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Abstract  

 

 

The major issue in the mobile communication is the presence of several types of im-

pairments in the wireless medium. There are many types of impairments, the important 

one is refer to as fading which is defined as the interference occurred in the received 

signal because of its multiple copies arrived through multi paths. It creates considerable 

changes in receive signal power and therefore counted as significantly destructive in 

nature. 

Fading introduces significant distortion and disturbances in almost all wireless radio 

signal. The major cause of the fading is multipath propagation of the signals and the 

relative movement of mobile transmitting and/or receiving device. 

The cancellation of fading effect is essential to achieve higher data rate and better ser-

vice quality with similar radiating power and/or bandwidth. Diversity is one of the im-

portant techniques to reduce the effect of fading. In order to achieve different diversity 

types multiple input multiple output antenna array is employed.  

If a switchable or movable beam pattern is connected to multiple input multiple output 

(MIMO) antenna system; the system is referred to as smart system. In order to perform 
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this function, smart antenna requires certain signal processing and adaptive computa-

tion. Such adaptive computations are performed through some algorithms known as 

adaptive beamforming algorithms. 

This dissertation develops three novel MIMO beamforming architecture using decision 

directed mode in order to exploit spatial and temporal diversities. Moreover, we pro-

posed three new adaptive beamforming algorithms for fast convergence and high beam 

gain. The simulation results prove their effectiveness over other available algorithms 

and architectures. 
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Chapter 1    
 
 

Introduction 
 

  



 

2 
 

1.1 Introduction 

The major issue in the mobile communication is the presence of several types of im-

pairments in the wireless medium. There are many types of impairments, the important 

one is refer to as fading which is defined as the interference occurred in the received 

signal because of its multiple copies arrived through multi paths. It creates considerable 

changes in receive signal power and therefore counted as significantly destructive in 

nature [1]. Fading introduces significant distortion and disturbances in almost all wire-

less radio signal. The major cause of the fading is multipath propagation of the signals 

and the relative movement of mobile transmitting and/or receiving device. 

The cancellation of fading effect is essential to achieve higher data rate and better ser-

vice quality with similar radiating power and/or bandwidth. Diversity is one of the im-

portant techniques to reduce the effect of fading [2]. In order to achieve different diver-

sity types MIMO antenna array is employed. Because of this advantage of exploiting 

diversity, MIMO system is widely used now days in wireless communication systems 

[3–6]. If a switchable or movable beam pattern is connected to multiple input multiple 

output (MIMO) antenna system; the system is referred to as smart system. In order to 

perform this function, smart antenna requires certain signal processing and adaptive 

computation. Such adaptive computations are performed through some algorithms 

known as adaptive beamforming algorithms [7].This dissertation investigates the per-

formance of various beamforming algorithms and MIMO architectures. In addition, we 

propose a novel beamforming algorithm along with a novel MIMO architecture. The 

simulation results prove their effectiveness over other available algorithms and archi-

tectures.  
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1.2 Literature Review 

The initial works in adaptive array beamforming algorithms were carried out by few 

scientists in late 1960’s [8–10]. Shor [8] algorithm was good in maximizing the value 

of SNR for the received signal, however it was very difficult to implement. Applebaum 

algorithm [9] was another good alternative for maximizing SNR but its implementation 

was very limited to the field of pulsed radar. 

Widrow et al. [10] however introduce a very significant adaptive algorithm based on 

minimizing the mean square error known in the literature as least mean square (LMS) 

algorithm. Following many researchers introduced a concept of constraint in this ap-

proach and hence developed constrained LMS algorithm [11, 12]. 

This approach requires an unbiased gradient estimate for the output power. The analy-

sis show various interesting results based on unbiased values. Though LMS is very ef-

fective and simplest algorithm, however it gives very slow convergence. A new variant 

of LMS introduces faster convergence with same cost function value as LMS. This is 

known as normalized least mean square (NLMS) algorithm [13]. 

Another form of NLMS is proposed by Bershad [14]. At each iteration, it employs dif-

ferent step size depending on the data type. As compared to standard LMS this algo-

rithm has less sensitivity and fast convergence. A new approach, known as recursive 

least square (RLS); replaces the gradient in step size as it was in conventional LMS, 

however it has comparatively high complexity. 

For enhancing computational efficiency, a variety of different variants of RLS algo-

rithms have been presented in the literature [15, 16]. Covariance matrix of interference 

is the basis of most of the adaptive beamforming algorithms [17]. These algorithms 

have two significant problems. First, they need identical and independent distributed 

data in order to calculate the interference covariance matrix. To acquire such data is a 
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difficult task. Second, the data storage and processing is required to estimate the corre-

lation matrix; which is an intensive computational task. We may avoid the computation 

of covariance matrix by employing data domain algorithms [18, 19]. 

To normalize the step parameter used in adaptive algorithm, a new method was pro-

posed by Farina and Flam [20]. A less computational algorithm as compared to LMS is 

proposed by Chen [21]. Since the adaptive beamforming is executed in real time envi-

ronment, low cost beamforming algorithms are therefore preferable [22]. Different 

types of signal manipulations are required in array signal processing. 

So many schemes and structures have been proposed to select and adjust weights of the 

beamformer. All the schemes have their own characteristics and specific limitations. 

Null beamformer for example, is employed to nullify the plane wave coming from a 

known direction of arrival [23]. 

The LMS array [10] is based on the reference signal generated locally for producing 

array weights. Applebaum [9] array employs the steering vector for feedback loop con-

trol. In this approach, a priori knowledge about the direction of arrival is required. If it 

is not known, the algorithm is used in the power inversion array form [24]. With this 

approach, one element switched on and other are off by the steering vector. However 

this approach has poor results. Compton [25, 26] analyzed and evaluated the perfor-

mance of these steered algorithms. 

The algorithms based on MSE are further improved by Griffiths [27] and Frost [11]. A 

performance comparison of constrained interference canceller and LMS interference 

canceller was done by Bar-Ness [28]. Heber et al. used this idea to develop a technique 

for adaptive array utilization. The method suggests the combination of directionally 

constrained array features and self generated array features. In principle, the LMS adap-

tive arrays are capable of receiving the required signals from the desired direction and 
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nullifying the interference signals from rest of the directions. For any given combina-

tion of elements, LMS array produces maximum SINR. However, for specific arrival 

direction; the value of SINR depends on number of elements, spacing between ele-

ments and the elements patterns [29]. 

A steady state analysis has been performed by Zohar [30] on adaptive arrays. The anal-

ysis represents the adapted patter. A spatial smoothing approach has been proposed by 

Shan [31]. In this approach, the antenna array is subdivided into groups. The perfor-

mance behavior has been investigated on such arrays by Yeh et al. [32, 33]. 

If channel state information is known to both the transmitter and receiver, MIMO sys-

tems can be useful in using diversity beamforming. Zhou [34] proposed a transmitter 

with two dimensional beamformer. This beamformer adapts the power distribution be-

tween two different dimensions of beam, the basis beams and the signal constellation to 

increase the rate of transmission by keeping targeted BER. An adaptive beamforming 

algorithm was proposed by Choi and Shim [35]. It does not require any training se-

quence or symbols. Irrespective of the number of antenna and interference signals, it is 

mathematically valid for all structure. 

Dammann et al. [36], in comparison to conventional approaches of adaptive antennas; 

proposed a new beamformer by joining space and time diversity features. This pro-

posed scheme helps in modifying the transmission signal in order to have more reliable 

reception as compared to conventional techniques. The approach helps in minimizing 

the adverse effect of fading due to which the required level of transmission power is 

decreased. This in turns minimized the cell interference. However, the system is a little 

complicated and higher computational time is required to get the signal received. 

In [37] a work has been presented on beamforming algorithm. The results were good 

however the presenter used slow fading channel whereas we are presenting new 
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LMS/LMF family adaptive beamforming algorithm to be operated in frequency selec-

tive fading environment. A survey paper has been presented by [38] on the effects of 

available feedback at the transmitting end of MIMO channel. This work gives a detail 

survey of various approaches to handle the situation where the feedback is limited. 

However it does not discuss any adaptation through beamforming algorithm.  

A channel adaptive feedback strategy for arbitrary channel distribution has been pro-

posed by [39, 40]. The authors claim that the strategy can improve the performance rate 

in correlated channels with line of sight transmission. The paper does not give any de-

sign or architecture of any beamforming algorithm or multiple-input multiple-output 

setup. In addition, Mondal et al. [41] presented the same quantization strategy as men-

tioned in [39] for correlated and un-correlated Rayleigh distribution and proved that the 

SNR performance is far better in correlated distribution as compared to uncorrelated. 

Though this is a good work in terms of correlated and un-correlated Rayleigh distribu-

tion however it again does not reflect any light on designing of a new beamforming al-

gorithm. 

In 2009, Bahri et al. [42] proposed a downlink multiple-input multiple-output multicar-

rier CDMA system and tested its performance on LMS based adaptive beamforming 

algorithm. The stimulation results were very promising but on one end they did not de-

sign any new algorithm and on other end the algorithm they employed was un-

constrained algorithm. Having surveyed all these recent researches it can be said that no 

significant work has been carried out in designing new efficient adaptive beamforming 

algorithms. Moreover, no novel MIMO beamforming architecture with decision di-

rected mode is found in the recent literature. 
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1.3 Motivation for the Proposed Work 

Much of work has been done in MIMO system beamforming; however still there are 

various issues and challenges which have not been addressed yet. Few of the challenges 

which motivated to undertake this work are as under: 

 

1- The weight adaptation is the basic process in beamforming of MIMO system. How-

ever, the simultaneous weight adaptation of both the transmitter and receiver in 

MIMO system has not been thoroughly investigated. Thus there is a need of devel-

opment of efficient adaptive algorithm for adaptation of both transmitter and re-

ceiver weights in MIMO systems. 

2- The existing work on MIMO beamforming is limited to specific criterion such as 

beamforming for SINR maximization. However maximizing SINR does not guar-

antee better performance. Therefore it is required to develop MIMO beamforming 

based on more effective criteria. In this regard, various supervised algorithms such 

as LMS and its variants have not been used for simultaneous adaptation in MIMO 

beamforming. 

3- Spatial-temporal adaptive beamforming for MIMO systems have not been investi-

gated by employing any fractional variant of least mean algorithm. 

4- In addition, the fractional variants have never been used for minimizing mean error 

through back-propagation method. 

5- Though constrained LMS has been employed on several adaptive beamforming ap-

plications, however there is enough room for the improvement in constrained algo-

rithms for fast convergence. 
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6- Normally, all the adaptive constrained beamforming algorithms work under the uni-

ty gain. There is a need of using some algorithms for the gain higher than one in or-

der to achieve amplified beam pattern. 

7- Most of the existing beamforming algorithms are investigated for Additive White 

Gaussian Noise (AWGN) or specific fading channels. In this context, the characte-

ristics of various fading channels such as Rayleigh Fading etc. have not been stu-

died in the aforementioned scenario. 

 

1.4 Research Objectives 

Keeping in mind the above challenges in beamforming of MIMO system, the objectives 

of this research are: 

1- We will investigate different supervised adaptive algorithm such as LMS and Fast 

variants of LMS for MIMO beamforming with simultaneous update of both the 

transmit and receive weights. 

2- To study the effectiveness of proposed MIMO architecture and algorithms, we will 

investigate Rayleigh Fading and Rican Fading channels. 

3- We will design a new MIMO architecture using space-time adaptive beamforming. 

4- We will derive a novel variant of LMF algorithm using fractional calculus, which 

will be named as fractional LMF (FLMF). 

5- We will design an efficient normalized LMF based adaptive MIMO beamforming 

algorithm which will utilize both input and error power for normalization. 

6- We will design constrained LMS (LCMV) based MIMO beamforming algorithm 

using Langrangien optimization.  

7- We aim to develop a beamforming  norm constrained LMS algorithm for higher 
beam gain.  
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1.5 Thesis Organization 

The dissertation is comprised of ten chapters. Chapter one covers overall introduction 

of the work. It includes the comprehensive literature review and motivation of the 

work. Moreover, the main objectives of this dissertation are also included in this          

chapter.  

Chapter two includes the discussion of antenna arrays and MIMO system architecture. 

It gives various features of MIMO systems including space diversity, time diversity and 

space-time diversity. It also discusses several merits and demerits of using MIMO sys-

tems. 

Chapter three introduces several algorithms for adaptive beamforming. It describes the 

fundamental concepts of weight update through Wiener solution and steepest descent 

method. The chapter describes two main categories of beamforming algorithms i.e.   

supervised and blind adaptive algorithms.  

Chapter four focuses on defining the smart antenna, its various types & features and its 

different applications in mobile communications. The smart antenna employs various 

adaptive beamforming algorithms as discussed in chapter five. In the last, the chapter 

discusses several merits and demerits of smart antenna systems. 

Chapter five is dedicated to describe the fundamentals of fractional calculus and its 

various applications especially in the field of adaptive beamforming. Though due to its 

inherent complexity, the fractional calculus was not explored and practically not ap-

plied in engineering disciplines. However, now days it is widely used as computing tool 

in the field of bioengineering, electronics, control systems, robotics, and signal 

processing etc. 
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Chapters six and seven are the actual contribution of this dissertation. Chapter six pre-

sented the detail of the development of three novel adaptive beamforming algorithms. 

