101234𝑥3+ 0.3199394757𝑥2 −0.7252550980𝑥

+ 0.3355602540. 

 

 

(4.44) 

Following are the values against which the above solutions are obtained 

𝑅 = 1.0: 𝛼 = 1.0: 𝐴 = −0.1: 𝑃𝑟 = 6.2:𝜙 = 0.1. 

Some important physical and thermal properties of the base fluid and CNTs are given in 

Table 4.1, These values are used to obtain the above solutions. 

Table 4.1: Thermo-physical properties of water, SWCNTs and MWCNTs 

 𝜌(𝑘𝑔/𝑚3) 𝐶𝑝(𝐽/𝑘𝑔𝐾) 𝑘(𝑊/𝑚𝐾) 𝑃𝑟 

Pure water 997.1 4,179 0.613 6.2 

SWCNTs 2600 425 6600 --- 

MWCNTs 1600 796 3000 --- 
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A similar kind of expression can be calculated for the other sets of varying parameters. The 

obtained results are compared with the RKF method and are displayed in the following 

table. 

Table 4.2: Comparison of the results for the velocity profile 

𝜁 RKF GM Abs Error 

-1 -0.1 -0.1 1.387778781e-017 

-0.8 -0.06892136241 -0.06889181907 2.954333739e-005 

-0.6 0.01621398621 0.01632171573 0.0001077295171 

-0.4 0.1422464419 0.1423689021 0.0001224601506 

-0.2 0.2950691561 0.2951062379 3.708182487e-005 

0 0.4602284633 0.4601521962 7.626707776e-005 

0.2 0.6235074817 0.6233788482 0.0001286335055 

0.4 0.7713593535 0.7712613365 9.801699724e-005 

0.6 0.8911209757 0.891085196 3.577971896e-005 

0.8 0.9710138305 0.9710115241 2.306360469e-006 

1 0 0 0 
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Table 4.3: Comparison of the results for temperature profile 

𝜁 RKF GM Abs Error 

-1 1 1 1.110223025e-016 

-0.8 0.9167041748 0.9169209506 0.000216775812 

-0.6 0.7998502341 0.8004623006 0.0006120665135 

-0.4 0.6532277596 0.6526973271 0.0005304325221 

-0.2 0.4912165459 0.4906362316 0.0005803143441 

0 0.3351685537 0.335560254 0.0003917003481 

0.2 0.2047660615 0.2053802073 0.0006141458023 

0.4 0.1101656703 0.1100194335 0.0001462367736 

0.6 0.05024727452 0.04982118261 0.000426091913 

0.8 0.01676175003 0.0169804103 0.000218660267 

1 0 0 0 

 

4.2.4 Results and Discussion 

The basic aim of this section is to deduce the physical importance of the graphical results 

attained by our mathematical investigation. The variations in temperature and velocity 

profiles due to the emerging parameters for single (SWCNTs) and multi (MWCNTs) 

walled carbon nanotubes is the main issue to be discussed. To realize this aim, some 

graphical results are presented in the figures to follow.  

Figures 4.25− 4.32 are presented to show the behavior of the velocity profile. To see this 

clearly, each of the figures is designed with the insets magnifying the regions 0.43 ≤ 𝜁 ≤
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0.45 (right inset) and −0.45 ≤ 𝜁 ≤ −0.43 (left inset), unless otherwise stated. The curves 

matching the SWCNTs are shown using the solid lines, while the dashed lines are used for 

MWCNTs throughout the manuscript. In the first two figures (Figure 4.25 and Figure 4.26), 

the variations in velocity in a contracting channel is shown for suction and injection cases, 

respectively. In the earlier case, an accelerated flow near the walls is detected for increasing 

absolute values of 𝛼. With an increase in contraction, the fluid near the walls is squeezed 

and forced to flow rapidly. On the contrary, a decelerated flow is noticeable away from the 

walls. Another reason for a more active flow near the walls is the suction at the walls. As 

obvious noticeable from the insets, the velocity attains higher values for SWCNTS near 

the walls as compared to MWCNTs. On the contrary, the trend is reversed in the central 

region of the channel. The following case (Figure 4.26) involves contraction followed by 

injection. Once again, the there is an increase in the velocity near the walls, resulting from 

an increase in absolute 𝛼. Again, the contraction replays its role and the flow speeds up 

near the walls. The behavior of SWCNTs and MWCNTs shown in Figure 4.26 is opposite 

to the one observed in Figure 4.25. 

 

Figure 4.25: Velocity profile for 𝛼 varying; 
 𝛼 < 0,𝑅 < 0 

 

Figure 4.26: Velocity profile for 𝛼 varying; 
 𝛼 < 0,𝑅 > 0 

 Figure 4.27 and Figure 4.28 shows the effects of increasing 𝛼 on the velocity profile, for 

the case of expansion combined with injection and suction. An empty region is created near 

the walls when the channel expands; to fill this gap, the fluid near the surrounding area 

moves inward thereby delaying the flow near the walls. The velocity then drops and a 

decelerated flow is noticed close to the walls. The velocity increases for increasing 𝛼, in 

the central portion of the channel, to conserve the momentum. For injection, Figure 4.27 
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indicates that the velocity has higher values for MWCNTs near the walls, while at the 

center, SWCNTs show a faster flow. A differing behavior is shown in Figure 4.28 for the 

case of suction, concerning the single and multi-walled nanofluids. 

 

Figure 4.27: Velocity profile for 𝛼 varying; 
 𝛼 < 0,𝑅 < 0 

 

Figure 4.28: Velocity profile for 𝛼 varying; 

 𝛼 < 0,𝑅 > 0 

The next few figures (Figures. 4.29−4.32) are presented to see the velocity patterns for 

suction or injection coupled with expansion or contraction. The graphs are plotted to show 

the increasing absolute values of permeation by Reynolds number 𝑅. Figure 4.29 shows 

the situation when contraction and suction takes place simultaneously. Certainly, a drop in 

velocity can be noticed in the lower half of the channel with increasing absolute 𝑅. The 

value of 𝐴 is possibly a reason for that as its simplified expression equates the ratio between 

the suction/injection velocities of upper and lower wall. The value 𝐴 = −0.2 means that 

the suction is greater at the upper wall, hence, in the upper half of the channel an accelerated 

flow is noticed; also the SWCNTs have slightly higher velocity values there as compared 

to MWCNTs. A similar behavior can be observed in Figure 4.30 when the expansion 

combines with suction. However, the deviation here is clearer. Almost an opposite behavior 

to Figures. 4.29 and 4.30 is observed when the injection combines with contraction and 

expansion (see Figure 4.31 and Figure 4.32). 
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Figure 4.29: Velocity profile for 𝑅 varying; 

 𝛼 < 0,𝑅 < 0 

 

Figure 4.30: Velocity profile for 𝑅 varying; 
 𝛼 > 0,𝑅 < 0 

 

 

Figure 4.31: Velocity profile for 𝑅 varying; 

 𝛼 < 0,𝑅 > 0 

 

Figure 4.32: Velocity profile for 𝑅 varying; 
 𝛼 > 0,𝑅 > 0 

After evaluating the effects of the parameters on the velocity profile, our next objective is 

to do alike for the temperature profile. Keeping in view the length of the manuscript, for 

the discussion on temperature profile we will only present the cases where injection gets 

coupled with expansion or contraction. Since, water has been used as a base fluid in this 

study, it is appropriate to fix the value of Pr at 6.2. Figure 4.33 and Figure 4.34, display 

the effects of 𝐴 on temperature profile for the injection/contraction and injection/expans ion 

cases, respectively. In both scenarios, temperature is an increasing function of absolute 

values of A and is least affected near the upper wall. This makes sense as the temperature 

of the lower wall is greater than the upper one. Injection (from lower wall) of the fluid 

carrying more thermal energy raises the temperature near the lower wall and onwards, 

slowly losing the energy and hence leaving the regions near the upper wall least affected. 
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The phenomenon is more prominent in the case of injection coupled with expansion (Figure 

4.34). For the first case, SWCNTs have higher temperature values, while for the second 

one, MWCNTs have a slightly higher temperature. Figure 4.35 discusses the same case as 

Figure 4.33, but the varying parameter this time is the nanoparticles volume fraction 𝜙. For 

increasing 𝜙, the temperature tends to increase showing more deviations near the lower 

quarter of the channel. The temperature for SWCNTs is greater as compared to MWCNTs 

for this case. It is worth noticing that the absence of CNTs is denoted by 𝜙 = 0. From 

Figure 4.36, the reader can see the variation in temperature for increasing 𝜙 for the case of 

injection combined with expansion. The temperature drops in lower quarter of the channel, 

while the same rises in other regions of the channel. Where the temperature increases, 

SWCNTs appear to have a slightly higher temperature values. 

 

Figure 4.33: Temperature profile for 𝐴 varying;  
𝛼 < 0,𝑅 > 0 

 

Figure 4.34: Temperature profile for 𝐴 varying; 
 𝛼 > 0,𝑅 > 0 

 

Figure 4.35: Temperature profile for 𝜙 varying; 
 𝛼 < 0,𝑅 > 0 

 

Figure 4.36: Temprature profile for 𝜙 varying; 
 𝛼 > 0,𝑅 > 0 
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Figures. 4.37−4.41 are portrayed to show the manner in which the local Nusselt number at 

the walls gets influenced by the parameters involved. The values of 𝜙 are plotted along 𝑥 

axis in the subsequent figures. Figure 4.37 (injection/contraction case) shows that the 

Nusselt number at upper wall increases significantly with an increase in 𝜙. It also shows a 

similar increase for increasing absolute values of 𝐴. On the contrary, at the lower wall, the 

local Nusselt number deceases with an increase in absolute 𝐴, while the rate of heat transfer 

is higher for SWCNTs at the upper wall. Figure 4.38 (injection/expansion case) shows the 

variations in Nu at the upper and lower walls for increasing absolute 𝐴. Again, the 

SWCNTs transfer heat at a higher rate and it increases with increasing absolute 𝐴.  

 
Figure 4.37: Nusselt number for 𝐴 varying; 𝛼 < 0,𝑅 > 0 

 

 
Figure 4.38: Nusselt number for 𝐴 varying; 𝛼 > 0,𝑅 > 0 
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Figure 4.39 (suction/contraction) shows a decline in local rate of heat transfer at the upper 

wall with increasing 𝜙. While, at lower the wall, the same rate increases with increasing 

nanoparticles volume fraction. For the case of suction, increasing the contraction results in 

a higher rate of heat transfer at both walls. At the lower wall, SWCNTs have a higher rate 

of heat transfer compared to MWCNTs, and at the upper wall the same is reversed. Figure 

4.40 (injection/contraction) shows that the value of 𝛼 has the same effect as seen in Fig. 

16, i.e. with increasing absolute 𝛼, Nu increases at both walls. SWCNTs have a higher rate 

of heat transfer at the lower wall. 

 
Figure 4.39: Nusselt number for 𝜶 varying; 𝛼 < 0,𝑅 < 0 

 

 
Figure 4.40: Nusselt number for 𝛼 varying; 𝛼 < 0,𝑅 > 0 
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Figure 4.41 (suction/contraction) shows the effects that increasing 𝜙 and absolute 𝑅 has on 

the local Nusselt number at both walls. At the upper wall, the local rate of heat transfer 

decreases with increasing 𝜙 and increases with increasing absolute 𝑅. It is noticeable from 

the same figure that the trend is exactly opposite at the lower wall. Figure 4.42 

(suction/expansion) shows the effect of increasing 𝑅 and 𝜙 on the rate of heat transfer at 

the walls. As far as the increasing 𝜙 is concerned, the influence is same as seen in Figure 

4.41. For increasing absolute 𝑅, the rate of heat transfer at the upper wall declines and also 

for higher 𝜙 the SWCNTs have greater values of Nu. Again, SWCNTs have greater rate 

of heat transfer at the lower wall, but for increasing absolute 𝑅 the rate decreases for both 

SWCNTs and MWCNTs. 

 
Figure 4.41: Nusselt number for 𝑅 varying; 𝛼 < 0,𝑅 < 0 
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Figure 4.42: Nusselt number for 𝑅 varying; 𝛼 > 0,𝑅 < 0 

4.2.5 Conclusions 

The flow of CNTs-water based nanofluid in a channel with dilating and squeezing porous 

walls have been considered. The system of ordinary differential equations was successfully 

obtained. Thereafter, the numerical solution was attained by using two different numerica l 

schemes. The variations in velocity and temperature profiles initiated by the rising or 

falling values of the physical parameters are presented by using the graphical aid. The rate 

of heat transfer at the walls is characterized by Nusselt number (Nu) at the walls. Graphs 

showing the effects of the involved parameters on the rate of heat transfer at walls are also 

included. 

The following facts highlight some of the discoveries made: 

Both numerical schemes yield such results that are in very good agreement. A comparison 

is shown in Table 4.2 and Table 4.3 for the velocity and temperature profiles, respectively. 

 The rate of heat transfer at the upper wall increases for increasing absolute 

values of 𝐴, 𝛼 and 𝑅. The case for increasing 𝜙 is similar, except for the cases 

where the suction is combined with contraction (Figure 4.39 and Figure 4.41). 

 SWCNTs have a higher rate of heat transfer in most of the cases.  

 The temperature profile for SWCNTs is also on a higher side for the case 

considered. 

 Nu increases for increasing nanoparticle volume fraction. 
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 For increasing 𝜙, the temperature profile increases for the case of injection 

combined with contraction throughout the channel. For injection/expans ion 

case, the temperature in the lower quarter of the channel decreases significantly 

with increasing nanoparticle volume fraction (Figure 4.36). However, in the 

remaining channel it is again rising. 
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Chapter 5 The Combined Effects of Heat 

Transfer and Chemical Reaction for the Flow 

through an Asymmetric Channel with 

Orthogonally Deformable Porous Walls 
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5.1 Motivation 

The flow between porous channels can rightly be considered as one of the most important 

problems in fluid mechanics. Its practical applications in diversified fields of science and 

technology, has been the basic reason why scientists from all over the world have tried to 

understand these flow in a better way. These applications include: uniformly distributed 

irrigation, inter-body biological transport, ablation processes, sublimation mechanisms, 

propellant combustion, and industrial cleansing systems. 

Formative work regarding these kinds of flows can be traced back to Berman [1], who 

initiated a mathematical model to describe the flows between parallel plates. He established 

that, the normal component of the velocity must be independent of stream-wise coordinate. 

This in fact enabled him to reduce Navier-Stokes equations to a single, fourth order, 

nonlinear ordinary differential equation. Following his footsteps, numerous studies have 

been carried out later on. The detailed history about these investigations can be found in 

[60]. 

