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Introduction

Local cohomology was introduced by Grothendieck (see [14] for details), in order

to answer a conjecture of Pierre Samuel when certain types of commutative rings are

unique factorization domains. In recent research areas, for example commutative

algebra, computational algebra and algebraic geometry etc., it has become a tech-

nical tool and a subject of our research interest. Local cohomology helps us to give

answers of many difficult questions. For instance it is one of the difficult questions

to find the minimal number s such that the ideal is generated by s elements up to

the radical. Local cohomology is helpful to answer this question. In the sequel of

this thesis we need some basic facts about commutative and homological algebra.

Let I be an ideal of a Noetherian ring R. We denote the local cohomology functor

with respect to I by H i
I(·), i ∈ Z, see [14] for its definition and basic results. In the

end of the first chapter we will give some basic results on local cohomology which

we use in the sequel of this thesis. Moreover we define the canonical module.

In the second chapter we recall Local and Matlis Duality Theorems. In fact for

the cohomologically complete intersection ideals I ⊆ R we will give an extension of

the Local Duality Theorem. It was actually proved by Grothendieck (see [14]). Also

we will prove some results on Matlis Duality.

Moreover, it is well-known that HomR(ER(R/p), ER(R/q)) = 0 for any prime

ideals p, q ∈ Spec(R) such that p ∈ V (q) and p 6= q, where ER(R/p) is a fixed

R-injective hull of R/p. By [8, p. 183] the module HomR(ER(R/q), ER(R/p)) is a

flat cover of some module. In the end of the second chapter we will show that it is

a flat precover of HomR(R/q, ER(R/p)). Moreover for a complete Cohen-Macaulay

ring R this module is isomorphic to R̂q provided that there is no prime ideal between

q and p. These results are proved in the paper [30].

In the third chapter we define the truncation complex. It was actually introduced

by Schenzel (see [36, Definition 4.1]). The advantage of the truncation complex is the

separation of the properties of certain local cohomology module of those of the other
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cohomology modules. The truncation complex is also helpful in order to construct

a few natural homomorphisms.

In the fourth chapter we will give the definition of an ideal to be cohomologically

complete intersection and we will characterize this property from homological point

of view. For instance here we will prove some necessary and sufficient conditions for

an ideal to be cohomologically complete intersection. These results extend those of

Hellus and Schenzel (see [22, Theorem 0.1]) shown in the case of a local Gorenstein

ring.

The new point of view here is not only the generalization to Cohen-Macaulay

rings but also the extension to any maximal Cohen-Macaulay module of finite injec-

tive dimension. This implies a large bunch of new necessary conditions for an ideal

to become a set-theoretically complete intersection. These results are proved in the

paper [28].

Let M be an R-module then it is well-known that there is a natural homomor-

phism

R→ HomR(M,M)

which is defined as r 7→ fr where fr(m) = rm for all m ∈ M and r ∈ R. Moreover

note that in general, this map is neither injective nor surjective. Recently there

is a lot of work on the study of the endomorphism ring HomR(Hc
I (R), Hc

I (R)) for

c = grade(I). For instance it is shown that (see [21]) if R is a complete local ring

then the natural homomorphism

µ : R→ HomR(Hc
I (R), Hc

I (R))

is an isomorphism under the additional assumption that the ideal I ⊆ R is of

cohomologically complete intersection. They also have proved that the same result

is true for the Matlis dual of the module Hc
I (R). We will extend these results to

the case of the canonical module. Moreover for a finitely generated R-module M

and the two ideals J ⊆ I of R such that grade(I,M) = grade(J,M) = c we will
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construct a natural homomorphism

HomR(H
c
J(M), Hc

J(M))→ HomR(H
c
I (M), Hc

I (M)).

Under some additional assumption to the ideals J ⊆ I we will show that this natural

homomorphism becomes an isomorphism. These results are proved in the paper [29].

In the fifth chapter we will construct some useful natural homomorphisms in-

duced by the truncation complex. We will characterize some results for the natural

homomorphism from a Gorenstein local ring to the endomorphism ring of the local

cohomological module. Schenzel and Hellus posed a question in their paper (see [22,

Conjecture 2.7]) whether the natural homomorphism ExtdR(k,H
c
I (R)) → k is non-

zero, where k is the residue field. Recently Schenzel has proved (see [40, Theorem

6.2]) that if R is a regular local ring containing a field then the above natural map

is non-zero.

Under the additional assumption of inj dimRH
c
I (R) ≤ d we are able to prove that

if the natural homomorphism ExtdR(k,H
c
I (R))→ k is non-zero, then the natural map

f : R̂ → HomR̂(H
c
IR̂
(R̂), Hc

IR̂
(R̂)) is injective. Note that if R is a regular local ring

containing a field then the condition inj dimRH
c
I (R) ≤ d holds by the results of

Huneke and Sharp resp. Lyubeznik (see [18] resp. [24]).

Moreover at the end of the last chapter for an ideal I ⊆ R with grade I = c

we define numerical new invariants τi,j(I) as the socle dimensions of H i
m(H

n−j
I (R)).

In case of a regular local ring containing a field these numbers coincide with the

Lyubeznik numbers λi,j(R/I). We use τd,d(I), d = dimR/I, in order to characterize

the surjectivity of the natural homomorphism f . These results are proved in the

paper [27].
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Chapter 1

Preliminaries

In this chapter we will summarize some basic results that will be used later (for

details see text books [3], [31], [41] and [42]). Throughout this chapter the ring R

is supposed to be commutative Noetherian ring with unit.

1.1 Complexes and Limits

Resolving a module is used to measure the complexity of the module against a given

standard, such as freeness, injectivity, projectiveness, or flatness. For more details

about the calculus of complexes we refer the reader to [41] and [42].

Definition 1.1.1. (1) Let X· and Y· be two R complexes. That is

X· : ...→ Xi

diX→Xi−1

di−1
X→ Xi−2 → ...

Y· : ...→ Yi
diY→Yi−1

di−1
Y→ Yi−2 → ...

Then the n-th degree term of the complex X· ⊗R Y· is

(X· ⊗R Y·)n :=
⊕
i+j=n

Xi ⊗R Yj

with differentials defined as d(u⊗v) = diX(u)⊗v+(−1)iu⊗djY (v), for u⊗v ∈

Xi ⊗R Yj.
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(2) Moreover we can define the homomorphisms of complexes X· and Y· as

(HomR(X·, Y·))n :=
∏
i

HomR(Xi, Yi+n)

with differentials defined as d(f) = dX ◦ f − f ◦ dY , for f ∈ (HomR(X·, Y·))n.

Note that if X → Y is a quasi-isomorphism of complexes of R-modules i.e. it

induces an isomorphism in cohomologies then we write X
∼−→ Y . That is “

∼−→ ”

indicates that there is a homomorphism of complexes in the right direction.

Theorem 1.1.2. Let X → Y be a quasi-isomorphism of complexes of R-modules.

Then the following are true:

(a) For any flat complex F ·R of R-modules bounded above it induces a quasi-

isomorphism

F ·R ⊗R X
∼−→ F ·R ⊗R Y

(b) For E·R a bounded below complex of injective R-modules and P ·R a bounded

above complex of projective R-modules there are the following quasi-isomorphisms:

HomR(Y,E·R)
∼−→ HomR(X,E·R) and HomR(P ·R, X)

∼−→ HomR(P ·R, Y )

Proof. For the proof we refer to [42].

Definition 1.1.3. Let {Mn : n ∈ N} be a family of R-modules.

(1) If there are homomorphisms

Mn
ϕn→Mn+1

Then this system is called direct system and we define the homomorphism

ϕ : ⊕Mn → ⊕Mn, xn 7→ xn − ϕn(xn)

where xn ∈Mn. Then

lim−→Mn := cokerϕ

is called the direct limit of the family. Also there is a short exact sequence

0→ ⊕Mn
ϕ→⊕Mn → lim−→Mn → 0.
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(2) Now if there are homomorphisms

Mn+1
ψn→Mn

then we call it as an inverse system and we define the homomorphism

Ψ :
∏

Mn →
∏

Mn, (xn) 7→ (xn − ψn(xn+1))

where xn ∈Mn. We set

lim
←−

Mn := ker Ψ = {(xn) ∈
∏

Mn : xn = ψn(xn+1) for each n ≥ 1}

It is the inverse limit of the family. Also we get

1

lim
←−

Mn := coker Ψ

So there is an exact sequence

0→ lim
←−

Mn →
∏

Mn
Ψ→
∏

Mn →
1

lim
←−

Mn → 0

Remark 1.1.4. (1) For an ideal I ⊆ R and n ≥ 1 we always have the natural map

ψn : R/In+1 → R/In, r + In+1 7→ r + In

for r ∈ R. It induces the natural homomorphism Ψ :
∏
R/In →

∏
R/In, as

(rn + In) 7→ (rn + In − ψn(rn+1 + In+1)). We set

R̂I := lim
←−

R/In = {(rn + In) ∈
∏

R/In : rn − rn+1 ∈ Infor each n ≥ 1}

it is called completion of R with respect to I. Note that if I = m the maximal ideal

and R = R̂m then we say that R is complete.

For the elementary results about the inverse and direct limits we refer to [42]

and [1]. One of them is the following:

Theorem 1.1.5. If M is any R-module and {Mn : n ∈ N} is any direct system of

R-modules then the following hold:
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(a) lim−→(M ⊗RMn) ∼= M ⊗R lim−→Mn.

(b) HomR(lim−→Mn,M) ∼= lim
←−

HomR(Mn,M).

(c) In addition if M is finitely generated then

HomR(M, lim−→Mn) ∼= lim−→HomR(M,Mn).

Proof. See [41, Proposition 6.4.1 and 6.4.6].

1.2 Čech Complex

In this section we define the Čech Complex which is very use-full in order to compute

local cohomologies and it has a useful relation to the local cohomology.

Definition 1.2.1. For an element x ∈ R the following complex

0→ R
f→Rx → 0

where f(r) = r
1
for r ∈ R, is called the Čech complex with respect to x and is denoted

by Čx. For a sequence of elements x = x1, . . . , xr ∈ R we define:

Čx := Čx1 ⊗R Čx2 ⊗R · · ·Čxr

and for an R-module M we write Čx(M) := Čx ⊗RM .

Now we simplify the above definition of Čech complex. For x = x1, x2 ∈ R we

let

X · : 0→ R→ Rx1 → 0, and Y · : 0→ R→ Rx2 → 0

then we have

(X · ⊗R Y ·)0 = R⊗R R ∼= R,

(X · ⊗R Y ·)1 = (R⊗R Rx1)⊕ (R⊗R Rx2)
∼= Rx1 ⊕Rx2 , and

(X · ⊗R Y ·)2 = Rx1 ⊗R Rx2
∼= Rx1x2 .
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So the Čech complex with respect to x is

Čx : 0→ R
f→Rx1 ⊕Rx2

g→Rx1x2 → 0

where f(r) = ( r
1
, r
1
) and g( r

xn1
, s
xm2

) = r
xn1
− s

xm2
for r, s ∈ R and n,m ∈ N.

Similarly we can construct the Čech complex with respect to x = x1, x2, x3 ∈ R

as

Čx : 0 → R
f→Rx1 ⊕ Rx2 ⊕ Rx3

g→Rx1x2 ⊕ Rx1x3 ⊕ Rx2x3

h→Rx1x2x3 → 0

where the maps are

f(r) = (
r

1
,
r

1
,
r

1
)

g(u1, u2, u3) = (u1 − u2, u1 − u3, u2 − u3)

h(v1, v2, v3) = v1 − v2 − v3.

Therefore in general for x = x1, . . . , xr ∈ R we have

Čx : 0→ R
d0→

r
⊕
i=1

Rxi

d1→ ⊕
1≤i<j≤r

Rxixj ...→
r
⊕
i=1

Rx1x2...xi−1x̂ixi+1...xr

dr−1→ Rx1x2...xr → 0

where x̂i means that xi does not appear and for Čj
x := ⊕

1≤i1<i2<...<ij≤r
Rxi1xi2 ...xij

, the

differential

dj : Č
j
x → Čj+1

x

is defined to be an alternating sums of maps

d : Rxi1xi2 ...xij
→ Rxi′1

xi′2
...xi′

j+1

which is the localization map if {i1, i2, ...ij} ⊆ {i′1, i′2...i′j+1} and zero otherwise.

By Ďx we denote the truncation of Čx by R. That is, we have Ďi
x = Č i

x for all

i ̸= 0 and Ď0
x = 0.

So there is a short exact sequence of complexes of flat R-modules

0→ Ďx → Čx → R→ 0,
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where Čx → R is the identity in homological degree zero. In particular there is an

exact sequence

0→ H0(Čx)→ R→ H1(Ďx)→ H1(Čx)→ 0

and the isomorphisms H i(Ďx) ∼= H i(Čx) for all i ̸= 0, 1.

1.3 Section Functor and Local Cohomology

In this section we give the definition of the local cohomology functors. Local coho-

mology is very help-full to see the relation between algebra and geometry. However,

here we will discuss only its algebraic structure. First of all we need the following

definition:

Definition 1.3.1. (1) For an R-moduleM we say that ER(M) is an injective hull

of M if the following holds:

(i) ER(M) is an injective R-module.

(ii) For any non-zero submodule N ⊆ ER(M) we have N ∩M ̸= 0.

(2) Let M be an R-module then the minimal injective resolution of M is the fol-

lowing exact sequence of R-modules

E·R(M) : 0→M
d−1→ E0

R(M)
d0→E1

R(M)
d1→ ...→ Ei

R(M)
di→Ei+1

R (M)→ ...

where Ei+1
R (M) := ER(coker di−1) for each i ≥ 0 and E0

R(M) = ER(M).

Note that the minimal injective resolution always exists and is unique up to

isomorphism. Moreover M is called of finite injective dimension if there exists

a minimal injective resolution of M of finite length s. Since a minimal injective

resolution is unique up to isomorphism so we set s := inj dimR(M). In the next we

need the following well-known result:
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Proposition 1.3.2. For a local ring R let M,N be any R-modules. Then for all

i ∈ Z the following hold:

(1) ExtiR(N,HomR(M,E)) ∼= HomR(TorRi (N,M), E)

(2) If N is finitely generated then

HomR(ExtiR(N,M), E) ∼= TorRi (N,HomR(M,E))

where E denotes the injective hull of the residue field k = R/m.

Proof. See [20, Example 3.6] for the proof.

Definition 1.3.3. Let M and N be two R-modules and f : M → N be an R-linear

homomorphism. For an ideal I ⊆ R it induces a natural homomorphism

ΓI(f) : ΓI(M)→ ΓI(N)

where ΓI(f)(x) = f(x) and ΓI(M) is to be defined as

ΓI(M) := {x ∈M : xIn = 0 for some n ≥ 0}.

It is easy to see that on the category of R-modules ΓI(·) is a left exact functor and

we call it the section functor.

Since ΓI(·) is not an exact functor so let H i
I(·) be the right derived functor

of ΓI(−), which are called local cohomologies. Let E·R(M) be a minimal injective

resolution of M . Then apply the functor ΓI(−) to this resolution we get the following

complex

ΓI(E
·
R(M)) : 0→ ΓI(M)

ΓI(d−1)→ ΓI(E
0
R(M))

ΓI(d0)→ ...→ ΓI(E
i
R(M))

ΓI(di)→ ΓI(E
i+1
R (M))→ ...

