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ABSTRACT

In this study, we will develop new and extend some exitance epidemic models to

study the transmission dynamics of infectious diseases. The epidemic models and its

optimal control of selected different epidemic diseases will be developed by using

system of first order nonlinear ordinary differential equation. In the research work

we determined four epidemic mathematical models which are categorized as: ”A

Dynamic Compartmental Mathematical Model Describing the Transmissibility Of

Mers-CoV Virus In Public”. Then ”Modeling and Stability Analysis Of Epidemic

Expansion Disease Ebola Virus With Implications Prevention In Population”, and

”Prevention strategy for superinfection mathematical model Tuberculosis and HIV

associated with AIDS” are discussed with different schemes and situations. Here

we considered the stability and optimal control of selected deterministic epidemic

models, their infectious classes, various compartmental changes, threshold number

R0, biological region of study, the sensitivity indices analysis of threshold number,

points of endemic equilibrium, and stability analysis either local and global stability

analysis are discussed. Especially to investigate global stability for our model we

have used the theory of Lyapunov-function. Numerical simulation and Matlab

programming are being the part of our work used for the validity of models.

Chapter I: In the first section we have presented a description of the literature

of some of the important fundamental diseases. The historical background, their

mutual interaction, infectious classes, and their compartmental behavior change are

presented in this chapter. In this subpart of the thesis we also formulated new models,

research objectives, as well as, outlines of the thesis.

Chapter II: This section is all about the literature survey and methodology.

Chapter III: In this chapter of the thesis, We have considered our new mathematical

model for Middle East Respiratory Syndrome (Mers-Corona) virus and shown its
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spreading effect from infected camel to individual, family members, clinic and care

center staff. In this work, we apprized the transmission associated with different

infection stages which generated an epidemiological history of the model. We

organized the model and split into infectious and non-infectious categories and

presented the properties of our proposed model. Then for local stability as well as

for global stability we analyzed the concern model and shown that the infection

is reduced in the patients body. While the reproduction key value of the model is

derived from the next-generation matrix approach (NGM). The biological region

of study R0 is discussed and investigated properly. Then the global stabilities of

all types of equilibria are proved. Numerical simulations are performed with and

without control or vaccination by an RK-4 method which supports the analytical

work and shown the existence of the model. Finally, in the end, we put some remarks

in the light of our research article published in Punjab University Journal of

Mathematics (ISSN 1016-2526) Vol. 51(4)(2019) pp. 57-71 [1].

Chapter IV: In current subsection, we presented a mathematical model of Ebola

virus which proposed by SEIR (susceptible exposed infected recovered) model. In

our model, the population is affected by animals either domestic animals or wild

animals. The Ebola virus is an infectious agent and one of the viruses that can

cause hemorrhagic fever, a severe infectious disease characterized by high fever

and bleeding, in humans and some monkeys. Here we assessed the transmissibility

associated with the infection stages of the Ebola virus which generated an

epidemic model. The threshold property is presented for the reproduction number

R0. We also discussed it with sensitivity analysis for dominant parameters in

our model. The dynamical behavior is completely analyzed in light of basic

reproductive numbers. Numerical simulations are carried out with and without

vaccination or control for the proposed model: Cogent Biology (2019), 5: 1619219

https://doi.org/10.1080/23312025.2019.1619219 [2].

Chapter V: In this chapter, we have formalized the model in their infection and non

infection classes. We analysis if the value of R0 is less than unity, then the disease

dies out. Next, we described all the endemic equilibrium points, as well as, local

stability analysis, at disease free equilibrium and, at the endemic equilibrium of the
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related model are shown stable. The global stability either, for disease free equilibria,

and endemic equilibria are discussed by constructing Lyapunov function theory

which shows the validity of the concern model exists. In such epidemic models

we introduced the Matlab programming concept, which shown and detects the area

graph involved in any population. While numerical interpretation is shown for the

model with the help of RK-4 method.

Chapter VI: Here in this chapter, we extended the co-infection mathematical model

[1] for optimal control purposes. We initially derived threshold number R0, bounded

and biological region for study of the proposed model. Here we developed a method

through the considered superinfection problem getting abate while neglecting AIDS

because it is a non curable disease. In this order we develop control variables

in our model as, V1 used for TB treatment, while to control infection in health

care centers, we assigned V2, V3 assigned for TB also for HIV or adopt both HIV

anti-retroviral and anti TB drug therapy. In the last we used V4 use to leave any close

contact from TB patients are defined with some schemes to minimize and control

any infection from the community and population. The optimal control policy is

formulated and solved as an optimal control problem. Objective functionals are

constructed which aims to (i) minimize infected cell quantity; (ii) minimize free

virus particle number, and (iii) maximize healthy cell density in the body. In the last

section, numerical simulation with Matlab programming has been presented which

supports the given model. Cogent Mathematics and Statistic (2019), 6: 1637166

https://doi.org/10.1080/25742558.2019.1637166. [3]
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CHAPTER 1

INTRODUCTION

1.1 Introduction

This subpart of the thesis contains an introduction related to the current

work. The history of (Middle East Respiratory Syndrome Corona Virus)MERS CoV,

Ebola virus, (Tuberculosis)TB, (Human Immunodeficiency Virus)HIV infection and

(Acquired Immune Deficiency Syndrome)AIDS began in death, illness and fear as

the world faced an unknown and new virus. Although, technological advancements,

for example the improvement of antiretroviral (ART) drugs, have enabled the infected

people with access to therapy to live long and have healthy lives. Nobody can know

exactly how many people developed these viruses.

1.1.1 Middle East Respiratory Syndrome Corona Virus

MERS-CoV(Middle East respiratory syndrome coronavirus) considered

chronic disease for respiration which is also known as a camel flu was first reported

in Saudi Arabia, in 2012. MERS-CoV is a family of viruses that causes diseases from

cold to SARS (severe acute respiratory syndrome). According to reported survey

thirty-five percent of MERS-CoV patients have died because 80 percent cases come

across Saudi Arabia. It is zoonotic type virus which means that it transmitted from

animal to individual, also human infected directly from infected camel while bat
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is considered the origin. 27 countries reported MERS in 2012 including, Austria,

Algeria, Bahrain, Egypt, the Netherlands, China, Kuwait, Germany, France, Islamic

Republic of Iran, Italy, , Malaysia, Lebanon, Turkey , Qatar, Republic of Korea, ,

Philippines, Kingdom of Saudi Arabia, Tunisia, United Kingdom, Yemen Jordan,

Greece, United States, United Arab Emirates, Oman, and Thailand. Since April 4,

2017, there are 2000 cases are reported with 35 percent of patients of MERS have

died. In 2015 the most outbreaks happened in Republic of Korea. May 2014 in U.S

two patients are tested positive infection, while tested 1,300 people with negative

symptoms, both were traveled from Saudi Arabia to U.S.

1.1.2 Immunological Study of MERS-CoV

As the MERS-CoV virus is a new world problem and still no vaccine has

been developed to control the infection in world. There’s no cure for MERS-CoV,

though researchers are working on it. Treatment includes an experimental serum

that destroys infected cells. Doctors manage the symptoms of MERS-CoV. while the

following remedies are listed by WHO as which may reduce the causes of infection

are, often wash your hand properly, avoid infected people or keep distance, usable

things of infected, close contact with patient, is fully avoided.

1.1.3 Ebola Virus

One of the most epidemic dangerous diseases now a day considered Ebola

virus which is also known as Ebola hemorrhagic fever. This chronic viral disease

transmitted from wild, as well as, from domestic animals in individuals and then

further transmitted from human to human in population. The first Ebola virus

occurred in 1976 outbreak, one from Yambuku, DRC while second from south Sudan

and latter appeared in near Ebola river, why it was name Ebola virus. The most

outbreak appeared from 2014 to 2016 in West Africa while the current outbreak
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occurred in 2018 to 2019 were more complicated. The natural host of Ebola virus

is considered fruit bat of Pteropodidae family. Clinically its difficult to know Ebola

virus disease from typhoid fever, meningitis, and malaria. The first multi-drug is

being checked for the effectiveness of Ebola virus outbreak occurred in 2018 to 2019

while in 2015 Ebola virus vaccine protectively used in Guinea for experimental basis.

1.1.4 Immunological Study of Ebola Virus

Ebola virus can show symptoms within 2 to 21 days from infection with

common signs of, fatigue, fever, headache, muscle pain, sore throat, vomiting,

diarrhea, and rash. Ebola virus is the family of five viruses identified, four of which

are known to cause disease in humans: Ebola, Sudan, Ta Forest, and Bundibugyo

viruses. Reston virus is known to cause disease in nonhuman primates and pigs, but

not in people.

1.1.5 TB or Tuberculosis

According to conducted survey Tuberculosis was originated 150 million years

ago in human because it is an ancient disease mostly infect lungs but also attack

other parts of the body. Tuberculosis is caused by bacteria called Mycobacterium-

tuberculosis. TB has two categories Latent TB disease: in this case germ present

in body of individual but the immunity does not spread the infection and the patient

showing no symptoms. Active TB disease: in this case the germs infect your body

and the patient showing symptoms well spread the infection. Fever, night sweat,

loss weight, chest pain, cough, and feeling tired all the time are the major sign of

Tuberculosis.
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1.1.6 HIV or Human Immunodeficiency Virus

The Human Immunodeficiency virus is a serious health problem that is

lentivirus and creates HIV infection and the most infectious diseases studied in the

world. This virus target immune cell of the body which fight against infection, make

person weaker for other diseases. It is believed that 1.8 million patients of HIV died

in the 2017 survey and 940,000 have died with AIDS-related, also 2,330 gays were

found positive HIV when tested. If someone infected put for treatment quickly and

isolate from other family members is the best precaution.

1.1.7 HIV Infection And It’s Immunological Study

The world dangerous virus Human Immunodeficiency Virus(HIV) is a

pathogen virus mostly it the attacks on the immune system of human body which

known as the body natural defense system. The infection caused by HIV is called HIV

infection. HIV infects and destroys white blood cells which are also called CD4+cells.

If too many CD4+cells cells are destroyed, then the body can no longer defend itself

against this infection. If the patient does not develop AIDS, can also live a long life

without treatment as the duration from HIV to AIDS takes much time which usually

takes ten to twelve years. The medicine can only slow or stop the damage to the

immune system and return to a healthier state but treating people with HIV is able to

live long and active lives. It should be mentioned that there are two types of HIV. One

is HIV-1, which causes almost all cases of AIDS all over the world. The process of

HIV towards AIDS probably depends on the power of replacement of cells which are

destroyed by viruses [4].

1.1.8 AIDS or Acquired Immune Deficiency Syndrome

If someone infected with HIV it leads to Acquired Immune Deficiency

Syndrome is a global health problem of the world. HIV when not treated properly it
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adopted the advanced stages known as AIDS. The WHO (World Health Organization)

advice HIV patients resume a high-quality life if treated properly on time. We can

defeat AIDS in future if avoided from all the causes that are prohibited for HIV and

HIV patient are treated properly.

1.1.9 Immunological Study of AIDS Infection

AIDS, which is Acquired Immunodeficiency The syndrome is the last stage

of HIV infection. The people with AIDS have a low concentration of CD4+ cells

and get infections or rapidly develop cancers. If AIDS does develop, medicines can

help the immune system return to a healthier state but treating people with HIV are

able to live long and active lives. It should be mentioned that there are two types of

HIV. One is HIV-1, which causes almost all cases of AIDS all over the world. The

other one is HIV-2, which becomes the cause of AIDS-like illness but HIV-2 infection

is uncommon in North America. The person having (AIDS) if the concentration of

CD4+ T cells falls to 200mm−3.

1.1.10 Mathematical Model

Due to breath in all scientific fields mathematical models have a great role

in which numerical and theoretical assessment provides insight answers. From the

past 60 years, modeling having continuously developed and revolutionized industrial

sector which brought profitability and improvement. To develop a mathematical

model is termed mathematical modeling which widely used in physics, biology,

chemistry, natural sciences, computer science, electrical sciences, and engineering

sciences. Due to developments in the recent era is also used in social sciences like

sociology, political sciences, and economics. The earliest model record dates back to

German mathematician Ernst Kummer presented plaster model of Steiner,s surface

in 1873. Additionally Eykhoff defined mathematical model in 1974 to represent
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the exits system with essential value in an applicable structure to provide reasonable

answer. Mathematical modeling used to transfer the problem from application area

into tractable mathematical formulations which then provide real-world phenomena

solution. Using mathematical modeling there are many approaches to answer the

concern problem. Scientists are tried to develop more accurate mathematical models

to exactly touching the real phenomena. Professor of Sainsbury Lab Cambridge, Eliot

Meyerowitz says that the problems and its answer not only improve our understanding

in life but shows the importance in real-world which faces today.

1.1.11 Mathematical Biology

Mathematical biology is the driving force of the modern world. As we

know the unit of physics considered an atom, but unit of basic life is cell, so

mathematical biology is widely used now a day. Mathematical biology investigates

interaction and growth of the entire population, spread of disease, biological

interpretation, limitation, situation, increase immune, evolution and to marked

adaptation and changes. Mathematical biology is the collaborative effort among

biologists and mathematicians for the desired goal. The mathematician developed

a model and biologists pose the biological questions or experiments for approach

to the best answer. The parameters values in mathematical biology are not precise

but obtained from experiment. If finally model agrees with experimental work

and simulation result, model considered for suggesting special hypotheses and

verified for a population to apply. To develop a model mathematician formulated

differential equations and diagrams with specifying all the rate parameters. Recently

in biology the histological changes brought new models presenting new theories

which mane developmental biology. Today a great like found between biologist and

mathematicians universally support each for new upcoming problem. John Dewey, a

renowned educator, wrote in 1901 in his book that all studies of mathematics grow

one in common world which is even true today especially in case of mathematical

biology. Obviously it is clear that biology will be future frontier for mathematic and

mathematics will be future frontier for biology.
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1.1.12 Epidemiological Models

Epidemiological models are used to identify appropriate management

responses to infectious disease outbreaks, inform public policy on disease

management in the event of future outbreaks, design and evaluate control strategies

[5]. The goal of the epidemiological models’ program is to determine the combination

of health policies and intervention strategies that can lead to disease eradication. The

epidemiological model calculates how diseases spread in particular areas, analyze the

effects of current and future health policies and intervention strategies. The models

support infectious disease campaigns, data gathering, new product development and

policy decisions like generic transmission types: vector-borne, waterborne, airborne

and sexually transmitted. In such models the whole population is classified into

different groups or subgroups, each shows a certain state of population dynamics.

