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Abstract

In this dissertation, the analytical discussion of viscous fluid flow model is presented.

The main objective is to study the impact of CNTs (carbon nanotubes) nanofluid on

free convective flow of viscous fluids with Prabhakar fractional derivative between two

vertical plates. Nanofluids are colloidal suspensions made out of nanoparticles such as:

metals, oxides, carbides and carbon nanotubes in some base fluid, and are known for

their thermal conductivity. The nanostructures derived from rolled graphene planes

are called carbon nanotubes having many interesting physical and chemical proper-

ties. CNTs exist as single walled (SWNTs) and multi walled (MWNTs) structures

possessing different properties like, e.g., ultra-light weight, high thermal conductiv-

ity, strength and electronic effects ranging from metallic to semiconducting. This

phenomenon is studied by considering the generalized fractional thermal flux. The

generalized Fourier’s law with fractional derivative is introduced in thermal analysis

by using Prabhakar time fractional derivative. Solutions for temperature distribution

and velocity profile are determined with the help of Laplace and finite sine-Fourier’s

transforms. The traditional (classical) models (with classical Fourier’s law) are re-

covered as a specific case of the fractional models. The efficacy of fractional as well

as physical parameters on developed model for temperature distribution and velocity

profile are graphically captioned.

viii



Nomenclature

u Velocity profile

T Temperature

q Thermal flux

L Velocity gradient

~a Acceleration

ρ Fluid density

∇ · v Divergence of vector field v

p Pressure of the fluid

I Identity tensor

T Cauchy stress tensor

S Extra stress tensor

µ Dynamic viscosity

A1 First Rivlin-Ericksen tensor

∇v Gradient of the vector field v

η Laplace transform parameter

ν = µ

ρ
Kinematic viscosity of fluid

~g Gravitational acceleration

ρnf Density of nanofluid

1
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µnf Viscosity of nanofluid

(cp)nf Specific heat of nanofluid

βnf Thermal expansion coefficient of nanofluid

Θ Volume fraction of nanofluid

knf Thermal conductivity of nanofluid

νnf Kinematic viscosity of nanofluid

Pr Prandtl number

Gr Grashof number



Chapter 1

Introduction

The term Convection is described by the heat transmission as a result of bulk move-

ment of molecules within fluids (liquids and gases). It includes the transfer of both

heat and energy from thermal to non-thermal region. This process of heat transfer

comprises of two phenomena namely the diffusion and advection. The transfer of

energy because of random motion of molecules is known as diffusion while bulk or

macroscopic fluid motion is defined as advection.

The formation of sea and land breeze are the classic examples of convection. Also

warm air that rises towards the ceiling of room, boiling water, radiator, steaming cup

of hot tea, and ice melting are common examples in daily life.

Natural Convection takes place by buoyant force (i.e., motion of fluid particle is

not generated by external forces) due to density differences caused by the difference in

temperature. For natural convection, gravity is the driving force, e.g., a layer of cold

dense air on the top of hotter less dense air, gravity pulls cold dense air to the bottom.

The fluid motion in natural convection is happened by natural ways like buoyancy. A

well known example of this process is when a quiescent fluid is placed near a heated

vertical plate. The fluid which is to be in contact with the warmed vertical plate is

3
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heated, as a result there is decrease in its density. The fluid from the nearby region

moves in and the lighter heated fluid streams up. The quiescent temperature of the

fluid is lower than thin layer fluid temperature occurred near heated vertical plate

and the formation of thermal boundary layer is happened. A velocity boundary layer

is formed in the fluid close to the warmed vertical plate.

Viscous Fluid has a number of applications in various parts of science and engineer-

ing. In between vertical parallel plates, the flow of viscous fluid has been broadly con-

centrated because of its vast usage in engineering technology. The fluid flow wherein

the one plate is moving is called Couette flow. The practical examples of Couette flow

are in purifications of crude oil, aerodynamics heating, petroleum industry, polymer

technology, hydraulic lifts and several applications in material processing [2]. This

type of problems are more significant [3]. For fully developed mixed convection with

heat and mass transfer, Boulama and Galanis [4] investigated the first exact solutions

between vertical parallel plates.

Heat can transfer through convection, conduction or radiation. The convection heat

transfer can take place by free (natural) convection, forced convection and mixed

convection. Now and again, natural convection or free convection is eluded by the

term convection. In the natural convection, the process of mass transfer relies upon

the density gradient variations that generates the force of flux buoyancy.

Natural convection has a key role in variety of heat transfer applications between

vertical parallel plates, e.g., in design of heat exchangers, cooling phenomenon of

electronic equipments and nuclear reactors, collection of solar energy and geothermal

system, etc. Because of their industrial importance, such types of flows have been

investigated by well known scientists in heat transfer and fluid mechanics [5-11].
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Solid particles are known to have greater thermal conductivity than fluids [12], as the

thermal conductivity of diamond is 3300 and the thermal conductivity of carbon nan-

otubes (CNTs) is 3000. The thermal conductivities of metallic materials like copper,

aluminum and silver are 401, 237, and 429 respectively, whereas the ethylene glycol,

engine oil and water thermal conductivities are 0.253, 0.145, and 0.613, respectively.