Heat transfer coupled with chemical reaction, plays an important role in many fields of 

science and engineering. Its practical applications may include, combustion systems, 

atomic reactor safety, dying of cloths, metallurgy, and chemical engineering. A chemical 

reaction is said to be of first order if the rate of reaction varies directly with respect to the 

concentration. Almost in all chemical industries, a relatively inexpensive raw material is 

put through some specifically designed chemical processes to obtain high value products. 

In most of the situations, these chemical processes are based on chemical reactions in the 

presence of heat transfer. Bridges accompanied by Rajagopal [20], investigated the 

pulsatile flow of a chemically reacting fluid; whose viscosity was depended on the 

concentration of the constituents. The flow was governed by a convection-reaction-

diffusion equation and the velocity gradient, which could thicken or lighten the fluid. The 

effects of chemical reaction and the space porosity on mixed convective MHD flow in an 

asymmetric channel were investigated by Srinivas and Muthuraj [21]. 
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In a very recent article, A. Subramanyam Reddy, et al. [31] discussed the combined effects 

of heat and chemical reaction on an asymmetric laminar flow between slowly expanding 

and contracting walls. To make their perturbation solution valid, they had to impose 

physical constraints such as; lower wall deformation rate and weak permeability. Besides, 

the presence of other non-perturbed physical parameters, makes their solution more 

vulnerable as the perturbation solution strictly relies on the existence of very small 

parameters in equation. 

In this study, we have tried to remove those physical constraints, which have been imposed 

in [31], only to insure the convergence of their perturbation solution. A probable invalid ity 

of their solution for concentration profile has also been pointed out even for smaller values 

of wall deformation rate and the permeation Reynolds number. 

We have used a well-known analytical method called Homotopy Analysis Method (HAM) 

[44, 45, 46] to guarantee the convergence of the analytical solution. To further ensure the 

validity of the solution, a numerical solution (fourth order Runge-Kutta coupled with 

shooting method) has also been sought. We have compared the analytical and numerica l 

results, and have found an excellent agreement between them. Finally, the effects of 

physical parameters on temperature and concentration profiles are displayed and analyzed 

with the help of graphs accompanied by comprehensive discussions. 

5.2 Mathematical Analysis 

The laminar flow of a viscous incompressible fluid is taken in to account in a rectangular 

domain of infinite length and having two deformable porous walls. The fluid may enter or 

exit during the successive contractions/expansions, through the permeable walls. The 

leading end of the container is closed with a solid, but flexible membrane that deforms 

when incorporated with the movement of the walls. A narrow gap assumption has been 

imposed, i.e. the height (2ℎ) of the channel is taken to be very small as compared to its 

width. It enables us to confine the whole problem into a half domain, and a plainer cross 

section of the simulating domain is presented in Figure 5.1. 
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Figure 5.1: Schematic diagram of the problem 

Both the walls are assumed to have different (from each other) permeability and to deform 

uniformly at a time dependent rate ℎ̇(=
𝑑ℎ

𝑑𝑡
). The origin is taken at the center of channel as 

shown in the above figure. The temperature and concentration both possess higher values 

at the lower wall. Following the aforementioned assumptions, the governing equations take 

the following form [31]: 

∂𝑢

∂𝑥̅
+
∂𝑣

∂�̅�
= 0, (5.1) 

∂𝑢

∂𝑡
+ �̅�

∂𝑢

∂𝑥̅
+ �̅�

∂𝑢

∂𝑦
= −

1

𝜌

∂𝑝̅

∂𝑥̅
+ 𝜐 (

∂2𝑢

∂𝑥̅2
+
∂2𝑢

∂𝑦2
), (5.2) 

∂𝑣

∂𝑡
+ �̅�

∂𝑣

∂𝑥̅
+ �̅�

∂𝑣

∂�̅�
= −

1

𝜌

∂𝑝̅

∂�̅�
+ 𝜐 (

∂2𝑣

∂𝑥̅2
+
∂2𝑣

∂𝑦2
), (5.3) 

𝑐𝑝  (
∂𝜃

∂𝑡
+ �̅�

∂𝜃

∂𝑥̅
+ �̅�

∂𝜃

∂𝑦
) =

𝜅

𝜌

∂2𝜃

∂𝑦2
, (5.4) 

∂𝐶

∂𝑡
+ �̅�

∂𝐶

∂𝑥̅
+ �̅�

∂𝐶

∂�̅�
= 𝐷

∂2𝐶

∂𝑦2
− 𝑘1𝐶. (5.5) 

In above equations, the velocity components in �̅� and �̅� directions are denoted by, �̅� and 

�̅�, respectively. Moreover, 𝑝̅, 𝜌, 𝑐𝑝, 𝜐, 𝜃, 𝜅, 𝐶, 𝐷 and 𝑡 denotes pressure, density, specific 
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heat, kinematic viscosity, temperature, thermal conductivity, concentration, coefficient of 

mass diffusivity and time, respectively. Further, 𝑘1 represents the first order chemica l 

reaction rate taken to be positive for destructive reaction, negative for constructive reaction 

and zero for no chemical reaction at all. 

The suitable boundary conditions for the problem are as follows [31]: 

�̅� = 0;  �̅� = −𝑣𝑙 = −𝐴𝑙ℎ̇;  𝜃 = 𝜃𝑙 ;  𝐶 = 𝐶𝑙  at �̅� = −ℎ(𝑡), (5.6) 

�̅� = 0;  �̅� = −𝑣𝑢 = −𝐴𝑢 ℎ̇;  𝜃 = 𝜃𝑢;  𝐶 = 𝐶𝑢 at �̅� = ℎ(𝑡), (5.7) 

where 𝐴𝑙 = 𝑣𝑙/ℎ̇ and 𝐴𝑢 = 𝑣𝑢/ℎ̇, denotes the measure of permeability of the lower and 

upper wall, respectively. Temperature and concentration are taken to be greater on the 

lower wall as compared to the upper wall, i.e. 𝜃𝑙 > 𝜃𝑢  and 𝐶𝑙 > 𝐶𝑢. 

We can abridge the governing system of equations by eliminating the pressure terms from 

Eqs. (5.2) and (5.3), and utilizing Eq. (5.1). Introducing vorticity 𝜔, we get  

∂�̅�

∂𝑡
+𝑢

∂�̅�

∂𝑥̅
+𝑣

∂�̅�

∂𝑦
= 𝜐 (

∂2�̅�

∂𝑥̅2
+
∂2�̅�

∂𝑦2
), (5.8) 

where 

𝜔 =
∂𝑣

∂𝑥̅
−
∂𝑢

∂𝑦
. (5.9) 

The conservation of mass enables us to develop a similarity solution with respect to �̅� as 

follows: 

𝑦 = �̅�/ℎ, �̅� = 𝜐�̅�ℎ−2𝐹𝑦 , �̅� = −𝜐ℎ
−1𝐹(𝑦, 𝑡), (5.10) 

where 𝐹𝑦 represents 
∂𝐹

∂𝑦
. Using Eq. (5.10), we obtain  

𝜔 = −𝜐�̅�ℎ−3𝐹𝑦𝑦. (5.11) 
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Using Eq. (5.11) in Eq. (5.8), we have  

𝐹𝑦𝑦𝑦𝑦 +𝛼(3𝐹𝑦𝑦 +𝑦𝐹𝑦𝑦𝑦) − 𝐹𝑦𝐹𝑦𝑦 + 𝐹 𝐹𝑦𝑦𝑦 −
ℎ2

𝜐
(𝐹𝑦𝑦𝑡 ) = 0, 

(5.12) 

while 𝛼 =
ℎℎ̇

𝜐
 is the non-dimensional wall expansion or contraction rate, taken to be 

positive for expansion. 

We can set 𝐹𝑦𝑦𝑡 = 0 by taking 𝛼 to be a constant or a quasi-constant in time [12, 54]. 

The auxiliary conditions can also be transformed as  

𝐹(−1,𝑡) = 𝑅𝑙;  𝐹𝑦(−1, 𝑡) = 0, 𝐹𝑦(1,𝑡) = 0, 𝐹(1,𝑡) = 𝑅, (5.13) 

where 𝑅𝑙 = −𝑣𝑙ℎ/𝜐 and 𝑅 = 𝑣𝑢ℎ/𝜐, are the permeation Reynolds numbers taken to be 

positive for injection. 

The aforementioned formulation can be made non-dimensional by introducing the 

following normalizing parameters:  

𝑢 =
𝑢

ℎ̇
, 𝑣 =

𝑣

ℎ̇
, 𝑥 =

𝑥̅

ℎ
, 𝐹 =

𝐹

𝑅
. 

Consequently, we have  

𝐹(𝑖𝑣) +𝛼(𝑦𝐹′′′ + 3𝐹′′) + 𝑅(𝐹𝐹′′′ − 𝐹′𝐹′′) = 0, (5.14) 

with 

𝐹(−1) = 𝐴;  𝐹′(−1) = 0;  𝐹′(1) = 0;  𝐹(1) = 1, (5.15) 

where 𝐴 = −𝑣𝑙/𝑣𝑢. The primes in above equations represent the differentiation with 

respect to 𝑦. 

The equations describing the temperature and concentration are [31]: 
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𝜃 = 𝜃𝑢 + 𝐵(
𝑥̅

ℎ
)
𝑛

𝐺(𝑦), 
(5.16) 

𝐶 = 𝐶𝑢 + 𝐸 (
𝑥̅

ℎ
)
𝑠

𝐻(𝑦), (5.17) 

where, 𝑛 and 𝑠 are the power law indices of temperature and concentration, respectively. 

Besides, 𝐵 and 𝐸 are the fluid constants. 

Substituting Eqs. (5.16) and (5.17) into Eqs. (5.4) and (5.5), and by using 𝐺 =
𝜃−𝜃𝑢

𝜃𝑙−𝜃𝑢
, 𝐻 =

𝐶−𝐶𝑢

𝐶𝑙−𝐶𝑢
, we have dimensionless equations for the temperature and concentration distributions 

as follows: 

𝐺′′ + Pr𝛼(𝑦𝐺′ + 𝑛𝐺) + 𝑅Pr(𝐹𝐺′ − 𝑛𝐹′𝐺) = 0, (5.18) 

𝐻′′ + 𝑆𝑐𝛼(𝑦𝐻 ′+ 𝑠𝐻) + 𝑅𝑆𝑐(𝐹𝐻 ′ − 𝑠𝐹 ′𝐻)− 𝜆𝑆𝑐𝐻 − 𝑘𝑆𝑐 = 0. (5.19) 

The boundary conditions become 

𝐺(−1) = 1;  𝐺(1) = 0;
𝐻(−1) = 1;  𝐻(1) = 0.

  
(5.20) 

Pr, in above equation denotes Prandtl number, 𝑆𝑐 is Schmidt number, 𝜆 =
𝑘1ℎ

2

𝜐
 is the 

chemical reaction parameter and 𝑘 =
𝑘1𝐶𝑙ℎ

2

𝜐(𝐶𝑢−𝐶𝑙 )
. It is also appropriate to mention that the 

similarity transformations given in Eqs. (5.16) and (5.17) are only valid if 𝑛 = 𝑠 = 0. We 

still retain the terms involving 𝑛 and 𝑠 in Eqs. (5.18) and (5.19) to make them comparable 

with the work done by A. Subramanyam Reddy, et al. [31]. However, the forthcoming 

analysis is done after correcting the values of these parameters. 

5.3 Homotopy Solution 

Pursuing the technique suggested by Liao [44, 45, 46], we can define the following init ia l 

guesses (the details about the technique are provided in Section 1.3): 
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𝐹0(𝑦) =
1

4
(2 + 2𝐴 + 3(1 −𝐴)𝑦 + (𝐴 − 1)𝑦3), (5.21) 

𝐺0(𝑦) =
1−𝑦

2
, (5.22) 

𝐻0(𝑦) =
1−𝑦

2
. (5.23) 

The linear operators can be chosen as 

𝐿𝐹 =
𝑑4𝐹

𝑑𝑦4
; 𝐿𝐺 =

𝑑2𝐺

𝑑𝑦2
 and 𝐿𝐻 =

𝑑2𝐻

𝑑𝑦2
. (5.24) 

These operators satisfy the following properties: 

 

𝐿𝐹(𝜉1 + 𝜉2𝑦 + 𝜉3𝑦
2 + 𝜉4𝑦

3) = 0
𝐿𝐺(𝜉5 + 𝜉6𝑦) = 0

𝐿𝐻(𝜉7 + 𝜉8𝑦) = 0

}. 

(5.25) 

where, 𝜉𝑖(𝑖 = 1 − 8), are the arbitrary constants. 

5.3.1  Zero-Order Deformation Problem 

Representing 𝑞 ∈ [0,1] as the embedding parameter, zero-order deformation problem can 

be constructed as 

(1 − 𝑞)𝐿𝐹[�̃�(𝑦,𝑞) − 𝐹0(𝑦)] = 𝑞ℎ𝐹𝑁𝐹[�̃�(𝑦,𝑞)]. (5.26) 

�̃�(−1,𝑞) = 𝐴; �̃�′(−1,𝑞) = 0; �̃�(1,𝑞) = 1;  �̃�′(1,𝑞) = 0. (5.27) 

(1 − 𝑞)𝐿𝐺[𝐺(𝑦, 𝑞) − 𝐺0(𝑦)] = 𝑞ℎ𝐺𝑁𝐺 [𝐺(𝑦,𝑞)], (5.28) 

𝐺(−1,𝑞) = 1; 𝐺(1,𝑞) = 0, (5.29) 

(1 − 𝑞)𝐿𝐻[�̃�(𝑦,𝑞) − 𝐻0(𝑦)] = 𝑞ℎ𝐻𝑁𝐻[𝐻(𝑦,𝑞)], (5.30) 
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𝐻(−1, 𝑞) = 1;  𝐻(1, 𝑞) = 0. (5.31) 

where ℎ𝐹 , ℎ𝐺 and ℎ𝐻 are the non-zero auxiliary parameter 

The nonlinear operators are  

𝑁𝐹[�̃�(𝑦,𝑞)] =
∂4𝐹

∂𝑦4
+𝛼 (𝑦

∂3𝐹

∂𝑦3
+3

∂2𝐹

∂𝑦2
) + 𝑅 (�̃�

∂3𝐹

∂𝑦3
−
∂𝐹

∂𝑦

∂2𝐹

∂𝑦2
) ,

𝑁𝐺 [�̃�(𝑦,𝑞)] =
∂2𝐺

∂𝑦2
+Pr𝛼 (𝑦

∂𝐺

∂𝑦
+𝑛𝐺) + Pr𝑅 (�̃�

∂𝐺

∂𝑦
−𝑛𝐺

∂𝐹

∂𝑦
) ,

𝑁𝐺 [�̃�(𝑦,𝑞)] =
∂2�̃�

∂𝑦2
+ 𝑆𝑐𝛼 (𝑦

∂�̃�

∂𝑦
+ 𝑠𝐻) + 𝑆𝑐𝑅 (�̃�

∂�̃�

∂𝑦
− 𝑠𝐻

∂𝐹

∂𝑦
)

 −𝑆𝑐(𝜆𝐻 + 𝐾1).