1.1.13 Deterministic model

Deterministic model describes and explains what happens on the average at

the population scale. Compartmental models are also called the Deterministic model.

1.1.14 Diseases Transmission

All communicable disease transmitted from infected individual to healthy

individual from different sources given below. [6].

Disease Transmission Through Direct approach or contact:In this transmission

the disease spread through physical contact from infected person toward a susceptible

or healthy person.

Disease Transmission Through Indirect approach or Contact: In this contact

there is no direct human-to-human relation or contact. This contact occurs to a

reservoir from contaminated surfaces or vectors or an object like flies, mosquitos,
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mites, fleas, etc.

Vertical transmission:In the vertical transmission the offspring born infected from

their parents like in diseases, Hepatitis B and AIDS.

Horizontal transmission:This transmission is between humans and

animals(domestic or wild animal) occurs direct or indirect physical contact

with the vector population.

1.1.15 Epidemic

An epidemic is the rapid spread of infectious disease to a large number

of people in a given population within a short period of time. Or A widespread

occurrence of an infectious disease in a community at a particular time. The epidemic

affects major part of the population. Epidemiology term as the scientific study of

diseases.

1.1.16 Pandemic

An pandemic infection is the disease that extends in a country or in the entire

world, like, malaria, typhus, yellow fever, and cholera.

1.1.17 Endemic

A disease or condition that regularly found among particular people or in a

certain area or region.
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1.1.18 Reproduction Number of Models

The basic and key value reproduction number which determines whether an

epidemic occurs or a disease dies out. The basic reproduction number in most

epidemic models is considered one of the key values that can examine in an epidemic

model that the infection will die or remain or spread in a population. We define

the basic reproduction number as ”average rate in a susceptible population when we

introduced one infectious case” [7]. We know about the reproductive number if it

value is less than one implies that the disease dies from population, if it greater than

one the disease exist and spread in population.

1.1.19 Autonomous System

The differential equations of the form,

dx(t)

dt
= f(x, (t))

is called the autonomous system of ordinary differential equations with ”t” represent

”time” and ”x” in n-dimensional Euclidean space respectively.

1.1.20 Model Equilibrium Point

Let us take a differential equation, for the purpose of equilibrium point,

dy(t)

dt
= F (y(t))

Takong in the above equation dy(t)
dt

= 0,we observed that,

F (y(t)) = 0. (1.1)

All the values of y which satisfies (1.1) are called the equilibrium point.
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1.1.21 Stability Behaviour

The stability behaviour of a function implies that if we introduced a very

small change in a function, there will occur the same change effect in the solution

of that function. To study a model stability equilibrium points the following has been

studied( see for detail [7–11] ) and for its applications (see [5]). Now consider the

system dynamics

dX

dt
= f(X), f : D −→ Rn.

where D : is open subset connected in Rn. Suppose that f(Xe) = 0 will implies that

Xe be the required equilibrium point of study.

Definition:The equilibrium point Xe is said to be stable if for any ϵ > 0, there exists

δ(ϵ) > 0 such that,∥ X0 −Xe ∥< δ(ϵ) =⇒∥ X(t)−Xe ∥< ϵ, ∀t > t0.

Definition:The equilibrium point Xe which is not is stable is called unstable.

Definition:The equilibrium pointXe is said to be convergent equilibrium if there exist

δ such that ∥ X0 −Xe ∥< δ =⇒ limt−→∞X(t) = Xe.

Definition:The convergent and stable point Xe is called asymptotically stable.

1.1.22 Jacobian Matrix

Let us considered first order nonlinear ordinary differential equations with n-

dimensional in Rn, which is given by

dX

dt
= Y (X(t)), X(t0) = X0.

with,

Y = [y1, y2, y3, y4, y5, ......, yn].
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Where,

V =



x1

x2

.

.

xn


The Jacobian matrix Y = [y1, y2, y3, y4, y5, ......, yn] denoted by J given in below,

J =



∂y1
∂x1

∂y1
∂x2

. . . ∂y1
∂xn

∂y2
∂x1

∂y2
∂x2

. . . ∂y2
∂xn

. . . . . .

. . . . . .

∂yn
∂x1

∂yn
∂x2

. . . ∂yn
∂xn


.

where the components of Y are yi and ∂yi
∂xi

are the all possible partial derivative w.r.t

xi, for each value of i = 1, 2, 3....n. Now by this Jacobian matrix we checked the

stability equilibrium point.

1.1.23 Definition For Positive Definite

The positive definite function in U is a function W : U −→ R if it satisfies

the following conditions [10], given below, as,

(a). 0 ∈ U implies that W (o) = 0,

(b). ∀X ∈ U , W (X) > 0,

(c). The function W : U −→ R.
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1.1.24 Some Basis About Local Stability of Differential Equations

Local stability analysis of an ordinary differential equations depends on its

roots of characteristic function. For stability of a model all roots possess a behaviour

of negative real parts. Similarly, Routh-Hurwitz criteria can provide the nature of the

characteristic function roots. But in DDEs, the function takes transcendental equation

form Thus, there are infinitely many roots will come and the mentioned criteria is

said failed here. Many search work done for the stability of DDEs can be found

such as, Chebotarevs Theorem, Pontriagin Criteria, Tsypkin Criterion and Domain

Subdivision Frequency Methods.

1.1.25 Local Asymptotically Stability Theorems

Theorem 1:( Definition of Stability): Let us suppose that Ze= Z be the

equilibrium point of dZ
dt

= f(Z), f : D −→ Rn. Also, supposed W : U −→ R

be a function such that it is continuously differentiable function with the following:

(a) V (Ze) = 0,

(b) V (Z) > 0, in D − Ze,

(c) V (Z) ≤ 0, in D − Ze.

Then Ze = Z is said stable in structure.

Theorem 2:(Asymptotically stable): Let W : U −→ R be a continuously

differentiable function and X = Xe be an equilibrium point of dX
dt

= f(x), f : D −→

Rn are such a function if:

(1). V (Ze) = 0,

(2). V (Z) > 0, in D − Ze,

(3). dZ
dt
< 0, in D − Ze.

According to the above statement, Ze = Z is asymptotically stable.
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1.1.26 Lyapunov Function Stability Theorems

Globally asymptotically stable:(Theorem 3) Let us considered a function

W : U −→ R is continuously differentiable function and Ze = Z be an equilibrium

point of dZ
dt

= f(x), f : D −→ Rn, implies that :

(1). V (Ze) = 0;

(2). V (Z) > 0, if in D − Ze;

(3). V (Z) is said to be ”radially unbounded”;

(4). dz
dt
< 0, in D − Ze.

Then we say that the function is globally asymptotically stable when Ze = Z .

1.1.27 Optimal Control theory

Control theory used in mathematical problems for control purpose to control

certain system and process. It application widely used in many fields like,

Bioengineering, aerospace, robotics, process control, and in management sciences.

Optimal control theory deals to finding control law for dynamic system in specific

period of time to find control policy for any problem which is used by Richard

Bellman and Lev Pontryagin in 1950s. The control problem contains control and

states variables applied on a set of differential equations derived from Pontryagin’s

maximum principle. The control strategy used for medical purpose to minimize the

disease rate and medicine cost. The existence of optimal control then presented

by numerical simulation which indicate the disease has been control and best for

population and community.

1.1.28 Basic About Optimal Control

Optimal control theory is a powerful mathematical tool that can be used

to make decisions involving complex biological situations. The behavior of the
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underlying dynamical system is described by a state variable(s). We assume that there

is a way to steer the state by acting upon it with a suitable control function(s). The

control enters the system of ODEs and affects the dynamics of the state system. The

gaol of using control variables is just to maximize (or minimize) the given objective

functional. Before beginning, we establish some definitions and concepts from [12].

1.1.29 Optimal control problem:

General form of optimal control problem is given as,

H = L(λ1, λ2, ...λn, u1, u2...un)+
∫
[(A1λ1(t)+A2λ2(t)+...+Anλn(t))+ 1

2
(w1u

2
1(t)+

w2u
2
2(t) + ....+ wnu

2
n(t))]dt.

where, ”H” is the ”Hamiltonian”, ”L” is ”Lagrangian” λ1, λ2, λ3,.......λn are the state

variables and u21, u
2
2, u

2
3....u

2
n are control variables. The state variables of system, as

will as the control variables of any dynamics system of 1st order nonlinear differential

equations are given by, dy
dx

= f(t, y(t, u(t))), y0 = y(0), 0 ≤ t ≤ T .

1.1.30 Optimality System

The optimality control system is consists state equations, adjoint equations

and optimal control pair.

1.1.31 Optimal Control For Characterizing

To characterize all the optimal control problem, we need to find the values of

possible control pair in u∗.
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1.1.32 Pontryagins Maximum Principle:

The Principle of Pontryagins Maximum will converts maximizing or

minimizing the objective functional with define state variables by point-wise together

with Hamiltonian H along with considered set of control variable u.

Theorem4:Let y∗(t) and u∗(t) are respectively define for the system of state as will

as control variables, then for adjoint variable represented by λ(t), satisfying,

H(t, y(t), u(t), (t)) ≤ H(t, y∗(t), u∗(t), λ(t))

. where the value of H is,

H = f(t, y(t), u(t)) + (t)g(t, y(t), u(t))),

also

dλ(t)

dt
= −∂H

∂y
, λ(T ) = 0,

here T is used for total time taken and λ(t) represent adjoint variables.

1.1.33 Necessary condition For Pontryagins Maximum Principle:

The necessary conditions are given as if y∗(t) and u∗(t) are optimal state and

control variables, respectively then they satisfy the following conditions

dλ(t)

dt
= −∂H

∂y
,

λ(T ) = 0,

∂H

∂u
= 0,



CHAPTER 2

LITERATURE SURVEY

2.1 Introduction

This chapter contains an introduction related to different diseases, its

transmission, their mutual compartmental classes, analysis, and control with different

schemes. Some published literature is reviewed and included in this part of the thesis.

This subsection consists of a brief description related to the diseases under different

conditions.

2.1.1 Literature Review

A dynamic compartmental mathematical model describing the transmissibility

of Middle East Respiratory Syndrome Coronavirus in population. MERS CoV which

commonly called camel flu cause respiratory problem in human with cough, fever,

shortness of breath and diarrhea are common symptoms while the relation of human

corona-viruses meets to alpha and beta CoV [13–16]. In April 4, 2017 there were

2000 cases has been reported, while Saudi Arabia confirmed 1386 cases with587

have died on April 18, 2016 [17, 18]. Literature was limited up until MERS-CoV

while first case was cultivated in 1965, while in June 2012 a confirmed case was

reported by Saudi Arabia a person having 7 days cough [19, 20]. According to

hypothesis coronavirus was originated from bat, also reports from Saudi Arabia
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identified that bat is the main agent of this virus [21–23]. In February 2013 to

April 2015, 821 bats sample were taken from Lebanon and Egypt with no said virus

detected [24]. Still Corona-virus was not detected in DCs tested conducted in herds

and zoo from different part of world [25–28]. Soon Young Lee et.al presented

Preventive characteristics by the level of seeming the sensitivity of infection in Korea

outbreak of Middle East Respiratory Syndrome in 2015 [29]. Similarly, Chao Cheng

Cho et.al studied Macro domain from middle east respiratory syndrome coronavirus

(MERS-CoV) with efficient ADP-ribose binding module in January 2016 [30]. Also

Middle East Respiratory Syndrome Coronavirus (MERS-CoV) origin and animal

reservoir were presented by Hamzah A. Mohd et.al [31]. A new study on human

coronavirus which isolated from patient having pneumonia, and the isolation of

Corona-virus from man having Pneumonia within Saudi Arabia were studied by Ali

Mohamed Zaki et. al in 2012 [20, 32, 33]. Maged G. Hemida et. al, described the

lack of Middle East respiratory syndrome coronavirus its transmission from infected

camels [34]. Presently the study of ancestry of Middle East respiratory syndrome

coronavirus in Korea has shaped by recombination was recently discussed by Jin Il

Kim et. al 2016 [35].

Democratic Republic of Congo (DRC) reported on 1 August 2018 the tenth Ebola

outbreak occurred in the country northeast part is the world’s largest outbreak cases

passing in number 1000. Uganda declared on 11 June 2019 three people were found

positive Ebola virus. First Ebola virus case was detected by Marburg virus in 1976

[36, 37]. Bats and small number of wildlife animals is considered the transmission

agent of this virus [38, 39]. Another team found Ebola River and introduced Ebola

virus from the river considered near to Republic of Congo [36, 40]. In 2013 to 2015

in West Africa majority human death reported by Ebola virus [41, 42]. Using certain

punctual and control strategies to avoid many deaths cases to achieve high-quality

life, while still no vaccination has been invented to cure the infected population and

patient [43–45]. Researchers developed a number of model, but SEIR(Susceptible,

Exposed, Infected, Recovered) model published to assess the evolution of epidemic

and epidemiological parameters [46–49]. Data collected in December 2013 to July

2015 by Ministries of Health declared three district Guinea [50], Liberia [51] and
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Sierra Leone [52, 53] and Ebola test conducted [54]. In October 2017 a researcher

conduct work on Ebola virus disease on landscape and occurring in the West Africa

outbreak [55], while new study was done by Styliani Loukatou et. al on August

29, 2018 discussed the Ebola virus is an accident epidemic disease [56]. Similarly

mathematical model in bat population was presented by 2018 by Zineb EL Rhoubari

et. al [57]. Optimal control was presented by Amira Rachah et.al in 2015 where he

discussed the model and simulation for Ebola virus West Africa [58]. Shuo Jiang

et. al presented mathematical model to eradicated infection of Ebola virus in 2017

[59]. An optimal control for Ebola virus through vaccination was discussed in recent

research work [60].

Tuberculosis is the airborne disease which mostly affects the lungs of individuals

while severing fever, chest pains, and cough are the major symptom [61–63].The

Robert Koch declared first time in 1882 that Mycobacterium tuberculosis caused TB

[61, 64]. Tuberculosis is an old and considered global health problem from the last

centuries [65]. Tuberculoses differentiate into two classes: Latent TB and Acute Tb.

The first form is not affected, while the second form spread infection. Now a day Tb

disease is curable by applying strategies and better tools on time when infected [66].

According to survey Malaria kills 1, TB kills 2, while HIV/AIDS kills 3 million

people, so TB is one of the killing disease considered [67]. It has been estimated that

one third population of the world infected by Tuberculosis [68], while new cases has

been getting low from 2000 [69]. Lulu Liu et. Al studied mathematical model with

treatment in two latent periods [70]. To diagnose the Tuberculosis mathematical

model was presented in 2018 [71]. The TB model with transmission and vaccination

was presented by J Nainggolan et. al [72].

