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Abstract

Quantum wave packets generally spread in their time evolution except in

the special case of harmonic oscillator. In bounded Hamiltonian systems,

the wave packet reconstructs itself under the condintion of phase matching

and manifests the phenomena of quantum revivals and fractional revivals. In

an earlier work, Gazeau and Klauder proposed a formalism to construct the

quantum states (generalized coherent states) for general Hamiltonian systems

with discrete and continuous spectra, and proclaimed them as ‘temporally

stable’, i.e. they do not spread under time evolution. In this thesis we

study, first, the dispersion of Gazeau-Klauder’s ‘temporally stable’ states,

and then study how to overcome the dispersion and to build non-dispersive

wave packets for nonlinear dynamical systems by the use of external periodic

modulation.

Gazeau-Klauder coherent states are developed for power-law potentials

and their evolution in space and time is analyzed. We show that these states

follow classical dynamics as long as the underlying energy spectrum is linear,

otherwise they follow a classical-like evolution upto a few classical periods and

disperse thereafter, despite their special construction. The auto-correlation

function and probability density as a function of space and time explain the

spatio-temporal behavior of these states.

The analysis of the wave packet dynamics and resulting recurrence phe-

nomena is extended to periodically driven power-law potentials. In the pres-

ence of an external periodically modulating force, these potentials may ex-

hibit classical and quantum chaos. We show that the dynamics of a quantum

wave packet in the modulated power law potentials manifests quantum re-

currences at various time scales. We develop general analytical relations for

these times and discuss their parametric dependence. We use the recurrence

phenomenon as a probe to find out the signatures of nondispersive wave

packets in the periodically driven systems.



List of Figures

2.1 The shape of power-law potentials as a function of x . . . . . 26

2.2 Energy spectrum of the power-law potentials . . . . . . . . . . 27

2.3 The Schematic diagram of gravitational cavity . . . . . . . . . 31

2.4 The potential inside the gravitational cavity . . . . . . . . . . 31

2.5 The eigenstates of triangular well potential. . . . . . . . . . . 34

2.6 The square of auto-correlation function of a wave packet prop-

agated in triangular well potential . . . . . . . . . . . . . . . . 35

2.7 The space-time evolution of Gaussian wave packet in triangu-

lar well potential . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.1 The weighting distributions . . . . . . . . . . . . . . . . . . . 56

3.2 Mandel’s Q−parameter for coherent states of power-law po-

tentials as a function of J . . . . . . . . . . . . . . . . . . . . 57

3.3 We show the space-time evolution of GK CS of harmonic os-

cillator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.4 We show modulus square of autocorrelation function, |A(t)|2,
as a function of time, t, for infinite square well . . . . . . . . . 64

3.5 We show the probability density, P (x, t) of GK CS for infinite

square well . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.6 Initial spatial localization of GK CSs of infinite square well . . 67

3.7 Contour plots of the probability density P (x, t) of GK CS of

infinite square well . . . . . . . . . . . . . . . . . . . . . . . . 68

3.8 We show the quantum carpets of GK CS of infinite square well 68

3.9 We show the modulus square of the autocorrelation function

of GK CS of triangular well . . . . . . . . . . . . . . . . . . . 70

iv



v

3.10 We show probability density function of GK CS of the trian-

gular well . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.11 We show the quantum carpets of GK CS of triangular well

potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.1 The square of the auto-correlation, C2(t), for a Gaussian wave

packet as a function of time, t . . . . . . . . . . . . . . . . . . 94



Contents

1 Introduction and Outline 1

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Classical-Quantum Transition: Historical Review . . . 1

1.1.2 Non-dispersive wave packets: Coherent states . . . . . 15

1.1.3 Quantum Wave Packet Recurrences . . . . . . . . . . . 17

1.1.4 Engineering nondispersive Quantum States . . . . . . . 18

1.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2 Wave Packet Evolution and 1D Potentials 23

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2 Power-law Potentials: The Model . . . . . . . . . . . . . . . . 24

2.2.1 Classification of Power-law Potentials . . . . . . . . . . 25

2.2.2 Physical Examples . . . . . . . . . . . . . . . . . . . . 27

2.3 Wave Packet Evolution: Quantum Recurrences . . . . . . . . . 30

2.3.1 Quantum Recurrences: A General Overview . . . . . . 32

2.3.2 Quantum Recurrences in Power-law Potentials . . . . . 34

2.4 Coherent States . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.4.1 Construction of Coherent States . . . . . . . . . . . . . 38

2.4.2 Properties of Coherent States . . . . . . . . . . . . . . 43

2.5 Generalized Coherent States . . . . . . . . . . . . . . . . . . . 45

2.5.1 Generalizations Based on Algebraic Groups . . . . . . 45

2.5.2 Generalizations Independent of Algebraic Groups: Gazeau-

Klauder coherent states . . . . . . . . . . . . . . . . . 48

vi



vii

3 Generalized Coherent States for Power-law Potentials 50

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.2 Gazeau-Klauder Coherent States . . . . . . . . . . . . . . . . 51

3.2.1 General Constructions for Power-law Potentials . . . . 51

3.2.2 Basic Properties . . . . . . . . . . . . . . . . . . . . . . 52

3.3 Non-Classical Characteristics of GK CSs . . . . . . . . . . . . 54

3.3.1 Quantum Statistical Characteristics . . . . . . . . . . . 55

3.3.2 Spatio-Temporal Dynamical Characteristics . . . . . . 57

3.4 Particular Cases of Power-law Potentials . . . . . . . . . . . . 60

3.4.1 Harmonic oscillator . . . . . . . . . . . . . . . . . . . . 60

3.4.2 Infinite Square Well . . . . . . . . . . . . . . . . . . . . 63

3.4.3 Triangular Well Potential . . . . . . . . . . . . . . . . 65

4 Quantum Recurrences and Nondispersive Dynamics in Pe-

riodically Driven Systems 74

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.2 Periodically Driven Power-law Potentials . . . . . . . . . . . . 76

4.2.1 Classical Dynamics: Resonance Hamiltonian . . . . . . 77

4.2.2 Semi-classical Dynamics: Quantization of Resonance

Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . 80

4.2.3 Quantum Dynamics: Floquet Eigenstates and Quasi-

energies . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.3 Quantum Recurrences in Driven Systems . . . . . . . . . . . . 85

4.3.1 Power Law Exponent and Quantum Recurrence Times 86

4.3.2 Tightly Binding Potentials . . . . . . . . . . . . . . . . 88

4.3.3 Loosely Binding Potentials . . . . . . . . . . . . . . . . 89

4.4 Signatures of Nondispersive Wave Packets . . . . . . . . . . . 92

5 Summary and Conclusions 96



Chapter 1

Introduction and Outline

1.1 Introduction

The quantum world manifests interesting phenomena that do not have corre-

sponding analogue in classical world, such as, coherent spreading, quantum

revivals and entanglement. Therefore, quantum-classical correspondence has

been an area of great interest for researchers since the very beginning of

quantum theory. In this thesis we study the phenomena of quantum wave

packet recurrences in a class of one-dimensional systems in the presence as

well as in the absence of external periodic modulation. This study leads us

to investigate the boundary between classical and quantum worlds by noting

the suppression of quantum features, i.e. coherent spreading and quantum

revivals, in response to the external periodic modulation. Therefore, we give

a brief historical review of what is being presented in this thesis.

1.1.1 Classical-Quantum Transition: Historical Review

The quantum-mechanical boundary has been one of the much debated philo-

sophical issues from the very inception of quantum theory and still the place

for this gateway to indeterminism is indeterministic and unclear in itself.

Thus the core problem that surfaced from the very beginning: How to envi-

sion compatibility between thoroughly deterministic macroscopic world and

its underlying murky, probabilistic, bizarre characteristics of a micro-cosmos.

1
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Bohr’s famous correspondence principle was the sole solution but even that

lacked the assignment of demarcation line.

In classical physics, the dynamical system is uniquely marked by the po-

sition x(t), as a function of time t. Thus in classical physics, the equation of

motion of a particle unify position and momentum variable and determinis-

tically specify these state variables over all envisionable span of space-time

(Holland, 1993; Jammer, 1966).

It is well-known that initial formulation of quantum theory in 1920s is

connected with its classical predecessor through ad-hoc quantization rules

with classical variables duly replaced with algebraic operators. These oper-

ators representing dynamical variables act upon a complex function ψ(x, t),

known as quantum mechanical wave function. Such wave function therefore

stands for the new notion of the state of the physical system. Moreover,

the wave function ψ(x, t) has to obey the strict imposition of uncertainty

principle. Therefore, the spatial localization of the wave packet during time

evolution and its correspondence with the particle trajectory has been the

key issue. Thus under the urge of classical romanticism, forefathers of the

quantum theory tried to identify narrow wave packets in position space with

particles and their corresponding trajectories.

Louis de Broglie in 1924, through an intellectual extension of the ideas of

relativity theory and photoelectric effect determined the simple relationship

λ = h/mv implying that every particle of mass m and velocity v has a quan-

tum matter wave of wavelength λ associated with it. Erwin Schrödinger was

deeply impressed by the de Broglie’s marvelous insight and he apparently con-

sidered wavelength λ as his wave function and then proceeded to his famous

wave equation that yields unitary time evolution of such a wave function and

thereby formulating what is now termed as wave mechanics. However, even

during the very initial development phase of his theory, Schrödinger faced

the heuristic problem of representing a well-localized particle through spa-

tially extended waves. The theory clearly exhibit that unitary time evolution

of a free particle (i.e., wave packet) is deemed to spread it coherently over

extended regions of space (Schlosshauer, 2007). This effect i.e., coherent
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spreading posed a serious obstacle for the approaches that aim to some-

how associate narrow wave packets with particles. Thus the fundamental

question at hand was: How to represent classically well-localized particles

through quantum mechanical wave packets that tend to disperse inherently

over macroscopic distances that are usually much greater than classically

measured dimensions of the particle? Since, in case of free evolution, every

attempt based on one-to-one correspondence between wave packets and par-

ticles had failed for the description of isolated free particles, therefore the

only alternative left for Schrödinger was to consider the situation where the

particles are subjected to various potentials. To be specific Schrödinger, in a

famous 1926 paper entitled “The continuous transition from micromechanics

to macromechanics”, stressed upon the example of simple harmonic oscilla-

tor. He found out, through a particular linear combination i.e. superpositions

of spatial solutions of the Schrödinger’s equation, a wave packet that is not

only narrow at time t = 0 but also remain narrow over subsequent evolu-

tion for time t > 0 and its peak oscillates back and forth bearing an evident

similarity with a classical point mass (Schrödinger, 1926). It is, however,

to be noted that each component of the superposition in itself represents a

spread-out wave.

Thus, in an attempt to restore classicality, that Schrödinger had discov-

ered what we term now as the coherent states of the quantum mechanical har-

monic oscillator, i.e., minimum uncertainty wave packets that tend to follow

classical trajectories in the phase space. This success provoked Schrödinger

to proclaim the bold prediction that

“in much the same way, one will be able to construct wave packets which

follow elliptical Kepler orbits with large quantum numbers and which are the

wave-mechanical image of the electron in the hydrogen atom; it is just that

one might encounter more mathematical difficulties than in the particularly

simple example discussed here”(Schrödinger, 1926).

However, with further explorations, this prediction proved to be too opti-

mistic. It was observed that initial narrow wave packets of hydrogen atom,

formulated even at quite high quantum numbers, exhibit a spread spanning

almost the whole Kepler orbits during its time evolution. The Schrödinger’s
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vision of engineering nondispersive wave packets for arbitrary potentials

could not be materialized.

Classical evolution in higher dimensional coupled systems led to the study

of chaos. The importance of chaos and its involvement in dynamical systems

got attention of the scientific community near the end of the 19th century

(Reichl, 2003; Peterson, 1993; Moser, 1973, 1978). Newtonian mechanics was

found to be impressively accurate in describing the motion of the celestial

bodies specially the solar system. The over confidence in the Newtonian me-

chanics even led the people to the discovery of Neptune, in order to account

for the apparent discrepancy between the predicted and the observed trajec-

tories of the Uranus. Now famous three-body problem was initially put as

one of the prize questions in a contest organized by M. Leffler and patronized

by the King Oscar II of Sweden and Norway (Poincaré, 1993; Valtonen and

Karttunen , 2005). Henri Poincaré came up with an innovative and complex

solution that successfully explained the stability of the three-body problem

and was, therefore, duly declared the winning party. Much later, even after

the publication of the problem, it was noted that Poincarŕ had made an im-

plicit error in the proof. Organizers, in order to save their faces, then tried

to destroy every copy of the journal i.e. Acta Mathematica where the proof

was initially published. Poincaré being a genius scientist, revised his calcula-

tions and turned up with an altogether different conclusion: He now demon-

strated that under such circumstances, as available in three-body problem,

the stability of the solar system is far from granted and therefore can not be

guaranteed unconditionally. He later on recognized that in problems like this

one, i.e. three body system, a slight variations in the initial conditions can

drastically alter the final outcome. This insight of H. Poincaré now serves as

the main pillar of the theory of chaos with the conclusion that small, minute

error in our knowledge of the state of the physical system inevitably forbid

us to predict the long-term evolution of the dynamical system. Thus, though

the chaotic systems are inherently deterministic in nature, their long-term

dynamics become unpredictable and therefore they appear to be random

and probabilistic. Although this achievement by H. Poincaré was a ground

breaking event in itself but chaotic dynamics did not get full attention of
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the working scientific community and only a handful of the people like G.

Birkhoff and C. Ludwig Siegel, among others were inspired. However, much

later in 1950s and 60s, the stability issues of three-body problem were recon-

sidered and an important result was achieved in steps by A. N. Kolmogorov,

V. I. Arnold, and J. Moser, in the form of now celebrated KAM theorem

(Moser, 1973, 1978; Tabor, 1989). This result explained the observed stabil-

ity of the solar system by showing that certain system’s configurations are

stable whereas the others are chaotic unstable for mathematically simplified

versions of the solar system. Furthermore, they also demonstrated that if

the aforementioned mutual perturbations are sufficiently small then almost

all the envisionable dynamical configurations tend to be stable under dynam-

ical equilibrium. In summary, although the stability of the solar system was

resolved, the possibility and importance of the chaotic dynamics was recog-

nized and highlighted. Since evaluation of chaotic system is quite lengthy,

cumbersome and complicated therefore, in real, the study of such systems

began in earnest with the advent of computers that can process complicated

iterations quite efficiently. E. Lorenz initiated this line of study and unveiled

same type of instability features in numerical experimentation with hydro-

dynamical systems that serve as an easily manageable model for atmosphere

(Lorenz , 1963). From that time to onward, chaos has been found to be

ubiquitous in physics as well as in many other disciplines. To mention a few,

chaos has found applications in multidisciplinary diverse phenomena includ-

ing plasma confinement (Hazeltine and Meiss, 1992), laser dynamics (Roy et

al., 1992), chemical reactions (Simoyi et al., 1982), cardiac rhythms (Glass et

al., 1986), and disease epidemiology (Schaffer and Kot, 1986). As with many

other disciplines of modern physics, it is almost impossible to furnish a brief

definition of the chaos that is universally acceptable. We, however, present

here some fundamental characteristics of the chaotic systems including: (i)

sensitive dependence to initial conditions (Ott, 1993; Lichtenberg and Lieber-

man, 1992); (ii) dynamical instability resulting into unpredictability of the

system (Chirikov, 1991); and (iii) deterministic randomness of the dynamical

systems (Li and Yorke, 1975). These all three characteristics can be read-
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ily quantified, for example, either through Lyapunov exponent or through

Kolmogorov-Sinai entropy (Ott, 1993; Lichtenberg and Lieberman, 1992).

Now classical-quantum transition in present context pose another very

basic question: Is there chaos in quantum mechanical systems? However,

in contrast to classical theory, the notion of chaos appears to be puzzling,

mysterious and murky in quantum mechanics. As already stated, chaos in

classical physics is characterized by an hypersensitivity to the initial condi-

tions. This is because classically two arbitrarily close points in phase space

may explode apart exponentially with the growth rate being fixed by the

largest Lyapunov exponent that characterizes the dynamical description of

the system. Whenever one of the Lyapunov exponent is positive, we may find,

during evolution, some exponentially diverging trajectories in the phase space

marking the evident inset of chaos in the system. It is further well known

that only Hamiltonians with nonlinear dependence on position and momen-

tum are capable of exhibiting chaotic features. Thus in the absence of such

features the system can be safely categorized as regular or integrable. Quan-

tum mechanical systems are, however, not representable as precise points in

phase space and are designated by complex vectors in Hilbert spaces. The

unitary time evolution of such Hilbert space state variables is governed by

linear Schrödinger wave equation. Now Kosloff−Rice theorem (Kosloff and

Rice , 1981; Manz, 1989) and related results (Bocchieri and Loinger, 1957;

Hogg and Huberman, 1982) demonstrate that the quantum evolution of ei-

ther wave functions or the density matrix is integrable and consequently

chaos cannot exist in quantum mechanical description in the canonical sense

of the term. This is one of the basic stumbling block that caused hinderence

in defining quantum non-integrability and subsequent emergence of chaos in

quantized systems. The existence of chaotic dynamics in quantized systems,

on the other hand, has also been briefly discussed in recent past (Habib et al.,

2005; Benenti and Casati, 2009). We, in our present discussion will however

avoid further exploration of such controversies and rather will limit ourself

to the operational definitions of quantum chaos as the study of quantized

dynamical systems whose classical description duly exhibit chaotic charac-

teristics. (Holthaus, 1995; Mirbach and Korsch, 1998; Mirbach and Casati,
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1999; Saif, 2005b). We further need to mention that field of quantum chaos

is an emerging new branch that attempt to unify classically chaotic systems

under the umbrella of quantum description. This seems specially important

when one considers how long the fundamental ideas of its parent fields have

been around. Interestingly, the first appearance of quantum chaos i.e., chaos

at micro-level seems even older than quantum mechanics itself. We mean

the problem of Chladni figures, i.e., the patterns of dust formed on thin,

rigid, vibrating plates. The phenomenon was well understood in the 19th

century for plates with relatively simple shapes, but no explanation existed

for plates with irregular borders (Stöckmann, 1999). In fact, this problem

belongs to rather a more general class of wave chaos problems. However as

for the case of microwave cavities as well as surface waves in fluids, such

systems have been shown to be equivalent to quantum billiard systems un-

der time-independent quantum mechanical description (Stöckmann, 1999).)

Einstein, as early as 1917,(Einstein, 1917) realized that one may encounter

certain problems in quantizing those classical systems, under the old quan-

tum theory, whose classical tori with actions given by a multiple of Planck’s

constant ~ were associated with quantum states in accordance with the B.

Sommerfeld and Einstein-Brillouin-Keller quantization rules (Tabor, 1989;

Brack and Bhaduri, 1997; Zaslavsky, 1981). This quantization procedure,

though successful in connecting with the underlying classical description,

fails for chaotic systems where action-angle variables do not exist. However,

with the advent of new quantum mechanics (Schrödinger/Heisenberg) these

problems become irrelevant due to the emergence of the new, coherent and

consistent formalism of the theory. These ideas, however, re-emerged later

and got appreciation in an altogether different context (Tabor, 1989). It is

also interesting to note that most of the progress in the field of quantum chaos

has been made only during the last two to three decades of the past century.

Since classical non-integrability gives birth to classical chaos, therefore, one

is tempted to believe the existence of similar phenomenon for quantum non-

integrable systems. Astonishingly something quite unexpected happens here

i.e., classical chaos is suppressed in the corresponding quantized systems.
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This surprising result was outcome of a numerical simulation in which the

quantized version of the standard map was studied (Casati etal., 1979).

The kicked rotor, in the phase space regime of widespread chaos, has

also been thoroughly investigated out for the purpose. Here, the classical

signature of chaos comes through the diffusion of an ensemble of trajecto-

ries in momentum space resulting from the energy gain, on average, from

the time-dependent potential. Quantum mechanically, though, the system

gains energy for sufficiently small interval of time, after which the diffusion

is majestically suppressed. The phenomenon behind this unexpected sup-

pression of diffusion is termed as dynamical localization. This fact provides

a powerful example of how quantum effects can sometimes dramatically and

drastically alter the system’s dynamics, i.e., in present case, suppression of

chaos. Shepelyansky has also given another striking example through numer-

ical demonstration of the suppression of chaos in the quantum kicked rotor

(Shepelyansky, 1983). In Shepelyansky’s simulation, both classical and quan-

tum systems evolve for some time under the identical initial conditions, and

the suppression of energy growth through dynamical localization becomes

explicit for the quantum case after the lapse of very short time. Another

interesting feature of this simulation was that of a time-reversal performed

after some duration. Now, in principle, it was expected that both the sys-

tems, i.e. classical and quantum, should ideally reverse their behavior and

return to their initial states. However, it was noted that classical system

contracts for a brief time only. The trajectories loose the track of their

history due to the buildup of numerical round off errors and the ensemble re-

sumes further diffusion, as expected for chaotic dynamics. The counter-part

quantum mechanical system, however, makes a smooth return to its initial

state, indicating its robustness against the perturbations and the subsequent

absence of chaos in quantum domain under discussion. Note that such sta-

bility features are only expected for bounded quantum-mechanical systems.

