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SUMMARY OF THE THESIS 

 In this thesis, efforts have been made to evaluate the performance of various 

regression methods under numerous circumstances. First, we explore different 

regression methods including ordinary least square (OLS), and some robust regression 

procedures like; M-regression, Least trimmed square (LTS), least median of squared 

(LMS), MM-estimation and S-estimation under different outliers scenarios and 

varying levels of collinearity simultaneously. For the sack of comparison different 

performance measures, total absolute deviation (TAB), total mean square error 

(TMSE) and boxplot of absolute bias, along with the graphs of total absolute 

deviation (TAB), and total mean square error (TMSE) are used. A full discussion over 

performance of these methods in each scenario is provided. In case the error 

distribution is standard normal, In regard to performance of methods (OLS, M, LMS, 

LTS, MM, S) almost similar pattern was seen for all values of P =2,4,6 and sample 

size n=50,100,150,200. The results clearly shows that for lower levels of collinearity 

the (TMSE) values for all methods are not that much different, but at higher levels of 

collinearity the (TMSE) for all methods are quite different. It is also evident that LTS, 

LMS are the poor of all, the next is S while OLS, M and MM methods perform 

reasonably well even at higher level of collinearity. With a high collinearity and 10% 

outliers OLS is the worse, LTS, LMS and S are the next, M and MM perform 

reasonably well with MM the best of all. A 20% outlier simultaneously with a high 

collinearity level, declare MM the best, M the second best, while LTS, LMS, and S 

behaving very similar are poor while OLS the worse of all. In a scenario of 30% 

outliers simultaneously with high collinearity levels MM the best, (LTS,LMS, and S) 

the second set of best, while OLS and M-estimation perfom poor, M-Estimation being 

the worse of all. But 40% outliers when simultaneously taken with a high level of 
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multicollinearity, it ranks these methods differently, resulting in MM method which is 

the best one in all cases to be the worse of all, secodly M and OLS have high values 

for (TMSE) and the remaining three (LTS,LMS,S) resulting in low values for 

(TMSE). 

Secondly in this research various WLAD-lasso versions based on weights through 

different robust distances derived from different robust location and scatter estimators 

(like Minimum covariance determinant (mcd) estimator, Minimum Volume ellipsoid 

(mve) estimator, Orthogonal Ganadesikan (OGK) estimator, constrained M-estimator 

of location and scatter (covMest), MM-estimate of multivariate location and scatter 

(covMMest) and S-estimate of multivariate location and scatter (covSest ) are 

compared. A new WLAD-lasso method, based on a new weighting scheme, where the 

weights are derived from predictor space independently of the covariance matrix is 

proposed.Theresultsofthenewmethodarecomparedwiththeexistingone‘susing

percentages of correctly estimated coefficients, correctly classified zeros, false 

positive rate (FPR), false negative rate (FNR) and normalized mean squared error 

(NMSE) through various simulation settings. for sample size n=20, at lower level of 

contamination i-e    = 0.1, the results of all performance measures for all methods are 

almost similar and no single method is clearly dominant. For a little increased level of 

contamination i-e   = 0.2, the proposed method and the one based on Orthogonal 

Ganadesikan estimator (OGK), outperform all other methods. For   = 0.3, the 

proposed method clearly give dominant results possessing a high percentage of 

correctly estimated coefficients, high percentage of correctly classified zeros, a low 

percentage of incorrectly classified zeros, a small false positive rate and average 

normalized mean squared error (ANMSE).  For   = 0.4, the proposed method more 

overwhelmingly dominate the remaining methods in terms of a high percentage of 



 

 

 

ix 

correctly estimated coefficients, high percentage of correctly classified zeros, a low 

percentage of incorrectly classified zeros, a small false positive rate (FPR) and 

average normalized mean squared error (ANMSE).  Finally an improved lasso IRW-

lasso is derived and its performance is compared with the usual lasso under different 

contamination rates.  

Overall objectives of the thesis is a motivation to compare various robust 

regression methods performances under various circumstances and to adopt strategies 

to cope with simultaneous violations of classical assumptions in the data. 

The brief overall summary involve an investigation of various robust regression 

methods under outliers and varying levels of multicollinearity. It is concluded that the 

performance of robust regression methods is highly affected by a simultaneous 

interruption of high multicollinearity. It is highly recommended first to inspect the 

underlying assumptions of modelling tools to avoid misleading results.  
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Chapter-1  

INTRODUCTION 

1.1 Regression Analysis 

 Regression analysis is viewed as the most widely used statistical tools for 

analysing multi factor data. This technique is quite useful statistical tool used in 

nearly all areas of engineering and other sciences that require fitting a model, to 

explain a complex system. Regression analysis involves modelling the relationship 

among variables. The relationship among variables is approximated by some suitable 

mathematical function like linear or polynomial equation (Draper and Smith, 2003).  

To model y as a function of the predictor variables          . The form of the 

linear regression model will be; 

                          (01.1) 

Where             regression coefficients or regression parameters are 

unknown constants and are estimated from the observed data,   is random error and 

assumed to be following a normal distribution with mean zero and a constant 

variance, i.e.  ~N( 0 , )  2

. 

Most common equation (1.1) is represented in matrix notation as follows: 

 Y X     
 (01.2) 

Where   is an (   ) vector of response values,   is an (  (   )) matrix of 

explanatory variable values called design matrix,   is a ((   )   ) vector of 

regression true parameters and   is an (   ) vector of  random errors. 
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1.2 Least Square Estimation 

 The model in equation (1.2) involve several parameters and need to be 

estimated from the observed data. There are several methods for estimating the model 

parameters. Among them the least square method is most often used because of 

computational easiness and statistical elegance. 

Least square method is the most popular method for estimating the model 

parameters in classical linear regression. By this method parameters are estimated in 

such a way that the sum of the squares of residuals is minimized. If the classical linear 

regression model fulfils certain assumptions, the (ordinary least square) OLS 

estimators are best linear unbiased estimates (Draper and Smith, 2003). The brief 

review of the method of OLS is given as: 

A model is fitted to linearly relate Y to several predictor variables X1, X2……, Xp 

in a way like 

 

       ∑    

 

   

       
(1.3) 

With   

   (              )                          (01.4) 

And  

       (              )         (01.5) 

The least square method find estimates of  ‘sbyminimizingthesumofsquared

differences between the observed and predicted values of the response that is by: 
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∑(      ∑     

 

   

) 
 

   

 

(1.6) 

The least square method gives the estimates of the regression coefficients 

explicitly from the observed data as: 

  ̂  (   )       (01.7) 

With  var ( ̂) =   
 (   )   

Least square method is most often used because of its computational easiness and 

statistical elegance, but unfortunately least square estimation method depends on a 

fairly restricted set of assumptions. Least square method for making a standard 

inference about parameters assumes that the  form of the model is correct, the error 

term is normally distributed with zero mean and constant variance, and the regressors 

involved in the model be not linearly related in the case of multiple regression. Often 

real data include regressors which are highly correlated and the normality assumption 

is violated when data include some observations which seem to be apart from the bulk 

of the rest of observations, called outliers. Although mathematically easy and 

statistically elegant the least square estimator is now being criticized more and more 

for lacking robustness (Rousseeuw 1984).    

1.3 Outliers 

 Outliers are those observations or objects which in some sense do not comply 

with the general pattern of the data. Hawkins (1980) defines an outlier as an 

observation that deviate so much from the other observations as to arouse suspicion 

that it was generated by a different mechanism. Davies and Gather (2004) says that 

theword―Outlier‖hasnoprecisedefinition.BarnettandLewis(1984)declareoutlier
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as―anobservation (or subset of observations) which appears to be inconsistent with 

the remainder of that data set‖. According to Anscombe (1960) outlier is an

observation whose residual is abnormally large.  An outlier may be an individual 

observation or group of two or more points, either in response or regressor space. 

Such observations need to be identified and investigated thoroughly because they 

highly affect statistical analysis. The presence of this disorder is often an indication of 

weakness in the model, the data or both. Outlier remain constantly a focus of concern 

for statisticians as evidenced by extensive literature available in Barnett and Lewis 

(1994), Hawkins (1980), Beckman and Cook (1983), Kale (1979), Anscombe (1960), 

Stigler (1973), Prescott (1980) and Harter (1978). Excellent reviews of different 

aspects of outliers are given by Rousseeuw and Leroy (1987), Chatterjee and Hadi 

(1988), Salahuddin and Hawkes (1991), Barnett and Lewis (1994), and Rahmatullah 

Imon (2005). In regression analysis an outlier may be in y-space or in x-space. A data 

point (yi, xi) with an outlying value only in y-direction is called vertical outlier. If the 

data point (yi , xi) is outlying in x-direction, it is known as leverage point.  

In a regression data set each observation may be classified as one of the following: 

(1) Regular observation: fitting y well and non-outlying in x-direction. 

(2) Vertical outliers: outlying in y-direction but non-outlying in x-direction. 

(3) Good leverage points:  outlying in x but well-fitting y. 

(4) Bad leverage points: outlying in x and non-fitting y. 
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These four types of observations are shown in a better way graphically as in the 

following figure: 

 

Figure 1.1: Types of outliers and leverage points 

 In regression analysis an influential observation substantially changes the 

estimates of regression coefficients. In regression modelling Ordinary Least Square 

(OLS) estimates are sensitive to outliers. To deal with outliers, one approach is to 

construct outlier diagnostics, remove unusual points having the largest residuals and 

then use the least square method. But this approach may not be effective if there are 

many outliers in the data set. Several robust regression procedures have been 

proposed to modify the least square so that outliers have least influence on the final 

estimates.  

1.4.1  How to deal outliers 

 Due to the extreme sensitivity of ordinary least square (OLS) method to 

outliers and leverage points, usually we adopt two approaches to deal with a 
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regression data set contaminated by outliers in either direction. These two approaches 

are identification and accommodation techniques. Identification technique is referred 

to as Regression Diagnostics and accommodation technique as Robust Regression. In 

the first approach outlier‘s diagnostics are constructed, unusual points having the 

largest residuals are corrected, or removed and least square method is applied to the 

left over data. However, this approach may not be effective if there are many outliers 

in the data set. The second approach ―RobustRegression‖accommodateoutliersina

way to result in estimators that are less affected by influential points. Robust 

Regression and regression diagnostics have almost similar goals i.e. both aims to 

identify outliers and estimate the coefficients which are less influenced by outliers.   

1.4.2 Robust regression 

 It is often well known that the real data do not satisfy the normality 

assumption and usually contain outliers generated by heavy-tailed distribution, which 

considerably impact the least square estimates. In such situations, OLS estimates are 

no longer best and specifically suffers from large biases in the presence of outliers. It 

then becomes necessary to have alternative estimates which are not that much 

influenced by outliers. In the context of regression analysis researchers have been 

searching for alternatives ways of estimating the parameters which are robust to 

outliers, that is, robust regression methods. Robust regression methods accommodate 

outliers by down weighting or ignoring the unusual observations, retain their 

efficiency when data are non-normal and are resistant to the effect of highly 

discrepant or wild observations. Most commonly used robust estimators include 

Huber M-estimation (Huber, 1973), Least median square (LMS), Least trimmed 

square (LTS) estimator introduced by Rousseeuw (1984), S-estimator by Rousseeuw 

and Yohai (1984), MM-estimator by Yohai (1987), GM- estimators and Siegel‘s
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repeated median estimators Rousseeuw and Leroy (1987). To assess robustness of a 

method the concept like, efficiency, breakdown point, Influence function and 

sensitivity curves are used. A robust procedure is said to be efficient if it behave well 

in comparison to least square on clean data. In this study the robust regression 

methods performance will be evaluated, specifically where both outliers and 

Multicollinearity exists. 

1.4.3 The concept of breakdown point 

 The breakdown point is the largest fraction of outliers permitted in the data 

before the estimator stops to give some useful information about the parameter. 

Hampel (1971) gave the idea of breakdown point as a rough but a valuable measure of 

robustness and later on is revised in a finite sample-setting by Donoho and Huber 

(1983). Rousseeuw and Leroy (1987) breakdown for finite sample as: 

Consider a sample data set   *(                )     (                ) + 

and a regression estimator T, Applying T to Z yields a vector of regression 

coefficients i.e. T(Z) =  ̂. Now considering all possible corrupted data sets    

obtained by replacing any m of the actual observations by some arbitrary points. The 

maximum bias this will cause is given by:  

        (     )       ‖ (  )   ( )‖ (1.8) 

If        (     )     , hence the estimator T (  ) breaks down i-e becomes 

useless. In this case m outliers will have an arbitrarily large effect on the estimator T. 

The breakdown point  of the estimator T at the data set Z  is defined as:  
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  (   )     *
 

 
          (     )   + 

(01.9) 

An estimator with a breakdown point around 50%, mean that almost half of the 

data can be contaminated and the estimator will still be useful. An estimator with a 

high breakdown point is considered robust, and an estimator whose breakdown point 

is around 0%, is non-robust. The breakdown point of OLS is equal to 1/n, i.e., 

introducing even a single outlier can drastically change the OLS estimator, where n 

denotes the number of observations in the sample.     

1.4.4 The Influence Function (IF) and Gross Error Sensitivity (GES) 

 To evaluate how an estimator T reacts to an additional observation, given a 

large sample distribution F, it measures the infinitesimal influence of an observation 

at a particular point on the estimator and permits to study local robustness properties. 

In a sense Influence function measures, what will happen to an estimator if an 

infinitesimal small perturbation is allowed for large sample sizes. The IF of an 

estimator T at a distribution F is defined as: 

 
  (      )      

   

 ((   )     )   ( )

 
 

(01.10) 

Where  ((   )     ) is the value of the estimate when the underlying 

distribution is   and a fraction   of outliers is  ,     is a distribution which yield x 

with probability one, and  ( ) is the value of the estimate when the underlying 

distribution is   with no outliers. The influence function can be inferred as a type of 

derivative which measures the variations in the estimate due to a small proliferation of 

data at a position  .  
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Another important robustness measure resulting from IF is the gross error 

sensitivity (GES) defined as: 

 

      (   )     ⏟
 

*   (      )  + 

(01.11) 

An estimator with a larger gross error sensitivity will be more seriously affected 

by the existence of outliers than the one with a small gross error sensitivity.   

If GES =   (   )< , the estimator T is called B-robust (bias-robust). 

1.4.5 Multicollinearity 

 Multicollinearity is a situation in regression where at least two of the predictor 

variables are linearly related (Belsley 1991; Yamagata & Orme 2005; Alauddin & 

Nghiem 2010). The terms multicollinearity and ill-conditioning are usually used 

interchangeably, however ill-conditioning refers to any upshot in the data matrix that 

originate large fluctuation in the regression estimates due to small alterations in the 

data, so does not comprises of multicollinearity alone  (Belsley,  1991). Yet 

multicollinearity is a major reason for such a situation in the regression models; so is 

generally referred to as ill-conditioning (Heckelei, 2002).  In regression problems 

perfect multicollinearity can easily be fixed through some suitable diagnosis while 

dealing with imperfect multicollinearity is quite difficult. In perfect multicollinearity 

the predictors exactly move in steps together (Murray, 2006). Perfect multicollinearity 

leads to matrix (X
t
X) being not invertible (Thomas, 1993). This result in a situation 

where there are an infinite number of coefficients which minimize the sum of squared 

residuals (Stewart, 1987). However most often the relationship between the regressors 

is not exact but close to exact, such variables are called collinear or multicollinear in 
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contrast to perfectly multicollinear. Multicollinearity results in a decrease in the 

reliability of the regression estimates, hence potentially affect estimation, testing 

hypothesis and forecasting. In case of severe multicollinearity regression estimates 

become very sensitive to slight changes in the data or model specification (Alin, 2010; 

Farrer & Glauber, 1967). Generally the problem caused by multicollinearity stems 

from the fact that not enough information is provided by the sample to create 

appropriate model or to facilitate individual parameter estimation (Farrer & Glauber, 

1967; Feldstien 1973). To accommodate such phenomena and produce efficient and 

robust estimates and prediction a technique called penalized or shrinkage regression is 

used. 

1.4.6 Penalized regression or Shrinkage regression 

 Consider a regression problem where;   =  
  +ui   with ui   N(0,   )  and              

, i=1,2,….,n. The ordinary least square (OLS) is the most often used method to 

estimate the regression coefficients by minimizing; 

 ∑(     
  ) 

 

   

 (01.12) 

And    gives      ̂  = (X
t
X)

-1
(X

t
Y). When there is multicollinearity or when p n, 

the design matrix X or the matrix (X
t
X) will not be of full rank. In this case there will 

be no unique solution for  ̂   (Flexeder, 2010).  Even if an estimate is obtained that 

will not satisfy the data analysts (Hastie et al., 2009). Such estimators will have a 

problem in the prediction accuracy. The estimator will have small biases but large 

variances. Although a better prediction accuracy is obtained by letting down the 

variance of the estimates and a little increase in bias. For this the analysts will have to 

shrink or set some coefficients to zero exactly. Secondly there will be an 
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interpretation problem and the data analysts would like to arrive at a subset of the 

predictors which shows the strongest effects. The techniques of shrinkage regression 

will help to accommodate such situations and result in a more useful, efficient and 

robust estimates and predictions. Shrinkage regression techniques tackled the problem 

by minimizing a penalized sum of squared residuals. There are several classical 

regularized methods which are based on the idea of minimizing a penalized least 

square loss, the penalty is imposed upon the sizes of the regression coefficients. The 

estimates are obtained by minimizing; 

 
∑(     

  ) 
 

   

      ( ) 
(01.13) 

where pen is some penalty function and   is a regularization parameter. In this 

study attempts will be made to combine the penalty with robust loss function to cope 

with problem of outliers and shrinkage simultaneously. 

1.4.7 Ridge regression 

 Ridge regression first introduced by Hoerl and Kennard (1970) is a famous 

alternative to ordinary least square (OLS). This technique improve estimation in 

situations where explanatory variables are highly collinear. In ridge regression the 

parameters are estimated by minimizing the sum of squared residuals subject to a 

penalty imposed upon the coefficients. The penalty used is the L2-norm penalty. As a 

constrained problem the ridge regression may be formulated as: 

 

 ̂      
 

*∑(      ∑     
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+      ∑  
   

 

   

      

(01.14) 
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Formulated as penalized problem the ridge regression problem may be described as: 

  ̂  =     *∑ (      ∑      
 
   )  

   +λ∑   
 +

 
   ,λ   (01.15) 

This problem in matrix notation will be: 

 
 ̂   =     

 
*‖    ‖ 

 +λ‖ ‖ 
 + 

(01.16) 

Hoerl and Kennard (1970) suggested to obtain the estimates explicitly from the 

available data by using; 

  ̂   = ( 
      )

  
    (01.17) 

Where    is an identity matrix of order p, adding     to      so that the matrix to 

be invertible. 

In contrast to OLS estimates the ridge regression estimates are no more unbiased. 

Ridge regression by imposing the penalty induce a little bias for reducing the variance 

and mean squared error to enhance prediction accuracy. The performance of the ridge 

regression estimate to a maximum extent depend on determining an optimal value of 

regularization parameter λ. Several alternatives are available in the literature to 

suggest an optimal value of th ridge parameter. Hoerl and Kennard (1970) suggested a 

graphicalmethodknownas ridge trace toestimate the ridgeparameterλ.Using the

L2-norm penalty results in more stable estimates of the regression coefficients, 

however no coefficients are shrunk exactly to zero  so may not result in an easily 

interpretable model.   Other regularization methods include lasso, adaptive lasso, 

elastic net etc that are used for variable selection and estimation simultaneously. 

1.4.8 Lasso 

 Least Absolute Shrinkage and selection operator (Lasso) is an effective and 

famous method proposed by Tibshirani (1996). The lasso method estimates the 
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regression coefficients by minimizing a penalized squared residuals sum. This is a 

regularization technique that simultaneously performs, estimation and variable 

selection in high dimensional cases. The lasso method imposes L-1 penalty on the 

regression parameters. The formulation of the Lasso method as a constrained problem 

may be given as: 

 
 ̂         

 
*∑(      ∑     
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+      ∑|  |   

 

   

      

(01.18) 

The above can equivalently as a penalization problem may be formulated as: 

  ̂     =     * ∑ (      ∑      
 
   )  

   + ∑ |  |+ 
 
    (01.19) 

Or in matrix notation: 

 
 ̂     =    

 
‖    ‖ 

 +λ‖ ‖  
(01.20) 

Whereλisaregularizationparameterthatischoseninapropermannerbycross

validation or generalized cross validation (Tibshirani, 1996). For a high regularized 

parameter value the lasso solution is much sparse. The lasso delivers us a solution 

beneficial with both the properties of ridge regression for shrinkage and variable 

selection for ease in interpretability. A closed form solution for lasso like least square 

and ridge regression does not exist. Being a convex optimization problem, lasso can 

besolvedbyconsideringaquadraticprogrammingalgorithmforagivenλ.Sincethe

lasso has been proposed by Tibshirani, several methods offering a lot of improvement 

over quadratic programming approach has been developed. An efficient algorithm 

proposed by Efron et.al (2004), Least angle regression (Lars) is available in the lars R 

package for computing the entire solution path.   
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1.4.9 Lq penalized or Bridge regression 

 Bridge regression is another special family of regularized regression 

estimation method. This method estimates the regression coefficients by minimizing 

the sum of squared residuals, where the L
q
 norm of the parameter estimates is taken to 

belessthanaparticularconstantt.the‗q‘beingtakenpositiveisashrinkagefactor.

This method was first introduced by Frank and Friedman (1993). The constrained 

formulation of Bridge Regression may be given as: 

  ̂          
 

*∑(      ∑     
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+     ∑|  |
 
  

 

   

      
    

(01.21) 

Or as a penalization problem: 

  ̂      =     *∑ (      ∑      
 
   )  

   +λ∑ |  |
 
+ 

 
   ,    (01.22) 

Like a lasso, unfortunately no closed form solution is available for bridge 

regression. Lasso and ridge regression are special cases of bridge regression for (q=1) 

and (q=2) respectively. There are different approaches to estimate q and the 

regularizationparameterλ.Fu(1998)hassuggestedgeneralizedcrossvalidationfrom

the data to estimate q (0    )andλ. 

1.4.10`Elastic net 

 The elastic net is another regularized method used for estimation and variable 

selection simultaneously. The elastic net was first introduced by Zou and Hastie 

(2005). The elastic net estimate is given by: 
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  ̂            =     * ∑ (      ∑      
 
   )  

   +  ∑ |  | 
 
    +  ∑   

  
   },         (1.23)              

where the two regularization parameters are assumed to be greater than zero i.e. 

  ,      

In constrained form the penalty in the elastic net is a convex combination of the 

lasso and ridge penalties i-e (1-α) ∑ |  | 
 
   + ∑   

  
      withα =

  

     
,Forα =1 it 

becomes asimpleridgeregressionproblemwhileforα=0itbecomealassopenalty.

This method outperforms lasso, and is more suitable to be used in microarray data 

analysis, where the selection of a group of highly correlated predictors is of prime 

importance because they are biologically more interesting. 

1.4.11 Penalized Robust (Biased-Robust) Regression 

 Often data sets are exposed to the problems of outliers and multicollinearity 

simultaneously. Relative to the vast amount of research done in only biased regression 

and robust regression techniques, research in biased-robust regression has been very 

sparse. Mostly the literature and research work in the combined area is contributed by 

Holland (1973); Pariente and Welsch (1977); Hogg (1979); Askin and Montgomery 

(1980); Lawrence and Marsh (1984); Pfaffenberger and Dielman (1985); Walker 

(1987) and Pfaffenberger and Dielman (1990). Askin and Montgomery (1980) 

introduced a class of estimators that combined robust M- estimation criteria with 

biasedestimationconstraints.Walker (1987)modified theAskinandMontgomery‘s

approach by using bounded influence estimators instead of M-estimators. Several 

approaches have been used in the literature to combine the features of ridge regression 

with those of the robust regression to cope both the maladies i.e. Multicollinearity and 

outliers saimultaneously. Habshah and Marina (2007) developed the ridge-MM 

estimator to deal with both multicollinearity and heavy-tailed errors. 
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Similarly, in case of contamination in data, or heavy tailed errors the performance of 

the lasso like ridge regression is very poor. Attempts have been made to combine the 

ideas of robust regression with the regularization penalties. Rosset and Zhu (2007) 

modifiedthelassoproblembyreplacingthesquarelossfunctionbytheHuber‘sloss

function. Wang et al (2007a) combined the adaptive lasso penalty with the least 

absolute deviation. Arslan (2012) used the lasso penalty with the idea of the weighted 

least absolute deviation (WLAD) regression in order to obtain an estimate both sparse 

and robust to contamination or heavy tailed errors. In this thesis a new WLAD-lasso 

method, based on a new weighting scheme is proposed. The results of the new method 

are compared with the existing one‘s using percentage of correctly estimated

coefficients, correctly classified zeros, false positive rate (FPR), false negative rate 

(FNR) and normalized mean squared error (NMSE) through various simulation 

settings.  

1.5 Scope and outline of the Thesis 

 In this thesis, we explore different regression methods including ordinary least 

square (OLS), and some robust regression procedures like; M-regression, Least 

trimmed square (LTS), least median of squared (LMS), MM-estimation and S-

estimation under different outliers scenarios and varying levels of collinearity 

simultaneously. Secondly in this research we will provide a comparison of various 

WLAD-lasso versions based on weights through different robust distances derived 

from different robust location and scatter estimators (like Minimum covariance 

determinant (mcd) estimator, Minimum Volume ellipsoid (mve) estimator, 

Orthogonal Ganadesikan (OGK) estimator, constrained M-estimator of location and 

scatter (covMest), MM-estimate of multivariate location and scatter (covMMest), S-

estimate of multivariate location and scatter (covSest ). A new WLAD-lasso based on 
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a new weighting scheme is proposed and its performance is evaluated with the 

existing ones through simulation. 

