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Abstract 

Wave propagation has been an important subject in the field of plasma physics. Plasmas have a 

much higher variety of wave modes than ordinary matter because plasmas combine the aspects 

of a gas with electromagnetic forces. Moreover, the entanglement of particle motion with 

magnetic fields leads to wave types unknown in other fields of physics. In plasma, different 

types of electrostatic and electromagnetic waves can propagate depending on the absence and 

presence of external magnetic field and direction of propagation to the external magnetic field. It 

has also been well established by evidence from both space and laboratory plasmas that in some 

cases the particle distribution function is not usually Gaussian, rather it has a modified shape in 

the presence of fast particles. These plasma systems, where the velocity distribution of particles 

does not follow the typical Maxwell-Boltzmann velocity distribution, are termed as non-thermal 

or super-thermal plasmas. 

The main aim of this work is to conduct theoretical investigations for low frequency electrostatic 

waves in plasma systems with non-thermal particle distributions. The propagation of electrostatic 

ion acoustic mode has been considered in magnetized plasma. Two basic plasma models have 

been taken i.e., four components dusty plasma (containing positively and negatively charged dust 

particles, ions and electrons) and electron-positron-ion plasma. It is also important to mention 

here, that these plasma models are assumed to be slowly rotating about the external magnetic 

field, so that the effect of Coriolis force can be considered. In each case, the linear dynamics are 

investigated through the derivation of linear dispersion relation in the presence of nonthermal 

distribution of inertialess charged particles. It has been shown that the nonlinear dynamics of ion 

acoustic waves in magnetized plasmas are governed mainly by the Zakharov-Kuznetsov equation 

which admits the solitary wave solution. These exact and/or approximate (in the presence of 

collisions) time evolution solitary wave solutions are then investigated numerically under the 

influence of nonthermal particle distribution. The effects of other plasma parameters, such as 

rotational and collisional frequencies, on the dynamics of solitary waves are also carried out. The 

relevance of the present theoretical investigations to laboratory and space plasmas is also 

discussed in detail along with its importance and applications.  

Key Words: Electrostatic Waves-; Nonthermal Particles-; Dispersion Relation-; Solitary 

Waves-; 
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Chapter 1

Introduction

1.1 Plasma Physics

We are familiar with three states of matter, the solid, liquid and gas by living on the

surface of earth. The phase transition of matter from one state to another can be

interpreted easily in terms of increasing temperatures, where the constituent of the

matter i.e., molecules or atoms are more flexible in motion. The constituent of gases

move freely due to the weak binding forces and by further increasing its temperature

to acquire suffi cient energy, they dissociate into atoms and then dissolve into ions and

electrons. This state of partially or fully ionized gas termed as the fourth state of

matter and is given the name of plasma which comes from the Greek with a meaning

of something molded. The earth’s atmosphere at higher altitudes contains ionized

gases, and outside this region is the interplanetary space where electromagnetic fields

and solar wind in the form of ionized medium are present. The concept of empty space

in universe is replaced by the presence of plasma. The electromagnetic radiations

coming from astrophysical plasmas and reaching earth have enabled us to learn about

the universe. In space and astrophysical regions, the plasma is so abundunt that it is

generally spoken that 99% of the matter in universe is in the plasma state [1]. This

and the realization to achieve less polluting and more lasting energy source of fusion

instead of fission reactors or fuel burning, have provided a great motivation to the

advancements in the field of plasma physics.

A macroscopically neutral gas consisting of many interacting free electrons and
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atoms or molecules in ionized form, which can only be described by the collective

behavior due to the long-range Coulomb forces, is known as plasma. The presence of

charged particles in plasma makes it behave quite differently as compared to neutral

gases. In plasmas, the electric fields are generated by the separation of charged particles

(electrons and ions) and these charged particles due to their movements give rise to

magnetic fields and currents. These fields are involved in long-range interactions and

a range of several composite phenomena occurring in plasmas causing its behavior

to be complex. The presence of electric and magnetic fields causes the plasma to

support different kinds of waves. Electrostatic as well as electromagnetic waves can

be excited in the plasma medium by applying some external perturbations which can

then propagate showing some remarkable characteristics. The propagation of waves

with different nature in plasma has become the most interesting topic and the study

of theses waves describes the characteristics of plasma. However, it must be noted

that every ionized gas cannot be termed as plasma. For a medium that consists of

charged as well as neutral particles to be in plasma state, it has to fulfill certain

criteria [1, 2] i.e., (a) the system must have physical dimensions which should be larger

than the Debye length (i.e., length in which the external perturbations are screened

out by the plasma), (b) the number of particles in Debye sphere must be large and

(c) the frequency of typical plasma oscillations should be higher in comparison to the

collisional frequency of charged particles with neutrals.

1.2 Multicomponent Plasma

The species of conventional plasma are almost invariably assumed to be electrons and

one kind (preferably positively charged singly) of ions. The modification in this basic

model of plasma is considered from time to time to partially ionized plasma including

one type of neutrals. The basic inspiration towards the approach of conventional plasma

was the achievement of promising plasma at laboratory level (the hydrogen one). The

introduction and investigations of plasma consisting of N species of charged particles

based on theoretical grounds has been started since 1960’s. Several text books [3, 4]
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of academic interest have introduced the concept of N−component plasma. The term

multicomponent plasma refers to a gas mixture fully or partially ionized containing

arbitrary number of species in the form of neutral and charged particles which must

satisfy the quasi-neutrality condition [5]. Some of these multicomponent plasmas (e.g.,

dusty plasmas) show some complex characteristics and are known as complex plasmas.

Complex plasmas are a modern research area in plasma science. Such plasmas differ

from conventional high-temperature plasmas in several ways (a) they may contain

additional species, including nanometer- to micrometer-sized particles, negative ions,

molecules, and radicals, and (2) they exhibit strong correlations (e.g., dusty plasmas)

or the electrons may show quantum behaviour [6]. Since our present work is related

to two kinds of multicomponent plasmas i.e., dusty plasma and electron-positron-ion

plasma, so a brief introduction to these plasmas is provided as follows:

1.2.1 Dusty Plasma

It is likely to be said that matter in the universe exists mostly in state of plasma

where dust is one of the persuasive element. Thus, the coexistence of plasma with

dust particulates can not be ignored. These dust particles in different forms having

sizes ranging from micro to nanometers depending on the plasma environment. These

dust particles inside the plasma are not neutral, and by ion and electron interaction,

the dust particle is either negatively or positively charged depending on its size [7, 8]

and charging mechanism. Such mixture of ionized gas in which the species include

the charged dust particles, ions, electrons along with the neutrals is known as dusty

plasma. The dust particles in plasma may be in the form of different structures and

nature e.g., metallic, conducting or ice particulates. They have different shapes and

sizes except those ones made in laboratory and these dust particles may be assumed

as point charges viewing from a distance. A plasma with dust particles can be termed

as either ‘dust in a plasma’or ‘a dusty plasma’depending on different characteristic

lengths. These are the dust particle size a, the average inter-particle distance d, and

the Debye length λD. The situation a � λD < d (in which charged dust particles

are considered as a collection of isolated screened grains) corresponds to ‘dust in a

18



plasma’, while the situation a � d < λD (in which charged dust particles participate

in the collective behavior) corresponds to ‘a dusty plasma’[9]. Due to the unusually

low charge-to-mass ratio of the dust, the characteristic dust frequencies are well below

those typical for an ordinary hydrogen plasma. An important change comes from charge

neutrality in equilibrium, emphasizing that for negatively charged dust there are more

free protons than electrons [9]. This will also affect wave phenomena, sometimes to

a considerable extent. The other important distinction of dusty plasma is that the

dust charges are not fixed at all like for elementary particles or ionized nuclei, but can

fluctuate with perturbations in the plasma potentials responsible for the charging.

In the start, when dusty plasmas were introduced, most of the investigations were

based on a model with dust particles charged negatively. The reason to consider the

dust particle to be negatively charged was the high probability of its interaction with

energetic electrons. Later, several charging mechanisms were discovered through which

a dust particle in plasma can acquire positive charge [7, 10, 11]. It is also observed,

that positively charged and negatively charged dust particles may coexist in laboratory

[12] and space plasmas [13]. The usual low frequency waves in plasma are not only

modified by the introduction of charged dust particles but also result in generation

of some new modes i.e., dust acoustic waves [14], dust ion acoustic waves [15], dust

drift waves [16], dust lattice waves [17] etc. The charged dust particles in plasma also

modify the basic parameters of plasma such as the Debye screening length, macroscopic

neutrality, characteristic frequencies, Coulomb coupling parameter, etc [18].

Existence of Dusty Plasma

Dusty plasmas are very abundant in astrophysical, space and laboratory environments.

It is confirmed that charged dust particles exist in well known space systems like in-

terstellar and circumstellar clouds, solar systems, earth’s atmosphere, etc [18]. In the

surrounding of earth, the presence of charged dust particles is detected in the polar

summer mesopause located almost at 80km above the earth’s surface [19]. Special

types of cloud known as noctilucent clouds consisting of extremely low temperature

ice are formed in the mesopause and some important phenomena occurring in this re-
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gion are the summer echoes observed at different frequencies ranging from 50MHz to

1.3GHz. The density depletion of electrons in the presence of charged dust particles

and enhancement in the number density of ions have been observed in the mesopause

[20]. The presence of ion clusters or charged dust particulates in large numbers as com-

pared to the ions and electrons have also been studied in the earth’s atmosphere [19].

However, the pollution created by humans is one of the major source of dust particles

in the surroundings of earth. Most of these dust particles consist of aluminium oxide

spheroid having sizes up to 0.1− 10µm which originate mainly from rocket and space

shuttle exhausts [21]. The upper part of the earth’s atmosphere known with a name

of magnetosphere also contains ionized gases due to the solar wind coming from the

sun. Dust particles also emerge in the magnetospheric region due the extraterrestrial

sources [22].

Outside of earth’s atmosphere, gases and the dust make a vast medium in the

interstellar space. The dust particles in interstellar and circumstellar clouds exist

in different types from dielectric to metallic ones [18]. The solar system consists of

large concentration of dusts and the investigation of dust particles in the early nebula

was presented by Hannes Alfven long ago in 1954. In the solar system, the main

origins of the dust particles are micrometeoroids, space debris, lunar ejecta, etc. The

dust present in the interplanetary space known as interplanetary dust which originates

probably from the fragmentation of debris from comets [23], while the other source for

generation of these dust may be asteroids. It is believed that these asteroids produce

dust during the mutual collisions in the asteroid belt. The interplanetary dust is usually

very rich in carbon and silicates. The giant planets like Jupiter, Saturn, Uranus and

Neptune are encircled by rings that contain large population of dust and are known as

planetary rings. The rings of Saturn and Uranus are optically thick and composed of

large size dusts ranging from 1cm to 1m [9]. In the other ring systems, micron-sized

dust particulates are observed. The characteristics of the plasma and dust vary from

one to another in these planetary ring systems.

The occurrence of dusty plasmas in space and astrophysical environments led to the

understanding and investigation of laboratory dusty plasmas. In plasmas produced by
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dc or rf discharges, the presence of dust particles in significant amount is observed

and is believed that these dust particles originate during the phase transition of a gas

into plasma or from the sputtering of the metallic and graphite electrodes [18]. The

physical properties (such as growth, charge, position, temperature, etc) of the dust par-

ticles, which are formed in dc or rf discharges, depend on various physical and chemical

processes/parameters involved [24]. Typical dust particles of diameter up to 650nm

are observed in low-pressure plasma processing reactors. In plasma fusion devices, the

presence and possible consequences of dust particles on the plasma performance were

observed long ago [25, 26]. In these fusion devices, different processes such as des-

orption, arcing, sputtering, sublimation etc are responsible for the generation of dust

particulates. Dust particles with micron and sub-micron size are also observed experi-

mentally in solid-fuel combustion product plasma [27], where these particles consist of

aluminium oxide or magnesium oxide.

Applications of Dusty Plasma

Dusty plasmas have become one of the most important field in physics of plasmas and

attracted more and more interest in the last two decades due to its possible applications

into different fields of physics. It is almost impossible to understand the space science

and astrophysics without the concept of dusty plasmas. Several phenomena occurring

in space and astrophysical regions were explained on the basis of charged dust particles.

For example, the mysterious dark spokes observed by Voyager 1 in 1980 were explained

on the basis of charged dust and electrostatic forces [28], the tiny dust particulates

observed in cometary tails could not be analyzed until it is assumed that the solar

wind electrically charges the dust particulates [29]. The charged dust particles also

play a key role during the collapse of large interstellar clouds and in the formation

of stars through the self-gravitational instability [18]. The low-temperature, partially

ionized dusty plasmas are successfully applied to the field of manufacturing chips and

material processing [30]. The main applications of dusty plasmas are carried out in

deposition and etching processes involved in synthesizing semiconductor devices. The

agglomeration process (forming the proto-particles) leads to the growth of nanometer
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and micrometer-sized particles and the powder creation in reactive plasma are used for

different industrial applications [31]. In dusty plasmas, the process of agglomeration

is often observed, playing a fundamental part in many fields of physics and chemistry

[32]. The existence of dust particles in fusion reactors is of great interest as they

significantly affect several processes occurring in these reactors [26] and specially in

tokamaks where the size of these dust particles range from 100nm to 100µm [33]. The

development of Coulomb crystal in several systems of dusty plasma like industrial,

astrophysical, discharge plasma systems, etc has gained much attention in last several

years. These formation of Coulomb crystals can change the plasma coupling parameter

drastically (> 170) in laboratory dusty plasma [34, 35]. The transition of strongly to

weakly coupled dusty plasma systems and vice-versa due to the formation and melting

of Coulomb crystals has opened new aspects in the field of plasma physics.

1.2.2 Electron-Positron-Ion Plasma

The state of matter which is most observable in the universe is well discribed by

plasma physics, a field of physics which has gained significant successes due to its

diverse scientific and industrial applications. Regarding to different classes of plasma,

the pair-plasma (electron-positron plasma) consisting of two particles bearing similar

masses and having equal but opposite charges, is truely unique in the sense that neither

of the plasma particles exhibit a complicated internal structure. It is believed that such

electron-positron plasma systems are associated with some nuclei in the background

which are assumed to be the ions. This three component plasma consisting of charged

species of electron, positron and ion is termed as electron-positron-ion (e-p-i) plasma.

The existence of ions in this pair-plasma result in the generation of some low frequency

modes which donot occur in electron-positron pair plasma. Similary, the existence of

positron particles makes the e-p-i plasma to behave differently from the usual electron-

ion plasma. Several ideas based on theoretical investigations have been suggested for

the production of e-p-i plasma in laboratory environments [36, 37]. The production

of such plasma is now possible due to some novel techniques such as beam and laser

physics. The ability to study and manipulate pair plasmas in the laboratory will open
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an entirely new avenue for understanding the astrophysical phenomena that involve

electron-positron plasmas. There are two situations that arise in e-p-i plasma, i.e.,

one at the laboratory level which is close to electron-ion (e-i) plasma due to lower

positron number density and the other is in astrophysical plasmas which are close

to electron-positron (e-p) plasma with lower number denisty of ions. Such plasma

systems are relativistic in nature and, thus, are investigated theoretically including

relativistic effects. However, this type of plasma is also studied extensively with the

classical (non-relativistic) toolbox which can be considered as preliminary research to

demonstrate the building blocks of the theory through simpler model.

Existence of e-p-i Plasma

The investigations of electron-positron-ion (e-p-i) plasmas remain a focus of contempo-

rary research to understand the fundamental processes in the universe. Such plasmas

are found in the early universe [38], in solar atmospheres [39], active galactic nuclei

[40], near the polar cusp regions of pulsars and atmospheres of neutron stars [41],

and in the inner region of the accretion disks surrounding the central black holes [42].

The ions presented in most of these astrophysical plasmas originate from some interior

source, for example, as a result of evaporation or seismic processes on the surface of

a star in the process of accretion [43]. The existence of e-p-i plasma is also detected

in the narrow-collimated extended astrophysical jets of blazars and quasars [44]. In

the earth’s magneto-tail, this three component plasma is formed when the electron-

positron plasma coming from pulsars interacts with the interstellar cloud consisting of

low density electron-ion plasma [45].

In laboratories, the formation of e-p-i plasma can be achieved when a strong and

high frequency laser pulse interacts with matter during which pair-production is possi-

ble through photon scattering by nuclei, etc [46, 47]. The other example of experimental

e-p-i plasma is in tokamaks where charged positron beams are injected to determine

the particle transport properties through the positron lifetime [36, 48]. With the in-

troduction of a modified Penning—Malmberg trap and buffergas technique used for

accumulating large numbers of positrons [49], it became possible to conduct the first
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electron-positron plasma experiments in a beam-plasma system [50]. There is a possi-

bility that injecting such a high energy beam of electrons may also generate some pop-

ulation of positive ions there in pair-plasma and converting it into electron-positron-ion

plasma.

Applications

The admixture of three component e-p-i plasma mostly exist in astrophysical objects,

so its importance has led to many theoretical and experimental investigations. One of

the fundamental applications of electron-positron and/or e-p-i plasma is the study of

pulsars (astronomical source of regularly pulsed radio emission), which are assumed to

be the leftover of neutron stars from supernova explosions. This pulsar phenomenon

has provided a new avenue to the understanding of distant objects. The physical

processes such as pulsar dispersion, rotation measures, etc, has contributed some new

and advanced evaluation of interstellar medium [41]. The investigation of pulsars or

neutron stars can also lead to the applicability of solid state physics, the characteristics

of matter having high densities and strong fields. It is thought that investigations of

pair-plasma or e-p-i plasmas are likely to enhance our concepts and understanding of

the universe in earlier times [51], particularly the highest energy (MeV ) epoch in the

cosmos evolution. It is also believed that a deeper understanding of the interacting

plasma in this era may contribute to the possibilities of providing crucial tips to its

later evolution.

The production of e-p-i plasma experimentally may help to model astrophysical

processes at laboratory level. The process of injecting positrons into hydrogen (partially

ionized) plasma for finding the relevant annihilation schemes may provide information

about the annihilation occurring near the center of galaxy [52]. The experimental in-

vestigation of positron annihilation in partially ionized plasma can also provide answers

about the specific modes of positron annihilation as a function of plasma parameters

like electron temperature and density.
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1.3 Thermal Distributions

A distribution function is used to describe the number of particles in a unit volume

element of six-dimensional phase space. A system in thermal equilibrium is described

by distributions of particles in a specific manner i.e., low velocity particles are large in

numbers and high velocity particles are few in numbers. The most probable equilibrium

distribution function for a gas system with particles distributed uniformly in space in

the absence of any external force is the Maxwell-Boltzmann (MB) distribution function.

It describes the only permanent mode of distribution of the particle velocities in the

gas for specified values of number density and temperature. In an ordinary gas, usually

the specification of three parameters pressure, density and temperature, are necessary

to determine the state of the gas, in which any two can be selected as independent

variables. In the case of plasma, where different types of charge species are available,

the number density for each species must be defined. For a simple electron-ion plasma,

the response of electrons is different to the electromagnetic forces compared to ions and

both species behave rather differently on a given time scale, so the number densities

of the two species must be regarded as independent variables. Usually, the definition

of separate distribution functions for each species of charge is necessary in plasma.

The temperature of charged particles in a plasma has a direct relation to their average

random kinetic energy, so in thermal equilibrium, the particle velocity distribution in

the form MB-distribution function f(u) is given by

f(u) = n0

(
m

2πKBT

)3/2

exp

[
− mu2

2KBT

]
(1.1)

Where u is the velocity and n0 is the number density of the particles at equilibrium, m

is its mass and T is its temperature, while KB represents the Boltzmann’s constant. In

isotropic plasma, the temperature is closely in relation with the average energy of the

system (1
2
m < u2 >= 3

2
KBT ), so the temperature defined in this way is a function of

space and time and other local macroscopic characteristics of the gas. The distribution

function given by Eq. (1.1) is normalized in such away that the number density of

charged particles can be obtained by integrating f(u) over all velocities,
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n =

∞∫
−∞

f(u)d3u (1.2)

A plasma in thermal equilibrium can be described not only by taking the Maxwellian

distribution for each species but also all the species must have the same temperature

due to the collisions among the different species. From the distribution function f(u),

the amplitude as well as width of the MB-distribution depend on temperature. The

amplitude decreases and the width increases for higher temperatures so that the area

under the curve is kept constant to conserve the number of particles in the system.

1.4 Non-Thermal Distributions

When plasma is heated, substantial differences of temperature often occur between

the several charge species due to variations in their masses. However, plasmas cannot

sustain this state in the presence of collisions until all the species acquire the same

temperature. There are several plasma systems, such as space plasmas which are under

the continuous radiations coming from the sun or some laboratory plasmas generated

by the injection of high intensity electron or ion beams, where collisions among the

charge species are almost negligible, then they do not follow the Boltzmann-Gibbs

statistics.The distribution function in these cases of plasmas is not usually the Gaussian

one (as for MB-distribution), rather it has a modified shape in the form of long tail in

the presence of fast particles or acquire wings due to density depletions etc., and follow

statistics different than Boltzmann-Gibbs (BG).

To describe such nonthermal distribution of particles in different plasma systems,

several kinds of nonthermal or non-Maxwellian distribution functions were introduced.

The first nonthermal distribution function which has been adopted widely in plasma lit-

erature is the Lorenztian Kappa distribution function. The other distribution functions

that characterize the non-Maxwellian behavior of plasma systems are q−nonextensive

Tsallis distribution, Cairn’s distribution, Schamel distribution, general (r, q) distribu-

tion etc. Here, a brief summary is provided about the three (kappa, q−nonextensive

Tsallis and Cairns, which are followed in the present work) nonthermal distributions
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in the following:

1.4.1 Kappa-Distribution

In space plasmas, the velocity distribution of particles is such that high velocity parti-

cles exist more in numbers than the case if the space plasmas were in thermal equilib-

rium. Such distributions of particles in space plasmas, where the contributions from the

high-velocity particles cannot be ignored, are well described by the kappa (also called

the Lorentzian) distribution function. Kappa distributions have become increasingly

important in space plasma physics. The deformation of MB-distribution into the kappa

distribution can be understood by substituting the kinetic energy Ek (i.e., 1
2
mu2) into

the MB-distribution of energies [53]

f(Ek, T ) ∼ exp

[
− Ek
KBT

]
, (1.3)

resulting in

f(u; θ) ∼ exp

[
−u

2

θ2

]
,

1

2
mθ2 ≡ KBT (1.4)

Where θ characteristic speed-scale parameter. Now, let us rewrite the MB-distribution

as follows. One of the formal definitions of the exponential function is given by the

following limit:

ex = lim
p→∞

(
1 +

x

p

)p
, (1.5)

where p is a positive integer. The exponential function ex can also be written equiva-

lently, by

ex = (e−x)−1 =

[
lim
p→∞

(
1− x

p

)p]−1

= lim
p→∞

(
1− x

p

)−p
(1.6)

The above limit can be expressed also by a positive real number κ. Indeed, since any

real number κ is included between the two sequential integers, p ≡ Int(κ) ≤ κ <

Int(κ) + 1 ≡ p+ 1, then
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lim
p→∞

= lim
κ→∞

, (1.7)

and Eq. (1.5) can be written as

ex = lim
κ→∞

(
1− x

k

)−κ
(1.8)

Subtituting x = −(u/θ)2 in the MB-distribution (1.4), gives

f(u; θ) ∼ lim
κ→∞

[
1 +

1

κ

(u
θ

)2
]−κ

(1.9)

In general, it can be considered that the speed-scale parameter θ depends also on κ,

and is thus denoted by θκ. However, θ has to be recovered when

θ = lim
κ→∞

θκ

Thus, one can write

f(u; θκ;κ) ∼
[

1 +
1

κ

(
u

θκ

)2
]−κ

, f (u; θ) = lim
κ→∞

f(u; θκ;κ) (1.10)

Where f(u; θκ;κ) gives the deformation of the MB-distribution in terms of index κ.

From Eq. (1.10), it can be claimed that the deformed distribution f(u; θκ;κ) describes

systems not just for the specific value of κ → ∞, which coincides with the classical

Maxwellian, but for any other finite values of κ. The constructed, deformed MB-

distribution f(u; θκ;κ) is the so-called kappa distribution.

The classical MB-distribution is well suited to describe the velocities of ions in the

low-energy (L-E) region of the solar wind, that is [53]

fL−E(ui) ∼ exp

[
−
(
ui − uib

θ

)2
]

(1.11)

Where ui and uib are the ion and bulk flow velocities, respectively. On the other hand,

it has been shown [54] that the high-energy (H-E) region of ion distributions in the

solar wind is non-Maxwellian. The ion distributions in these regions are governed by
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a power law tail, that is

fH−E(ui) ∼ (ui − uib)−2(γ+1) (1.12)

Where the power γ is called the spectral index. An empirical functional form was

first supposed by Vasyliunas [55] to describe the distribution of energy over the whole

spectrum, both the low-energy Maxwellian core and the high-energy power law tail.