These three algorithms are the major contribution of this work. All the necessary ma-

thematical derivations are also included in this chapter. 

Chapter seven covers the analytical assessments of the developed algorithms by apply-

ing them on some MIMO architecture. The results show higher effectiveness and better 

efficiency of the proposed adaptive beamforming algorithms as compared to the exist-

ing algorithms. In addition, this chapter gives the detail of a proposed novel MIMO  

architecture exploiting spatial temporal diversity. The simulation results are promising 

for this architecture too. 

Lastly, chapter eight gives an overall conclusion of this work. It also gives recommen-

dations for future work with some of the limitations. 
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Chapter 2    
 
 

MIMO Communication System 
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2.1 Introduction 

MIMO system is the developed and extended form of array antenna system of wireless 

communication. The merits of using multiple antennas at receiving end have been ex-

ploited for last few decades [43–45]; however using multiple antennas at both transmit 

and receive ends is comparatively a recent concept [46, 47]. Because of its significant 

merits, MIMO antenna system is widely used now days in wireless communication sys-

tems [3–6]. This chapter gives some further detail on MIMO systems, its architecture 

and its merits and demerits. 

 

2.2 MIMO Antenna Systems 

The diversity is used to reduce the fading effects generated in the wireless communica-

tion system. The antenna diversity at the receiving end is a well known diversity ap-

proach which has been explored, investigated and practiced since few decades [43–45]. 

These multiple antennas are useful to increase the average SNR value of the signal. 

Multiple copies of the same transmitted signal can be linearly combined through some 

weight update approaches. 

The transmit diversity; on the other hand is comparatively more recent concept as com-

pared to receive diversity [46, 47]. If the channel’s information is known to the trans-

mitter, we may combine the multiple transmitted copies to have the same gain as 

achieve by the receive diversity. If the channel information is not known, different oth-

er approaches are employed such as space-time coding or delay diversity. After having 

both, the transmit and receive diversities; it is the logical and essential step to combine 

these two. 

The wireless communication system having multiple antennas at both transmitting and 

receiving end is termed as multiple input multiple output antenna system [48]. This is 
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already in use in third generation mobile systems. In addition, MIMO system is also 

used for IEEE 802.11 standard in order to achieve high performance [4, 49, 50]. This is 

the standard for wireless local area networks. Two different benefits have been 

achieved by employing multiple antennas in MIMO systems. Firstly, we have highly 

effective diversity system by employing multiple antennas; secondly, several parallel 

data streams can be sent using these multiple antennas. This is useful in order to in-

crease the capacity of the channel. 

It can be proved that a MIMO system has  diversity where  is the number of 

transmitting antenna and  is the number of receiving antenna [51]. 

 

2.3 MIMO Communication System Architecture 

In order to understand the architecture of MIMO system, it is important to identify ba-

sic model of transmitter and receiver. Following sections describe basic transmit and 

receive model and its functions. 

 

2.3.1 Transmitter 

The transmitter of MIMO system comprised of encoder, interleaving block, a serial to 

parallel device and a modulator along with number of transmitting antennas. The mod-

ulator feeds one symbol to each transmitting antenna. Hence, if there are  transmit-

ting antennas,  symbols are transmitted.  

A- Encoder 

In order to overcome the effect of noise and interference at the receiver, the encoder 

introduces redundancy in the binary information. Various types of codes can be 

employed for error control such as block code, convolution code etc [52]. 
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B- Interleaver 

The codes for increase in reliability is only effective when the errors caused by the 

channel are statistically independent. However, practically a large number of error 

occurs in deep faded channel. This sequence of error is known as burst error. The 

function of the interleaving block is to protect the burst error. The interleaver records 

the encoded data and transmits it onto the channel. The burst error (if any) spread out 

over time with this approach. Hence a codeword appears to be independent with respect 

to error occurrence [52]. 

C- Serial to Parallel 

It is simply a block which converts the serial data coming from the source to parallel 

streams of data for every single antenna. 

D- Modulator 

The modulator modulates the incoming binary information and maps it into electrical 

signals. signal. It converts the binary information into transmittable form which suits 

the electrical characteristics of the channel. 

2.3.2 Receiver 

Similar to transmitter, receiver also has comprised of various blocks including 

demodulator, block for parallel to serial, deinterleaver and the decoder. All the streams 

of received signals arrive at receiving antennas and then fed to the demodulator. Before 

going to destination output, the data is then converted into serial stream for 

deinterleaver and decoder. 

A- Demodulator 

Demodulator is an interface between the communication channel and other devices of 

the receiver. The prime purpose of the demodulator is to convert the signal coming 

from the channel into the sequence of binary information [52]. 
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B- Parallel to Serial 

This block is nothing but the device which converts the parallel data stream into serial 

sequence of binary information. 

C- Deinterleaver 

At the receiver, after demodulation, a deinterleaver is employed to undo the effect of 

the interleaver. The deinterleaver puts the data in proper sequence and passes it to the 

decoder. It stores the data in the same rectangular array format as the interleaver, but it 

is read out row-wise. 

D- Decoder 

A decoder is a device which does the reverse of an encoder, undoing the encoding so 

that the original information can be retrieved. There are several algorithms exist for 

decoding convolutional codes. However, with the constraint length of the convolutional 

code, exponential rise in complexity of algorithm is observed. 

 

2.4 Features of MIMO System 

There are various features and advantages of using multiple antennas on either side of 

transmitting or receiving end. However, using multiple antennas on both sides; the fea-

tures can be increased. The most important features are as follows: 

 

2.4.1 Spatial Multiplexing 

Multiple antennas can transmit multiple parallel data streams in order to enhance the 

data rate. This process is known as spatial multiplexing. The scheme is useful for in-

crease in channel throughput without requiring extra bandwidth or additional transmit-

ting power. All the parallel data streams are collected at the receiver and separated us-
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ing interference cancellation algorithm. A famous spatial multiplexing scheme was de-

veloped by Bell Labs, and it is known as BLAST [53].  

Spatial multiplexing is an alternative approach to exploit the benefits of multiple anten-

na elements [54, 55]. This approach is conceptually presented in Figure 2.1. 

 

 

 

 

Fig. 2.1: Spatial multiplexing used in MIMO antenna system 

 

2.4.2 Spatial Diversity 

The fading occurs due to multipath propagation in a wireless communication system, 

that can be countered by employing multiple antennas. Since MIMO system has mul-

tiple antennas on both sides, these antennas are placed at some sufficient distance with 

each other (typically 2⁄  distance with other, where  is the wave length of radio 

wave). If one antenna encounters a fade, another may have a clear signal or line of sight 

signal. In this way, increase in throughput is achieved.  

Space diversity or sometime known as spatial diversity is the most common diversity 

technique. In this technique the effect of fading can be reduced by employing multiple 

antenna elements simultaneously. The technique can be employed at transmitter or re-

ceiver or at both sides. Figure 2.2 shows a conceptual diagram of spatial diversity. No-

tice that various obstacles are in the signal’s path. It is also observed that transmitting 

antenna 2 ( ) has a clear line of sight with receiving antenna 2 ( ). Despite the 

fading effects in various other signal copies, receiver 2 can get fairly clear signal. 
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Fig. 2.2: Concept of spatial diversity in MIMO antenna system 

 

Spatial diversity can be obtained using multiple antennas at transmitting side (such as 

MISO system). This diversity is known as transmit diversity. The receive diversity; on 

the other hand, is one having multiple antennas on receiving side. 

The well known spatial diversity schemes are Alamouti [56], Trellis code [57], and 

other linear diversity techniques [58]. 

 

2.4.3 Time Diversity 

Time diversity (or temporal diversity) can be achieved if channel fading is average out 

over time [59]. Typically the channel is highly correlated because of the consecutive 

symbols within the channel coherence time. Different coded symbols are transmitted in 

different time segments as shown in Figure 2.3. Interleaving is required in order to en-

sure the independency of the fading gains of coded transmitted symbols. In case of 

slow fading, the channel coherence time is large. In this case the separation between 

various time slots are very high. The time diversity technique is not bandwidth efficient 

[60].  
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Fig. 2.3: Coded symbols in different time slots (time diversity) 

 

2.4.4 Space-Time Diversity 

The space-time diversity (some time known as spatial-temporal diversity) is a combina-

tion of space and time diversity techniques. Various codes exist to achieve space-time 

diversity. The Alamouti code [56] is one of those codes. It is a code having maximum 

diversity gain at a data rate of 1. 

Consider a 2 2 MIMO antenna system as shown in Figure 2.4. Both the transmitting 

antennas send two OFDM (orthogonal frequency division multiplexing) symbols and 

their conjugate in two different time segments as shown in Figure 2.5. In the channel, 

these symbols suffer different fading and their sum will be collected at the receiver.  

 

 

 

 

 

Fig. 2.4: A 2x2 MIMO wireless system using the Alamouti block code 
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Fig. 2.5: Concept of space time diversity 

 

Because the transmission is done in different time slots (here two time slots), therefore 

the decoding is also done in different time slots (two time slots). The received vector  

for first time slot can be estimated as  

 

                                         2.1  

For second time slot, the received vector  is as follows: 

 

                                         2.2  

Combining above two equations, we get 

 

                                       2.3  
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Our target is to isolate the transmitted symbols  and . This can be done by 

multiplying inverse of channel matrix  with the received matrix . The channel 

matrix  is given as  

 

                                                                             2.4  

Since the above channel matrix is not a square matrix, we need to calculate its Moore-

Penrose pseudo inverse  as follows 

 

                                                                         2.5  

Now the estimated value of input symbols is given as  

 

                                                             2.6  

or  

                                                                                         2.7  

 

2.5 Advantages and Disadvantages of MIMO System 

Numerous advantages and disadvantages can be obtained by using MIMO antenna 

system for wireless communication. Few of them are as follows: 
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2.5.1 Advantages 

MIMO system is useful for: 

 High data rate 

 Large spectral efficiency 

 Increase in channel capacity 

 Higher number of users 

 Better interference suppression/cancellation 

 Low bit error rate 

 Low transmitting power per radiating element 

 High quality of service 

 High array gain 

 

2.5.2 Disadvantages 

It however has following disadvantages: 

 Separate radio frequency unit required for each antenna 

 Complex computational algorithms are required 

 Mutual coupling produced between various antennas 

 RF interference produced 

 Powerful unit of digital signal processing required 
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Chapter 3  

 
 

Adaptive Algorithms  
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3.1 Introduction 

As discussed in Chapter 2, a MIMO system of antenna provides greater capacity than 

an ordinary single element antenna. These multiple antenna systems are employed to 

improve the communication reliability through diversity technique or to improve the 

data rate through spatial multiplexing or combination of both. Smart antennas, on the 

other hand; refer to a group of specialized antenna that maximizes the system capacity 

by suppressing the co-channel interference and increases the quality by minimizing the 

fading effects. A detail discussion on smart antennas will be presented in next chapter. 

These antennas can steer a maximum directional beam in the desired user direction and 

nullifying the signal in all other undesired directions. Certain adaptive computation and 

signal processing are essential in smart antenna in order to perform this function. Such 

adaptive computations are performed through some algorithms known as adaptive 

beamforming algorithms. 

Many beamforming algorithms exist but two broad classification are presented in the 

literature. First group is known as supervised algorithms (or non-blind algorithms). It 

requires a training signal to tune the array weight vector. The second group is referred 

to as unsupervised algorithms (or blind algorithms). They do not require any training 

signal for weight adjustment. This chapter discusses a few of most widely used super-

vised and unsupervised algorithms with their basic model and characteristic equations. 

 

3.2 Beamforming and Spatial Filtering 

Beamforming is a process to produce beams in order to receive a desired signal from 

one direction and to minimize other non desired signals from different directions at the 

same time [61]. The spatially propagated signals often come at the receiver along with 

the interference signals. If the interference signal and desired signal are of identical fre-
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quency band and have high correlation then temporal filtering is not useful to separate 

the desired signal. However, desired and interference signals normally have spatial se-

paration, therefore in this case; spatial filtering is the appropriate solution to filter the 

desired signal. Narrowband beamformer and wideband beamformer are the two major 

types of beamforming processors. A typical narrowband beamformer is shown in  Fig-

ure 3.1. 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3.1: A narrowband beamformer architecture 

 

If the output of the beamformer at time instant  is , then its value for  number 

of sensing elements is given as 

                                                                                            3.1  
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The vector form of the above equation is 

                                                                                          3.2  

where 

                                                                                                    3.3  

and 

                                               3.4  

A wideband beamformer, on the other hand samples the signals in both time and space. 

It is used for broadband signals [61]. A wideband beamformer is shown in Figure 3.2. 

