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thesis supervisor, for his motivation, encouragement, expert guidance and continued

assistance throughout this thesis, that enabled me to complete my work successfully.

He has been a great role model as a teacher and as a human being for me.

I would also like to thank Prof. Alla Ditta Raza Choudary for providing me an

opportunity to work and do research under the supervision of world class faculty. I

also thank him for his invaluable guidance, help and encouragement through early

years of chaos and confusion, as well as for his kindness and support during the past

more than four years.

I am especially grateful to the Abdus Salam School of Mathematical Sciences for

the strong academic atmosphere and friendly environment, from which i have greatly

benefited.

I also want to thank all my worthy teachers by whom I got my spiritual values

and basis of education.

Many many thanks go to all my research colleagues Gul Rahmat, Afshan Tabas-

sum, Dr. Akbar Zada, Dr. Olivia Saierli (Tibiscus University of Timisoara, De-

partment of Computer Sciences, Romania), and Dr. Lan Thanh Nguyen (Western

vii



viii

Kentucky University, USA). Moreover, I am very much benefited from discussions

with Gul Rahmat and Olivia Saierli during my dissertation. At this moment, I thank

all of my friends and colleagues for their helps during my PhD programme.

Of course, at this stage I can not forget my whole family, especially my parents,

sisters, wife, and brothers Hayat Khan and Yaseen Khan for their prayers, continuing

support and love. I pay my regards to Muhammad Abdullah, Muhammad Ibadullah

and Muhammad Husnain. I want to thank Nasir, Waheed Anwar, Fiaz Khan, Farhad

Ali, Hafiz Mairaj-ul-Islam and my father in law Tahmeed Gul and all my cousins for

supporting me during all these years. Their prayers, have lightened up my spirit to

finish this thesis

Finally, I wish to thank All the foreign professors at ASSMS and all the adminis-

tration, in particular, Awais Naeem, Shoukat, Shahbaz and Numan Jaffary.

Aftab Khan

Lahore, 2013



ix

List of papers
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Notations

We use the following notation throughout the dissertation.

• C := The set of all complex numbers;

• Z := The set of all integer numbers;

• Z+ := The set of all nonnegative integer numbers;

• Z− := The set of all non-positive integer numbers;

• R := The set of all real numbers;

• R+ := The set of all nonnegative real numbers;

• X := A complex Banach space;

• X∗ := The dual space of X;

• L(X) := The Banach algebra of all bounded linear operators acting on X;

• ‖ · ‖ := The norm on X and on L(X);

• ‖x‖ := The norm of x;

• σ(L) := The spectrum of a linear operator L;

• ρ(L) := The resolvent set of a linear operator L;

• r(L) := The spectral radius of a bounded linear operator L;

• 〈·, ·〉:= The inner product;

• U := A discrete evolution family of bounded linear operators acting on X;

• T := The evolution semigroup associated to U ;

• Range(A):= Range of an operator A ;
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• Ker(A):= The kernel of the operator A;

• C00(R+, X) is the space of all functions f : R+ → X such that f is continuous,

f(0) = 0 and lim
t→∞

f(t) = 0 ;

• Lp(R+, X) is the space of all functions f : R+ → X such that f is strongly

measurable and ‖f‖p :=
(∫∞

0
‖f(t)‖pdt

) 1
p <∞, where 1 ≤ p <∞;

• Lq([s,∞), X, eαtdt) is the space of all functions f : [s,∞) → X such that the

map t 7→ eαtf(t) : R+ 7→ X belongs to Lq(R+, X), where 1 ≤ q <∞ and α ≥ 0.



Introduction

The study of nonuniform asymptotic behavior of dynamical systems has a long history.

We start with a short description of the research work ([69]) of Mircea Reghiş in 1963.

In his work, he considered the linear system ẋ = A(t)x, t ≥ 0, x ∈ X, where X is

a real or complex Banach space, and called it nonuniformly exponentially stable if

there exist the constants a > 0, b ∈ R and K = K(b, a) > 0 such that

||Φ(t)Φ−1(s)|| ≤ Ke−atebs for every t ≥ s ≥ 0. (1)

Here, Φ(·) denotes the unique solution of the operator-valued Cauchy Problem{
Ṗ (t) = A(t)P (t), t ≥ 0

P (0) = I,

where I is the identity operator on X. We remark that (1) may be written in the

form:

||Φ(t)Φ−1(s)|| ≤ Ke(b−a)se−a(t−s) for every t ≥ s ≥ 0. (2)

Then, the well known concept of uniform exponential stability is a special case of

nonuniform exponential stability, as it is obtained from (2), when a = b. A natural

generalization of nonuniform exponential stability defined by (2) for evolution fami-

lies acting on Banach spaces was introduced in [10], and can be read as follows, An

evolution family U := {U(t, s) : t ≥ s ≥ 0} ⊂ L(X) is called nonuniformly exponen-

tially stable if there exist a positive constant ν and a map

1
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N : R+ → (0,∞) such that

||U(t, s)|| ≤ N(s)e−ν(t−s), ∀t ≥ s ≥ 0. (3)

A part of the literature about this concept was given in [16], [19], [52] and references

there in. The concept of uniform exponential stability is recovered by (3) when the

map N(·) is assumed to be bounded on R+.

The uniform exponential stability for evolution families has been widely studied

in the last decades. Equivalent characterizations of this concept in terms of strong

integral conditions, exponential stability of the evolution semigroup associated to the

evolution family on suitable Banach space of X-valued functions, or in terms of exact

admissibility related to the spaces C00(R+, X), Lp(R+, X) and others, were obtained

in [12], [27], [29], [30], [31], [56] and [71]. See also the references of [6], [17], [27], [29],

[63] and [71] for an exhaustive information.

A short history of evolution semigroups is presented now. The concept of evolution

semigroup was first introduced by J. S. Howland in [40], and studied in 1976 by D. E.

Evans [37]. Later, Y. Latushkin, T. Randolph, R. Nagel, R. Schnaubelt, F. Räbiger

also work on this concept, see [47], [57], [58], [66] and [68]. For more information about

the evolution semigroups on a space of X-valued functions associated to evolution

families see, [4], [44], [45], [46], [47], [54], [55], [59], [67], [68], [72] and the references

there in.

Returning to (3), it is worth to mention the integral version of Datko’s Theorem.

The family U is nonuniformly exponentially stable if and only if there exists a positive

number α such that for each s ≥ 0 and each x ∈ X, the map U(·, s)x belongs to

Lq([s,∞), X, eαtdt), for some (and then for all) 1 ≤ q < ∞. Also to mention, in

the limiting case α = 0, this integral condition implies the fact that all forward
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trajectories of the evolution family are asymptotically stable, but it does not imply

its nonuniform exponential stability.

An evolution family U is called nonuniformly strongly stable if lim
t→∞

U(t, s)x = 0

for each s ≥ 0 and each x ∈ X. This concept was exhaustively studied in [8]. A

sufficient condition for strong stability of strongly continuous semigroups in terms

of spectral theory, known as ABLV-theorem, is provided in [1] and [49]. It seems

that Vũ established, for the first time, the connection between the strong stability

of a bounded C0 semigroup acting on a Banach space, and the existence of bounded

complete trajectories of the adjoint of its infinitesimal generator. See [61], for further

details.

Uniform exponential stability implies nonuniform exponential stability and it in-

volves back nonuniform strong stability. However, the converse implications does not

hold. Indeed, the evolution family {(s2 + 1)/(t2 + 1) : t ≥ s ≥ 0} on C is nonuni-

formly strongly stable but not nonuniformly exponentially stable, while the family

{V (t, s) := exp[a(s)−a(t)] : t ≥ s ≥ 0}, with a(t) := (t+1)[
√

2−sin ln(t+1)], t ≥ 0, is

nonuniformly exponentially stable and uniformly bounded (i.e. supt≥s≥0 ||V (t, s)|| <

∞), but is not uniformly exponentially stable. See [11], [16] for further details. For

other related notions see [15] and [29].

In this dissertation we are concerned with the issues described above, but exclu-

sively focus to the discrete case. The study of asymptotic behavior of non-autonomous

discrete systems xn+1 = Anxn or yn+1 = Anyn + fn is much more difficult than the

corresponding study of the autonomous ones. For the systems in latter case there are

a lot of spectral criteria which characterize different types of stability (or other types

of asymptotic behavior) of their solutions. However, only in some particular cases (for
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example in the case when the coefficients are periodic) such criteria work (partially)

for time periodic systems. New difficulties appear in the study of the inhomogeneous

systems, especially because the part of the solution generated by the forced term (fn),

i.e.
∑n

k=ν U(n, k)fk, is not a convolution in the classical sense. These difficulties may

by passed by using the so called evolution semigroups. Having in mind the well known

results in the continuous case, see for example [8], [29], [30], [56] and [71], we can say

that this method is a very efficient one. Mention however, that is not very easy to

apply such method. For example, even when the coefficients of the non-autonomous

system are complex scalars, the elements of the associated evolution semigroup act in

an infinite dimensional space. Here we develop the theory of discrete evolution semi-

groups on some spaces of bounded sequences. We were inspired by existence result

in the continuous case, see [8], [12], [21], [31], the above cited papers and the refer-

ences therein. We are interested in finding equivalent characterizations for uniform

exponential stability and nonuniform strong stability in discrete case.

From the structural point of view, the ideas of our main results are similar to [31],

[8, Theorem 2.2], [12, Theorem 3 and 5], [21], [56, Theorem 2.2], and [73, Theorem 1]

in literature. However, the path chosen by us for proof is different, at least at times,

from that presented in [56], [12] and [8]. For example, we show the equivalence of

uniform exponentially stable for discrete evolution families and evolution semigroups

on the space c00(Z+, X), in Theorem 2.1.4 of this dissertation, which is not contained

in [[12], Theorem 3] and [[56], Theorem 2.2].

In 2005, O. J. Staffans proved that, strong stability for adjoint of bounded linear

operator A acting on reflexive Banach space is equivalent to non existence of nontrivial

bounded backward trajectory for A, see [73] for further details. Also in Theorem 3.4.3
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of this dissertation, we show that non existence of the nontrivial bounded complete

backward trajectories of the adjoint of T (1) is equivalent to the same property con-

cerning to the nontrivial bounded complete backward trajectories of the ”adjoint and

reverse” discrete evolution family U∗−, which is different from the result of Staffens

and is not established in [8, Theorem 2.2]. However having this last result in our

mind, the way to l1-approximative admissibility is open by the Douglas Theorem of

factorization. Some results and informations about bounded backward trajectories

are given in [7], [8], [61] and [73]. However the backward trajectories are used in

Metrology, Pollution, Physics and Chemistry, see [42], [51], [74], [75] and [76].

However, by contrast with the continuous case, we didn’t find in the existent lite-

rature papers written in the spirit of this dissertations, refereing to discrete evolution

semigroups. Such results could be new and useful for people whose area of research

is restricted to difference equation. For more information about general theory of

difference equations, see [18], [34], [41], [65] and [70] .

Next, we give short description about the content of dissertation and our results.

Throughout the whole dissertation, the following spaces of sequences with their dual

spaces will be extensively used.

• c0(Z+, X) :=
{
f : Z+ → X : lim

n→∞
f(n) = 0

}
;

• c00(Z+, X) :=
{
f : Z+ → X : f(0) = 0 and lim

n→∞
f(n) = 0

}
;

• c00(Z, X) :=

{
f : Z→ X : lim

n→−∞
f(n) = 0 and lim

n→∞
f(n) = 0

}
;

• l∞(Z+, X) :=
{
f : Z+ → X : ‖f‖∞ := supn∈Z+

‖f(n)‖ <∞
}

;

• lp(Z+, X) :=
{
f : Z+ → X : ‖f‖p := (

∑∞
n=0 ‖f(n)‖p)

1
p <∞

}
;

where 1 ≤ p <∞.
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Clearly c0(Z+, X), c00(Z+, X), c00(Z, X) and l∞(Z+, X) are Banach spaces with sup

norm, while lp(Z+, X) endowed with the above usual norm is a Banach space. We

study both uniform exponential stability and nonuniform strong stability for discrete

non-autonomous systems via discrete evolution semigroups. This dissertation con-

tains four chapters.

Chapter 1 consists of basic definitions and preliminary results. Chapter 2 is de-

voted to the study of the uniform exponential stability for discrete non-autonomous

systems via discrete evolution semigroups. This chapter consists of three sections.

Section 2.1 is related to characterizations of uniform exponential stability for evolu-

tion families on Z+. The analogous results for autonomous version are given in the

same section. In Section 2.2 we describe the spectrum for algebraic and infinitesimal

generators of evolution semigroups. In the final section of this chapter, characteriza-

tions of uniform exponential stability for evolution families on Z are established.