Finally an improved lasso IRW-lasso is derived using robust loss function and 

iteratively reweighting scheme, and its performance is evaluated with the existing 

lasso. 

In chapter 1 of this thesis various aspects of regression analysis, ordinary least 

square (OLS), limitations of (OLS), outliers, and to some extent multicollinearity are 

described. Moreover various robust regression methods, robustness concepts like; 

breakdown point, influence function, gross error sensitivity are explored. A discussion 

of penalized regression methods, including; lasso, adaptive lasso, elastic net, and 

bridge regression is also given. Finally in this chapter we discussed about penalized 

robust regression methods combine the ideas of robust regression with the 

regularization penalties. 

Chapter 2 of this thesis consists of an extensive literature of various features of 

robust regression methods. A detailed discussion about classical regularized and 

robust regularized methods is also given. 

In chapter 3 a detailed comparative analysis of regression methods, ordinary least 

square (OLS), M-estimation, least trimmed square (LTS), least median of square 

(LMS), S-estimate and MM-estimate of regression is presented under different 

simulation settings for varying levels of contamination and collinearity. 

In chapter 4 various WLAD-lasso versions based on weights through different 

types of robust distances derived from different robust location and scatter estimators 

(like Minimum covariance determinant (mcd) estimator, Minimum Volume ellipsoid 
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estimator (mve), Orthogonal Ganadesikan estimator (OGK), constrained M-estimator 

of location and scatter (covMest), MM-estimate of multivariate location and scatter 

(covMMest), S-estimate of multivariate location and scatter (covSest ) are compared. 

Finally a new WLAD-lasso method, based on a new weighting scheme is proposed. 

The results of the new method are compared withtheexistingone‘susingpercentage

of correctly estimated coefficients, correctly classified zeros, false positive rate (FPR), 

false negative rate (FNR) and normalized mean squared error (NMSE) through 

various simulation settings.  

In Chapter 5 of this thesis an improved lasso (Iteratively reweighted lasso) IRW-

lassoispresentedbasedonrobustlossfunctionslikeHuber‘s,Bisquare,andHampel

loss functions utilizing iteratively reweighting scheme. 

Chapter 6 of this thesis provides a brief discussion and conclusions based on 

simulations and some recommendations for the future work are given. 
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Chapter-2  

REVIEW OF THE RELEVANT LITERATURE 

2.1 Introduction 

 Regression analysis while developing a theoretical model or statistical 

explanation for a physical phenomenon under investigation involves transforming the 

response and predictors in the form of an equation. The equation generally may be 

expressed as; 

                              (02.1) 

The same equation can be expressed in matrix form as: 

        (20.2) 

Where   being an (n  ) vector of response values,   is the design matrix with 

      columns and n rows with the entries representing levels of the predictor 

variables,   being a (K  ) vector of regression true coefficients and   is an (   ) 

vector of error values. Regression analysis seeks to estimate the parameter vector  . A 

very general choice to perform this task is the ordinary least square (OLS) method. 

Least square method is the most commonly used method for estimating the model 

parameters in classical linear regression. By this method parameters are estimated in 

such a way that the sum of the squares of residuals is minimized. The least square 

method gives estimates by:  

  



 

 

 

20 

 
   ∑  

 

 

   

 
(02.3) 

Where          
   denotes the i

th
 residual from the fitted model. If the 

classical linear regression model fulfils certain assumptions, the OLS estimators are 

best linear unbiased estimates (BLUE) (Draper and Smith, 2003). Although the least 

square method is most often used because of computational easiness and statistical 

elegance, however unfortunately least square estimation method depends on a fairly 

restricted set of assumptions. The estimate is too much sensitive if a small fraction of 

the data contain outliers or if there is slight violation from normality in the data. It is 

evident from the literature that even a single malicious observation can lead to the 

least square estimator to be unreliable. See for more information: Andrews et al. 

(1972), Draper and Smith (1998), Rousseeuw and Leroy (1987), Ho and Naugher 

(2000), Verardi and Croux (2009), and Muthukrishnan and Radha (2010), etc.  The 

breakdown point of the least square method is   ⁄  (Donoho and Huber, 1983). This 

indicates that a single outlier can make the estimator useless. It is often well known 

that the real data do not satisfy the normality assumption and usually contain outliers 

generated by heavy-tailed distributions, which considerably influence the least square 

estimates. In such situations, OLS estimates are no longer best and specifically suffers 

from large biases in the presence of outliers. It then becomes necessary to have 

alternative estimates which are not that much influenced by outliers. In the context of 

regression analysis researchers have been searching for alternatives ways of 

estimating the parameters which are robust to outliers, such as, robust regression 

methods. Robust regression methods accommodate outliers by down weighting or 

ignoring the unusual observations, retain their efficiency when data are non-normal 

and are resistant to the effect of highly discrepant or wild observations. Most 
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commonly used robust estimators include Huber M-estimation (Huber, 1973), least 

median square (LMS) estimator, least trimmed square (LTS) estimator introduced by 

Rousseeuw (1984), S-estimator by Rousseeuw and Yohai (1984), MM-estimator by 

Yohai (1987), GM-estimators and Siegel‘s repeated median estimators Rousseeuw

and Leroy (1987). Generally the robust methods seek to minimize some alternative 

function of the residuals which may be less sensitive to outliers. Instead of the square 

functionintheleastsquaretherobustmethodsusesthe―rho‖functionwhichisless

gradual than the square function. The robust regression estimates are given by; 

 
   ∑ (  )

 

   

 
(02.4) 

The function  ( ) is usually selected in such a manner that it embodies some 

weighting of the ith residual. This weighting system gives a smaller weight to 

outlying observations. Some of the robust regression methods used in the literature 

are discussed here: 

2.2 Least absolute deviation or L1-norm regression 

 The least absolute value approach was first proposed by Roger Joseph 

Boscovich in1757 and Pierre Simon Laplace later on amended and used it. Improving 

the idea of  Boscovich, an earlier approach in robust regression came from the 

proposal of Edgworth (1887) who preferred Least Absolute Deviation (LAD) as a 

substitute of least squares (Rousseeuw and Yohai, 1984). The Least Absolute 

Deviation (LAD) or L1-norm regression determined the estimates by minimizing the 

sum of absolute values of the residuals. The objective function in this case may be 

written as  
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        ∑    

 

   

 
(02.5) 

This method to a greater extent reduce the effect of residual outliers i.e. outliers 

but not immune to leverage points. Due to its sensitivity to leverage points the finite 

sample break down point for this method may not be that much higher than   ⁄ . The 

Least Absolute Deviation (LAD) has an extensive discussion in the literature for 

example see, Bloomfield and Steiger (1983), He et al. (1990), Mizera and Muller 

(2001), Giloni and Padberg (2004), and Dielmann (2005). It is also evident from the 

literature that researchers have taken an interest in the Least Absolute Deviation 

(LAD) or L1-regression and upgraded it continuously. Such interest is evident from 

Coleman and Li (1992), Ellis and Morgenthaler (1992), Shi and Lukas (2002), Giloni 

et al. (2006a) and Giloni et al. (2006b), Li and Zhu (2008) and Wu and Liu (2009), 

Wang et al (2007a), Arslan (2012).    

2.3 M-Estimation 

 M-estimation a very general robust regression method first introduced by 

Huber (1964). This method is a generalization of the most often used least square, in a 

sense that the quadratic loss function in the least squares is replaced by symmetric 

function  ( ). The function  ( ) is continuous, symmetric with a unique minimum at 

zero (Rousseeuw and Leroy (1987), Anderson (2008)). The function  ( ) is generally 

selected such that it denotes some weighting of the ith residual. This weighting system 

should give less weight to outlying observations and thus not much affected by such 

values. Both the (OLS) and least absolute deviation (LAD) are special cases of M-

estimation. In case of OLS,  (  ) =  
  and in case of Least absolute deviation (LAD), 

 (  ) =     
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While using the M-estimation, the estimates of the regression coefficients are 

given by; 

 
        ∑ .

  
 
/

 

   

         ∑ (
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(02.6) 

Where s is an estimate of the scale of residuals. 

The system of normal equations to solve this minimization problem is given by; 

 
∑𝜓(

     
  ̂

 
)

 

   

     
(02.7) 

Where 𝜓(e) = 
  ( )

  
  is the score function. A weight function W(e)= 𝜓(e)/e is 

introduced here. Amonotoneψ function does notweight large outliers asmuch as

least squares, while a redescending ψ function increases the weight assign to an

outlier until a specified distance (e.g.3σ) and then decreases theweight to 0 as the

outlying distance gets larger. Equation (2.7) may be solved by Newton Raphson or 

Iteratively Reweighted Least Squares (IRLS) to get the required estimates. 

Introducing the weight function in equation (2.7) yield the estimated vector as 

follows; 

   ̂  (    )         (02.8) 

Where W is a diagonal matrix with diagonal elements    , representing the 

weights assigned to     observation. Several  (.) functions, their 𝜓 and weight has 

been suggested in the literature includes Huber (1973), Andrew‘s sine function

(Andrew‘setal.1972),TukeyBisquare(Beaton and Tukey, 1974), Hampel (1996), 

ALARM (2013). In   
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 the   , 𝜓 and weight function for various proposals are given. The graphs of 𝜓 

and weight functions are also given in figure2.1 to figure 2.6. The selection of weight 

function determine the nature of robustness to outliers hence become the focus of 

research to find functions that make M-estimation as robust as possible but properly 

efficient Rousseeuw and Leroy (1987). Although M-estimation a very efficient 

estimation method, like the least squares one bad leverage can lead M-estimator to 

break down entirely resulting in the overall breakdown point of M-estimator to be 0% 

(Anderson, 2008). To overcome this problem generalized M-estimators (GM-

estimators) were proposed. The popular proposals of GM-estimators include Mallows 

GM-estimator (1975) and Schweppe GM-estimator (Handschin et al., 1975). These 

two estimators properly down-weight outliers in x-direction (high leverage points) but 

cannot make a distinction between good or bad leverage points. As a result these 

estimators could not retain a good efficiency and a high breakdown point. Several 

attempts in the literature are found to overcome these problems. One such proposal is 

S1S(Schweppe‘sonestep)generalizedM-estimator (S1S GM-estimator) calculated 

in one step to overcome the problem of Schweppe GM-estimator Coakley and 

Hettmansperger (1993). This estimator gives less weight to bad leverage points and 

give 95% efficiency. 
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Table 02.1: The ,   and weight functions of various redescending estimators 

Method Objective-function ρ(u) Ψfunction{ρ‘(u)} Weight-functionw(r)=ψ(u)/u Range of u 
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Figure 02.1: Graph of  OLS (Left )  𝜓 - function (Right )  weight funct ion  

                                                                                                                                 

 

Figure2.2: Graph of Huber (left) 𝜓-function (Right) weight function 

               

 

 

Figure 02.3 Graph of Bisquare  (Left) 𝜓-function (Right) weight function 
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Figure 02.4: Graph of Hampel (Left) 𝜓-function (Right) weight function 

 

Figure2.5: Graph of Andrews (Left) 𝜓-function (Right) weight function 

 

Figure2.6: Graph of Alamgir redescending M-estimator (ALARM) (Left) 𝜓-

function (Right) weight function 
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Least median of squares (LMS) regression 

The least squares method depends on mean while minimizing the sum of squared 

residuals, it is severely affected by outliers. The other two methods least absolute 

deviation (LAD) and the M-estimation are quite resistant to outliers in y-direction but 

both have no immunity to leverage points, resulting in a very low breakdown point. 

Hampel in 1975 first proposed the idea of minimizing the median of squared residuals 

instead of sum. The idea was refined by Rousseeuw (1984). Rousseeuw proposed to 

estimate the regression estimates by; 

  ̂                 (  
 ) (2.9) 

The least median of squares (LMS) regression is resistant to outliers and 

leverages. Least median of squares (LMS) is the first equivariant estimator which 

attains a high break down of approximately 0.5. The drawback of the least median of 

squares (LMS) is that the efficiency of this method compared to least squares in case 

of the Gaussian errors is very low. Due to the lack of efficiency (LMS) is not very 

practical but instead is used often for diagnostics purposes or as an initial estimator to 

some other robust techniques Rousseeuw and Leroy (1987).  Robiha Adnan et.al 

(2015) proposed a robust ridge regression called Ridge least Median Squares (RLMS) 

estimator in the presence of multicollinearity and outliers. 

2.4 Least trimmed squares (LTS) regression 

 The least trimmed squared (LTS) regression is another robust regression 

estimation method proposed by Rousseeuw (1984). The methodology of this 

procedure is similar to least squares with the exception of trimming the largest α

squared residuals hence allowing the fit to dodge outliers. Instead of minimizing the 
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sum of n squared residuals the least trimmed square (LTS) regression minimizes the 

trimmed sum of squared residuals i-e The Least Trimmed Square estimator is given 

by   

 
   
  ̂

∑(  )   

 

   

 
(02.10) 

where (  )    (  )       (  )    are the squared residuals in ascending 

order. With a choice of   ,(     )  - the least trimmed squares (LTS) 

regression attains a breakdown point of [n / 2 - p + 2] / n the same as achieved by 

(LMS). The key disadvantage of (LTS) is the large number of operations required to 

sort the squared residuals in the objective function (Rousseeuw and Leroy, 1987). 

Atkinson and Weisberg (1991) developed an LTS- algorithm on the basis of simulated 

annealing. For approximate computation of LTS another algorithm ‗Feasible Set

Algorithm‘ was introduced by Hawkins (1993). Agullo (2001) offered an exact 

algorithm for LTS. A new LTS algorithm has been developed by Rousseeuw and 

Van Driessen (2006), called FAST- LTS, which is faster than all the existing 

algorithms. The FAST- LTS algorithm is incapable to make the LTS optimal in the 

case of a large sample size up to several thousand or more. In case of the LTS 

regression the residuals scale is given by: 
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(02.11) 

     is a factor to ensure  ̂ is consistent and unbiased at Gaussian error distribution 

(Pison et al, 2002).  
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LTS scale estimator  ̂  being a highly robust estimate of the scale will be a good 

option to scale residuals and identify outliers (Croux and Rousseeuw 1992). An 

advantage of the LTS over the LMS is its faster convergence rate and high statistical 

efficiency Rousseeuw(1984). This leads to the LTS estimator as a more suitable 

candidate than the LMS as an initial point for two-step estimators like the MM-

estimator and generalized M-estimators‖ (Rousseeuw and Van Driessen, 2006;

Simpson et al. 1992; Coakley and Hettmansperger 1993). Alfoans et al (2013) 

suggested a robust and sparse estimator by imposing an L-1 penalty on the coefficients 

estimate of the least trimmed square (LTS) estimator. Kamal Darwish and Ali Hakan 

Buyuklu (2015) proposed an L-1 penalized MM-estimation (MM-lasso) by combining 

sparse LTS to penalized M-estimation. 

2.5 S-estimator (S-Regression) 

 The S-estimator is another high breakdown value estimator proposed by 

Rousseeuw and Yohai (1984). The S-estimator is based on minimization of a robust 

M-estimate of scale of the residuals. The S-estimator for regression coefficients may 

be derived as; 

 
 ̂        

 
   (  ( ̂)   ( ̂)         ( ̂)) 

(02.12) 

S (  ( ̂)   ( ̂)         ( ̂)), the dispersion of residuals is determined by 

the solution of the equation; 
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   Where K may be defined as Eφ , - ,   with φ   stands for standard normal 

distribution. The     function used in equation (2.13) is a symmetric, continuously 

differentiable and strictly increasing over ,   - and   stay constant at ,   -. For S-

estimate of regression the final estimate of the scale is given by: 

  ̂    (  ( ̂)          ( ̂))  (02.14) 

A very popular choice for   in equation (2.13) is given by: 
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(02.15) 

The S-estimator can have a breakdown point of 50%, if the constant K in 

equation (2.13) and   in equation (2.15) satisfy the condition: 

 

 ( )
  

 

 
  

S-estimator enjoys the following properties: 

(i) affine equivariant 

(ii) high breakdown point 

(iii) asymptotic normality 

An increase in efficiency result in a decrease in the breakdown point. The trade-

off between efficiency and breakdown point is decided by the setting of the tuning 

constants K and c. The S-estimator with a high breakdown and a relatively higher 

efficiency than LMS and LTS can be used as an initial estimator. Hossjer (1992) 

demonstrate that the S-estimator can attain a maximum efficiency of 0.33 under 

Gaussian errors with a breakdown of  
 

 
 .  Yohai (1987) suggested MM-estimator by 
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considering S-estimator as an initial high break down estimator. In fact the exact 

estimation is very difficult except for small data sets, an approximating algorithm 

called fast-S has been suggested by Salibian-Barrera and Yohai (2006). 

2.6 MM-estimation 

 The MM-estimation proposed by Yohai (1987) is a special type of M-

estimation. MM- estimation is a multi-stage estimator combining the high breakdown 

point of a robust estimator with the high efficiency of another robust estimator 

resulting in a highly efficient and robust estimator with a high breakdown point. The 

computation of MM-estimator involve three steps. The first step involves taking an 

initial high breakdown point estimator, Yohai proposed to take S-estimator as the 

initial estimate. The second step consists of computing an M-estimate of scale of the 

residuals from the initial estimator. In the third step an M-estimate of the regression 

coefficients based on the M-estimate of the scale of residuals (from second step) is 

obtained. Yohai (1987) refer to the three steps procedures as: 

(i) In the first step an initial high breakdown estimate  ̂        is calculated. 

This estimate is robust, consistent but not necessarily efficient. The 

residuals   ( ̂       ) are computed by using this estimate.  

(ii)     In the second step an M-estimate of residuals scale   is computed by using the  

 residuals   ( ̂       ) in the first stage.    may be found as a solution to; 
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KmaybedefinedasEφ , - ,withφstandsforstandardnormaldistribution. 

(iii)    In the final step an MM-estimator is calculated by using an M-estimator of 

coefficient  ̂        in first step and the scale estimate of residuals    obtained from 

the second step. An MM-estimator  ̂      may be a solution to 

∑   𝜓(
     

  ̂       

  
)            

 

   

                         

The final scale estimate Smm may be found a solution to: 
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w        is a tuning constant. 

Although the MM-estimator possesses a high breakdown (50%) and is highly 

efficient, unfortunately do not have bounded influence, may be affected by the 

presence of high leverage points. Refinement suggested to Yohai original proposal 

include Ruppert (1992), Yohai et al (1991) and Marazzi (1993). Habshah and Marina 

(2007) developed an estimator by combining MM-estimator and ridge regression 

called ridge MM-estimator (RMM). Siti Meriam Zahari et al (2012) proposed a robust 

ridge estimator called weighted ridge MM-estimator (WRMM) by using the MM-

estimation with a weighted ridge estimation. Kamal Darwish and Ali Hakan Buyuklu 

(2015) proposed an L-1 penalized MM-estimation (MM-lasso) by introducing the L-1 

penalty with the approach of MM-estimation. 
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2.7 Tau estimator of regression 

 Of the several robust regression methods MM-estimator is the one which 

possesses a high breakdown point and a high efficiency which make MM-estimator a 

good candidate for inference. Another estimator which also combines high breakdown 

and high efficiency is the  -estimator proposed by Yohai and Zamar (1988). The  -

estimators have the advantage over the MM-estimator as they have a lower maximum 

bias curves, and are based on a robust and efficient scale. The  -estimator is defined 

by; 

 
 ̂        

        
  ( ) (02.18) 

Where the  -scale    ( ) is given by 
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For    ( ) an M-estimator of scale, is a solution to the equation; 
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Where both    and    supposed to be symmetric, continuously differentiable, 

bounded and strictly increasing over,    -, ,    - and stays constant over,    -, 

,    - respectively for      ,           

The constants   =  ,  -, k=1, 2 and   stand for standard normal distribution. 

Based on    the  -estimator attains the breakdown point of S-estimator while    

determined its efficiency Yohai and Zamar (1988). It is to be noted that the robustness 

of  -estimator in comparison to MM-estimator is affected by the choice of the loss 
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function. Berrendero et al. (2007) reveal that when the   functions are taken as the 

Tukey‘s bisquare, the asymptotic bias ofMM- estimator is less than that of the  -

estimatorwhenthecontaminationproportionαislessthan20%,foracontamination

proportion greater than 20% the situation contraries. If the   functions belong to the 

optimal family proposed by Yohai and Zamar (1998), the maximum asymptotic bias 

of  -estimator and MM-estimator are less than they have with a bisquare family. With 

the optimal family for a contamination proportion less than 20% the bias for both 

estimators are almost same, while for contamination greater than 20% the  -estimator 

gives markedly smaller bias than the MM-estimator. Initially it seemed difficult to 

approximate the expression of  -estimator, however Salibian-Barrera et al. (2012) 

suggested an approximating algorithm for  -estimator called (fast-  ) by the approach 

of Salibian-Barrera and Yohai (2006) fast-s algorithm for S-estimator. 

2.8 A review of classical regularized and robust regularized regression 

 methods 

 Since the ordinary least square (OLS) method is highly affected by the 

problem of outliers or heavy tailed errors, often the researchers have to confine to 

robust regression methods. Also when there is multicollinearity or when p n, the 

design matrix X or the matrix (X
t
X) will not be of full rank. In this case there will be 

no unique solution for  ̂   (Flexeder, 2010).  Even if an estimate is obtained that will 

not satisfy the data analysts (Hastie et al., 2009). Such estimators will have a problem 

in the prediction accuracy. The estimator will have small biases but large variances. 

Although a better prediction accuracy is obtained by letting down the variance of the 

estimates and a little increased bias. For this the analysts will have to shrink or set 

some coefficients to zero exactly. Secondly there will be an interpretation problem 

and the data analysts would like to arrive at a subset of the predictors which shows the 
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strongest effects. The techniques of shrinkage regression will help to accommodate 

such situations and result in a more useful, efficient and robust estimates and 

predictions. Shrinkage regression techniques tackled the problem by minimizing a 

penalized sum of squared residuals. There are several classical regularized methods 

which are based on the idea of minimizing a penalized least square loss, the penalty 

sizes of the regression coefficients. The shrinkage regression or regularized regression 

imposes penalty on the least square loss most probably their performance will suffer 

by outliers and heavy tailed errors. Researchers have attempted to use a robust loss 

function instead of square loss function or to apply some robust weights in shrinkage 

or regularized regression to cope with this malady. 

2.9 L2 norm regression (ridge regression) and some steps towards robustness   

 Multicollinearity is a situation in regression where at least two of the predictor 

variables are linearly related (Belsley 1991; Yamagata & Orme 2005; Alauddin & 

Nghiem 2010). OLS estimators are seriously suffering from the presence of 

multicollinearity (Habshah and Marina 2007; Zahari et al. (2012)). A very popular 

alternative to ordinary least square (OLS) in the presence of multicollinearity was first 

proposed by Hoerl and Kennard (1970) known as ridge regression. Hoerl and Kennard 

(1970) suggested to obtain the estimates explicitly from the available data by using; 

 ̂   (       )
  

    

Where    is an identity matrix of order p, adding     to      so that the matrix to 

be invertible. The main idea of ridge regression is to induce a little amount of bias in 

the estimates of the regression parameters in order to reduce the variances of estimates 

(Draper and Smith, 1981). One of the leading problems in using ridge regression is 
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the selection of an appropriate value of  . For a selection of the best estimator of the 

ridge parameter, numerous criteria have been suggested in the literature (see for 

example; Hoerl & Kennard, (1970, 1976); Hoerl & Kennard, 1976; Gunst and Mason 

(1977); Haq and Kibria (1996); Kibria, (2003); Pasha and Shah (2004); Khalaf & 

Shukur, (2005); Alkhamisi and Shukur (2007); Muniz and Kibria (2009); Dorugade & 

Kashid, (2010. Often data sets are exposed to the problems of outliers and 

multicollinearity simultaneously. Montgomery and peck (1982), advised that either 

robust or ridge estimation methods only may not be satisfactory for dealing with the 

combined problem. Relative to the vast amount of research done in only biased 

regression and robust regression techniques, research in biased-robust regression has 

been very sparse. Mostly the literature and research work in the combined area is 

contributed by Holland (1973); Pariente and Welsch (1977); Hogg (1979); Askin and 

Montgomery (1980); Lawrence and Marsh (1984); Pfaffenberger and Dielman (1985); 

Walker (1987) and Pfaffenberger and Dielman (1990). Silvapulle (1991) offered a 

new ridge type M estimators obtained by using M estimators as a substitute of LS 

estimators. In addition, he recommended a procedure for picking the optimal value of 

thebiasingparameter(λ) adaptively. Arslan & Billor (1996) suggested two alternative 

ridge type GM estimators to handle multicollinearity and outliers simultaneously. To 

lessen the effect of outliers, they computed robust estimates for λ, and used these 

estimates to obtain robust ridge estimates of the regression coefficients. Another 

robust ridge regression estimator was developed by Pfaffenberger & Dielman (1990). 

This estimator chains properties of the Least Absolute Value (LAV) estimator and the 

ridge estimator, called RLAV (Ridge Least Absolute Value) estimator. Simpson & 

Montgomery (1996) proposed a biased-robust estimator that practices a multistage 

GM estimator with fully iterated ridge regression to govern both the influence of 
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outliers and collinearity in the regression data set. Habshah and Marina (2007) 

developed an estimator by combining MM-estimator and ridge regression called ridge 

MM-estimator (RMM). Hatice Samkar (2010) suggested robust ridge methods by 

estimating the ridge parameter based on M, S, MM and GM estimators to cope with 

the problem of multicollinearity and the presence of outliers. A modification of the 

combination of ridge and robust regression was proposed by Zahari et al (2012) by 

introducing Weighted Ridge M and Weighted Ridge MM estimators. Ma and Du 

(2013) class suggested a new robust biased estimator, called Generalized Shrunken 

Type-GM Estimation, with their computation method based on combination of GM 

estimator and biased estimator including Ridge estimate, Principal component 

estimate and Liu estimate. Kafi Dano Pati et al. (2014) suggested a new robust ridge 

estimator of the regression, using the estimates from the Least Median Squares 

(LMS),   called the Ridge Least Median Squares (RLMS) estimator showed better 

results in the presence of multicollinearity and outliers. 