This is because they exhibit discrete spectra and therefore follows an almost-

periodic dynamics (Hogg and Huberman, 1982). Explorations in quantum

chaos are also aimed to investigate out the underlying classical disorder with

the manifestations in quantum domain. One of the striking examples of such
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a disorder is linked with the energy-level structure of non-integrable systems.

It is well-known that energy-level statistics in all such cases is equivalent to

what is usually observed in random-matrix eigenvalues (McDonald and Kauf-

man, 1979; Bohigas el al., 1984; Tabor, 1989; Reichl, 2003). Although the

disorder in the spectra reflects the underlying (classical) dynamical disorder,

this disorder is not unpredictable in the sense of dynamical chaos, because

the spectral features can be computed with high accuracy (Delande, 2001).

The quantum-localization effect that we already discussed is another man-

ifestation of the classical chaos. It has been shown (Fishman et al., 1982;

Grempel etal., 1984) that the kicked rotor can be mapped onto the Anderson

localization problem (Anderson, 1958), where a particle is spatially localized

by the influence of a disordered potential. Thus in dynamical localization,

the disorder that causes energy localization is not truly random (in the sense

of an externally imposed randomness), but is generated dynamically by the

underlying classical chaos. The chaos-assisted tunneling effect that reflects

the disorder associated with the classical chaos. Since the tunneling rate

is strongly influenced by the states inside the chaotic sea, and these states

are very sensitive to changes in the system parameters, the tunneling rate

shows strong fluctuations as a parameter varies. Similar fluctuations are also

apparent, for example, in the conduction of microscopic semiconductor struc-

tures (Marcus et al., 1992; Stöckmann, 1999), but it is worth reiterating that

these symptoms of disorder are not chaotic in the classical sense. In light of

this suppression of chaos in quantum systems, Berry has introduced the term

quantum chaology (Berry, 1987, 1991) to refer to the study of the fingerprints

or signatures of classical chaos in their quantized counterparts (of which the

above phenomena are examples, as well as the scarring of eigen-states along

unstable periodic orbits (Heller, 1984).

What are the dynamical features of the periodic time-dependent sys-

tems in classical and quantum dynamics? Classically, a nonlinear dynamical

system with two degrees of freedom may undergo classical chaos whenever

the two degrees of freedom are coupled (Ott, 1993; Hilborn, 1994). How-

ever, a time dependent one-degree-of-freedom system comprises one-and-half-

degrees-of-freedom that is effectively equivalent to two-degrees-of-freedom,
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therefore, may exhibit chaotic dynamics (Chirikov, 1979; Lichtenberg and

Lieberman, 1983). Such Hamiltonian systems exhibit complex dynamics with

islands of stability, namely nonlinear resonances, within stochastic regions

of phase space (Chirikov, 1979; Lichtenberg and Lieberman, 1983). Much

of our understanding of the quantum dynamics of classically chaotic sys-

tems is derived from the periodically driven one-degree-of-freedom quantum

systems (Reichl, 2003; Haake, 2006). Therefore, the simple one-degree-of-

freedom systems in the presence of external periodic modulation serve as a

testing ground for the quantum chaos. The intuitive difference between the

classical and quantum dynamics has invoked a large number of researchers

to explore chaos in quantum domain (Blümel and Reinhardt, 1997; Haake,

2006). Different aspects of quantum chaos have been studied in simple driven

systems (Casati etal., 1979; Fishman et al., 1982; Grempel etal., 1984; Bars-

ley et al., 1986; bayfield and Pinnaduwage, 1985; Casati etal., 1979; Fish-

man et al., 1982; Grempel etal., 1984; Barsley et al., 1986; bayfield and

Pinnaduwage, 1985; Shimshoni and Smilansky, 1988; Oliveira et al., 1994;

Flatte and Holthaus, 1996; Brenner and Fishman, 1996). In particular, the

phenomena of dynamical localization (Graham, 1992; Bardroff etal., 1995;

Robinson et al., 1995; Casati etal., 1979; Fishman et al., 1982; Grempel etal.,

1984; Casati etal., 1979; Fishman et al., 1982; Grempel etal., 1984), coher-

ent acceleration (Saif and Rehman, 2007), quantum recurrences (Iqbal et al.,

2006) and nondispersive dynamics (Saif, 2000c; Buchleitner etal., 2002; Saif,

2006a).

Earlier the majority of progress in the field of quantum chaos has been

theoretical, but now there has developed a large body of experiments to

complement the theoretical advances. Here, we give a very brief and far

from complete overview of experimental work in quantum chaos to illustrate

the variety of systems in which the ideas of quantum chaos are important.

An important first step towards experimental study in this area was taken

with the work of Bayfield and Koch on the multi-photon ionization of hy-

drogen Rydberg atoms (Bayfield and Koch, 1974). A discrepancy between

the measured ionization thresholds and the predictions of classical models

provided the first experimental evidence of dynamical localization (Galvez
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et al., 1988; Bayfield et al., 1989; Koch, 1995). Subsequently, Rydberg atom

ionization experiments have given rise to a variety of interesting phenom-

ena (Blümel and Reinhart, 1997), including scarring effects (Koch, 1995,

1992) and effects due to metamorphosis of classical resonances as the field

strength is varied (Bayfield et al., 1996). The spectroscopy of atoms in ex-

ternal fields also provides a frequency-domain arena for tests of quantum

chaos, including level statistics (Delande, 1991, 2001) and the influence of

periodic orbits (Eichmann el al., 1988; Main et al., 1991; Gutzwiller, 1990).

The statistics of resonances in atoms, molecules, and nuclei have also been

shown to exhibit level-repulsion effects (Eckhardt, 1988; Haake, 2006). As

mentioned before, mesoscopic semiconductor structures provide an impor-

tant arena for the study of quantum chaos (Stöckmann, 1999). Conductance

measurements of semiconductor billiard structures show universal conduc-

tance fluctuations and weak localization effects with the application of strong

magnetic fields (Stöckmann, 1999; Marcus et al., 1992). The tunneling cur-

rent through quantum-well hetero-structures resonant tunneling diodes can

also be understood in terms of unstable periodic orbits in a chaotic regime

(Fromhold et al., 1994) and show effects due to scarring (Wilkinson et al.,

1996). Semiconductor antidot lattices provide a different setting for study-

ing conductance fluctuations with applied magnetic fields (Weiss et al., 1991,

1993), giving an experimental realization of the Lorentz gas (Stöckmann,

1999). Another related billiard-like system is the quantum corral (Crommie

et al., 1995), where a scanning tunneling microscope (STM) and recurrence

tracking microscope (RTM) can be used to move individual atoms on a sur-

face to build a confining structure for electrons (Saif, 2006b). A different

class of experiments explores the area of wave chaos, exploiting the formal

equivalence of various other wave equations to the Schrödinger equation un-

der certain circumstances. Perhaps the most notable among these are the

microwave-cavity billiard experiments (Stöckmann, 1999), in which such top-

ics as level statistics (Stöckmann and Stein, 1990), scarring (Sridhar, 1991),

dynamical localization (Sirko et al., 2000), chaos-assisted tunneling (Dem-

bowski et al., 2000), and a trace formula (Dembowski et al., 2001) have been

studied. This line of analysis has been extended to the study of deformed
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micro-disk cavity lasers, which act as open billiard systems in the optical

domain (Gmachl et al., 1998). A similar realization of wave chaos occurs

with the mechanical vibrations of aluminum blocks (Weaver, 1989; Ellegaard

et al., 1995) or rigid plates (Stöckmann, 1999; Neicu et al., 2001), and bil-

liard type experiments can be carried out using surface waves (Lindelof et al.,

1986; Blümel et al., 1992; Kudrolli et al., 2001) or ultrasonic waves (Chinnery

and Humphrey, 1996) in fluids. Many of these billiard-type experiments are

reviewed in (Stöckmann, 1999). Finally, the equivalence of the electromag-

netic equation in the paraxial approximation with the Schrödinger equation

can be exploited to create an optical realization of the kicked rotor (Fischer

et al., 2000; Rosen et al., 2000). Of course, the field of atom optics provides

a clean and precise setting for experimental explorations of quantum chaos,

including the dynamical localization effect.

The field of quantum chaos is generally associated with fundamental in-

terests in quantum mechanics, because of the initial motivation in this field

to understand the interplay and correspondence of quantum and classical

mechanics. However, it is worth pointing out that quantum chaos is also

emerging as a field with important technological applications, and hence

progress in this field is desirable also from an applied standpoint. One ob-

vious area where these ideas will be important is in the semiconductor and

microprocessor industries, where the nearly exponential increase in density of

components will soon lead to sufficiently small devices that quantum effects

will be significant. Present devices are strongly coupled to the environment

at normal operating temperatures, so that the electron coherence length is

very short and thus quantum effects are only important at very low temper-

atures, as in the conductance fluctuation experiments mentioned above. But

when quantum effects take over, the semiconductor devices will obviously

not have the high degree of symmetry necessary for integrability, so the

charge transport in these devices will fall in the regime of quantum chaos.

Along these same lines, the future development and demonstration of quan-

tum computers (Steane, 1998) will require careful consideration of effects due

to classical chaos to ensure proper operation (Georgeot and Shepelyansky,

2001). As we have already discussed, quantum chaos has been important in
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the understanding of atomic spectra. Quantum chaos has also been shown to

be of importance in the dynamical manipulation of atoms by light (Robin-

son et al., 1996). However, there are many more applications of quantum

chaos outside of quantum mechanics in other wave systems. For example,

quantum chaos effects are important in the understanding of underwater

acoustics (Sundaram and Zaslavsky , 1999). We have also already men-

tioned the applicability of quantum chaos to the understanding of the mode

structure of microwave cavity devices and mechanical vibrations. In a sim-

ilar optical analogy, weakly deformed micro-disk semiconductor lasers show

large improvements in directionality and intensity over normal whispering-

gallery mode lasers, which is an application of wave chaos in an open system

(Gmachl et al., 1998). Finally, a fiber-optical switch for the communication

industry has been proposed (Vorobeichik et al., 1998), based on the ideas

of chaos-assisted tunneling, a company (OpTun Ltd.) has been founded to

develop these ideas.

The fields of quantum chaos and atom optics became entangled with the

proposal by Graham, Schlautmann, and Zoller (Graham, 1992) to observe

dynamical localization in the deflection of an atomic beam crossing through a

phase-modulated optical lattice. It was realized by the group of Mark Raizen

that the beam setup could be collapsed and performed with cold atoms pre-

pared by a Megneto Optical Trap (MOT) and exposed to a modulated optical

lattice in place. An apparatus using trapped sodium atoms was constructed

(Robinson, 1995; Bharucha, 1997), and the manifestations of dynamical local-

ization (Moore et al., 1994) and islands of stability (and other features in the

transition from classical stability to chaos) in phase space (Robinson et al.,

1995) were studied in the phase-modulated lattice. In the phase-modulated

system, the theoretical understanding of dynamical localization came about

through an approximate mapping onto the kicked-rotor problem, and this

system was soon also directly realized (Moore et al., 1995). In these exper-

iments, the dynamical evolution leading to localization was studied, along

with the quantum resonance phenomenon, which is expected to give rise to

ballistic transport but manifested as a late time Gaussian distribution. The

atomic dynamics in an amplitude-modulated standing wave were also studied
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using this apparatus to address the necessity of considering quantum chaos

in analyzing a system as simple as atoms crossing transversely through an

unmodulated optical lattice (Robinson et al., 1996). The work in this first-

generation sodium apparatus is discussed in more detail in (Bharucha et al.,

1999), as well as in two dissertations (Robinson, 1995; Bharucha, 1997). The

next natural direction of the quantum-chaos experiments was to examine the

effects of decoherence, now that the quantum suppression of chaos had been

observed. As these experiments involve transport to higher momenta than in

the localized case, the sodium-based experiment was not suitable to carry out

these studies (Robinson, 1995). To address these problems with the momen-

tum boundary (Klappauf et al., 1999), they constructed a second-generation

apparatus based on trapped cesium, which due to the longer wavelength of

the atomic resonance and larger atomic mass effectively yields a better fi-

delity to the δ-kicked rotor over a wider momentum range. The destruction

of localization by amplitude noise in the kicks as well as dissipation due to

the presence of a weak optical molasses were observed in this experiment

(Klappauf et al., 1998), where it was found that late-time energy diffusion

was increased, and the momentum distributions made a transition from the

localized exponential profile to a classical-like Gaussian profile. Around the

same time, the increased energy growth due to spontaneous emission induced

by the optical lattice itself was observed by the group of N. Christensen (Am-

mann et al., 1998).

There have also been several other interesting avenues of experiments on

quantum chaos and quantum transport in atom optics. There have also been

related studies by the group of K. Burnett (Oberthaler et al., 1999; Godun

et al., 2000) on the kicked rotor near a quantum resonance but modified by

a constant acceleration. Ballistic transport was likewise observed in these

experiments, but the transport could be made directional (asymmetric) due

to the influence of the acceleration. Continuing in the vein of global quan-

tum non-integrable transport, the suppression of diffusion by classical cantori

was studied by the Christensen group (Vant et al., 1999), the effects of quasi-

periodic kicking were studied by a group at the Université des Sciences et
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Technologies de Lille (Ringot et al., 2000), and provided experimental evi-

dence for a universal theory of quantum diffusion by J. Zhong, Q. Niu, R.

Diener, and others (Zhong et al., 2001). More recently, work in this area

has moved towards the study of mixed phase space using localized initial

conditions.

1.1.2 Non-dispersive wave packets: Coherent states

The quantum mechanical states introduced by Schrödinger in 1926 follow the

classical trajectories and obey the minimum uncertainty relation, i.e., nondis-

persive wave packets (Schrödinger, 1926). He succeeded for the harmonic

oscillator, obtaining for the first time a one-to-one correspondence between

wave packet and classical particle. In 1963, the groundbreaking work of Roy

Glauber, in the context of quantum theory of light, introduced electromag-

netic field states which resemble the classical field (Glauber, 1963a,c), and

named them coherent states (CS). Glauber introduced three definitions of co-

herent states: (i) the coherent states |z〉 are the eigenstates of the harmonic

oscillator annihilation operator; (ii) they are states generated by the action

of unitary z-displacement (z ∈ C) on the vacuum state of the harmonic oscil-

lator; and (iii) they are the quantum states which minimize the uncertainty

relation. These states are associated with the Heisenberg-Weyl algebra in

terms of the annihilation and creation operators of the harmonic oscillator.

These three definitions are equivalent, and the so obtained coherent state

possesses a special set of properties, such as (a) continuity in parameters, (b)

resolution of unity, and (c) minimizing the uncertainty relation, that remains

minimum under time evolution (Glauber, 1963a,c). Nondispersive quantum

states for more general physical systems, however, remained a dream of Erwin

Shrödinger.

Because of their abundant applications (Klauder and Kagerstam, 1985;

Perelomov, 1986; Glauber, 2007; Gazeau , 1999), there have been continuous

efforts to extend the notion of coherent states to other general physical sys-

tems. The early generalizations were based on group theoretical approaches,

and CSs have been constructed for a variety of algebraic groups, such as
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Lie groups SU(1, 1) (Barut and Girardello, 1971) and non-compact groups

SO(2, 1) (Perelomov, 1972; Klauder, 1963a) following definitions (i) and (ii),

respectively. The CSs based on such generalizations are continuously param-

eterized and admit the resolution of unity, which are two main characteristics

of Glauber’s CS.

In 1996 Klauder suggested a new type of coherent states suitable for sys-

tems with degenerate discrete spectra (i.e. the hydrogen atom) without an

explicit dependence on any group structure (Klauder, 1996). In Klauder’s

opinion, these states possess the properties of Glauber’s CSs, as expressed

above, hence, the long-standing problem of finding nondispersive wave pack-

ets for hydrogen atom was considered as solved. In ref. (Bellomo and Stroud,

1998) it is shown that these Klauder states are dispersive in nature for the

hydrogen atom.

Gazeau and Klauder extended the idea of temporally stable CSs for non-

degenerate discrete and continuous spectra (Gazeau and Klauder, 1999).

This formalism attracted much more attention due to its independence on

the group, and these coherent states have been built for a variety of Hamilto-

nian systems, such as the pseudoharmonic oscillator (Popov et al., 2008), the

Morse potential (Chenaghlou and Faizy, 2008; Angelova and Hussin, 2008),

the Pöschl-Teller potential and the infinite square well (Antoine et al., 2001),

and one-mode systems with periodic potentials (Hollingworth et al., 2001).

The present work is focused on Gazeau and Klauder coherent states (GK CSs)

in a general class of one-dimensional potentials known as power-law poten-

tials and on their dynamical characteristics. Power-law potentials (PLPs)

are categorized as loosely binding potentials and tightly binding potentials,

and the harmonic potential serves as a boundary between them (Iqbal et al.,

2006). We analyze the temporal evolution of GK CSs on the basis of the

underlying energy spectrum of the physical system by means of the auto-

correlation function and the probability density function. We show that: (i)

these states evolve in time without dispersion as long as the underlying energy

spectrum is linear; (ii) they otherwise disperse and exhibit quantum features

such as quantum revivals and fractional revivals; (iii) non-trivial space-time

dynamics results the formation of quantum carpets (Großmann et al., 1997;
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Marzoli et al., 1998); and (iv) the special construction of quantum states

following GK CSs formalism does not overcome the inherent dispersion of

dynamical systems with nonlinear energy spectra.

1.1.3 Quantum Wave Packet Recurrences

The harmonic oscillator coherent states follow the classical trajectories during

time evolution and therefore may be considered as a natural system to study

the quantum-classical correspondence. However, general quantum systems

do not adhere this classical dynamics and exhibits quantum features, such

as, quantum revivals and fractional revivals. A quantum wave packet in its

early evolution follows classical mechanics and exhibits classical periodicity

following classical trajectories. Later on, it spreads following wave mechanics

and observes collapse during long time evolution. However, discreteness of

the quantum system leads to the reconstruction of the initial wave packet,

i.e., quantum revivals. This phenomenon is purely quantum mechanical in

nature and does not have its classical analogue.

The phenomenon was first predicted during the numerical study of Ry-

dberg wave packets (Parker and Stroud, 1986). The advent of femto-second

short laser pulse had made the generation and detection of Rydberg wave

packets possible in the laboratory that confirmed the phenomenon experi-

mentally. The quantum recurrences have been studied in a variety of one

degree of freedom quantum mechanical systems (Parker and Stroud, 1986;

Alber and Zollar, 1990; Nauenberg et al., 1994; Ten Wolde et al., 1988; Yeazell

et al., 1989; Nauenberg, 1990; Bluhm and Kostelecky, 1995; Averbukh and

Perelman, 1989; Robinett, 2004), such as, in the Jaynes-Cummings model

of the quantum electrodynamics (Eberly et al., 1980; Averbukh, 1992), in

the micro-maser cavity (Rempe et al., 1987), in the Rydberg wave pack-

ets (Yeazell et al., 1990), and in the multi-atomic molecules (Grebenshchikov

et al., 1997).

The quantum recurrences originate from the simultaneous excitation of

the discrete quantum levels. Therefore, manifestation of the wave packet
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recurrences at different time scales depends on the nonlinearity of the quan-

tum system. We can understand the manifestation of revival phenomena

from study of auto-correlation function (Nauenberg, 1990),

〈ψ(0)|ψ(t)〉 =

∞
∑

n=1

|an|2 exp {−iEnt/~} , (1.1.1)

between the initial wave function, ψ(0), at t = 0 and propagated wave func-

tion ψ(t) at time t > 0. A general prescription to find the recurrence time

periods is to expand the quantized energy of wave packet around the mean

level n̄ of the initial excitation, such that,

En = En̄ + (n− n̄)E ′
n=n̄ +

(n− n̄)2

2!
E ′′

n=n̄ +
(n− n̄)3

3!
E ′′′

n=n̄ + ..... (1.1.2)

Here, each prime on En denotes the derivative with respect to quantum

number. The first derivative of this expansion corresponds to the classical

periodicity of the system governed by the Hamilton’s equation of classical

motion. However, the second, third and higher order derivatives correspond

to quantum revival, super revival, and higher revivals times, respectively.

This recurrence phenomenon is generic feature of all time independent, one

degree of freedom systems for which the classical and quantum dynamics is

completely regular.

1.1.4 Engineering nondispersive Quantum States

Does the phenomenon of quantum recurrences occur in two- and higher-

degrees-of-freedom systems for which the dynamics is chaotic in the classi-

cal domain? Considerable efforts have been done to answer this question

(Blümel and Reinhardt, 1997). In particular, the existence of periodic recur-

rences have been proved in kicked rotor model (Hogg and Huberman, 1982),

kicked rotor model (Haake, 2006), some other time dependent systems (Bres-

lin etal, 1997) and two degree of freedom systems (Tomsovic and Lefebvre,

1997; Grebenshchikov et al., 1997). However, numerical and analytical in-

vestigations carried out most recently have confirmed that manifestation of
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periodic recurrences in quantum evolution is a generic feature of the peri-

odically driven one-degree-of-freedom (Saif and Fortunato, 2001) and cou-

pled two-degrees-of-freedom systems (Saif, 2006a) whose classical evolution

is chaotic. In our work we study a general class of one degree of freedom sys-

tems defined by power-law potentials and show that the quantum recurrence

phenomena occurs in the presence of external periodic forces. The dynamics

of a quantum wave packet in the modulated potentials displays recurrences

at various time scales (Iqbal et al., 2006).