The virus which causes HIV is known is lentivirus, which creates HIV infection,

while if not treated properly on time it causes a severe infection called acquired

immunodeficiency syndrome or simply (AIDS) and then the survival time considered

from 9 to11 years [73]. The HIV virus damage and low the CD4+ T cells by

Pyroptosis process which intensively infected T cell Apoptosis of the human body,

and when the cells below the critical number, the body get infection easily [74, 75].

HIV-1 and HIV-2 are the classes of HIV, where HIV-2 mainly occurred in West
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Africa and HIV-1 mostly infect globally [76, 77]. Nearly 36.70 million people living

with HIV and approximately 1 million dearth occurred by 2016 survey [78]. The

condition spectrum when infect human immunodeficiency causes acquired immune

deficiency syndrome (AIDS). Initially AIDS showing no symptom but some time

patient having influenza-like symptom [79]. A mathematical model was presented

by Oladotun Matthew Ogunlaran et.al for HIV management [80]. In research paper

of HIV/AIDS they discussed the stability equilibrium at both linear and global [81].

In mathematical model for vertical transmission with treatment of HIV/AIDS they

discussed to control the infection [82]. Similarly change in the behavior in HIV

and AIDS mathematical model was presented by F. BARYARAMA et.al [83]. HIV

mathematical model presented with art treatment was also published recently [84].

An optimal control was presented for HIV In-Host by applying different control

program [85]. Education and treatment for HIV/AIDS was also published in 2014

by A Sule et. al [86].



CHAPTER 3

A DYNAMIC COMPARTMENTAL MATHEMATICAL MODEL

DESCRIBING THE TRANSMISSIBILITY OF MERS-COV VIRUS IN

PUBLIC

In this chapter of the thesis, we developed a new epidemic model Middle

East Respiratory Syndrome( Mers-Corona) virus and shown its spreading effect from

infected camel population to individual and its family members, clinic and care center

staff. Here we apprized the transmission associated with different infection stages

which generated an epidemic model. For this purpose, we formulated the model

and split it first in infectious and noninfectious categories with basic properties.

The reproduction number of the model is achieved by the next-generation matrix

technique. Then the biological and sensitivity analysis of R0 investigated and

discussed in detail. Next the endemic equilibrium points have been obtained for our

model. After that we find all conditions to investigate possible equilibrium of the

model(local and endemic equilibrium) in the presence of basic reproductive numbers.

Further, by Lyapunov function we discussed global stability. Finally, numerical

simulations are performed with and without control or vaccination by RK-4 method

which supports the analytical work and shown existence of our model.
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3.1 Model Formulation And Methodology

Here an epidemic model of MERS-CoV is developed which is zoonotic and

spread from infected animals population to human population. According to the

biological characteristics of MERS-CoV, the transmission of the virus is spread from

an infected animal to human or nonhuman to human, in family member, patient

to clinic center and clinic center to care center. For this purpose the papulation

and virus transmission are classified in the model as S represent susceptible camel

population, A represent infected camels population, B represent infected human

population by infected camels,H represent human to human transmission population,

G represent infected individual to family member, P represent patient to clinic center

transmission. From characteristics of MERS-CoV of the concern model provided an

epidemic model of first order differential equations which we developed as,

S• = α− dS − ξSA,

A• = ξSA− β1A− β2A− χAB,

B• = χAB − ϕ1B − ϕ2B − γBH,

H• = γBH − θ1H − θ2H − ϕHG, (3.1)

G• = ϕHG− ρ1G− ρ2G− ϵGP,

P • = ϵGP − η1P − η2P − ηPE.

Concerning the initial conditions, as,

S(t) ≥ 0, A(t) ≥ 0, B(t) ≥ 0, H(t) ≥ 0, G(t) ≥ 0, P (t) ≥ 0.

Here we drawn certain assumptions in our new model (3.1) as: α assign for the

new birth rate in total camel population, d show susceptible camel,s natural death

rate, β1 represent the infected camels natural death rate, β2 represent infected camels

death rate due to infection, χ represent the rate of infected camels to infected

human population, ϕ1 represent natural death rate of infected human individuals,

ϕ2 show the death rate of infected individual due to infection, γ represent the rate

of transmission of infected individual to individual, θ1 represent natural death rate
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of infected individuals, θ2 show the death rate of infected human individuals due to

infection, θ represent the rate of infection from patient to family members, ρ1 show

natural death rate of family members, ρ2 represent infectious death rate of family

members, ϵ represent the infection transmission rate from family members to clinic

individuals, η1 show natural death rate of patient in clinic, η2 represent infectious

death rate of patient in clinic, η represent infection transmission rate from clinic

individual to care center individuals, π1 represent natural death rate and π2 represent

infectious death rate in care center individuals respectively.

Also we considered the whole population of our model is R(t) as below,

R(t) = S + A+B +H +G+ P. (3.2)

By putting values in equation (3.2) from a model (3.1) we get the following,

R• ≤ α− dS.

Then after simplification, we get,

lim
t→∞

supR ≤ α

d
.

Thus biologically feasible region for the study of model (3.1) is,

r = {(S,A,B,H,G, P, ) ∈ R7
+, R ≤ α

d
}.

Therefore, to study the model dynamics the sufficient and feasible region is r.
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3.2 Endemic Equilibrium Points of Our Model

The mission of this subsection of a thesis, to found and discussed the model

endemic equilibrium points. In any mathematical epidemiological model endemic

equilibrium points play very important role. The potential existence of disease-free

equilibrium points is now discussed. As we know that the points of disease-free

equilibrium results to be locally asymptotically stable when the basic reproduction

number, that is, (R0) < 1, while the endemic equilibrium points are not locally

asymptotically stable when the reproductive number exceeds unity, that is, greater

then 1. Now all the endemic equilibrium points of our proposed mathematical model

are given below,

S⋆ =
1

ξ
(χB + β1 + β2),

A⋆ =
γϵ

χϕη
((π1 + π2) +

γ

χϕ
(ρ1 + ρ2) +

γ

χ
(ϕ1 + ϕ2)),

B⋆ =
ϕG+ θ1 + θ2

γ
,

H⋆ =
ϵ

ϕη
(π1 + π2) +

ρ1 + ρ2
ϕ

,

G⋆ =
1

ϵ
(ηE + η1 + η2),

P ⋆ =
π1 + π2

η
.

.
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3.3 Reproductive Number R0 And Local Stability Analysis

The basic reproductive number play important role in any epidemiological

models, which show the expected average number and new infections occurred

directly and indirectly by introducing single infective into completely susceptible

population. Now let us define R0 the basic reproductive number, it is an essential and

fundamental parameter having one simple definition is ”An average number when

an secondary infection developed by an monad person in susceptible cohort in its

entire period of infection in the whole susceptible cohort” [87]. Many approaches are

adopted to find the reproductive number but here we developed a technique which is

known next generation matrix approach. For biological purpose the said technique

is useful to determine R0 specially in epidemic model with continuous time means

system of differential equations [88]. Now in order to find R0 we using the next

generation approach. For our model (1), we used Driessche and Watmough [89, 90]

technique for basic reproductive number. According to this approach the whole

system of model is need to divide in two classes, infected and non infected. After that

we defining the Jacobian Matrix for infectious group of the model. Then the Jacobian

Matrix further divide in two sub classes and represented by (J = F -V ) where J is

stand for Jacobian Matrix, and F and V are new matrices. Then we find inverse of

the matrix V and multiplying with F, that is, FV −1. Then we derive the biggest eigne

value which is the required R0, that is, the basic reproduction number. Now the basic

reproductive number of our model by taking infectious class is given by,

F =



ξSA− χAB

χAB − γBH

γBH − ϕHG

ϕHG− εGP

εGP − ηP

ηP


.



25

Now the non infectious class of the model(3.1) is represented by
∨

,

∨
=



−β1A− β2A

−ϕ1B − ϕ2B

−θ1H − θ2H

−ρ1G− ρ2G

−η1P − η2P


.

Now Jacobian of F of the model (3.1) is given below,

F =



ξS − χB −χA 0 0 0 0

χB χA− γH −γB 0 0 0

0 γH γB − ϕG −ϕH 0 0

0 0 ϕG ϕH − ϵP −ϵG 0

0 0 0 ϵP ϵG −ηP

0 0 0 0 0 ηP


.

Now Jacobian of
∨

, its inverse and the required value of R0 is given by,

V =



(β1 + β2) 0 0 0 0 0

0 (ϕ1 + ϕ2) 0 0 0 0

0 0 (θ1 + θ2) 0 0 0

0 0 0 (ρ1 + ρ2) 0 0

0 0 0 0 (η1 + η2) 0

0 0 0 0 0 (π1 + π2)


.

Now R0, the basic reproductive for the model (3.1) is,

R0 = [
α− dS

(β1 + β2)A
].
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3.4 Local Stability Analysis At Disease Free Equilibrium of The Model

To find the local stability analysis at disease free equilibrium of the model

(3.1) the points of local stability analysis are, Ep0 = (S, dA, dB, dH , dG, dP ) which

implies Ep0 = (α−dS
ξA

, 0, 0, 0, 0, 0). Thus we processed by Jacobian matrix, as,

Ep0 =



0 −ξS 0 0 0 0 0

0 A1 0 0 0 0 0

0 0 −ϕ1 − ϕ2 0 0 0 0

0 0 0 −θ1 − θ2 0 0 0

0 0 0 0 −ρ1 − ρ2 0 0

0 0 0 0 0 −η1 − η2 0


(3.3)

Where,

A1 = ξS − β1 − β2, B1 = (π1 + π2).

Now the following known result will stated for local stability analysis at disease free

equilibrium.

Theorem 3.1 Model (3.1) is locally asymptotically stable at disease free equilibrium,

If the reproductive number R0 < 1, Ep0 = (α−dS
ξA

, 0, 0, 0, 0, 0) and unstable if the

value of R0 > 1 then .

Proof: We have the following eigenvalues from Jacobian matrix defined in equation

(3.3),

λ1 = χS − β1 − β2, (3.4)

λ2 = −ϕ1 − ϕ2, (3.5)

λ34 = −θ1 − θ2, (3.6)

λ4 = −ρ1 − ρ2, (3.7)

λ5 = −η1 − η2, (3.8)

λ6 = −π1 − π2. (3.9)
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We observed from equations (3.5), (3.6), (3.7), (3.8) and (3.9) that all the eigenvalues

are negative except from equation (3.4), that is λ2 = χS−β1−β2, Clearly λ2 = χ < 0

if and only if,R0 < 1. Now at the disease free equilibrium all the values of the system

(3.1) are less then unity. So system (3.1) of our model is locally asymptotically stable

which complete the required proof.
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3.5 Local stability Analysis of The Model At Endemic Equilibrium

Theorem 3.2 The model (3.1) defined in equation (3.3) is locally asymptotically

stable at endemic equilibrium S(t) = S⋆(t), dA(t) = d⋆A(t), dB(t) =

d⋆B(t), dH(t) = d⋆H(t), dG(t) = d⋆G(t), dP (t) = d⋆P (t). If R0 > 1, then model

(3.1) is stable if not, then unstable.

EPE
=



−ξA⋆ −ξS⋆ 0 0 0 0 0

ξA⋆ A1 −χA⋆ 0 0 0 0

0 χB⋆ B1 −γB⋆ 0 0 0

0 0 γH⋆ K −γH⋆ 0 0

0 0 0 ϕG⋆ K1 −ϕG⋆ 0

0 0 0 0 ϵP ⋆ F −ηP ⋆


.

From simplification we get the following eigenvalues.

λ1 = −ξA⋆, (3.10)

λ2 = A1 − ξS⋆, (3.11)

λ3 = −G1, (3.12)

λ4 = −K2, (3.13)

λ5 = K3, (3.14)

λ6 = P1. (3.15)
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The terms used above are classified by the following,

A1 = ξS⋆ − β1 − β2 − χB⋆,

B1 = χA⋆ − ϕ1 − ϕ2 − γH⋆,

K = γB⋆ − θ1 − θ2 − ϕG⋆,

K1 = ϕH⋆ − ρ1 − ρ2 − ηP ⋆,

F = η − π1 − π2,

G = −(χ2A⋆B⋆ +B1(A1 − ξS⋆)), (3.16)

K2 = −(G1C + γ2B⋆H⋆),

K4 = G1ϕH
⋆ − (A1 − ξS⋆)γH⋆,

K3 = −K1K2 −K4ϕG
⋆,

K5 = K2ϵG
⋆,

P1 = M1 −N5ϵP
⋆.

From above equations it is clear that equations (3.10) and (3.11), that is, λ1 and λ2

are negative eigne values. Also equation (3.12),e.g. λ3 < 0 iff γ < 1. Using equation

(3.13), that is, λ4 < 0 iff ϕ < 0. Taking equation (3.14), implies λ5 < 0 if χ < 1.

Also from equation (3.15), that is λ6 < 0 iff χ < 1 and γ < 0. All the values

of model (3.1) are negative eigne values, so model (3.1) is asymptotically stable at

endemic equilibrium.
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3.6 Global Stability Behaviour of our Model

In this subsection, we find the global stability analysis of the proposed model.

In mathematical epidemiology global stability analysis is an interesting and especial

work. For this purpose we construct a Lyapunov function for global stability at disease

free equilibrium and at endemic equilibrium of the model. The Lyapunov function

[91, 92] is an interesting and easy rule to study stability analysis. Many authors

[88, 91]use this technique for the same job in there work. Now for global stability

analysis of model (3.1) the Lyapunov function for stability is defined, also we have

the following stability results which are stated below.
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3.7 Global Stability Analysis At Disease Free Equilibrium

Theorem 3.3 Model (3.1) at disease free equilibrium is said globally asymptotically

stable, if R0 ≤ 1, at S = S0 and the model unstable for R0 > 1.

Proof: To discussed the global stability analysis at disease free equilibrium, we define

Lyapunov function as,

Z(S, dA, dB, dH, dG, dP ) =
1

2
[S − S⋆ + A− A⋆ +B −B⋆ +H −H⋆ +

G−G⋆ + P − P ⋆]2 (3.17)

We see clearly that the above function Z(S, dA, dB, dH, dG, dP ) ≥ 0, and it also

equal to zero if and only if S = S⋆, A = A⋆, B = B⋆, H = H⋆, G = G⋆, P = P ⋆.