2.10 L1 norm regression (Lasso), extensions of lasso and some steps towards 

 robustness   

 Although the technique of ridge regression with a little increased bias by 

letting down the variance of the estimates results in a better prediction accuracy and 

more stable estimates of the regression coefficients, however no coefficients are 

shrunk exactly to zero  so may not result in an easily interpretable model. To 

overcome this problem Tibshirani (1996) proposed a very famous and effective 

method, Least Absolute Shrinkage and Selection Operator (Lasso). The Lasso method 

estimates the regression coefficients by minimizing a penalized squared residuals sum 

to perform estimation and variable selection simultaneously in high dimensional 
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cases. The lasso method imposes L-1 penalty on the regression parameters i-e the lasso 

estimates are obtained by; 

 ̂         
 

‖    ‖ 
   ‖ ‖  

Where λisaregularizationparameterthatischoseninapropermannerbycross

validation or generalized cross validation (Tibshirani, 1996). The lasso deliver us a 

solution beneficial with both the properties of ridge regression for shrinkage and 

variable selection for ease in interpretability. A closed form solution for lasso like 

least square and ridge regression does not exist. Since the proposal by Tibshirani, 

several sophisticated algorithms have been offered that bring improvement over the 

quadratic programming approach to the constrained problem (Fu, 1998; Osborne et al. 

2000a, b). An efficient algorithm proposed by Efron et.al (2004), least angle 

regression (Lars) is available in the Lars R package for computing the entire solution 

path. Friedman et al. (2010) proposed another algorithm called coordinate descent 

algorithm. Tibshirani (1996) also demonstrate how to apply the lasso method to 

Generalized linear models, Tibshirani (1997) extended the use of Lasso method to 

Cox proportional hazard model, later on showed the application of a Lasso to building 

classification and regression trees (Tibshirani, 1998). Since Tibshirani (1996), several 

modifications of the Lasso has been suggested in the literature. Zou and Hastie (2005) 

modified the lasso by considering the L-1 and L-2 penalty simultaneously and called 

it elastic net. The elastic net is especially useful to analyze microarray data where it is 

of preference to select group of highly correlated predictors because of biological 

interest. Another version of the Lasso was proposed by Zou (2006). Zou (2006) 

suggested that instead of imposing the penalty on the absolute values of the 

parameters, adaptive weights should be assigned to the absolute values of the 
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parameters so that different parameters may be penalized differently. An important 

improvement over lasso is proposed by Fan and Li (2001). The suggested SCAD 

(Smoothly Clipped Absolute Deviation) penalty penalize large values of   less than 

small values of  . They also showed that as n increases, the probability of selection of 

true non-zero coefficients approaches to one. Rosset and Zhu (2007) modified the 

lasso problem by replacing the square loss function by the Huber‘s loss function.

Wang et al (2007a) combined the adaptive lasso penalty with the least absolute 

deviation. Lambert- Lacroix and Zwald (2011) proposedtocombinetheHuber‘sloss

function by using an adaptive lasso penalty. Arslan (2012) used the lasso penalty with 

the idea of the weighted least absolute deviation (WLAD) regression in order to get an 

estimator both sparse and robust to contamination or heavy tailed errors. Similarly 

Alfons et al. (2013) proposed a robust and spars estimator by imposing L1 penalty on 

the coefficient estimates of the least trimmed squares (LTS) estimator.  Kamal 

Darwish and Ali Hakan Buyuklu (2015) proposed an L1 penalized MM-estimation 

(MM-lasso) by introducing the L1 penalty with the approach of MM-estimation by 

considering spars LTS as the initial estimator. 
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Chapter-3 

A COMPARATIVE STUDY OF VARIOUS ROBUST 

REGRESSION METHODS UNDER VARYING LEVELS OF 

MULTICOLLINEARITY AND PROPORTIONS OF OUTLIERS 

3.1 Introduction 

 In regression analysis the method of ordinary least square (OLS) is most 

commonly used because of computational easiness and mathematical beauty. The 

OLS estimates always happen to be best among the unbiased estimators. However this 

method is based on model with a certain set of assumption, and is now criticized too 

much for its poor performance in case of violation of these assumptions. In the 

present days because of tremendous use of modern electronic computers the 

availability of an ever increasing amount of data is possible through a verity of 

resources.  The enormous availability of data make it hard to describe most of the 

random phenomenon by simple statistical models, hence resulting in more complex 

models leading to the violations of traditional assumptions. In this connection several 

alternative so- called robust methods have been proposed, which seek to insure the 

provision of good performance when the fundamental assumptions of the model are 

not fully fulfilled. The utilization of such robust techniques handle   many challenges 

prevalent in modern data. These robust technique assure a theoretical requirement, 

will be near optimal if the observations are consistent with the assumptions, still 

having a good performance in case of slight departure of observation from model 

assumptions, and still working satisfactorily if the observations are seriously 

departing from the model assumptions. In this chapters various regression methods 

including ordinary least square OLS, M-estimation, LTS, LMS, S- estimation and 

MM- estimation are explored. As discussed in detail in chapter 2, the computation 
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algorithm for all these methods involve minimization of some function of the residual 

obtained from some initial estimator. The initial estimator and the subsequent 

residuals depend on the X matrix. However the presence of multicollinearity, the 

singularities in (X 
t
 X) matrix justify poor estimates. A mathematical evaluation of the 

effect of multicollinearity will involve evaluating these computational algorithm from 

various aspects under multicollinearity. In the current project Monte Carlo simulation 

are carried out to assess the performance of these methods in the presence of various 

percentages of outliers with a simultaneous consideration of different collinearity 

levels. Total mean square error (TMSE) and total absolute bias (TAB) are used as 

assessment criteria‘s to investigate the combined effect of contamination and 

multicollinearity on these methods.  

3.2 Simulation study 

 In order to evaluate the performance of various regression methods, various 

simulation settings are considered. A simulation scheme is adopted to allow 

multicollinearity and non-normality together. The details of various factors considered 

in different simulation settings are given below; 

3.3 Methods evaluated: 

1. Ordinary least square (OLS) 

2. M-estimation 

3.  Least median of squares (LMS) 

4. Least trimmed squares (LTS) 

5. S-estimation 

6. MM-estimation 
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Sample size n: In simulation setting we have used sample size n at, 

n=50,100,150,200. 

Number of predictor variables: While fitting models with different percentages of 

outliers and multicollinearity levels, we used number of predictors P=2, 4, 6. 

Percentages of outliers: In simulation setting we specially focused on outliers in y-

direction. While assessing the performance of these methods, we used different 

amounts of outliers, specifically we generated 10%, 20%, 30%, and 40% outliers in 

generated data sets. 

To allow various levels of multicollinearity, the observation on explanatory 

variables are generated using an approach used by McDonald and Galarneau (1975), 

Wichern and Churchill (1978), Gibbons (1981) and Kibria (2003). The following 

device was used to generate explanatory variables. 

     (    )
 
                                     

(03.

1) 

Where     are generated from standard normal distribution,   is specified such 

that the correlation between any two explanatory variables is given by   , a fixed 

constant correlation. The scatterplot matrices and correlation matrices of four 

variables X1, X2, X3, X4 with different values of   are given below: 
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(a)   = 0.5                                                   (b)   = 0.7    

                      

(c)    = 0.9    (d)   = 0.99 

Figure 3.1 ((a)……..(d))Scatterplots of four predictor variables (X1, X2, X3, X4) 

generated through scheme (3.1) 

Table 03.1 Correlation matrix for four variables generated by equation (3.1) 

with different    values 

                                        =  0.98                                           = 0.5 

 X1 X2 X3 X4   X1 X2 X3 X4 

X1 1.000 0.978 0.9824 0.9826 X1 1.0000 0.5057 0.5970 0.6101 

X2 0.987 1.000 0.9817 0.9789 X2 0.5057 1.0000 0.5181 0.4575 

X3 0.982 0.981 1.0000 0.9779 X3 0.5970 0.5181 1.0000 0.4462 

X4 0.982 0.978 0.9779 1.0000 X4 0.6101 0.4575 0.4462 1.0000 
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Model: throughout the simulations we used the following models; 

                              (03.2) 

                                          (03.3) 

                                                      (03.4) 

Where in every case the predictors (X‘s) are generated through scheme (3.1), and

all  ‘sareretainedatafixedvalueone. 

 i.e.,     =  =  =  =  =  =  =1 

To have different percentages of outliers we considered different cases for generating 

error terms   ‘svalues. The detail is given as below: 

Case I:     N (0, 1) standard normal distribution 

Case II:     90%N (0, 1) +10%N (10, 1) Contaminated normal mixture   

Case III:     80%N (0, 1) +20%N (10, 1) Contaminated normal mixture  

Case IV:     70%N (0, 1) +30%N (10, 1) Contaminated normal mixture 

Case V:     60%N (0, 1) +40%N (10, 1) Contaminated normal mixture 

Performance Measures: To evaluate results of different regression methods, 

considering all simulation of one estimate  ̂ = ( ̂        ̂     ̂     ̂        ̂   ), 1 i m, 

m=1000 we used the following two measures: 

1) Total mean square error (TMSE): For a total of m=1000 replication, the total 

mean square error is calculated by using the formula: 
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2) Total absolute bias (TAB):       
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(03.6) 

3.4 Discussion on simulation and results: 

 In Simulation studies efforts have been made to evaluate the performance of 

various regression methods under different scenarios. Models with two, four and six 

predictors are used to explore these methods. The predictor variables used in all 

models are generated through scheme (3.1). The predictor variables generated in a 

similar way are such that they retain a definite level of multicollinearity. Figure 3.1 

demonstrates generating four predictor variables with equation (3.1). Figure 3.1 (a) 

represents the scatter plot of the variables with   = 0.5 in equation (3.1). Figure 3.1 

(b) represents the scatter plot of the variables with   = 0.7, Figure 3.1 (c) with   = 0.9 

and Figure 3.1 (d) using   = 0.99. The same is indicated by Table 1.1 representing the 

correlation matrices for four variables generated by equation (3.1) for     = 0.5 and 

0.98. In this study in regard to outliers, we specifically focused on outliers in y-

direction. To generate outliers in y-direction we use the error distribution given by 

Case I, Case II, Case III, Case IV and Case V as given in section 3.2 above. 

Every method is applied in Case I, Case II, Case III, Case IV and Case V, with 

different levels of multicollinearity, specifically by taking rho= 0.5, 0.7, 0.9, 0.99 in 

equation (3.1). While assessing every method in the above five cases for rho= 0.5, 0.7, 

0.9, 0.99, investigations are carried out using different sample sizes, that is, 

n=50,100,150,200. Throughout the simulations for calculating the performance 
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measures, total absolute deviation (TAB), total mean square error (TMSE) and 

boxplot of absolute bias, we replicate every experiment 1000 times. The detail of 

average total mean squared error (ATMSE) values for various regression methods 

(OLS, M, LMS, LTS, MM, and S) in each scenarios is given in Table 3.7 to Table 

3.10 and for (TAB) the same is given in Table 3.3 to Table 3.6. Graphs for (ATMSE) 

values for regression methods (OLS, M, LMS, LTS, MM, and S) in each situation are 

given in Figure 3.2((a),…….,(o))below: 

  

(a) p=2,outlier=no outliers                   (b) p=4,outlier=no outliers            (c) p=6,outlier=no 

outliers 

   

              (d)    p=2,outlier=10%                  (e) p=4,outlier=10%                     (f) p=6,outlier=10% 
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         (g)    p=2,outlier=20%                     (h) p=4,outlier=20%                        (i) p=6,outlier=20%               

   

          (j)    p=2,outlier=30%             (k) p=4,outlier=30%          (l) p=6,outlier=30% 

 

  

         (m)  p =2,outlier = 40%    (n) p = 4,outlier = 40%  (o)   p = 6,outlier = 40% 

 

Figure 0 3.2 ((a)…….(o)): n=200, Total MSE vs   values 
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The information fom all the graphs in Figure 3.2((a)……..(o))areconsistentwith

the information given by Table 3.5 to table 3.8. It is obvious that although the 

performance of regression methods (OLS, M, LMS, LTS, MM, S) for a varying 

sample size does not remain same. A case wise disscussion of the results may be 

given as: 

Case I:     N (0, 1): when the distribution of error is taken as standard normal, 

for p=2, 4, 6 and n=50, 100, 150, 200, although the (TMSE) values vary, that is they 

increases with an increasing value of P. The (TMSE) values decrease as we increase 

the sample size. In regard to performance of methods (OLS, M, LMS, LTS, MM, S) 

almost similar pattern was seen for all values of P=2,4,6 and sample size 

n=50,100,150,200. Figure 3.2 ((a),(b),(c)) clearly shows that for lower levels of 

collinearity the (TMSE) values for all methods are not that much different, but at 

higher levels of collinearity the (TMSE) for all methods are quite different. It is also 

evident that LTS, LMS are the poor of all, the next is S while OLS, M and MM 

methods perform reasonably well even at higher level of collinearity. 

Case II:     90%N (0, 1) +10%N (10, 1): By considering the error distribution in 

such a way clearly allow for 10% outliers in y-direction. As can be seen in Figure 3.2 

((d),(e),(f)), OLS become poor even at lower levels of collinearity. The remaining 

methods perform very similar at lower levels of collinearity, and resulted quite 

differently at higher levels of collinearity. So with high collinearity and 10% outliers 

OLS is the worse, LTS, LMS and S are the next, M and MM perform reasonably well 

with MM the best of all. 

Case III:     80%N (0, 1) +20%N (10, 1): In this case 20% outliers are 

maintained in the data, which resulted in an increase in (TMSE) values for each 
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method. In this situation again OLS perform poor as compared to other methods. 

Again as clear from Figure 3.2 ((g),(h),(i)), the (TMSE) value for OLS was quite 

greater than TMSE values for other methods lower levels of collinearity. The 

remaining methods behave very similarly for lower collinearity levels, while for high 

collinearity levels with 20% outliers simultaneously they behaved very differently. M- 

Estimation happen to be the second worse for small sample sizes, anyhow for large 

sample sizes OLS will perform poor of all, LTS, LMS, and S behaving very similar in 

this case is the second set of methods performing poor, and MM again the best of all, 

M-Estimation being the second candidate.  

Case IV:     70%N (0, 1) +30%N (10, 1): With 30% outliers in y-direction 

simultaneously with different levels of multicollinearity affect these methods 

performances in a different way. This time as can be seen in Figure 3.2 ((j),(k),(l)),  

the M-Estimation and OLS behave very similer to each other but very differently from 

the remaining (LTS,LMS,S and MM) at lower levels of collinearity, collectively all 

methods have very different behaviour at higher levels of collinearity. In this scenario 

of 30% outliers simultaneously with high collinearity levels MM the best, (LTS,LMS, 

and S) the second set of best, while OLS and M-estimation perfom poor, M-

Estimation being the worse of all. 

Case V:     60%N (0, 1) +40%N (10, 1): In the current scenario 40% outliers are 

taken with different levels of collinearity. It is evident from Figure 3.2 ((m),(n),(o)),  

that 40%outliers when simultaneously taken with lower to moderate levels of 

multicollinearity, the (TMSE) values for OLS and M method are quite higher, the 

next method resulting in the next higher values is MM and the remaining methods 

(LTS,LMS,S) having almost similar low values. But 40% outliers when 
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simultaneously taken with a high level of multicollinearity, it ranks these methods 

differently, resulting in MM method which is the best one in all cases to be the worse 

of all, secodly M and OLS have high values for (TMSE) and the remaining three 

(LTS,LMS,S) resulting in low values for (TMSE). 

In a similar way Table 3.3 to Table 3.6 a detail of total absolute bias (TAB) for all 

methods in all scenarios. In figure 3.3((a),….,(o))graphsof (TAB) values for these 

methods against various collinearity levels, in different situations are given. By 

inspection of graphs in figure 3.3((a),….,(o))below, a similar pattern of ranks may be 

assigned to various methods in all cases as portray by graphs of (TMSE) values. 

  

     (a) p=2,outlier=no outliers            (b) p=4,outlier=no outliers          (c)p=6,outlier=no outliers 

   

           (d) p=2,outlier=10%   (e) p=4,outlier=10%                      (f) p=6,outlier=10% 
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            (g) p=2,outlier=20%     (h) p=4,outlier=20%            (i) p=6,outlier=20% 

 

            (j) p=2,outlier=30%   (k) p=4,outlier=30%         (l) p=6,outlier=30% 

 

          (m) p = 2,outlier=40                  (n) p=4,outlier=40            (o)p=6,outlier=40% 

 

Figure 03.3 ((a)…….(o)): Total Absolute bias vs rho values, sample size n=200 
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In Figure 3.4((a),….,(o))boxplotof(TAB)valuesaregiven.Boxplot in Figure 

3.4 (a), (b),(c) help us to compare all methods under Case I for rho values 0.7,0.9 and 

0.99. Similarly boxplot in Figure 3.4 (d), (e), (f) for Case II and rho values 

0.7,0.9,0.99 and in same way boxplot in  Figure 3.4 (m), (n), (o) for Case V a rho 

values 0.7, 0.9, 0.99. For  Case I at all levels of multicollinearity OLS, M, MM 

perform well over S, LTS, LMS. For Case II M, MM seem to perform better than 

remaining, It is evident that for Case V ( 40% outliers ) and Higher level of 

collinearity MM become poor, OLS , M secondly poor and S, LMS, and LTS perform 

relatively better.  

  

 (a) Rho=0.7, no outlier                 (b) rho=0.9, no outlier                    (c)  rho=0.99, no outlier   

   

     (d)  Rho=0.7, 10% outlier                 (e)  rho=0.9, 10% outlier        (f) rho=0.99, 10% outlier    
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    (g) Rho=0.7, 20% outlier             (h)  rho=0.9, 20% outlier                 (i)   rho=0.99, 20% outlier     

 
(j) rho=0.7, 30% outlier               (k)  rho=0.9, 30% outlier                 (l)  rho=0.99, 30% outlier     

 
(m)  rho=0.7, 40% outlier                    (n)   rho=0.9, 40% outlier           (o)   rho=0.99, 40% outlier     

 

Figure 03.4 ((a)……., (o)): Boxplot of various methods for different outliers 

percentages and multicollinearity levels, with a sample size n=200. 
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Numerical Example:  

A real data set of (Hald, 1952) is considered to evaluate the performance of all 

these methods. This data set have 13 observations 4 predictor variables, it is also 

declared that there are three outliers, observations 6, 8 and 12 having residuals values 

3.925442702, -3.174988517 and -2.294334073 respectively. The response variable y 

is heat evolved from a specific mixture of cement, and the predictors are; tricalcium 

aluminate (x1), tricalcium silicate (x2), tetracalcium alumina ferrite (x3) and 

dicalcium silicate (x4). An inspection of variance inflation (VIF), reveals that the VIF 

values for each of these predictors are quite high indicating the presence of both 

maladies outliers and multicollinearity. Since the true parameters are unknown, the 

bias for every coefficient, and the total absolute bias for every method is computed, 

using the bootstrap approach. From the results given in Table 3.2 the performance of 

the most efficient and high breakdown methods is poor as compare to the less 

efficient and low breakdown methods. M method results in minimum total absolute 

bias 1.49683, OLS the second minimum bias 1.40844, S method with a total absolute 

bias 2.08256 is at number 3, both LMS and LTS performing almost similar perform 

better then MM but fails to compete with the first three methods (M,OLS,S). MM a 

most powerful robust method with 95% efficiency and a 50% breakdown method 

perform poor because of the existence of outliers and multicollinearity 
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Table 03.2 Estimated bias for Coefficients estimates  ̂ ,  ̂   ,   ̂     ̂  and Total 

absolute bias 

 _______________________________________________________________ 

 

   _Coef____VIF______OLS____ M_____MM____ _S______LMS  _LTS_________ 

     ̂         38.49621    -0.360449    -0.316267    -1.95863   -0.49867         -1.2056          -1.04923 

      ̂         254.42317    -0.379822   -0.340204    -1.08507   -0.43552        -1.56850         -2.26189 

      ̂          46.86839     -0.379305    -0.39365     -1.94301   -0.71965        -1.01624         -0.46434 

      ̂          282.51286   -0.377252   -0.35831      -1.51304   -0.42870        -1.54180         -2.01355 

Total absolute bias   1.49683     1.408448       6.4997      2.08256          5.3322            5.789
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Table 03.2: TAB values for sample size 50 

 

Method Outlier%                                                                                                                                Total Absolute bias 

Rho values  0.5 0.7 0.9 0.99 

Sample size  P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 

OLS 0 0.3584 0.6335 0.9224 0.3843 0.7258 1.0741 0.5142 1.0964 1.6632 1.2870 3.1278 4.8643 
10 1.5339 2.6661 3.5684 1.8807 2.9587 4.0550 2.3261 4.1341 5.9421 4.9519 10.5953 16.1929 
20 2.7094 4.1231 5.3108 3.1017 4.4836 5.9448 3.6274 5.9561 8.3923 6.8003 14.0905 21.6867 
30 3.7851 5.4337 6.7168 4.3027 5.8663 7.4284 4.9497 7.5966 10.1870 8.7733 17.0881 25.1662 
40 4.8295 6.5827 7.9999 5.3366 7.0416 8.7652 5.9899 8.8761 11.7172 9.9274 18.9641 27.7476 

M 0 0.3672 0.6478 0.9507 0.3941 0.7405 1.1070 0.5278 1.1151 1.7147 1.3248 3.1745 5.0123 
10 0.5304 0.8943 1.3097 0.5641 1.0094 1.5128 0.7308 1.4763 2.3020 1.7374 4.0511 6.5914 
20 1.0596 1.7422 2.5679 1.1049 1.9258 2.9164 1.3398 2.6828 4.2743 2.8024 6.8596 11.6542 
30 4.0666 5.4533 6.8190 4.2213 5.9241 7.5905 4.9227 7.8025 10.5797 9.1115 18.1265 26.8001 
40 5.2040 6.6082 8.0768 5.3436 7.0744 8.8596 6.0016 8.9363 11.8852 9.9675 19.1704 28.3146 

LMS 0 0.8614 1.4692 2.1859 0.9244 1.6582 2.5667 1.2479 2.5463 3.9917 3.1171 7.3220 11.7495 
10 0.8364 1.5103 2.1947 0.9133 1.7139 2.5526 1.1919 2.5516 3.8944 3.0579 7.2700 11.4556 
20 0.7850 1.4663 2.2386 0.8482 1.6647 2.5768 1.1299 2.4716 4.0788 2.8755 7.1077 11.9098 
30 0.7498 1.4075 2.2354 0.8141 1.6003 2.5891 1.0728 2.3687 40220 2.6524 6.8512 11.7936 
40 0.7476 1.4239 2.4664 0.7924 1.5973 2.9939 1.0790 2.4228 4.4938 2.7328 6.7573 13.0100 

LTS 0 0.8498 1.4460 2.0900 0.9343 1.6612 2.4520 1.2399 2.5139 3.7947 3.0546 7.3325 11.2818 
10 0.8354 1.4514 2.0232 0.8857 1.6349 2.3632 1.1766 2.4783 3.7294 2.9792 7.0512 10.9145 
20 0.7607 1.4031 2.0731 0.8222 1.5911 2.4306 1.1180 2.3830 3.7559 2.7992 6.7600 10.9563 
30 0.7179 1.2936 2.0382 0.7554 1.4830 2.4012 0.9990 2.2244 3.7397 2.4742 6.3869 10.9586 
40 0.6379 1.1974 2.1753 0.6757 1.3545 2.5456 0.9077 2.0720 3.9543 2.3015 5.9446 11.5207 

MM 0 0.3706 0.6335 0.9463 0.4011 0.7215 1.1070 0.5417 1.0831 1.7195 1.3707 3.0808 5.0436 
10 0.3811 0.6657 0.9931 0.4087 0.7580 1.1586 0.5473 1.1364 1.7985 1.3786 3.2232 5.2650 
20 0.4038 0.7204 1.0514 0.4331 0.8222 1.2262 0.5791 1.2321 1.9024 1.4558 3.4877 5.5768 
30 0.4880 1.0913 2.4778 0.5233 1.2502 2.8408 0.6875 1.8664 4.2737 1.6851 5.2583 12.1286 
40 4.6519 7.1428 8.5674 4.8891 7.7975 9.4861 5.9507 1.0489 13.0379 12.3188 25.2406 32.3073 

S 0 0.6728 1.2086 1.8027 0.7188 1.3704 2.0927 0.9837 2.0732 3.2417 2.4714 5.9355 9.4177 
10 0.6319 1.1501 1.7488 0.6698 1.3142 2.0190 0.8918 1.9800 3.1164 2.2844 5.5762 9.2246 
20 0.5768 1.1475 1.7778 0.6299 1.3094 2.0718 0.8449 1.9597 3.2141 2.1380 5.5260 9.4143 
30 0.5648 1.1437 1.9021 0.5937 1.2961 2.2316 0.7902 1.9495 3.4581 1.9486 5.5784 10.1116 
40 0.5800 1.3071 5.1487 0.6206 1.4969 6.0750 0.8313 2.2151 9.4533 2.0780 6.4195 27.2207 
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Table 03.3 : TAB values for sample size 100 

 

  

Method Outlier%                                                                                                                                Total Absolute bias 

Rho values  0.5 0.7 0.9 0.99 

Sample size  P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 

OLS 0 0.2536 0.4336 0.6224 0.2740 0.4942 0.7267 0.3721 0.7398 1.1269 0.9445 2.0943 3.2966 

10 1.5339 2.1168 2.7287 1.5932 2.3091 3.0621 1.8862 3.0938 4.3405 3.6268 7.4107 11.2795 
20 2.7094 3.4719 4.2534 2.7666 3.7286 4.6874 3.1330 4.7732 6.3570 5.3417 10.5036 15.4086 
30 3.7851 4.6567 5.5858 3.8737 4.9372 6.0860 4.2961 6.0953 8.0085 6.8077 12.4896 18.4324 
40 4.8295 5.7732 6.7387 4.9158 6.0853 7.2546 5.3627 7.3440 9.2687 8.0127 14.2555 20.2210 

