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Abstract 

The prime goal of design and synthesis of Digital Signal Processing (DSP) algorithms 

and architectures is to meet the throughput requirements of an application in a 

hardware-economic fashion. Economics of hardware implementation includes an 

improvement in resource utilization, and power consumption, in the context of widely 

accepted application performance metrics, such as design throughput, spectral purity, 

and algorithmic precision. DSP tasks are usually computationally intensive and 

involve complex operations in real or pseudo-real-time. Choice of implementation 

hardware platform thus depends upon application requirements such as minimum data 

rate and signal fidelity keeping within the resource utilization and power consumption 

budgets. Realization of such cost effective hardware systems requires use of several 

complexity reduction methods and optimization techniques.  

Modern Field Programmable Gate Arrays (FPGAs) include complex slice 

fabric, intricate routing architectures, large input lookup tables, and specialized 

hardware blocks. Apart from the configurable logic blocks and routing structure 

present in classical FPGAs, modern FPGAs have built-in computational blocks for 

specialized functions. However, optimal system performance, in terms of clock speed, 

device utilization ratio, and power consumption, can only be achieved with 

meticulous and careful use of these advanced and specialized hardware resources. 

Standardized design optimizations used in Application Specific Integrated Circuits 

(ASICs) cannot be directly employed for algorithms to be implemented on FPGAs 

because of the fixed layout and routing structure of FPGAs. Harnessing the power and 

flexibility of FPGAs to their full potential to achieve requisite performance and 

efficiency gains for these cutting-edge applications, necessitates development of 

customized algorithmic and architectural optimizations.  

This work concerns two major domains of DSP hardware implementations, 

firstly, to gain performance enhancement by optimal mapping of digital designs onto 

the FPGA hardware and secondly, to architect algorithmic transformations for 

modifying the application architecture to the one more conformant to FPGA 

implementation. Which in turn, involves the reduction of computational complexity 

by reducing the number of multipliers and adders as well as achieving the higher data 

rates through pipelining and efficient encoding. 



 

 

vi 

 

Advanced optimizations and customizations for core DSP applications, such 

as Finite Impulse Response (FIR) filters, Infinite Impulse Response (IIR) filters, 

complex multipliers, various architectural transformations of multi-input adders, 

Coordinate Rotation Digital Computer (CORDIC), and multi-rate interpolation and 

decimation filter implementations have been proposed during the course of this work. 

Furthermore, this thesis proposes novel design methodologies for generating 

architectures for optimal mapping on these modern FPGAs containing specialized 

computational blocks and hardware functional units. The new methods keep in 

perspective the architectural peculiarities of the target FPGAs, and additionally, apply 

transformations to achieve higher throughput. The resulting architectures have shown 

substantial improvement over state of the art designs reported in literature.  
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1 Introduction 

Advancement in fabrication technologies have led to development of very high 

density integrated circuits with onboard special functionalities. Focus of the design 

engineers have shifted from customary reduction in hardware utilization ratios to the 

all-encompassing improvement in the throughputs of the devised hardware 

architectures. Higher emphasis has been placed on the throughputs for high end signal 

processing applications. Traditionally Field Programmable Gate Arrays (FPGAs) 

were used for prototype evaluation of designed algorithms, but with the advancements 

in fabrication technologies and consequent reduction of individual component sizes, 

very high-density integrated circuits have been made possible that can generate 

complete system on chip solutions on single FPGA device.  

1.1 FPGA Advantages 

At the current state, the FPGA technology can bring numerous advantages for 

computing, storage and networking. A case example is the applications of data center 

for cloud computing, which strive to become faster, larger, cheaper and greener [1]. It 

has diverse domains, firstly, within the networking infrastructure, FPGAs can address 

the ever-increasing throughput and processing requirements while remaining highly 

power efficient. Furthermore, the inherent flexibility of the FPGA is a crucial benefit 

in this landscape, given the continual arrival of new communications protocols. 

Thirdly, FPGAs offer the right physical interfaces on a basic level, and provide the 

required support and bandwidth for high-speed memory interfaces. They offer 

sufficient device complexity to implement packet-processing pipelines greater than 

100G. Their flexibility allows for the implementation of perfectly optimized custom 

circuits that operate at maximum efficiency [2]. Finally, a basic FPGA IP portfolio 

exists that covers the fundamental networking functions. However, more data-center-

specific solutions around data center bridging (DCB), virtual switching and other 

specialized technologies have yet to be developed. Within servers, FPGAs are an 

attractive implementation on network interface cards (NICs). FPGA implementations 

in different application categories in cloud computing are enumerated in Figure 1.1 

[1]. The highlighted application categories are the ones termed as most suitable for 

FPGA applications.  



Figure 1.1: Major FPGA implementation categories for data center application in 

Other applications include the 

component [3]. As illustrated in Figure 1.2 

is built on flexibility concept

offers multiple connectivity options.

enhance controls for generators, loads and batteries, ensuring greater efficiency. 

FPGA with its extensive IO capa

control, allowing numerous flexible options including the remote logging and 

monitoring of the system. 
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Major FPGA implementation categories for data center application in 

cloud computing environment. 

Other applications include the combination of FPGA as prime system control 

s illustrated in Figure 1.2 [1], the Demand Response Inverter 

concept. Equipped with multiple AC/DC terminals

offers multiple connectivity options. Programmable power curves and charge profiles
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1.2 Optimization Potential 

Higher densities provide larger areas for the designer to trade-off for better 

timing performance. Ever emerging advanced applications demand higher 

computational resources, especially the applications in Digital Signal Processing 

(DSP) domain, that frequently require dedicated computational resources [4]. Owing 

to their extensive computational requirements, modern day FPGAs offer 

reconfigurable logic blocks, custom designed for high throughput multiply 

accumulate operations (MAC), dedicated carry chain support, block Random Access 

Memories (RAMs) and internal slice cascade structure [5]. Figure 1.3 highlights the 

available hardware potential for parallel implementation of architectures on FPGAs as 

compared to other programmable devices. Regularity of the architecture and 

multiplicity of the processing elements yield massive parallel computing potential that 

needs the algorithm to be modified in a manner that is conducive to exploit the 

available parallelism. 

 

Figure 1.3: FPGA parallel implementation architecture provides enhanced 

performance as opposed to serial architecture in a DSP chip. 

FPGAs with embedded computational blocks offer pre-designed high speed 

computational units as black boxes to be used in designed hardware for enhanced 

performance. These embedded blocks (black boxes) come with a fixed composition, 

internal structure as well as register configuration, for enabling pipelined operations. 

Though the individual embedded block gives a magnitude better performance but at 

the same time, it limits the best achievable timing, by restricting the pipelining level 

of the complete architecture, as it cannot be further pipelined. Highest achievable 

clock rate for these FPGAs is therefore, limited by the characteristic speed of the used 

embedded hardware blocks.  
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Due to a preset pattern of layout of logic elements / processing elements in 

blocks and a fixed routing structure of FPGAs, customary optimization techniques 

cannot be directly used. Traditional optimization techniques that have been proven 

well suited for Application Specific Integrated Circuits’ (ASICs) design, therefore, 

may not exhibit similarly better performance while synthesizing algorithms for 

implementation on FPGAs [6]. 

Choice of a diverse platform or even a different family of FPGAs will also 

require emphasis on separate optimization methods to generate optimal hardware 

architecture [5,7]. Advanced application needs dictate the requirement to perform 

custom optimizations across FPGA’s slice fabric in order to achieve optimum 

performance. In effect, the degree of optimization of the algorithm greatly depends 

upon the configuration of target device as far as the device utilization and path delays 

are concerned. 

1.3  Thesis Contributions 

This work proposes a novel design methodology for further improving the 

throughput performance by applying mathematical transformations. The 

transformations are valid for both feedback and feed forward designs. The objective is 

to evolve a systematic methodology, utilizing which, the algorithm to hardware 

mapping can be tailored to yield a novel optimal architecture for the application under 

consideration. Diverse subjects covered in this work scope include hardware 

implementation of Multi input adders, Finite Impulse Response (FIR) and Infinite 

Impulse Response (IIR) filters, complex multiplier, Coordinate Rotation Digital 

Computer (CORDIC) and multirate decimation/interpolation filters on FPGAs. These 

contributions can be broadly categorized as:- 

a. Formalized the methodical application of mathematical transformations for 

designing DSP hardware. 

b. Design of best adder and multiplier architectures for FPGA 

implementation. 

c. A heuristic algorithm has been designed and verified for architectural 

transformation to obtain optimal throughput. 

d. Modified CORDIC as a complex multiplication operation implementation 

through proposed transform. 
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e. Implementation of Modified Merged Delay Transform (MMDT) based 

interpolation and decimation architectures through proposed transform. 

This thesis comprises of six chapters. Chapter one introduces the problem 

statement, whereas chapter two describes the peculiarities in the FPGA architecture. 

Chapter three tackles the design of high speed adders, whereas; filter optimizations 

like FIR, IIR, multirate filters and complex coefficients are described in chapter four. 

CORDIC architecture is discussed in chapter five. Chapter six concludes the thesis 

and presents the scope of future work in the field.  
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2 FPGA Resources 

2.1 Introduction 

Basic FPGA structure consists of wire matrices and Configurable Logic 

Blocks (CLBs). Routing of the signals is carried out through general purpose 

interconnect wire matrices, that employ segmented routing channels and multiple 

block length lines. This general purpose fixed routing architecture is non-

customizable and thereby introduces a significant delay of magnitudes comparable to 

delays through logic gates [5]. Dedicated routing in FPGAs is only available in a few 

special cases, like carry chains that allow high speed propagation of carry output for 

efficient implementation of Carry Propagate Adders (CPA) [8]. Likewise, the 

placement of processing elements in cascade in adjoining CLBs is required to reduce 

the overhead of routing delays. The general purpose architecture of routing matrices 

has a routing overhead that is much greater as compared to routing delays in ASICs, 

as the later employ custom length and variable diameter wires to overcome this 

problem.  

2.2 Architectural Peculiarities 

Peculiar architectural characteristics include:- 

a. Fixed routing architecture 

b. Column orientation 

c. Dedicated carry chains 

d. Embedded specialized hardware 

e. Predefined structural composition 

f. Configurable black boxes 

g. LUT construction 

h. Dedicated fast connectivity 

i. DSP block cascading 

j. Register availability 

k. Limited pipelining options for DSP blocks 

l. High speed block RAM 

m. Shift register LUT 

n. Wide function multiplexers  



2.3 Slice Fabric 

CLBs are composed of look up tables (LUTs), flip flops and carry chains for 

high speed carry propagation. Additional resources provided in present day FPGAs 

include Block Random Access Memories (RAMs) and DSP multipliers

special purpose usage [9]

FPGAs to consider the fabric structure while designing and optimizing the algorithm.

Figure 2.1 [5] shows the Virtex

internal construction of DSP48E slice.

Figure 2.1: Virtex-5 configurable logic blocks (CLBs) compris

slice uses four independent 6

Figure 

DSP48E Multiplier Accumulator (MAC) unit embedded in Virtex

has a clock rate of 550 MHz and precision of 25x18 bits. Xilinx has optimized the 

DSP48E slice for adder chain implementations by providing cascading within the 

slice that is a powerful mea
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CLBs are composed of look up tables (LUTs), flip flops and carry chains for 

high speed carry propagation. Additional resources provided in present day FPGAs 

include Block Random Access Memories (RAMs) and DSP multipliers (DSP48E) for 

]. It is, therefore, imperative for circuits to be implemented in 

FPGAs to consider the fabric structure while designing and optimizing the algorithm.

shows the Virtex-5 slice architecture and Figure 2.2 [5] 

internal construction of DSP48E slice. 

5 configurable logic blocks (CLBs) comprising two slices. Each 

slice uses four independent 6-LUTs. 

Figure 2.2: DSP48E slice in Virtex-5 FPGA. 

DSP48E Multiplier Accumulator (MAC) unit embedded in Virtex

has a clock rate of 550 MHz and precision of 25x18 bits. Xilinx has optimized the 

DSP48E slice for adder chain implementations by providing cascading within the 

slice that is a powerful mean for creation of efficient high performance arithmetic 

CLBs are composed of look up tables (LUTs), flip flops and carry chains for 

high speed carry propagation. Additional resources provided in present day FPGAs 

(DSP48E) for 

imperative for circuits to be implemented in 

FPGAs to consider the fabric structure while designing and optimizing the algorithm. 

 illustrates the 
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DSP48E Multiplier Accumulator (MAC) unit embedded in Virtex-5 FPGA 

has a clock rate of 550 MHz and precision of 25x18 bits. Xilinx has optimized the 

DSP48E slice for adder chain implementations by providing cascading within the 

n for creation of efficient high performance arithmetic 
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functions [10]. Each DSP48E block can add three stages of pipelining in the MAC 

operation as shown in Figure 2.3. If pipelining is not used, these registers are 

circumvented. The addition of these pipeline stages improves MAC performance 

manifolds without causing any hardware overhead. The express fabric of Virtex-5 

FPGA consists of carry chain and six input LUTs as illustrated in Figure 2.4 [5]. This 

construction yields an effective tradeoff between critical path delay and device 

utilization. Virtex-5 and newer generation FPGAs have six input and one output LUT, 

indicating higher integration levels, that if suitably used as an element in the circuit 

design can generate more compact and higher performance circuit designs.  

+X

A

B

A x B

B REG

A REG

M REG
P REG

 

Figure 2.3: Basic processing element, available pipeline options of DSP48E. 

Due to a regular routing pattern of the express fabric, the interconnectivity 

between 6-LUTs is engineered as such that enables performance enhancement by 

reaching more places in fewer bounds [11]. Partial product reduction in multiplication 

algorithms can be effectively implemented using carry save compression architectures 

employing 6:3 compression trees instead of 4:2 or 3:2 compressors, for efficient 

mapping onto the 6-LUTs that yields minimum path delay utilizing faster 

interconnectivity. 

2.4 Summary 

Basic construction of FPGAs is especially rich in terms of slice registers. 

Pipelining, therefore, can be much conveniently implemented in FPGAs. Longer 

routing paths and the interconnect structure introduce major delays in the overall 

architectures, therefore, extensive pipelining provides higher clock speeds at an 

affordable expense of design latency. In most of the applications, clock speed is more 

critical as compared to design latency, therefore, this tradeoff usually results in 

improved hardware implementations. Four flip flops available within each CLB slice 

can be used for optional registering of LUT output. The use of these resources with or 

without LUTs can make it possible to deeply pipeline the design. As a consequence 
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addition of a single stage of pipelining is comparatively cheaper in FPGAs as 

compared to ASICs in terms of hardware addition [12].  

  

Figure 2.4: Carry chain construction within the slice. 
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3 Adders 

3.1 Introduction 

Reduced component sizes and high density fabrication of the integrated circuits have 

led to increased hardware potential that has made implementation of computationally 

intensive applications realizable on single chips. These high density integrated circuits 

have significantly reduced cost for area-speed tradeoffs [5]. FPGAs have also gained 

computational strength from the same technology advancement and are now capable of 

providing complete system on chip solutions that are usually employed in low volume 

applications. Characterized by the benefits of reduced time to market and in circuit 

system modification, the application of FPGA to industry usage has increased 

manifolds. 