In similar lines, which presumes that liquids with suspended strong particles may

improve thermal conductivity comparative with customary liquids. Many materials

may be used in nanofluid manufacturing [13-17]. Eastman et al. [18] noted that

thermal conductivity is increasing around 60 percent for those nanofluids that consist

water as a 5 percent base fluid of CuO nanoparticles. When dangling in distilled

water, engine lubricant and hypodicarbonous acid, Wang et al. [19] tested the ther-

mal conductivity of Al2O3 and CuO nanoparticles. They noted that the increased

rate of thermal conductivity has been distinct for every base fluid. Xuan and Li

[20] addressed that the thermal conductivity of water-Cu type nanofluid, as a result

demonstrated an improvement of 56 percent in thermal conductivity with 5 percent of

the nanofluid as a volume fraction. Xie et al. [21] discussed a broad surface area of the

thermal conductivity and nanoparticles of pure fluid and they noted an increase with

decreased values of pH and by the increased value of nanoparticles in precise surface

area. Experimentally nanofluid thermal conductivity, like CuONPs and Al2O3NPs

suspended in water is achieved by Das et al. [22], and they observed an increase in

thermal conductivity with broad temperature values. Murshed et al. [23] recorded

a high thermal conductivity increase of 33 percent for 5 percent volumetric loading

water containing the T iO2 nanoparticles.
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In light of its exceptionally encouraging physical properties, like its tremendous elec-

trical and thermal conductivity, CNTs earned the consideration of analysts [24]. The

tendency of fusion of a less amount of CNTs in a base fluids for improvement of their

thermal conductivity is studied by Choi et al. [25]. Eastman et al. [26] estimated the

thermal conductivity of Cu-hypodicarbonous acid type nanofluids, and an enhance-

ment of 40 percent with almost 0.3 percent volume of copper nanoparticles. Ding et

al. [27] researched a model of heat transfer aqueous nanofluids CNTs suspensions,

and results indicated that thermal conductivity increased from 35 percent to 79 per-

cent for 0.5 percent to 1.0 percent volume of CNTs in water. Hwang et al. [28] used

silicon dioxide, multiwall CNTs, fullerene, copper oxide and silver to recover thermal

conductivity of conditional fluids like hypodicarbonous acid, deionized water and oil.

They found that the water fluid of multiwall CNTs displayed the highest thermal

conductivity improvement, while the lowest was silicon dioxide.

The role of fractional calculus in pure and applied mathematics is appraised and

many research papers have been published. Histov [29] examined the transient flow

of a second-grade fluid using mixed time-space non-integer order Riemann-Liouville

fractional derivative in the transposition process. Researchers recently published

numerous papers on natural convection flows by non-integer order derivatives and

discussed the fractional parameter’s effect on the movement of the fluid [30-34]. In

these research articles, fractional derivatives artificially replaced the ordinary deriva-

tives. Few researchers performed resentful work and implemented Caputo-fractional

time derivatives to governing equations through mechanical laws, see for instance

[35,36]. The principle properties so-called of the Prabhakar functions provided by

Gara and Garrappa [37] and the Mittag-Leffler three-parameter functions [38]. It
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is well known that the functions of Prabhakar play an essential role in explaining

the divergent dielectric characteristics of disordered materials and hetrogeneous sys-

tem which manifest non-locality and non-linearity at the same time. Lately, a linear

viscoelastic type model which is based on Prabhakar-like fractional operator was

analyzed by Giusti and Colombaro [39]. They suggested a fractionally generalized

constitutive equation with the Prabhakar derivative for Maxwell fluids and they il-

lustrated the relation among the Prabhakar theory of non-integer order integrals and

Caputo-Fabrizio fractional differential operator. In these work, the researchers intro-

duced fractional derivative to governing equations via generalized Fick’s and Fourier’s

laws as well as generalized constitutive equation. Up to our knowledge no one con-

sider the Fourier’s generalized law of Prabhakar-like fractional operator between two

vertical plates. The present work is arranged as follows:

In Chapter 2, we briefly present the basic notions and theoretical elements relevant

to our research problem. In this chapter, we describe the fundamental equations

of fluid mechanics for viscous fluids, convection flow, dimensionless numbers, sine-

Fourier’s and Laplace transforms.

Chapter 3 is a presentation of the analytical discussion of viscous fluid flow model

between vertical channels. Free convection flow of nanoflud model is considered be-

tween vertical parallel plates at a distance d apart. The CNTs (carbon nanotubes)

are considered nanoparticles in order to observe their enhancement on temperature

distribution and velocity profile. For the generalized Fourier’s law, the Prabhakar

fractional derivative is considered. This implies that the phenomena are studied by

considering the generalized fractional thermal flux. Solutions for temperature distri-

bution and velocity field are determined by adopting Laplace and finite sine-Fourier



8

transforms. The traditional (classical) models (with classical Fourier’s law) are recu-

perated as a specific case of the fractional models. The impacts of fractional as well

as physical parameters in developmental models of temperature and velocity field are

also graphically underlined.



Chapter 2

Some Preliminaries

2.1 Definitions

A field of Continuum Mechanics related to study the fluid flow phenomena both at

equilibrium position and in motion is termed as Fluid Mechanics. A substance which

deforms repeatedly under the utilization of a shear (tangential) stress regardless how

little shear stress may be is called a fluid (gas or liquid) [40]. The fluids whose den-

sity vary with time are known as compressible fluids, however the fluids having

constant density are named as incompressible fluids. Almost all fluids in the real

world are compressible. After all, if the variations in density with pressure is negligi-

ble then the fluid is considered incompressible [1].

In general, fluids illustrate a specific resistance under the application of a tangential

force. Viscosity of the fluid is characterized by the application of shear stress to the

resistance of the fluid flow [1].

With the rheological perspective, fluids are identified by the constitutive equations,

more specifically relationships between the stress and strain rate tensor.