Now to show the required result, let us differentiate equation (3.17) with respect to t,

we get,

dZ

dt
(S, dA, dB, dH, dG, dP ) = (S − S⋆ + A− A⋆ +

B −B⋆ +H −H⋆ +G−G⋆ + P − P ⋆)

(
dS

dt
+
dA

dt
+
dB

dt
+
dH

dt
+
dG

dt
+
dP

dt
). (3.18)

Using values from model (3.1), then equation (3.18) becomes,

dZ

dt
(S, dA, dB, dH, dG, dP ) = (S − S⋆ + A− A⋆ +B −B⋆ +H −H⋆ +G−G⋆ +

P − P ⋆)[α− (dS + (β1 + β2)A+ (ϕ1 + ϕ2)B + (θ1 + θ2)H +

(ρ1 + ρ2)G+ (η1 + η2)P )].

From above it is clear that dZ
dt
(S, dA, dB, dH, dG, dP ) = 0 if and only if S = S⋆, A =

A⋆, B = B⋆, H = H⋆, G = G⋆, P = P ⋆, further it also be clear that
dZ
dt
(S, dA, dB, dH, dG, dP ) < 0 for α < K, where K = (dS + (β1 + β2)A + (ϕ1 +

ϕ2)B + (θ1 + θ2)H + (ρ1 + ρ2)G+ (η1 + η2)P ].

Which show that the global asymptotically stability at disease free equilibrium is

stable, which complete the proof.
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3.8 Global Stability Analysis At Endemic Equilibrium

Theorem 3.4 Model (3.1) is globally asymptotically stable at Endemic equilibrium

if the value of R0 > 1 , if S = S⋆, A = A⋆, B = B⋆, H = H⋆, G = G⋆, P = P ⋆,

and unstable, if R0 < 1, that is, R0 is less then unity.

Proof: Now to show the global stability analysis at endemic equilibrium of the model

(3.1), considered the following Lyapunov function,

X(S, dA, dB, dH, dG, dP ) =
1

2
(S − S⋆)2 +

1

2
(A− A⋆)2 +

1

2
(B −B⋆)2 +

1

2
(H −H⋆)2 +

1

2
(G−G⋆)2 +

1

2
(P − P ⋆)2.

We see the above define function, X(S, dA, dB, dH, dG, dP ) ≥ 0, and its equal to

zero, if and only if S = S⋆, A = A⋆, B = B⋆, H = H⋆, G = G⋆, P = P ⋆, now

Differentiating the above equation with respect to ”t” we have,

dX

dt
(S, dA, dB, dH, dG, dP ) = [(S − S⋆) + (A− A⋆) + (B −B⋆) + (H −H⋆) + (G−G⋆) +

(P − P ⋆)][α− dS + (β1 + β2)A+ (ϕ1 + ϕ2)B + (θ1 + θ2)H +

(ρ1 + ρ− 2)G+ (η1 + η2)P ],

After some simplification we get the following,

dX

dt
(S, dA, dB, dH, dG, dP ) = −[(S − S⋆) + (A− A⋆) +

(B −B⋆) + (H −H⋆) +

(G−G⋆) + (P − P ⋆)](W − α) (3.19)

Where the value of ”W” is given by,

W = dS + (β1 + β2)A+ (ϕ1 + ϕ2)B + (θ1 + θ2)H + (ρ1 + ρ2)G

+(η1 + η2)P ].
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From equation (3.19) it is clear that dX
dt
(S, dA, dB, dH, dG, dP ) = 0 if S = S⋆,

A = A⋆, B = B⋆, H = H⋆, G = G⋆, P = P ⋆, and also equation (3.19)
dX
dt
(S, dA, dB, dH, dG, dP ) < 0 if and only if W < α.

From above the model (3.1) is globally asymptotically stable at endemic equilibria

which is required.
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3.9 Numerical Simulation

In this subpart of the thesis, we observe the dynamical characteristic of

our model. For this purpose numerical results are applying by Runge-Kutta of

order 4th [92, 93] which have wide application in using ordinary differential

equations. For simulation, we use different values in the our model, which detail

are given in the Table. All parameters are taken in such away which would be

more biologically feasible, and the time interval considered from 0 − 1 year. While

different positive population for compartmental epidemic model are described as,

susceptible camel population S(t), infected camel population A(t), infected camel

to infect human population B(t), Infected individual to infect healthy population

H(t), infected individual to, infect family member population G(t) and family

member to clinic centre population P (t) shown in Table below. The time interval

from 0 − 1(year), non-negative population and from parameters value, we obtain

the numerical simulation Figs (1) to (6) are presented with and without vaccine or

control to reduce the numbers of infected individuals and maximize the numbers of

susceptible individuals, so the differences can be easily seen from the simulation.

Also we observe that with control or vaccine the recovery is very fast as compared

without control or vaccine.
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Figure 3.1: The plot represents susceptible camel population.
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Figure 3.2: The plot represents infected camel population.
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Figure 3.3: The plot represents human infected by camel.
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Figure 3.4: The plot represents human to human infection.
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Figure 3.5: The plot represents individual to family member infection.
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Figure 3.6: The plot represents family member infection to clinic .
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3.10 Table: Description of parameters

Notation Parameter Value

R(t) Total population Taken 00-500

S Susceptible camel population 00-400

A Infected camel population 00-350

B Infected camel to infect human population 00-400

H Infected individual to healthy population 00-200

G Individual to own family member population 00-400

P Family member to clinic centre population 00-200

α New birth rate in camels population 1.5000

d Natural death rate in camels population 1.7000

β2 Natural death rate in infected camels population 0.0143

β1 Infectious death rate in infected camels population 0.1340

ϕ2 Infect human population natural death rate 0.3002

ϕ1 Infectious death rate of infect human population 0.1343

θ2 Natural death rate of infected to healthy individual 0.0054

θ1 Infectious death rate of infected to healthy individual 0.0024

ρ2 Natural death rate of individual to family member 0.0019

ρ1 Infectious death rate of individual to family member 0.0074

η2 Natural death rate of family member to clinic center 0.0640

η1 Infectious death rate of family member to clinic center 0.3440

π2 Natural death rate of clinic patient to care center 0.4400

π1 Infectious death rate of clinic patient to care center 0.5410

ξ Transmission rate from susceptible camels to infected camel population 1.2300

χ Transmission rate of infected camels to infect human population 0.1000

γ Transmission rate of infected to healthy individual 0.0060

ϕ Transmission rate of infected to family member 1.0090

ϵ Transmission rate of infected family to clinic centre 0.0040

η Transmission rate of clinic individual to care center 0.0900



CHAPTER 4

MODELING AND STABILITY ANALYSIS OF EPIDEMIC EXPANSION

DISEASE EBOLA VIRUS WITH IMPLICATION PREVENTION IN

POPULATION

The intention of current chapter is a mathematical model of Ebola virus which

proposed by SEIR(susceptible exposed infected recovered) model. In our model

the population is effected by animals. Ebola virus cause haemorraghic fever, a

severe infectious disease which are characterized by high class fever and bleeding,

found mostly in humans and some monkeys. Here we assessed the transmissibility

associated with the infection stages of Ebola virus which generated an epidemic

model. To do this, in first step we formulated our model, and given basic properties

of the model. Then Next generation matrix approach is used for threshold number.

Then the biological region of study has been discussed. We used to find all the

conditions to investigated possible the required equilibria of our model in light of

basic reproduction number. In last numerical simulation is presented with and without

vaccination or control for the proposed model.
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4.1 Model Formulation And Method

In this subsection we presented Ebola SEIR mathematical model [94, 95].

In model the transmission of the virus spread both from wild animals and domestic

animals. The proposed model is define in the following four classes: first class is

about susceptible individuals and represented by Sh whose are not still infected but

have a chance to be suffer in the said disease in any time ” t ”. Second class is about

Ee that is, exposed individuals showing no symptoms of virus. The third class is the

about infected individuals and represented by Ie whose infected by Ebola virus in any

time ” t ” where the fourth class is the class of Re that is, the recover peoples of Ebola

virus. Then the differentials equations of the mathematical SEIR model of the Ebola

virus are represented as:

dSh

dt
= ψ − ξSh − λShEe − ϵ1ShIe − ϵ2ShIe,

dEe

dt
= λShEe − ωEeIe − (µ1 + µ2)Ee,

dIe
dt

= ωEeIe + ϵ1ShIe + ϵ2ShIe − ηIeRe − (ϕ1 + ϕ2)Ie, (4.1)

dRe

dt
= ηIe − δRe.

With the conditions given below,

Sh(0) ≥ 0, Ee(0) ≥ 0, Ie(0) ≥, Re(0) ≥ 0.

Certain assumption have been used in model (4.1), which are classified as, Sh

represent susceptible individuals,Ee shown exposed individuals, Ie represent infected

individuals, Re represent recovered individuals, ψ represent new birth rate inter

in the susceptible individuals, ξ show natural death rate of susceptible individuals,

ϵ1 show transmission rate from susceptible to infected individuals through wild

animals, ϵ2 represent the transmission rate from susceptible to infected individuals

through domestic animals, λ show the transmission rate from susceptible to exposed

individuals, ω represent transmission rate from exposed to infected individuals, η

represented the rate of infected to recovered individuals, µ1 and µ2 show natural death
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rate and infectious death rate of exposed individuals, ϕ1 and ϕ2 representing natural

and infectious death rate of infected individuals respectively.

Here whole population of our model is represented below,

B(t) = Sh + Ee + Ie +Re.

Which will be written as,

dB(t)

dt
=
dSh

dt
+
dEe

dt
+
dIe
dt

+
dRe

dt
.

Using values from model (4.1) we get the following result.

dB(t)

dt
= ψ − ξSh − (µ1 + µ2)Ee − ηIeRe − (ϕ1 + ϕ2)Ie + ηIe − δRe. (4.2)

While from equation (4.2) we write that,

dB(t)

dt
≤ ψ − ξSh.

Clearly

lim
t→∞

supB ≤ ψ

ξ
.

Now the sufficient biological feasible region for study of our model (4.1) that is, R

is., ℜ as.

ℜ = {(Sh, Ee, Ie, Re) ∈ R5
+, B ≤ ψ

ξ
}.
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4.2 R0 The Reproduction Number of Model

Reproductive number is consider one of the important key value in many

epidemiological work which represented by R0 which predict that where the

transmitted and infection disease spread in a community or population. The basic

reproduction number of a model is defined as ” average rate of a population when

an secondary infectious introduced in entire susceptible class” [87]. The R0 in

some epidemic models, can tell whether the infectious disease die or spread in a

population. Basic reproduction number that is the key value represent the average

rate of secondary infection cases when ever one of the infectious individual provided

in susceptible population. The next generation matrix method concept was developed

by Driessche et.al, [94]. For this we divide the system as follow,

F =

 λShEe − ωEeIe

ωEeIe + ϵ1ShIe + ϵ2ShIe − ηIeRe

 .
We have also,

V =

 (µ1 + µ2)Ee

(ϕ1 + ϕ2)Ie

 .
Now to find jacobian F and V we processed as.

F =

 λSh − ωIe −ωEe

ωIe ωEe + ϵ1Sh + ϵ2Sh − ηRe

 .

V =

 µ1 + µ2 0

0 ϕ1 + ϕ2

 .
So R0 the key value of model (4.1) will be,

R0 =
(ϵ1 + ϵ2)ψ

ξ(ϕ1 + ϕ2)
. (4.3)
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4.3 Endemic Equilibrium Points of Model

In this subpart of the thesis, we find endemic equilibrium points which also

play important role in any epidemiological model. Now the endemic equilibrium

points of the model are given below.

E∗
e = −ξλ,

I∗e =
λ

ω
Sh −

1

ω
(µ1 + µ2),

R∗
e =

η

δ
(
λ

ω
Sh −

1

ω
(µ1 + µ2)).

Where the value of the term S∗
h is given below,

S∗
h =

δω2ξ2 + λδωξ(ϕ1 + ϕ2)− λδ2(µ1 + µ2)

λ(δωξ(ϵ1 + ϵ2)− λξη2)
.
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4.4 Local Stability Behaviour of The Model

In this area of thesis we work on the model local stability analysis. The local

stability analysis need to discussed at disease free equilibrium of the model and at

endemic equilibrium also.

4.4.1 Local Stability Analysis At Disease Free Equilibrium

Now the local stability analysis at disease free equilibrium of the model

(4.1), are KFe = {Sh, Ee, Ie, Re}, which implies in disease free form as KFe =

{ψ/ξ, 0, 0, 0} thus we processed by the following Jacobian matrix at KFe, under,

K(DEe) =


ξ −λSh −(ϵ1 + ϵ2)S

0
h 0

0 λS0
h − (µ1 + µ2) 0 0

0 0 (ϵ1 + ϵ2)S
0
h − (ϕ1 + ϕ2) 0

0 0 0 δ{(ϵ1 + ϵ2)S
0
h − (ϕ1 + ϕ2)}

 .(4.4)

Thus for disease free equilibria at local stability analysis we have the following

theorem below.

Theorem 4.1 At disease free equilibrium KFe = {ψ/ξ, 0, 0, 0} if R0 < 1, then the

concern model (4.1) is locally asymptotically stable, while if R0 > 1 we said the

model is unstable.

Proof: From Jacobian matrix J(KEe) we have the following eigenvalues from

equation (4.4),

λ1 = −ξ, (4.5)

λ2 = λS0
h − (µ1 + µ2), (4.6)

λ3 = (ϵ1 + ϵ2)S
0
h − (ϕ1 + ϕ2), (4.7)

λ4 = δ{(ϵ1 + ϵ2)S
0
h − (ϕ1 + ϕ2)}. (4.8)
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Now we discuss the local stability analysis at disease free equilibrium as, it is clear

from equation (4.5), that is λ1 = −ξ < 0. Taking equation (4.6) λ2 = −{(µ1 +µ2)−

ψ}. It implies that λ2 < 0 if and only if (µ1 + µ2) > ψ which is clear. From equation

(4.7) (that is) λ3 = (ϵ1 + ϵ2)S
0
h − (ϕ1 + ϕ2). So clearly λ3 = R0 − 1. So λ3 =< 0

iff R0 < 1. From equation (4.8) λ4 = −δ{1 − R0} < 0 iff R0 < 1 which complete

the proof. Hence we say that local stability analysis at disease free equilibrium of the

model (4.1) are asymptotically stable.

4.4.2 Local Stability Behaviour At Endemic Equilibrium

Now in this subsection of the article we find stability analysis of the model

(4.1) at endemic equilibrium. For local stability analysis at endemic equilibrium we

have the following result.

