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Abstract 

M-estimators are used as a robust replacement of the general classical estimators used in 

the field of statistics. Redescending M-estimators are those estimators which reject the 

extreme values completely.  

In the first project, a new redescending M-estimator “Uk’s redescending M-estimator” for 

robust regression and outlier detection has been presented which provide protection 

against outliers. Moreover, the  -function of the Uk’s estimator is closer to being linear 

in the central segment before it redescends. Simulation studies show that Uk’s 

Redescending M-estimator is more efficient than the other estimators. We also have 

applied the estimator to the real world data taken from the literature. The newly 

developed Uk’s Redescending M-estimator provides a general idea to interconnect all the 

Redescending M-estimators with that of the idea used in Andrews sine function. A couple 

of which has been solved and the rest are under study for the mathematical solution. 

Bootstrap distribution of the new redescending estimator has been derived for real data 

sets. 

The second project explains the application of the newly developed redescending M-

estimator to time series forecasting in the presence of outliers. A comparison is made for 

the forecasted values using the robust estimation procedure and without using robust 

approach in the presence of outliers.  

In case when the response variable (dependent variable) is the function of its own lagged 

values as an explanatory variable (independent variable) or when the response variable is 

the function of its own lagged value in addition to other different explanatory variables, 
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then such a model is called time series model. The third project is about exponential 

smooth transition autoregressive models in time series. 

Exponential Smooth Transition Autoregressive (ESTAR) models can capture non-linear 

correction of the deviations from equilibrium conditions which may explain the economic 

behavior of many variables that appear non-stationary from a linear viewpoint. Many 

researchers employ the test of Kapetanios et al. (2003) that has a unit root as the null and 

a stationary nonlinear model as the alternative. However, this test statistics is based on 

the assumption of normally distributed errors in the DGP.  

Cook (2008) has analyzed the size of the nonlinear unit root of this test in the presence of 

heavy-tailed innovation process and obtained the critical values for both finite variance 

and infinite variance cases. However, the test statistics of Cook are oversized. Pavlidis et 

al. (2010) find that using conventional tests is dangerous though the best performance 

among these is a HCCME used by Mackinnon and white (1985). The over sizing for LM 

tests can be reduced by employing fixed design wild bootstrap remedies which provide a 

valuable alternative to the conventional tests. 

The size of the Kapetanios et al. test statistic employing hetroscedastic consistent 

covariance matrices has been derived and the results are reported for various sample sizes 

in which size distortion is reduced.  

The properties for estimates of ESTAR models have been investigated when errors are 

assumed non-normal. We compare the results obtained through the fitting of nonlinear 

least square with that of the quantile regression fitting in the presence of outliers and the 

error distribution was considered to be from t-distribution for various sample sizes. 
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1.1 Regression analysis  

Regression analysis refers to technique that analyses and model the 

numerical data consisting of values of a response variable and one or 

more explanatory variables or predictors.  In regression model, the 

response variable is a function of the explanatory variables, 

corresponding parameters and a disturbance term. The disturbance term is 

a stochastic variable that corresponds to the variation in the response 

variable that is unexplained. Regression coefficients are estimated from 

the data with the main purpose to provide superlative fit  of the data. The 

most popular method that is used for estimating these unknown parameters 

is the method of least squares method.    

Regression can be used for modeling and prediction of causal relationship 

between the response and explanatory variables. Modeling and prediction 

of regression depend a great deal on the principal assumptions to be 

fulfilled and is being criticized in lots of cases where the appropriate 

assumptions cannot be confirmed to hold.  

Classical assumptions for regression analysis include that the sample must 

be a representative one, and the error is assumed to be a stochastic 

variable having normal distribution with zero mean and constant variance. 

The predictor variables are error-free and have to be linearly independent. 

If the predictor variables are not error-free then modeling may be 

accomplished using error-in-variable models procedure. The errors are 
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uncorrelated, and variance of the error is constant (assumption of 

homoscedasticity).  If the errors are correlated (hetroscedasticity), then the 

weighted least square procedure or some other procedures can be used.  

For the least-squares estimator, these are sufficient conditions to possess 

desirable properties, but they are not all  necessary conditions. These 

assumptions mean that in the category of linear unbiased estimators,  the 

estimate of parameter will  be consistent, efficient and unbiased. At times, 

some of the assumptions may be reluctant in other complex management. 

Let we have a dependent variable Y  and p-dimensional vector of 

independent variables )...............,( ,2,1, piiii xxxx  ,  subsequently the 

widespread regression model is given as 

,)( iii xhY     ,  )1.1(...,,.........3,2,1 ni   

In the above case (.)h  shows some function and  si '  are independent 

random variables with mean equal to zero and a constant variance for 

every ni ...,,.........3,2,1 .  The function (.)h is called the regression curve 

which portrays the overall trend in the scatter plot;  that is the function 

which relates the depended variable to the explanatory variable. Due to 

the fact that )( xh  is a function of the non-random explanatory variables, 

the function )( xh is non-random. The random terms si ' for 

ni ...,,.........3,2,1  are called random errors. 



4 
 

A simple linear regression model tries to explain the relationship among 

two or more variables by means of a straight line. The relationship among 

x (independent) and y (dependent) variables can be expressed as follows: 

iii xaay  10 ,     )2.1(.....................3,2,1 ni   

where a0  and a1  are the two parameters. 

1.2 Linear and non linear regression 

The intent of linear regression is to find values of the intercept term and 

the slope which defines the line that reduces the sum of the square of the 

perpendicular distances connecting the point and the line. This can be 

done very easily. In case if the function of the regression model is not 

linear in the parameters, an iterative procedure must be used to minimize 

the sum of squares. This gives rise to many troubles in the processes.  

Numerous relationships in realistic situations, comprise of social 

sciences, biological sciences and other areas of science, which do not 

follow a straight line. To study such kind of data we have two options. 

Firstly, we carry out different mathematical transformations to drive the 

data in to a linear relationship and then use linear regression. These 

techniques are usually in practice, but these should be avoided because 

they are less precise than the nonlinear regression and are not that simple. 

Use of nonlinear regression is the alternate way. It  is a wide-ranging 

practice to fit  a curve to the data. Nonlinear regression fits data to every 
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equation which characterizes Y as a function of X in addition to one or 

more than one parameters.  Nonlinear regression can also be defined as if 

the derivative of the model with respect to the model parameters depends 

upon one or more parameters. Such model is known to be nonlinear.  

Some of the nonlinear functions can be linearized by algebraic 

manipulation. Such functions are known as intrinsically linear. At the 

time when they have been “linearized”, the parameters can be estimated 

by ordinary least square. 

Let us contemplate the model 

,),( iii xhY    ,  )3.1(...,,.........3,2,1 ni   

Where iY  is the ith  observation of the response variable, ix  is the ith  

predictor variable, and  is the vector of parameters and i  are the 

independent error terms following normal distribution with zero mean and 

a constant variance 2 .  

The models, which portray the growth behavior over time, are nonlinear in 

nature. They are utilizable in many fields. The usefulness of these models 

is that they assist  us to add insight into the fundamental mechanism of the 

scheme and they are also of great help in well-organized management. 

Some well-known growth models include the Malthus Model given as 

)4.1()exp(0 rtYYt   
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where 0Y  shows the initial  population, r  is the growth rate which is also 

known as Malthusian parameter and t  shows the time, monomolecular 

model 

)5.1()exp()( 0 rtYYt    

Where   is the carrying size of the system, logistic population growth 

model.  

  )6.1()exp()1/(1/ 0 rtYYt    

Gompertz model 

  )7.1()exp()/(logexp 0 rtYY et    

Asymptotic Regression Model 

       )8.1(0

321
Y

tY    

The motive that these models are nonlinear models is that the interaction 

among the response and the predictor variables are nonlinear in 

parameters.  

Since the function involved in the above models and models of the same 

characteristics are nonlinear in parameter, consequently no clear solution 

can be found. Therefore, i terative procedures are essential for the fitting 

of nonlinear regression which involves vigilantly selected initial starting 
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values to avoid the convergence to local optima. Depending upon the 

nonlinear function in the model, this can be a demanding dilemma. For a 

better explanation concerning this matter,  we may refer to Ratkowsky 

(1990). 

1.3 Outliers is Statistics  

The disquiet over outliers is old and undeniably dates back to the first  

attempt to base decision on a set of statistical data (Beckman and Cook 

1983). Similarly, Hampel et al.  (1986) designate outliers to be the values 

or observations that deviate from the sketch that is laid down by the best 

part of the data. An outlier is a value or observation which is located at 

anomalous distance from the rest of the values or observations in a 

random sample taken from a population. Pursuing Staudte and Sheather 

(1990), outlier is defined to be a value or observation which is far away 

from the bulk of the data. Outliers may also be created by typing mistakes 

and recording errors and a data set may have a bulky proportion of 

outliers if the data is categorical in nature and a variable (of categorical 

nature like gender, species or geographical location) is omitted. 

Moore and McCabe (1999) stated that an outlier is a value or an 

observation which is positioned outside the general mold of a distribution. 

In general,  the existence of an outlier points toward some kind of a 

problem and that can be the reason that it  does not fit  the model which is 
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under study. Outliers are often trouble-free to blemish in a histogram. For 

example, the point on the most left is an outlier in figure 1.1. 

 

Figure  1.1:  Histogram  showing  s ingle  out l ier   in   the  data.  

 Outliers must always be scrutinized for the purpose to understand as if 

they trail  a pattern or if they can be explained by a substitute model. Even 

though outliers are called as “bad data”, t ime and again they are 

recurrently very important fraction of the data.  

Outliers are discussed by Stigler (1973), Harter (1978), Kale (1979), 

Hawkins (1980), Cook (1979), Barnett and Lewis (1994). 

Anscombe (1960) stated that outlier is the observation that has peculiarly 

hefty residual.  Grubbs (1969) declared that an outlying observation is the 

one which appears to depart strikingly from the rest of the members of the 

sample where it  has occurred. Miller (1981) delineates an outlying 

observation as a single observation which does not conform to the 

remaining of the data. Barnett  and Lewis (1994) classified outlier as a 
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value or an observation that emerges to be conflicting with the rest  of that 

data set.  They avowed that the conclusion, as if a value or an observation 

is an outlier,  is left on the researcher’s individual judgment. According to 

Davies and Gather (2004), the word outlier has never been known to have 

a clear-cut definition.  

1.4 Kinds of outliers and how to deal them 

Outliers are of various kinds. Rousseeuw and Zomeren (1990) stated that 

a point ),( ii yx ,  which does not pursue the linear mold of the mainstream of 

the data points, but the corresponding ix  is not remote, is called a vertical 

outlier.  A point ),( ii yx in which ix  is far-flung is known to be a leverage 

point.  We can classify good and bad leverage points as if an observation 

follows the linear pattern of the majority of the data, then it is a good 

leverage point otherwise it  is a bad leverage point.   Some outliers are 

influential.  Influential observation is an observation that creates a great  

deal of disparity in a regression case or we can say that if  the point is 

removed would noticeably alter the statistical analysis. 
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Figure  1.2:  Data  plot  with  out l iers  and   leverage  points  

Outliers ought to be examined very vigilantly. More Often they restrain 

worthy information concerning the procedure under discussion. Prior to 

consideration of probable elimination of this point (outlier) from the data, 

the reason of its appearance should be investigated and it  should be 

investigated whether alike values will  continue to appear in the future. 

Most of the real data sets generally do not completely gratify the 

conventional assumptions and having remarkable consequences on the 

excellence of statistical analysis.  If there is no outlier in the data and the 

errors is purely Gaussian, then least square will definitely be the best 

estimates of the parameters.  On the other hand, if even only a single 

observation does not follow that pattern, least square estimated will be 

greatly affected. This kind of an observation may be removed. The reason 

for their removal is that the fitted line is dragged greatly towards the 
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outlying observation since the sum of square deviation is reduced. If 

outliers are rejected with no specific grounds, then they will  certainly 

fabricate under estimation or over estimation for the parameters and 

erroneous conclusion for the variability (Manzoor and Grecksch, 2009).  

To characterize the effect of outliers on the least square regression model 

fitting, we consider the straightforward regression model in which there is 

only one independent variable x .  We take into account only simple 

regression for explicatory purposes because in general,  for the multiple 

regression models with large number of variables i t  would no longer be 

possible to picture the data structure. The model can be avowed as bellow: 

iii xaay  10 ,        )9.1(.....................3,2,1 ni   

where iy  is the value of the ith response variable, 0  and 1 are the 

parameters to be estimated, ix  is the value of the ith independent variable 

and i  are the error terms which are independent and pursue normal 

distribution with mean zero and a constant variance 2 .  The scatter plot 

of ),( ii yx  along with the OLS fit  in the presence of outliers can be 

explained in figure 1.5. 



12 
 

  
 
   --Scatt er plot 
   --OLS fit 
     
                                    F it w ithout  
   Outlier 
 
 
                                   
        
                            
 
 
 
         
          13  121110  

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

x 

Y  

 

Figure  1.3:  Scatter  plot  along  with  OLS   f i t ,  with  and  without  out l iers  

 

1.5 Robust regression technique for handling outliers 

After the detailed discussion on outliers,  now we discuss the different 

techniques to handle the problem concerning the data having outliers. Two 

techniques can be used to deal with outliers. The first  one is the 

Identification techniques used in the process of regression diagnostics 

used by Cook (1979) and Belsely et al.  (1980). The second technique is 

the accommodation techniques for robust regression explained by Huber 

(1973), Huber (1981), Rousseeuw (1984), Rousseeuw and Yohai (1984), 

and Anderson (2008). In the procedure of identification we recognize the 

outliers and eradicate them or adjust them in the data set.  Different 

established regression diagnostics can make out the presence of outliers 

following which these outliers can be eradicated or adjusted. Afterward 

the least square analysis is carried out on the remaining data. These 
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procedures failed in the presence of multiple outliers because at times 

they falsely identify an observation to be outlier or at times they do not 

identify a true outlier. Prescott (1980) worked on multiple outlier 

detection and Ping et al.  (2006) worked on outlier detection in high 

dimension. 

The later approach is to accommodate these outliers via various robust 

procedures which lessen their influence in the statistical analysis. In this 

procedure, residuals are scrutinized from a robust regression from where 

outliers can be recognized which cannot be done usually by using the least 

square residuals. It  is in converse to the conception of many statisticians 

who think that robust techniques only ignore outliers.  Robust regression 

method can be assessed by two notions of robustness: one is the local 

robustness and the other is the global robustness (Hernandez and Yohai 

2003). The local robustness of estimator recommends to its steadiness, as 

the portion of outliers in the data is inclined to zero, while global 

robustness is related to the constancy of the estimator when a large 

fraction of outliers is incorporated in the sample. 

Robust statistics is a branch of mathematical statistics that emerged due 

to the basic research works by Tukey (1960), Huber (1964), and Hampel 

(1968) and it  has been sturdily developed since 1960. The term `robust '  

was anticipated by Box (1953). The foremost objective of robust statistics 

is to create techniques that are robust against the occurrence of one or 



14 
 

more surprise outliers which can arise anywhere in the data. The motive 

of robust estimation is to make an efficient estimator which minimizes the 

bias in the presence of outliers.  This is done by decreasing the influence 

of the outliers on the estimator. 

