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Abstract
In a number of astrophysical as well as laboratory environments, positrons, the antiparticles

of electrons, coexist with electrons and ions to form three-component electron-positron-ion (e-p-i)

plasma. The wave dynamics in this three-component plasma system is very di¤erent from that in

the two component electron-ion (e-i) or electron-positron (e-p) plasmas. In the presence of ions, the

low-frequency electrostatic and electromagnetic waves can exist in such a plasma but the presence

of positrons in addition to the electrons, drastically changes the properties of these waves from those

of conventional electron-ion plasma. In this thesis we have explored low-frequency electrostatic and

electromagnetic solitary and shock waves in electron-positron-ion plasma. The linear and nonlinear

dynamics of both planar and nonplanar cylindrically and spherically symmetric imploding waves

are examined.

Using reductive perturbative method, we have derived modi�ed Korteweg�de Vries Burgers

equation for the ion-acoustic and magnetosonic nonlinear waves. Under appropriate limits, this

equation describes the dynamics of planar as well as nonplanar small amplitude ion-acoustic and

magnetosonic solitary and shock waves in three component e-p-i plasma. For the ion-acoustic waves

(IAWs), the dynamics of the adiabatically hot ion �uid is governed by the continuity and momentum

conservation equations and isothermal electrons and positrons are assumed to follow Maxwell-

Boltzmann distribution. Whereas for the magnetosonic waves (MSWs), all the three species are

assumed to be adiabatically hot and follow the �uid continuity and momentum balance equations.

The major source of dissipation in both cases is the viscosity of the plasma. Maxwell�s equations

govern the dynamics of electromagnetic �elds generated due to the charge separation and current

densities of the three species within the perturbed plasma. The e¤ect of changes in various plasma

parameters (such as density and temperature ratios, plasma beta, kinematic viscosity etc.) as well as

that of the nonplanar geometry, on the dynamics and properties of solitary and shock structures are

investigated. It is found that both the amplitude as well as the width of ion-acoustic solitary waves

decrease with the increase of positron-to-electron density as well as ion-to-electron temperature

ratios. Whereas the amplitude of magnetosonic solitary waves decreases but width increases if the

positron-to-electron density ratio increases. With respect to increase in plasma beta, the similar

behavior is observed, provided positron-to-electron density ratio and plasma beta are larger than

certain critical values. Below these critical values there exists a small range for plasma beta,

where width of magnetosonic solitary structures decreases when the plasma beta is increased. The

e¤ects of variation of various plasma parameters on the analytical as well as numerical shock wave

solutions of the modi�ed Korteweg�de Vries Burgers equation are also explored. The numerical and

analytical investigation of nonplanar solitary and shock waves show that, in contrast to the planar

case, the speed and amplitude of imploding cylindrical and spherical solitary and shock structures

continuously increase. A residue behind the main symmetric part of the solitary pulse also develops

for the nonplanar waves as well as for the planar waves propagating through the viscous plasma.

Viscous dissipation also results into the reduction of the amplitude and speed of the solitary waves,

however broader solitary waves are less a¤ected by the viscous dissipation than the narrower ones.

Further, using pseudopotential method, we have investigated the stationary pro�les of the ar-

bitrary amplitude electrostatic (coupled ion-acoustic and ion�cyclotron) solitary waves in a mag-

netized dense e-p-i plasma with dynamic classical ions and Thomas-Fermi distributed degenerate

electron and positron species. We derive an energy integral type equation which is then numerically
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integrated to obtain the solitary wave pro�le. In contrast to the solitary waves in tenuous non-

degenerate classical e-p-i plasma with Boltzmannian electrons and positrons, the Thomas-Fermi

distribution of positrons and electrons places additional limits on the amplitude and Mach number

of the waves. The e¤ects of variation of concentration ratio of the various species and the angle

of propagation with the external magnetic �eld are examined and found to substantially a¤ect the

solitary wave pro�les. Our model predicts only subsonic (with respect to the IAWs speed in unmag-

netized dense e-i and e-p-i plasma) and hump-like positive-polarity (in wave potential) electrostatic

solitary waves in the dense e-p-i magnetoplasma.

Finally, using Krylov�Bogoliubov�Mitropolsky perturbation method, we have derived nonlinear

Schrödinger (NLS) equation for the electrostatic ion (ion-acoustic and ion cyclotron) waves prop-

agating obliquely and electromagnetic (magnetosonic) waves propagating perpendicular to the di-

rection of magnetic �eld through magnetized e-p-i classical plasma. We explored the criteria for the

modulation instability and characteristic of envelope solitary structures formed by these nonlinear

waves. We found that the ion-acoustic mode, which propagates below the ion-cyclotron frequency,

is stable if the strength of the external magnetic �eld is small. However, as the strength of the

magnetic �eld increases, this mode becomes modulationally unstable for a range of wave numbers

and angles of propagation. For the ion-cyclotron mode, which propagates above the ion-cyclotron

frequency, a number of stability/instability regions appear in the (�; k) plane even for a very small

value of the magnetic �eld, where k is the wave number and � is the angle of propagation with the

direction of external magnetic �eld. It is found that, for both modes, critical wave number separat-

ing the stability and instability regions, shifts towards higher values as the density of the positron

increases. Further, if rest of the parameters are �xed, the width of both bright and dark envelope

solitons decreases as the positron-to-electron density ratio increases. Perpendicular propagating

MSWs in e-p-i plasma split into two modes. The modulation instability criterion for the MSWs in

cold e-p-i plasma, reveals that the low frequency mode is always stable, whereas the high frequency

mode becomes modulationally unstable for certain ranges of wave number and positron-to-electron

density ratio. Furthermore, the positron-to-electron density ratio as well as the strength of ambient

magnetic �eld have been found to have signi�cant e¤ect on the growth rate of modulation instability

as well as on the characteristics of solitary wave solutions of the nonlinear Schrödinger equation,

namely, dark and bright envelope solitons. The nonstationary explode-decay type solitary wave so-

lutions and their dependence on various plasma parameters through the dispersion and nonlinearity

coe¢ cients of the NLS equation have also been brie�y described.
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Chapter 1

Introduction

Advancement in science is partly due to the humans�desire to make their lives more comfortable and
secure and partly due to their curiosity for the mysteries of the universe. Observation of the naturally
occurring processes and understanding of the underlying mechanisms enable them to invent new
sophisticated gadgets which further expand their horizons of exploration. Inventions of wheel,
microscope and telescope are important milestones in this direction. Modern day observatories �tted
on the earth and aboard the space vehicles have made it possible to gather plenty of information
about the astrophysical objects scattered through the vastness of the universe. It is found that
major constituents of the visible universe (� 5% of the total energy-mass density of the universe)
are matter and energy. The invisible (to the detectors used to detect the ordinary matter and
energy) part of the universe is made up of some exotic forms of matter and energy, known as dark
matter and dark energy. The dark matter (� 23%), makes its presence felt through its gravitational
e¤ects. The dark energy (� 72%) is required to account for the observed accelerating expansion
of the universe [1]. The form of visible matter whose particles have mass equal to that of the
conventional normal matter but have opposite charges is called antimatter. It is believed that, the
primordial universe just at the age of a fraction of a second, possessed equal contents of matter and
antimatter. However, the today�s observable universe is largely dominated by the ordinary matter.
The missing antimatter content is one of the deepest mysteries of the universe. When the matter
and antimatter particles come in contact with each other, they annihilate and leave their signature
as characteristic annihilation lines which unambiguously identify them even in the unapproachable
far o¤areas of the universe. In the laboratories, improvement in the trapping techniques has made it
possible to trap the antimatter for su¢ cient long time to probe its properties. With the progress in
the laser technology, the present day ultra-high intensity lasers are capable of yielding large amount
of anti-matter particles. Such technological developments pave the path for many anti-matter based
technology as gamma-ray laser, anti-matter fueled vehicles which at present seems to be a science
�ction. It will also enhance the experimenters ability to mimic astrophysical situations in the
laboratory on small scale which will help understand the dynamics and working of astrophysical
bodies. Further, trapped antimatter is being probed to understand various unresolved issues such
as matter-anti-matter asymmetry of the universe. Despite being small in content, there are many
astrophysical and terrestrial settings where antimatter particles coexist with the matter particles
for considerably longer times before annihilation and drastically a¤ect the dynamics and properties
of such systems.
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1.1 Positron: An Abundant Antimatter Particle

Positron, having mass equal to that of the electron but positively charged, is the most abundant
antiparticle of the visible universe. It was theorized by Dirac in 1931 and experimentally detected
by Anderson in 1932 on a cloud-chamber photograph. The positrons observed by the Anderson
were secondary particles created by the collisions of high energy particles of the cosmic rays with
the molecules of the earth atmosphere. Joliot and Curie (1934) discovered the radioactive unstable
nuclei to be another source of positrons. They found that during the beta decay process of the
unstable nuclei which converts a proton into a neutron, high energy positrons (�+ rays) are emitted
[2]. In 1934, Klemperer and Chadwick, con�rmed that electron and positron are indeed anti particles
by detecting their 0:511 MeV characteristic -ray annihilation line. Positrons have been detected
in many astrophysical and terrestrial environments.

1.1.1 Astrophysical sources of positrons

The �rst celestial 0.511 MeV -ray line was observed in 1970s by the NaI -ray detectors aboard the
high altitude balloons [3, 4, 5]. The more advanced detectors, as for example, germanium detector
SPI (SPectrometer on INTEGRAL) on INTEGRAL (INTErnational Gamma Ray Astrophysics
Laboratory), an ESA�s (European Space Agency) satellite (launched in 2002), have mapped the
sky with high resolution for the 0:511 MeV characteristic line from the pair annihilation. The data
collected by INTEGRAL has found the positron annihilation rate to be � 2�1043 annihilations per
second with bulge-to-disk luminosity ratio larger than observed in any other wavelength, implying
that most of the positrons in our galaxy (the Milky Way) annihilate in the central bulge rather than
the disc [6]. A large fraction of the galactic positrons may not annihilate close to its source and
escape into interstellar space. These positrons travel enormous distances in interstellar medium
before annihilation thus making it very di¢ cult to identify their origin. Positrons are not just
part of our galaxy, rather many astrophysical environments contain large positron sources. The
observational, theoretical and computational studies reveal that the various sources of positrons
operational in the milky way and in the other galaxies/parts of the universe include:

� Galactic Cosmic Rays (GCR): Positrons are produced in high energy cosmic rays nuclear
reactions. Relativistic cosmic protons and heavy nuclei, present in many astrophysical envi-
ronments, inelastically collide with the interstellar gas resulting into the production of mesons
(pions and kaons). The positively charged mesons then decay to give secondary positrons [6].

� Solar and stellar �ares: Positrons have been detected in the solar environment. Setallite-
borne detectors have found that the collisions of solar-�are accelerated protons and ions with
the atomic nuclei of the photosphere produce radioactive nuclei and pions that decay by
emitting positrons [7, 8]. Similar �ares on the other stars also contribute to the positron
content of the universe.

� Massive stars, novae and supernovae: Beta decay of radionuclides (e.g.,26Al,56Ni,44Ti,
22Na) formed in proton rich environments as for example in the core of massive stars via
hydrogen-burning or through nucleosynthesis during the novae and supernovae events is an-
other source of the celestial positrons [6, 9].

� Pulsars and magnetars: Positrons are also produced in the magnetospheres of pulsars
(a magnetized neutron star emitting pulses of electromagnetic radiations) and magnetars (a
neutron star with ultra strong magnetic �elds). The rotation of these highly magnetized objects
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induces an electric �eld whose parallel-to-magnetic �eld component accelerates the electrons
to ultrarelativistic speeds. These high energy particles constrained to move along the curved
magnetic �eld lines emit the high energy photons through curvature or synchrotron radiation or
inverse Compton scattering. Many of which have energy beyond the pair-production threshold
and thus create electron-positron pairs either via the interaction of two photons or through
the single photon if the magnetic �eld of these compact objects is very strong (B > 1012G)

(as in magnetars) which absorbs the excess momentum [10].

� X-ray binaries and micro-quasars: Low Mass X-ray Binaries (LMXBs) are also the pos-
sible positron-spewing objects. X-ray binary is a composite system consisting of a compact
object (a black hole, a neutron star or a white dwarf) and a normal star. The high gravity
of the compact object accretes mass from the stars which forms an accreting disc around the
compact companion. The accreting mass falls on the compact object releasing tremendous
amount of gravitational potential energy in the form of hard X-rays and -rays. The radio
emitting X-ray binary systems with two diametrically opposite jets, are called microquasar
[6]. The composition of these jets is though not clear but it is believed to be made up of either
electron-positrons pairs, or electrons and ion or possibly all the three species (electrons, ions
and positrons) may coexist [11]. Even if the base of jet consists of electrons and ions, the
pair-creation is still possible through the interaction of the jet with the nearby interstellar gas.
A large number of positrons (of the order of 1041 positrons per second per LMXB) is expected
to be produced in the innermost regions of LMXBs and blown into interstellar medium either
through wind out�ow or through the jets (in case LMXB is a microquasar) [12].

� Active Galactic Nuclei (AGN): The supermassive black holes (SMBHs) at the center
of many active galactic nuclei are yet another source of positrons. There are two possible
mechanisms leading to the positron production by SMBHs (a) the interaction of SMBH
accelerated protons by the surrounding molecular clouds resulting into production of mesons
which in turn decay to give positrons, (b) direct production of the positrons from the photons
by the collisions of the -rays from the hot inner disk with the X-rays from the outer disk.
These positrons are then blown to the interstellar medium either by the relativistic wind
initiated by the radiation pressure or by the jet mechanism [6].

� Dark matter annihilation: To account for the observed anomalies in the positron distri-
bution in the milky way observed by INTEGRAL and for the high positron �ux observed in
1.5�100 GeV energy range, by the satellite PAMELA (Payload for Antimatter Matter Explo-
ration and Light-nuclei Astrophysics) in near earth environment [13], some exotic processes
like the annihilation of dark matter particles into the positrons have also been proposed.

� Primordial black holes: The low mass primordial black holes (some of which may exist even
today) embedded in the ionized medium have also been proposed to act as positron factories.
Electrons of the ionized medium being of small mass have large escape velocity and leave the
surrounding atmosphere whereas protons are captured by the black hole making it positively
charged. The growing electric �eld inhibits the further escape of the electron. At equilibrium
a huge electric �eld is developed which under certain conditions (for details see Ref. [14])
becomes strong enough to strip the vacuum into electron-positrons pairs. Electrons are back
captured and positrons are ejected by the black hole due to coulomb repulsion.

� Hypernovae and Gamma Ray Bursts (GRBs): Gamma ray bursts, the most luminous
objects in the cosmos are characterized by the short and intense bursts of 100 keV-1MeV pho-
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tons. GRBs are thought to be either the result of core collapse of massive stars resulting into
the formation of a compact object with powerful ejection (hypernove) of the outerlayers of the
progenitor star or due to the merging of binary compact objects. Though the detailed underly-
ing mechanism which leads to immense brightness of GRBs is not well understood however, the
current models suggest that the observed -rays are emitted when an ultra-relativistic energy
�ow is converted to radiation through the formation of a �reball. One mechanism of �reball
formation invokes a sudden release of a large quantity of gamma-ray photons into a compact
region forming an opaque photon-lepton "�reball" through the production of electron-positron
pairs which is loaded with small number of baryons [15].

1.1.2 Terrestrial sources of positrons

In the terrestrial environments positrons are also produced both naturally as well as in the labora-
tories. Various terrestrial sources include:

� Van Allen belts: The two radiation belts known as inner and outer Van Allen belts, situated
in the earth magnetosphere, encircle the earth. These zones contain charged particles trapped
by the earth magnetic �eld. The source of these energetic particles are solar wind and primary
and secondary cosmic rays. Positrons are produced through the interaction of the high energy
cosmic protons and heavy nuclei impinging on the molecules in the earth upper atmosphere.
Satellite missions have con�rmed the presence of positrons in the inner Van Allen belts [16,
17, 18].

� Thunder storms: The lightning �ashes in thunder storms constitute another source of terres-
trial positrons. Electrons are accelerated to the high energies, under the in�uence of immense
electric �eld created in thunder clouds, through the Relativistic Runaway Electron Avalanche
(RREA) process. These energetic electrons emit gamma-rays via bremsstrahlung, which are
detected by gamma-ray detectors aboard the satellites orbiting the earth as the Terrestrial
Gamma ray Flashes (TGFs). Upward travelling -rays, when strike a nuclei in the upper
atmosphere, give rise to the electron-positron pairs (pair production) provided the energy of
the gamma ray photons is greater than the threshold for the pair creation [19].

� Radio isotopes: Many naturally occurring as well as arti�cially synthesized radio isotopes
(e.g., 22Na, 58Co, 64Cu, 18F, 11C etc.) contribute to the positron fraction of the earth through
beta decay. The positrons from these sources are thermalized using the moderators (e.g.,
Nickle, Tungsten, Neon) to form positron beams which are used for a variety of purposes as
for example in electron-positron colliders, in storage rings [20] as well as in the �elds of atomic
and condensed matter physics [2, 22]. Further, positron emitting radionuclides (e.g.,11C) are
used in medicine for the Positron Emission Tomography (PET) to detect diseased tissues [21].

� Light-matter, matter-matter and light-light interactions: Positrons are produced in
high energy light-matter (e.g., interaction of laser beam with solid target [23] or with the
particle beam [24, 25]), matter-matter (interaction of particle beams with solid target [26, 27])
and light-light (mutual interaction of two high intensity laser beams [28]) interaction processes.
When intense laser pulse interacts with the solid target, the laser prepulse accelerates the
electrons upto the MeV energies. These electrons then produce the pairs either via Bethe-
Heitler (BH) process or the Trident process. In BH process, the laser accelerated electrons
interact with the coulomb �eld of the nuclei of the target to give bremsstrahlung photons
which then interact with the nuclei to produce electron positron pairs. On the other hand,
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Trident process is a single step process in which accelerated electrons directly produce pairs
upon interaction with the target nuclei [29]. In intense laser interaction with the solid target,
the positron density as high as 1016/cm3 [23] has been achieved and the feasibility of achieving
a pair density approaching 1021/cm3, 1=50th that of solid-ion density is theoretically predicted
[30]. Pairs are also produced when the solid target is replaced by the counter propagating
electron beam. In this case, relativistic electrons nonlinearly interact with the electromagnetic
�eld of the laser. As a result GeV photons are produced which interact with the laser photons
to produce electron-positron pairs via Breit-Wheeler process. However, in this scheme in
contrast to interaction with the high-Z target, very small number of positrons are emitted [24].
In matter-matter interaction process, accelerated particle beam, as for example from Linear
Accelerator (LINAC) is slammed on solid target (e.g., Tantalum or Tungsten) to produce
bremsstrahlung photons which interact with the target nuclei to produce electron-positron
pairs [26, 27]. Counter propagating laser beams have also been predicted to yield large amount
of pairs. In one scheme the counter propagating laser beams propagating through the under
dense plasma accelerate the plasma electrons to ultrarelativistic speeds which in turn emit
photons of energy comparable to that of the laser photons. The � 100 MeV photons then
interact with the laser photons to produce pairs [31]. In an other scheme it is proposed to
exploit the high intensity (& 1026Wcm�2) counter propagating laser beams to create electron-
positron pairs from vacuum [28]. The current laser facilities have reached the intensity of
1022Wcm�2 [32] and by the end of 2020, the latest running setups like HiPER (High Power
laser Energy Research facility) [33] and ELI (Extreme Light Infrastructure) [34] are expected
to achieve the laser intensity as high as 1026Wcm�2.

� Positron traps: Many storage arrangements/traps are being manufactured and technology is
in progress to further improve and enhance the storage capacity. A review of various positron
trapping techniques can be found in Refs. [35, 36]. In one method, introduced by the University
of California San Diego positron and electron groups [37, 38, 39, 40], positrons emitted from
22Na source are slowed down by neon moderator, and guided magnetically into a three stage
Penning-Malmberg trap with a bu¤er-gas (N2) used to trap and cool the positrons. With this
technique � 3�108 positrons with number densities of � 8�107cm�3at a temperature of 300K
have been trapped for approximately 8 minutes. In another method [41], laser-cooled 9Be+

ions are used to cool the positrons via coulombic collisions. With this scheme positron densities
& 4� 109cm�3 and life time of two weeks have been obtained. Near-future multicell Penning-
Malmberg trap is under construction which will be capable of holding � 1012 positrons at the
density of � 1010cm�3(current storage capacity of & 1010 positrons has been demonstrated
[42]) with "nearly in�nite" con�nement time due to the so-called "rotating wall" technique [43]
which radially compresses the trapped cylindrical positron cloud to high density by exerting
an inwards torque [37]. These trapped positrons have a wide range of applicability in positron
annihilation spectroscopy [44], antimatter studies [35], particle beam physics [45] and plasma
physics [46] etc.

1.2 Plasma

It is well known that more than 99% of the visible matter of the universe is in ionized state which
exhibits collective behavior due to the long range electromagnetic forces. Due to its distinct behavior
in contrast to the three classical states, namely, solid, liquid and gas, this ionized state of matter
(also called fourth state of matter) has been named "Plasma" by Irving Langmuir, who in 1928,
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encountered this form of matter while studying gas discharges in vacuum tubes. An ionized gas
exhibits collective behavior and quali�es to be a plasma, provided [47]:

� the Debye length �D, which is the characteristic length scale over which the mobile charge
species of the plasma shield out the large electric �elds (resulting, for example, due to ex-
cess/bunching of charges), is much less than the dimensions L of the system i.e., �D � L.

� number of particles ND; in a sphere (known as Debye sphere) of radius equal to �D is much
larger than unity i.e., ND � 1

� in a mixture of neutral and ionized particles, the collision time � col; between neutral and charge
species, must be larger than the characteristic response time of plasma, which is reciprocal of
the plasma frequency !p so that !p� col � 1:

Plasma may exist in any of the three phases of matter such as electron-hole plasma exists in
solid phase of matter, some electrolyte solutions e.g., solution of sodium in ammonia also behaves
as plasma which is the liquid phase and the conventional ionized gaseous plasma exists in discharge
tubes, in tokamak, in stars as well as in the interstellar medium [47]. Plasma can also exist in some
exotic non-classical forms like degenerate quantum plasma, for example, electrons moving against
the background of the positive ions in metals. Plasmas in the white and brown dwarfs, in neutron
stars and interior of some Jovian planets are also in degenerate state [48]. Another exotic plasma
state is quark-gluon plasma which comprises the quarks, the building blocks of the neutrons and
protons; and gluons, which stick the neutrons and protons together. This form of plasma existed
at the dawn of the universe and has also been, recently, produced in the laboratory on small scale
[49].

1.3 Electron-positron-ion Plasma

The various linear and nonlinear features of two component plasma consisting of the electrons and
ions (both ordinary matter particles) have been extensively studied and these studies are now part
of many text books. However, in reality, both astrophysical as well as terrestrial plasmas may
have multipe components. A multicomponent plasma system is a fully or partially ionized mixture
of the arbitrary number of charged and neutral species satisfying the condition of quasineutrality
[50]. Among the various multi-component plasma systems, the four widely studied systems are
multi-ion plasma containing more than one type of ions, dusty plasma containing heavy micron
size dust particles besides electrons and ions, pair plasma having equal-massed oppositely charged
constituents (e.g., electron-positron, symmetric bi-ion plasma) and electron-positron-ion plasma.
By introducing positrons in electron-ion (e-i) plasma or ions in electron-positron (e-p) plasma, one
obtains the three component electron-positron-ion (e-p-i) plasma.

1.3.1 Existence of electron-positron-ion plasma

The study of symmetric electron-positron pair plasma and three-component electron-positron-ion
plasma gained its importance due to the presence of positrons in a number of astrophysical and
terrestrial plasma systems. In most of the astrophysical and terrestrial environments as mentioned
in Section (1.1), positrons coexist with admixture of electrons and ions to form e-p-i plasma. The
e-p-i plasma is believed to exist in the magnetosphere of the neutron stars, pulsars and magnetars.
A study [51] suggests that the ions from the young neutron star surface, which is mainly composed
of iron-peaked elements, may strip o¤ the hot surface due to strong electric �eld and enter into
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the magnetosphere of the neutron star. When these ions enter into the pair dominated region, the
three component e-p-i plasma may form. Also the pair production in bipolar out�ows (jets) from
the microquasars [52, 53] and active galactic nuclei [54, 55], in the supernovae remnants [56], in
accreting disc around the compact objects [57], in the vicinity of primordial black holes [14] and in
�reballs producing gamma ray bursts [58, 59], takes place in environments where a small number
of ions is also present. Positrons in the interstellar plasma and in the solar and stellar �ares coexist
with electrons and ions, forming an e-p-i plasma. The plasma in the early universe (in the time
domain 10�2 < t < 1 seconds ) was also a hot soup of photons, electrons, positrons and hadrons.
The plasma in the magnetosphere of pulsars and magnetars is highly magnetized whereas that of
the early universe and in the AGN may or may not be magnetized [60]. In most of the astrophysical
environments, near their source of creation, the electrons, positrons and the minority ions usually
move with ultra relativistic speeds; however, relativistic charge species eventually lose their energy
through various channels (as e.g., ionization, inelastic and coulombic collisions, adiabatic expansion,
radiative cooling etc.) and cool down to the non-relativistic speeds [36] and eventually thermalize
with the back ground ambient plasma to form a three component electron-positron-ion plasma
system.
The e-p-i plasma is important not only from a cosmological and astrophysical point of view, but

also in the context of laboratory plasmas. Positron rich plasmas have been created in the laboratory
[30, 38, 46, 61, 62, 63, 64]. By injecting low energy electron beam into con�ned positron plasma,
the �rst experiment on e-p plasma has been conducted [46]. In large tokamaks a small number of
positrons may also exist via the mechanism of pair production which may occur due to the collisions
between multi-MeV runaway electrons and thermal particles [65]. To study the transport in the
magnetically con�ned plasma system (e.g., tokamak and pinch devices), the injection of positronium
(a bound state of electron and positron) beam has been proposed [62, 66]. In the plasma, a fraction
of the beam is dissociated into electrons and positrons thus forming a three component e-p-i plasma.
The e-p-i plasma is also inevitable in the interaction of high intensity laser or particle beams with
the solid targets and plasmas such as, in the inertial con�nement fusion (ICF) schemes [30, 67]. In
Van Allen belts positrons coexist with the ions and electrons trapped by the earth magnetic �eld
thus forming a magnetized e-p-i plasma [16, 17, 18]. In most of the terrestrial environments, e-p-i
plasma is nonrelativistic. The relativistic high-intensity-laser/particle-beam-produced plasma can
also be trapped and then allowed to cool down to nonrelativistic speeds through the emission of
radiations [68, 69].

1.3.2 Annihilation time versus time scale for the plasma e¤ects

The experimental study of e-p and e-p-i plasmas demands high skill of the experimenters. This is
because of the annihilation of positrons with the plasma electrons, which results into the reduction
of electron and positron densities. There are two processes which lead to the decrease of electron and
positron densities (i) direct annihilation of positrons with the plasma electrons and (ii) radiative
capture of electrons to form a bound state of electron and positron known as positronium. For
temperature T > 7 � 105 K; direct annihilation is the dominant mode. The rate of the direct
annihilation (i.e., mean annihilation frequency) for the nonrelativistic case, has been estimated as
[70, 71] !a = �r20cne0J(�z); where r0 = e2=mec

2 = 2:82 � 10�13 cm, is the classical radius of the
electron with e; the charge and me is the mass of electron, c is the speed of light, ne0 (cm�3)
is the density of the electrons in the unperturbed plasma, J(�z) is a dimensionless function of
parameter �z =

�
2�2R=KBT

�1=2
; where R is the Rydberg constant in units of energy and KB is the

Boltzmann�s constant. Substituting the numerical values for the various constants, we get the mean
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annihilation frequency !a as: !a = 7:48�10�15 J(�z)ne0 (s�1). On the other hand, at temperature,
T < 7� 105 K; the second process i.e., positronium formation via three-body recombination is the
dominant one. The rate of positronium formation is strongly dependent on the temperature of
the plasma. The upper limit for the electron-positron recombination frequency leading to the
positronium formation is given as [72]: !Ps ' 0:07n2e0b5vth, where vth = (KBT=me)

1=2 is thermal
velocity of the particles and the impact parameter b = e2=KBT is distance of the closest approach.
After the positronium is formed, the singlet state (parapositronium) decays in about 1:24� 10�10
s and triplet state (orthopositronium) decays in 1:24� 10�7 s.
However, for many plasma waves, characteristic time scale for the collective oscillations is many

order of magnitude smaller than the annihilation time so that these wave modes are observable both
in laboratory as well as in space plasmas. For example, at temperature T = 3� 106K; J(�z) � 1:73
[71], implying !a � 1:28 � 10�14 ne0 (s�1) and !Ps � 2:52 � 10�39n2e0 (s�1). On the other hand,
the characteristic plasma frequencies on the electron/positron and ion time scales are electron-
positron (Langmuir) and ion plasma frequencies, given respectively as: !pep =

�
!2pp + !

2
pe

�1=2
=��

4�e2=me

�
(ne0 + np0)

�1=2=5:6406� 104 (ne0 + np0)1=2 (s�1) and !pi = �4�ni0e2=mi

�1=2
= 1:316�

103 (ni0)
1=2(s�1) for the singly charged ions. This can be easily checked that, for a broad range of

plasma densities the annihilation frequencies !a and !Ps are many order of magnitude smaller than
the plasma frequencies. For instant, at temperature T = 3 � 106K and densities ne0 = 1012cm�3,
np0 = 0:8 � 1012cm�3 and ni0 = 0:2 � 1012cm�3, !a=!pep = 1:68 � 10�13, !Ps=!pep = 3:33 �
10�26; !a=!pi = 2:17 � 10�11 and !Ps=!pi = 4:28 � 10�24, which shows that time scale for the
plasma e¤ects to appear is much shorter than the annihilation and recombination time scales, thus
plasma e¤ects are observable in e-p-i plasma and long time plasma experiments can be carried out.
On the other hand, the high energy positrons, from the astrophysical objects, when enter into

the interstellar plasma, being charged species, they interact with the ambient plasma particles and
the magnetic �elds via electromagnetic force. As the energy of positrons is larger than that of the
plasma particles of the interstellar medium, positrons lose energy and thermalize with the ambient
plasma. As for example, positrons with the initial energy of � KeV; entering into the interstellar
medium will relax to the Maxwellian distribution in � 107 seconds [6], while for �MeV positrons
the relaxation time is . 1012seconds. On the other hand, the typical annihilation time of the
positrons in the interstellar medium is ranged as 1012 � 1014seconds [73]. Considering the typical
density (� 0:1 cm�3) and temperature (� 104K ) of the interstellar medium, the plasma response
(inverse of plasma frequency) on the electron/positron time scale is � 10�5seconds and on ions time
scale, it is � 10�3seconds. Thus positrons after thermalization with the background plasma live
long enough to form an admixture of electrons positrons and ions which, despite being very tenuous,
exhibits plasma behavior due to the large Debye length �D (� 104 cm for the chosen density and
temperature) to accommodate many plasma particles within a Debye sphere. Moreover, the length
scales L of the interstellar plasmas also extends upto the distances of kpc [where 1pc(parsec)=3.26
light years=3:09 � 1018cm] thus satisfying the plasma condition �D � L. Though in the deep
interstellar regions far away from the sources, positrons are too small in number to exhibit their
own collective plasma e¤ects and they ride on the plasma waves and the ambient magnetic �elds
of the background interstellar medium which transport them through the galaxy; however, in the
interstellar plasma close to the sources, positron fraction is large enough to substantially modify
the plasma waves through their own collective behavior [74, 75].
In many astrophysical environments such as in the accreting disks around the SMBHs in AGN,

a thermal equilibrium (2 � e + e+) is established between the pair annihilation and creation
processes due to extremely high temperatures exceeding the pair creation threshold of 1:022 MeV,
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thus loss of the particles due to annihilation is continuously compensated for by the pairs creation
[76]. In the laboratory environments positronium [66, 62] or intense laser beams [31] can be used
to sustain a continuos supply of the pairs.

1.4 Nonlinear Coherent Structures

Nonlinearity is an essential ingredient of all the systems around us and linear system and corre-
sponding theories are just the limiting cases. Though linear theories (e.g., the classical quantum
theory) successfully explained many puzzles but such theories fail to explain the behavior of those
systems where nonlinear processes are in competition with the linear ones. Over the past few
decades, many mathematical tools to study nonlinear physical phenomena have been developed.
The synergy between analytical, numerical and experimental studies has helped understand many
nonlinear processes including the formation of coherent and chaotic structures as well as their role
in highly nonlinear turbulent states of the �uids and the plasmas. The usage of the term "coher-
ent structure" is quite recent and no general de�nition of the term seems to exist. However, it
is widely used to denote a localized well-ordered structure, in the bulk of otherwise unperturbed
(equilibrium) or random turbulent state of the medium, within which various state variables (e.g.,
velocity, density etc.) follow a de�nite pattern which does not change over a su¢ ciently long course
of time so that it stands out among the other transient perturbations of the system. These coherent
structures include solitons, vortices, zonal �ows, double layers, shock etc. The coherent structures
can either smoothly evolve from a given initial condition or may spontaneously emerge out of the
turbulent state of the system through the process of self-organization, whereby a system organizes
itself on its own without interference from some external source. In this thesis, we shall study the
solitary and shock structures in e-p-i plasma.

1.4.1 Solitary waves

A solitary wave is a localized wave which emerges from the balance between the nonlinear and disper-
sive e¤ects. A solitary wave is called soliton if it further possesses the following two properties[77]:

� It maintains its shape when it moves at constant speed.

� When a soliton interacts with another soliton, it emerges from the collision unchanged except
possibly for a phase shift (nonlinear superposition).

Thus a soliton, as the name shows, behaves like a particle. In the strict mathematical sense,
solitons are special solutions to some integrable nonlinear partial di¤erential equations (PDEs) and
possess all the above mentioned properties i.e., they are localized, stable and survive collisions
whereas solitary waves are solutions of near-integrable PDEs which are localized but do not possess
particle-like elastic collision property. A PDE is integrable, if it is possible to establish (through
some mathematical procedure) a casual relation between the initial state and a state later in time or
in distance [78]. The PDEs possessing soliton solutions can be integrated by the inverse scattering
transform (IST), an analog of Fourier transform for the nonlinear PDEs. A near-integrable PDE is
the one which contains some small parameters (like dissipation, external noise etc.) in the absence
of which it reduces to the integrable PDE. Thus for mathematicians the terms solitary wave and
soliton are quite di¤erent however, for physicists who deal with the real world, the two terms are
often used interchangeably [79].
In the nonplanar cylindrical and spherical geometries, the planar solitary structure is modi�ed

due to the presence of geometrical convergence (for the inward propagation) [divergence (for outward
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propagating wave)] which perturbs the balance resulting in the increase [decrease] of amplitude as
well as velocity, as wave propagates inwards [outwards] towards [from] the centre of symmetry.
These solitary waves with the nonplanar wavefront are accompanied by a residue/tail behind the
main peak of the pulse. Such structures though do not strictly follow constant pro�le character
of the planar solitons nevertheless, they are still termed solitary waves due to the localization of
the peak part of the wave which, though change in width and amplitude continuously, preserves its
shape such that well-away from the center of symmetry, the characteristic property of the planar
soliton i.e., (width)2 � amplitude = constant, nearly remains intact [80].

History of solitary waves

Though, since the birth of the universe, the nonlinear phenomena are more common in nature then
the linear ones, yet the Man has largely failed to take notice of them. Few ingenious minds noted the
singularity of the nonlinear phenomena and associated structures. John Scott Russell, a Victorian
engineer and a naval architect, was one of them. On a day of August 1834, while riding the horse
along the Union canal in Edinburgh, his curious eyes caught view of a foot to foot and a half
high and a 30 feet long solitary hump of water, generated in a narrow channel when a boat drawn
by a pair of horses suddenly stopped. He noticed that the hump was travelling at eight to nine
miles per hour with apparently no change of form or diminution of speed. The wave preserved its
original �gure for a travelling distance of nearly two miles before it gradually diminished and �nally
disappeared into the windings of the channel. He also noted that pro�le of the wave remained above
the unperturbed surface of water which further distinguished it from the ordinary waves (ripples) on
the surface of water whose pro�le is partly above (crest) and partly below (trough). He named this
unique unusual wave as solitary wave of translation because it actually transported water alongwith
it. This was the birth of an important branch of nonlinear science i.e., solitons and solitary waves.
Now people easily identify such waves not only in shallow waters but also in many other nonlinear
and dispersive media.
Later, Russel conducted many experiments to further explore this unusual wave and reported his

observations in 1844 [81]. However, his �ndings could not capture the attention of the contemporary
researchers rather faced strong criticism by the Airy who published his theory in 1845, which
abandoned the existence of such waves and asserted the change in the form of a perturbation
during the course of its propagation [82]. In 1847, Stokes showed that solitary waves could not
exist in nonviscous �uids [83]. In 1865, Bazin from France performed various experiments in the
canal de Bourgogne close to Dijon, and con�rmed the Russel�s �ndings [84]. Controversy over
the Russel�s observation was settled by Boussinesq (1871) [85] and later by Lord Rayleigh (1876)
[86] who showed that, in the absence of dissipation, the increase in local wave velocity associated
with �nite amplitude is balanced by the decrease associated with dispersion, leading to a wave of
permanent form. In 1895, Korteweg and de Vries derived the celebrated Korteweg-de Vries (KdV)
equation while analyzing the competing processes of dispersion and steepening in travelling shallow
water waves [87]. The equation revealed that if the two counter acting e¤ects of dispersion and
steepening balance each other then a wave of permanent form, the one observed by the Russell, can
exist.
Subsequently, for a long time solitary waves did not receive their due importance. However,

in 1955 Fermi, Pasta, Ulam (FPU) and Tsingou performed a computer experiment in Los Alamos
to study the evolution of a crystal towards thermal equilibrium [88]. The model FPU used was
a chain of particles of equal masses connected with the nonlinear springs. They expected that
the nonlinearity of the system would spread the energy, initially con�ned into a single Fourier
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mode, among all modes until the system reaches the thermal equilibrium in accordance with the
equilibration of energy. But much to their surprise they found that after a long time energy
periodically returned to the initial mode and no equilibration of the energy was observed.
In 1967, inspired by the work of FPU and knowing that in their computer experiment only

low frequency modes were excited, Zabusky and Kruskal, derived the KdV equation in the long
wavelength limit for the same physical model, which represented the continuum limit of FPU model.
Their study revealed the existence of localized nonlinear waves which emerged una¤ected (except for
a phaseshift) in mutual interactions. Due to this particle-like collision ability of the observed waves,
they coined the term "soliton" for them. They also found the recurrence of the initial pulse after a
long time through the mutual nonlinear interactions of the solitons, the result earlier obtained by
FPU in their experiment. In a magnetohydrodynamics and plasma meeting, Zabusky and Kruskal
learned from Gardner and Morikawa that the equation (i.e., the KdV equation) which they were
solving numerically was also a model equation for the shallow water waves. Knowing that the
same equation governs the dynamics of small but �nite amplitude magnetohydrodynamic waves in
a collisionless plasma, Zabusky and Kruskal titled their 1965 PRL paper, a milestone in the history
of nonlinear science, as "Interaction of "SOLITONS" in a collisionless plasma and the recurrence of
initial states" [89]. The article evoked a profound interest among the researcher all around the glob
working in a diverse �elds of science. The modern research on solitons encompasses a broad range
of �elds including �uid mechanics, plasma physics, condense matter physics, nonlinear optics, pure
and applied mathematics, polymers, biophysics, telecommunications, particle physics, �eld theory,
Bose�Einstein condensates, granular crystals, surface waves, microelectromechanical (MEM) and
nanoelectromechanical (NEM) devices, solid wave guides etc. [90].

1.4.2 Shock waves

A shock wave is a surface of discontinuity propagating through a medium at which the state variables
of the medium (e.g., density, velocity etc.) experience abrupt changes. There are two types of
shock waves: (positive) compression shocks which propagate in the direction where the density of
the medium is a minimum, and (negative) rarefaction waves which propagate in the direction of
maximum density [91].
In contrast to the very small amplitude linear waves (e.g., acoustic waves), shock waves are large

amplitude nonlinear waves which are characterized by the following properties:

� in the frame moving with the shock, supersonic velocity (i.e., greater than the corresponding
linear wave velocity) of propagation ahead and subsonic behind the shock.

� formation of a steep wave front across which the state variables change abruptly

� for nonplanar exploding (imploding) shocks, there is a decrease(increase) of strength and ve-
locity of the shock with the increasing (decreasing) distance from the center of origin (conver-
gence).

� entropy of the shock compressed �uid increases compared to the unperturbed �uid.

� nonlinear superposition principle holds during the interactions and re�ection of shock waves.

In mathematical theories of shock, if the shock wave thickness is much small than the length scale
of the problem, it is replaced with a sharp discontinuity across which the various state variables are
related through the mass, momentum and energy conservation relation, known as Rankine-Hugoniot
equations and the corresponding problem which is independent of the length and time scales of the
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system is known as Riemann problem. In real media the discontinuity smooths out by various
transport processes in a region of very small thickness, known as transition layer, connecting the
shocked and unshocked regions. In the neutral gases the thickness of transition layer is about few
mean free paths i.e., a small number of molecular collisions are required to adjust the equilibrium
unshocked state upstream to that the downstream shocked state of the medium [91].
In general the formation of a shock wave requires some sort of damping/dissipative mechanism

to sustain the wave against breaking due to nonlinearity. In ordinary �uids, the dissipation is
provided through the thermal conductivity and/or the viscosity of the medium. In contrast, in case
of plasmas, besides these factors, there are other processes which appear due to the collective e¤ects.
Collective e¤ects give rise to many novel dissipative processes due to the wave-particle interactions,
as for example, Landau damping, re�ection and trapping of the particles by the wave potential. Such
collisionless processes can give rise to the collisionless shock structures with transition layer much
less than the mean free path e.g., earth bow shock. Both collisional as well as collisionless shock
waves have been extensively studied for the two component electron-ion plasma using Rankine-
Hugoniot equations. However, such an approach does not yield information about the dynamics of
various state variables within the shock structure. This can be achieved through the weak shock
theory. A shock is termed weak if the jump of various state variables across the transition layer
is small. The weak shock limit allows to derive a nonlinear evolution equation e.g., Burgers and
KdV Burgers equations which governs the dynamics of various state variables within the body of
the transition layer of the shock wave.

