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ABSTRACT 

 

This work is devoted to the study of wavelet schemes for solving nonlinear differential 

equations. Most of the scientific and engineering phenomena can be represented in the form 

of nonlinear differential equations. Over the past few decades, nonlinear differential 

equations have been the core of research for many researchers and scientists. Owing to the 

non-availability of exact solutions in many nonlinear physical problems representing 

complex phenomena, various analytical and non-analytical schemes have been evolved. 

One of the most recent families of schemes developed for finding solutions of differential 

equations is Wavelet schemes. These newly revolutionized schemes have few 

shortcomings, while dealing with nonlinear differential equations. The existing wavelets 

schemes are being modified and enhanced in this study to overcome these shortcomings. 

In this study, techniques such as Picard’s Iteration Method, Quasilinearization Method and 

Method of Steps have been merged with different wavelet schemes, which proved to be 

very proficient, reliable and effective in handling a large number of nonlinear mathematical 

problems representing nonlinear differential equations and their systems. These wavelet 

schemes have been extended for fractional nonlinear differential equations also. 
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Introduction 

There has been a phenomenal advancement in nonlinear sciences during the last half 

century. Furthermore, it is also an undeniable fact that most of the physical phenomena, 

related to theoretical physics like, magnetic dynamics, water surface gravity waves, 

electromagnetic radiation reactions, control and optimization theory, biology, astronomy, 

chemistry, bio-sciences, finance, engineering etc. are nonlinear in nature. Several analytical 

and numerical techniques [1-17] have been developed to manage the nonlinearity of such 

problems. As a result of complicated computational work and convergence issues, some 

new techniques were needed to be developed.   

Wavelet methods are among the latest developed techniques for solving differential 

equations of various types. Rapid development is taking place in these schemes, which is 

helpful in increasing their accuracy. Detailed study of literature reveals a wide range of 

these algorithms, see [18-35] and the references therein. The most commonly used schemes 

are; Legendre Wavelets [36, 37], Chebyshev Wavelets [38] and Gegenbauer Wavelets [39]. 

The detailed study of literature reveals the contribution of various scientists in this area. 

Haar wavelets methods were made use of by Chen and Hsiao for the solution of lumped 

and distributed-parameter systems [40]. Numerical solutions were achieved by Babolian 

and Shalsavaran [41] for the nonlinear Fredholm integral equations of the second category 

by using Haar wavelets. Boundary layer fluid flow problems were solved by Islam et al. 

[29, 30] using Haar wavelet collocation method. Haar wavelet was rationalized by 

Maleknejad and Mirzaee [35] in order to get solutions of nonlinear integral equations. Sine-

Gordon and Klein-Gordon equations were solved by Hariharan [42] by the application of 

the Haar wavelet method. Fractional integro-differential equations were solved by 

Rawashdeh [36] through the use of Legendre wavelets method. Constrained optimal 

control problems were resolved by Razzaghi and Yousefi [37] through the use of Legendre 

wavelets method. Chebyshev wavelet operational matrix of integration was utilized by 

Babolian and Zadeh [38] for obtaining numerical solutions of differential equations. 

Daubechies based wavelet matrix of differentiation was brought up by Jameson [43].Chen 

et al. [44] computed wavelet-Galerkin approximation on a bounded interval.  Mohammadi 

et al. [45] utilized the famous Legendre wavelet Galerkin method for nonlinear differential 
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equations. Liu et al., implemented the wavelet-collocation method for transient problems 

with steep gradients [33]. Chen and Wu implemented Wavelet method for a class of 

fractional convection–diffusion equation with variable coefficients [46]. Hariharan used 

Wavelet method to find solutions for a class of fractional Klein-Gordon equations [47]. 

Lilly and Park used Multi-wavelet spectral and polarization analysis for seismic records 

[32]. Bear and Pavlis estimated the slowness of vectors and their uncertainties using multi-

wavelet seismic array processing [48]. Bertoluzza used Adaptive wavelet collocation 

method for finding the solutions of Burgers equation [20] and nonlinear boundary value 

problems [49]. Beylkin and Keiser used wavelet bases to find adaptive numerical solution 

of nonlinear partial differential equations [21]. Kumar and Mehra implemented cubic 

spline adaptive wavelet scheme to tackle singularly perturbed reaction–diffusion problems 

[50]. Vasilyev and Paolucci used dynamically adaptative multilevel wavelet collocation 

method for solving partial differential equations in a finite domain [51]. Hariharan and 

Rajaraman proposed coupled wavelet-based method and applied to the nonlinear reaction–

diffusion equation arising in mathematical chemistry [52]. Hong and Kennett used wavelet-

based method for the numerical simulation of wave propagation [28]. Dahmen et al. applied 

multiscale wavelet methods for solving partial differential equations [23]. Holmstrom and 

Walden used adaptative wavelet methods for finding solutions of hyperbolic partial 

differential equations [53]. Jameson introduced the Daubechies-based wavelet 

differentiation matrix [43]. Chan wrote a book titled “Wavelet Basics” describing basics 

of wavelets [22]. Goswami and Chan explained further about wavelets in their book 

“Fundamentals of Wavelets Theory, Algorithms and Applications” [26]. Graps also 

composed a book on wavelets titled “An introduction to wavelets” [54].  

Wavelets methods can be used to obtain the solutions of Delay differential equations [55-

58] which are often used in the study of epidemics, age-structured population growth, 

automation, traffic flow and in many engineering problems such as earthquake protection 

for high rise buildings.  

In the present work, models such as nonlinear generalized Benjamin–Bona–Mahony 

equation [59] will be considered, 

𝑢𝑡 + 𝑢𝑥 + 𝑎𝑢𝑛𝑢𝑥 + 𝑢𝑥𝑥𝑡 = 0, 𝑛 ≥ 1. 

In above equation, constants 𝑎 and 𝑐 are used. Benjamin [59] in 1972 used the model for 
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𝑛 = 1, which represents propagation of long waves in one direction for dispersive media 

of nonlinear in nature. Many complex models such as acoustic gravity waves, surface 

waves of long wavelength and many such phenomena’s are modeled in the form of 

Benjamin–Bona–Mahony (BBM) equation. When 𝑛 =  2, the considered model gives 

modified Benjamin–Bona–Mahony equation. Due to the importance of generalized BBM 

equation, a lot of research work is carried out in it. Abdel Rady et al. [60], used 

homogeneous balance method to find solutions of Benjamin–Bona–Mahony equation, 

Tang et al. [61] applied an algebraic method with computerized symbolic computation for 

the one-dimensional generalized BBM equation of any order, Estevez et al. [62], obtained 

wave solutions of the generalized Benjamin–Bona–Mahony equation. An and Zhang [63], 

used the Jacobi elliptic expansion method to find solutions of generalized BBM equation. 

Mammeri [64] found some long time bounds for the periodic Benjamin–Bona–Mahony 

equation by using transformation. Gomez et al. [65] have applied tanh–coth method for 

finding some new periodic and soliton solutions for the generalized BBM and Burger’s-

BBM equation. Gomez and Salas [66] coupled the variational iteration method and the exp-

function method together to construct traveling wave solutions of this equation. Tso [67] 

considered the existence of solutions of the modified Benjamin–Bona–Mahony equation. 

Yusufoglu [68] used exp-function method to find new solitonary solutions for the MBBM 

equations. Omrani [69] used fully discrete Galerkin approximations for the BBM equation 

and discussed the convergence of the method. Fakhari et al. [70] used the homotopy 

analysis method to obtain approximate explicit solutions of nonlinear Benjamin–Bona–

Mahony–Burgers equations. 

Fractional derivatives [47, 71-76] are used in order to represent these physical models more 

accurately. This also facilitate in calculating the derivatives of arbitrary order. Solutions of 

fractional differential equations will also be obtained by the help of wavelet schemes. 

Since the problems we are dealing with are all nonlinear in nature so in order to obtain 

better results, we have to merge wavelet schemes with other techniques used for handling 

nonlinear differential equations. Picard’s iteration method is a technique which converts 

the nonlinear differential equation into linear differential equation in the form of iteration.  

To solve nonlinear delay differential equations of various orders, Method of Steps is also 

used. In Method of Steps, delay and nonlinear part is replaced by a known history function. 
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Although several workers had discovered this method many times but we will refer it to 

Myshkis [77] from the Soviet Encyclopedia of Mathematics. The main advantage of this 

method is that it converts a nonlinear delay differential equation into a linear ordinary 

differential equation.  

Quasilinearization is one of the other major technique used in finding the solutions of 

nonlinear differential equations. Quasilinearization approach was revolutionized by 

Bellman [78] in 1965 when he used this technique for finding the solution of nonlinear 

Ricatti equation. The quasilinearization approach is a generalized Newton-Raphson 

technique for the differential equations. In quasilinearization technique, linearization is 

carried out by considering the first two terms of Taylor series expansion of the original 

nonlinear differential equation. Advantage of quasilinearization approach is that it not only 

linearizes the nonlinear part, it also transforms the differential equation into a sequence of 

functions, which converges to the solution of the nonlinear problem. Quasilinearization 

approach is applicable to nonlinear ordinary as well as to the partial differential equations 

of any order.   

In Chapter 1, some preliminaries regarding differential equations, wavelets, wavelet 

methods and fractional calculus are discussed. Moreover, some concepts such as Picard’s 

iteration, Quasilinearization, method of steps are also explained in detail.   

Chapter 2 deals with different wavelets methods, which have been merged with Picard’s 

iteration method to solve nonlinear ordinary differential equations. The proposed methods 

achieved a high level of accuracy, established by application of these suggested methods 

on different nonlinear ordinary differential equations and system of nonlinear ordinary 

differential equations. Section 2.1discusses Legendre Wavelet Picard Method, suggested 

and applied on nonlinear heat convection-radiation equations. Section 2.2, highlights 

modified Chebyshev wavelet Picard method, developed and implemented on nonlinear 

problem in fluid flow.  Section 2.3 deals with Legendre wavelet Picard method, extended 

for system of nonlinear ordinary differential equations. The enzyme-substrate reaction 

model has been considered to check the performance of the proposed method for system 

of nonlinear differential equations.   
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Nonlinear partial differential equations are hard to deal with. Owing to the presence of the 

nonlinear part in partial differential equations, there are many concerns regarding finding 

the accurate solutions. Chapter 3 presents the merger of the wavelet methods with Picard’s 

iteration technique for finding more precise solutions. In this chapter, implementation of 

the suggested modified versions, including Legendre Picard, Checbyshev Picard, Shifted 

Legendre Picard and Shifted Checbyshev Picard on nonlinear partial differential equations 

has been discussed. In section 3.1, Legendre wavelet method is extended for nonlinear 

partial differential equations by merging it with Picard’s iteration method. To check the 

efficacy of the method developed, it is implemented on three different nonlinear partial 

differential equations. In section 3.2, Chebyshev wavelets are merged with Picard’s 

iteration in order to have better approximate solutions of the nonlinear partial differential 

equations. Two different nonlinear partial differential equations are considered and their 

solutions are calculated by applying the developed Chebyshev Picard wavelets method.  In 

section 3.3, shifted Legendre polynomial are used to develop Shifted Legendre Wavelets 

method and then the method is merged with Picard’s iteration method to have better 

approximate solutions of nonlinear problems on any shifted interval [𝑎, 𝑏]. For a test case, 

nonlinear Gardner Equation is considered and Shifted Modified Legendre Wavelets 

Method is implemented on it. The results achieved are discussed in the section also in 

comparison with results obtained via other existing techniques. In the last two sections of 

chapter 3, Shifted Modified Chebyshev Wavelets method is developed by using the shifted 

Chebyshev polynomials and Picard’s iteration. Proposed Shifted Modified Chebyshev 

Wavelets method is applied on nonlinear Benajmin Bona Mohany Equation and nonlinear 

Sawada Koterra Equation. The results obtained are discussed by the help of tables and 

graphs. 

In Chapter 4, for finding more accurate solutions of nonlinear problems, existing Wavelets 

Techniques are merged with Quasilinearization Technique. This suggested modification in 

wavelets methods proves to be of great use for nonlinear problems. In section 4.1, 

Gegenbauer Wavelets Method is amalgamated with quasilinearization technique to obtain 

a method capable for solving nonlinear problems. To verify the performance of the 

developed Gegenbauer Wavelet Quasilinearization Technique, the method is applied on 

nonlinear partial differential equations and the results are compared with actual solutions. 
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In section 4.2, well known Legendre Wavelets Method is combined with Quasilinearization 

technique to have a method suitable for nonlinear differential equations. The developed 

Legendre wavelet Quasilinearization method  is implemented on a nonlinear fluid problem 

representing magneto-hydrodynamic (MHD) squeezing flow of a viscous fluid between 

two parallel infinite disks where one disk is impermeable and the other is porous with either 

suction or injection of the fluid. Since the phenomenon represented by the model is 

complex and nonlinear in nature, therefore, exact solution of the problem is not available. 

Hence, the results obtained by the developed Legendre Wavelet Quasilinearization Method 

are compared with results obtained by Runge-Kutta Method of order 4. In section 4.3, 

existing Chebyshev wavelets which provides results over the interval [0,1) are extended 

over a wider shifted interval [𝑎, 𝑏] where 𝑎 and 𝑏 are any positive integers. These shifted 

Chebyshev wavelets are then combined with Quasilinearization method to solve nonlinear 

problems and to find roots over an extended shifted interval. To check the performance of 

developed shifted Chebyshev Wavelets Quasilinearization Method, two nonlinear 

problems arising in fluid dynamics are considered. Results obtained by shifted Chebyshev 

Wavelets Quasilinearization method are compared with the results of Runge-Kutta order 4 

method. 

Chapter 5 is devoted to the study of nonlinear delay differential equations. Different new 

wavelet methods are developed for solving nonlinear delay differential equations of 

fractional order. The methods are developed by the help of method of steps technique along 

with wavelets methods. In method of steps, the nonlinear part or delay part is replaced by 

a function 𝜙(𝑥) which could be the exact function or any function which satisfies the 

differential equation and the initial and boundary conditions as well. The suggested 

modification in wavelets methods is very useful in the way that it increased the accuracy 

of the results obtained. Different wavelet methods are merged by method of steps to obtain 

better results of nonlinear fractional delay differential equations. In section 5.1, Chebyshev 

wavelets method is merged with method of steps to have a better method for nonlinear 

fractional delay differential equations. The proposed method is implemented on three 

nonlinear delay differential equations of fractional order to check the performance of the 

proposed method. In section 5.2, Legendre wavelets method is combined with method of 

steps to deal with nonlinear fractional delay differential equations. Two different fractional 
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nonlinear delay differential equations are considered to check the accuracy of the 

developed method. In section 5.3, Gegenbauer wavelets which are the generalization of 

both Checbyshev wavelets and Legendre wavelets are merged with method of steps to 

develop a method for handling nonlinear fractional delay differential equations. To check 

the performance of the developed Gegenbauer wavelet Steps method, two different 

nonlinear delay differential equations of fractional order are considered. 

In Chapter 6, wavelets techniques are merged with Quasilinearization techniques and are 

then extended for fractional nonlinear problems.  In section 6.1, Legendre Wavelet method 

is combined with quasilinearization technique and named Legendre Wavelet 

Quasilinearization Method for providing solutions to nonlinear fractional ordinary 

differential equations. The suggested modification is tested on four different nonlinear 

fractional problems and results are very encouraging. In section 6.2, Legendre Wavelets 

Quasilinearization Method is extended for nonlinear fractional PDEs. Nonlinear 

generalized Burger-Fisher model of fractional order is considered as a test case and the 

developed method is implemented on it. In section 6.3, shifted Chebsyhev wavelets method 

is merged with quasilinearization technique for solving nonlinear partial differential 

equations of fractional order. 

In Chapter 7, wavelets schemes are extended for fractional problems of nonlinear in 

nature. Different wavelet techniques including Legendre wavelets, Chebsyhev wavelets 

and Gegenbauer wavelets are merged with Picard’s Iteration Method to solve different 

nonlinear ordinary and partial differential equations of fractional order. In section 7.1, 

Legendre wavelets method is merged with Picard’s iteration to solve fractional order 

nonlinear ordinary differential equations. To verify the performance of the method 

proposed, it is applied on different nonlinear oscillation type equations also. In section 7.2, 

Legendre wavelet Picard method is extended for nonlinear partial differential equations of 

fractional order. To check the compatibility of the developed Legendre Wavelet Picard 

Method, it is applied on nonlinear fractional generalized Burger-Fisher equation and 

solutions are discussed in detail. In section 7.3, Gegenbauer wavelets method is combined 

with Picard’s Iteration to develop Gegenbauer Wavelet Picard Method for nonlinear 

fractional differential equations. Gegenbauer Wavelet Picard Method is applied on three 

different fractional nonlinear problems and results are talked over in detail.  
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Conclusions are framed in Chapter 8, which show that the proposed modified wavelet 

schemes are highly accurate, user friendly, efficient and involves lesser computational 

work as compared to number of existing schemes.  

Chapter 9 comprises all the references, which have been cited in this work. 
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1.1 Introduction 

The chapter is categorized into different sections. First of all an overview and some 

definitions of wavelets theory are given. Techniques such as Quasilinearization and 

Picard’s Iteration are also explained with their fundamental concepts, because they are used 

in tackling the nonlinear part arising in problems. At the end, a brief overview of fractional 

calculus is also given. 

1.2 Some Basic Definitions of Wavelets Theory 

1.2.1 History  

In 1809, Joseph Fourier, a French mathematician, introduced the Fourier transform. His 

ingenious concept was that a complex function can be epitomized in the form of periodic 

functions. In 1946, Dennis Gabor modified the Fourier transform into short time Fourier 

transform but both these transforms have some drawbacks. Jean Morlet pioneered the idea 

of utilizing different function windows for different frequency bands in 1982. After the 

dilation and compression of a single window function these windows were created having 

compact support in both frequency and time. Yves Meyer a French mathematician, in 1985 

developed for good frequency and time localization an orthogonal wavelet  basis function. 

Modern wavelet theory was founded by the efforts of Ingrid Daubechies [79], who in 1988 

created groups of tightly strengthened orthonormal wavelets with a small degree of 

smoothness. For detailed development of wavelet theory, see [77-79] and references 

therein.    

Wavelets methods are one of the latest developed techniques for solving differential 

equations of various types. Rapid advancement has occurred in these schemes, hence 

proving vital for increasing their accuracy. The most commonly used schemes are; Haar 

Wavelets [35, 40-42, 55, 56], Legendre Wavelets [36, 37] and Chebyshev Wavelets [38]. 

The detailed study of literature reveals the contribution of various scientists in this area. 

Haar wavelets methods were made use of by Chen and Hsiao for the solution of lumped 

and distributed-parameter systems [40]. Numerical solutions were achieved by Babolian 

and Shalsavaran [41] for the nonlinear Fredholm integral equations of the second category 

by using Haar wavelets. Boundary layer fluid flwo problems were solved by Islam et al. 

[55, 56] using Haar wavelet collocation method. Haar wavelet was rationalized by 

Maleknejad and Mirzaee [35] in order to get solutions of nonlinear integral equations. Sine-
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Gordon and Klein-Gordon equations were solved by Hariharan [42] by the application of 

the Haar wavelet method. Fractional integro-differential equations were solved by 

Rawashdeh [36] through the use of Legendre wavelets method. Constrained optimal 

control problems were resolved by Razzaghi and Yousefi [37] through the use of Legendre 

wavelets method. Chebyshev wavelet operational matrix of integration was utilized by 

Babolian and Zadeh [38] for obtaining numerical solutions of differential equations. 

Daubechies based wavelet matrix of differentiation was brought up by Jameson [25].Chen 

et al. [44] computed wavelet-Galerkin approximation on a bounded interval.  Mohammadi 

et al. [45] utilized the famous Legendre wavelet Galerkin method for nonlinear differential 

equations. Kumar and Mehra implemented cubic spline adaptive wavelet scheme to tackle 

singularly perturbed reaction–diffusion problems [50]. Liu et al., implemented the wavelet-

collocation method for transient problems with steep gradients [33]. Chen and Wu 

implemented Wavelet method for a class of fractional convection–diffusion equation with 

variable coefficients [46]. Hariharan used Wavelet method to find solutions for a class of 

fractional Klein-Gordon equations [47]. Lilly and Park used Multi-wavelet spectral and 

polarization analysis for seismic records [32]. Bear and Pavlis estimated the slowness of 

vectors and their uncertainties using multi-wavelet seismic array processing [48]. 

Bertoluzza used Adaptive wavelet collocation method for finding the solutions of Burgers 

equation [30] and nonlinear boundary value problems [49]. Beylkin and Keiser used 

wavelet bases to find adaptive numerical solution of nonlinear partial differential equations 

[21]. Vasilyev and Paolucci used dynamically adaptative multilevel wavelet collocation 

method for solving partial differential equations in a finite domain [51, 80]. Hariharan and 

Rajaraman proposed coupled wavelet-based method and applied to the nonlinear reaction–

diffusion equation arising in mathematical chemistry [52]. Hong and Kennett used wavelet-

based method for the numerical simulation of wave propagation [28]. Dahmen et al.  

applied multiscale wavelet methods for solving partial differential equations [23]. 

Holmstrom and Walden used adaptative wavelet methods for finding solutions of 

hyperbolic partial differential equations [27]. Jameson introduced the Daubechies-based 

wavelet differentiation matrix [43]. Chan wrote a book titled “Wavelet Basics” describing 

basics of wavelets [22]. Goswami and Chan explained further about wavelets in their book 

“Fundamentals of Wavelets Theory, Algorithms and Applications” [26]. Graps also 
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composed a book on wavelets titled “An introduction to wavelets” [54]. 

Wavelets methods can be use to obtain the solutions of complex phenomena’s such as 

epidemics, age-structured population growth, automation, traffic flow and in many other 

problems arising in engineering and applied sciences. 

1.2.2 Wavelets  

Wavelet is basically an oscillation just like a wave which starts from zero reaches its 

maximum value and then decreases back to zero.  This concept of wavelet is being use in 

many mathematical fields to extract information from audio signal and image processing. 

Now days, wavelets are also used as a function approximation in various problems of 

mathematics also.   

 

 

Figure 1. 1 

1.2.3 Types of Wavelets  

Wavelets are categorized into two main types by Meyer in 1993 as 

1. Time-Scale wavelets  

2. Time-frequency wavelets 

1.2.3.1 Time-Scale Wavelets 

These are defined by a “Mother wavelet” 𝜓(𝜂), where 𝜂 is a real variable. A family of 

wavelets can be generated by scaling and translating 𝜓(𝜂) 

𝜓𝑥,𝑦(𝜂) = |𝑥|−
1
2𝜓 (

𝜂 − 𝑦

𝑥
) ,   𝑥, 𝑦 ∈ 𝑅, 𝑥 ≠ 0. 

where 𝑥 is scaling and 𝑦 is translating parameter. If 𝑥 = 𝑥0
−𝑘, 𝑦 = 𝑛𝑦0𝑥0

−𝑘, 𝑥0 > 1, 𝑦0 > 0 

and 𝑛, 𝑘 ∈ ℤ+, then family of discrete wavelets is given as 
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𝜓𝑘,𝑛(𝜂) = |𝑥|−
1
2𝜓((𝑥0)𝑘𝑡 − 𝑛𝑦0), 

orthogonal basis is formed by 𝜓𝑘,𝑛(𝜂). 

1.2.3.2 Time-Frequency Wavelets 

These are constructed by the concept of dividing the wave produced from cos (𝜔𝑡 + 𝜑). 

When solved it reduces to only three parameters representing the starting and ending time 

along with frequency.  

1.2.4 Recently Used Time-Scale Wavelets 

1.2.4.1 Legendre Wavelets 

Legendre wavelets are time-scale wavelets constructed from Legendre polynomials [36, 

37]. They are defined for degree 𝜔 as 

𝐿0(𝑡) = 1, 𝐿1(𝑡) = 𝑡, 

(𝜔 + 1)𝐿𝜔+1(𝑡) = (2𝜔 + 1)𝑡𝐿𝜔(𝑡) − 𝜔𝐿𝜔−1(𝑡), 𝜔 = 1,2,3, ⋯ , 𝑀 − 1. 

They are defined on the interval(−1,1) as 

𝜓𝑛,𝜔(𝑡) = {2
𝑘

2�̃�𝜔(2𝑘𝑡 − 2𝑛 + 1),
𝑛−1

2𝑘−1 ≤ 𝑡 ≤
𝑛

2𝑘−1 ,

0,                               otherwise 
              (1.1) 

where                         �̃�𝜔(𝑡) = √
2

2𝜔+1
𝐿𝜔(𝑡),         (1.2) 

Here 𝑘 = 1,2,3, ⋯, is the resolution level, 𝑛 = 1,2,3, ⋯ , 2𝑘−1, is the translation parameter, 

𝜔 = 0,1,2, ⋯ , 𝑀 − 1 is the order of the Legendre polynomials.  

 1.2.4.2 Chebyshev Wavelets 

Chebyshev wavelets are constructed from Chebyshev polynomials. 𝑇𝜔(𝑡) are the second 

Chebyshev polynomails of degree 𝜔 and satisfy the following recursive formula [122] 

𝑇0(𝑡) = 1, 𝑇1(𝑡) = 2𝑡, 

𝑇𝜔+1(𝑡) = 2𝑡𝑇𝜔(𝑡) − 𝑇𝜔−1(𝑡), 𝜔 = 1,2,3, ⋯ , 𝑀 − 1. 

𝜓𝑛,𝜔(𝑡) = {2
𝑘

2�̃�𝜔(2𝑘𝑡 − 2𝑛 + 1),
𝑛−1

2𝑘−1 ≤ 𝑡 ≤
𝑛

2𝑘−1 ,

0,                               otherwise 
              (1.3) 

where                                           �̃�𝜔(𝑡) = √
2

𝜋
𝑇𝜔(𝑡),                  (1.4) 
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Here 𝑘 = 1,2,3, ⋯, is the resolution level, 𝑛 = 1,2,3, ⋯ , 2𝑘−1, is the translation parameter, 

𝜔 = 0,1,2, ⋯ , 𝑀 − 1 is the order of the Chebyshev polynomials. 

 1.2.4.3 Gegenbauer Wavelets 

Gegenbauer wavelets are constructed from Gegenbauer polynomials, 𝐺𝜔
𝜆(𝑥). Gegenbauer 

polynomials of order 𝜔 when 𝜆 > −
1

2
, 𝜔 ∈ ℤ+ and are given by the following recurrence 

formulae [39], 

𝐺0
𝜆(𝑥) = 1, 𝐺1

𝜆(𝑥) = 2𝜆𝑥, 

𝐺𝜔+1
𝜆 (𝑥) =

1

𝜔+1
(2(𝜔 + 𝜆)𝑥𝐺𝜔

𝜆(𝑥) − (𝜔 + 2𝜆 − 1)𝐺𝜔−1
𝜆 (𝑥)), 𝜔 = 1,2,3, ⋯.  

They are orthogonal on [−1,1], when 𝑤(𝑥) = (1 − 𝑥2)𝜆−
1

2 is the weight function 

∫(1 − 𝑥2)𝜆−
1
2𝐺𝜔

𝜆(𝑥)𝐺𝜔
𝜆(𝑥)𝑑𝑥 = 𝐿𝜔

𝜆 𝛿𝜔𝑛,

1

−1

 𝜆 > −
1

2
, 

Normalizing term is given by 𝐿𝜔
𝜆 =

𝜋 21−2𝜆Γ(𝜔+2𝜆 )

𝜔!(𝜔+𝜆) (Γ(λ))
2 .  

Legendre and Chebyshev polynomials are a special case of Gegenbauer polynomials. For 

𝜆 = 0 and 𝜆 = 1, we have first and second kind Chebyshev polynomials and when 𝜆 =
1

2
, 

we have Legendre polynomials. 

 Gegenbauer wavelets are defined on [0,1) as 

        𝜓𝑛,𝜔
𝜆 (𝑡) = {

1

√𝐿𝜔
𝜆

2
𝑘

2𝐺𝜔
𝜆(2𝑘𝑡 − 2𝑛 + 1),

𝑛−1

2𝑘−1 ≤ 𝑡 ≤
𝑛

2𝑘−1 ,

0,                               otherwise 

                    (1.4) 

Here 𝑘 = 1,2,3, ⋯, is the resolution level, 𝑛 = 1,2,3, ⋯ , 2𝑘−1, is the translation parameter, 

𝜔 = 0,1,2, ⋯ , 𝑀 − 1 is the order of the Gegenbauer polynomials. 

1.2.4.4 Laguerre Wavelets 

Laguerre wavelets are time-scale wavelets constructed from Laguerre polynomials 𝑈𝜔(𝑡). 

They are defined for degree 𝜔 as 

𝑈0(𝑡) = 1, 𝑈1(𝑡) = 1 − 𝑡, 

(𝜔 + 2)𝑈𝜔+1(𝑡) = (2𝜔 + 3 − 𝑡)𝑈𝜔(𝑡) − (𝜔 + 1)𝐿𝜔−1(𝑡), 𝜔 = 1,2,3, ⋯ , 𝑀 − 1. 

They are defined on the interval[0, ∞)  as 
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𝜓𝑛,𝜔(𝑡) = {2
𝑘

2�̃�𝜔(2𝑘𝑡 − 2𝑛 + 1),
𝑛−1

2𝑘−1
≤ 𝑡 ≤

𝑛

2𝑘−1
,

0,                               otherwise 
         (1.5) 

where                                          �̃�𝜔(𝑡) =
1

𝑚!
𝑈𝑚(𝑡),       (1.6) 

Here 𝑘 = 1,2,3, ⋯, is the resolution level, 𝑛 = 1,2,3, ⋯ , 2𝑘−1, is the translation parameter, 

𝜔 = 0,1,2, ⋯ , 𝑀 − 1 is the order of the Laguerre polynomials. 

1.3 Solution Procedure for Wavelets Methods 

1.3.1 Solution Procedure for Ordinary Differential Equations 

In case of ordinary differential equations, we consider the solution by wavelets of the form,  

𝑦(𝑡) = ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑡)

∞

𝜔=0

∞

𝑛=1

 

Where 𝜓𝑛,𝜔(𝑡) is any of the equations (1.1, 1.3, 1.4, 1.5). We approximate 𝑦(𝑡) by the 

truncated series  

  𝑦𝑘,𝑀(𝑡) = ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑡)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

.                                             (1.7) 

For determination of 2k−1M coefficients 𝑐10, 𝑐11, ⋯ , 𝑐1𝑀−1, 𝑐20, 𝑐21, ⋯ , 𝑐2𝑀−1, 

⋯ , 𝑐2𝑘−10, 𝑐2𝑘−11, ⋯ , 𝑐2𝑘−1𝑀−1 we have 2k−1M conditions. So for finding the coefficients, 

we use the nodes 𝑡𝑖 =
𝑠𝑖+1

2
, where 𝑠𝑖 = cos (

(2𝑖−1)𝜋

2𝑘−1𝑀−1
) ,  𝑖 = 1,2, ⋯ , 2𝑘−1𝑀. Using these 

nodes, we get a system of algebraic equations which after simplification provides us the 

unknown coefficients 𝑐𝑛,𝜔 , 𝑛 = 1, … , 2𝑘−1, 𝜔 = 0,1, … , 𝑀 − 1. Replacing values of 

coefficients, in equation (1.5), we get the required solution.   

1.3.2 Solution Procedure for Partial Differential Equations 

The solution of partial differential equation involving two variables 𝑥 and 𝑡, using wavelets 

methods can be obtained in the series form as   

𝑢(𝑥, 𝑡) = ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)𝜓𝑛,𝜔(𝑡)

∞

𝑚=0

∞

𝑛=1

 

where 𝜓𝑛,𝜔(𝑥), 𝜓𝑛,𝜔(𝑡) are any of equations (1.1, 1.3, 1.4, 1.5). We approximate 𝑢(𝑥, 𝑡) 

by the truncated series  
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  𝑢𝑘,𝑀(𝑥, 𝑡) = ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)𝜓𝑛,𝜔(𝑡)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

.                              (1.8) 

In equation (1.8), the unknown coefficients           

𝑐10, 𝑐11, ⋯ , 𝑐1𝑀−1, 𝑐20, 𝑐21, ⋯ , 𝑐2𝑀−1, ⋯ , 𝑐2𝑘−10,  𝑐2𝑘−11, ⋯ , 𝑐2𝑘−1𝑀−1 

are found in the same manner as were found in case of ordinary differential equations.  

1.4 Convergence of Wavelets 

Theorem: The series solution in eq. (1.7) using wavelets method converges towards 𝑦(𝑡).  

Proof: Let 𝐿2(𝑅) be the Hilbert space and let 𝜓𝑘,𝑛(𝑡) given in (1.1) forms a basis of 𝐿2(𝑅). 

Since 𝜓𝑘,𝑛(𝑡) forms an orthonormal basis when 𝑎0 = 2, 𝑏0 = 1 and for simplicity assume 

that K=1, 𝜓1,𝑖(𝑡) = 𝜓(𝑡) so solution 𝑦(𝑡) becomes 

𝑦(𝑡) = ∑ 𝑐1𝑖𝜓(𝑡)

𝑀−1

𝑖=1

, 

where 𝑐1𝑖 =< 𝑦(𝑡), 𝜓(𝑡) >, we get  

𝑦(𝑡) = ∑ < 𝑦(𝑡), 𝜓(𝑡) > 𝜓(𝑡)

𝑀−1

𝑖=1

. 

Let 𝛾𝑗 =< 𝑦(𝑡), 𝜓(𝑡) >, we define the sequence of partial sums {𝑆𝑛} of (𝛾 𝜓𝑗(𝑡)), let 

𝑆𝑛 and 𝑆𝑚 be arbitrary partial sums with 𝑛 ≥ 𝑚 and we would prove that {𝑆𝑛} is a Cauchy 

sequence in Hilbert Space. 

Let 𝑆𝑛 = ∑ 𝛾𝑗𝜓𝑗(𝑡)𝑛
𝑗=1 , then  

< 𝑢(𝑥), 𝑆𝑛 > = < 𝑢(𝑥), ∑ 𝛾𝑗𝜓𝑗(𝑥)

𝑛

𝑗=1

>, 

= ∑  𝛾�̅� < 𝑦(𝑡), 𝜓𝑗(𝑡) >

𝑛

𝑗=1

= ∑  𝛾�̅�

𝑛

𝑗=1

𝛾𝑗 = ∑  |𝛾𝑗|
2

.

𝑛

𝑗=1

 

We will show that ‖𝑆𝑛 − 𝑆𝑚‖2 = ∑  |𝛾𝑗|
2

,𝑛
𝑗=𝑚+1  for 𝑛 > 𝑚. 

Now ‖∑  𝛾𝑗 𝜓(𝑡𝑗) 𝑛
𝑗=𝑚+1 ‖

2
=< ∑  𝛾𝑖 𝜓(𝑡𝑖),𝑛

𝑖=𝑚+1 ∑  𝛾𝑗 𝜓(𝑡𝑗)𝑛
𝑗=𝑚+1 > 

   = ∑  ∑  𝛾𝑖𝛾�̅� <  𝜓(𝑡𝑖),𝑛
𝑗=𝑚+1 𝜓(𝑡𝑗) >𝑛

𝑖=𝑚+1 = ∑  𝑛
𝑗=𝑚+1 |𝛾𝑗|

2
. 

i.e. ‖𝑆𝑛 − 𝑆𝑚‖2 = ∑  |𝛾𝑗|
2

,𝑛
𝑗=𝑚+1  for 𝑛 > 𝑚. 
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From Bessel’s inequality, we have ∑  ∞
𝑗=1 |𝛾𝑗|

2
 is convergent and hence  ‖𝑆𝑛 − 𝑆𝑚‖2 → 0 

as 𝑚, 𝑛 → ∞. 

i.e. ‖𝑆𝑛 − 𝑆𝑚‖ → 0 and {𝑆𝑛} is Cauchy sequence and it converges to “s”. 

We assert that 𝑦(𝑡) = 𝑠. 

In fact, < 𝑆 − 𝑦(𝑡), 𝜓(𝑡𝑗) >=< 𝑆, 𝜓(𝑡𝑗) > −< 𝑦(𝑡), 𝜓(𝑡𝑗) >  

= <  lim
𝑛→∞

𝑆𝑛 , 𝜓(𝑡𝑗) > −𝛾𝑗 = 𝛾𝑗 − 𝛾𝑗 = 0. 

Hence  𝑦(𝑥) = 𝑆 and ∑ 𝛾𝑗𝜓 (𝑡𝑗)𝑛
𝑗=1  converges to 𝑦(𝑡), this completes the proof.  

1.5 Quasilinearization 

Quasilinearization approach was revolutionized by R.E. Bellman and R.E. Kalaba in 1965 

[81] and acquired the solution of nonlinear Ricatti equation. The quasilinearization 

approach is a generalized Newton-Raphson technique for the differential equations. In 

quasilinearization technique, first two terms of Taylor series are used instated of nonlinear 

part of DE. Advantage of quasilinearization approach is that it not only linearizes the 

nonlinear part, it also transforms the differential equation into a sequence of functions, 

which converges to the solution of the nonlinear problem. Quasilinearization technique has 

quadratic order of convergence. Quasilinearization approach is applicable to nonlinear 

ordinary as well as to the partial differential equations of any order.  

Consider  

        𝑦 ′′(𝑥) = 𝑓(𝑦(𝑥), 𝑥)                 (1.9) 

 with boundary conditions 

    𝑦(𝑎) = 𝛼 and 𝑦(𝑏) = 𝛽, 𝑎 ≤ 𝑥 ≤ 𝑏,      (1.10) 

where 𝑓 may be a function of 𝑥 or 𝑦(𝑥). Let 𝑦0(𝑥), be an initial approximation of the 

function 𝑦(𝑥). The Taylor’s series expansion of 𝑓 about 𝑦0(𝑥) is 

      𝑓(𝑦(𝑥), 𝑥) = 𝑓(𝑦0(𝑥), 𝑥) + (𝑦(𝑥) − 𝑦0(𝑥))𝑓𝑦0
(𝑦0(𝑥), 𝑥) + 𝑂 ((𝑦(𝑥) − 𝑦0(𝑥))

2
). (1.11) 

Ignoring second and higher order terms and replacing in eq. (1.9), we get 
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     𝑦 ′′(𝑥) = 𝑓(𝑦0(𝑥), 𝑥) + (𝑦(𝑥) − 𝑦0(𝑥))𝑓𝑦0
(𝑦0(𝑥), 𝑥),                    (1.12) 

solving eq. (1.12) and we call the answer 𝑦1(𝑥). Using 𝑦1(𝑥) and again expanding eq. 

(1.9) about 𝑦1(𝑥), we have 

                               𝑦 ′′(𝑥) = 𝑓(𝑦1(𝑥), 𝑥) + (𝑦(𝑥) − 𝑦1(𝑥))𝑓𝑦1
(𝑦1(𝑥), 𝑥),              (1.13) 

after simplification we get 𝑦2(𝑥), second approximation to 𝑦(𝑥). Continuing this process 

we achieve the desired accuracy if the problem converges. Generally we can write the 

recurrence relation in the following form 

  𝑦 ′′
𝑛+1

(𝑥) = 𝑓(𝑦𝑛(𝑥), 𝑥) + (𝑦(𝑥) − 𝑦𝑛(𝑥))𝑓𝑦𝑛
(𝑦𝑛(𝑥), 𝑥)    (1.14) 

in which 𝑦𝑛(𝑥) is known and after solving we get 𝑦𝑛+1(𝑥). The boundary condition in 

(1.10) are also converted into the form 𝑦𝑛+1(𝑎) = 𝛼 and 𝑦𝑛+1(𝑏) = 𝛽. 

The same procedure can be applied on other higher order nonlinear ordinary as well as 

partial differential equations. 

1.6 Picard’s Iteration 

It is used for nonlinear ordinary and partial DEs. In Picard’s iteration (PI), we convert the 

given nonlinear differential equation into an equivalent iterative equation where the 

nonlinear part is replaced by the value of the equation at the previous iteration. In case of 

first iteration, the nonlinear part is replaced by the given initial or boundary condition. 

Continuing this procedure for some iterations, we get the desired series solution of the 

nonlinear DE. 

Consider  

𝑑2𝑦

𝑑𝑡2
= 𝑓 (𝑦,

𝑑𝑦

𝑑𝑡
) + 𝑔 (𝑦,

𝑑𝑦

𝑑𝑡
) + ℎ(𝑡),                                        (1.15)     

In (1.15), 𝑓 (𝑦,
𝑑𝑦

𝑑𝑡
) and 𝑔 (𝑦,

𝑑𝑦

𝑑𝑡
) consists of linear and nonlinear terms, with  

𝑦(𝑡0) = 𝑎,
𝑑𝑦(𝑡1)

𝑑𝑡
= 𝑏. 

Implementing PI to eq. (1.13) gives  



19 

𝑑2𝑦𝑛+1

𝑑𝑡2
= 𝑓 (𝑦𝑛+1,

𝑑𝑦𝑛+1

𝑑𝑡
) + 𝑔 (𝑦𝑛,

𝑑𝑦𝑛

𝑑𝑡
) + ℎ(𝑡),                           (1.16) 

with  

𝑦𝑛+1(𝑡0) = 𝑎,
𝑑𝑦𝑛+1(𝑡1)

𝑑𝑡
= 𝑏. 

