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Abstract

Multiple hypothesis testing is an important topic in statistics. Therefore, the

problem addressed in this thesis is an important one. The Bayesian methods of hy-

potheses testing are widely used for solving different problems, and this technique is

rather well developed. A lot of scientific works are dedicated to the development of

this method. Many interesting and important results have been obtained in this field

by different authors. Despite of this fact there still remain a lot of unsolved prob-

lems. For filling these gaps, in this thesis we consider different problems of testing

many hypotheses by the Bayesian approach. In particular, in the Bayesian problem

of many hypotheses testing concerning all the parameters of multidimensional normal

distribution at correlation of observation results we have obtained the following new

results: the problem of computation of the risk function were considered; the formulae

for calculation of multidimensional probability integrals by series using the reduction

of dimensionality to one without information loss were derived; the formulae for cal-

culation of product moments for normalized normally distributed random values were

derived; the problems of existence and continuity of the probability distribution law

of linear combination of exponents of quadratic forms of the normally distributed

random vector, and, also, the problem of finding the closed form of this law were

considered; the existence of this law and the opportunity of its unambiguous deter-

mination by calculated moments of the appropriate random variable were proved;

the approximation of optimal regions of acceptance of hypotheses, which significantly

simplify the algorithms of realization of general solutions of the task, is offered; the

viii



ix

properties and interrelations of the developed methods and algorithms were investi-

gated; the problem of choosing the loss function in the Bayesian problem of many

hypotheses testing was considered; the results of sensitivity analysis of the consid-

ered Bayesian problem are given; the calculation results for concrete examples, which

show the validity of the obtained results are given. Especially must be emphasized

that new sequential method of testing many hypotheses based on special properties of

regions of acceptance of hypotheses in the conditional Bayesian task of testing many

hypotheses is offered. The results of research of the properties of this method are

given. They show the consistency, simplicity and optimality of the obtained results

in the sense of the chosen criterion, which consists in the upper restriction of the

probability of the error of one kind and the minimization of the probability of the

error of the second kind. The examples of testing of hypotheses for the case of the

sequential independent sample from the multidimensional normal law of probability

distribution with correlated components are cited. They show the high quality of the

offered methods.
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Introduction

One of the basic branches of mathematical statistics is the method of statistical

hypotheses testing. This work is dedicated to the problem of testing many statis-

tical hypotheses with regard to the parameters of multivariate normal distribution.

The considered methods are based on one of the classical approaches - the Bayesian

method. The basic results of statistical hypotheses testing were obtained by Wald

[Wald, (1947, 1950)]. The detailed study on the fundamentals of this theory is con-

tained in the monographs [Blackwell and Girshick, (1954); Lehmann, (1986)]. In

works [Wald, (1947, 1950); Blackwell and Girshick, (1954); Jeffreys, (1961); Berger,

(1985a); De Groot, (1973); Dickey, (1977)], special attention is given to the Bayesian

criterion. The basic postulates of the classical theory are given in [Wilks, (1962);

Rao, (2006); Kendall and Stuart, (1970); Stuart, Ord and Arnold, (1999); De Groot,

(1970); Cramer, (1946); Zaks, (1971); Aivazjan, Yenyukov and Meshalkin, (1985) and

others].

Depending on the chosen criterion, there are different classical methods of hy-

potheses testing [Blackwell and Girshick, (1954); Lehmann, (1986); Wilks, (1962);

Rao, (2006); Cramer, (1946); Kendall and Stuart, (1970); Stuart, Ord and Arnold,

(1999); Zacks, (1971); Berger, (1985 a, b)]: Neyman-Pearson’s criterion, the Bayesian

criterion, the maximum of posterior probabilities, the maximum likelihood criterion,

1
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Wald’s sequential analysis and others. A lot of works are dedicated to the synthe-

sis of optimal decision rules in theoretical and applied statistics [Casella and Wells,

(1990); Kiefer, (1977); Robinson, (1979 a, b); Boratynska and Drozdowicz, (1999); Shi

and Wan, (1999); Bagui and Datta, (1998); Liang, (1999); Samaniego and Vestrup,

(1999); Westfall, (1997); Cheng, Su and Berry, (2003); Kachiashvili, (1989, 2003,

2006) and others]. However, despite a variety of works dedicated to the problem of

statistical hypotheses testing and, in particular, to the Bayesian criterion, there is

no work where the problem considered below has been solved in the offered manner.

The thesis is dedicated to the solution of the Bayesian problem of many hypotheses

testing with respect to the parameters of multivariate normal distribution and deriva-

tion of working formulae for simple testing of many hypotheses in a limited period of

time, and calculation of the suitable value of the risk function, which is the objective

criterion of the quality of the decision made. In particular, there were obtained and

presented the following new results: 1) computation of the multivariate normal inte-

gral over the region of a complex configuration; 2) computation of product moments

for normalized normally distributed random values; 3) solution of the problems of

existence and continuity of the probability distribution law of the linear combination

of exponents of quadratic forms of the normally distributed random vector, and, also,

the problem of finding the closed form of this law; proofs of the existence of this

law and the opportunity of its unambiguous determination by calculated moments

of the appropriate random variable; 4) approximation of optimal regions of accep-

tance of hypotheses in the Bayesian problem of many hypotheses testing in relation

to probability distribution laws of the multivariate random vector, which significantly
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simplifies the algorithms of realization of general solutions of this problem; 5) sen-

sitivity analysis of the Bayesian problem of many hypotheses testing which shows

its advantages and drawbacks; 6) new sequential method of testing many hypotheses

based on special properties of regions of acceptance of hypotheses in the conditional

Bayesian task of testing many hypotheses; 7) on the basis of calculation results of

concrete examples, the validity of the offered methodology and conclusions made is

shown.

The results are given in five chapters.

In Chapter 1 is described an example of application of the Bayesian method of

many hypotheses testing for solving the problem of sustainable development of pro-

duction.

In Chapter 2 is given the statement and general solution of the Bayesian problem

of many hypotheses testing. The general solutions are concretized for the cases when

hypotheses are formulated in relation to the vector of the mathematical expectation

and all parameters of the multivariate normal distribution.

The computation of the risk function in Bayesian methods of hypotheses testing

is very important, because it is the objective criterion of the quality of the Bayesian

decision rule. Therefore Chapter 3 is dedicated to the solution of this problem when

hypotheses are formulated in relation to all parameters of the multivariate normal

distribution. In particular, the formulae for computation of multivariate probability

integrals by series using the reduction of dimensionality to one without information

loss are derived; the formulae for computation of product moments for normalized

normally distributed random values are derived; the problems of existence and con-

tinuity of the probability distribution law of the linear combination of exponents of
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quadratic forms of the normally distributed random vector are considered; the exis-

tence of this law and the opportunity of its unambiguous determination by calculated

moments of the appropriate random variable are proved; approximation of optimal

regions of acceptance of hypotheses, which significantly simplify the algorithms of re-

alization of general solutions of the task, is offered; the properties and interrelations

of the developed methods and algorithms are investigated.

In Chapter 4 is offered new method of sequential analysis for testing many hy-

potheses, which is based on the specific properties of regions of acceptance of hy-

potheses in conditional Bayesian problem of testing many hypotheses [Kachiashvili,

(2003); Kachiashvili and Mueed, (2009)].

In Chapter 5 the problem of choosing the loss function in the Bayesian problem

of many hypotheses testing is considered; the results of sensitivity analysis of the

considered Bayesian problem are given; the results of experimental research of the

developed optimal, quasi-optimal and sequential Bayesian methods are presented.

In Appendix A the problem of finding the closed form of the probability distribu-

tion law of the linear combination of exponents of quadratic forms of the normally

distributed random vector is considered.

In Appendix B experimental confirmation of some theoretical results are given.

The results of the thesis are published in 6 papers [48-53] and are reported on 4

conferences, such as: the 4th IEEE International Conference on Management of In-

novation & Technology (ICMIT2008), Bangkok, Thailand; the 4th World Conference

on 21st Century Mathematics 2009, Lahore, Pakistan; the Annual Scientific Inter-

national conference ”Authority and Society 2010”, Tbilisi, Georgia and Symposium

on “Computational Complexities, Innovations and Solutions (CCIS)”, COMSATS,
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Abbottabad, 2010, Pakistan.



Chapter 1

Preliminary

In this chapter we describe an example of application of the Bayesian method

of many hypotheses testing for solving the problem of sustainable development of

production. This is made for showing the importance of this method for solving

practical problems.

1.1 An Example of Application of Bayesian

Method of Testing Many Hypotheses for

Solving Real Human Problems

The methods of mathematical statistics by their nature are universal in such a

meaning that the same methods can be used for solving the problems of absolutely

different nature. The same mathematical methods successfully solve a great diversity

of problems from different areas of knowledge. For illustration of this fact, in [51] are

given the formalizations of three absolutely different problems from different areas

of knowledge (air defense, the environment monitoring, sustainable development of

production), which show that, despite their absolutely different nature and character

6



7

at first sight, the formalization reduces to identical mathematical tasks which could be

solved by using the same methods of mathematical statistics. For resolution of these

tasks, Bayesian methods of many hypotheses testing with respect to the parameters of

the multivariate normal distribution (which are developed below) could be used. This

gives the opportunities of hypotheses testing with certain significance level of criterion.

In the present chapter, as an example, the problem of sustainable development of

production, i.e. an optimum choice of parameter values of technological process with

the purpose of minimization of risk of obtaining production of not planed quality also

incorrect making decision about quality of production and maximization of profit of

production at the guaranteed social and economic effects is formalized [Kachiashvili,

Hashmi and Mueed, (2008); [52]]. Different statements of the problem depending on

the put ultimate purpose are considered. The general method of solution of the put

task using Bayesian approach of testing many hypotheses is offered.

1.1.1 Formalization of the problem of sustainable develop-

ment of production

Let the technological process be characterized by parameters b = (b1, . . . , bm).

Depending on the values of these parameters, as a result of realization of techno-

logical process, the specified quality (including the quantity) of production which is

characterized by the values of corresponding parameters a = (a1, . . . , an) is obtained.

As a rule, n ̸= m, and these parameters, as a matter of fact, differ from each other.

Between the parameters of technological process b and the quality of production a,

there are functional relations [Kachiashvili, Hashmi and Mueed, (2008); [52]]

ai = fi

(
bi1 , . . . , bimi

; cii1 , . . . , c
i
iki

)
, (1.1)
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1 ≤ mi ≤ m, i = 1, . . . , n,

where mi is the number of parameters of the technological process from which de-

pends the value of the parameter ai of the indicator of production quality; ci =

(ci1, c
i
2, . . . , c

i
ki
) are parameters of this dependence; ki is their number.

Dependencies (1.1) define the values of indicators of the finished product quality

depending on the values of technological process parameters.

In a real situation, as a rule, dependencies (1.1) are regression dependencies at a

passive or an active experiment, i.e. generally, in real situation instead of (1.1) there

are the dependencies:

ai = fi

(
bi1 + δi1 , · · · , bimi

+ δimi
; cii1 , c

i
i2
, . . . , ciiki

)
+ εi,

1 ≤ mi ≤ m, i = 1, . . . , n,
(1.2)

where εi, δij are the random variables with certain probability characteristics. As a

rule, the normal approximation of these distributions is acceptable. The dependence

or the independence among them is possible.

The problem of identification of dependence (1.2) at different characteristics of

εi, δij , is very important and widely discussed in the special literature and scientific

publications [Cook and Ni, (2006); Krzanowski and Marriott, (1994, 1995); Stoica

and Viberg, (1996)]. This problem has also been considered in [Kachiashvili and

Melikdzhanian, (2000)]. Below, the dependencies (1.1) are supposed to be given.

By controllable parameters production can have one of the set S qualities. Each

state of quality is defined by belonging of controllable parameters a = (a1, . . . , an) of

an end-production to corresponding areas Ai, i = 1, . . . , S, from parametrical space

Rn. As a rule, the ith quality of production is defined by performance the condition:

Ai =
{
a : a

′

ij ≤ aj ≤ a
′′

ij;∀ j : j ∈ (1, . . . , n)
}
, i = 1, . . . , S, (1.3)



9

where S, as was already mentioned above, is the general number of possible states of

production quality which can have made production.

To each state of production quality there corresponds the certain area in para-

metrical space of technological process which is defined by relations

bj = φj

(
aj1 , aj2 , . . . , ajQj

; dj1 , dj2 , . . . , djRj

)
, j = 1, . . . ,m,

where Qj is the number of indicators of production quality which the parameter

of technological process bj influences; dj =
(
dj1 , dj2 , . . . , djRj

)
are the parameters of

dependencies; Rj is the number of these parameters.

The kind of functional dependence φj and its parameters dj can be determined by

solution of system of equations (1.1) concerning parameters bj if such solution exists,

or can be obtained by identification of identification of these dependencies on the

basis of experimental data [Kachiashvili and Melikdzhanian, (2000)].

Thus, to each area Ai from the parametrical space of production quality the

area Bi in the parametrical space of technological process corresponds. Functional

dependencies fi, i = 1, . . . , n, reflect the area Bi in the area Ai, and functional

dependencies φj, j = 1, . . . ,m, reflect the area Ai in the area Bi. At monotony

of fi, i = 1, . . . , n, and n ≥ m, mapping Ai in Bi, i.e. functional dependencies

φj, j = 1, . . . ,m, can be identically determined by solution of system of the equations

(1.1) provided that it exists. As a rule, for real technological processes, the functions

fi, i = 1, . . . , n, are monotonous even on the certain sub-area of their domain of

definition and system of equations (1.1) has a simple solution [Kachiashvili and Nakani

(2004)]. At n < m, additional conditions can be found for mutual uniqueness of

mappings f and φ.

Thus, we consider the case when at monotony of functions fi, i = 1, . . . , n, always
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it is possible to find conditions of mutually uniqueness of mappings f and φ.

In that case, to areas Ai, determined by relations (1.3), there correspond the areas

Bi determined by the formulae

Bi =
{
b : b

′

ij ≤ bj ≤ b
′′

ij; ∀ j : j ∈ (1, . . . ,m)
}
, i = 1, . . . , S, (1.4)

where boundary values b
′
ij also b

′′
ij are defined as follows:

b
′

ij = min
{a∈Ai}

φj

(
aj1 , aj2 , . . . , ajQj

; dj1 , dj2 , . . . , djRj

)
,

b
′′

ij = max
{a∈Ai}

φj

(
aj1 , aj2 , . . . , ajQj

; dj1 , dj2 , . . . , djRj

)
,

i = 1, . . . , S.

(1.5)

Let there be available Θ technological processes. Generally Θ ̸= S. At each jth

technological process, the area of possible values of its parameters Bj
t , j = 1, . . . ,Θ,

can be intersected with one or several (in the limit, all) areas Bi, i = 1, . . . , S,

determined by ratios (1.4) and (1.5). We shall designate these intersections as follows:

Bj,lk
t = Bj

t ∩Blk , l
k
∈ {1, . . . , S}, k = 1, . . . , Sj,

i.e., jth technological process when its parameters value belong to the area Bj,lk
t can

provide l
k
∈ {1, . . . , S} quality of end-production and quantity of such qualities is

equal to Sj ≤ S.

For the jth technological process, for supporting the values of the parameters in

area Bj,lk
t , it is necessary to determine the expenses by the ratios:

Ej,lk = Ψj

(
b1, b2, . . . , bm; e

j
1, e

j
2, . . . , e

j
qj

)
, b ∈ Bj,lk

t ,

lk ∈ {1, . . . , S}, k = 1, . . . , Sj, j = 1, . . . ,Θ,

where Ψj is the function defining the expenses size at the jth technology; ej1, e
j
2, . . . , e

j
qj

are parameters of this function; qj is the quantity of these parameters.
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If by

Ij,lk = ψj

(
a1, a2, . . . , an; θ

j
1, θ

j
2, . . . , θ

j
pj

)
, a ∈ Alk ,

lk ∈ {1, . . . , S}, k = 1, . . . , Sj, j = 1, . . . ,Θ,

where θj1, θ
j
2, . . . , θ

j
pj

are the parameters of corresponding functional dependencies,

we designate the income from the sale of the production of lk ∈ {1, . . . , S} quality

(k = 1, . . . , Sj) obtained by the jth technological process (i.e. ψj is the function

defining the income at the jth technology, and pj is the quantity of its parameters),

then the sizes of possible profit obtained by the jth technological process can be

calculated by the ratio:

Gj,lk = Ij,lk − Ej,lk ,

lk ∈ {1, . . . , S} , k = 1, . . . , Sj, j = 1, . . . ,Θ.

The decision concerning quality of production is accepted on the basis of the

measured values x = (x1, . . . , xn) of the parameters a = (a1, . . . , an) . As a rule, the

measured values x contain random errors as because of an essence of the considered

technological process (at which, as a rule, the values of corresponding parameters

randomly fluctuate) and a method of control (produced products can not be abso-

lutely homogeneous, i.e. parameters of quality randomly fluctuate and quantity of

controllable products is limited), also because of random character of measurement

errors. Therefore each decision about quality of production on the basis of x is ac-

companied by the certain risk of being erroneous. The problem consists in choice of

such mode of operation from all given set of technological processes and such values

of parameters of technological process in the set of mode of operation which provide

maximum profit with the minimum risk, i.e. with the minimum average probability
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not obtaining production with requisite quality and not making the erroneous deci-

sion concerning production quality at the given likelihood characteristics of random

distortions.

The jth technological process (j = 1, . . . ,Θ) can ensure obtaining the products of

Sj ≤ S qualities by choice of corresponding values of parameters. We shall designate

the probability distribution law of measurement results x of production quality param-

eters on the basis of which the decision makes at the supposition that the production

has ith quality by p(x|Hi), where Hi : a ∈ Ali , li ∈ {1, . . . , S, }, i = 1, . . . , Sj,

is the supposition (or that is the same - the hypothesis) that manufactured produc-

tion in a whole has ith quality. The problem consists in the following: for each

technological process in the corresponding areas of production quality Ali , li ∈

{1, . . . , S}, i = 1, . . . , Sj, to define such values of parameters a = (a1, a2, . . . , an) ,

i.e. such n-dimensional points that the averaged risk of obtaining production of one

quality at planned other quality, was minimum and profit as a result of realization of

a corresponding mode of technological process at corresponding values of parameters

was maximum. For choosing optimum (in sense of the above told) technological pro-

cess and a corresponding mode of operation, there is required the definition of solving

rules of acceptance of optimum decisions about production quality and calculation of

corresponding value of average risk:

rδ =
∑S

i=1
ρ (Hi, δ) p (Hi) =

=
∑S

i=1
p(Hi)

∫
Rn

L (Hi, δ(x)) p (x|Hi) dx,

where Hi, i = 1, . . . , S, is the hypothesis that production quality is in the ith con-

dition, i.e. ai ∈ Ai, i = 1, . . . , S; p(Hi) is a priori probability of the Hi hypothesis;
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δ(x) = {δ1(x), δ2(x), . . . , δS(x)} is a rule of solution which to each vector of observa-

tion x puts the certain decision in conformity, i.e. the certain hypothesis, where

δj(x) =

{
1, if hypothesis Hj is accepted ;

0, on the contrary.