History of Shock waves

History of the term "shock" is very old; however, the term "shock wave", as de�ned above, is
comparatively new. Historically [92], upto the mid 20th century, the term "shock" was used in
connection with the medical and electrical phenomena as for example in relation with the e¤ects
of electrical shocks on humans. Currently, the term "shock", derived from the French word "choc"
is used to denote the degree of suddenness and severity, in connection with a quite broad range of
phenomena related to percussion, blast, explosion and implosion, detonation, strong impacts and
collisions. The detailed chronology describing the contribution of various researchers in shaping the
theory of shock wave as it is known today, can be found in Refs. [91, 92]. Keeping in mind the size
of the thesis, here, we brie�y mention the important milestones [91, 92] which led to the substantial
advancement in the theory of shock waves.
The very existence of the shock wave was �rst predicted in the mathematical theory of the waves

[93]. Poisson (1808) [94] derived a nonlinear PDE for the �ow of isothermal gas. The simple wave
solution of this PDE, indicated that the compressed parts of the gas travelled faster than the dilated
parts, though he himself did not explicitly highlighted this feature. It was the Challis (1848) [95],
how pointing out this feature concluding that the solution cannot be obtained uniquely as the fast
part of the wave will overtake the slower ones thus leading to ambiguous mathematical solution
(the Challis paradox). Stokes (1848) [96] showed that introduction of a surface of discontinuity
can help obtaining a unique solution to the sound wave problem. He also pointed out that in
real gases the molecular transport will smooth out the discontinuity which indeed is the case as
later studies indicated. Earnshaw (1858) [97] presented his famous theory of sound which was the
most complete one of his time. He improved the Poissons� theory by converting the equations
into the Lagrangian coordinates. He, using adiabatic law, also obtained a complete solution for
the di¤erential equation describing the �ow in a medium where pressure is a function of density
in the wave and found the non-uniqueness of the �ow velocity. Riemann (1859) [98] presented
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his "theory of waves of �nite amplitude". Unlike that of the Earnshaw unidirectional wave, he
considered a planar wave of �nite amplitude progressing in both directions. He used Eulerian
coordinates to describe the motion occurring at a �xed point in the gas. He was the �rst to use
the word "shock" in his theory of waves. He showed that an original disturbance splits into two
opposite waves: the rarefaction wave grows thicker while the condensation shock grows thinner.
The gas passed over by the shock wave will be compressed and heated while that passed over by
the rarefaction will be expanded and cooled. However, his assumption that transition across the
discontinuity is isentropic and reversible was not correct. Toepler (1864) [99] was the �rst to use
the term "shock wave" in the present sense. He originated a shock wave from a spark discharge and
�rst visualized it subjectively using a stroboscopic method. Rankine (1869) [100] showed that in
a steady adiabatic (a term coined by him which has a Greek origin and means "to pass through")
process where the �ow is only subjected to the pressure forces, a continuous change of state in a
small region from one constant value to another, is not possible. He modelled the shock wave as
a non-adiabatic processes allowing for the exchange of heat among the particles of the gas but not
with some external heat reservoir, thus implicitly incorporating the law of conservation of energy.
Hugoniot (1887) [101], not aware of the, Rankine�s work, on the basis of law of conservation of
energy analyzed the thermodynamical properties of a ploytropic shocked gas and explicitly showed
that the increase in the kinetic energy of the gas must balance the change in the internal energy of
the gas in initial and �nal states. He showed that the pressure-density data of a shocked gas does
not lie on an adiabat rather it lies along the curve, the so-called Hugoniot curve, which is positioned
above the adiabat in a (pressure, density) plane. Mach, Wentzel and Salcher (1885-1887) [102, 103]
performed many experiments on blast waves and explosions and determined the shock speed using
the soot method which was invented by Antolik [104] in 1874 to study interaction of the shock
waves. Lord Rayleigh (1910) [105] thoroughly reviewed the previous theories of sound of �nite
amplitude. He argued that in a physical system an abrupt change of the state variables is only
acceptable provided some dissipative mechanism (such as viscosity) is operational. He estimated
the thickness of the shock wave to be of the order of the ratio of speci�c gas viscosity and the wave
velocity. Taylor (1910) [106] investigated the thermodynamic conditions at the shock front and
established theoretically that a sharp transition layer of the permanent form can only exist provided
the pressure increases across the layer and di¤usion processes operate in its interior. To estimate
the thickness of the shock transition layer, he developed continuum equations for the dynamics
of a viscous and conducting perfect gas and elaborated various conditions for the solvability of
the equations. Meanwhile, Bateman (1905) [107] derived the now-known Burgers equation and
obtained its steady state solution. Later Burgers (1939) [108] used this equation to study weak
turbulence and the equation became associated with his name. The Burgers equation is a simple
model equation for a variety of di¤usion/dissipative processes in convection dominated systems,
which besides aforementioned turbulence, include formation of weak shocks, tra¢ c �ow etc. If
besides convective nonlinearity and dissipation/di¤usion mechanism, the dispersion also plays its
role over the spatial and temporal scales of interest then the simplest nonlinear PDE governing the
wave dynamics is the combination of both KdV and Burgers equation which is commonly known
as KdV Burgers (KdVB) or Burgers KdV (BKdV) equation in literature. In the long wavelength
limit, KdVB equation has been derived to describe the wave dynamics for numerous �uid and
plasma systems.
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1.5 Solitary and Shock Waves in Plasma

Well before the term soliton was coined, in 1958 Adam and Allen, in pursuit of a shock wave solution,
required to describe the heating of magnetized plasma by rapidly increasing magnetic �eld, found
a solitary wave solution in their theoretical study of the hydromagnetic waves in collision-free
plasma. In the same year, Sagdeev also investigated the similar problem; however, in contrast to
Adam and Allen, he considered a strong magnetic �eld so that, in his model, the electrons were
e¤ectively tied up to the magnetic �eld lines [109]. Gardner and Morikawa (1960) derived the
KdV equation for the hydromagnetic waves in cold plasma [112]. Sagdeev (1966) also reported
the arbitrary amplitude ion-acoustic waves in unmagnetized electron-ion plasma [110]. Washimi
and Taniuti (1966) studied the small amplitude KdV solitons for the nonlinear ion-acoustic waves
[113]. Ikezi (1970) experimentally studied the formation and interaction of ion-acoustic solitary
waves [114, 115]. Maxon and Viecelli (1974), derived a modi�ed KdV (mKdV) equation for the
small-amplitude cylindrically and spherically symmetric ion-acoustic waves, and found through the
numerical integration of the mKdV equation that the cylindrical and spherical solitary structures
behave di¤erently from the corresponding planar solitons [116, 117].
Ho¤mann and Teller (1950) extended Rankeine-Hugoniot equations for the neutral gases to

hydromagnetic shock wave [118]. Kawahara (1970) derived KdVB equation to investigate the
dynamics of magnetoacoustic waves in cold plasma [119]. Hu (1972) derived Burgers and KdV
Burgers equations from the coupled set of the �uid and Maxwell�s equations to describe weak shock
waves in magnetized plasma by taking into account various collisional damping processes [120].
Moiaz and Sagdeev (1963) showed that the re�ection of ions from the wave potential gives rise to
the oscillatory shock structures [121]. Montgomery and Joyce (1969) [122] and Schamel (1972) [123]
showed that trapping of electrons in the wave potential also gives rise to steepening of wave. In
1968, Anderson et al., reported their experimental results con�rming the formation of collisional
shock waves in plasma [124] whereas Taylor et al., (1970) reported the observation of ion-acoustic
collisionless shocks in the e-i plasma [125].
In the above, we very brie�y mentioned few relevant and important research works carried out,

in the �eld of plasma solitary and shock waves from the 50�s upto the 70�s of the last century.
The extensive work done in that period by many plasma researchers can be found in many review
articles and plasma physics books, see for example Refs. [126, 127, 128]. Though the study of
solitary and shock structures of electron-ion plasma have helped set the nonlinear plasma science
on the strong footings; however, in most of the astrophysical and terrestrial environments pure
electron-ion plasma is not a realistic situation and besides electrons and ions there may be additional
species like charged dust particles [129], negative and positive ions of multiple species [130], both
hot and cold component of a species [75], as well as the antiparticles like positrons and antiprotons
[131]. Additional components drastically change the properties of the plasma via their charge, mass,
temperature, current density and relative concentration. Not only the dynamics of the conventional
modes of the electron-ion plasma are modi�ed, but new plasma modes may also emerge.

1.5.1 Solitary and shock waves in e-p-i plasma

The investigation of various features of the multicomponent plasma has gathered much attention
in the past few decades. A considerable fraction of these studied is devoted to the investigation of
the linear and nonlinear waves of electron-positron and electron-positron-ion plasma. Initial studies
of positron rich plasmas goes back to the work of Tsytovich and Wharton in 1978, who described
the possibility of creating the electron-positron plasma using the electron beam and investigated
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various wave modes and instabilities of electron-positron plasma [69]. Alfven (1981) also pointed
out the importance of electron-positron plasma in astrophysical environments [132]. Most of the
initial work on e-p and e-p-i plasmas, largely focussed the relativistic plasmas existing in either very
hot environments for example those existing in AGNs and in the early universe; or in the vicinity
of magnetized compact objects such as in the magnetosphere of pulsars. Lakhina and Buti [133]
and Lominadze and Pataraya [134], Yu et al., [135] and Mo�z [136] investigated the e-p-i plasma
in the context of pulsar magnetosphere. Chiueh [137] studied electromagnetic solitons and shocks
in relativistic and magnetized electron-positron-proton plasma. Tajima and Taniuti [60] studied
the collective processes in the nonlinear interaction of a relativistic electron-positron plasma with
photons. Their model predicts the bright, kink/shock type and dark solitary structures. Berezhiani
et al., [138] studied the propagation of strong electromagnetic radiation in unmagnetized e-p-i
plasma and found that in the presence of ions, the electromagnetic radiation may form a localized
structure which is nonexistent in pure e-p plasma. Gallant et al., [139] using Particle-in-Cell (PIC)
simulation, investigated the perpendicular propagation shock waves in relativistic e-p and e-p-i
plasma. Hoshino et al., [140] studied the collisionless magnetosonic shock waves in connection with
the astrophysical environments containing e-p-i plasma. Berezhiani et al., [141] studied relativistic
solitary waves in strongly magnetized e-p plasma. Berezhiani and Mahajan have explored nonlinear
propagation of circularly polarized electromagnetic waves with relativistically strong amplitudes in
an unmagnetized relativistically cold [142] and hot [143] e-p-i plasmas and predicted the formation of
high density nondi¤ractive and nondispersive localized pulses, and large amplitude solitary waves.
All these studies addressed astrophysical relativistic plasmas; however, the advancement in the
positron thermalization and trapping techniques [see Section (1.1.2)] and the fact that astrophysical
relativistic plasma particles also lose their energy and eventually cool down to the nonrelativistic
speeds, made the researchers realize the need and importance to investigate these systems in the
nonrelativistic regime.
A number of research articles have been devoted to the investigation of various linear modes,

instabilities and nonlinear wave motions in nonrelativistic e-p and e�p�i plasmas. For example,
Iwamoto [70] and Zank [36] investigated various linear plasma modes of the nonrelativistic e-p
plasma. Shukla et al., [144] studied the low frequency electromagnetic modes in nonrelativistic e-p-
i plasma. Nonlinear e¤ects caused by intense electromagnetic waves in e�p�i plasma have also been
studied [145]. Double layers [146], vortices [147, 148, 149] and zonal �ows [150], in three component
e-p-i plasma have also been investigated.
Ion acoustic solitary structures in nonrelativistic e-p-i plasma have also gathered much atten-

tion. Popel et al., [151] have investigated large amplitude ion-acoustic solitons in unmagnetized
e�p�i plasma and found a decrease in the amplitude with the increase of positron concentration.
Nejoh [152] has studied the e¤ect of ion temperature on ion-acoustic solitons in unmagnetized
e�p�i plasmas. Ion-acoustic dressed [153] and weakly relativistic [154] solitons in unmagnetized
e�p�i plasma have recently been studied. Dubinov and Sazonkin [155] have developed a nonlinear
gasdynamic theory for ion-acoustic waves in e-p-i plasma by taking into account the polytropic
compression and rarefaction of the plasma species. These studies reveal that the characteristics of
the nonlinear solitary structures are changed signi�cantly and depend strongly on the concentra-
tion of positrons in e�p-i plasmas. However, all these studies are con�ned to the planar geometry,
whereas, most of the perturbations in plasma do not strictly propagate in planar geometry rather
in many astrophysical and laboratory plasmas one can �nd exploding or imploding perturbations
having purely nonplanar structures. As for example astrophysical explosions and collapse do not
occur in planar geometry. The perturbations in many plasma devices as in theta-pinches and in
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ICF schemes are, respectively, of nonplanar cylindrical and spherical character. Thus we have in-
vestigated the nonlinear, planar as well as nonplanar evolution of ion acoustic solitary waves in
adiabatically hot nonrelativistic e-p-i plasma. We have employed reductive perturbative technique
and derived a modi�ed KdV equation which di¤ers from that for the planar case due to the presence
of geometrical convergence/divergence term. We numerically integrated the modi�ed KdV equation
to elicit the dynamics of converging solitary waves. The e¤ect of variation of various plasma pa-
rameters (e.g., positron concentration, temperature ratios, adiabatic index) on the pro�les of the
solitary pulses are determined [156]. Plasmas may have small but �nite viscosity which a¤ects the
propagation characteristics of the solitary structures. Further, in the presence of viscous dissipation
along with dispersion and nonlinearity the plasma also admits shock waves. Thus, by incorporating
a small kinematic viscosity of the plasma, we have derived the modi�ed KdVB (mKdVB) equation
for the same plasma system and numerically investigated the dynamics of solitary structures in
viscous e-p-i plasma. We have also discussed various features of the shock wave solutions of the
mKdVB equation [157].
Magnetosonic waves are another important wave mode of magnetized plasma. Nonlinear phe-

nomena associated with these waves are ubiquitous. The nonlinear solitary and shock wave struc-
tures of the magnetosonic mode play an important role in accelerating the particles and heating
the plasma [158, 159, 160, 161]. Thus the investigation of these structures and their dependence
on various plasma parameters is important both for the astrophysical as well as the laboratory
environments. The fast magnetosonic mode, for the perpendicular propagation of wave, in both
electron-positron and electron-ion plasmas has a single branch. However, in the presence of a third
(ion in e-p and positron in e-i plasmas) species, the said mode splits into two branches: low and
high frequency mode. Hasegawa et al., [162] derived Korteweg-de Vries (KdV) equation for mag-
netosonic wave, which governs the dynamics of solitary structures in e-p-i plasma, and studied
the characteristic of solitary structures corresponding to the high and low frequency branches. In
their analysis, they assumed a planar geometry and considered all the three species to be cold.
They found that in the presence of positron the width of solitary waves corresponding to the low
frequency mode increases as the positron concentration is enhanced, whereas, that of the high fre-
quency mode is slightly decreased. Wang et al., [163, 164, 165] have studied the electromagnetic
solitary structures for both planar and cylindrical geometry with weak transverse perturbation for
the cold relativistic e-i and e-p-i plasmas. Quite recently, the cylindrical KdV equation for the
perpendicular propagating magnetosonic waves has been derived [166], which governs the dynam-
ics of cylindrically symmetric solitary structures in nondissipative nonrelativistic e-i plasma with
hot electrons and cold ions. However, in Ref. [166] the necessary dispersion to maintain solitary
structure is assumed due only to the displacement current, which is very small in low velocity
(!=kc << 1) nonrelativistic limit. In fact, in the said limit, it is mainly the inertia of lighter species
which provides the necessary dispersion to save wave from breaking due to nonlinearity resulting in
the formation of solitary wave structures. Thus we have explored both planar as well as cylindrically
symmetric magnetosonic solitary and shock waves propagating radially inward in a dissipative and
adiabatically hot electron-positron-ion plasma, by taking into account the inertia of all species. We
have derived mKdVB equation which caters the dynamics of both planar as well as nonplanar struc-
tures under appropriate limits. The e¤ect of the variation of various plasma parameters (relative
positron concentration, plasma beta, displacement current) is determined [167]. Further, we have
discussed approximate analytical solutions to the mKdV and mKdVB equations for both ion-acoustic
and magnetoacoustic solitary and shock waves and compared them with the corresponding numerical
solutions.
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There has been a renewed interest in the highly dense degenerate plasmas, the so called quantum
plasmas. Such plasma systems are important both from the astrophysical as well as terrestrial
point of view. Recently, reviewing the nonlinear aspects of the quantum plasmas, Shukla and
Eliasson [48] have described a wide range of applicability of the theoretical studies of quantum
degenerate plasmas, the type of plasmas which can be found in intense laser-solid density interaction
experiments, in the cores of giant planets and the crusts of old stars, superdense astrophysical objects
(e.g., interiors of white dwarfs and magnetospheres of neutron stars and magnetars), micro- and
nano-scale objects (e.g., quantum diodes, quantum dots and nanowires, nanophotonics, plasmonics,
ultra-small electronic devices, and metallic nanostructures); and microplasmas and quantum X-
ray free-electron lasers. Further, they point out that Fermi-degenerate dense plasma may also arise
when a pellet of hydrogen is compressed to many times the solid density in the fast ignition scenario
for inertial con�nement fusion [48].
Quantum-hydrodynamic (QHD) model has been extensively used to study various dense plasma

systems [48]. QHD model incorporates the quantum e¤ects through the (I) Fermi-Dirac distribution
based quantum degeneracy pressure and (II) the quantum force, the so-called Bohm potential term
describing the quantum tunneling e¤ects (III) Quantum spin e¤ects (magnetization) [168, 169].
However, it is found that in the problems where the spatial variation of the perturbation is small on
the characteristic length scale of the system, the quantum Bohm potential term, containing higher
order derivatives of the plasma state variables, is negligibly small. If the inertial and quantum spin
e¤ects of the light mass plasma species, namely electrons and positrons are assumed to be small,
the QHD equations lead to the Thomas-Fermi density distribution. Thomas-Fermi model was �rst
introduced by Thomas [170] and Fermi [171] to study a multielectron atom. Subsequently, it was
applied to investigate several physical systems such as solid state, inertial con�nement fusion, as well
as dense astrophysical plasmas. In many dense plasma cases such as in white and brown dwarfs,
ions, owing to their large mass, are nondegenerate and follow the classical Maxwell-Boltzmann
distribution whereas light mass electron and/or positron species are degenerate and obey Fermi-
Dirac distribution. Such a plasma system with classical ions and Thomas-Fermi distributed light
mass species have been studied by a number of authors. Dubinov and Dubinova [172], have studied
the ion-acoustic periodic and solitary waves in electron-ion plasma with classical ions and Thomas-
Fermi distributed electrons. The unmagnetized e-p-i plasma comprising the classical ions and
Thomas-Fermi distributed electron and positron species has also been investigated [173, 174]. The
results [174] indicate that only supersonic solitary waves exist in the unmagnetized e-p-i plasma with
degenerate electrons and positrons. However, many dense e-p-i plasma systems are magnetized,
for example white dwarfs may posses magnetic �eld of the order of 109gauss. The ion-acoustic
solitary waves in magnetized e-i plasma with degenerate electrons have also been studied and
it is found that only subsonic (with respect to the sound speed in unmagnetized degenerate e-i
plasma) solitary waves can propagate in such a plasma [175]. However, the solitary structures
in dense (degenerate) magnetized e-p-i plasma have not been explored. Thus, we have studied
the dynamics of electrostatic waves in magnetized e-p-i plasma with classical ions and degenerate
electron and positron components. The linear analysis shows that in the presence of magnetic �eld,
two electrostatic ion waves can exist: ion-acoustic wave and ion-cyclotron wave, which propagate,
respectively, below and above the ion-cyclotron frequency. Using Sagdeev potential method, we have
examined the nonlinear propagation of coupled IAW and ICW propagating in dense magnetized e-
p-i plasmas. The characteristics of both large and small amplitude waves are investigated. For
small amplitude waves, by employing the reductive perturbative technique, we have also derived a
nonlinear evolution equation which comes out to be Zakharov-Kuznetsov equation. The e¤ects of
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variation in the relative concentration of plasma species, strength of magnetic �eld and the angle of
propagation with the ambient magnetic �eld, are examined. Comparison with the studies based on
the QHD models [176, 177], is also presented [178].
Both KdV-type small amplitude soliton and arbitrary amplitude solitary wave solutions, ob-

tained via Sagdeev potential method, are a single pulse like waves with no internal structure.
However, in a weakly nonlinear and strongly dispersive medium, a �nite amplitude almost mono-
chromatic wave, may self modulate. Owing to the nonlinear e¤ects, the modulated wave tends to
break into a localized structures with rapidly oscillating internal structure, enveloped by a wave of
permanent shape, forming a wave-packet, known as envelope soliton. If the center of the packet
is a maximum, it is bright envelope soliton, If it is a minimum, it is dark envelope soliton which
may be black (if the minimum intensity at the center is zero) and grey for the nonzero minimum
intensity. The wave dynamics is governed by the nonlinear Schrödinger (NLS) equation and these
localized structures are the solutions of NLS equation. The experiments [179, 180, 181, 182, 183]
and simulations [184, 185] have con�rmed the modulation instability (MI) and formation of local-
ized packets of the various plasma wave modes long ago. The modulation instability and envelope
solitary structures of various electrostatic and electromagnetic wave modes of e-p-i plasma have
been a subject of great interest in the recent years. Ion-acoustic envelope solitons for both parallel
[186] and oblique [187] modulation have been investigated in unmagnetized, three-component e-p-i
plasma. It is found that the presence of positrons broadens the parametric regions of stability of
ion-acoustic wave. Electrostatic mode envelope excitations in the presence of stationary ions and
dynamic electrons and positrons have also been investigated. It is found that electrostatic waves
propagating parallel to the magnetic �eld have two modes namely a quasi-thermal acoustic-like
lower mode and a Langmuir-like optic-type upper mode. The acoustic-like lower mode has been
found to be stable and admits dark solitons (voids) whereas the upper mode is intrinsically unstable,
and thus favours the formation of bright-type envelope solitons [188]. The e¤ect of nonthermal elec-
trons on the MI and the interaction of resulting envelope solitons have also been investigated [189].
It is seen that the presence of nonthermal electrons narrows the region of stability for ion-acoustic
wave. However, the e¤ect of magnetic �eld on the modulational stability behavior of low-frequency
electrostatic ion waves in e-p-i plasmas has not been explored. Hence, we have investigated the ef-
fect of magnetic �eld on the modulational stability behavior of low-frequency electrostatic ion waves
in e-p-i plasma. In our model, ions are considered to be cold with thermal velocity much less than
the phase velocity of the electrostatic waves as well as thermal velocities of electrons and positrons
which being tied up to the magnetic �eld lines obey Maxwell-Boltzmann distribution in the direc-
tion of magnetic �eld. Using the Krylov�Bogoliubov�Mitropolsky (KBM) method, we derive the
NLS equation which governs the nonlinear amplitude dynamics of these waves. Dependence of MI
and characteristic of envelope solitons on the wave number, magnetic �eld strength and positron
concentration is investigated [190].
The MI of the electromagnetic ordinary mode has also been studied for a nonrelativistic mag-

netized e-p-i plasma having dynamic electrons and positrons and immobile heavy ions [191]. The
stability pro�le and characteristics of solitary wave packets are found to be strongly dependent on
various plasma parameters. However, the envelope solitary structures and MI for the low frequency
electromagnetic (magnetosonic) waves have not been explored. Thus, �lling this gap, we have also
explored the modulation instability and envelope wave packets for the low frequency magnetosonic
wave modes in three component e-p-i plasma. To this end, we have exploited a three-�uid cold plasma
model by considering the thermal velocity of all the three species to be less than the magnetosonic
wave velocity. The parametric regions of stability and instability are determined and the e¤ects of
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variation of positron concentration, wave number and strength of magnetic �eld on the growth rate
of instability and characteristics of various envelope solitary structures have been examined [192].
Further, we have also brie�y touched upon the rouge wave solutions (also known as freak wave and
explode-decay solitary wave solutions) of the NLS equation for both electrostatic and electromagnetic
cases.

1.6 Layout of the Thesis

This thesis focuses on the low frequency electrostatic and electromagnetic solitary and small am-
plitude viscous shock waves in three-component e-p-i plasma. Chapter one mainly addresses, the
existence and importance of e-p-i plasma in astrophysical and terrestrial milieus. Concise de�ni-
tions and brief history of solitary and shock structures are presented. This chapter also highlights
the importance of the theoretical studies of e-p-i plasma and also provides the justi�cation for our
study of various e-p-i plasma systems. A brief lay out of the thesis is also given in this chapter.
Some basic concepts and mathematical tools, which we have used to study the solitary and shock
structures are presented in Chapter 2. Chapter 3 deals with the small amplitude planar and non-
planar cylindrical and spherical ion-acoustic and magneto-acoustic solitary and shock structures in
e-p-i plasma. Chapter 4 contains the theoretical investigation of arbitrary amplitude electrostatic
solitary structures in a dense magnetized e-p-i plasma with degenerate electrons and positron com-
ponents and classical ion �uid. The study of envelope solitary structures is presented in Chapter
5. In this chapter the modulation instability and the characteristics of envelope solitary structures
for both electrostatic as well as electromagnetic waves in magnetized e-p-i plasma are explored.
The rouge (freak) wave solutions of the NLS equation are also brie�y described. In Chapter 6, we
summarize the main �ndings of our study. Finaly, in Chapter 7 the conclusions of the research,
presented in this thesis, are outlined and recommendations for the future work are suggested.
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Chapter 2

Theory of Solitary and Shock Waves:
Preliminary Concepts and
Mathematical Tools

This chapter presents a brief introduction to the theory of solitary and shock waves. Purpose is two
fold, �rst for the sake of completeness, and second, to familiarize with the mathematical techniques
which will be used to study various nonlinear structures in the forthcoming chapters.

2.1 Linear and Nonlinear Waves

The properties of the medium decide the ultimate fate of a recognizable disturbance (i.e., a wave)
propagating through it. The initial disturbance may disperse, it may steep and eventually break
like the ocean waves breaking on the shores, it may damp, dissipate or di¤use with the time like the
ripples in a pond and if conditions are favorable nothing may happen to it! In the worst case it may
also evolve into highly turbulent structure. Under suitable conditions from the turbulent state self-
organized coherent structures may also emerge. In most of the physical situations a wave exhibits a
mix of dispersive, dissipative and nonlinear behaviors and interplay among these phenomena gives
rise to various wave structures. Broadly, the waves can be categorized into two distinct groups:
linear and nonlinear waves, as described in the following sections.

2.1.1 Linear waves

We are well-acquainted with the classical wave equation (also known as free wave equation), which
is probably the very �rst and the simplest wave equation that describes the propagation of waves
in a variety of media as well as in the free space, as for example, waves travelling on a tight string,
electromagnetic waves travelling through vacuum or sound waves travelling through the air. The
equation is:

@2u

@t2
� c20

@2u

@x2
= 0 (2.1)

The equation is linear as it does not contain the square or higher powers of the dependent variable
u or its derivative(s), or their product i.e., the terms of the form u2, (@u=@x)2 or u(@u=@x) etc.
The well known solution of this equation known as d�Alembert solution, is given as:

u(x; t) = f(x� c0t) + g(x+ c0t); (2.2)

where f and g are arbitrary functions of their arguments. The former corresponds to rightward
moving wave and the latter to the leftward moving wave, both travelling with the constant velocity
c0: If initial disturbance at t = 0 is localized within a domain D then u(x; 0) and ut(x; 0) vanish
for jxj > D: Let f(x) and g(x) also vanish for jxj > D; then the form of solution (2.2) suggests
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that after the time t = D=c0; we have f(x � c0t) = 0 for jx� c0tj > D and g(x + c0t) = 0 for
jx+ c0tj > D;i.e., well away from the origin either the rightward progressive wave f or leftward
progressive wave g will be observed. Such solutions and corresponding governing equations which
a given system of equations possesses after an appropriate lapse of time, su¢ ciently far from the
origin are known as far �elds of the original system [193, 194]. The far �elds of the wave equation
(2.1) comes out to be the equations:

@u

@t
� c0

@u

@x
= 0: (2.3)

Here, for the illustrative purpose, we con�ne ourself only to the right-travelling wave, which
corresponds to the plus sign in the far-�eld equations (2.3). Eqs. (2.3) also admit plane wave
solutions, which for right-travelling wave can be expressed as u(x; t) = Aei(�x�!t) (where � is the
wave number and ! is the frequency of the wave) provided the relation ! = c0� is satis�ed, which
is known as linear dispersion relation (LDR) between ! and �: The phase velocity of the wave is
given as vph = !=� = c0: If initial pro�le is not a plane wave but is su¢ ciently localizedy, we can
represent it through Fourier integral as superposition of the in�nite number of plane waves each of
amplitude A(�) as

u(x; 0) =
1

2�

1Z
�1

A(�)ei�xd�: (2.4)

At a latter time t the solution can be obtained by reconstructing the Fourier integral as:

u(x; t) =
1

2�

1Z
�1

A(�)ei(�x�!t)d� =
1

2�

1Z
�1

A(�)ei�(x�c0t)d� = u(x� c0t; 0); (2.5)

which shows that all Fourier components of the wave move with the same velocity and hence
wave will not disperse i.e., at a later time t the wave pro�le is the same as at time t = 0; except
translated by a distance c0t. Hence a localized initial data u(x; 0) will retain its shape as the wave
will evolve according to Eq. (2.3). Such a localized, shape preserving, travelling wave pro�le is
known as solitary wave. Since in the present case the solitary wave exists because of the linear and
nondispersive character of the medium, we may call it a linear solitary wave.
The Eq. (2.1) [or Eq. (2.3)] was derived under many simplifying assumptions. For example,

in case of waves on string, the string was assumed to be perfectly elastic and of uniform density
through out its length. However, if one considers a sti¤ string or a string embedded with beads, the
waves on the string are no longer nondispersive and the classical wave equation (2.1) is inadequate
to describe the waves on such a string. In general, most of the physical systems bear a dispersive
character and one needs a di¤erent equation to model the propagating of waves through these
systems. A prototype dispersive wave equation with a third order spatial derivative is given below:

@u

@t
+ c0

@u

@x
+ b1

@3u

@x3
= 0: (2.6)

This is not the only but the simplest dispersive wave equation which is also known as linear
Korteweg-de Vries (LKdV) equation for the reasons which will be clear in the next section. Here
b1 is dispersion coe¢ cient whose exact form depends upon the various parameters of the medium.
The plane wave solution ansatz for Eq. (2.6) leads us to the following LDR:

! = c0�� b1�3 (2.7)

yA wave pro�le u(x; 0) is said to be localized if u(x; 0) either vanishes or approaches a constant value as jxj ! 1 and the
derivatives of u(x; 0) with respect to x, also vanish su¢ ciently rapidly as jxj ! 1:
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We have called the above dispersion relation linear as it corresponds to a linear wave equation,
however, it is evidently nonlinear with respect to the relationship between ! and �: In the present
case, the phase velocity of the wave comes out to be vph = !=� = c0 � b1�

2: Note that now phase
velocity being function of wave number � is di¤erent for di¤erent Fourier components, so that as
the wave propagates, an initial localized disturbance separates into individual components and is no
longer able to retain its shape. Thus, the presence of dispersion in a linear wave equation prohibits
the existence of a solitary wave solution.
In fact, one can add any number of odd (third or higher order) spatial derivatives to equation

(2.6) to model a more complicated dispersive wave but situation completely changes if instead of odd
order we have even order derivatives. With the second order spatial derivative, the wave equation
takes the following form:

@u

@t
+ c0

@u

@x
� b2

@2u

@x2
= 0: (2.8)

Here b2 > 0 is another constant. This equation is known as linearized Burgers equation. In this
case, the plane wave solution ansatz yields the dispersion relation as ! = c0� � ib2�

2. With this
form of LDR, the plane wave solution takes the form u(x; t) = Ae�b2�

2tei�(x�c0t); which decays
exponentially with time. The higher wave numbers attenuate at higher rate than the lower ones.
Moreover, attenuation is high for the media with large values of b2:
A wave may be both dispersive as well as dissipative such that the wave equation contains both

odd and even derivatives e.g.,

@u

@t
+ c0

@u

@x
+ b1

@3u

@x3
� b2

@2u

@x2
= 0: (2.9)

The equation is linear Korteweg-de Vries Burgers (LKdVB) equation. In this case LDR takes the
form ! = c0�� b1�3� ib2�2 and the plane wave solution becomes u(x; t) = Ae�b2�

2tei�[x�(c0�b1�
2)].

The form of solution shows that initial wave pro�le will both attenuate and disperse with the passage
of time.
An important concept, which arises in context with the dispersive waves is that of the group

velocity which is de�ned as vg = d!=dk: This is the velocity with which the whole group as well
as the energy of the wave propagate. It is di¤erent from the phase velocity with which the various
Fourier components of the signal travel. However, for the lossy media, the concept of group velocity
is only meaningful if the losses (i.e., dissipation) are small. In case of very strong dissipation, the
dispersive character of the wave is masked by the dissipative e¤ects rendering the concept of group
velocity in its present sense meaningless and needs to be rede�ned (for details, see e.g., Ref. [195]).
An important property of all linear partial di¤erential equations (LPDEs) is that if u1(x; t) is a

solution and u2(x; t) is another solution of the same equation then �1u1 + �2u2 is also the solution
of that equation, where �1 and �2 are two constants. In general, any linear combination of any
number of solutions of a given LPDE is also a solution provided the series converges. This is the
so-called linear superposition principle which lies at the heart of the techniques like separation
of variables and integral transform (e.g., Fourier transform, Laplace transform, Hankel transform
etc.), whereby a solution is represented as a sum (integral) of the individual components. If we
know the behavior of individual components, we can explore the wave dynamics by summing over all
these components, giving appropriate weight factors A(�) (as determined by the initial or boundary
conditions) to each of them. In reality, very few systems exhibit a pure linear behavior and most
are governed by the nonlinear evolution equations.
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2.1.2 Nonlinear waves

For centuries linear equations have been the focus of contemporary research. Though linear wave
equations describe the wave dynamics to the �rst order of approximation and in many cases also
give much physical insight into the system�s behavior, however, there are wealth of novel phenomena
which can only be comprehended if the nonlinearity present in a system is taken into account. Non-
linearity of the medium modi�es the way a disturbance (external or self-generated) in the medium
evolves over large spatial and temporal scales. For small amplitude and over short space and time
scales, the wave dynamics in a system can be represented by LPDEs. However, for �nite amplitudes,
over su¢ ciently large spatial and temporal scales, the cumulative e¤ects of nonlinearity manifest
itself in a manner which completely changes the evolution dynamics. Thus the evolution equations
in a nonlinear medium are modi�ed in a fundamental way, owing to the presence of nonlinear terms,
rendering the usual methods for solving the LPDEs nonfunctional. The linear superposibility of
the solutions is lost and new solution methods are needed for these nonlinear partial di¤erential
equations (NPDEs). In fact, unlike the linear case, their is no complete format for solving NPDEs.
Over the past three four decades a tremendous progress has been made in this direction. Variety
of techniques for the solution of NPDEs have been devised. These include inverse scattering trans-
formation [196, 197], Bäcklund transformation [198], Darboux transformation [199], Hirota bilinear
method [200], Lie group method [201], Painlevé analysis method [202], various hyperbolic function
methods [203, 204, 205], homogeneous balance method [206], Homotopy perturbation method [207],
Adomian decomposition method [204] and so on. The advent of high-speed computers and user
friendly computational softwares with built-in numerical algorithms have made it possible to �nd
the stable numerical solutions of a variety of nonlinear PDEs with ease. The advantage of numeri-
cal methods is that one can investigate the system dynamics for a variety of initial and boundary
conditions. Moreover, numerical solutions are always an option if analytical methods fail for a given
PDE. On the other hand, analytical solutions give, in a closed form, the conditions and the range
of various parameters within which a particular type of solution can be found.
A simple nonlinear wave equation can be constructed if in Eq. (2.3), the constant velocity c0 is

replaced by the amplitude dependent velocity c(u) so that for the rightward propagating wave, the
wave equation takes the form:

@u

@t
+ c(u)

@u

@x
= 0 (2.10)

The general solution of this equation is u(x; t) = f [x� c(u)t]; which shows that di¤erent points of
the wave pro�le travel with di¤erent speeds resulting in the deformation of the initial wave shape.
For c0(u) > 0 (here prime denotes di¤erentiation with respect to u) i.e., when wave velocity increases
with the u; the higher values of u travel faster than the lower ones and for c0(u) < 0 converse is
true. Hence initial wave pro�le continuously distorts as the wave propagates and eventually the
wave develops discontinuities, the solution becomes multi-valued which corresponds physically to
the breakage of the wave. Of special interest is the case when c(u) = c0 + b0u (here b0 is nonlinear
coupling constant depending on the various parameters of the nonlinear system), the situation
which frequently occurs in several media, as for example in neutral �uids as well as in the one
of our interest that is plasma, due to the presence of inherent convective derivative in the model
equations. In the frame moving with the velocity c0; the independent variables can be transformed
as: � = x� c0t and � = t, and the equation (2.10) becomes:

@u

@�
+ b0u

@u

@�
= 0 (2.11)

In most of the problems of interest some phenomenon depending upon the higher order deriv-
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atives e.g., dispersion or dissipation or both, is present to counteract the nonlinearity and arrest
the breakage of the wave. The result is a constant pro�le progressive wave. The corresponding
governing nonlinear PDEs are the far �elds of the set of model equations which characterizes a
given system. In the following, for illustrative purpose, we discuss three NPDEs which appear as
far �eld equations in a variety of nonlinear systems.

Korteweg-de Vries equation

If the nonlinearity leading to wave steepening is balanced by the third order dispersive term, we
get the celebrated KdV equation given as:

@u

@�
+ b0u

@u

@�
+ b1

@3u

@�3
= 0 (2.12)

Besides periodic solutions known as cnoidal waves, KdV equation also admits special solution when
the period of the cnoidal wave approaches in�nity [208]. This special solution is known as solitary
wave. Moreover, the solitary wave solution of KdV is also soliton as it maintains its identity in
collisions with its counterparts. Fig. 2.1 shows how the dispersive (causing spreading) and nonlinear
e¤ects (causing steepening) balance to give soliton solution.

Figure 2-1. The balance of dispersion and nonlinearity leads to the wave of a permanent
form known as soliton.

The soliton solution of KdV equation can be obtained by assuming the ansatz u(�; �) = u(�);

where � = ��W�; (here W << c0 is the speed of solitary wave in the frame moving with the linear
nondispersive wave phase velocity c0). Further, imposing the conditions that u and its derivatives
with respect to � vanish as � ! �1; Eq. (2.12) reduces to the following ordinary di¤erential
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equation (ODE):
d2u

d�2
+

1

2b1

�
b0u

2 � 2Wu
�
= 0: (2.13)

Multiplying with du=d� and integrating once again under the above mentioned boundary conditions,
we get:

1

2

�
du

d�

�2
+
u2

6b1
(b0u� 3W ) = 0: (2.14)

In integral form Eq. (2.14) can be written as:Z
du

u
p
3W � b0u

=

Z
d�p
3b1

; (2.15)

Integration yields the following solitary wave solution:

u(�) = u(�; �) =
3W

b0
sech2

"r
W

4b1
f� � �0 �W (� � �0)g

#
; (2.16)

where the constants �0 and �0, which designate the initial position and time, and merely amounts
to a phase shift, can be taken to be equal to zero. In the �xed laboratory (x; t) frame then solution
takes the shape:

u(x; t) =
3W

b0
sech2

"r
W

4b1
fx� (c0 +W )tg

#
(2.17)

Note the interdependence of the amplitude and the velocity of the KdV soliton. The product of
the amplitude A = 3W=b0 and the width square �2 = 4b1=W is constant, being equal to 12b1=b0.
The KdV equation represents the far �eld behavior of a disturbance in a medium whose linear
dispersion relation is given by Eq. (2.7) i.e., ! = c0�� b1�3. For b1 > 0; medium exhibits negative
dispersion i.e., phase velocity, vph = c0 � b1�

2; decreases with the increasing wave number and for
b1 < 0 case, designating the positive dispersion, converse is true. In order for the solitary wave
solution to exist the equation (2.17) suggests that the dispersion coe¢ cient b1 and wave speed
W must have the same sign. So that the negative dispersion (b1 > 0) implies W > 0 and thus
soliton moves with the velocity c0+W; which is slightly greater than the linear wave phase velocity
i.e., solitons in this case are supersonic. On the other hand, the positive dispersion (b1 < 0)

implies W < 0 and thus the corresponding solitons are subsonic with velocity c0 � jW j : The sign
of nonlinearity coe¢ cient b0 determines the polarity of soliton i.e., hump or dip. For positive
nonlinearity (i.e., for b0 > 0) supersonic soliton have positive amplitude (a hump) and subsonic
solitons are of negative amplitude (a dip), whereas for negative nonlinearity (i.e., for b0 < 0),
converse is true. For the observer of the moving (�; �) frame, supersonic solitons appear to move in
+� direction whereas subsonic solitons move in the opposite �� direction. These facts have been
summarized in the following table:

Sign of b1 + + � �
Sign of b0 + � + �

Speed of soliton > c0 > c0 < c0 < c0

Type of soliton supersonic hump supersonic dip subsonic dip subsonic hump

The negative and positive dispersion curves are plotted in Fig. 2.2(a,b) and corresponding
two type of solitons (supersonic and subsonic) are shown in Fig. 2.2(g,h) for an arbitrary set of
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parameters in (u; �) plane. One can easily see from Eq. (2.16) that positive and negative dispersion
solitons posses the mirror symmetry about u and � axes i.e., the solution for the positive dispersion
(b1 < 0) case can be obtained from the solution corresponding to the negative dispersion (b1 > 0)
by using the transformations u! �u and � ! ��; as the said transformations transform the KdV
equation (2.12) into the following form which corresponds to the positive dispersion:

@u

@�
+ b0u

@u

@�
� b1

@3u

@�3
= 0 (2.18)

The corresponding aforementioned subsonic solitary wave solution is given as:

u(x; t) = �3W
b0
sech2

"r
W

4b1
fx� (c0 �W )tg

#
(2.19)

The common use of the term solitary waves refers to these nonlinear solitary waves which are
special solutions of some special nonlinear PDEs and which arise due to the balance between non-
linearity and dispersion e¤ects. The KdV equation is not the only NPDE admitting soliton solution
but their are numerous other NPDEs which also admit soliton solutions. These include the well
known Kadomtsev-Petviashvili (KP) equation, sine-Gordan (sG) equation, nonlinear Schrödinger
(NLS) equation etc. Henceforth the term solitary wave will refer to these nonlinear solitary waves
which is one of our main concerns in the present study.

Burgers equation

On the other hand if the nonlinearity is balanced by the dissipation the resultant equation is the
Burgers equation given as:

@u

@�
+ b0u

@u

@�
� b2

@2u

@�2
= 0: (2.20)

As we proceeded in case of KdV equation, we assume for the stationary solution, the ansatz u(�; �) =
u(�) (where � = � �W�): Under the boundary condition u(�) ! 0 as � ! +1, u(�) ! A > 0

(constant) as � ! �1; and the derivative du=d� also vanishes as � ! �1; Eq. (2.20) takes the
form:

du

d�
� u

2b2
(b0u� 2W ) = 0 (2.21)

The constant of integration comes out to be zero and amplitude A = 2W=b0: Eq. (2.21) can be
integrated to yield the following shock wave solution:

u(�; �) =
W

b0

�
1� tanh

�
(� �W�)

�

��
(2.22)

Here � = 2b2=W is thickness of the shock. In the rest (x; t) frame of the medium the shock velocity
is W + c0 and corresponding Mach number is:

M = 1 +
W

c0
(2.23)

The shock solution (2.22) reveals that the strong shock wave move faster than the weaker one.
Moreover, thickness � of the shock decreases with the increase in strength of the shock and with
the decrease in damping parameter b2. For Burgers equation (2.20) damping parameter b2 is always
positive in order to ensure the damping rather than growth of the linear wave. However, for
positive nonlinearity, shock is compressive whereas for negative nonlinearity shock is rarefactive.
Both type of shocks travel with the supersonic speed from the perturbed state of the medium
towards the unperturbed state. The presence of the viscous/dissipative term �b2@2u=@�2 di¤uses
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the discontinuity resulting in a constant pro�le solution given by Eq. (2.22). The pro�le of the
shock wave solution (2.22) is depicted in the Fig. 2.3(b).
The shock wave solution obtained here for the Burgers equation is also known as kink type

dissipative solitary wave [209]. However this kink type solitary solution of the Burgers equation is
the result of balance between the nonlinearity and dissipation rather than dispersion as is the case
of KdV equation.