How does the phenomenon of quantum recurrences change in the presence

of external periodic modulation when the classical evolution is chaotic? We

have answered this fundamental question in our work. We develop general

analytical relations for these times and discuss their dependence on the non-

linearity of the unmodulated potential as well as other system parameters.

Moreover, we develop the relationship between the classical and quantum re-

vivals in the absence and in the presence of the external periodic modulation.

In periodically driven quantum system the energy is no more a conserved

quantity and therefor not a constant of motion. However, the dynamics of

such systems is governed by the Floquet Hamiltonian with Floquet states as

eigenstates and Floquet energies, also known as quasi-energies, as eigenen-

ergies (Shirley, 1965; Sambe, 1973). The role of stationary states and sta-

tionary energies in time independent systems is taken over by the Floquet

states and quasi energies in periodically driven systems (Reichl, 2003). The

Floquet spectra of the time dependent systems have been studied exten-

sively in a purely mathematical sense (Hawland, 1979, 1987, 1989a,b; Joye,

1994; Delyon et al., 1985). It has been pointed out that, in systems for

which level spacing in energy spectrum increases as energy increases, the

quasi-energy spectrum remains point spectrum regardless of the strength of

external modulation. However, in the systems for which the level spacing in

energy spectrum decreases as energy increases, quasi energy changes from the

point spectrum to a continuum spectrum above a certain critical modulation

strength.

We calculate quasi-energies to study the phenomena of quantum recur-

rences in the periodically driven power-law potentials. In order to get quasi-
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energy spectrum we solve the nonlinear resonances in classical phase space

using the method devised initially by Henri Poincaré (Poincaré, 1892) and

then developed by Max Born (Born, 1927). This procedure is conventionally

known as secular perturbation approximation. In this approach we map the

Hamiltonian of the periodically driven system onto the pendulum Hamil-

tonian by expanding it up to the second order around the resonant action

and averaging over the fast oscillating terms and keeping only the resonant

ones. This resonance Hamiltonian provides us only the classical dynamics

corresponding to nonlinear resonances rather than the whole phase space.

We obtain the quasi-energies by the quantization of the resonance Hamil-

tonian using semi-classical methods (Davis and Heller, 1981; Uzer et al.,

1983; Ozorio de Almeida, 1984; Voth and Marcus, 1985; Voth , 1986; Flatte

and Holthaus, 1996). In this quantization method, we apply the Bery oper-

ator (Berry, 1977) that connects the action of the undriven system to corre-

sponding angle of the system in the form of quantum mechanical operator.

However, Schrödinger equation corresponding to this quantized Hamiltonian

leads to the Mathieu equation for which the solutions are known in stan-

dard text books (Abramowitz and Stegun, 1992). Alternatively, we solve

the nonlinear resonances by pure quantum mechanical method proposed by

Berman and Zaslavsky(Berman and Zaslavsky, 1977) and map the resulting

Schrödinger equation onto the Mathieu equation (Abramowitz and Stegun,

1992). Again, we make use of the concept of secular perturbation theory

in quantum mechanics and ignore the fast oscillations of the system. The

quasi-energies are then obtained in terms of characteristics of parameters of

the Mathieu (Flatte and Holthaus, 1996; Saif and Fortunato, 2001; Iqbal et

al., 2006) equation that we use to investigate the phenomena of quantum

recurrences in periodically driven power-law potentials (Iqbal et al., 2006).

Finally, we come to the fundamental question of correspondence between

classical and quantum evolution. As discussed earlier, in one-degree-of-

freedom systems there exist one-to-one correspondence between the evolu-

tion of quantum wave packets and classical particle for the case of harmonic

oscillator but situation seems hopeless for systems whose underlying energy
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spectrum is nonlinear. The nonlinearity of the systems destroys the coher-

ence of the quantum evolution and wave packet starts dispersing. Can we

get the nondispersive quantum dynamics in nonlinear systems? The novel

field of quantum chaos provides the answer to this question. The signatures

of nondispersive dynamics were found in the quantum evolution of the sys-

tems for which classical evolution is chaotic, such as, Husimi representation

(Husimi, 1940) were used to find existence of the patterns of classical trajec-

tories in the quantum evolution (Chang and Shi, 1986; Davis, 1988; Raden

and Prange, 1988) and Q distributions were used to find the existence scars

for the classical unstable periodic orbits (Heller, 1984; Waterland etal, 1988).

1.2 Outline

In the first part of chapter 2, firstly, we present the model of our study,

namely, power-law potentials. We discuss the mathematical form of these

potentials and calculate the approximate eigen energies using WKB method.

Based on this energy spectrum we classify the power-law potentials as (i)

loosely binding potentials for which level spacing decreases as energy in-

creases (ii) tightly binding potentials for which level spacing increases as

energy increases. However, harmonic potential serves as boundary between

the both types of potentials for the level spacing is constant. Furthermore,

we discuss some particular cases of the power-law potential. Secondly, we

present the wave packet evolution in undriven 1D power-law potentials and

discuss the phenomenon of quantum recurrences at different time scales. In

the second part of this chapter, we present the coherent states of harmonic

oscillator as a very special class of quantum wave packets, i.e., nondispersive

wave packets. We briefly review the construction and the properties of the

coherent states and possible methods to generalize them for other physical

systems.

The chapter 3 is devoted for the construction and properties of generalized

coherent states for power-law potentials. We follow the approach proposed by

Gazeau and Klauder (Gazeau and Klauder, 1999) to construct these states.



CHAPTER 1. INTRODUCTION AND OUTLINE 22

Apart from the set of basic properties proposed in the Gazeau-Klauder for-

malism (Gazeau and Klauder, 1999), we investigate some non-classical prop-

erties of these states, i.e, quantum statistical characteristics and space-time

characteristics. We show that these states exhibit Poissonian sub-Poissonian

or Sup-Poinsonian distributions depending on the value of the power-law ex-

ponent. However, in the spatio-temporal characteristics, we show that these

states follow classical dynamics as long as the underlying energy spectrum

is linear, otherwise they follow a classical-like evolution upto a few classical

periods and disperse thereafter, despite its special construction. The auto-

correlation function and probability density as a function of space and time

explain the spatio-temporal behavior of these states.

In chapter 4, we present the theory of periodically driven time dependent

systems. We write the Hamiltonian of driven power-law potentials and derive

the resonance Hamiltonian using secular perturbation theory. Then we cal-

culate the quasi energies using semi-classical and pure quantum mechanical

techniques. These quasi-energies are then used to calculate the analytical

formalism of quantum recurrences for power-law potentials. Moreover, we

establish the relations between classical periods and quantum revival times

in the presence and in the absence of external modulation. At the end of

fourth chapter, we the study existence of nondispersive wave packets in non-

linear dynamical systems. We use the phenomena of quantum recurrence

as a probe to study the existence nondispersive wave packets in periodically

driven systems. We show that for a particular set of initial conditions the

wave packet evolution exhibits only classical periodicity and higher order re-

currences are absent. This situation can only be achieved when the wave

packet is propagated from the center of the nonlinear resonance. This fact

leads us to conclude that the wave packet evolution results in a nondispersive

dynamics when it starts with initial conditions that belongs to the center of

the resonance. Finally we present the summary and conclusions of the thesis

in chapter six.



Chapter 2

Wave Packet Evolution and 1D
Potentials

2.1 Introduction

Simple one-dimensional (1D) systems have served as the basic tool for the un-

derstanding of the various generic classical and quantum phenomena as well

as the limit of classical-quantum correspondence. In particular, the early

work on quantum theory including continuous transition from classical- to

quantum-mechanics is based on the simple linear dynamical systems, such

as, harmonic oscillator. In 1926 Schrödinger established a one-to-one corre-

sponding between the harmonic oscillator wave packets and classical parti-

cles (Schrödinger, 1926). Later, Roy Glauber expressed the coherent elec-

tromagnetic fields in terms of these classical-like quantum entities−coherent

states of harmonic oscillator−which gave birth to the new field of quantum

optics (Glauber, 1963a,b). Our motivation here is to extend these ideas,

ranging from quantum optics to quantum chaos, for the more generic one-

and two-degrees-of-freedom systems.

The model of our theoretical study is a general class of one-dimensional

systems, namely, power-law potentials (Sukhatme, 1973; Nietto and Sim-

mons, 1979; Liboff, 1979; Robinett, 2000; Iqbal et al., 2006). This class

includes the physical systems having energy spectra that exhibit linear as

well as nonlinear dependence on level spacing. In our theoretical work, we

23
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study the quantum phenomena that depend on the structure of the underly-

ing energy spectra of the quantum systems, such as, generalizing the notion

of coherent states, phenomenon of quantum revivals and nondispersive wave

packets. Therefore, in the present context, the model of power-law potentials

is of great interest to study these quantum phenomena.

In this chapter, we present the physical and mathematical details in-

cluding some particular examples of power-law potentials in sec. (2.2). The

construction and properties of harmonic oscillator coherent states have been

presented in sec. (2.4). The sec. (2.5) is devoted for the generalization of the

idea of coherent states using different approaches based on either algebraic

groups or independent of algebraic groups.

2.2 Power-law Potentials: The Model

A large class of one-degree of freedom systems are defined by power-law

potentials (Sukhatme, 1973; Iqbal et al., 2006) and are mathematically ex-

pressed as

V̂ (k)(x) = V0

∣

∣

∣

∣

x̂

a

∣

∣

∣

∣

k

, (2.2.1)

where V0 and a are constants with dimensions of energy and length, respec-

tively, and k is a positive real number. As the value of k increases beyond

zero, the walls of the potential-well become more and more steep as shown

in figure (2.1).

The corresponding Hamiltonian which controls the evolution of a particle

of mass m in the potential, is defined as

Ĥ(k) =
p̂2

2m
+ V̂ (k)(x). (2.2.2)

The quantum particle obeys the eigenvalue equation

Ĥ(k)|n〉 = E(k)
n |n〉; n ≥ 0, (2.2.3)

where |n〉 are the eigenstates and E
(k)
n are corresponding eigenenergies of the

system. We obtain the eigenenergy spectrum E
(k)
n within the Wentzel−Kramers−Brillouin



CHAPTER 2. THE WAVE PACKET EVOLUTION... 25

(WKB) approximation (Migdal and Krainov, 1969; Robinett, 2005), such

that
∫ +x0

−x0

√

2
(

E
(k)
n − V (k)(x)

)

dx = ~π
(

n+
γ

4

)

, (2.2.4)

where

±x0 = ±
(

E0

v0

)1/k

a, (2.2.5)

are the classical turning points. Here, γ is the Maslov index which accounts

for the boundary effects at the classical turning points (Migdal and Krainov,

1969; Iqbal et al., 2006). For smooth potentials γ = 1 and for infinite po-

tentials γ = 2 at each turning point. The integral given in Eq. (2.2.4) can

be solved using WKB approximation which gives the eigenenergies E
(k)
n as

(Sukhatme, 1973)

E(k)
n = ω(k)

(

n+
γ

4

)2k/(k+2)

, (2.2.6)

where

ω(k) =

[

~π

2a
√

2m
V

1/k
0

Γ(1/k + 3/2)

Γ(1/k + 1)Γ(3/2)

]2k/(k+2)

, (2.2.7)

is an effective frequency for any particular value of k, in units of energy.

2.2.1 Classification of Power-law Potentials

On the basis of energy spectrum, power-law potentials are classified as loosely

binding potentials, tightly binding potentials with the harmonic potential

being the boundary between them (Hawland, 1979, 1987, 1989a,b; Iqbal et

al., 2006). The exponent k determines the type of potential: tight binding

potentials correspond to k > 2, loosely binding potentials to k < 2, and the

harmonic oscillator, to k = 2. In order to gain insight into the structure of

the energy spectrum given by Eq. (2.2.6), we take into account the energy

difference between adjacent levels

∆E(k)
n = E(k)

n − E
(k)
n−1 = ω(k)

(

2k

k + 2

)

(n+
γ

4
)

k−2
k+2 . (2.2.8)

Eq. (2.2.8) shows that for k = 2, ∆E
(k)
n does not depend on n, so the energy

spectrum is equally spaced. For the exponent k 6= 2, the level spacing varies
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Figure 2.1: The shape of power-law potentials as a function of x for different
values of exponent k.
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Figure 2.2: Energy spectrum of the power-law potentials (left to right):
Loosely binding potentials (k < 2), harmonic potential (k = 2) and tightly
binding potentials (k > 2).

with n. For k > 2, the energy difference between adjacent levels increases

with n (tightly binding potentials), while for k < 2, it decreases with n

(loosely binding potentials).

2.2.2 Physical Examples

The family of power-law potentials defined by Eq. (2.2.1), include the phys-

ical systems which are extremely important in quantum mechanics. For

example, harmonic oscillator, infinite square well, quantum bouncer (trian-

gular well potential) are the limiting cases of this general class for particular

values of exponent k. In the following, we discuss these particular systems

in detail as the limiting cases of the power-law potentials.

Harmonic Oscillator

The harmonic oscillator plays a central role in classical and quantum me-

chanics. In particular, it is used in the theory of quantum optics, simple

models of vibrational states of molecules, comes into the description of large

ensemble of two level atoms. The power-law potentials, given in Eq. (2.2.1),
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define harmonic oscillator potential for exponent k = 2. In this case, the

Hamiltonian, given in Eq. (2.2.2) takes the form

Ĥ(2) =
p̂2

2m
+ V0

x̂2

a2
, (2.2.9)

where V0/a
2 = mΩ2/2, with Ω being the frequency of oscillator. The solution

to the Schrödinger equation

Ĥ(2)|n〉 = E(2)
n |n〉, n ≥ 0, (2.2.10)

gives the eigenenergies as

E(2)
n = ~Ω (n+ 1/2) , n = 0, 1, 2, .... (2.2.11)

and the eigenstates in position space may be expressed by

ψ(2)
n (x) ≡ 〈x|n〉 =

√

β√
π2nn!

Hn(βx) exp
(

−β2x2/2
)

, (2.2.12)

where, Hn(βx) are the Hermite polynomials and β =
√

mΩ/~ (Schleich,

2001).

Infinite Square Well

Power-law potentials define infinite square well potential for k → ∞. The

dynamics of the particle of mass m confined in the one-dimensional infinite

square well of length 2a is governed by the Hamiltonian

Ĥ(∞) =
p̂2

2m
+ V̂ (∞)(x), (2.2.13)

where, V̂ (∞)(x), is an infinite square potential with reflection symmetry such

that V̂ (∞)(x) = 0 for |x| < a and V̂ (∞)(x) = ∞ otherwise. The exact

solutions to the eigenvalue equation, Ĥ(∞)|n〉 = E
(∞)
n |n〉, give the eigenstates,

|n〉, of Ĥ in position space as

ψ(∞)
n (x) ≡ 〈x|n〉 =

√

1

a
sin
(nπx

2a

)

; for even n (2.2.14)

=

√

1

a
cos
(nπx

2a

)

; for odd n. (2.2.15)

The eigenenergies corresponding to Ĥ(∞) are given by

E(∞)
n =

n2π2
~

2

8ma2
. (2.2.16)
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Symmetric Linear Potential

The exponent k = 1 in power-law potentials give rise the symmetric linear

potential, as shown in Fig.(2.1). Equation (2.2.1) for k = 1 takes the form

V̂ (1)(x) = F |x̂| , (2.2.17)

where F = V0/a is a constant force. This potential is relatively less stud-

ied in quantum mechanics. However, it can effectively model the potentials

of constant force fields, such as, gravitational field and electric field with

constant force i.e. F = mg and F = qε, respectively. Several modified ver-

sions of symmetric linear potential, given in Eq. (2.2.17), have been discussed

(Antippa and Phares, 1978; Antippa and Toan, 1979; Antonio, 2003; Plante

and Antippa, 2005; Nagalakshmi and Kagali, 2008) and applied in particle

physics to study the quarkonium systems (Deloff, 2007; Chiu, 1986).

The WKB eigenenergies for symmetric linear potential is calculated from

Eq. (2.2.6) with k = 1, which takes the value as

E(1)
n =

[

(

n+
γ

4

) 3~π

4a
√

2m
V0

]2/3

. (2.2.18)

Another modification to this potential gives rise to a physical system, namely,

triangular well potential, which is very important and practically more real-

izable and is being discussed below.

Triangular Well Potential

As studied above, an important modification to the potential given in Eq.

(2.2.17) is a linear potential defined only on positive axis with infinite wall

at origin, that is,

V̂ (x) =

{

V0

a
x̂, x > 0

∞, x ≤ 0.
(2.2.19)

Owing to its shape, this potential is commonly known as triangular well

potential. The triangular well potential is an idealization of experimental

gravitational cavity (Wallis et al., 1992; Langhoff, 1971) as well as quantum

bouncer(Gibbs, 1975; Gea-Banacloche, 1999). The high precision techniques
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to cool and manipulate atoms have made the gravitational cavity experimen-

tally realizable (Dowling and Gea-Banacloche, 1996). The reflecting surface

is provided by a piece of glass coated such that the evanescent field of laser

undergoes total internal reflection on the other side (Aaminoff et al., 1993).

The solutions to the corresponding time-independent Schrödinger wave

equation (Wallis et al., 1992; Gea-Banacloche, 1999), are displaced Airy func-

tions, that is,

ψn(ζ) = NnAi(ζ − ζn), (2.2.20)

where, Nn is the normalization factor, and ζ = x/x0, with x0 = (~2/2gm2)
1/3

.

Moreover, ζn = En/(mgx0), is the n−th negative zero of the Airy function,

with n = 1, 2, 3, .., and, ζn > 0. Applying the boundary condition, that is,

ψn(0) = Ai(−ζn) = 0 at ζ = 0, we (Wallis et al., 1992; Gea-Banacloche,

1999) find ζn, and the normalization factor, Nn, as

ζn =

[

3π

2

(

n− 1

4

)]2/3

, (2.2.21)

and

Nn =

[

2

3

π2

(n− 1/4)

]1/6

. (2.2.22)

We have plotted first few normalized eigenstates ψn(ζ) as a function of scaled

position ζ as shown in Fig.(2.5). Moreover, we find the eigenenergy in terms

of physical parameters as

En = ω0

(

n− 1

4

)2/3

, (2.2.23)

where, ω0 =
(

3
√
m~gπ/2

√
2
)2/3

. It is interesting to note that for large n,

Eq. (2.2.6) is completely equivalent to Eq. (2.2.23) for k = 1 and V0/a = mg

if we replace 2a by a due to truncation of symmetric power-law potential at

x = 0.

2.3 Wave Packet Evolution: Quantum Re-

currences

The wave packet evolution in time-independent one-dimensional systems is

very well understood (Parker and Stroud, 1986; Nauenberg, 1990; Averbukh
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Figure 2.3: The Schematic diagram of gravitational cavity.

0 1

V(qb)(x)

x/a

Figure 2.4: The potential inside the gravitational cavity. (left): Effective
potential due to exponentially decaying optical potential and linear gravita-
tional potential; (right): linear gravitational potential.
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and Perelman, 1989; Robinett, 2004). A wave packet, excited with a finite

width in energy, undergoes constructive and destructive interferences in its

evolution. Therefore, the wave packet undergoes successive collapses and

revivals on various time scales, which are named as revival times. At the

fractions of these times we get fractions of the initial wave packet and hence

these times are termed fractional revivals.

2.3.1 Quantum Recurrences: A General Overview

In this section, we give a general overview to the quantum recurrence phe-

nomena in the course of wave packet evolution. For this purpose, we consider

the dynamical system expressed by Hamiltonian Ĥ with eigenstates |n〉 and

eigenenergies En such that, H|n〉 = En|n〉. In the preceding part of this

chapter we will take ~ = m = 1, for the simplicity of our calculations. A

superposition of stationary eigenstates, |n〉, of the system, that is,

|ψ〉 =
∑

n

an|n〉,

expresses an arbitrary wave packet, where, an, is the probability amplitude

of the wave packet in the n-th eigenstate. We consider the wave packet, |ψ〉
, centered at the energy eigenstate n = n̄ with energy En̄ in a potential.

Moreover, wave packet has a finite width ∆n. The wave packet evolves in

time as

|ψ(t)〉 = e−iĤt|ψ〉
=

∑

n

an|n〉e−iEnt, (2.3.1)

where, |ψ(t)〉 time-evolved wave packet after a propagation time t. As a

preliminary step, we can find the behavior of the evolution of the wave packet

in the potential by calculating the auto correlation function between the

evolved wave packet |ψ(t)〉 and the initial wave packet |ψ〉. By virtue of

orthonormality of the basis set of states |n〉, the auto-correlation function is

given as

A(t) ≡
〈

ψ
∣

∣ψ(t)
〉

=
∑

n

|an|2 e−iEnt. (2.3.2)
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A simple approach of the problem has been developed earlier by expanding

the energy around the central state n = n̄ by the Taylor’s expansion (Nauen-

berg, 1990; Robinett, 2004), so that the auto-correlation function reads

A(t) ≡
∑

n

|an|2 exp[−i(En̄ + (n− n̄)E ′
∣

∣

n=n̄

+
(n− n̄)2

2!
E ′′
∣

∣

n=n̄
+ .....)t], (2.3.3)

where, prime denotes the derivative with respect to quantum number. Each

derivative of the expansion corresponds to a revival time of the wave packet.

For the special case when probability distribution, |an|2, is a Gaussian distri-

bution (Leichtle et al., 1996), then we find that the recurrences in the system

always occur at times

T(r) = 2π

(

1

r!