Thus we have obtained the following problem of optimization. For the jth techno-

logical process (j = 1, . . . ,Θ) in the given n-dimensional areas Ai, li ∈ {1, . . . , S}, i =

1, . . . , Sj, there is necessary to find such points (in each area one point) that the risk

of decision-making Hi : a ∈ Ali , on the basis of a random vector of observation x

when in reality takes place a ∈ Alk , lk ∈ {1, . . . , S}, k = 1, 2, . . . , i− 1, i+ 1, . . . , Sj,

was minimal (task 1). To these points from parametrical space of production, in

parametrical space of technological process correspond the certain points. These two

sets of points from parametrical spaces of technological processes and production

qualities, finally define the value of profit. Let us designate a set of points satis-

fying the formulated requirements by alir , b
li
r , li ∈ {1, . . . , S}, i = 1, . . . , Sj. On

the other hand the choice of points from parametrical spaces of technological pro-

cess and production quality only by criterion of maximum of profit gives other set

of points aliG, b
li
G, li ∈ {1, . . . , S}, i = 1, . . . , Sj, (task 2). For choice of points from

these areas to which correspond a maximum of profit and a minimum of risk, it

is possible to take advantage of a method of multi-criteria optimization based on

Pareto’s principle [Keeney and Raiffa, (1976); Podinovskyi and Nogin, (1982)] which

will give points alip , b
li
p , li ∈ {1, . . . , S}, i = 1, . . . , Sj, (task 3). In general case

alir ̸= aliG ̸= alip , b
li
r ̸= bliG ̸= blip , li ∈ {1, . . . , S}, i = 1, . . . , Sj, . Among all tech-

nological processes j = 1, . . . ,Θ, we choose that, to one of which possible modes of

operation corresponds, depending on put purpose, one of above determined optimum

points.
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Depending on a specific goal, the problem can be put also as follows: to choose

that technological process for which the choice of parameters of technological process

providing maximum profit of production is possible and by choice of corresponding

quantity of controllable products to provide restriction of value of average risk of

wrong decision-making about production quality up to minimum possible level for

defined aliG, b
li
G, li ∈ {1, . . . , S}, i = 1, . . . , Sj, points (task 4). Reduction of risk value

up to this possible level for the given points aliG, li ∈ {1, . . . , S}, i = 1, . . . , Sj, is

possible by increasing in quantity of observations, i.e. by increasing in quantity of

controllable products of production on the basis of which the decision about pro-

duction quality makes. In this case we have a problem of one criterion conditional

optimization at which the function defining value of profit is maximized at different

modes of operation of technological process, and by increasing in quantity of control-

lable products, on the basis of which the decision about production quality as a whole

makes, the value of average risk of making of the wrong decision decreases up to the

necessary level. Among all technological processes optimum is that to which corre-

sponds maximum profit at given value of average risk of incorrect decision-making.

The following statement of the problem is possible also: to define technological

process optimum values of parameters of which provide the maximum profit or profit

not lower of the given level at as far as possible minimum average risk of obtaining

production non planed quality and to optimize decision-making rule about production

quality (task 5).

Analogously of the above mentioned, absolutely different the air defense and the

environment monitoring problems can be formalized as identical mathematical prob-

lems of testing of many hypotheses [50-52]. Obviously, besides these problems, there
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are some other ones which by formalization, could be reduced to the same problem

of mathematical statistics of testing of many hypotheses. As an example, let us note

the problem of detection of the earthquake centre by registered seismological waves

and a lot of others.

Depending on the available a priori information and the aim, for solution of these

problems different methods of statistical hypothesis testing could be used [Berger,

(1985a); De Groot, (1970); De Groot, (1973); Dickey, (1977); Hwang et al., (1992);

Kachiashvili, (2003); Lehmann, (1986); Lindley, (1985); Meinshausen and Buhlmann,

(2005)]. Among these methods, at availability suitable a priori information, the

most universal and perfect methods are Bayesian methods of many-hypotheses tast-

ing, which allow decision-making with certain significance level of criterion [Berger,

(1985a); De Groot, (1970); De Groot, (1973); Dickey, (1977); Kachiashvili, (2003)].

Below we give solution of Bayesian problems of many-hypotheses testing with regard

to the parameters of the multivariate normal distribution and, also, new sequential

method of hypotheses testing.



Chapter 2

Statement and General Solution of
the Bayesian Problem of Testing
Many Hypotheses

2.1 Statement of the Problem

Let us consider n−dimentional random observation vector xT = (x1, . . . , xn)

with probability distribution density p(x, θ) = p(x1, . . . , xn; θ1, . . . , θm), given on

σ−algebra of Borellian sets of space Rn (x ∈ Rn) which is called the sample space. By

θT = (θ1, . . . , θm) is designated the vector of parameters of distribution. In general,

n ̸= m. Let inm -dimensional parametrical space Θm be given S possible values of con-

sidered parameters θi
T
= (θi1, . . . , θ

i
m), i = 1, . . . , S, i.e., θi ∈ Θm;∀ i : i = 1, . . . , S.

On the basis of xT = (x1, . . . , xn), it is necessary to make the decision namely by

which distribution p(x, θi), i = 1, . . . , S, the sample x has been born.

Let us introduce designations: Hi : θ = θi, is the hypothesis that the sample xT =

(x1, . . . , xn) was born by the the distribution p(x, θi) = p(x1, · · · , xn; θi1, · · · , θim) ≡

p(x|Hi), i = 1, · · · , S; p(Hi) is the priori probability of hypothesis Hi; D = {d}-a set

16
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of solutions, where d = {d1, . . . , dS},it being so that

di =

{
1, if hypothesis Hi is accepted,

0, otherwise,

δ(x) = {δ1(x), δ2(x), . . . , δs(x)} is the decision function that associates each observa-

tion vector x with a certain decision

x
δ(x)−→ d ∈ D;

Γi is the region of acceptance of hypothesis Hi, i.e.Γj =
{
x : δj(x) = 1

}
. It is obvious

that δ(x) is completely determined by the Γi regions, i.e. δ(x) =
{
Γ1, · · · ,ΓS

}
.

Let us introduce loss function L(Hi, δ(x)) which determines the value of loss in the

case when the sample has the probability distribution corresponding to hypothesis

Hi, but, because of random errors, decision δ(x) is made.

Making the decision that hypothesis Hi is true in reality true could be one of the

hypotheses H1, . . . , Hi−1, Hi+1, . . . , HS, i.e., accepting one of the hypothesis, we risk

rejecting one of (S−1) really true hypotheses. This risk is called the risk corresponding

to the hypothesis Hi, and it is equal to [Berger (1985a), Kachiashvili (2003)]

ρ(Hi, δ) =

∫
Rn

L(Hi, δ(x))p(x|Hi)dx.

For any decision rule δ(x), the complete risk, i.e. the risk of making an incorrect

decision, is characterized by the function:

r
δ
=
∑S

i=1
ρ(Hi, δ(x))p(Hi) =

∑S

i=1
p(Hi)

∫
Rn

L(Hi, δ(x))p(x|Hi)dx, (2.1)

which is called risk function.

Decision rule δ∗(x) or, what is the same, Γ∗
i , i = 1, . . . , S - the regions of accep-

tance of hypotheses Hi, i = 1, . . . , S, is called Bayes rule if there takes place:

r
δ∗ = min

{δ(x)}
r
δ
. (2.2)
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2.2 General solution

2.2.1 General loss function

As the dimension of decision rule δ(x) and the number of hypotheses coincide,

for the concrete decision rule δ(x) when instead of Hi hypothesis Hj (j ̸= i ) is

accepted, loss function L(Hi, δ(x)) takes the form L(Hi, Hj) and risk function (2.1)

can be rewritten as follows [Kachiashvili (1989, 2003)]:

r
δ
=
∑S

j=1

∑S

i=1,i̸=j
L(Hi, Hj)p(Hi)

∫
Γj

p(x|Hi)dx, (2.3)

where Γj is the region of acceptance of hypothesis Hj.

In the general case, loss function L(Hi, δ(x)) consists of two components:

L(Hi, δ(x)) =
∑S

j=1
L1(Hi, δj(x) = 1) +

∑S

j=1
L2(Hi, δj(x) = 0), (2.4)

i.e. loss function L(Hi, δ(x)) is the total loss of incorrectly accepted and incorrectly

rejected hypotheses.

Taking into account (2.4), risk function (2.1) can be written down in the following

form:

r
δ
=
∑S

i=1
p(Hi) ·

[∑S

j=1
L1(Hi, δj(x) = 1) ·

∫
Γj

p(x|Hi)dx+

+
∑S

j=1
L2(Hi, δj(x) = 0) ·

∫
Rn−Γj

p(x|Hi)dx
]
=

=
∑S

j=1

{∫
Γj

∑S

i=1
L1(Hi, δj(x) = 1)p(Hi)p(x|Hi)−

−
∑S

i=1
L2(Hi, δj(x) = 0)p(Hi)p(x|Hi)+

+
∑S

i=1
L2(Hi, δj(x) = 0)p(Hi)

}
.

(2.5)

It is obvious that the minimum in (2.5) is reached on the following region of
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acceptance of hypothesis Hj:

Γj =
{
x :
∑S

i=1
L1(Hi, δj(x) = 1) · p(Hi) · p(x|Hi) <

<
∑S

i=1
L2(Hi, δj(x) = 0) · p(Hi) · p(x|Hi)

}
, j = 1, · · · , S.

Let suppose that the losses for incorrectly accepted and incorrectly rejected hypothe-

ses are identical then the region of acceptance of hypotheses Hj can be written down

as follows:

Γj =
{
x :
∑S

i=1
L(Hi, Hj) · p(Hi) · p(x|Hi) <

∑S

i=1
L(Hi, Hk) · p(Hi)·

·p(x|Hi);∀ k : k ∈ {1, . . . , j − 1, j + 1, . . . , S}
}
, j = 1, · · · , S.

(2.6)

2.2.2 Step loss function

Let us suppose that the losses for incorrectly accepted hypotheses are identical,

while those for correctly-made decisions are equal to zero, i.e.

L
(
Hi, Hj

)
=

{
C at i ̸= j;

0 at i = j.
(2.7)

In this case, risk function (2.3) takes the form [Sage and Melse, (1972); Kachi-

ashvili, (1989, 2003); Duda, Hart and Stork, (2006)]:

r
δ
= C ·

(
1−

∑S

i=1
p(Hi)

∫
Γi

p(x|Hi)dx
)
. (2.8)

The minimum in (2.8) is achieved by solving the problem:

∑S

i=1
p(Hi)

∫
Γi

p(x|Hi)dx⇒ max
{Γi}

. (2.9)

It is evident, that we can consider C = 1 without limiting the generality.
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It is not difficult to be persuaded that the solution of problem (2.9) has the

following form:

Γi =
{
x : p(Hi) · p(x|Hi) > p(Hj) · p(x|Hj); ∀ j : j ∈ {1, . . . , i− 1, i+ 1, . . . , S}

}
.

(2.10)

Let us designate:

Γij =
{
x : p(Hi) · p(x|Hi) > p(Hj) · p(x|Hj)

}
=

=
{
x :

p(x|Hi)

p(x|Hj)
>
p(Hj)

p(Hi)

}
.

(2.11)

Then

Γi =
∩S

j=1,j ̸=i
Γij.

2.3 Hypotheses Testing Concerning the Vector

of Mathematical Expectation of Multivariate

Normal Distribution

Let observation results xT = (x1, . . . , xn) be distributed by normal law with

mathematical expectation ai
T
= (ai1, . . . , a

i
n) and covariance matrix W when hypoth-

esis Hi, i = 1, . . . , S, is true i.e. the probability distribution density of vectors of

measurement results has the form:

p(x|Hi) = (2π)−n/2 · |W |−1/2 · exp
{
− 1

2
(x− ai)TW−1(x− ai)

}
, i = 1, . . . , S. (2.12)

In this work, there is considered the case when the covariance matrix W is positively

determined.
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2.3.1 Step loss function

For regions (2.10) and (2.11) of acceptance of hypotheses, in view of (2.12), after

simple transformations, we shall obtain:

Γij =
{
x : (ai − aj)T ·W−1 · x > λij

}
,

where

λij = ln
p(Hj)

p(Hi)
− 1

2
(aj

T ·W−1 · aj − ai
T ·W−1 · ai).

Thus, for the region of acceptance of hypothesis Hi we finally have:

Γi =
{
x : (ai − aj)T ·W−1 · x > λij ;∀ j : j ∈ {1, . . . , i− 1, i+ 1, . . . , S}

}
. (2.13)

For calculation of the value of risk function (2.8), it is necessary to calculate the

value of multi-dimensional integral∫
Γi

p(x|Hi)dx = P (x ∈ Γi|Hi). (2.14)

Let us designate:

ξij = (ai − aj)T ·W−1 · x.

Random variable ξij is a linear combination of normally distributed random vari-

ables. Therefore it is also distributed by normal law with mathematical expectation

and variance

E
(
ξij|Hi

)
= (ai − aj)T ·W−1 · ai,

V
(
ξij|Hi

)
= (ai − aj)T ·W−1 · (ai − aj),

(2.15)

respectively, when hypothesis Hi is true [Anderson (2003)].

For calculation of integral (2.14) and accordingly risk function (2.8) can be used

Monte-Carlo method described in next item.
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2.3.2 General loss function

In this case, the solution of problem (2.3) is given by formula (2.6). We shall

introduce the following designation:

Γjk =
{
x :
∑S−1

i=1
[L(Hi, Hj)− L(Hi, Hk)] · p(Hi) · p(x|Hi) <

< [L(HS, Hk)− L(HS, Hj)] · p(HS) · p(x|HS)
}
, j ̸= k.

(2.16)

Then

Γj =
∩S

k=1,k ̸=j
Γjk.

Let us rewrite (2.16) as follows:

Γjk =
{
x :
∑S−1

i=1
[L(Hi, Hj)− L(Hi, Hk)] ·

p(Hi)

p(HS)
· p(x|Hi)

p(x|HS)
<

< [L(HS, Hk)− L(HS, Hj)]
}
j ̸= k.

Let us consider the case when measurement results are distributed normally, i.e.

when p(x|Hi) looks like (2.12) if hypothesis Hi is true. It is not difficult to obtain:

Γjk =
{
x :
∑S−1

i=1
λij,k · exp

(
2 · (ai − aS)T ·W−1 · x

)
< Ckj

}
, j ̸= k,

where

λij,k = [L(Hi, Hj)− L(Hi, Hk)] ·
p(Hi)

p(HS)
· exp

(
aS

T ·W−1 · aS − ai
T ·W−1 · ai

)
Ckj = [L(HS, Hk)− L(HS, Hj)].

Finally for the region of acceptance of hypothesis Hj, we have:

Γj =
{
x :
∑S−1

i=1
λij,k · exp

(
2 · (ai − aS)T ·W−1 · x

)
< Ckj;

∀ k : k ∈ {1, . . . , j − 1, j + 1, . . . , S}
}
.
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The Corresponding value of average risk will be calculated by the formula:

r
δ
=
∑S

j=1

∑S

i=1,i̸=j
L(Hi, Hj) · p(Hi) · P

(∩S

k=1,k ̸=j

(∑S−1

ℓ=1
λℓj,k·

· exp
(
2 · (aℓ − aS)T ·W−1 · x

)
< Ckj

)∣∣∣Hi

)
.

(2.17)

For calculation of the value of average risk (2.17), it is necessary to calculate the

n-dimensional probability integrals:∫
Γj

p(x|Hi)dx = P (x ∈ Γj|Hi) = P

(∩S

k=1,k ̸=j

(∑S−1

ℓ=1
λℓj,k·

· exp
(
2 · (aℓ − aS)T ·W−1 · x

)
< Ckj

)∣∣∣Hi

)
.

(2.18)

At solving many practical problems, the number of tested hypotheses S frequently

is much less than n- the size of observation vector.

Let us designate:

yi = 2 · (ai − aS)T ·W−1 · x, i = 1, . . . , S − 1.

Then integral (2.18) can be written down as:∫
Γj

p(x|Hi)dx = P (x ∈ Γj|Hi) = P

(∩S

k=1,k ̸=j

(∑S−1

ℓ=1
λℓj,k · exp

(
yℓ
)
< Ckj

)∣∣∣Hi

)
.

(2.19)

As the components of vector y = (y1, . . . , yS−1) are linear combinations of normally

distributed random vectors, y will also be a normally distributed random vector with

the vector of mathematical expectation and the covariance matrix:

Bi =
(
bi1, . . . , b

i
S−1

)

V i =


vi1,1 vi1,2 · · · vi1,S−1

vi2,1 vi2,2 · · · vi2,S−1

...
...

. . .
...

viS−1,1 viS−1,2 · · · viS−1,S−1

 ,
(2.20)
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respectively, where

bip = 2 · (ai − aS)T ·W−1 · ai,

vip,t = 4 · (ap − aS)T ·W−1 · (W + ai · aiT ) ·W−1 · (at − aS),

p, t = 1, . . . , S − 1.

For calculation of probability (2.19) by Monte-Carlo method we simulate (S− 1)-

dimensional random vector ξ = (ξ1, . . . , ξS−1), where ξi ∼ N(.; 0, 1) and cov(ξi, ξj) = 0

at i ̸= j, and transform it accordingly to expression

y = Bi + αi ·K−1
i · ξ, (2.21)

where Bi- vector of mathematical expectations (2.20), αi andKi- matrices of eigenvec-

tors and eigenvalues of matrix (V i)−1 (2.20), correspondingly. Then y = (y1, · · · , yS−1)

will be a normally distributed random vector with mathematical expectation Bi and

covariance matrix V i.

Assume that N values of random vector y were calculated according to rela-

tion (2.21), and ν of them satisfy inequality
∑S−1

ℓ=1 λ
ℓ
j,k · exp

(
yℓ
)
< Ckj for all k =

1, . . . , S, k ̸= j. Then

P̂ =
ν

N
,

is an estimate of integral (2.19) value, calculated by Monte-Carlo method.

The size of played random vectors, that provides δ-accuracy of integral computa-

tion with likelihood (1− α) , is defined by the following relation

N =

[
1

4αδ2

]
,

where
[

1
4αδ2

]
is the minimum integer number ≥ 1

4αδ2
.
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To minimize the number of generated random vectors that are necessary for com-

putation values of integral (2.19) with specified accuracy, we do the following [Kachi-

ashvili, (2003)]. We deliberately specify a rough accuracy of integral (2.19) computa-

tion δ1 > δ, and sample size

N1 =

[
1

4α1δ21

]
,

where α1 ≤ α, compute estimate P̂N1 . The final sample size is calculated according

to relation

N = max
P∈[P̂N1

−δ1,P̂N1
+δ1]

[
P (1− P )

αδ2

]
.

This algorithm allows us to reduce the time of calculation of the probability inte-

gral when its value considerably differs from 0.5.

2.3.3 The Number of hypotheses equal to two

Frequently, at hypotheses testing, they consider two possible conditions of the

phenomenon under study and, therefore, test two hypotheses. In this case, the number

of tested hypotheses for each technological mode is two, i.e. S = 2. In this case, the

problems of hypotheses testing and calculation of the suitable value of risk function

becomes much simpler and could be solved analytically.

Really, expression of risk function (2.3) becomes as follows:

r
δ
= L(H1, H2) · p(H1)

∫
Γ2

p(x|H1)dx+ L(H2, H1) · p(H2)

∫
Γ1

p(x|H2)dx⇒ min
{Γ}

.

As a rule, in this case, there takes place L(H1, H2) = L(H2, H1) = C. Therefore,

optimum decision rule (2.13) and the formula of calculation of the corresponding value

of average risk becomes much simpler and, accordingly, looks like:

Γ1 =
{
x : (a1 − a2)T ·W−1 · x > λ1,2

}
,
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Γ2 =
{
x : (a2 − a1)T ·W−1 · x > λ2,1

}
,

where

λ1,2 = ln
p(H2)

p(H1)
− 1

2

(
a2

T ·W−1 · a2 − a1
T ·W−1 · a1

)
,

λ2,1 = ln
p(H1)

p(H2)
− 1

2

(
a1

T ·W−1 · a1 − a2
T ·W−1 · a2

)
,

and

r
δ∗ = C ·

[
p(H1) · Φ

( λ1,2 − (a1 − a2)T ·W−1 · a1√
(a1 − a2)T ·W−1 · (a1 − a2)

)
+

+p(H2) · Φ
( λ2,1 − (a2 − a1)T ·W−1 · a2√

(a2 − a1)T ·W−1 · (a2 − a1)

)]
.

(2.22)

2.4 Hypotheses Testing Concerning all Parame-

ters of Multidimensional Normal Distribution

2.4.1 The Arbitrary number of hypotheses

Let us consider the case when, besides the vector of mathematical expectation,

the covariance matrix also depends on the hypothesis. In this case, probability dis-

tribution density (2.12) of the vector of measured values x looks like:

p(x|Hi) = (2π)−
n
2 · |Wi|−

1
2 · exp

{
− 1

2
(x− ai)TW−1

i (x− ai)
}
,

i = 1, . . . , S,

(2.23)

where

ai =
(
ai1, . . . , a

i
n

)
,
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Wi =


σi2

1 ρi12 · · · ρi1n

ρi21 σi2

2 · · · ρi2n
...

...
. . .

...

ρin1 ρin2 · · · σi2

n

 .

In this case, region (2.16) of acceptance of a hypothesis takes the form:

Γjk =
{
x :
∑S

ℓ=1
[L(Hℓ, Hj)− L(Hℓ, Hk)] · p(Hℓ) · p(x|Hℓ) < 0

}
=

=
{
x :
∑S

ℓ=1
[L(Hℓ, Hj)− L(Hℓ, Hk)] · p(Hℓ) · (2π)−

n
2 · |Wℓ|−

1
2 .