 Addition is the basic mathematical operation extensively used in arithmetic 

applications, mathematical computations, Multiplierless Constant Multiplications 

(MCM), filtering applications and so on [2,9-13]. For speeding up the operation of any 

DSP circuit, delay of the adder is quite critical. Extensive research has been carried out 

to improve the adder performance, owing to their extensive usage and computational 

criticality. Traditional approach in achieving high speed adder operations has been a 

transformation from carry propagate adders (CPA) like Ripple Carry Adder (RCA) to 

parallel carry computation architectures like Carry Lookahead Adder (CLaA), Carry 

Skip Adder (CSkA), Conditional Sum Adder (CoSA), Carry Select Adder (CSeA) and 

their variants. The abovementioned adders provide various performance benefits when 

implemented on ASICs, but fail to perform at par on FPGAs. Main reason for the 

performance difference lies in the fixed routing matrices of FPGAs and is thus less 

flexible in signal path determination. ASICs on the other hand do not have this type of 

routing restrictions and therefore, can provide flexibility in signal path determination, 

leading to reduced path delays. As such, the design that proves best for ASICs may 

perform subpar when implemented on FPGAs. Implementation of theses adders in 

XILINX
TM

 Virtex
TM

-6 FPGA has shown that due to definite routing interconnect, the 

implementation of RCA is the fastest and most economical for addition of two 

operands. The main reason for these differing results is the underlying cascade 

structure of CLBs and the usage of dedicated carry chain logic that speeds up carry 
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propagation and reduces routing overhead employed otherwise by the usage of global 

routing resources.  

 In this work, different variants of adders are designed and implemented on 

FPGAs, in an attempt to categorize these methods in terms of path delays and 

consumed bit slices. The adders are designed through inference by the design suite 

from the general specifications of hardware description language as well as direct 

instantiation of the custom blocks. Case studies have been performed for bi-operands 

and multi-operands addition problems.  

3.2 Hardware Adder Design 

Architectural peculiarities of diversified adder implementation deviations are 

summarized below. These adders have been architected with a view to attain minimal 

path delay. These optimization methods have already been shown to achieve obvious 

performance gain in ASIC based designs, therefore, study of their design 

characteristics is likely to present optimal adder architecture for implementation on 

FPGAs. 

3.2.1 Full Adder 

In hardware, addition is performed using primitive gates. Addition of two bits without 

a carry-in is termed as a half adder (HA) operation. Sum (��) and carry	(	�) are simply 

the exclusive OR and AND operations, as given in (3.1) 

�� = �� ⊕	� 	� = 	�� . �     (3.1) 

 Half adder has a critical path delay of one gate level delay. A full adder (FA) 

adds an additional bit of carry-in given as (3.2) and comprises of two half adders as 

shown in Figure 3.1. 

�� = �� ⊕	� ⊕	�� 	� =	(�� ⊕	�). ���� + �� 	. � (3.2) 
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3.2.2 Ripple Carry Adder 

The full adder has a critical path delay of three gate level delays. RCA is the most 

primeval adder that works exactly in the same manner as the addition is carried out 

manually using carries and borrows. It is essentially a cascade of several FAs, where 

the carry is rippled from least significant bit to most significant bit and subsequent bits 

are added together (as shown in Figure 3.2). It has a regular layout and generally 

consumes minimum area [13]. RCA can be pipelined efficiently to improve its speed 

characteristics. Critical path delay of a RCA is given as (3.3). 

���� = (� − 1). ��� + �� (3.3) 

 

 Where �� is the delay of the carry generation circuit of FA and ���is the delay 

of a single FA. The clock rate of a RCA is thus limited by the rippling of carry from 

LSB to its MSB.  

3.2.3 Carry Look Ahead Adder 

To speed up the addition operation, parallel adders have been designed that produce 

carries in parallel without waiting for the results (carries) of preceding addition. CLaA 

is an adder of this class that generates all carries concurrently by carry look ahead 
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ADDER

Ci Si

a0 b0 c0
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Figure 3.2: RCA has a critical path through which carry ripples from LSB to MSB. 

 

Figure 3.1: A Full Adder comprises two Half Adders. 
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generation method. Equation (3.4) describes the combinational logic for the generation 

of carry. 

�� = 	�� . � 
�� = �� ⊕	� 
	��� =	�� +	�� . �� 
�� = 	� ⊕	�� 

(3.4) 

 As the bit width of the operands increases, the complexity of the carry 

generator circuit increases significantly, as shown in Figure 3.3. Multiple levels of 

carry generating stages are therefore required for addition of large bit width operators. 

The carry generator can be given as:- 

	� = 	���� +	���� !"# � $ �!�
%"!�� &�!&+	$�!���

%"# . �# (3.5) 

 Carry generation requires i+1 gates with a fan-in of i+1. As each additional bit 

will increase the fan-in of the gates, practical applications use only 3-4 levels of look 

ahead stages. Hybrid adders using RCA and CLaA in mixed stages are also employed 

to gain corresponding advantages of each type.  

 

3.2.4 Carry Skip Adder 

CSkA divides the adder bit width into k-bits groups with the carry propagation starting 

simultaneously for each bit. If any group generates a carry, it passes it to the next 

group and in the case that the group does not generate its own carry then it simply 

bypasses the carry from the previous block to its next block. This bypassing of carry is 

solely handled by the  �� bit (3.6). 

 

Figure 3.3: CLaA stages for computation of carries in parallel. 
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�� = �� +	� (3.6) 

 

3.2.5 Carry Select Adder & Conditional Sum Adder 

CSeA employs k-groups with nk bits in each group. Two adders of nk bits are placed at 

each stage that generate sum and carry assuming input carry bit as 0 or 1. Actual result 

is then selected using 2x1 multiplexer based on the actual value of carry in. 

Combinational logic for CSeA implementation is specified as (3.7). To decrease 

hardware complexity the CSeA is usually employed in numerous levels and at each 

subsequent level the consecutive groups are merged based upon the value of carry-in. 

As shown in Figure 3.5, the path delay is reduced to the delay of carry propagation of 

four bits RCA plus delay through the multiplexer. CoSA is a special case of CSeA that 

employs each group of one bit each.  

�0� = �� ⊕	� 
	0� =	�� . � 
�1� = �� ∼⊕	� 
	�� =	�� +	� 

(3.7) 

 

 

Figure 3.5: Uniform group CSeA, employing 4 bits RCA sections. 

 

Figure 3.4: 16 bits equal group size CSkA. 
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3.2.6 Carry Save Adder 

CSA is used for multi-operand additions. Application of CSA reduces (or compresses) 

the number of operands to a lesser number with equivalent degree of sum and carry 

bits. At the end, final result is generated from two remaining partial sum and carry 

values using a CPA [14]. The 6:3 compression tree architecture is designed to take 

advantage of six input Look-Up Tables (LUT) of the FPGAs. 

	�))*� = (��&	�)	|	(	��&	��)|(	�&	��) 
�-.� = �� ⊕	� ⊕	�� (3.8) 

 

Figure 3.6: CSA comprising 6:3 compressors. 

 Figure 3.6 shows the architecture of a CSA that comprises of 6:3 compressors 

and Figure 3.7 illustrates the construction of 4:2 compressors. The 6:3 compressors 

not only reduce the logic depth of the architecture, but in addition, it conforms to the 

internal architecture of the FPGA fabric for Virtex-5 and Virtex-6 devices.   
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4:2 4:2 4:2 4:2

3:2

CPA

4:2

4:24:24:2

4:24:2

4:2

4:2

 

Figure 3.7: CSA comprising 4:2 compressors. 

 Table 3.1 shows the utilized hardware and the critical path delay for the 6:3 

and 4:2 compressor architectures by variation of the implementation platform from 

Virtex-6 (XC6VLX75t-3ff487) to Virtex-4 (XC4VLX15-12sf363). The tabulated 

results highlight the fact that a specific compressor better suites a particular FPGA 

architecture. As the slice fabric in Virtex-4 comprises of four input LUT, the 4:2 

compressor performs better owing to device conformance, reduced LUT 

interconnectivity and lesser hardware utilization. For 4:2 compressor, the critical path 

comprises LUT3 and LUT4 only whereas, for 6:3 compressor the critical path 

includes LUT3, LUT4, MUXF5 and LUT4. Virtex-6 on the other hand has six inputs 

LUT, the implementation of 6:3 compressor on these devices has improved 

performance owing to higher compression ratio, FPGA fabric construction comprising 

of six input LUT and reduced interconnectivity routing. For 4:2 compressor, the 

critical path comprises LUT6 and similarly for 6:3 compressor the critical path still 

includes a LUT6. The complete architecture however benefits the increased 

compression ratio provided by the 6:3 compressors. 16-bit compressors were also 

implemented on the same devices whose results are tabulated in Table 3.2. As 

illustrated in the table, the choice of a suitable compressor varies with a change of the 

implementation platform. 
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3.3 FPGA Implementation and Results 

CLBs are the basic processing elements in an FPGA and configurable wire matrices 

are the interconnect between them [15,10]. CLBs are composed of LUTs, flip flops 

and resources for routing of the signals between these elements. General purpose 

interconnect wire matrices employ segmented routing channels and multi-block length 

lines. A considerable delay as compared to the delay of logic gates is introduced in the 

critical path by the use of these general interconnects. Dedicated routing is only 

available in special cases of carry chains that allow high speed propagation of carry 

output for efficient implementation of CPAs but are restricted to geometric alignment 

in vertical / horizontal directions [5,16]. Similarly, placement of processing elements 

in adjoining CLBs is necessary to reduce overhead of general purpose routing delay. 

ASICs have an option to employ custom length and variable diameter wires that 

produce much faster interconnects as compared to FPGAs. Virtex-6 and later 

generation of FPGAs have six input and one output LUT in the CLB, indicating higher 

integration levels, that if suitably used as an element in the circuit design generate 

more dense and high performance circuits [17].  

Table 3.2: Comparison of 16-bit Compressor Architectures  

Compressor Type Architecture Path Delay Bit Slices 

6:3 Compressor Virtex-6 0.942 ns 45 

 Virtex-4 6.622 ns 96 

4:2 Compressor Virtex-6 0.776 ns 31 

 Virtex-4 4.949 ns 18 

6:3 Compressor comprising 3:2 subelements Virtex-6 1.431 ns 75 

 Virtex-4 6.019 ns 52 

 

Table 3.1: Comparison of Single bit Compressor Architectures  

Compressor Type Architecture Path Delay Bit Slices Critical Path 

6:3 Compressor Virtex-6 0.368 ns 3 LUT6 

 
Virtex-4 2.054 ns 12 LUT3, LUT4, 

MUXF5, LUT4 

4:2 Compressor Virtex-6 0.207 ns 2 LUT3 

 Virtex-4 0.395 ns 2 LUT3 

6:3 Compressor comprising 

3:2 subelements 

Virtex-6 0.368 ns 3 LUT6 

 Virtex-4 1.109 ns 4 LUT3, LUT4 
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 As RCAs make use of carries rippling through the consecutive stages, these 

utilize the dedicated carry chain support for more proficient implementation. The 

provision of specific hardware support in the CLBs in terms of AND and OR gates for 

computation of sum and carry and carry chain for fast propagation of carry bits provide 

enhanced performance. Whereas, multi-operand addition has no specific hardware 

support in the CLB i.e. when three or more operands are required to be added together. 

Multi-operand addition is required in summation of partial products of multiplications, 

commonly used in the MCM, complex multipliers and canonic filters etc. These partial 

products as a result of multi-operand addition can be effectively reduced using 6:3 

compression tree architecture for efficient mapping onto the 6-LUTs and utilizing 

faster interconnectivity between slices [13,18].  

 Pipelining can be resorted to conveniently in FPGAs, as CLBs are inherently 

rich in the availability of registers for pipelining. Four flip flops are available in each 

CLB slice that provide for optional registering of LUT output. The use of these flip 

flops with or without LUTs can make it possible to deeply pipeline the design. 

Additional stages of pipelining registers are therefore comparatively less expensive in 

terms of hardware in FPGAs as compared to ASICs [5,10].  

 Discussed adder types were synthesized on Xilinx Virtex-6 FPGA. Study of 

underlying FPGA structure signifies that the use of dedicated carry chain routing will 

provide high speed operation and minimal hardware area usage. Table 3.3 compares 

the various implementations of adders in terms of path delays and hardware utilization 

for operands bit width of 16 bits. Results demonstrate that the RCA implementation 

has the maximum clock speed and utilizes minimum number of slices. Relative values 

for the delay and area show the comparison between other adder architectures and the 

RCA implementation results, which are taken as reference.  
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 As shown, the RCA implemented through the inference of adder by the design 

suite has 10.21% lesser delay than the same RCA implemented through the 

instantiation of components, due to optimal routing allocation. Traditionally CLaA 

Serial Implementation has least delay in ASICs but in case of FPGA implementations, 

it sees a relative delay of more than 50% in addition to a disadvantage of relative 

increase in area of 181%.   

 

Figure 3.8: Relative delay and area values for bi-operand adders as compared to RCA 

Inference adders. 

Six operands, 16 bits adders have also been implemented on the same FPGA to 

compare consumed resources against the frequency of operation. A comparison of 

implementation results for multi-operand adders is given in Table 3.3. Synthesized 
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Table 3.3: Comparison of Two Operand Adders 

Adder 
Path 

Delay 

Bit 

Slices 

Relative 

Delay 

Relative 

Area 

Hierarchical CSA 8.48 ns 33 23.79 % 106.25 % 

CLaA 9.7 ns 36 41.6 % 125 % 

CoSA 8.1 ns 24 18.24 % 50.00 % 

CSkA 9.8 ns 29 43.06 % 81.25 % 

RCA Inference 6.85 ns 16 0% 0% 

RCA Instantiation 7.55 ns 16 10.21 % 0% 

CLaA Serial Implementation 10.3 ns 45 50.36 % 181.25 % 
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results elaborate that the compressor trees are a more efficient implementation method 

giving 7.9% speed up from RCA and consuming 28% more bit slices, even using the 

general interconnect. This is due to the equivalence of the 6:3 compressor tree 

architecture with the 6 input look up table structure of the CLBs that reduces number 

of used slices and the interconnectivity between these slices. Whereas the inference by 

the design suite implements a cascade of RCAs, that although has a 28% reduced area 

but has non-optimal throughput. The instantiation of CSA based on 6:3 compressor 

trees, therefore, is a better choice for fast adder implementations.  

 

Figure 3.9: Relative delay and area values for bi-operand adders as compared to RCA 

Inference adders. 

It has been shown Table 3.4, that contrary to ASIC practices, RCA architecture 

is the most efficient choice for implementation on FPGAs in terms of area and speed, 

as compared to other advanced adder architectures. This performance difference is 

attributable to dedicated carry chain support provided in new generation FPGAs. 

However, in case of multi-operand additions, RCA performs poorly as compared to 

CSA compression trees reduction.  
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3.4 Summary 

Experimental results have shown that RCA is the best suited adder architecture for bi-

operand addition with 23.79% decrease in critical path delay. Whereas, CSA 6:3 

compressor tree based architecture achieves 7.89% more clock rate than the RCA, at 

an expense of 28.17% area overhead for multi-operand adders. This pattern shift 

highlights that there is a room for significant throughput improvement by provision of 

dedicated support for the compressor trees in FPGA CLBs. It is expected to yield 

better performance for the multi addition problems that are encountered frequently in 

DSP applications. 

