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ABSTRACT 

The economic prosperity of any country is sensitive to the level of taxation. The 

Government tax systems of any country are continually challenged to develop and 

implement an efficient tax system. Also the fiscal deficit has been the core issue of the 

majority of the developing countries in decades, the low revenue collection and rapid 

expenditure causes expansion in the financial gap. Therefore, tax policy has a 

significant influence on economic growth. If the tax policy and tax ratios are not at an 

adequate level, it hinders economic growth and also deprives the public of their 

wealth. In order to maintain socioeconomic stability, control fiscal deficit, and to 

provide ease to the inhabitants of any society, it is necessary for the country‟s tax 

policy makers to allocate the best tax ratios. As such, to address the issues different 

mathematical models are being developed by using operation research techniques 

such as multi-objective optimization, multiple regression analysis, forecasting model 

and Dijkstra‟s algorithm. It is expected that these models will definitely help the 

policy makers in the tax structuring of the country and also to facilitate the nation, 

ensuring the economic prosperity and subsequently bring boom and well being in the 

status of the nation. 
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1.0    INTRODUCTION: 

A sound fiscal policy is essential to stimulate price stability and maintain 

development in output and employment. It is viewed as a tool that can be utilized to 

minimize short-run variability in output and employment in numerous debates of 

macroeconomic strategy. It can likewise be utilized to take the economy to its 

potential level. If policy makers realize the correlation between government expenses 

and government earnings, without a pause government deficit can be prevented. 

Hence the connection between governments returns and spending has involved 

significant interest. This is imputable to the fact that the relationship affects the 

budget shortage. Therefore, an ideal monetary plan stabilizes the continuous 

progressive development and distributional effects of public structure investment 

against the complete financial costs enforced by tax collection and/or improved 

indebtedness (Atif, M.,et.al., 2012). 

1.1 FISCAL DEVELOPMENT IN HISTORICAL PERSPECTIVE: 

The fiscal performance of Pakistan has been suffering with multiple ups and downs 

since last decade. The performance of the last two decades is compared in Table-1: 
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Table-1: Economic Indicators as percentage of GDP 

Year Real GDP 

Growth 

Fiscal 

deficit 

Expenditure Revenue 

Total Current Development Total Tax Non-Tax 

1992 7.6 7.5 26.7 19.1 7.6 19.2 13.7 5.5 

1993 2.1 8.1 26.2 20.5 5.7 18.1 13.4 4.7 

1994 4.4 5.9 23.4 18.8 4.6 17.5 13.4 4.1 

1995 5.1 5.6 22.9 18.5 4.4 17.3 13.8 3.5 

1996 6.6 6.5 24.4 20.0 4.4 17.9 14.4 3.5 

1997 1.7 6.4 22.3 18.8 3.5 15.8 13.4 2.4 

1998 3.5 7.7 23.7 19.8 3.9 16.0 13.2 2.8 

1999 4.2 6.1 21.9 18.6 3.3 16.0 13.3 2.7 

2000 3.9 5.4 18.9 16.4 2.5 13.4 10.6 2.8 

2001 2.0 4.3 17.4 15.3 2.1 13.1 10.5 2.6 

2002 3.1 5.5 19.6 16.2 3.4 14.2 10.7 3.5 

2003 4.7 3.6 18.4 16.0 2.4 14.8 11.4 3.4 

2004 7.5 2.3 16.4 13.8 2.6 14.1 10.8 3.3 

2005 9.0 3.3 17.2 14.5 2.7 13.8 10.1 3.7 

2006 5.5 4.0 17.1 13.6 3.4 13.1 9.2 3.9 

2007 6.8 4.1 18.1 14.9 3.2 14.0 9.6 4.4 

2008 5.0 7.3 21.4 17.5 3.9 14.1 9.9 4.2 

2009 0.4 5.2 19.2 15.5 3.7 14.0 9.1 4.9 

2010 2.6 6.2 20.2 16.0 4.2 14.0 9.9 4.1 

2011 3.7 6.5 18.9 15.9 3.0 12.3 9.3 3.0 

2012 3.8 8.8 19.6 15.6 4.1 12.8 10.2 2.6 

2013 3.7 8.2 21.4 16.3 5.1 13.3 9.8 3.5 

2014 4.0 5.5 19.8 15.8 4.0 14.3 10.1 4.2 

2015 4.2 5.3 20.3 16.2 4.1 14.4 11.0 3.3 

 

Source: Economic Survey of Pakistan & Debt Policy Coordination Office Staff 

Calculations, Finance Division  

 



3 
 

The fiscal performance of Pakistan during the era of 1990‟s suffered great monetary 

differences, then the country witnessed considerable improvement from 2002-2003 to 

2006-2007. This is due to rearranging of the external debt of US $ 12 billion that 

reduced the debt servicing from 42% to 22% of the revenue in 2005-2006. In the 

period of 2008-2013, the average fiscal loss recorded about 7% of GDP, which was 

owing to several challenges on interior and exterior fronts and strategy in the act on 

improvement materials such as worst law and order state, growing debt servicing 

requirements, energy crisis, lower tax base, natural disasters like floods and severe 

rains, greater than budgeted subsidies and steady collapse in the socioeconomic 

frame. Trend analysis of the economic deficit of Pakistan during the span of 2000-

2015 is illustrated in Fig 01. 

 
 

Fig – 1: Fiscal deficit trend as percentage of GDP 

 

The financial shortfall is the fundamental concern of most of the developing countries 

over the several decades and the purpose for the extensive increment in financial 

irregularity is the fast development in consumption and low income accumulation 

(Quazi and Sulaiman, 2010). Thus, a suitable fiscal rule is an essential element for 

economic growth. In spite of a short run policy measure, fiscal policy can have long-

term macroeconomic consequences. In the argument around financial plan, fiscal 

policy is seen as a tool utilized to alleviate short run variations in production and 

utilization and take the economy nearer to potential level. Monetary approaches are in 

vast part dependent upon government's consumption allotments and income 
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accumulations. Persistent budget shortages could be avoided if policy makers 

comprehend the way of the connection amongst consumption and receipts. On the 

policy side, the nature of the relationship between government utilization and income 

is of three types. 

(i) If government spending is produced by government income, budget shortages 

can be removed policies targeted at generating further tax income.  

(ii) If government income is caused by government expenditure, it indicates 

government, manners as one where it spends initially, and afterwards pays for 

this spending, they levy taxes. Such a circumstance forms capital depletion 

because of the dread paying higher taxes in future. 

(iii) The use choices are settled on in separation from income choices which can 

prompt genuine spending shortfalls since government consumption builds 

more quickly than government incomes. Consequently, it is significant to 

ponder the administration uses and government incomes 

(iv) The expenditure choices are reached in separation from income conclusions 

which can contribute to severe budget shortfalls since government spending 

rises more quickly than its tax incomes. Thus, it is critical to evaluate the 

public expenditures and revenues (Gounder, Narayan, & Prasad, 2007). 

 

1.2 OBJECTIVES OF FISCAL POLICY: 

Monetary policy has various targets relying on the conditions in a nation. 

(i)  Optimal allocation of financial assets. The point is that financial strategy 

ought to be so confined as to build the effectiveness of productive capitals. To 

guarantee this, the legislature should concentrate on those public works which 

provide the maximum employment. 

(ii) Fiscal policy should target at an unbiased distribution of income and wealth. It 

suggests that monetary policy must be so planned as to achieve sensible 

uniformity of revenues among various classes by shifting wealth from the rich 

to the poor. 
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(iii) One more goal of financial strategy is to keep up the price stable. Depreciation 

contributes to a sharp decrease in commercial activities. On the other hand, 

inflation may hit the settled salary groups hard while benefiting examiners and 

dealers. Fiscal policy has to maintain a reasonable stability in price level, 

thereby helping all segments of society. 

(iv) The most significant target of fiscal policy is the accomplishment and 

maintenance of full employment on the grounds that through it further goals 

are naturally accomplished. It is also directed towards full employment 

envisions the course of tax structure, not with an opinion to increase revenue, 

but with a vision of observing the effects with particular kinds of taxes have 

on consumption, saving and investment. 

 

1.3 TOOLS OF FISCAL POLICY: 

The instruments of fiscal policy are  

1.3.1 Policy of Taxation: 

The classification of taxes must be fluctuated with regards to the circumstances 

prevailing in an economy. Taxes decide the span of extra returns in the hands of the 

overall population and consequently, the substantial of inflationary and deflationary 

holes. Amid the despair tax policy must be, for instance, to energize private utilization 

and venture; while during inflation, tax approach must abridge utilization and 

investment. 

1.3.2 Government Expenditure: 

It could be utilized to strengthen employment, revenue and production. Any decline 

and expansion in public expenditure results important fluctuations in the overall 

income. It can also be influential in adjusting consumption and venture because it 

forms an extremely substantial part of the entire expenditure in the economy. 

1.3.3 Public Debt: 

A comprehensive program of government borrowing and debt reimbursement is an 

intense weapon to combat inflation and deflation. It can have different forms such as, 

borrowing from non-bank fiscal intermediaries, drawings from the national bank or 

printing of new cash and borrowing from the business banking framework. 



6 
 

1.3.4 Nation’s Budget: 

A national budget is the proposal of revenues and expenditures a government expects 

for a given fiscal year. It is much like any budget in that it estimates necessary 

spending against necessary income, only on a much larger scale 

(www.economicsdiscussion.net/fiscal-policy). 

 

1.4 FISCAL STATISTICS DURING 2014-15: 

1.4.1 Total Revenue: 

Tax revenue and non-tax revenue are the main components of total revenue of the 

government. Direct taxes and indirect taxes are accountable of tax revenue while non 

tax revenue mostly comprises of government receipts on its investments and provision 

of services. Tax revenue observed 18 percent growth in 2014-15 and accounted for 

around 11 percent of the GDP. 

1.4.2 FBR Collection: 

FBR achieved around 92 percent against the set target i.e. Rs. 2,588 billion against 

budget target of Rs. 2,810 billion for 2014-15 which represented 14  percent 

increment as compared to last year's 16 percent. 

 

Table-2 Comparative Analysis of Tax collection 2014-15 (Rs. in Billion) 

Tax Head Original 

Budget 

Provisional 

Collection 

Achievement of 

Target (%) 

2014-15 

Achievement of 

Target (%) 

2013-14 

Direct Taxes 1,180.0 1,029.2 87.2 90.7 

Sales Tax 1,171.0 1,088.8 93.0 95.1 

Federal Excise 

Duty 

178.0 163.9 92.1 83.3 

Customs Duty 281.0 306.1 108.9 86.4 

All Taxes 2,810.0 2,588.0 92.1 91.6 

Source: Fiscal Operations 2014-15  
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1.4.3 Tax wise Analysis : 

The tax-GDP ratio increased to 9.5 percent in 2014-15 from 8.9 percent last year 

owing to the better revenue collection. The breakup of taxes accumulated by FBR in 

2014-15 is illustrated in Fig 2 

 

Fig – 2: Tax Wise Analysis as Percentage of Total Tax Collection 

 

1.5  FUNCTIONS OF THE TAX POLICY UNIT: 

Analysis of taxes and estimating of revenues are of acute significance to governments 

in guaranteeing steadiness in expenditure and tax policies. To boost an appropriate 

and operative examination of the fiscal policy in terms of revenue, governments have 

progressively moved in the direction of in-house tax policy units as opposed to 

depending on tax professionals from external sources. 

