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Abstract

Judgment Aggregation and Preference Aggregation are emerging research areas in

many disciplines. Both the theories interrogate the consistency of the collective

outcome produced by rational experts. The main idea is that there does not exist any

method of aggregation which guarantees consistent collective choices and satisfies

certain minimal conditions. This finding, which is now famous to be known as the

Discursive Dilemma, is a generalization of classic Condorcet’s paradox, discovered

by the Marquis de Condorcet in the 18th century.

The early surveillance that enhanced the current development of the field goes

back to some work in jurisprudence sparked by Lewis Kornhauser in 1992. The prob-

lem was reconstructed and developed further by Christian List, Pettit and Brennan

as a more general problem of majority inconsistency. List and Petit proved the

first social choice theoretics impossibility results similar to those of Arrow and Sen’s

impossibility theorem. This work was reinforced and extended in 2006 by several

authors, beginning with Pauly and Van Hees and Dietrich. Some strong results on

the theory of strategy-proof social choice were put forward by Nehring and Puppe in

2002 which later on helped produce important corollaries for the theory of judgment

aggregation.

The work produced by Pigozzi in 2007 and Konieczny and Pino Perez in 2002

suggests that the theory of judgment aggregation and belief merging share similar

objective. Moreover, judgment aggregation can be interconnected with probability

aggregation as recommended by McConway in 1981 and Mongin 1995. Its link-

age with abstract aggregation was highlighted by Wilson in 1975 and Rubinstein

and Fishburn in 1986. But modern axiomatic social choice theory was founded by
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Arrow. List and Pettit’s work in 2004 and Dietrich and List’s 2007 paper can be con-

sulted for the understanding of relationship that exists between Arrovian preference

aggregation and judgment aggregation.

In the parallel framework of Preference aggregation, experts are encouraged to

provide complete and consistent preference relations. On the other hand, demanding

a complete preference relation is an idealistic assumption which may not be prob-

able in actuality. Incomplete preferences provided by experts were once discarded

which lead to biased collective relations which did not represent choices of experts.

To complete such a relation, it is imperative to consider consistency of the resultant

completed relation. Literature proposes several methods for completing incomplete

fuzzy preference relations and emphasises on their importance in decision making.

Zai-Wu et al study a goal programming approach to complete intuitionistic fuzzy

preference relations. Alonso et al give an estimation procedure for two tuple fuzzy

linguistic preference relations. Two methods for estimating missing pairwise prefer-

ence values given by Fedrizzi and Giove and Herrera et al are compared by Chiclana.

Chiclana deduced that Fedrizzi’s method to estimate missing values based on res-

olution of optimization is a special case of Herrera’s estimation method based on

known preference values.

Herrera proposed a method to estimate missing values in an incomplete fuzzy

preference relation when (n − 1) preference values are provided by the expert. A

more general condition which includes the case where a complete row or column is

given. Estimated preference values that surpassed the unit interval were taken care

of with a transformation function. However, consistency of the resultant relation is

not assured. Moreover, this can void the originality of preference values provided

by experts. Following the trend, this thesis focuses on solutions to inconsistent,

indecisive and paradoxical outcomes in judgment aggregation and emphasises on

methods to resolve incomplete preference relations provided by experts such that

the resultant relations are also consistent.

This thesis is based on four research papers and it builds on the following questions:

• Can the problem of belief aggregation be molded into a framework where

complete, consistent and non-paradoxical outcomes are attainable.
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• How can Incomplete preference and multiplicative preference relations be com-

pleted into complete and additive consistent or Saaty’s consistent relations.

While ranking consistent relations, can we categorize some ranking methods

that are equally efficient or better for these relations.

• Provided additive reciprocal relations, how far are the collective relations from

consensus.

To interrogate the above mentioned problems, we have divided this dissertation into

seven chapters. Chapter 1 is essentially an introduction aimed at recalling some

basic definitions and facts where we fix notations and introduce terminologies to be

used in the sequel.

Chapter 2 is concerned with background and literature review of the work in judg-

ment and preference aggregation. The impossibility theorem is listed along with

examples of Majority rule and Dictatorship rule to assert how aggregation rules fail

to satisfy collective rationality along with other minimal conditions.

In the third chapter, we introduce belief aggregation in fuzzy framework. We pro-

pose a distance based approach and study how this structure helps in producing

collectively rational outcomes without compromising on systematicity or anonymity.

With the help of the illustrated method, the resultant outcomes are consistent and

the solutions are free of ties.

Chapter 4 introduces an upper bound condition which ensures complete and con-

sistent collective preference and multiplicative preference relations. The chapter

proposes that if preference values provided by experts are ”expressible” then the in-

complete relation can be completed using consistency properties. The upper bound

ensures that the resultant relation is complete with expressible values such that no

value transgresses the unit interval and that the completed relation is consistent.

In chapter 5, our focus is on the relations completed in chapter 4. We term such

relations as RCI preference and multiplicative preference relations and discuss per-

formance of some ranking methods on complete RCI relations. It is highlighted in

the chapter that complete RCI preference relations are additive transitive and com-

plete RCI multiplicative preference relations satisfy Saaty’s consistency. For the

purpose of comparing ranking methods on these relations, Column wise addition

vi



method is introduced and compared with the performance of Fuzzy borda rule and

Shimura’s method of ranking. For complete RCI multiplicative preference relations,

Fuzzy borda rule for multiplicative preferences is defined and the mentioned proce-

dure is recurred. A ranking method is confirmed to be better than the others if it

produces lesser number of ties among alternatives.

Chapter 6 deals with additive reciprocal preference relations which are more general

than additive consistent relations. Several preference relations are compiled using

ordered weighted averaging operators to formulate different collective relations. In

the absence of complete consensus, the metric of distance to consensus is employed

to measure how far are the collective relations from consensus.

Chapter 7 concludes the dissertation and gives insight to some possible future work.
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Chapter 1

Preliminaries

This chapter presents basic concepts and terminologies used through out this disser-

tation. A review of some results from the literature is given without proof to keep

the chapter with reasonable length. Section 1.1 revisits some important operators

in fuzzy set theory. Section 1.2 is focused on classical judgment aggregation and

the concept of doctrinal paradox. Section 1.3 concerns on the notion of preference

relations in binary two valued logic and introduces fuzzy preference relations along

with the concept of consistency in preference relations. Also, ranking methods for

preference relations are introduced in this section along with the impression of group

consensus.

1.1 Basic Definitions And Operations In Fuzzy

Set Theory

Since its inception in 1965, the theory of fuzzy sets has advanced in a variety of

ways and in many disciplines. In set theory, to each individual in the universal set,

a value of either 0 or 1 is assigned by the characteristic function of the crisp set

under consideration. This results in discrimination of members and non members

of the crisp set. The function is generalized by Lutfi Zadeh. Larger membership
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values denote higher degrees of set membership and vice versa. In this case, each

membership function maps elements of a given universal crisp set X, into the real

numbers in [0, 1]; the most commonly used range of values of membership functions.

Definition 1.1.1. ([72]) A fuzzy set A in X is a function with domain X and values

in [0, 1].

Two distinct notations are commonly employed in the literature to denote mem-

bership functions. In one of them, the membership function, or the generalized

characteristic function of a fuzzy set A in X is denoted by µA as

µA : X → [0, 1].

In the other one, the function is denoted as follows

A : X → [0, 1].

Definition 1.1.2. ([72]) Let A and B be two fuzzy sets; The inclusion of A into B

and the equality of A and B are defined as:

1. A ⊆ B if and only if A(x) ≤ B(x); for all x ∈ X

2. A = B if and only if A(x) = B(x) for all x ∈ X

In this text, we use the second notation. That is, each fuzzy set and the associated

membership function are denoted by the same capital letter.

Definition 1.1.3. A decreasing function η : [0, 1]→ [0, 1] is called a fuzzy negation

if η(0) = 1 and η(1) = 0. A fuzzy negation η is called

1. strict if it is strictly decreasing and continuous;

2. strong if it is an involution, that is, η(η(x)) = x for all x ∈ [0, 1].
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Definition 1.1.4. ([72]) Complement of a fuzzy set A with respect to the universal

set X is defined as

Ac(x) = 1− A(x) for all x ∈ X.

Definition 1.1.5. Union and intersection of two fuzzy sets A and B are defined

respectively as follows:

(A ∪B)(x) = max[A(x), B(x)]

and

(A ∩B)(x) = min[A(x), B(x)]

Definition 1.1.6. (Triangular Norm) A triangular norm (t-norm) is a binary op-

eration ∆ : [0, 1]× [0, 1]→ [0, 1] satisfying;

1. 1∆x = x. (ordering property)

2. x∆y = y∆x. (commutativity)

3. x∆(y∆z) = (x∆y)∆z. (associativity)

4. If w ≤ x and y ≤ z then w∆y ≤ x∆z. (monotonicity)

The max and min operations play a key role in the literature of fuzzy sets but

these are not the only candidates as fuzzy extensions of the crisp disjunction and

conjunction. Hoehle and Trillas propsed the use of t-norms and t-conorms in fuzzy

set theory. Yager proposed his operations called Yager t-norms and t-conorms.

Zimmermann and Zysno proved that any t-norm and any t-conorm can be used to

model fuzzy intersection and union respectively.

Definition 1.1.7. (Fuzzy implication) Fuzzy Implication is a function ζ : [0, 1] ×

[0, 1]→ [0, 1].
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1. ζ(x, y) = ζ(1− y, 1− x). (contraposition)

2. ζ(x, ζ(y, z)) = ζ(y, ζ(x, z)). (exchange property)

3. x 6 y ⇔ ζ(x, y) = 1 for all x, y ∈ [0, 1]. (boundary condition)

4. ζ(1, x) = x, for all x ∈ [0, 1]. (neutrality of truth)

5. ζ is continuous. (continuity)

Definition 1.1.8. (S-Implication) The fuzzy implication ζ defined by the formula

ζ(a, b) = ∇(η(a), b)

for all a, b ∈ [0, 1] is known as an S-Implication

Definition 1.1.9. (R-Implication) The fuzzy implication ζ defined by the formula

ζ(a, b) = sup{x ∈ [0, 1] : ∆(a, x) ≤ b}

for all a, b ∈ [0, 1] is known as an R-Implication.

Some important implications borrowed from ([44]) are listed below:

For all x, y ∈ [0, 1]:

1. ζb(x, y) = max(1− x, y). (Kleene-Dienes implication)

2. ζl(x, y) = min(1− x+ y, 1). (Lukasiewicz implication)

3. ζ∗(x, y) = 1− x+ xy. (Reichbach implication)

4. ζm(x, y) = max(1− x,min(x, y)). (Zadeh implication)

5. ζF(x, y) = min(max(1− x, y),max(x, 1− x),max(y, 1− y)).

6. ζg(x, y)=

1 if x ≤ y,

y otherwise.
(Godel implication)
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The class of R-implications is important in our work, we specifically use Lukasiewicz

implicator in the first two chapters.

Lemma 1.1.1. If ∆ is left continuous and ζ is the associated R-Implication then

the following hold for all x, y, z ∈ [0, 1]

1. ∆(x, y) ≤ z if and only if x ≤ ζ(y, z)

2. x ≤ y if and only if ζ(x, y) = 1

3. ∆(ζ(x, y), ζ(y, z)) ≤ ζ(x, z)

4. ζ(1, y) = y

5. ∆(x, ζ(x, y)) ≤ y

This lemma is due to Miyakoshi and Shimbo from 1985

Definition 1.1.10. (Linear Aggregation rule) An aggregation rule is linear if for

every profile (A1, A2, ..., An) and every proposition p in the agenda X, the collective

belief on p is the weighted average of the individual opinions on it, i-e

A(p) = ω1A1(p) + ω2A2(p) + ...+ ωnAn(p),

where ωi ≥ 0 and Σn
i=1ωi = 1.

Definition 1.1.11. (Implication Preservation) For all propositions p and q in X

and all admissible profiles, if all individuals assign a value 1 to the fuzzy implication

ζ(p, q), then so does the collective belief function representing the beliefs of the

group of individuals.

The choice of fuzzy implication in a problem is context dependent. For implica-

tion preservation we will choose any implication from the class of R-implications.
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Definition 1.1.12. (Elementary Properties of a fuzzy aggregation function)

An aggregation is a function F which assigns to each profile of individual belief

sets, a collective belief set.

1. If 0 and 1 are the extremal values, then F (0, ..., 0) = 0, F (1, ..., 1) = 1.

F (a, a, ..., a) = a for all a ∈ [0, 1]. (Idempotence)

2. F is monotonically non-decreasing with respect to each argument if a′i > ai

implies that F (a1, ..., a
′
i, ..., an) ≥ F (a1, ..., ai, ..., an). (Monotonicity)

3. min{ai} ≤ F (a1, ..., ai, ..., an) ≤ max{ai}.(Compensativeness)

Note that property (3) follows from (1) and (2). After the emergence of fuzzy

set theory ([72]), the simple task of looking at relations as fuzzy sets on the universe

X ×X was accomplished in a celebrated paper by Zadeh ([73]), he introduced the

concept of fuzzy relation, defined the notion of equivalence, and gave the concept

of fuzzy ordering and similarity measures ([75] [55]). Fuzzy relations have broader

utility; compared with crisp relations, one of which is that fuzzy relations have

greater expressive power and they are considered as softer models for expressing the

strength of links between elements.

1.2 The Doctrinal Paradox

Social choice theory incorporates formal study of mechanisms for collective decision

making. In real world problems, groups are not only required to come up with

decisions, they are expected to be accompanied with sound justifications. Courts,

for instance, have to provide reasons for their assertion of a defendant as liable or

innocent. Hiring committees on the other hand, must explain the reason of hiring

a particular candidate.
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The emerging field of judgment aggregation is an interdisciplinary research area

in which groups vote in favor of or against a certain decision called conclusion.

Conclusion is a sentence which follows from a set of declarative sentences expressing

an idea or concept of something which is true or false, known as premises. Along

with the conclusion, groups are expected to provide reasons for their choice. Rea-

sons, conclusion and the logical connections between them are given in the decision

problem. Judgment aggregation studies aggregation from a logical perspective, and

considers how multiple sets of logical formulae can be aggregated to a single consis-

tent set. It was observed that majority voting fails to guarantee consistent collective

outcomes even when the experts considered for making decisions are rational. This

observation, known as discursive dilemma, generalizes Condorcet’s paradox of voting

which is highlighted in subsection 1.3. Before defining the formal model of judgment

aggregation, a comprehensive review of some notions from binary logic is helpful.

Logical connectives or operators are symbols or words used to connect two or

more sentences. For instance,

∧,∨,→,↔,¬ and |=

represent conjunction, disjunction, conditional, bi-conditional, negation and logical

entailment respectively.

If L is a set of propositions then P (L) denotes the set of subsets of L. |= is an

entailment relation on P (L)× L between A,B ∈ L and a proposition p ∈ L as

1. If p ∈ A then A |= p (Self-entailment).

2. If A |= p
′

for all p
′ ∈ B and B |= p, then A |= p. (Transitivity)

LetX denote the set of propositions which is closed under negation, E = {e1, e2, .., en}

where n ≥ 1 be the finite set of individual decision makers and φi, i ∈ {1, 2, ..., n}
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denote the set of propositions accepted by the ith expert. Here, to accept a propo-

sition means to believe it to be true. In judgment aggregation, agents are required

to express judgments in the form of yes/no or, equivalently, 1/0 over premises and

conclusion.

The collection of the individual judgment sets {φ1, φ2, ..., φn} is known as a profile.

Now, an aggregation rule F is a function that maps each profile of individual judg-

ment sets to a collective judgment set φ which represents the choices of the group

of experts. It is assumed that the decision maker is rational which means that the

judgment set presented is complete, consistent and deductively closed.

Note that an individual judgment set φi is complete if for any proposition p ∈ X,

either p ∈ φi or its negation ¬p ∈ φi.

φi is consistent if there does not exist a proposition p ∈ X such that both p ∈ φi

and ¬p ∈ φi.

φi is deductively closed if whenever φi |= p then p ∈ φi. We say that S logically entails

a proposition written S |= ¬p is inconsistent. Usually, two rationality conditions are

considered for judgment sets: consistency and completeness because together they

imply List
′
s deductive closure condition.

Consider for example an agenda X = {a, b, a → b,¬b} then the judgment set

A = Φ is consistent but it is not complete. Whereas, B = {a, b, a→ ¬b} is inconsis-

tent but complete and C = {a, b, a→ b} is both consistent and complete. Note that

it is deductively closed as well. Condorcets paradox or voting paradox explains how

rational individual behavior begets irrational collective outcomes. More on Con-

dorcet’s paradox is elaborated in subsection 1.3. We explain the notion of Doctrinal

paradox with the help of the following example.

Example 1.2.1. Suppose three rational policy makers have to pass their judgment

on the following propositions:
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P: Poverty rate is low.

Q: Literacy rate is high.

R: Crime rate is low.

height P Q P ∧ Q ↔ R R

Policymaker1 Yes Yes Yes Yes

Policymaker2 Yes No Yes No

Policymaker3 No Yes Yes No

Majority Yes Yes Yes Yes/No

Table 1

Each policymaker assigns a binary truth value to the propositions P,Q and R.

The paradox is precisely the fact that when majority vote is taken on the premises

it gives a contradictory outcome as compared to when majority is calculated on the

conclusion. This is called Doctrinal paradox which is a generalization of Condorcet

paradox.

Note that the agenda in table 1 is X = {P,Q,R,¬P,¬Q,¬R} and the judgment

sets according to the decision rule P ∧Q↔ R are

φ1 = {P,Q,R}

φ2 = {P,¬Q,¬R}

φ3 = {¬P,Q,¬R}

It can be seen that the judges are rational, that is, their judgments are complete,

consistent and deductively closed. But the conclusion φ = {P,Q,¬R}, which is

the collective judgment set, is inconsistent. Since according to the decision rule

P ∧ Q ↔ R, the propositions of φ cannot be simultaneously true. The first formal

model of this problem of inconsistent majority judgments was given by List and

Pettit ([50]).
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1.3 Preference Relations

1.3.1 Social Choice Theory And Crisp Preference Relations

When a group needs to make a decision, the problem under consideration is to

aggregate views of the individuals of that group into a single collective view that

adequately reflects the will of the people. The successful completion of this task is

the fundamental question of deep philosophical, economic, and political significance

that, around the middle of 20th century, has given rise to the field of social choice

theory. The key fact of this theory is that individual interactions can result in

unexpected, possibly nonsensical, social outcomes.

Social choice theory offers many valuable theoretical insights and research strate-

gies that can help us to comprehend with an improved insight as to why decision

making procedures work as they do and how they might be changed for better. It

amalgamates the preferences of the many into a social ranking of alternatives ([40]).

Voter’s paradox or the Condorcet’s paradox is the most basic example of how ratio-

nal individual behavior begets irrational collective decisions. Black in ([11]) pointed

out that the paradox was recognized at least as early as 1785 by the Marquis de

Condorcet but its implications were not fully understood until the foundations of

this theory was laid by Kenneth Arrow and Duncan Black until 1950s.

Consider the set {i ∈ N : xPiy} to represent the set of all individuals from N who

prefer x to y. A strict preference binary relation is denoted by Pi. So xPiy means

that x is better than y. In Arrow’s original presentation, the preferences or tastes of

the voters are represented by weak preference relations denoted by Ri. xRiy means

that x is as good as or better than y. Weak preference relation is introduced in

literature as R ⊆ X×X where × represents the cartesian product of the non empty

set X. The comparison of two alternatives x and y, is also represented as the order
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pair (x, y) ∈ Ri to indicate xRiy. So, the preference relation Ri is thought of as a

set containing ordered pairs. Unlike strict preference binary relation, this allows a

person to be indifferent between two alternatives. A complete binary relation is one

in which if there are two alternatives x, y ∈ X then either xRiy or yRix. A strict

preference relation is not complete and it does not allow x to be preferred to itself.

Following are some basic properties concerning binary relations.

Ri is reflexive if and only if for all x ∈ X, xRix.

Ri is irreflexive if and only if for all x ∈ X, xRix does not hold.

Ri is complete if and only if for all x, y ∈ X, either xRiy or yRix.

Ri is transitive if and only if for all x, y, z ∈ X, if xRiy and yRiz then xRiz.

Ri is symmetric if and only if for all x, y ∈ X, if xRiy then yRix. The formal

definition of a preference relation is given as follows.

Definition 1.3.1. A preference relation R is a subset of X ×X which satisfies the

two rationality properties: completeness and transitivity.

A preference relation Ri is cyclic if and only if its induced strict preference rela-

tion Pi is cyclic. That is, there exists a chain of objects x, ..., z such that xPi...PizPix.

Otherwise Ri is acyclic. We now proceed to discuss the Voter’s paradox with the

help of the following example in which a committee of voters are considering a fi-

nite set of alternatives for election. Each voter is assumed to rank the alternatives

according to his preferences in a strict linear order, that is, a complete, irreflexive,

transitive relation on the set of alternatives.

Example 1.3.1. Suppose three voters are choosing by Majority rule or Condorcet

rule among three brands of candy to be served at a child’s birthday party. Voters are

referred to by the numbers 1,2 and 3 for the purpose of notation. The candy brands

are Dotch, Candi and Pops. ”Candi P1 Pops” represents that voter 1 prefers Candi
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to Pops. The preference of each voter can be summarized as follows.

Voter 1: Candi P1 Pops P1 Dotch

Voter 2: Dotch P2 Candi P2 Pops

Voter 3: Pops P3 Dotch P3 Candi

Candi wins with the support of voters 1 and 3 in the contest between Candi and

Pops brands. Dotch defeats Candi with the support of voters 2 and 3. The situation

seems settled until Voter 2 observes that Pops defeats Dotch with the support of

Voter 1 and 3.

This voting cycle is an apparent violation of the principle of transitivity, according

to which if alternative 1 is preferred over alternative 2 and alternative 2 is preferred

over 3 then alternative 1 should be preferred over alternative 3. The voter’s paradox

is famous by the name cyclical majority, coined by Reverend C. L. Dodgson in 1876

to refer to a situation in which no alternative is beatable.

