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Notations

Throughout this dissertation, we will use the following notations:

Z := The set of all integer numbers.

Z+ := The set of all nonnegative integer numbers.

R := The set of all real numbers.

R+ := The set of all nonnegative real numbers.

C := The set of all complex numbers.

H := A real or complex Hilbert space.

X := A real or complex Banach space.

X∗ := The (norm)dual space of X.

‖x‖ := Norm of vector x.

< ., . >:= The inner product.

L(X) := The Banach algebra of all bounded linear operators acting on X.

I:= The identity operator of L(X).

‖L‖ := Norm of the operator L in L(X).

σ(L) := The spectrum of a linear operator L.

ρ(L) := The resolvent set of a linear operator L.

r(L) := The spectral radius of a bounded linear operator L.

R(λ,A):= The resolvent of an operator A at a point λ.

S := A strongly continuous semigroup acting on X (Banach or Hilbert space).

P := An evolution family acting on X (Banach or Hilbert space).

P (ν, 0) := The Poincaré map in L(X).

Lp(R+,X) := The space of all (classes) of X-valued strongly measurable functions f

defined almost everywhere on R+ := [0,∞) such that ‖f‖p :=
(∫∞

0
‖f(t)‖pdt

) 1
p <∞,

where 1 ≤ p <∞.

s0(S) := The abscissa of uniform boundedness of the resolvent of S.

ω0(S) := The infimum of all ω ∈ R such that the map t 7→ e−ωt‖S(t)‖ is bounded on

R+.

ω1(S):= The abscissa of convergence of the (improper) Laplace transform of S.
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R:= The set of all nondecreasing functions Θ : R+ → R+, such that Θ(t) > 0, for all

t > 0.

S(t), P (t, s) - Bounded linear operators acting on X (Banach or Hilbert space).



Introduction

The classical theorem of Richard Datko and Amnon Pazy states that all trajec-

tories of a strongly continuous semigroup of operators S = {S(t)}t≥0 acting on a

Banach space X, belong to the space Lp(R+,X) (for some, and then for all p ≥ 1)

if and only if the semigroup S is uniformly exponentially stable, that is, its growth

bound ω0(S) := inft>0
ln ‖S(t)‖

t
, is negative. In [63], Pata given a generalization of the

Datko and Pazy theorem for the exponential decay of a strongly continuous semi-

group. See also [13], [14], [33], [57], [64] and [65] for further details. Jan van Neerven

has shown that a semigroup S, like that considered above, is uniformly exponentially

stable if all its trajectories belong to E, where E is the norm function space over R+

having the property that

lim
t→∞
|ξ[0,t]|E =∞. (0.0.1)

As usually, ξ[0,t] denotes the indicator function of the closed interval, [0,t]. See [58]

for details and proofs. A real valued nondecreasing function Θ defined on R+, which

is positive on (0,∞), will be called (ad hoc) R-function.

An important generalization of the Datko-Pazy’s theorem was given by Stefan

Rolewicz, [73]. He showed a more general result valid for evolution families of two

parameters. The Rolewicz theorem for operator semigroups says that a strongly

continuous semigroup S = {S(t)}t≥0, of bounded linear operators acting on a Banach

1
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space X, is uniformly exponentially stable if for a given continuous R-function Θ, one

has ∞∫
0

Θ(||S(t)x||)dt <∞, ∀x ∈ X.

That is, the map Θ ◦ ‖S(·)x‖ belongs to L1(R+, X). We also mention that, the

autonomous variant of the Rolewicz theorem, i.e. the semigroup case, is a consequence

of the already mentioned van Neerven theorem stated in terms of function spaces. The

reader could find different approaches of this type and symmetric results in [12]. See

also [76] for a very short proof of a Rolewicz’s type theorem. Earlier, special cases of

this result were obtained by J. Zabczyk, [82] and K.M. Przyluski, [70]. Q. Zheng and

W. Littman has removed the assumption of continuity of Θ and has provided new

proofs for the Rolewicz’s theorem., See [45] and [84].

We denote by s0(S) the infimum of all real numbers ω having the property that, for

every λ with Re(λ) ≥ ω, the integral
∞∫
0

e−λtS(t)xdt exists, and

sup
Re(λ)≥ω

∥∥∥∥∥∥
∞∫
0

e−λtS(t)xdt

∥∥∥∥∥∥ = M(x) <∞, for all x ∈ X.

Recently K.V. Storozhuk, [77], settled a more general problem. He stated that, if

s0(S) ≥ 0, then there exist an R-function Θ and two vectors x0, y0 ∈ H, where H is

a Hilbert space, such that ∫ ∞
0

Θ(|〈S(t)x0, y0〉|)dt =∞.

Next, we introduce the “weak” version (in the sense of functional analysis) of the

Rolewicz’s theorem. Let X be a Banach space, X∗ the (norm)dual space of X, and

p ≥ 1 be a given real number. A strongly continuous semigroup S acting on X, is



3

called weak-Lp-stable if

∞∫
0

|〈S(t)x, x∗〉|pdt <∞, for all x ∈ X and all x∗ ∈ X∗.

The weak-Lp-stability of S does not imply the uniform exponential stability of S,

see [38] and [60] for counter examples. In 1983, A.J. Pritchard and J. Zabczyk, [67],

raised the problem: is the uniform exponential stability of a semigroup S, acting on a

Hilbert space H, a consequence of its weak-Lp-stability? The positive answer to the

Pritchard and Zabczyk question was given by Falun Huang. Further details could be

found in [41]. The general case has been treated independently by G. Weiss, [78].

The discrete variant of the Pritchard and Zabczyk problem has been settled by

K.M. Przyluski, [70]. Using his original approach, based on the proprieties of a Banach

function space, Jan van Neerven has shown that a discrete semigroup (T n)n∈Z+ , acting

on a Banach space X, is uniformly asymptotically stable, i.e. limn→∞ ‖T n‖L(X) = 0,

if for a given function Θ, as above, one has

∞∑
n=0

Θ(|〈T nx, x∗〉|) <∞, for all x ∈ X and all x∗ ∈ X∗.

The above result seems to be also true for real Banach spaces with the complementary

assumption that the operator T is power bounded. In the continuous case it is known,

[55], that a bounded strongly continuous semigroup S = {S(t)}t≥0 acting on a complex

Hilbert space H, is uniformly exponentially stable if for a given function Θ as above,

one has ∞∫
0

Θ(|〈S(t)x, y〉|)dt <∞, for all x, y ∈ H.

We refer to [55, Theorem 4.6.3(i) and Theorem 4.6.4] for a result of this type related

to exponential stability (rather than uniform exponential stability) of bounded linear
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semigroups acting on Banach spaces. See also [17], where a characterization of uniform

exponential stability of linear semigroups, in terms of numerical range on a special

class of Orlicz’s spaces, is given and connections with an existence theorem for an

abstract nonhomogeneous Cauchy problems are also made.

It is natural to ask whether the condition of boundedness of S can be removed? A

positive answer to this question was given recently by K.V. Storozhuk [77]. In order

to describe the Storozhuk theorem, we briefly resume some results concerning to the

same problem, but on Banach spaces.

As a consequence of Datko’s theorem, [33], the uniform growth bound ω0(S) of a

semigroup S acting on a Banach space X is the abscissa of absolute convergence of

the Laplace transform of S, i.e.

ω0(S) := inf

ω ∈ R :

∞∫
0

e−ωt‖S(t)x‖dt <∞, for every x ∈ X

 .

For a given x0 ∈ X, we denote by ω(x0) the infimum of all real numbers ω for which

there exists M(ω, x0) > 0 such that ‖S(t)x0‖ ≤M(ω, x0)e
ωt, for all nonnegative real

numbers t. Let (A, D(A)) be the generator of S. The uniform growth bound of all

classical solutions of the autonomous abstract Cauchy Problem,

u̇(t) = Au(t), t ≥ 0, u(0) = x,

is given by ω1(S) := sup{ω(x) : x ∈ D(A)}. Frank Neubrander has shown in [61]

that ω1(S) is the abscissa of convergence of the (improper) Laplace transform of S,

i.e. the infimum of all real numbers ω having the property that for all λ ∈ C, with

Re(λ) > ω, there exists limh→∞
∫ h
0
e−λtS(t)xdt, for all x ∈ X. It is well-known that,

such λ belongs to the resolvent set of A and the above limit equals to R(λ,A)x.

Clearly ω1(S) ≤ s0(S) ≤ ω0(S).
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A well-known theorem of L. Gearhart and J. Prüss, see [37] and [69], asserts that

s0(S) = ω0(S), for all strongly continuous semigroups acting on a complex Hilbert

space H. Having in mind the Gearhart-Prüss theorem, the latest result gives a positive

answer to our question. Though, the proof of the Storozhuk theorem is ingenious and

elementary, it is a technical one and it is not addressed directly to the (uniform)

exponential stability of a semigroup.

We outline briefly the contents of the thesis. The thesis consists of four chapters.

In Chapter 1, we recall some basic definitions and preliminary results which shall be

used in the next coming chapters. Chapter 2 is devoted to the discrete Rolewicz’s

conditions. The chapter include two sections. In Section 2.1, we deal with the strong

discrete Rolewicz’s conditions, while in Section 2.2, we deal with the weak discrete

Rolewicz’s conditions.

Chapter 3 is devoted to the continuous Rolewicz’s conditions. The chapter has three

sections. In Section 3.1, we deal with the strong continuous Rolewicz’s conditions,

while in Section 3.2, we deal with the weak continuous Rolewicz’s conditions. In

Section 3.3, we give a qualitative version of the Datko theorem for periodic evolution

families acting on real or complex Banach spaces.