These elements of tax policy have been gradually called upon to examine the effect of 

tax policies on the budget and to forecast the revenue suggestions of income 

measures, with the definitive goal of confirming a vigorous economic condition inside 

the economy. Similarly, help to ensure an efficient, reasonable, and easy to 

comprehend tax frameworks. Such method said to make a fiscal domain that is 

beneficial for better public integrity (Glenn, P. J, et. al., 2000). 
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The following are the key functions of government‟s tax policy unit: 

(a) Examine Revenue Collection;  

(b) Estimation of the Monetary, Operational and Revenue Phases of the Policy;  

(c) Analysis of Tax Expenditure;  

(d) Assessment of the Influence of Non-Tax Fiscal Guidelines;  

(e) Estimating Future Tax Revenues. 

 

1.6    TAXATION IN PAKISTAN: 

Tax collection has a significant role in developing policies. It is further interlinked 

with other policy domains. It forms good governance to formalize the economy for 

stimulating growth; provides funds for the government to build the infrastructure; 

creates a healthy atmosphere to promote business and global trade, paves the way for 

government activities and also plays a critical role in the mobilization of domestic 

resources. Consequently, taxation has varied effects on aggregate financial activity, 

where financial activity implies development in consumption, investment, 

employment and finally the growth of GDP (Lescaroux and Mignon, 2008).  Taxes 

have different effects on various economic activities. They influence individuals‟ 

decisions to save, the choice of organizations to manufacture, invest, create jobs, 

improve investment in human capital and supply of labor. Tax assessment has both 

positive and negative consequences for GDP. 

According to Ogden Nash’s stanza 

The more you earn, the less you keep 

And now I lay me down to sleep. 

I pray the lord my soul to take, 

If the tax collector hasn‟t got it before I wake. 

 

The role of taxation in many developing countries has been emphasized as an 

important ingredient of economic growth and development. A generally agreed 

position is to have in place a clear tax policy to afford the efficient mobilization of 

internal resources to realize adequate revenues to fill the large gap in these countries 
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(Bonga et. al.,2011). Also, tax revenue plays an important role in resource 

mobilization in developing countries. 

The tax revenue collection is one major concern of economic development among 

others. It has been said that “what the government gives it must first take away”. The 

fiscal resources accessible to society are restricted, thus an expansion in government 

consumption ordinarily implies a decrease in spending (Chaudhry, I. S., 2010).The tax 

assessment is one strategy for exchanging assets from the private to the general 

population division yet there are others, i.e. formation of more money, to charge for 

the merchandise and enterprises it gives or to use. It has constrains too, however they 

extensively surpass the quantities that can be alleviated by turning to the printing 

press, charging buyers specifically, or obtaining. So while governments regularly 

utilize each of the four techniques for raising assets, tax collection is normally by far 

the main source of government income. Just like many developing countries, taxation 

in Pakistan also makes a major part of federal income. In Pakistan seventy types of 

taxes are levied that are categorized into two kinds i.e. direct and indirect taxes 

(Saqib, S.et. al., 2014). 

 

1.7    FUNCTIONS OF TAXATION SYSTEM IN PAKISTAN: 

There are three main functions of the tax system in Pakistan. 

(i) The main purpose of a tax system is to generate revenue for the government to 

meet expenditure on its development projects and for the administration of the 

country‟s day-to-day affairs. 

(ii) The equally important function of the tax system is to decrease discriminations 

in the society by the rule of reallocation of revenue and wealth. 

(iii) Another function is re-pricing, its purpose is to serve as an instrument of fiscal 

policy by granting exemptions, etc. to promote, encourage or discourage a 

specific economic activity in the country. 
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1.8    KINDS OF TAXES IN PAKISTAN: 

Like other taxation systems in the world, Federal taxes in Pakistan are classified into 

two broad categories. 

1.8.1   Direct taxes: 

They mainly consist of income tax and further includes employee profit participation 

endowment and employee welfare fund. It accounted 40 percent in total tax receipts 

during 2014-15 as compared to 39 percent last year and stood at Rs. 1,029 billion, 

which reflected a noteworthy progress of about 16 percent. This movement is constant 

with the total increase in the growth of tax revenue and constituted around 11 percent 

of GDP in 2014-15. The direct tax collection recorded 87 percent of the set goal, 

slightly lower than the last years achieved target of 91 percent. This shows room for 

further expansion in estimating, management and collection of taxes. The 

performance of each component of a direct tax is depicted in table 3. 

 

Table-3 Evaluation of Direct Tax Collection (Rs. in Billion) 

 

Tax Head 2014-15 2013-14 Growth (%) % share in 

2014-15 

% share in 

2013-14 

Voluntary 

Payments 

287.6 262.6 9.5 26.0 27.7 

Collection on 

Demand 

115.5 80.6 43.3 10.4 8.5 

W.H.T 691.1 578.4 19.5 62.4 61.0 

Miscellaneous 12.6 26.1 (51.7) 1.1 2.8 

Gross Direct 

Taxes 

1,106.8 947.7 16.8 100.0 100.0 

Total Net Direct 

Taxes 

1,029.2 884.1 16.4 - - 

Source: FBR Review 2014-15  
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(a) Income tax: 

It is an important component of a direct tax, which is charged on the income, more 

than the certain level, of an individual. It contributes approximately 99 percent of the 

overall collection of direct taxes. It is further divided into collection on demands, 

voluntary payments and withholding taxes (WHT) (Fiscal Policy Statement 2015-16).  

According to Plato: 

“When there is an income tax, the just man will pay more and the unjust less on the 

same amount of income.” 

1.8.2 Indirect Taxes: 

Sales tax, custom duties and federal excise duties are the main components of indirect 

taxes. It contributed 60 percent of the overall tax collection during 2014-15. 

(a) Sales Tax: 

It is levied at different stages of economic activity i.e. 

(i) Payable by the importers of the goods imported into Pakistan. 

(ii) All materials made in Pakistan by an enrolled individual throughout the 

facilitation of any business carried on by him. 

It is the biggest contributor constituting forty two percent of total taxes and witnessed 

9 percent growth during 2014-15. Out of total gross sales tax revenue, more than fifty 

percent of total sales tax is contributed by the sales tax collected on domestic products 

amounting Rs. 579 billion, while the rest is collected from the sales tax on imports. 

Table-4: Sales Tax Collection (Rs. in Billion) 

Collection head 2014-15 2013-14 Gross 

growth % 

Net 

growth % 

Gross Net Gross Net   

Sales tax on imports 553.1 553.0 495.4 495.3 11.6 11.6 

Sales tax on 

domestic products 

578.5 534.8 533.4 501.1 8.5 6.7 

Total 1,131.6 1,087.8 1,028.8 996.4 10.0 9.2 

Source: FBR Review 2014-15  
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(i) Sales Tax from Domestic Products: 

The contribution of sales tax from the domestic market in the total sales tax collection 

is around 49 percent, with an increase of around 7 percent from the last year. There 

are 9 main commodities that constituted about 71 percent in overall sales tax 

collection from internal market as demonstrated in table 5. 

Table-5 Sales Tax Collection from Domestic Market (Rs. in Billion) 

Commodities Collection % share 

2014-15 2014-15 2013-14 % growth 

POL Products 233.2 230.7 1.1 43.9 

Electrical Energy 23.7 19.7 20.3 4.5 

Cement 23.3 20.1 15.9 4.4 

Natural Gas 22.8 31.6 (27.8) 4.3 

Fertilizers 22.5 24.0 (6.3) 4.2 

Cigarettes 21.0 17.7 18.6 4.0 

Sugar 10.9 9.2 18.5 2.1 

Motor Cars 9.3 3.8 144.7 1.8 

Aerated Water 8.8 8.8 - 1.7 

Sub Total 375.5 365.6 2.7 70.7 

Other Sectors 159.3 135.5 17.6 30.0 

Sales Tax (Domestic) Net 534.8 501.1 6.7 100.7 

Source: FBR Review 2014-2015 

 

(ii) Sales Tax from Imports:  

Sales tax collection from imports grew by 12 percent and contributed 51 percent in 

total sales tax collection during 2014-15. Petroleum products continued a leading 

contributor with 30 percent share in total sales tax at the import stage. The share of 

the top three categories; POL products, iron and steel and machinery (electrical and 

mechanical) cumulatively contributed over 50 percent of total collections of sales tax 

imports. The major contributions from top ten supplies constituted around 73 percent 

of the total sales tax collected from imports, depicted in table 6. 
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Table-6: Sales Tax Collection at Import Stage (Rs. in Billion) 

Commodities Collection % share 

2014-15 2014-15 2013-14 % growth 

POL Products  166.0 169.6 (2.1) 30.0 

Iron and Steel  41.9 27.6 51.8 7.6 

Mechanical Machinery  38.0 26.1 45.6 6.9 

Electrical Machinery  35.4 18.8 88.3 6.4 

Vehicles  34.3 26.0 31.9 6.2 

Plastic Resins  30.7 27.8 10.4 5.6 

Edible Oil  16.6 33.9 (51.0) 3.0 

Fertilizers  13.7 12.8 7.0 2.5 

Organic Chemicals  13.0 13.3 (2.3) 2.4 

Oil Seeds  12.7 5.6 126.8 2.3 

Sub Total  402.3 361.5 11.3 72.7 

Others  150.8 133.8 12.7 27.3 

Gross  553.1 495.3 11.7 99.4 

Source: FBR Review 2014-15  

 

(b) Custom Duty: 

Custom duties, which are prescribed in the Pakistan Customs Tariff, are levied on goods 

imported and exported from Pakistan. It is utilized to be the primary income source, 

however blurred away because of trade liberalizations in 1990s. During 2014-15, custom 

duty contributed around 20 percent and 12 percent in the indirect taxes and total taxes, 

respectively. Dutiable imports constituted around 57 percent of the total imports during 

2014-15. Custom duty grew by 27 percent in 2014-15 achieving 119 percent of its budget 

target and stood at Rs. 306 billion against Rs. 241 billion collected in 2013-14. This is 

mainly due to necessary actions taken by the government for the withdrawal of 

exemptions/concessionary grants and replaced zero percent slab by 1 percent. Analysis of 

customs duty on commodity wise collection is given below: 
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Table-7: Analysis of Customs Duty Collection (Rs. in Billion) 