This empirical distribution is given in the following form

f(u; θκ;κ) ∼
[

1 +
1

κ

(
u− ub
θκ

)2
]−κ−1

(1.13)

The kappa distribution function was introduced to describe the low-energy electrons

in the Earth’s magnetosphere. Since then, the kappa distributions have been widely

followed for the description of space plasmas where distributions of particles do not

follow BG statistics. Expressions (1.10) and (1.13) are usually known as the first and

second kind of kappa distributions, respectively. The second kind of kappa distribution

is adopted by majority of researchers in the field. A possible reason for the dominance

of the second kind is the coincidence of the spectral index γ with the κ index for three-

dimensional systems [53]. The three dimensional isotropic kappa distribution function

representing a power-law velocity distribution is given by [56]

fκ(u) =
n0(

2πθ2
)3/2

Γ(κ+ 1)

Γ(κ− 1/2)

(
1 +

u2

κθ2

)−(κ+1)

(1.14)

Where Γ is the Gamma function, while the characteristic speed-scale parameter is

defined as θκ =
√

((κ− 3/2)/κ)KBT/m. The spectral index κ is used to describe the

excess of particles with high-velocities at the extended tail of the distribution function

as shown in Figure. 1.1.

The value that defines the minimum limit of the range for kappa parameter can

easily be deduced from the effective thermal speed (i.e., κ > 3/2). While there is no

limit at the higher values of kappa parameter, however, for κ → ∞, exact thermal

equilibrium is acquired by the system and the distribution function fk(u) reduces to
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Figure 1.1: The plot of normalized kappa distribution function fκ(u) vs normalized velocity u for
different values of κ−parameter

the Maxwellian. For small finite values of κ, the system is characterized by the presence

of a large number of energetic particles.

A major breakthrough in this field was realized when the kappa distribution was

connected to nonextensive statistical mechanics. Under the constraints of canonical

ensemble, the entropy of the nonextensive statistical mechanics is maximized by the

kappa distributions [57]. Milovanov and Zelenyi [58] were the first to present a detail

derivation of the kappa distribution on the basis of nonextensive statistical mechanics.

1.4.2 Nonextensive Tsallis Distribution

The classical Boltzmann-Gibbs (BG) statistics is well suited to describe classical sys-

tems residing in thermal equilibrium. It is a useful tool to study systems with short

range memories and microscopic interactions. In contrast, complex systems which do

not exist in thermal equilibrium have been analyzed by a more generalized theoret-

ical based nonextensive statistical mechanics. The theory of nonextensive statistical

mechanics based on the possible generalization of the classical frame work of BG sta-

tistics was proposed by Tsallis [59]. This whole theory is based on a single concept of

entropy represented by Sq which, for the entropic index q = 1, reproduces the stan-

dard BG entropy denoted by SBG. For a system composed of any two independent
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systems a and b, the entropy SBG of the sum coincides with the sum of entropies i.e.,

SBG(a+ b) = SBG(a) +SBG(b). The entropy Sq does not follow this property for q 6= 1,

and is therefore nonadditive. For large number of elements N of a system, the entropy

of the system is extensive if it is proportional to N . Otherwise, it is nonextensive. For

a (sub)system whose elements are either independent or weakly correlated, the additive

entropy SBG is extensive, whereas the nonadditive entropy Sq(q 6= 1) is nonextensive

[60].

Considering a differential equation in the following form

dy

dx
= yq (y(0) = 1; q ∈ R) (1.15)

Its solution is [60]

y = [1 + (1− q)x]
1

1−q ≡ exq (ex1 = ex), (1.16)

and its inverse is

y =
x1−q − 1

1− q ≡ lnq x (x > 0; ln1 x = lnx), (1.17)

which satisfies the following property:

lnq(xaxb) = lnq xa + lnq xB + (1− q) (lnq xA) (lnq xb) (1.18)

The nonextensive entropy is the generalization of BG entropy (SGB = k lnW , for equal

probabilites i.e., Pi = 1/W ) and is given as [60]

Sq = k lnqW (S1 = SGB) (1.19)

For Pi < 1, the BG entropy is positive and can be written as

SGB = k

〈
ln

1

Pi

〉
(1.20)

Where k is a positive constant. The simultaneous generalization of Eqs. (1.19) and

31



(1.20) gives [60]

Sq = k

〈
lnq

1

Pi

〉
(1.21)

Using Eq. (1.17) in Eq. (1.21) provides the following relation

Sq = k
1−

∑W
i=1 P

q
i

q − 1
(1.22)

The entropic index q introduces a bias in the probabilities. Indeed, given the fact that

generically 0 < Pi < 1, then P q
i > Pi for q < 1 and P q

i < Pi for q > 1. Therefore,

q < 1 (relatively) enhances the rare events, those which have probabilities close to

zero, whereas q > 1 (relatively) enhances the frequent events, those whose probability

is close to unity. From the non-negativity of Sq, it follows that, for independent systems

a and b, Sq(a + b) ≥ Sq(a) + Sq(b) if q < 1, and Sq(a + b) ≤ Sq(a) + Sq(b) if q > 1.

Consequently, the cases q < 1 and q > 1 are referred as supperadditive and subadditive,

respectively [60]. For the case q = 1, the nonextensive entropy Sq becomes additive and

reproduces BG entropy SGB. These three states of system in the nonextensive Tsallis

statistics are commonly known as subextensive (q > 1, refers to more particles in the

lower energy states than that of the Maxwellian), extensive (q = 1, corresponds to the

Maxwellian energy states) and superextensive (q < 1, indicating more probability of

high energy states). The one-dimensional equilibrium q−nonextensive velocity space

distribution is given by [57]

fq(u) = Cq

[
1− (q − 1)

mu2

2KBT

]1/q−1

(1.23)

It must be noted here that the nonextensive distribution fq(u) is a peculiar one resulting

in an increase in the Tsallis entropy and, thus follows thermodynamic laws. In the

above distribution, Cq represents the normalization constant and is given by

Cq =


n0

√
(1−q)m
2πKBT

Γ( 1
1−q )

Γ( 1
1−q−

1
2)

for − 1 < q < 1

n0

√
(q−1)m
2πKBT

(
1+q

2

) Γ( 1
1−q−

1
2)

Γ( 1
1−q )

for q > 1
(1.24)
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The parameter q is used to characterize the nonextensivity strength. In contrast to

MB-distribution (exponential-law distribution, where most particles exist around the

thermal velocity), Eq. (1.23) shows that the fq(u) is a power law distribution where

the superthermal particles at the tail of the distribution function are more probable

for q < 1, and the probability of low energy particles is enhanced for q > 1. However,

in the limit of q = 1, the q−nonextensive distribution falls back to the Maxwellian

one. It must also be mentioned here, that the distribution function fq(u) exhibit

a thermal cutoff at the maximum velocity umax =
√

2KBT
(q−1)m

. The number density of

q−nonextensive distribution of particles can be obtained by integrating the distribution

function fq(u) over u in the following form

n =



∞∫
−∞

fq(u)du, for − 1 < q < 1

umax∫
−umax

fq(u)du, for q > 1

(1.25)

Figure 1.2: Normalized q−nonextensive distribution function vs normalized velocity u with varia-
tion in the q−nonextensive parameter

The q−nonextensive particle velocity distribution is shown in Figure. 1.2., where

the values of the nonextensive parameter q are varied. It is obvious from the figure

that there exists a long tail distribution of particle representing the large contribution

of energetic particles for q < 1, while the probability of low energy particles increases
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for q > 1. However, as q approaches unity i.e., q = 1, the distribution reverts back to

the MB-distribution of particles.

The earliest nonextensive statistical mechanics (proposed by Tsallis in 1988) was

suffering from some fundamental issues. In particular, the canonical distribution of

energy was not invariant under arbitrary selections of the zero-level energy, while the

internal energy was not extensive as it should be for uncorrelated distributions. These

two inconsistencies as well as various other problems were finally solved a decade later

by Tsallis et al. [61]. Although nonextensive statistical mechanics was correctly revised,

the old version was kept being used in theories and applications to space physics. It

was a decade later when Livadiotis and McComas [53] showed that the connection

between kappa distributions and the modern nonextensive statistics holds again, under

the transformation κ = 1
q−1
. Specifically, it was shown that the first kind of kappa

distribution is connected with the earliest version of nonextensive statistical mechanics,

while the second one is related to the final and widely spread version of nonextensive

statistical mechanics. In fact, relating the parameter q to κ by formal transformation

κ = 1
q−1
, provides the missing link between the q-nonextensive distribution and the

kappa distribution function favored in space plasma physics, leading to a required

theoretical justification for the use of kappa distributions from fundamental physics.

1.4.3 Cairns Distribution

Nonlinear electrostatic structures with density depletions have been detected by Freja

[62] and Viking satellites [63] in the upper earth’s atmosphere. Several theories have

been developed to explain these nonlinear electrostatic structures with density deple-

tions [64, 65]. Motivated by these experimental observations, a possible theoretical

explanation of these electrostatic structures in the form of ion acoustic waves has been

developed [66, 67]. Cairns et al. [67] have shown that in the presence of a distribution

of electrons which is nonthermal, with an excess of energetic particles, the nature of

ion acoustic solitary waves changes and that it is possible to obtain solutions with

density depletions roughly in agreement with the observed ones. To model the velocity

distribution of these electrons with excessive energetic particles, they have modified
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the MB-distribution which in one dimensional form can be written in the absence of

any potential as

fc(u) =
n0

(3α + 1)
√

2πu2
th

(
1 + α

u4

u4
th

)
exp

[
− u2

2u2
th

]
(1.26)

In Eq. (1.26), the thermal speed of the particles is represented by uth(=
√

2KBT/m) for

simplicity. The nonthermal parameter α in the Cairns distribution function determines

the contributions of energetic particles and its values can be taken in the range 0 < α <

1. Higher values of α increase the probability of energetic particles in the distribution.

Figure 1.3: Plot of normalized Cairns distribution function fc(u) vs normalized velocity u with
variation in the α−parameter

It is clear from Eq. (1.26), that the Cairns distribution function fc(u) reverts back

to the MB-distribution function for α = 0. The effect of nonthermal parameter α

on the distribution function of Eq. (1.26), is shown in Figure. 1.3., where the plot of

fc(u) is depicted for several values of α. The figure shows that the Gaussian form of the

distribution is modified for higher values of α and wings are acquired by the distribution

function, while for the nonthermal parameter α = 0, the MB-distribution is regained.

In contrast to kappa distribution which defines the excessive energetic particles at

the superthermal tail of the distribution function, the Cairns distribution shows the

existence of energetic particles at the wings. The Cairns distribution function is a power

law based empirical formula which has been presented without the derivation of basic
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statistics such as construction of Gibbs function etc. It has just fulfilled those measuring

information which were observed by Freja satellite. However, using this distribution

function, one can derive the number density and hence the pressure and equation of

state. Due to the lack of statistical foundation behind the Cairns distribution has led

to less attention to it rather than the kappa function and the non-extensive Tsallis

distributions.

1.5 Waves in Plasma

The fascinating property of plasma is that it is a medium which is immensely rich

in wave phenomena. The motion of charged particles in plasma presents the most

interesting and complex propagation of electrostatic and electromagnetic waves. Even

the analysis of linear waves in homogenous unmagnetized plasma provides a great

complexity resulting in wave characteristics which cannot exist in a neutral medium.

This complexity arises due to the nonlinear relation of angular frequency ω with the

wave vector k in plasma. More complexity in the wave phenomena occurs when an

external magnetic field is present, which causes the plasma to behave quite differently

in the two directions i.e., parallel and perpendicular to the external magnetic field.

Consequently, the dynamical characteristics of plasma waves depend on its angle along

the external magnetic field, and thus, the angular frequency becomes a function of

parallel (k‖) and perpendicular (k⊥) wave vectors. This property of plasma with the

inclusion of magnetic field gives rise to a large number of wave types ranging from

lower to higher frequencies.

A plasma usually contains charged particles with very different masses. In a simple

electron-ion plasma, due to heavier ions and lighter electrons, oscillations can occur

on two time scales i.e., ion and electron time scales. The oscillations on large time

scale (that of ions) are typically at low frequencies while those occurring on short time

scale (that of electrons) are at high frequencies. A multicomponent plasma can support

even more modes of oscillations. When thermal effects are added to the cold plasma

effects, the new phenomena can be grouped into two general categories: acoustic wave
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phenomena due to various kinds of sound waves; and kinetic phenomena due to the

fact that in a thermal or near thermal distribution, there are some particles moving at

or near the phase velocity. These particles have resonant interactions with the waves

due to their long interaction time with the wave. These interactions can lead to either

collisionless wave damping or to instabilities and wave growth [68].

Some of the earliest applications of plasma physics were related to gaseous elec-

tronics and the study of positive columns for device applications. While these investi-

gations contributed significantly to the early development of plasma physics, most of

those applications have either been superseded by solid state devices or involve no wave

phenomena. However, the wave phenomena led to several applications which both con-

tributed to the development of the field, helping us to understand that plasmas indeed

form the ‘fourth state of matter’and which are the active areas of research today. The

study of radio wave transmission through the upper earth’s atmosphere uncovered some

new physics and refined its picture. The plasma in the ionosphere has a great influence

on the ground based communication systems and it was not possible to understand the

wave transmission without the concept of plasma waves. Plasma waves in astrophysics

provided the base to understand different energy transport schemes and plasma in-

stabilities. In magnetized fusion plasmas, the micro-instabilities and microturbulence

have led to the realization of instabilities which played a vital role in the development

of wave theory. The other field where the wave-plasma interaction drives the interest is

the laser-produced plasmas which are related to inertial confinement fusion. Ranging

from laboratory to space and astrophysics, wave phenomena in plasmas have gained

much attention in the field due to its possible applications.

1.5.1 Electrostatic Waves in Plasma

The only one mode that exists in vacuum is the electromagnetic wave with phase veloc-

ity ω/k = c, with c representing the speed of light and ω being the angular frequency

of the wave. This mode has components of electric and magnetic field which are per-

pendicular to the wave vector k. On the other hand, both sound waves (longitudinal

waves) and electromagnetic waves can propagate in air. In plasma, both electrostatic
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as well as electromagnetic waves can propagate due to its complex nature. The familiar

electrostatic approximation (assuming the electric field curl free) often greatly simpli-

fies the analysis of small-amplitude wave propagation in plasma [69]. The electrostatic

approximation is used to reduce the wave equation from vector to scalar form and its

realm of validity is that of short-wavelength modes [70]. The approximation lies simply

in the replacement of the vector electric field E by a potential gradient −∇φ. When

the plasma charge and current are incorporated into the effective dielectric tensor εd,

then the divergence-free electric displacement can be written as [68]

∇ ·D = 0 (1.27)

Where D is the electric displacement vector. Eq. (1.27) reduces to the electrostatic

dispersion relation as [68]

k · εd · k = 0 (1.28)

The replacement of electric field by a potential gradient (i.e., E = −∇φ = −ikφ)

indicates that the wave is exactly longitudinal. However, the definition can be extended

to the case of nearly longitudinal field by splitting E into its longitudinal and transverse

components, E‖ and E⊥, respectively,

E = E‖ + E⊥, (1.29)

where [68]

E‖ =
nr(nr · E)

n2
r

, E⊥ = −nr×(nr × E)

n2
r

(1.30)

Here, nr = kc/ω is the vector index of refraction whose magnitude (nr = |nr|) is

the index of refraction. The electromagnetic wave equation (obtained from Maxwell’s

equations) can be written in the following form [68]

n× (n× E) + εd·E = 0 (1.31)
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Inserting Eq. (1.30) into Eq. (1.31) and taking the scaler product of n, an equation in

the following form can be obtained as [68]

nr · εd · (E‖ + E⊥) = 0, (1.32)

which reduces to electrostatic dispersion relation (1.28) if
∣∣E‖∣∣� |E⊥|, which is meant

that electric field is dominantly longitudinal. When the scalar product of Eq. (1.31) is

taken with E, then

(
n2
r − εd·

)
E⊥ = εd · E‖ (1.33)

It can be seen from Eq. (1.33) that |E⊥||E‖| � 1, when

n2
r �

∣∣εdij ∣∣ (1.34)

This is the condition for validity of the electrostatic approximation which says that the

index of refraction should be large compared to all of the dielectric tensor elements.

In plasma, different electrostatic modes exist depending on the absence and presence

of external magnetic field B and the direction of propagation with respect to the

magnetic field. In plasma, when there is no external magnetic field (or the waves

propagating parallel to B), the normal electrostatic modes are the electron plasma and

ion acoustic waves. The electrostatic modes in the presence of external magnetic field

are the upper hybrid frequency, lower hybrid frequency and electrostatic ion cyclotron

waves. Ion acoustic wave is one of the fundamental electrostatic mode in plasma,

which propagates in an unmagnetized plasma or parallel to B in magnetized plasmas.

In these low frequency waves, the ions play a dynamical role and the electrons are

usually considered isothermal. For ion acoustic waves in typical electron-ion plasma,

the linear dispersion relation is given as

ω

k
=

√
KBTe + γiKBTi

mi

(1.35)

Here Te is the electron and Ti is the ion temperature, and mi is the ion mass while γi
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(= (N + 2)/N) is the ion adiabatic coeffi cient with N being the number of degrees of

freedom. Usually in electron-ion plasma, the electron temperature is much larger than

that of ion i.e., Te >> Ti (for cold ions) and when applied to the dispersion relation

(1.35), then it can be written as

ω

k
=

√
KBTe
mi

= Csi (1.36)

Where Csi is the ion sound speed. It can be seen from the Eq. (1.36) that inertia is

provided by the ions (i.e., mi) and the pressure (restoring force) is provided by electron

temperature.

1.5.2 Dispersive Wave Equation

Considering a one-dimensional wave equation (some times called linearized Korteweg-

de Vries equation) in the following form [71]

∂u

∂t
+
∂u

∂x
+
∂3u

∂x3
= 0, (1.37)

Assuming the harmonic wave solution as

u(x, t) = exp [i(kx− ωt)] (1.38)

Then Eq. (1.38) is the solution of the wave dispersion equation (1.37), if

ω = k − k3 (1.39)

Eq. (1.39) is the dispersion relation of Eq. (1.37) which describes the angular frequency

ω of the wave for given k. Here, the assumption of real ω(k) for real values of k is

considered. From Eq. (1.39), it can be expressed as

ω

k
= 1− k2 (1.40)
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This ω/k gives the wave phase velocity Vp. Dispersion occurs when the wave phase

velocity Vp depends on wave vector k i.e., the group velocity Vg(= ∂ω/∂k) does not

equal the phase velocity. From Eq. (1.39), the group velocity is given as

Vg = 1− 3k2, (1.41)

which shows that Vp > Vg. In a medium, where the refractive index nr usually increases

with ω, phase velocity of a wave is always greater than the group velocity and normal

wave dispersion occurs [72]. If the refractive index of a medium decreases with ω,

then Vp < Vg and anomalous wave dispersion occurs. It is clear from Eq. (1.39) that

dispersion of the wave comes from the term k3 and consequently the term ∂3u/∂x3 in the

wave equation (1.37) is responsible for this dispersion. It must be noted, that the phase

velocity changes sign for k = ±1, which shows that waves of different wave number

propagate with different velocities and is a characteristic of dispersive wave. Thus,

linear theory predicts that dispersion causes the wave spreading when it propagates in

a dispersive medium.

1.6 Nonlinear Waves

Over the past few decades, nonlinear phenomena has been studied with new directions

in different field of physics. Most systems in nature have nonlinear behavior and, in

some cases, it is impossible to solve the system by considering only its linear character-

istics. A striking difference between linear and nonlinear laws is whether the property

of superposition holds or breaks down. In a linear system the ultimate effect of the

combined action of two different causes is merely the superposition of the effects of each

cause taken individually. But in a nonlinear system adding two elementary actions to

one another can induce dramatic new effects reflecting the onset of cooperativity be-

tween the constituent elements. This can give rise to unexpected structures and events

whose properties can be quite different from those of the underlying elementary laws.

Physically, the difference between linear and nonlinear behavior can be best ab-

stracted from examples. For instance, when water flows through a pipe at low velocity,
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its motion is laminar and is characteristic of linear behavior: regular, predictable, and

describable in simple analytic mathematical terms. However, when the velocity ex-

ceeds a critical value, the motion becomes turbulent, with localized eddies moving in a

complicated, irregular, and erratic way that typifies nonlinear behavior. On the basis

of this example, at least three characteristics can be isolated that distinguish linear

and nonlinear physical phenomena. First, the motion itself is qualitatively different.

Linear systems typically show smooth, regular motion in space and time that can be

described in terms of well behaved functions. Nonlinear systems, however, often show

transitions from smooth motion to chaotic, erratic, or even apparently random be-

havior. Second, the response of a linear system to small changes in its parameters or

to external stimulation is usually smooth and in direct proportion to the stimulation.

But for nonlinear systems, a small change in the parameters can produce an enormous

qualitative difference in the motion. Third, a localized pulse or wave, in a linear sys-

tem will normally decay (in despersive medium) by spreading out as time progresses.

In contrast, nonlinear systems can have highly coherent, stable localized structures

such as the eddies in turbulent flow that persist for long times or, in some idealized

mathematical models, for all time [73].

Nonlinearity phenomena in plasmas can be grouped into three broad categories [1]:

(i) Basically nonlinearizable problems (diffusion in fully ionized gas)

(ii) Wave-particle interactions (trapping of particles)

(iii) Wave-wave interactions: Rogue waves

A simple approach to understand a wave to be nonlinear is the hydrodynamic

picture. Consider, for example, the following one-dimensional nonlinear equation for

the velocity amplitudeof a wave in a medium supported by some force, F [74]

∂u

∂t
+ u

∂u

∂x
= F (1.42)

The LHS of Eq. (1.42) is the convective derivative that consists of nonlinear term

u∂u/∂x. The expansion of this nonlinear term by Fourier series gives several wave-

wave interactions terms which can be assumed as the coupling of many waves having
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different wavelengths. Superposition and coupling of waves of different wavelength

imply deformation of the wave profile. This can be understood by assuming an initial

wave injected into the plasma as

δu(x, t) = δu cos [k(x− u0t)] , (1.43)

with u0 is the constant speed at which the wave is moving. The velocity amplitude

together with the disturbance, can be expressed as

u(x, t) = u0 + δu cos [k(x− u0t)] (1.44)

Since the oscillation of cosine function occurs between positive and negative values i.e.,

for crest u(x, t) = u0 + δu and for trough u(x, t) = u0 − δu. It shows that wave crest

moves faster than the trough and, thus, the wave maxima are ahead of the flow while

the minima stay behind. This causes the wave steepening as shown in Figure 1.4.

Figure 1.4: The propagation of a linear wave is shown in (a) while the steepning of a nonlinear
wave propagation is shown in (b).

As the steepening rate increases, the harmonics increase and generate even shorter

wavelengths. If the dispersion law is not linear (different harmonics), then the harmon-

ics move with different velocities.

In many cases, waves having large amplitudes can not be described by linear theory.

For example, drift waves in plasma are unstable and according to linear theory, these

waves can grow exponentially. The observation of these waves is possible when the
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amplitudes are large and steady where the waves are no longer growing. Then, the

linear theory is insuffi cient to describe these waves and infect, there is some nonlinear

effect which limits the amplitude. A wave with larger amplitude can undergo a number

of changes such as shape deformation, wave breaking, trapping of particles etc. Several

types of nonlinear waves occur in plasma depending upon the presence of different

mechanisms such as dispersion, nonlinearity, dissipation etc. New directions and tech-

niques are developed to investigate nonlinear phenomena and processes occurring in

plasmas.

1.6.1 Soliton

The nonlinearity in a system described by the wave equations, is related, particularly,

to the generation of harmonics with large wave numbers, which can result in increasing

dissipation or triggering instability of the wave packet. If the medium is also dispersive,

which leads to the dependence of the group velocity of the waves on the wave numbers,

the dispersion can counterbalance the effects of the nonlinearity. As a result, the

established level of oscillations in the dispersive nonlinear medium can be rather high

and solitary waves or solitons are formed. The wave formation in the form of soliton

is localized in space and is stable i.e., preserve its shape during interactions.

The first observation of solitary wave in water was carried out in 1834 by J. Scott

Russel on the Edinburgh-Glasgow canal. He has given it a name as great wave of

translation and then presented his report to the British Association in 1844. This

was the first picture of solitary waves that appeared on the scientific scene. Russel

also performed laboratory experiments to generate solitary waves in water and found

that waves with higher amplitudes move faster. The work of Russel was extended by

Boussinesq (1871) and Lord Rayleigh (1876) and showed that the solitary wave profile

is in the form of sec h2. The final step to the mathematical explaination of solitry waves

was completed in 1895 by Korteweg and de Vries. They have performed the derivation

of the nonlinear evolution equation, starting from the fundamental governing equations,

which is commonly known as Korteweg-de Vries (KdV) equation. The word ’soliton’

was first introduced by Zabusky and Kruskal [75] in 1965 to describe the particle-like
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behavior of solitary waves after observing their interaction properties. They derived a

solution for the KdV equation with an assumtion of periodic boundary conditions for

all values of t. The solution developed a train of eight well-defined waves each having

the sech2 like profile, with taller waves moving faster than the shorter waves. This

discovery has started an intense study in different fields of physics and a number of

nonlinear equations have been developed possessing similar characteristics.