The main intends of robust statistics are to depict the structure that fi ts 

best for majority of the data and to recognize the data points that are 

outliers or whose structure is deviating for further treatment which is 

desired in addition to that.  The role of robust statistics is to identify the 

highly influential data points. Robust statistics also deals with the 

unsuspected serial  correlation. 

Boscovich (1757) and Bernoulli (1777) investigated the first robust 

estimators which were based on the rejection of outliers. Various 

scientists have proposed some robust alternative procedures for those 

standard estimators which have a lot of weaknesses under the heavy-tailed 

error distributions. Tukey (1960), Huber (1981), and Hampel et al.  (1986) 

gave persuasive arguments for robust statistics.  The standard example of 

robust estimator is the mean and that of non-robust estimator of locality is 

given by the sample median. 

Robust statistics deals with the effect of potential deviations from the 

assumed statistical model and recommends different methods of shielding 

statistical procedures against such potential  deviations. As a consequence, 

the statistical models used in robust statistics are selected in order to 
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account probable violations of the assumptions about the underlying 

distribution. Thus we can say that the basic perception of robust statistics 

is to create statistical procedures which are unwavering with respect to 

minute changes in the model and even hefty changes must not cause an 

entire breakdown of the procedure. 

To define the measure of robust procedure performance in a theoretical 

sense, the properties of efficiency, breakdown point,  and bounded 

influence and sensitivity curve are used. Andersen (2008) gave a thorough 

definition of these properties. Efficiency can let us know how well robust 

procedures work compared to least squares to the data without outliers. 

High efficiency is typically preferred on estimation. The breakdown point 

is a measure for steadiness of the estimator when the sample comprises a 

large fraction of outliers.  It  gives the bare minimum fraction of outliers, 

which may produce an inestimable bias. Breakdown point is regarded as 

the measure of global robustness. Bounded influence is made to oppose 

the proclivity of least squares to permit high leverage points (if these 

points are outliers) to exhibit greater influence which can be especially 

vital.  Local robustness can be measured by the influence function which 

points toward the fact that how much an estimator is influenced by a sole 

outlier or we can say that influence function computes the impact of 

infinitesimal perturbations on the estimator.  
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1.6 Breakdown point  

In every data set, least square fit  can be nudged up to a great extent as we 

fancy by moving a sole data point ),( ii yx  far away. Contrary to this,  there 

are robust regression techniques which are resistant to a number of 

outliers. 

Breakdown value is a handy measure of robustness which was pioneered 

by Hampel (1971). It  was recast in a finite-sample setting by Donoho and 

Huber (1983). Consider a set of data  

)10.1(}...,.........2,1);,....,,.........,{( ,2,1 niYXXXZ ipiii   

and a regression estimator T .  Applying the estimator T  to Z  given in a 

vector )ˆ...,.........ˆ,ˆ,ˆ( 210 p  of regression coefficients. 

Let us take into account all probable data sets Z   which are contaminated, 

obtained by substituting any m  of the original data points by random 

points. This gives the maxbias: 

)11.1()()(sup),;(max ZTZTZTmbias Z    

Where Euclidean norm is represented by the operation .............. .  If  the 

effect of m  outliers is large on T,  then it  pursues that ),;(max ZTmbias  

and consequently )(ZT   turns out to be useless. Consequently, its 

breakdown value is defined as 

)12.1(}),;(max;min{),(*  ZTmbias
n

m
ZTn  

Breakdown point can also be defined as the least portion of contamination 

due to which the regression technique T  moves far away from )(ZT .  



17 
 

),(* ZTn  fluctuates only slightly with n  and Z  for a range of estimators, 

so that its l imiting value can be signified, that is for n  by ),(* ZTn .  

Consider the following model to see how the contemplation of breakdown 

value copes with the utilization of statistical models: 

)13.1(..............3,2,1,............ ,2,21,10 niexxxY ipipiii    

We basically deduce that the data make a combination wherein a portion 

1  be generated according to the above model and a portion   is random 

(it can be deterministic even or can be generated by any other 

distribution). We require that )(* T   so that the innovative parameters 

)...,.........,,( 210 p  can be estimated. Due to this reason, )(* T  is at times 

called the breakdown bound of T .  In case of least squares we are 

acquainted with the fact that a sole outlier might be adequate to destroy T .  

Hence, the breakdown point of least square is given as 
n

ZTn

1
),(*   and 

hence 0)(* T .  

The estimators T  with 0)(* T  are known as positive-breakdown 

techniques. In contrary to that,  some robust regression estimates connect 

approximately 50% breakdown point and it  is known to be a high 

breakdown point in this case. A robust estimator is considered to be the 

one with a breakdown point about 50% and a non-robust estimator is the 

one whose breakdown point is about 0%. The breakdown point is the 
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proportion of data which must be moved to infinity so that the estimator 

will do the same. 

1.7 Influence Function  

Influence function (IF) is that function which computes the alteration in 

the estimate owing a little raise of the data at a location . This thought 

guides to the finite sample versions of the influence curve or else 

recognized as the influence function. A number of statisticians, like 

Jureckova and Picek (2006), have used the above idea in their research for 

the influence function: 

)14.1(
)(]).1[(

lim),;(

 FTFT

FTxIF x

x





 

The influence functions compute the effect of a minute portion of 

contamination on the value of the estimator and therefore it  is called a 

quantitative robustness notion.  

1.8 Gross error sensitivity 

Gross error sensitivity is another important measure of robustness which 

is derived from the IF and is defined as  

)15.1(),;(max* FTxIFx  
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Consequently we observe that an estimator will be more seriously affected 

with greater gross error sensitivity than the one with lesser gross error 

sensitivity by the existence of outliers.  

1.9 Time series Regression 

In regression model when the response variable is the function of i ts own 

lagged values as a predictor variable or when the response variable is the 

function of i ts own lagged value in addition to other different explanatory 

variable, then such a model is called time series model. For studying the 

relationship of an independent variable to a dependent variable (subject to 

the change in time), or we can say that when there is a clear descending or 

ascending trend in the data over time period, that is,  when the relationship 

is linear, then linear regression performs very well.  On the other hand, 

linear regression will  not sense the relationship when that relationship is 

nonlinear. Linear regressions fall  short to detect cyclical,  seasonal, and 

counter-cyclical trends in time series data. Linear regression neither 

detects the effects of change in the direction of time series nor does it  

capture the variations in the rate of change over time. It  is significant to 

obtain a plot of the data over time period and examine it  for probable 

nonlinear trends for t ime series regression. If the values at one point in 

the time series are determined or highly influenced by values at a 

preceding time, the problem of autocorrelation also arises. When the 
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values of the dependent variable over time are not randomly distributed, 

then such cases happen.  

1.10       Time series models   

Time series data is the data which is seized from the values gathered in 

sequence over time. Such data sets are exceptionally widespread. There 

are a number of examples that we can discuss in different fields, for 

example, in the field of business economics, yearly sales figures, monthly 

price indices, weekly interest tariff,  daily closing stock prices, and a lot 

more in meteorological studies, hourly wind speed and in the field of 

agriculture, soil erosion, export sales, annual figures for crop and 

livestock production are witnessed. The electrical activity of the heart at  

millisecond gap is monitored in biological sciences; in meteorological 

studies annual rainfall and deficiency indices, hourly wind speed, daily 

high and low temperatures are monitored; time series data is also used in 

ecology (examples given in Time series Analysis with Applications in R 

by Jonathan et al.  2008).  It  is endless to cover all  the areas where time 

series are studied. In general,  there are two motives of time series 

analysis. The first one is to recognize the stochastic technique which 

provides an observed series and the second motive is to forecast the future 

values which are based on the historical data of that series and other 

associated series.  
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Figure  1.4:  Time  Ser ies  Plot  of  Los  Angeles  Annual  Rainfal l   (executed   in  R ‐package)  

 

1.11 Steps in time series model building 

It  is a nontrivial task to unearth appropriate models for time series. Box 

and Jenkins (2008) explained a multistep model building strategy. Three 

key steps in the procedure of time series modeling are involved which 

may be used a number of times: 

1. Identification of the model 

2. Fitting Model, and 

3. Model diagnostics 

The classes of time series models are chosen in the model identification 

process which may be appropriate for an underlying observed series. The 

time series plot is inspected in this stage and several statistics are 

calculated from the data. It  should be highlighted that the model selected 

at this point is revisable afterward in the study. In selecting a model, we 

must try to follow the parsimony principle which states that the model 

used ought to need the least amount of parameters which may sufficiently 
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symbolize the time series. Calculating the most excellent probable 

estimates of those unknown parameters in the given model is involved in 

the model fitting. The model will inevitably occupy one or more 

parameters whose values ought to be estimated from the observed series. 

Least squares criteria and maximum likelihood criteria are mostly 

considered for estimation purpose. Model diagnostics is used for 

appraising the characteristic of the model which has been specified and 

estimated. All the steps are checked carefully for the best model fitting to 

the data and model assumptions are checked for its being reasonably 

fulfilled. The modeling might be assumed as complete if no 

insufficiencies are found. Otherwise, we return to the model identification 

step and choose another model in accordance to the insufficiencies that 

are found. In this manner, we replicate the three steps unless an adequate 

model is found idyllically (Time series Analysis with Applications in R, 

by Jonathan et al.  2008).  

Stromberg (1993) encountered the uses and applications of LMS and MM 

estimators in nonlinear regression. In fact, this article was the 

motivational factor for my research in this area. The development of 

similar methods for robust non-linear regression and the recent 

importance in research is due to the increasing popularity of robust 

regression 
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2.1 Robust estimators and its types 

It  is clear that in case when the error is normal in the class of unbiased 

estimates in regression analysis,  the estimates minimize the mean squared 

error. However, this estimate is at a very sensitive risk to depart from 

normality or else to the incidence of a very minute percentage of outliers. 

A number of researchers have worked on it  including Ho and Naugher, 

(2000). Researchers are investigating for substitute techniques of 

regression techniques which are robust to outliers.  Here is a curtailed 

listing of robust regression estimators which includes M-estimator 

(introduced by Huber, 1973), GM-estimator (given by Mallows, 1975), 

L1-estimator (explained by Gentle, 1977; Bloomfield and Steiger, 1983, 

Dodge, 1987; Birkes and Dodge, 1993), S-estimator (referred by 

Rousseeuw and Yohai, 1984), LMS and LTS estimators (which was 

recommended by Rousseeuw, 1984), MM-estimator (suggested by Yohai, 

1987), and a few others. Edgeworth in 1987 laid the foundation stone in 

this regard by introducing Least Absolute Deviation (LAD) as a 

replacement of the famous Least Squares which is robust to outliers. The 

objective function is given as  

)1.2(min
1 

n

i ir  

Contrary to the least square method where the function is given as  

)2.2(min
1

2 

n

i ir  

Where ri  denotes the vector of residual calculated from the model. L1- 

regression is another name given to least absolute deviation while L2  is 
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the name given to least squares.  L1- regression is legitimate only in case 

when the distribution of the error term is either Laplace or is double 

exponential.  A widespread appraisal of research work allied to LAD 

regression is accessible in the work of Dielmann (2005). Giloni and 

Padberg (2004)) stated depending on the predictor values, the finite 

sample breakdown point of L1-regression can be in excess of 1/n .  A 

number of researchers including Ruzinski and Olsen (1989), Coleman and 

Li (1992) and Zhang (1993) worked on L1-estimator which shows the 

interest of researchers in this direction. Other researchers, who used L1-

estimator in recent era, include Shi and Lukas (2002), and Li and Zhu 

(2008). Giloni et al.  (2004) and Giloni et al .  (2006) worked on weighted 

LAD regression.  

Huber (1973) initiated M-estimator, but this estimator is not robust in the 

stance that it  has the identical breakdown point as least squares and does 

not have the bounded influence because it  does not take into consideration 

the leverage of the observations to trim down in its equations (Hampel et 

al. ,  1986). 

Maximum likelihood formulations are used by M-estimators in obtaining 

most favorable weighting for the data set that is non-normal. It  is a 

generality of the eminent least squares technique by substituting the 

quadratic loss function by a symmetric rho function )( .  This technique 

is broadly used in analyzing the data where it  can be assumed that the 

contamination is in the response variable with weighting of the i th  
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residual.  The function )( is usually selected in such a manner that i t  

signifies some weighting of the i t h  residual. This means that the weights 

of the outlying observations have reduced and as a consequence they are 

affected less by such noise.   

Consider the general linear regression model for which a common M-

estimator is defined as the least with respect to the parameter (say α) of 

the objective function  

)3.2()(Minimize
1ˆ



n

i
ir

  

This has a few standard properties which will be discussed in chapter 3. 

Differentiating the above equation (2.3) with regard to the regression 

coefficients ̂  gives us  -function, i .e. )( ir  = )( ir .  Now equating the 

partial derivatives to 0 gives 

  )4.2(
1





n

i
ir 0  

Where r i  are the residuals. Dividing the ψ-function in equation (2.4) with 

residual which gives us the weight function for the estimator, i .e.        

w(ri) = ψ(ri)/ri ,  hence the estimating equation may be laid down as:  

  )5.2(
1





n

i
iirw 0X  

The weights, nonetheless, are dependent on the residuals; the residuals are 

dependent on the estimated coefficients and the estimated coefficients are 

dependent on the weights. Therefore, an iterative procedure may be 

requisite for solving this sort of problem. 
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The graph of ψ  -functions of the four common M-estimators are given 

below:  

 

  
Figure  2.1 :  The  graph  of  ψ  ‐ funct ions  of   the   four  common  M ‐est imators  
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A few commonly used M-estimators are given in the table below:  

Type )( ir  )( ir   irw  
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Table  2.1.  Table  of  M ‐est imators  along  with   there   ,function function and  

weight   funct ion  

 

Least-squares estimators denoted by L2  are not robust due to the fact that 

the influence function of this estimator is not bounded because it  has no 

cut off points.  Absolute value estimators denoted by L1  are not steady due 
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to the fact that  -function is not rigorously U-shaped in r .  The second 

derivation at r = 0  in unrestrained undoubtedly, and an indeterminate 

result may possibly be the obtained. Apart from L2  and L1  estimators, the 

“L1-L2” estimators obtain mutually the benefit  of the L2  estimators to be 

convex and that of  L1  estimators to trim down the effect of huge errors. Lp  

(least-powers) function signifies a class of functions which is L2  with v=2  

and L1  with v=1 .  The least occurrence of large errors in the estimate is 

due to the smaller value of v .   

Huber’s function enhances linearity at a specified phase |r |>c  and is a 

parabola in the neighborhood of zero. This estimator has been suggested 

for nearly all  situations. It  has been rarely found to be substandard to 

some other  -functions. Huber function may be at times on the weaker 

side due to lack of stability which is because of its discontinuous second 

derivative. Cauchy’s function (also recognized as the Lorentzian function) 

does not guarantee a single result having a downward first derivative. 