  

Table 3.4: Comparison of Multi-Operand Adders 

Adder Path Delay Bit Slices Relative Delay Relative Area 

RCA 9.98 ns 71 7.89 % 0% 

6:3 Compressor Trees 9.25 ns 91 0% 28.17 % 

CSkA 11.25 ns 125 21.62 % 76.05 % 

Hierarchical CSA 10.5 ns 151 13.5% 65.93 % 

CoSA 12.7 ns 100 37.2 % 9.9 % 
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4 Filters 

4.1 Introduction 

Digital filters are employed in diverse signal processing applications, especially the 

communication interfaces, high end audio and image processors [19,7]. High speed 

analog to digital converters (ADC) have led to optimal use of digital processing in 

more and more applications. Intermediate Frequency (IF) filters, especially the video 

processors are much economically realizable than their analog counterparts[20,21]. 

The diversified capabilities offered by digital processors and their ease of 

implementation have led to extensive use of digital processing over analog. The focus 

of the designer in present day high-end signal processing applications is to improve 

the throughput / timing performance of the system. With the fabrication of very high-

density integrated circuits complete system-on-chip solutions can be afforded in a 

single Field Programmable Gate Array (FPGA) package. Higher densities on FPGAs 

provide large hardware for the designer to tradeoff for timing performance. 

Furthermore, modern FPGAs offer specialized high speed embedded units for use in 

computationally intensive designs to improve timing performance [7,22]. These 

blocks, however, can only be configured for a limited number of pipelining options 

because of availability of a fixed set of registers. Although these embedded blocks 

give a magnitude of better performance, they also limit the best achievable timing, as 

they cannot be further pipelined, placing an upper limit on the highest achievable 

clock rate for these designs. Customary optimization techniques suitable for 

Application Specific Integrated Circuit (ASIC) design cannot be directly applied to 

FPGA based implementations due to specific layout of logic / processing elements in 

slices and a preset routing structure. The use of traditional ASIC optimization 

techniques, therefore, may not exhibit likewise superior performance while 

synthesizing algorithms for implementation on FPGAs. Customized optimization 

techniques are required for optimal architecture mapping on a specific family of 

FPGA, with selection parameters varying with change of implementation platform 

[19,12,23]. In effect, the degree of optimization of the algorithm depends highly upon 

the configuration of target device in terms of resource utilization and path delays.  

Finite Impulse Response (FIR) filters have been extensively used in Digital 

Signal Processing (DSP) applications as compared to Infinite Impulse Response (IIR) 

filters because of their inherent stability and ease of implementation. Different 
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transformations of FIR filters have been researched in detail for realization of an 

optimal architecture [21-30]. Preceding work on the subject can be classified into two 

broad categories, one focusing on reduction of computational complexity by reducing 

number of multipliers and adders [7,31-39], whereas, the other endeavor has been to 

achieve higher data rates through pipelining and efficient encoding [40-43]. In case of 

FPGA implementations, the focus had been to gain performance enhancement by 

transforming architecture for conformance to the core fabric [24]. Fabio et al [25] 

have presented a general framework for computational complexity reduction by 

employing Multiplierless Constant Multiplication (MCM) using Canonic Signed Digit 

(CSD) coefficient representation [26]. In addition, the Transpose Direct Form (TDF) 

implementation of the filter architecture was found suitable for performance 

augmentation. However, due to generalization of their transform, they were unable to 

compare performance with the Intellectual Property (IP) core generators provided by 

FPGA vendors to create IP architectures custom suited to their specific products [27]. 

Further work on MCM and Common Sub-expression Elimination (CSE) focused on 

elimination of expressions in horizontal, vertical and oblique directions as well as 

searching a suitable number representation system to attain maximal reduction in 

number of expressions [28,29]. These methods have resulted in reduced logic 

operators but the logic depth has been consistent or increased [30]. CSE MCM is a 

NP-complete problem, therefore, a number of heuristic search algorithms have been 

proposed, with Aksoy et al [31,32,33] proposing an exact algorithm. However, the 

application of this algorithm to large size complex problems of practical nature still 

resorts to an approximate solution. Current design automation tools have been 

developed with an outlook to make Register Transfer Level (RTL) Hardware 

Description Language (HDL) code device independent, however, device specific RTL 

HDL that takes into consideration the underlying architecture of the FPGA provides 

considerable performance gain, whereas, a device independent architecture suffers 

from heavy device utilization and increased path delays [19]. A major focus of 

research has been towards complexity reduction of multiplier block through 

application of MCM and CSE algorithms. Vagner et al [34] have optimized the FIR 

filter implementation by improving the CSE algorithm, using coefficient reduction to 

N-power-of-Two terms. Although the algorithm is an improvement over the previous 

implementations, their FPGA realization is still non-optimal due to inefficient device 

mapping. Significant reduction in hardware area can be achieved by implementing 
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Distributed Arithmetic (DA) based filters [35,36]. Meher et al [37] have shown, that 

an address length of four for DA Lookup Tables (LUT) gives significant improvement 

in terms of clock and area-delay product in FPGAs because of four input LUTs. Satoh 

et al [11,38] evaluated a complex multiplier implementation using booth recoding and 

6:3 compression trees yields lesser critical path delay than the embedded DSP block.  

IIR filter based systems exhibit narrow transition bands with relatively lesser 

filter orders as compared to FIR filters of comparable magnitude response. However, 

use of IIR filters had been restricted in practical applications due to difficulty of 

pipelining the feedback loop and its susceptibility to potential instability due to 

quantization errors [7]. Complexity reduction techniques developed for multiplier 

block of fixed coefficient FIR filters can also be used for the feed forward portion of 

IIR filter with Look Ahead Transform (LAT) [19,7,39] being used for pipelining for 

parallel / high throughput implementations of IIR filters.  

The main contribution of this work is the design of a heuristic algorithm to 

generate optimal filter architecture. The design algorithm takes into account the filter 

order, data width, FPGA internal construction, availability of embedded DSP blocks 

and application's throughput requirements. Core of the algorithm is based upon 

identifying the pattern of relative arrangement of multipliers in the architecture and 

transforming the architecture for mapping these using embedded DSP blocks or 

customized CSD compression tree using modified MCM. The designed filter 

architecture is pipelined up to a single LUT level. Unfolding and retiming operations 

are successively employed to create suitable architecture for parallel implementation 

to attain required throughput goal. Performance of the resulting architecture is 

compared against those designed through MATLAB Filter Design and Analysis 

(FDA) tool, the IP cores available with FPGA integrated design suite (ISE) and 

previously reported implementations in [25,34] and [37].  

4.2 Proposed Algorithm 

The components of the proposed algorithm are discussed in detail in this section. The 

algorithm generates hardware architecture suitable for achieving maximal throughput 

from application requirements and the FPGA device specifications, which are treated 

as design constraints. For evaluation of the algorithm, the device specific constants 

are taken from Virtex-5 FPGA, however, the algorithm is adaptable to any FPGA by 

substitution of relevant parameters.  
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4.2.1 Architectural Conformance/Selective Pipelining 

Full use of fundamental resources of an FPGA is necessary for achieving optimal 

performance. The use of hybrid adders composed partially of LUTs and partially of 

carry chains improves performance in comparison to use of Carry Propagate Adders 

(CPA) for MCM implementation in multiplier block [40,41]. FPGA embedded 

hardware blocks have limited pipelining registers, therefore, selective pipelining with 

retiming generates best possible configuration. DSP48E unit embedded in Virtex 

FPGAs has 18 x 25 bit multiplier and a 48 bit three input adder that can be configured 

as an adder, multiplier or a multiply and accumulate (MAC) block [7]. The inputs to 

the block are pipelined through A, B and C registers (Regs), the multiplier using M 

Reg and the output using P Reg, as shown in Figure 4.1. Three levels of pipelining 

can be optionally performed for any MAC operation using these registers without 

incurring any additional hardware overhead [40]. If pipelining option is not used these 

registers are bypassed and form a single combinational cloud. Throughput of the 

resulting architecture depends upon cascading of the DSP blocks:- 

  clk pcout cMAC t tτ →= +        (4.1) 

Where clk pcoutt → is the DSP48E propagation delay from clk to pcout and ct is the 

routing delay between the adjacent DSP blocks. The throughput of the MAC based 

filter therefore, shows a consistent behaviour within the input data width limits of 25 

x 18 bits. The minor throughput difference arises due to use of multiple columns of 

DSP blocks against a single column that offers a cascade of the DSP blocks that are 

directly interconnected. The throughput in this case is independent of the filter order / 

input bit width. 

 

Figure 4.1: Functional diagram illustrating the available pipeline options in DSP48E 

block. 
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4.2.2 Customized Compression Trees 

Coding mechanisms like Booth, CSD and Minimal Signed Digit (MSD) are used to 

generate lesser partial products of multiplication. These partial products are then 

reduced by utilizing compressor tree architecture, thereby eliminating the need of 

using dedicated hardware multiplier. Parallel reduction of partial products by 

compression trees circumvents the delay of rippling of the carry from lowest to 

highest bit and improves the speed of operation. CSD / MSD coding is used in fixed 

coefficient multiplication to generate minimal partial products of multiplication and 

optimization is performed through grouping of coefficient multiplications into one 

efficient block of wired shifts and adds using MCM [33-35]. CSE techniques are used 

to decrease the number of adders and the shift operators. It has been shown by Aksoy 

et al [42,43,44] that reduction in logic operators is independent of the type of number 

representation used for coefficients. Also, horizontal, vertical and oblique common 

sub-expression elimination methods have been shown to reduce the logic operators 

but at the expense of constant or increased logic depth [45,46]. Large variations in 

throughput of the design occurs with the change in logic depth as compared to the 

reduction in the number of logic operators. To achieve speedup, CSD coefficients 

have been used in our algorithm, as it has been established that the MSD 

representation generates lesser hardware (fewer logic operators) but at the expense of 

greater logic depth [47]. Furthermore, the use of CSD coefficients and the 

independent CSE elimination in each coefficient node generates hardware with 

reduced logic depth, suitable for high throughput applications [28,48]. 

The CSD recoding is done using the following logic. Any number A can be 

represented in two’s compliment form as follows [49].  

/ = �0��/ . �0� / . �0�2/ ……… . ��/�#/ (4.2) 

The CSD representation of A is  

 �0��. �0� . �0�2……… . �� �# 		 
The algorithm is as follows 

���/ = 0 

4��/ = 0 

�0/ = �0��/
 567	(� = 8	96	: − ;) 

(4.3) 
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	{=� = �� ⨁	����		4�� = 4��� 	=� 		�� = (1 − 2�� )4��	} 
The slice fabric of Virtex FPGA is composed of dedicated carry chains 

directly interconnecting the slices in the CLB and the six input LUTs. These dedicated 

routing channels if suitably used as an element in the circuit design generate a more 

compact and high performance circuit [19]. Due to regular routing pattern of the 

express fabric, the dedicated interconnectivity between the 6-LUTs enhances 

throughput performance by reaching more places in fewer bounds [11]. The 

placement of dedicated carry chain after the LUT allows for twofold usage of LUT as 

combined Look-up and full adder. This dual functionality of Look-up and full adder 

in single LUT allows for efficient usage of the FPGA resources and performs 

equivalent to 75% of two cells, thereby reducing the hardware by 33%. Wallace tree 

architecture has been used in numerous applications for partial product reduction. 

Traditionally 4:2 Wallace tree was used as the most efficient compression structure in 

VLSI architectures, but in the case of FPGAs the results depend upon the inherent 

LUT structure [12,50].  

 

Figure 4.2: Custom compression tree architecture utilizes 24 x 6:3 compressors, 7 x 

3:2 compressors and a 12-bit CPA for summing 12 x 8 bit operands. 

Modified 6:3 compressor design used in development of our algorithm affords 

multiple advantages; firstly, it reduces the tree height by 16% as compared to 3:2 

compressor trees, secondly it offers reduced logic depth thereby increases frequency 
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of operation, next it reduces number of operators and consumes lesser hardware 

resources and on the last the 6 input structure of the 6:3 compressor tree matches the 6 

input LUT structure of new generation FPGAs, therefore, it uses the FPGA resources 

optimally. 

Figure 4.2 shows the construction of the customized compression tree that is 

composed of 6:3 compressors. On the outset, the tree looks suboptimal, as based on 

the binary arithmetic the compression tree should progress from eight partial products 

to three partial products. However, because true six input LUT is available in the 

FPGA fabric, each compression operation is performed by a single LUT for single bit 

as highlighted in the figure. The resultant three outputs are aligned on individual 

weight basis as shown in different colours. For selection of optimum number of CSD 

coefficients, comparison between clock speed and Mean Square Error (MSE) has 

been carried out. As shown in Table 4.1, six coefficients CSD implementation yields 

optimum performance with 0.24% mean error, 1.2% increase in clock speed and 4% 

decrease in bit slices. Although, DSP block has 2.8% clock speed improvement over 

the CSD implementation but due to limited number of DSP blocks in an FPGA the 

hardware utilization ratio for DSP implementation is 5.5% as compared to 0.43% for 

non DSP based implementations. The designs utilizing general slice fabric are, 

therefore, liable to accommodate larger functionality than those relying on dedicated 

DSP blocks. With increasing filter orders, paradigm shift towards implementations 

using general FPGA resources is necessary for scalability purposes. Carry ripple time 

is considerably larger than combinational delay through the LUT. Critical path delay 

comprises the RCA carry ripple time as the implemented architecture is pipelined 

until single LUT level.  

  ( -1) carry sumCSD N t tτ = +        (4.4) 

Equation above describes the throughput of the CSD architecture, where the 

carryt is the propagation delay from the CIN input of the slice to the COUT output of the 

slice and sumt is the propagation delay from the A/B/C/D inputs of the slice to the 

COUT output of the slice. The throughput of the architecture varies linearly with the 

data width. 
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Table 4.1: Error Rate for FIR Filters (15 bits data width) 

Filter Type Consumed Hardware  Clock (MHz) MSE %age Utilization 

DSP-48E 14 Slices +7 DSP Blocks 535 0.05% 5.5% 

6:3 CSD 3 coefficients 371 Slices 579 5.24% 0.26% 

6:3 CSD 4 coefficients 619 Slices 514 1.3% 0.45% 

6:3 CSD 6 coefficients 594 Slices 520 0.24% 0.43% 

4.2.3 Data Width Optimization 

Algorithmic precision is determined by input and coefficient bit widths, dictated by 

the application specifications. Data widths affect the parameters of hardware 

utilization ratio, MSE and power consumption considerably. Increase in the bit 

resolution at times has drastic effects on hardware complexity as compared to the 

resultant decrease in MSE because of fixed internal structure. In FPGAs, the used data 

width in correlation to the underlying fabric structure yields some hardware cost 

bands. The design choice, therefore, reduces to select one or the other architecture 

based upon optimization of the user defined characteristics, yielding highest 

performance slot. DSP48E and CSD based implementations have been compared to 

study the effect of variation in input and coefficient data widths. The proposed 

algorithm makes superior design choice depending upon design parameters. Figure 

4.3 illustrates the performance comparison between CSD and DSP48E 

implementations for different bit widths, highlighting that there is a selective band in 

which throughput of DSP48E based design outperforms CSD implementation. In the 

initial region, CSD based design has better clock speed because of very small length 

of CPA in the critical path. For bit widths from 12 to 23, DSP48E exhibits a 

consistent clock that has better throughput / performance due to dedicated hardware 

multiplier. As data width is increased further, additional DSP slices are consumed due 

to 25x18 bits input limitations of DSP48E. These additional DSP slices have non-

optimal pipeline levels than the original design and reduce its performance in 

comparison to CSD implementations in that region. 
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Figure 4.3: Comparison of clock rates for Systolic FIR filter and CSD 

implementations by varying data width. 