The term soliton is related to a solution of nonlinear equation which represents (i)

a wave with a permanent profile (ii) localized (iii) retains its identity during strong in-

teraction with other solitons. The soliton becomes a solitary wave when it is separated

infinitely from any other soliton. The theory of soliton in plasma is very attractive and

has several amazing aspects. The successful theoretical investigations of those physical

systems providing solutions in the form of solitons have led to a tremendous experi-

mental studies in plasma physics. Several laboratory and space experiments have been

performed to excite and investigate the characteristics of ion acoustic solitons, Alfven

solitons along with shock waves in plasma [76, 77, 78]. These intense studies have

raised some new questions and opened some new ways to demonstrate some theoret-

ical investigations of new problems such as the stability of two or three-dimensional

solitons, their interaction dynamics, effect of dissipation, nonlinear resonances, the

wave collapsing and self-focusing etc.

1.6.2 Shock Wave

A remarkable property of fluids, including plasmas, is their tendency to form discon-

tinuities which can be traced to a nonlinear effect i.e., wave steepening. For example,

if a pressure pulse enters into a gas, the high pressure trailing edge of the pulse tends

to reach up to the leading edge. The pulse will steepen until it reaches a nearly dis-

continuous change in pressure. This type of discontinuities are known as shock waves.

For a discontinuity to exist, the initial disturbance must undergo wave steepening,

otherwise a shock wave can not be formed.

One of the most important aspects of nonlinear plasma theory are collisionless

shock waves. Collisionless shocks exist both in laboratory and space plasma physics
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[74]. The collisionless shock wave phenomena has been substantially improved both by

very elaborate experimental investigations, and by numerical computations. Among

the experiments there are, for example, detailed measurements of the frequency and

wavenumber spectra in so-called resistive shock waves and the high-resolution plasma

and field measurements in the earth’s bow shock, which is a high Mach-number shock

wave [79]. In collisionless shock waves, the main problem is to explain what causes

the dissipation needed to generate the shock front and provide the irreversibility and

entropy increase during the transition. This type of wave can not be characterized as a

purely steepened nonlinear wave due to irreversibility of the shock transition process.

The steepening of a wave is a process which leads to wave breaking if it continues,

and during this process if the wave breaking is impeded by any other mechanism such

as dissipation, then stationary state shock waves may be formed. The well-defined

structures of collisionless shocks depend on the angle between upstream magnetic field

and the shock normal.

Shocks have been detected in different systems ranging from space to laboratory

plasmas where the structures and characters of these shock waves are different from

one another depending on location and environment. It is known that shock waves are

produced during supernova explosions. Shock waves are also observed in the outflow

of hot gases from certain stars, in solar flares and in the solar wind upstream of plane-

tary magnetospheres [80]. The bow type shock observed at the earth’s magnetosphere

has gained considerable interest, where the shock normal makes a large angle with

magnetic field and the upstream flow speed is higher than both the Alfven and sound

speed. Thus, it is a strong nearly perpendicular fast shock. Other shocks with differ-

ent thickness, structures and speeds have been observed in magnetospheres of different

planets.

1.6.3 Vortices

Vortices in nature are often involved in violent transport. Examples are hurricanes,

typhoons, cyclones, tornadoes, and so on. They store energy in their localized struc-

tures in a form of rotational motions and carry it over a long distance. It is known that
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waves transport energy and momentum, but not the substance of the medium. Unlike

waves, vortices can transport not only energy and momentum, but the substance of the

medium as well. This is an essential physical difference between waves and vortices.

Vortices are substantially coherent structures, whose coherence is not destroyed even

by a turbulant field [81]. Vorticity is exactly related to the concept of curl in vector

calculus. The vorticity vector ωv is the curl of the velocity vector u, which can be

expressed as [82]

ωv = ∇× u (1.45)

The physical sense of vorticity can be understood by considering fluid rotation as a

whole around an axis [81]. As is known, the velocity of this simple flow is determined

by the ratio u = 1
2
Ωv × r. Here, Ωv is a constant vector characterizing the rotation

velocity, and r is the vector of rotation of the orthogonal axis. In calculating the rotor

(i.e., curl) of this velocity field, it is easy to derive that ∇× u = Ωv, and therefore, it

coincides with the angular velocity of the fluid rotation [81, 82]. However, the vorticity

can also appear due to some other physical processes such as, the flow with a gradient

in velocity or whenever velocity shear is present. The shear is generated due to the

viscosity in a boundary layer which is a vortex layer to supply vortices continuously.

The earliest studies of vortex motion were undertaken a long time ago by the famous

scientists René Descartes, Christiaan Huygens, Johann and Daniel Bernoulli [83]. The

main driving force behind this research was an attempt to explain the interaction of

bodies by vortex motions of ether. These studies made progress in understanding vortex

interaction, but were superseded by Newton’s theory of gravitation. After a decline of

interest in vortices, a new wave of research dates to the middle of the nineteenth century

was developed by Helmholtz, Kelvin, and Kirchhoff. Their studies led to fundamentally

new hydrodynamic results. The work of Helmholtz was the basic key to develop vortex

theory by establishing an analogy between the motion of fluids and magnetic fields

arising due to electric currents [84]. According to Helmholtz, fluid motion for which

there is no potential of velocity is called vortex motion. Helmholtz established an
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analogy between the motion of fluids and magnetic manifestations of electric currents.

This analogy allowed him to introduce the rectilinear and ring vortices. In addition,

he proved the main theorems on vortex motions of an ideal fluid. These studies were

highly appreciated later and have been considered the most important contribution to

hydrodynamics [83].

Vortical motions in plasmas are driven by the E × B drift. The E × B drift

substituted into the convective term of the continuity equation brings the plasma into

a rotational motion. There are different classes of vortices in plasmas depending on the

plasma model and its characteristics. The two dimensional vortex structures known as

point vortices are considered an important class of vortex structures in hydrodynamics.

A huge number of problems have been solved with the use of these vortices. The main

element of the idealization in the transition to these vortices is a consideration of

infinitely thin vortex filaments. Another important type of vortex is called the vortex

sheet. In the case of a point vortex, vorticity is localized only on the line, but in

the case of a vortex sheet, vorticity is concentrated in an infinitely thin layer along

a two-dimensional surface. A progress has been made in the search for new vortex

structures and has led to the introduction of a new type of singular point vortex in the

three dimensional case which is known as vortons [85]. Vortices in plasmas are more

complex than the vortices in other fluids due to the fact that vortices in plasmas carry

currents that interact with self-consistent magnetic field.

1.7 Nonlinear Evolution Equations

Wave equations, mostly, are used to describe suffi ciently small amplitudes and are

associated with exact solutions. However, there are systems where the amplitudes grow

exponentially at the expense of some internal energy resulting in larger amplitudes.

Then in this case, one can approximate the one-dimensional nonlinear wave equation

in the following form [71]

∂u

∂t
+ (1 + u)

∂u

∂x
= 0 (1.46)
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This is an equation that illustrates the simplest type of nonlinearity (u∂u/∂x) which

is responsible to generate harmonics of the wave. In other words, it changes the shape

of the wave with time. By the method of characteristics, the general solution of Eq.

(1.46) can be written as

u(x, t) = f [x− (1 + u)t] , (1.47)

where f represents an arbitrary function. For some initial wave profile u(x, 0) =

f(x), it is not straightforward to solve Eq. (1.47). For f > 0 and finite time, the

solution of Eq. (1.47) is single valued, otherwise it exhibits multi-valued solution.

Another complication with such nonlinear equations arises when superposition theorem

is imposed. Let Eq. (1.46) has two solutions u1(x, t) and u2(x, t), then it can be easily

verified that u(x, t) = u1(x, t) +u2(x, t) doesnot satisfy Eq. (1.46). Thus, for nonlinear

equations, the solutions can not be superpose to form new solutions.

There are well-known nonlinear processes in plasma physics which may generate

very different kinds of behavior. A class of nonlinear waves in which steepening is bal-

anced by dispersion, known as solitary wave, may relax to solitons exhibiting unique

particle-like behavior. The solitary waves which have a constant profile in their wave

frame are a first step towards construction of a shock wave model. A change of state

across a solitary wave can be provided by binary collisions, by Landau damping, by

instabilities, or by trapping and reflection of particles by the waves, which convert the

solitary wave structure to a shock like structure [86]. Several nonlinear partial differ-

ential equations have been developed to describe the nonlinear behavior of waves in

plasma systems. Here, the introduction of certain class of nonlinear partial differential

equations is provided which are characterized by solitary and shock wave solutions and

play a fundamental role to understand the nonlinear characteristics of different modes

in plasma physics.
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1.7.1 Korteweg-de Vries (KdV) Equation

A number of nonlinear partial differential equations have been developed which can

provide soliton solutions, however, the Korteweg-de Vries (KdV) equation is one fun-

damental nonlinear equation with soliton solution which can be generalized to several

wave types. This equation was introduced in 1895, and has become the most widely

used nonlinear partial differential equation to understand many kind of waves. The

KdV equation describes the characteristics of waves propagating in a nonlinear disper-

sive medium. The general one-dimensional form of KdV equation can be expressed in

the following form as

∂u

∂t
+ a1u

∂u

∂x
+ b1

∂3u

∂x3
= 0 (1.48)

Where a1 and b1 are constants known as nonlinear and dispersion coeffi cients, respec-

tively. In the classical form, these coeffi cient are written as a1 = 6 and b1 = 1. The

second term in Eq. (1.48) is the nonlinear term and it can be seen that this nonlinear

term together with the first term represent the convective derivative as described in

equation of motion i.e., Eq. (1.42). The third term, however, is similar to the term

that appeared in wave equation (1.37) which represents the dispersion of a wave. A

remarkable property of the KdV equation is that the opposite effects caused by dis-

persion (wave spreading) and nonlinearity (wave breaking) balance each other allowing

for the existence of localized traveling wave solutions that propagate without changing

form. The dispersive term has a fundamental importance and if this term is not con-

sidered in Eq. (1.48), then nonlinearity would lead the peak amplitude to steepening

and wave breaking. This steepening of the peak amplitude is limited by the presence

of dispersive term leading to a constant profile of soliton.

After the derivation of KdV equation in 1895 by Korteweg and de Vries to demon-

strate shallow water waves, this equation was rediscovered for nonlinear hydrodynamic

waves in a cold magnetized plasma by Gardner and Morikawa [87]. Soon, by using

the technique of multi-scale perturbation known as reductive perturbation technique

was applied by Washimi and Taniuti [88] to derive the KdV equation for ion acoustic
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waves.

A single soliton solution of Eq. (1.48) can be found by considering that a stationary

solution can exist in a frame of reference which moves at velocity λ. In this case, the

steps involved to find the solution of Eq. (1.48) are

a) Starting with assumption of stationary frame i.e., u(x, t) = u(ξ) with ξ = x−λt,

and converting Eq. (1.48) into an ordinary differential equation.

b) Integrating this ordinary differential equation once and evaluating the constant

of integration by using the boundary conditions i.e., for ξ → ±∞, u(ξ) and du(ξ)/dξ →

0.

c) Then changing the variables and integrating to find one soliton solution of the

KdV equation.

The solution of KdV equation falls into the category of the profiles related to sech2

family, which represents a bell shaped curve propagating at velocity λ along x−axis

without any change in its form and remain stable against disturbances. It has been

observed that taller and narrower solitary waves propagate with higher speeds than

that of shorter and wider.

1.7.2 Kadomtsev—Petviashvili (KP) Equation

One-dimensional nonlinear waves in a medium with weak dispersion are governed by

the KdV equation and its soliton solution is stable. However, question arises in the case

of two-dimensional soliton: whether its stability is conserved, when the amplitude and

phase of the soliton are slowly varying functions of the perpendicular (to the soliton’s

propagation) coordinate. The answer to this question was first found by Kadomtsev

and Petviashvili [89] in 1970, and derived an equation known as Kadomstev-Petviashvili

(KP) equation, which can be expressed in two-dimensional form as

∂

∂x

(
∂u

∂t
+ 6u

∂u

∂x
+ β1

∂3u

∂x3

)
+ 3σ2∂

2u

∂y2
= 0 (1.49)

Where σ2 = +1, −1 corresponds to the positive and negative dispersion, respectively.

The dispersion of a medium is negative when there is a decrease in the phase velocity
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of linear waves with an increase in the wave number. Eq. (1.49) can be used for

medium with positive as well as negative dispersion. The equation is referred as KPI

and KPII for σ2 = −1 and +1, respectively. For all other real values of σ2, it can be

rescaled to one of these two cases. The equation referenced with only KP implies that

it is independent of the sign of dispersion. The two-dimensional KP equation (1.49)

is written in a reference frame moving along the x−axis and can be easily generalized

to three-dimensional case by adding an extra perpendicular component i.e., ∂2/∂z2,

to the last term. Like the KdV equation, the KP equation is completely integrable

Hamiltonian system and due to this property, an infinite series of conservation laws

can be constructed for this equation.

There is a wide class of exact solutions for the KP equation including solutions

in the form of cnoidal waves as well as soliton solutions. The soliton solutions, even,

exist in different classes for KP equation. One class of these soliton solution is the

generalization of solitons of the KdV equation that exponentially decay as x, y → ±∞,

and are known as line solitons. Selecting the appropriate parameters, the direction of

propagation of line soliton can be considered in any direction other than the y−axis.

It is also possible that the interaction of two line solitons can merge to generate a

single line soliton and, alternatively, a single line soliton can be disintegrated into

two line solitons. This process of generation and annihilation of a single soliton line

is known as soliton resonance which occurs only for KPII equation and are stable

solitons. On the other hand, the single line soliton of KPI equation are unstable. The

other class of soliton solutions is related only to KPI equation which decays in all

directions algebrically as
√
x2 + y2 →∞. These soliton solutions are known as lumps

and are unstable.

The KP equation has been extensively applied to model the surface waves in shallow

water and ion acoustic waves in plasmas. It has also been studied as a reduced model

in ferromagnetics and also for magneto-elastic waves in antiferromangetic materials

[90] as well as in Bose-Einstein condensation and string theory. This equation is still

used as a classical model in different fields of physics and for the development of new

mathematical techniques.
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1.7.3 Burgers Equation

The Burgers equation is obtained when nonlinear wave motion is combined with lin-

ear diffusion and this equation corresponds to the simplest model for the analysis of

combined effect of nonlinearity and diffusion. The well-known one-dimensional heat

equation is given by

∂u

∂t
− v∂

2u

∂x2
= 0 for v > 0 (1.50)

In the above heat equation, the diffusion term is represented by v∂2u/∂x2 with v

representing the diffusion coeffi cient. For any type of intial conditions, this diffusion

term is responsible to smooth out the initial profile. When this diffusion term is

combined with a nonlinear term, then it can be written in the following form

∂u

∂t
+ u

∂u

∂x
− v∂

2u

∂x2
= 0 (1.51)

Eq. (1.51) is known as the Burgers equation, which can be interpreted as an equation for

the wave propagation in a dispersionless, nonlinear diffusive medium. In the absence

of nonlinear term, the linear dispersion relation for above equation is complex i.e.,

ω = −ik2v. The negative sign shows that the wave decays exponentially for any real

value of k (k 6= 0) and this decay exhibited is usually called dissipation. Also the

group velocity is double to the phase velocity i.e., Vg = 2Vp. Burgers equation is

one the most celebrated equation and being a nonlinear partial differential equation

representing various physical problems arising in the field of physics. An additional

feature is added to Burgers equation due to the simultaneous presence of nonlinearity

and diffusion. When the diffusion coeffi cient v approaches zero, the Eq. (1.51) is the

inviscous Burgers equation representing a model for nonlinear wave propagation. When

the nonlinear term approaches zero, then it simply respresents the heat equation.

An English mathematician, Harry Bateman [91] introduced Eq. (1.51) in 1915,

along with its corresponding intial and boundary conditions. Later, a Dutch physicist

Johannas Martinus Burgers in 1948, used Eq. (1.51) to explain the mathematical

modeling of turbulence [92] which became one of the leading figures in the field of
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fluid mechanics and the equation is given the name as Burgers equation to honour

his contributions. After its introduction, the famous Hopf-Cole transformation was

presented individually by Ederhard Hopf [93] and Julian David Cole [94], and found

the exact solution of Burgers equation for an arbitrary initial condition.

The solution of Burgers equation is known to be a shock structure. In the absence of

diffusion, the solution of Eq. (1.51) would allow shocks to be formed which eventually

break. The presence of the diffusion term prevents the wave distortion and its breaking

by countering the nonlinearity and as a result there is balance between the nonlinearity

and diffusion which gives rise to shock structures. The diffusion coeffi cient v signif-

icantly affects the shock waveform. The Burgers equation may be used to illustrate

different phenomena such as nonlinear wave propagation, longitudnal elastic waves in

isotropic solids, turbulance, gas dynamics, shock wave theory etc. This fundamental

nonlinear equation is widely used in the field of plasma physics to study the nonlin-

ear phenomena of different modes in the presence of some dissipation processes. The

very well-known dissipation processes in plasma are the magnetic viscocity, kinematic

viscocity, collisions etc.

1.7.4 Zakharov-Kuznetsov (ZK) Equation

It is well-known that solitons related to KdV class are stable and propagate

without distortion in their shape. The Zakharov-Kuznetsov (ZK) equation is the

well-known canonical multi-dimensional extension of the KdV equation. This equa-

tion is an isotropic nonlinear evolution equation which is well-suited to describe the

nonlinear propagation of electrostatic waves in magnetized plasmas. The general

form of three-dimensional ZK equation can be written in the following form

∂u

∂t
+ a2u

∂u

∂x
+ b2

∂3u

∂x3
+ d2

∂

∂x

(
∂2u

∂2y
+
∂2u

∂z2

)
= 0 (1.52)

Here a2 is the nonlinear coeffi cient while b2 and d2 are dispersive coeffi cients. This

equation was first introduced by Zakharov and Kuznetsov [95] in 1974 to describe

the three dimensional ion acoustic solitons in low-pressure magnetized plasma. They
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deduced that three dimensional ion acoustic solitons propagate in the direction of

magnetic field which decrease in all directions. After its introduction, the ZK equation

has been derived in different plasma models to describe the nonlinear propagation of ion

acoustic waves. A kinetic treatment for the derivation of generalized ZK equation has

been carried out to describe the ion acoustic turbulance in a magnetized plasma [96].

Recently, the rigorous derivation of ZK equation in a uniformly magnetized plasma is

demonstrated by Lannes et al. [97]. This equation determines the dynamics of weakly

nonlinear ion acoustic waves in magnetized plasmas. After the introduction, extensive

studies have been performed to investigate different aspects of ZK equation and its

generalization. It has been used in different areas of physics, engineering and specially

in plasma physics and also has been considered an attractive tool to study vortical

motions in geophysical flows.

In constrast to KdV and KP equations, the ZK equation is not completely inte-

grable and possesses a hamiltonian structure. This problem of non-integrability arises

due to the fact that ZK equation possesses two invariants. The two invariants, the

Cauchy problem and the well-posedness results for the 3D-ZK equaiton have been dis-

cussed in Refs. [98, 99, 100]. The ZK equation is also not integrable by the inverse

scattering transform method [101]. Also, it has been shown that ZK equation does

not pass the Painlevé test and it is not Painlevé-integrable [102]. However, several

techniques have been proposed to find the exact traveling wave soliton solution of ZK

equation. The physical picture of solitons obtained through ZK equation is very inter-

esting and attractive. In plasma physics, since it governs the low frequency electrostatic

solitons propagating in a direction parallel to external magnetic field accompanied by

the perpendicular components. The perpendicular components interact with the par-

allel propagating solitons and decrease their energy. Thus, these solitons, unlike the

KdV solitons, are not stable. So, the stability analysis is carried out for these type

of solitons. The stability of soliton solution of the ZK equation in the limit of long

wavelength approximation have been investigated by several authors [103, 104, 105].
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Chapter 2

Dust Ion Acoustic Waves in Four Component Magnetized

Dusty plasma with Effect of SlowRotation and Superthermal

Electrons

2.1 Introduction

In the past two decades, the study of dusty plasmas is one of the intense research area

in the field of plasma physics due to its wide occurrence and possible applications.

This type of plasma exists abundantly in nature from astrophysical to space regions

such as interstellar medium, planetary rings, earth’s magnetosphere, cometary tails etc

[8, 18, 106, 107]. Also, dusty plasmas have gained interest experimentally and being

generated at laboratory level [108, 109]. The charged dust particles present in high

number density give rise to some collective phenomena in these plasmas making its be-

havior very complex and for this reason, these are known as complex plasmas. In earlier

stages, it was believed that the dust particles acquire negative charge due to their inter-

action with energetic particles (i.e., electrons with high thermal velocities). Therefore,

most of the investigations were carried out in dusty plasmas consisting of three charged

particles i.e., electrons, ions and negatively charged dust particles. Later, other charg-

ing mechanisms were found through which dust particles can acquire positive charge.

These mechanisms include the process of photoemission through the ultraviolet pho-

tons [10], secondary electron emission from the dust surface [7] and radiative heating

that causes thermal emission [11]. It is also observed that both negatively and posi-
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tively charged dust particles exist simultaneously in plasmas relevant to laboratory [12]

or space surroundings [7, 13]. On these observational grounds of coexistence of both

types of charged dusts, Mamun and Shukla used the model of four component dusty

plasma containing oppositely charged dust particles, ions and electrons and theoreti-

cally investigated the characteristics of electrostatic waves in both linear and nonlinear

regimes [110].

Plasmas containing the opposite polarity charged dust particles behave quite differ-

ently in comparison to other plasmas and the main feature involved in, is the ratio of

size of positive to negative dust particles. It is observed that the charging mechanism

of dust particles depends on this size ratio which can be greater or less than unity and

even in some cases it is equal to unity. Chow et al. [7] investigated theoretically this

effect of size ratio on charging the dust particles and showed that when the size ratio

of positive to negative dust is smaller than one, then the dust particels with larger size

are negatively charged while those of smaller size are positively charged. Mendis and

Rosenberg [8] and Zhao et al. [111] predicted the opposite scenario i.e., the positive

charge is acquired by the larger size dust particles and negative charge by the smaller

ones.

In different electrostatic modes existing in dusty plasmas, the dust ion acoustic

waves (DIAW) are the most extensively studied electrostatic mode in three component

dusty plasma (in present work, three component dusty plasma refers to a plasma with

dust particles charged negatively, singly charged positive ions and electrons). Shukla

and Silin [15] were the first to predict this electrostatic mode theoretically in a three

component dusty plasma with the assumption of no external magnetic field and colli-

sions. Few years later, the experimental observations of DIAW have been carried out

at laboratory level [112, 113]. Along with linear characteristics, the nonlinear effects

are also important to investigate the large amplitude waves propagating in dusty plas-

mas. Localized field structures like the solitary and shock waves as well as vortices

are formed in dusty plasmas due to the excitation of waves having large amplitudes.

The presence of nonlinear localized structures in saturn’s rings were first observed by

Bliokh and Yaroshenko [106] in 1985. The characteristics of nonlinear waves in dusty
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plasmas were carried out in different research works [14, 108]. Several theoretical mod-

els have been introduced to examine the formation of different nonlinear waves in three

component dusty plasmas. In these nonlinear waves, the dust ion acoustic solitary

structures have been studied on the basis of two methods i.e., Sagdeev pseudopotential

method and reductive perturbation technique. The former one is applied to investigate

arbitrary amplitude solitary waves and the later one is used for small and finite ampli-

tude nonlinear waves. The dust ion acoustic solitary waves with large amplitudes have

been investigated by Baruthram and Shukla [114] where they have assumed two cases

(i) dust particles considered fixed in the background and (ii) dust particles assumed

dynamical with ions.

It is also important to mention here, that there are two models used to describe the

characteristics of DIAW which are single-fluid (or one fluid) model and multi-fluid (or

two fluid) model. Single fluid model is mostly followed in theoretical investigations of

DIAW, where the dynamics are taken for the ions with fixed background of charged dust

particles. In single-fluid model, usually the background dust particles are considered

much heavier and large so that there is much weaker coupling of ion and dust modes.

In multi-fluid model, the dynamics of charged dust particles are also considered along

with inertial ions. It has been observed that dust particles with different charges and

variable sizes i.e., from smaller to larger, exist in plasmas related to astrophysical and

space environments. When the ratio of dust mass to the ion mass lies in the range

103 − 104, then there exists a strong coupling between the dust and ion modes and

dynamics of dust particles are considered as well as those of ions. The concept of two

fluid model has been adopted in different works [115, 116, 117] to explore the linear

and nonlinear dynamics of DIAW. The study of small amplitude as well as arbitrary

amplitude dust ion acoustic solitary waves have been carried out by Baluku et al. [118]

using the two fluid model. Recently, this model has been adopted by Ahmad et al.

[119] for DIAW in a dusty plasma with opposite polarity charged dust particles.