Chapter 4 includes some applications of our theoretical results.

Throughout the thesis, R will denote the set of all nondecreasing functions Θ : R+ →

R+ having the property that Θ(t) > 0, for all t > 0. We will denote by (tn) a sequence

of real numbers such that, tn ≥ 0 and 1 ≤ ν ≤ tn+1− tn ≤ α, for all natural numbers

n, where ν and α are some positive real numbers. Denote by P a strongly continuous

evolution family acting on a complex Banach space X.

The first result of this thesis can be read as follows:
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Theorem 0: Let P = {P (t, s)}t≥s≥0 be a strongly continuous ν-periodic (ν ≥ 1)

evolution family acting on a complex Banach space X and let (tn) be a sequence as

given before. If the evolution family is not uniformly exponentially stable, then there

exists a positive constant C, having the property that for every C-valued sequence (bn)

with bn → 0 (as n → ∞) and ‖(bn)‖∞ ≤ 1, there exists a unit vector u0 ∈ X, such

that

‖P (tn, 0)u0‖ ≥ C · |bn+1|, for all n ∈ Z+.

This result is a key tool for proving our next results of this dissertation.

Let Θ be an R-function and (tn) be the above mention sequence. We say that an

evolution family P = {P (t, s)}t≥s≥0 satisfy the strong discrete Rolewicz’s condition if

∞∑
n=0

Θ(‖P (tn, 0)x‖) <∞, for all x ∈ X, with ‖x‖ = 1. (SDRC((tn),Θ))

The next result of this thesis can be read as follows:

Theorem 1: Let Θ be an R-function and let P = {P (t, s)}t≥s≥0 be a strongly con-

tinuous ν-periodic (ν ≥ 1) evolution family acting on a complex Banach space X. If

the family P satisfies (SDRC((tn),Θ)), then it is uniformly exponentially stable.

Detailed proof of these theorems are presented in Section 2.1 and are published

in [21], (C. Buşe, G. Rahmat).

As a consequence of these results the analogues results for strongly continuous semi-

groups are also stated in the same section.

We now proceed to introduce the weak discrete Rolewicz’s conditions.

Let Θ be an R-function, we say that an evolution family P acting on a Hilbert Space

H, satisfy the weak discrete Rolewicz’s condition, if for all unit vectors x and y ∈ H,
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have that
∞∑
n=0

Θ(|〈P (tn, 0)x, y〉|) <∞. (WDRC((tn),Θ))

Before introducing the next result, we describe a new class of R-functions. By R2

we denote the class of all non decreasing functions Θ : [0,∞) → [0,∞) having the

property that there exist a sequence (an) of nonnegative real numbers with,
∞∑
n=0

a2n ≤ 1

and a C-valued sequence (bn) with, bn → 0 (as n→∞) and ‖(bn)‖∞ ≤ 1, such that

∞∑
n=0

Θ(Kan|bn+1|) =∞, for all K > 0.

It is clear from the definition of R2 that if Θ ∈ R2, then Θ(t) > 0, for all t > 0.

This appears as being an artificial construction. However, it seems that, in the proof

of the weak variant of Rolewicz’s theorem, the involvement of such two sequences, is

needed. We mention that this happens also in the case of Storozhuk proof.

Our next result which is the weak version of Theorem 1 in the above new class of

functions, is given below.

Theorem 2: Let Θ ∈ R2 and let P = {P (t, s)}t≥s≥0 be a strongly continuous ν-

periodic (ν ≥ 1) evolution family acting on a complex Hilbert space H, which verifies

the weak discrete Rolewicz’s condition (WDRC((tn),Θ)). Then the family P is uni-

formly exponentially stable, i.e. ω0(P) is negative.

In the next theorem we will use a special class of functions as above with slight

difference. In as follows, by R1 we denote the set of all nondecreasing functions Θ

having the property that there exist two sequences (an) and (bn) with
∞∑
n=0

an ≤ 1,

bn → 0 (as n→∞) and ‖(bn)‖∞ ≤ 1, such that

∞∑
n=0

Θ(Kan|bn+1|) =∞, for all K > 0.
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We remark that if Θ ∈ R1, then Θ(t) > 0, for all t > 0.

We say that an evolution family P acting on a Banach space X, satisfy the weak

discrete Rolewicz’s condition, if for all unit vectors x ∈ X and all unit vectors x∗ ∈ X∗,

have that
∞∑
n=0

Θ(|〈P (tn, 0)x, x∗〉|) <∞. (WDRC((tn),Θ))

Theorem 3: Let Θ ∈ R1 and let P = {P (t, s)}t≥s≥0 be a strongly continuous ν-

periodic (ν ≥ 1) evolution family acting on a complex Banach space X which verifies

the weak discrete Rolewicz’s condition (WDRC((tn),Θ)). Then the family P is uni-

formly exponentially stable, i.e. ω0(P) is negative.

Detailed proofs of Theorems 2 and 3 are contained in Section 2.2. As a conse-

quence of Theorems 2 and 3, we state the analogous results for strongly continuous

semigroups.

Next, we will introduce the strong continuous Rolewicz’s conditions.

R. Datko, [34], extend his results from 1970 to exponentially bounded evolution fam-

ilies, that is, an evolution family P = {P (t, s)}t≥s≥0 is uniformly exponentially stable

if and only if there exists 1 ≤ p <∞ such that

sup
s≥0

∫ ∞
s

‖P (t, s)x‖pdt <∞, for every x ∈ X.

In 1986, this result was improved by S. Rolewicz, [73]. He proves that if Θ : R+ → R+

is a continuous, nondecreasing function having the properties that Θ(t) > 0, for all

t > 0 and Θ(0) = 0, and if P = {P (t, s)}t≥s≥0 is an exponentially bounded evolution

family such that

sup
s≥0

∫ ∞
s

Θ(‖P (t, s)x‖)dt <∞, for every x ∈ X,
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then, the family P is uniformly exponentially stable. For nonautonomous linear

systems in discrete case, a sufficient condition was given by Przyluski and Rolewicz

in [71]. The converse statement of the Rolewicz’s theorem is also true, that is if a

family P is uniformly exponentially stable then there exists an R-function Θ, such

that

sup
s≥0

∫ ∞
0

Θ(‖P (t+ s, s)x‖)dt <∞, for every x ∈ X.

See [7, Corollary 3]. For other formulations and more details of this type of results

we refer to [12], [30], [31], [34], [58], [65], [73], and [75].

In [6] it is proved that, if there exists a solid Banach function space E satisfying

(0.0.1) such that for each s ≥ 0 and each x ∈ X the map ‖P (s+ ., s)x‖ belongs to E

and

sup
s≥0
‖P (s+ ·, s)x‖ := M(x) <∞,

then the exponentially bounded evolution family P is uniformly exponentially stable.

The Datko theorem, [34] can be obtained from this result by taking E = Lp(R+).

The theorem of Rolewicz, [74], can also be derived by taking for E a suitable Orlics

space over R+, [6, Theorem 2.10].

We give another proof of the Rolewicz’s theorem.

Theorem 4: Let Θ be an R-function and let P = {P (t, s)}t≥s≥0 be a selfadjoint

strongly continuous ν-periodic (ν ≥ 1) evolution family acting on a complex Hilbert

space H. If J(x) :=
∞∫
0

Θ(‖P (t, 0)x‖)dt < ∞, for all unit vectors x ∈ H, then P is

uniformly exponentially stable.

Detailed proof of this theorem is presented in Section 3.1 and is contained in [21],

(C. Buşe, G. Rahmat).

The same result for strongly continuous semigroups is also given as a corollary, in the
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same section.

Next, we present weak Rolewicz’s theorem for selfadjoint strongly continuous semi-

groups and positive strongly continuous ν-periodic (ν ≥ 1) evolution families acting

on complex Hilbert spaces.

The following theorem is the extension of Theorem 6 in [20]. Here we use the class

of functions R2 as defined before.

Theorem 5: Let Θ ∈ R2 and let S = {S(t)}t≥0 be a selfadjoint strongly continuous

semigroup acting on a complex Hilbert space H. If

∞∫
0

Θ(
√
〈S(t)x, x〉)dt <∞, for all x ∈ H with ‖x‖ = 1,

then ω0(S) is negative.

The proof is presented in Section 3.2 and is contained in [25] (C. Buşe, A. Khan, G.

Rahmat, O. Saierli). This is a more general result of Rolewicz type for selfadjoint

semigroups, see [73].

The next theorem is a more general form of Theorem 5.

Theorem 6: Let Θ be an R-function and let S = {S(t)}t≥0 be a selfadjoint, strongly

continuous semigroup of bounded linear operators acting on a complex Hilbert space

H. If

I(x) :=

∞∫
0

Θ(〈S(t)x, x〉)dt <∞, for all x ∈ H with ‖x‖ = 1,

then the semigroup S is uniformly exponentially stable.

The detailed proof is presented in Section 3.2, and is contained in [21], (C. Buşe,

G. Rahmat).

Actually, the shortness of our proof is determined by the involvement of a powerful

and famous plank theorem which goes back to Tarski and Bang, [5]. Note that in all
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our results the boundedness assumption on the semigroup S is dropped and that the

result in the continuous case is a special case of the Storozhuk theorem. However,

Theorem 5 seems to be optimally in some sense, because it cannot be extended to

reflexive Banach spaces as is shown in [60, Example 1.5], see also [38]. Finally, we

mention that in the assumption of Theorems 5 and 6, we involve only unit vectors

in H, while the previous results of this type, on Hilbert spaces or Banach spaces, are

obtained under assumptions written with a pair of vectors in H×H or X×X.