∣

∣

∣

∣

∂rEn

∂nr

∣

∣

∣

∣

n=n̄

)−1

. (2.3.4)

For r = 1, 2, 3, the T(r) defines classical period, quantum revival and super

revival times, respectively, written as T(1) = Tcl , T(2) = Trev , and T(3) = Tsr,

such that, Tcl < Trev < Tsr (Robinett, 2005; Buchleitner etal., 2002).

Another way to visualize the wave packet evolution is to analyze the spa-

tial probability density as a function of time, i.e., spatio-temporal dynamics

of wave packet. The GK CSs display constructive and destructive interfer-

ence following the relation,

∣

∣ψ(x, t)
∣

∣

2
=

∞
∑

n=m

∣

∣an

∣

∣

2 |φn(x)|2

+ 2Re

[

∞
∑

m6=n

a∗namφn(x)φ∗
m(x)e−i(En−Em)t

]

, (2.3.5)

where, φn(x) are the eigenstates of the system defined in position space

(Robinett, 2004). The wave packet displays constructive and destructive

interference which is governed by the second sum of probability density. The

space-time evolution of wave packet exhibits the phenomena of quantum

revivals and fractional revivals.
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Figure 2.5: The eigenstates of triangular well potential.

2.3.2 Quantum Recurrences in Power-law Potentials

As discussed earlier in section (2.2), power-law potentials define harmonic

oscillator, infinite square well and triangular well for particular values of ex-

ponent k. In the following we give the analytical relations for wave packet

recurrences for general power-law potentials and then presents the numeri-

cal results for some particular examples. Following the procedure expressed

above, we use eigeneneries, given in Eq. (2.2.6), to calculate the classical

period, quantum revival time and super revival time for power-law poten-

tials.These times come to be;

T
(k)
cl =

π

ω(k)

∣

∣

∣

∣

(k + 2)

k

∣

∣

∣

∣

(

n̄+
γ

4

)−(k−2)/(k+2)

, (2.3.6)

T (k)
rev =

2π

ω(k)

∣

∣

∣

∣

∣

(k + 2)2

k(k − 2)

∣

∣

∣

∣

∣

(

n̄+
γ

4

)4/(k+2)

, (2.3.7)

T (k)
sr =

3π

2ω(k)

∣

∣

∣

∣

∣

(k + 2)3

k(k − 2)

∣

∣

∣

∣

∣

(

n̄ +
γ

4

)(k+6)/(k+2)

, (2.3.8)
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Figure 2.6: The square of auto-correlation function of a wave packet propa-
gated in triangular well potential.

where ω(k) is a constant for the fixed value of exponent k. The analyti-

cal expressions, given in Eqs. (2.3.6-2.3.8), are based on approximate WKB

eigenenergies. However, for large quantum number n they give very good

agreement with the exact values of classical period, quantum revival time

and super revival times of these potentials (Robinett, 2004).

For k = 2 which is precisely the case of harmonic oscillator, the quantum

revival time T
(2)
rev and super revival T

(2)
sr approach to infinity. Therefore, the

wave packet exhibits only the classical periodicity after time period T
(2)
cl . The

absence of recurrences at higher time scales, such as, quantum revival, T
(2)
rev,

and super revival, T
(2)
sr , is the consequence of the linear energy spectrum

of harmonic oscillator. However, the limiting case, i.e. k → ∞, defines

an infinite square well and Eqs. (2.3.6-2.3.8) reveal that in contrast to the

harmonic oscillator, the quantum revival time, T
(∞)
rev , takes the finite value but

super revival time, T
(∞)
sr , is the same again as that of the harmonic oscillator,

i.e., T
(2)
sr =T

(∞)
sr = ∞. This is due to the fact that the energy spectrum of the

infinite square well has quadratic dependence on quantum number n. The
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Figure 2.7: The space-time evolution of Gaussian wave packet in triangular
well potential propagated with initial height x0 = 20.
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phenomenon of quantum recurrences for infinite square well has been very

well studied (Robinett, 2004). However, for the other values of exponent k,

(i.e., k 6= 2,∞) there exist higher order recurrences as well. For instance, the

exponent k = 1 defines a linear potential, such as, triangular well potential.

In this particular case, the classical period, quantum revival time and super

revival time are calculated from Eqs. (2.3.6-2.3.8), respectively, as

T
(1)
cl =

3π

ω(1)
(n̄+

γ

4
)1/3, (2.3.9)

T (1)
rev =

9π

ω(1)
(n̄+

γ

4
)4/3, (2.3.10)

T (1)
sr =

27π

ω(1)
(n̄ +

γ

4
)7/3, (2.3.11)

where ω(1) is a constant. From Eq. (2.3.9-2.3.10) we can calculate the inter

dependencies of classical period, T
(1)
cl , quantum revival time, T

(1)
rev, and super

revival time, T
(1)
sr , as

T (1)
rev = 3T

(1)
cl (n̄+

γ

4
), (2.3.12)

T (1)
sr = 9T

(1)
cl (n̄+

γ

4
)2, (2.3.13)

T (1)
sr = 3T (1)

rev(n̄+
γ

4
). (2.3.14)

We compute numerically the autocorrelation function for triangular well po-

tential that exhibits the collapse and revival of the initial wave packet as de-

picted in Fig. (2.6). Moreover, the probability density depicted in Fig. (2.7)

also reveal the phenomenon of wave packet collapse and revival.

2.4 Coherent States

The quantum mechanical states introduced by Schrödinger in 1926 (Schrödinger,

1926) were known as coherent states while Roy Glauber made their first

use in the description of coherent electromagnetic field (Glauber, 1963a,b,c).

These states are also known as Glauber’s coherent states, canonical coherent

states or simply, coherent states. These are the collective states of harmonic

oscillator consisting of the superpositions of the eigenstates {|n〉} which di-

agonalize both the number operator N̂ and the Hamiltonian Ĥ . Glauber
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(Glauber, 1963b,c) showed that these states are enormously useful in quan-

tum optics, as they turn out to be eigenstates of the coherence function of

the electromagnetic field. He named these states as field coherent states. In

the following, we review the construction and the properties of these states.

2.4.1 Construction of Coherent States

Hamiltonian Structure. The Hamiltonian of the harmonic oscillator in terms

of the number operator N̂ = â†â is given as

Ĥ =
(

N̂ + 1/2
)

ω =
(

â†â+ 1/2
)

ω, (2.4.1)

where â†, â are the creation and annihilation operators, respectively (Schle-

ich, 2001; Scully and Zubairy, 2001). Here we have used the fact that the

creation and annihilation operators (â, â†) are connected with the coordinate

and momentum operators (x̂, p̂) as

â =
1√
2ω

(ωx̂+ ip̂) and â† =
1√
2ω

(ωx̂+ ip̂) . (2.4.2)

Based on the Hamiltonian Ĥ, one immediately finds the following properties:

(a) Algebraic structure. The Hamiltonian given by Eq. (2.4.1) is a linear

combination of harmonic-oscillator operators â†, â and N̂ . The set of opera-

tors
{

â†, â, N̂
}

together with the unit operator Î obey the following familiar

commutation relations

[â, â†] = Î , [â, Î] = [â†, Î] = 0. (2.4.3)

The commutation relations of N̂ with â and â† are given as

[â, N̂ ] = â, [â†, N̂ ] = −â†. (2.4.4)

The operators
{

â†, â, N̂ , Î
}

span a Lie algebra, denoted as h4.The corre-

sponding Lie group is the Weyl-Heisenberg group H4 (Weyl, 1928).

(b) Fock space. The Hilbert space for H4 is known as Fock space which is

spanned by the number eigenstates {|0〉, |1〉, |2〉, ...|n〉} satisfying orthonor-

mality 〈n|ń〉 = δnń. The number operator obeys eigenvalue equation

N̂ |n〉 = n |n〉 . (2.4.5)
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Whereas the operators â†, â act upon the number eigenstates as

â† |n〉 =
√
n+ 1 |n + 1〉 (2.4.6)

and

â |n〉 =
√
n |n− 1〉 , (2.4.7)

where the condition

â|0〉 = 0 (2.4.8)

defines the ground state |0〉 (also known as external state) of the oscillator.

The Fock space {|n〉} may be obtained by repeated application of the creation

operator â† on the vacuum state |0〉. The Fock states thus obey completeness,

∑

n

|n〉 〈n| = Î . (2.4.9)

with Î being n-dimensional identity operator.

Based on this algebra, the Glauber’s coherent states (also known as field

coherent states) can be constructed starting from any one of three but equiv-

alent mathematical definitions (Glauber, 1963c). In the following we briefly

summarize all of the three definitions.

Definition 1: The coherent states |z〉 are the eigenstates of the harmonic-

oscillator annihilation operator â, i.e.,

â |z〉 = z |z〉 , (2.4.10)

where z is a complex number. To find the states |z〉 we take the scalar

product of both sides of the equation (2.4.10) with number state, 〈n|, i.e.,

〈n|â|z〉 = z〈n|z〉. (2.4.11)

The Hermitian adjoint of equation (2.4.6) is given as,

〈n|â =
√
n + 1〈n+ 1|, (2.4.12)

which leads to the recursion relation

√
n + 1〈n+ 1|z〉 = z〈n|z〉 (2.4.13)
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for the scalar products 〈n|z〉. We immediately note from equation (2.4.13)

that

〈n|z〉 =
zn

√
n!
〈0|z〉. (2.4.14)

These scalar products appear as the expansion coefficients of the state |z〉 in

terms of Fock states, i.e.,

|z〉 =
∑

n

|n〉〈n|z〉 = 〈0|z〉
∑

n

zn

√
n!
|n〉. (2.4.15)

The arbitrary phase factor 〈0|z〉 can be fixed by normalization condition,

〈z|z〉 = 1, so that

〈0|z〉 = exp

[

−1

2
|z|2
]

. (2.4.16)

The states |z〉 therefore take the form

|z〉 = exp

[

−1

2
|z|2
]

∑

n

zn

√
n!
|n〉, (2.4.17)

which is well-known representation of coherent states (Schleich, 2001; Glauber,

2007).

Definition 2: They are generated by applying a displacement operator

D̂ (z) on the vacuum state |0〉 of the harmonic oscillator,

|z〉 = D̂ (z) |0〉 , (2.4.18)

where the displacement operator D̂(z) is defined as

D̂(z) = ezâ†−z∗â. (2.4.19)

This is in fact a group definition of the standard coherent states. A

representative element g ∈ W can be written as

g = ezâ†−z∗â+iϕÎ . (2.4.20)

A subgroup h of W that leaves the extremal state invariant is called maximal

stability subgroup or the isotropy subgroup and is given by U(1); a general
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element of which can be given as eiϕÎ . Its action on the ground state is merely

to multiply it by a phase factor, i.e.,

eiϕÎ |0〉 = |0〉 eiϕ. (2.4.21)

The element g ∈ W can be decomposed as

g = D̂ (z) h, (2.4.22)

where h = eiϕÎ is the stability subgroup with an algebra spanned by the unity

Î and D (z) is the coset representative in the coset space W/U (1) (Schleich,

2001; Glauber, 2007).

Definition 3: They are the quantum states minimizing uncertainties re-

lationship, i.e.,

∆x∆p =
1

2
. (2.4.23)

This follows if we calculate the dispersions of position and momentum oper-

ators (expressed in terms of â and â†) in the coherent coherent states as

(∆x)2 =
1

2ω

[

〈z|
(

â† + â
)2 |z〉 − 〈z| â† + â |z〉2

]

, (2.4.24)

and

(∆p)2 =
ω

2

[

−〈z|
(

â† − â
)2 |z〉 + 〈z| â† − â |z〉2

]

. (2.4.25)

It is worth noticing that the uncertainty relation Eq. (2.4.24) does not pro-

vide a unique solution for ∆x or ∆p. This non-uniqueness can be expressed

graphically as an ellipse. Let us define the scaled quantities

∆a =

√

ω

2
∆x and ∆b =

√

1

2ω
∆p.

The uncertainty relation now becomes as

∆a∆b =
1

4
.

Next we let

X = ∆a cos θ and P = ∆b sin θ. (2.4.26)
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These new variables describe an ellipse

X2

(∆a)2 +
P 2

(∆b)2 = 1, (2.4.27)

which is called the uncertainty ellipse with the semi-major and the semi-

minor axes as ∆a and ∆b, respectively (Schleich, 2001; Glauber, 2007). In

case when ∆a 6= ∆b, the resulting states are called squeezed coherent states.

When ∆a = ∆b = 1/2, the trajectory becomes an circle, and the states are

not squeezed.

It is also interesting to show that these states describe state of motion

close to the classical ones. It is straight forward to show that the expectation

value of the position operator in a coherent state evolves as

〈x̂ (t)〉 = 〈z| x̂ (t) |z〉 = A cos(ωt− φ), (2.4.28)

where z = |z| eiφ and A = |z| /
√

2. Identifying A with the amplitude, the

expectation value of the displacement in the coherent state behaves like the

displacement of a classical oscillator. In this sense the coherent states are

considered to be so close to classical states.

Equivalence of the definitions: As mentioned above, all these definitions are

equivalent. First we wish to show how definition 1 follows from definition 2.

To show the equivalence we make use of a Baker-Campbell-Hausdorf (BCH)

formula (Scully and Zubairy, 2001), which states that for any two operators

Â and B̂, whose commutator [Â, B̂] commutes with each of them,

[[Â, B̂], Â] = [[Â, B̂], B̂] = 0, (2.4.29)

it can be shown that

eÂ+B̂e
1
2
[Â,B̂] = eÂeB̂. (2.4.30)

If we set Â = zâ† and B̂ = −z∗â, then [Â, B̂] = [zâ†,−z∗â] = |z|2 . As a

result, the displacement operator can be written as

ezâ†−z∗â = e−
1
2
|z|2ezâ†

e−z∗â. (2.4.31)
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The convenience of writing the displacement operator in this way is that the

operator e−z∗â, when applied to the ground state |0〉 , reduces in effect to

unity, i.e.,

e−z∗â |0〉 = |0〉 ∵ (â)n |0〉 = 0. (2.4.32)

It follows then that the coherent state can be written as

|z〉 = e−
1
2
|z|2ezâ† |0〉

= e−
1
2
|z|2

∞
∑

n=0

zn

√
n!

|n〉 . (2.4.33)

Thus we see that definitions 1 and 2 are equivalent.

Using definition 1, it is straight forward to obtain Eq. (2.4.24). Although

the minimum uncertainty property is taken as the definition of the coherent

states, but it follows that this relation does not imply any of the above

definitions in converse (Glauber, 1963a,b,c, 2007).

2.4.2 Properties of Coherent States

There are two basic properties which are termed as the minimum set of

requirements for a set of states to be termed as coherent states, and which

are in fact just the two properties shared by all kind of coherent states. The

first property is the continuity in parameter space, and the second one is the

completeness. In the following we comment on these two basic properties and

other properties based on the definitions introduced in the previous section.

Continuity: The state vector |z〉 is a continuous function of the continuous

complex parameter z, that is,

z → ź ⇒ |z〉 → |ź〉 . (2.4.34)

Resolution of Unity: It can be shown that the unit operator may be

expressed as an integral of the projection operators |z〉 〈z| over the complex

plane which means that these states provide a resolution of the identity with

respect to a positive measure d2z/π defined over the complex plane, that is,

1

π

∫

|z〉 〈z| d2z =
∞
∑

n=0

|n〉 〈n| = Î . (2.4.35)
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This equation can be proved by expanding |z〉 in harmonic oscillator eigen-

states, that is, using definition 3, and using the identity

1

π

∫

e−|z|2(z∗)n(z)md2z = n!δnm. (2.4.36)

It appears that Eq. (2.4.35) is exactly like a resolution of unity, but we will

see in the following that it differs from the conventional one, which involves

mutually orthogonal states, in that the one dimensional projection operators

|z〉 〈z| are not in general mutually orthogonal.

Non-orthogonality: One property which is made clear by the definition 3

is that two such states are not in general orthogonal to one another. The

scalar product 〈z| ź〉 can be calculated more simply as

〈z| ź〉 = e−
1
2
|z|2− 1

2
|ź|2
∑

n,m

(z∗)n(ź)m

√
n!m!

〈n| m〉

= e−
1
2
|z|2− 1

2
|ź|2+z∗ź 6= 0. (2.4.37)

Note that

|〈z| ź〉|2 = exp
(

− |z − ź|2
)

, (2.2.5)

which shows that the coherent states tend to become approximately orthog-

onal in case z and ź recede much from one another in the complex plane.

This non-orthogonality shows that coherent states in fact provide an over

complete set.

Stability Under Time Evolution: Under the dynamical evolution, a coher-

ent state remains in the family of coherent states but under a different label.

This can be seen as

e−iĤt |z〉 = e−
1
2
|z|2

∞
∑

n=0

zn

√
n!
e−inωt |n〉

= | ze−iωt〉. (2.4.38)

The term coherent reflects in fact this property that such states evolve coher-

ently in time. They remain non-spreading wave packets remaining localized

around the corresponding classical trajectory, thereby, minimizing the uncer-

tainty product (Glauber, 2007).
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2.5 Generalized Coherent States

Although the coherent state of the harmonic oscillator is very important and

useful, one often encounters other dynamical systems that cannot be formu-

lated. For example, it is usually not a good approximation for an interacting

many fermion system. Therefore, it is quite natural to inquire whether there

are states that can preserve most of the useful properties of the coherent

states and be utilizable to describe and simplify other quantum systems?

In other words, how does one generalize the concept of coherent states in

order to describe other dynamical systems? In this section we illustrate the

possible procedures to generalized the concept of coherent states.

2.5.1 Generalizations Based on Algebraic Groups

The early work on the generalization of coherent states were based on dy-

namical groups different from Weyl-Heisenberg group H4 (dynamical group

of harmonic oscillator). This approach has usefully been adopted to gener-

alize the concept of coherent states to arbitrary Lie groups. In such group

theoretic descriptions the usual trend is to generalize any one of the three

definitions of Glauber’s coherent states.

Barut-Girardello’s type Coherent States (generalization of defini-
tion 1)

In this approach the eigenstates of the lowering operator have been used as a

basis for defining coherent states for arbitrary dynamical systems. However,

in this case, the eigenvalue equations are non-Hermitian and the correspond-

ing eigenvalues are complex. This approach was first adopted by Barut and

Girardello (Barut and Girardello, 1971) to construct the coherent states asso-

ciated with the spectrum generating algebra su(1, 1). Following this method

the coherent states can then be given as

B̂|z〉 = z|z〉, (2.5.1)

where B̂ is lowering operator of the arbitrary Lie algebra and z is any complex

number. The eigenvector |z〉 of the operator B̂ is defined as linear combina-
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tion of the basis vectors {|φ,m〉} which is the complete orthonormal set in

Hilbert space.

The operator B̂ acts on the eigenvector |φ,m〉 as

B̂|φ,m〉 =
1√
2

[m (−2φ+m− 1)]
1
2 |φ,m− 1〉. (2.5.2)

By using Eq. (2.5.2) in Eq. (2.5.1) and the normalization condition 〈z|z〉 = 1,

the Barut-Girardello coherent states take the form

|z〉 =
(

√

Γ (−2φ)
)

∞
∑

n=0

(√
2z
)n

[n!Γ (−2φ+ n)]
1
2

|φ, n〉. (2.5.3)

As has been emphasized (Gilmore, 1974), the adoption of this definition to

generalize the notion of coherent states has two major drawbacks: (a) coher-

ent states cannot be defined in Hilbert spaces of finite dimensionality in this

way. In particular, this would preclude the construction of coherent states for

compact Lie groups (Perelomov, 1972). Furthermore, states defined in this

way have few useful properties and in particular they are not computationally

useful.(b) The states so defined do not correspond to physically realizeable

states, except under the special circumstance that the commutator of the

lowering operator and its Hermitian adjoint is a multiple of identity opera-

tor. Therefore, the generalization of definition 1 to cover arbitrary dynamical

systems appears not to be widely applicable. One limiting case in which they

appear to be useful is that of the construction of wave packets that follow

a classical elliptical trajectory in very highly excited states of the hydrogen

atom, in a description using the dynamical group SO(4, 2) (McAnally and

Bracken, 1989).

Klauder-Perelomov’s type Coherent States

The adoption of definition 2 to generalize the idea of the coherent states

in terms of displacement operator may be more useful than definition 1.

The idea behind this construction was first proposed by Klauder (Klauder,

1963a,b) which were extended for any arbitrary dynamical systems by Perelo-

mov (Perelomov, 1972) and Gilmore (Gilmore, 1972, 1974) quite indepen-

dently. This approach is referred to as Klauder-Perelomov approach in the
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literature of generalized coherent states. According to this approach a co-

herent state for an arbitrary quantum system is defined as

|z, α〉 = D̂(z)|0〉 (2.5.4)

where displacement operator D̂(z) is defined as

D̂(z) = exp(zÂ† − z∗Â). (2.5.5)

Using the action of annihilation Â and creation Â† on the Hilbert space

H = {|ψn〉, n = 0, 1, 2, ..} one can show that the states |z, α〉 can be written

as (Gilmore, 1972, 1974; Perelomov, 1972)

|z, α〉 =
∞
∑

n=0

znan(|z|)
√

ρ(n)e−iαen |ψn〉. (2.5.6)

The quantities an(|z|) are defined as

an(|z|) =
∞
∑

j=0

(− |z|2)
(n + 2j)!

