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Abstract

This work presents new results regarding the behavior of some non-Newtonian fluids

into different circumstances. Chapter 1 presents the preliminary concepts regarding

Newtonian and non-Newtonian fluids, the constitutive equations and the equations

of motion and integral transforms. New exact solutions for the velocity field and the

shear stress corresponding to some flows of ordinary and generalized Maxwell fluids,

ordinary second grade and Oldroyd-B fluids have been established.

In chapter 2, by means of the Laplace transform, we have established new exact

solutions corresponding to Stokes’ type flows for ordinary Maxwell fluids with slip

boundary conditions. We obtained the velocity field corresponding to both cases

with slip and non-slip conditions, for Maxwell and viscous Newtonian fluids . Also,

the exact and approximate solutions are compared and a good agreement is found.

In chapter 3, some new exact analytical solutions for Stokes’ first problem of

Maxwell fluid with fractional derivative approach are established. The obtained so-

lutions for the velocity field and shear stress, written in terms of generalized G −
Lorenzo−Hartleyfunctions, are presented as a sum of the similar Newtonian solu-

tions and the corresponding non-Newtonian contributions.

Chapter 4 contains exact solutions for the helical flow of a second grade fluid,

between two infinite coaxial circular cylinders. Solutions are presented in series form,

in terms of Bessel functions and they are written as a sum of large-time and transient

solutions.

Lastly, chapter 5 is devoted to the study of unsteady flow of an Oldroyd-B fluid

through the infinite circular cylinder on which a sinusoidal azimuthal tension is given.

viii
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Solutions, obtained by means of the Hankel and Laplace transforms, are written as a

sum of large-time and transient solutions. The corresponding solutions for Maxwell

and Newtonian fluids are obtained as limiting cases.
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Introduction

The thesis is divided into 5 chapters. Chapter 1 contains some basic prelimi-

naries. It includes some basic definitions of terms used in Fluid Mechanics, a brief

introduction to Newtonian and non-Newtonian fluids, differential and rate type flu-

ids, some constitutive equations of the fluids, the equation of continuity, equations of

motion and some integral transforms which are used to solve the partial differential

equations arising in the mathematical formulation of different types of fluid flows.

A considerable block of literature deals with the exact solutions of different kinds of

flows of differential and rate type fluids.

One of the central tenets of the Navier -Stokes theory is the assumption that a

liquid adheres to a solid boundary - the so called no-slip boundary condition. After

formulating the Navier-Stokes equations, Stokes [120] accepted the no-slip condition

only for small fluid velocities. However, many experiments are in favor of the no-slip

boundary condition for a large class of flows, therefore this boundary condition has

been widely applied to most liquid flows. An interesting discussion regarding the

acceptance of the no-slip condition can be found in [19]. Even if this assumption has

proved to be successful for a great variety of flows, it has been found to be inadequate

in several situations, such as the mechanics of thin films, problems involving multiple

interfaces, flows in microchannels or in wavy tubes, flows of polymeric liquids with

1
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high molecular weight or flows of rarefied fluids. Many years ago, Navier [95] pro-

posed a slip boundary condition that states that the velocity of the fluid at the wall

is linearly proportional to the shear stress at the wall. A large number of models

has been proposed for describing the slip that occurs at solid boundaries. Many of

them can be found in refs. [107] and [45]. Generally speaking, the slip is assumed to

depend on the shear stress at the wall. However, more experiments suggest that the

slip velocity also depends on the normal stress [107].

The flow of Newtonian or non-Newtonian fluids induced by an oscillating shearing

motion of a wall is found in many practical problems. This problem is called Stokes

second problem if the fluid is bounded only by the moving wall and Couette flow if

the fluid is bounded by two parallel walls.

Solutions for some Stokes or Couette flows due to a moving wall that satisfy non-

slip conditions can be found in refs. [39, 67, 68, 100, 122, 134]. One of the early

studies of slip at the boundary was undertaken by Mooney [94]. He introduced an

approximate methodology to calculate the slip velocity (the so-called Mooneys tech-

nique). Some non-Newtonian fluids, such as polymer melts, often exhibit macroscopic

wall slip, which is generally described by a nonlinear relation between the wall slip

velocity and the traction at the wall [49, 92]. Many interesting and useful results

regarding solutions for flows of Newtonian or non-Newtonian fluids with slip effects

are in refs. [18, 80, 88, 89, 112, 118].

In chapter 2, Stokes flows of a Maxwell fluid produced by the motion of a wall

are analyzed under the assumption of a slip boundary condition between the wall

and the fluid. The motion of the wall is a rectilinear translation in its plane with

the velocity uw(t) = U0f(t). Exact expressions for the velocity and shear stress are
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determined by means of Laplace transform for Maxwell and viscous Newtonian fluids.

Expressions of the relative velocity are also determined, and solutions corresponding

to flows with nonslip at the boundary are presented. Two particular cases, namely

sinusoidal oscillations of the wall and the translation of the plate with a constant

velocity, are studied. Some relevant properties of the velocity and comparisons be-

tween solutions with slip and nonslip at the boundary are presented using graphical

illustrations generated by the software Mathcad. Because the exact expression of the

velocity is complicated, two small-time and large-time expressions are derived for the

general case and for both aforementioned cases. The exact and approximate solutions

are compared, and a good agreement is found between them. This work has been

published in Canadian Journal of Physics, 89(10) (2011) 1061-1071.

Stokes’ first problem (or Rayleigh-type flow) term is used for flows over a plane

wall which is initially at rest and is suddenly set into motion in its own plane with

a constant velocity. The Stokes’ second problem term is used for harmonic vibra-

tion of the plane. At present, many researchers and applied scientists pay more

and more attention to the Stokes’ problems due to their wide applications in sci-

ences, engineering and technology. We mention here some recent attempts regard-

ing exact analytical solutions for the Stokes’ first problem of non-Newtonian fluids

[28, 40, 101, 123, 124, 127, 128, 137, 138, 145].

Gemant was the first who explicitly proposed to use fractional derivatives in the

constitutive equation [43, 44]. Caputo and Mainardi [13, 14] found exceptional agree-

ment with experimental results when using fractional derivatives for the description

of viscoelastic materials and build the connection between fractional derivatives and
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the theory of linear viscoelasticity [15]. Up to the beginning of the 80s, the con-

cept of fractional derivatives in conjunction with viscoelasticity was seen as a sort of

curve-fitting method. Then, Bagley & Torvik [5] gave a physical justification for this

concept. The starting point is the molecular theory of Rouse [110], later modified by

Ferry, Landel & Williams [37], resulting in fractional derivatives of order 1/2 in the

shear stress-strain relation.

The interest to use the fractional calculus approach also resulted from a practical

problem, that of predicting the dynamic response of viscous dampers by only know-

ing the constitutive relationship of the fluid contained in these devices. Modeling the

behavior of viscous dampers is an increasingly important problem because of their

wide range of applicability. The fluid used in the damper by Makris [86] is a form of

silicon gel whose mass density is slightly less than that of water. Attempts have been

made to fit the properties of the fluid with conventional models of viscoelasticity,

but it has not yet been possible to achieve a satisfactory fit of the experimental data

over the entire range of frequencies. A very good fit of the experimental data was

obtained when the Maxwell model was used with its first-order derivatives replaced

by fractional-order derivatives. The shear stress-strain relationship in the fractional

derivative Maxwell model, proposed by Makris at al. [87], is

τ + λDr(τ) = µDq(γ)

where τ and γ are shear stress and strain, λ and µ are material constants and Dr

is a fractional derivative operator of order r with respect to time. This model is a

special case of the more general model of Bagley and Torvik [6]. It collapses to the

conventional Maxwell model with r = q = 1, in which case λ and µ became the relax-

ation time and dynamic viscosity, respectively. Some exact solutions corresponding
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to different motions of non-Newtonian fluids with fractional derivatives, due to flow

over/between planar like domains are provided [26, 36, 71, 72, 76, 77, 84, 135, 151,

153].

The aim of Chapter 3 is to find some new and simple results for the Stokes’

first problem of rate type fluids. More exactly, our interest is to find the velocity

field and the shear stress corresponding to the motion of a Maxwell fluid due to a

suddenly moved plate. However, for completeness, we shall determine exact solu-

tions for a larger class of such fluids. Consequently, motivated by the aforementioned

remarks, we solve our problem for Maxwell fluids with fractional derivatives. The

general solutions are obtained using the Fourier sine and Laplace transforms. They

are presented in series form in term of the generalized Ga,b,c(•, t) functions and as a

sum of the similar Newtonian solutions and the corresponding non-Newtonian con-

tributions. The similar solutions for ordinary Maxwell fluids are easily obtained as

limiting cases of general solutions and verified by comparison with the known results.

Furthermore, the Newtonian solutions are also obtained as limiting cases of frac-

tional and ordinary Maxwell fluids. Finally, the influence of material and fractional

parameters on the motion of fractional and ordinary Maxwell fluids is underlined by

graphical illustrations. The difference among fractional Maxwell, ordinary Maxwell

and Newtonian fluid models is also spotlighted. The work completed in this chapter

has been published in Computers and Mathematics with Applications 62(3)

(2011) 1013-1023.

The second grade model has been the object of detailed study in recent years.

Coleman and No11 [17] proposed that the second grade model can be considered as

a second order approximation of a simple fluid in the sense of retardation. Second
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grade fluids represent the most famous subclass of differential type fluids. Several

methods have been used to study exact solutions for motions of second grade fluids.

For example, the Lie group theoretic approach has been used to study similarity so-

lutions for creeping flow and heat transfer in second grade fluids by Yürüsoy [149].

Several authors [2, 55, 82, 93, 116, 117, 144] used the inverse method by Nemenyi

[96], to study flow problems of a second grade fluids. Huang et al. [60], Liu et al.[83]

and Zhu et al. [150] adopted integral transform method to present analytic solutions

to the unsteady flow of second order non-Newtonian fluids in a annular region. Shen

et al [115] studied the decay of vortex velocity and diffusion of temperature in a

generalized second grade fluid by using the fractional calculus approach. Xu et al.

[147] and Tan et al. [126] prolonged the study on the generalized second-grade fluid

flow to the case of unsteady problems. In the next chapter we also use the integral

transform method to obtain new exact analytical solutions for helical flows of second

grade fluid.

The objective of Chapter 4 is to further study the in the regime of second grade

fluid model. In the last twenty years the second grade fluids received an especially

large (perhaps even an inordinately large [22]) amount of attention. The aim of this

chapter two fold. Firstly, we tried to solve a problem for the motion of a second grade

fluid, in which the velocity is given on a part of the boundary and the shear stress

on the other part. Secondly, we extended the results of [4, 65, 151] to a second grade

fluid when the accelerated shear stresses of the form K1 sinh(K2t) or K1 cosh(K2t) are

given on the boundary (where K1 and K2 are constants). More exactly, our interest

is to find the velocity field and the shear stresses corresponding to the motion of a

second grade fluid between two infinite coaxial circular cylinders, with given torsional
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and longitudinal hyperbolic sine and cosine shear stresses of the form K1 sinh(K2t)

or K1 cosh(K2t) , on the boundary. The general solutions are obtained by employing

Laplace and finite Hankel transforms and written in series form in terms of Bessel

functions J0(•), Y0(•), J1(•), Y1(•), J2(•) and Y2(•). They are presented as a sum

of the large-time and transient solutions. They satisfy the corresponding governing

equations and all imposed initial and boundary conditions and they describe the mo-

tion of the fluid for some time after its initiation. After that time, when the transients

disappear, the unsteady solutions tend to the large-time solutions which are indepen-

dent of the initial conditions. The solutions for the same motion corresponding to the

Newtonian fluid are obtained as limiting cases of the present results. The influence

of material parameters on transient solutions is discussed, this being very important

in many practical applications. Finally, the influence of the pertinent parameters on

the fluid motion as well as a comparison between second grade and Newtonian fluids

is examined by graphical illustrations. The content of this chapter has been pub-

lished in Communications in Nonlinear Science and Numerical Simulation,

16 (2011) 1959-1969.

Recently the Oldroyd-B model has become very important among the fluids of

rate type, due to its special behavior of containing Newtonian fluid and Maxwell fluid

as a special cases. The Oldroyd-B fluid model [97, 98] which considers memory and

elastic effects exhibited by a large class of biological and polymeric liquids has been

widely used [48]. Guillope et al [48] and Fontelos et al [41] established the stability,

existence and uniqueness results for some shearing flows of such fluids. Exact solu-

tions for flows of Oldroyd-B fluids were presented by many authors like Waters and

King [142], Fetecau [24, 25], Rajagopal and Bhatnagar [104], Fetecau and Fetecau
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[28, 29] and Hayat et al [53, 57].

Flows through circular cylindrical domains or over an infinite plate are extensively

studied in the existing literature. For both Newtonian and non Newtonian fluids flows

corresponding to such motion, a lot of exact solutions exist in the literature. Most

solutions in the literature correspond to problems with boundary conditions on ve-

locity, although there are some practical problems where the shear stress is given on

the boundary [108, 109, 121]. For example in [108], Renardy studied the motion of

a Maxwell fluid across a strip bounded by parallel plates and proved that in order

to formulate a well posed problem it is necessary to impose boundary conditions on

the stresses at the inflow boundary. In [109], Renardy explained how well posed

boundary value problems can be formulated using boundary conditions on stresses.

Waters and King [142] were among the first specialists who used the shear stress on

the boundary to find exact solutions for motions of rate type fluids. Over the past

years numerous similar solutions of motions of rate type fluids have been presented

[4, 23, 31, 64, 136, 139, 148]. In this paper we will also impose the boundary condi-

tions on shear stresses and, as a novelty, the governing equation of the flow is related

to the azimuthal tension.

The purpose of the chapter 5 is to investigate unsteady flows of Oldroyd-B flu-

ids in an infinite circular cylinder. We will also impose boundary conditions on shear

stresses and as a novelty, the governing equation of the flow is related to the azimuthal

tension. The flow is due to the axial rotation of the cylinder, under the action of os-

cillating shear stresses fH(t) sin(ωt) or fH(t) cos(ωt) on the boundary . Finally the

solutions corresponding to Newtonian and Maxwell fluid flows are obtained as limit-

ing cases of our general results. Also the comparison between models is underlined
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by graphical illustrations.



Chapter 1

Preliminaries

1.1 Basic definitions

A fluid is defined as a material that will undergo sustained motion when shearing

forces are applied, the motion continuing as long as the shearing forces are maintained.

The general study of fluid mechanics considers a fluid to be a continuum. That is,

the fact that the fluid is made up of molecules is ignored, but rather the fluid is taken

to be a continuous media.

In solid and rigid body mechanics, it is convenient to start the geometric discussion

of motion and deformation by considering the continuum to be made up of a collection

of particles and consider their subsequent displacement. This is called a Lagrangian,

or material, description, named after Joseph Louis Lagrange (1736-1836). This

description works well for particle dynamics, but since fluids consist of an infinite

number of flowing particles in the continuum hypothesis, it is not convenient to label

the various fluid particles and then follow each particle as it moves. Experimental

techniques certainly would be hard pressed to perform measurements that are suited

to such a description. Thus there is seldom a need to consider using this descriptive

10
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method. Instead, an Eularian, or spatial, description, named after Leonard Euler

(1707-1783), is used. This description starts with velocity, written as v = v(x, t),

where x refers to the position of a fixed point in space, as the basic descriptor rather

than displacement.

Since acceleration in fluid mechanics is the rate of change of velocity of a partic-

ular moving fluid particle at any position. Under the Eularian or spatial description

of fluid motion, mathematically the acceleration can be written as

a =
dv

dt
= ∂tv+ (v.∇)v, (1.1.1)

where ∂tv is called the temporal acceleration and (v.∇)v is the convective or

advective acceleration. The operator d
dt

= ∂t + (v.∇) is called material or sub-

stantial derivative.

If the mass density of a flowing fluid particle remains constant with time then the

flow is called incompressible flow. Mathematically we can write

dρ

dt
= 0, (1.1.2)

where ρ is the density of the fluid. On the other hand in compressible flows the

mass density of a fluid particle is the function of time. Flows in which the physical

properties (like velocity, density, pressure etc) of the fluid do not depend upon time

are called steady flows. Mathematically we can write,

∂tη = 0, (1.1.3)

where η represent any physical property of the fluid. On the other hand, the fluid flows

in which fluid properties are function of time are called unsteady flows. Mathemat-

ically for steady flows η = η(x, y, z) and for unsteady flows η = η(x, y, z, t). Flows in
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which the velocities of the fluid particles are equal at all sections are called uniform

flows. (These are the flows through pipes or channels). Flows in which the path of

two different fluid particles do not cross each other are called laminar flows. Flows

which are not laminar are called turbulent flows. Flows in which the fluid parti-

cles rotate about their axis with a non zero angular velocity ω are called rotational

flows. Mathematically ω = ∇× v ̸= 0. Flows in which fluid particles do not rotate

about their own axis are called irrotational flows. Mathematically ω = ∇×v = 0,

where v is the velocity of the fluid.