Next, we present the weak Rolewicz’s theorem for positive strongly continuous ν-

periodic (ν ≥ 1) evolution family acting on a complex Hilbert space H.

Theorem 7: Let Θ be an R-function and let P = {P (t, s)}t≥s≥0 be a positive strongly

continuous ν-periodic (ν ≥ 1) evolution family acting on a complex Hilbert space H.

If

J(x) :=

∞∫
0

Θ(〈P (t, 0)x, x〉)dt <∞, for all x ∈ H with ‖x‖ = 1,

then the family P is uniformly exponentially stable.

Theorem 7 is published in [21], (C. Buşe, G. Rahmat).

We now present a qualitative version of the Datko’s theorem.

It is known that if S = {S(t)}t≥0, is a strongly continuous semigroup on a complex

Banach space X. If 1 ≤ p <∞ and Cp > 0 such that

∞∫
0

||S(t)x||pdt ≤ Cp‖x‖p, ∀x ∈ X,

then ω0(S) ≤ −1/(pCp).

See [78] for the case of semigroups acting on Hilbert spaces, and [55, pages 81-82],

for the general case. We extend this result to strongly continuous ν-periodic (ν ≥ 1)

evolution families acting on complex Banach spaces.
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Theorem 8: Let P = {P (t, s)}t≥s≥0 be a strongly continuous ν-periodic (ν ≥ 1)

evolution family acting on a complex Banach space X. Suppose that ω0(P) is negative

and let 0 < p < ∞. Then there exist t0 ≥ 0 and Cp(t0) > 0, such that ω0(P) ≤

−1/(pCp(t0)).

Detailed proof of this result is presented in Section 3.3 and is contained in [24], (C.

Buşe, A. Khan, G. Rahmat, A. Tabassum). This theorem also holds true for

real Banach spaces if we put some additional assumption of boundedness on certain

evolution family associated to the family P . For the sake of completeness, the result

is stated in the same section.

In chapter 4, which is the last chapter of the thesis, we illustrate some applications of

our theoretical results. Also we give some open problems and future research projects.

The work in second, third and four chapters are contained in [21], [24] and [25].



Chapter 1

Preliminary Results

1.1 Strongly Continuous Semigroups of Operators

A subset S := {S(t) : t ≥ 0} of L(X) is called a strongly continuous semigroup of

operators on X if the following conditions are satisfied:

(i) S(0) = I, where I is the identity operator on X;

(ii) S(t+ s) = S(t)S(s), for all t, s ≥ 0;

(iii) the map t→ S(t)x is continuous for all x ∈ X.

Such families arise from the solution of the autonomous abstract Cauchy Problem,{
u̇(t) = Au(t), t ≥ 0

u(0) = x ∈ X,
(aACP )

where A is a linear operator with domain D(A) on X. Usually A is a partial differ-

ential operator on a Banach space of functions, suitable for a particular problem.

The infinitesimal generator, or briefly the generator of a strongly continuous semi-

group S, is the linear operator A, defined as

Ax := lim
t→0+

1

t
(S(t)x− x), x ∈ D(A),

13



14

where D(A) is the maximal domain of A and is defined by

D(A) :=

{
x ∈ X : lim

t→0+

1

t
(S(t)x− x) exists

}
.

The generator is always a closed, densely defined operator. The infinitesimal generator

(A, D(A)) of a strongly continuous semigroup S has the following properties:

• A is a linear operator on D(A).

• If x ∈ D(A) then S(t)x ∈ D(A) and

d

dt
S(t)x = S(t)Ax = AS(t)x, for all t ≥ 0,

which shows that for x ∈ D(A) the (aACP) has a classical solution given by

u(t) = S(t)x.

• For t ≥ 0 and x ∈ X,
∫ t
0
S(s)xds ∈ D(A).

• For all t ≥ 0, we have

S(t)x− x = A
∫ t
0
S(s)xds, if x ∈ X

=
∫ t
0
S(s)Axds, if x ∈ D(A).

The resolvent set of a bounded or unbounded operator A : D(A) ⊂ X→ X is defined

as

ρ(A) := {λ ∈ C : (λI −A) is an invertible operator in L(X)}.

The resolvent set ρ(A) is an open subset of C, and the family {R(λ, a) := (λI−A)−1 :

λ ∈ ρ(A)} is usually refer to as the resolvent of A.

The spectrum of A is denoted by σ(A) and is defined as σ(A) := C \ ρ(A). The

spectral bound for A is denoted by s(A) and is defined as

s(A) := sup{Reλ : λ ∈ σ(A)}.
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Proposition 1.1.1. [36, page 39] For every strongly continuous semigroup S :=

{S(t) : t ≥ 0} on X, there exist two real numbers real numbers ω and M ≥ 1 such

that

‖S(t)‖ ≤Meωt, for all t ≥ 0. (1.1.1)

Since every strongly continuous semigroup S is exponentially bounded, it make

sense to define its uniform growth bound. The uniform growth bound, or simply

the growth bound of a strongly continuous semigroup S is denoted by ω0(S) and is

defined as

ω0(S) := inf{ω ∈ R : there exists Mω ≥ 1 : ‖S(t)‖ ≤Mωe
ωt for all t ≥ 0}.

Let S be a strongly continuous semigroup on a Banach space X, with generator A.

Then S is said to be:

• Uniformly Exponentially Stable, if the inequality (1.1.1) holds true with some

negative real number ω, or equivalently the uniform growth bound is negative.

• Exponentially Stable, if there exist two constants M ≥ 1 and ω > 0 such that

‖S(t)x‖ ≤Me−ωt‖x‖D(A), for all t ≥ 0 and x ∈ D(A).

• Strongly Stable, if lim
t→∞
‖S(t)x‖ = 0, for all x ∈ X.

Here, ‖x‖D(A) := ‖x‖+ ‖Ax‖ denotes the graph norm of x with respect to A.

The spectral radius of an operator L is defined as

r(L) := sup{|λ| : λ ∈ σ(L)}.

Also it is well known that

r(L) := lim
n→∞

‖Ln‖
1
n , [35, pp-42].
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The expression for ω0(S) in terms of the spectral radius r(S(t)) is given in the following

proposition.

Proposition 1.1.2. Let S := {S(t) : t ≥ 0} be a strongly continuous semigroup on

X. Then for all t0 > 0, have that or one has

ω0(S) =
ln r(S(t0))

t0
= lim

t→∞

ln ‖S(t)‖
t

. (1.1.2)

This can be found in [55, page. 8]. More details about the strongly continuous

semigroups of operators, including the precise definitions and characterizations of the

semigroup growth bounds ω0(S) and s0(S), can be found, for example, in the mono-

graphs [1], [36], [55] and [65]. The theory of semigroups actually provides necessary

and sufficient conditions to determine the well-posedness of a problem, see [39].

1.2 Periodic Evolution Families

A family P := {P (t, s)}t≥s≥0 ⊂ L(X) is called strongly continuous evolution family

(also called propagator, process or nonautonomous dynamical system) if it satisfy the

following conditions:

(i) P (t, t) = I for all t ≥ 0, where I is the identity operator on X;

(ii) P (t, r)P (r, s) = P (t, s) for all t ≥ r ≥ s ≥ 0;

(iii) The map (t, s)→ P (t, s)x : {(t, s) : t ≥ s} → X is continuous for all t ≥ s ≥ 0

and every x ∈ X.

The family P is called ν-periodic (for some ν > 0) if it satisfy the following condition:

P (t+ ν, s+ ν) = P (t, s) for all t ≥ s ≥ 0.
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Such evolution families arise from the solution of non-autonomous abstract Cauchy

Problem, {
u̇(t) = A(t)u(t), t ≥ s ≥ 0

u(s) = ys ∈ X,
(nACP )

where A(t) : D(A(t)) ⊂ X→ X are linear operators with domain D(A(t)), where u

is some X-valued function on [s,∞) and ys is the value at the initial time s.

We restrict ourselves to the periodic case, i.e. we assume that A(t + ν) = A(t)

for all t ≥ 0 and some ν ≥ 1. In this case, the evolution family P become a ν-

periodic evolution family. It is well known that any ν-periodic evolution family P is

exponentially bounded, that is, there exist ω ∈ R and Mω ≥ 0 such that

‖P (t, s)‖ ≤Mωe
ω(t−s), for t ≥ s ≥ 0. (1.2.1)

See [19] and [11]. Whenever an evolution family P is exponentially bounded its

growth bound is defined by

ω0(P) := inf{ω ∈ R : there exists Mω ≥ 0 such that (1.2.1) is fulfilled}.

An evolution family P is uniformly exponentially stable if its growth bound is nega-

tive.

The map P (ν, 0) is called the Poincare map or the monodromy operator. The spectral

radius of P (ν, 0) is denoted by r(P (ν, 0)) and is defined as

r(P (ν, 0)) := sup{|λ| : λ ∈ σ(P (ν, 0))} = lim
n→∞

‖P n(ν, 0)‖
1
n .

For a strongly continuous ν-periodic (ν ≥ 1) evolution family P we have that

ω0(P) : = lim
t→∞

ln ‖P (t, 0)‖
t

= lim
n→∞

ln ‖P (nν, 0)‖
nν

=
1

ν
lim
n→∞

ln ‖P n(ν, 0)‖
1
n =

1

ν
ln lim

n→∞
‖P n(ν, 0)‖

1
n

=
1

ν
ln(r(P (ν, 0))).
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Thus a ν-periodic evolution family P is uniformly exponentially stable if its growth

bound is negative, or equivalently the spectral radius of the Poincare map is less then

one, i.e r(P (ν, 0)) < 1, for more details we refer to [11], [15] and [22].