1.3.2 Arrow’s Paradox

Arrow’s theorem was popularized in 1951 from the book ”Social Choice and Indi-

vidual Values” by Kenneth Arrow. The original paper was titled ”A Difficulty in

the Concept of Social Welfare” ([1]). This work became the starting point of the

modern social choice theory.

Let R be the set of all weak preference relations on X. This includes all possible

orderings of the alternatives. Let Rn = (R1, R2, ..., Rn) denote the collection of in-

dividual preference relations. Therefore Rn ∈ Rn. Arrow discussed a social welfare

function which is now famous as social preference function, a function F that gives

back a social preference relation, an element R ∈ R, for each preference profile

Rn ∈ R. Formally, F : Rn → R. The modern version of Arrow’s theorem deals

with the following four properties of social choice
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Universal Domain: For each possible social preference profile Rn, the social pref-

erence function prescribes a weak social preference relation. More succinctly, F :

Rn → R.

Pareto Efficiency: If xPiy for all i ∈ N , then xPy.

Nondictatorship: There is no dictator, a person j such that xPjy implies xPy.

Independence from Irrelevant alternatives: The social preference relation between x

and y is unaffected by changes in the position of an irrelevant alternative, z in the

preference profile.

Theorem 1.3.2. (Arrow’s Theorem) If there are three or more alternatives in X,

there is no social preference function that satisfies Universal Domain, Pareto Effi-

ciency, Nondictatorship and Independence from Irrelevant alternatives.

Arrows paradox states that no rank order voting system can convert individual

ranks over alternatives into a community-wide ranking while also satisfying certain

specified criteria. For instance the Majority rule in example 1.3.1 is acyclic and

therefore does not satisfy transitivity.

1.3.3 Preferences And Judgments

Literature on Judgment aggregation has been influenced by earlier work in social

choice theory ([47]). In 1976, Robinson defined Judgement as an opinion which is

critical and is based on an assessment of a standard of comparison. On the other

hand, preference was defined as an opinion which relates to a personal affinity based

on experience and knowledge.

The doctrinal paradox or discursive dilemma shows that proposition-wise major-

ity voting conducted by more than three individuals on interconnected propositions

may lead to collective judgments on these propositions which are inconsistent.
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This paradox illustrates a more general impossibility result which exhibits the

non existence of aggregation function that produces consistent collective judgments

and satisfy minimal conditions.

The question that whether the new impossibility theorem is a special case of Ar-

rows theorem, or whether there exists absolutely no analogy between the two results

was evident to sprout. Although there are differences between judgment aggrega-

tion and preference aggregation but the recent results are extensions of persisting

results in social choice theory. The discursive dilemma in judgment aggregation

resembles Condorcet’s paradox of cyclical majority preferences and the various re-

sults on judgment aggregation resemble Arrow’s theorem in preference aggregation

which has lead to the conclusion that judgment aggregation is more generalized. Di-

etich and List ([26]) suggest that preference aggregation is a special case of judgment

aggregation. They prove their claim by constructing an embedding of preference ag-

gregation into judgment aggregation. They illustrate the generality of the judgment

aggregation by identifying the analogue of Arrow’s theorem in judgment aggrega-

tion. They highlight the logical structure underlying Arrow’s result.

List et. al ([51]) compared the two theorems and showed that they are not straight-

forward corollaries of each other. It was further suggested that while the framework

of preference aggregation can be mapped into the framework of judgment aggrega-

tion, there exists no obvious reverse mapping. They highlighted that the indepen-

dence condition was one particular minimal condition used in both theorems and

that this condition points towards a unifying property underlying both impossibility

results.

Since our research is build on the two fields and not on the theory of their inter con-

nection, we do not dig into details of persisting models that study how preference

aggregation subsumes into the theory of judgment aggregation.
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1.4 Non-Crisp Preference Relations

In certain situations the preference relation is provided with additional informa-

tion expressing the degree of plausibility of the preferences. This is called a fuzzy

preference relation. In a preference relation an expert associates to each pair of al-

ternatives a real number that reflects the preference degree, or the ratio of preference

intensity, of the first alternative over, or to that of, the second one. To associate

preference values to judgments, two selection models are profoundly used: The fuzzy

model, The multiplicative model.

Definition 1.4.1. ([64][33][65][64]) Fuzzy model: In this case, preferences are rep-

resented by a fuzzy preference relation P . A fuzzy preference on the set of alter-

natives X = {x1, x2, ...., xn} is characterized by a function µp : X × X → [0, 1],

where µ(xi, xj) = pij, i, j ∈ {1, 2, ..., n}, i 6= j indicates the preference intensity or

the degree of confidence with which alternative xi is preferred over xj .

pij = 1
2

indicates indifference between the alternatives xi and xj.

pij = 0 indicates that alternative xj is absolutely preferred to xi and pij = 1 indi-

cates that alternative xi is absolutely preferred to xj.

This implies that the scale to use in the fuzzy model is the closed interval [0, 1].

Definition 1.4.2. ([60] [61] [22]) Let A ⊂ X×X denote a multiplicative preference

relation, the intensity of preference, aij is measured using a ratio scale, particularly,

a 1− 9 scale.

aij = 1 indicates indifference between xi and xj.

aij = 9 indicates that xi is absolutely preferred to xj.

A is multiplicative reciprocal if aij.aji = 1∀i, j.

A reciprocal multiplicative preference relation is consistent if it satisfies Saaty’s

consistency. That is, if aij.ajk = aik∀i, j, k. where i, j, k ∈ {1, 2, ..., 9}, i 6= j 6= k.
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Therefore, a crisp preference relation is a special case of a fuzzy preference re-

lation. In order to extend the properties of a crisp preference relation to a fuzzy

case, fuzzy relations are defined from a De morgan triple < ∆,∇, η > where ∆ is a

t-norm, ∇ is a t-conorm and η is a fuzzy negation such that ∇(x, y) = η(∆(ηx, ηy)).

Some of the properties of a fuzzy preference relation are defined as follows.

P is reflexive if and only if for all x ∈ X,P (x, x) = 1.

P is complete if and only if for all x, y ∈ X,max(P (x, y), P (y, x)) = 1.

P is transitive if and only if for all x, y, z ∈ X,min(P (x, y), P (y, z)) ≤ P (x, z).

P is symmetric if and only if for all x, y ∈ X,P (x, y) = P (y, x).

P is antisymmetric if and only if P (x, y) + P (y, x) ≥ 1.

It is easy to see that individual preferences can be portrayed as fuzzy relations. We

step forward to discuss transitivity properties in fuzzy preference relations and sug-

gest why the notion is important for preference relations in order to give meaning

to collective decision making.

1.4.1 Consistency In Preference Relations

Fuzzy preference relation is a representation of the preferences provided by decision

makers. Consistency is a prerequisite for rational decision making. If preferences of

experts are not consistent, then their aggregation and hence results based on these

aggregations will fail to portray choices of the experts in the group that is under

consideration.

In a crisp preference relation, the concept of consistency has traditionally been

defined in terms of acyclicty. Traditionally, transitivity is used to characterize con-

sistency in fuzzy context. Some of the transitivity properties are as given as follows.

Definition 1.4.3. (Moderate Transitivity) pik ≥ 0.5, pkj ≥ 0.5 then pij ≥ min(pik, pkj)

Definition 1.4.4. (Strict Transitivity) pik ≥ 0.5, pkj ≥ 0.5 then pij ≥ max(pik, pkj)
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Definition 1.4.5. (Max-min Transitivity) pik ≥ min(pij, pjk)∀i, j, k. This has been

the traditional requirement to characterize consistency in the case of fuzzy preference

relation.

Definition 1.4.6. (Max-max Transitivity) pik ≥ max(pij, pjk)∀i, j, k.

Definition 1.4.7. (Triangle Condition) pij + pjk ≥ pik∀i, j, k.

Definition 1.4.8. (∆− Transitivity)pij ≥ ∆(pik, pkj)∀i, j, k

Definition 1.4.9. (Additive Transitivity) If pij = pik + pkj − 0.5∀i, j, k.

A consistent fuzzy preference relation should at least satisfy restricted max-

max transitivity. Some of the other transitivity properties are max-min transitivity,

restricted max-max transitivity and additive transitivity, also discussed by Tanino

et. al in ([64] [65]) and ([67]). More generalized transitivity properties based on

t-norms were established by Chiclana et.al in ([17]).

1.4.2 Ranking Methods

A ranking method is a function assigning a crisp partial or complete ranking � on

X to any fuzzy relation P . A binary relation is partial ranking if it is reflexive and

transitive. Several ranking methods are based on scoring functions S(x, y) which

assign a real number to each alternative and these methods rank them according to

their score. S is a function that assigns to each object y, a numerical score S(y).

We say that y is preferred over x if the score of the latter exceeds that of the prior.

That is,

x � y if and only if S(x, y) ≤ S(y, x)

When there are two alternatives to choose from, the method of simple Majority rule

seems to be the most natural and commonly used social choice function. But for
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more than two alternatives there is no natural extension of simple majority rule as

pointed out two centuries earlier by Marquis De Condorcet. Therefore a variety of

rules are used in decision making when there are three or more alternatives involved.

These include the following methods: Plurality, Borda, Condorcet, exhaustive voting

and double election to name a few. See Black ([8]) for an overview of these methods.

Many methods have been envisafed to rank alternatives. With regards to some

necessary properties, we can compare the ranking methods. In this section, we give

in the form of definition, Shimura’s rule of ranking alternatives. Other ranking

methods that are used in the study are discussed in chapter 5.

Definition 1.4.10. ([63] [66]) Let x and y be variables defined on universe X. A

pairwise function defined as fy(x) is the membership value of x with respect to y

and another membership function fx(y) is the membership value of y with respect

to x. The relativity function given by f(x|y) = fy(x)

max[fy(x),fx(y)]
is a measurement

of the membership value of choosing x over y. A general case for n variables is

stated as f(xi|A′) = f(xi|{x1, ..., xi−1, xi+1, ..., xn}) which is the fuzzy measurement

of choosing xi over all alternatives in A′ where A′ = {x1, ..., xi−1, xi+1, .., xn}. This is

used to form an n×n comparison matrix C, which is the matrix of relativity values

with diagonal entries as 1, since relativity function gives f(xi|xi) = 1. To determine

overall ranking, smallest value in each of the rows is found as C
′
i = min(f(xi|X)), i =

{1, 2, ..., n} where C
′
i is the membership ranking value of the ith variable. Then these

variables are ordered from best to worst where max(C(X
′
i)) is the most preferred

alternative.

As mentioned earlier, consistency is considered as a prerequisite to rational deci-

sion making. Consistency issues are also discussed by Zhang et al in ([79]). Once the

preference relations representing individual choices are consistent, it is important to

rank the alternatives to see the final outcome. More on ranking preference relations
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is discussed in chapter 5.

1.4.3 Collective Relations And Consensus

In real world, decision making process usually takes place in an environment where

goals, consequences of particular actions and possibilities are not known. Fuzzy

set theory as opposed to probability theory allows a flexible framework to work

with because it deals with fuzziness of human judgments both quantitatively and

qualitatively. In decision making problems it is assumed that m decision makers

provide preferences on a set X = {1, 2, ..., n} of alternatives where m and n are

finite numbers.

Typically, the goal of decision making is to reach consensus. Consensus is gen-

erally understood as a unanimous agreement by all experts in the group concerning

their choice. The goal of consensus is not the selection of several options but to

develop one decision that suits the interests of the entire group under consideration.

Despite the simplicity in the definition of the notion of consensus, it is another mat-

ter altogether to quantify and attain it.

”There is nothing which is not the subject of debate, and in which men of learning

are not of contrary opinions. The most trivial questions escapes not our contro-

versy, and in the most momentous we are not able to give any certain decision.

David Hume (1740). ” Although consensus is an idealistic situation but it is diffi-

cult to attain in practice. We give a review of Ordered weighted averaging (OWA)

operators and mention a few commonly used ones that are important for our work.

These operators will help us formulate a collective preference relation which repre-

sents preferences of the experts involved in the group under consideration. Once a

collective preference relation is formulated, we can check if the entire group is at

consensus and if not, how far is the collective group from consensus.
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Definition 1.4.11. ([70]) A mapping F : Rn → R with weighting vector ω =

(ω1, ω2, ..., ωn) such that ωi ∈ [0, 1], 1 ≤ i ≤ n and
∑n

1 ωi = 1 is an Ordered weighted

averaging (OWA) operator of dimension n. Furthermore, F(a1, ...., an) =
∑n

j=1 ωjbj

where bj is the jth largest element of the bag 〈a1, a2, ..., an〉.

OWA operator defined is a mean operator that is bounded, monotonic, symmet-

ric and idempotent. Following is a review of some notable OWA aggregations that

are needed in this thesis.

Maximum: The weighting vector is ω = (1, 0, ..., 0)T in this case and

Maximum(a1, a2, ..., an) = max{a1, a2, ..., an}.

Minimum: The weighting vector is ω = (0, 0, ..., 1) and

Minimum(a1, a2, ..., an) = min{a1, a2, ..., an}.

Average: The weighting vector is ω = ( 1
n
, ..., 1

n
) and

F (a1, a2, ..., an) = a1+a2+...+an
n

.

Window type OWA operator A window type OWA operator takes average of

m arguments about the center. So the weighting vector for this class of operators

is as follows.

ωi =


0 i < k

1/m k ≤ i < k +m

0 i ≥ k +m

Once we obtain collective relations using OWA operators, we can find distance

to consensus with the help of Average certainty and Average fuzziness of those

relations.

Definition 1.4.12. ([13]) Two common measures of preference in a relation are

Average certainty ζ̃(P ) and Average fuzziness F̄ (P ) defined respectively as follows.
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ζ̃(P ) = tr(P )(PT )
n(n−1)/2

and

F̄ (P ) = tr(P 2)
n(n−1)/2

where tr() and ()T represents the trace and transpose of the fuzzy preference relation.

The measure ˜ζ(P ) averages the individual assertiveness of each distinct pair of

rankings such that each term maximises the measure when pij = 1 and ρij = 0

and minimizes the measure when pij = pji = 0.5. Hence, ζ̃(P ) is proportional

to the overall certainty in P . Consequently, F̄ (P ) averages the joint preference

in P over all distinct pairs in the cartesian space X × X. Each term minimizes

the measure when pij = pji = 0.5 and maximizes the measure when pij = 1 and

pji = 0. Therefore, F̄ (P ) is proportional to the fuzziness or uncertainty about

pairwise rankings exhibited by the fuzzy preference relation P .

The two measures are dependent and

F̄ (P ) + ζ̃(P ) = 1

Moreover, the ranges of the two measures are

0.5 ≤ ζ̃(P ) ≤ 1

and

0 ≤ F̄ (P ) ≤ 0.5

These measures are important because they play a role in finding distance to con-

sensus of the collective relations.

Definition 1.4.13. Distance to consensus metric is dependent on average Certainty

of a relation and it is defined as $(P ) = 1− (2(ζ̃(P )− 1)
1
2 .

We use this metric to see how collective relations exhibit difference in distance

to consensus as compared to one another.



Chapter 2

Background/Literature Review

2.1 Judgment Aggregation

In this section we give a brief review of the literature work and define the problem

that is tackled in our paper in ([10]). Two escape routes were profoundly used to

avoid Doctrinal paradox namely, the premise based procedure ([29]) and the conclu-

sion based procedure ([58]). Premise based procedure suggests to take the majority

vote on premises only and deduce the conclusion. But then we have to decide which

propositions should be the premises. Moreover, majority voting on the premises

may give two divergent results depending on the choice of premises.

Pigozzi et al ([58]) proposed that in many decision problems the conclusion is

more relevant than the reasons for it. According to them, when hiring a candidate

for instance, one is more concerned of which new colleague is to join the department

than of the reasons for choosing her. They also propose that considering only the

individual judgments on the conclusions has also the advantage that unlike the

premise based procedure, conclusion based procedure is a strategy-proof procedure.

But then, on the other hand, in democratic societies, people have the right to

question the process of the decision making process.

Using classical propositional logic, List and Pettit ([50]) formalized judgment

aggregation and proved the first social choice theoretic impossibility result similar

22



23

to those of Arrow ([2]) and Sen’s ([62]) impossibility theorems. Subsequently, sev-

eral impossibility theorems were proved concluding that there is no non-dictatorial

aggregation function that satisfies certain minimal conditions simultaneously.

The minimal conditions are

1. Universal Domain: A judgment aggregation function F should accept as input,

any logically possible n-tuple profile of judgments, such as each judgment set

φi satisfies conditions of completeness, consistency and deductive closure.

2. Anonymity: The collective judgment set φ, yielded by F , should be invari-

ant under permutation of the individual judges. That is, for any two pro-

files (φ1, φ2, ..., φn) and (φ
′
1, φ

′
2, ..., φ

′
n) in the domain of F , F (φ1, φ2, ..., φn) =

F (φ
′
1, φ

′
2, ..., φ

′
n). This means that no individual’s judgment should be given

preference in determining collective judgment.

3. Systematicity: For any two propositions p and q in X, if every individual

makes exactly the same judgment on p as is made on q, then the collective

judgment on p should be the same as the collective judgment on q. This means

that the proposition should be handled in an even handed way. That is, for

any two profiles (φ1, φ2, ..., φn) and (φ
′
1, φ

′
2, ..., φ

′
n) in the domain of F and any

two propositions p and q in X, [p ∈ φi ↔ q ∈ φi] → [p ∈ F (φ1, φ2, ..., φn) ↔

q ∈ F (φ
′
1, φ

′
2, ..., φ

′
n)].

4. Collective Rationality: For any profile (φ1, φ2, ..., φn) in the domain of F ,

F (φ1, φ2, ..., φn) is consistent and complete collective judgment on X.

It is noticed that Majority rule satisfies Universal Domain, Anonymity, System-

aticity but not collective rationality.

A famous aggregation function which gives consistent collective outcome is dicta-

torship defined as
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F (φ1, φ2, ..., φn) = φj

for a fixed individual j ∈ {1, 2, ..., n}.

Note that dictatorship satisfies Universal Domain, Systematicity and Collective

Rationality but it does not satisfy Anonymity. Another example of aggregation

function is that of inverse dictatorship which is defined as the negation of the indi-

vidual judgment set of some specific individual. That is, F (φ1, φ2, ..., φn) = ¬φj for

a fixed j. This aggregation rule satisfies Universal Domain and Systematicity but

Anonymity is not satisfied and Collective Rationality may or may not be satisfied.

Pigozzi in ([56]) criticized both premise based and conclusion based procedure

and suggested an argument based approach. She imported methods from belief

merging into judgment aggregation to avoid paradoxical outcomes. Note that belief

merging and judgment aggregation share similar objective and their collaboration

has been proved fruitful. Belief merging defines a class of operators that produce

collective belief from individual and possibly conflicting belief bases. It was pointed

out that discursive dilemma disappears with the recognition of the fact that ag-

gregating logically consistent individual judgments does not guarantee a consistent

collective outcome and that additional constraints need to be imposed in order to

rule out infeasible group judgments.

Using distance based approach in belief merging framework, Pigozzi attempted

to highlight all possible interpretations which had the least distance from a profile.

That is, the interpretations that best represented the choices of the individuals.

It is also mentioned that in the absence of a paradox, Pigozzi’s method gives the

same result as proposition wise majority voting. The difference between the two

procedures is that unlike proposition wise majority voting, the merging operator

excludes the inconsistent collective judgments with the help of integrity constraints

and defines a ranking on all the allowed collective judgments.
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This model relaxes the requirement of completeness of belief bases to cater for

the possibility of policy makers being indifferent, with respect to a preference, or

ignorant, of a certain matter. However, this method leads to indecision in cases

where more than one interpretations qualify to have the least distance from the

profile. Even in cases where collective rationality is achieved, it is at the expense

of systematicity; since certain propositions known as integrity constraints are given

preference over other propositions in the agenda.

The crux of the work done in classical judgment aggregation represents the fact

that Doctrinal paradox persists to exist and in the covet of attaining a collectively

rational outcome, systematicity or anonymity has to be sacrificed. We solve this

problem in chapter 3, where the framework of judgment aggregation in classical

two valued is generalized to a fuzzy framework and accordingly, policy makers are

not bound to completely agree or disagree with every proposition proposed in the

agenda. In chapter 3, we explore how belief aggregation in the fuzzy framework can

be molded into an optimization problem which helps avoid paradoxical outcomes

without the fear of indecision. We further illustrate that depending on the choice

of t-norm and fuzzy implication, we can find aggregation functions that produce

collectively rational outcome without compromising on systematicity.

2.2 Incomplete Fuzzy Preference Relations

Decision Making is a routine activity and most decision making processes are based

on preference relations. Without consistency, aggregation schemes in decision mak-

ing misrepresent choices of the individuals. In such cases, aggregated preferences

are not the best route to follow for collective group of experts. In case of fuzzy
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preferences and multiplicative fuzzy preferences, transitivity is a traditional require-

ment to characterize Saaty’s consistency ([60][61]). A consistent fuzzy preference

relation should at least satisfy restricted max-max transitivity. Some of the other

transitivity properties are max-min transitivity, restricted max-max transitivity and

additive transitivity, also discussed in ([65][64]) and ([67]).

Initially it was assumed that the preference relations provided by the decision

makers are complete. However, it is not reasonable to expect every decision maker

to be certain about the degree of intensity of each alternative over others. An

expert may be ambiguous about the problem at hand or may not have sufficient

knowledge to discriminate the degree to which some alternatives are better than

others. Under such circumstances, naturally, incomplete preference relations are

provided by experts.

A partial function f : X → Y does not map every element in the set X onto an

element in the non empty set Y .([36]). The incomplete fuzzy preference relation P

and incomplete multiplicative fuzzy preference relation A on X is a fuzzy set on the

product set X ×X that is characterized by a partial membership function.

