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Abstract 

This dissertation presents work on the Geometric Superresolution. There are two main 

parameters that can affect Geometric Superresolution, the finite size of pixels and the 

pitch of the pixels in digital imaging device like CCD (charged coupled device). In 

superresolution systems, the ultimate limit to resolution generally comes from the 

Geometric and not from the optical part of an imaging system. This thesis mainly deals 

with the undersampling of an optical image in which the separation between the 

neighbouring pixels in a CCD is assumed to be greater than the separation required by 

Nyquist Sampling.  

The problem of undersampling an optical image has been dealt with the use of an 

Optical Mask placed at the Fourier transform plane in a coherent 4f imaging system. The 

one dimensional version of the Optical Mask consists of a 1-dimensional amplitude 

grating. The Optical Mask is used to sample the Fourier transform of the input object. 

Due to the sampled Fourier transform, the image plane contains replicas of the input 

object. A CCD is used to undersample these replicas. The recorded undersampled image 

is Fourier transformed and contains replicas of original object spectrum but overlapped 

due to the undersampled image recorded by CCD. The overlapped spectrum is 

multiplied with a soft copy of an Optical Mask which removes the overlapping by 

removing the neighbouring spectral copies. An interpolation is done on the recovered 

single object spectral copy to fill the holes in the spectrum. The resultant spectrum is 

then Fourier transformed to obtain an image free of artefacts and free of undersampling 

effects.  

Different analogues of Optical Masks and CCD pixels have been presented and discussed 

in this thesis. Optical Masks may consist of negligibly small line widths or lines with finite 

widths. Similarly, an ideal CCD may consist of point pixels in which the pixel size is 

negligible in comparison with the spacing between them or in real situations may have 

finite size. The effects of these parameters on Geometric Superresolution have been 
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discussed in the thesis. Simulation results in one and two dimensional have been 

presented to support the idea.  

A part of the thesis also discusses a technique dealing with subpixeling. An optical image 

using a Spatial light modulator is projected on a CCD and shifted in subpixel steps. The 

retrieved data corresponding to each subpixel step is combined to obtain high 

resolution image. This has been supported with experimental verification.  
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Chapter 1  

1.1 Introduction 

Resolution of an imaging system means “the ability of the imaging system to distinguish 

different details in an image” or it is a measure of the frequency map or content in an 

image or smallest measurable information of the object that an imaging system can 

resolve.  

High resolving detail images has been pursued by scientists for last two decades, because 

high resolution imaging system retrieves more detail from an image which are needed in 

many areas like in medical imaging, aerial images etc. 

The main objective of an optical imaging system is to image an object and to create the 

image as similar to the object as possible. Various techniques have been used for 

advancement in resolution of imaging devices but still there is a room for further 

enhancement in resolution. 

If the image’s spatial resolution measured in line pairs/mm is the same as that of the 

object, the image may be regarded an ideal image and we say that the imaging system has 

high resolution but in practice there is some reduction in resolution due to limitations 

imposed  by different components of the imaging system. An imaging system has mainly 

two parts: (1) optics which generates the image at the image plane and (2) sensor part 

(Charge Coupled Device) that detects the image produced by the optical part of the 

imaging system and sends it to the computer for storage and further processing.  

A conventional imaging system acts as a low pass filter to high frequencies of the object 

extended to infinity. The image obtained with this conventional imaging system is a 

deteriorated version of an object because the imager stops high frequencies and can 
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allows only low frequencies of the object to pass. Diffraction is one the main cause for 

this deterioration which takes place at the edges of the system apertures and lenses [1-3]. 

It can be reduced using different techniques but it cannot be eliminated completely. 

An optical system is characterized by its point spread function (PSF). An image through 

an optical system is obtained by the convolution of the object and the system’s PSF. The 

broader the central lobe of the PSF, the coarser is the optical system and vice versa.  The 

PSF’s central lobe can be made narrower by enlarging the lens’ diameter. Increasing 

lenses diameter is not feasible sometimes as it increases the system cost, aberrations 

introduces uncontrolled, and the system will occupy more space and becomes bulky. 

Literature has suggested many techniques to obtain a better PSF by which the resolution 

of the images could be improved. Such techniques are called superresolution techniques 

[1-9]. 

 Superresolution means to break the classical limit or Rayleigh Resolution Limit. As 

explained the resolution is limited by the finite dimensions of the central lobe of PSF or 

equivalently by the size of minimum aperture in an imaging system. 

For a 4f coherent imaging system, the Fourier transform of the limiting aperture gives the 

PSF of the system .In a 4f system, the limiting aperture is placed at the Fourier transform 

plane. The aperture can deliberately be made of varying size to control the Fourier 

frequencies which contribute at the image plane. The limiting aperture that allows only 

limited Fourier frequencies to contribute at the image plane is called band pass filter and 

with this band pass filter the system may be regarded as Band-limited system. 

There is another component of modern imaging system that limits the resolution of the 

imaging system and is known as Charged Coupled Device (CCD). At the Bell lab 
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in1969, the first CCD was invented by George Smith and Willard Boyle. With the 

invention of the CCD the transition has been taken place from the analogue imaging 

device to the digital system that gives the image information with greater capability. 

CCD samples the image of the object formed by the optical part of the imaging system. 

CCD is composed of infinitesimally small but of non-zero size pixels. The pixels of the 

CCD absorb the light intensities coming from the object and convert this optical energy 

to the electrical energy and send to computer for the information storage and further post 

processing. CCD is also responsible for degradation of image. The factor which affect 

the image resolution when captured using a CCD of finite pixel sizes, pixel pitch 

(separation between the two consecutive pixels), pixels shape and fill factor [5, 7]. 

Since the CCD pixels have finite dimensions and have specific response and each pixel 

averages the energy falling on them. If the pixels are well separated compared with their 

dimensions, they usually undersample the images which may result in the less spatial 

resolution. If we use larger sized pixels, the pixel size is larger than the image’s inherent 

resolution, the resolution of the retrieved image is compromised. On the other hand 

reduction of the pixel size also reduces the light sensitivity and will decrease pixel 

performance, the dynamic range is lower for smaller size of pixels, lower fill factor, low 

light sensitivity, higher non-uniformity, and higher dark signal [10]. The separation of 

the pixels (pitch) of the CCD chip also put some barriers to the resolution of the imaging 

system. Literature has mentioned some techniques for the remedy of these limitations 

which are arise due to pixel pitch. Such techniques are known in the literature as 

Geometric Superresolution Techniques. The main objective of this thesis is to present a 

novel Geometrical Superresolution Technique to remove the overlapping of the spectrum 
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of the object that reduces the resolution of the imaging system. An imaging device like a 

CCD camera samples the image produced by an optical system. According to Harry 

Nyquist (1889–1976) and Claude Shannon (1916–2001) sampling theory (1948), “The 

sampling frequency of the sampler (CCD) should be at least twice the highest 

frequencies contained in the signal to recover the signal with better resolution”. 

max2sf f≥      (1.1) 

Where fs is the spatial sampling frequency of the imager and fmax is the highest frequency 

contained in the signal. When the spatial sampling frequency is equal to twice highest 

frequencies in the signal, the sampling of the CCD is called critical sampling. A Critical 

sampling produces an image representing a reasonable approximation of the object. If 

this condition is failed, i.e. the sampling frequency is smaller than twice the highest 

frequencies of the signal, the highest frequencies of the signal folded into the low 

frequencies due to which we obtain the blurred image of the scene and such sampling of 

the CCD is called undersampling. If the data is under sampled, the sampled image will 

not be a true representation of the object. Moreover the Fourier spectrum of such an 

image will contain multiple copies of the object’s spectrum overlapped in the Fourier 

domain.  

Many attempts have been made to reconstruct the image of the scene sampled by the 

imager which do not satisfy the Nyquist sampling theorem. The first attempt was made to 

reconstruct the superresolved image from several low resolution images in 1984 by 

Huang and Tsai [11]. The aliasing effect of the low resolution (LR) can be removed only 

if the subpixel displacement of the images is known. In some other approaches multiple 

subpixel shifted displacement are used between the images to produce high resolution 
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image [12-15]. In 1987, Peleg presented an iterative algorithm to reduce the error 

between the approximated high resolution and low resolution images in the pixels 

domain [16]. Another attempt was made by Oskoui and Stark  in 1987 to minimize the 

blurring effects produced due to the large pixel size of the sensor [17], in this algorithm 

they used the method of projection on convex sets. Tekalp et al. in 1992 extended the 

projection on Convex set but added the observation noise to the sensor noise (PSF of the 

pixel) and improved the resolution of the image by a factor equal to the subpixels steps 

of the CCD [18].   In some techniques  the CCD resolution enhancement is based on 

breaking the spectrum of the input into parts each of smaller bandwidth by using optical 

band pass filter and then each part is sampled individually by the CCD, sampling all 

these parts are then combined and the image obtained having frequency components 

higher than the CCD sampling Nyquist rate are resolved [19]. Takayuki. K and N. 

Takatsuka worked on the project presented in ref. [19] and retrieved the frequency 

components higher than the Nyquist frequency. In that work they reduced the noise 

caused by shifting the filter to capture images of the input object, the spatial shifting of 

the images was done by fast Fourier transform and then remapped different components 

of the image spectrum [20]. In 1999, M. Boasson,, J. F. Tonino, M .G. Vosselman 

proposed a method that nullify the effect of the CCD sampling to some extent. M. 

Boasson mounts the CCD on a piezo-electric element to scan the image with the imager. 

In this method, M.Boasson and J. A. K introduced the random shift by the camera 

vibration and took the images for  each step and combined all the captured images to 

produce a single image with high resolution [21]. The step size of the motion was equal 

to the subpixel size to collect more points of the image by the CCD. This method was 
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simple in implementation and low in computational cost and non-iterative and has the 

ability to reduce the noise. Takayuki Kimura and Hiromitsu Shiraki [22] used optical low 

pass filters each of different characteristics. They used the mechanical and digital 

correction to relate displacement; four images were captured for each high resolution 

image with different filters. Noise produced in the input image by the relative 

displacement of the filters, so to reduce noise they used optical bench with six degree of 

freedom and hence they obtained twice of that CCD resolution without changing the 

physical structure of the CCD. P. Vandewalle, Sabine S. has produced a high resolved 

image from four undersampled images taken at slightly different position which were 

aliased because of the low density of the CCD [23]. The resolution of the new image was 

double as the aliased image in both directions. The Papoulis Gerchberg algorithm 

provided a mechanism through which the undersampling aliasing could be reduced [24-

25] used the method presented by P. Vandewalle to combined the information of the 

scene from four low resolution images shifted by a subpixel step and each image was 

undersampled in both directions and reconstructed an aliased-free image with twice the 

resolution. 

Some Scientist and Engineer have tried to solve the problem of the density of the pixel 

because the resolution of the sensor also depends on the density of pixels. The procedure 

used to remove the limitation put by the spatial density of the pixels is known as 

microscanning [26-27]. The camera shifting procedure is not satisfactory because of the 

overlapping of the object spectrum which is due to the pixels density. More attempts 

were made to remove these folding frequencies of the object spectrum [28-29]. Addition 

of the spatial mask to the imaging setup to pass high frequencies through the imager and 



 

26 
  

overcoming the pixel digital imager limitations. In this method A. Ashok and M. A. 

Neifeld also used engineering of the optical PSF  to tolerate aliasing produced by 

undersampling of the sensor [30-31]. Solomon. J, Z. Zalevsky, and D. Mendlovic present 

a mask (amplitude grating) having three region of different coding and each region was 

orthogonal with the other one. This mask was used for minimizing the distortion 

produced by the CCD undersampling. Code division multiplexing [32] procedure were 

followed to remove the spectrum overlapping of the CCD under sampled data. The mask 

was used at the Fourier plane of the lens to increase the data bit rate and the second mask 

was used in the decoding process and removed the overlapping effect [4]. D. Mendlovic 

et al. presented a patent in which they attached a mask to the sampling imaging device 

(CCD), multiple replica are generated by each subpixel shifts of the imager and each 

replica are sampled by the imager and then combined all the sampled low resolution 

images into a high resolved image of greater pixels resolution than the multiple lower 

pixels resolution [33]. A. Borkowski, Z. Zalevsky, and Bahram Javidi have presented a 

technique in which they have tried to solve the problems which was due to the sampling 

density as well as the shape of the sampler pixel that produced low pass filtering [5] and  

the camera motion was also added to this method [34-36]. Multi exposures were used by 

several spatial masks in the image plane and the camera was positioned on the vibrating 

plate and due to the vibration of the plate form, the CCD camera captured a number of 

images with the subpixel shifts. This technique solved both problems at the same time 

i.e. sampling density by shifting the camera and using mask at the image plane for the 

low pass filtering and the mask has no relationship with actual shape of the imager pixel. 

In 2010, S. Khademi, A. Darudi, and Z. Abbasi introduced another algorithm for 

javascript:searchAuthor('Borkowski,%20A')�
javascript:searchAuthor('Zalevsky,%20Z')�
javascript:searchAuthor('Javidi,%20B')�
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increasing the resolution of  image [37]. In this method they recorded a number of low 

images by giving the fine motion to imager. Using this two low resolution images 

yielded a high resolution image. The results were combined to overcome the geometric 

limitation (pixel shape and size) put by the CCD pixels. The geometric superresolution 

limit was minimized up-to some extent.   

But pixel pitch has an important role in degrading the resolution of the sensor, because 

when the sensor frequency map is not satisfying the Nyquist criteria, overlapping of the 

high and low frequencies of the object spectrum replicas occur and the output image 

becomes a blurry image.  

This thesis addresses the issue of undersampling effect by the CCD pixels in which 

spectral copies overlap in the Fourier of the recorded image. An Optical Mask is placed 

at the Fourier plane of the 4f system and the same mask is used as a decoding mask in the 

Fourier domain of the captured image to nullify the effect of the undersampling. 

An Optical Mask (a simple binary amplitude grating) is placed at the Fourier transform 

plane of the 4f coherent optical imaging system to encode the object spectrum. The coded 

spectrum is passed through the Fourier transform lens that gives an image of the object. 

A CCD camera is placed at the imaging plane to image the object. A CCD camera was 

used to undersample the captured image deliberately. The captured image was saved in 

computer for the post processing. The CCD undersampled image is Fourier transformed 

which gives multiple overlapped copies of the Fourier spectrum of the object. 

In the proposed decoding process, the same mask (as used for encoding) is used at the 

Fourier plane which eliminates the spectral overlapping enabling a selection of a copy of 

the spectrum possible. This way the undersampling by CCD can be removed and the 
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processed image will give a true representation of the original object image. 

1.2 Thesis Outline 

This thesis addresses the undersampling of an optical image by CCD pixels. The thesis 

comprises seven chapters. In chapter 2, we address the undersampling effect by the pixels 

of a CCD camera in which the pixels are assumed as point pixels. 

An Optical Mask consisting of single frequency amplitude grating which can be defined 

by a series of delta functions (in 1D) is placed at the Fourier transform plane. The mask 

samples the Fourier spectrum. The sampling effect produces replicas of the original 

object at the image plane. The recoded undersampled image is Fourier transformed and 

the same mask is used to remove overlapping between neighbouring spectral copies. The 

single spectrum copy is then Fourier transforms to obtain aliased free image. 

Mathematical modeling and simulation results are presented to support this approach. 

The Optical Mask used in chapter 2 is represented by the comb function, but in reality the 

aperture of the mask has some dimensions, in chapter 3 we have replaced each delta of 

the comb function in the mask used in chapter 2 by rect function which we called 

Rectangular Optical Mask. In chapter 3 Fourier spectrum of the object is coded by a 

Rectangular Optical Mask. The Fourier transformation of the sampled spectrum provided 

the image at the CCD plane containing multiple copies of the object with different 

amplitude. The CCD with point pixels undersampled this image. The same Rectangular 

Optical Mask is multiplied to the Fourier spectrum of the CCD recoded image that 

nullifies the overlapping effect. To support this technique, mathematical modeling and 

simulation results are presented for 1-D as well as for 2-D. 
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In chapter 3, we have used the series of the delta function for the CCD pixels but the 

CCD pixels have some physical shape (square or rectangular) and finite dimensions. 

Each delta of the comb function in chapter 3 is replaced by the rect function and 

presented in chapter 4.In chapter 4 we have used the Optical Mask (as used in chapter 2) 

at the Fourier plane to sample the spectrum of the object. The Fourier transform of the 

coded signal gives an image at the CCD plane and CCD undersamples this image with 

rectangular shaped pixels. This mask is then used on the Fourier of the image recorded by 

the CCD as a decoding mask to remove the overlapping between neighbouring spectral 

copies. The mathematical modeling, simulation results and discussion for the proposed 

method are presented in this chapter. 

In chapter 5, we have dealt with Optical Mask as consisting of rectangular vents and the 

CCD pixels have also been treated as rectangle finite sized pixel. The rest of the 

procedure is identical to the schemes presented in chapter 2, 3 and 4.  

In chapter 6 the spatial light modulator (Liquid Crystal on Silicon display) is used at the 

Fourier plane to generate different linear phases on the Fourier spectrum of an object, 

leading to different linear in plane displacements of the  image sampled by CCD camera. 

The image of the object is shifted by a half pixel at the imaging plane and the images 

were recorded by the CCD. Experimental results are provided in this chapter, the 

significant improvement in resolution of the images can be seen. This chapter deals with 

subpixeling whereas the previous chapters address undersampling by CCD pixels. 

In chapter 7, results and discussion of the thesis has been presented and finding and 

future recommendation are discussed. 
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Chapter 2  

Geometric Super-resolution using Optical Mask 

2.1 Introduction 

This chapter describes Geometric superresolution using an Optical Mask. It has been 

assumed that the CCD pixels are smaller in comparison with the separation between them 

and has been regarded as point pixels as far as the mathematics presented in this chapter 

is concerned. The separation between the consecutive pixels or the pixels pitch provides a 

sampling interval for an image incident on the CCD pixel-array. If the sampling 

frequency due to pixel-array is better than or at least equal to the Nyquist sampling, the 

image retrieved by the CCD will be an adequate representation of the actual object being 

imaged. 

 In this chapter, we are deliberately considering the sampling frequency of the 

CCD-array to be lower than the critical or the Nyquist sampling. In this case the image 

captured by the CCD will not be an adequate representation of the actual object. We may 

come across this situation for any real object containing higher spatial frequencies or for 

any CCD with a much larger pixels pitch. The sampling in this situation may be referred 

to as undersampling. In this chapter we are considering point pixels with a point pitch 

such that it performs undersampling. 

In this chapter, we are proposing a technique to remove the undersampling effect by 

placing an Optical Mask at the Fourier transform plane of a 4f coherent imaging system 

shown in Fig. 2.1. The Optical Mask is a simple binary mask consisting of horizontal and 

vertical lines which allow some Fourier frequencies to pass through the gap between the 
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lines and contribute at the CCD plane as components of the image. The opaque lines on 

the mask will restrict other Fourier frequencies from contributing at the image plane, i.e. 

the Optical Mask will sample the Fourier spectrum of the input object being imaged. As 

the mask undersamples the Fourier spectrum, the CCD image will contain multiple 

copies of the original object. Since CCD pixels-array also performs undersampling of the 

image incident on its detector array. The Fourier transform of the recorded image will 

contain multiple copies of the sampled spectrum. One of these copies can be selected or 

filtered out by multiplying the spectrum with a replica of the original mask. The gaps in 

the filtered copy of the spectrum are filled using some sort of interpolation. The gap-

filled spectrum is then again Fourier transformed to obtain an image which will be close 

the actual object being imaged with a CCD performing adequate sampling. It will be 

appropriate to briefly mention about the imaging system being used for the 

implementation of the proposed technique. A 4f coherent imaging system will be used to 

explain the working principle of the proposed technique. A clean collimated beam 

illuminates the input object transparency which is placed at the front focal plane of a 

converging lens called the Fourier transform lens as it projects the Fourier spectrum of 

the input object at its back focal plane. This back focal plane is called the Fourier 

transform plane or the filtering plane. Another identical convex lens is placed on the right 

side of the first lens at a distance 2f from it such that the Fourier plane exists at the front 

focal plane of this lens. The second convex lens is called as the Fourier transforming lens 

as it takes the second Fourier transform of the spectrum at the Fourier plane and the 

image appears at the back focal plane called the image plane where a CCD is placed to 

capture the image. It is the Fourier transform plane where the Optical Mask is placed to 
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sample the spatial spectrum of the input object.   

In the next section we are going to present mathematical modeling of the proposed 

technique in one dimension (1-D) followed by simulation of the proposed technique in 1-

D. Calculation of the proposed technique and related simulation in 2-D will be presented 

later in this chapter. 

2.1.1 Mathematical Modeling in 1-D 

In the proposed Geometric super-resolution technique, a conventional 4f system is being 

considered. An input is placed at the front focal plane of the first lens, which generates its 

Fourier transform at its back focal plane, called the Fourier transform plane. We place our 

Optical Mask at this plane as shown in Fig. 2.1. The mask consists of an amplitude 

grating of suitable spatial frequency. It blocks some of the Fourier frequencies and allows 

other frequencies to pass through the rest of the system. By using the Optical Mask, we 

have actually sampled the Fourier transform plane. The second lens in the 4f system takes 

the second Fourier transform of the sampled Fourier spectrum and an image is then 

created at the back focal plane of the second lens of the 4f system shown in Fig. 2.1. 

Actually in the simulation we take the Inverse Fourier transform but optically it is the 

Fourier transform, in the former case the object will be inverted.  This image contains 

replicas of the true object due to the undersampling of the Fourier spectrum by the 

Optical Mask. This image is made to fall on the CCD camera, which is placed at the 

image plane of the 4f system. The CCD undersamples the image because the spacing 

among the point pixels of the CCD is larger than that dictated by the Nyquist sampling 

theorem. The relationship between the mask spacing and the CCD pixel separation is to 
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be discussed later in this section. The image captured by the CCD is Fourier transformed 

and is then multiplied by a decoding mask (the same as the encoding mask). The resulting 

Fourier spectrum after the application of the decoding mask is filtered by suitable low 

pass filter and a single copy is selected. The selected copy of the spectrum is then 

interpolated to make the data available at the missing frequencies due to the use of 

encoding mask. The Fourier spectrum is then again Fourier transformed to obtain the 

image of the object. The mathematics given below establishes the above mentioned 

features of the proposed technique. This mathematical modeling has been derived for the 

general case, which can be modified for the requirement of any imaging system (camera, 

scanner, etc.). We present the mathematical modeling for the proposed technique in one 

dimension. 

Let we have the input object function g(x) .Taking Fourier transform of  the input object, 

the spectrum of the input at the Fourier plane is G(v): 

 { }( ) ( )G v g x= ℑ  (2.1) 

The input spectrum G(v) is multiplied with the “Optical Mask” at the Fourier plane. The 

spectrum modified by the Optical Mask is given by: 

 ( ) ( ) ( )O v G v OM v=     (2.2) 

“Optical Mask” is a binary amplitude grating of suitable frequency. Optical Mask is 

represented by the comb function (series of the delta function as shown in Fig. 2.2). “p” 

is the pitch of the mask. This mask is used in the frequency domain and the mask 

samples the input spectrum. For the decoding process, the same mask is multiplied to the 

Fourier spectrum of the image captured by the CCD which removes the overlapping 
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among the spectral copies (to be explained latter). Mathematically Optical Mask in 1-D 

can be expressed as: 

( )
k

OM(v) v kpδ
∞

=−∞

= −∑     (2.3) 

Using Eq. (2.1) into Eq. (2.3), the output sampled spectrum of the input object after the 

Optical Mask is given by: 

 ( ) ( ) ( )
k

O v G v v kpδ
∞

=−∞

= −∑  (2.4) 

The sampled spectrum of the input after the Optical Mask is shown in Fig. 2.3. The 

Optical Mask has converted the continuous spectrum into the discrete spectrum. The total 

number of points on the signal due to the multiplication of the Optical Mask are N= 

2Δv/p, where 2Δv is the bandwidth of the input object spectrum. We use the coordinate 

“v” to represent the Fourier plane and the coordinate “x” to represent both the object and 

the image plane coordinates. The second lens in the 4f system takes the Fourier of the 

spectrum given by Eq. (2.4) and the image at the image plane of the 4f system can be 

written as: 

{ }1 1( ) ( ) ( ) ( )
k

O x O v G v v kpδ
∞

− −

=−∞

 
= ℑ = ℑ − 

 
∑                                (2.5) 

A CCD is placed at the image plane and captures the image. We are assuming that the 

image is undersampled by the CCD pixels. The image captured by the CCD, S(x) may be 

written as: 

1( ) ( ) ( ) ( ) ( ) ( )
k n

S x O x CCD x G v v kp x nXδ δ
∞ ∞

−

=−∞ =−∞

 
= = ℑ − − 

 
∑ ∑  (2.6) 

Where X= (Total data length)/2Δv spacing between the two consecutive point pixels of 

the CCD. We assumed that size of the CCD pixels is infinitesimally small in comparison  
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Fig. 2.1. A typical 4f Imaging system. 