. exp
(
− 1

2
(x− aℓ)T ·W−1

ℓ · (x− aℓ)
)
< 0
}
.

(2.24)

We introduce the designations:

Cℓ
jk = [L(Hℓ, Hj)− L(Hℓ, Hk)] · p(Hℓ) · (2π)−

n
2 · |Wℓ|−

1
2

y
ℓ
=

1

2
(x− aℓ)T ·W−1

ℓ · (x− aℓ),

ℓ = 1, . . . , S; j, k = 1, . . . , S; j ̸= k.

(2.25)

Then (2.24) will be written down as:

Γjk =
{
x :
∑S

ℓ=1
Cℓ

jk · exp
(
− y

ℓ

)
< 0
}
. (2.26)

Random variable yℓ, ℓ = 1, . . . , S, is the quadratic form of normally distributed

random vector whose mathematical expectation, when hypothesis Hi, is true, is equal

to:

E
(
yℓ|Hi

)
=

1

2
· (ai−aℓ)T ·W−1

ℓ · (ai−aℓ)+
1

2
trace(Wi ·W−1

ℓ ), ℓ, i = 1, . . . , S. (2.27)

Therefore, if the hypothesis Hi is true, the random variable yℓ has noncentral χ
2

distribution with the degree of freedom n and with the parameter of noncentrality

equal to (2.27) [Rao (2006), Stuart, Ord, and Arnols (1999), Anderson (2003)], i.e.

yℓ ∼ χ
2
(
n,

1

2
· (ai − aℓ)T ·W−1

ℓ · (ai − aℓ) +
1

2
trace(Wi ·W−1

ℓ )
)
.
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It is obvious that, at i = ℓ, i.e. if hypothesis Hi is true, the random variable yi

has the central χ
2
distribution with the degree of freedom n.

Let us write down the expression of average risk (2.3) as follows:

r∗
δ
=
∑S

j=1

∑S

i=1,i̸=j
L(Hi, Hj) · p(Hi) · ·P

(
x ∈

∩S

k=1,k ̸=j
Γjk|Hi

)
=

=
∑S

j=1

∑S

i=1,i̸=j
L(Hi, Hj) · p(Hi)·

·P

(∩S

k=1,k ̸=j

(∑S

ℓ=1
Cℓ

j,k · exp
(
− y

ℓ

)
< 0
)∣∣∣Hi

)
.

(2.28)

For calculation of the probabilities from (2.28), it is possible to use the Monte

Carlo method the essence of which consists in the following. We generate S random

quantities (2.25) distributed by the χ
2
law with noncentrality parameters (2.27) m

times and assign to ν the value which is equal to the number of times these vectors

will satisfy condition (2.26) for all k = 1, . . . , S, k ̸= j. The value of integral is

approximately equal to p̂ = ν
m
. With the purpose of reduction of the number of

generated random vectors for achievement of the required accuracy of calculation we

use the method offered in Section 2.3.3.

2.4.2 Number of hypotheses equal to two

It is not difficult to be convinced that, in this case, regions (2.16) of acceptance

of hypotheses take the form:

Γ1 =
{
x : p(H1)p(x|H1) > p(H2)p(x|H2)

}
,

Γ2 =
{
x : p(H2)p(x|H2) > p(H1)p(x|H1)

}
.

(2.29)

It is obvious that Γ1 = Γ̄2 or, what is the same, Γ̄1 = Γ2 and Γ1

∪
Γ2 = Rn.

With taking into account probability densities (2.23), for these regions, we obtain:

Γ1 =
{
x : −xTW−1

1 x+ xTW
−1
2 x+ 2 · (a1TW−1

1 − a2
T

W
−1
2 ) · x ≥ λ12

}
,
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Γ2 =
{
x : −xTW−1

2 x+ xTW
−1
1 x+ 2 · (a2TW−1

2 − a1
T

W
−1
1 ) · x ≥ λ21

}
,

where

λ12 = ln

(
p(H2)|W2|

− 1
2

p(H1)|W1|
− 1

2

)
+

1

2

(
a1

T ·W−1
1 · a1 − a2

T ·W−1
2 · a2

)
,

λ12 = ln

(
p(H1)|W1|

− 1
2

p(H2)|W2|
− 1

2

)
+

1

2

(
a2

T ·W−1
2 · a2 − a1

T ·W−1
1 · a1

)
.

Let us designate:

ξ12 = −xTW−1
1 x+ xTW

−1
2 x+ 2 · (a1TW−1

1 − a2
T

W
−1
2 ) · x,

ξ21 = −xTW−1
2 x+ xTW

−1
1 x+ 2 · (a2TW−1

2 − a1
T

W
−1
1 ) · x.

Then, finally, for the required regions, we shall obtain:

Γ1 =
{
x : ξ12 ≥ λ12

}
, Γ2 =

{
x : ξ21 ≥ λ21

}
. (2.30)

Each of random variables ξ12 and ξ21 is the sum of three random variables one of

which is distributed by the normal law, and the two others are distributed by the χ
2

law. Therefore, it is impossible to find the closed form for probability distribution

laws of random variables ξ12 and ξ21 (the proof of this fact see in Appendix A).

Thus, in the considered case, i.e. at testing of hypotheses in reference of all

parameters of multidimensional normal distribution, the principal complexity of the

problem does not decrease at the number of hypotheses equal to two in comparison

with the arbitrary number of hypotheses. Naturally, in this case, the volume of

calculation monotonously depends on the number of tested hypotheses.

For using the unified approach for any number of hypotheses S ≥ 2, in the con-

sidered case, i.e. at S = 2, instead of writing down the regions of acceptance of
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hypotheses as (2.30) it is necessary to use expression (2.24). In this case, regions of

acceptance of hypotheses have the following form:

Γ1 =
{
x :
∑2

ℓ=1

[
L(Hℓ, H1)− L(Hℓ, H2)

]
p(Hℓ)p(x|Hℓ) < 0

}
=

=
{
x : −L(H1, H2)p(H1)p(x|H1) + L(H2, H1)p(H2)p(x|H2) < 0

}
,

Γ2 =
{
x :
∑2

ℓ=1

[
L(Hℓ, H2)− L(Hℓ, H1)

]
p(Hℓ)p(x|Hℓ) < 0

}
=

=
{
x : L(H1, H2)p(H1)p(x|H1)− L(H2, H1)p(H2)p(x|H2) < 0

}
.

As L(H1, H1) = L(H2, H2) = 0 and L(H1, H2) = L(H2, H1) > 0, these formulae,

naturally, coincide with formulae (2.29).

Here, as well as for the general case when the number of tested hypotheses is

arbitrary, for calculation of integrals on regions (2.29), one of the following methods

can be used: the Monte Carlo method, numerical methods or the decomposition of

integrand function into series.



Chapter 3

Computation of the Risk Function

The computation of the risk function in Bayesian methods of hypotheses testing

is very important, because it is the objective criterion of the quality of the Bayesian

decision rule. Therefore this chapter is dedicated to the solution of this problem

when hypotheses are formulated concerning all parameters of the multivariate normal

distribution.

3.1 Computation of the Multivariate Normal Inte-

gral over the Region of Complex Configuration

At testing many hypotheses with reference to the parameters of multivariate

normal distribution, the problem of computation of multivariate normal integrals

over the regions of complex configuration of the following form arises:

pij =

∫
Γj

p(x|Hi)dx, i, j = 1, . . . , S, i ̸= j, (3.1)

31
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where S is the number of tested hypotheses Hi i = 1, . . . , S, and Γj is the region of

acceptance of hypothesis Hj which has the following form:

Γj =
{
x : kjj · p(x|Hj) >

∑S

ℓ=1.ℓ̸=j
kjℓ · p(x|Hℓ)

}
, j = 1, . . . , S, (3.2)

where 0 ≤ kjℓ < +∞, j = 1, . . . , S.

Such regions of hypotheses acceptance arise, for example, in the generalized Neyman-

Pearson criterion, and also in conditional Bayesian problems of testing many hypothe-

ses (see formula (4.3) in Section 4.2) [Rao, (2006); Kachiashvili, (2003); Kachiashvili

and Mueed, (2009), [53]]. The dimensionality of these integrals often reaches several

tens when practical problems are solved. For example, in ecological problems the

number of controlled parameters, according to which the decision is made, is quite

often equal to several tens [Primak, Kafarov and Kachiashvili, (1991)]; in the air

defence problems, in particular, in the problems of tracking of flying objects using

radar measurement information, the dimensionality of the problem is equal to the

multiplication of the number of flying objects by the number of surveys made by the

radar set [Potapov et al., (1975)] and so on. On the other hand, the time for solution

of these problems is often limited and at times it plays a decisive role especially at

solving the defence problems.

It is known that the complexity of realization and the obtained accuracy of nu-

merical methods of computation of multidimensional integrals depend heavily on the

dimensionality of these integrals and the complexity of the integration region con-

figuration. In the considered case the integration regions are nonconvex and quite

complex. Therefore it is difficult to realize the numerical methods and to provide the

desired accuracy of calculation even when the dimensionality of integral is greater

than or equal to three [Davis and Rabinowitz, (1984)]. The methods of computation
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of the multivariate normal integral on the hyperrectangle offered in [Genz, (1992,

1993); Genz and Bretz, (1999); Joe, (1995); Sloan and Joe, (1994); Hajivassiliou,

McFadden and Ruud, (1996)] are unsuitable for this case because of the complexity

of the integration region.

Despite the convenience and the simplicity of computations, the Monte Carlo

method is computer time consuming, especially at large dimensionality of integrals

[Berger, (1985a); Kachiashvili, (2003)]. Therefore the method of approximate compu-

tation of integral (3.1) for a very short period of time is topical in many applications

of mathematical statistics.

The aim of the present section is the development of the method of computation

of probability integral (3.1) with the desired accuracy in a minimum of time.

Let us consider the case when the probability distribution density of the vector x

is (2.23).

For probability distribution density (2.23), let us rewrite region (3.2) of acceptance

of the hypothesis as:

Γj =
{
x :

∑S

ℓ=1
Cj

ℓ · exp(−yℓ) < 0
}
, (3.3)

where

Cj
ℓ = kjℓ · (2π)

−n/2 · |Wℓ|−1/2, ℓ ̸= j,

Cj
j = −kjj · (2π)−n/2 · |Wj|−1/2,

yℓ =
1

2
(x− aℓ)

T

W−1
ℓ (x− aℓ), ℓ, j = 1, . . . , S. (3.4)

Random variables yℓ, ℓ = 1, . . . , S are squared forms of the normally distributed

random vector, and, if hypothesis Hi is true, their mathematical expectations are
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equal to:

E
(
yℓ|Hi

)
=

1

2
· (ai− aℓ)T ·W−1

ℓ · (ai− aℓ)+
1

2
trace(Wi ·W−1

ℓ ), ℓ, i = 1, . . . , S. (3.5)

Therefore, if hypothesis Hi is true, the random variable yℓ has noncentral distri-

bution χ
2
with the degree of freedom n and with the parameter of noncentrality equal

to (3.5) [Rao, (2006); Stuart, Ord, and Arnols, (1999); Anderson, (2003)].

It is obvious that, at ℓ = i and hypothesis Hi is true, the random variable yi has

the central χ
2
distribution with the degree of freedom n.

Let us write down (3.1) as follows:

pij =

∫
Γj

p(x|Hi)dx = P
(∑S

ℓ=1
Cj

ℓ · exp(−yℓ) < 0
∣∣Hi

)
. (3.6)

The task consists in the computation of probability (3.6). The method of its

analytical computation is not known so far. For its computation it is possible, for

example, to use a modified Monte-Carlo method (with the purpose of reducing the

computation time) [Kachiashvili, (2003)]. Though, at large S, it still takes a good deal

of time. The method of computation of probability (3.6) if hypotheses are formulated

with reference only to the mathematical expectation of normally distributed random

vector is offered in [Kachiashvili, (2003)]. This method is unsuitable here, as the

random variable

ξj =
∑S

ℓ=1
Cj

ℓ · exp(−yℓ), (3.7)

which formulates integration region (3.3), in [Kachiashvili, (2003)] is the weighted sum

of log-normally distributed random quantities; Cj
ℓ and yℓ are determined by formulae

(3.4). In our case, ξj is the weighted sum of the exponents of negative quadratic forms

of the normally distributed random vector with correlated components.
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Let us use the expanded form of representation of the quadratic form in (3.7)

[Stuart, Ord and Arnols, (1994); Anderson, (2003)]. Then

ξj =
∑S

ℓ=1
Cj

ℓ · exp
{
1

2

∑n

t1=1

∑n

t2=1
αℓ
t1,t2

·
(
xt1 − aℓt1
σℓ
t1

)(
xt2 − aℓt2
σℓ
t2

)}
, (3.8)

where αℓ
t1,t2

are the coefficients determined unambiguously by the elements of matrix

Wℓ (see formula (2.23)).

Let pj(z|Hi) be the conditional density of probability distribution of the random

variable ξj. Then, for (3.6), we obtain:

pij =

∫ 0

−∞
pj(z|Hi)dz. (3.9)

Here the infinite interval (−∞,+∞) is taken as the domain of definition of random

variable ξj because of the signs of coefficients Cj
ℓ from (3.4).

As was mentioned above, the probability distribution law of the random variable

ξj has not a closed form. Let us consider the opportunity of approximating this

density by series.

With this purpose let us calculate the initial moment of the rth order of random

variable ξj provided that hypothesis Hi is true:

µ
j,i

r = E

[
(ξj)

r
∣∣Hi

]
= E

[(∑S

ℓ=1
Cj

ℓ · exp
(
− yℓ

))r ∣∣∣Hi

]
=

=
∑S

ℓ1
. . .
∑S

ℓr
Cj

ℓ1
. . . Cj

ℓr
· E
[
exp

(
− (yℓ1 + . . .+ yℓr)

)∣∣Hi

]
,

r = 1, 2, 3, . . .

(3.10)

Expression yℓ1 + . . . + yℓr is the sum of correlated Quadratic Forms distributed

by noncentral χ
2
probability distribution laws. Because of correlation, the property

of reproducibility of the χ
2
distribution does not take place [Rao, (2006); Anderson,

(2003)], and, consequently the mathematical expectation in (3.10) has not a closed

form.
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Let us use power series expansion of the exponent:

exp

(
− (yℓ1 + . . .+ yℓr)

)
=
∑∞

ν=0

(
− 1
)ν 1
ν!

(
yℓ1 + . . .+ yℓr

)ν
=

=
∑∞

ν=0
(−1)ν

1

ν!

∑
pi∈{ℓ1,ℓ2,...,ℓr}; i=1,...,ν

yp1 · yp2 . . . ypν .
(3.11)

Let us use the expanded representation of quadratic form (3.8) and be satisfied

with the first M terms of expansion (3.11). Then expression for calculation of mo-

ments (3.10) can be represented as follows:

µ
j,i

r ≈
∑S

ℓ1
. . .
∑S

ℓr
Cj

ℓ1
. . . Cj

ℓr
·

1 +
∑M

ν=1

(
−1

2

)ν

· 1

ν!

 ∑
pi∈{ℓ1,ℓ2,...,ℓr}; i=1,...,ν

∑n

t1=1

∑n

t2=1
αp1
t1,t2 . . . α

pν
t1,t2 · E

(∏T

ξ=1

(
xξ − a

pξ
ξ

σ
pξ
ξ

)mξ
)∣∣∣Hi

]}
,

(3.12)

where T ∈ {1, . . . , 2ν} , mξ ∈ {0, 1, . . . , 2ν} and
∑T

ξ=1mξ = 2ν.

Expression (3.12) contains product moments [Stuart, Ord and Arnols, (1994,

1999)] of the 2ν (ν = 1, . . . ,M) orders of normalized components of the correlated

normally distributed random observation vector. Therefore, they are not equal to

zero [Anderson, (2003)]. A lot of works are dedicated to the problem of computation

of product moments [see, for example, Shellard, (1952); Barnett, (1955); Goodman,

(1960, 1962); Nath, (1968, 1969)].

In [Shellard, (1952)] the following problem was solved. Let x1, x2, . . . , xn be ran-

dom variables with mutually independent distributions, and let X =
∏n

i=1 xi. There is

found the probability that X lies between A and B, i.e. P{A ≤ X ≤ B}, by using the

central limit theorem in accordance with which the random variable lnX =
∑n

i=1 lnxi

is approximately distributed by the normal law. The better is this approximation the

bigger is n.
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The variance of the product of two random variables was studied by Barnett

(1955) and Goodman (1960), in the case when they do not need to be independent.

Shellard (1952) studied the case when the distribution of
∏n

i=1 xi was (approximately)

logarithmic-normal. The author considered the case when x1, x2, . . . , xn are random

variables with mutually independent distributions. For finding the probability that

X =
∏n

i=1 xi lies between A and B, i.e.P{A ≤ X ≤ B}, the central limit theorem is

used to approach the probability distribution of the random variable lnX by normal

distribution and this approach is better at increasing n. In work [Goodman, (1962)]

no assumption is made about the distribution of
∏n

i=1 xi. There is discussed the case

when the K random variables, x1, x2, . . . , xk, (K ≥ 2) are mutually independent,

and the case when they do not have to be independent, and there are obtained

their variance formulae. These results are generalizations of the results presented in

[Goodman, (1960)].

In [Nath, (1968)] are given exact formulae for the mathematical expectation of

(x̄i−X̄i)(x̄j−X̄j)(x̄k−X̄k) and (x̄i−X̄i)(x̄j−X̄j)(x̄k−X̄k)(x̄h−X̄h), (i ̸= j ̸= k ̸= h)

where x̄i is the sample mean of the ith “character” in a sample of n elements from a

population of N elements and X̄i is the corresponding population mean. Formulae for

estimating these product moments from the sample were also given. These estimations

are slightly biased. In [Nath, (1969)] the unbiased estimate of the 4-variate product

moment was obtained. Asymptotic results for the 3-variate and 4-variate product

moments and their estimates were also obtained.

From the given review (of course incomplete, because this is not our aim) of

the works dedicated to the study of product moments, it is seen that the problem

considered here differs from them.
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Theorem 3.1. The initial moment of the rth order of random variable ξj determined

by (3.8), provided that hypothesis Hi is true, can be calculated with any specified

accuracy by the formula:

µ
j,i

r ≈
∑S

ℓ1
. . .
∑S

ℓr
Cj

ℓ1
. . . Cj

ℓr
·
{
1 +

∑M

ν=1

(
−1

2

)ν

· 1

ν!
·

·

 ∑
pi∈{ℓ1,ℓ2,...,ℓr}; i=1,...,ν

∑n

t1=1

∑n

t2=1
αp1
t1,t2 . . . α

pν
t1,t2 ·

·J i,T ·
∑

τi∈{0,1,...,2ν}; i=1,...,T

di,Tτ1,...,τT ·
∏T

η=1

∑τη

j=0

 τη

j

 · µτη−j (µ
′
1)

j

]}
,

r = 1, 2, 3, . . .

(3.13)

where J i,T = mod
∣∣∣Ki,T · (βi,T )−1

∣∣∣; βi,2ν and Ki,2ν are the matrices of eigenvectors

and eigenvalues of the inverse covariance matrix of normalized random variables(
xτ−apττ
σpτ
τ

)
, τ = 1, . . . , T ; di,Tτ1,...,τT , τi ∈ {0, 1, . . . , 2ν}; i = 1, . . . , T, are the coeffi-

cients determined by the terms of matrices βi,2ν and Ki,2ν and vector bi,2ν ; µ′
1 and

µτη−j are the initial and central moments of the first and τη − j orders, respectively,

defined by formulae (3.21), (3.22) and (3.23).

Proof. If hypothesis Hi is true, the values
(

xτ−apττ
σpτ
τ

)
, τ = 1, . . . , T, are correlated

normally distributed random variables with the parameters:

E

(
xτ − apττ
σpτ
τ

∣∣∣Hi

)
=
aiτ − apττ
σpτ
τ

= bi,pττ ,

V

(
xτ − apττ
σpτ
τ

∣∣∣Hi

)
=

(σi
τ )

2

(σpτ
τ )2

= νi,pττ , τ = 1, . . . , T,

cov

[(
xτ1 − a

pτ1
τ1

σ
pτ1
τ1

)
,

(
xτ2 − a

pτ2
τ2

σ
pτ2
τ2

) ∣∣∣Hi

]
=

ρiτ1,τ2
σ
pτ1
τ1 · σpτ2

τ2

= ν
i,pτ1 ,pτ2
τ1,τ2 , τ1, τ2 = 1, . . . , T.