It is certain that discarding incomplete preference relations provided by experts,

tend to biased or misrepresentative collective relations. Literature proposes several

methods for completing incomplete fuzzy preference relations. Zai-Wu et al ([78])

study a goal programming approach to complete intuitionistic fuzzy preference re-

lations (IFPR) whose equivalent matrices are formulated to avoid the operational

difficulty caused by complex operation laws in IFPR. They assume that each de-

cision maker provides weight information to obtain priority vectors. Alonso et al

([6]) give an estimation procedure for two tuple fuzzy linguistic preference relations.

They give a transformation function to define additive consistency for such prefer-

ence relations. Two methods for estimating missing pairwise preference values given
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by Fedrizzi and Giove ([32]) and Herrea et al ([36]) are compared by Chiclana et al

in ([20]). Chiclana deduced that Fedrizzi’s method to estimate missing values based

on resolution of optimization is a special case of Herrera’s estimation method based

on known preference values.

Herrera proposed a method in ([37]) to estimate missing values in an incomplete

fuzzy preference relation when (n − 1) preference values {p12, p23, ..., p(n−1),n} are

provided by the expert. A more general condition which includes the case where a

complete row or column is given, is provided in ([36]). Estimated preference values

that surpassed the unit interval were taken care of with a transformation function

defined by Herrera in ([36][37]). These transformation functions result in a complete

preference relation with preference values inside the interval [0, 1] but the consistency

of the resultant relation is not assured. Moreover, this can void the originality of

preference values given by the experts.

We restrict ourselves to the study of incomplete fuzzy preference and multiplica-

tive fuzzy preference relations. It needs to be noticed that although the proposed

methods are successful in completing the incomplete fuzzy preference and multiplica-

tive fuzzy preference relations, some of these methods use transformation functions

to take care of the surpassed preference values but they are silent about consistency

of the resultant completed relation. To bring meaning to the resultant matrices, they

need to satisfy some criteria of transitivity because lack of consistency may lead to

meaningless solutions. To solve this problem, we propose upper bound conditions in

chapter 4 to deal with incomplete fuzzy preference and multiplicative fuzzy prefer-

ence relations. Additive consistency and Saaty’s consistency, along with these upper

bound conditions ensure that the missing preference intensities do not surpass their

respective codomain. So construction of translation functions, which may void orig-

inality of preference values provided by experts, is not required. More importantly,
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the fuzzy preference and multiplicative fuzzy preference relations completed using

the proposed method are transitive.

2.3 Ranking Of Completed Relations

The upper bound condition in chapter 4 implicity assumes a row or column being

provided by an expert to built on. We will refer to such an incomplete preference

relation as Row or Column Incomplete preference relations or Row or Column In-

complete multiplicative preference relations. Hereafter, we denote the incomplete

relations that satisfy the properties in ([42]) as RCI preference relations and

RCI multiplicative preference relations.

Having dealt with incompleteness of preference relations, we talk about their

ranking. It is assumed in the thesis that RCI preference and multiplicative prefer-

ence relations, provided by the experts, are to be ranked by first completing them

using the methods defined in ([42]). This implies that the preference relations to

be ranked are additive transitive. Also, they satisfy Saaty’s consistency in case of

multiplicative preference relations.

It has been noticed that the methods proposed for ranking preference and compar-

ison relations ([12] [66] [63] [5]) in literature may produce different or contradictory

outcomes when applied to the same preference relation. We want to investigate

which methods are better to rank RCI complete preference and multiplicative pref-

erence relations. The answer to this question, naturally holds true for additive

transitive and Saaty’s multiplicative preference relations.

In the quest of finding the best ranking method for such relations, a performance

parameter is required. We describe the performance parameter to be the number of

ties produces by a ranking method. Therefore, a method which produces the least
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number of ties is the best ranking method for such relations. Finding best ranking

methods for RCI complete preference and multiplicative preference relations is the

same as finding ranking methods that are equally good to rank these relations. Also,

we wish to find the reasons that lead to ties in alternatives in the process of ranking.

This question is tackled in chapter 5.

2.4 The Idea Of Consensus

A review of consensus models has been presented by Wade in ([69]) in which com-

plexities of several distance based models are highlighted. Vania ([57] [67]) uses

composition of fuzzy relations to aggregate preference relations into a collective one.

Concept of fuzzy majority using a linguistic quantifier to aggregate fuzzy preference

relation is used by Tanino, Karcprzyk and Chiclana in ([16] [41] [64]).

Several different forms of consensus; Type 1 consensus, Type 2 consensus and

Type fuzzy consensus are detailed by Bezdek in ([13]). Type 1 consensus is defined

as a consensus in which there is one clear choice. In type 2 consensus there is one

clear choice but the remaining (n-1) preferences have definite secondary preference.

The third type of consensus is the Type fuzzy consensus in which there is one

clear unanimous choice but the remaining (n-1) preferences have infinitely many

secondary fuzzy preferences. It is realistic to think about situations where collective

groups do not reach a unanimous agreement. Under such circumstances, a distance

metric that measures the distance of the collective group from consensus can be

measured on a relative scale of extremities of no consensus and complete consensus

situations.

A collective relation is more desirable if its distance to consensus on the relative

scale is lower. Consensus models depend on collective relations. OWA operators
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have actively participated in aggregating preference relations. Fuller ([31]) presents

a survey of OWA operators and illustrates their applicability with the help of a real

life example. An overview of aggregation operators along with their advantages and

disadvantages is given by Gabrisch ([35]). Vitri et al ([68]) use individual centrality

approach to achieve consensus.

In chapter 6, we study collective relations obtained using special OWA opera-

tors and compare distance to consensus of the resultant relations. There are two

assumptions throughout this paper, firstly, the fuzzy preference relations provided

by decision makers are complete or complete-able ([42]) and secondly, that they are

additive reciprocal ([19]). In short, the input provided by expert are preference re-

lations that must be reciprocal, they may or may not be additive consistent. Since

every additive transitive relation is additive reciprocal but the converse is not al-

ways true. In section 6.1, we use special ordered weighted averaging operators to

formulate collective preference relations ℘∗, ℘min, ℘max, ℘ and ℘. Since the collective

relations may not depict complete consensus, we use the distance to consensus met-

ric to compare how far these collective relations are from consensus. Furthermore,

an upper and lower bound of distance to consensus on the relevant scale of no con-

sensus (0.0) to complete consensus (1.0), of these collective preferences relations is

defined in this section.



Chapter 3

Belief Aggregation In Fuzzy
Framework

As mentioned in section 2.1, paradoxical outcomes cannot be avoided in classical

propositional logic without compromising on the minimal conditions. The belief

aggregation framework that has been opted to avoid paradoxes in literature leads

to ties and indecisive outcomes. In this chapter we answer the question raised in

section 2.1 and introduce belief aggregation in the fuzzy framework which helps

attain consistent and tie-free outcomes without compromising on systematicity or

anonymity. Also, in the fuzzy framework, the condition of odd number of decision

makers is no longer required.

3.1 Degrees Of Belief

In the framework of classical two-valued logic, individuals are restricted to opt for a

Yes or a No, even when they do not completely agree or disagree with a proposition

representing a particular idea. The restriction of classical propositional calculus to

a two-valued logic has created many paradoxes. For example, the Optimist’s con-

clusion (is the glass half-full or half-empty when the volume is at 500 milliliters).

Is the liter-full glass still full if we remove one millimeter of water, 2, 3 or hundred

31
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milliliters? Unfortunately no single milliliter of liquid provides for a transition be-

tween full and empty glass. This transition is gradual so that as each milliliter of

water is removed, the truth value of the glass being full gradually diminishes from

a value 1 at 1000 milliliters to 0 at 0 milliliters.

In most decision making problems propositions representing certain situations are

vague. A fuzzy proposition is a statement involving some concept without clearly

defined boundaries; statements that tend to express ideas that can be interpreted

differently by various individuals.

In this chapter, using a fuzzy logic framework, individuals give degree of truthful-

ness on crisp or fuzzy propositions. This degree of truthfulness is said to be the

belief of the decision maker. Van Hees ([38]) specified several generalizations of the

paradox using multivalued logic. He further showed that allowing degrees of belief

using multivalued logic does not ensure collective rationality. Duddy and Piggins

([30]) presented a general model in which judgments on propositions were not bi-

nary but came in degrees. Triangular norms were used to define totally blocked

agendas along with some results. Dietrich and List ([28]) presented a general theory

of propositional attitude aggregation and proved two theorems which are of con-

siderable importance. Non-binary beliefs however were represented by probability

functions.

We assume that decision makers are rational and they have the freedom to ex-

press their opinions on a proposition with which they do not completely agree or

disagree. So any number in the interval [0, 1] that best represents their opinions can

be opted; 0 representing complete disagreement and 1 representing full agreement

with the notion expressed by the proposition.

To answer the problem proposed in section 2.1, we present certain conditions under

which allowing degrees of truth values to individuals using fuzzy framework ensures
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collective rationality without having to compromise on systematicity or anonymity.

We illustrate how the paradox is avoided by molding the problem into an optimiza-

tion problem where a unique optimal fuzzy solution is achieved using a distance

based approach in the fuzzy framework. We use the notion of implication preser-

vation and explain how using a specific class of t-norms and fuzzy implications,

collective rationality is achieved without violating systematicity or anonymity.

3.2 Preliminaries and reformulation of the prob-

lem

Let N = {1, 2, ...., n} denote a finite set of individual decision makers where n ≥ 1.

Let φ be a finite set of atomic propositions p, q etc. The set of all propositions φ0

is obtained by closing φ under the fuzzy connective t-norm (∆) and fuzzy negation

(η). Thus φ ⊆ φ0 and ∀ p, q ∈ φ : η(p) ∈ φ, p∆q ∈ φ. Let X be a non-empty subset

of φ0 and contains all propositions about which the decision makers have to make a

decision.

A fuzzy global valuation is a function v∗ : φ0 → [0, 1] that satisfies the following

conditions:

1. v∗(η(φ)) = η(v∗(φ)) = 1− v∗(φ)

2. v∗(φ∆ψ) = ∆(v∗(φ), v∗(ψ))

Let V ∗ represent the set of all fuzzy global valuations. A valuation is a function

v : X → [0, 1] for which there is some v∗ : φ0 → [0, 1] in V ∗ such that the restriction

of v∗ to X is v. Let V represent the set of all valuations. A fuzzy aggregation

function A : V N → V returns for each n-tuple of valuations (v1, v2, ...., vn) an
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aggregated valuation A(v1, v2, ...., vn). A decision method D is a function from the

set [0, 1]n to the set [0, 1].

Definition 3.2.1. (Minimal Agenda Richness) The agenda X contains at least two

distinct propositions p, q as well as p∆q and η(p∆q).

Definition 3.2.2. (Anonymity) For any permutation f : N → N , any valuation

profile (v1, v2, ..., vn) ∈ V n and any proposition p ∈ X,

A(v1, v2, ...., vn)(p) = A(vf(1), vf(2), ..., vf(n))(p).

Definition 3.2.3. (Systematicity) A fuzzy aggregation function A : V n → V is

systematic if and only if there is a decision method D : [0, 1]n → [0, 1] such that for

all (v1, v2, ..., vn) ∈ V n and for all p ∈ X,

A(v1, v2, ...., vn)(p) = D(v1(p), v2(p), ...., vn(p)).

Definition 3.2.4. (Majority voting) Given an agenda X which is closed under

negation, an aggregation function F is a majority aggregation function if it assigns

to a profile of individual judgment sets K = {A1, A2, ...., An}, (n ≥ 3), a collective

judgment set A which contains propositions from the agenda that are accepted by

at least half of the members.

F (A1, A2, ..., An) = {p : |p ∈ Ak where k ≥ n

2
|}.

Definition 3.2.5. (Dictatorship) There is some fixed i ∈ N such that for all

(v1, v2, ..., vn) ∈ V n,

A(v1, v2, ..., vn)(p) = vi(p).

As depicted by table 1 of section 1.2, policymaker assigns a binary truth value to

the propositions P,Q and R. The paradox is precisely the fact that when majority
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vote is taken on the premises it gives a contradictory outcome as compared to when

majority is calculated on the conclusion. It is assumed that the decision makers are

rational, that is, their judgment sets are complete and consistent. As mentioned in

section 3.1, in some decision problems, propositions are ”vague” and can have truth

values between true and false. Let us reformulate the entire problem in fuzzy logic

based framework where individuals can take on values between 0 and 1.

We replace ”∧” by t-norm ∆ and implication ”→ ” by fuzzy implication⇒. The

choice of the fuzzy connectives used in a problem are context dependent. Moreover,

if an implication is formed with the help of both t-norms and t-conorms, they are

not randomly selected, in fact, they are dual of each other with respect to the fuzzy

negation ([54]).

Note that corresponding to each proposition there is a fuzzy set. When for

instance a decision maker assigns a truth value to the proposition Q in the example

1.2.1, she basically has a fuzzy set Á of ”countries with high literacy rate” in her

mind and she expresses the degree of membership of this specific country in the

fuzzy set Á. Degree of truth of proposition Q : x ∈ Á is equal to the membership

grade of x in the fuzzy set Á. Whenever a decision maker is assigning truth values

to a proposition, the above argument will be an underlying assumption but it will

not be mentioned.

3.3 Distance Based Approach: The Formal Model

Given a finite set of n individuals (not necessarily odd) and a finite set X of proposi-

tions over which individuals have to express their beliefs, a belief set of an individual

i denoted by Ai is a function Ai : X → [0, 1]. A profile K = (A1, A2, ..., An) is an

n-tuple of individual belief sets. An aggregation is a function F that maps to each
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profile a collective belief set A. That is,

F (A1, A2, ..., An) = A

where Ai(p) is the truth value of a proposition p in the belief set of individual i.

The formal model consists of a propositional language L built from a finite set of

propositions P and the fuzzy connectives (η,∆,∇,⇒,⇔) namely negation, t-norm,

t-conorm, fuzzy implication and fuzzy bi-implication respectively ([54]).

Belief set whose elements are the integrity constraints is denoted by IC. The

ICs are propositions that should be satisfied by the merged base. These constraints

are dependent on the choice of t-norm and implication in our case. ψ maps K and

IC into a collective belief set denoted ψIC(K). This belief set is a result of merging

the individual belief sets into one which best represents the beliefs of the individuals.

An interpretation is a function w : P → [0, 1]. Let W denote the set of all

interpretations. A distance between interpretations is a real valued function d :

W ×W → R such that for all w,w′, w
′′ ∈ W :

1. d(w,w′) ≥ 0.

2. d(w,w′) = 0 if and only if w = w′.

3. d(w,w′) = d(w′, w).

4. d(w,w
′′
) ≤ d(w,w′) + d(w′, w

′′
).

We choose Euclidean metric as our distance function

d∗(w,w′) = (
∑
x∈P

|w(x)− w′(x)|2)
1
2 .

Euclidean metric helps us find a distance between possibly conflicting interpreta-

tions. Our goal is to find an interpretation w ∈ W which has the least distance from
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the profile of belief sets K. This interpretation is required to satisfy the integrity

constraint which varies according to our choice of t-norm and implication. The belief

merging operator used to find the distance between an interpretation and a profile

is defined as

Dd(w,A∗) = Σi∈Nd(w,Ai).

Distance based approach in the fuzzy framework guarantees an outcome without

the fear of ending up with indecision. We concede that a wide variety of distance

measures exist. Also, the choice of fuzzy connectives to be used in a specific problem

are context dependent. For the sake of illustration, we opt for Lukasiewicz t-norm

and Lukasiewicz implication in our next example.

We can formulate any aggregation problem as an optimization problem where con-

straints would vary according to the choice of fuzzy connectives employed. Let w

be any arbitrary interpretation. In this case w(p) = (θ1, θ2, ..., θ|P |) where |P | is the

cardinality of P . The optimization problem can now be stated as follows:

Minimize Dd(w,A∗) subject to the fuzzy IC.

Here w(p) = (θ1, θ2, ..., θ|P |)

minAi(j) ≤ θj ≤ maxAi(j) for i ∈ {1, 2, ..., n}, j ∈ {1, 2, ...., |P |} and θj ∈ [0, 1].

The above optimization problem help us find a unique optimal fuzzy aggregation

function. An optimal aggregation function produces collective belief set that is

closest to the individual belief sets.

Example 3.3.1. In this example, policy makers express their belief on the same

propositions as in table 1.
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P Q R P ∆Q⇒ R

Policymaker1 0.5 0.6 0.4 1

Policymaker2 0.3 0.7 0.2 1

Policymaker3 0.8 0.4 0.3 1

Collective Decision θ1 θ2 θ3 1

Table 2

We choose Lukasiewicz t-norm and implication which is defined as: ∆(x, y) =

max(0, x+ y − 1) and ζ(x, y) = min(1, 1− x+ y).

Fuzzy integrity constraint is (π(P )∆π(Q)→ π(R)) which by the choice of Lukasiewicz

t-norm and implication is translated as θ3 ≥ max(0, θ1 + θ2 − 1). Finding collective

social choice function in table 2 now becomes an optimization problem. This prob-

lem is framed in Matlab. The optimal fuzzy aggregation function gives the solution

for table 2 as

(θ1, θ2, θ3) = (0.4667979, 0.555718, 0.369934)

(for details see appendix 1).

Framing the problem of belief merging into an optimization problem works equally

well in cases where voters are allowed to express their beliefs on the implication,

that is, when implication is a part of the agenda and hence policy makers can assign

truth values to it. For instance, in the next example, we let P , Q and P ⇒ Q to be

the propositions in the agenda on which committee members are required to express

their beliefs.

Example 3.3.2. Implication chosen in this example is Zadeh’s implication defined

as ζ(x, y) = max[1− x,min(x, y)].
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P Q P ⇒ Q

Policymaker 1 0.6 0.5 0.5

Policymaker 2 0.8 0.9 0.8

Policymaker 3 0.2 0.9 0.8

Collective Decision θ1 θ2 θ3

Table 3

The fuzzy integrity constraint π(P )∆π(Q)→ π(R) is translated as θ3 = max[1−

θ1,min(θ2, θ3)]. The optimal collective outcome obtained is (θ1, θ2, θ3) = (0.35, 0.65, 0.65).

(For details see appendix 1). This procedure of tackling the belief aggregation prob-

lem as an optimization problem guarantees a unique collective outcome in fuzzy

framework but at the expense of systematicity.

3.4 Abiding By The Decision Rule

We now restrict ourselves to the problem where decision rule is not a part of the

agenda. Our interest is in the problems where implication is to be preserved. Which

means that individuals have to abide by the decision rule and are not allowed to

express their beliefs on it. For instance, policy makers in example 3.3.1 did not

express their beliefs on the decision rule but it was to be followed by them. Molding

the problem into an optimization problem helped us achieve a unique outcome but

at the expense of systematicity. We now focus on the class of continuous t-norms

and R implications which help us define aggregation rules that satisfy collective

rationality without having to compromise with systematicity.

Example 3.4.1. Let F be an aggregation function such that for every proposition

p ∈ X,

F (A1, A2, ..., An)(p) = ω1A1(p) + ω2A2(p) + ....+ ωnAn(p).
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Given that individuals have non-binary beliefs and that fuzzy connectives may be em-

ployed according to the nature of the problem, using context dependent R-implications

guarantee that the linear aggregation function defined above would produce a collec-

tive belief set such that our aggregation rule satisfies universal domain, systematicity,

anonymity and collective rationality.

P Q P∆Q⇒ R R

Policymaker 1 p1 q1 1 r1

Policymaker 2 p2 q2 1 r2

. . . 1 .

Policymaker i pi qi 1 ri

. . . 1 .

Policymaker n pn qn 1 rn

Collective Decision θ1 θ2 1 θ3

Table 4

Here θ1 =
∑n

i=1 wipi
n

, θ2 =
∑n

i=1 wiqi
n

and θ3 =
∑n

i=1 wiri
n

.

Since we do not want to violate anonymity so equal weights are assigned to all the

policymakers. The function, as mentioned earlier, produces collective outcome on

each proposition denoted by θi’s, which satisfies collective rationality and implication

preservation.

In the following theorem, we answer the question that was raised in chapter 2.

We formulated the problem of opinion aggregation in fuzzy framework and deduced

that there are aggregation rules which satisfy the minimal conditions and produce

collectively rational outcomes. Moreover, these aggregation rules preserve impli-

cation when opted from the class of R-implications. The following theorems and

remarks build on the assumption that the fuzzy implication chosen in the process

of aggregation belong to the class of R-Implication.
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Theorem 3.4.2. A linear aggregation rule satisfies universal domain, collective

rationality, independence and implication preservation provided that the implication

belongs to the class of R-implications.

Proof. Assume that F is a linear aggregation rule. Then F satisfies independence

and universal domain. If beliefs of all individuals are binary, then the only linear

aggregation rule is dictatorial one where a weight of 1 is assigned to a particular

individual and the rest are given a weight of 0. Thus, collective rationality and

implication preservation are satisfied as well.

For the proof to follow, we assume that the implication opted belongs to the

class of R-Implication. However, if beliefs are something between a yes or a no and

individuals preserve the implication belonging to the specified class, we need to prove

that the collective outcome produced by the linear aggregation rule will also preserve

the implication. This is trivial by lemma 1.1.1. Since implication is preserved by

the individuals. It means that Ai(p⇒ q) = 1 for all i ∈ {1, 2, .., n}. So according to

lemma 1.1.1(2), Ai(p) ≤ Ai(q). This inequality holds true when weighted averages

of these real numbers are taken. That is, F (A1, A2, ..., An)(p) ≤ F (A1, A2, ..., An)(q)

which according to lemma 1.1.1(2) imposes that F (A1, A2, ..., An)(p⇒ q) = 1.

Equivalently,

F (A1, A2, ..., An)(p⇒ q) = ω1A1(p⇒ q) + ω2A2(p⇒ q) + ...+ ωnAn(p⇒ q)

where
∑n

i=1 ωi = 1 and Ai(p ⇒ q) = 1∀i ∈ {0, 1, ..., n}. This implies that

F (A1, A2, ..., An)(p⇒ q) = 1 the collective outcome preserves implication and hence

collective rationality and implication preservation are satisfied as well.