 

 

Fig. 2.2. Representation of a typical Comb function with pitch “p”. 

 

Fig. 2.3.Representation of the sampled spectrum of input object by the Optical Mask. 
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with spacing among them. We may treat the CCD pixels as an infinite train of impulses 

(delta functions) and then can write the following equation: 

( ) ( )
n

CCD x x nXδ
∞

=−∞

= −∑                                                    (2.7) 

O(x) contains multiple replicas of the original object and S(x) is the sampled version of 

O(x). The Fourier transform of Eq. (2.6) would contain multiple copies of the spectrum of 

the original object and is given by the following equation (the spectra will be overlapped 

because of the undersampling by the CCD camera is shown in Fig. 2.4): 

1( ) ( ) ( ) ( )
k n

S v G v v kp x nXδ δ
∞ ∞

−

=−∞ =−∞

  
= ℑ ℑ − −  

  
∑ ∑

                                  
(2.8) 

Since   

1( )
n n

nx nX v
X X

δ δ
∞ ∞

=−∞ =−∞

   ℑ − = −     
∑ ∑

   
(2.9) 

Inserting Eq. (2.9) in Eq. (2.8) and after some mathematical operation Eq. (2.8) takes the 

following form: 

1( ) ( ) ( )
k n

nS v G v v kp v
X X

δ δ
∞ ∞

=−∞ =−∞

   = − ⊗ −     
∑ ∑

   
(2.10) 

Where ‘⊗ ’ denotes convolution and X=(Total data length)/2∆v, Eq. (2.10) can be 

written as: 

[ ]1( ) ( ) ( ) 2
k n

S v G v v kp v n v
X

δ δ
∞ ∞

=−∞ =−∞

  
= − ⊗ − ∆  

  
∑ ∑

   
(2.11) 

The convolution property of the impulse function is: 

[ ] [ ]( ) ( ) ( ) ( )
n

F v H v v n v F v n v H v n vδ
∞

=−∞

⊗ − ∆ = − ∆ − ∆∑
   

(2.12) 

Using convolution property of the Delta function of Eq. (2.12), Eq. (2.11) takes the 
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Fig. 2.4. Replicas of the spectrum overlapping in the Fourier transform of the 

 CCD recorded image. 

 

 

 

 

 

 

 

 

Fig. 2.5. Unoverlapped replicas after the application of the decoding mask. 
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following form: 

( ) ( )1( ) 2 2
n k

S v G v n v v kp n v
X

δ
∞ ∞

=−∞ =−∞

 
= − ∆ − − ∆ 

 
∑ ∑                         (2.13) 

A typical spectrum corresponding to Eq. (2.13) is shown in Fig. 2.4. Equation (2.13) is 

multiplied by the decoding mask and the resultant equation becomes:  

( ) ( )1( ) 2 2 ( )
n k

R v G v n v v kp n v OM v
X

δ
∞ ∞

=−∞ =−∞

 = − ∆ − − ∆ ∑ ∑    (2.14) 

( ) ( )1( ) 2 2 ( )
m n k

R v G v n v v kp n v v mp
X

δ δ
∞ ∞ ∞

=−∞ =−∞ =−∞

 = − ∆ − − ∆ − ∑ ∑ ∑             (2.15) 

The spectrum of Eq. (2.13) after multiplication by the decoding mask gives a filtered 

spectrum, which is shown in Fig. 2.5. Eq. (2.15) can be simplified by using a property of 

delta functions that is explained in Fig. 2.6. The δ(ν-2n∆ν-kp) will exist at the positions of 

δ(ν-mp) as shown in Fig. 2.6, i.e. the two delta functions will coincide, provided “n” is 

an even number. So Eq. (2.15) reduces to the following equation: 

  { }1( ) ( 2 ) 2
even

n k
R v G v n v v kp n v

X
δ

∞

=−∞ =−∞

= − ∆ − − ∆∑ ∑    (2.16) 

For “n” is even number, this  will give only the even copies of the G(ν) sampled by δ(ν-

kp), so to select the central copy of  G(ν–2n∆ν) we need to put n=0 and the copy will be 

unoverlapped by the surrounding spectra. 

 1( ) ( ) ( )
k

R v G v v kp
X

δ
∞

=−∞

= −∑  (2.17) 

Eq. (2.17) gives us the sampled spectrum of the object and is explained in Fig. 2.7. The 

samples of the spectrum are separated by the parameter p (pitch of the mask) of the 

encoding mask. The obtained sampled spectrum has different amplitude than the input 
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spectrum because of the scaling factor 1/X. An interpolation is carried out on the data 

obtained from Eq. (2.17) and a spectrum identical to the original spectrum of the object is 

obtained (to be explained in the simulation results). Thus G(v) is obtained from R(v). The 

mathematics of the proposed technique has established that by using encoding and 

identical decoding masks, we can obtain aliases free data with the use of an 

undersampling device such as a CCD. 

2.1.2 Simulation results and discussion for 1-D 

To verify the method discussed in the previous section 2.1.1, simulation was performed 

for geometric superresolution using Optical Mask with mathematica software. A 

Gaussian function as an input object as shown in Fig. 2.8(a) was chosen for simulation. 

The input object follow the Gaussian function Exp[-(x-x0)2/2σ2] with parameters σ 

=0.0085,x0=256pixels and width of the input object is 2X0 =35 pixels and the total data 

length is 513 pixels. The input object is passed through the objective lens of focal length f 

provides the Fourier spectrum of the input object at the back focal plane of the objective 

lens as shown in Fig. 2.8(b). The Fourier spectrum of the object has a bandwidth of 

2Δv=99 pixels. An optical encoding mask is placed at the position where the Fourier 

spectrum of the object forms i.e. at the Fourier transform plane of the Fourier 

transforming lens in a 4f coherent imaging system. The optical encoding binary mask is 

in the form of an amplitude grating with a period of p=2 pixels (i.e. 101010101….). The 

total length of the Optical Mask is 513 pixels. The Fig. 2.8 (c) presents a small portion 

(100 pixels) of the encoding mask. We present the simulation in one dimension for 

clarity. Simulation in two dimensions is the straightforward extension of the one-
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dimensional case. The encoding mask is placed at the Fourier plane or equivalently the 

encoding mask is multiplied to the Fourier spectrum. This mask sampled the spectrum of 

the input object in the Fourier domain with the period of p=2 pixels as shown in Fig. 2.8 

(d). The sampled spectrum shown in Fig. 2.8 (d) is passed through the second lens of 

focal length f (Imaging lens) in the 4f system providing multiple copies of the object, one 

at the centre and half the object copies on either side of the central image of the object at 

the image plane as shown in Fig. 2.8 (e). The separation of the object copies is derived 

from the relation (total data length)/mask period. Since mask period=2 pixels, so the 

object replicas have the separation of 256 pixels and the copies of the object located at 

x=1 pixel, x=257 pixel and x=513 pixel. If the size of the object is greater than 1/3 of the 

total data length (field of view), the object copies will overlap and the CCD will sample a 

noisy image and at the last we get an aliased image. So the size of the object should be 

less or equal to the 1/3 of the total data length i.e. if total data length is 512 pixels, the 

size of the object must be less or equal to 256 pixels. Because of the sampling at the 

Fourier plane by an encoding mask of period 2 pixels, the image contains two copies of 

the original object. To capture this image, a CCD is placed at the image plane of the 4f 

coherent imaging system. The pixel spacing between two consecutive point pixels of the 

CCD is 9 pixels found from the equation X α 1/2Δv i.e. (X = Total data length/2Δv). The 

image sampled by the CCD is an undersampled image shown in Fig. 2.8 (f). The Fourier 

spectrum of the CCD undersampled image is shown in Fig. 2.8 (g). The Fourier spectrum 

of the sampled data contains nine copies of the original spectrum of the object each of 

width 99 pixels and each copy overlapped to half width of the next copy on either side. 

The spectrum replicas located at v=29 pixels, 85 pixels, 143 pixels, 200 pixels, 257 pixels, 



 

45 
  

 

 

Fig. 2.6. Diagrammatic simplification of two comb functions. 

 

 

Fig. 2.7.Diagrammatic representation for a selection of a single spectral copy, (a): The 

unoverlapped multiple copies of the input spectrum given in Fig. (2.5). (b): A top-hat 

filter equal to the width of the spectral copy, (c): To select the central copy from the 

incoming multiple input spectrum. 
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(c){Taken 100 points}   (d) 
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          (m)         (n) 

Fig. 2.8. Diagrammatic representation of geometrical superresolution using Optical 

Mask. (a): Input Object, (b): Fourier transform of the input object, (c): Optical Mask, (d): 

Multiplication of  (b) and (c), (e): Inverse of (d) is the Image at the CCD plane, (f): Image 

Captured by CCD, (g): Fourier transform of (f), (h): Multiplication of Optical Mask and 

(g), (i): Multiplication of the  Filter with (h) to  select the central copy of the spectrum, 

(j): Interpolation of (i), (k): Inverse of (j) gives the Output Image, (l): Output image of the 

input object without using Optical Mask, (m): Error (in %) between output image using 

Rectangular Optical Mask and original object, (n): Error (in %) between the image 

obtained by conventional system and original object.  

314 pixels, 371pixels, 428 pixels, 485 pixels. To remove the overlapping of the spectra, 

the spectra are passed through the decoding mask identical to the encoding mask placed 

at back focal plane of the Fourier transforming lens shown in Fig. 2.8 (g). The decoding 

and encoding Optical Masks must be aligned and have same period. The resultant spectra 

after the use of the decoding mask are shown in Fig. 2.8 (h). This contains un-overlapped 

copies of the original spectrum of the object. Individual copies can easily be selected as 

all the copies are identical. Fig. 2.8 (i) shows a single selected copy from the multiple 
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unoverlapped replicas as shown n Fig. 2.8 (h). The filter used for the selection of this 

copy has width equal to the bandwidth of the spectrum i.e. 56 pixels as shown in Fig. 2.7 

(b). Fig. 2.8 (i) shows a spectrum that is identical to the original spectrum of the object, 

except that it is a sampled version of the original spectrum. To recover the missing 

frequencies from the spectrum shown in Fig. 2.8 (i), an interpolation is carried out. The 

interpolation of the filtered spectrum is shown in Fig. 2.8 (j), the interpolated spectrum is 

similar to the original spectrum shown in Fig. 2.8 (b). After obtaining the desired 

spectrum, Fourier transform is taken and an image is obtained similar to the original 

object provided in Fig. 2.8 (a). The obtained image is shown in Fig. 2.8 (k) and for 

comparison, the output image without using Optical Mask is also shown in Fig. 2.8 (l). 

The Error in percentage between the original object and the images obtained by using our 

technique and conventional imaging system are shown in Fig. 2.8 (m) and Fig. 2.8 (n).     

It cleared that the image obtained with our technique is much similar to the original 

object shown in Fig. 2.8 (a) and much better than the image without using Optical Mask 

shown in Fig. 2.8 (l). 

2.2.1 Mathematical Modeling of Geometric Super-resolution using 

Optical Mask in 2-D 

In this section we present mathematical modeling for the “Geometric super-resolution 

using Optical Mask in two dimensions”. Two dimensional (2-D) modeling is more 

important than 1-D because in the real world we deal 2-D images and we need to 

examine the prior technique in 2-D.The 2-D case is the same as one dimensional case. 

Here we have used the Optical Mask in two dimensions with grating line pairs spacing 
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“p” along x-axis and “q” along y-direction that encodes the input spectrum at the 

spectral plane. The image of the input formed by the optical components of imaging 

system at the imaging plane after encoding the input spectrum at the Fourier plane as was 

discussed in section 2.1 for one dimension. CCD is placed at the imaging plane to 

samples the input image. We have used the CCD in two dimensions samples the input 

image. The Fourier transformation of the CCD sampled data gives us the overlapped 

spectra of the input. The same mask is used for decoding process that nullifies the 

overlapping effect produced by CCD sampling and we can easily separate a single 

spectrum similar to input spectrum.  

The input object function in two dimension is g(x,y). As input object passing through the 

first lens (Objective lens), we get the Fourier spectrum of the input object at the back 

focal plane of the first lens is ( , )G u v : 

{ }( , ) ( , )G u v g x y= ℑ      (2.18) 

Here we are ignoring the diffractive effects of the optical components (lenses) of the 

imaging system and only consider the effects makes by the CCD undersampling. The 

Optical Mask placed at back focal plane of the objective lens where the spectrum of the 

object arrives. The Optical Mask samples the spectrum of the input object ( , )G u v

.Therefore the output sampled spectrum after the Optical Mask is given below: 

( , ) ( , ) ( , )O u v G u v OM u v=      (2.19) 

The Optical Mask is very thin (negligible thickness) and has negligible diffractive effects 

and we do not consider the diffractive effects of the Optical Mask. The Optical Mask is 

function in two dimensions (series of delta functions with period “p” along x-axis and 
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Fig. 2.9. Optical Mask with period “p” along x-axis and “q” along y-axis.the comb 
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“q” in the y- direction as shown in the Fig. 2.9), i.e.  

, ( , )
i j

OM(u v) u ip v jqδ
∞ ∞

=−∞ =−∞

= − −∑ ∑     (2.20)
 

Since the spectrum of the input object passes through the Optical Mask, this mask 

encodes the input spectrum. Putting Eq. (2.20) into Eq. (2.19), we obtained the encoded 

output spectrum of the input object: 

( , ) ( , ) ( , )
i j

O u v G u v u ip v jqδ
∞ ∞

=−∞ =−∞

= − −∑ ∑    (2.21) 

" "u and" "v  are the coordinates used in the Fourier domain. Since the coded input 

spectrum passed through the imaging lens (the lens before CCD), so we take the Fourier 

transform of Eq. (2.21) to obtain the image arrives at the CCD plane i.e.  

{ }1 1( , ) ( , ) ( , ) ( , )
i j

O x y O u v G u v u ip v jqδ
∞ ∞

− −

=−∞ =−∞

 
= ℑ = ℑ − − 

 
∑ ∑    (2.22) 

O(x,y) is the image arrived at the CCD plane. O(x,y) contains the replicas of the input 

object separated by a 1/p in the x-direction and 1/q along y-axis. Since the CCD samples 

the image of the input, The CCD sampled image S(x,y) can be express as follows:
 

1( , ) ( , ) ( , ) ( , ) ( , ) ( , )
i j m n

S x y O x y CCD x y G u v u ip v jq x mX y nYδ δ
∞ ∞ ∞ ∞

−

=−∞ =−∞ =−∞ =−∞

 
= = ℑ − − − − 

 
∑ ∑ ∑ ∑      (2.23) 

Where “X” and “Y” are the separations between two consecutive point pixels of the CCD 

along x- and y-axes. 4.∆Xo∆.Yo is the bandwidth of the object. The CCD image detector 

records and store the information fall on the CCD Chip. Here we assume an ideal CCD 

i.e. the pixels of CCD are infinitesimally small and are arranged uniformly with a 

separations “X” along x-axis and “Y” along y-axis from one another (finite- size pixels).  
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Fig. 2.10. Replicas before the decoding mask in 2-D.
 

 

 

 

Fig. 2.11. Replicas after the decoding mask in two dimensions.
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CCD samples the image ideally and uniformly.  

As we have considered an ideal CCD, i.e. it will have the ability to sample the image 

field in discrete points. So the CCD is designed as the comb function in two dimensions 

(an infinite train of Delta function) i.e. 

( , ) ( , )
m n

CCD x y x mX y nYδ
∞ ∞

=−∞ =−∞

= − −∑ ∑    (2.24) 

Signals at the CCD plane will have coordinate x and y. Eq. (2.23) provides the image in 

discrete points. The CCD sampled image in Eq. (2.23) has passed through the third lens 

(on the computer) providing the Fourier transform of the CCD sampled data in which the 

spectrum of the input is convolved with each pixels of the CCD with a separation of 

∆u=(Total data length in the x- direction)/2X along x-axis and ∆v=(Total data length in 

the y- direction)/1/2Y along y- direction in the Fourier domain. Taking the Fourier 

transform of Eq. (2.23) equation, we have: 

1( , ) ( , ) ( , ) ( , )
i j m n

S u v G u v u ip v jq x mX y nYδ δ
∞ ∞ ∞ ∞

−

=−∞ =−∞ =−∞ =−∞

  
= ℑ ℑ − − − −  

   
∑ ∑ ∑ ∑  (2.25) 

After mathematical procedure Eq. (2.25) takes the following form: 

1( , ) ( , ) ,
i j m n

m nG u v u il v jp u v
XY X Y

δ δ
∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

   ⇒ − − ⊗⊗ − −   
  

∑ ∑ ∑ ∑   (2.26) 

Where ‘⊗⊗ ’ denotes convolution sign in two dimensions. Using the Convolution 

property of the impulse function, i.e. 

{ } [ ] { } { }( , ) ( , ) , , ,
m n m n

G u v H u v u m u v n v G u m u v n v H u m u v n vδ
∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

⊗⊗ − ∆ − ∆ = − ∆ − ∆ − ∆ − ∆∑ ∑ ∑ ∑  (2.27) 

1( , ) , ,
m n i j

m n m nS u v G u v u ip v jq
XY X Y X Y

δ
∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

   = − − − − − −   
   

∑ ∑ ∑ ∑         (2.28) 
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Since we have kept the pixels spacing of the CCD to undersampled the image projected 

by the optics of the imaging system i.e.2∆u = (Total data length in the x- direction)/X 

and 2∆v = (Total data length in the y- direction)/Y. It is clear from Eq. (2.28) that the 

series of the spectra of the input do overlap in both x- and y-directions after the Fourier 

transformation of the CCD sampled data because of undersampling of the CCD as shown 

in Fig. 2.10. To remove these overlapping of the spectra, we need to multiply the 

decoding mask with Eq. (2.28) that cancels out the overlapping of the spectra, we have:
 

{ } { }1( , ) 2 , 2 2 , 2 ( )
m n i j

R u v G u m u v n v u ip m u v jq n v OM v
XY

δ
∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

= − ∆ − ∆ − − ∆ − − ∆∑ ∑ ∑ ∑       (2.29) 

{ } { }1( , ) 2 , 2 2 , 2
m n i j

R u v G u m u v n v u ip m u v jq n v
XY

δ
∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

= − ∆ − ∆ − − ∆ − − ∆∑ ∑ ∑ ∑

( , )
a b

u ap v bqδ
∞ ∞

=−∞ =−∞

× − −∑ ∑       (2.30) 

The two delta functions δ(u-ip-m2∆u ,ν-jq-n2∆ν) and δ(u- ap,ν- bq) will coincide and 

only δ{u-ip-m2∆u , ν-jq-n2∆ν } will exist and also provided “m” and “n” are even 

numbers as was discussed for 1-D. The necessary condition for the two mask alignment 

are i.p+2.m.∆u =a.p and j.q+2.n.∆v =b.q. So Eq. (2.30) reduces to the following 

equation: 

{ } { }1( , ) 2 , 2 2 , 2
even even

i j m n
R u v G u m u v n v u ip m u v jq n v

XY
δ

∞ ∞

=−∞ =−∞ =−∞ =−∞

= − ∆ − ∆ − − ∆ − − ∆∑ ∑ ∑ ∑   (2.31) 

Eq. (2.31) gives the even copies of the input spectrum G(u,ν) and each copy of the G(u,v) 

is sampled by δ(u-ip, ν-jq) which are completely separated for “m” and “n” are even 

numbers as shown in Fig. 2.11, now we want to select the central copy from the series of  

the input spectra G(u-m2∆u,ν–n2∆), we have to put m=0 and n=0 provides only the  
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central copy and stops all the surrounding spectra. 

1( , ) ( , ) ( , )
i j

R u v G u v u ip v jq
XY

δ
∞ ∞

=−∞ =−∞

= − −∑ ∑        (2.32)
 

Eq. (2.32) presents only the central down sampled output un-overlap spectrum. This 

sampled spectrum is much similar to the spectrum of the input object but of different 

amplitude. The amplitude of the spectrum decreased due to the multiplication factor 

1/XY. It is clear that the effect of the CCD sampling can be easily eliminated by 

modulating the input spectrum of the object. The special interpolation technique has been 

used to fill the missing points of the object spectrum caused by the Optical Mask.  

2.2.2 Simulation Results and Discussion 

In this section we present simulation results of our proposed technique in two dimensions 

as one dimensional case has been discussed in sections 2.1.2. We have used a Lena’s 

image as an input object of size 500 pixels×500 pixels of the total space 1052 

pixels×1052 pixels and zeros are padded on either side of the input object as shown in 

Fig. 2.12 (a). The input object is passed through the first lens of focal length f in the 4f 

coherent imaging system provides the Fourier spectrum of the input object at the Fourier 

plane of the lens is shown in Fig. 2.12 (b). The two Optical Masks used in this simulation 

should be identical and aligned to attain accurate results. The Optical Mask of size 1052 

pixels×1052 pixels is inserted in optical setup at the location where the Fourier spectrum 

of the input object forms. The Optical Mask used in this setup is an amplitude grating 

mask of frequency 2 pixels in both directions as shown in Fig. 2.12 (c). The Optical Mask 
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shown in Fig. 2.12 (c) is a small portion of the mask. The encoding mask is placed at the 

Fourier plane or equivalently the encoding mask is multiplied to the Fourier spectrum. 

This mask encodes the spectrum of the input object in the Fourier domain shown in Fig. 

2.12 (d). The encoded spectrum shown in Fig. 2.12 (d) is passed through the second lens 

(Imaging lens before the CCD) having same focal length f. The second Fourier 

transformation of the coded spectrum in the 4f coherent imaging system providing 

multiple copies of the object, i.e. nine copies of the object at the image plane separated by 

a distance equal to the reciprocal of the mask period (p=2 pixels in the x and q=2 pixels 

in the y-direction) on either side as shown in Fig. 2.12 (e). The object replicas at the 

imaging plane positioned at (x,y) = (1,1), (1,526), (1,1052), (526,1), (526, 526), (526, 

1052), (2016,1), (1052,526), (1052, 1052). The CCD is a device that imaged the image 

formed by the optics of the imaging device. CCD is composed of small point pixels with 

pixel pitch X=9 pixels and Y=9 pixels (pixels period are 9 pixels) is originate from the 

equation X= (Total data length)/2Δu in the x direction and Y= (Total data length) 

/2Δvalong y axis. The CCD samples these multiple replicas of the input object. If the 

object size greater than 1/3 of the total space, the replica of the object produce at the CCD 

plane will overlap and the signal become noisy. The image is under-sampled by the CCD 

in two dimensions. The sampled version of the image is shown in Fig. 2.12 (f). The 

Fourier spectrum of the image sampled by the CCD is shown in Fig. 2.12 (g). It contains 

9×9=81 overlapped copies of the original spectrum of the object in both x- and y-

directions. To remove the overlapping of the spectra, the same mask (Encoding mask) 

used for the decoding process which is equivalent to the multiplication of the Optical 

Mask and the overlapped spectra shown in Fig. 2.12 (g). The resultant spectra after the 
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(a)        (b)    

    

(b) (Taken 100 points)       (d) 

    

(e)       (f) 
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  (g)       (h) 

               

  (i)       (j) 

               

(k)           (l) 
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  (m) 

Fig. 2.12. Diagrammatic representation of Geometric Superresolution using Optical Mask 

in 2-D. (a) Input Object , (b): Fourier transform of the input object, (c) Optical Mask, (d) 

Multiplication of  (b) and (c), (e): Inverse of (d) is the Image which is at the CCD plane, 

(f): Image Captured by CCD, (g): Fourier transform of (f), (h): Multiplication of Optical 

Mask and (g), (i): Multiplication of the Filter with (h) to  select the central copy of the 

spectrum, (j): Interpolation of (i), (k): Inverse of (j) gives the Image of the object, (l): 

Removal of the padded region of  (k) gives the output image, (m): Output image without 

Optical Mask. 

use of the decoding mask are shown in Fig. 2.12 (h). All the copies are completely 

separated and in sampled version of the object spectrum and similar to the input 

spectrum, low pass filter of width equal to the spectrum width is used to select the central 

copy. Fig. 2.12 (i) shows a selected copy from the copies contained in Fig. 2.12 (h). Fig. 