This derivative has the tendency to yield invalid solutions in a manner 

which cannot be empirical.  The other functions have the same dilemma as 

the Cauchy function. Linearity is decreased due to the effect of large 

errors. This effect of large errors is further tried to reduce by Geman-

McClure and Welsh function.                        

Rousseeuw (1984) introduced another form of transforming the OLS 

estimator into a robustifying one. The objective function of the OLS 

estimator is divided by the sample size; the mean of squared residuals is 
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minimized by the OLS estimator. Furthermore, the mean is replaced by 

the median (due to the fact that median is a robust estimator) and hence 

the estimator obtained minimizes the median of the squared residuals. 

This estimator is known to be the least median of squares (LMS). The 

LMS denoted by LMS
̂  is classified as minimum of the median of squared 

residuals, i .e. 

)6.2()min(ˆ
:

2

nhLMS
r  

Where nnnnn
rrrr

:

2

:3

2

:2

2

:1

2
)(................)()()(   are the ordered squared 

residuals, and where the optimal coverage is chosen as ]2/)1[(  pnh  

where the numbers of coefficients are denoted by p  (inclusive of the 

intercept term) that is be estimated. The breakdown point of LMS 

estimator is roughly equal to 0.5; however, i t  is not an efficient estimator. 

It  converges at the rate 3

1

n  in lieu of the usual 2

1

n .  High breakdown point 

estimation has a few shortcomings. The first  one is that the computation 

of any of these estimators precisely is not viable in all ,  but small datasets 

as they entail  the combinatorial dilemma of determining how many cases 

are used. For that reason, they are based on resampling procedures and 

their solutions are determined at random (Rousseeuw and Leroy, 2003), 

and even then they can be inconsistent (Hawkins and Olive, 2002). 

The linear least trimmed squares (LTS) estimator is a statistical scheme 

for estimating the fitted line for a set of points.  Unfortunately, the 



31 
 

computational complexity of LTS is less well-understood than LMS. 

(Mount et al.  2007). 

The LTS estimator minimizes a trimmed sum of squared residuals; in 

doing so, permitting a few influential data points to have huge residuals. 

In this way, outliers do not essentially affect the estimates of the model 

parameters as it  does while using least square estimator. The 

representation of Least Trimmed Square estimator may be laid down as:   

)7.2()(ˆmin
1

:
2



h

i
nir                            

where nnnnn
rrrr

:

2

:3

2

:2

2

:1

2
)(................)()()(   are the ordered squared 

residuals. It  should be kept in mind that the residuals are first squared and 

then they are ordered. This is alike to come across with the bare minimum 

least squares objective function. Subsequently, the least square fit  to 

these h  points is the LTS regression estimate. 

LTS regression has a lot of benefits as compared to LMS. The objective 

function of LTS is smoother than LMS. LTS also has a weighted version 

(see Visek 1996, 2000, 2002a,b) and another advantage of  LTS estimator 

is that it  is asymptotically normal (see Hossjer 1994) which makes it  more 

efficient.  This property of LTS estimator makes it  more appropriate than 

the LMS estimator for using it  as an initializing point for two-step 

estimators. Simpson et al.  (1992), Coakley and Hettmansperger (1993) 

defined two step estimators as the MM-estimator and generalized M-

estimators.  
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Atkinson and Weisberg (1991), Hawkins (1993), Agullo (2001), 

Rousseeuw and Van Driessen (2006) suggested a number of algorithms for 

the computation of LTS-estimates. Hawkins and Khan (2009) worked on 

robust fitting in non-linear regression. 

Despite a number of advantages of LTS estimator, it  has been applied less 

often in the literature owing to its computational complexity than LMS. 

For normal true residuals, LMS has a statistical efficiency of zero and for 

large data sets it  is particularly unattractive. 

Least trimmed sum of absolute deviations (LTA) is also a robust estimator 

which was recommended by Bassett (1991), and then worked out in detail 

by Hossjer (1994), Tableman (1994a, b), and Hawkins and Olive (1999).  

We can denote Least trimmed sum of absolute deviations as LTA
̂

,  and is 

classified by  

)8.2(minˆ
1




h

i
iLTA
r   

where |ri |  is the i th  least absolute residual.  It  is accustomed to set the 

coverage parameter as h=[(n+p+1)/2]  which maximizes the breakdown 

point of the resulting estimator. It  is often commendable to use bigger 

values of h  and to get the fits for a variety of values of h .   

 

2.2 Redescending M-estimators 

The influence curve of any rejection rule pooled with the mean has a 

mammoth jump at the “rejection point” where it  turns out to be zero and 
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which causes local volatility and comparatively large efficiency loss. A 

category of estimators without the losses of efficiency is the redescending 

M-estimators. Hampel et al.  (1986) stated that redescending M-estimators 

were planned to rebuff all  obvious outliers.  They evade the massive jump 

of rejection rules and replace the outlier by a continuous transition of 

dealing with data in a pattern from entirely excellent toward entirely poor 

(Hampel et al. ,  1986).  

Those M-estimators, which can reject the outliers (which are extreme 

observations) entirely, are defined to be Redescending M-estimators. 

Redescending M-estimator can be defined in another way as if the 

derivative    of   in M-estimators is redescending, i .e. if it  satisfies  

)9.2(0)(lim 


r
r

i

i

 .  

A number of redescending M-estimators have been proposed so far (see 

Wu 1985). As far as their computation is concerned, they generate 

approximately analogous output. The optimality of redescending M-

estimator was studied by Shurygin (1994, 1996, 2000) which was also 

discussed later on by Shevlyakova et al. (2008). 

Hampel’s three-part redescending function (Andrew et al. ,  1972) was the 

basic preliminary idea for a redescending M-estimator, and was published 

in 1972 including the monte carlo study of various robust estimators. This 

function is given in the table below in which a, b, c are tuning constants 

and  cba0 . The performance of Hampel estimator is very good in 

the Princeton robustness study. 
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While facing problem in the differentiation of ψ  –function is considered 

as deficient,  a smooth ψ  -function would be favorable. The problem in the 

Hampel function gives rise to the development of different other 

redescending M-estimators like Andrew’s sine function (defined by 

Andrew et al.  1972), Tukey Bisquare (defined by Beaton and Tukey, 

1974), Qadir’s Beta function (defined by Qadir,  1996), Insha’s function 

(defined by Inshaullah et al.  2006).  
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Method Objective-function )(r  
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Table  2.2:  The    ,   and  weight   funct ions  of   redescending  M ‐est imators  
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The properties and applications of M-estimators with redescending score 

function are reviewed below. In the case of regression analysis,  a few of 

these redescending M-estimators are capable to achieve the highest 

breakdown point which is possible in this scheme. In case when the 

regression coefficients are estimated concurrently, a few of them are the 

elucidation of the problem of maximizing the efficiency under bounded 

influence function. Several outlier robustness properties are gratified by 

redescending M-estimators. There are a number of local minima in 

regression analysis reflecting a number of substructures in the data. This 

is the reason that the redescending M-estimators can be used to catch 

substructures in data; consequently they can be used in cluster analysis. If 

the preliminary point of the iteration to estimate the estimator is being 

received from the substructure, then the contiguous minimum corresponds 

to this substructure. This property makes the redescending M-estimator 

applicable in the field of image analysis as well. 

 

2.3 Robust time series analysis 

Maronna et al.  (2006) refers robust estimation for time series as a 

challenging problem which has produced great motivating research. In 

this regard, Denby and Martin (1979), and Kunsch (1984) worked on 

autoregressive models, and Bustos and Yohai (1986), Allende and Heiler 

(1992), and Luna and Genton (2001) worked on autoregressive moving-

average processes. Wang et al.  (2009) made  a common approach which 
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confers an excellent method of robust inference for time series models. It  

combines the robustification approach of using irregular gross-error 

models with the contemporary computing methods, which worked well 

previously and which is trusted. Wang et al .  (2009) has distinctively used 

simulation-based likelihood construction and Bayesian Markov chain 

Monte Carlo methods (MCMC) to apply a robustification approach which 

is gamely customized to time series models. 

 

2.4 AR models 

An autoregressive model (AR) is that model which depends merely on the 

preceding outputs of the scheme, whereas a moving average model (MA) 

is the one that depends merely on the input to the scheme. The 

combination of the two models is an autoregressive-moving-average 

model (ARMA) which possesses both the characteristics of AR model and 

MA model.  

The derivation of linear prediction model entails the determination of the 

coefficients in the equation. Calculating a set of coefficients which 

confers a good quality prediction is synonymous to determine what the 

system is, within the constraints of the order which is chosen.  

The majority time series comprise those elements which are sequentially 

dependent in the sense that a coefficient or a group of coefficients can be 

estimated which portrays successive elements of the series from elements 
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of the previous elements (time-lagged elements).  This can be recapitulated 

in the following equation as 

)10.2(22110 tttt yyy       

Where 0  is the intercept and .............,, 321     are the autoregressive model 

parameters. Every observation is made of a random error component t  

and a linear combination of the preceding observations. It  is worth-noting 

that an autoregressive process will  only be stable in case when the 

parameters are inside a certain range, that is,  if  there is a single 

autoregressive parameter,  then it  ought to fall  within the range 11 0   ,  

and if this is not the case, then the preceding  effects would accumulate 

and the values of successive yt’s  will move towards infinity, which means 

that the series will not be stationary. In case when there is additional 

autoregressive parameters involved, then similar constraints on the values 

of the parameters can be defined (see Box and Jenkins, 2008; Montgomery 

and Johnson, 1990). 

The model given by equation (2.10) can be rephrased as:  

)11.2()( ttYB   ,  
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and B  is known as backshift operator, i .e.  jtt
j YYB  .  The above process is 

also known to be invertible process which is significant for forecasting 

purposes.  

For an AR process, if the first p  parameters are non-zero, i .e.  if 

)12.2(
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0
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The resulting process is an AR  process of order p  and shortly denoted by 

AR(p).     

Moving average model is another useful approach for modeling time 

series. The moving average model expresses a process as a linear 

combination of current and past white noise terms. In equation 
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This can be rephrased as 

)14.2()( tt BY  ,  

where 
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and t  is a white noise process. The condition 


0

2

j
j  is requisite for the 

process to be stationary.  
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ARMA  models for time series can be explained to reduce the order of the 

AR  and to reduce the order of  MA  models as well,  and contains both the 

AR  and MA  components. An ARMA(p,q) model is defined as: 

)16.2(
11

t

q

j
jtj

p

i
itit YY   





  

or )17.2()()( tt BYB    

where p  is the order of the AR  component and q  is the order of  MA  

components and 

ptpt YYB    ......1)( 11     and   qtqtB    ......1)( 11 .  

In case when the roots of )(B l ie outside the unit  circle, the process is 

stationary and when the roots of )(B  l ie outside the unit circle, then the 

process is invertible. 

 

2.5 ESTAR models 

Numerous researchers have worked on different cases in time series where 

the switching occurs smoothly rather than suddenly as happens in 

threshold autoregressive (TAR) models—this model, then, gives way to 

smooth transition autoregressive (STAR) models that can capture such 

smooth switching from one regime to another.  

Exponential Smooth Transition Autoregressive (ESTAR) models are an 

instance of a nonlinear time series model. For modeling real exchange 

rates, ESTAR models have been used. It  can be stated that these models 

are regime-switching models as these models comprise two autoregressive 



41 
 

regimes which are connected by an exponential type smooth transition 

function. ESTAR models are globally stationary in the light of definite 

regularity conditions. 

Due to the effect of the error term variance, the identification problem in 

ESTAR models has to be tolerated. ESTAR models have been used by a 

number of researchers like Terasvirta (1984), Luukkonen et al.  (1988), 

Taylor et al.  (2001), Kapetanios et al.  (2003), and  Kruse et al.  (2009). 

The STAR model can be given for univariate time series yt ,  at  time 

TTppt ,1,....1,0,1....,),........1(1,1   

is given by 

ttptpttptptt csFyycsFyyy    ),;()()),;(1)(( ,211,20,2,111,10,1 

      )18.2(..,,.........1 Tt                            

The innovations t ’s are supposed to 

(i) be i .i .d random variables having mean equal to zero and variance 2  

which is unknown; 

(ii) and they will have a symmetric density about zero. 

The transition function ),;( csF t   is a continuous function restricted 

between 0 and 1 .  

In a number of cases it  is further suitable to stipulate the transition 

function in a way that the regimes may be connected with low and high 

absolute values of st  (as compared to c).  The said objective can be 

obtained by incorporating the exponential transition function 

                            )19.2(0],)(exp[1),;( 2   cscsF tt               
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Where θ  estimates the measure of shift from one regime to another and 

denotes the location for threshold value for st .   Replacing for the 

exponential function of the above equation in STAR model, we get the 

ESTAR model. Transition function of the Exponential smooth transition 

autoregressive model is symmetric and U-shaped around c .   

ESTAR models are very eminent for modeling real exchange rates because 

their symmetric transition functions permit a fiscal interpretation. It  can 

be explained as the real exchange rate between two currencies A and B 

which must behave in a similar way as the reciprocal of the real exchange 

rate between currency B  and A .  Globally stationary ESTAR models having 

unit root regime are used in economic theories such as purchasing power 

parity (PPP). 

 

2.6 Outliers in Time series 

Kaya (2010) states that Error in data is one of the facts that causes the 

subjective estimation of parameter. If the mistaken case is proved 

statistically, then such cases are classified as outliers. In the recent past, 

outliers have been broadly studied in the time series literature. Business 

and economic time series are at times influenced by non monotonous 

intercession, for example, strikes, war and abrupt changes in the market 

composition of a commodity. Thus we can say that time series analysis is 

not exempt from outliers. 



43 
 

Outliers in time series were first studied by Fox (1972) who has proposed 

a technique known as the likelihood ratio technique which has to fix the 

outliers. He explained the outliers as the first and second type outliers. A 

number of researchers have worked on time series outliers and developed 

different techniques including Chang (1982), Chang and Tiao (1983), 

Hillmer (1984), Tsay (1986), Pena (1987), Abraham and Yatawara (1988), 

Bruce and Martin(1989). Abraham and Yatawara (1988) have studied the 

score-based outlier tests while Pena (1987), Abraham and Yatawara 

(1988) and Bruce et al.  (1989) have studied about the tests depending on 

the removal of the outlier. 

For the quality assurance of data, outliers are isolated and this is its main 

purpose. The outstanding data points are more likely to be incorrect. 