4.2.4 Unfolding 

Foremost performance enhancement characteristics of FPGAs are the massive 

hardware available for parallel implementations. Minimal hardware parallel 

architecture is generated by unfolding the Data flow Graph (DFG). While maximal 

performance limit for embedded hardware resources is attained, further performance 

improvement can only be achieved by addition of further resources. This can be 

performed effectively through unfolding of the design [7]. An unfolded design 

processes multiple samples simultaneously using more computational resources but 

conserving the total algorithmic delay elements. Retiming of transformed architecture 

relocates these delays in such a manner that enables the application of supplementary 

optimization techniques. Figure 4.4 illustrates the unfolding method, where the delay 

elements are conserved and the computational units are replicated. U and V are the 

nodes in the original DFG, whereas, → indicates the edge from node U to V. J is the 

unfolding factor that is equivalent to the number of parallel stages required. For each 

node U in the original DFG, J nodes U0, U1, …... UJ-1 are drawn in the transformed 

DFG. For each edge U→V with w delays, draw the J edges Ui→V(i+w)%j with 
i w

J

+ 
  

delays for i=0,1, …. J-1. Where    is the floor operator that selects the next lower 

integer. With this transformation, J inputs are processed simultaneously, generating J 

outputs in parallel, thus increasing throughput J times [49]. 
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Figure 4.4: Single input / output system is transformed into dual input / output system 

utilizing unfolding. 

4.2.5 Distributed Arithmetic   

DA technique is used for implementing dot product between a variable and a constant 

array. It can therefore be effectively employed for implementation of FIR, IIR and 

FFT algorithms [37,51]. With the advancement in FPGA technology and wide spread 

usage of LUTs for implementation of logic functions, the significance of DA for 

designing hardware efficient architectures has increased considerably. DA logic 

replaces the MAC operation of convolution summation into a bit serial LUT read and 

addition operation. The input samples can be described as (3.3), if considered as N-bit 

fixed point numbers in 1.( 1)NQ − format 
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The inner product of the two arrays can therefore be written as follows:-  
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The DA technique pre-computes all the values of 
1

K

k k

k

x h
=
∑ and stores them in 

the LUT that is addressed through the respective bits of the input vector. The product 

can be obtained by shifting each lookup table output correspondingly or by shifting 

the accumulator right at each iteration. After N shift accumulate operations, the final 

result is obtained. DA filter correspondingly enhances the throughput as the inner 

product is independent of the number of taps and solely depends upon the bit width of 

the input samples. The size of ROM increases exponentially with the address space, 
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therefore, in case of large number of coefficients the ROM size grows prohibitively 

large [51]. To reduce the size to manageable proportions the ROM is split into partial 

tables and an adder or compression tree with adequate pipelining is used to add the 

results, thus unaffecting the computational speed. The design is pipelined after each 

selection multiplexer and the compressor tree is used as accumulator, the carry ripple 

path forms the critical path in the architecture.  

  DA carry sum((N - 1) t + t ) / Nτ =        (4.8) 

 

Figure 4.5: LUT based DA architecture. 

The throughput of the DA architecture, therefore, depends upon length of the 

CPA after the compressor / accumulator. In equation (4.6), carryt is the propagation 

delay from the CIN input of the slice to the COUT output of the slice and sumt is the 

propagation delay from the A/B/C/D inputs of the slice to the COUT output of the 

slice. The complete sample is processed in N cycles, the sample rate is therefore lesser 

than other types and varies linearly with the data width. 

4.2.6 Look Ahead Transformation (LAT) 

Feedback loop in the recursive architectures is an impediment to direct 

application of pipelining techniques. Introduction of registers in the feedback path to 

reduce critical path delay alters the complete transfer function. Figure 4.6 shows the 

feedback architecture of first order IIR filter, which has a critical path delay of an 

adder and a multiplier. For throughput enhancement, the pipeline stages in recursive 

data path are added using LAT [29]. Transformed filter is stable if scattered LAT is 

used, however, for clustered LAT the stability of the filter requires verification after 

transformation. The recursive difference equation for the IIR filter can be written as:- 
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 [ 1] [ ] [ 1]y n ay n bx n+ = + +    (4.9) 

LAT is applied by using the following generalized form:-  
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  (4.10) 

Equation (4.8) highlights that LAT increases the complexity of feed forward 

portion of the filter, that is pipelined independently of the recursive part.  

 

Figure 4.6: Feedback loop of IIR filter causing a bottleneck to further pipelining. 

The transformation modifies the loop delay from z
-1 

to z
-m

, so that the loop 

iteration can complete in M cycles. The system, therefore, has M cycles to complete a 

single algorithmic iteration. This multiply-add operation can now be effectively 

pipelined to attain speed enhancement. Further increase in throughput can also be 

achieved by resorting to parallel implementation of the same architecture after 

unfolding. The feedback loop of the first order IIR filter in Figure 4.7 has two delay 

elements that permit the multiplication operation to be completed in two cycles. 

Unfolding is useful in design instances where there are a number of algorithmic delay 

registers and less combinational logic. In these designs, retiming after unfolding 

provides the flexibility of placing these registers, keeping in view underlying 

processing block for optimizing the design objective. 

 

Figure 4.7: Transformed filter has two registers in the feedback loop for multiplier 

pipelining to two levels. 
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4.2.7 Development of Algorithm 

The variables used in the algorithm are of three types. First are the design 

parameters that are defined by the application requirements and accordingly constrain 

the implementation algorithm. These include throughput (µ), filter order (N) and bit 

width of operands (λ). Second type is resource constraints of FPGA that include slice 

area utilization (α) and number of available DSP slices (ε). The third type is the 

proposed algorithmic variables, which are computed and updated iteratively for 

design of optimal architecture. These include unfolding factor (Ω), pipeline level of 

architecture (ρ), number of compression stages (σ) and computed clock speed (ω). λ is 

obtained from filter specifications and may vary from one application type to other. 

The design technique takes the specified λ as a design parameter and designs the 

architecture based on its value. To demonstrate the optimality, the value of λ has been 

changed and the proposed design tool selection criterion is explained. During the 

design phase, a typical implementation is selected by comparison of application 

requirements with the selection criteria. ρ defines the pipelining level and is specific 

to the architecture and depends upon the throughput requirement. For DSP48E the 

number of available pipeline registers three (3) limits the number of pipeline stages. 

For compression trees, there is no such limitation. The design tool optimally selects ρ 

to meet the requisite throughput. With the increase in the filter order the required 

hardware resources also increase. Sharp filter transitions require high order filters and 

throughput demands necessitates transformation for parallel / fully dedicated 

architecture. As a limited number of DSP48E MAC units are available in a FPGA, 

therefore, as the filter order “N” is increased the implementation preference is 

transformed to CSD implementation. If the hardware resources are required to be 

constrained further, (α) the specified slice logic utilization ratio value is used to select 

between CSD and DA implementations. The algorithm is therefore scalable with the 

higher filter orders. Flow chart is given as Figure 4.8. 

Synthesize (filter)  

1: init α and ε from FPGA parameters 

2: read µ, N and λ and filter_type from filter specifications 

3: input coefficients file 

4:  if filter_type = IIR then  
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5:   filter = LAT(filter, ρ )   

6:  if _ Low limit _ High limitDSP DSPλ≤ ≤ and N ε≤ then 

7:   filter_architecture = MAC(filter) 

8:  elseif _ Low limitDSPλ ≤  or _ High limitDSPλ ≥ or 

1N ε≥ +  then 

9:   if A α≤ then 

10:    filter_architecture = CSD (filter) 

11:   else 

12:    filter_architecture = DA (filter) 

13:  else 

14:   filter_architecture = DA (filter) 

15: return filter_architecture 

LAT (filter, ρ )  

1: M= ρ  

2: for iterations=1:M do 

3:  Apply Lookahed transform 

4:  Decompose into feed forward and feedback partitions   

5:  calculate coefficient values 

6:  return coefficients 

MAC (filter)  

1: for ρ = 1 to N/pipeline level do 

2:  num_register = add register 

3:  
1ρ ρ= + , calculate µ  

4:  if tgtµ ≥ then 

5:   return filter_architecture 

6:  else 

7:   retime ( )e v uϕ γ γ γ= + −
 

8:  if 4ρ ≥ then 

9:   filter_architecture = unfold (filter) 

10:   1Ω = Ω+  
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11:  if µ ω≤  then 

12:   return filter_architecture 

DA (filter)  

1: DA_stages = filter_taps mod 6 

2: DA_LUT = bit_width/x; 

3: comp_tree_accum = (DA_LUT+3):2; 

4:  for ρ = 1 to tree_height do 

5:  num_register = add register 

6:  
1ρ ρ= + , calculate µ  

7:  if tgtµ ≥ then 

8:   return filter_architecture 

9:  else 

10:   filter_architecture = unfold (filter) 

11:   1Ω =Ω+  

12:  if µ ω≤  or NΩ ≥ then 

13:   return filter_architecture 

CSD (filter)  

1: const_coeffs = csd_coeffs 

2: for ρ = 1 to tree_height do 

3:  num_register = add register 

4:  
1ρ ρ= + , calculate µ  

5:  if tgtµ ≥ then 

6:   return filter_architecture 

7:  else 

8:   retime ( )e v uϕ γ γ γ= + −
 

9:  if ρ σ≥ then 

10:   filter_architecture = unfold (filter) 

11:   1Ω =Ω+  

12:  if µ ω≤  then 
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13:   return filter_architecture 

 

Figure 4.8: Flow chart showing the filter architecture formulation from filter 

specifications. 

4.3 Implementation 

Two case studies presented in this section elaborate the effects of employing the 

discussed design optimizations. FIR filter implementation using DSP48E, CSD and 

DA architecture has been evaluated first, followed by design of an IIR filter 

architected using LAT, feedback pipelining and unfolded parallel implementation. 

These filters have been implemented using Verilog hardware description language on 

Xilinx Virtex-5 FPGA (xc5vlx220-2ff1760 with speed grade two and optimization 

effort set to normal) to study the performance parameters of discussed optimizations 

and to evaluate the proposed algorithm. Mentor Graphics Modelsim SE 6.1F has been 

used as simulator and Xilinx ISE 12.3 as the synthesis software.  
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4.3.1 Feed Forward Optimization 

Standard TDF architecture implementation of four-tap FIR filter was synthesized at 

292 MHz using four DSP48E blocks. The systolic implementation of same filter, 

effectively using the available registers in the embedded blocks, synthesized at 535 

MHz, which is 1.8 times faster than standard implementation utilizing the same 

hardware resources. As each MAC unit implementation in this arrangement utilizes an 

input register, multiplier with registered output and adder with registered output, 

therefore, such a unit maps optimally to the DSP48E MAC unit utilizing the internal 

registers and reducing the combinational cloud. The registers used for pipelining of 

the architecture are absorbed into the DSP48E block that has optional three levels of 

pipelining and no extra register is required.  

The same filter was then implemented as add-shift tree employing CSD 

coefficients and 6:3 compression trees. This implementation was synthesized at 423 

MHz and its pipelined version at a clock speed of 520 MHz. The six coefficients CSD 

implementation, as illustrated in the Figure 4.9, embed optimally in FPGA slice fabric 

utilizing the six input LUT. This implementation yields additional accuracy than four 

coefficients CSD implementation, utilizing similar hardware resources. Table 4.1 

shows the clock, hardware and MSE of these implementations. 

 

Figure 4.9: 6:3 CSD compression tree implementation architecture using 6 

coefficients 6:3 compression trees. 
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Table 4.2: Maximum clock frequency for different bit width operators 

Bit Width 

Clock Frequency (MHz) 

DSP48 CSD 

4 670 710 

6 525 692 

8 550 700 

10 550 685 

12 550 569 

14 550 537 

16 550 520 

18 550 500 

20 550 458 

22 550 442 

24 317 423 

26 371 407 

28 303 395 

30 287 400 

Available pipeline stages for DSP48E are a maximum of three only. Further 

addition of pipeline registers will not improve the clock frequency any further. 

Applications requiring additional throughput enhancement require to duplicate the 

hardware. Unfolding is employed for effective parallel transformation after addition 

of pipeline registers and then mapped onto systolic compression tree architecture by 

designing a custom computational unit consisting of two CSD multipliers and two 

adders. Registers for pipelining are added and the design is pipelined to single LUT 

level. The critical path is reduced to only a single LUT combinational delay, 

therefore, the throughput of this architecture depends only on the size of CPA that is 

used for final addition. To analyze the effect of different architectures the same filter 

was re-implemented as CSD using carry chain, carry save addition employing 

compression trees of 3:2, 4:2, 6:3 and 7:3 respectively. 

CSD based filters provide an efficient tradeoff between computational speeds 

and the hardware utilization. However, DA is a proficient choice for applications 

requiring implementation of very high order filters or with reduced slice utilization 

ratio. DA based FIR filters employing ROM splitting (m=3, k=6) for reduction in 

ROM size and using LUTs instead of block RAM resources have been implemented. 

Each LUT can be optionally pipelined and the output from each individual DA LUT 
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is then compressed using 18:2 compressor tree, comprising 6:3 and 3:2 compressors. 

These partial values are then accumulated through compressor tree. A single CPA is 

used to add the final sum and carry values to generate output every b
th

 cycle (‘b’ 

being the input bit width). The design can be effectively pipelined to gain the clock 

speed advantage of 485 MHz against the non-pipelined version clocking at 187 MHz.  

 

Figure 4.10: DA accumulation stage based on compression tree architecture 

composed of 6:3 compressors. 

For high throughput high filter order applications, DA affords fully parallel 

architecture, where the complete input data word is processed in parallel. The parallel 

implementation of DA based filter using 18 bits at a time (BAAT) and compressing 

using the 6:3 compressor trees (31 x 6:3 compressors, 1 x 3:2 compressor) have 

resulted in the sample rate gain of 13 times with a hardware usage increase of 11 

times.  

Intellectual property (IP) filters provided with Xilinx ISE have been 

implemented on the same platform for comparison with transformed filters through 

the proposed algorithm. The IP FIR complier 5.2 was used for the purpose that has the 

options selectable between fully parallel MAC implementations and the DA based 

architectures. Systolic MAC IP filter implementation is synthesized at 500 MHz clock 

utilizing nine DSP48E blocks and 5480 bit slices. IP DA architecture of the same 
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filter is operable at a clock speed of 382 MHz using 3668 bit slices. Filters of same 

specifications designed through FDA HDL of MATLAB have also been implemented 

on the same platform for comparison. 

 

Figure 4.11: FIR filter Comparison. 

4.3.2 Recursive Loop Optimization 

The IIR filters cannot be pipelined directly due to the feedback loop inherent in the 

recursive part. LAT is applied for the architectural transformation and then pipeline 

stages are added in the feedback path. The transformed filter can also be retimed for 

associating the algorithmic registers with the computational nodes for effective 

mapping using embedded blocks. As a case study, the first order IIR filter architecture 

was transformed through the proposed algorithm. After retiming of the registers, the 

synthesis on the same device resulted in an improvement in clock operating rate from 

159.969 MHz to 250.652 MHz respectively. Multiplier-less implementation of the 

same filter using 6:3 compression trees is operable at 175.23 MHz clock frequency.  

 

Figure 4.12: IIR filter Comparison. 

DA based recursive filter architecture was also implemented to study the 

reduced area implementation of IIR filter. The filter architecture utilizes dual daisy 
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chain shift registers. Output of the DA LUTs is addressed through the dual daisy 

chain and reduced using single compression tree architecture. The filter employs 

ROM splitting (m=3, k=6) and the 9:2 compressor tree comprising 6:3 and 3:2 

compressor stages. The output y(n) is fed back after quantization by N bits to the 

serial shift register. A single CPA is used at the last stage to generate the final output. 