In the following theorem, we prove that linearity of F is confirmed if F is to

satisfy the minimal conditions. We further prove that such an F , which satisfies the

minimal conditions, is monotonic.
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Theorem 3.4.3. If an aggregation rule F satisfies universal domain, collective ra-

tionality, systematicity and implication preservation, then F is linear.

Proof. Suppose F satisfies the hypothesis. In cases where beliefs are binary, F

is clearly a dictatorial rule and thus linear. In case where beliefs are non-binary

and implication preservation and collective rationality holds, then it means that

F (A1, A2, ..., An)(p ⇒ q) = 1 given Ai(p ⇒ q) = 1 for all i ∈ {1, 2, .., n}. It implies

that ω1A1(p ⇒ q) + ω2A2(p ⇒ q) + .... + ωnAn(p ⇒ q) = 1. It further implies that

ω1 + ....+ ωn = 1.

Theorem 3.4.4. If an aggregation function F satisfies universal domain, collective

rationality and implication preservation then F is monotonic.

Proof. Suppose F is an aggregation rule that satisfies the hypothesis. It implies

that F (Ai(p⇒ q)) = 1 given Ai(p⇒ q) = 1. By lemma 1.1.1 it further implies that

F (Ai(p)) ≤ F (Ai(q)) if Ai(p) ≤ Ai(q).

Note that an aggregation rule is strategy proof if it is independent and monotonic

([27]). Also note that since our linear aggregation rule is both independent and

monotonic hence it is strategy proof.

Theorem 3.4.5. Let F be an aggregation function and for all p ∈ X. Let there be

a decision method Dp such that for all (v1, v2, ..., vn) ∈ V n,

A(v1, v2, ..., vn)(p) = Dp(v1(p), ...vn(p)).

Then the following properties hold:

1. For every literal p such that p, η(p) ∈ X and for all x ∈ [0, 1]n, we have:

Dη(p)(η(x1), ...η(xn)) = η(Dp(x1, x2, ..., xn)).
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2. For all literals p 6= q and for all x, y ∈ [0, 1]n, where η(p) = 1 − p and ∆ is

the Godel t-norm or the Lukasiewicz t-norm (in cases where ∆(x, y) 6= 0) such

that p⇒ q = 1 and

∆(Dp(x1, ...xn), Dq(y1, ...yn)) = Dp∆q(∆(x1, y1), ...,∆(xn, yn))

Proof. (1). Let x = (x1, x2, ..., xn) ∈ [0, 1]n. Since on the basis of each proposition

we can construct a vi. For any xi there is at least one vi and one literal p such that

vi(p) = xi. Then vi(η(p)) = η(xi). Therefore,

Dη(p)(η(x1), ..., η(xn)) = Dη(p)(v1(η(p)), ..., vn(η(p))),

= A(v1, ..., vn)(η(p))

and by the definition of v we have

A(v1, ..., vn)(η(p)) = η(A(v1, ..., vn)(p)) = η(Dp(v1(p), ..., vn(p))

= η(Dp(x1, ..., xn)).

(2). Consider any x = (x1, ..., xn) and y = (y1, ..., yn). By the same argument

used in the proof of the first claim, for each propositions p and q there exists a

corresponding vi such that vi(p) = xi and vi(q) = yi. We have

∆(Dp(x), Dq(y)) = ∆(Dp(v1(p), ..., vn(p))), Dq(v1(q), ..., vn(q)))

= (∆(A(v1, ..., An)(p),∆(A(v1, ..., An)(q))))

= A(v1, ..., vn)(p∆q)) = Dp∆q

= (∆(v1(p), v1(q)), ...,∆(vn(p), vn(q)))

= Dp∆q(∆(x1, y1), ...,∆(xn, yn)).
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Example 3.4.6. In this example, Lukasiewicz t-norm and implication is used for

illustration.

p q p⇒ q

Policymaker 1 x1 y1 1

Policymaker 2 x2 y2 1

Policymaker 3 x3 y3 1

Collective Decision θ1 θ2 1

Table 5

Let x = (x1, ..., xn), y = (y1, ..., yn) be the n-tuple representing the truth assignments

of n individuals on the propositions p, q ∈ X such that p⇒ q = 1 where xi, yi ∈ [0, 1]

and ∆(x, y) 6= 0. Let us define the decision rule D by

Dp(x1, ..., xn) =

∑n
i=1 xi
n

.

1.

Dη(p)(η(x1), ..., η(xn)) =
(1− x1) + (1− x2) + (1− x3)

3

= 1− (x1 + x2 + x3)

3

= η(Dp(x1, x2, x3)).

2. Let us consider Lukasiewicz t-norm ∆(x, y) = max(0, x + y − 1) such that

∆(x, y) 6= 0.

∆(Dp(x1, x2, x3), Dq(y1, y2, y3)) = ∆((
x1 + x2 + x3

3
), (

y1 + y2 + y3

3
))

= max(0,
x1 + x2 + x3

3
+
y1 + y2 + y3

3
− 1)

=
x1 + x2 + x3

3
+
y1 + y2 + y3

3
− 1.
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On the other hand

Dp∆q(max(0, x1 + y1 − 1),max(0, x2 + y2 − 1),max(0, x3 + y3 − 1))

= Dp∆q(x1 + y1 − 1, x2 + y2 − 1, x3 + y3 − 1)

=
x1 + y1 − 1 + x2 + y2 − 1 + x3 + y3 − 1

3

=
x1 + x2 + x3

3
+
y1 + y2 + y3

3
− 1.

Moreover if Godel t-norm ∆(x, y) = min(x, y) is used then

∆(Dp(x1, x2, x3), Dq(y1, y2, y3)) = ∆((
x1 + x2 + x3

3
), (

y1 + y2 + y3

3
))

= min ((
x1 + x2 + x3

3
), (

y1 + y2 + y3

3
))

=
x1 + x2 + x3

3

using lemma 1.1.1 (2). Also, considering the other side

Dp∆q(min(x1, y1),min(x2, y2),min(x3, y3)) = Dp∆q(x1, x2, x3)

=
x1 + x2 + x3

3
,

We conclude that if the decision makers of a society are restricted to express their

beliefs using crisp values, then the merged outcome based on individual beliefs which

themselves are not truly representing the individuals, cannot lead to a collective

outcome which best represents the society. Majority voting in classical two valued

logic results in Doctrinal Paradox and Distance based merging operators used to

attain collective rationality results in a situation of indecision or a tie.

We allowed the decision makers to opt for values from the interval [0, 1] to

express their beliefs. We used distance based approach in the fuzzy framework

to find an interpretation having the least distance with the profile of individual

belief sets. This problem is converted into an optimization problem which helped
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us avoid the situation of indecision by producing a unique and optimal collective

outcome in the fuzzy framework but at the expense of systematicity. We observed

how fuzzy framework not only gives freedom of expression to the decision makers

but also provides us with a wider range of fuzzy connectives that can be used

according to the nature of the problem at hand. We discovered that the class of

R-implications helps us find a collective belief using linear aggregation rules such

that the aggregated outcome not only preserves the implication, but also respects

collectively rationality without violating systematicity. Linear aggregation functions

work equally well in cases where every individual does not have the same power to

influence the final decision. In such a case the aggregated belief set will still satisfy

collective rationality and implication preservation will still hold provided that the

implication used belongs to the class of R-implications.



Chapter 4

Dealing With RCI Preference
Relations

4.1 Incomplete Preference Relations: An Upper

Bound Condition

Methods given in literature have been successful in estimating missing values in

fuzzy preference and multiplicative fuzzy preference relations. However, we high-

light that these methods seem unconcerned with the consistency of the resultant

completed relations. These methods propose functions to take care of the surpassed

estimated values that they produce but these functions may void the originality of

the values provided by experts.

We define a method based on additive consistency and an upper bound condition.

As mentioned in subsection 2.2, the aim is to attain two purposes: Firstly, this

method should produce expressible preference values. Note that an estimated pref-

erence value is referred to as expressible, if it does not surpass the unit interval

[0, 1]. Secondly, the resultant complete fuzzy preference and multiplicative prefer-

ence relation must be consistent and this is precisely the focus of Khalid and Awais

in ([42]).
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We refer to an estimated preference value as crucial if it can be found using the

least and the greatest preference values provided by the expert. Such value is called

crucial because it may not always be expressible. It should be noticed that if the

crucial values are expressible then without estimating other missing values we can

be certain about the expressibility of other missing values.

Example 4.1.1. Consider the 4×4 incomplete fuzzy preference relation where pref-

erence intensities of alternative x3 over X = {x1, x2, x3, x4} are stated.

P =



0.5 − − −

− 0.5 − −

0.8 0.9 0.5 0.2

− − − 0.5


(4.1.1)

The crucial value p42 in this case is the amalgamation of p32 and p34 estimated

using additive transitivity as p42 = p43 + p32 − 0.5 = (1 − p34) + p32 − 0.5 = 0.8 +

0.9− 0.5 = 1.2. The crucial value found is inexpressible.

Transformation functions proposed in the literature would drag the inexpressible

values back in the unit interval but the resultant relation will not necessarily be

consistent. We now propose a method to find a complete and consistent preference

relation containing expressible preference intensities.

Theorem 4.1.2. If (n − 1) preference values pkj, j ∈ {1, 2, 3, ..., n} are provided

by an expert in an n × n fuzzy preference relation then this incomplete preference

relation can be completed with expressible preference degrees only if the greatest value

provided δ satisfies the upper bound δ ≤ 0.5 + ε where ε < 0.5 is the least preference

value provided by the expert.
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Proof. Suppose that an expert provides two preference values pki and pkj, i, j ∈

{1, 2, 3}, i 6= j 6= k over the set of alternatives X = {x1, x2, x3}. Let 0 ≤ pki = ε <

0.5 and pkj be the least and greatest given preference values respectively such that

pkj satisfies the upper bound condition.

0 ≤ pkj ≤ 0.5 + ε (4.1.2)

We claim that if crucial values are expressible then so are other missing preference

values. We identify the crucial value pij and test its expressibility. Using additive

consistency we state that pij = pik+pkj−0.5 = (1−pki)+pkj−0.5 = pkj−pki+0.5,

which is expressible since pkj−pki ≤ 0.5 according to equation 4.1. This implies that

pij ≤ 1. So, pij and hence pji ∈ [0, 1]. Therefore the missing entries are expressible.

Suppose that X = {1, 2, ..., q} and expert provides preference degrees of kth alterna-

tive over others {pk1, pki, .., pkj, .., pkq}. Where pki and pkj is the least and greatest

respective preference value provided such that they satisfy the upper bound condi-

tion pkj ≤ 0.5 + pki.

Then the crucial value pij = pik + pkj − 0.5 = (1 − pki) + pkj − 0.5 ≤ (1 − pki) +

(0.5 + pki)− 0.5 = 1 is expressible.

We prove the claim that if crucial values are expressible, then other missing prefer-

ence values are also expressible.

Let psj, s 6= j, s, j ∈ {1, 2, .., n} be a missing preference value other than the crucial

values. Using upper bound condition we prove that this is also expressible.

psj = psk + pkj − 0.5 ≤ psk + (0.5 + pki)− 0.5 (4.1.3)

We know that, pki ≤ pks ≤ pkj which implies 1− pki ≥ psk ≥ 1− pkj. Using this in

equation 4.1.3 provides psj ≤ psk + (0.5 + pki)− 0.5 = psk + pki ≤ (1− pki) + pki =

1. Therefore, if crucial values are expressible then so are other missing preference

values.



50

Relations that can be completed using theorem 4.1.2 are hereafter referred to as

RCI preference relation.

Corollary 4.1.3. When missing preference values are estimated using additive con-

sistency along with the upper bound condition then the resultant fuzzy preference

relation satisfies additive consistency.

Proof. The proof directly follows from proof of theorem 4.1.2.

We next prove that the largest preference value of each row of a complete RCI

preference relation obeys the upper bound condition. This is proved in the following

corollary. Each row has a least preference value, the expression 0.5+ least preference

value exhibits preference values that are more than the intensity of indifference in

each row, where + is the addition operation for real numbers. The corollary explains

that if a preference relation is additive transitive then the largest preference value of

each row in the relation embraces a certain relation with the least preference value

of that row.

Corollary 4.1.4. The largest preference value of any row of a complete additive

transitive relation is less than 0.5+least preference value of that row.

Proof. Suppose on the contrary that for k ∈ {1, 2, ..., n}, k 6= j 6= i

pkj > pki + 0.5 (4.1.4)

where pkj and pki < 0.5 are the greatest and least preference values of the kth row.

Then equation 4.1.4 implies pkj − pki − 0.5 > 0. That is pkj − (1 − pik) − 0.5 > 0.

So pik + pkj − 0.5 − 1 > 0. Using additive consistency pij − 1 > 0. Which implies

that pij > 1 and therefore it is not expressible. Hence, the greatest preference value

in each row of an additive transitive preference relation obeys the upper bound

condition.
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Example 4.1.5. For instance, in the following complete preference relation, notice

that the relation δ ≤ 0.5 + ε holds true for each row.

P =



0.5 0.7 0.8 0.8 0.3

0.3 0.5 0.6 0.6 0.1

0.2 0.4 0.5 0.5 0

0.2 0.4 0.5 0.5 0

0.7 0.9 1 1 0.5


(4.1.5)

Moreover, any preference relation that does not satisfy this relation cannot be

additive consistent.

4.2 Upper Bound Condition For Incomplete Mul-

tiplicative Preference Relations

Given a reciprocal multiplicative preference relation A = (aij) where aij ∈ [1
9
, 9],

Chiclana et.al in ([18]) proposed a function f(aij) = 1
2
(1 + log9aij) to evaluate

fuzzy reciprocal preference relations corresponding to their respective multiplicative

reciprocal preference relations. Since this function is bijective, we can formulate an

inverse function

aij = g(pij) = 92pij−1 (4.2.1)

to find reciprocal multiplicative preference relation corresponding to each recipro-

cal fuzzy preference relation. We will use this idea to construct an upper bound

condition for incomplete multiplicative preference relations.

Example 4.2.1. Assume that a 4× 4 incomplete multiplicative preference relation
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is provided by an expert such that a12 = 1
8
, a13 = 9, a14 = 1.

A =



1 1/8 9 1

8 1 − −

1/9 1 − −

1 − − 1


(4.2.2)

Without any condition on the least and greatest multiplicative preference values

a12 and a13 respectively, we use Saaty’s consistency to find the crucial preference

value a23 = a21.a13 = 72 which is not expressible since it does not belong to [1
9
, 9].

We use equation 4.2.1 to formulate an upper bonud condition for multiplicative

reciprocal preference relations. This condition would confirm the expressibility of

missing multiplicative preference values.

Theorem 4.2.2. If (n− 1) preference values pkj, j ∈ {1, 2, 3, ..., n} are provided in

an n × n multiplicative preference relation, then the missing preference intensities

are expressible only if the relation δmult ≤ 9εmult is satisfied by the least εmult and

greatest δmult preference values given by expert.

Proof. Trivial using equation 4.2.1 and proof of theorem 4.1.2.

Corollary 4.2.3. If an incomplete multiplicative preference relation is completed

using upper bound condition of Theorem 4.1.2 and Saaty’s consistency then the

resultant relation satisfies Saaty’s consistency.

Example 4.2.4. Suppose that X = {x1, x2, x3, x4} and some knowledge about the

preferences is provided such that the situation is modeled by the preference values

a12 = 4, a13 = 1
2
, a14 = 3.

Since a12 ≤ 9.a13. Therefore, according to the Theorem 2, the incomplete multiplica-

tive preference relation can be completed with expressible preference values.
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a23 = a21.a13 = (1/4).(1/2) = 1/8; a24 = a21.a14 = (1/4).(3) = 3/4; a34 = a31.a14 =

(2).(3) = 6; a31 = 1/a13 = 2; a41 = 1/a14 = 1/3; a42 = 1/a24 = 4/3; a43 = 1/a34 =

1/6.

A =



1 4 1/2 3

1/4 1 1/8 3/4

2 8 1 6

1/3 4/3 1/6 1


(4.2.3)

The completed relation satisfies Saaty’s consistency. Following is a complete

fuzzy preference relation corresponding to the consistent multiplicative preference

relation in example 4.2.4. It needs to be noticed that a fuzzy preference relation

corresponding to a consistent multiplicative preference relation satisfies additive

transitivity.

P =



0.5 0.4 0.6 0.8

0.6 0.5 0.7 0.9

0.4 80.3 0.5 0.7

0.2 0.1 0.3 0.5


(4.2.4)

Remark 4.2.1. If a multiplicative preference relation satisfies Saaty’s consistency

then the corresponding fuzzy preference relation constructed f(aij) = 1
2
(1 + log9aij)

satisfies additive transitivity property.

Remark 4.2.2. For an additive transitive preference relation with non zero prefer-

ences, the corresponding multiplicative preference relation satisfies Saaty’s consis-

tency.

Although, the upper bound condition addresses and resolves the issue of in-

complete preferences but it needs to be noted that the interval of the values of

the incomplete relation is smaller than the interval of predicted values using addi-

tive or multiplicative consistency properties. Because of the implication of upper
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bound conditions, experts may experience difficulty in expressing preference inten-

sities within the subintervals of [0, 1] or [1, 1/9] in the cases of preference relations

and multiplicative preference relations respectively.

In this chapter we tackled the question of incompleteness of preference and mul-

tiplicative preference relations. As an answer to the problem highlighted in section

2.2, we proved ways of completing preference relations which guaranteed that the

resultant relations are transitive. Once the relations are completed, we can now

talk about their rankings. Chapter 5 is focused on comparison of famous ranking

methods when applied to complete RCI preference and multiplicative preference

relations.



Chapter 5

Comparing Ranking Methods For
RCI Preferences

As elaborated earlier in section 2.2, many methods have been employed in com-

pleting incomplete preference relations. However, these methods are silent when

it comes to consistency of the completed relation. Our work is focused on incom-

plete preference relations where preference intensities provided by experts satisfy

the condition of expressibility and the upper bound condition defined in section 4.1.

The upper bound condition implicity assumes a row or column being provided by

an expert to build on. As mentioned earlier, we will refer to such an incomplete

preference relation as Row or Column Incomplete preference relations or RCI pref-

erence relation. It is proven in 4.1 that complete RCI relations satisfy additive

transitivity property. Having completed the incomplete relations, we move ahead

to rank complete RCI relations.

It is assumed that incomplete preference relations are provided by experts which

are to be ranked by first completing them using the methods defined in ([42]), equiv-

alently, the relations provided are RCI. This implies that the preference relations

that will eventually be ranked would be additive transitive or Saaty’s consistent by

nature.

Once we have successfully achieved complete and consistent relations, we can

55
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take a step forward to rank the RCI relations. Many methods of ranking preference

and comparison relations have been proposed ([12] [66] [63] [5]). These methods may

produce contradictory outcomes when applied to the same preference relation. As

mentioned in section 2.3,a performance parameter is required to see which method,

if any, is better than the rest.

To answer this question, we modify Shimura’s rule of ranking comparison matri-

ces ([63]) and make it appropriate to be used for RCI preference and multiplicative

preference relations. Also, we propose a ranking method named Column wise addi-

tion method to rank such relations. We consider the Fuzzy Borda rule for ranking,

defined in ([53] [52]), which is an extension of Classical Borda rule ([3]). Also, we

propose fuzzy Borda rule for multiplicative preference relations. We compare these

methods pairwise to see which method, if any, is more appropriate for such rela-

tions. For this purpose, we define the performance parameter to be the number of

ties produced by each of these methods. On the other hand, we prove some prop-

erties endorsed by additive transitive relations and Saaty’s consistent multiplicative

relations. These properties help us in the comparison of the ranking methods.

Once we have classified preference relations where ranking methods do not pro-

duce contradictory outcomes, we can identify the reason of ties produced by these

ranking methods. Properties of additive preference relations and Saaty’s consistent

multiplicative relations suggest that ties are a consequence of indifferent preference

intensities. So to rank such relations without ending up with ties, we can suggest

the decision makers to avoid expressing indifference between alternatives.

We begin resolving this problem proposed in section 2.3 by first studying the prop-

erties of RCI complete preference and multiplicative preference relations. These

properties will give us a better insight of the behavior of ranking methods on these

relations.
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5.1 Properties Of Complete RCI Preference Re-

lations

In order to see the behavior of ranking methods on RCI complete preference rela-

tions or additive transitive relations, we first study the properties confined by these

preference relations.

Lemma 5.1.1. Given that the preferences of an expert are additive transitive, If

the expert is indifferent about an alternative xi over xj where i 6= j, then his corre-

sponding preferences in the ith and jth rows are exactly the same.

Proof. Let pij = 0.5 for i, j ∈ {1, 2, ..., n}, i 6= j. We need to prove that kth element

of ith row is the same as kth element of the jth row for k ∈ {1, 2, ..., n}, k 6= i.

Sicne pik = pij + pjk − 0.5 where pij = 0.5, so pik = 0.5 + pjk − 0.5 which implies

that pik = pjk for all k ∈ {1, 2, ..., n}.

Therefore, the ith row and jth row are exactly the same.

Lemma 5.1.2. If pij = 0.5 for i, j ∈ {1, 2, ..., n}, i 6= j then jth column and ith

column have the same preference values.

Proof. Let pij = 0.5 for i, j ∈ {1, 2, ..., n}, i 6= j. We need to prove that kth element

of ith column and jth column is the same for k ∈ {1, 2, ..., n}, k 6= i.

Since pki = pkj + pji − 0.5 (where pji = 0.5) which implies that pki = pkj. Hence

each element of the ith column and jth column is the same.

Lemma 5.1.3. If the least preference value provided by an expert is pij which lies

in the ith row and jth column of an n × n additive consistent relation then each

preference value lying in the ith row and jth column is necessarily less than or equal

to 0.5.
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Proof. Let pij = ε be the least element of an n× n additive transitive relation and

assume on the contrary that there exists a preference value in the ith row which

pis0 > 0.5 for some s0 ∈ {1, 2, ..., n}, s0 6= i 6= j. Then ε = pis0 + ps0j − 0.5 which

implies that ε = (pis0 − 0.5) + ps0j.