Let v = (u(x, y, z, t), v(x, y, z, t), z(x, y, z, t)) represents the velocity field of the fluid,

9
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the first Rivlin-Ericksen tensor is defined as A = L + L⊤ where L = grad(v), and ⊤

depicts the transpose. The fluids possessing linear relationship between the compo-

nents of the extra stress tensor and the rate of shearing strain tensor more precisely,

i.e., T = µA are described as linearly viscous fluids or Newtonian fluids. With

the velocity v = (u(y), 0, 0) for a simple shear flow, the relevance among the shear

stress and rate of strain is denoted by

Txy = Tyx = µ
du(y)

dy
(2.1.1)

In the above mentioned relationship, the proportionality constant µ[Ns/m2] is termed

as dynamic viscosity, or simply fluid viscosity [40]. Some well known examples of

Newtonian fluids are: air, water, benzene and ethyl alcohol. Fluids showing non-linear

relationship between components of stress tensor and rate strain tensor are defines

as non-Newtonian fluids. For instance, the fluid represented by the constitutive

equation

Txy = Tyx = η

(
du(y)

dy

)σ

, (2.1.2)

is labeled as the power-law fluid. The parameters σ and η served as the flow

behavoiur index and consistency index, respectively [40]. A few examples of

such fluids are blood, honey and toothpaste.

2.2 Basic Flows

In space, at each fixed point independence of velocity field with time is known as

steady flow and if it is dependent on time, then flow is reffered as unsteady. In

general, the study of unsteady flows becomes more difficult than steady flows by
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reason of the velocity field dependence on time variable.

The fluid flow when there is no distraction, i.e., orderly fluid flow in parallel layers of

the fluid with no lateral mixing of neighbouring layers during flow is called Laminar

or stream line flow. Meanwhile, the Turbulent flow is specified by irregular or

lateral mixing of fluid particles, for instance, upswing of cigarette smoke and blending

of hot and cold air in environment through wind, etc. In the flow direction, the fluid

flow between two vertical parallel plates, one of which is at rest and the other is

moving under the constant pressure gradient is recognized as generalized Couette

flow, and when the motion of fluid is caused by a constant pressure gradient, then

flow is labeled as Poiseuille flow.

2.3 Convective Flows

The heat transmission due to bulk movement of fluid (liquids, gases, molten rocks)

particles is known as Convection. Diffusion, advection or both are the main causes

of this process. One of the most common forms of heat transfer is specified as con-

vective heat transfer as well as the primary approach of mass transfer in fluids. The

convective transfer of heat occurs under both the processes such as diffusion caused

by the random Brownian motion of individual particles and through advection in

which large-scale movement of fluid currents transports the heat or matter. In short,

convection refers to the combination of both advective and diffusive phenomena in

the form of heat and mass transfer.

Convection is also known as free heat convection or natural heat convection in

some situations. Temperature-induced differences in buoyancy cause this process.

Another form of convection is the forced heat convection, which occurs when the
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fluid is moved by forces other than buoyancy.

There are three types of fluid flows on a heated surface: forced convection, free con-

vection, and mixed convection. The method of mass transfer in the natural convection

is affected by changes in the density gradient which is responsible for the flow’s buoy-

ancy. The term “mixed convection”comprises the form of both natural and forced

convection at work. Natural convective heat transfer performs a key role in Earths

environment structure [1].

2.4 Basic Equations of Fluid Dynamics

The conservation law for the three basic properties such as mass, momentum, and

energy, which is typically expressed in a series of equations, can fully explain the

motion of a fluid. The applications of these equations to a perfect viscous fluid are

established as Navier-Stokes equations, on the other hand, utilization of these to a

perfect inviscid fluid referred as Euler equations [41].

2.4.1 The Equation of Mass Conservation

In general, the mass conservation law is a kinematic statement that illustrates the

empirical fact that the change of mass flow in a fluid system equals the mass flow

passing through the system’s boundary. The Continuity Equation, also defines the

Mass Conservation Equation can be given as

Dρ

Dt
+ ∇ · (ρV ) = 0, (2.4.1)
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where ∇ denotes the divergence operator and the second term is elaborated as

∇ · (ρV ) =
∂(ρu)

∂x
+

∂(ρv)

∂y
+

∂(ρw)

∂z
(2.4.2)

where u, v and w are the components of velocity V in x, y and z directions, respec-

tively. In overall field of flow, ρ remains constant for incompressible fluids, and for

velocity the divergence free condition is described by the Eq. (2.4.1)

∇ · V = 0 (2.4.3)

termed as the incompressibility condition [41].

2.4.2 Balance of Linear Momentum

The concept of linear momentum depends on Newton’s second law, which states that

the sum of forces acting upon the fluid equals the time rate of change in linear mo-

mentum. The momentum balance has a local differential mathematical form defined

as [1]

ρ
Dv

Dt
= ρf + divT, (2.4.4)

where T represents the Cauchy stress tensor, f means the body force which acts upon

the fluid and D
Dt

= v · ∇ + ∂
∂t

is construed as the material derivative (hydrodynamic

derivative, the convective derivative, etc.). The vectorial equation of motion is

also known as equation (2.4.4). Three scalar differential equations of fluid motion are

implied by this equation [1].

2.4.3 The Equation of Energy Conservation

The expression for the first principle of thermodynamics is also recognized as the law

of energy conservation, and states that the forces working on the system plus the
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heat transmitted into the system determines the changes in total energy of the fluid

system. As a result, the equation of energy conservation can be written as [41]

∂(ρE)

∂t
+ ∇ · (ρEV ) = Wf + ∇ · (−pV + τ · V ) + ∇ · (k∇T ) + qH , (2.4.5)

where E stands for the total specific energy, Wf expresses the work of body forces,

T signifies the absolute temperature, k shows the coefficient of thermal conductivity,

and qH illustrates the heat source item. Sometimes, the specific total energy E is

associated to the internal specific energy e and the kinetic energy such as

E =
|V |2

2
+ e (2.4.6)

2.4.4 Constitutive Equation

An equation that describes the relationship between stress and deformation is labeled

as Constitutive Equation. The following general rules must be satisfied by consti-

tutive equation: law of objectivity, law of determinism, and law of material symmetry.