Theorem 4.2 Local asymptotical stability at endemic equilibrium, will hold if R0 >

1 for model (4.1) that is, at KEe = {S∗
h, E

∗
e , I

∗
e , R

∗
e} and unstable if R0 > 1.

Proof: For stability analysis at endemic equilibrium consider the 4× 4 matrix,thus

KEe =


−ξ + λE∗

h +K1 0 −(ϵ1 + ϵ2)S
∗
h 0

0 −K1K2 K4 0

0 0 (ωK4K1)I
∗
e +K1K2K5 −(ηK2

1K2)I
∗
e

0 0 0 K6

 .

The above terms are specified below,

K1 = (ϵ1 + ϵ2)I
∗
e ,

K2 = λS∗
h − ωI∗e − (µ1 + µ2),

K3 = ωE∗
e + (ϵ1 + ϵ2)S

∗
h − ηR∗

e − (ϕ1 + ϕ2),

K4 = −{λ(ϵ1 + ϵ2)S
∗
h + ωK1}E∗

e ,

K5 = −{(K1K2) + (ϵ1 + ϵ2)I
∗
e (ϵ1 + ϵ2)S

∗
h},

K6 = −δ(ωK1K4I
∗
e +K1K2K5) + η2(K2

1K2)I
∗
e .
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Thus for endemic equilibrium, we get,

λ∗1 = −ξ + λE∗ +K1, (4.9)

λ∗2 = −K1K2, (4.10)

λ∗3 = (ωK4K1)I
∗
e +K1K2K5, (4.11)

λ∗4 = K6. (4.12)

Now we discuss the endemic equilibrium points, from equation (4.9) λ∗1 = −{ξ +

ξE∗ + (ϵ1 + ϵ2)I
∗} so λ1 < 0 iff (ϕ1 + ϕ2) + ω > (µ1 + µ2) and (ϕ1 + ϕ2) +

ω > η2. Now we using equation (4.10) λ∗2 = −K1K2 < 0 if and only if λ < 1

and λ > ω. Now we check the value of λ∗3, from equation (4.11) we observed that

λ∗3 = (ωK4K1)I
∗
e +K1K2K5 < 0 iff {λ(ϵ1 + ϵ2)S

∗
h +K1ω}ωE∗

eI
∗
e > ωI∗e + {(µ1 +

µ2)(k1k2)(ϵ1+ ϵ2)
2−λ}S∗

h by performing some calculation we observed that λ3 < 0.

Taking equation (4.12) and performing some calculation then λ4 < 0 if and only if

ωK4I
∗+K2K5 > η2K1K2I

∗
e . Clearly local stability analysis at endemic equilibrium

is asymptotically stable for system (4.1) which completed required proof.
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4.5 Global Stability Analysis of The Proposed Model

In this subdivision of the thesis we discuss global stability analysis of our

problem because the global stability analysis is considered one of the fundamental

them. There is a power full tool Lyapunov function use for the global stability analysis

of the model . To check the global stability analysis of our model (4.1), we construct

a Lyapunov function, which used many authors also in their models [41, 96]. For

the global stability analysis of model (4.1) at disease free equilibrium, considered the

following Lyapunov function. We have the following known stability result which

stated as.

4.5.1 Global Stability Analysis At Disease Free Equilibrium

To prove global stability analysis at disease free equilibria we construct

Lyapunov function for which the following result states as under,

Theorem 4.3 : For system (4.1) if R0 ≤ 1, then Globally asymptotically stability,

well hold for disease free equilibrium if Sh = Sh0 and unstable for R0 > 1.

Proof: Now we discuss the global behaviour of model (4.1) at disease free

equilibrium, considered the following Lyapunov function,,

U(Sh, Ee, Ie, Re) =
1

3
(Sh − S0

h + Ee − E0
e + Ie − I0e )

3.

Obviously the‘above function is greater then zero at disease free equilibrium and

equal to zero at Sh = S0
h, and Ee = Ie = Re = 0. Differentiating U(Sh, Ee, Ie, Re)

with respect to t, we obtain the following result, also using model (1),

dU

dt
(Sh, Ee, Ie, Re) = (Sh − S0

h + Ee − E0
e + Ie − I0e )

2

(ψ − λSh + λShEe − (µ1 + µ2)Ee − ηIeRe − (ϕ1 + ϕ2)Ie.
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After some simplification we get,

dU

dt
(Se, Ee, Ie, Re) = −(Sh − S0

h + Ee − E0
e + Ie − I0e )(K −Q). (4.13)

Clearly equation (4.13) is less then zero if and only if K > Q, where

K = ψEe + (µ1 + µ2)Ee + (ηRe + (ϕ1 + ϕ2))Ie.

And

Q = (1 + Ee)ψ.

Here we see that dU
dt
(Sh, Ee, Ie, Re) = 0 if and only if Sh = S0

h,Ee = E0
e , Ie = I0e , and

Re = R0
e while dU

dt
(Sh, Ee, Ie, Re) < 0 iff K > Q. Then the disease free equilibrium

is globally asymptotically stable.

4.5.2 Global Stability Analysis At Endemic Equilibrium

In this subsection we construct the following Lyapunov function to verify the

endemic equilibrium, as

Theorem 4.4 : For globally asymptotically stability for R0 > 1, then the endemic

equilibrium of model (4.1) is stable, if Sh = S∗
h, Ee = E∗

e , Ie = I∗e Re = R∗
e and

unstable, if R0 < 1.

Proof: Considered a Lyapunov function for our model defined in (4.1),for global

stability analysis at endemic equilibrium as,

Q(Sh, Ee, Ie, Re) =
1

2
(Sh − S∗

h)
2 +

1

2
(Ie − I − e∗)2.
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the define function Q(Sh, Ee, Ie, Re) > 0 and it equal to zero at Sh = S∗
h, Ee = E∗

e ,

Ie = I∗e Differentiating Q(Sh, Ee, Ie, Re) with respect to ”t” we get,

dQ

dt
(Sh, Ee, Ie, Re) = (Sh − S∗

h + Ie − I∗e )(
d

dt
Sh +

d

dt
Ie),

Putting values from model (4.1) in above then we obtain,

dQ

dt
(Se, Ee, Ie, Re) = −(Sh − S∗

h + Ie − I∗e )(ηRe + ϕ1 + ϕ2 − ωE)Ie,

Hence we have dQ
dt
(Sh, Ee, Ie, Re) = 0 if and only if Sh = S∗

h and Ee = E∗
e and

Ie = I∗e , Re = R∗
e also dQ

dt
(Sh, Ee, Ie, Re) < 0, iff ηRe + ϕ1 + ϕ2 > ωEe from above

it clear that endemic equilibria is globally asymptotically stable for model (4.1). So

the proof is completed.
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4.6 Numerical Simulation With Discussion

Work in this subsection of the thesis, contain numerical interpretation of

concern model by the using Runge-kutta method (that is) RK − 4. We use Different

parameters, its values and numerical result state in Figures 1, 2, 3 and 4. For this

purpose the following table well presented. In this subpart, the numerical simulations

for verification of analytical purposed of proposed model (4.1) are presented. Runge-

Kutta method of order four applied for numerical work. All parameters value are

used for simulation given in Table 14, which are biologically feasible. Non-negative

population, parameters value, and from time interval, we obtained the required

simulation in Figs (1) to (4), which represents that there are always susceptible S(t)

and recovered R(t) population which quickly recovered with vaccination, while the

remaining individuals i.e. exposed E(t), and infected I(t) individuals respectively

show that exposed also need vaccination, while without vaccination exposed class

getting health but very slowly, while vaccine provide a rapid health recovery.

Similarly if we do not provide vaccine to the infected class we see from simulation

their graph is going high but vaccination rapidly cover their problem. All values taken

fixed in the table above. In Figures 1, 2, 3 and 4 the simulation are presented with and

without vaccination to the population.
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4.7 Table

Notation Description of Parameter Value

ψ New birth rate in susceptible individuals 0.6321

λ Transmission rate from susceptible to exposed individuals 0.2877

ω Transmission rate from exposed to infected individuals 0.7613

η Transmission rate from infected to recover individuals 0.4389

ϵ1 Individuals get wild animals infection from susceptible to infected 0.1234

ϵ2 Individuals get domestic animals infection from susceptible to infected 0.2431

µ1 Natural death rate of exposed individuals 0.9704

µ2 Infectious death rate of exposed individuals 0.0432

ϕ1 Natural death natality for infected human 0.2006

ϕ2 Infectious death natality for infected human 0.0656

δ Natural death rate of recover people 0.6704
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Figure 4.1: The plot represents susceptible individuals of Ebola virus.
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Figure 4.2: The plot show exposed individuals of Ebola virus.
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Figure 4.3: The plot show infected individuals of Ebola virus.
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CHAPTER 5

PREVENTING STRATEGY FOR SUPER INFECTION MATHEMATICAL

MODEL TUBERCULOSIS AND HIV ASSOCIATED WITH AIDS

In this chapter first we extended the co-infection mathematical model [76]

for optimal control purposes. we initially derived threshold number R0, bounded and

biological region for study of the proposed model. Here we developed a methodology

through the considered superinfection problem getting abate while neglecting AIDS

because it is the noncurable disease. For this order we develop control variables in our

model as, V1 using treatment against TB, V2 infection control in health care center,

V3 co-treatment of multi-drug resistant TB and HIV or start both HIV antiretroviral

and anti TB drug therapy and V4 avoid close contact with TB patient are define with

some different schemes to minimize and control the infection from any community

and population. In the last section, numerical simulation is presented which supports

the given model.
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5.1 Related Materials And Problem,s Formulation

This subsection of the article contain, a mathematical model for

superinfection, that is, AIDS/HIV/TB with there mutual infectious classes. Here the

population model is based on superinfection characteristics of AIDS, HIV infection,

TB-HIV chronic stage and the final AIDS(HIV) infection transmission stage. For this

order the whole population model is divided into 9 mutual relations as

1. A susceptible individual is represented by R1(t) which are not infected, but maybe

a chance to get infection.

2. Latent TB individual are represented by R2(t) with no symptom of TB.

3. Active TB individuals are represented by R3(t) with TB infection.

4. Recovered TB individuals assigned by R4(t).

5. HIV infected individuals represented by R5(t) with no symptom of AIDS .

6. HIV infected individuals having AIDS symptom are represented by R6(t).

7. HIV infected individuals represented by R7(t) which are under the treatment of

HIV infection.

8. TB Latent individuals represented by R8(t) with co-infected HIV(pre-AIDS).

9. HIV infected individual(pre-AIDS) represented by R9(t) and having active

TB symptoms also. Now all the assumptions from 1 to 9 lead a compartmental

mathematical model with the following differential equations:

R•
1(t) = µ− Π(t)R1(t)− Ξ(t)R1(t)− dNR1(t),

R•
2(t) = Π(t)S(t) + γ1Π(t)R3(t)− (k1 + τ1 + dN)R2(t),

R•
3(t) = k1R2(t)− (τ2 + dT + dN + δΞ(t))R3(t),

R•
4(t) = τ1R2(t) + τ2R3(t)− (γ1Π(t) + Ξ(t) + dN)R4(t), (5.1)

R•
5(t) = Ξ(t)R1(t)− (ρ1 + ϕ+ ψΠ(t) + dN)R5(t)) + α1R6(t) + Ξ(t)R4(t) + ω1R7(t),

R•
6(t) = ρ1R5(t) + ω2R10(t)− α1R6(t)− (dN + dA)R6(t),

R•
7(t) = ϕR5(t) + u1(t)ρ2R9(t) + rk3R8(t)− (ω1 + dN)R7(t),

R•
8(t) = γ2Π(t)R10(t)− (k2 + k3 + dN)R8(t),

R•
9(t) = δΞ(t)R3(t) + ψΠ(t)R5(t) + α2R6(t) + k2R8(t)− (ρ2 + dN + dT )R9(t).
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For above system (5.1), we fix the following initial conditions as,

R1(t) ≥ 0, R2(t) ≥ 0, R3(t) ≥ 0, R4 ≥ 0, R5(t) ≥ 0, R6(t) ≥ 0, R7(t) ≥ 0,

R8(t) ≥ 0, R9(t) ≥ 0.

Also we drawn some certain assumptions in system (5.1) like:

γ1, γ2, ηC , ηA, δ, ψ, are represents the modification parameters.

µ represent recruitment rates.

β1 represents TB transmission rate.

β2 shown HIV transmission rate.

k1, represents the rate of individuals leave compartment 2 by becoming infected.

k2 represent the individuals leave compartment 8 and enter in TB infection

compartment.

k3 represent the individual to move from compartment 8.

ρ1 represents rate in which the individuals leave compartment 5 and enter in

compartment 6.

ρ2 individuals leave compartment 9.

ω1 represent the individual leave compartment 7.

ω2 represents the individuals leave compartment 9.

τ1 represent TB individual treatment rate for compartment 2 individuals.

τ2 represent treatment rate for compartment 3 individuals.

ϕ represent HIV treatment rate for compartment 5 individuals.

α1 represent AIDS treatment rate.

α2 represent HIV treatment rate for 9 class individuals.

r represents fraction of 8 individuals who used HIV and TB treatment.

dTA represent AIDS and TB induced death rate.

dT show TB individuals induced death rate.

dN represent natural death rate.

dA represent AIDS individuals induced death rate. Whole population of the system

(5.1) for any time t, are represented by P (t) as below,

P (t) = R1(t) +R2(t) + r3(t) +R4(t) +R5(t) +R6(t) +R7(t) +R8(t) +R9(t).



57

We also assume that: ”Active TB” individuals infect susceptible individuals of ”latent

TB” by the rate of transmission Π. While all individuals having HIV, then infect

susceptible individuals of HIV by transmission rate Ξ as under,

Π(t) =
β1
P (t)

(R3(t) +R9(t) +R8(t)).

The value of Ξ is as,

Ξ(t) =
β2
P (t)

[R4Ψ4(t) +R9(t) +R8(t) +R9(t) + ηCR7(t) + ηA(R6(t) +R8(t))].

Also we drawn some more assumptions as:

β1 considered the effectiveness rate for TB infected individuals.

and β2 represents the effectiveness rate to HIV infected individuals.

ηA > 1 represent the modification parameter relative infectiousness for AIDS

symptom individuals.

ηC 0 1 represent the modification parameter of the body immunity for the individual

suffered in HIV produced by anti-retroviral treatment.
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5.2 Bounded And Biological Region

As for our model (5.1) total population is represented by P (t), so differentiate

model(1) and using values we get the following,

dP (t)

dt
≤ µ− dNP (t).