Note that pis0 − 0.5 > 0 by assumption and ps0j is positive since it lies in [0, 1].

Now if two positive numbers, pis0 − 0.5 and ps0j lying in [0, 1] are being added up

to give ε then it means that each one of them is individually less than ε because

otherwise they would add up to a number greater than ε, which is a contradiction

to ε = pis0 + ps0j − 0.5. Therefore, there does not exist any s0 in the ith row such

that pis0 > 0.5.

On similiar lines, one can prove that no entry in the jth column is greater than

0.5. Hence, the row and column entries, in which the least element of an additive

transitive relation lie, are always less than or equal to 0.5.

Lemma 5.1.4. If pij is the greatest preference value of an n × n additive consis-

tent relation then the entries of ith row and jth column pis and psj respectively are

necessarily greater than or equal to 0.5.

Proof. Let pij = δ be the greatest element of an n × n additive transitive relation

and assume that on the contrary pis0 < 0.5 for s0 ∈ {1, 2, ..., n}, s0 6= i 6= j. Then

pij = pis0 + ps0j − 0.5 which implies that δ = (pis0 − 0.5) + ps0j.

(pis0 − 0.5) < 0 by assumption, therefore, for δ to belong in [0, 1], ps0j should be

greater than δ which is a contradiction to our assumption that δ is the greatest

preference value of the relation.

Similarly, Let pij = δ be the greatest value of the additive transitive preference

relation and suppose that ps0j < 0.5 on the contrary. Then δ = pis0 + ps0j − 0.5

implies that δ = pis0 + (ps0j − 0.5), since (ps0j − 0.5) < 0 therefore, pis0 > δ which

is a contradiction.
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Lemma 5.1.5. If pij is the least preference value of an additive transitive relation

then the least element of each row (except jth row) will lie in the jth column.

Proof. Suppose that pij is the least preference value of an additive transitive relation

but on the contrary pkj, k ∈ {1, 2, ..., n}, k 6= i 6= j is not the least element of the kth

row. Denote the least preference value of the kth row by pks, s 6= j, s ∈ {1, 2, ..., n}.

Then, pks < pkj. So, pik + pkj − 0.5 > pik + pks − 0.5. Which implies that pij > pis

which is a contradiction to our assumption that pij is the least preference value.

Lemma 5.1.6. Given that pij is the least preference value of an additive transitive

preference relation. The least element pjs of the jth row is greater than the least

elements of any other row or equivalently, least element of the jth row is the greatest

least element of all rows.

Proof. We need to prove that the least element pjs of the jth row is greater than

the least preference value of any other row or equivalently pjs is greater than all the

least preference values {p1j, p2j, ..., pj−1,j, pj+1,j, ..., pnj} of each row, where pij is the

least preference value of the entire relation. According to Lemma 5.1.5 this set of

least elements of each row formed above lie in the jth column.

Suppose on the contrary that pjs < pkj, where pkj is the least value of kth row.

Now, according to Lemma 5.1.3, pkj ≤ 0.5 which makes pjs < pkj ≤ 0.5. Since the

relation is reciprocal, psj, the least value of sth row, which lies in the jth column, is

greater than 0.5. This is a contradiction to Lemma 5.1.3.

Lemma 5.1.7. In an additive transitive preference relation, sum of preference val-

ues in a column which contains the least element, is less than the sum of preferences

of any other column.

Proof. Suppose pij, i 6= j, i, j ∈ {1, 2, ..., n} is the least element of the entire n × n

preference relation. We need to prove that sum of entries of jth column is less than



60

sum of entries of kth column where k ∈ {1, 2, .., n}, k 6= j is any other column. If we

prove that every preference value in the jth column is less than the corresponding

preference values of the kth column, this would prove the statement of our theorem.

We know that pik > pij since pij is the least preference value. This could be written

as pi1 + p1k − 0.5 > pi1 + p1j − 0.5

which implies that p1k > p1j that is, the first element of the kth row and jth row

preserve the order. Similarly,

pit + ptk − 0.5 > pit + ptj − 0.5 for all t 6= i 6= j, t ∈ {1, 2, ..., n}. So, each preference

value from the kth column is greater than its corresponding preference value in the

jth column and therefore
∑n

i=1 pik >
∑n

i=1 pij.

Lemma 5.1.8. In an additive transitive relation, sum of preferences of a column

which contains the greatest preference value of the relation, is greater than the sum

of preferences of any other column.

Proof. Suppose pij, i 6= j, i, j ∈ {1, 2, ..., n} is the greatest element of the entire

n× n matrix. We first need to prove that every preference value in the jth column

is greater than the corresponding preference values of the kth column. So, pik < pij

since pij is the greatest entry. This could be written as

pi1 +p1k−0.5 < pi1 +p1j−0.5 which implies that p1k < p1j that is, the first element

of the kth column and jth column preserve the order. Similarly, pit + ptk − 0.5 <

pit + ptj − 0.5 for all t 6= i, t 6= j, t ∈ {1, 2, ..., n} which implies that ptk < ptj. So,

each preference value from the kth column is less than its corresponding value in the

jth column and therefore
∑n

i=1 pik <
∑n

i=1 pij.

Lemma 5.1.9. In an additive transitive relation if any particular preference value

pks in the sth column is less than its corresponding preference value pkt in the tth

column then all entries in the sth column are less than the corresponding entries in

the tth column.
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Proof. Suppose pks < pkt which implies that pk1+p1s−0.5 < pk1+p1t−0.5 from where

we have p1s < p1t. Continuing in this way we have pkq + pqs − 0.5 < pkq + pqt − 0.5

for all q ∈ {1, 2, .., n}, q 6= t 6= k which implies that pqs < pqt. So every preference

value of the sth column is less than each corresponding preference value of the tth

column.

Lemma 5.1.10. In an additive transitive relation if pks in the kth row in less than

its corresponding preference value pts in the tth column then all entries in the kth

row are less than the corresponding entries in the tth row.

Proof. Suppose pks < pts which implies that pk1+p1s−0.5 < pt1+p1s−0.5 from where

we have pk1 < pt1. Continuing in this way we have pkq + pqs − 0.5 < ptq + pqs − 0.5

for all q ∈ {1, 2, .., n}, q 6= t 6= s which implies that pkq < ptq. Hence each preference

value of kth row is less than each corresponding preference of the tth row.

5.2 Properties of Complete RCI Multiplicative Pref-

erence Relations

Parallel to subsection 5.1, properties of multiplicative RCI relations are introduced

as follows.

Lemma 5.2.1. Given that the preferences of an expert satisfy Saaty’s consistency,

If the expert is indifferent about an alternative xi over xj where i 6= j, then the

corresponding preferences in the ith and jth rows are exactly the same.

Proof. Let pij = 1 for i, j ∈ {1, 2, ..., n}, i 6= j. We need to prove that kth element

of ith row is the same as kth element of the jth row for k ∈ {1, 2, ..., n}, k 6= i.

Sicne pik = pij.pjk where pij = 1, so pik = pjk for all k ∈ {1, 2, ..., n}.

Therefore, the ith row and jth row are exactly the same.
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Lemma 5.2.2. If pij = 1 for i, j ∈ {1, 2, ..., n}, i 6= j then jth column and ith column

have the same multiplicative preferences.

Proof. Let pij = 1 for i, j ∈ {1, 2, ..., n}, i 6= j. We need to prove that kth element

of ith column and jth column is the same for k ∈ {1, 2, ..., n}, k 6= i.

Since pki = pkj.pji (where pji = 1). Therefore, pki = pkj. Hence each element of the

ith column and jth column is the same.

Lemma 5.2.3. If the least multiplicative preference value provided by an expert is

pij which lies in the ith row and jth column of an n× n Saaty’s consistent relation,

then each preference value lying in the ith row and jth column is necessarily less than

or equal to 1.

Proof. Let pij = ε be the least element of an n × n Saaty’s consistent relation.

According to the property of reciprocal multiplicative preference relations, ε < 1.

Because if ε ≥ 1 then 1/ε will be a preference value in the relation that will be

smaller than ε.

Now, since the relation satisfies Saaty’s consistency, therefore ε = pik.pkj,∀i, j, k

such that i 6= j 6= k, where pik and pkj lie in the interval [1/9, 9]. Therefore, trivially

pik and pkj are both less than 1 because this is the only case when they can multiply

together to produce a number ε less than 1.

Lemma 5.2.4. If pij is the greatest preference value of an n × n multiplicative

preference relation which satisfies Saaty’s consistency, then the entries of ith row

and jth column pis and psj respectively are necessarily greater than or equal to 1.

Proof. Suppose that pij = δ is the largest preference value in the relation then

pij > 1, because otherwise it cannot be the largest value in a multiplicative reciprocal

relation. Now, ε = pik.pkj,∀i, j, k such that i 6= j 6= k, where pik and pkj are bound

to be less than ε. Also pik and pkj are greater than or equal to 1 because this is the
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only case when they can multiply together to produce a number δ greater than 1.

Because if the two preferences are less than 1, then the real numbers will multiply

to give an even smaller value less than 1.

Lemma 5.2.5. If pij is the least preference value of a Saaty’s consistent multiplica-

tive preference relation then the least element of each row (except jth row) will lie

in the jth column.

Proof. Suppose that pij is the least preference value but on the contrary pkj, k ∈

{1, 2, ..., n}, k 6= i 6= j is not the least element of the kth row. Denote the least

preference value of the kth row by pks, s 6= j, s ∈ {1, 2, ..., n}.

Then, pks < pkj. So, pik.pkj > pik.pks. Which implies that pij > pis which is a

contradiction to our assumption that pij is the least preference value.

Lemma 5.2.6. Given that pij is the least preference value of a Saaty’s consistent

multiplicative preference relation. The least element pjs of the jth row is greater than

the least elements of any other row or equivalently, least element of the jth row is

the greatest least element of all rows.

Proof. We need to prove that the least element pjs of the jth row is greater than

the least preference value of any other row or equivalently pjs is greater than all the

least preference values {p1j, p2j, ..., pj−1,j, pj+1,j, ..., pnj} of each row, where pij is the

least preference value of the entire relation. According to Lemma 5.2.5 this set of

least elements of each row formed above lie in the jth column.

Suppose on the contrary that pjs < pkj, where pkj is the least value of kth row. Now,

according to Lemma 5.2.3, pkj ≤ 1 which makes pjs < pkj ≤ 1. Since the relation is

multiplicative reciprocal, psj, the least value of sth row, which lies in the jth column,

is greater than 1. This is a contradiction to Lemma 5.2.3.
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Lemma 5.2.7. In a complete RCI multiplicative preference relation, sum of pref-

erence values in a column which contains the least element, is less than the sum of

preferences of any other column.

Proof. Suppose pij, i 6= j, i, j ∈ {1, 2, ..., n} is the least element of the n × n mul-

tiplicative preference relation. We need to prove that sum of entries of jth column

is less than sum of entries of kth column where k ∈ {1, 2, .., n}, k 6= j is any other

column. If we prove that every preference value in the jth column is less than the

corresponding preference values of the kth column, this would prove the statement

of our theorem.

We know that pik > pij since pij is the least preference value. This could be written

as pi1.p1k > pi1.p1j which implies that p1k > p1j since pi1 cannot consume the value

0. That is, the first element of the kth row and jth row preserve the order. Similarly,

pit.ptk > pit.ptj for all t 6= i 6= j, t ∈ {1, 2, ..., n}. So, each preference value from

the kth column is greater than its corresponding preference value in the jth column

and therefore
∑n

i=1 pik >
∑n

i=1 pij.

Lemma 5.2.8. In a complete multiplicative RCI preference relation, sum of pref-

erences of a column which contains the greatest preference value of the relation, is

greater than the sum of preferences of any other column.

Proof. Suppose pij, i 6= j, i, j ∈ {1, 2, ..., n} is the greatest element of the relation.

We first need to prove that every preference value in the jth column is greater than

the corresponding preference values of the kth column. So, pik < pij since pij is the

greatest entry. This could be written as

pi1.p1k < pi1.p1j which implies that p1k < p1j. Therefore, the first element of the

kth column and jth column preserve the order. Similarly, pit.ptk < pit.ptj for all

t 6= i, t 6= j, t ∈ {1, 2, ..., n} which implies that ptk < ptj. So, each preference value
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from the kth column is less than its corresponding value in the jth column and

therefore
∑n

i=1 pik <
∑n

i=1 pij.

Lemma 5.2.9. In a complete multiplicative RCI relation, if any particular prefer-

ence value pks in the sth column is less than its corresponding preference value pkt

in the tth column then all entries in the sth column are less than the corresponding

entries in the tth column.

Proof. Suppose pks < pkt which implies that pk1.p1s < pk1.p1t from where we have

p1s < p1t. Continuing in this way we have pkq.pqs < pkq.pqt for all q ∈ {1, 2, .., n}, q 6=

t 6= k which implies that pqs < pqt. So every preference value of the sth column is

less than each corresponding preference value of the tth column.

Lemma 5.2.10. In a complete multiplicative RCI relation, if pks in the kth row in

less than its corresponding preference value pts in the tth column then all entries in

the kth row are less than the corresponding entries in the tth row.

5.3 Raking Methods And Their Comparison

The study builds on the assumption that either RCI preference and multiplicative

preference relations are provided or complete additive transitive preference relations

and complete Saaty’s consistent multiplicative preference relations are provided by

experts. In case of incomplete preference relations, they can first be completed using

the methods defined by Khalid and Awais in ([42]).

We discuss three methods feasible to rank additive transitive or Saaty’s consistent

multiplicative preference relations.

Relativity functions used in Shimura’s method to form a comparison matrix are

explained earlier. Accordingly, a relation is ranked as max(min(f(xi|xj))) for i 6= j.

The diagonal entries in a comparison matrix do not play any role in max(min(f(xi)|X))
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since they are always 1 in such matrices. We import this method to rank preference

and multiplicative preference relations by modifying it in a way such that the diag-

onal entries, which are fixed at 0.5 in additive transitive relations, are ignored. We

call it modified Shimura’s method of ranking.

We name the second method under consideration as the Column wise addition

method of ranking and define it as follows.

Definition 5.3.1. Given a reciprocal fuzzy preference relation, we say that sum of

kth column

r(k) =
n∑

i=1,i 6=k

pik (5.3.1)

denotes the collective preference of the the set of alternatives {x1, ..., .., xn} over xk.

According to this method, an alternative xk is preferred over xm, written asxk � xm

if r(k) ≤ r(m).

This method suggests that
∑n

i=1,i 6=k pik represents the collective preference of the

set of alternatives {x1, ..., xk−1, xk+1, .., xn} over xk. Hence if

min(
∑n

i=1 pi1, ..,
∑n

i=1 pij, ....,
∑n

i=1 pin) =
∑n

i=1 pik.

then xk is the most preferred alternative according to this method.

Another method famous for ranking alternatives is that of Fuzzy Borda method ([5]

[53] [52]) which is an extension of the classical Borda rule. The original Borda vote-

counting scheme was introduced in 1770 by Jean Charles de Borda. Fuzzy Borda

count is a natural extension of Classical Borda rule in which experts numerically

express their preference intensities of some alternatives over others. Borda rule is

a two stage scheme in the following sense. In the first phase, individual Borda

counts are computed, and it would be desirable for these scores to respect the

agent’s opinions on the alternatives . The second phase aggregates individual scores

into a total one for each alternative, and the highest score determines the Borda
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winner. Formally, If P is a preference relation of an expert with n alternatives, then

according to the Fuzzy Borda rule
∑n

j=1,pij>0.5 pij represents the final value assigned

by an expert to an alternative xi over others. This coincides with the sum of entries

greater than 0.5 in the ith row of the preference relation. That is, if

max(
∑n

j=1,p1j>0.5 p1j, ..,
∑n

j=1,pij>0.5 pij, ..,
∑n

j=1,pnj>0.5 pij) =
∑n

j=1,pkj>0.5 pkj.

then xk is the most preferred alternative according to this method.

Let us now define fuzzy Borda rule for multiplicative preference relations. In this

case,
∑n

j=1,pij>1 pij represents the final value assigned by an expert to an alternative

xi over others. Formally, if

max(
∑n

j=1,p1j>1 p1j, ..,
∑n

j=1,pij>1 pij, ..,
∑n

j=1,pnj>1 pij) =
∑n

j=1,pkj>1 pkj.

then xk is the most preferred alternative according to this method.

We discussed three ranking methods, we now intend to identify the best ranking

method for Additive transitive preference relations and Saaty’s consistent multi-

plicative preference relations. Setting the performance parameter to be the number

of ties produced by each of these methods, we scrutinize the performance of these

methods. A method is pronounced as the most appropriate or best method to rank

such relations, if it produces the least number of ties. We initiate with the mod-

ified Shimura’s rule to rank additive transitive preference relations. As discussed

earlier, we neglect the diagonal entries and find min(f(xi|xj)), i 6= j of each row and

write each entry in a separate column. Maximum of the obtained column according

to this method reflects the most preferred alternative. Consider the following RCI

preference relation where the highlighted intensities are those provided by expert.

We complete this relation and rank it according to modified Shimura’s rule.
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Example 5.3.1. 

0.5 0.3 0.4 0.7 0.6

0.7 0.5 0.6 0.9 0.8

0.6 0.4 0.5 0.8 0.7

0.3 0.1 0.2 0.5 0.4

0.4 0.2 0.3 0.6 0.5


=



0.3

0.6

0.4

0.1

0.2


According to Shimura’s method of ranking, we obtain x2 � x3 � x1 � x5 � x4.

Note that this method has not given any ties in this particular example.

Let us now use Fuzzy Borda rule to rank this completed relation.

0.5 0.3 0.4 0.7 0.6

0.7 0.5 0.6 0.9 0.8

0.6 0.4 0.5 0.8 0.7

0.3 0.1 0.2 0.5 0.4

0.4 0.2 0.3 0.6 0.5


=



1.3

3.0

2.1

0

0.6


Accordingly, the preference ranking is x2 � x3 � x1 � x5 � x4.

Now rank the preference relation using Column wise addition method.

0.5 0.3 0.4 0.7 0.6

0.7 0.5 0.6 0.9 0.8

0.6 0.4 0.5 0.8 0.7

0.3 0.1 0.2 0.5 0.4

0.4 0.2 0.3 0.6 0.5

2.5 1.5 2.0 3.5 3.0


The alternatives are ranked as x2 � x3 � x1 � x5 � x4 which is the same as the

ranking obtained by Fuzzy Borda rule and modified Shimura’s rule. This example

illustrates that the three methods ranked each alternative in exactly the same way.
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Let us now construct an additive preference relation where Shimura’s method would

give some ties. The purpose is to test how the other two methods rank the tied

alternatives which would help us in selecting the best method.

Example 5.3.2. Consider the following 6× 6 RCI Incomplete preference relation,

which is first completed and then ranked according to Shimura’s method. The pref-

erence intensities provided by expert is stated in highlighted.

0.5 0.4 0.7 0.5 0.6 0.5

0.6 0.5 0.8 0.6 0.7 0.6

0.3 0.2 0.5 0.3 0.4 0.3

0.5 0.4 0.7 0.5 0.6 0.5

0.4 0.3 0.6 0.4 0.5 0.4

0.5 0.4 0.7 0.5 0.6 0.5

2.8 2.2 4 2.8 3.4 2.8


According to Shimura’s method, x2 � x1 = x4 = x6 � x5 � x3. So, there is a

tie between three alternatives x1, x4 and x6. We wish to investigate if any of the

other two methods give fewer or more ties while ranking these alternatives. Note

that Column wise addition method provides x2 � x1 = x4 = x6 � x5 � x3 as

reflected by the last row of this relation. Also, Fuzzy Borda rule give the same rank

x2 � x1 = x4 = x6 � x5 � x3.

We deduce from example 5.3.1 and 5.3.2 that the three methods ranked the alterna-

tives in the same pattern and ended up with the same number of ties, in the same

alternatives. Now consider the following multiplicative Saaty’s consistent relation.
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Example 5.3.3. 

1 6 4 1

1/6 1 2/3 1/6

1/4 3/2 1 1/4

1 6 4 1


It is worth noticing that according to modified Shimura’s rule, Column wise

addition rule and Fuzzy Borda rule for multiplicative preference relations, the alter-

natives are ranked as x1 = x4 > x3 > x2.

We now prove the above observations that the three ranking methods are equally

good in ranking complete RCI preference and multiplicative preference relations.

Theorem 5.3.4. Modified Shimura’s method, Fuzzy Borda rule and Column wise

addition method gives the same preference ranking when applied to complete RCI

preference relations.

Proof. Suppose that pij, i 6= j is the least preference value in an n × n additive

transitive preference relation. Then according to lemma 5.1.7, sum of entries of the

jth column will be least and hence xj according to the Column wise addition method

will be the most preferred alternative.

According to Shimura’s rule, using Lemma 5.1.6, jth row will have the greatest least

element of all rows and therefore xj according to this method is the most preferred

alternative.

Now considering Fuzzy Borda rule, we have pji as the greatest element of the en-

tire relation, (since the relation is reciprocal) and so jth row has all elements > 0.5

according to lemma 5.1.4. Therefore addition of all preference intensities in the jth

row is the greatest value according to lemma 5.1.4 and 5.1.8. This implies that xj

is the most preferred alternative.

We now investigate if there are any ranking differences among these methods for
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the least preferred alternative. Since it has been assumed that pji is the greatest

element of the entire relation, so according to lemma 5.1.8, the column wise addition

method would rank xi as the least preferred alternative since sum of this column

is greater than the sum of any other column. Using modified Shimura’s rule, since

pij is the least preference value of the relation, therefore it is the lowest value of all

least values of each row which makes xi the least preferred alternative according to

Shimura’s method. Since pij is the least preference value therefore the ith row will

have all preference values less than 0.5. Therefore, the sum of preferences greater

than 0.5 will be 0 according to lemma and so Fuzzy Borda rule will rank xi as the

least preferred alternative.