The same can also be extended for other higher order ordinary and partial DEs. 

1.7 Method of Steps 

The method of steps is very simple and can be used easily to solve Delay Differential 

Equations (DDE) with variable coefficients. Although several workers had discovered this 

method many times but we will refer it to Myshkis [82] from the Soviet Encyclopedia of 

Mathematics.  

The working of this method is that it transforms a DDE on a given interval into an ODE, 

by making use of the known history function 𝜙 for that interval. 

Consider DDE of the form  

𝑑2

𝑑𝑥2
𝑦(𝑥) = 𝑓 (𝑥, 𝑦(𝑥),

𝑑

𝑑𝑥
𝑦(𝑥)) + 𝑔 (𝑦(𝑥), 𝑦 (

𝑥

𝑎
) , 𝑦(𝑥 − 𝑏),

𝑑

𝑑𝑥
𝑦 (

𝑥

𝑎
) , … ) + ℎ(𝑥).  (1.17) 

In equation (1.17), 𝑓 (𝑥, 𝑦(𝑥),
𝑑

𝑑𝑥
𝑦(𝑥)) consists of linear terms only, ℎ(𝑥) is the 

nonhomogeneous part and 𝑔 (𝑦(𝑥), 𝑦 (
𝑥

𝑎
) , 𝑦(𝑥 − 𝑏),

𝑑

𝑑𝑥
𝑦 (

𝑥

𝑎
) , … ) consists of nonlinear 

terms and delay terms also. 

Now consider 𝜙(𝑥) be a known function which could be either the exact solution if it exists 

other wise any function which satisfies ICs and BCs. Replacing 𝑦(𝑥) by 𝜙(𝑥), equation 

(1.17) becomes a simple ordinary differential equation  

𝑑2

𝑑𝑥2
𝑦(𝑥) = 𝑓 (𝑥, 𝑦(𝑥),

𝑑

𝑑𝑥
𝑦(𝑥)) + 𝑔 (𝜙(𝑥), 𝜙 (

𝑥

𝑎
) , 𝜙(𝑥 − 𝑏),

𝑑

𝑑𝑥
𝜙 (

𝑥

𝑎
) , … ) + ℎ(𝑥).  (1.18) 

 Equation (1.18), can now be solved further by the help of any known method used for 

finding solutions of ordinary differential equations.  

1.8 Fractional Calculus 

In fractional calculus, derivatives and integrals are of arbitrary order. L’Hopital was the 

first one to have this idea of non-integer order derivative, which he mentioned in his letter 

to Lebniz dated 30th September, 1695. Mathematicians including Abel, Liouville, Laplace, 
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Riemann, Fourier, Levy, Erdelyi and many others contributed in the development of 

fractional calculus. 

Abel in 1823, first used the concept of fractional calculus for Tautochrone problem. In 

1974, Oldham and Spainer [83] wrote a book comprising of basic definitions and properties 

of fractional order differential and integral equations. Ross [84], in 1975 wrote a book 

pertaining to historical overview and elucidation of fundamental theory of fractional 

calculus. In 1999, Podlubny [85] wrote a book explaining various different applications 

that have surfaced from fractional calculus. Over the past few decades, fractional calculus 

had proved to be of great importance due to its numerous applications in diversified fields 

such as electrical networks, signal processing, viscoelasticity, biological models of 

population, fluid mechanics, optics, electromagnetism and signal processing and many 

others.  

Basic definitions of fractional calculus are: 

Definition 1. The Rieman- Liouville (RL) fractional integral operator Iα of order α on the 

usual lebesgue space 𝐿1[𝑎, 𝑏] is given by 

          (𝐼𝛼𝑓)(t) = 
1

𝛤(𝛼)
∫ (𝑡 − 𝜏)𝛼−1𝑓(𝜏)𝑑

𝑡

0
𝜏, 𝛼 > 0,                         (1.19) 

(𝐼0𝑓)(t) = 𝑓(t). 

It has the following properties:   

(i) 𝐼𝛼𝐼𝛽 =  𝐼𝛼+𝛽,    (ii)  𝐼𝛼𝐼𝛽 =  𝐼𝛽𝐼𝛼   

(iii) (𝐼𝛼𝐼𝛽)(𝑡) = (𝐼𝛽𝐼𝛼)(𝑡),  (iv) (𝐼𝛼(𝑡 − 𝑎)𝜈 =
𝛤(𝜈+1)

𝛤(𝛼+𝜈+1)
(𝑡 − 𝑎)𝛼+𝜈, 

where 𝐿1[𝑎, 𝑏] ,𝛼, 𝛽 ≥ 0 and ν >  −1. 

Rieman- Liouville fractional derivative of order α > 0 is normally used                            

(𝐷𝛼𝑓)(𝑡) = (
𝑑

𝑑𝑡
)

𝑛

(𝐼𝑛−𝛼𝑓)(𝑡),     𝑛 − 1 <  𝛼 ≤ 𝑛,                                   (1.20) 

where 𝑛 ∈ ℤ+. There are certain drawbacks of RL fractional derivative when modeling real 

world phenomena’s. To overcome these drawbacks, Caputo developed a modified version  

Definition 2. The fractional differential operator in case of Caputo is given by 

  (𝐷𝛼𝑓)(t) = 
1

𝛤(𝑛−𝛼)
∫ (𝑡 − 𝜏)𝑛−𝛼−1𝑓(𝑛)(𝜏)𝑑

𝑡

0
𝜏, 𝑛 − 1 < 𝛼 ≤ 𝑛,   (1.21) 

where t> 0, n is an integer. It has the following two basic properties for n − 1 < α ≤ n 

and 𝑓𝜖𝐿1[𝑎, 𝑏], 
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 (𝐷𝛼𝐼𝛼𝑓)(𝑡) = (𝑓)(𝑡) 

and 

(𝐼𝛼𝐷𝛼𝑓)(𝑡) = (𝑓)(𝑡) − (𝑥 + 𝑎)𝑛 = ∑ 𝑓(𝑘)(0+)
(𝑡 − 𝑎)𝑘

𝑘!
,    𝑡 > 0.

𝑛

𝑘=0

 

1.9 Shifted Polynomials 

Shifted polynomials are utilized to get improved results over an extended interval larger 

than (0, 1).  Shifted polynomial provides more accurate results over the shifted interval as 

compared to simple polynomials. 

1.9.1   Shifted Legendre Polynomials 

The Shifted Legendre polynomials 𝑈𝑚(𝑡), of order m are defined on the interval [𝑝, 𝑞] 

and are given by the following formula, 

𝑈𝑘(𝑡) = ∑
(−1)𝑖+𝑘(𝑖 + 𝑘)! 𝑡𝑖

(𝑘 − 𝑖)! (𝑖!)23𝑖

𝑘

𝑖=0

, 𝑚 = 0,1,2,3, ⋯.                      (1.22) 

Shifted Legendre wavelets defined on the interval [𝑝, 𝑞] as 

       𝜓𝑛,𝑚(𝑡) = {2
𝑘

2√𝑚 +
1

2
𝑈𝑚(2𝑘𝑡 − �̂�), 𝑝 + (𝑞 − 𝑝)

�̂�

2𝑘 ≤ 𝑡 ≤ 𝑝 + (𝑞 − 𝑝)
�̂�+1

2𝑘 ,

0,                               𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

      

(1.23)  

1.9.2 Shifted Chebyshev Polynomials 

Shifted Chebyshev polynomials on the interval [𝑎, 𝑏] have nodes  

𝑡𝜔 =
𝑏 − 𝑎

2
𝑐𝑜𝑠 (

(2𝑘 + 1)𝜋

2𝑀
) +

𝑎 + 𝑏

2
, 𝜔 = 0,1,2, ⋯ , 𝑀 − 1, 

where a and b are real numbers with 𝑎 < 𝑏. The shifted Chebyshev polynomials 𝑇𝜔(𝑡), of 

order 𝜔 are defined on the interval [𝑎, 𝑏] and are given by the following recurrence 

formulae, 

𝑇0(𝑡) = 1, 𝑇1(𝑡) =
2𝑦 − (𝑏 + 𝑎)

𝑏 − 𝑎
, 

𝑇𝜔+1(𝑡) = 2 (
2𝑦 − (𝑏 + 𝑎)

𝑏 − 𝑎
) 𝑇𝜔(𝑡) − 𝑇𝜔−1(𝑡), 𝜔 = 1,2,3, ⋯. 
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The orthogonality conditions are 

∫
1

√1 − (
2𝑡 − (𝑏 + 𝑎)

𝑏 − 𝑎
)

𝑇𝜔(𝑡)𝑇𝑛(𝑡)𝑑𝑥 =

𝑏

𝑎

{
       0,               𝜔 ≠ 𝑛;

(
𝑏 − 𝑎

2
) 𝜋,      𝜔 = 𝑛.

 

Shifted Chebyshev wavelets defined on the interval [𝑎, 𝑏] as 

𝜓𝑛,𝜔(𝑡) = {2
𝑘
2√

4

(𝑏 − 𝑎)𝜋
𝑇𝜔(2𝑘𝑡 − �̂�), 𝑎 + (𝑏 − 𝑎)

�̂�

2𝑘
≤ 𝑡 ≤ 𝑎 + (𝑏 − 𝑎)

�̂� + 1

2𝑘
,

0,                               𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
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The present chapter deals with different wavelets methods as they are merged with Picard’s 

iteration method to deal with nonlinear ODEs. The proposed methods achieve a high level 

of accuracy which is established by applying these suggested methods on different 

nonlinear ordinary differential equations and system of nonlinear ordinary differential 

equations. In section 2.1, Legendre Wavelet Picard Method is suggested and applied on 

nonlinear heat convection-radiation equations. In section 2.2, modified Chebyshev wavelet 

Picard method is developed and implemented on nonlinear problem arising in fluid flow.  

In section 2.3, Legendre wavelet Picard method is extended for system of nonlinear 

ordinary differential equations. To check the performance of the proposed method for 

system of nonlinear differential equations, we considered the enzyme-substrate reaction 

model.   

2.1 Legendre Wavelet Picard Method for Heat Convection-Radiation 

Equations 

In this section, Legendre Wavelet method is merged with Picard’s iteration technique to 

obtain solutions of nonlinear ordinary differential equations arising in heat convection and 

radiation phenomena’s. In this section, we consider a DE of the form: 

𝑦′′(𝑥) = 𝑓(𝑥, 𝑦(𝑥), 𝑦′(𝑥)) + 𝑔(𝑥, 𝑦(𝑥), 𝑦′(𝑥)) + 𝑟(𝑥),                      (2.1) 

with boundary conditions 𝑦(𝑥 = 𝑎) = 𝑎1, 𝑦′(𝑥 = 𝑏) = 𝑎2. 

In equation (2.1), 𝑓(𝑥, 𝑦(𝑥), 𝑦′(𝑥)) is the linear part of the differential equation and 

𝑔(𝑥, 𝑦(𝑥), 𝑦′(𝑥)) consists of the nonlinear part of the considered problem.  𝑟(𝑥) is the 

nonhomogeneous part of the problem. 

Applying Picard’s iteration to eq. (2.1), converts it into the following form: 

𝑦𝑛+1 ′′(𝑥) = 𝑓(𝑥, 𝑦𝑛+1(𝑥), 𝑦𝑛+1
′(𝑥)) + 𝑔(𝑥, 𝑦𝑛(𝑥), 𝑦𝑛

′(𝑥)) + 𝑟(𝑥),                      (2.2) 

with boundary conditions becomes  𝑦𝑛+1(𝑥 = 𝑎) = 𝑎1, 𝑦𝑛+1
′(𝑥 = 𝑏) = 𝑎2. 

Now applying Legendre wavelet method on eq. (2.2), converts it into the following form 

 

( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

)

′′

= 𝑔(𝑥, 𝑦𝑛(𝑥), 𝑦𝑛
′(𝑥)) + 𝑟(𝑥)    
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+𝑓 (𝑥, ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) , ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

)

′

)    (2.3) 

where in equation (2.3), 𝜓𝑛,𝜔(𝑥) are the Legendre wavelets defined in equation (1.1). 

2.1.1 Legendre Wavelet Picard Method for Temperature Distribution Equation:  

In the considered problem, the material of slab has adaptable thermal conductivity. If 𝑉, 

𝜌, 𝐴, ℎ and 𝑐𝑎 are the volume, density, area of surface and specific heat respectively, then 

we have the following model representing combined convection-radiation of a lumped 

system : 

If  𝑦 = (𝑇 − 𝑇1)/(𝑇0 − 𝑇1) represents dimensionless temperature, 𝑥 = 𝑡/(𝜌𝑉𝑐𝑎/ℎ𝐴) 

represents dimensionless time and 휀 = 𝛽(𝑇 − 𝑇𝑎), then system of combined convection-

radiation in a slab made of materials with variable thermal conductivity is given by the 

following nonlinear boundary value problem 

𝑑2𝑦(𝑥)

𝑑𝑥2
− 휀 𝑦4(𝑥) = 0, 0 ≤ 𝑥 ≤ 1,                                             (2.4) 

with boundary conditions 

𝑦(1) = 1,
𝑑𝑦(0)

𝑑𝑥
= 0. 

Applying procedure explained in equations (2.1)-(2.3) on equation (2.4), we have  

𝑑2𝑦𝑛+1(𝑥)

𝑑𝑥2
− 휀 (𝑦𝑛(𝑥))

4
= 0, 0 ≤ 𝑥 ≤ 1,                                             (2.5) 

with boundary conditions 

𝑦𝑛+1(1) = 1,
𝑑𝑦𝑛+1(0)

𝑑𝑥
= 0. 

Applying proposed method on (2.5), we get  

𝑑2

𝑑𝑥2
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) − 휀 (𝑦𝑛(𝑥))
4

= 0.                                   (2.6)  

Solving eq. (2.6), we obtain the solution for the problem by LWPM.  

Solution for different values of 𝜖 by Legendre wavelet when M=8, at 8th iteration of 

Picard’s method are given in Figure 2.1. 
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Figure 2. 1 Solution for different values of 𝝐 by Legendre wavelet when M=8, at 8th iteration of Picard’s 

method 

From Fig. 2.1, it can be observed that temperature increases with decreasing value of 𝜖. 

Also, value of temperature increases with increasing time “𝑥” because value of temperature 

increases from 0.8345 to 1, when time increases from 0 to 1. 

Table 2. 1 The comparison of the calculated solution by wavelets LWPM with RK-4 and VIM, when 𝜖 =
0.6. 

X VIM Solution LWPM Solution Rk-4 solution Error in LWPM 

Solution 

0.0 0.83455781 0.83454274 0.83454269 5.0 E-08 

0.1 0.83600712 0.83599968 0.83599957 1.1 E-07 

0.2 0.84041257 0.84039096 0.84039063 3.3 E-07 

0.3 0.84791561 0.84777895 0.84777819 7.6 E-07 

0.4 0.85869823 0.85827053 0.85826930 1.2 E-06 

0.5 0.87383528 0.87202262 0.87202088 1.7 E-06 

0.6 0.89034681 0.88924951 0.88924761 1.9 E-06 

0.7 0.92365852 0.91023574 0.91023318 2.5 E-06 

0.8 0.94742298 0.93535045 0.93534633 4.1 E-06 

0.9 0.98565428 0.96506833 0.96506337 4.9 E-06 

1.0 1.04676434 1.00000572 1.00000000 5.7E-06 

 

2.1.2 Legendre Wavelet Picard Method for Cooling of a Lumped System 

If 𝑉, 𝜌, 𝐴, ℎ, 𝐸, 𝑇0, 𝑇1, 𝑇𝑠 and 𝑐𝑎 are the volume, density, area of surface, emissivity, initial 

temperature, convection environment temperature, effective sink temperature and specific 
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heat respectively, then we have the following model representing cooling of a lumped 

system: 

𝜌𝑉𝑐
𝑑𝑇(𝑡)

𝑑𝑡
+ ℎ𝐴(𝑇 − 𝑇1) + 𝐸𝜎𝐴(𝑇4 − 𝑇𝑠

4) = 0,                               (2.7) 

𝑇(𝑡 = 0) = 𝑇0 

For making equation dimensionless, we replace: 

𝑦 =
𝑇

𝑇0
,   𝑦𝑎 =

𝑇1

𝑇0
,   𝑦𝑠 =

𝑇𝑠

𝑇0
,    𝑥 =

𝑡

𝜌𝑉 𝑐𝑎/ℎ 𝐴
,     휀 =

𝐸𝜎𝑇0
3

ℎ
. 

Equation (2.7) is reduced to  

   

𝑑𝑦(𝑥)

𝑑𝑥
+ (𝑦 − 𝑦𝑎) + 휀(𝑦4 − 𝑦𝑠

4) = 0,      𝑦(𝑥 = 0) = 1.                         (2.8) 

For the sake of simplicity, we assume that 𝑦𝑎 = 𝑦𝑠 = 0, equation (2.8) becomes 

𝑑𝑦(𝑥)

𝑑𝑥
+ 𝑦 + 휀𝑦4 = 0,      𝑦(𝑥 = 0) = 1.                                     (2.9) 

Applying procedure explained in equations (2.1)-(2.3) to equation (2.9), we have  

𝑑𝑦𝑛+1(𝑥)

𝑑𝑥
+ 𝑦𝑛+1 + 휀 (𝑦𝑛(𝑥))

4
= 0,                                        (2.10) 

with condition 𝑦𝑛+1(𝑥 = 0) = 1 

Applying proposed method to equation (2.10), we get  

𝑑

𝑑𝑥
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) + 𝑦𝑛+1 + 휀 (𝑦𝑛(𝑥))
4

= 0                             (2.11) 

Solving equation (2.11), we obtain the solution for the problem by LWPM.  
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Solution of the problem given in (2.11), for various values of 𝜖 are given in Figure 2.2. 

 

Figure 2. 2 Sol for different values of 𝝐 by Legendre wavelet when M=8, at 9th iteration of Picard’s method  

According to Fig.2.2, temperature deceases by increasing the value of 𝜖. Also, temperature 

"𝑦(𝑥)" decreases with the passage of time "𝑥" because value of temperature decreases from 

1 to 0.31, when time increases from 0 to 1.   

Table 2. 2 The comparison of the calculated solution by wavelets LWPM with RK-4 and VIM, when 𝜖 =
0.6. 

X VIM Solution LWPM Solution Rk-4 solution Error in LWPM 

Solution 

0.0 1.00000000 1.0000000 1.0000000 1.0E-11 

0.1 0.86228449 0.86227571 0.86227564 7.0E-08 

0.2 0.75604924 0.75589022 0.75589004 1.8E-07 

0.3 0.67005016 0.66929753 0.66929700 5.3 E-07 

0.4 0.59860567 0.59647628 0.59647533 9.5 E-07 

0.5 0.53853725 0.53390456 0.53390345 1.1 E-06 

0.6 0.48798165 0.47934587 0.47934371 2.2 E-06 

0.7 0.44587105 0.43128401 0.43127977 4.2 E-06 

0.8 0.41169017 0.38863514 0.38862874 6.4 E-06 

0.9 0.38536508 0.35059168 0.35058238 9.3 E-06 

1.0 0.36721992 0.31652587 0.31651467 1.1 E-05 

 

In this section, we have successfully developed and implemented a technique for problems 

arising in temperature distribution which are illustrated by the help of figures Figure 2.1, 

2.2. For the sake of comparison results are also obtained from different techniques also. 
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From Tables Table 2.1 and Table 2. 2, comparison with VIM of the approximate solution 

shows that Legendre wavelet-Picard method (LWPM) is more accurate than VIM. In 

conclusion, we can say that from tables it is evident that the proposed LWPM is better to 

use for different nonlinear problems arising in heat convection-radiation problems. 

2.2 Modified Chebyshev Wavelet-Picard Technique for Thin Film Flow of 

Non-Newtonian Fluid down an Inclined Plane 

In this section, a new method is proposed by using shifted Chebyshev wavelets and Picard 

Iteration technique to tackle with the nonlinearity of these physical problems. The proposed 

scheme is very user friendly and extremely accurate. The accuracy of the proposed scheme 

is verified by the help of a nonlinear physical model representing the thin film flow of a 

third grade fluid down an inclined plane. Numerical solution is also sought using Runge 

Kutta order 4 method. Results are obtained by shifted Chebyshev wavelets at different 

iterations of Picard Technique for different values of parameters are described in table and 

graphs which confirms the accuracy and stability of the proposed technique. 

2.2.1 Governing Equations and Problem Formulation 

The basic equations of an incompressible third grade fluid, in the absence of body force 

are 

∇. 𝑉 = 0                 (2.12) 

𝜌
𝐷𝑉

𝐷𝑡
= −∇𝑝 + 𝑑𝑖𝑣 𝜏,                          (2.13) 

In equation (2.13), 𝑉, 𝑝, 𝜏, 𝜌 are velocity, pressure, stress tensor and density. 
𝐷

𝐷𝑡
 denotes 

material derivative and defined by 

𝐷

𝐷𝑡
=

𝜕

𝜕𝑡
+ (∇. 𝑉).                         (2.14) 

The stress tensor defining for third grade fluid is given by 

𝜏 = 𝑆1 + 𝑆2 + 𝑆3,                (2.15) 

where 

𝑆1 = 𝜇𝐴1, 

𝑆2 = 𝛼1𝐴2 + 𝛼2𝐴1
2, 

𝑆3 = 𝛽1𝐴3 + 𝛽2(𝐴1𝐴2 + 𝐴2𝐴1) + 𝛽3(𝑡𝑟𝐴2)𝐴1. 

Hence  𝜇, 𝛼1, 𝛼2, 𝛽1,  𝛽2, 𝛽3   are coefficient of viscosity and material constants. The 
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Rivilin-Ericksen tensor, 𝐴𝑛, are define by  𝐴0 = 𝐼 , the identity tensor, and  

𝐴𝑛 =
𝐷𝐴𝑛−1

𝐷𝑡
+ 𝐴𝑛−1(∇𝑉) + (∇𝑉)𝑇𝐴𝑛−1, 𝑛 ≥ 1,     (2.16) 

Consider the structure of fully developed steady-state flow of a thin film of an 

incompressible fluid of third grade flowing down an inclined plane. The ambient air is 

assumed stationary and the flow is due to gravity alone. Surface tension of the fluid is 

assumed to be negligible and thickness of film is 𝛿. One-dimensional steady velocity field 

of the form  

𝑉 = (𝑢(𝑦), 0, 0) 

Using equation (2.16) in equations (2.12) and (2.13) we obtain the momentum equation 

with boundary conditions as 

𝜇
 𝑑2𝑢

𝑑𝑦2 + 6(𝛽2 + 𝛽3) (
𝑑𝑢

𝑑𝑦
)

2 𝑑2𝑢

𝑑𝑦2 + 𝜌𝑔𝑠𝑖𝑛(𝛼) = 0 ,    (2.17) 

𝑢(𝑦) = 0, at  𝑦 = 0,                  (2.18) 

𝑑𝑢

𝑑𝑦
= 0, at  𝑦 = 𝛿,                  (2.19) 

where,  𝑔  is the gravity of the fluid. Suitable dimensionless variables are  

𝑢∗ =
𝑢

𝑣/𝛿
, 𝑦∗ =

𝑦

𝛿
 ,    𝛽∗ =

𝛽

𝜌𝛿4/𝑣
                                              (2.20) 

In dimensionless form, equations (2.17-2.19) reduces to 

 𝑑2𝑢

𝑑𝑦2 + 6𝛽 (
𝑑𝑢

𝑑𝑦
)

2 𝑑2𝑢

𝑑𝑦2 + 𝑚 = 0 ,      (2.21)  

𝑢(0) = 0,
𝑑𝑢

𝑑𝑦
= 0, at  𝑦 = 1,     (2.22) 

Where 𝑚 = 𝛿3𝑔𝑠𝑖𝑛(𝛼)/𝑣2 is the parameter describing the angle of elevation and 𝛽 is the 

third grade fluid parameter. It is pertinent to mention that for 𝛽 = 0, special case for 

Newtonian fluid can easily be obtained.  

2.2.2 Application of Modified Wavelet Picard Technique to Considered Model 

Consider a second order nonlinear differential equation of the form, 

𝑢′′(𝑦) = 𝑓(𝑢(𝑦), 𝑢′(𝑦), 𝑢′′(𝑦)) + 𝑔(𝑢(𝑦), 𝑢′(𝑦), 𝑢′′(𝑦)) + ℎ(𝑦),                 (2.23) 

with boundary conditions 

 𝑢(𝑦 = 𝑎) = 𝑐1, 𝑢(𝑦 = 𝑏) = 𝑐2. 
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In equation (2.23), 𝑓(𝑢(𝑦), 𝑢′(𝑦), 𝑢′′(𝑦)) and 𝑔(𝑢(𝑦), 𝑢′(𝑦), 𝑢′′(𝑦)) are linear and 

nonlinear terms and ℎ(𝑦) consists of the nonhomogeneous part. 

PI converts equation (2.23) to  

𝑢′′(𝑦) = 𝑓(𝑢𝑛+1(𝑦), 𝑢𝑛+1
′ (𝑦), 𝑢𝑛+1

′′ (𝑦)) + 𝑔(𝑢𝑛(𝑦), 𝑢𝑛
′ (𝑦), 𝑢𝑛

′′(𝑦)) + ℎ(𝑦),        (2.24) 

with  

     𝑢𝑛+1(𝑦 = 𝑎) = 𝑐1, 𝑢𝑛+1(𝑦 = 𝑏) = 𝑐2.                 (2.25) 

Here 𝑢𝑛+1(𝑦) is defined as 

𝑢𝑛+1(𝑦) = ∑ ∑ 𝑑𝑛,𝜔𝜓𝑛,𝜔(𝑦)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

.                                     (2.26) 

In equation (2.26), 𝜓𝑛,𝜔(𝑦) are the shifted Chebyshev wavelets. 

Applying the procedure described in equations (2.23-2.26) to equation (2.21), converts it 

to the following form  

 𝑑2𝑢𝑛+1

𝑑𝑦2
= −6 (

𝑑𝑢𝑛

𝑑𝑦
)

2 𝑑2𝑢𝑛

𝑑𝑦2
− 𝑚,                                        (2.27)  

and boundary conditions becomes 

𝑢𝑛+1(0) = 0,
𝑑𝑢𝑛+1

𝑑𝑦
= 0, at  𝑦 = 1.                                       (2.28) 

Now applying Shifted Chebyshev Wavelet Method to equation (2.27), gives us   

 𝑑2

𝑑𝑦2
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑦)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) = −6 (
𝑑𝑢𝑛

𝑑𝑦
)

2 𝑑2𝑢𝑛

𝑑𝑦2
− 𝑚.                             (2.29) 

After solving equation (2.29) with the help of MAPLE 13, the solutions obtained at second 

PI for 𝑎 = 0, 𝑏 = 1, 𝑀 = 20 at several values of 𝛽 and 𝑚 are plotted and written in table 

with the numerical solutions of the same problem.  

Variation of velocity with different increasing values of non-Newtonian parameter 𝛽 and 

fixed value of 𝑚 is plotted in Figure 2.3. Decrease in the velocity 

profile is observed for increasing values of 𝛽. It is pertinent to mention here that for 𝛽 =

0, classical Newtonian case is obtained. From Figure 2.4 it can be observed that velocity 

profile increases by varying m while setting the value of  𝛽 fixed. Same problem is solved 

by using a well-known numerical procedure Runge-Kutta order 4 method.  Figure 2.5 gives 

a comparative study for solutions obtained by Chebyshev Wavelet-Picard technique and 
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Runge-Kutta 4 method  different values of 𝑚 and 𝛽. Same procedure is followed tin Table 

2.3 to compare these results. From Figure 2.5 and Table 2.3 an excellent agreement 

between the proposed technique and numerical solutions can easily be seen. 

 

           

Figure 2. 3 Solution by Modified Chebyshev Wavelet Picard Method for different values of 𝜷. 

 

Figure 2. 4 Solution by proposed Modified Chebyshev Wavelet Picard Method for different values of  𝒎. 
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Figure 2. 5 Comparison of solution by proposed Modified Chebyshev Wavelet Picard Method for different 

values of m and 𝜷 with numerical solution 

In Table 2.3,  𝑢0.4,0.4, 𝑢0.6,0.6, 𝑢0.8,0.8 represent the solutions obtained by wavelets when 𝛽 =

0.4, 𝑚 = 0.4 , 𝛽 = 0.6, 𝑚 = 0.6 and 𝛽 = 0.8, 𝑚 = 0.8 respectively. 𝑢𝑛𝑢𝑚, 𝑢∗
𝑛𝑢𝑚, 𝑢∗∗

𝑛𝑢𝑚 

represent the numerical solutions obtained at 𝛽 = 0.4, 𝑚 = 0.4, 𝛽 = 0.6, 𝑚 = 0.6, 𝛽 = 0.8, 

𝑚 = 0.8 respectively. 

 

Table 2. 3 Comparison of solutions obtained by Modified Chebyshev Wavelets-Picard Method and 

Numerical solutions for different values of m and 𝛽. 

𝑦 𝑢0.4,0.4 𝑢𝑛𝑢𝑚 𝑢0.6,0.6  𝑢∗
𝑛𝑢𝑚 𝑢0.8,0.8 𝑢∗∗

𝑛𝑢𝑚 

0.0 3.11 × 10−12 0.0000000000 1.26 × 10−11 0.0000000001 1.17 × 10−10 0.0000000005 

0.1 0.0335977128 0.0335977129 0.0570004438 0.0570004439 0.0759998848 0.0759998850 

0.2 0.0644421707 0.0644421711 0.1080008876 0.1080008881 0.1439997687 0.1439997693 

0.3 0.0922722510 0.0922722514 0.1530013317 0.1530013322 0.2039996548 0.2039996569 

0.4 0.1168575511 0.1168575518 0.1920017753 0.1920017759 0.2559995396 0.2559995424 

0.5 0.1379983878 0.1379983883 0.2250022191 0.2250022199 0.2999994240 0.2999994265 

0.6 0.1555257983 0.1555257989 0.2520026628 0.2520026642 0.3359993086 0.3359993127 

0.7 0.1693015402 0.1693015409 0.2730031063 0.2730031089 0.3639991935 0.3639992004 

0.8 0.1792180896 0.1792180901 0.2880035513 0.2880035563 0.3839990781 0.3839991023 

0.9 0.1851986463 0.1851986471 0.2970039936 0.2970039992 0.3959989628 0.3959989847 

1.0 0.1871971634 0.1871971644 0.3000043649 0.3000043728 0.3999988676 0.3999989025 

 

So in section 2.2, a semi analytical technique is employed to solve the non-linear equations 

governing the flow. Graphs are plotted to study the behaviour of velocity profile under 
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varying parameters. A comparative is study using RK-4 numerical method is also provided 

to support the validity of results obtained. It can be concluded that the proposed Modified 

Chebyshev Wavelet Picard Technique is easy to implement and can be further used to study 

different problems governing the flow through different geometries.  

2.3 Legendre Wavelet Picard Method for System of Nonlinear Ordinary 

Differential Equations 

Legendre Wavelet Picard Method is extended for system of nonlinear ordinary differential 

equations. In order to check the competence of the proposed Legendre Wavelet Picard 

Method (LWPM), basic enzyme kinetics is considered. Systems of nonlinear ordinary 

differential equations are formed from the considered enzyme-substrate reaction. The 

results obtained by the proposed LWPM are compared with the numerical results obtained 

from Runge-Kutta method of order four (RK-4). Numerical results and those obtained by 

LWPM are in excellent conformance, which would be explained by the help of table and 

figures. The proposed method is easy and simple to implement as compared to the other 

existing analytical methods used for problems arising in Biology, Physics and Engineering. 

2.3.1 Enzyme-Substrate Reaction 

Enzyme processes and their basic reaction models were modeled by Michealis and Menten 

in 1913 [86] 

𝐸 + 𝑆 ⇌ 𝐼 → 𝐸 + 𝑃                                                      (2.30) 

 E is the enzyme, S is the substrate, I represents the enzyme-substrate intermediate complex 

and P is the product.  

Equation (2.30) can be written in the form of following system of ODEs [87]. 

𝑑𝑆

𝑑𝑡
= −𝑟1𝐸𝑆 + 𝑟−1𝐼,                                                           (2.31) 

𝑑𝐸

𝑑𝑡
= −𝑟1𝐸𝑆 + (𝑟−1 + 𝑟2)𝐼,                                                     (2.32) 

𝑑𝐼

𝑑𝑡
= 𝑟1𝐸𝑆 − (−𝑟−1 + 𝑟2)𝐼,                                                     (2.33) 

𝑑𝑃

𝑑𝑡
= 𝑟2𝐼,                                                                        (2.34) 
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with 𝑆(0) = 𝑆0,    𝐸(0) = 𝐸0,   𝐼(0) = 0, 𝑃(0) = 0, here the parameters 𝑟1, 𝑟−1 and 𝑟2are 

positive rate constants for each reaction. System of equations given above can be compactly 

be written to a system of two equations for S and I. Converting the system (2)-(5) into 

dimensionless form for concentrations of substrate, u and intermediate complex between 

enzyme and substrate, we have  

𝑑𝑢

𝑑𝑡
= −𝑢 + (𝛽 − 𝛼)𝑣 + 𝑢𝑣,                                                       (2.35) 

𝑑𝑣

𝑑𝑡
=

1

𝛾 
(𝑢 − 𝛽𝑣 − 𝑢𝑣),                                                          (2.36) 

with initial conditions 𝑢(0) = 1, 𝑣(0) = 0, 

here 𝛼, 𝛽 and 𝛾 are parameters. For formulation of system of equations (2.31)-(2.34) into 

dimensionless system (2.35)-(2.36), see [87]. 

      To find the transient phase of the enzyme catalyzed reaction which typically lasts only 

few milliseconds after the start of the reaction, various techniques [86-90] are being used 

by biochemists. Goha, et al. used the variational iteration method to solve the biochemical 

reaction model [88]. Also, Hashim, et al. implemented the multistage homotopy 

perturbation method applied to nonlinear biochemical reaction model [89].  

In this section, our purpose is to solve the nonlinear system of first order differential 

equations representing enzyme-substrate reaction through Legendre wavelet-Picard method 

and show that it is strongly reliable method for nonlinear biochemical reaction model than 

the other existing methods.  

2.3.2 Application of Legendre Wavelet Picard Method to Enzyme-Substrate Reaction 

We consider a system of first order nonlinear differential equations of the form, 

𝑑𝑢

𝑑𝑡
= 𝑓(𝑢(𝑡), 𝑣(𝑡)) + 𝑔(𝑢(𝑡). 𝑣(𝑡), 𝑢2(𝑡), 𝑣2(𝑡), ⋯ ) + 𝑝(𝑡),               (2.37)       

𝑑𝑣

𝑑𝑡
= ℎ(𝑢(𝑡), 𝑣(𝑡)) + 𝑘(𝑢(𝑡). 𝑣(𝑡), 𝑢2(𝑡), 𝑣2(𝑡), ⋯ ) + 𝑞(𝑡),                (2.38)       

In equations (2.36), (2.37) 𝑓(𝑢(𝑡), 𝑣(𝑡)) and ℎ(𝑢(𝑡), 𝑣(𝑡)) are linear terms and 

𝑔(𝑢(𝑡). 𝑣(𝑡), 𝑢2(𝑡), 𝑣2(𝑡), ⋯ ), 𝑘(𝑢(𝑡). 𝑣(𝑡), 𝑢2(𝑡), 𝑣2(𝑡), ⋯ ) are nonlinear terms, with 

𝑢(𝑡 = 𝑡0) = 𝑎, 𝑣(𝑡 = 𝑡1) = 𝑏. 
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PIT when applied on equations (2.37) and (2.38), gives  

𝑑𝑢𝑛+1

𝑑𝑡
= 𝑓(𝑢𝑛+1(𝑡), 𝑣𝑛+1(𝑡)) + 𝑔(𝑢𝑛(𝑡). 𝑣𝑛(𝑡), 𝑢𝑛

2(𝑡), 𝑣𝑛
2(𝑡), ⋯ ) + 𝑝(𝑡),      (2.39) 

𝑑𝑣𝑛+1

𝑑𝑡
= ℎ(𝑢𝑛+1(𝑡), 𝑣𝑛+1(𝑡)) + 𝑘(𝑢𝑛(𝑡). 𝑣𝑛(𝑡), 𝑢𝑛

2(𝑡), 𝑣𝑛
2(𝑡), ⋯ ) + 𝑞(𝑡),      (2.40) 

 

with  

𝑢𝑛+1(𝑡 = 𝑡0) = 𝑎, 𝑣𝑛+1(𝑡 = 𝑡1) = 𝑏. 

Applying procedure described in equations (2.37)-(2.40) to equations (2.35), (2.36), we 

have  

𝑑𝑢𝑛+1

𝑑𝑡
= −𝑢𝑛+1(𝑡) + (𝛽 − 𝛼)𝑣𝑛+1(𝑡) + 𝑢𝑛(𝑡)𝑣𝑛(𝑡),                      (2.41) 

𝑑𝑣𝑛+1

𝑑𝑡
=

1

𝛾 
(𝑢𝑛+1(𝑡) − 𝛽𝑣𝑛+1(𝑡) − 𝑢𝑛(𝑡)𝑣𝑛(𝑡)),                           (2.42) 

with initial conditions 𝑢𝑛+1(0) = 1, 𝑣𝑛+1(0) = 0. 

Since we have to find two unknown functions 𝑢𝑛+1(𝑡) and 𝑣𝑛+1(𝑡), we assume the solution 

for 𝑢𝑛+1(𝑡) and 𝑣𝑛+1(𝑡) to be  

𝑢𝑛+1(𝑡) = ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑡)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

, 𝑣𝑛+1(𝑡) = ∑ ∑ 𝑑𝑛,𝜔𝜓𝑛,𝜔(𝑡)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

 

Now applying Legendre wavelets method to system (2.41 − 2.42), we have 

𝑑

𝑑𝑡
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑡)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) = − ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑡)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) 

                              +(𝛽 − 𝛼) ( ∑ ∑ 𝑑𝑛,𝜔𝜓𝑛,𝜔(𝑡)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) + 𝑢𝑛𝑣𝑛,                                     (2.43) 

𝑑

𝑑𝑡
( ∑ ∑ 𝑑𝑛,𝜔𝜓𝑛,𝜔(𝑡)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) =
1

𝛾 
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑡)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) 

 

 −
𝛽

 𝛾 
( ∑ ∑ 𝑑𝑛,𝜔𝜓𝑛,𝜔(𝑡)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) − 𝑢𝑛𝑣𝑛.                                            (2.44) 

Solving above system of equations (2.43)-(2.44), we get the required values of 𝑢𝑛+1(𝑡) and 

𝑣𝑛+1(𝑡). 
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The values acquired by the developed method are shown in the Table 2.4.  Using the values 

of parameters 𝛼 = 0.375, 𝛽 = 1 and 𝑟 = 0.1, we have the following solutions for 𝑢𝑛+1(𝑡) 

and 𝑣𝑛+1(𝑡): 

 Table 2. 4 Comparison of the solutions by Legendre Wavelet Picard Method with RK-4 solutions 

𝑡 𝑢(𝑡)LWPM  𝑢(𝑡)RK−4 Error 𝑢(𝑡)LWPM  𝑣(𝑡)LWPM  𝑣(𝑡)𝑅𝐾−4  Error 𝑣(𝑡)LWPM 

0.0 1.00000000 1.00000000 1.0E-10 0.00000000 0.00000000 1.3E-09 

0.1 0.94740013 0.94740001 1.2 E-07 0.42151963 0.42151958 5.0 E-08 

0.2 0.92506974 0.92506950 2.4 E-07 0.47365698 0.47365685 1.3 E-07 

0.3 0.90689326 0.90689293 3.3 E-07 0.47676375 0.47676354 2.1 E-07 

0.4 0.88944451 0.88944386 6.5 E-07 0.47309212 0.47309185 2.7 E-07 

0.5 0.87225572 0.87225464 1.1 E-06 0.46843767 0.46843723 4.4 E-07 

0.6 0.85526253 0.85526107 1.5 E-06 0.46361204 0.46361137 6.7 E-07 

0.7 0.83845692 0.83845511 1.8 E-06 0.45873154 0.45873057 9.7 E-07 

0.8 0.82183876 0.82183664 2.1 E-06 0.45381372 0.45381240 1.3 E-06 

0.9 0.80540898 0.80540664 2.4 E-06 0.44886195 0.44886026 1.7 E-06 

1.0 0.78916975 0.78916624 3.5 E-06 0.44387769 0.44387546 2.2 E-06 

 

 

Figure 2. 6 Comparison of LWPM solution with RK − 4 solution for u(t),when  𝜶 = 𝟎. 𝟑𝟕𝟓, 𝜷 = 𝟏, 𝜸 =

𝟎. 𝟏. 
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Figure 2. 7 Comparison of LWPM solution with RK − 4 solution for v(t), when  𝜶 = 𝟎. 𝟑𝟕𝟓, 𝜷 = 𝟏,

𝜸 = 𝟎. 𝟏. 