π(n + 1, j), (2.5.7)

where

π(n + 1, j) =
n+1
∑

i1=1

ei1

i1+1
∑

i2=1

ei1 ....

ij−1+1
∑

ij=1

eij . (2.5.8)

The π’s satisfy the following relation

π(n+ 1, j) − π(n, j) = en+1π(n + 2, j − 1). (2.5.9)

Using this recurrence relation it is easy to show that the an(|z| = r)’s satisfy

the following differential equation

r
dan(r)

dr
= an−1(r) − nan(r) − en+1r

2an+1(r). (2.5.10)

The solution of this differential equation leads to the explicit expression of

coherent states of Klauder-Perelomov’s type for any arbitrary quantum sys-

tem.
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2.5.2 Generalizations Independent of Algebraic Groups:
Gazeau-Klauder coherent states

Gazeau and Klauder proposed the construction of coherent states for Hamil-

tonian H with discrete spectrum which is bounded below and can be ad-

justed so that H ≥ 0, with out any explicit dependence on group properties

(Gazeau and Klauder, 1999). The eigenstates |n〉 of H are assumed to be

non-degenerate and orthonormal that satisfy

H|n〉 = En|n〉, n ≥ 0. (2.5.11)

The energy spectrum is arranged in the increasing order such that

0 = E0 < E1 < E2 < ... (2.5.12)

Moreover, En = ωen, where, en is the dimensionless real parameter for some

fixed energy scale ω > 0 and follows the sequence

0 = e0 < e1 < e2... (2.5.13)

for definiteness. We will use m = ~ = 1 through out our discussion unless

otherwise stated. The Gazeau-Klauder generalized coherent state are labelled

by two real parameters J (0 ≤ J) and θ (−∞ < θ < ∞) and are described

by the state

|J, θ〉 = N(J)−
1
2

∞
∑

n=0

J
n
2

√
ρn

e−ienθ |n〉 , (2.5.14)

where the positive constants ρn are defined as

ρn = e1e2...en, ρ0 = 1. (2.5.15)

The normalization factor N(J) is defined as

N(J) =

∞
∑

n=0

Jn

ρn

, (2.5.16)

which guarantees that

〈J, θ| J, θ〉 = 1. (2.5.17)
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The domain of allowed values of J, is determined by the radius of convergence

R in the series (2.5.16) which is defined as

R = lim
n→∞

n
√
ρn, (2.5.18)

such that 0 ≤ J < R. The radius of convergence may be finite (non-zero) or

infinite depending on behavior of ρn for large n. The positive constants ρn

are considered as moments of probability distribution, namely

ρn =

∫ R

0

Jnρ(J)dJ, ρ(J) ≥ 0. (2.5.19)

The coherent states (2.5.14) are assumed to satisfy the set of conditions given

as

(i) continuity: (J, θ) → (J ′, θ′) ⇒ |J, θ〉 → | J ′, θ′〉.
(ii) Resolution of unity: 1 =

∫

dµ (J, θ) |J, θ〉 〈J, θ| .
(iii)Temporal stability: e−iĤt |J, θ〉 = | J, θ + ωt〉.
(iv)Action identity: 〈J, θ| Ĥ |J, θ〉 = ωJ.



Chapter 3

Generalized Coherent States
for Power-law Potentials

3.1 Introduction

Coherent states (CSs) of harmonic oscillator are a cornerstone in the foun-

dation of modern theories of physics. Their potential applications in various

branches of physics (Klauder and Kagerstam, 1985; Perelomov, 1986) moti-

vate the researchers to generalize the notion of coherent states for general

physical systems. For example, it is of special interest the relation between

coherent states and entanglement in the context of quantum information

theory, where a careful knowledge of the properties of the initial states (i.e.

their quantum or quasi-classical nature) is needed (Wang, 2002; Berrada et

al., 2009). In this chapter we construct the GK CSs for one-dimensional

bound systems defined by power-law potentials. We analyze the characteris-

tics of GK CSs on the basis of the underlying energy spectrum of the physical

system.

We investigate the dynamical characteristics of these states during their

time evolution and find that they follow classical trajectories without disper-

sion as long as the underlying energy spectrum is linear. Otherwise, they

disperse and exhibit quantum features such as quantum revivals and frac-

tional revivals. Their space-time dynamics results in the formation of quan-

tum carpets (Großmann et al., 1997; Marzoli et al., 1998). We show that the

special construction of quantum states following GK CSs formalism does not

50
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overcome the inherent dispersion of dynamical system with nonlinear energy

spectrum.

The chapter is organized as follows: In section 3.2, we construct GK

coherent states for power-law potentials and discuss their basic properties.

In section 3.3, we analyze the non-classical characteristics of these states:

statistical characteristics in which we analyze weighting distributions using

Mandel’s Q− parameter; and spatio-temporal characteristics in which we

analyze space-time dynamics using auto-correlation function and probability

density function.

3.2 Gazeau-Klauder Coherent States

As discussed earlier, Gazeau and Klauder proposed a formalism (Gazeau and

Klauder, 1999) to construct coherent states of Hamiltonians with discrete and

non-degenerate energy spectra without any explicit dependence on group

properties. These states are labeled by two real parameters, J and θ, with

J ≥ 0 and −∞ < θ < ∞. In the following, we construct the Gazeau-

Klauder coherent states for the power-law potentials and discuss their basic

properties. In order to simplify our calculations, we will take ~ = m = 1

throughout this chatper.

3.2.1 General Constructions for Power-law Potentials

The general Hamiltonian for power-law potential Ĥ(k), given in Eq. (2.2.2),

can be factorized as

Ĥ(k) = ω(k)X̂
(k)
N , (3.2.1)

where X̂
(k)
N is a dimensionless Hamiltonian and ω(k) is a constant for partic-

ular value of exponent k with dimensions of energy. The Hamiltonian X̂
(k)
N

obeys the eigenvalue equation

X̂
(k)
N |n〉 = e(k)

n |n〉, (3.2.2)

where e
(k)
n are dimensionless eigenvalues given by

e(k)
n =

E
(k)
n − E

(k)
0

ω(k)
=
(

n+
γ

4

)2k/(k+2)

−
(γ

4

)2k/(k+2)

. (3.2.3)
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The energy spectrum e
(k)
n is an increasing function of n, e

(k)
n+1 > e

(k)
n , with

e
(k)
0 = 0. Therefore, for general power-law potentials GK CSs have the form

∣

∣(J, θ)(k)
〉

=
1

√

N (k)(J)

∞
∑

n=0

J
n
2 e−ie

(k)
n θ

√

ρ
(k)
n

|n〉. (3.2.4)

The quantities ρ
(k)
n are defined in terms of e

(k)
n , given by Eq. (3.2.3) , as

ρ(k)
n ≡

n
∏

j=1

e
(k)
j =

n
∏

j=1

[

(

j +
γ

4

)2k/(k+2)

−
(γ

4

)2k/(k+2)
]

. (3.2.5)

It is important to note that the coherent states, given in Eq. (3.2.4), are

based on eigenenergies obtained via WKB method as discussed in chapter

(2) and given in Eq. (2.2.6).

3.2.2 Basic Properties

Following Gazeau and Klauder’s definitions (Klauder, 1996; Gazeau and

Klauder, 1999), CSs must obey a set fundamental properties : (a) normal-

ization; (b) continuity in J and θ ; (c) resolution of unity; (d) action identity,

and (e) temporal stability. In the following we discuss these properties for

the states given in Eq. (3.2.4).

(a) Normalization: The normalization
〈

(J, θ)(k)
∣

∣(J, θ)(k)
〉

= 1 requires

that the normalization constant is

N (k)(J) =
∞
∑

n=0

Jn

ρ
(k)
n

. (3.2.6)

(b) Continuety of Parameters: The overlap of the two CSs can be written

as

〈

(J ′, θ′)
(k)
∣

∣

∣
(J, θ)(k)〉 =

1
√

N (k)(J ′)
√

N (k)(J)

∞
∑

n=0

(J ′J)n

ρ
(k)
n

e−i(θ−θ′)e
(k)
n . (3.2.7)

The continuity in two labels J and θ follows from the continuity of the overlap
〈

(J ′, θ′)(k)
∣

∣(J, θ)(k)
〉

, because

‖
∣

∣(J, θ)(k)
〉

−
∣

∣(J ′, θ′)(k)
〉

‖2= 2
[

1 − Re
〈

(J ′, θ′)(k)
∣

∣(J, θ)(k)
〉]

(3.2.8)
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approaches zero as (J ′, θ′) → (J, θ).

(c) Resolution of unity: For the resolution of unity, we take an integration

measure dµ (J, θ) such that (Gazeau and Klauder, 1999)

∫

dµ (J, θ)
∣

∣(J, θ)(k)
〉 〈

(J, θ)(k)
∣

∣ = lim
Γ→∞

1

2Γ

∫ R

0

dJh(J)

∫ Γ

−Γ

dθ
∣

∣(J, θ)(k)
〉 〈

(J, θ)(k)
∣

∣ ,

(3.2.9)

where h(J) is defined as (Gazeau and Klauder, 1999)

h(J) = N (k)(J)w(k)(J) 0 ≤ J < R, (3.2.10)

which is specified by a proper choice of the probability distribution function,

wk(J). The range of allowed values of J , 0 ≤ J < R, is determined by the

radius of convergence

R = lim
n→∞

n

√

ρ
(k)
n . (3.2.11)

For k > 0, R is infinite. Integration over θ in Eq. (3.2.9) provides

lim
Γ→∞

1

2Γ

∫ Γ

−Γ

(.)dθ = δ
e
(k)
n ,e

(k)
m
, (3.2.12)

which can be identified with the Kronecker delta δn,m, due to the non-

degeneracy of the energy spectrum. Therefore we can write Eq. (3.2.9)

as
∫

dµ (J, θ)
∣

∣(J, θ)(k)
〉 〈

(J, θ)(k)
∣

∣ = 1 (3.2.13)

=

∞
∑

n=0

1

ρ(k)
n

{
∫ ∞

0

h(J)

N (k)(J)
JndJ

}

|n〉 〈n| ,

provided there is a function w(k)(J) which satisfies
∫ ∞

0

Jnw(k)(J)dJ = ρ(k)
n
. (3.2.14)

The positive constants ρ(k)
n

are then power moments of the function w(k)(J).

For an appropriate choice of w(k)(J) (Klauder et al., 2001), the integral in

Eq. (3.2.14) becomes a Stieltjes moment problem that can be solved using

Mellin and inverse Mellin transformations.
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(d) Action identity: Finally, the action identity can easily be obtained

from Eqs. (3.2.3) and (3.2.5),

〈

(J, θ)(k)
∣

∣ Ĥ(k)
∣

∣(J, θ)(k)
〉

=
ω(k)

N (k)(J)

∞
∑

n=0

Jn

ρ
(k)
n

e(k)
n = ω(k)J, (3.2.15)

where we have used ρ
(k)
0 = 1 as in (Gazeau and Klauder, 1999).

(e) Temporal stability: The GK CSs are proclaimed as temporally stable

(Gazeau and Klauder, 1999), i.e., they do not disperse in the time evolution.

Mathematically, the time evolved CSs can be obtained by applying the time

evolution operator Û(t) on the states
∣

∣

∣
(J, θ)(k)

〉

, such that

Û(t)
∣

∣(J, θ)(k)
〉

= | (J, θ)(k), t〉. (3.2.16)

In the GK CSs formalism it is believed that the time evolved coherent state,

| (J, θ)(k), t〉, is the same as initial coherent state,
∣

∣

∣
(J, θ)(k)

〉

, with an addi-

tional constant phase difference. As will be proved in our later discussion,

this is true only for the CSs of the systems whose underlying energy spec-

trum is linear, as in the case of harmonic oscillator. We shall return to the

discussion of temporal stability with more details in section 3.3.2.

3.3 Non-Classical Characteristics of GK CSs

Coherent states of harmonic oscillator (Schrödinger, 1926; Glauber, 1963a,c)

are purely quantum mechanical in construction, but close to classical in be-

havior as they follow classical trajectories in time evolution. Historically, it

is an interesting question to ask: can we generalize this behavior to coherent

states of general potentials? In order to answer the question we first study

statistical characteristics and then investigate the space-time evolution of

GK CS for power-law potentials. We explain the results both analytically

and numerically.
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3.3.1 Quantum Statistical Characteristics

The statistical features of GK CSs of power-law potentials can be probed

through the weighting distribution
∣

∣〈n| (J, θ)(k)〉
∣

∣

2
, that is,

∣

∣〈n| (J, θ)(k)〉
∣

∣

2
=

1

N (k)(J)

Jn

ρ
(k)
n

≡
∣

∣c(k)
n

∣

∣

2
, (3.3.1)

that determines the initial localization of the CSs with mean value

〈n〉 ≡
〈

(J, θ)(k)
∣

∣ N̂
∣

∣(J, θ)(k)
〉

=
1

N (k)(J)

∞
∑

n=0

nJn

ρ
(k)
n

=
∞
∑

n=0

n
∣

∣c(k)
n

∣

∣

2
, (3.3.2)

and spread ∆n = (〈n2〉 − 〈n〉2)1/2, where 〈n2〉 =
〈

(J, θ)(k)
∣

∣ N̂2
∣

∣(J, θ)(k)
〉

and

N̂ is the number operator. It is important to note that, for a particular value

of exponent k, the weighting distribution
∣

∣

∣
c
(k)
n

∣

∣

∣

2

depends only on parameter J ,

such that, its mean value, 〈n〉, increases with the increasing J as seen in Fig.

(3.1) and vice versa. For our latter numerical calculations of spatio-temporal

evolution, we choose the set of four values of parameter J , such that, the

corresponding weighting distributions take the mean value 〈n〉 ≃ 5, 10, 15, 30.

The weighting distribution of Glauber’s CSs is Poissonian (Glauber, 1963a,c),

i.e., |z|2ne−|z|2/n!. As will be seen in later discussion, the GK CS of power-law

potentials,for k = 2, has the same weighting distribution as that of Glauber’s

CSs. However, for k 6= 2, the distribution is not Poissonian and, in gen-

eral, Mandel’s statistical characterization (Solomon, 1994; Mandel and Wolf,

1995) is used to decide whether the weighting distribution is Poissonian, sup-

Poissonian or sub-Poissonian. The Mandel’s Q−parameter (Solomon, 1994;

Mandel and Wolf, 1995) is defined as

Q =
σ2

〈n〉 − 1, (3.3.3)

where 〈n〉 is the mean and σ2 = 〈n2〉−〈n〉2 is the variance of the distribution.

The weighting distribution of CSs is Poissonian if Q = 0, sup-Poissonian if
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Figure 3.1: The weighting distributions are plotted as a function of n for
different values of J . The values of J are so chosen that distributions take the
mean 〈n〉 ≃ 5, 10, 15, 30, respectively, for (a) Harmonic oscillator (k = 2) J =
5, 10, 15, 30, (b) infinite square well (k → ∞) J = 38.05, 125.6, 263.1, 975.61,
and (c) triangular well potential (k = 1), J = 2.82, 4.56, 6.01, 9.61.
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Figure 3.2: Mandel’s Q−parameter for coherent states of power-law poten-
tials as a function of J . (a) k < 2: for loosely binding potentials the distri-
bution is sup-Poissonian for all values J ≥ 0. (b) k > 2: for tightly binding
potentials, the distribution is sub-Poissonian for all J ≥ 0.

Q > 0 and sub-Poissonian if Q < 0. The Q−parameter for GK CS of power-

law potentials is shown in Figs. 3.2(a) (for k < 2) and 3.2(b) (for k > 2). For

loosely binding potentials, Mandel parameter is positive, so the weighting

distribution of the corresponding CSs is sup-Poissonian, whereas for tightly

binding potentials, it is negative, so the distribution is sub-Poissonian.

3.3.2 Spatio-Temporal Dynamical Characteristics

In order to investigate the temporal stability of GK CSs, we study their space-

time evolution by means of auto-correlation function and probability density

funtion. As discussed earlier, the time-evolved coherent states are obtained

by applying the time evolution operator on initial coherent states. We write

the time evolution operator for coherent states of power-law potentials as

Û(t) = exp
[

−iω(k)X̂
(k)
N t
]

. (3.3.4)
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The time evolution operator transforms the states from an initial time t0 = 0

to any latter time, t, such that

Û (k)(t)
∣

∣(J, θ)(k)
〉

= | (J, θ)(k), t〉.

We may express the time evolved states | (J, θ)(k), t〉 as

| (J, θ)(k), t〉 =
1

√

N (k)(J)

∞
∑

n=0

J
n
2 e−ie

(k)
n (θ+ω(k)t)

√

ρ(k)
n

|n〉 . (3.3.5)

For the special case, when e
(k)
n has linear dependence on quantum number,

n, i.e., e
(k)
n ∝ n, the time evolution of the coherent states | (J, θ)(k)〉 reduces

to a rotation in complex plane, viz,

Û (k)(t) | (J, θ)(k)〉 = | (J, θ)(k)e−iω(k)t〉,

thus the time evolved coherent state, | (J, θ)(k), t〉, is the same coherent state

with a difference of constant phase (Schrödinger, 1926; Glauber, 1963a,c).

However, in general, the nonlinear dependence of the eigenenergy e
(k)
n on

quantum number, n, causes transition to non-classical phenomena, such as,

quantum revivals and fractional revivals, during evolution of GK CS. Time

evolution of these states, as defined by time evolution operator in Eq. (3.3.4),

is explained using auto-correlation function (Nauenberg, 1990), that is,

A(t) =
〈

(J, θ)(k)
∣

∣

∣
e−iω(k)X̂

(k)
N t
∣

∣

∣
(J, θ)(k)

〉

. (3.3.6)

In order to calculate the auto-correlation function we use Eqs. (3.2.2) and

(3.2.4) and get

A(t) =
∞
∑

n=0

∣

∣c(k)
n

∣

∣

2
e−iε

(k)
n t,

where, ε
(k)
n ≡ ω(k)e

(k)
n , and

∣

∣

∣
c
(k)
n

∣

∣

∣

2

is weighting distribution given in Eq (3.3.1).

For GK CSs, initially narrowly peaked around the mean value 〈n〉, and

with their spread ∆n << 〈n〉, we use a Taylor expansion of ε
(k)
n around the

mean value, such that

ε(k)
n − ε

(k)
〈n〉 =

∞
∑

r=1

1

r!

∂rε
(k)
n

∂nr

∣

∣

∣

∣

∣

n=〈n〉

(n− 〈n〉)r . (3.3.7)
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Each derivative in the Eq. (3.3.7) defines a characteristic time scale (Robi-

nett, 2005; Buchleitner etal., 2002),

T
(k)
(r) = 2π





1

r!

∣

∣

∣

∣

∣

∂rε
(k)
n

∂nr

∣

∣

∣

∣

∣

n=〈n〉





−1

. (3.3.8)

For r = 1, 2, 3 these time scales, respectively, define classical period, quantum

revival and super revival times, for the reason, we write these as T
(k)
(1) = T

(k)
cl

, T
(k)
(2) = T

(k)
rev , and T

(k)
(3) = T

(k)
sr . In addition,these states follow the hierarchy

T
(k)
cl < T

(k)
rev < T

(k)
sr (Robinett, 2005; Buchleitner etal., 2002). Hence Eqs.

(2.2.7) and (3.2.3) leads us to calculate the classical period T
(k)
cl , the quantum

revival time T
(k)
rev and the super revival time T

(k)
sr as

T
(k)
cl =

π

ω(k)

∣

∣

∣

∣

(k + 2)

k

∣

∣

∣

∣

(

〈n〉 +
γ

4

)−(k−2)/(k+2)

, (3.3.9)

T (k)
rev =

2π

ω(k)

∣

∣

∣

∣

∣

(k + 2)2

k(k − 2)

∣

∣

∣

∣

∣

(

〈n〉 +
γ

4

)4/(k+2)

, (3.3.10)

T (k)
sr =

3π

2ω(k)

∣

∣

∣

∣

∣

(k + 2)3

k(k − 2)

∣

∣

∣

∣

∣

(

〈n〉 +
γ

4

)(k+6)/(k+2)

. (3.3.11)

The quantum revival time T
(k)
rev and T

(k)
sr approach to infinity for k = 2.

Therefore, the GK CSs for k = 2, which are precisely the coherent states of

harmonic oscillator, follow classical trajectories with a periodicity defined by

T
(2)
cl : there is no dispersion. This nondispersive evolution, as depicted in Fig.

3.3, is due to the fact that the energy levels are equally spaced. As exponent

deviates from k = 2, nonlinearity enters in the energy spectrum. In this new

situation, T
(k)
rev takes a finite value, and the GK CSs disperse during their

time evolution. In general, we observe a collapse for GK CSs when there is

a total dephasing between the evolution of the different contributions to the

sum, and at T
(k)
rev they tend to relocalize. The phenomena of collapse and

revivals of GK CSs are shown in Figs. (3.4) and (3.9). Moreover, classical

period, T
(k)
cl , quantum revival time, T

(k)
rev , and super revival time T

(k)
sr , reflect

the dependence on parameter, J , through the mean value, 〈n〉, as shown by

Eq. (3.3.2) and Eqs. (3.3.9-3.3.11).
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In order to analyze spatio-temporal evolution of GK CSs we study as well

the probability density in space and time, which is defined as,

P (k)(x, t) =
∣

∣

∣
〈x| e−iω(k)X̂

(k)
N t
∣

∣

∣
(J, θ)(k)

〉∣

∣

∣

2

and is obtained by Eq. (3.2.4) as

P (k)(x, t) =
1

N (k)(J)

∞
∑

n=m

Jn

ρ
(k)
n

∣

∣ψ(k)
n

∣

∣

2
(3.3.12)

+ 2Re





1
√

N (k)(J)

∞
∑

m6=n

J
(n+m)

2

√

ρ
(k)
n ρ

(k)
m

ψ(k)
n ψ∗(k)

m e−i(e
(k)
n −e

(k)
m )(θ+ω(k)t)



 .