2.12 (i) shows single filtered spectrum that is identical to the original spectrum of the 

object, but it is a sampled version of the original spectrum. To fill up the missing 
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frequencies of the sample spectrum shown in Fig. 2.12 (i), an interpolation is used. The 

interpolated filtered spectrum is shown in Fig. 2.12 (j), the interpolated spectrum is 

similar to the original spectrum shown in Fig. 2.12 (b). The inverse Fourier transform of 

the interpolated spectrum is taken and the image obtained shown in Fig. 2.12 (k). The 

image shown in Fig. 2012 (l) is obtained by eliminating the padded region of (k). The 

image taken without using Optical Mask is shown in Fig. 2.12(m), it is clear that the 

image obtain using Optical Mask is better than the image without Optical Mask presented 

in Fig. 2.12 (m).  One can easily see that the output image and the reference image 

(presented in Fig. 2.12 (a)) are identical. 

2.3 Conclusion 

We have presented a novel technique for improving geometric superresolution by the use  

of an encoding mask and an identical decoding mask. The method has been discussed 

using a 4f coherent imaging system where the encoding mask (an amplitude grating) was 

placed at the Fourier plane. The image was undersampled by the CCD. The decoding 

mask was multiplied to the Fourier spectrum of the recorded image. This removes the 

overlapping of multiple copies of the Fourier spectrum and enables us to filter out a 

single copy. An interpolation is done on the selected copy of the spectrum and the inverse 

Fourier gives an image identical to the original image. The encoding and decoding masks 

must have a definite relationship with the pixel separation of the CCD.  
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Chapter 3  

Geometric Super-resolution with optical rectangular mask 

3.1 Introduction 

In previous chapters we have presented the geometric super-resolution problems of the 

digital imaging device arises due to pitch of the sensor pixels. Since Nyquist criterion 

(after Harry Nyquist) [1] sets the condition for the CCD sampling to pass only the 

baseband signal (low frequencies) and stops high frequencies of the signal. According to 

the Nyquist criteria, “The separation of the sampling points (pixels) of the CCD should 

be equal or greater than the object spectrum band-width” i.e. the minimum separation of 

the CCD pixels that allow the input signal to pass are fsx≥2fxo and fsy≥2fyo, where  fxo, fyo 

are the highest frequencies of the object spectrum and fsx , fsy are the sampling frequencies 

of the imager. The whole frequencies of the spectrum will be plotted on to the 

frequencies axes within the Nyquist range, the spectrum of the input scene easily pass 

through the rest of the system. But some time the spectrum-width exceeding the Nyquist 

criteria i.e. pixels separation less than the spectrum width, high frequencies of the 

multiple spectra are overlapping on the low frequencies of the next neighbour spectrum 

and image displaying on the screen become noisy.  

To stop this overlapping we have inserted two Optical Rectangular Masks in the imaging 

device. The Optical Masks used in the chapter 2 samples the spectrum of the scene 

ideally (sampling with comb function) in the Fourier domain [2]. This is because the 

pixels shape of the mask makes non-ideal sampling and it is due to the fact that sampling 

with comb function is very inefficient energetically. We have to enlarge the dimensions  
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Fig. 3.1. Diagrammatic representation of the Rectangular Optical Mask of pitch p. 

 

 

 

Fig. 3.2. Fourier transform of the Rectangular Optical Mask. 
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of each delta’s in the comb function to make sampling non-ideally. The Optical Mask 

used in chapter 2 is the comb function; we have replaced each Delta of the comb function 

with rectangle function each of width “Δv” in the frequency domain as shown in the Fig: 

3.1. It is due to fact that each rectangle function collects energy and averages it.  The 

Fourier transform of the rectangular function (rect function) is the sinc function of width 

“Δx” in the space domain and of the comb function with separation p is again the comb 

function but of different spacing “1/p”. The comb function sampled the sinc function 

with separations 1/p, which is the separation of the delta’s in the comb function in spatial 

domain. The multiplication of the Optical Rectangular Mask with the input spectrum in 

the Fourier domain gives us the spectrum sampled by the series of the rectangular 

function. The second Fourier transformation of the sampled spectrum produces multiple 

copies of the input scene of different amplitude at the imaging plane and the spacing 

between two consecutive object copies is 1/p, because the second Fourier transformation 

of the periodic rectangular function presents an infinite harmonic spectrum of different 

weights (amplitudes) not equal like presented in chapter 2. This scaling of amplitude of 

the shifted copies of the input object or the weighting factor of the sampling points 

caused by sinc function as shown in Fig: 3.2. The only frequency that does not suffer any 

change is the central frequency because since function at the central frequency has no 

effect. We have kept the separation of the CCD pixels such that CCD undersamples this 

image with infinitesimally small point pixels (series of the delta function).  The Fourier 

transform of the CCD undersampled data gives overlapped multiple spectra. We have 

multiplied the decoding ORM (same as encoding ORM but on computer) with 

overlapped spectra that stop the odd replicas and only allow the even spectra. In this way 
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Fig. 3.3. Variations of the amplitude of the input object replicas with sinc Function. 
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we have removed the  overlapping effect of the CCD sampling and got a series of 

unoverlapped spectra, A low pass filter is used that provides only the central spectrum  

and stops all the surrounding spectra. The retrieved spectrum matched the input spectrum 

used as a reference. The next section presents the mathematical approach of the presented 

technique in 1-D. Section 3.1.2 brings the simulation and results discussions. In section 

3.2.1 presents the mathematical modeling for 2-D for the approach used in section 3.1and 

simulations and result discussion of the section 3.2.1 are in section 3.2.2. 

3.1.1 Mathematical Approach in 1-D 

Since Geometric Super-resolution (GS) are a techniques that enhance the resolution of 

the imaging sensor limited due to pixels pitch and shape of the CCD. Here we present the 

mathematical approach to the technique presented in section 3.1 that finishes the 

overlapping effect produced by pixels pitch of the CCD and also shows the effect when 

the Optical Rectangular Mask used for the removal of overlapping of the spectrum 

replicas at the Fourier domain. Optical Rectangular Mask is the train of the rectangular 

pulse instead of the delta pulses (used in chapter 2).  

Let g(x) represents our input object and the object is located at the front focal plane of the 

convex lens. The Fourier spectrum of the object is ( )G v  at the back focal plane of the 

convex lens, we can simply write the following relation: 

 { }( ) ( )G v g x= ℑ   (3.1) 

The “Optical Rectangular Mask” is placed at a distance “f” from the aperture of the 

objective lens where the Fourier spectrum of the object forms. We multiplied the ORM to 
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 input spectrum G(v) to encode the object, and the resulting spectrum  O(v) becomes as: 

 ( ) ( ) ( )O v G v ORM v=     (3.2) 

The Optical Mask presented in chapter 2 is the Comb function (series of the Dirac Delta 

function). We have replaced each delta of the Optical Mask with the rect function of 

width “Δv” that makes the Optical Mask more practical shown in Fig: 3.1. The optical 

rectangular mask is the series of rect function with width “∆ v”. The Optical Rectangular 

Mask can be written as: 

 .( . )
k k

v v k pORM(v) v k p rect rect
v v

δ
∞ ∞

=−∞ =−∞

−   = − ⊗ =   ∆ ∆   
∑ ∑  (3.3) 

Where the rect function in one dimension can be defined as 

 

(3.4)
 

 

vrect
v

  ℑ =  ∆  
( ). .v sinc x v∆ ∆     (3.5) 

.
k

v k prect
v

∞

=−∞

− 
 ∆ 

∑  Represent the series of the rectangles which we called Optical Rectangular 

Mask. The sign ‘⊗ ’ used for convolution. Since the Optical Rectangular Mask has the 

periodic structure, the period of ORM is “p” or the spacing between the centres of two 

consecutive rect functions. The width of the rect function should be equal or less than the 

half of the spacing between the two consecutive delta’s i.e. ∆v ≤ p/2. We have inserted 

the ORM in the imaging system after the first lens at the spectrum plane. The ORM 

encodes each part of the spectrum G(v). It is simply equivalent to the multiplication of the 
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2

v
v
≤

∆

otherwise

1

0

vrect
v


  =  ∆  
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 object spectrum and ORM, the encoded spectrum can be written as: 

 ( ) ( ) ( . )
k

vO v G v v k p rect
v

δ
∞

=−∞

  = − ⊗  ∆  
∑    (3.6) 

O(v) represents the coded or the sampled version of the spectrum. This coded spectrum 

has been passed through the imaging lens provides the image of the sampled spectrum. 

The Fourier domain and the space domain are represented by the coordinate “v” and “x”. 

The second lens in the 4f system takes the Fourier of the spectrum given by Eq. (3.6) and 

the image at the image plane of the 4f system can be written as: 

 { }1 1( ) ( ) ( ) ( . )
k

vO x O v G v v k p rect
v

δ
∞

− −

=−∞

   = ℑ = ℑ − ⊗   ∆   
∑  (3.7) 

.( ) ( ) sin
k

x k xO x g x c
p p

∞

=−∞

  ∆ ∆
= ⊗  

  
∑

    (3.8)
 

It is clear from Eq. (3.8) that O(x) is the superposition of all the replicas of the input 

object g(x) scaled by “∆x/p” and the replicas of the input are separated by “1/p” from the 

nearest neighbour copies on either side, beside that scaling there is another factor 

sinc(k.Δx/p)  that also scales all the shifted copies differently by the values of the 

sinc(k.Δx/p) depends on “k” excluding the central copy as shown in Fig: 3.2 unlike the 

case discussed in chapter 2. Only the central copy remain unchanged because for k=0, 

sinc(0)=1.  Here we are using an imaging device known as charge coupled device (CCD). 

CCD is an array of photo-detector in the sensing panel each of which absorbs the scene 

intensities, the pixels in the sensor panel samples scene and creates a digital image in 

discrete form. We deliberately keep the spacing of the pixels of the CCD to undersample 

the image. Since CCDs are composed of small sampling point (known as photo-
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detectors) that absorb the light energy comes from the scene and turn this optical energy 

into electrical energy and send to computer for further processing. Here we supposed that 

CCD performed ideal sampling and the pixels of the CCD measures only the absolute 

values of the image. For ideal sampling, the CCD pixels are assumed to be point pixels 

(discussed in chapter 2), so the CCD is the series of delta function which represent the 

point pixels. The captured image of the CCD is represented by “S(x)”: 

 1( ) ( ) ( ) ( ) ( . ) ( . )
k n

vS x O x CCD x G v v k p rect x n X
v

δ δ
∞ ∞

−

=−∞ =−∞

     = = ℑ − ⊗ −    ∆     
∑ ∑

 
(3.9) 

Where X = 1/ 2.∆V is the spacing between the consecutive point pixels of the CCD and 

the total number of points on the signal that CCD samples are N= 2∆V/X in one 

dimension.  CCD measures only the absolute values of the image. Here we assumed the 

point pixels of the CCD (Comb function in one dimension), so the new structure of the 

CCD pixels can be represented as follow: 

 ( ) ( . )
n

CCD x x n Xδ
∞

=−∞

= −∑  (3.10) 

We can see that Eq. (3.8) contains multiple replicas of the original object and these 

replicas are produced due to inserting the optical rectangular mask at the Fourier domain 

in the optical setup. The Fourier transform the coded input scene provides an image at the 

imaging plane in which input object is convolved with each delta of the Optical 

Rectangular Mask spaced with separation of “1/p” and these copies are multiplied with 

the sinc function which is produced due to the rectangular shape of the rectangular 

pulses. CCD sampled these replicas of the object contain in Eq. (3.8) with finite pixels 

having defined pitch. Eq. (3.9) presents the sampled version of the Eq. (3.8). The Fourier 
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transformation of Eq. (3.9) presents multiple copies of the spectrum of the original object 

which are aliased (overlapped) due to undersampling by the CCD and is given by the 

following equation: 

 1( ) ( ) ( . ) e ( . )
k n

vS v G v v k p r ct x n X
v

δ δ
∞ ∞

−

=−∞ =−∞

    = ℑ ℑ − ⊗ −    ∆     
∑ ∑       (3.11) 

Since  

1( . )
n n

nx n X v
X X

δ δ
∞ ∞

=−∞ =−∞

    ℑ − = −        
∑ ∑

 

The above equation tell us that the separations of delta function are now changed in the 

Fourier domain as 2. 1/V X∆ = ,where “X” is the pixels pitch (interval between the two 

consecutive point pixels) in spatial domain . So the Equation (3.11) becomes: 

( )1( ) ( ) ( . ) 2. .
k n

vS v G v v k p rect v n V
v X

δ δ
∞ ∞

=−∞ =−∞

   = − ⊗ ⊗ − ∆   ∆   
∑ ∑       (3.12) 

The impulse Convolution operation gives us the following relation:  

{ } { }{ }( ) ( ) ( ) ( ) ( ) ( ) ( )I v H v x I v x H v xδ δ δ⊗ = ⊗ ⊗     (3.13) 

Using the above impulse convolution property in Eq. (3.13), Eq. (3.12) adapts the 

following form: 

( ){ } ( )1 ( ) 2. . ( . ) 2. .
n k

vG v v n V v k p rect v n V
X v

δ δ δ
∞ ∞

=−∞ =−∞

   = ⊗ − ∆ − ⊗ ⊗ − ∆   ∆   
∑ ∑   (3.14) 

It is clear from the above Eq. (3.14) that the sampled spectrum of the input are convolved 

with each delta of the Comb function separated by “2.∆V”. Since 2.∆V of the delta’s 

separation in the Comb function are not sufficient to accommodate the spectrums because 

pixels spacing of the CCD are such that CCD performing undersampling, high 

frequencies of the spectrum falls in the lower frequencies regions of the neighbour 
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spectrums and so overlapping of the spectrum occurs and we get an aliased spectrum 

because we cannot discriminate the various parts of the spectrum in the overlapping 

region. We have also noticed that amplitude of all the shifted spectrums are also 

decreased due to the multiplication factor of 1/X. Now we are using associative property 

of the convolution operation: 

{ } { }( ) ( ) ( ) ( ) ( ) ( )A x B x C x A x C x B x⊗ ⊗ = ⊗ ⊗     (3.15) 

The convolution property given in the above Eq. (3.15) can be used in Eq. (3.14) and Eq. 

(3.15) takes the following form: 

( ){ } ( )1( ) ( ) 2. . ( . ) 2. .
n k

vS v G v v n V v k p v n V rect
X v

δ δ δ
∞ ∞

=−∞ =−∞

    = ⊗ − ∆ − ⊗ − ∆ ⊗    ∆   
∑ ∑     (3.16) 

1( ) ( 2. . ). ( . 2. . )
n k

vS v G v n V rect v k p n V
X v

δ
∞ ∞

=−∞ =−∞

   = − ∆ ⊗ − − ∆   ∆   
∑ ∑   (3.17) 

1 . 2. .( ) ( 2. . )
n

v k p n VS v G v n V rect
X v

∞

=−∞

− − ∆ = − ∆  ∆ 
∑                                (3.18) 

We multiplied the decoding mask (same as the encoded mask) to the Fourier spectrum of 

the CCD sampled image (on the computer) to extract the information hidden in the 

overlapping regions of the shifted spectrums. The decoding process is performed in 

Fourier plane. Eq. (3.18) is result of the multiplication of the decoding mask and the 

Fourier spectra and is given by:  

1 . 2. .( ) ( 2. . ) ( )
k n

v k p n VR v G v n V rect ORM v
X v

∞ ∞

=−∞ =−∞

− − ∆ = − ∆  ∆ 
∑ ∑     (3.19) 
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1 . 2. . .( ) ( 2. . )
l k n

v k p n V v l pR v G v n V rect rect
X v v

∞ ∞ ∞

=−∞ =−∞ =−∞

 − − ∆ −   = − ∆    ∆ ∆    
∑ ∑ ∑

  
(3.20)

 

The multiplication of the decoding Optical Rectangular Mask with the overlapped 

replicas of the spectrum gives us the series of un-overlapped spectra. The decoding 

process can be explained mathematically as Eq. (3.20) can be simplified by using a 

property of rect function. The rect{ν-2.n.∆V-k.p} will exist at the positions of rect(ν-l.p), 

i.e. the two Optical rectangular masks will coincide,  and give that ‘n’ is an even number 

if the two masks are aligned with each other. The condition for the masks alignment is 

l.p=k.p+2.n.∆V, we get: 

. 2. . . 2. . .
n even k l k n

v k p n V v k p n V v l prect rect rect
v v v

∞ ∞ ∞ ∞ ∞

= =−∞ =−∞ =−∞ =−∞

− − ∆ − − ∆ −     =     ∆ ∆ ∆     
∑ ∑ ∑ ∑ ∑  (3.21) 

We saw in Eq. (3.21) that the decoding rectangular mask stops the odds replicas of the 

rectangles and allow only the even rectangles as shown in the Fig: 3.4. So Eq. (3.20) 

reduces to the following equation: 

 1 . 2. .( ) ( 2. . )
k n even

v k p n VR v G v n V rect
X v

∞ ∞

=−∞ =

− − ∆ = − ∆  ∆ 
∑ ∑  (3.22) 

For n is even, this gives only the even copies of the spectrum G(v) sampled by rect(ν-

k.p). Eq. (3.22) gives us the sampled spectrum of the object placed at each rect of 

bandwidth ∆v. The rect function does not change the amplitude of the multiple spectrums 

located at different rect function in the frequency domain, so to select the central copy of 

the G(v-2n∆V), we put suitable low pass filter to pass only the central spectrum and stop 

all the remaining spectra so we need to put n=0, The central sampled spectrum of the 

object will be obtained with n=0 in Eq.(3.22), the above equation becomes as: 
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Fig. 3.4. Multiplication of the optical rectangular masks of two different pitches gives 

rectangular mask with a larger pitch. 
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1 .( ) ( )
k

v k pR v G v rect
X v

∞

=−∞

− =  ∆ 
∑                                              (3.23) 

Eq. (3.23) gives us the spectrum of the object sampled the series of rect functions. The 

samples of the spectrum are separated by the parameter “p” of the ORM. A special 

interpolation technique is carried out on the data obtained from Eq. (3.23) to fill the 

missing points of the obtained spectrum. The interpolated spectrum is identical to the 

original spectrum of the object. Thus G(v) is obtained from R(v). It is clear from Eq. 

(3.23) that the spectrum of the input can be easily extracted from the aliased (overlapped 

regions) signal by suitable modulation. This encoding and decoding technique enable us 

to pass not only the base band part (low frequency region) but also the side band (high 

frequencies part) of the signal limited due to the finite pitch of the pixels of the CCD 

chip. 

3.1.2 Simulation and results discussions for 1-D 

To complete our analysis on the CCD sampling and its effect on the output image, we 

present a comprehensive imaging model to simulate a down-sampled image and accounts 

for the sampling effect of the detector array. We did the simulation for this project using 

Mathematica software (Wolfram Research, Inc., Champaign, IL). In this simulation we 

have assumed the real dimensions of the pixels size and the separation of it. In this 

simulation we took a Gaussian function with parameters σ = 0.02pixels and x0 = 256 

pixels as input object of width 54pixels in one dimension for the sake of simplicity shown 

in Fig: 3.5 (a) and two dimensional case is straight forward presented in the next section. 

The input object was passed through the objective lens, so the Fourier spectrums of the  
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Fig. 3.5. One dimensional simulation results for removal of the CCD undersampling 

effect. (a): Input Object, (b): Fourier transform of the input object, (c): Optical 

Rectangular Mask, (d): Multiplication of  (b) and (c), (e): Inverse of (d) is the Image 

which is at the CCD plane, (f): CCD, (g): Image Captured by CCD, (h): Fourier 

transform of (g), (i): Multiplication of decoding mask and (h), (j): Multiplication of the 

Filter with (i) to  select the central copy of the spectrum, (k): Interpolation of (j), (l): 

Inverse of (j) gives the Output Image, (m): Output image without using optical 

rectangular mask, (n): Error (in %) b/w output image using Optical Rectangular Mask 

and original object, (o): Error (in %) b/w output image without using Rectangular Optical 

Mask and original object. 

input object shown in Fig: 3.5 (b) with band-width is 2∆V=58 pixels. The Optical 

Rectangular Mask of length 513 pixels is placed at the Fourier plane where the spectrum 

of the object arrives. The spectrum of the input is multiplied with the optical rectangular 

mask (period of the rectangular aperture is 4pixels i.e. width of the rectangular function 

∆x=2 pixels shown in Fig: 3.5 (c)) to encode the spectrum of the input object of width 

2∆V=58 pixels in Fourier domain shown in Fig: 3.5 (d). This sampled spectrum is passed 

through the imaging lens to form an image at the imaging plane, the image obtained 

contain replicas of the input object separated by a distance 128 pixels from the other 

copies on either side as shown in Fig: 3.5 ( e). The amplitude of all the shifted replicas of 

the input object varies due to the sinc function, because the Fourier transform of the 

series of the rect functions is a discrete sinc function and each copy of the object is placed 

on each delta point of the sinc function. As the amplitude of the sinc function varies, the 

sinc function shrinks the object replicas amplitude. In the previous case discussed in 
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chapter 2 we have assumed the comb function (series of Delta’s) to represents the Optical 

Mask, provided two copies of the same amplitudes, one copy in the center and half copies 

on either side of the central image separated by 256 pixels, but here we have three 

complete copies of the input object of different amplitudes and much close than the 

previous case. It means that as we are increasing the width of the rect functions of the 

optical rectangular mask brings the replicas close and reduces the field of view. The 

central image occupies approximately 1/4 of the field of view of the detector. We have 

placed the CCD with 64 point pixels and period of the pixels are 9 pixels at the plane 

where the image of the object forms. CCD has finite and infinitesimally small point 

pixels (comb function in one dimension) shown in Fig: 3.5 (f). The image shown in 

Fig:3.5 (e) is undersampled by CCD with pixels pitch 9 pixels shown in Fig: 3.5 (g). The 

undersampled image Fourier transformed (on the computer) that produces the spectrum 

of the sampled image at the Fourier plane. Fourier spectra contain 18 replicas of the 

spectrum each of width 2∆V=58 pixels are overlapped to half of the next neighbor 

spectrum on either side shown in Fig: 3.5 (h). To eliminate the overlapping effect of the 

CCD undersampling, we have multiplied the decoding mask (same period as encoding 

mask) in the frequency domain to the overlapping spectra yields a series of completely 

separated copies of the input object spectrum shown in Fig: 3.5 (i). To pull out the central 

spectrum, we have placed low pass filter (rectangular filter) of width equal to the band 

width of the spectrum to stop all the shifted copies of the spectrum and to pass only the 

central one as shown in Fig: 3.5 (j). The spectrum obtained with suitable filtration are in 

sampled form by the series of rect function of width ∆v=2 pixels, we carried out a special 

interpolation technique to recover the spectrum data which was lost due to the 
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multiplication of the spectrum with the Optical Rectangular Masks as shown in Fig: 3.5 

(k). We have recovered the image of the object by taking the inverse Fourier transform of 

the interpolated spectrum shown in Fig: 3.5 (l) which is similar to the input object shown 

in Fig: 3.5 (a) and the image shown in Fig.(l) is  superresolved  than the image(shown in 

Fig.3.5(m)) taken without using such mask. The error in percentage between the original 

object and the image obtained by using our technique and conventional imaging system 

are shown in Fig. 3.5 (n) and Fig. 3.5 (o). The resolution of the imaging system enhanced 

by using Optical Rectangular Mask. 

