
Vibration characteristics of fluid-filled functionally 

graded cylindrical shells on elastic foundations 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

By 
 
 

Abdul Ghafar Shah 
 
 
 
 
 
 
 
 

Department of Mathematics 

The Islamia University of Bahawalpur 

Bahawalpur – Pakistan 

2011 

 



Vibration characteristics of fluid-filled functionally 

graded cylindrical shells on elastic foundations 
 
 
 
 
 
 

By 
 

Abdul Ghafar Shah 
 
 
 

A dissertation 
 

submitted in the partial fulfillment of the 

requirements for the degree of 

DOCTOR OF PHILOSOPHY 

IN 

MATHEMATICS 

 

 

Supervised by 

 

Prof. Dr. Tahir Mahmood 

 

 

 

 

Department of Mathematics 

The Islamia University of Bahawalpur 

Bahawalpur - Pakistan 

2011 



Certificate 
 
 

Vibration characteristics of fluid-filled functionally 

graded cylindrical shells on elastic foundations 
 

 

BY 
 

Abdul Ghafar Shah 
 
 
 

A DISSERTATION SUBMITTED IN THE PARTIAL FULFILLMENT OF THE 

REQUIREMENTS FOR THE DEGREE OF DOCTOR OF PHILOSOPHY 

 
 

We accept this dissertation as conforming to the required standard. 
 
 
 
 

Prof. Dr. Tahir Mahmood 
(Supervisor & Chairman) 

Department of Mathematics 
The Islamia University of Bahawalpur 

 
                 
 
 
 
 
1. Prof. Dr. Muhammad Ayub                  2. Prof. Dr. Abdur Rashid 

     (External Examiner)                    (External Examiner) 

 
 
 

Department of Mathematics 
The Islamia University of Bahawalpur 

Bahawalpur – Pakistan 
2011 

 i



                                                         Certificate 
 
 
I, hereby declare that this dissertation neither as a whole nor as a part 

there of has been copied out from any source. It is further declared that I 

have developed this dissertation entirely on the basis of my personal 

efforts made under the guidance of my supervisor. No portion of the work 

presented in this dissertation has been submitted in support of any other 

degree or qualification of this or any other university or institute of 

learning. 

 
 
 

                         

 

 

Signature: --------------------------- 

                                                  Name:     Abdul Ghafar Shah  

                                                  Registration No: 17/IU-Ph.D./2006 

 

 

 

 

 

 

 

                            Department of Mathematics  

                      The Islamia University of Bahawalpur 

                             Bahawalpur - Pakistan  

                                              2011  

ii 



Dedicated  
 
 

To my beloved parents 
 

"Who brought me to the level of excellence 
where I am standing today" 

 
 

iii 



iv 

                      ACKNOWLEDGEMENT 

 

First of all I want to thank ALLAH Almighty, the most merciful and the most 

beneficent, the creator and Lord of the universe, who gave me strength, ability and 

courage to complete the requirements of this dissertation. Special homage to the Holy 

Prophet Hazrat MUHAMMAD (Peace Be Upon Him), who is the source of 

knowledge and guidance to humanity. 

I appreciate and acknowledge the significant role of HEC Pakistan for higher studies. 

Specially, I am very much thankful to HEC Pakistan for financing me for the entire 

studies of my Ph.D programme. 

I express my gratitude to all my teachers whose teachings enable me to bring at this 

stage. Specially, I am very grateful to my worthy supervisor Prof. Dr. Tahir 

Mahmood, Chairman, Department of Mathematics, for his untiring guidance, constant 

encouragements, cooperation, constructive criticism and introducing new ideas to me. 

His help and valuable guidance enabled me in enhancing and improving my 

capabilities. His easy grasp of the subject, devotion and commitment towards his 

duties always inspired me a lot and gave me confidence to learn more and more. I 

learned a lot from him. I am highly obliged and owe him deep thanks. I am also 

thankful to him for providing good research environment and facilities that ensured 

successful completion of my work.   

Special words of thank to my friend Dr. Muhammad Nawaz Naeem for his 

encouraging discussions, intellectual suggestions and help which improved my 

present research work. 

I wish to pay thanks to my parents and my family, especially my wife and children for 

neglecting them during the course of my research work.  

At last, I am grateful to all my well wishers for their sincere support. 

 

  

 

                                                                                                           Abdul Ghafar Shah     



                                                Abstract 
Cylindrical shells are fundamental and core structural elements in various fields of 

engineering and technology. They have been extensively used for the purpose of load-

carrying in the past. Recently they have acquired a paramount and valuable place in 

practical applications constructing gas cylinders, pressure vessels, boilers, pipe lines, arch 

dams, submarines, tunnels, missiles and so on. Prior to their practical uses, their different 

dynamical aspects, such as vibration, buckling, and stability have been studied 

analytically to avoid any fatigue and risk that may implicate a physical system.  

Particularly, the analyses of their vibration characteristics have attracted the attention of 

theoretical researchers in recent years for their vital uses.  

In this dissertation, vibrations of cylindrical shells are investigated by involving Winkler 

and Pasternak elastic foundations. Fluid loading terms are also introduced to examine the 

influence of fluids on the shell vibrations. The present shells are considered to be 

constructed from isotropic and functionally graded materials. 

The vibrations of functionally graded cylindrical shells with exponential volume fraction 

law are investigated. Shell frequencies are varied by changing the bases of the law. The 

shell problem is solved by employing the Rayleigh-Ritz method for the simply supported 

boundary conditions. It is found that both the values of bases and exponents of the 

volume fraction law influence the frequencies of the shell.  

The vibration characteristics of functionally graded cylindrical shells based on the 

Winkler and Pasternak foundations are investigated. The Wave Propagation approach has 

been utilized to solve the shell dynamical equations.  It is found that the influence of 

these elastic foundations is more pronounced for the circumferential wave numbers (n). 

Shell frequencies increase as the circumferential wave number is increased. Also the 

vibration analysis of fluid-filled cylindrical shells as well as fluid-filled functionally 

graded cylindrical shells resting on elastic foundations is examined.  It is noted that the 

fluid-loading terms reduce frequencies of fluid-filled cylindrical shells to almost up to 

half of their corresponding values for empty cylindrical shells. It is concluded that the 

natural frequencies of the functionally graded cylindrical shells are greatly affected when 

the shells are filled with fluid and placed on elastic foundations. Three research papers of 

the author have been published in internationally recognized journals and one is accepted. 
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 Nomenclature 
 

ij ij,   B ,   CijA   extensional, coupling, bending stiffness 

11 22 12,   e ,   ee   reference surface strains 

E                     Young's modulus 

h                     thickness of the shell 

11 22 12,   k ,   kk  reference surface curvatures 

L                     length of the shell 

n                      circumferencial wave number 

mk                   axial wave number 

rk                    radial wave number                   

N                     power law exponent 

Q                    reduced stiffness 

R                   radius of the shell  

Ω                   frequency parameter 

ρ                    mass density 

Tρ                    mass density per unit length 

fρ                    density of fluid 

 υ                     Poisson's ratio 

G            shear modulus of the foundation 

K                  Winkler foundation modulus 

S                     strain energy 

maxS                 maximum strain energy 

T                     kinetic energy 

maxT                  maximum kinetic energy   

t                      time 

Π                     Lagrangian energy functional 

ijL                   differential operator 

P                     acoustic pressure    

mP                    pressure amplitude 
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c                      speed of sound 

,m mA B ,     amplitudes of vibration mC

ω                     angular frequency 

nJ                    Bessel function of first kind 

/
nJ                   derivative of   nJ

ijS                    matrix  coefficients 

iP                    material property of the ith constituent material of a FGM  

fgmP                 material property of  functionally graded materials   

iV                    volume fraction of the ith constituent material    

iR                    inner radius of shell 

0R                   outer radius of shell 

 z                    thickness variable in the radial direction 

b                      general base of exponential form   

E1, E2                     Young's modulii of  constituent materials M1 and M2 respectively 

1ν  , 2ν              Poisson's ratios of  constituent materials M1 and M2  respectively 

1ρ , 2ρ              mass densities of the constituent materials M1 and M2  respectively 

u ,v , w           displacement fields in axial, circumferential and radial directions 

x , θ               axial and circumferential coordinates 

, ,U V W           axial modal form in axial, circumferential and radial direction 

 
Abbrevations 
 
FGM               functionally graded material 

S-S                  simply supported-simply supported 

C-C                 clamped-clamped 

C-F                 clamped-free 

C-S                 clamped-simply supported 

SS                   stainless steel 

Ni                    nickel    

F-F  free-free     

F-S  free-simply supported     
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Chapter 1 

 
Introduction 
 

The shell vibration problem is very important for its use in many practical fields. It is 

an extensively studied area of research in structural dynamics. Shells are used in 

engineering and technology fields such as chimney design, pipe flow, nuclear 

reactors, missiles and so on. Particularly the vibration characteristics of fluid-filled 

cylindrical shells are analyzed theoretically prior to their applications in the piping 

systems because this involves the pollution of noise. During practical applications, 

there may arise a risk of damage to the devices on which a shell system is established. 

This analytical study of the shells predicts the necessary mechanical measures to 

avoid the expected damage to the system and ensures its security and stability.  

The theory of elasticity is utilised to investigate the shell problem. The relations for 

strain and stress are obtained in terms of the deformed displacements in the axial, 

circumferential and radial directions and an expression for strain energy of a 

cylindrical shell is written in an integral form which varies according to the shell 

theory. The problem is solved by employing an energy variational method or it is 

transformed to a system of partial differential equations. Different numerical 

approaches are available to solve the partial differential equations. A proper study of 

a shell problem is found to be initiated by Love [1] who postulated his theory on the 

shell equations of motion due to Germaine [2]. Her equations implicated some errors 

which were improved by Love. Axioms of Love's first order shell theory are the as 

follows:     

(i) The shell is assumed to be thin; that is, its thickness is small as compared with 

its representative minimum radius of curvature or lateral dimensions. 

(ii) Plane sections originally normal to the mid surface of a shell remain plane and 

perpendicular to the deformed mid surface; that is, ignoring the transverse 

shear deformation. 

(iii) The stress component normal to the mid surface of a shell is very small as 

compared with the other stress components and can be neglected. 
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(iv) The displacements and strains are so small that their higher powers can be 

neglected. 

These assumptions of classical shell theory are valid for design and analysis of most 

engineering shell structures including reinforced concrete and metallic shells. For 

composite shells, refinements in these assumptions are sometime necessary. 

Cylindrical shells have many uses in industries and are often used as load bearing 

structures for buildings, aircrafts and ships. The analysis of vibration characteristics 

of cylindrical shells is more complex than that of beams and plates. This is due to 

involvement of material parameters in the equations of motion for cylindrical shells 

together with complex boundary conditions. The study of vibration characteristics of 

cylindrical shells is a main aspect in the successful applications of cylindrical shells. 

Proceeding to their functional efficiency, their dynamic features such as vibration, 

buckling and stability are studied theoretically. This avoids the future risks for their 

practical uses. 

Shells are structured from different types of materials and among these, functionally 

graded materials are very popular and have been widely used in different fields 

including electronics, chemistry, optics, biomedicine and so on. They are prepared by 

combining different materials with powder metallurgy methods and have been used in 

the configuration of dynamical elements such as plates, beams and shells to study 

their vibratory response. These materials have gained much attention as advanced 

structural materials due to their heat-resistance properties. Their material 

compositions are molded to suit mechanical and heat properties. 

In this dissertation, a study on vibration characteristics of circular cylindrical shells 

made of functionally graded materials is presented. The material distribution in these 

materials is governed by using volume fraction laws and varied in radial direction of a 

cylindrical shell. This leads to continuous change in the composition of the shell and 

consequently brings out gradient changes in the mechanical and thermal properties.   

Here the volume fraction law is modified and is extended to a general base b instead 

of only natural logarithmic base e (=2.718….). Effects of configurations of 

constituent materials, power law exponents and different values of base b are 

investigated on vibration natural frequencies of functionally graded cylindrical shells. 

The present analysis is based on Love's linear shell theory and expressions for the 

strain-displacement and curvature-displacement relations are adapted from this 

theory. The Rayleigh-Ritz method is employed to frame the shell frequency 

 5



eigenvalue equation. The present approach can be applied to any boundary condition 

but for brevity, simply support edge conditions are specified at both ends of a 

cylindrical shell.   

Next the shell problem is transformed into other types of problems by including 

elastic foundations and coupling with fluids. Firstly, vibrations of functionally graded 

cylindrical shells based on elastic foundations are analyzed for simply supported end 

conditions. The shell motion governing equations are amended by inducting the 

modulii of the Winkler and Pasternak foundations. The influence of material 

configurations on shell vibrations is analyzed for varying physical and geometrical 

parameters. Secondly, vibration characteristics of fluid-filled isotropic cylindrical 

shells based on elastic foundations are studied. Vibrations of natural frequencies for 

both empty and fluid-filled cylindrical shells resting on elastic foundations are 

evaluated and their comparisons are made to confirm the validity and accuracy of the 

wave propagation method. Thirdly, vibrations characteristics of fluid-filled 

functionally graded cylindrical shells involving Winkler and Pasternak foundations 

are investigated.  

 

1.1    Literature review 

 
1.1.1. Vibrations of cylindrical shells 

 

Vibration shell problems were studied first by Love [1] and Rayleigh [3] in the last 

quarter of the nineteenth century but numerical solutions of frequency equations 

appeared only in the 1930s by Flügge [4]. Vibration analysis of shells gained much 

attention when Arnold and Warburton [5, 6] solved in detail the complete boundary-

value problem of a finite cylindrical shell. For deriving equations of motion, they 

used the Lagrange equations with strain and kinetic energy expressions. Thin-walled 

shells are practically used in almost all fields of engineering. So, it is one of the basic 

problems in the area of structural dynamics. Of all present shell models of different 

geometries, the circular cylindrical shell is the most extensively studied. As far as the 

study of free vibrations of cylindrical shells is concerned, the material on this topic is 

extensively found in the literature.  
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Forsberg [7] carried out an extensive numerical analysis to demonstrate the 

significance of the effects of boundary conditions on the free vibration characteristics 

of circular cylindrical shells and he used Flügge's shell equations for this purpose. 

Exponential functions were selected for the modal displacements in the axial 

direction. These were substituted into the shell equations of motion and specified 

boundary conditions, leading to an eighth-order algebraic equation and an eighth-

order frequency determinant, which are coupled together. The simultaneous solution 

of these systems involves extremely laborious computations. Lindholm [8] gave a 

review of summaries of earlier technical reports and published papers on dynamics of 

shells which covers the period from 1964 to 1967. Sharma and John [9] utilized the 

Rayleigh -Ritz method to carry out the numerical analysis of vibrating clamped-free 

and clamped-ring-stiffened shells employing Flügge's shell theory for various axial 

mode shapes.  

Sharma [10] investigated vibration frequency analysis of clamped-free circular 

cylindrical shells with a multiple choice of beam functions for a clamped-free and 

clamped-simply supported edge conditions and derived the shell frequency equation. 

Goldman [11] evaluated the natural frequencies as well as mode shapes of thin-walled 

cylindrical shells. He used exponential function for axial modal dependence with 

clamped-clamped end conditions. Vibration characteristics of thin circular cylindrical 

shells were examined by Sharma [12] for a number of edge conditions using Sanders 

thin shell theory. Blevins [13] reviewed natural frequency formulas and presented the 

mode shape analysis for shells of different geometries. Bishop and Johnson [14] 

discussed the mechanics of vibration characteristics of circular cylindrical shells and 

presented their results in tabular form. 

Soedel [15] investigated the vibration problem for a general shell element. By the 

suitable selection of the Lame's parameters, the general shell numerical expressions 

can be modified according to the existing shell theories and thin shell equations. 

Soedel [16] also presented a new formula to find out the frequency of circular 

cylindrical shells for modes in which transverse deflections dominate. He applied this 

formula for various boundary conditions and validated his results. Chung [17] used 

first order linear elastic shell theory due to Budiansky and Sanders [18] to study the 

vibration characteristics of cylindrical shells. Axial modal dependences are 

constructed to form a set of complete orthogonal functions in the form of simple 

Fourier series. Lagrangian multipliers are used to satisfy the prescribed boundary 
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conditions term-by-term. Stokes transformation is utilised to obtain correct series 

expressions for the derivatives of Fourier series. Markus [19] provided on excellent 

description of vibration analysis of cylindrical shells by using membrane and bending 

theories. He explained the advantages and constraints of the membrane theory and 

elaborated the various shell theories.  

Leissa [20] described various thin shell theories with different eighth order system of 

equations by different differential operators. The differential operators were treated as 

the summation of a differential operator according to Donnel-Mushtari theory and 

modifying differential operators which alters the Donnel-Mushtari theory to yield 

another shell theory. Differences in different shell theories were also discussed by 

Leissa in detail and he also gave overview of about 500 references and discussed the 

shell problem with their numerical procedures.  

The study of vibration characteristics of a simply supported cylindrical shell is 

considered to be a model case to investigate the shell vibration problem for other 

boundary conditions. This is because of the availability of a closed form solution in 

the literature. For other boundary conditions, approximate solutions are sought by 

adapting the assumed functions for the displacement deformation in the axial 

direction. These functions are presumed to satisfy the boundary conditions. In case of 

a cylindrical shell, simply supported at both ends, a sextic frequency is achieved. 

Three positive roots of this equation give frequencies at which each of the three shell 

displacement dominates for a given axial and circumferential wave numbers pair.  

With the passage of time, new numerical techniques were visualised and implemented 

to solve those differential equations for which the exact solutions were not available. 

Bellman and Casti [21] introduced the differential quadrature method for calculating 

numerical solutions of non-linear partial differential equations. The main idea behind 

this procedure is to approximate the derivatives at grid points. This method has been 

successfully employed to study the dynamical behaviour of structural elements such 

as beams, plates and shells. Shu and Richard [22] have described the development 

and applications of this method. Lam and Loy [23] utilised beam function for axial 

modal dependence with the Ritz procedure to investigate the free vibration 

characteristics of multilayered cylindrical shells with different boundary conditions. 

The differential quadrature method (DQM) has been used by Bert and Malik [24] to 

study the vibration behaviour of thin cylindrical shells for freely-supported, clamped-

clamped, clamped-free and free-free boundary conditions. Goncalves and Ramos [25] 
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have suggested a simple numerical approach based on the Galerkin technique and 

have determined natural frequencies for three sets of boundary conditions viz. simply 

supported-simply supported, clamped-clamped and clamped-free and they also 

sketched some mode shapes. 

Loy et al. [26] employed the generalised differential quadrature approach to study the 

vibration characteristics of cylindrical shells. Wang et al. [27] have utilised Ritz 

polynomial functions to approximate the axial modal dependence. These functions 

have been formed by taking the product of mathematically complete polynomial 

functions and the boundary equation raised to some appropriate powers satisfied so 

that the geometric boundary conditions are fulfilled. This general set of Ritz 

polynomial functions provides the easy applications of the Ritz method for analysis of 

cylindrical shells. The results show a monotonic convergence of the method by 

increasing the number of polynomial conditions. Mackerle [28] provided a 

bibliography of the previous published research papers and proceedings of some 

international conferences on the vibration study of shells, beams and plates with finite 

element method (FEM) in the years 1994-1998, containing 361 citations. He also 

comprised the vibration characteristics of composite materials and structural 

elements. 

Naeem and Sharma [29] have employed the Rayleigh-Ritz method to predict natural 

frequencies for thin cylindrical shells using a Ritz polynomial for axial model 

dependence. Wang and Lai [30] have given an analysis of the vibration 

characteristics of finite circular cylindrical shells. The shell dynamical equations are 

based on Love's approximations for shell theory. A novel wave propagation approach 

is introduced to predict the natural frequency of finite circular cylindrical shells with 

different boundary conditions without simplifying the dynamical equations. The 

results are compared with those obtained by finite element method to check the 

validity and efficiency of this approach. Zhang et al. [31] have used wave 

propagation method to carry out the vibration and analysis of thin cylindrical shells. 

This is a very simple and easily applicable technique and also avoids a large amount 

of algebraic manipulations. The method is based on the approximate eigenvalue of 

beam functions. The efficacy, validity and accuracy of this approach have been 

verified by comparing the results with those ones by other numerical techniques. 

Li et al. [32] also have employed the wave propagation approach to study the 

vibration characteristics of cylindrical shells and have discussed the modal shape 
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analysis. Sahu and Datta [33] presented a review on recent research advances in the 

dynamics stability/ instability, parametric excitation and parametric resonance 

characteristics of isotropic and composite plates and cylindrical shells from 1987 to 

2005 with 156 references. The aim of this study was to review dynamic stability in 

terms of the geometry, type of loading, boundary conditions, method of analysis, 

method of determination of dynamics instability regions, order of theory being 

applied, shell theory used, material of structures and the various complicating effects 

such as geometrical discontinuity, elastic support, added mass, fluid structure 

interactions and so on. 

 

1.1.2    Vibrations of fluid-filled cylindrical shells 
 

Dynamic response of fluid-filled cylindrical shells is of primary importance for the 

design of pressure vessels, fluid tanks of liquid propellant rockets, seismic studies of 

liquid storage tanks and so on. The study of interaction between shell structure and 

fluid is of great interest during vibration. A comprehensive literature is available, 

concerning the case of shells with a vertical axis completely or partially filled with 

fluid. The basic work concerning a completely filled shell is that of Berry and 

Reissner [34]. Lindholm et al. [35] extended this work to the case of mode shapes 

with the presence of circumferential nodal lines. Jain [36] studied the free vibration 

of an orthotropic cylindrical shell which was filled partially or completely with fluid 

by employing the shear shell theory. In this case, the fluid was incompressible and 

non-viscous.  

Chung et al. [37] presented an analytical and experimental study of the vibration 

characteristics of thin circular cylindrical shells situated inside a fluid-filled rigid 

circular cylinder. They used the NASTRAN computer program to find out the natural 

frequencies, mode shapes and response to a harmonic loading of a thin circular 

cylindrical shell adjusted inside a fluid-filled circular cylindrical shell. They also 

made the comparison between the analytical and experimental results and accuracy of 

the fluid-solid interaction package of NASTRAN was assessed. Goncalves and 

Batista [38] gave a theoretical analysis for the free vibration of simply supported 

vertical shells partially filled with or submerged in a fluid. The vibrations of the 

shells were examined by using the Sanders shell theory. The coupling between the 
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shell deformation and the acoustic medium of fluid was amalgamated by shell 

dynamical equations and the acoustic wave equation. The effect of an internal flow 

on the vibrational energy distribution in an infinite fluid-filled cylindrical shell was 

studied by Brevart and Fuller [39]. The effect of a wall joint on vibrational power 

flow propagation in a fluid-filled shell was studied by Xu and Zhang [40]. The 

vibrational power flow from a line circumferential cosine harmonic force into an 

infinite elastic circular cylindrical fluid-filled shell was investigated by Xu et al. [41]. 

Amabili [42] has studied a simply supported circular cylindrical shell with the axis 

parallel to the horizontal direction partially filled with liquid. He estimated the shells 

natural frequencies and analyzed the mode shapes of partially filled shells. Again in 

1999 Amabili [43] investigated free vibrations of circular cylindrical shells and tubes 

completely filled with a dense and partially immersed in a different fluid having a 

free surface. Different boundary conditions were considered for the analysis. Sharma 

et al. [44] have investigated natural frequency response of vertical cantilever 

composite shells containing fluid. They used the Fourier series of trigonometric 

functions to approximate the axial modal dependence which presents an example of a 

practical application.  

Three dimensional analysis of fluid-filled cylindrical shells is also available in the 

literature. For example, the free vibration of fluid-filled orthotropic cylindrical shell 

was investigated by Chen et al. [45] and they used the Frobenius power series 

method. Also Chen and Ding [46] calculated an exact solution of free vibration of a 

transversely isotropic cylindrical shell which was filled with fluid. Three- 

dimensional vibration analysis of fluid-filled orthotropic functionally graded material 

cylindrical shells was investigated by Chen et al. [47]. Coupled vibration of 

cylindrical pipes conveying fluid was investigated by Zhang [48] and he used the 

wave propagation method. The effects of shell parameters and fluid on the coupled 

frequencies were analyzed. He also observed that the fundamental frequency can be 

changed from one circumferential mode to another circumferential mode by thickness 

to radius ratios. It was further observed that for different end conditions, the 

transition of fundamental frequencies among circumferential modes occurred at 

different thickness to radius ratios. It was concluded that fluid loading effects can be 

ignored when a pipe conveys a light fluid just like air. But when a shell conveys a 

dense fluid like water, it becomes impossible to ignore the coupling between the 

structure and fluid contained in it.  
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Zhang et al. [49] have also used the wave propagation approach to study the coupled 

structural acoustic analysis of finite fluid-filled cylindrical shells. The accuracy of 

this procedure is validated by the comparison of the frequencies evaluated by this 

method and using the finite method and boundary element method. Natsuki et al. [50] 

investigated a vibration analysis of fluid-filled carbon nanotubes using the wave 

propagation approach. Flugge's shell equations governing the vibration of the carbon 

nanotubes were used by them. Sheng and Wang [51] presented the vibration of 

functionally graded cylindrical shells filled with flowing fluid. The first order shear 

deformation theory was used by them to model the dynamic characteristics of the 

functionally graded cylindrical shell filled with flowing fluid. Iqbal et al. [52] 

investigated the vibration characteristics of functionally graded material circular 

cylindrical shells filled with fluid using the wave propagation approach. The analysis 

was carried out for different end conditions such as clamped-clamped, simply 

supported-simply supported and clamped-simply supported conditions. They 

confirmed the validity and accuracy of the present approach by those results available 

in the literature. Recently Shah et al. [53] presented vibration characteristics of 

cylindrical shells which were filled with fluid and put on elastic foundations. They 

utilised wave propagation approach to derive the shell frequency equation in the form 

of an eigenvalue problem including the elastic foundation and fluid loading terms. 

They concluded that the fluid loading term reduced the coupled frequency to almost 

half of its value for the empty case.  

 

 1.1.3    Vibrations of FGM cylindrical shells 
 

Shells are structured from various types of materials such as isotropic, multi-layered, 

laminated and functionally graded. Powder technology is used to develop 

functionally graded materials (FGMs) which are composed of two or more materials. 

Functionally graded materials are microscopically inhomogeneous composite 

materials, in which mechanical properties vary smoothly and continuously from one 

surface to the other. Composition is varied with continuous changes in the volume 

fraction of constituent materials. Usually these materials are made from a mixture of 

ceramic and metal. The ceramic constituent of the material provides the high 

temperature resistance due to its low thermal conductivity while the metal part 
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prevents the fracture caused by high stresses. Functionally graded materials have 

been used for different purposes. They have heat-shielding properties and their best 

use is in the heat-dominated environment. With increasing use of functionally graded 

materials, it is very important to understand the dynamics of FGM structures. 

Functionally graded materials are composite and advanced materials with a gradual 

change in compositions and microstructures. These advanced materials are in demand 

by applications in high technology of severe loading and heat-dominated 

environments. FGMs have gained importance as advanced materials for their 

applications in electronic components, thermal safeguarding systems for reusable 

spacecraft and blast protection for critical structures. FGMs are utilised to fabricate 

structural elements: beams, plates and shells. Different mechanical aspects of these 

elements are analyzed prior to their practical applications. Study of vibrations of 

cylindrical shells is an important theoretical and applied feature of their mechanical 

behaviour. FGMs can be used to construct cylindrical shells for their vibration 

characteristics.  

Fukui [54], Rabin and Heaps [55] and Yamaoka et al. [56] described various 

techniques used for the fabrication of FGMs. Tanaka et al. [57] designed a better 

thermo-elastic scheme to decrease the thermal stresses in functionally graded 

materials. Obata and Noda [58] have studied the steady thermal stresses in a hollow 

circular cylinder and hollow sphere made of a functionally gradient material. Moya 

[59] concluded that FGMs are promising materials for future useful composites in 

aerospace, fast computers, environment sensors and so on. Takezono et al. [60] 

studied the thermal stress analysis of functionally graded material under various 

thermal-loading conditions. Praveen and Reddy [61] have explored the static and 

dynamic response of the functionally graded material plates with changeable 

fractions of the ceramic and metallic ingredients. 

In 1999, Miyamoto et al. [62] have composed a book on functionally graded 

materials which presents a detailed discussion on their design, processing and 

applications. Loy et al. [63] made vibration analysis of functionally graded 

cylindrical shells and investigated the natural frequency variations with regard to the 

material distribution in the shell radial direction. The shell was composed of stainless 

steel and nickel as ingredient materials. They analyzed the natural frequency of 

functionally graded cylindrical shells for simply supported end conditions. A 

similarity between the frequency characteristics of FGM cylindrical shells and those 
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of an isotropic cylinder was observed. The frequencies of the FGM shell are affected 

by the exponential volume fractions law and configurations of the material 

ingredients. Pradhan et al. [64] studied the vibration characteristics of cylindrical 

shells structured from functionally graded materials for various end conditions. They 

used the beam function for axial modal dependence and employed the Rayleigh-Ritz 

numerical method for the solution of the frequency equation. The shell was 

considered to be structured from stainless steel and zirconia. The material distribution 

in the FGM shell varied in the radial direction and this variation was supposed to 

obey the volume fraction power law. Influences of boundary conditions and power 

exponents of the volume fraction law on the shell frequencies were examined. El-

Abbasi and Meguid [65] have studied the thermo elastic performance of shell and 

plate formations of functionally graded materials. Ng et al. [66] gave the concept of a 

formulation for the dynamic stability analysis of functionally graded material shells 

under harmonic axial loading.  

Naeem [67] made an analytical study of frequency analysis of FGM cylindrical 

shells. In this work, the axial modal dependence is approximated by Ritz polynomial 

functions and the Rayleigh-Ritz method is employed to formulate the general 

eigenvalue problem. Pelletier [68] solved analytically the governing equations of 

deformations of thermo elastic FGM orthotropic cylindrical shells. He analyzed 

cylindrical shells with Flügge and the Donnel shell theories and proposed a method 

known as integer-coded genetic algorithm for the optimizing of laminated composites 

and functionally graded materials. 

Najafizadeh and Isvandzibaei [69] made a study on the vibration of thin cylindrical 

shells with ring support. The shells were assumed to be manufactured from 

functionally graded materials which were composed of stainless steel and nickel. 

Their study was carried out on third order shear deformation shell theory. Birman and 

Byrd [70] presented a concise analysis on the development of FGMs along with its 

diverse characteristics such as homogenization, stresses, stability, dynamic response, 

manufacturing and their applications in engineering fields. They included 299 

references of FGMs shells in their review till 2007. The main purpose of their 

research was to discuss theory and applications of FGMs and other aspects such as 

stress analysis, stability, dynamic view, fracture, heat transfer problems, 

manufacturing, design and modeling. Zhi-yuan and Hua-ning [71] evaluated natural 

frequencies of a freely vibrating FGM circular cylindrical shells with holes in its 

 14



surface under influence of commonly used end conditions. The effects of radius-span 

ratio, aperture ratio, length-width ratio of holes and their numbers on the natural 

frequency of the shells were investigated. 

Arshad et al. [72] gave a frequency analysis of functionally graded cylindrical shells 

with various volume fraction laws. They investigated the behaviour of shell 

frequencies for a number of physical parameters. In their investigation, the volume 

fraction law depends only on one base e (=2.718…..). Shah et al. [73] made a study 

on vibrations of functionally graded thin cylindrical shells with the exponential 

volume fraction law. In this study, the volume fraction law is further modified and is 

extended to a general base (b>0). Expressions for the strain-displacement and 

curvature-displacement are taken from Love's shell theory. The Rayleigh-Ritz 

method is applied to derive the shell eigen-frequency equation. It is observed that the 

effects of the base of the exponential volume fraction law on the frequencies of type I 

and type II cylindrical shells are different. Iqbal et al. [74] investigated the vibration 

characteristics of functionally graded circular cylindrical shells using the wave 

propagation approach. Axial model dependence was approximated by exponential 

functions. They analyzed the shells natural frequencies for various end conditions. 

Naeem et al. [75] presented the Ritz formulation applied to the study of the vibration 

frequency characteristics of functionally graded circular cylindrical shells. They used 

Sanders and Budiansky's thin shell theory for strain displacement and curvature 

displacement relations. Recently Arshad et al. [76] studied the vibration of bi-layered 

cylindrical shells with layers of different materials. One layer was made of 

functionally graded material and the other layer of isotropic material. Frequencies 

were evaluated for long, short, thick and thin cylindrical shells by varying 

nondimensional geometrical parameters, length-to-radius and thickness-to-radius 

ratios for a simply supported boundary condition. Also Arshad et al. [77] investigated 

vibration analysis of bi-layered functionally graded cylindrical shells. In this case, 

both layers are composed of functionally graded materials and the thickness of shell 

layers is considered to be equal and constant. The Rayleigh-Ritz approach is used to 

formulate the frequency equations in the form of an eigenvalue problem.   
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1.1.4   Vibrations of cylindrical shells on elastic foundations 
 

There is great interest for the vibration problem of shells on elastic foundations. 

Paliwal et al. [78] and Paliwal and Pandey [79] have studied the free vibrations on 

elastic foundations. They considered two foundation models, namely, the Winkler 

and Pasternak models. The distribution of the foundation was assumed to be uniform 

over the circumference in Paliwal et al. [78] and Paliwal and Pandey [79] cases. 

However, in practical applications, cylindrical shells may be buried partially in an 

elastic foundation. Also, it is not necessary that the elastic foundation would be 

uniform in the longitudinal direction. This non-uniform elastic foundation creates 

complicated problems. Amabili and Dalpaiz [80] investigated free vibrations of a 

shell with a non-uniform elastic bed in the circumferential direction. Later on, 

Amabili and Garziera [81] considered complicating effects due to being contained in 

a viscid fluid, elastic bed of partial axial and angular dimensions, intermediate 

constraint and added mass. The study of plates on the elastic foundation has much 

significance in engineering fields. Pasternak foundation is an effective means of 

describing the interaction between foundation and plates. Zhong et al. [82] 

investigated static flexural analysis of elliptic Reissner-Mindlin plates resting on a 

Pasternak foundation by using the triangular differential quadrature method. 

Composite laminated materials have many applications in the area of engineering and 

these are made of two or more materials to get a good structural performance which 

the constituents do not show individually. Akavei [83] presented analysis of thick 

laminated composite plates on an elastic foundation with the use of various plates 

theories. He used three different theories, namely, the Reissner-Mindlin first-order 

shear deformation theory (FSDT), the classical theory of laminated plates (CTLP) 

and Reddy higher-order shear deformation theory (HSDT) to analyze laminated 

plates on an elastic foundation. 

Free vibration characteristics of cylindrical shells partially buried in an elastic 

foundation have been investigated by Tj et al. [84], based on the finite element 

method. They considered a non-uniform distribution of an elastic foundation in the 

circumferential and longitudinal directions.  

Interaction of FGMs and elastic foundation is another important issue related to pure 

mechanical behaviour. Such interactions between homogeneous structures and elastic 

 16



media have already gained much attention but much less literature is found about the 

interaction between FGMs and elastic materials. Sheng and Wang [85] presented 

results of their investigation on thermal vibration, buckling and dynamic instability of 

functionally graded cylindrical shells embedded in an elastic medium. Ying et al. 

[86] derived a two-dimensional elasticity solution for functionally graded beams 

resting on elastic foundation. 

Shah et al. [87] have studied vibrations of functionally graded cylindrical shells 

based on elastic foundations. They amended the equations of functionally graded 

cylindrical shells by inducting the modulii of the Winkler and Pasternak foundations. 

They employed a wave propagation approach to solve the shell dynamical equations. 

It is observed that the influence of the elastic foundation is pronounced and this 

impact change the shell vibration into beam-type. Sofiyev and Avear [88] 

investigated the stability of cylindrical shells containing an FGM layer subjected to 

axial load resting on the Winkler- Pasternack foundations. In this case, the cylindrical 

shell is composed of ceramic, FGM and metal layers. The modified Donnell type 

stability and compatibility equations on the Pasternak foundation are obtained. 

Analytical solutions are obtained by applying Galerkin's method. Influences of 

thickness variations of the FGM layer, material composition, radius-to-thickness 

ratio, Winkler and Pasternak foundations on the critical axial load of three-layered 

cylindrical shells are explained in this study.    

However, the coupled analysis of fluid-filled FGM cylindrical shells based on elastic 

foundation has not been reported, although it is necessary for several particular 

engineering applications. In this dissertation, the coupled free vibration analysis of a 

fluid-filled FGM cylindrical shell based on elastic foundation is presented. Firstly, 

the vibration of functionally graded circular cylindrical shells based on the Winkler 

and Pasternak foundations is investigated by using the wave propagation approach. 