Korteweg-de Vries Burgers equation

Often a typical medium has all the three characters namely nonlinearity, dispersion and di¤u-
sion/dissipation. A prototype equation governing the dynamics of wave in such a medium is the
Korteweg-de Vries Burgers (KdVB) equation given as:

@u

@�
+ b0u

@u

@�
+ b1

@3u

@�3
� b2

@2u

@�2
= 0 (2.24)

The equation can be thought of as a combination of KdV and Burgers equations as discussed above.
Using Tanh method [210], the travelling wave solutions of the KdVB equation vanishing at � = +1;
comes out to be:

u(�; �) =
3b22
25b0b1

�
�2 + sech2

�
b2
10b1

(� �W�)

�
� 2 tanh

�
b2
10b1

(� �W�)

��
(2.25)

with propagation velocity W = 6b22=25b1: The upper (lower) sign is for b1 > 0 (b1 < 0). The
solution is a combination of solitary and shock wave solutions. However, the solution (2.25) is quite
restrictive and behavior of the system can be well understood by numerically integrating the ODE
obtained, when the KdVB equation is transformed to the frame moving with the velocity of the
nonlinear wave i.e., by assuming the ansatz u(�; �) = u(�) with � = � �W�: In this co-moving
frame the KdVB equation reduces to the following ODE:

u00 � b2
b1
u0 +

1

2b1

�
b0u

2 � 2Wu
�
= 0 (2.26)

Here primes denote di¤erentiation with respect to �: The boundary conditions used for the numerical
integration are u(+1) = u0(+1) = 0 and u(�1) = A = 2W=b0. It is found that nature of
the shock is determined by the relation between the dispersive (i.e., b1) and dissipative (i.e., b2)
coe¢ cients. For b2 less than a certain critical value b2cr the nature of the shock is oscillatory which
resembles more and more to the kdV soliton solution as b2 decreases.
On the other hand, for b2 � b2cr, damping is strong and oscillatory character of the shock

vanishes. The monotonic and oscillatory shock solutions of the KdVB equation for b1 > 0 are
shown in Fig. 2.4(c,e). The critical value of the damping parameter can be found following the
approach of Karpman [208]. To this end, we need to investigate the asymptotic behavior of the
solution of Eq. (2.26) as � ! �1: Noting that as � ! �1, for b2 � b2cr; solution exhibits
oscillations about the maximum amplitude A = 2W=b0, the asymptotic solution can be assumed to
have the following form:

u(�) = A+ f(�); (2.27)

here f(�) is a small quantity. Substituting in Eq. (2.26) and linearizing around the maximum
amplitude A, we get:

f 00 � b2
b1
f 0 +

W

b1
f = 0: (2.28)
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The solution of the Eq. (2.28) is of the form exp(sx) where:

s =
b2
2b1

�
�
b22
4b21

� W

b1

�1=2
(2.29)

The shock solution is oscillatory or monotonic depending upon wether s is real or imaginary. This
leads to the following value for the critical damping parameter:

b2cr =
p
4b1W =

p
2b0b1A (2.30)

For b2 � b2cr, long time asymptotic solution of the KdVB equation takes the form:

u(�) = A+ B exp
�
b2�

2b1

�
cos

 r
A
2b1

�

!
; (2.31)

where B is an arbitrary constant. For b2 ! 0; the front oscillation in the shock pro�le is very
close to soliton solution (2.16) and for b1 ! 0, we recover the shock wave solution (2.22) of the
Burgers equation. The above analysis is valid for negative dispersion i.e., b1 > 0. In this case the
phase and group velocities decrease with the increase in the wave number. So that if the dominant
Fourier component corresponding to the largest amplitude oscillation occurs at frequency ! with
corresponding wave umber �, the nonlinear mode coupling will give rise to higher harmonics which
will trail behind the main pulse and damp out down the stream. On the other hand, for positive
dispersion (b1 < 0), the higher harmonics corresponding to large wave numbers have high phase and
group velocities thus run ahead of the main pulse and damp out upstream [127]. The monotonic
and oscillatory shock solutions for positive dispersion are shown in Fig. 2.4 (d,f).
Noting that the transformation u! �u transforms the Eq. (2.24) into the one with the negative

nonlinearity i.e.,:
@u

@�
� b0u

@u

@�
+ b1

@3u

@�3
� b2

@2u

@�2
= 0:

One �nds that for negative nonlinearity; the corresponding solution is rarefactive oscillatory or
monotonic shock wave depending upon the value of b2. The dependence of shock wave solutions of
KdVB equation on the various coe¢ cients is summarized in the following table:

Sign of b0 + � + �
Sign of b1 + + � �
Type of shock compressive rarefactive compressive rarefactive

Character of shock monotonic (if b2 > b2cr) monotonic (if b2 > b2cr)

/oscillatory downstream (if b2 < b2cr) /oscillatory upstream (if b2 < b2cr)

In the above, we discussed three prototype nonlinear partial di¤erential equations and their
constant pro�le travelling/progressive wave solutions, which come out to be far �elds of a set of
equations governing a dispersive and/or dissipative medium. Such a wave solution, which corre-
sponds to the wave pro�le advancing without change in form, is also known as translational wave
solutions. Travelling wave solutions are important because for suitable initial and boundary condi-
tions, an arbitrary disturbance eventually approaches the same form in the far �eld. Other e¤ects
like nonplanar geometry and amplitude self-modulation of a wave train in the presence of strong
dispersion etc., modify the evolution dynamics of a wave and thus also its far �eld structure. These
e¤ects and the corresponding far �eld evolution equations will be explained as encountered in the
sections/chapters to follow.
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2.2 Mathematical Tools

In the �uid approximation, a plasma system is modeled by �uid and Maxwell�s equations, which
forms a coupled system of NPDEs. The said set of coupled equations is too complicated to be solved
analytically (exactly) and consequently one has to seek approximate methods. The approximate
methods are either numerical or analytical e.g., asymptotic perturbative methods. To solve a system
of equations numerically, one is required to implement an appropriate numerical scheme using some
suitable programming language (e.g., Fortran or C) and solve the system for some appropriate initial
and boundary conditions. The commercially available numerical libraries or computational software
packages like MATHEMATICA or MATLAB with built-in numerical algorithms can also be used for
this purpose. However, if one is interested in the deeper understanding of the physical mechanisms
resulting in a speci�c far �eld evolutionary behavior and dependence of system behavior on various
parameters over long space and time scales, the analytical approach is the optimum choice. For
some cases, it is possible to manipulate the model equations so as to bring them in a form which
is physically more tractable and numerically easy to solve. In general both analytical as well as
numerical methods are needed to fully explore the dynamics of a plasma system.
There are two widely accepted analytical methods to investigate the nonlinear pulse-like solitary

waves and kink-type shock waves in plasmas: Reductive Perturbative Method (RPM) and Pseudo-
potential Method (PPM). The PPM allows us to study arbitrary amplitude solitary or shock waves
whereas the RPM is used to study only small amplitude nonlinear waves. However, the advantage
of RPM is that it can also be employed to study nonplanar nonlinear waves. Moreover, PPM does
not allow us to study the time evolution of the nonlinear wave, whereas, RPM does. Often the �nal
equations, obtained through RPM or PPM, do not posses exact analytical solutions and one needs
to resort to numerical techniques.
When wave phase dispersion balances the nonlinearity, the result is an isolated hump or dip

like wave pro�le with no rapid oscillations inside the packet. This type of soliton is known as
aforementioned KdV-type soliton because its dynamics are governed by Korteweg-de Vries (KdV)
type equation. Another type of soliton known as envelope soliton is formed when wave group
dispersion is in balance with nonlinearity of the medium. Envelope soliton is a localized modulated
wave packet whose dynamics are governed by nonlinear Schrödinger equation. In contrast to KdV
equation, which represents the dynamics of a wave pulse itself, the NLS equation governs the far �eld
dynamics of the amplitude of the almost monochromatic (narrow-banded) wave train propagating in
a weakly nonlinear and strongly dispersive medium. In this dissertation, we shall exploit Kakutani
and Sugimoto�s version of Krylov�Bogoliubov�Mitropolsky (KBM) perturbation method [212] to
derive NLS equation for our electron-positron-ion plasma systems.

Our prototype plasma system and the model equations

Rather than presenting the general theory, we shall explore these methods by employing them
to investigate the nonlinear ion-acoustic waves in the conventional two-component unmagnetized
electron-ion plasma system in planar geometry. As in the case of the most of plasmas, here too,
viscosity of plasma is assumed to be mainly due to ions [213] and viscosity due to electrons, being
small, has been ignored. Moreover, for illustrative purpose we consider ions to be cold. Further,
owing to the small inertia, electrons acquire Boltzmann distribution:

ne = ne0 exp (e�=Te) ; (2.32)
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due to the balance between electric and pressure gradient forces. Where ne is perturbed and ne0
is equilibrium electron number density which is equal to equilibrium ion number density ni0 due
to the quasineutrality of the plasma i.e., at equilibrium, ni0 = ne0 = n0, where the subscript 0
denotes the equilibrium state values; e is the electron charge; � is the electrostatic potential of the
perturbed plasma and Te is the electron �uid temperature measured in the units of energy. As
our plasma system is unmagnetized and ion-acoustic wave is an electrostatic mode of plasma, the
only Maxwell�s equation we need to close our system is the Poisson�s equation. Hence the following
normalized set of equations governs our prototype plasma system:

@ni
@t

+
@

@x
(nivi) = 0; (2.33)

@vi
@t
+ vi

@vi
@x

= �@�
@x

+ �
@2vi
@x2

; (2.34)

@2�

@x2
= exp (�)� ni: (2.35)

Here the ion �uid velocity vi is normalized by the ion-acoustic speed Cs =
p
Te=mi, where mi is

the mass of ions; ion (ni) and electron (ne) number densities are normalized by equilibrium number
density n0; � is normalized by Te=e and the space and time variables by electron Debye length
�De = (Te=4�n0e

2)1=2 and inverse of ion plasma frequency !�1pi = (4�n0e
2=mi)

�1=2 respectively.
The symbol � represents the kinematic viscosityy of ion �uid normalized by �DeCs:

2.2.1 Reductive perturbative method

A simple case where a perturbative method can be used is that of a dynamical system whose model
equation is an ordinary linear di¤erential equation with some small parameter [usually denoted
by � (epsilon) in perturbation methods] and system is exactly solvable if this small parameter �
is set equal to zero. Then one can use the regular perturbative method to solve such a system
by expanding the dependent variable in terms of powers of �, putting the expansion back into the
original equation and collecting the terms of various orders in �, to get a set of equations for various
orders which can be solved to determine various orders of the asymptotic solution.
However, if the model equations describing a certain physical system do not contain a small

parameter, one can still use perturbative method to solve the system if a certain parameters of
the systems are assumed to be either too small or too large. One can then expand the various
state variables of the system in terms of these small parameters (or reciprocals of large parame-
ters) to get the asymptotic solution. For example in nonlinear oscillation problems one can �nd a
perturbative solution if amplitude of oscillation and hence e¤ect of nonlinearity is small and this
smallness of amplitude and nonlinearity can be exploited to get a perturbative solution. Regular
perturbation schemes, however break down if, for example, the highest order derivative happens
to be a multiple of � or in the presence of small nonlinearity in the model equations. Moreover,
the solution obtained in this way becomes invalid over long spatial and temporal scales, due to the
presence of unbounded terms, the so called secular terms. In order to circumvent such issues and to
ensure the validity of the solution over large scales, one needs to use singular perturbation methods
wherein not only dependent (state) variables but also the independent time and space variables

yMore precisely � is 4=3 times the kinematic viscosity, as the viscous term appearing in Eq.(2.33) comes from the corresponding

vector expression �[r2v + 1
3
r(r:v)], which for one dimensional case reduces to 4

3
� @

2v
@x2

: However, for simplicity, one can drop
the divergence term r(r:v); without a¤ecting the order of magnitude behavior of the wave [214].
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are expressed in terms of the small parameter, the so called multiple scale analysis. Hence various
singular perturbation methods have been devised which not only yield secularity free solution but
also gather the cumulative e¤ect of the nonlinearity over long space and time scales.
The RPM is a singular perturbative method which seems to be �rst used by Gardner and

Morikawa [112, 215] to investigate nonlinear behavior of hydrodynamic waves in cold plasma. Later,
Washimi and Taniuti [113] used this method to derive KdV equation for small amplitude ion-acoustic
waves. Afterwards, the method was generalized by Taniuti and Wei [216] to solve a broad class
of weakly nonlinear and weakly dispersive and dissipative systems and successfully applied it to
investigate various hydrodynamic and plasma systems. The method is called reductive perturbative
method because it reduces the far-�eld behavior of a system of partial di¤erential equations to the
solution of a scalar, nonlinear evolution equation [193, 217] like KdV, Burgers, or KdVB equation
etc.
Here we shall illustrate RPM for our prototype plasma system described by Eqs. (2.33)-(2.35).

To this end, using standard linearization procedure around the equilibrium state (ni0 = 1; vi0 =

�0 = 0) of the plasma [47], �rst the linear dispersion relation for our prototype plasma is obtained
as follows:

!2 � i�!�2 + �2

1 + �2
= 0 (2.36)

The second term is contribution to the linear dispersion relation from the ion viscous dissipation
and �2 in the denominator of the last term appears due to the charge separation between ions and
electrons as the plasma is perturbed. If the amplitude of the perturbation is small and wavelength
is large, we can ignore the nonlinearity [i.e., the term vi@vi=@x in Eq. (2.34) ] as well as the charge
separation [the term @2�=@x2 in Eq. (2.35)]. Moreover, for long wavelengths and small viscosity,
the viscous e¤ect are also negligible. Under these assumptions, our system of equations reduce to
the following classical wave equation:

@2�

@t2
� c20

@2�

@x2
= 0 (2.37)

The corresponding dispersion relation is ! = �c0�: This equation shows that an in�nitesimal
perturbation will split and travel in the form of two waves one rightward and other leftward, both
travelling with the same normalized speed c0 (which comes out to be unity in this case). However,
Eq. (2.37) is valid for the short time, after long time and over large distance, the e¤ects we
have ignored to reach Eq. (2.37) namely, the nonlinearity, dispersion and/or dissipation become
important and gradually change the wave. The RPM is devised to investigate this slow change of
one of the two opposite travelling waves in the frame moving with the linear nondispersive wave
speed. Let us choose the right ward propagating wave. The slow variation of the wave is taken into
account by the well-know Gardner and Morikawa transformation [215] of the independent variables
given as:

� = �p(r � c0t); � = �p+1t; (2.38)

Here 0 < �� 1 represents the order of the amplitude of the initial disturbance. The exponent p is to
be chosen in such a way that the time variation of the state variables (ni; vi; �); in the waveframe,
are balanced by nonlinear, dispersive and/or dissipative e¤ects [218]. Using Eqs. (2.38) in Eqs.
(2.33)-(2.35) we get:

�
@ni
@t

+ (vi � c0)
@vi
@�

+
@ni
@�

= 0; (2.39)

�
@vi
@t
+ (vi � c0)

@vi
@�

+
@�

@�
� �p�@

2vi

@�2
= 0; (2.40)
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�2p
@2�

@�2
= exp (�)� ni; (2.41)

Next we express all the state variables around the equilibrium state S0 = [ni0; vi0; �0] = [1; 0; 0];
in the form of asymptotic series in the powers of �:264 ni

vi
�

375 =
264 10
0

375+ �
264 ni1
vi1
�1

375+ �2
264 ni2
vi2
�2

375+ �3
264 ni3
vi3
�3

375+ � � � � �� (2.42)

Substituting these expansions in Eqs. (2.39)-(2.41) and collecting various powers of �; to the lowest
order in �; we get the following �rst order quantities:

ni1 = �1 = vi1=c0; (2.43)

c0 = 1: (2.44)

where we have used the boundary conditions that all perturbed quantities vanish as � ! +1: The
next higher order yields the following set of equations:

@ni2
@�

� @vi2
@�

=
@ni1
@�

+
@

@�
(ni1vi1); (2.45)

@vi2
@�

� @�2
@�

=
@vi1
@�

+ vi1
@vi1
@�

� �p�1�@
2vi1

@�2
; (2.46)

�2 � ni2 = �2p�1
@2�1
@�2

� 1
2
(�2)

2: (2.47)

We have retained the terms of the O(�p�1) and O(�2p�1) in the O(�2) equations as both can
contribute to this order under appropriate conditions. Eliminating the second order quantities from
the Eqs. (2.45)-(2.47) with the help of �rst order results (2.43)-(2.44), we obtain the following
equation:

@�1
@�

+ �1
@�1
@�

+ �2p�1
1

2

@3�1
@�3

� �p�1 �
2

@2�1
@�2

= 0; (2.48)

Now the following cases may arise depending upon the parameters of plasma and the type of
disturbance.

1. If the plasma is nonviscous i.e., � = 0; or the viscosity is very small such that � � O(�) or
higher, then upto the second order in � dissipative e¤ects act as small perturbation so that to
the �rst order of approximation their contribution can be ignored and the wave dynamics is
governed by the KdV equation as given below which is obtained from Eq. (2.48) upon setting
p = 1=2.

@�1
@�

+ �1
@�1
@�

+
1

2

@3�1
@�3

= 0; (2.49)

2. In case the plasma is dispersive as well as weakly viscous such that we may set � = �1=2��; the
power of � in the dissipative term (the last term) of Eq. (2.48) becomes p� 1=2: Upon setting
p = 1=2; we get the KdVB equation:

@�1
@�

+ �1
@�1
@�

+
1

2

@3�1
@�3

� ��

2

@2�1
@�2

= 0; (2.50)

3. If a nondispersive or extremely weakly dispersive wave i.e., one of extremely long wavelength
is propagating in viscous plasma, we can take p = 1; so that the third term in Eq. (2.48) falls
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to higher order and can be neglected at O(�2). Thus in this case, we get Burgers equation:

@�1
@�

+ �1
@�1
@�

� �

2

@2�1
@�2

= 0; (2.51)

The travelling wave solutions of these equations have been discussed in Section (2.1.2). As the
coe¢ cients of nonlinear and dispersive terms are positive, thus nonlinear ion-acoustic waves in two
component unmagnetized viscous electron-ion plasma admit only compressive supersonic solitary
and shock waves.

2.2.2 Pseudopotential method

While solving the KdV equation in Section (2.1.2) we encountered Eqs. (2.13)-(2.14) as intermediate
steps. The equations can, respectively, be written in the following form:

d2u

d�2
= �d	(u;W )

du
; (2.52)

1

2

�
du

d�

�2
+	(u;W ) = 0; (2.53)

with 	(u;W ) = u2 (b0u� 3W ) =6b1: In case of Burgers equation, Eq. (2.21) can also be manipulated
to put in any of the abovementioned forms with corresponding 	(u;W ) = �u2 (b0u� 2W )2 =(8b22).
In analogy with the classical mechanics, Eq. (2.52) can be recognized as the equation of motion of a
unit mass pseudo particle moving under the in�uence of the pseudo potential 	(u;W ) with pseudo
velocity du=d� and pseudo acceleration d2u=d�2: Where the � and u can be recognized as pseudo
time and pseudo space coordinates respectively. Eq. (2.53) is the corresponding energy integral of
the pseudo particle which can be integrated as:

� = �
Z

dup
�2	(u;W )

+ constant (2.54)

The result can be then inverted to get u as a function of �, which is the required solution.

Existence criteria for the solitary waves

According to standard pseudopotential method the pseudopotential 	(u;W ) must satisfy the fol-
lowing conditions in order for the bell-shaped solitary waves to exist [219]:

(1). The pseudopotential curve should be a local maximum at the point (u;	) = (u0; 0) [where
u0 is equilibrium (unperturbed) value of the state variable u] and possesses at least one local
minimum next to this point.

(2). Beyond the local minimum the pseudopotential curve must raise and cross the horizontal axis
at some point (u;	) = (um; 0) i.e., there exists a pseudopotential well between the points
(u0; 0) and (um; 0):

Mathematically these conditions translate to:

	(u0;W ) =
d	(u0;W )

du
= 0 and

d2	(u0;W )

du2
< 0

	(um;W ) = 0,
d	(um;W )

du
7 0 for um 7 u0

	(u;W ) < 0 for u0 7 u 7 um for u0 7 um (2.55)
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According to this analogy soliton is the curve depicting the pseudo displacement (u) of the
�ctitious particle as a function of pseudo time (�) which is traced by the particle which starts at
time � = �1 (i.e., � = 1) from the point (u;	) = (u0; 0) with in�nitesimal energy, crosses the
pseudo well, reaches the point (u;	) = (um; 0), re�ects and returns to the start point at � = 1
(� = �1). In real system this corresponds to a localized pulse characterizing the disturbance of
some state variable u of the system e.g., density, potential, velocity etc. The maximum value of u
i.e., um corresponds to maximum amplitude of soliton.

(3). Moreover, kink/double layer/shock-type solitary structure results if the point (u;	) = (um; 0)
is also a local maximum such that

	(um;W ) =
d	(um;W )

du
= 0 and

d2	(um;W )

du2
< 0 (2.56)

The pseudo particle on reaching the point (um; 0) will not be re�ected back and stay over
there for in�nite time.

The pseudopotential for the KdV equation for both negative as well as positive dispersion and
corresponding soliton solutions are plotted in Fig. 2.2. For this pseudopotential u0 = 0 and
um = 3W=b0: It is clear that only supersonic solitons exist for negative dispersion (b1 > 0) and
for positive dispersion (b1 < 0) only subsonic solitons exist. The pseudopotential for the Burgers
equation and corresponding shock wave pro�le, vanishing at � = +1; are shown in Fig. 2.3.

Pseudopotential interpretation of shock waves in dispersive-dissipative medium

If besides dispersion, some dissipative mechanism is also present, the pseudo particle will never
reach the point (um; 0) rather it will fall to the bottom of well either in a single go, if the dissipation
is strong to form a monotonic shock pro�le; or if the dissipation is small it will perform many
oscillations by re�ecting back and forth between the walls of the pseudo well before falling to the
bottom. The corresponding equation of motion takes the form:

d2u

d�2
= �d	(u;W )

du
+ g(b2; u

0); (2.57)

where g(b2; u0) is the term which contains the details of dissipative/damping process.
Comparing with Eq. (2.26), for the KdVB equation, one notes that 	(u;W ) is the same as that

of KdV and g(b2; u0) = (b2=b1)du=d�: The equation (2.57) corresponds to the damped motion of a
classical particle in a potential well. The pseudopotential for the KdVB equation (with the path of
pseudo particle (for b0 > 0) in the pseudo-well) and the corresponding shock pro�les are depicted
in Fig. 2.4. For negative dispersion (b1 > 0); the pseudo particle starts its journey at time � = �1
(corresponding to � = 1) from the origin of (u;	) coordinates plane, its amplitude of oscillation
continuously decreases owing to the presence of damping such that �nally it reaches at time � =1
(� = �1) to the bottom of the well at u(�1) = A = 2W=b0; which corresponds to the minimum
energy of the particle. In the (�; u) plane, the solution corresponds to a shock wave whose velocity
W is related to the height of shock A as W = b0A=2. In case of positive dispersion (b1 < 0); the
pseudo particle enters into the well from the bottom at the origin of (u;	) plane climbs up the hill
and emerge at the point u(�1) = 2W=b0 with the maximum energy.

Pseudopotential interpretation of arbitrary amplitude solitary waves

In the above, we established the pseudopotential analogy for the KdV, Burgers and KdVB equations
but as we found in Section (2.2.2) that these equations govern only the evolution of small amplitude

34



Figure 2-2. (a,b) Dispersion curves; (c,d,e,f) corresponding pseudopotential curves; and
(g,h) solitary wave pro�les for negative (b1 > 0; left column) and positive (b1 < 0; right column)
dispersion .
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Figure 2-3. (a) Pseudopotential and (b) corresponding shock wave pro�le for the Burgers
equation. Solid (dashed) curve corresponds to b0 > 0 (b0 < 0):

disturbances of the state variables. Now the question arises: can this analogy be used to investigate
the arbitrary (large as well as small) amplitude nonlinear solitary and shock waves? The answer
is a¢ rmative. For this we need to transform our system of equations to the frame moving with
the velocity of the nonlinear structure and then manipulate the resultant equations so as to put
them into one of the forms given in Eq. (2.52), Eq. (2.53) or Eq. (2.57). One can then use this
pseudopotential analogy to investigate the solitary and shock waves of any amplitude.
The idea of transforming the original equations to a frame comoving with the wave, in order

to obtain a steady pro�le solution, seems to be �rst introduced by Adlam and Allen [220] and
interpretation of the resultant equation as energy integral of a classical particle moving in potential
well, the so-called pseudo-potential, was �rst given by Davis, Lüst and Schlüter [211, 221] and
Sagdeev [110]. Sagdeev extensively used this analogy to investigate various problems pertaining to
solitary and shock waves in plasma. Hence pseudopotential method is sometimes also known as
Sagdeev potential method. Here for the sake of illustration, we describe the method for solitary
waves in inviscid plasma so that our model equations are Eqs. (2.33)-(2.35) with � = 0. In order
to �nd a constant pro�le solution we transform our system of equations so that for the observer
comoving with the wave, nonlinear wave structure appears to be stationary. For this we de�ne a
combined coordinate:

� = x�Mt such that
@

@t
= �M @

@�
and

@

@x
=

@

@�
(2.58)

where M is the Mach number of the nonlinear wave with respect to laboratory (x; t) coordinates.
Our nonlinear system of PDEs converts to a nonlinear system of ODEs as follows:

�Mdni
d�

+
d

d�
(nivi) = 0; (2.59)

�Mdvi
d�

+ vi
dvi
d�

= �d�
d�
; (2.60)

d2�

d�2
= exp (�)� ni: (2.61)

Integrating the governing equations under the boundary conditions that as � ! �1; the state
variables approach their equilibrium values i.e., ni = 1 and vi = � = 0; equation of continuity
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Figure 2-4. (a,b). Pseudopotential pro�les; (c,d). corresponding monotonic and; (e,f).
oscillatory shock wave solutions of KdVB equation, for negative (b1 > 0; left column) and
positive (b1 < 0; right column) dispersion for an arbitrary set of parameters. Solid (dashed)
curve corresponds to b0 > 0 (b0 < 0): Dotted line represents the path of pseudo particle in the
potential well for b2 < b2cr and b0 > 0:
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yields:

vi =M

�
1� 1

ni

�
(2.62)

Also this equation leads us to the following operator relation:

vi
d

d�
=M

�
1� 1

ni

�
d

d�
; (2.63)

Using relation (2.62) in equation (2.60), we get:

ni =
1p

1� 2�=M2
; (2.64)

and Poisson�s equation (2.61) yields:

d2�

d�2
= exp (�)� 1p

1� 2�=M2
= �d	(�;M)

d�
: (2.65)

Integrating Eq. (2.65), we get the energy integral form as follows:

1

2

�
d�

d�

�2
+	(�;M) = 0; (2.66)

where the pseudopotential 	(�;M) acquires the form:

	(�;M) = 1� e� +M2

 
1�

r
1� 2�

M2

!
(2.67)

The condition on the second derivative of 	(�;M) namely d2	(0;M)=d�2 < 0 (note �0 = 0),
for the existence of solitary wave, gives the lower bound on Mach number which is M > 1: The
upper bound on Mach number can be obtained from the Eq. (2.64), which shows that in order for
density to remain real the electrostatic potential � must remain less than M2=2: So that in order
for solitary wave to exist, the Mach number should also satisfy the following inequality:

1� eM2=2 +M2 > 0 (2.68)

This condition gives the upper bound on the Mach number as M � 1:58: The pseudopotential
	(�;M) for various values of Mach number M is plotted in Fig. 2.5. Further analysis of the
pseudopotential shows that only supersonic positive polarity (hump-like) ion-acoustic solitons exist
in unmagnetized two component electron-ion plasma, the amplitude of which increases with the
increase in the Mach number. The form of pseudopotential abandons the negative potential dip-
like and subsonic solitons.

Small amplitude limit

In the small amplitude limit, we can Taylor expand pseudopotential 	(�;M) to any order in �
about the equilibrium value �0 = 0 as follows:

	(�;M) = F1(M)�
2 + F2(M)�

3 + F3(M)�
4 + ::::: (2.69)
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Figure 2-5. Pseudopotential pro�le for various values of Mach number for nonlinear ion-
acoustic wave propagating through two component e-i plasma.

where

F1(M) =

�
1

2

d2	(�;M)

d�2

�
�=0

=
1

2

�
1

M2
� 1
�
;

F2(M) =

�
1

6

d3	(�;M)

d�3

�
�=0

=
1

6

�
3

M4
� 1
�
;

F3(M) =

�
1

24

d4	(�;M)

d�4

�
�=0

=
1

24

�
15

M6
� 1
�

and so on. (2.70)

Retaining only terms upto cubic powers of �; energy integral equation takes the form:

1

2

�
d�

d�

�2
+ F1(M)�

2 + F2(M)�
3 = 0: (2.71)

The equation has the following solitary wave solution:

� = �F1=F2 sech2(�=
p
�2=F1); (2.72)

Knowing that the solitary ion-acoustic waves exist for Mach number M > 1 and amplitude of the
wave increases with theM; in the small amplitude limit, we can chooseM = 1+W . Where W � 1

is the normalized speed of the wave with respect to the frame moving with speed c0 (where c0 = 1,
for the system under consideration). Next we assume both W and � to be of the same order and
retain terms upto the cubic order only. In this limit we get:

	(�;W ) =
�2

3
(�� 3W ) (2.73)
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so that Eq. (2.66) takes the form:

1

2

�
d�

d�

�2
+
�2

3
(�� 3W ) = 0; (2.74)

It is essentially the equation Eq. (2.14) with u = �; b0 = 1 and b1 = 1=2. Also the equation
(2.74), with the change �! �1; corresponds to the KdV equation (2.49) for the ion-acoustic wave
propagating with velocity W relative to the linear wave speed c0. The comoving coordinates �
(zeta) de�ned in Eq. (2.58) and coordinate � (xi) as de�ned in Eq. (2.38) designating the frame
moving with linear nondispersive wave phase velocity c0, are related as:

� = x�Mt = x� (1 +W )t = (x� t)�Wt = � �Wt; (2.75)

where the parameter �; which appears in the RPM for the bookkeeping purpose to maintain the
right balance among various e¤ects, has been set equal to unity.
Retaining terms upto the fourth power of � in the pseudopotential (2.69), we get the following

energy integral for the pseudo particle:

1

2

�
d�

d�

�2
+ F1(M)�

2 + F2(M)�
3 + F3(M)�

4 = 0: (2.76)

The various possible mathematical solutions of this equation are given in Appendix 2A. Which
include the bell-shaped solitary wave solution given as:

� =
�2F1

F2 +
p
F 22 � 4F1F3 cosh(

p
�2F1�)

: (2.77)

This solution is invalid in the cases where F 22 � 4F1F3 = 0: In this case, pseudopotential has a
double root at � = �m and we get a double layer/kink type solitary structure given as:

� = �F1
F2

h
1 + tanh(�=

p
�2=F1)

i
: (2.78)

Acoustic solitary waves and pseudopotential method

It has quite recently been explored [222, 223, 224] that besides supersonic and subsonic solitary
structures, in some multicomponent plasmas, PPM also predicts the existence of solitary structures
moving at the linear acoustic wave speed, which are not predicted by the KdV theory. This happen,
when the pseudopotential 	(�;M) has a triple root at the origin for M = Ms, where Ms is the
normalized linear wave speed, which may not always be equal to unity and depends upon the the
choice of normalizing speed. Mathematically, the necessary but not su¢ cient condition for the
existence of acoustic solitary structures is:

	(0;Ms) = 	
0(0;Ms) = 	

00(0;Ms) = 0;

where primes denote di¤erentiation with respect to �. For the existence of solitons at the acoustic
speed, the pseudopotential must also have a form of one-sided well. In this case, the sign of third
derivative 	000(0;Ms) determine the convexity of pseudopotential at the origin and the polarity
of the nonKdV-like soliton. For 	000(0;Ms) < (>)0, the origin is "unstable" for � > (<)0 and
the corresponding pseudopotential having a positive (negative) root predicts positive (negative)
nonKdV-like acoustic solitary structures. In these systems for M slightly greater than Ms; solitons
of both positive as well as negative polarity can coexist. Obviously, in the small amplitude limit,
these solitary structures have no KdV limit as KdV solitons do not propagate at the acoustic speeds.
Thus such solitary pulses are termed as nonKdV-like solitary structures. Further details of acoustic
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solitary structures can be seen in Refs. [222, 223, 224].

2.2.3 Krylov-Bogoliubov-Mitropolsky perturbation method

To study the amplitude self-modulation leading to the NLS equation there are mainly two ap-
proaches: One is the method of averaging over the rapidly varying phase which is also known as
Whitham-Lighthill-Karpman method [225, 226, 227], and the other is multiple scale perturbative
approach. Among perturbative techniques the two well-known are RPM due to Taniuti [228] for
strongly dispersive systems, and Krylov-Bogoliubov-Mitropolsky (KBM) perturbation method as
improvised by Kakutani and Sugimoto [212] to partial di¤erential equations. These all methods
lead to the derivation of NLS equation. The �rst approach is though physically more tractable
but practically less famous because it does not yield the explicit form for the nonlinear coupling
coe¢ cient of NLS equation [193]. On the other hand among perturbative techniques we preferred
to use KBM method to investigate the envelope solitary structures as this method is only based on
the single assumption of annihilation of secular (unbounded) terms and method itself suggests the
coordinate transformation upon which the RPM is based.
A quasi-monochromatic plane wave propagating in a linear medium can be represented as a

linear sum of its Fourier components as:

�(x; t) =
1

2�

Z
�(�)ei(�x�!t)d�: (2.79)

The Fourier spectrum �(�) is peaked at the wave number � = k and ! is function of �: Taylor
expanding !(�) about k, we get:

!(�) = !(k + �K) = !(k) + !0(k)�K +
1

2
!00(k)�2K2 + :::: (2.80)

Here �K << k is width of the packet and the small parameter � << 1 designates narrowness of the
wavepacket. Substituting Eq. (2.80) in Eq. (2.79) and neglecting the terms greater than O(�2); we
get [193]:

�(x; t) � ei(kx�!(k)t)
�
1

2�

Z
��(k + �K) exp

�
i
�
K� � PK2�

	�
dK

�
; (2.81)

where we have de�ned:
� = �(x� vgt) and � = �2t; (2.82)

and
P =

1

2
!00(k): (2.83)

The integral enclosed in the parenthesis in Eq. (2.81) represents the modulation of the almost
monochromatic wave given by Eq. (2.79). Denoting the modulation by 2a(�; �), Eq. (2.81) can be
put in the following form:

�(x; t) = 2a(�; �)ei(kx�!t): (2.84)

The pro�le of the physical wave is given by:

Re[�(x; t)] =
1

2
[�(x; t) + �(x; t)] = a(�; �)ei(kx�!t) + c:c:;

where bar denotes the complex conjugate (c.c.). Following Kakutani and Sugimoto, we shall use
the term "complex amplitude" for the complex envelop function a(�; �). Moreover, here and also
in the rest of analysis the notation ! represents !(k), the frequency of the carrier wave. Noting
the correspondence between the operator @� and iK; and between @� and �iPK2; one can easily
check from Eq. (2.81) that the complex amplitude a(�; �) satisfy the following linear Schrödinger
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equation:

i
@a

@�
+ P

@2a

@�2
= 0; (2.85)

Presence of nonlinearity in the system generates overtones of the carrier wave resulting in self-
modulation of the wave. Under certain conditions modulated wave becomes unstable and splits to
form wave packets called envelope solitons. The resulting evolution equation for the wave enve-
lope is the above mentioned Schrödinger equation plus a nonlinear term, thus the name nonlinear
Schrödinger equation.
In this thesis our main interest in connection with envelope solitons is in inviscid plasmas. Hence

accordingly our model system is again an unmagnetized two component electron-ion plasma with
cold ions and Boltzmann electrons as described by the �uid and Poisson�s equations (2.33)-(2.35)
with � = 0: For the illustration of the KBM method, here we shall derive the NLS equation using
the said method for the amplitude dynamics of ion-acoustic wave in our prototype plasma system:
To this end, �rst all the dependent (state) variables are expanded in powers of � as follows:264 ni(a; �a;  )

vi(a; �a;  )

�(a; �a;  )

375 =
264 10
0

375+�
264 ni1(a; �a;  )

vi1(a; �a;  )

�1(a; �a;  )

375+�2
264 ni2(a; �a;  )

vi2(a; �a;  )

�2(a; �a;  )

375+�3
264 ni3(a; �a;  )

vi3(a; �a;  )

�3(a; �a;  )

375+������� (2.86)
Where it is assumed that various orders of state variables depend on x and t through the complex
amplitude a; its complex conjugate �a and the phase  = kx � !t: We assume that modulation is
parallel to the direction of propagation of the carrier wave and the amplitude a varies slowly over
the wavelength and the period of modulation such that we can make the following expansions:

@a

@t
=

1X
l=1

�lAl(a; �a) (2.87)

@a

@x
=

1X
l=1

�lBl(a; �a) (2.88)

alongwith the complex conjugate relations. Hence the space and time derivatives in the model
equations can be replaced by the following operators:

@

@t
=

1X
l=1

�l[Al(a; �a)
@

@a
+ c:c]� ! @

@ 
(2.89)

@

@x
=

1X
l=1

�l[Bl(a; �a)
@

@a
+ c:c] + k

@

@ 
(2.90)

The phase  is not a¤ected by the nonlinearity as the nonlinear e¤ects on the phase are absorbed in
the phase part of the complex amplitude a. Next we substitute expressions (2.86) and (2.89)-(2.90)
in inviscid (with � = 0) form of our model equations (2.33)-(2.35), and collecting the various order
terms in �: The system of equations at any arbitrary order �p can be expressed in the following
form:

DSp = Lp; (2.91)

where D is a linear di¤erential operator given as:

D =

264 0 !@=@ �k@=@ 
�k@=@ 0 !@=@ 

(�k2@2=@ 2 + 1) �1 0

375 ; (2.92)
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and Sp = [�p nip vip]
T ; where superscript T stands for transpose. The Lp is a nonlinear function of

S1;S2 :::Sp�1 and their derivatives with respect to a; �a and  : The starting solution for p = 1 is the
linear wave solution (as L1 = 0) and is given as:264 �1

ni1
vi1

375 =
264 1

k2=!2

k=!

375 aei + c:c: (2.93)

Note that unlike the linear case, we assumed the starting solution to be real because nonlinearity
introduces products of the oscillating factor ei and the operations of taking the real part of the
product and multiplying the real parts do not commute i.e., Re[eil1 eil2 ] 6= Re[eil1 ] Re[eil2 ],
where l1 and l2 are two integers. The �rst order equations also yield the following linear dispersion
relation:

!2 =
k2

1 + k2
: (2.94)

The set of second order equations leads to the following ordinary di¤erential equation for �2:�
@2

@ 2
+ 1

�
@�2
@ 

=
(!4 � 3k4)
!4k2

ia2e2i � [2kA1 + 2!(1� !
2)B1]

k!3
ei + c:c: (2.95)

For �2 to be secular-free the coe¢ cient of e
i (i.e., the resonant term) on the right hand side must

vanish. This leads to the following condition:

A1 + vgB1 = 0; (2.96)

together with the complex conjugate relation. Here vg is group velocity given as

vg =
d!

dk
=
!3

k3
: (2.97)

Using relations (2.87)-(2.88) and retaining terms upto the O(�), Eq. (2.96) can be written as:

@a

@t1
+ vg

@a

@x1
= 0 (2.98)

where x1 = �x and t1 = �t: This result shows that to the �rst order of approximation in � the wave
amplitude appears to be constant in the frame of reference moving with the group velocity of the
wave.
Solving Eq. (2.95) for �2; we get:

�2 = G1a
2e2i + b(a; �a)ei + c:c+ c1(a; �a) (2.99)

where G1 = (!4 � 3k4)=6!4k2; and b(a; �a) (together with it�s complex conjugate) and c1(a; �a)

(assumed real) are constants with respect to  but functions of a and �a: These constants can be
determined from the higher orders by exploiting the nonsecularity condition. Following Bogoliubov
and Mitropolsky [229], one can also set b(a; �a) and its complex conjugate equal to zero assuming that
the �rst harmonic terms do not appear at higher order, however, it is found that, even if retained,
these terms do not contribute towards the NLS equation and simply add up to zero. Thus, for
simplicity, in rest of the analysis we shall set b(a; �a) and its complex conjugate equal to zero.
The complete secular-free second order solution comes out to be:264 �2

vi2
ni2

375 =
264 G1
G2
G3

375 a2e2i +
2664
H1

H2

H3

3775 ei + c:c:+
264 c1(a; �a)

c2(a; �a)

c3(a; �a)

375 (2.100)
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where

G2 =
�
3k4(1 + !2)� !4

�
=6!5k; G3 =

�
3k4(1 + 4k2)� !4(1 + k2)

�
=6!4k2;

H1 = 0; H2 = k(1 + !2)=! + i[2(kvg � !)=!2]B1; H3 = (1 + k
2)b� 2ikB1; (2.101)

In the last column of Eq. (2.100) c1 ; c2 and c3 are constants with respect to  which are assumed
to be real. At the O(�2); it is also found that:

c3(a; �a) = c1(a; �a) + a�a; (2.102)

From the O(�3) terms, similar to the second order, we obtain a set of equations which contains
the terms proportional to �rst (e�i ), second (e�2i ) and third (e�3i ) harmonic alongwith the
constant terms. Only the constants and �rst harmonic resonance terms contribute to the secular
terms, whereas second and third harmonic terms do not contribute in rest of the analysis. The
execution of secular producing constants yield the following values of the constants c1 and c2.

c1(a; �a) =
2� v2g + k2=!2

v2g � 1
a�a+ �1; (2.103)

c2(a; �a) =
2=vg + vgk

2

v2g � 1
a�a+ �2; (2.104)

where �1 and �2 are arbitrary absolute constants which do not depend upon the independent
variables, namely,  ; a and �a: The annihilation of the secular resonance term which appears as
coe¢ cient of ei gives rise to the following equation:

i(A2 + vgB2) + P (B1
@B1
@a

+ �B1
@B1
@�a

) +Q jaj2 a+Ra = 0; (2.105)

where

P =
1

2

dvg
dk

= �3!
5

2k4
; (2.106)

and

Q = Q0 +Q2 =
!3
�
12 + 30k2 + 29k4 + 6k6 � 6k8 � 3k10

�
12k4 (3 + 3k2 + k4)

; (2.107)

are dispersion and nonlinear coupling coe¢ cient respectively. Here Q0; the contribution to the
nonlinear term from the zeroth harmonic, comes out to be:

Q0 =
!3
�
12 + 78k2 + 213k4 + 2834k6 + 201k8 + 75k10 + 12k12

�
6k4 (3 + 3k2 + k4)

; (2.108)

and Q2 is the contribution from the second harmonic, given as:

Q2 = �
!3
�
4 + 38k2 + 93k4 + 81k6 + 24k8

�
12k4

; (2.109)

The coe¢ cient of the linear interaction term R comes out to be:

R = �
�
!3

2
�1 + k�2

�
; (2.110)

which is the same result as obtained by Kakutani and Sugimoto [212] with the only di¤erence that
they derived Eq. (2.105) for the amplitude of electric �eld instead for that of the electrostatic
potential.
Using Eqs. (2.87)-(2.88), A2; B2 and B1@B1=@a+ �B1@B1=@�a can be expressed as @a=@t2�A1=�;

@a=@x2 �B1=� and @2a=@x21 respectively, where t2 = �2t; x2 = �2x and x1 = �x. This casts the Eq.
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(2.105) in the following form:

i(
@a

@t2
+ vg

@a

@x2
) + P

@2a

@x21
+Q jaj2 a+Ra = 0: (2.111)

Next we introduce the following coordinate transformation:

� =
1

�
(x2 � vgt2) = x1 � vgt1 = �(x� vgt);

� = t2 = �t1 = �2t; (2.112)

The equation (2.111) now takes the form:

i
@a

@�
+ P

@2a

@�2
+Q jaj2 a+Ra = 0; (2.113)

which is nothing but the nonlinear Schrödinger equation. The linear interaction term Ra which
simply causes a phase shift, can be absorbed by using the transformation [212] a ! a exp(�iR�)
to put the NLS equation in the well-known canonical form given as:

i
@a

@�
+ P

@2a

@�2
+Q jaj2 a = 0; (2.114)

2.3 Amplitude Dispersion

In order to investigate the e¤ect of nonlinearity on the dispersion characteristics of the wave, we
express the NLS equation (2.114) in the lab (x; t) coordinates. The form of NLS (2.111) suggests
that, in (x; t) coordinate system, equation (2.114) becomes:

i(
@a

@t
+ vg

@a

@x
) + P

@2a

@x2
+Q jaj2 a = 0: (2.115)

where we have set the book-keeping-purpose perturbation parameter � equal to unity, albeit keeping
in mind that x and t are long space and time scales.
We can check by direct substitution that the NLS equation (2.115) admits solution of the form:

a = a0e
i�(x;t) (2.116)

provided the phase �(x; t) satisfy the following equations:

@�

@t
+ vg

@�

@x
+ P

�
@�

@x

�2
�Q ja0j2 = 0; (2.117)

@2�

@x2
= 0: (2.118)

Here a0 is the constant amplitude of the plane wave solution (2.116), which is related to the
maximum amplitude �m of the physical wave as �m = 2a0. Eq. (2.118) suggests that �(x; t) has
the following form:

�(x; t) = �1(t)x+ �2(t); (2.119)

where �1 and �2 are arbitrary functions of time.
With the choice of the solution (2.116), the local phase ' of the physical wave becomes ' =

kx � !t + �(x; t); so that we can de�ne the local wave number �(x; t) = @'=@x and the local
frequency !(x; t) = �@'=@t as [230]:

�(x; t) = k +
@�

@x
; !(x; t) = ! � @�

@t
: (2.120)
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In terms of local wave number and frequency Eq. (2.117) becomes:�
!(k) + !0(k)(�� k) + 1

2
!00(k)(�� k)2

�
� ! �Q ja0j2 = 0: (2.121)

Substituting (� � k) = �K 0 and comparing with expression (2.80), we can identify that upto the
accuracy of O(�2), the term in square brackets is !(�): Thus Eq. (2.121) yields the following
nonlinear dispersion relation:

! = !(�)�Q ja0j2 (2.122)

where the �rst term comes from the linear dispersion relation and the second term represents the
"amplitude dispersion" as called by Lighthill [226]. In the limit of vanishing amplitude a0 ! 0;

�! � and ! ! !; so that the linear dispersion relation is restored.