4.4 Experimental Results 

Different filter architectures were transformed using a combination of 

transformations discussed in section 4.3, and were implemented on FPGA to evaluate 

their performances. These implementations include compression trees, TDF systolic 

MAC, DA and parallel architectures. Tables 4.2 and 4.3 enumerate the performance 

metrics of different FIR and IIR filter architectures, varying the filter order and data 

widths respectively. The clock and sample rates are enlisted in respective tables, 

comparing different architectures on basis of relative throughput. Sample rate is the 

product of implementation clock speed and number of input samples processed in a 

single cycle. Relative throughput of each filter is shown in percentage, comparing FIR 

and IIR filters amongst their respective categories. Hardware utilization of each filter 

is given in terms of consumed DSP blocks and bit slices.  

Table 4.3: Performance metric for transformed FIR filter architectures 

Filter Architecture Order 

(N) 

Area 

(Bit Slices) 

DSP48 Clock 

(MHz) 

Sample Rate 

(MHZ) 

Relative 

Throughput 

CSD 6:3 Compr. Trees 7 444 - 182.3 182.3 100% 

TDF Systolic 7 114 7 423 423 232% 

2 Unfolded MAC 7 14 14 535 1070 587% 

FDA HDL Pipelined 18 653 18 302.5 302.5 166% 

IP Systolic MAC 18 548 9 500 500 275% 

TDFCSD Pipelined 18 1071 - 520 520 286% 

Pipelined DSP48 MAC 18 14 18 535 535 294% 

DA IP core 18 3668 - 382.6 21.2 12% 

DA Compr. Pipelined 18 539 - 492 26.9 15% 

Number of utilized DSP blocks is a critical cost parameter, as these are 

typically in limited quantity as compared to bit slices. A moderate order MAC filter, 

therefore, has a large ratio of DSP block utilization. The designs based on specialized 

DSP blocks are, therefore, likely to accommodate relatively smaller order filters. 

Parallel transformation through unfolding provides performance increase as multiple 

of clock frequencies, but has a consequent hardware increase. Comparison of relative 
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throughput shows that a significant increase in the throughput has been achieved 

using proposed transformation as compared to IP core and FDA tool filters. Results 

for IIR filters indicate that effectively the sample rate of transformed filter is 1.8 times 

the filters designed through FDA tool (At present IP core for IIR DF implementation 

does not exist). Results of CSD and MAC implementations of the proposed algorithm 

are tabulated in tables 4.4 and 4.5 by varying the filter order and the bit widths. These 

results confirm the theoretical aspect that the clock of MAC filters implemented using 

DSP blocks remains consistent within its input range, whereas, clock of the 

customized compression tree based CSD architecture varies linearly with the bit width 

and gives considerable higher throughput. "Dsp" and "Sl" indicate the device 

utilization in terms of used DSP blocks and bit slices.   

Table 4.4: Performance metric for transformed IIR filter architectures 

Filter Architecture Order 

(N) 

Area 

(Bit Slices) 

DSP48 Clock 

(MHz) 

Sample Rate 

(MHZ) 

Relative 

Throughput 

CSD 6:3 Compr. Trees 7 927 - 175.2 175.2 100% 

2 Unfolded MAC 18 14 36 206 412 235% 

FDA HDL Pipelined 7 494 - 72.4 72.4 41% 

Direct Form DF-I 18 14 18 156 156 89% 

DA Compressor Tree 18 687 - 183.7 10.2 6% 

Table 4.5: Proposed CSD transformed filter implementation 

Order Bit Width 

 12 16 20 24 28 32 36 

 Clk Sl Clk Sl Clk Sl Clk Sl Clk Sl Clk Sl Clk Sl 

8 569 343 542 503 516 663 492 823 472 983 452 1143 434 1303 

14 569 591 542 855 516 1119 492 1383 472 1596 452 1911 434 2175 

20 569 761 542 1113 516 1465 492 1887 472 2169 452 2458 434 2873 

26 569 1111 542 1591 516 2071 492 2551 472 3031 452 3511 434 3992 

32 569 1288 542 1844 516 2404 492 2964 472 3807 452 4507 434 4645 

38 569 1411 542 2043 516 2675 492 3307 472 3939 452 4571 434 5205 

44 569 1454 542 2086 516 2720 492 3352 472 3985 452 4614 434 5246 

50 569 1734 542 2514 516 3307 492 4092 472 4880 452 5662 434 6454 

56 569 2106 542 2838 516 3747 492 4625 472 5512 452 6522 434 7289 

64 569 2612 542 3436 516 4368 492 5189 472 6008 452 7078 434 8126 

Proposed algorithm has been evaluated by implementing, the filters of the 

same specifications as implemented in [25,34] and [37]. These filters were also 

created through MATLAB FDA tool and the Xilinx IP Core Generator. Transformed 

architectures are synthesized on Xilinx FPGA (xc5vlx220-2ff1760) keeping 
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optimization goal as speed and optimization effort set to normal in the ISE. 

Implemented design is then constrained to obtain finalized operating clock. 

Specifications, design technique and the parameters of implemented filters are listed 

in table 4.6. Integral place and route tool with Xilinx ISE 12.3 is used for placement 

and routing of the design. The architecture created by the proposed algorithm is 

optimally pipelined and therefore shows a considerable consistent clock performance. 

Table 4.7 compares the implementations of the filters described in table 4.6, by 

comparing clock frequency and utilized hardware resources as number of consumed 

bit slices and DSP blocks. Results show a significant performance increase from FDA 

tool to IP core filters, to architectures by Rosa et al [34] and our proposed algorithm. 

Implemented filters show a performance increase of about 16% operating clock speed 

as compared to the filters designed in [34], 44% from FDA tool and 19% from the 

core IP filters. It is observed from these results that available DSP blocks are typically 

insufficient for fully parallel MAC implementation of filter orders of practical interest 

in the medium priced FPGAs. Time sharing of the embedded resources is required to 

implement these designs that decreases throughput / sample rate. Implementation of 

filter number 3, highlights that it is not possible to map MAC based dedicated 

architecture of the filter on our target device (xc5vlx220-2ff1760) as total available 

DSP blocks are only 128. However, the same filter is implemented vide CSD using 

only 14,248 bit slices that are 10% of the total available capacity with an operating 

clock of 435 MHz. DA implementation of this filter utilizes 5979 bit slices (4.2% of 

total bit slices) with a clock frequency of 429 MHz that yields a sample rate of 26.82 

MHz. Implementation of 17
th

 order elliptic IIR audio filter (at number 7) has shown 

an enhancement of an order of two times at the expense of 50% increase in the 

hardware resources. The chip diagram for one of the implementations is shown in 

Figure 4.13. The placement and routing has been performed by Xilinx FPGA Editor. 

The process yield short and compact design that serves the important purpose of 

reduced propagation delay. 
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Table 4.6: Proposed MAC transformed filter implementation 

Order        Bit Width 

 12 16 20 24 28 32 36 

 Clk Dsp Sl Clk Dsp Sl Clk Dsp Sl Clk Dsp Sl Clk Dsp Sl Clk Dsp Sl Clk Dsp Sl 

8 591 8 11 591 8 15 212 16 608 212 16 663 126 30 870 126 32 976 99 40 1143 

14 591 14 11 591 14 15 212 28 1037 212 28 1197 126 54 1578 126 56 1756 99 68 2038 

20 591 20 11 591 20 15 212 40 1499 212 40 1731 126 76 2269 126 80 2536 99 100 2970 

26 591 26 11 591 26 15 212 52 1961 212 52 2265 126 98 2960 126 104 3316 99 128 4871 

32 591 32 11 591 32 15 212 64 2423 212 64 2799 126 120 3651 126 128 4096 99 128 12372 

38 591 38 11 591 38 15 212 76 2885 212 76 3333 126 128 7733 126 128 9128 99 128 19837 

44 591 44 11 591 44 15 212 88 3347 212 88 3867 126 128 12165 126 128 14886 99 128 27912 

50 591 50 11 591 50 15 212 100 3886 212 100 4490 126 128 17409 126 128 21523 99 128 38372 

56 591 56 11 591 56 15 212 112 4271 212 112 4935 126 128 20945 126 128 26156 99 128 45222 

64 591 64 11 591 64 15 212 128 4887 212 128 5647 126 128 26879 126 128 33639 99 128 56708 

 

Table 4.7: Parameters and Specifications for the Test Filters 

Filter Design Method Type Data Width 

(bits) 

Sampling 

Freq (Hz) 

Pass band 

Freq (Hz) 

Stop band 

Freq (Hz) 

Order Stop Gain 

(dB) 

1 Equiripple Lowpass 16 48000 9600 12000 50 80 

2 Window (Hamming) Lowpass 10 48000 14400 16800 49 40 

3 Window (Kaiser) Lowpass 16 48000 4800 6400 151 80 

4 Equiripple Highpass 18 44100 12000 9600 50 80 

5 Window (Blackman) Lowpass 16 48000 2400 3360 71 60 

6 Least Squares Highpass 12 44100 6615 4410 50 60 

7 Elliptic (IIR) Lowpass 16 44100 20000 20050 17 96 

  

 
  

Figure 4.13: FPGA chip diagram for CSD FIR filter realization for filter number 2 in 

table 4.7. 
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4.5 Complex Coefficient Multiplication 

Complex coefficients are frequently encountered in DSP applications. Many a filter 

coefficients are complex in nature that result in complex multiplication operations for 

generation of sample output. In addition, complex multiplication is otherwise an 

important DSP operation, extensively used in time frequency domain transformations, 

signal analysis and control systems. Each complex multiplication operation involves 

four multiplications, one addition and a subtraction operation. Complex 

multiplications have been a subject of extensive research due to their widespread 

usage. Complex multiplication is defined as:-  

(� + A) × (� + AC) = (�� − C) + A(�C + �) (4.11) 

Where, (�� − C) and (�C + �) are the products for real and imaginary parts 

respectively shown in Figure 4.14.  

 

Figure 4.14: Complex multiplier 

A complex multiplication involves significant overhead than a normal 

multiplication operation. For optimal realization of a complex multiplier suitable for 

FPGA implementation, LUT based implementation is exploited. Booth algorithm is 

used for partial product generation and Wallace tree for partial product reduction as 

shown in Figure 4.15 [52,53]. Booth coding reduces the number of partial products by 

half and then different compression trees are implemented for comparison of path 

delays and the number of LUTs used. The implemented options include the 4:2 and 

6:3 compressor based trees, hybrid architectures, carry chain based reduction tree and 

DSP48 specialized multiplier block. Hybrid trees are constructed based on a 

combination of carry chain and compressor based multiplier architectures. 



Figure 

 For the generation of partial products the Booth recoding algorithm is used 

that results in reduction of partial products by roughly one half. The multiplier A in 

two’s compliment representation is expressed as follows:

 1
2 ( 2 )n

n j
A a a−

−= − +

 3 2 1 1 0 1( 2 )2 ......... ( 2 )n n n kA a a a a a a− − − + −= + − + + + −

 

/ 2 1

0

( 2 ) 2
n

k

A a a a
−

=

= + −∑

 Here 1na −  represents the Sign bit, n is even. The multiplication is performed by 

scanning the operands from left to right. The product Y =CA is given by the 

following equation:- 

 
/ 2 1n

k

Y C A C a a a
=

= = + −∑

 Encoding consecutive two bits to a single bit by scanning three consecutive 

bits, therefore, reduces the number of partial products to half. The subtraction is 

carried out be negatively coding the 

for the reduction stage. Thus the overall architecture of optimized complex multiplier 

implementation comes out as:
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Figure 4.15: Wallace tree schematic. 

For the generation of partial products the Booth recoding algorithm is used 

that results in reduction of partial products by roughly one half. The multiplier A in 

ompliment representation is expressed as follows:- 
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represents the Sign bit, n is even. The multiplication is performed by 

scanning the operands from left to right. The product Y =CA is given by the 
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Encoding consecutive two bits to a single bit by scanning three consecutive 

bits, therefore, reduces the number of partial products to half. The subtraction is 

carried out be negatively coding the bd term. The 6:3 compression trees are employed 

for the reduction stage. Thus the overall architecture of optimized complex multiplier 

implementation comes out as:- 

 

For the generation of partial products the Booth recoding algorithm is used 

that results in reduction of partial products by roughly one half. The multiplier A in 

               (4.12) 

                     (4.13) 

                       (4.14) 

represents the Sign bit, n is even. The multiplication is performed by 

scanning the operands from left to right. The product Y =CA is given by the 

                      (4.15) 

Encoding consecutive two bits to a single bit by scanning three consecutive 

bits, therefore, reduces the number of partial products to half. The subtraction is 

ession trees are employed 

for the reduction stage. Thus the overall architecture of optimized complex multiplier 
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Figure 4.16: Booth encoded Wallace tree reduction complex multiplier. 

4.6 Implementation Results 

Results as given in Figure 4.17 depict that the 6:3 compressor based implementation 

out performs all other types in terms of the path delay and LUT utilization. 

 

Figure 4.17: Comparison of LUTs and Path Delay of complex multiplier. 

Discussed multiplier architectures were synthesized on Xilinx Virtex-6 FPGA. 

Study of underlying FPGA structure signifies that the embedded DSP48 multiplier 

accumulator block will provide high speed operation and minimal hardware area 

usage. Table 4.8 compares various implementations as discussed beforehand, in terms 

of path delays and hardware utilization. Results demonstrate that 6:3 compressor 

based implementation has the maximum clock speed. Whereas, in terms of hardware 

utilization the hybrid compressor based multiplier utilizes minimum number of slices. 

Relative values for the delay and area show the comparison between the multiplier 

architectures and the percentage increase from the minimum. As shown, the 6:3 

compressor based implementation has 35% increased area than hybrid multiplier but 

has 29% higher clock rate vice versa.     
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4.7 Multirate Filters 

Multirate signal processing has been established as a core area of Digital Signal 

Processing (DSP) systems that embed sample rate changes at one or more positions in 

the signal flow path. Use of multirate signal processing has demonstrated 

architectures with enhanced performance and reduced implementation costs [54,55]. 

Oversampling of signals makes efficient use of frequency spectrum allowing reduced 

distortion and lesser stringent constraints on the analog filters that follow. Down 

sampling on the other hand, yields efficient low complexity, low power designs that 

considerably reduce overall system complexity and costs[56,57,58].  

Owing to aforementioned reasons, multirate systems have found diverse 

applications in modern DSP systems. Majority of interfacing hardware between 

digital and analog domains, makes use of oversampling or interpolation. A large 

number of interpolation architectures, therefore, have been reported in literature. Most 

of these applications make use of cascaded Finite Impulse Response (FIR) [51-53], 

polyphase FIR [59,60], Cascaded Integrator Combination (CIC) [61,62], frequency 

response masking [63,64] and combination of FIR and Infinite Impulse Response 

(IIR) filters [65,66] and so forth. In most cases, FIR filters were employed because of 

their inherently stable architecture, linear phase and lesser quantization noise. 

However, in most practical applications, the stringent application requirements 

necessitate higher order FIR filters that increase the complexity of these architectures 

significantly.  