Newtonian fluids are defined by the simplest constitutive form which is generalized

as

T = −pI + S, (2.4.7)

where T stands for the Cauchy stress tensor, pI for the isotropic part that corresponds

to equilibrium (the rest), and S for the extra stress tensor, which represents fluid

motion. We will use the constitutive equation for Newtonian fluids in this thesis.
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2.5 Initial and Boundary Conditions

Mostly, for the models of unsteady flow, we often need an additional condition called

the initial condition, which defines the response of the fluid at time t = 0.

We are interested in behavior of the fluid at the boundary ∂ Ω in different models of

fluid flows, especially in three-dimensional flows, and the supposition relevant to that

interest referred as boundary conditions. They assist us in locating some constants

that appear in the flow model analysis. We use the abbreviations IC and BC for

initial and boundary conditions, respectively [41].

2.6 Dimensionless Numbers

We can analyze experimentally the models like cars, aircraft, and ships to predict

their action under real-world conditions using dimensionalless numbers. All we need

to ensure that the model and the real thing are identical. Some dimensionless numbers

are described that we use in our work [41].

2.6.1 Prandtl Number

An important dimensionless number, i.e., the Prandtl number (Pr) is a parameter

in the phenomenon of heat transfer that is described as the ratio of momentum

diffusivity ν to thermal diffusivity α (Ludwing Prandtl, 1875-1953). The Prandtl

number is determined as follows [1]:

Pr =
momentum diffusivity

thermal diffusivity
=

ν

α
=

µcp

k
, (2.6.1)
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here α represents the thermal diffusivity, cp served as the specific heat at constant

pressure and k shows the thermal conductivity [1].

2.6.2 Grashof Number

The nondimensional parameter Grashof number (Gr) is applied to free convection

fluid flows with transfer of heat. It was suggested by Franz Grashof (1826-1893) and

is specified as the ratio of buoyancy force to viscous force . It is given by

Gr =
buoyant forces

viscous forces
=

L3(Ts − T∞)gβT

ν2
, (2.6.2)

here L stands for the characteristic length, Ts for the reference temperature, T∞

for the free stream temperature, g for the gravitational acceleration, and βT for the

thermal expansion coefficient [1].

2.7 Some Integral Transformations

Ordinary, partial and fractional differential equations are commonly solved using in-

tegral transforms. Integral transforms take an equation from its original domain of

independent variables and place it in a new domain where the new equation formed

is easier to solve than the original. The inverse transformation of the direct transfor-

mation is used to return the obtained solution to the original form [1].

An integral transformation operator T is applied to the given function h (the input

of integral transform) and obtained a new function Th , called the image of h (the

out put of the integral transform). The integral transform operator has the following
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general form:

(Th)(r) =

∫ b

a

h(t)Φ(t, r)dt, (2.7.1)

here the term Φ(t, r) is specified as the transformation kernel.

If Ψ(u, t) = Φ−1(u, t) is denoted by the inverse kernel, then the inverse transformation

is defined by

h(t) =

∫ rb

ra

(Th)(r)Ψ(r, t)dr. (2.7.2)

By using the integral kernel Φ(t, r) and the given domain [a,b], a number of useful

integral transformations have been defined. In any case, certainly the functions Φ and

h must satisfy definite regularity conditions. The Abel transform, Hankel transform,

Fourier transform, Mellin transform, Hilbert transform, and Laplace transform are

among the many integral transformations used in fluid dynamics [1].

In the era 1768-1830, the French mathematician and physicist Jean-Baptiste Joseph

Fourier established the theory of integral transformations by introducing the Fourier

series for finitely defined functions and the Fourier transformation for functions which

defined on finite/infinite intervals. We will primarily use the Laplace and finite Fourier

Sine transformations in this thesis [1].

2.7.1 Laplace Transformation

Consider h(t) be an input locally integrable function (given function) given in the

interval t ∈ [0,∞). The Laplace transform of h(t) expressed by (Lh)(m) is defined

by

(Lh)(m) =

∫
∞

0

h(t)exp(−mt)dt (2.7.3)
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A Laplace transformable function needs to satisfy the conditions mentioned below.

(i) Piecewise continuity of function,

(ii) Exponential order function.

The above stated conditions are not necessary but sufficient [1].

2.7.2 Finite Fourier Sine Transformation

Doetsch (1935) was the first to recommend the finite Fourier sine transform. Kneitz

(1938), Koschmieder (1941), Brown (1944) and Roettinger (1947) were among the

authors who later formulated and generalised this technique [42].

If h(p) is a piecewise continuous defined function on a finite interval 0 < p < l, the

finite Fourier sine transform of h(p) is given as [42]

Fs{h(p)}(n) = h̃s(n) =

∫ l

0

h(p)sin

(
nπp

l

)
dp , (2.7.4)

where n = 1, 2, 3, ....

The Fourier sine series for h(p) in 0 < p < l, is a renowned result of Fourier series

theory, specifically

2

l

∞∑

l

h̃s(n)sin

(
nπp

l

)

converges to the function h(p) at every point of continuity in the interval 0 < p < l

and to the output 1
2
[f(p − 0)] + f(p + 0) at every point p for finite discontinuity

in 0 < p < l. Using definition (2.7.4), the inverse of Fourier sine transformation is

described as

F−1
s h̃s(n) = h(p) =

2

l

∞∑

l

h̃s(n)sin

(
nπp

l

)
. (2.7.5)

Evidently, Fs and F−1
s both are linear transform operators [42].
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2.8 Fractional Calculus Overview

The concept of fractional order derivation and integration can be persued to the devel-

opment of differential calculus. G. W. Leibniz, a philosopher and advanced calculus

scholar, arranged some remarks about the possible result and usefulness of fractional

derivatives of non-integer order 1/2 in the late 17th century.