 

Figure 2. 8 Behaviour of 𝒖(𝒕) for 𝜷 = 𝟏, 𝜸 = 𝟎. 𝟏   when 𝜶 varies from 𝟎. 𝟏𝟐𝟓 to 𝟏 
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Figure 2. 9 Behaviour of 𝒗(𝒕) for 𝜷 = 𝟏, 𝜸 = 𝟎. 𝟏   when 𝜶 varies from 𝟎. 𝟏𝟐𝟓 to 𝟏. 

 

 

Figure 2. 10 Behaviour of 𝒖(𝒕) for 𝜶 = 𝟎. 𝟑𝟕𝟓, 𝜸 = 𝟎. 𝟏   when 𝜷 varies from 𝟎. 𝟏𝟐𝟓 to 𝟏 
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Figure 2. 11 Behaviour of 𝒖(𝒕) for 𝜶 = 𝟎. 𝟑𝟕𝟓, 𝜸 = 𝟎. 𝟏   when 𝜷 varies from 𝟎. 𝟏𝟐𝟓 to 𝟏. 

So in this section, we have successfully developed and implemented a technique for 

problems arising in biochemistry, which are illustrated by the help of figures Figure 2.6- 

2.11. From Figure 2.8 and Figure 2.9, it is observed that when value of 𝛼 increses, 

concentration of 𝑢(𝑡) and 𝑣(𝑡) decreases. From Figure 2.10 and Figure 2.11, it is observed 

that when value of 𝛽 icreses, concentration of 𝑢(𝑡) increases and concentration of 𝑣(𝑡) 

decreases. For comparison, the considered system is also solved by some other techniques 

also. From Table 2.4, comparison with RK-4 of the approximate solution shows that 

Legendre wavelet-Picard method (LWPM) is very accurate. Also, from tables it is evident 

that the proposed LWPM is better to use for different nonlinear problems arising in 

Biochemical problems. 

2.4 Discussion 

In chapter 2, wavelets  picard methods for nonlinear ordinary differenial equations 

and system of nonlinear ordinary differential equations are developed and applied 

sucessfully on three different problems representing physial phenomens and 

models.These developed methods would be extended further for nonlinear partial 

differetnial eqautions in chapter 3. 
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Wavelets Picard Methods for Nonlinear Partial Differential 
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Nonlinear PDEs are hard to deal with. Owing to the presence of the nonlinear part in partial 

differential equations there are many concerns in finding accurate solutions. We have 

merged the wavelet methods with Picard’s iteration technique for finding more precise 

solutions. In this chapter, we have implemented the suggested modified versions including 

Legendre Picard, Chebyshev Picard, Shifted Legendre Picard and Shifted Chebyshev 

Picard on nonlinear partial differential equations.  

In section 3.1, Legendre wavelets method is extended for nonlinear PDEs by merging it 

with Picard’s iteration method. To check the efficacy of the method developed, it is applied 

on three different nonlinear PDEs. In section 3.2, Chebyshev wavelets are merged with 

Picard’s iteration in order to have better approximate solutions of the nonlinear PDEs. Two 

different nonlinear PDEs are considered and their solutions are calculated by applying the 

developed Chebyshev Picard wavelets method.  In section 3.3, shifted Legendre 

polynomial are used to develop Shifted Legendre Wavelet method and then the method is 

merged with Picard’s iteration method to have better approximate solutions of nonlinear 

problems on any shifted interval [𝑎, 𝑏]. For a test case, Nonlinear Gardner equation is 

considered and shifted Modified Legendre Wavelet Method is implemented on it. The 

results achieved are disused in the section also in comparison with results obtained via 

other existing techniques. In the last two sections of chapter 3, Shifted Modified Chebyshev 

Wavelets method is developed by using the shifted Chebyshev polynomials and Picard’s 

iteration. Proposed Shifted Modified Chebyshev Wavelet method is applied on nonlinear 

Benajmin Bona Mohany Equation and nonlinear Sawada Koterra equation. The results 

obtained are discussed by the help of tables and graphs. 

3.1 Legendre Picard Wavelet Method for Nonlinear Partial Differential 

Equations  

In this section, Legendre Picard Wavelet method is applied on nonlinear partial differential 

equations such as Klein-Gordon equation, Burger’s equations and Advection equation.  

Consider nonlinear PDE of the form, 

 𝑢𝑡𝑡 = 𝑓(𝑢, 𝑢𝑥, 𝑢𝑡 , 𝑢𝑥𝑥, 𝑢𝑡𝑡) + 𝑔(𝑢, 𝑢𝑥 , 𝑢𝑡, 𝑢𝑥𝑥, 𝑢𝑡𝑡) + ℎ(𝑥, 𝑡),                (3.1)  

where 𝑓(𝑢, 𝑢𝑥, 𝑢𝑡 , 𝑢𝑥𝑥, 𝑢𝑡𝑡) and 𝑔(𝑢, 𝑢𝑥, 𝑢𝑡 , 𝑢𝑥𝑥, 𝑢𝑡𝑡) are linear and nonlinear terms, with 



43 

𝑢(0, 𝑡) = 𝑎,  𝑢𝑥(0, 𝑡) = 𝑏, 𝑢(𝑥, 0) = 𝑐,  𝑢𝑡(𝑥, 0) = 𝑑. 

PIT converts equation (3.1) as 

(𝑢𝑛+1)𝑡𝑡 = 𝑓(𝑢𝑛+1, (𝑢𝑛+1)𝑥 , (𝑢𝑛+1)𝑡, (𝑢𝑛+1)𝑥𝑥, (𝑢𝑛+1)𝑡𝑡) 

+𝑔(𝑢𝑛, (𝑢𝑛)𝑥, (𝑢𝑛)𝑡, (𝑢𝑛)𝑥𝑥 , (𝑢𝑛)𝑡𝑡) +  ℎ(𝑥, 𝑡),      (3.2) 

with  

     𝑢𝑛+1(0, 𝑡) = 𝑎, (𝑢𝑛+1)𝑥(0, 𝑡) = 𝑏, 𝑢𝑛+1(𝑥, 0) = 𝑐, (𝑢𝑛+1)𝑡(𝑥, 0) = 𝑑. 

where 𝜓𝑛𝑚2𝑚1
(𝑥, 𝑡) are Legendre Wavelets. 

𝑢𝑛+1(𝑥, 𝑡) = ∑ ∑ ∑ 𝑐𝑛𝑚2𝑚1
𝜓𝑛𝑚2𝑚1

(𝑥, 𝑡)  

𝑀1−1

𝑚1=0

                                  (3.3)

𝑀2−1

𝑚2=0

2𝑘−1

𝑛=1

 

3.1.1 Legendre Picard Wavelet Method for Klein-Gordon Equation 

Consider  

𝑢𝑡𝑡 − 𝑢𝑥𝑥 + 𝑢2 = 2𝑥2 − 2𝑡2 + 𝑥4𝑡4    (3.4) 

with initial conditions 𝑢(𝑥, 0) = 0, 𝑢𝑡(𝑥, 0) = 0 and exact solution= 𝑥2𝑡2. 

Applying Picard’s iteration to eq. (3.4), we have 

 

(𝑢𝑛+1)𝑡𝑡 − (𝑢𝑛+1)𝑥𝑥 + (𝑢𝑛)2 = 2𝑥2 − 2𝑡2 + 𝑥4𝑡4,        (3.5) 

Replacing value of eq. (3.3) in eq. (3.5), we have  

( ∑ ∑ ∑ 𝑐𝑛𝑚2𝑚1
𝜓𝑛𝑚2𝑚1

𝑀1−1

𝑚1=0

 

𝑀2−1

𝑚2=0

2𝑘−1

𝑛=1

)

𝑡𝑡

− ( ∑ ∑ ∑ 𝑐𝑛𝑚2𝑚1
𝜓𝑛𝑚2𝑚1

𝑀1−1

𝑚1=0

 

𝑀2−1

𝑚2=0

2𝑘−1

𝑛=1

)

𝑥𝑥

 

+(𝑢𝑛)2 = 2𝑥2 − 2𝑡2 + 𝑥4𝑡4                                                   (3.6) 

Solving system of equations (3.6) by the help of MAPLE 13 after simplification, we get 

the approximate solution for eq. (3.4).   

𝑢(𝑥, 𝑡) = 1.729 10−10 − 6.7450203 10−9𝑡 + 2.0475937 10−7𝑡2 − 0.00000170𝑡3 

+0.000014300𝑡4 − 0.00005146𝑡5 + 0.000166573𝑡6 − 0.00029385𝑡7 

+0.000401524𝑡8 − 0.000323239𝑡9 + 0.0001606𝑡10 + −0.000035240𝑡11  

+𝑥(−5.00682910−9 + 1.7527155 10−7𝑡 − 0.00000585𝑡2 + 0.0000505𝑡3 

−0.00037461𝑡4 + 0.00137212𝑡5 − 0.0038276𝑡6 + 0.0065339𝑡7 

−0.00770311𝑡8 + 0.00563669𝑡9 − 0.002384864𝑡10 + 0.00044117𝑡11) 

+𝑥2(1.434891 10−7 − 0.000006254𝑡 + 1.0001519𝑡2 − 0.00145500𝑡3 
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+0.00929408𝑡4 − 0.03567803𝑡5 + 0.09353205𝑡6 − 0.16273797𝑡7 

+0.18901996𝑡8 − 0.13985885𝑡9 + 0.05984397𝑡10 − 0.01131775𝑡11) 

+𝑥3(−0.00000016 + 0.00007728𝑡 − 0.00168022𝑡2 + 0.01642531𝑡3 

−0.10034439𝑡4 + 0.3863664𝑡5 − 0.997339𝑡6 + 1.729745𝑡7 − 1.995262𝑡8 

+1.4656813 𝑡9 − 0.62000589𝑡10 + 0.11487069𝑡11) + 𝑥4(0.000010903  

−0.0005227𝑡 + 0.01068414𝑡2 − 0.10501320𝑡3 + 0.6306841𝑡4 − 2.428871𝑡5 

+6.2552579𝑡6 − 10.860155𝑡7 + 12.547733𝑡8 − 9.2386245𝑡9 + 3.9190371𝑡10 

−0.72877851𝑡11) + 𝑥5(−0.00004385 + 0.0021402072𝑡 − 0.042105849𝑡2 

+ 0.41368682𝑡3 − 2.4651072𝑡4 + 9.283594𝑡5 − 24.40906𝑡6 + 42.40148𝑡7 

−49.04189𝑡8 + 36.15588𝑡9 − 15.35756𝑡10 + 2.857667𝑡11 ) + 𝑥6(0.0001142 

−0.0056338848𝑡 + 0.10808135𝑡2 − 1.0592769𝑡3 + 6.2844117𝑡4 − 24.141521𝑡5 

+62.095953𝑡6 − 107.87387𝑡7 + 124.83156𝑡8 − 92.106600𝑡9 + 39.162074𝑡10 

−7.2954691𝑡11) + 𝑥7(−0.00019665255 + 0.009749119𝑡 − 0.18382866𝑡2 

+1.7958709𝑡3 − 10.619737𝑡4 + 40.718188𝑡5 − 104.60946𝑡6 + 181.61551𝑡7 

−210.12370𝑡8 + 155.05614𝑡9 − 65.94975𝑡10 + 12.29125𝑡11) + 𝑥8 (0.0002218 

−0.011027660𝑡 + 0.20547817𝑡2 − 2.0005180𝑡3 + 11.794200𝑡4 − 45.116372𝑡5 

+115.70639𝑡6 − 200.63207𝑡7 + 231.93468𝑡8 − 171.06719𝑡9 + 72.742542𝑡10 

−13.55665𝑡11) + 𝑥9(−0.0001577 + 0.007844𝑡 − 0.1449861𝑡2 + 1.406761𝑡3 

−8.2678564𝑡4 + 31.541471𝑡5 − 80.710863𝑡6 + 139.70228𝑡7 − 161.27933𝑡8 

+118.83464𝑡9 − 50.4955𝑡10 + 9.405992𝑡11) + 𝑥10(0.000064 − 0.0031814𝑡 

+0.05850304𝑡2 − 0.5657406𝑡3 + 3.314079𝑡4 − 12.604832𝑡5 + 32.169124𝑡6 

−55.558388𝑡7 + 64.024359𝑡8 − 47.10779𝑡9 + 19.99518𝑡10 − 3.7214772𝑡11) 

+𝑥11(−0.000011 + 0.0056067𝑡 − 0.0102801𝑡2 + 0.0990834𝑡3 − 0.578443𝑡4 

+2.1928529𝑡5 − 5.5798604𝑡6 + 9.6121256𝑡7 − 11.053044𝑡8 + 8.1183307𝑡9 

−3.410248𝑡10 + 0.63972831𝑡11).                                                                            (3.7) 

 

Approximate solutions for different values of 𝑀1 = 𝑀2 = 𝑀 = 8 and 12, for 𝑡 =

0.1 is given in Table 3.1. Absolute errors for different values of M along with actual and 

approximate solutions for problem are given in figures 3.1-3.4. 
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Table 3. 1 Solution by proposed method for different values of M and corresponding errors 

𝑥 Exact Sol 𝑢𝑀=8 𝑢𝑀=12 Error 𝑢𝑀=8 Error 𝑢𝑀=12 

0.0 0.00000000000 0.00000000102 0.00000000089 1.0206E-09 8.9567E-10 

0.1 0.00010000000 0.00010000150 0.00010000002 1.5057E-09 2.7914E-11 

0.2 0.00040000000 0.00040000250 0.00040000000 2.5039E-09 2.5384E-12 

0.3 0.00090000000 0.00090000353 0.00090000000 3.5389E-09 3.2763E-12 

0.4 0.00160000000 0.00160000343 0.00160000000 3.4315E-09 1.0331E-12 

0.5 0.00250000000 0.00249999980 0.00249999999 1.9258E-10 4.8348E-13 

0.6 0.00360000000 0.00359998838 0.00359999999 1.1610E-08 1.4338E-12 

0.7 0.00490000000 0.00489996205 0.00489999999 3.7948E-08 3.3673E-12 

0.8 0.00640000000 0.00639990961 0.00639999998 9.0382E-08 1.1844E-11 

0.9 0.00810000000 0.00809981437 0.00809999999 1.8562E-07 9.6589E-12 

1.0 0.01000000000 0.00999965228 0.00999999964 3.4771E-07 3.5913E-10 

 

 

Figure 3. 1 Absolute Error for eq. (3.4) when M = 8 

 

Figure 3. 2 Absolute Error for eq. (3.4) when M = 12 
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Figure 3. 3 Exact Solution for eq. (3.4) 

 

Figure 3. 4 Approximated Solution for eq. (3.4) 

3.1.2 Legendre Picard Wavelet Method for Burger’s Equation 

Consider the nonlinear Burgers Equation  

𝑢𝑡 + 𝑢𝑢𝑥 = 𝑢𝑥𝑥 ,                                                                       (3.8) 

with initial condition 𝑢(𝑥, 0) = 𝑥 and Exact solution=
𝑥

1+𝑡
  , |𝑡| < 1. 

Applying Picard’s iteration to eq. (3.8), we have 

(𝑢𝑛+1)𝑡 + 𝑢𝑛(𝑢𝑛)𝑥 = (𝑢𝑛+1)𝑥𝑥                                                    (3.9) 

Replacing value of eq. (3.3) in eq. (3.9), we have  
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( ∑ ∑ ∑ 𝑐𝑛𝑚2𝑚1
𝜓𝑛𝑚2𝑚1

𝑀1−1

𝑚1=0

 

𝑀2−1

𝑚2=0

2𝑘−1

𝑛=1

)

𝑡

+ 𝑢𝑛(𝑢𝑛)𝑥 

= ( ∑ ∑ ∑ 𝑐𝑛𝑚2𝑚1
𝜓𝑛𝑚2𝑚1

𝑀1−1

𝑚1=0

 

𝑀2−1

𝑚2=0

2𝑘−1

𝑛=1

)

𝑥𝑥

                                 (3.10) 

 

solving eq. (3.10), we obtain the approximate solution 

𝑢(𝑥, 𝑡) = 1.17973810−9 +  3.85102510−9𝑡 − 2.9526010−7𝑡2 − 5.54117110−7𝑡3 

− 0.00000276𝑡4 +  0.00000648𝑡5 + 0.00000481 𝑡6 + 0.00000158203𝑡7 

+𝑥(0.99997956 −  0.99929043𝑡 + 0.99140094𝑡2 −  0.94669403𝑡3  

+0.80497456𝑡4 −  0.54479666𝑡5 + 0.23764346𝑡6 + −0.047932377𝑡7) 

+𝑥2(2.0518637 10−8 −  6.2895572 10−7𝑡 + 0.00000421𝑡2 −  0.00001984𝑡3 

+0.00004951𝑡4 − 0.00005875𝑡5 − 0.00003652𝑡6 −  0.000008878𝑡7) 

+𝑥3(−2.05671010−8 + 9.182592110−7𝑡 − 0.00000696𝑡2 +  0.00003318𝑡3 

− 0.00008728 𝑡4 + 0.00011530𝑡5 −  0.00007952𝑡6 − 0.00002184𝑡7) 

+𝑥4(6.7123195 10−9 − 6.3555934 10−7𝑡 + 0.00000625𝑡2 − 0.00003102𝑡3 

+0.00008522𝑡4 −  0.0001244𝑡5 + 0.00009248𝑡6 − 0.00002736𝑡7) 

+𝑥5(4.79716710−10 + 2.85508710−7𝑡 − 0.00003265𝑡2 +  0.00001759𝑡3 

−0.00005164𝑡40.00007958𝑡5 −  0.00006194𝑡6 + 0.00001909𝑡7) 

+𝑥6(− 3.13296610−9 −  1.23352010−8𝑡 +  5.84849910−7𝑡2 − 0.00000444𝑡3 

+0.00001538𝑡4 − 0.00002679𝑡5 + 0.00002266𝑡6 − 0.000007479𝑡7) 

+𝑥7(1.1549470 10−9 − 1.43816410−9𝑡 − 1.32473510−7𝑡2 + 0.00000112𝑡3 

− 0.00000410𝑡4 + 0.000007308𝑡5 −  0.00000630𝑡6 +  0.00002103𝑡7).       (3.11) 

 

Solutions for different values of 𝑀1 = 𝑀2 = 𝑀 = 5 and 8   for  𝑡 = 0.1,

is given in Table 3.2. Absolute errors for different values of M along with actual and 

approximate solutions for problem 1 are given in figures 3.5-3.8. 
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Table 3. 2 Solution by proposed method for different values of M and corresponding errors 

𝑥 Exact Solution 𝑢𝑀=5 𝑢𝑀=8 Error 𝑢𝑀=5 Error 𝑢𝑀=8 

0.0 0.0000000000 0.0000000000 0.0000000010 3.6282E-14 1.0467E-09 

0.1 0.0909090909 0.0909666666 0.0909093097 5.7575E-05 2.1888E-07 

0.2 0.1818181818 0.1819333333 0.1818186203 1.1515E-04 4.3854E-07 

0.3 0.2727272727 0.2729000000 0.2727279307 1.7272E-04 6.5802E-07 

0.4 0.3636363636 0.3638666666 0.3636372410 2.3030E-04 8.7743E-07 

0.5 0.4545454545 0.4548333333 0.4545465513 2.8787E-04 1.0968E-06 

0.6 0.5454545454 0.5458000000 0.5454558617 3.4545E-04 1.3163E-06 

0.7 0.6363636363 0.6367666666 0.6363651722 4.0303E-04 1.5359E-06 

0.8 0.7272727272 0.7277333333 0.7272744830 4.6060E-04 1.7557E-06 

0.9 0.8181818181 0.8186999999 0.8181837941 5.1818E-04 1.9759E-06 

1.0 0.9090909090 0.9096666666 0.9090931056 5.7575E-04 2.1965E-06 

 

 

Figure 3. 5 Absolute Error for eq. (3.8) when M = 5 

 

Figure 3. 6 Absolute Error for eq. (3.8) when M = 8 
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Figure 3. 7 Exact Solution for eq. (3.8) 

 

Figure 3. 8 Approximated Solution for eq. (3.8) 

3.1.3 Legendre Picard Wavelet Method for Advection Equation 

Consider the nonlinear Advection problem  

𝑢𝑡 +
1

2
(𝑢)𝑥

2   = 𝑒𝑥 + 𝑡2𝑒2𝑥,                                                    (3.12) 

with initial condition 𝑢(𝑥, 0) = 0 and exact solution= 𝑡𝑒𝑥. 

Applying Picard’s iteration to eq. (3.12), we have 

    

(𝑢𝑛+1)𝑡 +
1

2
(𝑢𝑛)𝑥

2   = 𝑒𝑥 + 𝑡2𝑒2𝑥.                                               (3.13) 

 

Replacing value of eq. (3.3) in eq. (3.13), we have  
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( ∑ ∑ ∑ 𝑐𝑛𝑚2𝑚1
𝜓𝑛𝑚2𝑚1

𝑀1−1

𝑚1=0

 

𝑀2−1

𝑚2=0

2𝑘−1

𝑛=1

)

𝑡

+
1

2
(𝑢𝑛)𝑥

2 = 𝑒𝑥 + 𝑡2𝑒2𝑥.                      (3.14) 

Solving eq. (3.14), we obtain the approximate solution.  

𝑢(𝑥, 𝑡) = 0.000297 + 0.984485𝑡 + 0.301028𝑡2 − 3.30219𝑡3 + 18.8849𝑡4 

−74.7209𝑡5 + 199.677𝑡6 − 357.599𝑡7 + 427.326𝑡8 − 325.465𝑡9 

+143.027𝑡10 − 27.7729𝑡11 + 𝑥(−0.015501 + 1.88086𝑡 − 15.6852𝑡2 

+159.169𝑡3 − 983.025𝑡4 + 3908.50𝑡5 − 10375.326𝑡6 + 18577.22𝑡7 

−22129𝑡8 + 16801.59𝑡9 − 7350.90𝑡10 + 1408.49𝑡11) + 𝑥2(0.30504  

−15.4120𝑡 + 308.638𝑡2 − 3145.68𝑡3 + 19342.16𝑡4 − 76879.9𝑡5 

+2.0416 105𝑡6 − 3.6556 105𝑡7 + 4.35596105𝑡8 − 3.30835105𝑡9 

+1.44825105𝑡10 − 27797.48𝑡11) + 𝑥3(−3.16064 + 165.027𝑡 

−3197.39𝑡2 + 32576.6𝑡3 − 2.0032105𝑡4 + 7.9613105𝑡5 

−2.1138106𝑡6 + 3.78431066 𝑡7 − 4.5084106𝑡8 + 3.4234106𝑡9   

−1.4982106𝑡10 + 2.8743105𝑡11) + 𝑥4( 19.8393 − 1034.71𝑡 

+20066.2𝑡2 − 2.04419105𝑡3 + 1.25682106𝑡4 − 4.99412106𝑡5 

+1.3257107𝑡6 − 2.3731107𝑡7 + 2.8269107𝑡8 − 2.1463107𝑡9 

+9.3922106𝑡10 − 1.8016106𝑡11) + 𝑥5(−80.716 + 4209.52𝑡 

−81621.2𝑡2 + 8.31358105𝑡3 − 5.1105106𝑡4 + 2.0303107𝑡5 

−5.3889107𝑡6 + 9.6447107𝑡7 − 1.1486108𝑡8 + 8.719917𝑡9 

−3.8149107𝑡10 + 7.3164106𝑡11) + 𝑥6(219.92397 −  11468.468𝑡 

+ 2.223389105𝑡2 − 2.264255106𝑡3 +  1.39161107𝑡4 − 5.52766107𝑡5 

+ 1.466885108𝑡6 −  2.624830108𝑡7 +  3.12563108𝑡8 − 2 37228108𝑡9  

+1.037684108𝑡10  − 1.989655107𝑡11) + 𝑥7(− 404.72491 + 21103.381𝑡 

−4.090706105𝑡2 +  4.165147106𝑡3 − 2.559408107𝑡4 + 1.016422108𝑡5 

−2.696763108𝑡6 + 4.824640108𝑡7 − 5.744090108𝑡8 + 4.358809108𝑡9 

− 1.906241108𝑡10 + 3.654177107𝑡11) + 𝑥8(496.0900 −  25864.949𝑡 

+5.012958105𝑡2 − 5.103267106𝑡3 +  3.135251107𝑡4 − 1.244857108𝑡5 

+3.302192108𝑡6 − 5.906653108𝑡7 + 7.0310007108𝑡8 + 2.332411108𝑡10 

− 4.470106107𝑡11) + 𝑥9( 20204.944 − 387.56691𝑡 −  3.9154121105𝑡2 

+ 3.985249106𝑡3 − 2.447913107𝑡4 +  9.7175609107𝑡5 − 2.577244108𝑡6 
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+4.609068108𝑡7 −  5.485411108𝑡8 + 4.160960108𝑡9 −  1.818987108𝑡10 

+ 3.485316107𝑡11) + 𝑥10(174.3469 − 9088.385𝑡 + 1.1005539107𝑡4 

− 4.3680752107𝑡5 + 1.158263108𝑡6 − 2.071028108𝑡7 + 2.46436108𝑡8 

−1.869012108𝑡9 − 1.564873107𝑡10) +  𝑥11(−34.31935 + 1788.852𝑡 

−34655.851 𝑡2 + 3.526234105𝑡3 − 2.165181106𝑡4 + 8.591987106𝑡5 

− 2.277885107𝑡6 + 4.072246107𝑡7 − 4.844819107𝑡8 + 3.673716107𝑡9 

−1.6053524 107𝑡10 +  3.0745288 106𝑡11).                                               (3.15) 

 

Approximate solutions for different values of 𝑀1 = 𝑀2 = 𝑀 = 7 and 12,  for 𝑡 =

0.01, is given in Table 3.3.  Absolute errors for different values of M along with actual and 

approximate solutions for eq. (3.12) are given in figures 3.9-3.12. 

Table 3. 3 Solution by proposed method for different values of M and corresponding errors 

𝑥 Exact Solution 𝑢𝑀=7 𝑢𝑀=12 Error 𝑢𝑀=7 Error 𝑢𝑀=12 

0.0 0.01000000 0.00993709 0.00999966 6.2902E-05 3.3305E-07 

0.1 0.01105170 0.01096025 0.01105130 9.1449E-05 4.0720E-07 

0.2 0.01221402 0.01207753 0.01221353 1.3649E-04 4.9735E-07 

0.3 0.01349858 0.01329503 0.01349798 2.0354E-04 6.0746E-07 

0.4 0.01491824 0.01461481 0.01491750 3.0343E-04 7.4198E-07 

0.5 0.01648721 0.01603471 0.01648630 4.5249E-04 9.0628E-07 

0.6 0.01822118 0.01754637 0.01822008 6.7481E-04 1.1069E-06 

0.7 0.02013752 0.01913118 0.02013617 1.0063E-03 1.3519E-06 

0.8 0.02225541 0.02075439 0.02225375 1.5010E-03 1.6516E-06 

0.9 0.02459601 0.02235712 0.02459401 2.2389E-03 2.0191E-06 

1.0 0.02718281 0.02384658 0.02718040 3.3362E-03 2.4176E-06 
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Figure 3. 9 Absolute Error for eq. (3.12) when M = 7 

 

Figure 3. 10 Absolute Error for eq. (3.12) when M = 12. 
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Figure 3. 11 Exact Solution for eq. (3.12) 

 

Figure 3. 12 Approximated Solution for eq. (3.12) 

3.2 Chebyshev Picard Wavelet Method for Nonlinear Partial Differential 

Equations 

In this section, we have extended existing Chebyshev wavelet method for PDEs by the help 

of Picard’s iteration. The results obtained are quite encouraging.  

Consider the following form of PDE 

 𝑢𝑡𝑡 = 𝑘(𝑢, 𝑢𝑥, 𝑢𝑡, 𝑢𝑥𝑥 , 𝑢𝑡𝑡) + 𝑙(𝑢, 𝑢𝑥, 𝑢𝑡 , 𝑢𝑥𝑥, 𝑢𝑡𝑡) + 𝑚(𝑥, 𝑡),                (3.16)  

In equation (3.16), 𝑘(𝑢, 𝑢𝑥, 𝑢𝑡 , 𝑢𝑥𝑥, 𝑢𝑡𝑡) and 𝑙(𝑢, 𝑢𝑥, 𝑢𝑡 , 𝑢𝑥𝑥, 𝑢𝑡𝑡) are linear and nonlinear 

terms. 𝑚(𝑥, 𝑡) is the nonhomogeneous part of the differential equation, with conditions 

𝑢(0, 𝑡) = 𝑎,  𝑢𝑥(0, 𝑡) = 𝑏, 𝑢(𝑥, 0) = 𝑐,  𝑢𝑡(𝑥, 0) = 𝑑. 
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PIT applied on to eq. (3.16) gives 

(𝑢𝑛+1)𝑡𝑡 = 𝑘(𝑢𝑛+1, (𝑢𝑛+1)𝑥 , (𝑢𝑛+1)𝑡, (𝑢𝑛+1)𝑥𝑥, (𝑢𝑛+1)𝑡𝑡) 

+𝑙(𝑢𝑛, (𝑢𝑛)𝑥, (𝑢𝑛)𝑡, (𝑢𝑛)𝑥𝑥, (𝑢𝑛)𝑡𝑡) +   𝑚(𝑥, 𝑡),               (3.17) 

and  

     𝑢𝑛+1(0, 𝑡) = 𝑎, (𝑢𝑛+1)𝑥(0, 𝑡) = 𝑏, 𝑢𝑛+1(𝑥, 0) = 𝑐, (𝑢𝑛+1)𝑡(𝑥, 0) = 𝑑. 

where 𝜓𝑛𝑚2𝑚1
(𝑥, 𝑡) are Chebyshev wavelets 

𝑢𝑛+1(𝑥, 𝑡) = ∑ ∑ ∑ 𝑐𝑛𝑚2𝑚1
𝜓𝑛𝑚2𝑚1

(𝑥, 𝑡)  

𝑀1−1

𝑚1=0

                              (3.18)

𝑀2−1

𝑚2=0

2𝑘−1

𝑛=1

 

proposed Chebyshev Picard wavelet method is applied on two different nonlinear problems 

as follows: 

3.2.1 Chebyshev Picard Wavelet Method for Nonlinear Second Order PDEs  

Considered a second order PDE 

𝑢𝑡𝑡 + (𝑢𝑥)2 + 𝑢 𝑢𝑥𝑥   = 0,                                                  (3.19) 

along with conditions 𝑢(𝑥, 0) = 𝑥2, 𝑢𝑡(𝑥, 0) = −2𝑥2 and exact solution=
𝑥2

(𝑡+1)2 . 

PIT when applied on eq. (3.19), gives 

 

(𝑢𝑛+1)𝑡𝑡 + ((𝑢𝑛)𝑥)2 + (𝑢𝑛) (𝑢𝑛)𝑥𝑥 = 0.                                 (3.20) 

 

Replacing value of eq. (3.18) in Eq. (3.20), we have  

( ∑ ∑ ∑ 𝑐𝑛𝑚2𝑚1
𝜓𝑛𝑚2𝑚1

𝑀1−1

𝑚1=0

 

𝑀2−1

𝑚2=0

2𝑘−1

𝑛=1

)

𝑡

+ ((𝑢𝑛)𝑥)2 + (𝑢𝑛) (𝑢𝑛)𝑥𝑥 = 0.              (3.21) 

Solving eq. (3.21) by the help of MAPLE 13, we obtain the approximate solution. Solution 

by Chebyshev wavelets at Picard’s second iteration, when M=7 is  

𝑢(𝑥, 𝑡) = (6.536710−10 − 2.2127110−8𝑡 + 1.4796410−7𝑡2 − 6.1090410−7𝑡3 

   +1.3177 10−6 𝑡4 − 1.54807 10−6 𝑡5 + 9.39944 10−7𝑡6)  + 𝑥(−4.96728 10−8 

+0.0000016𝑡 − 0.000011𝑡2 + 0.000047 𝑡3 − 0.000102𝑡4 + 1.00012𝑡5 

−0.000073𝑡6 ) + 𝑥2(0.999928  − 1.99755𝑡 + 2.96912𝑡2 − 3.79762𝑡3 

+4.20181𝑡4 − 3.96404𝑡5 + 2.32190𝑡6) + 𝑥3(0.0000049 + 0.000166𝑡 

−0.001143𝑡2 + 0.004807𝑡3 − 0.010434𝑡4 + 0.012354𝑡5 − 0.007571𝑡6) 
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+𝑥4(0.000013 − 0.000451𝑡 + 0.003114𝑡2 − 0.013162𝑡3 + 0.02862𝑡4 

−0.03398𝑡5 + 0.020904𝑡6) + 𝑥5(−0.000016 + 0.000552𝑡 − 0.003814𝑡2 

+0.016282𝑡3 − 0.035469𝑡4 + 0.042253𝑡5 − 0.026094𝑡6) + 𝑥6(0.0000073 

−0.000249𝑡 + 0.001730𝑡2 − 0.007398𝑡3 + 0.016141𝑡4 − 0.019284𝑡5 

+0.011953𝑡6).                                                                                                                     (3.22) 

         

In Table 3.4, 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=3, 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=5 and 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=7 represent the values of absolute 

errors from the exact solution when the degree of Chehysev polynomials M is 3, 5 and 7 

respectively.  

Table 3. 4 Exact solution and comparison of errors in case of solutions for different values of Chebyshev 

polynomial M at Picard’s second iteration when t=0.1 

𝑥 Exact Solution Error 𝑢𝑀=3 Error 𝑢𝑀=5 Error 𝑢𝑀=7 

0.0 0.00000000000 5.93975E-12 5.73115E-10 8.40898E-12 

0.1 0.00826446280 6.73627E-05 4.05526E-08 9.10679E-09 

0.2 0.03305785123 2.69451E-04 1.61993E-07 3.63770E-08 

0.3 0.07438016528 6.06264E-04 3.65529E-07 8.18301E-08 

0.4 0.13223140495 1.07780E-03 6.49339E-07 1.45489E-07 

0.5 0.20661157024 1.68407E-03 1.01334E-06 2.27371E-07 

0.6 0.29752066115 2.42506E-03 1.46004E-06 3.27489E-07 

0.7 0.40495867768 3.30077E-03 1.99091E-06 4.45853E-07  

0.8 0.52892561983 4.31121E-03 2.59831E-06 5.82463E-07 

0.9 0.66942148760 5.45638E-03 3.25282E-06 7.37320E-07 

1.0 0.82644628099 6.73627E-03 3.88626E-06 9.10415E-07 

 

Graphical representation for errors when different values of Chebyshev polynomials M are 

used along with approximate and exact solution for eq. (3.19) is as follows: 
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Figure 3. 13 Absolute Error for eq. (3.19) when M=3 

 

Figure 3. 14 Absolute Error for eq. (3.19) when and t=0.1 M=5 and t=0.1 

 

Figure 3. 15 Absolute Error for eq. (3.19), M=7 and t=0.1 
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Figure 3. 16 Exact Solution for eq. (3.19) 

 

Figure 3. 17 Approximated Solution for eq. (3.19), M=7 

3.2.2 Chebyshev Picard Wavelet Method for Klein-Gordon Equation 

Consider the nonlinear Klein-Gordon equation 

𝑢𝑡𝑡 − 𝑢𝑥𝑥 + 𝑢2 = 2𝑥2 − 2𝑡2 + 𝑥4𝑡4,                                              (3.23) 

with initial conditions 𝑢(𝑥, 0) = 0, 𝑢𝑡(𝑥, 0) = 0, and exact solution= 𝑥2𝑡2. 

Applying Picard’s iteration to eq. (3.23), we have 

    

(𝑢𝑛+1)𝑡𝑡 − (𝑢𝑛+1)𝑥𝑥 + (𝑢𝑛)2 = 2𝑥2 − 2𝑡2 + 𝑥4𝑡4,                                (3.24) 

Replacing value of eq. (3.18) in eq. (3.24), we have  
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( ∑ ∑ ∑ 𝑐𝑛𝑚2𝑚1
𝜓𝑛𝑚2𝑚1

𝑀1−1

𝑚1=0

 

𝑀2−1

𝑚2=0

2𝑘−1

𝑛=1

)

𝑡𝑡

− ( ∑ ∑ ∑ 𝑐𝑛𝑚2𝑚1
𝜓𝑛𝑚2𝑚1

𝑀1−1

𝑚1=0

 

𝑀2−1

𝑚2=0

2𝑘−1

𝑛=1

)

𝑥𝑥

 

 

+(𝑢𝑛)2 = 2𝑥2 − 2𝑡2 + 𝑥4𝑡4,                                                                           (3.25) 

Solving eq. (3.25) by the help of MAPLE 13, we obtain the approximate solution. Solution 

by Chebyshev wavelets at Picard’s second iteration, when M=8 is 

𝑢(𝑥, 𝑡) = (3.7858 10−9 − 1.1076 10−7𝑡 + 1.3563 10−6𝑡2 − 7.0314 10−6𝑡3 

+2.0838 10−5𝑡4 − 3.3091 10−5𝑡5 + 2.7902 10−5𝑡6 − 9.5303 10−6𝑡7 

+𝑥(7.6879 10−9 − 2.2650 10−7𝑡 + 2.7470 10−5𝑡2 + 1.4323 10−5𝑡3 

+4.2171 10−5𝑡4 − 6.7148 10−5𝑡5 + 5.6518 10−5𝑡6) + 𝑥2(3.3683 10−7 

−1.0240 10−5 𝑡 + 1.000120 𝑡2 − 0.000636 𝑡3 + 0.001855 𝑡4 

+0.0025593 𝑡6 − 0.000895 𝑡7) + 𝑥3(2.0805 10−7 − 6.3517 10−6 𝑡 

+7.317779 𝑡2  − 0.000387 𝑡3 + 0.001123 𝑡4 − 8.5799 10−5 𝑡 

+0.000962 𝑡2 − 0.005182 𝑡3 + 0.015279 𝑡4 − 0.025327 𝑡5 

+0.022296 𝑡6 − 0.008191 𝑡7) + 𝑥4(2.7323 10−6 − 8.5799 10−5 𝑡 

+0.000962 𝑡2 − 0.000901 𝑡3 + 0.002604 𝑡4 − 0.025327 𝑡5 

+0.022296 𝑡6 − 0.008191 𝑡7) + 𝑥5(8.5037 10−7  − 2.6576 10−5 𝑡 

+0.000294 𝑡2 − 0.001562 𝑡3 + 0.004513 𝑡4 − 0.001576t5 

−0.002145 𝑡7) + 𝑥6(2.4911 10−6 − 7.9794 10−5 𝑡 + 0.000894 𝑡2 

−0.004930 𝑡3 + 0.015071 𝑡4  − 0.026337 𝑡5 + 0.025058 𝑡6 

−0.010378 𝑡7) + 𝑥7(4.9481 10−7 − 1.5613 10−5 𝑡 + 0.000170 𝑡2 

−0.004201 𝑡5 + 0.003564 𝑡6 − 0.001244 𝑡7)                                                           (3.26) 

In Table 3.5, 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=3, 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=5 and 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=8 represent the values of absolute 

errors when the degree of Chehysev polynomials M is 3, 5 and 8 respectively.  
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Table 3. 5 Exact solution and comparison of errors in case of solutions for different values of Chebyshev 

polynomial M at Picard’s second iteration, when t=0.1 

𝑥 Exact Solution Error 𝑢𝑀=3 Error 𝑢𝑀=5 Error 𝑢𝑀=8 

  0.0 0.00000000000 3.62439E-06 6.67151E-07 1.02457E-09 

0.1 0.00010000000 2.18843E-06 3.67996E-07 1.50648E-09 

0.2 0.00040000000 1.35145E-06 1.92165E-07 2.50372E-09 

0.3 0.00090000000 1.11346E-06 1.39563E-07 3.53876E-09 

0.4 0.00160000000 1.47446E-06 2.10163E-07 3.43164E-09 

0.5 0.00250000000 2.43445E-06 4.03999E-07 1.92457E-10 

0.6 0.00360000000 3.99342E-06 7.21173E-07 1.16109E-08 

0.7 0.00490000000 6.15139E-06 1.16185E-06 3.79487E-08 

0.8 0.00640000000 8.90834E-06 1.72626E-06 9.03825E-08 

0.9 0.00810000000 1.22643E-05 2.41470E-06 1.85625E-07 

1.0 0.01000000000 1.62192E-05 3.22753E-06 3.47715E-07 

Graphical representation for errors when different values of Chebyshev polynomials M are 

used along with approximate and exact solution for 3.16 is as follows: 

 

Figure 3. 18 Absolute Error for eq. (3.23), M=3, t=0.1 
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Figure 3. 19 Absolute Error for eq. (3.23), M=5, t=0.1 

 

Figure 3. 20 Absolute Error for eq. (3.23), when M=8 and t=0.1 

 

Figure 3. 21 Exact Solution for eq. (3.23) 
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Figure 3. 22 Approximated Solution for t=0.1,when M=8 

3.3 Shifted Modified Legendre Wavelet Method for Nonlinear Gardner 

Equation 

Consider a third order nonlinear partial differential equation of the form, 

 𝑢𝑡 = 𝑓(𝑢, 𝑢𝑥, 𝑢𝑡 , 𝑢𝑥𝑥𝑥) + 𝑔(𝑢, 𝑢𝑥, 𝑢𝑡 , 𝑢𝑥𝑥𝑥) + ℎ(𝑥, 𝑡),                    (3.27)  

where 𝑓(𝑢, 𝑢𝑥 , 𝑢𝑡, 𝑢𝑥𝑥𝑥) and 𝑔(𝑢, 𝑢𝑥, 𝑢𝑡 , 𝑢𝑥𝑥𝑥) are linear and nonlinear terms. Initial 

condition 𝑢(𝑥, 0) = 𝑐. 