Wand and Wang (1996) state that “Unreliable data represents an 

unconformity between the state of the database and the state of the real 

world.” The amount of flawed data might reach ten percent or more for a 

range of database applications. Eliminating or substituting outliers may 

improve the feature of the data due to that reason. At times isolating 

outliers can also show a constructive influence on the results of data 

analysis. Single outliers, that are remote from the center of the 

distribution, can make the statistical estimates significantly biased like 

sample mean and sample standard deviation. 
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2.6.1 Types of Outliers in Time series 

Outliers may be divided mainly into two categories: Additive Outliers 

(AO) and Innovational Outlier (IO).  A kind of outlier in time series is the 

simplest and the most typically studied outlier known as the Additive 

outlier.  AO  may be well-recognized as Type I outlier. An AO  merely 

influences only one observation which may be lesser or bigger in value 

compared to the expected values in the data. The series comes back to its 

normal position after this interruption. Additive outliers are the most 

problematic outliers due to the fact that they increase two successive 

residuals: one before the AO  and the other after the AO.  Hence, it  may 

affect the properties of the observed data very seriously as it  affects the 

estimated residuals along with estimates of the parameters. The effect of 

outlier decreases for large sample size. It  can be shown in general that a 

large additive outlier will  push all  the autocorrelation coefficients toward 

zero .  If the underlying process ty  is disturbed additively at time t ,  then an 

additive outlier arises at that specific time, the data then becomes 

)20.2(tAt
c
t yy   

Where c
ty  denotes the response variable with contaminated data, ty  is  the 

gentle process,    tt y  for some constant   and  equals 1 with 

probability “  ” and “0” otherwise. 
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Innovational outlier (IO) also known as Type II outlier,  influences a 

number of observations. If the error term or the innovation is perturbed at 

time t,  then an innovative outlier occurs at that time t .  It  can be shown as  

)21.2(tIt
c
t ee   

Where c
te  is  the perturbed error term and te  is  a zero mean white noise process.  

If we consider the ARIMA  model, the effect of the IO  on an observed 

series consists of an initial shock which spreads in the following 

observations with the weights of the moving average (MA) representation 

of the ARIMA  model. Up till  now as these weights are at times volatile, 

the influence of the IO  may, in a number of cases, increase as the position 

of its occurrence becomes progressively remote in the past.  

The consequences of the IO  depend on the specific model of the series, 

and the effect will  be limitless for the series with stationary 

transformation. In case when the series, which contains trend and 

seasonality, is under discussion, an IO  will  influence both. IOs  show some 

serious drawbacks and it  is recommended that they should be evaded.  

Level shift  outlier is another kind of outliers. It  is a step function where 

the level shifts are permanent.  Transitory Change Outlier (TCO) is a point 

that takes a few periods to disappear exponentially. 

 

2.7 Time Series Models with Hetroscedasticity  

The innovations are classically assumed to be constant in routine time 

series models and econometric models. Nonetheless, various economic 
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time series and financial time series repeatedly show phases of 

uncommonly-elevated instability which is pursued by an episode of 

relative stability. The constant variance assumption is inappropriate in 

these circumstances. Research on volatility models was initiated by Engle 

(1982) who gave a new idea of autoregressive conditional 

hetroscedasticity (ARCH). This idea gave rise to a number of models 

which are built  around the concept of ARCH and became a vital tool for a 

number of different analysts around the globe. Bollerslev (1986), 

Bollerslev and Ghysels (1996) also worked on conditional hetroscedastic 

models. In financial markets, the concept of volatility is an important 

factor in practice. In determining the option prices for stocks and stock 

indexes, it  is one of the primary factors. Banks and other financial 

organizations make volatility assessments as a part of supervising their 

risk exposure. Thus we can argue that the efficiency of the estimates of 

model parameters and also the forecast interval accuracy can boost up by 

modeling the volatility of a t ime series. The effect of outlier on GARCH 

process has been discussed by Peter and Michael (2003). 

There are a number of hetroscedastic models which are discussed in the 

literature such as Autoregressive conditional hetroscedastic (ARCH) 

model, generalized autoregressive conditional hetroscedastic (GARCH) 

models, GARCH-M models, Exponential GARCH models and a variety of 

other threshold GARCH models like ARMA-GARCH and ARFIMA-

GARCH 
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2.8 Bootstrap procedures  

Bootstrap is a resampling method first introduced by Efron in 1979. Efron 

and Tibshirani (1993) state that bootstrapping technique is used in 

Statistics for assigning accuracy measure to the estimates of sample. 

Varian (2005) states that while using very simple techniques, this method 

can help in the estimation of sampling distribution of nearly every 

statistic. The bootstrap method of Efron (1979) is for data of i . i .d  

structure and is known as the standard bootstrap or i . i .d bootstrap and is 

not applicable to the data that has dependent structure and the distribution 

because such statistic depends on the joint distribution of the observations 

whose analytical derivation is quite complex. 

A lot of bootstrap techniques have been developed to resample the time 

series data which has been discussed in Li and Maddala (1996). They 

discussed the issues found in bootstrapping time series models and gave 

some precious propositions. Politis (2003) also has some contribution in 

this field and has shown that bootstrap methods give consistent estimates 

of the variance of the sample autocorrelation function. The variance of the 

autocorrelation function can also be estimated by Bartlett’s formulas, but 

are only valid for linear processes. On the other hand, in case of non-

linear processes, the variance of the sample autocorrelation function is 

difficult as it  involves infinite sum of the fourth order cumulate. Under 

the assumption of stationarity, the bootstrap methods can give high order 

accuracy and can provide advancement only with asymptotically pivotal 
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statistics. Buhlmann (2002) discussed and evaluated block, sieve and local 

bootstrap methods for time series and highlighted some theoretical 

features of these procedures and also compared their behavior on finite 

sample data.  

There are different types of bootstraps procedures, some of which are 

discussed below.  

 

2.8.1 The Block Bootstrap Methods 

The Block Bootstrap techniques work under weak assumptions. In recent 

years, several block bootstrap methods have been proposed in the 

li terature that depends on the resampling of blocks of data. All these 

methods attempt to reproduce the same dependency structure of the 

observed information in the data that has been resampled. In this 

technique, we divide the data into B blocks, each of length “ l ” and then 

apply different procedures of selection. Some of the block bootstrap 

procedures include Non-overlapping Block Bootstrap (NBB) in which B  

blocks are selected randomly with replacement and are laid end-to-end in 

the order in which they have been sampled; Moving Block Bootstrap 

(MBB) where the data is divided in )1(  jn  blocks and sample )1( ln   

blocks randomly; Circular Block Bootstrap (CB) where data is divided in 

n  blocks of same length and sample n  blocks randomly; Stationary 

Bootstrap (SB) where the block length is not fixed and the resampling 
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procedure uses information from uniform and geometric distribution at 

different steps.  

Lahiri (1999) also worked on Block Bootstrap. All of these methods are 

not as accurate as the i .i .d  bootstrap shown by Hall et al.  (1995) and 

Zvingelis (2001), although they provide asymptotic refinements.  

Tapered Block Bootstrap (TBB) was proposed by Paparoditis and Politis 

(2001) which is similar to the MBB, but in the TBB the observations in a 

block are given weights in such a way that these points near the endpoints 

of a block receive lesser weight. 

In case when the data generating process is a stationary linear process, the 

sieve bootstrap analyzed by Kreiss (1992) and Buhlmann (1997) is a 

better choice which is model-free and may be considered as non-

parametric.  

Another type of bootstrap methods is the parametric bootstrap, which 

presumes that the observed series pursues a linear time series model, for 

example, an ARMA (p,q).  By fitting the model to the data, we can 

estimate the residuals of the model.  In case when the model is correctly 

specified, then the residuals are independent and identically distributed. 

Consequently, the i.i .d bootstrap can be applied to resample the residuals. 

The bootstrap sample of the original series can be generated recursively 

using the estimated parameters and the bootstrapped residuals.   
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2.8.2 Wild bootstrap procedure 

Wu (1986) and Beran (1986) suggested wild bootstrap which was 

developed later by Liu (1988). Kim (2006) states that wild bootstrap tests 

have enviable size properties, and in most of the cases, show signs of 

superior power to their alternatives. To construct a bootstrap sample, 

some data generating process DGP  is used with an error term *
t  which is 

white noise. The error *
t  follows a specific distribution, say F ,with 

1)(0)( **  tt VarandE    

The distribution of the test statistic (wild bootstrap distribution) is given 

as  

)22.2(
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where *̂  is the Ordinary least square estimate calculated from the 

bootstrap sample. The following two-point distribution was suggested by 

Mammen (1993), which is the most acceptable selection for the 

distribution of *
t ,  that is given as 
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Rademacher distribution was discussed by Davidson and Flachaire (2001) 
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i .e. each residual is multiplied by 1 and -1 with probability 0.5 in this 

case (it  varies from case to case and can be applied with different 

probabilities). The above Rademacher distribution constantly gives better 

results than the edition that is more often suggested in the li terature 1F ,  

and in some specific cases, it  gives exact results.  When high leverage 

observations are present and if the sample size is small enough, the full  

Edgeworth expansion of wild bootstrap with 2F   has been shown to be 

smaller than that with 1F .  This version should be preferred in practice as 

this version is better than others. Godfrey and Orme (2001) also gave 

some results which are in favor of this claim. 
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Chapter 3 

Efficient Uk’s Redescending M-estimator for Robust 

Regression 
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3.1 Introduction 

Linear regression is a technique that permits the relationship among y, the 

dependent variable, and the x, the independent variable; in which case the 

model can be written in the matrix form as    

Y = Xβ + ε         (3.1) 

The matrix X is symbolizing the explanatory or independent variable, and 

β is a vector symbolizing the co-efficients which are to be estimated, and 

ε is a vector of identically distributed random errors with a 0 vector mean, 

and Iσ2  is the variance covariance matrix. In regression analysis, the 

method of ordinary least square (OLS) is used to estimate the parameters. 

The estimated regression line, thus, becomes 

             βXY ˆˆ                      (3.2) 

where Ŷ is the vector of predicted or estimated values of Y. The 

difference between observed and estimated value of yi  is the residual ri  of 

the i th  case, and can be written as 

              ŷyr iii                       (3.3) 

In OLS we minimize the residuals sum of square, that is 

                                   )ˆ,...,ˆ( 0

min
P

 


n

i
ir

1

2                               (3.4) 

Classical techniques in Statistics heavily rely on postulations which, in 

practice, are often not achieved. The problems with the use of OLS also 
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arise when its assumptions are not fulfilled. A small number of outliers 

can severely affect the least squares estimation method as well as the 

other ordinary estimation methods for regression models and are very 

sensitive to outliers.  For this purpose, for the data containing outliers, 

robust estimation method is introduced to produce an efficient estimator. 

Outliers are termed as those values from the sample that cause a shock in 

connection to the bulk of data. A regression estimator is said to be robust 

if it  is still  reliable in the presence of outliers. There are also some data 

points which are far away from the data in normal circumstances that have 

occurred due to some technical mistake. Those errors are called gross 

errors. Gross errors often show themselves as outliers,  but not all outliers 

are gross errors. Some outliers are genuine and may be the most important 

observations of the sample. Outliers occur very frequently in the real data 

set and they often go unnoticed because now-a-days much data is 

processed by computer without careful inspection or screening 

(Rousseeuw and Leroy, 2003).  

The fundamental goal of robust procedure in statistics is to make 

procedures which can perform better in cases where the assumed model is 

properly specified, and they are being comparatively not sensitive to 

minute departure from the assumptions of the model. Robust statistics has 

the ability to resist to any sudden change or deterioration to statistical 

techniques. It  inquires the effects of deviations from the assumptions of 

modeling on some known procedures in a well-organized way and 
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develops new and better procedures, if required (Sakata and White, 2001). 

Robust regression analysis has been developed in order to improve the 

result of least square estimation in the presence of outliers. An outlier can 

also be defined as a single data point or a group of data points that seems 

to be non-uniform with the rest of that data (Barnett and Lewis, 1984). 

Different robust estimators are examined on the basis of their breakdown 

point. Breakdown point can be defined as the maximum fraction of the 

data that can be randomly moved without disturbing the estimator to the 

boundary of the parameter space. The higher the breakdown point is; the 

more robust will be the estimator against outliers. Other properties,  like 

influence function and efficiency, are also studied to explain robustness. 

There are different robust estimators that have been developed. These 

estimators are M-estimators, least median square (LMS) estimators, least 

trimmed squares (LTS) estimators, S-estimators, MM-estimators. These 

estimators are checked with respect to their breakdown point and 

efficiency. The best estimator is the one with high breakdown point and 

high efficiency.  

M-estimator is a typical procedure introduced by Huber (1973) to handle 

data which contain outliers. It  gives less weight to the observations that 

are more likely to be an outlier.  M-estimators use the maximum likelihood 

formulation by obtaining optimal weights for the set of data in non-

normal conditions. In this type of estimation we replace the squared error 
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term of equation (3.4) function by symmetric loss function ρ(.) which 

gives us: 

             



n

i
ir

1
ˆ

)(Minimize 
β

                    (3.5) 

M-estimator is not robust with respect to leverage points, but it  is still  

used regularly in the data analysis for which it  may be presumed that the 

contamination is mostly in the y variable (i .e.  in the dependent variable).  

Most of the M-estimators can be solved with the help of iteratively 

reweighted least square method. This algorithm for this method can be 

found in the Birch (1997) and Simpson et al.  (1998).  

Differentiating (3.5) with respect to the regression coefficients ̂ j
gives us 

 -function, i .e. 
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0X                                (3.6) 

Divide the  -function by residual which gives us the weight function 

given below: 
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1

0X
                                (3.7) 

As discussed in chapter 2, the assigned weights are depending on the 

residuals, the residuals are depending on the estimated coefficients,  and 

the estimated coefficients are depending on the weights. Therefore, an 

iterative procedure is required for the solution of this kind of problem. 
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Another kind of robust estimator, which was recently developed, is the 

Redescending M-estimator which has special robustness properties. This 

kind of estimators can reject completely the extreme outliers. Thus it can 

be stated that if the derivative of ρ(.)  is redescending, an M-estimator is 

called a Redescending M-estimator.   

Redescending M-estimator was pioneered by Hampel (Andrews et al. ,  

1972). Hampel used, later on, a three part-Redescending estimator. The 

 -function of Hampel’s estimator is defined by 
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Where a, b, and c are constants and    cba0 .  

Another redescending M-estimator is the Andrew’s sine function 

(Andrews et al. ,  1972), the  -function of which is given by 
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And Tukey’s biweight function defined by Beaten and Tukey (1974), the 

 -function given by 
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Qadir (1996) introduced a redescending M-estimator based on Beta 

function, for which the  -function is given as: 
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Redescending M-estimators have special robustness properties. Some of 

them have the highest possible breakdown point. Redescending M-

estimators are not only good with respect to the breakdown point, but 

have also some favorable properties with respect to efficiency under 

bounded influence function (Muller, 2004). Situations for the consistency 

of simultaneous redescending M-estimators were found by Martin (2007) 

for location and scale.  

Some of the already developed redescending robust M-estimators are 

Hampel’s three- part function ,  Andrew’s sine function (Andrews et al. ,  

1972), Tukey’s biweight function (Beaton and Tukey, 1974), Qadir’s Beta 

function (Qadir, 1996), Asad’s function (Ali and Qadir, 2005), Insha’s 

function (Inshaullah et al.  2006).  