At the beginning, Liouville presented an operator of fractional integration and its first

formulation in his various research papers from 1832 to 1837, in which he presented

a detailed analysis. Riemann promoted the invention of the integral-based Riemann-

Lioville fractional integral operator, that emerged as a significant foundation in frac-

tional calculus, among other developments and advances [43]. Euler was the first to

develop fractional integration [44,45], which he used to establish the Gamma function

for fractional powers of the factorial before the research advancement of Riemann and

Lioville.

Integer-order models for viscoelastic materials tend to be ineffective from both a

quantitative and qualitative viewpoint, according to different researchers, including

Caputo [46], Mainardi [47], and Stiassnie [48]. Meanwhile, they proposed fractional

order laws of deformation for modeling with viscoelastic behavior of real materials

[49].

2.8.1 Riemann-Liouville Time-Fractional Derivative

The Riemann-Liouville derivative (time-fractional) of order κ is defined by [43]

RLDκ
t u(t) =

1

Γ(1 − κ)

d

dt

∫ t

0

(t − τ)−κu(τ)dτ, 0 ≤ κ < 1. (2.8.1)
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The Laplace transform of the aforementioned derivative is given as

L
{

RLDκ
t u(t)

}
= qκLu(t)(q) − Dκ−1

t u(t)|t=0. (2.8.2)

2.8.2 Caputo Time-Fractional Derivative

The conventional Caputo time-fractional derivative of order κ is defined as [43,50]

CDκ
t u(t) =

1

Γ(1 − κ)

∫ t

0

(t − τ)−κu′(τ)dτ, 0 ≤ κ < 1. (2.8.3)

The Laplace transform of above stated derivative is

L
{

CDκ
t u(t)

}
= qκL{u(t)}(q) − qκ−1u(0). (2.8.4)

2.8.3 Caputo-Fabrizio Time-Fractional Derivative

Caputo-Fabrizio time-fractional derivative is formulated as [51, 52]

CF Dκ
t u(t) =

1

(1 − κ)

∫ t

0

exp

(
−

κ(t − τ)

1 − κ

)
u′(τ)dτ, 0 < κ < 1. (2.8.5)

The Laplace transform for above mentioned derivative is

L
{

CF Dκ
t u(t)

}
=

sL{u(t)}(s) − u(0)

κ + s(1 − κ)
(2.8.6)

In the above discussed terminologies

Γ(r) =

∫
∞

0

tr−1e−tdt, r > 0

is Euler Gamma function, u ∈ K1(0, b), b > 0, and s is the parameter of transforma-

tion.
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Remarks. It is meaningful to examine that definitions of Caputo time-fractional and

Caputo-Fabrizio time-fractional derivatives can be expanded for κ = 1. We obtain

lim
κ→1

CDκ
t u(t) = lim

κ→1

CFDκ
t u(t) =

du(t)

dt
= u′(t).

Undoubtedly, under utilization of Eqs. (2.8.4) and (2.8.6), we reach to

lim
κ→1

L
[
CDκ

t u(t)
]

= lim
κ→1

L
[
CF Dκ

t u(t)
]

= [sL{u(t)} − u(0)] = L{u′(t)}.



Chapter 3

Thermal Analysis of Free

Convection Flows of Viscous

Carbon Nanotubes Nanofluids with

Generalized Thermal Transport: A

Prabhakar Fractional Model

The objective of this research work is to study the natural convection flows of carbon

nanotubes (CNTs) nanofluid of viscous fluids using Prabhakar fractional derivative

between vertical parallel plates by considering the generalized fractional thermal flux.

Laplace and finite Fourier’s sine transformations are used to evaluate closed form

analytical solutions for temperature as well as for velocity. The classical models are

recovered as a special case of the non-integer order model. The impacts of fractional as

well as physical parameters on temperature and velocity profiles are also graphically

presented.

22
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3.1 Mathematical Formulation of the Problem

Consider the laminar flow for viscous and incompressible fluid with carbon nanotubes

(CNTs) placed in two vertical and infinite plates separated by the distance d. Both

plates as well as the fluid are in rest position initially at medium ambient temperature

T1. Subsequently, the plate on right side is moving along the x - direction with

velocity V ϕ(t1) with constant temperature T2 > T1. The function ϕ(·) is Laplace

transformable with ϕ(0) = 0 and V is a constant velocity.

We suppose that the velocity as well as temperature profiles are functions of y1 and

t1. Hence we are searching for velocity of fluid ~v(y1, t1) = u1(y1, t1)i, where i is the

unit vector along the x-axis. The velocity of fluid satisfies the equation of continuity

identically. The governing equations of motion when there is no pressure gradient in

the direction of flow using Boussinesq’s approximation are [7,9,10].

The momentum equation

ρnf

∂u1(y1, t1)

∂t1
= µnf

∂2u1(y1, t1)

∂y2
+

[
T (y1, t1) − T1

]
g(ρβ)nf , (3.1.1)

The energy balance equation

(ρcp)nf

∂T (y1, t1)

∂t1
= −

∂q(y1, t1)

∂y
, (3.1.2)

Thermal flux for Fourier’s law

q(y1, t1) = −knf

∂T (y1, t1)

∂y
, (3.1.3)

where u(y1, t1) stands for velocity, T (y1, t1) for temperature, q(y1, t1) for thermal flux

of the nanofluid, and g represents gravitational acceleration.