   

3.2.1 Mathematical Modeling in 2-D 

In modern 4f coherent imaging system the signals of the scene passing through the 

imaging system contains optics and the charge coupled device. We ignore the optical 

effects on the signal and only consider the CCD. The input object is projected by optics 

on the pixilated detector. The detector sampled the input scene in 2-D. Sampling of the 

detector depends on the pixels pitch. If the pixels separations are such that CCD 

undersamples the image, there will be overlapping of the input spectrum according to the 

Nyquist theorem, because high frequency components are folded into the low 

frequencies, this occurs due to the low band-width of the imager. We cannot enlarge the 

physical band-width of the imager because it is so costly. Here we present a method (one 

dimensions case discussed in section 3.1) that increases the band-width of the imager 

synthetically and permit us to pass the larger band-width signal through the imaging 

device of shorter band-width. We present the mathematical modeling and simulation 
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results in 2-D in this section.  Let the input object is g(x,y), the Fourier transform of the 

input is G(u,v). We can simply write the following relation:  

 { }( , ) ( , )G u v g x y= ℑ   (3.24) 

The Optical Rectangular Mask in two dimensions (ORM) is placed at Fourier plane of the 

first convergent lens where the Fourier transform of the object forms. The Fourier 

transform of the input object passing through the ORM located at the Fourier plane that 

encodes the spectrum. The coding process is simply the multiplication of the spectrum 

and the mask. The output coded spectrum is denoted by O(u,v) and is given by: 

 ( , ) ( , ) ( , )O u v G u v ORM u v= ×     (3.25) 

The Optical Rectangular Mask in 2-D is the series of rectangular function with width 

“∆u” along x-axis and “∆v” along y-axis. The Optical Rectangular Mask can be 

interpreted as: 

 , ( . , . ) ,
i j

u vORM(u v) u i p v j q rect
u v

δ
∞ ∞

=−∞ =−∞

 = − − ⊗⊗  ∆ ∆ 
∑ ∑

 

. .,
i j

u i p v j qrect
u v

∞ ∞

=−∞ =−∞

− − =  ∆ ∆ 
∑ ∑                                           (3.26) 

Where “p” and “q” are the spacing between the centre of two consecutive rect functions 

in the x- and y-direction or the periods of the encoding mask. The encoded mask samples 

 the spectrum and passes through the CCD. The encoding spectrum can be written as:  

( , ) ( , ) ( . , . ) ,
i j

u vO u v G u v u i p v j q rect
u v

δ
∞ ∞

=−∞ =−∞

  = − − ⊗⊗  ∆ ∆  
∑ ∑    (3.27) 
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“u” and “v” are the coordinates that represent the Fourier plane and the coordinates “x” 

and “y” for both the object and image plane. The second lens in the 4f system takes the 

second Fourier of the spectrum given by Eq. (3.27) and the image at the imaging plane of 

the 4f system can be written as:  

{ }1 1( , ) ( , ) ( , ) ( . , . ) ,
i j

u vO x y O u v G u v u i p v j q rect
u v

δ
∞ ∞

− −

=−∞ =−∞

   = ℑ = ℑ − − ⊗⊗   ∆ ∆    
∑ ∑         (3.28) 

. . .( , ) ( , ) ,
. i j

x y i x j yO x y g x y sinc
p q p q

∞ ∞

=−∞ =−∞

  ∆ ∆ ∆ ∆
= ⊗  

  
∑ ∑

                                
(3.29) 

It is clear from Eq. (3.29) that the input object g(x,y) is convolved with each point of the 

discrete sinc function. The convolution of the input with each point of the discrete sinc 

function provides multiple replicas of the input object at different position. All the shifted 

copies of the input object having different amplitude due to the multiplication factor of 

(∆x.∆y)/(p.q). The replicas of the input object also affected by the sinc function except 

the central copy because at i=0 and j=0 the sinc(0,0)=1 but at some positions, the sinc 

function nullify the input replica where the sinc function becomes zero. A CCD is placed 

at the image plane which sampled the image with point pixels. The image of the shifted 

varying amplitude at the CCD plane is undersampled by the CCD pixels due to the small 

pitch, as we have assumed in one dimensional case that the CCD pixels are point pixels, 

so the CCD can be represented by the comb function in two dimensions i.e. (the series of 

deltas in 2-D). The undersampled image of the CCD is represented by “S(x,y)” and is 

given by the following Equation: 

1( . ) ( , ) ( , ) ( , ) ( . , . ) , ( . , . )
i j m n

u vS x y O x y CCD x y G u v u i p v j q rect x m X y nY
u v

δ δ
∞ ∞ ∞ ∞

−

=−∞ =−∞ =−∞ =−∞

   = = ℑ − − ⊗⊗ × − −   ∆ ∆    
∑ ∑ ∑ ∑

 
(3.30) 
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Fig. 3.6. Diagrammatic representation of rectangular Optical Mask with period “p” in x- 

and “q” in the y-direction. 
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Where the CCD pixels period are X in the x- and Y in the y- directions i.e. X = 1/ 2.∆U 

and Y=1/2.∆V. The bandwidth of the signal is 4.∆V.∆U and the total number of points of  

the CCD on the signal are N= 4.∆V.∆U /X.Y. Since we have assumed the point pixels of 

the CCD separated X and Y, the CCD in two dimensions is given below: 

( , ) ( . , . )
m n

CCD x y x m X y nYδ
∞ ∞

=−∞ =−∞

= − −∑ ∑
  

 (3.31) 

Here “m” and “n” are integer’s and represent the position of the pixels in the CCD chip. 

Eq. (3.30) is the sampled version of Eq. (3.28).The Fourier transform of Eq. (3.30) 

provides the series of spectra of the input object which are overlapped in both directions. 

The spectra are overlapped because of the under-sampling by the CCD camera is given:  

1( , ) ( , ) ( . , . ) , ( . , . )
i j m n

u vS u v G u v u i p v j q rect x m X y nY
u v

δ δ
∞ ∞ ∞ ∞

−

=−∞ =−∞ =−∞ =−∞

     = ℑ ℑ − − ⊗⊗ × − −    ∆ ∆     
∑ ∑ ∑ ∑  (3.32) 

Since 

1( . , . ) ,
.m n m n

m nx m X y nY u v
X Y X Y

δ δ
∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

   ℑ − − = − −     
∑ ∑ ∑ ∑  (3.33) 

Where the sign “⊗⊗ ” is used for the two dimensions convolution of two function. As 

2.∆U=1/X and 2.∆V=1/Y. So the Equation (3.32) becomes: 

( , ) ( , ) ( . , . ) ,
i j

u vS u v G u v u i p v j q rect
u v

δ
∞ ∞

=−∞ =−∞

    = − − ⊗⊗   ∆ ∆    
∑ ∑

 

[ ]1 2. . , 2. .
. m n

u m U v n V
X Y

δ
∞ ∞

=−∞ =−∞

⊗⊗ − ∆ − ∆∑ ∑      (3.34) 

To simplify Eq. (3.34), using the convolution property of the comb function in which the 
 

comb function convolved with each function as discussed in Eq. (3.13), the above  
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equation takes the following form: 
 

 

[ ]1( , ) ( , ) 2. . , 2. .
. m n m n

S u v G u v u m U v n V
X Y

δ
∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

 
= ⊗⊗ − ∆ − ∆ 

 
∑ ∑ ∑ ∑

   

[ ]( . , . ) , 2. . , 2. .
i j m n

u vu i p v j q rect u m U v n V
u v

δ δ
∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

    × − − ⊗⊗ ⊗⊗ − ∆ − ∆   ∆ ∆    
∑ ∑ ∑ ∑  (3.35) 

According to the associative property of the convolution of the functions, the convolution 

sign is interchangeable among the functions, we rearrange Eq. (3.35) and get the 

following Equation:  

1( , ) 2. . , 2. . ( . , . )
. m n i j

S u v u m U v n V u i p v j q
X Y

δ
∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

 
= − ∆ − ∆ − − ⊗⊗ 

 
∑ ∑ ∑ ∑

   

[ ]2. . , 2. . ,
m n

u vu m U v n V rect
u v

δ
∞ ∞

=−∞ =−∞

    − ∆ − ∆ ⊗⊗    ∆ ∆    
∑ ∑    (3.36) 

1( , ) ( 2. . , 2. . ) ( . 2. . , . 2. . )
. m n i j

S u v G u m U v n V u i p m U v j q n V
X Y

δ
∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

 
= − ∆ − ∆ − − ∆ − − ∆ 

 
∑ ∑ ∑ ∑

  

,u vrect
u v

 ⊗⊗  ∆ ∆ 
       (3.37) 

1 . 2. . . 2. .( , ) ( 2. . , 2. . ) ,
. m n

u i p m U v j q n VS u v G u m U v n V rect
X Y u v

∞ ∞

=−∞ =−∞

− − ∆ − − ∆   = − ∆ − ∆ ×   ∆ ∆  
∑ ∑  (3.38)

 

Eq. (3.38) presents the overlapped replicas of the input spectrum. This overlapping 

occurs due to insufficient sampling of the CCD. To remove this overlapping we are 

multiplying these overlapped replicas with the decoding mask, we get:  

1 . 2. . . 2. .( , ) ( 2. . , 2. . ) , ( , )
. i j m n

u i p m U v j q n VR u v G u m U v n V rect ORM u v
X Y u v

∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

 − − ∆ − − ∆   = − ∆ − ∆ ×   ∆ ∆   
∑ ∑ ∑ ∑ 

 
(3.39) 

1 . 2. . . 2. .( , ) ( 2. . , 2. . ) ,
. i j m n

u i p m U v j q n VR u v G u m U v n V rect
X Y u v

∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

 − − ∆ − − ∆ = − ∆ − ∆ ×  ∆ ∆  
∑ ∑ ∑ ∑
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. .,
a b

u a p v b qrect
u v

∞ ∞

=−∞ =−∞

− − ×  ∆ ∆ 
∑ ∑       (3.40) 

1 . 2. . . 2. .( , ) ( 2. . , 2. . ) ,
. i j m n

u i p m U v j q n VR u v G u m U v n V rect
X Y u v

∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

 − − ∆ − − ∆ = − ∆ − ∆   ∆ ∆ 
∑ ∑ ∑ ∑

 

. .,
a b

u a p v b qrect
u v

∞ ∞

=−∞ =−∞

− − ×  ∆ ∆ 
∑ ∑       (3.41) 

The decoding rectangular mask filtered the spectrum of Eq. (3.38) and gives the series of 

completely separated spectra in both directions. Here we define a new property of the 

rectangular mask multiplication. We overlap the two optical rectangular masks of 

different pitches in two dimensions and the result is only the rectangular mask of larger 

pitch. Optical rectangular masks multiplication is represented mathematically below: 

. 2. . . 2. .,
i j m even n even

u i p m U v j q n Vrect
u v

∞ ∞ ∞ ∞

=−∞ =−∞ = =

− − ∆ − − ∆  = ∆ ∆ 
∑ ∑ ∑ ∑  

. 2. . . 2. . . ., ,
i j m n a b

u i p m U v j q n V u a p v b qrect rect
u v u v

∞ ∞ ∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞ =−∞ =−∞

− − ∆ − − ∆ − −   ×   ∆ ∆ ∆ ∆   
∑ ∑ ∑ ∑ ∑ ∑

 
 (3.42) 

The property in Eq. (42) can be used to simplify Eq. (3.41). The two rect functions 

[ ]( . 2. . ) / , ( . 2. . ) /
i j m even n even

rect u i p m U u v j q n V v
∞ ∞ ∞ ∞

=−∞ =−∞ = =

− − ∆ ∆ − − ∆ ∆∑ ∑ ∑ ∑ and [ ]( . ) / , ( . ) /
a b

rect u a p u v b q v
∞ ∞

=−∞ =−∞

− ∆ − ∆∑ ∑   

will concur and yields [ ]( . 2. . ) / , ( . 2. . ) /
i j m even n even

rect u i p m U u v j q n V v
∞ ∞ ∞ ∞

=−∞ =−∞ = =

− − ∆ ∆ − − ∆ ∆∑ ∑ ∑ ∑ it means that 

the [ ]( . ) / , ( . ) /
a b

rect u a p u v b q v
∞ ∞

=−∞ =−∞

− ∆ − ∆∑ ∑ will be available only at the position of 

[ ]( . 2. . ) / , ( . 2. . ) /
i j m even n even

rect u i p m U u v j q n V v
∞ ∞ ∞ ∞

=−∞ =−∞ = =

− − ∆ ∆ − − ∆ ∆∑ ∑ ∑ ∑ and also provided ‘m’ and ‘n’ are  

even numbers. So the alignment condition for two masks isi.p=a.p+2.∆U, and j.q=b.q+ 

2.∆V, we get:  
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 1 . 2. . . 2. .( , ) ( 2. . , 2. . ) ,
. i j m even n even

u i p m U v j q n VR u v G u m U v n V rect
X Y u v

∞ ∞ ∞ ∞

=−∞ =−∞ = =

− − ∆ − − ∆ = − ∆ − ∆ ×  ∆ ∆ 
∑ ∑ ∑ ∑ (3.43) 

The decoding mask stops the odd copies of the spectrum and provides only the even 

copies in both x- and y- direction because m and n are even numbers, The even copies of 

the spectrum G(u,v) sampled by [ ]( . ) / , ( . ) /
a b

rect u a p u v b q v
∞ ∞

=−∞ =−∞

− ∆ − ∆∑ ∑ in the x- and y-

directions presented by Eq. (3.43). The sampled spectrum is located at each rect function 

of area ∆u.∆v and separated by a distance (p+2.∆U) in the x-direction and (q+2.∆V) in 

the y direction. It is clear from Eq. (3.43) that the amplitude of the replicas of the 

spectrum is not varying by the rectangular masks but the spectrum amplitude changes due 

to the scaling factor of the CCD sampling i.e. 1/X.Y. It is given that m and n are even 

numbers it means that we have only the series of the even replicas of the spectrum in both 

x- and y- directions, we have to put m=0 and n=0 to get the central copy of the spectrum 

and stop the remaining surrounding copies. Eq. (3.43) takes the following form with m=0 

and n=0: 

1 . .( , ) ( , ) ,
. i j

u i p v j qR u v G u v rect
X Y u v

∞ ∞

=−∞ =−∞

− − =  ∆ ∆ 
∑ ∑                              (3.44) 

Eq. (3.44) gives us the sampled spectrum of the object. The samples of the spectrum are 

separated by the parameter “p” along x-axis and “q” is along y-axis of the encoding 

mask. An interpolation is carried out on the data obtained from Eq. (3.44) and a spectrum 

identical to the original spectrum of the object is obtained. Thus we can easily obtain 

G(u,v) from R(v). The mathematics of the proposed technique has established that by 

using encoding and identical decoding masks we can obtain aliased free data with the  
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use of under-sampling device like CCD. 

3.2.2 Simulation and results discussions for 2-D 

In this section we have simulated the proposed technique in two dimensions 

(mathematical modeling discussed in section 3.1) using 2-D scene that work out the 

problems produced by CCD sampling. The simulation for the above mention approach 

“Geometric superresolution using Optical Rectangular Mask” was done with 

mathematica software. In this simulation we investigate that how the CCD pixels pitch 

affects the resolution of the imaging device. The image presented in Fig. 3.7(a) is a lady 

Lena image of 500 pixels×500 pixels was chosen as input object for this simulation and 

zeros are padded on both sides. The total space is 2006 pixels×2006 pixels. The 

information contained in the input object is passed through the convex lens of focal 

length f, the Fourier transformation of the input presented in Fig. 3.7(a) provides the 

Fourier spectrum of width 4.∆U.∆V=900 pixels×900 pixels  at back focal plane of the 

convex lens is shown in Fig. 3.7(b). We have placed the optical rectangular mask at the 

Fourier transform plane  where the spectrum of the input  object forms and the period of 

the each rectangular function in the optical rectangular mask are p=4 pixels in x and q=4 

pixels in the y-direction. The area of each rectangular aperture of the optical rectangular 

mask is Area= ∆x.∆y =4pixels2.The spectrum of the input object is projected on the 

optical rectangular mask at the Fourier plane shown in Fig. 3.7(c), optical rectangular 

mask allow to pass some parts of the spectrum in the rectangular section (white) of the 

mask and stops the spectrum portion falls on the region where the optical rectangular 

mask is black (zeros). In this way the optical rectangular mask coded the input spectrum 
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 (m) 

Fig. 3.7. Simulation and results for the removal of the CCD undersampling Effect,  (a): 

Input Object , (b): Fourier transform of the input object, (c): Optical Mask, (d): 

Multiplication of  (b) and (c), (e): Inverse of (d) is the Image which is at the CCD plane, 

(f): Image Captured by CCD, (g): Fourier transform of (f), (h): Multiplication of 

decoding mask and (g), (i): Multiplication of the Filter with (h) to  select the central copy 

of the spectrum, (j): Interpolation of (i), (k): Inverse of (j) gives the Output Image, (l): 

unpadded image (m): output image without using optical rectangular mask. 

 

shown in Fig. 3.7(d). The coded spectrum is again Fourier transformed by passing 

through another convex lens of same focal length f providing multiple shifted copies of 

varying amplitude of the input object at the imaging plane shown in Fig. 3.7(e). This 

variation in amplitude of the input shifted copies except the central one occurs due to 

varying amplitude of the sinc function which is the Fourier transform of the series of the 

rectangular function or rectangular pulses in 2D. The central copy remain unchanged 
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because the sinc function has no effect at the central coordinates i.e. sinc(0,0)=1. The 

center of all the shifted input copies are separated by a distance founded from the relation 

(total space/period of the mask) =512 pixels. According to this relation nine copies of the 

input are positioned at the location (x, y) = (501,501), (501, 1003), (501, 1504), (1003, 

501), (1003, 1003), (1003, 501), (1504, 501), (1504, 1003),(1504,1504). These input 

copies falls on the CCD chip placed at the imaging plane to capture this image. We have 

found that if we broader the rect function in the rectangular Optical Mask, the input 

copies come closer and closer and the replicas of the input object must overlap, so we 

have to keep the width of the rect function in the optical rectangular mask to keep the 

replicas completely apart. The space or the period of the rect function also generates a 

problem of overlapping of the input replicas at the image plane. Increasing the period of 

the rect function in the ORM also brings the replicas closed and at some stage the replicas 

overlap. In this simulation we have kept the width of the rect function in the ORM ∆u=2 

pixels and ∆v=2 pixels and the periods are p=4 pixels and q=4 pixels in the x- and y-

directions. The CCD is placed at the imaging plane that takes the image of the input 

image form by the optical components of the imaging device. CCD is composed of small 

point pixels with pitches X=9 pixels in the x and Y=9 pixels in the y- directions. The 

image presented in Fig. 3.7(e) is undersampled by CCD to analyze the spectrum 

overlapping in the frequency domain. The CCD undersampled image is shown in Fig. 

3.7(f). The Fourier transformation of the CCD undersampled data gives multiple 

overlapped replicas of the spectrum at the back Focal plane of the convex lens of focal 

length f. The overlapped replicas are shown in Fig. 3.7(g). A decoding mask having the 

same characteristics as encoding mask is multiplied to the spectrum of the CCD sampled 
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image to nullify the overlapping effect of the spectra. In this way we have obtained two 

dimensional unoverlapped copies of the spectrum shown in Fig. 3.7(h). The central 

spectrum can be selected from the unoverlapped replicas using a low pass filter 

(rectangular filter) that allows only the central copy and stop all the surrounding copies. 

The low pass filtered spectrum is shown in Fig. 3.7(i). The filtered spectrum shown in 

Fig. 3.7(i) is in sampled form and the sampled spaces of the spectrum are filled by using 

an interpolation as shown in Fig. 3.7(j).The interpolated spectrum is inverse Fourier 

transformed providing the image shown in figure Fig. 3.7(k).The padded region of Fig. 

3.7(k) was removed shown in Fig. 3.7(l).Comparison of the Fig.3.7 (l) with Fig. 3.7(m) 

gives better result.  

 

3.3 Conclusion 

In this chapter we have discussed in details about the results obtained using Geometric 

super-resolution by optical rectangular mask technique. It overcomes the limitations set 

by the pixel modulation transfer function of the CCD. In this new approach Optical Mask 

(period of two point pixels) is used to pass the high bands information that is limited due 

to the CCD pixel pitch. The purpose of this method is to pass the object information with 

high frequencies through the imager. In our discussions we have proved that this 

approach introduced in this chapter i.e. “Geometric super-resolution by optical 

rectangular mask” technique enable us to remove the aliasing occur due to sampling the 

image by the CCD and make this technique more practical. Loses of data occur due to the 

space between the pixels of the CCD chip. So with the help of this approach we 

artificially generate the pixels in the space among the real pixels of the CCD chip to 
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recover loses data points of the signal. It makes possible to obtain super-resolved image 

the input object which is very similar to the original object where the spectrum of the 

input are overlapped to half of the bandwidth of the input object. So in this chapter we 

have shown the super resolved results of the simplest Gaussian input in one dimension 

and Lady Lena image in two dimensions by using optical rectangular mask. This 

technique was proved mathematically, simulated with satisfactory results. 
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Chapter 4  

Geometric superresolution using Optical Mask with rectangular 
CCD pixels and subpixeling 

4.1 Introduction 

An optical imaging system is composed of two main parts: the optical part and the 

electronic part. The electronic part of the imaging system is composed mainly of CCD 

(charged coupled device) camera chip which is placed at the imaging plane of the optical 

system to acquire the image electronically. The CCD chip has two parameters that play a 

role in the resolution of the imaging system. One is the non-zero size of the pixels and 

other is the separation between the pixels (pixels pitch). The object information contained 

in the area of dimensions ∆xo by ∆yo (referred to as object pixel) is mapped to a CCD 

pixel of size ∆x by ∆y through the relation: 





 =∆





=∆ yx,i    . if

uio  where “u” is the 

distance between the object and the sensor and “f” is the focal length. A CCD pixel 

integrates all the information falling on the pixel area and so the object information 

contained in the object pixel is lost. This type of loss of resolution due to a finite non-zero 

CCD pixel size can only be avoided provided the CCD pixels follow the condition: 






≤∆ D

fx ..61.0 λ where “D” is the Diameter of the lens. This condition can be met only 

in certain situation where the lens aperture is small and the focal length is large. Such 

situations are not practicable and so the condition is hard to realize. This means that the 

resolution is mainly limited by the finite CCD pixel size and this type of resolution limit 

is known as Geometric Resolution Limits (GRL). Techniques to remove this GRL are 

known as Geometric Super-Resolution (GSR) techniques. Subpixeling techniques 
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provide a solution to GRL and GSR can be achieved. Optical Mask technique can also be 

used to achieve GSR.  

The second factor of the CCD that limits the GRL is the separation between the pixels. 

This can somewhat be overcome by using fill factor approaching 100% in which the 

separation between the pixels is negligibly small in comparison with pixel dimensions. 

There are situations where 100% fill factor is not possible to achieve as in case of sparse 

array detectors and the separation between the pixels should be such that they satisfy the 

Nyquist Sampling Theorem. In situations where the sampling theorem cannot be 

satisfied, there are still some possibilities to obtain GSR by using Optical Masks at the 

Fourier plane in a 4f optical system. The undersampled image captured by the CCD is 

Fourier transformed and the same Optical Mask is used to nullify the effect of 

undersampling by the CCD. The researchers have dealt the two geometric resolution 

limiting factors separately.  In the previous chapters, undersampling by the CCD has been 

dealt assuming point pixels in which the width of the CCD pixels is assumed to be nearly 

zero [1-3].  

To our knowledge, we for the first time are combining the resolution limits due to non-

zero pixels size and the undersampling by the CCD pixels simultaneously for the 

improvement of geometric superresolution.  For simplicity, a 4f imaging system will be 

used to establish the concept. Calculation and simulations will be presented in one 

dimension. An Optical Mask will be placed at the Fourier plane in a 4f system and an 

image will be captured by an undersampled CCD placed at the imaging plane. A mask 

attached to the CCD will be moved in sub-pixel steps and some undersampled images 

will be recorded. The CCD undersampled images will be combined according to the 
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method reported in [4]. The resulting image is Fourier transformed and the same Optical 

Mask will be used at the Fourier spectrum to remove the overlapping between the copies 

of the original spectrum which is inverse Fourier transformed to obtain a high resolution 

image. These steps will improve the GSR and optical SR will not be discussed.  

In section 4.1.1 mathematical modeling of the proposed technique presented. Section 

4.1.2 contains simulation and results discussions for 1-D. Section 4.2.1 presents 

mathematical modeling in 2-D for the presented technique. Simulation and result 

discussions are presented in section 4.2.2. 

4.1.1 Mathematical Modeling in 1-D 

In previous chapters, we have discussed the resolution degradation of the imaging system 

caused by the pixels pitch. We have used an Optical Mask at the Fourier plane for 

removal of the overlapping of the object spectra caused by the CCD undersampling with 

the point pixels. But in practice the CCD pixels have some finite width that also affects 

the resolution of the imaging system. In this chapter, we are discussing both problems i.e. 

pixels size and pixels pitch. The Optical Mask (discussed in chapter 2) is used at the 

Fourier plane to encode the object spectrum and the coded data is again Fourier 

transformed that produces an image at the CCD plane. CCD undersamples this image 

with pixels of square or rectangular shape of width ∆x. Since the Fourier transform of the 

rect function is a sinc function, the CCD undersampled data is Fourier transformed, 

provides multiple replicas of the object spectrum at the Fourier plane of different 

amplitude. All the shifted replicas of the object spectrum are shrinking according to the 

sinc amplitude except the spectrum at the central frequency because at the central 

frequencies the sinc function has no effects.  
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Let the input object be represented by the function g(x) placed at the input plane in a 4f 

system and ( )G v represents the Fourier transform of the g(x), we can simply write the 

following relation.  