M 0 0.2623 0.4447 0.6396 0.2837 0.5074 0.7461 0.3846 0.7591 1.1573 0.9780 2.1475 3.3887 

10 0.4151 0.6585 0.9240 0.4384 0.7351 1.0625 0.5512 1.0512 1.5929 1.2231 2.7949 4.4686 
20 0.8617 1.2542 1.6693 0.8940 1.3737 1.8751 1.0562 1.8577 2.6643 2.0381 4.5119 6.9528 
30 3.6747 4.6425 5.6523 3.7752 4.9553 6.2003 4.2432 6.2326 8.2999 7.0399 13.2795 19.6898 
40 4.8304 5.7804 6.7551 4.9170 6.0936 7.2741 5.3647 7.3586 9.3041 8.0193 14.3043 20.3396 

LMS 0 0.6204 1.0695 1.5754 0.6666 1.2051 1.8694 0.8937 1.7887 2883.569 2217.133 5198.731 8452.553 

10 0.6136 1.0626 1.5929 0.6662 1.2250 1.8410 0.8911 1.8507 2.8633 2.2106 5.2130 8.5205 
20 0.5880 1.0436 1.6298 0.6392 1.1849 1.9175 0.8504 1.7519 2.9503 2.1623 5.0198 8.5892 
30 0.5677 1.0632 1.7317 0.6123 1.2207 2.0092 0.8109 1.8462 3.1367 2.0351 5.0985 9.1283 
40 0.5739 1.0626 1.9695 0.6157 1.2226 2.3085 0.8071 1.8352 3.5773 1.9883 5.1820 10.4841 

LTS 0 0.6431 1.1022 1.5944 0.6935 1.2329 1.8621 0.9334 1.8688 2.9428 2.2759 5.3587 8.6543 

10 0.6211 1.0879 1.6010 0.6666 1.2423 1.8837 0.8924 1.9029 2.9798 2.2092 5.4323 8.6950 
20 0.6042 1.0605 1.6233 0.6438 1.2193 1.9011 0.8607 1.7994 2.9656 2.1560 5.1141 8.6947 
30 0.5385 1.0252 1.6668 0.5742 1.1805 1.9474 0.7539 1.7666 3.0309 1.9205 5.0488 8.9898 
40 0.4543 0.9741 1.8607 0.4901 1.1145 2.1974 0.6514 1.7001 2.5808 1.6591 4.9079 10.2335 

MM 0 0.2564 0.4357 0.6400 0.2753 0.4976 0.7461 0.3678 0.7454 1.1573 0.9230 2.1117 3.3924 

10 0.2652 0.4581 0.6711 0.2866 0.5223 0.7832 0.3876 0.7819 1.2145 0.9872 2.2126 3.5558 
20 0.2834 0.4814 0.7010 0.3048 0.5484 0.8151 0.4102 0.8213 1.2613 1.0392 2.3266 3.6897 
30 0.3135 0.5561 0.8220 0.3349 0.6339 0.9595 0.4451 0.9473 1.4865 1.1101 2.6741 4.3452 
40 3.3580 5.7243 7.6410 3.5023 6.2542 8.4989 4.2310 8.4379 11.8423 8.6024 20.3911 29.9946 

S 0 0.4772 0.8916 1.3848 0.5096 1.0344 1.5998 0.6894 1.5355 2.4858 1.7132 4.3530 7.3100 

10 0.4600 0.8897 1.4096 0.4922 1.0190 1.6493 0.6547 1.5125 2.5534 1.6495 4.3586 7.4747 
20 0.4325 0.8761 1.4787 0.4689 1.0020 1.7341 0.6327 1.5153 2.6954 1.5959 4.3895 7.9138 
30 0.4374 0.9722 1.6432 0.4722 1.1018 1.9198 0.6263 1.6470 2.9772 1.5323 4.6898 8.7166 
40 0.4358 1.0429 1.9746 0.4714 1.1907 2.3052 0.6325 1.7720 3.5899 1.6111 4.9990 10.4411 
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Table 03.4 : TAB values for sample size 150 

 

  

Method Outlier%                                                                                                                                Total Absolute bias 

Rho values  0.5 0.7 0.9 0.99 

Sample size  P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 

OLS 0 0.2001 0.3508 0.5020 0.2143 0.3999 0.5851 0.2881 0.6005 0.9063 0.7277 1.7072 2.6522 

10 1.4237 1.9062 2.3758 1.4700 2.0612 2.6385 1.6989 2.6974 3.6531 3.0591 6.2058 9.1604 

20 2.5561 3.1581 3.8307 2.6214 3.3545 4.1836 2.9300 4.1641 5.5436 4.7657 8.6345 12.9168 

30 3.6320 4.3374 5.0598 3.7016 4.5662 5.4564 4.0347 5.5063 6.9843 6.0357 10.6821 15.2712 

40 4.6813 5.3950 6.1789 4.7594 5.6401 6.5930 5.1464 6.6220 8.1932 7.4093 12.0340 16.8957 

M 0 0.2047 0.3604 0.5170 0.2186 0.4100 0.6024 0.2932 0.6153 0.9327 0.7394 1.7488 2.7279 

10 0.3717 0.5625 0.7571 0.3897 0.6254 0.8625 0.4812 0.8806 1.2696 1.0317 2.2819 3.4789 

20 0.7877 1.0772 1.4110 0.8171 1.1651 1.5738 0.9515 1.5297 2.1954 1.7477 3.5443 5.5636 

30 3.5099 4.3009 5.0972 3.5863 4.5541 5.5327 3.9634 5.5980 7.2128 6.2207 11.3427 16.3322 

40 4.6818 5.3973 6.1854 4.7601 5.6429 6.6011 5.1476 6.6272 8.2074 7.4133 12.0515 16.9438 

LMS 0 0.5195 0.9053 1.3542 0.5604 1.0410 1.5748 0.7408 1.5808 2.4692 1.8285 4.4924 7.2155 

10 0.5306 0.9349 1.3959 0.5650 1.0344 1.6070 0.7687 1.5473 2.5044 1.9097 4.2883 7.3855 

20 0.4992 0.9057 1.4363 0.5287 1.0287 1.6844 0.7029 1.5341 2.6041 1.7543 4.3190 7.6060 

30 0.4844 0.9101 1.5077 0.5186 1.0196 1.7727 0.6918 1.5356 2.7807 1.7146 4.3667 8.2507 

40 0.4800 0.9610 1.7755 0.5068 1.1065 2.0846 0.6723 1.6354 3.2848 1.6769 4.7289 9.7835 

LTS 0 0.5524 0.9581 1.4182 0.5950 1.0985 1.6357 0.8091 1.6361 2.5574 2.0037 4.5997 7.5611 

10 0.5386 0.9626 1.4208 0.5772 1.0983 1.6734 0.7829 1.6363 2.5809 1.9548 4.6674 7.5912 

20 0.5014 0.9080 1.4465 0.5375 1.0470 1.6773 0.7277 1.5854 2.6193 1.8326 4.4890 7.8651 

30 0.4483 0.8897 1.4857 0.4802 1.0179 1.7407 0.6481 1.5454 2.7599 1.6169 4.3822 8.2674 

40 0.3896 0.8837 1.7081 0.4183 1.0063 2.0082 0.5650 1.5401 3.2061 1.4560 4.4981 9.6149 

MM 0 0.2063 0.3579 0.5171 0.2226 0.4064 0.6026 0.3006 0.6071 0.9360 0.7623 1.7174 2.7446 

10 0.2153 0.3804 0.5376 0.2316 0.4332 0.6265 0.3113 0.6495 0.9727 0.7883 1.8431 2.8524 

20 0.2267 0.3971 0.5706 0.2434 0.4525 0.6662 0.3247 0.6772 1.0329 0.8133 1.9178 3.0217 

30 0.2436 0.4317 0.6164 0.2600 0.4928 0.7189 0.3467 0.7402 1.1148 0.8718 2.1013 3.2664 

40 2.8851 4.9315 6.6770 2.9895 5.3823 7.4402 3.5645 7.2135 10.3772 7.0755 17.2673 26.3629 

S 0 0.4068 0.7769 1.2140 0.4341 0.8752 1.4192 0.5806 1.3094 2.1976 1.4411 3.7026 6.5110 

10 0.3889 0.7872 1.2675 0.4181 0.8921 1.4809 0.5546 1.3388 2.2965 1.3828 3.8120 6.6322 

20 0.3713 0.8084 1.3827 0.3983 0.9189 1.5885 0.5433 1.3842 2.4476 1.3661 3.9286 7.1950 

30 0.3654 0.8529 1.5182 0.3924 0.9823 1.7825 0.5318 1.4900 2.7696 1.3312 4.1794 8.1461 

40 0.3881 0.9953 1.8560 0.4200 1.1276 2.1703 0.5655 1.7066 3.4074 1.4520 4.8282 9.8735 
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Table 3.5: TAB values for sample size 200 

 

  

Method Outlier%                                                                                                                                Total Absolute bias 

Rho values  0.5 0.7 0.9 0.99 

Sample size  P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 

OLS 0 0.1725 0.3023 0.4254 0.1851 0.3441 0.4958 0.2464 0.5160 0.7693 0.6160 1.4641 2.2557 

10 1.3666 1.7858 2.1893 1.4116 1.9216 2.4173 1.6137 2.4727 3.2997 2.8078 5.5099 8.0909 

20 2.4858 3.0276 3.5494 2.5392 3.2058 3.8523 2.8075 3.9294 5.0074 4.4003 7.9189 11.2686 

30 3.5629 4.1780 4.7837 3.6283 4.3837 5.1273 3.9451 5.2135 6.4536 5.8037 9.7791 13.6473 

40 4.5973 5.2070 5.8781 4.6660 5.4146 6.2386 4.9917 6.2611 7.6226 6.9262 10.9315 15.1408 

M 0 0.1770 0.3095 0.4397 0.1899 0.3525 0.5130 0.2527 0.5294 0.7964 0.6320 1.5027 2.3348 

10 0.3456 0.5125 0.6793 0.3637 0.5656 0.7724 0.4454 0.7844 1.1301 0.9345 1.9939 3.0701 

20 0.7533 1.0047 1.2613 0.7764 1.0843 1.3972 0.8927 1.4053 1.9180 1.5877 3.1725 4.7478 

30 3.4327 4.1355 4.8082 3.5078 4.3668 5.1895 3.8684 5.2956 6.6627 5.9826 10.4072 14.6490 

40 4.5975 5.2083 5.8815 4.6663 5.4162 6.2430 4.9922 6.2639 7.6306 6.9280 10.9414 15.1687 

LMS 0 0.4821 0.8445 1.2159 0.5235 0.9533 1.4462 0.6907 1.4417 2.2128 1.7215 4.0641 6.4711 

10 0.4664 0.8149 1.2626 0.4921 0.9329 1.4657 0.6552 1.3807 2.2666 1.6484 3.8850 6.6635 

20 0.4559 0.8222 1.3660 0.4961 0.9359 1.5907 0.6642 1.3983 2.4501 1.6666 4.0076 7.2612 

30 0.4343 0.8369 1.4901 0.4590 0.9488 1.7369 0.6207 1.4484 2.6895 1.5324 4.1749 7.9610 

40 0.4391 0.8844 1.7721 0.4734 0.9988 2.0534 0.6093 1.4966 3.2084 1.5234 4.2670 9.4167 

LTS 0 0.5104 0.8890 1.2681 0.5508 1.0146 1.4907 0.7368 1.5231 2.3243 1.8401 4.3638 6.8480 

10 0.4846 0.8533 1.2963 0.5166 0.9616 1.5136 0.6892 1.4320 2.3660 1.7450 4.1201 6.9573 

20 0.4450 0.8230 1.3805 0.4772 0.9461 1.5951 0.6480 1.4282 2.4906 1.6004 4.0798 7.3557 

30 0.4027 0.9742 1.4679 0.4339 0.9380 1.7264 0.5852 1.4607 2.6885 1.4512 4.2036 8.0262 

40 0.3469 0.8305 1.6906 0.3738 0.9429 2.0054 0.5004 1.4419 3.1517 1.2575 4.2015 9.4308 

MM 0 0.1846 0.3134 0.4445 0.1991 0.3592 0.5190 0.2684 0.5416 0.8047 0.6747 1.5428 2.3544 

10 0.1868 0.3262 0.4596 0.2010 0.3715 0.5356 0.2675 0.5560 0.8297 0.6679 1.5741 2.4259 

20 0.1983 0.3374 0.4999 0.2142 0.3843 0.5814 0.2872 0.5741 0.8985 0.7182 1.6214 2.6243 

30 0.2134 0.3717 0.5358 0.2296 0.4216 0.6248 0.3080 0.6297 0.9693 0.7768 1.7802 2.8391 

40 2.5675 4.2779 5.9513 2.6666 4.6552 6.6326 3.1588 6.1975 9.2492 6.1294 14.7160 23.4415 

S 0 0.3656 0.7192 1.1504 0.3870 0.8232 1.3451 0.5139 1.2367 2.0624 1.3421 3.4483 6.0518 

10 0.3395 0.7193 1.1907 0.3608 0.8276 1.3845 0.4815 1.2448 2.1368 1.1778 3.5635 6.2528 

20 0.3355 0.7562 1.3211 0.3601 0.8639 1.5466 0.4856 1.3033 2.3534 1.2200 3.7101 6.9023 

30 0.3375 0.8225 1.5233 0.3657 0.9368 1.7754 0.4924 1.4112 2.7355 1.2129 4.0323 8.0522 

40 0.3672 0.9244 1.8619 0.3950 1.0649 2.1665 0.5220 1.6298 3.3513 1.3180 4.6490 9.8129 
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Table 03.6: TMSE values for sample size n=50 

Method Outlier%                                                                                                                                Total MSE 

Rho values  0.5 0.7 0.9 0.99 

Sample size  P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 

OLS 0 0.0678 0.1279 0.19262 0.07894 0.1685 0.26284 0.14861 0.4001 0.6505 1.13180 3.59245 5.96361 

10 1.5092 2.1246 2.7755 1.6253 2.5410 3.4996 2.3692 4.8889 7.4708 12.9112 37.1894 61.8414 

20 4.8425 5.8456 6.9464 5.0188 6.5057 8.1477 6.1595 10.2880 14.7819 22.2851 62.4493 105.6598 

30 10.1341 11.4203 12.6733 10.3938 12.3231 14.1892 11.9895 17.3987 22.5358 34.4016 87.1064 136.9519 

40 17.1070 18.6999 20.2982 17.3619 19.7224 22.0477 19.0751 25.4691 31.6953 43.4140 104.5307 163.8098 

M 0 0.07144 0.133835 0.20610 0.083167 0.1757 0.28114 0.15703 0.41639 0.69569 1.19747 3.7339 6.37507 

10 0.1446 0.2495 0.3871 0.1616 0.3173 0.5159 0.2747 0.7023 1.2232 1.8840 6.0042 10.9104 

20 0.5820 1.0355 1.6630 0.6204 1.2288 2.0750 0.8852 2.3507 4.4276 4.7066 17.8296 36.6723 

30 9.1573 10.7338 12.1582 9.4716 11.7784 13.9237 11.3561 17.6886 23.6444 37.9452 98.9410 156.9385 

40 17.1017 18.7075 20.3761 17.3664 19.7652 22.2266 19.1210 25.7097 32.4307 44.0095 107.6017 172.1972 

LMS 0 0.3949 0.69674 1.12148 0.4617 0.91035 1.5470 0.8855 2.2219 3.86025 6.49527 20.3743 35.8763 

10 0.3780 0.7387 1.1169 0.4417 0.9708 1.5453 0.8109 2.2290 3.7390 6.4686 20.2423 34.3308 

20 0.3375 0.7047 1.1664 0.3966 0.9214 1.5625 0.7487 2.1301 4.0142 5.8573 19.3631 37.0153 

30 0.3004 0.6413 1.1639 0.3560 0.8420 1.5695 0.6519 1.9075 3.9072 4.7916 17.9959 36.0807 

40 0.2950 0.6571 1.6698 0.3358 0.8435 2.6432 0.6477 1.9727 5.4681 5.0460 17.1619 50.5019 

LTS 0 0.38819 0.67115 1.01047 0.47197 0.90506 1.41466 0.86059 2.16324 3.52288 6.33648 20.34494 32.89924 

10 0.3768 0.6886 0.9700 0.4166 0.8811 1.3368 0.7810 2.1314 3.4383 6.2143 18.9865 31.6593 

20 0.3168 0.6383 1.0146 0.3676 0.8222 1.3990 0.7078 1.9630 3.4633 5.3516 17.4242 31.5100 

30 0.2695 0.5371 0.9652 0.3017 0.7095 1.3560 0.5580 1.6897 3.3658 4.0864 15.4747 30.9987 

40 0.2161 0.4663 1.2934 0.2458 0.6073 1.7612 0.4636 1.4868 4.1955 3.6451 13.2782 35.8653 

MM 0 0.07342 0.12888 0.203336 0.08670 0.168556 0.28029 0.167859 0.39636 0.69814 1.30724 3.539204 6.420648 

10 0.0771 0.1424 0.2224 0.0889 0.1860 0.3054 0.1672 0.4360 0.7603 1.2759 3.8819 6.9874 

20 0.0875 0.1652 0.2531 0.1008 0.2160 0.3466 0.1891 0.5029 0.8633 1.4390 4.4490 7.9470 

30 0.1591 0.5830 2.3433 0.1762 0.7770 3.0312 0.2995 1.7986 6.9582 2.1394 15.8580 60.4896 

40 11.2933 17.3512 20.3507 12.0780 19.4119 22.8848 16.8715 31.5094 36.7737 84.9622 197.8585 226.6731 

S 0 0.240132 0.472528 0.754279 0.27741 0.61433 1.021107 0.542807 1.47093 2.51783 4.06769 13.40623 22.79364 

10 0.2156 0.4319 0.7091 0.2467 0.5731 0.9533 0.4579 1.3558 2.3629 3.6030 11.8336 22.1426 

20 0.1859 0.4178 0.7362 0.2171 0.5559 1.0124 0.4139 1.2927 2.5144 3.2465 11.4850 23.1284 

30 0.1677 0.4184 0.8305 0.1860 0.5406 1.1419 0.3470 1.2874 2.8428 2.5588 11.6786 26.1161 

40 0.1782 0.6256 11.4617 0.2062 0.7805 15.6188 0.3877 1.7836 37.20229 2.9311 19.1665 333.329 
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Table 03.7: TMSE values for sample size n=100 

  

Method Outlier%                                                                                                                                Total MSE 

Rho values  0.5 0.7 0.9 0.99 

Sample size  P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 

OLS 0 0.034157 0.058918 0.0882267 0.03995 0.076885 0.12071 0.076729 0.179485 0.29928 0.594555 1.59260 2.745124 

10 1.2377 1.5022 1.8024 1.2906 1.6842 2.1334 1.6274 2.7221 3.9505 6.3802 17.0166 28.8285 
20 4.4077 4.8517 5.3445 4.4783 5.1738 5.8988 5.0366 7.0058 8.9658 12.9684 32.2229 50.9946 
30 9.5064 10.0970 10.7730 9.6231 10.4917 11.5149 10.3637 12.7794 15.6050 20.7918 44.3396 71.6317 
40 16.5664 17.2624 17.9677 16.6888 17.7318 18.7826 17.4786 20.4178 23.2868 28.6354 57.4761 84.9905 

M 0 0.036274 0.0620835 0.092852 0.042428 0.0811719 0.126959 0.08168 0.189598 0.31494 0.63328 1.6833 2.89051 

10 0.0875 0.1339 0.1906 0.0957 0.1639 0.2474 0.1482 0.3353 0.5586 0.8903 2.6954 4.8211 
20 0.4002 0.5367 0.6927 0.4179 0.6103 0.8240 0.5327 1.0238 1.5404 2.1676 6.6828 11.3319 
30 8.4744 9.2658 10.1077 8.6245 9.7511 10.9911 9.5096 12.5080 15.8422 22.3036 50.5187 82.3229 
40 16.5641 17.2577 17.9617 16.6873 17.7328 18.7924 17.4816 20.4565 23.3833 28.7045 58.0255 86.2433 

LMS 0 0.2068 0.35906 0.568777 0.236325 0.46586 0.809028 0.44030 1.075429 1.98417 3.26658 10.08526 18.15129 

10 0.1988 0.3621 0.5740 0.2329 0.4858 0.7815 0.4419 1.1620 1.9434 3.3176 10.1786 18.4251 
20 0.1822 0.3470 0.6023 0.2181 0.4485 0.8410 0.4048 1.0260 2.0409 3.1654 9.3154 18.6506 
30 0.1701 0.3593 0.6748 0.1954 0.4816 0.9217 0.3600 1.1445 2.3232 2.7970 9.6933 21.0899 
40 0.1740 0.3619 0.8813 0.1987 0.4865 1.2169 0.3593 1.1461 3.0364 2.6057 9.9865 27.8056 

LTS 0 0.21944 0.38698 0.57736 0.25673 0.49309 0.805264 0.48666 1.17179 2.049378 3.4623 10.6928 19.0129 

10 0.2013 0.3775 0.5885 0.2339 0.5026 0.8188 0.4399 1.2350 2.1021 3.2359 10.9810 19.1836 
20 0.1918 0.3569 0.6051 0.2198 0.4779 0.8339 0.4080 1.0902 2.0845 3.0497 9.7460 19.1183 
30 0.1525 0.3329 0.6355 0.1767 0.4489 0.8794 0.3213 1.0484 2.1899 2.5644 9.4301 20.6392 
40 0.1100 0.3051 0.8050 0.1280 0.4079 1.1169 0.2373 1.0000 1.5828 1.8725 9.1010 26.5275 

MM 0 0.034713 0.060037 0.093056 0.04019 0.07849 0.1277 0.07498 0.18335 0.31800 0.56558 1.62759 2.9238 

10 0.0374 0.0667 0.1008 0.0439 0.0871 0.1383 0.0841 0.2031 0.3440 0.6501 1.8025 3.1618 
20 0.0422 0.0733 0.1121 0.0490 0.0957 0.1529 0.0931 0.2237 0.3779 0.7173 1.9881 3.4636 
30 0.0521 0.0995 0.1632 0.0600 0.1299 0.2232 0.1103 0.3023 0.5513 0.8244 2.6746 5.0393 
40 6.4841 11.4536 15.3844 6.8454 12.8382 17.6111 9.2538 20.8901 29.9722 43.0872 131.5506 199.0900 

S 0 0.12192 0.253009 0.43576 0.13787 0.343267 0.58923 0.265711 0.788598 1.49328 1.988064 7.0089 13.73678 

10 0.1112 0.2518 0.4488 0.1279 0.3306 0.6225 0.2420 0.7712 1.5385 1.8624 7.1262 14.1981 
20 0.1009 0.2404 0.4911 0.1194 0.3189 0.6842 0.2270 0.7566 1.6926 1.7428 6.9849 15.5769 
30 0.1007 0.3008 0.6057 0.1171 0.3883 0.8346 0.2200 0.8957 2.0639 1.5408 8.0557 19.0027 
40 0.0990 0.3451 0.8808 0.1157 0.4525 1.2096 0.2178 1.0276 3.0293 1.6878 9.0691 27.2275 
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Table 03.8: TMSE values for sample size n=150 

 

Method Outlier%                                                                                                                                Total MSE 

Rho values  0.5 0.7 0.9 0.99 

Sample size  P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 

OLS 0 0.02089 0.038896 0.05679 0.024167 0.050900 0.077759 0.045874 0.119925 0.1929807 0.35184 1.071647 1.770677 

10 1.1492 1.3261 1.4991 1.1829 1.4478 1.7044 1.3963 2.1406 2.8305 4.4039 11.6714 18.2463 
20 4.2450 4.5356 4.8895 4.3054 4.7293 5.2609 4.6851 5.8509 7.3084 10.0240 21.3400 35.3579 
30 9.3288 9.7365 10.0978 9.4034 10.0006 10.5635 9.8569 11.5099 13.1191 16.2161 32.2830 48.0913 
40 16.3527 16.8001 17.2589 16.4433 17.0864 17.7741 17.0109 18.7274 20.6187 24.9764 41.3512 59.6137 

M 0 0.02195 0.040835 0.06008 0.02536 0.05341 0.08224 0.04825 0.12565 0.204133 0.370737 1.122023 1.87172 

10 0.0716 0.0990 0.1309 0.0769 0.1188 0.1648 0.1120 0.2306 0.3504 0.6083 1.7668 2.8908 
20 0.3536 0.4300 0.5321 0.3656 0.4699 0.6129 0.4387 0.7015 1.0531 1.4636 3.8942 7.0673 
30 8.2266 8.8231 9.3292 8.3240 9.1488 9.8848 8.8998 10.9923 12.9632 16.8746 36.3288 55.0859 
40 16.3507 16.7970 17.2553 16.4419 17.0854 17.7750 17.0116 18.7381 20.6463 25.0053 41.5169 60.0154 

LMS 0 0.14314 0.25721 0.416107 0.16682 0.34318 0.57061 0.29850 0.82482 1.42189 2.24650 7.40121 13.15502 

10 0.1469 0.2758 0.4404 0.1691 0.3407 0.5805 0.3345 0.7964 1.4606 2.4693 6.7456 13.7774 
20 0.1325 0.2557 0.4647 0.1486 0.3318 0.6423 0.2722 0.7818 1.5939 2.0252 6.8654 14.5807 
30 0.1249 0.2611 0.5173 0.1411 0.3318 0.7207 0.2620 0.7847 1.8206 1.9990 7.0917 17.1058 
40 0.1176 0.2873 0.7125 0.1357 0.3893 0.9920 0.2442 0.8890 2.5432 1.8258 8.2009 24.0092 