  

 

 

(5.32) 

5.3.2 mth-Order Deformation Problem 

The mth-order problems satisfy  

𝐿𝐹[𝐹𝑚(𝑦)− 𝜒𝑚𝐹𝑚−1(𝑦)] = ℎ𝐹ℜ𝑚
𝐹 (𝑦), (5.33) 

𝐿𝐺[𝐺𝑚(𝑦)− 𝜒𝑚𝐺𝑚−1(𝑦)] = ℎ𝐺ℜ𝑚
𝐺 (𝑦), (5.34) 

𝐿𝐻[𝐻𝑚(𝑦) − 𝜒𝑚𝐻𝑚−1(𝑦)] = ℎ𝐻ℜ𝑚
𝐻 (𝑦),  (5.35) 

𝐹𝑚(−1) = 𝐹′𝑚(−1) = 𝐹𝑚(1) = 𝐹′𝑚(1) = 0,  (5.36) 

𝐺𝑚(−1) = 𝐺𝑚(1) = 0,  (5.37) 

𝐻𝑚(−1) = 𝐻𝑚(1) = 0,  (5.38) 

where 

ℜ𝑚
𝐹 (𝑦) = 𝐹𝑚−1

(𝑖𝑣) (𝑦) + 𝛼(𝑦𝐹 ′′′𝑚−1 + 3𝐹
′′
𝑚−1)

+ 𝑅(∑
𝑚−1

𝑘=0

(𝐹𝑚−1−𝑘𝐹
′′′
𝑘− 𝐹

′
𝑚−1−𝑘𝐹

′′
𝑘)), 

 

 

(5.39) 
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ℜ𝑚
𝐺 (𝑦) = 𝐺′′𝑚−1(𝑦) + Pr𝛼(𝑦𝐺

′
𝑚−1 +𝑛𝐺𝑚−1)

+ Pr𝑅 (∑
𝑚−1

𝑘=0

(𝐹𝑚−1−𝑘𝐺
′
𝑘 − 𝑛𝐹

′
𝑚−1−𝑘𝐺𝑘)), 

 

 

(5.40) 

and 

ℜ𝑚
𝐻 (𝑦) = 𝐻′′𝑚−1(𝑦) + 𝑆𝑐𝛼(𝑦𝐻′𝑚−1 + 𝑠𝐻𝑚−1) − 𝜆𝑆𝑐𝐻𝑚−1 − 𝑘𝑆𝑐

 +𝑆𝑐𝑅 (∑

𝑚−1

𝑘=0

(𝐹𝑚−1−𝑘𝐻′𝑘 − 𝑠𝐹′𝑚−1−𝑘𝐻𝑘)) .
 

 

 

(5.41) 

Also, 

𝜒 = {
0, 𝑚 ≤ 1,
1, 𝑚 > 1.

 
(5.42) 

For 𝑞 = 0 and 𝑞 = 1, we have  

�̃�(𝑦,0) = 𝐹0(𝑦), �̃�(𝑦,1) = 𝐹(𝑦), (5.43) 

𝐺(𝑦, 0) = 𝐺0(𝑦),𝐺(𝑦, 1) = 𝐺(𝑦), (5.44) 

𝐻(𝑦, 0) = 𝐻0(𝑦), 𝐻(𝑦, 1) = 𝐻(𝑦). (5.45) 

Using Taylor’s series in terms of q, one can get 

�̃�(𝑦,𝑞) = 𝐹0(𝑦) + ∑
∞
𝑚=1 𝐹𝑚(𝑦)𝑞

𝑚,𝐹𝑚(𝑦) =
1

𝑚!

∂𝑚𝐹(𝑦,𝑞)

∂𝑦𝑚
|
𝑞=0

, (5.46) 

𝐺(𝑦, 𝑞) = 𝐺0(𝑦) + ∑
∞
𝑚=1 𝐺𝑚(𝑦)𝑞

𝑚,𝐺𝑚(𝑦) =
1

𝑚!

∂𝑚𝐺(𝑦,𝑞)

∂𝑦𝑚
|
𝑞=0

, (5.47) 

𝐻(𝑦, 𝑞) = 𝐻0(𝑦) +∑
∞
𝑚=1 𝐻𝑚(𝑦)𝑞

𝑚,𝑓𝑚(𝑦) =
1

𝑚!

∂𝑚𝑓(𝑦,𝑞)

∂𝑦𝑚
|
𝑞=0

. (5.48) 

Substituting 𝑞 = 1 in above equations, we obtain 
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𝐹(𝑦) = 𝐹0(𝑦) + ∑
∞
𝑚=1 𝐹𝑚(𝑦),  (5.49) 

𝐺(𝑦) = 𝐺0(𝑦) + ∑
∞
𝑚=1 𝐺𝑚(𝑦),  (5.50) 

𝐻(𝑦) = 𝐻0(𝑦) + ∑
∞
𝑚=1 𝐻𝑚(𝑦).  (5.51) 

𝐹𝑚(𝑦), 𝐺𝑚(𝑦) and 𝐻𝑚(𝑦) can be obtained by solving the set of Eqs. (5.33)−(5.38) using 

the computer software, Mathematica. Substituting these back into Eqs. (5.49)−(5.51), 

gives us the final solution. 

5.3.3 Convergence of the Solution 

The solution obtained in the preceding subsection contains the auxiliary parameters ℎ𝐹 , 

ℎ𝐺 and ℎ𝐻; these are very essential to control and adjust the convergence of the series 

solution. To determine the optimal values of these parameters, so that the so called total 

residual error is minimized, we have used a Mathematica package named, BVPh 2.0 [46]. 

The resulting optimal values along with the total residual error, corresponding to different 

sets of physical parameters, is displayed in Table 5.1. 

Table 5.1: Optimal values of auxiliary parameters at 8th iteration 

α 𝑅 𝐴 𝑃𝑟 𝑆𝑐 𝜆 𝑘 n 𝑠 ℏ𝐹 ℏ𝐺 ℏ𝐻 𝑇𝑜𝑡𝑎𝑙 𝐸𝑟𝑟𝑜𝑟 
2 1 −1 0.015 0. 5 1 2 0 0 −1.023 −0.802 −0.840 2.065

×10−8 

1         −0.932 −1.150 −0.726 7.387
×10−11  

2 1.5        −0.910 −1.239 −0.751 3.301
×10−7 

 1.2        −0.932 −0.792 −0.843 1.042
×10−7 

 1 −0.7       −1.039 −0.799 −0.850 1.238
×10−8 

  −0.3       −1.054 −1.233 −0.870 1.168
×10−8 

  −1 0.71      −1.023 −1.058 −0.840 2.063
×10−8 

   0.42      −1.023 −0.793 −0.841 2.065
×10−8 

   0.015 1     −1.024 −0.802 −0.670 3.437
×10−8 

    1.5     −1.117 −0.807 −0.573 2.790
×10−6 
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    0.5 1.5    −1.023 −0.802 −0.800 1.994
×10−8 

     2    −1.023 −0.802 −0.739 2.032
×10−8 

     1 2.5   −1.023 −0.802 −0.729 2.088
×10−8 

      2.8   −1.024 −0.802 −0.871 1.728
×10−8 

 

The convergence of the solution, for a specific set of physical parameters, is shown in 

Figure 5.2. A decline of the total residual error with increasing order of HAM iterations is 

evident. As the residual approaches to zero quickly, it ensures the convergence of the 

solution. 

 
Figure 5.2: Total residual error with increasing order of approximations 

The optimal values of the auxiliary parameters, that are far from −1, reveal that the 

solutions obtained by other methods such as homotopy perturbation method and 

Adomian’s decomposition method are not suitable for this problem as they are suspected 

to diverge. The possible divergence is also an issue with the regular perturbation method. 

The solution presented in [31] is only valid in very limiting cases where the physical 

parameters are taken to be too small. Besides, they have only perturbed the wall 

deformation parameter (𝛼) and permeation Reynolds number 𝑅. As there are several other 

physical parameters involved, so the solution portrayed by [31] becomes more vulnerab le. 
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The solutions we obtained in this study are free from existence of small or large parameters, 

and also, the convergence is assured by the use of optimal values of ℎ𝐹,ℎ𝐺 and ℎ𝐻. 

Therefore, it seems right to proclaim that ours are the improved results. 

The Results are also compared with the numerical results obtained by using well known 

fourth order Runge-Kutta method. An excellent agreement between both results has been 

documented in the form of Table 5.2. 

Table 5.2: The comparison between Numerical and analytical solutions 

𝛼 = 𝑅 = 2,𝐴 = −1,𝑃𝑟 = 0.015, 𝑛 = 𝑆 = 0,𝑆𝑐 = 0.5, 𝜆 = 1, 𝑘 = 2 

𝑦 

↓ 
𝐹(𝑦) 𝐺(𝑦) 𝐻(𝑦) 

𝐻𝐴𝑀  𝑁𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙  𝐻𝐴𝑀  𝑁𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙  𝐻𝐴𝑀  𝑁𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙  
-1 −1.000000 −1.000000 1.000000 1.000000 1.000000 1.000000 
−0.9 −0.991199 −0.991199 0.950698 0.950698 0.896188 0.896188 
−0.8 −0.963137 −0.963137 0.901190 0.901190 0.792370 0.792370 
−0.7 −0.913710 −0.913710 0.851490 0.851490 0.689253 0.689253 
−0.6 −0.841553 −0.841553 0.801619 0.801619 0.587744 0.587744 
−0.5 −0.746307 −0.746307 0.751594 0.751594 0.488943 0.488943 
−0.4 −0.628838 −0.628838 0.701439 0.701439 0.394126 0.394126 
−0.3 −0.491359 −0.491359 0.651175 0.651175 0.304684 0.304684 
−0.2 −0.337421 −0.337421 0.600830 0.600830 0.222053 0.222053 
−0.1 −0.171760 −0.171760 0.550429 0.550429 0.147615 0.147615 
0.0 0.000000 0.000000 0.500000 0.500000 0.082594 0.082594 
0.1 0.171760 0.171760 0.449571 0.449571 0.027958 0.027958 
0.2 0.337421 0.337421 0.399170 0.399170 −0.015655 −0.015655 
0.3 0.491359 0.491359 0.348825 0.348825 −0.047977 −0.047977 
0.4 0.628838 0.628838 0.298561 0.298561 −0.069111 −0.069111 
0.5 0.746307 0.746307 0.248406 0.248406 −0.079494 −0.079494 
0.6 0.841553 0.841553 0.198381 0.198381 −0.079835 −0.079835 
0.7 0.913710 0.913710 0.148510 0.148510 −0.071033 −0.071033 
0.8 0.963137 0.963137 0.098810 0.098810 −0.054097 −0.054097 
0.9 0.991199 0.991199 0.049302 0.049302 −0.030077 −0.030077 
1.0 1.000000 1.000000 −3.139

× 10−17 
3.830
× 10−11 

−1.110
× 10−16 

9.961
× 10−9 

 

5.4 Results and Discussion 

 The main objective of this section is to analyze the effects of emerging parameters on non-

dimensional, temperature (𝐺(𝑦)) and concentration (𝐻(𝑦)) profiles. To serve this purpose, 

graphical simulation is presented in the figures to follow. The way in which the 
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deformation parameter 𝛼 and Permeation Reynolds number 𝑅, affect the temperature and 

concentration profiles is depicted in Figs. 3 and 4, respectively.  

It is evident from Figure 5.3, for contracting walls (𝛼 < 0), the temperature drops in the 

lower half of the channel with increasing contraction. Besides, the contraction combined 

with injection sends the heated fluid from lower wall to the upper quarter and as a result 

the temperature rises in upper quarter of the channel. For expanding walls (𝛼 > 0), the 

phenomenon is reversed. As the walls expand, they create a room to fill it, the fluid near 

that region rushes in. The fluid near the lower wall bears higher temperature values due to 

the higher temperature of lower wall. On the other hand, the fluid near the upper wall 

becomes cooler due to the lower temperature of the upper wall. The same figure shows that 

the concentration profiles behave similar to the temperature profile for varying 𝛼. In Figure 

5.4, 𝑅 < 0 corresponds to the suction case, while 𝑅 > 0, represents the injection case. For 

contraction combined with suction, the temperature profile drops due to increased suction 

of the fluid by the walls. On the other hand, when contraction is combined with injection, 

the temperature distribution increases with increasing values of 𝑅. Again, the behavior of 

temperature and concentration profiles is similar. 

 

Figure 5.3: Effects of 𝛼 on temperature and 

concentration profiles 

 

Figure 5.4: Effects of 𝑅 on temperature and 

concentration profiles 

For the case of expansion combined with injection, the influences of 𝐴 on temperature and 

concentration profiles is shown in Figure 5.5. As the value of 𝐴 increases from −1 to 0, a 

decrease in both temperature and concentration distributions is observed. The expansion 

brings more fluid towards the walls. Moreover, with increasing 𝐴, the injection at upper 
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wall plays a more dominating role as compared to the contribution from the lower wall. As 

a result, a drop in both the temperature and concentration profiles is expected. It is also 

pertinent to mention that the vanishing value of A means no injection at the lower wall. An 

opposite behavior can be seen in Figure 5.6; the case of suction combined with contraction 

is displayed. As the suction at the lower wall decreases (𝐴 → 0), and the contraction pushes 

the fluid inwards, the temperature as well as the concentration are likely to rise up. 

 

Figure 5.5: Effects of 𝐴 on temperature and 

concentration profiles (injection/expansion case) 

 

Figure 5.6: Effects of 𝐴 on temperature and 

concentration profiles (suction/contraction case). 

The graphical results unfolding the influence of Prandtl number on temperature profile, are 

presented in Figure 5.7. Different values of Prandtl number (i.e. Pr = 0.015,0.71, 4.2, 7.2, 

representing mercury, air, R-12 refrigerant and sea water at 20 𝑜 C, respectively) are 

considered. For expansion combined with injection, an increase in Pr results in a 

temperature drop near the center and upper half of the channel. As Pr increases, the 

momentum diffusivity increases as compared to the thermal diffusivity; therefore, the 

temperature drops in the channel. However, the injection of heated fluid through the lower 

wall increases the temperature in the lower quarter of the channel. Figure 5.8 is dedicated 

to show the behavior of concentration profile under increasing 𝑆𝑐. Theconcentration is 

found to be a decreasing function of 𝑆𝑐. As 𝑆𝑐 increases, mass diffusivity decrease; as a 

result, the concentration drop is exactly as expected. 
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Figure 5.7: Effects of Pr on temperature profile 

(injection/expansion case). 