Chapter 3 is related to the study of asymptotic stability, backward trajectories

and approximative admissibility for discrete non-autonomous systems via discrete

evolution semigroups. This chapter consists of five sections. Section 3.1 gives a char-

acterization of strong stability for evolution semigroups in terms of nonuniform strong

stability of discrete evolution families. In Section 3.2 we treat the characterizations

of strong stability of discrete semigroups. In Section 3.3 we established that, the non

existence of the nontrivial bounded complete backward trajectories of the adjoint of

T (1) is equivalent to the same property concerning the nontrivial bounded complete

backward trajectories of the ”adjoint and reverse” discrete evolution family. Section

3.4 is devoted to the characterization of nonunioform strong stability for discrete evo-

lution families. The analogous result for the autonomous case is also given in the
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same section. In the last section of this chapter, we give some implications between

exact and approximative admissibility. Also some counter examples are given in the

same section.

In Chapter 4, we present some applications of the main results of previous chap-

ters. The ideas for future research and an open problems is also given in the second

section of this chapter.

We now introduced the main results of Chapter 2. For this we recall that:

• The evolution semigroup T = {T (j)}j∈Z+ associated to U = {U(n,m) : n ≥

m ∈ Z+} on c00(Z+, X), is defined by

(T (j)f)(n) =

{
U(n, n− j)f(n− j), for all n ≥ j,

0, otherwise.

• Let E = E(J,X), where J ∈ {Z,Z+}, be one of the Banach space of X-valued

sequences listed above. The concept of E-admissibility is given as follows:

By F we denote the set of all f ∈ E(J,X) having the property that U ∗ f ∈

E(J,X). As usual U ∗ f denotes the convolution sequence defined by

(i) (U ∗ f) (n) :=
∑n

k=0 U(n, k)f(k), for f ∈ E(Z+, X);

(ii) (U ∗ f) (n) :=
∑n

k=−∞ U(n, k)f(k), for f ∈ E(Z, X), whenever the sum

exists.

The family U is called:

(a) E(J,X)-exact admissible, E-EA in short, if E(J,X) = F ,

(b) E(J,X)-approximative admissible, E-AA in short, if the set F is dense in

E(J,X).
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Obviously, the solution of the discrete Cauchy Problem{
xn+1 = Anxn + fn+1, n ∈ Z+

x0 = 0,
(A, f, 0)

where f0 := 0, is given by xn = (U ∗ f)(n). We can now present the significance of

the concepts of E-EA and E-AA. The family U is E-EA if and only if for every f in

E, the solution of the Cauchy Problem (A, f, 0) belongs to E, while the family U is

E-AA, if for every f ∈ E and every ε > 0 there exists g ∈ E such that ||g− f ||E < ε,

and the solution of Cauchy Problem (A, g, 0) lies in E.

The first result of this dissertation gives characterizations of uniform exponential

stability for discrete evolution family U in terms of evolution semigroup, invertibility

of ”infinitesimal generator”, and exact admissibility of the space c00(Z+, X).

Theorem 1: Let U = {U(n,m) : n ≥ m ∈ Z+} be a discrete evolution family having

exponential growth and T = {T (j)}j∈Z+ be the evolution semigroup associated to U

on c00(Z+, X), having G := T (1) − I as infinitesimal generator. The following four

statements are equivalent:

(1) The family U is uniformly exponentially stable;

(2) The evolution semigroup T is uniformly exponentially stable;

(3) The ”infinitesimal generator” T (1)− I of T is invertible;

(4) U is c00(Z+, X)-EA.

Detailed proof of this theorem is presented in Section 2.1.

In the second result of this dissertation, we describe the spectrum of the ”algebraic

generator” and ”infinitesimal generator” of the evolution semigroup associated to U

on the space c00(Z+, X).
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Theorem 2: Let U = {U(n,m) : n ≥ m ∈ Z+} be a discrete evolution family having

exponential growth and T = {T (j)}j∈Z+ be the evolution semigroup associated to U

on c00(Z+, X) having G = T (1) − I as infinitesimal generator. The following two

statements hold true:

(1) σ(T (1)) = {ξ ∈ C : |ξ| ≤ r(T (1))}.

(2) σ(G) = σ(T (1))− 1.

Complete proof of this theorem is presented in Section 2.2.

In the third result, similar characterizations, as in Theorem 1, for uniform expo-

nential stability of the discrete evolution family on Z, are given. Here we use the space

c00(Z, X) instead of c00(Z+, X). In this case the evolution semigroup T = {T (j)}j∈Z+

associated to U = {U(n,m) : n ≥ m ∈ Z} on c00(Z, X) is given by

(T (j)f)(n) = U(n, n− j)f(n− j), for all n ∈ Z.

We now present the third result of this dissertation.

Theorem 3: Let U = {U(n,m) : n ≥ m ∈ Z} be a discrete evolution family having

exponential growth and T = {T (j)}j∈Z+ be the evolution semigroup associated to U

on c00(Z, X) having G := T (1) − I as infinitesimal generator. The following four

statements are equivalent:

(1) The family U is uniformly exponentially stable;

(2) The evolution semigroup T is uniformly exponentially stable;

(3) The ”infinitesimal generator” T (1)− I of T is invertible;

(4) U is c00(Z, X)-EA.



10

Detailed proof of this theorem is presented in Section 2.3.

Theorem 1-3 are contained in [24].

Further, we will introduce the main result of our third chapter. For this, we recall

that

• A sequence H∗ : Z− → l∞(Z+, X
∗) is called complete backward trajectory, for

T (1)∗ if H∗(n) = T (1)∗H∗(n−1) for all n ∈ Z−, and is called bounded complete

backward trajectory, if H∗ ∈ l∞(Z−, l∞(Z+, X
∗)).

• The ”adjoint and reverse” discrete evolution family denoted by U∗− acting on

X∗ is define as

U∗− := {V∗(n,m) := U(−m,−n)∗ : m,n ∈ Z, 0 ≥ n ≥ m}.

• A sequence h∗ : Z− → X∗ defined as h∗(n) = U(−n + 1,−n)∗h∗(n − 1), is

called complete backward trajectory for U∗−, and is said to be bounded complete

backward trajectory, if it is bounded.

The next result provides characterizations of asymptotic stability for non-autonomous

discrete Cauchy Problem, in terms of strong stability of evolution semigroups, non

existence of bounded complete backward trajectory for adjoint of algebraic generator

of evolution semigroups as well as for ”adjoint and reverse” discrete evolution fami-

lies, and approximate admissibility of the discrete evolution families.

Theorem 4: Let U be a uniformly bounded discrete evolution family and T =

{T (j)}j∈Z+ be the evolution semigroup associated to U on X := l1(Z+, X). Then,

the following eight statements are equivalent:

(1) The family U is nonuniformly strongly stable;
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(2) The evolution semigroup T is strongly stable;

(3)
⋂∞
n=0(T (1)∗)n(B∗) = {0}, where B∗ is a unit closed ball in l∞(Z+, X

∗);

(4) Every bounded complete backward trajectory for T (1)∗ is trivial;

(5) Every bounded complete backward trajectory for U∗− is trivial;

(6) The adjoint G∗ of the discrete infinitesimal generator G := T (1)−I, is injective;

(7) Range(G) = X ;

(8) The family U is l1(Z+, X)-AA.

The detailed proof of this result is presented in Section 3.4.

In the next result, we give some implications among uniform exponential stability,

nonuniform strong stability and admissibility related to the Banach spaces l∞(Z+, X)

and c0(Z+, X) for the discrete evolution family U = {U(n,m) : n ≥ m ∈ Z+}, which

is formulated in the following proposition.

Proposition 5: Let U := {U(n,m) : n ≥ m ∈ Z+} be a uniformly bounded discrete

evolution family. Then for the following statements:

(1) U is uniformly exponentially stable;

(2) U is l∞(Z+, X)-EA;

(3) U is l∞(Z+, X)-AA;

(4) U is nonuniformly strongly stable;

(5) U is c0(Z+, X)-AA;
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the following implications (1)⇔ (2)⇒ (3)⇒ (4)⇒ (5) hold. We remark that,

the implications (1)⇔ (2)⇒ (3) hold also in the absence of the assumption that

U is uniformly bounded.

The complete proof of this proposition is presented in the last section of Chapter 3.

We remark that, the implication (5)⇒ (4) is not true, as shown in Example 3.5.2.

Also the statement (4) does not imply (3) as shown in Example 3.5.3. Theorem 4,

Proposition 5, and counter examples are contained in [25]. The analogous results for

autonomous version are also stated in the same section. More details concerning the

unexplained terminology can be found in the next chapters of this dissertation.



Chapter 1

Preliminaries

In this chapter, we give some basic definitions and results, which will be used in the

next coming chapters.

1.1 Discrete Semigroups and Discrete Evolution

Families

Consider the autonomous discrete Cauchy Problem,{
xn+1 = Axn, n ∈ Z+

x0 = y ∈ X,
(ADCP )

where A is a bounded linear operator acting on a complex Banach space X. The

solution of the autonomous discrete Cauchy Problem(ADCP) is given by the discrete

semigroup, which is defined as follows:

Definition 1.1.1. Let Y be a Banach space. A family T = {T (j)}j∈Z+ of bounded

linear operators acting on Y is called discrete semigroup if

(i) T (0) = I (I being the identity operator on Y ) and

(ii) T (k + j) = T (k) ◦ T (j), for all k, j ∈ Z+.

13
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Remark 1.1.1. Clearly for each j ∈ Z+, we have T (j) = T (1)j, where T (1) is the

algebraic generator of the semigroup T.

The notion of ”infinitesimal generator” for a discrete semigroup is given in the

next definition.

Definition 1.1.2. A subset T := {T (t) : t ≥ 0} of L(X), is called semigroup of

operators on X, if the following conditions are satisfied:

(i) T (0) = I, where I is the identity operator on X;

(ii) T (t+ s) = T (t) ◦ T (s) for all t, s ≥ 0;

and is said to be a strongly continuous or C0 -semigroup if

(iii) the map t→ T (t)x is continuous for all x ∈ X.

The ”infinitesimal generator” or briefly the generator of a strongly continuous semi-

group T, is the linear operator A, defined as

Ax := lim
t→0+

T (t)x− x
t

, x ∈ D(A),

where D(A) is the maximal domain of A and is defined by

D(A) =

{
x ∈ X : lim

t→0+

T (t)x− x
t

exists

}
.

Having in mind the notion of infinitesimal generator for a strongly continuous semi-

group, we define the ”infinitesimal generator” for a discrete semigroup by G :=

T (1)− I.

The Taylor formula of order one for discrete semigroups may be written as:

T (j)f − f =

j−1∑
k=0

T (k)Gf, for all j ∈ Z+, j ≥ 1, f ∈ Y. (1.1.1)
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In fact,
j−1∑
k=0

T (k)Gf =

j−1∑
k=0

[T (k + 1)− T (k)]f = T (j)f − f.

The concepts of asymptotic behaviour, for discrete semigroup T = {T (j)}j∈Z+

acting on the Banach space X, are presented in the following:

Definition 1.1.3. The discrete semigroup T is called:

• (i) strongly stable, SS in short, if for each x ∈ X

lim
j→∞
‖T (j)x‖ = 0.

• (ii) uniform exponentially stable, UES in short, if for each j ∈ Z+, there exist

two positive constants k and ν such that

‖T (j)x‖ ≤ ke−νj, for all x ∈ X .

For more information about semigroups, we refer to [28] and [60].

Consider the non-autonomous discrete Cauchy Problem:{
xn+1 = Anxn, n ∈ Z+

x0 = y ∈ X,
(NDCP )

where {An}n∈Z+ is a family of bounded linear operators acting on X. The solution

of such non-autonomous discrete Cauchy Problem (NDCP), leads to idea of discrete

evolution families which is defined as follows:

Definition 1.1.4. Let J ∈ {Z,Z+}. A family UJ := {U(n,m) : n ≥ m ∈ J}, of

bounded linear operators acting on X, is called discrete evolution family if it satisfies

the following conditions.

(a) U(n, n) = I (where I is the identity operator on X) and
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(b) U(n,m) = U(n, p)U(p,m), for every n ≥ p ≥ m ∈ J.

Such a family is called q-periodic(q ≥ 1 is an integer number) if

U(n+ q,m+ q) = U(n,m), for every n ≥ m ∈ J.