Pressure is defined as magnitude of force per unit area. Mathematically, P = F
A
.

Pressure is a scalar quantity. Stress is defined as force acting to an area divided

by that area. Thus by definition, we can say that two directions are associated with

stress, one is the direction (orientation) of area and other is the direction of force.

Therefore mathematical structure of stress is more complicated than that of a scalar

or a vector. In order to understand this structure of stress tensor we introduce three

mutually orthogonal surfaces with faces having normal vectors along our coordinate

axes to obtain three special stress vectors that acts on these surfaces. We represent

these special stresses by τ (x),τ (y) & τ (z) corresponding to forces acting on surfaces

with unit normal vectors in x, y & z directions, respectively. The stress vector is

defined by “force per unit area acting on the small surface △A with infinitesimal

small surface area”. Mathematically,

τ (n) = lim
△A−→0

△F

△A
. (1.1.4)

These stress vectors acts on the infinitesimal small tetrahedron shown in the below

figure.
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Figure 1.1: Stress vector

The stress vector due to the force △F acting on the small area △Ax with unit

normal vector along the x(n = î)-axis is

τ (x) = lim
△Ax−→0

△F

△Ax

= σxxî+ τxy ĵ + τxzk̂, (1.1.5)

where σxx, τxy & τxz are limits of x, y & z components respectively, of the force △F

acting on the face △Ax. Similarly for unit normal vectors along the y(n = ĵ) and

z(n = k̂)-axis, we define the stress vectors as,

τ (y) = lim
△Ay−→0

△F

△Ay

= τyxî+ σyy ĵ + τyzk̂, (1.1.6)

τ (z) = lim
△Az−→0

△F

△Az

= τzxî+ τzy ĵ + σzzk̂. (1.1.7)

Like in Eq. (1.1.5) , for the components of stress vectors the first subscript gives the

direction of the surface area face and the second subscript tells the direction of the
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force component on that face. These three stress vectors τ (x), τ (y) & τ (z) can be

represented in matrix notation as,

τ =


τ (x)

τ (y)

τ (z)

 =


σxx τxy τxz

τyx σyy τyz

τzx τzy σzz




î

ĵ

k̂

 . (1.1.8)

The entries of the above 3×3 matrix are the components of the stress tensor of order

2 and collectively (σxx, τxy, τxz, τyx, σyy , τyz, τzx, τzy, σzz) is called the stress tensor.

The stress vectors τ (x), τ (y) & τ (z) are thus expressible in terms of nine components

of stress tensor as shown in figure below. Normal stresses (σxx, σyy, σzz) are those

components of the stress vectors which are due to the force components that act in the

same direction as normal unit vectors of the surface area. Shear stresses (τxy, τyx,

τxz, τzx, τzy, τyz) are those components of stress vectors which are due to those force

components that acts in the direction perpendicular to the normal unit vectors of

our surface areas. Stress tensor and stress vectors are very useful in fluid mechanics.

Stress vectors are used to formulate the governing equation for the problems in fluid

mechanics. They are also used for applying the conditions at the boundary of fluid.

Stress tensor is used to express the state of stress in the interior of the fluid.
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Figure 1.2: Stress tensor

Reynolds transport theorem The Reynolds transport theorem for material

control volume D(t) (a volume that moves with the fluid) is defined as

d

dt

∫ ∫ ∫
D(t)

η(x, t) dD(t) =

∫ ∫ ∫
D(t)

{∂tη +∇ · (ηv)} dD(t), (1.1.9)

where η is any physical quantity function of space variable and time, v is velocity of

the fluid in the time dependent material control volume D(t).
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1.2 Newtonian and non-Newtonian fluids

1.2.1 Newtonian fluid

Considering a fluid of simple molecular structure, such as water or air, experience

and many experiments suggest the following [46]:

1. Stress will depend explicitly only on pressure and the rate of deformation. Tem-

perature can enter only implicitly through coefficients such as viscosity.

2. The fluid is isotropic. That is, the material properties of a fluid at any given point

are the same in all directions.

3. The stress must depend on the rate of deformation in a linear manner, according

to the original concepts of Newton.

4. When the rate of deformation is identically zero, all shear stresses vanish, and

the normal stresses are each equal to the negative of the pressure. The most general

constitutive relation satisfying all above requirements is

τxx = −p+ µ′∇ · v+ 2µ∂xvx, τyy = −p+ µ′∇ · v+ 2µ∂yvy,

τzz = −p+ µ′∇ · v+ 2µ∂zvz, τxy = τyx = 2µ∂yvx,

τxz = τzx = 2µ∂zvx, τyz = τzy = 2µ∂zvy (1.2.1)

where ∇ · v = ∂xvx + ∂yvy + ∂zvz, µ is viscosity and µ′ is second viscosity coefficient.

Both viscosities can depend on temperature and even pressure and have the same

dimensions. The fluid described by the equations (1.2.1) is called a Newtonian fluid,

although the term Navier-Stokes fluid is also used.

For a one dimensional flow, the Newtonian fluid satisfies the following relation

τ = µ
du

dy
, (1.2.2)
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where τ is the shear stress exerted by the fluid, µ is the dynamic viscosity of fluid and

du
dy

is the shear strain or rate of deformation perpendicular to the direction of shear.

1.2.2 Non-Newtonian fluid

Fluids, such as large molecular weight polymers, that do not obey the Newto-

nian constitutive equation (1.2.1) are called non-Newtonian fluids. These fluids are

frequently encountered in the chemical and plastics industry. Paints, slurries, tooth-

pastes, blood, drilling mud, lubricants, nylon, and colloids, all exhibit a non Newton

behavior. Many such fluids also can be found in the kitchen: catsup, suspensions

of corn or rice starch in water, melted chocolate, egg whites, mayonnaise, milk, and

gelatine are examples! They exhibit such effects as die swell when exiting a tube,

climbing of a rotating rod in an otherwise still container of fluid, self-siphoning, drag

reduction, and transformation into a semisolid when an electric or magnetic field is

applied.

More precisely non-Newtonian fluids are those fluids whose behavior can not be

characterized by the classical Navier-Stokes equations.Typical non-Newtonian char-

acteristics include shear thinning (apparent viscosity reduces as shear rate increases

and examples include some colloids, clay, milk, gelatine, blood, liquid cement, molten

polystyrene, polyethylene oxide in water ), shear thickening or dilatant (apparent vis-

cosity increases as shear rate increases and examples include concentrated solutions

of sugar in water, suspensions of rice or cornstarch, solutions of certain surfactants

), rheopectic (apparent viscosity increases the longer stress is applied and examples

include some lubricants), thixotropic (apparent viscosity decreases the longer stress

is applied and examples include nondrip paints, tomato catchup), visco-elastic and
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visco-plastic etc. The understanding of flows of such non-Newtonian fluids has pro-

gressed via a number of theoretical, computational and experimental efforts. The

resulting differential equations corresponding to motions of such fluids are in general

of higher order than the Navier-Stokes equations and one needs additional conditions

for a unique solution [103, 105].

There are several models to depict the rheological properties of non-Newtonian

fluids [22, 102]. Generally speaking, in the existing literature the non-Newtonian flu-

ids are classified in the following three types, (1): the differential type (2): the rate

type, and (3): the integral type. In the following we briefly discuss the differential

and rate type fluids that we will use in the next chapters.

1.2.3 Differential type fluids

The principle of local action asserts that the stress at the body point P is unaf-

fected at the time t by the history of the motion at other body points except those

in some arbitrary small neighborhood of χ(P, t), but it allows their influence to ar-

bitrarily long- past time, where χ(P, t) represents the motion of the body. Thus, in

general, a material point may have an arbitrarily long memory. There is another class

of materials in which the stress at a body point P is affected by the history of the

motion only within an arbitrarily short interval [t − ϵ, t] of preceding time, where

ϵ > 0. Materials of this kind have infinitesimal memory. The history of the motion

before any given past time is irrelevant in determining the stress in such a material

at the present time.

The most commonly studied materials with infinitesimal memory are the simple
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materials in which the stress at P is determined by the first n derivatives of the local

deformation F at the reference place P. Such a material is called a material of dif-

ferential type, and its complexity is called n. When the material of differential type

is isotropic with the unimodular group for all reference placements , it is called a

Rivlin-Ericksen fluid of complexity n. One of the special subclass of differential type

fluids of complexity 2 under conditions of incompressibility and isotropy is known as

second grade fluids. A detail discussion on the materials of differential type can be

seen in [133]. Polymeric fluids , liquid foam , food products, slurries and geological

materials are some examples of differential type fluid.

1.2.4 Rate type fluids

There are a large number of fluids whose flows can be described by the Navier-

Stokes equations. However, these equations are found inadequate to describe the

flow behavior of many kinds of fluids with viscoelasticity. (The sense of history in

the straining of fluids is called viscoelasticity.) Rate type constitutive theories are

developed to describe the response of inhomogeneous fluids whose material properties

can depend upon the shear rate and the mean normal stress. The classical Navier-

Stokes fluids are a special subclass of the rate type fluids. The rate type models are

particularly useful in describing the behavior of biological and geological fluids, and

food products in view of their inherent inhomogeneity.

In the most recent decade, the rate type fluids have appropriated extraordinary

consideration. Maxwell [90] introduced the first viscoelastic rate type model. He also

introduced some fluids that have a general tendency of storing energy (elastic nature

of fluids) and means for dissipation of energy (viscous nature of fluids). The simplest
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subclass of rate type models is Maxwell model. It shows stress relaxation effects.

Usually the dimensionless relaxation time for Maxwell fluid is small but for concen-

trated polymeric fluids it can be larger. Some interesting investigations regarding

flows of Maxwell fluids are given in [9, 27, 32, 51, 56, 119, 125, 134]. Accompanying

the original work of Maxwell [90], Boltzmann [8], and Jeffreys [66], various models

have been advanced to portray the viscoelastic behavior of materials dependent upon

mechanical analogs. They can be classified as materials of the rate type.

The first systematic framework that describe the rheological behavior of rate type

viscoelastic fluids is developed by Oldroyd [97]. His unique and noteworthy study has

distinguished the restriction caused by frame invariance and used convective deriva-

tives of the suitable physical quantities to acquire good frame invariant constitutive

relations. The Oldroyd-B model that incorporates the Newtonian and Maxwell mod-

els permits it to model, for instance, the situation when an elastic fluid satisfying the

Maxwell relations is mixed with a fluid represented by a Newtonian law. Some recent

contributions towards the solutions for flow problems of Oldroyd-B fluids are given

in [11, 132, 152].

Another rate type model due to Burgers (1935) has demonstrated advantageous

in anticipating the response of a mixture of materials, for example asphalts mixture

and polymeric fluids. The Generalization of Burgers model to frame-indifferent 3-

dimensional form is made by Krishnan et.al. [81] in 2004. We list here [106, 50, 52,

54, 146] some studies regarding the Burgers model.
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1.3 Some constitutive equations of fluids

A relation between stress and the rate of deformation is called constitutive equa-

tion. By means of the constitutive equations, we express the unique characteristics

of a gaseous or liquid substance. These equations specify the rheological properties

of materials.

Generally a constitutive equation defines an ideal material which is a mathematical

model for describing the behavior of some classes of real materials. The constitutive

equations corresponding to different materials must satisfy some general principles

e.g. the symmetry principle and the objectivity principle. The simplest constitutive

equation in three dimensions is the Newtonian one, which is given by

T = −pI+ µ A1, A1 = (∇v) + (∇v)T (1.3.1)

In the above relations, T is the Cauchy stress tensor, −pI denotes the indeterminate

spherical stress, µ is the dynamic viscosity, A1 is the first Rivlin-Ericksen tensor, v

is the velocity field, ∇ is the gradient operator and the superscript T indicates the

transpose operation. The constitutive equations of non-Newtonian fluids, which are

used in this work, are given as follows

Second grade fluids:

T = −pI+Σ, Σ = µA1 + α1A2 + α2A
2
1, (1.3.2)

where Σ is the extra-stress tensor, α1 and α2 are the normal stress moduli and A2 is

the second Rivlin-Ericksen tensor defined through

A2 =
dA1

dt
+A1(∇V) + (∇V)TA1. (1.3.3)
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where d/dt is the material or substantial time derivative as defined in Eq. (1.1.1).

When α1 and α2 → 0, this model reduces to the classical Newtonian fluid model.

Maxwell fluids:

T = −pI+Σ, Σ+ λ
δΣ

δt
= µA1, (1.3.4)

where λ is the relaxation time and

δΣ

δt
=

dΣ

dt
− LΣ−ΣLT = Σ̇− LΣ−ΣLT , (1.3.5)

is the the upper convected derivative [33, 77, 114, 129]. For λ → 0, the Newtonian

fluid model is obtained as a special case of the constitutive equation (1.3.4).

Oldroyd-B fluids:

T = −pI+Σ, Σ+ λ
δΣ

δt
= µ

[
A1 + λr

δA1

δt

]
(1.3.6)

where λr is the retardation time. This model reduces to Maxwell fluid model for

λr → 0 and to the Newtonian fluid model for λ and λr → 0.

1.4 The Local Continuity Equation

In order to derive the local continuity equation that hold true at any point in

our fluid, a volume of arbitrary shape is taken into consideration and referred to
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as a control volume. It is usually a volume of fixed size, attached to a specified

coordinate system. A control surface is the bounding surface of the control volume.

The fluid enters and leaves the control volume through the control surface. The

density and velocity inside and on the surface of the control volume D are represented

by ρ and v. These quantities may vary throughout the control volume and so are

generally functions of the spatial coordinates as well as time. The mass of the fluid

inside our control volume is
∫ ∫ ∫

D
ρ dD. If fluid cannot enter or leave the surface A

then by the law of conservation of mass, the entire mass inside the control volume is

conserved in time. Therefore we have

d

dt

∫ ∫ ∫
D

ρ dD = 0, (1.4.1)

By using the Reynold’s transport theorem (1.1.9)we can write∫ ∫ ∫
D

(
∂tρ+∇ · (ρv)

)
dD = 0, (1.4.2)

Since the choice of the control volume was arbitrary and since the integral must vanish

no matter what choice of control volume was made, the only way this integral can

vanish is for the integrand to vanish. Thus,

∂tρ+∇ · (ρv) = 0. (1.4.3)

This is called the local form of continuity equation for a compressible fluid. Alterna-

tively it can also be written in the forms

∂tρ+ ρ∇ · (v) + v · (∇ρ) = 0. (1.4.4)

dρ

dt
+ ρ∇ · (v) = 0. (1.4.5)

The first term into above equation represents the change in density following a parti-

cle, and the second represents the mass density times the change in volume per unit
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volume as a mass particle is followed. For incompressible fluids the mass density of a

fluid particle does not change as the particle is followed. i.e.,

dρ

dt
= 0. (1.4.6)

Thus, the continuity equation for an incompressible fluid is

∇ · v = 0. (1.4.7)

In Cartesian coordinate system (x, y, z), it can be written as

∂xvx + ∂yvy + ∂zvz = 0, (1.4.8)

while in cylindrical coordinate system (r, θ, z), it becomes

1

r
∂r(rvr) +

1

r
∂θvθ + ∂zvz = 0. (1.4.9)

In above relations vx, vy, vz and vr, vθ, vz are physical components of the velocity

field v in cartesian and cylindrical coordinates, respectively.

1.5 Equation of motion

The general equation of motion can be derived by applying the Newton’s law to a

small but finite fluid particle. The local form of balance of linear momentum also

named as the equation of motion is

divT + ρb = ρa. (1.5.1)



25

where b is the body force and a is the acceleration. In the component form,

T =


σxx τxy τxz

τyx σyy τyz

τzx τzy σzz

, b =


bx

by

bz

 and a =


ax

ay

az


and the equations of motion can be written as

∂xσxx + ∂yτxy + ∂zτxz + ρ bx = ρ

(
∂tvx + vx∂xvx + vy∂yvx + vz∂zvx

)
, (1.5.2a)

∂xτxy + ∂yσyy + ∂zτyz + ρ by = ρ

(
∂tvy + vx∂xvy + vy∂yvy + vz∂zvy

)
, (1.5.2b)

∂xτxz + ∂yτyz + ∂zσzz + ρ bz = ρ

(
∂tvz + vx∂xvz + vy∂yvz + vz∂zvz

)
, (1.5.2c)

in Cartesian coordinates and

1
r
∂r(rσrr) +

1
r
∂θτrθ − τθθ

r
+ ∂zτrz + ρbr = ρ(∂tvr

+vr∂rvr +
vθ
r
∂θvr −

v2θ
r
+ vz∂zvr),

(1.5.3a)

1
r2
∂r(r

2τrθ) +
1
r
∂θσθθ + ∂zτθz + ρbθ = ρ(∂tvθ

+vr∂rvθ +
vθ
r
∂θvθ +

vrvθ
r

+ vz∂zvθ),
(1.5.3b)

1

r
∂r(rτrz) +

1

r
∂θτθz + ∂zσzz + ρ bz = ρ(∂tvz + vr∂rvz +

vθ
r
∂θvz + vz∂zvz). (1.5.3c)
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in cylindrical coordinates. Here σxx, σyy, σzz and σrr, σθθ, σzz are normal stresses,

while τxy, τyz, τxz and τrθ, τθz, τrz are tangential shear stresses.