(3.14)
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Thus, for calculation of moments (3.12), it is required to calculate the product

moments of T -dimensional (T ∈ {1, . . . , 2ν}, ν = 1, . . . ,M) normally distributed

random vectors for which the component of the vectors of mathematical expectations

and the covariance matrices are calculated by formulae (3.14).

Let us designate

bi,T =
(
bi,p11 , . . . , bi,pTT

)T
1×T

,

V i,T =



νi,p1,p11,1 νi,p1,p21,2 . . . νi,p1,pT1,T

νi,p2,p12,1 νi,p2,p22,2 . . . νi,p2,pT2,T

. . . . . .
. . . . . .

νi,pT ,p1
T,1 νi,pT ,p2

T,2 . . . νi,pT ,pT
T,T


T×T

, (3.15)

and the corresponding random vector - by y = (y1, . . . , yT
)T , i.e.

y1 =
x1 − ap11
σp1
1

, y2 =
x2 − ap22
σp2
2

, . . . , y
T
=
xT − apTT
σpT
T

.

For calculation of conditional product moments of the 2ν -order, we have:

E(ym1
1 · ym2

2 . . . ymT

T
|Hi) =

∫ +∞

−∞
. . .

∫ +∞

−∞
ym1
1 · ym2

2 . . . ymT

T
·

·f(y1, y2, . . . , yT
|Hi)dy1dy2 . . . dyT

,

(3.16)

where f(y1, y2, . . . , yT
) is the T -dimensional normal probability distribution density

with the vector of mathematical expectations and the covariance matrix calculated

by formulae (3.15).

It is known that the value of integral (3.16) is invariant to linear transformation

of the components of vector x [Anderson, (2003)] with the accuracy of Jacobian of

Transformation. Let us designate the matrixes of eigenvectors and eigenvalues of

matrix (V i,T )−1 by βi,T =
∥∥βi

ℓj

∥∥
T×T

and Ki,T =
∥∥kiℓj∥∥T×T

, respectively. It should be
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pointed out that Ki,T is a diagonal matrix. Then the components of T -dimensional

random vector

Zi,T = βi,T · (Ki,T )−1 · (y − bi,T ), (3.17)

will be uncorrelated and will have standard normal distribution of probabilities [Cramer,

(1946); Kachiashvili, (2003)].

From (3.17), we write:

y = Ki,T · (βi,T )−1 · Zi,T + bi,T .

Let us introduce the following designation γi,T =
∥∥∥γi,Tℓj ∥∥∥

T×T
= Ki,T · (βi,T )−1.

Then, for the elements of the vector y, we obtain the following expression:

yτ =
∑T

t=1
γi,Tτ,t · zi,Tt + bi,Tτ , τ = 1, . . . , T. (3.18)

Using transformation (3.18), for mathematical expectation (3.16), we obtain:

E(ym1
1 · ym2

2 . . . ymT

T
|Hi) = J i,T · E

[∏T

τ=1

(∑T

t=1
γi,Tτ,t · zi,Tt + bi,Tτ

)mτ
∣∣∣Hi

]
, (3.19)

where J i,T = mod
∣∣∣Ki,T ·

(
βi,T

)−1
∣∣∣ is the Jacobian of Transformation (3.17).

Let us raise to the powers the linear forms in the right-hand side of expression

(3.19) and group the identical items. Then (3.19) can be written as:

E(ym1
1 · ym2

2 . . . ymT

T
|Hi) = J i,T ·

∑
τi∈{0,1,2,...,2ν};i=1,...,T

di,Tτ1,...,τT ·
∏T

η=1
E
[(
zi,Tη
)τη |Hi

]
,

(3.20)

where, the coefficients of the identical items in (3.19) are designated by di,Tτ1,...,τT , τi ∈

{0, 1, 2, . . . , 2ν} ; i = 1, . . . , T, ; the items of the vector Zi,T are determined as:

zi,Tη =
∑T

ℓ=1

[(∑T

δ=1
βi
η,δ ·Ki

δ,ℓ

)
·
(
yℓ − bi,pℓℓ

)]
, η = 1, . . . , T.
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It is known that [Stuart, Ord and Arnols, (1994); Kotz, Balakrishnan and Johnson,

(2000)]

E
[(
zi,Tη
)τη |Hi

]
= µ′

τη =
∑τη

j=0

 τη

j

 · µτη−j (µ
′
1)

j
, (3.21)

where µ′
τη and µτη−j are the initial and central moments of τη and τη − j orders,

respectively, of random variable zi,Tη . After simple routine transformations, for the

considered case we obtain:

µj =


(ϑi,T

z,η)
j

2j/2
· j!
(j/2)!

, if j is even,

0, if j is odd.
(3.22)

Here

V (zi,Tη |Hi) = ϑi,T
z,η =

∑T

ℓ1=1

∑T

ℓ2=1
Ci,T

η,ℓ1
·Di,pℓ2

ℓ2
(ρiℓ1,ℓ2 + b

i,pℓ1
ℓ1

· bi,pℓ2ℓ2
)−

−
(∑T

ℓ=1
Ci,T

η,ℓ · bi,pℓℓ −Di,pℓ
ℓ

)2
,

C i,T
η,ℓ =

∑T

δ=1
βi
η,δ ·Ki

δ,ℓ ,

Di,pℓ
ℓ =

(∑T

δ=1
βi
η,δ ·Ki

δ,ℓ

)
· bi,pℓℓ .

(3.23)

Taking advantage of ratios (3.20), (3.21), for computation of the moments (3.12),

we obtain expression (3.13).

Let us formally expand the probability distribution density pj(z|Hi) of random

variable ξj into Fourier series:

pj(z|Hi) = ωj,0 · φ0(z) + ωj,1 · φ1(z) + . . .+ ωj,n · φn(z) + . . . ,

where {φn(z)} is the set of orthogonal functions, and ωj,ℓ, ℓ = 0, 1, . . . , n, . . . are the

Fourier coefficients determined by the formula [Szego, (1959)]:
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ωj,ℓ = (pj, φℓ) =

∫ b

a

pj(z) · φℓ(z) dα(z), ℓ = 0, 1, . . . , n, . . .,

where (a, b) is the interval of definition of density pj(z); α(z), being the given function.

As the random variable ξj takes on the values from infinite interval (−∞,+∞),

it is expedient to take [Szego, (1959)]:

α(z) =
1√
2π

· e−
1
2
z2 .

In this case functions φℓ(z) are the Chebyshev-Hermite polynomialsHℓ(z) [Cramer,

(1946); Szego, (1959); Kendall and Stuart, (1966)].

The Chebyshev-Hermite polynomial is determined by the identity [Stuart, Ord

and Arnols, (1994)]

(−1)ℓ · d
ℓ

dzℓ
[α(z)] = Hℓ(z) · α(z).

It is not difficult to be convinced that the first twelve of them look like:

H1(z) = z; H2(z) = z2 − 1; H3(z) = z3 − 3z; H4(z) = z4 − 6z2 + 3;

H5(z) = z5 − 10z3 + 15z; H6(z) = z6 − 15z4 + 45z2 − 15;

H7(z) = z7 − 21z5 + 105z3 − 105z; H8(z) = z8 − 28z6 + 210z4 − 420z2 + 105;

H9(z) = z9 − 36z7 + 378z5 − 1260z3 + 945z;

H10(z) = z10 − 45z8 + 630z6 − 3150z4 + 4725z2 − 945;

H11(z) = z11 − 55z9 + 990z7 − 6930z5 + 17325z3 − 10395z;

H12(z) = z12 − 66z10 + 1485z8 − 13860z6 + 51975z4 − 62370z2 + 10395.

We shall formally expand the probability distribution density pj(z|Hi) into a series

of derivatives of α(z), i.e.:

pj(z|Hi) =
∑∞

ℓ=1
hj,iℓ ·Hℓ(z) · α(z). (3.24)



43

The Chebyshev-Hermite polynomials possess the property of orthogonality:∫ +∞

−∞
Hm(z) ·Hn(z) · α(z)dz =

{
0, at m ̸= n,

n!, at m = n.
(3.25)

Multiplying (3.24) by Hℓ(z) and integrating it between the limits from −∞ to

+∞, in accordance with (3.25), we shall obtain:

hj,iℓ =
1

ℓ!

∫ +∞

−∞
pj(z|Hi) ·Hℓ(z)dz. (3.26)

Substituting the expressions of Chebyshev-Hermite polynomials in (3.26), it is

not difficult to find the formulae for calculation of any coefficient hj,iℓ . The first twelve

coefficients look like:

hj,i0 = 1; hj,i1 = µj,i
1 ; hj,i2 = (µj,i

2 − 1)/2!;

hj,i3 = (µj,i
3 − 3 · µj,i

1 )/3!; hj,i4 = (µj,i
4 − 6 · µj,i

2 + 3)/4!;

hj,i5 = (µj,i
5 − 10µj,i

3 + 15µj,i
1 )/5!; hj,i6 = µj,i

6 − 15µj,i
4 + 45µj,i

2 − 15;

hj,i7 = µj,i
7 − 21µj,i

5 + 105µj,i
3 − 105µj,i

1 ;

hj,i8 = µj,i
8 − 28µj,i

6 + 210µj,i
4 − 420µj,i

2 + 105;

hj,i9 = µj,i
9 − 36µj,i

7 + 378µj,i
5 − 1260µj,i

3 + 945µj,i
1 ;

hj,i10 = µj,i
10 − 45µj,i

8 + 630µj,i
6 − 3150µj,i

4 + 4725µj,i
2 − 945;

hj,i11 = µj,i
11 − 55µj,i

9 + 990µj,i
7 − 6930µj,i

5 + 17325µj,i
3 − 10395µj,i

1 ;

µj,i
12 = µj,i

12 − 66µj,i
10 + 1485µj,i

8 − 13860µj,i
6 + 51975µj,i

4 − 62370µj,i
2 + 10395,

where µj,i
r , r = 1, 2, . . . , are the initial moments of the random variable ξi calculated

by formula (3.7).

Series (3.24) is called the Gramm-Charles A-series. It is known that the rate of the

term of A-series at increasing ℓ does not decrease monotonously, and, for achievement
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of certain accuracy, it is necessary to calculate the “superfluous” moments [Cramer,

(1946); Kendall and Stuart, (1966); Stuart, Ord and Arnols, (1994)]. From this point

of view more preferable is to use Edgewort’s series, which in reference to our case

looks like:

pj(z1|Hi) = {α(z1)} −
{
1

3!
·

[ς3]
i
j

(µ̇j,i
2 )3/2

· α(3)(z1)

}
+

+

{
1

4!
·

[ς4]
i
j

(µ̇j,i
2 )

2 · α(4)(z1) +
10

6!
· (

[ς3]
i
j

(µ̇j,i
2 )

3/2
)2 · α(6)(z1)

}
−

−

{
1

5!
·

[ς5]
i
j

(µ̇j,i
2 )

5/2
· α(5)(z1) +

35

7!
·
[ς3]

i
j · [ς4]ij

(µ̇j,i
2 )

7/2
· α(7)(z1) +

+
280

9!
· (

[ς3]
i
j

(µ̇j,i
2 )

3/2
)3 · α(9)(z1)

}
+

{
1

6!
·

[ς6]
i
j

(µ̇j,i
2 )

3 · α(6)(z1)+ (3.27)

+
35

8!
· (

[ς4]
i
j

(µ̇j,i
2 )

2 )
2 · α(8)(z1) +

2100

10!
·
[ς23 ]

i
j · [ς4]ij

(µ̇j,i
2 )

5 · α(10)(z1) +

+
23100

12!
· (

[ς3]
i
j

(µ̇j,i
2 )

3/2
)4 · α(12)(z1)

}
− . . . ,

where z1 = (z − µj,i
1 )/

√
µ̇j,i
2 is the normalized variable; [ςr]

i
j is the rth semi-invariant

of the random variable ξj if hypothesis Hi is true, which is not difficult to calculate

knowing all initial moments including µj,i
r (see, for example, [Cramer, (1946); Kendall

and Stuart, (1966); Stuart, Ord and Arnols, (1994)]); µ̇j,i
2 is the second central mo-

ment.

In (3.27), in curly brackets are enclosed the terms of the same order. The asymp-

totic properties of Edgewort’s series were investigated by G. Cramer, who has showed

that, under rather general conditions, series (3.27) really gave the asymptotic decom-

position of pj(z|Hi) with a residual term, smaller than the first rejected component

enclosed in curly brackets [Cramer, (1946); Stuart, Ord and Arnols, (1994)].
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For obtaining the decomposition corresponding to formula (3.27) for probability

distribution function πj(z|Hi) of random variable ξj, it is necessary to replace α(z1) by

Φ(z1) in (3.27), where Φ(z1) is the standard normal probability distribution function.

Taking into account the above-told and being satisfied by the terms enclosed in

the first three curly brackets of expansion (3.27), for calculation of the integral (3.1),
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we obtain:∫ 0

−∞
pj(z1|Hi)dz ≈ π̂j(0|Hi) = Φ(z∗1) +

{
1

3!
·

[ς3]
i
j

(µ̇j,i
2 )

3/2
· (z∗31 − 3z∗1) +

+
1

4!
·

[ς4]
i
j

(µ̇j,i
2 )

2 · (z∗41 − 6z∗21 + 3)

+
10

6!
· (

[ς3]
i
j

(µ̇j,i
2 )

3/2
)2 · (z∗61 − 15z∗41 + 45z∗21 − 15) +

+
1

5!
·

[ς5]
i
j

(µ̇j,i
2 )

5/2
· (z∗51 − 10z∗31 + 15z∗1)

− 35

7!
·
[ς3]

i
j · [ς4]ij

(µ̇j,i
2 )

7/2
· (z∗71 − 21z∗51 + 105z∗31 − 105z∗1)− (3.28)

− 280

9!
· (

[ς3]
i
j

(µ̇j,i
2 )

3/2
)3 · (z∗91 − 36z∗71 + 378z∗51 − 1260z∗31 + 945z∗1) +

+
1

6!
·

[ς6]
i
j

(µ̇j,i
2 )

3 · (z∗61 − 15z∗41 + 45z∗21 − 15) +

+
35

8!
· (

[ς4]
i
j

(µ̇j,i
2 )

2 )
2 · (z∗81 − 28z∗61 + 210z∗41 − 420z∗21 + 105) +

+
2100

10!
·
[ς23 ]

i
j · [ς4]ij

(µ̇j,i
2 )

5 · (z∗101 −

− 45z∗81 + 630z∗61 − 3150z∗41 + 4725z∗21 − 945) +

+
23100

12!
· (

[ς3]
i
j

(µ̇j,i
2 )

3/2
)4 · (z∗121 −

− 66z∗101 + 1485z∗81 − 13860z∗61 + 51975z∗41 −

− 62370z∗21 + 10395)

}
· α(z∗1),

where z∗1 = (−µj,i
1 )/

√
µ̇j,i
2

The absolute value of calculation error of the probability integral, at satisfying in
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expansion (3.28) by the first seven summands, is calculated by the formula:∣∣∆j
i

∣∣ ≤

∣∣∣∣∣ 16! · [ς6]
i
j

(µ̇j,i
2 )

3 · (z∗61 − 15z∗41 + 45z∗21 − 15)+

+
35

8!
· (

[ς4]
i
j

(µ̇j,i
2 )

2 )
2 · (z∗81 − 28z∗61 + 210z∗41 − 420z∗21 + 105) +

+
2100

10!
·
[ς23 ]

i
j · [ς4]ij

(µ̇j,i
2 )

5 · (z∗101 − 45z∗81 + 630z∗61 − 3150z∗41 + 4725z∗21 − 945) +

+
23100

12!
· (

[ς3]
i
j

(µ̇j,i
2 )

3/2
)4 · (z∗121 − 66z∗101 + 1485z∗81 − 13860z∗61 + 51975z∗41 −

− 62370z∗21 + 10395)} · α(z∗1)

∣∣∣∣∣.

3.2 On the Existence and Continuity of Probabil-

ity Distribution Law of Random Variable (3.7)

When hypothesis Hi is true, random variable (3.7), i.e. ξj, is the weighted sum

of exponents of correlated quadratic forms distributed by noncentral χ2 probability

distribution with degrees of freedom n and parameters of non centrality λiℓ = 1
2
·

(ai − aℓ)T ·W−1
ℓ ·(ai−aℓ)+ 1

2
trace(Wi·W−1

ℓ ), taken with a negative sign, i.e. p(yℓ|Hi) =

χ2(n, λiℓ), ℓ = 1, . . . , S; i = 1, . . . , S.

It was mentioned that the domain of definition of random variable ξj is the infinite

interval (−∞,+∞). The random vector x forming the random variable ξj is normally

distributed. The variable ξj =
∑S

ℓ=1C
ℓ
j · exp(−yℓ) is continuous and unambiguously

defined for any value of x. Therefore, the random variable ξj is continuous.

The characteristic function of the random variable ξj and its derivatives of any
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order exist, as there exist the moments of any order of this random variable. At the

same time, the characteristic function is uniformly continuous. Consequently, the

distribution function of this random variable exists and is continuous [Kendall and

Stuart, (1966)].

Theorem 3.2. The distribution function of random variable ξj exists and is uniquely

determined by moments (3.13).

Proof. For proving this theorem, it is necessary to show that all moments µj,i
r , r =

1, 2, . . . exist and the following condition takes place [Kendall and Stuart, (1966);

Stuart, Ord and Arnols, (1994)]:

lim
r→∞

sup
(µj,i

2r)
1/2r

2r
<∞.

The fact that all moments exist is obvious from formula (3.13) as by using it, it

is possible to calculate the moments of any order with any specified accuracy. The

values of these moments exist and are finite.

When solving the practical problems coefficients kkℓ take on the values bounded

above. Correlation matrices Wℓ are positively determined matrices the determinants

of which differ from zero. Therefore, coefficients
∣∣Cj

ℓ

∣∣ are bounded-above quantities.

There takes place:

E[exp(−(yℓ1 + . . .+ yℓr))|Hi] =

∫ +∞

−∞
. . .

∫ +∞

−∞
e−(yℓ1+...+yℓr ) ·N(x|ai,Wi)dx,

where yℓ1 + . . . + yℓr is the sum of quadratic forms of normally distributed n -

dimensional vector x at different vectors of mathematical expectations and covariance

matrices. Therefore, at changing components of the vector x from −∞ up to +∞,
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the quadratic form yℓ1 + · · · + yℓr takes the values from 0 to +∞, and the value of

function e−(yℓ1+···+yℓr ) varies from 1 to 0, respectively. Therefore [Kendall and Stuart,

(1966); Stuart, Ord and Arnols, (1994)]:

E[exp(−(yℓ1 + · · ·+ yℓr))|Hi] 6
∫ +∞

−∞
. . .

∫ +∞

−∞
N(x|ai,Wi)dx = 1.

Thus, taking into account (3.4) and (3.10) we can write down:

∣∣µj,i
r

∣∣ 6 ∣∣∣∑S

ℓ1=1
. . .
∑S

ℓr=1
Cj

ℓ1
. . . Cj

ℓr

∣∣∣ 6
6 Ar · (2π)−

nr
2 ·
∑S

ℓ1=1
. . .
∑S

ℓr=1

∏r

ν=1
p(Hℓν ) · |Wℓν |

−1,

where A is the maximum by absolute value among coefficients kjℓ .

Assume r = 1, then we have:

∣∣µj,i
1

∣∣ 6 A · (2π)−
n
2 ·
∑S

ℓ=1
p(Hℓ) · |Wℓ|−1.

Let us designate |Wmin| = min
{ℓ}

|Wℓ| . Then

µj,i
1 6 A · (2π)−

n
2 · |Wmin|−1 ·

∑S

ℓ=1
p(Hℓ) = A · (2π)−

n
2 · |Wmin|−1.

If A 6 (2π)
n
2 · |Wmin| , then µj,i

1 6 1 and it is not difficult to be convinced that

µj,i
r → 0 at r → ∞.