IIR filters are much more efficient than their FIR counterparts in the sense that 

they require a much smaller number of coefficients in order to meet a given set of 

specifications. Modern FIR filter design tools utilizing multirate/polyphase techniques 

have bridged the gap while providing linear-phase response along with good 

sensitivity to quantization effects and the absence of stability and limit cycles 

Table 4.9: Comparison of Different Implementation Architectures 

Adder Path Delay Bit Slices Increase in Delay Increase in Area 

6:3 Compressor 6.74 ns 1820 - 35 % 

Hybrid Compressor 8.7 ns 1340 29 % - 

Carry Chains 9.4 ns 1493 39 % 11 % 

4:2 Compressor 9.7 ns 1950 43% 45 % 

DSP Multiplier 10.2 ns 2234 51 % 67 % 
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problems when implemented in fixed-point. However, IIR polyphase filters enjoy 

most of the advantages that FIR filters have and require a very small number of 

multipliers to implement. 

Multirate applications of recursive filters were traditionally restricted to all 

pass architectures [67], combination of IIR and FIR half band filters [77]. However, 

these implementations suffered from pole sensitivity issues. Farooq et al [68] have 

proposed Merged Delay Transform (MDT) for effective recursive multirate 

transformation. MDT filter is implemented as cascade of feed forward and parallel 

transformed recursive architecture. Recursive Transfer Function (RTF) is split into 

first and second order parallel sections that are independently transformed and 

implemented in parallel. The transformed architecture is then suitable for polyphase 

implementation. Oversampling/under-sampling of the data extends an opportunity to 

the designer to manipulate the aliasing and spectral properties of the signal. Noble 

identity is used to swap the sampling order of filtering and this sampling rate change 

operation [69]. This permits reduced input/output clock rates, providing the 

advantages of slower operating clocks and reduced power consumption. This 

transformation conserves the magnitude and phase response of the original filter, 

however, the fundamental requirement of parallel implementation of recursive section 

restricts its usage for filters of practical orders due to high fan-in of resulting 

hardware. Furthermore, multiple inputs to an adder yield a suboptimal design 

requiring special multi-operand addition support in Field Programmable Gate Arrays 

(FPGA) for high performance.  

In this section, a novel technique for modification of MDT (MMDT) 

algorithm is presented that provides a general transformation. The proposed transform 

directly converts the RTF into higher power of the delay factors i.e. the denominator 

is expressed directly in terms of extended delay elements D�E , D� E, D�2E,⋯		D�HE, 

where M is the decimation/interpolation factor and N is the filter order. Order of the 

transformed filter is thereby increased, whereas, number of coefficient terms are kept 

constant, yielding a RTF suitable for implementation in direct, cascade or parallel 

forms. These available architectural choices make MMDT feasible for filter orders of 

practical interest. Cascade realization techniques can be effectively employed to the 

resulting architecture providing the advantages of stability, lesser coefficient scaling 

and higher precision fixed point implementations. It is shown that MDT is a special 

case of this general transform.  
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Sections 4.8 gives the overview of MDT. Quantization effects and stability 

analysis has been done in section 4.9, with hardware implementation and comparison 

of performance in section 4.10.  

4.8 MDT architectural transformation 

This section gives a brief overview of MDT as presented by Farooq et al [68]. This 

transform breaks original RTF in first and second order parallel sections and applies 

the transformation on each independently. An arbitrary order IIR filter is given by:- 

*IJK = � %H��
%"# LIJ − MK −	� �%H��

%"# *IJ − MK (4.16) 

The RTF is defined as  

N(O) = PIOKQIOK = ∑ %H��%"# D�%1 − ∑ �%H��%"� D�% (4.17) 

4.8.1 Transformation of first order section 

Output of the first order filter is expressed as:- 

*IJK = �	*IJ − 1K + 		LIJK (4.18) 

MDT transforms the filter such that current output can be represented in terms 

of M
th

 previous sample only. Using MDT equation 7.1 is transformed as:- 

*IJK = �E 	*IJ − SK + � �% 		LIJ − MKE��
%"#  (4.19) 

 

Figure 4.18: Architecture of first order recursive filter after MDT. 
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Figure 4.18 [68] shows the architecture of the first order recursive filter after 

application of MDT transform. 

4.8.2 Transformation of second order section 

Input output relationship of a second order simple IIR filter is given as:- 

*IJK = #	LIJK + �	LIJ − 1K − ��	*IJ − 1K − � 	*IJ − 2K	 (4.20) 

For transformation the second order filter is decomposed into first order sub 

filters. Following relations are established between the complex conjugate pairs:- 

*��IJK = * �IJK	�JC	*�TIJK = −* TIJK	 (4.21)	
Where *�� , *�T	and	* �, * T are the respective sub filter’s real and imaginary 

outputs. Combining the outputs of both filters:- 

*YZ[IJK = *�IJK +	* IJK = 2*��IJK	 (4.22)	
Solving equations for complex mathematics it can be derived that:- 

N��(O) = ∑ N%E��%"# DED�%1 − /�D�E − \�D� E	 (4.23)	

 

Figure 4.19: Architecture of Second order recursive filter after MDT. 

Figure 4.19 [68] shows the architecture of the second order recursive filter after 

application of MDT transform. 

4.8.3 Transformation of N
th
 order Filter  

For application of MDT the transfer function of N
th

 order filter is to be decomposed 

into parallel first and second order conjugate sections. An N
th

 order filter can be 

implemented in form of N/2 second order sections if N is even, or a first order section 
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and (N-1)/2 second order sections, if N is odd. Individual sections are then 

transformed and implemented as shown in Figure 4.20. 

 

Figure 4.20: Implementation of N
th

 order transformed IIR Filter (for N odd). 

Figure 4.20 [68] shows the architecture of the N
th

 order recursive filter after 

application of MDT transform. 

4.9 Amplitude Response and Stability Analysis 

The proposed transform conserves the amplitude response of the original filter. 

Figures 4.21(a) & 4.21(b) show the amplitude responses for original filter and 

transformed filter for an interpolation factor of four. Pole zero plots are used to define 

the stability of the IIR filters. Figures 4.22(a) & 4.22(b) show the pole zero plots of 

original filter and its quantized form. Figures 4.23(a) & 4.23(b) show the pole zero 

plots of transformed filter and its quantized form. Both the figures depict that 

although there is an addition of M poles and M zeros, the quantized filter still remains 

stable.  
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Figure 4.21: Amplitude response (a) Original filter (b) Transformed filter 
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Figure 4.22: Pole zero plot (a) Original filter (b) Quantized filter 
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Figure 4.23: Pole zero plot for (a) Transformed filter architecture (b) Quantized form 

of the transformed filter architecture. 

4.10 Implementation Results 

An audio interpolation filter [68], with interpolation factor as four has been 

implemented on FPGA as well as the ASIC for comparative analysis. The results are 

tabulated in tables 4.10 and 4.11 respectively. The results show that the transformed 

architecture has significant performance enhancement over the original 

implementation. 

Table 4.10: Area and clock rate comparison for FPGA implementation of audio filter 

Implementation platform Architecture Utilized Hardware       

  Slices DSP Blocks Clock (MHz) Latency (ns) 

FPGA implementation (65nm technology)    

      

(Multiplier based) Parallel 2286 67 109.5 9.13 

(Compressor based) Parallel 5052 - 124.5 8.03 

Table 4.11: Area and clock rate comparison for ASIC implementation of audio filter 

Implementation platform Architecture Utilized Hardware     

  Gates Area (mm
2
) Clock (MHz) Latency (ns) 

ASIC implementation (180nm technology) 

      

(Multiplier based) Parallel 40040 1.150 76.9 13 

(Compressor based) Parallel 15044 1.109 87 11.5 
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4.11 Summary 

A FPGA specific algorithm has been proposed in this work, which yields high 

performance architectures for feed forward and feedback filters. The algorithm takes 

into consideration the possible architectural transformations and the optimal 

architecture to device mapping methods, to efficiently use the embedded arithmetic 

blocks and customized compression trees for design of optimal filter implementation. 

CSD based single coefficient CSE compression trees using 6:3 compression 

architecture have been found most suitable choice for implementation of high speed 

filters on FPGAs. However, due to provision of specialized embedded computational 

elements, distinct performance bands have been identified, in which the embedded 

blocks outperform the CSD implementations. Owing to application specifications, the 

proposed algorithm transforms the filter architecture using either of the two. The 

algorithm is scalable with high filter orders by use of modified DA based architecture 

for very sharp transition narrow band filters. These design transformations are 

applicable to both FIR and IIR filters alike for attaining consequent performance 

enhancement. Using the proposed algorithm, the resulting filter architectures show 

much superior performance as compared to the previously reported architectures, 

FDA tool and the IP core filter architectures. Experimental results show a throughput 

increase ranging from 7% to 30% over classical implementations. Because of its 

consistent improved performance, the proposed algorithm is very well suited for 

modern high throughput applications. 

Implementation results of different complex multiplier architectures as shown 

above have compared the carry chain based, 6:3 and 4:2 compressor based, DSP 48 

multiplier based and hybrid construction of complex multipliers. The comparison 

results highlight that the custom architecture conformant to the underlying FPGA 

structure outperforms all the other architectures with 6:3 compressor based complex 

multiplier reducing the critical path delay by 29%.  

In addition to the above mentioned filter architectures, multirate filters are also 

transformed through the proposed transformation technique. The transformation 

allows for generation of efficient architectures for recursive decimation and 

interpolation filters.  Comparison of implementation results with original MDT 

architecture highlights 14% reduction in critical path delay utilizing FPGA general 

slice fabric.  Proposed design has an inherent affinity for optimal mapping on current 
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FPGA slice fabric.  
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5 Coordinate Rotation Digital Computer 

5.1 Introduction 

CORDIC algorithm is used for generation of digital frequencies. All communication 

systems utilize some form of up / down conversion. This conversion is performed by 

either multiplication by a sinusoid of controllable frequency (e.g. QAM) or by directly 

modulating the frequency of the sinusoid (e.g. FM, GMSK) [70,71]. A full digital 

implementation of the communication systems requires direct digital frequency 

synthesis (DDFS) [7, 3]. Also it has lower phase noise, fine frequency resolution and 

the ability to rapidly change frequency [8]. CORDIC is one of the methods for 

generation of a sinusoid is based on trigonometric definition and properties of the sine 

and cosine. It requires very few constant coefficients and is more suitable for 

implementation in a flexible ASIC [9] architecture or a general purpose processor. 

Coordinate Rotation Digital Computer (CORDIC) algorithm is used for 

numerical generation of sine and cosine of an angle. The algorithm was originally 

developed for computing rotation of a vector in Cartesian coordinate system [72] and 

was further extended for computation of hyperbolic, multiplication, division, 

exponential, and logarithm functions [73]. Multiplication by sine and cosine is an 

integral part of any communication system, therefore, area and time efficient 

techniques for iterative computation of CORDIC have significance in digital design. 

The finest application of CORDIC algorithm is its use in Direct Digital Frequency 

Synthesis (DDFS).  Several architectural designs around CORDIC have been reported 

in literature, some of them are [68-73] and [74]. 

The latency of CORDIC algorithm is critical in most of the applications. Basic 

CORDIC algorithm [72] has constant latency, therefore, N iterations of algorithm are 

required for N bits of precision. Several methods have been proposed in literature that 

suggests modifications in the CORDIC algorithm for reducing the number of 

iterations in calculating sine and cosine of an angle. A recent publication in this effect 

[75] proposes a dynamic angle selection scheme that recodes the angle to reduce the 

number of iterations by 50%. Aytore et al [76] have proposed a reduced iteration 

CORDIC algorithm, but their method involves diversified iterations. These in turn 

require additional logic and control to select between different iteration types, thereby 

increasing complexity as well. ROM splitting technique has been employed to reduce 
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storage requirements and offset computation method is used for obtaining increased 

precision. This method is computationally extensive although it absolves the 

requirement for double rotations or variable scale factor. An offline angle-recoding 

algorithm is presented in [70] that also results in more than 50% reduction in the 

number of rotations but only works for fixed angles that are known a priori. Higher 

radix algorithms were also used in an attempt to reduce the number of iterations. A 

radix-4 representation of �̂ results in significant savings as it selects one of the four 

possible rotations from the set {+2,+1, 0, −1,−2} [77]. The algorithm, however, has 

an overhead in the selection logic that needs to find out which one out of the four 

rotations is to be applied. A double rotation technique is proposed in [78]. The 

algorithm uses a prediction technique to set the values of �̂ and �̂��. Parallel angle 

coding has been employed in [79,80,81] and [82] but it results in a significant increase 

in number of micro-rotations than the conventional CORDIC method. [74] has 

proposed a look-ahead method to compute the initial iterations directly from the 

encoded angle with reduced accuracy to improve the performance. The method 

however, results in increased hardware utilization. Similar to these approaches many 

other techniques are presented in literature with focus on reducing the number of 

rotations. A comprehensive coverage of these algorithms is given in survey papers 

[83,84] and [85]. In an attempt to minimize the number of rotations, this paper 

proposes IS-CORDIC architecture based on a novel technique that computes values of 

sine and cosine in a single cycle. Iterative computation of direction of rotation ( �̂) is 

not required, as �̂ is made independent of preceding iterations. Pre-computed values 

for initial few iterations are read from a ROM and then successive iterations are 

merged and recoded to map them onto a single CORDIC Element (CE).  

5.2 CORDIC Algorithm 

CORDIC generates Sine and Cosine digitally at the same time for a given angle, by 

performing known recursive rotations with precision directly proportional to the 

number of iterations. The basic idea is transforming vector (x1, y1) into a new vector 

(x2, y2) as shown in Figure 5.1.  

 Mathematically it can be written as  

 2 1 1*cos( ) *sin( )x x yφ φ= −                      (5.1) 

 2 1 1*sin( ) *cos( )y x yφ φ= +                     (5.2) 
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 Where     

 2 1φ φ φ= −                                                  (5.3) 

 

Figure 5.1: Angle Rotation 

 The complete angle with required precision is calculated over several 

iterations. In matrix form, the above equation can be written as: 

 
2 1

2 1

cos sin

sin cos

x x

y y

φ φ
φ φ

−    
=    
    

                    (5.4) 

 The general representation of above equation, while taking cosφ as common 

from equation (6.4):-  

 
1

1

1 tan
cos

tan 1

n nn

n

nn n

x x

y y

φ
φ

φ
+

+

−    
=    

    
     (5.5) 

 In equation 6.5, the angle steps are made a power of 2, for easy hardware 

implementation by simple right shifts:-  

 
1 1

tan
2

n n
φ −  =  

 
                                            (5.6) 

 
0

n n

n

s φ φ
∞

=

=∑                                                    (5.7) 

 Where  

  { }1, 1ns = + −                                                 (5.8) 

 tan 2 n

n nsφ −=                                                (5.9) 

 With the combination of equations 6.5 and 6.9  
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1

1 2
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2 1

n
n nn

n n

n nn

x xs
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φ

−
+

−
+

   −  
=     

    
       (5.10) 
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 Now in the above equation there are only few shifts and adds beside cosnφ, 

which can be computed by taking Cos of equation 6.6 for all values of n:- 

 
1

0

1
cos tan ( ) 0.607253

2
n n

K π ∞ −
=

 = ≈ 
 

        (5.11) 

 Taking K as a constant equation 6.10 is simplified as:-  

 
1

1

1 2

2 1

n
n nn

n

n nn

x xs

y ys

−
+

−
+

   −  
=     

    
                 (5.12) 

 1 2 n

n n n nx x s y−
+ = −                                         (5.13) 

 1 2 n

n n n ny s x y−
+ = +                                        (5.14) 

 As we are talking about hardware we have to cater the angle nφ as a binary 

shift which represents powers of 2.  