 

Figure 5.8: Effects of 𝑆𝑐 on temperature profile 

(injection/expansion case). 

Figure 5.9 and Figure 5.10 show the behavior of concentration profile for constructive (𝜆 <

0) and destructive (𝜆 > 0) chemical reactions, respectively. Suction combined with 

expansion, is the case considered. For the generating chemical reaction, the concentration 

increases as absolute value of 𝜆 increases. With increasing generation of radioactive solute, 

the concentration profile is expected to rise. On the other hand, this phenomenon is 

reversed for consuming chemical reaction. For that, the concentration is expected to drop 

with increasing rate of chemical reaction; this drop in concentration is clearly visible in 

Figure 5.10. 

 

Figure 5.9: Effects of constructive 𝜆 on concentration 

profile (suction/expansion case) 

 

Figure 5.10: Effects of destructive 𝜆 on concentration 

profile (suction/expansion case) 

5.5 Conclusions 

The simultaneous effects of heat transfer and chemical reaction, are analyzed for the flow 

of a viscous fluid through a semi-infinite asymmetric channel with orthogona lly 

deformable porous walls. A system of nonlinear ordinary differential equations that govern 
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the flow, is obtained by imposing the similarity transformations to the conservation laws. 

The Resulting system of equations is solved, both analytically and numerically, by using, 

Homotopy Analysis Method (HAM) and the fourth order Runge-Kutta (RK-4) method, 

respectively. The convergence of analytical solution is ensured using the total squared 

residual analysis. By this means, the optimal values of auxiliary parameters involved in 

series solution, are obtained. A most recent study [31] is found to be a special case of ours 

because it is restricted only to, very slow wall deformation and weak permeability cases. 

A possible divergence of their solution for concentration profile is also pointed out, even 

for smaller values of physical parameters. Our work is free from such overly imposed 

physical constraints, and hence, is more comprehensive. 
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Chapter 6 A Numerical Study of Thermo-

Diffusion, Diffusion-Thermo and Chemical 

Reaction Effects On Flow of a Micropolar Fluid 

in an Asymmetric Channel with Dilating and 

Contracting Permeable Walls 
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6.1  Motivation 

The flow of gasses and liquids in certain practical situations like artificial respiratory 

system, blood circulation, biological transportation of substances and industrial filling 

equipment is important enough to require us to understand the flows through dilating and 

squeezing domains. Aforementioned situations are wholly or partially reliant on the 

channels flows with expanding and contracting walls. These applications attracted the 

interest of many researchers from all over the world. Many studies dealing with these types 

of flows can be found in literature and a historical background of these efforts is enlisted 

in the preamble of this document. 

The classical Stokesian theory is not sufficient to model the flows of fluids containing 

microstructures like colloidal fluid, animal bloods and the fluids containing additives 

(aerosol mixtures). The theory of micropolar fluids [93, 94, 95] is an excellent tool to 

formulate the flows of these types of fluids. The subject and the applications of micropolar 

fluid mechanics is thoroughly reviewed by Eringen [96], and Ariman et al. [97]. The limner 

flow of a micropolar fluid in a porous channel is discussed numerically by Ashraf et al. 

[98]. Similarity transformations were used to reduce the governing equations to a set of 

ordinary differential equations that was solved by using the SOR method. The finite 

element solution of flow and heat transfer of a micropolar fluid between porous disks was 

discussed by Thakkar et al. [99]. Xinhui Si et al. [100], presented a homotopy analysis 

solution to the problem of flow of a micropolar fluid in a porous channel with heat transfer 

effects.  

Many natural transport processes, like vaporization in rivers and ponds, include heat and 

mass transfer. Both are also a vital part of many industrial and chemical processes. Heat 

and mass transfer, combined with chemical reaction, plays an important role in modern 

scientific equipment. Cooling and heating tanks undergo the heat and mass transfer, while 

the rusting of the pipes is caused by oxidation chemical reaction. These simultaneous 

effects, affect the parts and equipment quite significantly. Hence, it is vital to understand 

these processes well enough. Different scientist for different geometries and situations, 

have contributed their worthy efforts in this regard [24, 31, 77, 101, 102, 103]. 
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In the flows of micropolar fluids like aerosol mixtures, Soret and Dufour effects are 

important enough to be neglected. Soret effects in colloidal mixtures arise due to the 

exhibition of different responses of different types of particles, to the temperature 

gradients. Thermophoresis (Soret effects) and the thermophoretic forces have many 

applications like fouling process, separation of mixtures etc. Dufour effect is a reciprocal 

of Soret effect and is the energy flux caused by the concentration gradients. Soret and 

Dufour effects on the flow of a Newtonian fluid in a channel with slowly expanding and 

contracting walls have been discussed by Srinivas et al. [73]. The problem was also limited 

to weak permeability. The assumption of slow deformation and weak permeability of the 

walls ensures the convergence of the double perturbation solution. A number of other 

studies related to Soret and Dufour effects are also available [104, 105, 106]. 

In a literature survey, we came to know that no one has ever studied the heat and mass 

transfer in the flow of a micropolar fluid, in a channel with dilating and squeezing porous 

walls, under the influence of Soret and Dufour effects. As stated earlier, in the flows of 

micropolar fluids, Soret and Dufour effects should not be neglected as they are very 

important. Therefore, we present this study to fulfill this gap and hope that our study can 

contribute positively in understanding of the flows of these types. We have also considered 

the presence of first order chemical reaction, which is also an important phenomenon in 

certain industrial and chemical processes.  

6.2 Mathematical Exploration 

We are considering the laminar incompressible flow of a micropolar fluid through a 

rectangular channel with permeable walls and infinite length. The height of the channel is 

very small as compared to the other dimensions of the channel. This assumption enables 

us to study the problem in two dimensions, and a sketch of restricted domain is presented 

in Figure 6.1. The figure also displays the arrangement of axes involved. The origin is taken 

at the center of the leading face of the channel and the same face is covered with a solid 

but flexible membrane. The channel exhibits a dilating and squeezing motion in height (at 

a uniform rate, ℎ̇ =
𝑑ℎ

𝑑𝑡
 ) and the permeable walls enable the fluid to enter or exit the 

channel during successive dilations or contraction. 
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Figure 6.1: Cross-sectional view of the geometry 

The quantities related to upper and lower walls in the above figure are denoted by the 

subscripts 𝑢 and 𝑙, respectively. �̆� and 𝐶 denote the temperature and concentration of the 

fluid. At the lower wall, both are taken to be higher as compared to the upper wall. The 

permeability of lower and upper walls is dissimilar and denoted by 𝐴𝑙 and 𝐴𝑢, respectively. 

Following the assumptions stated above, the governing equations for the flow can be 

written as [100, 107] 

𝜕�̆�

𝜕𝑥
+
𝜕𝑣

𝜕𝑦
= 0, (6.1) 

𝜌 (
𝜕�̆�

𝜕𝑡
+ �̆�

𝜕�̆�

𝜕𝑥
+ �̆�

𝜕�̆�

𝜕𝑦
) = −

𝜕𝑝

𝜕𝑥
+𝜇(∇2�̆�) + �̆� 

𝜕�̆�

𝜕𝑦
, (6.2) 

𝜌 (
𝜕𝑣

𝜕𝑡
+ �̆�

𝜕𝑣

𝜕𝑥
+ �̆�

𝜕𝑣

𝜕𝑦
) = −

𝜕𝑝

𝜕𝑦
+𝜇(∇2�̆�) + �̆� 

𝜕�̆�

𝜕𝑥
, (6.3) 

𝜌𝑗 (
𝜕�̆�

𝜕𝑡
+ �̆�

𝜕�̆�

𝜕𝑥
+ �̆�

𝜕�̆�

𝜕𝑦
) = 𝛾(∇2𝑁) − �̆� (2𝑁 +

𝜕�̆�

𝜕𝑦
−
𝜕𝑣

𝜕𝑥
). (6.4) 

In the above equations, �̆� and �̆� components of the velocity are denoted by �̆� and �̆�, 

respectively. 𝜌, 𝜇, �̆�, 𝑝, and 𝑗 represent the density, dynamic viscosity, microrotat ion 

parameter, pressure and micro-inertia density, respectively. 𝑁 represents the micro-
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rotation, ∇= (
𝜕

𝜕𝑥
+

𝜕

𝜕�̆�
) and ∇2= (

𝜕2

𝜕𝑥2
+

𝜕2

𝜕�̆�2
). The spin gradient viscosity 𝛾 is given 

by [99, 108]: 

𝛾 = (𝜇 +
�̆�

2
).. (6.5) 

Suitable auxiliary conditions can be written as [13, 17, 18, 31, 73, 99] 

�̆� = 0; �̆� = −𝑣𝑙 = −𝐴𝑙ℎ̇; 𝑁=𝑠
𝜕�̆�

𝜕𝑦
 at �̆� = −ℎ(𝑡),  (6.6) 

�̆� = 0; �̆� = −𝑣𝑢 = −𝐴𝑢ℎ̇; 𝑁=𝑠
𝜕�̆�

𝜕𝑦
 at �̆� = +ℎ(𝑡). (6.7) 

𝑠 represents the level of freedom the micro-elements have to rotate near the channel’s walls 

[108]. For vanishing 𝑠, the micro-elements near the walls bear no rotation at all, and for 

𝑠 = 1/2 , the microrotation at walls equates the vorticity of the fluid therein. 

We may now define [31, 73, 100, 43]: 

𝜁 = �̆�/ℎ , �̆� = −𝜐�̆�ℎ−2�̆�𝜁 , �̆� = 𝜐 ℎ
−1�̆�(𝜁, 𝑡) and 𝑁 = 𝜐 ℎ−3 �̆� 𝐺(𝜁, 𝑡). (6.8) 

By using Eq. (8) in to Eqs. (1) - (4) and eliminating the pressure terms we get: 

(1 + 𝜅)�̆�𝜁𝜁𝜁𝜁 +𝛼(3�̆�𝜁𝜁 + 𝜁�̆�𝜁𝜁𝜁 )− �̆�𝜁 �̆�𝜁𝜁+ �̆��̆�𝜁𝜁𝜁+ 𝜅𝐺𝜁𝜁 −
ℎ2

𝜐 
(�̆�𝜁𝜁𝑡) = 0, (6.9) 

𝑁1𝐺𝜁𝜁 + 𝑁2𝛼(3𝐺 + 𝜁𝐺𝜁 )−𝑁2(�̆�𝜁 �̆� − �̆�𝐺𝜁)− 𝜅(2𝐺 + �̆�𝜁𝜁 )−
𝑗

𝜐
(𝐺𝑡 ) = 0, 

(6.10) 

where the subscript 𝜁 represents the differentiation w. r .t the similarity variable 𝜁. 𝛼 =
ℎℎ̇

𝜐
 

is the rate at which channel’s height deforms; its positive value corresponds to the 

expansion of channel. Besides, 𝑁1 =
𝛾

ℎ2𝜇
 and 𝑁2 =

𝑗

ℎ2
 and 𝜅 =

�̆�

𝜇
 are the parameters 

illustrating spin gradient viscosity, micro-inertia density and vortex viscosity, respectively. 
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By employing the transformation suggested by [13, 17] we may achieve a similar ity 

solution in time by taking 𝛼 to be uniform. As a result, the term �̆�𝜁𝜁𝑡 vanishes and �̆� 

becomes a function of 𝜁 only. We also assume 𝐺 = 𝐺(𝜁) [100]. The boundary conditions 

(Eqs. (6.6) and (6.7)) also get transformed to 

�̆�(−1) = 𝑅𝑙 , �̆�𝜁 (−1) = �̆�𝜁 (1) = 0 , �̆�(1) = 𝑅, 𝐺(±1) = 𝑠�̆�𝜁𝜁 (±1). (6.11) 

Here, 𝑅𝑙 =
𝑣𝑙ℎ

𝜐
 denotes the permeation Reynolds number at the lower wall, and at the upper 

wall, the same is denoted by 𝑅 =
𝑣𝑢ℎ

𝜐
 . The positive and negative values of these numbers 

correspond to the cases of injection and suction, respectively. 

We can get a dimensionless form of the velocity and micro-rotation profiles by introduc ing 

the following scale variables 

�̿� =
�̆�

ℎ̇
, �̿� =

𝑣

ℎ̇
, �̿� =

𝑥

ℎ
, 𝐹 =

𝐹

𝑅
 and 𝐺 =

𝐺

𝑅
. (6.12) 

Utilizing Eqs. (6.8)−(6.10) in light of Eq. (6.12) we get 

(1 + 𝜅)𝐹(𝑖𝑣) +𝛼(𝜁𝐹 ′′′+ 3𝐹 ′′)+ 𝜅𝐺′′ + 𝑅(𝐹𝐹 ′′′ −𝐹 ′  𝐹′′) = 0, (6.13) 

𝑁1𝐺
′′ +𝑁2(3𝛼𝐺+ 𝜁𝛼𝐺

′)− 𝑁2(𝑅𝐹
′𝐺 −𝑅𝐹𝐺′) − 𝜅(2𝐺 + 𝐹′′) = 0. (6.14) 

We consider the case when 𝑎 = 𝑗2 [108] and hence, the Eq. (6.14) reduces to 

(1 +
𝜅

2
)𝐺′′ +𝛼(3𝐺 + 𝜁𝐺′) − (𝑅𝐹 ′𝐺 −𝑅𝐹𝐺′) − 𝜅(2𝐺 + 𝐹′′) = 0. (6.15) 

The boundary conditions for the velocity and micro-rotation profile in dimensionless form 

are as follows: 

{
𝐹(𝜁) = 𝐴,  𝐹 ′(𝜁) = 0, 𝐺(𝜁) = 𝑠𝐹 ′′(𝜁) 𝑎𝑡 𝜁 = −1

𝐹(𝜁) = 1,  𝐹 ′(𝜁) = 0, 𝐺(𝜁) = 𝑠𝐹 ′′(𝜁) 𝑎𝑡 𝜁 = +1
  

(6.16) 

𝐴, here is the permeability parameter and 𝐴 =
𝑣𝑙

𝑣𝑢
. 
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The governing equations representing energy and concentration transfer are as follows [73, 

100, 43]: 

𝜕�̆�

𝜕𝑡
+ 𝑢

𝜕�̆�

𝜕𝑥
+ 𝑣

𝜕�̆�

𝜕𝑦
=

𝑘

𝜌𝐶𝑝
(∇2�̆�) +

𝐷𝑘𝑇

𝐶𝑠
(∇2𝐶), (6.17) 

𝜕𝐶

𝜕𝑡
+ 𝑢

𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
= 𝐷

𝜕2𝐶

𝜕𝑦2
−𝑘1𝐶 +

𝐷𝑘𝑇

𝑇𝑚
(∇2�̆�). (6.18) 

In Eqs. (6.17) and (6.18), 𝑘, 𝐶𝑝 ,𝐷, 𝑘𝑇 ,𝐶𝑠 and 𝑇𝑚 represent the thermal conductivity, 

specific heat at constant pressure, coefficient of mass diffusivity, thermal diffusion rate, 

concentration susceptibility, and the mean temperature, respectively. Furthermore, the first 

order chemical reaction rate is denoted by 𝑘1. For 𝑘1 < 0, 𝑘1 > 0, and 𝑘1 = 0, the 

chemical reaction is constructive, destructive and none, respectively. 