The output for  number of sensors in this case is 

 

,                                                                       3.5  

 

where each of the  sensors has 1  number of delays. The vector form of above 

equation (3.5) can be similar as equation (3.2). But in this case 

 

,      , , ,      , , ,      ,                   3.6  

 

and 

    1       1         3.7  

 

Both the above column vectors  and  are of 1 order. 
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Fig. 3.2: A wideband beamformer architecture 

 

3.3 Wiener Solution 

Almost all the non-blind algorithms attempt to reduce the mean square error signal. The 

error signal  is defined as the difference between the desired signal  and the 

array output signal . Let the desired signal and array output signal are sampled as 

 and  respectively at some time . The error is therefore calculated as [62] 

                                                                                  3.8  

The mean square error is therefore calculated as  

| |                                                                                              3.9  
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Substituting the values from equation (3.2) and (3.8) in equation (3.9), we get 

 | |  

    

     

    | |  

      | |                                                     3.10  

where  is the correlation matrix of input data vector. It is of  order and can be 

written as 

                                                                                                3.11  

and  is a cross correlation vector between input and desired signals. Its order is 1 

and can be written as.  

                                                                                  3.12  

From equation (3.10) we can calculate the gradient of mean square error  through con-

jugate derivative with respect to complex weight as 

2                                                                                          3.13  

A null gradient vector of order 1 is obtained if the mean square error is minimized, 

therefore 

| 0                                                                                            3.14  

 

By inspecting equation (3.10) and (3.14), we get 

2 2 0                                                                                3.15  
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or 

                                                                                                 3.16  

Equation (3.16) is known as Wiener-Hopf equation [62]. Computing the value of , 

we get: 

                                                                                              3.17  

The above value of optimum weight vector is termed as Wiener solution. It is evident 

from equation (3.17) that cross correlation vector  and correlation matrix  are essen-

tially required to compute optimum weight vector . 

 

3.4 Steepest Descent Method 

Wiener solution is useful in computing the optimum weight vector; however it has se-

rious computational difficulties. One alternative approach to calculate optimum weight 

vector is known as steepest descent method [62]. 

It can be well understood by letting the weight vector  at time instant . Accord-

ing to steepest descent method, the update value of this weight vector at time instant 

1 is computed as  

1
1
2

                                                3.18  

where the constant  is known as step size. It is a real positive value constant. The fac-

tor of  is used just for the convenience. It sometimes incorporated with the value of . 

From equation (3.15), we may write that  

2 2                                                                   3.19  

Substituting the value of equation (3.19) into (3.18), we get 

1 ,          0, 1, 2, … …         3.20  
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The vector of gradient in equation (3.19) can also be written in different form by using 

equations (3.2), (3.8), (3.11) and (3.12) as 

2  

2  

                                          2                                              3.21   

Putting the value of equation (3.21) in equation (3.18), we obtain 

 

1                                                       3.22  

 

Equations (3.20) and (3.22) are the mathematical formulations of steepest descent ap-

proach [62]. 

 

 

3.5 Supervised Adaptive Algorithms 

In a supervised or non-blind algorithm, the transmitter sends a known signal  (for 

training purposes) to the receiver during the training period. Hence this training signal 

is known to both, the receiver and the transmitter. The receiver then calculates the op-

timum weight vector  with the help of training signal . After the expiry of 

training period, actual message is sent to the receiver. The beamformer at the receiving 

end uses previously computed weight vector in order to process the received signal. 
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3.5.1 Least Mean Square 

In 1959, Windrow and Hoff proposed Least Mean Square (LMS) algorithm [10, 62]. It 

is an adaptive algorithm based on gradient computation through steepest descent me-

thod. The algorithm is very simple and does not need any matrix inversion or any cor-

relation matrix. In order to develop the estimated value of gradient vector, put the ex-

pected value in equation (3.21), with instantaneous estimation we get 

2                                                                      3.23  

Putting the above value in equation (3.18) of steepest descent 

1                                                       3.24  

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3.3: Block diagram of LMS algorithm 
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Figure 3.3 illustrates the block diagram of LMS algorithm [62]. The standard LMS al-

gorithm can be defined using equations (3.2), (3.8) and (3.24). For ready reference, we 

are giving these three relations again as follows [62 – 64]: 

 

                                                                         3.25  

                                                                        3.26  

1                                                  3.27  

 

3.5.2 Normalized Least Mean Square 

Though LMS is very effective and simplest algorithm, however it gives very slow con-

vergence. The normalized least mean square (NLMS) algorithm, on the other hand; is 

much faster in reaching the convergence with same cost function value as LMS. The 

NLMS is the variant of LMS and very similar to it. The NLMS equation for weight up-

date is given as [13] 

 

1                                                  3.28  

 

3.5.3 Variable Step Size Least Mean Square 

In the standard LMS method, the weight update can be obtained through some step size 

adjustment. A large step size results in high steady state error while the small step size 

gives slow convergence. It is therefore a good idea to initially keep the step size larger 

and then gradually reducing it in order to have effective and reasonably fast conver-

gence. The variable step size least mean square (VLMS) is an algorithm which helps 
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control in variable step size. The weight update equation of VLMS is slightly different 

than LMS weight update equation of (3.24). It can be written as: 

1                                                            3.29  

where  is the step size at time . The update in step size can be obtained as: 

1 | |                                                                      3.30  

where 0 1 and the updating parameter 0. The updating parameter plays an 

important role in updating and adjusting the step size. 

 

3.5.4 Fractional Least Mean Square 

The fractional least mean square (FLMS) algorithm is based on fractional order calcu-

lus [65]. The detail of the fractional calculus can be seen in Chapter 5. For FLMS, the 

weight update equation is 

1
ð 1

ð
ð 1

ð
                                 3.31  

where w n  represents  filter weight at time . The notation ð is used for the frac-

tional derivative. Here  is a real number which lies between 0 and 1.  is a cost 

function at time  and its value is given as 

 | |  

          2 ·  

          2        3.32  

Now taking  order fractional derivative of equation (3.32), we get 

ð
ð

 2
ð

ð

2
ð

ð
                                                     3.33  
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By simplifying equation (3.33) 

ð
ð

 2  

                                                          2
1

2
          3.34  

where  is the Riemann Liouvilli differential operator (see Chapter 5 for detail). 

Substituting equation (3.34) into equation (3.31), we obtain 

1 2

2
1

2
                                           3.35  

Some time,  is considered for simplification [66]. 

 

3.5.5 Least Mean Fourth 

Many problems related with signal processing can be represented in the form of Figure 

3.4 such as noise canceling, plant modeling, channel equalization etc. In Figure 3.4, a 

plant having polynomial transfer function  is being modeled. The plant output is 

changed by additive independent zero mean noise function . The plant modeling 

can be done by minimizing the error function . 

 

Usually the minimization of the error can be done through its square value i.e. 

| | . However, more generic form of this value can be considered by taking 

| | , where 1, 2, 3, … …. For 2, fourth power of expected error value 

is achieved. The choice of any value of  will affect the performance of adaptive filter. 
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Fig. 3.4: Block diagram of adaptive plant modeling 

 

Using steepest descent method and calculating the gradient for the expected value of 

generic exponent of error, it can be easily proved that the update weight equation is  

1 2                                                  3.36  

 

For 2, equation (3.36) can be re-written as 

1                                                              3.37  

 

Equation (3.37) is the weight update equation of least mean fourth (LMF) algorithm 

[67]. There are many variant of LMF exist such as NLMF, XELMF, Var. XELMF etc. 
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3.5.6 Recursive Least Square 

Unlike LMS, recursive least square (RLS) algorithm employs least square method for 

adjustment of weight vector [124]. In this technique, we select the weight vector  

in such a way to minimize the cost function. The cost function consists of sum of error 

squares.  

In RLS, the cost function (error function) at time  is given as 

| |                                                                              3.38  

where  is the error function as described in equation (3.8) and  is a constant close 

to 1. The RLS algorithm can be obtained by minimizing equation (3.38). Following eq-

uations describe the algorithm [62]  

1
1 1

                                                  3.39  

 1                                                          3.40  

1                                                           3.41  

1 1                             3.42  

 

where  and  are the inverse correlation matrix of order  and gain vec-

tor of order 1 respectively.  is the priori estimation error which is different 

than . Figure 3.5 illustrates the block diagram of RLS algorithm [62]. 
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Fig. 3.5: Block diagram of RLS algorithm 

 

3.6 Blind Adaptive Algorithms 

Unlike supervised algorithms, blind adaptive algorithms do not need any training sig-

nals. They however require certain identified characteristics of the desired received sig-

nal. Mostly, the blind algorithms are classified into following categories or a combina-

tion of these [68]: 

 Based on the estimation of direction of arrival of received signal 

 Based on a technique of property restoring 

 Based on discrete digital signal 

 

3.6.1 Linearly Constrained Minimum Variance 

Linearly constrained minimum variance (LCMV) algorithm is a popular algorithm of 

sensor array technique for the reduction of noise [61]. Its goal is to reduce the output 
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power received from multi channel filter under some linear constraints such as cancel-

ling the interference signal and keeping the desired signal at some minimum level. 

In order to understand the algorithm, let us consider a constraint  

min                                                                                      3.43  

subject to                                                                            3.44  

where  is the total array power,  is known as constraint matrix and  is a 

look direction vector equivalent to tapped delay line [11]. The weight update equation 

for LCMV is given as 

1

                                                       3.45  
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System of Smart Antennas 
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4.1 Introduction 

In mobile communication system, there are two major problems that limit the capacity 

and performance. These are co-channel interference and multipath propagation. The  

co-channel interference is the result of interference between two different signals oper-

ating at the same frequency. The multipath propagation, on the other hand; produces 

multiple copies of the same signal with different fading level and different phases. In 

order to achieve high capacity and effective signal reception by reducing the co-channel 

interference and multipath propagation, smart antenna systems are employed [7, 69]. 

This chapter focuses on defining the smart antenna, its various types & features and its 

different applications in mobile communications. 

 

4.2 Smart Antenna System 

Smart antenna (also called adaptive antenna) are the antenna arrays having ‘smart’ sig-

nal processing algorithms. The antenna comprised of a set of radiating antenna ele-

ments arranged to develop an array. These antenna elements combine their signals by 

‘switchable’ or ‘movable’ beam pattern to connect to the desired user in the desired di-

rection. This process of ‘moving’ the direction and ‘combining’ the signal is known as 

beamforming [7]. A variety of beamforming algorithms exist as discussed in Chapter 3.  

In smart antennas, both space and time signal processing are combined together to 

achieve its ‘smartness’. The spatial processing helps to have more degrees of freedom 

(DOF), which in turns increase the overall system performance. After the invention of 

low cost and efficient digital signal processor, the smart antennas are widely employed 

in cellular satellite communication systems [70]. Smart antennas are the extension of 

cell sectoring concept. Cell sectoring is used to give entire circular coverage by 

employing multiple beams [71].  



 

40 
 

4.3 Types of Smart Antenna 

The idea of using smart antenna was first proposed in early 1960’s as a signal jammer 

in electronic warfare [72]. Until last 20-30 years it was not in commercial use because 

of the financial constraint. Even the existing base stations of wireless communication 

systems have omni-directional antennas to radiate the radio signal equally in all 

azimuthal direction, or sectorized antenna to cover an azimuthal arc of 60º, 90º or 120º 

[72]. However, with the invent of low cost and efficient digital signal processor the 

smart antennas are now used in these applications [72–74].  

The smart antenna systems are mainly divided into following two categories: 

 Switched beam system 

 Adaptive array system 

In the following sections we are going to discuss the above two categories in some 

detail. 

4.3.1 Switched Beam System 

This system either consists of a number of fixed beams, out of which one beam is 

turned on in the direction of desired signal. Or it has a single beam which may be 

steered in the direction of desired signal by adjusting the phase angle. Therefore the 

switched beam system is also known as phased array system [7, 75]. A typical switched 

beam system of smart antenna is shown in Figure 4.1. 

The switched beam antenna system has a number of fixed and highly directive beams. 

These beams can be produced by employing the beamforming network [76], e.g. Butler 

1.2 smart antenna [77, 78]. This system identifies and evaluates signal strength and 

selects one beam among a set of several beams. The selected beam gives maximum 

received power. The antenna system with switched beam technique is the simplest and
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Fig. 4.1: Beam pattern in switched beam system of smart antenna 

 

easy to adapt system with existing wireless technologies. However, the system is only 

effective in low or moderate co-channel interference environment. In a strong 

interference environment, the system is not able to identify the desired user signal or 

identify the desired user with poor quality [76]. The antennas placed in switched beam 

system have unequal gain in all direction but they have higher gain in the desired 

direction. The same selected beam can be used for uplink and downlink 

communication.  

In order to understand the working principle of switched beam system, consider a 

typical system as shown in Figure 4.2. The system consists of a phase shifting network, 

an RF switch, a control logic block and a detector. The phase shift network generates 

multiple beams in different directions. RF switch triggers and/or selects the desired 

beam in the desired direction. The control logic selects the desired beam. Th detector 

runs an algorithm which examines all the beams for received signal power. It helps 

control logic in selecting the right beam.  