A discrete evolution family UJ is exponentially bounded (has an exponential growth)

if there exist ω ∈ R and K = Kω ≥ 1 such that

‖U(n,m)‖ ≤ Keω(n−m), for every n ≥ m ∈ J.

By contrast with the semigroup case, the exponential growth condition is not

automatically verified for discrete evolution families, as the following example shows:

Example 1.1.1. Let U(n,m) = en
2

em2 . Clearly {U(n,m)}n≥m∈J is an evolution family

on X = C. Suppose for a contradiction that there exist two real constants M ≥ 1 and

ω, such that

||U(n,m)|| ≤Meω(n−m), for all n ≥ m ∈ J.

Then

en
2−m2 ≤Meω(n−m), for all n ≥ m ∈ J.

Since M ≥ 1, let M = eα for some α ≥ 0, therefore we have

n2 −m2 ≤ α + ω(n−m), for all n ≥ m ∈ J.

(n−m)(m+ n− ω) ≤ α, for all n ≥ m ∈ J.

This is not possible for n = m+ 1 and m→∞.

We note that the dual family {U(n,m)∗ : n ≥ m ∈ Z+} of the discrete evolution

family UZ+ is not, in general, an evolution family, but is easy to see, that the family

denoted by U∗− acting on X∗, and given by

U∗− := {V∗(n,m) := U(−m,−n)∗ : m,n ∈ Z, 0 ≥ n ≥ m}, (1.1.2)
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is a discrete evolution family. Such a family is called ”adjoint and reverse” discrete

evolution family.

By E = E(J,X), we denote a Banach space of X-valued sequences, endowed with

a suitable norm. The concepts of boundedness, asymptotic stability and E(J,X)-

admissibility, for an evolution family UJ are presented in the following:

Definition 1.1.5. The evolution family UJ(reversible or not) is called:

(i) nonuniformly bounded, NB in short, if for each m ∈ J , there exists Mm > 0

such that

sup
n≥m
‖U(n,m)‖ := Mm <∞;

(ii) uniformly bounded, UB in short, if there exists M > 0, such that

‖U(n,m)‖ ≤M for all n,m ∈ J, n ≥ m;

(iii) nonuniformly exponentially stable, NES in short, if there exists ν > 0, such that

the family

{eν(n−m)U(n,m) : n ≥ m ∈ J}

is nonuniformly bounded;

(iv) uniformly exponentially stable, UES in short, if there exists ν > 0, such that

the family

{eν(n−m)U(n,m) : n ≥ m ∈ J}

is uniformly bounded;

(v) nonuniformly strongly stable, NSS in short, if

lim
n→∞

‖U(n,m)x‖ = 0
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for each m ∈ J and each x ∈ X;

(vi) uniformly strongly stable, USS in short, if for each x ∈ X, have that

lim
n→∞

sup
m∈J
‖U(n+m,m)x‖ = 0;

(vii) E(J,X)-exact admissible, E-EA in short, if E equals to the set F consisting

of all f ∈ E having the property that UJ ∗ f belongs to E. Here UJ ∗ f is the

convolution sequence defined by

(a)
(
UZ+ ∗ f

)
(n) :=

∑n
k=0 U(n, k)f(k);

(b) (UZ ∗ f) (n) :=
∑n

k=−∞ U(n, k)f(k), whenever the sum exists.

(viii) E(J,X)-approximative admissible, E-AA in short, if the set F , defined in (vii),

is dense in E.

The study of asymptotic behavior of discrete evolution families is treated in the papers

[2], [5], [18], [24], [25] and [64].

In the following remark, we give some obvious implications of asymptotic stability:

Remark 1.1.2.

(i) NES ⇒ NSS.

(ii) UES ⇒ USS ⇒ NSS.

The converse implications, of the previous remark, are not true, as it is shown in the

Examples 1.1.2–1.1.4 respectively below:

Example 1.1.2. Let U(n,m) := m2+1
n2+1

, clearly the family U = {U(n,m)}n≥m∈Z+ is

a discrete nonuniformly strongly stable evolution family. Let ν > 0 and for each
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m ∈ Z+, there exists Nm > 0 such that

‖U(n,m)‖ ≤ Nme
−ν(n−m) for all n ≥ m ≥ 0.

m2 + 1

n2 + 1
≤ Nme

−ν(n−m) for all n ≥ m ≥ 0.

eν(n−m) ≤ n2 + 1

m2 + 1
Nm for all n ≥ m ≥ 0.

eνn

n2 + 1
≤ N0.

Example 1.1.3. Consider the strongly continuous semigroup T = {T (t)}t≥0 such

that ω0(T) = 0, where ω0(T) = lim
t→∞

ln‖T (t)‖
t

and T (t)x→ 0, as t→∞, for all x ∈ X.

Let us define

U(n,m) := T (n−m), for all n ≥ m ∈ Z+.

Then clearly the family U = {U(n,m) : n ≥ m ∈ Z+} is a discrete evolution family.

Consider

lim
n→∞

sup
m∈Z+

‖U(n+m,m)x‖ = lim
n→∞

‖T (n)x‖

= 0.

On the other hand, ω0(U) = lim
n→∞

ln‖T (n)‖
n

= 0. Hence U is USS but not UES.

Example 1.1.4. Let U(n,m) := m+1
n+1

, for all n ≥ m ≥ 0. Clearly the family U =

{U(n,m)}n≥m∈Z+ is nonuniformly strongly stable. Consider

lim
n→∞

sup
m∈Z+

‖U(n+m,m)‖ = lim
n→∞

sup
m∈Z+

m+ 1

m+ n+ 1

= lim
n→∞

sup

{
1

n+ 1
,

2

n+ 2
, ...

}
.

= lim
n→∞

1 = 1.

which shows that the family U is not USS.
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For detailed information about evolution families and their asymptotic behavior,

we refer to [9], [13], [14], [20], [22], [27], [48] and [50].

The following remark shows how we can obtain the discrete semigroups from the

discrete evolution families:

Remark 1.1.2. Let U := {U(n,m) : n ≥ m ∈ Z+} be a 1-periodic discrete evolution

family. Obviously such family has the property U(n,m) = U(n−m, 0). Let

T (n) := {U(n, 0) : n ∈ Z+} .

Then clearly T = {T (n)}n∈Z+ is a discrete semigroup.

1.2 Evolution Semigroups

Next, we introduce the discrete evolution semigroup associated to a discrete evolution

family on the Banach space given in (1.2.1). Let p ∈ [1,∞]
⋃
{0} and consider the

spaces of sequences:

ep(Z+, X) :=

{
lp(Z+, X), if 1 ≤ p ≤ ∞,

c0(Z+, X), p = 0,
(1.2.1)

where lp(Z+, X) and c0(Z+, X) are Banach spaces defined before.

Let U = {U(n,m) : n ≥ m ≥ Z+} be a discrete evolution family of bounded

linear operators acting on a Banach space X having exponential growth. We define

the semigroup associated to the family U on ep(Z+, X) as follows:

(Tp(j)f)(n) :=

{
U(n, n− j)f(n− j), for all n ≥ j

0, otherwise.
(1.2.2)

Having (1.2.2) in mind, it is easy to prove the following:
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Proposition 1.2.1. For each j ∈ Z+, the linear operator Tp(j) is well defined in

ep(Z+, X) and is bounded. Moreover, the family {Tp(j)}j∈Z+ is a discrete semigroup

on ep(Z+, X).

The family Tp = {Tp(j)}j∈Z+ is called evolution semigroup associated to U on

ep(Z+, X).

The notions of resolvent, spectrum and spectral radius for a bounded operator

acting on X, are given in the following definition.

Definition 1.2.1. Let A be a bounded operator acting on X.

(i) The resolvent set of A, denoted by ρ(A), is the set of all complex scalars λ for

which λI − A is an invertible operator in L(X).

(ii) The spectrum of the operator A, denoted by σ(A), is the complement in C of

ρ(A) (i.e. σ(A) := C \ ρ(A)), i.e. the set of all complex scalars λ for which

λI − A is not bijective.

(iii) The spectral radius of A, denoted by r(A), is defined by

r(A) := sup{|λ| : λ ∈ σ(A)}.

Also it is well known the Gelfand formula r(A) = lim
n→∞

||An|| 1n . For the proof of

this result, see [32, pp-42].

The following corollary is a consequence of (iii).

Corollary 1.2.2. A discrete semigroup T = {T (j)}j∈Z+ is uniformly exponentially

stable if and only if r (T (1)) is less than 1.
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Let A : D(A) ⊂ X 7→ Y be a linear operator. The graph of A denoted by

Graph(A) is

Graph(A) := {(x,Ax) : x ∈ D(A)} .

The operator A is closed if and only if Graph(A) = Graph(A), or equivalently if

xn ∈ D(A), xn → x (in X) and Axn → y (in Y ), then x ∈ D(A) and Ax = y.

We state the following theorem, which is helpful in the proof of our main results

of the second chapter.

Theorem 1.2.3 ([39, p.308]). (Closed Graph Theorem) Let X and Y be two Banach

spaces, and let A be a linear operator from X to Y . If A is closed, then A is bounded.



Chapter 2

Uniform Exponential Stability for
Discrete Evolution Families

2.1 Characterizations of Uniform Exponential Sta-

bility for Evolution Families on Z+.

Let U = {U(n,m) : n ≥ m ∈ Z+} be a discrete evolution family of bounded linear

operators acting on a Banach space X, having exponential growth. For each j ∈ Z+,

the linear operator given by

(T (j)f)(n) =

{
U(n, n− j)f(j), for all n ≥ j,

0, otherwise,

is well defined and acts on Y := c00(Z+, X). Moreover it is a bounded operator

on Y and ||T (j)||L(Y ) ≤ Meωj. The family T = {T (j)}j∈Z+ is called the evolution

semigroup associated to U on c00(Z+, X).

The following lemma is the key tool in the proof of the main result of this sec-

tion. It connects the ”infinitesimal generator” of the evolution semigroup and a

non-homogeneous discrete Cauchy Problem leading to the evolution family.

Lemma 2.1.1. Let T = {T (j)}j∈Z+ be the evolution semigroup associated to the
discrete evolution family U on the space c00(Z+, X) and let x, f ∈ c00(Z+, X). Then,
the following two statements are equivalent:

23
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(1) Gx = −f ;

(2) x(j) =
∑j

k=0 U(j, k)f(k), for j ∈ Z+.

Proof. (1)⇒ (2): For j = 0 the assertion is obvious. Let j ∈ Z+, j ≥ 1. From (1.1.1)
it follows that

T (j)x− x =

j−1∑
k=0

T (k)Gx = −
j−1∑
k=0

T (k)f.

By applying j to both sides, we obtain:

x(j) = (T (j)x)(j) +

(
j−1∑
k=0

T (k)f

)
(j)

= U(j, 0)x(0) +

j−1∑
k=0

U(j, j − k)f(j − k)

=

j∑
k=0

U(j, j − k)f(j − k) =

j∑
r=0

U(j, r)f(r).

(2)⇒ (1): Let n ≥ 1. Successively one has:

(Gx)(n) = [(T (1)− I)x](n)

= U(n, n− 1)x(n− 1)− x(n)

= U(n, n− 1)
n−1∑
j=0

U(n− 1, j)f(j)− x(n)

=
n−1∑
j=0

U(n, j)f(j)− x(n)

=
n∑
j=0

U(n, j)f(j)− U(n, n)f(n)− x(n)

= −f(n).

The following lemma is helpful in the proof of Theorem 2.1.3.

Lemma 2.1.2. Let U be a discrete evolution family of bounded linear operators acting
on a Banach space X, having exponential growth. If there exists a positive constant
c such that

(n− j + 1)‖U(n, j)‖ ≤ c, for all n ≥ j ≥ 0, (2.1.1)
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then there exist two positive constants K and ν such that

‖U(n, j)‖ ≤ Ke−ν(n−j), for all n ≥ j ≥ 0,

that is, the family U is uniformly exponentially stable.

Proof. Let N ≥ 1 be an integer number such that c
n−j+1

≤ 1
2
, for all n− j ≥ N. From

(2.1.1), we get

‖U(n, j)‖ ≤ 1

2
, for all n ≥ N + j.

Let m be the integer part of n−j
N
∈ Z+. Then m ≥ 1 and n may be represented as

n = j +mN + ρN, with ρ ∈ [0, 1). Thus

U(n, j) = U(j +Nm+ ρN, j +Nm)U(j +Nm, j).

Applying the property of norm, we have

‖U(n, j)‖ ≤ ‖U(j +Nm+ ρN, j +Nm)‖‖U(j +Nm, j)‖.