3.2 Uk’s Redescending M-estimator 

On the basis of the properties of the Redescending M-estimators, a new 

estimator has been proposed, naming Uk’s Redescending M-estimator for 

robust regression and outlier detection. The empirical distribution of the 

new estimator confirmed through simulation studies is normal. The shape 

and properties of its ρ-function, ψ-function and weight function will be 

discussed for the new Redescending M-estimator. 
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The objective function (  -function) of the new estimator is given as  
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where c is known to be the tuning constant and “r”  is the residual of the 

i th  observation. The standard properties associated to the  -function are:  

 0)( ri  

 0)0(   

 )()( rr ii    

 )()( rr ji    for rr ji   

  ρ  is continuous (ρ  is differentiable) 

The graph of the objective function of the new Redescending M-estimator 

(with tuning constant equal to 3) is as follows:  

 
Figure 3.1:  Graph of  ρ- funct ion of  the new Redescending M-est imator 



60 
 

Differentiating equation (3.12) with respect to the residuals, we get the  ψ-

function, which gives us the following equation:  
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The graph of the ψ-function of the new estimator(with tuning constant 

equal to 3) is given as follows: 
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Figure 3.2:  Graph of  Ψ- funct ion of  the new Redescending M-est imator 

Dividing the Ψ-function on the residuals,  we get the weight function 

which is as follows:  
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The graph of weight function of the new estimator (with tuning constant 

equal to 3) is given as: 
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Figure 3.3:  Graph of  weight funct ion of  the new Redescending M-est imator 

 

3.3 Algorithm for the optimum choice of tuning constant 

The following algorithm has been used for the optimization of tuning 

constant (see Mehmood, 2010):   

1. Input/ generate data 

2. Initiate tuning constant (from 1.1 to 5.0 with an increment of 0.1) 

3. Run leave one out cross validation (LOOCV) and remove the first  

observation 

4. Fit the initial  robust regression model by LTS technique and using 

Iteratively Reweighted Least Square method for estimating 

regression parameters 

5. Run Uk’s M-estimation method and compute the weighted residual 

sum of square  



62 
 

6. Return to step 4 and repeat the whole procedure by removing 

observation 3, instead of observation 2, and so on. Compute the 

absolute median prediction error. 

7. Return to step 3 and using the tuning constant instead 1.2, 1.3 

…..5.0. Repeat the whole procedure and select the optimum 

choice of “c” with the minimum value of absolute prediction 

error.  

Simulation studies using the above algorithm shows that for Uk’s 

redescending M-estimator, in most of the cases (Approx 95%), the 

optimum choice of tuning constant lies between 3.8 and 4.2. For this 

purpose, we have used the value tuning constant equal to 4 in our study, 

which gives the best results for estimating the true parameters and 

detecting outliers. 

The results will  be compared with those calculated by other redescending 

M-estimators which use the proposed best choice of tuning constant by 

various authors. It  is obvious from the results below that our Uk’s 

estimator with optimum choice of tuning constant on the basis of the 

above algorithm gives better results.   

3.4 Algorithm for simulation studies 

i .  Generate model-based data having outliers from any 

distribution. 
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 ii .  Fit  LTS estimation procedure to obtain the initial estimates 

 ii i .  Obtain the standardized residuals based on the obtained      

estimates. 

iv. Using these residuals, compute the weights based on the new 

redescending M-estimator 

 v. Using these weights, compute OLS estimates i teratively 

 vi.  Repeat step iii  to v  

3.5 Simulation Studies 

Simulation studies are very important for the purpose of comparison and 

validation of the developed estimators. With the help of simulation 

studies, we can check the efficiency of the newly developed Uk’s 

Redescending M-estimator with OLS estimation procedure along with the 

famous Tukey’s and Andrews Redescending M-estimators. We use the 

following linear equation as the data generating process  

)15.3(10 exy iii    

where we know the true parameters which are predefined and e i  ~ N(0,1) 

and the independent variables are generated as xi  ~ N(20,10) for  

pj ,...,1 .  For the generated model, the estimates are obtained. As 

explained above, we use an iteratively reweighted procedure for which 
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least trimmed square (LTS) estimates are used as the initial  estimates 

which is a robust estimation procedure.  

Three different cases have been discussed in the simulation studies: Case 

1 considers the normal data case that is the clean data with no outliers. In 

case 2 we have replaced 20% of the data by introducing outliers in the 

independent variable, that is, we generate the contaminated data as xi ~ 

N(100,500). In case 3 we have replaced 20% of the data by introducing 

outliers in the dependent variable using an error term ei ~ N(50,10). The 

results are shown in the following table 3.1 and table 3.2 where the 

number of samples in table 3.1 and 3.2 are 100 and 500 respectively. 

Method Used 
Case 1 Case 2 Case 3 

β0 β1 β0 β1 β0 β1 

OLS 
2.1548  
(0.032) 

1.0004 
(0.032)  

20.2963 
(1.950) 

0.04433 
(18.742) 

21.2091 
(340.12) 

0.5358 
(15.634) 

Hample(2,4,8)
2.12675 
(0.033) 

1.00249 
(0.034) 

1.91403 
(0.0402) 

1.00767 
(0.0930) 

2.12416 
(0.284) 

0.99552 
(0.053) 

Qadir (4) 
2.05449 
(0.032) 

1.00700 
(0.035) 

1.91208 
(0.0401) 

1.0322 
(0.091) 

2.09351 
(0.098) 

1.00175 
(0.051) 

Andrew (3.2) 
2.07908 
(0.033) 

1.00615 
(0.033) 

1.96671 
(0.0402) 

1.00508 
(0.091) 

2.09020 
(0.099) 

1.07761 
(0.052) 

Tukey (4.69) 
2.08068 
(0.032) 

1.00610 
(0.033) 

2.09955 
(0.0441) 

0.99349 
(0.092) 

2.17267 
(0.096) 

0.99093 
(0.052) 

Uk’s (4) 
2.06844 
(0.032) 

1.00642 
(0.032) 

1.99510 
(0.0400) 

0.99439 
(0.090) 

2.09009 
(0.090) 

0.99593 
(0.050) 

 

Table  3.1:  Est imates  of  Coeff ic ients  and  their  standard  errors   for  the  OLS  and   the   f ive  
dif ferent  Redescending  M ‐est imators  on  the  s imulated  data  with  only  one  
independent  var iable  and   the   intercept   term,  n=100,where  the  value   in   the  

parenthes is  are  tuning  constants .  
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Method Used 
Case 1 Case 2 Case 3 

β0 β1 β0 β1 β0 β1 
OLS 1.9117 

(0.015) 
1.0027 
(0.266) 

20.9559 
(8.105) 

0.0465 
(12.921) 

17.9086 
(441.02) 

0.7231 
(13.142) 

Hample(2,4,8) 2.0700 
(0.016) 

0.9999 
(0.271) 

2.04974 
(0.039) 

0.99703 
(0.071) 

2.16106 
(0.301) 

0.99761 
(0.064) 

Qadir (4) 1.87438 
(0.017) 

1.00446 
(0.245) 

2.03842 
(0.038) 

0.99872 
(0.081) 

2.19708 
(0.080) 

0.99202 
(0.059) 

Andrew (3.2) 1.90692 
(0.020) 

1.00291 
(0.243) 

2.06745 
(0.039) 

0.99762 
(0.082) 

2.04722 
(0.081) 

0.99751 
(0.062) 

Tukey (4.69) 1.85526 
(0.021) 

1.00542 
(0.244) 

2.13650 
(0.040) 

0.99763 
(0.080) 

2.08757 
(0.081) 

0.99757 
(0.061) 

Uk’s (4) 1.90218 
(0.015) 

1.00404 
(0.260) 

2.02818 
(0.035) 

1.00160 
(0.070) 

2.01843 
(0.071) 

0.99773 
(0.051) 

Table  3.2 :  Est imates  of  Coeff ic ients  and  their  standard  errors   for  the  OLS  and   the   f ive  
dif ferent  Redescending  M ‐est imators  on  the  s imulated  data  with  only  one  
independent  var iable  and   the   intercept   term,  n=500,  where   the  value   in  the  

parenthes is  are  tuning  constants .  

From the above simulation studies, i t  is evident that the value of the 

coefficients being estimated are very close to the real values,  that is,  β0=2 

and β1=1 for all  the estimation methods under consideration in case 1 in 

which no outliers have been generated, but in case 2 where outliers are 

included in x-direction and in case 3 where outliers are included in y-

direction. The estimates for OLS are very much far away from the original 

values due to the effect of outliers. While using the redescending M-

estimation method, the values of the coefficients β0 and β1  are very close 

to the real values. The newly proposed Uk’s redescending M-estimator 

also gives very close estimation to the real values of the coefficients.  

3.6 Application to real world data, Example 1 

Consider the real data set consisting of the whole number of international  

phone calls made from Belgium from 1950 to 1973, having some quantity 
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of outliers in the data. The number of telephone calls made from Belgium 

is the dependent variable and the independent variable is the year 

(Rousseeuw and Leroy, 2003). The results are shown in the following 

table:  

 
Method Used β0 β1 

OLS -26.0059 0.5041 
Hample(2,4,8) -5.22615 0.10980 
Qadir (4) -5.18905 0.10885 
Andrew (3.2) -5.16709 0.10851 
Tukey (4.69) -5.21540 0.10945 
Uk’s (4) -5.16944 0.10854 

Table  3.3 .  Coeff ic ients   for   the  OLS  and   the   f ive  dif ferent  Redescending  M ‐est imators  
on  the  Belg ium   Internat ional  Phone  Cal ls  Data  

 

 

Figure  3.4:  Least  square   f i t  to  the  Belg ium   Internat ional  Phone  Cal ls  Data  
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Figure 3.5:  Robust  f i t  to  the Belgium Internat ional Phone Calls  Data 

 
The OLS residuals along with the robust residuals calculated with the new 

Uk,s Redescending M-estimator  is given below 

 

                   OLS             Robust       

                                   residuals       residuals 

1.2385333  0.182341304   

0.7643855 0.103799329   

0.2602377 -0.004742646   

-0.1239101  0.006715378   

-0.5580580  -0.031826597   

-0.9922058  -0.070368573   

-1.4163536  -0.098910548   

-1.8505014  -0.137452523   

-2.1746493   -0.065994499   

-2.5387971  -0.034536474   

-2.8929449   0.006921550   

-3.2570928   0.038379575   

-3.6412406   0.049837600   

-3.6353884   0.451295624   
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5.6404638 10.122753649   

5.6363159 10.514211673   

6.9321681 12.205669698   

8.1280203 13.797127723   

9.9238725 15.988585747   

12.4197246 18.880043772   

-4.9844232 1.871501796   

-7.3885710 -0.137040179   

-7.5927188 0.054417846   

-7.8968667 0.145875870   

 

3.6.1 Bootstrap Distribution of Uk’s Redescending M-estimator for 

phone call data 

 

Considering the data in Example 1 (International Phone Calls Data),  we 

compute the Bootstrap Uk’s redescending estimate and approximate the 

standard error of Uk’s redescendingM-estimator. 

Norazan et al.  (2009) used a new bootstrap procedure known as weighted 

bootstrap with probability (WBP) for estimating the bootstrap distribution 

of robust estimator. WBP is based on robust estimator, i .e.  the weights are 

computed on the basis of redescending M-estimator. These weights are 

used to compute probabilities and the bootstrap observations in the sample 

are drawn according to the probabilities. We used the same WBP to 

compute the distribution for the new redescending Estimator. Stepwise 

procedure is explained as follows:  
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3.6.2 Algorithm for Bootstrap Distribution 

1. Fit original data with least median square (LMS). Apply Uk’s 

weighting function to identify outliers based on the LMS residuals. 

Fit a model to the remaining observations to get the parameter 

estimates and the fitted values. 

2. Extract the residuals based on the fitted values.  

3. Draw a bootstrap sample from the residuals by resampling with 

probabilities proportional to weights. Construct fixed bootstrap 

values for the response variable. 

4. Regress the generated bootstrap values on the fixed explanatory 

variable to get the bootstrap estimates of the parameter.  

5. Repeat step 3 and step 4 for 2000 times 

6. Compute the bootstrap based standard deviation for the estimates.  

 β0 β1 
Estimates 4.10897 -0.7770256 
Standard Error 12.10148 0.4798208 

Table  3.4 :  table  of  bootstrap  est imates  and  standard  error   for  phone  cal l  data  

 
3.7 Application to real world data, Example 2 

Real data set,  for this example, has been taken from Draper and smith 

(1981), which has been widely used in the literature. In this data we have 

two explanatory variables. The predictor variable in this case is the 

pounds of steam that is used per month. The first explanatory variable 

presents the number of in service days in the month and the second 
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presents the average atmospheric temperature in the month (in 0F). The 

data set contains 25 observations. 

 
Figure 3.6 :  scat ter  p lot  o f  steam  data  

 

 The results are shown in the following table:  

Method Used β0 β1 β2 

OLS 115.6599 -10.8886 1.9543 
Hample(2,4,4) 117.41465 -11.15383 2.01679 
Qadir obj(4) 29.97844 -10.64140 5.92904 
Andrew (3.2) 25.68118 -10.56140 6.05633 
Tukey (4.69) 28.20633 -10.60295 5.98186 
Uk’s (4) 28.02007 -10.59521 5.99147 

Table  3.5 :  Coeff ic ients   for   the  OLS  and   the   f ive  dif ferent  Redescending  M ‐est imators  
on  the  steam  data  taken   f rom  Draper  and  Smith   (1966,  1981)  

 
The OLS residuals along with the robust residuals calculated with the new 

Uk,s Redescending M-estimator  is given below: 
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                                      OLS           Robust           

                                    residuals     residuals 

0.1116503 3.78602210   

-3.8550628 -0.22469623   

6.4084212 -2.47770416   

-4.4808850 -0.04962265   

5.6379273 5.77674461   

7.7038424 3.96386416   

6.4946801 47.85934452   

8.6452171 0.93549916   

-0.8505131 -0.28631155   

2.2766639 6.49083359   

-18.6230577 -14.14485643   

4.9325796 4.21476114   

0.7571199 0.13024569   

-9.4869950 -1.36175918   

5.3133513 -3.11218565   

-1.9323611 2.15272650   

10.5123106 6.37335131   

-0.3470770 -3.90516675   

7.2123125 48.43909376   

10.5828774 2.76167940   

0.9793377 5.62182533   

-6.3729364 -5.99942430   

-13.6721384 -9.37582553   

-8.5392691 -4.68300881   

-9.4079957 -13.83738966   

 

 

3.7.1 Bootstrap Distribution of Uk’s Redescending M-estimator for 

Steam Data 

Considering the data in Example 2 (Steam data), we compute the 

Bootstrap Uk’s redescending estimate and approximate the standard error 

of Uk’s redescending M-estimator.  The same algorithm explained in 

section 3.5.2 is used here again to derive the results.   
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 β0 β1 β2 
Estimate 200.135 -21.92242 10.5181 

Standard error 87.32981 5.66921 2.920358 

Table  3.6 :  table  of  bootstrap  est imates  and  standard  error   for  steam  data  

 