1.6 Integral transforms

The expression

ζ(k) =

b∫
a

ζ(x)K(x, k)dx (1.6.1)

is called the integral transform of the function ζ(x) defined on the interval −∞ ≤ a ≤

x ≤ b ≤ ∞. The function K(x,k) is called the kernel of the transform and k is the pa-

rameter which can have discrete or continuous values on some interval. If the function

ζ(k) is transformed back to the initial function ζ(x) then the corresponding transfor-

mation is called the inverse transform of the integral transform defined above. It is

good to keep in mind that the inverse transform is not always an integral transform.

Evidently, there are many important integral transforms including Fourier, Laplace

and Hankel transforms. They are defined by choosing different kernels K(x, k) and

different values for a and b involved in (1.6.1).

The general procedure for the application of integral transform techniques for

solving the partial differential equations is as follows. Firstly, we make the problem

simple by eliminating differentiation with respect to one of variables, by using a suit-

able integral transform. To eliminate differentiation with respect to other variables in

succession, the integral transform may be repeatedly applied. The transformed prob-

lem is often a simple algebraic problem and one solves with less difficulties. Then we

apply the inverse transform to obtain the solution of our initial value problem. In the
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following we define some integral transforms and their inverses, which are used in the

present work.

1.6.1 Laplace transform

Define the integral

ζ(q) =

∞∫
0

ζ(t)e−qtdt. (1.6.2)

The function ζ(q) is said to be the Laplace transform of function ζ(t) provided the

Laplace transform integral (1.6.2) exist, where t is a real variable and q = r + is is

a complex number. The sufficient conditions [3] for the existence of Laplace integral

(1.6.2) for Req ≥ r0: are

(1) ζ(t) is integrable on any finite interval [a, b], 0 < a < b,

(2) the integral
ϵ∫
b

ζ(t)e−r0tdt tends to a finite limit as ϵ → ∞,

(3) for arbitrary a > 0, the integral
a∫
λ

|ζ(t)|dt tends to a finite limit as λ → 0,

where r0 is greatest lower bound for Req called the abscissa of convergence. If the

function ζ(t) satisfies the above conditions (1)-(3), inverse Laplace transform can be

given in the integral form [3] as

ζ(t) =
1

2πi

a+i∞∫
a−i∞

ζ(q)eqtdq, (1.6.3)

at each point of continuity of ζ, where the principle value of the integral is taken

along any vertical line Req = a > r0. This integral is also called Brownwich integral.

An important result about the Laplace transform is the Convolution theorem given

below
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If L{ζ(t)} = ζ(q) and L{η(t)} = η(q), then

L{ζ(t) ∗ η(t)} = L{ζ(t)}L{η(t)} = ζ(q)η(q).

Or equivalently,

L−1{ζ(q)η(q)} = ζ(t) ∗ η(t), (1.6.4)

where ζ(t) ∗ η(t) is called the convolution product of ζ(t) and η(t) and it is defined as

ζ(t) ∗ η(t) =
∫ t

0

ζ(t− τ)η(τ)dτ. (1.6.5)

1.6.2 Fourier Sine Transform

The Fourier sine transform of a function ζ(x) is defined as

Fs{ζ(x)} = ζs(k) =

√
2

π

∫ ∞

0

ζ(x) sin(kx)dx, (1.6.6)

and the inverse Fourier sine transform is

F−1
s {ζs(k)} = ζ(x) =

√
2

π

∫ ∞

0

ζs(k) sin(kx)dk. (1.6.7)

A sufficient condition for ζ(x) to have a Fourier transform is that ζ(x) is absolutely

integrable on (0,∞). However, this unsatisfactory feature can be resolved by means of

a natural extension of the definition of the Fourier transform of a generalized function

using distribution theory.

1.6.3 Finite Hankel transform

Finite Hankel Transform is useful in the study of the boundary value problems

which depend only on the distance from the origin [143]. In some past years, the
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use of mixed Laplace and finite Hankel transforms has shown some success in solving

partial differential equations involving fractional calculus [59].

If ζ(r) is defined in 0 ≤ r ≤ R, then the finite Hankel transform of order n of the

function ζ(r) is denoted by Hn {ζ(r)} and is defined as [20]

Hn {ζ(r)} = ζ̃n(ri) =

∫ R

0

rζ(r)Jn(r ri)dr, (1.6.8)

where Jn(•) is the Bessel function of the first kind of order n and ri (0 < r1 < r2 < . . . )

are the positive roots of the equation Jn(Rr) = 0.

The inverse finite Hankel transform is defined as

H−1
n

[
ζ̃n(ri)

]
= ζ(r) =

2

R2

∞∑
i=1

Jn(r ri)

J2
n+1(Rri)

ζ̃n(ri), (1.6.9)

where the summation is taken over all positive roots of Jn(Rr) = 0. The Hankel

transformation defined in (1.6.8) is usually used to solve the analytical problems in

which only one cylinder is used [25, 30].

For problems with the rotational flows between two infinite coaxial circular cylin-

ders, the finite Hankel transform is defined by [20, 61, 63, 130]

H{ζ(r)} = ζH(rm) =

∫ R2

R1

rζ(r)Bw(r, rm)dr; m = 1, 2, 3, . . . (1.6.10)

where R1 and R2(> R1) are the radii of the cylinders,

Bw(r, rm) = J1(rrm)Y2(R1rm)− J2(R1rm)Y1(rrm), (1.6.11)

rm are the positive roots of the transcendental equation Bw(R2, r) = 0 and Yn(•) is
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the Bessel function of the second kind of order n. The inverse Hankel transform for

this case is given by [20, 61, 63, 130]

H−1
n

{
ζH(rm)

}
= ζ(r) =

π2

2

∞∑
m=1

r2mJ
2
1 (R2rm)Bw(r, rm)

J2
2 (R1rm)− J2

1 (R2rm)
ζH(rm), (1.6.12)

In the case of problems with longitudinal flows between two infinite coaxial circular

cylinders, the finite Hankel transform is defined by [20, 61, 63, 131]

H{ζ(r)} = ζH(rn) =

∫ R2

R1

rf(r)Bv(r, rn)dr; n = 1, 2, 3, . . . (1.6.13)

where R1 and R2 are again the radii of the cylinders,

Bv(r, rn) = J0(rrn)Y1(R1rn)− J1(R1rn)Y0(rrn), (1.6.14)

and rn are the positive roots of the transcendental equation Bv(R2, r) = 0. The

inverse Hankel transform for this case is given by [20, 61, 63, 131]

H−1
n

{
ζH(rn)

}
= ζ(r) =

π2

2

∞∑
n=1

r2nJ
2
0 (R2rn)Bv(r, rn)

J2
1 (R1rn)− J2

0 (R2rn)
ζH(rn), (1.6.15)



Chapter 2

Stokes flows of a Maxwell fluid
with the wall slip condition

———————————————————————-

2.1 Introduction

In this chapter, Stokes flows of a Maxwell fluid produced by the motion of a

wall are analyzed under the slip condition at boundary. The wall motion is assumed

to have a translation in its plane with a given velocity and the relative velocity

between the velocity of the fluid at the wall and the speed of the wall is assumed

to be proportional to the shear rate at the wall. Exact expressions for velocity and

shear stress are determined by means of the Laplace transform. The velocity fields

corresponding to both cases with slip and non-slip conditions, for Maxwell and viscous

Newtonian fluids are obtained. Two particular cases, namely sine oscillations of the

wall and translation with a constant velocity, are studied. For flows of a Maxwell fluid

with non-slip boundary condition, the velocity is discontinuous across a vortex sheet;

this situation does not appear for flows with slip conditions. In this case, the velocity

31
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is always continuous. Since the exact expression of the velocity is rather complicated,

two small-time and large -time expressions of the velocity are derived. The results for

Maxwell fluids are compared with those of viscous Newtonian fluids in both cases of

the flow with slip and non-slip conditions. Also, the exact and approximate solutions

are compared and a good agreement is found. In addition, the influence of the slip

coefficient on velocity and relative velocity is studied.

2.2 Governing Equations

Consider a plane wall situated in the (x, z)-plane of a Cartesian coordinate system

with the positive y-axis in the upward direction. Let an incompressible, homogeneous

Maxwell fluid fill the region y ≥ 0 . Initially, both the fluid and plate are at rest. At

t = 0+ the fluid is set in motion by plate that begins to translate along the x-axis

with the velocity uw(t) = U0f(t) , where U0 > 0 is a constant and f(t) is a piecewise

continuous function defined on [0,∞) and f(0) = 0 . Also, we suppose that the

Laplace transform of the function f exists. In the case of a parallel flow along the

x-axis, the velocity vector is v = (u(y, t), 0, 0) while the constitutive relation and the

governing equation are given by [16, 69].

τ + λ∂t τ = µ∂y u, (2.2.1)

ρ∂t u + ρλ∂2
t u = µ∂2

y u, y, t > 0, (2.2.2)

where τ(y, t) = Σxy(y, t) is the tangential non-zero component of the extra-stress

tensor, µ is the dynamic viscosity, λ is the relaxation time and ρ is the constant
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density of the fluid. In this chapter we take into consideration the existence of slip

at the wall and assume that the relative velocity between u(0, t) (the velocity of the

fluid at the wall) and the wall is proportional to the shear rate at the wall [80]. The

boundary and initial conditions are:

u(0, t)− β∂y u(0, t) = uw(t), t > 0, (2.2.3)

u(y, t) → 0 as y → ∞, t > 0, (2.2.4)

u(y, 0) = 0, ∂tu(y, 0) = 0, τ (y, 0) = 0, y ≥ 0, (2.2.5)

where β is the slip coefficient. We introduce the following non-dimensionalization:

t∗ =
t

T
, y∗ =

y

U0T
, u∗ =

u

U0

, τ ∗ =
τ

ρU2
0

, λ∗ =
λ

T
, β∗ =

β

U0T
, (2.2.6)

T > 0 being a characteristic time. Eqs. (2.2.1)-(2.2.5), in the non-dimensional

form, are (dropping the ”*” notation):

τ + λ∂tτ =
1

Re
∂yu, y, t > 0, (2.2.7)

∂tu + λ∂2
t u =

1

Re
∂2
yu, y, t > 0, (2.2.8)

u(0, t)− β∂yu(0, t) = g(t), t > 0, (2.2.9)

u(y, t) → 0 as y → ∞, t > 0, (2.2.10)

u(y, 0) = 0, ∂tu(y, 0) = 0, τ (y, 0) = 0, y ≥ 0, (2.2.11)

where ν = µ0/ρ is the kinematic viscosity, Re =
U2
0T

ν
is the Reynolds number and

g(t∗) is given by f(Tt∗) .



34

2.2.1 Solution of the Problem

In order to determine an exact analytical solution, we shall use the Laplace trans-

form [20, 111]. By applying the temporal Laplace transform L to Eqs. (2.2.7)-(2.2.10)

and using the initial conditions (2.2.11) we obtain the following problem [111]:

(1 + λq) τ̄(y, q) =
1

Re
∂yū(y, q), (2.2.12)

(q + λq2)ū(y, q) =
1

Re
∂2
y ū(y, q), (2.2.13)

ū(0, q)− β∂yū(0, q) = G(q) = L{g(t)}, (2.2.14)

ū(y, q) → 0as y → ∞, (2.2.15)

where q is the Laplace transform parameter, τ̄(y, q) = L{τ(y, t)} and ū(y, q) =

L{u(y, t)} . The solution of the differential equation (2.2.13) with the conditions

(2.2.14) and (2.2.15) is given by

ū(y, q) = bG(q)

exp

(
−y

c

√
(q + a)2 − a2

)
b+

√
(q + a)2 − a2

, (2.2.16)

where a = (2λ)−1, b = (β
√
Reλ)

−1
, c = (

√
Reλ)

−1

By using (2.2.12) and (2.2.16) we obtain the Laplace transform of the shear stress

τ̄(y, q) = −bc
G(q)

q + 2a

√
(q + a)2 − a2

b+
√
(q + a)2 − a2

exp

(
−y

c

√
(q + a)2 − a2

)
, (2.2.17)
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2.2.2 Velocity field

Taking the inverse Laplace transform [10] in Eq. (2.2.16), using (A1) from Ap-

pendix A and the convolution theorem, we obtain the following exact expression for

the velocity corresponding to the flow of a Maxwell fluid with slip at the boundary:

u(y, t) = be
b
c
yH(t− y/c)

∫ t

y/c

g(t− s)e−(a+b)sds

+ a

∫ t

y/c

g(t− s)e−as

∫ s

y/c

e−b
√
s2−z2I1(az)dzds, (2.2.18)

where H(·) denotes the Heaviside unit step function and Ip(·) denotes the modified

Bessel function of the first kind of order p. For the flow of a Maxwell fluid with

non-slip boundary condition, that is β = 0, b → ∞ , Eq. (2.2.16) becomes

ū(y, q) = G(q) exp

(
−y

c

√
(q + a)2 − a2

)
, (2.2.19)

and the (y,t)-domain solution is given by

u(y, t) = H(t− y/c)g(t− y/c)e−
ay
c

+ H(t− y/c)
ay

c

∫ t

y/c

g(t− s)e−as
I1

(
a
√

s2 − y2/c2
)

√
s2 − y2/c2

ds, (2.2.20)

In the particular case, f(t) = V H (t) the solution u(y,t) given by Eq. (2.2.20), together

with several interesting properties were presented by Jordan in [69]. The solution in

the transform domain corresponding to the flow of a viscous Newtonian fluid with

slip at the boundary, that is for λ = 0 and β ̸= 0, is given by

ūNs(y, q) =
G(q)

β
√
Re

exp(−y
√
Req)

(β
√
Re)−1 +

√
q

(2.2.21)
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By using (A2) from Appendix A, we obtain the (y,t) - domain solution

uNs(y, t) =
1

β
√
Re

∫ t

0

g(t− s)√
πs

exp(
−Re y2

4s
)ds

−
exp y

β

β2Re

∫ t

0

g(t− s) exp(
s

β2Re
)Erfc(

y
√
Re

2
√
s

+

√
s

β
√
Re

)ds (2.2.22)

where Erfc(·) is the complementary error function. For f(t) = sin(ωt) and f(t) =

cos(ωt) , the velocity field given by Eq. (2.2.22) was determined, in equivalent forms,

by Khaled and Vafai [80]. For flows of viscous Newtonian fluids with non-slip bound-

ary condition, the transform domain solution is

ūN(y, q) = G(q)exp−y
√

Req, (2.2.23)

and, the (y, t)-domain solution is given by

uN(y, t) =
y
√
Re

2
√
π

∫ t

0

g(t− s)

s
√
s

exp(
−Rey2

4s
)ds, (2.2.24)

The relative velocity for a Maxwell fluid is

uMrel(t) = u(0+, t)− g(t) = b
∫ t

0
g(t− s)e−(a+b)sds

+ ab
∫ t

0

∫ s

0
g(t− s)e−as−b

√
s2−z2I1(az)dzds− g(t),

, (2.2.25)

while for a viscous Newtonian fluid, it is given by

uNrel(t) =
1

β
√
Re

∫ t

0

g(t− s)√
πs

ds

− 1

β2Re

∫ t

0

g(t− s) exp(
s

β2Re
)Erfc(

√
s

β
√
Re

)ds− g(t). (2.2.26)

It is important to point out the following properties:

a). If lim
q→∞

qG(q) < ∞ then lim
t→0+

u(y, t) = 0;

b). If lim
q→0

qG(q) = ℓ < ∞ then lim
t→∞

u(y, t) = ℓ;
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c). It is known that [16, 20, 69], for some flows of Maxwell fluids with non-slip at

the boundary, the velocity field suffers a jump discontinuity across the planar surface

y=ct. From Eq. (2.2.20) we obtain the expression of the jump velocity as

[u]vs = lim
y→ct−0

u(y, t)− lim
y→ct+0

u(y, t) = g(0)e−at, (2.2.27)

of the solution given by Eq. (2.2.18). If g(0) ̸= 0 , then the component of velocity v is

discontinuous across at y = ct. The plane y=ct is known as a vortex sheet [16, 20, 69].