By using the exponential growth property, we get

‖U(n, j)‖ ≤MeωN‖U(j +Nm, j)‖. (2.1.2)

On the other hand, using the evolution property, we may write

U(j+Nm, j) = U(j+Nm, j+N(m−1))U(j+N(m−1), j+N(m−2)) · · ·U(j+N, j)

and hence

‖U(j +Nm, j)‖ ≤ 1

2m
. (2.1.3)

By combining (2.1.2) and (2.1.3) we get:

‖U(n, j)‖ ≤ 1

2m
MeωN ≤MeωN

(
1

2

)n−j
N
−1

= 2MeωN2−(
n−j
N

) = 2MeωNe−
n−j
N

ln 2

= Ke−ν(n−j)

where K = 2MeωN and ν = ln 2
N
.

Theorem 2.1.3. Let U = {U(n,m)}n≥m≥0 be a discrete evolution family of bounded
linear operators acting on a complex Banach space X, having exponential growth.
Let’s consider the map gU ,f given by

gU ,f (n) :=
n∑
k=0

U(n, k)f(k), f ∈ c00(Z+, X).

If for each f in c00(Z+, X), gU ,f belongs to c00(Z+, X), then the family U is uniformly
exponentially stable.
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Proof. We give the proof in three steps.
Step 1: Let us consider the linear operator

K : c00(Z+, X)→ c00(Z+, X)

defined by
(Kf)(n) := gU ,f (n), n ∈ Z+, f ∈ c00(Z+, X).

We prove that the operator K is bounded. In view of the Closed Graph Theorem
it is enough to prove that the operator K is closed. For this purpose, let us choose
fj, f, g ∈ c00(Z+, X) , j ∈ Z+ such that

fj → f, ( as j →∞) in c00(Z+, X)

and
Kfj → g, ( as j →∞) in c00(Z+, X).

Since fj → f in c00(Z+, X), the X-valued sequence {fj(k)}∞j=0 converges, for each
k ∈ Z+, to f(k). By using the continuity of the operators U(n, k) we get:

n∑
k=0

U(n, k)fj(k)→
n∑
k=0

U(n, k)f(k), as j →∞,

i.e.
lim
j→∞

(Kfj)(n) = (Kf)(n), for each n ∈ Z+.

On the other hand (Kfj)(n) → g(n), ( as j → ∞) for each fixed n ∈ Z+ and thus
Kf = g. The continuity of the operator K assures the existence of a constant c > 0
such that

‖Kf‖c00(Z+,X) ≤ c, for all f ∈ c00(Z+, X) with ‖f‖ ≤ 1. (2.1.4)

Step 2: We prove that the family U is uniformly bounded. We put U(n,m) = 0
whenever n < m. Let j ∈ Z+, j ≥ 1, and let fj defined by

fj(k) := 1{j}(k)U(k, j)b, b ∈ X, ‖b‖ ≤ 1.

As is usually by 1S we denote the characteristic function of the non-empty set S.
Clearly fj ∈ c00(Z+, X) and ‖fj‖c00(Z+,X) = ‖b‖ ≤ 1. Then (2.1.4) provides

c ≥ ‖Kfj‖c00(Z+,X) ≥ ‖(Kfj)(n)‖. (2.1.5)
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Moreover,

(Kfj) (n) =
n∑
k=0

U(n, k)fj(k)

=
n∑
k=0

U(n, k)1{j}(k)U(k, j)b

= U(n, j)b.

Combining the latter equality with (2.1.5), we obtain

‖U(n, j)b‖ ≤ c, for all n ≥ j ≥ 1.

On the other hand

‖U(n, 0)‖ = ‖U(n, 1)U(1, 0)‖ ≤ ‖U(n, 1)‖‖U(1, 0)‖ ≤ c‖U(1, 0)‖.

Finally, we have that

sup
n≥j≥0

‖U(n, j)‖ ≤ c1 <∞, where c1 = max{c, c‖U(1, 0)‖},

that is, the family U is uniformly bounded. Moreover, for each fixed j ≥ 1 and
all b ∈ X, with ||b|| ≤ 1 have that U(n, j)b → 0 , (as n → ∞). This happens
because ‖U(n, j)b‖ = ‖(Kfj)(n)‖ → 0, as n → ∞ and taking into account that
Kfj ∈ c00(Z+, X).

Step 3: We prove that

sup
n≥j≥0

[(n− j + 1)‖U(n, j)‖] = c2 <∞.

Let us consider j ≥ 1 and hj(k) := 1
c1

1{j,··· ,n}(k)U(k, j)b. Obviously hj belongs to
c00(Z+, X) and ‖hj‖c00(Z+,X) ≤ 1 because ‖U(n, j)‖ ≤ c1 and ‖b‖ ≤ 1. Using again
(2.1.4) we get:

‖Khj(n)‖ ≤ ‖Khj‖c00(Z+,X) ≤ c. (2.1.6)

On the other hand,

(Khj)(n) =
1

c1

n∑
k=0

U(n, k)1{j,··· ,n}(k)U(k, j)b

=
1

c1

n∑
k=j

U(n, j)b

=
1

c1
(n− j + 1)U(n, j)b,
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and by combining with (2.1.6), one has

(n− j + 1)‖U(n, j)b‖ ≤ cc1 for all n ≥ j ≥ 1.

Moreover,

(n+ 1)‖U(n, 0)‖ = (n+ 1)‖U(n, 1)U(1, 0)‖
≤ (n+ 1)‖U(n, 1)‖‖U(1, 0)‖

= n
n+ 1

n
‖U(n, 1)‖‖U(1, 0)‖

≤ 2cc1‖U(1, 0)‖.

Hence
‖U(n, j)‖ ≤ c2

n− j + 1
,

for all n ≥ j ≥ 0, where c2 = max{cc1, 2cc1‖U(1, 0)‖}. The assertion follows now by
applying Lemma 2.1.2.

The main result of this chapter reads.

Theorem 2.1.4. The following four statements are equivalent:

(1) The family U is uniformly exponentially stable;

(2) The evolution semigroup T associated to the family U on c00(Z+, X) is uniformly
exponentially stable;

(3) The ”infinitesimal generator” T (1)− I of T is invertible;

(4) For each f ∈ c00(Z+, X) we have gU ,f ∈ c00(Z+, X).

Proof. (1) ⇒ (2): Let U be uniformly exponentially stable, i.e. there exist two
positive constants K and ν such that

‖U(n,m)‖ ≤ Ke−ν(n−m), for all n ≥ m ≥ 0. (2.1.7)

Let f ∈ c00(Z+, X) and consider

‖(T (j)f)‖ = sup
n∈Z+

‖(T (j)f)(n)‖

= sup
n≥j
‖U(n, n− j)f(n− j)‖

≤ Ke−νj‖f‖.
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Hence T is uniformly exponentially stable.
(2)⇒ (3): By Corollary 1.2.2, the evolution semigroup T is uniformly exponen-

tially stable if and only if r(T (1)) < 1. Then the assumption assures that 1 ∈ ρ(T (1))
and so T (1)− I is invertible.

(3)⇒ (4): Let T (1) − I is invertible. Then for each f ∈ c00(Z+, X) there exists
a unique u ∈ c00(Z+, X) such that [T (1) − I]u = −f. From Lemma 2.1.1 this is
equivalent to the fact that u(j) =

∑j
k=0 U(j, k)f(k), for all j ∈ Z+, i.e. gU ,f ∈

c00(Z+, X).
(4)⇒ (1): The implication follows from Theorem 2.1.3.

The autonomous version of Theorem 2.1.4 is given below:

Corollary 2.1.5. Let T = {T (n)}n∈Z+ be a discrete semigroup and T := {T (j)}j∈Z+

be the evolution semigroup associated to T on c00(Z+, X). The, following four state-
ments are equivalent:

(1) The semigroup T is uniformly exponentially stable;

(2) The associated evolution semigroup T is uniformly exponentially stable;

(3) The ”infinitesimal generator” T (1)− I of T is invertible;

(4) The discrete semigroup T is c00(Z+, X)-EA, i.e.
for each f ∈ c00(Z+, X) have that T ∗ f ∈ c00(Z+, X), where

(T ∗ f)(n) := Σn
k=0T (n− k)f(k).

The proof follows from Remark 1.1.2 and Theorem 2.1.4.

The following lemma is the key tool in the proof of Theorem 2.1.7. This is quite

similar to Lemma 2.1.1.

Lemma 2.1.6. Let Tp be the evolution semigroup associated to the discrete evolution
family U on the space ep(Z+, X), where ep(Z+, X) is defined in (1.2.1). Let f, g ∈
ep(Z+, X). Then, the following two statements are equivalent:

(1) Gpg = −f ;

(2) g(n) =
∑n

k=0 U(n, k)f(k) for n ∈ Z+.
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In the next theorem, we state some results on the behavior of the evolution semi-

group on ep(Z+, X), associated to a discrete, uniformly exponentially stable family

U . See [24], for example and further details when p = 0. The case 1 ≤ p <∞ can be

treated in a similar manner, and therefore, we omit the proof.

Theorem 2.1.7. Let p = 0 or 1 ≤ p <∞. For a discrete, exponentially bounded evo-
lution family U , of bounded linear operators acting on X, the following four statements
are equivalent:

(1) The family U is uniformly exponentially stable;

(2) The evolution semigroup Tp associated to the family U on ep(Z+, X) is uniformly
exponentially stable;

(3) The ”infinitesimal generator” Tp(1)− I of Tp, is invertible;

(4) The family U is ep(Z+, X)-EA.

The analogous result for the autonomous version of Theorem 2.1.7 is presented in

the following corolloary.

Corollary 2.1.8. Let T = {T (n)}n∈Z+ be a discrete semigroup and T := {T (j)}j∈Z+,
be the evolution semigroup associated to T on ep(Z+, X). The following four state-
ments are equivalent:

(1) The semigroup T is uniformly exponentially stable;

(2) The associated evolution semigroup T is uniformly exponentially stable;

(3) The ”infinitesimal generator” T (1)− I of T is invertible;

(4) The discrete semigroup T is ep(Z+, X)-EA.

The proof is obtained by applying Remark 1.1.2 and Theorem 2.1.7.

We now complete the results on the behavior of the evolution semigroup on

ep(Z+, X) by considering the case p = ∞. It can be treated in the similar man-

ner, but we consider it, in the next proposition, by the sake of completeness.
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Proposition 2.1.9. Let U := {U(n,m) : n ≥ m ∈ Z+} be a discrete evolution family
having exponential growth. Then, the following two statements are equivalent:

(1) U is uniformly exponentially stable;

(2) U is l∞(Z+, X)-EA.

Proof. (1)⇒ (2): Let f ∈ l∞(Z+, X), consider

‖U ∗ f‖ = sup
n∈Z+

‖(U ∗ f)(n)‖

= sup
n∈Z+

‖
n∑
j=0

U(n, j)f(j)‖,

and by inequality (2.1.7), one has

≤ sup
n∈Z+

Ke−νn
n∑
j=0

eνj‖f(j)‖

≤ sup
n∈Z+

KMe−νn
eνn+ν − 1

eν − 1

≤ KM
eν

eν − 1
<∞,

where M := supj∈Z+
‖f(j)‖.

(2)⇒ (1): The proof of this implication is naturally divided into three steps.
Step 1: Let us consider the linear operator

K : l∞(Z+, X)→ l∞(Z+, X)

defined by
(Kf)(n) := (U ∗ f)(n), n ∈ Z+, f ∈ l∞(Z+, X).

We prove that the operator K is bounded. In view of the Closed Graph Theorem it
is enough to show that the operator K is closed. In order to do that, let’s choose
fj, f, g ∈ l∞(Z+, X), j ∈ Z+ such that

fj → f, ( as j →∞) in l∞(Z+, X)

and
Kfj → g, ( as j →∞) in l∞(Z+, X).

Since fj → f in l∞(Z+, X), the X-valued sequence {fj(k)}∞j=0 converges, for each
k ∈ Z+, to f(k). Using the continuity of the operators U(n, j), we obtain:

lim
j→∞

(Kfj)(n) = (Kf)(n), for each n ∈ Z+.
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On the other hand (Kfj)(n) → g(n), ( as j → ∞) for each fixed n ∈ Z+. Thus
Kf = g. The boundedness of the operator K assures the existence of a constant c > 0
such that

‖Kf‖l∞(Z+,X) ≤ c‖f‖l∞(Z+,X), for all f ∈ l∞(Z+, X). (2.1.8)

Step 2: We prove that the family U is uniformly bounded. Let k ∈ Z+ and
x ∈ X be fixed. We define fk by

fk(j) := 1{k}(j)x, for all j ∈ Z+ ,

where 1S is the characteristic function of the non-empty set S. Clearly fk ∈ l∞(Z+, X).
Then (2.1.8) provides

‖x‖c ≥ ‖Kfk‖l∞(Z+,X) ≥ ‖(Kfk)(n)‖. (2.1.9)

Moreover,

(Kfk) (n) =
n∑
j=0

U(n, j)fk(j)

=
n∑
j=0

U(n, j)1{k}(j)x

= U(n, k)x.