The material distribution in functionally graded materials is governed by using 

volume fraction laws. The influence of material configurations on shell vibrations is 

analyzed for various physical and geometrical parameters. The equations of shells are 

amended by inducting the modulii of the Winkler and Pasternak foundations. 

Secondly, vibration characteristics of fluid-filled isotropic circular cylindrical shell 

resting on elastic foundations are studied. The Wave propagation approach is 

formulated by approximating the eigenvalues of the characteristic beam functions. 

Vibrations of natural frequencies for both empty and fluid-filled circular cylindrical 

 17



shells resting on elastic foundations are investigated and their comparisons are made 

to confirm the validity and accuracy of the present method. The influence of fluid 

inducting the acoustic wave equation is coupled with the shell dynamical equations. 

This combination brings forth the mathematical relationship between solid and fluid 

dynamics. It is observed that the fluid loading term decreases the coupled frequency 

up to almost half value for the empty case. Thirdly, vibration characteristics of fluid-

filled functionally graded circular cylindrical shells based on elastic foundations are 

investigated. Love's thin shell theory is used for strain-displacement and curvature 

displacement relationships. The wave propagation approach is employed to solve the 

shell dynamical equations and it is observed that frequencies are greatly affected 

when a cylindrical shell is attached with elastic foundation. The influence of the 

Pasternak foundation is more pronounced than that of Winkler modulus. 

 

1.2    Motivation and objectives of the present work 
 

With the passage of time, the problem of shell vibrations has gained much importance 

for their practical applications in different engineering and technological fields. Shells 

are used for designing chimnies, nuclear reactors, pipe flow, missile technology and 

so on. Vibration analysis of cylindrical shells is widely studied for their simple 

geometrical configurations. Mathematically, this problem is converted into a 

boundary value problem in an integral or a differential form. In the latter case, a 

system of partial differential equations in three unknown dependent displacement 

functions is obtained for shell dynamical equations by applying Hamilton's 

variational principle. This system involves three independent variables, two of which 

are space variables and one of these is the time variable. By applying the classical 

method of separation of variables, a new system of three ordinary differential 

equations (ODEs) is formed. These equations are solved by applying numerical 

methods. Since closed-form solutions are confined to a number of boundary 

conditions for a shell problem, so, for other cases, approximate solutions are searched 

out. Frequently employed and worth-mentioning methods to solve such equations are 

the finite difference method, Galerkin method, differential quadrature method, 

generalised differential quadrature method and wave propagation method. Also the 
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efficiency and validity of this approach are confirmed by the present results with 

those found in the literature. 

In the present study, the wave propagation approach is used to solve the shell 

dynamical equations involving above three cylindrical shell problems. This approach 

is simple and easily applicable to study the vibration characteristics of empty as well 

as fluid-filled cylindrical shells. This approach has been successfully applied by a 

number of researchers such as Zhang et al. [31, 48, 49] and Li et al. [32]. There is no 

record of such investigation in the present literature on vibration characteristics of 

fluid-filled functionally graded material cylindrical shells studied with this approach. 

In the wave propagation method, the axial modal dependence is approximated by a 

simple wave number characteristic formula for a boundary condition. These axial 

wave numbers are the approximate eigenvalue of characteristic beam functions. The 

assumed modal form of the deformation functions are substituted into shell dynamical 

equations and the terms depending on space and time variables are eliminated. After 

rearranging terms, a system of homogeneous linear algebraic equations is framed and 

is converted into the eigenvalue problem.     

Different materials are used to fabricate cylindrical shells and for the present case, the 

shells are assumed to be structured from functionally graded materials. Shell 

dynamical equations are amended by introducing the material stiffnesses as functions 

of the thickness variable. These equations also cater for isotropic cylindrical shells by 

considering these stiffnesses independent of the thickness variable. The following 

types of shell problems are considered and their vibration characteristics are 

investigated. 

(i) Functionally graded cylindrical shells with the exponential volume fraction 

law employing Rayleigh-Ritz method. 

(ii) Functionally graded cylindrical shells based on elastic foundations. 

(iii) Fluid-filled cylindrical shells based on elastic foundations. 

(iv) Fluid-filled functionally graded cylindrical shells based on elastic 

foundations. 

Chapter 1 is introductory in nature. Literature reviews of vibrations of circular 

cylindrical shells, vibrations of fluid-filled cylindrical shells, vibrations of 

functionally graded cylindrical shells, vibrations of functionally graded circular 

cylindrical shells based on elastic foundations are given. At the end of the chapter, 

motivation and objectives of the present work are presented. 
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In chapter 2, some basic terminologies are defined which are used frequently in the 

later discussion.  

In chapter 3, vibrations of functionally graded material cylindrical shells with the 

exponential volume fraction law are discussed. Love's shell theory is used for the 

mathematical formulation of a problem of a circular cylindrical shell. Relationships 

for strain-displacement and curvature-displacement are taken from this theory. They 

Rayleigh-Ritz method is used for the solution of the problem. 

In chapter 4, vibrations of functionally graded cylindrical shells based on elastic 

foundations are presented. Winkler and Pasternak foundations are introduced in the 

dynamical equations for functionally graded cylindrical shells and the wave 

propagation approach is used for the solution of the problem. 

In chapter 5, vibration characteristics of fluid-filled cylindrical shells based on elastic 

foundations are investigated. A fluid loaded term is added in dynamical equations for 

cylindrical shells. 

In chapter 6, a vibrational study of fluid-filled functionally graded cylindrical shell 

resting on elastic foundations is presented. Several numerical results are presented, 

compared and discussed for various physical parameters such as circumferential wave 

numbers, length to radius and thickness to radius ratios and elastic foundations 

modulii. 

Chapter 7 deals with concluding remarks and comments on the present study and 

gives some clues to future engagements. 
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Chapter 2 
 

Preliminaries 
 

Prior to formulating a shell problem, some basic terminologies are defined below 

which will appear frequently in the coming discussion.  

 

Geometrical parameters 
Geometrical parameters for a cylindrical shell consist of length L, thickness h and 

radius R and are the fundamental quantities which play an important role in 

determining the shell vibration characteristics.  

 

Material properties   
Shell material properties or parameters are Young's modulus , Poisson's ratio Ε υ  and 

mass density ρ which influence the vibrations of a cylindrical shell.  

 
Vibration 
 
Vibration is a to-and-fro motion of an object about its mean position under dynamic 

excitation or mechanical oscillations. The oscillations can be periodic such as the 

motion of a pendulum and tuning fork.  Fundamental of vibration can be understood 

by studying the motion of a simple harmonic oscillator and mass-spring-damper 

model from its extreme position toward its equilibrium position.  

 

Free vibration 
In free vibration, no force is applied to the system but rather the vibration is the 

continuing result of an initial disturbance. An ideal system may be considered 

undamped for mathematical purposes; in such a system, the free vibration is assumed 

to continue indefinitely. 

 

Forced vibration   
Forced vibration, in contrast to free vibration, continues its motion under steady-state 

conditions because energy is supplied to the system continuously to compensate for 
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that dissipated by damping in the system.  It will usually become a problem when it is 

excessive or when the natural frequency of the vibrating structure coincides with that 

of the exciting source, resulting in resonance.  

 

Shells  
Shells are spatially curved surface structures which have small thickness compared to 

the other two dimensions and which can support external applied loads. A bubble of 

soap water membrane has a shell type structure which covers a large area with 

extremely small thickness or egg shells which resist considerable pressure in spite of 

being very thin compared to their other two spatial dimensions.  According to 

Timoshenko, shells are defined as the bodies bounded by two curved surfaces, where 

the distance between the surfaces is small as compared to the other dimensions of the 

body.  The locus of points that lie at equal distances from these two curved surfaces is 

termed as the mid surface and the length of the line segment at right angles to the 

curved surfaces, is called its thickness.  

Perhaps the word shell has been derived from the Latin “scalus” which means scales 

of fish.  Shell-type natural structures are abundantly found almost everywhere.  They 

are present in a variety of natural living and non-living things, such as skeleton, 

bones, hard covering of eggs, tortoises, dry fruit, and fruit of nearly all kinds.  

Moreover the shapes of cosmic objects such as sun, moon, stars and even satellites of 

solar system such as our earth are all shell types.  

 

Classification of shells  
Shells are found in different geometrical shapes, such as cylindrical (circular and non-

circular), spherical, rectangular, ellipsoidal, conical, paraboloidal, toroidal and 

hyperbolic paraboloidal and so on. depending upon the curvature of the surfaces. 

They can be further classified into two types, one is shells of revolutions and the 

second is shells of translation and curved surfaces.  

Moreover curvatures of the shell may be zero, positive or negative which are called 

Gaussian curvatures.  Shells can be classified according to their curvatures; that is, 

shells having both curvatures zero is termed as plates, if one curvature is taken to be 

zero and the other is non-zero, then these types of shells are called cylindrical shells 

while in conical shells, one of the curvatures is taken to be zero whereas the other 
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curvature varies linearly in the longitudinal direction. Shells are further divided into 

closed shells such as a hollow ball and open shells which are easily deformable such 

as a curved roof. The properties of closed shell structures being rigid and strong are of 

great practical values. Shells are further divided into two classes in the perspective of 

their thickness.  

 

Materials  
Materials are physical substances used as inputs to production or manufacturing.  

Materials range from man made synthetics such as many plastics to natural materials 

such as copper or wood.  

Raw materials are first extracted from the earth and divided into a form that can easily 

be transported and stored.  The raw materials are then processed to produce “semi-

finished materials”.  These can be input into a new cycle of production and finishing 

processes to create “finished materials”, ready for distribution and consumption.  

An example of a raw material is cotton, which can be processed into thread, then be 

woven into cloth, a semi-finished material. Cutting and sewing the fabric turns it into 

a garment, which is a finished material. Steel making is another example of raw 

materials which are mined, refined and processed into steel, a semi-finished material. 

Steel is then used as an input in many other industries to make finished products.  

 

Homogeneous and isotropic materials  
By considering elastic properties of materials, a body is said to be homogenous one if 

its elastic properties remains the same at different points and a non-homogenous one 

if its elastic properties are variables of the position and differ at different points.  A 

body is said to be isotropic with respect to its elastic properties when these properties 

remain the same for all the directions drawn through a given point and anisotropic if 

different elastic properties exit for different directions drawn through a given point. 

Directions for which the elastic properties of a body remain the same are called 

elastically equivalent. For a body structured from an isotropic material, all directions 

drawn through a given point are elastically equivalent, while for a body made from an 

anisotropic material all or some may be elastically equivalent.  
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Functionally graded materials (FGMs) 
A material whose composition, texture and functionality varies smoothly, 

continuously or graded step-wise across the thickness of a structure tailored for its 

specific performance is termed a functionally graded material (FGM). The mechanical 

properties of one side differ from the other side of these materials. If one side of the 

structure possesses high mechanical strength, then the other side may attain high 

thermal resistance which assembles two incompatible properties in one material.  

These materials are appropriate under the conditions where temperature fluctuations 

are severe.  Their best application is in the heat dominated environment. FGMs can be 

structured from two or more materials to meet specific purposes of engineering. They 

are found in uni-dimensional as well as in multi-dimensional phases. They are 

considered to be microscopically heterogeneous composite materials. They possess 

heat shielding properties and can withstand a high pressure environment. These 

properties change gradually with position and temperature. These are multi-functional 

and advanced composite materials for their applications in the modern technology.  

To enhance mechanical properties of the materials used for fabrication of structural 

elements and protect them from structural failure were some of the challenges in the 

past facing by engineering and material science. FGMs have played an effective role 

to meet all these challenges. They can be graded continuously and smoothly from a 

high stiffness metallic exterior to an excellent thermal guarding ceramic interior. 

Usually the unique idea of functionally graded materials is to prepare a new 

composite of metal-ceramic constituents with a gradual compositional variation from 

a thermal resistance ceramics phase to fracture toughness with high strength of metals 

phase. Composition of FGMs varies from pure ceramics and pure metal at low 

temperature while both of the FGMs constituents have equal concentration at the 

transition region.  

 

FGMs in nature 
The concept of functionally graded materials seems to be a novel and amazing 

innovation of material science, yet this notion is not new as they have been found in 

nearly all types of natural living and non-living things since the creation of the 

universe. The structure of bio-tissues of animals, trees and plants give the best 

description of these materials. The observation of the cross section of a human body’s 
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bones and teeth reveals that they process similar functional grading as that of a FGM. 

Even that human skin is graded in such a way that it is dry and tough on the outside 

while wet and soft on the inside along with tactile and elastic properties. Bamboos, 

sea shells and coconut are good example of this type of graded materials, they are 

very strong and tough near outer side and soft on the inner side. In short, all living 

things mold their physical shapes in the form of a graded structure to sustain 

themselves from the extreme conditions of surroundings. Biomimetics applies this 

gradation rule of nature in the fabrication of artificial bio-tissues in medical sciences 

such as teeth, bones, joints and also in plastic surgery. This rule of gradation has also 

been adopted in engineering to produce a type of material which shows good 

efficiency and durability for its practical use such as components of machinery and 

tools in industrial science.   

 

Classification of FGMs 
Compositions of FGMs vary in some spatial direction and are characterized by non-

linear one, two or three-dimensional gradients that result in graded properties. They 

are recognized from traditional composites by gradients of composition, phase 

distribution, porosity, grain size and texture, and fiber reinforcement. They can be 

classified as functionally graded coatings, functionally graded joints, and functionally 

graded materials. FGMs can further be classified as metal-ceramic, metal-metal, 

ceramic-ceramic, and so on.  based on the FGM constituents used for fabrication. 

 

Scope and application for FGMs 
The concept of FGMs was originally devised for the construction of space planes.  

Conflicting properties of two or more different materials such as thermal conductivity, 

thermal barrier property, strength and stiffness were assembled in one material with 

high mechanical properties. It is an essential material used for constructing rockets, 

missiles and space planes. Many applications of FGMs are found in industrial 

materials such as forming tools, components of machines and engines having both 

wear resistance and toughness. Optical fiber is considered as one of the advanced 

communication tools in the modern world due to high speed transmission of audio as 

well as video calls.  These are graded in such a way that the refractive index of the 

outer surface material ( 1.4outerη 8)=  is less than its inner surface 
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material ( . It transmit the incoming wave by total internal refraction 

continuously along the direction of wavelength of voice without any interruption of 

other millions of incoming and outgoing calls. In the past, for the remedy of the 

human body, a new durable and long-lasting material has always been desired and 

demanded for the substitution of broken or damaged bones, teeth and joints of human 

body which possesses high toughness and corrosion resistance properties with 

biological compatibility. Laptop computers and cellular phones are getting thinner, 

lighter and smaller with more functionality day by day with FGM technology.  For 

minimization of size and effective transmission, a permittivity-grading technology can 

be applied for producing substrates of this kind. Further research is going on to 

develop new materials with novel functions by using nano-level grading technology.  

Furthermore, FGM semiconductors or superconductors that have gradients of 

quantum characteristics have been developed and its application in electronics is 

increasing rapidly. 

1.5innerη = 2)

Their best application is in the heat dominated and corrosive environments.  

Applications of functionally graded materials have been spreading rapidly day by day 

in many branches of engineering and modern technology. These materials are now 

widely used in high temperature environments such as in nuclear reactor power plants, 

fusion reactors plants, high power electrical generators, chemical plants, spacecraft 

heat shields, heat exchanger tubes, engine components and in modern industries like 

civil, mechanical, aerospace, optics, electronics, chemical and biomedical 

engineering. These materials can also supply component protection of machines at 

high temperatures and in corrosive environment. The exterior part of FGM cutting 

tools provides hardness while the interior part supplies toughness and strength. The 

efficiency of thermoelectric devices has been unimproved by using graded materials.  

Graded cathode materials have enhanced the efficiency of dry fuel cells by providing 

high electrical, ionic and thermal conductivity stability, chemical compatibility with 

the electrolyte and thermal expansion coefficients. Band-gap semiconductors with 

graded structures are being used in electrical fields for more than five decades. They 

have also applications in bi-polar transistors, solar cells, graded magnetic sensors and 

in semiconductor lasers.   
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Volume fraction law 

Consider a cylindrical shell having thickness h fabricated from two constituents M 1  

and  M 2 . Variation of the material distribution of the constituents in the FGM layer is 

measured from the mid surface of the shell where the thickness variable  at the 

shell mid surface.  This variation is taken to be negative from the shell inner surface to 

the shell mid surface and positive from shell mid surface to the shell outer surface. 

The volume fraction of one of its constituents can be defined as: 

z = 0
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where  and   represent the end points of the graded constituent materials at 

the shell inner and outer surfaces respectively and the thickness variable z varies 

within these end points.  N stands for power-law exponent which is a non-negative 

real number and describe the shape of the volume fraction curve of the FGM 

constituents in the radial direction of the cylindrical shell.  
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Hamilton’s principle  
A variational principle states that the path of a conservative system in configuration 

space between two configurations is such that the integral of the Lagrangian function 

over time is minimum or maximum relative to nearby paths between the same end 

points and taking the same time.  

Hamilton’s principle states that the dynamics of a physical system is determined by a 

variational problem for a functional based on a single function, the Lagrangian, which 

contains all physical information concerning the system and the forces acting on it.  

The variational problem is equivalent to and allows for the derivation of the 

differential equations of motion of the physical system.    
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Hamilton’s principle is an “Integral principle” which means that it considers the entire 

motion of a system between time  and . Hamilton’s principle is often 

mathematically expressed as  

1T 2T

 

                                                          
1

0

0
T

T

Ldtδ =∫                                                       (2.3) 

 
The quantity 

  

                                                        
1

0

T

T

Ldtδ ∫                                                               (2.4) 

 

is called the action integral. Hamilton’s principle means that among all curves 

between the end points, the motion will occur along the curve that gives an extreme 

value to the action internal.    

 

Elastic foundation 
The elastic foundation can be modeled as a set of springs. The spring system can be 

multilayer; where each layer has its special stiffness. Springs can be linear or 

nonlinear and foundation can be divided to multi segments. 

 

Winkler foundation model 
The simplest representation of a foundation response is the Winkler foundation which 

consists of an infinite set of uncoupled springs with a spring constant K. There is no 

(horizontal) load transfer possible through the foundation. The Winkler model 

assumes that shear resistance of the foundation is ignorable compared to the shear 

capacity of the foundation and models the foundation as a set of independent springs. 

Therefore, there is no lateral interaction between the springs. 

 

Pasternak foundation model 
In case of the Pasternak foundation model, the foundation is capable of transferring 

loads in a horizontal direction through an (artificial) shear layer on top of the Winkler 

foundation. The Pasternak foundation is a two parameter model.  
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Geometric or essential boundary conditions 
Boundary conditions which involve displacements are called geometric boundary 

conditions or essential boundary conditions. 

 

Natural or dynamic boundary conditions 
Boundary conditions which involve forces and moments are called natural boundary 

conditions or dynamic boundary conditions. 

 

The Bessel equation 
Bessel's equation is a second order differential equation generally given in the 

following form 
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where  n is a non-negative integer for this problem. 

 

Bessel functions 
Bessel functions are a series of solutions to a second order differential equation called 

the Bessel equation. Solution of the above Bessel differential equation is given as: 
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where  is the Bessel function of the first kind. ( )υJ x

 

Zeroes of Bessel functions 
The zeroes or roots of the Bessel functions are the values of x where the value of the 

Bessel function goes to zero ( ( ) )υJ x = 0 . The zeroes of Bessel functions have great 

importance in applications. Many applications in hydrodynamics, elasticity and 

oscillatory systems have solutions that are based on the Bessel functions.  
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Chapter 3 
 

Vibrations of FGM thin cylindrical shells with exponential    

volume fraction law 
 

3.1 Introduction 
 
Many applications of circular cylindrical shells are found in engineering and industry 

fields such as civil, mechanical, aerospace and so on. They are mostly used as load 

bearing structures for aircraft, buildings and ships. Prior to being used in applications, 

their dynamic features such as vibration, buckling and stability are analyzed 

theoretically. This avoids the future risks for their practical uses. Thus, the study of 

their vibration characteristics is carried out to determine their success applications. In 

this area of research, Love's [1] thin shell theory is regarded to be the first proper one. 

This was based on Kirchhoff's assumptions for plates and beams. A collation of shell 

theories can be found in the books of Leissa [20], Blevins [13] and Markus [19]. 

These theories are the improvement of Love's shell theory. Arnold and Warburton [5] 

did some pioneering work on the vibration characteristics of cylindrical shells. The 

best reviews on the shell vibration characteristics have been given in the references 

[13, 19, 20]. 

Different types of materials are utilised in constructing shells. Functionally graded 

materials (FGMs) have been widely used in various fields including electronics, 

chemistry, optics, biomedicine and so on. FGMs are made by combining different 

materials using powder metallergy methods. They have been used to structure the 

dynamical elements such as beams, plates and shells to study their vibratory response. 

A number of references on this work are cited as Loy et al. [63], Pradhan et al. [64], 

Ying et al. [86], Sheng and Wang [85], Chen et al. [47] and Najafizadeh and 

Isvandzibaei [69]. 

FGMs can be used to make cylindrical shells to suit the environment of an 

application. Loy et al. [63] studied spectra of natural frequencies of functionally 

graded cylindrical shells for various geometrical parameters and influence of the 
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material distribution is controlled by the volume fraction law. Pradhan et al. [64] gave 

an analysis of vibration characteristics of functionally graded cylindrical shell for 

various end conditions. In references [63] and [64], the Rayleigh-Ritz approach has 

been employed to formulate the shell dynamic equations and the frequency equation 

was derived in the form of an eigenvalue problem. The axial modal dependence was 

approximated by the beam characteristic functions. Najafizadeh and Isvandzibaei [69] 

have studied the vibration of functionally graded shells based on higher order shear 

deformation plate theory with ring support. Arshad et al. [72] have presented a 

frequency analysis of functionally graded material cylindrical shells with various 

volume fraction laws. 

In functionally graded materials, the material distribution is governed by the volume 

fraction law and is varied radially in a functionally graded cylindrical shell for a 

constituent material. This leads to continuous change in the composition of the shell 

and results in gradients in the mechanical and thermal properties. In Loy et al. [63] 

and Pradhan et al. [64], the volume fraction law is assumed in the algebraic 

polynomial form where the exponent varies from zero to infinity. This variation of the 

values of the volume fraction exponents influences the shell frequency. In Arshad et 

al. [72], the frequency analysis is performed by assuming mathematically different 

forms of the volume fraction law and their effect on frequency spectra is investigated. 

This presents a continuous variation of natural frequencies of a cylindrical shell with 

the changing values of the volume fraction exponents. 

In the present study the vibration frequency analysis is carried out by proposing a 

volume fraction law in a general exponential form. Effects of the base of the law are 

examined on shell vibration characteristics by varying the bases. The analysis is 

carried out by using the Rayleigh-Ritz approach for simply-supported boundary 

conditions. The validity and accuracy of the present technique is checked by the 

comparisons of the present results and the previous ones found in the literature. 
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3.2   Mathematical formulation 
 

Here, the mathematical formulation of a problem of cylindrical shells is presented. 

Consider a thin-walled circular cylindrical shell having mean radius R , length  and 

thickness  as the geometrical parameters as shown in Fig. 3.1. The material 

parameters are Young's modulus E , the Poisson's ratio υ  and the mass density 

L

h

ρ . 

An orthogonal coordinate system  is assumed to be established at the mid 

surface of the shell, where 

( , , )x θ z

x , θ  and  represent the axial, circumferential and radial 

components respectively. The axial, circumferential and radial displacement 

deformations are denoted by u ,v  and w  respectively with regard to the shell mid 

surface. For a vibrating thin cylindrical shell, the expression for the strain energy is 

given by: 

z
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where ijA , ijB  and ijD (i, j=1, 2 and 6) are the membrane, coupling and flexural 

stiffnesses defined as: 
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and  denotes the matrix transposition. For isotropic materials, the coupling 

stiffnesses 

T

ijB vanish whereas for functionally graded materials, they are non-zero. 

For isotropic materials, the reduced stiffnesses (i, j=1, 2 and 6) are defined as: ijQ
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Writing for {  from Eqn. (3.2), for [  from Eqn. (3.3) and along with the 

expressions for the sub-matrices A, B and D from the relation (3.4), the following 

expression for the strain energy of the shell is obtained: 
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3.3   Strain-displacement and curvature-displacement relations 
 

Shell theories presented by various researchers may be categorized into linear shell 

theories (first approximation theories) and non-linear shell theories (second 

approximation theories), thin shell theories or first order shear deformation theories 

(FSDT) and thick shell theories or higher order shear deformation theories (HSDT). 
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 The most common shell theories are those based on linear elasticity concepts. Linear 

shell theories predict adequately stresses and deformations for shells exhibiting small 

elastic deformations; that is, deformations for which it is assumed that the equilibrium 

equation conditions for deformed shell surfaces are the same as if they were not 

deformed and Hooke's law holds. 

For the purpose of analysis, a shell may be considered as a three-dimensional body, 

and the methods of the theory of linear elasticity may then be applied. However, a 

calculation based on these methods will generally be very difficult and complicated. 

In the theory of shells, an alternative simplified method is therefore employed. 

According to this method and adapting some hypotheses, the 3D problem of shell 

equilibrium and straining may be reduced to the analysis of its middle surface only; 

that is, the given shell may be regarded as some 2D body. In the development of thin 

shell theories, simplification is accomplished by reducing the shell problems to the 

study of deformations of the middle surface. The assumption of zero transverse 

normal strain as well as zero transverse shear strains permits a rapid transition from 

the three-dimensional theory to the two-dimensional equations of the thin shell 

theory. 

Shells having small deflection fall in linear shell theories. In 1888, Love [1] studied 

the behaviour of elastic shell with small free vibrations and deformations. In 1892, 

Love [89] derived the first successful general thin elastic shell theory on the basis of 

some modifications in the prior works of Aron [90] and Kirchhoff's [91]. Love 

applied Kirchhoff's hypotheses in the constitutive relations to the shell theory, which 

was developed formerly, only for the plate bending analysis having small deflection 

and thinness. These assumptions are usually called the Kirchhoff's-Love assumptions. 

These approximations are almost universally accepted by other researchers in the 

derivation of thin shell theories. It is also popular as a first-order approximation shell 

theory. Although this theory was not free of errors and inconsistencies, yet most of 

the existing shell theories are descendants of Love's thin shell theory. Novozhilov and 

Finkelshtein [92] in 1943 pointed out some errors in Kirchhoff's hypothesis in the 

theory of shells. On employing a two-dimensional set of the shell equations, the 

Kirchhoff's-Love assumptions led to different versions of the first order 

approximation theories. 

Reissner [93] developed a first-order approximation linear theory of thin shells in 

which he removed some inadequacies of Love's theory. He obtained kinematics 
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equations for the free vibration of thin shells directly from the three-dimensional 

theory of elasticity, by applying the Love-Kirchhoff's hypotheses and avoiding small 

terms of order z/Ri compared with unity. 

Sanders [94] also developed the first-order approximation thin shell theory by 

utilising the principle of virtual work by applying the Kirchhoff's-Love assumptions. 

This theory has successfully eliminated some of the inconsistencies of Love's theory. 

Koiter [95] has also developed another version of shell theory that retains terms of 

magnitude compatible with those retained by Reissner [93] and resolves the 

inconsistency in the expression for twist deformation. 

Timoshenko and Woinowsky-Krieger's theory of thin shells [96] was very close to 

that of Love as general relations and equations were obtained by applying the 

Kirchhoff's-Love hypotheses and neglecting terms z/Ri in comparison with unity. 

Second order approximation shell theories have been independently developed by 

Lur'ye [97], Byrne [98] and Flügge [99]. The general relations and equations of this 

theory are the direct treatment to the Kirchhoff's hypotheses together with the small 

deflection assumption to the corresponding equations of the three dimensional theory 

of elasticity. It retains the term z/Ri in comparison with unity in the constituent 

relations. Applications of this theory are generally restricted to the study of circular 

cylindrical shells. 

Novozhilov [100] developed another version of the second-order approximation 

theory. He also obtained the strain-displacement relationships from the three-

dimensional theory of elasticity by applying Kirchhoff's assumptions. He developed 

the process for simplifying the governing equations and relations of the general 

theory of thin shells based on Kirchhoff's hypotheses. 

The second-order approximation equations were derived by Vlasov [101] directly 

from the general three-dimensional linear elasticity equations for a thick shell. The 

assumption that the transverse normal and shear strain components may be neglected 

for thin shells was made and the remaining strains were represented by the first three 

terms of their series expansion. The assumption of zero transverse normal strain as 

well as zero transverse shear strains permits a rapid transition from the three-

dimensional theory to the two-dimensional equations of the thin shell theory. 

A theory that takes into account large but finite deformations is referred to as a 

geometrically nonlinear theory of thin shells. Novozhilov [102] in 1948 gave 

foundations of the nonlinear theory of elasticity. Reissner [103] in 1950, Mushtari and 
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Galimov [104] in 1961, Sanders [105] in 1963 and so on. presented non-linear shell 

theories. A comprehensive analysis of all types of shell approximation theories and of 

the corresponding governing equations for elastic shells was made by Kraus [106], 

Leissa [20], Blevins [13], Soedel [15], Reddy [107] and most recently by Ventsel and 

Krauthammer [108] in 2001. 

Shells are framed in different geometrical shapes but circular cylindrical shells have 

great importance for their numerous applications. The analysis of cylindrical shells 

occupies a prominent place in the literature because of their wide range of 

applications in engineering and the relative simplicity of the theory. Germaine [2] 

studied for the first time, the problem of vibration of thin cylindrical shell in 1821 by 

ignoring the in-plane deflection of neutral surface of a cylindrical shell. Flügge [109] 

derived the governing differential equations for circular cylindrical shells in terms of 

displacements. In 1947, Batdorf [110] developed a simplified method of elastic-

stability analysis for thin cylindrical shells with modified equilibrium equations. 

Parkus [111] derived the equilibrium equations for a cylinder of an arbitrary cross 

section. General theory of cylindrical shells was introduced by Donnel [112], 

Dishinger [113], Hoff [114] and Vlasov [101]. Novozhilov [100] derived the 

governing general theory of cylindrical shells of an arbitrary shape using complex 

variables and pointed out some possible simplifications of these equations. 

The equations of free vibrations of thin elastic shells were first derived by Love [89]. 

Then, the equations of motion for shells of various shape according to the first and 

higher-order approximations were presented by Flügge [4], Epstein [115], Kraus 

[106] and so on. Vibration characteristics of isotropic cylindrical shells have been 

widely studied and the literature on this topic is found on a large scale. The best 

descriptions have been given by Leissa [20] and Blevins [13].  

The present analysis is based on the Love's [1] first-order shell theory and the 

relationships for the strain-displacement and the curvature-displacement are provided 

from this theory and are given for a cylindrical shell as: 
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After substituting the expressions for the surface strains ,  and  and the 

curvatures ,  and  from the relations (3.8a) and (3.8b), the shell strain energy 

is described by the following expression: 
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Without the rotatory inertia, the kinetic energy for a thin-walled cylindrical shell is 

given by: 
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where  denotes the time and t Tρ  is the mass density per unit length and is defined 

as: 
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where ρ  is the mass density.                                                                                                              
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3.4   Lagrangian energy functional 
The Lagrangian energy functional Π for a shell is defined as the difference between 

the kinetic energy T and strain energy and is formulated as:  S

                   

                                      Π = T                                                                         (3.12) S−

 

In applied mathematics, differential equations are the best tools to describe a physical 

phenomenon in a mathematical form. These equations are classified into two main 

categories: ordinary and partial differential equations. Partial differential equations 

involve one or more unknown functions depending on more than one independent 

variables and in many physical problems partial differential equations crop up. 

Physical problems are divided into initial and boundary value problems. In an initial 

value problem, a differential equation is associated with initial values at a single point 

and in a boundary value problem; values of the unknown function or its derivatives 

are described at the boundary of the domain of solution. In many cases, the closed-

form solutions are not available for partial differential equations (PDEs). In such 

cases, PDEs are solved numerically and their approximate solutions are searched out. 

The subject of numerical solutions of PDEs is a very progressive and flourishing area 

of numerical analysis. The shell problem is a boundary value problem involving a 

system of partial differential equations. Closed-form solutions of this problem are 

confined to a few boundary conditions and for the rest of end conditions, approximate 

solutions are sought. Different numerical techniques are employed to solve these 

problems. 

 

3.5   Rayleigh-Ritz method 
 

The Rayleigh-Ritz variational approach is the most extensively used numerical 

technique for the study of vibration characteristics of circular cylindrical shells. This 

method has been used by Sewall and Naumann [116], Sharma and Johns [9], Sharma 

[10, 12] and many other researchers. The method depends upon a set of trial 

functions for axial modal dependence and determination of the corresponding 

amplitudes of the functions by the principle of minimization of a proper energy 

functional. The assumed functions satisfy boundary conditions prescribed at both 
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ends of a shell. The functional is minimized with respect to the generalised vibration 

amplitudes. 

The shell problem is framed by forming the Lagrange energy functional by using the 

expressions for strain and kinetic energies of a cylindrical shell. The independent 

variables are separated by the solutions taken in the form of product of functions. The 

energy functional is converted into an integral of only a single independent axial 

space variable. The axial modal dependence is measured by a different set of 

algebraic functions. These assumed functions satisfy the boundary conditions 

imposed at the shell ends. Various types of trial functions are considered to 

approximate the axial modal displacements. Commonly used functions are 

characteristic beam functions [13, 20, 116], Ritz polynomial functions [27], 

orthogonal polynomials [117], spline functions [118] and trigonometric functions 

[17] in the Fourier series forms. The axial modal displacements are framed into the 

Fourier series forms with the generalised Fourier amplitude coefficients. These series 

may be of beam function, trigonometric function and polynomial function. 

Employing the Rayleigh-Ritz procedure, the maximum Lagrange functional is 

minimized with regard to these coefficients. This results into a homogeneous system 

of algebraic linear equations with unknown amplitude coefficients. After 

rearrangement of the equations, the generalised eigenvalue problem is obtained and 

using a suitable software package solves the problem. The eigenvalue correspond to 

the shell natural frequencies while the eigenvectors correspond to the axial modes. 

 

3.6   Modal displacement form 
 

The study of vibration characteristics of cylindrical shells is initiated by deriving the 

expressions for strain and kinetic energies. These expressions are obtained in integral 

forms and the Lagrangian functional is formulated and extremized with regard to 

some amplitude coefficients of vibration. For the shell analysis, the extensively used 

numerical methods are the energy variational techniques namely the Rayleigh-Ritz 

method and the Galerkin method. In the Rayleigh-Ritz method, the maximum values 

of kinetic and strain energies are equalized. Then Lagrangian functional is minimized 

with respect to the vibration amplitudes. This results in a system of homogeneous 

linear algebraic equations in the amplitude variables. The vanishing of determinant of 
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the matrix of coefficients of the algebraic equations furnishes the shell frequency 

equation. This is a cubic equation in the squared frequency involving geometrical and 

material parameters and can be solved by numerical techniques such as the Newton-

Raphson method, Falsi regula method and so on. for evaluating shell frequencies and 

modes. 

By employing Hamilton's principle to the Lagrangian functional, the shell dynamical 

equations are obtained in the form of partial differential equations (PDEs), called 

Euler-Lagrange's equations. These equations are solved using the Galerkin method. In 

both energy variational techniques, the displacement fields are assumed in such a way 

that the space and time variables are separated. Only the axial displacement functions 

are involved in the axial, circumferential and radial directions. The displacement 

functions were first proposed by Flügge [99] for an exact solution of the cylindrical 

shell problem and were later used by Forsberg [7] and Warburton [124].   