Remark 1.2.1. If S = {S(t)}t≥0 is a strongly continuous semigroup, then the associ-

ated family PS = {PS(t, s)}t≥s≥0, defined by PS(t, s) = S(t− s), for all t ≥ s ≥ 0, is

a strongly continuous evolution family.

Conversely, if a strongly continuous evolution family P , verifies P (t + ν, s + ν) =

P (t, s), for all t ≥ s ≥ 0, and for all ν > 0 or equivalently if P (t, s) = P (t − s, 0),

then S(t) := P (t, 0), for all t ≥ 0, is a strongly continuous semigroup on X.

For the general study of semigroups and evolution families and their asymptotic

behavior we refer to, [10], [16], [18], [19], [29], [39], [40], [42], [43], [44], [46], [47],[48],

[49], [52], [53], [54], [56], [62], [66], [68], [79] and [80].



Chapter 2

Discrete Case of Rolewicz’s
Conditions

Throughout the thesis we will denote by (tn) a sequence of real numbers such that,

tn ≥ 0 and 1 ≤ ν ≤ tn+1− tn ≤ α for all natural numbers n, where α is some positive

real number.

2.1 Strong Discrete Rolewicz’s Conditions

First we give a well-known result belonging to the operator theory of V. Müller, [50].

For convenience, we state the result here.

Lemma 2.1.1. Let X be a complex Banach space and let V ∈ L(X). If the spectral
radius of V is greater or equal to 1 then for all 0 < ε < 1 and every sequence (an)
with an → 0 (as n → ∞) and ‖(an)‖∞ = 1, there exists a unit vector u0 ∈ X such
that

‖V nu0‖ ≥ (1− ε) · |an|, for all n ∈ Z+.

For real Banach spaces, Jan van Neerven has shown the previous result with the

additional assumption that V is power bounded, see [59, Thm 1.2]. For bounded oper-

ators on Hilbert spaces the above result was proved by B. Beauzamy, [8, Thm. III.2.A.1].

Here, we prove an important lemma, which is the key tool in proving our next

results.

19
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Lemma 2.1.2. Let P = {P (t, s)}t≥s≥0 be a strongly continuous ν-periodic (ν ≥ 1)
evolution family acting on a complex Banach space X and let (tn) be a sequence as
given before. If the evolution family P is not uniformly exponentially stable, then there
exists a positive constant C, having the property that for every C-valued sequence (bn)
with bn → 0 (as n → ∞) and ‖(bn)‖∞ ≤ 1, there exists a unit vector u0 ∈ X, such
that

‖P (tn, 0)u0‖ ≥ C · |bn+1|, for all n ∈ Z+. (2.1.1)

Proof. Let V := P (ν, 0). Since P is not uniformly exponentially stable, ω0(P) ≥ 0,
i.e. r(P (ν, 0)) ≥ 1. From Lemma 2.1.1 follows that for every ε ∈ (0, 1) and every
sequence (an) with an → 0 (as n → ∞) and ‖(an)‖∞ = 1, there exists a unit vector
y0 ∈ X such that

‖P (nν, 0)y0‖ ≥ (1− ε) · |an|, for all n ∈ Z+.

Let k : Z+ → Z+ be the function defined by k(n) = [ tn
ν

]. Here [ tn
ν

] denotes the integer
part of the real number tn

ν
. In view of the properties of the sequence (tn), the function

k(·) is strictly increasing. In fact

k(n) =

[
tn
ν

]
≤ tn

ν
≤ tn+1 − ν

ν
=
tn+1

ν
− 1 <

[
tn+1

ν

]
= k(n+ 1).

Let (bn) be a sequence having the assumed properties, and let’s consider a sequence
(an) defined by

an =

{
bk−1(n), for all n ∈ k(Z+)
0, in the rest.

Then, we have

‖P (νk(n), 0)y0‖ ≥ (1− ε) · |ak(n)| ≥ (1− ε) · |bn|, n ∈ Z+. (2.1.2)

Also the family P is exponentially bounded so there exist M ≥ 1 and ω ∈ R such
that,

‖P (t, s)‖ ≤Meω(t−s), for all t ≥ s ≥ 0. (2.1.3)

Choose u0 := y0. Using (2.1.2) and (2.1.3), we get

(1− ε) · |bn+1| ≤ ‖P (νkn+1, 0)u0‖ = ‖P (νkn+1, tn)P (tn, 0)u0‖
≤ Meω·α · ‖P (tn, 0)u0‖.

Hence, (2.1.1) holds true with C := (1−ε)
Meω·α

.
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The analogous result for strongly continuous semigroups is given in the following

corollary.

Corollary 2.1.3. Let S = {S(t)}t≥0 be a strongly continuous semigroup, and (tn) be
a sequence as given before. If the semigroup S is not uniformly exponentially stable
then there exists a positive constant C having the property that for every C-valued
sequence (bn) with bn → 0 (as n → ∞) and ‖(bn)‖∞ ≤ 1, there exists a unit vector
u0 ∈ X such that

‖S(tn)u0‖ ≥ C · |bn+1|, for all n ∈ Z+.

The proof of this corollary can be obtained by using Remark 1.2.1 and Lemma

2.1.2.

Before giving the next result, we introduce the strong discrete Rolewicz condi-

tion. We say that an evolution family P = {P (t, s)}t≥s≥0 satisfies the strong discrete

Rolewicz condition related to the R-function Θ and the sequence (tn), if

∞∑
n=0

Θ(‖P (tn, 0)x‖) <∞, ∀x ∈ X, ||x|| = 1. (SDRC((tn),Θ))

Whenever the evolution family P satisfies the condition (SDRC((tn),Θ)) we can

highlight new qualities of the function Θ. Such qualities are listed in the following.

(1) The inequality (SDRC((tn),Θ)) holds true for all x ∈ X with ||x|| ≤ 1.

(2) Θ(0) = 0. To justify, put x = 0 in (SDRC((tn),Θ)).

(3) We may suppose that Θ(1) = 1 (if not, put a suitable multiple αΘ, with α > 0,

instead of Θ).

(4) Θ(0 + 0) = 0.

Also, we can put a suitable multiple of the function Θ, instead of Θ. Here, by Θ we

understand the function defined by:

Θ(t) =


t∫
0

Θ(s)ds, if t ∈ [0, 1)

θt
θt+1−θ , if t ≥ 1,
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where θ =
1∫
0

Θ(s)ds.

We remark that Θ is continuous and strictly increasing function on R+ and moreover,

it is convex on the interval [0, 1]. In addition, the evolution family P satisfies the

condition (SDRC((tn),Θ)) in respect to Θ, because Θ(t) ≤ Θ(t), for all t ∈ R+.

Based on the above concepts, the proof of the following theorem become clear.

We insert it for the sake of completeness.

Theorem 2.1.4. Let Θ be an R-function and let P = {P (t, s)}t≥s≥0 be a strongly
continuous ν-periodic (ν ≥ 1) evolution family acting on a complex Banach space X.
If the family P satisfies (SDRC((tn),Θ)) then the family P is uniformly exponentially
stable.

Proof. Assume that r(P (ν, 0)) ≥ 1. We replace Θ with Θ. Let C be as in Lemma

2.1.2 and let |bn| = 1
C
· Θ−1( 1

n
), n ≥ 1. Obviously the sequence (bn) satisfies the

requirements of Lemma 2.1.2. As a consequence, there exists a unit vector u0 ∈ X
such that for any natural number n we have that,

‖P (tn, 0)u0‖ ≥ C · |bn+1|.

Hence,
∞∑
n=0

Θ(‖P (tn, 0)u0‖) ≥
∞∑
n=0

Θ(C · |bn+1|) =
∞∑
n=0

1

n+ 1
=∞.

We say that the semigroup S = {S(t)}t≥0 satisfies the strong discrete Rolewicz

condition related to the function Θ ∈ R and the sequence (tn) if

∞∑
n=0

Θ(‖S(tn)x‖) <∞, ∀x ∈ X with ‖x‖ = 1. (SDRC((tn),Θ))

For strongly continuous semigroups we have the following corollary.

Corollary 2.1.5. Let Θ ∈ R and let S = {S(t)}t≥0 be a strongly continuous semi-
group acting on a complex Banach space X, satisfying the strong discrete Rolewicz
condition (SDRC((tn),Θ)). Then S is uniformly exponentially stable, i.e. ω0(S) is
negative.

The proof follows using Remark 1.2.1 and Theorem 2.1.4.
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2.2 Weak Discrete Rolewicz’s Conditions

In this section we use plank theorems of K. Ball, ([3], [4]) and some special classes

of nondecreasing functions. By R2 we denote the class of all nondecreasing functions

Θ : [0,∞)→ [0,∞) having the property that there exist two sequences (an) and (bn)

with:

• an ≥ 0, for all n ∈ Z+,

•
∞∑
n=0

a2n ≤ 1,

• lim
n→∞

bn = 0, and

• ‖(bn)‖∞ ≤ 1,

such that
∞∑
n=0

Θ(Kan|bn+1|) =∞, for all K > 0.

It is clear from the definition of R2 that if Θ ∈ R2, then Θ(t) > 0 for all t > 0.

The class R2 is large enough. Indeed, let α ∈ (0, 2). We remark that the map

t 7→ Θα(t) := tα belongs to R2. This follows by choosing an := 1
np

, bn := 1
lnn
, where

p = 1
2

+ ε and 0 < ε < 1
α
− 1

2
. Therefore,

∞∑
n=1

1
nαp(ln(n+1))α

=∞.

Finally, we remark that for arbitrary ρ > 0, the map t 7→ tρ defined on R+ belongs

to R2.