For i ∈ Z we define H i
I(M) := H i(ΓI(E

·
R(M))) it is called ith-local cohomology of

M with respect to I. Note that H0
I (M) = ΓI(M). For the basic properties about

the local cohomology we refer to [3], [31], [42].
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Example 1.3.4. If R = Z then the minimal injective resolution of R is

0→ R
d−1→ Q d0→Q/Z→ 0

Let I = p = (p) where p ∈ SpecR(R) and p is a prime number. Then application of

the functor ΓI(−) induces the following complex

0→ 0→ 0
d0→ΓI(Q/Z)→ 0

Note that in the last complex we have only non-zero term at degree 1 so the only

non-zero local cohomology is H1
I (R) = coker(d0). By definition we have

ΓI(Q/Z) := {r + Z ∈ Q/Z : r ∈ Q, rpn + Z = 0 + Z for some n}

Then we have rpn ∈ Z so r = a/pm such that a ∈ Z and m ≤ n. Hence we conclude

that

H i
I(R) ∼=

 Z[1/p]/Z, if i = 1 ;

0, if i 6= 1 .

The following results are very useful in the theory of local cohomology.

Lemma 1.3.5. Let R be any local ring and I be an ideal of R. Then for any

R-module M and for all i ∈ Z we have:

(1) H i(Čx ⊗RM) ∼= H i
I(M).

(2) H i
I(M) ∼= lim−→ExtiR(R/Ir,M).

Proof. For the proof we refer to [31, Theorem 7.8 and 7.13].

Theorem 1.3.6. Let I be an ideal of the ring R. Let x = x1, . . . , xr ∈ I denote a

system of elements of R such that Rad I = Rad(x)R. Then the following are true:

(1) The following conditions are equivalent:

(i) H i(Čx ⊗R F ) = 0 for each i 6= 0 and each injective R-module F .
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(ii) Let X be any complex of R-modules. Then there is a quasi-isomorphism

ΓI(X)
∼−→ Čx ⊗R X.

(2) Let E·R be a bounded complex of injective R-modules. If SuppR(M) ⊆ V (I)

for an R-module M then we have

HomR(M,ΓI(E
·
R))
∼= HomR(M,E·R).

Proof. See [22, Proposition 1.3] and [35, Theorem 3.2].

Lemma 1.3.7. Let (R,m) be a ring of dimension n. Suppose that for a complex X

of R-modules and for all i ∈ Z the support of the cohomologies H i(X) are contained

in V (m). Then for all i ∈ Z there is an isomorphism

H i
m(X) ∼= H i(X).

Proof. Let x = x1, . . . , xn ∈ m denote a system of parameters of R. Then we have

the following short exact sequence of flat R-modules

0→ Ďx → Čx → R→ 0.

Now apply the functor · ⊗R X to this sequence we get the following long exact

sequence of cohomology modules

· · · → H i(Ďx ⊗R X)→ H i
m(X)→ H i(X)→ · · ·

Now we claim that Ďx⊗RX is an exact complex. This follows because

⊕
j
H i(Rxj ⊗R X) ∼= ⊕

j
Rxj ⊗R H i(X) = 0

since Supp(H i(X)) ⊆ V (m) and cohomology commutes with exact functors. So it

proves that H i(X) ∼= H i
m(X) for all i ∈ Z, as required.

In the following we need the definition of the Bass Numbers which were actually

introduced by Bass (see [2]). In recent research these numbers plays an important

role in order to prove some properties on the local cohomology modules.
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Definition 1.3.8. Let R be a local ring and M be any R-module then for i ∈ Z and

p ∈ SuppR(M) we define

µi(p,M) := dimk(p)(ExtiRp
(k(p),Mp))

where k(p) = Rp/pRp. This number is called the i-th Bass Number of M with respect

to the prime ideal p.

Note that the following result was originally proved by Hellus and Schenzel (see

[22, Proposition 1.4]) by a spectral sequence. Here we will give an elementary proof

without using spectral sequences.

Proposition 1.3.9. Let (R,m) be a local ring. Suppose that X is any R-module

and s ∈ N is an arbitrary integer. Consider the following conditions:

(1) H i
m(X) = 0 for all i < s.

(2) ExtiR(R/m, X) = 0 for all i < s.

(3) HomR(R/m, Hs
m(X)) ∼= ExtsR(R/m, X).

Then (1) is equivalent to (2). Moreover if any of the conditions (1) and (2) holds

then (3) is also true.

Proof. We prove the Proposition by an induction on s. First let us consider that

s = 0. The short exact sequence 0 → Γm(X) → X → X/Γm(X) → 0 induces an

isomorphism

HomR(R/m,Γm(X)) ∼= HomR(R/m, X)

here we use that X/Γm(X) has no non-zero m-torsion element which proves the

claim for s = 0.

Now consider s + 1 and assume that the statement is true for all i ≤ s. Since

Supp(Hs
m(X)) ⊆ V (m) it follows that the equivalence of the vanishing of H i

m(X)

and ExtiR(R/m, X) for all i ≤ s. So it remains to prove that

HomR(R/m, Hs+1
m (X)) ∼= Exts+1

R (R/m, X)
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To this end let E·R(X) be a minimal injective resolution of X. Then

E·R(X)i ∼=
⊕

p∈SuppX

ER(R/p)µi(p,X)

(see [26]). By induction hypothesis it follows that µi(m, X) = 0 for all i ≤ s.

Therefore for all i ≤ s we get that

Γm(E·R(X))i ∼=
⊕

p∈V (m)∩SuppX

Γm(ER(R/p))µi(p,X) = 0.

Recall that local cohomology commutes with direct sums. Since SuppR(R/m) =

V (m) so by Theorem 1.3.6 we have

HomR(R/m, E·R(X)i) = 0

for all i ≤ s. Moreover we have the following exact sequence

0→ Hs+1
m (X)→ Γm(E·R(X))s+1 → Γm(E·R(X))s+2

Because of HomR(R/m, E·R(X)) ∼= HomR(R/m,Γm(E·R(X))) (by Theorem 1.3.6) it

follows that

Exts+1
R (R/m, X) ∼= HomR(R/m, Hs+1

m (X)), as required .

Note that before proving the next result we need a few preparations. For an

ideal I let

AsshR/I = {p ∈ AssR/I| dimR/p = dimR/I}.

Then we define the multiplicatively closed set S = ∩(R\p), where the intersection is

taken over all p ∈ AsshR/I. For n ∈ N the n-th symbolic power I(n) of I is defined

as I(n) = InRS ∩R.

Definition 1.3.10. With the previous notation put

u(I) = ∩n≥1I
(n) = 0RS ∩R.

Note that u(I) is equal to the intersection of all p-primary components q of a minimal

primary decomposition of the zero ideal 0 in R satisfying S ∩ p = ∅ .
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Moreover we denote the functor of the global transform by T (·) := lim
−→

HomR(m
α, ·).

Lemma 1.3.11. Let R be a local ring and I ⊆ R be an ideal. Then there is an

exact sequence

0→ R̂I/u(IR̂I)→ lim
←−

T (R/Is)→ lim
←−

H1
m(R/I

s)→ 0.

Proof. Note that for each α ∈ N there is an exact sequence

0→ mα → R→ R/mα → 0.

For s ∈ N apply the functor HomR(·, R/Is) to this sequence it induces the following

exact sequence

0→ HomR(R/m
α, R/Is)→ R/Is → HomR(m

α, R/Is)→ Ext1R(R/m
α, R/Is)→ 0.

Now take the inverse limit of this we get the exact sequence

0→ H0
m(R/I

s)→ R/Is → T (R/Is)→ H1
m(R/I

s)→ 0

for each s ∈ N. It induces the following two short exact sequences

0→ H0
m(R/I

s)→ R/Is → R/Is : m→ 0 and

0→ R/Is : ms → T (R/Is)→ H1
m(R/I

s)→ 0.

Note that the inverse systems at the left hand side of these short exact sequences

satisfy the Mittag-Leffler condition. So if we take the inverse limit to them then the

resulting sequences will be exact also (see [1, Proposition 10.2]). If we combined

these resulting sequences we get the following exact sequence

0→ lim
←−

H0
m(R/I

s)→ R̂I → lim
←−

T (R/Is)→ lim
←−

H1
m(R/I

s)→ 0.

But by [37, Lemma 4.1] there is an isomorphism lim
←−

H0
m(R/I

s) ∼= u(IR̂I). Then the

exactness of the last sequence provides the required statement.
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Corollary 1.3.12. With the notation of Lemma 1.3.11 suppose that I is a one

dimensional ideal. Then there is an exact sequence

0→ R̂I/u(IR̂I)→ ⊕si=1R̂pi → lim
←−

H1
m(R/I

s)→ 0

where pi ∈ AsshR/I for i = 1, . . . , s and R̂pi stands for the completion of Rpi with

respect to the maximal ideal piRpi.

Proof. Note that by Lemma 1.3.11 it will be enough to prove the following isomor-

phism

lim
←−

T (R/Is) ∼= ⊕si=1R̂pi .

Since dim(R/I) = 1 it implies that there exists x ∈ m such that x is a parameter of

R/Is for all s ∈ N. Then it induces the following isomorphism

T (R/Is) ∼= Rx/I
sRx for all s ∈ N.

Now suppose that S = ∩si=1(R \ pi) then s ∈ S and by Local Global Principal for

each s ∈ N there is an isomorphism

Rx/I
sRx
∼= RS/I

sRS.

Since RS is a semi local ring so there is an isomorphism

RS/I
sRS
∼= ⊕si=1Rpi/I

sRpi for all s ∈ N.

(by Chinese Remainder Theorem). Since dim(R/pi) = 1 for i = 1, . . . , s so it follows

that Rad(IRpi) = piRpi . By passing to the inverse limit of the last isomorphism we

have

lim
←−

T (R/Is) ∼= ⊕si=1R̂pi

which is the required result.
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1.4 Grade and Canonical Modules

In this section we describe the canonical module. What we do here is only beginning,

for the details we refer to [4]. Before defining the canonical module we need the

following definition:

Definition 1.4.1. Let (R,m) denote arbitrary local ring and I ⊆ R be an ideal.

Then for any R-module M with IM ̸=M the grade of M with respect to I is defined

as:

grade(I,M) = inf{i ∈ Z : H i
I(M) ̸= 0}.

If I = m the maximal ideal then we write grade(m,M) = depthR(M). The

module M is called a Cohen-Macaulay module if dimR(M) = depthR(M). Also

M ̸= 0 is called a maximal Cohen-Macaulay module if depthR(M) = dim(R).

Moreover, we define heightM I = height IR/AnnRM where AnnR(M) denote the

annihilator of M.

It is well-known that every Gorenstein ring is a Cohen-Macaulay ring. The

simplest example of a Cohen-Macaulay ring is the polynomial ring over a field.

Note that the following result is very important in order to calculate the grade of a

module.

Theorem 1.4.2. (Rees) Let R be a ring and I be its ideal. Let M be a finitely

generated R module with IM ̸=M .

(a) Then all the maximal M-regular sequences in I have the same length c given

by

grade(I,M) = c = inf{i ∈ Z : ExtiR(R/I,M) ̸= 0}.

(b) grade(I,M) = inf{depth(Mp) : p ∈ Supp(M) ∩ V (I)}.

Proof. For the proof see [4, Theorem 1.2.5 and Proposition 1.2.10].

Proposition 1.4.3. Let (R,m) be a local ring and M ̸= 0 be a finitely generated

R-module. Let I ⊆ R be an ideal of R with H i
I(M) = 0 for all i ̸= c and Hc

I (M) ̸= 0.
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Then c = grade(IRp,Mp) for all p ∈ V (I)∩SuppRM . If M is in addition a Cohen-

Macaulay module then c = heightMp
IRp for all p ∈ V (I) ∩ SuppRM .

Proof. Since c = grade(I,M) ≤ grade(IRp,Mp) for all p ∈ V (I) ∩ SuppRM . Sup-

pose that there is a prime ideal p ∈ V (I) ∩ SuppRM such that grade(IRp,Mp) =

h > c. Then

0 ̸= Hh
IRp

(Mp) ∼= Hh
IRp

(M ⊗R Rp) ∼= Hh
I (M)⊗R Rp.

But it implies that Hh
I (M) ̸= 0, h > c, which is a contradiction to our assumption.

In the following we recall the Local Duality Theorem which was actually proved

by Grothendieck (see [14]).

Theorem 1.4.4. (Local Duality) Let (R,m) denote a homomorphic image of

a local Gorenstein ring (S, n) with dim(S) = t. Let N be a finitely generated R-

module.Then by the Local Duality Theorem there is an isomorphism

H i
m(N) ∼= HomR(Ext

t−i
S (N,S), E)

for all i ∈ N (see [14]).

Now we are able to define the canonical module as follows:

Definition 1.4.5. Under the circumstances of the above Theorem 1.4.4 we define

K(N) := Extt−rS (N,S), dim(N) = r

as the canonical module of N . It was introduced by Schenzel (see [34]) as the gen-

eralization of the canonical module of a ring (see e.g. [4]). We refer [4] for its basic

properties.
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Chapter 2

A Few Comments on Duality

Theorems and Flat Covers

In this chapter we will discuss the Matlis and Local Duality Theorems. Throughout

this chapter R is a Noetherian local ring with maximal ideal m and the residue

field k = R/m. We denote the (contravaraint) Hom-functor HomR(·, ER(R/p)) by

∨, that is M∨ := HomR(M,ER(R/p)) for an R-module M and ER(R/p) is a fixed

R-injective hull of R/p where p ∈ Spec(R). Moreover we denote the Matlis dual

functor by D(·) := HomR(·, ER(k)). Also R̂p (resp. R̂p) stands for the completion

of Rp (resp. of R) with respect to the maximal ideal pRp (resp. with respect to the

prime ideal p). Also at the end of this chapter for p ∈ V (q) we will investigate the

module ER(R/q)
∨ in more details.

2.1 Matlis Duality

In the case of the maximal ideal m, Matlis has shown (see [25]) that the injective

hull ER(k) of the residue field k has the structure of R̂-module and it is isomorphic

to the R̂-module ER̂(k). Here we will extend this result to an arbitrary prime ideal

p, that is ER(R/p) admits the structure of an R̂p-module and ER(R/p) is isomorphic

to the R̂p-module ER̂p(R̂p/pR̂p).
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Note that the following two Propositions are known for the maximal ideal m (see

[26]) we will add them here in case of any prime ideal p ∈ Spec(R).

Proposition 2.1.1. Let (R,m) be a ring and p ∈ Spec(R). Then we have

(a) ER(R/p) ∼= ERq(Rq/pRq) for all q ∈ V (p).

(b) Suppose that M is an R-module and p ∈ SuppR(M) then M∨ has a structure

of an Rp-module.

Proof. For the proof of the statement (a) we refer to [26, Theorem 18.4]. We only

prove the last claim. For this purpose note that ER(R/p) is an Rp-module. Now

we define ( r
s
· f)(m) := r

s
f(m) where r

s
∈ Rp,m ∈ M and f ∈ M∨. Then it defines

the structure of M∨ to be an Rp-module which completes the proof of Proposition.