Commodities Budget 

2014-15  

Collection % share  

2014-15  

Target 

Achieved (%)  2014-15  2013-14  % growth  

Vehicles  40.1 49.4 36.3 36.1 15.7 123.2 

POL Products  16.8 24.4 16.8 45.2 7.7 145.2 

Electrical 

Machinery  

10.7 22.6 11.3 100.0 7.2 211.2 

Edible Oil  21.7 21.1 20.7 1.9 6.7 97.2 

Mechanical 

Machinery  

14.0 20.1 13.7 46.7 6.4 143.6 

Plastic  11.0 13.2 11.1 18.9 4.2 120.0 

Iron and Steel  5.6 10.7 5.8 84.5 3.4 191.1 

Paper and 

Paper Board  

5.8 8.2 5.9 39.0 2.6 141.4 

Organic 

Chemicals  

4.4 6.4 4.3 48.8 2.0 145.5 

Textile 

Materials  

4.9 6.0 4.8 25.0 1.9 122.4 

Sub Total  135.0 182.1 130.7 39.3 57.8 134.9 

Other Sectors  135.1 133.0 119.0 11.8 42.2 98.4 

Gross  270.1 315.1 249.7 26.2 100.0 116.7 

Refund/Rebate  12.4 9.1 8.7 4.6 - - 

Net  257.7 306.0 241.0 27.0 - 118.7 

Source: FBR Review 2014-2015 
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(c) Federal Excise Duty: 

Goods that are produced or manufactured and services offered or rendered in Pakistan 

are livable for FED. It is imposed on import and domestic stages. The performance of 

FED achieved 91 percent of its target, with the major contribution coming from 

international travel segment with 48 percent growth. It contributed around 6 percent 

in total federal collection during 2014-15. The base of the FED is quite narrow and 

top 5 commodities contributed around 91 percent of the total FED collection. The 

FED tax collection increased by 17 percent and recorded at Rs. 162 billion, compared 

with Rs. 138 billion last year. 

 

Table-8: Analysis of FED Collection (Rs. in Billion) 

Commodities Budget 

2014-15 

Collection % share 

2014-15 

Target 

achieved % 2014-15 2013-14 % growth 

Cigarettes  90.4 82.5 72.1 14.4 50.8 91.3 

International 

Travel  

19.3 27.7 18.8 47.7 17.1 143.5 

Beverages  11.5 13.3 12.5 6.4 8.2 115.7 

Cement  11.2 12.1 11.2 8.0 7.5 108.0 

Natural Gas  12.9 11.5 12.1 (5.0) 7.1 89.1 

Sub Total  145.3 147.1 126.7 16.1 90.6 101.2 

All Other  32.7 15.2 11.4 33.3 9.4 46.5 

Gross Total  178.0 162.3 138.1 17.6 100.0 91.2 

Refund/Rebate  - - - - - - 

Net Total  178.0 162.3 138.1 17.6 - - 

Source: FBR Review 2014-15  
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1.9      RELEVANT TERMINOLOGIES / DEFINITIONS: 

1.9.1    Mathematical Model - It is a mathematical representation of an ideal or a real 

life situation in which all factors contributing to the idea or situation are represented 

by variables and sometimes, constant figures. 

1.9.2 Revenue – is a calculation or estimation of periodic income based on a 

particular standard accounting practice or the rules established by a government or 

government agency. 

1.9.3 Optimal Solution - This is the set of points of all feasible regions that produces 

the optimal value (maximum or minimum) of the objective function. 

1.9.4   Linear Programming - Linear programming (LP), sometimes known as linear 

optimization is a mathematical tool for maximizing or minimizing a linear objective 

function (such as maximum profit or lowest cost) subject to linear constraints. 

1.9.5   Gross domestic product- is the gross estimation of definite products, and 

ventures made by organizations working in the nation, after a time of 1 year. It is 

concluded by the expenditure method and it is stated in millions, in current prices of 

national currency of each studied country. 

1.9.6    Gross domestic product per capita- is achieved by dividing the GDP of each 

country to the number of inhabitants. 

1.9.7   Population- expresses the number of inhabitants of each country. 

1.9.8   Unemployment rate- reveals the rate of unemployed people in the overall 

labor constrains as indicated by the International Labor Office, where employment is 

the quantity of individuals utilized or unemployed balanced via seasons. 

1.9.9    Employment rate- is the ratio of labor force aged 15-64 and the total 

population of the same age. 
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1.10    ORGANIZATION OF THE STUDY: 

The thesis consists of eight chapters, including this chapter. Chapter 2 is on Literature 

Review which takes stock of what has already been written on the topic in terms of 

theories or concepts, scientific research studies and the overall goal of clarifying how 

the present study intends to address the gap silence or weakness in the existing 

literature. Chapter 3 explains the methodology that is being used for the study. The 

findings are presented in Chapter 4, in which  we formulated a financial mathematical 

model to calculate and allocate best tax ratios that will be conducive to developing 

countries, Chapter 5, in this chapter, we established an effective fiscal deficit control 

tax estimation mathematical  model as fiscal deficit has been the central issue of the 

vast majority of the developing countries, Chapter 6 presented a facilitation model to 

establish the shortest route to reach FBR and in Chapter 7, we proposed a 

mathematical model to forecast future estimate of tax-to-GDP ratio. Lastly, Chapter 8 

will discuss about the results, conclusion and recommendations. 
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LITERATURE REVIEW: 

In literature, Abuizam et. al. (2011) examined the tax policy for the state of Indiana by 

developing an optimization spreadsheet model to assist the government of Indiana in 

the determination of a state tax policy. The data utilized, was collected using different 

public sources, including the federation of tax administrators and finance department 

of local government for the fiscal year 2008. They developed the model by 

considering the conflicting goals of various tax revenue sources like sales, individual 

income, property, corporate income, gaming, cigarette and alcohol which are the main 

sources of revenue for the state of Indiana. They used both sales and income taxes in 

part because the tendency of sales taxes to be regressive is a balanced by the tendency 

of income taxes to be progressive. They compared three different scenarios to achieve 

the set objectives. The third scenario was assumed to be more effective in minimizing 

the total deviations of the conflicting goals except for the fourth constraint which is 

the gaming tax, compared to scenario one and scenario two for the state tax policy.  

Sahiner et. al. (2010), studied the tax policy of a city of Isparta, Turkey. They 

calculated the tax bases for the fiscal year 2009 by using the “fgoalattain „‟Matlab 

command within the optimization toolbox. For the creation of a fair regulation of the 

taxes the city of Isparta collects , they considered the following taxes : building land, 

entertainment, fire insurance, trading licenses , advertising , slaughter house 

examination  and inspection, toll, facilities, real estate,  measuring and  weighting 

equipment examination , sanitation , construction , wholesale food markets and 

residential usage license, communication  and work permit for ferial days. They 

studied regressive taxes and also included progressive taxes on items; however the 

consumption of these items is fully an individual choice. The problem had ten 

conflicting goals and the success of the calculations was underlined with the control 

value, which was 1. As the access factor is close to zero, it was speculated that the set 

objectives had nearly been reached. 

Chrisman et. al. (1989) examined the tax structure of Peoria by using an interactive 

multi-objective linear programming methodology and used the ADBASE computer 

package (Steuer 1986) to obtain the results. They indicated different objectives that 

they wanted to achieve through tax restructuring which included reducing property 

taxes, minimizing the burden on households, minimizing the flight of businesses and 
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shoppers to the suburbs to escape higher sales taxes. In addition, they suggested 

different alternative revenue sources to the property tax that are sales tax on gasoline, 

durable goods and food and drugs. 

Urrutia et. al. (2015), applied regression analysis to find the determinants of income 

tax revenue of the Philippines over the period of 1980-2013. The researchers 

considered five independent variables. The results of original data based on Pearson‟s 

coefficient of correlation found employed labor and crude oil prices were significant 

factors, whereas the transformed data predicted employed labor force and inflation 

rate as significantly correlated with income tax revenue of the Philippines.  

According to Tregub (2010), adequate revenue collection depends on the careful, 

complex structure and adjustments of different taxes, their bases, rates, exemptions 

and deductions. The issue is real and important, so its current monitoring is 

significant. The optimal ratio of federal and local taxes creates sufficient revenue 

sources for government and its authorities. Therefore, researchers obtained a 

mathematical model of income tax revenue based on the UK. In their research, they 

considered four predictors (GDP growth, Taxpaying population, oil prices and Retail 

Price Index) as independent variables to predict the income tax revenue of the UK as 

the dependent variable for the year 2012. They found three significant factors 

(number of taxpayers, retail price index, and oil prices) that influence UK income tax 

by using regression analysis and forecasted £ 157.6 billion income tax revenue of the 

UK in 2012. 

Patoli, Zarif & Syed (2012), analyzed the relationship between duty income and 

inflation in Pakistan. They utilized secondary data from 2000-2010 for the time series 

analysis. As well, some statistical tools like regression, significance test for error 

factor and correlation are taken over to test the theory and make some inferences. 

Their results conclude that taxes and the inflation in Pakistan have positive connection 

and any enhancements made for inflation triggers increase in taxes. 

Chaudary and Munir (2010), investigated the determinants of low tax collection and 

revenue performance in Pakistan between 1973-2009 by applying time series analysis. 

They considered 14 independent factors out of which, the openness of the economy, 

foreign debt, foreign debt, the volume of money, and political stability are the 

significant determinants of taxation in Pakistan. Also the empirical results suggested 
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external supports, more dependence on agriculture‟s share; narrow tax base and low 

level of literacy rate have considered the main factors of low taxation in Pakistan. 

Panel data (time series and cross sectional) were used by Muhammad and Ahmed 

(2010) of developing countries to find the determinants of tax buoyancy in these 

countries for the year 1998-2008. The log transformation of the data was used in the 

regression analysis by means of the pooled least square method. The result revealed 

import share, manufacturing share, services‟ share, monetization and budget deficit 

positively impact the tax buoyancy. Also, any rise in grants has a negative impact on 

tax buoyancy. Similarly, tax buoyancy has been significantly impacted by the 

development of the agricultural sector with reference to developing countries. 

Yuksel Harun, Memhet Orhan & Oztunc Hakan (2013), identified the behavior of the 

main macro-economic indicators and their effects on tax revenue from 1980-2013 in 

Turkey. The objective is to find the causality between tax revenue and selected 

indicators. They checked the stationarity of the variables and then applied the Granger 

causality test to find the presence and directions between the pairs of indicators. Their 

results documented a co-integrating relation among tax revenue, GDP and foreign 

debt. 

Rodrigues, Moreira & Da Silva (2011), studied the determinants of corporate tax 

revenue to Gross Domestic Product (GDP) across EU members over the period 1998-

2009. They applied Feasible Generalized Least Squares (FGLS) regression analysis 

which suggested GDP, Government Deficit, Industry Turnover, Unemployment, 

Number of Enterprises, Trade Openness, Foreign Direct Investment (FDI) and 

Corruption are significant components which can touch the revenue operation of an 

economic system. Furthermore, the findings showed that Unemployment Rate and 

Corruption have a negative effect on tax collection, while the other factors contributed 

positively as to tax collection. 