Thus for biological study purpose, we study model (5.1) in below closed region,

Ψ = {(R1(t), R2(t), R3(t), R4(t), R5(t), R6(t), R7(t), R8(t), R9(t)

∈ R9
+, 0 < V ≤ µ− dNP (t)}. (5.2)

The value of ”V” is as under,

V = (R1(t) +R2(t) +R3(t) +R4(t) +R5(t) +R6(t) +R7(t) +R8(t) +R9(t)).

Which show that the proposed model is bounded and closed.
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5.3 Calculation of Reproductive Number ”R0”

The reproductive number is consider one of the important and fundamental

key value in many epidemiological model which represented by R0 which predict

that, where the infection will spread into a specific community(population class)

or not. There are many approaches are used to derived R0 in the epidemiological

mathematical model, but we used a next-generation matrix concept which is

interesting and also very simple tool. The next generation matrix is very useful tool

to determine biologically meaningful formula to find basic reproduction number in

the continuous epidemic model, (that is) system of differentials equations. By next

generation matrix approach, the whole model is divide into two groups,

(1) infected and

(2) non-infected groups,

then we define Jacobian matrix for infectious class and then Jacobian matrix split

further into two matrices, that is, J = F − V , where J represents the jacobian

matrix and F , V are the newly generated matrices. After this, we find the inverse

of V and multiply with matrix F , which is FV −1. Finally the most dominant eigne

value is taken, which is the required basic reproduction number R0. According to the

statement above, basic reproduction number for our system (5.1) is becoming.

R0 =Max[
δΞ(t)

τ2 + dT + dN
,

ψΠ(t)

ρ1 + ϕ+ dN
].

The above R0 is the required value of our model.
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5.4 Optimal Control Problem of The Proposed Model

In mathematical models the optimal control for any problem is considered one

of the powerful tool through the complex structure of the dynamical system. The said

technique is used for the dynamics study of the disease, and for more study refer

[97, 98], while for more study its good to check [99, 100]. Now to determine the

optimal control technique to minimizing the population infected individuals and try

to maximize susceptible individuals as well as recovered individuals we define six

variables for ten states variables, which are R1(t), R2(t), R3(t), R4(t), R5(t), R6(t),

R7(t), R8(t), and R9(t). Here in equation (5.3) we define the control variables which

are define as following,

R•
1(t) = µ− Π(t)R1(t)− Ξ(t)R1(t)− dNR1(t)

+ V1LTH(t) + V2IT (t) + V3R(t) + V4RH(t) + V5ITH(t) + V6A(t),

R•
2(t) = Π(t)S(t) + γ1Π(t)R3(t)− (k1 + τ1 + dN)R2(t) + V1LTH(t) + V2IT (t) + V3R(t),

R•
3(t) = k1R2(t)− (τ2 + dT + dN + δΞ(t))R3(t) + V1LTH(t) + V2IT (t) + V3R(t),

R•
4(t) = τ1R2(t) + τ2R3(t)− (γ1Π(t) + Ξ(t) + dN)R4(t) + V2IT (t),

R•
5(t) = Ξ(t)R1(t)− (ρ1 + ϕ+ ψΠ(t) + dN)R5(t)) + α1R6(t) + Ξ(t)R4(t) + ω1R7(t)

+ V1LTH(t) + V3R(t) + V4RH(t) + V5ITH(t),

R•
6(t) = ρ1R5(t) + ω2R10(t)− α1R6(t)− (dN + dA)R6(t) + V1LTH(t) + V2IT (t) + V3R(t)

+ V4RH(t) + V6A(t), (5.3)

R•
7(t) = ϕR5(t) + u1(t)ρ2R9(t) + rk3R8(t)− (ω1 + dN)R7(t) + V1LTH(t) + V2IT (t)

+ V3R(t) + V4RH(t) + V5ITH(t),

R•
8(t) = γ2Π(t)R10(t)− (k2 + k3 + dN)R8(t) + V2IT (t) + V3R(t) + V4RH(t) + V5ITH(t),

R•
9(t) = δΞ(t)R3(t) + ψΠ(t)R5(t) + α2R6(t) + k2R8(t)− (ρ2 + dN + dT )R9(t) + V1LTH(t)

+ V2IT (t) + V3R(t) + V4RH(t) + V5ITH(t).

Subjected to initial conditions of equation (5.2), while the control variables are,

V1, V2, V3 and V4 are assigned for, using treatment against TB, infection control in

health care center, co-treatment of multi-drug resistant TB and HIV or start both HIV
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antiretroviral and anti TB drug therapy and avoid close contact with TB patient. Now

the objective functional will be defined with control problem strategy which should

abate infection in all individuals, as well as maximize susceptible and recovered

individuals. To achieve the desired goal we define five control variables mention

above. So the required objective functional with the control problem is below,

J(V1, V2, V3, V4) = min

∫ tend

0

[(Z1R1(t) + Z2R@(t) + Z3R3(t) + Z4R4(t) + Z5R5(t)

+ Z6R6(t) + 7R7(t) + Z8R8(t) + Z9R9(t) +

+
1

2
{W1V

2
1 (t) +W2V

2
2 (t) +W3V

2
3 (t) (5.4)

+ W4V
2
4 (t))}]dt

In above equation we mention the terms as, Z1, Z2, Z3, Z4, Z5, Z6, Z7, Z8, and Z9 are

represent Susceptible individuals, unexposed TB individuals, TB infected individuals,

TB recovered individuals with HIV but no symptom of AIDS individuals, both HIV

and AIDS individuals, represent treatment of HIV, TB and HIV infected individuals,

TB and HIV having no AIDS individuals, TB and HIV recovered with no AIDS

individuals and HIV having AIDS individuals respectively. Our mission is to increase

the number of recovered individuals in the population also we try to minimize all the

infected individuals. To achieve the goal we will define the following control set,

Also in equation (5.4) the terms used are classified by the following:

• 1
2
(W1V

2
1 ) using treatment against ”TB”.

• 1
2
(W2V

2
2 ) using to avoid close contact with ”TB” patient.

• 1
2
(W3V

2
3 ) is using for co-treatment of multi-drug resistant ”TB” and ”HIV”

or

start both ”HIV” antiretroviral and anti ”TB” drug therapy.

• 1
2
(W4V

2
4 0 is using for infection control in health care centre.

Now to find control function for the above we processed as below:

J(V ∗
1 , V

∗
2 , V

∗
3 , V

∗
4 ) = min{J(V1, V2, V3, V4)} such that (V1, V2, V3, V4)εQ)

Control set for the system (5.3) is defined as,

Q={(V1, V2, V3, V4/Vi(t) is lebesgue measure on [1, 0], 0 ≤ Vi(t) < 1

where (i = 1, 2, 3, 4)
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5.5 Optimal Control existence of our Model

To consider control system (5.4) at any time t = 0, we show existence of

the optimal control problem, we define equation (5.5) and (5.6) by ”Lagrangian” and

”Hamiltonian”. Now first we define Lagrangian for optimal control problem, as under,

L(R1, R2, R3, R4, R5, R6, R7, R8, R9) = Z1R1(t) + Z2R2(t) + Z3R3(t) + Z4R4(t) + Z5R5(t)

+ Z6R6(t) + Z7R7(t) + Z8R8(t) + Z9R9(t)

+
1

2
(W1V

2
1 +W2V

2
2 +W3V

2
3 +W4V

2
4 ).

Now we define ”Hamiltonian ”H” for optimal control as,

H = L(R1, R2, R3, R4, R5, R6, R7, R8, R9) + ξ1(
d

dt
R1(t)) + ξ2(

d

dt
R2(t)) + ξ3(

d

dt
R3(t)) (5.5)

+ ξ4(
d

dt
R4(t)) + ξ5(

d

dt
R5(t)) + ξ6(

d

dt
R6(t)) + ξ7(

d

dt
R7(t)) + ξ8(

d

dt
R8(t)) + ξ9(

d

dt
R9(t))).

Now optimal control existence, is given by,

H = L+ ξ1[µ− Π(t)R1(t)− Ξ(t)R1(t)− dNR1(t)] + ξ2[Π(t)S(t) + γ1Π(t)R3(t)

− (k1 + τ1 + dN)R2(t)]

+ ξ3[k1R2(t)− (τ2 + dT + dN + δΞ(t))R3(t)] + ξ4[τ1R2(t) + τ2R3(t)

− (γ1Π(t) + Ξ(t) + dN)R4(t)] (5.6)

+ ξ5[Ξ(t)R1(t)− (ρ1 + ϕ+ ψΠ(t) + dN)R5(t)) + α1R6(t) + Ξ(t)R4(t) + ω1R7(t)] +

+ ξ6[ρ1R5(t) + ω2R8(t)− α1R6(t)− (dN + dA)R6(t)] + ξ7[ϕR5(t) + u1(t)ρ2R9(t)

+ rk3R8(t)− (ω1 + dN)R7(t)] + ξ8[γ2Π(t)R8(t)− (k2 + k3 + dN)R8(t)]

+ ξ9[δΞ(t)R3(t) + ψΠ(t)R5(t) + α2R6(t) + k2R8(t)− (ρ2 + dN + dT )R9(t)]

+ ξ8[u2(t)ρ2R9(t) + (1− r)k3R8(t)− (γ2Π(t) + ω2 + dN)R8(t)]

+ ξ9[(1− (u1(t) + u2(t)))ρ2R9(t)− (α2 + dN + dTA)R9(t)].
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Where the value of ”Lagrangian”,that is ”L” is given as,

L = Z1R1(t) + Z2R2(t) + Z3R3(t) + Z4R4(t) + Z5R5(t)

+ Z6R6(t) + Z7R7)t+ Z8R8(t) + Z9R9(t)

+
1

2
(W1V

2
1 +W2V

2
2 +W3V

2
3 +W4V

2
4 ). (5.7)

Now we use the following known result, to show the existence of our proposed model

Theorem 5.1 For existence of optimal control we take, u⋆ = (V ⋆
1 , V

⋆
2 , V

⋆
3 , V

⋆
4 ) εQ,

Such that,

L(V ⋆
1 , V

⋆
2 , V

⋆
3 , V

⋆
4 ) = minL(V ⋆

1 , V
⋆
2 , V

⋆
3 , V

⋆
4 ).

Subjected to initial conditions of the control system (5.2).

Proof : Now to prove the optimal control existence using in [5.1] we define positive

control variables as well as state variables. To minimizing the case define above the

convexity required for the objective functional in equations (5.4), V1(t), V2(t), V3(t)

and V4(t) all are satisfied. The set of control variables V1(t), V2(t), V3(t) and V4(t)

ε W so by the definition it closed and also convex. Here optimal control system is

bounded which implies compactness and fulfill the existence of our proposed model

and optimal control for further to integrand on objective functional (5.4),

L = Z1R1(t) + Z2R2(t) + Z3R3(t) + Z4R4(t) + Z5R5(t) + Z6R6(t) + Z7R7)t +

Z8R8(t)
1
2
(W1V

2
1 +W2V

2
2 +W3V

2
3 +W4V

2
4 ).

Taking the convex in optimal control, that is, set W which implies the ensure of

optimal control, (V ⋆
1 , V

⋆
2 , V

⋆
3 , V

⋆
4 ) to minimize (5.3). For optimal control problem we

need to find optimal control solution for our purposed model for this we use Maximum

principle of Pontryagin,s to the Hamiltonian as below.

H(y, p(y), u(y), λ(y)) = f(y, p(y), u(y) + λ(g(p(y), u(y))). (5.8)

If (p⋆, w⋆
1, w⋆

2), w
⋆
3), w

⋆
4)) we will considered the optimal control solution for the

required optimal control, shows that obviously a non-trivial vector exist there,

λ(y) = (λ1(y), λ2(y), λ3(y)..................., λn(y)).
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Where y taking for time, that is, y = t

dx

dy
= ∂H(y, x(y), u(y), λ(y))

0 =
∂H(y, p(t), u(y), u(y), λ(y)

∂u
(5.9)

λ(y)′ =
∂H(y, p(y), u(y), λ(y)

∂x
.

On Hamiltonian equation we apply the necessary condition and we processed as

below.

Theorem 5.2 Suppose thatR⋆
1(t), R

⋆
2(t), R

⋆
3(t), R

⋆
4(t), R

⋆
5(t), R

⋆
6(t), R

⋆
7(t), R

⋆
8(t), R

⋆
9(t)

are the optimal state solution regarding to optimal control variables V ⋆
1 , V

⋆
2 , V

⋆
3 , V

⋆
4

for the optimal problem (5.4) also (5.3). Then the adjoint variables will exist there

λ1(y), λ2(y), λ3(y), λ4(y),

λ5(y), λ6(y), λ7(y), λ8(y), λ9(y) are satisfied.

For the above theorem now we can processed as follow.

λ′1(y) = ξ1(λT (t) + λH(t) + dN)− (ξ2λT (t) + ξ5λH(t) + Z1),

λ′2(y) = ξ2(k1 + τ1 + dN)− (ξ3k1 + ξ4τ1 + Z2),

λ′3(y) = ξ3(τ3 + dT + dN + δλH(ty)− 9ξ4τ2 + Z3),

λ′4(y) = ξ4(γ1λT (t) + λH(t) + dN)− (ξ5λH(t) + Z4),

λ′5(y) = ξ5(ρ1 + ϕ+ ψλT (t) + dN)− (ξ6ρ1 + ξ7ϕ+ ξ9ψλT (t)),

λ′6(y) = ξ6(α1 + dN + dA)− (ξ5α1 + Z6), (5.10)

λ′7(y) = ξ7(ω1 + dN)− (ξ5ω1 + Z7),

λ′8(y) = ξ8(k2 + k3 + dN)− (ξ7rk3 + ξ9k2 + ξ10(1− r) + Z8),

λ′9(y) = ξ9(ρ2 + dN + dT )− (ξ7ρ2u1(t) + ξ10ρ2u2(t) + ξ11(1− u1(t) + u2(t))ρ2).

with the transversality conditions (Boundary conditions).

λi(y) = 0, for i = 1, 2, 3, 4.
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further more the optimal control variables V ∗
1 , V ∗

2 , V ∗
3 and V

∗
4 are as.