 1 1

1 tan 2n

n n nsφ φ − −
+ = −                                  (5.15) 

5.3 Hardware Implementation Architecture 

The CORDIC architecture is shown in Figures 5.2a & 5.2b. The architecture consists 

of adder / subtractor and the shift registers. There are some gates or multiplexers to 

select the taps of the shift registers for the right shift terms. The CORDIC has been 

implemented using MODELSIM XE 6.3 and synthesized using XILINX ISE 11.1, the 

input to the system is a 1’s compliment value of angle from 0 to π/2. 
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Figure 5.2: CORDIC architecture (a) CORDIC Element (CE) (b) CORDIC 

architecture pipelined. 

5.4 Basic CORDIC  

5.4.1 Novel CORDIC Algorithm 

CORDIC algorithm is based on giving known recursive rotations to a unit vector to 

bring it to a desired angle	=. Once the vector reaches the desired angle =, L and *-

coordinates of the vector become equal to cos = and sin = respectively [86]. Desired 

rotation angle 	= is approximated by addition and subtraction of angles ∆=� of � 

successive rotations as:-  

= = � �̂∆=�H��
�"# 	for �̂ = d 1	for positive rotation−1	for negative rotation  

e (5.16) 

As illustrated in Figure 5.3, the unit vector at angle =� is rotated further by an 

angle 	∆θf in each iteration	A, that brings the vector to new angle =���, then 

cos =��� = cos(=� +	 �̂∆=�) = cos =� cos∆=� − �̂ sin =� sin∆=� 
	sin =��� = sin(=� +	 �̂∆=�) = sin =� cos∆=� + �̂ cos =� sin∆=� 

(5.17)  

(5.18) 
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Figure 5.3: CORDIC algorithm principle (incremental rotation by ���). 
Substituting the values, L� = cos =� 	, *� = sin =� and Lf�� = cos =���	, *��� = sin =��� in (5.17-5.18), we have 

gL���*���	h = i cos∆=� − �̂ sin∆=�	 �̂ sin∆=� cos∆=� j gL�*�	h                          (5.19) 

In this expression 	cos∆=� can also be written in terms of	tan∆=� as cos∆=� =�l��mnop ∆qr	. For avoiding multiplication by tan∆=� 	in (5.19), the incremental rotation 

is set such that tan∆=� = 2��. This implies ∆=� = tan�� 2��, and the algorithm 

applies � such successive micro-rotations of 	±∆=� to get to the desired angle	=. 

Substituting the value of tan∆=� 	in (5.19) gives 

gL���*���	h = 1l1 + 2� � t 1 − �̂2��	 �̂2�� 1 u gL�*�	h = M�v� gL�*�	h (5.20) 

This is the basic rotation of CORDIC algorithm, where M� = �l�� wpr and 

v� = t 1 − �̂2��	 �̂2�� 1 u. All M�s for	A = 0,1,2, … , � − 1	are constants and their 

product can be pre-computed as constant M [87], where 

M = M#M�M …MH�� =$ 1l1 + 2� �
H��
�"#  

(5.21) 

For each CORDIC stage or micro-rotation the algorithm computes	 �̂ to 

determine the direction of Ath rotation. The factor	M is incorporated in the initial 

iteration and the expression in (5.20) then can be written as 
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iLH = cos =*H = sin =j = v#v�v …vH�� gM0h (5.22) 

Each iteration of the algorithm can be implemented as a single. This CE 

implements	Ath iteration of the algorithm. The CORDIC architecture affords efficient 

implementations of both pipelined fully parallel and time shared architectures.   

5.5 Modified CORDIC 

5.5.1 Angle Recoding  

The CORDIC algorithm described in previous section requires computing �̂ and only 

then, it conditionally adds or subtracts the operands [70]. This conditional logic 

restricts the hardware implementation to fully exploit the inherent parallelism in the 

architecture. The standard CORDIC algorithm assumes = as a summation of �	positive or negative micro-rotations of angles ∆=�s as given by (5.16). Another 

binary representation of = as given in (5.21) can also be considered for micro-

rotations.  

= = � �2��		for � ∈ {0,1}H��
�"#  (5.23) 

Where each term in the summation requires, either a positive rotation of 2�� or 

zero rotation depending upon the value of the bit � at location	A. This representation 

is not useful directly, as the constant M of (5.22) becomes data dependent and 

therefore, it is no longer a constant. To make M data independent, the expression in 

(5.21) is recoded to only use +1	or −1. In fixed-point implementation of CORDIC, =y is represented in z�.H�� format, which implies that in �-bits of =, the MSB is set 

aside for signed integer value and rest N-1 bits have fractional weights. The 

expression (5.21) is recoded as:-  

��2��H��
�"# = � )�2�(���) + 2�# − 2�HH��

�"#  

)� = 2� − 1 where )�	{	{−1,1} 
(5.24) 

The above implementation highlights that unlike �̂ of the basic CORDIC 

method, all the values of )� are predetermined. Furthermore, the computation of ∆=�s, 

as done in Basic CORDIC algorithm is also no longer required. The only issue in 
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Modified CORDIC algorithm is to eliminate multiplication by		tan 2�� in every stage. 

This multiplication can be reduced to a simple shift operation as tan =	 ≈	 =	for very 

small values of =. Therefore, tan 2�� ≈ 2��  for sufficiently large values of A. Given a �-bit data path this approximation holds to full precision for all values of  A ≥~(� − log 3) /3� [88]. Whereas, for higher precision applications of more than 32 

bits, sufficient algorithmic accuracy can be achieved for  A ≥ ~�/8� − 1 [79]. For a 

data path of 16 bits, this leaves us to pre-compute all possible values of initial four 

iterations and store them in a	v�S. The initial S = 4	iterations of the algorithm are 

skipped and the output value from the Sth iteration is directly indexed from the 

ROM. The address for indexing the ROM is calculated using M MSBs of = as  

AJC�L = =#2E�� + =�2E� +⋯+ =E��2#	 (5.25) 

LIS − 1K	 and	 *IS − 1K are obtained from ROM and rest of the values of LIMK	and	*IMK are then generated by using the approximation of tan 2�� ≈ 2��. This 

modification results in a very simple fully parallel architecture, that can also be easily 

pipelined for better timing performance.  

5.5.2 Multi Iteration Merged CORDIC Algorithm 

Different iterations in the CORDIC can also be merged to reduce hardware and 

improve throughput [89]. As shown in the modified CORDIC algorithm in section 

5.4.2, the iterations are now independent of the direction of rotation of	Δ=�s, therefore, 

the values from previous iteration can be directly substituted into next iteration. In 

design example, as S = 4	 then indexing into the tables gives the values of L� and	*�. 

Now these values are used to compute iteration for A = 5 as  

L� = L� − )�2��*�	
*� = )�2��L� + *�	

(5.26) 

(5.27) 

The next iteration for A = 6	calculates  

L� = L� − )�2��*�	 (5.28) 

*� = )�2��L� + *�	 (5.29) 

Substituting expressions for	L�	 and	*� from (5.26-5.27) in the above 

expressions (5.28-5.29), we have 
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L� = (1 − )�)�2���)L� − ()�2�� + )�2��)*�	 (5.30) 

*� = ()�2�� + )�2��)L� + (1 − )�)�2���)*�	 (5.31) 

Repeating the same steps for L�	and		*� and then substituting values of L� and *�, we get 

L� = (1 − )�)�2��� − )�)�2�� + )�)�2��2)L�− ()�2�� + )�2�� + )�2�� − )�)�)�2���)*�	 (5.32) 

*� = ()�2�� + )�2�� + )�2�� − )�)�)�2���)L�+ (1 − )�)�2��� − )�)�2�� + )�)�2��2)*�	 (5.33) 

From the expressions (5.32-5.33) it is evident that for �-bit wide datapath the 

terms 2�%	 with	 M > � shifts the entire value outside the range of the required 

precision. Removing these expressions and substituting the values in each successive 

iteration, the value of LH 	and	*H can be directly expressed in terms of L�	and	*�. For 

P=16, we have:- 

L�� = L� +�)�2��*���
�"� − � )�)���2��L� −��

�"�� � )�)���2��L���
�"�2 − � )�)���2��L���

�"�� 	 (5.34) 

*�� = *� −�)�2��L���
�"� − � )�)���2��*� −��

�"�� � )�)���2��*���
�"�2 − � )�)���2��*���

�"�� 	 (5.35) 

These expressions can be implemented as two Wallace reduction trees. This 

helps in merging all the iterations of CORDIC in a simple table lookup and 

computation of one expression that can be accomplished in only a single cycle.  

5.6 Inverse Recoded Single Iteration CORDIC  

Substituting the values of successive iterations in equations 5.26 and 5.27, we have:- 

L�� = (1 − )�)�2��� − )�)�2�� + )�)�2��2 − )�)�2��� − )�)�#2��� + )�)��2��� −)�)� 2��� − )�)�22��� + )�)��2��� − )�)��2� # − )�)��2� � + )�)�2��2 −)�)�2��� − )�)�2��� + )�)�#2��� − )�)��2��� − )�)� 2��� + )�)�22��� −)�)��2� # − )�)��2� � − )�)�2��� − )�)�2��� + )�)�#2��� − )�)��2��� −)�)� 2��� + )�)�22� # − )�)��2� � − )�)��2�  − )�)�2��� + )�)�#2��� −
(5.36) 
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)�)��2��� − )�)� 2� # + )�)�22� � − )�)��2�  − )�)��2� 2 + )�)�#2��� −)�)��2� # − )�)� 2� � + )�)�22�  − )�)��2� 2 − )�)��2� � − )�#)��2� � −)�#)� 2�  + )�#)�22� 2 − )�#)��2� � − )�#)��2� � − )��)� 2� 2 + )��)�22� � −)��)��2� � − )��)��2� � + )� )�22� � − )� )��2� � − )� )��2� � − )�2)��2� � −)�2)��2� � − )��)��2� �)L� − ()�2�� + )�2�� + )�2�� + )�2�� + )�2�� +)�#2��# + )��2��� + )� 2�� + )�22��2 + )��2��� + )��2��� −)�)�)�2���−)�)�)�2��� − )�)�)�2� # − )�)�)�#2� � − )�)�#)��2�  −)�#)��)� 2� 2−)��)� )�22� � − )� )�2)��2� � − )�2)��)��2� �)*�		
*�� = ()�2�� + )�2�� + )�2�� + )�2�� + )�2�� + )�#2��# + )��2��� + )� 2�� + )�22��2 + )��2��� + )��2��� − )�)�)�2���−)�)�)�2���− )�)�)�2� # − )�)�)�#2� � − )�)�#)��2�  − )�#)��)� 2� 2−)��)� )�22� � − )� )�2)��2� � − )�2)��)��2� �)	L�+ (1 − )�)�2��� − )�)�2�� + )�)�2��2 − )�)�2��� − )�)�#2���+ )�)��2��� − )�)� 2��� − )�)�22��� + )�)��2��� − )�)��2� #− )�)��2� � + )�)�2��2 − )�)�2��� − )�)�2��� + )�)�#2���− )�)��2��� − )�)� 2��� + )�)�22��� − )�)��2� # − )�)��2� �− )�)�2��� − )�)�2��� + )�)�#2��� − )�)��2��� − )�)� 2���+ )�)�22� # − )�)��2� � − )�)��2�  − )�)�2��� + )�)�#2���− )�)��2��� − )�)� 2� # + )�)�22� � − )�)��2�  − )�)��2� 2+ )�)�#2��� − )�)��2� # − )�)� 2� � + )�)�22�  − )�)��2� 2− )�)��2� � − )�#)��2� � − )�#)� 2�  + )�#)�22� 2 − )�#)��2� �− )�#)��2� � − )��)� 2� 2 + )��)�22� � − )��)��2� � − )��)��2� �+ )� )�22� � − )� )��2� � − )� )��2� � − )�2)��2� � − )�2)��2� �− )��)��2� �)	*�	

(5.37) 

Reducing the equations 5.36 and 5.37 to obtain the resulting equations within 

the internal bit width of the CORDIC architecture. For a 16 bit data path, we have:-  
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L�� = (1 − )�)�2��� − )�)�2�� + )�)�2��2 − )�)�2��� − )�)�#2���++)�)�2��2 − )�)�2��� − )�)�2��� − )�)�2���)L�− ()�2�� + )�2�� + )�2�� + )�2�� + )�2�� + )�#2��#+ )��2��� + )� 2�� + )�22��2 + )��2���+ )��2���)*�	
(5.38) 

*�� = ()�2�� + )�2�� + )�2�� + )�2�� + )�2�� + )�#2��# + )��2���+ )� 2�� + )�22��2 + )��2��� + )��2���)	L�+ (1 − )�)�2��� − )�)�2�� + )�)�2��2 − )�)�2���− )�)�#2��� + )�)�2��2 − )�)�2��� − )�)�2���− )�)�2���)	*�	
(5.39) 

As evident from expressions (5.38-5.39), the individual terms can be 

condensed into two blocks of exponential summation for cos = and sin = respectively. 

The first summation in the bracket results in	12 terms, whereas, the second summation 

results in	9 terms. These term can be combined into two constants as � =
�1 − ∑ ∑ )�)!2�(��!)H��!"���(��!)��

H���"E�� � and � = �∑ )�2��	H���"E�� �. 
The proposed approach to design an optimal hardware for CORDIC is to map 

the expressions (5.36-5.37) coded in )�s into two binary constants using inverse 

encoding and then use a single CE consisting of four parallel multipliers and two 

adders to compute the desired outputs. Both the constants can be obtained by simple 

concatenation of the bits of the desired angle. Using these constants in the CE, the 

proposed technique results in a single stage CORDIC architecture implementing the 

following set of equations:- 

cos = = � × LE − � × *E	
sin = = � × LE + � × *E	

(5.40) 

(5.41) 

A single cycle design realizing (5.40-5.41) is shown in Figure 5.4.   
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Figure 5.4: The optimal hardware design with single CE computes sine and cosine 

using four multipliers. 

5.6.1 Hardware Architecture 

In many FPGA fabrics the multiplier usage has an important impact upon cost of the 

design. In case embedded multipliers in the FPGA are available, they can be 

efficiently used with lookup tables for the proposed IS-CORDIC design. Modern day 

FPGAs are essentially rich in embedded multiplier blocks, which can be comfortably 

used without any performance degradation / excessive device utilization. Due to a 

fixed FPGA slice fabric, the input bit-width of these embedded blocks is limited. 

Once the bit-width exceeds that range, performance degradation occurs that can be 

remedied by implementing customized multiplier. Transformations for custom 

architectural mapping to generate optimal performance FPGA implementations are 

applied to generate an architecture that affords enhanced performance without 

considerable hardware addition.  

 In case of ASIC and higher bit-width FPGA implementations, a custom Booth 

multiplier architecture has been used that employs negative and positive selection 

logic to generate respective (positive and negative) partial products employing sign 

extension elimination. These partial products are then reduced through custom 

Wallace compression tree architecture [90,91]. Block diagram of the multiplier is 

given in Figure 5.5. 
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Figure 5.5: Block diagram of custom Booth multiplier architecture. 