The last couple of equations can be transformed into ordinary differential equations by 

using the following transformations: 

�̆� = �̆�𝑢 + (�̆�𝑙 − �̆�𝑢)𝜃(𝜁), (6.19) 

and 

𝐶 = 𝐶𝑢 + (𝐶𝑙 − 𝐶𝑢)𝜙(𝜁). (6.20) 

The transformed equations, after incorporating the velocity transformation and scales, take 

the form: 

𝜃 ′′ + 𝛼Pr 𝜂𝜃 ′+ Pr𝑅 𝐹𝜃 ′+ Pr𝐷𝑢𝜙′′ = 0, (6.21) 

and 

𝜙′′ +𝛼 𝑆𝑐 𝜂𝜙′ + Sc 𝑅 𝐹𝜙′ − 𝑆𝑐 𝜎 𝑁𝑐 − 𝑆𝑐 𝜙 + 𝑆𝑐 𝑆𝑟 𝜙′′ = 0. (6.22) 



123 

In Eqs. (6.21) and (6.22), Pr =
𝜐𝜌𝐶𝑝

𝑘
, 𝐷𝑢 =

𝐷𝑘𝑇

𝜐𝐶𝑠
, 𝑆𝑐 =

𝜐

𝐷
, and 𝑆𝑟 =

𝐷𝑘𝑇(𝑇𝑙−𝑇𝑢)

𝜐𝑇𝑚(𝐶𝑙−𝐶𝑢)
, represent 

Prandtl, Dufour, Schmidt, and Soret numbers, respectively. Moreover, 𝜎 =
𝑘
1ℎ2

𝜐
 is the 

chemical reaction parameter, and its positive value imply a destructive reaction. 

Furthermore, 𝑁𝑐 =
𝐶𝑢

𝐶𝑙−𝐶𝑢
 is the concentration difference parameter. For 𝑁𝑐 = 1, the 

concentration at the lower wall is twice the concentration at the upper wall. For 0 < 𝑁𝑐 <

1, the concentration difference between lower and upper walls increases with decreasing 

𝑁𝑐. 

The transformed boundary conditions for the temperature and concentration profiles 

become: 

{
𝜃(−1) = 1, 𝜃(1) = 0,

𝜙(−1) = 1, 𝜙(1) = 0.
  

(6.23) 

6.3 Solution of the Problem 

The solution of the problem is obtained by using the fourth order Runge-Kutta (RK-4) 

method combined with the shooting technique. The numerical procedure has been used as 

a standard tool in many studies related to the flows through expanding and contracting 

domains [13, 17, 18, 54, 43]. Its compatibility with several analytical and numerica l 

techniques has been proven. S. Asghar et al. [53] showed its compatibility with Adomian’s 

Decomposition Method. In our separate studies, we have shown its excellent agreement 

with Variational iteration method (VIM) [38] and Galerkin’s method [43]. The 

aforementioned studies give us enough confidence to rely only on RK-4 solution. The 

tolerance level is set to 10−6 for the calculation process. 

6.4 Results and Discussion 

The running section is dedicated to display, and, analyzes the effects of involved 

parameters on the flow behavior. The main focus is to capture the tendencies related to the 

temperature and concentration profiles under the influence of varying parameters. We have 

considered two cases in each scenario: one injection coupled with expansion {𝑅 > 0, 𝛼 >

0}, and the other, injection coupled with contraction {𝑅 > 0, 𝛼 < 0}. From now on, these 
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cases shall be referred as Case I and Case II respectively. It is done to keep the length of 

the manuscript to an acceptable level. Wherever needed, the insets are displayed to zoom 

the graphs in for a better view. Some values of the parameters are fixed for the analysis 

unless stated otherwise. The fixed values are 𝐴 = −0.2, 𝑃𝑟 = 4.5,𝑁𝑐 = 1.0, 𝑠 = 0.2, 𝑆𝑐 =

1.0, 𝜎 = 0.05,𝜅 = 0.2, and 𝑆𝑟 = 1.2.  

Figure 6.2 and Figure 6.3 are placed to show the variations in temperature profile caused 

by the changes in permeability parameter 𝐴. The said parameter is the ratio of 

suction/injection velocity at the lower wall to the same at the upper wall. For 𝐴 = −1, the 

suction/injection velocities at both walls bear the same magnitude, and the negative sign is 

due to their opposite directions. In our case, we have taken the injection velocity to be 

greater at the upper wall. It is worth mentioning that the increase in absolute value of 𝐴 is 

physically describing the increment in injection velocity at the lower wall. The reader may 

see a rise in temperature with increasing absolute value of 𝐴 in both figures. As expected, 

the higher temperature of the lower wall combined with injection is a reason for this rise. 

Near the upper wall, there is almost no change in the temperature of the fluid. 

 

Figure 6.2: Temperature profile for 𝐴 varying; Case I 

 

Figure 6.3: Temperature profile for 𝐴 varying; Case II 

The effects of increasing 𝜅 on the temperature profile for Case I and Case II are displayed 

in Figure 6.4 and Figure 6.5, respectively. It is evident from the insets that the increase in 

𝜅 raises the temperature of the fluid in both cases. It shows that the micro-rotation causes 

a slight increase in the temperature of the fluid. 
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Figure 6.4: Temperature profile for 𝜅 varying; Case I 

 

Figure 6.5: Temperature profile for 𝜅 varying; Case II 

The next two figures (Figure 6.6 and Figure 6.7) describe the behavior of temperature 

profile under the influence of Dufour number 𝐷𝑢. The Dufour number arises due to the 

involvement of concentration gradients in the energy equation. It is clear that the 

temperature is affected significantly due to the concentration gradients. For Case I, as the 

concentration gradients grow stronger, the temperature rises in the lower quarter of the 

channel. The expansion creates a room that is filled by the nearby fluid and the injection 

of heated flow causes the temperature to rise there. However, near the centerline, a cooler 

flow is observed. For Case II, the phenomenon is different. Contraction coupled with 

injection pushes the fluid near the heated wall towards the centerline; as a result, the 

temperature near the lower walls drops significantly with growing concentration gradients. 

At centerline and the upper quarter of the channel, the temperature is seen to be an 

increasing function of 𝐷𝑢 due to the arrival of heated fluid. 

 

Figure 6.6: Temperature profile for 𝐷𝑢 varying; Case I 

 

Figure 6.7: Temperature profile for 𝐷𝑢 varying; Case II 
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Figures 6.8−Figure 6.21 are displayed to capture the changes occurring in the 

concentration distribution due to the variations in involved parameters. Again, the analysis 

is done for the same cases as were in the temperature profile. Figure 6.8 and Figure 6.9 

highlights the influence of the permeability parameter 𝐴 on the concentration profile. For 

Case I, the increment in absolute value of 𝐴 results in a drop of concentration in the region 

−0.6 < 𝜁 < 0. While, for the rest of the channel the concentration is an increasing function 

of absolute values of 𝐴. The gap created by the expansion of the walls is filled by the fluid 

inside the channel and the fluid coming through injection. Therefore, the concentration is 

higher near the walls in Case I. For Case II on the other hand, the contraction is maximum 

in the lower quarter on the channel. The contraction pushes the fluid away from the walls, 

and with increasing injection at the lower wall, the maximum quantity of concentration 

decreases and a more uniform concentration distribution in observed. For this case, the 

concentration increases everywhere except at the vicinity of the lower wall, where a 

significant drop in concentration is observed. 

 

Figure 6.8: Concentration profile for 𝐴 varying; Case I 

 

Figure 6.9: Concentration profile for 𝐴 varying; Case II 

The effects of increasing values of 𝜅 on the concentration profile are portrayed in Figure 

6.10 and Figure 6.11. The concentration increases for rising 𝜅 in both cases, except for the 

Case I, where it drops slightly in the lower quarter of the channel. 
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Figure 6.10: Concentration profile for 𝜅 varying; Case. I 

 

Figure 6.11: Concentration profile for 𝜅 varying; Case. 

II 

Figure 6.12 and Figure 6.13 illustrates a drop in concentration for increasing values of 

concentration difference parameter 𝑁𝑐. It is quite obvious that the less concentration 

difference is a reason behind that. The concentration drop is almost similar in both cases. 

A similar drop in concentration is evident in Figure 6.14 and Figure 6.15. The reason this 

time is the increasing values of 𝑆𝑐. As 𝑆𝑐 increases, the mass diffusion rate decrease, and 

as a result, a concentration drop is observed, exactly as expected.  

 

Figure 6.12: Concentration profile for 𝑁𝑐 varying; 

Case I 

 

Figure 6.13: Concentration profile for 𝑁𝑐 varying; 

Case II 
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Figure 6.14: Concentration profile for 𝑆𝑐 varying;  
Case I 

 

Figure 6.15: Concentration profile for 𝑆𝑐 varying;  

Case II 

The presence of temperature gradients in mass transfer equation (Soret effect) affects the 

concentration profile significantly. The phenomenon is evident from Figure 6.16 and 

Figure 6.17. For Case I, the concentration near the lower wall decreases sharply, while near 

the centerline and upper half of the channel, the concentration increases with the strength 

of temperature gradients. For Case II the concentration is increasing throughout the channel 

and the concentration maximum lies in the lower quarter of the channel. 

 

Figure 6.16: Concentration profile for 𝑆𝑟 varying;  

Case I 

 

Figure 6.17: Concentration profile for 𝑆𝑟 varying;  

Case II 

The next four figures (Figures. 6.18−6.21) shows the influence of the chemical reaction 

parameter 𝜎 on the concentration profile. In cases where the value of 𝜎 is positive, it 

corresponds to a distructive chemical reaction, while the negative values of 𝜎 are 

corresponds to a constructive chemical reaction. Furthermore, the disappearing value of 𝜎 

means that there is no chemical reaction at all. It is obvious from the figures below that the 

concentration increases for negative 𝜎. Contrariwise, the phenomenon is reversed for the 
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positve values of 𝜎, and a concentration drop is notable as anticipated for increasing postive 

values of 𝜎. 

 

Figure 6.18: Concentration profile for 𝜎 < 0 varying; 

Case I 

 

Figure 6.19: Concentration profile for 𝜎 < 0 varying; 

Case II 

 

 

Figure 6.20: Concentration profile for 𝜎 > 0 varying; 

Case I 

 

Figure 6.21: Concentration profile for 𝜎 > 0 varying; 

Case II 

6.5 Conclusions 

The Soret and Dufour effects, combined with the chemical reaction, have been considered 

in the flow of a micropolar fluid through expanding/contracting channel. The fluid enters 

or leaves the channel through easy-going walls during successive contractions or 

expansions. The mathematical formulation leads to a system of highly nonlinear ordinary 

differential equations. The solution of the problem is found using RK-4 coupled with the 

shooting technique. Important findings are highlighted with the help of graphs followed by 
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the appropriate explanations. The graphs are drawn for injection, combined with expansion 

(Case I), or contraction (Case II). 

Few of the very important discoveries are as follows: 

 The asymmetric nature of the channel that is caused by the contrasting 

permeability of the walls influences the flow deeply. In our study, it is 

characterized by the permeability parameter 𝐴. The temperature of the fluid 

rises significantly by increasing the absolute value of 𝐴 for both Case I and Case 

II. While for the concentration profile, the concentration drops near the lower 

vicinity of the center in Case I, and it falls near the lower wall of the channel in 

Case II. 

 A slight increase in temperature is observed for rising 𝜅. The concentration also 

gets stronger for increasing 𝜅, except for Case I, where it decreases in the lower 

half of the channel. 

 Stronger Dufour effects increase the temperature of the fluid, except for Case I 

at the center of the channel, and Case II at lower quarter of the channel. 

 Stronger Soret effects cause an upsurge in concentration in both cases, except 

the Case I, where it drops significantly. 

 For 𝜎 < 0, an increase in its absolute value gives a rise to concentration. While 

for positive 𝜎, the phenomenon is reversed 
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Chapter 7 The Flow between Dilating and 

Squeezing Domains under the Influence of 

Nonlinear Thermal Radiation 
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7.1 A finite element investigation of the flow of a Newtonian fluid in 
dilating and squeezing porous channel under the influence of 

nonlinear thermal radiation 

7.1.1 Motivation 

In the modern era, there are a number of industrial and biological situations where we come 

across the domains that exhibit dilating and squeezing motion. From filling machines to 

expanding and contracting arteries, this type of situation is very common. Also, in most of 

the cases, the boundaries moving together or apart are permeable. To understand the flow 

in such domains can help in understanding the mechanisms precisely. For this purpose, 

researchers from all over the world have turned their heads towards the study of the flows 

between dilating and squeezing channels. 

The brain behind initiating the study regarding the flow between parallel and permeable 

plates is Berman. In his pioneering work [1], he studied laminar flow in porous channels. 

After him, many others followed his footsteps and extended his journey. Some of the most 

recent and relevant efforts are cited here [12, 13, 109, 38, 83, 43]. In the flows between 

dilating and squeezing walls, the resulting equations are inherently nonlinear. For these 

equations, the exact solutions are very unlikely. In the studies mentioned above, several 

analytical as well as numerical methods have been opted to obtain the solutions of the 

problems.  

The study of heat transfer in different equipment, instruments and mechanisms is essential 

to develop such methods that not only ensure the proper working, but also the 

enhancements in the current gear. Thermal analysis of the physical systems gives us such 

information that can be very handy to increase the performance, reliability and the 

durability of these systems. Some of such mechanisms are involved in processes like the 

production of glass sheets, automobile engines, combustion chambers, paper 

manufacturing and wire coating [110, 111, 112]. 