The following modal forms of displacement functions u ,v  and w  for a vibrating 

cylindrical shell which satisfy the boundary conditions are adopted to separate the 

space variables x ,θ  and the temporal variable t : 

                     

                                       ( , , ) ( ) cos( ) cos( )mu x t A U x n t=θ θ ω  

                                       ( , , ) ( ) sin( ) cos( )mv x t B V x n t=θ θ ω  

(3.13) w x  ( , , ) ( ) cos( )cos( )mt C W x n tθ = θ ω    

 

where the coefficients and  denote the amplitudes of vibration,  is the 

number of circumferential waves, ω is the natural angular frequency of vibration and 

,  and  represent the axial modal dependence in the longitudinal, 

circumferential and transverse directions respectively. When 

,m mA B mC n

U ( x ) ( )V x ( )W x

0n = , it represents an 

axisymmetric mode and when 0n ≠ , an asymmetric mode of vibration. The shapes of 

displacement deformation functions U ( ,  and  are dependent upon 

the boundary conditions. 

x ) ( )V x ( )W x

The modal dependence u ,v  and w can also be considered in the following form: 

 

                                        ( , , ) ( )sin( ) cos( )mu x t A U x n t=θ θ ω  

                                        ( , , ) ( ) cos( ) cos( )mv x t B V x n t=θ θ ω    
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                                        ( , , ) ( ) sin( ) cos( )mw x t C W x n t=θ θ ω                             (3.14) 

 

The latter set of modal function will result in the same frequency equation. This is 

because of the phase shift in the trigonometric functions represent the circumferential 

modes.  

 

3.7  Implementation of the Rayleigh-Ritz method and  

       derivation of the frequency equation 
 

Using these expressions for functions u , v  and w  and their partial derivatives in the 

expressions for the strain energy S  and kinetic energy T  and employing the 

principle of energy variational, one gets the following form of Lagrangian functional: 

      

                                                                                              (3.15) max maxF T S= −

 

where  and  are the maximum kinetic and strain energies of the shell 

respectively. To derive the frequency equation, the Lagrangian functional is 

extremized with regard to the amplitude coefficients  and . This leads to a 

set of three homogeneous simultaneous equations:  

maxT maxS
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This can be written as: 
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These equations can be written in complete form after the necessary simplification as 

follow: 
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After re-arranging the terms in the Eqns. (3.20)-(3.22), the following eigenvalue 

equation is obtained to determine the shell natural frequencies and mode shapes. 
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where the matrix elements  are terms depending on shell parameters and the type 

of boundary conditions specified on both ends of a cylindrical shell and are given as: 

ijC
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Programming in MATLAB, code can be written to solve the frequency eigenvalue 

problem (3.23). The eigenvalues of the problem correspond to shell frequencies and 

the eigenvectors are related to shell mode shapes. These two vibration characteristics 

depend on the shell parameters and the boundary conditions prescribed at both ends 

of the vibrating cylindrical shell. 

 

3.8   Axial modal dependence and boundary conditions 
 

Various algebraic functions are employed to approximate the axial modal 

dependence. Well-known functions are characteristic beam functions [116], Ritz 

polynomial functions [22] and the trigonometric functions in the Fourier series forms 

[17]. These functions satisfy the boundary conditions at both ends of the shell. In this 

study, the axial modal dependence is written as: 

 

                                ( ) ( )dU x x
dx

= ψ                                                                     (3.25) 

                                ( ) ( )V x xψ=                                                                          (3.26) 

                               ( ) ( )W x xψ=                                                                           (3.27)                              

 

where ψ(x) is the characteristic beam function and is defined as: 

 

        1 2 3 4( ) cosh cos ( sinh sin )m m m
m

mx x xx d d d d
L L L

= + − +
x

L
λ λ λ λψ ς                (3.28) 

 

where  are constants having value 0 , -1 and 1 chosen according to the 

end conditions. 

( 1 4)id i = −

mλ  are the roots of transcendental equations and  are some 

parameters dependent on 

mς

mλ . The d i( 1 4)=i − , the transcendental equations and 

parameters  for six boundary conditions are given in the Table 3.1. mς

Applying physical constraints on the axial displacements and their derivatives, the 

following feasible boundary conditions are specified at the ends, x=0 and x=L, 

Clamped shell: 
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                                         ( ) ( ) 0dx x
dx

= =ψ ψ                                                     (3.29) 

 

Simply supported shell: 

 

                                       
2

2( ) ( ) 0dx x
dx

= =ψ ψ                                                      (3.30) 

Free shell: 

 

                                     
2 3

2 3( ) ( ) 0d dx x
dx dx

= =ψ ψ                                                 (3.31) 

 

In the present study, only the simply supported boundary conditions are described at 

both ends of a cylindrical shell. 

 

3.9   Functionally graded materials 
 

Functionally graded materials are advanced materials and are used in engineering and 

technology applications due to their mechanical properties, their best use is found in 

the thermal environment. They are fabricated from two or more materials. The 

material properties of their constituents are functions of the temperature and the 

volume fractions. If  represents a material property of the ith constituent material 

of a FGM consisting of constituent materials, then its effective material 

iP

k fgmP  is 

written as:  

 

                                      
1

k

fgm i i
i

P P
=

=∑ V                                                                  (3.32) 

 

where fgmP  is the material property of functionally graded materials (FGMs) and  

is the volume fraction of the ith constituent material. Also the sum of volume 

fractions of the constituent materials is equal to one; that is,  

iV
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                                                                                                                 (3.33) 
1

1
k

i
i

V
=

=∑

 

The volume fraction depends on the thickness variable and is defined as:  

  

                                 
0

( Ni
i

i

z RV
R R
−

=
−

)                                                                  (3.34)     

for a cylindrical shell where iR  and 0R  denote inner and outer radii of the shell and 

 is the thickness variable in the radial direction. Here N  is known as the power law 

exponent and is a non-negative real number that lies between zero and infinity. For a 

cylindrical shell, the volume fraction law is assumed as: 

z

 

                                         0.5( N
i

z hV
h

)+
=                                                           (3.35)  

 

where  is the shell uniform thickness. When the shell is considered to be consisting 

of two materials, the effective Young's modulus , Poisson's ratio υ  and the mass 

density 

h

E

ρ  are given by:  

 

                                  

1 2

1 2 2

1 2 2

0.5( )( )

0.5( )( )

0.5( )( )

N

N

N

z hE E E E
h

z h
h

z h
h

2
+

= − +

+
= − +

+
= − +

υ υ υ υ

ρ ρ ρ ρ

                                           (3.36)  

 

where E1, E2 are Young's modulii 1υ , 2υ  Poisson's ratios and 1ρ , 2ρ  the mass 

densities of the constituent materials M1 and M2 respectively. From the relations 

(3.36), it can be determined that, at the inner surface, the FGM properties are those of 

the constituent material M2 and at the outer surface, they are those of material M1. 

Thus the FGM properties change continuously from the material M2 at the inner 

surface to the material M1 at the outer surface.  

Arshad et al. [72] amended the volume fraction law (3.35) and assumed the 

exponential form as: 
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                                                                                                   (3.37)                               ( / 0.5)1
Nz h

iV e − += −

 

which depends only on one base ( 2.718....)e =  

3.10   Modified exponential volume fraction law  
 

Now the volume fraction law in Eqn. (3.37) is further modified and is extended to a 

general base (b >0) written as: 

 

                                                                                                  (3.38)       ( / 0.5)1
Nz h

iV b − += −

 

In this case the effective Young's modulus E, Poisson ratio υ  and the mass density ρ  

are expressed as: 

 

                            

( / 0.5)
1 2

( / 0.5)
1 2 2

( / 0.5)
1 2 2

( )(1 )

( )(1 )

( )(1 )

N

N

N

z h

z h

z h

E E E b E

b

b

− +

− +

− +

= − − +

= − − +

= − − +

υ υ υ υ
2

ρ ρ ρ ρ

                                             (3.39)          

 

In these expressions, it is noted that when 0.5z h= − , then 2E E= , 2=υ υ  and 

2ρ ρ= ; when 0.5z h= , then 1
1 2( )(1 )E E E b E−

2= − − + , 1
1 2( )(1 )b −

2= − − +υ υ υ υ  

and 1
1 2( )(1 )b 2ρ ρ ρ ρ−= − − + . This shows that at the inner surface of the shell, the 

material properties of the constituent material M2 are dominant whereas at its outer 

surface, the material properties are the resultant of the constituent materials M1 and 

M2. 

 

3.11   Numerical results and discussion  
 

3.11.1  Variation of volume fraction 
Material distribution in FG cylindrical shells is governed in the radial direction by 

volume fraction laws. In Figs. 3.2 and 3.3, volume fractions and  for materials 1V 2V
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M1 and M2 respectively are sketched against the thickness variable z for the volume 

fraction law given in Eqn. (3.38) where the base is taken to be equal to 2. In Fig. 3.2, 

the volume fraction  increases from zero to maximum value of 0.5 whereas in Fig. 

3.3,  decreases from its maximum value 1 to 0.5. In Figs. 3.4 and 3.5, and  

are drawn with thickness variable z for the base 3. The volume fraction  increases 

from zero to its maximum value equal to 0.6667 and  decreases from its maximum 

value 1 to 0.3333. In Figs 3.2, 3.4, 3.6 and 3.8, the variation of volume fractions of 

material M

1V

2V 1V 2V

1V

2V

1V

1 is sketched against the shell thickness variable z for the bases 2, 3, 5 and 

9. In Figs 3.3, 3.5, 3.7 and 3.9, variation of volume fractions  of material M2V 2 are 

drawn against the thickness variable z for the bases 2, 3, 5 and 9. The values of power 

law exponents are = 0.3, 0.6, 0.8, 1, 3, 6, 10 and 15. It is observed that  

increases from 0 to 0.5000, 0.6667, 0.8000, 0.8889 in Figs 3.2 , 3.4 , 3.6 and 3.8 and 

 decreases from 1 to 0.5000, 0.3333, 0.2000, 0.1111 in Figs 3.3, 3.5, 3.7 and 3.9. 

The increment of  is slow before z = 0 and fast after it. Also the decrement of  is 

slow before z = 0 and fast after it. This shows that the  approaches asymptotically 

to one with z and  is falling to zero with increasing the base of the volume fraction 

law. It is observed that the behaviour of variations of and  is opposite to each 

other with thickness variable z. 

N 1V

2V

1V 2V

1V

2V

1V 2V

 

3.11.2   Validity and accuracy of present method 
 

The validation and accuracy of the present method is verified by comparing the 

present results and those found in research work done by others. The natural 

frequencies (Hz) of an isotropic stainless steel cylindrical shell with simply supported 

ends without axial constraint are calculated and a comparison is made with the 

analytical results determined by Goncalves and Ramos [25]. The geometrical data 

and material properties for the shell are: 0.41L = m, 0.001h = m, m, 

 N/m², 

0.3015R =
112.1 10E = × υ  = 0.30,  Kg/m³. The half axial wave number is 

taken to be m = 1. The two sets of results are listed in Table 3.2. Goncalves and 

Ramos have employed an approximate numerical technique as referred above, 

whereas in the present case, the Rayleigh-Ritz method has been used and the axial 

37.85 10ρ = ×
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modal dependence is assumed by the closed-form trigonometric functions which 

satisfy the simply supported boundary conditions. It may be noted that the present 

frequencies are lower than those determined by Goncalves and Ramos which is 

because of use of different analytical approaches. A comparison of natural 

frequencies (Hz) for a simply supported functionally graded cylindrical shell is made 

with those values evaluated by Najafizadeh and Isvandzibaei [69] in Table 3.3. The 

shell consisted of nickel at the inner surface and stainless steel at the outer surface. 

The axial wave number is m = 1. L/R = 20 and h/R = 0.002 are taken as the 

geometrical parameters. It is seen that the two sets of frequencies are very close to 

each other but the present results are a little bit greater than those determined by 

Najafizadeh and Isvandzibaei which may be due to the shell theory expressions. In 

the present, linear thin shell theory has been used whereas in [69], third order shear 

deformation plate theory has been employed. It is concluded from these two 

comparisons of shell frequencies that the present approach is valid and guarantees the 

accuracy of the results. 

     

3.11.3   Variation of natural frequency (Hz)  
 

In this study, two functionally graded materials viz., stainless steel and nickel are 

utilised to fabricate the functionally graded circular cylindrical shells and their 

material properties are graded in the thickness direction according to a volume 

fraction power law. The influence of the constituent volume fractions is studied by 

changing the values of power law exponents of the volume fraction laws used for 

stainless steel and nickel. The effects of functionally graded configurations on shell 

frequencies are analysed by studying two types of functionally graded cylindrical 

shells. This is done by changing the value of power law exponent and its bases. 

The FG shell configuration is classified into two types. In Type I FG cylindrical 

shell, nickel is at the inner surface of the shell and stainless steel is at its outer 

surface. In Type II FG cylindrical shell, the order of nickel and stainless steel is 

reversed. Material properties for stainless steel and nickel are given in Table 3.4 

which have been calculated at T=300K. In Tables 3.5 - 3.8, the variation of natural 

frequencies (Hz) for Type I FG cylindrical shell is given for the simply supported 

boundary conditions. The axial mode number is taken to be m=1 and the geometrical 

N
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parameters are L/R=20 and h/R=0.002. The material distribution in the radial 

direction has been governed by the exponential volume fraction law (3.38). The bases 

are adapted equal to 2, 3, 5 and 9. The column ssN  and NiN  in the present tables 

and coming in the next discussion represent the natural frequencies for a stainless 

steel cylindrical shell and a nickel cylindrical shell respectively. From these tables, 

three kinds of variations of shell frequencies are observed. First, the variation of 

frequency is with regard to the circumferential wave number n. The frequency first 

decreases and then increases with n after achieving its minimum value. This is the 

classical variation that depends on the shell strain energy and this energy consists of 

two parts: membrane and flexural. With increasing n, the effect of the membrane part 

diminishes and the flexural influence becomes dominant. This change brings about a 

dip in the frequency curve that corresponds to its lowest value. The second variation 

in the frequency is due to the power law exponent and it decreases with increasing N

N . It shows the influence of  which affects the volume fraction of a constituent 

material. This variation is the result of the functionally graded material distribution in 

the shell thickness direction. The third variation is due to change of the base of the 

volume fraction law (3.38) and frequency decreases with increasing the base. In the 

volume fraction law (3.38) as and the base b are increased indefinitely and  

approaches unity, the shell vibration characteristics are purely those of a shell 

consisting of a single FG material. 

N

N 1V

The natural frequencies (Hz) of simply supported Type II FG cylindrical shells are 

listed in Tables 3.9 - 3.12 with bases 2 , 3 , 5 and 9 respectively for the axial mode 

number m = 1. The geometrical quantities are L/R=20 and h/R=0.002. It is seen that 

the frequencies increase with increasing in all four tables. This is the result of the 

change of order of materials constituting the FG cylindrical shell. It is also observed 

that the frequency starts increasing with increasing the base of the volume fraction 

law (3.38). With increasing and base b, the values of frequencies remain within 

the frequencies of a cylindrical shell consisting of purely nickel or stainless steel. 

N

N

Next, results for the simply supported circular cylindrical shells structured from 

functionally graded materials, are presented with exponential variations of material 

distribution in the radial direction. These results are compared with those evaluated 

by using the volume fraction law (3.35). In Tables 3.13 and 3.14, the natural 

frequencies of Type I cylindrical shell with exponential variations of material 
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distribution are compared with those of the Type I shell given in [63] for = 0.5, 1, 

5 and 15. It is observed from the tables that the values of natural frequencies 

evaluated by the volume fraction law (3.38) are lower for <1 and higher for N >1 

than those values obtained in the above reference. Also this inference can further be 

seen for other values of .  

N

N

N

From the above discussion, the following inferences are reached: 

(i) As is increased, the natural frequency decreased for a Type I FG 

cylindrical shell. When is small, the natural frequencies approached those 

of 

N

N
ssN  and when is large, they approached those of N NiN . The natural 

frequencies for >0 lie between those of N ssN  and NiN  for a given 

circumferential wave number n. 

(ii) When is increased, the natural frequency increased for Type II FG 

cylindrical shell. When is small, the natural frequencies approached those 

of 

N

N
NiN and when is large, they approached those of N ssN . The natural 

frequencies for >0 lie between those of N ssN  and NiN  for a given 

circumferential wave number n. 

(iii) Using the volume fraction law (3.38), the shell frequency decreased with 

increasing the value of the base for the Type I cylindrical shell. With higher 

base and increasing indefinite value of , the shell being composed of a 

single constituent cylindrical shell, vibration characteristics of an isotropic 

cylindrical shell are observed. 

N

(iv) Using the volume fraction law (3.38), the shell frequency increased with 

increasing the value of the base for the Type II cylindrical shell. For small 

values of , this influence is more pronounced and gets feeble for higher 

values of . Hence the influence of the base on the frequencies depends 

upon the type of a FG cylindrical shell; that is, it is reversed on Type I FG 

cylindrical shell to that on Type II FG cylindrical shell. 

N

N

(v) Comparisons of natural frequencies (Hz) determined by volume fraction laws 

(3.35) and (3.38) show the effects of the power law exponent  by 

distinguishing the value of which are lower and greater than unity. 

N

N
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3.12 Conclusion 
 

In this study, the frequency analysis of thin FG cylindrical shells has been presented 

with exponential variation of material distribution in the shell radial direction. This 

variation is governed by proposing an algebraic formula in the exponential form for a 

constituent material of a functionally graded cylindrical shell. Two types of 

functionally graded cylindrical shells are made of stainless steel and nickel. A Type I 

FG cylindrical shell has properties that vary continuously from nickel on its inner 

surface to stainless steel on its outer surface. A Type II FG cylindrical has properties 

that vary continuously from stainless steel on its inner surface to nickel on its outer 

surface. The analysis was performed by using Love's shell theory. The shell problem 

is solved by employing the Rayleigh-Ritz approach for the simply supported 

boundary conditions. The axial modal dependence is approximated by the 

characteristic beam functions. The validation of the results has been carried out by 

comparing the results with those found in literature and has been found to be 

accurate. It is observed that the effects of the base of exponential volume fraction law 

on the frequencies for Type I and Type II FG cylindrical shell are different. For the 

Type I cylindrical shells, the natural frequencies are decreased when the base is 

increased but the natural frequencies are increased with increasing value of the base 

for the Type II FG cylindrical shell. This analysis can be extended to study the 

influence of boundary conditions on the shell vibration with the above mentioned 

volume fraction law. 
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Table 3.1 Values of , id mλ and  for S - S, C - C, F - F, C - S, C - F and F - S  mς

                 boundary conditions 

Boundary 

conditions 
( 1 4id i = − )  Values for mλ  mς  

S - S 
1 0d = , 2 0d =  

3 0d = , 4 1d = −  
mπ  1 

C - C 
1 1d = , 2 1d = −  

3 1d = , 4 1d = −  
cos cosh 1m mλ λ =  

cosh cos
sinh sin

m m

m m

λ λ
λ λ

−
−

 

F - F 
1 21, 1d d= =  

3 41, 1d d= =  
cos cosh 1m mλ λ =  

cosh cos
sinh sin

m m

m m

λ λ
λ λ

−
−

 

C - S 
1 21, 1d d= = −  

3 41, 1d d= = −  
tan tanhm mλ λ=  

cosh cos
sinh sin

m m

m m

λ λ
λ λ

−
−

 

C - F 
1 21, 1d d= = −  

3 41, 1d d= = −  
cos cosh 1m mλ λ = −

sinh sin
cosh cos

m m

m m

λ λ
λ λ

−
+

 

F - S 
1 21, 1d d= =  

3 41, 1d d= =  
tan tanhm mλ λ=  

cosh cos
sinh sin

m m

m m

λ λ
λ λ

−
−

 

 

 

Table 3.2 Comparison of natural frequencies (Hz) for an isotropic 

                 cylindrical shell with simply supported end conditions 

                 (m=1, L=0.41m, h=0.001m and R=0.3015m) 

n Goncalves and Ramos [25]               Present 

7            305.22                301.60 

8            281.31                278.64 

9            288.24                286.02 

10            317.49                315.51 

11            362.20                360.36 

12            417.94                416.19 
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Table 3.3 Comparison of natural frequencies (Hz) against circumferential wave   

                 number n for a simply supported functionally graded cylindrical shell  

                 (m=1, L/R=20,  h/R=0.002) 

                        = 0.5 N                         = 5 N

n Najafizadeh and 

Isvandzibaei[69]
     Present 

Najafizadeh and 

Isvandzibaei[69] 
     Present 

1         13.320       13.321        12.915      12.998 

2         4.5147 4.5168        4.3763      4. 4068 

3        4.1900       4.1911        4.0586      4.0891 

4        7.1019       7.0972        6.8723      6.9251 

5        11.343       11.336        11.978      11.061 

 

 

Table 3.4 Properties of materials 

 Stainless Steel   Nickel   

Coefficients 2( )E Nm −  υ  3( )kgmρ −  2( )E Nm −  υ  3( )kgmρ −

0P  9201.04 10×  0.3262 8166 9223.95 10×  0.3100 8900 

1P−  0 0 0 0 0 0 

1P  43.079 10−×  
42.002 10−− ×

 
0 42.794 10−− ×  0 0 

2P  76.534 10−− ×  73.797 10−×  0 93.998 10−− ×  0 0 

3P  0 0 0 0 0 0 

 112.07788 10×  0.317756 8166 112.05098 10×  0.3100 8900 
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Table  3.5 Variation of natural frequencies (Hz) against circumferential wave  

                  number n, Type I FG cylindrical shell: b=2 (m=1, L/R=20, h/R=0.002) 

n 0ssN =  0NiN =
 N =.5 N =.7 N =1 N =2 N =5 N =15 N =30

1 13.548 12.894 13.319 13.277 13.199 13.144 13.059 13.008 12.993

2 4.5920 4.3690 4.5127 4.4983 4.4823 4.4530 4.4248 4.4081 4.4034

3 4.2631 4.0487 4.1869 4.1736 4.1588 4.1312 4.1051 4.0906 4.0870

4 7.2249 6.8576 7.0962 7.0740 7.0492 7.0027 6.9576 6.9326 6.9264

5 11.542 10.955 11.337 11.302 11.262 11.188 11.116 11.075 11.065

6 16.897 16.037 16.598 16.546 16.489 16.380 16.274 16.214 16.199

7 23.244 22.061 22.832 22.762 22.682 22.533 22.387 22.305 22.284

8 30.573 29.017 30.032 29.939 29.835 29.637 29.446 29.338 29.311

9 38.881 36.902 38.193 38.075 37.942 37.692 37.448 37.311 37.276

10 48.168 45.716 47.316 47.170 47.005 46.695 46.392 46.223 46.180

 

 

Table  3.6 Variation of natural frequencies (Hz) against circumferential wave 

                  number n, Type I FG cylindrical shell: b=3 (m=1, L/R=20, h/R=0.002) 

n 0ssN =  0NiN =  N =.5 N =.7 N =1 N =2 N =5 N =15 N =30

1 13.548 12.894 13.307 13.266 13.220 13.137 13.056 13.007 12.992

2 4.5920 4.3690 4.5082 4.4941 4.4783 4.4496 4.4230 4.4073 4.4030

3 4.2631 4.0487 4.1818 4.1689 4.1541 4.1270 4.1023 4.0891 4.0861

4 7.2249 6.8576 7.0875 7.0662 7.0420 6.9965 6.9531 6.9301 6.9249

5 11.542 10.955 11.323 11.290 11.251 11.179 11.109 11.072 11.063

6 16.897 16.037 16.578 16.529 16.473 16.367 16.264 16.209 16.196

7 23.244 22.061 22.805 22.737 22.661 22.515 22.373 22.297 22.280

8 30.573 29.017 29.996 29.907 29.806 29.615 29.428 29.328 29.305

9 38.881 36.902 38.148 38.034 37.907 37.663 37.425 29.328 37.269

10 48.168 45.716 47.259 47.119 46.961 46.659 46.365 46.207 46.170

 

 

 

 

 55



 

Table  3.7 Variation of natural frequencies (Hz) against circumferential wave  

                  number n,  Type I FG cylindrical shell: b=5 (m=1, L/R=20, h/R=0.002) 

n 0ssN =  0NiN =  N =.5 N =.7 N =1 N =2 N =5 N =15 N =30

1 13.548 12.894 13.296 13.255 13.211 13.130 13.052 13.005 12.991

2 4.5920 4.3690 4.5043 4.4903 4.4746 4.4471 4.4212 4.4065 4.4025

3 4.2631 4.0487 4.1773 4.1647 4.1501 4.1241 4.0996 4.0876 4.0852

4 7.2249 6.8576 7.0798 7.0591 7.0356 6.9916 6.9488 6.9275 6.9234

5 11.542 10.955 11.311 11.279 11.242 11.171 11.102 11.068 11.061

6 16.897 16.037 16.560 16.512 16.459 16.356 16.255 16.203 16.193

7 23.244 22.061 22.780 22.715 22.641 22.500 22.361 22.290 22.275

8 30.573 29.017 29.963 29.878 29.781 29.595 29.411 29.318 29.299

9 38.881 36.902 38.106 37.997 37.874 37.637 37.404 37.285 37.261

10 48.168 45.716 47.208 47.073 46.921 46.627 46.339 46.191 46.161

 

 

Table  3.8 Variation of natural frequencies (Hz) against circumferential wave 

                  number  n, Type I FG cylindrical shell: b=9 (m=1, L/R=20, h/R=0.002) 

n 0ssN =  0NiN =  N =.5 N =.7 N =1 N =2 N =5 N =15 N =30

1 13.548 12.894 13.287 13.247 13.203 13.124 13.049 13.004 12.991

2 4.5920 4.3690 4.5012 4.4873 4.4720 4.4447 4.4196 4.4057 4.4021

3 4.2631 4.0487 4.1740 4.1614 4.1475 4.1215 4.0973 4.0862 4.0844

4 7.2249 6.8576 7.0737 7.0535 7.0309 6.9875 6.9452 6.9252 6.9219

5 11.542 10.955 11.301 11.270 11.234 11.165 11.097 11.064 11.058

6 16.897 16.037 16.546 16.499 16.447 16.347 16.247 16.198 16.190

7 23.244 22.061 22.760 22.697 22.626 22.488 22.350 22.283 22.271

8 30.573 29.017 29.938 29.854 29.760 29.579 29.398 29.309 29.293

9 38.881 36.902 38.073 37.967 37.848 37.617 37.387 37.274 37.254

10 48.168 45.716 47.167 47.036 46.888 46.603 46.317 46.177 46.152
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Table  3.9 Variation of natural frequencies (Hz) against circumferential wave 

                  number  n, Type II FG cylindrical shell: b=2 (m=1, L/R=20, h/R=0.002) 

n 0ssN =  0NiN =  N =.5 N =.7 N =1 N =2 N =5 N =15 N =30

1 13.548 12.894 13.106 13.146 13.192 13.280 13.370 13.427 13.443

2 4.5920 4.3690 4.4421 4.4561 4.4720 4.5016 4.5314 4.5495 4.5555

3 4.2631 4.0487 4.1190 4.1320 4.1468 4.1745 4.2020 4.2174 4.2227

4 7.2249 6.8576 6.9762 6.9977 7.0222 7.1171 7.1444 7.1523 7.1602

5 11.542 10.955 11.143 11.177 11.216 11.292 11.369 11.413 11.425

6 16.897 16.037 16.313 16.362 16.419 16.530 16.643 16.708 16.726

7 23.244 22.061 22.440 22.508 22.586 22.739 22.894 22.984 23.008

8 30.573 29.017 29.515 29.605 29.708 29.908 30.112 30.231 30.263

9 38.881 36.902 37.536 37.650 37.781 38.036 38.295 38.447 38.487

10 48.168 45.716 46.502 46.642 46.804 47.120 47.442 47.630 47.679

 

 

Table  3.10 Variation of natural frequencies (Hz) against circumferential wave 

                    number  n, Type II FG cylindrical shell: b=3 (m=1, L/R=20, h/R=0.002) 

n 0ssN =  0NiN =  N =.5 N =.7 N =1 N =2 N =5 N =15 N =30

1 13.548 12.894 13.118 13.157 13.202 13.287 13.374 13.428 13.441

2 4.5920 4.3690 4.4465 4.4602 4.4758 4.5047 4.5332 4.5501 4.5560

3 4.2631 4.0487 4.1240 4.1365 4.1511 4.1783 4.2048 4.2186 4.2236

4 7.2249 6.8576 6.9847 7.0053 7.0292 7.0753 7.1217 7.1468 7.1539

5 11.542 10.955 11.157 11.189 11.227 11.301 11.376 11.417 11.428

6 16.897 16.037 16.333 16.380 16.435 16.543 16.653 16.714 16.729

7 23.244 22.061 22.467 22.532 22.608 22.756 22.907 22.992 23.013

8 30.573 29.017 29.551 29.736 29.736 29.931 30.130 30.242 30.269

9 38.881 36.902 37.581 37.690 37.816 38.064 38.318 38.460 38.495

10 48.168 45.716 37.581 46.692 46.848 47.156 47.470 47.646 47.689
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Table 3.11 Variation of natural frequencies (Hz) against circumferential wave 

                   number n, Type II FG cylindrical shell: b=5 (m=1, L/R=20,  h/R=0.002) 

n 0ssN =  0NiN =  N =.5 N =.7 N =1 N =2 N =5 N =15 N =30

1 13.548 12.894 13.128 13.168 13.211 13.294 13.377 13.430 13.445

2 4.5920 4.3690 4.4504 4.4640 4.4794 4.5076 4.5354 4.5519 4.5564

3 4.2631 4.0487 4.1284 4.1407 4.1551 4.1817 4.2080 4.2216 4.2245

4 7.2249 6.8576 6.9924 7.0123 7.0356 7.0805 7.1264 7.1504 7.1555

5 11.542 10.955 11.169 11.200 11.237 11.309 11.382 11.422 11.430

6 16.897 16.037 16.350 16.396 16.449 16.554 16.663 16.720 16.733

7 23.244 22.061 22.491 22.554 22.627 22.772 22.921 23.001 23.018

8 30.573 29.017 29.583 29.666 29.761 29.951 30.147 30.253 30.275

9 38.881 36.902 37.622 37.727 37.849 38.090 38.340 38.474 38.503

10 48.168 45.716 46.608 46.738 46.889 47.188 47.497 47.663 47.699

 

 

Table 3.12 Variation of natural frequencies (Hz) against circumferential wave 

                   number n, Type II FG cylindrical shell: b=9(m=1, L/R=20, h/R=0.002) 

n 0ssN =  0NiN =  N =.5 N =.7 N =1 N =2 N =5 N =15 N =30

1 13.548 12.894 13.137 13.176 13.219 13.300 13.381 13.431 13.446

2 4.5920 4.3690 4.4534 4.4669 4.4824 4.5101 4.5367 4.5527 4.5569

3 4.2631 4.0487 4.1318 4.1439 4.1582 4.1843 4.2099 4.2231 4.2254

4 7.2249 6.8576 6.9984 7.0179 7.0406 7.0846 7.1297 7.1528 7.1569

5 11.542 10.955 11.179 11.209 11.245 11.315 11.388 11.425 11.432

6 16.897 16.037 16.364 16.409 16.461 16.563 16.670 16.726 16.736

7 23.244 22.061 22.511 22.572 22.643 22.784 22.931 23.008 23.022

8 30.573 29.017 29.608 29.689 29.782 29.967 30.161 30.262 30.281

9 38.881 36.902 37.654 37.757 37.875 38.111 38.357 38.486 38.510

10 48.168 45.716 46.648 46.775 46.921 47.213 47.519 47.678 47.708
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Table 3.13 Comparison of natural frequencies (Hz) Type I FG cylindrical shell: b=5  

                   (m=1, L/R=20,  h/R=0.002) 

 N =0.5  N =1  N =5  N =15  

n 
Ref. 

[ 63 ] 
Present 

Ref. 

[ 63] 
Present 

Ref. 

[ 63] 
Present 

Ref. 

[ 63 ] 
Present 

1 13.321 13.296 13.211 13.211 12.988 13.052 12.933 13.005 

2 4.5168 4.5043 4.480 4.4746 4.4068 4.4212 4.3834 4.4065 

3 4.1911 4.1773 4.1569 4.1501 4.0891 4.0996 4.0653 4.0876 

4 7.0972 7.0798 7.0384 7.0356 6.9251 6.9488 6.8856 6.9275 

5 11.336 11.311 11.241 11.242 11.061 11.102 10.999 11.068 

6 16.594 16.560 16.455 16.459 16.192 16.255 16.101 16.203 

7 22.826 22.780 22.635 22.641 22.273 22.361 22.148 22.290 

8 30.023 29.963 29.771 29.781 29.296 29.411 29.132 29.318 

9 38.181 38.106 37.862 37.874 37.257 37.404 37.048 37.285 

10 47.301 47.208 46.529 46.921 46.155 46.339 45.897 46.191 

 

 

Table 3.14 Comparison of natural frequencies (Hz) Type I FG cylindrical shell: b=9 

                   (m=1, L/R=20,  h/R=0.002) 

 0.5N =   1N =   5N =   15N =   

n 
Ref. 

[ 63 ] 
Present 

Ref. 

[ 63 ] 
Present

Ref. 

[ 63 ] 
Present

Ref. 

[ 63 ] 
Present

1 13.321 13.287 13.211 13.203 12.988 13.049 12.933 13.004 

2 4.5168 4.5012 4.480 4.4720 4.4068 4.4196 4.3834 4.4057 

3 4.1911 4.1740 4.1569 4.1475 4.0891 4.0973 4.0653 4.0862 

4 7.0972 7.0737 7.0384 7.0309 6.9251 6.9452 6.8856 6.9252 

5 11.336 11.301 11.241 11.234 11.061 11.097 10.999 11.064 

6 16.594 16.546 16.455 16.447 16.192 16.247 16.101 16.198 

7 22.826 22.760 22.635 22.626 22.273 22.350 22.148 22.283 

8 30.023 29.938 29.771 29.760 29.296 29.398 29.132 29.309 

9 38.181 38.073 37.862 37.848 37.257 37.387 37.048 37.274 

10 47.301 47.167 46.529 46.888 46.155 46.317 45.897 46.177 
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Fig.  3.1 Geometry of a circular cylindrical shell
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Fig. 3.2. Variation of volume fraction V1 with radial distance z in the 
thickness direction: b =2
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Fig. 3.3. Variation of volume fraction V2 with radial distance z in the thickness 
direction: b =2

0

0.2

0.4

0.6

0.8

1

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5

z

V 2

N=0.3
N=0.6
N=0.8
N=1
N=3
N=6
N=10
N=15

 

 61



Fig. 3.4. Variation of Volume fraction V1 with radial distance z in the thickness 
direction: b =3
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Fig. 3.5. Variation of volume fraction V2 with radial distance z in the 
thickness direction: b =3 
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Fig. 3.6. Variation of volume fraction V1 with radial direction z in the 
thickness direction: b =5 
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Fig. 3.7. Variation of volume fraction V2 with radial distance z in the thickness 
direction:  b =5
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Fig. 3.8. Variation of volume fraction V1 with radial distance z in the thickness 
direction:  b =9
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Fig. 3.9. Variation of volume fraction V2 with radial distance z in the thickness 
direction: b =9
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Chapter 4 

 
Vibrations of functionally graded cylindrical shells on 

elastic foundations 
 

4.1  Introduction 

 
Functionally graded materials (FGMs) are advanced and excellent materials with a 

gradual change in compositions and microstructures and have practical applications in 

mechanical and thermal fields particularly in thermal safeguarding systems for 

reusable spacecraft and blast protection for critical structures. Powder technology is 

used to develop functionally graded materials. FGMs are utilised to fabricate 

structural elements: beams, plates and shells. They are very useful in high 

temperature dependent environment and possess heat shielding properties. In 1999, 

Miyamoto et al. [62] composed a book on functionally graded materials. This 

presents a detailed discussion on their design, processing and applications. They are 

utilised in structuring cylindrical shells. Different mechanical aspects of these 

elements are analyzed prior to their practical applications. Study of vibrations of 

cylindrical shells is an important theoretical and applied feature of their mechanical 

behaviour. First of all, Loy et al. [63] investigated the vibration frequency spectra of 

functionally graded cylindrical shells and the effect of functionally graded material 

distribution in radial direction. Pradhan et al. [64] analyzed the vibration 

characteristics of these types of shells for different boundary conditions. In both of 

these studies the Rayleigh-Ritz method was employed to derive the shell frequency 

equation. Najafizadeh and Isvandzibaei [69] made a study on the vibration of thin 

cylindrical shells with ring support. The shells were assumed to be manufactured 

from functionally graded materials which were composed of stainless steel and 

nickel. The analysis was based on higher order shear deformation shell theory. 