Proposition 2.1.2. Let (R,m), (S, n) be local rings and R→ S be a surjective local

homomorphism i.e. S = R/I for some ideal I ⊆ R. Suppose that M is an R-module

and p ∈ Spec(R). Then the following are true:

(a) Suppose that N is an S-module then for any p ∈ V (I)

N∨ ∼= HomS(N,ES(S/pS)).

(b) For all q ∈ V (p) we have

M∨ ∼= HomRq(Mq, ERq(Rq/pRq)).

Proof. See [20, Example 3.6 and Excercise 13] for the proof.

Theorem 2.1.3. Let (R,m) be a ring and p ∈ Spec(R). Then ER(R/p) admits the

structure of an R̂p-module and ER(R/p) ∼= ER̂p(R̂p/pR̂p).

Proof. If x ∈ ER(R/p) then by [25] AssR(Rx) = {p}. It follows that some power of

p annihilates x.
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Now let r̂ ∈ R̂p then r̂ = (r1 + p, . . . , rn+ pn, . . .) such that rn+1− rn ∈ pn where

ri+ p ∈ R/pi for all i ≥ 1. If x ∈ ER(R/p) then there exists a fixed n ∈ N such that

pnx = 0 then choose r ∈ R such that r̂ − r ∈ pn (by definition of the completion).

Define r̂x = rx then it is clear that this gives a well-defined R̂p-module structure to

ER(R/p) which agrees with its R-module structure. Since ER(R/p) is an essential

extension of R/p as an R-module then it necessarily is also an essential extension of

R̂p/pR̂p as an R̂p-module. So ER(R/p) ⊆ ER̂p(R̂p/pR̂p).

To show that ER(R/p) is an injective hull of R̂p/pR̂p as an R̂p-module it is

enough to prove that ER(R/p) = ER̂p(R̂p/pR̂p), and to show this it suffices to see

that ER̂p(R̂p/pR̂p) is an essential extension of R/p as an R-module since ER(R/p)

is an extension of R/p as an R-module (see [25]).

Let x ∈ ER̂p(R̂p/pR̂p) and choose an element r̂ ∈ R̂p such that 0 ̸= r̂x ∈ R̂p/pR̂p.

By the argument used in the beginning of the proof applied to R̂p, ER̂p(R̂p/pR̂p) and

x there is an n ∈ N such that pnx = 0. Choose r ∈ R such that r̂−r ∈ pn then r̂x =

rx ∈ R/p ∼= R̂p/pR̂p (see [1, Proposition 10.15]) and rx ̸= 0. Hence ER̂p(R̂p/pR̂p) is

an essential extension of R/p as an R-module and ER(R/p) = ER̂p(R̂p/pR̂p) which

completes the proof.

Remark 2.1.4. (1) If p ∈ Spec(R) then for any finitely generated R-module M

M∨ ∼= HomR̂p(M̂
p, ER̂p(R̂

p/pR̂p)).

(2) Since SuppR(ER(R/p)) = V (p). So from Theorem 2.1.3 and [31, Remark A.30]

for every p ∈ Spec(R) there is the following isomorphism

ER̂p(R̂
p/pR̂p) ∼= ER(R/p) ∼= ER(R/p)⊗R R̂p.

That is the p-adic completion of R commutes with the injective hull of R/p.

(3) Moreover by Proposition 2.1.1 and [20, Proposition 2.7] there is an isomor-

phism

ER(R/p) ∼= ERp(Rp/pRp) ∼= ER̂p
(R̂p/pR̂p).
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2.2 More General Local Duality

We are interested here to prove a variation of the Local Duality Theorem 1.4.4

for cohomologically complete intersection ideals in an arbitrary local ring. For our

purposes we need an extension of the Local Duality of a local Gorenstein ring as it

was proved at first by Grothendieck (see [14]). Note that the following Local Duality

Theorem is valid also for the modules that are not necessarily finitely generated and

cohomologically complete intersection ideals I ⊆ R.

Lemma 2.2.1. (Generalized Local Duality) Let R be any local ring and I be

an ideal of R such that H i
I(R) = 0 for all i ̸= c = grade(I). Then for any R-module

M and for all i ∈ Z we have:

(a) TorRc−i(M,Hc
I (R))

∼= H i
I(M) and

(b) D(H i
I(M)) ∼= Extc−iR (M,D(Hc

I (R))).

Proof. It is enough to prove the statement (a) because of Hom-Tensor duality

(see Proposition 1.3.2). To do this we will show that the family of the functors

{TorRc−i(·, Hc
I (R)) : i ≥ 0} and {H i

I(·) : i ≥ 0} are isomorphic. By [3, Theorem 1.3.5]

we have to show the following conditions:

(i) For i = c they are isomorphic.

(ii) If M is projective R-module then TorRc−i(M,Hc
I (R)) = 0 = H i

I(M) for all

i ̸= c.

(iii) Both of the family of the functors {TorRc−i(·, Hc
I (R)) : i ≥ 0} and {H i

I(·) : i ≥

0} induces a connected long exact sequence of cohomologies from a given short

exact sequence of R-modules 0→ N ′ → N → N ′′ → 0.

Note that by definition (iii) is satisfied. For i = c note that by Grothendieck’s

Vanishing Theorem (see [20, Theorem 5.8]) the functor Hc
I (·) is right exact so we

have the following isomorphism

Hc
I (R)⊗RM ∼= Hc

I (M)
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which proves (i). Now we only need to prove (ii). Suppose firstly that M = R then

the result is true. Now suppose that M is any projective R-module then M ∼= ⊕R.

Hence (ii) is also true. To this end recall that both the functors TorRc−i(·, Hc
I (R))

and H i
I(·) commutes with direct sums.

Corollary 2.2.2. Let R be a Cohen-Macaulay local ring of dimension n. Then for

any R-module M and for all i ∈ Z we have:

(a) TorRn−i(M,Hn
m(R))

∼= H i
m(M) and

(b) D(H i
m(M)) ∼= Extn−iR (M,K(R̂)).

Proof. Since R is Cohen-Macaulay ring so H i
m(R) = 0 for all i ̸= n. Then the result

is clear from Lemma 2.2.1 and the definition of the canonical module.

Note that the above version of the Local Duality holds for an arbitrary R-module

M. That is what we need in the sequel.

Corollary 2.2.3. Let (R,m) denote a Cohen-Macaulay ring of dimension n. Let

I ⊆ R be an ideal with grade(I,M) = c for a finitely generated R-module M . Then

for all i ∈ N the following are true:

(a) Extn−iR (Hc
I (M), K(R̂)) ∼= lim

←−
Extn−iR (ExtcR(R/I

s,M), K(R̂)).

(b) Suppose in addition that R is complete then

D(Hn−i
I (K(R))) ∼= lim

←−
H i

m(R/I
s).

Proof. By Local Duality (Corollary 2.2.2), we have the following isomorphisms

Extn−iR (Hc
I (M), K(R̂)) ∼= D(H i

m(H
c
I (M)))

for all i ∈ Z. The module on the right side is isomorphic to

D(lim
−→

H i
m(Ext

c
R(R/I

s,M)))
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since Hc
I (M) ∼= lim−→ExtcR(R/I

s,M) (by Lemma 1.3.5) and because the local coho-

mology commutes with direct limits. Finally

Extn−iR (Hc
I (M), K(R̂)) ∼= lim

←−
D(H i

m(Ext
c
R(R/I

s,M)))

(see Theorem 1.1.5 (b) ). Then the first isomorphism follows since

D(H i
m(Ext

c
R(R/I

s,M))) ∼= Extn−iR (ExtcR(R/I
s,M), K(R̂))

as it is true again by Local Duality (see Corollary 2.2.2). Now to prove (b) note that

by Corollary 2.2.2 there is an isomorphism

D(H i
m(R/I

s)) ∼= Extn−iR (R/Is, K(R))

for each i ∈ N. Since H i
m(R/I

s) is an Artinian R-module and R is complete so by

Matlis duality its double Matlis dual is H i
m(R/I

s) . That is for each i ∈ N there is

an isomorphism

H i
m(R/I

s) ∼= D(Extn−iR (R/Is, K(R))).

By passing to the inverse limit of this isomorphism induces the following isomor-

phism

lim
←−

H i
m(R/I

s) ∼= lim
←−

D(Extn−iR (R/Is, K(R)))

Then the module on the right side is isomorphic to D(Hn−i
I (K(R))). This is true

because of Theorem 1.1.5 (b) and the following isomorphism

Hn−i
I (K(R)) ∼= lim

−→
Extn−iR (R/Is, K(R)).

This completes the proof of Corollary.

Corollary 2.2.4. Suppose that R is a complete Cohen-Macaulay ring and I is a

one dimensional ideal. Then the following are true:

(a) There is an exact sequence

0→ R/u(I)→ ⊕si=1R̂pi → D(Hn−1
I (K(R)))→ 0

where pi ∈ AsshRR/I for i = 1, . . . , s.
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(b) Suppose that q ( p such that there is no prime ideal between them. Let

height(p) = s ≥ 1. Then there is an exact sequence

0→ R̂p/u(qR̂p)→ R̂q → HomR̂p
(Hs−1

qR̂p
(K(R̂p)), ER̂p

(R̂p/pR̂p))→ 0.

Proof. Note that the canonical moduleK(R) of R exists (since R is complete Cohen-

Macaulay). Moreover by Corollary 1.3.12 it suffices to prove that

D(Hn−1
I (K(R))) ∼= lim

←−
H1

m(R/I
s).

But this isomorphism follows from Corollary 2.2.3 (b) (for i = 1). Moreover since

R is Cohen-Macaulay so Hs−1
q (K(R))⊗R R̂p

∼= Hs−1
qR̂p

(K(R̂p)). Then by Proposition

1.3.2 and Remark 2.1.4 (3) there is an isomorphism

Hs−1
q (K(R))∨ ∼= HomR̂p

(Hs−1
qR̂p

(K(R̂p)), ER̂p
(R̂p/pR̂p)).

Moreover this module has an R̂p-module structure. Also (Rp)q ∼= Rq and by as-

sumption there is no prime ideal between qR̂p ( pR̂p. But R̂p is the completion

of Rp with respect to the maximal ideal pRp. So we can assume that p = m and

height(q) = n − 1 (since R is complete). Then the statement (b) follows from (a).

This completes the proof of the Corollary.

It is well known that HomR(ER(R/p), ER(R/q)) = 0 for any p, q ∈ Spec(R)

such that p ∈ V (q) and p ̸= q. In the next context we will investigate the module

ER(R/q)
∨.

Theorem 2.2.5. Let (R,m) be a complete Cohen-Macaulay ring and q ∈ Spec(R)

be a one dimensional prime ideal. Then there is an isomorphism

D(ER(R/q)) ∼= R̂q.

Proof. Since R is complete Cohen-Macaulay ring so K(R) exists and we have

H i
q(K(R)) = 0 for all i < height(q) = n− 1.
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This is true because of K(R) is a maximal Cohen-Macaulay R-module of finite

injective dimension and SuppR(K(R)) = Spec(R). Let E·R(K(R)) be a minimal

injective resolution of K(R). Then by [12, Theorem 1.1] we have

E·R(R)
i ∼=

⊕
height(p′)=i

ER(R/p
′).

Moreover Γq(ER(R/p
′)) = 0 for all p′ /∈ V (q) and Γq(ER(R/p

′)) = ER(R/p
′) for all

p′ ∈ V (q). Then apply Γq to E
·
R(K(R)) it induces the following exact sequence

0→ Hn−1
q (K(R))→ ER(R/q)→ ER(k)→ Hn

q (K(R))→ 0.

Applying Matlis dual to this sequence yields the following exact sequence

0→ D(Hn
q (K(R)))→ R→ D(ER(R/q))→ D(Hn−1

q (K(R)))→ 0. (2.1)

Here we use that D(ER(k)) ∼= R (since R is complete). By Corollary 2.2.3 and [37,

Lemma 4.1] there are isomorphisms

D(Hn
q (K(R))) ∼= lim

←−
H0

m(R/q
s) ∼= u(q).

So the exact sequence 2.1 provides the following exact sequence

0→ R/u(q)→ D(ER(R/q))→ D(Hn−1
q (K(R)))→ 0. (2.2)

Now the module D(ER(R/q)) is an Rq-module so there is a natural homomorphism

Rq → D(ER(R/q)). Then tensoring with Rq/q
sRq to this homomorphism induces

the following homomorphism

Rq/q
sRq → D(ER(R/q))/q

sD(ER(R/q))

for each s ∈ N. Now take the inverse limit of it we get that

R̂q → lim
←−

D(ER(R/q))/q
sD(ER(R/q)).

On the other side since SuppR(ER(R/q)) = V (q) so the module ER(R/q) is isomor-

phic to lim
−→

HomR(R/q
s, ER(R/q)). Then by Theorem 1.1.5 there is an isomorphism

D(ER(R/q)) ∼= lim
←−

D(HomR(R/q
s, ER(R/q))).
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But Proposition 1.3.2 implies that the module D(HomR(R/q
s, ER(R/q))) is isomor-

phic to D(ER(R/q))/q
sD(ER(R/q)). Therefore there is a natural homomorphism

R̂q → D(ER(R/q)).

Since R is complete Cohen-Macaulay so by Corollary 2.2.4 (b) there is an exact

sequence

0→ R/u(q)→ R̂q → D(Hn−1
q (K(R)))→ 0.

Then this sequence together with the sequence 2.2 induces the following commuta-

tive diagram with exact rows

0 → R/u(q) → R̂q → D(Hn−1
q (K(R))) → 0

|| ↓ ||

0 → R/u(q) → D(ER(R/q)) → D(Hn−1
q (K(R))) → 0

Then by Snake Lemma there is an isomorphism D(ER(R/q)) ∼= R̂q which is the

required isomorphism.

Lemma 2.2.6. Fix the notation of Theorem 2.2.5 then we have:

(a) There is an exact sequence

0→ R/u(q)→ D(ER(R/q))→ D(Hs−1
q (K(R)))→ 0.

(b) Suppose in addition that R is a domain. Then there is an isomorphism

D(Hs−1
q (K(R))) ∼= R̂q/R.

Proof. Since R is complete so apply Corollary 2.2.4 (b) for p = m. Then it implies

that there is an exact sequence

0→ R/u(q)→ R̂q → D(Hs−1
q (K(R)))→ 0.

Then the statement (a) is easily follows from Theorem 2.2.5. Note that the statement

(b) follows from the above short exact sequence. Recall that u(q) = 0 since R is a

domain.
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The following Corollary is a generalization of Theorem 2.2.5 and Lemma 2.2.6.

Corollary 2.2.7. Let (R,m) be a complete Cohen-Macaulay ring and q ( p such

that there is no prime ideal between them. Then the following are true:

(a) ER(R/q)
∨ ∼= R̂q.

(b) Let height(p) = s ≥ 1. Then there is an exact sequence

0→ R̂p/u(qR̂p)→ HomR̂p
(ER(R/q)⊗R R̂p, ER̂p

(R̂p/pR̂p))→

HomR̂p
(Hs−1

qR̂p
(K(R̂p)), ER̂p

(R̂p/pR̂p))→ 0.