Here, ψ
(k)
n are the eigenstates for power-law potentials. The dynamics of

GK CS displays constructive and destructive interference which is governed

by the second sum of probability density given in Eq. (3.3.13). Hence, the

space-time evolution of the probability density has vital dependence on the

nature of the eigenstates ψ
(k)
n and the structure of the energy spectrum e

(k)
n of

the physical system and defines the interference behavior. A constant back-

ground independent of time is obtained from the second sum of probability

density in Eq. (3.3.13). In the following we consider some particular cases of

power-law potentials and discuss their spatio-temporal evolution.

3.4 Particular Cases of Power-law Potentials

As discussed in chapter 2, the power-law potentials define harmonic oscil-

lator, infinite square well and triangular well potential for particular values

of power-law exponent k. Here we discuss the GK CSs for these special

cases and investigate the space-time evolution both analytically as well as

numerically.

3.4.1 Harmonic oscillator

For power-law exponent k = 2, we find e
(2)
n = n and ρ

(2)
n = n!, from

Eqs. (3.2.3) and (3.2.5), respectively. Thus GK CS for the present system is
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obtained as,
∣

∣

∣
(J, θ)(2)

〉

=
1

√

N (2)(J)

∞
∑

n=0

J
n
2 e−inθ

√
n!

|n〉 , (3.4.1)

where the normalization constant N (2)(J) is,

N (2)(J) =
∞
∑

n=0

Jn

n!
, (3.4.2)

and the weighting distribution, given in Eq. (3.3.1), takes the form

∣

∣c(2)n

∣

∣

2
=

1

N (2)(J)

Jn

n!
. (3.4.3)

A transformation from (J, θ) to z, such that, z =
√
Je−iθ, introduces

a complete equivalence between GK CSs of the harmonic oscillator, given

by Eq. ( 3.4.1), and Glauber’s CSs (Schrödinger, 1926; Glauber, 1963a,c).

In this case, the normalization factor in Eq. (3.4.2) is N (2)(J) = e|z|
2

, and

weighting distribution in Eq. (3.4.3) is
∣

∣

∣
c
(2)
n

∣

∣

∣

2

= |z|2ne−|z|2/n! which is Poisson

distribution as for Glauber’s CSs. The time evolution of GK CSs for k = 2,

as written in Eq. (3.4.1), is obtained as

∣

∣(J, θ)(2), t
〉

=
1

√

N (2)(J)

∞
∑

n=0

J
n
2 e−in(θ+ω(2)t)

√
n!

|n〉

= | (J, θ)(2)e−iω(2)t〉. (3.4.4)

In its time evolution,
∣

∣(J, θ)(2), t
〉

display complete reconstruction at T
(2)
cl =

2π and no dispersion takes place, as shown in Fig. (3.3). It is supported by our

analytical calculations which yield (from Eqs. 3.3.9-3.3.11) that T
(2)
cl = 2π,

whereas, T
(2)
rev = T

(2)
sr = ∞. It is worth noting that T

(2)
cl is independent of

the mean value, 〈n〉 and, thus, does not change with the change of J . The

particular behavior is a consequence of the inverse dependence of T
(k)
cl on

energy difference between adjacent n values, which is constant for k = 2.

Thus,
∣

∣(J, θ)(2), t
〉

has the same modulus of amplitude as that of
∣

∣(J, θ)(2), 0
〉

and differs only by a phase factor.
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Figure 3.3: We show the space-time evolution of GK CS of harmonic oscil-
lator, for J = 5: (a) Modulus square of autocorrelation function, |A(t)|2, for
(k = 2) as a function of time, t. (b) Probability density, P (x, t), as a function
of space and time (x, t).
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3.4.2 Infinite Square Well

The limiting case, k → ∞, defines an infinite square well as seen from

Eq. (2.2.1). Thus, eigenvalues e
(∞)
n = n(n + 2), and the parameter ρ

(∞)
n =

n!(n+2)!/2 are obtained, respectively, from Eq. (3.2.3) and Eq. (3.2.5). The

GK CSs are therefore, written as

∣

∣

∣
(J, θ)(∞)

〉

=
1

√

N (∞)(J)

∞
∑

n=0

J
n
2 e−in(n+2)θ

√

n!(n+ 2)!/2
|n〉 , (3.4.5)

with the normalization factor

N (∞)(J) = 2

∞
∑

n=0

Jn

n!(n + 2)!
,

and weighting distribution

∣

∣c(∞)
n

∣

∣

2
=

2

N (∞)(J)

Jn

n!(n + 2)!
.

After a few algebraic steps the mean value of this distribution is calculated

as,

〈n〉 =
1

N (∞)(J)

∞
∑

n=0

2Jn

(n− 1)!(n+ 2)!
. (3.4.6)

The unitary operator, Û (∞)(t), defined as time evolution operator and given

in Eq. (3.3.4) leads us to calculate the time evolved GK CS for k = ∞. Hence,

the operation of Û (∞)(t) on the initial state given in Eq. (3.4.5), provides us

time dependent GK CS as,

∣

∣(J, θ)(∞), t
〉

=
1

√

N (∞)(J)

∞
∑

n=0

J
n
2 e−in(n+2)(θ+ω(∞)t)

√

n!(n+ 2)!
|n〉 . (3.4.7)

In contrast to
∣

∣(J, θ)(2), t
〉

, the phase of the time evolved states,
∣

∣(J, θ)(∞), t
〉

,

possesses nonlinear dependence on quantum number n. For the reason we

observe that, GK CS for k = ∞ follows classical-like dynamics with, T
(∞)
cl ,

as its classical period, obtained as

T
(∞)
cl =

1

π(〈n〉 + 1)
. (3.4.8)
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Figure 3.4: We show modulus square of autocorrelation function, |A(t)|2, as
a function of time, t, for infinite square well (k → ∞) for: (a) J = 38.05, (b)
J = 125.6,(c) J = 263.1, and (d) J = 975.61.

Nonlinearity of the energy spectrum introduces a dephasing effect in adjacent

terms of the summation which leads to the dispersion after a few classical

periods, thus, GK CS observes collapse as the phase difference maximizes.

Later restructuring of these states takes place as all contributing terms in

summation display a phase matching which results in the reconstruction of

the initial state, at the time of revival, given as

T (∞)
rev =

2

π
. (3.4.9)

The quantum mechanical revival time T
(k)
rev is inversely proportional to dif-

ference of frequencies between adjacent n values. For k = ∞ the difference

between frequencies become constant which as a consequence makes T
(∞)
rev in-

dependent of 〈n〉 and a constant, and T
(∞)
sr = ∞. The phenomena of collapse

and revival for GK CSs of infinite square well is shown in Fig. (3.4).

As discussed earlier, the classical period and quantum revival time for

GK CSs of power-law potentials depend on parameter J through the mean
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value, 〈n〉, of the weighting distribution, such that, 〈n〉 has direct proportion

with J as given in Eq. (3.4.6) and shown in Fig. (3.1). Therefore, classical

period for GK CSs for infinite square well, T
(∞)
cl , given in Eq. (3.4.8), displays

an inverse proportionality on J . Eq. (3.4.9), however, shows that quantum

revival time of the GK CSs of infinite square well, T
(∞)
rev , is independent of

〈n〉 and, therefore, does not exhibit any dependence on J . This fact leads

us to conclude that for the higher values of J , revival of GK CSs occur after

larger number of classical periods and vice versa, as seen in Fig (3.4).

In Fig. (3.5) we present the probability density of
∣

∣

∣
(J, θ)(∞)

〉

at particular

instants of time evolution which shows the phenomena of quantum revivals

and fractional revivals. Fig. (3.6) shows the probability density of these states

at t = 0 for different values of J . It is seen that increasing J shifts the center

of the initial state towards the left and leads to the sharper localization in

space. Moreover, a single peak of initial probability density at lower values

of J splits into multiple peaks as J increases. The spatio-temporal evolution

of GK CS of infinite square well, however, displays the constructive and

destructive interference which is governed by the time-dependent interference

term of probability density, as defined in Eq. (3.3.13), that is,

Re





4

aN (∞)(J)

∞
∑

m6=n

J
(n+m)

2

√

ρ
(∞)
n ρ

(∞)
m

sin
(nπx

a

)

sin
(mπx

a

)

e−i(e
(∞)
n −e

(∞)
m )(θ+ω(∞)t)



 .

The probability density contour plots and quantum carpets are displayed,

respectively, in Fig. (3.7) and Fig. (3.8), to batter exhibit the effect of in-

creasing J as explained earlier in Fig. (3.6).

3.4.3 Triangular Well Potential

The triangular well potential is a special case of power-law potentials for

which k = 1, V0/a = mg, with infinite wall at x = 0 and defined only in

positive half plane. In this situation, we define dimensionless eigenenergy e
(1)
n

from Eq. (3.2.3), such that, e
(1)
n = (n + 3/4)2/3 − (3/4)2/3 ≃ (n)2/3, whereas,

parameter ρ
(1)
n is defined as ρ

(1)
n = (n!)2/3. The GK CSs of triangular well
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Figure 3.5: We show the probability density, P (x, t), of GK CS for infinite
square well calculated for J = 38.05, at different evolution times: (a) t = 0,
(b) t = 1/4Trev (c) t = 1/3Trev, (d) t = 1/2Trev.
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Figure 3.6: Initial spatial localization of GK CSs of infinite square well,
P (x, 0), for: (a) J = 38.05, (b) J = 125.6, (c) J = 273.1, and (d) J = 975.61.
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Figure 3.7: Contour plots of the probability density P (x, t) that show the
space-time evolution of GK CS of infinite square well, for: (a) J = 38.05, (b)
J = 125.6 and (c) J = 263.1.
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Figure 3.8: We show the quantum carpets of GK CS of infinite square well,
woven for: (a) J = 38.05, (b) J = 125.6 and (c) J = 263.1. In these carpets
bright lines represent the maximum probabilities and dark lines represent the
minimum probability densities.
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potential take the form as

∣

∣

∣
(J, θ)(1)

〉

=
1

√

N (1)(J)

∞
∑

n=0

J
n
2 e−in(2/3)θ

√

(n!)2/3
|n〉 , (3.4.10)

where, the normalization constant is given as

N (1)(J) =

∞
∑

n=0

Jn

(n!)2/3
.

and the weighting distribution of these states is

∣

∣c(1)n

∣

∣

2
=

Jn

N (1)(J)(n!)(2/3)
.

The mean value, 〈n〉, is given as

〈n〉 =
1

N (1)(J)

∞
∑

n=0

nJn

(n!)2/3
. (3.4.11)

By applying the unitary operator Û (1)(t) on Eq. (3.4.10), we obtain time

evolved GK CSs as

∣

∣(J, θ)(1), t
〉

=
1

√

N (1)(J)

∞
∑

n=0

J
n
2 e−in(2/3)(θ+ω(1)t)

√

(n!)2/3
|n〉 . (3.4.12)

Eq. (3.4.12) shows that the phase of the time evolved states has nonlin-

ear dependence on quantum number n. Therefore, GK CSs of triangular

well potential observe collapse, in the course of their time evolution, after

few classical periods, as displayed by Fig. (3.9). The classical period T
(1)
cl ,

quantum revival time, T
(1)
rev, and super revival time, T

(1)
sr , for these states,

respectively, are

T
(1)
cl =

3π

ω(1)
(〈n〉)1/3 , (3.4.13)

T (1)
rev =

18π

ω(1)
(〈n〉)4/3 , (3.4.14)

T (1)
sr =

81π

2ω(1)
(〈n〉)7/3 . (3.4.15)

In contrast to the cases of harmonic oscillator and infinite square well, both

T
(1)
cl and T

(1)
rev of GK CSs of triangular well potential have dependence on mean
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Figure 3.9: We show the modulus square of the autocorrelation function,
|A(t)|2, as a function of time, t, upto first twenty classical periods for (k = 1)
and: (a) J = 2.82, (b) J = 4.56,(c) J = 6.01, and (d) J = 9.61.

values 〈n〉 of initial distribution and therefore, have dependence on parameter

J , as given in Eq. (3.4.11). Hence, T
(1)
cl and T

(1)
rev, given in Eqs. (3.4.13)

and (3.4.14), are directly proportional to J . However, the variation of T
(1)
rev

with J is more sharp in comparison with T
(1)
cl , which is comprehensible from

Eq. (3.4.11), as T
(1)
cl ∝ (〈n〉)1/3 and T

(1)
rev ∝ (〈n〉)4/3. Hence, as the value of

J increases the collapse and then revival of the initial GK CS occur after

larger number of classical periods and vice versa, as displayed in Fig. (3.9).

However, in this case we do not find exact revival of the initial state at time

t = T
(1)
rev because of the existence of super revival term and higher order terms

given in Eq. (3.3.8). Moreover, from Eqs. (3.4.13) and (3.4.14), we find the

interdependence of T
(1)
cl and T

(1)
rev, such that, T

(1)
rev = 6T

(1)
cl 〈n〉.

In Fig. (3.10) we show the probability density of states,
∣

∣

∣(J, θ)
(1)
〉

, after
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different evolution times. It is seen that probability density at t = 0 exhibit

a single peak that splits into multiple-peaks after few classical periods. The

subsequent dynamics of these multiple-peaks interfere with each other and

results in the collapse of the initial states. The interference is governed by

the time-dependent part of the probability density, viz

2Re





1

N (1)(J)

∞
∑

m6=n

J
(n+m)

2

√

ρ
(1)
n ρ

(1)
m

ψn(ζ)ψ∗
m(ζ)e−i(e

(1)
n −e

(1)
m )(θ+ω(1)t)



 ,

where, ψn(ζ) = NnAi(ζ−ζn), and, ζ = x/x0, is the rescaled position. The re-

sulting space-time dynamics is displayed in Fig. (3.11) by means of quantum

carpet which shows a gradually dominatory destructive interference, beyond

t = 0, which results the collapse of GK CS.
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Figure 3.10: We show the probability density function, P (x, t) for the tri-

angular well potential after different evolution times: (a) t = 0T
(1)
(cl) and

t = 1/2T
(1)
(cl), (b) t = 1T

(1)
(cl), (c) t = 2T

(1)
(cl), (d)t = 3T

(1)
(cl).
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Figure 3.11: We show quantum carpets of GK CS of triangular well potential
woven for: (a) J = 2.82, (b) J = 4.56, (c) J = 6.01, and (d) J = 9.61. The
bright regions in these carpets represent the maximum probabilities and dark
regions represent the minimum probabilities.



Chapter 4

Quantum Recurrences and
Nondispersive Dynamics in
Periodically Driven Systems

4.1 Introduction

The quantum recurrence phenomenon exhibited by wave packet evolution

is the manifestation of the discreteness of the quantum world (Robinett,

2004). An initially well-localized wave packet, in a bounded system, follows

classical mechanics in its early evolution and reappears after a classical pe-

riod following classical trajectory. However, after many classical periods it

spreads following wave mechanics and observes a collapse due to the non-

linearity of the system: nevertheless, the discreteness of the quantum the-

ory leads to its reconstruction and revival of the initial state occurs. The

phenomenon of quantum recurrences have been studied in a variety of quan-

tum mechanical systems including Jaynes-Cummings model of the quantum

electrodynamics (Eberly et al., 1980; Averbukh, 1992), the micro-maser cav-

ity (Rempe et al., 1987), the Rydberg wave packets (Yeazell et al., 1990),

the multi-atomic molecules (Grebenshchikov et al., 1997) and many other

one-degree-of-freedom systems (Parker and Stroud, 1986; Ten Wolde et al.,

1988; Averbukh and Perelman, 1989; Yeazell et al., 1989; Nauenberg, 1990;

Alber and Zollar, 1990; Nauenberg et al., 1994; Bluhm and Kostelecky, 1995;

Robinett, 2004).

74
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The time scales, at which recurrences of a localized wave packet occur, de-

pend on the structure of the underlying energy spectrum of the corresponding

quantum system. In quantum mechanical systems with linear energy spec-

trum (equally spaced energy levels), the wave packet evolution manifests re-

currences after classical time period only and the higher order recurrences (i.e.

quantum revivals and super revivals) are absent (Robinett, 2004). Hence, the

quantum systems whose underlying energy spectrum is linear follow classical

trajectories during the time evolution and therefore undergo nondispersive

quantum dynamics, for example, as in the case of coherent states of the har-

monic oscillator (Schrödinger, 1926) which have been discussed in chapter 3.

However, nonlinear dynamical systems do not possess equally spaced energy

spectra. The nonlinearity of the energy spectrum develops the phase differ-

ence between the constituent wavelets which leads to destructive interference

and results in a collapse of the initial wave packet when the phase difference

is maximum. Later, constructive interference dominates and consequently

wave packet exhibits the quantum revivals and fractional revivals (Averbukh

and Perelman, 1989).

Now we extend the analysis of the wave packet recurrences to periodically

driven systems in order to find the answer to the very fundamental question:

How does the phenomenon of quantum recurrences change in the presence

of external periodic modulation when the classical dynamics of the system

becomes chaotic? In this chapter, we study the wave packet recurrences in

periodically driven power-law potentials to answer the question. Firstly, we

show that, in general, dynamics of a quantum wave packet in the modulated

power-law potentials manifests quantum recurrences at various time scales.

We formulate general analytical relations for these times and discuss their

parametric dependence. Secondly, we use the recurrence phenomenon as

a tool to study nondispersive wave packets in periodically driven systems.

We show that wave packets originating from the particular regions in the

phase space (i.e. center of nonlinear resonance) follow classical trajectories

with a periodicity defined by classical revival time and therefore undergo

nondispersive dynamics, despite corresponding underlying energy spectrum

of the unmodulated system being nonlinear.
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The chapter is organized as follows: In section 4.2, we discuss the general

theory of periodically driven systems both classically and quantum mechani-

cally. We derive the effective Hamiltonian for the power-law potentials in the

presence of external periodic modulation and discuss their classical dynamics.

Then we solve the system semi-classically and pure quantum-mechanically in

order to investigate the characteristics of quantum wave packet evolution. In

section 4.3, we study the recurrence phenomena of an initially well-localized

wave packet in periodically driven power-law potentials. For our general

study we divide the potentials in two kinds, namely, tightly binding po-

tentials and loosely binding potentials. We show that in the dynamics of a

quantum wave packet in the modulated power-law potentials quantum recur-

rences occur at various time scales. We develop general analytical relations

for these times and discuss their parametric dependence. Finally, in section

4.4 we probe the nondispersive wave packet evolution in periodically driven

power-law potentials by means of numerical and analytical investigation of

auto- correlation function.

4.2 Periodically Driven Power-law Potentials

A one-degree-of-freedom nonlinear system coupled to a periodic time depen-

dent external field becomes three dimensional system comprising one-and-

half-degrees-of-freedom, which is the minimum requirement for the onset of

classical chaos in any dynamical system. Hence, nonlinear dynamical sys-

tems with one-degree-of-freedom can experience a transition to chaos if they

are driven by a time dependent force. However, the dynamics of such Hamil-

tonian systems is neither completely regular nor completely chaotic, conse-

quently, the phase space appears as an intricate mixture of regular and ap-

parently stochastic regions (Lichtenberg and Lieberman, 1983). The regions

of regular dynamics in the phase space are termed as nonlinear resonances.

Here we study the nonlinear resonances of periodically driven power-law po-

tentials, classically, semi-classically, and quantum-mechanically.

Classically, the dynamics around a resonance is approximately integrable

and can be expressed by a pendulum Hamiltonian (Lichtenberg and Lieber-
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man, 1983). This is a generic feature to all periodic time dependent and two-

degree-of-freedom systems irrespective of their Hamiltonian. We get pendu-

lum Hamiltonian by following the classic work of Henri Poincaré (Poincaré,

1892) and Max Born (Born, 1960), conventionally known as Secular perturba-

tion theory. In this approach, we expand the Hamiltonian of the system (ex-

pressed in action-angle coordinates) up to the second order and then average

over the fast oscillations of the system, keeping only the resonant frequencies.

In this way we eliminate one frequency and corresponding action becomes a

constant of motion. Hence, the periodically driven time-dependent system

is mapped onto a one-degree-of-freedom system, where the corresponding

dynamics is integrable.

In order to get insight into the quantum-mechanical solutions and quan-

tized energy spectrum of the time-periodic systems, we first quantize the

pendulum Hamiltonian by semi-classical quantization using Berry opera-

tor (Berry, 1977). Then, we follow the pure quantum mechanical approach,

suggested initially by Berman and Zaslavsky (Berman and Zaslavsky, 1977),

to solve the time-dependent Schrödinger equation in order to find the eigen-

states and eigenenergies, also termed as quasi-energies, for the driven power-

law potentials at the Nth nonlinear resonance. We calculate the quasi-

energies to find the quantum recurrences and to study the existence of nondis-

persive wave packets dynamics.