In addition to its simplicity, switched beam system is useful for higher capacity, 

significant range extension and a good interference rejection when the targeted user is 

located in at the centre of the beam. It can be easily incorporated in the existing 

systems. 
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Fig. 4.2: Block diagram of switched beam systems 

 

4.3.2 Adaptive Array System 

Adaptive array system has multiple antenna elements. These elements receive the 

signals and combine their weighted values in order to increase the value of signal to 

interference and noise ratio (SINR). These weights are in complex form i.e. magnitude 

and phase. With this approach, the adaptive array system put the main beam in the 

required direction while it put nulls in all the other directions including the direction of 

interference [7]. The beam pattern of a typical adaptive array system is shown in Figure 

4.3.  

 

 

 

 

 

Fig. 4.3: Beam pattern in adaptive array system of smart antenna 

 

Advanced signal processing algorithms are employed in adaptive array system to detect 

and track the desired and interference signals. It also helps in minimizing the 
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interference and maximizing the desired signal reception [7]. The major difference 

between a switched beam system and an adaptive array system is that the former 

employs the beam steering technique while the latter has both beam steering and beam 

nulling [79]. In this way, the adaptive array are really termed as ‘intelligent’ in a true 

sense. And it is justified to call them as ‘smart’ antennas. However, these are costly as 

compared to the previous one because of hardware complexity. As compared to 

switched beam system, the adaptive array can give higher received signal gain for the 

same number of antennas, or it requires less number of antennas in order to achieve 

same gain [69, 79–81].  

The adaptive array system performs a sequence of functions. Firstly, estimation of 

direction of arrival (DOA) of all the incoming signals. This includes the multipath 

signals and interfering signals. The estimation of DOA is performed by special DOA 

algorithms. Secondly, it identifies the desired user signal and separates it from all the 

remaining incoming signals. Lastly, a beam is steered in the desired direction along 

with the tracking of the user’s movement. This also nullifies the beams in all unwanted 

directions. This step is accomplished by continuous update of complex weights.  

In order to achieve maximum radiation in the specific targeted direction, the phase 

adjustment is taken place in adaptive array system. To understand its working principle, 

consider a typical adaptive array beamformer as shown in Figure 4.4. 

All the incoming signals are first converted to baseband or intermediate frequency (IF). 

The output of each receiving element is equipped with a down converter (D/C) to 

convert the signal into its baseband. Since the digital signal processor (DSP) can 

process the digital data, the analog to digital converter (ADC) converts the analog 

baseband signals into digital signal. The digital IF signals are further processed by 

DSP. 
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Fig. 4.4: Block diagram of adaptive array systems 

 

The processor ‘translates’ the incoming signals’ information, calculate the complex 

weights and multiplies these weights to each respective element output to optimize the 

beam pattern in the desired direction. The calculation of complex weights is done by 

amplification of IF signals and evaluating its magnitudes and phases. Several adaptive 

algorithms are available to compute and update these complex weights. The process of 

optimization helps in minimizing interference and noise contribution while maximizing 

the beam gain in the desired direction.  
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4.4 Adaptive Algorithms used in Smart Antenna 

As discussed above, adaptive algorithms are employed in order to compute and update 

the complex weights in the adaptive array system. There are several types of algorithms 

available, few of them have been discussed in Chapter 3. The algorithms used in 

adaptive array system can be classified according to different approaches as follows: 

 

4.4.1 Based on Adaptation 

A- Continuous Adaptation 

These algorithms update the weights continuously as the incoming signals are sampled. 

The adaptation process goes on until the algorithm converges to an optimal solution. 

These algorithms are suitable for the signals having time varying statistics. The 

examples are recursive least square (RLS) and least mean square (LMS) algorithms. 

B- Periodic Adaptation 

These algorithms compute and update the weights periodically on the basis of 

estimated values obtained from a buffered block of data. These algorithms are suitable 

for non stationary environments. The example is sample matrix inversion (SMI) 

algorithm. 

 

4.4.2 Based on Information Required 

A- Algorithms Based on Reference Signal 

These algorithms reduce the error value in between the reference and the received 

signals. It is therefore essential for these algorithms to have the reference signal which 

is highly correlated with the desired signal. The examples are sample matrix inversion 

(SMI), recursive least square (RLS) and least mean square (LMS) algorithms etc. 
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B- Blind Adaptive Algorithms 

These algorithms work without any reference signal. They generate their own reference 

signal and compare it with the received signal to get the minimum error. The examples 

are cyclo-stationary algorithm (CSA), constant modulus algorithm (CMA) and 

decision directed algorithm (DDA) etc. 

 

4.5 Benefits of Smart Antenna 

The smart antennas are widely used in today’s mobile communication networks. There 

are several benefits of using smart antennas; some of them are as follows: 

 

4.5.1 Reduced Co-channel Interference 

The transmitters of smart antenna produce less interference by transmitting the RF sig-

nal in the desired direction only. Similarly, its receivers reject the interference by ac-

cepting the signal from desired direction only. Because of these important features, re-

duced co-channel interference (CCI) can be obtained through smart antennas. 

 

4.5.2 Increased Capacity 

Due to the reduction in co-channel interference by the smart antenna, the same frequen-

cy can be assigned to more cells for reuse and therefore the frequency reuse distance 

can be decreased (high value of frequency reuse factor). This in turns increase the ca-

pacity in terms of number of users. 
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4.5.3 Higher Gain 

Since the smart antenna generates transmit and receive beams in the desired directions, 

it has higher gain value as compared to traditional omni-directional antennas for the 

same signal power.  

 

4.5.4 Improved Area Coverage 

Because of its special features, smart antenna has higher gain value. The higher value 

of gain results in the increase in area coverage. To cover a given area, few base stations 

are therefore required. 

 

4.5.5 Reduced Transmitted Power 

Conventional antennas waste their transmitted power by radiating the signal in all the 

directions unnecessarily. On the other hand, smart antenna radiates its power in the de-

sired direction only. This saves the power a lot and therefore less radiated power is re-

quired by smart antenna base stations. Reduction in transmitted power also reduces the 

interference for other users. 

 

4.5.6 Reduced Number of Handoffs 

In conventional cellular networks, the capacity can be increased by making smaller 

(micro) cells. However, it also increases the number of handoffs. By employing smart 

antenna systems, the capacity can be increased without dividing the area into smaller 

cells because they can increase their capacity using ‘spot’ beaming. Larger (macro) 

cells result in less number of handoffs. 
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4.5.7 Multipath Mitigation 

Multipath components are rejected by the smart antenna because it considers these 

components as interference. Sometime, it may collect these components in order to add 

them constructively to enhance the quality of the signal. In both the cases however, the 

multipath fading effects can be mitigated. 

 

4.5.8 Compatibility 

Smart antenna technology is compatible with all multiple access techniques. These in-

clude FDMA, TDMA and CDMA. Also, it is compatible with almost all types of mod-

ulation techniques and for all frequency bands. 
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Chapter 5  
 
 
Fractional Calculus and Application  
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5.1 Introduction 

Because of its inherent complexity, the fractional calculus was not explored and practi-

cally not applied in engineering disciplines. In addition to its inherent complexity, the 

fractional calculus does not have complete acceptability in geometrical or physical do-

main. Moreover, the classical integer calculus ‘appears’ to be self sufficient [82, 83]. 

In the latter years, however, fractional calculus attracted scientists and engineers’ atten-

tion because of its effectiveness and behavioral response [84]. Now days, fractional 

calculus is widely applied as computing tool in the field of bioengineering [85, 86], 

electronics [87, 88], control systems [89, 90], robotics [91–93], and signal processing 

[94, 95] etc. Apart from engineering applications, fractional calculus is also employed 

in the field of biology [96], natural sciences [97] and social sciences [98] etc. This 

chapter describes the fundamentals of fractional calculus and its various applications 

especially in the field of adaptive beamforming. 

 

5.2 Brief History 

Fractional calculus is a very specialized area in the field of mathematics. However, it is 

wrongly perceived that this field is a new sphere of study and research. In fact, the frac-

tional calculus is as old as the classical calculus itself. 

L’Hospital wrote a letter to Leibniz (in 30th September, 1695) asking him about  

derivative of a function if  is any number (including irrational, fractional or complex). 

Leibniz replied, from this apparent paradox, one day useful consequences will be 

drawn. This exchange of views between L’Hospital and Leibniz was the starting point 

of fractional calculus. The basic idea of fractional calculus was developed by Leibniz 

(1695), Liouville (1834), Riemann (1892) and other mathematicians. However, the en-
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gineers were attracted to this field by Oliver Heaviside (1892). The very first book writ-

ten on this subject in 1974 by Oldham and Spanier [99, 100]. 

 

5.3 Gamma Function 

 
Before going into the definition of fractional derivatives, it is essentially required to 

first define gamma function.  

The gamma function is inherently associated with the fractional calculus [101]. The 

function is the generalization of factorial for all the real numbers. It is defined as: 

 

Γ ,                           for all                                 5.1  

where  is a dummy variable. A very interesting property of gamma function is  

 

Γ 1 Γ 1 !                for all                                5.2  

 
5.4 Fractional Derivative – Basic Definition 

P. S. Laplace provided the very first basic definition of fractional derivatives. He wrote 

a book in 1812 on this area. Laplace states that the fractional derivative can be defined 

as a function with the help of an integral as . After few years, S. F. Lacroix 

generalized the integer order derivative as 

 

!
!

                                                             5.3  
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Using gamma function property of equation (5.2), Euler derived the solution for equa-

tion (5.3) as  

 

Γ 1
Γ 1

                                                                 5.4  

 

This is the fundamental expression for fractional derivative. It is true for all values of , 

integer and fraction. 

 

5.5 Miscellaneous Functions and Properties 

After the above two mathematicians, many famous scientists have applied fractional 

calculus in order to solve complex problems. Fourier, Laplace, Euler and Millar are few 

of those scientists [102]. They gave their own notations and methodology to define 

fractional calculus. Some of the important functions of fractional calculus and its prop-

erties are mentioned here: 

 

5.5.1 Beta Function 

The beta function also known as Euler Integral of the First Kind. It is very useful rela-

tionship in fractional calculus. It uses multiple gamma functions along with the similar-

ity of many fractional integral/derivative functions [101]. It is represented as: 

, 1
Γ Γ
Γ

,          ,          5.5  
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5.5.2 Mittag-Leffler Function 

Mittag-Leffler function (MLF) is widely used function in the area of fractional calculus. 

Similar to exponential solution of integer differential equation, this function helps solv-

ing differential equation of non-integer order [101]. The standard form of MLF is writ-

ten as 

Γ 1
                        0                                                          5.6  

Sometimes it is more desirable to define MLF with two arguments  and , such that 

, Γ
                        , 0                                                     5.7  

Equation (5.7) is more generalized form of MLF. However, any one of the above two 

forms can be used with fractional differential equations. 

 

5.5.3 Abel Function 

N. H. Abel considered another type of integral and derived a new relation using gamma 

function. For any arbitrary , he considered following integral 

 

                                                                                             5.8  

By employing fractional calculus, he found function  from the above integral as 

 

1
Γ 1

                                                                                   5.9  
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5.5.4 Lioville Function 

J. Lioville considered following two integrals 

1
1 Γ

                                         5.10  

1
Γ

                                                      5.11  

By substituting  and  in equation (5.10) and (5.11) respectively, he 

derived the values of both the above integrals respectively as follows: 

 

1
1 Γ

                                         5.12  

1
Γ

                                                    5.13  

 

5.5.5 Riemann Function 

G. F. B. Riemann defined a fractional integral as 

 

1
Γ

                                              5.14  

 

5.5.6 Riemann – Lioville Property 

One very important property of fractional calculus is achieved by joining above two 

major relations as discussed in sections 5.5.4 and 5.5.5. The new relation is given as 

 
1

Γ
                  1         5.15  
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5.6 Fractional Derivative of Some Important Function 

Now we are giving fractional derivatives of some of the important functions. The con-

cept can easily be understood by inspecting the respective graphs. In all the graphs 

(from Figure 5.1 to 5.5), independent variable  is placed on x-axis whereas its frac-

tional derivative is on y-axis for various fractional values . 

 
5.6.1 Unit Function 

For the unit function 1, the fractional derivative is given as 

1
Γ 1

for all                                                                             5.16  

The characteristic curve for different  values is shown in Figure 5.1. 

 

5.6.2 Identity Function 

For the identity function , the fractional derivative is given as 

Γ 2
for all                                                                              5.17  

The characteristic curve for different  values is shown in Figure 5.2. 

 

5.6.3 Exponential Function 

For the exponential function , the fractional derivative is given as 

Γ 1
                                                                              5.18  

The characteristic curve for different  values is shown in Figure 5.3. 

  



 

56 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5.1: Fractional derivative of unit function at different fractional values 

 

 

 

 

 

 

 

 

 

 

Fig. 5.2: Fractional derivative of identity function at different fractional values 
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Fig. 5.3: Fractional derivative of exponential function at different fractional values 

 

5.6.4 Sine Function 

For the sine function sin , the fractional derivative is given as 

sin
sin

2
                                                     5.19  

 

The characteristic curve for different  values is shown in Figure 5.4. 