V ∗
1 = max{min{−7LTH(t)

W1

, 1}, 0},

V ∗
2 = max{min{−6IT (t)

W2

, 1}, 0},

V ∗
3 = max{min{−8R(t)

W3

, 1}, 0},

V ∗
4 = max{min{−7RH(t)

W4

, 1}, 0}. (5.11)

proof :Now to find the adjoint equation (5.3) for transversality conditions (5.8),

let considered the Hamiltonian (5.5) by representing R1(t) = R⋆
1(t), R2(t) =

R⋆
2(t), R3(t) = R⋆

3(t), R4(t) = R⋆
4(t), R5(t) = R⋆

5(t), R6(t) = R⋆
6(t), R7(t) =

R⋆
7(t), R8(t) = R⋆

8(t), R9(t) = R⋆
9(t) = 0 then differentiate Hamiltonian equation

with respect to time, S(t), LT (t), IT (t), R(t), IH(t), A(t), CH(t), LTH(t), and

ITH(t). then we obtain the desired adjoint equation (5.9). We find V ∗
1 , V ∗

2 , V ∗
3 and

V ∗
4 . Now differentiate the Hamiltonian with respect to V1, V2, V3 and V4, we solve

∂H
∂V1

= 0, ∂H
∂V2

= 0, ∂H
∂V3

= 0, ∂H
∂V4

= 0, on the interior on the control set we use

optimality conditions. In last we use the property of control space W and to get

equation (5.10) and (5.11) which complete the required proof.

Now again by recall equations (5.10) and (5.11) from the optimal control V ∗ the

characterization of the optimal control. Now we obtained State variables as well

as, optimal control variables by the solving optimality system which contain state

variables (5.4) and adjoint system (5.3) by boundary condition (5.10) and (5.11).

Putting the values of V ∗
1 , V ∗

2 , V ∗
3 , and V ∗

4 , on the control system (5.3) we obtain.
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R•
1(t) = µ− Π(t)R1(t)− Ξ(t)R1(t)− dNR1(t)

+ max{min{−7LTH(t)

W1

, 1}, 0}LTH(t) +max{min{−6IT (t)

W2

, 1}, 0}IT (t)

+ max{min{−8R(t)

W3

, 1}, 0}R(t) +max{min{−7RH(t)

W4

, 1}, 0}RH(t)

+ max{min{−6ITH(t)

W5

, 1}, 0}ITH(t),

R•
2(t) = Π(t)S(t) + γ1Π(t)R3(t)− (k1 + τ1 + dN)R2(t)

+ max{min{−7LTH(t)

W1

, 1}, 0}LTH(t) +max{min{−6IT (t)

W2

, 1}, 0}IT (t)

+ max{min{−8R(t)

W3

, 1}, 0}R(t),

R•
3(t) = k1R2(t)− (τ2 + dT + dN + δΞ(t))R3(t) + ax{min{−7LTH(t)

W1

, 1}, 0}LTH(t)

+ max{min{−6IT (t)

W2

, 1}, 0}IT (t)

+ max{min{−8R(t)

W3

, 1}, 0}R(t),

R•
4(t) = τ1R2(t) + τ2R3(t)− (γ1Π(t) + Ξ(t) + dN)R4(t)

+ max{min{−6IT (t)

W2

, 1}, 0}IT (t),

R•
5(t) = Ξ(t)R1(t)− (ρ1 + ϕ+ ψΠ(t) + dN)R5(t)) + α1R6(t) + Ξ(t)R4(t) + ω1R7(t)

+ max{min{−8R(t)

W3

, 1}, 0}R(t) +max{min{−7RH(t)

W4

, 1}, 0}RH(t) (5.12)

+ max{min{−6ITH(t)

W5

, 1}, 0}ITH(t),

R•
6(t) = ρ1R5(t) + ω2R8(t)− α1R6(t)− (dN + dA)R6(t)

+ max{min{−7LTH(t)

W1

, 1}, 0}LTH(t) +max{min{−6IT (t)

W2

, 1}, 0}IT (t)

+ max{min{−8R(t)

W3

, 1}, 0}R(t) +max{min{−7RH(t)

W4

, 1}, 0}RH(t)

+ max{min{−6ITH(t)

W5

, 1}, 0}ITH(t) +max{min{−3A(t)

W6

, 1}A(t),

R•
7(t) = ϕR5(t) + u1(t)ρ2R9(t) + rk3R8(t)− (ω1 + dN)R7(t)

+ max{min{−6IT (t)

W2

, 1}, 0}IT (t)

+ max{min{−8R(t)

W3

, 1}, 0}R(t) +max{min{−7RH(t)

W4

, 1}, 0}RH(t)

+ max{min{−6ITH(t)

W5

, 1}, 0}ITH(t) +max{min{−3A(t)

W6

, 1}A(t),

R•
8(t) = γ2Π(t)R8(t)− (k2 + k3 + dN)R8(t) +max{min{−6IT (t)

W2

, 1}, 0}IT (t)

+ max{min{−8R(t)

W3

, 1}, 0}R(t) +max{min{−7RH(t)

W4

, 1}, 0}RH(t)

+ max{min{−6ITH(t)

W5

, 1}, 0}ITH(t).
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R•
9(t) = δΞ(t)R3(t) + ψΠ(t)R5(t) + α2R6(t) + k2R8(t)− (ρ2 + dN + dT )R9(t) + V1LTH(t)

+ V2IT (t) + V3R(t) + V4RH(t) + V5ITH(t),

Where the value of H is given by,

H = Z1R1(t) + Z2R2(t) + Z3R3(t) + Z4R4(t) + Z5R5(t) + Z6R6(t) + Z7R7)t

+ Z8R8(t) + Z9R9(t) +
1

2
(W1V

2
1 +W2V

2
2 +W3V

2
3 +W4V

2
4 +W5V

2
5 +W6V

2
6 )

+ ξ1[µ− Π(t)R1(t)− Ξ(t)R1(t)− dNR1(t)] + ξ2[Π(t)S(t) + γ1Π(t)R3(t)

− (k1 + τ1 + dN)R2(t)] + ξ3[k1R2(t)− (τ2 + dT + dN + δΞ(t))R3(t)] + ξ4[τ1R2(t)

+ τ2R3(t)− (γ1Π(t) + Ξ(t) + dN)R4(t)] + ξ5[Ξ(t)R1(t)− (ρ1 + ϕ+ ψΠ(t) + dN)R5(t))

+ α1R6(t) + Ξ(t)R4(t) + ω1R7(t)] +

+ ξ6[ρ1R5(t) + ω2R8(t)− α1R6(t)− (dN + dA)R6(t)] + ξ7[ϕR5(t) + u1(t)ρ2R9(t)

+ rk3R8(t)

− (ω1 + dN)R7(t)] + ξ8[γ2Π(t)R8(t)− (k2 + k3 + dN)R8(t)] (5.13)

+ ξ9[δΞ(t)R3(t) + ψΠ(t)R5(t) + α2R6(t) + k2R8(t)− (ρ2 + dN + dT )R9(t)]

+ ξ8[u2(t)ρ2R9(t) + (1− r)k3R8(t)− (γ2Π(t) + ω2 + dN)R8(t)]

+ ξ9[(1− (u1(t) + u2(t)))ρ2R9(t)− (α2 + dN + dTA)R9(t)].
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Figure 5.1: The plot represents susceptible individuals.
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Figure 5.2: The plot represents Latent TB individuals.
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Figure 5.3: The plot shows Active TB individuals.
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Figure 5.4: The plot represents Recovered TB individuals.
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Figure 5.5: The plot represents HIV no AIDS individuals.
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Figure 5.6: The plot represents HIV and AIDS individuals.
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Figure 5.7: The plot represents HIV infected individuals.
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Figure 5.8: The plot represents Latent TB and HIV individuals .



72

0 5 10
−20

0

20

40

60

80

100

Time Month "Active TB/HIV infected Individuals"

S
u

p
e

r 
in

fe
c
ti
o

n
 A

ID
S

, 
H

IV
 a

n
d

 T
B

 p
o

p
u

la
ti
o

n

 

 
with control
 without control

−5 0 5 10 15
−20

0

20

40

60

80

100

Active TB/HIV Infected Individuals

A
c
ti
v
e

 T
B

/H
IV

 I
n

fe
c
te

d
 I
n

d
iv

id
u

a
ls

Figure 5.9: The plot represents Active TB and HIV individuals.
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5.6 Table2:

Notation Parameter description Value

µ The rate of Recruitment 0.0235

dn Natural death rate 0.0213

γ1 Parameter of Modification 0.1123

γ2 Parameter of Modification 0.11889

k1 Rate individuals left LT (t) class and getting infection 0.0125

k2 Rate individuals left LTH(t) class and getting TB infection 0.0825

k3 The rate through individuals left LTH(t) class 0.2358

τ1 Rate for TB treatment LT (t) individuals 0.2230

τ2 Rate for TB treatment IT (t) individuals 0.2893

dT Death rate induced by TB 0.1110

δ Parameter of Modification 0.3100

ρ1 Rate through individuals left IH(t) class to A 0.5000

ρ2 Rate through individuals left ITH(t) class 0.5800

ϕ Rate of HIV treatment IH(t) individuals 0.1969

α1 AIDS treatment rate 0.0035

α2 Rate of HIV treatment AT (t) individuals 1.0000

ω1 The rate through individuals left CH(t) class 0.1030

ω2 The rate through individuals left RH(t) class 0.0921

dA Death rate induced by AIDS 0.0035

r Fraction of LTH(t) treatment rate of HIV and TB individual 0.6660

λ Individuals having active TB rate and susceptible 0.2345

λh Active HIV rate Individuals 0.345

u1 use a control parameter 0.2212

u1 use a control parameter 0.0011

β1 The rate of TB transmission 1.7000

β2 The rate of HIV transmission 0.1000

dTA Death rate induced by AIDS-TB 0.2100

ηC Parameter of modification 0.0900
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5.7 Numerical Simulation And Discussion

In this subsection of the thesis, the numerical work of our model (1) are

presented by Runge-Kutta method of order four for the verification of analytical

purpose. All parameters value described in simulation result given in Table 1,

which are biologically feasible. Moreover, the time interval for the concern

model considered from 0 to 10 units, and different initial population sizes for a

compartmental epidemic model population are given in Figs 1 to 9 with and without

vaccination and the bar graph of the related population is also obtained. For parameter

value, non-negative population sizes and the considered time interval 0 to 10 shown

in Table 1. From Figs 1 to 9 its clear that recovery is fast in case of vaccination, while

we noted that our proposed model showed that the TB/HIV and AIDS individuals

showing some different behaviors. Moreover, here we concluded that vaccination

provided for a long time will permanently vanish the infection from population. Here

our numerical results also show the area involved in the papulation or in community.



CHAPTER 6

CONCLUSIONS

We summarized our work in this chapter and we included the whole

mathematical, as well as, theoretical discussions. Also, we have suggested some

proposals for new researchers to develop our model by applying the medical point of

view. The following four problems have been investigated in the thesis.

1)A Dynamic Compartmental Mathematical Model Describing the Transmissibility

0f Mers-Cov Virus in Public.

2)Modeling and Stability Analysis of Epidemic Expansion Disease Ebola Virus with

Implications Prevention in Population.

3)Prevention Strategy For Super Infection Mathematical Model Tuberculosis And

HIV Associated With AIDS.
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6.1 Summary of Research

Chapter 3

We have established an article in this subsection, for the transmission dynamics

of Middle East Respiratory Syndrome coronavirus by taking the spread and

classification in population. We formulated different mathematical models and their

analysis including, biological feasibility and positivity analysis of our model. We

used the next-generation matrix approach to obtain the basic reproduction number, as

well as its feasibility region, has discussed. After that, the stability analysis that is,

local, as well as, global stability analysis are shown stable asymptotically at disease

free and on endemic equilibriums. Here Lyapunov function theory approach is used to

retrieved global stability analysis. In the last, numerical interpretation are presented

with and without control or vaccination to represent the feasibility of our proposed

models.

In future, our proposed model will be presented with septic and spatial approach, also

we will design optimal control theory for our model and reported very soon in future

publication.

Chapter 4

A compartmental (SEIR) mathematical epidemic model of the Ebola virus is

considered. In our proposed the transmissibility agent is considered animal at any

time t in the population. First, we formulated the model and obtained the key number

reproductive number (that is) R0. After that, we obtained endemic equilibrium points

and a feasible region of study. Then according to the reproductive number we

discussed local, as well as, global stability analysis at disease free and at endemic

equilibria are shown stable. Finally, numerical simulation of the compartmental

mathematical model is obtained by Runge-Kutta method RK4 and show all results

from Figs 1 to 4 with a control strategy which shown the validity of the model.

Chapter 5

In this subsection of the article, we extended the superinfection mathematical model

for HIV(AIDS) associated with TB defined in SeMA journal as ”A mathematical co-

infection problem its transmission and behaviour is presented with stability analysis”.

Then, according to their infectious classes the concern model has been formulated,
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which provided 9, infectious classes, then we derived threshold key-value number,

that is, R0 with next generation matrix approach, then we found bounded and

biological region for study of the concern model. After that, we discussed the

optimal control by introducing four control variables V1, V2, V3 and V4 to minimize

the infection from population and shown the behavior of the graphs in Figs 1 to 9 with

and without control. We observed that with vaccination the recovery of individuals is

very fast from the figures. All the parameters and their values are given in Table 1.

Also the simulation results are new in this area of research.

The graph approaches represent new idea for upcoming scholars, students, and

scientists in future. In the area graph the less area shows less infection while more

cover area graph shows great infection at any time in any population.



78

REFERENCES

[1] M. Tahir, S. I. A. Shah, G. Zaman, and T. Khan, “A dynamic compartmental

mathematical model describing the transmissibility of mers-cov virus in

public,” Journal of Mathematics (ISSN 1016-2526), vol. 51, no. 4, pp. 57–71,

2019.

[2] M. Tahir, N. Anwar, S. I. A. Shah, and T. Khan, “Modeling and

stability analysis of epidemic expansion disease ebola virus with implications

prevention in population,” Cogent Biology, no. just-accepted, p. 1619219,

2019.

[3] M. Tahir, S. I. A. Shah, and G. Zaman, “Prevention strategy for superinfection

mathematical model tuberculosis and hiv associated with aids,” Cogent

Mathematics & Statistics, vol. 6, no. 1, p. 1637166, 2019.

[4] A. S. Perelson and P. W. Nelson, “Mathematical analysis of hiv-1 dynamics in

vivo,” SIAM review, vol. 41, no. 1, pp. 3–44, 1999.

[5] F. Brauer, C. Castillo-Chavez, and C. Castillo-Chavez, Mathematical models

in population biology and epidemiology, vol. 40. Springer, 2001.

[6] R. M. Merrill, Introduction to epidemiology. Jones & Bartlett Publishers, 2015.

[7] R. M. May, Infectious diseases of humans: dynamics and control. Oxford

University Press, 1992.