Let A = C · (2π)n
2 · |Wmin| , where C > 1. Hence µj,i

r 6 Cr · S · r and

(µj,i
2r)

1/2r

2r
6 (C2r · S · 2r)1/2r

2r
=
C · S1/2r · (2r)1/2r

2r
=

= C · S1/2r · (2r)−
2r−1
2r =

C · S1/2r

(2r)
2r−1
2r

→ C

2r
→ 0,

at r → ∞, which proves the theorem.
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3.3 Quasi-Optimal Bayesian Procedures of Many

Hypotheses Testing

Testing of statistical hypotheses is an important branch of modern mathemati-

cal statistics. The methods of this branch allow us to solve a lot of problems from

many spheres of human activity. Applications include engineering, medicine, biol-

ogy, economics, defence, ecology and so on [see, for example, Weerahandi and Zidek,

(1981); Breusch, (1986); Meng, (1987); Millard, (1987); Hafner and Herwartz, (2008);

Choudhury and Borthakur, (2008); Kachiashvili and Melikdzhanian, (2006); Kachi-

ashvili, Hashmi and Mueed, (2008)]. The problems, arising in these areas, as a rule,

contain a lot of parameters, i.e. the tasks are multivariate. The dimensionality of

the tasks often amount up to several tens, even several hundreds. The time it takes

to solve these tasks is often limited. Therefore, the availability of the methods al-

lowing testing hypotheses with high reliability for a limited interval of time is rather

topical. This section is devoted to the solution of this problem by developing the

quasi-optimal rules for testing many statistical hypotheses and also to the develop-

ment of a simple method of approximate computation of the risk function which does

not take much time for computation. The computation of the risk function is of

significance for solution of many problems [Utkin, (2007)]. The offered methods are

reduced to concrete formulae for multivariate normal probability distribution. The

given simulation results (see section 4.3) clearly illustrate the validity of the obtained

results and conclusions made.
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Calculation of the values of risk function (2.3) or (2.8) is rather complicated prob-

lem, because we need to calculate the integrals of multivariate probability distribu-

tion densities on the domains of integration of complex configurations [Kachiashvili,

(2003); Pham-Gia and Turkhan, (2005)]. It is easier and most reliable to carry out

such calculations by using Monte-Carlo methods, which, unfortunately, at great value

of n, need a lot of time for guaranteeing the desired accuracy [Berger, (1985a); Kachi-

ashvili, (2003)]. At solving some practical problems, the time of their solution is

strictly limited. In such cases, it is desirable to have not necessarily an optimal but

a close simple hypotheses testing rule, which does not need considerable calculation

resources. Also, sometimes, it is expedient to have a possibility of approximate com-

putation of the value of risk function of the optimum problem for the limited interval

of time.

Let us consider the possibilities for analytical computation of approximate value

of risk function (2.8) and development of quasi-optimum hypotheses testing rules in

the suitable task allowing the analytical realization of all necessary computations.

The idea of development of hypotheses testing quasi-optimum rules consists in the

following: making the configurations of hypotheses testing regions simpler in such

a manner that the integrals of multivariate probability distribution densities, dis-

tributed on these regions, could be calculated by standard procedures of calculation

of one-dimensional integrals. The essence of the method consists in the following. In-

stead of simultaneous consideration of S hypotheses, we consider S−1 particular tasks

of the following type: to test the basic hypothesis supposing that hypothesisHj is true

against the alternative supposing that alternative hypothesis Hi, i = 1, . . . , S, i ̸= j

is true. This idea was implemented for the case of independence of the parameters
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of the normally distributed random observation vector in [Kachiashvili, (2003)], but

there were not investigated the properties and interrelations of the obtained algo-

rithms. Let us consider a more general case, when these parameters are correlated

and investigate the properties of the obtained algorithms and their interrelations.

3.3.1 Bayesian task of hypotheses testing

Thus, instead of simultaneous consideration of hypotheses H1, H2, . . . , HS, for

their testing, we consider S − 1 particular tasks. Let us test hypothesis Hj against

alternative hypothesis Hi, i = 1, . . . , S, i ̸= j.

Let us designate by Eji the region of acceptance of hypothesis Hj against al-

ternative hypothesis Hi. The solution of the task of testing hypothesis Hj against

hypothesis Hi has the following form [Rao, (2006)]:

Eji =

{
x :

p(x|Hj)

p(x|Hi)
> p(Hi)

p(Hj)

}
. (3.29)

Hypothesis Hj is accepted if observation result x ∈ Eji; ∀ i : i = 1, . . . , S, i ̸= j.

The total error of incorrect decision averaged over all hypotheses, i.e. the risk

function, will look like:

rQuncon =
∑S

j=1
p(Hj) ·

∑S

i=1,i ̸=j

∫
Eij

p(x|Hj)dx. (3.30)

We investigate the behavior of risk function (3.30) with changing the information

distance between the hypotheses. If min
{i,j}

J(Hi, Hj) → ∞, the likelihood integrals

in (3.30) tend to zero and, accordingly, rQuncon → 0. At max
{i,j}

J(Hi, Hj) → 0 and

p(Hi) = 1/S, i = 1, . . . , S, the likelihood integrals in (3.30) tend to 0.5 and rQuncon →

0.5(S−1). Thus, risk function (3.30) takes on the values from interval [0; 0.5 ·(S−1)].
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3.3.2 Approximate Computation of Risk Function (2.8)

From the comparison of regions (2.10) and (3.29) of acceptance of hypotheses, it is

obvious that

Γi =
∩S

j=1,j ̸=i
Eij.

Therefore, for integral from (2.8), we have:∫
Γi

p(x|Hi)dx = P (x ∈ Γi|Hi) = P
(
x ∈

∩S

j=1,j ̸=i
Eij|Hi

)
=

= P (x ∈ Ei1|Hi) ·
∏S

ℓ=2,ℓ̸=i
P
(
x ∈ Eiℓ|

∩ℓ−1

k=1
x ∈Eik, Hi

)
.

(3.31)

It is obvious that, in the considered case,

P (x ∈ Eij|Hi) = P
(
x ∈ Eij|

∩j−1

k=1
x ∈Eik, Hi

)
+ pij, j ̸= i, (3.32)

where pij is the probability of falling of the observation result within the region which

is formed by association of the regions of rejection of hypothesis Hi at its paired test

against hypotheses H1, H2, . . . , Hj.

It is clear that pij <
∑j

k=1,k ̸=i αik, where αik is the significance level of the criterion

at testing hypothesis Hi against hypothesis Hk, i.e. αik = P (x ∈ Ēik|Hi).

Let us replace the conditional probabilities in (3.31) with their values from (3.32).

We have: ∫
Γi

p(x|Hi)dx = P (x ∈ Ei1|Hi)·

·
∏S

j=2,j ̸=i
[P (x ∈ Eij|Hi)− pij] =

=
∏S

j=1,j ̸=i
P (x ∈ Eij|Hi)−

∑S

j=1,j ̸=i
pij·

·
∏S

ℓ=1,ℓ̸=j,i
P (x ∈ Eiℓ|Hi)+

+
∑S

j1=1,j1 ̸=i

∑S

j2=1,j2 ̸=i
pij1 · pij2 ·

∏S

ℓ=1,ℓ̸=j1,j2
P (x ∈ Eiℓ|Hi)−

. . .+ (−1)(S−1) ·
∏S

j1=1,j1 ̸=i
pij1 .

(3.33)
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As the approximate value of the integral, only the first term of decomposition

(3.33) is used, i.e. we assume:∫
Γi

p(x|Hi)dx ≈
∏S

j=1,j ̸=i
P (x ∈ Eij|Hi). (3.34)

It is apparent that approximation (3.34) gives the approximation of the value

of the integral of interest from above. The approximation error depends on many

parameters of the task, including the information distance between the considered

hypotheses. It is known that, when the information distance, for example, the Kull-

back’s distance J(Hi, Hj), between hypotheses Hi and Hj increases, the significance

level of the criterion decreases and, in the limit, tends to zero [Kullback, (1978)].

Therefore the following takes place.

Proposition 3.1. At min
{i,j}

J(Hi, Hj) → ∞, the approximation error tends to zero.

Proof. From decomposition (3.33), it is obvious that, if the significance levels of

criteria tend to zero at considering the hypotheses two by two, all terms but the first

of the decomposition they enter as multipliers tend to zero, and (3.34) turns into

the exact equality. It is known that [Kullback, (1978)], at min
{i,j}

J(Hi, Hj) → ∞, the

significance level of the criterion at testing Hi against Hj tends to zero. Therefore

the statement is true.

Thus, using approximation (3.34) for approximate computation of risk function

(2.8), we obtain:

rauncon = C ·
(
1−

∑S

i=1
p(Hi) ·

∏S

j=1,j ̸=i
P (x ∈ Eij|Hi)

)
. (3.35)



55

The following property of risk function (3.35) is obvious. When the minimum

information distance between the hypotheses increases, i.e. min
{i,j}

J(Hi, Hj) → ∞, there

takes place P (x ∈ Eij|Hi) → 1 and, accordingly, rauncon → 0. When min
{i,j}

J(Hi, Hj) →

0 and p(Hi) = 1/S, i = 1, . . . , S, there takes place P (x ∈ Eij|Hi) → 0.5 and

rauncon → C(1−0.5(S−1)). Thus, generally, average risk (3.35) takes on the values from

interval [0;C(1− 0.5(S−1))].

At J(Hi, Hj) → 0, there takes place p(x|Hi)/p(x|Hj) → 1, and the values of

integrals
∫
Γi
p(x|Hi)dx = P (x ∈ Γi|Hi) are completely determined by a priori proba-

bilities. At p(Hi) = 1/S, i = 1, . . . , S i.e. at the absence of a priori information, the

hypothesis which is the closest to the measurement result is accepted. Let us suppose

p(Hi) > p(Hj), j = 1, . . . , i− 1, i+1, . . . , S, . Then hypothesis Hi is always accepted

and the value of risk function (2.8) is equal to C(1 − p(Hi)). If p(Hi), i = 1, . . . , S,

take arbitrary values, except the considered two limiting ones, the probability in-

tegrals from risk function (2.8) can accept arbitrary values depending on the ratio

among a priori probabilities. The hypotheses testing depend on the measured value

and a priori probabilities of tested hypotheses. The validity of the conclusions made

is clearly confirmed by the calculation results for the normal law of probability dis-

tribution, which are given in Appendix B.

3.3.3 On the Ratios Between Average Risks of Considered

Problems

We investigate the interrelations between average risks of considered problems.

Hereinafter, by an unconditional task is meant an unconditional Bayesian task with
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the step loss function, when the loss is C = 1.

Lemma 3.1. If, at testing hypothesis Hi against hypothesis Hk, k = 1, . . . , S, k ̸= i,

maximum value of the significance level of the criterion, tends to zero, i.e. max
{k}

αik →

0, k = 1, . . . , S, k ̸= i, the value of the integral in the left-hand side of (3.34) exceeds

the product in the right-hand side of (3.34) and, in the limit, coincides with it.

Proof. From (3.33) it is obvious that, in the conditions of Lemma, i.e. when

max
{k}

αik → 0, k = 1, . . . , S, k ̸= i, every next term in the right-hand side of (3.33) is

an order of magnitude less than the previous one. In this case, the sign of the sum of

the terms but the first in the right-hand side of (3.33) will be determined by the sign

of the second term, i.e. it will be negative. Therefore, the left-hand side of (3.34) will

be not less than the right-hand side, i.e. there takes place:∫
Γi

p(x|Hi)dx >
∏S

j=1,j ̸=i
P (x ∈ Eij|Hi), (3.36)

and, in the limit, it turns into the equality.

Proposition 3.2. In the conditions of Lemma 3.1, the approximate value of the

average risk in the unconditional task exceeds (gives the estimation from above) the

average risk of the unconditional Bayesian task. At an increase in the minimum

information distance between the considered hypotheses, the approximate (estimate)

value tends to the exact one.

Proof. In the conditions of Lemma 3.1, (3.36) takes place. Hence, from the com-

parison of (2.8) and (3.35), the validity of the given statement that the approximate
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value of the average risk in the unconditional task is greater than its optimum value is

obvious. At an increase in the minimum information distance between the considered

hypotheses, the maximum value of the significance level of the criterion tends to zero.

Therefore, the validity of the second part of the statement is also obvious.

Proposition 3.3. The average risk of the quasi-optimum unconditional task is always

more than the average risk of optimum unconditional Bayesian task.

Proof. Let us write (2.8) as

roptuncon = 1−
∑S

j=1
p(Hj)

(
1−

∑S

i=1,i ̸=j

∫
Γi

p(x|Hj)dx

)
=

=
∑S

j=1
p(Hj)

∑S

i=1,i̸=j

∫
Γi

p(x|Hj)dx.

(3.37)

On the basis of the comparison of regions (2.10) and (3.29), we can infer that the

occurrence of event {x : x ∈ Γi|Hj} always involves the occurrence of event {x : x ∈ Eij|Hj} ,

but not on the contrary. Therefore, there takes place:∫
Eij

p(x|Hj)dx >
∫
Γi

p(x|Hj)dx.

Comparing (3.30) and (3.37), we conclude that

rQuncon > roptuncon.

Thus, we have obtained the following ratios between the considered average risks:

roptuncon 6 rauncon < rQuncon.
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This ratio allows obtaining the estimations for the values of average risks in op-

timum task. In particular, rauncon gives the estimation of the risk function of the

optimum unconditional Bayesian task from above.

3.3.4 Normal Distribution of Observation Results

Let observation results xT = (x1, x2, . . . , xn) be distributed normally with mathemat-

ical expectation aj
T
= (aj1, . . . , a

j
n), and covariance matrix W when hypothesis Hj is

true (j = 1, . . . , S), i.e. the probability distribution density has the form (2.12). We

consider the case when the covariance matrix W is positively determined. For (2.12),

the region of acceptance Eji of hypothesis Hj against alternative Hi takes the form:

Eji =
{
x : (ai − aj)

T ·W−1 · x > λji

}
,

where

λji = ln
p(Hj)

p(Hi)
− 1

2

[
aj

T
W−1aj − ai

T
W−1ai

]
, j, i = 1, . . . , S; i ̸= j.

It is easy to deduce the formula for computation of the value of average risk (3.35).

It looks like:

rauncon = 1−
∑S

j=1
p(Hj)·

·
∏S

i=1,i̸=j
Φ

 ln
p(Hj)

p(Hi)
+ 1

2
ajT ·W−1 · aj − aiT ·W−1 ·

(
aj − 1

2
ai
)√

(ai − aj)T ·W−1 · (ai − aj)

,
where Φ is the standard normal function of probability distribution.

For average risk (3.30), it is easy to obtain:

rQuncon =
∑S

j=1
p(Hj)·
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·
∑S

i=1,i̸=j
Φ

 ln p(Hi)
p(Hj)

− 1
2
ajT ·W−1 · aj − aiT ·W−1

(
1
2
ai − aj

)√
(aj − ai)T ·W−1 · (aj − ai)

.



Chapter 4

Sequential Analysis Approach for
Testing Many Hypotheses

4.1 Introduction

Sequential methods were first developed by Wald, (1947a,b) and Barnard, (1946).

The historical development of this subject is nicely described in Ghosh and Sen,

(1991). The properties of optimality of this method were investigated in Wald,

(1947a,b); Wald and Wolfowitz, (1948), and so did many other authors Girshick,

(1946a,b); Ghosh, (1970); Siegmund, (1985) and others. Some time later the de-

velopment of Bayesian sequential procedures started Arrow, Blackwell and Girshick,

(1949); Ray, (1965); Barnard, (1947); Anscombe, (1963); Berger, (1985a) and oth-

ers. The essence of these procedures consists in minimization of the risk which is

defined as the average cost of taking observations plus the average loss resulting from

erroneous decisions. A number of sequential criteria for testing many hypotheses are

known. Their logical development are sequentially rejective multiple test methods,

which include a modified Bonferroni procedure with a greater power than the Bon-

ferroni procedure, offered by Holm, (1977, 1979). In Shiryaev, (2008) was shown that

60
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the search for Bayesian decision rules could be reduced to solving a problem of opti-

mal stopping for the Markov random function constructed in a special manner. In the

work Bartroff, (2007), multistage tests of simple hypotheses are described. Using a

loss function, which is a linear combination of sampling costs and error probabilities,

these tests are shown to minimize the integrated risk to second order as the costs per

stage and per observation approach zero.

The methods of sequential analysis described in the above-mentioned works (Wald’s

method and the method based on the Bayesian approach) are quite simple, graphic

and convenient for practical realization, but unfortunately, only for the case of two hy-

potheses. For an arbitrary number of hypotheses, the problem becomes significantly

complex, and it has not been solved completely in the sense of classical statements

of both the sequential criterion based on the sequential probability ratio test (Wald

statement) and the minimization of the sum of Bayesian risk calculated for sequen-

tially incoming observation results and the cost of obtaining of the same results of the

experiment. Though, there are different possible procedures offered both by Wald,

(1947a,b), and other authors (see, for example, Berger, (1985a)) for solving the prob-

lem for an arbitrary number of hypotheses, but, as a rule, they do not possess the

optimal properties in the scope of the chosen criteria or these properties are still not

completely investigated.

Below is offered new method of sequential analysis for testing many hypotheses

[Kachiashvili and Hashmi, (2010)], which is based on the specific properties of re-

gions of acceptance of hypotheses in conditional Bayesian problem of testing many

hypotheses [Kachiashvili and Mueed, (2009)]. For simplicity and clarity of the offered

sequential method, let us briefly describe one of the mentioned conditional Bayesian
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problems of testing many hypotheses and the properties of its hypotheses acceptance

regions [53,57].

4.2 Conditional Bayesian problem of testing many

hypotheses

Let us consider n -dimensional random observation vector xT = (x1, . . . , xn)

with probability distribution density p(x, θ) = p(x1, . . . , xn; θ1, . . . , θk), given on σ-

algebra of Borellian set of space Rn (x ∈ Rn), which is called the sample space. By

θT = (θ1, . . . , θk) is designated the vector of parameters of distribution. In general,

n ̸= k. Let in k-dimensional parametrical space Θk be given S possible values of

considered parameters θi
T
= (θi1, . . . , θ

i
k), i = 1, . . . , S, i.e. θi ∈ Θk; ∀ i : i = 1, . . . , S.

On the basis of xT = (x1, . . . , xn) it is necessary to make the decision namely by which

distribution p(x, θi), i = 1, . . . , S, the sample x is born.

Let us introduce designations: Hi : θ = θi, is the hypothesis that the sample xT =

(x1, . . . , xn) is born by distribution p(x, θi) = p(x1, . . . , xn; θ
i
1, . . . , θ

i
m) ≡ p(x|Hi), i =

1, . . . , S; p(Hi) is the a priori probability of hypothesis.

Conditional Bayesian task has the following form (Kachiashvili, (2003); Kachi-

ashvili and Mueed, (2009)). Find such a decision rule, i.e. such regions of acceptance

of hypotheses Γ1,Γ2, . . . ,ΓS that

rδ =
∑S

i=1
p(Hi) ·

∑S

j=1,j ̸=i

∫
Γj

p(x|Hi)dx⇒ min
{Γj}

, (4.1)

at restrictions

1−
∑S

i=1
p(Hi)

∫
Γi

p(x|Hi)dx 6 α. (4.2)
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The solution of this problem is

Γj =
{
x :
∑S

i=1,i ̸=j
p(Hi)p(x|Hi) < λ · p(Hj)p(x|Hj)

}
, j = 1, . . . , S, (4.3)

where λ is determined so that in (4.2) the equality takes place.

Task (4.1), (4.2) is one of possible formulations of the conditional Bayesian prob-

lem. In a similar manner, we can introduce and solve a set of other conditional

Bayesian tasks (see Kachiashvili, (2003); Kachiashvili and Mueed, (2009); [53]) which

we omit here for conciseness.

The investigation of the properties of the regions (4.3) of hypotheses testing

shows that, if λ = λ∗, then for regions of acceptance of hypotheses there take place

Γi

∩
Γj = 0 and

∪S
i=1 Γi = Rn, where Rn is the observation space, i.e. on the basis

of any observation result x one of the tested hypotheses Hi, i = 1, . . . , S, is accepted

without fail.