Applying Picard technique to eq. (3.27) converts it into the form  

(𝑢𝑛+1)𝑡𝑡 = 𝑓(𝑢𝑛+1, (𝑢𝑛+1)𝑥, (𝑢𝑛+1)𝑡, (𝑢𝑛+1)𝑥𝑥, (𝑢𝑛+1)𝑡𝑡) 

+𝑔(𝑢𝑛, (𝑢𝑛)𝑥, (𝑢𝑛)𝑡, (𝑢𝑛)𝑥𝑥, (𝑢𝑛)𝑡𝑡) + ℎ(𝑥, 𝑡),                             (3.28) 

 

with initial condition 𝑢𝑛+1(𝑥, 0) = 𝑐. 

    In eq. (3.28),  𝑢𝑛+1(𝑥, 𝑡) is given by 

𝑢𝑛+1(𝑥, 𝑡) = ∑ ∑ 𝑟𝑛𝑚1
𝜓𝑛(𝑥)𝜓𝑚1

(𝑡).                       

𝑀1−1

𝑚1=0

 

2𝑘−1

𝑛=1

         (3.29) 

where 𝜓𝑛(𝑥) and 𝜓𝑚1
(𝑡) are shifted Legendre wavelets. 

Now applying the procedure discussed in equations (3.27) – (3.29) on nonlinear Gardner 

Equation  

𝑢𝑡 + 2𝑎𝑢 𝑢𝑥 − 3𝑏 𝑢2𝑢𝑥 +  𝑢𝑥𝑥𝑥  = 0,                                               (3.30) 



62 

along with initial conditions 𝑢(𝑥, 0) =
1

3
(1 + tanh (

1

3√2
𝑥)) and exact solution is  

𝑢(𝑥, 𝑡) =
1

3
(1 + 𝑡𝑎𝑛ℎ (

1

3√2
 (𝑥 −

2

9
𝑡)) ) . 

Applying Picard’s iteration to eq. (3.31), we have 

(𝑢𝑛+1)𝑡 + 2𝑎𝑢𝑛(𝑢𝑛)𝑥 − 3𝑏 (𝑢𝑛)2 (𝑢𝑛)𝑥 +  (𝑢𝑛+1)𝑥𝑥𝑥  = 0.                            (3.32) 

Replacing value of eq. (3.29) in eq. (3.32), we have  

( ∑ ∑ 𝑟𝑛𝑚1
𝜓𝑛(𝑥)𝜓𝑚1

(𝑡)

𝑀1−1

𝑚1=0

 

2𝑘−1

𝑛=1

)

𝑡

+ 2𝑎𝑢𝑛(𝑢𝑛)𝑥 − 3𝑏 (𝑢𝑛)2 (𝑢𝑛)𝑥 

+ ( ∑ ∑ 𝑟𝑛𝑚1
𝜓𝑛(𝑥)𝜓𝑚1

(𝑡)

𝑀1−1

𝑚1=0

 

2𝑘−1

𝑛=1

)

𝑥𝑥𝑥

= 0.                                   (3.33) 

 

Solving eq. (3.33) using MAPLE 13, we obtain the approximate solution by Shifted 

Modified Legendre Wavelet Technique. Solution at fourth Picard’s iteration for M=7 is 

𝑢(𝑥, 𝑡) = 0.33333331 − 0.01746501𝑡 − 0.00087249𝑡2 + 0.00010595𝑡3 

+0.00020931𝑡4 − 0.00001023𝑡5 − 3.30566172𝑡6 + (0.07856743 

+0.00005594𝑡 + 0.00178642𝑡2 + 0.00001288𝑡3 − 0.00016472𝑡4 

+0.00000921𝑡5 − 0.00000536𝑡6)𝑥 + (−2.044110810−7 + 0.0007755𝑡 

−0.00041068𝑡2 + 0.00053771𝑡3 + 0.00006910𝑡4 − 0.00000364 𝑡5 

+0.00000106𝑡6)𝑥2 + (−0.00145401 + 0.00028764𝑡 − 0.00013969𝑡2 

−0.00014082𝑡4 − 0.00000290𝑡5 + 0.00000133𝑡6) 𝑥3 + (−0.0000023 

−0.00019741𝑡 + 0.00000876𝑡2 + 0.00000103𝑡3 − 0.00000171𝑡4    

+6.699971510−8𝑡5 + 3.08676310−7𝑡6)𝑥4 + (0.0000355 + 0.0000089𝑡 

−0.00002326𝑡2 − 0.00000213𝑡3 − 2.862390610−7𝑡4 − 1.834626510−7𝑡5 

−1.404188910−8𝑡6)𝑥5 + (−0.00000236 + 0.00000538𝑡 + 0.00000307 𝑡2 

−3.4550210−7𝑡3 + 7.2170210−8𝑡4 + 4.7802610−8𝑡5 − 3.9220110−8𝑡6)𝑥6. (3.34) 

Solution by proposed technique at fourth Picard’s iteration is given in Table 3.6, where  

𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=3, 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=5 and 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=7 represent the values of absolute errors when 

the degree of Shifted Legendre polynomials M is 3, 5 and 7 respectively. Solution of the 
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considered problem by Variational iteration method is also calculated and compared with 

the solution obtained by the proposed method.  

 

Table 3. 6 Comparison of proposed method solution by VIM and exact solution and errors in case of solutions 

for different values of Shifted Legendre Wavelet Technique for different values of M, at Picard’s fourth 

iteration when t=0.1 

𝑥 Exact Solution Error VIM Error 𝑢𝑀=3 Error 𝑢𝑀=5 Error 𝑢𝑀=7 

0.0 0.33158740 1.7401E-03 1.0005E-03 4.9035E-05 9.1747E-06 

0.1 0.33944344 1.7367E-03 9.1569E-04 3.2207E-05 6.8176E-06 

0.2 0.34729270 1.7256E-03 8.6419E-04 1.9596E-05 4.7814E-06 

0.3 0.35512648 1.7070E-03 8.3733E-04 1.0921E-05 2.9591E-06 

0.4 0.36293616 1.6813E-03 8.2649E-04 5.9882E-06 1.2811E-06 

0.5 0.37071321 1.6489E-03 8.2314E-04 4.6582E-06 2.8762E-07 

0.6 0.37844928 1.6103E-03 8.1892E-04 6.8047E-06 1.7495E-06 

0.7 0.38613614 1.5662E-03 8.0562E-04 1.2292E-05 3.0769E-06 

0.8 0.39376583 1.5172E-03 7.7525E-04 2.0915E-05 4.2140E-06 

0.9 0.40133061 1.4641E-03 7.2009E-04 3.2395E-05 5.0808E-06 

1.0 0.40882300 1.4075E-03 6.3267E-04 4.6335E-05 5.5763E-06 

 

Graphical representation for errors when different values of Shifted Legendre polynomials 

M are used along with approximate and exact solution for Gardner equation are represented 

in figures Fig. 3.23- Fig.3.28 

 

Figure 3. 23 Absolute Error for eq. (3.30), M=3, t=0.1 
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Figure 3. 24 Absolute Error for eq. (3.30), M=5, t=0.1. 

 

Figure 3. 25 Absolute Error for eq. (3.30), M=7, t=0.1 

 

Figure 3. 26 Comparison of approximate solutions of eq. (3.30) for different values of M. 
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Figure 3. 27 Approximate Solution of eq. (3.30), M=7, 𝟎 ≤ 𝒕 ≤ 𝟎. 𝟐𝟓 

 

Figure 3. 28 Exact Solution of eq. (3.30), 𝟎 ≤ 𝒕 ≤ 𝟎. 𝟐𝟓, 𝟎 ≤ 𝒕 ≤ 𝟎. 𝟐𝟓 

Solution by proposed technique at fifth Picard’s iteration is given in Table 3.6, where 

𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=3, 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=5 and 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=7 represent the values of absolute errors from 

the exact solution when the degree of Shifted Legendre polynomials M is 3, 5 and 7 

respectively. Solution of the considered problem by Variational iteration method is also 

calculated and compared with the solution obtained by the proposed method.  
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Table 3. 7 Comparison of proposed method solution by VIM and exact solution and errors in case of 

solutions for different values of Shifted Legendre Wavelet Technique for different values of M, at Picard’s 

fifth iteration when t=0.4 

𝑥 Exact Solution Error VIM Error 𝑢𝑀=3 Error 𝑢𝑀=5 Error 𝑢𝑀=7 

0.0 0.32635058 6.1180E-03 3.7458 E-03 2.5301 E-04 1.3082 E-04 

0.1 0.33420630 6.4040 E-03 3.6256 E-03 1.9041 E-04 9.7884 E-05 

0.2 0.34206105 6.5670 E-03 3.5365 E-03 1.4399 E-04 6.6684 E-05 

0.3 0.34990611 6.5015 E-03 3.4697 E-03 1.1331 E-04 3.6958 E-05 

0.4 0.35773281 6.4086 E-03 3.4167 E-03 9.8006 E-04 8.5882 E-06 

0.5 0.36553255 6.2898 E-03 3.3688 E-03 9.7650 E-04 1.8400 E-05 

0.6 0.37329687 6.1473 E-03 3.3175 E-03 1.1180 E-04 4.3844 E-05 

0.7 0.38101743 5.9832 E-03 3.2545 E-03 1.3992 E-04 6.7448 E-05 

0.8 0.38868611 5.8001 E-03 3.1718 E-03 1.8137 E-04 8.8796 E-05 

0.9 0.39629501 5.6008 E-03 3.0613 E-03 2.3534 E-04 1.0735 E-04 

1.0 0.40383647 5.3879 E-03 2.9154 E-03 3.0084 E-04 1.2250 E-04 

 

Graphical representation for errors when different values of Chebyshev polynomials M are 

used along with approximate and exact solution for BBM Equation are represented in 

figures Fig. 3.29- Fig.3.34 

 

Figure 3. 29 Absolute Error for eq. (3.30), 𝑀 = 3, 𝑡 = 0.4 



67 

 

Figure 3. 30 Absolute Error for eq. (3.30), 𝑀 = 5, 𝑡 = 0.4 

 

Figure 3. 31 Absolute Error for eq. (3.30), 𝑀 = 7, 𝑡 = 0.4 

 

Figure 3. 32 Approximate Solution for eq. (3.30), for different values of 𝑀 
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Figure 3. 33 Approximate Solution of eq. (3.30), M=7, 0.25 ≤ 𝑡 ≤ 0.5 

 

Figure 3. 34 Exact Solution eq. (3.30), 0.25 ≤ 𝑡 ≤ 0.5 

3.4 Shifted Chebyshev Wavelet Picard Method for Nonlinear Benjamin Bona 

Mahony Equation 

Shifted Chebyshev Wavelet Picard Method is developed and implemented on nonlinear 

Benjamin Bona Mahony equation. Implementation of Shifted Chebyshev Wavelet Picard 

Method for nonlinear third order partial differential equation is as follows:  

Consider 

 𝑢𝑡 = 𝑟(𝑢, 𝑢𝑥, 𝑢𝑡, 𝑢𝑥𝑥𝑥, 𝑢𝑥𝑥𝑡, 𝑢𝑥𝑡𝑡 , 𝑢𝑡𝑡𝑡) + 𝑠(𝑢, 𝑢𝑥 , 𝑢𝑡, 𝑢𝑥𝑥𝑥, 𝑢𝑥𝑥𝑡, 𝑢𝑥𝑡𝑡 , 𝑢𝑡𝑡𝑡) + ℎ(𝑥, 𝑡), (3.35)  
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In equation (3.35), 𝑟(𝑢, 𝑢𝑥, 𝑢𝑡 , 𝑢𝑥𝑥𝑥, 𝑢𝑥𝑥𝑡, 𝑢𝑥𝑡𝑡 , 𝑢𝑡𝑡𝑡) and 𝑠(𝑢, 𝑢𝑥, 𝑢𝑡, 𝑢𝑥𝑥𝑥 , 𝑢𝑥𝑥𝑡 , 𝑢𝑥𝑡𝑡 , 𝑢𝑡𝑡𝑡) 

are linear and nonlinear terms. Initial condition 

𝑢(𝑥, 0) = 𝑐. 

PIT when applied to eq. (3.35) gives 

(𝑢𝑛+1)𝑡𝑡 = 𝑓(𝑢𝑛+1, (𝑢𝑛+1)𝑥, (𝑢𝑛+1)𝑡, (𝑢𝑛+1)𝑥𝑥𝑥, (𝑢𝑛+1)𝑥𝑥𝑡, (𝑢𝑛+1)𝑥𝑡𝑡, (𝑢𝑛+1)𝑡𝑡𝑡)      

+𝑔(𝑢𝑛, (𝑢𝑛)𝑥, (𝑢𝑛)𝑡, (𝑢𝑛)𝑥𝑥𝑥, (𝑢𝑛)𝑥𝑥𝑡, (𝑢𝑛)𝑥𝑡𝑡, (𝑢𝑛)𝑡𝑡𝑡) + ℎ(𝑥, 𝑡),                        (3.36)  

and initial condition becomes  𝑢𝑛+1(𝑥, 0) = 𝑐. 

In eq. (3.36), 𝑢𝑛+1(𝑥, 𝑡) is  

𝑢𝑛+1(𝑥, 𝑡) = ∑ ∑ 𝑐𝑛𝑚1
𝜓𝑛(𝑥)𝜓𝑚1

(𝑡).         

𝑀1−1

𝑚1=0

 

2𝑘−1

𝑛=1

                         (3.37)  

where 𝜓𝑛(𝑥) and  𝜓𝑚1
(𝑡) are shifted Chebyshev wavelets.  

Now applying the procedure discussed in equations (3.35) – (3.37) on nonlinear Benjamin-

Bona-Mahony (BBM) Equation  

𝑢𝑡 − 𝑢𝑥𝑡𝑥 + 𝑢𝑥 + 𝑢 𝑢𝑥  = 0,                                                                       (3.38) 

along with initial conditions 𝑢(𝑥, 0) = sech2(𝑥/4) and exact solution 

𝑢(𝑥, 𝑡) = sech2 (
𝑥

4
−

𝑡

3
) . 

Applying Picard’s iteration to eq. (3.38), we have 

 

(𝑢𝑛+1)𝑡 − (𝑢𝑛+1)𝑥𝑡𝑥 + (𝑢𝑛+1)𝑥 + (𝑢𝑛) (𝑢𝑛)𝑥 = 0                                                (3.39) 

Replacing value of eq. (3.37) in eq. (3.39), we have  

 

( ∑ ∑ 𝑐𝑛𝑚1
𝜓𝑛(𝑥)𝜓𝑚1

(𝑡)

𝑀1−1

𝑚1=0

 

2𝑘−1

𝑛=1

)

𝑡

− ( ∑ ∑ 𝑐𝑛𝑚1
𝜓𝑛(𝑥)𝜓𝑚1

(𝑡)

𝑀1−1

𝑚1=0

 

2𝑘−1

𝑛=1

)

𝑥𝑡𝑥

 

                               + ( ∑ ∑ 𝑐𝑛𝑚1
𝜓𝑛(𝑥)𝜓𝑚1

(𝑡)

𝑀1−1

𝑚1=0

 

2𝑘−1

𝑛=1

)

𝑥

+ (𝑢𝑛) (𝑢𝑛)𝑥 = 0.                   (3.40) 

Solving eq. (3.40) using MAPLE 13, we obtain the approximate solution by Shifted 

Modified Chebyshev Wavelet Technique.  
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𝑢(𝑥, 𝑡) = 1.00000057 − 0.14771331𝑡 − 0.34303324𝑡2 − 0.1509284𝑡3 

+0.02776974𝑡4 − 0.01136389𝑡5 + 0.00741512𝑡6 + 𝑥(0.00000128 

+0.33027266𝑡 − 0.00728195𝑡2 + 0.03596826𝑡3 + 0.01303130𝑡4 

+0.23372868𝑡5 + 0.23372868𝑡2 − 0.00272419𝑡6) + 𝑥2(−0.0624968 

−0.07384975𝑡 − 0.06065761𝑡2 − 0.03686223𝑡3 + 0.01491680𝑡4 

−0.00327393𝑡5 + 0.00225837𝑡6) + 𝑥3(−0.00001346 + 0.01337619𝑡 

+0.02702526𝑡2 − 0.00079735𝑡3 − 0.000486380𝑡4 − 0.00071406𝑡5 

−0.00021281𝑡6) + 𝑥4(−0.00026352 − 0.00615916𝑡 − 0.00451237𝑡2 

−0.00079136𝑡3 + 0.001124438𝑡4 − 0.00024158𝑡5 + 0.00011060𝑡6) 

+𝑥5(−0.00003793 + 0.00210965𝑡 + 0.00074103𝑡2 − 0.00040477𝑡3 

−0.0000523𝑡4 + 4.782099610−7𝑡5 − 0.0000043𝑡6) + 𝑥6(−0.000071 

−0.00021165𝑡 + 0.000098196𝑡2 + 0.00001658𝑡3 + 0.000011522𝑡4 

−0.000008142𝑡5 + 0.00000229𝑡6). 

 

Solution by proposed technique at second Picard’s iteration is given in Table 3.8, where 

𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=3, 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=5 and 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=7 represent the values of absolute errors when 

the degree of Chehysev polynomials M is 3, 5 and 7 respectively.  

Table 3. 8 Exact solution and comparison of errors incase of solutions for different values of Shifted 

Chebyshev Wavelet Technique for different values of M, at Picard’s second iteration when t=0.1 

𝑥 Exact Solution Error 𝑢𝑀=3 Error 𝑢𝑀=5 Error 𝑢𝑀=7 

0.0 0.998889711416 6.76828E-04 1.72404E-02 5.87139E-03 

0.1 0.999930558770 2.13615E-04 1.37978E-02 5.01983E-03 

0.2 0.999722273654 3.10472E-04 1.08889E-02 4.21013E-03 

0.3 0.998265896301 8.94392E-04 8.40053E-03 3.43559E-03 

0.4 0.995568691190 1.53088E-03 6.23477E-03 2.68912E-03 

0.5 0.991644070183 2.20653E-03 4.30516E-03 1.96331E-03 

0.6 0.986511451215 2.90191E-03 2.53387E-03 1.25057E-03 

0.7 0.980196055093 3.59181E-03 8.50484E-04 5.43379E-04 

0.8 0.972728644019 4.24547E-03 8.06854E-04 1.65527E-04 

0.9 0.964145206464 4.82689E-03 2.48684E-03 8.82783E-04 

1.0 0.954486593869 5.29524E-03 4.21617E-03 1.61405E-03 

 

Graphical representation for errors when different values of Chebyshev polynomials M are 

used along with approximate and exact solution for BBM Equation are represented in 

figures Fig. 3.35- Fig. 3.40 
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Figure 3. 35 Absolute Error for (3.38) when 𝑀 = 3, 𝑡 = 0.1 

 

Figure 3. 36 Absolute Error for (3.38) when 𝑀 = 5, 𝑡 = 0.1 

 

Figure 3. 37 Absolute Error for (3.38) when 𝑀 = 7, 𝑡 = 0.1 
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Figure 3. 38 Approximate Solution for (3.38), 𝑀 = 5 

 

Figure 3. 39 Approximate Solution for eq. (3.38), 𝑀 = 7 
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Figure 3. 40 Exact Solution for eq. (3.23) 

3.5 Shifted Chebyshev Wavelet Picard Technique for Nonlinear Sawada-

Koterra Equation 

Implementation of Shifted Chebyshev Wavelet Picard Method for nonlinear fifth order 

partial differential equation is as follows:  

Consider a fifth order nonlinear differential equation of the form, 

 𝑢𝑡 = 𝑝(𝑢, 𝑢𝑥, 𝑢𝑡, 𝑢𝑥𝑥, 𝑢𝑥𝑥𝑥, 𝑢𝑥𝑥𝑥𝑥𝑥) + 𝑞(𝑢, 𝑢𝑥, 𝑢𝑡 , 𝑢𝑥𝑥, 𝑢𝑥𝑥𝑥, 𝑢𝑥𝑥𝑥𝑥𝑥) + 𝑟(𝑥, 𝑡),      (3.42)  

where 𝑝(𝑢, 𝑢𝑥, 𝑢𝑡 , 𝑢𝑥𝑥, 𝑢𝑥𝑥𝑥, 𝑢𝑥𝑥𝑥𝑥𝑥) consists of linear term and 

𝑞(𝑢, 𝑢𝑥 , 𝑢𝑡 , 𝑢𝑥𝑥, 𝑢𝑥𝑥𝑥, 𝑢𝑥𝑥𝑥𝑥𝑥) consists of nonlinear terms only, with initial condition 

𝑢(𝑥, 0) = 𝑐. 

Applying Picard technique to eq. (3.42) converts it into the form  

            (𝑢𝑛+1)𝑡 = 𝑝(𝑢, (𝑢𝑛+1)𝑥, (𝑢𝑛+1)𝑡, (𝑢𝑛+1)𝑥𝑥, (𝑢𝑛+1)𝑥𝑥𝑥, (𝑢𝑛+1)𝑥𝑥𝑥𝑥𝑥)                    

  +𝑔(𝑢𝑛, (𝑢𝑛)𝑥, (𝑢𝑛)𝑡, (𝑢𝑛)𝑥𝑥, (𝑢𝑛)𝑥𝑥𝑥, (𝑢𝑛)𝑥𝑥𝑥𝑥𝑥) + ℎ(𝑥, 𝑡),      (3.43) 

and initial condition becomes  𝑢𝑛+1(𝑥, 0) = 𝑐. 

In eq. (3.43), solution 𝑢𝑛+1(𝑥, 𝑡) is of the form 

𝑢𝑛+1(𝑥, 𝑡) = ∑ ∑ 𝑐𝑛𝑚1
𝜓𝑛(𝑥)𝜓𝑚1

(𝑡).         

𝑀1−1

𝑚1=0

 

2𝑘−1

𝑛=1

                               (3.44) 

  where 𝜓𝑛(𝑥) and  𝜓𝑚1
(𝑡) are shifted Chebyshev wavelets. 
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Applying procedure described in equations (3.42)-(3.44) on nonlinear Sawada-Koterra 

(SK) Equation 

𝜕𝑢

𝜕𝑡
+ 45𝑢2

𝜕𝑢

𝜕𝑥
− 15

𝜕𝑢

𝜕𝑥

𝜕2𝑢

𝜕𝑥2
− 15𝑢

𝜕3𝑢

𝜕𝑥3
+

𝜕5𝑢

𝜕𝑥5
= 0,                                     (3.45) 

with initial condition 𝑢(𝑥, 0) = 𝑣 − 2𝑤 𝑠𝑒𝑐ℎ2(√𝑤𝑥).  

 Exact Solution of the problem is  

𝑢(𝑥, 𝑡) = 𝑣 − 2𝑤𝑠𝑒𝑐 ℎ²(√𝑤(𝑥 − (45𝑎2 − 60𝑣 𝑤 + 16𝑤2)𝑡),𝑤 > 0. 

Where 𝑣 and 𝑤 are arbitrary constants. 

Applying Picard's iteration to eq. (3.45), we have 

𝜕𝑢𝑛+1

𝜕𝑡
+ 45𝑢𝑛

2
𝜕𝑢𝑛

𝜕𝑥
− 15

𝜕𝑢𝑛

𝜕𝑥

𝜕2𝑢𝑛

𝜕𝑥2
− 15𝑢𝑛

𝜕3𝑢𝑛

𝜕𝑥3
+

𝜕5𝑢𝑛+1

𝜕𝑥5
= 0,                (3.46) 

    Replacing value of eq. (3.44) in eq. (3.46), we have 

𝜕

𝜕𝑡
( ∑ ∑ 𝑐𝑛𝑚1

𝜓𝑛(𝑥)𝜓𝑚1
(𝑡)

𝑀1−1

𝑚1=0

 

2𝑘−1

𝑛=1

) + 45𝑢𝑛
2

𝜕𝑢𝑛

𝜕𝑥
− 15

𝜕𝑢𝑛

𝜕𝑥

𝜕2𝑢𝑛

𝜕𝑥2
 

−15𝑢𝑛

𝜕3𝑢𝑛

𝜕𝑥3
+

𝜕5

𝜕𝑥5
( ∑ ∑ 𝑐𝑛𝑚1

𝜓𝑛(𝑥)𝜓𝑚1
(𝑡)

𝑀1−1

𝑚1=0

 

2𝑘−1

𝑛=1

) = 0,    (3.47) 

Eq. (3.47) is now further solved by the help of MAPLE 13. After second Picard's iteration, 

the value of constants for M=7, v=w=0.01 are 

𝑟₁₁ =  −9.937772 10⁻³, 𝑟₁₂ = −2.160405 10⁻⁸, 𝑟₁₃ = −3.088331 10⁻⁹, 𝑟₁₄ = 5.113525 10⁻¹², 

𝑟₁₅ =  6.095181 10⁻¹⁴, 𝑟₁₆ = −1.875676 10⁻¹⁶, 𝑟₁₇ = 4.778494 10⁻¹⁸, 𝑟₂₁ = 2.871894 10⁻⁵, 

𝑟₂₂ =  −1.442971 10⁻⁹, 𝑟₂₃ = −2.333365 10⁻¹¹, 𝑟₂₄ = 5.826039 10⁻¹³, 𝑟₂₅ = −2.12204 10⁻¹⁵, 

𝑟₂₆ =  −2.002737 10⁻¹⁶, 𝑟₂₇ = 3.244891 10⁻¹⁷, 𝑟₃₁ = 0.552203 10⁻⁵, 𝑟₃₂ = −1.651377 10⁻⁹, 

𝑟₃₃ =  −1.772991 10⁻¹¹, 𝑟₃₄ = 3.030999 10⁻¹⁴, 𝑟₃₅ = 2.095182 10⁻¹⁶, 𝑟₃₆ = −8.74107 10⁻¹⁹, 

𝑟₃₇ =  7.722417 10⁻²⁰, 𝑟₄₁ = −1.633433 10⁻⁸, 𝑟₄₂ = −2.101263 10⁻¹⁰, 𝑟₄₃ = 3.140866 10⁻¹³, 

𝑟₄₄ =  2.575658 10⁻¹⁵, 𝑟₄₅ = −8.776727 10⁻¹⁸, 𝑟₄₆ = 1.967196 10⁻¹⁹, 𝑟₄₇ = 3.708230 10⁻²⁰, 

𝑟₅₁ =  −1.690058 10⁻⁹, 𝑟₅₂ = 1.899074 10⁻¹², 𝑟₅₃ = 2.298473 10⁻¹⁴, 𝑟₅₄ = −5.915085 10⁻¹⁷, 

𝑟₅₅ =  −3.847924 10⁻¹⁹, 𝑟₅₆ = −7.942110 10⁻²², 𝑟₅₇ = −5.70388 10⁻²¹, 𝑟₆₁ = 7.118331 10⁻¹², 

𝑟₆₂ =  1.547103 10⁻¹³, 𝑟₆₃ = −3.024140 10⁻¹⁶, 𝑟₆₄ = −3.591747 10⁻¹⁸, 𝑟₆₅ = 1.478666 10⁻²⁰, 

𝑟₆₆ =  −2.826510 10⁻²², 𝑟₆₇ = 7.762642 10⁻²², 𝑟₇₁ = 4.906387 10⁻¹³, 𝑟₇₂ = −5.316274 10⁻¹⁶, 

𝑟₇₃ =  −1.192985 10⁻¹⁷, 𝑟₇₄ = 4.316097 10⁻²⁰, 𝑟₇₅ = −3.736252 10⁻²¹, 𝑟₇₆ = −5.514001 10⁻²², 

𝑟₇₇ =  −3.226942 10⁻²¹. 
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Replacing values of 𝑟𝑖𝑗, 𝑖 = 𝑗 = 0,1, ⋯ ,7 in eq. (3.47), we after simplification get the 

following solution 

 𝑢₂(𝑥, 𝑡)   =  −0.01 − 6.410086 10⁻⁸𝑡 − 1.125444 10⁻⁷ 𝑡² + 4.533849 10⁻¹⁰𝑡³ 

+4.390535 10⁻¹¹𝑡⁴ + 6.463249 10⁻¹²𝑡⁵ − 1.590377 10⁻¹²𝑡⁶ + (4.797009 10⁻¹² 

  +1.657911 10⁻⁷𝑡 + 1.705798 10⁻⁸𝑡² + 5.669143 10⁻¹⁰𝑡³ + 5.343489 10⁻¹²𝑡⁴ 

  −1.473763 10⁻¹¹𝑡⁵ + 3.401293 10⁻¹²𝑡⁶)𝑥 + (1.999999 10⁻³ − 4.788215 10⁻⁹𝑡 

  −2.477807 10⁻⁸𝑡² + 5.078333 10⁻¹¹𝑡³ + 5.902248 10⁻¹²𝑡⁴ + 1.401655 10⁻¹²𝑡⁵ 

  −5.63678810⁻¹³𝑡⁶)𝑥² + (1.89846510⁻¹⁰ − 2.58940210⁻⁷𝑡 + 4.42205910⁻¹⁰𝑡² 

 +8.27352810⁻¹¹𝑡³ + 4.67525310⁻¹²𝑡⁴ − 4.72629910⁻¹²𝑡⁵ + 1.62936310⁻¹²𝑡⁶)𝑥³ 

  +(−1.33377210⁻⁵ + 1.14177610⁻¹⁰𝑡 + 7.03170510⁻¹⁰𝑡² + 3.42057310⁻¹²𝑡³ 

 −9.12004510⁻¹²𝑡⁴ + 7.65512810⁻¹²𝑡⁵ − 2.58137210⁻¹²𝑡⁶)𝑥⁴ + (5.32760710⁻¹⁰ 

  +3.819662 10⁻⁹𝑡 − 1.304526 10⁻¹¹𝑡² − 6.573303 10⁻¹²𝑡³ + 7.358290 10⁻¹²𝑡⁴ 

 −6.371372 10⁻¹²𝑡⁵ + 2.150360 10⁻¹²𝑡⁶)𝑥⁵ + (7.271926 10⁻⁹ − 4.797632 10⁻¹¹𝑡 

  −6.843077 10⁻¹²𝑡² + 1.450100 10⁻¹²𝑡³ − 2.392577 10⁻¹²𝑡⁴ + 2.083769 10⁻¹²𝑡⁵ 

 −7.038085 10⁻¹³𝑡⁶)𝑥⁶.                                                                                             (3.48) 

Solution by proposed technique at second Picard's iteration is given in Table 3.9, where 

Error for 𝑢2,3, Error for 𝑢2,5 and Error for 𝑢2,7 represent the values of absolute errors when 

the degree of Chehysev polynomials M is 3, 5 and 7 respectively. 

Table 3. 9 Table shows the error between the exact solution and approximated solution, for different 
values of M when t = 0.1 

𝑥 Exact Solution Error for 𝑢2,3 Error for 𝑢2,5 Error for 𝑢2,7 

0.0 -0.00999999 4.00415E-09 1.37436E-07 7.53530E-09 

0.1 -0.00999800 5.71500E-08 3.50693E-08 5.49328E-09 

0.2 -0.00999200 1.10372E-07 2.66166E-08 3.62151E-09 

0.3 -0.00998201 1.63482E-07 5.24173E-08 2.07480E-09 

0.4 -0.00996803 2.16352E-07 5.03166E-08 1.00722E-09 

0.5 -0.00995008 2.68899E-07 3.14729E-08 5.71431E-10 

0.6 -0.00992817 3.21068E-07 1.02007E-08 9.18253E-10 

0.7 -0.00990232 3.72805E-07 3.94569E-09 2.19619E-09 

0.8 -0.00987254 4.24030E-07 3.32558E-08 4.55105E-09 

0.9 -0.00983887 4.74599E-07 1.21746E-07 8.12544E-09 

1.0 -0.00980132 5.24271E-07 2.96060E-07 1.30581E-08 
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Graphical representation of errors, approximate solution and exact solution of Sawada 

Koterra Equation is given in figure 3.41-3.46 

 

Figure 3. 41 Error for eq. (3.45) when 𝑀 = 3, 𝑡 = 0.1 

 

Figure 3. 42 Error for eq. (3.45) when 𝑀 = 5, 𝑡 = 0.1. 
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Figure 3. 43 Error for eq. (3.45), when M=7, t =0.1 

 

 

 

Figure 3. 44 Comparison of solutions of eq. (3.45) for different values of 𝑀 
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Figure 3. 45 Approximate Solution of eq. (3.45) for 𝑣 = 𝑤 = 0.01 for 𝑀 = 7. 

 

Figure 3. 46 Exact Solution of eq. (3.45), for 𝑣 = 𝑤 = 0.01 for 𝑀 = 7. 

In Chapter 3, wavelet Picard methods for nonlinear partial differential equations are 

developed and implemented successfully on five different nonlinear partial differential 

equations. In next chapter, Quasilinearization technique which is a different approach than 

PIT is used to deal with the nonlinear part arising in physical models. 
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Chapter 4 

Some Modified Wavelet Schemes for Nonlinear Problems 
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In this chapter, for finding more accurate solutions of nonlinear problems, existing 

Wavelets Techniques are merged with Quasilinearization technique. This suggested 

modification in wavelets methods proves to be of great use for nonlinear problems. In 

section 4.1, Gegenbauer wavelet method is amalgamated with quasilinearization technique 

to obtain a method capable for solving nonlinear problems. To verify the performance of 

the developed Gegenbauer wavelet Quasilinearization technique, the method is applied on 

nonlinear partial differential equations also. Results by Gegenbauer wavelet 

Quasilinearization method are in accordance with the actual solution of the problems. In 

section 4.2, well known Legendre wavelet method is combined with Quasilinearization 

technique to have a method suitable for nonlinear differential equations. The developed 

Legendre wavelet Quasilinearization method is implemented on a nonlinear fluid problem 

representing MHD squeezing flow of a viscous fluid between two parallel infinite disks 

where one disk is impermeable and the other is porous with either suction or injection of 

the fluid. Since the phenomenon represented by the model is complex and nonlinear in 

nature, therefore, exact solution of the problem is not available. Therefore, the results 

obtained by the developed Legendre wavelet Quasilinearization method are compared with 

results obtained by Runge-Kutta Method of order 4. In section 4.3, existing Chebyshev 

wavelets which provides results over the interval [0,1) are extended over a wider shifted 

interval [𝑎, 𝑏] where 𝑎 and 𝑏 are any positive integers. These shifted Chebyshev wavelets 

are then combined with Quasilinearization method to solve nonlinear problems and to find 

roots over an extended shifted interval. To check the performance of developed shifted 

Chebyshev Wavelet Quasilinearization method, two nonlinear problems arising in fluid 

dynamics are considered. Results obtained by shifted Chebyshev Wavelets 

Quasilinearization method are compared with RK-4 method.  

4.1 Gegenbauer Wavelet-Quasilinearization Method for Nonlinear PDEs 

 In 4.1, for solving nonlinear PDEs a method is developed. In the developed method 

Gegenbauer wavelets are use along with Quasilinearization technique to find the solution 

of nonlinear PDEs successfully. In order to check the performance of the proposed method, 

it is applied on nonlinear Modified Benjamin Bona Mahony (MBBM) Equation. The 
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results obtained are in good agreement with the exact solution of the problem. Nonlinear 

3rd order PDE is  

ℎ(𝑢, 𝑢𝑡, 𝑢𝑥, 𝑢𝑥𝑥, 𝑢𝑥𝑥𝑥) + 𝑘(𝑢, 𝑢𝑡, 𝑢𝑥 , 𝑢𝑥𝑥, 𝑢𝑥𝑥𝑥) = 𝑙(𝑥, 𝑡),                      (4.1)   

In equation (4.1), ℎ(𝑢, 𝑢𝑡 , 𝑢𝑥, 𝑢𝑥𝑥, 𝑢𝑥𝑥𝑥) and 𝑘(𝑢, 𝑢𝑡 , 𝑢𝑥, 𝑢𝑥𝑥, 𝑢𝑥𝑥𝑥) are linear and nonlinear 

terms. 𝑙(𝑥, 𝑡) is the of inhomogeneous term. 

QT when applied on (4.1) gives 

ℎ((𝑢𝑛+1), (𝑢𝑛+1)𝑡, (𝑢𝑛+1)𝑥, (𝑢𝑛+1)𝑥𝑥, (𝑢𝑛+1)𝑥𝑥𝑥) 

+𝑘((𝑢𝑛), (𝑢𝑛)𝑡, (𝑢𝑛)𝑥, (𝑢𝑛)𝑥𝑥, (𝑢𝑛)𝑥𝑥𝑥) = 𝑙(𝑥, 𝑡),                        (4.2) 

where 𝑢𝑛+1 is the solution of the problem obtained by Gegenbauer Wavelet Method. 

4.1.1 Application of Gegenbauer Wavelet Quasilinearization Method to 

Nonlinear Modified Benjamin Bona Mahony Equation (MBBM) 

MBBM equation is given by 

𝑢𝑡(𝑥, 𝑡) + 𝑢𝑥(𝑥, 𝑡) + 𝑎𝑢2(𝑥, 𝑡)𝑢𝑥(𝑥, 𝑡) + 𝑢𝑥𝑥𝑥(𝑥, 𝑡) = 0                   (4.3) 

where initial condition  

𝑢(𝑥, 0) = tanh (𝑥) 

and exact solution 𝑎 = −6 is  

𝑢(𝑥, 𝑡) = tanh(𝑥 + 𝑡). 

Applying quasilinearization technique on (4.3), we have 

𝑢𝑛+1𝑡
(𝑥, 𝑡) + 𝑢𝑛+1𝑥

(𝑥, 𝑡) − 6𝑢𝑛
2(𝑥, 𝑡)𝑢𝑛𝑥

(𝑥, 𝑡) + 𝑢𝑛+1𝑥𝑥𝑥
(𝑥, 𝑡) = 0           (4.4) 

Using value of 𝑢𝑛+1(𝑥, 𝑡) from equation (1.8) and (1.4) in equation (4.4), we have 

( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)𝜓𝑛,𝜔(𝑡)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

)

𝑡

+ ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)𝜓𝑛,𝜔(𝑡)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

)

𝑥

 

−6𝑢𝑛
2(𝑥, 𝑡)𝑢𝑛𝑥

(𝑥, 𝑡) + ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)𝜓𝑛,𝜔(𝑡)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

)

𝑥𝑥𝑥

= 0           (4.5) 

 

Now solving equation (4.5) by the help of MAPLE after simplification for M=9 we get the 

following solution 

𝑢(𝑥, 𝑡) = 3.82485910−18 + 𝑡 − 1.34862110−18𝑡2 + 0.333333𝑡3 

+6.38932310−17𝑡4 + 0.133333𝑡5 − 4.45348510−19𝑡6 − 0.053968𝑡7 
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+3.13849110−19𝑡8 + 𝑥(1 + 7.38568110−19𝑡 − 1.0000001𝑡2 

+2.28931510−17𝑡3 + 0.666667𝑡4 − 1.26148610−18𝑡5 − 0.3777778𝑡6 

+4.48567810−19𝑡7 + 0.196825𝑡8) + 𝑥2(5.44758210−16 − 1.000015𝑡 

+2.27865110−17𝑡2 + 1.333333𝑡3 − 5.27347810−19𝑡4 − 1.133333𝑡5 

−4.24237810−18𝑡6 + 0.7873016𝑡7 + 8.8572610−18𝑡8) + 𝑥3(−0.333333  

+1.46728110−19𝑡 + 1.333333𝑡2 + 6.2376110−18𝑡3 − 1.888889𝑡4 

+6.34893610−18𝑡5 + 1.837037𝑡6 + 3.42382710−17𝑡7 − 1.8888898𝑡8) 

+𝑥4(4.34758210−16 + 0.666667𝑡 + 2.52324810−15𝑡2 − 1.888899𝑡3 

+5.32826310−19𝑡4 + 2.755556𝑡5 − 1.98234610−18𝑡6 − 2.924867𝑡7 

−2.89345819−16𝑡8) + 𝑥5(0.133333 + 7.48272819−17𝑡 − 1.133333𝑡2  

−3.47887410−16𝑡3 + 2.755556𝑡4 + 4.37848610−16𝑡5 − 4.094814𝑡6 

+6.48598910−16𝑡7 + 4.623068𝑡8) + 𝑥6(1.47657810−18 − 0.3777778𝑡 

+5.38476510−17𝑡2 + 1.837037𝑡3 + 9.46872510−17𝑡4 − 4.904818𝑡5 

+3.51384710−17𝑡6 + 6.164091𝑡7 − 4.56347810−17𝑡8) + 𝑥7(−0.053968 

+3.17562310−18𝑡 + 0.787301𝑡2 − 1.35747810−16𝑡3 − 2.924867𝑡4 

+5.23476810−16𝑡5 + 6.164091𝑡6 + 1.47856210−15𝑡7 − 9.368294𝑡8) 

+𝑥8(−1.56897210−16 + 0.196825𝑡 + 2.51983110−16𝑡2 − 1.462433𝑡3 

−3.75197410−17𝑡4 + 4.623068𝑡5 + 2.17831410−16𝑡6 − 9.3682942𝑡7).         (4.6) 

 

Table 4.1 shows the errors in solutions of equation (4.5) when 𝑡 = 0.1 and 𝑀 = 5,9. In 

table 4.1, 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=5  represents error by the proposed Gegenbauer Wavelet 

Quasilinearization Method at 𝑀 = 5 and 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=9 represents error by the proposed 

Gegenbauer Wavelet Quasilinearization Method at 𝑀 = 9.  
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Table 4. 1 Comparison of errors for approximate solution incase of different values of M from exact solution 

𝑥 Exact Solution 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=5 𝐸𝑟𝑟𝑜𝑟 𝑢𝑀=9 

0.0 0.09966799 6.66667E-04 6.66667E-04 

0.1 0.19737532 6.65484E-04 6.66667E-04 

0.2 0.29131261 6.30382E-04 6.66659E-04 

0.3 0.37994896 4.04443E-04 6.66388E-04 

0.4 0.46211716 3.77410E-04 6.63250E-04 

0.5 0.53704957 2.32431E-03 6.43464E-04 

0.6 0.60436778 6.27907E-03 5.58432E-04 

0.7 0.66403677 1.32724E-02 2.77910E-04 

0.8 0.71629787 2.44557E-02 4.84486E-04 

0.9 0.76159416 4.10267E-02 2.26999E-03 

1.0 0.80049902 6.41580E-02 5.98384E-03 

 

Graphical representation of errors when 𝑀 = 5 and 𝑀 = 9, approximate solution by 

Gegenbauer Wavelet Quasilinearization Method for 𝑀 = 9 and exact solution are given in 

Figures 4.1-4.4. 