We say that an evolution family P = {P (t, s)}t≥s≥0 acting on a complex Hilbert space

H, satisfies the weak discrete Rolewicz condition related to the function Θ ∈ R2 and

the sequence (tn) if for all unit vectors x, y ∈ H one has

∞∑
n=0

Θ(|〈P (tn, 0)x, y〉|) <∞. (WDRC((tn),Θ))

In the framework of Hilbert spaces a recent result of K. Ball, [4], may be read as

follows.
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Lemma 2.2.1. Let (vn) be a sequence of unit vectors in a complex Hilbert space H

and (an) be a sequence of non-negative real numbers such that
∞∑
n=0

a2n ≤ 1. Then there

exists a unit vector y0 ∈ H, such that

| < vn, y0 > | ≥ an, for all n ∈ Z+.

We now present our first result of this section.

Theorem 2.2.2. Let Θ ∈ R2 and let P = {P (t, s)}t≥s≥0 be a strongly continuous ν-
periodic (ν ≥ 1) evolution family acting on a complex Hilbert space H, which verifies
the condition (WDRC((tn),Θ)). Then the family P is uniformly exponentially stable,
i.e. ω0(P) is negative.

Proof. Assume that ω0(P) ≥ 0. We show that there exist x0, y0 ∈ H with ‖x0‖ =
‖y0‖ = 1 such that

∞∑
n=0

Θ(|〈P (tn, 0)x0, y0〉|) =∞.

Let x0 := u0 from Lemma 2.1.2. In the previous sum consider only the indices n for
which P (tn, 0)x0 6= 0 and put vn := P (tn,0)x0

‖P (tn,0)x0‖ . From Lemma 2.2.1 we know that for

each sequence (an) with an ≥ 0 and
∞∑
n=0

a2n ≤ 1, there exists y0 ∈ H with ‖y0‖ = 1

such that |〈vn, y0〉| ≥ an, for all n ∈ Z+. Hence

|〈P (tn, 0)x0, y0〉| ≥ an‖P (tn, 0)x0‖, for all n ∈ Z+. (2.2.1)

Now, from Lemma 2.1.2 there exists a positive constant C such that for every C-
valued sequence (bn) with bn → 0 (as n→∞) and ‖(bn)‖∞ ≤ 1 occurs

‖P (tn, 0)x0‖ ≥ C|bn+1|, for all n ∈ Z+. (2.2.2)

Combining the inequalities (2.2.1) and (2.2.2), we get

∞∑
n=0

Θ(|〈P (tn, 0)x0, y0〉|) ≥
∞∑
n=0

Θ(Can|bn+1|) =∞,

for certain sequences (an) and (bn), where the fact that Θ belongs toR2, was used.

Remark 2.2.1. The conclusion of the previous theorem may be obtained even under
the assumption that

∞∑
n=0

Θ(c · | 〈P (tn, 0)x, y〉 |) <∞,

for all unit vectors x, y ∈ H and some positive constant c.
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As a consequence of Remark 1.2.1 and Theorem 2.2.2, the analogous statement

holds true for strongly continuous semigroups, which is presented in the next corollary.

Corollary 2.2.3. Let Θ ∈ R2 and let S = {S(t)}t≥0 be a strongly continuous semi-
group acting on a complex Hilbert space H which verifies the weak discrete Rolewicz
condition (WDRC((tn),Θ)). Then the semigroup S is uniformly exponentially stable,
i.e. ω0(S) is negative.

In the following, by R1 we denote the set of all nondecreasing functions Θ :

[0,∞) → [0,∞) having the property that there exist two sequences (an) and (bn)

with:

• an ≥ 0, for all n ∈ Z+,

•
∞∑
n=0

an ≤ 1,

• lim
n→∞

bn = 0, and

• ‖(bn)‖∞ ≤ 1,

such that
∞∑
n=0

Θ(Kan|bn+1|) =∞, for all K > 0.

We remark that if Θ ∈ R1 then Θ(t) > 0, for all t > 0.

As is shown above (see the similar example for the Hilbert space) we remark that all

functions Θβ : R+ → R+ given by Θβ(t) := tβ, for β ∈ (0, 1), belong to the class R1.

Before proving the next theorem we formulate a dual version of the plank theorem,

see [3]. Some details are also given by V. Müller and J. Vršovský, [51].

Proposition 2.2.4. Let X be a real or complex Banach space and vn be a sequence

of unit vectors in X. For every n ∈ Z+, let an ≥ 0 such that
∞∑
n=1

an ≤ 1. Then there

exists a functional x∗ ∈ X∗ such that ‖x∗‖ = 1 and |〈vn, x∗〉| ≥ an, for all n.

We now proceed to prove our next theorem, which is a more general form of

Theorem 2.2.2.
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Theorem 2.2.5. Let Θ ∈ R1, P = {P (t, s)}t≥s≥0 be a strongly continuous ν-periodic
(ν ≥ 1) evolution family acting on a complex Banach space X and (tn) be a sequence
as defined before. If

∞∑
n=0

Θ(|〈P (tn, 0)x, x∗〉|) <∞,

for all unit vectors x ∈ X and all unit vectors x∗ ∈ X∗, then ω0(P) is negative.

Proof. Suppose that ω0(P) ≥ 0. Let x0 be as in Lemma 2.1.2. Put vn := P (tn,0)x0
‖P (tn,0)x0‖ ,

where the non-zero indices are consider in the above sum. Then (vn) is a sequence of

unit vectors in X. Let (an) be a sequence such that an ≥ 0 and
∞∑
n=0

an ≤ 1, and by

applying Proposition 2.2.4, we find x∗0 ∈ X∗ of norm one such that∣∣∣∣〈 P (tn, 0)x0
‖P (tn, 0)x0‖

, x∗0

〉∣∣∣∣ ≥ an, for all n.

As in the proof of Theorem 2.2.2, we arrive to

∞∑
n=0

Θ(|〈P (tn, 0)x0, x
∗
0〉|) ≥

∞∑
n=0

Θ(Can|bn+1|) =∞,

for suitable sequences (an) and (bn), which is a contradiction, and this completes the
proof.

For strongly continuous semigroups we have the following corollary.

Corollary 2.2.6. Let Θ ∈ R1, S = {S(t)}t≥0 be a strongly continuous semigroup
acting on a complex Banach space X and (tn) be a sequence as given before. If

∞∑
n=0

Θ(|〈S(tn)x, x∗〉|) <∞,

for all unit vectors x ∈ X and all unit vectors x∗ ∈ X∗, then ω0(S) is negative.

The proof follows easily by using Remark 1.2.1 and Theorem 2.2.5.



Chapter 3

Continuous Case of Rolewicz’s
Conditions

3.1 Strong Continuous Rolewicz’s Conditions

In the proof of the next theorem we use the following Cauchy-Buniakovski-Schwartz

inequality. Let A and B be two selfadjoint operators acting on the complex Hilbert

space H. Then

|〈ABx, y〉|2 ≤ 〈A2y, y〉〈B2x, x〉, for all x, y ∈ H. (3.1.1)

In fact,

|〈ABx, y〉|2 = |〈Bx,Ay〉|2 ≤ ‖Bx‖2‖Ay‖2 = 〈A2y, y〉〈B2x, x〉.

Next, we state and prove a theorem of Rolewicz type in the continuous case. The

result could be known. See for example [9] and [7] for its different counterparts. Here

we present a new proof.

Theorem 3.1.1. Let Θ be an R-function and let P = {P (t, s)}t≥s≥0 be a selfadjoint
strongly continuous ν-periodic (ν ≥ 1) evolution family acting on a complex Hilbert
space H. If

J(x) :=

∞∫
0

Θ(‖P (t, 0)x‖)dt <∞, for all x ∈ H with ‖x‖ = 1,

27
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then the family P is uniformly exponentially stable.

Proof. Having in mind that Θ can be considered a continuous function and by ap-
plying the Mean-Value Theorem to the function t 7→ ‖P (t, 0)x‖ on the interval
[nν, nν + ν], we find txn ∈ [nν, nν + ν] such that

J(x) = ν
∞∑
n=0

Θ(‖P (txn, 0)x‖)

≥
∞∑
n=0

Θ(‖P (tx2n, 0)x‖).

Set sn = (2n+2)ν and let x and y be two unit vectors. In view of (3.1.1), successively
one has

|〈P (sn, 0)x, y〉|2 = |〈P (sn, t
x
2n)P (tx2n, 0)x, y〉|2

≤ 〈P 2(sn, t
x
2n)y, y〉〈P 2(tx2n, 0)x, x〉

≤ M2e4νω‖P (tx2n, 0)x‖2.
Hence, for any unit vector x ∈ H, one has

‖P (tx2n, 0)x‖ ≥ 1

Me2νω
|〈P (sn, 0)x, x〉| = 1

Me2νω
‖P ((n+ 1)ν, 0)x‖2.

This establish the relation,

∞∑
n=0

Θ(‖P (tx2n, 0)x‖) ≥
∞∑
n=0

Θ

(
1

Me2νω
‖P ((n+ 1)ν, 0)x‖2

)
. (3.1.2)

From the assumption and relation (3.1.2), we get

∞∑
n=0

Θ

(
1

Me2νω
‖P ((n+ 1)ν, 0)x‖2

)
<∞,

for all unit vectors x ∈ H. Replacing Θ( 1
Me2νω

t2) by Θ1(t), and using the Theorem
2.1.4, we obtain the required result.

For strongly continuous semigroups we have the following corollary.