Combining the latter equality with (2.1.9), we obtained

‖U(n, k)x‖ ≤ c‖x‖, for all n ≥ k ≥ 0,

that is, the family U is uniformly bounded.
Step 3: We prove that

sup
n≥k≥0

[(n− k + 1)‖U(n, k)‖] = c2 <∞.

Let k ∈ Z+, x ∈ X be fixed, and define

fk(j) := 1{k,k+1,...,n}(j)U(j, k)x, for all j ∈ Z+ .

Obviously fk belongs to l∞(Z+, X). Using again (2.1.8) we obtain:

‖Kfk(n)‖ ≤ ‖Kfk‖l∞(Z+,X) ≤ c‖fk‖l∞(Z+,X). (2.1.10)
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On the other hand,

(Kfk)(n) =
n∑
j=0

U(n, j)1{k,k+1,··· ,n}(j)U(j, k)x

=
n∑
j=k

U(n, k)x

= (n− k + 1)U(n, k)x,

and by combining with (2.1.10), one has

(n− k + 1)‖U(n, k)x‖ ≤ c2x for all n ≥ k ≥ 0.

Hence,

‖U(n, k)‖ ≤ c2
n− k + 1

, for all n ≥ k ≥ 0, where c2 = c2,

and assertion then follows by applying Lemma 2.1.2.

2.2 Spectrum of Algebraic and Infinitesimal Gen-

erators

Lemma 2.2.1. Let U = {U(n,m) : n ≥ m ≥ 0} be a discrete evolution family having
exponential growth and T = {T (j)}j≥0 be the evolution semigroup associated to U on
c00(Z+, X). If λ ∈ ρ(T (1)) then µ ∈ ρ(T (1)), for all |µ| ≥ |λ|.
Proof. We give the proof in two steps.
Step 1. Consider the case when T is uniformly exponentially stable. For this case,
let us consider a new evolution family defined by

Uλ(n,m) = λ−(n−m)U(n,m).

Its associated evolution semigroup on the space c00(Z+, X) is given by

Tλ(j) = λ−jT (j).

Then 1 ∈ ρ(Tλ(1)) if and only if λ ∈ ρ(T (1)). As a consequence, the assumption is
equivalent with uniform exponential stability of the family {Uλ(n,m) : n ≥ m ≥ 0}
(say with the constants K and ν). Now, if |µ| ≥ |λ|, then

Uµ(n,m) = µ−(n−m)U(n,m)

=

(
λ

µ

)n−m
λ−(n−m)U(n,m)

=

(
λ

µ

)n−m
Uλ(n,m).
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It follows
‖Uµ(n,m)‖ ≤ Ke−ν(n−m), for all n ≥ m.

Since the family {Uµ(n,m)} is uniformly exponentially stable, its associated evolu-
tion semigroup Tµ is uniformly exponentially stable as well. Then the infinitesimal
generator µ−1T (1) − I is an invertible operator, i.e. T (1) − µI is invertible, which
provides µ ∈ ρ(T (1)).
Step 2: Here we analyze the case when the evolution semigroup {T (j)}j≥0 is not
uniformly exponentially stable. Let ω ∈ R such that ‖T (j)‖ ≤ eωj, for all j ∈ Z+.
Define

S(j) := e−νjT (j),

for a given ν > ω. Then ‖S(j)‖ ≤ e(ω−ν)j, for all j ∈ Z+ i.e. the semigroup {S(j)}
is uniformly exponentially stable. Let λ ∈ ρ(T (1)) and let µ be a complex number
such that |µ| ≥ |λ|. Clearly e−νT (1) − λe−νI is invertible, i.e. S(1) − λe−νI is
invertible. Thus λe−ν ∈ ρ(S(1)) and |µe−ν | ≥ |λe−ν |. The previous step assures that
µe−ν ∈ ρ(S(1)). Hence µ ∈ ρ(T (1)).

Theorem 2.2.2. Let U = {U(n,m) : n ≥ m ∈ Z+} be a discrete evolution family
having exponential growth and T = {T (j)}j≥0 be the evolution semigroup associated
to U on c00(Z+, X) having G = T (1) − I as infinitesimal generator. The following
two statements hold true:

(1) σ(T (1)) = {z ∈ C : |z| ≤ r(T (1))}.

(2) σ(G) = σ(T (1))− 1.

Proof. (1): Let λ ∈ C such that |λ| < r(T (1)). Suppose for a contradiction that
λ ∈ ρ(T (1)). Then, by Lemma 2.2.1, all complex numbers µ with |µ| ≥ |λ| belong
to ρ(T (1)). Thus only the complex numbers ω having modulus less than |λ| may
be in σ(T (1)). This shows that |λ| ≥ r(T (1)), which is a contradiction. Hence, if
z ∈ C such that |z| < r(T (1)) then z ∈ σ(T (1)). But σ(T (1)) is a closed set, so
σ(T (1)) = {z ∈ C : |z| ≤ r(T (1))}.
(2): The spectral Mapping Theorem says that if f : C → C is an analytic function
and A ∈ L(X) then σ(f(A)) = f(σ(A)), where by f(σ(A)) we denote the set{f(z) :
z ∈ σ(A)}. For our purpose set z 7→ f(z) = z − 1, which is an analytic function and
f(A) = A− I, so σ(A− I) = σ(A)− 1 = {z − 1 : z ∈ σ(A)}.
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2.3 Characterizations of Uniform Exponential Sta-

bility for Evolution Families on Z.

Let U = {U(n,m) : n ≥ m ∈ Z} be a discrete evolution family of bounded linear

operators acting on a Banach space X. For each j ∈ Z+, the linear operator given by

(T (j)f)(n) = U(n, n− j)f(n− j), for all n ∈ Z,

is well defined and acts on the Banach space Z := c00(Z, X). When the evolution

family U has exponential growth (say with the constants M and ω) the operator

T (j) is bounded on Z, and

||T (j)||L(Z) ≤Meωj.

The family T = {T (j)}j∈Z+ is called the evolution semigroup associated to U on

c00(Z, X).

The following lemma is similar to the above Lemma 2.1.1. However, in the proof

of the next lemma we use the uniform boundedness of the family U .

Lemma 2.3.1. Let U = {U(n,m) : n ≥ m ∈ Z} be a uniformly bounded discrete
evolution family and T = {T (j)}j∈Z+ be the evolution semigroup associated to U on
the space c00(Z, X), ”generated” by G. Let f, x ∈ c00(Z, X) be fixed. The following
two statements are equivalent:

(1) Gx = −f ;

(2) For each n ∈ Z there exists

u(n) := lim
k→−∞

n∑
ρ=k

U(n, ρ)f(ρ),

and x(n) = u(n), for all n ∈ Z.

Proof. (1)⇒(2): From (1.1.1), we have

T (j)x− x =

j−1∑
k=0

T (k)Gx = −
j−1∑
k=0

T (k)f
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and thus for any n ∈ Z, one has

x(n) = T (j)x(n) +

j−1∑
k=0

T (k)f(n)

= U(n, n− j)x(n− j) +

j−1∑
k=0

U(n, n− k)f(n− k)

= U(n, n− j)x(n− j) +
n∑

ρ=n−j+1

U(n, ρ)f(ρ).

Using the uniform boundedness of the family {U(n,m)}n≥m∈Z, we get:

‖U(n, n− j)x(n− j)‖ ≤ K‖x(n− j)‖ → 0, (as j →∞).

It follows that limj→∞
∑n

ρ=n−j+1 U(n, ρ)f(ρ) exists, and

x(n) =
n∑

ρ=−∞

U(n, ρ)f(ρ)

(2) ⇒ (1): In view of the above definitions we have

(Gx)(n) = (T (1)− I)x(n) = U(n, n− 1)x(n− 1)− x(n).

Based on the continuity of the operator U(n, n− 1), we obtain that

(Gx)(n) = U(n, n− 1)
n−1∑
j=−∞

U(n− 1, j)f(j)− x(n)

=
n−1∑
j=−∞

U(n, j)f(j)− x(n)

=
n∑

j=−∞

U(n, j)f(j)− f(n)− x(n)

= −f(n).

Now, we present the main result of this section.

Theorem 2.3.2. Let U = {U(n,m) : n ≥ m ∈ Z}, be a uniformly bounded discrete
evolution family of bounded linear operators acting on the Banach space X and T be
the evolution semigroup associated to U on the space c00(Z, X). The following four
statements are equivalent:
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(1) The family U is uniformly exponentially stable;

(2) The evolution semigroup T is uniformly exponentially stable;

(3) The ”infinitesimal generator” T (1)− I of T is invertible;

(4) For each f ∈ c00(Z, X) and each n ∈ Z, there exists

x(n) := lim
k→−∞

n∑
ν=k

U(n, ν)f(ν).

Moreover, x(·) belongs to c00(Z, X).

Proof. The proof of (1) ⇒ (2) ⇒ (3) is similar to that given in Theorem 2.1.4.
(3)⇒ (4): As T (1) − I is invertible, for each f ∈ c00(Z, X) there exists a unique
x ∈ c00(Z, X) such that [T (1)− I]x = −f. Then from Lemma 2.3.1, we obtain:

x(n) := lim
k→−∞

n∑
ν=k

U(n, ν)f(ν),

exists and x(n) ∈ c00(Z, X).
(4)⇒ (1): We adapt the technique used in Theorem 2.1.3 and prove this impli-

cation in two steps.
Step 1: Let us consider the linear operator

K : c00(Z, X)→ c00(Z, X)

defined by (Kf)(n) = x(n) where

x(n) := lim
k→−∞

n∑
ν=k

U(n, ν)f(ν), n ∈ Z.

We prove that K is a bounded operator. As in the previous section, we use the
Closed Graph Theorem. It is enough to prove that the operator K is closed. Let
fj, f, g ∈ c00(Z, X) , j ∈ Z+ such that

fj → f, in c00(Z, X) (as j →∞) and

Kfj → g, in c00(Z, X) as (j →∞).

For any fixed integers N, n with N < n, let consider the following sequences in
c00(Z, X).

f 0(k) =

{
f(k), when k ≥ N
0, when k < N
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and

f 0
j (k) =

{
fj(k), when k ≥ N
0, when k < N.

Clearly, f 0
j (k)→ f 0(k) and Kf 0

j (k)→ g(k), for every k ≥ N. On the other hand

Kf 0
j (n)−Kf 0(n) =

n∑
k=N

U(n, k)(f 0
j (k)− f 0(k))

=
n∑

k=N

U(n, k)(fj(k)− f(k))→ 0, as (j →∞),

But Kf 0
j (n)→ g(n). Hence Kf 0(n) = g(n). Taking into account our assumption, we

obtain:

(Kf)(n)− g(n) = (Kf)(n)−Kf 0(n)

=
n∑

k=−∞

U(n, k)f(k)−
n∑

k=−∞

U(n, k)f 0(k)

=
n∑

k=−∞

U(n, k)f(k)−
n∑

k=N

U(n, k)f(k)

=
N−1∑
k=−∞

U(n, k)f(k)→ 0 as (N → −∞).

Then (Kf)(n)−g(n) = 0, for all n ∈ Z which assures the boundedness of the operator
K. Equivalently there exists a positive constant L such that

‖Kf‖c00(Z,X) ≤ L, for all f ∈ c00(Z, X) with ‖f‖ ≤ 1. (2.3.1)

Step 2: For any j ∈ Z, we define: fj(k) = 1{j}(k)U(k, j)b, where b ∈ X with
‖b‖ ≤ 1. Clearly, fj ∈ c00(Z, X) and

(Kfj)(n) =
n∑

k=−∞

U(n, k)fj(k)

=
n∑

k=−∞

U(n, j)1{j}(k)b

=

{
0 for n < j

U(n, j)b for n ≥ j.