2.4 Modulational Instability

Modulational instability (MI) is the kind of instability which arises when a small modulating pertur-
bation (self-generated or external) acting on a plane wave propagating through a nonlinear medium
results in exponential growth of the wave amplitude. The nonlinear amplitude modulation is a
generic phenomenon which has long been known to play an important role in the various �elds
of science such as hydrodynamics, nonlinear optics, condense matter physics, signal transmission,
biophysics and plasma physics [231, 232, 233, 80, 234, 235]. This type of instability is also known
as Benjamin-Feir instability [236], self-trapping instability [237] and self-focusing or �lamentation
instability [238]. Moreover, the MI may be longitudinal, oblique or transverse depending upon the
direction of modulation with respect the direction of propagation of the carrier wave.
In order to derive the modulational stability/instability criterion, we follow the standard pro-

cedure which can be found in literature [217]. For this purpose, �rst note that the NLS equation
admits the exact solution of the form:

a = a0e
iQja0j2� (2.123)

The solution (2.123) corresponds to a plane wave of our original physical state variable �(x; t) with
a small shift �Q ja0j2 in the frequency due to the nonlinear e¤ects. In order to carry out stability
analysis, we split the amplitude a into two parts:

a = [a0 + �a({)]eiQja0j
2� ; (2.124)

The �a (� a) is amplitude perturbation and { = K��
� is phase of the slowly varying modulation,
where K (� k) and 
 (� !) are the wave number and frequency of the modulation respectively.
Where we have assumed that modulation is parallel to the direction of propagation of the carrier
wave. Substituting Eq. (2.124) in the NLS Eq. (2.114) and linearizing in �a we obtain the following
equation:

i
@�a

@�
+ P

@2�a

@�2
+Q(ja0j2 �a+ a20��a) = 0; (2.125)

where ��a is complex conjugate of �a:We assume that perturbation is of the form �a = �a1 exp[i(K��

�)]+�a2 exp[�i(K��
�)], where �a1 and �a2 are complex constants. Substituting in Eq. (2.125),
we get two coupled equations as follows:"


� PK2 +Q ja0j2 Qa20
�Qa20 
+ PK2 �Q ja0j2

#"
�a1
�a2

#
=

"
0

0

#
; (2.126)

For non-trivial solution the determinant of the square matrix should vanish. Thus we obtain the
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following dispersion relation for the modulating wave:


2 = PK2[PK2 � 2Q ja0j2]:

which shows that modulated wave is stable if PQ < 0 (or equivalently the ratio P=Q < 0). On
the other hand, if PQ > 0 (also P=Q > 0); the modulation frequency becomes imaginary for
the modulational wave number K less than a critical value given by Kcr =

p
2Q=Pa0 and the

amplitude a of the wave starts growing exponentially. Thus wave becomes unstable for K < Kcr:

The growth rate � = Im(
) reaches its maximum �m = jQj a20 when modulational wave number
K = Kcr=

p
2. For NLS Eq. (2.114) which describes the far �eld amplitude dynamics of ion-acoustic

near-monochromatic wave train of the conventional electron-ion plasma, the dispersion coe¢ cient
P remains negative for all wavenumbers, thus the nonlinear coupling coe¢ cient Q determines the
stability behavior. It can be numerically easily checked that Q ? 0 for k 7 kcr � 1:47 and hence
ion-acoustic wave is modulationally unstable for carrier wave numbers k > kcr � 1:47:

In carrying out the above stability analysis, we dropped the terms nonlinear in �a. In fact,
in reality, either the growing wave is destroyed due to the random external perturbation or under
suitable conditions the unbounded growth of the wave is arrested by the nonlinear e¤ects and
results into localized wave packet called (bright-type) envelope solitons, which are exact stationary
solution of the NLS equation. Various envelope soliton solutions of the NLS equation are derived
in the following.

2.5 Envelope Soliton Solutions of Nonlinear Schrödinger Equation

To �nd the envelope soliton solutions of NLS equation, we shall adapt the Fedele and Schamel�s
[239] Madelung�s �uid approach and pseudopotential analogy for the form of our NLS equation.
The present approach establishes a connection between the KdV and NLS equation so that the
soliton solution of the former are related to the square modulus of the envelope soliton solution of
the latter. Accordingly, we split the NLS Eq. (2.114) into two �uid equations by exploiting the
following Madelung�s transformation:

a(�; �) =
p
�(�; �) exp

�
i�(�; �)

2P

�
(2.127)

where � > 0 and � are real quantities. Madelung [240] used such a transformation for the wave
function appearing in the linear Schrödinger equation and thus was able to give the hydrodynamic
description of Quantum Mechanics. Using Madelung�s transformation in the NLS Eq. (2.114) and
separating real and imaginary parts, we get the following set of coupled �uid equations:

@�

@t
+

@

@�
(�V ) = 0; (2.128)

@V

@�
+ V

@V

@�
= 2PQ

@�

@�
+ 2P 2

@

@�

�
1
p
�

@2
p
�

@�2

�
; (2.129)

where � appears as Madelung�s �uid�s density and V; the velocity of the �uid is de�ned as:

V (�; �) =
@�(�; �)

@�
; (2.130)

The solution (�; V ) of the coupled system of equations (2.128-2.129) determines the 	 through
(2.127). The requirement of the stationary solution imposes the condition on � and V to be function
of a single combined variable � = � � �0� : Where �0 is a real constant designating the velocity of
the stationary structure. In terms of the single variable � the continuity equation (2.128) takes the
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form:
V (�; �) = V (�) = V0 + V1(�) = �0 +

A0
�(�)

; (2.131)

where we have split the Madelung�s �uid velocity into a constant part V0 and � dependent pertur-
bation part V1(�) and A0 is the integration constant. On the other hand Eq. (2.129) in terms of
single variable � appears as:

2P 2
p
�

d2
p
�

d�2
+ 2PQ� = (V0 � �0)V1(�) +

V 21 (�)

2
� C0 (2.132)

Here C0 is another constant of integration.
The ansatz (2.127) and the Eq. (2.132) suggest the following form for �(�; �):

�(�; �) = �0(�; �) + �1(�) + �10 (2.133)

Here �10 is a constant. The nonstationary part �0 of � is given as:

�0(�; �) = V0� � (C0 + V 20 =2)� (2.134)

and stationary part �1 as:

�1(�) =

Z
V1(�)d� =

Z �
(�0 � V0) +

A0
�(�)

�
d� (2.135)

Using Eq. (2.131), Eq. (2.132) can be put in the following energy integral form:

1

2

�
d�

d�

�2
+	(�; �0) = 0; (2.136)

where the pseudopotential 	(�; �0) is given as:

	(�; �0) =
Q

P

�
�3 +

1

2PQ

�
[2C0 + (�0 � V0)2]�2 + 2d0�+A20

	�
(2.137)

In order for solution to be a localized, the modulus square of the complex amplitude i.e., jaj2 = �

must conform to the the following conditions [235]:

(i) � is bounded between two limits �0 and �s:

(ii) � = �0 is an extremum i.e., at � = �0, d�=d� = 0; but d
2�=d�2 6= 0:

(iii) lim�!�1 � = �s and lim�!�1 dj�=d�j = 0; where j = 0; 1; 2:::::

Under these requirements Eq. (2.136) can be written as:

1

2

�
d�

d�

�2
+
Q

P
(�� �0)(�� �s)2 = 0; (2.138)

where the following relations hold:

�0 + 2�s = � 1

2PQ

�
2C0 + (�0 � V0)2

�
(2.139)

�s(�s + 2�0) = d0; (2.140)

�0�
2
s = � A20

2PQ
: (2.141)

Note the resemblance of the pseudopotential in the energy integral Eq. (2.138) with that of the
KdV equation given in Eq. (2.14). The pseudopotential 	(�; �0) has a double root at the point
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� = �s and at � = �0 pseudopotential crosses the horizontal axes. Next we consider the following
two cases which lead us to the stationary envelope soliton solutions of the NLS equation.

Case I: Motion with constant velocity (V = V0; V1(�) = 0)

For �(�) to be localized, constant velocity assumption requires A0 = 0: This in turn [by virtue of
Eq. (2.131) and Eq. (2.135) ] implies �0 = V0 and �1(�) = 0: Further Eq. (2.141) with A0 = 0;

implies either �s = 0 or �0 = 0: These two possibilities give rise to two types of envelope solitons
given as follows:

(a). Bright Envelope Soliton (�s= 0)

For �s = 0; Eqs. (2.139)-(2.140) imply d0 = 0; C0 = �PQ�0 and Eq. (2.138) becomes:

1

2

�
d�

d�

�2
+
Q

P
�2(�� �0) = 0; (2.142)

The structure of pseudopotential [the second term in Eq. (2.142)] and the expression of C0 show
that localized solution exist if Q=P > 0 (or equivalently PQ > 0) and C0 < 0: Integration of Eq.
(2.142) under the boundary condition lim�!�1 � = 0 yields:

�(�) = �(� � V0�) = �0 sech
2

"r
Q�0
2P

(� � V0�)
#
; (2.143)

and as �1(�) = 0, thus
�(�; �) = V0� � ( V 20 =2� PQ�0)� +�10 (2.144)

Substituting the above expressions for � and � in the ansatz (2.127), the bright envelope soliton
solution of the NLS Eq. (2.114) comes out to be:

a(�; �) =
p
�0 sech

"r
Q�0
2P

(� � V0�)
#
exp

�
i

2P

�
V0� � (V 20 =2� PQ�0)� +�10

	�
(2.145)

(b). Black Envelope Soliton (�0= 0)

In this case from Eqs. (2.139)-(2.140), we have d0 = �2s; and C0 = �2PQ�s, whereas Eq. (2.138)
takes the form:

1

2

�
d�

d�

�2
+
Q

P
�(�� �s)2 = 0; (2.146)

Now the pseudopotential has double root at the point � = �s; so that the boundary condition
is lim�!�1 � = �s and for localized solution Q=P should be negative as � > 0: Integrating, Eq.
(2.146), we obtain the following expression for the �:

�(�) = �(� � V0�) = �s tanh
2

"s���� Q2P
���� �s (� � V0�)

#
(2.147)

and �(�; �) (with �1(�) = 0) comes out to be:

�(�; �) = V0� � ( V 20 =2� 2PQ�s)� +�10 (2.148)

Hence the complex amplitude (i.e., the complex envelope function) takes the form:

a(�; �) =
p
�s tanh

"s���� Q2P
���� �s (� � V0�)

#
exp

�
i

2P

�
V0� � ( V 20 =2� 2PQ�s)� +�10

	�
(2.149)
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This corresponds to an inverted envelope soliton representing a hole (a void) in the constant wave
intensity.

Case II. Motion with perturbed velocity [V1(�) 6= 0]: Grey Envelope Soliton

Now we assume that the Madelung�s �uid velocity is perturbed but the perturbation is stationary
i.e., it depends on the combined variable � = �� �0� and not on the � and � independently. In the
present case, V1(�) 6= 0 (except for � ! �1; ); implies A0 6= 0 [see the continuity equation (2.131)]
so that Eq. (2.141) implies that both �0 as well as �s are nonvanishing. Further, we impose the
following boundary condition on V1(�):

lim
�!�1

V1(�) = 0: (2.150)

Thus from the continuity equation (2.131) and the boundary condition lim�!�1 � = �s, we have:

A0 = ��s(�0 � V0): (2.151)

By Eq. (2.139), we have C0 = �2PQ�s and Eq. (2.141) yields:

�0 = �
(�0 � V0)2
2PQ

; (2.152)

As �0 > 0, and �0 and V0 are real numbers therefore expression (2.152) for �0 implies PQ < 0:

Thus the form of pseudopotential in Eq. (2.138) suggests that the localized solution is possible if
�0 < � < �s: The condition �0 < �s together with Eq. (2.152) speci�es the following range for �0:

V0 �
p
2 jPQj �s < �0 < V0 +

p
2 jPQj �s; (2.153)

Integration of the Eq. (2.138) yields the following expression for �:

�(�) = �(� � V0�) = �s

"
1� �a2 sech2

(s���� Q2P
���� �s�a (� � V0�)

)#
(2.154)

where the parameter �a; measuring the depth of modulation, is given by:

�a2 =
�s � �0
�s

(2.155)

Substituting the value of �(�) from Eq. (2.154) in Eq. (2.135), we get the following expression for
�1(�):

�1(�) = �2sign(�0 � V0) jP j sin�1

266664
�a tanh

�r��� Q2P ��� �s�a (� � V0�)�s
1� �a2 sech2

�r��� Q2P ��� �s�a (� � V0�)�
377775 (2.156)

Thus �(�) comes out to be:

�(�) = V0� � ( V 20 =2� 2PQ�s)� +�1(�) + �10 (2.157)

And expression for the complex amplitude becomes:

a(�; �) =
p
�s

"
1� �a2 sech2

(s���� Q2P
���� �s�a (� � V0�)

)#1=2
� exp

�
i

2P

�
V0� � ( V 20 =2� 2PQ�s)� +�1(�) + �10

	�
(2.158)
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This corresponds to an inverted soliton with non-zero minimum amplitude, hence the name grey
soliton. For �a = 1; we recover the expression (2.149) of � for the black envelope soliton solution.
The form of pseudopotential, corresponding modulus square of the complex amplitude i.e., �(�) =
ja(�; �)j2 and various envelope soliton solutions �1 = a(�; �)ei(kx�!t) + c:c:; of the physical wave at
t = 0; are depicted in Fig. 2.7 for an arbitrary set of parameters.
Thus various stationary solutions of NLS Eq. (2.138), are in the form of either bright or dark

envelope solitary structures. The bell-shaped bright solitons with rapid oscillations inside the packet
are formed if plasma parameters are such as to make the product PQ > 0 (note that this is also the
condition for the onset of MI), and for PQ < 0 the cavity-like dark solitons are formed. Dark solitons
(also called envelope holes/shocks) have further two types: black (having minimum amplitude equal
to zero) and grey (with �nite non-zero minimum amplitude). The product of the width � given as:

� =

s����2PQ
���� 1

�s=0

1

�a
(2.159)

and amplitude A =p�s=0�a (where the subscript s is for dark soliton and 0 is for bright solitons, and
�a = 1 for bright and black envelope solitons) of complex envelope function a(�; �) [note that the
amplitude of envelope soliton corresponding to the physical wave �1 is double the amplitude of the
complex envelope function a(�; �)] is a constant with respect to space and time variables and varies
as j2P=Qj1=2 i.e., �A = j2P=Qj1=2. Therefore, for an envelope soliton, for a given value of amplitude,
smaller jP=Qj implies narrower pulse. Note that, in contrast, the corresponding relation for the
KdV soliton is �2A = constant. Moreover, in general, the envelope soliton velocity is independent
of its amplitude except for the grey envelope solitons for which the amplitude of the envelope soliton
determines the velocity range of the soliton (see Eq. (2.153). However, this amplitude-dependent-
velocity character of the grey envelope soliton, which shows its resemblance with the KdV soliton,
is the result of Madelung�s �uid approach and does not appear in the conventional approach as
adopted by Hasegawa [235].
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Figure 2-6. Pseudopotential 	(�; v0) (column 1); corresponding pro�le of � (i.e., modulus
square of complex amplitude) versus comoving coordinate � (column 2) and envelope soliton
pro�le of the state variable �1 at t = 0 (column 3) for bright (row 1), black (row 2) and grey
(row 3) envelope soliton cases.
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Appendix: 2A. Solutions of Eq.(2.76)

Eq. (2.76) can be integrated to obtain the following two generalized solutions

�� =
�4F1

exp(�
p
�2F1� � C) + (F 22 � 4F1F3) exp(�

p
�2F1� + C) + 2F2

; (2A.1)

where C is constant of integration which merely changes the position of nonlinear pulse in ��frame
and can be arbitrarily chosen. For the existence of solitary structures, the condition F1 < 0 must
be satis�ed and constant C must assume real values. The various solutions are given as:

(I). For F 22 � 4F1F3 6= 0, on setting C = �1
2 ln

��F 22 � 4F1F3�� ; we get the following solutions:
(a) For F 22 � 4F1F3 > 0; we have a bell-shaped solitary wave given as:

�1� =
�2F1

F2 �
p
F 22 � 4F1F3 cosh(

p
�2F1�)

: (2A.2)

The +=� sign corresponds to positive/negative solitary pulse. For the special case of F3 = 0;
we get a solitary wave solution �sol = �(F1=F2) sech2(

p
�F1=2�), which is Eq. (2.72) of

Section (2.2.2) and an explosive/blowup wave solution �exp = (F1=F2) csch2(
p
�F1=2�):

(b) For F 22 � 4F1F3 < 0; we have the following solution representing blowup/explosive pulses

�2� =
�2F1

F2 �
q��F 22 � 4F1F3�� sinh(p�2F1�) : (2A.3)

(II). For F 22 � 4F1F3 = 0, on setting C = � ln j2F2j ; we get the following solutions:

(a) For F2 > 0; we get �3� = �F1
F2

h
1� tanh(�=

p
�2=F1)

i
;

which represents a double layer/kink type solitary structure.

(b) For F2 < 0; a blowup/explosive wave solution is obtained as follows:

�4� = �
F1
F2

h
1� coth(�=

p
�2=F1)

i
: (2A.5)

All of these solutions may not be valid for a given physical system and spurious solutions must be
discarded on the basis of physical arguments.
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Chapter 3

Planar and Nonplanar Ion-acoustic
and Magnetosonic Solitary and Shock
Waves

3.1 Introduction

Ion acoustic waves (IAW) and magnetosonic waves (MSW) are two well known and well studied
plasma modes in two component conventional electron-ion plasma. The theoretical and experimen-
tal studies of the linear and nonlinear wave structures of these modes have helped understanding
various astrophysical and terrestrial plasma phenomena. The theoretical and the experimental stud-
ies of planar as well as nonplanar cylindrically and spherically symmetric imploding ion-acoustic
solitary waves have been carried out long ago [241]. However, the study of nonplanar magnetosonic
solitary waves has quite recently been paid attention [163, 166]. Further, waves in plasma even-
tually damp due to some dissipating mechanism. The cause of damping may be either collisional
(e.g., viscosity, thermal conductivity, electrical resistivity, ion-neutral collisional friction etc.) or
collisionless kinetic wave-particle interaction (e.g., Landau damping, ions re�ection from the wave
front, microturbulence etc.). Whatever be the mode of dissipation, eventually the energy of the
wave is extracted to the plasma particles resulting in the evanescence of the wave. If the plasma
parameters and the characteristic length and velocity of the perturbation are such that so as to
make the dissipative/damping e¤ects small over the length and time scales of the interest, these
can be neglected to the �rst order of approximation. However, for shorter viscous time scales,
the viscous dissipative processes become important and need to be incorporated in the theoretical
investigation of the plasma waves.
The investigation of planar and nonplanar solitary and shock structures in multicomponent

plasmas has been an important area of research in the past few years. Presence of additional species
greatly a¤ects the characteristics and evolution of plasma waves. In this chapter we shall investigate
the planar and nonplanar ion-acoustic and magneto-acoustic solitary and shock structures in the
hot and dissipative electron-positron-ion plasma system.

3.2 Ion-acoustic Waves

Ion-acoustic waves are low-frequency (! < !pi) pressure waves. In neutral gases, thermal collisions
among the gas molecules carry the acoustic perturbation from one layer to the next. In contrast,
for the acoustic disturbances in fully ionized plasma, perturbation propagates not only because of
the thermal (collisional) pressure of ions but also through the repulsive electrostatic pressure, which
develops due to the incomplete Debye shielding of the ion bunches, owing to the �nite temperature
of the light mass shielding species (electrons and positrons in the present case). This is the reason
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why ion-acoustic waves can still propagate in a plasma even in the absence of ions thermal collisions
(i.e., in the cold ions approximation). For ion-acoustic waves the mass of ions provides the inertia
and the restoring force comes mainly through the pressure of the small mass highly mobile species.
Ion-acoustic waves are longitudinal electrostatic disturbances of the hot plasma in which plasma
species move parallel to the direction of the propagation.

3.2.1 Theoretical model and governing equations

In order to investigate the nonlinear ion-acoustic solitary and shock structure in electron-positron-
ion plasma, we consider three component plasma system consisting of electrons, positrons and singly
charged adiabatically hot ions. All the three species are assumed to be highly self-collisional so that
they behave as continuous �uids. However, we shall ignore the transfer of momentum through
the cross-collisions of the particles of di¤erent �uids. Ion �uid is assumed to be viscous owing to
the large mass of the ions, and the viscosities of electron and positron �uids being very small, in
comparison with that of the ions, are ignored. The phase velocity of ion-acoustic wave is assumed to
be much smaller than the electron and positron thermal velocities and larger than the ion thermal
velocity (vthi << vph << vthe; vthp). We therefore ignore the inertial e¤ects of the electrons and
positrons and write down the equation of motion for the ions. The ion dynamics are governed by
the continuity equation:

@ni
@t

+r � (nivi) = 0; (3.1)

and the momentum conservation equation

@vi
@t

+ (vi �r)vi =
e

mi
E� 1

nimi
rpi + �ir2vi; (3.2)

where ni is the ion number density; vi; the ion �uid velocity; mi; the ion mass; e; the magnitude of
electron charge; E; the electric �eld; �i is the kinematic viscosity of the ion-�uid which is assumed
to be constant and pi, the pressure of adiabatically hot ions, is given by the following ideal gas
thermodynamic equation of state:

pi = pi0

�
ni
ni0

�i
: (3.3)

Here pi0 = ni0Ti0 is the ion pressure at equilibrium, ni0 is the unperturbed ion density, Ti0 is the
ion equilibrium temperature (measured in units of energy) and the adiabatic index i is de�ned
as i = (N + 2)=N , where N represents the number of degrees of freedom of the ions. The electric
�eld E = �r�, such that � represents the electrostatic wave potential.
The electrons and positrons are taken to be Boltzmannian on the ion acoustic time scale so that

their densities obey the following expressions:

ne = ne0 exp

�
e�

Te

�
; (3.4)

np = np0 exp

�
�e�
Tp

�
: (3.5)

and the system of equations is closed with the help of Poisson�s equation:

r2� = 4�e (ne � ni � np) ; (3.6)

where np and ne are the number densities while Tp and Te are temperatures (in the energy units)
of the positrons and electrons respectively. At equilibrium, we have ni0+np0 = ne0, where np0 and
ne0 are the unperturbed positron and electron number densities, respectively.
The normalized form of continuity, momentum, and Poisson�s equations governing the dynamics
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of nonlinear waves are as follows:
@ni
@t

+
1

r�
@

@r
(r�nivi) = 0; (3.7)

@vi
@t
+ vi

@vi
@r

= �@�
@r
� �iin

i�2
i

@ni
@r

+ �i

�
1

r�
@

@r

�
r�
@vi
@r

�
� � vi

r2

�
; (3.8)

�i
1

r�
@

@r

�
r�
@�

@r

�
= exp (�)� �ini � �p exp (��=�p) : (3.9)

where � = 0 is for planar geometry and � = 1; 2 correspond to the cylindrical and spheri-
cal geometries, respectively. Here, the ion �uid velocity vi is normalized by the ion-acoustic
speed Cs =

p
Te=mi; ion number density ni is normalized by ion equilibrium density ni0; �,

the electrostatic wave potential, is normalized by Te=e and the kinematic viscosity �i is normal-
ized by �DCs. The time and space variables are in the units of !�1pi =

�
mi=4�ni0e

2
�1=2 and

�D = Cs!
�1
pi = (Te=4�ni0e

2)1=2 respectively. We have also de�ned �i = ni0=ne0, �p = np0=ne0,
�i = Ti0=Te and �p = Tp=Te. Note that, due to quasineutrality of the plasma, the equilibrium
number density ratios obey the relation �i + �p = 1.

3.2.2 Linear dispersion relation

The linear dispersion relation (LDR) for the ion acoustic waves (IAW) in the three component hot
e-p-i plasma can be obtained by linearizing the model Eqs. (3.7) to (3.9) around the unperturbed
state S0 = [ni0; vi0; �0] = [1; 0; 0]: Following the standard linearization process [47], we perturb the
various dependent variables as:

ni = 1 + �ni H�
0(kr)e

�i!t;

� = �� H�
0(kr)e

�i!t; (3.10)

vi = �vi H�
1(kr)e

�i!t:

Here �ni; �� and �vi denote the amplitudes of the small perturbation for the respective quantities.
For the planar geometry (i.e., for � = 0), H00(kr) = H01(kr) = e�ikr; and for cylindrical (� = 1) and
spherical (� = 2) geometries, H�

s (kr) are, respectively, the corresponding s
th order cylindrical and

spherical Hankel functions (i.e., Bessel functions of the third kind). Substituting expressions (3.10)
in Eqs. (3.7)-(3.9), ignoring the higher order terms and using the properties of the corresponding
Hankel functions [242] for cylindrical and spherical geometries, the LDR comes out to be:

!
�
! + i�ik

2
�
= k2

�
�2R

1 + �2Rk
2
+ i�i

�
(3.11)

where �R = [�p(1� �p) /(�p + �p) ]1=2 is the e¤ective Debye length of the e-p-i plasma normalized
to �D. In the limit of long wavelength (�2Rk

2 � 1) the dispersion relation upto the cubic order in
the wave number can be written as:

! = v0ik

�
1� i�i

2v0i
k � l02d k2

�
; (3.12)

where

v0i =

q
�2R + �i =

s
�p(1� �p)
(�p + �p)

+ i�i (3.13)
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and we have de�ned dispersion length l0d (normalized to �D) as:

l0d =
1p
2v0i

�
�4R +

�2i
4

�1=2
: (3.14)

Upon restoring dimensions, the dispersion relation (3.12) reads as:

! = v0iCsk

�
1� i�i

2v0iCs
k � 1

2v0i

�
�4R�

2
D +

�2i
4C2s

�
k2
�
; (3.15)

As our system is weakly nonlinear, the forms of dispersion relation (3.12) and (3.15) suggest that
in the frame moving with the linear nondispersive IAW phase velocity v0i, a KdVB/KdVB-type
equation can be obtained for the �rst order corrections to the perturbed quantities. In the dimen-
sionalized dispersion length

��
�4R�

2
D + �

2
i =4C

2
s

�
=(2v0i)

�1=2
[which is square root of the coe¢ cient of

k2 in the last term of Eq. (3.15)] of the wave, the term / �2D is the contribution from the charge
separation and the term / �2i is due to the viscous dispersion. If characteristic length of the initial
disturbance is very long compared to the dispersion length and viscosity is negligible, the wave will
travel with the linear wave phase speed:

vphi = v0iCs =

s
1

mi

�
iTi0 +

ni0TeTp
Tpne0 + np0Tp

�
(3.16)

with negligible dispersion and dissipation. For small viscosity the dispersion length can be approx-
imated as ld = (�2R�D)=(

p
2v0i):

In the presence of the positrons the dimensionalized e¤ective Debye length (in terms of electrons�
Debye length) of our plasma system comes out to be:

�Deff =

vuut �2De�
2
Dp

�2De + �
2
Dp

= �D�R =

r
�p

(�p + �p)
�De (3.17)

where �De = (Te=4�ne0e
2)1=2 and �Dp = (Tp=4�np0e

2)1=2 are the electrons�and positrons�Debye
lengths respectively. The expressions (3.17) shows that in the presence of positrons, the e¤ective
Debye length decreases. Moreover, the phase velocity vphi = v0iCs and the dispersion length ld =
(�2R�D)=(

p
2v0i) are also reduced in the presence of positrons. Physically the reduction in these

parameters in comparison with the two component e-i plasma, is due to the availability of two small
mass species (i.e., electrons and positrons) for the Debye shielding, resulting into the reduction of
Debye sphere�s radius. Thus the ion bunches are shielded within a smaller distance and reduction
in the electrostatic pressure due to the reduced space charge results into the decrease of restoring
force and hence the phase velocity as well as the dispersion length. On the other hand, the presence
of hot ions increases the available restoring force through the ion �uid pressure thus increasing the
phase velocity and reducing the dispersion length.

3.2.3 Derivation of modi�ed Korteweg-de Vries Burgers equation

In order to investigate the nonlinear ion acoustic waves in unmagnetized e-p-i plasma, we stretch
the independent variables as:

� = �1=2(sr � v0it)
� = �3=2t (3.18)

where � is a small expansion parameter and v0i is the ion-acoustic wave phase velocity normalized
to Cs and the parameter s = �1; for the ingoing and s = 1; for the outgoing waves respectively. If
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the initial disturbance is assumed to be localized around � = 0; then time t and hence also � assume
positive (negative) values for outgoing (ingoing) waves respectively [243]. Here, we shall explore the
imploding structures so that, we set s = �1 in Eq. (3.18) and � takes the negative values.
Employing the reductive perturbative technique, we expand the perturbed quantities ni; vi and

� about their equilibrium values in powers of � such that264 ni
vi
�

375 =
264 10
0

375+ �
264 ni1
vi1
�1

375+ �2
264 ni2
vi2
�2

375+ �3
264 ni3
vi3
�3

375+ ::::::::: (3.19)

The value of �i is assumed to be small, so that we may let:

�i = �1=2� (3.20)

where � is O(1). In our model we have assumed the ion �uid to be adiabatically hot. The adiabatic
nature of the ion �uid is justi�ed as the change in entropy, due to the heat generated as a result of
ion-viscous dissipation, comes out to be a higher order e¤ect and can be neglected to the order of
approximation considered here (for details see Ref. [244]). Substituting Eqs. (3.18)-(3.20) in Eqs.
(3.7)-(3.9) and collecting di¤erent powers of �, we obtain the following equations to the lowest order
in � :

ni1 =
�1�

v20i � i�i
� ; (3.21)

vi1 = �
v0i�1�

v20i � i�i
� ; (3.22)

together with the phase velocity expression as given in Eq. (3.13). The �rst order analysis only shows
that the initial disturbance propagates with the velocity v0i and nonlinear, dissipation, dispersion
and/or geometrical convergence e¤ects have not yet come into play. These e¤ects appear in the
next higher order equations as given below:

v0i
@ni2
@�

+
@vi2
@�

=
@ni1
@�

� @

@�
(ni1vi1)�

�

v0i�
vi1; (3.23)

v0i
@vi2
@�

+
@�2
@�

+ �i
@ni2
@�

=
@vi1
@�

� vi1
@vi1
@�

� i(i � 2) �ini1
@ni1
@�

� �@
2vi1

@�2
; (3.24)

ni2 �
(�p + �p)

�p(1� �p)
�2 = �

@2�1
@�2

+
(�2p � �p)
2(1� �p)�2p

�21: (3.25)

Finally, eliminating ni2; vi2 and �2 from Eqs. (3.23)-(3.25) using relations given in Eqs. (3.21)-(3.22)
and the phase velocity expression (3.13), we obtain the following modi�ed KdV-Burger (mKdVB)
equation:

@�

@�
+Qn�

@�

@�
+Qd

@3�

@�3
�Qv

@2�

@�2
+

�

2�
� = 0; (3.26)

where we have de�ned � � �1 and

Qn =
1

2v0i

"
3 + �ii(i + 1)

(�p + �p)

�p(1� �p)
� (1� �p)

(�2p � �p)
(�p + �p)2

#
; (3.27)

Qd =
�2p(1� �p)2

2v0i(�p + �p)2
(3.28)

Qv =
�

2
; (3.29)

are the coe¢ cients of non-linearity, dispersion, and viscous dissipation respectively. Comparison

58



with the linear dispersion relation (3.12) reveals that the coe¢ cients of the dispersive and dissipative
terms are the same as predicted by the linear theory, with the only di¤erence that the viscous
dispersion term (i.e., the term / �2i ) in Eq. (3.12) being of higher order does not appear in the
expression for the dispersion coe¢ cient Qd:
If we substitute � = 0 in Eq. (3.26), we get the planar KdVB equation and � = 1; 2 correspond

to the nonplanar KdVB equations in the cylindrical and spherical geometries which henceforth will
be denoted by cKdVB equation and sKdVB equation respectively. As described in the Section
(2.2.1), if the dissipative e¤ects are very weak (Qv � 0) on the time and length scale of observation,
with the appropriate change in the stretching of independent coordinates, we shall end up with
planar (� = 0) and nonplanar (� = 1; 2) KdV equation, whereas in the dispersionless limit (Qd � 0)
the corresponding equations are planar and nonplanar Burgers equations.

3.2.4 Results and discussion

There are �ve parameters which a¤ect the structure of a nonlinear pulse in the plasma system under
consideration: the positron-to-electron density ratio �p; which determines the relative concentration
of various plasma species; the temperature ratios �i and �p; the parameter �; which measures the
strength of dissipation and the adiabatic index i of the ion �uid. The way the three coe¢ cients,
namely, nonlinear coupling coe¢ cient Qn; the dispersion coe¢ cient Qd and the coe¢ cient Qv of
viscous dissipation term, depend on various plasma parameters determines the structure of the
nonlinear wave. Their dependence on various plasma parameters is as follows:

� The coe¢ cient Qn of the nonlinear term remains positive for the whole range of plasma
parameters and increases with the increase of the �p, �i and i and decreases with increasing
�p. Where we have chosen the range of various parameters as: 0 � �p < 1; 0 � �i � 1,
1 � i � 3 and 0:5 � �p � 1:5:

� The coe¢ cient Qd of the dispersion term remains positive for the whole range of plasma
parameters and decreases with the increase of the �p, �i and i and increases with increasing
�p:

� The coe¢ cientQv of the viscous term linearly increases with the normalized kinematic viscosity
� and is independent of the rest of the parameters.

Ion-acoustic solitary waves in inviscid plasma

If the viscosity of the plasma is very small, the dissipative term in the mKdVB equation (3.26) falls
to the higher order and to the �rst order of approximation the wave dynamics are governed by the
mKdV equation:

@�

@�
+Qn�

@�

@�
+Qd

@3�

@�3
+

�

2�
� = 0; (3.30)

We have numerically solved the modi�ed KdV equation (3.30) using periodic boundary condi-
tions. The initial condition, we have used for numerical integration, is the planar soliton solution:

� = �0 sech
2

�
� � �0 �W (� � �0)

�

�
; (3.31)

where �0 = 3W=Qn is the amplitude and � =
p
4Qd=W is the width of the solitary wave (normal-

ized to �D) and W is an arbitrary constant velocity (normalized to Cs) relative to the linear ion
acoustic wave speed v0i. The �0 represents the position of the maximum of the initial pulse which
will be taken to be zero and �0 is the initial time (normalized to !�1pi ). The time interval for the
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numerical integration is chosen to be [�30;�6] and W = 0:15: It may be noted here that in the
limit of �p ! 0 and i = 3, the mKdV equation (3.30) reduces to the mKdV equation given in Ref.
[245]. However, in the presence of positrons the coe¢ cients Qn and Qd are completely di¤erent
from those of Ref. [245].
Both the dispersion coe¢ cient Qd and the nonlinear coe¢ cient Qn assume only positive values

thus allowing only hump-like supersonic solitary structures for the electrostatic potential perturba-
tion �. The results of numerical integration are shown in Figs. 3.1 (a,b) and Figs. 3.2 (a,b). The
cylindrical and spherical solitons at large values of j� j look like one-dimensional soliton. This is due
to the presence of the term (�=2�)� which dominates only at smaller values of j� j :
Figs. 3.1 (a,b) depict the variation of amplitude and width of cylindrical and spherical solitons

with the variation of electron-to-positron density ratio �p in the e-p-i plasma. It is evident from the
plots that amplitude and width of both the cylindrical as well as the spherical solitons decrease with
the increase of positron concentration. This is because with the increase in positron concentration
the nonlinearity coe¢ cient Qn increases whereas the dispersion coe¢ cient Qd decreases. Further,
when the solitons travels inwards its propagation speed increases beyond the linear wave speed and
it also develops a residue (also known as shelf or wake) which travels behind the symmetric part of
the solitary pulse with linear wave phase speed. Moreover, broader solitary pulses develop broader
shelf and shelf of cylindrical solitons is �at whereas that of spherical is hump like.
The variation in the pro�les of the electrostatic potential � within the solitonic structure with

the increase of ion-to-electron temperature ratio �i are shown in Figs. 3.2 (a,b). We have found
that increase of ion-to-electron temperature ratio also diminishes the amplitude as well as width
of the solitary waves for all values of �p. We thus conclude that the presence of positrons and/or
adiabatically hot ions both play a destructive role in the formation of ion acoustic solitary waves in
e-p-i plasma.
We have assumed i = 3; this is, however, only true for strictly one dimensional motion of

monoatomic point-like ions with no internal degrees of freedom. The dependence of Qn and Qd
on adiabatic index i as described above shows that the increase of i, in the range 1 6 i 6 3;

also diminishes the solitary structures both in amplitude as well as in width. Further, we have set
�p = 1, because in most of the situations electrons and positrons either have equal temperatures
(if created via pair production mechanism) or, being equal mass fast moving species, rapidly at-
tain thermodynamical equilibrium. However, both in astrophysical (e.g., in pulsar magnetosphere
[246, 247]) as well as in laboratory experiments (e.g., in beam experiments [46]), one may encounter
a plasma system wherein the two species may maintain di¤erent temperatures during the charac-
teristic response time of the plasma to any perturbation. This happens when the densities and
temperatures of the electrons/positrons are such that the collision mean free path is very long and
relaxation rate is low [248]. It is noted (as can also be inferred from aforementioned dependence of
Qn and Qd on �p) that with the increase in �p the trend, opposite to that with respect to �p and
�i; is noted i.e., increase of �p increases the amplitude and broadens the solitary structures.
As wave moves towards the center/axis of symmetry, its amplitude and speed increase as (�0=�)m

and width decreases (�0=�)�m=2 where the exponent m varies in the range 1=2 . m . 2=3 for the
cylindrical case and 1 . m . 4=3 for the spherical case: At initial stages of the evolution the
exponent m is close to the lower limit, however, as time increases it attains the values close to the
upper bound. However, during the entire evolution period it remains con�ned between these two
bounds. Further, it is noted that the broader solitary pulses amplify at somewhat smaller rate than
the narrower ones.
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Figure 3-1. The pro�les of cylindrical (left column) and spherical (right column) ion-acoustic
solitary wave potential � versus spatial coordinate � for (a,b) inviscid plasma, � = 0:0 (c,d)
viscous plasma, � = 0:1. Here �i = 0:5, �p = 1:0, i = 3, W = 0:15 and �p is varied as �p = 0 (solid
curve), �p = 0:2 (dashed curve) and �p = 0:4 (dotted curve).

Ion-acoustic solitary waves in viscous plasma

In the presence of dissipation the dynamics of the planar solitary and shock waves is governed by
the planar KdVB equation. In such a system an initial solitary pulse will attenuate with the time.
Further, it also develops a small tail. With the increase in dissipation the tail ampli�es and the
main peaked part of the pulse is attenuated. Eventually with the further increase in the viscous
dissipation both merge to form a single broad pulse which is continuously damped and slowed down
as the time goes on and gradually disappears disseminating its energy to the plasma particles.
In order to examine the e¤ects of ion viscous dissipation on the imploding solitary structures

in the nonplanar geometry, we numerically integrated the mKdVB equation (3.26) with the same
plane soliton solution (3.31) as initial condition. For comparison rest of the parameters are chosen
to be the same as in nondissipative case. The results of the numerical integration are presented in
Figs. 3.1 (c,d) and Figs. 3.2 (c,d).
Similar to the linear waves, where short wavelengths su¤er more dissipation than the long wave-

lengths, here too the narrow solitary waves, that is the ones with high positron-to-electron density
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Figure 3-2. The pro�les of cylindrical (left column) and spherical (right column) ion-acoustic
solitary wave potential � versus spatial coordinate � for (a,b) inviscid plasma, � = 0:0 (c,d)
viscous plasma, � = 0:1. Here �p = 0:3, �p = 1:0, i = 3, W = 0:15 and �i is varied as �i = 0:3
(solid curve), �i = 0:5 (dashed curve) and �i = 0:7 (dotted curve).
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ratio and/or high ion-to-electron temperature ratio, are more attenuated in contrast to the broader
pulses. Further, it is noted that the symmetric part of the pulse is attenuated whereas the tail
broadens. It is the characteristic of the KdV soliton that, when slightly perturbed, it develops a tail
[80]. Here, there are two perturbing factors, namely, dissipation and geometrical convergence, thus
resulting in ampli�cation of the tail. If the dissipative e¤ects are large the tail becomes so broad
that it loses its separate identity and becomes part of the main pulse. Presence of dissipation in
the plasma system also reduces the propagation speed of solitary pulses. Moreover, the steepening
appears on the leading edge of the pulses which gives them the shock-like character. The maximum
amplitude of the soliton at a given time is determined by the competition between the damping
due to the ion viscous dissipation and the growth due to the geometrical convergence.

Ion-acoustic shock waves

In the presence of dissipation in the plasma, initial ramp type signal evolve into a shock structure
and the dynamics of the shock is governed by the mKdVB Eq. (3.26). Planar KdVB equation has
the following solution obtained through Tanh method as mentioned earlier in Section (2.1.2):

� =
3Q2v

25QnQd
sech2

�
Qv
10Qd

�
� � �0 �

6Q2v
25Qd

(� � �0)
��

+
6Q2v

25QnQd

�
1� tanh

�
Qv
10Qd

�
� � �0 �

6Q2v
25Qd

(� � �0)
���

(3.32)

The maximum amplitude of this shock is (12Q2v)=(25QnQd) and the factor (10Qd)=Qv deter-
mines the width of the shock and 6Q2v=25Qd is speed of the shock. As the dissipation coe¢ cient Qv
linearly increases with the plasma viscosity, therefore with the increase in the plasma viscosity, the
amplitude of the shock solution (3.32) and the propagation speed increases and the width decreases.
With the increase in positron-to-electron density ratio �p; as the dispersion coe¢ cient Qd as well
as the product QnQd decrease, thus the amplitude and speed increase whereas width of the shock
decreases. With the increase of ion-to-electron temperature ratio �i, the coe¢ cient Qd decreases
whereas the product QnQd has been found to increase, resulting in small width and amplitude but
increase in the speed. Increase in the positron-to-electron temperature ratio �p, gives rise to the
increase in the coe¢ cient Qd and the product QnQd, thus decreasing the height and propagation
speed whereas increasing the width. The increase in the adiabatic index i has the similar e¤ects
as that of the temperature ratio �i; that is with the increase of i in the range 1 < i < 3; the
height and width of shock wave decrease whereas propagation speed increases.
The nonplanar evolution of the planar shock solution (3.32) can be observed by taking this pro�le

as the initial condition and numerically integrating the mKdVB Eq. (3.26) under the boundary
condition � = �� = ��� = 0 at � = +1 and �� = ��� = 0 at � = �1 : The results of the numerical
integration are shown in Fig. 3.3 (a,b) and Fig. 3.4 (a,b). The shock pro�les at � = �30 depicts the
planar shocks. Fig. 3.3 depicts the variation of the shock solution with positron-to-electron density
ratio �p whereas the e¤ects of variation of �i are shown in Fig. 3.4. Pictorial representations for
the variation of shock pro�le with the variation in other parameters are omitted for conciseness.
The shock pro�les at � = �15 and � = �6 represent the nonplanar evolution of the initial shock
pulses at � = �30: It is found that the shock amplitude ampli�es and propagation speed increases
nearly as (�0=�)�=2 during the initial stages, however, width of the shock remains almost constant.
At large values of � ; the amplitude and speed evolve at somewhat higher rate, moreover, shock
steepness increases.
However, as mentioned in Chapter 2, solution (3.32) of planar KdVB equation is very restrictive
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Figure 3-3. The pro�les of (a) cylindrical and (b) spherical ion-acoustic shock wave potential
� versus spatial coordinate � with the analytical solution (3.32) of planar KdVB equation taken
as initial condition. Here �i = 0:5, �p = 1:0, i = 3; � = 0:4 and �p is varied as �p = 0:2 (solid
curve), �p = 0:25 (dashed curve) and �p = 0:3 (dotted curve).

Figure 3-4. The pro�les of (a) cylindrical and (b) spherical ion-acoustic shock wave potential
� versus spatial coordinate � with the analytical solution (3.32) of planar KdVB equation taken
as initial condition. Here �p = 0:2, �p = 1:0, i = 3; � = 0:4 and �i is varied as �i = 0:3 (solid
curve), �i = 0:5 (dashed curve) and �i = 0:7 (dotted curve).
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Figure 3-5. The pro�les of cylindrical (left column) and spherical (right column) ion-acoustic
shock wave potential � versus spatial coordinate � with numerical solution of planar KdVB
equation taken as initial pro�le. (a,b) monotonic initial pro�le, � = 0:6 (c,d) oscillatory initial
pro�le, � = 0:1. Here �i = 0:5, �p = 1:0, i = 3, W = 0:1 and �p is varied as �p = 0:3 (solid curve),
�p = 0:35 (dashed curve) and �p = 0:4 (dotted curve).

as it strictly determines the height, width and speed of the shock pulse in terms of the plasma
parameters, thus it is very di¢ cult for the experimentalists to generate such a precise signal. A less
restrictive solution of the planar KdVB equation can be numerically obtained [see Section (2.1.2)].
The height of this solution is 2W=Qn where W is the arbitrary propagation speed of the shock in
the moving frame. Further, if the dissipation coe¢ cient Qv is larger (smaller) than a critical value
Qvcr =

p
4QdW; the shock is monotonic (oscillatory). Taking this numerically obtained pro�le of

KdVB equation as the initial condition for the mKdVB equation and numerically integrating under
the same above mentioned boundary conditions, the nonplanar evolution of this shock pro�le is
examined. The results are shown in Fig. 3.5 and Fig. 3.6. As Qn as well as Qd both remain
positive for the whole range of plasma parameters, thus oscillations in the shock damp out down
stream and the electrostatic potential in the shock is positive.
The Figs. 3.5-3.6 also show that with the increase in the positron-to-electron density ratio �p

and the ion-to-electron temperature ratios �i; the amplitude of the shock decreases. It is also
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Figure 3-6. The pro�les of cylindrical (left column) and spherical (right column) ion-acoustic
shock wave potential � versus spatial coordinate � with numerical solution of planar KdVB
equation taken as initial pro�le (a,b) monotonic initial pro�le, � = 0:6 (c,d) oscillatory initial
pro�le, � = 0:1. Here �p = 0:2, �p = 1:0, i = 3, W = 0:1 and �i is varied as �i = 0:3 (solid curve),
�i = 0:4 (dashed curve) and �i = 0:5 (dotted curve).
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observed that for a given set of plasma parameters, the amplitude and speed of the shock varies
as (�0=�)�=2. Further, it is also noted that for small viscosities, initially a monotonic shock pro�le
becomes oscillatory for very large values of � : On the other hand, for large values of viscosities
when the dissipative e¤ects dominate over the dispersive e¤ects the shock behaves much like the
Burgers shock and in the converse case when the dispersion is larger than the dissipation the leading
oscillation in the shock structure acquires the characteristics of the nondissipative soliton.
In our plasma system there are three species, namely, ions, electrons and positrons. The density

pro�les for these species within the nonlinear solitary and shock structures can be obtained from
their relationships (3.4), (3.5) and (3.21) with the electrostatic potential. The mathematical ex-
pressions relating the density perturbations of these species to �rst order potential perturbation �
reveal that up to the �rst order of perturbed quantities, the normalized densities vary with the �
as:

ni = 1 +
��

v20i � �i
� ;

ne = 1 + �; (3.33)

np = 1� �=�p:

Thus the densities of ions and electrons increase within the solitary and shock structures whereas
that of the positron decreases. Thus these nonlinear structures are compressive for the ions and
electrons whereas rarefactive for the positrons.