Recently Arshad et al. [72] have proposed some new forms of volume fraction laws 

by considering the exponential and trigonometric functions. The exponential volume 

fraction law depends only on the natural logarithmic base. 
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Different numerical approaches are employed to study the vibration characteristics of 

cylindrical shells. Classically the Rayleigh-Ritz and Galerkin methods are widely 

used for this purpose. The differential quadrature technique has been employed by 

Loy et al. [26]. Zhang et al. [31, 49] have employed a wave propagation approach to 

investigate vibration characteristics of empty and fluid-filled cylindrical shells 

respectively. This approach is based on the approximate eigenvalues of characteristic 

beam functions. It saves a large amount of algebraic manipulation. 
In this study, vibration characteristics of functionally graded cylindrical shells are 

analyzed based on the elastic foundations. The material distribution in FGMs is 

governed by using volume fraction laws. Paliwal et al. [78] and Paliwal and Pandey 

[79] have studied the free vibrations of cylindrical shells on elastic foundations. The 

influence of material configurations on shell vibrations is analyzed for various 

physical and geometrical parameters. A wave propagation approach is employed to 

solve the shell dynamical equations involving the elastic foundation. The validity and 

accuracy of the approach is confirmed by comparing the present results with those 

available in the literature. 
 

4.2  Lagrangian energy functional 
 

To start the mathematical formulation of this shell problem, the expressions for the 

shell strain and kinetic energies are adapted from the previous chapter and the 

Lagrangian energy functional Π for a cylindrical shell is defined as the difference 

between the kinetic energy T and strain energy and is written as:  S

                   

                                       Π = T                                                                           (4.1) S−

 

Hamilton's principle states that dynamics of a physical system is determined by a 

variational problem for a functional based on a single function, the Lagrangian, which 

contains all the physical information concerning the system and forces acting on it. 

The variational problem is equivalent and allows for derivation of differential 

equations of motion of physical system. In other words, Hamilton's principle is an 

integral principle which considers the entire motion of a system between time interval 
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1t  and . In fact, Euler-Lagrange equations are the result of compact Hamilton's 

principle. Mathematically this principle is expressed as:  

2t

 

                                               
2

1

( )
t

t

dt 0Π =∫δ                                                               (4.2)  

where Π  is the Lagrangian energy functional and 
2

1

t

t

dtΠ∫  is called the action integral. 

It means that Hamilton's principle describes that among all curves between the end 

points, the motion occurs along the curve which gives an extreme value to the action 

integral. 

 

4.3 Derivation of dynamical equations for a FGM cylindrical   

      shell  
 

Employing Hamilton's principle to the Lagrangian energy functional Π given in Eqn. 

(4.1), one gets 

  

                                                                                   (4.3) 
2 2 2

1 1 1

( ) ( ) ( )
t t t

t t t

T dt S dtδ δ δ∏ = −∫ ∫ ∫

 

The dynamical equations for a functionally graded cylindrical shell can be written in a 

differential operator form as: 

 

                     

2

11 12 13 2

2

21 22 23 2

2

31 32 33 2

T

T

T

uL u L v L w
t
vL u L v L w
t
wL u L v L w
t

∂
+ + =

∂
∂

+ + =
∂
∂

+ + =
∂

ρ

ρ

ρ

                                                              (4.4) 

 

where  ( =1,2,3) are the differential operators with respect to ijL  , ji x  and θ  given 

below: 
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4
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where ,ijA ijB  and (i, j=1, 2 and 6) are the extensional, coupling and bending 

stiffnesses. 

ijD

ijB  are zero for isotropic cylindrical shells whereas these are non-

vanishing for functionally graded cylindrical shells. 

The Winkler foundation is a very simple representation of a foundation response with 

a spring constant K . It is commonly used in cement concrete pavement design 

models. The Winkler foundation model is a one parameter model. Simulation of the 

foundation behaviour of a one parameter model like the Winkler foundation is not 

satisfactory. Horizontal load transfer is not possible through the Winkler foundation. 

When a shear layer is applied on top of the Winkler foundation, a two parameter 

model called Pasternak foundation is obtained. Simulation got from the Pasternak 

foundation is much better than simulation obtained from the Winkler foundation. Two 

elastic foundations, i.e., Winkler and Pasternak foundations are attached with a 

cylindrical shell as shown in fig. 4.1. the Pasternak foundation model is a foundation 

which is capable of transferring loads in the horizontal direction through the shear 

layer on top of a Winkler foundation. The shear layer is not a real elastic layer but it is 
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a mathematical representation for the behaviour of a sub grade reaction. Now 

introducing the terms describing the Winkler and Pasternak foundations 

 in the z-direction, the dynamical equations for functionally graded 

cylindrical shell are obtained as: 

2(Kw G w− ∇ )

 

                     

2

11 12 13 2

2

21 22 23 2

2
2

31 32 33 2

T

T

T

uL u L v L w
t
vL u L v L w
t
wL u L v L w Kw G w
t
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+ + =

∂
∂

+ + =
∂
∂

+ + = + − ∇
∂

ρ

ρ

ρ

                                       (4.6) 

 

where  ( =1, 2, 3) are the differential operators with respect to ijL  , ji x  and θ  given 

above. G  represents the shear modulus of the material used for the elastic foundation 

and  for the Winkler foundation modulus and the expression for the differential 

operator  is 

K
2∇

 

                             
2 2

2
2 2

1
x R 2θ
∂

∇ = +
∂ ∂

∂                                                                     (4.7)   

 

The Winkler model is a special case of the Pasternak model when  . 0G =

 

4.4   Wave propagation approach 
 
Usually the Galerkin procedure is employed to solve the partial differential equations 

(PDEs). Axial modal dependence is approximated by suitable functions which satisfy 

at least geometric boundary conditions. Choice of beam functions and polynomials 

makes the Galerkin procedure divergent. So, for the above reason, this approach is 

avoided. Utiliszation of spline functions with the Galerkin technique makes it a good 

numerical approach, called the Fourier Galerkin method. This procedure has been 

employed successfully to study shell dynamics by Del Rosario et al. [118].  

There is another dynamic and sophisticated numerical approach known as the 

differential quadrature method which has been widely used to study various problems 
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in the fields of quantum mechanics, fluid dynamics, structural dynamics and so on. 

Due to the simplicity and easy of use, this method is very popular among researchers. 

Bellman and Casti [21] first suggested the idea of the differential quadrature method. 

In this procedure, derivatives of the unknown functions are approximated as the 

weighted sum of the functional values at the nodes of domain of the solution. The 

main step of this approach is to determine the weighted coefficients which are 

associated with the polynomials and trigonometric functions.  

There is another well known numerical technique called generalised differential 

quadrature method (GDQ). The GDQ method was developed by Shu and Richard 

[22]. The GDQ method is an improved form of the DQ method and has computational 

advantages over the existing DQ method. In the GDQ method, the derivative of a 

function with respect to a space variable at a given discrete point is approximated as a 

weighted linear sum of all the functional values at all the discrete points. The 

advantages of the GDQ method include no restriction on the number of grid points 

used for the approximation and the weighting coefficients being determined using a 

simple recurrence relation instead of solving a set of linear algebraic equations as in 

other versions of the differential quadrature method. Du et al. [119] have given a 

detailed analysis of the merits of the GDQ method in their work. Shu and Richards 

[22] have applied the GDQ method to the solutions of fluid dynamics problems. The 

GDQ method has shown accuracy, efficiency and great potential in solving 

differential equations in all these applications. The GDQ method is extended to the 

solution of cylindrical shell problems by Loy et al. [26]. The method is used to 

determine the frequencies for clamped-clamped, simply supported- simply supported 

and clamped- simply supported cylindrical shell. Also the applications of the GDQ 

method were extended by Hua and Lam [120] to the vibrational study of thin rotating 

cylindrical shells with simply supported-simply supported, clamped-clamped and 

clamped- simply supported boundary conditions.  

The most recently used technique is the wave propagation approach that has been 

developed by Zhang et al. [31, 49] in which an approximate eigenvalue of a beam 

function is approximated corresponding to an axial wave number for a boundary 

condition. This gives relatively more accurate predictions of circular cylindrical shell 

natural frequencies. Wang and Lai [121] have given a simple technique to predict the 

natural frequencies of circular cylindrical shells. The procedure employed by them is 

somewhat similar to the wave propagation approach. Zhang et al. [49] have applied 
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the wave propagation approach to study the coupled vibration characteristics of fluid-

filled cylindrical shells. Further showing the efficiency and efficacy, Li et al. [32] 

have utilised this technique to study the modal analysis of thin finite cylindrical shells. 

Natsuki et al. [50] used to carry out the vibrational analysis of fluid-filled carbon 

nanotubes using the wave propagation approach. This approach seems to be simple 

and easily applicable to study vibration characteristics of shells involving fluids. In 

the wave propagation method, the axial modal dependence is approximated by simple 

wave number characteristic formulas. These axial wave numbers are the approximate 

eigenvalues of beam characteristic functions. The assumed modal forms of the 

deformation functions are substituted into the shell dynamical equations and the terms 

depending on the space and time variables are eliminated. After the rearrangement of 

terms, a system of homogeneous linear algebraic equations is framed and converted 

into the eigenvalue problem.  

The wave propagation approach is employed to analyze the vibration characteristics 

of functionally graded cylindrical shells with Pasternak - type foundations. This 

approach is very simple and easily applicable to the study the vibration characteristics 

of cylindrical shells. This has been successfully applied by a number of researchers 

such as Zhang et al. [31, 51], Li et al. [ 32 ], Liu et al. [ 122 ], Natsuki et al. [ 50] and 

Xuebin [ 123 ]. For separating the spatial and temporal variables, the following forms 

of modal displacement deformations are assumed as:  

 

                                                                                      (4.8 ) 
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in the axial, circumferential and radial directions respectively. The coefficients 

m , B  and CmA  denote the vibration-amplitudes respectively in the x , θ  and  

directions respectively,  is the number of circumferential mode waves and  is the 

axial wave number that has been specified in the Table 4.1 for a number of boundary 

conditions. These axial wave numbers  are chosen to satisfy the required boundary 

conditions at the two ends of cylindrical shells. ω is the natural circular frequency for 

the cylindrical shell. On substituting the expressions for  from Eqn. (4.8) 

into the dynamical equations (4.6) for a functionally graded cylindrical shell based on 

z

n mk

mk

, v and wu
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Winkler and Pasternak foundations and simplifying the algebraic expressions and 

rearranging the terms, the frequency equation is obtained in the following eigenvalue 

form as:  

 

                                                   (4.9) 
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1 0 0
0 1 0
0 0 1

m m

m t

m m

A AC C C
C C C B B
C C C C C

⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛
⎜ ⎟ ⎜⎜ ⎟ ⎜=⎜ ⎟ ⎜⎜ ⎟ ⎜

⎜ ⎟ ⎜⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝⎝ ⎠ ⎝ ⎠

ρ ω m

⎞
⎟⎟
⎟⎟

⎟
⎠

 

where  ( =1,2,3) are some matrix coefficients depending on shell parameters 

and the type of boundary conditions specified at the ends of a cylindrical shell and are 

given as: 

ijC  , i j
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                                                                                                                                (4.10)  

Eqn. (4.9) is solved for shell frequencies and mode shapes using some computer 

software. The three frequencies are obtained corresponding to the axial, 

circumferential and radial displacements. The smallest frequency is associated with 

the radial direction. It is dominant and also important for its effects on the shell 

structures of practical applications. 
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4.5  Results and discussion 

 

4.5.1  Validation of the wave propagation approach 
 

 A number of comparisons of numerical results for cylindrical shells are presented to 

verify the validity of the present approach and accuracy of the results. Table 4.2 

shows the comparison of the values of the non-dimensional frequency parameter 

2(1 ) /R EΩ = −ω ρ υ  with those determined by Naeem and Sharma [29] for the case 

of a free vibrating cylindrical shells with simply-supported boundary condition at both 

ends. The results are calculated for the shell parameters: / 6L R = ,  and / 0.00h R = 2

0.3=υ . The value of  is taken to be unity. In Table 4.3, the frequency parameters 

 for an isotropic cylindrical shell are compared with those evaluated by Pradhan et 

al. [64] for clamped-clamped edge conditions. In this case, the shell parameters are 

taken to be . Table 4.4 represents the frequency 

parameters Ω for a clamped- simply supported cylindrical shell and a comparison is 

made with those values evaluated in Loy et al. [26]. The shell parameters are chosen 

to be , , 

m

Ω

/ 20 , / 0.002 , 1L R h R m= = =

L R = / 0.01h R 1m = / 20 =  and 0.3=υ . Tables 4.5 and 4.6 give the 

comparisons of natural frequencies (Hz) of two types of functionally graded 

cylindrical shells. In Table 4.5, the shell is assumed to be composed of stainless steel 

at the outer surface and nickel at the inner surface. In Table 4.6 the order of the shell 

constituent materials is reversed. Material properties of FG constituent materials viz. 

nickel and stainless steel are given in Table 4.7. The values of the power law 

exponents are taken to be N =0.7, 2, 30. These results are compared with those 

evaluated by Loy et al. [63]. It is seen from these comparisons of natural frequencies 

calculated by different approaches; the present wave propagation method is valid and 

gives accurate results. 

 

4.5.2  Vibration frequency analysis based on elastic foundations 
 

Vibration frequency analysis for functionally graded cylindrical shells based on 

elastic foundations is performed where the material configurations are composed of 

two constituent materials viz. stainless steel and nickel. A FGM cylindrical shell may 
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be classified into two types. In type I FG cylindrical shell material properties vary 

continuously from those of nickel on its inner surface to stainless steel on its outer 

surface. The second is termed as a type II FG cylindrical shell which has properties 

that vary continuously from stainless steel on its inner surface to nickel on its outer 

surface.  

Tables 4.8 and 4.9 show the variation of natural frequencies (Hz) of a functionally 

graded cylindrical shell with the Winkler and Pasternak foundation. The simply-

supported boundary conditions are specified at the ends of the shell. In Table 4.8, the 

values of natural frequencies (Hz) are given for a functionally graded cylindrical shell 

type I. The frequency increases with increasing the circumferential wave number  

and the vibration becomes the beam-type but it decreases with increasing values of the 

power law exponent N . In Table 4.9, the values of natural frequencies (Hz) are listed 

for a functionally graded cylindrical shell type II. In this case, these increase with the 

power law exponents  but increase with the circumferential wave number n . Thus 

the influence of the constituent volume fractions on the frequencies for type I and type 

II functionally graded cylindrical shells is different when based on elastic foundations. 

It is observed that the natural frequency of functionally graded cylindrical shells on 

elastic foundation increases continuously with increasing values of circumferential . 

n

N

n

In Fig. 4.2, the natural frequencies (Hz) for an isotropic cylindrical shell are drawn 

against the axial wave number . The values of Winkler's modulus are = 0, 

1×10

mk K
7, 1.5×107, 2×107, 2.5×107 N/m² and G = 0. The shell frequency increases rapidly 

with  and the frequency curves cluster with each other and seem to become 

parallel for higher values of . In Fig. 4.3, natural frequencies (Hz) for an isotropic 

cylindrical shell are sketched with the axial wave number . The values of 

Pasternak's modulus are G = 1×10

mk

K

mk
7, 2×107, 2.5×107, 3×107, 3.5×107 N/m² whereas  

is assumed to be zero. The shell frequency increases rapidly with  and the 

influence of G on the shell frequency is more pronounced for higher values of G . The 

frequency curves are close at lower values of G  and get separated as G  increases. 

Fig. 4.4 shows the variation of natural frequencies (Hz) for a cylindrical shell against 

the axial wave number . The values of Winkler's modulus are 

K

mk

mk K = 0, 1×107, 

1.5×107, 2×107, 2.5×107 N/m² and G = 3×107. The frequency curves merge with each 

other when the value of G  is not zero. The shell frequency increases linearly with 
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mk . Fig. 4.5 exhibits the variation of natural frequencies (Hz) for a cylindrical shell 

against the axial wave number . The values of Pasternak's modulus are G = 1×10mk 7, 

2×107, 2.5×107, 3×107, 3.5×107 N/m² and K = 1×107. In this case behaviour of 

variation of the frequency curves is similar to that noticed in Fig. 4.3. The shell 

frequency increases linearly with .  mk

In Figures 4.6 - 4.13, the variations of natural frequencies (Hz) of functionally graded 

cylindrical shells based on elastic foundations are drawn against the axial wave 

number  = ( mk /m Lπ ) for simply-supported boundary conditions imposed at both 

ends of shell. In this case, nickel is at the inner surface and stainless steel is at the 

outer surface of the FGM cylindrical shell. Elastic foundation modulii are varied in 

each figure and their effects are analyzed. Values of power law exponents are taken to 

be 0.5 and 5. Frequencies of FGM cylindrical shells varied with the axial wave mode 

. This variation depends on the elastic modulii. Keeping the value of G  fixed, the 

frequency curves rise upward and become curvilinear and appear to get parallel with 

one another whereas when G  is varied and 

mk

K  remains constant, the frequency 

curves go upward and seem to diverge from one another. It is also observed that the 

values of frequency for FGM cylindrical shells fall between those shells which are 

fabricated from pure FGM constituent material. In this case, the frequency curves 

corresponding to the FGM cylindrical shell lie between the curves associated with the 

two cylindrical shells structured from pure stainless steel and pure nickel for an elastic 

foundation modulus.  

From this discussion, it is observed that the variation of frequencies of functionally 

graded cylindrical shells is similar to that of an isotropic one. Frequency of an 

isotropic as well as FGM cylindrical shell increases with increasing values of . It is 

noticed that the frequencies of FGM always remain between the frequencies of their 

constituent material in the cylindrical shell. The influence of the Pasternak foundation 

is more visible than that of the Winkler modulus. Moreover the vibration of the shell 

becomes a beam-type one; that is, the frequency increases with the circumferential 

wave numbers when the modulii of the Winkler and Pasternak foundations are 

amalgamated with the shell motion equations. 

mk
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4.6  Conclusion  
 

In this study, the vibration characteristics of functionally graded cylindrical shells are 

analyzed based on the Winkler and Pasternak foundations. The shell dynamical 

equations are solved by using the wave propagation approach. It is noted that the 

influence of these elastic foundations is pronounced and this effect converts the shell 

vibration into beam-type. This analysis can be extended to study the influence of 

boundary conditions on shell vibrations based on the Winkler and Pasternak 

foundations. 
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Table 4.1 Axial wave number for various boundary conditions 

Boundary conditions Wave numbers 

Simply supported- Simply supported mk L m= π  

Clamped- Simply supported (4 1) / 4mk L m= + π  

Free-Free (2 1) / 2mk L m= + π  

Free-sliding (4 1) / 4mk L m= − π  

Free-Simply Supported (4 1) / 4mk L m= + π  

Clamped-Free (2 1) / 2mk L m= − π  

Clamped- Clamped (2 1) / 2mk L m= + π  

Clamped- Sliding (4 1) / 4mk L m= − π  

Sliding- Simply Supported (2 1) / 2mk L m= − π  

Sliding- Sliding mk L m= π  

 

 
Table 4.2 Comparison of frequency parameters 2(1 ) /R EΩ = −ω ρ υ  for a 
                 cylindrical shell with the simply supported-simply supported boundary  
                 conditions ( = 1, = 6, m /L R / 0.002h R = , υ  = 0.3) 

n  Ref . [ 29 ] Present 
1 0.140641 0.140643 
2 0.054323 0.054324 
3 0.027074 0.027074 
4 0.017776 0.017766 
5 0.017088 0.017072 

 
 
 

Table 4.3 Comparison of frequency parameters 2(1 ) /R EΩ = −ω ρ υ  for a    
                 cylindrical shell with the clamped-clamped boundary conditions. 
                 ( =1, = 20, = 0.002, m /L R /h R υ  = 0.3) 

n  Ref. [ 64 ] Present 
1 0.0342 0.0349 
2 0.0119 0.0118 
3 0.0072 0.0071 
4 0.0089 0.0090 
5 0.0136 0.0138 
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Table 4.4 Comparison of frequency parameters 2(1 ) /R EΩ = −ω ρ υ  for a 
                 cylindrical shell with the clamped-simply supported boundary conditions  
                 ( =1, = 20, = 0.01, m /L R /h R υ = 0.3) 

n  Ref.  [ 26 ] Present 
1 0.023974 0.024721 
2 0.011225 0.011275 
3 0.022310 0.022331 
4 0.042139 0.042163 
5 0.068024 0.068052 

 
 
 
Table 4.5 Comparison of natural frequencies (Hz) against circumferential wave 
                 number , for a simply supported functionally graded cylindrical shell n
                 Type I (FGM) ( =1, =0.002, =20)  m /h R /L R

N = 0.7 N = 2 N = 30 
n  Ref.[63] Present Ref. [63] Present Ref. [63] Present 
1 13.269 13.269 13.103 13.103 12.914 12.914 
2 4.4994 4.4987 4.4435 4.4429 4.3765 4.3760 
3 4.1749 4.1740 4.1235 4.1229 4.0576 4.0569 
4 7.0691 7.0686 6.9820 6.9817 6.8726 6.8722 
5 11.290 11.290 11.151 11.151 10.978 10.978 
6 16.527 16.527 16.323 16.323 16.071 16.071 
7 22.735 22.735 22.454 22.454 22.108 22.108 
8 29.903 29.902 29.533 29.533 29.078 29.078 
9 38.028 38.028 37.559 37.559 36.981 36.980 
10 47.111 47.111 46.529 46.529 45.813 45.813 

 
 
Table 4.6 Comparison of natural frequencies (Hz) against circumferential wave 
                 number , for a simply supported funtionally graded cylindrical shell n
                 Type II (FGM) ( =1, =0.002, =20)  m /h R /L R

N = 0.7 N = 2 N = 30 
n  Ref.[63] Present Ref. [63] Present Ref. [63] Present 
1 13.154 13.154 13.321 13.321 13.526 13.526 
2 4.4550 4.4546 4.5114 4.5109 4.5836 4.5831 
3 4.1309 4.1302 4.1827 4.1817 4.2536 4.2528 
4 7.0026 7.0021 7.0905 7.0899 7.2085 7.2080 
5 11.189 11.885 11.329 11.329 11.516 11.516 
6 16.381 16.381 16.587 16.587 16.859 16.859 
7 22.535 22.535 22.454 22.454 23.192 23.192 
8 29.641 29.641 30.014 30.014 30.505 30.505 
9 37.696 37.696 38.171 38.170 38.795 38.795 
10 46.700 46.700 47.288 47.288 48.061 48.061 
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Table 4.7 Properties of functionally graded materials 
 Stainless Steel Nickel 

E(Nm-2) 112.07788 10×  112.05098 10×  
υ  0.317756  0.3100  

ρ (kgm-3) 8166  8900  
 
 
Table 4.8 Variation of natural frequencies (Hz) against circumferential wave  
                 number ,   Type I  (FG cylindrical shell on elastic foundation) n
                 ( =1, = 0.002,  = 20) m /h R /L R
n  0ssN =  0NiN =  N =.5 N =.7 N =1 N =2 N =5 N =15 N =30
1 193.90 185.70 191.05 190.40 189.67 188.32 186.99 186.18 185.95
2 414.71 397.20 408.62 407.22 405.67 402.79 399.96 398.23 397.73
3 634.76 607.98 625.44 623.31 620.94 616.53 612.21 609.56 608.79
4 853.20 817.22 840.68 837.82 834.63 828.70 822.90 819.34 818.31
5 1070.7 1025.6 1055.0 1051.4 1047.4 1039.9 1032.7 1028.2 1026.9
6 1287.7 1233.4 1268.8 1264.5 1259.7 1250.8 1242.0 1236.6 1235.1
7 1504.4 1441.0 1482.3 1477.3 1471.7 1461.2 1451.0 1444.7 1442.9
8 1720.9 1648.4 1695.7 1689.9 1683.5 1671.5 1659.8 1652.6 1650.6
9 1937.3 1855.6 1908.8 1902.4 1895.1 1881.7 1868.5 1860.4 1858.1
10 2153.6 2062.8 2121.9 2114.8 2106.7 2091.8 2077.1 2068.1 2065.6
 
 
Table 4.9 Variation of natural frequencies (Hz) against circumferential wave  
                 number , Type II  (FG cylindrical shell on elastic foundation)  n
                 ( =1,  = 0.002,  = 20) m /h R /L R
n  0ssN =  0NiN =  N =.5 N =.7 N =1 N =2 N =5 N =15 N =30
1 193.90 185.70 188.32 188.95 189.67 191.05 192.46 193.35 193.62
2 414.71 397.20 402.79 404.14 405.67 408.62 411.63 413.55 414.11
3 634.76 607.98 616.53 618.59 620.94 625.44 630.05 632.98 633.84
4 853.20 817.22 828.71 831.48 834.63 840.68 846.87 850.81 851.96
5 1070.7 1025.6 1040.0 1043.5 1047.4 1055.0 1062.8 1067.7 1069.2
6 1287.7 1233.4 1250.7 1254.9 1259.7 1268.8 1278.2 1284.1 1285.8
7 1504.4 1441.0 1461.2 1466.1 1471.7 1482.3 1493.3 1500.2 1502.2
8 1720.9 1648.4 1671.5 1677.1 1683.5 1695.7 1708.1 1716.1 1718.4
9 1937.3 1855.6 1881.7 1887.9 1895.1 1908.8 1922.9 1931.8 1934.4
10 2153.6 2062.8 2091.8 2098.7 2106.7 2121.9 2137.6 2147.5 2150.4
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Fig 4.2  Variation of natural frequencies (Hz) with axial wave number km

(G=0), L/R=20, h/R=0.002, R=1, n=1 , (Isotropic Case) 
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Fig 4.3 Variation of natural frequencies (Hz) with axial wave number km  
(K=0), L/R=20, h/R=0.002, R=1, n=1,  (Isotropic Case)
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Fig 4.4 Variation of natural frequencies (Hz) with axial wave number km (G 
=3e+7), h=0.002, R=1, n=1 , (Isotropic Case)
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Fig 4.5  Variation of natural frequencies (Hz) with axial wave number km  
(K=1e+7), L/R=20, h/R=0.002, R=1, n=1 , (Isotropic Case)
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Fig. 4.6 Variation of natural frequecies (Hz) with axil wave number km  
at n=1,  G=0,  N=0.5 
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Fig. 4.7 Variation of natrual frequencies (Hz) with axial wave number km at
n=1,  G=0, N=5

0

100

200

300

400

500

600

700

800

0.5 1 1 5 2 2.5 3 3.5 4 4.

N
at

ur
al

 fr
qu

en
ci

es
 (H

z)

5

K=0 (stainless steel)
K=1.5e+7 (stainless steel)
K=2.5e+7 (stainless steel)
K=0 (FGM)
K=1.5e+7 (FGM)
K=2.5e+7 (FGM)
K=0 (nickel)
K=1.5e+7 (nickel)
K=2.5e+7 (nickel)

km

 

 83



Fig. 4.8 Variation of natural frequencies (Hz) with axial wave number km at 
n=1, N=0.5 , K=0
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Fig. 4.9 Variation of natural frequencies (Hz) with axial wave number km at 
n=1, N=5 , K=0
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Fig. 4.10 Variation of natural frequencies (Hz) with axial wave number km at 
n=1, G=1e+7, N=0.5
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Fig.  4.11  Variation of natural frequencies (Hz) with axial wave number km at 
n=1 , N=5 , G=1e+7
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Fig. 4.12 Variation of natural frequencies (Hz) with axial wave number km   
at n=1, N=0.5 , K=1e+7
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Fig. 4.13 Variation of natural frequencies (Hz) with axial wave number km  at 
n=1, N=5 , K=1e+7
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Chapter 5 
 

Vibration characteristics of fluid-filled cylindrical shells  

based on elastic foundations 
 

5.1  Introduction 
 

The dynamic response of fluid-filled cylindrical shells is of primary importance for 

the design of pressure vessels, fluid tanks of propellant rockets, seismic effects on 

liquid storage tanks and so on. Chung et al. [37] presented an analytical and 

experimental study of the vibration characteristics of thin circular cylindrical shells 

situated inside a fluid-filled rigid circular cylinder and made the comparisons between 

the analytical and experimental results. Goncalves and Batista [38] gave a theoretical 

analysis for the free vibration of simply supported vertical shells partially filled with 

or submerged in a fluid. The vibrations of the shells were examined by using Sanders' 

shell theory. The coupling between the shell deformation and the acoustic medium of 

fluid was amalgamated by shell dynamical equations and the acoustic wave equation. 

Amabili [42] studied a simply supported circular cylindrical shell with an axis parallel 

to the horizontal direction partially filled with liquid. He estimated the shell natural 

frequencies and analyzed the mode shapes of partially filled shells. Again in 1999, 

Amabili [43] investigated free vibrations of circular cylindrical shells and tubes 

completely filled with a dense and partially immersed in a different fluid having a 

free surface. Different boundary conditions are considered for the analysis. Sharma et 

al. [44] have investigated the natural frequency response of vertical cantilevered 

composite shells containing fluid. They used the Fourier series of trigonometric 

functions to approximate the axial modal dependence. This presents an example of 

practical applications of cylindrical shells. Zhang et al. [49] have employed a wave 

propagation approach to investigate vibration characteristics of fluid-filled cylindrical 

shells. This gives relatively more accurate predictions of the natural frequencies of 

cylindrical shells. 

Further, showing the efficiency and efficacy of the wave propagation approach, Li et 

al. [32] have utilised this technique to study the modal analysis of thin finite 

cylindrical shells. Natsuki et al. [50] carried out a vibrational analysis of fluid-filled 
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carbon nanotubes using wave propagation. This approach seems to be a simple and 

easily applicable to study vibration characteristics of shells involving fluids. In the 

wave propagation method, the axial modal dependence is approximated by simple 

wave number characteristic formulas. These axial wave numbers are the approximate 

eigenvalues of characteristic beam functions. The assumed modal forms of the 

deformation functions are substituted into the shell dynamical equations and the terms 

depending on the space and time variables are eliminated. After the rearrangement of 

terms, a system of homogeneous linear algebraic equations is framed and is converted 

into the eigenvalue problem.   

Paliwal et al. [78] and Paliwal and Pandey [79] have studied the free vibrations of 

cylindrical shells on elastic foundations. They gave the analysis of influence of elastic 

moduli on the shell frequencies for various physical parameters. In the present study, 

this work is extended to investigate the vibration characteristics of fluid - filled 

cylindrical shells based on elastic foundations. The influence of fluid inducting the 

acoustic wave equation is coupled with the shell dynamical equations. This 

combination brings forth the mathematical relationship between solid and fluid 

dynamics. A wave propagation approach is employed to solve the shell dynamical 

equations involving the elastic foundation and fluid loading terms. The efficiency and 

validity of this approach is confirmed by comparing the present results with those 

found in the literature. 

 

5.2   Derivation of dynamical equations for a fluid-filled 

        cylindrical shell based on an elastic foundation 
 

In this chapter, vibrations of fluid-filled isotropic cylindrical shells are investigated on 

Winkler and Pasternak foundations. This problem is designed by taking shell 

dynamical equations from chapter 4 and combined with the fluid loaded physical 

terms.  
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5.3  Induction of the acoustic pressure field 
 
Fluid-filled cylindrical shells are practically used in many types of engineering 

structures such as ships, aeroplanes and the construction of buildings. When a shell is 

filled with fluid, significant effects appear due to the fluid loading term and it is 

impossible to ignore the coupling between the shell and the fluid filling it. Here, the 

vibration characteristics of cylindrical shells filled with fluid resting on elastic 

foundations are analyzed.  

Now introducing a fluid-filled cylindrical shell which satisfies the acoustic wave 

equation, the equations of motion for a fluid-filled cylindrical shell can be written in a 

differential operator form as: 
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                     (5.1)     

 

where  ( =1,2,3) are the differential operators with respect to ijL  , ji x  and θ  given 

by the expression (4.5). 

The pressure exerted by the fluid on the walls of a shell is mathematically described 

by the acoustic wave equation. So, the equation of motion of the fluid can be written in 

the cylindrical co-ordinate system ( ,  as: , )x θ r

           

                             
2 2

2 2 2 2

1 1( )P P Pr
r r r r x c tθ
∂ ∂ ∂ ∂ ∂

+ + =
∂ ∂ ∂ ∂ ∂

2

2

1 P                                     (5.2) 

 

where  is the time,  is the acoustic pressure and c is the speed of sound in the 

fluid. 

t P
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5.4  Numerical procedure 
 

Exact solutions of shell dynamical equations are limited to a few cases of boundary 

conditions and for others approximate solutions are searched out. For this purpose, 

different methods are used to solve these equations. For the present study, the wave 

propagation approach is employed to analyze the vibration characteristics of fluid-

filled cylindrical shells with Pasternak - type foundations.  

For separating the spatial and temporal variables, the following forms of modal 

displacement deformations are assumed as: 

  

                                                                            (5.3) 

( )

( )

( )

( , , ) cos( )
( , , ) sin( )
( , , ) cos( )

m

m

m

i ωt k x

i ωt k x

i nθ ωt k x

u x θ t A nθ e
v x θ t B nθ e
w x θ t C nθ e

−

−

+ −

=

=

=

 

in the axial, circumferential and radial directions respectively. The coefficients 

 denote the vibration-amplitudes respectively in  , B and CA x , θ  and  directions 

respectively,  is the number of circumferential mode waves and  is the axial 

wave number that has been specified in the Table 4.1 for a number of boundary 

conditions. These axial wave numbers  are chosen to satisfy the required boundary 

conditions at the two ends of a cylindrical shell. ω is the natural circular frequency for 

a cylindrical shell. 

z

n mk

mk

The associated form of the acoustic pressure field in the contained fluid, which 

satisfies the acoustic wave Eqn. (5.2) can be expressed in the cylindrical co-ordinate 

system, associated with an axial wave number , radial wave number  and 

circumferential wave number n  and is given as: 

mk rk

 

                                                                             (5.4) (cos( ) ( ) mi t k x
m n rP P n J k r e ωθ −= )

 

where  is the pressure amplitude and  is the Bessel function of the first kind 

with order .  and  are the axial wave number and the radial wave number 

respectively. To confirm that fluid remains in contact with the shell wall, the shell 

radial displacement and the fluid radial displacement must be equal at the interface of 

mP nJ

n mk rk
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the shell inner wall and the fluid. Coupling this condition of the fluid with the shell 

wall is given by: 

 

                               1

f

p w
i r

⎧ ⎫ ∂ ∂⎛ ⎞−⎨ ⎬⎜ ⎟∂ ∂⎝ ⎠⎩ ⎭ωρ t
=                                                               (5.5) 
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mp C
k J k R
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ω ρ ⎤
⎥                                                            (5.6) 

 

where fρ  is the density of the contained fluid and the prime on the  denotes 

differentiation with respect to the argument . 

nJ

rk R

On substituting the expressions for u ,v  and w from Eqn (5.3) into the equations (5.1) 

of motion for a fluid-filled cylindrical shell based on Winkler and Pasternak 

foundations, simplifying the algebraic expressions and rearranging the terms, the 

frequency equation can be written in the following eigenvalue form as: 
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                         (5.7) 

 

where   are some matrix coefficients depending on shell parameters 

and the type of boundary conditions specified at the ends of a cylindrical shell and are 

given as: 

ijC ( , 1, 2,3)i j =
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The Eqn. (5.7) is solved for shell frequencies and mode shapes by using some 

computer software. The three frequencies are obtained corresponding to the axial, 

circumferential and radial displacements. 

                                                                                                                                                            

5.5  Results and discussion 
 

5.5.1  Validation of the present approach 

 
 A number of comparisons of numerical results for empty and fluid-filled cylindrical 

shells are presented to verify the validity of the present approach and accuracy of the 

results. In Table 5.1, a comparison is made for the natural frequencies (Hz) of empty 

isotropic cylindrical shells with simply supported end condition with shell parameters:  

/ 4L R = , , / 1/ 2h R = 630 10E lbf 2in − , υ = 0.3, 47.35 10 lbfρ −= × 2s 4in −  

with the results of Warburton [124] as well as Loy and Lam [125]. Table 5.2 shows 

comparisons of the values of natural frequencies (Hz) of an empty cylindrical shell 

with those results evaluated by Goncalves et al. [126] with simply supported-simply 

supported boundary conditions. The comparisons are carried out for the 

parameters: m, m, 0.41L = 0.3015R = 0.001h = m, N/m², 112.1 10E = × υ = 0.3, 

 for the axial mode m = 1. It is seen from the two sets of results that 

the present frequencies are a little bit lower than those evaluated by Goncalves et al. 

This difference is because of the two different approaches used in the above reference 

and the present study. In Table 5.3, the natural frequencies (Hz) for a cylindrical shell 

filled with a fluid are compared with those results determined by Goncalves et al. 