Since (Kfj)(n)→ 0, as n→∞, we have

lim
n→∞

‖U(n, j)b‖ = 0, for all j ∈ Z.
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Set hj(k) := 1
M

1{j,··· ,n}(k)U(k, j)b, where M = supn≥m ||U(n,m)||. Obviously, hj ∈
c00(Z, X) and ‖hj‖ ≤ 1. Then (2.3.1) provides

‖(Khj)(n)‖ ≤ ‖Khj‖c00(Z,X) ≤ L. (2.3.2)

On the other hand,

(Khj)(n) =
1

M

n∑
k=−∞

U(n, k)1{j,··· ,n}(k)U(k, j)b

=
1

M
(n− j + 1)U(n, j)b.

Combining the last equality with (2.3.2), one has

(n− j + 1)‖U(n, j)b‖ ≤ c, for all n ≥ j,

where c = LM . The assertion follows now by Lemma 2.1.2.



Chapter 3

Nonuniform Strong Stability for
Discrete Evolution Families

Let A be a bounded linear operator acting on X. The sequence

n 7→ x(n) := xn : Z→ X, xn+1 = Axn,

is called total trajectory for A. Its restriction to Z+, i.e. the map x(·)|Z+ is called

forward trajectory for A. The sequence g : Z− → X is called complete backward

trajectory for A, CBT in short, if g(n) = Ag(n− 1) for every n ∈ Z−.

The operator A is called power bounded, if supn∈Z+
‖An‖ < ∞, and it is called

strongly stable if Anx→ 0, as n→∞, for every x ∈ X, or equivalently, if each of its

forward trajectory converges to zero.

It is well-known that the discrete evolution families are closely related to linear

non-autonomous difference equations. Let A = {A(n)}n∈Z be a family of bounded

linear operators acting on X. A sequence (xn)n∈Z is called total trajectory for the

family A if

xn+1 = A(n)xn, for all n ∈ Z.

40
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Obviously, the family UA, given by

UA(n,m) :=

{
An−1 ◦ · · · ◦ Am, n > m

I, n=m,

for each pair (n,m) ∈ Z × Z, is a discrete evolution family on Z. Conversely, each

discrete evolution family U can be written in this way by setting An = U(n + 1, n).

Clearly, the set UA = {UA(n,m)}n≥m∈Z is a discrete evolution family and

xn = UA(n,m)xm, for all n ≥ m.

The restriction of (xn) to Z+ is called forward trajectory for A and is defined by

xn+1 = A(n)xn, for all n ∈ Z+,

while the restriction of (xn) to Z− is called CBT for A and is defined by

xn = A(n)xn−1, for all n ∈ Z−.

In particular, the map h∗ : Z− → X∗ is a CBT for U∗− if and only if

h∗n = U(−n+ 1,−n)∗h∗n−1, for all n ∈ Z−,

where U∗− is define in (1.1.2). A bounded CBT will be denoted by BCBT.

Recall that, the discrete semigroup T := {T (j)}j∈Z+ is strongly stable, if lim
j→∞
‖T (j)x‖ =

0, for all x ∈ X.

3.1 Strong Stability of Evolution Semigroups

First, we introduce the discrete evolution semigroup associated to a discrete evolution

family on l1(Z+, X). Let U = {U(n,m) : n ≥ m ∈ Z+} be a discrete exponentially

bounded evolution family of bounded linear operators acting on a Banach space X.
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For each j ∈ Z+, the linear operator given by

(T (j)f)(n) :=

{
U(n, n− j)f(n− j), if n ≥ j;

0, otherwise;

is well defined and acts on l1(Z+, X). Moreover, it is a bounded operator and

||T (j)||L(l1(Z+,X)) ≤Meωj.

The family T = {T (j)}j∈Z+ is called the evolution semigroup associated to U on

l1(Z+, X).

The following proposition gives characterization of evolution semigroup in term

of asymptotic stability of evolution familiy.

Proposition 3.1.1. Let U = {U(n,m)}n≥m∈Z+ be a uniformly bounded discrete evo-
lution family on X and T = {T (j)}j∈Z+ be the evolution semigroup associated to U
on l1(Z+, X). The following two statements are equivalent:

(1) The family U is nonuniformly strongly stable;

(2) The evolution semigroup T is strongly stable.

Proof. (1)⇒(2): Let f ∈ l1(Z+, X) and M := supn≥m≥0 ||U(n,m)|| <∞. Since,
limN→∞

∑∞
n=N ‖f(n)‖ = 0, for every ε > 0, there exists a positive integer N1 such

that
∞∑

n=N1+1

‖f(n)‖ ≤ ε

2M
.

On the other hand, since the family U is nonuniformly strongly stable, there exists a
positive integer N2 such that

N1∑
n=0

‖U(n+ j, n)f(n)‖ ≤ ε

2
, for every j ≥ N2 .
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Therefore, for each j ≥ N2, one has

‖T (j)f‖ =
∞∑
n=0

‖T (j)f(n)‖

=
∞∑
n=j

‖U(n, n− j)f(n− j)‖

=
∞∑
n=0

‖U(n+ j, n)f(n)‖

=

N1∑
n=0

‖U(n+ j, n)f(n)‖+
∞∑

n=N1+1

‖U(n+ j, n)f(n)‖

=

N1∑
n=0

‖U(n+ j, n)f(n)‖+M
∞∑

n=N1+1

‖f(n)‖ ≤ ε.

which implies the strong stability of T .
(2)⇒ (1): Assume that lim

j→∞
‖T (j)g‖1 = 0, for every g ∈ l1(Z+, X). Let m ∈ Z+

and x ∈ X be fixed. Set

f(n) :=

{
x, if n = m
0, if n 6= m.

Obviously, f ∈ l1(Z+, X) and

‖T (j)f‖1 =
∞∑
n=0

‖U(n+ j, n)f(n)‖

= ‖U(j +m,m)x‖
→ 0 as j →∞,

hence, U is nonuniformly strongly stable.

We remark that, in Proposition 3.1.1 the assumption of uniform boundedness is

used only in the implication (1)⇒ (2) and is not used in the converse implication.

3.2 Strong Stability of Discrete Semigroups

In this section we give characterizations of strongly stable discrete semigroups, whose

algebraic generator is power bounded. For this, we give the following lemmas.
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Lemma 3.2.1. Let A be a bounded linear operator acting on X, A∗ be its ad-
joint and B∗ be the the closed unit ball in X∗. If A is strongly stable, then J∗ :=⋂∞
n=0(A

∗)n(B∗) = {0}. The converse statement also holds, under the assumption that
A is power bounded.

Proof. Let x∗ ∈ J∗. Then x∗ ∈ (A∗)n(B∗), for all n ∈ Z+. Therefore for each n ∈ Z+,
there exists x∗n ∈ B∗ such that x∗ = (A∗)nx∗n. As usual, 〈·, ·〉 denotes the duality pair
between X and X∗. Now, for each x ∈ X, one has

|〈x, x∗〉| = |〈x, (A∗)nx∗n〉|
= |〈Anx, x∗n〉|
≤ ‖Anx‖‖x∗n‖
≤ ‖Anx‖ → 0, as n→∞.

Hence, x∗ = 0, i.e. J∗ = {0}.
Conversely, suppose A is power bounded and take L := supn∈Z+

‖An‖ <∞. Since

‖Anx‖ := sup
‖x∗‖≤1

|〈Anx, x∗〉|,

for any n ∈ Z+, there exists x∗n ∈ B∗ such that

‖Anx‖ ≤ 1

n+ 1
+ |〈Anx, x∗n〉|

=
1

n+ 1
+ |〈x, (A∗)nx∗n〉|

=
1

n+ 1
+ L|〈x, 1

L
(A∗)nx∗n〉|.

Let (nk)k∈Z+ such that

lim
k→∞
‖Ankx‖ = lim

n→∞
sup ‖Anx‖.

Take y∗nk
:= 1

L
(A∗)nkx∗nk

and N∗k :=
⋂nk

j=0(A
∗)j(B∗), then

y∗nk
=

1

L
(A∗)nkx∗nk

∈ B∗

= A∗
(

1

L
(A∗)nk−1x∗nk

)
∈ A∗(B∗)

= (A∗)2
(

1

L
(A∗)nk−2x∗nk

)
∈ (A∗)2(B∗)

...

= (A∗)j
(

1

L
(A∗)nk−jx∗nk

)
∈ (A∗)j(B∗),
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for all 0 ≤ j ≤ nk. Hence y∗nk
∈ N∗k for every k ∈ Z+ and (N∗k )k∈Z+ is a non-

increasing net of weak-∗-compact sets in X∗. Therefore the sequence (y∗nk
)k∈Z+ has a

convergent subsequence (y∗nkp
)p, whose limit point x∗ belongs to

⋂∞
k=0N

∗
k = J∗. Hence

‖Ankpx‖ ≤ 1

nkp + 1
+ L|〈x, 1

L
(A∗)nkpx∗nkp

〉|. (3.2.1)

Passing to the limit in (3.2.1), for p→∞, we obtain:

lim
n→∞

sup ‖Anx‖ ≤ L|〈x, x∗〉|.

The result follows immediately.

Lemma 3.2.2. Let A be a bounded linear operator acting on X. If

J∗ :=
∞⋂
n=0

(A∗)n(B∗) = {0},

where B∗ is the unit ball in X∗, then each bounded complete backward trajectory for
A∗ is trivial.

Proof. Let g∗ be a BCBT for A∗ and suppose that g* is not trivial. Then, there exists
m ∈ Z−, such that g∗(m) 6= 0. Let K > 0 such that ‖g∗‖∞ ≤ K. Then 1

K
g∗(k) ∈ B∗,

for all k ∈ Z−. Taking x∗m := 1
K
g∗(m), we have

x∗m = A∗(
1

K
g∗(m− 1))

= (A∗)2(
1

K
g∗(m− 2))

= · · ·

This shows that x∗m = (A∗)n( 1
K
g∗(m − n)) ∈ (A∗)n(B∗), for every n ∈ Z+. Hence

x∗m ∈ J∗ = {0}, which is a contradiction.

Theorem 3.2.3. [53, p.105](Alaoglu Theorem) The unit ball B∗ in X∗ is a compact
set in weak-*-topology.

The ”Tychonoff Theorem” for general topology is stated as:

Theorem 3.2.4. [38, p.208] If Xα, α ∈ Ω are compact spaces, then

X := Π[Xα : α ∈ Ω]

is compact.
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Lemma 3.2.5. Let A ∈ L(X) be a power bounded operator. If each bounded complete
backward trajectory for A∗ is trivial, then J∗ = {0}.

Proof. Let x∗ ∈ J∗. Then, for every n ∈ Z+, there exists x∗n ∈ B∗, such that x∗ =
(A∗)nx∗n. Consider the sequence

g∗n(m) :=

{
(A∗)n+mx∗n, if −n ≤ m ≤ 0;
0, if m < −n.

Let B∗L denote the closed ball of radius L in X∗, then (g∗n)n∈Z+ ∈ (B∗L)Z− , which is
compact in the weak-∗-topology by Alaoglu and Tychonoff Theorems. Thus, there
exists a convergent subsequence (g∗nk

)k∈Z+ of (g∗n)n∈Z+ , which converges to some g∗.
Obviously, g∗ is bounded, g∗(0) = x∗ and g∗nk

→ g∗, as k →∞. This yields to

(A∗)nk+mx∗nk
→ g∗(m), as k →∞.

On the other hand,

A∗(A∗)nk+(m−1)x∗nk
→ A∗g∗(m− 1) as k →∞.

Hence, g∗(m) = A∗g∗(m − 1), for all m ∈ Z− and thus g∗ is a BCBT for A∗. By
assumption, it is trivial, which implies that x∗ = 0.

The next corollary is a direct consequence of the above lemmas. Similar results

for semigroups acting on reflexive Banach spaces may be found in [73].

Corollary 3.2.6. Let T = {T (n)}n∈Z+ be a discrete semigroup of bounded linear
operators acting on a Banach space X. Suppose that T (1) is power bounded. Then,
the following three statements are equivalent:

(1) T is strongly stable ;

(2)
⋂∞
n=0 (T (1)∗)n (B∗) = {0};

(3) If h∗ is a bounded complete backward trajectory for T (1)∗ then it is trivial.

3.3 Backward Trajectories

In the next lemma, we give the expression for the adjoint of T (1) in terms of evolution

family.
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Lemma 3.3.1. Let U be a discrete evolution family acting on X and T = {T (n)}n∈Z+

be the evolution semigroup associated to U on l1(Z+, X). For each g∗ ∈ l∞(Z+, X
∗),

one has
T (1)∗g∗(·) = U(·+ 1, ·)∗g∗(·+ 1).