3.3 Magnetosonic Waves

In the unmagnetized plasma ion-acoustic wave is the only low frequency mode. Most of the natural
and laboratory plasmas are threaded with the magnetic �eld. In the presence of magnetic �eld,
besides ion-acoustic waves which does not perturb the local magnetic �eld strength, two other
important low-frequency modes, namely, Alfven and magnetosonic modes, also exist in the plasma.
Alfven waves propagate parallel to the ambient magnetic �eld, produce transverse perturbations
of the magnetic �eld and in the linear nondispersive and nondissipative limit do not perturb the
plasma density and pressure. On the other hand magnetosonic waves propagate perpendicular to
the ambient magnetic �eld and produce compressions and rarefaction of the plasma density and
the magnetic �eld resulting in the increase of the plasma pressure in the regions of compressions
and decrease in those of rarefaction. The perturbation magnetic �eld and the ambient magnetic
�eld both are parallel in case of magnetosonic waves. Thus the local strength of the magnetic
�eld is altered in these modes and the waves get the electromagnetic character. The masses of
the plasma particles (mainly those of the heavy constituents) provide the inertia and the restoring
force is provided by the magnetic tension B20=4� for the Alfven waves and for the magnetosonic
waves the restoring force comes not only from the thermal pressures (as in ion-acoustic wave) of
the plasma species but also from the magnetic pressure B20=8� of the external �eld, where B0 is
the strength of the external magnetic �eld. Thus these waves also exist even in cold plasma limit
and propagate through the action of magnetic restoring force (magnetic tension/pressure). The
parallel propagating Alfven wave is also known as shear Alfven wave or slow Alfven wave, whereas
the other nomenclature for the magnetoacoustic wave is compressional Alfvén wave or fast Alfvén
wave, and for frequencies approaching the resonance frequency (i.e., lower hybrid frequency), it is
also known as lower hybrid wave [249, 214]. Presence of additional species in the two component
e-i plasma modi�es these waves in a number of ways and results into e.g., splitting of modes and
introduction of new cuto¤ and resonance frequencies. Here, we shall consider the long wavelength
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and low-frequency magnetosonic waves in the hot and dissipative e-p-i plasma.

3.3.1 Theoretical model and governing equations

In order to investigate various features of the nonlinear magnetosonic solitary and shock structure
in e-p-i plasma, we consider a three �uid weakly viscous plasma system consisting of adiabatically
hot electrons, positrons and singly charged ions. We consider cylindrical geometry in which the
external magnetic �eld is directed along the z direction i.e., Bext = B0ẑ: Further, we assume that
perturbation travels in the radial direction and owing to the cylindrical symmetry all variables
depend only on the radial coordinate r (i.e., @=@� = @=@z = 0): The normalized continuity and
momentum equations for the three �uids are given as:

@nj
@t

+
1

r�
@(r�njvjr)

@r
= 0; (3.34)
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(3.35)
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= sj�j
p
� (E� � vjrBz) + e�j � @2
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@

@r
� �

r2

�
vj�; (3.36)

where the subscript j � i; e; p stands for ion, electron and positron species, respectively, and the
parameter � has been introduced so that � = 1 represents the cylindrical geometry and the sub-
stitution � = 0 (with the coordinate change: r ! x; � ! y) takes us to the planar geometry case.
Moreover, we have de�ned �j = mi=mj , sj = e=qj , �j = Tj0= Te0 [with mj ; the mass; qj ; the
charge; Tj0, the equilibrium temperature (expressed in the units of energy) of the jth species]. Fur-
ther, nj(nj0) represents the perturbed (equilibrium) number density, vjr(vj�) the radial (azimuthal)
component of velocity and j the adiabatic index of the jth species, respectively. The parameter
~� = c2s=v

2
A (where cs =

p
Te0=mi and vA = B0=

p
4��mjnj0 are, respectively, the ion-acoustic and

Alfvén speeds) is related to the plasma beta � = 8��nj0Tj0=B20 as ~� = (�=[2f1 + �i�i + �p�pg])�;
with � = �i + �(1 + �p), where we have de�ned �i = ni0=ne0, �p = np0=ne0 and � = me=mi. Note
that �e = �p = mi=me = ��1as me = mp. At equilibrium the condition of quasineutrality holds so
that �i + �p = 1: The parameter e�j is the the kinematic viscosity of the jth species, normalized to
v2A=!0, where !0 = (!ci!ce)

1=2 is the lower hybrid frequency which is the upper limit of frequency
for the magnetosonic wave in e-i plasma. The !cj = eB0=mjc represents the cyclotron frequency
of the jth species, where e is charge of electron and c is the velocity of light. We assume that
perturbation magnetic �eld and the external magnetic �elds are aligned such that B =(0; 0; Bz)
and perturbation electric �eld components lie in the (r; �) plane so that E = (Er; E�; 0).
The Maxwell�s equations for the electric and magnetic �elds are:

@Bz
@t

= � 1
r�
@(r�E�)

@r
; (3.37)

��
@Er
@t

=
p
� (never � �inivir � �pnpvpr) ; (3.38)

and

�

�
@Bz
@r

+ �
@E�
@t

�
=
p
� (neve� � �inivi� � �pnpvp�) : (3.39)

where the symbol � denotes the ratio v2A=c
2: In Eqs. (3.34)-(3.39), the densities are normalized by

the respective equilibrium values, velocities are normalized by the Alfven speed vA, magnetic �eld
is normalized by the ambient static �eld B0; electric �eld by vAB0=c, and time and space variables
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are normalized by !0 and vA=!0; respectively.

3.3.2 Linear dispersion relation

The linear dispersion relation for our set of plasma system Eqs. (3.34)-(3.39) can be obtained by
perturbing the various dependent variables about their equilibrium state as follows:

nj = 1 + �nj H�
0(kr)e

�i!t;

Bz = 1 + �Bz H�
0(kr)e

�i!t;

vjr = �vjr H�
1(kr)e

�i!t; (3.40)

vj� = �vj� H�
1(kr)e

�i!t;

Er = �Er H�
1(kr)e

�i!t;

E� = �E� H�
1(kr)e

�i!t:

where the functions H�
s (kr) are e

�ikr for the planar (� = 0) case and for the cylindrical (� = 1) case
these are zeroth (for s = 0) and �rst (for s = 1) order cylindrical Hankel functions, respectively.
Substituting the perturbed values (3.40) in the model equations (3.34)-(3.39) and linearizing around
the equilibrium state of the plasma, we obtain the following linear dispersion relation for our three
component plasma system:
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352 (3.41)

where

�j = �j!
2 + i e�j!k2

and �e = 1, �i = ��i and �p = ��p: Multiplying the LDR (3.41) withY
j

�2!2
�
�j(�j � j�j�j~�k2)� ��2j!2

�
and simplifying, we get an eleventh degree polynomial in !: Here we are interested in the low
frequency long wavelength limit, so we look for the root which passes through the point (!r; k) =
(0; 0) in !r � k plane as well as through the point (!i; k) = (0; 0) in !i � k, where !r = Re[!] and
!i = Im[!]. This mode corresponds to the lower branch of the magnetosonic mode [note that in
e-p-i plasma the magnetosonic mode split into two branches, see the details in Section (5.3.2)]. For
this mode, in the long wavelength and small frequency region the frequency ! can be expanded in
the powers of wave number, so that retaining the terms up to the cubic order in k we get:

! = a1k + a2k
2 + a3k

3 (3.42)

where a1; a2 and a3 are constants to be determined. Substituting the small wave number expansion
(3.42) in the polynomial version of the LDR, and collecting terms in various powers of k, from the
lowest three successive powers of k, the values of constants come out to be:
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a1 = v0m =

s
�+ ~�[e + �i�ii + �p�pp]

�(1 + �)
; (3.43)

which is the expression for the phase velocity of the nondissipative, nondispersive magnetosonic
wave in hot e-p-i plasma.

a2 = �i
�i�i + �(�e + �p�p)

2�(1 + �)
; (3.44)
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with

G =
�iv

2
0m(1� �2) + ~�

�
�e � �i�ii � �p��pp

�
�(1 + �)

: (3.46)

The dispersion length of the wave is (�a3=v0m)1=2 and in the dispersionless, nondissipative limit
the dimensionalized phase velocity of the magnetosonic mode comes out to be:

vphm = v0mvA =

s
v2A + v

2
s

1 + v2A=c
2
; (3.47)

where

vs =

s
ini0Ti0 + ene0Te0 + pnp0Tp0

mini0 +mene0 +mpnp0
: (3.48)

It is worth noting that in the limit B0 ! 0, and � = me=mi ! 0; the phase velocity vphm
approaches

�
�jnj0Tj0= (mini0)

�1=2
; which is not the ion acoustic wave velocity vphi as given in Eq.

(3.16) in the unmagnetized e-p-i plasma, which for adiabatic electrons and positrons modi�es as:

vphi =

s
1

mi

�
iTi0 +

ni0eTe0pTp0

pTp0ne0 + np0eTe0

�
: (3.49)

Thus unlike the two component e-i plasma where for vanishing external magnetic �eld the mag-
netosonic wave degenerates to the IAW, in three component hot e-p-i plasma the magnetosonic
mode in the low frequency nondispersive and nondissipative limit behaves di¤erently from the cor-
responding mode in the hot e-i plasma. This is because in the dispersionless (� ! 0;� ! 0) and
dissiptionless (�j = 0) limit of the linear magnetosonic waves, the density perturbations of all the
species, for both hot e-i as well as hot e-p-i plasma, can be shown to be frozen to the magnetic
�eld lines (frozen-in-magnetic �eld approximation) and thus oscillate in phase. However, unlike the
IAW in e-i plasma where the density perturbations for all the species (electron as well as ions) are
in phase; for the IA mode in e-p-i plasma, density perturbations for the electrons and ions are in
phase whereas that of positrons is out of phase. Thus in three component e-p-i plasma, for vanishing
magnetic �eld, the magnetosonic mode reduces to the acoustic mode which is di¤erent from the
ion-acoustic mode in unmagnetized e-p-i plasma.
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3.3.3 Derivation of modi�ed Korteweg-de Vries Burgers equation

To derive an evolution equation which governs the far �eld dynamics of inward propagating mag-
netosonic solitary and shock structures, we stretch the independent variables as:

� = ��1=2(r + v0mt);
� = �3=2t; (3.50)

For perpendicular compression in a strong magnetic �eld (such that !cj� j � 1, where � j is the
collision time of the particles of the jth �uid) the viscosity of the plasma is almost the same as in
the unmagnetized case [213]. Further, we assume that viscosities are small and of the O(�1=2) i.e.,

e�j = �1=2�j ; (3.51)

where �j are O(1).
Next we expand the perturbed quantities nj ; vjr; vj�; Bz; Er and E� about their equilibrium

values in power series of �; as follows:

nj = 1 + �nj1 + �
2nj2 + �

3nj3 + � � � � �;
vjr = �vjr1 + �

2vjr2 + �
3vjr3 + � � � � �;

vj� = �3=2vj�1 + �
5=2vj�2 + �

7=2vj�3 + � � � � �;
Bz = 1 + �Bz1 + �

2Bz2 + �
3Bz3 + � � � � �;

Er = �3=2Er1 + �
5=2Er2 + �

7=2Er3 + � � � � �;
E� = �E�1 + �

2E�2 + �
3E�3 + � � � � �; (3.52)

Using Eqs. (3.50)-(3.52) in Eqs. (3.34)-(3.39), one can develop equations in various power of �. To
the lowest order in �, we obtain:

nj1 = Bz1; (3.53)

vjr1 = E�1 = �v0mBz1; (3.54)

sj�j
p
�(Er1 + vj�1) = (v

2
0m � �j~��jj)

@Bz1
@�

; (3.55)
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The next higher order in � yields the following relations between the �rst order and the second
order quantities:
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Eqs. (3.59) together with Eqs. (3.61) and (3.55) yield the following relation between Er1 and
@Bz1=@� :

Er1 = ��1=2G
@Bz1
@�

; (3.63)

where G has been de�ned in Eq. (3.46), which in turn, via Eq. (3.55) determines vj�1 in terms of
@Bz1=@� as:

vj�1 = �
�
�j
p
�
��1 h

�jG� sj(v20m � �j�jj~�)
i @Bz1
@�

; (3.64)

Next we eliminate the second order quantities from relations (3.57)-(3.62) with the help of the
phase velocity expression (3.43) to get an evolution equation for Bz1 which comes out to be mKdVB
equation as given below:
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+QnBz1
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@�

+Qd
@3Bz1

@�3
�Qv
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@�2
+
�Bz1
2�

= 0: (3.65)

where the nonlinear coupling coe¢ cient Qn; the dispersion coe¢ cient Qd and the coe¢ cient Qv of
viscous dissipation term come out, respectively, to be:
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3v20m�+

~�
�
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Qv =
�i�i + �(�e + �p�p)

2�(1 + �)
: (3.68)

For � = 1; the equation (3.65) becomes the cylindrical Korteweg-de Vries Burgers (cKdVB) equation
and for � = 0; we get the planar KdVB equation. Note that Qv = ia2 and the dispersion coe¢ cient
Qd � �a3; because for small viscosities the term O(�2j ) in Eq. (3.45) falls to the higher order and
does not appear at the order of approximation used to derive mKdVB equation (3.65).

3.3.4 Results and discussion

There are in all eleven parameters which a¤ect the structure of the nonlinear magnetosonic wave:
the positron-to-electron density ratio �p; which determines the concentration of positrons in the
plasma; the parameter ~�; which determines the plasma beta; the three normalized coe¢ cients of the
kinematic viscosity �j ; which measure the strength of dissipation; the temperature ratios �i and �p;
the three adiabatic indices j of the three �uids and the parameter �. We shall assume �i = �p = 1,
that is, all species are considered to be in thermodynamical equilibrium. We assume that there are
enough self-collisions among the particles of various �uids such that for low velocity waves the energy
gained in the perpendicular compression is disseminated in all the three directions on microscopic
level so that we set the adiabatic indices as j = 5=3: For equal temperatures and singly charged ion
species, the kinematic viscosities of the lighter species (electrons and positrons) are related to that
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of the ions [213, 244] as �e=p � ��1=2� where � = �i: Substituting these relations in the expression
(3.68), the viscous dissipation coe¢ cient Qv takes the form:

��
�i + �

1=2(1 + �p)
	
�
�
= [2�(1 + �)],

which shows that in the presence of su¢ cient ions in the system as considered in the present model
such that, �i � �1=2(1 + �p); contribution of the ions to the coe¢ cient Qv is much larger than that
of the electrons and positrons. We shall set � = 0 (unless otherwise mentioned) being very small
for the low-velocity, low-frequency long-wavelength waves as considered here and the dispersion is
provided, mainly, by the inertia of lighter species (electrons and positrons). Setting � = 0; also
means that we are ignoring the charge separation e¤ects which only become important for the
high frequencies and short wavelengths [162]. However, we shall also brie�y describe the e¤ects
of small but �nite displacement current (i.e., � 6= 0) on various nonlinear structures. Admittedly
the aforementioned various parameters, which we �xed as above, are not strictly constant rather
they not only locally depend on each other but also vary with the spatial and temporal coordinates
within the perturbation. However, such changes are small and will in fact not alter the qualitative
and the order of magnitude analysis presented here.
The dependence of the nonlinear coupling coe¢ cient Qn; the dispersion coe¢ cient Qd and the

coe¢ cient Qv of viscous dissipation term on parameters �p, ~� and � and � (with other parameters
�xed as mentioned in the preceding paragraph) is as follows.

� The nonlinearity coe¢ cient Qn remains positive for all ranges of various parameters. It is
found to increase with the positron-to-electron density ratio �p and plasma ~�; whereas with
the increases of � it decreases.

� The dispersion coe¢ cient Qd also remains positive for the whole range of various plasma
parameters and increases with the increase in positron-to-electron density ratio �p: With the
variation of plasma ~�, it is found that for �� �, Qd increases with the increase of ~� provided
�p is greater than a certain critical value �pcr � 0:14: For small values of �p < �pcr; there exists
a critical value ~�cr of plasma ~�; such that for ~� < ~�cr the dispersion coe¢ cient Qd decreases
with the increase of ~� and for ~� > ~�cr the usual increasing behavior with ~� is witnessed. With
the increases in �p the value of ~�cr (for � � 0) decreases from 1 (at �p = 0) to zero (at
�pcr � 0:14):
The dispersion coe¢ cient Qd has also been found to increase with the increase of the parameter
� = v2A=c

2 in the range 0 � � � 0:1; for all values of plasma beta and 0 � �p < 1: However, for
the e-p plasma i.e., for �p = 1, Qd is found to decrease with � for the whole range of plasma
beta. The variation of the dispersion coe¢ cient Qd at small values of �p for � = 0 is depicted
in Fig. 3.7(a). The value of ~�cr for the e-p-i plasma also decreases with the increase of � as
shown in the Fig. 3.7(b).

� The coe¢ cientQv of the viscous term linearly increases with the normalized kinematic viscosity
� as well as with the increase of �p and decreases with �:

Note that Qn and Qd are independent of � and Qv is independent of ~�: In the following, we discuss
how the variation in various plasma parameters and geometrical convergence a¤ect the magnetosonic
solitary and shock waves in the three component e-p-i plasma under consideration.

Magnetosonic solitary waves in inviscid plasma

For inviscid plasma the coe¢ cient of viscosity � � 0 ) Qv = 0; and the dynamics of the wave are
governed by mKdV equation. Following the same procedure as in case of nonplanar ion-acoustic
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Figure 3-7. Variation of dispersion coe¢ cients Qd for magnetosonic wave with plasma ~� at
small values of �p for (a) � = 0:0; (b) � = 0:0001:
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solitary waves, we numerically integrate the cKdV equation (mKdV equation with � = 1) using peri-
odic boundary conditions and using the planar soliton solution (3.31) as initial condition. However,
now the coe¢ cients Qn, Qd and Qv correspond to the MSW and are given by Eqs. (3.66)-(3.68).
Results of the numerical integration are shown in Fig. 3.8 (a). The solitary pulses at � = �30
correspond to the planar geometry. Here too both nonlinearity as well as dispersion coe¢ cients
take only positive values for all ranges of various plasma parameters thus perpendicular propagat-
ing MSWs in e-p-i plasma admit only supersonic hump like solitary structures for the perturbation
magnetic �eld.
It can be seen from the pro�les of solitary waves, shown in Fig. 3.8 (a), that for a constant ~�;

the increase in positron-to-electron density ratio �p results into a small diminution in the amplitude
(/ Q�1n ) but a marked increase in the width of the solitary wave (/

p
Qd).

On the other hand, for constant positron-to-electron density ratio �p; increase in parameter ~�
(as well as plasma beta �) also results in the decrease of amplitude (due to increase of Qn with
~�) and broadening of the solitary pulses (due to increase of Qd with ~�) provided �p is above a
certain critical density �pcr � 0:14; as shown in Fig. 3.9(a). However, below the critical value �pcr,
the behavior of the dispersion coe¢ cient Qd as described above and depicted in Fig. 3.7(a) shows
that for �p = 0 and � � � � 0; i.e., for two component e-i plasma, the dispersion coe¢ cient Qd
shows a monotonic decrease with the increase in ~�: This is consistent with the results of Ref. [159].
However, introduction of a small concentration of positrons (�p � �pcr � 0:14) gives rise to a critical
value ~�cr. For ~� < ~�cr, the dispersion coe¢ cient Qd and hence also the soliton width decreases
with increasing ~�; whereas, for ~� > ~�cr, Qd increase with ~�; broadening the corresponding soliton.
The value of ~�cr decreases as �p increases and eventually at �p = �pcr, ~�cr ! 0; beyond this point
the usual increasing behavior follows upto the value of �p � 1. When �p = 1, that is for the e-p
plasma, Qd also decreases with the plasma � for � � 0, just like in e-i plasma. Thus the �nite beta
e¤ects in presence of positrons in e-i plasma or ions in e-p plasma exhibit quite di¤erent trends.
The variation of soliton width depends on how plasma parameters a¤ect the dispersion character,
i.e., coe¢ cient Qd; of the wave, which in turn via Eq. (3.64) depends on how the perpendicular
current densities vary with the changes in the plasma parameters.
The e¤ects of displacement current on the various coe¢ cients are small as long as � � �.

However, when � becomes comparable to �, the e¤ects of displacement current become important
and signi�cantly a¤ect the various coe¢ cients and thus also the wave pro�les. As mentioned earlier
with the increase of �, the nonlinearity coe¢ cient Qn decreases and hence amplitude increases for
the whole range of plasma beta � as well as positron-to-electron density ratio �p: The dispersion
coe¢ cient Qd and, thus also the width of solitary waves, have been found to increase with the
increase of the parameter � in the range 0 � � � 0:1, for all values of plasma beta and 0 � �p < 1.
However, for the e-p plasma i.e., for �p = 1, Qd is found to decrease with � for the whole range of
plasma beta. Increase of � also a¤ects the value of ~�cr; which has been found to shift towards the
lower values as � increases [see Fig. 3.7(b)].
Numerical results reveal that in the cylindrical geometry, the broader pulses move a bit faster

and amplify a little slower than the narrower ones. The imploding solitary pulse develop a �at wake
behind it, a characteristic feature of the cylindrical soliton. The peak amplitude increases as (�0=�)m

and width decreases as (�0=�)�m=2 where the exponent m varies in the range 1=2 . m . 2=3.

Magnetosonic solitary waves in viscous plasma

The nonplanar evolution of the magnetosonic solitary pulses in the presence of viscous dissipation
is shown in Fig. 3.8(b)-3.9(b). For the purpose of comparison rest of the parameters are chosen to

75



Figure 3-8. The pro�les of magnetic �eld perturbation Bz1 within the converging magne-
tosonic solitary structure versus spatial coordinate � for (a) inviscid plasma, � = 0:0 (b) viscous
plasma, � = 0:6. Here ~� = 0:001, �i = �p = 1:0, i = e = p = 5=3, � = 0:0, W = 0:4 and �p is varied
as �p = 0 (solid curve), �p = 0:4 (dashed curve) and �p = 0:6 (dotted curve).

be the same as those for the inviscid plasma [as chosen in Fig.3.8(a)-3.9(a)].
The e¤ects of viscous dissipation on these waves are similar to that on the ion-acoustic waves,

however, unlike IAWs, the magnetosonic solitary pulses propagating through positron rich plasma
(with high �p) are less susceptible to the viscous dissipation. Increase of plasma ~� also broadens
the pulse thus reducing the dissipative e¤ects on the solitary pulse.

Magnetosonic shock waves

In the presence of enough viscous dissipation, the magnetosonic shock structures can emerge out
of a given ramp type signal. In the planar geometry, the planar KdVB equation governs the
dynamics of these shocks. The analytical solution of the planar KdVB equation as obtained by
employing the Tanh method is the same as given in Eq. (3.32). In case of magnetosonic shock
structure the variation of various coe¢ cients with the plasma parameters predicts that similar to the
corresponding IA shock pro�le, the amplitude and speed of the shock solution for the magnetosonic
wave increases and width decreases with the increase in viscous dissipation. However, unlike the
IA case, with the increase in positron-to-electron density ratio �p, the amplitude and speed of the
shock decrease whereas width of the shock increases. With the variation of parameter ~�, shock
pro�les follow the same trend provided �p > �pcr. For �p < �pcr, with the increase in plasma ~�; Qd
decreases for ~� < ~�cr resulting in reduction of the width of shock and increase of shock speed. It
is also found that the amplitude (12Q2v)=(25QnQd) decreases with increases of parameter ~� except
for very small values of �p / 0:028, where the amplitude increases with the increase in plasma ~� for
~� < ~�cr.
The amplitude of the numerical solution of KdVB equation [as described in Section (2.1.2)]

for the magnetosonic shock structures varies as 2W=Qn, so that for a given speed similar to the
solitary structures, the amplitude of shock decreases with the increase of �p and ~�. With the
increase of �p; the value of the dispersion coe¢ cient Qd increases more than that of the viscous
dissipation coe¢ cient Qv; so that for rest of the parameters �xed, with the increase of �p; the
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Figure 3-9. The pro�les of magnetic �eld perturbation Bz1 within the converging magne-
tosonic solitary structure versus spatial coordinate � for (a) inviscid plasma, � = 0:0 (b) viscous
plasma, � = 0:6. Here �p = 0:3, �i = �p = 1:0, i = e = p = 5=3, � = 0:0, W = 0:4 and ~� is varied
as ~� = 0:001 (solid curve), ~� = 0:1 (dashed curve) and ~� = 0:5 (dotted curve).

criterion Qv > Qvcr may get reversed if the di¤erence Qv� Qvcr is small, thus making a monotonic
shock pro�le an oscillatory one. As coe¢ cient Qv is independent of the parameter ~�, whereas the
dispersion coe¢ cient Qd increases with the ~� (for � � 0 and �p > �pcr), thus a monotonic shock
pro�le is likely to become an oscillatory one with the increase of plasma ~� too. Similar trend is seen
with respect to the increase in the parameter �: For �p < �pcr, and ~� < ~�cr, with the increase of ~�;
the dispersion coe¢ cient Qd decreases and thus making a monotonic shock even more monotonic
i.e., a more Burgers shock-like.
The nonplanar evolution of these magnetosonic shock solutions in the cylindrical geometry is

similar to that of IA cylindrical shocks owing to the same structure of the governing equation i.e., at
the early stages of evolution, the amplitude and speed of these shock pro�les increase as (�0=�)1=2:
The nonplanar evolution and the variation of these shock pro�les with the positron-to-electron
density ratio �p and the plasma ~� are shown in Fig. 3.10 and Fig. 3.11.
The initial (numerically obtained) shock pro�les are adjusted on the computational grid to

present a clear comparison of the shock solutions for various plasma parameters.
It is evident from Eq. (3.53) that the density perturbations of all the three plasma species are in

phase with the magnetic �eld thus magnetosonic solitary and shock structure are purely compressive
for all the three species.

3.4 Exact and Approximate Analytical Solutions

In the previous two sections, we discussed the numerical solutions for the nonplanar ion-acoustic
and magnetoacoustic solitary and shock waves in e-p-i plasma. Here we present analytical estimates
for various numerically solved equations. Among the planar nonlinear equations encountered so far,
planar KdV equation and Burgers equations are integrable via inverse scattering transform [250]
and Cole-Hopf transformation [251] respectively, whereas planar KdVB equation is known not to be
integrable [252]. Among the nonplanar equations only the cKdV equation is known to be integrable
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Figure 3-10. The pro�les of magnetic �eld perturbation Bz1 within the converging shock
structure versus spatial coordinate � with the analytical solution of planar KdVB equation
taken as the initial pro�le for �i = �p = 1:0, i = e = p = 5=3, � = 0:0, � = 0:7 (a) variation with
di¤erent values of �p = 0:1 (solid curve); 0:15 (dashed curve); 0:2 (dotted curve) for ~� = 0:001 (b)
variation with di¤erent values of ~� = 0:001 (solid curve); 0:02 (dashed curve); 0:04 (dotted curve)
for �p = 0:3.

Figure 3-11. The pro�les of magnetic �eld perturbation Bz1 within the converging shock
structure versus spatial coordinate � with the numerical solution of planar KdVB equation
taken as initial pro�le for �i = �p = 1:0, i = e = p = 5=3, � = 0:0, � = 1:0, W = 0:1 (a) variation
with di¤erent values of �p = 0:1 (solid curve), 0:5 (dashed curve), 0:8 (dotted curve) for ~� = 0:01
(b) variation with di¤erent values of ~� = 0:001 (solid curve), 0:05 (dashed curve), 0:1 (dotted
curve) for �p = 0:4.
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[80]. The cKdV equation can be cast in the following conventional form:

@u

@~�
+ 6u

@u

@�
+
@3u

@�3
+
1

2~�
u = 0; (3.69)

via the transformation ~� = (6Qd=Qn)u; where ~� = � for the IAW and ~� = Bz1 for the MSW; and
� = ~�=Qd: The analytical one soliton solution of the cKdV equation (3.69) has been found as [80]:

u(�; ~�) = 2
@2

@�2
ln f (�; ~�); (3.70)

with

f (�; ~�) = 1 + �21

1Z
�

h
(12~�)�1=3

n
Bi(12~�)�1=3(� � �1)

oi2
d�; (3.71)

where �1 and �1 are constants which can be chosen to match the numerically obtained pro�les
and Bi is the second Airy function. Often for the nonlinear wave equations whose exact solutions
are di¢ cult to obtain, some scaling transformations are sought which reduce them to the ones,
which can be analytically solved at least in a certain range of parameters. There also exist scaling
transformations [116, 117, 253] for the aforementioned cylindrical and spherical nonlinear wave
equations, which reduce them to the corresponding planar equations with coordinate dependent
dispersion and dissipation. For the cylindrical imploding wave (note that for imploding waves in
the (�,� ) frame � takes the negative values), for example, following transformation:

~�0 = (��)1=2 ~�;
� 0 = 2[(��0)1=2 � (��)1=2]: (3.72)

transforms the cKdVB equation to the planar KdVB equation given as:

@ ~�0

@� 0
+Q0n ~�

0@
~�0

@�
+Q0d

@3 ~�0

@�3
�Q0v

@2 ~�0

@�2
= 0; (3.73)

with Q0n = Qn; and [Q0d; Q
0
v] =

�
(��0)1=2 � � 0=2

�
[Qd; Qv].

For sKdVB equation the corresponding transformation may be taken as:

~�0 = �~�� ;
� 0 = ln(�0=�): (3.74)

and the coe¢ cients of the various terms in the corresponding planar KdVB equation takes the form:
Q0n = Qn; and [Q0d; Q

0
v] = ��0 exp(�� 0)[Qd; Qv]:

In the transformed (~�0; �; � 0) space, the KdVB equation (3.73) represents the dynamics of planar
nonlinear waves propagating through a plasma whose dispersion and dissipative characters diminish
as the time goes on. For the early times the time dependent parts of the coe¢ cients of dissipative
and dispersive terms can be treated nearly constants and the corresponding approximate solutions
in (~�0; �; � 0) space are the planar nonlinear wave solutions. Transforming these solutions back to
the (~�; �; �) space yields the analytical expressions for the imploding nonlinear solitary and shock
structures. So that analytical approximate solution for the cKdV equation (i.e., cKdVB equation
with Q0v = 0) becomes:

~�(�; �) =
3W

Qn

��0
�

�1=2
sech2

"s
W
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��0
�

�1=4
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�
��0
�

��
]

#
; (3.75)
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and for sKdV equation we have:

~�(�; �) =
3W

Qn

��0
�

�
sech2
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4Qd

��0
�

�1=2
[� � �0 �W�0 ln

�
�

�0

�
]

#
; (3.76)

The solutions (3.75)-(3.76) are valid for time � very close to initial time �0 and at large values of �
there is a marked di¤erence from the numerical and empirical values. In fact the empirical results
for conventional positron free plasmas [254] show that, for cylindrical and spherically symmetric IA
solitary wave structures, far from the origin (for spherical case) or axis (for the cylindrical case) the
property of the planar soliton that, (width)2 (amplitude) = constant, remains intact. Further, for
the spike like symmetric part of the soliton the energy law of acoustic (i.e., the constancy of the
energy along the ray tubes) is valid. Combining these properties, amplitude [width] of the cylindrical
solitons varies as (�0=�)

2=3[(�0=�)
�1=3] and that of the spherical ones as (�0=�)

4=3[(�0=�)
�2=3] (for

details see Refs. [80, 255]). The former estimate [i.e., Eqs. (3.75)-(3.76)] assumes that the shelf and
symmetric part both move with the same center of mass velocity of the whole structure while the
later ignores the contribution from the shelf thus a little over estimates the actual results.
The approximate analytical expression valid far from the center of symmetry can be obtained

by treating the geometrical e¤ects as a small perturbation. Using the Inverse scattering transform
(IST) procedure as described in Ref. [256, 257], the symmetric part of the nonplanar soliton evolves
as:

~�(�; �) =
3W

Qn
~�(�) sech2

"s
W

4Qd
~�(�)[� � �0 � ~	(�))]

#
; (3.77)

with
~�(�) = (�0=�)

2�=3 and ~	(�) = ~	(�0) +
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(1� 2�
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�

�2�=3
�
��0
�

��
; (3.78)

which gives the same result as obtained through the energy conservation principle as described
above. The Fig. 3.12 presents a comparison of analytical approximation with the numerical results
for the cylindrical (� = 1) magnetosonic solitary waves, propagating through inviscid plasma for
a set of plasma parameters. The dashed curves [labelled Theoretical (1)] depicts the nonplanar
evolution according to Eq. (3.75) and the dotted ones [labelled Theoretical(2)] correspond to the
analytical expressions (3.77)-(3.78).
In the presence of the small dissipation in the nonplanar geometry, if the dissipation and geo-

metrical e¤ects are much smaller than nonlinear and dispersive e¤ects they can be treated as
perturbation of the planar KdV equation. Under the in�uence of these perturbations, using the
IST as described above, the symmetric part of the nonplanar soliton evolve according to the same
relation (3.77), however, ~�(�) and ~	(�) are modi�ed as:

~�(�) =
(�0=�)

2�=3

4QvW�

15Qd(1� 2�
3
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�
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�
��0
�

��
+ 1

#
(3.80)

The comparison of analytical expressions (3.77) [with ~�(�) given by (3.79) and ~	(�) given
by (3.80)] for the cylindrical (� = 1) magnetosonic solitary structure in viscous plasma with the
corresponding numerical results are presented in Fig. 3.13.
On the other hand, early time imploding cylindrical and spherical shock pro�les of the mKdVB
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Figure 3-12. Comparison of numerically obtained pro�les (solid curves) with the theoretical
estimates given by Eq.(3.75) (dashed curves) and Eqs. (3.77)-(3.78) (dotted curves) for the
cylindrical magnetosonic solitary pulses propagating through inviscid plasma.

Figure 3-13. Comparison of numerically obtained pro�les (solid curves) with the theoretical
estimate (dashed curves) given by Eq.(3.77) [with ~�(�) given by (3.79) and ~	(�) given by (3.80)]
for the cylindrical magnetosonic solitary pulses propagating through viscous plasma.
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equation, as obtained through the numerical integration of Eq. (3.26), evolve approximately as:

~�(�; �) =
��0
�

�1=2
~�

�
� � 2W�

���0
�

�1=2
�
��0
�

��
; �0

�
(3.81)

for the cylindrical case and for the spherical shocks the corresponding expression is:

~�(�; �) =
��0
�

�
~�

�
� �W�0 ln

�
�

�0

�
; �0

�
(3.82)

where ~� [�; �0] is the shock pro�le at initial time �0: Here W is the corresponding planar shock
speed which for the initial pro�le (3.32), as obtained through the Tanh method, is 6Q2v=25Qd: For
nonplanar evolution of the numerically obtained initial condition (i.e., the numerical solution of the
planar KdVB equation), the character of the shock wether monotonic or oscillatory depends upon
Q0v ?

p
4Q0dW

0 respectively, where W 0 is the shock speed in (~�0; �; � 0) space.
The comparison of analytically and numerically obtained shock pro�les for the cylindrical (� = 1)

magnetosonic shock structure, with the analytical solution (3.32) as the initial pro�le, is presented
in Figure 3.14. It is found that both agree so well at the early stages of evolution that they
nearly overlap. The disagreement of theoretical and numerical results are witnessed only for large
amplitudes which can be accomplished by choosing either a long time interval or a higher value of
kinematic viscosity.

Figure 3-14. Comparison of the theoretically predicted [Eq. (3.81)] and numerically obtained
cylindrical shock pro�les with analytical solution of planar KdVB equation taken as the initial
condition.

The comparison of the analytical estimate (3.81) with the corresponding numerical one, with
numerical solution of KdVB equation as the initial pro�le, is depicted in Fig. 3.15. It is found that,
in contrast to solitary structures, the transformations (3.72) and (3.74) are found to work very well
for the imploding shock waves for quite a wide range of the stretched time � .
A good agreement between the analytical estimates and the numerical solutions for the spherical

and cylindrical ion-acoustic solitary and shock waves is also observed in the corresponding limits.
The results are omitted for the sake of brevity.
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Figure 3-15. Comparison of the theoretically predicted [Eq. (3.81)] and numerically obtained
cylindrical shock pro�les with numerical solution of planar KdVB equation taken as the initial
condition. (a) nonplanar evolution of monotonic shock (b) nonplanar evolution of oscillatory
shock.
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Chapter 4

Electrostatic Solitary Ion Waves in
Dense Magnetoplasma

4.1 Introduction

At ordinary densities, temperatures and electromagnetic �elds, the classical �uid or Vlasov models
adequately describe various linear and nonlinear features of a plasma system. However, when the
densities are very high or temperatures are very low or electromagnetic �elds are ultra strong, the
classical approach breaks down and quantum e¤ects become important. In the presence of strong
magnetic �eld, depending upon the density and temperature, the cyclotron radii of the plasma
species may (Landau) quantize, resulting into the modi�cation of the velocity distribution function
[258] and equation of state of the plasma [259]. The quantum e¤ects also alter the dynamics of
low temperature and high density plasmas when the interparticle spacing becomes smaller than
the deBroglie wavelength of the plasma particles; the criterion which marks the onset of the so-
called quantum degeneracy. The quantum degeneracy pressure and quantum tunneling (also called
quantum di¤raction) are characteristic features of such plasmas. The quantum mechanical e¤ects
associated with the spin angular momentum of the plasma particles have been found to a¤ect
not only the dynamics of the dense low temperature plasmas but also have a signi�cant a¤ect
on the plasma properties in the classical regime at su¢ ciently high temperatures [260]. In the
ultra high electromagnetic �elds (as believed to exist in the atmospheres of magnetars [261] and
are also envisaged for the near-future ultrahigh intensity laser-matter interaction experiments [262])
nonlinear quantum electrodynamic (QED) e¤ects become important as such strong electromagnetic
�elds can polarize the vacuum, resulting in the creation of electron-positron pairs and in the presence
of plasma such e¤ects are enhanced [263]. In quantum regime, very high frequency and extremely
short wavelength, electrostatic and electromagnetic dispersive waves can exist with the typical
frequencies lying in the X-rays and gamma-rays regimes [48].
In a multicomponent plasma consisting of heavy and light mass species, one may also encounter

a situation wherein heavy mass species are nondegenerate and obey classical statistics whereas
the small mass species become degenerate and obey quantum statistics. Such a quantum-classical
mixture of plasma species can be found in a number of astrophysical environments e.g., white and
brown dwarfs, as well as in terrestrial plasmas as for example in micropinches, in intense laser fusion
experiments, electron-hole plasma in semiconductor wherein the e¤ective mass of holes is much
larger than that of the electrons so that electrons are degenerate whereas holes behave as classical gas
[172]. To study such a mixture of degenerate and nondegenerate plasma components a semiclassical
approach is required. Employing such a semiclassical approach, in this chapter, we shall study
the characteristics of the electrostatic solitary ion waves in a three-component magnetized plasma,
consisting of degenerate electrons and positron �uids and nondegenerate classical ion species [178].

84



The quantum e¤ects in our model appear through the quantum degeneracy pressure of electron and
positron species.