Bonu & Pedro (2009), their objective was to locate an impact on the economic 

development by raising Income Tax Rates in a developing country such as Botswana. 

In this study, several parameters were taken into consideration which includes income 

tax rates, income tax receipts, total revenue and GDP of the country in the nominal 

and real value of the money. It was found that low income tax rates helped in boosting 

up the economic development of Botswana. 
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Ahsan & Wu (2005) assessed the tax portion of GDP in common extent around 1979 

and 2002. As per the outcomes, the share of agriculture, GDP per capita, and populace 

development has a negative noteworthy association with taxable incomes. 

Nevertheless, rate of trade in GDP has a positive significant relationship with tax 

revenues. 

Iran's tax limit was concentrated on by Ghamtari and Eslamlouian (2007), who 

contrasted it with 14 other selected developing countries. The tax proportion example 

was figured utilizing the Seemingly Unrelated Regression (SUR) technique 

somewhere around 1994 and 2002. Grounded along the results, in that respect is a 

positive huge relationship between expense proportion and the worth included some 

portion of the industry, administrations, and foreign trade sector‟s share of GDP 

(Gross Domestic Product). Moreover, the share of the agriculture sector‟s value-added 

of GDP, the extent of foreign loans to GDP, and inflation rate leaves negative impacts 

on tax ratio. 

Malik (2008) empirically analyzed the impact of crude oil prices along with other 

macroeconomic variables in the output using the IS, monetary policy and augmented 

Phillips curve in Pakistan. There is a strong significant relationship between oil prices 

and output, and is reflected by its bell-shape. Therefore, when oil prices start to 

increase beyond a certain level, they start hurting the economy. A serious 

commitment of the division of the government is required to keep up this growing 

movement as the threshold point is relatively low, especially given the current trend in 

the cost of petroleum oil. Owing to the body politic of our economic system, the oil 

prices though are receding but still remain quite high in Pakistan. In addition, driver 

of oil demand besides its cost is attributed to GDP. It reduces vulnerability as the 

portion of oil imports decline when income grows. This only happens when the GDP 

is sustainable and long term development prospects are evident. Also, a growth in the 

real sectors (manufacturing in particular) can influence sustainable growth. 

Piancastelli (2001) found the ratio of trade to GDP and per capita income to be a 

positive strong determinant of tax revenue. On the contrary, the share of agriculture in 

GDP is adversely linked to tax income. The scope of studies is further extended by 

adding up a far reaching investigation of countries‟ tax performance. This is finished 
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by partitioning them as indicated by their income bunches which implies that middle 

income nations execution is worse than low income nations. 

Davoodi and Grigorian (2007) identified that the tax compilation fee (especially direct 

taxes) in Armenia did not augment with the same rate as GDP. They contributed 

institutional quality, urbanization and shadow monetary action as the primary 

components lurking behind low expense to-GDP proportion in Armenia. The panel 

data approach is administered in 141 countries for the time frame of 1990-2004. 

Furthermore, a duty exertion list was built for Armenia exhibiting a descending 

pattern subsequent to 2000. The conclusion uncovers rebuilding of financial 

establishments, execution of straight forwardness system by government authorities 

and improving VAT tax foundation as positively affecting tax earnings.  

In 2000, Tanzi and Davoodi inspected the theory that structure of taxes and tax 

collection tool matters to clarify the influence of corruption on tax returns. Because of 

the way that distinctive sorts of taxes are accumulated by various means in various 

nations, so the intensity of corruption in tax collection is by all accounts diverse 

crosswise over the nations. Their preparatory decision demonstrated that those nations 

that presented VAT (Value Added Tax) into their taxation framework encountered a 

much lower level of corruption in the resulting years contrasted with nations that did 

not apply VAT. 

In 2005, the theory which stated that settled market entry fee is effectively is 

connected to the maximum tax returns in developing nations (different factors remain 

constant) was studied by Auriol and Wartlers. Their result identified the essential 

determinants of tax revenue such as population density, GNP, and land and 

demonstrates the hypothesis as well. 

Bird et al. (2004) discovered that non-agricultural proportion of GDP, administration 

and ICRG (International Country Risk Guide) files have significant impact on 

assessment exertion of 110 immature and intermediary economies. They have used 

cross sectional data over the period from 1990 to 1999. Likewise, Gupta (2007) 

connected diverse econometric methods on a board of 105 developing nations of more 

than 25 years. His decision demonstrates that foreign aid, the contribution of 

agriculture in GDP, political stability, per capita GDP, specific sources of tax revenue, 

openness, and corruption are major indicators of tax revenue. 
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The effect of financial factors alongside the shadow economy on tax performance was 

examined by Teera and Hudson (2004). Different countries were divided into diverse 

income groups. This permitted them to catch the impact of such variables on tax 

collection in different periods of monetary advancement. In addition, shadow 

economy, openness and time pattern were utilized as intermediary to catch worldwide 

patterns in tax collection, as essential signs of tax revenue. Besides, they additionally 

examined the impact of fare and assembling segments on expense, income from 

various income bunches displaying contrasting results .Tax effort indices computed 

uncovered that most nations in high income gather charges in accordance with their 

potential limit. 

The impact of a specific variable in tax revenue performance has been analyzed by a 

number of research papers. For instance, Baunsgaard and Keen (2009) debated the 

effect of trade liberalization on tax-to-GDP ratio.  Trade income being an expansive 

bit of aggregate assessable income in the growing nations brings down the general 

expense to-GDP proportion in Post Exchange liberalization time. Likewise, an 

investigation of whether developing nations would have the capacity to recoup the 

loss of exchange income caused after liberalization additionally occurred. 

(Unbalanced) panel data tool on 117 nations was utilized for the span of 1975-2006. 

The Outcomes showed that high income states are better ready to deal with their trade 

tax loss through residential expenses after liberalization. On the other hand, middle 

income nations exhibited fractional recuperation of the loss. At long last, low income 

nations show blended pattern. While a few nations in the information set uncovered 

significant recuperation, numerous others did not. 

In literature, DA is considered as a classical and antiquated algorithm for the shortest 

route problem (SRP). On the basis of literature, it is generally accepted that different 

variants of DA have been developed and a number of many other efficient algorithm is 

implemented to solve one-to-one shortest path problem. It is simple, easy to understand 

and implement, and highly efficient algorithm Dreyfus, S. E. 1969 & Cherkassky, B. 

V., et. al., 1996). DA has been widely used in industrial transportation, emergency 

navigation and navigation planning, waste management, logistic distribution and so on 

(Gogoncea, V. et. al. 2010 & Xiao-Yan, L., et. al. 2010). However, the most common 
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applications of this algorithm are solving the mathematical (graph) problems and 

finding the shortest route in personal navigation to perform the analysis. 

Balstrom (2000)  listed some of the applications of the same routine e.g. looking for  the 

nearest hospital, restaurant, jungle trekking on the mountains/hills, a petrol station, 

shopping place, identifying  the emergency exit doors for any disaster in a building. 
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METHODOLOGY  

The optimization refers selecting  the best element from some set of available options, 

in mathematics, computer science, economics and other fields,  In the simplest way, 

this implies solving problems in which one looks to minimize or maximize a real 

function of systematically finding the values of real or integer variables from inside a 

permitted set. 

This definition, by means of scalar, real-valued objective function, is perhaps the 

simplest example; the generalization of optimization theory and techniques to other 

formulations includes a vast area of applied mathematics. An optimization problem 

can be represented in the following way 

Given: A function: Z→R from some set A to the real numbers 

Sought: An element 𝑎0 in Z such that f (𝑎0) ≤ f (a) for all x in Z („„minimization‟„) or 

such that f(𝑎0) ≥ f (a) for all 𝑎 in Z („„maximization‟„) 

Such a representation is called an optimization problem or a mathematical 

programming problem use in linear programming. In this study Operation Research 

technique Goal Programming is being use as a main tool to achieve the results besides 

Multiple Linear Regression and Time Series for data analysis and Dijkstra‟s 

Algorithm for shortest path as secondary tool for the supplementary models. 

3.1   GOAL PROGRAMMING: 

Goal programming is a special advanced linear program that provides a way of 

striving towards a formal decision analysis that is capable of investigating multiple 

contradicting objectives through the use of several goals simultaneously. The main 

forte of GP is its ease and simplicity. This record for greater number of GP 

applications in various and varied fields. It can be solved by extensively available 

linear programming, computer packages as either a single linear programming or in 

the case of a series of connected linear programming. Since it forms an extension of 

linear mathematical programming for which efficient solving algorithms are also 

available (Orumie et. al 2014). Therefore GP can deal with generally extensive no of 

variables, constraints and goals. 
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The goal programming technique was originally developed by Charness and Copper 

in 1950 (Charnes et. al. 1961) they characterized three configurations for goal 

programming in order to keep unwanted deviations to a minimum.  Towards the end 

of 1960 software was created for the application of the algorithm in order to address 

GP problems. Lately, various goal programming variants have advanced in view of 

the Lee (1972), Ignizio (1976), Lin (1980), Tamiz (1996), and numerous others have 

been instrumental in the improvement of different variants of linear GP. 

GP models can be arranged into a number of variants, each of which is characterized 

by different underlying distance metric based variants, and decision variable and goal 

based variants. Among them weighted goal programming and Lexicographic goal 

programming are the most widely used and popular algorithms of the GP model as 

illustrated in Schniederjans and Kwak (1982), Crowder and Sposito (2005), Tamize et 

al. (1995), Ken and Perushek (1996), Tamiz and Jones (1997), Charnes et al (1961), 

Alp and Ersoy (2011) and many others. These two variants do not give the similar 

result and neither is one variant better to the other because, variant is considered to 

satisfy certain preferences of decision makers‟. However, in surveys of literature, it is 

reported by Tamiz et. al. (1995) that in Pre-1990 application paper the articles that 

used Lexicographic and Weighted goal programming is 75% and 25% respectively. In 

any case, in the period 1990-2000, Jones and Tamiz (2003), reported a change from 

the discoveries of Tamiz that their split is 59 % Lexicographic and 41 % Weighted. 

The explanations for being because of the more prominent adaptability of the 

weighted objective programming and the leaders' expect to accomplish more 

exchange off investigation and direct correlation between the objectives. 