 { }( ) ( )G v g x= ℑ   (4.1) 

The Optical Mask OM(v) as shown Fig. 2.2 is placed at the Fourier plane that encode the 

object spectrum, the output coded spectrum after passing through the Optical Mask is 

mathematically represented by Eq. (4.2): 

 ( ) ( ) ( )O v G v OM v=     (4.2) 

The simplest Optical Mask may consist of a series of delta function i.e. comb function in 

one dimension as discussed in chapter 2. The mathematical representation of the Optical 

Mask can be given by: 

 ( . )
k

OM(v) v k pδ
∞

=−∞

= −∑  (4.3) 

Where “p” is the pitch of the Optical Mask that is the spacing between the two 

consecutive delta peaks.  The spectrum after multiplication by the encoding mask can be 

written as:  

 ( ) ( ) ( . )
k

k
O v G v v k pδ

=+∞

=−∞

= −∑  (4.4) 

Considering a band-limited input object with spectrum width equal to 2.∆V. The second 

lens in the 4f system takes the second Fourier of the coded spectrum given by Eq. (4.4) 

and the image at the image plane of the 4f system can be written as: 



 

99 
 

 { }1 1( ) ( ) ( ) ( . )
k

k
O x O v G v v k pδ

=+∞
− −

=−∞

 
= ℑ = ℑ − 

 
∑  (4.5) 

A CCD is placed at the image plane which captures the image. The image is 

undersampled by the CCD pixels. Here we are considering each pixel of width equal to 

2.∆x. A CCD function in one dimension (CCD(x)) can be formed by convolving each 

point pixel with a rectangular function of width 2.∆x as shown in Fig. 4.2 and is given by: 

( ) ( ) e
2.n

xCCD x x nX r ct
x

δ
∞

=−∞

 = − ⊗  ∆ 
∑     (4.6) 

X is the spacing between the CCD pixels or the pixel period and to ensure undersampling 

by the CCD, the required condition is: X > 1 / 2∆V.  The image O(x) is sampled by the 

CCD(x) and the sampled image S(x) can be written by the following equation: 

( ) ( )1( ) ( ) ( ). ( ) . . . .
2.

k nx x x x

x x x x
k n

xS x O x CCD x dx G v v k p x n X rect dx
x

δ δ
=+∞ =+∞+∆ +∆ −

−∆ −∆
=−∞ =−∞

    = = ℑ − − ⊗    ∆    
∑ ∑∫ ∫   (4.7) 

For the Discrete case, the integral
x x

x x

+∆

−∆
∫ can be replaced by another summation sign

q b

q b

=+

=−
∑ if 

each pixel of width 2.∆x is divided into (2b+1) sub-pixel each of width 2.δx,  rect(x/2.∆x) 

can be replaced by 2. .
2.

q b

q b

x q xrect
x
δ

δ

=+

=−

− 
 
 

∑  , then the above equation takes the following form. 

( ) ( )1 2. .( ) ( ) . . . .
2.

q bk n

k n q b

x q xS x G v v k p x n X rect dx
x
δδ δ

δ

=+=+∞ =+∞
−

=−∞ =−∞ =−

 −   = ℑ − − ⊗    
    

∑ ∑ ∑   (4.8) 

In equation (4.7), the image information falling on each pixel of width 2.∆x is averaged 

out and the image detail on each pixel is lost. To recover the image detail information 

falling on each pixel, subpixeling is performed with a width of each subpixel equal to 

2.δx. Here we are assuming that subpixeling perform Nyquist Sampling of the image 

information falling on them. The highest frequency in the image (fmax) is then restricted  
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Fig. 4.1. Diagrammatic representation of the CCD in one dimension. 
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by the following relation: 

( ) 1
max2. 2.f xδ −<      (4.9) 

O(x) contains multiple replicas of the original object due to sampling at the Fourier plane 

by using the Optical Mask and S(x) is the undersampled versions of O(x). Due to the 

integration of data at each pixel of the CCD (Eq. (4.7)) the object information is lost 

which is not recoverable by any means except that a subpixeling technique is required in 

which a pixel of size 2.∆x is divided into (2b+1) sub pixels each of size 2.δx using a three 

level mask at the CCD plane as explained in [4]. The subpixeling should be such that the 

information falling on each pixel can be recoverable as restricted by Eq. (4.9). Under 

such a condition the integral in Eq. (4.7) can be removed and the Eq. (4.7) will take the 

form as given by Eq. (4.8).  Due to the undersampling by the CCD, the Fourier transform 

of Eq.(4.8), contains multiple copies of the spectrum of the original object. The spectral 

copies overlap due to undersampling.  The Fourier transform of Eq. (4.8) is given below. 

( ) ( ) ( ) [ ] ( )1. .2. . 4 . .
.2. 2.

q bn

k n q b

vS v G v v k p v n V Exp i v q x sinc
X v v

δ δ π δ
δ δ

=+∞ =+∞

=−∞ =−∞ =−

    = − ⊗ − ∆ −    
    

∑ ∑ ∑     (4.10) 

Since 

[ ] 1n n

n n

nv nX v
X X

δ δ
=+∞ =+∞

=−∞ =−∞

   ℑ − = −     
∑ ∑     (4.11)  

( )2. . 1 4 . .
2. 2. 2.

q b q b

q b q b

x q x vrect Exp i v q x sinc
x v v
δ π δ

δ δ δ

=+ =+

=− =−

 −   ℑ = −    
    

∑ ∑   (4.12) 

Where ‘⊗ ’ denotes convolution operation. In the simplification of Eq. (4.10), we have 

used the following relationship:  1/X = 2.∆V. For simplicity of calculations we assume 

that an integer number of sub-pixels fit into the separation between the two consecutive 
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Fig. 4.2. Overlapped spectrum of the CCD undersampled data. 
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pixels, i.e. .2.X m xδ= or 1/ 1/ .2.X m xδ= which may be written mathematically as:   

 2. .2.v m Vδ = ∆ or 2.v Vδ >> ∆ where 2. 1/ 2.v xδ δ=  and Eq. (4.10) becomes: 

( ) ( ) ( ) ( )1 2.. . 4 . . .
.2. 2.

q b

k n q b

n vS v G v v k p v v Exp i v q x sinc
X v m v

δ δ δ π δ
δ δ

=+∞ ∞

=−∞ =−∞ =−

      = − ⊗ − −           
∑ ∑ ∑ (4.13) 

It is clear from Eq. (4.13) the resultant spectra of the CCD sampled data are scaled by the 

factor “1/2.δv .X” Where “2.δv” is the sinc function width. The amplitude of all the 

replicas of the input spectrum is changed by sinc function except the central copy. To 

simplify Eq. (4.13)   using the convolution property: 

{ } { } { }( ) ( ) ( ) ( ) ( ) ( ) ( )f x g x x b h x f x b g x b h bδ⊗ − = − −    (4.14)
 

Eq. (4.13) takes the following form.  

( ) 1 2. 2. 4 . . .2. ..
.2.

q bn

n k q b

n n i q x n v nS v G v v v k p v Exp sinc
X v m m m m

π δ δδ δ δ
δ

=+=+∞ ∞

=−∞ =−∞ =−

  −       = − − −               
∑ ∑ ∑  (4.15)

 

To remove the overlapped copies of spectrum in Eq. (4.15), it is multiplied with the 

decoding mask (same as the encoding mask) and the resultant equation becomes:  

1 2. 2. 8. . . . .( ) . . ( )
.2.

q bn k

n k q b

n n i q x n v nR v G v v v k p v Exp sinc OM v
X v m m m m

π δ δδ δ δ
δ

=+=+∞ =+∞

=−∞ =−∞ =−

   −       = − − −                 
∑ ∑ ∑   (4.16) 

Using the Optical Mask from Eq. (4.3), Eq. (4.16) becomes:  

( )1 2. 2. 8 . . . .. . .
.2.

q bk n l

k n l q b

n n i q x n v nG v v v k p v v l p Exp sinc
X v m m m m

π δ δδ δ δ δ
δ

=+=+∞ =+∞ =+∞

=−∞ =−∞ =−∞ =−

  −       = − − − −                
∑ ∑ ∑ ∑  (4.17)

 

The decoding mask is placed exactly where the encoding mask was placed in which case 

we can set l.p=k.p+2nδv/m for even values of n and the two delta functions in Eq. (4.17) 

are simplified as given:  

( )2. 2.. . .
l k n even k

l k n n k

n nv k p v v l p v k p v
m m

δ δ δ δ δ
=+∞ =+∞ =+∞ =+∞

=−∞ =−∞ =−∞ =−∞ =−∞

    − − − = − −        
∑ ∑ ∑ ∑ ∑     (4.18) 
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Using Eq. (4.18) into Eq. (4.17), the resultant equation takes the following form.  

( ) 1 2. 2. .8. . . . .. .
2. .

q beven k

n k q b

n n i q x n v nR v G v v v k p v Exp sinc
v X m m m m

π δ δδ δ δ
δ

=+=+∞

=−∞ =−∞ =−

  −       = − − −                
∑ ∑ ∑    (4.19) 

Eq. (4.19) provides the unoverlapped copies of the spectrum. To select the central copy 

we can set n = 0 and Eq. (4.19) takes the form given below.  

 ( ) ( ) ( ) ( )2 1
.

2. .

k

k

b
R v G v v k p

v X
δ

δ

=+∞

=−∞

+
= −∑  (4.20) 

Eq. (4.20) gives the original copy of the object’s spectrum when normalized but sampled 

at points separated by the mask period. The missing points or the holes in the spectrum 

are obtained through the interpolation. The synthesized spectrum is then inverse Fourier 

transformed to obtain the image free of aliasing. The mathematics of the proposed 

technique has established that by using encoding and identical decoding masks at the 

Fourier plane and subpixeling at the CCD plane we can obtain aliased free data with the 

use of under-sampling device like CCD consisting of pixels with non-zero dimensions.  

4.1.2 Simulation and Results discussion 

For the simulation of proposed technique we have chosen a simple Gaussian shaped 

object as the input object for simulation which is shown in Fig. 4.3(a). The Fourier 

spectrum of the input in Fig. 4.3(a) is shown in Fig. 4.3(b). The spectrum width 

2.∆V=94pixels shown in Fig. 4.3(b) will appear at the back focal plane (Fourier 

transform plane) of the Fourier transforming lens in a 4f system. An Optical Mask 

consisting of delta functions occurring at alternate positions (period p = 2, Eq. (3)) is 

shown in Fig. 4.3(c) (a small magnified portion is shown only) is placed at the Fourier 

transform plane in a 4f system. The Optical Mask samples the spectrum shown in Fig. 
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4.3(b) and the sampled band limited spectrum is shown in Fig. 4.3(d). The second lens of 

the 4f system takes the Fourier of the sampled spectrum and the image at the imaging 

plane of the 4f system will appear as shown in Fig. 4.3(e). The image in Fig. 4.3(e) 

consists of two copies of the original object being the Fourier of the sampled original 

spectrum at alternate points.  

A CCD camera is placed at the imaging plane of the 4f system with finite pixel size equal 

to 2 pixels. The data falling on each pixel is integrated and the data bits at a pixel are lost 

and only integrated data is recovered. To recover the lost data bits falling on each CCD 

pixels, a subpixeling is required. The subpixeling follows the method given in [4]. Due to 

the application of technique in [4] the subpixel data is recovered and is shown in Fig. 

4.3(g). Here we have assumed that the pixels are located far from each other (by 9 pixels 

apart) so that the data sampled by the CCD is undersampled. The CCD pixels each of 

width 2 pixels separated by 9 pixels is shown in Fig. 4.3(f). The undersampled image 

after application of sub-pixeling algorithm is shown in Fig. 4.3(g). The Fourier spectrum 

of the image in Fig. 4.3(g) is shown in Fig. 4.3(h). This contains 9 full spectral copies of 

the original spectrum with the non-zero spectrum width equal to 2.∆V=94 pixels. The 

spectral copies overlap as obvious from the Fig. 4.3(h). The spectral copies shown in Fig. 

4.3(h) are now multiplied with the decoding mask (same as the encoding mask). The 

decoding mask removes the spectral overlapping and the un-overlapped spectral copies 

are shown in Fig. 4.3(i).  The spectral copies are multiplied by the weighting factor 

according to Eq. (4.20) except the central copy which is obtained by setting n = 0 in Eq. 

(4.20). The filtered spectrum copy is shown in Fig. 4.3(j). This is the same as the original 

copy of spectrum shown in Fig. 3(d) except that data is on different scale. The recovered 
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(m)      (n)( Error in %) 

 

 

        (o) (Error in %) 

Fig. 4.3. Removal of the CCD (Rectangular shaped pixels) undersampling effects using 

Optical Mask in one dimension. (a): Input Object , (b): Fourier transform of the input object, 

(c): Optical Mask, (d): Multiplication of  (b) and (c), (e): Inverse of (d) is the Image which is 

at the CCD plane, (f): CCD, (g): Image Captured by CCD, (h): Fourier transform of (g), (i): 

Multiplication of Optical Mask and (h), (j): Multiplication of the Filter with (i) to  select the 

central copy of the spectrum, (k): Interpolation of (j), (l): Inverse of (k) gives the Output 

Image, (m): image obtain without Optical Mask, (n): Error (in %) between the original object 

and the image obtained with our technique, (o): Error (in %) between the original object and 

the image obtained without Optical Mask. 
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spectrum shown in Fig. 4.3(j) has holes at alternate points. The data at the missing points 

is obtained through standard interpolation techniques and the spectrum after filling the 

holes is shown in Fig. 4.3(k). The inverse Fourier of the data shown in Fig. 4.3(k) gives 

the image which is shown in Fig. 4.3(l) after normalization. The recovered object shown 

in Fig. 4.3(l) is the same as the original object shown in Fig. 4.3(a) to within 

computational errors. The image taken by the CCD without using Optical Mask is shown 

in Fig. 4.3(m) shows that most of the object information was lost. The Error in percentage 

between the original object and the images in Fig. 4.3(l) and Fig. 4.3(m) are given in Fig. 

4.3(n) and Fig. 4.3(o). Thus our presented technique has recover most of the information 

of the object which was lost due the CCD pixels separation. 

4.2.1 Geometric superresolution using Optical Mask and subpixeling 

In this section we present “Geometric superresolution using Optical Mask and 

subpixeling” in two dimensions. The two dimensional case is more practical than one 

dimension. The same Optical Mask as discussed in section 4.1 is used at the Fourier 

plane but in two dimensions that encode the spectrum of the input scene. The CCD in two 

dimensions (CCD(x,y)) sampled the image of the coded spectrum forms at the CCD 

plane. The CCD pixels pitch produces some sort of aberration and the output image of the 

CCD becomes noisy. The decoding process at the Fourier plane contain the 

multiplication of the Optical Mask (used for encoding) with the Fourier spectrum of the 

CCD sampled data that stops the unwanted replicas of the spectrum and provides 

completely separated spectra of the input scene in both x and y directions. In this way we 

can nullify the CCD pixels pitch effect. Let the input object be represented by the 



 

110 
 

function g(x,y) placed at the input plane in a 4f system.  Let ( , )G u v represents the Fourier 

transform of the g(x,y), we can simply write the following relation.  

 { }( , ) ( , )G u v g x y= ℑ   (4.21) 

The Optical Mask is denoted by OM(u,v) in two dimensions placed at the back focal 

plane of the Fourier transforming convex lens in 4f coherent imaging system to encode 

the object spectrum. As we have mentioned in chapter 2 that the Optical Mask is a thin 

transparency that only modulate the object spectrum at the spectral plane. The Optical 

Mask bricks the spectrum into small pieces to pass the spectrum easily through the 

remaining system. At the spectral plane the Optical Mask OM(u,v) is multiplied to the 

object spectrum G(u,v), and the resulting spectrum  O(u,v) becomes: 

 ( , ) ( , ) ( , )O u v G u v OM u v=     (4.22) 

The Optical Mask is mathematically represented by a series of delta function in two 

dimensions. The mathematical representation of the Optical Mask in two dimensions is 

given by:  

 , ( . , . )
j k

OM(u v) u j p v k qδ
∞ ∞

=−∞ =−∞

= − −∑ ∑  (4.23) 

All the delta’s are separated by a spacing “p” along x-axis and “q” in the y-directions as 

shown in Fig. 2.9. Output coded spectrum after Optical Mask at the Fourier plane 

represented by O(u,v) and is given by: 

 ( , ) ( , ) ( . , . )
j k

O u v G u v u j p v k qδ
∞ ∞

=−∞ =−∞

= − −∑ ∑  (4.24) 

The band-width of the input spectrum equal to 4.∆U.∆V.“u” and “v” are Fourier plane  
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coordinates and the “x” and “y” are object and image plane coordinates. Other convex 

lens have same focal length f produced an image of the coded spectrum at the image 

plane. Output image is given by:  

 { }1 1( , ) ( , ) ( , ) ( . , . )
j k

O x y O u v G u v u j p v k qδ
∞ ∞

− −

=−∞ =−∞

 
= ℑ = ℑ − − 

 
∑ ∑  (4.25) 

Since the image created by the imaging lens located at back focal plane of the imaging 

lens and CCD is placed at the position where the image of the object forms to capture the 

image. The pixels separation of the CCD is kept such that to undersample the image it 

means that the CCD pixels separations are greater than the reciprocal of the band-width 

of the object spectrum. The image is undersampled by the CCD pixels in both x- and y-

direction. We have considered that the area of each CCD pixels is 4.∆x.∆y, where 2.∆x 

and 2.∆y are the side lengths of the rectangular pixels along x- and y-axes. Here we have 

assumed a CCD of rectangular shaped pixels which can be obtained by convolving a 

rectangular function in two dimensions of area 4.∆x.∆y with each delta’s of the comb 

function having separation “X” and “Y” along x and y axes . A CCD function in two 

dimensions (CCD(x,y)) can be represented mathematically by the following Equation: 

( , ) ( . , . ) e ,
2. 2.m n

x yCCD x y x m X y nY r ct
x y

δ
∞ ∞

=−∞ =−∞

 
= − − ⊗⊗  ∆ ∆ 
∑ ∑

                          (4.26)
 

According to the Nyquist critical sampling, the CCD pixels frequency must be equal or 

more than twice the highest frequencies of the signal. But for CCD undersampling, the 

required conditions for the CCD pixels separations in the x- and y-directions are X≤ 

1/2.∆U and Y≤1/2.∆V to undersample the image form by the optical components of the 

imaging system at the CCD plane, it means that the CCD sampling frequency must be 
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equal or more than the highest frequencies of the original signal. The image O(x,y) in Eq. 

(4.25) is undersampled by the CCD(x,y) and the sampled version of the image S(x,y) can 

be written by the following equation: 

( , ) ( , ). ( , ). .
y yx x

x x y y

S x y O x y CCD x y dx dy
+∆+∆

−∆ −∆

= ∫ ∫     (4.27) 

( , ) ( . , . ) . ( . , . ) e , .
2. 2.

y yx x

j k m nx x y y

x yG u v u j p v k q x m X y nY r ct dx dy
x y

δ δ
+∆+∆ ∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞−∆ −∆

   
⇒ − − − − ⊗⊗   ∆ ∆  

∑ ∑ ∑ ∑∫ ∫          (4.28) 

For the Discrete case, the integrals .
y yx x

x x y y

dx dy
+∆+∆

−∆ −∆
∫ ∫  can be replaced by a summation signs

s a t b

s a t b

= =

=− =−
∑ ∑ . If the pixel width 2.∆x and length 2.∆y is divided  into (2a+1) and (2b+1) sub-

pixel each of width 2.δx and length 2.δy, then ,
2. 2.

x yrect
x y

 
 ∆ ∆ 

 can be replaced by

2. . 2. .,
2. 2.

s a t b

s a t b

x s x y t yrect
x y
δ δ

δ δ

= =

=− =−

 − −
 
 

∑ ∑ , Eq. (4.28) takes the following form: 

( ) ( )1( , ) ( , ) . , . . , .
j k m n

S x y G u v u j p v k q x m X y nYδ δ
∞ ∞ ∞ ∞

−

=−∞ =−∞ =−∞ =−∞

 = ℑ − − − − 
 

∑ ∑ ∑ ∑     

2. . 2. .,
2. 2.

s a t b

s a t b

x s x x t yrect
x y
δ δ

δ δ

= =

=− =−

 − −
⊗⊗  

 
∑ ∑       (4.29) 

The CCD pixel each of area 4.∆x.∆y are averaged out the information of the object image 

at the CCD plane and the image detail on each pixel is lost. The lost information of the 

object on each pixels can be recovered using subpixeling in both x and y directions with 

sub-pixels steps 4.δx.δy. Here we are assuming that the sub-pixels perform Nyquist 

Sampling of the image information falling on them. The highest frequency in the image 

(fmax,x)and (fmax,y)  are then restricted by the following relation, 

( ) 1
max,2. 2.xf xδ −<      (4.30)  



 

113 
 

( ) 1
max,2. 2.yf yδ −<      (4.31) 

O(x,y) contains multiple replicas of the original object due to the sampling at the Fourier 

plane by the Optical Mask and all the replicas has the same amplitude because the 

spectrum is sampled uniformly by comb function (Optical Mask) and S(x,y) is the 

undersampled versions of O(x,y). Due to the integration of data at each pixel of the CCD 

(Eq. (4.28)) the object information is lost which are not recoverable by any means except 

that a subpixeling technique is required in which a pixel of area 4.∆x.∆y is divided into 

(2a+1).(2b+1) sub pixels each of area 4.δx.δy using a three level mask at the CCD plane 

as explained in [4]. The subpixeling should be such that the information falling on each 

pixel can be recoverable as restricted by Equations (4.29) and (4.30). Under such a 

condition the integral in Eq. (4.28) can be removed and the Eq. (4.28) will take the form 

as given by Eq. (4.31).  Due to the undersampling by the CCD, the Fourier transform of 

the CCD undersample gives multiple copies of the object spectrum. The spectral copies 

overlap due to large separation of the CCD pixels.  The Fourier transform of Eq. (4.29) is 

given below.   

( ) 1( , ) ( , ) . , . ,
. .2. .2.j k m n

m nS u v G u v u j p v k q x y
X Y u v X Y

δ δ
δ δ

∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

    = − − ⊗⊗ − −    
  

∑ ∑ ∑ ∑  

( )4 . . . . . ,
2. 2.

s a t b

s a t b

u vExp i u s x v t y sinc
u v

π δ δ
δ δ

= =

=− =−

 × − +      
∑ ∑   (4.32) 

In the simplification of Eq. (4.32), we have used the following relationships:  1/X = 2.∆U 

and 1/Y = 2.∆V.  

( ) ( )1( , ) ( , ) . , . 2. . , 2. .  
4. . . .

s a t b

j k m s a n t b
S u v G u v u j p v k q x m U y n V

u v X Y
δ δ

δ δ

∞ ∞ ∞ = ∞ =

=−∞ =−∞ =−∞ =− =−∞ =−

  = − − ⊗⊗ − ∆ − ∆  
 

∑ ∑ ∑ ∑ ∑ ∑   
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 ( ), 4 . . . . .
2. 2.

u vsinc Exp i u s x v t y
u v

π δ δ
δ δ

 × − +     
     (4.33) 

To simplify the above equation, we assume that each rectangular pixels of the CCD 

contains a number of sub-pixels each of area 4.δx.δy. The width and length of each sub-

pixel are 2.δx and 2.δy in the x- and y-directions, i.e. .2.X g xδ=  and .2.Y h yδ= or 

1/ 1/ .2.X g xδ=  and 1/ 1/ .2.Y h yδ=  which may be written mathematically as:  2.

2. .u g Uδ = ∆ , 2. 2. .v h Vδ = ∆ or u Uδ >> ∆ , Vv ∆>>δ where 2. 1/ 2.u xδ δ=  and

2. 1/ 2.v yδ δ= , Eq. (4.33) becomes: 

( ) 1 2. . 2. .( , ) ( , ) . , . ,
. .2. .2.

s a t b

j k m n s a t b

m u n vS u v G u v u j p v k q u v
X Y u v g h

δ δδ δ
δ δ

∞ ∞ ∞ ∞ = =

=−∞ =−∞ =−∞ =−∞ =− =−

   
= − − ⊗⊗ − −    

   
∑ ∑ ∑ ∑ ∑ ∑  

 ( )4 . . . . . . ,
2. 2.

u vExp i u s x v t y sinc
u v

π δ δ
δ δ

 × − +      
    (4.32) 

Using the convolution property: 

{ } { } { }( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )f x y g x y x b y c h x y f x b y c g x b y c h b cδ⊗ − − = − − − −
 

(4.33)
 

Using the above equation and Eq. (4.32) takes the following form.  