In the case of flows with slip boundary condition the velocity is a continuous function

across the plane y=ct because lim
y→ct−0

u(y, t) = lim
y→ct+0

u(y, t) = 0 .

2.2.3 Shear stress

In order to determine the shear stress τ(y, t) ,we write Eq. (2.2.17) in the equiv-

alent form

τ̄(y, q) = c

 a√
(q + a)2 − a2

− q + a√
(q + a)2 − a2

 ū(y, q), (2.2.28)

and using (A3) from Appendix A in conjunction with the convolution theorem, we

find the exact expression for the shear stress

τ(y, t) = −cu(y, t) + ac

∫ t

0

e−a(t−s) {I0[a(t− s)]− I1[a(t− s)]} u(y, s)ds, (2.2.29)

where u(y, t) is given by Eq. (2.2.18).



38

2.3 Some particular cases of the motion of the

plate

In this section, we consider two functions corresponding to the motion of the plate,

namely f(t) = sin(ωt) and f(t) = H(ωt) , with ω > 0 a constant. Now, we choose

the characteristic time T = 1/ω for the dimensionless variables and functions given

by Eq. (2.2.6). After dropping the ”*” notations, we have g(t) = sin t respectively,

g(t) = H(t) .

2.3.1 Solution for sine oscillations of the wall

The solutions corresponding to this type of motion are given by Eqs. (2.2.18-

2.2.24) in which function g(t-s) is replaced by sin(t-s). By using the graphical illustra-

tions generated with the software Mathcad, we discuss some relevant physical aspects

of the flow. In these figures we use ν = 0.1655m2/ sec , ρ = 840kg/m3, λ = 0.0629 sec

corresponding to the Maxwell fluid Vistanex [70], U0 = 1.8m/ sec and ω = 2rad/ sec

and the following abbreviations MXs-Maxwell fluid with slip at the wall, MXns-

Maxwell fluid with non-slip at the wall, VNs-viscous Newtonian fluid with slip at the

wall, VNns-viscous Newtonian fluid with non-slip at the wall. In Fig. 1 we plotted the

absolute values of the dimensionless velocity u(y, t) versus t for y ∈ {0.2, 0.4, 0.6}.

For comparison, we have plotted these functions corresponding to Maxwell and New-

tonian fluids with slip boundary and non-slip boundary conditions. It is clear that

the absolute values of the velocity decrease if y or t increases. For both Maxwell and

Newtonian fluids, the velocity is larger in the case of non-slip condition than in the

case of the slip at the boundary. The Newtonian fluid flows slower than the Maxwell



39

fluid.

In Fig. 2 we drew diagrams of velocity u(y, t) versus y, for three different values

of the time t. The curves corresponding to slip and non-slip boundary conditions for

Maxwell and Newtonian fluids have been considered. From these figures, it clearly

results that for flows with slip at the boundary the fluid flows slower than for flows

with non-slip at the boundary. The influence of the slip coefficient β on the velocity
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u(y, t) is analyzed by Fig. 3 whose graphs reveal that the velocity decreases for

increasing β. For low values of the slip coefficient β, the velocity corresponding to

the flow with slip at the boundary tends to the velocity corresponding to the flow

with non-slip at the wall. In Fig. 4 we have plotted the relative velocity versus t

for three different values of the slip coefficient β , for both Maxwell and Newtonian

fluids. The relative velocity, in absolute terms, is an increasing function of β.
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2.3.2 Solution for the translation of the plate with a constant

velocity

In this subsection, we consider that the function g(t) = H(t); the velocity u(y, t)

is obtained from Eqs. (2.2.18-2.2.24) with g(t− s) ≡ 1, t ≥ s. If in the previous case,

the velocity field was a continuous function for the flow with non-slip condition at the

boundary, in the present case the plane y = ct is a vortex sheet and the amplitude

of the jump is given by Eq. (2.2.27), [u]vs = e−at (See ref. [69]). These aspects are

exhibited in Fig. 5a. The velocity u(y, t) corresponding to a Maxwell fluid with

slip and non-slip at the wall is plotted versus t for three values of the distance to

the wall. In points ti = yi/c, i = 1, 2, 3 the velocity u(y, t) is discontinuous for

non-slip boundary condition, while the velocity for the flow with slip condition it is

a continuous function. For increasing time t, near the points of discontinuity, the

velocity corresponding to the flow with slip at the wall is lower than the velocity for

non-slip at the wall. This order is changed if t is far from the point of discontinuity.
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For viscous Newtonian fluids, Fig. 5b, the velocity u(y, t) for the flow with slip is

lower than the velocity corresponding to the flow with non-slip at the boundary. Figs.

6a and 6b show the diagrams of the velocity u(y, t) corresponding to Maxwell and

Newtonian fluids for both slip and non-slip cases. The velocity u(y, t) was plotted

versus y for three values of time t. The vortex sheets yi = cti, i = 1, 2, 3 are clearly

highlighted in Fig. 6a.

Fig.6 u(y, t) versus y for U0 = 1.8m/s, ω = 2s−1, λ = 0.0629s, v = 0.1655m2/s

,ρ = 840kg/m3
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Fig.8 urel(t) versus t for U0 = 1.8m/s, ω = 2s−1, λ = 0.0629s, v = 0.1655m2/s

,ρ = 840kg/m3

From Fig. 7 it is easy to see that the velocity u(y, t) corresponding to a Maxwell

fluid with slip at boundary is a decreasing function of the slip coefficient β. For low
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values of the slip coefficient the diagrams of velocity tend to the diagram correspond-

ing to a Maxwell fluid with non-slip boundary condition.

In Fig. 8 we have plotted the relative velocity corresponding to Maxwell and New-

tonian fluids, versus t for three different values of the slip coefficient β . In absolute

values, the relative velocity decreases with increasing values of β and flattens out for

large values of time t.

2.4 Velocity behavior for small and large values of

time

Since the exact expression for u(y, t) given by Eq. (2.2.18) is rather complicated,

we also derived approximate expressions for the velocity corresponding to small, re-

spectively large values of time t.

2.4.1 Small values of time

We consider that ct > y and t is sufficiently small. If t ≪ 1/a and t ≪ (1/b2 +

y2/c2) then I1(au) ∼= 1
2
au and e−b

√
t2−u2 ∼= 1−b

√
t2 − u2+ b2

2
(t2 − u2)− b3

6

(√
t2 − u2

)3
.

By using these approximate expressions we obtain

A(y, t) =

∫ t

y/c

e−b
√
t2−u2I1(au)du

∼=
a

48

(
t2 − y2/c2

) [
12− 8b

√
t2 − y2/c2 + 3b2

(
t2 − y2/c2

)]
, (2.4.1)

Now, by using e−as ∼= 1 − as + (as)2

2
− (as)3

6
and

√
s2 − y2/c2 ∼= s − y2

2c2s
, the second
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term in Eq. (2.2.18) can be written as

B(y, t) = a

∫ t

y/c

g(t− s)e−asA(y, s)ds ∼=
∫ t

y/c

g(t− s)E(y, s)ds, (2.4.2)

where

E(y, s) =
8∑

k=1

pk(y)s
8−k +

p9(y)

s
, (2.4.3)

and the coefficients pk(y), k = 1, 2, ..., 9 are given by Eq.(A4) from the Appendix A.

2.4.1.1 Small-t solution for g(t) = sint

In this case we consider g(t − s) = sin(t − s) ∼= t − s and obtain the following

approximate expression for the velocity u(y, t):

u(y, t) ∼= beby/c

(a+b)2

[
(a+ b)(t− y/c)e

−(a+b)y
c + e−(a+b)t − e

−(a+b)y
c

]
+beby/ct

[
8∑

k=1

pk(y)
9−k

(
t9−k −

(
y
c

)9−k
)
+ p9(y) ln

ct
y

]
−beby/c

9∑
k=1

pk(y)
10−k

[
t10−k −

(
y
c

)10−k
] (2.4.4)

2.4.1.2 Small time solution for g(t) ≡ 1

In this case the approximate velocity expression is given by

u(y, t) ∼= beby/c
1

a+ b

[
e

−(a+b)y
c − e−(a+b)t

]
+ beby/c

8∑
k=1

pk(y)

9− k

[
t9−k −

(y
c

)9−k
]
+ beby/cp9(y) ln

ct

y
, (2.4.5)

In Figs. 9 and 10 we compare the approximate solutions given by Eqs. (2.4.4) and

(2.4.5) with the exact solution given by Eq. (2.2.18). From these figures we see

that the approximate expressions are in good agreement with the exact solutions

for t ≤ 0.4 and this agreement is very good in the vicinity of the points ti = yi/c

corresponding to the vortex sheet.
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2.4.2 Large values of time

By using the well-known asymptotic relation [141] I1(ax) ∼= eax√
2aπx

for x → ∞,

we obtain

A(y, t) =
∫ t

y/c
e−b

√
t2−u2I1(au)du =

∫√t2−y2/c2

0
xe−bx
√
t2−x2 I1(a

√
t2 − x2)dx

∼= 1√
2aπ

∫√t2−y2/c2

0
e−bxx(t2 − x2)−3/4ea

√
t2−x2

dx.
, (2.4.6)
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By applying the Watson’s lemma [7, 141], the following large-t asymptotic expression

of function A(y, t) is obtained:

A(y, t) ∼=
eat

b2t
√
2aπt

[
1 +

3(3− 2at)

2b2t2

]
, (2.4.7)

In Fig. 11 we have plotted both exact and approximate expressions for A(y, t), versus

t, with y = 0.5 and three values of the slip coefficient. It is easy to see that, even for

small values of time t, these expressions are in a good agreement, especially for small

values of the slip coefficient β. By substituting the approximation (2.4.7) into Eq.

(2.2.18), and integrating for g(t) = sint and g(t) ≡ 1 we obtain large-t expressions

for the velocity.
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2.4.2.1 Large-t solution for g(t) = sint

u(y, t) ∼= bebn

1+(a+b)2

{
e−(a+b)t + e−(a+b)n [(a+ b) sin(t− n)− cos(t− n)]

}
+ aebn

b
√
2aπ

{
10b2n2−10an+9−12n2

5b2n2
√
n

sin(t− n) + 20an−6
5b2n

√
n
cos(t− n) + 6−20at

5b2t
√
t

+2
√
2π

[(
6−5b2

5b2
sin t− 2a

b2
cos t

)
S(

√
t) +

(
2a
b2
cos t− 6−5b2

5b2
sin t

)
S(

√
n)
]

+2
√
2π

[(
6−5b2

5b2
cos t+ 2a

b2
sin t

)
C(

√
t)−

(
2a
b2
sin t+ 6−5b2

5b2
cost

)
C(

√
n)
]}

,

(2.4.8)

where n = y/c and

S(x) =
1√
2π

∫ x2

0

sin z√
z
dz, C(x) =

1√
2π

∫ x2

0

cos z√
z
dz, (2.4.9)

are the Fresnel integrals. By using the asymptotic representations [30],

S(x) ∼=
1

2
− cos x2

√
2πx

, C(x) ∼=
1

2
+

sin x2

√
2πx

, x → ∞, (2.4.10)

Eq. (2.4.8) becomes

u(y, t) ∼= bebn

1+(a+b)2

{
e−(a+b) t + e−(a+b)n [(a+ b) sin(t− n)− cos(t− n)]

}
+ aebn

b
√
2aπ

{
9−10an
5b2n2

√
n
sin(t− n)− 6

5b2n
√
n
cos(t− n) + 6

5b2t
√
t

}
.

(2.4.11)

For t → ∞ we obtain ”the permanent solution”

up(y, t) ∼= be−an

1+(a+b)2
[(a+ b) sin(t− n)− cos(t− n)]

+ aebn

b
√
2aπ

[
9−10an
5b2n2

√
n
sin(t− n)− 6

5b2n
√
n
cos(t− n)

]
.

(2.4.12)

2.4.2.2 Large-t solution for g(t) ≡ 1

Now, by using Eq. (2.4.7) into Eq. (2.2.18) we obtain the following expression

u(y, t) ∼= bebn
1

a+ b

(
e−(a+b)n − e−(a+b)t

)
+

abebn

b2
√
2aπ

(
10at− 10b2t2 − 9

5b2t2
√
t

− 10an− 10b2n2 − 9

5b2n2
√
n

)
, (2.4.13)
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which, for t → ∞ reduces to the “steady-state solution”

u(y, t) ∼=
be−an

a+ b
+

aebn

b
√
2aπ

10b2n2 − 10an+ 9

5b2n2
√
n

(2.4.14)

2.5 Conclusions

Stokes flows of a Maxwell fluid have been analyzed under the slip condition be-

tween the fluid and the wall. The motion of the wall was assumed to be a rectilinear

translation in its plane. Two particular cases, namely sine oscillations and a trans-

lation with a constant velocity were considered. The relative velocity between the

velocity of the fluid at the wall and the wall was assumed to be proportional to the

shear rate at the wall. Exact expressions for the velocity u(y, t), and shear stress

τ(y, t), have been determined by means of the Laplace transform. For a complete

study and for possible comparisons, we presented the velocity fields corresponding to

both flows (with slip and non-slip conditions) for Maxwell and Newtonian fluids. The

expressions of the relative velocity have been also determined.

It is important to point out that, for flows with slip boundary conditions, the

velocity field u(y, t) is always a continuous function, unlike flows of a Maxwell fluid

with non-slip at the wall in which discontinuities can appear. For a fixed t the ve-

locity u, as a function of y, is zero in the region y ≥ ct . In the case of the flow of

Maxwell fluids with non-slip condition, there are situations in which the velocity has

a discontinuity across the plane y = ct (the so called vortex sheet).

For sine oscillations of the plate, the velocity corresponding to flows with slip

condition is smaller than that for flows with non-slip conditions and Newtonian fluids

are slower than Maxwell fluids (see Figs. 1 and 2). The velocity u, versus y, is a
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decreasing function of the slip coefficient β (See Fig.3) while the relative velocity, in

absolute terms, is an increasing function of β (Fig.4).

For the translation of the plate with a constant velocity, the flow of a Maxwell

fluid with non-slip condition is characterized by a discontinuous velocity. The planar

surface y = ct , across which u suffers a jump discontinuity, begins propagating into

the half-space y > 0 of the Maxwell fluid at speed c. The amplitude of the jump is

[u]vs = e−t and the plane y = ct is known as a vortex sheet (See Figs. 5, 6 and [69]).

The velocity corresponding to the flow with slip condition is smaller than the previous

case near the vortex sheets. It is bigger beyond these planes. The relative velocity,

in absolute terms, is an increasing function of the slip coefficient β (Fig.8). In order

to offer simpler expressions for velocity, we have derived small-time and large-time

solutions for the velocity corresponding to flows of Maxwell fluids with slip boundary

conditions. From Figs. 9, 10 and 11 it is easy to see that there is a good agreement

between the exact and approximate expressions. The small-time and large-time solu-

tions could be useful to researchers in many other fields. The software Mathcad 14.0

was used for numerical calculations and to generate the diagrams presented in this

chapter.