3.1.1   Goal Programming Model: 

The linear programming methodology maximizes or minimizes the objective function 

specifically, whereas the modeling approach of goal programming seeks to minimize 

the deviations (both positive and negative) between the set goals and then results 

achieved according to priorities. 
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𝑀𝑖𝑛𝐺1  𝑤𝑖1
−𝑑𝑖1

− + 𝑤𝑖1
+𝑑𝑖1

+        ;𝑓𝑜𝑟𝑖 = 1 , 2, … , 𝑚 

 

𝑀𝑖𝑛𝐺2  𝑤𝑖2
−𝑑𝑖2

− + 𝑤𝑖2
+𝑑𝑖2

+        ;𝑓𝑜𝑟𝑖 = 1 , 2, … , 𝑚 

                                   : 

                                   : 

𝑀𝑖𝑛𝐺𝑘 𝑤𝑖𝑘
−𝑑𝑖𝑘

− + 𝑤𝑖𝑘
+𝑑𝑖𝑘

+        ;𝑓𝑜𝑟𝑖 = 1 , 2, … , 𝑚 

 

         Subject to       𝑎𝑖𝑗 𝑥𝑗
𝑛
𝑗=1 + 𝑑𝑖

− − 𝑑𝑖
+ = 𝑏𝑖                ; 𝑓𝑜𝑟𝑖 = 1,2, …, 

         Where            𝑥𝑗 , 𝑑𝑖
−, 𝑑𝑖

+ ≥ 0 

𝐺1 ≫> 𝐺2 ≫> ⋯ ≫> 𝐺𝑘  

All these information‟s in hand shall use in goal programming to minimize the 

deviations from the set targets. It begins with the most important goal and continues 

in such a way that a less important goal is considered only after the most important 

goal is satisfied or have reached the point beyond which no further improvements are 

desired. In the final solution all the goals may not be fulfilled to the fullest extent, but 

the deviations will be minimum possible.  

3.2   DIJKSTRA’S ALGORITHM: 

The shortest route issue is a substantial problem in network optimization, which sees 

the track between two nodes (vertices) in a graph, in a manner that the amount of the 

weights of its constituent edges is minimized. It not only refers to the shortest distance 

in the general geographical significance, but also extends to other measures like time, 

cost, safety and the capacity and so on. Correspondingly, the shortest path problem is 

transformed into the fastest path, quickest way and the lowest cost problem and so on 

(Zhang, F., et. al. 2005). 

There are several other algorithms that can be utilized to find the shortest route and 

shortest distance between two locations in a network. The DA is the theoretical 

foundation to solve shortest path problem and is considered as the grandmother of all 
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label setting algorithms (Jahan, S., 2011 & Dijkstra, E. W., 1959).This graphical search 

algorithm was published in 1959 and invented by Edsger Dijkstra, a Dutch computer 

scientist in 1956. It gives solution of the single source shortest path problem with non-

negative edges, path costs, creating a shortest path tree for a graph. This algorithm is 

rather useful in routing and other web related protocols. For a given source vertex in the 

graph, the DA determines the path with minimum cost (i.e. the shortest path) between 

that vertex and every other vertex. It can likewise be applied for finding costs of the 

shortest paths from a single source vertex to a single destination vertex in a network by 

stopping the algorithm when the shortest course to the destination vertex has been 

obtained (Magzhan, K., et. al. 2013).  

3.3   REGRESSION ANALYSIS:  

Numerous applications of inferential statistics are very complex as compared to the 

technique utilized in the study of correlation between two variables. In order to study 

the relationships among variables, we need to formulate a model for a few factors that 

can be utilized to forecast its future value. The method in which we establish a 

mathematical model that best fits the data is a component of a statistical technique 

termed as regression analysis. 

It is a form of analytical modeling technique which allows one to assess the 

relationship between a dependent and independent variable (s). It is an important tool 

for modeling and analyzing data. The tool utilizes for forecasting, time series 

modeling and finding the cause effect relationship between the variables.  

The objective of regression is to reach at the set of B values called regression 

coefficients for the independent variable(s) that bring the Y values evaluated from the 

equation as close as could reasonably be expected to the Y values acquired by 

estimation. The regression coefficients that are obtained achieve two instinctively 

attractive and extremely advantageous objectives. They minimize the sum of the 

squared deviations between predicted and obtained Y values for the date set. The 

Pearson correlation coefficient between the obtained and predicted Y values is 

derived from a regression analysis termed as multiple correlation coefficient (R). 
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3.3.1   Types of Regression: 

There are different kinds of regression techniques available to make predictions. 

These techniques are mostly driven by three metrics  

The most commonly used regression techniques are 

1. Linear Regression  

2. Logistic Regression 

3. Polynomial Regression 

4. Stepwise Regression  

5. Ridge Regression 

6. Lasso Regression 

7. Elastics Net Regression 

 

3.4    MULTIPLE LINEAR REGRESSION: 

A simple linear regression demonstrates the relation between the dependent variable y 

and the independent variable x based on the regression equation  

𝑦𝑖 =  𝛽𝑜 + 𝛽1𝑥𝑖 + 𝑒𝑖                i = 1, 2, 3, … , n 

Multiple linear regression, an extension of this model, concerns predicting or 

explaining the values of one response variable based on values of a collection of two 

or more predictor variables. The table represents a collection of multiple linear 

regression data. A collection of n observations, or trials, makes up the data set. 

We can write a regression model for the 𝑖𝑡   observation from the data set. The 

response of the 𝑖𝑡  trial, 𝑦𝑖  , can be written as a linear combination of the observed 

predictor variables,𝑥𝑖1, 𝑥𝑖2, . . . , 𝑥𝑖𝑘  , with the constant 𝛽0 term and a random error 

term, ∈𝒊  , added on 

𝑦𝑖 = [𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2 + ⋯ . . +𝛽𝑘𝑥𝑖𝑘 ] +∈𝑖    𝑖 = 1,2,3, … . 𝑛 

= [𝛽0 +  𝛽𝑗
𝑘
𝑗=1 𝑥𝑖𝑗 ] + ∈𝑖  

Response on 𝑖𝑡  trial = [mean] + ∈𝒊 
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The model constant term or intercept 𝛽0, can be interpreted as the mean for the 

response when the value of all of the predictor variables is zero. This intercept and the 

regression coefficients, 𝛽1𝑥𝑖1,  𝛽2𝑥𝑖2, … , 𝛽𝑘𝑥𝑖𝑘 , are the unknown parameters and can 

be estimated. We can interpret the values of the regression coefficients 

straightforwardly. The coefficient of the predictor variable represents the change in 

the mean response as that the predictor changes by one unit, holding all other 

predictors constant. The mean of the 𝑖𝑡 response is a linear function of the predictors, 

𝑥𝑖1, 𝑥𝑖2 , . . . , 𝑥𝑖𝑘  , and the unknown parameters are their respective weights. The 

multiple linear regression model can also be written in matrix form. 

 
 
 
 
 
𝑦1
𝑦2.
..
𝑦𝑛 

 
 
 
 

=  

 
 
 
 
 
1 𝑥11.   .     . .𝑥1𝑘

1 𝑥21 .   .    . 𝑥2𝑘
.
.
1

.   .     .      .

.     .     .    .
𝑥𝑛1.    .     .

.

.
𝑥𝑛𝑘  

 
 
 
 

 
 
 
 
 
𝛽0

𝛽1.
.

𝛽𝑘 
 
 
 
 

   +

 
 
 
 
 
∈1

∈2.
.

∈𝑛 
 
 
 
 

 

We can simply write the above model as 𝑌 = 𝑋𝛽+∈  (Montgomery, D. C, 2015). 

The simple linear regression model is applied to obtain the straight line that best 

conforms to the data. On the other hand, the multiple linear regression model, for 

instance, with two independent variables, is employed to see the plane that best suits 

the data. Models that involve more than two independent variables are more complex 

in structure, but can still be analyzed using multiple linear regression techniques. 

3.5   TIME SERIES MODELLING: 

Time series modeling and forecasting has a fundamental significance in a variety of 

practice areas. So a lot of research work is certainly going on in this subject 

throughout the years. Numerous imperative models have been suggested in literature 

for improving the precision and proficiency of time series modeling and forecasting. 

3.5.1    Introduction to Time Series Analysis: 

In a practice a suitable model is fitted to a given time series and the comparing 

variables are assessed utilizing the known values of the data. The methodology of 

fitting a time series to a suitable model is known as Time Series Analysis (Hipel, K. W., 

1994).It contains techniques that endeavor to comprehend the way of the series and is 

frequently valuable for future forecasting and simulation.  
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In time series forecasting, past findings are gathered and examined to formulate a 

suitable mathematical model which captures the basic information generating process 

for the series (Zhang, G. P., 2007 and Zhang, G. P., 2003).The future events are then 

estimated using the model. This advance is particularly valuable when there is very 

little data about the statistical pattern implemented by the successive observations or 

when there is a insufficiency of a satisfactory informative model. Time series 

forecasting has important applications in different fields‟. Generally important 

strategic decisions and preventive steps are taken based on the estimation results. 

Therefore, making a good forecast, i.e. fitting an appropriate model to a time series is 

very significant. On the track of recent decades, many efforts have been gained by 

researchers for the furtherance and improvement of suitable time series forecasting 

models. 

3.5.2   Definition of a Time Series: 

It is a successive set of data points, measured usually over sequential times. It is 

mathematically defined as a set of vectors x (t), t= 0, 1, 2… Where t represents the 

time elapsed (Cochrane, J. H., 2005 and Raicharoen. T., 2003). The variable x (t) is 

handled as a random variable. The measurements conducted during an event in a time 

series are arranged in a proper chronological order. 

A time series that contain records of a single variable is referred to as uni-variate 

where as multivariate contains records of more than one variable. It can be continuous 

or discrete. When observations are evaluated at every instance of time it is termed as 

continuous time series, whereas a discrete time series contains observations measured 

at discrete points of time. For instance, the concentration of a chemical process, the 

flow of a river, temperature readings, etc. can be recorded as a continuous time series. 

Conversely, the number of inhabitants of a particular country, manufacturing of units 

in a factory, height of the sea tides may represent discrete time series. The successive 

observations in a discrete time series are usually recorded at equal interval of time 

such as hourly, daily, weekly, monthly or yearly time separations. As mentioned by 

Hipel, K. W. (1994), the variable being observed in a discrete time series is worn to 

be evaluated as a continuous variable using the real number scale. Furthermore, a 

continuous time series can easily be translated to a discrete one by merging data 

together over a defined time interval. 
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3.5.3 Components of a Time Series: 

The four main components that may affect the time series are given below.  

(a)  Trend: 

When a time series increases, decreases or stagnates over a lengthy span of time such 

an overall tendency of a time series is called Secular Trend or simply Trend. 

Therefore, it can be stated that the trend is a permanent movement in a time series. 

For instance, series relating to population growth, number of apartments in a town, 

etc. show growing trend, whereas descending trend can be noticed in series 

identifying with death rates, plagues, and so on. 

(b) Cyclic: 

It defines the medium term modifications in the series, caused by the situations, which 

repeat in cycles. The interval of a cycle expands over a longer period of time, 

generally two or more years. Most of the financial and economic time series 

demonstrate some kind of cyclic variation. 

(c) Seasonal: 

It fluctuates a time series within a year throughout the season. The essential elements 

responsible for seasonal variations are: weather and climate conditions, traditions, and 

customs, habits, and so forth, for instance, sales of ice creams increase in summer, 

sales of woolen cloths increase in winter. Seasonal variation is a significant 

component for the businessperson, retailers and producers for making proper future 

strategies. 