In situations where the convective heat transfer plays a less dominant role, the heat transfer 

through radiation takes control of the total heat transfer and its actions are more dominant. 
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Even in the presence of free or forced convection, the radiation has its own part to play and 

it affects the total heat transfer in such a way that cannot easily be neglected. Due to this 

reason, several researchers dedicated their efforts to study and model the radiative heat 

transfer in different geometries and situations. Some of them can be found here [113, 24, 

114, 115, 116]. 

In our literature exploration, we have come to know that the effects of thermal radiation 

have not been studied for the flows through dilating and squeezing domains. In this article, 

we have studied the effect of nonlinear thermal radiation in the flow of a viscous fluid 

between two infinite plates. The lower plate is fixed, solid and heated, while the upper plate 

is permeable and moving up and down, yet remaining parallel to the lower plate. After 

obtaining the governing system of ordinary differential equations, we have solved it by 

using a finite element method known as Galerkin method. The results are compared with 

the solution obtained by a mathematical software, Maple. A good agreement between the 

solutions has been found, which is displayed in the form of tables. The effects of relevant 

physical parameters on the temperature distribution are highlighted with the help of graphs. 

An appropriate explanation of the events presented in the graphical results is also provided. 

7.1.2 Mathematical Exploration 

We intend to explore the effects of nonlinear thermal radiation on the flow of a Newtonian 

fluid between two infinite parallel plates. The lower plate is solid, fixed and heated, while 

the upper plate is permeable and is moving uniformly towards or away from the lower plate 

at a time (𝑡) dependent rate ℎ̇(𝑡). The Cartesian coordinate system is considered in such a 

way that the horizontal axis coincides with the lower plate. The configuration of the axes 

in presented in Figure 7.1. 
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Figure 7.1: Geometrical description of the problem 

The components of velocity along �̀� and �̀� axis are denoted by �̀� and �̀�, respectively. To 

cool down the lower plate, a coolant is injected through the porous plate at a uniform speed 

𝑣𝑤. We shall also be interested in examining the case when the fluid is sucked out from the 

same plate at the same speed. The conduction fluxes, as well as the dissipative disturbance 

along the tangential direction are neglected. 

For the current problem, Navier-Stokes equations take the following form [13, 109]; 

𝜕�̀�

𝜕𝑥̀
+

𝜕�̀�

𝜕𝑦̀  
= 0, (7.1) 
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where 𝜐, 𝑝̀,𝑇 and 𝑐𝑝 represent kinematic viscosity, dimensional pressure, dimensiona l 

temperature and the specific heat under constant pressure, respectively. Besides, 𝛽 =

𝑘 / �̀�𝑐𝑝 is thermal diffusivity that depends on thermal conductivity (𝑘), density (�̀�) and 𝑐𝑝. 

Furthermore, the term �̀�𝑟 in Eq. (7.4) represents the net heat radiation flux. The expression 

approximating the radiative diffusion is proposed by Rosseland and is given by [117] 

�̀�𝑟 = −
4 σ ̀ �̀�3

3𝑎𝑅

𝜕T ̀

𝜕y ̀
. 

(7.5) 

In the above equation, �̀� symbolizes the Stefan–Boltzmann constant and 𝑎𝑅 denotes 

Rosseland mean absorption coefficient. 

By following [109], the auxiliary conditions can be written as follows: 

at �̀� = 0, 

�̀� = �̀� = 0 and �̀� = �̀�𝑙. 

 

(7.6) 

at �̀� = ℎ(𝑡), 

�̀� = 0, �̀� = −𝐴𝑢 ℎ̇ = −𝑣𝑤 and �̀� = �̀�𝑢, 

 

(7.7) 

where �̀�𝑙, is the temperature of the heated plate. Moreover, �̀�𝑢 is the temperature at the 

upper wall where the coolant is injected from. 

Eqs. (7.1)–(7.3) can be reduced to a single, fourth order, ordinary differential equation 

(ODE). It can be achieved by implementing the similarity transformation proposed by [12], 

and [11]. The transformation is given below: 

𝜛 = �̀�/ℎ, �̀� = 𝜐 �̀��̀�𝜛/ℎ
2, �̀� = −𝜐�̀�(𝜛, 𝑡)/ℎ. (7.8) 

In Eq. (7.8), the subscript 𝜛, represents the differentiation with respect to 𝜛. Since the 

process of this transition has been explained in many studies [13, 109, 12], we feel 

appropriate to mention only the essential ingredients and skip the details about the process 

of reduction. The ultimate result is a non-dimensional ODE that is given as follows: 
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𝑓(𝑖𝑣) + 𝛼(𝜁 �̀�′′′ + 3𝑓′′) + 𝑅(𝑓𝑓′′′ − 𝑓′𝑓′′) = 0, (7.9) 

where 𝛼 = ℎ ℎ̇/𝜐 and 𝑅 = ℎ 𝑣𝑤/𝜐 denote the dimensionless wall reformation rate and the 

permeation Reynolds number, respectively. As customary, the positive value of 𝛼 

represents the parting motion of the upper plate and the positive value of 𝑅 represents the 

injection of the fluid. Besides, the primes denote the differentiation with respect to 𝜛. 

The non-dimensional variables have been obtained by using the following normalizing 

scales: 

�̃� = �̀� /ℎ̇, �̃� = �̀� /ℎ̇, �̃� = �̀�/ℎ, 𝑓 = �̀�/𝑅. (7.10) 

The supporting conditions for the velocity profile, after being non-dimensionalized, can be 

written as [109]: 

𝑓(0) =  𝑓 ′(0) = 𝑓 ′(1) = 0; 𝑓(1) = 1, (7.11) 

The Eq. (7.4), representing the conservation of energy, can be reduced to an ODE by using 

the following transformation: 

�̀� = �̀�𝑢 + (�̀�𝑙 − �̀�𝑢)𝜃(𝜛). (7.12) 

Eq. (7.12), also transforms the part of the boundary conditions in Eqs. (7.6) and (7.7), 

associated with the temperature profile. The consequent ODE and the boundary condition 

are presented respectively in the next two equations to follow (see Eqs. (7.13) and (7.14)). 

(1 + 𝑅𝑑(1 + (𝜃𝑤 −1)𝜃)
3𝜃′)′+ Pr(𝛼𝜛+ 𝑅𝑓)𝜃′ = 0. (7.13) 

𝜃(0) = 1;  𝜃(1) = 0. (7.14) 

In Eq. (7.13), Pr = 𝛽/ 𝜐, 𝑅𝑑 = 16�̀��̀�𝑢
3/3𝑎𝑅𝑘 and 𝜃𝑤 = �̀�𝑙/�̀�𝑢 represent Prandtl number, 

radiation parameter and the temperature ratio (between lower and upper plates), 

respectively. 
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The dimensionless expression, representing the local rate of heat transfer also known as 

Nusselt number, can be obtained by using the following relation: 

𝑁𝑢 =
ℎ

𝑘(�̀�𝑙−�̀�𝑢)
(�̀�𝑟 + �̀�𝑤), 

(7.15) 

where 

�̀�𝑟 = −𝑘
𝜕�̀�3

𝜕𝑦 ̀
. (7.16) 

By making use of Eqs. (7.5), (7.12), (7.15) and (7.16), Nusselt number at the lower and 

upper plates is given as: 

𝑁𝑢 = −[1 + 𝑅𝑑(𝜃𝑤)
3]𝜃′(0), (7.17) 

𝑁𝑢 = −[1 + 𝑅𝑑 ]𝜃′(1). (7.18) 

7.1.3 Solution of the Problem 

The system of ordinary differential equation (Eqs. (7.9) and (7.13)) with the boundary 

conditions (Eqs. (7.11) and (7.14)) has been solved by two methodologies. One, using a 

finite element algorithm known as Galerkin method (GM), and the other, by using built- in 

methods provided by a mathematical software, Maple. It is done to see the relative accuracy 

of the calculated solutions. Galerkin method like other methods of weighted residual 

(MWRs), requires a trial solution to initiate the solution process. The trial solution is forged 

with the help of basis function chosen from a set of orthonormal basis. The residual is 

calculated by plugging the trial solution into the differential equation. The trial function 

contains some undermined constants that can be calculated by minimizing the weighted 

residual in an average sense. 

To explain the procedure, let us consider a deferential operator 𝐷 acting upon a function 

𝑓(𝜛) to yield a function 𝑔(𝑥), i.e. 

𝐷(𝑓(𝜛)) = 𝑔(𝜛). (7.19) 



138 

To find the solution of the above problem, we consider a trial solution 𝑓(𝜛) which is a 

linear combination of linearly independent base functions, i.e. 

𝑓(𝜛) ≅ 𝑓(𝜛) = 𝜙0 +∑ 𝑐𝑖𝜙𝑖
𝑛
1 , (7.20) 

where 𝜙0  satisfies the essential boundary conditions and 𝑐𝑖s are the constants to be 

determined. These constants are obtained by minimizing the residual error in an average 

sense. The residual for Eq. (7.19) after substituting Eq. (7.20) can be written as 

𝑅(𝑥) = 𝐷 (𝑓(𝜛)) − 𝑔(𝜛) ≠ 0, (7.21) 

If the trial solution is an exact solution, the residual vanishes. In fact, it is very rare and 

mostly, we end up with a non-zero residual.  

The next step is to construct a weighted residual error with appropriate weights and 

minimize it to get the values of 𝑐𝑖s, that is, 

∫ 𝑅(𝑥) 𝑊𝑖(𝑥) = 0 𝑖 = 1,2,3, … 𝑛𝑥
, (7.22) 

The above equation, after the selection of proper weight functions, gives us a system of 

algebraic equation consisting of unknown constants. After solving the resulting system, we 

get the values of 𝑐𝑖s against which the residual error is minimum. By using these values of 

constants in the trial solution, we get an approximated solution for the original differentia l 

equation. 

To solve the problem at hand, we can use the following couple of trial solutions. 

�̌�(ϖ) = 3ϖ2 −2ϖ3 +∑ 𝑐𝑖  (ϖ)(ϖ − 1)
𝑖5

𝑖=1 . (7.23) 

𝜃(ϖ) = ϖ +∑ 𝑑𝑖  (ϖ)(ϖ− 1)
𝑖5

𝑖=1 . (7.24) 

By using these as trial functions and following the steps stated above, we can find the 

approximated solution of the original problem. The following equations display the 
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solution of the problem for a particular set of values of the parameters. i.e. 𝑅 = 1.5: 𝛼 =

1.0: 𝜃𝑤 = 1.1: 𝑅𝑑 = 0.1:𝑃𝑟 = 4.5. . 

𝑓(𝜁) ≅ �̌�(𝜁) = −0.1954653365𝑥6 + 0.8756651867𝑥5 −0.737389047𝑥4

− 2.370356119𝑥3 +3.427545316𝑥2 − 0.0000000001𝑥 

 

(7.25) 

𝜃(𝜁) ≅ 𝜃(𝜁) = −1.485749312𝑥6 +2.144382664𝑥5 + 2.38518252𝑥4

− 4.92411405𝑥3 +0.515476060𝑥2 + 2.364822102𝑥 

 

(7.26) 

To compare the results with Maple solutions, we present the following tables. The values 

of the parameters remain the same as stated above. Table 7.1, shows the comparison for 

the velocity profile while the Table 7.2 does the same for the temperature profile. A very 

good agreement is clearly visible between both solutions. 

Table 7.1: Comparison of the results for the velocity profile 

𝜛 Numerical GM Abs Error 

0 0 0 0 

0.1 0.03185218571 0.03183991931 1.22663997e-005 

0.2 0.1172823582 0.1172268444 5.551378927e-005 

0.3 0.2405736846 0.2404919842 8.170042084e-005 

0.4 0.3860434854 0.3859934849 5.000051643e-005 

0.5 0.538787728 0.53881539 2.766204725e-005 

0.6 0.6852269057 0.6853258658 9.896007747e-005 

0.7 0.81348009 0.8135946924 0.0001146024316 

0.8 0.9135997972 0.9136700189 7.022170745e-005 

0.9 0.9776994852 0.9777143836 1.489839539e-005 

1 1 1 6.661338148e-016 

 

Table 7.2: Comparison of the results for temperature profile 

𝜛 Numerical GM Abs Error 

0 0 0 0 
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0.1 0.2368314327 0.2369713331 0.0001399003685 

0.2 0.4579219914 0.458597957 0.0006759656158 

0.3 0.6466426742 0.6463361141 0.0003065600968 

0.4 0.7908863325 0.7901952342 0.0006910983133 

0.5 0.8884218412 0.8886368442 0.0002150029828 

0.6 0.9465269517 0.9474037424 0.0008767907444 

0.7 0.9771155349 0.9772794233 0.0001638883749 

0.8 0.9914819664 0.9907777782 0.0007041882200 

0.9 0.9975950915 0.9977630399 0.0001679483994 

1 1 1 6.661338148e-016 

 

7.1.4 Results and Discussion 

We dedicate this section to explore and analyze the variations in the temperature 

distribution caused by the relevant physical parameters. The graphs to follow provide a 

pictorial description of the behavior of the temperature profile under the influence of 

involved parameters. Figures 7 and 7 display the influence of varying 𝛼 on the temperature 

profile 𝜗(𝜛) for the suction (𝑅 < 0) and injection (𝑅 > 0) cases, respectively. It is worth 

mentioning again that the positive values of 𝛼 represent the parting motion of the upper 

plate and the negative values of 𝛼 describes the case when the upper plate moves towards 

the lower plate of the channel. Besides, the fixed upper plate is described by the value 𝛼 =

0. For the suction case (see Figure 7.2), the temperature of the fluid increases when the 

upper plate moves towards the lower plate (𝛼 < 0). As the upper plate comes closer to the 

lower heated plate and the fluid is sucked out from the upper plate, a rise in temperature is 

logically sane. On the other hand, when the plates go apart, a temperature drop is also 

evident from the same figure. A lager area of the channel is perhaps a reason behind this 

drop. For injection case, a similar behavior is shown in the next figure (see Figure 7.3), 

however, this time the temperature has lesser values. These lesser values are a result of 

injection of a coolant fluid from the upper plate. 
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Figure 7.2: Temperature variations due to changing 𝛼: 

suction case. 

 
Figure 7.3:Temprature variations due to changing 𝛼: 

injection case. 

Figure 7.4 and Figure 7.5 display the effects of permeation Reynolds number 𝑅 on the 

temperature profile for contraction and expansion cases, respectively. The behavior is 

similar as far as the variations, due to the suction or injection, are concerned. With 

increasing suction, the temperature of the fluid increases, and for increasing injection, the 

temperature falls. This is expected as the injection of coolant is supposed to drop the 

temperature of the fluid. It is also appropriate to mention that the contracting channel has 

higher temperature values as compared to the expanding channel. It is due to the decrement 

and increment in the area of the channel. 