 

 

 

 

 

 

 

Fig. 5.4: Fractional derivative of sine function at different fractional values 
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5.6.5 Cosine Function 

For the cosine function cos , the fractional derivative is given as 

cos
cos

2
                                                     5.20  

The characteristic curve for different  values is shown in Figure 5.5. 

 

 

 

 

 

 

 

Fig. 5.5: Fractional derivative of cosine function at different fractional values 

 

5.7 Fractional Integral – Basic Definition 

The formula for fractional integral can be derived from the repeated integration of a 

function through classical integration approach. This approach is referred to as Rie-

mann-Liouville approach [101]. The  integration of a function  is given as 

 

1
1 !

                        5.21  

This formula is abbreviated through an operator  (or sometimes ), such that  

 

1
1 !

                            5.22  
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By replacing factorial expression with its equivalent gamma function, equation (5.22) 

becomes 

1
Γ

                                    5.23  

 

5.8 Applications of Fractional Calculus 

There are lots of mathematical and engineering applications of fractional calculus. In 

the field of Electrical engineering, it can be employed to calculate transmission losses 

in high power transmission line [103]. Fractional calculus, can be applied in the study 

of viscous-fluid dynamics in human bone [104]. In addition, it can be employed in the 

field of digital signal processing [105], bio-potential measurement and recording [85], 

propagation of sound waves [106], control engineering [107], and fluid mechanics 

[108] etc. However, as per the topic of the dissertation, we specially describe few of its 

formulation for the fractional calculus application in adaptive beamforming algorithm 

such as least mean square (LMS).  

The output, error and weight update equations of least mean square (LMS) algorithm 

are respectively written as follows: 

 

                                                                  5.24  

                                                                5.25  

1                                           5.26  

where  is the response of the filter,  is the desired response,  is the error, 

 is the input vector,  is the weight vector at time iteration  and  is the step 

size.  



 

60 
 

In order to derive fractional LMS (FLMS), we use the expressions of fractional deriva-

tives. The above weight update equation (5.26) will become [65, 109]: 

1  u  u
w
Γ 2

             5.27  

where  is a real number 0 1. 

 

For simplicity we assume that w w 1  [65, 109] then equation (5.27) 

becomes 

1  u  u
w 1

Γ 2
     5.28  

For all values of  0, 1, 2, … … , 1, where  is the number of taps of the filter. 

Equation (5.28) along with basic equations of LMS {from equations (5.24) to (5.26)} 

use to formulate FLMS. 
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Chapter 6  
 
 
Proposed Adaptive Algorithms 
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6.1 Introduction 

The weight adaptation is the basic process in adaptive beamforming algorithms to be 

used in MIMO system. However, very limited work have been done and investigated 

on the algorithms that have simultaneous weight update of both the transmitter and   

receiver in MIMO systems. In addition, despite its inherent feature the fractional      

calculus has not been properly employed in the area of adaptive beamforming. Also, 

the constraint algorithms normally have slow convergence. In this chapter, we are   

proposing three novel adaptive beamforming algorithms. The complete development of 

the algorithms is presented here. Two algorithms are the variants of least mean fourth 

namely fractional least mean fourth (FLMF) and constrained least mean fourth 

(CLMF). The former has better performance as compared to normalized least mean 

fourth (NLMF) for correlated data. The latter on the other hand, has fast convergence as 

compared to constrained least mean square (CLMS). Moreover, one added novel     

algorithm is developed and presented namely L2 norm constrained least mean square 

(L2-NCLMS). This algorithm not only has better performance but at the same time it 

has higher gain for beam pattern. Following sections give the development of all three 

algorithms in detail. 

 

6.2 The Work Undertaken by this Dissertation 

We have developed three novel adaptive beamforming algorithms under this work. 

These three algorithms are fractional least mean fourth (FLMF), L2 norm constrained 

least mean square (L2N-CLMS) and constrained least mean fourth (CLMF). The ma-

thematical steps in developing these algorithms are as given:  

  



 

63 
 

6.2.1 Fractional Least Mean Fourth 

The proposed FLMF algorithm is based on least mean fourth approach as described in 

Chapter 3. The algorithm has been tested on MIMO architecture for correlated data. It 

has been found that its performance is far better than NLMF algorithm. The simulation 

results of the proposed FLMF algorithm are presented in Chapter 7. As discussed, the 

cost function of FLMF is given as 

 

| |                                                                                                                   6.1  

If we consider non-complex data for simplification, we get 

                                                                           6.2  

Applying instantaneous approximation on equation (6.2), we obtain 

 

 

4 6 4

                                                                                                      6.3  

 

Taking fractional derivative with respect to weights of  order where 0 1. In 

addition  ∑ . Equation (6.3) can be written as 
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0 4

12

12

4  

4 12 12   

4  

4

12  

4

12  

4

12               6.4  
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Since , equation (6.4) can be written as, 

4

12  

4 4

12  

4

8                         6.5  

Since 2 , equation (6.5) will be, 

4 2

8  

4 8

8  

4                                                    6.6  
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According to the definition of Riemann-Liouville fractional derivative, 

                                                                                      6.7  

where  is Riemann-Liouville differential operator. Using Gamma function, equation 

(6.7) can easily be solved as 

 
1

1
 

If  is considered unity then, 

 
2

                                                                                                 6.8  

Using equation (6.8), equation (6.6) becomes 

4  
2

                                                                  6.9  

The weight update equation for the least mean algorithm and its variant are derived 

from steepest descent method, as discussed in section 3.4. Similarly, the weight update 

equation for the  tap in context with fractional least mean fourth is given as, 

1  
1
4

                                                 6.10  

where  is the cost function for least mean fourth and  and  are the step size for 

least mean fourth and fractional least mean fourth respectively. Here the value of  

can be evaluated by the conventional way i.e. 

4                                                                                                    6.11  

Equation (6.10) can further be solved by using equations (6.9) and (6.11) 

1    
2

               6.12  
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In order to speed up the laborious computational work for cyclic single step iteration, it 

is assumed that  1 . The weight update equation (6.12) will 

become 

1    
1

2
         6.13   

Above equation (6.13) is the weight update equation for the proposed fractional least 

mean fourth algorithm. 

 

6.2.2 L2 Norm Constrained Least Mean Square 

The proposed L2
 -norm constrained least mean square algorithm is the variant of con-

strained least mean square. The algorithm is useful in order to achieve improved beam-

forming with higher gain. The simulation results of this proposed algorithm are pre-

sented in Chapter 7. Its cost function is very similar to that of constrained least mean 

square with difference of penalty of L2–norm to a certain gain i.e. 

 

| |  .  
|| ||

 

 

where  is a constraint matrix and is the respective constraint vector containing     

number of constraints elements.  represents the gain value. The Lagrange multipliers 

are introduced in the objective function as follow: 

 

| | | |                              6.14  
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For calculating the derivative of equation (6.14), we go term by term. First we are 

going to calculate the derivative of the first term on the right side of equation (6.14). 

Using instantaneous estimation we get,  

| |  

                           2  

| |  2                                                                                          6.15  

Now the derivative of the second term is, 

  

                                        0  

                                        

                                                                                                     6.16  

The derivative of last term is, 

| |  

| |                                                                                   6.17  

 

Now by using equations (6.15), (6.16) and (6.17), the derivative of equation (6.14) can 
be computed as, 

 

2                                                                         6.18  
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The weight-update equation of  norm will be, 

1
1
2

2   

                    
1
2

1
2

 

1 1
1
2

1
2

                                    6.19  

 

To find the value of , multiplying both sides of equation (6.19) by , we obtain 

1 1
1
2

1
2

 

1
2

1
1
2

 1  

2
1

1
2

2
 
2 1

 

2
1

1
2

2

 
2

1                                                                   6.20  

 

Let , 1 and , then equation (6.20)         

becomes 

2
2  

2
                                                      6.21  

 

Now to find the value of , multiplying both sides of equation (6.19) by , we 

obtain  

1 1
1
2

1
2
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In order to eliminate the unknown priori coefficient vector 1  on the left side of 

the above equation, we propose an approximation as 1 . 

This approximation is based on an assumed convergence of the algorithm, when                 

1 . Also, we define   as the  norm at instant ; 

therefore 

1
1
2

1
2

 

    
1
2

1
2

 

1
2

1
2

 

1
2

1
2

 

2
1
2

 

2 2 1
                                 6.22  

Assuming following variables for the terms in equations (6.21) and (6.22),  

 2                                                                                6.23) 

                                                                                                                           6.24  

2 2
                                                                        6.25  

 
1

                                                                                                               6.26  

Now equation (6.21) and (6.22) can be written as, 

                                                                                                                         6.27  

                                                                                                                         6.28  
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Simultaneously solving equations (6.27) and (6.28), we get, 

 
1

                                                                                          6.29  

1
                                                                                                                        6.30  

 

Now let 1  1 . By putting the values of , , ,  from 

equations (6.23) to (6.26) into equation (6.29) and (6.30), we obtain 

2 2
 

2
 

2
  

2

2

2 2

2
 

2

2
                               6.31  

 

2 2

2 2

2
                                                      6.32  
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Now putting the values of and  from equations (6.31) and (6.32) into equation 

(6.19), we get 

1

2
2

  
2

2 2

2

2
2 2

 
2

 

2
  

2

2

2 2

2
 

2

2
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Now the final weight update equation for L2-Norm CLMS is 

1
1

1

1 1

1
  

1 1

1

 
1

                                                          6.33  

The above equation (6.33) gives the weight update for the proposed  norm CLMS 
algorithm. 

 

6.2.3 Constrained Least Mean Fourth 

A constrained least mean square algorithm has already existed in the area of adaptive 

beamforming. However, there was a need of fast convergence in the family of con-

strained algorithms. In order to fill this gap, we have developed a novel algorithm hav-

ing fast convergence namely constrained least mean square algorithm. The cost func-

tion is very similar to that of constrained least mean square i.e. 

| |              .          

where  is a constraint matrix and  is the respective constraint vector containing num-

ber of constraints elements. The Lagrange multipliers are introduced in the objective 

function as follows: 

| |                                                                6.34  
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We have used the same instantaneous estimation employed in the derivation of the 

CLMS algorithm. For differentiating equation (6.34), we first derivate the first right 

side term of equation (6.34).  

| |  

                            4 | |  

| |  4 | |                                                             6.35  

Now differentiating the second right side term of equation (6.34) 

  

                                        0  

                                        

                                                                                    6.36  

Using equations (6.35) and (6.36), the derivative of equation (6.34) will be, 

4 | |                                                                    6.37  

Using equation (6.37), the weight-update equation of CLMF can be written as, 

1
1
4

4 | |   

1 | |  
1
4

                                         6.38  

To find the value of , multiplying equation (6.38) by , 

1 | |  
1
4

   

1
4

  | |  1  

  
4 4

| |  
4 1

 



 

75 
 

  
4

4 | |

 
4

1                                                        6.39  

Let , 1  and , equation (6.39) becomes 

  
4

4 | |  
4

                                               6.40  

Putting the value of  from equation (6.40) into equation (6.38), we obtain 

1 | |

 
1
4

4
4 | |  

4
 

                   | | | |   

                    | | | |

  

                    | |   

                    | |   

Let , then 

1  | |                                            6.41  

 

Above equation (6.41) is the weight update equation for the proposed constrained least 

mean fourth algorithm.  

The performance analysis of all the above algorithms is given in next chapter. 
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6.3 Computational Cost and Complexity of Proposed Algo-

rithms 

This section presents the computational cost and complexity of the proposed algo-

rithms. For the purpose we have derived/estimated the value of big ‘O’ for each algo-

rithm. 

 

6.3.1 Computational Cost for FLMF 

By considering the parameters of FLMF algorithm as described in 6.2.1, we have calcu-

lated the computational cost of this algorithm. 

Let T taps are used for the weights, the output random variable d and input random va-

riable x are realized as, {d(0), d(1); …} and {x0, x1, …} respectively. 

 

The recursive weight update for FLMF is given in equation (6.13). Following steps are 

taken to calculate its computational cost for real valued data: 

 Every iteration requires the assessment of the inner product wT(n)x(n), between 

two vectors of size T each. This computation required T real multiplications and 

(T – 1) real additions.  

 The d(n) – wT(n)x(n) requires one real addition. 

 [d(n) – wT(n)x(n)]3 needs two real multiplications. 

 Since μ is a scalar thus it only needs 1 real multiplication. 

 Now the algorithm requires further T real multiplications when μ[d(n) – 

wT(n)x(n)]3 is multiplied by the vector x(n).  

 Finally, the summation of two vectors w(n) and μ[d(n) – wT(n) x(n)]3 x(n) needs 

T real additions. 
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 For the third term of equation (6.13), [d(n) – wT(n)x(n)]3 needs two real multip-

lications. 

 Again μ requires 1 real multiplication as it is a scalar. 

 The factor {Γ(2 – ν)}–1 requires 1 real multiplication. 

 The dot of two vectors x(n)  w(1 – ν) (n), needs T real multiplications. 