Almost all systems treated in statistical mechanics with the Boltzmann-Gibbs (B-G)

statistics have usually been extensive, this property holds for systems with short-range

interparticle forces. However, dealing with systems exhibiting long-rang interparti-
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cle forces such as Newtonian gravitational forces and Coulomb electric forces, where

nonextensivity holds, the BG statistics may need to be generalized for their statistical

description. The possible generalization of BG statistics for nonextensive systems is

well described by q−nonextensive distribution function. Plasma systems might offer

the best framework for searching into the nonextensive effects because the long-range

interactions between particles play a fundamental role in determining the properties of

such systems. In the last few years, the DIAW have been investigated with electrons

following the non-Maxwellian distribution of charged particles. Bacha et al. [120] have

examined the dust ion acoustic soliton structures in an unmagnetized dusty plasma con-

sisting of nonthermal electrons following the q−nonextensive distribution, where it was

found that both compressive and rarefactive dust ion acoustic solitons can propagate

in the considered plasma model. Eltantawy et al. [121] have investigated the nonlin-

ear ion acoustic solitary structures in four component dusty plasma in the presence of

superthermal electrons and positrons. Assuming the negatively charged dust particles

in the background, Pakzad et al. [122] have derived the growth rate and modulational

instability for DIAW in three component dusty plasma. The solitary and shock struc-

tures of DIAW have been predicted theoretically by Hadjaz and Tribeche [123], where

charged dust particles are considered stationary along with isotropic-trapped electron

distribution known as vortex-like (or Schamel) distribution. In e-p-i plasma with the

presence of dust particles highly charged negatively, Saini et al. [124] have carried

out the consequences of different parameters on the large amplitude dust ion acoustic

solitary waves as well as the double layers.

The slow rotation even with smaller magnitude in astrophysical environments has

been observed [125, 126, 127] and has shown dominant and effective impacts. Sub-

sequently, based on such observations, studies have been conducted in linear wave

propagation to show the interaction of Coriolis force [128, 129]. A major outcome of

these studies is that the Coriolis force generated from rotation has an effective domi-

nant role in plasma waves. Further an interesting fact that has come to light is that

the Coriolis force has a tendency to produce an equivalent magnetic field effect as and

when the ionized medium rotates [130]. The magnetic field effect felt by charged dust
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particle is different for that of ion in the presence of Coriolis force when the plasma

is rotating. In the presence of Coriolis force, with respect to rotating frame of refer-

ence, dust grains and ions feel different equivalent magnetic fields i.e., B±2Ω0

mdj

ezdj
and

B + 2Ω0
mi

e
, respectively. Here, Ω0 is the rotational frequency, mdj is the dust mass

and zdj is the number of charges on j
th species of dust particle (with j = +, − for

positively and negatively charged dust particles, respectively), and e is the elementary

electronic charge. The existence of Coriolis force in multi-component plasma has been

studied in several works [131, 132, 133] with the assumption of slow rotation of plasma

system. Das and Nag have examined the effect of Coriolis force on the propagation

dynamics of ion acoustic solitons in electron-ion [130] and dusty plasma models [134].

Recently, the dust ion acoustic solitons and double layers have been examined by Saini

et al. [135] with superthermal and rotational effects in a dusty plasma that consists

of negatively charged dusts, ions, electrons and positrons. In this chapter, the linear

and nonlinear dynamics of DIAW are investigated by using the one fluid and two fluid

approaches in a dusty plasma containing the oppositely charged dust particles, ions

and superthermal electrons under the effect of slow rotation.

2.2 Basic Formulation

Consider a dusty plasma which is composed of four charged species i.e., positively and

negatively charged dust particles, positive ions, and electrons. The direction of applied

magnetic field is taken along the z−axis such that B = B0ẑ with B0 representing its

magnitude. The slow rotation of plasma is considered parallel to the applied magnetic

field in such away that the second and high order terms of rotational frequency Ω0

are not taken into consideration and the system can be studied under the influence of

Coriolis force. At equilibrium, the plasma is assumed to be quasi-neutral which can

be written as ne0 + zd−nd0− = ni0 + zd+nd0+ with nd0+ , nd0− , ni0 and ne0 represent

the equilibrium number densities of positive dust, negative dust, ion and electron,

respectively. The relation of quasi-neutrality can also be expressed in rational form

(dimensionless) of number densities as
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δe = 1− δd− + δd+, (2.1)

where δe = ne0/ni0, δd− =
zd−nd0−
ni0

and δd+ =
zd+nd0+
ni0

. Here, zd+ and zd− are the charge

numbers residing on positive and negative dust particles, respectively. In a rotating

frame of reference, the equation of motion for ions and dust particles in normalized

form are given as

∂ui
∂t

+ (ui ·∇)ui = −αi∇φ+ Ωci (ui × ẑ) f − γiσiα1

ni
∇ni (2.2)

and

∂udj
∂t

+
(
udj ·∇

)
udj = ∓αd

zdj
Mdj

∇φ± Ωcdj

(
udj × ẑ

)
f̄ (2.3)

Here, the number density of ions ni is normalized by its equilibrium number density ni0

while ui and udj are the normalized velocities of ions and dust particles, respectively.

The ion velocity ui is normalized by modified ion acoustic speed Cs1 (acoustic speed in

one fluid approach) and the jth species dust velocity udj is normalized by Cs2(acoustic

speed in two fluid approach). The derivation of Cs1 and Cs2 is provided in Appendix.

A. It is important to mention here, that the normalization performed in this chapter

is being adopted from procedure presented in Ref. [136]. The parameter φ is electro-

static potential normalized by KBTe/e, Ωci(= ωci
ωp1
) is the dimensionless ion cyclotron

frequency and Ωcdj (=
ωcdj
ωp2
) are the dimensionless jth species dust cyclotron frequency

with ωci = eB0
mi
and ωcdj =

ezdjB0

mdj
. The plasma frequencies ωp1(for one fluid approach)

and ωp2 (for two fluid approach) are derived in Appendix. A. The time variable for ions

is normalized by ω−1
p1
and for dust by ω−1

p2
, while the space variable for both is normal-

ized by Debye length λD
(

=
√
ε0KBTe/e2ni0

)
. The temperature ratio is represented

by σi(=Ti/Te) and the mass ratio by Mdj(= mdj/mi) while the equivalent magnetic

fields for ion and dust particle in the presence of Coriolis force are f (= 1 + 2Ω0) and

f̄ (= β1 ± 2Ω0

Mdj

zdj
) with rotational frequency Ω0 normalized by ωci and β1 = +1,−1

for positive and negative dusts, respectively. The parameters αi and αd (derived in

Appendix. A) are given as
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αi = (1− βc)(1 + δd+ − δd−)

αd =

(
md+md−(1− βc)(1 + δd+ − δd−)

md+md− + zd+δd+md−mi + zd−δd−md+mi

) 1
2

Energetic electrons distributions are also observed in the different regions of the mag-

netosphere. The ion acoustic solitary structures observed by the FREJA satellite [62]

have been studied by Cairns et al. [67], where they assumed nonthermal distribution

of electrons. It was shown that solitons with both positive and negative density pertur-

bations could exist. By following their work, here in this case, the effect of nonthermal

electron distribution on the linear and nonlinear DIAW has been carried out. It is

expected that the inclusion of nonthermal electrons will change the properties as well

as the regime of existence of solitons. The Cairns nonthermal distribution function is

given by Eq. (1.26) in chapter 1. In the presence of potential, u2/u2
th is replaced by

u2/u2
th − 2φ in Eq. (1.26) and integrating over the velocity distribution, the number

density for electrons can be obtained as

ne =
(
1− βcφ+ βcφ

2
)

exp[φ] (2.4)

Where ne represents the electron number density in perturbed state which is normalized

by ne0 and the parameter βc = 4α
1+3α

defines the strength of nonthermal electrons. In

the present work, the values for βc is taken in the range 0 − 0.6 as considered in Ref.

[137]. First, the one fluid model (where dust is considered static in the background)

is followed for the considered plasma model to investigate the dynamics of DIAW, and

then the two fluid model (where dust is assumed inertial with ions) is followed.

2.3 One Fluid Model

Here, in this case, ions are inertial while the positively and negatively charged dust

particles form a static background. The dynamics of plasma are considered in three

dimensional form (∇ = ∂
∂x
, ∂
∂y
, ∂
∂z
), and rotational frame of reference is taken, then the
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set of fluid equations describing the propagation of DIAW can be expressed as

∂ni
∂t

+
∂

∂x
(niuix) +

∂

∂y
(niuiy) +

∂

∂z
(niuiz) = 0 (2.5)

∂uix
∂t

+ uix
∂uix
∂x

+ uiy
∂uix
∂y

+ uiz
∂uix
∂z

= −α1
∂φ

∂x
+ fΩciuiy (2.6)

∂uiy
∂t

+ uix
∂uiy
∂x

+ uiy
∂uiy
∂y

+ uiz
∂uiy
∂z

= −α1
∂φ

∂y
− fΩcivix (2.7)

∂uiz
∂t

+ uix
∂uiz
∂x

+ uiy
∂uiz
∂y

+ uiz
∂uiz
∂z

= −α1
∂φ

∂z
(2.8)

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
φ = δene − ni + δd− − δd+ (2.9)

The components of ui corresponding to their respective direction are represented with

subscripts x, y and z. Using the quasi-neutrality condition (2.1) and the number density

of nonthermal electrons (2.4) in Poisson’s equation (2.9), then it can be written as

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
φ = δe + αiφ+ αeφ

2 − ni + δd− − δd+ (2.10)

Where αi = δe (1− βc) and αe = 1
2
δe. Assuming the perturbed variables in sinusoidal

form i.e., ei(k.r−ωt) (with ω representing the frequency of perturbations and wave vector

in its component as k2 = k2
x + k2

y + k2
z) and linearizing Eqs. (2.5)-(2.8) and (2.10), the

linear dispersion relation of DIAW in four component dusty plasma under the effect of

Coriolis force can be obtained as

ω4 − ω2
(
f 2Ω2

ci + µ2
c

)
+ (fµcΩci)

2 −
(

αik
2
⊥

k2 + αi

)
f 2Ω2

ci = 0, (2.11)

where µ2
c = αik

2

k2+αi
, and k2

⊥ = k2
x + k2

y , k
2
‖ = k2

z are the perpendicular and parallel

components of wave vector, respectively. Eq. (2.11) representing the dispersion relation

of DIAW can also be rearranged in the following form
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ω2
± =

1

2

µ2
c + f 2Ω2

ci ±

√
(µ2

c − f 2Ω2
ci)

2
+

4αik2
⊥f

2Ω2
ci

k2 + αi

 (2.12)

2.3.1 Analysis of Dispersion Relation (2.12)

The dispersion relation (2.12) gives two propagation modes i.e., ω with positive sign

is the cyclotron mode and ω with negative sign is the acoustic mode. In both cases,

the dispersion relation depends on different parameters like the rotational frequency

Ω0, nonthermal parameter βc and unperturbed number density of dust particles δe(=

1 − δd− + δd+). It can be seen from Eq. (2.12), that magnetic field effects emerge in

the cyclotron frequency Ωci. Eq. (2.12) in its dimensional form can be written as

ω2
± =

1

2

 αik
2C2

s1

k2λ2
D + αi

+ (ωci + 2Ω0)2 ±

√√√√√√√√
(
αik

2C2s1
k2λ2D+αi

− (ωci + 2Ω0)2
)2

+
4αik

2
⊥C

2
s1(ωci+2Ω0)2

k2λ2D+αi

 (2.13)

Where Cs1(=
√

KBTe
mi

1
αi
) ion sound speed modified by the presence of nonthermal elec-

trons. If only the parallel mode of propagation is considered that is k⊥ → 0, then Eq.

(2.13) takes the following form

ω2
+ =

k2
‖C

2
si

k2
‖λ

2
D + (1− βc)(1 + δd+ − δd−)

, (2.14)

ω− = (ωci + 2Ω0)

It can be seen that the group velocity of positive mode (ω+) is not zero i.e., ∂ω+/∂k 6= 0,

and the mode is dispersive. While the negative mode has zero group velocity i.e.,

∂ω−/∂k = 0, and is a non-dispersive or non-propagating mode and is neglected. It can

be seen from Eq. (2.14) that rotational frequency doesnot appear in the parallel mode

of propagation. Considering the electron distribution to be Maxwellian i.e., βc = 0,

the parallel propagating mode is reduced to the dispersion relation of DIAW in four

component unmagnetized plasma as
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ω+ =
k‖Csi√

k2
‖λ

2
D + (1 + δd+ − δd−)

(2.15)

Neglecting the dust particles (δd− = δd+ = 0), Eq. (2.15) can easily be reduced to

the phase velocity of ion acoustic mode in a typical two component plasma i.e., ω
k

=

Csi√
1+k2‖λ

2
D

. If only perpendicular propagation is considered i.e., k‖ → 0, the dispersion

relation (2.13) then takes the following form

ω2
+ =

k2
⊥C

2
si

k2
⊥λ

2
D + (1− βc)(1 + δd+ − δd−)

+ (ωci + 2Ω0)2 (2.16)

It can be observed from the above equation, that the perpendicular mode depends

on rotational frequency Ω0. Neglecting the rotational frequency and assuming the

Maxwellian electrons, then Eq. (2.16) can be expressed as

ω2
+ =

k2
⊥C

2
si

k2
⊥λ

2
D + (1 + δd+ − δd−)

+ ω2
ci (2.17)

This relation represents the phase velocity of ion cyclotron mode in four component

magnetized dusty plasma as given in Ref. [119]. If dust concentration is neglected,

then Eq. (2.17) represents the ion cyclotron mode in usual two component plasma i.e.,

ω2
+ =

k2⊥C
2
si

1+k2⊥λ
2
D

+ ω2
ci.

2.3.2 Derivation of ZK-Equation

For the nonlinear dynamics of DIAW in magnetized dusty plasma with opposite po-

larity charged dust particles under the effect of rotation and nonthermal electrons,

the nonlinear evolution equation in the form of ZK-equation is derived through the

reductive perturbation technique. The stretched coordinates are introduced as

ξ = ε1/2x,

η = ε1/2y,

ζ = ε1/2(z − λ0t)

τ = ε3/2t


(2.18)

65



Where ε represents the nonlinearity strength and λ0 is normalized (by Cs1) phase speed

of dust ion acoustic waves. The expansion of the perturbed variables in powers of ε is

given as

ni = 1 + εni1 + ε2ni2 + .....

uix = ε3/2uix1 + ε2uix2 + .....

uiy = ε3/2uiy1 + ε2uiy2 + .....

uiz = εuiz1 + ε2uiz2 + .....

φ = εφ1 + ε2φ2 + .....


(2.19)

Using Eqs. (2.18) and (2.19) in the basic equations of fluid i.e., Eqs. (2.5)-(2.8) and

Eq. (2.10), a set of equations in different powers of ε are obtained. Comparing the

lowest order of ε, the first order variables are obtained as

λ0ni1 = uiz1 (2.20)

uiy1 =
αi
fΩci

∂φ1

∂ξ
(2.21)

uix1 = − αi
fΩci

∂φ1

∂η
(2.22)

uiz1 =
αiφ1

λ0

(2.23)

ni1 =
c1φ1

λ2
0

(2.24)

αiφ1 = ni1 (2.25)

The phase speed for DIAW can be obtained by the comparison of Eq. (2.24) and Eq.

(2.25)
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λ2
0 = 1 (2.26)

To find the effects of nonthermality on the phase speed of DIAW, Eq. (2.26) in dimen-

sional form can be written as

λ0 =
Csi

(1− βc)(1 + δd+ − δd−)
(2.27)

The phase speed of DIAW modified by the nonthermal electrons can be observed from

Eq. (2.27), which also shows the dependence of phase speed on opposite polarity dust

particles. By the comparison of next order of ε, the second order perpendicular velocity

components can be obtained as

uiy2 = −αiλ0

fΩci

∂uix1
∂ζ

(2.28)

uix2 =
αiλ0

fΩci

∂uiy1
∂ζ

(2.29)

Comparison of higher order of ε gives equations in the following form

∂ni1
∂τ
− λ0

∂ni2
∂ζ

+
∂uix2
∂ξ

+
∂uiy2
∂η

+
∂uiz2
∂ζ

+
∂ni1uiz1
∂ζ

= 0 (2.30)

∂uiz1
∂τ
− λ0

∂uiz2
∂ζ

+ uiz1
∂uiz1
∂ζ

+ αi
∂φ1

∂ζ
= 0 (2.31)

Comparison of ε2 order from Eq. (2.10) gives

(
∂2

∂ξ2 +
∂2

∂η2
+

∂2

∂ζ2

)
φ1 = c1φ2 + c2φ

2
1 − ni2 (2.32)

To get a nonlinear equation which describes the nonlinear dynamics of small but finite

amplitude DIAW in four component magneto-rotating dusty plasma, the second order

variables in Eqs. (2.28)-(2.32) are eliminated with the application of Eqs. (2.20)-(2.25),

then ZK equation in the following form is obtained
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∂φ1

∂τ
+ A1

∂φ2
1

∂ζ
+B1

∂3φ1

∂ζ3 +D1
∂

∂ζ

(
∂2φ1

∂ξ2 +
∂2φ1

∂η2

)
= 0 (2.33)

The coeffi cients A1, B1 and D1 are given as

A1 =
1

2αi

(
3α2

i

2λ0

− αe
)

(2.34)

B1 =
λ3

0

2αi
and D1 =

λ3
0

2αi

(
1 +

αi
f 2Ω2

ci

)
(2.35)

2.3.3 Solution of ZK Equation

To find the solution of ZK equation (2.33) in stationary form, a variable χ, repre

senting transformed coordinate corresponding to a moving frame having velocity u0

(normalized by Cs1), is introduced as

χ = Pξ +Qη + Sζ − u0τ (2.36)

Where P is the directional cosine along x-axis for k, Q is along y-axis and S is along

z-axis, and are given as P 2 + Q2 + S2 = 1. Integration of Eq. (2.33) with respect to

the transformed coordinate χ and applying the boundary condition φ1,
dφ1
dχ
and d2φ1

dχ2
all

are zero when |χ| → ∞, then an ordinary differential equation can be obtained as

− u0φ1 + A1Sφ
2
1 +

(
B1S

2 +D1P
2 +D1Q

2
)
S
d2φ1

dχ2
= 0 (2.37)

By following the sine-cosine algorithm [101], the exact soliton solution of Eq. (2.37)

for u0 > 0 can be expressed as

φ1(χ) = φp sech2
( χ
W

)
(2.38)

Where φp and W are the peak amplitude and width of the soliton, and are given as

φp =
3u0

A1S
(2.39)
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L = 2

√
B1S2 +D1(P 2 +Q2)

u0/S
(2.40)

2.4 Two Fluid Model

Here, the dynamics of DIAW in the same plasma model are considered by taking

the inertial effects of cold opposite polarity dust particles along with hot inertial ions

and nonthermal electrons. In this case, the basic set of fluid equations describing the

propagation characteristics of DIAW in three dimensional form are given as

∂ni
∂t

+
∂

∂x
(niuix) +

∂

∂y
(niuiy) +

∂

∂z
(niuiz) = 0 (2.41)

∂uix
∂t

+ uix
∂uix
∂x

+ uiy
∂uix
∂y

+ uiz
∂uix
∂z

= −αi
∂φ

∂x
+ fΩciuiy −

γiσiαi
ni

∂ni
∂x

(2.42)

∂uiy
∂t

+ uix
∂uiy
∂x

+ uiy
∂uiy
∂y

+ uiz
∂uiy
∂z

= −αi
∂φ

∂y
− fΩciuix −

γiσiαi
ni

∂ni
∂y

(2.43)

∂uiz
∂t

+ uix
∂uiz
∂x

+ uiy
∂uiz
∂y

+ uiz
∂uiz
∂z

= −αi
∂φ

∂z
− γiσiαi

ni

∂ni
∂z

(2.44)

∂ndj
∂t

+
∂

∂x
(ndjudxj) +

∂

∂y
(ndjudyj) +

∂

∂z
(ndjudzj) = 0 (2.45)

∂udxj
∂t

+ udxj
∂udxj
∂x

+ udyj
∂udxj
∂y

+ vdzj
∂udxj
∂z

= ∓αd
zdj
Mdj

∂φ

∂x
± f̄ Ωcdjudyj (2.46)

∂udyj
∂t

+ udxj
∂udyj
∂x

+ udyj
∂udyj
∂y

+ udzj
∂udyj
∂z

= ∓αd
zdj
Mdj

∂φ

∂y
∓ f̄ Ωcdjudxj (2.47)
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∂udzj
∂t

+ udxj
∂udzj
∂x

+ udyj
∂udzj
∂y

+ udzj
∂udzj
∂z

= ∓αd
Zdj
Mdj

∂φ

∂z
(2.48)

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
φ = δe + αiφ+ αeφ

2 − ni + δd−nd− − δd+nd+ (2.49)

The number density and velocity of jth species dust particles is represented by ndj

(normalized by its unperturbed number density) and udj , respectively with x, y, and

z representing its components along its respective directions. For the linear analysis,

the sinusoidal perturbations are assumed for all perturbed variables and applying the

process of linearization for Eqs. (2.41)-(2.49), the dispersion relation for DIAW in this

case, can be obtained as

ω10 − ω8 [H1 +H2 +H3 − κH4] + ω6
[
f̄ 4Ω2

cd+
Ω2
cd− + (H2 +H3)H1 + (H5 +H6f

2Ω2
ci)
]

+H3H4(H1 +H2 −H7)− ω4
[
(H2 +H3)f̄ 4Ω2

cd+
Ω2
cd− + (H5 +H6f

2Ω2
ci)H1

]
−H3H4(H5 +H1H2 −H2H7 +H8) + ω2

[
(H5 +H6f

2Ω2
ci)f̄

4Ω2
cd+

Ω2
cd−

+H3H4(H1H5 −H5H7 +H1H8)]−H3H4H5H8 = 0 (2.50)

where H1, H2, H3, H4, H5, H6, H7, and H8 are given as

H1 = f̄ 2Ω2
cd+

+ f̄ 2Ω2
cd−

H2 = f 2Ω2
ci + αiγiσik

2

H3 =
αik

2

k2 + αi

H4 =
ω2
pd+ + ω2

pd−

ω2
p2
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H5 = k2
‖f

2Ω2
ciγiσiαi

H6 =
k2
‖

k2 + αi

H7 =
k2
⊥
k2

[
f̄ 2Ω2

cd+
ω2
pd+

+ f̄ 2Ω2
cd−ω

2
pd−

ω2
pd+ + ω2

pd−

]

H8 =
k2
‖ f̄

4Ω2
cd+

Ω2
cd−

k2

2.4.1 Analysis of Dispersion Relation (2.50)

If the dust particles are assumed to be unmagnetized such that Ωcdj << Ωci, then Eq.

(2.50) can be written as

ω6 − ω4(H2 +H3 −H3H4) + ω2(H3 +H5 +H2H3H4) +H3H4H5 = 0 (2.51)

In the absence of dust particles i.e., δd+ = δd− = 0, and taking the electron distribution

to be Maxwellian, then Eq. (2.51) is reduced as

ω4 − ω2

(
f 2Ω2

ci + γiσik
2 +

k2

k2 + 1

)
+ k2

‖f
2Ω2

ciγiσi +
k2
‖f

2Ω2
ci

k2 + 1
= 0 (2.52)

For cold ions, and using k2
‖ = k2 − k2

⊥ in Eq. (2.52), we obtain

ω4 − ω2

(
f 2Ω2

ci +
k2

k2 + 1

)
+
k2f 2Ω2

ci

k2 + 1
− k2

⊥f
2Ω2

ci

k2 + 1
= 0 (2.53)

which has the solution in the following form
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ω2
± =

1

2

( k2

1 + k2
+ f 2Ω2

ci

)
±

√(
k2

1 + k2
− f 2Ω2

ci

)2

+ 4

(
k2
⊥f

2Ω2
ci

1 + k2

) (2.54)

If the rotational frequency is ignored, then the equation (18) of Ref. [119] can be

restored. In dimensional form, Eq. (2.54) can be written as

ω2
± =

1

2

( k2C2
si

1 + k2λ2
D

+ ω2
ci

)
±

√(
k2C2

si

1 + k2λ2
D

− ω2
ci

)2

+ 4

(
k2
⊥C

2
siω

2
ci

1 + k2λ2
D

) (2.55)

Here, again two modes for parallel mode of propagation (i.e., k⊥ = 0) are obtained i.e.,

the one with negative sign (ω2
− = ω2

ci) is the nonpropagating mode and the other with

positive sign is propagating one which is ω+ = k‖Csi/
√

1 + k2
‖λ

2
D, and this propagating

mode represents the phase velocity of ion sound waves in two component (electron-ion)

plasma. While the dispersion relation of ion cyclotron mode in electron-ion plasma can

easily be obtained from Eq. (2.55) for perpendicular propagation.

2.4.2 Derivation of ZK Equation

To derive the nonlinear equation for DIAW in two fluid model, reductive perturbation

technique is followed as used for the one fluid model. In this model, the dust parameters

are extended as

ndj = 1 + εndj1 + ε2ndj2 + .....

udxj = ε3/2udxj1 + ε2udxj2 + .....

udyj = ε3/2udyj1 + ε2udyj2 + .....

udzj = εudzj1 + ε2udzj2 + .....