37850 /kg mρ =
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[126]. Here the density of fluid is . Other parameters are given in 

the table. Like isotropic case with no fluid, the present frequencies are also lower than 

those evaluated by Goncalves et al. At circumferential wave number n = 8, the 

percentage difference of natural frequencies in Table 5.2, for empty cylindrical shells, 

is observed to be less than 1 while this difference becomes slightly higher in fluid 

filled cylindrical shells as observed in Table 5.3. It is further observed that percentage 

difference of natural frequencies of fluid filled cylindrical shells decreases for 

increasing values of n. From these tables, it is evident that the results agree very well 

with each other. This exhibits the validity of the present wave propagation method 

and the accuracy of the results. 

31000 /f kg mρ =

 
5.5.2  Vibration frequency analysis of empty as well as fluid-filled 

          cylindrical shell based on Winkler and Pasternak foundations 
 
In Tables 5.4 and 5.5, natural frequencies of empty and fluid-filled cylindrical shells 

based on elastic foundations are listed for the Winkler model; that is, G =0. Values of 

K  are assumed to be  and N-m in Tables 5.4 and 5.5 respectively. 

It is noticed that the frequency of fluid-filled cylindrical shell is much less than that of 

empty cylindrical shell and frequencies of both the empty as well as fluid-filled 

cylindrical shell first decrease and afterward increase with increasing values of 

circumferential mode number n. Tables 5.6 and 5.7 show the frequencies of empty 

and fluid-filled cylindrical shells with = 0, , N-m 

respectively. The frequency of empty and fluid-filled cylindrical shells increases with 

increasing values of both circumferential wave number n and Pasternak's foundation 

. Frequencies of the fluid-filled cylindrical shells are lower than those of the empty 

cylindrical shell. Also it is seen that frequencies of empty and fluid-filled cylindrical 

shells are lower for G = 0, N-m than those obtained for = 0, 

N-m. This means that both Winkler and Pasternak foundations influence 

the frequencies of cylindrical shells but in different ways. In Tables 5.8 and 5.9, the 

values of natural frequencies of empty and fluid-filled cylindrical shells are presented 

for two Winkler-Pasternak model foundations. The influence of the coupled elastic 

moduli is obviously visible on the frequencies of fluid-filled cylindrical shells. They 

are much lesser than those of the empty cylindrical shells. 

71.5 10× 72.5 10×

K 71.5 10G = × 72.5 10G = ×

G

71.5 10K = × K
71.5 10G = ×
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Fig. 5.1 shows a variation of natural frequencies for an empty cylindrical shell against 

circumferential wave number n. The elastic foundation is considered to the Winkler 

type for its two values: K =1.5e+7 and 2.5e+7 with simply supported end conditions. 

It is seen from Fig. 5.1 that the frequency first decreases rapidly and after attaining its 

minimum value it increases with increasing value of n. Also the frequency increases 

by increasing the value of the Winkler foundation modulus . Fig. 5.2 presents a 

variation of shell natural frequency against circumferential wave number n when an 

empty circular cylinder is placed on the Pasternak foundation by keeping = 0. The 

shell frequency increases gradually with increasing values of circumferential wave 

number n and Pasternak foundation. In Figs. 5.3 and 5.4, the variation of frequencies 

of a fluid-filled cylindrical shell on elastic foundations is drawn versus the 

circumferential mode n. In Fig. 5.3, fluid-filled cylindrical shell is placed within the 

Winkler foundation. In this case, the frequency first decreases and afterward increases 

with increasing value of the circumferential wave number n. In Fig. 5.4, the 

frequency of the cylindrical shell increases with increasing values of the 

circumferential wave number n and Pasternak foundation G . It is seen that the 

frequency of the fluid-filled cylindrical shell is much less than that of the empty 

cylindrical shell on an elastic foundations. In Figs. 5.5 and 5.6, the variation of 

natural frequencies (Hz) against L/R ratio is drawn when a cylindrical shell is 

attached with an elastic foundations. In Fig. 5.5, = 1.5e+7 and G varies from 

1.5e+7 to 4.5e+7. Other parameters are taken as h/R = 0.001, n = 4. It is seen that the 

frequency of a cylindrical shell decreases slightly with increasing of length L/R 

whereas the frequency increases with increasing values of the Pasternak foundation 

. Fig. 5.6 shows the variation of natural frequency (Hz) with L/R ratio taking 

Pasternak foundation G =1.5e+7 and varying the Winkler foundation  from K = 

1.5e+7 to 4.5e+7. It is seen that the frequency of cylindrical shells decreases slightly 

with increasing length L/R. Frequency increases with increasing values of the Winkler 

foundation. It is observed that both  and G  affect the frequency but the effect of 

 is more than that of . Fig. 5.7 shows the variation of natural frequency against 

h/R ratio when the cylindrical shell is on elastic foundation having  and 

 varies from 1.5e+7 to 4.5e+7. It is observed that the frequency decreases with 

increasing values of h/R but the frequency increases with increasing values of G . 

Fig. 5.8 shows the variation of frequency with h/R but in this case G  is constant 

K

K

K

G

K

K

G K
71.5 10K = ×

G
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having value 1.5e+7 and K  varies. It is clear from Fig. 5.8 that the frequency 

decreases rapidly with increasing values of h/R. By comparing Fig. 5.7 and Fig. 5.8, it 

is observed that G  influences more than K  . 

From the above discussion, it is clear that fluid and elastic foundation effects on the 

shell are significant. The coupled frequency decreases almost half of its uncoupled 

frequency for a cylindrical shell. In the same way, coupled frequency reduces a little 

more than half of its uncoupled frequency for a cylindrical shell when the shell is 

based on elastic foundation. It is observed that when Pasternak foundation G  is zero, 

frequencies of empty as well as fluid-filled cylindrical shells first decrease rapidly up 

to the value of n = 7 and then increase afterward for all values of the Winkler 

foundation K . In this case, the frequency for fluid-filled cylindrical shell is much 

less than that of empty cylindrical shell. When elastic foundations K and are non-

zero, frequencies of empty as well as fluid-filled cylindrical shells increase but 

frequencies of fluid-filled cylindrical shells are much less than that of empty 

cylindrical shell. Thus both 

G

K  and G  affect the shell frequencies but the influence 

of G  is higher than that of K . 

 

5.6  Conclusion 
 

In this work, the vibration frequency analysis of empty as well as fluid-filled 

cylindrical shells based on elastic foundations is presented for simply supported 

conditions. The wave propagation method is used to derive the shell frequency 

equation in the form of an eigenvalue problem including the elastic foundation and 

fluid loading terms. It is observed that the influence of elastic modulii is more 

prominent on the shell frequencies. The fluid loading term lessens the coupled 

frequency up to almost half of the value for the empty case. This analysis can be 

extended to investigate other aspects such as buckling and dynamic response 

involving different types of materials used for cylindrical shells. 
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Table 5.1 Comparison of natural frequencies (Hz) for an isotropic  
                 cylindrical shell with simply supported-simply supported end 
                 conditions with shell parameters ( / 4L R = in,  / 1/ 2h R 0= in, 
                  lbf , 630 10E = × 2in − υ = 0.3, 47.35 10ρ −= ×  lbf 2s 4in − ) 

n m Warburton[124] Loy and Lam [125] Present 
2 1 2046.8 2043.8 2042.7 
 2 5637.6 5635.4 5631.9 
 3 8935.3 8932.5 8926.4 
 4 11405.0 11407.5 11399.3 
 5 13245.0 13253.2 13243.7 
 6 14775.0 14790.0 14779.9 
     
3 1 2199.3 2195.1 2194.4 
 2 4041.9 4035.5 4031.1 
 3 6620.0 6614.6 6605.9 
 4 9124.0 9121.0 9108.4 
 5 11357.0 11359.0 11343.4 
 6 13384.0 13392.3 13374.9 

 
 
Table 5.2 Comparison of natural frequencies (Hz) for an empty cylindrical shell  
                 ( , m,1m = 0.41L = 0.3015R = m, 0.001h = m, N/m², 112.1 10E = ×
                 υ =0.3, ) 37850 /kg mρ =

n Goncalves al. et [126] Present Difference % 
7 303.35 301.93 0.47 
8 280.94 278.99 0.69 
9 288.71 286.37 0.81 
10 318.40 315.83 0.81 
11 363.33 360.64 0.74 
12 419.19 416.44 0.66 
13 483.51 480.74 0.57 
14 554.97 552.22 0.50 

 
 
Table 5.3 Comparison of natural frequencies (Hz) for a cylindrical shell filled         
                 with fluid. 
                 ( , m,1m = 0.41L = 0.3015R = m, 0.001h = m, N/m², 112.1 10E = ×
                 υ =0.3, , ) 37850 /kg mρ = 31000 /f kg mρ =

n Goncalves et al. [126] Present Difference % 
8 119.2 114.8 3.69 
9 127.9 123.9 3.13 
10 146.7 142.7 2.73 
11 173.3 169.4 2.25 
12 206.4 202.4 1.94 
13 245.0 241.0 1.63 
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Table 5.4   Comparison of natural frequencies (Hz) for an empty and fluid-filled 
                    cylindrical shell on Winkler and Pasternak foundations.  

  ( , m,1m = 0.41L = 0.3015R = m, 0.001h =  m, N/m²,     112.1 10E = ×
  υ = 0.3, )  37850 /kg mρ = 7( 0, 1.5 10G K= = × )

n empty cylinder fluid-filled cylinder 
3 989.75 245.09 
4 696.52 205.64 
5 522.83 173.29 
6 423.41 153.15 
7 372.15 144.42 
8 354.16 145.74 
9 360.25 155.86 
10 384.24 173.65 
11 421.95 198.17 
12 470.61 228.72 
13 528.41 264.85 
14 594.21 306.26 

 
 
Table 5.5 Comparison of natural frequencies (Hz) for an empty and fluid-filled 
                 cylindrical shell on  Winkler and Pasternak foundations.   
                 ( , m,1m = 0.41L = 0.3015R = m, 0.001h = m,  
                 N/m²,112.1 10E = × υ =0.3, )  37850 /kg mρ = 7( 0, 2.5 10G K= = × )

n empty cylinder fluid-filled cylinder 
3 1004.4 248.69 
4 717.89 211.94 
5 551.57 182.82 
6 458.88 165.98 
7 412.38 160.02 
8 396.43 163.13 
9 402.02 173.94 
10 423.75 191.51 
11 458.29 215.24 
12 503.49 244.71 
13 557.93 279.65 
14 620.63 319.87 
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Table 5.6  Comparison of natural frequencies (Hz) for an empty and fluid-filled 
                  cylindrical shell on Winkler and Pasternak foundations.  
                  ( , m,1m = 0.41L = 0.3015R = m, 0.001h = m, N/m², 112.1 10E = ×
                  υ =0.3, )    37850 /kg mρ = 7( 0, 1.5 10K G= = × )

n empty cylinder fluid-filled cylinder 
3 2780.6 680.40 
4 3314.5 968.88 
5 3950.3 1296.6 
6 4626.6 1657.3 
7 5321.4 2045.1 
8 6026.2 2456.2 
9 6737.2 2887.5 
10 7452.5 3336.9 
11 8170.9 3802.6 
12 8891.7 4282.9 
13 9614.6 4776.6 
14 10339.0 5282.7 

 
 
Table 5.7 Comparison of natural frequencies (Hz) for an empty and 
                 fluid-filled cylindrical shell on Winkler and Pasternak foundations.  
                 ( , m,1m = 0.41L = 0.3015R = m, 0.001h = m, N/m², 112.1 10E = ×
                υ =0.3, )   37850 /kg mρ = 7( 0, 2.5 10K G= = × )

n empty cylinder fluid-filled cylinder 
3 3481.6 846.07 
4 4228.6 1228.7 
5 5072.8 1654.7 
6 5956.2 2119.9 
7 6858.2 2618.7 
8 7770.7 3146.7 
9 8689.8 3700.5 
10 9613.7 4277.3 
11 10541.0 4874.8 
12 11471.1 5491.2 
13 12403.5 6124.7 
14 13337.7 6773.9 
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Table 5.8  Comparison of natural frequencies (Hz) for an empty and fluid-filled 
                  cylindrical shell on Winkler and Pasternak foundations.  
                  ( , m,1m = 0.41L = 0.3015R = m, 0.001h = m, N/m², 112.1 10E = ×
                  υ =0.3, )   37850 /kg mρ = 7 7( 1 10 , 1.5 10K G= × = × )

n empty cylinder fluid-filled cylinder 
3 2785.7 681.61 
4 3318.9 970.16 
5 3954.2 1297.9 
6 4629.9 1658.5 
7 5324.3 2046.2 
8 6028.8 2457.2 
9 6739.6 2888.5 
10 7454.6 3337.9 
11 8172.8 3803.5 
12 8893.5 4283.7 
13 9616.2 4777.5 
14 10340.6 5283.4 

 
 
 
Table 5.9  Comparison of natural frequencies (Hz) for an empty and fluid-filled 
                  cylindrical shell on Winkler and Pasternak  foundations.  
                  ( , m,1m = 0.41L = 0.3015R = m, 0.001h = m, N/m², 112.1 10E = ×
                  υ =0.3, )   37850 /kg mρ = 7 7( 1.5 10 , 2.5 10 )K G= × = ×

n empty cylinder fluid-filled cylinder 
3 3487.5 847.45 
4 4233.7 1230.1 
5 5077.2 1656.2 
6 5960.1 2121.3 
7 6861.6 2620.0 
8 7773.7 3147.9 
9 8692.5 3701.6 
10 9616.2 4278.4 
11 10543.3 4875.8 
12 11473.2 5492.1 
13 12405.4 6125.6 
14 13339.5 6774.8 
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Fig 5.1 Variation of natural frequencies (Hz) of empty cylinder based on
elastic foundations for m=1, L=0.41, h=0.001, R=0.3015, ρ=7850  at (G=0)
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Fig. 5.2  Variation of natural freqauencies (Hz) of empty cylinder based on elastic 
foundations for m=1, L=0.41, h=0.001, R=0.3015, ρ=7850  at (K=0)
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Fig. 5.3  Variation of natural freqauencies (Hz) of fluid-filled cylinder based on 
elastic foundations for m=1, L=0.41, h=0.001, R=0.3015, ρ=7850  at (G=0)
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Fig. 5.4  Variation of natural freqauencies (Hz) of fluid-filled cylinder based on 
elastic foundations for m=1, L=0.41, h=0.001, R=0.3015, ρ=7850  at  (K=0)
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Fig. 5.5 Variation of natural frequencies (Hz) of fluid filled cylindrical shell 
with L/R ratio based on elastic foundations for for m=1, n=4, h/R=0.001 ,
(K=1.5e+7)
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Fig. 5.6  Variation of natural frequencies (Hz) of fluid filled cylindrical shell with L/R  
ratio based on elastic foundations for for m=1, n=4, h/R=0.001 ,  (G=1.5e+7)
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Fig. 5.7 Variation of natural frequencies (Hz) of fluid filled cylindrical shell 
with h/R ratio based on elastic foundations for for m=1, n=4, L/R=20 ,
(K=1.5e+7)
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Fig. 5.8  Variation of natural frequencies (Hz) of fluid filled cylindrical shell 
with h/R ratio based on elastic foundations for for m=1, n=4, L/R=20 ,
(G=1.5e+7)
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Chapter 6 
  

Vibrational study of fluid-filled functionally graded 

cylindrical shells resting on elastic foundations 
 

6.1  Introduction   
 

Cylindrical shells have vast applications in many engineering fields such as 

aerospace, civil, chemical, mechanical, engineering naval and nuclear. Arnold and 

Warburton [5] did some pioneering work on the vibration characteristics of cylindrical 

shells. The best reviews on the shell vibration characteristics have been given by 

Leissa [20], Blevins [13] and Markus [19]. The vibration response of fluid-filled 

cylindrical shells is investigated prior to their application in the design of pressure 

vessels, fluid tanks of propellant rockets, seismic effects on liquid storage tanks and 

so on. 

Loy et al. [63] did vibration frequency analysis of functionally graded cylindrical 

shells. They have employed the Raleigh-Ritz numerical technique to evaluate natural 

frequencies for simply-supported cylindrical shells. The axial modal dependence was 

approximated by trigonometric functions. They studied their characteristics with 

regard to circumferential wave numbers and geometrical parameters of length-to- 

radius and thickness-to-radius ratios. Pradhan et al. [64] did work on vibration 

characteristics of functionally graded cylindrical shells made of stainless steel and 

zirconia for a number of boundary conditions. They also used the Rayleigh-Ritz 

method to solve the shell governing equations. Characteristic beam functions were 

utilised for the axial modal displacement deformations. In 2002, Naeem [67] worked 

on vibration analysis for non-rotating and rotating FGM circular cylindrical shells 

using the Rayleigh-Ritz method and Galerkin technique respectively. Ritz polynomial 

functions for non-rotating shells and characteristic beam functions for rotating ones 

approximate axial modal dependences. Najafizadeh and Isvandzibaei [69] have 

studied the vibration characteristics of functionally graded material cylindrical shells 

with ring support. They based their analysis on higher order plate theory. Arshad et al. 

[72] studied the natural frequencies of FGM cylindrical shells by various volume 
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fraction laws. The Rayleigh-Ritz numerical technique is employed to solve the 

governing equations of motion [69, 72]. 

Goncalves and Batista [38] analyzed the free vibration of simply supported vertical 

shells partially filled with or submerged in a fluid. The coupling between the shell 

deformation and the acoustic medium of fluid was combined by shell dynamical 

equations and the acoustic wave equation. Amabili [42] studied a simply supported 

circular cylindrical shell with the axis parallel to the horizontal direction partially 

filled with liquid, estimated the shell natural frequencies and analyzed the mode 

shapes of partially filled shells. In 1999, Amabili [43] examined free vibrations of 

circular cylindrical shells and tubes completely filled with a dense and partially 

immersed in a different fluid having a free surface. Different boundary conditions are 

considered for the analysis. Sharma et al. [44] investigated natural frequency 

response of vertical cantilever composite shells containing fluid. They used the 

Fourier series of trigonometric functions to approximate the axial modal dependence. 

Zhang et al. [49] employed a wave propagation approach to study the vibration 

characteristics of fluid-filled cylindrical shells. Natsuki et al. [50] utilised wave 

propagation approach to perform the vibration analysis of fluid-filled carbon 

nanotubes. Iqbal et al. [74] investigated the vibration characteristics of FGM circular 

cylindrical shells using wave propagation approach. This approach seems to be 

simple and easily applicable to the study of vibration characteristics of shells 

involving fluids. In the wave propagation method, the axial modal dependence is 

approximated by simple wave number characteristic formulas. Paliwal et al. [78] and 

Paliwal and Pandey [79] have studied the free vibrations on elastic foundations. In 

this study, the vibration characteristics of fluid - filled functionally graded cylindrical 

shells based on the elastic foundations is investigated. The influence of fluid 

inducting the acoustic wave equation is coupled with the shell dynamical equations. 

This combination brings forth the mathematical relationship between solid and fluid 

dynamics. The influence of material configurations on shell vibrations is analyzed for 

various physical and geometrical parameters. A wave propagation approach is used to 

solve the shell dynamical equations involving the elastic foundation and fluid loading 

terms. Also the efficiency and validity of this approach is confirmed by comparing 

the present results with those found in the literature.  

 

 105



6.2 Theoretical formulation 
     

A circular cylindrical shell is considered for its vibration characteristics with length L, 

thickness h and mean radius R as shown in Fig. 3.1. The material properties are 

Young's modulus E, the Poisson ratio υ  and the mass density ρ . An orthogonal 

coordinate system  is assumed to be established at the middle surface of the 

shell, where 

( , , )x θ z

x , θ  and  represent the axial, circumferential and radial coordinates 

respectively. The axial, circumferential and radial displacement deformations are 

denoted by u ,v  and w  respectively with regard to the shell mid surface. 

z

Using Love's thin shell theory, the equations of motion for a cylindrical shell can be 

written as: 

 

                       
2

2

1 xx
T

NN u
x R t

∂∂ ∂
+ =

∂ ∂
θ ρ

θ ∂
                                                        (6.1) 

           
2

2

1 2 1x x
T

N N M M v
2x R R x R

∂ ∂ ∂ ∂
t
∂

+ + + =
∂ ∂ ∂ ∂

θ θ θ θ ρ
θ θ ∂

                                    (6.2) 

          
2 22 2

2 2 2

2 1xx
T

M M NM w
2x R x R R t

∂ ∂∂ ∂
+ + − =

∂ ∂ ∂ ∂
θ θ θ ρ
θ θ ∂

                                     (6.3) 

 

where xN , N θ ,  xN θ   are force resultants and xM ,  M θ ,  xM θ  moment resultants. 

They are defined as: 
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where ,  and 1e 2e γ  are the reference surface strains and ,  and 1k 2k τ  are the surface 

curvatures. ijA , ijB  and  ijD ( , 1,2i j =  and ) are the membrane, coupling and 

flexural stiffnesses defined as: 

6
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For isotropic materials, the coupling stiffnesses ijB vanish whereas for functionally 

graded materials they are non-zero. 

For isotropic materials, the reduced stiffnesses  ijQ ( , 1,2i j =  and 6 ) are defined as: 

  

          11 22 12 662 2, ,
1 1 2(1

E E
)

Q Q EQ Q υ
υ υ υ

= = = =
− − +

                                      (6.6) 

 

The cylindrical shells are assumed to be thin-walled and the ratio between thickness 

and radius ( h/R ) is less than 0.05. In the literature, a number of shell theories are 

found for studying the vibration characteristics of shells. Minute differences are 

observed in the numerical results when comparisons are done among the results 

obtained from different shell theories. The present analysis is carried out using Love's 

first order thin shell theory and the relationships for the strain-displacement and the 

curvature-displacement are provided from this theory and are given for a cylindrical 

shell as: 

 

{ }1 2
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x R x R
∂ ∂ ∂ ∂⎧ ⎫= − − + − +⎨ ⎬∂ ∂ ∂ ∂⎩ ⎭

γ 1
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                                             (6.7) 
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                                 (6.8) 

 

These expressions for the surface strains ,  and 1e 2e γ  and the curvatures ,  and 1k 2k

τ  from the relations (6.7) and (6.8) respectively are substituted into Eqn. (6.4) and the 

resulting expressions for xN , N θ , xN θ , xM , M θ , xM θ  into shell dynamical Eqns. 

(6.1) - (6.3) and introducing the fluid-filled FG cylindrical shell which satisfies the 

acoustic wave equation and the terms describing the Winkler and Pasternak 

foundations ( ) in the z-direction, the equations of motion for a 

cylindrical shell can be written in a differential operator form as: 

2Kw G w− ∇
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where   are the differential operators with respect to ijL ( , 1, 2,3)i j = x  and θ  given 

by the expression (4.5). G  represents the shear modulus of the material used for the 

elastic foundation and  for the Winkler foundation modulus and the expression for 

the differential operator  is 

K
2∇
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The Winkler model is a special case of the Pasternak model when . The 

equation of motion of the fluid can be written in the cylindrical co-ordinate system 

 as: 

0G =

( , , )x θ r
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P                                                           (6.11) 

 

where  is the time,  is the acoustic pressure and c is the speed of sound in the 

fluid. 

t P

 

 

6.3 Numerical method 
 

For the present study, the wave propagation approach is used to analyze the vibration 

characteristics of fluid-filled functionally graded cylindrical shells based on elastic 

foundations. This approach is very simple and easily applicable to determine the shell 

frequencies and has been successfully applied by a number of researchers (Zhang et 

al. [31, 48, 49], Natsuki et al. [50], Li et al. [32], Liu et al. [122] and Xuebin [123]). 
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For separating the spatial and temporal variables, the following shapes of modal 

displacement functions are assumed as: 
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in the axial, circumferential and radial directions respectively. The coefficients 

mA , mB ,  denote the wave amplitudes respectively in the mC x ,  and z  directions 

respectively,  is the number of circumferential waves, ω is the natural circular 

frequency for the cylindrical shell and  is the axial wave number that has been 

specified in the Table 4.1 for a number of boundary conditions. These axial wave 

numbers  are chosen to satisfy the required boundary conditions at the two ends of 

FG cylindrical shell. The associated form of the acoustic pressure field in the 

contained fluid, which satisfies the acoustic wave Eqn. (6.11), can be expressed in the 

cylindrical co-ordinate system, associated with an axial wave number , radial wave 

number  and circumferential wave number n  and is given as: 
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where  is the Bessel function of first kind with order . The coupling condition of 

the fluid with the shell wall is given by:  

nJ n
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where fρ  is the density of the contained fluid and the prime on the  denotes 

differentiation with respect to the argument . On substituting the expressions for 

nJ

rk R
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u ,v  and w from Eqn. (6.12) into Eqn. (6.9) and simplifying the algebraic expressions 

and rearranging the terms, the frequency equation is written in the following 

eigenvalue form as:    
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where   are some matrix coefficients depending on shell parameters 

and the type of boundary conditions specified at the ends of a cylindrical shell and are 

given as: 

ijS ( , 1, 2,3)i j =
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                                                                                                                                (6.17)   

The Eqn. (6.16) is solved for shell frequencies and mode shapes by using MATLAB 

computer software. The three frequencies are obtained corresponding to the axial, 

circumferential and radial displacements.  

  

6.4  Results and discussion 
 

6.4.1 Validation of the wave propagation method 
 

In Table 6.1, a comparison of the frequency parameter 2(1 ) /R EΩ = −ω υ ρ  is made 

against the circumferential wave number n with Loy et al. [63] for a simply supported 
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isotropic cylindrical shell with shell parameters ( 1,m = / 20,L R = / 0.0h R = 1,   

0.3)=υ . Table 6.2 shows the comparison of the variation of frequency parameter of 

isotropic cylindrical shells with circumferential wave number n and h/R ratio to that of 

Loy et al. [26] for simply supported end condition having shell 

parameters . In Tables 6.3 and 6.4, comparison of natural 

frequencies (Hz) for simply supported type I and type II FGM cylindrical shells is 

made with Loy et al. [68] against the circumferential wave number n for various 

values of power law exponent N =0.5, 2, 15 with shell geometrical and material 

parameters 

( 1, / 20)m L R= =

( 1, / 20, / 0.002, 0.3)m L R h R= = = =υ . It is observed that results agree 

very well with one another. This shows the accuracy and validity of the present 

approach. 

 

6.4.2 Vibration frequency analysis of empty as well as fluid-filled 

         functionally graded cylindrical  shells based on Winkler  

         and Pasternak foundations 

 
In Tables 6.5 - 6.7, the variation of natural frequencies (Hz) against the 

circumferential wave number n are given for empty type I FG cylindrical shell on 

elastic foundation. Parameters are given in tables. In Table 6.5, the Pasternak 

foundation  is zero and the Winkler foundation G K  is taken equal to . The 

values of the exponential volume fraction law are N = 0.5, 0.7, 1, 2, 5, 15, 30 in all 

cases. It is observed that the frequency increases with increasing values of the 

circumferential wave number n. The frequency decreases slowly with an increasing 

value of the exponential volume fraction law. The frequency of pure stainless steel is 

more than that of pure nickel. The frequency of FG cylindrical shells remain between 

the frequency of stainless steel and nickel when the FG cylindrical shell is on an 

elastic foundation in Table 6.6 and 6.7, all parameters of shells are same as given in 

Table 6.5 but value of = 0 and  in Table 6.6. In this case the frequency 

increases rapidly with increasing values of the circumferential wave number n as 

compared with the frequency when G  = 0, K . It means that the influence 

of is more than that of 

71.5 10×

K 71.5 10G = ×

71.5 10= ×

G K  on the shell frequencies. The frequency decreases with 

increasing values of the exponential volume fraction law but lies between the 
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frequencies of pure stainless steel and pure nickel. In Table 6.7, the variation of 

natural frequencies (Hz) against the circumferential wave number n is given when 

both  and G  are non-zero. The frequency increases rapidly with increasing value 

of circumferential wave number n. It decreases with increasing values of the 

exponential volume fraction law but lies between values of frequencies of pure 

stainless steel and nickel.          

K

In Tables 6.8-6.10, the variation of natural frequencies (Hz) against the 

circumferential wave number n is given for type II FG cylindrical shell on elastic 

foundation. Shell parameters are given in respective tables. It is seen that the 

frequency increases with increasing value of the circumferential wave number n. The 

frequency also increases with increasing values of the exponential volume fraction 

law but lies within values of the frequencies of pure stainless steel and nickel. The 

influence of G  is more than that of , seen from tables. In Tables 6.11 - 6.13, the 

variation of natural frequencies (Hz) against the circumferential wave number n of 

type I FG fluid-filled cylindrical shells on elastic foundations is given and parameters 

are given in above mentioned tables. In Table 6.11, G = 0 and . K = 0 

and  in Table 6.12 and ,  in Table 6.13. In 

Table 6.11, it is observed that the frequency increases with increasing values of the 

circumferential wave number n and decreases very slowly with increasing values of 

the exponential volume fraction law. The frequency of FGM lies within the frequency 

of pure stainless steel and pure nickel when FGM fluid- filled cylindrical shell is on 

an elastic foundation. Another very important observation is that the frequency of 

fluid-filled FG cylindrical shells is much less than that of empty FG cylindrical shells 

on an elastic foundation. Tables 6.12 and 6.13 also show that the influence of G  is 

more than that of when fluid-filled FG cylindrical shells are on an elastic 

foundation. The frequency increases with increasing values of K  and G . In Tables 

6.14 - 6.16, variation of natural frequencies (Hz) against the circumferential wave 

number n of type II fluid-filled FG cylindrical shells on elastic foundation is given. 

Values of the Pasternak and Winkler foundation are taken: G = 0,  in 

Table 6.14,  and 

K

71.5 10K = ×
71.5 10= ×G = ×71.5 10K = × 71.5 10G

K

71.5 10K = ×
71.5 10G = × K = 0 in Table 6.15 and G ,  in 

Table 6.16. It is seen that the frequency increases with increasing values of the 

circumferential wave number n. The frequency increases with increasing values of the 

exponential volume fraction law but lies within frequencies of pure stainless steel and 

71.5 10= × 71.5 10K = ×

 112



nickel. These three tables show that the influence of the Pasternak foundation is more 

than that of the Winkler foundation. Also it is clear that the frequency of fluid-filled 

FG cylindrical shells is much less than that of empty FG cylindrical shells on an 

elastic foundation.  

In Figs. 6.1(a) - (d) and 6.2(a) - (d), the variation of natural frequencies (Hz) of fluid-

filled isotropic as well as FGM type I &II cylindrical shells resting on elastic 

foundations are sketched against L/R ratio with shell parameters m =1,n=4,h/R=0.001, 

by keeping, the Winkler elastic modulus constant and the Pasternak 

elastic modulus G  is varied from  to  with  class interval 

respectively. Nickel and stainless steel are used in isotropic cylindrical shells whereas 

these isotropic materials are also used in the fabrication of FGM cylindrical shells as 

constituents. The influence of G  is studied in both isotropic and the FGM cylindrical 

shells and corresponds to power law exponents N =0.5 and 1.5 respectively as: 

71.5 10K = ×
71.5 10× 74.5 10× 71 10×

(i) It is observed from these figures that the natural frequencies (Hz) of these 

cylindrical shells first decrease rapidly from L/R = 5 to L/R =10, and for L/R 

>10 these frequencies decline very slowly with increasing values of L/R ratio. 

(ii) Natural frequencies of FG cylindrical shells always lies between the natural 

frequencies of isotropic cylindrical shells to which FG cylindrical shells are 

fabricated. 

(iii) By increasing the values of G , the natural frequency of all types of the 

cylindrical shells is also considerable increased. 

(iv) It is further noted that for lower values of L/R ratio say L/R < 5, the natural 

frequencies of the cylindrical shells seem to converge but for higher values of 

L/R ratio, these frequencies show diverging behaviour. 

(v) The natural frequencies of isotropic cylindrical shells made with nickel are 

low as compared to that of stainless steel isotropic cylindrical shells for small 

value of G , say .  For higher values of G  say  this order of 

natural frequencies is changed. 

71.5 10× 74.5 10×

(vi) It is further observed that for small values of G say , natural 

frequencies of type I FGM cylindrical shells with lower values of the power 

law exponent  are higher than those with higher values of . For higher 

values of G , say , the order of frequencies of the FGM shells is 

reversed. Similar and opposite behaviour of shell frequencies is observed for 

71.5 10×

N N
74.5 10×
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FGM shell type II. This means that the Pasternak modulus G directly 

influences the natural frequencies of the cylindrical shells under consideration. 

In Figs. 6.3(a) - (d) and 6.4(a) - (d), the variation of natural frequencies (Hz) of fluid-

filled isotropic as well as FGM type I &II cylindrical shells resting on elastic 

foundations are drawn with L/R ratio having shell parameters m=1,n=4,h/R=0.001, by 

keeping the Pasternak elastic modulus  while the Winkler elastic 

modulus  is varied from  to  with  class interval 

respectively. The influence of  is studied on these cylindrical shells as: 

71.5 10G = ×

K 71.5 10× 74.5 10× 71 10×

K

These figures have all the properties of Figs. 6.1(a) - (d) and 6.2(a) - (d) except that 

the Winkler modulus does not affect the order of natural frequencies of isotropic as 

well as FGM cylindrical shells. 

In Figs. 6.5(a) - (d) and 6.6(a) - (d), the variation of natural frequencies (Hz) of fluid-

filled isotropic as well as FGM type I &II cylindrical shells placed on elastic 

foundations are sketched against h/R ratio with shell parameters m =1,n = 4,L/R = 20, 

by taking the Winkler elastic modulus constant and the Pasternak elastic 

modulus  is varied from  to  with class interval . The 

influence of G is studied on the natural frequencies of these cylindrical shells as: 

71.5 10K = ×

G 71.5 10× 74.5 10× 71 10×

(i) It is observed from these figures that natural frequencies (Hz) of these 

cylindrical shells decrease simultaneously from h/R = 0.002 to h/R = 0.01. 

Afterward it decreases sharply from h/R = 0.01 to 0.02, 0.025, 0.03, 0.035 in 

Figs. 6.5(a) - (d) and 6.6(a) - (d) respectively and after it these frequencies 

increase rapidly with the h/R ratio. 

(ii) It is further noted that the natural frequencies of FG cylindrical shells always 

lie between the natural frequencies of isotropic cylindrical shells to which FG 

cylindrical shells are fabricated. 

(iii) For lower values of G , natural frequencies of the all types of cylindrical 

shells with small h/R ratio are low as compared to a high h/R ratio but for 

higher values of G , this order of frequencies is reversed with the h/R ratio. 

(iv) For lower values of h/R ratio, natural frequencies of the cylindrical shells 

seem to be converged but for higher values of h/R ratio, these frequencies 

show diverging behaviour. 

(v) The natural frequencies (Hz) of isotropic cylindrical shells made with nickel 

are low as compared to that of stainless steel isotropic cylindrical shells for 
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small value of G ,say . For higher values of G  say , this 

order of natural frequencies remains the same. Similarly natural frequencies of 

FG cylindrical shells with a low value of the power law exponent say N <1 is 

higher in type I and lower in type II FGM cylindrical shells. For higher value 

of the power law exponent N , say >1, the natural frequencies are lower for 

type I and higher in type II FGM cylindrical shells. It is clear from these 

figures that the variation of G  does not affect the order of natural frequencies 

of these cylindrical shells. 

71.5 10× 74.5 10×

N

(vi) It is further noted that for increasing values of G , natural frequencies of the 

cylindrical shells also increase. This rate of increment is higher for low values 

of the h/R ratio than those of higher values of the h/R ratio. 

(vii) It is further observed that for smaller values of G , say , natural 

frequencies of type I & II FGM cylindrical shells with lower values of the h/R 

ratio are smaller than those with higher values of the h/R. For higher values of 

, say , the order of frequencies of the FGM shells is reversed. This 

means that the Pasternak modulus G  has prominent effect on the natural 

frequencies of the cylindrical shells. 