3.8 Application to the real world data, Example 3 

The data for the third example is taken from Brownlee (1965), the famous 

Stack loss data. This data has been used by a number of statisticians  

including Denial and Wood (1971), Andrews (1974), Andrews and 

Pregibon (1978), Cook (1979), Draper and Smith (1981), Dempster and 

Gasko-Green (1981), Atkinson and Plot (1985), Rousseeuw and Leroy 

(2003), Carroll and Rupert (1985), Qadir (1996), and a number of other 

statisticians for different applications and especially for robust fitting. In 

this data we have three explanatory variables, having 21 observations,  

which is about the ammonia oxidation in nitric acid production. X1 

represents the air flow; X2 represents the cooling water inlet temperature; 

and X3 represents the acid concentration. The results are shown in the 

following table:  

Method Used 
β0 β1 β2 Β3 

OLS -39.9197 0.7156 1.2953 -0.1521 
Hample(2,4,8) -39.6806 0.9090 0.52867 -0.10354 
Qadir (4) -35.6953 0.71349 0.49501 -0.01548 
Andrew (3.2) -35.4073 0.74033 0.45108 -0.02642 
Tukey (4.69) -35.5259 0.68874 0.55983 -0.01679 
Uk’s (4) -35.4007 0.74566 0.43503 -0.02513 

Table  3.7:  Coeff ic ients   for   the  OLS  and   the   f ive  dif ferent  Redescending  M ‐est imators  
on  the  Brownlee’s  Stack   loss  data.  
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The OLS residuals along with the robust residuals calculated with the new 

Uk,s Redescending M-estimator  is given below 

 
 Figure 3 .7:  scat ter  p lot  o f  s tack  loss data 

 

          OLS residuals Robust residuals      

3.23463723  8.54666490    

-1.91748529  3.52499484    

4.55553300  8.15216019    

5.69777417  8.88997007    

-1.71165358  -0.10282727    

-3.00693970  -0.60642860    

-2.38949071  0.01999038    

-1.38949071  1.01999038    

-3.14437890  -0.74513053    

1.26719408  0.62118576    

2.63629676  0.81621621    

2.77946036  0.29814749    

-1.42856088  -2.33547414    

-0.05049929  -1.60070491    

2.36141836  0.53881234    

0.90505080  -0.52619781    

-1.51995059  -0.33317985    
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-0.45509295  -0.18148949    

-0.59825656  0.33657923    

1.41214728  2.08797223    

-7.23771286  -7.73154054    

 

3.8.1 Bootstrap Distribution of Uk’s Redescending M-estimator for 

Stack loss data 

Consider the data  in Example 3 (Stack loss data),  we compute the 

Bootstrap Uk’s redescending estimate and approximate the standard error 

of Uk’s redescending M-estimator. Algorithm explained in section 3.5.2 is 

also used here to obtain the results:   

 β0 β1 β2 Β3 
Estimate -87.85191 1.04785 -0.8967403 1.144452 
Standard error 28.76589 0.9195705 1.351597 0.7571046 

Table  3.8 :  table  of  bootstrap  est imates  and  standard  error   for  stack   loss  data  

 

3.9 Conclusion 

A new Redescending M-estimator naming Uk’s Redescending M-estimator 

has been proposed in this paper. We are comparing our results to the 

famous three estimators, i .e.  Hample three part , Andrew’s and Tukey’s 

function.  The graph of its ρ-function, Ψ-function and the weight function 

shows that it  behaves very much similar to the other famous Redescending 

M-estimators, in addition, its Ψ-function is much more continuous before 

it  redescends. The simulation studies show that the new estimator 

converges much more quickly as compared to the other estimators. 

Although the formula for the ρ-function is a bit  more complicated due to 

its power, but it  is a matter of a second in these days for the new and 

advanced technology computers to solve these kinds of functions. As we 
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require much more accuracy in our problem solving, the three examples 

show that the new Uk’s estimator behaves efficiently on real data sets in 

the presence of outliers. We can see from the simulation studies where the 

values of the coefficients are predefined and the results from the new 

Uk’s estimator give much closer estimates to the real value of the 

coefficients as compared to the other famous robust estimation functions 

like Hample, Tukey and Andrew functions. The value of the tuning 

constant has been taken for each estimation procedure according to the 

best suggested value in the literature separately for each function.  Six 

different estimation procedures have been applied in the three examples 

for simple and multiple regressions and compared to the rest of the 

Redescending M-estimators. Any statistical package can be used for the 

purpose of simulation. We have used R-package for the simulation and 

application purpose. 
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Chapter 4 

Time series Forecasting using robust regression 

approach 
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4.1 Introduction 

Forecasting is very important in organizations since the prediction of 

future events is essential in the decision-making process. Bowerman et al. 

(2005) state that predicting of future events and conditions is said to be 

forecasts and the process of such predictions is called forecasting. Time 

series forecasting is very important in many areas as well,  for example, 

climatology, economics, sales forecasting, stock control, personal 

management, production scheduling, process control,  strategic 

management, etc.  

There are a number of forecasting methods which can be mainly divided 

into two categories: qualitative methods and quantitative methods. 

Usually the view of experts to predict future events subjectively is the 

idea that is used in qualitative methods of forecasting. These kinds of 

techniques are needed when historical data do not exist at all . They also 

can be known as judgmental methods. Qualitative forecasting methods 

involve subjective curve fit ting, Delphi methods, time-independent 

technological comparisons. 

The second method of forecasting is the quantitative forecasting technique 

or model based forecasting which uses statistical techniques. These 

methods involve the analysis of historical data with an effort to project 

the values of a variable in future in which we are interested. examples of 

Quantitative forecasting methods: Simple Exponential Smoothing, 

Arithmetic Average, Multiplicative Seasonal Indexes, Last period demand, 
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Weighted Moving Average (N-period), Simple Moving Average (N-

Period). Quantitative method of forecasting is usually applied to short-

intermediate range assessment.  

Experimental results indicate that qualitative or subjective methods 

sometimes work and may be useful and other times are not useful.  

However, quantitative techniques or (statistical methods) usually tend to 

be better in cases where some essential information is not available for 

forecasting, and where qualitative method is used. It  is not reasonable in 

any case to imagine that the modeling and judgmental techniques are 

entirely diverse, as it  time and again helps to merge both approaches and 

get the best results.  Particularly, a variety of macroeconomic forecasts are 

acquired by making some modifications to model based forecasts, 

perchance by adding or subtracting a suitable constant.  Unfortunately, it  

has not always been made clear that,  how such kinds of adjustments are 

made in line to obtain a final forecast.  According to Armstrong and 

Collopy (1998), “As might be expected, the integration of a judgmental 

and statistical approach can improve accuracy when the analyst has good 

domain knowledge, but can harm accuracy when judgment is biased or 

unstructured.” 

It  is important in forecasting to carry out any essential preliminary work 

as in case of other statistical procedures. It  is important,  in particular, to 

specify the problem clearly and carefully. The forecaster must follow the 

following steps:  
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(i) Collect sufficient background information ;  

(i i) Clarify the objectives in producing forecasts, and  

(iii) Find out precisely how the forecast will  be used.  

Time-series forecasting is fundamentally a sort of extrapolation because it 

comprises of fitting a model to a set of data and subsequently using that 

particular model outside the range of data to which it  has been fitted. In 

other statistical areas, such as regression analysis, extrapolation is rightly 

regarded with low esteem. Nevertheless,  extrapolation is obvious when 

forecasting the future of a time series. Thus, it  can be said that forecasts 

usually depend on the fact that the future (the extrapolated value) will  be 

of similar kind like the past. 

Univariate t ime series forecasting is the simplest forecasting method. 

When a single  set of time series observations is given up to time n ,  i t  can 

be denoted by nXXX ......,,, 21  up to time n ,  and we want to forecast the 

future value  hnX   at  t ime )( hn  ,  where h  is called the forecasting 

horizon.  The point forecast at time )( hn   is a single value which is 

attained by using the observed values of the series and is commonly 

denoted by )(ˆ hX n .  This could involve a function of time, where the 

forecast can be expressed as some function of the observed data, say 

...),.........,,()(ˆ
21  NNNn XXXghX .  There are a number of queries which 

arise, for example, the decision about the function g(X) ,  i ts properties and 

then the question about its being the best forecast. 
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At the time when the forecasted value hnX   becomes available, then the 

forecast error )(hen  can be calculated by: 

)1.4()(ˆ)( hXXhe nhnn   .  

The above method gives us a single value which is known as the point 

forecast. 

Point forecasting techniques are evaluated and judged with the help of a 

scoring function or an error measure, for instance, the squared error or the 

absolute error.  When the individual errors are obtained, then they are 

averaged over the forecast cases and then different measures for 

evaluations are obtained. Different scoring functions are used for 

different forecasting techniques on the basis of their consistency for the 

function. Weighted scoring functions may also be used in the cases that  

become accustomed to the weighting in unusual ways.  

The second method of forecasting is an interval forecast which typically 

consists of an upper and a lower limit usually known as prediction bounds 

or forecast limits and the interval,  which is obtained, is known to be the 

prediction interval. The future values are forecasted to lie between the 

lower and the upper limit with some specific probability. For the 

construction of forecast interval or the prediction interval,  it  is often 

implicit  that the series pursues a linear finite dimensional model with 

recognized error distribution (usually normal).  Under this assumption, the 

general form of prediction interval for the h  step ahead is given by 

)2.4())(var()(ˆ
2

hezhX nn   
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where )(ˆ hX n   is the value of the point forecast,  )]([ heVar n  is the variance 

of the error term and 
2

z  is two tailed percentage point of the standard 

normal distribution. 

Time Series Processes with Non-normal error distribution are very 

frequent in real world circumstances. A number of forecasters have shown 

this point in their research, for example, Quimpo (1967), Connell and 

Jones (1979), Sanubari et al.  (1998), Li and McLeod (1988), Tiku et al.  

(1999),  Thombs and Schucany (1990). Bootstrap based methods can also 

be used as an alternative approach to the parametric approach for 

constructing prediction intervals as it  does not assume any error 

distribution. For each and every individual pattern of the historical data 

that are available, forecasting technique is separate.  

 

4.2 Model Based Forecasting 

Forecasting is very vital task of the fitted model.  It  is the concluding step 

in model building. The first step in the process is appropriately 

acknowledgment of the model, afterward the parameters estimation and 

then it  is recognized that the fi tted model adequately represents the data. 

The next step in the process is to check the performance of the fitted 

model. The best model is selected among various fitted uncertain models 

on the basis of forecast performance. A number of statistics are used to 

make comparison between various models that are explained below.   
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4.3 Forecasting Accuracy 

The accuracy of forecast can be found with the help of different Measures 

of aggregate error,  i .e.  if we find the value of aggregate error,  then we 

can compare the results with other forecast results for authentication. The 

different methods, which can be used for the measure of aggregate error, 

are given below.  

 

4.3.1 Mean Absolute Error (MAE) 

The Mean Absolute Error measures the amount of closeness of the 

forecasts or predictions to the ultimate outcomes. In the analysis of time 

series, i t  is a common measure of forecast error.  It  measures the average 

amount of the errors in a set of forecasts, exclusive of taking into 

consideration their direction. It  can be formulized as: 

)3.4(
)(ˆ

)( 1

N

hXX
MAEErrorAbsoluteMean

N

n
nhn


 

  

where hnX   is the predicted value, and )(ˆ hX n is the target value for the 

sample case. The ideal circumstances for the forecast will  be those when 

MAE=0. Thus, the range of MAE is from 0 to ∞.   

 

4.3.2 Mean Absolute Percentage Error (MAPE) 

The mean absolute percentage error (MAPE) is a measure of accuracy of a 

technique for the construction of fi tted time series values particularly in 

the estimation of trend. It  can be written as:  
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)4.4(
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Despite the fact that MAPE is very simple and has a convincing attitude, 

it  has a few shortcomings. The first one is that, if there are zero values, 

then it  will  restrict us from calculating MAPE because there will  be a 

division by zero. MAPE is zero in case when having a perfect fit ,  but 

MAPE has no restriction in regard to its upper level.   

Another problem arises when a number of time series has high MAPE and 

we are calculating the average MAPE; a comparison among the average 

MAPE of a time series fitted with one technique compared to the average 

MAPE while using another technique may possibly be misrepresented.  

To avoid this problem, other techniques like symmetrical MAPE, 

(SMAPE), real aggregate percentage error (RAPE), relative measure of 

accuracy (ROMA) and weighted absolute percentage error (WAPE) are 

defined. 

 

4.3.3 Mean Absolute Deviation (MAD) 

The MAD computation is just the average of the absolute deviations. It 

gives equal weight to exceptionally large deviations as it  does the small 

deviations. 

)5.4(
)(ˆ

)( 1

N

hXX
MADDeviationAbsoluteMean

N

n
nhn
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4.3.4 Mean Squared Error (MSE) 

For comparing forecast accuracy in a single time series, Mean Squared 

Error (MSE) is a valuable statistic.  It  is the arithmetic mean of the sum of 

the squares of the prediction errors 

)6.4(

))(ˆ(
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ErrorSquaredMean
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n
nhn


 

  

4.3.5 Root Mean Square Error (RMSE) 

The RMSE measures the average amount of the error. It  can be explained 

as the average of the squared difference among forecast and 

corresponding observed values, after that,  take the square root of the 

average. The Root Mean Square Error gives a comparatively high weight 

to huge errors since the errors are squared before they are averaged. It  

also ranges from 0 to ∞. It  can be given as: 

)7.4(

))(ˆ(
1

2

N

hXX

ErrorSquareMeanRoot
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4.3.6 Forecast Skills or Skill  Score (SS) 

The forecast skills or skill  score (SS) can be defined as the performance 

of a specific forecast system in contrast to some other reference scheme. 

It  compares root-mean-squared error of forecast or Mean Absolute 

Prediction Error MSE forecast over a period of t ime with MSE of a 

referenced technique MSE r e f .  it  can be formulated as:  
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)8.4(1
ref

Forecast

MSE

MSE
SkillsForecast   

 

4.3.7 Average of Error 

The average error or average of bias is a measure closely related to 

cumulative error. It  can be figured out by averaging the cumulative error 

over the number of time periods. A positive value signifies small bias 

while a negative value signifies a large bias. A value close to zero leads 

to lack of bias. The formula for Average of error is given as: 

)9.4(

)(

)( 1

N

he

EErrorOfAverage

N

n
n

  

4.4 Forecasting with outliers  

As discussed earlier, the problem of outliers is always a matter of 

concern. Outliers crop up as a result of hefty errors in the data which will 

have an effect on the apparent distribution of innovations even if the true 

distribution under discussion is really normal in nature. In general, the 

existence of outliers and errors can have its consequences on the model 

identification and on forecasting as well (Ledolter,  1989). The effect is  

particularly noticeable when the outlier is in the neighborhood of the 

forecast origin, but providentially the impact of outliers, that occurs far 

away in the future from the forecast origin, is usually having a very low 

impact or we can say that the effect is inconspicuous (Ledolter, 1989). 
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Levenbach (1982) used robust regression approach for time series 

forecasting. He compared the forecasts derived from the Ordinary least 

square estimator with a robust procedure. Hillmer (1984) described a 

method on the adjustment of forecast in the presence of additive outlier in 

time series analysis. Forecasting time series has been discussed by Chan 

(1992) in the presence of additive and innovative outliers using sample 

autocorrelation and partial autocorrelation as model specification tool.   