4.2.1 Classical Dynamics: Resonance Hamiltonian

A classical particle of mass m confined to the one-dimensional power-law

potentials and driven by an external time periodic force of frequency Ω is

described by the Hamiltonian

H̃(X,P, τ) = H̃0(X,P ) + λṼ (X) sin Ωτ, (4.2.1)

where

H̃0(X,P ) =
P 2

2m
+ Ṽ0

∣

∣

∣

∣

X

a

∣

∣

∣

∣

k

, (4.2.2)

describes the unmodulated system. In the second term of Eq. (4.2.1), λ

expresses the dimensionless external modulation strength.
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Here we introduce the dimensionless position coordinate, x = X
a
, and

dimensionless momentum coordinate, p = P
mΩa

for the sake of simplicity and

mathematical brevity. The scaled position and momentum coordinates help

us to scale the general Hamiltonian given in Eq. (4.2.1). The procedure,

therefore, yields,

H(x, p, t) =
p2

2
+ V0 |x|k + λV (x) sin t ≡ H0(x, p) + λV (x) sin t, (4.2.3)

where, H(x, p, t) = H̃(X,P, τ)/mΩ2a2, t = Ωτ , the amplitude V0 = Ṽ0/mΩ2a2

and the spatial component of external modulation is V (x) = Ṽ (X)/mΩ2a2.

In order to analyze the nonlinear resonances of the periodically driven

systems, we re-write above Hamiltonian in action-angle coordinates of the

unperturbed system through canonical transformation (p, x) → (I, θ). To

express H(x, p, t) in terms of (I, θ), we calculate the action of the time inde-

pendent system over one cycle by using action integral

I =
1

2π

∮

pdx, (4.2.4)

where p =

√

2
(

H0 − V0 |x|k
)

. Since the turning points of the closed trajec-

tory are at x = 0 and x = H0, we come to the relation

I =
1

π

∫ H0

0

√

2
(

H0 − V0 |x|k
)

dx =
2
√

2

πV
1/k
0

Γ (1/k + 1)Γ(3/2)

Γ (1/k + 3/2)
(H0)

k+2/2k ,

(4.2.5)

which leads us to the Hamiltonian H0(x, p) in terms of action I as,

H0(I) =

[

I
πV

1/k
0

2
√

2

Γ (1/k + 3/2)

Γ (1/k + 1)Γ(3/2)

]2k/k+2

. (4.2.6)

Hence, the Hamiltonian of the unperturbed system depends on I alone, not

on θ. According to the classical Hamilton’s equation, the oscillation fre-

quency ω (I) of the particle moving under the influence of undriven power-law

potentials is

ω (I) =
∂H0

∂I
=
H0

I

(

2k

k + 2

)

. (4.2.7)
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The angle variable, therefore, can be expressed as

θ = ω (I) t, (4.2.8)

restricted within the interval from 0 to 2π.

If we choose the origin of the angle, such that, the unperturbed trajectory

is an even function of θ, then the external modulation, V (x), expressed in

action-angle coordinates V (I, θ) can be expanded in cosine series (Flatte and

Holthaus, 1996; Buchleitner etal., 2002),

V (I, θ) =

∞
∑

m=0

Vm(I) cos(mθ), (4.2.9)

Using transformations given by Eqs. (4.2.6) and (4.2.9) in Eq. (4.2.3), the

Hamiltonian in action-angle coordinates can be expressed as

H(I, θ, t) = H0(I) +
λ

2

∞
∑

m=1

Vm(I) {sin(θ2) − sin(θ1)} , (4.2.10)

where, θ1 = (mθ − t), and θ2 = (mθ + t). This Hamiltonian expresses the

complete dynamics of the periodically driven power-law potentials. We, how-

ever, restrict ourselves to the region of resonances in the phase space. In the

classical phase space of the periodically driven systems, the Nth primary

resonance occurs when the oscillation period of the unmodulated system co-

incides with an integer multiple, N , of the period of external modulating

force (Flatte and Holthaus, 1996), i.e.,

ω(IN) =
Ω

N
, (4.2.11)

where IN is the action of the unperturbed system at Nth resonance. For the

resonant case, the argument θ1 of expansion, given in Eq. (4.2.10), becomes

stationary for m = N . We average out the fast oscillating terms of the

summation in Eq. (4.2.10) using secular perturbation theory suggested by

Henri Poincaré and Max-Born (Born, 1960) and the resultant Hamiltonian

becomes,

H(I, θ, t) = H0(I) −
λV

2
sin (Nθ − t) , (4.2.12)
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where we have taken Vm(I) = V for simplicity. We expand the unperturbed

energy, H0(I), quadratically around resonant action, IN , and the resultant

resonance Hamiltonian becomes,

H(I, θ, t) = H0(IN) +H ′(I − IN) +
1

2
H ′′(I − IN)2 + λ cos(t−Nθ). (4.2.13)

Here H ′ and H ′′ denote the first and second derivatives, respectively, with

respect to the action I around the center of theNth resonance, i.e., at I = IN .

4.2.2 Semi-classical Dynamics: Quantization of Reso-
nance Hamiltonian

The classical dynamics of the driven system, given by Hamiltonian in Eq. (4.2.16),

is governed only by the strength of the external modulation λ. In semiclas-

sical dynamics (as well as quantum dynamics) a second parameter, namely

Planck’s constant ~, appears which is scaled using dimensionless parameters

(x, p). The commutation relation between x and p leads us to find out an

effective Planck’s constant, k−, such that,

[x, p] =
1

a2mω
[X,P ] = ik−, (4.2.14)

where, k− = ~

a2mω
.

Now the classical Hamiltonian can be quantized by using the semi-classical

approximation, such that,

(I − IN) →
(

−ik−
) ∂

∂θ
. (4.2.15)

This replacement results in the Hamiltonian given as

H(I, θ, t) = H0(IN) − ik−ω(IN)
∂

∂θ
− k−

2
H ′′ ∂

2

∂θ2
+ λ cos(t−Nθ), (4.2.16)

with the help of this resonance Hamiltonian, Schrödinger’s equation takes

the form

ik−
∂ψ

∂t
=

[

H0(IN ) − ik−ω(IN)
∂

∂θ
− k−

2
H ′′ ∂

2

∂θ2
+ λ cos(t−Nθ)

]

ψ. (4.2.17)
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By introducing the transformation Nθ − t = 2φ − π/2 as the new angle

variable, we get the simplified expression for Schrödinger’s equation

ik−
∂ψ

∂t
=

[

−H
′′k−

2
N2

8

∂2

∂φ2
− ik−

2
(Nω(IN) − 1)

∂

∂φ
+H0(IN) + λV cos(2φ)

]

ψ.

(4.2.18)

Now the Hamiltonian, in square brackets, is independent of time t, therefore,

we factorize the wave function into time dependent and time independent

parts, that is, ψ(φ, t) = ψ1(φ)ψ2(t). This simplified representation is based

upon the fact that we get rid of one frequency, implying the reduction of one

degree of freedom by averaging. Therefore, the corresponding action becomes

a constant of motion. Hence the problem is reduced to one degree of freedom

and the effective time-independent Schrödinger equation becomes

[

−H
′′k−

2
N2

8

∂2

∂φ2
− ik−

2
(Nω(IN) − 1)

∂

∂φ
+H0(IN) + λV cos(2φ)

]

ψ1 = εψ1.

(4.2.19)

The quantity ε defines the quasi-energy. By substituting ψ1 = ψ̃

exp {−2i (Nω(IN) − 1)φ/ (H ′′N2k−)}, it is straight forward to write Eq. (4.2.19)

in the form of Mathieu equation, that is,

[

∂2

∂φ2
+ a− 2q cos 2φ

]

ψ̃ = 0, (4.2.20)

where

a =
8

N2H ′′k−

[

ε−H0(In) +
(Nω(IN) − 1)2

2N2H ′′

]

, (4.2.21)

and

q =
4λV

N2H ′′k−
. (4.2.22)

The π−periodic solutions correspond to even functions of the Mathieu equa-

tion whose corresponding eigenvalues are real (Abramowitz and Stegun, 1992).

We denote these solutions by index ν. The general solution to the Mathieu

equation is
˜ψ(φ) = eiνφPν(φ), (4.2.23)
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where Pν(φ) are the even order Mathieu functions and have π periodicity. In

θ-coordinates we write it as

ψ1(θ) = exp

{

i

(

ν − 2(NH ′ − 1)

N2H ′′k−

)

(Nθ − t+ π/2)

2

}

Pν(θ) (4.2.24)

In order to have a 2π periodic solution in θ−coordinate, we require the

coefficient of θ, to be an integer. This requirement helps to find the value for

the index of the Mathieu functions ν as

ν =
2k

N
+

2(NH ′ − 1)

N2H ′′k−
, (4.2.25)

where k is an integer. Hence, on knowing the index ν and q we fully determine

the Mathieu characteristic parameter aν(k)(q). The quasi energy of the system

is, therefore, expressed as

εk =
N2H ′′k−

8
aν(k)(q) −

(NH ′ − 1)2

2N2H ′′
+H0(IN ). (4.2.26)

In order to check this result we study the case of zero modulation strength,

that is for λ = 0 for which q = 0. The corresponding value for the Math-

ieu characteristic parameter becomes aν(k)(q = 0) = ν2 which, by using

Eq. (4.2.25), reduces the quasi energy to

εk =
H ′′k−

2

2
k2 +

k−

N
(NH ′ − 1)k +H0(IN). (4.2.27)

By comparing this energy representation with the Hamiltonian in Eq. (4.2.19),

for λ = 0, we infer that the quantum number k should be defined as,

k =
N

2i

∂

∂φ
=

1

i

∂

∂θ
=

1

k−
(I − IN). (4.2.28)

The quantum number k, as defined in Eq. (4.2.28), describes the distance

between the action IN at the center of the wave packet and the action,

I = 1/2π
∮

pdx = nk−, where n is the principle quantum number.
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4.2.3 Quantum Dynamics: Floquet Eigenstates and
Quasi-energies

In the periodically driven power-law potentials energy is no longer a constant

of the motion and thereof not a conserved quantity. However, the dynam-

ics of such systems is governed by the Floquet Hamiltonian whose eigenval-

ues, the quasienergies, are conserved quantities (Shirley, 1965; Sambe, 1973).

For the reason, we solve the time-dependent Schrödinger equation by using

secular perturbation theory (Born, 1960) to find the solution by averaging

over rapidly changing variable and we, therefore, find out a partial solu-

tion of the periodically driven system. The procedure provides us with the

quasi-eigenstates and the quasi-eigenvalues for the nonlinear resonances of

the system.

In order to study theNth quantum nonlinear resonances of the system, we

write the solution of the Schrödinger equation, corresponding to the Hamil-

tonian in Eq. (4.2.3), in the form of an anstaz (Berman and Zaslavsky, 1977;

Flatte and Holthaus, 1996),

|ψ(t)〉 =
∑

n

Cn(t)|n〉 exp

{

−i
[

E
(k)
n̄ + (n− n̄)

k−

N

]

t

k−

}

. (4.2.29)

Here, E
(k)
n̄ is the mean energy of the wave packet in the Nth resonance.

On substituting Eq. (4.2.29) in the time dependent Schrödinger equa-

tion, we find that the probability amplitude for any nth state, Cn, changes

following the equation,

ik−Ċn =

[

E(k)
n − E

(k)
n̄ − (n− n̄)

k−

N

]

Cn(t) +
λV

2i
(Cn+N − Cn−N). (4.2.30)

In order to obtain Eq. (4.2.30), we average over the fast oscillating terms

and keep only the resonant ones. For larger values of n, we consider the

corresponding off-diagonal matrix elements approximately the same, so that,

Vn,n+N ≈ Vn,n−N = V .

We take the initial excitation, narrowly peaked around the mean value,

n̄. For the reason, we take slow variations in the energy, E
(k)
n , around the

n̄ in a nonlinear resonance, and expand it up to second order in Taylor’s
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expansion. Thus, the equation of motion for the probability amplitude, Cn,

may be expressed as

ik−Ċn = k−(n− n̄)(ω − 1

N
)Cn(t) +

1

2
k−(n− n̄)2ζCn(t) +

λV

2i
(Cn+N − Cn−N).

(4.2.31)

Here, the frequency of the system ω is defined by

ω =
∂E

(k)
n

k−∂n
|n=n̄ =

1

k−
2k

k + 2
(n̄+

γ

4
)−1E

(k)
n̄ , (4.2.32)

and the nonlinearity, ζ , in the time independent energy spectrum comes to

be

ζ =
∂2E

(k)
n

k−2∂n2
|n=n̄ =

1

k−2

2k(k − 2)

(k + 2)2
(n̄+

γ

4
)−2E

(k)
n̄ . (4.2.33)

We introduce the Fourier representation for Cn as,

Cn =
1

2Nπ

∫ 2Nπ

0

g(θ, t)e−i(n−n̄)θ/Ndθ, (4.2.34)

which helps us to express Eq. (4.2.31) as the Schrödinger equation for g(θ, t),

such that ik−ġ(θ, t) = H(θ)g(θ, t) (Berman and Zaslavsky, 1977; Flatte and

Holthaus, 1996). The Hamiltonian H(θ) is, therefore, given as,

H(θ) = −N
2k−

2
ζ

2

∂2

∂θ2
− iNk−(ω − 1

N
)
∂

∂θ
− λV sin θ. (4.2.35)

In order to obtain this equation, we consider the function g(θ, t) as 2Nπ

periodic, in θ coordinate.

Due to the time-independent behavior of the Hamiltonian, we can write

the time evolution of g(θ, t), as g(θ, t) = g̃(θ) exp{−iεt/k−}. As a consequence,

the time dependent Schrödinger equation for g(θ, t) , reduces to the standard

Mathieu equation,
[

∂2

∂z2
+ aν − 2q cos 2z

]

χ(z) = 0. (4.2.36)

Here, we express g̃ = χ(z) exp
(

−2i(ω − 1
N

)z/Nk−ζ
)

, where θ = 2z + π/2. In

Eq. (4.2.36), the Mathieu characteristic parameter aν , and q are

aν =
8

N2k−2ζ

[

(ω − 1
N

)2

2ζ
+ ε

]

, (4.2.37)
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and

q =
4λV

N2k−2ζ
, (4.2.38)

respectively. Hence, the quasi eigen energy of the system is obtained from

Eq. (4.2.37) as,

εν =
N2k−

2
ζ

8
aν −

(ω − 1
N

)2

2ζ
, (4.2.39)

where, the index ν is ν = 2(n− n̄)/N2 + 2(ω − 1/N)/Nk−ζ .

4.3 Quantum Recurrences in Driven Systems

The time scales, T (j), at which recurrences of an initially well localized wave

packet occur in the driven system, depend upon the quasi eigen energy

such that, T (j) = 2π
ω(j) , where ω(j) = (j!k−)−1∂jεn/∂n

j (Saif, 2005a, 2006a).

Therefore, the classical period, T (1) =T
(cl)
λ , and the quantum revival time,

T (2) = T
(Q)
λ , for the driven power-law potentials take the shape

T
(cl)
λ = {1 −M

(cl)
0 }T (cl)

0 ∆, (4.3.1)

and

T
(Q)
λ = {1 −M

(Q)
0 }T (Q)

0 . (4.3.2)

Here, T
(cl)
0 = 2π/ω and T

(Q)
0 = 2π/

(

1
2!
k−ζ
)

are the classical period and

quantum revival time in the absence of external modulation. Moreover,

∆ = (1 − ωN/ω)−1 where ωN = 1/N.

The time modification factors M
(cl)
0 and M

(Q)
0 are given as,

M
(cl)
0 = −

{

1

2

(

λV ζ∆2

ω2

)2
1

(1 − µ2)2

}

, (4.3.3)

and

M
(Q)
0 =

{

1

2

(

λV ζ∆2

ω2

)2
3 + µ2

(1 − µ2)3

}

, (4.3.4)

where µ = Nk−ζ∆/2ω. Here, ω = △E
(k)
n

k−△n
|n=n̄ gives us the information about

the energy difference between two adjacent levels and, ζ determines the non-

linearity associated with the energy spectrum corresponding to the unmodu-

lated system.
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4.3.1 Power Law Exponent and Quantum Recurrence
Times

In section 4.3, we calculated the classical period and the quantum revival

time for the power-law potentials in the presence of external fields. As dis-

cussed earlier in chapter 2, we may consider two kinds of power-law poten-

tials, namely, tightly binding potentials and loosely binding potentials with

each category being defined in terms of power law exponent. The typical

value of the exponent reflects itself in the frequency ω, and in the nonlinear-

ity, ζ , present in the time independent systems, and are duly expressed in

Eqs. (4.2.32) and (4.2.33), respectively.

We note that for the special case of the quadratic potential the power-

law exponent k takes the value k = 2. We note that in this case the energy

spectrum of the system is linear and the spacing between the adjacent levels

is fixed to a constant.

Interestingly, a non-zero nonlinearity enters in the energy spectrum as we

go beyond the quadratic potential, and the exponent takes a value other than

k = 2. Therefore, for the sake of clarity, we define a nonlinearity-measure

parameter ρ, and redefine the power law exponent, k, as k = 2 + ρ. It is

obvious that for the quadratic potential, we find ρ = 0. Hence, the parameter

ρ defines the extent of nonlinearity in a system.

From Eqs. (4.2.32) and (4.2.33) we note that in addition to the power-law

exponent k, frequency ω and nonlinearity ζ , have important dependence on

mean quantum number n̄, and the effective Planck’s constant k−. Hence, the

general relations for the frequency, ω, and the nonlinearity, ζ become

ω =
1

k−
2(2 + ρ)

(4 + ρ)

(

n̄ +
γ

4

)−1

E
(ρ)
n̄ , (4.3.5)

and

ζ =
1

2k−2

ρ(2 + ρ)

(4 + ρ)2

(

n̄+
γ

4

)−2

E
(ρ)
n̄ . (4.3.6)

In terms of the nonlinearity measure ρ, the Eqs. (4.3.5) and (4.3.6) lead

us to calculate the recurrence times, T
(cl)
λ and T

(Q)
λ , given in Eqs. (4.3.1)
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and (4.3.2) in the presence of external modulation. We express these times

as

T
(cl)
λ =







1 +
1

2

(

λV ρ∆2

2(2 + ρ)E
(ρ)
n̄

)2
1

(1 − µ2)2







T
(cl)
0 ∆, (4.3.7)

and

T
(Q)
λ =







1 − 1

2

(

λV ρ∆2

2(2 + ρ)E
(ρ)
n̄

)2
3 + µ2

(1 − µ2)3







T
(Q)
0 . (4.3.8)

Here, we have

T
(cl)
0 =

πk−

E
(ρ)
n̄

(4 + ρ)

(2 + ρ)

(

n̄ +
γ

4

)

, (4.3.9)

and

T
(Q)
0 =

2πk−

E
(ρ)
n̄

(4 + ρ)2

ρ(2 + ρ)

(

n̄ +
γ

4

)2

, (4.3.10)

respectively, as the classical period and the quantum revival time in the

absence of external modulation. Moreover, the parameter µ is defined as a

function of ρ, as

µ =
Nρ∆

2(4 + ρ)(n̄ + γ
4
)
. (4.3.11)

Quadratic Potential: As discussed above, for the quadratic potential we

find the nonlinearity-measure parameter ρ = 0, and therefore the energy

spectrum is linear. From Eqs. (4.3.7) and (4.3.8), we note that in this special

case, the time scales in the presence of the external modulation and its

absence are related as,

T
(cl)
λ = T

(cl)
0 ∆,

T
(Q)
λ = T

(Q)
0 . (4.3.12)

Interestingly, the Eq. (4.3.10) leads us to conclude that in the quadratic

potential case, T
(Q)
0 = ∞, therefore, quantum revival in the absence and in

the presence of the external modulation occurs after an infinite time, whereas

the classical period is constant and independent of n̄. Hence, the quantum

evolution of a particle undergoing harmonic motion in the quadratic poten-

tial, mimics the classical evolution and shows a recurrence after a classical

period only.
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The nonlinearity measure ρ may take positive or negative values. In our

later discussion, we consider two possible cases on ρ: First, when ρ is positive

which corresponds to tightly binding potentials; Second, when ρ is negative

which expresses loosely binding potentials. Thus, the quadratic potential

provides a boundary between the two kind of potentials.

4.3.2 Tightly Binding Potentials

In case of tightly binding potentials, the nonlinearity measure ρ, is positive.

As the value of ρ increases slightly beyond zero, the energy spectrum exhibits

a weak nonlinearity, which we may express as ρ = +ǫ. From Eq. (4.3.7), we

note that for the weak nonlinearity case, the classical period in the presence of

the external modulation, T
(cl)
λ , becomes larger than its value in the absence of

the nonlinearity. However, Eq. (4.3.8) explains that the corresponding value

of quantum revival time, T
(Q)
λ , starts reducing from its value present in the

linear case. Hence, from Eqs. (4.3.7) and (4.3.8) we note that, as the value

of ρ increases, the value of T
(cl)
λ goes on increasing. However, T

(Q)
λ shows a

decrease, so far as µ2 < 1.