 

Figure 4. 1Absolute Error when t=0.1 and M=5 
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Figure 4. 2 Absolute Error when 𝑡 = 0.1 and 𝑀 = 9 

 

 

 

Figure 4. 3 Approximate Solution of equation (4.4) by GWQM for 𝑀 = 9 

 



85 

 

Figure 4. 4 Exact Solution of equation (4.4) 

4.2 Legendre Wavelet-Quasilinearization Technique for Fluid Flow Problems 

In this section, a method is proposed by merging Legendre wavelet method and 

quasilinearization technique to tackle with the nonlinearity and for finding more accurate 

solutions. The proposed method is applied on a nonlinear fluid model to check its 

performance. For the sake of comparison numerical solution by using RK-4 is also 

computed. Later in this section, efficiency and accuracy of the proposed method is verified 

by the help of figures ad tables.      

4.2.1 History  

Many biological and industrial models involve squeezing flow between orthogonally 

moving disks. Stefan [91] was the first one to work on this topic. After the pioneering work, 

a number of researchers showed interests in these problems to study different physical and 

practical aspects of these flows. A lot of studies are available on the said topic in [92-95] 

and references therein.  

Flows involving electrically conducting fluids are of great importance also since they 

exhibit differently under the influence of magnetic and electric fields. 

Flow of electrically conducting fluids is a very important phenomenon as in most of 

practical situation we have to deal with the flow of conducting fluid which exhibits 

different behaviour under the influence of magnetic forces. For this purpose, a number of 

theoretical and experimental efforts have been made to understand the flow of electrically 

conducting fluid between orthogonally moving domains. Many researchers considered the 



86 

squeezing flow problems [96-99]. [100, 101] studied the effects of electromagnetic force 

on the flow of an electrically conducting fluid; however they overlooked the essential 

contribution of inertial forces fully or partially which is not realistic in most of the cases. 

Later G. Domairry et al. [102] considered  the flow of an electrically conducting fluid 

between two parallel disks of which lower disk is permeable and fluid can enter or exit 

through it during suction or injection process; upper disk is taken to be  impermeable and 

it moves towards the lower disk with a certain time dependent velocity. Homotopy 

Perturbation Method (HPM) was used to approximate the solution. 

Navier Stokes equations are inherently nonlinear and due to this nonlinearity, in most of 

the cases, exact solutions are unlikely. To overcome this difficulty, many numerical, semi-

numerical and analytical techniques have been developed. These include HPM [103], VIM 

[104], VPM [105] and many such others. 

4.2.2 MHD Squeeze Flow between Two Parallel Disks with Suction or Injection 

Consider MHD squeezing flow of a viscous fluid between two parallel infinite disks. Upper 

disk is impermeable and lower disk is porous on which either suction or injection is applied 

(Figure 4.5). The combined effect of inertia, electromagnetic forces, and suction or 

injection was investigate by Domairy [106]. The discussed flow model is reduced to a 

single, nonlinear ODE  

 

Figure 4. 5 Geometry of the problem 

 

𝑑4

𝑑𝑥4
𝑓(𝑥) − 𝑆 (𝑥

𝑑3

𝑑𝑥3
𝑓(𝑥) + 3

𝑑2

𝑑𝑥2
𝑓(𝑥) − 2𝑓(𝑥)

𝑑3

𝑑𝑥3
𝑓(𝑥)) − 𝑀2

𝑑2

𝑑𝑥2
𝑓(𝑥) = 0, (4.7) 
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with boundary conditions 

𝑓(0) = 𝐴, 𝑓′(0) = 0, 𝑓(1) =
1

2
, 𝑓′(1) = 0,                              (4.8) 

A is a real number which and for 𝐴 > 0, we have suction and for 𝐴 < 0, we have injection 

on lower stationary disk. 

4.2.3 Solution Procedure 

After applying quasilinearization on equation (4.7), we get  

𝑑4

𝑑𝑥4
𝑓𝑛+1(𝑥) − 𝑆 (𝑥

𝑑3

𝑑𝑥3
𝑓𝑛+1(𝑥) + 3

𝑑2

𝑑𝑥2
𝑓𝑛+1(𝑥) − 2𝑓𝑛+1(𝑥)

𝑑3

𝑑𝑥3
𝑓𝑛+1(𝑥)   

−2𝑓𝑛(𝑥)
𝑑3

𝑑𝑥3
𝑓𝑛+1(𝑥)) − 𝑀2

𝑑2

𝑑𝑥2
𝑓𝑛+1(𝑥) = 4𝑆𝑓𝑛(𝑥)

𝑑3

𝑑𝑥3
𝑓𝑛(𝑥)         (4.9) 

with boundary conditions converted to the form, 

𝑓𝑛+1(0) = 𝐴, 𝑓𝑛+1
′ (0) = 0, 𝑓𝑛+1(1) =

1

2
, 𝑓𝑛+1

′ (1) = 0.                         (4.10) 

Implementing proposed method on equation (4.9), we have 

 
𝑑4

𝑑𝑥4
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑚−1

𝜔=0

2𝑘−1

𝑛=1

) − 𝑆 (𝑥
𝑑3

𝑑𝑥3
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑚−1

𝜔=0

2𝑘−1

𝑛=1

) 

+3
𝑑2

𝑑𝑥2
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑚−1

𝜔=0

2𝑘−1

𝑛=1

) − 2 ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑚−1

𝜔=0

2𝑘−1

𝑛=1

)
𝑑3

𝑑𝑥3
𝑓𝑛(𝑥) 

−2𝑓𝑛(𝑥)
𝑑3

𝑑𝑥3
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑚−1

𝜔=0

2𝑘−1

𝑛=1

)) − 𝑀2
𝑑2

𝑑𝑥2
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑚−1

𝜔=0

2𝑘−1

𝑛=1

) 

= 4𝑆𝑓𝑛(𝑥)
𝑑3

𝑑𝑥3
𝑓𝑛(𝑥).                                                                                  (4.11) 
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Table 4. 2 Comparison of third iteration solutions for MHD Squeezing flow (4.7) for M=0, S=1and A= ± 1 

for different polynomial values of proposed method with RK-4  

 Suction A> 0 (A=1) Injection A< 0 (A= -1) 

 𝑥 𝑦3,𝑚=10 𝑦3,𝑚=20 𝑦𝑁𝑢𝑚 𝑦3,𝑚=10 𝑦3,𝑚=20 𝑦𝑁𝑢𝑚 

0.0 1.00000000 1.00000000 1.00000000 -1.00000000 -1.00000000 -1.00000000 

0.1 0.98870594 0.98630364 0.98630364 -0.96611784 -0.95891095 -0.95891097 

0.2 0.95773222 0.94944904 0.94944904 -0.87319667 -0.84834715 -0.84834723 

0.3 0.91104963 0.89534768 0.89534768 -0.73314890 -0.68604312 -0.68604330 

0.4 0.85226130 0.82950512 0.82950512 -0.55678390 -0.48851547 -0.48851562 

0.5 0.78484766 0.75723532 0.75723532 -0.35454300 -0.27170607 -0.27170672 

0.6 0.71253230 0.68387174 0.68387174 -0.13759690 -0.05161537 -0.05161594 

0.7 0.63985846 0.61498821 0.61498821 0.08042459 0.15503523 0.15503572 

0.8 0.57309510 0.55664339 0.55664339 0.28071468 0.33006970 0.33006998 

0.9 0.52162419 0.51566586 0.51566586 0.43512740 0.45300234 0.45300315 

1.0 0.50000000 0.50000000 0.50000000 0.49999997 0.50000000 0.50000000 

  

Graphical representation of the solutions obtained by Legendre Wavelet Quasilinearization 

Method for MHD squeezing flow for two parallel plates with suction or injection is 

discussed in Figures 4.6-4.11. 

 

 

Figure 4. 6 Comparison of wavelet and numerical solutions for M = 0, S = 1 and A = 1 (Suction) for 

different values of m. 
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Figure 4. 7 Comparison of wavelet and numerical solutions for M=0, S=1 and A=-1 (Injection) for 

different values of m.  

 

 

 

 

Figure 4. 8 Comparison of wavelet and numerical solutions when M=5, S=0.01 and A=-1 (Injection) for 

different values of m. 
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Figure 4. 9 Variation in velocity profile for various values of Suction/Injection. 

 

 

Figure 4. 10 Variation in velocity profile for various values of Magnetic parameter. 



91 

 

Figure 4. 11 Variation in velocity profile for various values of Squeeze number. 

Comparison of numerical solution obtained by Legendre Wavelet-Quasilinearization 

Technique and Runge-Kutta Fehlberg method is given in Table 4.2. Both suction and 

injection cases are considered for the comparison. Same results are verified by plotting the 

two solutions obtained. Figs 4.4-4.8 are plotted for the said purpose. It can easily be seen 

that both the solutions are in excellent agreement.  

Figures 4.9-4.11 are plotted to analyze the effects of suction/injection parameter, magnetic 

parameter and squeeze number on velocity profile, respectively. Figure 4.9 shows that 

increase in suction of the fluid increases the velocity profile. Boundary layer thickness is 

seen to be decreasing with higher values of 𝐴. Due to the permeability of upper disk when 

suction plays a dominant role it allows the fluid to flow near the walls which results in a 

thinner boundary layer. For the injection, the behavior is quite opposite. In Figure 4.10, 

increasing values of magnetic number M are plotted against the velocity profile. Clearly, 

velocity decreases with increase in magnetic field. This means that strong magnetic field 

can be used to stabilize the flow. Figure 4.11 gives a graphical description of velocity 

profile with the change in squeeze number. Higher the squeeze number, lower the values 

of velocity in the upper half of the channel. While increasing velocity profile is observed 

with increase in squeeze number at the lower half of the channel.  
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4.2.4 Discussion 

From table and graphs it is evident that the solution converges to the numerical 

solution when we increase the degree of Legendre polynomials 𝑚. For 𝑚 = 20 in all the 

three cases, for different values of S, M and A the graphs of solutions obtained by Legendre 

wavelet quasilinearization technique show good accordance with numerical results. Also, 

it is evident form figures that suction and injection affects the velocity profile in opposite 

way. For the case of suction, maximum of the velocity is seen to be at the center of the 

channel. Magnetic field can be used to regularize the flow and it stabilizes the flow 

behavior.  

4.3 Shifted Chebyshev Quasilinearization Method for Nonlinear Problems in 

Fluid Flow 

In this section 4.3, shifted Chebyshev wavelet method is merged with quasilinearization 

technique to tackle with the nonlinearity of physical problems. The accuracy of the 

proposed method is verified by the help of two nonlinear physical models one MHD 

squeezing flow between two infinite plates and other Jeffery Hamel flow. Results obtained 

for different iterations and different values of degree of polynomial are described in tables 

and graphs which verify the accuracy and stability of the proposed method.  

After the pioneering works of Stefan [91], squeezing flows have been of much interest to 

the researchers due to their many practical and industrial applications. Squeezing flows are 

used in many equipment’s of mechanics such as hydrolytic lifters, motors and engines In 

biology, squeezing flows are used in nasogastric tubes and syringes. One can find more 

than enough literature on these flows in [107, 108] and references therein. Electrically 

conducting flows are also very important as a slight change in magnetic field may cause to 

flow to disperse or often to go smoothly for some time. It was therefore essential to discuss 

the flow under the influence of magnetic field to see how it affects the flow behavior. [109-

111] studied the effects of magnetic field on squeezing flow for different geometries and 

pointed out some important aspects of these flows.  

Flows through non parallel walls gain importance in early 19th century after the pioneering 

works of Jeffery [112] and Hamel [113]. Since then, there are many studies available that 

discussed the different practical and industrial applications of these flows and reported that 
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flow characteristics vary by changing the angle between two channels [114-116]. Flows 

through rivers and channels, different biological flows such as flow through arteries and 

veins are some practical applications of these types of flows.  

Due to nonlinearity of the problems involved in fluid mechanics, exact solutions are 

unlikely. Many numerical and analytical techniques are available to solve these problems 

[117-118].  

The proposed method formed by merging Chebyshev wavelets method with 

quasilinearization technique is fully compatible for solving such nonlinear physical 

models. 

4.3.1 MHD Squeezing Flow between Two Infinite Plates 

The equations of motion for the flow are given by [119], 

∇. 𝑉 = 0,                                                            (4.12) 

𝜌 [
𝜕𝑉

𝜕𝑡
+ (𝑉. 𝛻)𝑉] = 𝛻. 𝑇 − 𝒇𝑩.                                          (4.13) 

Where,𝑉is velocity vector, 𝜌 density constant and 𝑇 is the Cauchy Stress tensor given by, 

      𝑇 = −𝜌𝐼 + 𝐴1,(7) 

where 𝐴1 = (∇𝑉) + (∇𝑉)𝑇.
   

 

While 𝑓𝐵 is the magnetic or Lorentz force. It depends upon 𝑀, 𝐸 and 𝑉 which are magnetic 

field, electric field and velocity respectively. It is defined as  

𝒇𝑩 = 𝜎(𝑬 + 𝑽 ∗ 𝑽) ∗ 𝑩. 

Detailed derivation of the considered model is discussed in [120]. Using compatibility 

equation 

𝜌 [
1

𝑟

𝜕𝐸2𝛹

𝜕𝑡
−

𝜕 (𝛹,
𝐸2𝛹

𝑟2 )

𝜕(𝑟, 𝑧)
] =

𝜇

𝑟
𝐸4𝛹 − 𝜎

𝐵0
2

𝑟

𝜕𝛹

𝜕𝑧
,                     (4.14) 

where, 

𝐸2 =
𝜕2

𝜕𝑟2
−

1

𝑟

𝜕

𝜕𝑟
+

𝜕2

𝜕𝑧2
= 0. 

 

from equation (4.14), after simplification we get 
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−𝜌 [
𝜕 (𝛹,

𝐸2𝛹
𝑟2 )

𝜕(𝑟, 𝑧)
] =

𝜇

𝑟
𝐸4𝛹 − 𝜎

𝐵0
2

𝑟

𝜕𝛹

𝜕𝑧
,                                      (4.15) 

with associated auxiliary  conditions  

    𝑧 = 𝐻, then 𝑢 = 0, 𝑤 = −𝑉                      (4.16) 

    z=0, then 𝑤 = 0,
𝜕𝑢

𝜕𝑧
= 0.                (4.17) 

We can now define stream function as  

𝛹(𝑟, 𝑧) = 𝑟2𝑓(𝑧)                            (4.18) 

Replacing value from equation (4.18) into equation (4.15) reduces equation (4.15) into a 

nonlinear ODE 

𝑓𝑖𝑣(𝑧) +
2𝜌

𝜇
𝑓(𝑧)𝑓′′′(𝑧) −

𝜎𝐵0
2

𝜇𝑟
𝑓′′(𝑧) = 0,                              (4.19) 

with 

𝑓(0) = 0, 𝑓′′(0) = 0, 

   𝑓(𝐻) =
𝑉

2
, 𝑓′(𝐻) = 0.

                 

(4.20) 

Nonlinear differential equation (4.19) along with boundary conditions in (4.20) can be 

made dimensionless by using the following non-dimensional parameters 

𝐹 =
𝑓

𝑉/2
, 𝑥 =

𝑧

𝐻
, 𝑅𝑒 =

𝜌𝐻

𝜇/𝑉
, 𝑀 = √

𝜎𝐻𝐵0
2

𝜇
.                              (4.21) 

𝐹𝑖𝑣(𝑥) + 𝑅𝑒𝐹(𝑥)𝐹′′′(𝑥) − 𝑀2𝐹′′(𝑥) = 0,                          (4.22) 

with boundary conditions converted into the form 

𝐹(0) = 0, 𝐹′′(0) = 0,          

𝐹(1) = 1, 𝐹′(1) = 0.                 (4.23) 

Differential equation of MHD squeezing flow (4.22) after applying quasilinearization 

technique becomes  

 

𝑑4

𝑑𝑥4
𝐹𝑛+1 (𝑥) + 𝑅𝑒 𝐹𝑛(𝑥)

𝑑3

𝑑𝑥3
 𝐹𝑛+1(𝑥) + 𝑅𝑒𝐹𝑛+1(𝑥)

𝑑3

𝑑𝑥3
𝐹𝑛(𝑥) − 𝑀2

𝑑2

𝑑𝑥2
𝐹𝑛+1(𝑥) 

= 𝑅𝑒 𝐹𝑛(𝑥)
𝑑3

𝑑𝑥3
𝐹𝑛(𝑥),                                       (4.24) 

with boundary conditions converted into the form 
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𝐹𝑛+1(0) = 0,
𝑑2

𝑑𝑥2
𝐹𝑛+1(0) = 0, 

𝐹𝑛+1(1) = 1,
𝑑

𝑑𝑥
𝐹𝑛+1(1) = 0.                                       (4.25) 

For applying Chebyshev wavelet technique we now substitute,  

𝐹𝑛+1(𝑥) = ∑ ∑ 𝑐𝑛,𝑚𝜓𝑛,𝑚(𝑥)

𝑀−1

𝑚=0

2𝑘−1

𝑛=1

 

Equation (4.24) becomes,  

𝑑4

𝑑𝑥4
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑚−1

𝜔=0

2𝑘−1

𝑛=1

) + 𝑅𝑒 𝐹𝑛(𝑥)
𝑑3

𝑑𝑥3
 ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑚−1

𝜔=0

2𝑘−1

𝑛=1

)

+ 𝑅𝑒 ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑚−1

𝜔=0

2𝑘−1

𝑛=1

)
𝑑3

𝑑𝑥3
𝐹𝑛(𝑥)   

−𝑀2
𝑑2

𝑑𝑥2
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑚−1

𝜔=0

2𝑘−1

𝑛=1

) = 𝑅𝑒 𝐹𝑛(𝑥)
𝑑3

𝑑𝑥3
𝐹𝑛(𝑥).                   (4.26) 

MHD Squeezing flow for M=1, Re=1 after solving (4.26) by the help of MAPLE is 

explained in Table 4.3. In Table 4.3, 𝐹𝑚=5, 𝐹𝑚=10 and 𝐹𝑚=15 represents the value of 

solution when degree of Chebyshev polynomials is 5, 10 and 15 respectively. Also 𝐸𝑟𝑟𝑚=5, 

𝐸𝑟𝑟𝑚=10 and 𝐸𝑟𝑟𝑚=15 represents the value of error from the exact solution when m=5, 10 

and 15 respectively.   

Table 4. 3 Solution of equation (4.19) at different values of m along with errors when 𝑀 = 1, 𝑅𝑒 = 1 

𝑥 𝐹𝑚=5 𝐹𝑚=10 𝐹𝑚=15 Exact 𝐸𝑟𝑟𝑚=5 𝐸𝑟𝑟𝑚=10 𝐸𝑟𝑟𝑚=15 

0.0 0.000000 0.000000 0.000000 0.000000 8.835E-10 2.000E-13 2.000E-17 

0.1 0.179073    0.149529    0.150294 0.150294 2.877E-02 7.640E-04 9.711E-07 

0.2 0.350522    0.296018    0.297481 0.297481 5.304E-02 1.462E-03 1.015E-06 

0.3 0.508061    0.436441    0.438468 0.438468 6.959E-02 2.025E-03 1.516E-06 

0.4 0.646863       0.567797 0.570190 0.570190 7.667E-02 2.391E-03 2.017E-06 

0.5 0.763564    0.687121    0.689626 0.689626 7.394E-02 2.502E-03 2.277E-06 

0.6 0.856258    0.791478    0.793798 0.793798 6.246E-02 2.317E-03 2.462E-06 

0.7 0.924503    0.877942    0.879781 0.879781 4.472E-02 1.836E-03 2.712E-06 

0.8 0.969314    0.943567    0.944697 0.944697 2.461E-02 1.128E-03 1.632E-06 

0.9 0.993167 0.985322    0.985707 0.985707 7.460E-03 3.844E-04 5.787E-07 

1.0 1.000000 1.000000    1.000000 1.000000 1.025E-06 2.375E-10 6.729E-13 
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Figure 4. 12 MHD Squeezing flow for M=1, Re=1 

 

MHD Squeezing flow for 𝑀 = 5, 𝑅𝑒 = 5 after solving (4.26) by the help of MAPLE is 

explained in Table 4.4. In Table 4.4, 𝐹𝑚=5, 𝐹𝑚=10 and 𝐹𝑚=20 represents the value of 

solution when degree of Chebyshev polynomials is 5, 10 and 20 respectively. Also 𝐸𝑟𝑟𝑚=5, 

𝐸𝑟𝑟𝑚=10 and 𝐸𝑟𝑟𝑚=20 represents the value of error from the exact solution when m=5, 10 

and 20 respectively.   

Table 4. 4 Solution of equation (4.19) at different values of m along with errors when 𝑀 = 5, 𝑅𝑒 = 5 

𝑥 𝐹𝑚=5 𝐹𝑚=10 𝐹𝑚=20 Exact 𝐸𝑟𝑟𝑚=5 𝐸𝑟𝑟𝑚=10 𝐸𝑟𝑟𝑚=20 

0.0 0.000000 0.000000 0.000000 0.000000 1.519E-12 3.000E-14 2.000E-17 

0.1 0.139490 0.124266 0.131396 0.131398 8.091E-03 7.132E-04 2.525E-06 

0.2 0.277545 0.247984 0.261827 0.261830 1.571E-02 2.384E-03 5.527E-06 

0.3 0.412278 0.370508 0.390154 0.390153 2.211E-02 5.965E-03 7.611E-06 

0.4 0.541307 0.490960 0.514882 0.514878 2.641E-02 2.393E-02 9.096E-05 

0.5 0.661754 0.608014 0.633961 0.633959 2.778E-02 2.595E-02 1.088E-05 

0.6 0.770250 0.719551 0.744547 0.744549 2.569E-02 5.500E-03 1.148E-05 

0.7 0.862929 0.822111 0.842734 0.842736 2.018E-02 3.063E-03 1.100E-05 

0.8 0.935432 0.910033 0.923211 0.923213 1.221E-02 2.318E-03 8.548E-06 

0.9 0.982904 0.974168 0.978825 0.978827 4.074E-03 4.661E-04 4.731E-06 

1.0 0.999997 0.999999 1.000000 1.000000 3.000E-06 1.000E-06 3.000E-09 
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Figure 4. 13 Solution by CWM using Quasilinearization method for different value of  𝑚, when 𝑅𝑒 =
5, 𝑀 = 5 

4.3.2 Jeffery-Hamel Flows 

It is the flow of fluid between two nonparallel walls with angle 2𝛼 as shown in Figure 4.12. 

The velocity field is of the form 𝑉 =  [𝑢𝑟 , 0, 0], where 𝑢𝑟 is a function of both 𝑟 and 𝜃.  

 

Figure 4. 14  Schematic diagram of the problem 

In polar coordinates equations of motion in the absence of body forces given in [121] are 

1

𝑟

𝜕

𝜕𝑟
(𝑟𝑢𝑟) = 0,                                                       (4.27) 

𝑢𝑟

𝜕𝑢𝑟

𝜕𝑟
= −

1

𝜌

𝜕𝑝

𝜕𝑟
+ 𝑣 [

𝜕2𝑢𝑟

𝜕𝑟2
+

1

𝑟

𝜕𝑢𝑟

𝜕𝑟
+

1

𝑟2

𝜕2𝑢𝑟

𝜕𝜃2
−

𝑢𝑟

𝑟2
]                            (4.28) 

−
1

𝑝𝑟

𝜕𝑝

𝜕𝑟
+

2𝑣

𝑟2

𝜕𝑢𝑟

𝜕𝜃
= 0.                                                     (4.29)  

where  , is constant density  , is dynamic viscosity and p is pressure 

Boundary condition at the center line of the channel is  
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𝜕𝑢𝑟

𝜕𝜃
= 0,                                                                  (4.30) 

and on the walls are 𝑢𝑟 = 0. 

From continuity equation (4.27), we have 

     𝑓(𝜃) = 𝑟 𝑢𝑟                 (4.31) 

For making equations dimensionless parameters are defined as  

𝐹(𝑥) =
𝑓(𝜃)

𝑓𝑚𝑎𝑥
, 𝑥 =

𝜃

𝛼
.                                                 (4.32) 

From equations (4.28) and (4.29) after eliminating pressure terms and using equations 

(4.31) and (4.32), we get a nonlinear ODE for normalized velocity profile 𝐹(𝑥), 

𝐹′′′(𝑥) + 2𝛼 𝑅𝑒 𝐹(𝑥)𝐹′(𝑥) + 4𝛼2𝐹′(𝑥) = 0.                  (4.33) 

Accordingly the boundary conditions (4.30) are 

    𝐹(0) = 1, 𝐹′(0) = 0, 𝐹(1) = 0.                                  (4.34) 

Where 𝑅𝑒 is Reynold number given by 

𝑅𝑒 =
𝑓𝑚𝑎𝑥

𝑣
=

𝑈𝑚𝑎𝑥𝑟𝛼

𝑣
(

𝐷𝑖𝑣𝑒𝑟𝑔𝑒𝑛𝑡 𝐶ℎ𝑎𝑛𝑛𝑒𝑙: 𝛼 > 0, 𝑈𝑚𝑎𝑥 > 0
𝐶𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡 𝐶ℎ𝑎𝑛𝑛𝑒𝑙: 𝛼 < 0, 𝑈𝑚𝑎𝑥 < 0

)        (4.35) 

𝑈𝑚𝑎𝑥 here is center line velocity. 

Equation (4.33) representing Jeffery-Hamel flow after applying quasilinearization 

becomes, 

𝑑3

𝑑𝑥3
𝐹𝑛+1(𝑥) + 2𝛼 𝑅𝑒𝐹𝑛+1(𝑥)

𝑑

𝑑𝑥
𝐹𝑛(𝑥) + 2𝛼 𝑅𝑒𝐹𝑛(𝑥)

𝑑

𝑑𝑥
𝐹𝑛+1(𝑥) + 4𝛼2

𝑑

𝑑𝑥
𝐹𝑛+1(𝑥) 

= 2𝛼 𝑅𝑒𝐹𝑛(𝑥)
𝑑

𝑑𝑥
𝐹𝑛(𝑥).                                        (4.36) 

Accordingly the boundary conditions are converted into 

   𝐹𝑛+1(0) = 1,
𝑑

𝑑𝑥
𝐹𝑛+1(0) = 0, 𝐹𝑛+1(1) = 0                          (4.37) 

For applying Chebyshev wavelet technique now substitute,  

𝐹𝑛+1(𝑥) = ∑ ∑ 𝑐𝑛,𝑚𝜓𝑛,𝑚(𝑥)

𝑀−1

𝑚=0

2𝑘−1

𝑛=1

 

Equation (4.36) becomes 
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𝑑3

𝑑𝑥3
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑚−1

𝜔=0

2𝑘−1

𝑛=1

) + 2𝛼 𝑅𝑒 ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑚−1

𝜔=0

2𝑘−1

𝑛=1

)
𝑑

𝑑𝑥
𝐹𝑛(𝑥) 

+2𝛼 𝑅𝑒𝐹𝑛(𝑥)
𝑑

𝑑𝑥
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑚−1

𝜔=0

2𝑘−1

𝑛=1

) + 4𝛼2
𝑑

𝑑𝑥
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑚−1

𝜔=0

2𝑘−1

𝑛=1

) 

= 2𝛼 𝑅𝑒𝐹𝑛(𝑥)
𝑑

𝑑𝑥
𝐹𝑛(𝑥)                                              (4.38) 

Jeffery Hamel flow for 𝛼 = 3, 𝑅𝑒 = 10 (diverging channels) after solving (4.38) by the 

help of MAPLE is explained in Table 4.4. In Table 4.4, 𝐹𝑚=5, 𝐹𝑚=10 and 𝐹𝑚=15 represents 

the value of solution when degree of Chebyshev polynomials is 5, 10 and 15 respectively. 

Also 𝐸𝑟𝑟𝑚=5, 𝐸𝑟𝑟𝑚=10 and 𝐸𝑟𝑟𝑚=15 represents the value of error from the exact solution 

when m=5, 10 and 15 respectively.   

 

Table 4. 5 Solution of equation (4.32) for diverging channels at different values of m along with errors when 

𝛼 = 3, 𝑅𝑒 = 10 

𝑥 𝐹𝑚=5 𝐹𝑚=10 𝐹𝑚=15 Exact 𝐸𝑟𝑟𝑚=5 𝐸𝑟𝑟𝑚=10 𝐸𝑟𝑟𝑚=15 

0.0 1.000000 1.000000 1.000000 1.000000 0.000E+00 8.000E-15 0.000E+00 

0.1 0.991578 0.989266 0.989277 0.989277 2.301E-03 1.067E-05 4.288E-07 

0.2 0.965675 0.957177 0.957221 0.957222 8.453E-03 4.422E-05 1.228E-07 

0.3 0.921294 0.904062 0.904161 0.904162 1.713E-02 9.919E-05 4.919E-07 

0.4 0.857395 0.830440 0.830615 0.830616 2.677E-02 1.753E-04 3.163E-08 

0.5 0.772891 0.736982 0.737256 0.737257 3.563E-02 2.749E-04 3.506E-08 

0.6 0.666648 0.624459 0.624855 0.624856 4.179E-02 3.961E-04 1.257E-07 

0.7 0.537487 0.493695 0.494220 0.494221 4.326E-02 5.252E-04 2.994E-07 

0.8 0.384181 0.345511 0.346124 0.346125 3.805E-02 6.137E-04 2.638E-07 

0.9 0.205458 0.180694 0.181228 0.181229 2.422E-02 5.341E-04 2.070E-09 

1.0 0.000000 0.000000 0.000000 0.000000 2.079E-09 1.051E-11 2.510E-15 

    

 



100 

 

Figure 4. 15 Solution for divergent channel by CWM using Quasilinearization method for different value of 

M, when 𝛼 = 3, 𝑅𝑒 = 10 

Jeffery Hamel flow for 𝛼 = −15, 𝑅𝑒 = 50 (converging channels) after solving (4.37) by 

the help of MAPLE is discussed in Table 4.5. In Table 4.5, 𝐹𝑚=5, 𝐹𝑚=10 and 𝐹𝑚=20 

represents the value of solution when degree of Chebyshev polynomials is 5, 10 and 20 

respectively. Also 𝐸𝑟𝑟𝑚=5, 𝐸𝑟𝑟𝑚=10 and 𝐸𝑟𝑟𝑚=20 represents the value of error from the 

exact solution when m=5, 10 and 20 respectively.   

 

Table 4. 6 Solution of equation (4.32) for diverging channels at different values of m along with errors when 

𝛼 = −15, 𝑅𝑒 = 50  

𝑥 𝐹𝑚=5 𝐹𝑚=10 𝐹𝑚=20 Exact 𝐸𝑟𝑟𝑚=5 𝐸𝑟𝑟𝑚=10 𝐸𝑟𝑟𝑚=20 

0.0 1.000000 1.000000 1.000000 1.00000 0.00E+00 1.00E-15 0.00E+00 

0.1 0.995146 0.994182 0.994204 0.994204 9.43E-04 2.17E-05 2.12E-07 

0.2 0.979819 0.976258 0.976335 0.976335 3.48E-03 7.61E-05 1.15E-10 

0.3 0.952012 0.944758 0.944924 0.944925 7.08E-03 1.66E-04 2.48E-08 

0.4 0.908579 0.897127 0.897461 0.898461 1.11E-02 3.33E-04 4.87E-07 

0.5 0.845234 0.829676 0.830308 0.830309 1.49E-02 6.32E-04 2.17E-07 

0.6 0.756551 0.737579 0.738653 0.738653 1.78E-02 1.07E-03 5.28E-07 

0.7 0.635962 0.615016 0.616549 0.616549 1.94E-02 1.53E-03 9.11E-07 

0.8 0.475762 0.455492 0.457191 0.457191 1.85E-02 1.69E-03 8.06E-07 

0.9 0.267103 0.252419 0.253604 0.253604 1.35E-02 1.18E-03 1.20E-06 

1.0 0.000000 0.000000 0.000000 0.000000 1.00E-07 2.00E-10 1.00E-16 
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Figure 4. 16 Solution for convergent channel by CWM using Quasilinearization method for different value 

of M, when 𝛼 = 15, 𝑅𝑒 = 50 

 

So, shifted Chebyshev wavelet quasilinearization method is applied to solve the equations 

of flow. Performance of the developed method is confirmed by the help of graphs and 

tables. Results show that the accuracy of method is increased when we increase the order 

of the polynomial. It is clear from Figures 4.12, 4.13, 4.15, 4.16 and Tables 4.3-4.6 that 

this method can be applied successfully to different problems of physical nature. 

4.4 Discussion 

In chapter 4, some modified wavelet schemes are develped and implemended 

sucesessfully for nonlinear both ODEs and PDEs. For solving Delay DEs of fractional 

order wavelet method are being developed in next chapter. 
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Chapter 5 

Wavelet Method of Steps for Nonlinear Ordinary Delay 

Differential Equations of Fractional-order 

 

 

 

 

 

 

 

 

 

 

 

 

 



103 

In this chapter, different new wavelet methods are developed for solving nonlinear Delay 

Differential Equations (DDEs) of fractional order. The methods are developed by the help 

of method of steps technique along with wavelets methods. In method of steps, the 

nonlinear part or delay part is replaced by a function 𝜙(𝑥) which could be the exact 

function or any function which satisfies the DE and the ICs and BCs as well. The suggested 

modification in wavelet methods is very useful in the way that it increased the accuracy of 

the results obtained. Different wavelet methods are merged by method of steps to obtain 

better results of nonlinear fractional delay differential equations. In section 5.1, Chebyshev 

wavelet method is merged with method of steps to have a better method for nonlinear 

fractional DDEs. The proposed Chebyshev Wavelet Steps technique is applied on three 

different nonlinear DDEs of fractional order to check the performance of the proposed 

method. In section 5.2, Legendre wavelet method is combined with method of steps to deal 

with nonlinear fractional DDEs. Two different fractional nonlinear delay differential 

equations are considered to check the accuracy of the developed method. In section 5.3, 

Gegenbauer wavelets which are the generalization of both Chebyshev wavelets and 

Legendre wavelets are merged with method of steps to develop a technique for nonlinear 

fractional DDEs. To check the performance of the developed Gegenbauer wavelet Steps 

method, two different nonlinear DDEs of fractional order are considered. 

The working of the proposed three methods is as follows 

Consider a general nonlinear DDE of the form 

𝑑2

𝑑𝑥2
𝑦(𝑥) = 𝑓 (𝑥, 𝑦(𝑥),

𝑑

𝑑𝑥
𝑦(𝑥)) + 𝑔 (𝑦(𝑥),

𝑑

𝑑𝑥
𝑦(𝑥), 𝑦 (

𝑥

𝑎
) , 𝑦(𝑥 − 𝑏),

𝑑

𝑑𝑥
𝑦 (

𝑥

𝑎
) , … ) 

+ℎ(𝑥).                                                                                                         (5.1) 

In equation (5.1), 𝑓 (𝑥, 𝑦(𝑥),
𝑑

𝑑𝑥
𝑦(𝑥)) consists of linear terms only, ℎ(𝑥) consists of 

nonhomogeneous part and  𝑔 (𝑦(𝑥),
𝑑

𝑑𝑥
𝑦(𝑥), 𝑦 (

𝑥

𝑎
) , 𝑦(𝑥 − 𝑏),

𝑑

𝑑𝑥
𝑦 (

𝑥

𝑎
) , … ) consists of 

nonlinear and delay part only. 

  Let us consider a function 𝜙(𝑥), which could be any function which satisfies the given 

conditions and nonlinear problem also. We will replace 𝑦(𝑥) by 𝜙(𝑥) in the nonlinear and 

delay part as well of equation (5.1), we have 
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𝑑2

𝑑𝑥2
𝑦(𝑥) = 𝑓 (𝑥, 𝑦(𝑥),

𝑑

𝑑𝑥
𝑦(𝑥)) + 𝑔 (𝜙(𝑥),

𝑑

𝑑𝑥
𝜙(𝑥), 𝜙 (

𝑥

𝑎
) , 𝜙(𝑥 − 𝑏),

𝑑

𝑑𝑥
𝜙 (

𝑥

𝑎
) , … ) 

+ℎ(𝑥).                                                                                                         (5.2) 

Now replacing 𝑦(𝑥) as the wavelet solution series approximation  given in (1.1), (1.3), 

(1.4) or (1.5), depending upon if we are using Legendre, Chebyshev, Gegenbauer or 

Laguerre wavelets. 

5.1   𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯   𝐖𝐚𝐯𝐞𝐥𝐞𝐭    𝐒𝐭𝐞𝐩𝐬    𝐌𝐞𝐭𝐡𝐨𝐝   𝐟𝐨𝐫   𝐍𝐨𝐧𝐥𝐢𝐧𝐞𝐚𝐫   𝐅𝐫𝐚𝐜𝐭𝐢𝐨𝐧𝐚𝐥  

𝐎𝐫𝐝𝐢𝐧𝐚𝐫𝐲 𝐃𝐞𝐥𝐚𝐲 𝐃𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭𝐢𝐚𝐥 𝐄𝐪𝐮𝐚𝐭𝐢𝐨𝐧𝐬 

In this section, Chebyshev wavelet method is merged with Method of Steps to find 

solutions of nonlinear delay differential equations of fractional order. The method 

developed seems to be of great use since it provides very accurate results. Accuracy of the 

developed method is verified by applying the proposed Chebyshev Wavelet Steps Method 

on three different nonlinear fractional delay type differential equations including a singular 

problem also. 

5.1.1 Chebyshev Wavelet Steps Method for Nonlinear Fractional Pantograph 

Equations 

Consider the following nonlinear fractional Pantograph equation [124] 

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) = 1 − 2 (𝑦 (

𝑥

2
))

2

, 1 < 𝛼 ≤ 2,                                    (5.3) 

with initial conditions 

𝑦(0) = 1,
𝑑

𝑑𝑥
𝑦(0) = 0. 

The exact solution for 𝛼 = 2 is  

𝑦(𝑥) = cos(𝑥). 

Appling method of steps on equation (5.3), we have  

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) = 1 − 2 (𝜙 (

𝑥

2
))

2

, 1 < 𝛼 ≤ 2,                                     (5.4) 

Now considering 𝜙(𝑥) = cos(𝑥), equation (5.4) can be written as 

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) = 1 − 2 (𝑐𝑜𝑠 (

𝑥

2
))

2

, 1 < 𝛼 ≤ 2,                                    (5.5) 
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Replacing value of 𝑦(𝑥) in the series solution from of Chebyshev Wavelets, we have  

𝑑𝛼

𝑑𝑥𝛼
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) = 1 − 2 (𝑐𝑜𝑠 (
𝑥

2
))

2

, 1 < 𝛼 ≤ 2,                   (5.6) 

Solving equation (5.6) by the help of MAPLE, after simplification for M=12  𝛼 = 2, we 

get the following series solution by Chebyshev Wavelet method  

𝑦(𝑥) = 1 − 0.500000015 𝑥2 + 1.51930931 10−12𝑥3 + 0.04166663𝑥4 

+3.657918 10−10𝑥5 − 0.00138891𝑥6 + 7.4489920 10−9𝑥7 + 0.00002478𝑥8 

+2.318362 10−8𝑥9 − 2.9565591 10−7𝑥10 + 9.81057583 10−9𝑥11.                 (5.7) 

In Table 5.1, solution by Chebyshev Wavelet Steps Method for different values of 

polynomials M is given when 𝛼 = 2. In Table 5.1, Error 𝑦𝑀=8, Error 𝑦𝑀=10 and 

Error 𝑦𝑀=12 represents the error when M=8, 10 and 12 respectively. 