At violation of this condition, depending on the values of undetermined Lagrange

coefficient (the value of which is determined by the significance level of the criterion,

i.e. by the value of α), for the considered task in observation space Rn, the sub-regions

of intersection of some (or, in a particular case, all) regions of acceptance of hypotheses

(let us call these regions the ambiguous regions of decision) could exist concurrently

with the sub-regions which do not belong to any of the regions of acceptance of

hypotheses (let us call these regions the impossible regions of decision). In particular,

at λ > λ∗, there takes place Γ̄j ⊆
∪S

i=1,i ̸=j Γi. This is available only if region Γj of

acceptance of hypothesis Hj intersects with one or more (in the limit, with all) regions

of acceptance of other hypotheses. At λ < λ∗, there takes place
∪S

i=1,i̸=j Γi ⊆ Γ̄j. Thus,

in the observation space Rn, there are such sub-regions which do not belong to any

region of acceptance of the tested hypotheses.
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Thus, the situation is similar to the sequential analysis in the case when, on the

basis of present observation results, it could be impossible to make a decision (with

the given probabilities of errors) about the validity of one of the hypotheses from

the considered set. Therefore, in the considered task, if there emerges the situation

of impossibility of making an ambiguous or any decision for the given significance

level, we shall continue the observations until such an opportunity appears. For

this reason, let us determine the expressions for the regions of acceptance of each

of the tested hypothesis and of rejection of any of the tested hypotheses on the

basis of the given number of sequentially obtained observation results. Thus, on the

basis of above-considered conditional Bayesian task, let us determine the methods of

sequential analysis for testing many hypotheses. For clarity let us call this method

the sequential analysis method of Bayesian type.

4.3 The method of sequential analysis of Bayesian

type

Let us suppose that there is an opportunity of obtaining repeated observations.

For introduction of the method of sequential analysis for an arbitrary number of hy-

potheses on the basis of above-considered conditional Bayesian task, let us use the

designations introduced by Wald, (1947a,b). Let Rn
m be the sampling space of all pos-

sible samples of m independent n-dimensional observation vectors x = (x1, . . . , xn).

Let us split Rn
m into S + 1 disjoint sub-regions Rn

m,1, R
n
m,2, . . . , R

n
m,S, R

n
m,S+1. Let

p(x1, . . . , xm|Hi) be the total probability distribution density of m independent n

-dimensional observation vectors. Then p(x1, . . . , xm|Hi) = p(x1|Hi) . . . p(x
m|Hi).
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Let us determine the following decision rule. If the matrix of observation results

x = (x1, . . . , xm) belongs to the sub-region Rn
m,i, i = 1, . . . , S, then hypothesis Hi is

accepted, and, if x = (x1, . . . , xm) belongs to the sub-region Rn
m,S+1, the decision is

not made, and the observations go on until one of the tested hypotheses is accepted.

Regions Rn
m,i, i = 1, . . . , S + 1, are determined in the following way: Rn

m,i, i =

1, . . . , S, is such a part of region Γm
i of acceptance of hypothesis Hi which does

not belong to any other region Γm
j , j = 1, . . . , i − 1, i + 1, . . . , S; Rn

m,S+1 is such

a part of sampling space Rn
m which belongs simultaneously to more than one region

Γm
j , j = 1, . . . , S, or it does not belong to any of these regions. Here the index

m (m = 1, 2, 3, . . .) points to the fact that the regions are determined on the basis of

m sequential observation results.

Let us designate the population of sub-regions of intersections of regions Γm
i of

acceptance of hypotheses Hi (i = 1, . . . , S) in conditional Bayesian task of hypothesis

testing with the regions of acceptance of other hypotheses Hj j = 1, . . . , S; j ̸= i, ,

by Imi . By E
n
m = Rn

m −
∪S

i=1 Γ
m
i , we designate the population of regions of space Rn

m

which do not belong to any of regions of acceptance of hypotheses. Then the regions

of acceptance of hypotheses in the method of sequential analysis of Bayesian type are

determined in the following way.

At λ > λ∗,

Rn
m,i = Γm

i /I
m
i , i = 1, . . . , S; Rn

m,S+1 =
∪S

i=1
Imi .

At λ < λ∗,

Rn
m,i = Γm

i , i = 1, . . . , S; Rn
m,S+1 = En

m.

At λ = λ∗,

Rn
m,i = Γm

i , i = 1, . . . , S; Rn
m,S+1 = ϕ.
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Here regions Γm
i , I

m
i , E

n
m, i = 1, . . . , S, are defined on the basis of regions (4.3)

of acceptance of hypotheses in conditional Bayesian task.

4.4 Consistency and uniqueness of sequential anal-

ysis method of Bayesian type

Let us designate: M1 and M2 are the first and the second methods of testing

of statistical hypotheses; αi, βi are the probabilities of errors of the first and the

second kinds, respectively, corresponding to the methodsMi, i = 1, 2, at the identical

number of observations. Let us introduce the following definition.

Definition 4.1. The method of testing of statistical hypotheses M1 rigorously sur-

passes the method M2 if there take place α1 < α2 and β1 < β2.

For clarity, from here on, by α1 and β1, we shall designate the probabilities of

errors of the first and the second kinds for sequential method of Bayesian type, and,

by α and β, the same quantities for conditional Bayesian task. The theorems confirm

the consistency and uniqueness of the offered sequential analysis method of Bayesian

type are given below.

Theorem 4.1. If the probability distribution p(x|Hi), i = 1, . . . , S, is such that an

increase in the sample size m entails a decrease in the entropy concerning distribution

parameters θ about which the hypotheses are formulated, then infinitely increasing

number of repeated observations, i.e. m → ∞ in the sequential analysis method of

Bayesian type, entails infinite decreasing probabilities of errors of the first and the
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second kinds, i.e. α1 → 0 and β1 → 0.

Proof. Let us designate the Kullback information distance between distributions

p(x|Hi) and p(x|Hj), i.e. between hypotheses Hi and Hi, by J(Hi, Hj). It is known

(Kullback, (1978)) that the Kullback information distance is the measure of distinc-

tion between distributions, i.e. between hypotheses. The probability of no distinc-

tion between Hi and Hi, by x is approximately equal to e−J(Hi,Hj). The value of

e−J(Hi,Hj) decreases at increasing J(Hi, Hj). If probability distribution p(x|Hi), i =

1, . . . , S, is such that an increase in the sample size m reduces the entropy or,

what is the same, increases the information concerning the distribution parame-

ter θ, about which the hypotheses are formulated, then at increasing m the value

J(Hi, Hj), i, j = 1, . . . , S; i ̸= j, increases, and hence the probability of no dis-

tinction between Hi and Hi (i, j = 1, . . . , S; i ̸= j), decreases as the values

of e−J(Hi,Hj), i, j = 1, . . . , S; i ̸= j, decrease. Therefore, at m → ∞, the er-

rors of the first and the second kinds, i.e. the errors of no distinction between

J(Hi, Hj), i, j = 1, . . . , S; i ̸= j, will decrease infinitely, i.e. α1 → 0 and β1 → 0.

Lemma 4.1. In the conditions of Theorem 4.1, at increasing divergence J(Hi, Hj)

between tested hypotheses Hi and Hi, i, j = 1, . . . , S; i ̸= j, Lagrange coefficient λ

in solution (4.3) decreases, and, in the limit, at min
{i,j}

J(Hi, Hj) → ∞, λ −→ 0 takes

place for the given α.

Proof. In the proof of Theorem 4.1 we noted that, at infinitely increasing divergence

J(Hi, Hj) between hypotheses Hi and Hj, i, j = 1, . . . , S; i ̸= j, the probabilities of

no distinction of hypotheses e−J(Hi,Hj) tend to zero. The specificity of conditional
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Bayesian task is such that Lagrange multiplier λ in solution (4.3) is determined

so that, in restrictions (4.2), the equality took place. As is obvious from (4.3), at

min
{i,j}

J(Hi, Hj) → ∞, this is provided due to reduction of λ. It is obvious that, in the

limit, at e−J(Hi,Hj) → 0, ∀ i, j : i, j = 1, . . . , S; i ̸= j, i.e. at min
{i,j}

J(Hi, Hj) → ∞,

there takes place λ −→ 0 for the given α, as we wished to prove.

Hereinafter we shall suppose that probability distributions p(x|Hi), i = 1, . . . , S,

are such that increasing information causes a decrease in the entropy relative to

parameter θ which the hypotheses are formulated about.

Theorem 4.2. For any given sample size “m” and as small errors of the first and the

second kinds α′ and β′ as one likes, there always exists such a positive value J∗ that, if

the divergence between tested hypotheses is more than that value, i.e. min
{i,j}

J(Hi, Hj) >

J∗, α1(J) < α′ and β1(J) < β′ hold true, i.e. the method of sequential analysis of

Bayesian type rigorously surpasses the criterion with errors of the first and the second

kinds equal to α′ and β′, respectively.

Proof. In accordance with Lemma 4.1, at unlimitedly increasing divergence J(Hi, Hj)

between tested hypotheses Hi and Hj, i, j = 1, . . . , S; i ̸= j, Lagrange multiplier λ

in regions (4.3) of acceptance of hypotheses tends to zero, i.e. regions of acceptance

of hypotheses reduce. In this case, it is obvious that the regions of acceptance of

hypotheses in the method of sequential analysis of Bayesian type (see appropriate

regions of acceptance of hypotheses) will also reduce, and the probabilities of errors

of the first and the second kinds α1(J) and β1(J) will tend to zero. Therefore, there

will always be such a positive value J∗ that, if the minimum value among divergences
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between hypotheses min
{i,j}

J(Hi, Hj) exceeds this value, i.e.min
{i,j}

J(Hi, Hj) > J∗, the er-

rors of the first and the second kinds in the method of sequential analysis of Bayesian

type will be less than the given values α′ and β′, i.e. α1(J) < α′ and β1(J) < β′, will

hold true, which we wished to prove.

Theorem 4.3. For any value of α in conditional Bayesian task there always exists

such an integer m∗ that if the number of repeated observations m, in the method of

sequential analysis of Bayesian type, is more than this value, i.e. m > m∗, there will

be accepted one of the tested hypotheses with the probability equal to unity.

Proof. We have m independent trials. The outcomes of each of them are two: 1 -

when one of the tested hypotheses is accepted and 0 - when neither of the hypotheses is

accepted. In accordance with restrictions (4.2), the probability p of acceptance of one

of the tested hypotheses in every experiment is the probability of practical authentic

event, i.e. p is quite close to unity. It is known that the probability of occurrence

of such Bernoulli event, at m → ∞ tends to 1 (Feller (1968, 1971)). Therefore it is

always possible to find such m∗ that, at m > m∗, there will take place the Bernoulli

event with the probability equal to unity with any specified accuracy, as we wished

to prove.



Chapter 5

Experimental research

5.1 Problems of Sensitivity Analysis

The problem of choosing the loss function in the Bayesian problem of many

hypotheses testing is rather delicate and important problem because it significantly

influences the properties of obtained results. For any kind of loss function, the risk

function in the Bayesian problem of many hypotheses testing contains the errors of two

kinds: errors of the first and the second kinds. The Bayesian decision rule minimizes

the total effect of these errors, though, eventually, the share of each of them in the

optimal (in the sense of Bayesian criterion) value of risk function is unknown. When

solving many important problems, the results caused by different errors significantly

differ from each other. Therefore, it is necessary to guarantee the limitation on the

most undesirable kind of these errors and to minimize the errors of the second kind.

For solving these problems on a certain level the loss function in the Bayesian problem

must be chosen very carefully.

In [Berger, (1985a)] is presented criticism of the application of loss functions which

70



71

are used in different works. In particular, there are the following reasons for such crit-

icism: (i) inappropriateness for inference problems, (ii) the complexity for implemen-

tation, and (iii) the non-robustness of obtained results. On the first disadvantage, we

do not concentrate here for a simple reason that we consider only statistical hypothe-

ses testing problems in this work. From our point of view the second disadvantage

is not topical taking into account the today’s advancement of computer science. The

problem of robustness is very important and delicate in statistics. Therefore below, in

Tables 1 and 2, we present the results of investigation by simulation of this problem

for above-described tasks at the normality of probability distribution of the vector of

measured parameters.

Under non-robustness is meant the dependence of hypotheses testing results and

the suitable risk functions on the loss function, on the one hand, and on a priori

probabilities of testing hypotheses, on the other hand. The results of sensitivity

analysis of the Bayesian problem are below given and some advises with respect of

this problem are offered [53].

5.1.1 Loss Function Choice Problems

It is obvious that Bayesian decision rule δ∗(x) depends on the kind of loss function

when all other factors being the same. The problem of choice of this function is rather

topical as the properties of the obtained decision rules depend on it, and the values

of errors of the first and the second kinds involved in risk function (2.1) depend on it

as well. To the choice of loss function in general and in the Bayesian decision rule, in

particular, a lot of investigations are dedicated [Berger, (1985a); De Groot, (1970);

Hwang et al. (1992); Gutmann, (1984); Schaarfsma et al. (1989); Thompson, (1989);
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Schervish, (1989) and others]. In particular, in [De Groot, (1970)] it is shown that the

loss function L has the following properties for any values d ∈ D and Hi, i = 1, . . . , S:

L(Hi, d) > 0 and infd∈D L(Hi, d) = 0.

It has been found convenient, in many problems, to work with nonnegative loss

function of this type, although the use of such a function makes it appear that the

statistician must continually choose decisions from which he can never realize a pos-

itive gain.

Generally, loss function L(Hi, d) has the following form [Berger, (1985a); De

Groot, (1970)]:

L(Hi, d) = γ(θi) · Λ(θi − θj),

where Λ is the nonnegative function of the vector of errors (θi − θj) such that Λ(0) =

0 and γ is a nonnegative function of weights, which shows relative importance of

corresponding vector of errors for different tested hypotheses. Here θi and θj are

the values of the parameters of distribution law for true hypothesis Hi and for the

decision made by decision rule d, respectively. If loss function L(Hi, d) depends only

on the vector of errors (θi − θj), the function γ must be a constant, independent of

testing hypotheses.

Mostly, at testing statistical hypotheses, the following function [Berger, (1985a);

De Groot, (1970); Hwang et al. (1992)] is used as the loss function

Lk(Hi, d) = c(θi) · |θi − θj|k, (5.1)

where c(θi) > 0 and k > 0. The most interesting and the most used cases are k = 1

and k = 2.
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The case k = 1 leads the Bayesian decision for the step loss function [Berger,

(1985a); Hwang et al. (1992)]:

L1(Hi, d) =

K0 · (θi − θj), if (θi − θj) > 0,

K1 · (θi − θj), if (θi − θj) < 0.

The constants K0 and K1 can be chosen to reflect the relative importance of

underestimation and overestimation. These constants will usually be different. When

they are equal, the loss is equivalent to:

L1(Hi, d) = |θi − θj| ,

which is called the absolute error loss. If K0 and K1 are the functions of (θi− θj), the

loss will be called the weighted linear loss. The linear loss (or weighted linear loss) is

quite often a useful approximation to the true loss.

In the two-action decision problem (an example of which is the hypothesis testing)

typical is the case when θi is ”correct” if θ = θi, and θj is correct if θ = θj. (This

could correspond to testing Hi : θ = θi versus Hj : θ = θj.) The loss

L1(Hi, d) =

 0 if θ = θi,

1 if θ = θj (j ̸= i),

is called the ”0-1” loss. In words, this loss is zero if a correct decision is made, and

it is equal to 1 if an incorrect decision is made. The interest in this loss arises from

the fact that, in a testing situation, the risk function of decision rule δ(x) (or test) is

simple.

In practice, the ”0-1” loss will rarely be a good approximation to the true loss

[Berger, (1985a)]. A more realistic loss are:

L1(Hi, d) =

 0 if θ = θi,

ki if θ = θj, (j ̸= i),
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and

L1(Hi, d) =

 0 if θ = θi,

ki(θ) if θ = θj, (j ̸= i).

This last type of loss, with ki(θ) being an increasing function of the ”distance”

of the true θ from θi, is particularly reasonable, in that the harm suffered by an

incorrect decision will usually depend on the severity of the mistake. Actually, even

when a ”correct” decision is made, L(Hi, d) may very well be nonzero, so that the

full generality of the loss may be needed.

It should be noted that, when probability distribution p(Hi), i = 1, . . . , S, has

more than one median, the ”0-1” loss function leads to an ambiguous solution. Some-

times this loss function leads to the results corresponding to Neyman-Pearson’s crite-

rion, the goal of which is to maximize the power of criterion at the given significance

level of criterion [Hwang et al. (1992)].

At k = 2, loss function (5.1) is called the quadratic loss function. The function

L2 is a smooth alternative to L1, which provides obtaining a sensible decision rule

[Hwang at al. (1992)].

Among proper loss functions, L2 emerges as an extremely reasonable alternative

to L1, the examination of decision theory based on L2 is in order.

In [Hwang at al. (1992)] are listed the reasons which allow us to satisfy by inves-

tigation only loss function L2 among other proper losses: 1) all proper losses lead to

the same Bayesian decision rule; 2) admissibility with respect to L2 implies admis-

sibility in virtually the entire class [Hwang and Pemantle, (1990)]; 3) admissibility

with respect to L2 guarantees acceptable conditional performance [Robinson, (1979

a,b)].

On the basis of rigorous consideration of the problem of loss function choice, the
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following conclusions were made in [Hwang at al. (1992)]: 1) the loss L1 has inherent

problems and thus an alternative loss should be considered; 2) among reasonable

alternative losses, L2 emerges as an eminent choice.

In accordance with [Duda, Hart and Stork, (2006)] quadratic and linear loss func-

tions are more often used in regression tasks where there is natural ordering on the

predictions, and we can meaningfully penalize predictions that are ”more wrong”

than others.

5.1.2 Sensitivity Analysis

As was mentioned above under non-robustness is meant the dependence of hy-

potheses testing results and the suitable risk functions on the loss function, on the one

hand, and on a priori probabilities of hypotheses testing, on the other hand. For this

reason below are given the calculation results showing the dependence of the correct-

ness of decisions made and the suitable values of risk functions on the loss function

values and on a priori probabilities of tested hypotheses for above-considered Bayesian

problems with arbitrary and step “0-1” loss functions (Tables 1 and 2) [53]. This is

made for normal probability distribution of the vector of measured parameters, i.e.

at (2.12).

In Table 1 are given the results of research of the dependence of Bayesian prob-

lems on the loss function at different covariance matrices. In Tables 2 are given the

results of research of the dependences of Bayesian problems on the change of a priori

probabilities, respectively, for Example 1. The investigations were performed for two

examples. Let us introduce the data on these examples.
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Example 1. Tested hypotheses: H1 : θ11 = 1, θ12 = 1, H2 : θ21 = 4, θ22 = 4, H3 :

θ31 = 8, θ32 = 8. Measurement results: x1 = 2, x2 = 2. A priori probabilities of tested

hypotheses: p(H1) = 0.333, p(H2) = 0.333, p(H3) = 0.333.

Example 2. Tested hypotheses: H1 : θ
1
1 = 2, θ12 = 2, H2 : θ

2
1 = 4, θ22 = 4, H3 : θ

3
1 =

7, θ32 = 7. Measurement results: x1 = 2.5, x2 = 2.5. A priori probabilities of tested

hypotheses: p(H1) = 0.333, p(H2) = 0.333, p(H3) = 0.333.

In both examples, we used the following covariance matrices and loss functions:

W1 =

(
2 1.5

1.5 2

)
, W2 =

(
4 3

3 5

)
, W3 =

(
7 5

5 8

)
, W4 =

(
10 9

9 10

)
,

L1 =


0 1 2

1 0 1

2 1 0

 , L2 =


0 2 4

2 0 3

4 3 0

 , L3 =


0 4 8

4 0 6

8 6 0

 ,

L4 =


0 10 30

10 0 16

30 16 0

 , L5 =


0 12 100

12 0 48

100 48 0
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Table 1.

Hypothesis Testing Bayesian Problems

Covariance Loss function Bayesian problem with Bayesian problem with

matrix arbitrary loss functions 0− 1 loss functions

Example 1 Example 2 Example 1 Example 2

W L Acc. Risk Acc. Risk Acc. Risk Acc. Risk

hyp. fun. hyp. fun. hyp. fun. hyp. fun.