 

4.5 Forecasting Time series Using Redescending M-estimator 

The issue of Forecasting time series in the presence of outliers has been 

referred to by a number of forecasters. Different forecasters used different 

techniques for dealing with outliers in different scenarios. We have used a 

model-based forecasting approach based on robust redescending M-

estimation procedure. The process, which has been followed for the 

purpose of forecasting, can be explained with the following algorithm.  

 

4.6 The Algorithm  

1. Generate data from AR(1) process (with three observations more 

than the sample size for the purpose of comparison). 

2. Replace 10%, 20%, and 40% of the values by outliers. 

3. Estimate the model by least square method. 

4. Calculate the standardized residuals.  
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5. Using the estimated coefficients, one, two and three step ahead, 

forecast is calculated using the relationship 

)10.4(
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6. Calculate the absolute prediction error as  
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7. Repeat step 1 to 6, 10000 times  

8. Calculate the mean prediction error MPE1, MPE2, MPE3 

 

4.7 Simulation Studies 

The above algorithm is used in two different scenarios. In the first 

scenario in step 5, the estimated coefficient obtained from least square is 

used for the one, two and three step ahead forecast.  In the second 

scenario, the estimated coefficient is obtained by using the Redescending 

M-estimation process. The results are shown in table 4.1 below. Three 

different sample sizes are used i.e. n=30, 50 and 100. Similarly, three 

different scenarios of the percentage of outliers are used, that is 10%, 

20% and 40% of the data was considered as outliers as the distribution of 

these outliers were considered very much far away from the rest of the 

observations.   

Mean Prediction Error 
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  10% outliers 20% outliers 40% outliers 

n h 

Without 
using 

Redescending 
M-estimator 

Using Uk’s 
Redescending 
M-estimator 

Without using 
Redescending 
M-estimator 

Using Uk’s 
Redescending 
M-estimator 

Without using 
Redescending 
M-estimator 

Using Uk’s 
Redescending 
M-estimator 

30 
1 0.9643962 0.9328825 0.9645838 0.9478186 0.9994833 0.9799427 
2 1.035936 0.9408109 0.9719061 0.9527392 1.014921 0.9975086 
3 1.085129 0.9553824 0.992791 0.9720029 1.018268 1.00772 

        

50 
1 0.9482038 0.93824 0.9672215 0.935051 1.004112 0.9727876 
2 0.9641008 0.9392733 0.9730078 0.9655378 1.004727 0.9828399 
3 0.9778123 0.9489436 0.9937596 0.9691529 1.005035 0.9830001 

        

100 
1 0.9252611 0.9161432 0.9293781 0.915597 0.9869503 0.955435 
2 0.9455726 0.935421 0.9412526 0.924009 0.9869667 0.9593978 
3 0.947285 0.94102 0.9441097 0.9324628 0.9911046 0.9757987 

Table 4 .1:  comparison of  Mean Predict ion error,  with  and without robust  approach,  
using 10%, 20% and 40% outl iers  

 
The mean prediction error the different sample size shows that it  somehow 

decreases with the increase in sample size. It  is also increased when the 

percentage of outliers is increased.  

 

4.8 Conclusion 

In this work we have applied robust procedure to forecast time series. We 

used the new redescending M-estiamtion procedure for the purpose of 

forecasting and have compared the results to those obtained without using 

this robust procedure. The above results show that the mean prediction 

error is lower in case when the redescending M-estimation procedure is 

used. Hence, i t has been suggested that forecasting time series can give 

better results while using the redescending M-estimators. The use of 

robust regression approach handles the outliers and downweight them to 

reduce the effect of these values for the purpose of forecasting.   
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Chapter 5 

Unit Root Testing and Estimation in Nonlinear ESTAR 

Models with Normal and Non-Normal Errors 
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5.1 Introduction  

 

The theoretical approach that transactions costs (fixed costs) can make 

non-linear adjustment of deviation from equilibrium conditions (Dixit ,  

1989; Dumas, 1992; Sercu et al. ,  1995; Ohanian and Stockman, 1997; and 

O’Connel and Wei,1997)  may explain the economic behavior of many 

variables that appear non-stationary or very persistent from a linear point 

of view. One nonlinear form that captures this type of behavior is the 

Exponential smooth transition autoregressive (ESTAR) model. ESTAR 

type non linear models can cause near unit root behavior close to 

equilibrium, but global mean reversion, and can be motivated in aggregate 

data since if even agents create dichotomous decisions regime changes. 

Data may be more parsimoniously modeled in aggregate as smooth rather 

than discrete, subject to the condition that the agents do not act 

concurrently (as postulated by Terasvitra, 1994; and demonstrated 

theoretically by Berk, 2002). 

Previous reviews of the smooth transition model include Terasvirta and 

Anderson (1992), Terasvirta (1998) and Pesaran and potter (1997). For 

unit root testing procedures, Kapetanios et al.  (2003) analyze the 

inference of the presence of a specific kind of nonlinear dynamics.  A 

globally stationary process has been provided as an alternative framework 

for a test of null of a unit root process against the alternative of a 
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nonlinear exponential smooth transaction smooth transaction 

autoregressive (ESTAR) process.  

Kapetanios et al.  (2003) anticipated a univariate testing method to sense 

the existence of non-stationarity against the nonlinear exponential smooth 

transaction autoregressive process. He derived a nonstandard limiting 

distribution of Kapetanios tests and examined the power/size performance 

in small sample situation. His results showed that in many cases 

Kapetanios test has better size performance than Dickey fuller test under 

the alternative stationary ESTAR process. We are going to use Kapetanios 

test,  but with different error distribution to find the critical values and 

then the size and power of the test.  Cook (2008) states that the degree of 

oversizing is greater when the degrees of freedom of the t-distribution 

innovations are lower. Due to that reason we use 5 degrees of freedom in 

the innovation process. Cook (2008) has concluded that practitioners 

utilizing critical values acquiring from trialing using normally distributed 

innovations may experience false rejection while investigating heavy 

tailed data. 

More or less every function can be included in a nonlinear regression 

model which can be written in closed form. In the functional part of a 

nonlinear regression mode, there are very few precincts on how 

parameters can be exercised. Sarno et al.  (2003) and Sarno et al.  (2005) 

worked on Non linear equilibrium and forecasting in stock returns. We 

have used quantile fitting and had compared it with the nonlinear least 
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square for the ESTAR model in the presence of outliers. This technique 

proposes a system for estimating models for the complete range of 

conditional quantile functions and for interim median function. Of the 

stochastic relationships amongst random variables, quantile regression can 

provide a more complete statistical analysis.  

 5.2 Smooth transaction Autoregressive Models 

For a univariate time series ty ,  at  t ime TTppt ,1,....1,0,1....,),........1(1,1    

the smooth transition autoregressive (STAR) model is given by 

ttptpttptptt csFyycsFyyy    ),;()()),;(1)(( ,211,20,2,111,10,1 

      Tt ..,,.........1                         (5.1) 

The t ’s are assumed to have 0  mean and a constant variance equal to 2 .  

The transition function ),;( csF t   is a continuous function bounded 

between 0  to  1. As discussed in Terasvirta (1994), in the STAR model, 

the transition variable ts  is supposed to be a lagged endogenous variable,  

that is, dtt ys   for certain integer d  > 0. 

The perceptible variable ts  and the allied value of ),;( csF t   determine the 

structure that occurs at time t .  And the choice of this transaction function  

),;( csF t   gives birth to different types of regime-switching behavior. This 

includes logistic STAR (LSTAR) model, self-exciting TAR (SETAR) 

model. These two types of models are used by Terasvirta and Anderson 

(1992) and Skalin and Terasvirta (2002) in empirical examples. Tong 

(1983, 1990, 2007) worked on AR process in different areas of research. 
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It  is more suitable to stipulate the transition function relative to c  in 

many cases, such that the regime are linked with small and large absolute 

values of ts .  By using the exponential function 

])(exp[1),;( 2cscsF tt   ,     0           (5.2) 

this can be accomplished, where   evaluate the tempo of shift from one 

regime to another and signifies the location for threshold value for ts .   

Replacing the exponential function of equation (5.2) in (5.1), we get the 

exponential smooth transition autoregressive (ESTAR) model. The 

transition function of ESTAR is symmetric and U-shaped around c.  The 

behavior of the real exchange rate depends nonlinearly on the extent of 

the divergence from purchasing power parity (PPP). This statement 

motivated Michael et al.  (1997), Sarantis (1999) and Taylor et al.  (2000) 

who applied the consequential ESTAR model to real exchange rates. 

 

5.3 Testing Unit root hypothesis against ESTAR using 

heteroscedastic consistent covariance matrix estimators (HCCM)  

 

We will  consider the following univariate ESTAR model of order 1 

ttttt csyyy    }])(exp{1[ 2
11                     (5.3) 

the model used by Kapetanios et al.(2003). Rearranging equation (5.3) 

putting c  =0 and replacing the transition variable ts   by a lagged 

endogenous variable, dty   for d  > 0 gives us  
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tdtttt yyyy    }]exp{1[ 2
11                          (5.4) 

Where 1  .  Using the conditions 0  ,   0  and 0  ,  Kapetanios 

G. et al.  (2003) have proved the geometric ergodicity for the ESTAR 

process.  

Putting 0  in equation (5.4) consequently giving that ty trail a unit root 

process in the center regime. We set the delay parameter d=1, which gives  

tttt yyy    }]exp{1[ 2
11                             (5.5) 

Our null hypothesis here will be that H0  : 0  against the alternative 

hypothesis that H1 :  0 .   Testing the above null hypothesis is not 

unswervingly practicable because of the fact that   is not recognized 

under the null hypothesis. This problem has been solved by Kapetanios et 

al.  (2003) by introducing a t-type test using the auxiliary regression  

erroryy tt  
3

1                                       (5.6) 

This has been computed from the first-order Taylor approximation to 

ESTAR. The t-statistics Kapetanios is given as  

)ˆ(./ˆ  estNL                                   (5.7) 

Where ̂  is the estimate of   and )ˆ(. es is the standard error of ̂ .  Table 

5.1 below shows the appropriate asymptotic critical values calculated 

from the simulations studies with DGP used as AR(1) process with unit 

root hypothesis 

ttt yy  1                                      (5.8) 
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 With sample size 10,000 and with 50,000 replications. In the general case 

(case 1), we use the constant variance (homoscedasticity) in the 

estimation of the asymptotic critical values. We have also used the 

hetroscedastic consistent covariance matrix (HCCM) in the estimation of 

standard error which was introduced by Eicker (1963) and White (1980).  

In case 2 we have used the HC0, which estimates the provisional variance 

of the error for each mold of iy .  HC0 is defined as 

121 )()ˆ()(0   YYYediagYYYHC t                       (5.9) 

HC0 is the most commonly used form of the HCCME and is a consistent 

estimator of the variance of the parameter in the presence of an unknown 

form.  

In case 3 and 4 we have used the HC2 and HC3 which adjust each 2
i as 

how much the case influences the estimates of the coefficient. Mackinnon 

and White (1985) proposed  

1
2

1 )()
1

ˆ
()(2  


 YYY
h

e
diagYYYHC

i

t                      (5.10) 

Where hi is the i th  element of the projection matrix. This estimate is 

unbiased if the model is homoscadastic in actual fact. A third variation 

approximates additional intricate Jacknife estimator of Efron (1982) as  

1
2

2
1 )()

)1(

ˆ
()(3  


 YYY

h

e
diagYYYHC

i

t             (5.11) 

HC3 constructs confidence intervals that lean to be yet further 

conventional. HC0 was outperformed by HC2 and HC3 
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Error disttn.            Random normal                  Random t-disttn.                             Gamma 

Fractile                    99%    95%       90%        99%         95%             90% 99%    95%       90% 

Case 1                -2.804        -2.223        -1.926       -2.841        -2.217        -1.924        -3.815        -3.454        -3.230           

Case 2                -2.872        -2.258        -1.953       -2.817        -2.219        -1.929        -6.385        -5.162        -4.487 

Case 3                    -2.860        -2.248        -1.945       -2.805        -2.209         -1.921        -5.953       -4.675         -4.139 

Case 4                    -2.847        -2.239        -1.937       -2.792        -2.201         -1.914        -5.560       -4.380         -3.830 

 

 

Error disttn.                  Cauchy                      Poisson ( 4 ).                            Log-normal   

Fractile                    99%     95%       90%         99%          95%           90%          99% 95%      90% 

Case 1                -3.534        -2.158        -1.637        -3.815       -3.454        -3.230       -10.443     -11.919        -12.492     

Case 2                -2.140        -1.702        -1.479        -6.385       -5.162        -4.487       -9.938       -12.196        -13.273  

Case 3                    -2.134        -1.696        -1.473        -5.953       -4.675        -4.139        -9.913       -12.170       -13.246 

Case 4                    -2.130        -1.690        -1.469        -5.560       -4.380        -3.830        -9.896       -12.142       -13.217 

Table  5.1 :  Asymptot i c  cr i t i ca l  va lues   for   the  Kapetan ios   t ‐s tat i s t i c s  with  sample  s i ze  equals  
10,000  

 

 

5.4 Using Wild Bootstrap Technique to find the size of test in 

ESTAR models 

The bootstrap is a computationally rigorous technique originated by Efron 

(1979). Bootstrap resampling methods have come forward as an 

authoritative tool for building inferential procedures in contemporary 

statistical data analysis. The inferential constituent of a statistical 

analysis typically consists of constructing confidence intervals, 

connecting a standard error to an estimator, hypothesis testing, prediction 

region constructing or choosing a regression equation. Habitually, i t  is 

wholly required to estimate the sampling distribution of some statistic. 

There are different types of bootstrap resampling. We are using the wild 

bootstrap technique for finding the size of our test which has 
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improvement over other resampling in small sample cases. Goncalves and 

Kilian (2004) show that using Wild Bootstrap, where there is no 

hetroscedasticity, gives "better results" than employing standard bootstrap 

(with replacement) when there is hetroscedasticity.  In this technique we 

resample with replacement the residuals that have been estimated from the 

initial fit ,  multiplied randomly by -1 or 1. This technique assumes that the 

true residual distribution is symmetric. To find the size of the test,  we use 

the DGP in equation (5.8) with t drawn from standard normal and t-

distribution with 5 degrees of freedom separately in two tables below. The 

results shown in table 5.2 and table 5.3 using Kapetanios t-statistics and 

using wild-bootstrap technique respectively with 50,000 replications and 

the bootstrap sample have been taken to be 1000. 

 

 

 

Error disttn.          Random normal                           random t-disttn.  