Let us now choose alternatives other than the least or most preferred ones. Since

least preference value of each row will lie in the jth column according to lemma 5.1.5,

suppose that psj, s 6= j is the second lowest value of all the least values of every

row. Then according to Shimura’s rule, xs is the second least preferred alternative.

We have psj < p1j, psj < p2j, ..., psj < pnj which implies that pjs > pj1, .., pjs >

pj,i−1, pjs > pj,i+1, ., pjs > pjn where we are ignoring the corresponding entry of the

ith column (since xi has already been declared the most preferred alternative). So,

according to lemma 5.1.9, each preference value of sth column is greater than the

corresponding values of the other columns(except for the ith column) which implies

that sum of preference values of sth column is greater than sum of any other column

entries. So,according to the method of Column wise addition, xs is the second least

preferred alternative.

Also, according to lemma 5.1.10, each entry in the sth row is less than the corre-

sponding entries in any other row (except for the ith row) which implies that sum

of entries greater than 0.5 in the sth row is less than sum of such entries of any

other row and so according to Fuzzy Borda rule, xs is the second least preferred
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alternative. Continuing in this way we find out that the three methods give the

same rank to alternatives in X.

Theorem 5.3.5. Modified Shimura’s method, Fuzzy Borda rule for multiplicative

preference relations and Column wise addition method gives the same preference

ranking when applied to complete multiplicative RCI preference relations.

Proof. Suppose that pij, i 6= j is the least preference value in an n × n Saaty’s

consistent preference relation. Then according to lemma 5.2.7, sum of entries of the

jth column will be least and hence xj according to the Column wise addition method

will be the most preferred alternative.

According to Shimura’s rule, using lemma 5.2.6, jth row will have the greatest least

element of all rows and therefore xj according to this method is the most preferred

alternative.

Now considering Fuzzy Borda rule, we have pji as the greatest element of the en-

tire relation, (since the relation is reciprocal) and so jth row has all elements > 1

according to lemma 5.2.4. Therefore addition of all preference intensities in the jth

row is the greatest value according to lemma 5.2.4 and 5.2.8. This implies that xj

is the most preferred alternative.

We now investigate if there are any ranking differences among these methods for

the least preferred alternative. Since it has been assumed that pji is the greatest

element of the entire relation, so according to lemma 5.2.8, the column wise addition

method would rank xi as the least preferred alternative since sum of this column

is greater than the sum of any other column. Using modified Shimura’s rule, since

pij is the least preference value of the relation, therefore it is the lowest value of

all least values of each row which makes xi the least preferred alternative according

to Shimura’s method. Since pij is the least preference value therefore the ith row

will have all preference values less than 1. Therefore, the sum of preferences greater
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than 1 will be 0 according to lemma 5.2.3 and so Fuzzy Borda rule will rank xi as

the least preferred alternative.

Let us now choose alternatives other than the least or most preferred ones. Since

least preference value of each row will lie in the jth column according to lemma 5.2.5,

suppose that psj, s 6= j is the second lowest value of all the least values of every

row. Then according to Shimura’s rule, xs is the second least preferred alternative.

We have psj < p1j, psj < p2j, ..., psj < pnj which implies that pjs > pj1, .., pjs >

pj,i−1, pjs > pj,i+1, ., pjs > pjn where we are ignoring the corresponding entry of the

ith column (since xi has already been declared the most preferred alternative). So,

according to lemma 5.2.9, each preference value of sth column is greater than the

corresponding values of the other columns(except for the ith column) which implies

that sum of preference values of sth column is greater than sum of any other column

entries. So,according to the method of Column wise addition, xs is the second least

preferred alternative.

Also, according to lemma 5.2.10, each entry in the sth row is less than the corre-

sponding entries in any other row (except for the ith row) which implies that sum of

entries greater than 1 in the sth row is less than sum of such entries of any other row

and so according to Fuzzy Borda rule, xs is the second least preferred alternative.

Continuing in this way we find out that the three methods give the same rank to

alternatives in X.

Corollary 5.3.6. Modified Shimura’s rule, Fuzzy Borda Rule and Column wise

addition method give the same number of ties while ranking an additive transitive

preference relation.

Proof. Suppose that an n × n additive transitive preference relation needs to be

ranked. Without loss of generality, suppose that ties obtained according to modified

Shimura’s rule are xq = xr = xs = ... = xz and xu = xv where q, r, s, u, v, ..., z ∈
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{1, 2, ..., n}, q 6= r 6= s... 6= z 6= u 6= v. This implies that

min{pq1, ..., pq,q−1, pq,q+1, ..., pqn} = min{pr1, ..., pr,r−1, pr,r+1, ..., prn} =

min{ps1, ..., ps,s−1, ps,s+1, .., psn} = .... = min{pz1, ..., pz,z−1, pz,z+1, .., pzn}.

and

min{pu1, ..., pu,u−1, pu,u+1, ..., pun} = min{pv1, ..., pv,v−1, pv,v+1, ..., pvn}.

Suppose that the least preference value of the n × n preference relation is pij then

according to lemma 5.1.5 the least element of each row except the jth row will lie in

the jth column. Accordingly,

min{pq1, pq2, ..., pq,q−1, pq,q+1, ..., pqn} = pqj (5.3.2)

min{pr1, pr2, ..., pr,r−1, pr,r+1, ..., prn} = prj (5.3.3)

min{ps1, ps2, ..., ps,s−1, ps,s+1, .., psn} = psj (5.3.4)

... (5.3.5)

min{pz1, pz2, ..., pz,z−1, pz,z+1, .., pzn} = pzj (5.3.6)

and pqj = prj = psj = ... = pzj. (None of these entries belong to the jth row

since according to , if they did, they would be greater than least values of other

rows). Now, pqj = prj = psj = ... = pzj implies pqk + pkj − 0.5 = prk + pkj − 0.5 =

psk +pkj−0.5 = .... = pzk +pzj−0.5. Which implies that pqk = prk = psk = ... = pzk

for all k ∈ {1, 2, ..., n}, k 6= q 6= r 6= s... 6= z.

This means that the entire qth, rth, sth until zth rows are exactly the same. Therefore,

according to Fuzzy Borda rule∑n
k=1,pqk>0.5 pqk =

∑n
k=1,prk>0.5 prk =

∑n
k=1,psk>0.5 psk = ... =

∑n
k=1,pzk>0.5 pzk
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which implies that xq = xr = xs = ... = xz.

Also, since the relation is reciprocal, qth, rth, sth until zth row being the same means

that qth, rth, sth until zth columns are exactly the same as well. Therefore, Column

wise addition would yet again give a tie between the alternatives and rank them as

xq = xr = xs = ... = xz.

Similarly, It can be shown that the other two methods will also give a tie between

xu and xv.

Corollary 5.3.7. Modified Shimura’s rule, Fuzzy Borda Rule for multiplicative pref-

erence relations and Column wise addition method give the same number of ties while

ranking a Saaty’s consistent preference relation.

Therefore, we conclude that the three methods are equally good to rank com-

plete RCI preference and multiplicative preference relations since they produce the

same number of ties. We also noticed that these methods produce ties in the same

alternatives.

Let us now seek the reason of ties produced when ranking such relations in the

following subsection.

5.3.1 Identifying Ties Without Using Ranking Methods

It is settled that ranking methods discussed do not lead to contradictory outcomes

and they are equally suitable to rank complete RCI preference and multiplicative

preference relations. Without using any ranking method, we proceed to identify by

mere observation of the nature of preference values, the alternatives that will end

up having a tie.

Theorem 5.3.8. Number of alternatives that will give a tie in an additive transitive

preference relation, if they were ranked, is equal to the number of rows that have
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preference intensities of at least one 0.5, other than the diagonal value.

Proof. Please note that the ranking method used for this proof is Shimura’s method.

Theorem 5.3.4 and Corollary 5.3.6 imply the validity of the proof of other ranking

methods for this theorem.

For a 3× 3 preference relation, consider the following


0.5 p12 0.5

p21 0.5 p23

0.5 p32 0.5

 =


p12

p21 = p23

p32 = 1− p23 = 1− p21 = p12


Suppose that the least element of first row is p12. If the least element of the

second row is p21 then p23 = p21 since 0.5 = p12 + p23 − 0.5 which implies that

p12 + p23 = 1 and since the matrix is additive transitive and hence reciprocal, it

implies that 1− p12 = p23 ⇒ p21 = p23. As seen in the above relation, there are two

rows with at least one 0.5 and there are two alternatives x1 and x3 that have a tie.

For an n× n preference relation, Suppose that there are t rows which have at least

one 0.5 preference value other than the diagonal entry. Then using Lemma 5.1.1,

there are t rows that are exactly the same which means that minimum preference

value of each row and then maximum of minimum preference values of each row

will be the same. Hence, according to Shimura’s rule there will be ties between t

alternatives.

Coversely, suppose that there are t ≤ n alternatives that have a tie and without loss

of generality suppose that x1 = x2 = ... = xt have a tie. This means that minimum

of these rows are the same.

Suppose p1j is the minimum of the first row then according to lemma 5.1.5 and

lemma 5.1.6, minimum of the second row is p2j and the minimum of tth row is ptj

and p1j = p2j = ... = pt−1,j = ptj. So, p1j = p12 + p2j − 0.5 which implies that
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p12 = 0.5. Similarly p2j = p23 + p3j − 0.5 which implies that p23 = 0.5 and so on till

pt,j = pt,t−1 + pt−1,j − 0.5 which implies that pt,t−1 = 0.5. Which proves that each of

these t rows will have at least one preference value, other than the diagonal value,

which is equal to 0.5.

Theorem 5.3.9. Number of alternatives that will give a tie in complete RCI mul-

tiplicative relations, if they were ranked, is equal to the number of rows that have

preference intensities of at least one 1, other than the diagonal value.

Theorems and corollaries proven in section 5.3 suggest that number of ties is

dependent on the alternatives among which indifference is expressed by expert. So

now without using any ranking method, these theorems can help in identifying the

number of ties in an additive transitive preference relation or a Saaty’s consistent

preference relation by analysing the nature of the concerned preference intensities

in a relation. Note that ties in these relations can be avoided if cases of indifference

between distinct alternatives are discouraged. If experts are suggested to express

preference intensities such that they are not indifferent between any two alternatives,

then as a consequence there will be no tie among those alternatives when they are

ranked.



Chapter 6

Distance to consensus

Throughout the sequel, E = {e1, ..., em} is the set of decision makers.

In multiplicative aggregation models overall preferences are estimated using geomet-

ric means whereas in additive aggregation models overall preferences are estimated

by weighted arithmetic means. Fundamental differences between the two models

are studied by Choo and Wedley ([22]). This paper focuses on the latter approach.

The underlying assumption is that the individual preferences of decision makers are

complete or completable, as discussed by Khalid and Awais ([42]) and additive recip-

rocal. Now, to aggregate experts’ preferences, individual preferences are combined

into a collective relation such that the resultant relation best represents the experts’

choices. Several methods for aggregating preference relations have been discussed

and criticized by Popehev and Peneva in ([57]).

Although unanimity is an ideal result but it is not always achieved. In such cases, dis-

tance to consensus is a handy tool. Weighted means and ordered weighted averaging

operators introduced by Yager ([70]) are well known functions that are widely used

in the aggregation process. Although both of these functions are defined through a

weighting vector, but there are differences in their behavior. The weighted means

allow to weight each information source in relation to their reliability whereas a fun-

damental aspect of the OWA operator is the re-ordering step, where an aggregate

78
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is not associated with a particular weight but instead a weight is associated with a

particular ordered position of aggregate.

We now define collective preference relations obtained using the OWA operators

mentioned in subsection 1.4.3. For the discussion to follow, let F : [0, 1]m → [0, 1]

be an ordered weighted averaging operator. Also, let ℘min be a collective rela-

tion obtained using the minimum ordered weighted averaging operator with asso-

ciated vector ωmin
i ∈ [0, 1] defined as ωmin = (0, 0, ...., 1). Then F(ρ

(1)
ij , ..., ρ

(m)
ij ) =∑m

t=1 ω
min
t a

(t)
ij = min(ρ

(1)
ij , ..., ρ

(m)
ij ) = ρmin

ij which has ijth placement in the collec-

tive preference relation ℘min and a
(t)
ij is the tth largest preference value of the bag

(ρ
(1)
ij , ..., ρ

(m)
ij ).

Let ℘max represent the collective relation obtained using the OWA maximum op-

erator with associated m vector ωmax
i ∈ [0, 1] defined as ωmax = (1, 0, ..., 0). Then

F(ρ
(1)
ij , ..., ρ

(m)
ij ) =

∑m
t=1w

max
t a

(t)
ij = max(ρ

(1)
ij , ..., ρ

(m)
ij ) = ρmax

ij which has ijth place-

ment in ℘max.

Consider ℘∗ to represent the collective preference relation using averaging operator

with associatedm vector w∗i ∈ [0, 1] defined as ω∗ = ( 1
m
, ..., 1

m
). Then F(ρ

(1)
ij , ..., ρ

(m)
ij ) =∑m

t=1 ω
∗
t a

(t)
ij =

ρ
(1)
ij +...+ρ

(m)
ij

m
which is ijth preference value in ℘∗.

We denote ℘ by collective preference relation obtained using the ordered weighted av-

eraging operator F with associatedm vector ωi ∈ [0, 1] defined as ω = ( 1
m−1

, ..., 1
m−1

, 0).

So F(ρ
(1)
ij , ..., ρ

(m)
ij ) =

∑m
t=1 ωta

(t)
ij = ρij.

Let ℘ be defined as the collective preference relation obtained using the ordered

weighted averaging operator F with associated m vector ω ∈ [0, 1] defined as

ωi =


0 ifi < 2,

1
m−2

if2 ≤ i < m,

0 ifi ≥ m
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F(ρ
(1)
ij , ..., ρ

(m)
ij ) =

∑m
t=1 ωta

(t)
ij = ρij.

Let us illustrate how to find collective relation Pmin and P ∗ with the help of a simple

example.

Example 6.0.10. Let P1 and P2 be reciprocal fuzzy preference relations provided by

two experts over alternatives X = {x1, x2, x3} defined respectively as:

P1 =


0 0.4 0.7

0.6 0 0.8

0.3 0.2 0


and

P2 =


0 0.5 0.7

0.5 0 0.4

0.3 0.6 0


Then,

Pmin =


0 0.4 0.7

0.5 0 0.4

0.3 0.2 0


and

P ∗ =


0 0.45 0.7

0.55 0 0.6

0.3 0.4 0


We proceed to discuss the distance to consensus of several collective preference

relations in the following section. We intend to compare the collective relations with

respect to this metric.
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6.1 Comparing distance to consensus of collective

preferences

The measure of distance to consensus is dependent on a measure of fuzzy preference

relation called Average Certainty ([13] [66]). Consider the antithesis of consensus

which is complete ambivalence and denote this relation as M1. In such a preference

relation, all non diagonal entries are 0.5. It can easily be checked that $(M1) = 1.

Also consider the converse of M1 which is the non-fuzzy preference, denoted by M2,

where every pair of alternatives is definitely ranked. In M2 all non-diagonal elements

are equal to 1 or 0; however, there may not be a clear consensus. So for relation M1

we cannot have consensus and for relation M2 we may not have consensus.

Consensus measures in fuzzy group decision making are discussed by Cabrerizo et.

al in ([14]). For a reciprocal preference relation, three types of consensus Type 1,

Type 2 and Type fuzzy consensus is discussed by Bedzek in ([13]) and summarized

in ([66])as follows.

1. Type I consensus, M ′
1, is a consensus in which there is one clear choice and

the remaining alternatives all have equal secondary preference.

2. Type II consensus, M ′
2, there is one clear choice, say alternative i but the

remaining n minus 1 alternatives all have definite secondary preference. That

is, the ith column is all zeros and ρkj = 1, where k 6= i.

3. M ′
f , Type fuzzy consensus occurs where there is unanimity in deciding the

most preferred choice but the remaining alternatives have infinitely many fuzzy

secondary preferences.

Mathematically, M1 and M2 are logical opposites and so are consensus relations M ′
1

and M ′
2.
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$(P ) = 1 for an M1 preference relation.

$(P ) = 0 for an M2 preference relation. The metric $(P ) can be thought of

◦| ◦|
M1

1.00

|
0.5

P
|

0.3558

M ′
2

0.00
〉 $(P ) -

Figure 6.1: Illustration of distance to consensus([13])

as distance between the points M1(1.0) and M2(0.0) in n-dimensional space. As

number of alternatives increases, it becomes more difficult to develop a consensus

choice and rank the remaining pairs of alternatives simultaneously.

If the distance to consensus of a relation is to the left of 0.5 on the line of reference in

Figure 1, then it means that this relation is a better solution for the collective group

because degree of consensus or distance to complete consensus is lesser and if the

intensity of distance measure is to the right of 0.5 then it means that the relation

is not a good representation of the group under consideration as the distance to

consensus is very complete ambivalence is low.

Example 6.1.1. Suppose P is a reciprocal relation developed by a small group of

people for pairwise preferences in a decision process involving four alternatives, n =

4, as shown



0 0.4 0.7 0.5

0.6 0 0.8 0.6

0.3 0.2 0 0.3

0.5 0.4 0.7 0
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Notice that this group does not reach consensus on their first attempt at ranking

the alternatives. Equivalently, this matrix carries none of the properties of a consen-

sus type. However, the group can assess their degree of consensus to evaluate how

far they are from consensus prior to subsequent discussions in the decision process.

For this relation, ζ̃(P ) = 0.5633 and $(P ) = 0.64419. So for their first attempt of

ranking the four alternatives, the group has a degree of consensus of 0.5633. Note

that a value of 0.5 is completely ambivalent (uncertain) and a value of 1.0 is com-

pletely certain.

Moreover, the group is 1 − 0.64419 = 0.3558, or35.5% of the way from complete

ambivalence (M1) toward a Type II consensus as shown graphically in the figure

above. It should be noted that the vast majority of group preference situations

eventually develop into Type fuzzy consensus; Types I and II are typically only

useful as boundary conditions.

Note that a collective preference relation best represents the choices of the individ-

uals if distance to consensus of the collective relation is the least. In this section, we

test if distance to consensus of the collective preference relations ℘∗, ℘min, ℘max, ℘

and ℘ are comparable. We define a generic relation for those that can be compared.

We refer to the collective preference relation ℘ as an optimistic preference relation in

which we ignore the preference value of the expert with the least preference intensity

and ℘ as the moderate collective preference in which the greatest and the smallest

such values are excluded. When we compare distance to consensus of collective

preference relations, we are basically using the scale in Figure 1 for relevance.

As mentioned above, if distance to consensus of two collective relations P1 and P2 is

t1 and t2 respectively, where t1, t2 ∈ [0, 1] and t1 ≤ t2 then it implies that P1 is closer

to consensus as compared to P2. Therefore, it is reasonable to comply with P1 as a

better representation of the collective group. In the following theorems, we compare
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the collective relations ℘, ℘min, ℘max and ℘ to see which of these are comparable and

conclude if any of these collective relations produces the least or most distance to

consensus as compared to the others.

Theorem 6.1.2. Distance to consensus of ℘ is less than or equal to distance to

consensus of ℘min.

Proof. Suppose m decision makers have expressed their preferences on alternative

xi over xj as (ρ
(1)
ij , ..., ρ

(m)
ij ), where ρ

(t)
ij is the preference value of expert t. Let b

(1)
ij

and b
(m)
ij be the largest and smallest preference value of the bag (ρ

(1)
ij , ..., ρ

(m)
ij ).

Then, b
(m)
ij ≤ b

(1)
ij ; b

(m)
ij ≤ b

(2)
ij ;...;b

(m)
ij ≤ b

(m)
ij . Adding these inequalities gives,

m(b
(m)
ij ) ≤ b

(1)
ij + ... + b

(l)
ij + ... + b

(m)
ij . Subtracting b

(m)
ij from both sides gives

(m− 1)b
(m)
ij ≤ b

(1)
ij + ....+ b

(m−1)
ij

Right hand side of the above inequality shows that the least preference value has

been excluded from the addition of the rest of the preference values.

So, b
(m)
ij ≤

b
(1)
ij

m−1
+ ...+

b
(m−1)
ij

m−1
.

This is the same as 0.b
(1)
ij + ...+ 0.b

(m−1)
ij + 1.b

(m)
ij ≤

b
(1)
ij

m−1
+ ...+

b
(m−1)
ij

m−1
+ 0.b

(m)
ij . That

is, ∑m
t=1 ω

min
t b

(t)
ij ≤

∑m
t=1 ωtb

(t)
ij , where b

(t)
ij is the tth largest preference value of the

bag (ρ
(1)
ij , ..., ρ

(m)
ij ). This holds true for every i, j ∈ {1, 2, ...,m}, i 6= j. That is,

ρmin
ij ≤ ρij which means that

ρmin
12 ≤ ρ12; ρmin

13 ≤ ρ13; ....; ρmin
n,n−1 ≤ ρn,n−1.

Squaring both sides of the above inequalities and adding them gives (ρmin
12 )2 +

(ρmin
13 )2 + ... + (ρmin

n,n−1)2 ≤ (ρ12)2 + (ρ13)2 + ... + (ρn,n−1)2. Note that the left and

right hand side of this inequality is the trace of the matrix ℘min℘minT and ℘℘T re-

spectively. That is, tr(℘min℘minT ) ≤ tr(℘℘T ). Dividing both sides with n(n− 1)/2

gives tr(℘min℘minT
)

n(n−1)/2
≤ tr(℘℘T )

n(n−1)/2
which is the Certainty of the preference relations. So

ζ̃(℘min) ≤ ζ̃(℘). Which implies that $(℘min) ≥ $(℘).
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Theorem 6.1.3. Distance to consensus of ℘ is less than or equal to distance to

consensus of ℘max.

Proof. Let b
(1)
ij denote the greatest preference value of the bag (ρ

(1)
ij , ..., ρ

(m)
ij ). Then,

b
(1)
ij ≥ b

(1)
ij ; b

(1)
ij ≥ b

(2)
ij ;...;b

(1)
ij ≥ b

(m−1)
ij .