 
Figure 7.4: Temperature variations due to changing 𝑅: 

contraction case 

 
Figure 7.5: Temperature variations due to changing 𝑅: 

suction case 

The variations in the temperature profile, caused by increasing 𝜃𝑤, are captured in the next 

two figures (see Figure 7.6 and Figure 7.7). Two cases are considered, the injection 

combined with contraction, and the injection combined with expansion. The temperature 

in both cases, rises due to increasing 𝜃𝑤. As 𝜃𝑤 increases, the temperature difference, 
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between the lower and upper plate, increases. Due to the increasing temperature difference, 

more heat flows towards the upper plate and as a result, the temperature of the fluid rises. 

 
Figure 7.6: Temperature variations due to 𝜃𝑤 varying: 

injection/contraction 

 
Figure 7.7: Temperature variations due to 𝜃𝑤 varying: 

injection/expansion 

 

Figure 7.8 and Figure 7.9 shows that the temperature distribution rises with increasing 𝑅𝑑. 

As 𝑅𝑑 increases, the mean absorption decreases, therefore, a temperature surge is most 

likely. It can also be seen from the same figures that the deviation in the temperature 

distribution is more prominent in the expansion/injection case. 

 
Figure 7.8: Temperature variations due to 𝑅𝑑 varying: 

injection /contraction. 

 
Figure 7.9: Temperature variation du to 𝑅𝑑 varying: 

injection/expansion. 

In Figure 7.10, an increment in the rate of heat transfer, at the upper and lower plates, is 

portrayed. This increment is caused by increasing the values of 𝜃𝑤. The local rate of heat 

transfer (Nusselt number) is plotted against the increasing values of 𝑅𝑑. It is also evident 

that an increase in 𝑅𝑑 increases the Nusselt number. The case considered, involves 

expansion combined with injection. 
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Figure 7.10: Nusselt number for 𝜃𝑤 varying: expansion/injection. 

We keep the same setup as was in Figure 7.10, but now the case considered is contraction 

combined with suction (see Figure 7.11). For this case, Nusselt number at lower plate 

behaves in a similar manner as it did in the expansion/injection case; however, the behavior 

is opposite at the upper plate, where a decrease in 𝑁𝑢 is observed for increasing both 𝑅𝑑 

and 𝜃𝑤. 

 
Figure 7.11: Nusselt number for 𝜃𝑤 varying: contraction/suction. 

 

7.1.5 Conclusions 

This manuscript deals with the study of the effects of nonlinear thermal radiation on the 

flow of a viscous fluid between two infinite plates. The lower plate is fixed, solid and 
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heated, while the upper plate is porous and it is moving to or away from the lower plate. 

Appropriate similarity transformations have been used to obtain a system of ordinary 

differential equations from the laws of conservation of mass, momentum and energy. The 

nonlinear radiation effects have been incorporated in energy equation by using Rosseland 

approximation [117]. The solution of the problem is found by using the Galerkin method. 

The Galerkin solution is also supported by a numerical solution obtained by using built- in 

routines of the mathematical software, Maple. A summary of conclusive remarks is 

presented in the form of bullet points as follows: 

 The temperature of the fluid rises when the plates come closer to each other, and it 

drops when they go apart (see Figure 7.2 and Figure 7.3). This happens for both the 

suction or injection cases. 

  For a fixed contraction or expansion rate, the injection of coolant decreases the 

temperature. The temperature increases when the suction takes place. (see Figure 

7.4 and Figure 7.5). 

 In all the cases considered, the temperature rises with increasing 𝑅𝑑 and 𝜃𝑤. It 

means that the thermal radiation increases the temperature of the fluid. 

 The Nusselt number at the lower and upper plates, increases with increasing 𝑅𝑑 

and 𝜃𝑤 in all the cases, except at the upper wall, when the contraction is combined 

with suction. 

7.2 Influence of Nonlinear Thermal Radiation On the Viscous Flow 
Through a Deformable Asymmetric Porous Channel: A Numerical 

Study 

7.2.1 Motivation 

The situation where the fluid flow is confined in a porous channel whose walls can exhibit 

an up and down motion, is widely investigated by researchers from different countries of 

the world. This global popularity is due to its practical applications that are seen in several 

industrial and biological circumstances. Regularly dispersed irrigation, coolant circulat ion, 

filling machines, bio-fluid transportation in living organisms, manufacturing process of 



145 

sheets and papers, propellant combustion, and industrial cleansing systems are a few 

examples of such situations. 

There are several studies available in the literature dealing with the flows of such type. 

Some of the very recent/relevant studies are mentioned here [11, 13, 18, 21, 54]. A brief 

history of the problem is given at the start of this document. As the governing equations 

resulting from the problems are highly nonlinear, so are the exact solutions rare. To cope 

with this problem, different numerical attempts have been made in the past. Mostly it is 

done by using RK-4 method coupled with shooting technique. 

The study of heat transfer in many industrial mechanisms is crucial for their proper 

working. Several enhancements can be proposed after understanding the operations under 

different thermal conditions. Thermal analysis gives us the ideas to tweak the systems 

under consideration. Some of such mechanisms are involved in processes like wire coating, 

glass sheet production, vehicle engines, fuel combustion and paper manufacturing. For the 

smaller coefficients of convective heat transfer, radiation takes control of the total heat 

transfer and act dominantly. Even in the situations where the free or forced convection 

occurs, its role is still important. Keeping in view the importance of radiative heat transfer, 

many researchers tried to model it in different physical situations and some of them are 

mentioned in the  [24, 77, 78, 114, 118, 119, 120, 121, 122] 

A literature exploration indicates that, the problem related to the influence of nonlinear 

thermal radiation on the flow, through expanding contracting domains, is yet to be tackled. 

For this purpose, we present our work that provides a numerical solution to the 

aforementioned problem. Two of the numerical schemes have been employed to get the 

results; Galerkin’s method [GM] and Runge-Kutta-Fehlberg [RKF] method. Both of them 

are used in a number of studies, [49, 43] And have been proved to be very useful in 

obtaining the solution to the physical problems. A physical insight of the problem is 

analyzed in appropriate sections with the help of graphs and comprehensive discussions. 

Temperature distribution is mainly the focus of these discussions and its variation, due to 

the involved parameters, is captured in detail. 
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7.2.2 Mathematical Exploration: 

The core objective of this work is to see the effects of nonlinear thermal radiation on the 

flow of a Newtonian fluid, through a deformable semi-infinite porous channel. The height 

of the channel is taken to be very small, as compared to its length and width. A cross-

sectional view of the geometry is presented in the following figure (see Figure 7.12). 

During the dilation or contraction in the height of the channel, the fluid may enter or leave 

through the permeable walls. The primary end of the channel is closed using an 

impenetrable, but flexible membrane that coordinates the walls movement.  

 

Figure 7.12: Cross-sectional view of the geometry 

The permeability of the lower and upper wall is not same and they exhibit an embracing or 

parting movement at a uniform rate (ℎ̇ =
𝑑ℎ

𝑑𝑡
). The origin is taken at the middle of the 

leading side of the channel as indicated in the above figure (see Figure 7.12). Besides, in 

the same figure, �̆� signifies temperature and the expressions related to the lower and upper 

wall are symbolized by the subscripts; 𝑙 and 𝑢, respectively. Furthermore, the temperature 

at the upper wall is taken to be smaller than the temperature at the lower wall. The effect 

of nonlinear thermal radiation has also been taken into consideration. In context of the 

assumptions stated above, the equations representing the conservation of mass, momentum 

and energy are stated below [31, 83]. 
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∂�̆�

∂𝑥
+
∂𝑣

∂�̆�
= 0, (7.27) 

∂�̆�

∂𝑡
+ �̆�

∂𝑢

∂𝑥
+ �̆�

∂�̆�

∂𝑦
= −

1

�̆�
(
∂𝑝

∂𝑥
) + 𝜐 ∇2�̆�, (7.28) 

∂𝑣

∂𝑡
+ �̆�

∂𝑣

∂𝑥
+ �̆�

∂𝑣

∂𝑦
= −

1

�̆�

∂𝑝

∂𝑦
+ 𝜐 ∇2�̆�, (7.29) 

∂�̆�

∂𝑡
+ �̆�

∂�̆�

∂𝑥
+ �̆�

∂�̆�

∂𝑦
= 𝛽 ∇2𝜃 −

1

�̆� 𝑐𝑝
∇�̆�𝑟, 

(7.30) 

where ∇2= (
∂2

∂𝑥2
+

∂2

∂𝑦2
) and ∇= (

∂

∂𝑥
+

∂

∂�̆�
). In the above set of equations, the velocit ie s 

along �̆� and �̆� directions are represented by �̆� and �̆�, respectively. 𝜌 denotes density of the 

fluid, 𝑝 is the pressure and 𝜐 is kinetic viscosity. Moreover, 𝜃 represents dimens iona l 

temperature of the fluid and the thermal diffusivity is 𝛽 = 𝑘/𝜌 𝑐𝑝 with 𝑘 being thermal 

conductivity and 𝑐𝑝  the specific heat under constant pressure. The last term of Eq. (7.30) 

arises due to the net heat radiation flux denoted by �̆�𝑟 . It is defined by Rosseland 

approximation for the energy flux [123]. The following equation gives us the mathematica l 

form of the said approximation and is commonly known as the equation of radiative 

diffusion; 

�̆�𝑟 = −
4 �̆��̆�3

3𝑎𝑅

𝜕�̆�

𝜕�̆�
, 

(7.31) 

where �̆� denotes the Boltzmann constant and 𝑎𝑅 is the Rosseland mean absorption 

coefficient.  

The supporting boundary conditions can be set as [31] 

�̆� = 0;  �̆� = −𝑣𝑙 = −𝐴𝑙ℎ̇;  𝜃 = 𝜃𝑙  a𝑡 �̆� = −ℎ(𝑡),  (7.32) 

�̆� = 0;  �̆� = −𝑣𝑢 = −𝐴𝑢 ℎ̇; 𝜃 = 𝜃𝑢;  a𝑡 �̆� = ℎ(𝑡),  (7.33) 
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𝐴𝑙 and 𝐴𝑢, in Eqs. (7.32) and (7.33), denotes the permeability of the walls located, �̆� =

−ℎ(𝑡) and �̆� = ℎ(𝑡), respectively 

The following similarity transformation is established by employing the idea of mass 

conservation [54]: 

𝜁 = �̆�/ℎ, �̆� = 𝜐�̆�ℎ−2 �̆�𝜁 , �̆� = −𝜐ℎ
−1�̆�(𝜁, 𝑡),  (7.34) 

where the subscript 𝜁 represents the differentiation w. r .t the similarity variable 𝜁. The 

aforementioned similarity transformation reduces the set of equations (Eqs. (7.27)−(7.29)) 

into a single differential equation after eliminating the pressure terms as follows: 

�̆�𝜁𝜁𝜁𝜁 + 𝛼(3�̆�𝜁𝜁 + 𝑦�̆�𝜁𝜁𝜁 )− �̆�𝜁 �̆�𝜁𝜁 + �̆� �̆�𝜁𝜁𝜁 −
ℎ2

𝜐
(�̆�𝜁𝜁𝑡 +

𝜎�̆�2

𝜌
�̆�𝜁𝜁) = 0,  

(7.35) 

𝛼 =
ℎℎ̇

𝜐
, in Eq. (7.35) is the rate at which walls deform and its positive values indicate the 

expanding behavior of the channel. 

A similarity solution in time can be established by following [54, 60]; consequently, the 

term �̆�𝜁𝜁𝑡 vanishes by taking 𝛼 uniform in time. In the same references one can see that the 

value of 𝛼 can be set by using the initial height of the channel. 

The auxiliary conditions for velocity (Eqs. (7.32) and (7.33)) can be converted to 

�̆�(−1,𝑡) = 𝑅𝑙;  �̆�𝜁 (−1,𝑡) = �̆�𝜁(1,𝑡) = 0, �̆�(1,𝑡) = 𝑅,  (7.36) 

where 𝑅𝑙 = −𝑣𝑙ℎ/𝜐 and 𝑅 = 𝑣𝑢ℎ/𝜐 are the permeation Reynolds numbers linked to the 

lower and upper wall respectively. They bear positive values if the injection is taking place. 

A dimensionless form of the velocity profile can be obtained by using the following the 

scales 

�̃� =
�̆�

ℎ̇
, �̃� =

𝑣

ℎ̇
, �̃� =

𝑥

ℎ
, �̃� =

𝐹

𝑅
.   

Using the above scales, we get 
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�̃�(𝑖𝑣) +𝛼(𝜁 �̃�′′′ + 3�̃�′′) + 𝑅(�̃��̃�′′′ − �̃�′�̃�′′) = 0. (7.37) 

The dimensionless boundary conditions are 

�̃�(−1) = 𝐴; �̃� ′(−1) = �̃� ′(1) = 0;  �̃�(1) = 1,  (7.38) 

where primes are used to show the differentiation w. r. t 𝜁 and 𝐴 = −𝑣𝑙/𝑣𝑢 is the 

permeability parameter. 

The following transform can be used to reduce the energy equation along with the boundary 

conditions into an ordinary differential equation 

𝜃 = 𝜃𝑢 + (𝜃𝑙 −𝜃𝑢) 𝜃(𝜁), (7.39) 

The resulting equation is 

(1 + 𝑅𝑑(1 + (𝜃𝑤 −1) 𝜃)
3𝜃′)′+ Pr(𝛼 𝜁 + 𝑅�̃�) 𝜃′ = 0. (7.40) 

The supporting conditions are 

𝜃(−1) =  1;  𝜃(+1) = 0. (7.41) 

Pr =
𝛽

𝜐
 here is Prandtl number, 𝑅𝑑 =

16�̆��̆�𝑢
3

3𝑎𝑅𝑘
 is the radiation parameter and 𝜃𝑤 =

�̆�𝑙

�̆�𝑢
. 

The non-dimensional expressions for the rate of heat transfer (Nusselt numbers(𝑁𝑢)) at 

the upper and lower walls can be written as 

𝑁𝑢 = −[1 + 𝑅𝑑 ]𝜃′(1), (7.42) 

𝑁𝑢 = −[1 + 𝑅𝑑(𝜃𝑤)
3]𝜃′(−1). (7.43) 

These relations can be derived by using the following definition of Nusselt number  
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𝑁𝑢 =
ℎ

𝑘(�̆�𝑙−�̆�𝑢 )
(�̆�𝑟 + �̆�𝑤), 

 

where, �̆�𝑤 = −𝑘
𝜕

𝜕𝑦
(𝜃3). 