Corollary 3.1.2. Let Θ be an R-function and S = {S(t)}t≥0 be a selfadjoint strongly
continuous semigroup acting on a complex Hilbert space H. If

J(x) :=

∞∫
0

Θ(‖S(t)x‖)dt <∞, for all x ∈ H with ‖x‖ = 1,

then S is uniformly exponentially stable.
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This result follows using Remark 1.2.1 and Theorem 3.1.1.

In the next section, we give a weak version of the Rolewicz’s theorem for positive

strongly continuous ν-periodic (ν ≥ 1) evolution family.

3.2 Weak Continuous Rolewicz’s Conditions

A bounded linear operator L acting on a Hilbert space H, is positive if 〈Lx, x〉 ≥ 0

for every x ∈ H. Let S = {S(t)}t≥0 be a strongly continuous semigroup acting on a

complex Hilbert space H. When S is selfadjoint (i.e. S(t) = S(t)∗ for every t ≥ 0),

then 〈S(t)x, x〉 ≥ 0 for each t ≥ 0 and every x ∈ H. Indeed, for any t ≥ 0, have that

〈S(t)x, x〉 =

〈
S

(
t

2

)
S

(
t

2

)
x, x

〉
=

〈
S

(
t

2

)
x, S

(
t

2

)
x

〉
=

∥∥∥∥S ( t2
)
x

∥∥∥∥2 ≥ 0.

In the following, we state and prove a theorem of Rolewicz type in the continuous

case. The estimation in Rolewicz condition is made in respect to the weak topology

of H. Particularly, we extend the Theorem 6 in [20].

Theorem 3.2.1. Let Θ ∈ R2 and let S = {S(t)}t≥0 be a selfadjoint strongly contin-
uous semigroup acting on a complex Hilbert space H. If

∞∫
0

Θ(
√
〈S(t)x, x〉)dt <∞, for all x ∈ H with ‖x‖ = 1,

then ω0(S) is negative.

Proof. Having in mind that Θ can be considered a continuous function and by apply-
ing the Mean-Value Theorem to the function t 7→ 〈S(2t)x, x〉 on the interval [n, n+1],
we find txn ∈ [n, n+ 1] such that

1
2
I(x) =

∞∫
0

Θ(
√
〈S(2t)x, x〉)dt

=
∞∑
n=0

Θ(
√
〈S(2txn)x, x〉)

≥
∞∑
n=0

Θ(
√
〈S(2tx2n)x, x〉).
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Set sn ∈ [2n+ 1, 2n+ 2]. In view of (3.1.1), successively one has

|〈S(sn)x, y〉|2 = |〈S(sn − tx2n)S(tx2n)x, y〉|2
≤ 〈S(2sn − 2tx2n)y, y〉〈S(2tx2n)x, x〉
= ‖S(sn − tx2n)y‖2〈S(2tx2n)x, x〉
≤ M2e4ω〈S(2tx2n)x, x〉.

Hence, for all unit vectors x and y ∈ H, one has

∞∑
n=0

Θ(
√
〈S(2tx2n)x, x〉) ≥

∞∑
n=0

Θ(
1

Me2ω
|〈S(sn)x, y〉|). (3.2.1)

Let tn := sn. Clearly 1 ≤ tn+1 − tn ≤ 3. By the assumption and relation (3.2.1),
we get

∞∑
n=0

Θ(
1

Me2ω
|〈S(sn)u, v〉|) <∞, for all unit vectors u, v ∈ H.

The assertion follows by applying Remark 2.2.1.

The Theorem 3.2.1 does not remain true in the general framework of reflexive

normed spaces. See [60, Example 1.5], and [38]. For the sake of completeness we

present that example here.

Example: Let 1 < p <∞ and let Y = Lp(R+) ∩ L1(R+, e
xdx). With the norm

‖h‖ := ‖h‖Lp(R+) + ‖h‖L1(R+,exdx),

Y is a Banach lattice. Define (S(t)h)(s) := h(t+ s), then S = {S(t)}t≥0 is a positive

semigroup. For general study of positive semigroups see [52]. From the definition it is

clear that ‖S(t)h‖ ≤ ‖h‖, for all h ∈ X. Next, let δ > 0 be arbitrary and denote by h

the indicator function on [t, t+δp], then ‖h‖ = δ+et+δ
p−et and ‖S(t)h‖ = δ+eδ

p−1.

We obtain that

(δ + et+δ
p − et)−1(δ + eδ

p − 1) = ‖h‖−1‖S(t)h‖ ≤ ‖S(t)‖ ≤ 1.
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Taking δ → 0, we get that ‖S(t)‖ = 1 for all t ≥ 0. Also s(A) = −1, this is proved

in [38]. Put V(t) := e
t
2S(t). Then ω0(S) = 0, ω0(V) = 1

2
. By Theorem 1.4 in [60]

and the remark after it, S is weakly Lp-stable for all 1 ≤ p < ∞ and V is weakly

L1-stable.

Here we give a more general form of Theorem 3.2.1.

Theorem 3.2.2. Let Θ be an R-function and let S = {S(t)}t≥0 be a selfadjoint,
strongly continuous semigroup of bounded linear operators acting on a complex Hilbert
space H. If

I(x) :=

∞∫
0

Θ(〈S(t)x, x〉)dt <∞, for all x ∈ H with ‖x‖ = 1, (3.2.2)

then the semigroup S is uniformly exponentially stable.

Proof. Using the same technique used in Theorem 3.2.1, we find txn ∈ [n, n+ 1], such
that

1
2
I(x) =

∞∫
0

Θ(〈S(2t)x, x〉)dt =
∞∑
n=0

Θ(〈S(2txn)x, x〉)

≥
∞∑
n=0

Θ(〈S(2tx4n)x, x〉).

Set sn ∈ [2n+1, 2n+2] and let y be a unit vector in H. In view of (3.1.1), successively
one has

|〈S(2sn)x, y〉|2 = |〈S(2sn − tx4n)S(tx4n)x, y〉|2
≤ 〈S(4sn − 2tx4n)y, y〉〈S(2tx4n)x, x〉
≤ Me8ω〈S(2tx4n)x, x〉.

Hence, for any unit vector x ∈ H, one has

∞∑
n=0

Θ

(
1

Me8ω
||S(sn)x||4

)
≤

∞∑
n=0

Θ(〈S(2tx4n)x, x〉). (3.2.3)

Clearly 1 ≤ sn+1 − sn ≤ 3. By assumption and relation (3.2.3), we get

∞∑
n=0

Θ

(
1

Me8ω
||S(sn)x||4

)
<∞.

Now, replace Θ
(

1
Me8ω

t4
)

with Θ1(t). Obviously, the map Θ1 is an R-function. The
assertion follows by Theorem 2.1.4.
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Next, we comment on the relationship between the integral conditions

∞∫
0

Θ(|〈S(t)x, y〉|)dt <∞, for all x, y ∈ H. (3.2.4)

and (3.2.2). Clearly, (3.2.4) implies (3.2.2), but it is not clear whether (3.2.2) implies

(3.2.4). However, this happens if we admit that (3.2.2) holds true for all x ∈ H

and the map Θ is subadditive. This latter fact is a consequence of the well-known

polarization identity,

〈S(t)x, y〉 =
1

4

3∑
k=0

ik〈S(t)(x+ iky), x+ iky〉.

Next we present the weak Rolewicz’s theorem for positive strongly continuous

ν-periodic (ν ≥ 1) evolution family acting on a complex Hilbert space H.

Theorem 3.2.3. Let Θ be an R-function and let P = {P (t, s)}t≥s≥0 be a positive
strongly continuous ν-periodic (ν ≥ 1) evolution family acting on a complex Hilbert
space H. If

J(x) :=

∞∫
0

Θ(〈P (t, 0)x, x〉)dt <∞, for all x ∈ H with ‖x‖ = 1,

then P is uniformly exponentially stable.

Proof. Again, using the technique used in Theorem 3.1.1, we find txn ∈ [nν, (n+ 1)ν]
such that

J(x) = ν
∞∑
n=0

Θ(〈P (txn, 0)x, x〉)

≥
∞∑
n=0

Θ(〈P (tx2n, 0)x, x〉)).

Set sn = (2n+ 2)ν. In view of (3.1.1), successively one has

|〈P 1
2 (sn, 0)x, y〉|2 = |〈P 1

2 (sn, t
x
2n)P

1
2 (tx2n, 0)x, y〉|2

≤ 〈P (sn, t
x
2n)y, y〉〈P (tx2n, 0)x, x〉

≤ Me2νω〈P (tx2n, 0)x, x〉.

Hence, for any unit vector x ∈ H, one has

〈P (tx2n, 0)x, x〉 ≥ 1
Me2νω

|〈P 1
2 (sn, 0)x, x〉|2

= 1
Me2νω

|〈P ((n+ 1)ν, 0)x, x〉|2.
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That is,

∞∑
n=0

Θ(〈P (tx2n, 0)x, x〉) ≥
∞∑
n=0

Θ

(
1

Me2νω
|〈P ((n+ 1)ν, 0)x, x〉|2

)
. (3.2.5)

By the assumption and relation (3.2.5), we get

∞∑
n=0

Θ

(
1

Me2νω
|〈P ((n+ 1)ν, 0)x, x〉|2

)
<∞,

for all unit vectors x ∈ H. In particular for n+ 1 = 2m, we have

∞∑
m=0

Θ

(
1

Me2νω
‖P (mν, 0)x‖4

)
<∞.

Now, replace Θ( 1
Me2νω

t4) by Θ1(t) and apply Theorem 2.1.4.