Table 5. 1 Comparison of errors in solutions for different values of 𝑀.   

𝑥 Exact Solution  Error 𝑦𝑀=8 Error 𝑦𝑀=10 Error 𝑦𝑀=12 

0.0 1.0000000000 4.00000E-10 2.00000E-20 0.00000E+00 

0.1 0.9950041653 2.00000E-10 6.76574E-14 4.53470E-18 

0.2 0.9800665778 2.00000E-10 6.27349E-14 4.83765E-17 

0.3 0.9553364891 3.00000E-10 2.38584E-13 2.46631E-17 

0.4 0.9210609940 4.00000E-10 1.13824E-13 2.78901E-17 

0.5 0.9210609940 9.00000E-10 3.08681E-13 2.61633E-16 

0.6 0.8253356149 0.00000E+00 6.80441E-13 2.39628E-16 

0.7 0.7648421873 4.00000E-10 2.85018E-13 3.81703E-16 

0.8 0.6967067093 3.70000E-09 1.26069E-12 2.33227E-16 

0.9 0.6216099683 7.90000E-09 4.03160E-12 1.81681E-15 

1.0 0.5403023059 1.56100E-07 1.68598E-10 1.16545E-13 

 

Solution at different fractional values of 𝛼 for equation (5.3) is given in Figure 5.1. 

According to figure the solutions at different values of 𝛼 converges towards the exact 

solution when 𝛼 approaches integer value. 
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Figure 5. 1 Comparison of solutions for different fractional values of 𝜶 for equation (5.3) 

5.1.2 Chebyshev Wavelet Steps Method for Nonlinear DDE of Fractional Order 

Consider the following fractional nonlinear DDE [124] 

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) +

1

2
(

𝑑

𝑑𝑥
(𝑦 (

𝑥

2
)))

2

=
7

8
𝑦(𝑥) + 1/4, 1 < 𝛼 ≤ 2,                   (5.8) 

with ICs 

𝑦(0) = 2,
𝑑

𝑑𝑥
𝑦(0) = 0. 

The exact solution for 𝛼 = 2 is  

𝑦(𝑥) = ex + 𝑒−𝑥. 

Appling method of steps on equation (5.8), we have  

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) +

1

2
(

𝑑

𝑑𝑥
(𝜙 (

𝑥

2
)))

2

=
7

8
𝑦(𝑥) + 1/4, 1 < 𝛼 ≤ 2,                   (5.9) 

Now considering 𝜙(𝑥) = ex + 𝑒−𝑥, equation (5.9) can be written as 

 

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) +

1

2
(

𝑑

𝑑𝑥
(𝑒

𝑥
2 + 𝑒−

𝑥
2))

2

=
7

8
𝑦(𝑥) + 1/4, 1 < 𝛼 ≤ 2,               (5.10) 

Replacing value of 𝑦(𝑥) in the series solution from of Chebyshev Wavelets in equation 

(5.10), we have  
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𝑑𝛼

𝑑𝑥𝛼
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) +
1

2
(

𝑑

𝑑𝑥
(𝑒

𝑥
2 + 𝑒−

𝑥
2))

2

 

=
7

8
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) + 1/4, 1 < 𝛼 ≤ 2,               (5.11) 

Solving equation (5.11) by the help of MAPLE, after simplification for M=8  𝛼 = 2, we 

get the following series solution by Chebyshev Wavelet method  

𝑦(𝑥) = 2 − 1.000000 10−19𝑥 + 0.99999998𝑥2 + 6.839806 10−7𝑥3 + 0.062493𝑥4 

+0.00002644𝑥5 + 0.00142430𝑥6 + 0.00004768𝑥7.                                       (5.12) 

Solution at different fractional values of 𝛼 for equation (5.8) is given in Figure 5.2. 

According to figure the solutions at different values of 𝛼 converges towards the exact 

solution when 𝛼 approaches integer value.  

 

Figure 5. 2 Comparison of solutions for different fractional values of 𝜶 for equation (5.8) 

5.1.3 Chebyshev Wavelet Steps Method for Singular Nonlinear Fractional 

Pantograph Equation 

Singular nonlinear fractional Pantograph equation [125] 

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) +

8

𝑥2
(𝑦 (

𝑥

2
))

2

= 𝑦(𝑥), 1 < 𝛼 ≤ 2,                            (5.13) 

with ICs 

𝑦(0) = 0,
𝑑

𝑑𝑥
𝑦(0) = 1. 
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The exact solution for 𝛼 = 2 is  

𝑦(𝑥) = x e−x. 

Appling method of steps on equation (5.13), we have  

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) +

8

𝑥2
(𝜙 (

𝑥

2
))

2

= 𝑦(𝑥), 1 < 𝛼 ≤ 2.                         (5.14) 

Now considering 𝜙(𝑥) = x e−x, equation (5.14) can be written as 

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) +

8

𝑥2
(

𝑥

2
 𝑒−

𝑥
2)

2

= 𝑦(𝑥), 1 < 𝛼 ≤ 2.                          (5.15) 

Replacing value of 𝑦(𝑥) in the series solution from of Chebyshev Wavelets equation (5.15) 

becomes   

𝑑𝛼

𝑑𝑥𝛼
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) +
8

𝑥2
(

𝑥

2
 𝑒−

𝑥
2)

2

= ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

).         (5.16) 

Solving equation (5.16) by the help of MAPLE, after simplification for M=10, 𝛼 = 2, we 

get the following series solution by Chebyshev Wavelet method  

𝑦(𝑥) = 3.794550 10−21 + 1.00000001𝑥 − 0.9999998𝑥2 + 0.49999988𝑥3 

            −0.16666648𝑥4 + 0.04166541𝑥5 − 0.00832864𝑥6 + 0.00137886𝑥7 

−0.00018597𝑥8 + 0.00001629𝑥9.                                                                    (5.17) 

In Table 5.2, solution by Chebyshev Wavelet Steps Method for different values of 

polynomials M is given when 𝛼 = 2. In Table 5.2, Error 𝑦𝑀=5, Error 𝑦𝑀=8 and 

Error 𝑦𝑀=10 represents the error when M=5, 8 and 10 respectively. 

Table 5. 2 Comparison of errors in solutions for different values of M.  

𝑥 Exact Solution Error 𝑦𝑀=5  Error 𝑦𝑀=8 Error 𝑦𝑀=10 

0.0 0.000000000000000 1.00000E-10 8.10000E-12 3.79454E-21 

0.1 0.090483741800000 1.20125E-06 2.00000E-10 4.98944E-13 

0.2 0.163746150600000 1.87100E-05 6.00000E-10 4.47786E-13 

0.3 0.222245466200000 3.72205E-05 2.00000E-09 1.73274E-12 

0.4 0.268128018400000 2.60118E-05 4.00000E-10 8.75009E-13 

0.5 0.303265329800000 2.39489E-05 2.70000E-09 2.11933E-12 

0.6 0.329286981700000 6.71408E-05 4.00000E-09 4.87320E-12 

0.7 0.347609712700000 2.56094E-05 7.70000E-09 2.21514E-12 

0.8 0.359463171300000 4.92880E-04 1.42000E-08 8.53695E-12 

0.9 0.365912693700000 1.70543E-03 4.45000E-08 2.81574E-11 

1.0 0.367879441200000 4.18635E-03 8.29000E-07 1.15569E-09 
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Solution at different fractional values of 𝛼 for equation (5.13) is given in Figure 5.3. 

According to figure the solutions at different values of 𝛼 converges towards the exact 

solution when 𝛼 approaches integer value.  

 

Figure 5. 3 Comparison of solutions for different fractional values of 𝜶 for equation (5.13) 

5.2 Legendre Wavelet Steps Method for Nonlinear ODDEs of Fractional Order 

In this section, a method for solving nonlinear fractional DDEs is developed. The 

developed method uses method of steps along with Legendre wavelet method and is every 

user friendly. The accuracy of the proposed method is confirmed by applying it on two 

different nonlinear DDEs of fractional order. The accuracy of the method in both the 

considered cases becomes further better when we increase the value of Legendre 

polynomials M.  

5.2.1 Legendre Wavelet Steps Method for Fractional Nonlinear DDEs 

Consider the following fractional nonlinear DDE [124] 

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) =

8

3

𝑑

𝑑𝑥
(𝑦 (

𝑥

2
)) 𝑦(𝑥) + 8𝑥2𝑦 (

𝑥

2
) −

4

3
−

22

3
𝑥 − 7𝑥2 −

5

3
𝑥3, 1 < 𝛼 ≤ 2, (5.18) 

 

with BCs 

𝑦(0) = 1, 𝑦(1) = 1. 

The actual solution for 𝛼 = 2 is  

𝑦(𝑥) = 1 + x − x3. 

Appling method of steps on equation (5.18), we have  
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𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) =

8

3

𝑑

𝑑𝑥
(𝜙 (

𝑥

2
)) 𝑦(𝑥) + 8𝑥2𝜙 (

𝑥

2
) −

4

3
−

22

3
𝑥 − 7𝑥2 −

5

3
𝑥3.       (5.19) 

Now considering 𝜙(𝑥) = 1 + x − x3, equation (5.19) can be written as 

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) =

8

3

𝑑

𝑑𝑥
(1 +

𝑥

2
−

𝑥3

8
) 𝑦(𝑥) + 8𝑥2 (1 +

𝑥

2
−

𝑥3

8
) −

4

3
−

22

3
𝑥 − 7𝑥2 −

5

3
𝑥3.  (5.20) 

Replacing value of 𝑦(𝑥) in the series solution from of Legendre Wavelets, equation (5.20) 

becomes   

𝑑𝛼

𝑑𝑥𝛼
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) =
8

3

𝑑

𝑑𝑥
(1 +

𝑥

2
−

𝑥3

8
) ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) 

+8𝑥2 (1 +
𝑥

2
−

𝑥3

8
) −

4

3
−

22

3
𝑥 − 7𝑥2 −

5

3
𝑥3.  (5.21) 

Solving equation (5.21) by the help of MAPLE, after simplification for M=10, 𝛼 = 2, we 

get the following series solution by Legendre Wavelet method  

𝑦(𝑥) = 1 + 𝑥 + 4.090909 10𝑥2 − 1𝑥3 + 2.689256 10−16𝑥4 − 1.590711 10−15𝑥5 

+4.63832810−15𝑥6 − 7.0887210−15𝑥7 + 5.45812110−15𝑥8 − 1.67685910−15 𝑥9.  (5.22) 

In Table 5.3, solution by Legendre Wavelet Steps Method for different values of 

polynomials M is given when 𝛼 = 2. In Table 5.3, Error 𝑦𝑀=5, Error 𝑦𝑀=8 and 

Error 𝑦𝑀=10 represents the error when M=5, 8 and 10 respectively. 

Table 5. 3 Comparison of errors in solutions for different values of 𝑀.  

𝑥 Exact Solution Error 𝑦𝑀=5 Error 𝑦𝑀=8 Error 𝑦𝑀=10 

0.0 1.000000000000000         2.00000E-10 1.00000E-14 0.00000E+00 

0.1 1.099000000000000         0.00000E+00 1.00000E-14 8.00000E-19 

0.2 1.192000000000000         0.00000E+00 0.00000E+00 1.60000E-18 

0.3 1.273000000000000         1.00000E-09 0.00000E+00 2.40000E-18 

0.4 1.336000000000000         1.00000E-09 0.00000E+00 3.30000E-18 

0.5 1.375000000000000         2.00000E-09 0.00000E+00 4.10000E-18 

0.6 1.384000000000000         1.00000E-09 1.00000E-14 5.10000E-18 

0.7 1.357000000000000         1.00000E-09 2.00000E-14 5.90000E-18 

0.8 1.288000000000000   2.00000E-09 2.00000E-14 6.50000E-18 

0.9 1.171000000000000         2.00000E-09 3.00000E-14 6.20000E-18 

1.0 1.000000000000000         1.30000E-09 2.10000E-14 1.20000E-19 
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Solution at different fractional values of 𝛼 for equation (5.18), when M=5 is given in Figure 

5.4. According to figure the solutions at different values of 𝛼 converges towards the exact 

solution when 𝛼 approaches integer value.  

 

Figure 5. 4 Comparison of solutions for different fractional values of 𝜶 for equation (5.18) 

 

5.2.2 Legendre Wavelet Steps Method for Nonlinear Pantograph Equation of 

Fractional Order 

Fractional nonlinear Pantograph equation [125] is  

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) = 1 − 2 (𝑦 (

𝑥

2
))

2

, 1 < 𝛼 ≤ 2,                               (5.23) 

with ICs 

𝑦(0) = 1,
𝑑

𝑑𝑥
𝑦(0) = 0. 

The exact solution for 𝛼 = 2 is  

𝑦(𝑥) = cos (x). 

Appling method of steps on equation (5.23), we have  

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) = 1 − 2 (𝜙 (

𝑥

2
))

2

, 1 < 𝛼 ≤ 2 .                      (5.24) 

Now considering 𝜙(𝑥) = cos (𝑥), equation (5.24) can be written as 

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) = 1 − 2 (cos (

𝑥

2
))

2

, 1 < 𝛼 ≤ 2 .                                (5.25) 
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Replacing value of 𝑦(𝑥) in the series solution from of Legendre Wavelets, equation (5.25) 

becomes   

𝑑𝛼

𝑑𝑥𝛼
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔(𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) = 1 − 2 (cos (
𝑥

2
))

2

.                          (5.26) 

Solving equation (5.26) by the help of MAPLE, after simplification for M=10,  𝛼 = 2, we 

get the following series solution by Legendre Wavelet method  

𝑦(𝑥) = 0.999999 + 1.000000 10−8𝑥 − 0.499999𝑥2 − 1.558748 10−9𝑥3 

              +0.041666𝑥4 − 1.693869 10−7𝑥5 − 0.001388𝑥6 − 0.0000013𝑥7 

+0.000026𝑥8 − 0.0000102𝑥9.                                                                  (5.27) 

In Table 5.4, solution by Legendre Wavelet Steps Method for different values of 

polynomials M is given when 𝛼 = 2. In Table 5.4, Error 𝑦𝑀=5, Error 𝑦𝑀=8 and 

Error 𝑦𝑀=10 represents the error when M=5, 8 and 10 respectively. 

Table 5. 4 Comparison of errors in solutions for different values of 𝑀.  

𝑥 Exact Solution Error 𝑦𝑀=5 Error 𝑦𝑀=8 Error 𝑦𝑀=10 

  0.0 1.000000000000000 7.00000E-09 3.00000E-09 1.97000E-18 

0.1 0.995004165300000 7.32000E-08 2.70000E-09 6.76593E-14 

0.2 0.980066577800000 9.96800E-07 2.10000E-09 6.27331E-14 

0.3 0.955336489100000 1.92770E-06 1.10000E-09 2.38586E-13 

0.4 0.921060994000000 7.56900E-07 7.00000E-10 1.13825E-13 

0.5 0.877582561900000 3.41050E-06 0.00000E+00 3.08680E-13 

0.6 0.825335614900000 6.84010E-06 2.30000E-09 6.80442E-13 

0.7 0.764842187300000 3.17720E-06 4.30000E-09 2.85019E-13 

0.8 0.696706709300000 5.35395E-05 1.70000E-09 1.26069E-12 

0.9 0.621609968300000 1.91374E-04 1.42000E-08 4.03161E-12 

1.0 0.540302305900000 4.90838E-04 1.60400E-07 1.68598E-10 

 

Solution at different fractional values of 𝛼 for equation (5.23) is given in Figure 5.5. 

According to figure the solutions at different values of 𝛼 converges towards the exact 

solution when 𝛼 approaches integer value. 
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Figure 5. 5 Comparison of solutions for different fractional values of 𝜶 for equation (5.18) 

5.3 Gegenbauer Wavelet Steps Method for Fractional Nonlinear Ordinary 

Differential Equations 

In this section, Gegenbauer wavelet method which is the generalized case of both 

Chebyshev wavelets method and Legendre wavelets method is merged with Method of 

Steps to find solutions of nonlinear DDEs of fractional order. The method developed seems 

to be of great use since it provides very accurate results. Accuracy of the developed method 

is verified by applying the proposed Gegenbauer Wavelets Steps Method on two different 

nonlinear fractional delay type differential equations. 

5.3.1 Gegenbauer Wavelet Steps Method for Nonlinear Pantograph Equation of 

Fractional Order 

Fractional nonlinear Pantograph equation [125] is  

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) + 𝑦(𝑥) = 5 (𝑦 (

𝑥

2
))

2

, 1 < 𝛼 ≤ 2,                               (5.28) 

with ICs 

𝑦(0) = 1,
𝑑

𝑑𝑥
𝑦(0) = −2. 

The exact solution for 𝛼 = 2 is  

𝑦(𝑥) = e−2x. 

Appling method of steps on equation (5.28), we have  
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𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) + 𝑦(𝑥) = 5 (𝜙 (

𝑥

2
))

2

, 1 < 𝛼 ≤ 2 .                              (5.29) 

Now considering 𝜙(𝑥) = e−2x, equation (5.29) can be written as 

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) + 𝑦(𝑥) = 5(𝑒−𝑥)2, 1 < 𝛼 ≤ 2 .                                (5.30) 

Replacing value of 𝑦(𝑥) in the series solution from of Gegenbauer Wavelets, equation 

(5.30) becomes   

𝑑𝛼

𝑑𝑥𝛼
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝜆

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) + ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔
𝜆

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) = 5(𝑒−𝑥)2.     (5.31) 

Solving equation (5.31) by the help of MAPLE, after simplification for 𝜆 =
3

2
, M=10, 𝛼 =

2, we get the following series solution by Gegenbauer Wavelet method  

𝑦(𝑥) = 0.99999999 + 𝑥 + 9.591503 10−30𝑥2 − 1.000000𝑥3 − 9.491656 10−29𝑥4 

+3.624266 10−28𝑥5 − 4.009744 10−28𝑥6 + 1.50088 10−28𝑥7.                    (5.32) 

In Table 5.5, solution by Gegenbauer Wavelet Steps Method for different values of 

polynomials M is given when 𝛼 = 2. In Table 5.5, Error 𝑦𝑀=5 and Error 𝑦𝑀=8 represents 

the error when M=5 and 8 respectively. 

Table 5. 5 Comparison of errors in solutions for different values of 𝑀.  

𝑥 Exact Solution Error 𝑦𝑀=5 Error 𝑦𝑀=8 

0.0 1.00000000 0.00000E+00 1.20000E-29 

0.1 1.09900000 0.00000E+00 1.00000E-29 

0.2 1.19200000 0.00000E+00 1.00000E-29 

0.3 1.27300000 0.00000E+00 1.00000E-29 

0.4 1.33600000 0.00000E+00 1.00000E-29 

0.5 1.37500000 0.00000E+00 1.00000E-29 

0.6 1.38400000 1.20000E-14 1.00000E-29 

0.7 1.35700000 1.30000E-14 1.00000E-29 

0.8 1.28800000 1.60000E-14 2.00000E-29 

0.9 1.17100000 1.90000E-14 2.00000E-29 

1.0 1.00000000 1.00000E-15 1.50000E-29 

 

Solution at different fractional values of 𝛼 for equation (5.28) is given in Figure 5.6. 

According to figure the solutions at different values of 𝛼 converges towards the exact 

solution when 𝛼 approaches integer value. 
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Figure 5. 6 Comparison of solutions for different fractional values of 𝜶 for equation (5.28) 

5.3.2 Gegenbauer Wavelet Steps Method for Fractional Nonlinear DDEs 

Consider the following fractional nonlinear DDE [124]  

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) =

8

3

𝑑

𝑑𝑥
(𝑦 (

𝑥

2
)) 𝑦(𝑥) + 8𝑥2𝑦 (

𝑥

2
) −

4

3
−

22

3
𝑥 − 7𝑥2 −

5

3
𝑥3, 1 < 𝛼 ≤ 2,   (5.33) 

with BCs 

𝑦(0) = 1, 𝑦(1) = 1. 

The actual solution for 𝛼 = 2 is  

𝑦(𝑥) = 1 + x − x3. 

Appling method of steps on equation (5.18), we have  

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) =

8

3

𝑑

𝑑𝑥
(𝜙 (

𝑥

2
)) 𝑦(𝑥) + 8𝑥2𝜙 (

𝑥

2
) −

4

3
−

22

3
𝑥 − 7𝑥2 −

5

3
𝑥3.       (5.34) 

Now considering 𝜙(𝑥) = 1 + x − x3, equation (5.34) can be written as 

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) =

8

3

𝑑

𝑑𝑥
(1 +

𝑥

2
−

𝑥3

8
) 𝑦(𝑥) + 8𝑥2 (1 +

𝑥

2
−

𝑥3

8
) −

4

3
−

22

3
𝑥 − 7𝑥2 −

5

3
𝑥3.  (5.35) 

Replacing value of 𝑦(𝑥) in the series solution from of Gegenbauer Wavelets, equation 

(5.35) becomes   

𝑑𝛼

𝑑𝑥𝛼
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝜆

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) =
8

3

𝑑

𝑑𝑥
(1 +

𝑥

2
−

𝑥3

8
) ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝜆

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) 

+8𝑥2 (1 +
𝑥

2
−

𝑥3

8
) −

4

3
−

22

3
𝑥 − 7𝑥2 −

5

3
𝑥3.     (5.36) 
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Solving equation (5.36) by the help of MAPLE, after simplification for 𝜆 =
3

2
, M=8,  𝛼 =

2, we get the following series solution by Gegenbauer Wavelet method  

𝑦(𝑥) = 1 + 𝑥 + 9.591503 10−30𝑥2 − 1𝑥3 − 9.491656 10−29𝑥4 + 3.624266 10−28𝑥5 

−4.0097410−28𝑥6 + 1.500810−28𝑥7 + 5.4581210−15𝑥8 − 1.6768510−15 𝑥9. (5.37) 

In Table 5.6, solution by Legendre Wavelet Steps Method for different values 

 of polynomials 𝑀 is given when 𝛼 = 2. In Table 5.6, Error 𝑦𝑀=5 and Error 𝑦𝑀=8 

represents the error when M=5and 8 respectively. 

Table 5. 6 Comparison of errors in solutions for different values of 𝑀.  

𝑥 Exact Solution Error 𝑦𝑀=5 Error 𝑦𝑀=8 

0.0 1.00000000 0.00000E+00 1.20000E-29 

0.1 1.09900000 0.00000E+00 1.00000E-29 

0.2 1.19200000 0.00000E+00 1.00000E-29 

0.3 1.27300000 0.00000E+00 1.00000E-29 

0.4 1.33600000 0.00000E+00 1.00000E-29 

0.5 1.37500000 0.00000E+00 1.00000E-29 

0.6 1.38400000 1.20000E-14 1.00000E-29 

0.7 1.35700000 1.30000E-14 1.00000E-29 

0.8 1.28800000 1.60000E-14 2.00000E-29 

0.9 1.17100000 1.90000E-14 2.00000E-29 

1.0 1.00000000 1.00000E-15 1.50000E-29 

 

Solution at different fractional values of 𝛼 for equation (5.33), when M=5 is given in Figure 

5.7. According to figure the solutions at different values of 𝛼 converges towards the exact 

solution when 𝛼 approaches integer value.  
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Figure 5. 7 Comparison of solutions for different fractional values of α for equation (5.33) 

 

5.4 Laguerre Wavelet Steps Method for Fractional Nonlinear Ordinary DDEs 

In this section, Laguerre wavelet method is merged with Method of Steps to solve nonlinear 

DDEs of fractional order. The method developed seems to be of great use since it provides 

very accurate results. Accuracy of the developed method is verified by applying the 

proposed Laguerre Wavelet Steps Method on two different nonlinear fractional delay type 

differential equations. 

5.4.1 Application of Laguerre Wavelet Steps Method on Nonlinear Fractional DDE 

Nonlinear fractional DDE is of the form [126] 

𝑑𝛼

𝑑𝑥𝛼
𝑢(𝑥) = 1 − 2𝑢2 (

𝑥

2
) , 0 ≤ 𝑥 ≤ 1, 1 < 𝛼 ≤ 2,                       (5.38) 

and ICs are 

𝑢(0) = 1, 𝑢′(0) = 0. 

Actual solution of the problem is 

𝑢(𝑥) = cos (𝑥). 

Implementing method of steps, consider 𝜙(𝑥) = cos(𝑥), equation (5.38) becomes 

  

𝑑𝛼

𝑑𝑥𝛼
𝑢(𝑥) = 1 − 2 cos2 (

𝑥

2
) , 0 ≤ 𝑥 ≤ 1, 1 < 𝛼 ≤ 2,                       (5.39) 
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Applying Laguerre wavelet method given in equations (1.5) and (1.7) in equation (5.39), 

we have 

𝑑𝛼

𝑑𝑥𝛼
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) = 1 − 2 cos2 (
𝑥

2
) , 0 ≤ 𝑥 ≤ 1, 1 < 𝛼 ≤ 2,         (5.40) 

Solving equation (5.40) by the help of MAPLE 13, we get the required solution. Table 5.7 

shows the comparison of the absolute errors for 𝑀 = 5, 10, 20 and 𝑘 = 1 by Laguerre 

wavelet steps method (LWSM). In Table 5.7, 𝐸𝑟𝑟𝑢𝑀=5, 𝐸𝑟𝑟𝑢𝑀=10 and 

𝐸𝑟𝑟𝑢𝑀=20 represent the errors when degree of polynomial M is 5, 10 and 20 respectively.  

Table 5. 7 Comparison of solutions at different values of M  

𝑥 Exact Solution 𝐸𝑟𝑟𝑢𝑀=5 𝐸𝑟𝑟𝑢𝑀=10 𝐸𝑟𝑟𝑢𝑀=20 

0.0 1.00000000000 5.00000E-10 5.20000E-08 2.10000E-08 

0.1 0.99500416530 6.56000E-08 6.33000E-08 2.11000E-08 

0.2 0.98006657780 9.89300E-07 7.78000E-08 2.09000E-08 

0.3 0.95533648910 1.92040E-06 9.32000E-08 2.09000E-08 

0.4 0.92106099400 7.50900E-07 1.10700E-07 2.08000E-08 

0.5 0.87758256190 3.41600E-06 1.27600E-07 2.06000E-08 

0.6 0.82533561490 6.84470E-06 1.44500E-07 2.04000E-08 

0.7 0.76484218730 3.17350E-06 1.62800E-07 2.03000E-08 

0.8 0.69670670930 5.35369E-05 1.79200E-07 2.00000E-08 

0.9 0.62160996830 1.91372E-04 1.95600E-07 1.99000E-08 

1.0 0.54030230590 4.90837E-04 2.21800E-07 1.97000E-08 

 

 

In Figure 5.8, solution of equation (5.38) by Laguerre Wavelets Step Method for different 

fractional values of 𝛼 are given.   
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Figure 5. 8 Solution  by LWSM for different fractional values of α, when M = 5 and k = 1 

5.5 Discussion  

In chapter 5, nonlinear delay differential equations are handled successfully by all the 

developed methods. Now if the DEs are of fractional order and are not of delay type then 

the methods developed in this chapter would be not of much use. So for nonlinear fractional 

differential equations, wavelet quasilinearization methods are developed in next chapter. 
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Applications of Wavelet Quasilinearization for Nonlinear 
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In chapter 6, wavelet techniques are merged with Quasilinearization techniques and are 

then extended for fractional nonlinear problems.  In section 6.1, Legendre wavelet method 

is combined with quasilinearization technique and named Legendre wavelet 

quasilinearization method for providing solutions to nonlinear fractional ordinary 

differential equations. The suggested modification is tested on four different nonlinear 

fractional problems and results are very encouraging. In section 6.2, Legendre wavelet 

quasilinearization method is extended for nonlinear PDEs of fractional order. Nonlinear 

generalized fractional Burger-Fisher equation is considered as a test case and the developed 

method is implemented on it. In section 6.3, shifted Chebsyhev wavelet method is merged 

with quasilinearization technique for solving nonlinear partial differential equation of 

fractional order. 

6.1 Legendre Wavelet Quasilinearization Technique for Nonlinear Fractional 

DEs  

Solutions of nonlinear fractional differential equations are of great importance. In this 

article, a method is proposed for solving nonlinear differential equations of fractional order. 

In the proposed method, have merged Legendre Wavelet Method (LWM) with 

quasilinearization technique to tackle with nonlinearity appearing in differential equations 

of fractional-order. To check the reliability of the proposed method, it is applied on a 

number of fractional order nonlinear differential equations of various order and a high level 

of accuracy is observed which is illustrated by the help of graphs and tables. 

6.1.1 Legendre Wavelet Quasilinearization Technique for Nonlinear Fractional 

Ricatti Equation 

  The αth order Ricatti equation is 

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) = −𝑦2(𝑥) + 1, 9 < 𝛼 ≤ 1,                                   (6.1) 

and IC is y(0) = 0. 
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Actual solution [127] for α = 1 is  

𝑦(𝑥) =
𝑒2𝑥 − 1

𝑒2𝑥 + 1
. 

Eq. (6.1) after applying quasilinearization becomes 

                       
𝑑𝛼𝑦𝑛+1(𝑥)

𝑑𝑥𝛼 + 2𝑦𝑛(𝑥)𝑦𝑛+1(𝑥) = −𝑦𝑛
2(𝑥) + 1, 𝑥 > 0,   0 < 𝛼 ≤ 1,      (6.2) 

and the initial condition is converted into yn+1(0) = 0. 

Applying Legendre wavelets method to Eq. (6.2) by replacing  

𝑦𝑛+1(𝑥) = ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) 

 we have 

𝑑

𝑑𝑥𝛼
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) + 2𝑦𝑛(𝑥) ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) = −𝑦𝑛
2(𝑥) + 1, (6.3)   

Solving for different fractional values of α when M=4 the results at the fifth iteration of 

quasilinearization are plotted in Figure 6.1 and in case of different values of such as M=4, 

M=10, M=20 for α = 1 the results after first five iterations of quasilinearization along with 

the actual solution are plotted in Fig 6.2. 

 

Figure 6. 1 Comparison of the solutions by proposed method with exact solution for 

different values of 𝛼 
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Figure 6. 2 Comparison of solutions by proposed method for different values of M with exact solution 

The solution obtained by different fractional values of α at the fifth iteration of 

quasilinearization by Legendre wavelet method when M=4 with the exact solution is given 

in Table 6.1. In Table 6.1, 𝑦𝛼=0.5,𝑀=4, 𝑦𝛼=0.75,𝑀=4 and 𝑦𝛼=1,𝑀=4 represents the value of 

solution when values of 𝛼 are 0.5, 0.75 and 1 respectively. 

Table 6. 1 Solutions of nonlinear fractional Ricatti equation at different values of α 

𝑥 𝑦𝛼=0.5,𝑀=4 𝑦𝛼=0.75,𝑀=4 𝑦𝛼=1,𝑀=4 Exact 

0.0 0.00000000 0.00000000 0.00000000 0.00000000 

0.1 0.06269250 0.09446078 0.09563955 0.09966799 

0.2 0.15090309 0.18746444 0.19011838 0.19737532 

0.3 0.26841797 0.27517732 0.28227578 0.29131261 

0.4 0.41902331 0.35376574 0.37095103 0.37994896 

0.5 0.60650529 0.41939606 0.45498340 0.46211715 

0.6 0.83465011 0.46823459 0.53321219 0.53704956 

0.7 1.10724394 0.49644767 0.60447666 0.60436777 

0.8 1.42807296 0.50020165 0.66761611 0.66403677 

0.9 1.80092337 0.47566284 0.72146982 0.71629787 

1.0 2.22958134 0.41899759 0.76487707 0.76159415 

Solution of nonlinear fractional Ricatti equation for different values of M when α = 1 after 

fifth iteration of quasilinearization and errors at different values of M when α = 1, from 

the exact solution are given in Table 6.2. In Table 6.2, yα=1,M=4, yα=1,M=10 and yα=1,M=20 

represents the values of solutions when degree of polynomials is 5, 10 and 20 respectively. 
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Erryα=1M=4, Erryα=1M=10 and Erryα=1M=20 are the values of errors from the exact 

solution, when solutions are yα=1,M=4, yα=1,M=10 and yα=1,M=20. 

Table 6. 2  Solution by Legendre wavelet method for different values of M and error in each case 

x yα=1,M=4 yα=1,M=10 yα=1,M=20 yexact Erryα=1M=4
  Erryα=1,M=10

  Erryα=1,M=20
 

0.0 0.0000000 0.0000000 0.0000000 0.0000000 0.00E+00 6.00E-30 1.00E-29 

0.1 0.0956395 0.0996628 0.0996679 0.0996679 4.02E-03 5.16E-06 2.41E-11 

0.2 0.1901183 0.1973699 0.1973753 0.1973753 7.25E-03 5.37E-06 2.01E-11 

0.3 0.2822757 0.2913121 0.2913126 0.2913126 9.03E-03 4.76E-07 4.60E-12 

0.4 0.3709510 0.3799534 0.3799489 0.3799489 8.99E-03 4.53E-06 2.17E-11 

0.5 0.4549834 0.4621215 0.4621171 0.4621171 7.13E-03 4.36E-06 1.85E-11 

0.6 0.5332121 0.5370489 0.5370495 0.5370495 3.83E-03 6.53E-07 5.59E-12 

0.7 0.6044766 0.6043638 0.6043677 0.6043677 1.08E-04 3.93E-06 3.60E-12 

0.8 0.6676161 0.6640360 0.6640367 0.6640367 3.57E-03 7.18E-07 4.49E-12 

0.9 0.7214698 0.7163001 0.7162978 0.7162978 5.17E-03 2.31E-06 2.95E-12 

1.0 0.7648770 0.7615936 0.7615941 0.7615941 3.28E-03 5.08E-07 1.01E-12 

 

6.1.2 Legendre Wavelet Quasilinearization Technique for Nonlinear Fractional Van 

der Pol Oscillator Equation 

Fractional Van der Pol oscillator equation of αth order is  

 
𝑑𝛼  𝑦(𝑥)

𝑑𝑥𝛼
+

𝑑𝑦(𝑥)

𝑑𝑥
+ 𝑦(𝑥) + 𝑦2(𝑥)

𝑑𝑦(𝑥)

𝑑𝑥
= 2 𝑐𝑜𝑠(𝑥) − 𝑐𝑜𝑠3(𝑥), 1 < 𝛼 ≤ 2, (6.3) 

and ICs are: 𝑦(0) = 0, 𝑦 ′(0) = 1. 

The exact solution, when α = 2, given in [15] is 𝑦(𝑥) = 𝑠𝑖𝑛(𝑥). 

Quasilinearization technique applied to Eq. (6.3) gives  

𝑑𝛼 

𝑑𝑥𝛼 𝑦𝑛+1(𝑥) +
𝑑

𝑑𝑥
𝑦𝑛+1(𝑥) + 𝑦𝑛+1(𝑥) + 2𝑦𝑛+1(𝑥)𝑦𝑛(𝑥)

𝑑𝑦𝑛(𝑥)

𝑑𝑥
+ 𝑦𝑛

2(𝑥)
𝑑

𝑑𝑥
𝑦𝑛+1(𝑥)      

= 2𝑦𝑛
2(𝑥)

𝑑𝑦𝑛(𝑥)

𝑑𝑥
+ 2 𝑐𝑜𝑠(𝑥) − 𝑐𝑜𝑠3(𝑥),                                (6.4) 

and ICs become:  𝑦𝑛+1(0) = 0, 𝑦′
𝑛+1

(0) = 1. 

Implementing Legendre wavelet method to Eq. (6.4) by replacing  

𝑦𝑛+1(𝑥) = ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) 

 we have 
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𝑑𝛼  

𝑑𝑥𝛼
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) +
𝑑

𝑑𝑥
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) + ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) 

+2 ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) 𝑦𝑛(𝑥)
𝑑𝑦𝑛(𝑥)

𝑑𝑥
+ 𝑦𝑛

2(𝑥)
𝑑

𝑑𝑥
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) 

= 2𝑦𝑛
2(𝑥)

𝑑𝑦𝑛(𝑥)

𝑑𝑥
2 𝑐𝑜𝑠(𝑥) − 𝑐𝑜𝑠3(𝑥).                                                                           (6.5) 

Solving for different fractional values of α when M=4 the results at the fifth iteration of 

quasilinearization are plotted in Figure 6.3 and in case of different values of such as M=4, 

M=10, M=20 for  α = 2 the results after first five iterations of quasilinearization with 

actual solution is in Figure 6.4. 

 

Figure 6. 3 Comparison of the solutions by proposed method with exact solution for different 
values of 𝛼 
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Figure 6. 4 Comparison of obtained solutions at different values of M with exact solution 

Table 6.3 shows the solution obtained by different fractional values of α at the fifth iteration 

of qausilinearization by Legendre wavelet method, when M=4 and solution for different 

values of M when α = 2 after fifth iteration of qausilinearization along with actual solution. 

In Table 6.3, 𝑦𝛼=1.5,𝑀=5, 𝑦𝛼=1.75,𝑀=5, 𝑦𝛼=1.9,𝑀=5 and 𝑦𝛼=2,𝑀=5 represents the values of 

solution when value of 𝛼 is 1.5, 1.75, 1.9 and 2 respectively.  

 Table 6. 3  Solution for nonlinear Van der Pol oscillator equation at different values of 𝛼.  

x yα=1.5,M=5 yα=1.75,M=5 yα=1.9,M=5 yα=2,M=5 yactual 

0.0 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 

0.1 0.09823365 0.10549081 0.10109098 0.09981591 0.09983342 

0.2 0.19262979 0.22366340 0.20398772 0.19851157 0.19866933 

0.3 0.28273124 0.35706804 0.30812596 0.29492355 0.29552021 

0.4 0.36808081 0.50825498 0.41294140 0.38784132 0.38941834 

0.5 0.44822131 0.67977449 0.51786977 0.47600724 0.47942554 

0.6 0.52269554 0.87417683 0.62234679 0.55811655 0.56464247 

0.7 0.59104632 1.09401227 0.72580818 0.63281740 0.64421769 

0.8 0.65281646 1.34183105 0.82768966 0.69871083 0.71735609 

0.9 0.70754876 1.62018344 0.92742696 0.75435078 0.78332691 

1.0 0.75478604 1.93161970 1.02445578 0.79824406 0.84147098 

Errors are also computed for different values of M when α = 2, from the actual solution. 

In Table 6.4, 𝐸𝑟𝑟𝑦𝛼=2,𝑀=5, 𝐸𝑟𝑟𝑦𝛼=2,𝑀=10 and 𝐸𝑟𝑟𝑦𝛼=2,𝑀=20 are the values of error in 

approximate solution from the exact solution when 𝑀 = 5, 10 and 20 respectively. 
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Table 6. 4 Fractional Van der Pol oscillator equation solution at different values of M when α = 2.  

𝑥 yα=2,M=5 yα=2,M=10 yα=2,M=20 yexact 𝐸𝑟𝑟𝑦𝛼=2,𝑀=5  𝐸𝑟𝑟𝑦𝛼=2,𝑀=10 𝐸𝑟𝑟𝑦𝛼=2,𝑀=20 

0.0 0.000000 0.000000 0.000000 0.000000 1.00E-17 5.00E-24 0.00E+00 

0.1 0.099815 0.099833 0.099833 0.099833 1.75E-05 5.51E-11 1.30E-15 

0.2 0.198511 0.198669 0.198669 0.198669 1.58E-04 1.66E-10 2.00E-15 

0.3 0.294923 0.295520 0.295520 0.295520 5.97E-04 1.93E-10 6.00E-15 

0.4 0.387841 0.389418 0.389418 0.389418 1.58E-03 2.11E-11 4.00E-15 

0.5 0.476007 0.479425 0.479425 0.479425 3.42E-03 2.60E-10 5.00E-15 

0.6 0.558116 0.564642 0.564642 0.564642 3.42E-03 2.89E-10 8.00E-15 

0.7 0.632817 0.644217 0.644217 0.644217 1.14E-02 2.51E-10 1.00E-15 

0.8 0.698710 0.717356 0.717356 0.717356 1.86E-02 5.47E-10 1.30E-14 

0.9 0.754350 0.783326 0.783326 0.783326 2.90E-02 3.66E-09 3.00E-15 

1.0 0.798244 0.841470 0.841470 0.841470 4.32E-02 2.40E-08 1.01E-12 

 

6.1.3 Legendre Wavelet Quasilinearization Technique for Nonlinear Fractional 

Troesch’s BVP 

Troesch’s Fractional BVP is 

   
𝑑𝛼𝑦(𝑥)

𝑑𝑥𝛼 − 𝜆 𝑠𝑖𝑛ℎ(𝜆𝑦(𝑥)) = 0, 0 ≤ 𝑥 ≤ 1, 1 < 𝛼 ≤ 2,                (6.5) 

subject to  the boundary conditions: 𝑦(0) = 0, 𝑦(1) = 1. The exact solution for α = 2 is 

given in [39] 

When qausilinearization applied on Eq. (6.5), we have  

𝑑𝛼𝑦𝑛+1(𝑥)

𝑑𝑥𝛼
− 𝜆2 𝑐𝑜𝑠ℎ(𝜆𝑦𝑛(𝑥))𝑦𝑛+1(𝑥) = 𝜆 𝑠𝑖𝑛ℎ(𝜆𝑦𝑛(𝑥))−𝜆2 𝑐𝑜𝑠ℎ(𝜆𝑦𝑛(𝑥))𝑦𝑛 (𝑥),    (6.6) 

subject to  the boundary conditions: 𝑦𝑛+1(0) = 0, 𝑦𝑛+1(1) = 1. 