(c) Suppose in addition that R̂p is a domain. Then there is an isomorphism

HomR̂p
(Hs−1

qR̂p
(K(R̂p)), ER̂p

(R̂p/pR̂p)) ∼= R̂q/R̂p.

Proof. Firstly we prove (a). Since q ( p so by Propositions 2.1.1 and 2.1.2 it induces

the following isomorphisms

ER(R/q)
∨ ∼= HomRp(ERp(Rp/qRp), ERp(Rp/pRp)) and (Rp)q ∼= Rq.

So for the proof of the statement (a) we may assume that p = m the maximal ideal

and q is one dimensional prime ideal. Then the isomorphism in (a) follows from

Theorem 2.2.5. Note that in order to prove (b) there is an exact sequence

0→ R̂p/u(qR̂p)→ R̂q → HomR̂p
(Hs−1

qR̂p
(K(R̂p)), ER̂p

(R̂p/pR̂p))→ 0. (2.3)

(see Corollary 2.2.4 (b)). Moreover Proposition 1.3.2 and Remark 2.1.4 (3) implies

that there is an isomorphism

ER(R/q)
∨ ∼= HomR̂p

(ER(R/q)⊗R R̂p, ER̂p
(R̂p/pR̂p)).

Then the statement (b) follows from (a) and the exact sequence 2.3. Now suppose

that R̂p is a domain. It implies that u(qR̂p) = 0. Then the statement (c) follows

from the exact sequence 2.3.
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2.3 Flat Covers

Enochs (see [8, p. 183]) has shown that the module HomR(ER(R/q), ER(R/p)) is a

flat cover of some cotorsion module. In order to prove one of the main result of this

section we need that following definition of flat covers.

Definition 2.3.1. LetM be an R-module and F be any flat R-module then the linear

map φ : F →M is called a flat cover of M if it satisfies the following conditions:

(i) For any flat R-module G the following sequence is exact

HomR(G,F )→ HomR(G,M)→ 0.

(ii) If φ = φ ◦ f for some f ∈ HomR(F, F ) then f is an automorphism of F.

Note that if only condition (i) holds then F is called a flat precover. Enochs

proved in his paper (see [7, Theorem 3.1]) that if M has a flat precover then it

also admits a flat cover and it is unique up to isomorphism. Moreover if φ is a flat

precover then it is surjective.

The following Lemma is an easy consequence of chasing diagram ( see [8, Lemma

1.1]).

Lemma 2.3.2. Let M be an R-module and F, F ′ be any flat R-modules then we

have:

(a) If φ′ : F ′ → M is a flat precover of M and φ : F → M is a flat cover of M

such that φ′ = φ◦f for some f ∈ HomR(F
′, F ) then f is surjective and ker(f)

is a direct summand of F ′.

(b) If φ : F → M is a flat precover of M then it is a cover if and only if ker(φ)

contains no non-zero direct summand of F .

Theorem 2.3.3. Let (R,m) be a ring and p, q ∈ Spec(R) such that p ∈ V (q). Then

ER(R/q)
∨ is a flat precover of (R/q)∨.
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Proof. Let F be any flat R-module then the inclusion map R/q⊗RF ↪→ ER(R/q)⊗R
F induces the following exact sequence

HomR(ER(R/q)⊗R F,ER(R/p))→ HomR(R/q⊗R F,ER(R/p))→ 0.

By the adjunction formula (see Proposition 1.3.2) we conclude that the following

homomorphism is surjective for any flat R-module F

HomR(F,ER(R/q)
∨)→ HomR(F, (R/q)

∨)

which proves that ER(R/q)
∨ is a flat precover of (R/q)∨ .

Remark 2.3.4. Note that if R is a complete local ring then R is a flat cover of the

residue field k (see [10, Example 5.3.19]).
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Chapter 3

The Truncation Complex and

Natural Homomorphisms

In this Chapter we define the truncation complex. It was actually introduced by

Schenzel (see [36, Definition 4.1]). With the help of truncation complex we will

construct a few natural homomorphisms at the end of this chapter. We will always

assume that R is a Noetherian local ring of dimension n. Furthermore we will denote

the Matlis dual functor by D(·) := HomR(·, E) where E = ER(k) is the injective

hull of the residue field k.

3.1 The Truncation Complex

Let M ̸= 0 denote a finitely generated R-module. Let I ⊆ R be an ideal of R with

grade(I,M) = c. Suppose that E·R(M) is a minimal injective resolution of M. Then

it follows from (Matlis [25] or Gabriel [13]) that

E·R(M)i ∼=
⊕

p∈SuppM

ER(R/p)
µi(p,M).
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We get ΓI(ER(R/p)) = 0 for all p /∈ V (I) and ΓI(ER(R/p)) = ER(R/p) for all

p ∈ V (I). Then µi(p,M) = 0 for all i < c. Whence for all i < c it follows that

ΓI(E
·
R(M))i ∼=

⊕
p∈V (I)∩SuppM

ΓI(ER(R/p))
µi(p,M) = 0.

Therefore Hc
I (M) is isomorphic to the kernel of ΓI(E

·
R(M))c → ΓI(E

·
R(M))c+1.

Whence there is an embedding of complexes of R-modules

0→ Hc
I (M)[−c]→ ΓI(E

·
R(M)).

Definition 3.1.1. Let C ·M(I) be the cokernel of the above embedding. It is called the

truncation complex. So there is a short exact sequence of complexes of R-modules

0→ Hc
I (M)[−c]→ ΓI(E

·
R(M))→ C ·M(I)→ 0.

In particular it follows that H i(C ·M(I)) = 0 for all i ≤ c or i > n and H i(C ·M(I)) ∼=

H i
I(M) for all c < i ≤ n (see [36, Definition 4.1] for more details).

Theorem 3.1.2. LetM ̸= 0 be a maximal Cohen-Macaulay R-module with dimM/IM =

d. We put c = dimM − dimM/IM = grade(I,M). Then we have the following re-

sults:

(a) There are an exact sequence

0→ Hn−1
m (C ·M(I))→ Hd

m(H
c
I (M))→ Hn

m(M)→ Hn
m(C

·
M(I))→ 0

and isomorphisms H i−1
m (C ·M(I)) ∼= H i−c

m (Hc
I (M)) for all i ̸= n, n− 1.

(b) There are an exact sequence

0→ Extn−1R (k, C ·M(I))→ ExtdR(k,H
c
I (M))→ ExtnR(k,M)→ ExtnR(k, C

·
M(I))

and isomorphisms Exti−cR (k,Hc
I (M)) ∼= Exti−1R (k, C ·M(I)) for all i < n.

(c) Assume in addition that R is a Cohen-Macaulay ring. There are an exact

sequence

0→ Ext0R(C
·
M(I), K(R̂))→ K(M̂)→ ExtcR(H

c
I (M), K(R̂))→ Ext1R(C

·
M(I), K(R̂))→ 0
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and isomorphisms Exti+cR (Hc
I (M), K(R̂)) ∼= Exti+1

R (C ·M(I), K(R̂)) for all i >

0.

Proof. (a) Let x = x1, . . . , xn ∈ m denote a system of parameters of R. We tensor

the short exact sequence of the truncation complex by the Čech complex Čx. Then

the resulting sequence of complexes remains exact because Čx is a complex of flat

R-modules. That is, there is the following short exact sequence of complexes of

R-modules

0→ Čx ⊗R Hc
I (M)[−c]→ Čx ⊗R ΓI(E

·
R(M))→ Čx ⊗R C ·M(I)→ 0. (3.1)

Now we look at the cohomology of the complex in the middle. Since ΓI(E
·
R(M)) is

a complex of injective R-modules the natural homomorphism

Γm(E
·
R(M)) ∼= Γm(ΓI(E

·
R(M))→ Čx ⊗R ΓI(E

·
R(M))

induces an isomorphism in cohomology (see Theorem 1.3.6). Because M is a maxi-

mal Cohen-Macaulay R-module the only non-vanishing local cohomology module is

Hn
m(M). So the result follows from the long exact cohomology sequence.

(b) Let F ·R(k) be a free resolution of k. Apply the functor HomR(F
·
R(k), .) to the

short exact sequence of the truncation complex. Then it induces the following short

exact sequences of complexes of R-modules

0→ HomR(F
·
R(k), H

c
I (M))[−c]→ HomR(F

·
R(k),ΓI(E

·
R(M)))→ HomR(F

·
R(k), C

·
M(I))→ 0.

(3.2)

Now HomR(F
·
R(k),ΓI(E

·
R(M)))

∼−→ ΓI(HomR(F
·
R(k), E

·
R(M))) since F ·R(k) is a

right bounded complex of finitely generated free R-modules (by Theorem 1.1.5).

Also each module of the last complex has supports in V (m) so it is isomorphic to

HomR(F
·
R(k), E

·
R(M)). On the other side there is a quasi-isomorphism

HomR(k,E
·
R(M))

∼−→ HomR(F
·
R(k), E

·
R(M)).

This is true because any R-module of E·R(M) is injective. Then the result follows

by the long exact cohomology sequence. To this end note that the assumption on

the maximal Cohen-Macaulayness of M implies that ExtiR(k,M) = 0 for all i < n.
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(c) Let E·R(K(R̂)) be a minimal injective resolution of K(R̂). We apply the

functor HomR(., E
·
R(K(R̂))) to the short exact sequence of the truncation complex.

Then we have a short exact sequence of complexes of R-modules

0→ HomR(C
·
M(I), E ·R(K(R̂)))→ HomR(ΓI(E

·
R(M)), E ·R(K(R̂)))

→ HomR(H
c
I (M), E ·R(K(R̂)))[c]→ 0.

By the definition of the section functor ΓI(·) and a standard isomorphism for the

direct and inverse limits the complex in the middle is isomorphic to

lim
←−

HomR(HomR(R/I
r, E·R(M)), E ·R(K(R̂))) ∼= lim

←−
(R/Ir⊗RHomR(E

·
R(M), E ·R(K(R̂))))

(see Theorem 1.1.5 and Proposition 1.3.2). For the last isomorphism note that

R/Ir is finitely generated R-module for all r ≥ 1. We claim that the complex

X := HomR(E
·
R(M), E ·R(K(R̂))) is a flat resolution of K(M̂). To this end we first

note that by Definition 1.1.1

Xk =
∏
i∈Z

HomR(E
i
R(M), Ei+k

R (K(R̂))).

Therefore Xk is a flat R-module for k ∈ Z. Moreover there is a quasi isomorphism

X
∼−→ HomR(M,E ·R(K(R̂))).

So by the definition we have that Hk(X) ∼= ExtkR(M,K(R̂)) for all k ∈ Z. Since

M is a Cohen-Macaulay R-module and R is a Cohen-Macaulay ring it follows by

the Local Duality Theorem (see Corollary 2.2.2) that Hk(X) = 0 for all k ̸= 0 and

Hk(X) ∼= K(M̂) for k = 0. In order to prove the claim we have to show that Xk = 0

for all k > 0. Since R is a Cohen-Macaulay ring so by [12, Theorem 1.1]

Ei
R(K(R̂))) ∼= ⊕height p=iER(R/p).

On the other side Ei+k
R (M) ∼= ⊕q∈SuppMER(R/q)

µi+k(q,M). Since M is a maximal

Cohen-Macaulay R-module it follows that µi(q,M) = 0 for all q ∈ SuppM such

34



that i+ k < height(q). Now let i+ k ≥ height(q) and height(p) = i. Then we have

that HomR(ER(R/q), ER(R/p)) = 0 for all k > 0. Moreover this implies that

HomR(ER(R/q), E
i
R(K(R̂))) = 0

for all i as easily seen. This finally implies that Xk = 0 for all k > 0. So X is indeed

a flat resolution of K(M̂). Then the cohomologies of the complex

lim
←−

(R/Ir ⊗R HomR(E
·
R(M), E ·R(K(R̂))))

are zero for all i ̸= 0 and for i = 0 it is K(M̂). So the long exact sequence of

local cohomologies provides the statements in (c). This completes the proof of the

Theorem.

3.2 Natural Homomorphisms

In this section we will discuss a few natural maps induced by truncation complex

that arise also as edge homomorphisms of certain spectral sequences. But as a first

application of the truncation complex we have the following result.

Proposition 3.2.1. Let I be an ideal of a ring (R,m) and M ̸= 0 be a finitely

generated R-module such that c = grade(I,M). Suppose that N is any R-module

with SuppR(N) ⊆ V (I) then we have:

(a) There is an isomorphism

ExtcR(N,M) ∼= HomR(N,H
c
I (M))

and for all i < c

ExtiR(N,M) = 0.

(b) There is an isomorphism

TorRc (N,D(M)) ∼= N ⊗R D(Hc
I (M))

and for all i < c

TorRi (N,D(M)) = 0.
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Proof. Suppose that E·R(M) is a minimal injective resolution of M. Then it follows

from (Matlis [25]) that

E·R(M)i ∼=
⊕

p∈SuppR(M)∩V (I)

ER(R/p)
µi(p,M).

Let Xr := HomR(N,E
·
R(M))r and Yr := HomR(N,ΓI(E

·
R(M)))r for r ∈ N. Since

SuppR(N) ⊆ V (I) then by Theorem 1.3.6 (b) there is an isomorphism Xr
∼= Yr for

all r ∈ N. Also note that µi(p,M) = 0 for all i < c and for all p ∈ Supp(M)∩ V (I).

Then it implies that

Xr = 0 = Yr (3.3)

for all i < c. Therefore it gives the vanishing of the statement (a). Moreover there

is an exact sequence

0→ Hc
I (M)→ ΓI(E

·
R(M)c)→ ΓI(E

·
R(M)c+1). (3.4)

It induces the following commutative diagram with exact rows

0→ HomR(N,H
c
I (M)) → Yc → Yc+1

↓ ↓ ↓

0→ ExtcR(N,M) → Xc → Xc+1

Then the isomorphism in (a) follows from Five Lemma and the isomorphismXr
∼= Yr

for all r ≥ 0. Note that for the proof of (b) there is an isomorphism of complexes

(see [39, Lemma 2.2])

N ⊗R A ∼= N ⊗R B

where A and B are denoted by

A := HomR(E
·
R(M), E), B := HomR(ΓI(E

·
R(M)), E).

Now we can write N ∼= lim
−→

Nn where Nn are finitely generated R-submodules of N

Then by Theorem 1.1.5 (a) and Proposition 1.3.2 (b) it follows that

N ⊗R A ∼= lim
−→

(HomR(HomR(Nn, E
·
R(M)), E)). (3.5)
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On the other hand the sequence 3.4 induces the exact sequence

Bc+1 → Bc → D(Hc
I (M))→ 0.

Sine Bi is a flat R-module so it is the beginning of a flat resolution of D(Hc
I (M)).

Also note that D(E·R(M)) is a flat resolution of D(M). Then by tensoring it with

N we conclude that

TorRi (N,D(M)) = 0

for all i < c. To this end note that by equation 3.3 and the isomorphism 3.5 we have

N ⊗R Ai ∼= N ⊗R Bi = 0

for all i < c (since SuppR(Nn) ⊆ V (I)). Then it induces the following commutative

diagram with exact rows

N ⊗R Ac+1 → N ⊗R Ac → TorRc (N,D(M)) → 0

↓ ↓ ↓

N ⊗R Bc+1 → N ⊗R Bc → N ⊗R D(Hc
I (M)) → 0

So the result follows from the isomorphism N⊗RAi ∼= N⊗RBi and the Five Lemma.