LTS 0 0.15843 0.28812 0.45515 0.18744 0.379624 0.60789 0.361485 0.88023 1.53323 2.67869 7.65909 14.3654 

10 0.1495 0.2924 0.4591 0.1748 0.3837 0.6360 0.3391 0.8920 1.5828 2.5416 8.1332 14.6218 
20 0.1322 0.2608 0.4741 0.1514 0.3483 0.6461 0.2898 0.8403 1.6383 2.2179 7.4408 15.6114 
30 0.1061 0.2543 0.5050 0.1222 0.3343 0.7037 0.2346 0.8197 1.8269 1.7668 7.2602 17.4425 
40 0.0790 0.2475 0.6727 0.0921 0.3291 0.9432 0.1759 0.8109 2.5052 1.4053 7.5466 23.5030 

MM 0 0.02250 0.04039 0.06065 0.02632 0.05235 0.08295 0.05048 0.12194 0.20613 0.39027 1.08269 1.89376 

10 0.0243 0.0455 0.0651 0.0283 0.0594 0.0890 0.0540 0.1393 0.2214 0.4158 1.2406 2.0347 
20 0.0270 0.0497 0.0735 0.0314 0.0652 0.1007 0.0593 0.1527 0.2495 0.4521 1.3599 2.2868 
30 0.0313 0.0595 0.0876 0.0359 0.0783 0.1197 0.0670 0.1849 0.2969 0.5092 1.6505 2.7260 
40 4.9729 8.6874 11.7943 5.1760 9.7115 13.5336 6.7037 15.6110 23.0962 28.8328 96.5899 154.1511 

S 0 0.08717 0.18691 0.33151 0.09908 0.24315 0.45610 0.18833 0.56893 1.13554 1.41689 5.09557 10.5773 

10 0.0793 0.1951 0.3605 0.0914 0.2524 0.4981 0.1735 0.5930 1.2265 1.8624 5.3454 11.0043 
20 0.0727 0.2027 0.4232 0.0835 0.2661 0.5672 0.1651 0.6326 1.3897 1.7428 5.6454 12.7608 
30 0.0701 0.2266 0.5213 0.0809 0.3049 0.7158 0.1569 0.7242 1.7999 1.5408 6.3270 16.7662 
40 0.0786 0.3063 0.7699 0.0933 0.4001 1.0595 0.1763 0.9629 2.7163 1.6878 8.4843 24.4807 
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Table 3.9: TMSE values for sample size n=200 

Method Outlier%                                                                                                                                Total MSE 

Rho values  0.5 0.7 0.9 0.99 

Sample size  P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 P=2 P=4 P=6 

OLS 0 0.01562 0.02870 0.04082 0.01818 0.03746 0.05587 0.03398 0.08771 0.13896 0.25705 0.78028 1.27754 

10 1.1118 1.2442 1.3742 1.1374 1.3351 1.5324 1.2982 1.8496 2.4015 3.5640 8.9336 14.3019 

20 4.1868 4.4176 4.6300 4.2306 4.5759 4.8941 4.5132 5.4750 6.3456 8.4940 17.8580 26.2344 

30 9.2401 9.5461 9.8615 9.3016 9.7489 10.2144 9.6865 10.8984 12.1567 15.0544 26.6940 38.7711 

40 16.2701 16.5553 16.9323 16.1487 16.7716 17.3143 16.7600 17.9982 19.4186 22.8454 34.8704 48.2549 

M 0 0.01653 0.03008 0.04353 0.01924 0.03929 0.05962 0.03602 0.09198 0.14826 0.27271 0.81808 1.36314 

10 0.0613 0.0844 0.1063 0.0657 0.0990 0.1321 0.0920 0.1819 0.2736 0.4626 1.3253 2.2104 

20 0.3347 0.3949 0.4520 0.3431 0.4260 0.5075 0.3975 0.6026 0.8116 1.1637 3.0351 4.9856 

30 8.1188 8.6069 9.0588 8.1979 8.8636 9.4877 8.6926 10.2927 11.8542 15.5564 29.9880 44.3502 

40 16.2689 16.5535 16.9287 16.3318 16.7708 17.3127 16.7598 18.0026 19.4297 22.8591 34.9442 48.4432 

LMS 0 0.12045 0.22525 0.3346 0.14318 0.28667 0.47401 0.25797 0.69073 1.15800 1.92192 6.07449 10.45611 

10 0.1120 0.2110 0.3571 0.1264 0.2794 0.4846 0.2292 0.6413 1.2067 1.7611 5.5850 11.0966 

20 0.1089 0.2132 0.4202 0.1278 0.2759 0.5688 0.2392 0.6366 1.3835 1.8283 5.7739 13.0223 

30 0.0999 0.2192 0.4984 0.1090 0.2887 0.6857 0.2108 0.6963 1.6806 1.5445 6.3729 15.7386 

40 0.1012 0.2434 0.7071 0.1164 0.3144 0.9643 0.2005 0.7364 2.4300 1.5514 6.7014 22.2894 

LTS 0 0.13652 0.25097 0.36595 0.16047 0.32987 0.50627 0.29857 0.77320 1.28011 2.25997 6.98294 11.84773 

10 0.1222 0.2300 0.3815 0.1404 0.2921 0.5249 0.2620 0.6817 1.3313 2.0226 6.2598 12.1469 

20 0.1043 0.2116 0.4275 0.1196 0.2841 0.5763 0.2268 0.6811 1.4549 1.6894 6.0393 13.5082 

30 0.0844 0.3051 0.4881 0.0982 0.2874 0.6761 0.1927 0.7295 1.7001 1.4710 6.5908 16.1195 

40 0.0632 0.2221 0.6591 0.0731 0.2918 0.9336 0.1383 0.7141 2.3973 1.0515 6.5808 22.5637 

MM 0 0.01814 0.0312128 0.04382 0.02120 0.04123 0.06012 0.04021 0.09756 0.14938 0.30721 0.87201 1.37167 

10 0.0180 0.0334 0.0474 0.0209 0.0436 0.0646 0.0388 0.1020 0.1597 0.2918 0.9062 1.4630 

20 0.0203 0.0357 0.0560 0.0238 0.0465 0.0764 0.0452 0.1080 0.1889 0.3456 0.9561 1.7290 

30 0.0238 0.0433 0.0650 0.0276 0.0563 0.0889 0.0519 0.1310 0.2203 0.3935 1.1607 2.0192 

40 4.0261 6.8552 9.6346 4.2035 7.6005 11.0224 5.3527 11.8497 18.6131 21.4597 70.4481 122.4721 

S 0 0.07066 0.16384 0.29674 0.07865 0.21358 0.40467 0.14511 0.50016 0.98509 1.19003 4.37143 9.08112 

10 0.0609 0.1611 0.3162 0.0687 0.2152 0.4327 0.1288 0.5094 1.0598 0.9357 4.6377 9.7189 

20 0.0583 0.1770 0.3905 0.0676 0.2322 0.5393 0.1300 0.5488 1.2785 0.9784 4.9468 11.8010 

30 0.0592 0.2123 0.5162 0.0706 0.2776 0.6973 0.1358 0.6581 1.7183 0.9913 5.8713 15.8645 

40 0.0705 0.2676 0.7710 0.0816 0.3539 1.0465 0.1505 0.8662 2.5929 1.1382 7.8683 23.8235 
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Chapter-4 

A NEW PROPOSED WEIGHTED LAD-LASSO (WLAD-LASSO) 

BASED ON A NEW WEIGHTING SCHEME AND ITS 

COMPARISON WITH EXISTING (WLAD-LASSO) 

ESTIMATORS 

4.1 Introduction: 

 Regression analysis is mainly concerned with two problems, estimation of 

parameters (regression coefficients) and variable selection. The most often used 

method for the purpose of estimation is ordinary least square (OLS) method. 

However, it is understood that (OLS) estimators are highly prone to outliers, having a 

very low prediction accuracy and poor interpretation. To cope with contaminated 

values in the data various robust regression methods have been proposed. Least 

absolute deviation (LAD) regression is one of these robust methods, where regression 

coefficients are estimated through minimization of sum of absolute values of 

residuals. Although (LAD) regression provide very good results in the presence of 

heavy tailed errors, it may not be better than (OLS) even if there is a single outlier in 

x-direction. Weighted versions of (LAD) regression have been proposed to handle 

outliers in x-direction (Ellis and Morgenthalar, 1992; Hubert and Rousseeuw, 1997; 

Giloni et al., 2006a,b). 

To overcome low prediction accuracy and poor interpretation of (OLS), 

regression methods working both as estimation and feature selection methods are 

applied. These methods shrink some coefficients and resolve the issue of poor 

interpretation by selecting a sparse representation with a smaller sub group of 

regression coefficients (Tibshirani, 1996). The least absolute shrinkage and selection 

operator (Lasso) is a virtuous attempt proposed by Tibshirani (1996) to carry out 
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estimation and feature selection simultaneously. The Lasso method as compare to 

ridge regression practices L1-penalty instead of L2-penalty, produces very sparse 

solutions, hence attract more concern in model selection (Zhao and Yu, 2006). 

Tibshirani (1996) demonstrated a reasonable finite-sample performance of lasso 

method under normal errors, and its statistical properties considered by Knight and Fu 

(2000), Fan and Li (2001) and Tibshirani et al., (2005). However since the lasso 

method using a convex loss function is highly suspected to be prone to heavy-tailed 

errors. To make lasso protected from outliers various robust versions of lasso has been 

proposed, as given by Fan and Li (2001), Rosset and Zhu (2004), Xu (2005), Owen 

(2007), Hesterberg et al., (2008) and Xu and Ying (2010). Wang et al., (2007) 

proposed a robust regression shrinkage method (LAD-lasso), by imposing the L1-

penalty on Least absolute deviation (LAD) regression. The (LAD) regression 

although perform very well in the presence of y-outliers is pretty sensitive to outliers 

in x-direction (Croux et al., 2003). Giloni et al., (2006) suggested a weighted version 

of (LAD) regression to efficiently down weight leverages. 

Just like (LAD) regression the (LAD-lasso) is very robust against outliers, but 

highly sensitive to leverage points. Researchers have used the lasso penalty with the 

idea of the weighted least absolute deviation (WLAD) regression in order to get an 

estimate both sparse and robust to contamination or heavy tailed errors (Arslan, 

2012). Mostly in WLAD-lasso weights used are calculated through robust distances, 

instead derived from robust estimates of location and covariance. Unfortunately the 

weights based on robust distances fail to ascertain contaminated observations, also in 

some situations the covariance matrix is difficult to be estimated.   In this chapter 

various WLAD-lasso versions based on weights through different robust distances 

derived from different robust location and scatter estimators (like Minimum 
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covariance determinant (mcd) estimator, Minimum Volume ellipsoid estimator (mve), 

Orthogonal Ganadesikan estimator (OGK), constrained M-estimator of location and 

scatter (covMest), MM-estimate of multivariate location and scatter (covMMest), S-

estimate of multivariate location and scatter (covSest ) and a new proposed weighting 

scheme are compared. The results are compared using %correctly estimated 

coefficients, correctly classified zeros, false positive rate (FPR), false negative rate 

(FNR) and normalized mean squared error (NMSE) of    ̂  as  NMSE ( ̂)  = ||  ̂-  ||2 / 

||  ||
2
.  

4.2 Weighted least absolute deviation lasso (WLAD-Lasso) 

 Consider the regression model 

         
      (4.1) 

where  i =1,2,3…n 

     (                            ), is response variable, 

   (                  )
t 
is covariate vector, with true values 

  (            )
t
 is coefficients vector and   ‘stheerrorterm. 

The Least Absolute Deviation (LAD) or L1-norm regression determined the 

estimates by minimizing the sum of absolute values of the residuals. The objective 

function in this case may be written as:  

 

        

 
   ∑      

   

 

   

 
(4.2) 
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To overcome the problem of outliers in x-direction the WLAD regression has 

been suggested, which seeks to estimate the parameters by minimizing the objective 

function: 

 
∑        

   

 

   

 
(4.3) 

where    ‘s are the weights derived through robust distances to down weight

leverage points. 

Wang et al., (2007) proposed a robust –lasso estimator (LAD-lasso) by 

minimizing an objective function given by; 

 ∑       
    

   + ∑   |  |
 
  (4.4) 

It is quite convenient to compute LAD-lasso estimator, simply an augmented data 

set is created as; 

{(  
  ,  

 )}fori=1,2,3,….n+pwhere (  
  ,  

 ) = (     )    for 1     

           And 

(    
  ,    

 ) = (0, n    ) for 1     

With    a p-dimensional vector having jth component equal to one and all other 

equal to zero. Then LAD-lasso estimator can be obtained by minimizing the objective 

function; 
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Since the LAD-lasso estimator most probably is affected by leverages, 

Arslan,(2012) proposed WLAD-lasso regression by minimizing an objective function 

given by; 

 ∑         
    

   + ∑   |  |
 
  (4.6) 

where the weights  ‘sforthisparticular estimate are given by: 

      {  
 

  (  )
} 

  ‘sbeinginverselyrelatedwith(  ) , leverages will receive smaller weights.    

Called the tuning parameter is estimated as; 

 ̂ = 
    

 |    
̃ |

  , where   ̃ is the jth estimated coefficient obtained through LAD 

applied to weighted data. 

Again the WLAD-lasso estimator will be obtained by augmenting the weighted 

data and then applying the usual LAD algorithm. 

4.3 Proposed weighted least absolute deviation lasso (WLAD-Lasso) 

 Although the Weighted least absolute deviation lasso (WLAD-Lasso) 

estimators using weights based on robust distances down weight observations that 

deviate from mainstream of the sample in the covariate space. Unfortunately when the 

covariate are not elliptically distributed, robust distances may not be capable of 

identifying atypical observations, hence to some extent affect the performance of 

Weighted least absolute deviation lasso (WLAD-Lasso) estimators using weights 
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based on robust distances. The Proposed Weighted least absolute deviation lasso 

(WLAD-Lasso) estimator is obtained by minimizing: 

 ∑         
    

   + ∑   |  |
 
  (4.7) 

Here the weights   ‘s instead of robust distances are derived by using the 

following approach: 

i) Create a mean column by taking arithmetic mean of every observation in 

x-space. 

ii) Standardize the mean column and denote by z. 

iii) Use a weight function as; 

W={

                            

*
   (   ( ))     (   ( ))

   (   ( )) 
 

[   (   ( ))     (   ( ))]

+
                       

Where , - , consider the integral part only. 

iv) Using the weights from step (iii), transform the data as, 

(  
  ,  

 ) = (         )    for 1     

v) Create Augmented data set as, 

                      {(  
  ,  

 )} for i=1,2,3,….n+p 

                     Where (  
  ,  

 ) = (  
  ,  

 ) for 1     

       And 

             (    
  ,    

 ) = (0, n    ) for 1     
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With    a p-dimensional vector having jth component equal to one and all other 

equal to zero, and  ̂ = 
    

 |    
̃ |

 used an estimate of   . 

Hence obtained the proposed Weighted least absolute deviation lasso (WLAD-

Lasso) estimator using the usual LAD algorithm to {(  
  ,  

 )}fori=1,2,3,….n+p. 

4.4 Simulation Results 

 In this section simulation results are reported on comparing the finite-sample 

performance of the proposed (WLAD-Lasso) method with LAD, LAD-lasso and 

existing (WLAD-Lasso) based on weights determined from robust distances. The data 

set in each iteration is generated to consists (       ) as main bulk and (       ) of 

contaminated points. The contamination rate   is considered at values 0.1, 0.2, 0.3, 

0.4. For a given contamination rate  , and sample size n   ,  -,  (, - indicating 

the integral part) be the number of contaminated data points. 

To generate the (n-m) data points (       ) we set   =(3,2,0,0,2,0,0,0), and 

      (   ), p=8, where   is a matrix with entries    =        , and        
    

   ,i=1,2,……,(n-m).   is considered at two values 0.5 and 1,   is generated from 

t-distribution with one degrees of freedom. The contaminated part (       ) is 

generated by taking       (   ), where   is other than zero vector, particularly we 

set   (           )8x1 and        
   ,i=1,2,….,mwhere     , specifically 

   (               ) is used in the current study. The two data segments are 

combined resulting in a single data set (     ) for i=1,2,3,….. ,n.The regression 

model         is fitted to the simulated data set by using all the methods 
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considered in simulation. For sample size (n=20, 40, 60) in each case we repeated the 

experiment 200 times. 

For comparison purpose different performance measures, % of correctly 

estimated coefficients, % of correctly classified zero, false positive rate, false negative 

rate and average normalized mean squared error (ANMSE) of the estimates are used. 

All the simulation results for the performance measures including percentage of 

correctly estimated coefficients, percentage of correctly and incorrectly classified 

zeros, false positive rate, false negative rate and average normalized mean squared 

error (ANMSE) for every method are given in Table 4.1 to Table 4.5. In Table 4.1 to 

Table 4.3, the simulation results are given for n=20, 40, 60 and   = 0.5, while Table 

4.4 to Table 4.6 for n=20, 40, 60 and  =1 respectively. 

By inspection of these results, it is clear that in both cases (       ) for sample 

size n=20, at lower level of contamination i.e.,   = 0.1, the results of all performance 

measures for all methods are almost similar and no single method is clearly dominant. 

For a little increased level of contamination i-e  =0.2, the proposed method and the 

one based on Orthogonal Ganadesikan estimator (OGK), outperform all other 

methods. For  =0.3, the proposed method clearly give dominant results possessing a 

high percentage of correctly estimated coefficients, high percentage of correctly 

classified zeros, a low percentage of incorrectly classified zeros, a small false positive 

rate and average normalized mean squared error (ANMSE).  For  = 0.4, the proposed 

method more overwhelmingly dominate the remaining methods in terms of a high 

percentage of correctly estimated coefficients, high percentage of correctly classified 

zeros, a low percentage of incorrectly classified zeros, a small false positive rate 
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(FPR) and average normalized mean squared error (ANMSE).  A more sparse 

behaviour is indicated by the false negative rate (FNR), For low values of 

contamination,  = 0.1, 0.2 the proposed method has a low false negative rate (FNR), 

but for values of  , at levels, 0.3 and 0.4 the (FNR) value for the proposed method 

start to become higher than others, hence behave to suppress more coefficients to 

zero. 

In Figure 4.1 graph (a) represent the percentage of correctly estimated 

coefficients. For every method with an increase in the contamination level a decrease 

is portrayed in the percentage of correctly estimated coefficients. The dominancy of 

the proposed method is clearly demonstrated in terms of percentage correctly 

estimated coefficients. 

Figure 4.1 (b) portray the behavior of average normalized mean squared error 

(ANMSE) of all methods for different contamination levels. For increasing level of 

contamination the (ANMSE) is seen to increase a little, the proposed method 

providing a minimum amount of (ANMSE) than other methods for every 

contamination level. 

Figure 4.1 (c) provide a comparison of false positive rate (FPR) for all methods 

against different contamination levels. As a criteria for comparison the interest lies in 

a minimum value of (FPR). Inspection of graph (c) indicates that the proposed method 

surpasses all other methods in terms of (FPR). 

Figure 4.1 (d) represent the false negative rate (FNR) of every method. In 

comparison to all other performance measures, for higher contamination levels the 

(FNR) indicate that the other methods performance is relatively better than the 
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proposed method. This happen because of the sparser attitude of the proposed method. 

Anyhow by considering the overall performance measures the proposed method seem 

to be a more appropriate choice. 
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      (a)                                                                                                        (b) 

 
(c)                                                                                                        (d) 

 

Figure 0 4.1 graphs of % correctly estimated coefficients, normalized mean squared error, false positive rate (FPR) and false 

negative rate (FNR) for all methods 
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Table 4.1: n = 20,   = 0.5 

Method  LAD LAD-

LASSO 

WLAD WLAD-LASSO 

   MCD MVE OGK MMEST SEST Proposed MCD MVE OGK MMEST SEST Proposed 

0.1 % of correctly estimated coefficients 33.81 32.63 54.00 58.69 58.31 58.06 55.75 34.50 37.81 36.00 37.13 39.81 39.31 39.31 

% of correctly classified zero 33.70 41.90 54.50 59.10 57.90 57.60 55.20 35.30 52.00 50.30 50.90 52.80 52.70 50.2 

% of misclassified zeros 66.30 58.10 45.50 40.90 42.10 42.40 44.80 64.70 48.00 49.70 34.10 47.20 47.30 49.8 

 False positive rate 0.663 0.581 0.455 0.409 0.421 0.424 0.448 0.647 0.48 0.497 0.341 0.472 0.473 0.498 

 False negative rate 0.043 0.408 0.027 0.015 0.015 0.018 0.017 0.032 0.578 0.625 0.818 0.477 0.498 0.445 

ANMSE 0.83 1.13 0.58 0.52 0.50 0.52 0.54 0.82 1.04 1.06 1.01 0.93 0.95 1.03 

0.2 % of correctly estimated coefficients 32.75 30.00 34.44 35.31 36.31 34.75 34.38 35.50 37.56 38.81 39.94 38.94 38.44 39.69 

% of correctly classified zero 32.40 38.00 34.30 35.40 36.20 34.20 34.00 34.40 51.10 53.20 54.30 51.50 50.80 54.2 

% of misclassified zeros 67.60 62.00 65.70 64.60 63.80 65.80 66.00 65.60 48.90 46.80 45.70 48.50 49.20 45.8 

False positive rate 0.676 0.620 0.657 0.646 0.638 0.658 0.660 0.656 0.489 0.468 0.457 0.485 0.492 0.458 

 False negative rate 0.068 0.430 0.023 0.030 0.030 0.038 0.035 0.040 0.552 0.595 0.575 0.513 0.530 0.523 

ANMSE 0.86 1.18 1.14 0.83 0.82 0.83 0.84 0.82 1.14 1.13 1.08 1.10 1.11 1.04 

0.3 % of correctly estimated coefficients 27.69 31.19 28.38 28.63 27.81 29.13 28.75 38.94 36.44 36.63 38.38 35.69 35.50 39.5 

% of correctly classified zero 26.00 39.70 29.50 29.60 27.60 29.80 29.40 39.70 50.40 51.20 54.10 49.50 49.60 57.5 

% of misclassified zeros 74.00 60.30 70.50 70.40 72.40 70.20 70.60 60.30 49.60 48.80 45.90 50.50 50.40 42.5 

f False positive rate 0.740 0.603 0.705 0.704 0.724 0.702 0.706 0.603 0.496 0.488 0.459 0.505 0.504 0.425 

 False negative rate 0.110 0.437 0.048 0.050 0.053 0.053 0.048 0.040 0.522 0.515 0.555 0.520 0.522 0.647 

ANMSE 1.03 1.20 1.04 1.04 1.06 1.03 1.04 0.97 1.28 1.24 1.20 1.27 1.27 1.11 

0.4 % of correctly estimated coefficients 22.81 28.56 23.69 23.75 27.75 24.94 26.13 41.50 31.88 31.56 37.63 29.88 30.19 43.25 

% of correctly classified zero 21.70 35.80 22.30 22.60 25.60 22.80 24.10 41.00 42.40 42.80 54.00 37.70 38.10 64.6 

% of misclassified zeros 78.30 64.20 77.70 77.40 74.40 77.20 75.90 59.00 57.60 57.20 46.00 62.30 61.90 35.4 

 False positive rate 0.783 0.642 0.777 0.774 0.744 0.772 0.759 0.590 0.576 0.572 0.460 0.623 0.619 0.354 

 False negative rate 0.155 0.427 0.132 0.123 0.052 0.135 0.128 0.052 0.487 0.522 0.595 0.437 0.470 0.788 

ANMSE 1.15 1.17 1.13 1.11 1.66 1.11 1.10 8.33 1.27 1.32 1.34 1.18 1.23 1.09 
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Table 4.2: n=40,   = 0.5 

Method  LAD LAD-

LASSO 

WLAD WLAD-LASSO 

   MCD MVE OGK MMEST SEST Proposed MCD MVE OGK MMEST SEST Proposed 

0.1 % of correctly estimated coefficients 48.25 34.81 79.38 81.63 84.31 82.56 82.44 80.13 63.50 63.75 65.69 70.19 69.31 71.88 

% of correctly classified zero 46.70 28.10 80.20 82.20 84.50 82.90 82.60 80.50 68.00 68.70 71.30 72.60 72.60 75.2 

% of misclassified zeros 53.30 71.90 19.80 17.80 15.50 17.10 17.40 19.50 32.00 31.30 28.70 27.40 27.40 24.8 

False positive rate 0.533 0.719 0.198 0.178 0.155 0.171 0.174 0.195 0.320 0.313 0.287 0.274 0.274 0.248 

 False negative rate 0.012 0.090 0.002 0.000 0.002 0.002 0.002 0.003 0.090 0.085 0.068 0.052 0.058 0.033 

ANMSE 0.55 0.70 0.26 0.23 0.21 0.23 0.22 0.24 0.45 0.45 0.42 0.36 0.38 0.33 

0.2 % of correctly estimated coefficients 43.63 28.00 48.44 50.38 50.69 49.94 49.81 81.25 39.81 44.25 43.69 39.81 39.56 66.81 

% of correctly classified zero 39.80 25.30 48.00 49.10 50.70 49.20 48.90 79.90 39.60 44.20 45.50 37.50 37.00 72.9 

% of misclassified zeros 60.20 74.70 52.00 50.90 49.30 50.80 51.10 20.10 60.40 55.80 54.50 62.50 63.00 27.1 

False positive rate 0.602 0.747 0.520 0.509 0.493 0.508 0.511 0.201 0.604 0.558 0.545 0.625 0.630 0.271 

 False negative rate 0.020 0.158 0.003 0.002 0.002 0.002 0.002 0.002 0.168 0.163 0.182 0.157 0.158 0.083 