The nanofluid parameters are [53,54]

ρnf = (1 − Θ)ρf + Θ(ρ)CNT
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(ρcp)nf = (1 − Θ)(ρcp)f + Θ(ρcp)CNT

µnf =
µf

1 − Θ2.5

(ρβ)nf = (1 − Θ)(ρβp)f + Θ(ρβ)CNT

knf

kf

=
1 − Θ + 2Θ

{
kCNT

kCNT −kf

}
ln

{
kCNT +kf

2kf

}

1 − Θ + 2Θ
{

kf

kCNT −kf

}
ln

{
kCNT +kf

2kf

} ,

where ρnf represents density, µnf represents viscosity, (cp)nf represents specific heat,

βnf represents thermal expansion coefficient, Θ represents volume fraction, and knf

represents thermal conductivity of the nanofluid.

IC and BC are defined as:

u(y1, 0) = 0 , T (y1, 0) = T1 ; y ∈ [0, d] , (3.1.4)

u(0, t1) = 0 , T (0, t1) = T1 , t1 ≥ 0 , (3.1.5)

u(d, t) = V ϕ(t1) , T (d, t1) = T2 (3.1.6)

Presenting the accompanying non-dimensional quantities

ξ =
Vy

νnf

, νnf =
µnf

ρnf

, t∗ =
V 2t1
νnf

, u∗ =
u

V
, T ∗ =

T − T1

T2 − T1

, q∗ =
q

q0

,

q0 =
knf(T2 − T1)V

νnf

, P r =
(µcp)nf

knf

, Gr =
g(νβ)nf(T2 − T1)

V 3
,

into Eqs. (3.1.4)-(3.1.6) and removing the signs of asterisk, we obtain

∂u(ξ, t)

∂t
=

∂2u(ξ, t)

∂ξ2
+ GrT (ξ, t), (3.1.7)
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Pr
∂T (ξ, t)

∂t
= −

∂q(ξ, t)

∂ξ
, (3.1.8)

q(ξ, t) = −
∂T (ξ, t)

∂ξ
. (3.1.9)

The non-dimensional imposed conditions are

u(ξ, 0) = 0 , T (ξ, 0) = 0 ; ξ ≥ 0 , (3.1.10)

u(0, t) = 0 , T (0, t) = 0 , t ≥ 0 , (3.1.11)

u(1, t) = ϕ(t) , T (1, t) = 1 , (3.1.12)

where Pr and Gr respectively, represent Prandtl and Grashof numbers.

In present work, we are looking at a generalized mathematical model and the impact

of thermal flux in the form of Prabhakar-like non-integer derivative operator [55,56],

that are taken into account as

q(ξ, t) = − CDγ
α,β,a

∂T (ξ, t)

∂ξ
, (3.1.13)

where

CDγ
α,β,aΩ(t) =

∫ t

0

(t − Υ)−β−1E−γ
α,−β

(
a(t − Υ)αbig)Ω(Υ)dΥ,

Eγ
α,β =

∞∑

℘=0

(γ)℘ υ℘

℘!Γ(α℘ + β)
, α, β, γ, υ ∈ C, Re(α) > 0,

Let us consider the integer part κ = [β] for the parameter β and ϕ ∈ ACκ(0, b).

Prabhakar-like fractional derivative in regularized form is defined as

CDγ
α,β,aϕ(t) = M−γ

α,κ−β,aϕ
(κ)(t) = m−γ

α,κ−β(a; t) ∗ ϕ(κ)(t)

=

∫ t

0

(t − τ)κ−β−1M−γ
α,κ−β

(
a(t − τ)α

)
ϕ(κ)(τ)dτ,
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where ϕ(κ) depicts the κth derivative of ϕ(t) with ACκ(0, b) means the set of real-

valued functions, ϕ(t) having continuous derivatives up to order (κ−1) in the interval

(0, b) and so that ϕ(κ−1)(t) is an absolute continuous function.

The Laplace transform of Prabhakar derivative in regularized form is given as:

L
{C

Dγ
α,β,aϕ(t)

}
= L

{
m−γ

α,κ−β(a; t) ∗ ϕ(κ)(t)
}

= L
{
m−γ

α,κ−β(a; t)
}
L
{
ϕ(κ)(t)

}

= sβ−κ(1 − as−α)γL
{
ϕ(κ)(t)

}
,

where “∗” represents the convolution product and L−1
{
ηβ−m(1−aη−α)γ

}
= m−γ

α,κ−β(a; t)

is the kernel of the Prabhakar derivative in regularized form, which is defined as

mγ
α,β(a; t) = tβ−1Mγ

α,β(a tα), t ∈ R, α, β, γ, a ∈ C, Re(α) > 0. (3.1.14)

The Mittag-Leffler two-parameters function is defined as

Mα,β(r) =

∞∑

σ=0

rn

Γ(α σ + β)
, α, β, r ∈ C, Re(α) > 0.

Prabhakar suggested another generalization by introducing the Mittag-Leffler three-

parameters function, known as the function of Prabhakar, which is

Mγ
α,β(r) =

∞∑

σ=0

Γ(γ + σ) rσ

σ! Γ(γ)Γ(α σ + β)
, α, β, γ, r ∈ C, Re(α) > 0.

The Fourier’s law in classical form will be obtaining for β = γ = 0.

3.2 Solution of the Problem

3.2.1 The Solution for Temperature Profile

Exploiting the Laplace transformation technique to Eqs. (3.1.8), (3.1.13), (3.1.11)2,

(3.1.12)2, utilizing the underlying condition (3.1.10)2, we get

PrηT (ξ, η) = −
∂q(ξ, η)

∂ξ
, (3.2.1)
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q(ξ, η) = −ηβ(1 − aη−α)γ ∂T (ξ, η)

∂ξ
, (3.2.2)

T (0, η) = 0 , T (1, η) =
1

η
, (3.2.3)

where

X(ξ, η) =

∫
∞

0

X(ξ, t)e−ηtdt,

is the Laplace transform of X(ξ, t) and η is the transform parameter.