1 2. . 2. . 2. . 2. .( , ) , . , .
4. . . . m n j k

m u n v m u n vS u v G u v u j p v k q
u v X Y g h g h

δ δ δ δδ
δ δ

∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

    
= − − − − − −    

    
∑ ∑ ∑ ∑  

 
2. . 2. .

2. . . . 2. . . .4 . ,
2. 2.

s a t b

s a t b

m u n v
m u s x n v t y g hExp i sinc

g h u v

δ δ
δ δ δ δπ

δ δ

= =

=− =−

 
   
 × − +  
     
 

∑ ∑
           (4.34)

 

To remove the overlapped copies of spectrum in Eq. (4.34), the overlapped spectra are 

passed through the decoding Optical Mask that gives completely un-overlapped spectra. 

So the overlapped spectra’s is multiplied with the decoding mask and the resultant 

equation becomes:  
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1 2. . 2. . 2. . 2. .( , ) , . , .
4. . . . m n j k

m u n v m u n vR u v G u v u j p v k q
u v X Y g h g h

δ δ δ δδ
δ δ

∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

     
= − − − − − −     
     

∑ ∑ ∑ ∑  

  . . . . . .8 , ( , )
s a t b

s a t b

m s u x n t v y m nExp i sinc OM u v
g h g h
δ δ δ δπ

= =

=− =−

    
× − +     

     
∑ ∑    (4.35)

 

Using the Optical Mask from Eq. (4.23), Eq. (4.35) becomes:  

1 2. . 2. . 2. . 2. .( , ) , . , .
4. . . . m n j k

m u n v m u n vR u v G u v u j p v k q
u v X Y g h g h

δ δ δ δδ
δ δ

∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

    
= − − − − − −    

    
∑ ∑ ∑ ∑   

. . . . . .8 , ( . , . )
s a t b

s a t b e l

m s u x n t v y m nExp i sinc u e p v l q
g h g h
δ δ δ δπ δ

= = ∞ ∞

=− =− =−∞ =−∞

    
× − + − −    

     
∑ ∑ ∑ ∑   (4.36 

1 2. . 2. . 2. . 2. .( , ) , . , . ( . , . )
4. . . . m n j k e l

m u n v m u n vR u v G u v u j p v k q u e p v l q
u v X Y g h g h

δ δ δ δδ δ
δ δ

∞ ∞ ∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞ =−∞ =−∞

   
= − − − − − − − −   

   
∑ ∑ ∑ ∑ ∑ ∑   

. . . . . .8 . ,
s a t b

s a t b

m u s x n v t y m nExp i sinc
g h g h

δ δ δ δπ
= =

=− =−

    
× − +    

    
∑ ∑     (4.37) 

The decoding mask is placed at the plane exactly where the encoding mask was placed in 

which case we can set  e.p=j.p+2.m.δu/g, l.q=kq+2.n.δv/h ,results that m and n are even 

integers and the two delta functions in Eq. (4.37) are simplified as given:  

( )2. . 2. .. , . . , .
je l m n k

e l m n j k

m u n vu j p v k q u e p v l q
g h
δ δδ δ

=+∞=+∞ =+∞ =+∞ =+∞ =+∞

=−∞ =−∞ =−∞ =−∞ =−∞ =−∞

  
− − − − − − =  

  
∑ ∑ ∑ ∑ ∑ ∑  

2. . 2. .. , .
ji m n

i j m n

m u n vu i p v j p
g h
δ δδ

=+∞=+∞ =+∞ =+∞

=−∞ =−∞ =−∞ =−∞

 
− − − − 

 
∑ ∑ ∑ ∑    (4.38) 

Using Eq. (4.38) into Eq. (4.37), the resultant equation takes the following form: 

1 2. . 2. . 2. . 2. .( , ) , . , .
4. . . .

even even

m n j k

m u n v m u n vR u v G u v u j p v k q
u v X Y g h g h

δ δ δ δδ
δ δ

∞ ∞

=−∞ =−∞ =−∞ =−∞

   
= − − − − − −   

   
∑ ∑ ∑ ∑  

. . . . . .8 . ,
s a t b

s a t b

m s u x n t v y m nExp i sinc
g h g h
δ δ δ δπ

= =

=− =−

    
× − +    

    
∑ ∑          (4.39) 

Eq. (4.39) provides the un-overlapped copies of the spectrum but each copy of different 

amplitudes. The variation of the spectra amplitude occurs due to the different value of the 
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sinc function at different positions but the central copy remain unchanged because sinc 

function has no effect at the origin of the system. To select the central copy we have used 

low pass filter that allow only the central copy and stops all the surrounding replicas of 

the spectrum. To represent the selection of the central copy mathematically we have set 

m=0 and n = 0 and Eq. (4.39) takes the form given below.  

( )( ) { } { }2. 1 2. 1
( , ) , . , .

4. . . .

even even

m n j k

b c
R u v G u v u j p v k q

u v X Y
δ

δ δ

∞ ∞

=−∞ =−∞ =−∞ =−∞

+ +
= − −∑ ∑ ∑ ∑   (4.40) 

Where R(u,v) is the reconstructed spectrum of the object but in sampled form and each 

sample are separated by the Optical Mask period. How to fill these missing points to 

reconstruct the image of the object, we have use the cubic interpolation technique to fill 

the blank position of the object spectrum. After recovery of the missing frequencies of 

the object spectrum we have compare with the input spectrum which yields good results. 

The inverse Fourier transformation of the filled spectrum provides the output image of 

the object which is in good agreement with the original object. The mathematics of the 

proposed technique has established that by using encoding and identical decoding masks 

at the Fourier plane and subpixeling at the CCD plane we can obtain aliased free data 

with the use of undersampling device like CCD consisting of pixels with non-zero 

dimensions.  

4.2.2 Simulation and Results discussion 

In simulation of our proposed technique we have tried to remove the effect of the CCD 

undersampling. According to the Nyquist criteria the CCD sampling frequencies must 

equal or greater than the double of the highest frequencies of the original object 

spectrum. If the CCD does not satisfy this condition, overlapping of the spectra of the 
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CCD undersampling occurs at the Fourier plan and the output image become noisy. In 

this simulation we have used a transparency of the lady Lena image as input object of 

size 1000 pixels×1000 pixels and padding zeros on both sides as shown in Fig. 4.4(a).  

The input object information was passed through the convex lens with focal length f 

provides the Fourier spectrum of the object at the Fourier plane shown in Fig. 4.4(b). The 

Fourier spectrum of the object shown in Fig. 4.4(b) is multiplied with the Optical Mask 

(encoding mask of the size 2006×2006 square pixels and a magnified small portion of the 

Optical Mask is shown in Fig. 4.4(c)) located at the Fourier plane that encodes the object 

spectrum. An Optical Mask is comb function in two dimensions which consisting of delta 

functions occurring at alternate positions in both x- and y- direction (having a period p = 

2 along x-axis and along y-axis is q=2). The spectrum after the Optical Mask shown in 

Fig. 4.4(d) is Fourier transformed provide an image of the coded spectrum at the image 

plane as shown in Fig. 4.4(e).  The image at the CCD plane contains three copies of the 

input object, one copy at the centre of the coordinate system and two half copies of the 

object on the left and right side of the central one and four quarter copies at the corner of 

the central image. This replication of the object occurs due to Optical Mask period. 

Increasing the Optical Mask period brings the copies more close to each other. The image 

shown in Fig. 4.4(e) falls on the CCD and CCD undersamples this image. Here we have 

assumed rectangular shape of the CCD pixels to make the CCD pixels shape more 

practical and each pixel has a width of ∆x=3 pixels and length of ∆y=3 pixels. The 

separations of the CCD pixels are X=9 pixels along x-axis and Y=9 pixels along y-axis. 

The CCD pixels average out the information falls on it and sends to the computer for 

further processing.  The data falling on each pixel is integrated and we obtained only  
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Fig.4.4. Removal of the CCD (rectangular shaped pixels) undersampling effect using 

Optical Mask in two dimensions. (a): Input Object, (b): Fourier transform of the input 

object, (c): Optical Mask, (d): Multiplication of  (b) and (c), (e): Inverse of (d) is the 

Image which is at the CCD plane, (f): Image recovered after subpixeling, (g): Fourier 

transform of (f), (h): Multiplication of Optical Mask and (g), (i): Multiplication of the 

Filter with (h) to select the central copy of the spectrum, (j): Interpolated spectrum, (k): 

Inverse of (j) gives the Output Image,(l): unpadded image, (m): image obtained using 

conventional imaging system. 

 

integrated data and high spatial resolution at a pixel are lost. To recover the lost smallest 

possible features of the object which falling on each CCD pixels, we need a subpixeling 

technique to recover the lost data. The subpixeling follows the method given in [4]. By 

using this subpixeling technique, we have obtained the lost data of the spectrum. The 

undersampled image after application of subpixeling algorithm is shown in Fig. 4.4(f). 

The Fourier transformation of the CCD undersampled data gives the spectrum which 

contains a number of the replicas of the object spectrum and each copy overlap on the 
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next neighbour copy on either side as shown in Fig. 4.4(g). Aside from overlapping we 

have observed that the sinc function (Fourier transform of the rect function) modulating 

the amplitude of the various shifted copies of the spectrum except the copy at the origin 

of the coordinate system. A decoding mask is multiplied at the Fourier plane to remove 

the overlapping of the spectral replicas. The two masks must be aligned to get better 

result. After the application of the decoding mask, we have obtained a series completely 

separated replicas of the spectrum in both x- and y-direction as shown in Fig. 4.4(h). The 

spectral copies are multiplied by the weighting factor according to Eq. (4.39) except the 

central copy which is obtained by setting m=0 and n = 0 in Eq. (4.39). The filtered 

spectrum copy is shown in Fig. 4.4(i). This is the same as the original copy of spectrum 

shown in Fig. 4.4(d) except that data is on different scale and interpolation technique is 

used to fill the missing data of the spectrum shown in Fig. 4.4(j). Fig. 4.4(k) is the inverse 

Fourier transforms of the 4.4(j).Which is approximately similar to the input object. 

Removing the padded region from the Fig. 4.4(k) gives the image shown in Fig. 4.4(l) 

and the image shown in the Fig. 4.4 (m) is the image obtained by using conventional 

imaging system. It is clear from Fig. 4.4(l)   and Fig. 4.4(m) that our technique has 

enhanced the resolution of the imaging system.   

4.3 Conclusion 
In the past geometric superresolution has been dealt separately using Optical Mask at the 

Fourier plane and subpixeling at the CCD or the image plane. Most previous geometric 

superresolution techniques which use Optical Masks at the Fourier plane have assumed 

point pixels at the CCD which can be represented by Dirac Delta function and this fact 

was far from reality. Other techniques dealt with subpixeling of CCD pixels and have 
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assumed non-zero sized pixels. In this chapter we have gathered the two techniques in 

which we deal with both the undersampling by an imaging device like CCD and at the 

same time consider the non-zero sized pixels. The under sampling by CCD was solved by 

placing an Optical Mask at the Fourier plane in a 4f system and the integration of data by 

non-zero sized pixels was solved by subpixeling technique involving a three level mask 

at the CCD plane. To support our idea we have presented the mathematics and simulation 

of the technique and have tried to establish that the proposed technique seems to work as 

far as the simulation is concerned.  
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Chapter 5  

Use of Optical Mask as Rectangular vents for removal of the CCD 
undersampling effect 

5.1 Introduction 

In capturing an image of the scene, the resolution of the image obtained is always less 

than the actual resolution of the object because of some factors that reduce the resolution 

of the imaging system. In this chapter we are addressing only those components of the 

imaging system that are responsible for the reduction in resolution of the imaging system. 

Modern Imaging system has two parts, (1) optical part and (2) sensor part or geometrical 

part (Charge Coupled device). In this chapter we are focusing only on the later part i.e. 

the limitations put by the geometrical part i.e. CCD. Geometrical component of the 

imaging system can be further divided into two subtypes. The first is related to the pixels 

separation (pitch) and second is the pixels size. According to Nyquist sampling theory 

“For the recovery of the signal, the sampling frequencies of the sampling device (CCD) 

must be at least twice the highest frequencies of the signal”. If the sampling frequency 

does not match the Nyquist criteria or it is less than the highest frequencies of the signal, 

high  frequencies in the spectrum of the signal are mixed with the lower frequencies of 

the neighbouring spectral copies of the signal and loss the information occur in the 

overlapping regions. In this chapter we have solved this problem by using Rectangular 

Optical Mask for encoding and decoding the object spectrum at the Fourier plane that 

nullify the overlapping of the spectrum and we can easily obtain completely un-

overlapped spectrum of the input signal . In chapter 2 and 3 we have considered an ideal 

CCD sampling device which is a different from a practical situation. In this chapter the 
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CCD will not perform sampling as if consisting of train of the delta functions as in 

chapter 2 and 3 but the CCD pixels have some finite size that would integrate the data 

falling on them. Since here we have assumed that the CCD pixels have rectangular shape 

for which purpose we have used a rect function for the CCD pixels. The space among the 

pixels of the CCD is such that the CCD undersamples the scene with rectangular shaped 

pixels. The Fourier transform of the series of the rectangular shaped pixel is the sampled 

version of sinc function. It means that the object spectrum is convolved with each 

sampled point of the sinc function. It is clear that the replicas of the object spectrum 

located at the position where the sinc function is attenuated also attenuate the shifted 

replica of the object spectrum except the spectrum at the origin because the sinc function 

has no effect on the spectrum located at origin of our coordinates system. A low pass 

filter is used at the Fourier plane to select the central copy of the spectrum from the un-

overlapped attenuated replicas. The selected spectrum copy is compared with the original 

spectrum which for comparison. Section 5.1.1 presents mathematical modeling of the 

proposed technique and simulation results are presented in section 5.1.2. 2D 

mathematical modeling is presented in section 5.2.1 and related simulation in 5.2.2. The 

chapter is concluded in section 5.3.  

5.1.2 Mathematical Modeling in 1-D 

The input object g(x) is placed at the input plane in a 4f coherent imaging system.  The 

Fourier transform of the g(x) is represented by the upper case letter G(v). We can simply 

write the following relation.  

 { }( ) ( )G v g x= ℑ   (5.1) 
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Where “ℑ” is the Fourier transform operator. For the coherent imaging system, the input 

object intensities were passed through the convex lens of focal length f and image is 

obtained with convolution of h(x).  The image before CCD sampling was blurred by the 

convolution of the object transparency intensities with lens point spread function h(x), 

where the h(x) represent the effects of diffraction, misfocus, pixels response, all of these 

can be describes by the convolution. But here we assumed that the PSF of the imaging 

system is unity. To encode the object spectrum “Optical Rectangular Mask” is used at the 

Fourier plane. It is an amplitude transparency with transparent and opaque rectangular 

region representing transmittance that equal to 1 and 0 respectively. We can express 

Optical Rectangular Mask (ORM) mathematically as follow: 

( . )
2.k

vORM(v) v k p rect
v

δ
∞

=−∞

 = − ⊗  ∆ 
∑                                         (5.2) 

Where “p” is the spacing between the centre of two consecutive rectangular function of 

the mask and 2.∆v is the width of the rectangular aperture of the Optical Rectangular 

Mask. The object spectrum encoding process is simply to multiply of the Optical 

Rectangular Mask to the object spectrum at the back focal plane of the objective lens of 

focal length “f”. The ORM allow some parts of the spectrum to pass and stops some 

other parts of the spectrum. The encoded output spectrum after Optical Rectangular Mask 

can be mathematically expressed as:  

 ( ) ( ) ( . )
2.k

vO v G v v k p rect
v

δ
∞

=−∞

 = − ⊗  ∆ 
∑  (5.3) 

The frequency “ v ” is in units of cycle/unit length to represent the Fourier plane and the 

coordinate “x” is to represent both the object and image plane coordinates. The object 
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spectrum is sampled by rectangular mask with period p is passed through the convex lens 

of focal length f producing an image at the back focal plane and it is given by:  

 { }1 1( ) ( ) ( ) ( . )
2.k

vO x O v G v v k p rect
v

δ
∞

− −

=−∞

   = ℑ = ℑ − ⊗   ∆   
∑  (5.4) 

2. .2.( ) ( ) sinc
k

x k xO x g x
p p

∞

=−∞

 ∆ ∆
= ⊗  

 
∑    (5.5) 

We have seen in Eq. (5.5) that the object is replicated at each point of the sampled sinc 

function and the amplitude of the all replicated copies are scaled by a factor 2.∆x/p. 

Beside that scaling there is another factor sinc(k.2.∆x./p)  that also changes the amplitude 

of all the shifted copies depend on the value of “k” excluding the central copy, because 

the central copy remains unchanged for k=0, sinc(0)=1.  Here we are using an imaging 

device known as charge coupled device (CCD) that converts the optical signal to 

electrical signal. CCD samples the object with an array of photo-detector (pixels) and the 

pixels of sensor creates a digital image in discrete form. Here we are assuming that CCD 

performs undersampling. For non-ideal sampling, the CCD pixels are assumed to have 

some size assume that the CCD pixels have rectangular shape i.e. each delta in Eq. (3.10) 

is replaced by rect function. We are assuming that each pixel of CCD has a width equal to 

2.∆X. CCD is an array of rect function that samples the scene with rectangular shaped 

pixels. The data received by each rectangular pixels of the CCD is averaged out and 

stored in the computer. A CCD is placed at the image plane to undersample the image 

with rectangular shaped pixels. A CCD function in one dimension (CCD(x)) is given by:   

( ) ( . ) e
2.n

xCCD x x n X r ct
X

δ
∞

=−∞

 = − ⊗  ∆ 
∑

   
 (5.6) 
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.( ) e
2.n

x n XCCD x r ct
X

∞

=−∞

− =  ∆ 
∑

   
 (5.7) 

“X” is the spacing between the centre of the consecutive rectangular pixels and 2.∆X is 

the width of the each CCD pixels. The CCD under-sample image is given by the 

Equation: 

( ) ( ) ( ).
x x

x x
S x O x CCD x dx

+∆

−∆
= ∫      

 

( )1 ( ) ( . ) . . .
2. 2.

x x

x x
k n

v xG v v k p rect x n X rect dx
v X

δ δ
∞ ∞+∆ −

−∆
=−∞ =−∞

       = ℑ − ⊗ − ⊗      ∆ ∆       
∑ ∑∫  (5.8) 

“2.∆X” is the width of the rect function which represents a pixel of the CCD. The 

integration is carried out over each pixel width. O(x) contains multiple replicas of the 

original object due to the Optical Rectangular Mask coding at the Fourier plane and S(x) 

represents the undersampled versions of O(x). Due to the integration of data at each CCD 

pixel, the object spatial information is lost due to its averaging nature. To resolve the 

object details, we need a subpixeling to recover the spatial detail of the object. The lost 

data can be recovered by using a mask attached to the CCD array as described in [1] and 

the mask is moved in a sub-pixels step over the pixels and the intensities are recorded. 

The subpixeling technique should be such that the information falling on each pixel can 

be recoverable. For subpixeling, since each pixel has a width of 2.∆X, each pixel is 

divided into (2.b+1) sub-pixels each of width 2.δx, the integral sign in Eq. (5.8)
x x

x x

+∆

−∆
∫ can 

be replaced by a summation sign
q b

q b

=+

=−
∑ . Because the rectangular shape of the pixels is not 

a continuous but it is in discrete form, so rect(x/2.∆X) take the form 2. .
2.

q b

q b

x q xrect
x
δ

δ

=+

=−

− 
 
 

∑  , it 
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shows that each pixels of width 2.∆X is the series of small rectangles each of width 2.δx, 

the above equation takes the following form. 

( )1 2. .( ) ( . ) . .
2. 2.

q b

k n q b

v x q xG v v k p rect x n X rect
v x

δδ δ
δ

=+∞ ∞
−

=−∞ =−∞ =−

    −   = ℑ − ⊗ − ⊗       ∆       
∑ ∑ ∑      (5.9) 

In Eq. (4.9), the image information falling on each pixel of width 2.∆X is averaged out 

and the image detail on each pixel is lost. To recover the image detail information on 

each pixel, subpixeling is needed. Here we are assuming that subpixeling perform 

Nyquist Sampling of the image information falling on them. The highest frequency in the 

image (fmax) is then restricted by the following relation, 

( ) 1
max2. 2.f xδ −<      (5.10) 

A series of multiple replicas of the original object appeared at the image plane due to 

sampling by Optical Rectangular Mask at the Fourier plane and S(x) is the CCD 

undersampled image of O(x). The Fourier transform of the S(x) gives the spectrum of the 

CCD sampled data at the Fourier plane. The spectral copies overlap due to 

undersampling.  The Fourier transform of Eq. (5.9) is given below. 

( ) ( ) ( ) [ ] ( )1. 2. . . 4. . . .
2. .2. 2.

q bn

k n q b

v vS v G v v k p rect v n V Exp i v q x sinc
v X v v

δ δ π δ
δ δ

=+∞ =+∞

=−∞ =−∞ =−

      = − ⊗ ⊗ − ∆ −       ∆       
∑ ∑ ∑     (5.11) 

Since 

[ ] 1n n
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nv nX v
X X

δ δ
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∑ ∑     (5.12)  
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q b q b

x q x vrect Exp i v q x sinc
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δ π δ

δ δ δ

=+ =+

=− =−

 −   ℑ = −    
    

∑ ∑   (5.13) 

Where ‘⊗ ’ denotes convolution operation. For simplicity of calculations we assume that  
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Fig. 5.1.Overlapped spectra of the CCD undersampled data. 
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an integer number of sub-pixels fit into the separation between the two consecutive 

pixels, i.e. .2.X m xδ= or 1/ 1/ .2.X m xδ= which may be written mathematically as:  

2. 2. .v m Vδ = ∆ or 2.v Vδ >> ∆ where 2. 1/ 2.v xδ δ=  and Eq. (5.11) becomes: 

( ) ( ) ( ) ( )1 2.. . 4 . . .
2. 2. . 2.

q b

k n q b

v n vS v G v v k p rect v v Exp i v q x sinc
v v X m v

δ δ δ π δ
δ δ

=+∞ ∞

=−∞ =−∞ =−

        = − ⊗ ⊗ − −         ∆         
∑ ∑ ∑  (5.14) 

We have seen in Eq. (5.14) that the each sampled replica of the object spectrum at the 

Fourier plane is weighted not only by the scaling factor “1/X.2.δv” (Where “2.δv” is the 

sinc function width) but also by the sinc function. Each replica is weighed differently 

according to the value of k, but the copy at centre of the coordinate system is not affected 

by the sinc function modulation. To simplify Eq. (5.14),   the following convolution 

property was used: 

{ } { } { }( ) ( ) ( ) ( ) ( ) ( ) ( )f x g x x b h x f x b g x b h bδ⊗ − = − −    (5.15)
 

Eq. (5.14) takes the following form.  

( )
2..1 2. 8 . . . .

2. . 2.

q b

n k q b

nv k p vn i n q x v nmS v G v v rect Exp sinc
v X m v m m

δ π δ δδ
δ

=+∞ ∞

=−∞ =−∞ =−

  − −   −     = −        ∆       
   

∑ ∑ ∑

 
(5.16) 

It is clear from the above equation that X>>2.δx and 2.∆V<<δv, so n/m is a large 

number. It means that the object spectrums are now placed much closer than the previous 

case discussed in chapter 2 and 3. It shows that as we increase the width of the CCD 

pixel, decrease in separation between the replicas of the object spectrum occurs.  To 

remove the overlapped copies of spectrum in Eq. (5.15), it is multiplied with the 

decoding rectangular mask that stops some copies of the spectrum and allows the 
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remaining replicas of the object spectrum. The decoding mask has the same 

characteristics as the encoding mask. It means that both masks have the same structure 

the above equation takes the following form:  

( ) ( )
2..1 2. 8 . . . . .

2. . 2.

q b

n k q b

nv k p vn i n q x v nmS v G v v rect Exp sinc ORM v
v X m v m m

δ π δ δδ
δ

=+∞ ∞

=−∞ =−∞ =−

   − −    −     = −        ∆        
     

∑ ∑ ∑   (5.17) 

The ORM(v) is given in Eq. (5.2), so Eq. (5.17) takes the form:  

( )
2..1 2. 8 . . . . ..

.2. 2. 2.

q b l

n k q b l

nv k p vn i n q x v n v l pmS v G v v rect Exp sinc rect
X v m v m m v

δ π δ δδ
δ

=+∞ ∞ =+∞

=−∞ =−∞ =− =−∞

   − −    − −       = −          ∆ ∆          
     

∑ ∑ ∑ ∑
 

(5.18)
 

The decoding mask is multiplied to the spectrum of the image recorded by the CCD. The 

overlapping condition for the two masks is l.p=k.p+2nδv/m provided ‘n’ is even integer. 