[8] J. H. Hubbard and B. H. West, Differential equations: A dynamical systems

approach: Ordinary differential equations, vol. 5. Springer, 2013.

[9] J. Guckenheimer and P. Holmes, “Nonlinear oscillations, dynamical systems

and bifurcations of vector fields,” J. Appl. Mech, vol. 51, no. 4, p. 947, 1984.



79

[10] V. Lakshmikantham, S. Leela, and A. A. Martynyuk, Stability analysis of

nonlinear systems. Springer, 1989.

[11] J. La Salle, “Cbms-nsf regional conference series in applied mathematics: Vol.

25. the stability of dynamical systems,” 1976.

[12] S. Lenhart and J. T. Workman, “An introduction to optimal control applied to

immunology,” Modeling and Simulation of Biological Networks, vol. 64, p. 85,

2007.

[13] D. S. Hui, Z. A. Memish, and A. Zumla, “Severe acute respiratory syndrome

vs. the middle east respiratory syndrome,” Current opinion in pulmonary

medicine, vol. 20, no. 3, pp. 233–241, 2014.

[14] D. K. Chu, J. O. Oladipo, R. A. Perera, S. A. Kuranga, S. M. Chan, L. L.

Poon, and M. Peiris, “Middle east respiratory syndrome coronavirus (mers-

cov) in dromedary camels in nigeria, 2015,” Eurosurveillance, vol. 20, no. 49,

p. 30086, 2015.

[15] A. Zumla, D. S. Hui, and S. Perlman, “Middle east respiratory syndrome,” The

Lancet, vol. 386, no. 9997, pp. 995–1007, 2015.

[16] J. F. Chan, S. K. Lau, K. K. To, V. C. Cheng, P. C. Woo, and K.-

Y. Yuen, “Middle east respiratory syndrome coronavirus: another zoonotic

betacoronavirus causing sars-like disease,” Clinical microbiology reviews,

vol. 28, no. 2, pp. 465–522, 2015.

[17] M. G. Hemida, A. Elmoslemany, F. Al-Hizab, A. Alnaeem, F. Almathen,

B. Faye, D. K. Chu, R. A. Perera, and M. Peiris, “Dromedary camels and

the transmission of middle east respiratory syndrome coronavirus (mers-cov),”

Transboundary and emerging diseases, vol. 64, no. 2, pp. 344–353, 2017.

[18] H. A. Mohd, J. A. Al-Tawfiq, and Z. A. Memish, “Middle east respiratory

syndrome coronavirus (mers-cov) origin and animal reservoir,” Virology

journal, vol. 13, no. 1, p. 87, 2016.



80

[19] D. Tyrrell and M. Bynoe, “Cultivation of a novel type of common-cold virus

in organ cultures,” British medical journal, vol. 1, no. 5448, p. 1467, 1965.

[20] A. M. Zaki, S. Van Boheemen, T. M. Bestebroer, A. D. Osterhaus, and R. A.

Fouchier, “Isolation of a novel coronavirus from a man with pneumonia in

saudi arabia,” New England Journal of Medicine, vol. 367, no. 19, pp. 1814–

1820, 2012.

[21] P. De Benedictis, S. Marciano, D. Scaravelli, P. Priori, B. Zecchin, I. Capua,

I. Monne, and G. Cattoli, “Alpha and lineage c betacov infections in italian

bats,” Virus genes, vol. 48, no. 2, pp. 366–371, 2014.

[22] S. Wacharapluesadee, C. Sintunawa, T. Kaewpom, K. Khongnomnan, K. J.

Olival, J. H. Epstein, A. Rodpan, P. Sangsri, N. Intarut, A. Chindamporn, et al.,

“Group c betacoronavirus in bat guano fertilizer, thailand,” Emerging infectious

diseases, vol. 19, no. 8, p. 1349, 2013.

[23] N. L. Ithete, S. Stoffberg, V. M. Corman, V. M. Cottontail, L. R. Richards,

M. C. Schoeman, C. Drosten, J. F. Drexler, and W. Preiser, “Close relative

of human middle east respiratory syndrome coronavirus in bat, south africa,”

Emerging infectious diseases, vol. 19, no. 10, p. 1697, 2013.

[24] M. M. Shehata, D. K. Chu, M. R. Gomaa, M. AbiSaid, R. El Shesheny,

A. Kandeil, O. Bagato, S. M. Chan, E. K. Barbour, H. S. Shaib, et al.,

“Surveillance for coronaviruses in bats, lebanon and egypt, 2013–2015,”

Emerging infectious diseases, vol. 22, no. 1, p. 148, 2016.

[25] S. M. Chan, B. Damdinjav, R. A. Perera, D. K. Chu, B. Khishgee, B. Enkhbold,

L. L. Poon, and M. Peiris, “Absence of mers-coronavirus in bactrian camels,

southern mongolia, november 2014,” Emerging infectious diseases, vol. 21,

no. 7, p. 1269, 2015.

[26] M. Hemida, R. Perera, R. J. Al, G. Kayali, L. Siu, P. Wang, K. Chu, S. Perlman,

M. Ali, A. Alnaeem, et al., “Seroepidemiology of middle east respiratory

syndrome (mers) coronavirus in saudi arabia (1993) and australia (2014) and



81

characterisation of assay specificity.,” Euro surveillance: bulletin Europeen

sur les maladies transmissibles= European communicable disease bulletin,

vol. 19, no. 23, 2014.

[27] K. Shirato, A. Azumano, T. Nakao, D. Hagihara, M. Ishida, K. Tamai,

K. Yamazaki, M. Kawase, Y. Okamoto, S. Kawakami, et al., “Middle east

respiratory syndrome coronavirus infection not found in camels in japan,”

Japanese journal of infectious diseases, vol. 68, no. 3, pp. 256–258, 2015.

[28] G. Crameri, P. A. Durr, J. Barr, M. Yu, K. Graham, O. J. Williams, G. Kayali,

D. Smith, M. Peiris, J. S. Mackenzie, et al., “Absence of mers-cov antibodies

in feral camels in australia: implications for the pathogen’s origin and spread,”

One Health, vol. 1, pp. 76–82, 2015.

[29] C.-C. Cho, M.-H. Lin, C.-Y. Chuang, and C.-H. Hsu, “Macro domain from

middle east respiratory syndrome coronavirus (mers-cov) is an efficient adp-

ribose binding module crystal structure and biochemical studies,” Journal of

Biological Chemistry, vol. 291, no. 10, pp. 4894–4902, 2016.

[30] S. Y. Lee, H. J. Yang, G. Kim, H.-K. Cheong, and B. Y. Choi, “Preventive

behaviors by the level of perceived infection sensitivity during the korea

outbreak of middle east respiratory syndrome in 2015,” Epidemiology and

health, vol. 38, 2016.

[31] A. S. Omrani, J. A. Al-Tawfiq, and Z. A. Memish, “Middle east respiratory

syndrome coronavirus (mers-cov): animal to human interaction,” Pathogens

and global health, vol. 109, no. 8, pp. 354–362, 2015.

[32] A. Zaki, “Novel coronavirussaudi arabia: human isolate,” Int Soc Infect Dis,

pp. 2012–09, 2012.

[33] B. L. Haagmans, S. H. Al Dhahiry, C. B. Reusken, V. S. Raj, M. Galiano,

R. Myers, G.-J. Godeke, M. Jonges, E. Farag, A. Diab, et al., “Middle

east respiratory syndrome coronavirus in dromedary camels: an outbreak

investigation,” The Lancet infectious diseases, vol. 14, no. 2, pp. 140–145,

2014.



82

[34] M. G. Hemida, A. Al-Naeem, R. A. Perera, A. W. Chin, L. L. Poon, and

M. Peiris, “Lack of middle east respiratory syndrome coronavirus transmission

from infected camels,” Emerging infectious diseases, vol. 21, no. 4, p. 699,

2015.

[35] J. I. Kim, Y.-J. Kim, P. Lemey, I. Lee, S. Park, J.-Y. Bae, D. Kim, H. Kim,

S.-I. Jang, J.-S. Yang, et al., “The recent ancestry of middle east respiratory

syndrome coronavirus in korea has been shaped by recombination,” Scientific

reports, vol. 6, p. 18825, 2016.

[36] S. Pattyn, W. Jacob, G. Van der Groen, P. Piot, G. Courteille, et al., “Isolation

of marburg-like virus from a case of haemorrhagic fever in zaire.,” Lancet,

pp. 573–574, 1977.

[37] E. Bowen, G. Platt, G. Lloyd, A. Baskerville, W. Harris, E. Vella, et al., “Viral

haemorrhagic fever in southern sudan and northern zaire. preliminary studies

on the aetiological agent.,” Lancet, pp. 571–573, 1977.

[38] E. M. Leroy, A. Epelboin, V. Mondonge, X. Pourrut, J.-P. Gonzalez, J.-J.

Muyembe-Tamfum, and P. Formenty, “Human ebola outbreak resulting from

direct exposure to fruit bats in luebo, democratic republic of congo, 2007,”

Vector-borne and zoonotic diseases, vol. 9, no. 6, pp. 723–728, 2009.

[39] J. Milleliri, C. Tevi-Benissan, S. Baize, E. Leroy, and M. Georges-Courbot,

“Epidemics of ebola haemorrhagic fever in gabon (1994-2002). epidemiologic

aspects and considerations on control measures,” Bulletin de la Societe de

pathologie exotique (1990), vol. 97, no. 3, pp. 199–205, 2004.

[40] J. H. Kuhn, S. Becker, H. Ebihara, T. W. Geisbert, K. M. Johnson, Y. Kawaoka,

W. I. Lipkin, A. I. Negredo, S. V. Netesov, S. T. Nichol, et al., “Proposal for

a revised taxonomy of the family filoviridae: classification, names of taxa

and viruses, and virus abbreviations,” Archives of virology, vol. 155, no. 12,

pp. 2083–2103, 2010.



83

[41] S. Reardan, “The first nine months of the epidemic and projection, ebola virus

disease in west africa. archive of ebola response team,” New England Journal

of Medicine, vol. 511, no. 75.11, p. 520, 2014.

[42] D. Limmathurotsakul, N. Golding, D. A. Dance, J. P. Messina, D. M. Pigott,

C. L. Moyes, D. B. Rolim, E. Bertherat, N. P. Day, S. J. Peacock, et al.,

“Predicted global distribution of burkholderia pseudomallei and burden of

melioidosis,” Nature microbiology, vol. 1, no. 1, p. 15008, 2016.

[43] W. E. R. Team, “Ebola virus disease in west africathe first 9 months of

the epidemic and forward projections,” New England Journal of Medicine,

vol. 371, no. 16, pp. 1481–1495, 2014.

[44] A. MacNeil and P. E. Rollin, “Ebola and marburg hemorrhagic fevers:

neglected tropical diseases?,” PLoS neglected tropical diseases, vol. 6, no. 6,

p. e1546, 2012.

[45] T. Hoenen and H. Feldmann, “Ebolavirus in west africa, and the use of

experimental therapies or vaccines,” BMC biology, vol. 12, no. 1, p. 80, 2014.

[46] C. L. Althaus, “Estimating the reproduction number of ebola virus (ebov)

during the 2014 outbreak in west africa,” PLoS currents, vol. 6, 2014.

[47] D. Fisman, E. Khoo, and A. Tuite, “Early epidemic dynamics of the west

african 2014 ebola outbreak: estimates derived with a simple two-parameter

model,” PLoS currents, vol. 6, 2014.

[48] M. F. Gomes, A. P. y Piontti, L. Rossi, D. Chao, I. Longini, M. E. Halloran,

and A. Vespignani, “Assessing the international spreading risk associated with

the 2014 west african ebola outbreak,” PLoS currents, vol. 6, 2014.

[49] D. Plachouras, B. Sudre, M. Testa, E. Robesyn, and D. Coulombier, “Early

transmission dynamics of ebola virus disease (evd), west africa, march

to august 2014-euro surveillance 17 september 2014.,” Euro surveillance:

bulletin Europeen sur les maladies transmissibles= European communicable

disease bulletin, vol. 19, no. 37, 2014.



84

[50] E. Santermans, E. Robesyn, T. Ganyani, B. Sudre, C. Faes, C. Quinten,

W. Van Bortel, T. Haber, T. Kovac, F. Van Reeth, et al., “Spatiotemporal

evolution of ebola virus disease at sub-national level during the 2014 west

africa epidemic: model scrutiny and data meagreness,” PloS one, vol. 11, no. 1,

p. e0147172, 2016.

[51] I. Al-Darabsah and Y. Yuan, “A time-delayed epidemic model for ebola disease

transmission,” Applied Mathematics and Computation, vol. 290, pp. 307–325,

2016.

[52] R. J. G. Muleia, “Temporal spatial modelling of ebola,” Master’s thesis, tUL,

2015.

[53] M. Vandi, J. Van Griensven, A. Chan, B. Kargbo, J. Kandeh, A. Sheriff,

K. Momoh, A. Gamanga, R. Najjemba, S. Mishra, et al., “Ebola and

community health worker services in kenema district, sierra leone: please mind

the gap!,” Public health action, vol. 7, no. 1, pp. S55–S61, 2017.

[54] W. H. Organization et al., “Case definition recommendations for ebola or

marburg virus diseases. 9 august 2014,” 2014.

[55] C. Hagel, F. Weidemann, S. Gauch, S. Edwards, and P. Tinnemann, “Analysing

published global ebola virus disease research using social network analysis,”

PLoS neglected tropical diseases, vol. 11, no. 10, p. e0005747, 2017.

[56] S. Loukatou, P. Fakourelis, L. Papageorgiou, V. Megalooikonomou, S. Kossida,

and D. Vlachakis, “Ebola virus epidemic: a deliberate accident?,” Journal of

molecular biochemistry, vol. 3, no. 3, p. 72, 2014.

[57] Z. EL Rhoubari, H. Besbassi, K. Hattaf, and N. Yousfi, “Mathematical

modeling of ebola virus disease in bat population,” Discrete Dynamics in

Nature and Society, vol. 2018, 2018.

[58] A. Rachah and D. F. Torres, “Mathematical modelling, simulation, and optimal

control of the 2014 ebola outbreak in west africa,” Discrete Dynamics in Nature

and Society, vol. 2015, 2015.



85

[59] S. Jiang, K. Wang, C. Li, G. Hong, X. Zhang, M. Shan, H. Li, and

J. Wang, “Mathematical models for devising the optimal ebola virus disease

eradication,” Journal of translational medicine, vol. 15, no. 1, p. 124, 2017.
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