Using Eq. (3.2.2) in Eq. (3.2.1) and rearrange, we have

∂2T (ξ, η)

∂ξ2
−

Prη

ηβ(1 − aη−α)γ
T (ξ, η) = 0. (3.2.4)

Exploiting finite sine-Fourier transformation to Eq. (3.2.4) with boundary conditions

given in Eq. (3.2.3), we have

T̃ s(κ, η) =
(−1)κ+1(κπ)ηβ(1 − aη−α)γ

η[Prη + (κπ)ηβ(1 − aη−α)γ ]
, (3.2.5)

where

T̃ s(κ, η) =

∫ 1

0

T (ξ, η)sin(κπξ)dξ, κ = 1, 2, ....

Eq. (3.2.5) can be written in the accompanying comparable structure as

T̃ s(κ, η) =
(−1)κ+1

(κπ)η
−

(−1)κ+1Pr

(κπ)[Prη + (κπ)2ηβ(1 − aη−α)γ ]
, (3.2.6)

Using the series formula

1

c + x
=

∞∑

k=0

(−1)kxk

ck+1
;

∣∣∣
x

c

∣∣∣ < 1

, Eq. (3.2.6) can be written in the accompanying comparable structure as

T̃ s(κ, η) =
(−1)κ+1

(κπ)η
−

∞∑

l=0

(−1)κ+l+1(nπ)2 l−1

(Pr)l
η(β−1)l−1(1 − aη−α)γ l. (3.2.7)
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The Laplace inversion of Eq. (3.2.7) is

T̃s(κ, t) =
(−1)κ+1

(κπ)
−

∞∑

l=0

(−1)κ+l+1(nπ)2 l−1

(Pr)l
m−γl

α,1−(β−1)l(a; t) , (3.2.8)

where

L−1
{
ηβ−κ(1 − aη−α)γ

}
= m−γ

α,κ−β(a; t) = tβ−1Mγ
α,β(atα).

Applying sine-Fourier inversion on Eq. (3.2.8), we obtain

T (ξ, t) = ξ −
∞∑

κ=1

∞∑

l=0

(−1)κ+l+1(nπ)2l−1

(Pr)l−1
m−γl

α,1−(β−1)l(a; t) sin(κπξ), (3.2.9)

where the function mγ
α,β is illustrated in Eq. (3.1.14).

The classical case we obtained by considering β = γ = 0 as

T (ξ, t) = ξ −
∞∑

κ=1

∞∑

l=0

(−1)κ+l+1(nπ)2l−1

(Pr)l

tl

κ!
sin(κπξ) (3.2.10)

3.2.2 The Solution for Fluid Velocity

Exploiting the Laplace technique to Eqs. (3.1.7), (3.1.11)1, (3.1.12)1, utilizing the

underlying condition (3.1.10)1, we obtain

ηu(ξ, η) =
∂2u(ξ, η)

∂ξ2
+ GrT (ξ, η), (3.2.11)

u(0, η) = 0, u(1, η) = F (η). (3.2.12)

Exploiting finite Fourier sine-transform technique to Eq. (3.2.11), using Eq. (3.2.5)

and conditions in Eq. (3.2.12), we get

ũs(κ, η) =
(−1)κ+1(κπ)F (η)

[η + (κπ)2]
+

Gr(−1)κ+1(κπ)ηβ(1 − aη−α)γ

η[Prη + (κπ)2ηβ(1 − aη−α)γ ]

1

[η + (κπ)2]
(3.2.13)
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With the help of the series formula

1

c + x
=

∞∑

k=0

(−1)kxk

ck+1
;

∣∣∣
x

c

∣∣∣ < 1

Eq. (3.2.13) could be written as

ũs(κ, η) =
(−1)κ+1F (η)

(κπ)
−

1κ+1ηF (η)

(κπ)[η + (κπ)2]
+ Gr

∞∑

l=0

(−1)κ+l+1(κπ)l+1

(Pr)l+1
(3.2.14)

Eq. (3.2.14), becomes after applying the inverse Laplace transformation technique as

ũs(κ, t) =
(−1)κ+1

(κπ)
f(t) −

1κ+1

(κπ)
f ′(t) ∗ e−(κπ)2t

+ Gr

∞∑

l=0

(−1)κ+l+1(nπ)2l+1

(Pr)l+1
m

−γ(l+1)
α,1−(β−1)(l+1)(a; t) ∗ e−(κπ)2t. (3.2.15)

Eq. (3.2.15) becomes after applying the inverse sine-Fourier transformation technique

as

u(ξ, t) = f(t)ξ −
∞∑

κ=1

(−1)κ+1

(κπ)
f ′(t) ∗ e−(κπ)2tsin(κπξ)

+ Gr

∞∑

κ=1

∞∑

l=0

(−1)κ+l+1(nπ)2l+1

(Pr)l+1
m

−γ(l+1)
α,1−(β−1)(l+1)(a; t) ∗ e−(κπ)2tsin(κπξ).

(3.2.16)

The classical case is obtained by considering β = γ = 0 in Eq. (3.2.16) as:

u(ξ, t) = f(t)ξ −

∞∑

κ=1

(−1)κ+1

(κπ)
f ′(t) ∗ e−(κπ)2tsin(κπξ)

+ Gr
∞∑

κ=1

∞∑

l=0

(−1)κ+l+1(nπ)2l+1

(Pr)l+1(l + 1)!
tl+1 ∗ e−(κπ)2tsin(κπξ). (3.2.17)

3.3 Numerical Inversion Method

We compare the results with the Stehfest’s formula [57] which is defined as

Ω(ξ, t) =
ln(2)

t

2℘∑

r=1

Φr Ω

[
ξ, r

ln(2)

t

]
, r ∈ Z

+, (3.3.1)
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where

Φr = (−1)r+℘

min(j,℘)∑

p=[ r+1

2
]

i℘(2n)!