Chapter 3

New exact analytical solutions for
Stokes’ first problem of Maxwell
fluid with fractional derivative
approach

3.1 Introduction

In this chapter the unsteady flow of an incompressible Maxwell fluid with fractional

derivative induced by a suddenly moved plate has been studied using Fourier sine and

Laplace transforms. The obtained solutions for the velocity field and shear stress,

written in terms of generalizedGa,b,c(d, .) functions, are presented as sum of the similar

Newtonian solutions and the corresponding non-Newtonian contributions. The non-

Newtonian contributions, as expected, tend to zero for λ → 0. Furthermore, the

solutions for ordinary Maxwell fluids, performing the same motion, are obtained as

limiting cases of general solutions and verified by comparison with a previously known

result. Finally, the influence of material and fractional parameters on the fluid motion,

as well as a comparison among fractional Maxwell, ordinary Maxwell and Newtonian

fluids is also analyzed by graphical illustrations.
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3.2 Governing equations

The constitutive equation for Maxwell fluids is defined by Eq. (1.3.4). We assume

that, the fluid is incompressible and homogeneous. Furthermore we assume that the

velocity field v and the extra-stress tensor Σ are of the form

v = v(y, t) = u(y, t)i, Σ = Σ(y, t), (3.2.1)

where i is the unit vector in the x-direction of the Cartesian coordinate system. The

constraint of incompressibility ∇ · v = 0 is satisfied. Since the fluid is at rest at time

t = 0, therefore

v(y, 0) = 0, Σ(y, 0) = 0, (3.2.2)

Eqs. (3.2.1), (3.2.2) and (1.3.4) imply Σyy = Σyz = Σzz = Σxz = 0, and the meaning-

ful equation

(1 + λ∂t)τ(y, t) = µ∂yu(y, t), (3.2.3)

where τ(y, t) = Σxy(y, t) is the non-zero shear stress. In the absence of body forces,

the balance of linear momentum (1.5.1) reduces to

∂yτ(y, t)− ∂xp = ρ∂tu(y, t), ∂yp = 0, ∂zp = 0. (3.2.4)

Eliminating τ between Eqs. (3.2.3) and (3.2.4)1, we get

(1 + λ∂t)∂tu(y, t) = −1

ρ
(1 + λ∂t)∂xp+ ν∂2

yu(y, t). (3.2.5)

The governing equations corresponding to an incompressible Maxwell fluid

with fractional derivatives, performing the same motion, in the absence of a pressure

gradient in the flow direction, are (cf. [26, 101, 128, 151, 153])(
1 + λαDα

t

)
∂tu(y, t) = ν∂2

yu(y, t),
(
1 + λαDα

t

)
τ(y, t) = µ∂yu(y, t), (3.2.6)
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where Dα
t is called the Caputo fractional operator. Dα

t with zero initial conditions is

defined by [99, 113]

Dα
t f(t) =

1

Γ(1− α)

∫ t

0

f ′(t− τ)

τα
dτ ; 0 ≤ α < 1, (3.2.7)

and Γ(•) is the Gamma function. We will use Fourier sine and Laplace transforms

to solve the governing Eqs. (3.2.6) with adequate initial and boundary conditions.

In order to avoid lengthy calculations of residues and contour integrals, the discrete

inverse Laplace transform method will be used [26, 36, 71, 72, 76, 77, 84, 135, 151, 153].

3.3 Solution of the problem

Consider a plane wall situated in the (x, z)-plane of a Cartesian coordinate system

with the positive y-axis in the upward direction. Let an incompressible, homogeneous

Maxwell fluid with fractional derivatives fill the region y ≥ 0 . Initially, both the fluid

and plate are at rest. At t = 0+ the fluid is gradually set in motion by the plate which

begins to translate along the x-axis with the constant velocity U . Its velocity is of the

form (3.2.1)1 while the governing equations are given by Eqs. (3.2.6). The boundary

and initial conditions are

u(0, t) = UH(t); t ≥ 0, (3.3.1)

u(y, t), ∂yu(y, t) → 0 as y → ∞ and t > 0, (3.3.2)

u(y, 0) = ∂tu(y, 0) = 0; τ(y, 0) = 0, y > 0, (3.3.3)

where H(t) is the Heaviside unit step function.
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3.3.1 Velocity field

In order to determine an exact analytical solution, we shall use the Fourier sine

transform [20]. Multiplying both sides of Equation (3.2.6)1 by
√

2/π sin(yξ), inte-

grating the result with respect to y from 0 to infinity, and taking into account the

boundary condition (3.3.1) and (3.3.2), we find that

(
1 + λαDα

t

)
∂tus + νξ2us = Uνξ

√
2

π
H(t); ξ, t > 0, (3.3.4)

where the Fourier sine transform us(ξ, t) of u(y, t) as defined in (1.6.6) [20], satisfies

the initial conditions

us(ξ, 0) = ∂tus(ξ, 0) = 0; ξ > 0. (3.3.5)

Applying the Laplace transform to Eq. (3.3.4) and taking into account the initial

conditions (3.3.5), we find that

us(ξ, q) = Uξ

√
2

π

ν

q
[
q + λαqα+1 + νξ2

] . (3.3.6)

We rewrite Eq. (3.3.6) in the equivalent form

us(ξ, q) = U

√
2

π

1

ξ

[
1

q
− 1

q + νξ2

]
− νUξ

√
2

π

q

q + νξ2
F1(ξ, q), (3.3.7)

in which

F1(ξ, q) =
λαqα−1

q + λαqα+1 + νξ2
=

∞∑
k=0

(
−νξ2

λα

)k
qα−k−2

(qα + λ−α)k+1

: |
(
−νξ2

λα

)k

| ≤ |(qα + λ−α)q|. (3.3.8)

Inverting Eq. (3.3.7) by means of the Fourier sine formula [20], we find that

u(y, q) =
U

q
− 2U

π

∫ ∞

0

sin(yξ)

ξ

dξ

q + νξ2
− 2νU

π

∫ ∞

0

q ξ sin(yξ)

q + νξ2
F1(ξ, q) dξ. (3.3.9)
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Introducing (3.3.8) into (3.3.9), inverting the result by means of the discrete in-

verse Laplace transform and using the convolution theorem and the known result [85,

Eq. (97)]

L−1
{ qb

(qa − d)c

}
= Ga,b,c(d, t); Re (ac− b) > 0, Re(q) > 0,

∣∣∣∣ dqa
∣∣∣∣ < 1,(3.3.10)

where the generalized Ga,b,c(•, t) function is defined by [85, Eqs. (101) and (99)]

Ga,b,c(d, t) =
∞∑
j=0

djΓ(c+ j)

Γ(c)Γ(j + 1)

t(c+j)a−b−1

Γ[(c+ j)a− b]
, (3.3.11)

we find the velocity field in the suitable form

u(y, t) = uN(y, t)−
2νU

π

∫ ∞

0

ξ sin(yξ)f1(ξ, t) dξ

+
2ν2U

π

∫ ∞

0

∫ t

0

ξ3 sin(yξ)f1(ξ, s)e
−νξ2(t−s) ds dξ. (3.3.12)

Here

uN(y, t) = U

[
1− 2

π

∫ ∞

0

sin(yξ)

ξ
e−νξ2t dξ

]
= Uerfc

(
y

2
√
νt

)
, (3.3.13)

is the velocity field corresponding to a Newtonian fluid, and

f1(ξ, t) =
∞∑
k=0

(
−νξ2

λα

)k

Gα,α−k−2,k+1

(
−1

λα
, t

)
, (3.3.14)

is the inverse Laplace transform of F1(ξ, q). Of course, in view of the limit

lim
λ→0

1

λη
Ga,b,η

(
−1

λ
, t

)
=

t−b−1

Γ(−b)
; b < 0, (3.3.15)

it result that f1(ξ, t) → 0 for λ → 0 and therefore u(y, t) → uN(y, t).
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3.3.2 Shear stress

Applying the Laplace transform to Eq. (3.2.6)2 and using the initial condition

(3.3.3)3, we find that

τ(y, q) =
µ

1 + λαqα
∂yu(y, q), (3.3.16)

where τ(y, q) is the Laplace transform of τ(y, t). In order to get ∂yu(y, q) we apply

the inverse Fourier sine transform to Eq. (3.3.6) and find that

u(y, q) =
2U

π

∫ ∞

0

νξ sin(yξ)

q
[
q + λαqα+1 + νξ2

]dξ, (3.3.17)

from which

∂yu(y, q) =
2U

π

∫ ∞

0

νξ2 cos(yξ)

q
[
q + λαqα+1 + νξ2

]dξ. (3.3.18)

Let us introduce (3.3.18) into (3.3.16), and use the decomposition

1

q
[
q + λαqα+1 + νξ2

] =
1

νξ2

[
1

q
− 1

q + νξ2

]
−H1(ξ, q)H2(ξ, q),

where

H1(ξ, q) =
qα−1

λα(qα + λ−α)

1

q + νξ2
, H2(ξ, q) =

2λαq + λ2αqα+1 + λανξ2

q + λαqα+1 + νξ2
,

in order to obtain τ(y, q) under the suitable form

τ(y, q) =
2µU

π

∫ ∞

0

cos(yξ)

[
1

q
− 1

q + νξ2

]
dξ

− 2νµU

π

∫ ∞

0

ξ2 cos(yξ)H1(ξ, q)H2(ξ, q)dξ. (3.3.19)

Inverting Eq. (3.3.19) by means of the discrete inverse Laplace transform and again

using convolution theorem, we find the shear stress τ(y, t) under the simple form

τ(y, t) = τN(y, t)−
2νµU

π

∫ ∞

0

∫ t

0

ξ2 cos(yξ)h1(ξ, t− s)h2(ξ, s)ds dξ, (3.3.20)
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where

τN(y, t) = −2µU

π

∫ ∞

0

cos(yξ)e−νξ2t dξ = − µU√
πνt

exp

(
− y2

4νt

)
, (3.3.21)

is the shear stress corresponding to a Newtonian fluid, and

h1(ξ, t) =
1

λα

∫ t

0

Gα,α−1,1

(
−1

λα
, t

)
e−νξ2(t−r) dr, (3.3.22)

h2(ξ, t) =
∞∑
k=0

(
−νξ2

λα

)k

2Gα,−k,k+1

(
−1

λα
, t

)
+ λαGα,α−k,k+1

(
−1

λα
, t

)
+ νξ2Gα,−k−1,k+1

(
−1

λα
, t

)
, (3.3.23)

are the inverse Laplace transforms of H1(ξ, q) and H2(ξ, q). Using the same limit

(3.3.15) as before, we can easily prove that τ(y, t) → τN(y, t) for λ → 0.

3.3.3 The special case α → 1 (Ordinary Maxwell fluids)

Making α → 1 into Eqs. (3.3.12) and (3.3.20), we obtain the velocity field

uM(y, t) = uN(y, t)−
2νU

π

∫ ∞

0

ξ sin(yξ)f1M(ξ, t) dξ

+
2ν2U

π

∫ ∞

0

∫ t

0

ξ3 sin(yξ)f1M(ξ, s)e−νξ2(t−s) ds dξ, (3.3.24)

and the associated shear stress

τM(y, t) = τN(y, t)

− 2νµU

π

∫ ∞

0

∫ t

0

ξ2 cos(yξ)h1M(ξ, t− s)h2M(ξ, s)ds dξ, (3.3.25)

corresponding to an ordinary Maxwell fluid performing the same motion. Into above

relations

f1M(ξ, q) =
∞∑
k=0

(
−νξ2

λ

)k

G1,−k−1,k+1

(
−1

λ
, t

)
, h1M(ξ, t) =

e−t/λ − e−νξ2t

λνξ2 − 1
,
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h2M(ξ, t) = 2
∞∑
k=0

(
−νξ2

λ

)k

G1,−k,k+1

(
−1

λ
, t

)

+
∞∑
k=0

(
−νξ2

λ

)k{
λG1,1−k,k+1

(
−1

λ
, t

)
+ νξ2G1,−k−1,k+1

(
−1

λ
, t

)}
,

and uM(y, t) → uN(y, t), τM(y, t) → τN(y, t) for λ → 0. As a control of our results,

we show by Fig. 3.1 that the diagrams of uM(y, t) given by Eq. (3.3.24) are almost

Figure 3.1: uM(y, t) given by Eqs. (3.3.24) and (3.3.26) versus y for U = 1, h =
1, ν = 1, µ = 1, λ = 0.1, α = 1.

identical to those corresponding to the solution

uM(y, t) = U − 2U

π

∫ ∞

0

sin(yξ)

ξ

[
q2e

q1t − q1e
q2t

q2 − q1

]
dξ,

q1, q2 =
−1±

√
1− 4νλξ2

2λ
(3.3.26)

obtained in [27, Eq. (11)] (see also [34, Eq. (15) for λr = 0]) by a different technique.

Furthermore, as it results from Fig. 3.2, the diagrams of our solution (3.3.24) also
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are identical to those corresponding to Böhme’s solution [10]

uM(y, t) =



0, y > t
√

ν/λ

U exp

(
− y

2
√
νλ

)

+ y

2
√
νλ

t/λ∫
y/

√
νλ

e−ξ/2

I1

(
1
2

√
ξ2−y2/(νλ)

)
√

ξ2−y2/(νλ)
dξ, y < t

√
ν/λ,

(3.3.27)

where I1 is the modified Bessel function of first kind.

Figure 3.2: uM(y, t) given by Eqs. (3.3.24) and (3.3.27) versus y for U = 1, h =
1, ν = 1, µ = 1, λ = 0.1, α = 1.

3.4 Numerical Results and discussion

In order to bring to light the behavior of the fluid during the motion, as well as

to show the influence of material and fractional parameters on the fluid motion, Figs.

3.3− 3.9 for the velocity and shear stress have been prepared.
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Figure 3.3: u(y, t) and τ(y, t) given by Eqs. (3.3.12) and (3.3.20) versus y for λ =
2, α = 0.4.

Figure 3.4: uM(y, t) and τM(y, t) given by Eqs. (3.3.24) and (3.3.25) versus y for
λ = 2, α = 1.
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Figure 3.5: u(y, t) and τ(y, t) given by Eqs. (3.3.12) and (3.3.20) versus y for α =
0.4, t = 2s.

Figure 3.6: uM(y, t) and τM(y, t) given by Eqs. (3.3.24) and (3.3.25) versus y for
α = 1, t = 2s.
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Figure 3.7: u(y, t) and τ(y, t) given by Eqs. (3.3.12) and (3.3.20)versus y for ρ =
1, λ = 4, α = 0.4, t = 2s.

Figure 3.8: uM(y, t) and τM(y, t) given by Eqs. (3.3.24) and (3.3.25) versus y for
ρ = 1, λ = 4, α = 1, t = 2s.
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Figure 3.9: u(y, t) and τ(y, t) given by Eqs. (3.3.12) and (3.3.20) versus y for λ =
1.5, t = 2s.

Figure 3.10: velocity field and the shear stress versus y for λ = 3, α = 0.1 and t = 3s.

The diagrams of the velocity fields u(y, t) and uM(y, t), and the shear stresses

τ(y, t) and τM(y, t) have been plotted against y for different values of t and the mate-

rial constants λ, ν and fractional parameter α. For the sake of simplicity, all graphs

are plotted by taken U = 1, h = 1, ν = 1, µ = 1. The major finding of the present

study are the following:
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• The general solutions (3.3.12) and (3.3.20) are presented as a sum of the Newto-

nian solutions and the corresponding non-Newtonian contributions. These solutions

can be easily particularized to give the similar solutions for ordinary Maxwell fluid.

For λ → 0, all solutions tend to the corresponding solutions for Newtonian fluids.

• The special solution (3.3.24) for the velocity field of ordinary Maxwell fluids, is

equivalent to the known solution from the literature [27, Eq. (11)] and [10, Eq. (5.81)].

• Figs 3.3 and 3.4 illustrate that both the velocity and the shear stress are in-

creasing functions with respect to t for both fractional and ordinary Maxwell fluids

• In Figs. 3.5 and 3.6 we drew diagrams of the velocities u(y, t), uM(y, t) and the

shear stress τ(y, t), τM(y, t) versus y for three different values of λ. As expected, they

are decreasing functions with respect to the relaxation time λ.

• Figs. 3.7 and 3.8 depict that the two entities, velocity field and the shear stress

for fractional and ordinary Maxwell fluids, are increasing functions with respect to

the kinematic viscosity ν.

• The velocity uM(y, t) of the ordinary Maxwell fluids increases more rapidly in

comparison with the velocity u(y, t) of fractional Maxwell fluids.

• The fractional parameter α has a strong influence on the fluid motion. The ve-

locity, as expected, is an increasing function with respect to α, while the shear stress
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decreases with regard to α as shown by Figs. 3.9. Generally speaking, the values of

the fractional parameter α are not constant. However, the choice of a suitable value

of this parameter, corresponding to the most favorable fractional dynamical model,

results by comparison with the experimental data.

• A comparison between the three models (fractional Maxwell, ordinary Maxwell

and Newtonian) is analyzed by Fig 3.10. It shows that the Newtonian fluid is the

swiftest and the fractional Maxwell fluid is the slowest.

• Generally, the presentation of the solutions as a sum between the Newtonian

solutions and the corresponding non-Newtonian contributions is useful for those who

want to bring to light the non-Newtonian effects on the fluid motion. They can easily

verify if their effects diminish and disappear in time.



Chapter 4

Some New Exact Analytical

Solutions for Helical Flows of

Second Grade Fluids

4.1 Introduction

In this chapter the helical flow of a second grade fluid, between two infinite coaxial

circular cylinders, is studied using integral ( Laplace and finite Hankel) transforms.

The motion of the fluid is due to the inner cylinder that, at time t = 0+ begins to

rotate around its axis, and to slide along the same axis due to hyperbolic sine or cosine

shear stresses. The components of the velocity field and the resulting shear stresses

are presented in series form in terms of Bessel functions J0(•), Y0(•), J1(•), Y1(•),

J2(•) and Y2(•). The solutions that have been obtained satisfy all imposed initial and

boundary conditions and are presented as a sum of large-time and transient solutions.