4.2 Plasma Modeling and Delimitative Parameters

The multi�uid equations which we have used in Chapter 2 and 3 are obtained by taking the various
moments of the Vlasov equation; a procedure which can be found in a number of text books on
plasma physics [47, 214]. For this purpose the distribution function for the plasma species is assumed
to be Maxwellian so that the average number of particles of the jth species in a single particle state
(also known as mean occupation number) with energy "j are given as:

hn("j)iMB = e�["j��j ]=kBTj (4.1)

where �j is the chemical potential, Tj (measured in Kelvins) is the temperature of the jth species
and kB is the Boltzmann constant. A perturbation in the plasma will distort this distribution.
However, within the approximation of the �uid model such deviation is assumed to be small [213].
Such an approach is rooted in the fact that the thermal deBroglie wavelength of the plasma particles
is much less than the interparticle distance and the plasma particles are distinguishable from each
other through their position coordinates at all the times. The expression for the thermal deBroglie
wavelength of the jth species of a plasma system is given as:

�Bj =
hp

2�mjkBTj
(4.2)

where mj; the mass of the jth species and h is the Planck�s constant. It is evident that thermal
deBroglie wavelength is large for small mass particles and also increases as the temperature of the
particles decreases. On the other hand the average interparticle distance is proportional to n�1=3j ;

where nj is the volume number density of the jth species. Thus the condition for the jth species
to behave as a classical gas, having a Maxwellian distribution at equilibrium, takes the form:

nj�
3
Bj < 1 (4.3)

which is satis�ed for high temperatures and low densities, so that Maxwell-Boltzmann�s distribution
yields correct results only for low density high temperature plasma systems. However, when the
temperatures are very low and/or densities are high the inequality in the condition (4.3) is reversed
(nj�3Bj > 1). The situation corresponds to the quantum regime where interparticle distance is much
shorter than the deBroglie wavelength so that the two particles in a close contact will no longer be
distinguishable as the uncertainty in the position of the particles (which is of the order of thermal
deBroglie wavelength of the particle) is greater than the average distance between the two particles.
This is the essence of the well-known Heisenberg uncertainty principle of the Quantum Mechanics.
Thus the equality nj�3Bj = 1; marks a boundary between the classical and quantum regimes. The
boundary can also be described in terms of a degeneracy temperature T0 [264, 265]:

T0j =

�
2�~2

mj

�
n
2=3
j (4.4)

For temperatures Tj < T0j ; the quantum e¤ects become signi�cant. The appearance of the mass in
the denominator of the expression (4.2) for the �Bj ; shows that, when the temperature is lowered
and/or the density is increased, the small mass plasma species will enter into the degenerate quantum
regime prior to their large mass fellows.
The plasma particles belong to the two general categories of particles: Bosons which possess
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integral spin quantum number (0; 1; 2; 3; � � � � �) and whose wave function is symmetric (i.e., it does
not change sign when the particles are swapped over); and Fermions, the half-integral spin quantum
number (1=2; 3=2; 5=2; � � � � �) species having antisymmetric wave function. The behavior of both
type of particles is similar in the low density and/or high temperature. Both obey the Maxwell-
Boltzmann statistics and the mean occupation number of the particles in a given single particle
energy state, as given by Eq. (4.1), is very small i.e., hn("j)i << 1; so that it is rare that more than
a single particle will fall into an energy state. However, in the opposite limit of low temperature
and/or high density the two type of particles behave very di¤erently. The behavior of Bose particles
is governed by the Bose-Einstein statistics according to which the average number of particles in a
single particle state with energy "j are:

hn("j)iBE =
1

e["j��j ]=kBTj � 1
(4.5)

On the other hand Fermi particles obey the Fermi-Dirac statistics and accordingly the distribution
of particles obeys the relation:

hn("j)iFD =
1

e["j��j ]=kBTj + 1
(4.6)

Both Bose-Einstein and Fermi-Dirac distribution reduce to the classical Maxwell-Boltzmann distri-
bution in the limit of low density and high temperature. However, for the low temperature and high
density limit the implication of these di¤erent distribution for the two di¤erent type of particles is
that: for Bosons a state can have any number of particles leading to the well known phenomenon of
Bose-Einstein condensate which is an extreme case of quantum degeneracy for the Bosons in which
all the particles condense in the lowest energy state. Whereas for Fermions a state can accommo-
date only single particle so that when Tj = 0 or volume number density is very high, all the energy
states with "j < �j are �lled whereas those with "j > �j are empty so that the distribution function
(4.6) acquires the shape of a step function. The energy corresponding to the edge of the step i.e.,
"j = �j is called the Fermi energy whose expression comes out to be:

"Fj =
~2

2mj

�
6�2nj
2Sj + 1

�2=3
(4.7)

where Sj is the spin quantum number of the Fermion of the jth species. If the temperature Tj of
the jth plasma species, consisting of Fermions, is much greater than its Fermi Temperature TFj ,
de�ned as TFj = "Fj=kB, the said species will follow the Maxwell-Boltzmann statistics. Whereas
for TFj > Tj ; the quantum e¤ects become important and the corresponding species is termed as
degenerate. We de�ne a dimensionless parameter �j = TFj=Tj ; which marks a boundary between
the classical and quantum regimes for the Fermionic species [168]:

�j = TFj=Tj 7 1 ( classical regime)
(quantum regime) (4.8)

In fact, this is another way of describing the criterion (4.2) for the Fermions as the parameter �j is
related to the product nj�3Bj as:

�j =

�
3
p
�

4(2Sj + 1)
nj�

3
Bj

�2=3
=

�
3
p
�

4(2Sj + 1)

�2=3
T0j
Tj

(4.9)

Both the classical (Maxwell-Boltzmann) and quantum (Fermi-Dirac and Bose-Einstein) statistics
address the non-interacting particles. On the other hand, plasma consists of charged species which
interact through the electrostatic coulomb forces. However, if the kinetic energy of the particles
is much larger than their electric potential energy, they can be treated as nearly a non-interacting
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gas. For classical plasmas this is possible as the charged species are at much larger distances
due to low densities and at high temperatures their thermal kinetic energy is very large and this
condition is well satis�ed. In the quantum limit the degenerate Fermi particles can still be treated as
noninteracting if their Fermi energy is larger than their interaction energy. Such a non-interacting
collisionless plasma gas is also known as an ideal or perfect gas. For a gas of Bosons, the kinetic
energy of the particles continuously decreases as the temperature is lowered so that eventually the
mutual interaction energy exceeds the kinetic energy which prohibits the condensation of all Bose
particle into a single state. We de�ne a dimensionless parameter, also called coupling parameter
�j; as the ratio of electric interaction energy to the kinetic energy, which measures the ideality of
the jth plasma species.
As the average interparticle distance between the particles is d = n

�1=3
j ; thus the average electro-

static interaction energy between the two particles is Eint = e2=d = e2n
1=3
j and the average thermal

kinetic energy is kBT so that for the classical case the ideality condition reads as [168]:

�Cj =
e2n

1=3
j

kBTj
�
 

1

�3Djnj

!2=3
7 1 (classically collisionless)

(classically collisional) (4.10)

where �Dj = [kBTj=(4�e2nj)] is the Debye length for the particles of jth species so that �3Djnj are
number of particles in the Debye volume and near-equality sign in the expression (4.10), shows that
for the sake of clarity, in the second expression of �Cj some numerical proportionality constants
have been omitted. The last term shows that for the near ideal behavior the Debye volume must
have large number of particles.
On the other hand, for the Fermionic quantum (degenerate) plasma, the ideality condition reads

as [168]:

�Qj =
e2n

1=3
j

"Fj
�
 

1

�3Fjnj

!2=3
�
�
~!pj
"Fj

�2
7 1 (quantum mechanically collisionless)

(quantum mechanically collisional) (4.11)

where �Fj = vFj=!pj is the quantum analog of the Debye length; here !pj =
�
4�ne2=mj

�1=2 is the
plasma frequency and vFj = (2"Fj=mj)

1=2 = ~=[mj

�
(6�2nj)=(2Sj + 1)

	1=3
] is the Fermi velocity of

the particles of the jth species. The last expression which is a pure quantum mechanical description
of the ideality having no classical analog, states that the for a degenerate plasma species to behave
as an ideal gas of Fermions, the energy associated with a single plasmon (~!pj) must be much
less than the Fermi energy. For degenerate species the available number of free energy states into
which a particle can scatter are very limited, due to the Pauli exclusion principle, thus making the
degenerate species of the plasma behave like a collisionless perfect gas.
We de�ne another important parameter gj as the ratio of kinetic energy to the rest mass energy

(mjc
2) of the respective plasma species. The non-relativistic treatment will only yield physically

correct results if this ratio is much less than unity. For the classical non-degenerate plasma species
the kinetic energy is thermal energy of the particles and for the quantum mechanically degenerate
plasma species it is the Fermi kinetic energy. So that in order for the classical plasma components
to be nonrelativistic, we have [266]:

gCj =
kBTj
mjc2

7 1 (classically nonrelativistic)
(classically relativistic) (4.12)

and for quantum degenerate Fermionic species, the criterion becomes:

gQj =
"Fj
mjc2

7 1 (quantum mechanically nonrelativistic)
(quantum mechanically relativistic) (4.13)
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The log10Tj � log10nj plot for e-p-i plasma with degenerate electrons and positrons

Consider a plasma system consisting of a mixture of nonrelativistic and collisionless degenerate
electrons and positrons and singly charged nonrelativistic collisionless classical ions which we assume
to be hydrogen nuclei i.e., protons such that Sj = 1=2. We shall assume that the three species in
our plasma system obey the quasi-neutrality condition given as:

ni + np = ne (4.14)

Further the temperatures of the various species obey the following relation:

TFi < Ti � Te;p < TFe;p (4.15)

The region of existence for the various species and the boundary lines separating the various regions
are shown on log10nj � log10Tj plot in Fig. 4.1. The region shaded red and bounded by the the
line gQep = 1 from above, �Qep = 1 line from below, �ep = 1 line from the right and vertical axis
from the left corresponds to the degenerate electrons and positrons. Whereas, the region shaded
green and bounded by the �Ci ep = 1 line from the left, the horizontal axis from below, the line
gQep = 1 (as maximum ion density can not exceed the maximum possible electrons density due
to the quasineutrality) and the line Ti = TFe;pmax from the right (as maximum temperature of
ion �uid can not exceed the maximum value of the Fermi temperatures of the two degenerate
species within the approximation of our model). All the points (np; Tp) and (ne; Te) belonging
to the red shaded region and the points (ni; Ti) from the green region subjected to the constraint
(4.14)-(4.15) comprise our plasma system. Note that in the absence of positrons the two component
nonrelativistic, collisionless and quasineutral e-i plasma with degenerate electrons and classical ions
will occupy only a small overlapping triangular region.

E¤ect of magnetic �eld on the equation of state

The above discussion is for the unmagnetized plasma. It is well known that the presence of a strong
quantizing magnetic �eld inhibits the degeneracy by depressing the Fermi levels of the charged
plasma species [267]. This is because in the strong magnetic �eld, the transverse motion of the
particles is quantized into the Landau levels and the number density of the energy states of the
charged particles is proportional to the strength of the applied magnetic �eld. Decrease in Fermi
energy may also result in violation of ideal-gas approximation. However, the magnetic �eld will
only appreciably alter the density of states and equation of state of the degenerate plasma species
(electrons and positrons in the present case) provided the cyclotron energy ~!cj (i.e., the Landau-
level spacing) of these species is greater than their Fermi energy, which implies that the density of
the respective species is less than the so called magnetic density de�ned as [268]:

nBj =
1p

2�2�30j
(4.16)

here �0j = (~c= jqj jB)1=2 is the (quantum) cyclotron radius, where jqj j represents the magnitude
of the charge of the jth species. For densities nj < nBj ; the plasma particles reside only in the
ground Landau level and the properties of that species e.g., Fermi energy, equation of state etc., are
modi�ed by the magnetic �eld. For nj � nBj many Landau levels are populated which weaken the
e¤ect of magnetic �eld on the statistical and thermodynamical properties of the plasma. Further
the extent to which the magnetic �eld a¤ects the properties of the plasma species also depends
on the temperature of the plasma. If the cyclotron energy ~!cj i.e., the Landau level spacing, is
greater than their thermal width which is of the order of the thermal energy kBTj or equivalently,
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Figure 4-1. The log
10
Tj � log10 nj plot with delimitative boundaries for e-p-i plasma with

degenerate electrons and positrons. Region shaded red corresponds to the degenerate electrons
and positrons whereas the green region corresponds to the classical ions (for details see the
text).
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if the temperature is less than the so called magnetic temperature de�ned as:

TBj =
~!cj
kB

; (4.17)

the e¤ects of magnetic �eld are signi�cant. In this limit the nondegenerate plasma also requires
quantum mechanical treatment as the quantizing �eld will also change the classical Maxwell-
Boltzmann distribution to the quantum Maxwell-Boltzmann distribution [258].
In Fig. 4.2 the curves, depicting the magnetic densities and temperatures, are plotted on the

regions of existence (as shown in Fig. 4.1 for the unmagnetized case) of classical ions (protons)
and degenerate electrons and positrons for the three values of the magnetic �eld strength. The
maximum magnetic �eld is chosen to be that of white dwarfs [269] i.e., B = 109G. For the present
case of monocharged plasma species, jqj j is equal in magnitude to the charge of electron so that for
the given strength of magnetic �eld, we have set nBj = nB = 1=

�
21=2�2�30

�
, with �0 = (~c=eB)1=2.

For nj < nB the Fermi temperatures are also shown. Note that TFj = TBj at nj = nB . However,
for nj & nB ; the deviation of the Fermi temperature from that of the unmagnetized case is found
to be small [268]. As we shall con�ne ourselves to non-relativistic case thus we have ignored the
relativistic e¤ects which become important at very high densities and temperature and results into
decrease of Fermi temperature TFj and magnetic temperature TBj . There are three regions which

Figure 4-2. The magnetic density nB, magnetic temperature TBj and Fermi temperatures TFj
depicted on log

10
Tj � log10 nj plot for three values of ambient magnetic �eld strength. For the

illustrative purpose, the shaded regions of Fig. 4.1 have been retained. Note that for a given
strength of the magnetic �eld B (as shown on horizontal curves depicting nB) TFj = TBj when
nj = nB (for details see the text).

characterize the e¤ects of Landau quantization on the statistical and thermodynamic properties of
the gas [268]:
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� In the regions where nj . nB and Tj . TBj ; the particles are mostly in the ground Lan-
dau level; the magnetic �eld is strongly quantizing and will change all the properties of
the respective plasma species. In this region, the pressure of the nonrelativistic degenerate
(Tj . TFj . mjc

2=kB) Fermi gas is given as:

PBj =
2

3
nj"FBj =

4�2~4c2

3mje2
n3jB

�2 (4.18)

where "FBj = (2�2~4c2n2j )=(mje
2B2) is the Fermi energy in the strong quantizing magnetic

�eld such that the Fermi particles only occupy the ground Landau-level. Such a strong quantiz-
ing �elds are common in the crust of magnetars [261]. On the other hand for the unmagnetized
(B = 0) case the pressure of the degenerate Fermions (in 3-dimensions) takes the form:

PFj =
2

5
nj"Fj =

~2

5mj
(3�2)2=3n

5=3
j (4.19)

� In the regime satisfying nj & nB and Tj . TBj , the Fermi gas is degenerate. In this region many
Landau levels are populated but the level spacing is greater than kBTj and the magnetic �eld is
weakly quantizing. The bulk thermodynamic properties of the gas (e.g., chemical potential and
pressure) are only slightly a¤ected by the magnetic �eld. However, the quantities (e.g., heat
capacity, electron screening length in the plasma, adiabatic index etc.) which depend upon
the thermal electrons near the Fermi surface show oscillatory behavior. With the increase of
Tj these oscillations are weakened and eventually vanish when Tj & TBj .

� Tj & TBj or nj � nB : in this regime many Landau levels are populated and the thermal
width of the Landau levels (� kBTj) is greater than the levels spacing, magnetic �eld is termed
non-quantizing and it does not alter the thermodynamic properties of the Fermi gas.

4.3 Thomas-Fermi Approximation

We shall employ the zero temperature Thomas-Fermi model to determine the densities of the two
degenerate plasma species of our system, namely, electrons and positrons. The main assumptions of
Thomas-Fermi law is that the Fermi-Dirac statistics can also be applied to a degenerate gas placed
in an electrostatic �eld described by the electrostatic potential �; provided [271]:

� the �eld varies very little over the deBroglie wavelength

� the �eld varies slowly so that a large number of particles can be assumed to lie within a volume
element over which variation of the �eld are negligible.

Accordingly the number of electrons and positrons per unit volume in our three component
plasma system can be obtained as:

nj =
(2mj)

3=2

2�2~3

1Z
0

"
1=2
j d"j

e("j��j)=kBTj + 1
(4.20)

In the presence of self-consistent electrostatic potential �eld � of the plasma:

"j =
p2j
2mj

+ qj� (4.21)

where pj is the momentum of the Fermi particle in the single particle energy state "j and qj is the
charge of jth Fermionic plasma species. At Tj = 0, the Fermi function becomes a step function,
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and noting the constancy of chemical potential at thermal equilibrium, we get:

"max j =
p2max j
2mj

= �j � qj� = "Fj0 � qj�

) ~2

2mj

�
3�2nj

�2=3
= "Fj0 � qj�

) nj = nj0

�
1� qj�

"Fj0

�3=2
(4.22)

Here "Fj0 = (~2=2mj)
�
3�2nj0

�2=3 is the Fermi energy of the unperturbed degenerate jth plasma
species.

4.4 Electrostatic Solitary Ion Waves in Dense Magnetized e-p-i
Plasma

Our aim is to study the electrostatic solitary waves in a plasma system comprising the nonrelativis-
tic, collisionless and degenerate electrons and positrons; and nonrelativistic, collisionless, nondegen-
erate (classical) singly charged ions immersed in an ambient magnetic �eld. Further, we consider
the densities of all the species greater than nB and temperatures greater than TBj , so that the �eld
is not quantizing and does not a¤ect the equation of state of the degenerate plasma species. We
shall treat ions as a cold classical �uid having temperature much less than the Fermi temperatures
of the degenerate electrons and positrons species.
A typical set of plasma parameters which conforms to these conditions is as follows: B = 107G,

ne0 = 10
26cm�3, np0 = 0:8� 1026cm�3, ni0 = 0:2� 1026cm�3, Te;p = Ti = T = 106K. For this data

nB � 1020cm�3 < nj , TBe;p=T = 0:00134366 < 1, TBi=T = 7:321 � 10�7<1;�i = 0:00170148 < 1,
�e = 9:13024 > 1, �p = 7:86821 > 1, �Ci = 0:45319 < 1, �Qe = 0:0848765 < 1, �Qp =

0:0914305 < 1, gCi = 9:182�10�8 < 1, gQe = 0:00153853 < 1, gQp = 0:00132587 < 1. These �gures
show that the chosen plasma parameters are well within the limitations of our plasma system.
Choosing the typical white dwarfs densities as a reference [270] for the maximum �eld B = 109G,

we can set the following values for various quantities: ne0 = 1028cm�3, np0 = 0:9�1028cm�3, ni0 =
0:1�1028cm�3, Te;p = Ti = T = 107K. For this data nB � 1023cm�3 < nj , TBe;p=T = 0:0134366 <
1, TBi=T = 7:321 � 10�6 < 1, �i = 0:00230927 < 1, �e = 19:6705 > 1, �p = 18:3363 > 1,
�Ci = 0:166957 < 1, �Qe = 0:0182861 < 1, �Qp = 0:0189397 < 1, gCi = 9:182 � 10�7 < 1,
gQe = 0:0331467 < 1, gQp = 0:0308983 < 1, which again well satisfy the constraints of our system.

4.4.1 Model equations and linear dispersion relation

We consider that the nonlinear electrostatic ion wave, in our three component, nonrelativistic,
collisionless plasma consisting of degenerate positrons and electrons and nondegenerate classical
ions, is propagating obliquely to the external magnetic �eld, which is assumed to be directed along
the z�axis, i.e., B = B0ẑ; (where ẑ is a unit vector in the z�direction) such that the wave vector
lies in the (x; z) plane. The dynamics of ions are governed by the usual hydrodynamic continuity
and momentum equations given as:

@ni
@t

+r � (nivi) = 0; (4.23)

@vi
@t

+ (vi �r)vi =
e

mi
[�r�+1

c
(vi�B)]; (4.24)
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whereas degenerate electron and positron gases are described by Thomas-Fermi law:

ne = ne0

 
1 +

e�

"Fe0

!3=2
; (4.25)

np = np0

 
1� e�

"Fp0

!3=2
: (4.26)

The length scale of nonlinear electrostatic solitary wave is assumed to be greater than the Fermi
wavelengths and gyroradii of the electrons and positrons such that the spatial dispersion and trans-
verse cyclotron motion of electrons and positrons can be ignored. The system of equations is closed
with the help of charge neutrality condition ni + np = ne:

By linearizing Eqs. (4.23)-(4.26), the dispersion relation for the coupled ion-acoustic wave (IAW)
and ion-cyclotron wave (ICW) is obtained as:

!2� =
1

2

�
k2C2eff + !

2
ci �

n�
k2C2eff + !

2
ci

�2 � 4!2cik2zC2effo1=2� : (4.27)

Here kz is the z component of the wave vector and e¤ective ion-sound speed in e-p-i plasma
is de�ned as Ceff = Cs

p
f�F (1� �p)g =(�F + �p); where Cs =

p
2"Fe=3mi is ion-sound speed

in unmagnetized electron-ion plasma with degenerate electrons [172]; !ci = eB0=cmi is the ion
gyrofrequency; we have de�ned �p = npo=ne0, �F = "Fp0="Fe0 and by using Eq. (4.7), we obtain

�F = �
2=3
p . The upper branch ! = !+ corresponds to obliquely propagating ICW and the lower

branch ! = !� represents obliquely propagating IAW. If the dispersion is weak or magnetic �eld
is strong (i.e., kCeff � !ci), the two modes can be approximated as:

!� � kzCeff

 
1�

k2xR
2
eff

2

!
; (4.28)

!+ � !ci

 
1 +

k2xR
2
eff

2

!
; (4.29)

whereas in the opposite limit kCeff � !ci; we have:

!� �
!cikz
k

; (4.30)

!+ � kCeff

 
1 +

k2x
2k4R2

eff

!
; (4.31)

where kx is the x component of the wave vector and Reff
= Ceff=!ci =

p
f�F (1� �p)g =(�F + �p)

rg with rg = Cs=!ci is the Fermi ion gyroradius. The region (!cikz)=k < ! < !ci; is a no propagation
region in which wave vector becomes imaginary.
Assuming that all the perturbed quantities vary in the (x; z) plane, the normalized set of equa-

tions can be written as:
@Ni

@T
+
@(NiVx)

@X
+
@(NiVz)

@Z
= 0; (4.32)

@Vx
@T

+ (Vx
@

@X
+ Vz

@

@Z
)Vx = �

3

2

@�

@X
+ Vy; (4.33)

@Vy
@T

+ (Vx
@

@X
+ Vz

@

@Z
)Vy = �Vx; (4.34)
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@Vz
@T

+ (Vx
@

@X
+ Vz

@

@Z
)Vz = �

3

2

@�

@Z
; (4.35)

Ni =
1

1� �p
(1 + �)3=2 � �p

1� �p
(1� �=�F )3=2: (4.36)

In Eqs. (4.32)-(4.36) following normalizations have been used:

T = t!ci; X =
x

rg
; Z =

z

rg
;Vi =

vi
Cs
; � =

e�

"Fe
; Ni =

ni
ni0

: (4.37)

The Thomas-Fermi approximation restricts the normalized electrostatic potential � to lie within the
interval � 2 [�1; �F ]. Any perturbation potential lying outside these limits would yield imaginary
values for densities which is physically not possible.

4.4.2 Derivation of pseudopotential

In order to study localized solutions, we de�ne a transformed coordinate � which designates the
frame co-moving with the nonlinear structure such that:

� = KxX +KzZ �MT; (4.38)

whereM is the Mach number; Kx and Kz are the direction cosines along x and z�axis which satisfy
the relation, K2

x +K
2
z = 1: Next we transform equations (4.32)-(4.36) in the co-moving frame such

that all quantities are dependent on the single variable � and applying the appropriate boundary
conditions as � ! �1; Ni ! 1;�! 0;Vi ! 0; d2�=d�2 = d�=d� ! 0; we obtain,

1

2

�
d�

d�

�2
+ U(�) = 0; (4.39)

where U(�) is the Sagdeev potential given as:

U(�) =
4

9

�
(1� �p)2M2

U30

n
(1 + �)1=2 + ��1

F
�p(1� �=�F )1=2

o
� 1
��2 �

3

2
(1�K2

z )�+

M2

2
(1� �p)

�
1� �p � 2U0

U02
+

1

1� �p

�
+
3

5
U1

�
K2
z

U0
� 1

1� �p

�
+
9

5

K2
z

M2(1� �p)2

�
1

5
U1(U1 + 1 + �p�F )�

1

10
U2 +

1

2
�pU3

��
; (4.40)

where

U0 = (1 + �)3=2 � �p(1� �=�F )3=2;
U1 = (1 + �)5=2 + �p�F (1� �=�F )

5=2 � (1 + �p�F ) ;
U2 = (1 + �)5 + �2p�

2
F
(1� �=�F )5 �

�
1 + �2p�

2
F

�
;

U3 = e�1(�)� �F e�2(�); (4.41)

and

e�1(�) =

Z �

0
(1 + s)5=2 (1� s=�F )

3=2 ds;

e�2(�) =

Z �

0
(1 + s)3=2 (1� s=�F )

5=2 ds: (4.42)

The explicit expressions for the integrals e�1(�) and e�2(�) are given in the Appendix 4A. Note
that in case of classical e-p-i plasma, one can obtain the e-i plasma limit just by setting �p = 0;
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without encountering a singularity because the classical temperatures are independent of densities
of the species. However, in the present case with degenerate positron species, setting �p = 0; will
lead to singularities which is expected as one can not make the positron density arbitrarily small
without crossing the degeneracy limit (i.e., �p = 1 boundary) as Fermi temperatures are related
to the densities. The appearance of singularities are the sign of the fact that the limitations of
the model are being crossed. Nevertheless, for the sake of check, one can set �p = 0; treating �F
as independent of �p: Doing so takes out the contribution of positrons and we are left with the
corresponding expression of Sagdeev potential of magnetized dense electron-ion plasma case [173].

4.4.3 Conditions for the existence of solitary waves

For the system under consideration the conditions for the existence of the solitary waves [for details,
see Section (2.2.2)] takes the form:

U(�)j�=0 =
dU(�)

d�

����
�=0

= 0;

U(�0) = 0; (4.43)

U(�) < 0; for j�0j > j�j > 0;
d2U(�)

d�2

����
�=0

< 0;

where �0 is the maximum amplitude of solitons. The last condition on the second derivative of
U(�) yields the following range for the Mach numbers

�F (1� �p)
�F + �p

Kz < M <

s
�F (1� �p)
�F + �p

: (4.44)

As we have normalized the Mach number with respect to the ion-sound speed in two component
e-i plasma, therefore solitary waves in comparison with sound speed in e-i plasma are subsonic.
With respect to the ion-acoustic speed in unmagnetized e-p-i plasma i.e., Ceff ; the Mach number
range becomes Kz < M epi < 1; where superscript "epi" reminds us that normalization speed is
the ion-acoustic speed in unmagnetized e-p-i plasma. However, the ion-sound speed at a particular
angle with the direction of magnetic �eld in magnetized e-p-i plasma [see Eq. (4.28)] is CeffKz:

Normalizing the soliton speed with this speed yields the range of Mach numbers as 1 < MB < K�1
z ,

Here the superscript "B" has been used to represent Mach number normalized with the ion-sound
speed in magnetized e-p-i plasma. Thus solitary waves are supersonic with respect to the sound
speed in magnetized e-p-i plasma.
Furthermore, for solitary waves to exist in such a system, Sagdeev potential at maximum possible

electrostatic potential �m = �F = TFp=TFe (beyond which positron density becomes imaginary)
should at least vanish i.e.,

U(�m)=
4

9

�
(1� �p)2M2

(1 + �F )
4
� 1
��2 �

3

2
(1�K2

z )�F+

M2

2
(1� �p)

(
1� �p � 2(1 + �F )3=2

(1 + �F )
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+
1

1� �p

)
+
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o� K2

z

(1 + �F )
3=2

� 1

1� �p

�
� ��

95



� � � + 9

25

K2
z

M2(1� �p)2
n
(1 + �F )

5=2 � (1 + �p�F )
o
(1 + �F )

5=2

� 9

50

K2
z

M2(1� �p)2
�
(1 + �F )

5 � (1 + �2p�2F )
	

+
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z

M2(1� �p)2
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ne�1(�F )� �F e�2(�F )o� � 0: (4.45)

This condition further restricts the allowed range of Mach number for the existence of solitary
waves. Beyond a certain critical value of the Mach number M = Mc(�p;Kz), solitary waves cease
to exist, which can be obtained numerically from condition (4.45). Hence the upper bound MU of
the allowed range of Mach number is given by:

MU = min

"
Mc;

s
�F (1� �p)
�F + �p

#
: (4.46)

Conditions (4.44) and (4.45) determine parametric region for the existence of solitary waves.
Fig. (4.3a) depicts these regions in (�p;M) plane at di¤erent propagation angles i.e., Kz = 0:4; 0:6;

0:8: The results in (Kz;M) plane for positron densities �p = 0:2; 0:4; 0:6 are shown in Fig. 4.3(b).
It is seen that the region of existence of solitary waves (shown hatched in the plots) decreases and
shift towards higher values of Mach number with the decrease of angle of propagation (i.e., increase
of Kz) and/or decrease of positron concentration.

Figure 4-3. Parametric regions of existence for solitary waves (a) in M��p plane for KZ = 0:4;
0:6; 0:8 (b) M �KZ plane for �p = 0:2; 0:4; 0:6:

Pseudopotential (4.40) predicts the behavior of arbitrary amplitude solitary structure in dense
magnetized e-p-i plasma. Variation of Sagdeev potential with the Mach number for �p = 0:1 and
Kz = 0:6 is shown in Fig. 4.4. The �gure demonstrates that, for �xed direction of propagation
and for a given positron concentration, amplitude of solitary wave increases with the increase of
Mach number. The point where pseudopotential U(�) crosses the horizontal axis, corresponds to
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the maximum amplitude of the soliton. It is also seen that only hump-like solitary pulses exist, as
we do not get any potential well for � < 0: Moreover, for Mc < M <

p
f�F (1� �p)g =(�F + �p);

there is no soliton formation. In this range of Mach numbers, Sagdeev potential U(�) encounters
a singularity before returning to zero, as depicted by solid curve in the Fig. 4.4.

Figure 4-4. The behavior of Sagdeev potential U(�) against � for �p = 0:1, KZ = 0:6 varying
M = 0:65 (solid curve), M = 0:6 (dashed curve), M = 0:55 (dotted curve).

4.4.4 Results and discussions

We shall examine the e¤ect of positron concentration, angle of propagation and the strength of
ambient magnetic �eld, on the behavior of large but �nite and small amplitude solitary waves, which
propagate, respectively, with Mach numbers close to the upper and lower bounds of allowed Mach
number region such that �M = jMext �M j � 1; where Mext =MU for Large Amplitude Solitary
Waves (LASW) andMext=ML=

p
f�F (1� �p)g =(�F + �p)Kz for Small Amplitude Solitary Waves

(SASW). The behavior of solitary pulses having Mach numbers in the intermediate range will vary
between these two limits. First we investigate LASW in magnetized dense e-p-i plasmas as described
in the next section.

Large amplitude solitary waves

We have noted that large amplitude pulses propagating at small angles, in the magnetized dense e-p-
i plasma with high positron-to-electron density ratio �p [i.e., whenMU=

p
f�F (1� �p)g =(�F + �p)]

behave di¤erently from those propagating at large angles in a plasma with small positron concen-
tration ( i.e., when MU = Mc ).
For a given angle of propagation, if positron-to-electron density ratio �p is chosen such that

MU =
p
f�F (1� �p)g =(�F + �p), it is observed that maximum Mach number Mmax � MU and

corresponding maximum possible amplitude and width of the solitary wave are decreased with
the increase in the normalized positron concentration �p. For example, consider the magnetized
electron-ion plasma with degenerate electrons and no positrons i.e., �p = 0; here maximum possible
soliton amplitude is �0max = 0:33 (corresponding to maximum possible Mach numberMmax � 0:99
and Kz = 0:8). With degenerate positrons e.g., �p = 0:1; keeping the angle of propagation same,
maximum possible Mach number is Mmax � 0:78 and corresponding maximum soliton amplitude
reduces to �0max = 0:18. For �p = 0:2; Mmax � 0:71 and accordingly �0max = 0:15: The respective
plots of the solitary structures for these parameters are presented in Fig. 4.5.
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Figure 4-5. The pro�les of solitary wave potential �(�) in the case Mmax �
[f�

F
(1� �p)g =(�F + �p)]

1=2 for KZ = 0:8 varying �p = 0:0; Mmax � 0:99; �0max = 0:33 (solid curve);
�p = 0:1, Mmax � 0:78, �0max = 0:18 (dashed curve); �p = 0:2; Mmax � 0:71; �0max = 0:15 (dotted
curve).

The behavior of solitary waves in the range of small positron densities with large angles of
propagation (where MU = Mc) shows that, due to the constraint of Thomas-Fermi approximation,
for �xed angle of propagation, the maximum possible amplitude of the solitary wave is increased
and width is decreased with the increase in positron concentration. However, it remains less than
the corresponding maximum amplitude and width of the solitary pulse in electron-ion plasma with
degenerate electrons and classical ions.
The angle of propagation with the direction of external ambient magnetic �eld also appreciably

a¤ects the characteristics of LASW in a magnetized plasma with Thomas-Fermi distributed elec-
trons and positrons. For the �xed positron-to-electron density ratio �p, if the angle of propagation
is decreased from �=2 to 0 (i.e., Kz is increased from 0 to 1), in the region where MU = Mc; the
maximum amplitude and corresponding width of the solitary pulse almost remain una¤ected, up
to a certain value of Kz; beyond which MU =

p
f�F (1� �p)g =(�F + �p) holds. In this region max-

imum amplitude of the solitary structure is decreased with the decrease in the angle of propagation
but spatial extent of the solitary wave remains the same as shown in Fig. 4.6.
As noted in case of nondegenerate e-p-i plasma, here too, density perturbations inside the solitary

structure are compressive for the ions and electrons and rarefactive for positrons. The pro�les of
density perturbation of the various species are shown in Fig. 4.7.

Small amplitude solitary waves (SASW)

Now, we inspect the characteristics of small amplitude solitary structures and derive an analytical
solution in this limit. As mentioned earlier small amplitude solitary pulses are essentially those
which propagate with Mach numbers M slightly greater than ML, the lower bound of the allowed
range of Mach numbers such that �M =M �ML � 1; with corresponding peak amplitude of the
solitary wave [126] �0 � 1. In the small amplitude limit, we can expand Sagdeev potential (4.40)
near � = 0 and by retaining terms up to the order of �3 we get:

U(�) � F1(M;Kz; �p)�
2 + F2(M;Kz; �p)�

3; (4.47)
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Figure 4-6. The pro�les of solitary wave potential �(�) in the case Mmax �p
f�

F
(1� �p)g =(�F + �p) for �p = 0:4; Mmax � 0:58 varying KZ = 0:5 (solid curve), KZ = 0:6

(dashed curve), KZ = 0:7 (dotted curve).

Figure 4-7. Density perturbations �nj = nj � n0j inside the solitary structure, for ions
(solid curve), electrons (dashed curve), positrons (dotted curve) corresponding to KZ = 0:75,
�p = 0:1;M = 0:65: Here nj(n0j) is normalized perturbed (equilibrium) number density of the
respective species.
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where the coe¢ cients F1 and F2 are:

F1(M;Kz; �p) =
1

2

d2U(�)

d�2

����
�=0

=
M2(�F + �p)�K2

z�F (1� �p)
2M2fM2(�F + �p)� �F (1� �p)g

; (4.48)

F2(M;Kz; �p) =
1

6

d3U(�)

d�3

����
�=0

=
eG

12M2(1� �p)fM2(1 + �p��1F )� (1� �p)g2
; (4.49)

Here eG is de�ned aseG =M2[3M2f11(1 + �3p��3F ) + (1 + �p�
�1
F
)(35�p�

�1
F
+ �p�

�2
F
+ �p)g

� (1� �p)2(1� ��2F �p)]�K2
z (1� �p)[M2f41(1 + �2p��2F )

+ 4�p(1 + �
�2
F
) + 90�p�

�1
F
g � 9(1� �p)(1 + �p��1F )]: (4.50)

Using Eq. (4.47) in Eq. (4.39), we get the small amplitude solitary wave solution as:

� = �0 sech
2(�=�); (4.51)

where �0 = �F1=F2 is amplitude and � =
p
�2=F1 is the width of soliton: For the whole range

of allowed Mach numbers F1 < 0 and F2 > 0; hence only hump-like small amplitude solitons are
possible, similar to large amplitude case.
If we expand the Sagdeev potential upto the fourth order in the wave potential [see Section

(2.2.2)], under the conditions F 22 � 4F1F3 > 0 and F1 < 0; we get the following expression for the
solitary wave:

� =
�2F1

F2 +
p
F 22 � 4F1F3 cosh(

p
�2F1�)

; (4.52)

where

F3(M;Kz; �p) =
1

24

d4U(�)

d�4

����
�=0

: (4.53)

The lengthy expression for the coe¢ cient F3(M;Kz; �p) is given in Appendix 4.A. The height and

width of this solitary pulse are�2F1=[F2+
�
F 22 � 4F1F3

�1=2
] and (�2=F1)1=2 cosh�1[2+F2=

�
F 22 � 4F1F3

�1=2
],

respectively. The Fig. 4.8 compares the sech2-type solitary solution Eq. (4.51) with the one given
by Eq. (4.52). It is evident that the latter is taller and broader than the sech2-type solitary wave.
The conditions for the existence of explosive and double layer/shock type structures (see Appendix
2A) are not met for the whole range of positron density, angle of propagation and Mach number of
the wave.
The limiting form (4.28) of the dispersion relation shows that, for the lower ion-acoustic mode

a KdV/KdV-type dynamical equation can be obtained, in the small amplitude limit, by using
standard reductive perturbative method [272]. Accordingly, in Eqs. (4.32)-(4.36), we stretch the
independent coordinates as:

� = �1=2(KzZ � v0T );
& = �1=2KxX (4.54)

� = �3=2T
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Figure 4-8. Comparison of the pro�les of the solitary pulse given by Eq.(4.52) (solid curve)
and sech2-type solitary pulse given by Eq.(4.51) (dashed curve) for �p = 0:2; KZ = 0:4 and
M = 0:3.

and the various dependent quantities are expanded as:

ni = 1 + �ni1 + �
2ni2 + � � � � � �

Vx = 0 + �2Vx1 + �
3Vx2 + � � � � � �

Vy = 0 + �3=2Vy1 + �
5=2Vy2 + � � � � � � (4.55)

Vz = 0 + �Vz1 + �
2Vz2 + � � � � � �

� = 0 + ��1 + �
2�2 + � � � � ��

From the the �rst order equation we get:

ni1 =
3K2

z

2v20
�1; Vx1 =

3v0Kx

2

@2�1
@&@�

; Vy1 =
3Kx

2

@�1
@&
; Vz1 =

3Kz

2v0
�1; (4.56)

and

v0 = Kz

s
�F (1� �p)
�F + �p

(4.57)

The second order quantities yield:

v0
@n2
@�

�Kz
@Vz2
@�

=
@n1
@�

+Kx
@Vx1
@&

+Kz
@(n1Vz1)

@�
(4.58)

3Kx

2

@�2
@&

� Vy2 = v0
@Vx1
@�

(4.59)

v0
@Vz2
@�

� 3Kz

2

@�2
@�

=
@Vz1
@�

+KzVz1
@Vz1
@�

(4.60)

n2 �
3

2

(�F + �p)

�F (1� �p)
�2 =

3

8

(�2
F
� �p)

�2
F
(1� �p)

�21 (4.61)

Eliminating the second order quantities with the help of �rst order relations (4.56)-(4.57), from
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Eqs. (4.58)-(4.61), we get the following Zakharov-Kuznetsov (ZK) equation:

@�1
@�

+Qn�1
@�1
@�

+Qd
@

@�

�
@2�1
@&2

�
= 0; (4.62)

where the nonlinearity coe¢ cient Qn and dispersion coe¢ cient Qd are:

Qn =
v0
4

"
9(�F + �p)

�F (1� �p)
�

�2
F
� �p

�F (�F + �p)

#
; Qd =

v0
2

�F (1� �p)(1�K2
z )

�F + �p
: (4.63)

The soliton solution of Eq. (4.62) is obtained as:

�1 = ��0 sech
2(�= ��): (4.64)

Here, we have introduced the transformation

� = � + & �W0� = �1=2[KzZ +KxX � (v0 + �W0)T ]; (4.65)

whereW0 is normalized constant velocity of the soliton with respect to the linear wave phase velocity
v0, and its amplitude and width are de�ned as ��0 = 3W0=Qn and �� =

p
4Qd=W0; respectively. For

the whole range of normalized positron concentration �p; we found that Qn > 0 as well as Qd > 0;
this implies that W0 > 0 which again con�rms the existence of only hump-like solitons which moves
with the supersonic speed with respect to the linear wave speed v0 in magnetized e-p-i plasma. The
two coordinates � and � are concordant, if we let � = 1: The two solutions (4.51) and (4.64) coincide
provided the Mach number and soliton amplitude ��0 have the following relationship:

M = Kz

s
�F (1� �p)
�F + �p

"
1 +

��0
12

(
9(�F + �p)

�F (1� �p)
�

�2
F
� �p

�F (�F + �p)

)#
: (4.66)

In contrast to LASW, small amplitude pulses show regular behavior for the whole range of positron
concentration and angle of propagation. With the increase in positron concentration or angle of
propagation, the behavior of SASW is the same as those of LASW in the range where MU =p
f�F (1� �p)g =(�F + �p) holds. For the �xed value of Kz; the size of solitary structure symmetri-

cally decreases with the increase in positron-to-electron density ratio. On the other hand, for �xed
positron concentration �p; if we increase the angle of propagation, the amplitude of SASW increases
but the spatial extent of the solitary structure remains the same. The plots for the results of these
investigations are omitted for brevity.

E¤ect of the strength of magnetic �eld on solitary structures

With the present choice of the magnetic-�eld-dependent normalizing parameters (i.e., !ci in this
case), e¤ect of the strength of magnetic �eld on the solitary structures can not be investigated.
To this end, we change the normalizing parameter !ci ! !pi. This amount to multiplication of
the pseudopotential U(�) in Eq. (4.39) by a factor of !2

Ri
, where !Ri = !ci=!pi: As !Ri / B0;

this results into the increase in the depth without a¤ecting the zeros of the pseudopotential, thus
resulting in decrease of the solitary wave width with the increase of the magnetic �eld strength,
whereas the amplitude of the wave is not a¤ected. The same is true in the small amplitude limit as
the said change of normalizing parameters results into multiplication of the dispersion coe¢ cient Qd
appearing in ZK equation (4.62) by 1=!2

Ri
leaving the nonlinearity coe¢ cient Qn unchanged, thus

again con�rming the unchanged amplitude and reduced width with the increase in the strength of
the magnetic �eld.
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Comparison with the other models

Using RPM, the behavior of small amplitude solitary structures propagating through the dense
e-p-i magnetoplasma have also been studied in Ref. [176], where the authors have used quantum
hydrodynamic (QHD) model and took into account quantum di¤raction e¤ects. However, in Ref.
[176], the Fermi temperatures of the electrons/positrons (which have been treated as the zero-
temperature Fermi-gases) have erroneously been taken to be independent of the densities of these
degenerate species. By taking into account the correct relation between the Fermi temperatures and
densities of the degenerate species in the QHD model of Ref. [176], we have also found a decrease
in amplitude and width of solitary structures with the increase in positron concentration (though
quantitatively di¤erent from those of Ref. [176]). Further, it is found that, for �xed positron
concentration, quantum di¤raction does not a¤ect the amplitude but slightly decreases the width
of solitary structures. Note that the term @3�1=@�

3 (in comparison with the ZK equation derived
in Ref. [176] ) does not appear in Eq. (4.62) due to negligible quantum di¤raction and charge
separation e¤ects assumed in the present model.
For the same plasma system, an extended Quantum Zakharov-Kuznetsov (QZK) equation has

also been derived [177], by extending the reductive perturbative scheme to the next higher or-
der. Moreover, in the model of Ref. [177], the propagation of wave is assumed to be in three-
dimensional (3D) space rather than in x � z plane. Besides solitary structures, the existence of
double layer/shock(kink) type and explosive nonlinear pulses have been predicted. It is also shown
that with the increase in positron concentration the size of solitary pulse decreases almost in the
self-similar fashion. Moreover, here too, the quantum di¤raction has been found to have no e¤ect
on the amplitude and very small e¤ect on the width of the solitary structure. In the studies of
Refs. [176, 177], the charge separation e¤ects (i.e., deviation from quasi neutrality) are also found
to have no e¤ect on the amplitude of the solitary structures, whereas, width of the solitary waves
diminishes. Hence, for long wavelengths quasineutrality assumed in the present model is a fairly
good approximation. Further, the models of Refs. [176, 177] predict, the behavior of only small
amplitude waves, whereas the pseudopotential method as employed in the present analysis predicts
the behavior of both large as well as small solitary structures.
Here, we want to emphasize that the agreement of our results with those of Ref. [176] and

Ref. [177] is only qualitative. Quantitatively our results are di¤erent as instead of 1D pressure
law Pe;p =

2
3"Fe;pne;p0(ne;p=ne;p0)

3 used in Ref. [176] and Ref. [177], we have exploited a 3D

pressure equation [273, 274] Pe;p = 2
5"Fe;pne;p0(ne;p=ne;p0)

5=3 for electron/positron degenerate gases
owing to the fact that, except few, most of the dense plasma systems are three dimensional and can
correctly be modeled through 3D equation of sate. Moreover, in most of the dense astrophysical and
laboratory plasmas, the quantum di¤raction parameter [176, 177] H = (eB0~)=(2c

p
memikBTFe)

remains very less than unity. As, for example, for ne0 = 1026cm�3, we get H � 10�13B0 (where
B0 is measured in Gauss); and the electron density of ne0 = 1028cm�3 yields H � 10�16B0. Which
shows that in order for the quantum di¤raction e¤ects to be appreciable, ultra high magnetic �elds
are needed which will also make, the equation of state of nonrelativistic, collisionless, degenerate
electron-positron species to be magnetic �eld dependent. Moreover, for slowly varying density
distribution, the quantum di¤raction e¤ects can also be ignored due to the higher order derivatives
involved in the associated Bohm potential term. Hence, quantum di¤raction e¤ects are ignorable
whereas quantum statistical e¤ects are important which validates the assumptions of our model.
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Appendix: 4A. Expressions for e�1(�), e�2(�) and coe¢ cient F3(M;Kz; �p)

The expressions for integrals e�1(�) and e�2(�) [see Eq. (4.41)] using the symbolic software Mathe-
matica, come out to be:

e�1(�) = Z �

0
(1 + s)5=2 (1� s=�F )

3=2 ds =
1

640�F

�
128� 176(1 + �F ) + 8(1 + �F )2

+10(1 + �F )
3 + 15(1 + �F )

4 �
q
(1 + �)(1� �=�F )

�
15(1 + �F )

4

+10(1 + �F )
3(1 + �) + 8(1 + �F )

2(1 + �)2 � 176(1 + �F )(1 + �)3

+128(1 + �)4

)
+
15(1 + �F )

5

�
1=2
F

(
tan�1

 s
1 + �

�F � �

!
� tan�1(

q
��1
F
)

)#
:

(4A.1)

e�2(�) = Z �

0
(1 + s)3=2 (1� s=�F )

5=2 ds =
1

640�2
F

�
� 128 + 336(1 + �F )� 248(1 + �F )2

+ 10(1 + �F )
3 + 15(1 + �F )

4 �
q
(1 + �)(1� �F�)f15(1 + �F )4

+ 10(1 + �F )
3(1 + �)� 248(1 + �F )2(1 + �)2 + 336(1 + �F )(1 + �)3

�128(1 + �)4g+ 15(1 + �F )
5

�
1=2
F

(
tan�1

 s
1 + �

�F � �

!
� tan�1(

q
��1
F
)

)#
:

(4A.2)

for �1 < � < �F .
The expression for the coe¢ cient F3(M;Kz; �p) appearing in Eq. (4.52) is given as:

F3(M;Kz; �p) =M2
�
M2(1� �p)f682(1 + �4p��4F ) + �pR1 + �

3
p�
�1
F
R2 + �

2
pR3g +

M4f599(1 + �5p��5F ) + �pR4 + �
4
p�
�2
F
R5 + �

3
p�
�1
F
R6 + �

2
pR7g�

(1� �p)4(1 + �p��3F )]=R0 �K
2
z (1� �p)[3(1� �p)2R8+

3M2(1� �p)f94(1 + �3p��3F ) + �pR9 + �
2
pR10g

+M4
�
959(1 + �4p�

�4
F
) + �pR11 + �

3
p�
�1
F
R12 + �

2
pR13

	
]=R0 (4A.3)

where R0 = 96M2(1 � �p)
2fM2(1 + ��1

F
�p) � (1 � �p)g3, R1 = (292 + 3305��1F + 278��2

F
� 7��3

F
),

R2 = (�7 + 278��1
F
+ 3305��2

F
+ 292��3

F
), R3 = (�2 + 590��1

F
+ 5276��2

F
+ 590��3

F
� 2��4

F
),

R4 = (26 + 3055�
�1
F
+ 42��2

F
+ 8��3

F
), R5 = (8 + 42��1F + 3055��2

F
+ 26��3

F
), R6 = (31 + 170��1F +

6260��2
F
+154��3

F
+23��4

F
), R7 = (23+154��1F +6260��2

F
+170��3

F
+31��4

F
), R8 = f13(1+�2p��2F )�

2�p(2�9��1F +2��2
F
)g, R9 = (80+439��1F +74��2

F
�3��3

F
), R10 = (�3+74��1F +439��2

F
+80��3

F
),

R11 = (92 + 4029��1
F
+ 110��2

F
+ 9��3

F
), R12 = (9 + 110��1

F
+ 4029��2

F
+ 92��3

F
) and R13 =

(29 + 282��1
F
+ 6260��2

F
+ 282��3

F
+ 29��4

F
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Chapter 5

Electrostatic and Electromagnetic
Envelope Solitons

5.1 Introduction

Amplitude modulation of a wave, which seeds the formation of envelope solitons, is a generic
feature of nonlinear systems. An almost monochromatic progressive wave may get modulated due
to a number of processes, for example, the parametric coupling of the waves [275], interaction
with coexistent low-frequency perturbations [276], due to "kinetic localization" which results into
the modulation of the wave due to the nonlinear interaction with the particles trapped in the
wave potential [277] or higher harmonic generations as a result of nonlinear self-interaction of the
carrier wave [228]. This is the last process, which we shall consider in the present investigation.
It is well known that the modulation instability may lead to the energy localization through the
formation of solitons. Thus investigation of evolution of the modulated wave is important to get
an insight into the stability behavior of a system. In a two component plasma, the role of various
factors, such as the wave number (frequency) of the carrier wave, the temperature of plasma species,
obliqueness of modulation, trapping of plasma particles in the wave potential, Landau damping,
strength of external magnetic �eld etc., in determining the stability behavior and characteristics
of envelope solitons has extensively been investigated. In a multicomponent plasmas, besides the
above-mentioned factors, the modulation instability (MI) of the wave also depends on the relative
concentration and temperature ratios of the various species which couple to the other parameters
in a nontrivial way, thus considerably in�uencing the modulated wave dynamics.
Having explored a bare pulse like KdV-type and large amplitude solitary structures, in this

chapter, we turn to the investigation of electrostatic and electromagnetic envelope solitons in three-
component e-p-i plasma system. Here, all the three species are considered to be classical and
immersed in an ambient magnetic �eld. Starting from the coupled �uid and Maxwell�s equations, we
shall derive the nonlinear Schrödinger equation for both electrostatic [190] as well as electromagnetic
[192] modes using Krylov�Bogoliubov�Mitropolsky (KBM) method. It is worth mentioning here
that like KdV equation, the Nonlinear Schrödinger (NLS) equation in 1D, is completely integrable
[278], via inverse scattering transform (IST) and admits a variety of soliton solutions [279].