71.5 10×

G 74.5 10×

In Figs. 6.7(a) - (d) and 6.8(a) - (d), the variation of natural frequencies (Hz) of fluid-

filled isotropic as well as FGM type I & II cylindrical shells placed on elastic 

foundations are drawn with increasing values of h/R ratio having shell parameters m 

=1, n = 4,L/R = 20, considering the Pasternak elastic modulus constant 

and Winkler elastic modulus 

71.5 10G = ×

K  being varied from  to  with class 

interval . The influence of  is studied on the natural frequencies of these 

cylindrical shells as: the same behaviour is observed as in Figs. 6.5(a) - (d) and 6.6(a) 

- (d), except that the Winkler modulus K  also has no effect on the order of natural 

frequencies of isotropic as well as FGM cylindrical shells. The natural frequencies of 

cylindrical shells increased with 

71.5 10× 74.5 10×
71 10× K

K  but very slowly. The rate of increment for lower 

values of the h/R ratio is same as for higher values of the h/R ratio with increasing 

values of K . The rate of increment of natural frequencies of the cylindrical shells 

with Pasternak modulus G  is very high as compared to the Winkler modulus. 
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6.5  Conclusion 

 

In the present study, vibrational characteristics of functionally graded cylindrical 

shells filled with fluid and placed on Winkler and Pasternak elastic foundations are 

investigated. Love's thin shell theory is utilised for strain-displacement and curvature 

displacement relationships. Shell dynamical equations are solved by using a wave 

propagation approach. Natural frequencies for both empty and fluid-filled 

functionally graded cylindrical shells based on elastic foundations are determined 

for simply supported boundary conditions and compared to validate the present 

technique. Results obtained are in good agreement with previous studies. It is seen 

that the frequencies of the cylindrical shells are greatly affected much when the 

shells are filled with fluid, placed on elastic foundations and structured with 

functionally graded materials. The frequency of the fluid-filled functionally graded 

cylindrical shell is much less than that of empty functionally graded cylindrical shell 

based on elastic foundations. The influence of the Pasternak foundation is more 

pronounced than that of the Winkler modulus. 
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Table 6.1 Comparison of frequency parameter 2(1- ) /R EΩ =ω υ ρ  
                 for a simply-supported isotropic cylindrical shell 
                 ( 1, / 20, / 0.01, 0.3)m L R h R= = = =υ  

n Loy et al. [63] Present 
1 0.016102 0.016101 
2 0.009387 0.009377 
3 0.022108 0.022103 
4 0.042096 0.042094 
5 0.068008 0.068007 
6 0.099730 0.099729 
7 0.137239 0.137238 
8 0.180527 0.180527 
9 0.229594 0.229593 
10 0.284435 0.284435 

 
 
Table 6.2 Comparison of frequency parameter 2(1 ) /R EΩ = −ω υ ρ  
                 for an isotropic cylindrical shell with simply supported  
                 boundary condition ( 1, / 20,m L R )= =  

h/R n Loy et al. [26] Present 
0.05 0 0.09295 0.092968 

 1 0.01610 0.016102 
 2 0.03930 0.039271 
 3 0.109824 0.109811 
 4 0.210284 0.210277 
    

0.002 0 0.09293 0.092929 
 1 0.016101 0.016101 
 2 0.005453 0.005452 
 3 0.005042 0.005041 
 4 0.008534 0.008533 

 
 
Table 6.3 Comparison of natural frequency for a  simply-supported type I FGM                  
                 cylindrical shell ( 1, / 20, / 0.002, 0.3)m L R h R= = = =υ  

N  = 0.5 N = 2 N =15 
n Loy et al. 

[63] Present Loy et al. 
[63] Present Loy et al. 

[63] Present 

1 13.321 13.321 13.103 13.103 12.933 12.933 
2 4.5168 4.5162 4.4435 4.4433 4.3834 4.3829 
3 4.1911 4.1903 4.1235 4.1233 4.0653 4.0646 
4 7.0972 7.0967 6.9820 6.9819 6.8856 6.8851 
5 11.336 11.335 11.151 11.151 10.999 10.998 
6 16.594 16.594 16.323 16.323 16.101 16.101 
7 22.826 22.826 22.454 22.454 22.148 22.148 
8 30.023 30.022 29.533 29.533 29.132 29.132 
9 38.181 38.181 37.559 37.559 37.048 37.048 
10 47.301 47.301 46.529 46.529 45.897 45.897 
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Table 6.4 Comparison of natural frequency for a simply-supported type II FGM                  
                 cylindrical shell ( 1, / 20, / 0.002, 0.3)m L R h R= = = =υ  

N = 0.5 N = 2 N =15 
n Loy et al. 

[63] Present Loy et al. 
[63] Present Loy et al. 

[63] Present 

1 13.103 13.103 13.321 13.321 13.505 13.504 
2 4.4382 4.4376 4.5114 4.5104 4.5759 4.5754 
3 4.1152 4.1145 4.1827 4.1813 4.2451 4.2443 
4 6.9754 6.9749 7.0905 7.0897 7.1943 7.1938 
5 11.145 11.144 11.329 11.329 11.494 11.493 
6 16.317 16.317 16.587 16.587 16.827 16.826 
7 22.447 22.446 22.854 22.818 23.147 23.147 
8 29.524 29.524 30.014 30.013 30.446 30.446 
9 37.548 37.548 38.171 38.170 38.720 38.720 
10 46.517 46.516 47.288 47.288 47.968 47.968 

 
 
Table 6.5 Variation of natural frequencies (Hz) against circumferential wave             
                 number  of an empty FG cylindrical shell on elastic foundation  n
                 (G = 0,  K = ) Type I 71.5 10× ( 1, / 0.002, / 20)m h R L R= = =  

n 0ssN =  0NiN =  0.5N = 1N =  2N = 5N = 15N =  30N =
1 107.24 102.72 105.66 104.91 104.16 103.43 102.98 102.85 
2 136.27 130.53 134.27 133.31 132.36 131.44 130.87 130.71 
3 144.71 138.61 142.58 141.56 140.55 139.57 138.97 138.79 
4 148.13 141.88 145.95 144.91 143.88 142.87 142.25 142.07 
5 150.00 143.67 147.80 146.73 145.69 144.67 144.05 143.86 
6 151.39 144.99 149.17 148.09 147.04 146.01 145.38 145.19 
7 152.77 146.30 150.52 149.43 148.37 147.33 146.69 146.50 
8 154.40 147.85 152.12 151.02 149.94 148.89 148.24 148.05 
9 156.50 149.82 154.17 153.05 151.96 150.89 150.22 150.03 
10 159.23 152.39 156.85 155.70 154.58 153.49 152.81 152.61 

 
 
Table 6.6 Variation of natural frequencies (Hz) against circumferential wave 

     number of an empty FG cylindrical shell on elastic foundation  n
     (G = , 71.5 10× K = 0) Type I ( 1, / 0.002, / 20)m h R L R= = =  

n 0ssN =  0NiN =  0.5N = 1N =  2N = 5N = 15N =  30N =
1 108.52 103.94 106.93 106.16 105.41 104.67 104.21 104.08 
2 272.69 261.20 268.69 266.76 264.87 263.01 261.87 261.55 
3 433.95 415.66 427.58 424.51 421.49 418.55 416.73 416.21 
4 591.79 566.85 583.11 578.92 574.81 570.79 568.32 567.61 
5 747.79 716.28 736.83 731.52 726.34 721.25 718.13 717.24 
6 902.76 864.72 889.53 883.13 876.86 870.73 866.96 865.88 
7 1057.1 1012.6 1041.6 1034.13 1026.8 1019.6 1015.2 1013.9 
8 1211.1 1160.1 1193.3 1184.7 1176.3 1168.1 1163.1 1161.6 
9 1364.8 1307.3 1344.8 1335.1 1325.7 1316.4 1310.7 1309.1 
10 1518.4 1454.4 1496.1 1485.4 1474.8 1464.5 1458.2 1456.3 
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Table 6.7 Variation of natural frequencies (Hz) against circumferential wave 
     number  of an empty FG cylindrical shell on elastic foundation  n
     (G = ,  = ) Type I (71.5 10× K 71.5 10× 1, / 0.002, / 20)m h R L R= = =  

n 0ssN =  0NiN =  0.5N = 1N =  2N = 5N = 15N =  30N =
1 151.25 144.86 149.02 147.95 146.89 145.87 145.23 145.05 
2 304.47 291.63 300.00 297.84 295.73 293.66 292.38 292.02 
3 457.28 438.00 450.57 447.33 444.15 441.04 439.14 438.58 
4 609.94 584.23 600.99 596.67 592.43 588.29 585.74 585.01 
5 762.56 730.43 751.38 745.97 740.68 735.50 732.32 731.40 
6 915.19 876.63 901.77 895.28 888.93 882.71 878.89 877.79 
7 1067.8 1022.8 1052.2 1044.6 1037.2 1029.9 1025.5 1024.2 
8 1220.5 1169.1 1202.6 1193.9 1185.5 1177.2 1172.1 1170.6 
9 1373.2 1315.3 1353.1 1343.3 1333.8 1324.5 1318.7 1317.1 
10 1525.9 1461.6 1503.6 1492.7 1482.2 1471.8 1465.4 1463.6 

 
 
Table 6.8 Variation of natural frequencies (Hz) against circumferential wave 
                 number  of an empty FG cylindrical shell on elastic foundation  n
                 (G = 0, K = ) Type II 71.5 10× ( 1, / 0.002, / 20)m h R L R= = =  

n 0ssN =  0NiN =  0.5N = 1N =  2N = 5N = 15N =  30N =
1 107.24 102.72 104.16 104.91 105.67 106.45 106.94 107.09 
2 136.27 130.53 132.36 133.31 134.28 135.26 135.89 136.08 
3 144.71 138.61 140.55 141.56 142.58 143.63 144.30 144.49 
4 148.13 141.88 143.88 144.91 145.96 147.03 147.71 147.91 
5 150.00 143.67 145.69 146.74 147.80 148.88 149.58 149.78 
6 151.39 144.99 147.04 148.09 149.17 150.27 150.96 151.17 
7 152.77 146.30 148.37 149.43 150.52 151.63 152.34 152.54 
8 154.40 147.85 149.94 151.02 152.12 153.24 153.96 154.17 
9 156.50 149.82 151.95 153.05 154.17 155.31 156.05 156.26 
10 159.23 152.39 154.58 155.70 156.84 158.01 158.76 158.98 

 
 
Table 6.9 Variation of natural frequencies (Hz) against circumferential wave 

     number  of an empty FG cylindrical shell on elastic foundation     n
     (G = ,  = 0) Type II 71.5 10× K ( 1, / 0.002, / 20m h R L R )= = =  

n 0ssN =  0NiN =  0.5N = 1N =  2N = 5N = 15N =  30N =
1 108.52 103.94 105.40 106.16 106.93 107.72 108.20 108.36 
2 272.69 261.20 264.87 266.76 268.69 270.67 271.93 272.30 
3 433.95 415.66 421.49 424.51 427.59 430.73 432.73 433.32 
4 591.79 566.85 574.81 578.92 583.12 587.41 590.13 590.93 
5 747.79 716.28 726.34 731.53 736.83 742.25 745.70 746.71 
6 902.76 864.72 876.86 883.13 889.53 896.07 900.23 901.45 
7 1057.1 1012.6 1026.8 1034.1 1041.6 1049.3 1054.1 1055.6 
8 1211.1 1160.1 1176.3 1184.7 1193.3 1202.1 1207.7 1209.3 
9 1364.8 1307.3 1325.7 1335.1 1344.8 1354.7 1361.0 1362.8 
10 1518.4 1454.4 1474.8 1485.4 1496.1 1507.1 1514.1 1516.2 
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Table 6.10 Variation of natural frequencies (Hz) against circumferential wave   
                   number  of an empty FG cylindrical shell on elastic foundation  n
                   (G = , = )Type II (71.5 10× K 71.5 10× 1, / 0.002, / 20)m h R L R= = =  

n 0ssN =  0NiN =  0.5N = 1N =  2N = 5N = 15N =  30N =
1 151.25 144.86 146.89 147.95 149.02 150.12 150.82 151.03 
2 304.47 291.63 295.73 297.84 300.00 302.21 303.62 304.03 
3 457.28 438.00 444.15 447.33 450.57 453.89 455.99 456.61 
4 609.94 584.23 592.44 596.67 600.99 605.42 608.23 609.05 
5 762.56 730.43 740.69 745.98 751.39 756.91 760.43 761.46 
6 915.19 876.63 888.94 895.29 901.78 908.41 912.63 913.86 
7 1067.8 1022.8 1037.2 1044.6 1052.2 1059.9 1064.8 1066.3 
8 1220.5 1169.1 1185.5 1193.9 1202.6 1211.4 1217.1 1218.7 
9 1373.2 1315.3 1333.8 1343.3 1353.1 1363.0 1369.4 1371.2 
10 1525.9 1461.6 1482.2 1492.7 1503.6 1514.6 1521.7 1523.7 

 
 
Table 6.11 Variation of natural frequencies (Hz) against circumferential wave   
                   number of fluid-filled FG cylindrical shell on elastic foundation  n
                   (G = 0, K = )Type I 71.5 10× ( 1, / 0.002, / 20)m h R L R= = =  

n 0ssN =  0NiN =  0.5N = 1N =  2N = 5N = 15N =  30N =
1 19.244 19.217 19.234 19.230 19.226 19.221 19.219 19.218 
2 26.987 26.941 26.972 26.964 26.957 26.949 26.944 26.943 
3 32.863 32.788 32.837 32.825 32.813 32.800 32.792 32.790 
4 37.722 37.613 37.685 37.667 37.649 37.631 37.620 37.616 
5 41.954 41.806 41.903 41.879 41.855 41.721 41.815 41.811 
6 45.784 45.592 45.716 45.685 45.654 45.623 45.604 45.598 
7 49.369 49.129 49.282 49.243 49.205 49.167 49.143 49.137 
8 52.841 52.547 52.730 52.684 52.638 52.592 52.564 52.557 
9 56.318 55.962 56.177 56.123 56.069 56.015 55.982 55.975 
10 59.911 59.484 59.735 59.672 59.609 59.546 59.507 59.500 

 
 
Table 6.12 Variation of natural frequencies (Hz) against circumferential wave   
                   number of fluid-filled FG cylindrical shell on elastic foundation  n
                   (G = ,  =0)Type I 71.5 10× K ( 1, / 0.002, / 20)m h R L R= = =  

n 0ssN =  0NiN =  0.5N = 1N =  2N = 5N = 15N =  30N =
1 19.476 19.448 19.467 19.462 19.458 19.454 19.451 19.450 
2 53.996 53.915 53.969 53.956 53.942 53.929 53.920 53.918 
3 98.356 98.161 98.292 98.260 98.227 98.194 98.173 98.168 
4 150.25 149.87 150.12 150.06 150.00 149.93 149.89 149.88 
5 208.41 207.76 208.19 208.08 207.98 207.87 207.80 207.78 
6 271.95 270.94 271.61 271.45 271.28 271.11 271.01 270.97 
7 340.22 338.77 339.74 339.50 339.26 339.01 338.86 338.82 
8 412.72 410.73 412.06 411.73 411.40 411.07 410.86 410.80 
9 489.04 486.42 488.16 487.73 487.29 486.86 486.58 486.51 
10 568.83 565.49 567.71 567.16 566.60 566.05 565.70 565.59 
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Table 6.13 Variation of natural frequencies (Hz) against circumferential wave   
                   number of fluid-filled FG cylindrical shell on elastic foundation  n
                   (G = ,  = )Type I 71.5 10× K 71.5 10× ( 1, / 0.002, / 20)m h R L R= = =  

n 0ssN =  0NiN =  0.5N = 1N =  2N = 5N = 15N =  30N =
1 27.235 27.201 27.224 27.218 27.213 27.207 27.203 27.202 
2 60.286 60.199 60.257 60.243 60.228 60.214 60.205 60.202 
3 103.62 103.41 103.55 103.51 103.48 103.45 103.42 103.42 
4 154.83 154.44 154.70 154.63 154.57 154.50 154.46 154.45 
5 212.49 211.83 212.27 212.16 212.05 211.94 211.87 211.85 
6 275.66 274.65 275.32 275.15 274.98 274.81 274.71 274.68 
7 343.64 342.18 343.15 342.91 342.67 342.42 342.27 342.22 
8 415.90 413.90 415.23 414.90 414.57 414.23 414.03 413.96 
9 492.02 489.39 491.14 490.70 490.26 489.82 489.55 489.47 
10 571.64 568.28 570.52 569.95 569.39 568.84 568.49 568.39 

 
 
Table 6.14 Variation of natural frequencies (Hz) against circumferential wave   
                   number of fluid-filled FG cylindrical shell on elastic foundation  n
                    G = 0, K  = )Type II 71.5 10× ( 1, / 0.002, / 20m h R L R )= = =  

n 0ssN =  0NiN =  0.5N = 1N =  2N = 5N = 15N =  30N =
1 19.244 19.217 19.226 19.231 19.235 19.240 19.243 19.244 
2 26.987 26.941 26.957 26.965 26.972 26.980 26.985 26.986 
3 32.863 32.788 32.813 32.825 32.838 32.850 32.858 32.860 
4 37.722 37.613 37.649 37.667 37.686 37.704 37.715 37.719 
5 41.954 41.806 41.856 41.880 41.905 41.929 41.945 41.949 
6 45.784 45.592 45.656 45.688 45.719 45.751 45.771 45.777 
7 49.369 49.129 49.209 49.249 49.288 49.327 49.353 49.361 
8 52.841 52.547 52.645 52.693 52.741 52.789 52.821 52.831 
9 56.318 55.962 56.081 56.139 56.196 56.254 56.293 56.305 
10 59.911 59.484 59.627 59.696 59.764 59.833 59.880 59.895 

 
 
Table 6.15 Variation of natural frequencies (Hz) against circumferential wave   
                   number of fluid-filled FG cylindrical shell on elastic foundation  n
                   (G = ,  = 0)Type II 71.5 10× K ( 1, / 0.002, / 20m h R L R )= = =  

n 0ssN =  0NiN =  0.5N = 1N =  2N = 5N = 15N =  30N =
1 19.476 19.448 19.458 19.462 19.467 19.471 19.474 19.745 
2 53.996 53.915 53.942 53.956 53.969 53.983 53.991 53.994 
3 98.356 98.161 98.227 98.259 98.292 98.324 98.344 98.350 
4 150.25 149.87 150.00 150.06 150.13 150.19 150.23 150.24 
5 208.41 207.76 207.98 208.08 208.19 208.30 208.37 208.39 
6 271.95 270.94 271.28 271.45 271.61 271.78 271.88 271.91 
7 340.22 338.77 339.25 339.50 339.74 339.98 340.13 340.17 
8 412.72 410.73 411.40 411.73 412.06 412.39 412.60 412.66 
9 489.04 486.42 487.29 487.73 488.16 488.60 488.87 488.95 
10 568.83 565.49 566.02 567.16 567.71 568.28 568.62 568.73 
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Table 6.16 Variation of natural frequencies (Hz) against circumferential wave   
                   number of fluid-filled FG cylindrical shell on elastic foundation  n
                   (G = , = )Type II (71.5 10× K 71.5 10× 1, / 0.002, / 20)m h R L R= = =  

n 0ssN =  0NiN =  0.5N = 1N =  2N = 5N = 15N =  30N =
1 27.235 27.201 27.213 27.218 27.224 27.230 27.233 27.234 
2 60.286 60.199 60.229 60.243 60.257 60.272 60.281 60.283 
3 103.62 103.41 103.48 103.52 103.55 103.58 103.60 103.61 
4 154.83 154.44 154.57 154.64 154.70 154.76 154.80 154.82 
5 212.49 211.83 212.06 212.17 212.27 212.38 212.45 212.47 
6 275.66 274.65 274.98 275.15 275.32 275.49 275.60 275.63 
7 343.64 342.18 342.67 342.91 343.15 343.40 343.55 343.59 
8 415.90 413.90 414.57 414.90 415.23 415.57 415.77 415.84 
9 492.02 489.39 490.26 490.70 491.14 491.58 491.85 491.93 
10 571.64 568.28 569.40 569.96 570.52 571.08 571.43 571.53 
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Fig. 6.1(a). Variation of natural frequencies (Hz) of fluid filled type I cylindrical 
shells with L/R ratio on elastic foundations for m=1, n=4, h/R=0.001 ,
K=1.5e+7, G=1.5e+7
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Fig. 6.1(b). Variation of natural frequencies (Hz) of fluid filled type I
cylindrical shells with L/R ratio on elastic foundations for m=1, n=4, 
h/R=0.001 , K=1.5e+7, G=2.5e+7
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Fig. 6.1(c). Variation of natural frequencies (Hz) of fluid filled type I
cylindrical shells with L/R  ratio on elastic foundations for m=1, n=4, 
h/R=0.001 , K=1.5e+7, G=3.5e+7
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Fig. 6.1(d). Variation of natural frequencies (Hz) of fluid filled type I
cylindrical shells with L/R  ratio on elastic foundations for m=1, n=4, 
h/R=0.001 , K=1.5e+7, G=4.5e+7
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Fig. 6.2(a). Variation of natural frequenceis (Hz) of fluid filled type II 
cylindrical shells with L/R ratio on elastic foundations for m=1, n=4,
h/R=0.001 , K=1.5e+7, G=1.5e+7
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Fig. 6.2(b). Variation of natural frequencies (Hz) of fluid filled type II 
cylindrical shells with L/R ratio on elastic foundations for m=1, n=4,
h/R=0.001 , K=1.5e+7, G=2.5e+7
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Fig. 6.2(c) Variation of natural frequencies (Hz) of fluid filled type II cylindrical 
shells with L/R ratio on elastic foundations for m=1, n=4, h/R=0.001,  
K=1.5e+7, G=3.5e+7
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Fig. 6.2(d) Variation of natural frequencies (Hz) of fluid filled type II cylindrical 
shells with L/R ratio on elastic foundations for m=1, n=4, h/R=0.001,
K=1.5e+7, G=4.5e+7
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Fig. 6.3(a). Variation of natural frequencies (Hz) type I fluid-filled cylindrical 
shells with L/R ratio on elstic foundations for m=1, n=4, h/R=0.001 ,
G=1.5e+7, K=1.5e+7
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Fig. 6.3(b). Variation of natural frequencies (Hz) of type I fluid filled cylindrical 
shells with L/R ratio on elastic foundations for m=1, n=4, h/R=0.001 ,
G=1.5e+7, K=2.5e+7
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Fig. 6.3(c). Variation of natural frequencies (Hz) of fluid filled type I
cylindrical shells with L/R  ratio on elastic foundations for m=1, n=4, 
h/R=0.001,  G=1.5e+7, K=3.5e+7
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Fig. 6.3(d). Variation of natural frequencies (Hz) of fluid-filled type I 
cylindrical shells with L/R ratio on elastic founations for m=1, n=4,
h/R=0.001 , G=1.5e+7, K=4.5e+7

165.2

165.4

165.6

165.8

166

166.2

166.4

5 10 15 20 25 30 35 40

L/R

N
at

ur
al

 fr
eq

ue
nc

ie
s (

H
z)

Nickel (Isotropic)
Stainless steel (Isotropic)
N=0.5 (FGM)
N=1 (FGM)
N=5 (FGM)

 

 128



Fig. 6.4(a) Variation of natural frequencies (Hz) of fluid filled type II
cylindrical shells with L/R  ratio on elastic foundations for m=1, n=4, 
h/R=0.001 , G=1.5e+7, K=1.5e+7

156.4

156.6

156.8

157

157.2

157.4

157.6

157.8

5 10 15 20 25 30 35 40

L/R

N
at

ur
al

 fr
eq

ue
ci

es
 (H

z)
Nickel (Isotropic)
Stainless steel (Isotropic)
N=0.5 (FGM)
N=1 (FGM)
N=5 (FGM)

Fig. 6.4(b) Variation of natural frequencies (Hz) of fluid filled type II cylindrical 
shells with L/R ratio on elastic foundations for m=1, n=4, h/R=0.001 ,
G=1.5e+7, K=2.5e+7 
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Fig. 6.4(c) Variation of natural frequencies (Hz) of fluid filled type II cylindrical
shells with L/R  ratio on elastic founations for m=1, n=4, h/R=0.001,  G=1.5e+7, 
K=3.5e+7
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Fig. 6.4(d) Variation of natural frequencies (Hz) of fluid filled type II cylindircal 
shells with L/R ratio on elastic foundations for m=1, n=4, h/R=0.001 ,
G=1.5e+7, K=4.5e+7
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Fig. 6.5(a). Variation of natural frequencies (Hz) of fluid filled type I
cylindrical shells with h/R  ratio on elastic foundations for m=1, n=4, L/R=20 , 
K=1.5e+7, G=1.5e+7
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Fig. 6.5(b). Variation of natural frequencies (Hz) of fluid filled type I
cylindrical shells with h/R  ratio on elastic foundations for m=1, n=4, L/R=20 , 
K=1.5e+7, G=2.5e+7
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Fig. 6.5(c). Variation of natural frquencies (Hz) of fluid filled type I cylindrical 
shells with h/R ratio on elastic foundations for m=1, n=4, L/R=20 , K=1.5e+7,
G=3.5e+7
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Fig. 6.5(d). Variation of nautural frequencies (Hz) of fluid filled type I
cylindrical shells with h/R  ratio on elastic foundations for m=1, n=4, L/R=20 ,  
K=1.5e+7, G=4.5e+7
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Fig. 6.6(a) Variation of natural frequencies (Hz) of fluid filled type II
cylindrical shells with h/R  ratio on elastic foundations for m=1, n=4, L/R=20 , 
K=1.5e+7, G=1.5e+7
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Fig. 6.6(b) Variation of natural frequencies (Hz) of fluid filled type II cylindrical 
shells with h/R ratio on elastic foundations for m=1, n=4, L/R=20 , K=1.5e+7,
G=2.5e+7
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Fig. 6.6(c) Variation of natural frequencies (Hz) of fluid filled type II cylincdrical 
shells with h/R ratio on elastic foundations for m=1, n=4, L/R=20 , K=1.5e+7,
G=3.5e+7
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Fig. 6.6(d) Variation of natural frequencies (Hz) of fluid filled type II cylindrical 
shells with h/R ratio on elastic foundations for m=1, n=4, L/R=20 , K=1.5e+7,
G=4.5e+7
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Fig. 6.7(a). Variation of natural frequencies (Hz) of fluid filled type I cylindrical 
shells with h/R ratio on elastic foundations for m=1, n=4, L/R=20, G=1.5e+7,
K=1.5e+7

125

130

135

140

145

150

155

160

165

170

175

0.002 0.004 0.006 0.008 0.01 0.02 0.03 0.04 0.05

h/R

N
at

ur
al

 fr
eq

ue
nc

ie
s (

H
z)

Nickel (Isotropic)
Stainless steel (Isotropic)
N=0.5 (FGM)
N=1 (FGM)
N=5 (FGM)

 

Fig. 6.7(b). Variation of natural frquencies (Hz) of fluid filled type I cylindrical
shells with h/R  ratio on elastic foundations for m=1, n=4, L/R=20 , G=1.5e+7, 
K=2.5e+7
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Fig. 6.7(c). Variation of natural frequecies (Hz) of fluid filled type I
cylindrical shells with h/R ratio on elastic founations for m=1, n=4, L/R=20 , 
G=1.5e+7, K=3.5e+7
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Fig. 6.7(d). Variation of natural frequencies (Hz) of fluid filled type I cylindrical 
shells with h/R  ratio on elastic foundations for m=1, n=4, L/R=20 , G=1.5e+7, 
K=4.5e+7
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Fig. 6.8(a) Variation of natural frequenceis (Hz) of fluid filled type II
cylindrical shells with h/R  ratio on elastic foundations for m=1, n=4, L/R=20,  
G=1.5e+7, K=1.5e+7
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Fig. 6.8(b) Varitation of natural frequencies (Hz) of fluid filled type II
cylindrical shells with h/R  ratio on elastic foundations for m=1, n=4, L/R=20 , 
G=1.5e+7, K=2.5e+7
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Fig. 6.8(c) Variation of natural frequencies (Hz) of fluid filled type II
cylindrical shells with h/R  ratio on elastic foundations for m=1, n=4, L/R=20,  
G=1.5e+7, K=3.5e+7
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Fig. 6.8(d) Variation of natural frequencies (Hz) of fluid filled type II
cylindrical shells with h/R  ratio on elasitc foundations for m=1, n=4, L/R=20, 
G=1.5e+7, K=4.5e+7
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Chapter 7 
 

Concluding remarks 
     

In this dissertation, the vibration frequency analysis of thin functionally graded 

cylindrical shells has been presented with exponential variation of material 

distribution in the shell radial direction. This variation is governed by proposing an 

algebraic formula in exponential form for a constituent material of a functionally 

graded cylindrical shell. The material properties are graded in the thickness direction 

according to the volume fraction power law. The influence of the constituent volume 

fractions was investigated by varying the values of power law exponents of the 

volume fraction laws used for stainless steel and nickel. The effects of the 

functionally graded configurations on shell frequencies were analyzed by studying 

two types of functionally graded cylindrical shells. This was accomplished by 

changing the value of the power law exponent and its bases. Two types of functionally 

graded cylindrical shells were made of stainless steel and nickel. The Type I FG 

cylindrical shell had properties which varied continuously from nickel on its inner 

surface to stainless steel on its outer surface. The Type II FG cylindrical shell had 

properties which changed continuously from stainless steel on its inner surface to 

nickel on its outer surface. The analysis was performed by using Love's thin shell 

theory for the expressions of the strain-displacement and curvature-displacement 

relationships. The shell frequency equation was obtained by employing the Rayleigh-

Ritz approach for simply supported boundary conditions. The axial modal dependence 

was approximated by the circular trigonometric functions derived from the beam 

equation. A number of figures representing volume fractions and  of the 

materials M

1V 2V

1 and M2 respectively were sketched against the thickness variable z. The 

base of the exponential volume law was varied in each figure. These figures 

demonstrated that (i)  increased and  decreased with increasing z (ii)  

approached asymptotically to one whereas  became zero with an increasing base of 

the volume fraction law (iii) the behaviour of variations of  and  was opposite to 

each other with thickness variable z. 

1V 2V 1V

2V

1V 2V
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Moreover the influence of the exponential volume fraction law on the frequencies for 

Type I and Type II FG cylindrical shells was opposite by varying the bases. For Type 

I cylindrical shells, the natural frequencies decreased when the base was increased, 

whereas they increased for Type II FG cylindrical shells. Thus the bases of the 

exponential volume fraction impressed the vibration frequencies of functionally 

graded cylindrical shells.  

Secondly, the vibration characteristics of functionally graded cylindrical shells were 

analyzed based on the Winkler and Pasternak foundations. The shell equations were 

amended by inducting the modulii of the elastic foundations. The simply supported 

boundary conditions were specified at the ends of the shells. The wave propagation 

approach was used to solve the shell dynamical equations. This approach was based 

on the approximate eigenvalues of characteristic beam functions. It was simple to use 

and saved a large amount of algebraic manipulations. The influence of the elastic 

foundations on frequencies of functionally graded cylindrical shells was observed 

similar to that of an isotropic one. The influence of Pasternak foundation was more 

pronounced than that of the Winkler modulus. Moreover the vibration of cylindrical 

shells were a beam-type; that is, the frequency increased with the circumferential 

wave numbers when the modulii of the Winkler and Pasternak foundations were 

amalgamated with the shell motion equations. 

Thirdly, the vibration frequency analysis of empty as well as fluid-filled cylindrical 

shells based on elastic foundations was presented for simply supported edge 

conditions. The influence of fluid inducting the acoustic wave equation was coupled 

with the shell dynamical equations. This combination brought forth the mathematical 

linkage between solid and fluid dynamics. The wave propagation method was used to 

derive the shell frequency equation in the form of the eigenvalue problem including 

the elastic foundations and fluid loading terms. The assumed modal forms of the 

deformation functions were substituted into the shell dynamical equations and the 

terms depending on the space and time variables were eliminated. After the 

rearrangement of terms, a system of homogeneous linear algebraic equations was 

framed and was converted into the eigenvalue problem. The influence of elastic 

modulii was more pronounced on the shell frequencies. The fluid loading term 

lessened the coupled frequency up to almost half value for the empty case. Fluid and 

elastic foundation effects on the shell were significant as the coupled frequency 
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decreased almost half of its uncoupled frequency for a cylindrical shell. In the same 

way, the coupled frequency reduced a little more than half of its uncoupled frequency 

for a cylindrical shell when the shell was based on an elastic foundation. It was 

observed that when the Pasternak foundation G was made zero, frequencies of empty 

as well as fluid-filled cylindrical shells first decreased rapidly up to the value of n = 7 

and then increased afterward for all values of the Winkler foundation K. In this case, 

the frequency for fluid-filled cylindrical shells was much less than that of empty 

cylindrical shells. When both elastic foundations K and G were non-zero, the 

frequencies of empty as well as fluid-filled cylindrical shells increased but the 

frequency of fluid-filled cylindrical shells was much less than that of empty 

cylindrical shells. Thus both K and G affected the shell frequencies but the influence 

of G was higher than that of K.  

Next, this work was extended for functionally graded cylindrical shells filled with fluid 

and resting on Winkler and Pasternak foundations. The vibration frequency analysis of 

empty as well as fluid-filled FGM cylindrical shells based on elastic foundations 

was presented for simply supported boundary conditions. The influence of elastic 

modulii was more prominent on the shell frequencies of functionally graded 

cylindrical shell as in the case of isotropic cylindrical shell. The frequency of the 

fluid-filled functionally graded cylindrical shell was much less than that of empty 

functionally graded cylindrical shell based on elastic foundations.  

The influence of K was studied on the natural frequencies of these cylindrical shells. 

The Winkler modulus K had no effect on the order of natural frequencies of isotropic 

as well as functionally graded cylindrical shells. Natural frequencies of cylindrical 

shells increased with K but very slowly. The rate of increment for lower values of the 

h/R ratio is same as for higher values of the h/R ratio with increasing values of K. The 

rate of increment of natural frequencies of the cylindrical shells with Pasternak 

modulus G was very high as compared to the Winkler modulus. 

The present analysis is based on the employment of wave propagation approach. The 

approach is very simple and yields accurate results. This can be applied to investigate 

various dynamical aspects such as buckling and other configurations of cylindrical 

shells fabricated from different materials. These configurations can be rested on 

elastic foundations. Also aspects of submerged cylindrical shells based on elastic 

foundations can be studied by using wave propagation. The solution of shell 
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dynamical equations implicating elastic foundations and fluid can be found by other 

numerical techniques which have not been tried for this purpose. 
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Abstract In this paper, the influence of an exponential volume fraction law on the
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properties in the shell thickness direction are graded in accordance with the exponential
law. Expressions for the strain-displacement and curvature-displacement relationships
are taken from Love’s thin shell theory. The Rayleigh-Ritz approach is used to derive the
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Introduction

Many applications of circular cylindrical shells are found in engineering and industry fields,
such as civil engineering, mechanical engineering, and aerospace engineering. They are mostly
used as load-bearing structures for aircrafts, buildings, and ships. Prior to their applications,
their dynamic features, such as vibration, buckling, and stability, are analyzed theoretically.
This avoids the future risks for their practical uses. Love’s thin shell theory[1] is regarded as the
first one properly based on Kirchhof’s assumptions for plates and beams. A collation of shell
theories can be found in the books of Leissa[2], Blevins[3], and Markus[4]. These theories are the
improvement of Love’s shell theory. Arnold and Warburton[5] did some pioneering work on the
vibration characteristics of cylindrical shells. Best reviews on the shell vibration characteristics
have been given in Ref. [2-4].

Different types of materials are utilized in constructing shells. Functionally graded mate-
rials (FGMs) have been widely used in various fields including electronics, chemistry, optics,
biomedicine, etc. The concept of fabricating FGMs was first introduced as a means of prepar-
ing thermal barrier materials by a group of material scientists[6-7] in Japan in 1984. FGMs are
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made by combining different materials with powder metallurgy methods. They have been used
to structure the dynamical elements, such as beams, plates, and shells to study their vibra-
tory response. A number of references on this work are cited, such as Loy et al.[8], Pradhan
et al.[9], Ying et al.[10], Sheng and Wang[11], Li et al.[12], Chen et al.[13], and Najafizadeh and
Isvandzibaei[14].

FGMs can be used to make cylindrical shells suit the environment of an application. Loy
et al.[8] studied the spectra of the natural frequencies of functionally graded cylindrical shells for
various geometrical parameters. They presented that the influence of the material distribution
is controlled by the volume fraction law. Pradhan et al.[9] presented an analysis of vibration
characteristics of functionally graded cylindrical shells for various end conditions. The axial
modal dependence was approximated by the beam characteristic functions. Najafizadeh and
Isvandzibaei[14] studied the vibration of functionally graded shells based on the higher-order
shear deformation plate theory with ring support. Arshad et al.[15] presented a frequency
analysis of FGM cylindrical shells with various volume fraction laws.

In FGMs, the material distribution is governed by the volume fraction law and varied radi-
ally in a functionally graded cylindrical shell for a constituent material. This leads to continuous
change in the composition of the shell and results in gradients in the mechanical and thermal
properties. In Refs. [8-9], the volume fraction law is assumed in the algebraic polynomial form
where the exponent varies from zero to infinity. This variation of the values of the volume
fraction exponents influences the shell frequency. In Ref. [15], the frequency analysis is per-
formed by assuming mathematically different forms of the volume fraction law, and their effect
on the frequency spectra is investigated. This presents a continuous variation of the natural
frequencies of a cylindrical shell with the changing values of the volume fraction exponents.