(d) Irregular: 

Unusual or Irregular variations in a time series are caused by random influences, 

which are not consistent and also do not repeat in a specific pattern. These variations 

are caused due to occurrences such as war, strike, earthquake, flood, revolution, etc. 

There is no defined statistical tool for measuring random fluctuations in a time series. 

Considering the results of these four components, two different types of models are 

generally used for a time series viz.  

 

Multiplicative Model: 𝑌 𝑡 = 𝑇(𝑡) × 𝑆(𝑡) × 𝐶(𝑡) × 𝐼(𝑡) 

Additive Model: 𝑌 𝑡 = 𝑇 𝑡 + 𝑆 𝑡 + 𝐶 𝑡 + 𝐼(𝑡) 
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Here 𝑌 𝑡  is the observation and 𝑇 𝑡 , 𝑆 𝑡 , 𝐶 𝑡 , 𝐼 𝑡  are respectively the trends, 

seasonal, cyclic and irregular variation at time t. 

The assumption on which multiplicative model is based that the four components of a 

time series are not necessarily independent and they can affect one another; while in 

the additive model it is considered that the four components are independent of each 

other. 

Time series observations are often met in many areas such as business, economics, 

industry, applied science and sciences, etc. (Cochrane, J. H., 2005, Raicharoen. T., 

2003 and Tong, H., 2012). Depending on the nature of analytic thinking and practical 

need, there can be various different sorts of time series. Therefore, time series 

forecasting is a fast growing field of research and as such provides many scopes for 

future works. 
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4.1 INTRODUCTION: 

Taxes are the average cost of basic items in an acculturated society that individuals 

need to pay, essential for monetary advancement and arranging. It is further 

interlinked with another approach ranges. It frames great administration to formalize 

the economy for prodding development; gives assets to the legislature to assemble the 

base; makes a solid air to advance business and global exchange, makes ready for 

government exercises furthermore assumes an indispensable part in activation of 

household assets. Duty is additionally an obligatory toll forced on items, firms, 

people, and groups by the administration (Saqib et. al. 2014). 

Economic performance of any country is sensitive to the level of taxation. The 

government tax systems are continually challenged to develop and implement an 

efficient tax system. Therefore, developing an efficient and equitable tax structure is 

one of the most significant tasks of public decision makers. Taxation is usually by far 

the most important source of government revenue and its formulation is characterized 

by many often contradicting goals. Several approaches are utilized to take care of 

different criteria, basic leadership issues, among them goal programming has been a 

well-known hypothetical strategy for managing numerous  multi objective decision 

making problems as it has a wide range of utilization (Aouni et.al. 2001). 

The problem of structuring tax policy is characterized by many often conflicting 

objectives, for instance upholding sufficient revenue to sustain government programs, 

reducing taxes and minimizing the burden placed upon low income taxpayers. 

Therefore, planning a fair and effective tax structure is one of the most vital 

responsibilities of public sector decision makers of any country. 

Taxation in Pakistan is a smoldering issue for government and policy makers. An 

extensive investigation of tax collection in Pakistan is required to update a focused 

duty framework keeping in mind the end goal to pull in outside capital, present day 

advancements and particular work which result in success and speedier financial 

development of Pakistan and its residents. The overall goal of this research is to 

formulate an optimized mathematical model to calculate and allocate best tax ratios 

by using weighted goal programming variant proposed by Ganesh et. al. 2013. Using 

this method we can achieve the goal with little deviation. In this creative work we 
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used data for fiscal year 2015 and focus some of the indirect taxes of Pakistan, as it 

accounted 61% of the total Federal Board of Revenue collection. (Highlight of 

Economic Survey). This study is limited to certain tax rates, such as the general sales 

tax, gasoline tax, tax on food and drugs, telecommunication tax, etc. Among them 

sales tax is the most regressive and the biggest contributor constituting 44% of the 

total tax revenue (Financial statement 2014-2015). The prime reason for this is that 

the goods subject to these taxes (gasoline, food, clothing, etc.) are those on which 

poor residents pay a major share of their income as consumption of these items are 

not an individual choice. 

Tax policy has a significant influence on economic growth of any country. If the tax 

ratio is not an adequate level, it hinders economic growth and deprives the public of 

their wealth. In order to maintain economic stability and to provide economic ease to 

the inhabitants of any society, it is necessary for the country‟s tax policy makers to 

allocate the optimum tax ratio. It is expected that the developed model will calculate 

the best tax ratios which benefit the general public, particularly the financially hard 

pressed common men and will allow the decision makers to modify the template of a 

tax policy by addressing various goals determined by the country. Also, provides an 

ability to illustrate the trade-offs between the objectives associated with planning the 

tax structure which subsequently ensures economic prosperity of the country and its 

inhabitants. 

4.2    METHODOLOGY 

GP is a multi-criteria decision making approach and an extension of linear 

programming. The fundamental distinction amongst LP and GP is that, LP optimizes 

(max/min) a single objective function, whereas; GP minimizes the deviations between 

the objective values of the goals and the acknowledged results. It is a logical 

framework that a decision maker can use to give optimal answers for different and 

ordinarily clashing targets. GP technique uses the simplex method, which is the main 

prerequisite for solving linear goal programming model, for finding the optimum 

solution of a uni-dimensional or multi-dimensional objective function by minimizing 

the deviation for each of the objectives of the desired target with a given set of 

constraints which are expressed in linear form. 
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The essential methodology of the GP is to define a particular numeric objective for 

each of the targets, change over unique, different destinations into a solitary objective 

and afterward look for an answer that minimizes the whole of deviations of these 

targets capacities from their aspiration levels. The significant advantage of GP is that 

there always exists an answer for the problem, if it has a feasible region and it‟s all 

due to the addition of the deviational variables (Hillier and Liberman 2001). 

GP is formed of four components; 

1. Decision variables  

2. Deviational variables  

3. System constraints  

4. Goal function 

The generic form of GP model is  

   Minimize Z =  (𝑑𝑖
− + 𝑑𝑖

+𝑚
𝑖=1 ) 

    Subject to    

 (𝑎𝑖𝑗𝑥𝑗

𝑛

𝑗=1

+ 𝑑𝑖
− − 𝑑𝑖

+) = 𝑏𝑖  

𝑓𝑜𝑟 𝑖 = 1,2, … , 𝑚; 𝑗 = 1,2, … , 𝑛 

𝑥𝑗 , 𝑑𝑖
−, 𝑑𝑖

+ ≥ 0 

Where   

𝑥𝑗 = the decision variables  

𝑑𝑖
−

 = amount by which the ith goal is underachieved 

𝑑𝑖
+

 = amount by which the ith goal is overachieved 

𝑑𝑖
−𝑎𝑛𝑑 𝑑𝑖

+
are reffered to as deviational variables 
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4.3 PROBLEM DESCRIPTION: 

Pakistan is a country with an estimated population of about 191.71 million residents 

in 2015 making it the world‟s 6
th

 most crowded nation behind Brazil and in front of 

Nigeria (Economic Survey of Pakistan). Policy makers of the country continuously 

struggle to create a fair regulation for the taxes it collects with conflicting goals 

regarding tax policy. This study is limited to certain tax rates, such as the general 

sales tax, gasoline tax, tax on food and drugs, telecommunication tax, etc. Among 

them sales tax is the most regressive and the biggest contributor constituting 44% of 

the total tax revenue (Financial statement 2014-2015). The prime reason for this is 

that the goods subject to these taxes (gasoline, food, clothing, etc.) are those on which 

poor residents pay a major share of their income as consumption of these items are 

not an individual choice. 

The estimated revenue from taxes is given in table 9. 

Table – 9 Estimated Tax Revenues  

Types of taxes Tax Revenues (PKR Billions) 

Sales Tax 

POL Products 

Telecom 

Food and Drug 

1087.79 

233 

299 

289 

                                                Source: Financial Statement (2014-2015) 

Assuming that the country has the following goals, for that we developed an 

optimized mathematical model in order to calculate optimal tax ratios to meet the 

country„s requirement and subsequently not burden the general public. 

The priority goals are 

G1: Total tax revenues must be at least PKR. 2063 billion to meet the financial 

commitments of the country 

G2: General sales tax cannot exceed 16% of all taxes collected 

G3: food and drug taxes cannot exceed 14 % of all taxes collected 

G4: Petrol tax cannot exceed PKR.10 per liter. 
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It is noteworthy to mention here that the government of Pakistan has started to charge 

the sales tax on petroleum products at a fixed rupee term rather than the percentage on 

per liter sale. 

 

4.4    MODEL FORMULATION 

Let the variables 𝑥𝑡  ,𝑥𝑓  , 𝑥𝑠  , 𝑥𝑝  represent tax ratios for telecom, food and drug, 

general sales, and petroleum tax respectively. 

The goals are then expressed mathematically as 

1088𝑥𝑠 +233𝑥𝑝  +299𝑥𝑡  +289𝑥𝑓 ≥ 2063   (Tax Revenue constraint) 

0.16(1088 𝑥𝑠 +233 𝑥𝑝  +299 𝑥𝑡  +289 𝑥𝑓) ≥ 1088 𝑥𝑠 (General Sales Tax constraint) 

0.14(1088 𝑥𝑠 +233 𝑥𝑝  +299 𝑥𝑡  +289 𝑥𝑓)  ≥ 289 𝑥𝑓   (Food and Drug Tax constraint) 

𝑥𝑝 ≤ 10      (Petroleum Tax constraint) 

𝑥𝑠  , 𝑥𝑝  ,𝑥𝑓  , 𝑥𝑡  ≥ 0 

Using WGP model, we try to minimize the weighted sum of deviations by assigning 

50% weight to the goal which has the highest deviation among the goals and dividing 

the remaining 50% to all other goals. Mathematically, the GP formulation is stated as 

follows: 

 

Objective function  

Min Z = 0.5𝑑1
− + 0.167𝑑2

−, +0.167𝑑3
− + 0.17𝑑4

+ 

Subject to 

1088𝑥𝑠 +233𝑥𝑝  +299𝑥𝑡  +289𝑥𝑓 +  𝑑1
− −  𝑑1

+ = 2063 

-913.92𝑥𝑠 +37.28𝑥𝑝  +47.84𝑥𝑡  +46.24𝑥𝑓  + 𝑑2
− − 𝑑2

+ = 0 

152.32𝑥𝑠 +32.62𝑥𝑝  +41.86𝑥𝑡 −  248.54𝑥𝑓+ 𝑑3
− − 𝑑3

+ = 0 

𝑥𝑝+ 𝑑4
− − 𝑑4

+ = 10 

𝑥𝑠 ,𝑥𝑝  , 𝑥𝑡  , 𝑥𝑓𝑑1
−, 𝑑1

+ , 𝑑2
−, 𝑑2

+𝑑3
−, 𝑑3

+𝑑4
−,𝑑4

+ ≥ 0 

Where   𝑤𝑖
𝑛
𝑖=1 = 1   such that   𝑤𝑖

𝑛
𝑖=1  = 0.5 +  𝑤𝑖

𝑛−1
𝑖=1 =1 
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Basic  

Variables 

 