Applying Legendre wavelets method to Eq. (6.6) by replacing  

𝑦𝑛+1(𝑥) = ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) 

 we have 

𝑑𝛼

𝑑𝑥𝛼
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) − 𝜆2 𝑐𝑜𝑠ℎ(𝜆𝑦𝑛(𝑥)) ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) 

= 𝜆 𝑠𝑖𝑛ℎ(𝜆𝑦𝑛(𝑥))−𝜆2 𝑐𝑜𝑠ℎ(𝜆𝑦𝑛(𝑥))𝑦𝑛 (𝑥).                       (6.7) 
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In case of  λ=0.5, solving for various fractional values of α when M=5 the results at the 

fifth iteration of quasilinearization are plotted in Figure 6.5 and in case of different values 

of such as M=5, M=10, M=20 for  α = 2 the results after first five iterations of 

quasilinearization and the actual solution are plotted in Figure 6.6. 

 

Figure 6. 5 Comparison of solutions by proposed method with exact solution at different values of 𝛼 

 

Figure 6. 6 Comparison of solutions by proposed method for different values of M with exact solution 

Table 6.5 shows the solution obtained by different fractional values of α  when λ=0.5 at 

the fifth iteration of quasilinearization by Legendre wavelet method, when M=5 along with 

the exact solution.  
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Table 6. 5 Solution of nonlinear fractional Toresch’s BVP for 𝜆 = 0.5 

𝑥 yα=1.25,M=5 yα=1.5,M=5 yα=1.75,M=5 yα=2,M=5 yexact 
0.0 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 

0.1 0.10951325 0.09909757 0.09562505 0.09650195 0.09594434 

0.2 0.21878312 0.19820016 0.19146121 0.19322868 0.19212874 

0.3 0.32722543 0.29736360 0.28777484 0.29039892 0.28879440 

0.4 0.43418894 0.39665372 0.38484322 0.38822483 0.38618484 

0.5 0.53895542 0.49614633 0.48295448 0.48691198 0.48454716 

0.6 0.64073954 0.59592724 0.58240763 0.58665934 0.58413324 

0.7 0.73868896 0.69609226 0.68351255 0.68765930 0.68520114 

0.8 0.83188431 0.79674720 0.78659002 0.79009769 0.78801652 

0.9 0.91933914 0.89800785 0.89197166 0.89415371 0.89285421 

1.0 0.99999977 9.99999986 0.99999994 0.99999998 0.99999999 

In Table 6.6, solution for different values of M when α = 2, 𝜆 = 0.5 after fifth iteration of 

qausilinearization along with the exact solution is given. Errors are also computed 

for different values of M when α = 2, from the exact solution. In Table 6.6, yα=2,M=5,  

yα=2,M=10and yα=2,M=20 represents the values of the solutions calculated at M=5, 10 and 

20 respectively. In Table 6.6, 𝐸𝑟𝑟𝑦𝛼=2,𝑀=5, 𝐸𝑟𝑟𝑦𝛼=2,𝑀=10 and 𝐸𝑟𝑟𝑦𝛼=2,𝑀=20 are the 

values of error in approximate solution from the exact solution when 𝑀 = 5, 10 and 

20 respectively. 

Table 6. 6 Solutions of Toresch’s BVP at differnet values of M and the errors at each value of M. 

𝑥 yα=2,M=5 yα=2,M=10 yα=2,M=20 yexact 𝐸𝑟𝑟𝑦𝛼=2,𝑀=5  𝐸𝑟𝑟𝑦𝛼=2,𝑀=10 𝐸𝑟𝑟𝑦𝛼=2,𝑀=20 

0.0 0.000000 0.000000 0.000000 0.000000 1.00E-18 1.00E-23 1.00E-25 

0.1 0.096501 0.095944 0.095944 0.095944 5.57E-04 6.04E-09 7.11E-13 

0.2 0.193228 0.192128 0.192128 0.192128 1.09E-03 1.22E-08 1.12E-12 

0.3 0.290398 0.288794 0.288794 0.288794 1.60E-03 1.83E-08 1.25E-12 

0.4 0.388224 0.386184 0.386184 0.386184 2.03E-03 2.39E-08 1.68E-12 

0.5 0.486911 0.484547 0.484547 0.484547 2.36E-03 2.91E-08 1.94E-12 

0.6 0.586659 0.584133 0.584133 0.584133 2.52E-03 3.50E-08 2.27E-12 

0.7 0.687659 0.685201 0.685201 0.685201 2.45E-03 4.26E-08 2.85E-12 

0.8 0.790097 0.788016 0.788016 0.788016 2.45E-03 4.99E-08 3.32E-12 

0.9 0.894153 0.892854 0.892854 0.892854 1.29E-03 4.59E-08 3.79E-12 

1.0 0.999999 0.999999 0.999999 0.999999 1.60E-14 6.00E-15 4.12E-16 

 

6.1.4 Legendre Wavelet Quasilinearization Technique for Nonlinear 𝜶𝒕𝒉 order 

Fractional Oscillator Equation  

Fractional nonlinear oscillator ODE described in [128] is 
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𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) − 𝑦(𝑥) + 𝑦2(𝑥) + (

𝑑

𝑑𝑥
𝑦(𝑥))

2

− 1 = 0, 1 < 𝛼 ≤ 2,                        (6.7) 

and ICs: 𝑦(0) = 2, 𝑦’(0) = 0. 

Actual solution for α = 2 is [128]  

𝑦(𝑥) = 1 + 𝑐𝑜𝑠(𝑥). 

When quasilinearization applied on Eq. (6.7), we have 

𝑑𝛼

𝑑𝑥𝛼
𝑦𝑛+1(𝑥) + 2

𝑑

𝑑𝑥
𝑦𝑛(𝑥)

𝑑

𝑑𝑥
𝑦𝑛+1(𝑥)– (1 − 2𝑦𝑛(𝑥))𝑦𝑛+1(𝑥) 

= 𝑦𝑛
2(𝑥) + (

𝑑

𝑑𝑥
𝑦𝑛(𝑥))

2

+ 1,                                                         (6.8) 

Applying Legendre wavelet method to Eq. (6.8) by replacing  

𝑦𝑛+1(𝑥) = ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) 

 we have 

𝑑𝛼

𝑑𝑥𝛼
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) + 2
𝑑

𝑑𝑥
𝑦𝑛(𝑥)

𝑑

𝑑𝑥
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) 

– (1 − 2𝑦𝑛(𝑥)) ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑥)

2𝑘−1

𝑛=1

) = 𝑦𝑛
2(𝑥) + (

𝑑

𝑑𝑥
𝑦𝑛(𝑥))

2

+ 1               (6.9) 

Solving for various fractional values of α when 𝑀 = 5 the results at the fifth iteration of 

qausilineaization are plotted in Figure 6.7 and in case of different values of such as 𝑀 = 5, 

𝑀 = 10, 𝑀 = 20 for α = 2 the results after first five iterations of quasilinearization and 

actual solution are plotted in Figure 6.8. 
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Figure 6. 7 Comparison of solutions by proposed method with exact solution for different values of 𝛼 

 

Figure 6. 8 Comparison of solutions by proposed method for different values of M with exact solution 

Table 6.7 shows the solution obtained by different fractional values of α  at the fifth 

iteration of quasilinearization by Legendre wavelet method, when M=5 and actual solution. 

In Table 6.7, yα=1.25,M=5, yα=1.5,M=5, yα=1.75,M=5  and yα=2,M=5 represents the values of 

solutions obtained by the proposed method at M = 5, when 𝛼 is 1.25, 1.5, 1.75 and 2 

respectively.  
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 Table 6. 7 Solution of nonlinear fractional Oscillator equation when M=5 at different values of 𝛼. 

𝑥 yα=1.25,M=5 yα=1.5,M=5 yα=1.75,M=5 yα=2,M=5 𝑦𝑒𝑥𝑎𝑐𝑡 

0.0 2.0000000 2.00000000 2.00000000 2.00000000 2.00000000 

0.1 1.9851911 1.98737002 1.99514384 1.99499730 1.99500416 

0.2 1.9304111 1.94470107 1.98011157 1.98000668 1.98006657 

0.3 1.8201302 1.86482465 1.95420758 1.95511791 1.95533648 

0.4 1.6388184 1.74057224 1.91673594 1.92050556 1.92106099 

0.5 1.3709459 1.56477534 1.86700118 1.87642895 1.87758256 

0.6 1.0009826 1.33026543 1.80430754 1.82323218 1.82533561 

0.7 0.5133988 1.02987405 1.72795931 1.76134412 1.76484218 

0.8 -0.107335 0.65643263 1.63726082 1.69127841 1.69670670 

0.9 -0.876750 0.20277269 1.53151637 1.61363347 1.62160996 

1.0 -1.810375 -0.3382742 1.41003023 1.52909248 1.54030230 

In Table 6.8, solution for different values of M when α = 2 after fifth iteration of 

quasilinearization along with the exact solution are given. Errors are also computed 

for  different  values  of  M  when α = 2, from the exact solution. In Table 6.8,  

yα=2,M=5, yα=2,M=10 and yα=2,M=20 represents the solutions obtained by the proposed method 

when degree of polynomials is 5, 10 and 20 respectively. 𝐸𝑟𝑟𝑦𝛼=2,𝑀=5, 𝐸𝑟𝑟𝑦𝛼=2,𝑀=10 and 

𝐸𝑟𝑟𝑦𝛼=2,𝑀=20 in Table 6.8 are the values of error in approximate solution from the exact 

solution when 𝑀 = 5, 10 and 20 respectively. 

 Table 6. 8 Solutions at different values of M and their errors for 𝛼 = 2. 

x yα=2,M=5 yα=2,M=10 yα=2,M=20 yexact Erryα=2,M=4
  Erryα=2,M=10

  Erryα=2,M=20
 

0.0 2.000000 2.000000 2.000000 2.000000 1.00E-14 0.00E+00 0.00E+00 

0.1 1.994997 1.995004 1.995004 1.995004 6.86E-06 2.77E-10 0.00E+00 

0.2 1.980006 1.980066 1.980066 1.980066 5.98E-05 8.84E-10 1.00E-14 

0.3 1.955117 1.955336 1.955336 1.955336 2.18E-04 1.09E-09 7.00E-14 

0.4 1.920505 1.921061 1.921060 1.921061 5.55E-04 1.48E-10 1.20E-13 

0.5 1.876428 1.877582 1.877582 1.877582 1.15E-03 1.68E-09 1.60E-13 

0.6 1.823232 1.825335 1.825335 1.825335 2.10E-03 2.29E-09 1.50E-13 

0.7 1.761344 1.764842 1.764842 1.764842 3.49E-03 8.35E-10 1.10E-13 

0.8 1.691278 1.696706 1.696706 1.696706 5.42E-03 3.43E-09 1.50E-13 

0.9 1.613633 1.621609 1.621609 1.621609 7.97E-03 2.49E-08 2.40E-13 

1.0 1.529092 1.540302 1.540302 1.540302 1.12E-02 1.81E-07 1.71E-12 

 

6.1.5 Discussion 

Fractional-order nonlinear differential equations of various orders are successfully tackled 

by using Legendre wavelet-quasilinearization technique. The solutions of the fractional 
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nonlinear differential equations converge to the solution of integer nonlinear differential 

equations, as shown in Figures 6.1-6.8. From Tables 6.2, 6.4, 6.6 and 6.8, it is evident that 

accuracy increases while increasing M. Computational work and numerical results 

explicitly reflect that proposed method Legendre wavelet-Quasilinearization technique is 

very user-friendly and extremely accurate. Hence the proposed method can be extended to 

solve various nonlinear physical problems.  

6.2 Legendre Wavelet Quasilinearization Method for Nonlinear Burger-Fisher 

Equation of Fractional Order 

In this section, a reliable method for is proposed for solving nonlinear fractional PDEs. 

Nonlinear generalized Burger–Fisher equation is considered as a test case for the proposed 

method. The proposed technique utilizes the Legendre wavelets in conjunction with 

Quasilinearization technique. Numerical solution of fractional nonlinear generalized 

Burger–Fisher equation is provided to confirm the accuracy of the technique. 

6.2.1. Application of Legendre Wavelet Quasilinearization Method (LWQM) on 

Fractional Generalized Burger Fisher Equations 

In this section, procedure of implementing the proposed method is explained for 

Generalized Burger-Fisher Equation (GBFE). First of all, we convert the nonlinear PDE 

into a discrete linear PDE by using Quasilinearization technique. Then we implement 

Legendre wavelet method on the converted equation. The generalized Burger-Fisher 

equation is  

𝜕𝛼𝑢

𝜕𝑡𝛼
−

𝜕2𝑢

𝜕𝑥2
+ 𝑎𝑢𝛾

𝜕𝑢

𝜕𝑥
+ 𝑏𝑢(𝑢𝛾 − 1) = 0, 0 ≤ 𝑥 ≤ 1, 𝑡 ≥ 0, (6.10) 

where 0 < 𝛼 ≤ 1, with IC 

𝑢(𝑥, 0) = (
1

2
−

1

2
𝑡𝑎𝑛ℎ (

𝑎𝛾

2(1 + 𝛾)
𝑥))

1
𝛾

,                                (6.11) 

and BCs are  

𝑢(0, 𝑡) = (
1

2
−

1

2
𝑡𝑎𝑛ℎ (

𝑎𝛾

2(1 + 𝛾)
[− (

𝑎2 + 𝑏(1 + 𝛾2)

𝑎(1 + 𝛾)
) 𝑡]))

1
𝛾

,                (6.12) 
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𝑢(1, 𝑡) = (
1

2
−

1

2
𝑡𝑎𝑛ℎ (

𝑎𝛾

2(1 + 𝛾)
[1 − (

𝑎2 + 𝑏(1 + 𝛾2)

𝑎(1 + 𝛾)
) 𝑡]))

1
𝛾

.                  (6.13) 

The exact solution, when 𝛼 = 1, given in [30] is 

𝑢(𝑥, 𝑡) = (
1

2
−

1

2
𝑡𝑎𝑛ℎ (

𝑎𝛾

2(1 + 𝛾)
[𝑥 − (

𝑎2 + 𝑏(1 + 𝛾2)

𝑎(1 + 𝛾)
) 𝑡]))

1
𝛾

.               (6.14) 

Applying quasilinearization technique on equation (6.10), we have 

𝜕𝛼𝑢𝑛+1

𝜕𝑡𝛼
−

𝜕2𝑢𝑛+1

𝜕𝑥2
− 𝑏𝑢𝑛+1 − (−𝑎𝛾 𝑢𝑛

𝛾−1
𝜕𝑢𝑛

𝜕𝑥
− 𝑏(𝛾 + 1)𝑢𝑛

𝛾) 𝑢𝑛+1 + 𝑎𝑢𝑛
𝛾

𝜕𝑢𝑛+1

𝜕𝑥
 

= 𝑎𝛾𝑢𝑛
𝛾

𝜕𝑢𝑛

𝜕𝑥
+ 𝑏𝛾𝑢𝑛

𝛾+1,                                                    (6.15) 

subject to the initial and boundary conditions 

𝑢𝑛+1(𝑥, 0) = (
1

2
−

1

2
𝑡𝑎𝑛ℎ (

𝑎𝛾

2(1 + 𝛾)
𝑥))

1
𝛾

,                             (6.16) 

𝑢𝑛+1(0, 𝑡) = (
1

2
−

1

2
𝑡𝑎𝑛ℎ (

𝑎𝛾

2(1 + 𝛾)
[− (

𝑎2 + 𝑏(1 + 𝛾2)

𝑎(1 + 𝛾)
) 𝑡]))

1
𝛾

,                (6.17) 

𝑢𝑛+1(1, 𝑡) = (
1

2
−

1

2
𝑡𝑎𝑛ℎ (

𝑎𝛾

2(1 + 𝛾)
[1 − (

𝑎2 + 𝑏(1 + 𝛾2)

𝑎(1 + 𝛾)
) 𝑡]))

1
𝛾

.            (6.18) 

Implementing developed method on equation (6.18), we get the required solution by the 

help of Maple 13. 

6.2.2 Application, Results and Graphs 

Firstly, we consider the classical GBFE, 𝛼 = 1 and use Table 6.9 to compare the obtained 

results by Legendre wavelet quasilinearization technique, at k = 8; M = 3 and n = 4, with 

the results obtained by RDTM and VIM [7]. Where 𝐸𝐿𝑊𝑄𝑀, 𝐸𝑅𝐷𝑇𝑀 and 𝐸𝑉𝐼𝑀 are errors by 

LWQM, RDTM and VIM respectively. Secondly, we consider the fractional GBFE and 

plot the obtained solutions by LWQM at different values of 𝛼, as shown in Figures 6.9-

6.12. We consider different values of the parameters 𝑎, 𝑏, 𝛾 and fractional order, 𝛼, of 

equation (6.10) to implement the proposed technique on equation (6.15). All the Figures 

are plotted at particular values of 𝑡. Figures 6.9, 6.10, 6.11 and 6.12 are plotted at 𝑡 =

0.5104, 𝑡 = 0.3021, 𝑡 = 0.125 and 𝑡 = 0.07292 respectively. Figures shows that solution 
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by LWQM for various values of 𝛼 converges to classical GBFE, when 𝛼 approaches to 1. 

Figures also shows that approximate solutions by LWQM agrees with the exact solutions, 

when 𝛼 = 1. 

Table 6. 9 Comparison of solution by the LWQM at 4th iteration, 𝑘 = 8, 𝑀 = 3 and 𝛼 = 1, with results 

obtained from RDTM and VIM by considering 𝑎 = 0.001, 𝑏 = 0.001 and 𝛾 = 1. 

Solution by LWQM at 4th iteration, k =  8, M =  3 

𝑥 𝑡 𝐸𝐿𝑊𝑄𝑀 𝐸𝑅𝐷𝑇𝑀 𝐸𝑉𝐼𝑀 

0.01 0.02 2.22045E-016 0.49994E-05 2.50311E-03 

 0.04 3.33067E-016  0.49994E-05 2.50811E-03 

 0.06 8.88178E-016 1.49994E-05 2.51312E-03 

 0.08 1.77636E-015 1.99994E-05 2.51812E-03 

0.04 0.02 9.99201E-016 0.49975E-05 9.99620E-03 

 0.04 1.44329E-015 0.99975E-05 1.00012E-02 

 0.06 3.66371E-015 1.49975E-05 1.00062E-02 

 0.08 6.99441E-015 1.99975E-05 1.00112E-02 

0.08 0.02 1.77636E-015  0.49950E-05  1.99794E-02 

 0.04 2.55351E-015  0.99950E-05 1.99844E-02 

 0.06 7.32747E-015  1.49950E-05 1.99894E-02 

 0.08 1.44329E-014  1.99950E-05 1.99944E-02 

 

 

Figure 6. 9 Solutions of GBFE (𝑎 = 0.1, 𝑏 = 0.2, 𝛾 = 2) by LWQM (𝑛 = 4, 𝑘 = 5, 𝑀 = 3) at different 

fractional order 𝛼. 
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Figure 6. 10 Solutions of GBFE (𝑎 = 0.5, 𝑏 = 0.5, 𝛾 = 1) by LWQM (𝑛 = 4, 𝑘 = 5, 𝑀 = 3) at different 

fractional order 𝛼. 

 
Figure 6. 11 Solutions of GBFE (𝑎 = 2, 𝑏 = 0, 𝛾 = 2) by LWQM (𝑛 = 4, 𝑘 = 3, 𝑀 = 3) at different 

fractional order 𝛼. 
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Figure 6. 12 Solutions of GBFE (𝑎 = 0.8, 𝑏 = 0, 𝛾 = 1) by LWQM (𝑛 = 4, 𝑘 = 5 , 𝑀 = 3) at different 

fractional order 𝛼. 

6.3 Shifted Chebyshev Wavelet Quasilinearization Method for Nonlinear 

Fractional PDEs  

Shifted Chebyshev wavelet method is merged with quasilinearization technique to develop 

a reliable method for solving nonlinear PDEs of fractional order. To check the performance 

of the method developed nonlinear Benjamin Bona Mahony Equation (BBME) of 

fractional order is considered. Developed Shifted Chebyshev Wavelet Quasilinearization 

method provides very accurate results for the considered problem which is discussed in 

detail for different fractional values.  

6.3.1 Application of Shifted Chebyshev Wavelet Quasilinearization Method on 

Fractional Nonlinear BBME 

Consider the fractional nonlinear BBME of the form 

𝜕

𝜕𝑡
𝑢(𝑥, 𝑡) +

𝜕𝛼

𝜕𝑥𝛼
𝑢(𝑥, 𝑡) + 𝑢(𝑥, 𝑡)

𝜕

𝜕𝑥
𝑢(𝑥, 𝑡) −

𝜕

𝜕𝑥

𝜕

𝜕𝑡

𝜕

𝜕𝑥
𝑢(𝑥, 𝑡) = 0, 0 < 𝛼 ≤ 1  (6.19)  

 

with initial condition 

𝑢(𝑥, 0) = sech2 (
𝑥

4
) .                                               (6.20) 
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and exact solution 

𝑢(𝑥, 𝑡) = sech2 (
𝑥

4
−

𝑡

3
).                                           (6.21) 

Applying Quasilinearization technique on equation (6.19), we have 

𝜕

𝜕𝑡
𝑢𝑛+1(𝑥, 𝑡) +

𝜕𝛼

𝜕𝑥𝛼
𝑢𝑛+1(𝑥, 𝑡) −

𝜕

𝜕𝑥

𝜕

𝜕𝑡

𝜕

𝜕𝑥
𝑢𝑛+1(𝑥, 𝑡) + 𝑢𝑛+1(𝑥, 𝑡)

𝜕

𝜕𝑥
𝑢𝑛(𝑥, 𝑡) 

+𝑢𝑛(𝑥, 𝑡)
𝜕

𝜕𝑥
𝑢𝑛+1(𝑥, 𝑡) − 𝑢𝑛(𝑥, 𝑡)

𝜕

𝜕𝑥
𝑢𝑛(𝑥, 𝑡) = 0.               (6.22) 

Initial condition becomes 

𝑢𝑛+1(𝑥, 0) = sech2 (
𝑥

4
) .                                               (6.23) 

 

Now replacing value of 𝑢𝑛+1(𝑥, 𝑡) which are shifted Chebyshev wavelets in equation 

(6.22), we get  

 

 

𝜕

𝜕𝑡
( ∑ ∑ 𝑐𝑛𝑚1

𝜓𝑛𝑚1
(𝑥)𝜓𝑛𝑚1

(𝑡)

𝑀1−1

𝑚1=0

 

2𝑘−1

𝑛=1

) +
𝜕𝛼

𝜕𝑥𝛼
( ∑ ∑ 𝑐𝑛𝑚1

𝜓𝑛𝑚1
(𝑥)𝜓𝑛𝑚1

(𝑡)

𝑀1−1

𝑚1=0

 

2𝑘−1

𝑛=1

) 

−
𝜕3

𝜕𝑥2𝜕𝑡
( ∑ ∑ 𝑐𝑛𝑚1

𝜓𝑛𝑚1
(𝑥)𝜓𝑛𝑚1

(𝑡)

𝑀1−1

𝑚1=0

2𝑘−1

𝑛=1

) + ( ∑ ∑ 𝑐𝑛𝑚1
𝜓𝑛𝑚1

(𝑥)𝜓𝑛𝑚1
(𝑡)

𝑀1−1

𝑚1=0

2𝑘−1

𝑛=1

)
𝜕

𝜕𝑥
𝑢𝑛(𝑥, 𝑡) 

+𝑢𝑛(𝑥, 𝑡)
𝜕

𝜕𝑥
( ∑ ∑ 𝑐𝑛𝑚1

𝜓𝑛𝑚1
(𝑥)𝜓𝑛𝑚1

(𝑡)

𝑀1−1

𝑚1=0

 

2𝑘−1

𝑛=1

) − 𝑢𝑛(𝑥, 𝑡)
𝜕

𝜕𝑥
𝑢𝑛(𝑥, 𝑡) = 0.          (6.24) 

6.3.2 Results and Graphs 

Solving equation (6.24) by the help of MAPLE 13, after simplification we get the required 

approximate solution. Solution of equation (6.24), for M=5 is  

𝑢(𝑥, 𝑡) = 1.000183 + 0.042487𝑡 + 0.039614𝑡2 − 0.041371𝑡3 + 0.015844𝑡4 

+𝑥(−0.000079 + 0.090882𝑡 − 0.124870𝑡2 + 0.128767𝑡3 − 0.049477𝑡4) 

+𝑥2(−0.062604 + 0.022813𝑡 + 0.055953𝑡2 − 0.039168𝑡3 + 0.015366𝑡4) 

+𝑥3(0.000377 − 0.026916𝑡 − 0.011664𝑡2 + 0.029256𝑡3 − 0.009462𝑡4) 

+𝑥4(0.002253 + 0.002161𝑡 − 0.003564𝑡2 − 0.002603𝑡3 + 0.002496𝑡4).    (6.25) 
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Solutions of equation (6.19) at different values of M when 𝛼 = 1, are found and error in 

each case from the exact solution is given in Table 6.10. In Table 6.10, 𝐸𝑟𝑟𝑦𝑀=3, 𝐸𝑟𝑟𝑦𝑀=4 

and 𝐸𝑟𝑟𝑦𝑀=5 represents the values of error when degree of Chebyshev polynomial is 3, 4 

and 5 respectively. 

Table 6. 10  Errors in solutions for different values of M when t=0.1 for equation (6.19) 

𝑥 Exact Solution 𝐸𝑟𝑟𝑦𝑀=3 𝐸𝑟𝑟𝑦𝑀=4 𝐸𝑟𝑟𝑦𝑀=5 

0.0 0.998889711416243 6.7595E-04 7.7466E-03 5.8984E-03 

0.1 0.999930558770449 2.1306E-04 7.0923E-03 5.0457E-03 

0.2 0.999722273654455 3.1071E-04 6.5313E-03 4.2352E-03 

0.3 0.998265896301708 8.9432E-04 6.0388E-03 3.4601E-03 

0.4 0.995568691190790 1.5305E-03 5.5960E-03 2.7133E-03 

0.5 0.991644070183038 2.2058E-03 5.1906E-03 1.9874E-03 

0.6 0.986511451215151 2.9009E-03 4.8159E-03 1.2748E-03 

0.7 0.980196055093274 3.5905E-03 4.4713E-03 5.6816E-04 

0.8 0.972728644019084 4.2439E-03 4.1617E-03 1.4001E-04 

0.9 0.964145206464024 4.8251E-03 3.8970E-03 8.5623E-04 

1.0 0.954486593869839 5.2931E-03 4.6924E-03 1.5862E-03 

 

 

Absolute errors in case of solution when 𝑡 = 0.1 and 𝑀 = 3, 4 and 5 are given in figures 

Figure 6.13-6.15. Solutions at different fractional values of equation (6.19) are given in 

Figure 6.16. Figure 6.17 represents the approximate solution of (6.19) for 𝛼 = 1 and Figure 

6.18 is the exact solution of equation (6.19), when 𝛼 = 1. 

 

Figure 6. 13 Error for M=3 
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Figure 6. 14 Error for M=4 

 

 

 

 

 

Figure 6. 15 Error for M=5 
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Figure 6. 16 Solutions by LQWM for different fractional values of 𝛼 

 

 

Figure 6. 17 Approximate Solution by LWQM for M=5 
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Figure 6. 18 Exact Solution 

6.4 Discussion  

In chapter 6, different wavelet methods are being developed by the help of 

quasilinearization technique which provide accurate results when applied on different 

nonlinear differential equations. To further improve the accuracy of wavelet methods, in 

next chapter, wavelet picard methods are being extended for fractional order nonlinear 

problems. 
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Chapter 7 

Wavelet Picard Methods for Nonlinear Fractional Problems 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



144 

In this chapter, wavelet methods extended for nonlinear problems of fractional order. 

Different wavelet techniques including Legendre wavelets, Chebsyhev wavelets and 

Gegenbauer wavelets are merged with Picard’s iteration method to solve different 

nonlinear ordinary and partial differential equations of fractional order. In section 7.1, 

Legendre wavelet method is merged with Picard’s iteration to solve fractional order 

nonlinear ordinary differential equations. To verify the performance of the method 

proposed, it is implemented on different nonlinear oscillation type equations also. In 

section 7.2, Legendre wavelet Picard method is extended for nonlinear partial differential 

equations of fractional order. To check the compatibility of the developed Legendre 

wavelet Picard method it is applied on nonlinear fractional generalized Burger-Fisher 

equation and solutions are discussed in detail. In section 7.3, Gegenbauer wavelet method 

is combined with Picard’s iteration to develop Gegenbauer wavelet Picard method for 

nonlinear fractional differential equations. Gegenbauer wavelet Picard method is applied 

on three different fractional nonlinear problems and results are discussed in detail.  

7.1 Legendre Wavelet Picard Method for nonlinear Oscillation Equations of 

Fractional Order 

Since the physical phenomena’s located around us are primarily nonlinear in nature and 

their solutions are of great significance for scientists and engineers. In order to have a better 

representation of these physical models, fractional calculus is used. Fractional order 

oscillation equations are included among these nonlinear phenomena’s. To tackle with the 

nonlinearity arising, in these phenomena’s we implemented Legendre Wavelet Picard 

method. In Legendre Wavelet Picard method, Picard’s iteration is used to convert the 

nonlinear fractional order oscillation equation into a fractional order recurrence relation 

and then Legendre wavelet method is applied on the converted problem.  In order to check 

the efficiency and accuracy of the suggested modification, we have considered three 

problems namely: fractional order force-free Duffing-Van der Pol oscillator, forced 

Duffing-Van der Pol oscillator and higher order fractional Duffing equations. The obtained 

results are compared with the results obtained via other techniques. 
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7.1.1 Legendre Wavelet Picard Method for Fractional Order Forced Duffing-Van der 

Pol Oscillator 

The fractional order forced Duffing-Van der Pol oscillator is given by the following second 

order differential equation [131]: 

𝐷𝛼𝑦(𝑡) − 𝜇(1 − 𝑦2(𝑡))𝑦′(𝑡) + 𝑎𝑦(𝑡) + 𝑏𝑦3(𝑡) = 𝑔(𝑓, 𝜔, 𝑡), 1 < 𝛼 ≤ 2, 

where 𝐷𝛼  is the Caputo derivative, 𝑔(𝑓, 𝜔, 𝑡) = 𝑓𝑐𝑜𝑠(𝜔𝑡) represents the periodic driving 

function of time with period 𝑇 = 2π/ω, where 𝜔 is the angular frequency of the driving 

force, 𝑓 is the forcing strength and 𝜇 > 0 is the damping parameter of the system. 

Duffing Van der Pol oscillator equations can be expressed in three physical situations:   

(1) single − well 𝑎 > 0, 𝑏 > 0;  

(2) double − well 𝑎 < 0, 𝑏 > 0; 

(3) double − hump 𝑎 > 0, 𝑏 < 0. 

Consider the following nonlinear, second order differential equation: 

𝑑2𝑦

𝑑𝑡2
= 𝑓 (𝑦(𝑡),

𝑑𝑦(𝑡)

𝑑𝑡
) + 𝑔 (𝑦(𝑡),

𝑑𝑦(𝑡)

𝑑𝑡
) + ℎ(𝑡),                                  (7.1)  

where 𝑓 (𝑦(𝑡),
𝑑𝑦(𝑡)

𝑑𝑡
)  and 𝑔 (𝑦(𝑡),

𝑑𝑦(𝑡)

𝑑𝑡
) are linear and nonlinear terms and ℎ(𝑡) consists 

of the nonhomogeneous part,  with BCs 

𝑦(𝑡 = 𝑡0) = 𝑎,
𝑑𝑦(𝑡 = 𝑡1)

𝑑𝑡
= 𝑏.                                                   (7.2) 

PIT converts equation (7.2) as 

𝑑2𝑦𝑛+1

𝑑𝑡2
= 𝑓 (𝑦𝑛+1(𝑡),

𝑑𝑦𝑛+1(𝑡)

𝑑𝑡
) + 𝑔 (𝑦𝑛(𝑡),

𝑑𝑦𝑛(𝑡)

𝑑𝑡
) + ℎ(𝑡),                           (7.3) 

and BCs 

𝑦𝑛+1(𝑡 = 𝑡0) = 𝑎,
𝑑𝑦𝑛+1(𝑡 = 𝑡1)

𝑑𝑡
= 𝑏.                                                (7.4) 

Applying procedure discussed in equations (7.1) − (7.4) on  fractional  order  forced 

Duffing Van Der Pol oscillator equation, we have 

𝐷𝛼𝑦(𝑡) − 𝜇(1 − 𝑦2(𝑡))𝑦′(𝑡) + 𝑎𝑦(𝑡) + 𝑏𝑦3(𝑡) = 𝑓 cos(𝜔𝑡) , 1 < 𝛼 ≤ 2,       (7.5) 

with ICs 𝑦(0) = 1 and 𝑦′(0) = 0. 

PIT when applied on equation (7.5), gives   
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𝐷𝛼𝑦𝑛+1(𝑡) − 𝜇𝑦′
𝑛+1

(𝑡) + 𝜇𝑦𝑛
2(𝑡)𝑦𝑛

′ (𝑡) + 𝑎𝑦𝑛+1(𝑡) + 𝑏𝑦𝑛
3(𝑡) = 𝑓 cos(𝜔𝑡),    (7.6) 

and ICs 𝑦𝑛+1(0) = 1 and 𝑦𝑛+1
′ (0) = 0. 

Implementing developed method on equation (7.6), we have 

𝐷𝛼 ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑡)

2𝑘−1

𝑛=1

) − 𝜇
𝑑

𝑑𝑡
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑡)

2𝑘−1

𝑛=1

) + 𝜇𝑦𝑛
2(𝑡)𝑦𝑛

′ (𝑡) 

+𝑎 ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑡)

2𝑘−1

𝑛=1

) + 𝑏𝑦𝑛
3(𝑡) = 𝑓 cos(𝜔𝑡) ,                                   (7.7) 

with initial approximations  𝑦1(0) = 1 and 𝑦1
′ (0) = 0. 

Firstly when 𝑎 > 0, 𝑏 > 0, the problem in equation (7.5) is the case of Single-well. Let us 

consider 𝑎 = 0.5, 𝑏 = 0.5, 𝜇 = 0.1, 𝑓 =  0.5, 𝜔 =  0.79. Replacing values of constants 

in equation (7.7) and 𝛼 = 2, after simplification we have the following solution 

𝑦(𝑡) = 0.99999999 + 3.90000000 10−13𝑡 − 0.25012098𝑡2 − 0.00010380𝑡3                    

+0.02924371𝑡4 − 0.00032034𝑡5 − 0.00506490𝑡6 − 0.000985043𝑡7.        (7.8) 

Table 7. 1 Comparison of Single-well solution obtained by LWPM with VIM and RK-4, 

for 𝛼 = 2. 

𝑥 VIM Solution LWPM Solution RK-4 Solution Error in 

LWPM 

0.0 1.00000000 1.000000000 1.00000000 1.2E-10 

0.1 0.99750286 0.99750274 0.99750272 2.1E-08 

0.2 0.99004534 0.99004508 0.99004504 4.3E-08 

0.3 0.97772778 0.97772572 0.97772567 5.2E-08 

0.4 0.96071284 0.96070255 0.96070236 1.9E-07 

0.5 0.93922114 0.93918327 0.93918299 2.8E-07 

0.6 0.91352389 0.91341532 0.91341497 3.5E-07 

0.7 0.88393496 0.88367483 0.88367344 1.4E-06 

0.8 0.85080112 0.85025145 0.85024907 2.1E-06 

0.9 0.81449135 0.81343786 0.81343631 2.5E-06 

1.0 0.77538351 0.77352488 0.77352238 3.2E-06 
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Figure 7. 1 Comparison of solutions for different fractional values by Rk4 solution for single well case 

When we replace 𝑎 <  0, 𝑏 >  0, we have Double-well case. Lets consider 𝑎 =  −0.5, 𝑏 =

 0.5, 𝜇 =  0.1, 𝑓 =  0.5, 𝜔 =  0.79. Then the solution obtained by equation (7.7), for 𝛼 =

2 is 

𝑦(𝑡) = 0.99999999 + 2.0000000010−13𝑡 + 0.24989933𝑡2 − 0.00007281𝑡3 

−0.03335183𝑡4 − 0.00060227𝑡5 − 0.00207620𝑡6 − 0.00068289𝑡7        (7.9)  

Table 7. 2 Comparison of Double well solution obtained by LWPM with VIM and RK4, for α = 2. 

T VIM Solution LWPM Solution RK-4 Solution Error in LWPM 

0.0 1.00000000 1.00000000 1.00000000 1.2E-13 

0.1 1.00249660 1.00249669 1.00249670 1.0E-08 

0.2 1.00994530 1.00994542 1.00994545 3.1E-08 

0.3 1.02222113 1.02222174 1.02222179 5.9E-08 

0.4 1.03911114 1.03911446 1.03911459 1.3E-07 

0.5 1.06030866 1.06032214 1.06032231 1.7E-07 

0.6 1.08540584 1.08544887 1.08544906 1.9E-07 

0.7 1.11388470         1.11400072     1.11400108 3.6 E-07 

0.8 1.14510669 1.14538393 1.14538468 7.5 E-07 

0.9 1.17830101 1.17890570 1.17890664 9.4 E-07 

1.0 1.21255189 1.21377710 1.21377819 1.1E-06 
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Figure 7. 2 Comparison of solutions for different fractional values by Rk4 for double well case 

When we consider 𝑎 >  0, 𝑏 <  0, then we have Double-hump case. Assuming 𝑎 =

 0.5, 𝑏 = −0.5, 𝜇 =  0.1, 𝑓 =  0.5, 𝜔 =  0.79 and 𝛼 = 2, we have the following solution 

for Double-Hump case 

𝑦(𝑡) = 0.99999999 + 5.70000000 10−13𝑡 + 0.24979284𝑡2 − 0.00012486𝑡3 

+0.00881499𝑡4 − 0.00014624𝑡5 + 0.00272034𝑡6 − 0.00169356𝑡7.    (7.10) 

Table 7. 3 Comparison of Double Hump solution obtained by LWPM with VIM & RK4, for α = 2 

𝑥 VIM Solution LWPM Solution RK-4 Solution Error in LWPM 

0.0 1.00000000 1.00000000 1.00000000 1.0E-11 
0.1 1.00250077 1.00250086 1.00250078 8.0E-08 
0.2 1.01001232 1.01001258 1.01001240 1.8E-07 
0.3 1.02256255 1.02256352 1.02256311 4.1E-07 
0.4 1.04019982 1.04020320 1.04020266 5.4E-07 
0.5 1.06299669 1.06300878 1.06300754 1.2E-06 
0.6 1.09105590 1.09109104 1.09108901 2.0E-06 
0.7 1.12451829     1.12460856     1.12460496 3.6 E-06 
0.8 1.16357278 1.16377964 1.16377494 4.7 E-06 
0.9 1.20846809 1.20890608 1.20890103 5.1 E-06 

1.0 1.25952626 1.26040254 1.26039413 8.4 E-06 
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Figure 7. 3 Comparison of solutions for different fractional values by Rk4 for double hump case. 

7.1.2 Legendre Wavelet Picard Method for Fractional Order Force-Free Duffing-Van 

der Pol Oscillator 

Fractional αth order force free Duffing Van der Pol oscillator equation is [132] 

𝐷𝛼𝑦(𝑡) − 𝜇(1 − 𝑦2(𝑡))𝑦′(𝑡) + 𝑎𝑦(𝑡) + 𝑏𝑦3(𝑡) = 0 , 1 < 𝛼 ≤ 2,                  (7.11) 

ICs 𝑦(0) = 1 and 𝑦′(0) = 0. 

Implementing procedure discussed in (7.1) − (7.4), we have   

𝐷𝛼𝑦𝑛+1(𝑡) − 𝜇𝑦′
𝑛+1

(𝑡) + 𝜇𝑦𝑛
2(𝑡)𝑦𝑛

′ (𝑡) + 𝑎𝑦𝑛+1(𝑡) + 𝑏𝑦𝑛
3(𝑡) = 0, 1 < 𝛼 ≤ 2,    (7.12) 

with ICs 𝑦𝑛+1(0) = 1 and 𝑦𝑛+1
′ (0) = 0. 