Radix-4 Booth algorithm is applied for partial product generation that results 

in a reduction of almost 50%. Two’s complement binary representation of a number 

(multiplier) is  

\ =	−���	2��� +��2��� 
�"#	 =	 � ( !�� +  ! − 2 !��)	2 !�/ ��

!"#	  (5.42) 

Where n is even, ���is the sign bit and ��	equals 0. The product M=A x B is 

given as 

S = 	/\ = 	 � /( !�� +  ! − 2 !��)	2 !�/ ��
!"#	 =	 � /4!2 !�/ ��

!"#	  (5.43) 

Where 4! = 	( !�� +  ! − 2 !��) = {0,±1,±2} depending upon the 

adjacent three bits. Table 5.1 shows the Booth encoding, selection, sign values and 

corresponding partial products.  

Table 5.1: Booth encoding, sign generation and selection values. 

Input bits  Output bits Selection Sign Partial Products  !��	  ! 	  !��	 4!  Q1 Q2 QN ~Msi Mij Ci A4! -A4!  

0 0 0 0 0 0 0 0 0 0 0 0 

0 0 1 1 1 0 0 ����	 �� 	 0 A -A 

0 1 0 1 1 0 0 ����	 ����	 0 A -A 

0 1 1 2 0 1 0 ����	 ����	 0 2A -2A 

1 0 0 -2 0 1 1 ~����	 ~����	 1 -2A 2A 

1 0 1 -1 1 0 1 ~����	 ~��	 1 -A A 

1 1 0 -1 1 0 1 ~����	 ~��	 1 -A A 

1 1 1 0 0 0 0 0 0 0 0 0 

The encoding logic is given as  
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z� = 	 !⨁ !�� (5.44) 

z = � !�� ⊕  !�. �	 �⨁ ����������������	� (5.45) 

zH =  !��. �	 �.  ���������������	� (5.46) 

Sign function calculates the inverted MSB for sign extension. The correction 

bit is generated as 

S�! = {	(z�. � )����������. (z . � ��)�����������������������������������}⊕zH (5.47) 

~S¡� = {	(z� + z )�������������. (zH ⊕����)�����������������������������������������������} (5.48) 

	! = zH (5.49) 

The partial products of the multiplication are reduced using customized 

Wallace tree architecture. For FPGA implementation 6:3 compressor architecture is 

used as it conforms to six input lookup table architecture of the FPGAs and results in 

least routing delays [92].  It is noted that due to this multiplier block, the complexity 

of the hardware and the iteration time has increased, however, due to single iteration 

architecture of the proposed IS-CORDIC design, the overall latency remains fairly 

low.   

5.6.2 Latency 

Latency of an iterative algorithm is defined as the product of number of iterations and 

the time required to complete one iteration. Low latency is useful e.g. in DDFS 

applications for fast frequency switching rate. Basic CORDIC algorithm with N 

iterations has latency of N x iteration period plus setup delay (where N is the internal 

word length). Whereas, proposed IS-CORDIC design, has only a latency of a single 

iteration period plus the setup time. Both architectures are synthesized on 

XC5VTX240T device with a critical path delay of 46.7ns and 5.89ns respectively. 

This makes IS-CORDIC about 8 times more efficient than basic CORDIC 

implementation, resulting in an enormous improvement in latency.  

5.6.3 Implementation Results 

A Mean Square Error (MSE) comparison of standard and IS-CORDIC algorithms for 

different number of iterations is given in Figure 5.6.  It is clear from the two plots that 
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for � > 10, MSEs for both the algorithms are very small, therefore, use of � = 16 

number of rotations is a good option for both the CORDIC algorithms.  

Fixed-point IS-CORDIC implementations have been compared to the double 

precision values of  sin = and cos = to assess the approximation errors. The error 

values have been computed for angles from 0 to 
¢ 	 that spans complete range of the 

algorithm. As shown in Figure 5.7(a), the proposed IS-CORDIC method 

implementation of 16-bits has a maximum error of the order of 10
-8 

that translates to a 

14-bit fixed-point precision in sine and cosine computation. Figure 5.7(b) shows the 

error profile for the 64-bit implementation of the algorithm. The maximum error of 

the order of 10
-17

 results in the error after the 43
rd

 bit in fixed-point precision. 

 

    (a)    (b) 

Figure 5.6: Mean square error comparison of basic and IS-CORDIC algorithms 

varying the number of rotations (a) Sine computation (b) Cosine computation. 



 

 

75 

 

 

(a) 

 

(b) 

Figure 5.7: Comparison of error profiles of fixed-point IS-CORDIC with double 

precision sine and cosine values (a) 16-bits implementation (b) 64-bits 

implementation. 

5.6.4 ASIC Implementation 

In this subsection, IS-CORDIC implementation is compared with other previously 

proposed methods. For this comparison, 64-bits IS-CORDIC architecture has been 

synthesized using TSMC 180nm CMOS standard cell library by Cadence 

Encounter(R) RTL Compiler v09.10. Computational units have been implemented 

structurally, whereas, the non-arithmetic units and control circuitry have been 
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implemented behaviourally. Focus of the design is to reduce the logic depth of the 

data path. Table 5.2 compares area and delay of proposed IS-CORDIC method with 

the other referenced techniques. The normalized delay / area ratios have been 

computed using methods specified in [79].  

Latency reduction of IS-CORDIC is ≈ N times than the basic CORDIC [72] 

due to its single iteration design. Hybrid CORDIC [93] reduces the delay considerably 

as further rotations are directly derived from the remainder after m iterations. Data 

path however, has comparable complexity to the basic CORDIC. Double Step 

Branching CORDIC [78] employs double step rotation to predict next iteration angle. 

It reduces the delay but the data path becomes more complicated leading to increased 

hardware utilization. In overlapped CORDIC [94], the initial rotation direction are 

predicted based on binary angle, but the hardware complexity of x/y micro-rotations 

remain same as basic CORDIC. Parallel CORDIC [80] employs parallel angle coding 

method, which reduces the delay considerably but it results in an increase in number 

of micro-rotations (even more than basic CORDIC), therefore, it also increases the 

implementation area significantly. Look-ahead techniques [74] have been employed 

that obtain direction of rotations directly from the input angle, however, the accuracy 

of the proposed algorithm remains dependent on the number of iterations that increase 

considerably for high bit-width applications.   

Table 5.2 highlights that the IS-CORDIC method results in significant area 

savings with a comparable throughput. IS-CORDIC architecture results in lesser area 

(0.3) than all the compared works and better delay (0.7) than most of the referenced 

works. Most significantly, the area-delay product (0.21) is the minimum of all the 

implementations. Unlike the abovementioned methods, proposed IS-CORDIC 

generates constant factors directly from the input angle with concatenation and 

replication of bits that reduces hardware complexity considerably. Single iteration 

computation results in reduced latency. Loss of accuracy is nominal in comparison to 

the basic CORDIC as shown in Figures 5.7 and 5.8. The implementation however, 

presents a trade-off between area and delay for different application bit-widths as 

illustrated in Table 5.4.   
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Table 5.2: Normalized Delay and Area Comparison for B=64 

Methods Normalized Area Ratio Normalized Delay Ratio Area Delay Product 

[72] 0.47 6.64 3.12 

[93] 0.39 1.24 0.48 

[78] 1.00 1.00 1.00 

[94] 0.41 0.83 0.34 

[79] 0.51 0.73 0.37 

[80] 0.48 0.68 0.33 

[82] 0.42 0.56 0.24 

[74] 0.78 0.73 0.57 

proposed 0.30 0.70 0.21 

5.6.5 Implementation on FPGA 

The design is synthesized using Xilinx ISE 13.1 on XC5VTX240T device. It 

optimally maps onto the FPGAs rich in embedded multiplier and adder resources. The 

values of sin = and cos = are computed in a single cycle. The design can easily be 

pipelined for high-speed operations. Table 5.3 compares the results of FPGA 

implementations of the proposed IS-CORDIC method with contemporary techniques. 

The implementations compare the algorithms without any pipelining. The results 

highlight that the IS-CORDIC method results in reduced latency (5.89ns) architecture. 

Proposed architecture has latency improvement of 792% than basic CORDIC. The 

resulting performance enhancement is achieved by optimal FPGA mapping of 

constant factor multipliers. The Xilinx IP core also implemented on the same FPGA, 

implements an iterative algorithm that requires 'B' number of iterations for 

computation of the values of sin = and cos =, resulting in significantly reduced 

algorithmic latency. Furthermore, performance improvement for larger bit width 

implementations is gained by using Booth multiplication architecture employing 

customized 6:3 Wallace compression trees for partial product reduction. This results 

in higher throughput rate and reduced device utilization as highlighted in Table 5.3.  
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Table 5.3: Delay and Area Comparison for FPGA implementations with B=16 

Methods Utilized Hardware Clock (MHz) Latency (ns) Latency 

Improvement Slices RAM DSP  

[72] 1111 - - 21.43 46.66 - 

[89] 769 1 - 151.73 6.59 708% 

[95] 1057 - - 37.70 26.52 176% 

[96] 978 1 - 139.87 7.15 653% 

proposed 59 1 4 169.74 5.89 792% 

Table 5.4 presents the comparison of utilized hardware and the clock rates for 

FPGA and ASIC implementations of proposed IS-CORDIC method by varying the bit 

widths. The comparison shows that the architecture is scalable with increased bit 

widths. However, the designer has to find an optimum trade off between the area 

constraints and the desired accuracy to achieve required latency.  

Table 5.4: Area and clock rate comparison for IS-CORDIC implementations with 

different bit widths 

Implementation platform Bit Width Utilized Hardware   

  Slices Block 

RAM 

DSP 

Blocks 

Gates Area 

(mm
2
) 

Clock 

(MHz) 

Latency 

(ns) 

FPGA implementation 16 59 1 4 - - 169.7 5.9 

(65nm technology) 32 1078 1 8 - - 102.3 9.7 

 64 9664 4 - - - 76.7 13 

ASIC implementation 16 - - - 3311 0.164 357.1 2.8 

(180nm technology) 32 - - - 6897 0.437 113.7 8.8 

 64 - - - 48826 1.458 40.9 24.4 

5.7 Summary 

This chapter presents a novel CORDIC architecture, named IS-CORDIC, which 

computes sine and cosine of an angle in a single cycle. IS-CORDIC utilizes inverse 

angle recoding to generate constant factors that require simple concatenation of angle 

bits in hardware. In comparison to traditional CORDIC methods, IS-CORDIC results 

in reduced latency and area, by using ROM to replace initial iterations and merging 

the remaining iterations. The architecture involves four multiplications, whose impact 

on hardware utilization is nominal, because the current FPGAs have an ample number 

of embedded multiplier blocks, and secondly, ASIC implementation achieves 

comparative performance by using custom Booth multiplier architecture. Proposed 
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design has an inherent affinity for optimal mapping on current FPGA slice fabric. The 

accuracy loss due to granularity of initial ROM and elimination of additional terms is 

practically insignificant. The presented results show that the IS-CORDIC is almost 8 

times more efficient than basic CORDIC design in terms of latency, and uses lesser 

hardware than the current state of the art implementations. The technique however is 

applicable only to circular CORDIC rotations. 
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6 Conclusions 

This work explored and formalized the methodical application of 

mathematical transformations for designing DSP hardware. Smaller architectural 

components like adders and multipliers have been identified as crucial in achieving 

optimal mapping. This work concludes that considerable performance gains are 

realizable by addressing these critical areas in a DSP implementation. Building on 

these core functions, FIR and IIR filters, complex multiplier, multirate filters and 

CORDIC applications are shown to achieve higher performance than standard 

implementations. As evidence, previous chapters have shown that the transformations 

result in a reduction of critical path delay for bi-operand and multi-operand adders 

from 8% to 24%. Similarly, DA, CSD and MAC FIR filters exhibit a reduction of 

7.1%, 10.4% and 20% in critical path delay, respectively. Feedback implementation 

of these three architectures also yields significant performance improvement, 

achieving 16%, 50% and 181% reduction in critical path delay respectively. In the 

domain of complex multiplication, multirate MDT transformed filters and IS-

CORDIC, the achieved performance gain is 29%, 14% and 12%. 

It is evident from the experimental results that performance of all pipelined 

circuits implemented in FPGAs is limited by the critical path delay of the final carry 

propagate adder. Although FPGAs have dedicated carry chains for high speed carry 

propagation, it still remains a performance bottleneck. Implementations of different 

architectural transformations of adders have highlighted that no one type of adder 

performs optimally for different types of addition. For the Virtex-6 family of FPGAs, 

bi-operand and multi-operand adders resulted in choices of RCA and CSA adders 

based on 6:3 compressor tree architecture. Bit level pipelining of RCA is shown to 

provide even further increase in throughput.  

This work further proposes and concludes that, just like the current integration 

of dedicated carry chains for CPAs in FPGA fabric, allocation of dedicated carry 

skipping support for the carry skip adder is likely to produce FPGA implementations 

with even higher data rates and reduced die sizes. Selection of multiplier on the other 

hand, has highlighted two solutions based on input data widths i.e. embedded DSP 

blocks and custom tree CSA architecture.  
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An analysis of the implementation results for core DSP applications of digital 

filters (feed forward and recursive), complex multipliers, multirate filtering, and 

CORDIC concludes that the presented transformation algorithm yields substantial 

performance improvements as the designed architecture takes into consideration the 

slice structure and embedded arithmetic blocks. Pipeline stages, retiming, unfolding 

and look ahead transformations are additionally applied to achieve throughput 

improvement. Implementation results have indicated that the transformation algorithm 

is scalable with increasing filter orders. Use of CSD coefficients with the 6:3 

compression trees is an optimum solution for the FPGA employing six inputs LUT.  

The implementation results contained throughout the thesis in respective 

chapters highlight the achieved performance gains by the application of these novel 

techniques. It is pertinent to mention that with the growing use of FPGAs in 

commercial applications, the need to perform optimizations across the fabric is greater 

than before. As a first step the algorithmic transformation presented here provide 

significant performance and throughput increase. However, to move beyond the 

achieved results, a change in the slice fabric and routing interconnectivity becomes 

necessary. 
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7 Future Work 

This work has presented several algorithm-to-architecture transformations for FPGA 

based applications, demonstrating substantial performance gains in terms of 

throughput of resultant architectural implementations.  

This work can provide the foundation for several research and development 

efforts in the future, including but not limited to the following   

a. Evaluation and comparison of the CSkA implementations with dedicated 

hardware support in the CLB. The application architectures as demonstrated in 

this thesis work may benefit significantly from this hardware support and 

resultant architectures will demonstrate considerable throughput increase. A 

Hardware support for multi-input addition is likely to provide vast 

performance improvement, especially in applications like complex 

multiplication, filtering, Fourier transforms, CORDIC etc, where multi-input 

addition is a critical part of the architecture. 

b. Use of the same methodology, as provided in this work, to devise algorithms 

to optimize architectures for any new FPGA design, or for FPGAs from other 

manufacturers, that support a different slice fabric, routing matrices, and 

provide a set of specialized IP blocks. This methodology can then be further 

analyzed and adapted to become generalized enough to support all FPGA 

architectures in a unified algorithmic flow. 

c. The design of a compiler that can automatically apply these proposed 

algorithmic transformations to the designs and architectures to achieve 

optimization and enhance throughput.  

d. Propose changes to the overall architecture, slice composition, routing 

matrices, and available specialized blocks of the FPGAs to allow for a more 

optimized implementation of computationally intense algorithms.  

e. Application of MMDT to other real time scenarios to provide further evidence 

of its feasibility for use in computationally intense applications, and cement its 

place as the most efficient transformation in comparison to other 

transformations discussed in literature. 

f. IS-CORDIC can be further analyzed and adapted for use in applications 

requiring real time trigonometric computations.   
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