7.2.3 Solution of the Problem 

Two numerical schemes, the Galerkin’s method and Runge-Kutta-Fehlberg (RKF) method, 

have been used to find the solution of the resulting system of differential equations. The 

later method has been coded in the mathematical software; Maple, while the latter is a built-

in routine available in the same software. The Galerkin’s method is a type of Method of 

Weighted Residual (MWR) that entails an initial approximation to start with. After 

applying the supposed trial function into the original differential equation, an expression 

for the residual is derived. The trial function contains some undermined constants that can 

be calculated by reducing the weighted residual in an average sense. This scheme is 

summarized as follows. 

Consider a deferential operator 𝐷 acting upon a function 𝑢(𝑥) to yield a function 𝑔(𝑥), i.e. 

𝐷(𝑢(𝑥)) = 𝑔(𝑥). (7.44) 

The solution for the above problem is approximated by using a trial solution �̌�(𝑥), which 

is a linear combination of some linearly independent base functions (say {𝜙𝑖 , 𝑖 =

1,2,3, … 𝑛}). We can write it mathematically as 

𝑢(𝑥) ≅ �̌�(𝑥) = 𝜙0 + ∑ 𝑐𝑖𝜙𝑖
𝑛
1 , (7.45) 

where 𝜙0  incorporates the essential boundary conditions. After substituting Eq. (7.45) in 

Eq. (7.44), if the equation is satisfied we can say that the trial solution is actually a solution. 

In fact, this is extremely rare. More often the equation is not satisfied and we get an 

expression representing the error or the residual as under 

𝑅(𝑥) = 𝐷(�̌�(𝑥))− 𝑔(𝑥) ≠ 0, (7.46) 
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The next step is to construct a weighted residual error with appropriate weights and 

minimize it to get the values of 𝑐𝑖s, that is, 

∫ 𝑅(𝑥) 𝑊𝑖(𝑥) = 0 𝑖 = 1,2,3, … 𝑛𝑥
, (7.47) 

Eq. (7.47) gives a system of algebraic equations and its solution gives us the values of 𝑐𝑖s 

that can be plugged back in to the trial solution to get the numerical solution. 

To solve the problem, we have two trial functions needed that are written as follows 

�̌�(𝜁) =
1

4
(𝐴− 1) 𝜁3 −

1

2
(3𝐴− 1) 𝜁+

1

2
(𝐴 + 1) + ∑ 𝑐1 (𝜁 + 1)(𝜁 − 1)

𝑖5
𝑖=1 . (7.48) 

𝜃(𝜁) =
1

2
(1 − 𝜁)+ ∑ 𝑑1 (𝜁 + 1)(𝜁 − 1)

𝑖5
𝑖=1 . (7.49) 

Firstly, the numerical solution using Eq. (7.48) is attained following the procedure stated 

above. For a particular set of values of the parameters the approximated solution is shown 

below 

�̃�(𝜁) ≅ �̌�(𝜁) = −0.01369531341 𝜁6 +0.04580768683 𝜁5

+ 0.0781878975 𝜁40.3666153736 𝜁3 −0.1153516394 𝜁2

+  0.8708076868 𝜁+ 0.5008281630. 

 

 

(7.50) 

Using the above solution and trial function for the temperature profile we can proceed in a 

similar fashion to get the solution for the temperature profile as 

𝜃(𝜁) ≅ 𝜃(𝜁) = 0.4492668483 𝜁6 −0.051108516 𝜁5− 1.120624279 𝜁4

+  0.321321928 𝜁3 − 1.007938100 𝜁2 − 0.770213412 𝜁

+  0.1634193307.  

 

 

(7.51) 

Following, are the values against which the above solutions are obtained 

𝑅 = 1.5: 𝛼 = 1.0: 𝐴 = −0.1: 𝑃𝑟 = 4.5: 𝜃𝑤 = 1.1: 𝑅𝑑 = 0.1. 

A similar kind of expression can be calculated for the other sets of varying parameters. 
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The attained results are compared with RKF method and are shown in the following table. 

Table 7.3: Comparison of the results for the velocity profile 

𝜁 RKF GM Abs Error 

-1 -0.1 -0.1 2.775557562e-017 

-0.8 -0.06869559391 -0.06849795502 0.0001976388911 

-0.6 0.0210820705 0.02194206234 0.0008599918402 

-0.4 0.1578287456 0.1589894442 0.001160698604 

-0.2 0.3244987233 0.3250950982 0.0005963749496 

0.0 0.5012754675 0.500828163 0.0004473045055 

0.2 0.6687634366 0.6675816438 0.001181792758 

0.4 0.8107954141 0.8096469672 0.001148446946 

0.6 0.9162264011 0.9156574565 0.0005689446334 

0.8 0.9794779544 0.9794007267 7.722768253e-005 

1 1 1 1.110223025e-016 

 

Table 7.4: Comparison of the results for temperature profile 

𝜁 RKF GM Abs Error 

-1 1 1 2.220446049e-016 
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-0.8 0.9336119669 0.935665769 0.002053802129 

-0.6 0.799561172 0.798701838 0.0008593340434 

-0.4 0.5906031123 0.585885749 0.004717363327 

-0.2 0.3523772103 0.3534610763 0.001083865984 

0 0.1612393632 0.1634193426 0.002179979359 

0.2 0.05513542136 0.050484154 0.004651267356 

0.4 0.01409746577 0.00979752602 0.004299939752 

0.6 0.002730129875 0.005308419975 0.0025782901 

0.8 0.0003803966409 -0.001136515866 0.001516912507 

1 0 0 0 

 

7.2.4 Results and Discussion 

After finding the solution of governing equations, we can now analyze the flow 

characteristics by chasing the flow tendencies under the variations in physical parameters. 

To obtain this objective, some graphical results are displayed in the figures to follow. The 

temperature distribution 𝜃(𝜁) is our main focus and we intend to see its variation due to 

the variations in porosity parameter 𝐴, permeation Reynolds number 𝑅, non-dimensiona l 

wall deformation rate 𝛼, radiation parameter 𝑅𝑑 and the temperature ratio 𝜃𝑤. The cases 

of injection combined with dilation or squeezing is considered, unless stated otherwise. 

Figure 7.13 and Figure 7.14 show the changes in temperature distribution arising due to 

increasing absolute values of 𝐴. A rise in temperature of the fluid is seen in both cases 

mentioned above. At the upper wall however, the changes are negligible. The increased 

cross flow velocity near the lower wall increases the movement of particles, and this 
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increment in kinetic energy takes the temperature to a higher side near the lower wall. The 

way in which the wall deformation rate affects the temperature profile is shown in Figure 

7.15 and Figure 7.16. Prior to the case when suction takes place, for the said case, 

contraction increases the temperature profile quite significantly. While for the dilation, a 

drop in temperature is observed. It is also noted that the effect is not prominent near the 

lower wall. A solid line in the graphs shows the situation when the walls are not moving. 

The latter figure shows an exactly opposite behavior when the channel is experiencing 

injection. 

 

Figure 7.13: Temperature profile for 𝐴 varying 

𝛼 < 0,𝑅 > 0 

 

Figure 7.14: Temperature profile for𝐴 varying 
𝛼 > 0,𝑅 > 0 

 

 

Figure 7.15: Temperature profile for 𝛼 varying 
𝛼 < 0,𝑅 < 0 

 

Figure 7.16: Temperature profile for 𝛼 varying 
𝛼 > 0,𝑅 > 0. 

The pattern in which 𝑅 affects the temperature distribution is shown in Figure 7.17 and 

Figure 7.18. As the absolute value of injection increases, backed by the contraction, 
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temperature seems to rise, and when the suction increases, it reduces the temperature 

everywhere except at the lower wall. A similar phenomenon is evident from Fig. 7 when 

an expanding channel is considered instead of a contracting one. The thermal radiation 

parameter is also very influential as painted in Figure 7.19 and Figure 7.20. The solid line 

shows the scenario when there is no radiation involved. One can clearly see that 𝑅𝑑 

significantly increases the temperature for injecting and contracting channel. For an 

injecting and expanding case, the behavior is same near the upper wall, that is, a higher 

temperature with rising 𝑅𝑑. However, a fall in temperature is observed near the lower wall. 

 

Figure 7.17: Temperature profile for 𝑅 varying 𝛼 < 0. 

 

Figure 7.18: Temperature profile for 𝑅 varying 𝛼 > 0 

 

 

Figure 7.19: Temperature profile for 𝑅𝑑 varying 
𝛼 < 0,𝑅 > 0. 

 

Figure 7.20: Concentration profile for 𝑅𝑑 varying 
𝛼 > 0,𝑅 > 0. 

The parameter 𝜃𝑤 also plays an important role similar to 𝑅𝑑. That is portrayed in Figure 

7.21 and Figure 7.22. The higher the 𝜃𝑤, the higher the temperature difference between the 

lower and upper wall. As the difference increases, a rise in the temperature of the fluid is 
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observed across the channel for the prior case, and a thicker thermal boundary layer is 

observed near the lower wall. As we move towards the upper wall, a thinner thermal 

boundary layer is seen. On the other hand, for the latter case, the temperature drops slightly 

near the lower wall. It is worth mentioning, that the radiation parameter and 𝜃𝑤 do not 

affect the temperature near the upper wall in any of these cases. 

 

Figure 7.21: Temperature profile for 𝜃𝑤 varying 
𝛼 < 0,𝑅 > 0. 

 

Figure 7.22: Temperature profile for 𝜃𝑤 varying 
𝛼 > 0,𝑅 > 0. 

Figure 7.23 shows the effects of 𝜃𝑤 on the rate of heat transfer (Nusselt number) at the 

lower and upper walls. The picture on the left corresponds to the upper wall. It is easy to 

observe that the rate of heat transfer, increases with the increasing values of 𝜃𝑤. Also by 

increasing 𝑅𝑑, a higher rate of heat transfer is evident. The behavior remains the same for 

the lower wall and a similar variation is observed. The expression for 𝑁𝑢 are given in Eqs. 

(7.42) and (7.43). Both observations show that the nonlinear thermal radiation increases 

the rate of heat transfer at the walls.  
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Figure 7.23: Nusselt number for 𝜃𝑤 varying 𝛼 > 0,𝑅 > 0 

 

 
Figure 7.24: Nusselt number for 𝐴 varying 𝛼 > 0,𝑅 > 0. 

The Nusselt number also gets affected greatly by the changing values of permeability 

parameter. This phenomenon is displayed in Figure 7.24. A rise in rate of heat transfer is 

observed at the upper wall due to the decreasing values of the permeability parameter. 

While at the lower wall the same rate decreases. 

7.2.5 Conclusions 

A numerical study is presented to check the influence of nonlinear thermal radiation over 

the flow of a viscos fluid in an asymmetric channel with deformable porous walls. Two 

different numerical techniques have been used to derive the solutions, as well as to 
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authenticate each other. A reasonably good agreement has been found between the 

solutions, which is shown with the help of tables. The following bullets highlight the 

discoveries made during the analysis: 

Permeability parameter 𝐴 arises due to the contrasting permeabilities of the lower and 

upper wall. The temperature distribution is greatly affected by it and an increase in 

temperature is observed with increasing absolute values of 𝐴. However, at the upper wall 

this effect is negligible. 

 Heat transfer rate falls at the upper wall due to the decreasing values of permeability 

parameter. However, at the lower wall, the same rate rises. 

 Increment in 𝜃𝑤 increases the rate of heat transfer at both the walls. 

 Nusselt number also increases with the increasing values of 𝑅𝑑. 

 𝑅𝑑 also raises the temperature distribution, except for the case where it falls near 

the lower wall due to the contraction coupled with injection. 
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Chapter 8 Conclusive Summery 
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Each preceding chapter highlights the findings in details; however, we would like to add a 

dedicated section that comprehensively concludes the document. 

From our study it can be concluded that the variational methods such as VPM and VIM 

can successfully be applied to solve the problems related to the flows in dilating and 

squeezing domains. Same is the case with HAM and MWR. 

The flow of an electrically conducting Newtonian fluid through porous medium between 

dilating and squeezing walls in considered. MHD effects have also been considered during 

the modeling of the flow equations. The solution of the resulting nonlinear ODE is found 

by using VIM. The influence of magnetic and permeability factors is discussed with the 

help of graphs and it is concluded that by increasing the intensity of magnetic parameter 

and deceasing permeability, flow is obstructed and in case where back flow emerges, this 

phenomenon eliminates it and a smoother flow is obtained 

Nowadays, the usage of nanotechnology is growing due to its established usefulness. It can 

be used to enhance the physical and thermal properties of traditional fluids and provides 

certain industrial benefits. We have discussed the potential use of nanofluids in dilating 

and squeezing domains. Two particular models, namely Buongiorno’s model and the 

model presented by Xui et al, are considered. The first model emphasizes on the 

thermophoresis and Brownian motion effects, while the other involves the addition of 

CNTs into the base fluid. The solution of both the problems have been obtained by 

employing FEM algorithm known as Galerkin method. The effects of different involved 

parameters on the temperature and concentration profiles is discussed in detail. 

The combined effects of heat transfer and chemical reaction for the flow through an 

asymmetric channel with orthogonally deformable porous walls have also been discussed. 

HAM solution, with proper convergence analysis, is presented. Graphical simula t ion 

provides an insight of the variation in the flow behavior, caused by the variation in involved 

physical parameters. 

A numerical study of thermo-diffusion, diffusion-thermo and chemical reaction effects on 

the flow of a micropolar fluid in an asymmetric channel with dilating and contracting 

permeable walls has been carried out. The graphs are drawn for injection, combined with 



161 

expansion (Case I), or contraction (Case II). A slight temperature rise is observed for 

increasing micro-rotation parameter 𝜅. The concentration also gets stronger for increasing 

𝜅, except for Case I, where it decreases in the lower half of the channel. Stronger Dufour 

effects increase the temperature of the fluid, except for Case I at the center of the channel, 

and Case II at lower quarter of the channel. Stronger Soret effects cause an upsurge in 

concentration in both cases, except the Case I, where it drops significantly. For 𝜎 < 0, an 

increase in its absolute value gives a rise to concentration. While for positive 𝜎, the 

phenomenon is reversed. 

The effects of thermal radiation on the flows through dilating and squeezing channels have 

also been discussed. Galerkin method has been used to obtain the solution of the resulting 

equations. Rosseland approximation in its complete nonlinear form has been used to 

incorporate the effects of thermal radiation. Increment in 𝜃𝑤 increases the rate of heat 

transfer at both the walls. Nusselt number also increases with the increasing values of 𝑅𝑑.it 

also raises the temperature distribution, except for the case where it falls near the lower 

wall due to the contraction coupled with injection. 
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