 Another T real multiplications necessary for the expression μ[d(n) – wT(n) 

x(n)]3 {Γ(2 – ν)}–1 x(n)  w(1 – ν) (n). 

 Finally, sum of two vectors requires T real additions. 

In summary, for general real-valued signals, FLMF requires (4 T + 7) real multiplica-

tions and 3 T real additions per iteration.  

Thus the O(n) relation can be estimated as O(nT), where ‘n’ is the number of iterations. 

 

6.3.2 Computational Cost for CLMF 

The computational cost for Constrained Least Mean Fourth is presented here. The pa-

rameters for the algorithm have been described in section 6.2.3. Consider T taps for the 

weights, output random variable d and input random variable x with the realization as 

{d(0), d(1), … } and {x0, x1,…} respectively.  

The recursive equation for CLMF is given in (6.41). Following steps are taken to calcu-

late its computational cost: 

 Every iteration requires the assessment of the inner product wT(n)x(n) between 

two vectors of length T each. This computation requires T complex multiplica-

tions and (T – 1) complex additions. Since one complex multiplication is equal 

to four real multiplications and 2 real additions, therefore the inner product is 

computed as 4T real multiplications and (4T –2) real additions. 
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 The factor [d(n) – wT(n)x(n)] requires one complex addition which means 2 real 

additions. 

 Now [d(n) – wT(n)x(n)]3 needs two complex multiplications which results in 8 

real multiplications and 4 real additions. 

 Since μ is a scalar quantity, it needs 2 real multiplications. 

 Further T complex multiplications require by multiplying μ[d(n) – wT(n)x(n)]3 

and the vector x(n). This complex multiplication results in 4T real multiplica-

tions and 2T real additions. 

 The sum of two vectors w(n) and μ[d(n) – wT(n) x(n)]3 x(n) needs T complex 

additions, i.e. 2T real additions. 

 The above term is then multiplied by a matrix P, it therefore results in T2 com-

plex multiplications and T(T – 1) complex additions. The computation comes 

out as 4 T2 real multiplications and (4T2 –2T) real additions. 

 Finally the sum of two vectors P[w(n) + μ{d(n) – wT(n) x(n)}3 x(n)] + F  re-

quires 2T real additions. 

In conclusion, for general complex-valued signals, CLMF requires 2 (2 T2 + 4T + 5) 

real multiplications and 2 (2T2 + 2T + 3) real additions per iteration.  

Thus the big O relation can be computed as O(nT2), where ‘n’ is the number of itera-

tions. 

 

6.3.3 Computational Cost for L2 Norm CLMS 

Keeping in mind the intense complexity of L2 Norm CLMS algorithm, we have used 

“wolform mathematia” software to calculate its computational cost and the O(n) func-

tion. The final outcome of “wolform mathematia” software is directed the O(n) func-

tion estimated as O(nT5).  
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6.4 Convergence Analysis 

This segment presents the convergence analysis for the proposed beamforming algo-

rithms. Following is the deduction for the sufficient conditions of the convergence in 

the mean. These conditions’ deduction have been presented for all of our proposed 

adaptive beamforming algorithms. 

 

6.4.1 Mean Convergence Analysis of CLMF 

As we know that the error equation of CLMF algorithm is given as: 

      

1    

1    

where   therefore 

1    

1    

1    

where   is weight error vector 

1   

1    

1    

Since it is assumed that  is tends to zero, thus the higher powers of weight error 

vector  can be neglected, thus  

1  6 3  
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Taking expectations on both sides and since the noise is independent of the input,  

1 18  

1 18  

where  is positive definite input autocorrelation matrix, so 

Φ 18  

Thus, 

1 Φ   

Since  was assumed to be positive definite, we can choose an adaptation constant  

as,  

0   
1

18
 

where 

      

 

6.5  Conclusion 

Since the convergence of CLMF is similar to the convergence of least mean fourth fam-

ily algorithms, we may conclude that: 

 The convergence analysis for L2 Norm CLMS is bounded within the interval of 

convergence analysis of CLMS algorithm. 

 The convergence for FLMF is also analogous to the convergence of least mean 

fourth and its family. 

 

In a similar manner the convergence of all the proposed beamforming algorithms can 

be compared among themselves and with the convergence of existing (least mean 
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square) algorithm. This comparison has been made in the presence of AWGN environ-

ment. The convergence curves can be seen in Figure 6.1. 

 

First of all we are going to compare the functional responses of our proposed algo-

rithms among themselves. The FLMF has slow convergence because of the obvious 

reason that it searches the optimum solution through fractional rate of change. Howev-

er, ultimately it reaches at approximately same level of Mean Square Error as the other 

LMF family algorithms. 

 

We know that LMS family algorithms out perform in AWGN environment and having 

lowest value of MSE. Our proposed algorithm L2 Norm CLMS has exactly the same 

behaviour as other LMS family members with respect to the value of MSE and in addi-

tion it gives fast convergence rate because of the confined search area due to con-

strained parameters. 

Our third purposed algorithm is CLMF. Again, it gives the comparable value of MSE 

as observed in other LMF family members but it improves in showing fast convergence 

rate because of constrained search area. 

 

In other words all of our proposed algorithms have an upper edge on their respective 

family of existing beamforming algorithms. Finally all of these proposed adaptive algo-

rithms are collectively compared with the existing Least Mean Square algorithm for the 

convergence rate and mean square error values. The improved results can be seen in 

Figure 6.1. 
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Figure 6.1: Comparison of Proposed Adaptive Beamforming Algorithms with LMS 
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Chapter 7  
 
 
Proposed MIMO Architectures and 
Analytical Results  
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7.1 Introduction 

 The chapter presents three novel MIMO antenna architectures with their simulation 

analysis and beamforming. It also covers the analytical results of all the three proposed 

algorithms presented in Chapter 6. 

The first contribution is the development of a novel MIMO architecture along with a 

novel proposed beamforming algorithm. The architecture exploits spatial-temporal re-

ceive weight update through back propagation approach. Simulation analysis shows 

promising results for both the proposed architecture and the proposed algorithm. 

The second contribution is the development of another novel architecture for MIMO 

systems. This architecture has the scheme of weight update on both transmitting and 

receiving ends through decision directed mode. Simulation results achieved by apply-

ing an existing algorithm on this proposed architecture.  

One more MIMO architecture is presented as the third contribution of this dissertation. 

This is a spatial weight update architecture on the receive side. It too has decision di-

rected mode and gives promising analytical results by applying an existing algorithm 

on it. 

Lastly, the two more proposed adaptive beamforming algorithms (presented in Chapter 

6) have been tested for their performance evaluation. It has been found that they per-

form better with respect to beam gain and convergence time as compared to existing 

algorithms. 
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7.2 The Work Undertaken by this Dissertation 

As discussed above, the work undertaken by this dissertation is the development of 

three MIMO architectures and three proposed adaptive beamforming algorithms. All 

these contribution are given in following sections. 

7.2.1 FLMF Algorithm along with Spatial-Temporal MIMO Beam-

forming Architecture 

MIMO system promises high data rate and more reliable transmission. But its perfor-

mance is limited due to inter stream interference and inter symbol interference (ISI) 

produced inherently by MIMO system architecture.  

We have proposed a novel spatial-temporal MIMO beamforming architecture to com-

bat these issues. Our contribution is twofold: firstly we have introduced a novel beam-

forming architecture which utilizes both spatial and temporal processing of received 

beams and secondly we have designed a variant of adaptive least mean forth (LMF) 

based algorithm by employing fractional calculus. The algorithm so developed is given 

the name as fractional LMF (FLMF). 

The proposed beamforming architecture serves two purposes: firstly the spatial beam 

processing utilizes the space diversity and secondly the temporal beam processing eli-

minates ISI introduced in the received beam due to multipath channel. 

A- Proposed MIMO Beamforming Architecture 

The novelty of the proposed architecture is that it consists of a combination of adaptive 

spatial and temporal filters such that the weights of the spatial adaptive filter are up-

dated via back-propagation of final stage error from the temporal adaptive filter. Such a 

back-propagation mechanism has never been applied for MIMO beamforming scenario. 

Figure 7.1 shows the proposed architecture which consists of a transmitter that trans-

mits parallel data streams from a single source. These streams are transmitted via  
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elements’ antenna array through a frequency selective Rayleigh channel. The proposed 

receiver has as many branches as the number of transmitted streams is. The front end of 

each receiver branch is equipped with a spatial filter followed by a temporal filter. 

 

 

 

 

 

 

 

Fig. 7.1: Proposed MIMO Architecture with decision directed mode 

 

Consider the input vector 

, , ,                                                                             7.1  

obtained from BPSK modulation data. This shows  samples from  parallel streams 

at  time instant. If  represents  channel matrix for the  delayed path, 

then the received value of  

, , ,                                                                            7.2  

at  element array will be: 

                                                                   7.3  

where  is the number of multipath fading channel,  represents the delay associated 

with the  path, and  is a 1 Gaussian random vector showing additive noise 
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in the channel. We may assume the delay associated with the first path to be zero with-

out loss of generality, i.e. 

0, 0                  0                                                                  7.4  

At the  spatial adaptive filter, the incoming beams are combined with adaptive 

weights  as shown in Figure 7.2. 

 

 

 

 

 

 

 

 

 

Fig. 7.2: Internal architecture of spatial filter along with temporal tapped delay filter 

 

This will create an output  for the  data stream given by 

                                                                                              7.5  

Alternatively above equation may be written as 

    7.6  

This output is fed to a temporal adaptive filter which has  number of tapped delays. 

The input regressor to the  temporal adaptive filter will be 

, 1 , , 1                                             7.7  



 

88 
 

Eventually the output from the  temporal adaptive filter with  adaptive 

weights, is given by 

                                                                                       7.8  

The weights of temporal adaptive filter is adjusted by minimizing the estimation error 

in two phases; the first phase is termed as the training phase in which the receiver has 

knowledge of the transmitted sequence and the second phase is referred to as decision 

directed phase in which error is calculated via estimated output. Thus the error of the 

 adaptive filter is calculated in the training phase as 

                                                                     7.9  

while in the decision directed phase, the error is estimated as: 

                                                                      7.10  

where  is the estimated output computed as 

                                                                                      7.11  

For the spatial filter, the weights are adapted by back-propagating the estimation error 

at the output of its corresponding temporal filter. This is done by employing the chain 

rule of derivative. 
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B- Proposed Fractional LMF Algorithm 

Another contribution under this objective is the development of a novel adaptive beam-

forming algorithm. This algorithm is a variant of LMF obtained by applying fractional 

calculus. Fractional calculus was developed much earlier [110], but it has recently ap-

plied to develop fractional based least mean square (LMS) algorithm for echo cancela-

tion [66]. Since the LMF algorithm performs better in non-Gaussian environment [67], 

and we are dealing with Rayleigh fading channels, we proposed to derive fractional 

based LMF (FLMF) algorithm. 

In LMF algorithm, weights of the filter are updated by minimizing the following cost 

function for a single filter [67]: 

| |                                                                                               7.12  

In the proposed FLMF algorithm, we employ a combination of conventional derivative 

and the fractional derivative to minimize the cost function defined in equation (7.12). 

As a result, the weight for  element in the temporal filter can be formulated as 

1                                                 7.13  

where  is a real number lies in the range [0, 1] and  is the cost function vector. 

By taking  order fractional derivative of the cost function in equation (7.12), we ob-

tain 

1
2

                                                               7.14  

In order to simplify the mathematical formulation and to make the computations of the 

non-linear equation faster, we employ the assumption 

1                                                                                     7.15  

which results in the following weight update for temporal filter 
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1
2

        7.16  

where  represents the Hadamard product (that is, element by element product). The 

detailed derivation of the above equation can be seen in section 8.2.1. 

Similarly the weight update for the spatial filter based on the FLMF algorithm can be 

represented as 

1
2

     7.17  

The detailed derivation of the above weight update equation for spatial filter can be 

seen in Appendix A.  

C- Simulation Results 

Now we present simulation results to investigate the performance of the proposed 

beamforming architecture in frequency selective Rayleigh fading channel for the scena-

rio of a generalized MIMO system with  transmitter and  receiver elements. The 

frequency is modeled by  multipath channel as shown in Figure 7.1, where  is cho-

sen to be 5 throughout the simulation. The transmitter uses BPSK modulated data and 

the additive noise is assumed to be white Gaussian noise. 

The aim of our simulation is to examine the performance of the proposed MIMO beam-

former in the following perspectives: 

(i) Comparing mean-square-error (MSE) for LMF, NLMF and FLMF algo-

rithms 

(ii) Effect of α on the MSE of the FLMF algorithm 

(iii) Effect of number of transmitter and receiver antennas on the MSE of FLMF 

(iv) Bit error rate performance of the proposed MIMO beamformer via FLMF 

algorithm for different number of transmitting and receiving antennas 

The above objectives are investigated and discussed separately in the following: 
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(i) Comparison of MSE for the LMF, NLMF and FLMF algorithms 

In the first experiment, we simulated the final MSE of the three aforementioned al-

gorithms in the context of the proposed architecture. The result is shown in Figure 

7.3. The value of SNR is set at 20 dB, the number of transmitter and receiver anten-

nas used are 3 and 4, respectively. The value of step size  is fixed at 0.00015. It 

can be depicted from the figure that the MSE performance of the FLMF algorithm 

is best among its counter parts. Moreover, the FLMF algorithm has achieved the 

lowest MSE of –100 dB with the fastest convergence. 