(2.56)

Now Eqs. (2.41)-(2.49) are extended with use of Eqs. (2.18), (2.19) and (2.56), a

set of equation with different orders of ε are obtained. From these equations, by the

comparison of lowest order in ε, gives the first order variables as
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λ0ni1 = uiz1 (2.57)

ni1 =
αi

λ2
0 − γiσi

φ1 (2.58)

uix1 = − αi
fΩci

∂φ1

∂ξ
− γiσiα

2
i

fΩci(λ
2
0 − γiσi)

∂

∂η
φ1 (2.59)

uiy1 =
αi
fΩci

∂φ1

∂η
+

γiσiα
2
i

fΩci(λ
2
0 − γiσi)

∂

∂ξ
φ1 (2.60)

λ0ndj1 = udzj1 (2.61)

vdxj1 = −
zdj
Mdj

αd
f̄ Ωcdj

∂φ1

∂η
(2.62)

vdyj1 =
zdj
Mdj

αd
f̄ Ωcdj

∂φ1

∂ξ
(2.63)

udzj1 = ±
zdj
Mdj

αd
λ0

φ1 (2.64)

ndj1 = ±
zdj
Mdj

αd

λ2
0

φ1 (2.65)

αiφ1 − ni1 + δd−nd−1 − δd+nd+1 = 0 (2.66)

The phase speed of DIAW for the two fluid model can be obtained by using Eq. (2.58)

and Eq. (2.65) in Eq. (2.66) as

λ0 =

[
1

2

(
1 + αiγiσi +Ndm ±

√
(1 + αiγiσi +Ndm)2 − 4αiγiσiNdm

)]1/2

(2.67)
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Where Ndm =
Nd+zd+αd

Md+
αi

+
Nd−zd−αd
Md−αi

. Eq. (2.67) shows that phase speed in this

case depend on the unperturbed density of both dust particles, inertia of dust (Mdj)

as well as ion, the nonthermal distribution of electrons (αi = (1 − βc)δe) and the

temperature ratio σi. While the rotational frequency doesnot appear in the phase

speed of DIAW. Ignoring the dust concentration, the phase speed can be written as

λ0 = (1 + (1− βc)γiσi)
1/2, and for Maxwellian electrons and cold ions, the phase speed

reduces to that of typical two component plasma i.e., λ0 = 1. The comparison of next

high order of ε, gives the second order variables in the following form

uix2 =

(
αiλ0

f 2Ω2
ci

+
α2
i γiσiλ0

f 2Ω2
ci(λ

2
0 − γiσi)

)
∂2φ1

∂ξ∂ζ
(2.68)

v
(2)
iy =

(
αiλ0

f 2Ω2
ci

+
α2
i γiσiλ0

f 2Ω2
ci(λ

2
0 − γiσi)

)
∂2φ1

∂η∂ζ
(2.69)

v
(2)
dxj = ±αd

zdj
Mdj

λ0

f̄ 2Ω2
cdj

∂2φ1

∂ξ∂ζ
(2.70)

v
(2)
dyj = ±αd

zdj
Mdj

λ0

f̄ 2Ω2
cdj

∂2φ1

∂η∂ζ
(2.71)

(
∂2

∂ξ2 +
∂2

∂η2
+

∂2

∂ζ2

)
φ1 = αiφ2 + αeφ

2
1 − ni2 + δd−nd−2 − δd+nd+2 (2.72)

Comparison of the highest order in ε gives

∂ni2
∂ζ

=
1

λ0

[
∂ni1
∂τ

+
∂uix2

∂ξ
+
∂uiy2

∂η
+
∂uiz2
∂ζ

+
∂ni1uiz1
∂ζ

]
(2.73)

∂uiz2
∂ζ

=
1

λ0

[
∂uiz1
∂τ

+ uiz1
∂uiz1
∂ζ

+ αi
∂φ2

∂ζ
+ αiγiσi

∂ni2
∂ζ
− αiγiσini1

∂ni1
∂ζ

]
(2.74)
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∂ndj2

∂ζ
=

1

λ0

[
∂ndj1

∂τ
+
∂udxj2

∂ξ
+
∂udyj2

∂η
+
∂udzj2

∂ζ
+
∂ndj1udzj1

∂ζ

]
(2.75)

∂udzj2

∂ζ
=

1

λ0

[
∂udzj1

∂τ
+ udzj1

∂udzj1

∂ζ
+
∂φ2

∂ζ
± αd

zdj
Mdj

∂φ2

∂ζ

]
(2.76)

The second order terms ∂n
(2)
i

∂ζ
and

∂n
(2)
dj

∂ζ
can be obtained in first order potential (i.e., φ1)

by using Eqs. (2.57)-(2.65), (2.68)-(2.71), and Eqs. (2.74) and (2.76) in Eqs. (2.73)

and (2.75). These equations then can be used in differentiated (with respect to ζ) form

of Eq. (2.72) to get the following ZK equation

∂φ1

∂τ
+ A2

∂φ2
1

∂ζ
+B2

∂3φ1

∂ζ3 +D2
∂

∂ζ

(
∂2

∂ξ2 +
∂2

∂η2

)
φ1 = 0 (2.77)

Where the coeffi cients A2, B2 and D2 are given in the following form

A2 =
3α2

dz
2
d+
δd+/M

2
d+
λ4

0 − 3α2
dZ

2
d−δd−/M

2
d−λ

4
0 + α2

i

(
3λ2

0 − αiγiσi
)
/
(
λ2

0 − αiγiσi
)3 − 2αe

2αiλ0/
(
λ2

0 − αiγiσi
)2

+ 2αdzd+δd+/Md+λ
3
0 + 2αdzd−δd−/Md−

λ3
0

(2.78)

B2 =
1

2αiλ0/
(
λ2

0 − αiγiσi
)2

+ 2αdzd+δd+/Md+λ
3
0 + 2αdzd−δd−/Md−

λ3
0

(2.79)

D2 =
1 + αiλ

4
0/f

2Ω2
ci

(
λ2

0 − αiγiσi
)2

+ αdzd+δd+/Md+ f̄
2Ω2

cd+
+ αdzd−δd−/Md− f̄

2Ω2
cd−

2αiλ0/
(
λ2

0 − αiγiσi
)2

+ 2αdzd+δd+/Md+λ
3
0 + 2αdzd−δd−/Md−

λ3
0

(2.80)

The soliton solution of the ZK equation (2.77) can be obtained by using the same

method (sine-cosine algorithm) as used in one fluid model, and the solution can be

written as

φ1(χ) = φp sech2
( χ
W

)
(2.81)
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Here, the peak amplitude φp and width of soliton W are given as

φp =
3u0

A2S
(2.82)

W = 2

√
B2S2 +D2(P 2 +Q2)

u0/S
(2.83)

2.5 Stability Analysis

For the stability analysis of soliton solution obtained from ZK equation, the same

procedure is followed, here, as given in [105, 138] and Ref.[119]. The appropriate

scaling is taken as

φ1 → φ0φ́, τ → T0T́ , ξ,η → R⊥ý, ς → R‖ź (2.84)

In Eq. (2.84), the dimensionless quantities are represented with prime sign and the

other quantities are used for scaling which are to be found. Using the scaling procedure

given in Eq. (2.84) in the ZK equation (in any one of the two equations i.e., Eq. (2.33)

or Eq. (2.77)), then the following relation is obtained

∂φ́

∂t́
+
Aφ0t0
R‖

φ́
∂φ́

∂ź
+
Bt0
R3
‖

∂3φ́

∂ź3
+

Dt0
R‖R

2
⊥

∂

∂ź

(
∂2

∂x́2
+

∂2

∂ý2

)
φ́ = 0 (2.85)

Using Aφ0T0
R‖

= BT0
R3‖

= DT0
R‖R

2
⊥

= 1, which gives that R⊥ = R‖

√
D
B
, T0 =

R3‖
B
and φ0 = 2B

R2‖A
,

and taking the axis of Eq. (2.85) as z → x and modification in x and y is performed

accordingly, then canonical form of ZK equation is exactly the same as that of Eq.

(1.1) in Ref.[138] with n→ φ́

∂φ́

∂t́
+ φ́

∂φ́

∂x́
+
∂3φ́

∂x́3
+

∂

∂x́

(
∂2

∂ý2
+

∂2

∂ź2

)
φ́ = 0 (2.86)

which gives the oblique propagation of soliton in the x−direction. Using the perturba-

tion procedure as given in Ref.[138]
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φ́ = ψ + εΦ(x)eikyeγt (2.87)

Where the exact solution of Eq. (2.86) is represented by ψ and γ gives the growth rate.

If γ > 0, then there exists instability. Using Eq. (2.87) in Eq. (2.86) and linearizing in

ε, an eigen value problem (equation (2.3) in Ref. [138]) can be obtained in the following

form

d

dx
R0Φ = −γ sec θΦ + k2dΦ

dx
+ ik tan θ(R0 − k2)Φ = 0 (2.88)

Where the angle between the transverse perturbations and magnetic field is represented

by θ and the parameter L0 = d2

dx2
+ψ−4. With the use of multiple scales and expansion

in Φ(x) and γ in terms of k by considering k << 1, as given in Ref. [138] and performing

some complex manipulation (summary is provided in Appendix. B), it is obtained that

the first order growth rate depends on A1, B1 and D1 for Eq. (2.33) and the second

order growth rate depends on A2, B2 and D2 for Eq. (2.77) and are given as

γ11 =
8k
√
D1B1

3R2
‖

(
8

5
cos2 θ − 1

)1/2

(2.89)

γ21 =
4k2D1

9R‖

(
1− 8

5
cos2 θ

)
sec θ (2.90)

and

γ12 =
8k
√
D2B2

3R2
‖

(
8

5
cos2 θ − 1

)1/2

(2.91)

γ22 =
4k2D2

9R‖

(
1− 8

5
cos2 θ

)
sec θ (2.92)

2.6 Numerical Results and Discussion

In this section, the dispersion relation (2.12) and soliton solution (2.38) are plotted

numerically which represent the linear and nonlinear characteristics of DIAW in one
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fluid model, while the numerical analysis of Eq. (2.81) is also carried out which is the

soliton solution for nonlinear DIAW in two fluid model. For the numerical analysis,

some typical dusty plasma parameters are selected which are relevant to laboratory

four component dusty plasma [18, 139]. The parameters are given as: Te = 2000K,

Ti = 300K, ne0 = 1014m−3, md+ = 2.09 × 10−21kg, md− = 2.62 × 10−22kg, zd+ = 6,

zd− = 3, B = 1T ,
nd+0

ni0
= 0.010,

nd−0
ni0

= 0.025, and u0 = 0.4.

The linear dispersion relation (ω vs kz) from Eq. (2.12) is plotted in Figure 2.1 for

different values of nonthermal parameter βc such that (a) represents the upper mode

frequency (ω+) and (b) represents the lower mode (ω−). The figure shows that both

upper and lower mode frequencies decrease as the value of βc increases. It is important

to mention here, that an increase in βc is meant to increase the nonthermal electrons in

the system. So it can be concluded from Figure 2.1, that the phase velocity of DIAW

increases for upper mode as well as for lower mode when electrons are evolving towards

the thermal equilibrium.

Figure 2.1: Linear dispersion relation from Eq. (2.12) is plotted with variation in βc for Ω0=0.5,

where βc=0.2 (solid curve), βc=0.3 (dashed curve) and βc=0.4 (dotted curve) for both upper mode
frequency (ω+) represented by (a) and lower mode frequency (ω−) given by (b).

In Figure 2.2, the frequency ω from Eq. (2.12) is plotted as a function of kz with

variation in the values of rotational frequency Ω0, where (a) is for upper and (b) is for

lower mode frequency.

The figure reflects that the upper and lower modes are shifted to higher values when

the effect of Ω0 is increased. It can also be observed from the figure that the changes

due to rotational frequency are more dominant for lower (higher) values of kz in case

of upper (lower) mode frequency.
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Figure 2.2: Linear dispersion relation (2.12) is plotted for variation in Ω0 with βc = 0.2, where
solid curve stands for Ω0 = 0.1, dashed curve for Ω0 = 0.2 and dotted curve for Ω0 = 0.3 such
that (a) and (b) represent the upper and lower mode frequencies, respectively.

The soliton solution of Eq. (2.38) shows that the amplitude and width for u0 > 0

are well defined in the nonthermal range i.e., 0 < βc < 1. Since, the nonthermal para-

meter βc appears in nonlinear coeffi cient (A1) as well as in dispersive coeffi cients (B1

and D1), so it affects the amplitude as well as width of the soliton. The soliton profile

(φ vs χ) from Eq. (2.38) is plotted in Figure 2.3, for different values of βc, which shows

positive as well as negative potential solitons. It is clear that amplitude as well as

width of positive potential soliton are increased by increasing the nonthermal electrons

(βc increases) in the system while the amplitude of negative soliton decreases with it.

It is also evident from the figure, that positive potential soliton exists for smaller values

of βc and negative potential soliton occurs for larger values of βc. The critical value

at which the soliton changes it potential from positive to negative is βc = 0.42. It can

also be concluded from the numerical results of Figure 2.3, that only positive potential

solitons are supported by considered plasma system when electrons are in thermody-

namic equilibrium (i.e., βc = 0 representing the Maxwellian distribution). Hence, the

nonthermality of electrons has a great influence on the propagation characteristics of

dust ion acoustic soliton and specially affects its polarity.

The rotational frequency Ω0 influences only the width of soliton as it appears only

in transverse coeffi cient D1and this variation in width of soliton due to rotational

frequency is shown in Figure 2.4, where width of the solitons shrinks for higher values of

Ω0 while there is no change in the amplitude. The rotation of plasma along the direction

of magnetic field enhances the magnetization effect, playing its role in confining the
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Figure 2.3: The positive and negative potential soliton from Eq. (2.38) with variation in βc and
Ω0 is constant at 0.1. For positive potential, solid line is for βc = 0.1, dashed one for βc = 0.14
and dotted one for βc = 0.18, while for negative potential, solid, dashed and dotted lines stand for
βc = 0.6, βc = 0.64 and βc = 0.68, respectively.

particles to the centre and, thus, the dispersion decreases.

Figure 2.4: The soliton profile of Eq. (2.38) for different values of Ω0, while keeping βc fixed at
0.2 for positive potential and 0.8 for negative potential. The solid line stands for Ω0 = 0.1 and the
dashed line stands for Ω0 = 0.9.

In the two fluid model, where dynamics of the dust particles are also considered

along with the ions, the soliton solution for the DIAW is derived in the form of Eq.

(2.81). The same aforementioned parameters are used to investigate Eq. (2.81) nu-

merically. The potential of soliton φ vs χ is plotted in Figure 2.5 with variation in the

nonthermal parameter βc. It is clear from the figure that both amplitude and width
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increase by enhancing the values of βc for positive potential while negative potential

soliton follows the opposite trend (decrease in amplitude and width).

Figure 2.5: The soliton solution of Eq. (2.81) is plotted with variation in βcwhile Ω0 is kept

constant at 0.2. The solid, dashed and dotted curves represent βc = 0.2, βc = 0.25 and βc = 0.3,
respectively for positive potential, and βc = 0.6, βc = 0.65 and βc = 0.7, respectively for negative
potential.

In this case, the soliton changes its potential from positive to negative at βc = 0.45.

Thus, the dynamics of dust particles along with the ions bring a slight change in the

critical value of βc above/below which negative/positive potential solitons exist, due

to the reason that dust contributions (its charge and number density) appear in the

nonlinear coeffi cient A2. The physical reason for this may be explained throught the

difference between the acoustic speeds Cs1 (for one fluid approach) and Cs2 (for two

fluid approach). In the two fluid approach , the dust inertia lowers the acoustic speed

and thus soliton energy decreases. Hence, more energy (energetic electrons) is required

to change the amplitude of dust ion acoustic soliton from positive to negative potential

in the two fluid model.

The dynamical contribution of dust particles also influences the rotational effect on

soliton profile, which is shown in Figure 2.6. It is evident from the figure that width

of soliton decreases for higher values of Ω0 showing behavior similar to Figure 2.4 for

one fluid model. However, it is clear from both figures (2.4 and 2.6) that the impact of

rotational frequency is very dominant in two fluid model as compared to the one fluid
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model.

Figure 2.6: The positive and negative potential soliton profile from Eq. (2.81) for different values

of Ω0. The solid curve stands for Ω0 = 0.1 and dashed curve represents Ω0 = 0.9 for both, positive
potential at βc = 0.2 and negative potential at βc = 0.6.

Figure 2.7: (a) First order growth rate (γ11 vs θ) from Eq. (2.89) and (b) second order growth
rate (γ21 vs θ) from Eq. (2.90) are plotted for βc = 0.1 (bold), βc = 0.3 (dashed) and βc = 0.5
(dotted) while Ω0 is taken constant at 0.2.

Due to the presence of perpendicular components of perturbations, the ion acoustic

solitons propagating along the direction of external magnetic field are not stable. The

stability analysis of DIAW in this chapter is performed by following the method of

small-k perturbation and the first order and second order growth rates are derived for

the ZK equation in one (γ11, γ21) and two fluid (γ12, γ22) models. The growth rates of

ZK equation in both models have shown dependence on different plasma parameters

including the rotational frequency and nonthermality of electrons. Eqs. (2.89) and
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Figure 2.8: First order growth rate (γ11) from Eq. (2.89) and second order growth rate (γ12)

from Eq. (2.90) are plotted vs obliqueness θ in (a) and (b) respectively. The bold curve stands for
Ω0 = 0.2, dashed curve for Ω0 = 0.3 and dotted one for Ω0 = 0.4 with fixed value of βc = 0.2.

(2.90) represent the first and second order growth rates, respectively, for one fluid

model. These equations are plotted (growth rate vs obliqueness θ) in Figures 2.7 and

2.8, for different values of βc and Ω0, respectively, where the first order growth rate

(γ11) is represented by (a) and second order growth rate (γ21) by (b).

Both figures indicate that the first order (γ11) and second order growth rates (γ21)

are increased (decreased) by increasing nonthermal electrons βc (rotational frequency

Ω0).

Figure 2.9: (a) First order growth rate (γ12 vs θ) from Eq. (2.91) and (b) second order growth
rate (γ22 vs θ) from Eq. (2.92) for βc = 0.1 (represented by bold curve), βc = 0.3 (given by dashed
curve) and βc = 0.5 (given by dotted one) with fixed value of Ω0 = 0.2.

In case of two fluid model, the first order growth rate (γ12) from Eq. (2.91) and

second order growth rate (γ22) from Eq. (2.92) are plotted in the same manner,

respectively, in Figure 2.9 (with effect of nonthemality) and Figure 2.10 (with effect of

rotational frequency). Both figures show that trend for the growth rates in two fluid

model is similar to those given in one fluid model i.e., first and second order growth rates
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Figure 2.10: The first order growth rate γ12 vs obliqueness θ from Eq. (2.91) shown in (a) while
the second order growth rate γ22 vs θ from Eq. (2.92) is shown in (b) for Ω0 = 0.2, Ω0 = 0.3 and
Ω0 = 0.4 representing bold, dashed and dotted curves, respectively, while βc is kept fixed at 0.2.

are enhanced (suppressed) for higher values of nonthermality βc (rotational frequency

Ω0).

Thus, it can be concluded that increasing the number of nonthermal electrons in the

considered model causes the nonlinear dust ion acoustic solitary waves to be unstable,

while the rotational frequency tries to provide stability by decreasing the dispersion

property of the system.
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Chapter 3

Dissipative Ion acoustic Solitary Waves in Collisional, Magne-

to-rotating, Nonthermal Electron-positron-ion Plasma

3.1 Introduction

Recently, a great deal of literature has been devoted to electron-positron (e-p) plasmas

due to their frequent occurrence in nature. Electron-positron plasma is mostly relevant

to astrophysical regions (discussed in chapter 1). In order to investigate the important

role played by such pair plasmas in understanding the fundamental processes in the

evolution of the early universe, the e-p plasmas have also been created and analysed in

laboratory experiments [36, 37, 47]. In pair plasmas relevant to astrophysical regions,

the presence of ion is also detected which is due to some internal and/or external sources

[43], and thus, form a three component e-p-i plasma. Analysis for three component

e-p-i plasma at laboratory level is also carried out by injecting positron to electron-ion

plasma in tokamak [50]. However, the concentration of positron is lower in e-p-i plasma

produced in laboratory, while on the other hand, e-p-i plasma relevant to astrophysical

regions is more abundant with positron population and lower in ion concentration.

Electrostatic as well as electromagnetic waves in e-p-i plasma have been the focus

of many researchers in the two decades [133, 140, 141, 142]. The investigation of elec-

trostatic waves with small and large amplitudes in e-p-i plasma have been explored

with particles distributed in Maxwellian manner. The small amplitude ion acoustic
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mode has been analyzed by Popel et al. [143] with the assumption of cold dynamical

ions and isothermally distributed electrons and positrons. They found that the ampli-

tude of the non-linear structure decreases as the concentration of the hot isothermal

positron increases. While ion acoustic mode with large amplitude in e-p-i plasma has

been investigated by Mahmood et al. [144] where they followed the Sagdeev potential

method. A nonlinear Zakharov-kuznetsov equation has been derived by Mushtaq and

Shah [133] using the RPT to explore the nonlinear characteristics of small but finite

amplitude ion acoustic waves propagating obliquely in magnetized and rotating e-p-i

plasma. The nonlinear propagation characteristics of ion acoustic waves have also been

carried out with effect of several physical parameters such as species densities and tem-

perature ratio [141, 145], where it is observed that an increase in either of these two

parameters result a decrease in amplitude of nonlinear ion acoustic waves. Mugemana

et al. [146] have considered three dimensional propagation of electrostatic waves in e-p-

i plasma with cold dynamical ions, hot isothermal electrons and positrons and studied

the linear properties for parallel and perpendicular propagation of these electrostatic

waves. From last few years, several authors [147, 148, 149] have examined the linear

and nonlinear dynamical properties of ion acoustic waves in three component e-p-i

plasma consisting of electrons and positrons with Maxwellian velocity distribution.

The existence of energetic particles following the non-Maxwellian distribution func-

tion with long superthermal tails have been detected in numerous observations relevant

to space and astrophysical regions such as Saturn, solar wind, magnetosphere of earth

[150, 151]. These particles in natural environments attain high thermal energies due to

different processes like wave-particle interaction, the presence of some external forces

etc. The population of these energetic particles reaches upto a level such that their

contributions can not be ignored and the plasma is often known as superthemal plasma.

To model such superthemal distribution of particles, several non-Maxwellian velocity

distribution functions have been developed which are well suited to describe such kind

of superthermal plasmas. Among these non-Maxwellian distributions, the generalized

Lorentzian distribution function also known as the kappa κ distribution has been used

extensively to describe the superthermal plasma models [152, 153, 154]. The nonlinear
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solitary structures of ion acoustic mode have been analyzed by Kaladze and Mahmood

[155] in e-p-i plasma with thermal effects of ions and superthermal (kappa distrib-

uted) electrons and positrons. They derived the KdV equation using RPT and the

obtained results of kappa distributed species were compared with those distributed in

Maxwellian manner. The perturbed and unperturbed KP equation is derived by Saha

et al. [156] and investigated the solitary wave and periodic wave solutions using the

bifurcation theory for low frequency electrostatic waves in e-p-i plasma with kappa

distributed electrons and positrons. Recently, the ion acoustic waves in e-p-i plasma

have been investigated by Anguma et al. [157] by following Maxwellian distributed

positrons and kappa distributed electrons and studied the effect of kappa parameter

on the electrostatic solitons.

Another non-Maxwellian distribution function that can be followed to describe the

nonthermal distribution of lighter particles in plasma is the Cairns velocity distribution

function. This distribution normally describes the superthemal population of particles

at the shoulder ofl the distribution function and is commonly followed in different

plasma models. The propagation of nonlinear ion acoustic waves with arbitrary ampli-

tude in e-p-i plasma with Cairns distributed electrons, isothermal positrons and cold

inertial ions have been explored by Pakzad [142] and Baluku et al [158]. Pakzad [142]

found the existence of compressive as well as rarefactive ion acoustic solitons in the

considered plasma model, while Baluku et al. [158] investigated ion acoustic solitons

as well as double layers and discussed the effects of nonthermal parameter βc on the

existence of soliton and double layers.

The Coriolis force caused by the slow rotation of plasma systems in the presence of

external magnetic field has significant effects on the stability of waves in plasmas, and

usually space plasmas as well as plasmas at laboratory level can encounter with effects

of rotation caused by the magnetic field [159]. Lenhert [126] presented that even the

presence of weak Coriolis force can result in generating some interesting phenomena

in astrophysical regimes. Due to its importance, research works have been carried

out to explain the dynamics of plasma systems specially relevant to space regions in

the presence of Coriolis force. Mushtaq and Shah [133] employed RPT to derive ZK
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equation for ion acoustic waves propagating obliquely in a rotating e-p-i plasma and

explored the nonlinear structures with effect of different parameters such as density of

positron, temperature of ion etc. The nonlinear characteristics of electrostatic waves

have also been carried out by Moslem et al. [160] in magnetized e-p-i plasma with

rotation and found the existence of waves in subsonic and supersonic regions. Recently,

Hussain et al. [161] studied the ion acoustic solitary waves in a rotating e-p-i plasma

in the presence of kappa distributed electrons and positrons.