68
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Furthermore, the solutions for Newtonian fluids performing the same motion are also

obtained as special cases of general solutions. Finally, the solutions that have been

obtained are compared and the influence of pertinent parameters on the fluid motion

is discussed. A comparison between second grade and Newtonian fluids is analyzed

by graphical illustrations.

4.2 Governing equations

The Cauchy stress tensor T for an incompressible homogeneous second grade

fluid is characterized by (1.3.2) [2, 55, 60, 82, 83, 93, 96, 115, 116, 117, 126, 144, 147,

149, 150]. If the model (1.3.2) is required to be compatible with thermodynamics in

the sense that all motions satisfy the Clausius-Duhem inequality and the assumption

that the specific Helmholtz free energy is a minimum in equilibrium, then the material

moduli must meet the following restrictions [45]

µ ≥ 0, α1 ≥ 0 and α1 + α2 = 0. (4.2.1)

The sign of the material moduli α1 and α2 has been the subject of much controversy.

A comprehensive discussion on the restrictions given in (4.2.1) as well as a critical

review on the fluids of differential type can be found in the extensive work by Dunn

and Rajagopal [22].

For the problem under consideration the velocity field has the form [35, 62, 63, 65, 129]

v = v(r, t) = w(r, t)eθ + v(r, t)ez, (4.2.2)

where eθ and ez are unit vectors in the θ and z-directions of the cylindrical coordinate

system r, θ and z. For such flows the constraint of incompressibility ∇ · v = 0 is
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automatically satisfied. If the fluid is at rest up to the moment t = 0, then

v(r, 0) = 0, (4.2.3)

and Eq. (1.3.2) implies the meaningful equations [35, 65, 129]

τ1(r, t) = (µ+ α1∂t)(∂r −
1

r
)w(r, t), τ2(r, t) = (µ+ α1∂t)∂rv(r, t), (4.2.4)

where τ1 = Σrθ and τ2 = Σrz are the non-trivial shear stresses.

The balance of the linear momentum (1.5.1), in the absence of a pressure gradient

in the axial direction and of the body forces, leads to the relevant equations (∂θp = 0

due to the rotational symmetry)

ρ∂tw(r, t) = (∂r +
2

r
)τ1(r, t), ρ∂tv(r, t) = (∂r +

1

r
)τ2(r, t). (4.2.5)

Eliminating τ1 and τ2 between Eqs. (4.2.4) and (4.2.5) we attain to the governing

equations

∂tw(r, t) = (ν + α∂t)(∂
2
r +

1

r
∂r −

1

r2
)w(r, t); r ∈ (R1, R2), t > 0, (4.2.6)

∂tv(r, t) = (ν + α∂t)(∂
2
r +

1

r
∂r)v(r, t); r ∈ (R1, R2), t > 0, (4.2.7)

where ν = µ/ρ is the kinematic viscosity and α = α1/ρ.

4.3 Helical flows between coaxial cylinders due to

hyperbolic sine or cosine shear stresses

Suppose that an incompressible second grade fluid at rest is situated in the annular

region between two infinite coaxial circular cylinders of radii R1 and R2(> R1). At
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time t = 0+ the inner cylinder begins to rotate around its axis due to an oscillating

torque per unit length 2πR1τ1(R1, t) and to slide along the same axis due to a shear

stress τ2(R1, t), where

τ1(R1, t) = f sinh(at) or f cosh(at), a, t > 0, (4.3.1)

τ2(R1, t) = g sinh(bt) or g cosh(bt), b, t > 0, (4.3.2)

and f , g, a and b are constants. Due to the shear, the fluid is gradually moved its

velocity being of the form (4.2.2). The governing equations are given by Eqs. (4.2.4),

(4.2.6) and (4.2.7), while the corresponding initial and boundary conditions are

w(r, 0) = v(r, 0) = 0; r ∈ [R1, R2], (4.3.3)

respectively,

τ1(R1, t) = (µ+ α1∂t)(∂r −
1

r
)w(r, t)

∣∣∣∣
r=R1

= f sinh(at) or f cosh(at), t > 0, (4.3.4)

τ2(R1, t) = (µ+ α1∂t)∂rv(r, t)

∣∣∣∣
r=R1

= g sinh(bt) or g cosh(bt), t > 0, (4.3.5)

and

w(R2, t) = v(R2, t) = 0; t > 0 . (4.3.6)

By making α1 → 0 into Eqs. (4.3.4) and (4.3.5), we obtain the boundary conditions

τ1(R1, t) = µ(∂r −
1

r
)w(r, t)

∣∣∣∣
r=R1

= f sinh(at) or f cosh(at), t > 0, (4.3.7)

τ2(R1, t) = µ∂rv(r, t)

∣∣∣∣
r=R1

= g sinh(bt) or g cosh(bt), t > 0, (4.3.8)
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corresponding to the motion of a Newtonian fluid. Eqs. (4.3.4)2 and (4.3.5)2, for

a = b = 0 reduce to the boundary conditions used by Bandelli and Rajagopal (cf. [4,

Eq. (5.3) and (4.4)]). They correspond to a problem with constant shear stresses on

a part of the boundary, namely

τ1(R1, t) = (µ+ α1∂t)(∂r −
1

r
)w(r, t)

∣∣∣∣
r=R1

= f, t > 0, (4.3.9)

τ2(R1, t) = (µ+ α1∂t)∂rv(r, t)

∣∣∣∣
r=R1

= g, t > 0. (4.3.10)

4.4 Case-I: Solutions for hyperbolic sine shear

4.4.1 Velocity field

Applying the temporal Laplace to Eqs. (4.2.6),(4.2.7) and (4.3.4),(4.3.5) and

keeping in mind the initial condition (4.3.3), we get

qw(r, q) = (ν + αq)(∂2
r +

1

r
∂r −

1

r2
)w(r, q); r ∈ (R1, R2), (4.4.1)

qv(r, q) = (ν + αq)(∂2
r +

1

r
∂r)v(r, q); r ∈ (R1, R2), (4.4.2)

(∂r −
1

r
)w(r, q)

∣∣∣∣
r=R1

=
fa

(q2 − a2)(µ+ α1q)
, w(R2, q) = 0, (4.4.3)

∂rv(r, q)

∣∣∣∣
r=R1

=
gb

(q2 − b2)(µ+ α1q)
, v(R2, q) = 0. (4.4.4)

where q is Laplace transform parameter, and w(r, q) = L{w(r, t)} and v(r, q) =

L{v(r, t)}. Using Eqs. (4.4.3)2 and (4.4.4)2, and the known Wronskian relations of

Bessel functions

Bw(R1, rm) = J1(R1rm)Y2(R1rm)− J2(R1rm)Y1(R1rm) = − 2

πR1rm
,
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Bv(R1, rn) = J0(R1rn)Y1(R1rn)− J1(R1rn)Y0(R1rn) = − 2

πR1rn
,

we can verify that∫ R2

R1

r(∂2
r +

1

r
∂r −

1

r2
)w(r, q)Bw(r, rm)dr =

2

πrm
(∂r −

1

r
)w(r, q)

∣∣∣∣
r=R1

−r2mwH(rm, q), (4.4.5)

∫ R2

R1

r(∂2
r +

1

r
∂r)v(r, q)Bv(r, rn)dr =

2

πrn
∂rv(r, q)

∣∣∣∣
r=R1

− r2n vH(rn, q). (4.4.6)

Applying Hankel transforms (1.6.10) to (4.4.1) and (1.6.13) to (4.4.2) and using

identities (4.4.5) and (4.4.6) respectively, we get

wH(rm, q) =
2fa

ρπrm

1

(q2 − a2)[(1 + αr2m)q + νr2m]
, (4.4.7)

vH(rn, q) =
2gb

ρπrn

1

(q2 − b2)[(1 + αr2n)q + νr2n]
, (4.4.8)

where wH(rm, q) and vH(rn, q) denotes the finite Hankel transform of w(r, q) and

v(r, q) respectively. Eqs. (4.4.7) and (4.4.8) can be written in the equivalent forms

wH(rm, q) =
2f

πr3m

a

(q2 − a2)(µ+ α1q)

− 2f

πr3m

aq

(q2 − a2)[(1 + αr2m)q + νr2m](µ+ α1q)
, (4.4.9)

vH(rn, q) =
2g

πr3n

b

(q2 − b2)(µ+ α1q)

− 2g

πr3n

bq

(q2 − b2)[(1 + αr2n)q + νr2n](µ+ α1q)
. (4.4.10)
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By applying the inverse Hankel transform formulae (1.6.12) to (4.4.9) and (1.6.15) to

(4.4.10) and using the following known results [62, 65]∫ R2

R1

(r2 −R2
2)Bw(r, rm)dr =

4

πr3m

(
R2

R1

)2

,∫ R2

R1

r ln

(
r

R2

)
Bv(r, rn)dr =

2

πr3n

1

R1

, (4.4.11)

we get

w(r, q) =
f

2

(
R1

R2

)2(
r − R2

2

r

)
a

(q2 − a2)(µ+ α1q)
− πf

∞∑
m=1

J2
1 (R2rm)Bw(r, rm)

rm[J2
2 (R1rm)− J2

1 (R2rm)]

×
[

aq

(q2 − a2)[(1 + αr2m)q + νr2m](µ+ α1q)

]
, (4.4.12)

v(r, q) = gR1 ln

(
r

R2

)
b

(q2 − b2)(µ+ α1q)
− πg

∞∑
n=1

J2
0 (R2rn)Bv(r, rn)

rn[J2
1 (R1rn)− J2

0 (R2rn)]

×
[

bq

(q2 − b2)[(1 + αr2n)q + νr2n](µ+ α1q)

]
. (4.4.13)

Taking the inverse Laplace transform of Eqs. (4.4.12) and (4.4.13), we get the starting

components of the velocity wS(r, t) and vS(r, t) due to the sine hyperbolic shear stress

acting on the inner cylinder, namely

wS(r, t) = wSL(r, t) + wST (r, t), vS(r, t) = vSL(r, t) + vST (r, t), (4.4.14)

where

wSL(r, t) =
f

2

(
R1

R2

)2(
r − R2

2

r

)
aα1 cosh(at)− µ sinh(at)

a2α2
1 − µ2

− πfa

∞∑
m=1

J2
1 (R2rm)Bw(r, rm)

rm[J2
2 (R1rm)− J2

1 (R2rm)]

×

[[
νµr2m + a2α1(1 + αr2m)

]
cosh(at)− a

[
µ+ 2αµr2m

]
sinh(at)[

a2(1 + αr2m)
2 − ν2r4m

]
(a2α2

1 − µ2)

]
, (4.4.15)
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vSL(r, t) = gR1 ln

(
r

R2

)
bα1 cosh(bt)− µ sinh(bt)

b2α2
1 − µ2

− πgb

∞∑
n=1

J2
0 (R2rn)Bv(r, rn)

rn[J2
1 (R1rn)− J2

0 (R2rn)]

×

[[
νµr2n + b2α1(1 + αr2n)

]
cosh(bt)− b

[
µ+ 2αµr2n

]
sinh(bt)[

b2(1 + αr2n)
2 − ν2r4n

]
(b2α2

1 − µ2)

]
, (4.4.16)

are the large-time solutions and

wST (r, t) = −πfa

∞∑
m=1

J2
1 (R2rm)Bw(r, rm)

rm[J2
2 (R1rm)− J2

1 (R2rm)][
r2m(1 + αr2m)

ρ
[
a2(1 + αr2m)

2 − ν2r4m
] exp( −νr2mt

1 + αr2m

)]
, (4.4.17)

vST (r, t) = −πgb

∞∑
n=1

J2
0 (R2rn)Bv(r, rn)

rn[J2
1 (R1rn)− J2

0 (R2rn)][
r2n(1 + αr2n)

ρ
[
b2(1 + αr2n)

2 − ν2r4n
] exp( −νr2nt

1 + αr2n

)]
, (4.4.18)

are the transient parts. The starting solutions wS(r, t) and vS(r, t) describe the mo-

tion of the fluid sometime after its initiation. After that time, when the transients

disappear, they tend to the large-time solutions wSL(r, t) and vSL(r, t) which are in-

dependent of the initial conditions. However they satisfy the governing equations and

boundary conditions.

4.4.2 Shear stresses

Taking the Laplace transform in Eqs. (4.2.4), we get

τ1(r, q) = (µ+ α1q)(∂r −
1

r
)w(r, q), τ2(r, q) = (µ+ α1q)∂rv(r, q), (4.4.19)

where

(∂r −
1

r
)w(r, q) = f

(
R1

r

)2
a

(q2 − a2)(µ+ α1q)
+ πf

∞∑
m=1

J2
1 (R2rm)B̃w(r, rm)

[J2
2 (R1rm)− J2

1 (R2rm)]
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× aq

(q2 − a2)[(1 + αr2m)q + νr2m](µ+ α1q)
, (4.4.20)

∂rv(r, q) = g

(
R1

r

)
b

(q2 − b2)(µ+ α1q)
+ πg

∞∑
n=1

J2
0 (R2rn)B̃v(r, rn)

[J2
1 (R1rn)− J2

0 (R2rn)]

× bq

(q2 − b2)[(1 + αr2n)q + νr2n](µ+ α1q)
, (4.4.21)

have been obtained from Eqs. (4.4.12) and (4.4.13). Furthermore, in the above

relation

B̃w(r, rm) = J2(rrm)Y2(R1rm)− J2(R1rm)Y2(rrm),

B̃v(r, rn) = J1(rrn)Y1(R1rn)− J1(R1rn)Y1(rrn).

Introducing Eqs. (4.4.20) and (4.4.21) into Eq. (4.4.19) and taking the inverse Laplace

transform, we obtain the shear stresses τ1S(r, t) and τ2S(r, t) in the form

τ1S(r, t) = τ1SL(r, t) + τ1ST (r, t), τ2S(r, t) = τ2SL(r, t) + τ2ST (r, t), (4.4.22)

where

τ1SL(r, t) = f

(
R1

r

)2

sinh(at) + πfa
∞∑

m=1

J2
1 (R2rm)B̃w(r, rm)

[J2
2 (R1rm)− J2

1 (R2rm)]

×a(1 + αr2m) sinh(at)− νr2m cosh(at)[
a2(1 + αr2m)

2 − ν2r4m
] , (4.4.23)

τ2SL(r, t) = g

(
R1

r

)
sinh(bt) + πgb

∞∑
n=1

J2
0 (R2rn)B̃v(r, rn)

[J2
1 (R1rn)− J2

0 (R2rn)]

×b(1 + αr2n) sinh(bt)− νr2n cosh(bt)[
b2(1 + αr2n)

2 − ν2r4n
] , (4.4.24)
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are the large-time components of shear stresses. Their transient parts are

τ1ST (r, t) = πfa

∞∑
m=1

J2
1 (R2rm)B̃w(r, rm)

[J2
2 (R1rm)− J2

1 (R2rm)]

νr2m
[a2(1 + αr2m)

2 − ν2r4m]

exp

(
− νr2mt

1 + αr2m

)
, (4.4.25)

τ2ST (r, t) = πgb

∞∑
n=1

J2
0 (R2rn)B̃v(r, rn)

[J2
1 (R1rn)− J2

0 (R2rn)]

νr2n
[b2(1 + αr2n)

2 − ν2r4n]

exp

(
− νr2nt

1 + αr2n

)
. (4.4.26)

4.5 Case-II: Solutions for hyperbolic cosine shear

Working in same way as before , we obtained starting solutions under the form

wC(r, t) = wCL(r, t) + wCT (r, t), vC(r, t) = vCL(r, t) + vCT (r, t), (4.5.1)

for the cosine oscillations of the shear. In the above relations

wCL(r, t) =
f

2

(
R1

R2

)2(
r − R2

2

r

)
aα1 sinh(at)− µ cosh(at)

a2α2
1 − µ2

− πfa
∞∑

m=1

J2
1 (R2rm)Bw(r, rm)

rm[J2
2 (R1rm)− J2

1 (R2rm)]

×

[[
νµr2m + a2α1(1 + αr2m)

]
sinh(at)− a

[
µ+ 2αµr2m

]
cosh(at)[

a2(1 + αr2m)
2 − ν2r4m

]
(a2α2

1 − µ2)

]
, (4.5.2)

vCL(r, t) = gR1 ln

(
r

R2

)
bα1 sinh(bt)− µ cosh(bt)

b2α2
1 − µ2

− πgb

∞∑
n=1

J2
0 (R2rn)Bv(r, rn)

rn[J2
1 (R1rn)− J2

0 (R2rn)]

×

[[
νµr2n + b2α1(1 + αr2n)

]
sinh(bt)− b

[
µ+ 2αµr2n

]
cosh(bt)[

b2(1 + αr2n)
2 − ν2r4n

]
(b2α2

1 − µ2)

]
, (4.5.3)
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are the large-time components of the velocity field and

wCT (r, t) = πf
∞∑

m=1

J2
1 (R2rm)Bw(r, rm)

rm[J2
2 (R1rm)− J2

1 (R2rm)]

νr4m
ρ
[
a2(1 + αr2m)

2 − ν2r4m
]

exp

(
−νr2mt

1 + αr2m

)
, (4.5.4)

vCT (r, t) = πg
∞∑
n=1

J2
0 (R2rn)Bv(r, rn)

rn[J2
1 (R1rn)− J2

0 (R2rn)]

νr4n
ρ
[
b2(1 + αr2n)

2 − ν2r4n
]

exp

(
−νr2nt

1 + αr2n

)
, (4.5.5)

are their transient parts. The associated shear stresses are

τ1C(r, t) = τ1CL(r, t) + τ1CT (r, t), τ2C(r, t) = τ2CL(r, t) + τ2CT (r, t), (4.5.6)

where

τ1CL(r, t) = f

(
R1

r

)2

cosh(at) + πfa

∞∑
m=1

J2
1 (R2rm)B̃w(r, rm)

[J2
2 (R1rm)− J2

1 (R2rm)]

×a(1 + αr2m) cosh(at)− νr2m sinh(at)[
a2(1 + αr2m)

2 − ν2r4m
] , (4.5.7)

τ2CL(r, t) = g

(
R1

r

)
sinh(bt) + πgb

∞∑
n=1

J2
0 (R2rn)B̃v(r, rn)

[J2
1 (R1rn)− J2

0 (R2rn)]

×b(1 + αr2n) cosh(bt)− νr2n sinh(bt)[
b2(1 + αr2n)

2 − ν2r4n
] , (4.5.8)

are the large-time components and

τ1CT (r, t) = −πf
∞∑

m=1

J2
1 (R2rm)B̃w(r, rm)

[J2
2 (R1rm)− J2

1 (R2rm)]

νr4m
ρ[a2(1 + αr2m)

2 − ν2r4m](1 + αr2m)

exp

(
− νr2mt

1 + αr2m

)
, (4.5.9)
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τ2CT (r, t) = −πg
∞∑
n=1

J2
0 (R2rn)B̃v(r, rn)

[J2
1 (R1rn)− J2

0 (R2rn)]

νr4n
ρ[b2(1 + αr2n)

2 − ν2r4n](1 + αr2n)

exp

(
− νr2nt

1 + αr2n

)
. (4.5.10)

are their transients parts.