𝑥1 

 

𝑥2 

 

𝑥3 

 

𝑥4 

 

𝑥5 

 

𝑥6 

 

𝑥7 

 

𝑥8 

 

𝑥9 

 

𝑥10  

 

𝑥11  

 

𝑥12  

 

R.H.S 

 

 

 

Name of Variables  

 

𝑥𝑠 
 

 

𝑥𝑝  

 

𝑥𝑡  

 

𝑥𝑓  

 

𝑑1
− 

 

𝑑1
+ 

 

𝑑2
− 

 

𝑑2
+ 

 

𝑑3
− 

 

𝑑3
+ 

 

𝑑4
− 

 

𝑑4
+ 

 

Minimize Z  

0 

 

0 

 

0 

 

0 

 

0.5 

  

0.167 

 

0 

 

0.167 

 

0 

 

0 

 

0.17 

 

 

Goal 1 1088 233 299 289 1 -1 0 0 0 0 0 0 2063 

Goal 2 -913.92 37.28 47.84 46.24 0 0 1 -1 0 0 0 0 0 

Goal 3 152.32 32.62 41.86 -248.54 0 0 0 0 1 -1 0  0 

Goal 4 0 0 0 1 0 0 0 -1 0 0 1 -1 10 
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4.5    THE SOLUTION OF THE MODEL 

First basic feasible solution 

  

 Cj 0 0 0 0 0.5 0 0.167 0 0.167 0 0 0.17 0 0 0 0  

 

 

R.H.S 
 Basis x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 Artf 

1 

Artf 

2 

Artf 

3 

Artf 

4 

Names of 

variables 

 xs xp xt xf 𝑑1
−

 𝑑1
+

 𝑑2
−

 𝑑2
+

 𝑑3
−

 𝑑3
+

 𝑑4
_
 𝑑4

+
     

1 Artfcl 1 1.088 233 299 289 1 -1 0 0 0 0 0 0 1 0 0 0 2063 

1 Artfcl 2 -913.9 37.28 47.84 46.24 0 0 1 -1 0 0 0 0 0 1 0 0 0 

1 Artfcl 3 152.3 32.62 41.86 -248.54 0 0 0 0 1 -1 0 0 0 0 1 0 0 

1 Artfcl 4 0 0 0 1 0 0 0 0 0 0 1 -1 0 0 0 1 10 

 Zj -326.4 -302.9 -388.7 -87.7 -1 1 -1 1 -1 1 -1 1 1 1 1 1 2073 

 cj-zj 326.4 302.9 388.7 87.7 1 -1 1 -1 1 -1 1 -1 0 0 0 0  
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Second feasible solution 

  

 cj 0 0 0 0 0.5 0 0.167 0 0.167 0 0 0.17 0 0 0 0  

 

 

R.H.S 
 Basis x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 Artf 

1 

Artf 

2 

Artf 

3 

Artf 

4 

Names of 

variables 

 xs xp xt xf 𝑑1
−

 𝑑1
+

 𝑑2
−

 𝑑2
+

 𝑑3
−

 𝑑3
+

 𝑑4
_
 𝑑4

+
     

1 Artfcl 1 0 277.381 355.95 344.04 1 -1 1.1905 0 0 0 0 0 1 1.1905 0 0 2063 

0 x1 1 -0.0408 -0.0523 -0.050 0 0 -0.0011 0 0 0 0 0 0 -0.0011 0 0 0 

1 Artfcl 3 0 3.8333 49.833 -240.83 0 0 0.166 1 1 -1 0 0 0 0.1667 1 0 0 

1 Artfcl 4 0 0 0 1 0 0 0 0 0 0 1 -1 0 0 0 1 10 

 zj 0 -316.21 -405.78 -104.2 -1 1 -1.357 -1 -1 1 -1 1 1 0.6429 1 1 2073 

 cj-zj 0 316.21 405.78 104.21 1 -1 1.3571 1 1 -1 1 -1 0 0.3571 0 0  
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Third feasible solution 

 

  

 cj 0 0 0 0 0.5 0 0.167 0 0.167 0 0 0.17 0 0 0 0  

 

 

R.H.S 
 Basis x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 Artf 

1 

Artf 

2 

Artf 

3 

Artf 

4 

Name of 

variables 

 xs xp xt xf 𝑑1
−

 𝑑1
+

 𝑑2
−

 𝑑2
+

 𝑑3
−

 𝑑3
+

 𝑑4
_
 𝑑4

+
     

1 Artfcl 1 0 0 0 2064.28 1 -1 0 0 -7.1429 7.1429 0 0 1 0 -7.14 0 2063 

0 x1 1 0 0 -0.3036 0 0 -0.0009 0.0009 0.0011 -0.001 0 0 0 -0.0009 0.001 0 0 

0 x2 0 1 1.2833 -6.2017 0 0 0.0043 -0.0043 0.025 -0.025 0 0 0 0.0043 0.025 0 0 

1 Artfcl 4 0 0 0 1 0 0 0 0 0 0 1 -1 0 0 0 1 10 

 zj 0 0 0 -2065.2 -1 1 0 0 7.149 -7.142 -1 1 1 2 9.142 1 2073 

 cj-zj 0 0 0 2065.28 1 -1 0 0 -7.1429 7.142 1 -1 0 -1 -8.142 0  
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Fourth feasible solution: 

  

 cj 0 0 0 0 0.5 0 0.167 0 0.167 0 0 0.17 0 0 0 0  

 

 

R.H.S 
 Basis x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 Artf 

1 

Artf 

2 

Artf 

3 

Artf 

4 

Name 

of 

variables 

 xs xp xt xf 𝑑1
−

 𝑑1
+

 𝑑2
−

 𝑑2
+

 𝑑3
−

 𝑑3
+

 𝑑4
_
 𝑑4

+
     

0 x4 0 0 0 1 0.0005 -0.0005 0 0 -0.0035 0.0035 0 0 0.0005 0 -0.0035 0 0.9994 

0 x1 1 0 0 0 0.0001 -0.0001 -0.0009 .0009 0 0 0 0 0.0001 -0.0009 0 0 0.3034 

0 x2 0 1 1.28 0 0.003 -0.003 0.0043 -0.0043 0.0043 -0.0043 0 0 0.003 0.0043 0.0043 0 6.1979 

1 Artfcl 4 0 0 0 0 -0.0005 0.0005 0 0 0.0035 -0.0035 1 -1 -0.0005 0 0.0035 1 9.0006 

 zj 0 0 0 0 0.0005 -0.0005 0 0 -0.0035 .0035 -1 1 2.0005 2 1.9965 1 9.0007 

 cj-zj 0 0 0 0 -0.0005 0.0005 0 

 

0 

 

0.0035 -0.0035 1 -1 -1.0005 -1.0 -0.9965 0  
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Fifth feasible solution 

  

 cj 0 0 0 0 0.5 0 0.167 0 0.167 0 0 0.1

7 

0 0 0 0  

 

 

R.H.S 
 Basis x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 Artf 

1 

Artf 

2 

Artf 

3 

Artf 

4 

Number 

of 

variables 

 xs xp xt xf 𝑑1
−

 𝑑1
+

 𝑑2
−

 𝑑2
+

 𝑑3
−

 𝑑3
+

 𝑑4
_
 𝑑4

+
     

0 x4 0 0 0 1 0.0005 

 

-0.0005 0 0 -0.0035 0.0035 0 0 0.0005 0 -0.0035 0 0.9994 

0 x1 1 0 0 0 0.0001 -0.0001 -0.0009 0.0009 0 0 0 0 0.0001 -0.0009 0 0 0.3034 

0 x2 0 1 1.

28 

0 0.003 -0.003 0.0043 -0.004 0.0043 -0.0043 0 0 0.003 0.0043 0.0043 0 6.1979 

0 x11 0 0 0 0 -0.005 0.0005 0 0 0.0035 -0.0035 1 -1 -0.0005 0 0.0035 1 9.0006 

 zj 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 0.0 

 cj-zj 0 0 0 0 0 0 0 0 0 0 0 0 -1 -1 -1 -1  
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Sixth feasible solution (Optimal Solution)  

 

 

 cj 0 0 0 0 0.5 0 0.167 0 0.167 0 0 0.17 0 0 0 0  

 

 

R.H.S 
 Basis x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 Artf 

1 

Artf 

2 

Artf 

3 

Artf 

4 

Number 

of 

variables 

 xs xp xt xf 𝑑1
−

 𝑑1
+

 𝑑2
−

 𝑑2
+

 𝑑3
−

 𝑑3
+

 𝑑4
_
 𝑑4

+
     

0  0 0 0 1 0.0005 -0.005 0 0 -0.0035 0.0035 0 0 0.0005 0 -0.0035 0 0.999 

0 x1 1 0 0 0 0.0001 -0.0001 -0.0009 0.0009 0 0 0 0 0.0001 -0.0009 0 0 0.3034 

0 Artfcl 3 0 1 1.2833 0 0.003 -0.003 0.0043 -0.0043 0.0043 -0.0043 0 0 0.003 0.0043 0.0043 0 6.1979 

0 Artfcl 4 0 0 0 0 -0.0005 0.0005 0 0 0.0035 0.0035 1 -1 -0.0005 0 00.0035 1 9.0006 

 zj 0 0 0 0 1 0 0.334 0 -0.334 0 0 0.34 0 0 0 0 0 

 cj-zj 0 0 0 0 -0.5 0 -0.167 0 -0.167 0 0 -0.17 0 0 0 0  



46 
 

The weighted goal programming model is solved by using QM for Windows 

computer package within the linear programming module. After six iterations, the 

optimal solution is obtained as  

𝑥𝑠 = 0.30 

𝑥𝑝 = 6.20 

𝑥𝑓 = 1 

𝑑−
4 = 9 

𝑥𝑡  = 𝑑1
− =  𝑑1

+ = 𝑑2
− = 𝑑2

+= 𝑑3
− = 𝑑3

+ = 𝑑4
+ = 0 

According to the approximate results of the problem; the function values reached their 

predetermined goals without deviation, x values defined the optimal tax ratios in order 

to achieve the goals to be reached successfully. 

 

4.6 RESULTS AND DISCUSSION 

The solution has satisfied all the goals; however, the only goal which is not met is 

petrol tax, which is missed by PKR 9 per liter. The tax ratios will provide the policy 

makers of the country an opportunity to choose the optimal tax ratios for the coming 

years. The study is an important aid to the country as its policy makers continue to 

alter and revise the country‟s tax structure to meet the needs and conditions of the 

state. The model may also help the other developing countries to make their tax policy 

in line to provide an ease to their inhabitants. 