In this chapter, the ion acoustic waves (IAW) are investigated with effect of rotation

and energetic lighter particles i.e., electrons and positrons in magnetized three compo-

nent e-p-i plasma along with collisions of ions with neutrals. For energetic particles,

a hybrid distribution is considered which is based on two non-Maxwellian distribu-

tions i.e., kappa and Cairns distributions. First linear dispersion relation is derived to

describe the linear propagation characteristics of IAW, and then nonlinear evolution

equation in the form of modified ZK equation is derived for the nonlinear dynamics.

The solitary wave solution of ZK equation is then numerically investigated with effect

of different plasma parameters such as superthermal κ and nonthermal βc parameters,

collisional and rotational frequencies.

3.2 Basic Set of Equations

For the propagation of low frequency electrostatic waves, the plasma model under

consideration is composed of three components which are ions, electrons and positrons.

The direction of external magnetic field is taken along the z−axis (i.e., B = B0ẑ) and

rotation of the plasma is also considered in the same direction (i.e., Ω0 = Ω0ẑ). The

rotation of plasma is assumed to be slow, where the nonlinear terms in rotational

frequency Ω0 are neglected in such away that the impact of Coriolis force can be

considered for the system. In this case, the unperturbed neutrality condition can be

written as

ne0 = ni0 + np0 (3.1)
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Where np0 is the unperturbed number density of positrons. This charge neutrality

condition (3.1) can also be re-arranged in the following form

δi + δp = 1, (3.2)

with δi = ni0/ne0 and δp = ni0/ne0. To investigate the low frequency electrostatic

waves, the ions are considered inertial which also make collisions with neutrals in

the plasma system. In a rotating frame of reference, the continuity and momentum

equations for inertial ions are, respectively, written as

∂ni
∂t

+∇ · (niui) = 0 (3.3)

∂ui
∂t

+ [ui ·∇] ui = − e

mi

∇φ+
e

mi

[
ui × (B + 2Ω0

mi

e
)
]
− vnui (3.4)

While the Poisson’s equation can be expressed as

∇ · E = 4πe (ni − ne − np) (3.5)

In above equations, ui represents the ion velocity, while the perturbed number densities

of ions, electrons and positrons are given by ni, ne and np, respectively. The electric

field E is electrostatic and can be related to electrostatic potential φ as E = −∇φ. The

parameter vn in momentum equation represents the frequency of collisions between ions

and neutrals. The effect of Coriolis force appears in the momentum equation which

enhances the influence of external magnetic field on the ions.

It is observed that particles following the non-Maxwellian velocity distribution are

very common in most astrophysical and space plasma systems. Such non-Maxwellian

distributions are caused by the presence of energetic particles which form superthermal

tails in the distribution function at high energies. Among these distribution functions,

the isotropic Lorentzian also known as kappa distribution is widely used and is well

suited to describe distributions with high energy tails. The kappa distribution is dis-

cussed in chapter 1, and the distribution function in the absence of potential is given
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by Eq. (1.14). In the presence of potential, the kappa distribution function (1.14) can

be written in the following form

fk(u) =
n0

(kπ)3/2 θ3

Γ(κ+ 1)

Γ(κ− 1/2)

[
1 + (1 +

u2

κθ2 ±
2eφ

mθ2 )

]−(κ+1)

(3.6)

Integrating the velocity distribution (3.6) over all velocities, gives the number density

of kappa distributed particles as

n = n0

[
1± eφ

KBT (κ− 3
2
)

]−κ+ 1
2

(3.7)

The expansion of Eq. (3.7) by using the assumption eφ/kBT << 1, can be carried out

as

n = n0

[
1∓ κ− 1/2

κ− 3/2

(
eφ

kBT

)
+

κ2 − 1/4

2 (κ− 3/2)2

(
e2φ2

k2
BT

2

)]
(3.8)

Where the potential is taken upto the second order, while the higher orders are ignored.

The other distribution considered here, is the Cairns distribution which can also be used

to determine the number of energetic particles. The Cairns distribution is a modified

form of Maxwell distribution that characterizes the nonthermal lighter particles and

the basic feature which makes it different from the kappa distribution is its description

of energetic particles at the wings of distribution function. The Cairns distribution

function is given in Eq. (1.26) in the absence of any potential. However, in the

presence of potential, the Cairns distribution function is given in the following form

fc(u) =
n0

(3α + 1)

(
1 +

αu4

u4
th

)
exp

(
− u

2

u2
th

± 2eφ

KBT

)
(3.9)

The number density of nonthermal particles in the Cairns distribution can be obtained

by integrating Eq. (3.9) over all velocities, and can be written as

n = n0

[
1± βc

(
eφ

KBT

)
+ βc

(
eφ

KBT

)2
]

exp

[
∓ eφ

KBT

]
(3.10)

Here, βc = 4α
1+3α

is a function of nonthermal parameter α. Using the assumption

eφ/KBT << 1, and neglecting the cubic and higher orders, the number density of Eq.
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(3.10) can be expanded as

n = n0

[
1∓ (1− βc)

(
eφ

KBT

)
+

1

2

(
eφ

KBT

)2
]

(3.11)

In this chapter, it is intended to investigate the linear and nonlinear dynamics of ion

acoustic waves in the presence of energetic electrons and positrons. For this reason, a

hybrid distribution (kappa plus Cairns distribution) is considered for the description of

electrons and positrons [162]. The electron number density for this hybrid distribution

can be expressed as [162]

ne = ne0

[
1 +G1

(
eφ

KBTe

)
+G2

(
eφ

KBTe

)2
]

(3.12)

Where

G1 =

 1− βce Cairn’s distribution
κe− 1

2

κe− 3
2

Kappa distribution
(3.13)

G2 =


1
2

Cairn’s distribution
κ2e− 1

4

2(κe− 3
2)

2 Kappa distribution
(3.14)

While for positrons, the number density is given by

np = np0

[
1− σeG3

(
eφ

KBTe

)
+ σ2

eG4

(
eφ

KBTe

)2
]

(3.15)

Where

G3 =

 1− βcp Cairn’s distribution

κp−1/2

κp−3/2
Kappa distribution

(3.16)

G4 =

 1/2 Cairn’s distribution
κ2p−1/4

2(κp−3/2)2
Kappa distribution

(3.17)

Here, σe(= Te/Tp) is the temperature ratio of electron to positron. The perturbations

are considered in three dimensional form i.e., ∇ = ∂
∂x
, ∂
∂y
, ∂
∂z
. Now the basic set of fluid
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equations (3.3)−(3.5) in three dimensional and normalized form in a rotating frame of

reference can be expressed as

∂ni
∂t

+
∂

∂x
(niuix) +

∂

∂y
(niuiy) +

∂

∂z
(niuiz) = 0 (3.18)

∂uix
∂t

+ uix
∂uix
∂x

+ uiy
∂uix
∂y

+ uiz
∂uix
∂z

= −∂φ
∂x

+ fuiy − vnuix (3.19)

∂uiy
∂t

+ uix
∂uiy
∂x

+ uiy
∂uiy
∂y

+ uiz
∂uiy
∂z

= −∂φ
∂y
− fuix − vnuiy (3.20)

∂uiz
∂t

+ uix
∂uiz
∂x

+ uiy
∂uiz
∂y

+ uiz
∂uiz
∂z

= −∂φ
∂z
− vnuiz = 0 (3.21)

λ2
De

ρ2
i

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
φ = ne − δpnp − δini (3.22)

The ion velocity ui with subscripts x, y and z represents its respective components.

The parameters λDe = (KBTe/4πe
2ne0)

1/2and ρi = Csi/ωci stand for electron Debye

length and ion Larmor radius, respectively, with Csi(=
√
KBTe/mi) is the usual ion

sound speed and ωci(= eB
mi
) is the ion cyclotron frequency. The different parameters

are normalized as: ui by Csi, φ by KBTe/e, vn by ωci, ni by ni0, ne by ne0 and np by

np0. The space and time variables are normalized by ρi and ω
−1
ci , respectively. The

equivalent magnetic field in the presence of Coriolis force is represented by f(= 1+2Ω0)

as given in momentum equation, where the rotational frequency Ω0 is normalized by

ion cyclotron frequency ωci.

3.3 Linear Dynamics

For the linear dynamics of IAW, the assumption of sinusoidal perturbation is taken

where all the perturbed quantities are assumed to be in sinusoidal form i.e., exp [i(kr − ωt)]

with the wave vector k in three dimensional form i.e., k2 = k2
x + k2

y + k2
z and ω is the

angular frequency of perturbation. Applying the linearization procedure and plane
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wave solution for Eqs. (2.16)−(2.19) and incorporating Eqs. (2.11) and (2.14), the

linear dispersion relation for IAW in magnetized, rotating and collisional e-p-i plasma

with effect of nonthermal electrons and positrons, can be obtained as

−
(
a1k

2 +G1 + σeδpG3

)
+

k2
‖δi

ω(ω + ivn)
+

k2
⊥(ω + ivn)δi

ω [(ω + ivn)2 − f 2]
= 0 (3.23)

In Eq. (3.23), a1 = λ2
De/ρ

2
i , k

2
⊥ = k2

x + k2
y is the perpendicular, k

2
‖ = k2

z is the parallel

component of wave vector k. From Eq. (3.23), it is evident that the dispersion relation

of IAW depends on nonthermal parameters G1, G3, collisional frequency vn and density

ratios δi and δp. It can be seen that the contribution of rotational frequency is present

in the perpendicular components of the wave. If the ion-neutral collisions are neglected

(i.e., vn = 0), then Eq. (3.23) can be written in the following form

ω4 − ω2
(
f 2 + µ2

0

)
+ µ2

0f
2 − k2

⊥δif
2

a1k2 +G1 + σeδpG3

= 0 (3.24)

Where k2
‖ is replaced by k

2−k2
⊥ and µ

2
0 = k2δi

a1k2+G1+σeδpG3
. Eq. (3.24) represents the sim-

ilar format of dispersion relation given in Ref. [163] and is only different in parameter

µ2
0. This difference arise due to the different normalization procedure performed in Ref.

[163] than the one followed in this work. The dispersion relation (3.23) for obliquely

propagating IAW in the limiting cases for parallel and perpendicular propagation, and

its comparison with some earlier works, are carried out below:

3.3.1 Parallel Propagation

For parallel propagation of the wave i.e., k⊥ = 0, the dispersion relation (3.23) can be

written as

−
(
a1k

2 +G1 + σeδpG3

)
+

k2
‖δi

ω(ω + ivn)
= 0 (3.25)

From the relation (3.25), it is clear that the effect of rotational frequency disappears

in the parallel wave propagation. If the ion-neutral collisions are ignored (i.e., vn = 0)
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in Eq. (3.25) and rearranged, then it takes the following form

ω =
k‖
√
δi√

a1k2 +G1 + σeδpG3

(3.26)

Recovering the dimensions of Eq. (3.26) i.e., ω → ω′

ωci
and k‖ → k′‖ρi, then it can be

expressed as

ω′ =
k′‖Csi

√
δi√

k′2λ2
De +G1 + σeδpG3

(3.27)

Eq. (3.27) shows clearly that the nonthermal distributions of electrons and positrons

strongly affect the parallel propagation of IAW. This equation bears some interesting

results relevant to some works performed earlier by different authors. As an example,

if positrons are considered to be distributed in Maxwellian manner (i.e., G3 = 1) and

electrons follow the Cairns distribution (i.e., H1 = 1− βce), then Eq. (3.27) can easily

be reduced to the exact form of dispersion relation given in Ref. [158] as

ω′ =
k′‖Csi

√
1− δp√

k′2λ2
De + (1− βce) + σeδp

(3.28)

Another previous result can be extracted from Eq. (3.27), when positrons are in

Maxwellian form and electrons are distributed accordingly to kappa distribution. Then

the modified dispersion relation for ion acoustic waves derived in Ref. [164] can be

obtained from Eq. (3.27), in the limit of long wavelength as

ω′ =
k′‖Csi

√
1− δp√

G1 + σeδp
, (3.29)

with G1 = (κ − 1
2
)/(κ − 3

2
). Eq. (3.27) also represents the same dispersion relation

for ion acoustic waves in e-p-i plasma derived as equation (7) in Ref. [165] in the

presence of kappa distributed electrons and Maxwellian positrons, however, it must be

noticed that equation (7) of Ref. [165] is given in normalized form. If the positron

concentration is ignored (δp = 0), then Eq. (3.27) reduces to the dispersion relation of

IAW in typical electron-ion plasma.
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3.3.2 Perpendicular Propagation

If the rotational and collisional frequency are ignored in the dispersion relation (3.23)

for oblique propagation of IAW, then it can be rearranged as

ω4 − ω2 1 +
k2
‖δi

a1k2 +G1 + σeδpG3

+
k2
⊥δi

a1k2 +G1 + σeδpG3

)
+

k2
‖δi

a1k2 +G1 + σeδpG3

= 0

(3.30)

Considering only the perpendicular components (i.e., using k‖ = 0) of the wave vector

in Eq. (3.30) gives

ω4 − ω2

(
1 +

k2
⊥δi

a1k2 +G1 + σeδpG3

)
= 0 (3.31)

Recovering the dimensions (i.e., ω → ω′/ωci and k⊥ → k′⊥ρi) for Eq. (3.31), and

assuming the Maxwellian distribution for electrons and positrons, and using Te = Tp,

ne0 = np0, then the following equation can be obtained

ω′4 − ω′2
(
ω2
ci +

k′2⊥δiC
2
si

k′2λ2
De + 1 + σeδp

)
= 0 (3.32)

It represents the same dispersion relation obtained as equation (21) in Ref. [146] for

cold ions. The propagating cyclotron mode can easily be obtained from Eq. (3.32) as

ω′2 = ω2
ci +

k′2⊥δiC
2
si

k′2λ2
De + 1 + σeδp

(3.33)

Ignoring the positron concentration, Eq. (3.33) reduces to the dispersion relation of

ion cyclotron mode in typical electron-ion plasma.

3.4 Nonlinear Dynamics

Here, a nonlinear equation in the form of modified ZK equation is derived for nonlin-

ear propagation characteristics of ion acoustic waves in magnetized e-p-i plasma with

rotational and collisional effects in the presence of energetic electrons and positrons.

For this purpose, RPT is used for converting the basic set of equations (3.18)−(3.22)
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into one nonlinear equation to describe the small amplitude nonlinear propagation of

IAW. Introducing the stretched coordinates in the following form

ξ = ε1/2x,

η = ε1/2y,

ζ = ε1/2(z − λt)

τ = ε3/2t


(3.34)

Where λ represents the phase speed of the IAW and ε is the nonlinearity strength. The

perturbed quantities are expanded in the powers of nonlinearity strength ε as

ni = 1 + εni1 + ε2ni2 + .....

uix = ε3/2uix1 + ε2uix2 + .....

uiy = ε3/2uiy1 + ε2uiy2 + .....

uiz = εuiz1 + ε2uiz2 + .....

φ = εφ1 + ε2φ2 + .....


(3.35)

Introducing the stretched coordinates (3.34) and perturbed quantities (3.35) into the

fluid equations (3.18)−(3.22), a set of equations can be obtained in different powers

of nonlinearity strength ε. From the set of those equations, the comparison of lowest

power in ε gives the quantities in first order as

λni1 = uiz1 (3.36)

uiz1 =
1

λ
φ1 (3.37)

uix1 = − 1

f

∂φ1

∂η
(3.38)

uiy1 =
1

f

∂φ1

∂ξ
(3.39)
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ni1 =
1

λ2φ1 (3.40)

ni1 =

(
G1 + σeδpG3

δi

)
φ1 (3.41)

A relation for the phase speed λ of IAW can be obtained by comparing Eq. (3.40) and

(3.41) as

λ =

√
δi

G1 + σeδpG3

(3.42)

It can be seen from Eq. (3.42), that the phase speed depends on the temperature ratio

of electron to positron (σe), the unperturbed density ratios (δi, δp). It is also clear

that the phase speed of IAW is modified by nonthermal distribution of electrons (G1)

and positrons (G3), while the rotational and collisional frequencies have no effect on

the phase speed. The phase speed (3.42) shows resemblance to some works performed

in the past. Forexample, if only kappa distribution is considered for electrons and

positrons, then Eq. (3.42) is similar to the relation obtained in Ref. [163]. For Maxwell

distributed positrons while electron with Cairns distribution, Eq. (3.42) can be reduced

to the relation for phase speed given in Refs. [158, 166]. While for isothermal electrons

and positrons, Eq. (3.42) can revert back to the phase speed of IAW given as equation

(12) in Ref. [143]. Ignoring the positron concentration and assuming the isothermal

electrons, the phase speed (3.42) equals to unity representing the phase speed of IAW

in usual electron-ion plasma.

The comparison of equations with next higher powers in ε, provides the second

order quantities as

uix2 =
λ

f

∂uiy1

∂ζ
(3.43)

uiy2 = −λ
f

∂uix1

∂ζ
(3.44)

Comparing equations with highest powers in ε, gives
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∂ni2
∂ζ

=
1

λ

[
∂ni1
∂τ

+
∂uix2

∂ξ
+
∂uiy2

∂η
+
∂uiz2
∂ζ

+
∂ni1uiz1
∂ζ

]
(3.45)

∂uiz2
∂ζ

=
1

λ

[
∂uiz1
∂τ

+ uiz1
∂uiz1
∂ζ

+
∂φ2

∂ζ
+ v0uiz1

]
(3.46)

Where the collisional frequency is expanded in power of ε as vn = ε3/2v0. Next, com-

paring the terms of ε2 from the Poisson’s equation, gives

a1

[
∂2

∂ξ2 +
∂2

∂η2
+

∂2

∂ζ2
1

]
φ1 = G1φ2 +G2φ

2
1 + σeδpG3φ2 − σ2

eδpG3φ
2
1 − δini2 (3.47)

Now using Eq. (3.36)−(3.41) to eliminate the second order quantities in Eqs. (3.43)−(3.47),

the modified form of ZK equation for IAW in magnetized, collisional e-p-i plasma with

rotation in the presence of energetic electrons and positrons, can be obtained in the

following form

∂φ1

∂τ
+ A3φ1

∂φ1

∂ζ
+B3

∂3φ1

∂ζ3 +D3
∂

∂ζ

(
∂2φ1

∂ξ2 +
∂2φ1

∂η2

)
+ γcφ1 = 0 (3.48)

Where γc = 1
2
v0. The other coeffi cients A3, B3 and D3 are given as

A3 =
λ3

2δi

(
3δi

λ4 − 2G2 + 2σ2
eδpG4

)
(3.49)

B3 =
a1λ

3

2δi
and D3 =

λ3

2δi

(
a1 +

δi
f 2

)
(3.50)

If the ion-neutral collisions are ignored (i.e., γc = 0), then the usual ZK equation is

obtained as

∂φ1

∂τ
+ A3φ1

∂φ1

∂ζ
+B3

∂3φ1

∂ζ3 +D3
∂

∂ζ

(
∂2φ1

∂ξ2 +
∂2φ1

∂η2

)
= 0 (3.51)

Eq. (3.51) is completely integrable and, in this case, the energy of soliton is conserved

that is E =
∫∞
−∞ φ

2
1(ζ, τ) and dE

dτ
= 0. The exact solution of Eq. (3.51) can be obtained,

and for this purpose introducing a new variable
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χ = pξ + qη + sζ − µ0τ (3.52)

The variable χ is a transformed coordinate which represents a frame in motion with

velocity µ0 normalized by the ion sound speed Csi. The directional cosines are repre-

sented by p, q and s for the wave vector k in the directions of x, y and z, respectively.

An ordinary differential equation can be obtained from the integration of Eq. (3.51)

with respect to χ along with the use of vanishing boundary conditions i.e., φ1,
dφ1
dχ
, d

2φ1
dχ2

→ 0 as |χ| → ∞. This ordinary differential equation is given as

− µ0φ1 + A3sφ
2
1 +

(
B3s

2 +D3p
2 +D3q

2
)
s
d2φ1

dχ2
= 0 (3.53)

The solution of Eq. (3.53) can easily be obtained by using the sine-cosine algorithm

[101], from which the exact soliton solution of Eq. (3.51) can be obtained as

φ1 = φ0 sech2
( χ
W

)
(3.54)

Where the amplitude and width of soliton are, respectively, given as

φ0 =
3µ0

A3s
(3.55)

W =

(
B3s

2 +D3(p2 + q2)

µ0/4s

)1/2

(3.56)

In the presence of collisions, the soliton energy is not conserved as it is now time

dependent which can be expressed as ∂E/∂τ = −2v0E emphasizing that E(t) =

E(0) exp(−2v0τ). In this case, the exact solution of ZK equation (3.48) can not be

found, and one can obtain its asymptotic solution. The integration of Eq. (3.48) with

respect to a transformed coordinate χ̄ which moves with velocity µ in the presence of

collisions i.e., γc 6= 0 and the use of aforementioned vanishing boundary conditions,

the asymptotic time dependent soliton solution can be obtained in the following form

[167, 168]
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φ̄1 = Ee−γcτ sech2

[{
A3Ee

−γcτ

6s2 + 12D3(p2 + q2)

} 1
2

χ̄

]
(3.57)

Letting γc = 0 in Eq. (3.48) to get the value of E. For this (without collisions), the

solution is represented by Eq. (3.54) and this solution can be compared to Eq. (3.57)

which gives E = 3µ0
A3s
. The asymptotic solution (3.57), then can be expressed as

φ̄1 = φ̄0 sech2
[ χ̄
W̄

]
(3.58)

Where the amplitude is

φ̄0 =
3µ0

A3s
e−γcτ (3.59)

and width of soliton is given by

W̄ =

[
2s {s2 + 2D3(p2 + q2)} eγcτ

µ0

]1/2

(3.60)

It is evident from Eqs. (3.59) and (3.60), that there is an exponential decrease (increase)

in amplitude (width) of the soliton in the presence of collisional frequency.

3.5 Numerical Plotting

Eq. (3.48) is modified ZK equation which represents the nonlinear characteristics

of obliquely propagating IAW in magnetized e-p-i plasma with slow rotation and

ion-neutral collisions in the presence of electrons and positrons following the non-

Maxwellian hybrid distribution. The approximate time dependent solitary wave so-

lution of Eq. (3.48) is given in the form of Eq. (3.58), which clearly shows a dissipative

nature in the presence of ion-neutral collisions. In this section, the propagation charac-

teristics of solitary wave are investigated numerically with effect of different parameters.

For numerical analysis, the parameters for e-p-i plasma considered are relevant to lab-

oratory environment [36, 169]. These laboratory plasma parameters are (mentioned

here in dimensionless form) δp = 0.7, δi = 0.3, σe = 1, Ω0 = 0.2, λDe = 0.01ρi,

p2 = q2 = 0.1, s2 = 0.8 and µ0 = 0.6.
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In this work, the hybrid distribution (representing two different nonthermal models

i.e., kappa and Cairns) is considered for energetic lighter species which are electrons and

positrons. So, first of all, the propagation characteristics of ion acoustic solitary waves

are compared in accordance with species following the kappa and Cairns distribution.

Figure 3.1: Three dimensional figure for normalized potential φ̄1 vs χ̄ from Eq. (3.58) by varying

the kappa parameter for electron κe, while κp is fixed at 0.3 and v0 at 1.

In Figure 3.1, a 3D plot is shown where the solitary wave potential φ̄1 from Eq.

(3.58) is plotted as a function of χ̄ with variation in the superthermal parameter of

electrons κe. The figure depicts that both amplitude and width of solitary wave in-

creases with an increase in κe. The figure also shows that there is a dominant effect

of superthemal parameter κe for lower values (i.e., change in amplitude is large for

smaller κe) and the impact vanishes when κe acquire higher values. Lower values of κe

represents high concentration of energetic particles in the system, so the presence of

large number of supethermal electrons greatly affects the amplitude of solitary wave.

To make it more clear, this effect of superthermal electrons is also shown in Figure

3.2, where the amplitude of solitary wave φ̄0 is plotted with time τ for different values

of κe in (a) and the width is plotted in (b). It can be seen from Figure 3.2, that both

amplitude and width of solitary wave increase as κe increases. It also depicts that the

impact is larger for smaller values as compared to the higher value of κe. Hence, it

can be concluded from Figure 3.2, that the presence of large number of superthermal

electrons (kappa distributed) in the considered plasma model, tends to reduce the

amplitude and width of solitary wave.

To see the effect of kappa (superthermal) distributed positrons, the solitary wave
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Figure 3.2: (a) Amplitude φ̄0 and (b) width W̄ of solitary wave against time coordinate τ by
varying the electron kappa parameter κe. The solid curve stands for κe = 2, dashed for κe = 5 and
dotted for κe = 10 while taking κp = 0.3 and v0 = 1.

potential φ̄1 is numerically plotted against χ̄ in Figure 3.3 (3D) with variation in

κp. Figure 3.3 shows similar results to Figure 3.1, that is, increasing the number

of superthermal positrons in the system tends to reduce the amplitude and width of

solitary wave.