(℘ − p)!p!(p − 1)!(r − p)!(2p − r)!
, (3.3.2)

and [p] denotes the integer value function or bracket function.

3.4 Results and Discussions

In this work, the substantial variations in thermal transport and flow profiles due to

the creation of structural properties, temperature distribution and velocity profile are

defined and graphically depicted.

The efficacy of fractional parameters β and γ on temperature versus ξ are given in

figures (3.1) and (3.2). It is indicated that the temperature decreases at smaller time

values with parameter β but at large values of time, the influence is opposite. The

temperature is decreasing function with respect to non-integer order parameter γ for

all values of time. This effect happens because of the fractional derivative of the

Prabhakar kernel. The impacts of fractional parameters on temperature versus t are

expressed in figures (3.3) and (3.4). The main objective of these figures is to show

the critical values where the influence changes.

The fractional parameters impact on velocity profile versus ξ is pointed out in figures

(3.5) and (3.6), and determined that velocity increases by greater values of fractional

parameter β and decreases by larger values of parameter γ. The effects of Prandl

number Pr and Grashof number Gr on velocity profile versus ξ are shown in figures

(3.7), (3.8), (3.9), and (3.10). The velocity decreased by increasing values of Pr

because for large values of Prandtl number heat does not diffuse quickly. And the

velocity increased by increasing values of Gr as viscous forces reduce for bigger values
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of Grashof number. From Table 3.2, it is noted that our obtained results has good

agreement with numerical inversion formula.
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Figure 3.1: Dimensionless temperature profiles for β variation and different values of
time (a) t = 0.1 (b) t = 5.
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Figure 3.2: Dimensionless temperature profiles for γ variation and different values of
time (a) t = 0.5 (b) t = 5.
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Figure 3.3: Dimensionless temperature profiles versus t for β variation and different
values of ξ (a) ξ = 0.25 (b) ξ = 0.75.
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Figure 3.4: Dimensionless temperature profiles versus t for γ variation and different
values of ξ (a) ξ = 0.25 (b) ξ = 0.75.
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Figure 3.5: Dimensionless velocity profiles for β variation and different values of time
(a) t = 0.01 (b) t = 0.05.
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Figure 3.6: Dimensionless velocity profiles for γ variation and different values of time
(a) t = 0.01 (b) t = 0.05.

Figure 3.7: Dimensionless velocity profile for Pr variation and f(t) = t.
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Figure 3.8: Dimensionless velocity profile for Pr variation and f(t) = cos(πt/3).
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Figure 3.9: Dimensionless velocity profile for Gr variation and f(t) = t.
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Figure 3.10: Dimensionless velocity profile for Gr variation and f(t) = cos(πt/3).
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Table 3.1: The effect of nanoparameter on physical parameters

Θ ρnf µnf (cp)nf Prnf knf

0 997 0.00091 4197 6.227 0.613
0.05 1077.15 0.00103 4008.4 3.55 1.167
0.1 1157.3 0.00118 3819.8 2.535 1.783
0.15 1237.45 0.00137 3631.2 2.006 2.471
0.2 1317.6 0.00159 3442.6 1.686 3.245
0.25 1397.75 0.00187 3254 1.474 4.122
0.3 1477.9 0.00222 3065.4 1.327 5.124
0.35 1558.05 0.00267 2876.8 1.223 6.28
0.4 1638.2 0.00326 2688.2 1.15 7.627

Table 3.2: Comparison of our results with Stehfest’s inversion formula

ξ T (ξ, t), our result T (ξ, t), [57] u(ξ, t), our result u(ξ, t), [57]

0 0 0 0 0
0.05 0.05 0.077796 0.0291508 0.0291504
0.1 0.1 0.1240131 0.0585326 0.0585325
0.15 0.15 0.1257589 0.088423 0.0884241
0.2 0.2 0.0965324 0.1191732 0.1191756
0.25 0.25 0.0683951 0.1512068 0.1512097
0.3 0.3 0.0731562 0.1850004 0.185002
0.35 0.35 0.123572 0.2210614 0.2210603
0.4 0.4 0.2056024 0.2599166 0.2599125
0.45 0.45 0.2863525 0.3021037 0.3020979
0.5 0.5 0.3332144 0.3481474 0.3481422
0.55 0.55 0.3332004 0.3984976 0.3984952
0.6 0.6 0.3013311 0.4534278 0.4534286
0.65 0.65 0.2732589 0.5129192 0.5129215
0.7 0.7 0.2863857 0.5765825 0.5765833
0.75 0.75 0.3602796 0.6436674 0.6436638
0.8 0.8 0.4874434 0.7131831 0.7131741
0.85 0.85 0.6393337 0.7841044 0.7840917
0.9 0.9 0.7836298 0.8555933 0.8555808
0.95 0.95 0.9023254 0.9271503 0.9271425
1 1 1 0.9986295 0.9986295



Conclusion

The reason for this research is to consider a free convective flow model of viscous fluids

with Prabhakar-like fractional derivative. The energy balance equation is fractional-

ized by generalized Fourier’s law. We obtained analytical solutions for temperature

and velocity with the help of integral transformations. The primary objective is to

study the effects of physical and fractional parameters on the Prabhakar-like frac-

tional model.

The fundamental perceptions are:

• For some smaller values of t (time) the temperature declines by the greater

values of β but for increased values of t (time) the influence is reversed.

• The temperature is decreasing function with respect to non-integer order pa-

rameter γ for all values of t.

• The motion of the fluid is increasing with fractional parameter β and decreasing

with fractional parameters γ.

• Velocity decreased by increasing values of Pr and increased by increasing value

of Gr.

• Stehfest’s formula has a good agreement with our results.
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