ANMSE 0.61 0.84 0.54 0.53 0.52 0.53 0.53 0.22 0.74 0.70 0.71 0.72 0.73 0.4 

0.3 % of correctly estimated coefficients 35.50 21.88 46.19 46.06 47.31 41.88 43.25 67.25 32.06 32.63 32.00 30.13 29.69 51.81 

% of correctly classified zero 31.50 19.70 44.70 44.80 45.60 39.60 41.00 67.80 32.30 33.50 33.20 28.60 28.90 60.5 

% of misclassified zeros 68.50 80.30 55.30 55.20 54.40 60.40 59.00 32.20 67.70 66.50 66.80 71.40 71.10 39.5 

 False positive rate 0.685 0.803 0.553 0.552 0.544 0.604 0.590 0.322 0.677 0.665 0.668 0.714 0.711 0.395 

 False negative rate 0.068 0.197 0.013 0.013 0.010 0.028 0.018 0.005 0.255 0.245 0.285 0.203 0.217 0.212 

ANMSE 0.74 0.93 0.58 0.58 0.56 0.63 0.63 0.37 0.93 0.93 0.97 0.89 0.91 0.64 

0.4 % of correctly estimated coefficients 27.13 16.81 44.25 44.31 43.13 28.63 29.88 82.19 29.63 29.63 26.75 17.31 17.31 38.69 

% of correctly classified zero 23.70 15.90 40.80 41.10 40.50 22.70 23.80 81.20 33.30 33.50 30.80 15.40 15.20 52.6 

% of misclassified zeros 76.30 84.10 59.20 58.90 59.50 77.30 76.20 18.80 66.70 66.50 69.20 84.60 84.80 47.4 

 False positive rate 0.763 0.841 0.592 0.589 0.595 0.773 0.762 0.188 0.667 0.665 0.692 0.846 0.848 0.474 

 False negative rate 0.110 0.238 0.013 0.010 0.013 0.115 0.108 0.000 0.313 0.332 0.355 0.228 0.223 0.475 

ANMSE 0.88 0.98 0.62 0.61 0.63 0.84 0.83 0.22 1.03 1.04 1.07 0.99 0.99 0.87 
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Table 40.3: n= 60,   = 0.5 

Method  LAD LAD-

LASSO 

WLAD WLAD-LASSO 

   MCD MVE OGK MMEST SEST Proposed MCD MVE OGK MMEST SEST Proposed 

0.1 % of correctly estimated coefficients 56.19 46.06 88.56 89.63 91.38 88.75 88.81 95.75 87.44 87.56 87.75 88.19 88.69 94.13 

% of correctly classified zero 54.10 31.80 88.80 90.40 91.40 89.40 89.60 95.60 87.80 87.90 88.70 88.20 88.50 95.4 

% of misclassified zeros 45.90 68.20 11.20 9.60 8.60 10.60 10.40 4.40 12.20 12.10 11.30 11.80 11.50 4.6 

 False positive rate 0.459 0.682 0.112 0.096 0.086 0.106 0.104 0.044 0.122 0.121 0.113 0.118 0.115 0.046 

 False negative rate 0.002 0.015 0.000 0.000 0.000 0.000 0.000 0.000 0.005 0.003 0.003 0.003 0.003 0.000 

ANMSE 0.47 0.53 0.16 0.15 0.13 0.16 0.16 0.07 0.16 0.16 0.16 0.16 0.15 0.09 

0.2 % of correctly estimated coefficients 49.75 34.13 58.19 58.69 59.50 59.38 59.06 95.938 50.94 51.63 54.31 49.88 49.50 89.19 

% of correctly classified zero 42.80 24.00 58.80 58.80 59.70 58.70 58.50 95.600 40.30 41.50 46.00 38.10 38.20 91.80 

% of misclassified zeros 57.20 76.00 41.20 41.20 40.30 41.30 41.50 4.400 59.70 58.50 54.00 61.90 61.80 8.20 

False positive rate 0.572 0.760 0.412 0.412 0.403 0.413 0.415 0.044 0.597 0.585 0.540 0.619 0.618 0.082 

 False negative rate 0.010 0.038 0.003 0.002 0.002 0.002 0.002 0.000 0.025 0.028 0.030 0.023 0.025 0.007 

ANMSE 0.53 0.65 0.45 0.45 0.45 0.45 0.45 0.061 0.52 0.51 0.50 0.53 0.53 0.14 

0.3 % of correctly estimated coefficients 37.81 22.38 54.31 54.50 56.00 47.75 47.31 90.56 40.38 40.13 40.25 31.19 28.19 82.813 

% of correctly classified zero 31.50 16.10 53.40 54.00 55.40 43.70 42.50 90.60 32.40 32.80 33.10 22.80 20.50 85.500 

% of misclassified zeros 68.50 83.90 46.60 46.00 44.60 56.30 57.50 9.40 67.60 67.20 66.90 77.20 79.50 14.500 

False positive rate 0.685 0.839 0.466 0.460 0.446 0.563 0.575 0.094 0.676 0.672 0.669 0.772 0.795 0.145 

 False negative rate 0.043 0.092 0.002 0.000 0.002 0.015 0.015 0.000 0.067 0.067 0.085 0.062 0.068 0.013 

ANMSE 0.65 0.77 0.48 0.48 0.47 0.54 0.54 0.13 0.64 0.64 0.66 0.69 0.71 0.213 

0.4 % of correctly estimated coefficients 27.56 12.94 51.44 51.63 51.06 29.38 30.19 92.81 31.63 32.44 29.81 11.31 12.13 60.88 

% of correctly classified zero 22.10 9.30 50.40 50.50 49.80 23.50 24.30 92.6 27.40 28.40 26.70 7.30 7.60 71.90 

% of misclassified zeros 77.90 90.70 49.60 49.50 50.20 76.50 75.70 7.4 72.60 71.60 73.30 92.70 92.40 28.10 

 False positive rate 0.779 0.907 0.496 0.495 0.502 0.765 0.757 0.074 0.726 0.716 0.733 0.927 0.924 0.281 

False negative rate 0.102 0.165 0.005 0.005 0.010 0.100 0.090 0.003 0.120 0.123 0.150 0.160 0.168 0.110 

ANMSE 0.80 0.91 0.51 0.51 0.52 0.76 0.74 0.1 0.76 0.76 0.81 0.91 0.91 0.47 
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Table 4.4: n = 20,   =1 

Method  LAD LAD-

LASSO 

WLAD WLAD-LASSO 

   MCD MVE OGK MMEST SEST Proposed MCD MVE OGK MMEST SEST Proposed 

0.1 % of correctly estimated coefficients 34.94 27.56 32.250 36.438 35.563 37.688 35.875 29.563 41.625 41.375 42.375 42.563 42.44 40.188 

% of correctly classified zero 46.10 25.50 32.400 37.300 35.600 37.500 35.700 29.100 58.800 59.800 60.300 58.600 59.30 54.500 

% of miss classified zeros 53.90 74.50 67.600 62.700 64.400 62.500 64.300 70.900 41.200 40.200 39.700 41.400 40.70 45.500 

 False positive rate 0.539 0.745 0.676 0.627 0.644 0.625 0.643 0.709 0.412 0.402 0.397 0.414 0.407 0.455 

 False negative rate 0.428 0.060 0.037 0.040 0.038 0.040 0.032 0.053 0.610 0.647 0.600 0.548 0.563 0.525 

ANMSE 1.17 1.05 0.957 0.951 0.890 0.889 0.920 1.109 1.063 1.056 1.032 0.996 1.0 1.130 

0.2 % of correctly estimated coefficients 30.38 28.31 27.500 27.813 28.125 27.625 27.625 26.875 40.813 41.438 43.250 40.500 40.000 41.625 

% of correctly classified zero 39.60 28.40 27.400 27.500 27.200 27.500 27.300 26.500 56.400 59.800 60.400 56.600 55.900 59.000 

% of miss classified zeros 60.40 71.60 72.600 72.500 72.800 72.500 72.700 73.500 43.600 40.200 39.600 43.400 44.100 41.000 

 False positive rate 0.604 0.716 0.726 0.725 0.728 0.725 0.727 0.735 0.436 0.402 0.396 0.434 0.441 0.410 

False negative rate 0.462 0.063 0.045 0.042 0.047 0.047 0.043 0.055 0.578 0.593 0.593 0.558 0.548 0.535 

ANMSE 1.21 1.02 1.130 1.124 1.125 1.102 1.112 1.151 1.176 1.140 1.103 1.144 1.146 1.084 

0.3 % of correctly estimated coefficients 30.19 24.94 21.938 21.438 21.375 21.938 22.000 26.563 38.063 39.625 39.375 38.188 38.063 44.125 

% of correctly classified zero 40.30 24.00 22.600 22.200 21.500 22.700 23.000 26.600 53.800 56.300 57.200 53.800 53.800 65.900 

% of miss classified zeros 59.70 76.00 77.400 77.800 78.500 77.300 77.000 73.400 46.200 43.700 42.800 46.200 46.200 34.100 

 False positive rate 0.597 0.760 0.774 0.778 0.785 0.773 0.770 0.734 0.462 0.437 0.428 0.462 0.462 0.341 

 False negative rate 0.455 0.112 0.080 0.077 0.075 0.077 0.077 0.063 0.538 0.548 0.600 0.548 0.550 0.663 

ANMSE 1.25 1.14 1.450 1.456 1.539 1.442 1.444 1.636 1.316 1.296 1.292 1.322 1.326 1.133 

0.4 % of correctly estimated coefficients 30.25 20.38 20.875 21.563 24.188 21.188 21.813 22.188 33.563 33.000 38.063 31.375 33.250 49.938 

% of correctly classified zero 38.00 19.60 20.300 20.500 23.500 20.000 20.400 21.700 45.600 45.900 56.300 40.400 43.400 77.400 

% of miss classified zeros 62.00 80.40 79.700 79.500 76.500 80.000 79.600 78.300 54.400 54.100 43.700 59.600 56.600 22.600 

 False positive rate 0.620 0.804 0.797 0.795 0.765 0.800 0.796 0.783 0.544 0.541 0.437 0.596 0.566 0.226 

 False negative rate 0.458 0.155 0.150 0.125 0.067 0.147 0.157 0.050 0.485 0.497 0.628 0.425 0.445 0.785 

ANMSE 1.20 1.25 1.242 1.245 2.598 1.230 1.234 16.660 1.289 1.331 1.392 1.207 1.239 1.033 
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Table 4.5: n = 40,   =1 

Method  LAD LAD-

LASSO 

WLAD WLAD-LASSO 

   MCD MVE OGK MMEST SEST Proposed MCD MVE OGK MMEST SEST Proposed 

0.1 % of correctly estimated coefficients 40.50 49.63 55.563 56.313 58.688 57.813 57.500 57.125 45.875 46.188 49.250 50.125 50.750 54.938 

% of correctly classified zero 30.50 47.50 55.600 55.800 59.400 57.500 57.700 57.300 54.300 55.100 58.500 56.900 57.600 60.800 

% of miss classified zeros 69.50 52.50 44.400 44.200 40.600 42.500 42.300 42.700 45.700 44.900 41.500 43.100 42.400 39.200 

False positive rate 0.695 0.525 0.444 0.442 0.406 0.425 0.423 0.427 0.457 0.449 0.415 0.431 0.424 0.392 

 False negative rate 0.025 0.005 0.000 0.010 0.007 0.007 0.007 0.010 0.188 0.198 0.177 0.153 0.160 0.110 

ANMSE 0.60 0.53 0.507 0.504 0.482 0.488 0.490 0.486 0.683 0.690 0.651 0.624 0.632 0.555 

0.2 % of correctly estimated coefficients 30.06 46.13 42.250 41.563 41.375 41.563 41.500 56.438 34.313 37.500 38.063 36.750 34.063 51.625 

% of correctly classified zero 22.00 40.40 41.800 41.200 42.100 41.100 41.200 56.600 37.400 40.400 42.300 37.000 35.700 62.400 

% of miss classified zeros 78.00 59.60 58.200 58.800 57.900 58.900 58.800 43.400 62.600 59.600 57.700 63.000 64.300 37.600 

 False positive rate 0.780 0.596 0.582 0.588 0.579 0.589 0.588 0.434 0.626 0.596 0.577 0.630 0.643 0.376 

 False negative rate 0.060 0.027 0.013 0.012 0.015 0.013 0.013 0.010 0.238 0.253 0.262 0.223 0.228 0.183 

ANMSE 0.71 0.58 0.637 0.641 0.644 0.638 0.639 0.487 0.886 0.866 0.867 0.860 0.867 0.630 

0.3 % of correctly estimated coefficients 18.88 33.69 39.000 38.000 38.125 36.375 36.250 45.188 31.938 31.500 32.625 28.938 28.063 42.938 

% of correctly classified zero 13.90 28.70 39.000 38.600 37.800 34.600 33.700 46.700 37.500 36.900 37.600 31.000 30.300 53.900 

% of miss classified zeros 86.10 71.30 61.000 61.400 62.200 65.400 66.300 53.300 62.500 63.100 62.400 69.000 69.700 46.100 

 False positive rate 0.861 0.713 0.610 0.614 0.622 0.654 0.663 0.533 0.625 0.631 0.624 0.690 0.697 0.461 

 False negative rate 0.112 0.067 0.023 0.025 0.028 0.047 0.038 0.022 0.335 0.343 0.350 0.280 0.292 0.325 

ANMSE 0.82 0.72 0.703 0.710 0.709 0.729 0.721 0.602 1.044 1.058 1.070 0.990 0.997 0.810 

0.4 % of correctly estimated coefficients 11.25 23.19 38.063 38.375 38.563 25.625 26.688 56.250 30.313 30.375 29.250 17.063 18.125 42.875 

% of correctly classified zero 8.20 18.50 36.400 36.500 36.100 21.500 22.000 56.300 36.600 36.700 35.700 16.300 17.500 60.700 

% of miss classified zeros 91.80 81.50 63.600 63.500 63.900 78.500 78.000 43.700 63.400 63.300 64.300 83.700 82.500 39.300 

False positive rate 0.918 0.815 0.636 0.635 0.639 0.785 0.780 0.437 0.634 0.633 0.643 0.837 0.825 0.393 

f False negative rate 0.165 0.162 0.030 0.027 0.030 0.147 0.135 0.017 0.368 0.373 0.388 0.248 0.260 0.543 

ANMSE 0.93 0.87 0.734 0.733 0.736 0.911 0.902 0.522 1.092 1.096 1.115 1.006 1.009 0.924 
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Table 4.6: n = 60,   =1 

Method  LAD LAD-

LASSO 

WLAD WLAD-LASSO 

   MCD MVE OGK MMEST SEST Proposed MCD MVE OGK MMEST SEST Proposed 

0.1 % of correctly estimated coefficients 33.38 40.63 65.375 65.688 68.813 65.500 65.125 75.375 63.688 63.313 63.750 65.500 64.813 73.063 

% of correctly classified zero 31.40 40.00 65.700 66.100 69.400 65.900 65.400 75.100 64.200 64.300 65.000 65.500 65.100 77.000 

% of miss classified zeros 68.60 60.00 34.300 33.900 30.600 34.100 34.600 24.900 35.800 35.700 35.000 34.500 34.900 23.000 

 False positive rate 0.686 0.600 0.343 0.339 0.306 0.341 0.346 0.249 0.358 0.357 0.350 0.345 0.349 0.230 

 False negative rate 0.130 0.033 0.003 0.003 0.002 0.002 0.002 0.000 0.035 0.028 0.030 0.018 0.022 0.017 

ANMSE 0.79 0.65 0.394 0.391 0.364 0.393 0.395 0.303 0.415 0.418 0.405 0.386 0.394 0.324 

0.2 % of correctly estimated coefficients 25.75 37.44 50.250 51.063 52.063 51.750 51.500 77.188 42.750 42.813 41.500 41.438 42.063 66.313 

% of correctly classified zero 25.10 34.60 49.900 50.100 51.100 51.400 50.900 76.800 36.300 36.600 36.200 33.700 34.200 72.100 

% of miss classified zeros 74.90 65.40 50.100 49.900 48.900 48.600 49.100 23.200 63.700 63.400 63.800 66.300 65.800 27.900 

 False positive rate 0.749 0.654 0.501 0.499 0.489 0.486 0.491 0.232 0.637 0.634 0.638 0.663 0.658 0.279 

False negative rate 0.203 0.030 0.008 0.005 0.010 0.008 0.008 0.002 0.062 0.065 0.070 0.057 0.060 0.025 

ANMSE 0.90 0.71 0.529 0.521 0.517 0.522 0.523 0.280 0.632 0.633 0.640 0.630 0.626 0.384 

0.3 % of correctly estimated coefficients 20.75 31.06 46.625 47.188 47.000 42.250 40.938 65.000 37.688 37.875 37.375 28.375 27.563 61.250 

% of correctly classified zero 20.20 27.20 44.700 45.600 45.200 37.100 35.500 64.400 32.700 33.000 34.300 22.600 22.200 67.900 

% of miss classified zeros 79.80 72.80 55.300 54.400 54.800 62.900 64.500 35.600 67.300 67.000 65.700 77.400 77.800 32.100 

False positive rate 0.798 0.728 0.553 0.544 0.548 0.629 0.645 0.356 0.673 0.670 0.657 0.774 0.778 0.321 

 False negative rate 0.225 0.080 0.007 0.007 0.008 0.035 0.030 0.007 0.103 0.105 0.127 0.090 0.083 0.068 

ANMSE 0.97 0.82 0.565 0.563 0.563 0.613 0.615 0.398 0.722 0.720 0.755 0.760 0.760 0.458 

0.4 % of correctly estimated coefficients 17.31 24.31 45.500 45.250 43.813 25.000 25.438 68.875 31.438 31.563 28.625 10.438 10.813 46.438 

% of correctly classified zero 15.90 22.30 45.200 44.700 42.900 20.200 20.200 69.400 29.600 29.600 26.800 6.100 6.700 59.700 

% of miss classified zeros 84.10 77.70 54.800 55.300 57.100 79.800 79.800 30.600 70.400 70.400 73.200 93.900 93.300 40.300 

 False positive rate 0.841 0.777 0.548 0.553 0.571 0.798 0.798 0.306 0.704 0.704 0.732 0.939 0.933 0.403 

 False negative rate 0.240 0.160 0.007 0.007 0.015 0.145 0.143 0.012 0.175 0.183 0.192 0.192 0.173 0.262 

ANMSE 0.98 0.95 0.572 0.576 0.584 0.841 0.835 0.376 0.840 0.838 0.867 0.931 0.916 0.683 
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4.5 Application to real data set: 

 In order to assess the performance of the proposed and existing methods we consider 

Hawkins-Bradu-Kass dataset. Hawkins-Bradu-Kass dataset is a synthetic data set created for 

―controlled trial‖experiments.This data set formed by Hawkins et al., (1984), contains 75 

observations including a response variable and three predictors. The first 14 observations of 

this data set are outliers, with observations 1 to 10 bad leverages and 11, 12,13and 14 as good 

leverages points. For the sack of our objective we make a slight modification of the data. We 

consider observations 11 to 75 our main bulk of data, for which take the vector of coefficients 

as   =(     )  and generate          ,   is generated from t-distribution with one 

degree of freedom. For first 10 observations we take   =(       )  and hence          , 

we combine both segment of the data as (Y, X), where Y=.  
  
/ and X=.  

  
/,   and    are 

matrices of x values. 

From the results given in Table 4.7, it is clear that the proposed method give quite similar 

results to other methods because the level of contamination is moderate. The proposed 

method provide estimate as (1.79384, 1.77924, 0.05342) for the true vector (2, 2, 0) with 

standard errors (0.37419, 0.32914, 0.26647) and p-values (0.00000, 0.00000, 0.84166) 

showing the real significance of   ,    and a p-value of 0.84166 for    indicates 

insignificance. 

The residuals plots given in figure 6.2 also portray that WLAD-lasso methods perform 

quite better than LAD and LAD-lasso methods. 
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Table 04.7: estimated coefficients, their standard errors and p-values 

Method LAD LAD-

lasso 

WLAD-lasso, weights determined from robust distances proposed 

 Mcd Mve ogk MMest Mest Sest 

X1 

(standard error) 

(p-value) 

3.45398 

0.78158 

0.00003 

3.08502 

1.27052 

0.01757 

1.86167 

0.45893 

0.00012 

1.86167 

0.46793 

0.00016 

1.84911 

0.41241 

0.00003 

1.87406 

0.47227 

0.00016 

1.86167 

0.44482 

0.00008 

1.87406 

0.47737 

0.00019 

1.79384 

0.37419 

0.00000 

X2 

(standard error) 

(p-value 

2.33716 

0.98096 

0.01984 

1.55688 

1.60166 

0.33416 

1.75998 

0.36022 

0.00001 

1.75998 

0.36882 

0.00001 

1.75562 

0.36611 

0.00001 

1.76515 

0.37021 

0.00001 

1.75998 

0.35855 

0.00001 

1.76515 

0.37038 

0.00001 

1.77924 

0.32914 

0.00000 

X3 

(standard error) 

(p-value 

-3.61880 

1.31327 

0.00742 

-2.98232 

1.50875 

0.05175 

-0.0343 

0.47204 

0.94221 

-0.0343 

0.48217 

0.94342 

0.00000 

0.32350 

1.00000 

-0.04989 

0.49435 

0.91988 

-0.0343 

0.45516 

0.94007 

-0.0498 

0.50525 

0.92160 

0.05342 

0.26647 

0.84166 
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Figure 40.2: residuals plots  
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Chapter-5 

IMPROVED LASSO USING ROBUST LOSS WITH 

ITERATIVELY REWEIGHTED APPROACH 

5.1  Introduction 

 Consider a regression problem where;   =  
  +ui   with ui   N(0,   )          and              

, i=1,2,….,n. The ordinary least square (OLS) is the most often used method to 

estimate the regression coefficients by minimizing; 

 ∑(     
  ) 

 

   

 (5.1) 

And    gives      ̂  = (X
t
X)

-1
(X

t
Y).  In of high dimensional data sets often the 

analysts has  to shrink or set some coefficients to zero exactly for the purpose of better 

interpretation and arriving at a subset of the predictors which shows the strongest 

effects. The techniques of shrinkage regression will help to accommodate such 

situations and result in a more useful, efficient and robust estimates and predictions. 

Shrinkage regression techniques tackled the problem by minimizing a penalized sum 

of squared residuals. There are several classical regularized methods which are based 

on the idea of minimizing a penalized least square loss, the penalty is imposed upon 

the sizes of the regression coefficients. The estimates are obtained by minimizing; 

 
∑(     

  ) 
 

   

      ( ) 
(5.2

) 

where pen is some penalty function and   is a regularization parameter. Least 

Absolute Shrinkage and Selection Operator (LASSO) is an effective and well-known 



 

 

 

86 

method proposed by Tibshirani (1996). The lasso method estimates the regression 

coefficients by minimizing a penalized squared residuals sum. This is a regularization 

technique that simultaneously performs, estimation and variable selection in high 

dimensional cases. The lasso method imposes L1 penalty on the regression 

parameters. The Lasso method as a penalization problem may be formulated as: 

 ̂     =     * ∑ (      ∑      
 
   )  

   + ∑ |  | 
 
   } 

Whereλisaregularizationparameterthatischoseninapropermannerbycross

validation or generalized cross validation (Tibshirani, 1996), n is the sample size and 

p is the number of predictors. For a high regularized parameter value the lasso 

solution is much sparse. The lasso delivers us a solution beneficial with both the 

properties of ridge regression for shrinkage and variable selection for ease in 

interpretability. A closed form solution for lasso like least square and ridge regression 

does not exist. Being a convex optimization problem, lasso can be solved by 

considering a quadratic programming algorithm for a given λ. Since the lasso has 

been proposed by Tibshirani, several methods offering a lot of improvement over 

conventional quadratic programming approach has been developed. An efficient 

algorithm proposed by Efron et.al (2004), Least angle regression (Lars) is available in 

the lars R package for computing the entire solution path.   

The lasso method imposes a penalty while minimizing a convex loss function, in 

case of contamination or heavy tailed errors the performance of the lasso like ridge 

regression is very poor. Attempts have been made to combine the ideas of robust 

regression with the regularization penalties. Rosset and Zhu (2007) modified the lasso 

problembyreplacingthesquarelossfunctionbytheHuber‘slossfunction.Wang et 
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al (2007a) combined the adaptive lasso penalty with the least absolute deviation. 

Arslan (2012) used the lasso penalty with the idea of the weighted least absolute 

deviation (WLAD) regression in order to obtain an estimate both sparse and robust to 

contamination or heavy tailed errors. To enjoy both sparsity and resistance to outliers 

an iteratively reweighted lasso (IRL) algorithm is proposed in this chapter.  

5.2 The computational algorithm for proposed (IRL) method 

To protect lasso method from heavy tailed errors the following algorithm is 

suggested. The convex non-robust loss in the usual lasso method is replaced by a 

robustlossfunctionlikeHuber‘srhofunction,Bisquare‘srhofunction,Hampel‘srho

function etc. By this approach the usual lasso objective function become a robust 

objective function i-e instead of minimizing the usual lasso objective function the 

problem become a minimization of ; 

           ∑  .
     

  

 
/ 

    +  ∑ |  | 
 
                                              (5.3) 

Where   is a robust scale estimate of the residuals and   is an even, none 

decreasing symmetric loss function, like Huber‘s rho function, Bisquare‘s rho

function,Hampel‘s rho function etc. For aweight function defined as  ( )    the 

optimization problem in equation (5.3) become as: 

         ∑   (     
  )  

    +  ∑ |  | 
 
                                           (5.4) 

Where 

The weights    = W(e) =  (
     

  

 
)/(

     
  

 
)
 

are the weights of 

initially derived residuals. The optimum solution to the problem in equation (5.4) is 
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equivalent to applying the usual lasso to a weighted data set, where   =√  .x and 

  =√  .y 

The sequence of steps of the proposed algorithm may be: 

1) Set an initial solution, the usual lasso solution and calculate residuals. 