3.3 A Qualitative Version of the Datko’s Theorem

Knowing the rate of convergence of an iterative process we can control the speed of

its convergence. This help us to obtain the limit of the process, with the desired

accuracy, in a determined time. On the other hand, in the study of certain dynamical

systems or differential equations, we meet many times, X-valued functions f, defined

on R+ having the property that the map t 7→ e−ωt||f(t)|| is bounded on R+, for a

suitable real number ω. Clearly, every ω′ ≥ ω, has the same property. The infimum of

all real numbers ω which verify the given boundedness condition, is called exponential

growth of the function f. In this note, we obtain an estimate of the exponential growth

of a periodic evolution family that satisfy an integral condition, originally given by

R. Datko. The theoretical result, allows us to estimate the L2-norm of the solution

of a periodic Cauchy Problem with time-varying coefficients, which is naturally lead

by the one dimensional heat equation.
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The classical theorem of R. Datko, [34], states that a strongly continuous evolution

family P = {P (t, s)}t≥s≥0, acting on a real or complex Banach space X, is uniformly

exponentially stable, if for some (and then for all) 1 ≤ p <∞, one has

sup
s≥0

∞∫
0

‖P (t+ s, s)x‖pdt <∞, ∀x ∈ X.

It is also known that if S = {S(t)}t≥0, is a strongly continuous semigroup on a

complex Banach space X, if 1 ≤ p <∞ and Cp > 0 such that

∞∫
0

||S(t)x||pdt ≤ Cp‖x‖p, ∀x ∈ X,

then ω0(S) ≤ −1/(pCp). See [78], for the case of semigroups acting on Hilbert spaces,

and [55, pages 81-82], for the general case. Here we extend this result to periodic

strongly continuous evolution families acting on real or complex Banach spaces.

The following two lemmas will be useful in the proof of our main result. The proof

of the next lemma is essentially contained in [59, Theorem 1.2]. Because it has an

interest in itself, we state it as a separate statement, and we give its proof for the

sake of completeness.

Lemma 3.3.1. Let ξ : [0,∞)→ [0, 1] be a nonincreasing function such that limt→∞ ξ(t) =
0. For each δ > 0, there exists a nonincreasing function ρ : [0,∞) → [0, 1], having
the properties:

• (1) ρ(t) ≥ ξ(t), for all t ≥ 0;

• (2) limt→∞ ρ(t) = 0;

• (3) ρ(t+ s) ≥ (1 + δ)−1ρ(t)ρ(s), for all t, s ≥ 0.

Proof. Choose the integer numbers 0 = K0 < K1 < K2... such that

0 ≤ ξ(t) ≤ (1 + δ)−n, when t ≥ Kn.

Next, choose the integers 0 = R0 < R1 < R2... in such a way that Rn ≥ Kn for all
n ∈ Z+ and Rn +Rm ≤ Rn+m for all m,n ∈ Z+.
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For example, we can take Rn = K0 +K1 +K2 + ...+Kn. Then
Rn +Rm = K0 +K1 +K2 + ...+Kn +K0 +K1 +K2 + ...+Km, and
Rn+m = K0 +K1 +K2 + ...+Kn +Kn+1 + ...+Kn+m.
Clearly we can see that

Rn+m −Rn −Rm = Kn+1 + ...+Kn+m −K1 −K2 − ...−Km ≥ 0.

Define the function ρ : [0,∞)→ [0, 1] by

ρ(t) := (1 + δ)−n, when Rn ≤ t < Rn+1.

Clearly, ρ is nonincreasing, 0 ≤ ξ(t) ≤ ρ(t) ≤ 1 and limt→∞ ρ(t) = 0.
Next, we prove that ρ(t + s) ≥ (1 + δ)−1ρ(t)ρ(s), for all t, s ≥ 0. Let’s choose

the integers jt and js such that Rjt ≤ t < Rjt+1 and Rjs ≤ s < Rjs+1. Then ρ(t) =
(1 + δ)−jt and ρ(s) = (1 + δ)−js . Now,

t+ s < Rjt+1 +Rjs+1 ≤ Rjt+js+2,

and let n be the smallest integer such that Rn ≤ t + s < Rn+1, then clearly n + 1 ≤
jt + js + 2.
Hence,

ρ(t+ s) = (1 + δ)−n ≥ (1 + δ)−jt−js−1 = (1 + δ)−1ρ(t)ρ(s).

This completes the proof.

The next lemma is the analogue of Lemma 2.1.1 of V. Müller, for periodic evolution

families.

Lemma 3.3.2. Let P = {P (t, s)}t≥s≥0 be a strongly continuous ν-periodic (ν ≥
1) evolution family on a complex Banach space X such that r(P (ν, 0)) ≥ 1. Then
for every 0 < ε < 1, and every nonincreasing function ξ : [0,∞) → [0, 1], with
limt→∞ ξ(t) = 0, there exist t0 ≥ 0 and a unit vector x ∈ X, such that

‖P (t+ t0, t0)x‖ ≥ (1− ε)ξ(t), for all t ≥ 0.

Proof. Step 1: Define β : [0,∞)→ [0, 1] by

β(t) :=

{
ξ(0), if 0 ≤ t < ν;
ξ(t− ν), if t ≥ ν.

The map β(t) is nonincreasing and limt→∞ β(t) = 0. Since r(P (ν, 0)) ≥ 1, there exists
a norm one vector x0 ∈ X such that

‖P k(ν, 0)x0‖ ≥
1

2
β(k), for all k ∈ Z+.
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This follows by applying Lemma 2.1.1 with an = β(n), ε = 1/2 and V = P (ν, 0). For
t ≥ 0, let N ∈ Z+ such that Nν ≤ t < Nν + ν. We infer that

‖P (Nν + ν, 0)x0‖ = ‖P (Nν + ν, t)P (t, 0)x0‖ ≤M‖P (t, 0)x0‖,
where M = Mωe

νω. Therefore we have

‖P (t, 0)x0‖ ≥
1

M
‖P (Nν + ν, 0)x0‖

≥ 1

2M
β(N + 1)

≥ 1

2M
β(Nν + ν)

=
1

2M
ξ(Nν) ≥ 1

2M
ξ(t).

Step 2: Choose δ > 0, such that 1−δ
1+δ
≥ 1 − ε. From Lemma 3.3.1, we can find a

nonincreasing function ρ : [0,∞)→ [0, 1], such that ρ(t) ≥ ξ(t), limt→∞ ρ(t) = 0 and
ρ(t + s) ≥ (1 + δ)−1ρ(t)ρ(s), for all t, s ≥ 0. In view of the first step, applied to the
function ρ, we may choose a unit vector y0 ∈ X, such that

‖P (t, 0)y0‖ ≥
1

2M
ρ(t), for all t ≥ 0.

Denote

η := inf
t≥0

‖P (t, 0)y0‖
ρ(t)

.

Then η ≥ 1/(2M), and for all t ≥ 0, have that ‖P (t, 0)y0‖ ≥ ηρ(t). Thus

sup
t≥0

ηρ(t)

‖P (t, 0)y0‖
= 1.

Choose t0 ≥ 0, such that

1− δ ≤ ηρ(t0)

‖P (t0, 0)y0‖
, and let x :=

P (t0, 0)y0
‖P (t0, 0)y0‖

.

We obtain

‖P (t+ t0, t0)x‖ =
‖P (t+ t0, t0)P (t0, 0)y0‖

‖P (t0, 0)y0‖

=
‖P (t+ t0, 0)y0‖
‖P (t0, 0)y0‖

≥ ηρ(t+ t0)

‖P (t0, 0)y0‖

≥ ηρ(t)ρ(t0)(1 + δ)−1

‖P (t0, 0)y0‖

≥ 1− δ
1 + δ

ξ(t)

≥ (1− ε)ξ(t).
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That is, ‖P (t+ t0, t0)x‖ ≥ (1− ε)ξ(t) for all t ≥ 0.

The next result is very useful in the proof of our main result.

Theorem 3.3.3. Let P = {P (t, s)}t≥s≥0 be a strongly continuous ν-periodic (ν ≥ 1)
evolution family on a complex Banach space X and p ∈ (0,∞). Then, the following
three statements are equivalent:

(i)
∫∞
0
‖P (t, 0)x‖pdt ≤ Cp <∞, for all unit vectors x ∈ X,

(ii) for each s ≥ 0 and any unit vector x ∈ X, one has∫ ∞
0

‖P (t+ s, s)x‖pdt := Cp(s) <∞, (3.3.1)

(iii) the growth bound, ω0(P), is negative.

Proof. The equivalence of (i) and (iii) is given in [23], and (ii) implies (i) is obvious.
We have only to prove that (i) implies (ii). To do this, let s = nν + r, with n ∈ Z+

and r ∈ [0, ν). Then∫ ∞
0

‖P (t+ s, s)x‖pdt =

∫ ∞
0

‖P (t+ r, r)x‖pdt

=

∫ ν−r

0

‖P (t+ r, r)x‖pdt+

∫ ∞
ν−r
‖P (t+ r, r)x‖pdt

≤ νMpepνω +

∫ ∞
ν−r
‖P (t+ r − ν, 0)P (ν, r)x‖pdt

= νMpepνω + ‖P (ν, r)x‖p
∫ ∞
0

‖P (t, 0)
P (ν, r)x

‖P (ν, r)x‖
‖pdt

≤ νMpepνω + CpM
pepνω

≤ Mpepνω(ν + Cp).

This yields to∫ ∞
0

‖P (t+ s, s)x‖pdt ≤ Kp, where Kp = Mpepνω(ν + Cp). (3.3.2)

Now, we present our main result which is a qualitative version of the Datko’s

Theorem.
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Theorem 3.3.4. Let P = {P (t, s)}t≥s≥0 be a strongly continuous ν-periodic (ν ≥ 1)
evolution family acting on a complex Banach space X. Suppose that ω0(P) is negative
and let 0 < p <∞. Then, there exists t0 ≥ 0 such that ω0(P) ≤ −1/(pCp(t0)), where
Cp(t0) is defined in (3.3.1).