Hi rδ∗ Hi rδ∗ Hi rδ∗ Hi rδ∗

W1 L1 H1 0.01081 H1 0.05173 H1 0.1288 H1 0.24202

L2 H1 0.02325 H1 0.11431

L3 H1 0.0515 H1 0.24622

L4 H1 0.12636 H1 0.62299

L5 H1 0.18343 H1 0.96018

W2 L1 H1 0.01632 H1 0.07506 H1 0.25095 H1 0.37062

L2 H1 0.02951 H1 0.13787

L3 H1 0.05447 H1 0.32538

L4 H1 0.16226 H1 0.94511

L5 H1 0.24811 H2 2.36436

W3 L1 H1 0.01665 H2 0.14572 H1 0.34406 H1 0.45294

L2 H1 0.02983 H1 0.21306

L3 H1 0.05616 H1 0.43634

L4 H1 0.21317 H2 2.06438

L5 H1 0.53236 H2 6.90991

W4 L1 H2 0.03859 H2 0.31862 H1 0.41499 H1 0.50983

L2 H1 0.04927 H2 0.46390

L3 H1 0.09817 H2 0.90340

L4 H2 0.5906 H2 5.05420

L5 H2 2.526 H2 14.5760
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Table 2.

Hypothesis Testing Bayesian Problems

Covariance Loss Bayesian problem with Bayesian problem with

matrix function arbitrary the “0− 1”

loss function loss function

W L A prior A prior A prior Accepted Risk Accepted Risk

prob. prob. prob. hypoth. func. hypoth. func.

p(H1) p(H1) p(H1) Hi rδ∗ Hi rδ∗

W1 L3 (a)

0.333 0.333 0.333 H1 0.0515 H1 0.12880

0.3 0.3 0.4 H1 0.04622 H1 0.12169

0.2 0.2 0.6 H1 0.02942 H1 0.09400

0.1 0.1 0.8 H1 0.02063 H1 0.05667

0.01 0.01 0.98 H1 0.02302 H1 0.00869

(b)

0.333 0.333 0.333 H1 0.0515 H1 0.12880

0.3 0.4 0.3 H1 0.06173 H1 0.13358

0.2 0.6 0.2 H2 0.1162 H2 0.12694

0.1 0.8 0.1 H2 0.1674 H2 0.08949

0.01 0.98 0.01 H2 0.0685 H2 0.01516

On the basis of obtained results we infer the following. The less is the information

distance between the hypotheses (for example, Kullback’s distance (Kullback, (1978)),

the more carefully must be chosen the values of the loss function in the Bayesian

problem. Unjustified big values of the loss function, at small information distances,

cause errors at hypotheses testing. In this sense the Bayesian task with the “0-1” loss

function is more reliable. (On the basis of the afore-said, it is difficult to agree with

the authors of [Hwang at al. (1992)] about undoubted superiority of the quadratic loss

function over the “0-1” loss function from the point of view of hypotheses testing.)

The Bayesian tasks of statistical hypotheses testing are sensitive to the changes

in a priori probabilities. Of decisive importance for correct hypotheses testing in all
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considered tasks is the correct (or close to correct) choice of a priori probabilities for

a true and close-to-true hypotheses. If there is no confidence in the correctness of

chosen values of a priori probabilities, it is better to ignore this information and take

p(H1) = p(H2) = . . . = p(HS), where S is the number of tested hypotheses.

From the considered calculation results it is obvious that the Bayesian task of

hypotheses testing with the ”0-1” loss function is less sensitive to the changes in

information distances between the hypotheses than the Bayesian task of hypotheses

testing with the arbitrary loss function, but both of these tasks are identically sensitive

to the changes in a priori probabilities of hypotheses. On the basis of the aforesaid

there should be chosen the loss function for hypotheses testing at solving practical

problems.

5.2 Experimental Research of the developed

Bayesian Methods

Naturally, any correct decision rule at informationally distant from each other hy-

potheses testing must make a right decision with high confidence probability, whereas,

at the reduction of information divergence between the hypotheses the authenticity of

hypotheses testing must deteriorate. Moreover, hypotheses testing must be as reliable

as possible to reasonable changes in subjective information, such as a priori proba-

bilities of hypotheses and loss functions in the considered case. The results of testing

of developed algorithms on the concrete examples are given below for investigation

of these properties. Naturally, the higher is the authenticity of hypotheses testing

at identical divergences between the hypotheses and a priori information, the more
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exact is the developed decision rule.

The results of the hypotheses testing algorithm at the number of hypotheses equal

to two are given in Table 3. The value of the coefficient is C = 1. In the calculation

are used the following covariance matrices:

W1 =

(
2 1.5

1.5 2

)
,W2 =

(
4 3

3 4

)
,W3 =

(
8 5

5 8

)
,W4 =

(
12 9

9 12

)
,

W5 =

(
16 14

14 16

)
,W6 =

(
100 80

80 100

)
,W7 =

(
0.01 0

0 0.01

)
.

From the obtained results, it is obvious that, when the divergence (for example,

Kullback’s divergence) between the hypotheses tends to zero, i.e. J(H1, H2) → 0 and

p(H1) = p(H2) = 0.5, the value of risk function tends to C · 0.5. The decision made

is correct in all considered cases. At J(H1, H2) → 0 and p(H1) ̸= p(H2), the value of

risk function tends to C · (1−max(p(H1), p(H2))). The hypothesis with maximum a

priori probability is accepted. At J(H1, H2) → ∞, the value of risk function tends

to zero regardless of a priori probabilities. The hypothesis for which the divergence

with the observation result is minimum is accepted. These results are in complete

agreement with the results of theoretical analysis of formula (2.22) and coincide with

the results obtained in item 2.3.3 for the general loss function at S = 2, which proves

our conclusions.
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Table 3.

Divergence Measurement Hypotheses A prior Covariance Accepted Risk

between result probabilities matrix hypot- function

hypotheses of hypotheses -hesis

J(Hi, Hj) x H1 H2 p(H1) p(H2) W Hi r

→ 0 2,2 1,1 4,4 0.5 0.5 W1 H1 0.12842

−“− −“− −“− 0.5 0.5 W2 H1 0.21134

−“− −“− −“− 0.5 0.5 W3 H1 0.27815

−“− −“− −“− 0.5 0.5 W4 H1 0.32171

−“− −“− −“− 0.5 0.5 W5 H1 0.34927

−“− −“− −“− 0.5 0.5 W6 H1 0.43718

→ 0 0.002,0.002 0.001,0.001 0.004,0.004 0.5 0.5 W6 H1 0.49994

−“− −“− −“− 0.9 0.1 W6 H1 0.1

−“− −“− −“− 0.1 0.9 W6 H2 0.1

−“− −“− −“− 0.8 0.2 W6 H1 0.2

−“− −“− −“− 0.2 0.8 W6 H2 0.2

→ ∞ 2,2 1,1 4,4 0.5 0.5 W7 H1 0

−“− −“− −“− 0.9 0.1 W7 H1 0

−“− −“− −“− 0.1 0.9 W7 H1 0

3,3 1,1 4,4 0.8 0.2 W7 H2 0

−“− −“− −“− 0.2 0.8 W7 H2 0

The results of investigation of hypotheses testing algorithms with general and step

loss functions at arbitrary number of hypotheses are given in Table 4. In calculations

are used the covariance matrices from Example 1 and loss functions have the following

form:

L1 =


0 3 7

3 0 4

7 4 0

 , L2 =


0 5 9

5 0 7

9 7 0

 , L3 =


0 7 11

7 0 9

11 9 0

 ,
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L4 =


0 9 15

9 0 13

15 13 0

 , L5 =


0 18 98

18 0 32

98 32 0

 .

Table 4.

Bayesian problem with general loss function Bayesian problem

Diver- Cova- Loss Meas- with 0 − 1 loss

verg- rian- fu- urem-

ence ce -nc- ent Hypotheses A prior Acc- Risk Acc- Risk

betw- ma- ti- result probabilities ept- func- ept- func-

een trix on ed- tion ed- tion

hypot- hyp- hyp-

heses -oth -oth

eses eses

H1 H2 H3 p(H1) p(H2) p(H3) Hi rδ∗ Hi rδ∗

J(Hi

, Hj) W L x

Sensitivity concerning information distances between hypotheses and loss function

→ 0 W1 L1 2,2 1,1 4,4 8,8 0.333 0.333 0.333 H1 0.04003 H1 0.128

W2 -“- -“- -“- -“- -“- -“- -“- H1 0.03797 H1 0.24271

W3 -“- -“- -“- -“- -“- -“- -“- H1 0.04744 H1 0.35223

W4 -“- -“- -“- -“- -“- -“- -“- H2 0.15640 H1 0.43052

W5 -“- -“- -“- -“- -“- -“- -“- H2 0.53796 H1 0.48171

W6 -“- -“- -“- -“- -“- -“- -“- H2 2.33333 H1 0.64450

→ 0 W1 L2 -“- -“- -“- -“- -“- -“- -“- H1 0.05170

W2 -“- -“- -“- -“- -“- -“- -“- H1 0.06330

W3 -“- -“- -“- -“- -“- -“- -“- H1 0.07568

W4 -“- -“- -“- -“- -“- -“- -“- H1 0.12347

W5 -“- -“- -“- -“- -“- -“- -“- H2 0.29421

W6 -“- -“- -“- -“- -“- -“- -“- H2 4.00000

→ 0 W1 L3 -“- -“- -“- -“- -“- -“- -“- H1 0.09103

W2 -“- -“- -“- -“- -“- -“- -“- H1 0.09519

W3 -“- -“- -“- -“- -“- -“- -“- H1 0.09781

W4 -“- -“- -“- -“- -“- -“- -“- H1 0.12737

W5 -“- -“- -“- -“- -“- -“- -“- H1 0.26001

W6 -“- -“- -“- -“- -“- -“- -“- H2 5.33333

→ 0 W1 L4 -“- -“- -“- -“- -“- -“- -“- H1 0.10971

W2 -“- -“- -“- -“- -“- -“- -“- H1 0.09529

W3 -“- -“- -“- -“- -“- -“- -“- H1 0.11659

W4 -“- -“- -“- -“- -“- -“- -“- H1 0.15863

W5 -“- -“- -“- -“- -“- -“- -“- H1 0.31109

W6 -“- -“- -“- -“- -“- -“- -“- H2 7.33333
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Table 4. (Continuation)

→ 0 W1 L5 -“- -“- -“- -“- -“- -“- -“- H1 0.18522 .

W2 -“- -“- -“- -“- -“- -“- -“- H1 0.25963

W3 -“- -“- -“- -“- -“- -“- -“- H2 0.81043

W4 -“- -“- -“- -“- -“- -“- -“- H2 4.59800

W5 -“- -“- -“- -“- -“- -“- -“- H2 12.0863

W6 -“- -“- -“- -“- -“- -“- -“- H2 16.6667

→ ∞ W1 L2 2,2 1,1 4,4 8,8 0.333 0.333 0.333 H1 0.05170 1 0.128

3,3 1.5,1.5 6,6 12,12 -“- -“- -“- H1 0.00250 1 0.03729

4,4 2,2 8,8 16,16 -“- -“- -“- H1 0 1 0.00861

10,10 5,5 20,20 40,40 -“- -“- -“- H1 0 1 0

→ ∞ W1 L5 2,2 1,1 4,4 8,8 0.333 0.333 0.333 H1 0.18522

3,3 1.5,1.5 6,6 12,12 -“- -“- -“- H1 0.01500

4,4 2,2 8,8 16,16 -“- -“- -“- H1 0

10,10 5,5 20,20 40,40 -“- -“- -“- H1 0

Sensitivity concerning a prior probabilities

W2 L3 2,2 1,1 4,4 8,8 0.3 0.3 0.4 H1 0.07509 H1 0.23169

-“- -“- -“- -“- 0.2 0.2 0.6 H1 0.07574 H1 0.18187

-“- -“- -“- -“- 0.1 0.1 0.8 H1 0.22701 H1 0.10855

-“- -“- -“- -“- 0.05 0.05 0.9 H1 0.28339 H1 0.06124

-“- -“- -“- -“- 0.01 0.01 0.98 H1 0.09187 H1 0.01465

W2 L3 -“- -“- -“- -“- 0.3 0.4 0.3 H1 0.13193 H1 0.25048

-“- -“- -“- -“- 0.2 0.6 0.2 H2 0.66888 H2 0.22912

-“- -“- -“- -“- 0.1 0.8 0.1 H2 0.01320 H2 0.14825

-“- -“- -“- -“- 0.05 0.9 0.05 H2 0.70435 H2 0.08456

-“- -“- -“- -“- 0.01 0.98 0.01 H2 0.15991 H2 0.01921

On the basis of obtained results we can infer that, at increasing the covariance

matrix components, great loss functions give better results. Such is indeed the case.

Losses connected with incorrect decisions must increase by increasing uncertainty.

Though, too big values of loss function deteriorate the quality of hypotheses testing.

A significantly big value of risk function corresponds to incorrect hypotheses testing.

The decision rule corresponding to the “0-1” loss function is more reliable to changes

in divergences between hypotheses than the decision rule with an arbitrary loss func-

tion. The latter gives sufficiently good results at correct choice of loss function. In

particular, for the considered example, the best results are obtained for loss functions
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L3 and L4. Therefore, for investigation of this algorithm for the sensitivity to the

changes in a priori probabilities we used the L3 loss function. At J(Hi, Hj) → 0, the

risk corresponding to the “0-1” loss function surpasses the risk for the arbitrary loss

function, except for the case when, in the latter problem, the values of the loss func-

tion are unjustifiably great and/or the covariance matrix is great. At J(Hi, Hj) → ∞

both algorithms give the correct results. The risk for the “0-1” loss function surpasses

the risk for the arbitrary loss function at correct choice of the values of loss function

in the latter problem.

Both decision rules with the general loss function and with the “0-1” loss function

are identically sensitive to the errors in a priori probabilities of the hypotheses close

to the true hypothesis. The values of risk at arbitrary loss function, at increasing

errors in these probabilities, increase in the beginning and after decrease, and, at the

“0-1” loss function, at decreasing a priori probabilities of true hypothesis, the risk

decreases.

5.3 Experimental Research of Quasi-optimal

Bayesian Rule

On the basis of calculation results of concrete examples, the validities of the

obtained results and the conclusions about quasi-optimal decision rule, presented in

Section 3.3, are shown below.

For the purpose of experimental research of the quality of the offered algorithms, a

problem of emergency detection of pollution sources of river water on the given section

is considered [Kachiashvili and Melikdzhanian, (2006)]. The pollution level of river
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water is controlled by the content of chlorides, sulfates, ammonia nitrogen, petroleum

products and iron. Concentrations of these components in the river water are caused

by five different pollution sources operating on the controllable section of the river.

We designate these objects as OB1, OB2, OB3, OB4 and OB5. In normal operating

conditions they discharge wastes with one concentration of the components into the

river, and in the emergency conditions - of other concentration, which is considerably

higher. Six hypotheses concerning being of these objects in the emergency operating

conditions are formulated (see Table 5) [Kachiashvili and Melikdzhanian, (2006)]. We

have: the dimension of the observation vector n = 5 and the number of hypotheses

S = 6.

As it is seen, the values of water parameters diverge considerably. Therefore,

for avoiding the overflow of registers or the occurrence of division by zero in the

computer, prior to hypotheses testing there is carried out the normalization of the

initial data by formulae x′i = (xi−ci)/(di−ci), σ
′2
i = σ2

i /(di − ci)
2, i = 1, . . . , 5, where

ci, di, i = 1, . . . , 5, are the minimum and maximum values of the ith controllable

parameter for the set of considered hypotheses, respectively. After such normalization

the coordinates of hypotheses take on the values specified in brackets in Table 5.

The results of the work of the considered optimum and quasi-optimum algorithms

are given in Table 6. For each case, for testing the formulated hypotheses (see Table 5),

there are used five-dimensional observation vectors with identical covariance matrix

taken by five. For each case, the observation results are simulated by formula xmes =

µ+ k ·N(x|0;σ), k = 1/2, 1, 2, 3, where N(x|0;σ) is the normally distributed random

vector with the mathematical expectation equal to zero and the vector of variances

σ = (σ1, . . . , σ5) ; µ = (µ1, . . . , µ5) = (1519, 592, 81, 0.03, 0.41) and σ = (σ1, . . . , σ5) =
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(115.7, 34.6, 14.2, 0.006, 0.1).

In our case, it is known that the originators of emergency pollution are objects

OB1 and OB2, i.e. hypothesis H1 is true [Kachiashvili and Melikdzhanian, (2006)]. In

the optimum Bayesian task, the Makhalanobis distance between the hypotheses, cal-

culated by formula L(Hi, Hj) = dM(Hi, Hj) =
√

(µi
1 − µj

1)
2/σ2

1 + . . .+ (µi
5 − µj

5)
2/σ2

5

for normalized initial data, are used as a loss function. Their values for σ2 are given

in Table 7.

In Table 6, the optimum and approximate values of risk functions for the Bayesian

task with a step loss function are given in the same columns. Near to optimum values

of risk functions in the brackets the approximate values are given. The values of risk

functions for different number of tested hypotheses for σ2 are given in Table 8. For

clearness, the dependences of risk functions on the number of tested hypotheses and

the module of covariance matrix are shown in Figs. 1 and 2. By the modelling results

(see Table 6), it is evident that the quality of hypotheses testing of quasi-optimum

algorithms coincides with the quality of optimum algorithms for the considered ex-

ample.

By the data of Tables 6 and 8 and the figures, the validity of statements cited

in Section 3.3.3 is evident. In particular, the approximate value of the risk function

gives the estimation of the optimum risk function in the Bayesian task from above.

The risk function of the quasi-optimum task exceeds the optimum and approximate

values of the risk function. The computation results confirmed the evident fact that

the values of risk functions ropt, ra and rQ are equal for S = 2.
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Table 5. Hypotheses concerning the objects responsible for emergency pollution

Hypotheses Objects Values of Parameters Measured in the Lower Controlled Range

Numbers (Enterprises) Chlorides, Sulfates, Ammonia Petroleum Iron,

Suspected in mg/l mg/l Nitrogen, Products, mg/l

Pollution mg/l mg/l

H∗
1 OB1,OB2 1519.53(0) 592.28(0) 81.56(0) 0.03(0) 0.41 (0.253)

H2 OB1,OB2,OB4 1519.53(0) 592.28(0) 109.44 0.04(1) 0.80 (0.7733)

(0.79977)

H3 OB1,OB3 1616.33 592.28(0) 88.54 0.03(0) 0.59 (0.4933)

(0.6934) (0.20023)

H4 OB1,OB2,OB5 1616.33 592.28(0) 116.42(1) 0.04(1) 0.97 (1)

(0.6934)

H5 OB1 1362.53(0) 592.28(0) 81.56(0) 0.03(0) 0.22 (0)

H6 OB1,OB2,OB4, 1728.53(1) 634.28(1) 109.44 0.04(1) 0.80 (0.7733)

OB5 (0.7998)

* - show true hypothesis for measurement results from Table 2
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Table 6. The results of statistical hypotheses testing by the considered methods

Covariance Observation results Optimal Bayesian tasks Quasi-optimal

matrix Bayesian task

General loss function Step loss function Accep- Risk

Accep- Risk Accep- Risk ted func-

ted function ted function hypo- tion

hypo- hypo- thesis

thesis thesis

W (x1, . . . , xn) Hi runcon(δ) Hi roptuncon Hi rQuncon

(rauncon)

σ2/2 (0.0566, 1.4944, 0.0888, -0.4399, H1 0.119472 H1 0.050959 H1 0.1346

0.2289); (0.0665)

(0.0767, -0.3574, 0.2390, -0.1898, H1 H1 H1

0.3139);

(0.5341, 1.0880, 0.1249, 0.1688, H1 H1 H1

0.2302);

(0.1296, -0.4322, 0.4862, 0.8181, H1 H1 H1

0.2725);

(-0.0087, 0.0811, -0.2503, -0.9805, H1 H1 H1

0.3361)

σ2 (0.2565, -0.2249, 0.2069, -0.3295, H5 0.254315 H5 0.091905 H5 0.40081

0.0794); (0.190068)

(0.3845, 2.0334, -0.3063, 0.0452, H1 H1 H1

0.3367);

(0.4556, 0.1030, 0.0383, -0.409 H1 H1 H1

1,0.1675);

(-0.1027, -0.6681, 0.2551, 0.9105, H1 H1 H1

0.3726);

(0.0871, 0.8164, -0.1306, 0.4583, H1 H1 H1

0.4756)

2 · σ2 (0.1132, 2.9888, 0.1776, -0.8798, H1 0.385116 H1 0.139716 H1 0.86904

0.2049); (0.37545)

(0.1535, -0.7148, 0.478, -0.3796, H1 H1 H1

0.3748);

(1.0682, 2.1760, 0.2499, 0.3376, H3 H3 H3

0.2074);

(0.2593, -0.8645, 0.9724, 1.6362, H1 H1 H1

0.2921);

(-0.0175, 0.1622, -0.5007, -1.9611, H1 H1 H1

0.4192)
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Table 6. (Continuation)

3 · σ2 (-0.5813, 2.7802, 0.4397, 1.5866, 0.3466); H1 0.441401 H1 0.163666 H1 1.22811

(0.4915)

(-0.3016, -0.7448, -0.6955, -0.3628, -0.0938); H5 H5 H5

(0.5203, -0.8906, 0.9369, 1.1071, 0.4657); H3 H3 H3

(-0.4434, -3.0615, -0.8523, 0.0107, 0.5735); H1 H1 H1

(0.8846, 0.4363, -0 .2710, 1.4114, 0.0958) H1 H1 H5

Table 7. Makhalanobis distance between the hypotheses

dM (H1,Hj) dM (H2,Hj) dM (H3,Hj) dM (H4,Hj) dM (H5,Hj)

j > 1 j > 2 j > 3 j > 4 j > 5

4.6278 3.7205 4.5431 8.3021 7.1668

2.8739 2.8118 4.3092 2.4087

6.661 6.2927 3.4261

1.8858 3.4298

5.7602
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Table 8. The values of risk functions for σ2

Hypotheses Risk function Value of risk functions

H1, H2,H3 ra 0.07639

ropt 0.052706

rQ 0.07809

H1, H2,H3 ra 0.10225

H4 ropt 0.064263

rQ 0.10449

H1, H2,H3 ra 0.15363

H4, H5 ropt 0.08900

rQ 0.15932

H1, H2,H3 ra 0.190068

H4, H5,H6 ropt 0.091905

rQ 0.20041

Number of Hypotheses Moduls of vectors of variance
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5.4 Experimental Research of Sequential

Analysis Method

For illustrating the correctness of the results obtained in Chapter 4 and showing the

quality of the offered methods in practice, let us bring the calculation results of some

examples for the cases when sequentially accepted observation results are normally

distributed independent random variables. In the example where the number of

hypotheses is equal to two are also given the results of operation of the Wald method

with parameters: α = 0.05 and β = 0.05. Consequently, the hypotheses testing

thresholds for this criterion are equal to B = 0.05263 and A = 19.