2) Compute a robust scale estimate of the residuals, from initial residuals and 

calculate weight using   = W(e)=  .
     

  ̂

 
//.

     
  ̂

 
/
 

 

3) Update the data by using   =√  .x and   =√  .y 

4) Generate an updated solution. Check for convergence. If it has converged 

stop, otherwise repeat step1 to 4. 

5.3  Simulations 

 To study the performance of lasso and iteratively reweighted lasso three robust 

loss functions (Huber (1964), Tukey‘s biweight (1960) and Hampel (1968)) are 

considered. A vector of true parameter is taken as  =(3,1,0,0,2,0,0,0). The main bulk 

of the data including n-m observations is generated by the model  

Y1=     +e, X1 is generated from multivariate normal with mean   = 

(0,0,0,0,0,0,0,0) and covariance matrix ∑= v[i,j]= (0.5)^abs(i-j) and e is generated 

from t-distribution with one degree of freedom. The contaminated portion of the data 

consisting of m observations is generated through model Y2=       where    is a 

vector other than   and    being generated from a multivariate normal with mean 

vector   =(20,20,20,20,20,20,20,20) and covariance matrix  ∑ taken as identity 

matrix. In simulation setting the performance of the methods is evaluated under 
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different contamination levels like   = 0.1, 0.2, 0.3. For a sample of size 50, 100, 150, 

the experiment is repeated a total of 200 times. Methods are evaluated through 

percentages of correctly and incorrectly classified zeros. 

Table 05.1 Simulation results 

Method   = 0.1   = 0.2   = 0.3 

Classifying zeros Classifying zeros Classifying zeros 

Correct Incorrect Correct Incorrect Correct Incorrect 

Lasso 70.3%        15.7% 50.6% 22.3% 38.5% 31.2% 

IRW-lasso Huber 72.06% 4.9% 66.3% 18.9% 54.3% 23.4% 

Bisquare 75.71% 5.2% 69.2% 17.3% 57.8% 21.7% 

Hampel 71.21% 6.5% 65.4% 19.1% 52.5% 28.1% 

5.4 Conclusion 

 In this study the performance of the usual lasso method is compared with its 

robust version IRW-lasso basedonHuber‘s,Bisquare‘sandHampel‘slossfunctions.

The simulation studies show that IRW-lasso provide better results in terms of both 

percentage of correctly classified zeros and incorrectly classified zeros. 
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Chapter-6  

DISCUSSION, CONCLUSIONS AND SUGGESTION    FOR 

FUTURE WORK 

In regression analysis the ordinary least square (OLS) is most commonly used 

because it is computationally easy and mathematically simple. The ordinary least 

square (OLS) estimates always happen to be best among the unbiased estimators. 

However this method is based on model with a certain set of assumption, and is now 

criticized too much for its poor performance in case of violation of these assumptions.  

The enormous availability of data make it hard to describe most of the random 

phenomenon by simple statistical models, hence resulting in more complex models 

leading to the violations of traditional assumptions. In this connection several 

alternative so- called robust methods have been proposed, which seek to insure the 

provision of good performance when the fundamental assumptions of the model are 

not fully fulfilled. The utilization of such robust techniques handle   many challenges 

prevalent in modern data. These robust technique assure a theoretical requirement, 

will be near optimal if the observations are consistent with the assumptions, still 

having a good performance in case of slight departure of observation from model 

assumptions, and still working satisfactorily if the observations are seriously 

departing from the model assumptions. From the literature it is evident that most of 

the time it may happen that the data is exposed to the problems of outliers and 

multicollinearity simultaneously. In this study, we have investigated the performance 

of (OLS) and some robust regression methods like (M-estimation, LTS, LMS, S- 

estimation and MM- estimation) for different combinations of prevalence of outliers 

and collinearity levels, using total absolute bias (TAB) and total mean squared error 



 

 

 

91 

(TMSE). The information from these two measures are consistent. In evaluation of 

these methods, sample size 50, 100, 150, 200, number of predictors P = 2, 4, 6, 

outliers percentages 10%, 20%, 30%, 40%  and ρ values 0.5, 0.7, 0.9, 0.99 are 

considered. 

At 10% contamination in y-direction ordinary least square (OLS) become poor 

even at lower levels of collinearity, while remaining methods perform very similar at 

lower levels of collinearity, and resulted quite differently at higher levels of 

collinearity, OLS being the worse, LTS, LMS and S are the next, M and MM perform 

reasonably well with MM the best of all. 

For contamination level at 20% (OLS) perform poor as compared to other 

methods. The remaining methods behave very similarly for lower collinearity levels, 

while for high collinearity levels with 20% outliers simultaneously, ordinary least 

square (OLS) perform worse, LTS, LMS, and S behaving very similar, the second set 

of methods performing poor, MM again the best of all, M-Estimation being the 

second candidate.  

At a contamination level 30%, the M-Estimation and OLS behave very similer to 

each other perfom poor, M-Estimation being the worse of all,while MM is the best 

and each of  (LTS,LMS, and S) the next best methods. 

In a scenario with 40% outliers the (TMSE) values for OLS and M method are 

quite higher, hence these methods are not very good, the method resulting in the next 

higher values is MM and the remaining methods (LTS,LMS,S) having almost similar 

low values of TMSE hence are better in this situation. But 40% outliers when 

simultaneously taken with a high level of multicollinearity,  ranks these methods 
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differently, resulting in MM method, (which is the best one in all cases), to be the 

worse of all, secodly M and OLS have high values for (TMSE) and the remaining 

three (LTS,LMS,S) resulting in low values for (TMSE). 

 The assessment of the above methods is also done by using another performance 

measure, total absolute bias (TAB). It is interested that through (TAB) a similar 

pattern of ranks may be assigned to various methods in all cases as portray by 

(TMSE) values.  

.   In this study various WLAD-lasso versions based on weights through different 

robust distances derived from different robust location and scatter estimators (like 

Minimum covariance determinant (mcd) estimator, Minimum Volume ellipsoid (mve) 

estimator, Orthogonal Ganadesikan (OGK) estimator, constrained M-estimator of 

location and scatter (covMest), MM-estimate of multivariate location and scatter 

(covMMest), S-estimate of multivariate location and scatter (covSest ) and our own 

proposed new weighting scheme are compared. The results are compared using 

%correctly estimated coefficients, correctly classified zeros, false positive rate (FPR), 

false negative rate (FNR) and normalized mean squared error (NMSE). 

The simulation results reveal that in both cases (       ) for sample size n = 

20, at lower level of contamination i-e    = 0.1, the results of all performance 

measures for all methods are almost similar and no single method is clearly dominant. 

For a little increased level of contamination i-e    = 0.2, the proposed method and the 

one based on Orthogonal Ganadesikan (OGK) estimator, outperform all other 

methods. For  =0.3, the proposed method clearly give dominant results possessing a 

high percentage of correctly estimated coefficients, high percentage of correctly 

classified zeros, a low percentage of incorrectly classified zeros, a small false positive 
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rate and a satisfactory average normalized mean squared error (ANMSE).  For   = 

0.4, the proposed method more overwhelmingly dominate the more established 

methods in terms of a high percentage of correctly estimated coefficients, high 

percentage of correctly classified zeros, a low percentage of incorrectly classified 

zeros, a small false positive rate (FPR) and average normalized mean squared error 

(ANMSE).  A more sparse behaviour is indicated by the false negative rate (FNR), 

For low values of contamination,  =0.1, 0.2 the proposed method has a low false 

negative rate (FNR), but for values of  , at levels, 0.3 and 0.4 the (FNR) value for the 

proposed method start to become higher than others, hence making our method to 

suppress more coefficients to zero. 

To study the performance of standard lasso and iteratively reweighted lasso three 

robust loss functions (Huber, Bisquare and Hampel) are considered. IRW-lasso 

provide better results in terms of both percentage of correctly classified zeros and 

incorrectly classified zeros. 

In connection with the work done in this project some recommendations for 

future work are given below: 

The comparative evaluation may be extended to also include some other robust 

methods like tau-estimator of regression. 

The evaluation may also be performed using different configurations such as different 

outliers and leverage points and different performance criteria like detection of 

outliers and test of significance. 
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The same evaluation may be performed for some biased regression procedures like 

ridge regression, principal component regression, and partial least square, under 

different outlier scenarios. 

To obtain an efficient robust penalized estimator, the L1-penalty may be applied to 

tau-estimator of regression, and the solution may be obtained based on Kraush-Kuhn-

Tucker  (KKT) conditions.  
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Appendix  A 

********************************************************************* 

R codes used in chapter #3 

********************************************************************* 

n=50, 100, 150, 200 p=2, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

OLS: 

set.seed(134) 

n=c() 

n2=c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 

rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c()  

for(i in 1:1000) 

{ 

z1<-rnorm(n,0,1) 
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z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z3) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z3) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+e2 

fit<-lm(y~x1+x2) 

beta0[i]<-coef(fit)[1] 

beta1[i]<-coef(fit)[2] 

beta2[i]<-coef(fit)[3] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2) 

} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2) 

totalmse 
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***************************************************************** 

n=50, 100, 150, 200,  p = 4, outlierPer% in Y = alpha=0%, 10%, 20%, 30%, 40% rho = 0.5, 0.7, 0.9, 

0.99 

OLS: 

set.seed(134) 

n=c() 

n2=c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 

pbeta3=c(1) 

pbeta4=c(1) 

rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c() 

beta3=c() 

beta4=c()  

for(i in 1:1000) 
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{ 

z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

z4<-rnorm(n,0,1) 

z5<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z5) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z5) 

x3<-(((1-rhosquare)^0.5)*z3)+(rho*z5) 

x4<-(((1-rhosquare)^0.5)*z4)+(rho*z5) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+(pbeta3*x3)+(pbeta4*x4)+e2 

fit<-lm(y~x1+x2+x3+x4) 

beta0[i]<-coef(fit)[1] 

beta1[i]<-coef(fit)[2] 

beta2[i]<-coef(fit)[3] 

beta3[i]<-coef(fit)[4] 

beta4[i]<-coef(fit)[5] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2)+abs(beta3[i]-

pbeta3)+abs(beta4[i]-pbeta4) 
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} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2)   

msebeta3<-mean((beta3-pbeta3)^2) 

msebeta4<-mean((beta4-pbeta4)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2,msebeta3,msebeta4,msebeta5,msebeta6) 

totalmse 

******************************************************************** 

n=50, 100, 150, 200,  p = 6, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

OLS: 

set.seed(134) 

n = c() 

n2 = c() 

alpha = c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 

pbeta3=c(1) 
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pbeta4=c(1) 

pbeta5=c(1) 

pbeta6=c(1) 

rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c() 

beta3=c() 

beta4=c()  

beta5=c()  

beta6=c() 

for(i in 1:1000) 

{ 

z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

z4<-rnorm(n,0,1) 

z5<-rnorm(n,0,1) 

z6<-rnorm(n,0,1) 

z7<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 
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x1<-(((1-rhosquare)^0.5)*z1)+(rho*z7) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z7) 

x3<-(((1-rhosquare)^0.5)*z3)+(rho*z7) 

x4<-(((1-rhosquare)^0.5)*z4)+(rho*z7) 

x5<-(((1-rhosquare)^0.5)*z5)+(rho*z7) 

x6<-(((1-rhosquare)^0.5)*z6)+(rho*z7) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+(pbeta3*x3)+(pbeta4*x4)+(pbeta5*x5)+(pbeta6*x6)+e2 

fit<-lm(y~x1+x2+x3+x4+x5+x6) 

beta0[i]<-coef(fit)[1] 

beta1[i]<-coef(fit)[2] 

beta2[i]<-coef(fit)[3] 

beta3[i]<-coef(fit)[4] 

beta4[i]<-coef(fit)[5] 

beta5[i]<-coef(fit)[6] 

beta6[i]<-coef(fit)[7] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2)+abs(beta3[i]-

pbeta3)+abs(beta4[i]-pbeta4)+abs(beta5[i]-pbeta5)+abs(beta6[i]-pbeta6) 

} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 



 

 

 

121 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2)   

msebeta3<-mean((beta3-pbeta3)^2) 

msebeta4<-mean((beta4-pbeta4)^2) 

msebeta5<-mean((beta5-pbeta5)^2)  

msebeta6<-mean((beta6-pbeta6)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2,msebeta3,msebeta4,msebeta5,msebeta6) 

totalmse 

************************************************************** 

n=50, 100, 150, 200 p=2, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

M estimation: 

library(MASS) 

set.seed(134) 

n = c() 

n2 = c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 

rho=c() 
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rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c()  

for(i in 1:1000) 

{ 

z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z3) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z3) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+e2 

mfit<-rlm(y~x1+x2) 

beta0[i]<-coef(mfit)[1] 

beta1[i]<-coef(mfit)[2] 

beta2[i]<-coef(mfit)[3] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2) 

} 
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totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2) 

totalmse 

********************************************************* 

n=50, 100, 150, 200 p=4, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

M estimation: 

library(MASS) 

set.seed(134) 

n= c() 

n2 = c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 

pbeta3=c(1) 

pbeta4=c(1) 

rho=c() 
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rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c()  

beta3=c() 

beta4=c() 

for(i in 1:1000) 

{ 

z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

z4<-rnorm(n,0,1) 

z5<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z5) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z5) 

x3<-(((1-rhosquare)^0.5)*z3)+(rho*z5) 

x4<-(((1-rhosquare)^0.5)*z4)+(rho*z5) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+(pbeta3*x3)+(pbeta4*x4)+e2 
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mfit<-rlm(y~x1+x2+x3+x4) 

beta0[i]<-coef(mfit)[1] 

beta1[i]<-coef(mfit)[2] 

beta2[i]<-coef(mfit)[3] 

beta3[i]<-coef(mfit)[4] 

beta4[i]<-coef(mfit)[5] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2)+abs(beta3[i]-

pbeta3)+abs(beta4[i]-pbeta4) 

} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2) 

msebeta3<-mean((beta3-pbeta3)^2) 

msebeta4<-mean((beta4-pbeta4)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2,msebeta3,msebeta4) 

totalmse 

******************************************************** 

n=50, 100, 150, 200 p=6, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

M estimation: 

library(MASS) 

set.seed(134) 

n= c() 
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n2= c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 

pbeta3=c(1) 

pbeta4=c(1) 

pbeta5=c(1) 

pbeta6=c(1) 

rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c()  

beta3=c() 

beta4=c() 

beta5=c() 

beta6=c() 

for(i in 1:1000) 

{ 
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z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

z4<-rnorm(n,0,1) 

z5<-rnorm(n,0,1) 

z6<-rnorm(n,0,1) 

z7<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z7) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z7) 

x3<-(((1-rhosquare)^0.5)*z3)+(rho*z7) 

x4<-(((1-rhosquare)^0.5)*z4)+(rho*z7) 

x5<-(((1-rhosquare)^0.5)*z5)+(rho*z7) 

x6<-(((1-rhosquare)^0.5)*z6)+(rho*z7) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+(pbeta3*x3)+(pbeta4*x4)+(pbeta5*x5)+(pbeta6*x6)+e2 

mfit<-rlm(y~x1+x2+x3+x4+x5+x6) 

beta0[i]<-coef(mfit)[1] 

beta1[i]<-coef(mfit)[2] 

beta2[i]<-coef(mfit)[3] 
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beta3[i]<-coef(mfit)[4] 

beta4[i]<-coef(mfit)[5] 

beta5[i]<-coef(mfit)[6] 

beta6[i]<-coef(mfit)[7] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2)+abs(beta3[i]-

pbeta3)+abs(beta4[i]-pbeta4)+abs(beta5[i]-pbeta5)+abs(beta6[i]-pbeta6) 

} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2) 

msebeta3<-mean((beta3-pbeta3)^2) 

msebeta4<-mean((beta4-pbeta4)^2) 

msebeta5<-mean((beta5-pbeta5)^2) 

msebeta6<-mean((beta6-pbeta6)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2,msebeta3,msebeta4,msebeta5,msebeta6) 

totalmse 

************************************************************** 

n=50, 100, 150, 200 p=2, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

MM estimation: 

library(MASS) 

set.seed(134) 

n= c() 
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n2 = c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 

rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c()  

for(i in 1:1000) 

{ 

z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z3) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z3) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 
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e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+e2 

MMfit<-rlm(y~x1+x2,method='MM') 

beta0[i]<-coef(MMfit)[1] 

beta1[i]<-coef(MMfit)[2] 

beta2[i]<-coef(MMfit)[3] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2) 

} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2) 

totalmse 

************************************************************* 

n=50, 100, 150, 200 p=4, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

MM estimation: 

library(MASS) 

set.seed(134) 

n= c() 

n2=c() 

alpha=c() 
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absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 

pbeta3=c(1) 

pbeta4=c(1) 

rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c()  

beta3=c()  

beta4=c()  

for(i in 1:1000) 

{ 

z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

z4<-rnorm(n,0,1) 

z5<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 
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x1<-(((1-rhosquare)^0.5)*z1)+(rho*z5) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z5) 

x3<-(((1-rhosquare)^0.5)*z3)+(rho*z5) 

x4<-(((1-rhosquare)^0.5)*z4)+(rho*z5) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+(pbeta3*x3)+(pbeta4*x4)+e2 

MMfit<-rlm(y~x1+x2+x3+x4,method='MM') 

beta0[i]<-coef(MMfit)[1] 

beta1[i]<-coef(MMfit)[2] 

beta2[i]<-coef(MMfit)[3] 

beta3[i]<-coef(MMfit)[4] 

beta4[i]<-coef(MMfit)[5] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2)+abs(beta3[i]-

pbeta3)+abs(beta4[i]-pbeta4) 

} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2) 

msebeta3<-mean((beta3-pbeta3)^2) 

msebeta4<-mean((beta4-pbeta4)^2) 
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totalmse<-sum(msebeta0,msebeta1,msebeta2,msebeta3,msebeta4) 

totalmse 

**************************************************************** 

n=50, 100, 150, 200 p=6, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

MM estimation: 

library(MASS) 

set.seed(134) 

n= c() 

n2=c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 

pbeta3=c(1) 

pbeta4=c(1) 

pbeta5=c(1) 

pbeta6=c(1) 

rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 
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beta1=c() 

beta2=c()  

beta3=c()  

beta4=c()  

beta5=c()  

beta6=c()  

for(i in 1:1000) 

{ 

z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

z4<-rnorm(n,0,1) 

z5<-rnorm(n,0,1) 

z6<-rnorm(n,0,1) 

z7<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z7) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z7) 

x3<-(((1-rhosquare)^0.5)*z3)+(rho*z7) 

x4<-(((1-rhosquare)^0.5)*z4)+(rho*z7) 

x5<-(((1-rhosquare)^0.5)*z5)+(rho*z7) 

x6<-(((1-rhosquare)^0.5)*z6)+(rho*z7) 



 

 

 

135 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+(pbeta3*x3)+(pbeta4*x4)+(pbeta5*x5)+(pbeta6*x6)+e2 

MMfit<-rlm(y~x1+x2+x3+x4+x5+x6,method='MM') 

beta0[i]<-coef(MMfit)[1] 

beta1[i]<-coef(MMfit)[2] 

beta2[i]<-coef(MMfit)[3] 

beta3[i]<-coef(MMfit)[4] 

beta4[i]<-coef(MMfit)[5] 

beta5[i]<-coef(MMfit)[6] 

beta6[i]<-coef(MMfit)[7] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2)+abs(beta3[i]-

pbeta3)+abs(beta4[i]-pbeta4)+abs(beta5[i]-pbeta5)+abs(beta6[i]-pbeta6) 

} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2) 

msebeta3<-mean((beta3-pbeta3)^2) 

msebeta4<-mean((beta4-pbeta4)^2) 

msebeta5<-mean((beta5-pbeta5)^2) 

msebeta6<-mean((beta6-pbeta6)^2) 
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totalmse<-sum(msebeta0,msebeta1,msebeta2,msebeta3,msebeta4,msebeta5,msebeta6) 

totalmse 

****************************************************************** 

n=50, 100, 150, 200 p=2, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

S estimation: 

library(MASS) 

set.seed(134) 

n= c() 

n2 = c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 

rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c()  

for(i in 1:1000) 

{ 
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z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z3) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z3) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+e2 

sfit<-lqs(y~x1+x2,method='S') 

beta0[i]<-coef(sfit)[1] 

beta1[i]<-coef(sfit)[2] 

beta2[i]<-coef(sfit)[3] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2) 

} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2) 

totalmse 
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***************************************************************** 

n=50, 100, 150, 200 p=4, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

S estimation: 

library(MASS) 

set.seed(134) 

n= c() 

n2 = c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 

pbeta3=c(1) 

pbeta4=c(1) 

rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c()  

beta3=c() 

beta4=c() 
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for(i in 1:1000) 

{ 

z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

z4<-rnorm(n,0,1) 

z5<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z5) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z5) 

x3<-(((1-rhosquare)^0.5)*z3)+(rho*z5) 

x4<-(((1-rhosquare)^0.5)*z4)+(rho*z5) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+(pbeta3*x3)+(pbeta4*x4)+e2 

sfit<-lqs(y~x1+x2+x3+x4,method='S') 

beta0[i]<-coef(sfit)[1] 

beta1[i]<-coef(sfit)[2] 

beta2[i]<-coef(sfit)[3] 

beta3[i]<-coef(sfit)[4] 

beta4[i]<-coef(sfit)[5] 
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absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2)+abs(beta3[i]-

pbeta3)+abs(beta4[i]-pbeta4) 

} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2) 

msebeta3<-mean((beta3-pbeta3)^2)    

msebeta4<-mean((beta4-pbeta4)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2,msebeta3,msebeta4) 

totalmse 

********************************************************************* 

n=50, 100, 150, 200 p=6, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

S estimation: 

library(MASS) 

set.seed(134) 

n= c() 

n2=c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 
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pbeta2=c(1) 

pbeta3=c(1) 

pbeta4=c(1) 

pbeta5=c(1) 

pbeta6=c(1) 

rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c()  

beta3=c() 

beta4=c() 

beta5=c() 

beta6=c() 

for(i in 1:1000) 

{ 

z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

z4<-rnorm(n,0,1) 

z5<-rnorm(n,0,1) 

z6<-rnorm(n,0,1) 
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z7<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z7) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z7) 

x3<-(((1-rhosquare)^0.5)*z3)+(rho*z7) 

x4<-(((1-rhosquare)^0.5)*z4)+(rho*z7) 

x5<-(((1-rhosquare)^0.5)*z5)+(rho*z7) 

x6<-(((1-rhosquare)^0.5)*z6)+(rho*z7) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+(pbeta3*x3)+(pbeta4*x4)+(pbeta5*x5)+(pbeta6*x6)+e2 

sfit<-lqs(y~x1+x2+x3+x4+x5+x6,method='S') 

beta0[i]<-coef(sfit)[1] 

beta1[i]<-coef(sfit)[2] 

beta2[i]<-coef(sfit)[3] 

beta3[i]<-coef(sfit)[4] 

beta4[i]<-coef(sfit)[5] 

beta5[i]<-coef(sfit)[6] 

beta6[i]<-coef(sfit)[7] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2)+abs(beta3[i]-

pbeta3)+abs(beta4[i]-pbeta4)+abs(beta5[i]-pbeta5)+abs(beta6[i]-pbeta6) 

} 
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totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2) 

msebeta3<-mean((beta3-pbeta3)^2)    

msebeta4<-mean((beta4-pbeta4)^2)     

msebeta5<-mean((beta5-pbeta5)^2)    

msebeta6<-mean((beta6-pbeta6)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2,msebeta3,msebeta4,msebeta5,msebeta6) 

totalmse 

 

********************************************************************* 

n=50, 100, 150, 200 p=2, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

LTS: 

set.seed(134) 

library(MASS) 

n= c() 

n2= c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 
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pbeta1=c(1) 

pbeta2=c(1) 

rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c()  

for(i in 1:1000) 

{ 

z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z3) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z3) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+e2 

LTSfit<-lqs(y~x1+x2,method='lts') 

beta0[i]<-coef(LTSfit)[1] 

beta1[i]<-coef(LTSfit)[2] 
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beta2[i]<-coef(LTSfit)[3] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2) 

} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2) 

totalmse 

********************************************************************* 

n=50, 100, 150, 200 p= 4, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

LTS: 

set.seed(134) 

library(MASS) 

n= c() 

n2=c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 
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pbeta3=c(1) 

pbeta4=c(1) 

rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c()  

beta3=c() 

beta4=c() 

for(i in 1:1000) 

{ 

z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

z4<-rnorm(n,0,1) 

z5<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z5) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z5) 

x3<-(((1-rhosquare)^0.5)*z3)+(rho*z5) 

x4<-(((1-rhosquare)^0.5)*z4)+(rho*z5) 

n2<-c(alpha*n) 
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z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+(pbeta3*x3)+(pbeta4*x4)+e2 

LTSfit<-lqs(y~x1+x2+x3+x4,method='lts') 

beta0[i]<-coef(LTSfit)[1] 

beta1[i]<-coef(LTSfit)[2] 

beta2[i]<-coef(LTSfit)[3] 

beta3[i]<-coef(LTSfit)[4] 

beta4[i]<-coef(LTSfit)[5] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2)+abs(beta3[i]-

pbeta3)+abs(beta4[i]-pbeta4) 

} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2) 

msebeta3<-mean((beta3-pbeta3)^2) 

msebeta4<-mean((beta4-pbeta4)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2,msebeta3,msebeta4) 

totalmse 

********************************************************************* 

n=50, 100, 150, 200 p= 6, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

LTS: 
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set.seed(134) 

library(MASS) 

n= c() 

n2=c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 

pbeta3=c(1) 

pbeta4=c(1) 

pbeta5=c(1) 

pbeta6=c(1) 

rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c()  

beta3=c() 

beta4=c() 

beta5=c() 
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beta6=c() 

for(i in 1:1000) 