Figure 3.3: The solitary wave potential φ̄1 from Eq. (3.58) is plotted in 3D against χ̄ with variation
shown in the values of positron kappa parameter κp while κe = 0.3 and v0 = 1 are fixed.

Figure 3.4 confirms this superthermality effect of positron on solitary wave, where

the amplitude φ̄0 vs time τ is plotted in (a) and the plot of width W̄ vs χ̄ is shown

in (b) for different values of kappa parameter κp. It can be seen from Figure 3.4, that

increasing the kappa parameter κp results an increase in the amplitude and width of

solitary wave emphasizing that shorter and narrower solitary wave exists in the presence

of large number of superthermal positrons.

Some interesting physical results can be extracted from Figures 3.2 and 3.4. First,
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Figure 3.4: The amplitude φ̄0 vs time τ is shown in (a) and width W̄ vs τ in (b) by changing the
values of κp such that κp = 2 (for solid curve), κp = 5 (for dashed one) and κp = 10 (for dotted
one), while taking fixed values of κe = 0.3 and v0 = 1.

it can be noted from both figures, that amplitude of solitary wave follows a decreasing

trend with respect to time while the width shows an increasing trend emphasizing on

the dissipative nature of solitary wave. This trend followed by amplitude and width can

be detected from Eqs. (3.59) and (3.60) which clearly indicate an exponential decrease

and increase of amplitude φ̄0 and width W̄ , respectively, in the presence of ion-neutral

collisions. Second, the careful inspection of both figures reveals that supethermal

particles have large impact initially and the impact loses its large significance as time

progresses. Third, the considered plasma system only support the positive potential

solitary waves. From both figures, it can be concluded that taller and wider solitary

waves are supported as the system evolves towards the thermodynamic equilibrium

(i.e., electrons and positrons are Maxwellian distributed) which is in agreement with

numerical results provided earlier in Ref. [163].

To check the consequences of Cairns distributed particles on the dynamics of ion

acoustic solitary waves, the electrostatic potential φ̄1 from Eq. (3.58) is shown numer-

ically against χ̄ and nonthermal electron parameter βce in Figure 3.5. It shows that

amplitude and width of solitary wave increase by increasing βce.

This effect of nonthermal electrons is made more visible in Figure 3.6, where the

amplitude is plotted in (a) and width in (b) against time τ for different values of βce.

It emphasizes that the values of amplitude and width are shifted to higher values when

βce is increased. Keeping in mind, that increasing βce is meant to increase the number

of nonthermal electrons in the system. Thus, the Cairns distributed electrons display
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Figure 3.5: The solitary wave potential φ̄1 vs χ̄ and βce from Eq. (3.58), while βpe is kept constant
at 0.2 and v0 = τ = 1.

Figure 3.6: (a) Amlitude φ̄0 vs time τ and (b) width W̄ vs τ , with variation in βce such that
βce = 0.2 (for bold), βce = 0.4 (for dashed) and βce = 0.6 (for dotted), while βpe is fixed at 0.2
and v0 = 1.
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an opposite behavior to that of kappa distributed electrons for ion acoustic solitary

waves. Similarly, the effects of nonthermal positrons are shown in Figures 3.7 and 3.8

which also indicate an opposite effect as compared to kappa distributed positrons on the

amplitude and width of solitary wave. Hence, the numerical results of Figures 3.1−3.8

conclude that the energetic particles at the superthermal tail of distribution function

show adverse consequences on the dynamics of ion acoustic solitary wave as compared

to those energetic particles appearing at the shoulders of distribution function.

Figure 3.7: The solitary wave potential φ̄1 vs χ̄ with variation in βpe, while βce and v0 are kept

at 0.2 and 1, respectively.

Figure 3.8: (a) Amplitude and (b) width against time τ for solitary wave with βcp = 0.2 (shown
by bold curve), βcp = 0.4 (shown by dashed curve) and βcp = 0.6 (given by dotted one) while
βce = 0.2 and v0 = 1.

When a counterbalance between loss and gain is added to a system along with

dispersion balancing the nonlinear effects, then it may lead to the generation of dissi-

pative solitary waves. On the other hand, shock wave may be provoked in the system

due to the interplay between dissipation and dispersion. It is already shown, that the

amplitude of solitary wave decreases exponentially with time indicating that dissipa-
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tive solitary waves are formed in the considered plasma model due to the presence

of dissipation (ion-neutral collisions) effect. To elucidate this effect of collisions, the

solitary wave potential φ̄1 vs χ̄ is plotted against the collisional frequency v0 in Figure

3.9, which shows a drastic change in amplitude and width of solitary wave.

Figure 3.9: The solitary wave profile (φ̄1 vs χ̄) from Eq. (3.58) is plotted with collisional frequency

v0 with κe = κp = 2 and τ = 1.

Such kind of solitary waves with their dissipative nature, propagate for a finite time

before dying out at τ →∞. The abrupt change in amplitude and width of the solitary

wave is provided in Figure 3.10, where the amplitude φ̄0 and width W̄ are plotted with

time τ for different values of collisional frequency v0 in (a) and (b), respectively.

Figure 3.10: The amplitude φ̄0 vs time τ is plotted in (a) while the width W̄ is plotted in (b) for
v0 = 1 (for bold), v0 = 2 (for dashed) and v0 = 3 (for dotted) and κe = κp = 2.

It can be seen from Figure 3.10, that the there is sharp decrease in the amplitude and

fast increase in the width resulting in the generation of shorter and wider dissipative

solitary wave. So, it can be concluded that higher collisional frequency in comparison

to dispersion, may lead to the formation of shock-type wave in the plasma system.
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The three component e-p-i plasma is considered with slow rotation and the rota-

tional axis is assumed along the direction of magnetic field. It is observed that such

type of rotation in the direction of magnetic field affects the dispersion properties of the

system and doesn’t contribute to the nonlinear effects. This characteristic of rotation

does appear in this work, which can be seen from the nonlinear and dispersive coef-

ficients. The rotational frequency does not contribute to the nonlinear coeffi cient A3,

however, it appears in the dispersive coeffi cient D3, which emphasizes that it modifies

the dispersion properties of solitary wave. For this reason, the width of solitary wave

W̄ is plotted with time τ with effect of rotational frequency Ω0 in Figure 3.11.

Figure 3.11: The influence of Ω0 ( rotational frequency) on width W̄ of solitary wave is given,

where Ω0 = 0.1 is for bold curve, Ω0 = 0.3 is for dashed curve and Ω0 = 0.7 is for dotted one
while βce = βcp = 0.2 and v0 = 1.

It is clear from the figure that the width shrinks for higher values of Ω0 and, thus,

the solitary wave profile becomes spiky. It also shows that the impact of rotational

frequency is higher as the time progresses. It means that the magnetization effect

multiplies when the axis of rotation is aligned with magnetic field and, thus, confining

particles around the field lines resulting in less dispersion. This causes a decrease in

the dispersive characteristics of IAW which consequently affects the width of solitary

wave.
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Chapter 4

Analysis of Cairns-Tsallis Distribution for Oblique Drift

Solitary Waves in a Rotating Electron-positron-ion Magne-

to-plasma

4.1 Introduction

The excitation of electrostatic potential and its propagation characteristics in electron-

positron-ion (e-p-i) plasma with or with out the application of external magnetic field,

is the main focus of present and past studies. Low frequency electrostatic drift and ion

acoustic waves are fundamental modes of inhomogeneous magnetized plasmas which

play an important role in mass and energy transport. These modes have been studied

extensively because of their relevance to both fusion and space plasmas. Various as-

pects of ion acoustic and drift mode, in nonuniform plasmas have been discussed using

fluid and kinetic descriptions. It is known from linear plasma theory that ion drift

instabilities exist in a low pressure inhomogeneous plasma contained in a homogeneous

magnetic field. The standard approach of the linear theory of the drift instabilities is

based on the representation of the drift waves as monochromatic ones with some fixed

values of the wave numbers and frequencies [170]. However, it is also known that in a

plasma with inhomogeneous temperature and density the solitary drift waves of finite

amplitude can exist, which are sometimes called drift solitons [171, 172, 173]. The

interest in the drift solitons is caused by the fact that unlike the packets of the linear

drift waves, spreading in a space as a result of dispersion, the solitons are nonspread-
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ing spatially localized waves. Mikhailovskii et al. [174] have developed the nonlinear

theory of the ion drift waves with inhomogeneous density and ion temperature. Gell

[175] has investigated the nonlinear characteristics of low frequency electrostatic drift

waves in magnetized electron-ion plasma. It has been predicted that one dimensional

drift soliton is not stable in the presence of perpendicular perturbations.

Density inhomogeneities are observed at large scale in electron-positron-ion plasma

plasmas in the early universe [51] and that is why it seems important to study the

electron-positron-ion plasma (e-p-i) plasma drift instabilities in astrophysical and lab-

oratory environments. A model for self-collimation and transport of astrophysical e-p-i

jets has been presented by Honda and Honda [176]. It is shown that at high tem-

perature ejecta could consist of electrons, positrons, and a small portion of ions, i.e.,

ni0 ≤ np0 ≤ ne0. In such cases, where the ion concentration is much smaller than the

electrons and positrons, then drift velocity u∗d (proportional to ion concentration i.e.,

ni0 = ne0−np0) is much lesser as compared to the drift velocity in electron-ion plasma.

This emphasizes that nonlinear propagation speed of nonlinear structures i.e., soliton

and shock, is much lower to those which propagate in electron-ion plasma. Saleem

[177] has investigated the linear and nonlinear drift waves in e-p-i plasma with and

with out collisions and discussed the possibilities of formation of nonlinear structures

i.e., solitons and shocks. The nonlinear electrostatic and electromagnetic structures

in the form of vortices have been investigated in three component (e-p-i) plasma by

Saleem et al. [178] with the assumption of constant electron temperature. The ZK-

type equation for drift solitons in e-p-i plasma has been derived by Mushtaq [169] and

explored the characteristics of these solitons with effect of different physical parame-

ters such as positron temperature and density. All the literature mentioned above was

based on Maxwellian distribution of particles in e-p-i plasma to investigate drift or

coupled drift waves.

The ion acoustic coupled with drift waves in three component electron-positron-

ion plasma have also been examined in the presence of non-Maxwellian distribution of

particles. For example, the coupled ion acoustic and drift waves have been studied in

e-p-i plasma by Adnan et al. [179] with superthermal (kappa) distribution of electrons
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and positrons. They have found dipolar and monopolar vortex coherent structures and

examined the effect of superthermality on their dynamics, while the KdV equation has

also been derived for scalar nonlinearity to investigate the drift solitary waves. The

electrostatic solitary waves for coupled acoustic drift mode have been studied in e-p-i

plasma by Ali and Masood [164] with effect of superthermality (kappa) of electrons

and Maxwellian distributed positrons and derived modified ZK equation. Recently,

the nonlinear structures in the form of solitary waves and double layers in e-p-i plasma

have been carried out by Shan and Haque [180] for low frequency coupled electrostatic

waves where electrons as well as positrons are considered superthermal. They have

considered the inhomogeneity in density as well as in temperature and derived modified

KdV equation to examine the nonlinear structures with effect of superthermality of

electrons and positrons.

A hybrid distribution function named as Cairns-Tsallis distribution was proposed

by Tribeche et al. [181] to study the ion acoustic waves with nonextensivity in nonther-

mal plasma system. They suggested that nonextensivity and nonthermality may occur

simultaneously in a plasma that can change the nonlinear dynamics of the electrostatic

ion acoustic waves. They generalized the nonthermal Cairns distribution function into

more rigorous foundation by adding the q−nonextensive flexibility into it, which can be

used to describe nonthermal particles featured with nonextensive distribution. Since

then, this hybrid distribution is adopted by several authors to examine the dynamics

of acoustic mode in two component and multi-component plasma models. The conse-

quences of particles following the Cairns-Tsallis distribution have been investigated by

Amour et al. [182] on the characteristics of electron acoustic solitary waves and found

that the nonthermal nonextensive particles significantly modify the solitary structures.

By applying this nonthermal nonextensive velocity distribution for arbitrary amplitude

ion acoustic soliton, William et al. [183] have checked its feasibility and defined a range

where the values of nonthermal α and nonextensive q parameters are restricted. El-

Tantawy et al. [184] have studied the nonlinear structures in the form of solitons and

rogue waves and the head-on collisions of solitons for ion acoustic waves in the presence

of electrons following the Cairns-Tsallis distribution. The dynamics of dust acoustic
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waves in the presence of ions with nonthermal nonextensive characteristics were carried

out by Saha et al. [185] and the dust ion acoustic waves were studied by Guo and Mei

[186] with the assumption of electrons featuring the Cairns-Tsallis distribution. Sev-

eral theoretical works [187, 188, 189, 190] have been carried out to analyze the linear

as well as the nonlinear dynamics of electrostatic as well as electromagnetic waves in

mulit-component plasma models with the assumption of charged particles following the

Cairns-Tsallis velocity distribution.

In this chapter, the coupled electrostatic ion acoustic and drift modes are studied in

three component e-p-i plasma system with effect of density inhomogeneity, rotation and

non-Maxwellain lighter (positrons and electrons) particles. The hybrid Cairns-Tsallis

velocity distribution is assumed to describe the non-Maxwellian behavior of electrons

and positrons. For linear analysis, the parametric approximation is used for the derive

the dispersion relation for ion acoustic waves with effect of inhomogenous density. For

nonlinear dynamics of oblique drift solitary waves, a ZK type equation is derived in

spatially limited region. The solitary wave solution of ZK type equation is evaluated

numerically with effects of hybrid distribution and rotation.

4.2 Mathematical Formulation

Here, three component magnetized and collisionless plasma model is taken which con-

sists of singly charged positive ions, electrons and positrons. The ions are assumed

inertial while the electrons and positrons are considered non-inertial. The external mag-

netic field is supposed to be applied in z−direction which can be written as B = B0ẑ.

Since, the plasma model considered here is similar to the one taken in chapter 3, so the

quasi-neutrality condition (ne0 = np0 +ni0) remains the same as given in Eq. (3.1) and

its reformulated form (δi + δp = 1) is represented by Eq. (3.2) with δi = ni0/ne0 and

δp = np0/ne0. It is also assumed that the plasma is rotating slowly along the direction

of external magnetic field (as discussed in chapter 3 ) and for this reason, the plasma

model is studied with consideration of Coriolis force. For inertial ions, the momentum

equation with a rotating frame of reference can be expressed as
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∂ui
∂t

+ (ui · ∇) ui =
e

mi

[
E + ui ×

(
B + 2Ω0

mi

e

)]
(4.1)

From Eq. (4.1), it is clear from the last term on right hand side that the effect of

magnetic field is increased for ions by the Coriolis force. The momentum equation

(4.1) can be written in simplest form as

∂ui
∂t

+ (ui · ∇) ui =
e

mi

[E +B0 (ui × ẑ) f ] (4.2)

Where f = 1+ 2Ω0
ωci
represents the effect of Coriolis force with ωci being the ion cyclotron

frequency. The plasma is inhomogenous and variation in density of ions is assumed

along x−axis i.e., ni0 = ni0(x). The wave propagation is considered in the yz−plane

such that the wave vector has two components as k2 = k2
y + k2

z , where kz is the parallel

and ky is the perpendicular component. In this case, the continuity equation is given

as

∂ui
∂t

+
∂niuix
∂x

+
∂niuiy
∂y

+
∂niuiz
∂z

= 0, (4.3)

and the Poisson’s equation is

∇ · E = 4πe (ni + np − ne) (4.4)

The non-inertial particles (electrons and positrons) are considered non-Maxwellian and,

in this case, they are assumed to follow the hybrid Cairns-Tsallis velocity distribution.

This hybrid distribution, which is the product of Cairns and q−nonextensive Tsallis

distributions, was first introduced by Tribeche et al. [181] and suggested that non-

thermality and nonextensivity may act concurrently and can change the propagation

dynamics of ion acoustic solitary waves. The hybrid distribution function was used to

describe nonthermal particles featuring Tsallis distribution. Such hybrid velocity dis-

tribution offer enhanced parametric flexibility in modeling non-Maxwellian plasmas,

as, in principle, such a two-parameter representation of the distribution function could

be useful in fitting to a wider range of observed plasmas. The Cairns-Tsallis hybrid
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distribution easily reduces to Cairns-nonthermal or q−nonextensive Tsallis or even to

Maxwellian distribution in its limiting cases. In three dimensional form, the hybrid

velocity distribution function for the description of nonextensivity in a nonthermal

plasma is given in the following form [191]

fqc = Cq,α

(
1 + α

u4

u4
th

)[
1− (1− q) u2

2u2
Tj

] 1
q−1

(4.5)

Where uth =
(
KBT
m

)1/2
is the thermal velocity and α and q are the nonthermal and

nonextensive parameters, respectively. The constant of normalization Cq,α depending

on the nonthermal α and nonextensive q parameters and can be expressed as [191]

Cq,α =
1

(2πuth)
3/2

 Γ
(

1
1−q

)
(1− q)5/4

Γ
(

1
1−q −

5
2

){
3α +

(
1

1−q −
3
2

)(
1

1−q −
5
2

)}
(1− q)2

 for −1 < q ≤ 1

(4.6)

Cq,α =
1

(2πuth)
3/2

 Γ
(

1
1−q −

5
2

)
(q − 1)5/2

(
1

1−q −
3
2

)(
1

1−q −
5
2

)
Γ
(

1
q+1

+ 1
){

3α +
(

1
q−1

+ 3
2

)(
1
q−1

+ 5
2

)}
(q − 1)2

 for q ≥ 1

(4.7)

From Eq. (4.5), it can be seen that the hybrid nonthermal nonextensive velocity

distribution is basically the product of two non-Maxwellian velocity distributions i.e.,

Cairns and q−nonextensive Tsallis distributions. It is found [182] that the nonthermal

nonextensive hybrid distribution function given in Eq. (4.5) possesses a thermal cutoff

in the nonextensive range q > 1, and the maximum range of velocity acquired by a

particle is umax =
√

2KBT
m(q−1)

. Thus, the velocity is bounded for the particle in a specific

range of thermal velocity for q > 1. However, for the case of q < 1, there is no limit

and velocity distribution function is defined for all values of velocity from −∞ to +∞.

Also for q < 1, the distribution possesses a superthermal tail representing the excess

of high energy particles. In the presence of potential, the integration of Eq. (4.5) over

all velocity space, gives the electron and positron number densities, respectively, as

[181, 182]
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ne = ne0

{
1 + (q − 1)

eφ

KBTe

} 1
q−1+ 1

2

{
1 + A

(
eφ

KBTe

)
+B

(
eφ

KBTe

)2
}

(4.8)

np = np0

{
1− (q − 1)

eφ

KBTp

} 1
q−1+ 1

2

{
1− A

(
eφ

KBTp

)
+B

(
eφ

KBTp

)2
}

(4.9)

Where A and B are given as

A = − 16qα

(5q − 3) (3q − 1) + 12α
(4.10)

B =
16qα(2q − 1)

(5q − 3) (3q − 1) + 12α
(4.11)

It is important to notice here, that the number densities of Eqs. (4.8) and (4.9)

revert back to the Cairns distributed electron and positron number densities for q → 1

(extensive limit). While the densities in Eqs. (4.8) and (4.9) fall back to the well-

known nonextensive densities of electrons and positrons by considering the limiting

case α = 0.

4.3 Linear Analysis

The physical quantities in perturbed form i.e., np, ne, ni and φ are considered with

sinusoidal variation in the following form [175]

nj = nj0 + δnj exp [i (kyy + kzz − ωt)]

φ = φ0 exp [i (kyy + kzz − ωt)]

 (4.12)

Applying the linearization process on momentum equation (4.2) along with the assump-

tion of low frequency electrostatic waves ω2/ω2
ci << 1, the component of ion velocity

along x, y, and z−axis can be obtained, respectively, as
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uix = −
(

e
miωcif

)
∂φ
∂y

uiy =
(

ieω
miω2cif

2

)
∂φ
∂y

uiz = −
(

ie
miω

)
∂φ
∂z

 (4.13)

On linearizing, the continuity equation (4.3) can be written as

∂ni
∂t

+ ni0uixKn + ni0 (∂uiy/∂y) + ni0 (∂uiz/∂z) = 0 (4.14)

Where Kn (= 1
ni0

∂ni0
∂x
) stands for the inhomogenous density scale length. Linearizing

Eqs. (4.8), (4.9) and incorporating it in Poisson’s equation (4.4) along with use of Eqs.

(4.13) and (4.14), an equation can be obtained in the following form

ω2

(
N0 − λ2

Dm∇2 − C2
siδi

ω2
cif

2C1

∂2

∂y2

)
φ−ω

[
C2
siδi
C1

(
iKn

ωcif

)
∂

∂y

]
φ+

C2
siδi
C1

∂2φ

∂z2
= 0 (4.15)

Where N0 = 1 + δpσe and λDm
(

=
√

KBTe
4πne0e2C1

)
is the modified Debye length. The

property of nonthermality and nonextensivity is given by the parameter C1 which can

be expressed as

C1 = A+
q + 1

2
(4.16)

Using the assumption of sinusoidal perturbations in Eq. (4.15), the linear dispersion

relation, for oblique propagation of drift waves with respect to the external magnetic

field in e-p-i plasma including the effects of Coriolis force and nonthermal nonextensive

particles, can be obtained in the following form

ω2

[
N0 + k2λ2

Dm +

(
δiρ

2
i

f 2C1

)
k2
y

]
− ω

(
δi
fC1

ω∗

)
− δik

2
zC

2
si

C1

= 0 (4.17)

Where ρi stands for the Larmor radius of ion and ω∗ = −u∗ky with u∗ = KnKBTe
eB0

being the ion diamagnetic drift velocity. Eq. (4.17) represents the dispersion relation

of drift waves coupled with acoustic waves and it can be seen that the nonthermality

and nonextensivity of electrons and positrons affect both components i.e., parallel and
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perpendicular, of the wave. While the external magnetic field and rotational frequency

contribute to the perpendicular components of the wave. It must be noted that the

presence of nonthermal-nonextensive distribution of electrons shows an influence on

the Debye length λDm and modifies it by a factor C
−1/2
1 . It means that the electron

cloud surrounding the ions is modified by the presence of energetic electrons which

consequently affects the Debye screening mechanism [183]. The effect of energetic

particles following the kappa distribution to modify the shielding distance is a well-

known phenomena and is discussed in Ref. [192].

Introducing the intermediate parametric range i.e., λ2
De∇2, ω2/ω2

ci and ωκnky/ωcik
2
z

<< 1 in Eq. (4.15), a relation for N0 as a first approximation can be obtained in the

following form

N0 = −
(
C2
siδi

ω2C1

)
∂2

∂z2
(4.18)

Now incorporating Eq. (4.18) in Eq. (4.15) gives

ω2
(
N0 − λ2

Dm∇2
)
φ+

(
C2
siρ

2
i δip

2
0

f 2C1

)
∂4φ

∂y2∂z2
+

(
C2
siρiδiKnp0

fC
3
2
1

)
∂2φ

∂y∂z
+

(
C2
siδi
C1

)
∂2φ

∂z2
= 0

(4.19)

Where p0 =
√
δi/N0. The linear dispersion relation for the oblique propagation of ion

acoustic waves with inhomogenous density in intermediate parametric range can be

obtained from Eq. (4.19) in the following form

ω − Csip0kz

C
1/2
1

[
1−

(
f 2C1λ

2
Dm + ρ2

i δi
2N0f 2C1

)
k2
y −

λ2
De

2N0

k2
z

]
− u∗p

2
0

2fC1

ky = 0 (4.20)

It can be observed from Eq. (4.20) that the nonlinear electrostatic (coupled ion acoustic

and drift) solitary waves may propagate along the direction of external magnetic field

due to the reason that the group velocity, as obvious from dispersion relation, is in

the direction parallel to magnetic field. The last term in Eq. (4.20) arises due to the

ion density gradient. In Eq. (4.20), if the rotational frequency is ignored (i.e., f = 1)
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and Maxwellian distributed particles are assumed (i.e., C1 = 1), then it represents

the dispersion relation derived in Ref. [169]. Further, if the positron concentration is

ignored, then it can easily be reduced to the relation (as equation (17)) in Ref. [175]

for two-component plasma.