Proof. Let ω0 = ω0(P). The family B := {B(t, s) := e−ω0(t−s)P (t, s)}t≥s≥0 is a ν-
periodic evolution family and ω0(B) = 0. In fact

ω0(B) :=
1

ν
ln(r(B(ν, 0)))

=
1

ν
ln(r(e−ω0νP (ν, 0)))

=
1

ν
ln(e−ω0νr(P (ν, 0)))

= −ω0 +
1

ν
ln(r(P (ν, 0)))

= −ω0 + ω0

= 0.

Let ξ(t) := e−δt with δ > 0 and let 0 < ε < 1, be fixed. By applying Lemma 3.3.2 to
the ν-periodic evolution family B, there exist t0 ≥ 0 and a norm one vector x ∈ X,
such that

‖B(t+ t0, t0)x‖ ≥ (1− ε)e−δt, for all t ≥ 0,

or equivalently

‖P (t+ t0, t0)x‖ ≥ (1− ε)e(ω0−δ)t, for all t ≥ 0.

Hence, via Theorem 3.3.3,∫ ∞
0

(1− ε)pe(ω0−δ)ptdt ≤
∫ ∞
0

‖P (t+ t0, t0)x‖pdt = Cp(t0).

An easy computation shows that − (1−ε)p
(ω0−δ)p ≤ Cp(t0). Since ε > 0 and δ > 0, were

arbitrarily choosen, the last inequality yields to − 1
pω0
≤ Cp(t0), hence ω0(P) ≤

−1/(pCp(t0)), which is the desired conclusion.

Corollary 3.3.5. Let P = {P (t, s)}t≥s≥0 be a strongly continuous ν-periodic (ν ≥ 1)
evolution family acting on a complex Banach space X. If 0 < p <∞ and C > 0 such
that

sup
s≥0

∫ ∞
0

‖P (t+ s, s)x‖pdt ≤ C‖x‖p, for all x ∈ X,

then ω0(P) ≤ −1/(pC).
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Theorem 3.3.4 remains valid for ν-periodic evolution families acting on real Banach

spaces with some additional boundedness assumption. The result is stated in the next

theorem.

Theorem 3.3.6. Let P = {P (t, s)}t≥s≥0 be a strongly continuous ν-periodic (ν ≥ 1)
evolution family acting on a real or complex Banach space X. Suppose that ω0 :=
ω0(P) is negative and, in addition, the family

P0 := { e−ω0(t−s)P (t, s) : t ≥ s ≥ 0},

is uniformly bounded. Let 0 < p < ∞, then there exists t0 ≥ 0 such that ω0(P) ≤
−1/(pCp(t0)), where Cp(t0) is defined in (3.3.1).

Actually, under such boundedness assumption, the monodromy operator asso-

ciated to the family P0, i.e. e−ω0νP (ν, 0) is power bounded and we can use [59,

Theorem 2.1].



Chapter 4

Applications and Open Problems

4.1 Applications

Here we give some applications of our theoretical results.

In the following we give a concrete example of a semigroup verifying (3.2.2). The

exponential stability of the Dirichlet semigroup is quite standard. There are several

possible ways of showing this. The following is yet another demonstration in addition

to this well known fact. First, we state the Bessel inequality which we will use in our

example.

Bessel Inequality. Let {ek}k≥1 be an orthonormal system in a Hilbert space H.

Then ∑
k≥1

|〈x, ek〉|2 ≤ ‖x‖2.

Example 1: Let H := L2([0, π],C) be the state space. Endowed with the usual

inner product and norm it becomes a complex Hilbert space and, in addition, the one

parameter family {S(t)}t≥0, given by

(S(t)x) (ξ) =
2

π

∞∑
n=1

e−tn
2

sin(nξ)

(∫ π

0

x(s) sin(ns)ds

)
, ξ ∈ [0, π], t ≥ 0,

40
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is a strongly continuous semigroup on H. Moreover, this semigroup solves the follow-

ing Cauchy Problem with boundary conditions
∂u(t,ξ)
∂t

= ∂2u(t,ξ)
∂2ξ

, t > 0, ξ ∈ [0, π],

u(t, 0) = u(t, π) = 0, t ≥ 0,

u(0, ξ) = x(ξ),

where x(·) is a given function in H.

More exactly, the unique solution of this Cauchy Problem is given by

u(t, ξ, x(·)) = (S(t)x)(ξ). (4.1.1)

The semigroup S = {S(t)}t≥0 is generated by the linear operator A given by Ax = ẍ.

The maximal domain of A is the set D(A) of all x ∈ H such that x and ẋ are

absolutely continuous, ẍ ∈ H and x(0) = x(π) = 0. Moreover, S(t) is selfadjoint for

all t ≥ 0, [81, Example 1.3, pp. 178, 198]. Based on Theorem 3.2.2, we prove that the

solution given in (4.1.1) is exponentially stable, i.e. there exist N,µ ∈ R+ such that

for each x(·) ∈ H, one has

||u(t, ·, x(·))||2 ≤ Ne−µt||x(·)||2 ∀t ≥ 0.

For this to be completed, we remark that for each x(·) ∈ H, one has

∞∫
0

〈S(t)x(·), x(·)〉dt = 2
π

∞∑
n=1

1
n2‖

π∫
0

x(s) sin(ns)ds‖2

≤ ‖x‖2
∞∑
n=1

1
n2

< ∞.

The latter estimate is obtained in view of the Bessel inequality.

We now present an example which illustrate the applications of the qualitative version

of Datko’s theorem as given in Section 3.3.



42

Example 2: Again, we choose H := L2([0, π],C) the state space, and the semigroup

S = {S(t)}t≥0 as an above example. Consider the non-autonomous Cauchy Problem,
∂z(t,ξ)
∂t

= f(t)∂
2z(t,ξ)
∂2ξ

, t > 0, ξ ∈ [0, π],

z(t, 0) = z(t, π) = 0, t ≥ 0,

z(0, ξ) = x(ξ),

where x(·) is a given function in H, and f : R+ → [1,∞) is a function having the

following properties:

(1): f(·) is ν-periodic for some ν ≥ 1.

(2): There exist α ∈ (0, 1] and c > 0 such that

|f(t)− f(s)| ≤ c|t− s|α, for all t, s ≥ 0.

Let F (t) =
∫ t
0
f(t)dt. As it is well known the solution z(·) of the above Cauchy

Problem satisfy the evolution condition

z(t) = P (t, s)z(s),

where P (t, s) = S(F (t) − F (s)). See, [32, Example 2.9b]. Moreover, the family

P = {P (t, s) : t ≥ s ≥ 0}, is uniformly exponentially stable, [28].

We can estimate a positive constant µ having the property that the map t 7→

eµt‖z(t)‖2, is bounded on R+. Indeed,

∞∫
0

‖P (t, 0)x‖2dt = 2
π

∫∞
0

∞∑
n=1

c2n(x)e−2n
2F (t)dt

= 2
π

∞∑
n=1

c2n(x)
∫∞
0
e−2n

2F (t)dt

≤ ‖x‖22
∫∞
0
e−2F (t)dt,

where cn(x) :=
∫ π
0
x(s) sin(ns)ds.
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On the other hand∫ ∞
0

e−2F (t)dt =
∞∑
k=0

∫ (k+1)ν

kν

e−2F (t)dt

=
∞∑
k=0

∫ ν

0

e−2F (kq+r)dr

=
∞∑
k=0

e−2kF (ν)

∫ ν

0

e−2F (r)dr

≤ ν
∞∑
k=0

e−2kF (ν) =
νe2F (ν)

e2F (ν) − 1
:= C2.

Hence ∞∫
0

‖P (t, 0)x‖2dt ≤ C2‖x‖22.

Now, from Theorem 3.3.6, we get ω0(P) ≤ −1/(2K2), with K2 given in (3.3.2).

4.2 Open Problems, Future Research and Further

References

Open Problem 1: Let Θ ∈ R2 and let S = {S(t)}t≥0 be a strongly continuous

semigroup acting on a complex Hilbert space H. If

∞∫
0

Θ(|〈S(t)x, y〉|)dt <∞, for all x, y ∈ H,

then ω0(S) is negative.

Open Problem 2: We leave open the question whether Theorem 3.2.3 remains true

for periodic (selfadjoint) evolution families?

Open Problem 3: We also leave open the question whether Theorem 3.3.4, i.e.

the qualitative version of the Datko theorem remains true for general(non-periodic)

evolution families?
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Our idea for future research leads to an extension of the results from this dis-

sertation. In [2], we give the connection between dichotomy of Poincare map and

boundedness of solutions for certain periodic Cauchy problems in the continuous

time varying case. We are looking for the same idea in discrete time varying case.

Also the results in [2], are proved in the finite dimensional cases, we are intrusted to

generalized the same idea to the infinite dimensional Banach spaces. Also we can use

[27] to find the connection between dichotomy of Poincare map and boundedness of

solutions for certain periodic Cauchy problems in the discrete time varying case. Also

we are searching for the solutions of the above open problems. We can also connect

our future research with the papers [26], [72] and [83].
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[12] C. Buşe and S.S. Dragomir, A theorem of Rolewicz type in solid function spaces,

Glasgow Math. J. 44, No. 1, (2002), pp. 125-135.
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[21] C. Buşe and G. Rahmat, Weak Rolewicz’s theorem in Hilbert spaces, Elec-

tronic Journal of Differential Equations. No. 218, (2012), pp. 1-10.



48
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