It is worth to point out that, making a = b = 0 in Eqs. (4.5.1), the solutions

obtained in [[4], Eqs. (5.17) and (4.35)] are recovered.

Generally speaking, the starting solutions helps to find the decay time of the tran-

sient solutions. The decay of transient solutions depends on the material constants

α, ν and a or b. It is discussed in Figs. 4.1, 4.2 and 4.3 for the velocity components

w(r, t) and v(r, t) for hyperbolic sine and cosine shear stresses. It is observed that

the decay time of the transient solutions corresponding to both type of shear stresses

increases with regards to α and a or b and decreases with respect to ν.

4.6 The special case α1 → 0 (Newtonian fluids)

Taking the limit α1 and then α → 0 into Eqs. (4.4.15)-(4.4.18) and (4.4.23)-

(4.4.26), the corresponding solutions for a Newtonian fluid

wNS(r, t) =
f

2

(
R1

R2

)2(
r − R2

2

r

)
sinh(at)− πf

∞∑
m=1

J2
1 (R2rm)Bw(r, rm)

rm[J2
2 (R1rm)− J2

1 (R2rm)]

×

[
a2 sinh(at)− νr2ma cosh(at)

µ[a2 − ν2r4m]
+

ar2m
ρ[a2 − ν2r4m]

e−νr2mt

]
, (4.6.1)

vNS(r, t) = gR1 ln

(
r

R2

)
sinh(bt)− πg

∞∑
n=1

J2
0 (R2rn)Bv(r, rn)

rn[J2
1 (R1rn)− J2

0 (R2rn)]
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×

[
b2 sinh(bt)− νr2na cosh(bt)

µ[b2 − ν2r4n]
+

br2n
ρ[b2 − ν2r4n]

e−νr2nt

]
, (4.6.2)

τ1NS(r, t) = f

(
R1

r

)2

sinh(at) + πf
∞∑

m=1

J2
1 (R2rm)B̃w(r, rm)

[J2
2 (R1rm)− J2

1 (R2rm)]

a

[a2 − ν2r4m]

×
[
a sinh(at)− νr2m

{
cosh(at)− e−νr2mt

}]
, (4.6.3)

τ2NS(r, t) = g

(
R1

r

)
sinh(bt) + πg

∞∑
n=1

J2
0 (R2rn)B̃v(r, rn)

[J2
1 (R1rn)− J2

0 (R2rn)]

b

[b2 − ν2r4n]

×
[
b sinh(bt)− νr2n

{
cosh(bt)− e−νr2nt

}]
, (4.6.4)

wNST (r, t) = −πaf

ρ

∞∑
m=1

rmJ
2
1 (R2rm)Bw(r, rm)

[J2
2 (R1rm)− J2

1 (R2rm)]

e−νr2mt

[a2 − ν2r4m]
, (4.6.5)

vNST (r, t) = −πbg

ρ

∞∑
n=1

rnJ
2
0 (R2rn)Bv(r, rn)

[J2
1 (R1rn)− J2

0 (R2rn)]

e−νr2nt

[b2 − ν2r4n]
, (4.6.6)

τ1NST (r, t) = πνaf

∞∑
m=1

r2mJ
2
1 (R2rm)B̃w(r, rm)

[J2
2 (R1rm)− J2

1 (R2rm)]

e−νr2mt

[a2 − ν2r4m]
, (4.6.7)

τ2NST (r, t) = πνbg
∞∑
n=1

r2nJ
2
0 (R2rn)B̃v(r, rn)

[J2
1 (R1rn)− J2

0 (R2rn)]

e−νr2nt

[b2 − ν2r4n]
. (4.6.8)

are obtained.
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4.7 Numerical results and discussion

In this section we discuss some graphical illustrations of our problem for various

parameters of interest. Figs. 4.4 show the profiles of the components of velocity

field and shear stresses at different values of r. The two components of velocity and

shear stresses (in absolute value), as expected, decrease for increasing r. Figs. 4.5 are

prepared to show the variation of wS(r, t), vS(r, t), τ1S(r, t) and τ2S(r, t) versus r at

different times. Both components of the velocity field and shear stresses (in absolute

value) are increasing functions with respect to t. Figs. 4.6 are prepared to show the

influence of a and b on the fluid motion. It is obvious to note that, as expected, the

effects of a and b on velocity profiles are just the scaling of Figs. 4.5a1 or 4.5b1. From

Figs. 4.7 and 4.8 one can see that the effects of the material parameters α and ν on

the fluid motion are qualitatively opposite to those of a or b. Both components of

velocity are decreasing functions with respect to α and ν.

Finally, for comparison, the diagrams of wS(r, t) and vS(r, t) corresponding to

the second grade and Newtonian fluids are plotted in Figs. 4.9 for the same values

of material parameters and time t = 5s. It results that the Newtonian fluid is the

swiftest while the second grade fluid is the slowest. Figs. 4.10 are depicted to compare

the transient solutions corresponding to second grade and Newtonian fluids. It is clear

from these graphs, as well as from those of Figs. 4.1, that the transient components

of Newtonian solutions decay more rapidly in comparison with those corresponding

to second grade fluids. The units of material constants in Figs. 4.1 - 4.10 are SI units

and the roots rm and rn have been approximated by (2m − 1)π/[2(R2 − R1)] and

(2n− 1)π/[2(R2 −R1)].
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Figure 4.1: Decay of wST (r, t), vST (r, t), wCT (r, t) and vCT (r, t), for R1 = 0.3, R2 =
0.5, r = 0.4, f = g = −2, a = b = 1, ν = 0.1188, µ = 10.384 and different values
of α.
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Figure 4.2: Decay of wST (r, t), vST (r, t), wCT (r, t) and vCT (r, t) , for R1 = 0.3, R2 =
0.5, r = 0.4, f = g = −2, a = b = 1, ρ = 88, α = 0.2 and different values of ν.

Figure 4.3: Decay of wST (r, t), vST (r, t), wCT (r, t) and vCT (r, t), for R1 = 0.3, R2 =
0.5, r = 0.4, f = g = −2, ν = 0.1188, µ = 10.384, α = 0.2 and different values of
a and b.
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Figure 4.4: wS(r, t), vS(r, t) and τ1S(r, t), τ2S(r, t) versus t, for R1 = 0.3, R2 =
0.5, f = g = −2, a = b = 1, ν = 0.1188, µ = 10.384, α = 0.2 and different values
of r.
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Figure 4.5: wS(r, t), vS(r, t) and τ1S(r, t), τ2S(r, t) versus r, for R1 = 0.3, R2 =
0.5, f = g = −2, a = b = 1, ν = 0.1188, µ = 10.384, α = 0.2 and different values
of t.
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Figure 4.6: wS(r, t) and vS(r, t) versus r, for R1 = 0.3, R2 = 0.5, f = g = −2, ν =
0.1188, µ = 10.384, α = 0.2, t = 12s and different values of a and b.

Figure 4.7: wS(r, t) and vS(r, t) versus r, for R1 = 0.3, R2 = 0.5, f = g = −2, a =
b = 1, ν = 0.1188, µ = 10.384, t = 12s and different values of α.
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Figure 4.8: wS(r, t) and vS(r, t) r, for R1 = 0.3, R2 = 0.5, f = g = −2, a = b =
1, ρ = 88, t = 12s and different values of ν.

Figure 4.9: wS(r, t) and vS(r, t) corresponding to second grade and Newtonian fluids,
for R1 = 0.3, R2 = 0.5, f = g = −2, a = b = 1, ν = 0.1188, µ = 10.384, α = 0.2
and t = 5s.
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Figure 4.10: Profiles of the transient components wST (r, t) and vST (r, t) given by Eqs.
(4.4.17), (4.6.5) and (4.4.18), (4.6.6), for R1 = 0.3, R2 = 0.5, f = g = −2, a = b =
1, ν = 0.1188, µ = 10.384, α = 0.2 and r = 0.4.



Chapter 5

Unsteady rotational flows of an
Oldroyd-B fluid due to tension on
the boundary

5.1 Introduction

Unsteady flow of an Oldroyd-B fluid through an infinite cylinder, on whose surface

is given an oscillating azimuthal tension, is studied by means of integral transforms

method. As a novelty, in this chapter the basic equation of the flow is related to

the shear stress. The motion of the fluid is generated by cylinder which, after time

t = 0+, applies a time dependent oscillating shear stress to the fluid. Expressions

for the shear stress and velocity are obtained using Laplace and Hankel transforms.

These expressions are written as the sum between the steady-state and transient

solutions. Corresponding solutions for Maxwell and Newtonian fluids are obtained as

limiting cases. Finally, the required values of time such that motion of the fluid is

in accordance with the steady-solution are determined by numerical simulations and

graphical illustrations. A comparison between three models is also presented.

89
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5.2 Governing Equations

The constitutive equations for an Oldroyd-B fluid [97] are given by (1.3.6). Assume

an infinite circular cylinder of radius R with axis of rotation along z-axis. Cylinder

is filled with an Oldroyd-B fluid which is at rest at time t = 0 . After time t = 0+

the cylinder applies an oscillating rotational shear stress fH(t) sinωt or fH(t) cosωt

to the fluid, f > 0 is constant and ω is the angular frequency of oscillations. We

assume that, the fluid is incompressible and homogeneous. Furthermore we assume

that velocity field and extra-stress tensor are of the form

v = v(r, t) = w(r, t)eθ , Σ = Σ(r, t), (5.2.1)

where eθ is the unit vector in the θ direction of the cylindrical coordinate system.

Since the fluid and the cylinder are at rest at time t = 0, therefore,

τ(r, 0) = ∂tτ(r, t)|t=0 = 0,v(r, 0) = 0 and Σ(r, 0) = 0. (5.2.2)

Introducing (5.2.1) in (1.3.6)2 and using (5.2.2) we get Σrr = Σrz = Σzθ = Σzz = 0,

along with the following meaningful partial differential equation

(1 + λ∂t)τ(r, t) = µ(1 + λr∂t)(∂r −
1

r
)w(r, t), (5.2.3)

where τ(r, t) = Σrθ(r, t) is one of the non-zero component of extra stress tensor. The

balance of linear momentum in the absence of body forces reduce to [104]

ρ∂tw(r, t) = (∂r +
2

r
)τ(r, t), (5.2.4)

ρ being the constant density of the fluid. By eliminating w(r, t) between Eqs. (5.2.3)

and (5.2.4) we get the following governing equation for the shear stress [38]

(1 + λ∂t)∂tτ(r, t) = ν(1 + λr∂t)(∂
2
r +

1

r
∂r −

4

r2
)τ(r, t), (5.2.5)
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where ν = µ
ρ
is the kinematic viscosity of the fluid. The appropriate initial and

boundary conditions are

τ(r, 0) = ∂tτ(r, t)|t=0 = 0, (5.2.6)

τ(R, t) = fH(t) sinωt or τ(R, t) = fH(t) cosωt , (5.2.7)

H(t) being the Heaviside unit step function. Converting our problem (5.2.5)-(5.2.7)

into the complex field (τ = τc + iτs with τc and τs being solutions for cosine, respec-

tively sine boundary conditions), we have

(1 + λ∂t)∂tτ(r, t) = ν(1 + λr∂t)(∂
2
r +

1

r
∂r −

4

r2
)τ(r, t) (5.2.8)

τ(r, t) = ∂tτ(r, t)|t=0 = 0 (5.2.9)

τ(R, t) = fH(t)eiωt, f > 0. (5.2.10)

5.2.1 Solution of the problem

In order to determine the exact analytical solution, we shall use the Laplace and finite

Hankel transform [20]. By applying the temporal Laplace transform to Eqs. (5.2.8)

and (5.2.10) and using the initial conditions (5.2.9) we get the following transformed

forms

(1 + λq)qτ(r, q) = ν(1 + λrq)(∂
2
r +

1

r
∂r −

4

r2
)τ(r, q), (5.2.11)

τ(R, q) =
f

q − iω
, f > 0, (5.2.12)

where τ(r, q) = L{τ(r, t)} and q is the Laplace transform parameter. In order to find

the solution of the problem (5.2.11) and (5.2.12), we use the finite Hankel transform
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of order two (see (B.1) from the Appendix-B) along with relation (C.3) from the

Appendix C. We obtain the expression for the Hankel transforms of function τ(r, q)

τH(rn, q) = −υRrnJ1(Rrn)f
1

(q − iω)

λrq + 1

(λq2 + (1 + νλrr2n)q + νr2n)
, (5.2.13)

which can be written in equivalent form

τH(rn, q) = −υRrnJ1(Rrn)f{
λr

λ

1

q − iω

(q + an
2λ
)

((q + an
2λ
)2 − ( bn

2λ
)
2
)

+
2λ− λran

λbn

1

q − iω

( bn
2λ
)

((q + an
2λ
)2 − ( bn

2λ
)
2
)
}, (5.2.14)

where, an = (1 + νλrr
2
n) , bn

2 = a2n − 4νλr2n. Now, applying the inverse Laplace

transform [111] , using the formulae C.4 and C.5 from Appendix C and the convolution

theorem [20] we get

τH(rn, t) = −νRrnJ1(Rrn)f{(A1n + iB1n) sinh(
bnt

2λ
)e−

ant
2λ

+(A2n + iB2n) cosh(
bnt

2λ
)e−

ant
2λ − (A2n + iB2n)e

iωt}, (5.2.15)

where

A1n =
(υr2n − λω2)(υλrr

2
n − 1) + ω2an(anλr − 2λ)

bn{(υr2n − λω2)2 + (ωan)
2}

,

B1n =
−ωan(υλrr

2
n − 1) + ω(anλr − 2λ)(υr2n − λω2)

bn{(υr2n − λω2)2 + (ωan)
2}

, (5.2.16)

A2n =
−υr2n + λω2 − ω2anλr

(υr2n − λω2)2 + (ωan)
2 ,

B2n =
ωλr(−υr2n + λω2) + ωan

(υr2n − λω2)2 + (ωan)
2 .