In the present study, the vibration frequency analysis is carried out by proposing a volume
fraction law in a general exponential form. The effects of the base of the law are examined
on the shell vibration characteristics by varying the base. The analysis is carried out by using
the Rayliegh-Ritz approach for the simply supported boundary conditions. The validity and
accuracy of the present technique is checked by the comparisons of the present results and the
previous ones found in the literature.

1 Mathematical formulation

Consider a thin-walled circular cylindrical shell having the mean radius R, length L, and
thickness h as the geometrical parameters as shown in Fig. 1. The material parameters are
Young’s modulus E, the Poisson ratio ν, and the mass density ρ. An orthogonal coordinate
system (x, θ, z) is assumed to be established at the mid surface of the shell, where x, θ,
and z represent the axial, circumferential, and radial components, respectively. The axial,
circumferential, and radial displacement deformations are denoted by u, v, and w, respectively,
with regard to the shell mid surface. For a vibrating thin cylindrical shell, the strain energy is
expressed as

S =
1
2

∫ L

0

∫ 2π

0

[A11e
2
11 +A22e

2
22 + 2A12e11e22 +A66e

2
12 + 2B11e11k11

+ 2B12(e11k22 + e22k11) + 2B22e22k22 + 2B66e12k12 +D11k
2
11

+D22k
2
22 + 2D12k11k22 +D66k

2
12]Rdθdx, (1)

where e11, e22, and e12 are the reference surface strains, κ11, κ22, and κ12 are the surface
curvatures, and Aij , Bij , and Dij (i, j = 1, 2, and 6) are the membrane, coupling, and flexural
stiffnesses defined as

{Aij , Bij , Dij} =
∫ h/2

−h/2

Qij

{
1, z, z2

}
dz. (2)
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Fig. 1 Geometry of a circular cylindrical shell

For isotropic materials, the reduced stiffnesses Qij (i, j = 1, 2, and 6) are defined as

Q11 = Q22 =
E

1 − ν2
, Q12 =

νE

1 − ν2
, Q66 =

E

2(1 + ν)
. (3)

In the present study, the shell is assumed to be thin, and the thickness parameter (R/h) is
supposed to be less than 20. For this assumption, Love’s first-order shell theory[1] is used for
the relationships of the strain-displacement and the curvature-displacement. They are written
for a cylindrical shell as

{e11, e22, e12} =
{
−∂u
∂x
,− 1

R
(
∂v

∂θ
+ w),−(

∂v

∂x
+

1
R

∂u

∂θ
)
}
, (4)

and

{κ11, κ22, κ12} =
{
−∂

2w

∂x2
,− 1

R2
(
∂2w

∂θ2
− ∂v

∂θ
),− 1

R
(
∂2w

∂x∂θ
− ∂v

∂x
)
}
. (5)

Substituting the expressions for the surface strains e11, e22, and e12 and the curvatures κ11,
κ22, and κ12 from the relationships (4) and (5) yields the shell strain energy described by the
following expression:

S =
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Without the rotatory inertia, the kinetic energy for a thin-walled cylindrical shell is given by

T =
1
2

∫ L

0

∫ 2π

0

ρT

[(
∂u

∂t

)2

+
(
∂v

∂t

)2

+
(
∂w

∂t

)2
]
Rdθdx. (7)

Here, t denotes the time, and ρT is the mass density per unit length defined as

ρT =
∫ h/2

−h/2

ρdz, (8)
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where ρ is the mass density.
The energy functional F is defined by the Lagrange function as

F = T − S. (9)

2 Solution procedure

The Rayleigh-Ritz approach is employed to obtain the equations of motion for a cylindrical
shell. The following modal forms of displacement functions u, v, and w are assumed to separate
the space variables x, θ, and the temporal variable t,

⎧⎪⎨
⎪⎩
u(x, θ, t) = AU(x) cos(nθ) cos(ωt),
v(x, θ, t) = BV (x) sin(nθ) cos(ωt),
w(x, θ, t) = CW (x) cos(nθ) cos(ωt),

(10)

where the coefficients A, B, and C denote the amplitudes of the vibration, n is the number of
circumferential waves, and ω is the natural angular frequency of the vibration.

Using these expressions for functions u, v, and w and their partial derivatives in the ex-
pressions for the energies S and T, and employing the principle of minimum energy, we get the
following form of the Lagrange function:

F = Tmax − Smax, (11)

where Tmax and Smax are the maximum kinetic and strain energies, respectively. To derive
the frequency equation, the Lagrange function is extremized with respect to the amplitude
coefficients A, B, and C. This leads to a set of three homogeneous simultaneous equations

∂F

∂A
=
∂F

∂B
=
∂F

∂C
= 0. (12)

Rearranging the terms in Eq. (12), we obtain the following eigenvalue equation to determine
the shell natural frequencies and mode shapes:

⎡
⎣ C11 C12 C13

C12 C22 C23

C13 C23 C33

⎤
⎦

⎡
⎣ A
B
C

⎤
⎦ =

LρT

2
ω2

⎡
⎣ A
B
C

⎤
⎦ , (13)

where the matrix elements Cij are the terms depending on the shell parameters and the type
of boundary conditions specified on both ends of a cylindrical shell.

3 Axial modal dependence and boundary conditions

Various algebraic functions like the beam functions are employed to approximate the axial
modal dependence[16-17], the polynomial functions[18-19], the Ritz polynomial functions[20-21],
and the trigonometric functions in the Fourier series forms[22]. These functions satisfy the
boundary conditions at both ends of the shell. In this study, the axial modal dependence is
written as

U(x) =
dψ(x)
dx

, V (x) = ψ(x), W (x) = ψ(x). (14)

Here, ψ(x) is the characteristic beam function defined as

ψ(x) = d1 cos
αx

L
+ d2 sin

αx

L
+ d3 cosh

αx

L
+ d4 sinh

αx

L
, (15)
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where the values of numbers d1, d2, d3, and d4 are associated with the edge conditions described
at the shell ends, and α is a real number corresponding to the eigenvalues of the beam function
and is related with the half axial wave number. Applying physical constraints on the axial
displacements and their derivatives yields the following feasible boundary conditions specified
at the ends, x = 0 and x = L,⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

clamped: ψ(x) =
dψ(x)
dx

= 0,

simply supported: ψ(x) =
d2ψ(x)
dx2

= 0,

free:
d2ψ(x)
dx2

=
d3ψ(x)
dx3

= 0.

(16)

In the present study, only the simply supported boundary conditions are described at both
ends of a cylindrical shell.

4 Functionally graded materials

The FGMs are advanced materials and very useful for applications in engineering science
and technology. They can best use in the thermal environment for their superb properties.
Material properties of an FGM are the functions of the temperature and the volume fractions.
These properties of a constituent material are managed by a volume fraction. If Pi represents
a material property of the ith constituent material of an FGM consisting of k constituent
materials, then the effective material property P of the FGM is written as

P =
k∑

i=1

PiVi, (17)

where Vi is the volume fraction of the ith constituent material. Also, the sum of volume fractions
of the constituent materials is equal to 1, i.e.,

k∑
i=1

Vi = 1. (18)

The volume fraction depends on the thickness variable and is defined as

Vi = (
z −Ri

Ro −Ri
)p (19)

for a cylindrical shell. Ri and Ro denote inner and outer radii of the shell, respectively, and z
is the thickness variable in the radial direction. p is known as the power law exponent. It is a
non-negative real number and lies between zero and infinity. For a cylindrical shell, the volume
fraction is assumed as

Vi = (
z + 0.5h

h
)p, (20)

where h is the shell uniform thickness. When the shell is considered to consist of two materials,
the effective Young’s modulus E, the Poisson ratio ν, and the mass density ρ are given by

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

E = (E1 − E2)(
z + 0.5h

h
)p + E2,

ν = (ν1 − ν2)(
z + 0.5h

h
)p + ν2,

ρ = (ρ1 − ρ2)(
z + 0.5h

h
)p + ρ2.

(21)
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From these relationships, the following facts are noted: at the inner surface, the FGM
properties are those of the constituent material 2; at the outer surface, they are those of the
material 1. Thus, the FGM properties change continuously from the material 2 at the inner
surface to the material 1 at the outer surface. Arshad et al.[15] amended the volume fraction
law (20) and assumed it in the exponential form,

Vi = 1 − e−(z/h+0.5)p

. (22)

This law depends only on one base e (= 2.718 · · · ). Now, this law is further modified and
extended to a general base (b > 0) written as

Vi = 1 − b−(z/h+0.5)p

. (23)

In this case, the effective Young’s modulus E, the Poisson ratio ν, and the mass density ρ
are expressed as

⎧⎪⎪⎨
⎪⎪⎩

E = (E1 − E2)(1 − b−(z/h+0.5)p

) + E2,

ν = (ν1 − ν2)(1 − b−(z/h+0.5)p

) + ν2,

ρ = (ρ1 − ρ2)(1 − b−(z/h+0.5)p

) + ρ2.

(24)

In these expressions, it is noted that, when z = −0.5h, E = E2, ν = ν2, and ρ = ρ2; when
z = 0.5h, E = (E1−E2)(1−b−1)+E2, ν = (ν1−ν2)(1−b−1)+ν2, and ρ = (ρ1−ρ2)(1−b−1)+ρ2.
This shows that, at the inner surface of the shell, the material properties of the constituent
material 2 are dominant, whereas, at its outer surface, the material properties are the resultant
ones of the constituent materials 1 and 2.

5 Results and discussions

The validation and the accuracy of the present approach are checked by comparing the
present results and those found in other research work. The natural frequencies (Hz) of an
isotropic steel cylindrical shell with simply supported ends without the axial constraint are
calculated, and a comparison is made with the analytical results determined by Goncalves and
Ramos[23]. The geometrical data and material properties for the shell are as follows: L=0.41 m,
h = 0.001 m, R = 0.301 5 m, E = 2.1 × 1011 N/m2, ν = 0.30, and ρ = 7.85 × 103 Kg/m3. The
half axial wave number is taken to be m = 1. The two sets of results are listed in Table
1. Goncalves and Ramos have employed an approximate numerical technique in Ref. [23]. In
the present case, the Rayleigh-Ritz method has been used, and the axial modal dependence is
assumed by the closed-form trigonometric functions that satisfy the simply supported boundary
conditions without axial constraints. It may be noted that the present frequencies are lower
than those in Ref. [23]. This is due to the use of different analytical approaches. A comparison
of natural frequencies (Hz) for a functionally graded simply supported cylindrical shell is made
with the values evaluated by Najafizadeh and Isvadzibaei[14] in Table 2. The shell consists of
nickel at the inner surface and stainless steel at the outer surface. The axial wave number is
m = 1. L/R = 20 and h/R = 0.002 are taken as the geometrical parameters. It can be seen
that the two sets of frequencies are very close to each other, but the present results are a bit
higher than those found in Ref. [14]. This may be due to the shell theory expressions. The
third-order shear deformation plate theory has been employed in Ref. [14]. In this paper, the
linear thin shell theory is used. From the two comparisons of shell frequencies, it is concluded
that the present approach is valid and guarantees the accuracy of the results.



Vibrations of FGM thin cylindrical shells with exponential volume fraction law 613

Table 1 Comparison of natural frequencies (Hz) for an isotropic cylindrical shell with simply sup-
ported end conditions (m = 1, L = 0.41 m, h = 0.001 m, and R = 0.301 5 m)

n Goncalves and Ramos[23] Present

7 305.22 301.60

8 281.31 278.64

9 288.24 286.02

10 317.49 315.51

11 362.20 360.36

12 417.94 416.19

Table 2 Comparison of natural frequencies (Hz) for a simply supported functionally graded cylin-
drical shell (m = 1, h/R = 0.002, and L/R = 20)

n
p = 0.5 p = 5

Najafizada[14] Present Najafizada[14] Present

1 13.320 0 13.321 0 12.915 0 12.998 0

2 4.514 7 4.516 8 4.376 3 4.406 8

3 4.190 0 4.191 1 4.058 6 4.089 1

4 7.101 9 7.097 2 6.872 3 6.925 1

5 11.343 0 11.336 0 11.978 0 12.061 0

In this study, two FGMs, viz., the stainless steel and nickel, are utilized to fabricate the
circular cylindrical shells. And the material properties are graded in the thickness direction
according to a volume fraction power law. The influence of the constituent volume fractions
is studied by changing the values of the power law exponents of the volume fraction laws used
for the stainless steel and nickel. The effects of the functionally graded configurations on shell
frequencies are analyzed by studying two types of functionally graded cylindrical shells. This is
completed by changing the value of the power law exponent p and its bases. The functionally
graded shell configration is classified into two types. In the type I cylindrical shell, the nickel
is at the inner surface of the shell, and the outer surface is assumed to be the mixture of
the two materials according to the volume fraction law (23). In the type II cylindrical shell,
the order of the materials is reversed at the inner surface. The material properties for the
stainless steel and nickel are E = 2.077 88× 1011 N/m2, ν = 0.317 756, ρ = 8 166 Kg/m3, and
E = 2.050 98×1011 N/m2, ν = 0.31, ρ = 8 900 Kg/m3, respectively, which have been calculated
at T = 300 K. In Table 3, the variation of natural frequencies (Hz) for the type I cylindrical shell
is given for the simply supported boundary conditions. The axial mode number is taken to be
m = 1. The geometrical parameters are L/R = 20 and h/R = 0.002. The material distribution
in the radial direction has been governed by the exponential volume fraction law (23). The
bases are adapted equal to 2, 3, 5, and 9. From the table, the frequency varies due to the power
law exponent p. It decreases with the increasing p. It shows that p affects the volume fraction
of a constituent material. This variation is the result of the FGM distribution in the shell
thickness direction. The frequency varies with the change of the base of the volume fraction
law (23), and decreases with the increase of the base. In the volume fraction law (23), as p and
the base b are increased indefinitely and V1 approaches unity, the shell vibration characteristics
are purely those of a shell consisting of a single FGM.

The natural frequencies (Hz) of a simply supported type II cylindrical shell are listed in
Table 4 with the bases 2, 3, 5, and 9 for the axial mode number m = 1. It can be seen that the
frequencies increase with the increasing p in the table. This is the result of the change of the
order of materials constituting the functionally graded cylindrical shell. Also, it is observed that
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the frequency starts increasing with the increase of the base of the volume fraction law (23).
With the increase of p and the base b, the values of frequencies remain within the frequencies of
a cylindrical shell consisting of purely nickel or stainless steel. It is concluded that the vibration
frequencies of functionally graded cylindrical shells are impressed by the bases of the volume
fraction law (23).

Table 3 Variation of natural frequencies (Hz) of the type I cylindrical shell with different bases
(m = 1, L/R = 20, and h/R = 0.002)

n
p = 0.5 p = 15

b = 2 b = 3 b = 5 b = 9 b = 2 b = 3 b = 5 b = 9

1 13.319 0 13.307 0 13.296 0 13.287 0 13.008 0 13.007 0 13.005 0 13.004 0

2 4.512 7 4.508 2 4.504 3 4.501 2 4.408 1 4.407 3 4.406 5 4.405 7

3 4.186 9 4.181 8 4.177 3 4.174 0 4.090 6 4.089 1 4.087 6 4.086 2

4 7.096 2 7.087 5 7.079 8 7.073 7 6.932 6 6.930 1 6.927 5 6.925 2

5 11.337 0 11.323 0 11.311 0 11.301 0 11.075 0 11.072 0 11.068 0 11.064 0

Table 4 Variation of natural frequencies (Hz) of the type II cylindrical shell with different bases
(m = 1, L/R = 20, and h/R = 0.002)

n
p = 0.5 p = 15

b = 2 b = 3 b = 5 b = 9 b = 2 b = 3 b = 5 b = 9

1 13.106 0 13.118 0 13.128 0 13.137 0 13.427 0 13.428 0 13.430 0 13.431 0

2 4.442 1 4.446 5 4.450 4 4.453 4 4.549 5 4.550 1 4.551 9 4.552 7

3 4.119 0 4.124 0 4.128 4 4.131 8 4.217 4 4.218 6 4.221 6 4.223 1

4 6.976 2 6.984 7 6.992 4 6.998 4 7.152 3 7.146 8 7.150 4 7.152 8

5 11.143 0 11.157 0 11.169 0 11.179 0 11.413 0 11.417 0 11.422 0 11.425 0

6 Concluding remarks

In this study, the frequency analysis of thin functionally graded cylindrical shells has been
presented with the exponential variation of the material distribution in the shell radial direction.
This variation is governed by the proposal of an algebraic formula in the exponential form for a
constituent material of a functionally graded cylindrical shell. Two types of functionally graded
cylindrical shells are made of stainless steel and nickel. The analysis is performed using Love’s
shell theory. The shell problem is solved by employing the Rayleigh-Ritz approach for the
simply supported boundary conditions. The axial modal dependence is approximated by the
circular trigonometric functions. The validation of the results has been verified by comparing
the results with those found in the literature and has been found to be accurate. It is observed
that the effects of the base of the exponential volume fraction law on the frequencies of the
type I and the type II cylindrical shells are different. When the base increases, the natural
frequencies decrease for the type I cylindrical shell, and increase for the type II cylindrical
shell. This analysis can be extended to study the influence of boundary conditions on the shell
vibaration with the above-mentioned volume fraction law.
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1 Introduction

Functionally graded materials (FGMs) are advanced and smart materials with a gradual change in compo-
sitions and microstructures and have practical applications in mechanical and thermal fields particularly in
thermal safeguarding systems for reusable spacecraft and blast protection for critical structures. Their idea
of fabrication was proposed by the Japanese material scientists [1,2] in 1984. Powder technology is used to
develop FGMs. FGMs are utilized to fabricate structural elements: beams, plates and shells. They are very
useful in high temperature dependent environment and possess heat shielding properties. In 1999, Miyamoto
et al. [3] have composed a book on FGMs. This presents a detailed discussion on their design, processing and
applications. They are utilized in structuring cylindrical shells. Different mechanical aspects of these elements
are analyzed prior to their practical applications. The study of vibrations of cylindrical shells is an important
theoretical and applied feature of their mechanical behavior. First of all, Loy et al. [4] investigated the vibration
frequency spectra of a functionally graded cylindrical shell and the effect of FGM distribution in radial direc-
tion. Pradhan et al. [5] analyzed the vibration characteristics of these types of shells for different boundary
conditions. In both of these studies the Rayleigh–Ritz method was employed to derive the shell frequency
equation. Najafizadeh and Isvandzibaei [6] made a study on the vibration of thin cylindrical shells with ring
support. The shells were assumed to be manufactured from FGMs which were composed of stainless steel
and nickel. The analysis was based on higher order shear deformation shell theory. Recently Arshad et al.
[7] have proposed some new forms of volume fraction laws by considering the exponential and trigonometric
functions. The exponential volume fraction law is based on the natural logarithmic base.

Different numerical approaches are employed to study the vibration characteristics of cylindrical shells.
Classical Rayleigh–Ritz and Galerkin methods are widely used for this purpose. The differential quadra-
ture technique has been employed by Loy et al. [8]. Zhang et al. [9,10] have employed a wave propagation
approach to investigate the vibration characteristics of empty and fluid-filled cylindrical shells, respectively.
This approach is based on the approximate eigenvalues of characteristic beam functions. It saves a large amount
of algebraic manipulations.

In this study, vibration characteristics of functionally graded cylindrical shells are analyzed based on the
elastic foundations. The material distribution in FGMs is governed by using volume fraction laws. Paliwal et al.
[11] and Paliwal and Pandey [12] have studied the free vibrations of cylindrical shells on elastic foundations.
The influence of material configurations on shell vibrations is analyzed for various physical and geometrical
parameters. A wave propagation approach is employed to solve the shell dynamical equations involving the
elastic foundation. The validity and accuracy of the approach is confirmed by comparing the present results
with those available in the literature.

2 Mathematical formulation

A thin-walled circular cylindrical shell is considered having the geometrical parameters: length L , thickness
h and mean radius R, as shown in Fig 1. The material properties are Young’s modulus E, the Poisson ratio ν
and the mass density ρ. An orthogonal coordinate system (x, θ, z) is assumed to be established at the middle
surface of the shell where x, θ and z represent the axial, circumferential, and radial coordinates, respectively.

R

h

L

x, u
z, w

,v

Fig. 1 Geometry of a circular cylindrical shell
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The axial, circumferential and radial displacement deformations are denoted by u, v and w, respectively, with
regard to the shell mid surface.

For a vibrating thin cylindrical shell the expression for the strain energy, S is given by

S = 1

2

L∫

0

2π∫

0

[A11e2
11 + A22e2

22 + 2A12e11e22 + A66e2
12 + 2B11e11k11

+ 2B12(e11k22 + e22k11) + 2B22e22k22 + 2B66e12k12 + D11k2
11

+ D22k2
22 + 2D12k11k22 + D66k2

12]R dθ dx, (1)

where e11, e22 and e12 are the reference surface strains and k11, k22 and k12 are the surface curvatures and
Ai j , Bi j and Di j (i, j = 1, 2 and 6) are the membrane, coupling and flexural stiffnesses defined as

{
Ai j , Bi j , Di j

} =
h/2∫

−h/2

Qi j
{
1, z, z2} dz. (2)

For isotropic materials the reduced stiffnesses Qi j (i, j = 1, 2 and 6) are defined as

Q11 = Q22 = E

1 − v2 , Q12 = vE

1 − v2 , Q66 = E

2(1 + v)
. (3)

The shells are assumed to be thin-walled and the ratio: thickness to radius (h/R) is less than 0.05. In
the literature a number of shells are found for studying their vibrations. Minute differences are observed
in the numerical results when comparisons are done among the results obtained from different shell theories.
The present analysis is based on Love’s [13] first order thin shell theory, and the relationships for the strain–
displacement and the curvature–displacement are provided from this theory and are given for a cylindrical
shell as:

{e11, e22, e12} =
{
−∂u

∂x
, − 1

R

(
∂v

∂θ
+ w

)
, −

(
∂v

∂x
+ 1

R

∂u

∂θ

)}
(4)

and

{k11, k22, k12} =
{
−∂2w

∂x2 , − 1

R2

(
∂2w

∂θ2 − ∂v

∂θ

)
, − 1

R

(
∂2w

∂x∂θ
− ∂v

∂x

)}
. (5)

After substituting the expressions for the surface strains e11, e22 and e12 and the curvatures k11, k22 and k12
from the relations (4) and (5), the expression for the shell strain energy is transformed to the following form:

S = 1

2

L∫

0

2π∫

0

[
A11

(
∂u

∂x

)2

+ A22

R2

(
∂v

∂θ
+ w

)2

+ 2A12

R

(
∂u

∂x

)(
∂v

∂θ
+ w

)
+ A66

(
∂v

∂x
+ 1

R

∂u

∂θ

)

+ 2B11

(
∂u

∂x

) (
∂2w

∂x2

)
+ 2B12

{
1

R2

(
∂u

∂x

) (
∂2w

∂θ2 − ∂v

∂θ

)
+ 1

R

(
∂v

∂θ
+ w

) (
∂2w

∂x2

)}

+ 2B22

R3

(
∂v

∂θ
+ w

)(
∂2w

∂θ2 − ∂v

∂θ

)
+ 2B66

R

(
∂v

∂x
+ 1

R

∂u

∂θ

) (
∂2w

∂x∂θ
− ∂v

∂x

)
+ D11

(
∂2w

∂x2

)2

+ D22

R4

(
∂2w

∂θ2 − ∂v

∂θ

)2

+ 2D12

R2

(
∂2w

∂x2

)(
∂2w

∂θ2 − ∂v

∂θ

)
+ D6

R2

(
∂2w

∂x∂θ
− ∂v

∂x

)2
]

R dθ dx . (6)

Without the rotatory inertia the kinetic energy, T, for a thin-walled cylindrical shell is given by

T = 1

2

L∫

0

2π∫

0

ρT

[(
∂u

∂t

)2

+
(

∂v

∂t

)2

+
(

∂w

∂t

)2
]

R dθ dx, (7)
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where t denotes the time and ρT is the mass density per unit length and is defined as

ρT =
h/2∫

−h/2

ρ dz. (8)

The energy functional � is defined by the Lagrange function as

� = T − S. (9)

Employing Hamilton’s principle to the Lagrangian energy functional � and introducing the terms describ-
ing the Winkler and Pasternak foundations (Kw − G∇2w) in the z-direction, the dynamical equations for a
functionally graded cylindrical shell can be written in a differential operator form as:

L11u + L12v + L13w = ρt
∂2u

∂t2 ,

L21u + L22v + L23w = ρt
∂2v

∂t2 , (10)

L31u + L32v + L33w = ρt
∂2w

∂t2 + Kw − G∇2w,

where Li j (i, j = 1, 2, 3) are the differential operators with respect to x and θ given in Appendix A. G rep-
resents the shear modulus of the material used for the elastic foundation and K for the Winkler foundation
modulus, and the expression for the differential operator ∇2 is

∇2 = ∂2

∂x2 + 1

R2

∂2

∂θ2 . (11)

The Winkler model is a special case of the Pasternak model when G = 0.

3 Numerical procedure

The wave propagation approach is employed to analyze the vibration characteristics of functionally graded
cylindrical shells with Pasternak-type foundations. This approach is very simple and easily applicable to
determine the shell frequencies. This has been successfully applied by a number of researchers, see Zhang
et al. [9,10]. For separating the spatial and temporal variables, the following forms of modal displacement
deformations are assumed:

u(x, θ, t) = Aei(nθ+ωt−km x),

v(x, θ, t) = Bei(nθ+ωt−km x), (12)

w(x, θ, t) = Cei(nθ+ωt−km x),

in the axial, circumferential and radial directions, respectively. The coefficients A, B and C denote the wave-
amplitudes, respectively, in the x, θ and z directions, respectively, n is the number of circumferential waves
and km is the axial wave number that has been specified in [10] for a number of boundary conditions. These
axial wave numbers km are chosen to satisfy the required boundary conditions at the two ends of the cylindrical
shell. ω is the natural circular frequency for the cylindrical shell. On substituting the expressions for u, v and w
from Eq. (12) into Eq. (10) and simplifying the algebraic expressions and rearranging the terms, the frequency
equation is written in the following eigenvalue form:⎛

⎝C11 C12 C13
C12 C22 C23
C13 C23 C33

⎞
⎠

⎛
⎝ A

B
C

⎞
⎠ = ρtω

2

⎛
⎝ 1 0 0

0 1 0
0 0 −1

⎞
⎠

⎛
⎝ A

B
C

⎞
⎠ , (13)

where Ci j (i, j = 1, 2, 3) are some matrix coefficients depending on the shell parameters and the type of
boundary conditions specified at the ends of a cylindrical shell and are given in Appendix B. Equation (13) is
solved for shell frequencies and mode shapes using some computer software. The three frequencies are obtained
corresponding to the axial, circumferential and radial displacements. The smallest frequency is associated with
the radial direction and dominant.
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Table 1 Comparison of frequency parameters � = ωR
√

ρ(1 − ν2)/E for a cylindrical shell with the simply supported–simply
supported boundary conditions (m = 1, L/R = 6, ν = 0.3, h/R = 0.002)

n Ref. [14] Present

1 0.140641 0.140643
2 0.054323 0.054324
3 0.027074 0.027074
4 0.017776 0.017766
5 0.017088 0.017072

Table 2 Comparison of frequency parameters � = ωR
√

ρ(1 − ν2)/E for a cylindrical shell with the clamped–clamped boundary
conditions (m = 1, ν = 0.3, L/R = 20, h/R = 0.002)

n Ref. [5] Present

1 0.0342 0.0349
2 0.0119 0.0118
3 0.0072 0.0071
4 0.0089 0.0090
5 0.0136 0.0138

Table 3 Comparison of frequency parameters � = ωR
√

ρ(1 − ν2)/E for a cylindrical shell with the clamped–simply supported
boundary conditions (m = 1, L/R = 20, h/R = 0.01, ν = 0.3)

n Ref. [8] Present

1 0.023974 0.024721
2 0.011225 0.011275
3 0.022310 0.022331
4 0.042139 0.042163
5 0.068024 0.068052

Table 4 Comparison of natural frequencies (Hz) against circumferential wave number n for a simply supported functionally
graded cylindrical shell Type I (FGM) (m = 1, h/R = 0.002, L/R = 20)

n p = 0.7 p = 2 p = 30

Ref. [4] Present Ref. [4] Present Ref. [4] Present

1 13.269 13.269 13.103 13.103 12.914 12.914
2 4.4994 4.4987 4.4435 4.4429 4.3765 4.3760
3 4.1749 4.1740 4.1235 4.1229 4.0576 4.0569
4 7.0691 7.0686 6.9820 6.9817 6.8726 6.8722
5 11.290 11.290 11.151 11.151 10.978 10.978
6 16.527 16.527 16.323 16.323 16.071 16.071
7 22.735 22.735 22.454 22.454 22.108 22.108
8 29.903 29.902 29.533 29.533 29.078 29.078
9 38.028 38.028 37.559 37.559 36.981 36.980
10 47.111 47.111 46.529 46.529 45.813 45.813

Table 5 Comparison of natural frequencies (Hz) against circumferential wave number n for a simply supported functionally
graded cylindrical shell Type II (FGM) (m = 1, h/R = 0.002, L/R = 20)

n p = 0.7 p = 2 p = 30

Ref. [4] Ref. [4] Ref. [4] Present Ref. [4] Present

1 13.154 13.154 13.321 13.321 13.526 13.526
2 4.4550 4.4550 4.5114 4.5109 4.5836 4.5831
3 4.1309 4.1309 4.1827 4.1817 4.2536 4.2528
4 7.0026 7.0026 7.0905 7.0899 7.2085 7.2080
5 11.189 11.189 11.329 11.329 11.516 11.516
6 16.381 16.381 16.587 16.587 16.859 16.859
7 22.535 22.535 22.454 22.454 23.192 23.192
8 29.641 29.641 30.014 30.014 30.505 30.505
9 37.696 37.696 38.171 38.170 38.795 38.795
10 46.700 46.700 47.288 47.288 48.061 48.061
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Table 6 Properties of FGM materials

Stainless steel Nickel

E (Nm−2) 2.07788 × 1011 2.05098 × 1011

ν 0.317756 0.3100
ρ (kg m−3) 8,166 8,900

Table 7 Variation of natural frequencies (Hz) against circumferential wave number n Type I (FG cylindrical shell on elastic
foundation) (m = 1, h/R = 0.002, L/R = 20)

n pss = 0 pN = 0 p = 0.5 p = 0.7 p = 1 p = 2 p = 5 p = 15 p = 30

1 193.90 185.70 191.05 190.40 189.67 188.32 186.99 186.18 185.95
2 414.71 397.20 408.62 407.22 405.67 402.79 399.96 398.23 397.73
3 634.76 607.98 625.44 623.31 620.94 616.53 612.21 609.56 608.79
4 853.20 817.22 840.68 837.82 834.63 828.70 822.90 819.34 818.31
5 1,070.7 1,025.6 1,055.0 1,051.4 1,047.4 1,039.9 1,032.7 1,028.2 1,026.9
6 1,287.7 1,233.4 1,268.8 1,264.5 1,259.7 1,250.8 1,242.0 1,236.6 1,235.1
7 1,504.4 1,441.0 1,482.3 1,477.3 1,471.7 1,461.2 1,451.0 1,444.7 1,442.9
8 1,720.9 1,648.4 1,695.7 1,689.9 1,683.5 1,671.5 1,659.8 1,652.6 1,650.6
9 1,937.3 1,855.6 1,908.8 1,902.4 1,895.1 1,881.7 1,868.5 1,860.4 1,858.1
10 2,153.6 2,062.8 2,121.9 2,114.8 2,106.7 2,091.8 2,077.1 2,068.1 2,065.6

Table 8 Variation of natural frequencies (Hz) against circumferential wave number n Type II (FG cylindrical shell on elastic
foundation) (m = 1, h/R = 0.002, L/R = 20)

n pss = 0 pN = 0 p = 0.5 p = 0.7 p = 1 p = 2 p = 5 p = 15 p = 30

1 193.90 185.70 188.32 188.95 189.67 191.05 192.46 193.35 193.62
2 414.71 397.20 402.79 404.14 405.67 408.62 411.63 413.55 414.11
3 634.76 607.98 616.53 618.59 620.94 625.44 630.05 632.98 633.84
4 853.20 817.22 828.71 831.48 834.63 840.68 846.87 850.81 851.96
5 1,070.7 1,025.6 1,040.0 1,043.5 1,047.4 1,055.0 1,062.8 1,067.7 1,069.2
6 1,287.7 1,233.4 1,250.7 1,254.9 1,259.7 1,268.8 1,278.2 1,284.1 1,285.8
7 1,504.4 1,441.0 1,461.2 1,466.1 1,471.7 1,482.3 1,493.3 1,500.2 1,502.2
8 1,720.9 1,648.4 1,671.5 1,677.1 1,683.5 1,695.7 1,708.1 1,716.1 1,718.4
9 1,937.3 1,855.6 1,881.7 1,887.9 1,895.1 1,908.8 1,922.9 1,931.8 1,934.4
10 2,153.6 2,062.8 2,091.8 2,098.7 2,106.7 2,121.9 2,137.6 2,147.5 2,150.4
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4 Functionally graded materials

Functionally graded materials are advanced materials and are used in engineering and technology applications
due to their mechanical properties. Their best use is found in the thermal environment for their superb proper-
ties. They are fabricated from two or more materials. The material properties of their constituents are functions
of the temperature and the volume fractions. If Pi represents a material property of the i th constituent material
of an FGM consisting of k constituent materials, then its effective material P is written as

P =
k∑

i=1

Pi Vi , (14)
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where Vi is the volume fraction of the i th constituent material. Also the sum of volume fractions of the
constituent materials is equal to one, i.e.,

k∑
i=1

Vi = 1. (15)
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The volume fraction depends on the thickness variable and is defined as

Vi =
(

z − Ri

R0 − Ri

)p

(16)

for a cylindrical shell. Ri and R0 denote inner and outer radii of the shell and z is the thickness variable in the
radial direction. p is known as power law exponent and is a non-negative real number and lies between zero
and infinity. When a cylindrical shell is considered to be consisting of two constituent FGMs M1 and M2, the
volume fraction V1 of the outer shell surface is obtained from (16) as:

V1 =
(

z + 0.5h

h

)p

, (17)

where h is the shell uniform thickness. The effective Young’s modulus E, Poisson’s ratio ν and the mass
density ρ are given by

E = (E1 − E2)

(
z + 0.5h

h

)p

+ E2,

ν = (ν1 − ν2)

(
z + 0.5h

h

)p

+ ν2, (18)

ρ = (ρ1 − ρ2)

(
z + 0.5h

h

)p

+ ρ2,

where E1, E2 are Young’s moduli, ν1, ν2 Poisson’s ratios and ρ1, ρ2 the mass densities of the constituent
materials M1 and M2, respectively. From the relations (18), the following things are noted, i.e., at the inner
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surface the FGM properties are those of the constituent material M2 and at the outer surface they are those of
material M1. Thus the FGM properties change continuously from the material M2 at the inner surface to the
material M1 at the outer surface.

5 Results and discussion

A number of comparisons of numerical results for cylindrical shells are presented to verify the validity of
the present approach and accuracy of the results. Table 1 shows the comparison of the values of the non-
dimensional frequency parameter � = ωR

√
ρ(1 − ν2)/E with those determined by Naeem and Sharma [14]

for the case of a free vibrating cylindrical shell with simply supported boundary condition at both ends. The
results are calculated for the following shell parameters: h/R = 0.002 and ν = 0.3. The value of m is taken
to be unity. In Table 2, the frequency parameters � for an isotropic cylindrical shell are compared with those
evaluated by Pradhan et al. [5] for clamped–clamped edge conditions. In this case the shell parameters are
taken to be L/R = 20, h/R = 0.002, m = 1. Table 3 represents the frequency parameters, � for a clamped–
simply supported cylindrical shell, and a comparison is made with those values evaluated in Loy et al. [8].
The shell parameters are chosen to be m = 1, L/R = 20, h/R = 0.01 and ν = 0.3. Tables 4 and 5 give
the comparisons of natural frequencies (Hz) of two types of functionally graded cylindrical shells. In Table 4,
the shell is assumed to be composed of stainless steel at the outer surface and nickel at the inner surface of the
shell. In Table 5, the order of the shell constituent materials is reversed. Material properties of FG constituent
materials viz. nickel and stainless steel are given in Table 6. The values of the power law exponents are taken
to be p = 0.7, 2, 30. These results are compared with those ones evaluated by Loy et al. [4]. It is seen from
these comparisons of natural frequencies calculated by different approaches that, the present wave propagation
method is valid and gives accurate results.