This shows that the greatest preference value is compared with all preference values

except for the least preference value. Adding these inequalities gives (m− 1)b
(1)
ij ≥

b
(1)
ij + ...+ b

(m−1)
ij .

So, b
(1)
ij ≥

b
(1)
ij

m−1
+ ...+

b
(m−1)
ij

m−1
which is the same as

∑m
t=1 ω

max
t b

(t)
ij ≥

∑m
t=1 ωtb

(t)
ij , where

b
(t)
ij is the tth largest preference value.This holds true for every i, j, i 6= j. Therefore,

ρmax
ij ≥ ρij. That is, ρmax

12 ≥ ρ12; ...; ρmax
n,n−1 ≥ ρn,n−1.

Squaring both sides of the above inequalities and adding them gives (ρmax
12 )2 +

(ρmax
13 )2 + ...+ (ρmax

n,n−1)2 ≥ (ρ12)2 + (ρ13)2 + ...+ (ρn,n−1)2.

Note that the left and right hand side of the above inequality is the trace of the

relation ℘max℘maxT and ℘℘T respectively.

That is, tr(℘max℘maxT ) ≥ tr(℘℘T ). Dividing both sides with n(n − 1)/2 gives

tr(℘max℘maxT )
n(n−1)/2

≥ tr(℘℘T )
n(n−1)/2

which is the Certainty of these preference relations. So we

have ζ̃(℘max) ≥ ζ̃(℘). Which implies that $(℘max) ≥ $(℘).

Theorem 6.1.4. Distance to consensus of ℘min is less than distance to consensus

of ℘max.

Proof. Let b
(1)
ij and b

(m)
ij denote the greatest and least preference value of the bag

(ρ
(1)
ij , ..., ρ

(m)
ij ) of preference values of alternative xi over xj provided by m decision

makers. Then, b
(m)
ij ≤ b

(1)
ij . Which can be written as

∑m
t=1 ω

min
t b

(t)
ij ≤

∑m
t=1 ω

max
t b

(t)
ij

where b
(t)
ij is the tth largest preference value of the bag (ρ

(1)
ij , ..., ρ

(m)
ij ). Equiva-

lently, ρmin
ij ≥ ρmax

ij which holds true for every i, j ∈ {1, 2, ...,m}, i 6= j. So,

ρmin
12 ≥ ρmax

12 ; ...; ρmin
n,n−1 ≥ ρmax

n,n−1.
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Squaring both sides of the above inequalities and adding them gives (ρmin
12 )2 +

(ρmin
13 )2 + ...+ (ρmin

n,n−1)2 ≥ (ρmax
12 )2 + (ρmax

13 )2 + ...+ (ρmax
n,n−1)2.

Note that the left hand side of this inequality is the trace of the matrix ℘min℘minT

and the right hand side of the inequality is trace of the matrix ℘max℘maxT .

That is, tr(℘min℘minT ) ≥ tr(℘max℘maxT ). So, tr(℘minPminT
)

n(n−1)/2
≥ tr(℘max℘maxT )

n(n−1)/2
which is

the certainity of the two preference relations. So we have ζ̃(℘min) ≥ ζ̃(℘max). Which

implies that 1 − (2(ζ̃(℘min)) − 1)0.5 ≤ 1 − (2(ζ̃(℘max)) − 1)0.5 which implies that

$(℘min) ≤ $(℘max).

Theorem 6.1.5. Distance to consensus of ℘max is less than distance to consensus

of ℘∗.

Proof. Let b
(g)
ij denote the least preference value of the bag of preference values of

alternative xi over xj. So, b
(g)
ij ≥ b

(1)
ij ; b

(g)
ij ≥ b

(2)
ij ;...;b

(g)
ij ≥ b

(m)
ij .

Adding both sides gives, m(b
(g)
ij ) ≥ b

(1)
ij + b

(2)
ij + ... + b

(m)
ij . Which implies that

ρ
(g)
ij ≥

b
(1)
ij

m
+ ...+

b
(m)
ij

m
.

That is,
∑m

t=1 ω
max
t b

(t)
ij ≥

∑m
t=1 ω

∗
t b

(t)
ij , where b

(t)
ij is the tth largest preference value.

This holds true for every i, j ∈ {1, 2, ...,m}, i 6= j. Therefore, ρmax
ij ≥ ρ∗ij. That is,

ρmax
12 ≥ ρ∗12; ...; ρmax

n,n−1 ≥ ρ∗n,n−1.

Squaring both sides of the above inequalities and adding them gives (ρmax
12 )2 +

(ρmax
13 )2 + ...+ (ρmax

n,n−1)2 ≥ (ρ∗12)2 + (ρ∗13)2 + ...+ (ρ∗n,n−1)2.

Note that the left and right hand side of this inequality is the trace of the relation

℘max℘maxT and ℘∗P ∗T respectively. That is, tr(℘max℘maxT ) ≥ tr(℘∗P ∗T ). Hence

tr(℘max℘maxT )
n(n−1)/2

≥ tr(℘∗℘∗T

n(n−1)/2
and this is the certainty of the two preference relations. So

we have ζ̃(℘max) ≥ ζ̃(℘∗). Therefore, $(℘max) ≥ $(℘∗).

Theorem 6.1.6. Distance to consensus of a collective fuzzy preference relation ℘

is less than or equal to distance to consensus of the collective preference relation ℘∗.



87

Proof. For the sake of convenience, we rearrange the bag (ρ
(1)
ij , ρ

(2)
ij , ..., ρ

(m)
ij ) as

(b
(1)
ij , b

(2)
ij , ..., b

(m)
ij ) such that the last value b

(m)
ij is the smallest preference value of

the bag and the first value b
(1)
ij is the greatest value.So,

b
(m)
ij ≤ b

(1)
ij ; b

(m)
ij ≤ b

(2)
ij , ...., b

(m)
ij ≤ b

(m−1)
ij .

This implies that (m− 1)b
(m)
ij ≤ b

(1)
ij + b

(2)
ij + ....+ b

(m−1)
ij .

Now adding (m− 1)b
(1)
ij + .....+ (m− 1)b

(m−1)
ij on both sides gives

(m−1)b
(1)
ij +(m−1)b

(2)
ij +...+(m−1)b

(m−1)
ij +(m−1)b

(m)
ij ≤ m(b

(1)
ij +b

(2)
ij +.....+b

(m−1)
ij ).

Which implies that

( 1
m

)
∑m

t=1 b
(t)
ij ≤ ( 1

m−1
)b

(1)
ij + ( 1

m−1
)b

(2)
ij + ... + ( 1

m−1
)b

(m−1)
ij + (0)b

(m)
ij . Note that left

and right hand side of the above inequality is actually
∑m

t=1 ω
∗
t b

(t)
ij and

∑m
t=1 ω

min
t b

(t)
ij

respectively. This implies that, ρ∗12 ≤ ρ12; ...; ρ∗n,n−1 ≤ ρn,n−1. That is (ρ∗12)2 + ... +

(ρ∗n,n−1)2 ≤ (ρ12)2 + ... + (ρn,n−1)2 which is basically the trace of the two relations

℘∗ and ℘. To find the trace of ℘∗℘∗T and ℘℘T , we write the following relations.

℘∗ =



0 ( 1
m

)
∑m

t=1 b
(t)
12 . . . ( 1

m
)
∑m

t=1 b
(t)
1,n

( 1
m

)
∑m

t=1 b
(t)
21 0 . . . .

. . . . . .

. . . . . .

. . . . .0

( 1
m

)
∑m

t=1 b
(t)
n,1 . . . ( 1

m
)
∑m

t=1 b
(t)
n,n−1 0



and
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℘∗T =



0 ( 1
m

)
∑m

t=1 b
(t)
21 . . . ( 1

m
)
∑m

t=1 b
(t)
n,1

( 1
m

)
∑m

t=1 b
(t)
12 0 . . . .

. . . . . .

. . . . . .

. . . . 0

( 1
m

)
∑m

t=1 b
(t)
1,n . . . ( 1

m
)
∑m

t=1 b
(t)
n−1,n 0


Which gives tr(℘℘T ) = (( 1

m
)
∑m

t=1 b
(t)
12 )2 + (( 1

m
)
∑m

t=1 b
(t)
13 )2 + ...+ (( 1

m
)
∑m

t=1 b
(t)
n,n−1)2

which is written as tr(℘℘T ) = (ρ∗12)2 + ...+ (ρ∗n,n−1)2. On the other hand,

℘ =



0
b
(1)
12 +b

(2)
12 +....+b

(m−1)
12

m−1
. . .

b
(1)
1n +b

(2)
1n +....+b

(m−1)
1n

m−1

b
(1)
21 +b

(2)
21 +....+b

(m−1)
21

m−1
0 . . . .

. . . . . .

. . . . . .

. . . . .0

( 1
m

)
∑m

t=1 b
(t)
n,1 . . . ( 1

m
)
∑m

t=1 b
(t)
n,n−1 0


and

℘T =



0
b
(1)
21 +b

(2)
21 +....+b

(m−1)
21

m−1
. . .

b
(1)
n1 +b

(2)
n1 +....+b

(m−1)
n1

m−1

b
(1)
12 +b

(2)
12 +....+b

(m−1)
12

m−1
0 . . . .

. . . . . .

. . . . . .

. . . . .0.5

( 1
m

)
∑m

t=1 b
(t)
1,n . . . ( 1

m
)
∑m

t=1 b
(t)
n−1,n 0


So, tr(℘℘T ) = (

b
(1)
12 +b

(2)
12 +....+b

(m−1)
12

m−1
)2+(

b
(1)
13 +b

(2)
13 +....+b

(m−1)
13

m−1
)2+...+(

b
(1)
n,n−1+ρ

(2)
n,n−1+...+ρ

(m−1)
n,n−1

m−1
)2

which is the same as tr(℘℘T ) = (ρ12)2 + ...+ (ρn,n−1)2.

So, tr((℘∗)(℘∗)T ) ≤ tr(℘℘T ). Dividing both sides by n(n − 1)/2 gives us aver-

age certainty of the two preference relations. Therefore, ζ̃(℘∗) ≤ ζ̃(℘). Hence,
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$(℘∗) ≥ $(℘).

Theorem 6.1.7. Distance to consensus of the collective fuzzy preference relation ℘

is less than the distance to consensus of the collective fuzzy preference relation ℘.

Proof. Suppose that we have formulated collective preference relations ℘ and ℘.

Let ρ
(g)
ij represents the greatest value among all preference values assigned to xi

over xj by the m decision makers and ρ
(l)
ij is the least of all such preferences. That

is, max(ρ
(1)
ij , ...ρ

(m)
ij ) = ρ

(g)
ij and min(ρ

(1)
ij , ...., ρ

(m)
ij ) = ρ

(l)
ij . So, ρ

(g)
ij ≥ ρ

(1)
ij ; ρ

(g)
ij ≥

ρ
(2)
ij ; ....; ρ

(g)
ij ≥ ρ

(l−1)
ij ; ρ

(g)
ij ≥ ρ

(l+1)
ij ; ...; ρ

(g)
ij ≥ ρ

(g−1)
ij ; ρ

(g)
ij ≥ ρ

(g+1)
ij ; ...; ρ

(g)
ij ≥ ρ

(m)
ij .

This shows that ρ
(g)
ij is not compared to itself and the least value ρ

(l)
ij . Adding them

results in the following inequality.

(m− 2)ρ
(g)
ij ≥ ρ

(1)
ij + ..+ ρ

(l−1)
ij + ρ

(l+1)
ij + ...+ ρ

(g−1)
ij + ρ

(g+1)
ij + ....+ ρ

(m)
ij .

Adding (m− 2)ρ
(1)
ij + ..+ (m− 2)ρ

(l−1)
ij + (m− 2)ρ

(l+1)
ij + ...+ (m− 2)ρ

(g−1)
ij + (m−

2)ρ
(g+1)
ij + ...+ (m− 2)ρ

(m)
ij on both sides gives

(m−2)ρ
(g)
ij +(m−2)ρ

(1)
ij + ..+(m−2)ρ

(l−1)
ij +(m−2)ρ

(l+1)
ij + ...+(m−2)ρ

(g−1)
ij +(m−

2)ρ
(g+1)
ij + ...+ (m− 2)ρ

(m)
ij ≥ (m− 1)ρ

(1)
ij + (m− 1)ρ

(2)
ij + .....+ (m− 1)ρ

(l−1)
ij + (m−

1)ρ
(l+1)
ij + ....+(m−1)ρ

(g−1)
ij +(m−1)ρ

(g+1)
ij + ...+(m−1)ρ

(m)
ij . This implies that (m−

2)(ρ
(1)
ij +....+ρ

(l−1)
ij +ρ

(l+1)
ij +....+ρ

(g−1)
ij +ρ

(g)
ij +ρ

(g+1)
ij +...+ρ

(m)
ij ) ≥ (m−1)(ρ

(1)
ij +...+

ρ
(l−1)
ij +ρ

(l+1)
ij +...+ρ

(g−1)
ij +ρ

(g+1)
ij +...+ρ

(m)
ij ). So,

ρ
(1)
ij +....+ρ

(l−1)
ij +ρ

(l+1)
ij +....+ρ

(g)
ij +...+ρ

(m)
ij

m−1
≥

ρ
(1)
ij +...+ρ

(l−1)
ij +ρ

(l+1)
ij +...+ρ

(g−1)
ij +ρ

(g+1)
ij +...+ρ

(n)
ij

m−2
which is basically

∑m
t=1 ωtb

(t)
ij ≥

∑m
t=1 ωtb

(t)
ij

where b
(t)
ij is the tth largest preference value of the defined bag.

We have ρij ≥ ρij for i, j ∈ {1, 2, ..., n}.

Which means, ρ12 ≥ ρ12; ...; ρij ≥ ρij; ....; ρn,n−1 ≥ ρn,n−1. Squaring both sides of

each inequality and adding them gives

So, (ρ12)2 + .....+ (ρij)
2 + ....+ (ρn,n−1)2 ≥ (ρ12)2 + ....+ (ρij)

2 + ....+ (ρn,n−1)2.

We know that this is equal to tr((℘)(℘)T ) ≥ tr((℘)(℘)T ). From here we trivially

deduce ζ̃(℘) ≥ ζ̃(℘). Hence, $(℘) ≤ $(℘).
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It is worth noticing that ℘ is a reciprocal relation. Proof of this is included in the

Appendix 2. Distance to consensus of some of the collective relations is compared

in this section. It is proved that distance to consensus of ℘ is less than the distance

to consensus of ℘. The comparison made between distance to consensus of these

collective relations could be re-written as $(℘) ≤ $(℘min) ≤ $(℘max) ≤ $(℘∗) and

$(℘) ≤ $(℘). Whereas, ℘∗ and ℘ do not exhibit any specific relation. However, if

the least ρ
(l)
ij and greatest ρ

(m)
ij preferences provided by the decision makers exhibit a

specific property
ρ
(l)
ij +ρ

(g)
ij

2
≤ ρ

(1)
ij +ρ

(2)
ij +...+ρ

(m)
ij

m
for every i, j, then the relation $(℘∗) ≤

$(℘) holds, this is written as a remark in Appendix 2. However, it is a strict

condition to assume. We now compare distance to consensus of ℘max with ℘.

Theorem 6.1.8. Distance to consensus of ℘max is less than or equal to distance to

consensus of ℘.

Proof. We omit the greatest and least preference values ρ
(l)
ij and ρ

(g)
ij respectively

from the bag of alternatives (ρ
(1)
ij , ..., ρ

(m)
ij ) and compare the rest. Note that

ρ
(1)
ij ≤ ρ

(g)
ij ; ...; ρ

(l−1)
ij ≤ ρ

(g)
ij ; ρ

(1+1)
ij ≤ ρ

(g)
ij ; ....; ρ

(g−1)
ij ≤ ρ

(g)
ij ; ρ

(g+1)
ij ≤ ρ

(g)
ij ; ....; ρ

(m)
ij ≤

ρ
(g)
ij . Adding the above inequalities gives

ρ
(1)
ij + ...+ ρ

(l−1)
ij + ρ

(l+1)
ij + ...+ ρ

(g−1)
ij + ρ

(g+1)
ij + ...+ ρ

(m)
ij ≤ (m− 2)ρ

(g)
ij .

This implies that

ρ
(1)
ij +...+ρ

(l−1)
ij +ρ

(l+1)
ij +...+ρ

(g−1)
ij +ρ

(g+1)
ij +...+ρ

(m)
ij

m−2
≤ ρ

(g)
ij which is basically

∑m
t=1wtb

(t)
ij ≤∑m

t=1w
max
t b

(t)
ij . So,

ρ
(1)
ij ≤ ρ

(1)
(ij)

max
; ...; ρ

(m)
ij ≤ ρ

(m)
(ij)

max
.

Squaring both sides and adding them gives (ρ
(1)
ij )2 + ...+ (ρ

(m)
ij )2 ≤ ((ρ

(1)
ij

max
)2 +

... + (ρ
(m)
ij )

max
)2 which is the trace of the two respective relations. We deduce that

ζ̃(℘) ≤ ζ̃(℘max). Hence, $(℘) ≤ $(℘).
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In the following remark, we rewrite the relation between distance to consensus

of the studied collective preference relations.

Remark 6.1.1. The relation between these distances is summarized as $(℘) ≤

$(℘min) ≤ $(℘max) ≤ min($(℘), $(℘∗)).

This relation suggests that given the option, ℘ is a better representation of

the collective group, since it has least distance to consensus as compared to other

collective relations.



Chapter 7

Conclusion And Future Work

This dissertation addresses the issue of inconsistency faced while aggregating judg-

ments and preferences. We started with the finding that rationality in collective

judgment aggregation cannot be attained in two valued logic without having to

compromise on systematicity. We propose a solution to this problem by opting

fuzzy framework. We highlight that in the field of preference aggregation, collective

relations can be problematic if built with the supposition that incomplete prefer-

ences are redundant. Emphasizing on the need to include incomplete preferences in

the process of decision making, we discuss the methodologies opted by researches

to produce complete preference relations. We highlight the problems faced by these

methods and propose a method based on upper bound conditions to help resolve the

problem of incomplete preferences. We study how this method helps to complete

preference and multiplicative preference relations and deduce that the completed

relations attained satisfy additive transitivity and Saaty’s consistency. Once that is

accomplished, we move on to ranking of these relations. For this purpose we employ

methods already available in literature and propose a new one to be compared pair-

wise. The task is to come up with a ranking method that is best for the relations

that we have already completed. We lay down the performance parameter to be

the number of ties produced by a ranking method. So a method that produces the
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least number of ties is the best method to rank such relations. We deduce that

the methods behave equally well on the considered relations because of the intrinsic

properties of these relations as additive transitive and Saaty’s consistent relations.

Lastly, we broaden the class of preference relations under consideration from addi-

tive transitive relations to a more generalized class of additive reciprocal relations.

We form collective relations using ordered weighted averaging operators and with

the natural assumption that these collective relations might not exhibit consensus

in the group, we compare the distances each of them have from consensus on a scale

of 0.0 (no consensus) and 1.0 (complete consensus).

More explicitly, we conclude that if decision makers of a society are restricted to

express their beliefs using crisp values, then the merged outcome based on individual

beliefs which themselves are not truly representing the individuals, cannot lead to

a collective outcome which best represents the society. Majority voting in classical

two valued logic results in Doctrinal Paradox. Whereas, distance based merging

operators used to attain collective rationality results in a situation of indecision or

a tie. We allow decision makers to opt for values from the interval [0, 1] to express

their beliefs. We use distance based approach in the fuzzy framework to find an

interpretation having the least distance with the profile of individual belief sets.

This problem is converted into an optimization problem which helps us in avoiding

the situation of indecision by producing a unique and optimal collective outcome in

the fuzzy framework but at the expense of systematicity. Fuzzy framework not only

gives freedom of expression to the decision makers but also provides us with a wider

range of fuzzy connectives that can be used according to the nature of the problem

at hand.

Since we do not want to compromise on any of the minimal conditions, we spec-

ify the class of R-implications which helps us find a collective belief using linear
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aggregation rules such that the aggregated outcome not only preserves the implica-

tion but is also collectively rational and systematic. Linear aggregation functions

work equally well in cases where every individual does not have the same power to

influence the final decision. In such a case the aggregated belief set will still satisfy

collective rationality and implication preservation will still hold provided that the

implication used belongs to the class of R-implications.

For future work, it will be interesting to see policy makers opting for triangular

or trapezoidal fuzzy numbers to express their beliefs. It would be thought provoking

to find ways to merge their membership functions and to see how fuzzy optimization

techniques can be employed to find an aggregated fuzzy number.

The thesis also focuses on incomplete preference and multiplicative preference

relations. Methods proposed in literature to complete such relations are silent on

consistency of the resultant relation. The purpose of completing an incomplete

relation is to make it useful in the process of decision making. If the resultant

relations are not consistent then the purpose of completing incomplete relations at

the first place needs attention. While estimating missing values, Herrera ([36][37])

uses transformation functions to bring surpassed values back in the interval [0, 1].

In this way the originality of preference values given by the expert may be voided.

Moreover, the missing values attained using such transformation functions do not

promise consistency of the resultant relation.

For this purpose, we present an upper bound condition for incomplete fuzzy pref-

erence and multiplicative fuzzy preference relations which ensures the expressibility

of missing preference values. Moreover, this method provides a resultant relation

that satisfies additive transitivity and Saaty’s consistency and is therefore consis-

tent. Also, It is brought to notice that corresponding to each consistent multiplica-

tive preference relation the fuzzy preference relation found using function proposed
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by Chiclana in ([18]) is additive transitive (and vice versa).