This completes the proof of the Proposition.

In the next as an application of Proposition 3.2.1 we will give a characterization

of grade:

Corollary 3.2.2. Fix the notation of Proposition 3.2.1 then we have:

grade(I,M) = inf{i ∈ Z : TorRi (R/I,D(M)) ̸= 0}.

Proof. By Proposition 3.2.1 (b) it will be enough to show that TorRc (R/I,D(M)) ̸= 0.

Since grade(I,M) = c so by Proposition 3.2.1 (b) we get that

TorRc (R/I,D(M)) ∼= R/I ⊗R D(Hc
I (M)).

Then by Proposition 1.3.2 this module is isomorphic to D(HomR(R/I,H
c
I (M))).

Again by Proposition 3.2.1 (a) we conclude that

TorRc (R/I,D(M)) ∼= D(ExtcR(R/I,M)) ̸= 0
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(see [20, Remark 3.11]) which completes the proof. Recall that grade(I,M) = c.

In the next we will generalize one of the main results of [21, Corollary 2.4 and

Theorem 2.6] to the canonical module. To do this we need the following result:

Lemma 3.2.3. Let R be a complete local ring and I ⊆ R be an ideal. For a finitely

generated R-module M ̸= 0 let grade(I,M) = c. Then the following are true:

(a) There is an isomorphism

HomR(H
c
I (M), Hc

I (M)) ∼= HomR(D(Hc
I (M)), D(Hc

I (M))).

(b) The natural homomorphism

R→ HomR(H
c
I (M), Hc

I (M))

is an isomorphism if and only if the natural homomorphism

R→ HomR(D(Hc
I (M)), D(Hc

I (M)))

is an isomorphism if and only if the natural homomorphism

Hc
I (M)⊗R D(Hc

I (M))→ E

is an isomorphism.

Proof. Hom-Tensor duality (see Proposition 1.3.2) implies that there is an isomor-

phism

HomR(D(Hc
I (M)), D(Hc

I (M))) ∼= D(D(Hc
I (M))⊗R Hc

I (M))

and the module on the right side is isomorphic to

D(TorRc (H
c
I (M), D(M))) ∼= ExtRc (H

c
I (M),M)

(see Proposition 3.2.1 (b)). To this end recall that R is complete and by Matlis

duality the double Matlis dual ofM is isomorphic toM . Again by Proposition 3.2.1

(a) it induces that following isomorphism

HomR(D(Hc
I (M)), D(Hc

I (M))) ∼= ExtRc (H
c
I (M),M) ∼= HomR(H

c
I (M), Hc

I (M))
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which completes the proof of (a). The statement (b) is clear from (a) and the fact

that for any R-module X there is a natural homomorphism

HomR(X,X)→ HomR(D(X), D(X)).

Note that the Lemma 3.2.3 generalizes the result originally proved by Schenzel

(see [39]) in case of M = R. In order to construct these natural homomorphisms we

adopt the techniques developed in [39].

Lemma 3.2.4. With the notation of Lemma 3.2.3 suppose in addition that H i
I(M) =

0 for all i ̸= c. Then for each fixed i ̸= c the following are equivalent:

(a) Exti−cR (Hc
I (M), Hc

I (M)) ∼= ExtiR(H
c
I (M),M) = 0.

(b) Exti−cR (D(Hc
I (M)), D(Hc

I (M))) = 0 and

(c) TorRi−c(H
c
I (M), D(Hc

I (M))) ∼= TorRi (H
c
I (M), D(M)) = 0.

Proof. Let E·R(M) be a minimal injective resolution of M . Since H i
I(M) = 0 for all

i ̸= c then we have

Exti−cR (Hc
I (M), Hc

I (M)) ∼= ExtiR(H
c
I (M),M)

for all i ∈ Z. Recall that ΓI(E·R(M)) is a minimal injective resolution of Hc
I (M)[−c].

Now the following complex

A := HomR(E
·
R(M), E) resp. B := HomR(ΓI(E

·
R(M)), E)

is a flat resolution of D(M)( resp. D(Hc
I (M))[c]). So the isomorphism Hc

I (M) ⊗R
A ∼= Hc

I (M)⊗R B (see [39, Lemma 2.2]) induces the following isomorphism

TorRi−c(H
c
I (M), D(Hc

I (M))) ∼= TorRi (H
c
I (M), D(M))

for all i ∈ Z. Moreover Proposition 1.3.2 implies that there is an isomorphism

Exti−cR (D(Hc
I (M)), D(Hc

I (M))) ∼= D(TorRi−c(D(Hc
I (M)), Hc

I (M)))
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for all i ∈ Z. Again by Proposition 1.3.2 and Matlis duality we get that

D(TorRi (H
c
I (M), D(M))) ∼= ExtRi (H

c
I (M),M).

All these isomorphisms provides the equivalence of the vanishing.

In the following we need the well-known characterization about the local Goren-

stein ring as follows:

Theorem 3.2.5. Let (R,m) denote a local ring then following conditions are equiv-

alent:

(1) R is a Gorenstein ring.

(2) inj dim(R) = n .

(3) R is a Cohen-Macaulay ring and Hn
m(R)

∼= E.

(4) dimk Ext
i
R(k,R) = δn,i.

Proof. We refer to [2, Theorem 4.1] and [20, Theorem 8.15] for the proof.

Lemma 3.2.6. Let (R,m) be a local Gorenstein ring then for an ideal I ⊆ R of

grade(I) = c there are the following natural homomorphisms:

(a) Hd
m(H

c
I (R))→ E,

(b) R̂→ ExtcR(H
c
I (R), R̂),

(c) TorRc (E,H
c
I (R))→ E,

(d) ExtdR(k,H
c
I (R))→ k, and

(e) TorRc (k,H
c
I (R))→ k.

Proof. Put M = R in Theorem 3.1.2 and use the last Theorem 3.2.5 this gives the

homomorphisms in (a), (b) and (d). Moreover by view of the Local Duality (see

Corollary 2.2.2) we have the isomorphism

Hd
m(H

c
I (R)) ≃ TorRc (E,H

c
I (R)).
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Therefore the homomorphism in (a) implies the homomorphism in (c).

Now let F· denote a free resolution of the residue field k. Then the truncation

complex induces – by tensoring with F· – the following morphism of complexes of

R-modules

(F· ⊗R Hc
I (R))[−c]→ F· ⊗R ΓI(E

·
R(R)).

Now let y = y1, . . . , yr a generating set for the ideal I. Let Čy denote the Čech

complex with respect to y. Because of the natural morphisms ΓI(E
·
R(R))→ Čy ⊗R

E·R(R) induces an isomorphism in cohomology (see Theorem 1.3.6) and we get the

following quasi-isomorphism of complexes

F· ⊗R ΓI(E
·
R(R))

∼−→ F· ⊗R Čy ⊗R E·R(R).

Since Čy is a complex of flat R-modules so we have the quasi-isomorphisms

Čy
∼−→ Čy ⊗R E·R(R) and

F· ⊗R Čy
∼−→ k ⊗R Čy ∼= k

where the last isomorphism follows from the fact that SuppR(k) ⊆ V (m). Then the

homology in degree 0 induces the homomorphism in (e).

Remark 3.2.7. (A) For a local Gorenstein ring (R,m) by view of Lemma 3.2.6

there are the following natural homomorphisms

φ1 : H
d
m(H

c
I (R))→ E,

φ2 : Tor
R
c (E,H

c
I (R))→ E,

φ3 : R̂→ ExtcR(H
c
I (R), R̂), and

φ4 : R̂→ HomR̂(H
c
IR̂
(R̂), Hc

IR̂
(R̂)).

(B) It is known (see [40, Theorem 3.2 (a)]) that S = HomR(H
c
I (R), H

c
I (R)) is a

commutative ring for an ideal I of a Gorenstein ring (R,m) and c = grade I.
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In the following it will be our intention to investigate the homomorphisms of

Remark 3.2.7 in more detail. In particular we have the following result:

Theorem 3.2.8. Let I ⊆ R denote an ideal of height c of a Gorenstein ring (R,m).

With the notation of Remark 3.2.7 we have:

(a) φi, i = 1, . . . , 4, are all non-zero homomorphisms.

(b) The following conditions are equivalent:

(i) φ1 is injective (resp. surjective).

(ii) φ2 is injective (resp. surjective).

(iii) φ3 is surjective (resp. injective).

(iv) φ4 is surjective (resp. injective).

(c) The natural map ψ : HomR(k,H
d
m(H

c
I (R))) → k is non-zero and therefore

onto.

Proof. First of all we prove that there is a natural isomorphism

ExtcR(H
c
I (R), R̂) ≃ HomR̂(H

c
IR̂
(R̂), Hc

IR̂
(R̂)).

This follows from Proposition 3.2.1 since

ExtcR(H
c
I (R), R̂) ≃ Extc

R̂
(Hc

IR̂
(R̂), R̂)

and R̂ is a flat R-module. Moreover we have c = grade IR̂.

Because φ4 is non-zero and the previous isomorphism is natural we get that

φ3 is non-zero too. By Corollary 2.2.2 the module ExtcR(H
c
I (R), R̂) is the Matlis

dual of Hd
m(H

c
I (R)). So φ1 is also a non-zero homomorphism. By Local Duality

(see Corollary 2.2.2) the last module is isomorphic to TorRc (H
c
I (R), E). This finally

proves also that φ2 ̸= 0. Therefore the statement in (a) is shown to be true. With

the same arguments the equivalence of the conditions in the statement (b) follows

by Matlis Duality.
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For the proof of (c) first note that φ4 is non-zero and 1 7→ id. So the reduction

modulo m induces a non-zero homomorphism k → k ⊗R HomR̂(H
c
IR̂
(R̂), Hc

IR̂
(R̂)).

But this is the Matlis dual of ψ as it follows by Local Duality. This completes the

proof of the Theorem.

In chapter 5 we will investigate the natural homomorphisms (d), (e) of Lemma

3.2.6 in more details.
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Chapter 4

On Cohomologically Complete

Intersections in Cohen-Macaulay

Rings

In this Chapter we will describe the necessary and sufficient conditions for an ideal

to be cohomologically complete intersection. In the context of this Chapter we will

denote the Matlis dual functor by D(·) := HomR(·, E) where R is a Noetherian local

ring of dimension n and E = ER(k) is the injective hull of the residue field k.

4.1 Arithmetic Rank and Cohomological Dimen-

sion

First of all we need the following definition:

Definition 4.1.1. Let I be an ideal of R and r ∈ N. Let x1, ..., xr ∈ R and Rad I =

Rad(a1, ..., ar)R. It is one of the difficult questions to find such smallest natural

number r with this property. This number is called the arithmetic rank of I and is

denoted as ara I.

It is well-known that ara I ≥ height(I) (by Krull’s generalized principal ideal
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theorem). But we are interested here in the case whenever ara I = height(I). With

this property I is called a set-theoretic complete intersection.

For an R-module M the cohomological dimension, cd(I,M), is defined by

cd(I,M) = sup{i ∈ Z|H i
I(M) ̸= 0}.

For M = R we will write cd(I) instead of cd(I, R). By [31, Proposition 9.12] we

have

grade(I) height(I) ≤ cd(I) ≤ ara I.

It implies that if I is a set-theoretically complete intersection then height(I) = cd(I).

But the converse is not true in general. We call the ideal I a cohomologically

complete intersection if grade(I) = cd(I). In this Chapter we continue with the

investigation of cohomologically complete intersection, in particular when I is an

ideal in a Cohen-Macaulay ring (R,m). Moreover we have

grade(I,M) ≤ heightM I ≤ cd(I,M).

In the case of M = R it follows that grade(I) ≤ height I ≤ cd I ≤ ara I (by

Krull’s principal ideal theorem). Furthermore for a Cohen-Macaulay R-module M

it turns out that heightM I = dimM − dimM/IM for any ideal I ⊂ R. For a

Cohen-Macaulay R-module M it is clear that heightM I = grade(I,M).

As an application of our main results (see Theorem 4.3.4) there is a characteriza-

tion of an ideal to be a cohomologically complete intersection. In fact, this provides

a large number of necessary conditions for an ideal to be a set-theoretic complete

intersection in a local Cohen-Macaulay ring.

As a byproduct of our investigation (see Theorem 4.3.7) there is another charac-

terization of a Cohen-Macaulay ring. H. Bass conjectured in his paper (see [2]) that

if a Noetherian local ring (R,m) possesses a non-zero finitely generated R-module

M such that its injective dimension is finite then R is Cohen-Macaulay. This was

proved by M. Hochster in the equicharacteristic case and finally by P. Roberts (see

[32]). We add here a new characterization of a local Cohen-Macaulay ring. Note
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that Zargar and Zakeri define a relative Cohen-Macaulay R-module M with respect

to the ideal I ⊆ R which is actually equivalent to the fact that H i
I(M) = 0 for

all i ̸= c = grade(I,M). They have shown that if M is a relative Cohen-Macaulay

R-module then inj dimR(H
c
I (M)) = inj dimR(M)− c (see [44, Theorem 2.6]).

Now let us summarize a few well-known facts about cohomological dimension as

follows:

Proposition 4.1.2. For finitely generated R-modulesM , N suppose that Supp(N) ⊆

Supp(M). Let I ⊆ R be an ideal then we have cd(I,N) ≤ cd(I,M). In particular

cd(I,M) ≤ cd(I).

Proof. For the proof we refer to [6, Theorem 2.2].

Proposition 4.1.3. Let (R,m) be a Cohen-Macaulay ring and I ⊆ R be an ideal.

For a maximal Cohen-Macaulay R-module M ̸= 0 we consider the following condi-

tions:

(a) grade(I) = cd(I) and

(b) grade(I,M) = cd(I,M).

Then (a) implies (b), while the converse is also true provided that Supp(M) =

Spec(R).

Proof. Let p ∈ SuppR(M). Because of depth(Mp) = depth(Rp) = dim(Rp) (recall

that M is maximal Cohen-Macaulay module) it follows that

grade(I) ≤ grade(I,M) ≤ cd(I,M) ≤ cd(I).

So (a) implies (b). If Supp(M) = Spec(R) we have that grade(I) = grade(I,M) and

cd(I,M) = cd(I) (see Theorem 1.4.2 (b) and Proposition 4.1.2) and the converse

holds also.

Note that the converse in Proposition 4.1.3 is not true in general as one might

see by simple examples.
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4.2 Necessary Condition of H i
I(M) = 0, for all i ̸= c

In the following let M ̸= 0 be a finitely generated R-module with dimR(M) = n =

dim(R). Let I ⊆ R be an ideal such that c = grade(I,M).

Corollary 4.2.1. Let M ̸= 0 be a maximal Cohen-Macaulay R-module such that

H i
I(M) = 0 for all i ̸= c = grade(I,M). Then:

(a) The natural homomorphism

Hd
m(H

c
I (M))→ Hn

m(M)

is an isomorphism and H i
m(H

c
I (M)) = 0 for all i ̸= d.