Proof. Indeed, for every f, g ∈ l1(Z+, X), one has

〈f, U(·+ 1, ·)∗g∗(·+ 1)〉(l1(Z+,X),l∞(Z+,X∗)) =

=
∞∑
n=0

〈f(n), U(n+ 1, n)∗g∗(n+ 1)〉(X,X∗)

=
∞∑
n=0

〈U(n+ 1, n)f(n), g∗(n+ 1)〉(X,X∗)

=
∞∑
n=1

〈U(n, n− 1)f(n− 1), g∗(n)〉(X,X∗)

=
∞∑
n=0

〈(T (1)f)(n), g∗(n)〉(X,X∗)

= 〈T (1)f, g∗〉(l1(Z+,X),l∞(Z+,X∗))

= 〈f, T (1)∗g∗〉(l1(Z+,X),l∞(Z+,X∗)).

Recall that the map H∗ : Z− → l∞(Z+, X
∗) is a complete backward trajectory for

T (1)∗, if

H∗n = T (1)∗H∗n−1, for all n ∈ Z−,

and it is a bounded complete backward trajectory, BCBT in short, if

H∗ ∈ l∞(Z−, l∞(Z+, X
∗)),

or equivalently if

sup
n∈Z−

sup
j∈Z+

‖H∗n(j)‖ <∞.

The next lemma is the key tool in the proof of Theorem 3.4.3.
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Lemma 3.3.2. Let U = {U(n,m)}n≥m∈Z+ be a discrete evolution family acting on X
and T = {T (n)}n∈Z+ be the evolution semigroup associated to U on l1(Z+, X). The
following two statements are equivalent:

• (1) Every bounded complete backward trajectory for T (1)∗ is trivial;

• (2) Every bounded complete backward trajectory for U∗− is trivial.

Proof. (1) ⇒ (2): Let g∗ be a BCBT for U∗−. We show that g∗ is trivial. In order
to do this, consider the sequence H∗ : Z− → l∞(Z+, X

∗) defined by

H∗n(j) :=

{
g∗−j, if j = −n
0, if j 6= −n.

By using the usual notations for sequences, we can write:

(T (1)∗H∗n−1)(−n) = U(−n+ 1,−n)∗H∗n−1(−n+ 1)

= U(−n+ 1,−n)∗g∗n−1
= g∗n
= H∗n(−n).

On the other hand, when j 6= −n, H∗n(j) = 0 and

(T (1)∗H∗n−1)(j) = U(j + 1, j)∗H∗n−1(j + 1) = 0.

Hence, H∗ is a BCBT for T (1)∗. By the assumption, it is trivial and then g∗ is trivial
as well.
(2) ⇒ (1): Let H∗ be a BCBT for T (1)∗. We present it in the following diagram:

H∗0 (0) H∗0 (1) H∗0 (2) · · ·
H∗−1(0) H∗−1(1) H∗−1(2) · · ·
H∗−2(0) H∗−2(1) H∗−2(2) · · ·

...
...

...
...

...
...

First, note that the ”main diagonal” of the diagram, i.e. the sequence h∗0(n) :=
(H∗n(−n))n∈Z− , is a BCBT for U∗−.
Indeed, for each n ∈ Z− one has

h∗0(n) = T (1)∗H∗n−1(−n)

= U(−n+ 1,−n)∗H∗n−1(−n+ 1)

= U(−n+ 1,−n)∗h∗0(n− 1).
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We now show that the ”first diagonal above the main diagonal”, i.e. the map

n 7→ h∗1(n) :=

{
H∗n+1(−n), if n ≤ −1
U(1, 0)∗H∗0 (1), if n = 0.

: Z− → X∗

is a BCBT for U∗−.
Indeed,

h∗1(0) = U(1, 0)∗H∗0 (1) = U(1, 0)∗h∗1(−1),

whereas, for n ≤ −1, one has

h∗1(n) = H∗n+1(−n)

= T (1)∗H∗n(−n)

= U(−n+ 1,−n)∗H∗n(−n+ 1)

= U(−n+ 1,−n)∗h∗1(n− 1),

Thus h∗1 is a BCBT for U∗− and, by assumption, it is trivial.
We proceed similarly with all diagonals above the main diagonal and the general

formulation is given as follows:
For each m ∈ Z+, the sequence defined by

h∗m(n) :=

{
H∗n+m(−n), if n ≤ −m
U(m,−n)∗H∗0 (m), if −m < n ≤ 0

is a BCBT for U∗−.
Indeed, for n ≤ −m, one has

h∗m(n) = H∗n+m(−n)

= T (1)∗H∗n+m−1(−n)

= U(−n+ 1,−n)∗H∗n+m−1(−n+ 1)

= U(−n+ 1,−n)∗h∗m(n− 1),

whereas, for −m < n ≤ 0, one has

h∗m(n) = U(m,−n)∗H∗0 (m)

= U(m,−n)∗h∗m(−m)

and

U(−n+ 1,−n)∗h∗m(n− 1) = U(−n+ 1,−n)∗U(m,−n+ 1)∗h∗m(−m)

= U(m,−n)∗h∗m(−m).
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Hence
h∗m(n) = U(−n+ 1,−n)∗h∗m(n− 1).

Therefore, h∗m is trivial.
On the other hand, for each m ∈ Z+, the sequence

h∗−m(n) = H∗n−m(−n), for n ∈ Z−,

representing ”the diagonals below the main diagonal”, is also a BCBT for U∗−. Indeed,
for each m ∈ Z+, one has

h∗−m(n) = H∗n−m(−n)

= T (1)∗H∗n−m−1(−n)

= U(−n+ 1,−n)∗H∗n−m−1(−n+ 1)

= U(−n+ 1,−n)∗h∗−m(n− 1),

Thus, h∗−m is trivial and hence, H∗ is trivial, as well.

3.4 Characterizations for Nonuniform Strong Sta-

bility of Discrete Evolution Families

The classical reference for the next lemma turns back to Douglas’s Theorem in [33].

For the Banach space version of the Douglas Theorem, see [35]. See also [62] for

recent advances on this topic.

Lemma 3.4.1. Let A1 and A2 be two bounded linear operators acting on a Banach
space X. Then

Range(A1) ⊆ Range(A2) if and only if ker(A∗1) ⊇ ker(A∗2),

where A∗i is the adjoint of Ai, for i = 1, 2.

The proof of Lemma 3.4.1 is an easy consequence of Hahn-Banach Theorem and

is omitted.

For the sake of completeness, let us restate Lemma 2.1.6, for p = 1, with slight dif-

ferent notations. This lemma connects the ”infinitesimal generator” of the evolution

semigroup and the inhomogeneous discrete Cauchy Problem concerning the evolution

family.
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Lemma 3.4.2. Let U be a discrete evolution family on X and T = {T (n)}n∈Z+

be the evolution semigroup associated to the family U on the space l1(Z+, X). Let
f, g ∈ l1(Z+, X) and G := T (1)− I. The following two statements are equivalent:

(1) Gg = −f ;

(2) g(n) =
∑n

k=0 U(n, k)f(k), for all n ∈ Z+.

The main result of this chapter can be read as follows.

Theorem 3.4.3. Let U be a uniformly bounded discrete evolution family and T =
{T (n)}n∈Z+ be the evolution semigroup associated to U on X := l1(Z+, X). The
following eight statements are equivalent:

(1) The family U is nonuniformly strongly stable;

(2) The evolution semigroup T is strongly stable;

(3)
⋂∞
n=0(T (1)∗)n(B∗) = {0}, where B∗ is the unit closed ball in l∞(Z+, X

∗);

(4) Every bounded complete backward trajectory for T (1)∗ is trivial;

(5) Every bounded complete backward trajectory for U∗− is trivial;

(6) The adjoint G∗ of the discrete ”infinitesimal generator” G := T (1) − I, is
injective;

(7) Range(G) = X ;

(8) The family U is l1(Z+, X)-AA.

Proof. The proof of (1) ⇔ (2) is obtained in Proposition 3.1.1. The equivalence
of (2), (3) and (4) are contained in Corollary 3.2.6. The equivalence (4) ⇔ (5) is
given in Lemma 3.3.2. It remains to show (6)⇒ (5), (4)⇒ (6), (6) ⇔ (7) and (7)
⇔ (8). First we show the implication (6) ⇒ (5):
Let g∗ be a BCBT for U∗−. Then

g∗(m) = U(−m+ 1,−m)∗g∗(m− 1), for all m ∈ Z−.

Set
h∗(−m) := g∗(m), for all m ∈ Z−.
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Clearly, h∗ ∈ l∞(Z+, X
∗). Moreover,

G∗h∗(−m) = T (1)∗h∗(−m)− h∗(−m)

= U(−m+ 1,−m)∗h∗(−m+ 1)− g∗(m)

= U(−m+ 1,−m)∗g∗(m− 1)− g∗(m)

= 0.

The injectivity of G∗ yields the triviality of g∗.
(4) ⇒ (6): Let g∗ ∈ l∞(Z+, X

∗) such that G∗g∗ = 0, i.e.

(T (1)∗g∗)(j)− g∗(j) = 0, for all j ∈ Z+.

Then, by Lemma 3.3.1, we have

U(j + 1, j)∗g∗(j + 1) = g∗(j), for all j ∈ Z+.

For each m ∈ Z− fixed, define the sequence:

H∗m(j) :=

{
g∗(j), if j = −m;
0, if j 6= −m,

for j ∈ Z+. We show that H∗ is a BCBT for T (1)∗.
Case 1.: When j 6= −m. By definition H∗m(j) = 0, and

T (1)∗H∗m−1(j) = U(j + 1, j)∗H∗m−1(j + 1) = 0.

Case 2 : When j = −m, H∗m(−m) = g∗(−m), and

[T (1)∗H∗m−1(−m) = U(−m+ 1,−m)∗H∗m−1(−m+ 1)

= U(−m+ 1,−m)∗g∗[−(m− 1)]

= g∗(−m).

Therefore, H∗m = T (1)∗H∗m−1 for all m ∈ Z− and hence, H∗ is a BCBT for T (1)∗. By
assumption H∗ is trivial and hence g∗ is trivial as well, which yields to the injectivity
of G∗.

(6)⇔ (7): Applying Lemma 3.4.1 for A1 = I and A2 = G, one has:

Range(I) ⊆ Range(G) if and only if ker(I∗) ⊇ ker(G∗),

i.e. G∗ is injective if and only if Range(G) = X .
(7) ⇔ (8): It is enough to show that F = Range(G).

Let f ∈ F, then f ∈ X , u = U ∗ f ∈ X , and by Lemma 3.4.2, Gu = −f . Hence,
f ∈ Range(G). On the other hand, for every f ∈ Range(G), there exists u ∈ X such
that Gu = −f. Again by Lemma 3.4.2, u = U ∗ f ∈ X .
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The autonomous version of Theorem 3.4.3 is presented in the following corollary.

Corollary 3.4.4. Let T = {T (n)}n∈Z+ be a bounded discrete semigroup and T =
{T (n)}n∈Z+ be the evolution semigroup associated to T on l1(Z+, X), with the in-
finitesimal generator A := T (1)− I . Then, the following statements are equivalent:

(1) The semigroup T is strongly stable;

(2) The associated evolution semigroup T is strongly stable;

(3)
⋂∞
n=0(T (1)∗)n(B∗) = {0} where B∗ is the unit ball in X∗;

(4)
⋂∞
n=0(T (1)∗)n(B∗) = {0} where B∗ is the unit ball in l∞(Z+, X

∗);

(5) Every bounded complete backward trajectory for T (1)∗ is trivial;

(6) Every bounded complete backward trajectory for T (1)∗ is trivial;

(7) A∗ := T (1)∗ − I∗ is injective;

(8) Range(A) = l1(Z+, X);

(9) The discrete semigroup T is l1(Z+, X)-AA.

The proof follows from Remark 1.1.2 and Theorem 3.4.3.

3.5 Approximative Admissibility

In this section, we present some results on the relationship between the nonuniform

strong stability, exact admissibility and the approximative admissibility of an evolu-

tion family with respect to l∞(Z+, X) and c0(Z+, X). At the end of this section, we

give some examples.

Proposition 3.5.1. Let U := {U(n,m) : n ≥ m ≥ 0} be a uniformly bounded discrete
evolution family. Consider the following three statements:

(1) U is l∞(Z+, X)-AA.

(2) U is nonuniformly strongly stable.

(3) U is c0(Z+, X)-AA.



54

The implications (1)⇒ (2)⇒ (3) hold.

Proof. (1)⇒ (2): Let m ∈ Z+ be fixed, and define g : Z+ → X by

g(n) :=

{
U(n,m)x, if n ≥ m
0, if n < m.