Incomplete preference relations that satisfy the property defined by Khalid and

Awais are named as RCI preference relations. It is highlighted that completion

of such relations by the methods discussed by Khalid and Awais leads to com-

plete preference and multiplicative preference relations which satisfy the property

of additive transitivity and Saaty’s consistency respectively. We further study the

behavior of some ranking methods on these relations. The purpose is to investigate

if ranking methods give contradictory ranking outcomes when applied to completed

RCI preference and RCI multiplicative preference relations. In order to investigate

performance of ranking methods, Shimura’s method, Fuzzy Borda rule for fuzzy

preferences, Fuzzy Borda rule for multiplicative preference relations and Column

wise addition method are selected for this purpose. The performance parameter is

defined to be the number of ties produced by each of the methods. Moreover, some

interesting properties complied by complete RCI preference relations and multiplica-

tive preference relations are proved. With the help of these properties we conclude

that the ranking methods are equally suitable to rank additive transitive preference

relations and Saaty’s consistent multiplicative preference relations because of the

intriguing properties that such relations placate. The properties highlight the role

of the least and greatest preference intensities in the formation of the rows and

columns of these relations. Moreover, with the help of these properties we identify

the cause of ties produced while ranking relations and propose a solution to avoid

ties. Chapter 5 suggests that number of ties produced by each of these methods is

dependent on indifference of an expert over alternatives. To avoid ties, intensities

representing indifference among alternatives need to be discouraged. Moreover, it

is stressed that reaching consensus is an idealistic situation while making collective

decisions. The fact that distance to consensus of collective preference relations is
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not the same when we use different Ordered weighted averaging operators to collect

individual additive reciprocal preference relations is highlighted. We formulate an

association between distance to consensus of collective relations using particular or-

dered weighted averaging operators. For this purpose, a lower and upper bound of

distances is given such that using ordered weighted averages, distance to consensus

of the collective relation remains in this bound.

For future work, more relaxed bounds may be defined to complete preference

relations but which do not restrict the experts to express preferences in the dictated

subinterval. Also, an upper bound condition for fuzzy preference and multiplicative

fuzzy preference relations may be constructed in the case when (n − 1) diagonal

preference intensities are provided. Moreover, a parallel model in fuzzy linguistic

preference relations setting could be formulated. It would be interesting to study

if a more generalized class of ranking methods or scoring functions produce the

same ranking result when applied to RCI preference and multiplicative preference

relations.For future work, the assumption of additive consistency of individual pref-

erence relations can be relaxed. Moreover, a larger set of OWA or IOWA operators

could be implied to see if a generic relation on distance to consensus can be formu-

lated.



Bibliography

[1] K. J. Arrow, A Difficulty in the Concept of Social Welfare, Journal of Political

Economy 58(4) (1950), 328346.

[2] K. J. Arrow, Social Choice and Individual Values, Wiley, Newyork, second

edition-(1963).

[3] J. A. Aslam and M. Montague, Models for metasearch. In: SIGIR ’01: Pro-

ceedings of the 24th annual international ACM SIGIR conference on Research

and development in information retrieval, New York, NY, USA, ACM (2001)

pp. 276-284.

[4] T. Agotnes, H. Wiebe and W. Michael, Reasoning about judgment and prefer-

ence aggregation. AAMAS (2007)

[5] M. Anisseh and R. Yusuff, A fuzzy group decision making model for multiple

criteria based on borda count, International Journal of Physical Sciences, 6(3)

(2011), 425-433.

[6] S. Alonso, F. J. Cabrerizo, F. Chiclana, F. Herrera and E. Herrera-Viedma,

Group decision making with incomplete fuzy linguistic preference relations,

International Journal of Intelligent Systems, 24 (2009), 201-222.

[7] S. Alonso, E. Herrera-Viedma, F. Chiclana, and F. Herrera, Individual and So-

cial strategies to deal with ignorance situations in Multi-person decision making,

97



98

International Journal of Information technology and decision making, 8 (2009),

313-333.

[8] D. Black, The Theory of Committees and Elections,Cambridge University

Press, Cambridge, England, 1958.

[9] I. Beg and N. Butt, (Im)possibility theorems in fuzzy framework, Critical Re-

view; a publication of Society for Mathematics of Uncertinity, IV(2010), 1-11.

[10] I. Beg and A. Khalid, Belief Aggregation in Fuzzy framework, International

Journal of Fuzzy Mathematics, 20(4) (2012), 911-924.

[11] D. Black, and R. A. Newing (1951) Committee Decisions with complementary

valuation, London:William Hodge.

[12] D. Buscaldi and P. Rosso, Upv-wsd: Combining different WSD methods by

means of Fuzzy Borda Voting. Fourth International Workshop on Semantic

Evaluations, 434-437 (2007).

[13] J. Bezdek, B. Spillman, and R. A. Spillman, fuzzy relation space for group

decision theory, Fuzzy Sets Syst.,(1), 255268 (1978).

[14] F. J. Cabrerizo, S.Alonso, I. J.Perez and E. Herrera-Viedma (2008). On con-

sensus measures in fuzzy group decision making. In Modeling Decisions for

Artificial Intelligence ( 86-97). Springer Berlin Heidelberg.

[15] F. Chiclana, F. Herrera and E. Herrera-Viedma, Consistency Properties for

Preference Relations: T-additive and T-multiplicative transitivity, University

of Granda.



99

[16] C. Chiclana, F. Herrera and E. Herrera-Viedma, Interating three representa-

tion models in fuzzy multipurpose decision making based on fuzzy preference

relations. Fuzzy sets and systems, 9733-48.

[17] F. Chiclana, E. Herrera-Viemda and F. Herrera, New Consistency Properties for

Preference Relations, B.Bouchon-Meunier, G. Coletti and R.R. Yager, Editors

2005.

[18] F. Chiclana, E. Herrera-Viedma, F. Herrera and S. Alonso, Induced ordered

weighted geometric operators and their use in aggregation of multiplicative

preference relations, International Journal of Intelligent Systems, 19 (2004),

233–255.

[19] F. Chiclana, F. Herrera and E. Herrera-Viedma, Consistency Properties for

Preference Relations: T-additive and T-multiplicative transitivity, Proceedings

of the 10th International Conference on Information Processing and Manage-

ment of Uncertainty in Knowledge-based Systems, Perugia, Italy, 1 (2004),

403-410.

[20] F. Chiclana, E. Herrera-Viedma, and S. Alonso, A note on Two methods for

estimating missing pairwise preference values, IEE Transactions on Systems,

Man, and Cybernetics-Part B: Cybernetics, 39(6) (2009), 1628-1633.

[21] F. Chiclana, F. Herrera, E. Herrera-Viedma, Integrating Three Representation

Models in Fuzzy Multipurpose Decision Making Based on Fuzzy Preference

Relations, Fuzzy Sets and Systems 97 (1998) 33-48.

[22] E. U. Choo and W. C. Wedley, Comparing Fundamentals of Additive and

Multiplicative Aggregation in Ration-Scale Multi-criteria decision making, The

Open Operational Research Journal, 2(1) (2008), 1-7.



100

[23] M. Dhar, Cardinality of fuzzy sets: An overview, International Journal of en-

ergy, Information and Communications, 4(1), 2013.

[24] F. Dietrich, Judgment aggregation (im)possibility theorems, J.Eco. Theory,

126(1)(2006), 286-298.

[25] F. Dietrich, A generalized model of judgment aggregation, Social Choice and

Welfare, 28(4)(2007), 529-565.

[26] F. Dietrich and C. List, Arrows theorem in judgment aggregation.Social Choice

and Welfare, 29(1) (2007), 1933.

[27] F. Dietrich and C. List, Strategy proof judgment aggregation, Social Choice

and Welfare, 23(3)(2007), 269-300.

[28] F. Dietrich and C. List, The aggregation of propositional attitudes: towards

a general theory, Oxford Studies in Epistemology, Oxford University Press

(3)(2008), 215-234.

[29] F. Dietrich and P. Mongin. The premiss-based approach to judgment aggrega-

tion. Research memoranda, Maastricht : METEOR, Maastricht Research

School of Economics of Technology and Organization, 2008.

[30] C. Duddy and A. Piggins, Many-valued judgment aggregation: characterizing

the possibility/impossibility boundary for an important class of agendas, School

of econommics, National university of Ireland, Galway, 0154, (2009).

[31] R. Fuller, OWA operators in decision making, Exploring the Limits of Support

Systems, TUCS General Publications, (3) (1996), 85-104.

[32] M. Fedrizzi and S. Giove, Incomplete pairwise comparison and consistency op-

timization, Eur. J. Oper. Res., 183, (2007) 303-313.



101

[33] J. Fodor, M. Roubens, Fuzzy Preference Modelling and Multicriteria Decision

Support (Kluwer, Dordrecht, 1994).

[34] P. Faratin and B. Van De Walle, Agent preference relations: Strict, Equiva-

lents and incomparables, Autonomous Agents and Multi-Agent Systems, (2002)

1317-1324.

[35] M. Gabrisch, S. Orlowski and R. Yager, Fuzzy aggregation of numerical pref-

erences, Fuzzy sets is decision analysis operations research and statistics, The

handbooks of fuzzy sets series, 31-68.

[36] E. Herrera-Viedma, F. Chiclana, F. Herrera and S. Alonso, A group Decision-

Making Model with Incomplete Fuzzy Preference Relations Based on Additive

Consistency, IEEE Transactions on systems, Man, And CyberneticsPart B,

37(1) (2007), 176–189.

[37] E. Herrera-Viedma, F. Herrera, F. Chiclana and M. Luque, Some Issues on

Consistency of Fuzzy Preference Relations, European Journal of Operational

Research, 154(1) (2004), 98-109.

[38] M. V. Hees, The limits of epistemic democracy, Social Choice Welfare, 28

(2006), 649-666.

[39] E. Herrera-Viedma, F. Chiclana, F. Herrera and S. Alonso, A group Decision-

Making Model with Incomplete Fuzzy Preference Relations Based on Additive

Consistency, IEEE Transactions on systems, Man, And CyberneticsPart B,

37(1) (2007), 176-189.

[40] P. E. Johnson, Social Choice Theory and Research, Quantitative Applications

in the Social Sciences, Sage university papers series 07-123, 1998.



102

[41] J. Kacprzyk, Group decision making with a fuzzy linguistic majortiy. Fuzzy

sets and systems, 18, 105-118.

[42] A. Khalid and M. M. Awais, Incomplete preference relations: An upper bound

condition, Journal of Intelligent and Fuzzy systems 26 (2014), 1433-1438.

[43] A. Khalid and M. M. Awais, Comparing ranking methods for RCI preference

relations, Journal of Intelligent and Fuzzy Systems (Accepted)

[44] E. E. Kerre, Introduction to the Basic Principles of Fuzzy Set Theory and some

of its Applications, Communication and Cognition, (1991).

[45] A. L. Kornhauser, Modeling collegial courts I: Path-dependence, International

Review of Law and Economics 12(2) (1992), 169-185.

[46] S. Konieczny and R. P. Perez, Merging information under constraints: a logical

framework. Journal of Logic and Computation, 12(5) (2002), 773-808.

[47] L. A. Kornhauser and L. G. Sager, Unpacking the court, Yale Law Journal,

96(1) (1986), 82-117.

[48] R. D. Luce and P. Suppes, Preferences, Utility and Subject Probability. Hand-

book of Mathematical Psychology, Vol. III (1965), 249-410.

[49] C. List , and P. Pettit, On the many as one: A reply to Kornhauser and Sager,

Philosophy public affairs 33(4) (2005), 377-390.

[50] C. List and P. Pettit, Aggregating sets of judgment: An impossibility result,

Economics and Philosophy. 18(2002) 89-110.

[51] C. List and P. Pettit, Aggregating sets of judgments: Two impossi-

bility results compared [online]. London. LSE Research online. Available

at:http://eprints.lse.ac.uk/archive/00000665. 2004.



103

[52] J. G. Lapresta, M. M. Panero,: Borda Count Versus Approval Voting: A Fuzzy

Approach. Public Choice 112(1-2) (2002), 167-184.

[53] H. Nurmi, Resolving Group Choice Paradoxes Using Probabilistic and Fuzzy

Concepts, Group Decision and Negotiation 10(2) (2001) 177-199.

[54] H. T. Nguyen and E. Walker, Fuzzy Logic, Chapman and Hall/CRC Press,

third edition (2006).

[55] S. Ovchinnikov, Numerical representation of transitive fuzzy relations, Fuzzy

Sets and Systems 126 (2002), no. 2, 225232.

[56] G. Pigozzi, Belief merging and the discursive dilemma: an argument based

account to paradoxes of judgment aggregation, Synthese, 152(2)(2006), 285-

298.

[57] I. Popehev and V. Peneva, Aggrgeation of Fuzzy Preference relations by com-

position, MATHEMATIQUES, 2006.

[58] G. Pigozzi, M. Slavkovik and L.Torre, A Complete Conclusion-Based Proce-

dure for Judgment Aggregation, Algorithmic Decision Theory, Lecture Notes

in Computer Science, 5783 (2009), 1-13.

[59] A. Rubinstein, and C. P. Fishburn, Algebraic aggregation theory, Journal of

Economic Theory 38(1) (1986), 63-77.

[60] Th. L. Saaty, Fundamentals of Decision Making and Priority Theory with the

AHP, RWS Publications, Pittsburgh, 1994.

[61] Th. L. Saaty, How to make a decision: The Analytic Hierchy Process, European

Journal of Operations Research, 48 (1990), 9–26.



104

[62] A. Sen, Collective Choice and Social Welfare, Holden Day, San Francisco (1970).

[63] M. Shimura, Fuzzy sets concept in rank-ordering objects, J.of Math.Anal.and

Applications, 43(3) (1973), 717-733.

[64] T. Tanino, Fuzzy Preference Orderings in Group Decision Making. Fuzzy Sets

and Systems 12 (1984) 117-131.

[65] T. Tanino, Fuzzy Preference Relations in Group Decision Making In: T. Tanino,

Fuzzy Preference Relations in Group Decision Making, Non-Conventional Pref-

erence Relations in Decision Making: Lecture Notes in Economics and Mathe-

matical Systems 301 (1988), 5471.

[66] J. R. Timothy, (1995) Decision Making with Fuzzy Information, Fuzzy Logic

with engineering Applications. University of New Mexico USA, pp. 308-357.

[67] P. Vania and P. Ivan, Aggregation of Fuzzy Preference relations to multicriteria

decision making, Fuzzy Optim Decis Making, 6 (2007), 351-365.

[68] T. Vitri, I. J. Eko, W. Edi and W. Retantyo, Achieving consensus with In-

dividual centrality approach, International Journal of Computer Science and

Information Technology, 4(1) (2012).

[69] C. D. Wade, Distance-based and ad hoc consensus models in ordinal preference

rankings, European Journal of Operations Research, 172 (2006), 369-385.

[70] R. R. Yager, Families of OWA operators, Fuzzy Sets and Systems, 59 (1993),

125-148.

[71] C. Yueh-Hsiang, W. Tien-Chin,. Applying fuzzy linguistic preference relations

to the improvement of consistency of fuzzy AHP. Information Sciences, 178

(2008), 3755-3765.



105

[72] L. A. Zadeh, Fuzzy Sets, Information and Control, 8 (1965), 338-353.

[73] L. A. Zadeh, Similarity relations and fuzzy orderings, Information Sci. 3 (1971),

177200.

[74] L. A. Zadeh, Generalized theory of uncertainty (GTU)principal concepts and

ideas, Comput. Statist. Data Anal. 51(1) (2006), 1546.

[75] L. A. Zadeh, How do you define similarity? Private Communication, 2007.

[76] H. J. Zimmermann, Fuzzy Set Theory and Its Applications (Kluwer, Dordrecht,

1991).

[77] H.J. Zimmermann, and P. Zysno, Latent connectiveness in human decision

making, Fuzzy Sets and Systems, 4 (1980), 37-51.

[78] G. Zai-Wu, L. Lian-Shui, Z. Fei-Xue, and Y. Tian-Xiang, Goal programming

approaches to obtain the priority vectors from the intuitionistic fuzzy preference

relations, Computer and Industrial Engineering, 57 (2009), 1187-1193.

[79] G. Zhang, Y. Dhong and Y. Xu, Linear optimization modeling of consistency

issues in fuzzy group decision making, Expert Systems with Applications, 39

(2012), 2415-2420.



Appendix 1

1a. Both 1a and 1b are written in Mat Lab.

d=zeros(601,1); d2=zeros(601,1); D=zeros(2000,1); DD=zeros(601,1); d1=zeros(601,1);

d2=zeros(601,1); d3=zeros(601,1);

pm1=[0.5,0.6,0.4]; pm2=[0.3,0.7,0.2]; pm3=[0.8,0.4,0.3]; o1=zeros(601,1); o2=zeros(601,1);

o3=zeros(601,1); o1=[0.3:0.001:0.8]’; o2=[0.1:0.001:0.7]’; o3=[0.1:(0.5-0.1)/600:0.5]’;

Bsmallest=10;

for i=1:length(o1)-1; if o3(i)¿(max(0,o1(i)+o2(i)-1))

d1=sqrt(((o1-pm1(1)).2 +(o2−pm1(2)).2 +(o3(i)−pm1(3)).2)); d2 = sqrt(((o1−

pm2(1)).2 + (o2 − pm2(2)).2 + (o3(i) − pm2(3)).2)); d3 = sqrt(((o1 − pm3(1)).2 +

(o2− pm3(2)).2 + (o3(i)− pm3(3)).2));

d=(d1+d2+d3);

small=min(d); if(Bsmallest¿small) x=o1(i); y=o2(i); z=o3(i); Bsmallest=small;

end

end

end

1b.

d=zeros(1,2); d2=zeros(601,1); D=zeros(2000,1); D=zeros(601,1); d1=zeros(601,1);

d2=zeros(601,1); d3=zeros(601,1);

c1=[0.6,0.5,0.5]; c2=[0.8,0.9,0.8]; c3=[0.2,0.9,0.8]; o1=zeros(601,1); o2=zeros(601,1);

o3=zeros(601,1);
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o1=[0.2:0.0001:0.8]’; o2=[0.5:0.0001:0.9]’; o3=[0.5:0.0001:0.8]’;

Bsmallest=10; j=1; for i=1:length(o3)-1; if o3(i)==(max((1-o1(i)),min(o1(i),o2(i))))

d1(j)=sqrt(((o1(i)-c1(1)).2+(o2(i)−c1(2)).2+(o3(i)−c1(3)).2)); d2(j) = sqrt(((o1(i)−

c2(1)).2+(o2(i)−c2(2)).2+(o3(i)−c2(3)).2)); d3(j) = sqrt(((o1(i)−c3(1)).2+(o2(i)−

c3(2)).2 + (o3(i)− c3(3)).2)); v = (d1(j) + d2(j) + d3(j));

d(j,2)=v; d(j,1)=i; j+1;

end [minval, index4min] = min(d(2));

end

minvalo1(d(index4min, 1))o2(d(index4min, 1))o3(d(index4min, 1))
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Remark 7.0.2. ℘ is a reciprocal preference relation.

Proof. Denote min(ρ
(1)
ij , ρ

(2)
ij , ....., ρ

(m)
ij ) as ρ

(l)
ij and max(ρ

(1)
ij , ρ

(2)
ij , ..., ρ

(m)
ij ) as ρ

(g)
ij . So,

ρij =
∑m

t=1wb
(t)
ij =

(ρ
(1)
ij +ρ

(2)
ij +....+ρ

(l−1)
ij +ρ

(l+1)
ij +...+ρ

(g−1)
ij +ρ

(g+1)
ij +...+ρ

(m)
ij )

m−2
. Consider

ρji =
(ρ

(1)
ji + x

(2)
pi + ...+ ρ

(m)
ji −min(ρ

(1)
ji , ρ

(2)
ji , ..., ρ

(m)
ji )−max(ρ

(1)
ji , ρ

(2)
ji , ....., ρ

(m)
ji ))

m− 2
.

(7.0.1)

Since the m preference relations are additive reciprocal so each ρ
(t)
ij can be written

as 1 − ρ
(t)
ij where t ∈ {1, 2, ...,m}. So, min(ρ

(1)
ji , ρ

(2)
ji , ..., ρ

(m)
ji ) = min(1 − ρ

(1)
ij , 1 −

ρ
(2)
ij , .., 1− ρ

(l)
ij , 1− ρ

(g)
ij , .., 1− ρ

(m)
ij ) = 1− ρ(g)

ij = ρ
(g)
ji .

Also, max(ρ
(1)
ji , ρ

(2)
ji , ..., ρ

(m)
ji ) = max(1 − ρ

(1)
ij , 1 − ρ

(2)
ij , .., 1 − ρ

(l)
ij , 1 − ρ

(g)
ij , .., 1 −

ρ
(m)
ij ) = 1− ρ(l)

ij = ρ
(l)
ji and so

ρji =
ρ
(1)
ji +ρ

(2)
ji +...+ρ

(m)
ji −min(ρ

(1)
ji ,ρ

(2)
ji ,...,ρ

(m)
ji )−max(ρ

(1)
ji ,ρ

(2)
ji ,.....,ρ

(m)
ji )

m−2
=

ρ
(1)
ji +ρ

(2)
ji +...+ρ

(m)
ji −(ρ

(g)
ji +ρ

(l)
ji ))

m−2
=

ρ
(1)
ji +ρ

(2)
ji +...+ρ

(l−1)
ji +ρ

(l+1)
ji +....+ρ

(g−1)
ji +ρ

(g+1)
ji +....+ρ

(m)
ji

m−2
.

So, ρij+ρji = 1
m−2

(ρ
(1)
ij +ρ

(2)
ij + ....+ρ

(l−1)
ij +ρ

(l+1)
ij + ...+ρ

(g−1)
ij +ρ

(g+1)
ij + ...+ρ

(m)
ij +1−

ρ
(1)
ij +1−ρ(2)

ij + ....+1−ρ(l−1)
ij +1−ρ(l+1)

ij + ...+1−ρ(g−1)
ij +1−ρ(g+1)

ij + ...+1−ρ(m)
ij ) =

m−2
m−2

= 1. Hence, ℘ is a reciprocal preference relation.

Remark 7.0.3. If the least and greatest preferences provided by the decision makers

exhibit a specific property
ρ
(l)
ij +ρ

(g)
ij

2
≤ ρ

(1)
ij +ρ

(2)
ij +...+ρ

(m)
ij

m
for every i, j then $(℘∗) ≤

$(℘).
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