(b) The natural homomorphism

ExtdR(k,H
c
I (M))→ ExtnR(k,M)

is an isomorphism and ExtiR(k,H
c
I (M)) = 0 for all i < d.

(c) Suppose that R is in addition a Cohen-Macaulay ring. The natural homomor-

phism

K(M̂)→ ExtcR(H
c
I (M), K(R̂))

is an isomorphism and Exti+cR (Hc
I (M), K(R̂)) = 0 for all i > 0.

Proof. Because of assumption C ·M(I) is an exact complex.

First we prove part (a). For a system of parameters x = x1, . . . , xn ∈ m of R we

apply the functor Čx ⊗R · to the short exact sequence of the truncation complex.

Since Čx is a complex of flat R- modules so Čx ⊗R C ·M(I) is an exact complex (by

Theorem 1.1.2). Whence result follows from Theorem 3.1.2.

Now we prove (b). Let F ·R(k) be a free resolution of k. Then apply HomR(F
·
R(k), .)

to the short exact sequence of the truncation complex. Since HomR(F
·
R(k), C

·
M(I))

is an exact complex (see Theorem 1.1.2). Then the result follows from Theorem

3.1.2.
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Finally we prove (c). Let E·R(K(R̂)) be an injective resolution of K(R̂). Then

apply HomR(., E
·
R(K(R̂))) to the short exact sequence of the truncation complex.

By Theorem 1.1.2 HomR(C
·
M(I)), E ·R(K(R̂))) is an exact complex then the result

follows from Theorem 3.1.2.

Theorem 4.2.2. Let R be a complete Cohen-Macaulay ring. Suppose that H i
I(R) =

0 for all i ̸= c = grade(I) where I ⊆ R is an ideal. Then the following hold:

(a) The natural homomorphism

R→ HomR(H
c
I (K(R)), Hc

I (K(R)))

is an isomorphism and for all i ̸= c

Exti−cR (Hc
I (K(R)), Hc

I (K(R))) = 0.

(b) The natural homomorphism

R→ HomR(D(Hc
I (K(R))), D(Hc

I (K(R))))

is an isomorphism and for all i ̸= c

Exti−cR (D(Hc
I (K(R))), D(Hc

I (K(R)))) = 0.

(c) The natural homomorphism

Hc
I (K(R))⊗R D(Hc

I (K(R)))→ K(R)⊗R D(K(R))

is an isomorphism and for all i ̸= c

TorRi−c(H
c
I (K(R)), D(Hc

I (K(R)))) = 0.

Proof. Firstly note that by Lemmas 3.2.3 and 3.2.4 it is enough to prove the state-

ment (a). To this end note that the canonical module K(R) of R exists and

grade(I,K(R)) = inf{depthRp
(K(Rp)) : p ∈ SpecR(K(R))}
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(see Theorem 1.4.2 (b)). But R is Cohen-Macaulay so K(Rp) is a maximal Cohen-

Macaulay Rp-module . It follows that depthRp
(K(Rp)) = depthRp

(Rp) and hence

c = grade(I,K(R)). Apply Corollary 2.2.2 and 4.2.1 (c) for M = K(R) we get that

then the natural homomorphism

K(K(R))→ ExtcR(H
c
I (K(R)), K(R))

is an isomorphism and for all i ̸= c

Exti−cR (Hc
I (K(R)), K(R)) = 0.

But K(K(R)) ∼= R (see [40, Theorem 1.14]). Moreover by Proposition 3.2.1 (a) and

Lemma 3.2.4 (a) there are the isomorphisms

ExtcR(H
c
I (K(R)), K(R)) ∼= HomR(H

c
I (K(R)), Hc

I (K(R))) and

Exti−cR (Hc
I (K(R)), K(R)) ∼= ExtiR(H

c
I (K(R)), Hc

I (K(R))) for all i ̸= c.

This completes the the proof of the statement (a).

Lemma 4.2.3. Let (R,m) be ring, I ⊆ R be an ideal, and M ̸= 0 be a maximal

Cohen-Macaulay R-module. Suppose that H i
I(M) = 0 for all i ̸= c = grade(I,M)

and p ∈ Supp(M) ∩ V (I). Then

(1) H i
IRp

(Mp) = 0 for all i ̸= c.

(2) The natural homomorphism

H i
pRp

(Hc
IRp

(Mp))→ H
dim(Mp)
pRp

(Mp)

is an isomorphism for i = h(p) and H i
pRp

(Hc
IRp

(Mp)) = 0 for all i ̸= h(p)

where h(p) := dim(Mp)− c.

Proof. Note that H i
IRp

(Mp) ∼= H i
I(M)⊗RRp for all i ∈ Z so by assumption H i

I(M) =

0 for all i ̸= c the statement (a) is easy. Moreover (a) implies that c = grade(IRp,Mp)

so (b) follows from Corollary 4.2.1 (a) (since Mp is a maximal Cohen-Macaulay Rp-

module).
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4.3 Converse(Sufficient Condition of H i
I(M) = 0,

for all i ̸= c)

Before we can prove Theorem 4.3.4 which is one of the main result of this section we

need the following Lemma. For the following technical result we need a few details

on derived categories and derived functors. For all these facts we refer to the Lecture

Note by R. Hartshorne (see [15]).

In case of a not necessarily finitely generated R-module X we put dimX =

dimSuppRX. Note that this agrees with the usual notion dimX = dimR/AnnRX

if X is finitely generated.

Lemma 4.3.1. Let M ̸= 0 be an R-module such that dimR(M) = n = dim(R). Let

c = grade(I,M) where I ⊆ R is an ideal. Then the following are equivalent:

(1) The natural homomorphism

Exti−cR (k,Hc
I (M))→ ExtiR(k,M)

is an isomorphism for all i ∈ Z.

(2) The natural homomorphism

H i−c
m (Hc

I (M))→ H i
m(M)

is an isomorphism for all i ≤ n.

Proof. First of all note that the statement in (2) is equivalent to the isomorphism for

all i ∈ Z. This follows because of dimR(H
c
I (M)) ≤ d = n− c and dimR(M) = n (see

[23]). By applying RΓm(·) to the short exact sequence of the truncation complex it

follows that the assumption in (2) is equivalent to the fact that RΓm(C
·
M(I)) is an

exact complex.

Moreover by applying the derived functor RHom(k, ·) to the short exact sequence

of the truncation complex it follows that the statement in (1) is equivalent to the

fact that RHom(k, C ·M(I)) is an exact complex.
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Now we prove that (2) implies (1). If RΓm(C
·
M(I)) is an exact complex the same

is true for

RHom(k, C ·M(I)) ∼= RHom(k,RΓm(C
·
M(I)))

since C ·M(I) is a left bounded complex.

In order to prove that (1) implies (2) consider the short exact sequence

0→ mα/mα+1 → R/mα+1 → R/mα → 0.

for α ∈ N. By applying the derived functor RHom(·, C ·M(I)) it provides a short

exact sequence of complexes

0→ RHom(R/mα, C ·M(I))→ RHom(R/mα+1, C ·M(I))→ RHom(mα/mα+1, C ·M(I))→ 0.

By induction on α it follows that RHom(R/mα, C ·M(I)) is an exact complex for all

α ∈ N. Since lim−→RHom(R/mα, C ·M(I)) ∼= RΓm(C
·
M(I)) it follows that RΓm(C

·
M(I))

is exact. This finishes the proof of the Lemma.

Note that the following Proposition provides us a new relation between the

canonical module and the Ext module.

Proposition 4.3.2. Let M ̸= 0 be a maximal Cohen-Macaulay module of finite

injective dimension over a local ring R. Let I ⊆ R be an ideal of c = grade(I,M).

Then the following are equivalent:

(1) The natural homomorphism

ExtdR(k,H
c
I (M))→ ExtnR(k,M)

is an isomorphism and ExtiR(k,H
c
I (M)) = 0 for all i ̸= d = n− c.

(2) The natural homomorphism

Hd
m(H

c
I (M))→ Hn

m(M)

is an isomorphism and H i
m(H

c
I (M)) = 0 for all i ̸= d = n− c.
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(3) The natural homomorphism

K(M̂)→ ExtcR(H
c
I (M), K(R̂))

is an isomorphism and Extn−iR (Hc
I (M), K(R̂)) = 0 for all i ̸= d = n− c.

Proof. Firstly we prove (1) ⇒ (2). Since M is of finite injective dimension so

by [32] it follows that R is Cohen-Macaulay ring. Moreover M is a maximal

Cohen-Macaulay module so ExtiR(k,M) = 0 for all i ̸= n. By assumption we have

Exti−cR (k,Hc
I (M)) = 0 for all i ̸= n. Then the result follows from Lemma 4.3.1.

By the similar arguments one can prove that (2) ⇒ (1). This completes the

proof of (1)⇔ (2).

Next we proof the equivalence of (2)⇔ (3).

Apply the generalized Local Duality (see Corollary 2.2.2) for the module Hc
I (M)

then for all i ∈ Z we have

HomR(H
i
m(H

c
I (M)), E) ∼= Extn−iR (Hc

I (M), K(R̂)).

This gives the equivalence of the vanishing of (2) and (3). Moreover the equivalence

between isomorphism follows from the last isomorphism and Matlis Duality.

Remark 4.3.3. (1) Let M ̸= 0 be a maximal Cohen-Macaulay module of finite

injective dimension over a local ring R. Suppose that I ⊆ R is an ideal with

c = grade(I,M). If any of the equivalent conditions holds of Corollary 5.1.11 then it

follows that all the Bass numbers of Hc
I (R) are zero except for i = d = dimR(M)−c.

(2) Let R be a complete local ring of dimension n and M ̸= 0 be a maximal

Cohen-Macaulay module of finite injective dimension. Let I ⊆ R be an ideal of

c = grade(I,M). Then K(R) exists and by [33, Theorem 4.1] it follow that M ∼=

⊕K(R). Therefore if R is complete so it is enough to prove Corollary 5.1.11 for

K(R) instead of M .

(3) In case R possesses a maximal Cohen-Macaulay module of finite injective dimen-

sion M ̸= 0 the ring R is Cohen-Macaulay and it follows that SuppRM = SpecR.
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To this end first note that SuppR̂ M̂ = Spec R̂ since M̂ is isomorphic to a direct sum

of K(R̂) and AnnK(R̂) = (0). This implies AnnRM = 0 which implies the claim.

Now we can prove one of our main result as follows:

Theorem 4.3.4. LetM ̸= 0 be a maximal Cohen-Macaulay module of finite injective

dimension over a local ring R and I ⊆ R be an ideal of c = grade(I,M). Then the

following conditions are equivalent:

(a) H i
I(M) = 0 for all i ̸= c.

(b) For all p ∈ Supp(M) ∩ V (I) the natural homomorphism

H
h(p)
pRp

(Hc
IRp

(Mp))→ H
dim(Mp)
pRp

(Mp)

is an isomorphism and H i
pRp

(Hc
IRp

(Mp)) = 0 for all i ̸= h(p) = dim(Mp)− c.

(c) For all p ∈ Supp(M) ∩ V (I) the natural homomorphism

Ext
h(p)
Rp

(k(p), Hc
IRp

(Mp))→ Ext
dim(Mp)
Rp

(k(p), (Mp))

is an isomorphism and ExtiRp
(k(p), Hc

IRp
(Mp)) = 0 for all i ̸= h(p) = dim(Mp)−

c.

(d) For all p ∈ Supp(M) ∩ V (I) the natural homomorphism

K(M̂p)→ Extc
R̂p
(Hc

IR̂p
(M̂p), K(R̂p))

is an isomorphism and Exti
R̂p
(Hc

IR̂p
(M̂p), K(R̂p)) = 0 for all i ̸= h(p).

(e) H i
I(R) = 0 for all i ̸= c, that is I is a cohomologically complete intersection.

Proof. Firstly we prove the equivalence of (a) and (e). By Remark 4.3.3 the assump-

tions imply that SuppRM = SpecR and the equivalence follows by Proposition

4.1.3.
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For the proof that (a) implies (b) see Lemma 4.2.3. By Proposition 4.3.2 the

equivalence of (b), (c), (d) is easily seen by passing to the localization.

Now we prove that (b) implies (a)

We proceed by induction on dim(M/IM). If dim(M/IM) = 0 then V (I) ∩

SuppR(M) ⊆ V (m) so statement (b) holds for p = m. Then Theorem 3.1.2 implies

that H i
m(C

·
M(I)) = 0 for all i ∈ Z.

Now we apply Lemma 1.3.7 for X = C ·M(I). Because of SuppR(H
i(C ·M(I))) ⊆

V (m) (recall that H i(C ·M(I)) ∼= H i
I(M) for all i ̸= c and Hc(C ·M(I)) = 0 (see the

Definition 3.1)). This proves the vanishing of H i
I(M) for all i ̸= c.

Now let dim(M/IM) > 0 then

dim(Mp/IMp) < dim(M/IM)

for all p ∈ V (I) ∩ SuppR(M) \ {m}. Since grade(IRp,Mp) ≥ c so it implies that

h(p) ≥ dim(Mp/IMp) where h(p) = dim(Mp)−c. On the other hand the assumption

on the vanishing provides that h(p) ≤ dim(Mp/IMp) so grade(IRp,Mp) = c. By the

induction hypothesis it implies that

H i
IRp

(Mp) = 0

for all i ̸= c and all p ∈ V (I) ∩ Supp(M) \ {m}. That is Supp(H i
I(M)) ⊆ V (m) for

all i ̸= c. It implies that H i
m(C

·
M(I)) = 0 for i ≤ c and i > n. Also for c < i ≤ n

there is an isomorphism

H i
m(C

·
M(I)) ∼= H i(C ·M(I)) ∼= H i

I(M).

On the other side note that by the assumption for p = m we have H i
m(C

·
M(I)) = 0

for all i ∈ Z (by Theorem 3.1.2) and hence by virtue of the last isomorphism it gives

the result. This completes the proof of the Theorem.

Remark 4.3.5. Let us discuss the necessity of the local conditions in Theorem 4.3.4.

It is not enough to assume the statements (b), (c), (d) in Theorem 4.3.4 for p = m.

That is, we do need these statements for all see p ∈ V (I)∩Supp(M). The following
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example shows that (b) is true for p = m but not for a localization at p. That is

these three properties (b), (c), (d) do not localize. This example actually given by

Hellus and Schenzel (see [22, Example 4.1]).

Example 4.3.6. Let R := k[|x0, x1, x2, x3, x4|] denote the formal power series ring

over arbitrary field k. Suppose that I = (x0, x1) ∩ (x1, x2) ∩ (x2, x3) ∩ (x3, x4). Then

Hellus and Schenzel (see[22, Example 4.1]) have shown that c = height I = 2. Also

for i ∈ N they proved that dimk Ext
i
R(k,H

2
I (R)) = δ3,i. On the other side they have

shown that H i
I(R) ̸= 0 for all i ̸= 2, 3.

In the next we are interested in the injective dimension of the local cohomology

module. As a consequence it provides a new characterization of a local ring to be

Cohen-Macaulay.