The Eq. (5.18) can be simplified by using the following relationship.  

2. 2.. ..
2. 2. 2.

l even

n k l n k

n nv k p v v k p vv l pm mrect rect rect
v v v

δ δ∞ ∞ =+∞ ∞

=−∞ =−∞ =−∞ =−∞ =−∞

   − − − −   −  =    ∆ ∆ ∆    
   

∑ ∑ ∑ ∑ ∑       (5.19) 

Eq. (5.18) takes the following form by using Eq. (5.19) in Eq. (5.18).  

( )
2..1 2. 8 . . . . .

2. . 2.

q beven

n k q b

nv k p vn i n q x v nmS v G v v rect Exp sinc
X v m v m m

δ π δ δδ
δ

=+∞

=−∞ =−∞ =−

  − −   −     = −        ∆       
   

∑ ∑ ∑  (5.20) 

Eq. (5.20) provides the un-overlapped copies of the spectrum and each copy is modulated 

by sinc function according to the shifted position except the central copy. To select the 

un-modulated central copy, we pass the spectral replicas of Eq. (5.20) through low pass 

filter. For this purpose we can set mathematically n = 0 and Eq. (5.20) takes the form 

given below: 
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( ) ( ) ( )2 1 .
2. . 2.

k

k

b v k pR v G v rect
X v vδ

=+∞

=−∞

+ − =  ∆ 
∑                             (5.21) 

The result obtained in Eq. (5.21) is the reconstructed output object spectrum G(v) in 

sampled form and each rectangular sample of the G(v) is separated by a spacing “p”. The 

spectrum obtained in Eq. (5.21) and the original object spectrum Eq. (5.1) has different 

amplitude because of the scaling factor (2b+1)/2.X.δv. The missing points or the holes in 

the spectrum are obtained through the interpolation. Free aliased image is obtained by 

taking the inverse Fourier transform of the synthesized spectrum. Due to this technique 

we can easily nullify the CCD sampling artefacts.  

5.1.2 Simulation Results and Discussion for 1-D  

The simulation results presented here explain how to improve the resolution of the 

imaging system. In this simulation we have reduced the blurring effects offered by the 

CCD pixels spacing (pixels pitch). For the simplicity, in this section we present the 

simulation results in one dimension. A simple Gaussian shaped function with width 

2∆V=58 pixels and with parameter σ=0.015, x0=256 represents the centre of the 

coordinate system is used as the input object for this simulation shown in Fig. 5.2(a). The 

Gaussian object is passed through the Fourier transforming lens of focal length f of the 

coherent 4f imaging system. The spectrum of the Gaussian object is again a Gaussian 

shaped spectrum located at the back focal plane as shown in Fig. 5.2(b). The spectrum 

shown in Fig. 5.2(b) is passed through the Optical Rectangular Mask (a type of 

transmission amplitude grating with pitch p=4 pixels) placed at the Fourier plane, and 

width of the each grating line of the mask is 2.∆x=2pixels as shown in the Fig. 5.2(c). 

The optical rectangular mask sampled the object spectrum with the series of the 
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rectangular apertures. The sampled version of the spectrum is shown in the Fig. 5.2(d). 

The optical sampled spectrum is Fourier transformed by the Fourier transforming lens of 

the 4f system resulting in replicas of the object at the image plane. The object replicas in 

the output image are located with the object copy period equal to the reciprocal of the 

Optical Rectangular Mask period i.e. (total space/mask period) = 128pixelsis shown in 

Fig. 5.2 (e). The CCD undersamples replicas of the object at the image plane. In this 

simulation, we assumed a CCD pixel pitch X=9 pixels and the width of each the 

rectangular pixels is 2.∆X=2 pixels as shown in Fig. 5.2 (f). Each pixel of the CCD 

integrate the information of the object falling  on the pixel and due to the finite size of the 

pixels small details of the object at the level smaller than the pixels size is lost. 

Subpixeling technique is used to recover the object detail smaller in size than the pixel 

dimensions [1]. Due to the application of the subpixeling technique in [1], the data at the 

subpixel level is recovered and is shown in Fig. 5.2(g). Here we have assumed that the 

pixels are located far from each other (by 9 pixels apart) so that the data sampled by the 

CCD acts as undersampled. The width of each CCD pixel is 2 pixels and the distance 

between the centres of the two consecutive rectangular shaped pixels is 9 pixels in one 

dimension. The undersampled image after using the subpixeling algorithm is shown in 

Fig. 5.2(g). When the CCD undersampled image is Fourier transformed overlapped 

copies of the object’s original spectrum are obtained which are shown in Fig. 5.2 (h). The 

spectrum shown in the Fig. 5.2(h) contains 16 replicas of the object spectrum each of 

width 2.∆V=58 pixels. The spectrum of the overlapped replicas are multiplied with 

another  Optical Rectangular Mask having the same structure as the encoding mask but 

this time the optical rectangular mask is on the computer that nullify the overlapping of  
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    (m)            (n) 

 

       (o) 

Fig. 5.2. Simulation results in 1-D for the removal of the CCD (Rectangular shaped 

pixels) undersampling effect by the use of Optical Rectangular Mask. (a): Object , (b): 

Fourier transform of the object, (c) :Optical Rectangular Mask, (d): Multiplication of  

Fourier spectrum of the object and Optical rectangular Mask, (e): Fourier transform of (d) 

is the Image which is at the CCD plane, (f): CCD chip with rectangular shaped pixels, 

(g): CCD captured image, (h): Fourier transform of CCD captured image, (i): 

Multiplication of Optical rectangular mask and Fourier transform of CCD captured 

image, (j): selection of the central spectrum with  low pass filter, (k): Interpolated 

spectrum, (l): Inverse of interpolated spectrum provides the Output Image, (m): output 

image without using optical rectangular mask, (n): Error in percentage between the 

original object and the image obtained using rectangular shaped pixels and ROM, (o): 
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Error in percentage between original object and  output image using conventional 

imaging system.  

 the spectra. The optical rectangular mask at the Fourier plane has stopped the odd copies 

and allows the even ones as shown in the Fig. 5.2(i), in this way we have obtained a 

number of the object spectrum replicas which are completely separated and each 

spectrum having different amplitude. It is clear that the amplitude of the spectrum is 

varied due to the rectangular shaped pixels, because the Fourier transform of the rect 

function is sinc function. The sinc function at the Fourier plane modulates the amplitude 

of the various spectrum replicas except the central spectrum. The sinc function at the 

origin has no effect on the spectrum because sinc(0)=1asshown in Fig. 5.2(h). The 

spectral copies are also weighted by a scaling factor (2b+1)/2.X.δv according to Eq. 

(5.21), so the central copy is affected only the weighting factor (2b+1)/2.X.δv. We have 

put n=0 to select the central spectrum copy and stop the remaining spectra shown in Fig. 

5.2(j). The selected spectrum is normalized and in sampled form with period equal to the 

rectangular mask. To fill these missing positions in the spectrum we have the 

interpolation technique that provides the continuous spectrum as shown in Fig. 5.2(k). 

The continuous spectrum is inverse Fourier transformed gives the output image of the 

object as shown in Fig. 5.2(l) which is very much similar to the original object as in Fig. 

5.2(a). The image shown in Fig. 5.2 (m) is the output image of the CCD sampled image. 

It is clear that all the high frequencies of the object spectrum are lost and we obtained a 

blur image because the spectral bandwidth of the object spectrum is relatively larger than 

the frequency of the sampler. The image shown in Fig. 5.2 (l) has recovered greater 
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portion of the object high spatial frequency components because of using optical 

rectangular mask and most of the object information recovered.  

5.2.1 Mathematical Modeling in 2-D 

This section is the extension of the above proposed technique in two dimensions i.e. 

“Geometric superresolution is using subpixeling and optical rectangular mask” for 

enhancing the resolution of the modern digital imaging camera. In this chapter we are 

discussing two factors due to which reduction in the resolution of the imaging system 

occurs. One is the pixels separation and other one is the pixels shape. In the previous 

chapters we have presented the Optical Mask as the series of the Delta’s function to 

present the apertures of the Optical Mask because the mask is the combination of the 

arranged apertures in two dimensions, but in practice the mask apertures has some shape 

(e.g. rectangular shape, square shape, circular shape). The CCD pixels are also presented 

as the comb function in two dimensions.  In this section we are using the rect function in 

two dimensions for both CCD pixels shape as well as the optical rectangular mask 

apertures. The optical rectangular mask is used at the Fourier plane that encodes the 

signal or to break the signal into small pieces and pass the data through the pixels of the 

CCD that enhances the data bit rate. The CCD pixels are far apart from each other and 

data falling in the space among the pixels are lost. The mask encoding and decoding 

process recovers the data falls in space among the pixels of the CCD. The CCD is 

represented by the CCD function (CCD(x,y)) sampled the image with rectangular shaped 

pixels, sampling with particular shape of the CCD pixels produces some sort of 

aberration and the output image of the CCD becomes noisy. So to remove all these 
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effects and to enhance the resolution of the imaging camera, we are using the subpixeling 

technique as discussed in section 5.1. In this way we have increased the resolving power 

of the imaging sensor. Now to verify the above approach mathematically in two 

dimensions, let the input object is represented by the function g(x,y) in two dimensions 

positioned at the input plane in a 4f coherent imaging system.  Let ( , )G u v represents the 

Fourier transform of the g(x,y), we can simply write the following relation: 

 { }( , ) ( , )G u v g x y= ℑ      (5.22) 

The Optical Rectangular Mask is denoted by ORM(u,v) in two dimensions placed at the 

back focal plane of the Fourier transforming convex lens in the 4f coherent imaging 

system to encode the object spectrum. As we have mentioned in chapter 2 that the Optical 

Rectangular Mask is a thin transparency that only modulate the object spectrum at the 

spectral plane. The Optical Rectangular Mask bricks the spectrum into small pieces to 

pass the spectrum easily through the remaining system. At the spectral plane the Optical 

Rectangular Mask ORM(u,v) is multiplied to the object spectrum G(u,v), and the resulting 

spectrum  O(u,v) becomes as: 

 ( , ) ( , ) ( , )O u v G u v ORM u v=     (5.23) 

The Optical Rectangular Mask is mathematically represented by a series of the 

rectangular function which can be obtained by convolving the rect function with each 

delta of the comb function. The mathematical representation of the Optical Rectangular 

Mask in two dimensions can be given by: 

, ( . , . ) ,
2. 2.j k

u vORM(u v) u j p v k q rect
u v

δ
∞ ∞

=−∞ =−∞

 = − − ⊗⊗  ∆ ∆ 
∑ ∑                               (5.24) 
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. ., ,
2. 2.j k

u j p v k qORM(u v) rect
u v

∞ ∞

=−∞ =−∞

− − =  ∆ ∆ 
∑ ∑                                   (5.25) 

“p” and “q” are pitch or the separations between the centre of the rectangular aperture of 

the mask in the x- and in y-directions. The spectrum of the object after passing through 

the Optical Rectangular Mask is in sampled form with period p and q in the x- and y- 

directions and it is given by: 

 . .( , ) ( , ) ,
2. 2.j k

u j p v k qO u v G u v rect
u v

∞ ∞

=−∞ =−∞

− − =  ∆ ∆ 
∑ ∑  (5.26) 

The rectangular apertures allow the portion of the spectrum to pass and the black region 

of the mask where the mask has zero transparency stops the spectrum. Convex lens of 

focal length f work as an imaging lens is placed in the path of the coded spectrum 

provides an image of the coded spectrum at the image plane. The output image of the 

imaging lens is given by:  

 { }1 1 . .( , ) ( , ) ( , ) ,
2. 2.j k

u j p v k qO x y O u v G u v rect
u v

∞ ∞
− −

=−∞ =−∞

 − − = ℑ = ℑ   ∆ ∆  
∑ ∑  (5.27) 

( , ) 2. . 2. .( , ) sin ,
. .2. .2. j k

g x y u j v kO x y c
p q u v p q

∞ ∞

=−∞ =−∞

 ∆ ∆
= ⊗⊗  ∆ ∆  

∑ ∑   (5.28) 

Eq. (5.28) presents the image of the mask coded spectrum O(u,v). The image in Eq. 

(5.28) contains replicas of the object and all the object copies are scaled by the factor 

1/p.q.2.∆u.2.∆v. We also notice that sinc function is in sampled form and we also saw 

that object is convolved with each point of the sampled sinc function so the amplitude of 

the object copies are not only affected by 1/(p.q.2.∆u.2.∆v) but also by the sinc function. 

We have also noticed that the central object copy accept the affect of the weighting factor 

1/(p.q.2.∆u.2.∆v) and it is independent of the sinc function because sinc function at the 
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origin of the coordinate system has no effect.  Now the image falls on the CCD located at 

the imaging plane. The CCD will sample the image and send to the computer to process 

the sampled image. In the previous chapters 2 and 3  we have supposed that CCD have 

infinitesimal small but non-zero point pixels, but in practice the CCD pixels has some 

shape as well as width. The new CCD with pixels width can be represented 

mathematically as: 

( , ) ( . , . ) e ,
2. 2.m n

x yCCD x y x m X y nY r ct
X X

δ
∞ ∞

=−∞ =−∞

 = − − ⊗⊗  ∆ ∆ 
∑ ∑   (5.29) 

In the above equation we have considered that the area of each CCD pixels is 4.∆X.∆Y, 

where 2.∆X and 2.∆Y are the side length of the rectangular pixels along x- and y-axes. 

The CCD is placed at the imaging plane to capture the image. But Nyquist has put some 

constraint on the CCD pixels separation i.e. if the CCD undersample the image, 

overlapping of the spectrum occurs. We have kept the CCD pixels pitch such to 

undersample the image. The image O(x,y) is under-sampled by the CCD(x,y) and the 

sampled version of the image is represented by S(x,y) :  

2.2.

2. 2.

( , ) ( , ) ( , ).
y Yx X

x X y Y

S x y O x y CCD x y dxdy
+ ∆+ ∆

− ∆ − ∆

= ∫ ∫     (5.30) 

2.2.

2. 2.

. .( , ) , ( . , . ) e , .
2. 2. 2. 2.

y Yx X

j k m nx X y Y

u j p v k q x yG u v rect x m X y nY r ct dxdy
u v X Y

δ
+ ∆+ ∆ ∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞− ∆ − ∆

 − −   ⇒ − − ⊗⊗    ∆ ∆ ∆ ∆    
∑ ∑ ∑ ∑∫ ∫  (5.31) 

For the Discrete case, we replace the integration sign by a summation signs
s a t b

s a t b

= =

=− =−
∑ ∑ . If 

width of 2.∆X and length 2.∆Y of the pixel is divided into (2a+1) and (2b+1) small parts 

work as sub-pixel and the width of each sub-pixels is 2.δx and length 2.δy, then 

,
2. 2.

x yrect
X Y

 
 ∆ ∆ 

 takes the form .2. .2.,
2. 2.

s a t b

s a t b

x s x y t yrect
x y
δ δ

δ δ

= =

=− =−

 − −
 
 

∑ ∑ , Eq. (4.28) becomes as: 



 

142 
 

( )1 . .( , ) ( , ) , . , .
2. 2.j k m n

u j p v k qS x y G u v rect x m X y nY
u v

δ
∞ ∞ ∞ ∞

−

=−∞ =−∞ =−∞ =−∞

 − −  = ℑ − −  ∆ ∆   
∑ ∑ ∑ ∑  

 
 

2. . 2. .,
2. 2.

s a t b

s a t b

x s x x t yrect
x y
δ δ

δ δ

= =

=− =−

 − −
⊗⊗  

 
∑ ∑      (5.32) 

We lost the information during the sampling of the CCD because the two data points 

having the separation smaller than the width of the pixels they appear as one points and 

we cannot distinguished it and the image detail on each pixel is lost because the CCD 

provide us the average value of the object information falling on the CCD pixels. The lost 

detail information of the object on each pixel can be recovered by using subpixeling 

technique. The mask is scanned over the pixel of the CCD with the sub-pixel step in both 

x- and y-direction. Here we are assuming that the subpixels perform Nyquist Sampling of 

the image information falling on them. The highest frequency in the image (fmax,x)and 

(fmax,y)  are then restricted by the following relation, 

( ) 1
max,2. 2.xf xδ −<      (5.33)  

( ) 1
max,2. 2.yf yδ −<      (5.34) 

Due to the undersampling by the CCD, the Fourier transform of the CCD undersample 

gives multiple copies of the object spectrum. The spectral copies overlap because the 

separation of the pixels is relatively large as compared to the bandwidth of the object 

spectrum.  The Fourier transform of Eq. (5.32) is given below.   

. . 1( , ) ( , ) , ,
2. 2. . .2. .2.j k m n

u j p v k q m nS u v G u v rect x y
u v X Y u v X Y

δ
δ δ

∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

 − −    = ⊗⊗ − −     ∆ ∆    
∑ ∑ ∑ ∑    

( )4 . . . . . ,
2. 2.

s a t b

s a t b

u vExp i u s x v t y sinc
u v

π δ δ
δ δ

= =

=− =−

 × − +      
∑ ∑   (5.35) 

To simplify the above equation we are using the relation 1/X = 2.∆U and 1/Y = 2.∆V. that 

give the in simplest form:  
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( ). . 1( , ) ( , ) , 2. . , 2. .  
2. 2. . .4. .

s a t b

j k m s a n t b

u j p v k qS u v G u v rect x m U y n V
u v X Y u v

δ
δ δ

∞ ∞ ∞ = ∞ =

=−∞ =−∞ =−∞ =− =−∞ =−

 − −  = ⊗⊗ − ∆ − ∆   ∆ ∆   
∑ ∑ ∑ ∑ ∑ ∑

  ( ), 4 . . . . .
2. 2.

u vsinc Exp i u s x v t y
u v

π δ δ
δ δ

 × − +     
    (5.36) 

Since each pixel of the CCD has width 2.∆x and length 2.∆y. For subpixeling, we have 

assumed that each pixel contains (2a+1) (2b+1) sub-pixels each of width 2.δx and length 

2.δy. So we have put the number of sub-pixels into the CCD pixels i.e. X=g.2.δx and 

Y=h.2.δy or 1/ 1/ .2.X g xδ=  and 1/ 1/ .2.Y h yδ=  which may be written mathematically 

as:  2. 2. .u g Uδ = ∆ , 2. 2. .v h Vδ = ∆ or u Uδ >> ∆ , Vv ∆>>δ where 2. 1/ 2.u xδ δ=  and

2. 1/ 2.v yδ δ= , Eq. (5.36) becomes: 

1 2. 2.( , ) ( , ) , ,
2. 2. . .4. .

s a t b

j k m n s a t b

u jp v kq m nS u v G u v rect u u v u
u v X Y u v g h

δ δ δ
δ δ

∞ ∞ ∞ ∞ = =

=−∞ =−∞ =−∞ =−∞ =− =−

   − − = ⊗⊗ − −     ∆ ∆     
∑ ∑ ∑ ∑ ∑ ∑  

 ( )4 . . . . . . ,
2. 2.

u vExp i u s x v t y sinc
u v

π δ δ
δ δ

 × − +      
    (5.37) 

Using the convolution property: 

{ } { } { }( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )f x y g x y x b y c h x y f x b y c g x b y c h b cδ⊗ − − = − − − −
  

(5.38)
 

Using the above equation and Eq. (5.37) takes the following form: 

2. 2.. .1 2. 2.( , ) , ,
4. . . . 2. 2.m n j k

m nu j p u v k q vm n g hS u v G u u v v rect
X Y u v g h u v

δ δ
δ δ

δ δ

∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

  − − − −     = − −   ∆ ∆       

∑ ∑ ∑ ∑
 

 
2. . 2. .

. . . . . .8 . ,
2. 2.

s a t b

s a t b

m u n v
m u s x n v t y g hExp i sinc

g h u v

δ δ
δ δ δ δπ

δ δ

= =

=− =−

 
   
 × − +  
     
 

∑ ∑
          (5.39)

 

It is clear from Eq. (5.39) that the Fourier spectrum of the CCD sampled data with 

rectangular shaped pixels are overlapped because of the under-sampling. To eliminate 

this overlapping of the spectrum replicas in Eq. (5.39), we multiply the Optical 
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Rectangular Mask to the spectrum in Eq. (5.39) and the resultant equation becomes:  

2. 2.. .1 2. 2.( , ) , ,
4. . . . 2. 2.m n j k

m nu j p u v k q vm n g hR u v G u u v v rect
X Y u v g h u v

δ δ
δ δ

δ δ

∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

   − − − −       = − −   ∆ ∆         

∑ ∑ ∑ ∑
 

  . . . . . .8 , ( , )
s a t b

s a t b

m s u x n t v y m nExp i sinc OM u v
g h g h
δ δ δ δπ

= =

=− =−

    
× − +     

     
∑ ∑    (5.40)

 

Using the Optical Rectangular Mask from Eq. (5.25), Eq. (5.40) becomes:  

2. 2.. .1 2. 2.( , ) , ,
4. . . . 2. 2.m n j k

m nu j p u v k q vm n g hR u v G u u v v rect
X Y u v g h u v

δ δ
δ δ

δ δ

∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞

  − − − −     = − −   ∆ ∆       

∑ ∑ ∑ ∑
  

. . . . . . . .8 , ( , )
2. 2.

s a t b

s a t b e l

m s u x n t v y m n u e p v l qExp i sinc
g h g h u v
δ δ δ δπ δ

= = ∞ ∞

=− =− =−∞ =−∞

     − −
× − +      ∆ ∆     
∑ ∑ ∑ ∑   (5.41) 

2. 2.. .1 2. 2. . .( , ) , , ( , )
4. . . . 2. 2. 2. 2.m n j k e l

m nu j p u v k q vm n u e p v l qg hR u v G u u v v rect
X Y u v g h u v u v

δ δ
δ δ δ

δ δ

∞ ∞ ∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞ =−∞ =−∞

 − − − −   − − = − −  ∆ ∆ ∆ ∆    
 

∑ ∑ ∑ ∑ ∑ ∑
 

. . . . . .8 . ,
s a t b

s a t b

m u s x n v t y m nExp i sinc
g h g h

δ δ δ δπ
= =

=− =−

    
× − +    

    
∑ ∑     (5.42) 

The two masks have the same structure and characteristics and used at the same domain. 

If the two optical rectangular masks are aligned, then we can set e.p = j.p+2.m.δu/g, 

l.q=k.q+2n.δv/h, results that “m” and “n” are even integers and the two optical 

rectangular masks in Eq. (5.42) are simplified as given:  

2. 2.. . . ., ,
2. 2. 2. 2.m n e l j k

m nu j p u v k q v u e p v l qg hrect rect
u v u v

δ δ∞ ∞ ∞ ∞ ∞ ∞

=−∞ =−∞ =−∞ =−∞ =−∞ =−∞

 − − − −  − −   = ∆ ∆ ∆ ∆  
 
 

∑ ∑ ∑ ∑ ∑ ∑  

2. 2.. .
,

2. 2.

even even

i j m n

m nu j p u v k q vg hrect
u v

δ δ∞ ∞

=−∞ =−∞ =−∞ =−∞

 − − − − 
 

∆ ∆ 
 
 

∑ ∑ ∑ ∑
    (5.43) 

Using Eq. (5.43) into Eq. (5.42), the resultant equation takes the following form.  
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2. 2.. .1 2. 2.( , ) , ,
4. . . . 2. 2.

even even

m n j k

m nu j p u v k q vm n g hR u v G u u v v rect
X Y u v g h u v

δ δ
δ δ

δ δ

∞ ∞

=−∞ =−∞ =−∞ =−∞

 − − − −  
 = − −  ∆ ∆    
 

∑ ∑ ∑ ∑
 

. . . . . .8 . ,
s a t b

s a t b

m s u x n t v y m nExp i sinc
g h g h
δ δ δ δπ

= =

=− =−

    
× − +    

    
∑ ∑     (5.44) 

It is clear from the Eq. (4.39) that the decoding mask allows only the even copies of the 

overlapped object spectrum of different amplitude due to which we obtained the series of 

un-overlapped replicas of the spectrum. The amplitude of the different or the shifted 

replicas are different due to the different value of the sinc function at different positions 

but the central copy remain unchanged because sinc function has no effect on the central 

copy. Now we select the central copy of the object spectrum by using the low pass filter 

having width equal to the central spectrum. Mathematically we represent the low pass 

filter by putting m=0 and n=0, we obtained the following equation:  

( )( ) { }2. 1 2. 1 . .( , ) , ,
4. . . . 2. 2.

even even

m n j k

b c u j p v k qR u v G u v rect
X Y u v u vδ δ

∞ ∞

=−∞ =−∞ =−∞ =−∞

+ + − − =  ∆ ∆ 
∑ ∑ ∑ ∑  (5.45) 

Where R(u,v) is the central and reconstructed spectrum of the object but in sampled form 

and each sample are separated by the optical rectangular mask period. R(u,v) is a scaled 

by a factor (2a+1)(2b+1)/4.X.Y.δu.δv. Now we have to fill out the rectangular holes in 

the retrieved spectrum by using the interpolation technique. After recovery of the missing 

frequencies of the retrieved spectrum we have compared with the object spectrum which 

yields good results. We have inverse Fourier transformed the resultant spectrum gives the 

image of the object which is in good agreement with the original object. 