 

 

 

 

 

 

 

 

Fig. 7.3: MSE in contrast with LMF, NLMF and FLMF 

 

(ii) Effect of  on the MSE of the FLMF algorithm 

The aim of second experiment is to investigate the effect of fractional parameter  

associated with the FLMF algorithm on the MSE performance of proposed beam-

former. Here too, the number of transmitter and receiver antennas are chosen to be 

3 and 4, respectively. Also the SNR and step size are kept same at 20 dB and 

0.00015 respectively. The results are shown in Figure 7.4. It can be observed from 

the results that the MSE performance improves for lower values of . This fact jus-

tifies the need of fractional based algorithm in the proposed scenario. 
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Fig. 7.4: Mean square error with different values of α 

(iii) Effect of number of transmitter and receiver antennas on the MSE of 

FLMF 

In the third experiment, we want to see the consequence of the number of 

transmitter and receiver antennas (  and ) on the MSE performance, where  

and  are kept equal. We investigated three different values of  and  which are 

3, 6 and 9. The fractional parameter  is chosen to be 0.1 while the rest of system 

parameters are kept same as in the previous experiment. The results are reported in 

Figure 7.5, which clearly shows that the MSE performance improves by increasing 

the number of receive and transmit antennas. This is quite logical because by 

increasing the transmitting and receiving antennas the diversity order increases. 

This in turns improves the estimation process via adaptive filters. 

(iv) Bit error rate performance in proposed MIMO beamformer 

In the final experiment, we evaluated the bit error rate of the proposed MIMO 

beamformer for an SNR range of 0 to 15 dB. For that purpose we have used the 

FLMF algorithm with fractional parameter  equal to 0.1. We also vary the number 

of transmitter and receiver antennas. Specifically, we have selected  and N to be 
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2, 4, and 6. The results in Figure 7.6 show that the bit error rate decreases by 

maximizing the number of receive and transmit antennas. 

 

 

 

 

 

 

 

 

 

Fig. 7.5: MSE with number of transmitter and receiver antennas 

 

 

 

 

 

 

 

 

 

Fig. 7.6: Decrease in bit error rate with the increase in number of transmitter/receiver 
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D- Conclusion 

The simulation was carried out to compare the performance of FLMF algorithm with 

the one obtained via the conventional LMF and its normalized version on the proposed 

MIMO beamforming architecture in the presence of frequency selective Rayleigh fad-

ing channel. The results clearly show remarkable supremacy of the proposed FLMF 

algorithm over the compared algorithms. 

We have proposed a novel spatial-temporal MIMO beamforming architecture to miti-

gate the various channel impairments. We have also developed a novel MIMO beam-

forming architecture which utilizes a combination of both spatial and temporal adaptive 

beamformer. Moreover, we derived a variant of LMF algorithm by employing fraction-

al derivatives. The simulation results show the effectiveness of the proposed MIMO 

beamforming architecture. It also elucidates the supremacy of the proposed FLMF al-

gorithm over its counter parts. 

Although, we have developed the proposed MIMO beamforming architecture for a sin-

gle user case, it can be easily extended to the scenario of multiple users by employing 

multiple transmitters and each equipped with  element array while the receiver will 

have as many spatial-temporal filters as the number of users. 

 

7.2.2 GLM Adaptive Algorithm applied on Joint Transmit and Re-

ceive MIMO Beamforming Architecture 

Most of the existing work in MIMO beamforming employ single sided adaptation of 

beam (i.e. transmit or receive only). In addition to that, there are much work have been 

presented using LMS based algorithm which is well known to perform better in Gaus-

sian environment. Moreover, the LMS based algorithms have inherently slow conver-

gence.  



 

95 
 

We propose a novel joint transmit and receive MIMO beamforming architecture which 

utilizes a decision directed structure, that is, it consists of two phases: training phase in 

which error of the algorithm is calculated via training symbols and decision directed 

phase where the error is generated from the estimated symbols at the output of adaptive 

beamformer. In order to deal with the non Gaussian environment, we propose to use an 

existing Generalized Least Mean (GLM) algorithm. Consequently recursive weight up-

date is developed for both transmit and receive antennas. Performance of the proposed 

beamforming is investigated in the presence of frequency selective Rayleigh fading 

channel. Simulation results have been presented to verify the theoretical findings. 

The novelty of the proposed work resides in the fact that GLM adaptive algorithms 

have never been tested for MIMO beamforming. The rationale behind using the GLM 

based adaptive algorithm is that MIMO beamforming in the presence of fading channel 

experiences a non-Gaussian environment and it is well established fact that LMF per-

forms better in non-Gaussian environment. Moreover, convergence analysis is carried 

in both mean and mean square sense. Consequently, expressions for excess-mean-

square error (EMSE) and the stability conditions are delivered for the presented GLM 

based MIMO beamforming. 

 

A- Proposed MIMO Beamforming Architecture 

The proposed generic architecture of MIMO beamforming is shown in Figure 7.7. It is 

a modified version of the architecture presented by Pham et al. [111]. The main modifi-

cation is the incorporation of decision directed mode in it. It is an  by  MIMO archi-

tecture with single data stream over frequency selective fading channel.  
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The output equation from the receiver in the presence of channel state information 

(CSI) for the above proposed model is given as 

 

         7.18  

 

 

 

 

 

 

 

 

 

Fig. 7.7: MIMO channel beamforming architecture with decision directed mode 

where  is the iterative value of channel information and  is the   matrix 

showing delayed channel response between the  transmitting antenna and  re-

ceiving antenna.  is the delay for the  multipath and  is the number of maximum 

cancellation delayed channels. The channel is assumed to have additive white Gaussian 

noise (AWGN) and its 1 vector symbolized by , while the transmit and re-

ceive weights are of 1 and 1 vectors respectively. 

B- Generalized Least Mean Algorithm applied to make MIMO Beamforming 

We consider GLM algorithm on our proposed MIMO architecture. The cost function of 

this algorithm is given in [111] and is indicated in equation (7.19). The cost function 

shows 2  power of least mean error. If 1, it will become LMS algorithm which 
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does not perform well in non Gaussian environment. Since the channel under consider-

ation is Rayleigh, it is expected to have better performance of GLM ( 1). 

| |                                                                                                  7.19  

Here  is the error for the Least Mean adaptive algorithm which is calculated diffe-

rently in the two phases of weight adaptation. In training phase, error is calculated via: 

                                                                                7.20  

While in decision directed phase the error is estimated as: 

                                                                                 7.21  

Where n  is given as 

                              7.22  

(i) Update of receive weight vector 

By employing the steepest descent optimization, the generic receive weight update 

equation for GLM algorithm is written as 

1                                                                   7.23  

Where represents the gradient operation with respect to receive weight 

vector . Thus, by evaluating  for GLM algorithm the final receive weight 

update equation becomes 

1 2                                                   7.24  

(ii) Update of transmit weight vector 

Using the similar approach, the generic transmit weight update equation for GLM 

algorithm is given by: 

1

2  7.25  
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C- Mean and Mean Square Stability of the Adaptive Algorithm 

For stability of GLM, correlation of the inputs to transmitting and receiving antenna 

needs to be evaluated. The correlation of the input to transmitting antenna is given by 

 as follows: 

                                                                                                    7.26  

where  

                                                    7.27  

The correlation of the receiving weights is given by an  matrix,  

                7.28  

To evaluate the correlation of the input to the receive antenna using equation (7.22) is 

given by: 

                                                                                                  7.29  

The correlation of the transmitter weights is given by an  matrix, CW  

     7.30  

where  is the noise variance. By defining the following correlation matrix that are 

derived in Appendix B, 

    
Correlation matrix for transmitter weights

Correlation matrix for receiver weights
 

Using the approach of [67], the mean and mean square stability can be guaranteed by 

the following conditions: 

0  
1

  2 1
                                      7.31  
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and 

0  
 

4 3  
                               7.32  

D- Simulation Results 

For simulating the results, we have investigated frequency selective Rayleigh channel 

with different number of multi paths . The Rayleigh channel is simulated using 

Jakes Model. The transmitted data used is BPSK modulated. To examine the perfor-

mance of the proposed MIMO beamformer, effects of following various parameters on 

mean square error have been observed: 

(i) Effect of K 

(ii) Effect of μ 

(iii) Effect of M and N 

(iv) Effect of SNR 

In the ensuing we have discussed all the above mentioned parameters individually. 

 

(i) Effect of K on Mean Square Error 

Figure 7.8 shows the impact of values of  on the mean square error (MSE). Three 

different values of  have been considered, while keeping other parameters 

constant. The value of SNR is considered as 20 dB, the number of transmitter and 

receiver antennas is 3 and the value of step size  is fixed at 0.001. The graph 

indicates improved MSE by increasing the value of . The best steady state for 

MSE is achieved at 10. 
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(ii) Effect of μ on Mean Square Error 

Now the effects of step size have been investigated in Figure 7.9. The value of  

varies from 0.01 to 0.0001 for the same value of 2. The SNR and number of 

transmitter/receiver antennas are the same as discussed above. 

 

 

 

 

 

 

 

 

 

 
Fig. 7.8: Mean square error with different values of K 

 
(iii) Effect of M and N on Mean Square Error 

The effect of variable number of transmitter and receiver antenna can be seen in 

Figure 7.10. Here the value of  is kept at 3 while SNR and step size are 20 dB and 

0.001 respectively. The results indicate that the increment in the number of 

transmitting and receiving antennas improve the MSE. 

(iv) Effect of SNR on Mean Square Error 

The impact on MSE is now being investigated by varying the value of SNR. 

However, the number of receive and transmit antennas, the value of  and the step 

size  are kept constant at 3, 4 and 0.0001 respectively. Figure 7.11 clearly shows 

the improvement in MSE by increasing values of SNR. 
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Fig. 7.9: Mean square error with different values of μ 

 

 

 

 

 

 

 

 

 

 

Fig. 7.10: Mean square error with different number of transmitter and receiver antennas 
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Fig. 7.11: Mean square error versus SNR for the same iteration 
 

 

 

 

 

 

 

 

 

 

 

Fig. 7.12: Decrease in bit error rate with the increase in number of transmitter/receiver 
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(v) Effect of SNR on Bit Error Rate 

Finally, the bit error rate versus SNR is evaluated on different numbers of transmit and 

receive antennas as shown in Figure 7.12. The simulation was carried out in the 

presence of Rayleigh fading channel by employing simultaneous weight update scheme 

for joint transmit and receive antenna in the MIMO system. Again with this graph, the 

concept of diversity has been proved. 

 

E- Conclusion 

We proposed a new MIMO beamforming architecture for joint transmit and receive an-

tennas which consist of a decision directed structure. We also applied GLM algorithm 

which operates well in non Gaussian environment. The entire simulation is carried out 

in the presence of frequency selective fading channel. The proposed MIMO beamfor-

mer outperforms the conventional LMS algorithm by a great margin. The mean square 

error performance is improved by increasing the values of , the number of transmit 

and receive antennas and the value of SNR. All the above results from Figure 7.8 to 

Figure 7.12 show that the weight update is very effective in the proposed architecture. 

Using this approach, bit error rate and mean square error are also improved. We also 

derived necessary conditions for both the mean and mean square stability of the pro-

posed algorithm in the context of MIMO beamforming. 

The novelty of the proposed work resides in the fact that GLM adaptive algorithms 

have never been tested for MIMO beamforming. The rationale behind using the GLM 

based adaptive algorithm is that MIMO beamforming in the presence of fading channel 

experiences a non-Gaussian environment and it is well established fact that LMF per-

forms better in non-Gaussian environment.  
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7.2.3 Var. XE-NLMF Adaptive Algorithm applied on MIMO Beam-

forming Architecture for Frequency Selective Fading Channel 

Recent MIMO beamforming works with supervised adaptive learning usually employ 

family of least mean fourth based algorithms. These are best suited for both Gaussian 

and sub-Gaussian noise environments. However, such algorithms depend on the selec-

tion of mixing parameters and have inherently slow convergence. We propose a novel 

MIMO beamforming architecture with training phase and decision directed phase. Va-

riable step size normalized LMF (var. XE-NLMF) algorithm is employed for the beam-

forming in order to deal with non Gaussian environment. In the architecture, the train-

ing phase calculates error via training symbols and the decision directed phase gene-

rates the errors from the estimated symbols at the output of the adaptive beamformer. 

Consequently recursive weight update is developed for antennas. Performance of the 

proposed beamforming is investigated in the frequency selective Rayleigh fading chan-

nel. Unlike the stationary case, results show that the steady-state excess mean-square 

error (MSE) is not step size monotonically increasing function. 