Using the identity

−A2n −
1

νr2n
+

1

νr2n
= A3n +

1

νr2n
, (5.2.17)
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with

A3n =
λω2υr2n + υλrr

2
nanω

2 − ω2(a2n + λ2ω2)

υr2n{(υr2n − λω2)2 + (ωan)
2}

,

we get

τH(rn, t) = −υRrnJ1(Rrn)f [{(A1n sinh(
bnt

2λ
)

+A2n cosh(
bnt

2λ
))e−

ant
2λ + (A3n cosωt+B2n sinωt) +

1

υr2n
cosωt}

+i{(B1n sinh(
bnt

2λ
) + B2n cosh(

bnt

2λ
))e−

ant
2λ

+(A3n sinωt−B2n cosωt) +
1

υr2n
sinωt}]. (5.2.18)

Now applying inverse Hankel transform (Appendix B.2) to Eq. (5.2.18) and us-

ing identity (Appendix C.6) with condition J2(Rrn) = 0 and identity (Appendix

C.8)),[91], separating real and imaginary parts we get the exact expression for shear

stresses corresponding to considered problems. For cosine oscillation,

τc(r, t) = Re{τ(r, t)} = τcs(r, t) + τct(r, t) , (5.2.19)

where

τcs(r, t) =
r2

R2f cosωt− 2υf
R

∞∑
n=1

J2(rrn)
J1(Rrn)

rn(A3n cosωt+B2n sinωt) , (5.2.20)

τct(r, t) = −2υf
R

∞∑
n=1

J2(rrn)
J1(Rrn)

rn(A1n sinh(
bnt
2λ
) + A2n cosh(

bnt
2λ
))e−

ant
2λ . (5.2.21)

For sine oscillation,

τs(r, t) = τss(r, t) + τst(r, t) , (5.2.22)

where

τss(r, t) =
r2

R2f sinωt− 2υf
R

∞∑
n=1

J2(rrn)
J1(Rrn)

rn(A3n sinωt−B2n cosωt) , (5.2.23)
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τst(r, t) = −2υf
R

∞∑
n=1

J2(rrn)
J1(Rrn)

rn(B1n sinh(
bnt
2λ
) + B2n cosh(

bnt
2λ
))e−

ant
2λ . (5.2.24)

It is important to point out that solutions (5.2.19) and (5.2.22) are written as sums

between the steady-state and transient solutions. By replacing Eqs. (5.2.19) and

(5.2.22) in Eq. (5.2.4), integrating with respect to time t and using the initial condi-

tion (5.2.2)2 we get velocity corresponding to cosine and sine oscillation of Oldroyd-B

fluid respectively,

wc(r, t) = −2νf
Rρ

∞∑
n=1

J1(rrn)r2n
J1(Rrn)

[ e
−ant

2λ

2νr2n
{−(anA1n + bnA2n) sinh(

bnt
2λ
)

−(bnA1n + anA2n) cosh(
bnt
2λ
)}+ 1

ω
(A3n sin(ωt)−B2n cos(ωt))]

−2νf
Rρ

∞∑
n=1

J1(rrn)r2n
J1(Rrn)

{ 1
2νr2n

(bnA1n + anA2n) +
B2n

ω
}+ 4r

ρR2ω
f sin(ωt)

, (5.2.25)

ws(r, t) = −2νf
Rρ

∞∑
n=1

J1(rrn)r2n
J1(Rrn)

[ e
−ant

2λ

2νr2n
{−(anB1n + bnB2n) sinh(

bnt
2λ
)

−(bnB1n + anB2n) cosh(
bnt
2λ
)}+ 1

ω
(−A3n cos(ωt)−B2n sin(ωt))]

−2νf
Rρ

∞∑
n=1

J1(rrn)r2n
J1(Rrn)

{ 1
2νr2n

(bnB1n + anB2n) +
A3n

ω
}+ 4r

ρR2ω
f(1− cos(ωt))

. (5.2.26)

5.3 Limiting Cases

5.3.1 The special case λr → 0 (Maxwell fluids)

By taking λr → 0 into Eqs. (5.2.19)-(5.2.26) we get exact expressions of the shear

stress and velocity for both, cosine and sine cases corresponding to the motion of a

Maxwell fluid in an infinite circular cylinder which is rotating under the boundary
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conditions (5.2.7)2 and (5.2.7)1

τc(r, t) = Re{τ(r, t)} = −2υf

R

∞∑
n=1

J2(rrn)

J1(Rrn)
rn{(A11n sinh(

√
(1− 4νλr2n)t

2λ
)

+ A22n cosh(

√
(1− 4νλr2n)t

2λ
))e−

t
2λ + (A33n cosωt+B22n sinωt)}

+
r2

R2
f cosωt, (5.3.1)

τs(r, t) = Im{τ(r, t)} = −2υf

R

∞∑
n=1

J2(rrn)

J1(Rrn)
rn{(B11n sinh(

√
(1− 4νλr2n)t

2λ
)

+ B22n cosh(

√
(1− 4νλr2n)t

2λ
))e−

t
2λ + (A33n sinωt−B22n cosωt)}

+
r2

R2
f sinωt, (5.3.2)

wc(r, t) = −2νf
Rρ

∞∑
n=1

J1(rrn)r2n
J1(Rrn)

[ e
− t

2λ

2νr2n
{−(A11n +

√
(1− 4νλr2n)A22n) sinh(

√
(1−4νλr2n)t

2λ
)

−(
√

(1− 4νλr2n)A11n + A22n) cosh(

√
(1−4νλr2n)t

2λ
)}+ 1

ω
(A33n sin(ωt)−B22n cos(ωt))]

−2νf
Rρ

∞∑
n=1

J1(rrn)r2n
J1(Rrn)

{ 1
2νr2n

(
√

(1− 4νλr2n)A11n + A22n) +
B22n

ω
}+ 4r

ρR2ω
f sin(ωt)

,(5.3.3)

ws(r, t) = −2νf
Rρ

∞∑
n=1

J1(rrn)r2n
J1(Rrn)

[ e
− t

2λ

2νr2n
{−(B11n +

√
(1− 4νλr2n)B22n) sinh(

√
(1−4νλr2n)t

2λ
)

−(
√

(1− 4νλr2n)B11n +B22n) cosh(

√
(1−4νλr2n)t

2λ
)}+ 1

ω
(−A33n cos(ωt)−B22n sin(ωt))]

−2νf
Rρ

∞∑
n=1

J1(rrn)r2n
J1(Rrn)

{ 1
2νr2n

(
√

(1− 4νλr2n)B11n +B22n) +
A33n

ω
}+ 4r

ρR2ω
f(1− cos(ωt))

,(5.3.4)

where,

A11n = − (υr2n − λω2) + 2λω2√
1− 4νλr2n{(υr2n − λω2)2 + ω2}

,

B11n =
ω{1− 2λ(υr2n − λω2)}√

1− 4νλr2n{(υr2n − λω2)2 + ω2}
,
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A22n =
−υr2n + λω2

(υr2n − λω2)2 + ω2
, (5.3.5)

B22n =
ω

(υr2n − λω2)2 + ω2
,

A33n =
λω2υr2n − ω2(1 + λ2ω2)

υr2n{(υr2n − λω2)2 + ω2}
.

For λ → 0, we obtain

lim
λ→0

A11n = lim
λ→0

A22n =
−υr2n

υ2r4n + ω2
, lim

λ→0
A33n =

−ω2

υr2n(υ
2r4n + ω2)

,

lim
λ→0

B11n = lim
λ→0

B22n =
ω

υ2r4n + ω2
.

5.3.2 The special case λr → 0, λ → 0 (Newtonian fluids)

By taking λr → 0, λ → 0 into Eqs.(5.2.19)-(5.2.26) or λ → 0 into (5.3.1)-(5.3.5) and

using the identities (appendix C.7), we get exact expressions of shears and velocity,

for both cosine and sine cases corresponding to motion of a Newtonian fluid in an

infinite circular cylinder which is rotating under the boundary conditions (5.2.7)2 and

(5.2.7)1

τc(r, t) =
2f

R

∞∑
n=1

J2(rrn)

J1(Rrn)rn

1

(υ2r4n + ω2)
{υ2r4ne

−υr2nt +

+ω2 cosωt− ωυr2n sinωt}+ f
r2

R2
cosωt, (5.3.6)

τs(r, t) =
−2fω

R

∞∑
n=1

J2(rrn)

J1(Rrn)rn

1

(υ2r4n + ω2)
{υr2ne−υr2nt − υr2n cosωt− ω sinωt}+

+ f
r2

R2
sinωt, (5.3.7)
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wc(r, t) =
−2f

ρR

∞∑
n=1

J1(rrn)

J1(Rrn)

1

(υ2r4n + ω2)
{υr2ne−υr2nt − υr2n cosωt− ω sinωt}+

+
4fr

ρωR2
sinωt, (5.3.8)

ws(r, t) =
−2f

ρR

∞∑
n=1

J1(rrn)

J1(Rrn)

1

(υ2r4n + ω2)
{−ωe−υr2nt + ω cosωt− υr2n sinωt}+

+
4fr

ρωR2
[1− cosωt]. (5.3.9)

5.4 Numerical results and discussion

Generally speaking, in the rheological measurements, the transient parts of the

starting solutions are neglected. Practically, it is of interest to find the required time to

reach the large-time state for solutions. Consequently, to approximate the time after

which the fluid is moving according to the large-time state is an important problem

regarding the technical relevance of the solutions. In our problem the required time

for the decay of transient part of solutions for both cosine and sine shear stresses

depends on the angular frequency ω of oscillation, retardation time λr and relaxation

time λ as can be seen in Fig.5.1, 5.2 and 5.3, respectively. Fig.5.1 depicts that the

decaying of transient part for the solutions (5.2.21) and (5.2.24), corresponding to

both cosine and sine shear stresses is faster for increasing angular frequency ω. Fig.5.2

shows that the decay time of transient part for the solutions (5.2.21) and (5.2.24),

corresponding to both cosine and sine shear stresses increases with the increase in

retardation time λr. Fig.5.3 depicts that the decay time of transient part for the

solutions (5.2.21) and (5.2.24), corresponding to both cosine and sine shear stresses

increase with the increase in relaxation time λ. In each of the examined cases, it can

be determined from the chart, the approximate values of the time t after which the
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transient solutions can be neglected. Fig. 5.4 shows the comparison between Oldroyd-

B , Maxwell and Newtonian fluids. It shows that the amplitude of the wave cycle

for shear stress corresponding to Oldroyd-B , Maxwell and Newtonian fluids increases

with increasing the value of r. Moreover, amplitude of wave cycle for Oldroyd-B fluids

is always greater than that of Newtonian fluids but lesser in comparison to that of

Maxwell fluids for both sine and cosine shear stresses.

Also, it is important to note that, for a short time-interval, the flow of Maxwell

fluid exhibits instability for cosine oscillations. In the case of sine oscillations, for

a short time interval, the Maxwell fluid is not moving. The length of this interval

decreases for increasing r.

Figure 5.1: Decay time of transient component for the shear stresses τct(r, t) and
τst(r, t) of Oldroyd-B fluids given by Eqs. (5.2.21) and (5.2.24) for λ = 0.9, ν =
0.0011, λr = 0.6, f = 30 and different values of angular velocity.



99

Figure 5.2: Decay time of transient component for the shear stresses τct(r, t) and
τst(r, t) of Oldroyd-B fluids given by Eqs. (5.2.21) and (5.2.24) for R = 0.3, r = 0.15,
ν = 0.0011, ω = π

4
, f = 30 and different values of retardation time.

Figure 5.3: Decay time of transient component for the shear stresses τct(r, t) and
τst(r, t) of Oldroyd-B fluids given by Eqs. (5.2.21) and (5.2.24) for R = 0.3, r = 0.15,
ν = 0.0011, ω = π

4
, f = 30 and different values of relaxation time.
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(a)

(b)

(c)

Figure 5.4: Profiles of both cosine and sine shear stresses for Oldroyd-B, Maxwell and
Newtonian fluids, for R = 0.25, ω = π

8
, λ = 1.63, ν = 0.0011, λr = 0.5, f = 30 and

different values of r.
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5.5 Conclusions

In this chapter we have studied unsteady flows on Oldroyd-B fluids through a circular

cylinder on whose boundary was given the azimuthal tension in the form fH(t) sin(ωt)

or fH(t) cos(ωt). If usually in literature the governing equation of the flow is related

at the velocity field, in the present chapter, the basic flow equation is related at

the azimuthal tension. Solutions of the initial-boundary value flow problem have

been obtained by means of the Laplace and Hankel transforms. Expressions of the

shear stress corresponding to both types of oscillations have been written as a sum

between ”the steady-state” (or permanent solution) and the transient solution which

tends to zero for large values of the time t. Analyzing some specific situations, the

decreasing of transient solutions was studied. The approximate values of the time

for which the transient solution can be neglected were determined. Corresponding

solutions for Maxwell and Newtonian fluids have been obtained as particular cases

and a comparison between the three models was presented.
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Appendix

Appendix A

(A1) L−1 {F (q)} = f(t), L−1
{
F
(√

q2 − a2
)}

= f(t)+a
∫ t

0
f
(√

q2 − a2
)
I1(au)du.

(A2) L−1
{

e−a
√
q

b+
√
q

}
= 1√

πt
e

−a2

4t − beab+b2terfc( a
2
√
t
+ b

√
t).

(A3) L−1

{
1√

q2−a2

}
= I0(at), L−1

{
q√

q2−a2

}
= δ(t) +

∫ t

0
a
u
I0[a(t − u)]I1(au)du =

δ(t) + aI1(at).

(A4) p1(y) = −a5b2

96
, p2(y) =

a4b
288

(8a+ 9b),

p3(y) =
−a3

48

[
a2

(
2− b2y2/c2

)
+ 4ab− 3b2

]
,

p4(y) =
a2

48

[
−2a3by2/c2 + 3a2

(
2− b2y2/c2

)
+ 8ab+ 3b2

]
,

p5(y) =
a2

96

[
(4− b2y2/c2)a3y2/c2 + 12a2b2y2/c2 − 12a(2− b2y2/c2)− 16b

]
,

p6(y) =
a2

288

[
4a3by4/c4 + 9a2(b2y2/c2 − 4)y2/c2 − 36b(2a+ b)y2/c2 + 72

]
,
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p7(y) =
a2

48

[
3a(4− b2y2/c2)y2/c2 + 12by2/c2 − 2a2by4/c4

]
,

p8(y) =
a2

48

[
b(4a+ 3b)y4/c4 − 12y2/c2

]
,

p9(y) =
−a2by4

12c4
.

Appendix B

For the function g(r) the finite Hankel transform of order 2 [20] is defined by

H2{g(r)} = gH(rn) =

∫ R

0

rg(r)J2(rrn)dr, (B.1)

where J2(.) is the Bessel function of the first kind of order 2 and 0 < r1 < r2 < ... are

the positive roots of the equation J2(Rr) = 0. The inverse finite Hankel transform of

order 2 of function gH(rn) is defined by

H−1
2 {gH(rn)} = g(r) =

2

R2

∞∑
n=1

J2(rrn)

J2
3 (Rrn)

gH(rn), (B.2)

where the summation is defined over all positive roots of J2(Rr) = 0.
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Appendix C

By using the following formulae [1, 91] and definition of finite Hankel transform of

order 2 (B1)

dJ1[m(r)]

dr
= { 1

m(r)
J1[m(r)]− J2[m(r)]}m′(r), (C.1)

dJ2[m(r)]

dr
= {− 2

m(r)
J2[m(r)] + J1[m(r)]}m′(r), (C.2)

We get

∫ R

0

r(
∂2

∂r2
+

1

r2
∂

∂r
− 4

r2
)τ(r, q)J2(rrn)dr = −r2nH{τ(rn, q)} − rnRτ(R, q)J1(Rrn).

(C.3)

∫
eas cosh(bs)ds =

eas

a2 − b2
{a cosh(bs)− b sinh(bs)}, a2 ̸= b2. (C.4)

∫
eas sinh(bs)ds =

eas

a2 − b2
{a sinh(bs)− b cosh(bs)}, a2 ̸= b2. (C.5)

J1(Rrn) + J3(Rrn) =
4

Rrn
J2(Rrn). (C.6)

lim
λ→0

sinh(
√
1−aλt
2λ

)

e
t
2λ

= lim
λ→0

cosh(
√
1−aλt
2λ

)

e
t
2λ

=
e−

at
4

2
. (C.7)

For finite inverse Hankel transform of order 2 with J2(Rrn) = 0 we have the following

identity

H−1
2 {−R3

rn
J1 (Rrn)} = r2. (C.8)

Proof Since,
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H2{r2} =

∫ R

0

r3J2(rrn)dr.

Replace z = rrn, then

H2{r2} =
1

r4n

∫ rnR

0

z3J2(z)dz.

Using
∫ z

0
t3J2(t)dt = z3J3(z) [1] and J2(Rrn) = 0 along with J3(z) =

4
z
J2(z) − J1(z)

[1] we get,

H2{r2} = −R3

rn
J1(Rrn).

hence,

H−1
2 {−R3

rn
J1 (Rrn)} = r2.
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