Vibrations of functionally graded cylindrical shells 303

0

200

400

600

800

1000

1200

1400

1600

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

N
at

u
ra

l f
re

q
u

en
ci

es
 (

H
z)

G=1e+7 (stainless steel)

G=2.5e+7 (stainless steel)

G=3.5e+7 (stainless steel)

G=1e+7 (FGM)

G=2.5e+7 (FGM)

G=3.5e+7 (FGM)

G=1e+7 (nickel)

G=2.5e+7 (nickel)

G=3.5e+7 (nickel)

λ

Fig. 9 Variation of natural frequencies (Hz) with axial wave number λ at n = 1, p = 5, K = 0

0

200

400

600

800

1000

1200

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

N
at

u
ra

l f
re

q
u

en
ci

es
 (

H
z)

K=0 (stainless steel)

K=1.5e+7 (stainless steel)

K=2.5e+7 (stainless steel)

K=0 (FGM)

K=1.5e+7 (FGM)

K=2.5e+7 (FGM)

K=0 (nickel)

K=1.5e+7 (nickel)

K=2.5e+7 (nickel)

λ

Fig. 10 Variation of natural frequencies (Hz) with axial wave number λ at n = 1, G = 1e + 7, p = 0.5



304 A. G. Shah et al.

0

200

400

600

800

1000

1200

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

N
at

u
ra

l f
re

q
u

en
ci

es
 (

H
z)

K=0 (stainless steel)

K=1.5e+7 (stainless steel)

K=3.5e+7 (stainless steel)

K=0 (FGM)

K=1.5e+7 (FGM)

K=3.5e+7 (FGM)

K=0 (nickel)

K=1.5e+7 (nickel)

K=3.5e+7 (nickel)

λ

Fig. 11 Variation of natural frequencies (Hz) with axial wave number λ at n = 1, p = 5, G = 1e + 7

5.1 Vibration frequency analysis based on elastic foundations

A vibration frequency analysis for functionally graded cylindrical shells based on elastic foundations is per-
formed where the material configurations are composed of two constituent materials viz. stainless steel and
nickel. An FGM cylindrical shell may be classified into two types. In type I FG cylindrical shell material
properties vary continuously from those of nickel on its inner surface to stainless steel on its outer surface.
The second is termed as a type II FG cylindrical shell. It has properties that vary continuously from stainless
steel on its inner surface to nickel on its outer surface.

Tables 7 and 8 show the variation of natural frequencies (Hz) of a functionally graded cylindrical shell
with the Winkler and Pasternak foundations. The simply supported boundary conditions are specified at the
ends of the shell. In Table 7 values of natural frequencies (Hz) are given for a functionally graded cylindrical
shell type I. The frequency increases with increasing the circumferential wave number, n, and the vibration
becomes the beam-type. But it decreases with increasing the values of the power law exponent p. In Table 8
values of natural frequencies (Hz) are listed for a functionally graded cylindrical shell type II. In this case
they increase with the power law exponents, p, but increase with the circumferential wave number, n. Thus
the influence of the constituent volume fractions on the frequencies for type I and type II functionally graded
cylindrical shells is different based on elastic foundations. It is observed that the natural frequency of a func-
tionally graded cylindrical shell on an elastic foundation increases continuously with increasing values of
circumferential n.

In Fig. 2, natural frequencies (Hz) for an isotropic cylindrical shell are drawn against the axial wave
number, λ. The values of Winkler’s modulus are K = 0, 1 × 107, 1.5 × 107, 2 × 107, 2.5 × 107 N/m2

and G = 0. The shell frequency increases rapidly with λ, and the frequency curves cluster with each
other and seem to become parallel for higher values of K . In Fig. 3, natural frequencies (Hz) for an iso-
tropic cylindrical shell are sketched with the axial wave number, λ. The values of Pasternak’s modulus are
G = 1 × 107, 2 × 107, 2.5 × 107, 3 × 107, 3.5 × 107 N/m2. K is assumed to be zero. The shell frequency
increases rapidly with λ, and the influence of G on the shell frequency is more pronounced for higher values
of G. The frequency curves are close at lower values of G and get separated as G increases. Figure 4 shows the
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Fig. 12 Variation of natural frequencies (Hz) with axial wave number λ at n = 1, p = 0.5, K = 1e + 7

variation of natural frequencies (Hz) for a cylindrical shell against the axial wave number, λ. The values of Win-
kler’s modulus are K = 0, 1×107, 1.5×107, 2×107, 2.5×107 N/m2 and G = 3×107. The frequency curves
merge with each other when the value of G is not zero. The shell frequency increases linearly with λ. Figure 5
exhibits the variation of natural frequencies (Hz) for a cylindrical shell against the axial wave number, λ. The
values of the Pasternak modulus are G = 1×107, 2×107, 2.5×107, 3×107, 3.5×107 N/m2 and K = 1×107.
In this case the behavior of variation of the frequency curves is similar to that noticed in Fig. 3. The shell
frequency increases linearly with λ.

In Figures 6, 7, 8, 9, 10, 11, 12 and 13 the variations of natural frequencies (Hz) of functionally graded
cylindrical shells based on elastic foundations are drawn against the axial wave number, λ = (mπ/L) for
simply supported boundary conditions imposed at both shell ends. In this case nickel is at the inner surface and
stainless steel is at the outer surface of the FGM cylindrical shell. Elastic foundation moduli are varied in each
figure and their effects are analyzed. Values of the power law exponents are taken to be 0.5 and 5. Frequencies
of FGM cylindrical shells varied with the axial wave mode λ. This variation depends on the elastic moduli.
Keeping the value of G fixed, the frequency curves rise upward and become curvilinear and appear to get
parallel with one another whereas when G is varied and K remains constant, the frequency curves go upward
and seem to diverge from one another. It is also observed that values of frequency for FGM cylindrical shells
fall between those of shells fabricated from pure FGM constituent material. In this case the frequency curves
corresponding to the FGM cylindrical shell lie between the curves associated with the two cylindrical shells
structured from pure stainless steel and pure nickel for an elastic foundation modulus.

From this discussion it is observed that the variation of frequencies of a functionally graded cylindrical
shell is similar to that of an isotropic one. The frequency of an isotropic as well as FGM cylindrical shell
increases with increasing values of λ. It is noticed that the frequencies of FGM always remain between the
frequencies of their constituent material of the cylindrical shell. The influence of Pasternak foundation is more
visible than that of Winkler modulus. Moreover the vibration of the shell becomes a beam-type one, i.e., the
frequency increases with the circumferential wave numbers when the moduli of the Winkler and Pasternak
foundations are amalgamated with the shell motion equations.
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6 Concluding remarks

In this study the vibration characteristics of a functionally graded cylindrical shell are analyzed based on the
Winkler and Pasternak foundations. The shell dynamical equations are solved by using the wave propagation
approach. The influence of these elastic foundations is pronounced and this effect converts the shell vibration
into beam-type. This analysis can be extended to study the influence of boundary conditions on shell vibrations
based on the Winkler and Pasternak foundations.

Appendix A

L11 = A11
∂2

∂x2 + A66

R2

∂2

∂θ2 ,

L12 = (A12 + A66)

R

∂2

∂x∂θ
+ (B12 + 2B66)

R2

∂2

∂x∂θ
,
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R

∂

∂x
− B11

∂3

∂x3 − (B12 + 2B66)

R2

∂3

∂x∂θ2 ,
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R

∂2

∂x∂θ
+ (B12 + 2B66)

R2

∂2

∂x∂θ
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(
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R
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R2

)
∂2
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(

A22

R2 + 2B22

R3 + D22

R4

)
∂2

∂θ2 ,

L23 =
(

A22

R2 + B22

R3

)
∂

∂θ
−

(
B22

R3 + D22

R4

)
∂3

∂θ3 −
(
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R
+ D12 + 4D66

R2

)
∂3

∂x2∂θ
,
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L31 = − A12

R

∂

∂x
+ B11

∂3

∂x3 +
(

B12 + 2B66

R2

)
∂3

∂x∂θ2 ,

L32 = −
(

A22

R2 + B22

R3

)
∂

∂θ
+

(
B22

R3 + D22

R4

)
∂3

∂θ3 +
(

B12 + 2B66

R
+ D12 + 4D66

R2

)
∂3

∂x2∂θ
,

L33 = − A22

R2 + 2B12

R

∂2

∂x2 + 2B22

R3

∂2

∂θ2 − D11
∂4

∂x4 − 2
D12 + 2D66

R2

∂4

∂x2∂θ2 − D22

R4

∂4

∂θ4 .

Appendix B

C11 = A11k2
m + n2 A66

R2 ,

C12 = −nkm

(
A11 + A66

R
+ B11 + 2B66

R2

)
,

C13 = ikm

(
A12

R
+ B11k2

m + n2 B12 + 2B66

R2

)
,

C22 = n2
(

A22

R2 + 2B22

R3 + D22

R4

)
+ k2

m

(
A66 + 3B66

R
+ 4D66

R2

)
,

C23 = −in

(
A22

R2 + B22

R3 + n2
(

B22

R3 + D22

R4

)
+ k2

m

(
B12 + 2B66

R
+ D12 + 4D66

R2

))
,

C33 = −
(

A22

R2 + 2B12

R
k2

m + 2n2 B22

R3 + D11k4
m + 2n2k2

m

(
D12 + 2D66

R2

)
+ n4 D22

R4 − K − G

(
k2

m + n2

R2

))
.
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Abstract In this paper, vibrations of fluid-filled isotropic circular cylindrical shells are studied based on elastic
foundations. The wave propagation approach is employed to solve the shell problem. This approach is formu-
lated by approximating the eigenvalues of the characteristic beam functions. Vibrations of natural frequencies
for both empty and fluid-filled cylindrical shells based on elastic foundations are evaluated and their compar-
isons are performed to confirm the validity and accuracy of the present method. An excellent agreement has
been found between the present and previous ones available in the literature. It is observed that frequencies
are strongly affected when a cylindrical shell is attached with elastic foundations.

1 Introduction

Dynamic response of fluid-filled cylindrical shells is of primary importance for the design of pressure vessels,
fluid tanks of propellant rockets, seismic effects on liquid storage tanks etc. Junger [1,2] first analyzed the
structural response of thin shell vibrations in an acoustic fluid medium. He studied the free and forced vibra-
tions of cylinders submerged in an acoustic medium. Chung et al. [3] presented an analytical and experimental
study of the vibration characteristics of thin circular cylindrical shells situated inside a fluid-filled rigid cir-
cular cylinder and made comparisons between the analytical and experimental results. Goncalves and Batista
[4] gave a theoretical analysis for the free vibration of simply supported vertical shells partially filled with
or submerged in a fluid. The vibrations of the shells were examined by using the Sanders’ shell theory. The
coupling between the shell deformation and the acoustic medium of fluid was amalgamated by shell dynamical
equations and the acoustic wave equation. Amabili [5] studied a simply supported circular cylindrical shell
with the axis parallel to the horizontal direction partially filled with liquid. He estimated the shell’s natural
frequencies and analyzed the mode shapes of partially filled shells. Again in [6], Amabili has investigated free
vibrations of circular cylindrical shells and tubes completely filled with a dense and partially immersed in a
different fluid having a free surface. Different boundary conditions are considered for the analysis. Sharma
et al. [7] have investigated the natural frequency response of vertical cantilevered composite shells containing
fluid. They used the Fourier series of trigonometric functions to approximate the axial modal dependence. This
presents an example of practical applications of cylindrical shells.
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Zhang et al. [8] have employed the wave propagation approach to investigate vibration characteristics of
fluid-filled cylindrical shells. This gives relatively more accurate predictions of natural frequencies of cylin-
drical shells.

Further showing the efficiency and efficacy of the wave propagation approach, Li et al. [9] have utilized
this technique to study the modal analysis of thin finite cylindrical shells. Natsuki et al. [10] used to carry out
the vibrational analysis of fluid-filled carbon nanotubes using the wave propagation. This approach seems to be
simple and easily applicable to study vibration characteristics of shells involving fluids. In the wave propagation
method, the axial modal dependence is approximated by simple wave number characteristic formulas. These
axial wave numbers are the approximate eigenvalues of characteristic beam functions. The assumed modal
forms of the deformation functions are substituted into the shell dynamical equations and the terms depending
on the space and time variables are eliminated. After the rearrangement of terms, a system of homogeneous
linear algebraic equations is framed and is converted into the eigenvalue problem.

Paliwal et al. [11] and Paliwal and Pandey [12] have studied the free vibrations of cylindrical shells on
elastic foundations. They gave the analysis of influence of elastic moduli on the shell frequencies for various
physical parameters. Fischer and Steiner [13] investigated natural frequencies of the uniformly distributed
apparent mass density of a modified empty cylindrical shell and that of a hydro-elastically coupled system
shell filled with fluid and they tried to equalize their natural frequencies. Tj et al. [14] have studied vibration
characteristics of cylindrical shells partially buried in elastic foundations. They determined numerical results
for the shell’s frequencies and mode shapes for a number of shell geometrical and foundation parameters.
Zarutskii et al. [15] studied the effects of Pasternak’s elastic foundation on the critical velocities of a struc-
turally orthotropic ribbed cylindrical shells under stationary and non-stationary loads. Sofiyev and Avcar [16]
have analyzed the stability of cylindrical shells containing an FGM layer subjected to axial loading on the
Pasternak foundation.

In the present study, this work is extended to investigate the vibration characteristics of fluid-filled cylin-
drical shells based on the elastic foundations. The influence of fluid inducting the acoustic wave equation
is coupled with the dynamical shell equations. This combination brings forth the mathematical relationship
between solid and fluid dynamics. The wave propagation approach is employed to solve the dynamical shell
equations involving the elastic foundation and fluid loading terms. The efficiency and validity of this approach
is confirmed by comparing the present results with those found in the literature.

2 Mathematical formulation

A thin-walled circular cylindrical shell is considered having the geometrical parameters length L , thickness
h and mean radius R as shown in Fig. 1. The material properties are Young’s modulus E , the Poisson ratio ν
and the mass density ρ. An orthogonal coordinate system (x, θ, z) is assumed to be established at the middle
surface of the shell, where x, θ and z represent the axial, circumferential, and radial coordinates, respectively.
The axial, circumferential and radial displacement deformations are denoted by u, v and w, respectively, with
regard to the shell’s mid surface.

R
h

G

K

L

Fig. 1 Cylindrical shell on elastic foundations
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Using Love’s thin shell theory, the equations of motion for a cylindrical shell can be written as:

∂ Nx

∂x
+ 1

R

∂ Nxθ

∂θ
= ρh

∂2u

∂t2 , (1)

∂ Nxθ

∂x
+ 1

R

∂ Nθ

∂θ
+ 2

R

∂ Mxθ

∂x
+ 1

R2

∂ Mθ

∂θ
= ρh

∂2v

∂t2 , (2)

∂2 Mx

∂x2 + 2

R

∂2 Mxθ

∂x∂θ
+ 1

R2

∂2 Mθ

∂θ2 − Nθ

R
= ρh

∂2w

∂t2 , (3)

where Nx , Nθ , Nxθ are force resultants and Mx , Mθ , Mxθ are moment resultants. They are defined as:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Nx

Nθ

Nxθ

Mx

Mθ

Mxθ

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

A11 A12 0 B11 B12 0

A12 A22 0 B12 B22 0

0 0 A66 0 0 B66

B11 B12 0 D11 D12 0

B12 B22 0 D12 D22 0

0 0 B66 0 0 D66

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

e1

e2

γ

k1

k2

2τ

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (4)

where e1, e2, and γ are the reference surface strains and k1, k2 and τ are the surface curvatures and Ai j , Bi j
and Di j (i, j = 1, 2 and 6) are the membrane, coupling and flexural stiffnesses defined as

{
Ai j , Bi j , Di j

} =
h/2∫

−h/2

Qi j
{
1, z, z2} dz. (5)

For isotropic materials, the reduced stiffnesses Qi j (i, j = 1, 2 and 6) are defined as

Q11 = Q22 = E

1 − ν2 , Q12 = νE

1 − ν2 , Q66 = E

2(1 + ν)
. (6)

The cylindrical shells are assumed to be thin-walled and the ratio thickness to radius (h/R) is less than
0.05. In the literature, a number of shell theories are found for studying their vibrations. Minute differences are
observed in the numerical results when comparisons are done among the results obtained from different shell
theories. The present analysis is carried out using Love’s first order thin shell theory and the relationships for
strain–displacement and curvature–displacement are provided from this theory and are given for a cylindrical
shell as:

{e1, e2, γ } =
{

∂u

∂x
,

1

R

(
∂v

∂θ
+ w

)
,

(
∂v

∂x
+ 1

R

∂u

∂θ

)}
(7)

and

{κ1, κ2, τ } =
{
−∂2w

∂x2 ,− 1

R2

(
∂2w

∂θ2 − ∂v

∂θ

)
, − 1

R

(
∂2w

∂x∂θ
− ∂v

∂x

)}
. (8)

These expressions for the surface strains e1, e2 and γ and the curvatures k1, k2 and τ from the relations (7)
and (8,) respectively, are substituted into Eq. (4) and the resulting expressions for Nx , Nθ , Nxθ , Mx , Mθ , Mxθ

into shell dynamical Eqs. (1)–(3), and introducing the fluid-filled cylindrical shell, which satisfies the acous-
tic wave equation and the terms describing the Winkler and Pasternak foundations (Kw − G∇2w) in the
z-direction, the equations of motion for a cylindrical shell can be written in a differential operator form as:

L11u + L12v + L13w = ρt
∂2u

∂t2 ,

L21u + L22v + L23w = ρt
∂2v

∂t2 , (9)

L31u + L32v + L33w = ρt
∂2w

∂t2 − P + Kw − G∇2w,
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where Li j (i, j = 1, 2, 3) are the differential operators with respect to x and θ given as

L11 = A11
∂2
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R2

∂2

∂θ2 ,
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R
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G represents the shear modulus of the material used for the elastic foundation and K the Winkler foundation
modulus, and the expression for the differential operator ∇2 is

∇2 = ∂2

∂x2 + 1

R2

∂2

∂θ2 . (10)

The Winkler model is a special case of the Pasternak model when G = 0.
The equation of motion of the fluid can be written in the cylindrical coordinate system (x, θ, r ) as

1

r

∂

∂r

(
r
∂ P

∂r

)
+ 1

r2

∂2 P

∂θ2 + ∂2 P

∂x2 = 1

c2

∂2 P

∂t2 , (11)

where t is the time, P is the acoustic pressure and c is the speed of sound in the fluid.

3 Numerical procedure

Exact solutions of shell dynamical equations are limited to a few cases of boundary conditions, for others
approximate solutions are searched. For this purpose, different methods are used to solve these equations. For
the present study, the wave propagation approach is employed to analyze the vibration characteristics of fluid-
filled cylindrical shells with Pasternak-type foundations. This approach is very simple and easily applicable
to determine the shell frequencies and has been successfully applied by a number of researchers (Zhang et al.
[8,18,19], Li et al. [9], Liu et al. [20], Natsuki, [10] and Xuebin [21]). For separating the spatial and temporal
variables, the following shapes of modal displacement functions are assumed:

u(x, θ, t) = A cos(nθ) ei(ωt−km x),

v(x, θ, t) = B sin(nθ) ei(ωt−km x), (12)

w(x, θ, t) = C cos(nθ) ei(ωt−km x),

in the axial, circumferential and radial directions, respectively. The coefficients A, B and C denote the wave
amplitudes respectively in the x, θ and z directions, respectively. n is the number of circumferential waves and
km is the axial wave number that has been specified in the reference [8] for a number of boundary conditions.
These axial wave numbers km are chosen to satisfy the required boundary conditions at the two ends of the
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cylindrical shell. ω is the natural circular frequency of the cylindrical shell. The associated form of the acoustic
pressure field in the contained fluid, which satisfies the acoustic wave Eq. (11), can be expressed in the cylin-
drical coordinate system, associated with an axial wave number km , radial wave number kr and circumferential
wave number n, and is given as:

P = pm cos(nθ)Jn(krr)ei(ωt−km x), (13)

where Jn is the Bessel function of first kind with order n. The coupling condition of the fluid with the shell
wall is given by

−
{

1

iωρ f

} (
∂p

∂r

)
= ∂w

∂t
(14)

at r = R and

pm =
[

ω2ρ f

kr J ′
n(kr R)

]
C, (15)

where ρ f is the density of the contained fluid and the prime on the Jn denotes differentiation with respect to
the argument kr R.

On substituting the expressions for u, v and w from Eq. (12) into Eq. (9) and simplifying the algebraic
expressions and rearranging the terms, the frequency equation is written in the following eigenvalue form:

⎡
⎢⎣

C11 C12 C13

−C12 C22 C23

−C13 C23 C33

⎤
⎥⎦

⎡
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⎡
⎢⎣

ρh 0 0

0 ρh 0
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Jn(kr R)
J ′

n(kr R)

⎤
⎥⎦

⎡
⎢⎣

A

B

C

⎤
⎥⎦ , (16)

where Ci j (i, j = 1, 2, 3) are coefficients of the stiffness matrix and the 3 × 3 matrix on the right hand side
of Eq. (16) represents the mass matrix depending on shell parameters and the type of boundary conditions
specified at the ends of a cylindrical shell and are given as
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.

Equation (16) is solved for shell frequencies and mode shapes using some computer software. The three
frequencies are obtained corresponding to the axial, circumferential and radial displacements.

4 Results and discussion

A number of comparisons of numerical results for empty and fluid-filled cylindrical shells are presented to
verify the validity of the present approach and the accuracy of the results. In Table 1, a comparison is made
for the natural frequencies (Hz) of empty isotropic cylindrical shells with simply supported end condition with
shell parameters L/R = 4, h/R = 1/20, E = 30 × 106 lbf in−2, ν = 0.3, ρ = 7.35 × 10−4 lbf s2 in−4

with the results of Warburton [22] as well as Loy and Lam [23]. Table 2 shows the comparison of the values
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Table 1 Comparison of natural frequencies (Hz) for an isotropic cylindrical shell with simply supported-simply supported end con-
ditions with shell parameters (L = 8 in, R = 2 in, h = 0.1 in, E = 30 × 106 lbf in−2, v = 0.3, ρ = 7.35 × 10−4 lbf s2 in−4)

n m Warburton [22] Loy et al. [23] Present

2 1 2,046.8 2,043.8 2,042.7
2 5,637.6 5,635.4 5,631.9
3 8,935.3 8,932.5 8,926.4
4 11,405 11,407.5 11,399.3
5 13,245 13,253.2 13,243.7
6 14,775 14,790.0 14,779.9

3 1 2,199.3 2,195.1 2,194.4
2 4,041.9 4,035.5 4,031.1
3 6,620.0 6,614.6 6,605.9
4 9,124.0 9,121.0 9,108.4
5 11,357 11,359.0 11,343.4
6 13,384 13,392.3 13,374.9

Table 2 Comparison of natural frequencies (Hz) for an empty cylindrical shell (m = 1, L = 0.41 m, R = 0.3015 m, h =
0.001 m, E = 2.1 × 1011 N/m2, ν = 0.3, ρ = 7850 kg/m3)

n Goncalves et al. [17] Present Difference (%)

7 303.35 301.93 0.47
8 280.94 278.99 0.69
9 288.71 286.37 0.81
10 318.40 315.83 0.81
11 363.33 360.64 0.74
12 419.19 416.44 0.66
13 483.51 480.74 0.57
14 554.97 552.22 0.50

Table 3 Comparison of natural frequencies (Hz) for a cylindrical shell filled with fluid (m = 1, L = 0.41 m, R =
0.3015 m, h = 0.001 m, E = 2.1 × 1011 N/m2, ν = 0.3, ρ = 7850 kg/m3, ρ f = 1000 kg/m3)

n Goncalves et al. [17] Present Difference (%)

8 119.2 114.8 3.69
9 127.9 123.9 3.13
10 146.7 142.7 2.73
11 173.3 169.4 2.25
12 206.4 202.4 1.94
13 245.0 241.0 1.63

of the natural frequencies (Hz) of an empty cylindrical shell with the results obtained by Goncalves et al.
[17] with simply supported—simply supported boundary conditions. The comparisons are carried out for the
parameters: L = 0.41 m, R = 0.3015 m, h = 0.001 m, E = 2.1 × 1011 N/m2, ν = 0.3, ρ = 7850 kg/m3

for the axial mode m = 1. It is seen from the two sets of results that the present frequencies are a bit lower than
those in the reference [17]. This difference is because of the two different approaches used in the reference
[17] and the present study. In Table 3, the natural frequencies (Hz) for a cylindrical shell filled with a fluid are
compared with those determined by Goncalves et al. [17]. Here the density of the fluid is ρ f = 1000 kg/m3.
Other parameters are given in the Table. Like in the isotropic case with no fluid, the present frequencies are
also lower than those in [17]. At circumferential wave number n = 8, the percentage difference of natural
frequencies in Table 2 for empty cylindrical shells is observed to be less than 1, while this difference becomes
higher in fluid-filled cylindrical shells as observed in Table 3. It is further observed that the percentage differ-
ence of natural frequencies of fluid-filled cylindrical shells decreases for increasing values of n. From these
tables, it is evident that the results agree very well with each other. This illustrates the validity of the present
wave propagation method and the accuracy of the results.

In Tables 4 and 5, natural frequencies of empty and fluid-filled cylindrical shells based on elastic foundation
are listed for the Winkler model, i.e., G = 0. Values of K are assumed to be 1.5 × 107 and 2.5 × 107 N/m in
Tables 4 and 5, respectively. It is noticed that the frequency of a fluid-filled cylindrical shell is much less than that
of an empty cylindrical shell and the frequencies of both the empty as well as the fluid-filled cylindrical shell first
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Table 4 Comparison of natural frequencies (Hz) for an empty and fluid-filled cylindrical shell on elastic foundation
(m = 1, L = 0.41 m, R = 0.3015 m, h = 0.001 m, E = 2.1 × 1011 N/m2, ν = 0.3, ρ = 7850 kg/m3, G = 0, K = 1.5 × 107)

n Empty cylinder Fluid-filled cylinder

3 989.75 245.09
4 696.52 205.64
5 522.83 173.29
6 423.41 153.15
7 372.15 144.42
8 354.16 145.74
9 360.25 155.86
10 384.24 173.65
11 421.95 198.17
12 470.61 228.72
13 528.41 264.85
14 594.21 306.26

Table 5 Comparison of natural frequencies (Hz) for an empty and fluid-filled cylindrical shell on elastic foundation (m = 1, L =
0.41 m, R = 0.3015 m, h = 0.001 m, E = 2.1 × 1011 N/m2, ν = 0.3, ρ = 7850 kg/m3, G = 0, K = 2.5 × 107)

n Empty cylinder Fluid-filled cylinder

3 1,004.4 248.69
4 717.89 211.94
5 551.57 182.82
6 458.88 165.98
7 412.38 160.02
8 396.43 163.13
9 402.02 173.94
10 423.75 191.51
11 458.29 215.24
12 503.49 244.71
13 557.93 279.65
14 620.63 319.87

Table 6 Comparison of natural frequencies (Hz) for an empty and fluid-filled cylindrical shell on elastic foundation (m = 1, L =
0.41 m, R = 0.3015 m, h = 0.001 m, E = 2.1 × 1011 N/m2, ν = 0.3, ρ = 7850 kg/m3, K = 0, G = 1.5 × 107)

n Empty cylinder Fluid-filled cylinder

3 2,780.6 680.40
4 3,314.5 968.88
5 3,950.3 1,296.6
6 4,626.6 1,657.3
7 5,321.4 2,045.1
8 6,026.2 2,456.2
9 6,737.2 2,887.5
10 7,452.5 3,336.9
11 8,170.9 3,802.6
12 8,891.7 4,282.9
13 9,614.6 4,776.6
14 10,339.0 5,282.7

decrease and afterwards increase with increasing values of the circumferential mode number n. Tables 6 and 7
show the frequencies of empty and fluid-filled cylindrical shells with K = 0, G = 1.5 × 107, 2.5 × 107 N/m,
respectively. The frequency of empty and fluid-filled cylindrical shell increases with increasing values of both
circumferential wave number n and Pasternak’s foundation G. The frequencies of the fluid-filled cylindrical
shell are lower than those of the empty cylindrical shell. Also it is seen that the frequencies of empty and
fluid-filled cylindrical shells are lower for G = 0, K = 1.5 × 107 N/m than those obtained for K =
0, G = 1.5 × 107 N/m. This means that both Winkler and Pasternak foundations influence the frequencies
of the cylindrical shell but in different ways. In Tables 8 and 9, values of natural frequencies of empty and
fluid-filled cylindrical shell are presented for two Winkler-Pasternak model foundations. The influence of the
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Table 7 Comparison of natural frequencies (Hz) for an empty and fluid-filled cylindrical shell on elastic foundation (m = 1, L =
0.41 m, R = 0.3015 m, h = 0.001 m, E = 2.1 × 1011 N/m2, ν = 0.3, ρ = 7850 kg/m3, K = 0, G = 2.5 × 107)

n Empty cylinder Fluid-filled cylinder

3 3,481.6 846.07
4 4,228.6 1,228.7
5 5,072.8 1,654.7
6 5,956.2 2,119.9
7 6,858.2 2,618.7
8 7,770.7 3,146.7
9 8,689.8 3,700.5
10 9,613.7 4,277.3
11 10,541.0 4,874.8
12 11,471.1 5,491.2
13 12,403.5 6,124.7
14 13,337.7 6,773.9

Table 8 Comparison of natural frequencies (Hz) for an empty and fluid-filled cylindrical shell on elastic foundation (m = 1, L =
0.41 m, R = 0.3015 m, h = 0.001 m, E = 2.1 × 1011 N/m2, ν = 0.3, ρ = 7850 kg/m3, K = 1 × 107, G = 1.5 × 107)

n Empty cylinder Fluid-filled cylinder

3 2,785.7 681.61
4 3,318.9 970.16
5 3,954.2 1,297.9
6 4,629.9 1,658.5
7 5,324.3 2,046.2
8 6,028.8 2,457.2
9 6,739.6 2,888.5
10 7,454.6 3,337.9
11 8,172.8 3,803.5
12 8,893.5 4,283.7
13 9,616.2 4,777.5
14 10,340.6 5,283.4

Table 9 Comparison of natural frequencies (Hz) for an empty and fluid-filled cylindrical shell on elastic foundation (m = 1, L =
0.41 m, R = 0.3015 m, h = 0.001 m, E = 2.1 × 1011 N/m2, ν = 0.3, ρ = 7850 kg/m3, K = 1.5 × 107, G = 2.5 × 107)

n Empty cylinder Fluid-filled cylinder

3 3,487.5 847.45
4 4,233.7 1,230.1
5 5,077.2 1,656.2
6 5,960.1 2,121.3
7 6,861.6 2,620.0
8 7,773.7 3,147.9
9 8,692.5 3,701.6
10 9,616.2 4,278.4
11 10,543.3 4,875.8
12 11,473.2 5,492.1
13 12,405.4 6,125.6
14 13,339.5 6,774.8

coupled elastic moduli is obviously visible on the frequencies of fluid-filled cylindrical shell. They are much
lesser than those of the empty cylindrical shells.

Figure 2 shows a variation of natural frequencies for an empty cylindrical shell against circumferential wave
number n. The elastic foundation is considered to be a Winkler type for its two values: K = 1.5e+7, 2.5e+7
with simply supported end conditions. It is seen from Fig. 2 that the frequencies first decrease rapidly with
n and after attaining its minimum value it increases with increasing value of n. Also the frequency increases
by increasing the value of the Winkler foundation modulus K . Figure 3 presents variation of shell natural
frequency against circumferential wave number n when an empty circular cylinder is placed on the Pasternak
foundation by keeping K = 0. The shell frequency increases gradually with increasing values of circumfer-
ential wave number n and Pasternak foundation. In Figs. 4 and 5, the variation of the frequency of a fluid-filled
cylindrical shell on elastic foundations is drawn versus the circumferential mode n. In Fig. 4, a fluid-filled cylin-
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Fig. 2 Variation of natural frequencies (Hz) of empty cylinder based on elastic foundation for m = 1, L = 0.41, h = 0.001,
R = 0.3015, ρ = 7850 at (G = 0)
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Fig. 3 Variation of natural frequencies (Hz) of empty cylinder based on elastic foundation for m = 1, L = 0.41, h = 0.001,
R = 0.3015, ρ = 7850 at (K = 0)
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Fig. 4 Variation of natural frequencies (Hz) of fluid-filled cylinder based on elastic foundation for m = 1, L = 0.41, h =
0.001, R = 0.3015, ρ = 7850 at (G = 0)

drical shell is placed within the Winkler foundation. In this case, the frequency first decreases and afterwards
increases with increasing value of circumferential wave number n. In Fig. 5, the frequency of the cylindrical
shell increases with increasing values of circumferential wave number n and Pasternak foundation G. It is
seen that the frequency of fluid-filled cylindrical shell is much less than that of empty cylindrical shell on the
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Fig. 6 Variation of natural frequency (Hz) of fluid-filled cylindrical shells with L/R ratio based on elastic foundation for m =
1, n = 4, h/R = 0.001 (K = 1.5e + 7)

elastic foundations. In Figs. 6 and 7, the variation of natural frequencies(Hz) against the L/R ratio is drawn
when the cylindrical shell is attached with elastic foundations. In Fig. 6, K = 1.5 × 107 and G varies from
1.5 × 107 to 4.5 × 107. Other parameters are taken as h/R = 0.001, n = 4. It is seen that the frequency
of a cylindrical shell decreases slightly with increasing L/R. It is observed that the frequency increases with
increasing values of the Pasternak foundation G. Figure 7 shows the variation of the natural frequency(Hz)
with the L/R ratio taking Pasternak foundation G = 1.5 × 107 and varying the Winkler foundation K from
1.5 × 107 to 4.5 × 107. It is seen that the frequency of the cylindrical shell decreases slightly with increasing
length L . The frequency increases with increasing values of the Winkler foundation. It is observed that both K
and G affect the frequency but the effect of G is larger than that of K . Figure 8 shows the variation of the natural
frequency against the h/R ratio when the cylindrical shell is on an elastic foundation having K = 1.5 × 107

and G varies from 1.5 × 107 to 4.5 × 107. It is observed that the frequency decreases with increasing value
of h/R but increases with increasing value of G. Figure 9 shows the variation of the frequency with h/R but
in this case G is constant having value 1.5 × 107 and K varies. It is clear from Fig. 9 that the frequency
decreases rapidly with increasing value of h/R. By comparing Figs. 8 and 9, it is observed that G influences
the natural frequencies of the shells more than K .

From the above discussion, it is clear that fluid and elastic foundation effects on the shell are significant,
as the coupled frequency decreases almost by half of its uncoupled frequency for cylindrical shell. In the same
way, the coupled frequency reduces a bit more than half from its uncoupled frequency for the cylindrical shell
when shell is based on elastic foundations. It is observed that when the Pasternak foundation G is zero, the
frequencies of empty as well as fluid-filled cylindrical shells first decrease rapidly up to a value of n = 7, and
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Fig. 9 Variation of natural frequency (Hz) of fluid-filled cylindrical shells with h/R ratio based on elastic foundation for m =
1, n = 4, L/R = 20 (G = 1.5e + 7)

then increase afterwards for all values of Winkler foundation K . In this case, the frequency for the fluid-filled
cylindrical shell is much smaller than that of the empty cylindrical shell. When both elastic foundations K and
G are non-zero, the frequencies of empty as well as fluid-filled cylindrical shell increase but the frequencies
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of the fluid-filled cylindrical shell is much smaller than that of the empty cylindrical shell. Thus, both K and
G affect the shell frequencies, but the influence of G is higher than that of K .

5 Conclusion

In this work, vibration frequency analysis of empty as well as fluid-filled cylindrical shells based on elastic
foundations is presented for simply supported conditions. The wave propagation method is used to derive the
shell frequency equation in the form of the eigenvalue problem including the elastic foundation and fluid load-
ing terms. The influence of elastic moduli is more pronounced on the shell frequencies. The fluid loading term
reduces the coupled frequency down to almost half its value for the empty case. This analysis can be extended
to investigate the other aspects like buckling and dynamic response involving different types of materials used
for cylindrical shells.
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