Clearly, g ∈ l∞(Z+;X). Since U is l∞(Z+, X)-AA, for every ε > 0 there exists h ∈ F
such that ‖h− g‖ < ε, where F is defined in (vii) of Definition 1.1.5. We now have

‖(U ∗ h)(n)− (U ∗ g)(n)‖ = ‖
n∑
k=0

U(n, k)h(k)−
n∑
k=0

U(n, k)g(k)‖

= ‖
n∑

k=m

U(n, k)h(k)−
n∑

k=m

U(n, k)g(k)‖

= ‖
n∑

k=m

U(n, k)[h(k)− g(k)]‖

≤
n∑

k=m

M‖h(k)− g(k)‖

= (n−m+ 1)Mε

Thus
‖(U ∗ g)(n)‖ ≤ ‖(U ∗ h)(n)‖+ (n−m+ 1)Mε. (3.5.1)

On the other hand,

‖(U ∗ g)(n)‖ = ‖
n∑

k=m

U(n, k)g(k)‖

= ‖
n∑

k=m

U(n, k)U(k,m)x‖

= ‖
n∑

k=m

U(n,m)x‖

= (n−m+ 1)‖U(n,m)x‖.

Combining the above equality with (3.5.1), we obtain

(n−m+ 1)‖U(n,m)x‖ ≤ ‖(U ∗ h)(n)‖+ (n−m+ 1)Mε.

Therefore,

‖U(n,m)x‖ ≤ ‖(U ∗ h)(n)‖
n−m+ 1

+Mε.
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Passing to the limit in the above inequality, as n→∞, we obtain

lim
n→∞

‖U(n,m)x‖ ≤Mε.

But ε is arbitrary small, so lim
n→∞

‖U(n,m)x‖ = 0, which means that U is nonuniformly

strongly stable.
(2) ⇒ (3): Consider the set c0c(Z+, X) consisting of all sequences (xn), for which,
there exits r ∈ Z+ such that xj = 0, for all j ≥ r. Let h ∈ c0c(Z+, X) with hj = 0 for
all j ≥ r. Then, for j ≥ r we have:

(U ∗ h)(j) =

j∑
k=0

U(j, k)hk

=
r−1∑
k=0

U(j, k)hk → 0, as j →∞.

Here we used the nonuniformly strongly stable of U . Thus, U ∗h belongs to c0(Z+, X),
for all h ∈ c0c(Z+, X). Since coc(Z+, X) is dense in c0(Z+, X), hence, U is c0(Z+, X)-
AA.

The implication, (3)⇒ (2) is not true, as is shown in the next Example.

Example 3.5.2. Let X = C and U(n,m) = I( I being the identity operator on X).
In this particular case we have

F =

{
f ∈ c0(Z+, X) :

∞∑
n=0

f(n) = 0

}
.

We show that F is dense in c0(Z+, X) with respect to the supremum norm. For this,
let ε > 0, g ∈ c0(Z+, X) and N be a positive integer such that

|g(n)| ≤ ε

2
, for all n ≥ N.

Set

f(n) :=


g(n), if 0 ≤ n ≤ N
ε
2
y, if N + 1 ≤ n ≤ N + 1 +m

0, if N + 2 +m ≤ n,
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where y = − 2
mε

∑N
n=0 g(n) and m ∈ Z+ is chosen such that |y| ≤ 1. Clearly f ∈

c0(Z+, X). Moreover,

lim
n→∞

(U ∗ f)(n) =
∞∑
k=0

f(k)

=
N∑
k=0

g(k) +
N+m+1∑
k=N+1

ε

2
y

=
N∑
k=0

g(k) +m
ε

2
y

=
N∑
k=0

g(k)−
N∑
k=0

g(k) = 0.

This shows that f ∈ F . Let ε > 0, be fixed. We prove that ‖f − g‖∞ < ε. Indeed, for
0 ≤ n ≤ N one has |f(n)− g(n)| < ε.
For N + 1 ≤ n ≤ N + 1 +m, one has

|f(n)− g(n)| = |ε
2
y − g(n)|

≤ ε

2
|y|+ |g(n)| < ε.

Finally, for n ≥ N +m+ 2 we obtain |f(n)− g(n)| = |g(n)| ≤ ε
2
< ε.

Thus, the evolution family U is c0(Z+, X)-AA, but not nonuniformly strongly stable.

Moreover, the statement (2) does not imply (1) as the following example shows.

Example 3.5.3. Let X = R, U(n,m) := m+1
n+1

and let f = (f(j)) be the sequence
defined by f(j) = 1 for all j ∈ Z+. Suppose that there exists a sequence (fk), with
fk ∈ l∞(Z+, X) and U ∗ fk ∈ l∞(Z+, X) such that ||fk − f ||∞ → 0, as k → ∞.
Obviously, there exists k0 ∈ Z+ such that |fk(j)| > 1

2
, for every k ≥ k0 and all

j ∈ Z+. Then, for k large enough we have

lim
j→∞

(U ∗ fk)(j) = lim
j→∞

j∑
ν=0

ν + 1

j + 1
fk(ν) =∞,

and a contradiction arises.

Obviously, when U is l∞(Z+, X)-EA, then U is l∞(Z+, X)-AA. This statement

together with the combination of Proposition 2.1.9 and 3.5.1 give the following propo-

sition.
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Proposition 3.5.4. Let U := {U(n,m) : n ≥ m ≥ 0} be a uniformly bounded discrete
evolution family, then for the following statements:

(1) U is uniformly exponentially stable;

(2) U is l∞(Z+, X)-EA;

(3) U is l∞(Z+, X)-AA;

(4) U is nonuniformly strongly stable;

(5) U is c0(Z+, X)-AA,

the implications (1) ⇔ (2) ⇒ (3) ⇒ (4) ⇒ (5) hold. We remark that the
implications (1) ⇔ (2) ⇒ (3) holds also in the absence of assumption that U is
uniformly bounded.

We formulate the autonomous version of the Proposition 3.5.4 in the following

corollary.

Corollary 3.5.5. Let T = {T (n)}n∈Z+ be a bounded discrete semigroup acting on X
and let’s consider the following statements:

(1) T is uniformly exponentially stable;

(2) T is l∞(Z+, X)-EA;

(3) T is l∞(Z+, X)-AA;

(4) T is strongly stable;

(5) T is c0(Z+, X)-AA,

the implications (1)⇔ (2)⇒ (3)⇒ (4)⇒ (5) holds.

The proof follows from Remark 1.1.2 and Proposition 3.5.4.



Chapter 4

Applications and Future Research

4.1 Applications

In the following example, we give some applications of the Theorem 2.1.4 and Therem

3.4.3.

Example 4.1.1. Let X be a complex Banach space and let {Aj}j∈Z+ be a family of
bounded linear operators acting on X which is uniformly bounded, i.e. supj∈Z+

||Aj|| <
∞. Consider the following two discrete Cauchy problems.{

xj+1 = Ajxj, j ∈ Z+, j ≥ k

xk = b (for fixed) k ∈ Z+, (Aj, k, b)

and {
yj+1 = Ajyj + fj+1, j ∈ Z+

y0 = 0. (Aj, fj, 0)

The solutions of (Aj, k, b) and (Aj, fj, 0) are (respectively) given by: xj = U(j, k)b
and yj =

∑j
k=0 U(j, k)f(k). Here U(j, k) := Aj−1 · · ·Ak when j > k.

By Theorem 2.1.4, the statements:

• For each b ∈ X the solution of (Aj, k, b) decays exponentially or, equivalently,
there exist two positive constants K and ν such that

sup
n>k

[Keν(n−k)||An−1 · · ·Ak||] <∞;

• For each fj ∈ c00(Z+, X) the solution of (Aj, fj, 0) belongs to c00(Z+, X);
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are equivalent.

Also taking into account Theorem 3.4.3, the following statements:

• For each b ∈ X the solution of (Aj, k, b) decays asymptotically or equivalently,

for each m ∈ Z+ and each x ∈ X we have that

lim
n→∞

‖U(n,m)x‖ = 0;

• The set F of all fj ∈ l1(Z+, X) having the property that the solution of

(Aj, fj, 0) belongs to l1(Z+, X) is dense in l1(Z+, X);

are equivalent.

The next example gives the autonomous version of the above example, which is a

concrete application for Corollaries 2.1.5 and 3.4.4.

Example 4.1.2. Let X be a complex Banach space and let A be a bounded linear
operator acting on X. Consider the following two discrete Cauchy problems.{

xj+1 = Axj, j ∈ Z+, j ≥ k

xk = b (for fixed) k ∈ Z+ (A, k, b)

and {
yj+1 = Ayj + fj+1, j ∈ Z+

y0 = 0. (A, fj, 0)

The solutions of (A, k, b) and (A, fj, 0) are (respectively) given by: xj = T (j − k)b
and yj =

∑j
k=0 T (j − k)f(k). Here T (k) := Ak.

By Corollary 2.1.5, the statements:

• For each b ∈ X the solution of (A, k, b) decays exponentially or, equivalently,
there exist two positive constants K and ν such that

‖T (j)x‖ ≤ Ke−νj‖x‖ for all x ∈ X ;

• For each fj ∈ c00(Z+, X) the solution of (A, fj, 0) belongs to c00(Z+, X);
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are equivalent.

Application of Corollary 3.4.4, lead to the fact that the two statements:

• For each b ∈ X the solution of (A, k, b) decays asymptotically or, equivalently

for each x ∈ X we have that

lim
j→∞
‖T (j)x‖ = 0;

• The set F of all fj ∈ l1(Z+, X) having the property, the solution of (A, fj, 0)

belongs to l1(Z+, X) is dense in l1(Z+, X);

are equivalent.

In what follows we give a concrete example of operator whose spectrum is the

closed unit disk.

Example 4.1.3. Let us consider the Banach space X := C and consider the discrete
evolution family U defined by U(n,m)x := m+1

n+1
x for all x ∈ C and for all n ≥ m ≥ 0.

Clearly ‖U(n,m)‖ ≤ 1 for all n ≥ m ≥ 0. In particular, the family U is uniformly
bounded. Let {T (j)}j∈Z+ be the evolution semigroup associated to the family U on
c00(Z+,C). Let’s consider fj(k) := 1{j}(k)U(k, j)b, b ∈ C, j ≥ 1, k ∈ Z+, |b| = 1, and
let ν ∈ Z+, be fixed. Then

(T (ν)fj)(j + ν) = U(j + ν, j)b =
j + 1

j + ν + 1
b.

This shows that ‖T (ν)fj‖ → 1( as j → ∞) and so ‖T (ν)‖ = 1. Thus r(T (1)) = 1
and by Theorem 3.5 it follows that σ(T (1)) is the closed unit disk.

4.2 Future Research, Open Problems and Further

References

We are looking to extend the results from this dissertation to find characterizations of

dichotomy and boundedness of solutions for discrete evolution families of time varying
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systems in future. Moreover, we plan to extend Proposition 2.1.9 to l∞(Z, X) as well

as the paper [25] for the space lp(Z+, X) and l1(Z, X). Further our future research

can be connected with [3], [10], [11], [23], [26], [27] and [43]. Below we present some

open problems.

Open Problem 1 : Comparing Theorems 2.1.7 and 3.4.3, it is natural to raise the

question: What is the behavior of the evolution semigroup associated to a discrete

uniformly bounded and nonuniformly exponentially stable evolution family, on the

space l1(Z+, X)?

The same problem can be formulated for other suitable spaces.

Open Problem 2 : The concept of strong stability for evolution families in the

continuous case was exhaustively studied in [8]. In the next period we will try to see

whether our approach can be adapted to prove the results in [8] and more exactly, we

conjecture that the nonexistence of nontrivial bounded backward trajectories of the

continuous evolution family is equivalent with the nonexistence of nontrivial bounded

backward trajectories of the evolution semigroup associated with the evolution family

on the space L1(R+, X).
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[5] D. Barbu and C. Buşe, Asymptotic stability and uniform boundedness with re-

spect to parameters for discrete nonautonomous periodic systems, Journal of

Difference Equations and Applications, Vol. 18, No. 9 (2012), pp. 1435–1441.
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75, BirkhäuserVerlag, Basel, 1995, pp. 275–288.

[59] G. Nickel, On the evolution semigroups and well-posedness od non-autonomous

Cauchy problems, PhD thesis, Tübingen, 1996.
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[61] V. Q. Phóng, On the spectrum, complete trajectories and asymptotic stability

of linear semidynamical systems, J. Diff. Eq. 105 (1993), pp. 30-45.

[62] D. Popovici and Z. Sebesyén, Factorizations of Linear Relations, Advances in

Mathematics, Vol. 233, Issue No 1 (2013), pp. 40-55.
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