5.2.2 Simulation Results and Discussion 
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These simulation results are the extensions in two dimensions of our proposed technique 

“Reducing the Effect of the CCD undersampling by using Rectangular Optical Mask and 

CCD Subpixeling”. A transparency of the lady Lena image is used as input object of size 

1000 pixels×1000 pixels and zeros are padded on both sides  of the input object as shown 

in Fig. 5.3(a).  The input object information was passed through the convex lens 

(objective lens) with focal length f provides the Fourier spectrum of the object at the 

Fourier plane shown in Fig. 5.3(b).the Optical Rectangular Mask of the size 2006×2006 

was placed at the Fourier plane where the spectrum of the object forms. The optical 

rectangular mask is an amplitude grating and each aperture has unit amplitude as shown 

in the Fig. 5.3(c). The Optical Rectangular Mask has a period of p=4 pixels in x- and q=4 

pixels in the y-direction in this simulation. The Optical Rectangular Mask encode the 

object spectrum with rectangular apertures each aperture has unit amplitude. The coded 

spectrum is shown in Fig. 5.3(d). The coded spectrum is passed through the imaging lens 

in the 4f coherent imaging system produces an image of the object. The output image 

contains many replicas of the object as shown in the Fig. 5.3 (e). We have observed from 

the Fig. 5.3 (e) that the amplitude of all the copies are modulated except the central copy 

of the object image and this modulation is due to the rectangular shaped aperture of the 

Optical Rectangular Mask at the Fourier plane, because the Fourier transform of the 

series of the rectangular apertures is the sampled version of sinc function. The image 

shown in Fig. 5.3(e) contains nine copies of the input object, one copy at the centre of the 

coordinate system and four copies of the object at the corner and four copies on either 

side of the central copy. The separation of the object replicas depends on the Optical 

Rectangular Mask period, larger the period closer the replica of the object. The last image  
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Fig. 5.3. Simulation results in 2-D for the removal of the CCD (rectangular shaped 

pixels) undersampling effect by the use Optical Rectangular Mask. (a): Input Object, (b): 

Fourier transform of the input object, (c): Optical Mask, (d): Multiplication of  (b) and 

(c), (e): Fourier of (d) is the Image which is at the CCD plane, (f): Image recovered after 

subpixeling, (g): Fourier transform of (f), (h): Multiplication of Optical Rectangular 

Mask and (g), (i): Multiplication of the Filter with (h) to select the central copy of the 

spectrum, (j): Interpolated spectrum, (k): Inverse of (j) gives the Output Image, (l): 

Removing the zero padded region from (k) give output image, (m): Output image without 

using Optical Rectangular Mask. 

 

presented is undersampled by CCD with pixels of finite size and of rectangular shaped. 

The area of the each pixel is Area=∆x.∆y=4 pixels2. The pitch of the CCD pixels are X=9 

in the x-direction and Y=9 along y-axis. The data falling on each pixel is average out and  

send forward for further processing.  During averaging the pixels data, we lost the object 
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 information smaller than the pixel size. To recover the lost smallest possible features of 

the object which are falling on each pixel, we need to use a subpixeling technique to 

recover the lost data. The subpixeling method is given in [1]. By using this subpixeling 

technique, we have obtained the lost data of the spectrum. The undersampled image after 

application of subpixeling algorithm is shown in Fig. 5.3(f). The Fourier transformation 

of the CCD undersampled data gives the spectrum which contains a number of the 

replicas of the object spectrum and each copy overlap on the next neighbour copy on 

either side as shown in Fig. 5.3(g). Aside from overlapping we have observed that sinc 

function (Fourier transform of the rect function) modulating the amplitude of the various 

shifted copies of the spectrum except the copy at the origin of the coordinate system. A 

decoding mask same as encoding mask in features is placed at the Fourier plane of the 

Fourier transforming lens on the computer to remove the overlapping of the spectral 

replicas. The two masks must be aligned to get better result. After using the decoding 

mask, we have obtained a series completely separated replicas of the spectrum in both x- 

and y-direction with different amplitudes as shown in Fig. 5.3(h). The spectral copies are 

multiplied by the weighting factor (2a+1) (2b+1)/4.X.Y.δx.δy and also the sinc function 

but the sinc function has no effect on the central copy i.e. sinc(0,0)=1. The central copy 

of the object spectrum is selected by using a low pass filter of the rectangular shape i.e. 

by putting m=0 and n = 0 in Eq.(5.44). The filtered spectrum copy is shown in Fig. 

5.3(i). A special interpolation technique is applied to the spectrum shown in Fig. 5.3(i) to 

fill the missing spaces of the spectrum. After the applications of the interpolation we have 

compare the obtained spectrum copy shown in Fig. 5.3(j) and the object spectrum shown 

in Fig. 5.3(b) are the same. The inverse Fourier transformation of the Fig. 5.3(j) gives 
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image of the object shown in Fig. 5.3(l) which has good resolution. The image presented 

in Fig. 5.3(m) is the CCD captured image not using Optical Rectangular Mask. It is clear 

that the CCD pixel pitch is larger and the high frequencies of the object spectrum fall on 

the lower frequencies of the neighbour replica of the object spectrum and we obtained the 

mixture of the high and low frequencies due to which we obtained an image of low 

resolution. The optical rectangular mask capable us to separate high frequencies from low 

frequencies and gives a superresolved image. 

5.3 Conclusion 

In the previous chapters, geometric superresolution has been dealt separately using 

Optical Mask at the Fourier plane and subpixeling at the CCD or the image plane. In this 

chapter we have combined Optical Rectangular Mask and CCD pixels of rectangular 

shape because in the real world, the aperture of the mask as well as the CCD pixel has 

some physical shape and dimensions. The problem of the undersampling by CCD was 

solved by placing an Optical Rectangular Mask at the Fourier plane in a 4f system and the 

integration of data by non-zero sized pixels was solved by subpixeling technique 

involving a three level gray mask at the CCD plane. Both coding and decoding spectrum 

process was done at the Fourier planes. The use of the rectangular Optical Mask has 

recover a greater parts of the frequency components of the image which was lost due to 

CCD undersampling. The high band information is passed through the imaging sensor 

which was limited due to the CCD pixel pitch.  

5.4 References: 

1. ul Haq, I. and A.A. Mudassar, “Geometric superresolution of a CCD pixel”, 

Opt. Lett., 35(16): p. 2705-2707 (2010). 
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Chapter 6  

Geometric superresolution using subpixeling 

6.1  Introduction 

Modern imaging systems include Charge-Coupled Devices (CCD) that lead to a 

reduction in resolution compared with analog film based system due to the geometrical 

properties of pixel array, e.g. pixels shape, pixel size and separation of the pixels array 

(pixel pitch) [1-3].  

Resolution of the imaging sensor depends on the density of the sampling points (i.e. the 

number of the pixels per unit area) and on the pixel size and geometry. Many approaches 

have been reported in literature to cover blurring and aliasing problems [2-10], which are 

originated by these CCD geometric properties.  

Improved resolution from an array of pixels can be achieved by reconstructing several 

subpixel displaced images. To generate image subpixel displacements, the use of 

mechanical elements, such as mirrors, can be applied [10-12]. Nevertheless, to avoid 

mechanical errors related to mechanical controlled displacements, the use of birrefringent 

materials, such as birrefringent crystals, can be also applied [13]. However, in such way, 

only a fixed value for the subpixel displacement can be generated.      

In this chapter, we present an experimental approach which helps to improve the 

resolution limitation imposed by CCD pixels pitch i.e. subpixeling effect can be obtained 

without the use of any mechanical elements in the setup. To this aim, a reflective Parallel 

Aligned (PA) Liquid Crystal on Silicon (LCoS) display is used to generate different 

linear phases at the Fourier spectrum plane of the object. Different encoded linear phases 
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lead to different shifts of the object image at the image plane, where a CCD camera is 

placed. Controlling the value of the linear phase fed to the LCoS display, the image is 

shifted by some fraction of the CCD pixel size, performing subpixel displacements in 2-D 

of the image. Finally, all the images are combined leading to a final image with larger 

dimension than the individual images. In the next section we present experimental 

configuration and in the section 6.3 experimental results and discussion.  

6.2 Experimental Configuration 

The setup used for this technique is sketched in Fig. 6.1. The object scene is illuminated 

with a coherent laser beam of 633 nm wavelength (He-Ne laser). A Spatial Filter (SF) 

sand witched with beam expander optics is used to obtain clean collimated beam. The 

collimating optics consists of a short focal length lens and a larger focal length lens and 

the SF is placed at the common focus of the two lenses. 

A linear polarizer (LP) is placed in the collimated beam with its transmission axis held 

vertically. The polarizer is followed by a convex lens to illuminate the object with a 

converging beam. The Fourier transform of the object is formed at the back focal plane of 

lens L1 where a parallel aligned (PA) LCOS is placed. 

A Beam Splitter (BS) is also included in the setup, to direct the reflected light from PA 

LCOS towards the mirror.  The PA LCOS is used to encode object spectrum with 

different phase’s distributions. At the reflected beam, a convergent lens L2 is placed. 

Then, the encoded object spectrum at the PA LCoS display plane is inverse Fourier 

transformed by L2 which produce the image of the object at the imaging plane. Finally, 

the resulting image of the object is sampled by the CCD camera consisting of an array of  
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Fig. 6.1. Experimental setup for subpixeling reconstruction using Spatial Light 

Modulator. 
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pixels. Different linear phases fed to the PA LCoS display lead to different shifts of the 

image at the CCD camera. The system is calibrated to determine the linear phase 

corresponding to a displacement of one pixel at the CCD camera in the x and y 

directions. By knowing this, the linear phase required to produce any displacement of the 

image at the CCD camera can be setup. In this work, fractions of pixel size (i.e. subpixel 

displacements) are generated in 2-D. For every fractional displacement 1
.x yn n

 
  
 

 (pixel 

dimension), (nx.ny) images are recorded to homogenously cover the whole pixel 

dimension. Finally all the displaced images are properly combined, obtaining the final 

super-resolved image. 

6.3 Experimental Results and Discussions 

Figure 6.2 gives a comparison between the original object image (Fig.6. 2 (a)) and the 

final image obtained using the setup  shown in Fig. 6.1 with displacement of 1/2 pixel 

size both in x and y directions (Fig.6. 2 (b)). We obtain an improvement in resolution in 

Fig. 6.2 (b) by combining low resolution subpixel shifted images. This significant 

improvement is easily observed both in x and y directions (i.e. along the vertical and 

horizontal lines in Fig. 6.2 (b)). Smaller subpixel displacements have been also tested, but 

the increase of resolution was not so evident any further when compared with results 

given in Fig. 6.2 (b). The result in Fig. 6.2 (b) is not the limit of Geometric 

superresolution but the limit imposed by the optical diffraction effect, i.e. why any further 

subpixeling could not impose the image any further. Finally, to take into account the 

blurring effect due to the intensity average performed inside the pixels area, an inverse  
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      (a)              (b) 

Fig. 6.2. Image reconstruction using Spatial Light modulator. 

(a): Low resolution image, (b): Higher resolution image. 
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filtering process [5] in the frequency domain is applied. Note that the intensity sampled 

by CCD camera can be described by the convolution of the object intensity with the 

square function of the CCD pixel. It is given mathematically as follow: 

( ) ( ) ( )I x O x h x= ⊗      (6.1) 

O(x) the object intensity and h(x)the shape of the CCD pixels that we assume is a 

quaredtop-hat function. The operator ⊗ denotes convolution. By applying the Fourier 

transform to Eq. (6.1), we obtain:  

( ) ( ) ( )I v O v H v= ⋅      (6.2) 

Where ( )O v is the Fourier transform of object function and ( )H v  is the sinc(v) function. 

Finally, by multiplying each side of Eq. 6.2 by the conjugate of ( )H v  and rearranging the 

parameters we obtain the following relation:  


*

2
( ) ( )( )

( )
I v H vO v
H v σ

⋅
=

+


     (6.3) 

Note that in Eq. 6.3 we have also included the parameter σ~0.01 to avoid zeros at the 

denominator of Eq. 6.3. Finally, by inverse Fourier transforming Eq. 6.3, a filtered image 

(with removal of blurring effect to some extent) is obtained. 

Experimental results are shown in Fig. 6.3. In order to obtain better insight on the 

obtained results, the object region showing the limit in resolution of our provided 

technique (i.e. the higher frequencies in object we are able to resolve) is zoomed. In 

particular, the object region inside the dashed circle in Fig. 6.2 (b) is zoomed and used for 

comparison in Fig. 6.3. In Fig. 6.3 (a), we show that the results for the object region 

stated before, obtained when the proposed technique is not applied (i.e. low resolution 



 

159 
 

  

  

        (a)            (b) 

                                      

             (c) 

 

Fig. 6.3. Experimental results for removal of the CCD pixels averaging effect. (a): Low 

resolution image, (b): Reconstructed image using SPM, (c): High resolved Inverse 

filtered image of (b). 
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image). We observe that vertical and horizontal lines are not resolved and clearly blurred. 

The improved result for the same object region is shown in Fig. 6.3 (b), when applying 

our proposed technique. Finally, the enhanced results are obtained by combining the 

filtering process to the images obtained with our approach Fig. 6.3(c). The image in Fig. 

6.3 (c) is an edge enhanced and relatively sharp image. We want to note that results 

shown in Fig. 6.3(b) and 6.3(c) correspond to subpixel displacements of 1/4 the pixel size 

both in x and y directions. As stated before, when applying our experimental approach 

without using the filtering process, a significant improvement of the image resolution is 

obtained for subpixel displacements equal to 1/2 pixel size. However, by using even 

smaller displacement values, better results are not obtained. Unlike, when applying the 

filtering process, the smaller the displacement value, the higher improvement in 

resolution is achieved. This correlation maintains for certain subpixel displacement value 

(about 1/6 pixel size), where the PSF of the system becomes the main limit in resolution.  

6.4  Conclusion 

In this chapter we have presented a basic experimental verification of our proposed 

techniques presented and analyzed in details about geometric limitation of the imaging 

system. The technique presented in this chapter overcomes the limitations set by the pixel 

pitch and pixel size of the CCD. This technique does not require any mechanical element 

for the motion of the image at the CCD plane. In this approach PA LCoS display is used 

at the Fourier plane to pass the high bands information of the object through the imaging 

system that is limited due to the pixel pitch in CCD cameras and the image intensity 

averaging inside the pixels area. In our discussions we have proved that the approach 
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introduced in this chapter i.e. “Geometric super-resolution using subpixeling” enables us 

to remove the blurring effect introduced by CCD undersampling. In addition, an inverse 

filtering process is applied as well, enabling to decrease, to a certain extent, the blurring 

effect introduced due to the intensity average performed inside the pixels area. 

Experimental results are provided in this chapter, showing the significant improvement in 

resolution of the images obtained with the proposed technique.  
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Chapter 7  

Result and discussion, Findings of thesis and future 
recommendation 

7.1 Result and Discussion 

This thesis has addressed the issues related with undersampling effect by the CCD pixels 

pitch. Novel techniques have been presented in this thesis to tackle the problem of 

undersampling by CCD pixels. Different analogues of the proposed Optical Mask have 

been presented and different constraints on the pixels dimensions have been presented 

with simulation supporting one and two dimensional cases.  

Our new 4f coherent imaging setup consists of coherent beam collimator that generates 

the coherent beam used for illuminating the object. The centre of the beam with the 

object information is parallel to the optical axis of the convex lens of focal length f 

through which it passed and giving the Fourier spectrum of the object at the back focal 

plane of the lens. All the components of the 4f imaging system are to be found at a 

distance f from the other components and should be aligned with beam vertically and 

horizontally. The deviation of any components of the 4f imaging from its position 

produces aberrations.  An amplitude mask was placed at the back focal plane of the 

convex lens that encodes the spectrum of the object. In this thesis we assumed that the 

mask is a thin transparency (an amplitude grating of suitable spatial frequency) and its 

diffraction effect is negligible. The spacing between the consecutive lines of the mask is 

very critical because with larger spacing between the lines of the mask we lost more 
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object information and at the image plane and it also brings the object replica closer and 

some time the object replica overlap and again we obtained a blurred image at the output 

plane. For smaller lines separation the object replicas are very far away from other copies 

at the image plane and cannot be captured by the camera and we lost the mask effects that 

can be used for the removal of the CCD undersampling effect. The position and 

orientation of mask at Fourier plane was very critical. The mask at the back focal plane of 

the lens should be aligned vertically and horizontally to the optical beam to encode all 

parts of the object spectrum because any degree of rotation of the mask can affect the 

results. The coded spectrum is then Inverse Fourier transformed the sampled spectrum 

giving an image which contains many replica of the object at the CCD plane, the CCD 

undersamples the image with lager pixels pitch. The Fourier transform of the CCD 

sampled image provide the spectral copies of the object overlapped to half of the next 

spectrum on either side. 

 For the decoding process, the same mask is used but on the computer (Optical Mask was 

imaged by the camera) in the Fourier domain where the recorded image is Fourier 

transformed and the decoding mask was multiplied to the Fourier spectrum of the CCD 

sampled image to remove the overlapping effect and gives the series of unoverlapped 

object spectrum.  

In chapter 2, an Optical Mask as well as the CCD is represented by the comb function for 

ideal situation. Mathematical modeling for the ideal condition of our new technique has 

been presented that described the new method in general sense and for their requirement 

it can be adapted to any imaging system. The simulation result has been presented that 

explain the features of our proposed approach in ideal condition. From the simulation 
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results it is obvious that the decoding and encoding process by this mask allow the high 

frequencies of the object spectrum which was stopped by the conventional imaging 

system and the object image with this technique has twice the resolution than the imaging 

system following the Nyquist criteria.  

This thesis has also introduced different versions of the Optical Mask. The possible 

deviation due to the aperture of the mask used in this approach (as discussed in chapter 2) 

was modelled in chapter 3. In practice, the apertures of the Optical Mask have some 

physical shape and size that deviate from the ideal situation. In this thesis we have 

ignored the diffractive effect of the mask and consider as a thin transparency that convert 

the continuous optical signal into a discrete signal to increase the data bit rate. In chapter 

3 each delta function of the mask is replaced by the rect function which we called optical 

rectangular mask. The optical rectangular mask is placed at the Fourier plane of the 4f 

coherent imaging system where the object spectrum formed. The rectangular Optical 

Mask sampled the object spectrum with aperture larger in size than the point aperture of 

the comb function. Due to the encoding process of the spectrum by the optical 

rectangular mask, we have obtained the number of replica of the object image at the CCD 

plane. The image replicas at the CCD plane have different amplitude due to the sinc 

function which is the Fourier transform of the rect function. We observe that the object 

replica come closer with size increasing of the rectangular apertures of the mask. The 

CCD undersampled the image and send to the computer for storage and further 

processing. The Fourier transform of the CCD sampled data gives the series of 

overlapped object spectrum. The optical rectangular mask is multiplied to the Fourier 

spectrum of the CCD sampled data yields completely separated replicas of the object 
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spectrum and the inverse Fourier transformation gives the image of the object. 

Mathematical modeling and simulation results for 1D as well as for 2D are provided in  

this thesis to support our technique.   

In chapter 4, we have combined the two techniques in which we deal with both problems, 

undersampling by a sensing device like CCD and at the same time consider the non-zero 

sized of the CCD pixels. In this thesis we have assumed rectangular (square) shaped 

pixels of the CCD. Each pixel of the CCD averages out the image intensities. In this 

chapter we have used Optical Mask with point aperture at the Fourier planes that encode 

and decode the object spectrum and remove the CCD undersampling effect and at the 

same time the integration of data by non-zero sized pixels was solved by subpixeling 

technique involving a three level mask at the CCD plane. The mask was moved 

accurately with a subpixel step and the intensities were averaged. In this way, we have 

recovered the information lost due to the integration of the data by the rectangular pixels 

of the CCD. In chapter 4 we have also presented the mathematical modeling and 

simulation results of the proposed technique and have tried to establish that the proposed 

technique seems to work and the resolution of the output image using this technique is 

twice than the conventional low resolution imaging system. 

In chapter 5, we deal with non-ideal Optical Mask and non-zero CCD pixels. We have 

studied the deviation from the ideal condition of the mask as well as the CCD pixel size 

in Chapter 5. In reality the slits in the optical rectangular mask have finite width and the 

CCD pixels have some dimensions. In chapter 5, we have dealt both the problem i.e. 

undersampling by the optical rectangular mask at the Fourier plane of the 4f coherent 

imaging device and averaging of data by non-zero CCD pixel size using another three 
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level mask at the CCD plane. The rectangular Optical Mask at the Fourier plane sampled 

the object spectrum with rectangular shaped aperture and the convex lens provided the 

image is at the image plane of the object. The output image contained many object copies 

of different intensities. The central copy has maximum intensities while the side copies 

have less intensity than the central copy due to the sinc function because the sinc function 

at the central coordinate is one. Mathematical modeling has been provided in a general 

sense that can be adopted for any imaging system. The CCD undersampled the image 

with non-zero rectangular shaped pixels. Due to the averaging property of the pixel, the 

data was lost which was recovered by using another mask at the CCD plane. The mask 

over the CCD was moved with a subpixel steps accurately and the average data was 

recorded and sent to computer for storage and further processing. The remaining 

procedure is the same as given for the previous chapters for the removal of the CCD 

undersampling effect. Simulation results have been provided in chapter 5 that support the 

proposed approach in the real world.  

There is another approach presented in chapter 6 that improve the resolution limitations 

imposed by the pixel pitch in CCD cameras. In this technique the optical image was 

moved with a subpixel steps at the CCD plane by using the spatial light modulator (SLM) 

in a reflective mode and SLM was controlled from computer through Lab view program. 

This technique does not require any mechanical element for the motion of the image at 

the CCD plane which adds some type of noise to the image, but is based on a Parallel 

Aligned Liquid Crystal on Silicon (PA LCoS) display. PA LCoS display is used to 

generate different linear phases on the Fourier spectrum of an object at the Fourier plane, 

leading to different displacements of the image sampled by CCD camera. By means of 
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the proper combination of the different shifted images, a superresolved image of the 

object is obtained. In addition, an inverse filtering process is applied that decrease the 

blurring effect to a certain extent, the blurring effect appeared due to the intensity average 

performed within the pixels area. Experimental results are provided in this work, showing 

the significant improvement in resolution of the images obtained with the proposed 

technique.  

7.2 Findings of the thesis  

This thesis has introduced a new concept to deal with under sampling by the pixels of the 

CCD based imager. An Optical Mask in the form of an amplitude transmission grating is 

placed at the Fourier plane to sample the spectral contents of an object in a coherent 

imaging system. The same mask is then used in the Fourier spectrum of the 

undersampled recorded image to eliminate overlapping of spectral contents and thus 

obtaining aliased free image. 

This thesis has also introduced different versions of the Optical Mask and the CCD pixels 

have been discussed as nearly zero sized and with a finite size and the simulation of each 

has been done to help understand the novel concept. 

The thesis has reported an experiment which deals with the subpixeling by moving the 

image at the recording plane in subpixel steps. 

7.3 Future recommendations 

 The new concept introduced in the thesis has been verified with simulation. 

Future work comprises the experimental validation of these concepts. 
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 The effect of noises (e.g. speckles, etc) have not been included in the simulation  

work. The future work should address these effects at the level of simulation and 

experimentation. 

 The accuracy required in the fabrication of the Optical Masks needs to be 

addressed. 

 The accuracy with which the Optical Masks should be placed in a coherent optical  

system should be addressed. 

 The slight tilt of an Optical Mask and the in-plane rotational error can affect the 

results significantly. These affects must be worked out in simulation and in 

experimentation. 

 The error and noises in low light conditions should be worked out. 

 In the last technique, during the illumination of the SLM error calculation should  

be measured. 

 Geometric superresolution by Optical Mask using 4f coherent imaging system can 

be extended to the incoherent case in which case the CTF of the coherent system 

can be replaced by the OTF for the incoherent imaging system. Simulation and 

experimentation for the incoherent case should be worked out. 
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