5.2 Electrostatic Envelope Solitons

In the presence of magnetic �eld the ion-acoustic wave of the unmagnetized e-p-i plasma, as con-
sidered in Section (3.2), splits into two low-frequency electrostatic ion waves (EIWs): ion-cyclotron
wave (ICW) and IAW which propagate, respectively, above and below the ion-cyclotron frequency.
Modulation instability of low-frequency EIW in magnetized electron-ion (e-i) plasmas has been stud-
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ied long ago [280, 281, 282]. Here we shall investigate, how the MI criterion and the characteristic
of the envelope solitons are a¤ected by the presence of positron species.

5.2.1 Theoretical model and governing equations

Consider that low-frequency EIWs are propagating in a collisionless magnetized plasma consisting
of cold ions and hot isothermal electrons and positrons. The external magnetic �eld is directed along

the z-direction i.e., B0 = B0ẑ; and without loss of generality, we can assume that the propagation
vector lies in (x; z) plane and makes an angle � with the z�axis.
The basic set of �uid equations for the cold ions is as follows:

@ni
@t

+r � (nivi) = 0; (5.1)

@vi
@t

+ (vi �r)vi =
e

mi
(E+

vi�B0
c

); (5.2)

where the various quantities have their usual meanings. Since the thermal velocities of electrons
vthe =

p
Te=me and positrons vthp =

p
Tp=mp are much larger than the phase velocity of EIWs,

the inertialess electrons and positrons rapidly attain thermal equilibrium along the direction of
magnetic �eld and their density distributions are assumed to be Boltzmannian. Thus, we write:

ne = ne0 exp

�
e�

Te

�
; (5.3)

np = np0 exp

�
�e�
Tp

�
; (5.4)

The system is closed with the help of Poisson�s equation

r2� = 4�e (ne � np � ni); (5.5)

At equilibrium the quasineutrality condition, ne0 = ni0 + np0; holds.
Following Tagare [283], we de�ne a new axis & in (x; z) plane along the direction of propagation.

Such that we can write the wave vector k = k&̂ and the operatorr = &̂@& ; where &̂ = x̂ sin �+ ẑ cos �

is a unit vector along the direction of propagation. Now we rescale various quantities in the following
way:

t0 = !pit; &
0 =

&

�d
; n0i =

ni
ni0

; v0i =
vi
Cs
; �0 =

e�

Te
; (5.6)

Here !pi is the ion plasma frequency, Cs is the ion sound speed in e-i plasmas and �d = Cs=!pi =

(Te=4�ni0e
2)1=2; as de�ned in Section (3.2.1).

The normalized set of �uid equations governing the dynamics of low-frequency EIWs can thus
be written, in component form, as:

@ni
@t

+
@(nivi&)

@&
= 0; (5.7)

@vix
@t

+ vi&
@vix
@&

= � sin �@�
@&
+ !Riviy; (5.8)

@viy
@t

+ vi&
@viy
@&

= �!Rivix; (5.9)

@viz
@t

+ vi&
@viz
@&

= � cos �@�
@&
; (5.10)
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�i
@2�

@&2
= exp(�)� �p exp(��=�p)� �ini: (5.11)

Here �i = ni0=ne0, �p = np0=ne0, �p = Tp=Te, !Ri = !ci=!pi and

vi& = vix sin � + viz cos �; (5.12)

where !ci = eB0=mic is the ion-cyclotron frequency. Also note that primes have been dropped for
simplicity.

5.2.2 Linear dispersion relation

Linearizing the set of Eqs. (5.7)-(5.12) around the unperturbed plasma state (ni0 = 1; �0 = vix0 =

viy0 = viz0 = 0), we get the following dispersion relation for our plasma system:

!2
�

�p + �p
�p(1� �p)

+ k2
�
� k2 +

!2
Ri
k2 sin2 �

!2
Ri
� !2 = 0: (5.13)

Restoring dimensions and solving the quartic Eq. (5.13), we get two real solutions for !2as

!21;2 =
1

2
[!2s + !

2
ci � f(!2s + !2ci)2 � 4!2s!2ci cos2 �g1=2]; (5.14)

where !s = Ceffk=(1 + k2�2eff )
1=2 is ion-acoustic frequency in unmagnetized e-p-i plasma [151],

Ceff = Csf�p(1� �p)=(�p + �p)g1=2 is e¤ective ion-acoustic velocity and �eff = �de=(1 + �p=�p)
1=2

is e¤ective Debye length for e-p-i plasma where �de = (Te=4�ne0e
2)1=2 is electron Debye length

which is di¤erent from normalizing parameter �d. The Eq. (5.14) is valid under the assumptions
that ion gyroradius is much smaller than the wavelength of the wave and phase velocity of the wave
is much larger than the ion thermal velocity vi = (Ti=mi)

1=2. We have assumed ions to be cold such
that their temperature Ti � Te; Tp.
The lower branch !1; which corresponds to the negative sign in Eq. (5.14), is ion-acoustic wave

in magnetized e-p-i plasma. The positive sign in Eq. (5.14) corresponds to the upper branch !2
which joins to ion cyclotron frequency !ci as the frequency approaches !ci from above. Therefore
this ion-cyclotron mode is sometimes also called ion-cyclotron-sound branch [284]. Fig. 5.1 shows
the variation of the dispersion curve with the positron-to-electron density ratio �p [Fig. 5.1(a)],
angle � between the magnetic �eld and the direction of propagation [Fig. 5.1(b)] and ion-cyclotron-
to-ion-plasma frequency ratio !Ri [Fig. 5.1(c)]. Next we consider various limiting cases for these
modes.
For !2s � !2ci and k

2�2eff � 1 (note that we can always constrain the range of k to ful�ll this
condition) using Taylor�s series expansion in !2s=!

2
ci and retaining leading order contribution from

magnetic �eld (i.e., !ci); we get

!1 ' kCeff cos �

 
1�

R2effk
2 sin2 �

2
�
k2�2eff
2

!
; (5.15)

!2 ' !ci +
k2ReffCeff sin

2 �

2
: (5.16)

In the limit !2s � !2ci and k
2�2eff � 1; the expressions for the upper and lower branches come out

to be
!1 ' !ci cos �; (5.17)
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Figure 5-1. Dispersion relation for the ion-acoustic waves (lower branch !1) and ion-cyclotron
waves (upper branch !2) for di¤erent values of (a) positron-to-electron density ratio �p (b) angle
� of the direction of propagation with the magnetic �eld (c) magnetic �eld strength in terms
of frequency ratio !Ri.

!2 ' kCeff

 
1 +

sin2 �

2k2R2eff
�
k2�2eff
2

!
; (5.18)

where Reff = Ceff=!ci. Eqs. (5.16) and Eq. (5.17) are dispersion relations for electrostatic ion-
cyclotron waves whereas Eqs. (5.15) and Eq. (5.18) are termed as slow and fast ion-acoustic modes
respectively. We can see that the e¤ect of magnetic �eld (which appears through the product
k2R2eff ) is small on both slow and fast modes as in the former case k

2R2eff � 1 and for the latter
k2R2eff � 1. Notice that the upper limit for the ion-acoustic mode (slow mode) lies close to
!ci cos � as in e-i plasmas [285] and !ci cos � < ! < !ci is no propagation region in which wave
vector becomes imaginary.
The dispersion relations (5.15)-(5.18) are similar to those obtained for e-i plasma [283, 286],

but they di¤er through the terms !s; Ceff ; Reff and �eff , which contain contribution of positron
density. Letting �p = 0; we recover the corresponding relations for pure e-i plasma.

5.2.3 Derivation of NLS equation

In order to derive NLS equation to study the amplitude dynamics of low-frequency EIW in magne-
tized e-p-i plasmas, we shall adopt Kakutani and Sugimoto�s version of KBM Method as described
in Section (2.2.3). Accordingly, we assume perturbation solution of the form:

eS = 1X
l=0

�l eSl(a; �a;  ): (5.19)

Here eS = [� ni vix viy viz]
T and correspondingly eS0 = [0 1 0 0 0]T represents the values in

unperturbed state; eS1(a; �a;  ) is the �rst order solution; eS2(a; �a;  ); the second and so on. The �� 1

is a real smallness parameter and the superscript T stands for transpose. In the above equation a;
�a and  in the parenthesis indicate that ni; v�is and � depend implicitly on x; z and t through a; �a
and  ; where a is complex amplitude,  is the carrier wave phase de�ned as  = k& � !t; where k
and ! are normalized wave vector and frequency respectively; and �a is the complex conjugate of a.
The complex amplitude a is assumed to be a slowly varying function of & and t such that we can
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write

@a

@t
=

1X
l=1

�lAl(a; �a) (5.20)

@a

@&
=

1X
l=1

�lBl(a; �a) (5.21)

alongwith the complex conjugate relations. The unknown functions A�s and B�s are to be deter-
mined in such a way so as to make the solution (5.19) secularity free.
Substituting Eqs. (5.19)-(5.21) in Eqs. (5.7)-(5.12) and collecting terms with the same powers

of �; we get a set of equation for each order of �. At the O(�), we get the following set of equations:eDeS1(a; �a;  ) = 0; (5.22)

where eD is a matrix operator (given in Appendix 5A) and eS1(a; �a;  ) = [�1n1vix1viy1viz1]T . If we
choose the starting solution for �1 as

�1 = aei + �ae�i : (5.23)

The �rst order solution eS1(a; �a;  ) then comes out to be
eS1(a; �a;  ) =

2666664
�1
ni1
vix1
viy1
viz1

3777775 =
2666664

1

T1
T2=(k! sin �)

�i(!RiT2)=(!2k sin �)
(k cos �)=!

3777775 aei + c:c:; (5.24)

and
vi&1 = vix1 sin � + viz1 cos � (5.25)

where
T1 =

�p + �p
�p�i

+ k2; (5.26)

and
T2 = !2T1 � k2 cos2 �: (5.27)

First order solution also leads to the linear dispersion relation (5.13).
At the O(�2), we get the following set of equations:eDeS2(a; �a;  ) = eL	(a; �a;  ) + c:c:; (5.28)

where eS2(a; �a;  ) = [�2 ni2 vix2 viy2 viz2]T ; 	(a; �a;  ) = [ei a2e2i a�a]T and
eL =

264 eL11 eL21 �ieL31 eL41 ieL51
ieL12 ieL22 eL32 ieL42 eL52eL13 eL23 eL33 eL43 eL53

375
T

: (5.29)

The expressions for the elements eLi�j� (with i´= 1; 2; ::; 5; j�= 1; 2; 3) are given in the Appendix
5A. Non-secularity condition at O(�2 ) demands that coe¢ cient of e�i terms be set equal to zero.
This leads us to the following condition

A1 + vgB1 = 0; (5.30)
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where vg represents the group velocity of the wave and is given by

vg =
!3(!2 � !2

Ri
)(�p + �p)

k[!4 f�p + �p + �p�ik2g � �p�i!2Rik2 cos2 �]
: (5.31)

From O(�2 ) equations, the complete set of second order secularity-free solution eS2(a; �a;  ) comes
out to be:

eS2(a; �a;  ) =
2666664

�2
ni2
vix2
viy2
viz2

3777775 =
2666664
eH1 eG1 ed1eH2 eG2 ed2eH3 eG3 ed3eH4 eG4 ed4eH5 eG5 ed5

3777775	(a; �a;  ) + c:c:+
2666664
e�1e�2e�3e�4e�5

3777775 : (5.32)

and
vi&2 = vix2 sin � + viz2 cos � (5.33)

The exact form of the coe¢ cients eGl0 , eHl0 and edl0 (with l0 = 1; 2; ::; 5) are given in the Appendix 5B
and e�1 = �1; e�2 = �p + �p

�p(1� �p)
�1; e�3 = e�4 = 0; e�5 = �2; (5.34)

where �1 and �2 are the absolute real constants independent of a, �a and  :
Similar to second order, we can also �nd the third order solution eS3(a; �a;  ) from equations of

O(�3): To make solution eS3(a; �a;  ) secularity free, we must set the coe¢ cients of e�i in the third
order solution equal to zero. This leads us to the equation:

i(A2 + vgB2) + P (B1
@

@a
+ �B1

@

@�a
)B1 +Q jaj2 a+Ra = 0; (5.35)

where the dispersion coe¢ cient P is given as:

P =
1

2

dvg
dk

=
3vg
2

�
vg
!
� 1

k

�
+

2!v2g
(!2 � !2

Ri
)

�
1� �p�ivgkT1

!(�p + �p)

�
; (5.36)

and the nonlinearity coe¢ cient Q comes out to be:

Q = Q0 +Q2; (5.37)

where Q0; the contribution from the zeroth harmonic is:

Q0 =
h
6�3pT1T2!

2
��i � 3�3p ed5kT2!
+�i cos �
+!
�

n
!3
�
�p + �

3
p � 3ed1�p ��p � �2p��� 3ed5k3�i�3p cos3 �o

+6�3pT1T
2
2
+�i � 6�3pk2
�T1T2�i cos2 � (5.38)

+3�pT1!
3
�

n
!
�
�p � �2p � ed1�p(�p + �p)�� ed5k�i�2p cos �oi�

[3!�3p�i
�

�
�
T1!

2 + k2 cos2 �
�
+ T2
+

	
] ;

and contribution Q2 from the second harmonic comes out to be:

Q2 =
h
6�p eG1!3
� ��p � �2p�+ ! �6T 21 T2!2Ri�3p�i � !2
� ��p + �3p�	

+6!2�3p�iT1

n eG2!
� + k(sin � eG3 + cos � eG5) �!2 +
+�� 3 eG5k!2Ri cos �oi (5.39)��
12�3p�i

�
k2!2

Ri
cos2 � � !4T1

��
:
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where 
+ = !2 + !2
Ri
and 
� = !2 � !2

Ri
: The coe¢ cient R of the linear term is given as:

R = �kvg
2

 
�p � �2p

�p(�p + �p)
+ T1

!
R1 � kR2 cos �; (5.40)

Using Eqs. (5.20)-(5.21), we can express A2; B2 and B1@=@a+ �B1@=@�a as @a=@t2�A1=�; @a=@&2�
B1=� and @2a=@&21 respectively, where t2 = �2t; &2 = �2& and &1 = �&. Hence Eq. (5.35) can be
written as:

i(
@a

@t2
+ vg

@a

@&2
) + P

@2a

@&2
1

+Q jaj2 a = Ra: (5.41)

Now we introduce the following coordinate transformation

� =
1

�
(&2 � vgt2) = &1 � vgt1 = �(& � vgt); (5.42)

� = t2 = �t1 = �2t;

which leads us to the usual nonlinear Schrödinger equation:

i
@a

@�
+ P

@2a

@�2
+Q jaj2 a = 0; (5.43)

where the linear interaction term Ra; which does not a¤ect the stability pro�le of the wave and
simply causes a phase shift, has been absorbed by using the transformation a! a exp(�iR�).

5.2.4 Results and discussion

Criterion for the Modulation instability, growth rate of instability and the characteristics of various
envelope solitary structures are discussed at length in Chapter 2. Here we shall implement those
results for the low-frequency EIW with respect to modulation instability and di¤erent types of
solitons which these modes support.

Ion-acoustic mode

First we focus on ion-acoustic mode with ! < !ci < !pi. It is found that the dispersion coe¢ cient P
remains less than zero for the whole range of wave number, positron-to-electron density ratio, ion-
cyclotron-to-ion-plasma frequency ratio !Ri ; and angle � of propagation, thus the stability behavior
for this mode is solely determined by the sign of nonlinearity coe¢ cient Q: The regions of stability
in (�; k) plane, depending upon the sign(Q) [= �sign(PQ)], are shown in Fig. 5.2. In white regions
Q > 0 making PQ < 0 and wave is modulationally stable, whereas instability occurs inside the
black region (with Q < 0 ) PQ > 0 ) for modulational wave number K < Kcr =

p
2Q=Pa0;

where a0 is the amplitude of the plane wave solution of the NLS equation which is related to the
amplitude �m of the corresponding unmodulated carrier wave as a0 = �m=2. The ranges of k and
� are chosen so as to make sure that frequency is well below the upper limit !ci cos � (near this limit
phase velocity of the wave becomes exceedingly small and comparable to ion thermal velocity) and
e¤ect of magnetic �eld is not strong enough to destroy the acoustic nature of the wave (for angles
& 45�, in�uence of magnetic �eld is high and wave is no longer called ion-acoustic). The values of
positron-to-electron density ratio �p and the strength of magnetic �eld in terms of !Ri are indicated
on the top of each plot. The positron density increases vertically down the �gure, whereas strength
of magnetic �eld (in terms !Ri) increases across the �gure from left to right. It is observed that
for very small value of magnetic �eld (i.e., !Ri � 1 ) ion-acoustic wave is stable everywhere but as
the strength of magnetic �eld increases a small region of instability appears for short wave numbers
and small angles of propagation.
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Figure 5-2. The stability (white with PQ < 0) and instability (black with PQ > 0) regions
depicted in (�; k) plane, (with � coordinate taken along abscissa) for the IAWs for di¤erent
values of positron concentration �p and magnetic �eld in terms of parameter !Ri, here �p = 1.
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The curve Q = 0 marks the boundary between the region of instability [marked as region (a) in
the top-right plot of the Fig. 5.2] and the stability region (b) enwrapped by this region of instability.
Whereas the curve Q = �1 separates the region (a) and the stability region (c). With the increase
in the strength of magnetic �eld these regions shift and expand towards larger values of wave
numbers and angles of propagation. For a given strength of magnetic �eld the increase in positron
concentration (looking vertically down a single column of plots) shifts these regions towards higher
wave numbers but no shift towards large angles is seen. It is also found that this shift in the critical
wave numbers kc (of the carrier wave) which separates region of stability and instability gradually
increases with the increase in wave number. As a result, these regions of stability/instability not
only shift towards higher wave numbers but also expand vertically but not laterally. Thus in the
presence of positrons ion-acoustic wave becomes stable/unstable in certain ranges of wave number,
where it was unstable/stable in ordinary magnetized electron-ion plasma.
Fig. 5.3 depicts the plots of dispersion coe¢ cient P , nonlinearity coe¢ cient Q [which determines

nonlinear frequency shift, maximum growth rate �max = jQj a20 as well as the stability behavior as
in the present case of IAW, sign(PQ) = sign(P=Q) = �sign(Q)] and their ratio P=Q (which
determines characteristic of envelope solitons). Here the values of angle � and !Ri are chosen in
such a way so as to cover both stable and unstable ranges of the wave. The �rst column of the Fig.
5.3 shows the variation with respect to the positron-to-electron density ratio �p, the second with
respect to the angle �, and the variation with respect to the ion-cyclotron-to-ion-plasma frequency
ratio !Ri are depicted in the third column. The �rst row depicts the variations in the dispersion
coe¢ cient with respect to the said parameters. It is found that the jP j decreases with the increase
of all the three parameters. The maximum of jP j shifts towards the higher values with the increase
of �p and !Ri but to the smaller wave numbers with the increase of �. The same is borne out by
the curvatures of the dispersion curve !1 of the IAW, shown in Fig. 5.1.
In the second row are shown the variations of the nonlinearity coe¢ cientQ. For small angles [e.g.,

for the one chosen in plot (f)], if the normalized wave number is increased in the range 0 < k < 1,
the nonlinearity coe¢ cient Q encounters two thresholds labelled as kth1and kth2 (at which Q! �1
) and two zeros labelled as kz1and kz2 (at which Q ! 0). The IAW is modulationally unstable in
the wave number ranges kth1 < k < kz1 and kz2 < k < kth2, and stable otherwise. Keeping rest
of the parameters �xed, with the increase of angle �, kz1 and kth1 increase whereas kz2 and kth2
decrease such that at a certain angle �1; kz1 = kz2 = k1 [�1 is the angle upto which the stability
region (b) extends laterally in the (�; k) plane, See Fig. 5.2] and at �2 > �1; kth1 = kth2 = k2 [�2
is the angle upto which the instability region (a) extends laterally in the (�; k) plane]. The said
behavior of the kth1 and kth2 with the increase of the angle �, can also be noted from the results
presented in Fig. 5.3(e). For the parameters chosen in the Fig. 5.3(e), �2 equals 11�, as depicted by
the dotted curve in the plot. It is found, that, in the all regions, well-away from the thresholds and
zeros, the modulus of nonlinearity coe¢ cient i.e., jQj (and hence also the growth rate of instability),
increases, as shown in Fig. 5.3(d) with the increase of positron-to-electron density ratio �p provided
rest of the parameters are kept �xed. The dependence of the Q on the ion-cyclotron-to-ion-plasma
frequency ratio !Ri and on the angle � has been found to be nontrivial and vary considerably in
various ranges of the wave number.
In the region of instability bright envelope solitons are formed and regions of stability supports

the dark (black and grey) envelope solitons. For constant amplitude the width L of these solitons
vary as jP=Qj [for details see Section (2.2.3)]. The variation of the the ratio P=Q with various
parameters is depicted in the third row of the plots shown in Fig. 5.3. It is evident from the Fig.5.3
(g) that in all the regions the ratio jP=Qj decreases with the increase of �p: Thus in contrast to
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Figure 5-3. The dispersion coe¢ cient P (�rst row), the nonlinearity coe¢ cient Q (second
row), and the ratio P=Q (third row) corresponding to the ICWs are depicted against the
normalized wave number k. Variations with positron-to-electron density ratio �p; with angle �
and magnetic �eld strength (in terms of frequency ratio !

Ri
) are shown, respectively, in the

�rst, second and third column. Here �p = 1.
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two component e-i plasma, the presence of positrons, results into the decrease of the width of both,
dark as well as bright envelope solitons, if we �x rest of the plasma parameters as well as amplitude
of the solitons. Due to the shift of the wave numbers with �p, for wave numbers not very far from
the thresholds or zeros, bright-type envelope solitons may give their place to the dark ones and
vice versa. Just like the nonlinearity coe¢ cient Q, the variation of ratio P=Q with the changes in
frequency ratio !Ri and the angle � [as shown in Figs. 5.3(h,i)] for a set of parameters] vary from
region to region and are also strongly dependent on the wave number of the wave.

Ion-cyclotron mode

The analogous features of the ion-cyclotron mode with !ci < ! < !pi; are shown in Fig. 5.4 and
Fig. 5.5. Unlike the IAW case, as described above, the dispersion coe¢ cient for the ICW changes
sign from positive to the negative as the wave number increases. Thus both dispersion coe¢ cient
P as well as the nonlinearity coe¢ cient Q contribute to the stability criterion. There are three
regions of instability labelled as (a), (b) and (c); and three regions of stability (d), (e) and (f), as
shown in the top-right plot of the Fig. 5.4. The curve P = 0 separates the instability regions (a)
from stability region (e), and instability regions (b) from stability region (f). The curves Q = 0

separates the instability regions (c) from stability region (e) and also punches out a small region
of stability (d) from the region of instability (a). And the curve Q = �1, marks the boundary
between the instability region (b) and stability region (e) as well as between the instability region
(a) and stability region (f). The point of intersection of P = 0 and Q = �1 curves is the common
point of contact of the regions (a), (b) (e) and (f). In the instability region (a) P > 0 and Q > 0

and in the instability regions (b) and (c), P < 0 and Q < 0. On the other hand, in the stability
regions (d) and (f), P > 0 and Q < 0; and in the stability region (e) P < 0 and Q > 0.
The positron concentration �p and strength of magnetic �eld in terms of !Ri are indicated, as

before, on the top of each plot in Fig. 5.4. The relative size and position of these regions vary
with the change in magnetic �eld strength and positron concentration. The e¤ect of change in the
strength of magnetic �eld, with respect to stability behavior, is more pronounced for small wave
numbers as compared to large wave numbers. The increase in positron concentration shifts the
regions vertically towards higher wave numbers but in most of the cases no displacement along
the horizontal direction is observed, except for the smallest region of stability appearing in the
long wavelengths region. The said region, for higher values of magnetic �eld, shrinks towards
smaller angles of propagation with the increase in positron concentration. Large wave numbers
observe more shift as compared to small wave numbers resulting in vertical expansion of di¤erent
stability/instability regions.
For a given angle of propagation, at very small angles the coe¢ cient Q encounters three zeros

as the wave number increases, whereas at large angles Q encounters two threshold and a zero.
We shall designate the zero of dispersion coe¢ cient P as kzd whereas that of the the nonlinearity
coe¢ cient Q by kzn1; kzn2 and kzn3; the two thresholds by kth1, kth2 such that kzn1 < kzn2 < kzn3
and kth1 < kth2. The points (�; kzd) lie on the P = 0 curve, the points (�; kzn1) and (�; kzn2) lies on
the Q = 0 curve bounding the small stability region (d); the points (�; kzn3) lies on the Q = 0, curve
bounding the instability region (c) from below and the points (�; kth1) and (�; kth2) lies on Q = �1
curve, bounding the instability region (b) and stability region (f) from the left. Fig. 5.5. shows the
variation of the dispersion coe¢ cient P , the nonlinearity coe¢ cient Q, (which determines the growth
rate of instability) and their ratio P=Q (the sign of which determines the stability character and
type of soliton, whereas the magnitude of which determines the characteristics of the soliton) with
the various plasma parameters. The large angles are chosen which are appropriate for the ICWs.
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Figure 5-4. The stability (white with PQ < 0) and instability (black with PQ > 0) regions
depicted in (�; k) plane, (with � coordinate taken along abscissa) for the ICWs for di¤erent
values of positron concentration �p and magnetic �eld in terms of parameter !Ri, here �p = 1.
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The wave numbers kzd, kth1, kth2 and kzn3 intercepted by the coe¢ cients P and Q; at the chosen
angles, are also shown on the plot. The ion-cyclotron waves are stable in the ranges kth1 < k < kzd
and kth2 < k < kzn3 and unstable otherwise. Just like in case of IAWs, here too, increase in the
positron-to-electron density ratio �p increases, the modulus of nonlinearity coe¢ cient i.e., jQj and
thus also the growth rate of instability, whereas the the width of the various solitons, which varies
as jP=Qj ; is also seen to decrease if other parameters are �xed. With respect to increase of the
parameters !Ri and the angle �, here too, the behavior of the ICWs is not consistent rather varies
with the wave number of the wave. However, variation in all the three parameters, namely, �p; !Ri
and the angle �, strongly a¤ects not only the stability character of the ICWs by shifting the zeros
and the threshold wave numbers, but also considerably a¤ect the growth rate of the instability as
well as the characteristics of both the bright as well as dark solitary structures.

Figure 5-5. The dispersion coe¢ cient P (�rst row), the nonlinearity coe¢ cient Q (second
row), and the ratio P=Q (third row) corresponding to the ICWs are depicted against the
normalized wave number k. Variations with positron-to-electron density ratio �p; with angle �
and magnetic �eld strength (in terms of frequency ratio !

Ri
) are shown. Here �p = 1.

We also note that this analysis is not valid near the zero dispersion, zero nonlinearity and
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threshold points because envelope solitons are formed due to delicate balance between �nite nonzero
dispersion and nonlinearity. Here one must consider higher order e¤ects which are not considered
in the present analysis. We have taken �p = 1 for all cases which is intuitively correct as both
electron and positron being of equal mass fast moving species rapidly attain thermal equilibrium.
Our results agree with those of Ref. [280] when �p ! 0 i.e., for magnetized e-i plasmas. The �ne
features at small wave numbers and small angles probably could not be captured in Ref. [280] due to
the very small value of product PQ in this range and less precise computational facilities available
at that time. While checking our results in the limiting case of � ! 0 (i.e., for unmagnetized e-p-i
plasma case) we found that a term in the expression for the nonlinearity coe¢ cient Q of Ref. [186]
was missing. The correct expression and the modi�ed results showing the increase (rather than
decrease as erroneously predicted in Ref. [186]) of critical number kc with the increase in positron
concentration are given in Appendix B of Ref. [190].

5.3 Electromagnetic Envelop Solitons

In two component e-i plasma magnetosonic wave has a single branch, whose frequency range extends
from zero up to the lower hybrid frequency. The modulation instability of this mode has been
investigated long ago and it has been found to be modulationally stable with respect to the parallel
modulation [212, 287]. In two component e-p plasma the corresponding mode is resonant at electron
cyclotron frequency, as due to the mass equality of the e-p plasma constituents no hybrid frequency
exists in such a plasma. In the presence of positrons in the two-component e-i plasma or ions
in two component e-p plasma, the magnetosonic mode splits into two branches. In this section,
we shall explore the modulation instability and the formation of the envelop solitary structure for
the both low as well as high frequency modes. Our system is the same as considered in Section
(3.3.1), with the exception that here, we assume all the three species to be cold i.e., their thermal
velocities are assumed to be much smaller than the wave velocity, which in turn is much smaller
than the velocity of light so that the e¤ects of displacement current and charge separation are
ignored. Further the viscosities of the cold electron, positron and ion �uids are also assumed to be
negligible.

5.3.1 Theoretical model and governing equations

We consider a cold, collisionless, uniform, three-component electron-positron-ion plasma immersed
in the ambient magnetic �eld B0 = B0ẑ. Where B0 is the strength of the magnetic �eld and ẑ is a
unit vector along the z-direction. The basic set of the dimensionless, �uid and Maxwell, equations
governing our multi-�uid plasma system is:

@nj
@t

+r � (njvj) = 0; (5.44)

@vj
@t

+ (vj �r)vj = sj�j
p
�(E+ vj�B); (5.45)

r�E = �@B
@t
; (5.46)

�1(r�B) =�1=2(�inivi + �pnpvp � neve): (5.47)

In Eqs. (5.44)-(5.45) j � i;e;p; with i for ion, e for electron and p for positron and to de-
dimensionalize our system of equations (5.44)-(5.47), we have normalized the strength of the mag-
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netic �eld by that of the ambient magnetic �eld B0, the densities nj by the respective equilibrium
densities nj0; velocities by the Alfvén velocity vA = B0=[4�(�nj0mj)]

1=2 (here mj is the mass
of the jth species), electric �eld by vAB0=c (here c is the velocity of light), time coordinate by
inverse of lower hybrid frequency !�10 = (!ce!ci)

�1=2 (where !cj = eB0=mjc is the cyclotron fre-
quency of the jth species) and space coordinate by vA=!0: Moreover, � = !ci=!ce = m=mi; (where
m = me = mp), the parameters �j = mi=mj and sj = e=qj (where qj ; the charge of the jth species);
�1 = �i + (1 + �p)� Note that !ce = !cp for me = mp:

Now eliminating the electron variables and the electric �eld from Eqs. (5.44)-(5.47), we get:

@ni
@t

+r � (nivi) = 0; (5.48)

@np
@t

+r � (npvp) = 0; (5.49)

d(i)

dt

h
(1 + ��i)vi + ��pvp � �1=2��1(r�B)

i
�
hn
�1=2�p(vi � vp) + �1�(r�B)

o
:rn

�1=2(�ivi + �pvp)� �1�(r�B)
oi
�
h
�1=2�p(vi � vp) + �1�(r�B)

i
�B = 0 ;

(5.50)

d(p)

dt

h
�
�
1 + �p

�
vp + ��ivi � �1=2��1(r�B)

i
+
hn
�1=2�i(vi � vp)� �1�(r�B)

o
:rn

�1=2(�ivi + �pvp)� �1�(r�B)
oi
+
h
�1=2�i(vi � vp)� �1�(r�B

i
�B = 0 ;

(5.51)

@B

@t
+ ��1=2r�

"
�i
d(i)vi
dt

+ �p�
d(p)vp
dt

#
�r� [(�ivi + �pvp)�B] = 0; (5.52)

where we have de�ned � = 1=(�ini + �pnp); �i = �ini=(�ini + �pnp); �p = �pnp=(�ini + �pnp) and
d(j)=dt = @=@t+ vj :r is co-moving derivative for the jth �uid.
Assuming that the propagation is one dimensional and all quantities are functions of x and t only,

such that r � (@=@x; 0; 0); and considering propagation perpendicular to the direction of external
magnetic �eld, we may choose vj = (vjx; vjy; 0); B = (0; 0; Bz), where B is the total (external plus
perturbation) magnetic �eld. With these choices, the set of equations (5.48)-(5.52) reduces to:

@ni
@t

+
@(nivix)

@x
= 0; (5.53)

@np
@t

+
@(npvpx)

@x
= 0; (5.54)

d(i)

dt

�
(1 + ��i) vix + ��pvpx

�
� ��p(vix � vpx)

@

@x
(�ivix + �pvpx)

��1=2�p(viy � vpy)Bz + �1�Bz
@Bz
@x

= 0 ; (5.55)

d(i)

dt

�
(1 + ��i) viy + ��pvpy + �

1=2��1
@Bz
@x

�
� �1=2�p(vix � vpx)

@

@x

h
�1=2(�iviy + �pvpy)

+��1
@Bz
@x

�
+ �1=2�p(vix � vpx)Bz = 0; (5.56)
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�
d(p)

dt

��
1 + �p

�
vpx + �ivix

�
+ ��i(vix � vpx)

@

@x
(�ivix + �pvpx)

+�1=2�i(viy � vpy)Bz + �1�Bz
@Bz
@x

= 0; (5.57)

d(p)

dt

�
�
��
1 + �p

�
vpy + �iviy

	
+ �1=2��1

@Bz
@x

�
+ �1=2�i(vix � vpx)

@

@x

h
�1=2(�iviy + �pvpy)

+��1
@Bz
@x

�
� �1=2�i(vix � vpx)Bz = 0; (5.58)

@Bz
@x

+ ��1=2
@

@x

 
�i
d(i)viy
dt

+ �p�
d(p)vpy
dt

!
+

@

@x
[(�ivix + �pvpx)Bz] = 0: (5.59)

Here, we are considering the low-frequency (! < (!ce; !cp)� (!pe; !pp); where !pj = (4�nj0e2=mj)
1=2

is the plasma frequency of the jth species) and the small-velocity (phase velocity vph � c) pertur-
bations so that we are able to ignore the displacement current and the charge separation in our
model. Moreover, in the limit �p ! 0 (i.e., np0 ! 0), we recover the model equations for e-i plasma
[212]. Whereas, in the limit �p ! 1 (i.e., ni0 ! 0), the corresponding system of equations for the
e-p plasma [288] can also be retrieved.

5.3.2 Linear dispersion relation

Linearization equations (5.53)-(5.59) about the unperturbed state (Bz1 = ni0 = np0 = 1; vix0 = viy0
= vpx0 = vpy0 = 0); the following linear dispersion relation is obtained:

F2!4 �F1!2 + F0 = 0 (5.60)

which gives rise to the following two low and high frequency modes:

!� =

"
F1 �

�
F21 � 4F0F2

�1=2
2F2

#1=2
; (5.61)

where

F0 = �21k
2;

F1 = �1
�
(��1 + �2) k

2 + �1
�
; (5.62)

F2 = ��2
�
�1k

2 + �2
�
:

Upon restoring the dimensions it is found that the low frequency mode !� is resonant (when
k !1) at !�r = [(�1!ci!ce)=�2]1=2 whereas high frequency mode !+ has resonance at !+r = !ce
and cuto¤ (when k ! 0) at !+c = (�1!ce)=�2, where �2 = (1 + �p) + �i�. It is also found that
the discriminant F21 � 4F0F2 is always positive quantity thereby eliminating the inherent decay or
growth of the two modes. The dispersion relation (5.61), for various concentration of positrons, is
shown in Fig. 5.6. The detailed linear analysis and the derivation of KdV equations for the two
modes can be found in Ref. [162].

5.3.3 Derivation of the NLS equation

In order to derive the nonlinear Schrödinger equation for the amplitude dynamics of perpendicular
propagating electromagnetic waves for our three-component plasma system, we follow the Kakutani
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Figure 5-6. Dispersion relation for the low (!�) and high (!+) frequency magnetosonic modes
for various values of positron concentration �p: (In the expressions for the resonance and cuto¤
frequencies, dimensions have been restored.)
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and Sugimoto�s version of KBM method as we did for the electrostatic waves. To start with, we
assume perturbation solution of the form

S =
1X
l=0

�lSl(a; �a;  ): (5.63)

Here, S = [Bz vix viy vpx vpy ni np]T and accordingly S0 = [1 0 0 0 0 1 1]T denotes the values in
the unperturbed state; S1(a; �a;  ) is the �rst order solution; S2(a; �a;  ); the second and so on. In
Eq. (5.63) a; �a and  ; indicate that perturbed magnetic �eld Bz, velocities vix; viy; vpx; vpy and
densities ni; np depend implicitly on x; and t through a; �a and  ; where a is complex amplitude;
 is the carrier wave phase de�ned as  = kx � !t: The k and ! are normalized wave number
and frequency respectively; and �a is the complex conjugate of a. We assume that modulation is
parallel to the direction of propagation of the carrier wave and the amplitude a varies slowly over
the wavelength and the period of oscillation such that we can make the following expansions:

@a

@t
=

1X
l=1

�lAl(a; �a);

@a

@x
=

1X
l=1

�lBl(a; �a); (5.64)

alongwith the complex conjugate relations. The unknown functions Al(a; �a) and Bl(a; �a) are to be
determined in such a way so as to make the solution (5.63) free from the secular terms. Substituting
Eqs. (5.63)-(5.64) in Eqs. (5.53)-(5.59) and collecting terms with the same powers of �; we get a
set of equation for each order of �. At the O(�), we get the following set of equations:

DS1(a; �a;  ) = 0; (5.65)

where the expression for the matrix operator D is given in the Appendix 5C and S1(a; �a;  ) = [Bz1
vix1 viy1 vpx1 vpy1 ni1 np1]

T . From the set of equations (5.65), we may choose the starting solution
as:

S1(a; �a;  ) =

266666666664

Bz1
vix1
viy1
vpx1
vpy1
ni1
np1

377777777775
=

266666666664

1

Uix
iUiy
Upx
iUpy
kUix=!

kUpx=!

377777777775
aei + c:c:; (5.66)

where

Uix = �
��2!

2 � �1k2(1� �!2)
�i�1�2!k

; (5.67)

Uiy =
�1=2�2

�
��2!

2 � �1k2(1� �!2)
�

�i�1�2�1k
; (5.68)

Upx =
�2!

2 � �1k2(1� !2)
2�p�2!k

; (5.69)

Upy = �
��22!

2 + �1k
2
�
�2�1 � �2(1� �!2)

�
2�p�1=2�2�1k

: (5.70)
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Here �1 = 1 + �; �2 = 1� �. First order analysis also yields the linear dispersion relation (5.60)
To obtain the O(�2) solution we need to solve the following set of equations:

DS2(a; �a;  ) = L	(a; �a;  ) + c:c:; (5.71)

where S2(a; �a;  ) = [Bz2 vix2 viy2 vpx2 vpy2 ni2 np2]T ; 	(a; �a;  ) = [ei a2e2i a�a]T and

L =

264 L11 L21 L31 iL41 L51 iL61 L71
iL12 iL22 iL32 L42 iL52 L62 iL72
L13 L23 L33 L43 L53 L63 L73

375
T

: (5.72)

The expressions for the elements Li�j� (with i´= 1; 2; ::; 7; j�= 1; 2; 3) are given in the Appendix
5C. In order to remove secularity from the second order solution, the following condition should be
satis�ed:

A1 + vgB1 = 0; (5.73)

where vg is group velocity of the wave and is given by:

vg =
�1!k(�2!

2 � �1)(1� �!2)
��2!4 (�1k2 + �2)� �21k2

: (5.74)

The secularity free second order solution comes out to be:

S2(a; �a;  ) =

266666666664

Bz2
vix2
viy2
vpx2
vpy2
ni2
np2

377777777775
=

266666666664

H1 G1 d1
H2 G2 d2
H3 G3 d3
H4 G4 d4
H5 G5 d5
H6 G6 d6
H7 G7 d7

377777777775
	(a; �a;  ) + c:c:+

266666666664

�1
�2
�3
�4
�5
�6
�7

377777777775
: (5.75)

Here �i� (with i�= 1; 2; ::; 7) are the absolute real constants independent of a, �a and  : The expres-
sions for the coe¢ cients appearing in the �rst harmonic terms Hi�, the coe¢ cients appearing in the
second harmonic terms Gi� and those of the zeroth harmonic terms di� are given in the Appendix
5D.
At O(�3); the existence of a long-lived solution is guaranteed provided the secularity producing

�rst harmonic terms vanish. Annihilation of the said leads us to the following equation:

i(A2 + vgB2) + P (B1
@B1
@a

+ �B1
@B1
@�a

) +Q jaj2 a+Ra = 0: (5.76)

Here

P =
1

2

dvg
dk

=

�
4��2!

3
�
�1k

2 + �2
�
v2g � �1k

�
�1 + 3!

2(�2+��1)� 7��2!4
	
vg

+�1!
�
!2�2 � �1

� �
!2�� 1

��
=2[�21k

2 � ��2!4
�
�1k

2 + �2
�
]

; (5.77)

and
Q = Q0 +Q2; (5.78)

are dispersion and nonlinear coupling coe¢ cient respectively, where Q0; the contribution to the
nonlinear term from the zeroth harmonic, is given as:

Q0 = 1d1 + 2d2 + 3d4 + 4d6 + 5d7 + q0; (5.79)

and Q2; the contribution from the second harmonic, comes out to be:

Q2 = 6G1 + 7G2 + 8G3 + 9G4 + 10G5 + 11G6 + 12G7 + q2; (5.80)
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The detailed expressions for k� (with k�= 1; 2; ::; 12), q0 and q2 are given in the Appendix 5E and
the coe¢ cient of the linear interaction term is given as: R = 1�1 + 2�2 + 3�4 + 4�6 + 5�7.
Following the same procedure, as adopted in case of EIWs [Section (5.2.3)], we get, the canonical

form of the NLS equation:

i
@a

@�
+ P

@2a

@�2
+Q jaj2 a = 0; (5.81)

where

� =
1

�
(x2 � vgt2) = x1 � vgt1 = �(x� vgt);

� = t2 = �t1 = �2t; (5.82)

5.3.4 Results and discussion

Employing the stability criterion and the various envelope soliton solutions as derived in Section
(2.4), now we shall perform the stability analysis of high and low frequency modes and explore the
characteristics of the perpendicular propagating magnetosonic solitons.