For the smaller values of ρ, we find that the classical period and the

quantum revival time in the presence and in the absence of external driving

force are related as
3T

(cl)
λ

4T
(cl)
0

+
T

(Q)
λ

4T
(Q)
0

= 1. (4.3.13)

This explains that the decrease in quantum revival time is three times more as

compared with the increase in the classical period in the presence of external

modulation (Saif, 2005a).

At asymptotically large values of ρ, we note that the recurrence times

in the presence and in the absence of the external modulation becomes in-

dependent of ρ. In the absence of the modulation the classical period T
(cl)
0 ,

as given in (4.3.9), is inversely proportional to the mean quantum num-

ber n̄, such that, T
(cl)
0 ∝ (n̄ + γ/4)−

ρ
4+ρ . However, T

(Q)
0 , displays a differ-

ent dependence on the mean quantum number, n̄. From Eq. (4.3.10), we

find that the quantum revival time is directly proportional to n̄, such that,

T
(Q)
0 ∝ (n̄+ γ/4)+ 4

4+ρ . As ρ becomes infinite we note that T
(Q)
0 becomes
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constant for a constant value of k− and independent of n̄, as we find in one

dimensional box (Marzoli et al., 1998).

It is interesting to note that, from Eq. (4.3.11), the parameter µ and the

mean quantum number n̄ are inversely proportional to each other. Hence,

in tightly binding potentials for a smaller (larger) value of n̄, we find larger

(smaller) value for µ. Equation (4.3.8), leads to the conclusion that the quan-

tum revival time T
(Q)
λ , increases for the smaller n̄, and reduces for the larger

n̄ in the presence of external modulation as compared with the quantum re-

vival time for the time independent system. However, the classical period,

T
(cl)
λ , demonstrate always an increase with the modulation strength, as we

find from Eq. (4.3.7).

For fixed values of ρ, and n̄, we note that the recurrence times change as a

function of effective Planck’s constant, k− . The Eqs. (4.3.9) and (4.3.10), in-

dicate that the times T
(cl)
0 , and T

(Q)
0 , are inversely proportional to k−

−ρ/(4+ρ)
.

Hence, in potentials with very weak non-linearity, we find that the value of

the Planck’s constant does not contribute appreciably to recurrence times.

However, for large value of ρ the recurrence times in the absence of modula-

tion depend inversely on k−.

4.3.3 Loosely Binding Potentials

For loosely binding potentials the nonlinearity-measure parameter, ρ, is neg-

ative, therefore, we express the exponent k as k = 2−ρ. As discussed earlier,

in this case the energy spacing between adjacent levels reduces as the prin-

ciple quantum number n increases. We express a weak nonlinearity in the

energy spectrum by assigning a small value to the nonlinearity-measure pa-

rameter. The classical period T
(cl)
λ , and the quantum revival time T

(Q)
λ , show

the same behavior as we find in case of tightly binding potentials: The clas-

sical period T
(cl)
λ increases whereas, the quantum revival time T

(Q)
λ decreases

as the external modulation strength λ grows. However, for fixed values of

n̄ and k−, the change in recurrence times is larger than what we find in the

case of tightly binding potentials. For the smaller values of ρ, we find that

the classical period and the quantum revival time in the presence and in the
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absence of external driving force are related as

T
(cl)
λ

T
(cl)
0

− T
(Q)
λ

4T
(Q)
0

= 0. (4.3.14)

A special situation occur at ρ = 2 at which classical period and the quan-

tum revival time in the presence and in the absence of an external modulation

become infinite. From Eq. (2.2.1) we find that in this case the potential en-

ergy is constant and independent of position. This corresponds to the case of

a free particle moving with a kinetic energy and a constant potential energy.

In contrast to the tightly binding potentials, weakly binding potentials

display a direct proportionality between the mean quantum number n̄ and

the classical period T
(cl)
0 in the absence of modulation, such that, T

(cl)
0 ∝

(n̄ + γ/4)
ρ

4−ρ . For the reason, they display a larger classical period and

consequently a smaller frequency as n̄ increases. We find this dependence,

for example, in the Fermi accelerator (Saif, 2005b).

The quantum revival time in the absence of external modulation, T
(Q)
0 ,

is directly proportional to the mean quantum number, n̄, in case of loosely

binding potentials, such that, T
(Q)
0 ∝ (n̄+ γ/4)

4
4−ρ . The proportionality of

T
(cl)
0 and T

(Q)
0 on the mean quantum number n̄ indicates that the change of

T
(Q)
0 , is greater as compared with T

(cl)
0 , as the value of n̄ varies. Interestingly

the ratio between T
(Q)
0 and T

(cl)
0 remains the same both in the tightly binding

potentials and loosely binding potentials, however, it is not the same for the

times in the presence of an external modulation.

For fixed values of ρ, and n̄, in contrast to the tightly binding potentials,

we note that T
(cl)
0 , and T

(Q)
0 , are directly proportional to the effective Planck’s

constant, k−. Therefore, for a fixed value of n̄ and ρ the recurrence times

increase with the scaled Planck’s constant, such that, k−
ρ/(4−ρ)

.

As an example of loosely binding potentials, we study the linear potential

i.e. k = 1. The energy eigen value of the linear gravitational potential

truncated at the origin is given as

E(1)
n =

[

(

n +
γ

4

) 3k−π

4
√

2
V0

]2/3

. (4.3.15)
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The corresponding frequency ω is given by

ω =
2

3k−

(

n̄+
γ

4

)−1

E
(1)
n̄ , (4.3.16)

and nonlinearity ζ reads as

ζ = − 2

9k−2

(

n̄ +
γ

4

)−2

E
(1)
n̄ . (4.3.17)

For linear gravitational potential, in the absence of external modulating

force, the classical period is given as

T
(cl)
0 =

3πk−

E
(1)
n̄

(

n̄ +
γ

4

)

, (4.3.18)

and quantum recurrence time is given as

T
(Q)
0 =

18πk−

E
(1)
n̄

(

n̄+
γ

4

)2

. (4.3.19)

It is obvious from equations (4.3.18) and (4.3.19) that classical period and

quantum recurrence time are directly proportional to the mean quantum

number n̄ and varies as n̄1/3 and n̄4/3, respectively.

In the presence of external modulating force, the classical period T
(cl)
λ is

T
(cl)
λ =







1 +
1

2

(

λV∆2

2E
(1)
n̄

)2
1

(1 − µ2)2







T
(cl)
0 ∆, (4.3.20)

and quantum revival time reads as

T
(Q)
λ =







1 − 1

2

(

λV∆2

2E
(1)
n̄

)2
3 + µ2

(1 − µ2)3







T
(Q)
0 , (4.3.21)

where, the value of µ for gravitational potential reduces to µ = −N∆/6(n̄+ γ
4
).

In the presence of external modulation, the classical period and the quan-

tum revival time have been studied for linear potential, which constitutes

Fermi accelerator, numerically in the reference (Saif, 2000a,b). The numeri-

cal results obtained in the earlier work show a very good agreement with the

analytical results presented in this section. The analytical results lead to a

better understanding of recurrence tracking microscope (RTM) (Saif, 2006b)

as well, which is to scan surface structures with nano-meter resolution.
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4.4 Signatures of Nondispersive Wave Pack-

ets

As discussed earlier, engineering the nondispersive wave packets in nonlin-

ear dynamical systems has been one of the core issues, in the context of

classical-quantum correspondence, since early dates of quantum mechanics

(Schrödinger, 1926). In the following, we find out the signatures of nondis-

persive wave packets in nonlinear dynamical systems driven by external pe-

riodic modulation, hence, provide with a plausible solution to the fundamen-

tal problem. In the previous section we studied analytically the recurrence

phenomena of an initially well-localized wave packet in periodically driven

power-law potentials. We showed that in the dynamics of a quantum wave

packet in the modulated power-law potentials quantum recurrences occur at

various time scales. Here, we use the recurrence phenomenon to characterize

the wave packet dynamics and to explore the nondispersive wave packets in

the periodically driven systems.

In order to investigate the dynamical characteristics and to study the

nondispersive wave packets, we propagate the wave packet ψ(x, 0) into a

periodically driven linear gravitational potential (i.e. quantum bouncer) from

a certain initial average position x0 and with initial average momentum p0 =

0. We consider the shape of the initial wave packet as Gaussian which is

expressed as

ψ(x, 0) =

(

1

2π∆x2

)1/4

exp

{

−
(

x− x0

2∆x

)2
}

, (4.4.1)

where ∆x is the width of the wave packet in position space. The wave

function, ψ(x, t), at time t > 0 is calculated by the numerical integration of

the time-dependent Schrödinger equation

ik−
∂ψ

∂t
= H(t)ψ(x, t), (4.4.2)

where H(t) is the Hamiltonian of the periodically driven system. In order to

investigate the wave packet evolution in periodically driven quantum bouncer
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we calculate the square of the auto-correlation

C2(t) = |〈ψ(x, 0)|ψ(x, t)〉|2 , (4.4.3)

between the initial wave packet |ψ(x, 0)〉 and the time-propagated wave

packet |ψ(x, t)〉. We plot the square of auto-correlation, given in Eq. (4.4.3),

as a function of time for the Gaussian wave packet propagated in modulated

gravitational potential. It is evident from the Fig. (4.1) (top) that the wave

packet, originating from the center of resonance, displays the recurrences af-

ter every classical period and thus follow classical trajectory during its time

evolution i.e. nondispersive wave packet. Our results are in complete agree-

ment with the numerical results obtained earlier (Saif, 2000c). In order to

check the validity of our analysis, we turn off the external modulation, i.e.,

λ = 0 and plot square of the auto-correlation for the wave packet which is

displayed in Fig. (4.1) (bottom). It is clear that the dynamics of wave packet

is no more nondispersive in the absence of external modulation. The wave

packet experiences collapse after some classical periods and regains its initial

localization after quantum revival time (Averbukh and Perelman, 1989; Chen

and Milburn, 1995).

We can also understand the existence of the nondispersive wave packet

dynamics at the center of a nonlinear resonance by our analytical results dis-

cussed in section (4.2), both semi-classically as well as quantum mechanically.

As calculated in section (4.2) the dynamics around a resonance is described

by the pendulum Hamiltonian. In general, however, we can express the ef-

fective dynamics around a resonance, in terms of action-angle coordinates,

by Hamiltonian

H =
∂2

∂φ2
+ 2q cos φ, (4.4.4)

which is derived in section (4.2.2) and is given by Eq. (4.2.20). Thus, close

to the center of resonance the angle φ ≪ 1 (Saif, 2000c, 2006a), therefore,

the effective Hamiltonian becomes

H =
∂2

∂φ2
+ 2qφ2, (4.4.5)
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Figure 4.1: The square of the auto-correlation, C2(t), for a Gaussian wave
packet as a function of time, t. We take the initial widths of the wave
packet as ∆x = 1 in position space and ∆p = k−/2∆x = 0.5 in momentum
space. (top): The nondispersive dynamics of the wave packet in the mod-
ulated gravitational cavity with modulation strength λ = 0.3. The wave
packet originates from the center of nonlinear resonance with mean position
x0 = 14.5 and mean momentum p0 = 1.45. Thick line corresponds to our
numerically computed result and dashed line represents the nondispersive
quantum dynamics of harmonic oscillator. (bottom): We turn the external
modulation off, i.e., λ = 0 and plot the square of the auto-correlation func-
tion of the wave packet. The inset displays the short time evolution which
indicates the dispersion of the wave packet after some classical periods for
λ = 0.
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which corresponds to the harmonic oscillator. Hence, we infer that dynamics

of the wave packet, close to the center of the resonance, is governed by the

harmonic-oscillator-like Hamiltonian (Eq. (4.4.5)) and therefore wave pack-

ets originating from this particular region of phase space undergo nondisper-

sive time evolution. In order to further elaborate the idea of nondispersive

dynamics, we verify these results by pure quantum-mechanical analysis of

nonlinear resonances discussed in section (4.2.3). The quasi energy spectrum

of periodically driven power-law potentials, given in Eq. (4.2.39), is expressed

in terms of Mathieu characteristic parameter aν(κ) (Eq. (4.2.37), where index

κ is non-negative integer that specifies the quasi-energy spectrum (Flatte and

Holthaus, 1996; Saif and Fortunato, 2001). At the center of the resonance the

κ takes the small values with κ = 0 as ground state in the resonance island

(Flatte and Holthaus, 1996). For large values of characteristic parameter,

|q|, we can expand of aν(κ) in terms of q (Abramowitz and Stegun, 1992) as,

aν(κ)(q) ≈ −2 |q| + 4

(

κ+
1

2

)

√

|q|. (4.4.6)

Using this approximate expansion of aν(κ) in the quasi-energy, given in Eq. (4.4.6),

we infer that the quasi-energy spectrum is equally spaced around the center

of resonance, as in the case of harmonic oscillator. Hence, in view of the

numerical and the analytical investigations, we summarize our results that

the wave packets originating from the the center of the resonance do not dis-

perse during time evolution. Hence, the use of external periodic modulation

to the nonlinear dynamical systems overcomes the inherent dispersion of the

quantum wave packets.



Chapter 5

Summary and Conclusions

In this thesis we have analyzed the space-time dynamics of wave packets,

in general, to investigate the classical-quantum correspondence in dynami-

cal systems. The quantum mechanical states introduced by Schrödinger as

nondispersive wave packets −coherent states of harmonic oscillator −follow

the classical trajectories and obey the minimum uncertainty relation in their

time evolution. Ever since the introduction of the nondispersive states by

Schrödinger, the question whether this behavior can be generalized to quan-

tum states for general systems has aroused a great interest. In order to answer

the question, Klauder suggested a formalism (Klauder, 1996) to generalize

the idea for systems with degenerate discrete spectra (i.e. hydrogen atom)

and named them temporally stable coherent states, hence, the long-standing

problem of finding nondispersive wave packets for hydrogen atom, was pro-

claimed as solved. Later, Gazeau and Klauder extended the idea of so-called

temporally stable coherent states for non-degenerate discrete and continuous

spectra (Gazeau and Klauder, 1999). Following this formalism the coherent

states have been constructed for a variety of Hamiltonian systems (Antoine

et al., 2001; Hollingworth et al., 2001; Chenaghlou and Faizy, 2008; Angelova

and Hussin, 2008; Popov et al., 2008), which are supposed to possess tempo-

ral stability. In our work we introduce Gazeau-Klauder coherent states for a

variety of Hamiltonian systems defined by power-law exponents. For explicit

investigation we use harmonic oscillator, infinite square well, and triangular

well potential, where the last two systems become examples of, respectively,
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tightly binding potentials and loosely binding potentials of power-law poten-

tials. The Gazeau-Klauder coherent states,
∣

∣(J, θ)(k)
〉

, fulfill the requirements

of normalization, continuity in both parameters J and θ, resolution of unity,

and action identity. We study space-time dynamical characteristics of these

states by using auto-correlation function and probability density function.

We show that GK CSs follow nondispersive dynamics as long as underlying

energy spectrum of the system is linear, that is, for GK CS of harmonic

oscillator, in general, however, they disperse after few classical periods and

a gradual dephasing between contributing terms in the probability density

leads to a collapse. Many classical periods latter, a revival of initial state

takes place under the condition of phase matching. The effect of anharmonic-

ity of the energy spectrum is shown by space-time evolution of the probability

density which leads to the formation of space-time interference structures as

quantum carpets (Großmann et al., 1997; Marzoli et al., 1998). Hence, the

quantum states constructed following the Gazeau-Klauder formalism display

dispersive behavior as a consequence of nonlinear dependence of energy on

quantum number n of the corresponding system.

We extend the question of developing nondispersive wave packets to the

nonlinear dynamical systems. As reported earlier, in the presence of the

external periodic modulation, the 1D power-law potentials exhibit mixed

dynamics with islands of stability, namely nonlinear resonances, together

with stochasticity. We explore the wave packet dynamics in periodically

driven power-law potentials. We solve the systems in nonlinear resonances

quantum-mechanically. It is shown that quantum recurrences occur in the

time evolution of wave packets in the periodically driven nonlinear systems

whenever the wave packet originates from the nonlinear resonance. We de-

velop analytical relation for classical periods and quantum revival times and

discuss their interdependence.

Later, we use the recurrence phenomenon as a tool to develop nondisper-

sive wave packets in periodically driven systems. The wave packets propa-

gated with different phase points in the nonlinear resonance exhibit recur-

rences at different scales. We find that wave packet originating from the

center of resonance shows the nondispersive dynamics. Hence, the dispersion
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of wave packet dynamics in nonlinear dynamical systems can be overcomed

by coupling the systems to the periodic external modulation.
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Blümel R, Davidson I H, Reinhardt W P, Lin H, and Sharnoff M 1992,

Quasilinear ridge structures in water surface waves Phys. Rev. A 45 2641
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Stöckmann H J 1999 Quantum Chaos: An Introduction (Cambridge Univer-

sity Press, Cambridge)

Sugihara G and May R M 1990, Nonlinear forecasting as a way of distin-

guishing chaos from measurement error in time series Nature 344 734

Sukhatme U P 1973, WKB Energy Levels for a Class of One-Dimensional

Potentials Am. J. Phys. 41 1015

Sundaram B and Zaslavsky G M 1999, Wave analysis of ray chaos in under-

water acoustics Chaos 9 483

Tomsovic S and Lefebvre J 1997, Can wave packet revivals occur in chaotic

quantum systems? Phys. Rev. Lett. 79 3629

Teich M C and Saleh B E A 1988, Photon bunching and antibunching Prog.

Opt. 26 1



BIBLIOGRAPHY 116

ten Wolde A, Noordam L D, Lagendijk A and van Linden van den Heuvel

H B 1988, Observation of radially localized atomic electron wave packets

Phys. Rev. Lett. 61 2099

Tabor M 1989 Chaos and Integrability in Nonlinear Dynamics: An Introduc-

tion (Wiley, New York).

Tsonis A A and Elsner J B 1992, Nonlinear prediction as a way of distin-

guishing chaos from random fractal sequences Nature 358 217

Uzer T, Noid D W and Macus R A 1983, Uniform semiclassical theory of

avoided crossings J. Chem. Phys. 79 4412

Valtonen M and Karttunen H 2005, The Three-Body Problem (Cambridge

University Press)

Vant K, Ball G, Ammann H, and Christensen N 1999 Experimental evidence

for the role of cantori as barriers in a quantum system Phys. Rev. E 59

2846

Voth G A 1985, Semiclassical theory of Fermi resonance between stretching

and bending modes in polyatomic molecules J. Chem. Phys. 82 4064

Vorobeichik I, Orenstein M, and Moiseyev N 1998, Quantum accelerator

modes: A tool for atom optics IEEE J. Quant. Electron. 34 1772

Voth G A 1986, On the relationship of classical resonances to the quantum

mechanics of coupled oscillator systems J. Phys. Chem. 90 3624

Wallis H, Dalibard J and Cohen-Tannoudji C 1992, Trapping atoms in a

gravitational cavity Appl. Phys. B 54 407

Walls D F and Milburn G J 1994 Quantum Optics (Springer, Berlin)

Wang X-B 2002, Theorem for the beam-splitter entangler Phys. Rev. A 66

024303



BIBLIOGRAPHY 117

Waterland R L, Yuan C C, Gillilan R E and Reinhardt W P 1988, Classical-

quantum correspondence in the presence of global chaos Phys. Rev. Lett.

61 2733

Weaver R L 1989, Spectral statistics in elastodynamics J. Acoust. Soc. Am.

85 1005

Weyl H 1928 Gruppentheorie und Quantenmechanik (Hirzel, Leipzig)

Weiss D, Roukes M L, Menschig A, Grambow P, VonKlitzing K, and

Weimann G 1991, Electron pinball and commensurate orbits in a peri-

odic array of scatterers Phys. Rev. Lett. 66 2790

Weiss D, Richter K, Menschig A, Bergmann R, Schweizer H, von Klitzing K,

and Weimann G 1993, Quantized periodic orbits in large antidot arrays

Phys. Rev. Lett. 70 4118

Wilkinson P B, Fromhold T M, Eaves L, Sheard F W, Miura N, and Taka-

masu T 1996, Observation of scarred wavefunctions in a quantum well with

chaotic electrons dynamics Nature 380 608

Yeazell J A, Mallalieu M, Parker J and Stroud C R 1989, Classical periodic

motion of atomic-electron wave packets Phys. Rev. A 40 5040

Yeazell J A, Mallalieu M and Stroud Jr. C R 1990, Observation of the collapse

and revival of a Rydberg electronic wave packet Phys. Rev. Lett. 64 2007

Zaslavsky G M I 1985 Chaos in Dynamic Systems (Harwood Academic,

Chur)

Zaslavsky G M 1981, Stochasticity in quantum systems Phys. Rep.80 157

Stochasticity in Quantum Systems

Zhong J, Diener R B, Steck D A, Oskay W H, Raizen M G, Plummer E W,

Zhang Z, and Niu Q 2001, Shape of the quantum diffusion front Phys. Rev.

Lett. 86 2485



LIST OF PUBLICATIONS 118

List of Publications

1. Shahid Iqbal, Qurat-ul-Ann and Farhan Saif,

“Quantum Recurrences in Driven Power-law Potentials”

Phys. Lett. A, 356 (2006) 231.

2. Shahid Iqbal and Farhan Saif,

“Quantum computation with particle in a driven square well”,

J. Russ. Laser Res. 29 (2008) 466.

3. Shahid Iqbal, Paula Riviére and Farhan Saif,
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