 

A- Proposed MIMO Beamforming Architecture 

The proposed architecture is shown in Figure 7.13. The model is an  by  MIMO 

architecture with single data stream over frequency selective fading channel. It has 

been evaluated that the maximum diversity gain of any MIMO system is estimated 

as , where  and  are the number of transmitting and receiving antennas re-

spectively [112]. The number of maximum cancellation delayed channels is L. The re-

ceiver output equation in the presence of CSI for the above proposed model is given as 

                        7.33  
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where  is the iterative value of channel information and  is the i   matrix 

showing delayed channel response between  transmitting antenna to  receiving 

antenna for transmitting data s as a vector of 1 correlated data. The channel is as-

sumed to have additive white Gaussian noise (AWGN) and its 1 vector symbo-

lized by , while the receive weights are in 1 vector for  adaptive filters. 

 

 

 

 

 

 

 

Fig. 7.13: Proposed MIMO beamforming architecture 

B- Variable XE-NLMF Algorithm 

The algorithm cost function is presented in [113]. The update equation of weight is 

specified as 

1
1

                        7.34  

Here  represents the step size and  is the error which can be calculated as: 

                                                                                          7.35  

For decision directed phase the error is estimated as: 

                                                                                         7.36  

While a track of error  is given as 

, 1 , … , 1                                                             7.37  

Where  is given as 
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                                                        7.38  

The mixing-power parameter  is confined to the interval 0, 1  for maximum per-

formance. It will be recursively adapted to weigh the signal power  and error 

power . The δ is taken as very small, that will eventually make the conver-

gence very slow. The values assigned to the parameters for weight update, are chosen 

by keeping the stability criteria given in [113]. 

 

C- Simulation Results 

For simulating the results, we have investigated  number of multi paths in frequency 

selective Rayleigh channel. The Rayleigh channel is simulated using Jakes Model with 

the BPSK modulated and correlated transmitted data. To verify the performance of the 

proposed MIMO beamformer, effects of various parameters have been observed. 

Figure 7.14 shows the value of SNR versus bit error rate for the different number of 

transmit and receive antennas. It is obvious that the proposed model is best suited for 

higher number of antennas.  

The mean square error is also improved with higher number of antennas as shown in 

Figure 7.15. In Figure 7.16, on the other hand; mean square error is shown with differ-

ent values of SNR. Again, the proposed model gives low values of MSE for higher val-

ues of SNR. 

D- Conclusion 

A novel MIMO architecture has been proposed for frequency selective Rayleigh fading 

channel. Variable step size normalized LMF algorithm is employed for MIMO beam-

forming. The normalization has been achieved by the mixed signal and error powers for 

both Gaussian and sub-Gaussian noise environment. The mathematical analysis shows 
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promising results for this proposed architecture with respect to the values of bit error 

rate, mean square error and signal to noise ration. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7.14: SNR Vs. BER for different number of antennas 

 

 

7.2.4 Development of a Novel L2 Norm Constrained Least Mean 

Square Algorithm 

The proposed L2 norm constrained least mean square algorithm is the variant of con-

strained least mean square. The algorithm is useful in order to achieve improved beam-

forming with higher gain. The complete derivation of the algorithm is given in section 

6.2.2. 
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The effectiveness of the algorithm can be seen in Figure 7.17. It shows the directivities 

of the beam pattern through CLMS and L2 Norm CLMS. It is evident from the figure 

that our proposed algorithm has higher value of gain in the desired direction as com-

pared to the existing algorithm. Moreover, the undesired directions have perfect null 

through the proposed algorithm. 

 

Fig. 7.17: Beam patterns for different DOA 

 

7.2.5 Development of Constrained Least Mean Fourth Algorithm 

A constrained least mean square algorithm has already existed in the area of adaptive 

beamforming. However, there was a need of fast convergence in the family of con-

strained algorithms. In order to fill this gap, we have developed a novel algorithm hav-

ing fast convergence namely constrained least mean fourth algorithm. The complete 

derivation of the algorithm is given in section 6.2.3. 
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The effectiveness of the algorithm can be seen in Figure 7.18. It shows the convergence 

time comparison of existing CLMS and proposed CLMF algorithms. It is evident from 

the figure that the proposed algorithm has fast convergence time as compared to exist-

ing algorithm.  

 

Fig. 7.18: MSE Convergence comparison between CLMS and CLMF 
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7.2.6 Experimental Validation of the Algorithms 

Kermoal et.al [114] successfully developed and validated a stochastic MIMO channel 

model in narrowband condition. The research has been carried out by comparing simu-

lated outcomes with the measured results. The paper shows that space diversity at both 

ends of MIMO radio channel is very efficient approach in the picocell environment. 

However, the model has been validated through the data collected from picocell and 

microcell environments. The achieved capacities in 80% of the cases of  4 x 4 antenna 

configurations have been observed between 14 – 16b/s/Hz. The model employed corre-

lation matrices at both end of MIMO link i.e. at mobile station and base station. We 

have employed the same validated channel [114] in our dissertation. Following sections 

describe the experimental validation of our proposed algorithms on the above validated 

channel. 

 

A. Experimental Validation for FLMF 

The comparison is made between existing NLMF algorithm and proposed FLMF algo-

rithm for the suggested novel Spatial Temporal MIMO system as described in 7.2.1. 

This comparison has been performed in the presences of above validated channel as 

given in Kermoal et.al [114]. The results prove that the proposed algorithm in the sug-

gested MIMO architecture performed well as expected. Both the results can be seen in 

Figure 7.19 and Figure 7.20. 
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Figure 7.19: NLMF and FLMF for Spatial Temporal MIMO system in the pre-

sences of Microcell experimental setup 

 

 

B. Experimental Validation for GLM 

This section describes the performance validation of our proposed MIMO system 

architecture using the existing GLM algorithm. Again, in this validation setup we 

have employed the above verified channel as described in [114]. The performance 

has been verified on different SNR values for micro and pico-cell setup. Both the 

results can be seen in Figure 7.21 and Figure 7.22. 
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Figure 7.20: NLMF and FLMF for Spatial Temporal MIMO system in the pre-

sences of Picocell experimental setup 

 

7.2.7 Tradeoff for the Proposed Beamforming Algorithms 

 

Section 7.2.1 presented proposed MIMO beamforming architecture along with pro-

posed fractional LMF algorithm. The performance of the proposed system has been 

evaluated by comparing it with exiting algorithms such as LMF and NLMF. The results 

are very promising, however certain tradeoffs must be considered. The computational 

cost of FLMF is high as compared to other existing algorithms, whereas it has im-

proved mean square error as shown in Figure 7.3 and Figure 7.4. The mean square error 

and bit error rate can also be minimized by increasing the number of antennas in MI-

MO systems as shown in Figure 7.5 and Figure 7.6 respectively, but the overhead 

would be in terms of computational and financial cost. 
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Figure 7.21: GLM for Joint Transmit Received MIMO system in the presences of 

Microcell experimental setup 

 

Another novel algorithm has been proposed and presented in section 7.2.4. The perfor-

mance of this new L2 Norm Constrained LMS algorithm has been verified by evaluat-

ing bit error rate on different number of antenna in MIMO system as illustrated in Fig-

ure 7.17. The performance of the algorithm is fairly good but as the number of antenna 

increases the computational and economic overheads will be increased. 

 

In section 7.2.5, one more algorithm has been proposed and verified for the bit error 

rate as shown in Figure 7.18. This too has good performance result; however the com-

putational cost will be higher if number of antenna will increase. 

 



 

115 
 

 

Figure 7.22: GLM for Joint Transmit Received MIMO system in the presences of 

Picocell experimental setup. 
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8.1 Conclusion 

This dissertation develops three novel MIMO beamforming architecture using decision 

directed mode in order to exploit spatial and temporal diversities. Moreover, we pro-

posed three new adaptive beamforming algorithms for fast convergence and high beam 

gain. 

We have proposed a novel spatial-temporal MIMO beamforming architecture to miti-

gate the various channel impairments. We have also developed a novel MIMO beam-

forming architecture which utilizes a combination of both spatial and temporal adaptive 

beamformer. Moreover, we derived a variant of LMF algorithm by employing fraction-

al derivatives. Significant simulation was carried out to compare the performance of 

proposed FLMF algorithm with the existing LMF and its normalized version. The per-

formance is measured by applying it on the proposed MIMO beamforming architecture 

in the presence of frequency selective Rayleigh fading channel. The results clearly 

show remarkable supremacy of the proposed FLMF algorithm over the compared algo-

rithms. 

Another proposed MIMO beamforming architecture for joint transmit and receive an-

tennas also consists of a decision directed structure. The proposed MIMO beamformer 

outperforms the conventional LMS algorithm by a great margin. The mean square error 

performance is improved by increasing the values of , the number of transmit and re-

ceive antennas and the value of SNR. We applied the existing GLM algorithm on our 

proposed architecture for non Gaussian environment. The entire simulation is carried 

out in the presence of frequency selective fading channel. We also derived necessary 

conditions for both the mean and mean square stability of the proposed algorithm in the 

context of MIMO beamforming. The novelty of this proposed work resides in the fact 

that GLM adaptive algorithms have never been tested for MIMO beamforming.  
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Third MIMO architecture has been proposed for frequency selective Rayleigh fading 

channel. Variable step size normalized LMF algorithm is employed for this architec-

ture. The normalization has been achieved by the mixed signal and error powers for 

both Gaussian and sub-Gaussian noise environment. The mathematical analysis shows 

promising results for this proposed architecture with respect to the values of bit error 

rate, mean square error and signal to noise ration. 

Another adaptive beamforming algorithm has been developed in order to achieve high 

beam gain. The algorithm is a variant of constrained least mean square. 

We have also developed third novel algorithm of LMF variant having fast convergence 

as compared to the existing algorithm.  
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8.2 Future Recommendations 

The work undertaken by this dissertation opens numerous avenues for further research 

in this area. A few of ideas derived from this work are as under: 

 

1- Although, we have developed spatial - temporal proposed MIMO beamforming 

architecture for a single user case, however; it can be easily extended to the sce-

nario of multiple users by employing multiple transmitters and each equipped 

with  element array while the receiver will have as many spatial - temporal 

filters as the number of users. 

2- The proposed algorithms can be applied on MIMO architectures in order to 

achieve effective radiation with high value of gain and fast convergence. 

3- We have used Rayleigh channel for the MIMO systems. Any other channel can 

also be taken as future work such as Rician channel. 
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Appendixes A 

 

Fractional Least Mean Fourth for Spatial 
Filter 
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Fractional Least Mean Fourth for Spatial Filter 

The cost function for fractional least mean fourth is similar to that of least mean fourth 

and is given in equation (A.1), i.e. 

| |                                                                                                                  . 1  

For simplification, consider non-complex data, so equation (A.1) becomes 

                                                                           . 2  

Applying instantaneous approximation on equation (A.2) 

  

 4 6 4

                                                                                                    . 3   

Taking fractional derivative with respect to weights of  order where 0 1 and                         

 ∑ , now equation (A.3) can be written as 

0 4

12

12

4   

4 12 12

4   
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4

12   

4

12   

4

12      . 4  

 

As  therefore equation (A.4) becomes, 

4

12  

4 4

12  

 

4

8               . 5  
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Since 2  thus equation (A.5) will be, 

4 2

8  

4 8 8  

4                                                        . 6  

4     

According to the definition of Riemann-Liouville fractional derivative,  

                                                                                          . 7  

where  is Riemann-Liouville Differential Operator. Using Gamma function, equation 

(A.7) can easily be solved as 

 
1

1
 

In this derivation  is considered as unity, i.e. 1, thus, 

 
2

                                                                                                    . 8  

 

Now by using equation (A.8), equation (A.6) becomes 

4   
2

                                                           . 9  
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The weight update equation for the least mean algorithm and its variant are derived 

from steepest descent method, as discussed in section 3.4. Similarly, the weight-update 

equation for the  tap in context of fractional least mean fourth is given as, 

1  
1
4

                                                   . 10  

where  is the cost function for least mean fourth and  and  are the step size for 

least mean fourth and fractional least mean fourth respectively. Here the value of  

can be evaluated by the conventional pattern i.e. 

4                                                                                  . 11  

Equation (A.10) can further be solved by using equations (A.9) and (A.11) 

1   

   
2

                                            . 12  

In cyclic single step iteration of the non linear equation for increasing speed of the la-

borious computations, assuming that  1 . Thus, the final 

weight-update equation for the algorithm is 

1   

   
1

2
               . 13  
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Appendixes B   

 

Generalized Least Mean 
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Generalized Least Mean 

From the block diagram, 

∆  

Cost function of Generalized Least Mean, 

 

Using steepest descent optimization, 

1  

Here using instantaneous estimation, 

 

2  

So, 

1 2  

For receiver, input is  

1 2  

Where 

 ∆
1
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Now for transmitter, input is  

1 2  

where 

0

1

 

For  

 ∆
0

 ∆
0

 

 ∆
1

0

∆
1

 

Taking Expectation inside to individual, and cancelling out the mean zero values, 

0

1

1

0

1 1
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Taking an Approximation that  is independent then, 

0

1

1

0

1 1

 

Let   

0 0
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Similarly, for  

 2 0 0  
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