Example 3. Tested hypotheses: H1 : θ11 = 1, θ12 = 1, H2 : θ21 = 4, θ22 = 4. A priori

probabilities of hypotheses: p(H1) = 0.5, p(H2) = 0.5. The significance level of the cri-

terion in conditional Bayesian task is α = 0.05. The parameters of sequentially incom-

ing observation results as a two-dimensional normally distributed random vector with

the mathematical expectation θ = (4; 4) and the covariance matrix W =

 1 0

0 1

 .

To save room, let us describe the obtained results without going into details.

Totally there were generated 60 sequentially incoming observation results on the basis

of which, in the sequential Wald criterion decisions were made 36 times, from them

18 decisions were made on the basis of 1 observation result, 14 - on the basis of

2 observation results, 3 - on the basis of 3 observation results and 1 decision - on

the basis of 5 observation results. In sequential method of Bayesian type, decisions

were made 52 times, from them 47 decisions were made on the basis of 1 observation
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result, 3 - on the basis of 2 observation results, 1 - on the basis of 3 observation

results and 1 - on the basis of 4 observation results. All decisions are correct. The

average number of observation results necessary for hypotheses testing is equal to:

in the Wald criterion - n̄W = 1.6666(6); in sequential method of Bayesian type -

n̄B = 1.1538. The average probabilities of errors of the first and the second kinds in

sequential method of Bayesian type at hypotheses testing are equal to: on the basis

of one observation - α′ = 0.00469 and β′ = 0.05 (λ = 0.13246); on the basis of two

observations α′ = 6.65 · 10−6 and β′ = 0.05 (λ = 0.00029); on the basis of three

observations -α′ = 5.85 · 10−9 and β′ = 0.05 (λ = 3.34 · 10−7); on the basis of four

observations α′ = 3.9 · 10−12 and β′ = 0.05 (λ = 2.7 · 10−10).

Example 4. Tested hypotheses: H1 : θ11 = 1, θ12 = 1, H2 : θ21 = 4, θ22 = 4, H3 :

θ31 = 8, θ32 = 8 and H4 : θ41 = 12, θ42 = 12. A priori probabilities of hypotheses:

p(H1) =
1
4
, p(H2) =

1
4
, p(H3) =

1
4
p(H3) =

1
4
. The significance level of the criterion

in conditional Bayesian task is α = 0.05. The parameters of sequentially incoming

observation results as a two-dimensional normally distributed random vector with the

mathematical expectation θ = (4; 4) and the covariance matrix W =

 10 9

9 10

 .

To save room, let us describe the obtained results without doing into details. To-

tally there were generated 40 sequentially incoming observation results on the basis

of which, in sequential method of Bayesian type, decisions were made 15 times; from

them 8 decisions were made on the basis of 2 observation results, 4 - on the basis

of 3 observation results and 3 - on the basis of 4 observation results. All decisions

are correct except of one case when, instead of the second hypothesis, the first one is
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accepted on the basis of two, the sixteenth and the seventeenth, observation results

(arithmetic mean of these observation results on the basis of which the decision is

made is equal to (x16+x17)/2 = (0.0389; 1.2279). The average number of observation

results necessary for hypotheses testing is equal to n̄B = 2.66(6). The average proba-

bilities of errors of the first and the second kinds in sequential method of Bayesian type

at hypotheses testing are equal to: on the basis of two observations - ᾱm = 0.128 and

β′ = 0.05 (λ = 2.455); on the basis of three observations - ᾱm = 0.052 and β′ = 0.05

(λ = 1.925) and on the basis of four observations - ᾱm = 0.00866(6) and β′ = 0.05

(λ = 1.465), respectively.



Conclusion

The Bayesian problem of many hypotheses testing for general and step loss func-

tions has been solved. The obtained decision rules were reduced to concrete working

formulae for multivariate normal probability distribution, when the hypotheses are

formulated concerning to all parameters of this distribution. For calculation of prob-

ability integrals from multivariate normal densities by series using the reduction of

dimensionality of multidimensional integrals to one without losing the information

were obtained. Formulae for calculation of product moments of normalized normally

distributed random variables were also obtained. The problems of existence and

continuity of the probability distribution law of linear combination of exponents of

quadratic forms of the normally distributed random vector, and also, the problem of

finding the closed form of this law were considered. The existence of this law and

the opportunity of its unambiguous determination by the calculated moments were

proved. The calculation for numerical examples was realized.

The results of research and calculations of concrete examples allow us to infer that,

for the Bayesian problem of many hypotheses testing concerning the parameters of

multivariate normal distribution, for obtaining correct decisions with high authentic-

ity, the correct choice of loss function depending on the information divergence among

the hypotheses is of great importance, and, the correct choice of a priori probabilities

94
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of the hypotheses informationally close to the true hypothesis is also of significance.

The offered method of approximation of optimum regions of acceptance of hy-

potheses in Bayesian task of many hypotheses testing significantly simplify the im-

plementation of the algorithm of hypotheses testing in this task. In particular, for

the multivariate normal probability distribution, owing to this approximation, the

analytical implementation of the decision rule and calculation of the appropriate risk

functions are successful, which are impossible for optimum regions of acceptance of

hypotheses. The research of the properties of developed algorithms allows estimating

the quality and the interrelation of the developed algorithms.

From chapter 4 it is obvious that offered new method of sequential analysis is

convenient, unified and clear for using with the purpose of hypotheses testing for any

number of tested hypotheses. In this method the criterion of optimality is a restriction

from above of the probability of error of one kind and minimization of the probability

of error of the second kind. The adduced examples demonstrate high quality of the

offered method at testing hypotheses in different situations which differ both by the

divergence between the hypotheses and the number of tested hypotheses. The offered

sequential method is quite reliable, it does not need a great number of observation

results for hypotheses testing and each decision made is accompanied by calculated

values of the probabilities of errors of both kinds.

The calculation results of concrete examples confirm the correctness of the ob-

tained results and the conclusions made.
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Appendix A. On the Existence of

Closed Form for Probability

Distribution Law of Weighted Sum

of Exponents of Correlated

Quadratic Forms.

Let us investigate the opportunity of finding of closed form for probability dis-

tribution law of random variable (3.1).

Theorem A. 2 .1. It is impossible to find the closed form of the probability distri-

bution law of the random variable ξjk determined by (3.1) at S ≥ 2.

Proof. Let us consider the case S = 1 which, from the point of view of above-stated

problem of hypotheses testing is not meaningful, but is important for achieving the

aim stated in this item.

Thus, let us consider the following problem: to find the probability distribution law
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of random variable η = e−ξ, where ξ ∼ χ2(n, λ); n and λ are the number of degrees

of freedom and the parameter of non-centrality of the χ2-probability distribution,

respectively.

As the domain of definition of random variable ξ is [0,∞), i.e. ξ ∈ [0,∞), for

the domain of definition of η we have η ∈ (0, 1]. In accordance with the definitions of

distribution function of the random variable, we have:

Fη(x) = Pη(η < x) = Pη(e
−ξ < x) = Pξ(−ξ < lnx),

−ξ ∈ (−∞, 0], x ∈ (0, 1], lnx ∈ (−∞, 0],

i.e.

Fη(x) =


0, atx < 0;

Pη(η < x), at x ∈ [0,1];

1, at x > 1.

Let us carry out the following obvious transformations:

Pξ(−ξ < lnx) = Pξ(ξ > − lnx) = 1− Pξ(ξ < − lnx)

= 1−
∫ − lnx

0

χ2(t;n, λ)dt.

Finally, for the required probability distribution function, we shall obtain:

Fη(x) = 1−
∫ − lnx

0

χ2(t;n, λ)dt at x ∈ (0, 1].

This function is truly the probabilities distribution function indeed. Really:

1. at x = 0, Fη(0) = 1−
∫∞
0
χ2 (t;n, λ) dt = 1− 1 = 0;

2. at x = 1, Fη(1) = 1−
∫ 0

0
χ2 (t;n, λ) dt = 1− 0 = 1;

3. at x ∈ (0, 1], Fη(x) ≥ 0.
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The probabilities distribution density will look like:

pη(x) = F
′

η(x) =
1

x
· χ2 (− lnx;n, λ) , at x ∈ (0, 1]

Let us check up its properties:

1. for any x ∈ (0, 1], there takes place pη(x) ≥ 0;

2. pη(x) → ∞ at x→ 0;

3. pη(1) = 0;

4.
∫ x

0
pη(t)dt =

∫ x

0
t−1 · χ2 ((− ln t);n, λ) dt = Fη(x) ≥ 0;

5.
∫ 1

0
pη(x)dx =

∫ 1

0
x−1χ2 ((− lnx);n, λ) dx = Fη(x) |10 = Fη(1)− Fη(0) = 1,

The graphic view of this density is shown in Fig.A.2.1.

The density of non-central χ2 -distribution of probabilities with degree of freedom

n and parameter of non centrality λ looks like [Rao, (2006)]:

e−
λ
2 ·
∑∞

r=0

1

r!

(
λ

2

)r

·G
(
x

∣∣∣∣12 , r + n

2

)
,
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where G

(
x

∣∣∣∣12 , r + n
2

)
is the gamma-distribution with corresponding parameters:

G

(
x

∣∣∣∣12 , r + n

2

)
=

[(
1

2

)r+n
2 /

Γ
(
r +

n

2

)]−1

· e−
x
2 · xr+

n
2
−1, 0 < x <∞;

Γ(γ) is the gamma function Γ(γ) =
∫∞
0
zγ−1e−zdz, γ > 0.

Using these ratios for the required distribution density and function, we shall

obtain:

pη (x) =
1

x
· e−

λ
2 ·
∑∞

r=0

1

r!

(
λ

2

)r

·

[(
1

2

)r+n
2

/
Γ
(
r +

n

2

)]−1

·

·e
ln x
2 · (− lnx)r+

n
2
−1 =

= e
−λ
2 ·
∑∞

r=0

1

r!

(
λ

2

)r

·

[(
1

2

)r+n
2

/
Γ
(
r +

n

2

)]−1

·

· x−
1
2 · (− lnx)r+

n
2
−1 , x ∈ (0, 1], (A.2.1)

and

Fη(x) = 1−
∫ − lnx

0

e−
λ
2 ·
∑∞

r=0

1

r!

(
λ

2

)r

·

[(
1

2

)r+n
2

/
Γ
(
r +

n

2

)]−1

·

· t−
1
2 · (− ln t)r+

n
2
−1dt =

= 1− e
−λ
2 ·
∑∞

r=0

1

r!

(
λ

2

)r

·

[(
1

2

)r+n
2

/
Γ
(
r +

n

2

)]−1

·

·
∫ − lnx

0

t−
1
2 · (− ln t)r+

n
2
−1 dt, x ∈ (0, 1] (A.2.2)
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Let us introduce designation ln t = −z. Then t = e−z and dt = (−1)e−zdz. At

t = 0, z = +∞, and at t = − lnx, z = − ln(− lnx). Then for the integral from

(A.2.2), we shall obtain:∫ − lnx

0

t−
1
2 (− ln t)r+

n
2
−1dt =

∫ − ln(− lnx)

+∞
e

z
2 zr+

n
2
−1(−1)e−zdz =

=

∫ +∞

− ln(− lnx)

e−
z
2 zr+

n
2
−1dz.

Thus, finally, for the probability distribution function, we obtained

Fη (x) = 1− e−
λ
2 ·
∑∞

r=0

1

r!

(
λ

2

)r

·

[(
1

2

)r+n
2
/

Γ
(
r +

n

2

)]−1

·

·
∫ +∞

− ln(− lnx)

e−
z
2 · zr+

n
2
−1dz, x ∈ (0, 1] (A.2.3)

It is not difficult to be convinced that the probability distribution density (A.2.1)

and function (A.2.3) have the above-stated properties of probability distribution func-

tion and density. Really, for the probability distribution density (A.2.1), we have:

at x → 0, pη(x) → +∞ and, at x = 1, pη(x) = 0. For the probability distribu-

tion function (A.2.3), we have: at x = 0, the limits of integration will be from

− ln(− ln(0)) = − ln(+∞) = −∞ up to +∞ and the value of distribution function

will be:

Fη(0) = 1−
∫ +∞

−∞
χ2(z;n, λ)dz = 1− 1 = 0.

At x = 1, the limits of integration will be from − ln(− ln(1)) = − ln(0) = +∞ up

to +∞ and the value of distribution function will be:

Fη(1) = 1−
∫ +∞

+∞
χ2(z;n, λ)dz = 1− 0 = 1.

The problem becomes considerably complicated at S > 1 which is significant from

the point of view of the problem of hypotheses testing. Let us consider the simplest
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case when S = 2, i.e.

η = e−ξ1 + e−ξ2 (A.2.4)

where ξi ∼ χ2(ni, λi), i = 1, 2, and, between random variables ξ1 and ξ2, there is a

“rigid” ratio, i.e.

ξ1 =
1

c
· ξ2, (A.2.5)

where c is the positive constant.

Let us designate the characteristic function of the random variable η by φη(t). Tak-

ing into account (A.2.5), by definition of characteristic function [Rao (2006), Kendall

and Stuart (1966), Anderson (2003)], it is possible to write down:

φη(t) =

∫ 1

0

eit(e
x+ecx)pη(x)dx, (A.2.6)

where pη(x) is determined by formula (A.2.1).

For calculation of characteristic function (A.2.6), it is required to calculate the

following integral: ∫ 1

0

eit(e
x+ecx) · x−

1
2 · (− lnx)r+

n
2
−1dx. (A.2.7)

The analytical calculation of integral (A.2.7) is impossible, and it is impossible to

find its inverse transformation either, which means it is impossible to find the closed

form for the probability distribution law of random variable (A.2.4), which is the

simplest case of random variable (3.1) at S = 2. From here we infer that at S ≥ 2

it is especially impossible to find the closed form of probability distribution law of

random variable (3.1).



Appendix B. Experimental

Confirmation Some Theoretical

Results

For showing the truth of the conclusions made in the end of Item 3.3.2, in Tables

B.1 and B.2 are given the results of hypotheses testing obtained by using the algo-

rithms described in Item 3.3.2 for the step loss function, for the numbers of hypotheses

S = 3 and S = 4, respectively. In Table B.1 are given the results of investigation

of the quality of the algorithm for the cases J(Hi, Hj) → ∞ and J(Hi, Hj) → 0 at

p(Hi) = 1/S, i = 1, . . . , S, and p(Hi) > p(Hj), j = 1, . . . , i − 1, i + 1, . . . , S, and in

Table B.2 - for the case J(Hi, Hj) → 0 at arbitrary values of a priori probabilities.

The correctness of the conclusions given in item 3.3.2 is obvious from these results.
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Table B.1.

Diver- Measu- Hypotheses A prior Varia- Acc- Risk

gence rement probabilities nces ept- func-

betw- resu- of ed tion

een lts hypotheses hypo-

hypot- theses

heses x H1 H2 H3 p(H1) p(H2) p(H3) Hi r

J(Hi, Hj)

→ ∞ 2,2 1,1 4,4 8,8 0.333 0.333 0.333 0.01,0.01 H1 0

2,2 1,1 4,4 8,8 0.4 0.3 0.3 0.01,0.01 H1 0

2,2 1,1 4,4 8,8 0.3 0.6 0.3 0.01,0.01 H1 0

2,2 1,1 4,4 8,8 0.01 0.98 0.01 0.01,0.01 H1 0

→ 0 1.01,1.01 1,1 1.01,1.01 1.02,1.02 0.333 0.333 0.333 100,100 H2 0.74962

p(Hi) = 1/S; 1.01,1.01 1,1 1.001, 1.002, 0.333 0.333 0.333 100,100 H3 0.74996

1.001 1.002

i = 1, . . . , S 0.9,0.9 1,1 1.00001, 1.00002, 0.333 0.333 0.333 100,100 H1 0.75

1.00001 1.00002

1.01,1.01 1,1 1.00001, 1.00002, 0.333 0.333 0.333 100,100 H3 0.75

1.00001 1.00002

→ 0 1.01, 1,1 1.01, 1.02, 0.4 0.3 0.3 100,100 H1 0.6

p(Hi) > p(Hj) 1.01, 1.01 1.02

∀ j : j ∈ {1, 1.01, 1,1 1.01, 1.02, 0.3 0.4 0.3 100,100 H2 0.6

. . . , 1.01, 1.01 1.02

i − 1, i + 1 1.01, 1,1 1.01, 1.02, 0.3 0.3 0.4 100,100 H3 0.45205

, . . . , S} 1.01, 1.01 1.02

1.01, 1,1 1.001, 1.002, 0.4 0.3 0.3 100,100 H1 0.6

1.01, 1.001 1.002

1.01, 1,1 1.001, 1.002, 0.3 0.4 0.3 100,100 H2 0.6

1.01, 1.001 1.002

1.01, 1,1 1.001, 1.002, 0.3 0.3 0.4 100,100 H3 0.6

1.01, 1.001 1.002
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Table B.2.

Div- Meas- Hypotheses A prior probabilities of Vari- Acc- Risk

erg- ure- hypotheses ances ep- func-

ence ment ted tion

betw- resu- hypo-

een lts the-

hypot- sis

heses x H1 H2 H3 H4 p(H1) p(H2) p(H3) p(H4) Hi r

J(Hi, Hj)

→ 0 1.01, 1,1 1.001, 1.002, 1.003, 0.2 0.3 0.3 0.2 100 H3 0.69998

1.01 1.001 1.002 1.003

-“- -“- -“- -“- -“- 0.3 0.2 0.3 0.2 -“- H3 0.69997

-“- -“- -“- -“- -“- 0.4 0.4 0.1 0.1 -“- H2 0.59998

-“- -“- -“- -“- -“- 0.4 0.1 0.1 0.4 -“- H4 0.59993

-“- -“- -“- -“- -“- 0.45 0.05 0.45 0.05 -“- H3 0.54995

-“- -“- -“- -“- -“- 0.45 0.45 0.05 0.05 -“- H2 0.54997