Low-frequency mode

It is found numerically that for the low frequency mode the dispersion coe¢ cient P is always
negative whereas the nonlinear coe¢ cient Q is always positive, thus making the product PQ < 0

for all wave numbers and any positron-to-electron density ratio �p. Hence, the low frequency mode,
just like the magnetoacoustic mode of the two-species plasma, is modulationally always stable and
supports only dark type envelope solitons. The contours for various values of the ratio P=Q; which
determine the characteristics of solitary structures, are shown in Fig. 5.7. It is clear that, for
long wavelengths (small k), for a given amplitude, the ratio P=Q and hence width of the solitary
structure increases with the positron-to-electron density ratio. However, for short wavelengths
converse is true. It should be noted that for very long wavelengths (i.e., for k <<

p
�1=�2; note

that k =
p
�1=�2 is the wave number around which the dispersion curves, shown in Fig. 5.6,

have maximum curvature [162]), the phase and the group velocities become almost independent of
wave number and group dispersion becomes exceedingly small. On the other hand, for very short
wavelengths (i.e., for k >>

p
�1=�2), the wave frequency approaches the resonance frequency and

group dispersion vanishes. Moreover, for very short-wavelengths, the phase velocity of the wave
becomes very small and comparable to thermal velocities of the particles (in fact, the cold plasma
particles, as considered in the present model, have very small but �nite temperature) and hence
kinetic e¤ects become important which can not be captured within the �uid approximation of the
plasma.

High-frequency mode

Unlike the low-frequency mode, the stability of high frequency mode sensitively depends upon
the wave number and positron concentration. The stability (white regions, with PQ < 0) and
instability (black regions, with PQ > 0) regions in (k; �p) plane are depicted in Fig. 5.8. There
are three instability [labelled as (a), (b) and (c)] and three stability [labelled as (d), (e) and (f)]
regions. The dispersion coe¢ cient P is positive for long wavelengths but changes its sign for the
short wavelengths. Various regions are bounded by the zero-dispersion (P = 0); zero-nonlinearity
(Q = 0) and in�nite-nonlinearity (Q! �1) curves [see thick red curves in Fig. 5.9]. However, the
perturbation scheme breaks down near these limits and result, very close to these curves, should
be seen with caution. The contours of the ratio P=Q are plotted in Fig. 5.9. For the clarity of
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Figure 5-7. Contours of the ratio P=Q shown in (k; �p) plane for the low frequency magne-
toacoustic mode !�.
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the plot, values of the ratio P=Q are chosen in accordance with the suitability for a speci�c region,
hence portions of the contours falling in the other regions are omitted. For a given value of wave
number, the width of bright-type envelope solitons falling in the instability regions (a) and (b)
increases with the increase in positron concentration whereas width of those falling in the region (c)
decreases, if we stay well away from the boundary of the region. The corresponding P=Q contours
for the stability regions (e) and (f) show that for a �xed height, width of the dark envelope solitons
increases with the increase in the positron concentration, whereas in stability region (d), for smaller
wave numbers, the solitons become wider if the positron concentration is enhanced and for the large
wave numbers, become narrower with the increase in the positron concentration �p.

Figure 5-8. The stability (white with PQ < 0) and instability (black with PQ > 0) regions for
the high frequency magnetosonic mode !+; are depicted in (k; �p) plane.

The maximum growth rate of instability �m = jQj a20 within the various regions of instability
[namely; (a), (b) and (c) parts of Fig. 5.8] is plotted in the Fig. 5.10 for the amplitude of the
carrier wave a0 = 0:01: The scale factors, as shown in the plot, reveal that the maximum growth
rate is the lowest in the region (b) and the highest in the region (a). Moreover, for region (a)
the growth rate �m decreases with the increase in wave number and positron-to-electron density
ratio. In region (b) the growth rate also decreases with the increase in the wave number. With the
increase in positron concentration, near the bounding Q = 0 curve, it increases to a maximum value
with increase of positron concentration, however, well away from the boundary, it decreases if we
enhance the positron concentration. In the region (c), �m is very high when positron-to-electron
density ratio �p is very small or very large (in fact very small and very large positron density regions
are close to the Q! �1 curves), and shows an irregular behavior in the intermediate range of �p
and with the variation in the wave number.
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Figure 5-9. Contours of the ratio P=Q shown in (k; �p) plane for the high frequency magne-
tosonic mode !+.
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Figure 5-10. Variation of the maximum growth rate of instability �m; for the high frequency
magnetosonic mode !+, with the positron-to-electron density ratio �p for a0 = 0:01.
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E¤ect of the strength of external magnetic �eld

Though our present choice of normalizing parameters allows a straightforward comparison of our
results with those of two component [212, 287, 288] e-i or e-p plasma, in the limit of zero-positron or
zero-ion concentration respectively, however it does not give us the freedom to investigate the e¤ect
of external magnetic �eld on the nonlinear dynamics of the magnetosonic wave in e-p-i plasma.
The e¤ect of external magnetic �eld on the wave dynamics can be investigated by either restoring
the dimensions in Eq. (5.81) or choosing the normalizing parameters which are free from B0. For
example, the variables of time, space, velocity and magnetic �eld may be normalized by (!2pe +
!2pp)

�1=2, c=(!2pe + !
2
pp)

1=2, c and [(!2pe + !
2
pp)mM ]

1=2c=e respectively. This choice of normalization
leads us to the NLS which can be obtained from the NLS equation (5.81) by transforming the various
variables as: � ! [f�=(1 + �p)g1=2!Re ]��, � ! [�1=(1 + �p)]

1=2��and a ! [f(1 + �p)=�g1=2 /!Re ]�a,
where !Re = !ce=!pe. Thus, we get:

i
@�a

@��
+ P�

@2�a

@��2
+Q�j�aj2 �a = 0; (5.83)

where coe¢ cient P�= !Re [f�(1 + �p)g1=2=�1] P (k�); and Q�= [f(1 + �p)=�g1=2 /!Re ]Q(k�) are the
renormalized dispersion and nonlinear coupling coe¢ cients. Here the terms P (k�) and Q(k�) are
obtained from the coe¢ cients P and Q of NLS equation (5.81) by transforming the wave number
as: k ! [(1 + �p)=�1]

1=2k� [Note that the carrier wave frequency ! and the group velocity vg can
be expressed in terms of wave number k using the Eq. (5.61) and Eq. (5.74)]. Therefore, the
strength of external magnetic �eld does not a¤ect the stability regions (white regions with PQ < 0)
of the wave as the product P�Q� is independent of !Re and hence of B0. However, in the instability
domain (black regions with PQ > 0), with the increase of magnetic �eld strength, an unstable wave
may become stable as the instability criterion: modulational wave number K < Kcr =

p
2Q�=P�a0

_ 1=B0; may get reversed. Further, as the dispersion coe¢ cient P�varies as B0 and the nonlinear
coupling coe¢ cient Q�(and hence also the maximum growth rate of instability) varies as 1=B0, thus
the ratio P�=Q� (which determines the characteristics of envelope solitons) varies as B20 . That is,
if we keep rest of the parameters �xed, doubling the strength of magnetic �eld will quadruple the
width of envelop soliton for both the modes.
In the limit �p ! 0 i.e., np0 ! 0; our results reduce to those of Kakutani and Sugimoto [212]

and also to those of Kako [287] with the only di¤erence that we have derived NLS equation for the
amplitude of magnetic �eld instead of longitudinal component of velocity. In order to check our
results in the limiting case of zero-ion density, that is for e-p plasma system, we set �p ! 1 and
� = 1 (note that in the reduced results the factor � appears due to our choice of normalization). In
the said limit, we get the corresponding result for the e-p plasma [288]. Here we want to mention
that in order to manipulate lengthy algebra involved at O(�3) and to check our results in the
limits of zero-positron (e-i plasma) and zero-ion concentration (e-p plasma), we have used symbolic
computation software MATHEMATICA.

5.4 Rational Solitons Solutions of NLS Equation and RogueWaves

Nonlinear Schrödinger equation is very rich equation both from mathematical as well as from
applicability point of view. It is a model equation for numerous wave phenomena in a variety of
weakly nonlinear and strongly dispersive media, including, �bre optics, various �uids, biological
systems, condensed matter, transmission lines and the one of our interest namely plasma physics
[289]. In the above and also in Section (2.5), we considered only the stationary envelope soliton
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solutions whose envelopes are localized in space and which appears stationary in a frame moving
with the velocity of the envelope solitons, however, in the instability domain, NLS equation also
admits other solutions which do not approach zero as in case of conventional envelope solitons
rather resides on constant background of the wave, e.g., Ma solitons, Akhmediev breathers. These
nonlinear structures result due to the nonlinear interaction of the envelope solitons with the back
ground plane wave. In a certain limits of parameters (for details see Ref. [279]), characterizing these
solutions, they reduce to the so-called "rational solutions" as the absolute value of the complex
amplitude a; for these nonlinear entities, can be expressed in fractional form as the ratio of two
polynomials. These solutions unlike envelope stationary solutions (which are localized in either
space or time), are localized in th space-time plane [290, 291].
There is a hierarchy of rational solitons with progressively increasing central amplitude [290].

These rational solution of NLS are considered to be the possible candidates for the rogue waves
(also known as freak waves or extreme wave) in oceanography which, once thought to be a folklore,
have recently been con�rmed by the modern day technology like satellite imaging [292, 293] and a
small scale freak wave has also been produced in the laboratory water tank [294]. The experimental
con�rmation of these waves in optical media has also been reported [296, 297]. In other media
where NLS equation appears as a model of modulated wave packets, such waves can also exist and
can be excited experimentally. Plasma is one of such a media. Freak waves in astrophysical plasma
has been reported [295]. The two particular cases, which lead us to the NLS equation, have been
discussed in this chapter.
In the modulation instability region, NLS equations (5.43), (for the electrostatic wave) and

equation (5.81) (for the electromagnetic wave) can be transformed to the following standard "self-
focussing" form of the NLS equation:

i
@b 
@b� + 12 @2b @b�2 +

���b ���2 b = 0; (5.84)

using the transformation: a = b =pQ, � = p2Pb� , � = b� for P > 0 andQ > 0 case; and a = b =pjQj,
� =

p
2 jP jb�, � = �b� for P < 0 and Q < 0 case. The �rst order rational soliton solution of NLS

equations (5.84), which is a limiting case of both the Ma solitons and Akhmediev breathers [290],
was �rst derived by D. H. Peregrine [298] in 1983 (and in honour of him corresponding solitary
pulse is called Peregrine soliton) and is given as:

b (b�;b�) =  1� 4(1 + 2ib�)
1 + 4b�2 + 4b�2

!
exp(ib�); (5.85)

Transforming back to the original coordinates, we get:

a(�; �) =
1p
jQj

0@1� 4(1� 2i�)
1 + 4�2 + 2�2

jP j

1A exp(�i�); (5.86)

Here upper sign is for P > 0 and Q > 0; and the lower one is for P < 0 and Q < 0 case. The two
solutions are complex conjugate and this can also be con�rmed by taking the complex conjugate of
the corresponding NLS equations. However, for the same values of jP j and jQj ; the absolute value
ja(�; �)j remains the same for the both cases (as for a complex number Z; jZj = j�Zj holds).
The Peregrine soliton (5.86) is also known as Explode-decay-solitary wave [279] as it suddenly

appears, attains a maximum height and then gradually disappears forming a localized pattern in
the space-time plane. The Peregrine soliton for a set of plasma parameters, corresponding to the
instability region (b) of Fig. 5.8 for the high frequency MS mode, is plotted in Fig. 5.11. It
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is found and also can be seen from the form of solution (5.86), that the variation in the plasma
parameters which leads to the increase of nonlinearity coe¢ cient Q results into the diminution of
the rogue wave, whereas increase of the dispersion coe¢ cient P increases the spatial extent of the
wave. The variation of the coe¢ cients P and Q; with the changes in various plasma parameters for
the electrostatic and electromagnetic cases discussed in the present chapter, have been described in
detail in Section (5.2.4) and Section (5.3.4), respectively.

Figure 5-11. (a) First order rational soliton solution (Peregrine soliton) is shown for the high
frequency magnetosonic mode, for k = 0:35; �p = 0:2: (b) Projection of the Peregrine soliton
shown in (� ; �) plane alongwith the contours depicting the amplitude. Adjacent contours di¤er
by increment of 0.03.

Appendix: 5A. The Expressions for the Di¤erential Operator eD
and Elements eLi0j0
The di¤erential operator appearing in Eq. (5.22) and Eq. (5.28) is given as under:

eD=
2666664

0 !@ �k sin �@ 0 �k cos �@ 
�k sin �@ 0 !@ !Ri 0

0 0 �!Ri !@ 0

�k cos �@ 0 0 0 !@ 
k2@2 + (�p + �p) = (�p�i) �1 0 0 0

3777775 ; (5A.1)

The elements Li�j� (with i�= 1; 2; ::; 5; j�= 1; 2; 3) appearing in the matrix L (5.29) are:eL11 = �A1 + !

k
B1

�
T1; eL12 = 2!T 21 ; eL13 = 0; (5A.2)

eL21 = 1

!k sin �

�
T2A1 + !k sin

2 �B1
�
; eL22 = 2!T 21 ; eL23 = 0; (5A.3)

131



eL31 = T2!Ri
!2k sin �

; eL32 = eL33 = T1T2!Ri
!k sin �

; (5A.4)

eL41 = � k
!
A1 +B1

�
cos �; eL42 = kT1 cos �; eL43 = 0; (5A.5)

eL51 = 2kB1; eL52 = eL53 = ��2p � �p
2�2p�i

; (5A.6)

Appendix: 5B. The Expressions for the Coe¢ cients eHi0j0; eGi0 and edi0
The expressions for the coe¢ cients eHl0 and eGl0 in Eq. (5.32) are given as under:

eH1 = 0; (5B.1)eH2 = �2ikB1; (5B.2)eH3 = i

!2k sin �
[!2T1 + k

2 cos2 �]A1 +
i

!k2 sin �
[!2T1 + k

2 cos2 � � 2!2k2]B1; (5B.3)

eH4 = 2!Rik cos
2 �

!3 sin �
A1 +

!Ri
!2k2 sin �

[!2T1 + k
2 cos2 � � 2!2k2]B1; (5B.4)

eH5 = � i cos �
!2

(kA1 + !B1) (5B.5)

eG1 = �!2 �4 ��p � �2p�+ 15�2pT 21 �i	� 3k2T1�i�2p � !2Ri ��p � �2p + 3�2pT 21 �i��
6�i�2p

�
T1!2 � k2

�
1 + !2

Ri
� 4!2

�� 0

(5B.6)

eG2 = (3k2 + T1) eG1 + (�2p � �p)
2�2p�i

; (5B.7)

eG3 = 1

2!k sin �

"
2
�
!2(3k2 + T1)� k2 cos2 �

	 eG1 + !2 (�2p � �p)
�2p�i

� 2!2T 21 � T1k2 cos2 �
#
; (5B.8)

eG4 = �i!Ri
4!2k sin �

"
2f!2(3k2 + T1)� k2 cos2 �g eG1 + !2 (�2p � �p)

�2p�i
� 3T1k2 cos2 �

#
; (5B.9)

eG5 = k cos �

2!
(2 eG1 + T1); (5B.10)

ed1 = [3(�p + �p) + k
2�p�i]�p cos

2 � � v2g(�2p � �p)
2�p

�
v2g(�p + �p)� �p�i cos2 �

� ; (5B.11)

ed2 = �2p � �p + 2�p(�p + �p)ed1
2�2p�i

; (5B.12)

ed3 = � T1T2
!k sin �

; (5B.13)ed4 = 0; (5B.14)

ed5 = cos � "�kT1
!
+
vg
�
3(�p + �p)

2 + �p�i(�p + �p)k
2 � �i(�2p � �p)

	
2�p�i

�
v2g(�p + �p)� �p�i cos2 �

	 #
; (5B.15)
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Appendix: 5C. The Expressions for the Di¤erential Operator D and
Elements Lij

The di¤erential operator appearing in Eq. (5.65) and Eq. (5.71) is given as under:

D =

2666666664

0 �k@ 0 0 0 !@ 0
0 0 0 �k@ 0 0 !@ 

�k�1@ !(1 + �i�)@ �p�
1=2 �p�!@ ��p�1=2 0 0

�1�
1=2!k@2 ��p�1=2 !(1 + �i�)@ �p�

1=2 �p�!@ 0 0

��1��1=2@ �i�
1=2!@ ��i �1=2 (2� �i)!@ �i 0 0

�1!k@
2
 �i �i�

1=2!@ ��i �1=2 (2� �i)!@ 0 0

!@ ��ik@ �i�
�1=2!k@2 ��pk@ �p!k�

1=2@2 0 0

3777777775
;

(5C.1)

where @ � @=@ and @2 � @2=@ 2:

The elements Li�j� (with i�= 1; 2; ::; 7; j�= 1; 2; 3) appearing in the matrix L (5.72) are:

L11 =

�
k

!
A1 +B1

�
Uix; (5C.1)

L21 =

�
k

!
A1 +B1

�
Upx; (5C.2)

L31 = (Uix + �Wx)A1 + �1B1; (5C.3)

L41 =
�
Uiy + �Wy + �

1=2�1k
�
A1 � �1=2�1!B1; (5C.4)

L51 = �1=2 (Upx +Wx)A1 + �
�1=2�1B1; (5C.5)

L61 = [�
1=2(Upy +Wy) + �1k]A1 � �1!B1; (5C.6)

L71 = [1� ��1=2k(�iUiy + �p�Upy)]A1 + [Wx + �
�1=2!(�iUiy + �p�Upy)]B1; (5C.7)

L12 =
2k2

!
U2ix; (5C.8)

L22 =
2k2

!
U2px; (5C.9)

L32 = ��p�1=2(1�
�ikZx
!

)Zy � 2�i�p�kZ2x + k
�
�1 �

�1kWx

!
+ U2ix + �W

2
x

�
; (5C.10)

L42 = �1=2
�
�pZx � 3�1k2Wx

�
� k

h
�i�p�

1=2Z2x=! + UixUiy + �WxWy � 2�i�p�ZxZy
i

(5C.11)

L52 = ��1=2�1k(1� kWx=!) + �i(1 + �pkZx=!)Zy + k�
1=2(W 2

x � 2�i�pZ2x + U2px); (5C.12)

L62 = ��i�pkZ2x=! �
h
�i

�
1� 2�p�1=2kZy

�
Zx + k

n
3�1kWx + �

1=2(WxWy + UpxUpy)
oi

;

(5C.13)

L72 = 2k
h
Wx � ��1=2k(�iUixUiy + �p�UpxUpy)

i
; (5C.14)

L43 = �p�
1=2(1� �ikZx=!)Zx � �1=2�1k2Wx � k(UixUiy + �WxWy); (5C.15)

L63 = ��i(1� �ikZx=!)Zx + �ik
h
kWx�1 + �

�1=2(UixUiy + �WxWy)
i
=�p; (5C.16)

L13 = L23 = L33 = L53 = L73 = 0: (5C.17)

Where we have de�ned Zx=y = Uix=iy � Upx=py and Wx=y = �iUix=iy + �pUpx=py:
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Appendix: 5D. The Expressions for the Coe¢ cients Hi0j0; Gi0 and di0

The coe¢ cients Hi�, Gi� and di� (with i�= 1; 2; ::; 7) appearing in the second order solution (5.75)
are:

H1 = 0; (5D.1)

H2 = �
�
�ikL31 + �i(1 + �p�2)�

1=2!kL41 + �p�
1=2k

n
L51 + �

1=2!(�p + �i�)L61

o
+�!�2L71) = (�i�1�2!k) ; (5D.2)

H3 =
1

!�1

h
�iL41 + �

1=2
�
!(1 + �p)L31 + �pL61 + �2!

2H2
	
� �p�!L51

i
; (5D.3)

H4 = �
�iL31 + �p�

1=2L51 + �i�1!H2
2�p�!

; (5D.4)

H5 =
�iL41 + �p�

1=2L61 � �i�1!H3
2�p�!

; (5D.5)

H6 =
�L11 + kH2

!
; (5D.6)

H7 =
�L21 + kH4

!
; (5D.7)

G1 =
h
k�i�

1=2�1
�
1� 4�!2

�
L32 + 2�ik!

�
2�p��2 � �1(1� �p�2) + 4��2(1 + �p�2)!2

	
L42+

�p�k
�
�1 � 4(2 + �i��2)!2

	
L52 + 2�p�

1=2!k
�
4��2(�+ �p�2)!

2 � �i�1�2
��1(1� �p�2)gL62 + �1=2!

�
�21 � 4�22�!2

�
L72

.h
6�1�

1=2
�
��1!2 + k2

�
�1 � 4�2�!4

�	i
;

(5D.8)

G2 =
h
�ik(�2 + �i�2)L32 � 2�i�1=2!k f�2 + (1 + �p)�2gL42 + �p�1=2k(�2 + �i�2)L52

+2�p�!k (�i�2 � �2)L62 + 2��2!L72 + 4
�
k2�1 � �!2

�
4k2�1 + �2

�	
G1
�
/(4�i�1�2!k) ;

(5D.9)

G3 =
h
2(1 + �p)�

1=2!L32 � �iL42 � 2�p�!L52 � �p�1=2L62 � 4�1=2�2!2G2
i
/(2�1!) ; (5D.10)

G4 =
h
�iL32 + �p�

1=2L52 + 2k�1G1 � 2�i�1!G2
i
/(4�p�!) ; (5D.11)

G5 = �
h
�iL42 + �

1=2(�pL62 + 4k!�1G1) + 2�i�1!G3

i
/(4�p�!) ; (5D.12)

G6 = [2kG2 + L12] /(2!) ; (5D.13)

G7 = [2kG4 + L22] /(2!) ; (5D.14)

d1 =
h
�i�p�k f(H3 �H5)=B1gZx + �1=2�1! + �i!

n
�1=2U2ix + �p�((H6 �H7)=B1)Zy

o
+

�3=2!
�
W 2
x + �pU

2
px

�
� k�1�1=2 fWx + !((�iH6 + �pH7)=B1)g+ vg

n
2�1=2!(�1Wx � �p�2L63)

�2k
�
�i�p�

3=2Z2x + �1!(�iUixUiy + �p�UpxUpy)
�oi

=[2�1�
1=2!

�
v2g � 1

�
]; (5D.15)
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d2 =
h
2�1 !

n
�1=2 (�iWx � �pL63)� k�i(�iUixUiy + �p�UpxUpy)

o
� 2�p�3=2v2g

�
k�2iZ

2
x � 2L63!

�
+

vg�i�
1=2
n
�k�1Wx + k�i�p�

1=2((H3 �H5)=B1)Zx � �1k!((�iH6 + �pH7)=B1) + �1!

+�i !
�
U2ix + �p�

1=2((H6 �H7)=B1)Zy
�
+ �!

�
W 2
x + �pU

2
px

�oi.h
2
�
vg
2 � 1

�
!�i�1�

1=2
i
;

(5D.16)

d3 = 0; (5D.17)

d4 = d2 �
L63
�i
; (5D.18)

d5 = 0; (5D.19)

d6 =
kU2ix + !d2

!vg
; (5D.20)

d7 =
kU2px + !d4

!vg
: (5D.21)

Appendix: 5E. The Expressions for k; q0 and q2

The k� (with k�= 1; 2; ::; 12), appearing in Eq. (5.79)-(5.80), are given as:

1 = 2�
�1=2 �k2�21 � !4�2 �k2�1 + �2��� ; (5E.1)

2 = �i�
�1=2k

h
k!�p �

1=2
�
!2�2�� �1 + 2�p��2

�
Zy + �

2
p�2k

�
�1 + !2�(1 + 2�1)

	
Zx

��1(1� 2�2)
�
�1 + !2�

�
kWx � kUix�1

�
(1 + �2 + �p�2)!

2�� (1 + �i �2)
	

�2�p�1=2�1�2!kUiy + !�1
�
�1 � !2�2�

�
+ !k2

�
�1�2

�
1� !2�

�
� 2�p�1�2�1

	i
; (5E.2)

3 = �p�
�1=2k2

h
!�1=2

��
�1 � !2�2�� 2�p��2

�
Wy +

�
�1 + !

2�2�� 2��1
�
Upy
	
+�

(�1 � 2��1)
�
�1 + !2�

�
� 2�p��1�2!2

	
Wx + f

�
�i�1 + 2�p�

2
� �
1� !2�

�
�2��1�2!2gUpx +

!

k

�
2�
�
�1 � �2!2

�
+ k2

�
�1�2

�
1� �!2

�
� 2�p�1�1�2

�	i
; (5E.3)

4 = �i�
�1=2k

�
�!2 � 1

� h�
�1 � !2�2

� �
�1k � �p�1=2Zy

�
� �i�p�1�2!Zx

i
; (5E.4)

5 = �p�
�1=2k

�
�!2 � 1

� h�
�1 � !2�2

� �
�1k + �i�

1=2Zy

�
+ �2i�1�2!Zx

i
; (5E.5)

6 = 2k2��1=2
�
�21 � �1!2(�2�+ 2�p�2)

	
� k2��1=2�1

!2�1

�
k2�1

�
1 + !2

�
+ !2�2

	
�
�
3!4��2 + �1 � !2 f(1� 2�)�2 + (2 + 3�)�1g

�
; (5E.6)

7 = 2; (5E.7)

8 =
�i�pk

!

�
�!2k

��
3� �p + 4�i�+ (1 + 5�p)�2

�
Zx + 4�1�2Uix

	
+k
�
�1 + 3��2!

4
�
Zx � 2�1�2!3

�
; (5E.8)

9 = 3; (5E.9)

10 = 2�i�p�1�2!k(! + 2k Upx)�
�i�pk

2

!

�
�1 + 3!

4��2 � !2 f(1� 2�)�2 + (2 + 3�)�1g
�
Zx;

(5E.10)
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11 = ��i��1=2k
�
!2�� 1

� h�
�1 � �2!2

� �
�1k � �p�1=2Zy

�
+ !�i�p�1�2Zx

i
; (5E.11)

12 = ��p��1=2k
�
!2�� 1

� h�
�1 � �2!2

� �
�1k + �i�

1=2Zy

�
� !�2i�1�2Zx

i
; (5E.12)

and q0 and q2 , as used in Eq. ((5.79) and Eq. (5.80), respectively, are given as:

q0 = 2�
�1=2k2(�1 + �2 + �3); (5E.13)

q2 = ��1=2k2(�1 + �2 � �3 + �4); (5E.14)

with

�1 = �i�pZ
2
x

�
1 + k2�1 + �

1=2kWy

� �
�1 � ��2!2 � 2�p��2

�
; (5E.15)

�2 =
k

!2
Wx

�
�i�p�2!

�
1� !2�

�
Z2x � 2�i�p�1�2!

�
1� !2�i�

�
Z2x
�
; (5E.16)

�3 =

�
kWx�1 � �i�p�1=2ZxZy

� �
(2�p + �i��1)!

3 � �1! + k
�
�2!

2 � �1
� �
�!2 � 1

�
Wx

�
!2

; (5E.17)

�4 = 2kWx

�
k�1Wx � �i�p�1=2ZxZy

� �
�2�!

2 � �1 + 2�p��2
�
: (5E.18)
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Chapter 6

Summary

In this thesis, we have studied low frequency solitary and shock waves in three-component electron-
positron-ion plasma. We have employed three well-known and well-established mathematical tech-
niques, namely, reductive perturbative method (RPM), pseudopotential (or Sagdeev potential)
method (PPM) and Krylov�Bogoliubov�Mitropolsky (KBM) perturbation method, to explore these
nonlinear structures. For the electrostatic cases we considered ions to be dynamic and follow �uid
continuity and momentum conservation equations, whereas electrons and positrons are Boltzmann
distributed for the classical case and Thomas-Femi distributed for the degenerate case. On the
other hand, for the electromagnetic magnetosonic waves all the three species, namely, electrons,
positrons and ions have been considered to be dynamic and described by the �uid equations. The
three �uids interact through the electromagnetic �elds. The Maxwell�s equations govern the dy-
namics of electromagnetic �elds. Further, for the dissipative solitary and shock structures, viscosity
of the plasma is considered to be the main source of dissipation. Moreover, in addition to nonlinear
analysis, linear analysis of the various plasma waves explored in this study, is also provided.
In Chapter 1, the importance of the study of electron-positron-ion plasma is highlighted.

Various astrophysical and terrestrial positron sources and environments where positrons coexist
with the electrons and ions to form three-component e-p-i plasma, are described. The de�nitions
and a brief historical account of the solitary and shock waves is also given in this chapter. A large
fraction of plasma physics literature is devoted to the study of solitary and shock waves. In Section
(1.5), a brief history of the solitary and shock waves in plasma and the literature survey on the
study of nonlinear waves in e-p and e-p-i plasma which is immediately relevant to the present study
are presented. A short description of the various plasma models, we have employed to investigate
the nonlinear solitary and shock waves in e-p-i plasma, is also given.
In Chapter 2, we presented an overview of the above-mentioned various mathematical tools,

used in the present study. The various methods are illustrated by applying them to the nonlinear ion-
acoustic wave in the conventional two-component electron-ion plasma. The perturbative techniques
as RPM and KBM method, are limited to the study of small amplitude waves in planar as well
as nonplanar geometry. These methods are used to derive KdV, KdVB and NLS equations in
the planar geometry and their modi�ed versions in the nonplanar case. Whereas arbitrary (large
as well as small) amplitude structures can be investigated through the pseudopotential method
whereby the model equations are transformed to the frame in which the solitary structure appears
stationary. The transformed equations are then manipulated to get a single energy integral type
equation bearing the analogy with the motion of a unit mass classical particle in a potential well.
This equation is then numerically integrated to obtain the solitary structures. In contrast to the
perturbative method, PPM only works for the solitary waves with plane wavefronts as for the
nonplanar converging and diverging waves, the wave pro�le is non-stationary and continuously

137



evolve owing to the geometrical convergence (divergence) resulting in the increase (decrease) of the
amplitude. Stationary wave solutions for the planar KdV, Burgers, KdVB and NLS equations are
also derived in this chapter.
In Chapter 3, the planar and nonplanar, ion-acoustic and magnetoacoustic, solitary and shock

structures in e-p-i plasma have been explored using RPM. In the unmagnetized plasma having no
preferred direction, all the three, namely planar and nonplanar cylindrical and spherical nonlin-
ear solitary and shock waves are possible. However, for the propagation of MSWs the presence of
ambient magnetic �eld (with intrinsic dipolar character) is essential which does not allow for the
spherically symmetric MSWs, thus only planar and cylindrically symmetric MSWs have been ex-
plored. Our analysis show that, both electrostatic and electromagnetic nonlinear waves considered
in this chapter, support only hump-like positive polarity (in electrostatic potential for IAWs and
perturbation magnetic �eld for MSWs) supersonic solitary and shock waves.
In Section (3.2) of this chapter we studied IA solitary and shock structures in unmagnetized e-p-i

plasma with adiabatically hot ions and Maxwell-Boltzmann distributed electrons and positrons. It is
found that the planar IA solitary wave in inviscid plasma, which is solution of planar KdV equation,
shrink, both in amplitude as well as in the width with the increase of positron-to-electron density
ratio �p and ion-to-electron temperature ratio �i. In the presence of small viscous dissipation, the
wave dynamics are governed by the KdVB equation. The numerical integration of KdVB equation
with planar solitary wave as initial condition, reveals that in the viscous plasma, planar solitary
structures diminish, develop a tail and their propagation speed reduces. Moreover, broader solitary
pulses are less a¤ected by the viscous dissipation. On the other hand, the planar Tanh IA shock
wave solution (i.e., the solution of KdVB equation obtained through Tanh method) exhibits the
increase of amplitude with the increase of normalized plasma viscosity � and positron-to-electron
density ratio �p whereas with the increase of the parameters �i, a decrease in the amplitude of the
Tanh shock is seen. The width of Tanh shock has been found to decrease whereas the speed has been
observed to increase with the increase of the parameters �p, �i and �. In contrast, the amplitude
of the numerical shock wave solution of the KdVB equation in viscous e-p-i plasma, like that of the
solitary waves in inviscid plasma, decreases with the increase of �p and �i. If the viscosity of the
e-p-i plasma is large enough to make the viscous coe¢ cient Qv greater than a certain critical value
Qvcr, the behavior of numerical shock wave solution resemble that of the Burgers shock, whereas in
the opposite case Qv < Qvcr, the shock becomes oscillatory with the front oscillation bearing the
characteristics of the solitary pulse in inviscid plasma.
In Section (3.3), we derived the mKdVB equation for the perpendicular (to the external magnetic

�eld) magnetosonic waves propagating through adiabatically hot and dissipative e-p-i plasma. It is
found that characteristics of the nonlinear solitary and shock structures depend on eleven parame-
ters. Thus to get some insight into the behavior of the MS solitary and shock waves in e-p-i plasma,
we �xed some of the parameters such that all the species are considered to be adiabatically hot
(with adiabatic indices 5/3) and in thermodynamical equilibrium (�i = �p = 1). It is found that
for high values of parameter ~� = c2s=v

2
A and positron-to-electron density ratio �p, solitary pulses

diminish as well as broaden with the increase of these parameters. In the presence of viscosity, just
like IA solitary wave, MS planar solitary waves also develop a tail, and reduce in both amplitude
and speed. It is also observed that with the increase of �p, the amplitude and speed of planar
MS Tanh shock wave is reduced whereas its width increases. The similar behavior with respect
to the increase of plasma ~� is seen. However, an opposite trend with the increase of normalized
plasma viscosity � is observed. The numerical shock solution of the planar KdVB equation for the
MSWs has been found to diminish in amplitude and its character may change from monotonic to
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oscillatory one, with the increase of both �p as well as ~�. However, when the positron-to-electron
density �p is less than a certain critical value, the behavior of dispersion coe¢ cient of the governing
mKdVB equation, with respect to increase of plasma ~� becomes opposite to that at high values of
~�. Thus, for small values of �p and ~�; in some parametric ranges, the behavior of the MS solitary
and shock waves with respect to increase of plasma ~� follow opposite trends to what they follow at
the higher values. Further, for most part of the discussion, we assumed the wave phase velocity to
be much smaller than the velocity of light so that we have set the ratio � = v2A=c

2 � 0; which is
equivalent to ignoring the displacement current in our analysis. However, it is found that the e¤ects
of small displacement current on the various wave pro�les become important when parameters �
and � = me=mi become comparable.
It is found that the nonplanar evolution of both IAWs and MSWs, is independent of the type

of wave and only depend on the particular geometry. It is observed that in inviscid plasma the
amplitude and speed of the nonplanar solitary waves vary as (�0=�)m whereas width decreases as
(�0=�)

�m=2, where, at various stages of evolution, the exponentm takes the values in the range 1=2 .
m . 2=3 for the cylindrical case and 1 . m . 4=3 for the spherical case. In the presence of viscous
dissipation, the amplitude and the speed of the solitary structures will decrease in comparison with
the corresponding nonplanar inviscid case. Further, in viscous plasma with nonplanar geometry the
ultimate characteristics (speed, amplitude and width) are determined by the competition between
the wave diminution due to viscosity and ampli�cation due to the geometrical convergence. The
amplitude and speed of the nonplanar shock solutions have been found to vary approximately as
(�0=�)

m�with m�� 1=2 for the cylindrical case and m�� 1, for the spherical one. Moreover, in this
chapter, we have also provided approximate analytical expressions for the various solitary and shock
wave solutions and compared them with the corresponding numerical ones.
Chapter 4, has been devoted to the study of nonlinear coupled ion-acoustic and ion-cyclotron

waves propagating obliquely to the external magnetic �eld in dense collisionless e-p-i magneto-
plasma. Here we have employed PPM to study arbitrary amplitude solitary waves. We have used
a semiclassical approach to model our plasma system. Electrons and positrons are treated as de-
generate Fermi gases described by Thomas�Fermi density distribution and ions behave as classical
gas. The major �ndings of our investigation are that only humplike positive-polarity and subsonic
(with respect to linear ion-acoustic wave speed in unmagnetized e-i and e-p-i plasma) solitary waves
can exist in dense magnetized e-p-i plasmas; the presence of Thomas-Fermi distributed degener-
ate positron and electron species limits the electrostatic potential in the range [� "Fe=e; "Fp=e],
hence no solitary pulse with potential larger than "Fp=e can exist, where "Fp , "Fp are the Fermi
energies of the electron and positron �uids, respectively. It is also observed that, for high values of
positron-to-electron density ratio �p and small angles of propagation with the direction of external
magnetic �eld, the presence of degenerate positron species in a two-component magnetized dense
electron-ion plasma results in the diminution of the amplitude and width of the solitary structures
and in the opposite limit of small positron densities and large angles of propagation, large amplitude
pulses show anomalous behavior due to the Thomas�Fermi distribution of positrons which limits
the maximum electrostatic potential up to "Fp=e. Increase in the strength of external magnetic �eld
has been found to reduce the width of solitary structures whereas amplitude remains una¤ected.
For high values of �p and small angles of propagation vector with the magnetic �eld, the increase
of propagation angle results into increase of the amplitude and width of the solitary structures.
Moreover, using RPM, Zakharov-Kuznetsov (ZK) equation, governing the dynamics of the small
amplitude IAWs in dense e-p-i plasma system has also been derived and comparison of our results
with those of the studies based on QHD models is also presented.
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Finally, in Chapter 5, we have studied electrostatic and electromagnetic envelope solitary struc-
tures using KBM method. Nonlinear Schrödinger equation is derived for both cases and the criteria
for the modulation instability and parametric regions of existence for bright and dark envelope
solitary structures are determined. The characteristics of various envelope solitary structures and
their dependence on various plasma parameters are also discussed in this chapter.
In Section (5.2), we have investigated the stability behavior and the properties of envelope soli-

tary structures of the electrostatic ion (ion-acoustic and ion-cyclotron) waves propagating obliquely
to the direction of external magnetic �eld. In our analysis both electrons and positrons have been
considered to be in thermodynamical equilibrium and thermal velocity of the ions has been assumed
to be much less than the wave velocity and hence their thermal e¤ects have been ignored. It is
found that the presence of the magnetic �eld greatly modi�es the stability pro�le of low-frequency
electrostatic ion waves from that of unmagnetized e-p-i plasmas. A number of stability/instability
regions appear in the (�; k) plane which shift their position and change their sizes as the positron
concentration and/or strength of magnetic �eld vary. For the lower branch (ion-acoustic mode)
as the strength of the magnetic �eld increases, the instability region expands towards higher wave
numbers and angles of propagation making the wave modulationally unstable in those regions. For
the upper branch (ion-cyclotron mode), with the increase in the strength of magnetic �eld, the
stability behavior at large wavelengths is a¤ected more than that at small wavelengths. With the
increase in positron concentration, for both modes, the critical wave number separating stability
and instability regions shifts towards higher wave numbers and this change is large for large wave
numbers resulting in expansion of di¤erent regions. An increase in the growth rate of instability
and a decrease in the width of both dark and bright-type envelop solitons, with a �xed value of
amplitude and angle of propagation, are also witnessed for both type of waves.
The nonlinear wave modulation of magnetosonic wave and characteristics of the corresponding

envelope solitary structures propagating perpendicular to the external magnetic �eld in e-p-i plasma
are investigated in Section (5.3). In the presence of third species in two component plasma (ions
in e-p or positrons in e-i plasma), the magnetosonic wave splits into two modes. It is found that
the low frequency mode is always stable against modulation, whereas the high frequency mode
becomes unstable for certain ranges of wave number and positron concentration. The growth rate
of instability for the higher mode is also investigated and found to be inversely proportional to the
strength of the external magnetic �eld, but depends sensitively on the wave number and positron-
to-electron density ratio. It is also observed that besides stability behavior, the characteristics of
corresponding envelope solitons also nontrivially depend upon the wave number and concentration
ratio of various species in the system. Moreover, for both modes, the strength of the external
magnetic �eld does not a¤ect the stability pro�le, but the width of envelope solitons increases with
the square of magnetic �eld.
In the Section (5.4), we brei�y describe that NLS equation also admits rational soliton solutions

which are localized in both space and time. The �rst order rational soliton solution, known as
Peregrine soliton and its dependence on various plasma parameters through the nonlinearity and
dispersion coe¢ cients of NLS equation is discussed.
We have used the computational software Mathematica to numerically integrate various non-

linear PDEs encountered in this thesis and the programming language Fortran has been used to
numerically determine the stability/instability regions as well as properties of envelope solitons. In
some cases discussed in this thesis, we have �xed the temperature ratios �p, �i and adiabatic indices.
However, these may di¤er from the chosen values, as for example when two plasma clouds/beams
with di¤erent temperature merge and the relaxation rate is small, various species may maintain
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di¤erent temperatures for quite a long time. However, the e¤ect of variation of these parameters
on the wave dynamics can be easily examined by determining the variation of nonlinearity and
dispersion coe¢ cients, appearing in the governing nonlinear PDEs, with these parameters.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

The linear and nonlinear study of the low frequency electrostatic and electromagnetic waves in e-p-i
plasma, presented in this thesis is not only a contribution towards the understanding of the fun-
damental plasma physics of three-component electron-positron-ion plasma but will also be helpful
in elucidating the role of positrons in the linear as well as nonlinear dynamics of various labora-
tory and astrophysical plasmas where positrons coexist with the electrons and ions to form e-p-i
plasma. Most of the astrophysical objects have environments (stars, stellar/planetary cores, jets,
accreting disks, magnetosphere, plasmasphere, ionosphere etc.) which are �lled with the plasma
of various compositions and temperatures. The composition of these layers has a large diversity.
Some environments contain besides, two component e-i plasma, many other components like mul-
tiple ions, heavy micron sized dust particles and even the anti-particles positrons and anti-protons.
As described in Chapter 1, the presence of positrons in the magnetosphere of the earth has been
con�rmed by the data received through various satellites missions and many extraterrestrial as-
trophysical objects also contain positron content in their environment produced through various
mechanisms. Some of these positrons are either trapped in the vicinity of these objects due to grav-
itational and magnetic �elds and the other leak to the interstellar space through various energetic
and turbulent phenomenon as stellar winds and explosions. The ionized environments of the celes-
tial bodies is not in the static equilibrium rather there are many sources of perturbations as e.g.,
impacts of meteorites, cyclones, winds, magnetic storms etc. In the ionized plasma environment
highly turbulent perturbations give rise to various electrostatic and electromagnetic plasma modes
which are subjected to many instabilities both on microscopic as well as macroscopic levels. The
increase in the amplitude of the unstable growing waves makes the system highly nonlinear and var-
ious nonlinear processes come into play to arrest the unlimited growth and spontaneous formation
and emergence of coherent structures including solitary and shock waves. Many satellite missions
have detected the nonlinear coherent structures not only in the earth magnetosphere [300], but also
in solar wind [301], at other planets [302] and even at their satellites [303]. The role of solitary and
shock waves is very important in the evolution of the plasma system as these nonlinear waves are
means of energy transportation and acceleration of the plasma particles which in turn trigger other
phenomena as emission of radiations and excitation of atoms and molecules. Thus investigation of
these nonlinear structures gives the clues about the plasma composition and temperatures in the
vicinity of a star/planet and also helps in comparison of the environment of the exo-planets/stars
to that of our own solar system [304]. When the nonlinear coherent structure eventually decay (due
to the presence of noise, inhomogeneities etc.), they give o¤ their energy to the background plasma
particles. This free source of energy then may again initiate microscale instabilities. Thus nonlinear
perturbations set o¤ a complex process of plasma evolution in which solitary and shock structures
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play an important role that is strongly dependent on the existence conditions and pro�les of these
nonlinear waves which in turn depend on various plasma parameters (e.g. the concentration and
temperature ratios of various species etc.).
A small scale astrophysical e-p-i plasma can be created in the laboratory, by injecting the

positronium beam into two component e-i plasma or impinging the high intensity laser beam on to
the matter targets. Due to the long life time of the positrons in the plasma, low frequency modes
as discussed in this thesis, can be excited and studied in such created e-p-i plasma.

7.2 Future Work

The models employed in this thesis to study the solitary and shock structures in the e-p-i plasma
can be extended and improved in a number of ways. Many astrophysical environments contain
the particle beams, nonthermal distribution of electrons and positrons, anisotropy in the plasma
pressure and inhomogeneities in plasma density, temperature and magnetic �elds. Inclusion of these
e¤ects will lead to new features in the nonlinear e-p-i plasma dynamics. The �nite temperature
e¤ects of ions on the electrostatic envelope solitons and of the three species (electrons, positrons
and ions) on magnetosonic envelope solitons, (see Chapter 5), can also be explored. The study of
interaction and stability of solitary and shock waves are another important aspect of the nonlinear
plasma dynamics. This is because, under the right conditions of the balance between the nonlinear
and dispersive/dissipative e¤ects, these nonlinear structures spontaneously emerge in plasma in the
presence of free energy source and may interact with each other before decaying. The e¤ects of the
changes in various plasma parameters on the interaction processes (e.g. on phase shift of the solitary
structures after the collisions) can be another useful direction for the future studies. In future, I
am also interested in studying the dynamics and properties of nonlinear coherent structures using
the direct integration of equations of motion of the plasma species.
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