Theorem 4.3.7. Let (R,m) be a ring and I be an ideal of R. Suppose that M ̸= 0

is a finitely generated R-module such that H i
I(M) = 0 for all i ̸= c = grade(I,M).

Then the following are equivalent:

(1) inj dimR(M) <∞.

(2) inj dimR(H
c
I (M)) <∞.

Each of the equivalent conditions implies that R is a Cohen-Macaulay ring.

Proof. Let E·R(M) be a minimal injective resolution of M . Since H i
I(M) = 0

for all i ̸= c so Hc
I (M)[−c] ∼→ΓI(E

·
R(M)) is an isomorphism of complexes. If

inj dimR(M) < ∞, then ΓI(E
·
R(M)) is a finite injective resolution of Hc

I (M)[−c]

by injective R-modules. This proves (1)⇒ (2).

For the converse statement note that the above isomorphism of complexes in-

duces the following isomorphism

Exti−cR (k,Hc
I (M)) ∼= ExtiR(k,M).

So it follows that inj dimR(M) <∞ since Exti−cR (k,Hc
I (M)) = 0 for i >> 0.
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Note that if one of the above equivalent conditions holds then R will be a Cohen-

Macaulay ring (see [32]).

Now we will give some applications of our main results one of which is an exten-

sion of Hellus and Schenzel’result (see [22, Lemma 4.3]).

Proposition 4.3.8. With the notation in Theorem 4.3.4 suppose in addition that

K(R) exists and consider the following condition:

(f) H i
I(K(R)) = 0 for all i ̸= c.

Then (f) is equivalent to all the conditions of Theorem 4.3.4.

Proof. If R is a Cohen-Macaulay ring then K(R) is a maximal Cohen-Macaulay

module. Then the equivalence follows from Theorem 4.3.4 by view of Proposition

4.1.3.

Now the following Proposition is a generalization of an application of Hellus and

Schenzel (see [22, Lemma 4.3]).

Proposition 4.3.9. Let (R,m) be a ring, I ⊆ R be an ideal and M ̸= 0 be an

R-module such that grade(I,M) = c. Suppose that x ∈ I is M-regular then the

following are equivalent:

(a) H i
IR/xR(M/xM) = 0 for all i ̸= c− 1.

(b) H i
I(M) = 0 for all i ̸= c and x is HomR(H

c
I (M),E)- regular.

Proof. Since x is M -regular so we have the following short exact sequence

0→M
x→M →M/xM → 0.

Applying ΓI to this sequence yields the following long exact sequence of local coho-

mologies

...→ H i−1
I (M/xM)→ H i

I(M)
x→H i

I(M)→ H i
I(M/xM)→ ... (4.1)
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Now we prove that (a) implies (b).

If i < c then there is the following exact sequence

0→ H i
I(M)

x→H i
I(M). (4.2)

Let r ∈ H i
I(M) then there exists n ∈ N such that rIn = 0 it implies that r = 0

because of sequence 4.2. It follows that H i
I(M) = 0 for all i < c. Similarly we can

prove that H i
I(M) = 0 for all i > c so H i

I(M) = 0 for all i ̸= c. Now applying

HomR(−, E) to sequence 4.1 and substituting i = c then x is HomR(H
c
I (M), E)-

regular follows from the following short exact sequence

0→ HomR(H
c
I (M), E)

x→HomR(H
c
I (M), E)→ HomR(H

c−1
IR/xR(M/xM), E)→ 0.

Now we will prove that the assertion (b) implies (a).

If i ≤ c− 2 or i > c then it follows from sequence 4.1 and Independence of Base

Theorem (see [20]) that H i
IR/xR(M/xM)= 0 for all i ≤ c− 2 or i > c. If i = c then

there is the following exact sequence

Hc
I (M)

x→Hc
I (M)→ Hc

IR/xR(M/xM)→ 0.

It induces the following exact sequence

0→ HomR(H
c
IR/xR(M/xM), E)→ HomR(H

c
I (M), E)

x→HomR(H
c
I (M), E).

Since x is HomR(H
c
I (M), E)- regular so HomR(H

c
IR/xR(M/xM), E) being the kernel

of the morphism HomR(H
c
I (M), E)

x→HomR(H
c
I (M), E) is zero. Therefore result

follows from [20, Remark 3.11].

Corollary 4.3.10. Let (R,m) be a ring, I ⊆ R be an ideal of grade(I,M) = c for

an R-module M ̸= 0. Suppose that x = (x1, ..., xj) ∈ I is an M-regular sequence for

1 ≤ j ≤ c then the following conditions are equivalent:

(a) H i
IR/x(M/xM) = 0 for all i ̸= c− j.

(b) H i
I(M) = 0 for all i ̸= c and x is HomR(H

c
I (M),E)- regular.

Proof. It can be easily proved by induction on j (see Proposition 4.3.9).
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Chapter 5

On Invariants and Endomorphism

Rings of Certain Local

Cohomology Modules

In this Chapter we define numerical new invariants τi,j(I) as the socle dimensions

of H i
m(H

n−j
I (R)), where I ⊆ R is an ideal of a local Gorenstein ring. As a technical

tool we study the natural homomorphisms defined in Chapter 3. Moreover we prove

several results on τi,j(I).

In recent research there is an interest in the study of the endomorphism rings

HomR(H
i
I(R), H

i
I(R)) for certain i and I. This was started by Hochster and Huneke

(see [19]) for i = dimR and I = m. See also [11] for a generalization to an arbitrary

ideal I and i = dimR.

The case of a cohomologically complete intersection with i = grade I was inves-

tigated at first by Hellus and Stückrad (see [21]). They have shown that the natural

map

f : R̂→ HomR̂(H
i
IR̂
(R̂), H i

IR̂
(R̂))

is an isomorphism. In the case of a Gorenstein ring (R,m) it follows (see [40]) that

HomR̂(H
i
IR̂
(R̂), H i

IR̂
(R̂)) is a commutative ring for i = grade I. Here we continue
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with the investigations of f .

As a consequence we will prove that there is a numerical condition for f being

an isomorphism. In general the socle dimension ofHd
m(H

c
I (R)) is not finite. In case of

(R,m) a regular local ring containing a field it is known that dimk HomR(k,H
d
m(H

c(R)))

is equal to the Lyubeznik number dimk Ext
d
R(k,H

c
I (R)). Another part of these in-

vestigations is the relation of the Bass-Lyubeznik number to the socle dimension of

Hd
m(H

c
I (R)). To this end we consider several re-interpretations of the natural map f

by Local and Matlis Duality resp. This is related to the problem whether the natural

homomorphism ExtdR(k,H
c
I (R))→ k is non-zero, a question originally posed by Hel-

lus and Schenzel (see [22]). Under the additional assumption of inj dimRH
c
I (R) ≤ d

we are able to prove that if ExtdR(k,H
c
I (R))→ k is non-zero (resp. an isomorphism),

then f is injective (resp. an isomorphism). Note that if (R,m) is a regular local

ring containing a field inj dimRH
c
I (R) ≤ d holds by the results of Huneke and Sharp

resp. Lyubeznik (see [18, Corollary 3.7] resp. [24, Corollary 3.6]). It is unknown to

us whether this is true for any regular local ring.

5.1 The Endomorphism Ring

In this section first of all we will generalize the results of Schenzel (see [38, Theorem

1.2]) to the case of finitely generated R-modules (resp. the canonical module). Note

that the following Proposition is actually proved by Schenzel (see [38, Theorem 1.2])

in the case of a complete Gorenstein local ring. Here we will give a generalization

of it to a finitely generated R-module M .

Proposition 5.1.1. Let R be a local ring of dimension n and J ⊆ I be two ideals of

R. Suppose that grade(I,M) = c = grade(J,M) for a finitely generated R-module

M ̸= 0. Then the following holds:

(a) There is a natural morphism

HomR(H
c
J(M), Hc

J(M))→ HomR(H
c
I (M), Hc

I (M)).
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(b) Suppose that Rad IRp = Rad JRp for all p ∈ V (J) ∩ SuppR(M) such that

depthRp
(Mp) ≤ c then the above natural homomorphism is an isomorphism.

(c) Suppose in addition R is complete then there is a natural homomorphism

HomR(D(Hc
J(M)), D(Hc

J(M)))→ HomR(D(Hc
I (M)), D(Hc

I (M)))

and under the assumption of (b) it is an isomorphism.

Where D(·) := HomR(·, E) and E = ER(k) denotes the injective hull of k.

Proof. Note that for each integer s ≥ 1 there is a short exact sequence

0→ Is/Js → R/Js → R/Is → 0

this is true because of J ⊆ I. Then the application of the functor HomR(·,M) to

this sequence induces the following exact sequence

0→ ExtcR(R/I
s,M)→ ExtcR(R/J

s,M)→ ExtcR(I
s/Js,M)

here we use that grade(Is/Js,M) ≥ c. Now pass to the direct limit of the last

sequence we get that

0→ Hc
I (M)→ Hc

J(M)
f→ lim
−→

ExtcR(I
s/Js,M). (5.1)

Then this induces the short exact sequence

0→ Hc
I (M)→ Hc

J(M)→ N → 0

where N := im f . Again apply the functor HomR(·,M) to this last sequence we get

the following homomorphism

ExtcR(H
c
J(M),M)→ ExtcR(H

c
I (M),M).

Then from Proposition 3.2.1 (a) the statement (a) is clear now. For the proof of

(b) note that without loss of generality we may assume that IRp = JRp for all

p ∈ V (J) ∩ SuppR(M) such that

depthRp
(Mp) ≤ c.
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This is true because the local cohomology is independent up to the radical. We

claim that ExtcR(I
s/Js,M) = 0 for all s ≥ 1. Since AnnR(I

s/Js) = Js :R Is it is

enough to prove that grade(Js :R I
s,M) ≥ c+ 1. It is well-known that

grade(Js :R I
s,M) = inf{depthRp

(Mp) : p ∈ V (Js :R I
s) ∩ SuppR(M)}

(see Theorem 1.4.2 (b)). Suppose on contrary that the claim is not true then there

exists a prime ideal

p ∈ V (Js :R I
s) ∩ SuppR(M)

such that depthRp
(Mp) ≤ c. On the other side SuppR(R/(J

s :R I
s)) = V (Js :R I

s) is

contained in V (J). It implies that p ∈ V (J)∩SuppR(M) and Rp/(J
s
pRp :Rp I

s
pRp) ̸=

0 which is a contradiction to our assumption. So we have ExtcR(I
s/Js,M) = 0

which shows that (b) is true by virtue of the exact sequence 5.1. Moreover by (a)

and Lemma 3.2.3 (a) there is a natural homomorphism

HomR(D(Hc
J(M)), D(Hc

J(M)))→ HomR(D(Hc
I (M)), D(Hc

I (M))).

Suppose that J ⊆ I satisfy the assumption of (b). For any R-module X there is a

natural injective homomorphism

HomR(X,X)→ HomR(D(X), D(X)).

Then consequently it induces the following commutative diagram

HomR(H
c
J(M), Hc

J(M)) → HomR(H
c
I (M), Hc

I (M))

↓ ↓

HomR(D(Hc
J(M)), D(Hc

J(M))) → HomR(D(Hc
I (M)), D(Hc

I (M)))

But HomR(H
c
J(M), Hc

J(M))→ HomR(H
c
I (M), Hc

I (M)) and both the vertical homo-

morphisms are isomorphisms (see (b) and Lemma 3.2.3 (a)). Then by commutativity

of the above diagram it follows that the natural homomorphism

HomR(D(Hc
J(M)), D(Hc

J(M)))→ HomR(D(Hc
I (M)), D(Hc

I (M)))

is an isomorphism. This completes the proof of Theorem.
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Now we will compare the natural homomorphisms of Theorem 4.2.2 and Propo-

sition 5.1.1.

Remark 5.1.2. Let R be a complete Cohen-Macaulay ring of dimension n and J ⊆ I

be two ideals of R. Suppose that grade(I) = c = grade(J). Then by Proposition 5.1.1

there are the following commutative diagrams:

R → HomR(H
c
J(K(R)), Hc

J(K(R)))

|| ↓

R → HomR(H
c
I (K(R)), Hc

I (K(R)))

R → HomR(D(Hc
J(K(R))), D(Hc

J(K(R))))

|| ↓

R → HomR(D(Hc
J(K(R))), D(Hc

J(K(R))))

Therefore under the assumption of Proposition 5.1.1 (b) and from the second last

commutative diagram we get that the natural homomorphism

R→ HomR(H
c
J(K(R)), Hc

J(K(R)))

is an isomorphism if and only if the natural homomorphism

R→ HomR(H
c
I (K(R)), Hc

I (K(R)))

is an isomorphism. Moreover this is equivalent to the fact that the natural homo-

morphism

R→ HomR(D(Hc
J(K(R))), D(Hc

J(K(R))))

is an isomorphism if and only if the natural homomorphism

R→ HomR(D(Hc
I (K(R))), D(Hc

I (K(R))))

is an isomorphism (by Lemma 3.2.3).

Corollary 5.1.3. Let J ⊆ I be two ideals of a complete Cohen-Macaulay ring

(R,m) such that H i
J(R) = 0 for all i ̸= c = grade(J,R) = grade(I, R). Suppose that
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Rad IRp = Rad JRp for all prime ideals p ∈ V (J) with depthRp
(Rp) ≤ c. Then the

natural homomorphism

R→ HomR(H
c
I (K(R)), Hc

I (K(R)))

is an isomorphism.

Proof. It follows from Theorem 4.2.2 and the above Remark 5.1.2.

In order to investigate the natural homomorphisms (d), (e) of Lemma 3.2.6 we

need a few more results. First note that by Lemma 3.2.6 (see also [40, Section 6])

there is a commutative diagram

ExtdR(k,H
c
I (R)) → k

↓ ↓

Hd
m(H

c
I (R)) → E

here the right vertical homomorphism is - by construction - the natural inclusion and

the left vertical homomorphism is the direct limit of the natural homomorphisms

λα : ExtdR(k,K(R/Iα))→ Hd
m(K(R/Iα))

for all α ∈ N. It induces the following commutative diagram

ExtdR(k,H
c
I (R))

φ→ k

λ ↓ ∥

HomR(k,H
d
m(H

c
I (R)))

ψ→ k

It is of some interest to investigate the homomorphism φ. In fact, it was conjectured

that φ is in general non-zero. This was shown to be true for R a regular local ring

containing a field (see [40, Theorem 1.3]) while ψ is non-zero in a Gorenstein ring

as shown in Theorem 3.2.8 (c).

For our purposes here let us summarize the main results of Huneke and Sharp

resp. Lyubeznik (see [18, Corollary 3.7] and [24, Corollary 3.6]).
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Theorem 5.1.4. Let (R,m) be a regular local ring containing a field. Let I ⊆ R be

an ideal of grade c. Then for all i, j ∈ Z the following results are true:

(a) Hj
m(H

i
I(R)) is an injective R-module.

(b) inj dimR(H
i
I(R)) ≤ dimR(H

i
I(R)) ≤ dimR− i.

(c) ExtjR(k,H
i
I(R))

∼= HomR(k,H
j
m(H

i
I(R))) and its dimension is finite.

Proof. For the proof we refer to [18, Corollary 3.7] and [24, Corollary 3.6].