Fractile                 99%           95%     90%              99%         95%            90%  

N=50                0.011         0.046          0.930                      0.013          0.045          0.085 

N=100                0.015         0.047          0.101                      0.007          0.049          0.092 

N=250                 0.011         0.055          0.114                      0.010          0.054          0.096 

N=500                 0.019         0.059          0.109                      0.010          0.045          0.091 

N=1000               0.013         0.053          0.104                      0.008          0.047          0.103 

Table  5.2:  The  s ize  of  the  test   for  Kapetanios   t ‐stat ist ics  
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Error disttn.          Random normal                           Random t-disttn.  

Fractile                 99%           95%     90%              99%         95%            90%  

N=50                0.010         0.051          0.110                      0.015          0.061          0.103 

N=100                0.011         0.051          0.086                      0.011          0.051          0.096 

N=250                 0.017         0.056          0.108                      0.011          0.054          0.110 

N=500                 0.013         0.040          0.870                      0.007          0.043          0.093 

N=1000               0.015         0.054          0.100                      0.013          0.054          0.085 

Table  5.3:  The  s ize  of  the  test  using  wild  bootstrap  procedure  

 

From the above table, it  is evident that the size of the test improves for 

the Kapetanios test using the wild bootstrap technique. 

 

5.5 Comparing power of Kapetanios test with wild bootstrap 

procedure 

For the comparison of the power performance of the two methods under 

discussion, we use 1  ,  05.0  ,0.02 and 0.001 in the data generation 

process  

tttt yyy    }]exp{1[ 2
11                 (5.12) 

And the error distribution in the DGP is taken from random normal and 

random t-distribution with 5 degrees of freedom, which is the finite 

variance case so that the variance, skewness and shape of the distribution 

can be found if needed. Results are shown in the following table 5.4(a), 

5.4(b), 5.5(a), 5.5(b) and 5.5(c). 
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Error disttn.          Random normal                           random t-disttn.  

Fractile                 99%           95%     90%           99%     95%            90%  

N=50                0.259         0.686          0.841                  0.507          0.830          0.933 

N=100                0.867         0.989          0.998                  0.969          0.998          0.999 

N=250                  1.00           1.00            1.00                    1.00            1.00            1.00  

N=500                  1.00           1.00            1.00                    1.00            1.00            1.00 

N=1000                1.00           1.00            1.00                    1.00            1.00            1.00 

Table  5.4(a):  The  power  of   the  test   for  Kapetanios   t ‐stat ist ics  with   theta  =0.02  

 

 

Error disttn.          Random normal                           random t-disttn.  

Fractile                 99%           95%     90%            99%     95%            90%  

N=50                0.195         0.550          0.665                  0.412          0.724          0.784 

N=100                0.771         0.790          0.805                  0.906          0.911          0.939 

N=250                 0.919         0.932          0.955                  0.943          0.957          0.970  

N=500                 0.991         0.994          0.999                  0.980          0.989          0.994 

N=1000                1.00           1.00            1.00                    1.00            1.00            1.00 

Table  5.4(b):  The  power  of   the  test   for  Kapetanios   t ‐stat ist ics  with   theta  =0.02   in   the  
presence  of  out l iers  

 

 

Error disttn.          Random normal                           Random t-disttn.  

Fractile                 99%           95%     90%               99%        95%           90%   

N=50                0.348         0.578          0.695                      0.202          0.365          0.466 

N=100                0.567         0.766          0.844                      0.254          0.398          0.483 

N=250                 0.855         0.899          0.912                      0.369          0.417          0.479 

N=500                 0.925         0.941          0.946                      0.541          0.719          0.768 

N=1000               0.933         0.952          0.992                      0.607          0.727          0.802 

Table  5.5(a):  The  power  of   the  test  using  wild  bootstrap  procedure  with   theta  =0.05  
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Error disttn.          Random normal                           Random t-disttn.  

Fractile                 99%           95%     90%              99%         95%            90% 

N=50                0.450         0.686          0.809                      0.336          0.553          0.658 

N=100                0.754         0.904          0.951                      0.469          0.628          0.716 

N=250                 0.981         0.996          0.999                      0.587          0.678          0.737 

N=500                 0.998          1.00            1.00                       0.641          0.719          0.768 

N=1000                1.00           1.00            1.00                       0.659          0.727          0.779 

Table  5.5(b):  The  power  of   the  test  using  wild  bootstrap  procedure  with   theta  =0.02  

 

  

Error disttn.          Random normal                           Random t-disttn.  

Fractile                 99%           95%     90%              99%         95%            90% 

N=50                0.575         0.851          0.925                      0.530          0.814          0.900 

N=100                0.932         0.988          0.995                      0.818          0.931          0.966 

N=250                 0.999          1.00            1.00                       0.960          0.978          0.985 

N=500                  1.00           1.00            1.00                       0.978          0.986          0.990 

N=1000                1.00           1.00            1.00                       0.982          0.989          0.990 

Table  5.5(c) :  The  Power  of  the   test  using  wild  bootstrap  procedure  with  theta  =0.001  

 

Outliers are generated on the same process of contamination which is 

discussed below in section 5.6 to check as if it  affects the power of the 

Kapetanios test or not. Table 5.4(b) shows that there is a significant 

decrease in the power of the Kapetanios test in case of contaminated data. 

The above tables show results in comparing the power performance of the 

two methods. It  results in significant increase in the power when using the 

bootstrap technique. Extreme care should be taken in applying the 

resampling technique when there are outliers especially when taking large 
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samples from such data may give very misleading results. We are working 

on a separate paper on applying bootstrap procedure to the data which 

contains outliers and how to handle them.  

 

5.6 Comparing the power of nonlinear least square with quantile 

regression fit in the presence of outliers  

Koenker and Bassett (1978) introduced quantile regression which is a 

statistical method planned to estimate, and carry out inference about 

restricted quantile functions. For the provisional median function, and the 

complete range of other conditional quantile functions, quantile 

regression technique proposes a system for estimating models. This 

regression technique is able to provide the stochastic associations between 

random variables a more absolute statistical analysis by supplementing 

the estimation of restricted mean functions with procedure for estimating 

a full family of restricted quantile functions. 

The DGP, used for the purpose of comparison between the quantile fit  and 

the least square regression in the nonlinear models, is as follows:  

tttt yyy    }])([exp{ 2
11                          (5.13) 

Where t  is distributed as normal with mean zero and variance 1 in table 

5.6 and 5.7 and t  has a t-distribution with d.f equals 5 in table 5.8, 5.9 

and 5.10. 
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Additive outliers are included in the data before the comparison of the 

two above mentioned methods. We consider the following contaminated 

model with the addition of outliers 

tt
c
t yy                                     (5.14) 

Where c
ty  denotes the response variable with contaminated data, 

  tt y  for some constant   and  equals 1 with probability “  ” and 

“0” otherwise. This approach is also used by Martin and Yohai (1986) and 

also by Van, et al.  (1999). The difference here is that we are comparing it 

with the quantile fitting to the ESTAR model. 

We fit  the following model with the parameter values sa' are predefined  

for the nonlinear least square. We are interested in a2  less than zero, here 

we took a3=1 as in most economic applications of first order ESTAR 

tttt ayaayaay   })(*exp{*)(* 2
1121131            (5.15) 

and the following model with parameter values b’s   are predefined for the 

nonlinear quantile fit                          

tttt bybbybby   })(*exp{*)(* 2
1121131            (5.16) 

The results are shown in the following tables 5.6 to 5.9 
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 z=5 

a1=-0.01 

a2=-0.1 

z=5 

a1=-0.01 

a2=-0.001 

z=5 

a1=0 

a2=-0.01 

z=5 

a1=0 

a2=-0.001 

z=15 

a1=0 

a2=-0.1 

z=15 

a1=-0.01 

a2=-0.2 

z=15 

a1=-0.01 

a2=-0.3 

z=15 

a1=0 

a2=-0.01 

a1 0.909 0.999 0.998 0.995 0.999 1.00 0.998 1.00 

b1 0.860 0.921 0.939 0.900 0.980 0.897 0.913 0.998 

a2 0.873 0.913 0.900 0.968 0.931 0.943 0.966 0.981 

b2 0.905 0.985 0.961 0.980 0.994 0.990 0.972 0.989 

a3 0.99 1.00 0.999 1.00 0.993 0.998 1.00 0.976 

b3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

Table  5.6  power  of   test   for  nonl inear   least  square  and  nonl inear  quanti le   f i t t ing  using  
error  disttn  as  normal ,  with  a’s   the  Coeff ic ients  of  nonl inear  model  and  b’s  are  the  

coeff ic ients  of  quant i le   f i t ,  with  sample  s ize  equals  100.  

 

 z=5 

a1=-0.01 

a2=-0.1 

z=5 

a1=-0.01 

a2=-0.001 

z=5 

a1=0 

a2=-0.01 

z=5 

a1=0 

a2=-0.001 

z=15 

a1=0 

a2=-0.1 

z=15 

a1=-0.01 

a2=-0.2 

z=15 

a1=-0.01 

a2=-0.3 

z=15 

a1=0 

a2=-0.01 

a1 0.990 1.00 0.999 0.998 1.00 1.00 1.00 1.00 

b1 0.981 0.970 0.985 0.983 0.992 0.987 1.00 0.999 

a2 1.00 0.982 0.998 0.990 0.980 0.993 0.991 0.899 

b2 1.00 0.987 1.00 0.999 1.00 0.999 1.00 0.990 

a3 1.00 1.00 1.00 1.00 1.00 0.998 0.999 0.999 

b3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

Table  5.7  Power  of   test   for  nonl inear   least  square  and  nonl inear  quanti le   f i t t ing  using  
error  disttn  as  normal  with  a’s  theCoeff ic ients  of  nonl inear  model  and  b’s  are   the  

coeff ic ients  of  quant i le   f i t ,  with  sample  s ize  equals  250.  
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 z=5 

a1=-0.01 

a2=-0.1 

z=5 

a1=-0.01 

a2=-0.001 

z=5 

a1=0 

a2=-0.01 

z=5 

a1=0 

a2=-0.001 

z=15 

a1=0 

a2=-0.1 

z=15 

a1=-0.01 

a2=-0.2 

z=15 

a1=-0.01 

a2=-0.3 

z=15 

a1=0 

a2=-0.01 

a1 0.978 0.980 1.00 0.999 0.991 0.992 0.999 0.995 

b1 0.926 0.900 0.912 0.892 0.995 0.882 0.901 0.990 

a2 0.843 0.891 0.99 0.889 0.913 0.923 0.876 0.901 

b2 0.920 0.976 0.966 0.912 0.995 0.999 0.923 0.998 

a3 0.965 0.971 0.982 0.991 0.975 0.991 0.940 0.932 

b3 0.972 0.983 0.990 0.994 1.00 1.00 0.970 0.969 

Table  5.8  Power  of   test   for  nonl inear   least  square  and  nonl inear  quanti le   f i t t ing  using  
error  disttn  as   t (5)  with  a’s   thecoeff ic ients  of  nonl inear  model  and  b’s  are  the  

coeff ic ients  of    quant i le   f i t ,  with  sample  s ize  equals  100.  

 

 z=5 

a1=-0.01 

a2=-0.1 

z=5 

a1=-0.01 

a2=-0.001 

z=5 

a1=0 

a2=-0.01 

z=5 

a1=0 

a2=-0.001 

z=15 

a1=0 

a2=-0.1 

z=15 

a1=-0.01 

a2=-0.2 

z=15 

a1=-0.01 

a2=-0.3 

z=15 

a1=0 

a2=-0.01 

a1 0.998 0.999 1.00 1.00 0.996 0.989 0.990 1.00 

b1 0.965 0.984 0.989 0.997 0.995 0.970 0.941 0.990 

a2 0.981 0.991 0.988 0.984 0.967 0.999 0.998 0.991 

b2 0.934 0.990 0.963 0.982 0.941 0.942 0.962 0.972 

a3 1.00 1.00 0.999 1.00 0.991 1.00 1.00 0.990 

b3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

Table  5.9  Power  of   test   for  nonl inear   least  square  and  nonl inear  quanti le   f i t t ing  using  
error  disttn  as   t (5)  with  a’s   the  coeff ic ients  of  nonl inear  model  and  b’s  are  the  

coeff ic ients  of    quant i le   f i t ,  with  sample  s ize  equals  250  
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 z=5 

a1=-0.01 

a2=-0.1 

z=5 

a1=-0.01 

a2=-0.001 

z=5 

a1=0 

a2=-0.01 

z=5 

a1=0 

a2=-0.001 

z=15 

a1=0 

a2=-0.1 

z=15 

a1=-0.01 

a2=-0.2 

z=15 

a1=-0.01 

a2=-0.3 

z=15 

a1=0 

a2=-0.01 

a1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

b1 0.996 0.989 0.986 0.982 0.993 0.989 0.999 0.991 

a2 0.951 0.995 0.999 0.998 0.993 0.998 0.999 0.996 

b2 0.960 0.990 1.00 0.997 0.999 1.00 0.999 1.00 

a3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

b3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

Table  5.10  Poower  of   test   for  nonl inear   least  square  and  nonl inear  quant i le   f i t t ing  
us ing  error  disttn  as  t (5)  with  a’s  the  coeff ic ients  of  nonl inear  model  and  b’s  are   the  

coeff ic ients  of    quant i le   f i t ,  with  sample  s ize  equals  500  
 

Tables 5.6 to 5.10 compare the power of the nonlinear least square fit  and 

a type of robust fit  called the quantile fit  in the presence of outliers. In 

tables 5.6 and 5.7 the error distribution in the data generation process is 

normal and in the other three tables the error is from t-distribution with 5-

d.f.  General quantile fit  performs better in the presence of outliers 

because quantile fits take into account the median of the process instead 

of the mean and the median is not affected by outliers. We have computed 

the power of nonlinear time series ESTAR model to check the correct 

fitting of the nonlinear model when the data is generated from a nonlinear 

process. We can see from the above four tables that the performance of 

the quantile fit  has improved in most of the situation especially when the 

contamination is high. The difference in the power performance of the two 

methods of model fitting remains unchanged for different sample sizes. 

 

 



106 
 

5.7 Conclusion 

We have tested unit root hypothesis against the ESTAR in the nonlinear 

framework and had obtained the critical values for testing the null 

hypothesis using non-normal error (skewed and symmetric) for the 

Kapetanios test.  We also have computed the size of the Kapetanios test 

for the sample size 50, 100, 250, 500 and 1000 and have compared it with 

the bootstrap testing procedure and found that the bootstrap procedure 

gives much closer results to the exact size of the test and hence reduces 

the problem of over sizing, which we have noticed in the simulations done 

by Cook (2008). The power of the wild bootstrap is computed and 

compared with the Kapetanios test statistics which shows a significant 

improvement in the small sample case of the former on the later. We have 

taken the error distribution in the DGP as normal in one case and t-disttn; 

with 5-degrees of freedom in the second case. In the last section we have 

estimated the power of ESTAR model on the basis of non-linear least 

square and have compared it  with that of quantile fit  which is supposed to 

be more robust and a type of median estimator. The results show a slight 

increase in the power of the quantile fit  for the nonlinear testing against 

the least square model fitting. Hence, we conclude that the nonlinear 

quantile model fitting performs more efficiently than the nonlinear least 

square model in the presence of outliers 
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