Using LWM in equation (7.12), we have 

𝐷𝛼 ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑡)

2𝑘−1

𝑛=1

) − 𝜇
𝑑

𝑑𝑡
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑡)

2𝑘−1

𝑛=1

) + 𝜇𝑦𝑛
2(𝑡)𝑦𝑛

′ (𝑡) 

+𝑎 ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝑀−1

𝜔=0

(𝑡)

2𝑘−1

𝑛=1

) + 𝑏𝑦𝑛
3(𝑡) = 0 ,                     (7.13) 

with ICs  𝑦1(0) = 1 and 𝑦1
′ (0) = 0. 

Replacing 𝑎 = 1, 𝑏 = 0.01, 𝜇 = 0.1 and 𝛼 = 2, in equation (7.13) we get the following 

solution 

𝑦(𝑡) = 1.00000001 − 0.50510595𝑡2 − 0.00006259𝑡3 + 0.04387388𝑡4 

−0.00453789𝑡5 − 0.00233801𝑡6 + 0.00049387𝑡7.                                (7.14) 
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Table 7. 4 Comparison of Force Free Duffing equation solution obtained by LWPM with VIM and  

 RK4, for α = 1. 

𝑥 VIM Solution LWPM 

Solution 

RK-4 Solution Error in 

LWPM 

0.0 1.00000000 1.00000000 1.00000000 1.2E-09 

0.1 0.99495428 0.99495427 0.99495427 7.0E-09 

0.2 0.97986771 0.97986765 0.97986761 4.1E-08 

0.3 0.95488865 0.95488778 0.95488770 8.3E-08 

0.4 0.92025739 0.92025256 0.92025243 1.3E-07 

0.5 0.87630062 0.87628308 0.87628280 2.8E-07 

0.6 0.82342666 0.82337705 0.82337636 6.9E-07 

0.7 0.76212192 0.76200234 0.76200157 7.7E-07 

0.8 0.69294873 0.69269436 0.69269338 9.8E-07 

0.9 0.61654510 0.61605226 0.61604996 2.3E-06 

1.0 0.53362658 0.53273896 0.53273066 8.3E-06 

 

 

Figure 7. 4 Comparison of solutions for different fractional values by Rk4 solution for fractional force 

free Duffing Van der Pol oscillator equation  

7.1.3 Legendre Wavelet Picard Method for Fractional Higher Order Duffing 

Equation 

Consider the higher order fractional Duffing equation  

𝐷𝛼𝑦(𝑡) + 5𝑦′′(𝑡) + 4𝑦(𝑡) −
1

6
𝑦3(𝑡) = 0, 3 < 𝛼 ≤ 4.                               (7.15) 

with ICs 

𝑦(0) = 0, 𝑦′(0) = 1.91103 

𝑦′′(0) = 0, 𝑦′′′(0) = −1.15874. 

The exact solution, when α =  4, is given by 
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𝑦(𝑡) = 2.1906 sin(0.9 𝑥) − 0.02247 sin(2.7𝑥) + 0.000045 sin (4.5𝑥) 

Applying PIT to (7.15), we have 

𝐷𝛼𝑦𝑛+1(𝑡) + 5𝑦𝑛+1
′′ (𝑡) + 4𝑦𝑛+1(𝑡) −

1

6
𝑦𝑛

3(𝑡) = 0,   3 < 𝛼 ≤ 4.                           (7.16)  

with ICs: 

𝑦𝑛+1(0) = 0, 𝑦𝑛+1
′ (0) = 1.91103 

𝑦𝑛+1
′′ (0) = 0, 𝑦𝑛+1

′′′ (0) = −1.15874. 

 Implementing LWM to equation (7.16), we have  

  

𝐷𝛼 ( ∑ ∑ 𝑐𝑛,𝑚𝜓𝑛,𝑚(𝑡)

𝑀−1

𝑚=0

2𝑘−1

𝑛=1

) + 5
𝑑

𝑑𝑡
( ∑ ∑ 𝑐𝑛,𝑚𝜓𝑛,𝑚(𝑡)

𝑀−1

𝑚=0

2𝑘−1

𝑛=1

)                          

+4 ( ∑ ∑ 𝑐𝑛,𝑚𝜓𝑛,𝑚(𝑡)

𝑀−1

𝑚=0

2𝑘−1

𝑛=1

) −
1

6
𝑦3(𝑡) = 0, 3 < 𝛼 ≤ 4.                  (7.17) 

with initial conditions: 

𝑦0(0) = 0, 𝑦0
′ (0) = 1.91103 

𝑦0
′′(0) = 0, 𝑦0

′′′(0) = −1.15874. 

Table 7. 5 Comparison of higher order Duffing equation solution obtained by LWPM  

  with VIM and RK4, for α = 4. 

𝑥 VIM Solution LWPM Solution RK-4 Solution Error in LWPM 

0.0 0.00000000 0.00000000 0.00000000 2.1E-12 

0.1 0.19090972 0.19090975 0.19090978 3.0E-08 

0.2 0.38065613 0.38065653 0.38065658 5.0 E-08 

0.3 0.56805809 0.56805942 0.56805959 1.7 E-07 

0.4 0.75190092 0.75190402 0.75190437 3.5 E-07 

0.5 0.93092454 0.93093003 0.93093096 9.3 E-07 

0.6 1.10381762 1.10382611 1.10382756 1.4 E-06 

0.7 1.26921875 1.26922919 1.26923100 1.9 E-06 

0.8 1.42572628 1.42573263 1.42573479 2.1 E-06 

0.9 1.57191725 1.57190210 1.57190495 2.8 E-06 

1.0 1.70637581 1.70630014 1.70630325 3.1 E-06 
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Figure 7. 5 Comparison of solutions for different fractional values by Rk4 solution for higher order 

fractional Duffing equation 

LWPM is extended and implemented successfully on fractional nonlinear oscillations 

equations. To check the performance of LWPM, results obtained by VIM and RK-4 are 

compared with that of LWPM. From results it is observed that LWPM is more accurate 

than VIM. In conclusion, we can say that from tables and graphs it is evident that the 

proposed LWPM is better to use than the other existing techniques for models which can 

be modeled into fractional nonlinear differential equations. 

7.2 Modified Legendre Wavelet Method for Fractional Nonlinear Generalized 

Burger-Fisher Equation 

In this section, a reliable method for is proposed for solving nonlinear fractional PDEs. 

Nonlinear GBFE is considered as a test case for the proposed method. The developed 

method uses LWM in conjunction with PIT. Numerical solution of fractional nonlinear 

GBFE is provided to confirm accuracy of LWPM. 

7.2.1. Application of Legendre Picard Method on Fractional Generalized Burger 

Fisher Equations 

In this section, procedure of implementing the proposed method is explained for GBFE. 

The first step is to convert the fractional nonlinear GBFE into discrete fractional PDE by 
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using PIT. Now we solve the discretized fractional PDE by LWM. Consider the GBFE of 

the form   

𝜕𝛼𝑢

𝜕𝑡𝛼
−

𝜕2𝑢

𝜕𝑥2
+ 𝑎𝑢𝛾

𝜕𝑢

𝜕𝑥
+ 𝑏𝑢(𝑢𝛾 − 1) = 0, 0 ≤ 𝑥 ≤ 1, 𝑡 ≥ 0, 0 < 𝛼 ≤ 1,             (7.18) 

with IC 

𝑢(𝑥, 0) = (
1

2
−

1

2
𝑡𝑎𝑛ℎ (

𝑎𝛾

2(1 + 𝛾)
𝑥))

1
𝛾

, 

and BCSs are  

𝑢(0, 𝑡) = (
1

2
−

1

2
𝑡𝑎𝑛ℎ (

𝑎𝛾

2(1 + 𝛾)
[− (

𝑎2 + 𝑏(1 + 𝛾2)

𝑎(1 + 𝛾)
) 𝑡]))

1
𝛾

, 

𝑢(1, 𝑡) = (
1

2
−

1

2
𝑡𝑎𝑛ℎ (

𝑎𝛾

2(1 + 𝛾)
[1 − (

𝑎2 + 𝑏(1 + 𝛾2)

𝑎(1 + 𝛾)
) 𝑡]))

1
𝛾

. 

The exact solution, when 𝛼 = 1 given in [20] is 

𝑢(𝑥, 𝑡) = (
1

2
−

1

2
𝑡𝑎𝑛ℎ (

𝑎𝛾

2(1 + 𝛾)
[𝑥 − (

𝑎2 + 𝑏(1 + 𝛾2)

𝑎(1 + 𝛾)
) 𝑡]))

1
𝛾

. 

Applying Picard’s technique on equation (7.18), we have 

𝜕𝛼𝑢𝑛+1

𝜕𝑡𝛼
−

𝜕2𝑢𝑛+1

𝜕𝑥2
− 𝑏𝑢𝑛+1 = −𝑎𝑢𝑛

𝛾
𝜕𝑢𝑛

𝜕𝑥
− 𝑏 𝑢𝑛

𝛾+1, 0 ≤ 𝑥 ≤ 1, 𝑡 ≥ 0, 0 < 𝛼 ≤ 1,    (7.19) 

IC, BCs are 

𝑢𝑛+1(𝑥, 0) = (
1

2
−

1

2
𝑡𝑎𝑛ℎ (

𝑎𝛾

2(1 + 𝛾)
𝑥))

1
𝛾

, 

𝑢𝑛+1(0, 𝑡) = (
1

2
−

1

2
𝑡𝑎𝑛ℎ (

𝑎𝛾

2(1 + 𝛾)
[− (

𝑎2 + 𝑏(1 + 𝛾2)

𝑎(1 + 𝛾)
) 𝑡]))

1
𝛾

, 

𝑢𝑛+1(1, 𝑡) = (
1

2
−

1

2
𝑡𝑎𝑛ℎ (

𝑎𝛾

2(1 + 𝛾)
[1 − (

𝑎2 + 𝑏(1 + 𝛾2)

𝑎(1 + 𝛾)
) 𝑡]))

1
𝛾

. 

LWPM when implemented on equation (7.19), provides the required solution by the help 

of Maple 13. 
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7.2.2. Application, Results and Graphs 

 Since there are unknowns a and b in our equation (7.19), so we have considered three 

different cases in which we have considered different values of 𝑎 and 𝑏 and also value of 

Legendre polynomials 𝑚 and level of resolution 𝑘.    

7.2.2.1 Case 1:  

We fix the order of the differential equation (7.19), 𝛼 =  1 and consider the values 𝑎 =

 0.001, 𝑏 = 0.001 and 𝛾 = 1. The results by Legendre wavelet Picard technique at Picard 

iteration 𝑛 =  5, level of resolution 𝑘 =  6 and order of Legendre polynomials 𝑀 =  3 is 

obtained and is compared with RDTM and VIM [133] as shown in Table 7.6.  ELWPT, 

ERDTM and EVIM represents error by LWPM, RDTM and VIM [133] respectively. 

Solution of equation (7.19) for 𝑎 = 0.001, 𝑏 = 0.001 and  𝛾 =  2, and compare the results 

obtained from LWPM with solution obtained by RDTM [133] as shown in Table 7.7. 

Solution of fractional GBFE for  𝛼 = 1, 𝑘 =  7, 𝑀 =  3,  𝛾 = 1 and at different values 

of 𝑎, 𝑏 are shown in Table 7.8. We compare the solution of LWPM with HPM [134]. 

Where ELWPT and EHPM denotes the error by LWPM and HPM [134] respectively. 

Solution by LWPM at different values of 𝛼, are plotted in Figure 7.6. Solutions of fractional 

GBFE (7.18) converges to the classical GBFE when 𝛼 approaches to 1. 

Table 7. 6 Comparison of solution by the LWPM at 5th iteration, k =  6, M =  3 and 𝛼 = 1, with 

solution by RDTM and VIM, by fixing a =  0.001, b = 0.001 and  γ = 1. 

𝑥 𝑡 𝐸𝐿𝑊𝑃𝑇 ERDTM [133] EVIM [134] 

0.01 0.02 1.11022 E-16 0.49994E-05 2.50311E-03 

 0.04 1.11022 E-16 0.49994 E-05 2.50811 E-03 

 0.06 1.11022 E-16 1.49994 E-05 2.51312 E-03 

 0.08 0.0000 E+00 1.99994 E-05 2.51812 E-03 

0.04 0.02 1.11022 E-16 0.49975 E-05 9.99620 E-03 

 0.04 0.00000 E+00 0.99975 E-05 1.00012 E-03 

 0.06 1.11022 E-16 1.49975 E-05 1.00062 E-03 

 0.08 1.11022 E-16 1.99975 E-05 1.00112 E-03 

0.08 0.02 1.11022 E-16 0.49950 E-05 1.99794 E-03 

 0.04 1.11022 E-16 0.99950 E-05 1.99844 E-03 

 0.06 1.11022 E-16 1.49950 E-05 1.99894 E-03 

 0.08 0.0000 E+00 1.99950 E-05 1.99944 E-03 
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Table 7. 7 Comparison of solution by the LWPM, at 6th iteration, k =  7, M = 3 and α = 1, with 

solution by RDTM, by fixing 𝑎 = 0.001, 𝑏 = 0.001 and  γ = 2. 

𝑡 𝑥 𝐸𝐿𝑊𝑃𝑀 𝐸𝑅𝐷𝑇𝑀 [134] 
0.01 0.02 7.1998 E-13 4.7133 E-06 

 0.04 7.6217 E-13 9.4271 E-06 

 0.06 7.9348 E-13 1.4142 E-05 

 0.08 8.8407 E-13 1.8855 E-05 

0.04 0.02 4.6374 E-13 4.7117 E-06 

 0.04 4.7962 E-13 9.4260 E-06 

 0.06 4.7928 E-13 1.4140 E-05 

 0.08 5.3724 E-13 1.8854 E-05 

0.08 0.02 3.9024 E-13 4.7104 E-06 

 0.04 3.9280 E-13 9.4241 E-06 

 0.06 3.7914 E-13 1.4138 E-05 

 0.08 4.2599 E-13 1.8852 E-05 

 

Table 7. 8 Comparison of solution by the LWPM, at 7th  iteration, k = 7, M =
3 and α = 1, with solution by HPM at  γ = 1 and different values of 𝑎 and 𝑏. 

𝑥 𝑡 𝐸𝐻𝑃𝑀 [133] 𝐸𝐿𝑊𝑃𝑀 𝐸𝐻𝑃𝑀 [133] 𝐸𝐿𝑊𝑃𝑀 𝐸𝐻𝑃𝑀 [133] 𝐸𝐿𝑊𝑃𝑀 

  𝑎 =  𝑏 = 0.01 𝑎 =  𝑏 = 0.1 𝑎 =  𝑏 = 0.5 

0.1 0.2 6.2800E-11 4.35207E-14 4.3262E-08 4.64230E-11 6.1768E-06 7.42236E-09 

 0.4 5.0800E-11 1.76414E-13 1.0883E-07 1.87315E-10 1.6029E-05 2.90871E-08 

 0.6 1.6380E-10 2.73225E-13 1.7457E-07 2.89422E-10 2.5802E-05 4.33339E-08 

 0.8 3.0250E-10 2.16715E-13 2.4012E-07 2.27437E-10 3.5447E-05 3.07508E-08 

0.4 0.2 3.5000E-10 1.99840E-15 3.8516E-07 6.70352E-13 7.8774E-05 1.77781E-09 

 0.4 6.0200E-10 1.10467E-13 6.6533E-07 1.20519E-10 7.8951E-05 2.06090E-08 

 0.6 1.6560E-09 2.08833E-13 1.7158E-06 2.24226E-10 2.3628E-04 3.48663E-08 

 0.8 2.7100E-09 1.83075E-13 2.7658E-06 1.94509E-10 3.9244E-04 2.62706E-08 

0.8 0.2 6.6990E-09 6.47260E-14 7.2803E-06 6.40789E-11 1.2446E-03 7.42293E-09 

 0.4 2.6960E-09 9.10382E-15 3.0801E-06 3.36752E-12 6.2245E-04 3.77766E-09 

 0.6 1.3110E-09 7.81597E-14 1.1209E-06 8.92483E-11 2.8091E-06 1.85367E-08 

 0.8 5.3200E-09 8.30446E-14 5.3215E-06 9.18803E-11 6.2804E-04 1.69053E-08 
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Figure 7. 6 Solution of fractional GBFE (a = 0.1, b = 0.2, γ = 2), at different values of α, by LWPM at  
 𝑘 =  5, 𝑀 = 3 and 𝑛 = 4 iteration. 

Table 1-3 shows that our results are more accurate as compare to RDTM [134], VIM [134] 

and HPM [133]. 

7.2.2.2 Case 2:  

When 𝑏 =  0, equation (7.18) is reduced to the fractional GBE. Solutions by LWPM of 

the fractional GBE at different values of 𝛼, when 𝑎 = 7 and  𝛾 = 2, 

are shown in Figure 7.7. It shows that solutions by LWPM approaches exact solution, at 

𝛼 = 1, when 𝛼 approaches to 1. 
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Figure 7. 7 Solutions by LWPM of the fractional GBE at different values of α, when a = 7 and  γ = 2. 

7.2.2.3 Case 3:  

When 𝑏 = 0 and  𝛾 = 1, equation (7.18) is reduced to the fractional BE. Solution by 

LWPM of the fractional BE along with   exact   solution at 𝛼 = 1, for   different 

 values of  𝑎 are shown in Table 7.9. Here we observe that solutions obtained by LWPM 

at 𝑛 = 4, 𝑘 = 6 and 𝑀 = 3, are in good agreement with exact solution. Absolute error 

 𝐸𝑎𝑏𝑠 are also shown for the sake of accuracy. 

The solution of fractional BE by LWPM at different values of 𝛼, are shown in Figure 7.8. 

It is observed that solutions of fractional BE converge to the classical BE when 𝛼 

approaches to 1. 
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Table 7. 9 Comparison of exact solution of BE (b = 0, γ = 1)at  α = 1 and solution by LWPM at 4th  
iteration, k =  6;  M =  3, and for different values of a. 

𝑥 𝑡 𝑎 = 0.1 𝑎 = 0.5 

  𝑢𝐿𝑊𝑃𝑀 𝑢𝐸𝑥𝑎𝑐𝑡 𝐸𝑎𝑏𝑠 𝑢𝐿𝑊𝑃𝑀 𝑢𝐸𝑥𝑎𝑐𝑡 𝐸𝑎𝑏𝑠 

0.1 0.2 0.498875 0.498875 1.288935E-10 0.496875 0.496875 8.847495E-08 

 0.4 0.499000 0.499000 4.351747E-10 0.500000 0.500000 2.665831E-07 

 0.6 0.499125 0.499125 5.270138E-10 0.503125 0.503125 3.238373E-07 

 0.8 0.499250 0.499250 5.458112E-10 0.506250 0.506250 3.402827E-07 

0.4 0.2 0.495125 0.495125 1.969626E-09 0.478140 0.478139 1.053535E-06 

 0.4 0.495250 0.495250 3.317798E-09 0.481261 0.481259 1.809550E-06 

 0.6 0.495375 0.495375 3.659519E-09 0.484382 0.484380 2.032074E-06 

 0.8 0.495500 0.495500 3.729413E-09 0.487505 0.487503 2.109800E-06 

0.8 0.2 0.490126 0.490126 9.541948E-10 0.453262 0.453262 3.351180E-07 

 0.4 0.490251 0.490251 1.636058E-09 0.456362 0.456361 6.836283E-07 

 0.6 0.490376 0.490376 1.823469E-09 0.459465 0.459464 7.934983E-07 

 0.8 0.490501 0.490501 1.861577E-09 0.462571 0.462570 8.292212E-07 

 

 

Figure 7. 8 Solution of fractional Burger equation (𝑎 = 4, 𝑏 = 0, 𝛾 = 1), at different values of 𝛼, by 

Legendre wavelet Picard method at 𝑘 = 5, 𝑀 = 3 and 𝑛 = 4 iteration 

7.3 Modified Gegenbauer Wavelet Method for Nonlinear Fractional DEs 

Gegenbauer wavelets which are the generalized case of both Legendre wavelets and 

Chebyshev wavelets is extended for nonlinear problems of fractional order. Firstly Picard’s 

iteration is applied on nonlinear fractional differential equation to convert it into a linear 

iterative fractional differential equation and then GWM is applied on it. By this 
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modification, the nonlinear fractional problems representing complex phenomena can be 

tackled easily. 

7.3.1 Modified Gegenbauer Wavelet Method for Nonlinear Duffing Equation of 

Fractional Order  

Consider nonlinear fractional Duffing equation of the form  

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) +

𝑑

𝑑𝑥
𝑦(𝑥) + 𝑦(𝑥) + 𝑦3(𝑥) = cos3(𝑥) − sin(𝑥), 1 < 𝛼 ≤ 2,       (7.20) 

having ICs 

𝑦(0) = 1,
𝑑𝑦

𝑑𝑥
(𝑥 = 0) = 0.                                              (7.21) 

Actual solution of (7.20) for 𝛼 = 2, is 𝑦(𝑥) = cos(𝑥). 

PIT converts equation (7.20) into   

𝑑𝛼

𝑑𝑥𝛼
𝑦𝑛+1(𝑥) +

𝑑

𝑑𝑥
𝑦𝑛+1(𝑥) + 𝑦𝑛+1(𝑥) + 𝑦𝑛 3(𝑥) = cos3(𝑥) − sin(𝑥),       (7.22) 

with initial conditions  

𝑦𝑛+1(0) = 1,
𝑑𝑦𝑛+1

𝑑𝑥
(𝑥 = 0) = 0.                                              (7.23) 

Replacing the value of 𝑦𝑛+1(𝑥) from equations (1.7) and (1.4) into equation (7.22), we get  

𝑑𝛼

𝑑𝑥𝛼
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝜆 (𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) +
𝑑

𝑑𝑥
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝜆 (𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) 

+ ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔
𝜆 (𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) + 𝑦𝑛 3(𝑥) = cos3(𝑥) − sin(𝑥),                (7.24) 

Solving equation (7.24) by the help of MAPLE 13, for M=12 we have the following 

solution 

𝑦(𝑥) = 0.99999999 + 1.135395 10−15𝑥 − 0.4999999𝑥2 − 2.644068 10−11𝑥3 

+0.04166665𝑥4 − 3.14899695 10−12𝑥5 − 0.00138888𝑥6 + 5.5699566 10−10𝑥7 

+0.000024𝑥8 − 1.26968110−9𝑥9 − 2.67751910−7𝑥10 + 8.6678110−10𝑥11. (7.25) 

Comparison of solutions obtained with the proposed technique’s solution 

at different values of 𝑀 are given in the Table 7.10. In Table 7.10, Error 𝑦𝑀=8, Error 

𝑦𝑀=10 and Error 𝑦𝑀=12 represents error when degree of polynomials is 8, 10 and 12 

respectively. 
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Table 7. 10 Comparison of the errors for approximated solution, incase of different values of M. 

𝑥 Exact Solution Error 𝑦𝑀=8 Error 𝑦𝑀=10 Error 𝑦𝑀=12 

0.0 1.0000000000 8.00000E-15 0.00000E+00 1.20000E-14 

0.1 0.9950041652 6.30992E-08 2.52465E-10 1.02500E-12 

0.2 0.9800665778 2.17162E-07 7.64094E-10 2.72200E-12 

0.3 0.9553364891 3.30226E-07 8.23303E-10 2.59200E-12 

0.4 0.9210609940 1.95697E-07 2.12360E-10 3.57000E-13 

0.5 0.8775825618 3.39807E-07 1.88409E-09 9.19000E-13 

0.6 0.8253356149 1.09346E-06 1.95415E-09 1.44400E-12 

0.7 0.7648421872 1.04376E-06 1.86445E-09 3.65700E-12 

0.8 0.6967067093 2.46483E-06 3.92260E-09 1.84700E-12 

0.9 0.6216099682 1.48925E-05 2.99174E-08 4.05500E-12 

1.0 0.5403023058 4.61404E-05 2.04931E-07 1.43534E-10 

 

 

 

Figure 7. 9 Error for M=8 

 

Figure 7. 10 Error for M=10 
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Figure 7. 11 Error for M=12 

                     

Figure 7. 12 Comparison for different values of 𝛼 

7.3.2 Modified Gegenbauer Wavelet Method for Nonlinear Oscillation Equation 

Consider the fractional nonlinear Oscillation equation 

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) − 𝑦(𝑥) + 𝑦2(𝑥) + (

𝑑

𝑑𝑥
𝑦(𝑥))

2

= 1, 1 < 𝛼 ≤ 2,             (7.26) 

with initial conditions  

𝑦(0) = 2,
𝑑

𝑑𝑥
𝑦(0) = 0.                                                    (7.27) 

For 𝛼 = 2, the exact solution is 𝑦(𝑥) = 1 + cos (𝑥). 

Applying Picard’s iteration on equation (7.27), we have 
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𝑑𝛼

𝑑𝑥𝛼
𝑦𝑛+1(𝑥) − 𝑦𝑛+1(𝑥) + 𝑦𝑛

2(𝑥) + (
𝑑

𝑑𝑥
𝑦𝑛+1(𝑥))

2

= 1,                     (7.26) 

and the initial conditions becomes  

𝑦𝑛+1(0) = 2,
𝑑

𝑑𝑥
𝑦𝑛+1(0) = 0.                                            (7.27) 

Replacing the value of 𝑦𝑛+1(𝑥) from equations (1.7) and (1.4) into equation (7.26), we get  

𝑑𝛼

𝑑𝑥𝛼
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝜆 (𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) − ( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔
𝜆 (𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) 

+𝑦𝑛
2(𝑥) + (

𝑑

𝑑𝑥
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝜆 (𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

))

2

= 1.                              (7.28) 

Solving equation (7.28) by the help of MAPLE 13, solution for M=12 after simplification 

is  

𝑦(𝑥) = 1.99999999 + 3.72260694 10−15𝑥 − 0.49999990𝑥2 + 4.26686569 10−8𝑥3 

+0.041665572𝑥4 − 9.56501346 10−7𝑥5 − 0.00138495𝑥6 + 0.00000042𝑥7 

+0.00001925𝑥8 − 0.00000683𝑥9 + 0.00000229𝑥10 + 0.00000366𝑥11.       (7.29)  

Comparison of solutions obtained with the proposed technique’s solution 

at different values of 𝑀 are given in the Table 7.11. In Table 7.11, Error 𝑦𝑀=8, Error 

𝑦𝑀=10 and Error 𝑦𝑀=12 represents error when degree of polynomials is 8, 10 and 12 

respectively. 

Table 7. 11  Comparison of the errors for approximated solution, incase of different values of M 

𝑥 Exact Solution Error 𝑦𝑀=8 Error 𝑦𝑀=10 Error 𝑦𝑀=12 

0.0 2.0000000000 1.00000E-14 1.00000E-14 1.00000E-14 

0.1 1.9950041652 4.28913E-08 6.12503E-09 8.73370E-10 

0.2 1.9800665778 1.56999E-07 1.91232E-08 2.36952E-09 

0.3 1.9553364891 2.63477E-07 2.34332E-08 1.85680E-09 

0.4 1.9210609940 2.21943E-07 2.79108E-09 1.72311E-09 

0.5 1.8775825618 8.09321E-08 4.29192E-08 5.09475E-09 

0.6 1.8253356149 5.14927E-07 8.47793E-08 3.32527E-09 

0.7 1.7648421872 3.03030E-07 7.78316E-08 1.02690E-10 

0.8 1.6967067093 2.63655E-06 3.59350E-08 1.46120E-08 

0.9 1.6216099682 1.26799E-05 2.21608E-07 4.37668E-08 

1.0 1.5403023058 3.79032E-05 1.52431E-06 1.16993E-07 
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Figure 7. 13 Error for M=8 

 

Figure 7. 14 Error for M=10 

 

 

Figure 7. 15 Error for M=12 
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Figure 7. 16 Comparison for different values of 𝛼 

7.3.3 Modified Gegenbauer Wavelet Method for Nonlinear Fractional Ricatti 

Equation 

Fractional Ricatti equation is 

𝑑𝛼

𝑑𝑥𝛼
𝑦(𝑥) + 𝑦2(𝑥) = 1, 0 < 𝛼 ≤ 1,                                            (7.30) 

with initial condition 𝑦(0) = 0. 

For 𝛼 = 1, the exact solution of equation (7.30) is  

𝑦(𝑥) =
𝑒2𝑥 − 1

𝑒2𝑥 + 1
.                                                           (7.31) 

Applying Picard’s iteration on equation (7.30), we have 

𝑑𝛼

𝑑𝑥𝛼
𝑦𝑛+1(𝑥) + 𝑦𝑛

2(𝑥) = 1, 0 < 𝛼 ≤ 1,                               (7.32) 

with initial condition 𝑦𝑛+1(0) = 0. 

Replacing value of 𝑦𝑛+1(𝑥) from equations (1.7) and (1.4) into equation (7.32), we get 

𝑑𝛼

𝑑𝑥𝛼
( ∑ ∑ 𝑐𝑛,𝜔𝜓𝑛,𝜔

𝜆 (𝑥)

𝑀−1

𝜔=0

2𝑘−1

𝑛=1

) + 𝑦𝑛
2(𝑥) = 1, 0 < 𝛼 ≤ 1.                    (7.33) 

Solving equation (7.33)  by the help of MAPLE, after simplification solution for 𝑀 = 12 

is 

𝑦(𝑥) = −6.14695471 10−16 + 0.99999372𝑥 − 1.28275451 10−2𝑥2 − 0.33317797𝑥3 

+4.51079497 10−9𝑥4 + 0.13218957𝑥5 − 2.47502841 10−8𝑥6 − 0.05018595𝑥7 
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+4.173441110−8𝑥8 + 0.0153297𝑥9 − 1.874762010−8𝑥10 − 0.00255492𝑥11. (7.33)  

Comparison of solutions obtained with the proposed technique’s solution 

at different values of 𝑀 are given in the Table 7.12. In Table 7.12, Error 𝑦𝑀=8, Error 

𝑦𝑀=10 and Error 𝑦𝑀=12 represents error when degree of polynomials is 8, 10 and 12 

respectively. 

 Table 7. 12  Comparison of the errors for approximated solution, incase of different values of M. 

𝑥 Exact Solution Error 𝑦𝑀=8 Error 𝑦𝑀=10 Error 𝑦𝑀=12 

0.0 0.0000000000 2.09458E-15 1.21832E-15 6.14695E-16 

0.1 0.0996679946 5.21387E-05 5.16060E-06 4.83047E-07 

0.2 0.1973753202 7.04767E-05 5.37169E-06 3.32596E-07 

0.3 0.2913126124 4.31385E-05 4.76053E-07 2.42524E-07 

0.4 0.3799489622 1.09305E-05 4.53460E-06 4.46269E-07 

0.5 0.4621171572 5.27240E-05 4.36147E-06 5.25114E-10 

0.6 0.5370495669 4.99147E-05 6.53431E-07 3.77778E-07 

0.7 0.6043677771 5.34086E-06 3.93891E-06 4.88863E-08 

0.8 0.6640367702 3.46831E-05 7.18469E-07 2.68799E-07 

0.9 0.7162978701 1.75741E-05 2.31363E-06 1.28072E-07 

1.0 0.7615941559 7.95998E-06 5.07897E-07 3.62806E-08 

 

 

Figure 7. 17 Error for M=8 
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Figure 7. 18 Error for M=10 

 

Figure 7. 19 Error for M=12 

                      

Figure 7. 20 Comparison for different values of 𝛼 
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7.4 Discussion 

In chapter 7, fractional nonlinear ordinary and partial differential equations are solved 

successfully by extending wavelet picard methods. All suggested methods provide more 

accurate results as compared to the other existing techniques used to find solutions of 

nonlinear DEs of fractional order.  
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Conclusions 

The present study successfully draws-out and implements wavelet schemes on nonlinear 

differential equations of different orders including fractional order, that frequently arises 

in mathematical physics, engineering sciences and other truly scientific real time 

application fields. The efficacy of the developed schemes is tested and found quite useful, 

reliable and efficient for a variety of other nonlinear physical problems which are 

complicated in nature.  Modified versions have been found better in performance than the 

original schemes. Proposed modified versions have also been tested for performance and 

precision by using tables and figures. 

It is to be highlighted that some highly beneficial new results have been obtained as a result 

of development of some new schemes and their subsequent implememtation on variety of 

nonlinear problems. In the similar context, Picard’s iteration method is elegantly combined 

with various wavelet schemes which resulted with formulation of different new efficient 

algorithms. These newly modified versions have been implemented successfully on some 

important nonlinear ODEs and PDEs.  

Precisely, following important conclusions are drawn: 

 Legendre Wavelet Picard Method when applied on Temperature Distribution 

equation given in 2.1.1 gives a better solution in terms of accuracy in comparison 

with RK-4 and VIM when 𝜖 = 0.6 is highlighted in Table 2.1. 

 Legendre Wavelet Picard Method for Cooling of a Lumped System given in 2.1.2 

performs better than RK-4 and VIM, when 𝜖 = 0.6 which is given in Table 2.2. 

  Modified Chebyshev Wavelet-Picard Method when applied on nonlinear model 

representing thin film flow of non-Newtonian fluid down an inclined plane is given 

in 2.2 and results are in good agreement with numerical solutions for different 

values of m and 𝛽 given in Table 2. 3. 

  Legendre Wavelet Picard Method is extended for system of nonlinear ordinary 

differential equations and is applied successfully on Enzyme-Substrate Reaction 

model in 2.3. Comparison of the solutions by Legendre Wavelet Picard Method 

with RK-4 solutions is given in Table 2.4. 

 Legendre Picard Wavelet Method is developed for nonlinear partial differential 

equations and is implemented on Klein-Gordon, Burger’s and Advection equations 
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in 3.1. The solutions in each case at different values of M and corresponding errors 

are given in Tables 3.1-3.3, from which we can conclude that the accuracy is 

increasing by increasing value of  M. 

 Chebyshev Picard Wavelet Method for nonlinear PDEs is developed in 3.2 and is 

applied on two different nonlinear problems and their results are discussed in 

Tables 3.4-3.5, when t=0.1 at different values of Chebyshev polynomial M. From 

both tables 

it is proved that by increasing value of M, error is reducing.  

  Shifted Modified Legendre Wavelet Method is proposed for nonlinear PDEs and 

is implemented on nonlinear Gardner equation in 3.3. Tables 3.6 and 3.7 provides 

the comparison of proposed method’s solution by VIM and exact solution and 

errors in each case for different values of M, at Picard’s fourth iteration when t=0.1 

and at Picard’s fifth iteration when t=0.4 respectively. In both tables, proposed 

method performs well. 

  Shifted Chebyshev Wavelet Picard Method is developed for Nonlinear Benjamin 

Bona Mahony equation and Nonlinear Sawada-Koterra equation in 3.4 and 3.5. 

Table 3.8 provides exact, approximate solution and error in each case for different 

values of M when t=0.1 for Nonlinear Benjamin Bona Mahony equation. Table 3.9 

provides exact, approximate solution and error in each case for different values of 

M when t=0.1 for Nonlinear Sawada-Koterra equation. In both cases, error reduces 

by increasing value of M. 

Moreover, coupling of Quasilinearization is also made with different wavelet methods 

to solve different nonlinear ODEs and PDEs. 

 Gegenbauer Wavelet Quasilinearization Method is developed for Nonlinear 

PDEs in 4.1 and to check the performance it is applied on Modified Benjamin 

Bona Mahony Equation and comparison of errors in case of different values of 

M is given in Table 4.1. From Table 4.1, error reduces by increasing degree of 

polynomials M. 

 Legendre Wavelet Quasilinearization Technique is developed in 4.2 and is 

applied on a fluid flow problem. Table 4.2 provides comparison of third 
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iteration solutions for M=0, S=1and A= ± 1 for different polynomial values of 

proposed method with RK-4. 

 Shifted Chebyshev Quasilinearization Method is developed in 4.3 and is 

verified by applying it on two fluid flow problems. In Table 4.3 and Table 4.4, 

solutions of equation representing MHD squeezing flow between two infinite 

plates at different values of m along with errors when 𝑀 = 1, 𝑅𝑒 = 1 and 𝑀 =

5, 𝑅𝑒 = 5 are given. In Table 4.5 and Table 4.6 solutions for converging and 

diverging channels are given for different values of degree of polynomials along 

with the error when 𝛼 = 3, 𝑅𝑒 = 10 and 𝛼 = −15, 𝑅𝑒 = 50. 

To deal with nonlinear fractional delay differential equations, different wavelet methods 

are merged with the method of steps which proved to be highly accurate. 

 Chebyshev Wavelet Steps Method is developed for fractional nonlinear ODEs and 

singular nonlinear fractional pantograph equations. Results obtained are very 

encouraging in terms of accuracy which is verified from errors in the obtained 

solutions for different values of M in Table 5.1 and Table 5.2. 

  Legendre Wavelet Steps Method is developed for Nonlinear ODDEs of Fractional 

Order in 5.2 and comparison of errors in solutions for different values of M is given 

in Tables 5.3-5.4 from which we can verify that the developed method performs 

very well.  

 Gegenbauer Wavelet Steps Method is developed for nonlinear delay differential 

equations of fractional order in 5.3 and comparison of errors for different values 

of M is given in Tables 5.5-5.6.  

 Laguerre Wavelet Steps Method is developed in 5.4 and comparison of errors in 

solutions for different degree of Laguerre polynomials M is given in Table 5.7. 

For fractional nonlinear differential equations, wavelets methods are amalgamated with 

Quasilinearization techniques also. These modifications provide very accurate results for 

nonlinear fractional order differential equations as compared to other existing techniques 

available in literature.  

 Legendre Wavelet Quasilinearization Method is developed for nonlinear fractional 

ODEs in 6.1 and is applied on nonlinear fractional Ricatti, Van der Pol Oscillator, 
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Troesch’s and Oscillator equations. The solutions for different fractional values of 

𝛼 are discussed in Tables 6.1, 6.3, 6.5, 6.7; and the solutions at different values of 

degree of Legendre polynomials are discussed in Tables 6.2, 6.4, 6.6, 6.8 

respectively. 

 Legendre Wavelet Quasilinearization Method is extended for fractional nonlinear 

PDEs in 6.2 and the extended method is applied on nonlinear Burger-Fisher 

equation of fractional order. Comparison of solution by LWQM at 4th iteration 

when 𝑘 = 8, 𝑀 = 3 and 𝛼 = 1, with results obtained from RDTM and VIM by 

considering 𝑎 = 0.001, 𝑏 = 0.001 and 𝛾 = 1 is given in Table 6.9 according to 

which extended method performs better than the other existing methods. 

 Shifted Chebyshev Wavelet Quasilinearization Method is developed for Nonlinear 

Fractional PDEs in 6.3. Error reduces when we increase degree of polynomial M 

which is verified by finding errors in solutions for different values of M when t=0.1 

in Table 6.10. 

Wavelet methods are merged with Picard iteration method also to tackle nonlinear 

differential equations of fractional order. The obtained results are compared with the results 

obtained via other techniques also. 

 Legendre Wavelet Picard Method is developed for nonlinear oscillation equations 

of fractional order in 7.1.  Tables 7.1, 7.2 and 7.3 show the comparison of single 

well, double well and double hump solutions obtained by developed method with 

VIM and RK-4 solutions for 𝛼 = 2, respectively. In Table 7.4, comparison of 

solution by developed method with VIM and RK-4 solutions is given for force free 

Duffing equation for α = 1. In Table 7.5, Comparison of higher order Duffing 

equation solution obtained by developed with VIM and RK4, for α=4 is given. In 

all cases, developed method performs well then other existing methods. 

 Legendre Wavelet Picard Method is extended for nonlinear partial differential 

equations of fractional order in 7.2. To check the performance of the extended 

method, fractional nonlinear generalized Burger-Fisher equation is considered. In 

Table 7.6, comparison of solution by the LWPM at 5th iteration, k = 6, M = 3 and 

α=1, with solution by RDTM and VIM, by fixing a= 0.001, b=0.001 and γ=1 is 



173 

given. In Table 7.7, the comparison of solution by the LWPM, at 6th iteration, k = 

7, M=3 and α=1, with solution by RDTM, by fixing a=0.001, b=0.001 and γ =2. 

In Table 7.8, comparison of solution by the LWPM, at 7th iteration, k=7, M=3 and 

α=1, with solution by HPM at γ=1 and different values of a and b is given. In Table 

7.9, comparison of exact solution of BE (b=0, γ=1)at  α=1 and solution by LWPM 

at 4th  iteration, k = 6; M = 3, and for different values of a is given. From Tables 

7.6-7.9, it is evident that extended LWPM is better than other techniques such as 

HPM and RDTM.  

 Gegenbauer Wavelet Picard Method is developed for nonlinear fractional ODEs in 

7.3. The extended GWPM is applied on nonlinear fractional Duffing, Oscillation 

and Ricatti equations and the comparison of errors in each case for different values 

of M are discussed in Tables 7.10-1.12. According to which the error reduces when 

the degree of Gegenbauer polynomials M is increased.  

Shifted polynomials are also used to develop shifted wavelets which accurately provide 

results over a wider interval. Shifted modified wavelets are exhaustively elaborated upon 

in chapter 3, 4 and 6. 

One of the important features of these developed schemes is that their accuracy is further 

enhanced by increasing the degree of polynomials, which is confirmed in many cases by 

the help of tables.  
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