In particular the result of Theorem 5.1.4 (c) is a motivation for the following

Definition.

Definition 5.1.5. If I ⊆ R is an ideal of grade c in (R,m) a Gorenstein ring. Then

τi,j(I) := dimk HomR(k,H
i
m(H

n−j
I (R)))

is called τ -number of type (i, j) of I.

Remark 5.1.6. Note that τi,j(I) is the socle dimension of the local cohomology

module H i
m(H

n−j
I (R)). In the case of a regular local ring (R,m) containing a field it

was shown by Huneke and Sharp resp. Lyubeznik (see Theorem 5.1.4) that

ExtiR(k,H
n−j
I (R)) ∼= HomR(k,H

i
m(H

n−j
I (R)))

for all i, j ∈ Z. These Bass numbers are also called Lyubeznik numbers. In fact,

Lyubeznik showed that they are invariants of R/I and finite.

By the example of Hartshorne (see Example 5.2.3) it turns out that for a Goren-

stein ring (R,m) the integers τi,j(I) need not to be finite.

As a first result on the integers τi,j(I) let us consider its vanishing resp. non-

vanishing properties.

Theorem 5.1.7. Let I ⊆ R denote an ideal of the local Gorenstein ring R and

c = grade I.
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(a) τd,d(I) ̸= 0, where d = dimR/I.

(b) τi,j(I) = 0 if and only if H i
m(H

n−j
I (R)) = 0, where n = dimR.

(c) τi,j(I) <∞ if and only if H i
m(H

n−j
I (R)) is an Artinian R-module.

Proof. The statement in (a) is a consequence of Theorem 3.2.8 (c). For the proof

of (b) first note that any element of H i
m(H

n−j
I (R)) is annihilated by a power of m.

Then the statement is true by the well-known fact that the module having support

in V (m) is zero if and only if its socle vanishes.

In order to prove (c) recall again that SuppH i
m(H

n−j
I (R)) ⊆ V (m). Then the

finiteness of the socle dimension is equivalent to the Artinianness of such a module.

As above let I ⊆ R denote an ideal of grade c in the Gorenstein ring (R,m). In

this next we shall investigate the natural homomorphism

φ4 : R̂→ HomR̂(H
c
IR̂
(R̂), Hc

IR̂
(R̂)).

As a first step we want to characterize when it will be surjective. To this end we

need the following Lemma.

Lemma 5.1.8. Let I ⊆ R is an ideal of grade c in (R,m) a Gorenstein ring. Then

kerφ4 = u(IR̂) and AnnR̂H
c
IR̂
(R̂) = u(IR̂).

Proof. It is known (see [40, Theorem 3.2]) that kerφ4 = u(IR̂). Then clearly

u(IR̂) = AnnR̂H
c
IR̂
(R̂).

It follows that Hc
IR̂
(R̂) is a torsion-free R̂-module if R̂ is a domain. In the next

we investigate when φ4 is surjective.

Theorem 5.1.9. Let (R,m) denote an n-dimensional Gorenstein ring. let I ⊆ R

be an ideal and grade(I) = c. Then the following conditions are equivalent:

(i) τd,d(I) = 1.
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(ii) The natural homomorphism HomR(k,H
d
m(H

c
I (R)))→ k is an isomorphism.

(iii) The natural homomorphism R̂→ HomR̂(H
c
IR̂
(R̂), Hc

IR̂
(R̂)) is surjective.

Proof. First of all note that we may assume that R is complete without loss of

generality.

(iii)⇒(ii): Fix the notation of Theorem 3.2.8. If φ4 is surjective it follows (see

Theorem 3.2.8) that

φ1 : H
d
m(H

c
I (R))→ E

is injective. Since ψ is non-zero it provides (by applying HomR(k,−)) that

ψ : HomR(k,H
d
m(H

c
I (R)))→ k

is an isomorphism.

(ii)⇒(i): This is obviously true by the definition of τd,d.

(i)⇒(iii): In order to simplify notation we put S = HomR(H
c
I (R), H

c
I (R)). Then

we have to show that the natural homomorphism R → S is surjective. Note that

φ4 is non-zero since 1→ id and Hc
I (R) ̸= 0. Moreover

S ∼= HomR(H
d
m(H

c
I (R)), E)

as follows because of S ∼= ExtcR(H
c
I (R), R) (see Proposition 3.2.1) and by the Local

Duality Theorem. Therefore we have isomorphisms

S/mS ∼= k ⊗R HomR(H
d
m(H

c
I (R)), E) ∼= HomR(HomR(k,H

d
m(H

c
I (R))), E)

(see Proposition 1.3.2). By the assumption and Matlis Duality this implies that

dimk S/mS = 1.

Now we claim that S is m-adically complete. With the same duality argument

as above there are isomorphisms

S/mαS ∼= HomR(HomR(R/m
αR,Hd

m(H
c
I (R))), E)
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for all α ∈ N. Now both sides form an inverse system of modules. Since inverse

limits commutes with direct limits into HomR(−,−) at the first place (see Theorem

1.1.5). It provides an isomorphism

lim←−S/m
αS ∼= HomR(H

0
m(H

d
m(H

c
I (R))), E)

as follows by passing to the inverse limit. But H0
m(H

d
m(H

c
I (R)))

∼= Hd
m(H

c
I (R)) since

Hd
m(H

c
I (R)) is anR-module whose support is contained in V (m). Finally this provides

an isomorphism

lim
←−

S/mαS ∼= S

and hence S is m-adically complete.

By virtue of [26, Theorem 8.4] S is a finitely generated R-module, in fact a cyclic

module S ∼= R/J for some ideal J ⊆ R. This proves the statement in (iii).

As shown above there is the following commutative diagram

ExtdR(k,H
c
I (R))

φ→ k

λ ↓ ∥

HomR(k,H
d
m(H

c
I (R)))

ψ→ k

Whence there is a relation between the Bass number µd(m, H
c
I (R)) and τd,d(I). In

fact, if (R,m) is regular local ring containing a field, then λ is an isomorphism (see

Theorem 5.1.4). It is conjectured ([22]) that φ is non-zero. Note that if φ is non-

zero then ψ is non-zero too and both maps are surjective. In the next we want to

continue with the investigations of φ.

Theorem 5.1.10. Let (R,m) be a Gorenstein ring of dim(R) = n. Suppose that

I ⊆ R is an ideal of grade c such that inj dimR(H
c
I (R)) ≤ d = n − c. Suppose that

the natural homomorphism

φ : ExtdR(k,H
c
I (R))→ k

is non-zero (resp. isomorphic). Then the natural homomorphism

φ4 : R̂→ HomR̂(H
c
IR̂
(R̂), Hc

IR̂
(R̂))
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is injective (resp. isomorphic).

Proof. Since R̂ is a flat R-module, the injective dimension of Hc
I (R) is finite if and

only if the injective dimension of Hc
IR̂
(R̂) is finite as R̂-module. Moreover φ is

non-zero (resp. isomorphic) if and only if Extd
R̂
(k,Hc

IR̂
(R̂)) → k is non-zero (resp.

isomorphic). So without loss of generality we may assume that R is complete.

It is a consequence of the truncation complex that there are natural homomor-

phisms

φα : ExtdR(R/m
α, Hc

I (R))→ HomR(R/m
α, E)

for all α ∈ N.

Put H = Hc
I (R). Then the short exact sequence

0→ mα/mα+1 → R/mα+1 → R/mα → 0

induces a commutative diagram with exact rows

ExtdR(R/m
α, H) → ExtdR(R/m

α+1, H) → ExtdR(m
α/mα+1, H) → 0

↓ φα ↓ φα+1 ↓ f

0 → HomR(R/m
α, E) → HomR(R/m

α+1, E) → HomR(m
α/mα+1, E) → 0

Recall that the homomorphism ExtdR(R/m
α+1, H) → ExtdR(m

α/mα+1, H) is onto

since inj dimH ≤ d.

Now suppose that φ is non-zero, that is, it is surjective. So assume that φ is

surjective (resp. isomorphic). Then the natural homomorphism f is surjective (resp.

isomorphic). The Snake Lemma provides by induction on α ∈ Z that φα, α ∈ N, is

surjective (resp. isomorphic). By passing to the direct limit of the direct systems it

induces the homomorphism

φ1 : H
d
m(H

c
I (R))→ E

is surjective (resp. isomorphic). Note that the direct limit is exact on direct systems.

So the statement follows by virtue of Theorem 3.2.8
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Remark 5.1.11. (A) We claim that the assumption inj dimHc
I (R) ≤ d implies that

inj dimHc
I (R) = d. That is we have to show that d = dimHc

I (R) ≤ inj dimHc
I (R).

By [4, Proposition 3.1.10] it is enough to prove that ExtdR(k,H
c
I (R)) ̸= 0. Sup-

pose on contrary that ExtdR(k,H
c
I (R)) = 0 then by induction on s it follows that

ExtdR(R/m
s, Hc

I (R)) = 0 for all s ∈ N. Then it implies that Hd
m(H

c
I (R)) = 0 which

is a contradiction (see Theorem 3.2.8 (c)).

(B) In the case of a regular local ring (R,m) containing a field it is shown (see

Theorem 5.1.4) that inj dimHc
I (R) ≤ d. We do not know whether this holds in any

regular local ring.

5.2 On the τ-numbers

In the following we shall give two applications concerning the τ -numbers of the ideal

I ⊆ R of a Gorenstein ring (R,m).

Theorem 5.2.1. Let I ⊆ R denote a 1-dimensional ideal in the Gorenstein ring

(R,m).

(a) τi,j(I) = 0 for all (i, j) ̸∈ {(0, 0), (1, 1)}.

(b) τ0,0(I) = dimk Ext
1
R(k,H

1
m(H

n−1
I (R))) <∞ and τ1,1(I) = 1.

(c) HomR̂(H
c
IR̂
(R̂), Hc

IR̂
(R̂)) ∼= R̂/u(IR̂).

Proof. Since H i(C ·R(I))
∼= H i

I(R) for i = n and zero otherwise there is a naturally

defined morphism C ·R(I)→ Hn
I (R)[−n] that induces an isomorphism in cohomology.

Therefore H i
m(C

·
R(I))

∼= H i−n
m (Hn

I (R)) for all i ∈ Z. Whence there are an exact

sequence

0→ H−1m (Hn
I (R))→ H1

m(H
n−1
I (R))→ E → H0

m(H
n
I (R))→ 0

and isomorphisms H i−n
m (Hn

I (R))
∼= H i+2−n

m (Hn−1
I (R)) for all i ̸= n, n − 1 as it is a

consequence of Theorem 3.1.2. This provides all the vanishing of the τ -numbers as
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claimed in the statement. To this end recall that dimH i
I(R) ≤ n− i for i = n− 1, n

(see [23]). Moreover it implies a short exact sequence

0→ H1
m(H

n−1
I (R))→ E → H0

m(H
n
I (R))→ 0.

By applying Ext·R(k,−) it induces isomorphisms

HomR(k,H
1
m(H

n−1
I (R))) ∼= k and HomR(k,H

0
m(H

n
I (R)))

∼= Ext1R(k,H
1
m(H

n−1
I (R))).

To this end recall the the natural homomorphism HomR(k,H
1
m(H

n−1
I (R))) → k is

not zero (see Theorem 3.2.8 (c)). Because Hn
I (R) is an Artinian R-module (see e.g

[11]) we have H0
m(H

n
I (R)) = Hn

I (R) and its socle dimension is finite. This proves

the statements in (a) and (b). The claim in (c) is a particular case of Theorem

5.1.9.

In his paper (see [5]) Blickle has shown a certain duality statement for Lyubeznik

numbers in the case of cohomologically isolated singularities in a regular local ring

containing a field (see also [40, Corollary 5.4] for a slight extension). Here we prove

a corresponding result for the τ -numbers for an ideal in a Gorenstein ring.

Theorem 5.2.2. Let I ⊆ R denote an ideal of grade c in the Gorenstein ring (R,m).

Suppose that c < n− 1 and SuppH i
I(R) ⊆ V (m) for all i ̸= c. Then

τ0,j(I) = τd−j+1,d(I)− δd−j+1,d,

where d = dimR/I.

Proof. Under the assumption of SuppH i
I(R) ⊆ V (m) for all i ̸= c it follows from

Lemma 1.3.7 that there are isomorphisms

H i
m(C

·
R(I))

∼= H i(C ·R(I))
∼= H i

I(R) for c < i ≤ n

and H i
m(C

·
M(I)) = 0 for i ≤ c and i > n. Also we have H i

I(R)
∼= H0

m(H
i
I(R)) for

all i ̸= c. Moreover by Theorem 3.1.2 the module on the left side is isomorphic to
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H i−1−c
m (Hc

I (R)) for all i < n. This proves that τ0,j(I) = τd−j+1,d(I) for all j ̸= 1.

Now we have an exact sequence

0→ Hn−1
I (R)→ Hd

m(H
c
I (R))→ E.

Recall that the natural homomorphism HomR(k,H
d
m(H

c
I (R)))→ k is onto (see The-

orem 3.2.8 (c)). This in particular provides (as above) that τd,d(I) = τ0,1(I) + 1

which completes the proof.

Even under the assumptions of Theorem 5.2.2 it may happen that τd,d is infinite.

To this end consider the following example of Hartshorne (see [17]).

Example 5.2.3. (see [17, Section 2] and [40, Example 3.5]) Let k be a field and

A = k[|u, v, x, y|] be the formal power series ring in four variables. Consider the

complete Gorenstein ring R = A/fA, where f = xv−yu. Let I = (x, y)R. Then n =

3, d = 2, c = 1 and SuppH2
I (R) = V (m), H3

I (R) = 0. It was shown by Hartshorne

(see [17, Section 2]) that

dimk HomR(k,H
2
I (R)) = τ0,1(I) = τ2,2(I)− 1

is not finite.

5.3 Problems and Perspectives

In this section we will give some open problems.

Problem 5.3.1. Let R be a complete local ring and p ∈ V (q) and p ̸= q. It would

be of some interest to see whether ER(R/q)
∨ is a flat cover of (R/q)∨ or not? Note

that it was shown (see [10, Example 5.3.19]) that R is a flat cover of the residue

field k.

Problem 5.3.2. Let R be a complete Cohen-Macaulay ring. Is it possible to gener-

alize Theorem 2.2.5 for arbitrary prime ideals q ( p ?
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Problem 5.3.3. It would of some interest to discuss the cohomological complete

intersection property of an ideal I ⊆ R in terms of vanishing of the Tor modules of

the module Hc
I (R) where c = grade(I).

Problem 5.3.4. It would be of some interest to get a criterion for τd,d(I) to be finite

for an ideal I ⊂ R with d = dimR/I. By Theorem 5.1.7 this is equivalent to the

Artinianness of Hd
m(H

c
I (R)).

Problem 5.3.5. Since for an ideal I of an n-dimensional regular local R with d =

dimR/I there is a natural homomorphism

ExtdR(k,H
c
I (R))→ HomR(k,H

d
m(H

c
I (R))).

Is there a relation between the Bass number µd(m, H
c
I (R)) and τ -number τd,d(I)?

Problem 5.3.6. It would be of some interest to see whether the converse of Theorem

5.1.10 is true or not.
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