{ 

z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

z4<-rnorm(n,0,1) 

z5<-rnorm(n,0,1) 

z6<-rnorm(n,0,1) 

z7<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z7) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z7) 

x3<-(((1-rhosquare)^0.5)*z3)+(rho*z7) 

x4<-(((1-rhosquare)^0.5)*z4)+(rho*z7) 

x5<-(((1-rhosquare)^0.5)*z5)+(rho*z7) 

x6<-(((1-rhosquare)^0.5)*z6)+(rho*z7) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+(pbeta3*x3)+(pbeta4*x4)+(pbeta5*x5)+(pbeta6*x6)+e2 

LTSfit<-lqs(y~x1+x2+x3+x4+x5+x6,method='lts') 
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beta0[i]<-coef(LTSfit)[1] 

beta1[i]<-coef(LTSfit)[2] 

beta2[i]<-coef(LTSfit)[3] 

beta3[i]<-coef(LTSfit)[4] 

beta4[i]<-coef(LTSfit)[5] 

beta5[i]<-coef(LTSfit)[6] 

beta6[i]<-coef(LTSfit)[7] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2)+abs(beta3[i]-

pbeta3)+abs(beta4[i]-pbeta4)+abs(beta5[i]-pbeta5)+abs(beta6[i]-pbeta6) 

} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2) 

msebeta3<-mean((beta3-pbeta3)^2) 

msebeta4<-mean((beta4-pbeta4)^2) 

msebeta5<-mean((beta5-pbeta5)^2)   

msebeta6<-mean((beta6-pbeta6)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2,msebeta3,msebeta4,msebeta5,msebeta6) 

totalmse 

********************************************************************* 

n=50, 100, 150, 200 p= 6, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

LMS: 
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set.seed(134) 

library(MASS) 

n= c() 

n2= c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 

rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c()  

for(i in 1:1000) 

{ 

z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z3) 
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x2<-(((1-rhosquare)^0.5)*z2)+(rho*z3) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+e2 

LMSfit<-lqs(y~x1+x2,method='lms') 

beta0[i]<-coef(LMSfit)[1] 

beta1[i]<-coef(LMSfit)[2] 

beta2[i]<-coef(LMSfit)[3] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2) 

} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2) 

totalmse 

********************************************************************* 

n=50, 100, 150, 200 p= 6, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

LMS: 

set.seed(134) 

library(MASS) 
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n= c() 

n2= c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 

pbeta3=c(1) 

pbeta4=c(1) 

rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c() 

beta3=c()  

beta4=c()  

for(i in 1:1000) 

{ 

z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 
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z4<-rnorm(n,0,1) 

z5<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z5) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z5) 

x3<-(((1-rhosquare)^0.5)*z3)+(rho*z5) 

x4<-(((1-rhosquare)^0.5)*z4)+(rho*z5) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+(pbeta3*x3)+(pbeta4*x4)+e2 

LMSfit<-lqs(y~x1+x2+x3+x4,method='lms') 

beta0[i]<-coef(LMSfit)[1] 

beta1[i]<-coef(LMSfit)[2] 

beta2[i]<-coef(LMSfit)[3] 

beta3[i]<-coef(LMSfit)[4] 

beta4[i]<-coef(LMSfit)[5] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2)+abs(beta3[i]-

pbeta3)+abs(beta4[i]-pbeta4) 

} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 
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msebeta2<-mean((beta2-pbeta2)^2) 

msebeta3<-mean((beta3-pbeta3)^2) 

msebeta4<-mean((beta4-pbeta4)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2,msebeta3,msebeta4) 

totalmse 

********************************************************************* 

n=50, 100, 150, 200 p= 6, outlierPer% in Y =alpha=0%, 10%, 20%, 30%, 40% rho=0.5, 0.7, 0.9, 0.99 

LMS: 

set.seed(134) 

library(MASS) 

n=c() 

n2= c() 

alpha=c() 

absolutebias=c() 

totalabsolutebias=c() 

pbeta0=c(1) 

pbeta1=c(1) 

pbeta2=c(1) 

pbeta3=c(1) 

pbeta4=c(1) 

pbeta5=c(1) 

pbeta6=c(1) 
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rho=c() 

rhosquare<-(rho*rho) 

beta0=c() 

beta1=c() 

beta2=c() 

beta3=c()  

beta4=c()  

beta5=c()  

beta6=c()  

for(i in 1:1000) 

{ 

z1<-rnorm(n,0,1) 

z2<-rnorm(n,0,1) 

z3<-rnorm(n,0,1) 

z4<-rnorm(n,0,1) 

z5<-rnorm(n,0,1) 

z6<-rnorm(n,0,1) 

z7<-rnorm(n,0,1) 

e<-rnorm(n,0,1) 

x1<-(((1-rhosquare)^0.5)*z1)+(rho*z7) 

x2<-(((1-rhosquare)^0.5)*z2)+(rho*z7) 

x3<-(((1-rhosquare)^0.5)*z3)+(rho*z7) 
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x4<-(((1-rhosquare)^0.5)*z4)+(rho*z7) 

x5<-(((1-rhosquare)^0.5)*z5)+(rho*z7) 

x6<-(((1-rhosquare)^0.5)*z6)+(rho*z7) 

n2<-c(alpha*n) 

z<-rnorm(n2,10,1) 

e2<-c(z[1:n2],e[(n2+1):n]) 

y<-pbeta0+(pbeta1*x1)+(pbeta2*x2)+(pbeta3*x3)+(pbeta4*x4)+(pbeta5*x5)+(pbeta6*x6)+e2 

LMSfit<-lqs(y~x1+x2+x3+x4+x5+x6,method='lms') 

beta0[i]<-coef(LMSfit)[1] 

beta1[i]<-coef(LMSfit)[2] 

beta2[i]<-coef(LMSfit)[3] 

beta3[i]<-coef(LMSfit)[4] 

beta4[i]<-coef(LMSfit)[5] 

beta5[i]<-coef(LMSfit)[6] 

beta6[i]<-coef(LMSfit)[7] 

absolutebias[i]<-abs(beta0[i]-pbeta0)+abs(beta1[i]-pbeta1)+abs(beta2[i]-pbeta2)+abs(beta3[i]-

pbeta3)+abs(beta4[i]-pbeta4)+abs(beta5[i]-pbeta5)+abs(beta6[i]-pbeta6) 

} 

totalabsolutebias<-sum(absolutebias) 

msebeta0<-mean((beta0-pbeta0)^2) 

msebeta1<-mean((beta1-pbeta1)^2) 

msebeta2<-mean((beta2-pbeta2)^2) 

msebeta3<-mean((beta3-pbeta3)^2) 
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msebeta4<-mean((beta4-pbeta4)^2) 

msebeta5<-mean((beta5-pbeta5)^2) 

msebeta6<-mean((beta6-pbeta6)^2) 

totalmse<-sum(msebeta0,msebeta1,msebeta2,msebeta3,msebeta4,msebeta5,msebeta6) 

totalmse 
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Appendix  B 

********************************************************************* 

R codes used in chapter #4 

********************************************************************* 

wladlasso through robust distance: n= 20, 40, 60, ebsilan=0.1, 0.2, 0.3, 0.4 sigma=0.5, 1 

vecnorm<-function(o)sqrt(sum(o^2)) 

library(robustbase) 

library(rrcov) 

library(mvtnorm) 

library(quantreg) 

v=matrix(0,8,8) 

n<- c() 

ebsilan= c() 

m=as.integer(ebsilan*n) 

sigma= c() 

for(i in 1:8) 

{ 

for(j in 1:8) 

{ 

v[i,j]<-as.matrix((0.5)^abs(i-j)) 

} 

} 

mu<-rep(0,8) 
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mu2<-rep(20,8) 

identity<-diag(8) 

beta1<-c(3,2,0,0,2,0,0,0) 

beta2<-c(0,0,2,2,0,2,2,2) 

set.seed(100) 

beta=list() 

betacase=list() 

nmse=c() 

betaa=list() 

betacase1=list() 

nmse1=c() 

lw=c() 

l2w=c() 

l3w=c() 

l4w=c() 

l5w=c() 

l6w=c() 

l7w=c() 

l8w=c() 

l=c() 

l2=c() 

l3=c() 
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l4=c() 

l5=c() 

l6=c() 

l7=c() 

l8=c() 

for(i in 1:200) 

{ 

x1<-rmvnorm(n-m,mu,v) 

e<-rt(n-m,1) 

y1<-x1%*%beta1+(sigma*e) 

x2<-rmvnorm(m,mu2,identity) 

y2<-x2%*%beta2 

y<-rbind(y1,y2) 

x<-rbind(x1,x2) 

x1<-x[,1] 

x2<-x[,2] 

x3<-x[,3] 

x4<-x[,4] 

x5<-x[,5] 

x6<-x[,6] 

x7<-x[,7] 

x8<-x[,8] 
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data1<-data.frame(y,x) 

data.x <- data.matrix(data1[, 2:8]) 

mcd<-CovMcd(data.x) 

cv1<-CovMest(data.x) 

cv2<-CovMMest(data.x) 

cv3<-CovMve(data.x) 

cv4<-CovOgk(data.x) 

cv5<-CovSde(data.x) 

cv6<-CovSest(data.x) 

rd <- sqrt(getDistance(cv2))  

b<-3/rd 

w=c() 

 for(j in 1:n) 

 { 

 if(b[j]<1) 

 { 

 w[j]<-b[j] 

 } 

 else 

 { 

 w[j]<-1 

 } 
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 } 

ystar<-y*w 

x1star<-x1*w 

x2star<-x2*w 

x3star<-x3*w 

x4star<-x4*w 

x5star<-x5*w 

x6star<-x6*w 

x7star<-x7*w 

x8star<-x8*w 

datastar<-cbind(ystar,x1star,x2star,x3star,x4star,x5star,x6star,x7star,x8star) 

wlad<-rq(ystar~x1star+x2star+x3star+x4star+x5star+x6star+x7star+x8star-1,0.5) 

betaa[[i]]<-round(as.numeric(coef(wlad))) 

betacase1[[i]]<-(betaa[[i]]-beta1) 

nmse1[i]<-vecnorm(betacase1[[i]])/vecnorm(beta1) 

lw[i]<-betaa[[i]][[1]] 

l2w[i]<-betaa[[i]][[2]] 

l3w[i]<-betaa[[i]][[3]] 

l4w[i]<-betaa[[i]][[4]] 

l5w[i]<-betaa[[i]][[5]] 

l6w[i]<-betaa[[i]][[6]] 

l7w[i]<-betaa[[i]][[7]] 
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l8w[i]<-betaa[[i]][[8]] 

length(lw[lw==3]) 

length(l2w[l2w==2]) 

length(l3w[l3w==0]) 

length(l4w[l4w==0]) 

length(l5w[l5w==2]) 

length(l6w[l6w==0]) 

length(l7w[l7w==0]) 

length(l8w[l8w==0]) 

lambdastar1<-(log(n)/n*abs(as.numeric(coef(wlad)[1]))) 

lambdastar2<-(log(n)/n*abs(as.numeric(coef(wlad)[2]))) 

lambdastar3<-(log(n)/n*abs(as.numeric(coef(wlad)[3]))) 

lambdastar4<-(log(n)/n*abs(as.numeric(coef(wlad)[4]))) 

lambdastar5<-(log(n)/n*abs(as.numeric(coef(wlad)[5]))) 

lambdastar6<-(log(n)/n*abs(as.numeric(coef(wlad)[6]))) 

lambdastar7<-(log(n)/n*abs(as.numeric(coef(wlad)[7]))) 

lambdastar8<-(log(n)/n*abs(as.numeric(coef(wlad)[8]))) 

astar1<-c(0,0,0,0,0,0,0,0) 

astar2<-c(n*lambdastar1,0,0,0,0,0,0,0) 

astar3<-c(0,n*lambdastar2,0,0,0,0,0,0) 

astar4<-c(0,0,n*lambdastar3,0,0,0,0,0) 

astar5<-c(0,0,0,n*lambdastar4,0,0,0,0) 
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astar6<-c(0,0,0,0,n*lambdastar5,0,0,0) 

astar7<-c(0,0,0,0,0,n*lambdastar6,0,0) 

astar8<-c(0,0,0,0,0,0,n*lambdastar7,0) 

astar9<-c(0,0,0,0,0,0,0,n*lambdastar8) 

datastar1<-cbind(astar1,astar2,astar3,astar4,astar5,astar6,astar7,astar8,astar9) 

newdata<-rbind(datastar,datastar1) 

ynew<-newdata[,1] 

x1new<-newdata[,2] 

x2new<-newdata[,3] 

x3new<-newdata[,4] 

x4new<-newdata[,5] 

x5new<-newdata[,6] 

x6new<-newdata[,7] 

x7new<-newdata[,8] 

x8new<-newdata[,9] 

wladlasso<-rq(ynew~x1new+x2new+x3new+x4new+x5new+x6new+x7new+x8new-1,0.5) 

beta[[i]]<-round(as.numeric(coef(wladlasso))) 

betacase[[i]]<-(beta[[i]]-beta1) 

nmse[i]<-vecnorm(betacase[[i]])/vecnorm(beta1) 

l[i]<-beta[[i]][[1]] 

l2[i]<-beta[[i]][[2]] 

l3[i]<-beta[[i]][[3]] 
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l4[i]<-beta[[i]][[4]] 

l5[i]<-beta[[i]][[5]] 

l6[i]<-beta[[i]][[6]] 

l7[i]<-beta[[i]][[7]] 

l8[i]<-beta[[i]][[8]] 

length(l[l==3]) 

length(l2[l2==2]) 

length(l3[l3==0]) 

length(l4[l4==0]) 

length(l5[l5==2]) 

length(l6[l6==0]) 

length(l7[l7==0]) 

length(l8[l8==0]) 

} 

length(l[l==3])+length(l2[l2==2])+length(l3[l3==0])+length(l4[l4==0])+length(l5[l5==2])+length(l6[l

6==0])+length(l7[l7==0])+length(l8[l8==0]) 

length(l[l!=3])+length(l2[l2!=2])+length(l3[l3!=0])+length(l4[l4!=0])+length(l5[l5!=2])+length(l6[l6!=

0])+length(l7[l7!=0])+length(l8[l8!=0]) 

correctlyclassifiedzero<-

length(l3[l3==0])+length(l4[l4==0])+length(l6[l6==0])+length(l7[l7==0])+length(l8[l8==0]) 

correctlyclassifiedzero 

missclassifiedzero<-

length(l3[l3!=0])+length(l4[l4!=0])+length(l6[l6!=0])+length(l7[l7!=0])+length(l8[l8!=0]) 

missclassifiedzero 
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falsenegative<-length(l[l==0])+length(l2[l2==0])+length(l5[l5==0]) 

falsenegative 

falsepositive<-

length(l3[l3!=0])+length(l4[l4!=0])+length(l6[l6!=0])+length(l7[l7!=0])+length(l8[l8!=0]) 

falsepositive 

mean(nmse) 

length(lw[lw==3])+length(l2w[l2w==2])+length(l3w[l3w==0])+length(l4w[l4w==0])+length(l5w[l5w

==2])+length(l6w[l6w==0])+length(l7w[l7w==0])+length(l8w[l8w==0]) 

length(lw[lw==3]&&l2w[l2w==2]&&l3w[l3w==0]&&l4w[l4w==0]&&l5w[l5w==2]&&l6w[l6w==0]

&&l7w[l7w==0]&&l8w[l8w==0]) 

length(lw[lw!=3])+length(l2w[l2w!=2])+length(l3w[l3w!=0])+length(l4w[l4w!=0])+length(l5w[l5w!=

2])+length(l6w[l6w!=0])+length(l7w[l7w!=0])+length(l8w[l8w!=0]) 

correctlyclassifiedzerow<-

length(l3w[l3w==0])+length(l4w[l4w==0])+length(l6w[l6w==0])+length(l7w[l7w==0])+length(l8w[l

8w==0]) 

correctlyclassifiedzerow 

missclassifiedzerow<-

length(l3w[l3w!=0])+length(l4w[l4w!=0])+length(l6w[l6w!=0])+length(l7w[l7w!=0])+length(l8w[l8w

!=0]) 

missclassifiedzerow 

falsenegativew<-length(lw[lw==0])+length(l2w[l2w==0])+length(l5w[l5w==0]) 

falsenegativew 

falsepositivew<-

length(l3w[l3w!=0])+length(l4w[l4w!=0])+length(l6w[l6w!=0])+length(l7w[l7w!=0])+length(l8w[l8w

!=0]) 

falsepositivew 

mean(nmse1) 
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********************************************************************* 

wladlasso through proposed weights: n= 20, 40, 60, ebsilan=0.1, 0.2, 0.3, 0.4 sigma=0.5, 1 

vecnorm<-function(o)sqrt(sum(o^2)) 

set.seed(134) 

library(mvtnorm) 

v=matrix(0,8,8) 

n<- c() 

ebsilan= c() 

m=as.integer(ebsilan*n) 

sigma= c() 

for(i in 1:8) 

{ 

for(j in 1:8) 

{ 

v[i,j]<-as.matrix((0.5)^abs(i-j)) 

} 

} 

mu<-rep(0,8) 

mu2<-rep(20,8) 

identity<-diag(8) 

beta1<-c(3,2,0,0,2,0,0,0) 

beta2<-c(0,0,2,2,0,2,2,2) 
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beta=list() 

betacase=list() 

nmse=c() 

betaa=list() 

betacase1=list() 

nmse1=c() 

l=c() 

l2=c() 

l3=c() 

l4=c() 

l5=c() 

l6=c() 

l7=c() 

l8=c() 

lw=c() 

l2w=c() 

l3w=c() 

l4w=c() 

l5w=c() 

l6w=c() 

l7w=c() 

l8w=c() 
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for(i in 1:200) 

{ 

x1<-rmvnorm(n-m,mu,v) 

e<-rt(n-m,1) 

y1<-x1%*%beta1+(sigma*e) 

x2<-rmvnorm(m,mu2,identity) 

y2<-x2%*%beta2 

y<-rbind(y1,y2) 

x<-rbind(x1,x2) 

x1<-x[,1] 

x2<-x[,2] 

x3<-x[,3] 

x4<-x[,4] 

x5<-x[,5] 

x6<-x[,6] 

x7<-x[,7] 

x8<-x[,8] 

data1<-data.frame(y,x) 

y<-data1[,1] 

library(quantreg) 

LAV<-rq(y~x1+x2+x3+x4+x5+x6+x7+x8-1,0.5) 

meancol<-apply(data1[,2:9],1,mean) 
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z<-(meancol-mean(meancol))/sd(meancol) 

w=c() 

 for(j in 1:40) 

 { 

if((-1)<z[j]&&z[j]<1) 

{ 

w[j]<-1 

} 

else if(1<z[j]|z[j]<(-1)) 

{ 

w[j]<- as.integer( max(abs(z))- min(abs(z)))/(sum(abs(z))+ (z[j]/as.integer( max(abs(z))- min(abs(z))))) 

} 

} 

ystar<-y*w 

x1star<-x1*w 

x2star<-x2*w 

x3star<-x3*w 

x4star<-x4*w 

x5star<-x5*w 

x6star<-x6*w 

x7star<-x7*w 

x8star<-x8*w 
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datastar<-cbind(ystar,x1star,x2star,x3star,x4star,x5star,x6star,x7star,x8star) 

wlad<-rq(ystar~x1star+x2star+x3star+x4star+x5star+x6star+x7star+x8star-1,0.5) 

betaa[[i]]<-round(as.numeric(coef(wlad))) 

lw[i]<-betaa[[i]][[1]] 

l2w[i]<-betaa[[i]][[2]] 

l3w[i]<-betaa[[i]][[3]] 

l4w[i]<-betaa[[i]][[4]] 

l5w[i]<-betaa[[i]][[5]] 

l6w[i]<-betaa[[i]][[6]] 

l7w[i]<-betaa[[i]][[7]] 

l8w[i]<-betaa[[i]][[8]] 

length(lw[lw==3]) 

length(l2w[l2w==2]) 

length(l3w[l3w==0]) 

length(l4w[l4w==0]) 

length(l5w[l5w==2]) 

length(l6w[l6w==0]) 

length(l7w[l7w==0]) 

length(l8w[l8w==0]) 

betacase1[[i]]<-(betaa[[i]]-beta1) 

nmse1[i]<-vecnorm(betacase1[[i]])/vecnorm(beta1) 

lambdastar1<-(log(n)/n*abs(as.numeric(coef(wlad)[1]))) 
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lambdastar2<-(log(n)/n*abs(as.numeric(coef(wlad)[2]))) 

lambdastar3<-(log(n)/n*abs(as.numeric(coef(wlad)[3]))) 

lambdastar4<-(log(n)/n*abs(as.numeric(coef(wlad)[4]))) 

lambdastar5<-(log(n)/n*abs(as.numeric(coef(wlad)[5]))) 

lambdastar6<-(log(n)/n*abs(as.numeric(coef(wlad)[6]))) 

lambdastar7<-(log(n)/n*abs(as.numeric(coef(wlad)[7]))) 

lambdastar8<-(log(n)/n*abs(as.numeric(coef(wlad)[8]))) 

astar1<-c(0,0,0,0,0,0,0,0) 

astar2<-c(n*lambdastar1,0,0,0,0,0,0,0) 

astar3<-c(0,n*lambdastar2,0,0,0,0,0,0) 

astar4<-c(0,0,n*lambdastar3,0,0,0,0,0) 

astar5<-c(0,0,0,n*lambdastar4,0,0,0,0) 

astar6<-c(0,0,0,0,n*lambdastar5,0,0,0) 

astar7<-c(0,0,0,0,0,n*lambdastar6,0,0) 

astar8<-c(0,0,0,0,0,0,n*lambdastar7,0) 

astar9<-c(0,0,0,0,0,0,0,n*lambdastar8) 

datastar1<-cbind(astar1,astar2,astar3,astar4,astar5,astar6,astar7,astar8,astar9) 

newdata<-rbind(datastar,datastar1) 

ynew<-newdata[,1] 

x1new<-newdata[,2] 

x2new<-newdata[,3] 

x3new<-newdata[,4] 
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x4new<-newdata[,5] 

x5new<-newdata[,6] 

x6new<-newdata[,7] 

x7new<-newdata[,8] 

x8new<-newdata[,9] 

wladlasso<-rq(ynew~x1new+x2new+x3new+x4new+x5new+x6new+x7new+x8new-1,0.5) 

beta[[i]]<-round(as.numeric(coef(wladlasso))) 

betacase[[i]]<-(beta[[i]]-beta1) 

nmse[i]<-vecnorm(betacase[[i]])/vecnorm(beta1) 

l[i]<-beta[[i]][[1]] 

l2[i]<-beta[[i]][[2]] 

l3[i]<-beta[[i]][[3]] 

l4[i]<-beta[[i]][[4]] 

l5[i]<-beta[[i]][[5]] 

l6[i]<-beta[[i]][[6]] 

l7[i]<-beta[[i]][[7]] 

l8[i]<-beta[[i]][[8]] 

length(l[l==3]) 

length(l2[l2==2]) 

length(l3[l3==0]) 

length(l4[l4==0]) 

length(l5[l5==2]) 
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length(l6[l6==0]) 

length(l7[l7==0]) 

length(l8[l8==0]) 

} 

length(lw[lw==3])+length(l2w[l2w==2])+length(l3w[l3w==0])+length(l4w[l4w==0])+length(l5w[l5w

==2])+length(l6w[l6w==0])+length(l7w[l7w==0])+length(l8w[l8w==0]) 

length(lw[lw!=3])+length(l2w[l2w!=2])+length(l3w[l3w!=0])+length(l4w[l4w!=0])+length(l5w[l5w!=

2])+length(l6w[l6w!=0])+length(l7w[l7w!=0])+length(l8w[l8w!=0]) 

correctlyclassifiedzerow<-

length(l3w[l3w==0])+length(l4w[l4w==0])+length(l6w[l6w==0])+length(l7w[l7w==0])+length(l8w[l

8w==0]) 

correctlyclassifiedzerow 

missclassifiedzerow<-

length(l3w[l3w!=0])+length(l4w[l4w!=0])+length(l6w[l6w!=0])+length(l7w[l7w!=0])+length(l8w[l8w

!=0]) 

missclassifiedzerow 

falsenegativew<-length(lw[lw==0])+length(l2w[l2w==0])+length(l5w[l5w==0]) 

falsenegativew 

falsepositivew<-

length(l3w[l3w!=0])+length(l4w[l4w!=0])+length(l6w[l6w!=0])+length(l7w[l7w!=0])+length(l8w[l8w

!=0]) 

falsepositivew 

mean(nmse1) 

length(l[l==3])+length(l2[l2==2])+length(l3[l3==0])+length(l4[l4==0])+length(l5[l5==2])+length(l6[l

6==0])+length(l7[l7==0])+length(l8[l8==0]) 

length(l[l!=3])+length(l2[l2!=2])+length(l3[l3!=0])+length(l4[l4!=0])+length(l5[l5!=2])+length(l6[l6!=

0])+length(l7[l7!=0])+length(l8[l8!=0]) 
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correctlyclassifiedzero<-

length(l3[l3==0])+length(l4[l4==0])+length(l6[l6==0])+length(l7[l7==0])+length(l8[l8==0]) 

correctlyclassifiedzero 

missclassifiedzero<-

length(l3[l3!=0])+length(l4[l4!=0])+length(l6[l6!=0])+length(l7[l7!=0])+length(l8[l8!=0]) 

missclassifiedzero 

falsenegative<-length(l[l==0])+length(l2[l2==0])+length(l5[l5==0]) 

falsenegative 

falsepositive<-

length(l3[l3!=0])+length(l4[l4!=0])+length(l6[l6!=0])+length(l7[l7!=0])+length(l8[l8!=0]) 

falsepositive 

mean(nmse) 

 

 

 

 

 

 

 

 

 

 