4.4 Nonlinear Analysis

For the nonlinear ion acoustic drift solitary waves in e-p-i plasma with effect of rotation

and nonthermal-nonextensive electrons and positrons in the presence of ion density

gradient, the use of Eqs (4.2)−(4.4), (4.8), (4.9) and (4.20) gives a nonlinear equation

which can be expressed as

∂uiz
∂t

+uiz
∂uiz
∂z

=
Csip0

C
1/2
1

[
∂

∂z
−
(
f 2C1λ

2
Dm + ρ2

i δi
2N0f 2C1

)
∂3

∂z∂y2
− λ2

Dm

2N0

∂3

∂z3

]
uiz +

u∗p
2
0

2fC1

∂uiz
∂y

(4.21)

Defining the dimensionless parameters as u′iz → uiz
Csi
, ∇′ → ρi∇, t′ → ωcit, and

u′∗ = u∗
Csi
, then Eq. (4.21) in normalized form can be written as

∂uiz
∂t

+ uiz
∂uiz
∂z

+
p0

C
1/2
1

)
∂uiz
∂z
− p0

C
1/2
1

[
f 2C1λ

2
Dm

2N0f 2C1(ρ2
i + δi)

]
∂3uiz
∂z∂y2

− p0

C
1/2
1

(
λ2
Dm

2N0ρ2
i

)
∂3uiz
∂z3

+
u∗p

2
0

2fC1

∂uiz
∂y

= 0 (4.22)

For normalized parameters in Eq.(4.22), the prime signs are removed for convenience.

The terms in Eq. (4.22) can be rearranged to obtain the nonlinear ZK-type equation

given as

∂uiz
∂t

+

(
uiz +

p0√
C1

)
∂uiz
∂z

+R1
∂uiz
∂y

+Q1
∂3uiz
∂z∂y2

+ S1
∂3uiz
∂z3

= 0 (4.23)

The coeffi cients R1, Q1 and S1 in Eq. (4.23) are defined as
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R1 = δiu∗
2N0fC1

Q1 =
√

δi
N0C1

(
δi+f

2C1λ
2
Dm

2N0f2C1ρ2i

)
S1 =

√
δi

N0C1

(
λ2Dm

2N0ρ2i

)
 (4.24)

To get the stationary solution of nonlinear ZK-type equation (4.23), a standard trans-

formed variable ς is introduced in the following form

ς = z + θy − λ0t (4.25)

Where λ0 is the speed of nonlinear structure and is normalized by ion acoustic speed

(Csi), while θ is the angle making by the wave front with y−axis. The transformed

variable ς and the space variable z and y are normalized by the Larmor radius (ρi). By

the introduction of transformed variable ς into Eq. (4.23) and integrating once with

respect to ς along with the use of boundary conditions uiz, duizdξ and d2uiz
dξ2
, all are zero

when |ς| → ∞, gives an ordinary differential equation which can be expressed as

− λ0uiz +

(
p0

C
1/2
1

+ uiz

)
uiz +R1θuiz +

(
Q1θ

2 + S1

) d2uiz
dς2

= 0 (4.26)

The exact solitary wave solution of Eq. (4.26) for λ0 > 1 can be found by applying the

sine-cosine algorithm [101], which can be expressed as

uiz =
3

2
E0 sech2

[ ς
W

]
(4.27)

Where E0 is the amplitude and W is the width of solitary wave which are given as

E0 = λ0 −R1θ − (δi/N0C1)
1
2 (4.28)

W = 2

√
Q1θ

2 + S1

λ0 −R1θ − (δi/N0C1)
1
2

(4.29)

It is evident from Eq. (4.24) that all three coeffi cients of ZK-type equation depends

on the nonthermal-nonextensive parameter C1 and thus, has an influence on both the

amplitude and width of solitary wave. In contrast to KdV equations, these solitary
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waves do not show the pure nature of solitons as their energy is not preserved due

to collisions because of generation of wave component. However, collisions among the

solitary waves with moderate amplitude and propagating in the similar direction, the

nature of these inelastic collisions is weak and are diffi cult to detect. Thus, these

solitary waves obtained from Eq. (4.23) propagate over a long distance in the presence

of these collisions [193]. For θ = 0, these nonlinear structures then represent the ion

acoustic solitary waves, which indicates that the contributions of drift waves to these

structures would be small. These solitary structures travel along the external magnetic

field accompanied by small perpendicular perturbations coming from drift waves.

4.5 Results and Discussion

First the linear dispersion relation (4.20) is derived and then in the parametric range,

it is used for the derivation of ZK-type equation (4.23). This nonlinear evolution

equation illustrates the nonlinear propagation of ion acoustic waves which are coupled

with electrostatic drift waves (due to ion density gradient) in three component e-p-i

plasma with rotation along the external magnetic field and nonthermal-nonextensive

electrons and positrons. Eq. (4.27) presents the solitary wave solution of ZK-type

equation (4.26). In this section, Eq. (4.27) is discussed on the basis of numerical

results and the solitary wave characteristics are investigated with effects of nonthermal

α and nonextensive q parameters as well as with the influence of rotation. For the

numerical plots, the parameters of e-p-i plasma related to laboratory environments are

considered [36, 169]. These numerical parameters are defined as δp = 0.3, δi = 0.7,

Ω0 = 0.1, σe = 1, λDe = 0.01ρi, θ = 0.1, u∗ = 0.1 and λ0 = 0.8.

For the analysis of ion acoustic drift solitary waves with effect of nonthermal nonex-

tensive species, it is essential for the convenience of the reader to revise the concepts of

α−parameter representing the strength of nonthermality and q−parameter character-

izing the strength of nonextensivity. The value of nonthermal parameter α is normally

taken in the range 0 < α < 1, and increasing its value in this range represents the

increased nonthermality of the species in the system. For α = 0, the particles be-
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have in Maxwellian manner and contribution of nonthermality diminishes. For the

nonextensive parameter q < 1 which characterizes the excess of energetic particles at

superthemal tail, is defined [194] in the range 1
3
< q < 1. On the other hand for

q > 1, the system is more probable with low energy states than in the extensive case

and is not important in interest of the present work (this work is related to excess of

high energy particles). For the hybrid Cairns-Tsallis distribution, the nonthermal α

and nonextensitive q parameters can acquire values in a restricted range as defined in

Ref. [183] for nonlinear ion acoustic waves. The numerical analysis of ion acoustic

drift solitary waves is, therefore, carried out for a restricted range 0 ≤ α < 0.25 and

0.6 < q ≤ 1 as given in Ref. [183].

The amplitude E0 and width W of ion acoustic drift solitary wave are plotted as

a function of nonthermal parameter α in Figure 4.1 for several values of

nonextensive parameter q. It shows an increment in the amplitude and a decrement

in the width of solitary wave as the value of q decreases. Smaller value of q−

parameter depict higher number of superthermal particles that form the long tail of

the distribution function. It means that higher the nonextensive particles in the con-

sidered plasma result in solitary waves with larger amplitude and narrower width.

However, this change in amplitude and width of solitary wave disappears when the

value of q reaches up to 0.6 and is depicted as straight dashed line in Figure 4.1.

Figure 4.1: The plot of amplitudeE0 in (a) and widthW in (b) for solitary wave against nonthermal
parameter α by varying the q−nonextensive parameter. The solid line stands for q = 0.9, dashed
one for q = 0.8, and dotted one for q = 0.7, while the straight dashed line represents q = 0.6.

The red dashed line for q = 0.6 is straight and shows no change in both amplitude

and width, illustrating a specific range of values for q parameter. Figure 4.1 also shows
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another important result about the range of nonthermal parameter α. It can be seen

that variation in amplitude and width is significant for smaller value of α (nonextensive

effects are more dominant for lower values of α) and the change almost vanish when

the value of α reaches to 0.25. This, then defines a limited range for the values of

nonthermal parameter i.e., 0 < α < 0.25 to observe the effect of nonextensivity. To see

this effect of nonthermality in the presence of nonextensivity, the amplitude and width

of solitary wave are shown as a function of nonextensive q− parameter in Figure 4.2

for different values of α−parameter. It can be seen that the amplitude increases, while

the width decreases for higher values of the nonthermal α−parameter. The figure also

predicts that the change in the amplitude and width of the soliton is higher for lower

values of α and dies out as α → 0.25. Another important result provided by Figure

4.2 is that the nonthermal effects act to start above the minimal value of q = 0.6.

Figure 4.2: The solitary wave amplitude E0 in (a) and widthW in (b) are shown as a functions of
q−nonextensive parameter, while the values of nonthermal paramter α are varied as α = 0.05 (for
bold), α = 0.10 (for dashed) and α = 0.15 (for dotted).

The increasing trend of the amplitude and decreasing trend of the width in Figure

4.1 also emphasize that taller and narrower ion acoustic drift solitary waves are sup-

ported by the considered plasma model in the presence of high number of nonthermal

electrons and positrons. Similarly, the trend followed by amplitude and width in Fig-

ure 4.2 reveal that high numbers of superextensive particles in the system give rise to

taller and narrower solitary waves. This effect of nonextensitivity on the solitary wave

is provided in Figure 4.3, while for nonthermality, it is depicted in Figure 4.4, where

the solitary wave profile is plotted with q−parameter and α−parameter in Figures 4.3

and 4.4, respectively.
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Figure 4.3: The 3D solitary wave profile uiz with ξ and q−nonextensive parameter.

Figure 4.4: The 3D solitary wave profile uiz vs ξ with nonthermal parameter α.
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Both of these figures provide that increasing either nonthermal or nonextensive

particles in the considered plasma model give rise to the generation of ion acoustic

drift solitary waves possessing higher amplitude and narrower width.

In Figure 4.5, the simultaneous effect of both nonthermality and nonextensivity is

shown, where the soliton profile is plotted for different values of α and q parameters.

Figure 4.5: The solitary wave profile (uiz vs ξ) is plotted by changing the values of α and q
parameters simultaneously as α = 0.10, q = 0.9 (for bold line), α = 0.15, q = 0.8 (for dashed
line) and α = 0.20, q = 0.7 (for dotted line).

It provides that amplitude increases and width decreases by increasing the non-

thermal and nonextensive particles at the same time. Hence, it concludes that the

nonthermal nonextensive particles have significantly modified the propagation dynam-

ics of ion acoustic drift solitary waves in e-p-i plasma.

It can be observed from Eq. (4.24), that the rotational frequency Ω0 appears in

both coeffi cients R1 and Q1, however, it can be seen that it dominantly appears in Q1

emphasizing that it has a major role in changing the width of solitary wave. This effect

of rotational frequency is carried out numerically in Fig. 6, which demonstrates that

the dispersion property of solitons is reduced by enhancing the rotational frequency,

while it has no impact on the amplitude.

This implies that rotational frequency only influences the dispersion properties of

coupled ion acoustic waves. This is due to the fact that these solitary waves travel

predominantly along the direction of external magnetic field accompanied by some

small perpendicular perturbation (as the value of θ is taken to be very small i.e., 0.1).

123



Figure 4.6: The solitary wave profile (uiz vs ξ) for different values of rotational frequency as
Ω0 = 0.1 (for bold), Ω0 = 0.3 (for dashed) and Ω0 = 0.5 (for dotted) while α = 0.1, and q = 0.8
are kept constant.

Another reason which makes the amplitude unaffected by rotational frequency is the

small value of considered drift velocity i.e., u∗ = 0.1. This drift velocity appears in

product with Ω0 in coeffi cient R1 which causes the rotational frequency to be less

effective in case of amplitude and thus, its contributions only appear in dispersion

property.
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Chapter 5

Conclusions

The main objective of this work was to investigate the linear and nonlinear character-

istics of electrostatic waves in non-Maxwellian plasma systems consisting of charged

species with different backgrounds. Different non-Maxwellian distributions, such as

Cairns, kappa and q−nonextensive Tsallis distribution, were applied to inspect the

electrostatic nonlinear solitary wave structures. These nonlinear electrostatic solitary

structures are mainly investigated through the derivation of Zakharov-Kuznetsov equa-

tion. It has been found that the presence of non-Maxwellian particles in plasma sig-

nificantly affect the linear and nonlinear dynamics of electrostatic waves. Here, the

summary, conclusions and applications of electrostatic waves are provided chapterwise

in the following:

5.1 Chapter 2: Summary

In this chapter, the investigation of dust ion acoustic waves in three dimensional mag-

netized and rotating four component dusty plasma is carried out with nonthermal

distribution of electrons following the Cairns velocity distribution function. This study

of dust ion acoustic waves is based on one fluid (where dust is treated as stationary in

the background, while ions are inertial) and two fluid (where dust dynamics are also

considered along with the ions) models. The linear properties are studied by deriving

the dispersion relation and then ZK equation is derived to look into the nonlinear char-

acteristics of DIAW. The soliton solution of ZK equation is then explored with effects
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of nonthermality of electrons and rotation.

5.1.1 Conclusions

The results found in this work can be concluded as:

I Increasing the number of nonthermal electrons in the considered plasma model

causes a decrease in the phase velocity of DIAW in one fluid approach.

I In the nonlinear regime, both positive as well as negative potential solitons exist,

and the changeover from positive to negative potential soliton depends on the nonther-

mal parameter β c.

I It is observed that the critical value of βc (i.e., the point at which the

changeover of positive to negative potential soliton occurs) is slightly lower in one

fluid model as compared to the two fluid model. Thus, the dynamics of dust parti-

cles influence the existence of compressive/rarefactive dust ion acoustic solitons.

I It is also observed that rotation of the plasma in the direction of magnetic field

affects only the width of soliton and has no influence on its amplitude. The width of

soliton decreases by increasing the rotational frequency and this effect of rotational

frequency is more dominant in two fluid approach as compared to the one fluid.

I The stability of soliton is also carried out which provides that solitons are more

stable as the system evolves toward its thermodynamic equilibrium (less nonthermal

electrons). While rotation of plasma tries to stabilize the soliton.

5.1.2 Applications

These theoretical investigations may provide a good understanding of nonlinear oscilla-

tions and the salient features of coherent nonlinear structures in dusty plasmas relevant

to laboratory and space environments. The results obtained in this study may be help-

ful to improve the knowledge of vast applicability of Cairns distribution function which

was developed to model the nonthermal electrons responsible for density depletions in

electrostatic solitary structures observed in the upper ionosphere [67]. Since, the dust

ion acoustic waves are investigated using one fluid and two fluid models, so this work
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yields an improved concept about dusty plasmas with charged dust particles ranging

from smaller to larger sizes.

5.2 Chapter 3: Summary

In chapter 3, the ion acoustic waves are investigated in three component e-p-i plasma

placed inside an external magnetic field along with effect of collisions, rotation and

non-Maxwellian particles (electrons and positrons). A hybrid nonthermal distribution

is considered for the non-Maxwellian distributed electrons and positrons. This hybrid

distribution consists of two non-Maxwellian distributions i.e., kappa and Cairns dis-

tributions. First, the linear dispersion relation is derived and it is found that linear

properties of ion acoustic waves strongly depend on the non-Maxwellian distribution

of particles. It is also observed that contribution of rotational frequency appears only

in the perpendicular components of the linear dispersion relation. The comparison of

linear dispersion relation is also carried out with some earlier works. For the nonlinear

characteristic of small amplitude obliquely propagating ion acoustic waves, ZK equa-

tion in modified form is derived through the reductive perturbation technique. The

approximate time evolutionary solitary wave solution is carried out for the modified

ZK equation. The solitary wave characteristics are then explored numerically with

effect of different physical quantities by incorporating typical e-p-i plasma parameters

relevant to laboratory.

5.2.1 Conclusions

The important points from the numerical results obtained for dissipative ion acoustic

solitary structures in electron-positron-ion plasma in the presence of rotation and non-

thermal effects are summarized as:

I Dissipative solitary waves are supported by the considered plasma model in the

presence of dissipation (i.e., ion-neutral collisions).

I It is observed that energetic particles (kappa distributed) forming the superther-

mal tail of distribution function have an opposite effect on the solitary wave profile as
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compared to those energetic particles (Cairns distributed) present at the shoulders.

I The collisional frequency results an exponential decrease (increase) in the ampli-

tude (width) of solitary wave, which may lead to the formation of shock-type waves.

I The rotation of plasma along the direction of external magnetic field causes to

increase the confinement of the system by decreasing the dispersion of the solitary

waves. However, the rotation shows no effect on the amplitude.

5.2.2 Applications

These theoretical investigations may provide a better concept to the understanding

of nonlinear propagation characteristics of ion acoustic waves in e-p-i plasma. The

non-Maxwellian distributions in e-p-i plasma have fundamental importance and their

applications can range from laboratory to astrophysical environments. The

investigations provided in this work may be helpful to understand the role of non-

Maxwellian distributed particles in the dynamics of ion acoustic waves. The electron-

positron-ion plasma is usually taken with relativistic effects and due to its existence

in dense astrophysical environments, these plasmas are also studied under the effects

of quantum behavior. Since, this work is based on classical approach, so it may

provide the fundamental and simpler model to elaborate this type of plasma further

with relativistic and quantum effects.

5.3 Chapter 4: Summary

To summarize the work presented in chapter 4, the linear as well as nonlinear dynamics

of coupled (with drift) ion acoustic waves are studied in electron-positron-ion plasma

with rotation in the direction of magnetic field and in the presence of non-Maxwellian

electrons and positrons. For non-Maxwellian particles, the hybrid Cairns-Tsallis dis-

tribution is considered. First linear dispersion relation is carried out for obliquely

propagating drift waves. Then the intermediate parametric range is applied for the

derivation of linear dispersion relation to present the linear characteristics of obliquely

propagating ion acoustic waves with effect of inhomogenous ion density. For nonlinear
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dynamics, a ZK-type equation is obtained using the dispersion relation with para-

metric range approximation to investigate the ion acoustic drift solitary waves. The

numerical investigation of these solitary waves is then presented to observe the effect

of nonthermality and rotation.

5.3.1 Conclusions

The important conclusions from the numerical studies of ion acoustic drift solitary

waves are given as:

I The dynamics of ion acoustic drift solitary waves are significantly modified in

the presence of nonthermal nonextensive electrons and positrons.

I It is shown that there exists a restricted range for the values of q−

nonextensive parameter to observe the nonthermal effects. Similarly the values of α−

parameters are also limited to a specific range, where the nonextensivity can be

observed.

I The specific range of values for α and q parameters found here, are exactly in

agreement with the one defined in Ref. [183].

I The rotational frequency shows influence only on the dispersion properties of

the system due to the fact that these solitary waves propagates predominantly in the

direction of external magnetic field.

5.3.2 Applications

In some plasmas, which are relevant to astrophysical regions such as pulsars, neutron

stars, magnetosphere of black holes etc., the rotation occurs quite rapidly. Even at

laboratory level like tokamak, the plasma rotates in a direction parallel to magnetic

field. The observation of this existence of rotation requires these plasmas to be inves-

tigated in a rotating frame of reference. The Coriolis force becomes one of the most

important factor to analyze the structure of magnetic stars with rotation and sunspot

development [195]. These plasmas in the presence of rotation and strong magnetic

fields consist of electrons and positrons with some lower concentration of ions. It has

been observed from astrophysical plasmas that nebulon formation is governed by ro-
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-tation of the body [196]. The space and astrophysical plasmas are in regular contact

with continuous external radiations, so it is obvious that these plasmas are associated

with highly energetic particles [197, 198] which do not follow the usual Maxwellian

velocity distribution. In earth’s magneto-tail, the boundary layer of plasma sheet also

consists of nonthermal e-p-i plasma which originates due to the hot incoming particles

(electrons and positrons) from pulsars to the interstellar electron-ion plasma [45, 199].

The presence of electrostatic modes are observed and is well-known in astrophysical

plasmas which play an important role to investigate the properties of matter in a star.

This well-known phenomena is called the aesteroseismology and is an effective probe

in finding rotation, mass and equation of state of stars [200, 201, 202]. The presence of

gravity waves i.e., g-mode, as well as electrostatic waves i.e., p-mode, is predicted by

the aesteroseismology. In electrostatic waves, the inertial effects are provided by the

ions.

The theoretical investigations performed in this work, may provide a better under-

standing of linear and nonlinear propagation of ion acoustic as well as electrostatic drift

waves in e-p-i plasma related to the space, astrophysical and laboratory environments,

where the presence of rotation and nonthermal effects can not be neglected. It may

also provide to understand the physical nature of laboratory plasmas [36, 50], where

probing is characterized by positrons and the electrostatic perturbations are used to

diagnose the plasma system. The main aim of this work is to give a detail picture of

the applicability of Cairns-Tsallis distribution which was proposed to provide better fit

in comparison to thr Cairns distribution for a wide variety of observed plasma systems.
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Appendix A

Normalization Procedure

One Fluid Model

The normalization procedure followed for dust ion acoustic waves in chapter 2, is

adopted from Ref. [136]. For four component magnetized dusty plasma, the set of fluid

equations for dust ion acoustic wave in the presence of Cairns distributed electrons is

given as

[
∂

∂t
+ ui ·∇

]
ui = − e

mi

∇φ+
e

mi

ui ×
[
B + 2Ω0

mi

e

]
(A.1)

∂ni
∂t

+∇ · (niui) =0 (A.2)

∇2φ = 4πe(ne − ni + zd−nd− − zd+nd+) (A.3)

Applying the plane wave solution for Eqs. (A.1)−(A.3) after its linearization , the

dispersion relation of ion acoustic waves in an unmagnetized four component dusty

plasma is obtained as

1 +
(1− βc)
k2λ2

De

=
ω2
pi

ω2
, (A.4)

with ωpi =
√

ni0e2

ε0KBTe
. Using the method followed in Ref. [136], the relation for dust ion

acoustic waves from Eq. (A.4) can be written as
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lim
k→0

ω

k
= Csi

√
1

(1− βc)(1 + δd+ − δd−)
(A.5)

For one fluid model, the normalization is performed by using the modified acoustic

speed Cs1 = Csi
√

1/αi and modified ion plasma frequency ωp1 = ωpi
√

1/αi with

αi = (1− βc)(1 + δd+ − δd−).

Two Fluid Model

In the case, when hot ions as well as cold charged dust grains are inertial with Cairns

distributed electrons, the set of fluid equations can be expressed as

[
∂

∂t
+ ui ·∇

]
ui = − e

mi

[
∇φ− ui × (B + 2Ω0

mi

e
)
]
− γi

KBTi
mini

∇ni (A.6)

∂ni
∂t

+∇ · (niui) =0 (A.7)

[
∂

∂t
+ udj ·∇

]
udj = − e

mdj

[
∇φ+ udj ×

(
B + 2Ω

mdj

e zdj

)]
(A.8)

∂ndj
∂t

+∇ · (ndjudj) =0 (A.9)

∇2φ = 4πe(ne − ni + zd−nd− − zd+nd+) (A.10)

The ion acoustic speed can be obtained by the linearization of Eqs. (A.6)−(A.10) with

the application of plane wave solution, in the following form as

lim
k→0

ω

k
= Csi

√
md+md− + zd+δd+md−mi + zd−δd−md+mi

md+md−(1− βc)(1 + δd+ − δd−)
(A.11)

For two fluid model, the normalization is performed with the modified acoustic speed

Cs2 = Csi
√

1/αd and modified ion plasma frequency ωp2 = ωpi
√

1/αd with
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αd =

(
md+md−(1− βc)(1 + δd+ − δd−)

md+md− + zd+δd+md−mi + zd−δd−md+mi

) 1
2

(A.12)
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Appendix B

StabilityCalculation

In the limit of small k, the multiples scales introduced in Ref. [138] as x1 = kx,

x2 = k2x etc., with Φ and γi are expanded as

Φ = φ0 + kφ1 + k2φ2 + ..... (B.1)

γ = kγ1 + k2γ2 + ..... (B.2)

Using Eqs. (B.1) and (B.2) in Eq. (2.88) and linearizing, the set of equations is

obtained in Ref. [138] by comparing different powers in k. The equation obtained

by lowest power in k does not contain γ which showed the absence of instability. By

the comparison of high powers in k and through the elimination of secular terms by

applying some tedious method (omitted here), the growth rate in terms of θ is obtained

in Ref. [138] as

γ1 =
8

3

[(
8

5
cos2 θ − 1

)1/2

+ i sin θ

]
(B.3)

It can be seen from Eq. (B.3) that γ1 gives pure imaginary values if
8
5

cos2 θ < 1 or

θ > θcr = arccos (5/8) ' 37.8◦. The first order growth rate defined by the critical angle

θcr gives the instability of solitary wave. In the case when θ < θcr, the growth rate can

be expressed as
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γ1 = kRe(γ1) +O(k2)

' k
8

3

(
8

5
cos2 θ − 1

)1/2

(B.4)

Where O stands for the order of k. The is no instability for first first order growth rate

when θ > θcr. The second order growth rate is obtained in the same way by comparing

the higher powers in k, where instability occurs for θ > θcr. The second order growth

rate is obtained as

γ2 = −4

9

(
8

5
cos2 θ − 1

)
sec θ +

4(5 + 4 cos2 θ)i tan θ

45
(

8
5

cos2 θ − 1
) (B.5)

Thus, the second order growth rate for θ > θcr, can be expressed as

γ2 = k2 Re(γ2) +O(k3)

' 4k2

9

(
1− 8

5
cos2 θ

)
sec θ (B.6)

Going back to our physical system, the variables k, γ1, and γ2 in Eqs. (B.4) and (B.6)

revert to k → kR⊥ = kR‖
√
D/B, γ1 → γ1T0 = γ1

R3‖
B
, γ1 → γ1T0 = γ1

R3‖
B
, respectively.

Thus, the growth rates of Eqs. (2.89)−(2.92) are retrieved for both the cases from Eqs.

(B.4) and (B.6).
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