 

4.7 CONCLUSION 

We developed an optimized mathematical model by using goal programming 

methodology which is widely utilized interactive multi-objective linear programming 

to calculate and allocate best tax ratios for planning the tax structure which maximizes 

the growth with increased revenue while minimizing the excess burden without 

distorting the morale of the general public. Insights gained by this will provide 

opportunities for the government in analyzing taxation in Pakistan and policy makers 

to determine tax ratios for the coming years in accordance with their strategies and 

policies just by assessing the outcomes, both in the short and the long period by 

setting its objectives. As the accuracy of optimum tax ratios is central to the entire 

process of economic reforms and nation‟s budget planning. This study is an attempt to 
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offer a template that can be used as a starting point to better understand the tradeoffs 

and the alternatives available to improve the country‟s tax structure. 
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5.1 INTRODUCTION: 

Fiscal policy allows the government to reduce unemployment rates, stabilize inflation, 

even out business cycles and control interest rates in an attempt to manipulate the 

economic system. Keynes (1883-1946) endorsed the fiscal policy as it is believed that 

governments could change economic performance by determining tax rates and 

government expenditure. One of the primary sources of government funds is the 

taxes, they collect. Taxes are mandatory payments levied by the government of a 

nation upon its inhabitants to create welfare for the company by providing public 

services, protection to properties, defense expenses, economic infrastructure etc. 

Every government charge taxes in order to finance programs that are important to its 

fellow countrymen, without a stable and reliable tax system the government‟s ability 

to maintain these programs is impaired. To ensure the financial position of any 

country stronger, its government must monitor not only the expenditure but also the 

collection of tax revenues on a regular basis. 

Tax revenues usually move in tandem with economic performance. In most advanced 

countries, there is a unit in the government that employs professionals to monitor the 

GDP and other economic indicators, as well as to make economic forecasts of these 

economic indicators. With these forecasts, the government also develops various 

mathematical and statistical models to forecast tax revenues for each budget. The 

methods have been progressing as the demand for the better revenue forecasting 

increases (Kuo, 2000). 

All taxpayers contribute to the economic growth and development. The income that is 

collected from the taxpayer‟s is called income tax revenue. The amounts of charges 

that will be collected depend upon the payers‟ job position, salary, family status, etc. 

Majority of developing countries are depending on income tax revenue for the 

efficiency and effectiveness of their economic growth and stability and Pakistan is 

one of those. As income tax revenues accounts major contribution to the direct 

revenues of Pakistan. 
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The fiscal deficit has been the central issue of the vast majority of the developing 

countries throughout the decades, causing an expansion in the financial hole due to 

low revenue collection and rapid expansion in expenditure. This work is an effort to 

formulate a mathematical model to estimate the Income Tax Revenue of Pakistan. 

The study used Matrices and Multiple Regression Analysis. We utilized empirical 

data from 1981-2014 with five predictive variables Crude Oil Prices (𝒙𝟏), Inflation 

Rate (𝒙𝟐), Unemployment rate (𝒙𝟑), Real Gross Domestic Product Growth Rate (𝒙𝟒) 

and Employed Population (𝒙𝟓) to examine their effect on Income Tax Revenue (y). 

Detailed residual analysis is performed to verify the basic assumptions. The model 

will be of great importance in assessing future changes in Income tax revenue of 

Pakistan and assist the government to play a significant role in the socioeconomic 

development of a country and its inhabitants. Also, Insights gained from this 

investigation may provide opportunities for the Government to analyze taxation in 

Pakistan. 

5.2     METHODOLOGY 

In this study data from 1981-2014 for empirical analysis is used, which has been 

collected through secondary data sources, which includes International Financial 

Statistics, State Bank of Pakistan, Federal Bureau of Statistics, World Development 

Indicator, Pakistan Economic Survey and Pakistan Labor Force Survey. So the 

reliability of the results is subject to the accuracy of the source. 

Since there were more than one predictors involved, therefore a mathematical model 

using matrices and multiple regression is being developed and applied to achieve 

desired objectives. The said model for k independent variables is 

 

𝑦𝑖 = 𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2 + ⋯ . . +𝛽𝑘𝑥𝑖𝑘 +∈𝑖 𝑖 = 1,2,3, ….                                (5.1) 

Using matrix notation we can write     

  𝑌 = 𝑋𝛽+∈              (5.2) 
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𝑌 =  

 
 
 
 
 
𝑦1

𝑦2.
..
𝑦𝑛  

 
 
 
 

   ;  𝑋 =  

 
 
 
 
 
1 𝑥11 .   .     . . 𝑥1𝑘

1 𝑥21  .   .    . 𝑥2𝑘
.
.
1

.   .     .      .

.     .     .    .
𝑥𝑛1.    .     .

.

.
𝑥𝑛𝑘  

 
 
 
 

  ;  𝛽 =

 
 
 
 
 
𝛽0

𝛽1.
.
𝛽𝑘 

 
 
 
 

   ;  ∈=

 
 
 
 
∈1

∈2.
.

∈𝑛  
 
 
 

 

 

 

The dimensions of all matrix components of regression models can be found inTable 

10. 

Table-10 Matrix Dimensions 

 

 

 

 

 

 

 

 

If b is a k×1 vector of estimates of β, then estimated model is  

𝑌 = 𝑋𝑏        (5.3) 

In order to estimate the least square estimator b we need to minimize the sum of 

squared residual SSE ( 𝑒𝑖
2𝑛

𝑖=1 ) of the vertical distance from each data point on the 

line Gordon and Gordon (2004) and Scarianio and Calzada (2004). 

 

The least squares estimates are obtained by the following matrix formula 

  𝑏 =   𝑋′𝑋 −1𝑋′𝑌                (5.4) 

 

 

 

   

   MODEL               MATRIX        DIMENSION 

 

 

Multiple Linear 

Regression 

 

 

 

Y 𝒏 × 𝟏 

 

 

X 𝒏 × (𝒌 + 𝟏) 

 

 

 𝜷 (𝒌 + 𝟏) × 𝟏 

 

 

 ∈ 

 

 𝒏 × 𝟏 
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Where the nature of the matrix X is 

A = 𝑋′𝑋 =  

 
 
 
 

𝑛  𝑥2𝑖
𝑛
𝑖=1  𝑥2𝑖

𝑛
𝑖=1 ⋯  𝑥𝑘𝑖

𝑛
𝑖=1

 𝑥1𝑖
𝑛
𝑖=1  𝑥1𝑖

2𝑛
𝑖=1  𝑥1𝑖

𝑛
𝑖=1 𝑥2𝑖⋯  𝑥1𝑖𝑥𝑘𝑖

𝑛
𝑖=1

⋮
 𝑥𝑘𝑖

𝑛
𝑖=1

⋮
 𝑥𝑘𝑖𝑥1𝑖

𝑛
𝑖=1

⋮
 𝑥𝑘𝑖𝑥2𝑖 

𝑛
𝑖=1 ⋯

⋮
 𝑥𝑘𝑖

2𝑛
𝑖=1  

 
 
 

    and  

  g = 𝑋′𝑦 =   

 𝑔0

𝑔1

⋮
𝑔𝑘

 =  

 
 
 
 

 𝑦𝑖
𝑛
𝑖=1

 𝑥1𝑖𝑦𝑖
𝑛
𝑖=1

⋮
 𝑥𝑘𝑖𝑦𝑖

𝑛
𝑖=1  

 
 
 
 

Now the normal equation can be expressed in the matrix form as  

Ab = g        (5.5) 

If the matrix A is non-singular and the variables 𝑥1 , 𝑥2 …𝑥𝑛  are linearly independent 

then solution for the regression coefficients is 

                               𝑏 =  𝐴−1𝑔 =   𝑋′𝑋 −1𝑋′𝑦    (5.6) 

This research further followed by some statistical tools like Jarque Bera test for 

normality, Augmented Dickey Fuller test for stationarity, Durbin Watson test for 

Independence, Breuch Pagan test for heteroscedasticity , and Variance Inflation factor 

for multi-colinearity. All calculations are made by using a normal equation. The 

mathematical calculations are calculated using Matlab and multiple regression models 

are verified using Eviews. 
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5.3 EMPIRICAL RESULTS OF THE STUDY: 

5.3.1 Behavior of the graph of the Dependent and Independent Variables: 

To observe the time series movement of the variables used in this study, graphs are 

obtained. 

(a) Crude Oil Prices (𝒙𝟏): 

The explanatory variables COP(𝒙𝟏) follows decreasing trend between 1985 and 1998 

and then started increasing and reached a maximum of $100 a barrel recorded a sharp 

fall to $60 and then increases to $90 in 2010 with little variation till 2014. 
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(b) CPI Inflation (𝒙𝟐): 

CPI recorded a variation between 4% and 12%, mostly with the maximum of 20% 

reached in the year 2008, UEMR (𝑥3), GDPGR (𝑥4) and EMP (𝑥5), graphs are drawn 

that connects the movement of each independent variable with the dependent variable.  
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(c) Unemployment Rate (𝒙𝟑): 

The time series graph of UEMR exhibited the variation between 3% and 8%. In 1990, 

it has recorded a sharp increase from 3.5% to 6.5%, it then started decreasing and 

reached at the level of 4.5% between 1993 and 1994. It started increasing and reached 

the highest value closer to 8% in the year 2002. From 2007 to 2014, it recorded the 

increase in almost constant rate of 5% per annum. 
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(d) GDP Growth (𝒙𝟒): 

The GDPGR recorded the highest growth rate of 8% in the year 1981and started 

fluctuating between 5% to 8% per annum unless reached the level of 1.5% in the year 

1993 due to the severe floods of 1992 which had devastated the agricultural field and 

affected the overall GDPGR adversely due to the decline in the contribution of the 

agriculture sector in the GDP. The same situation occurred in the years 1997, 2008 

and 2010.   
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(e) Employed Population (𝒙𝟓): 

The graph of EMP reflects the growth approximately at the linear rate started from 26 

million in 1981 to nearly 60 million in 2014. If the population growth rate is 

incorporated, it can be interpreted in terms of the constant rate.  
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(f) Income Tax Revenue (y) 

ITR, the dependent variable follows the path almost same as the employed population 

and it is expected to have a strong correlation between these two variables. Tax 

revenue has started with Rs. 10000 million in 1981 and attained the value above Rs. 

700, 000 million in the year 2014. 
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5.3.2 Correlation of the Variables: 

The scattered diagrams indicate that the relationship of𝑥1 and   𝑥2 with y is weak and 

positive; it is moderate and positive between 𝑥3 and y, whereas the relationship 

between 𝑥4 and y has started with the mix of high and low values, but later 

consistently followed the pattern to be less than 200K and consequently ended up 

with inverse relationship. The relationship between 𝑥5 and y is positive and follows 

an increasing exponential path. 
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Unemployment Rate 

 

 

GDP Growth 

 

Employed Population  

Fig – 3: Correlation of Variables.    
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5.3.3 Relationships of the Dependent and Independent Variables 

To observe the strength of the relationship between each explanatory and response 

variable, correlation matrix is obtained. Table 11 exhibits the correlation matrix. To 

obtain the correlation matrix, ln transformation has been taken to harmonize the 

variability among different variables exists due to the different units of measurements 

and scale of variation.  The table indicates that the correlation coefficient between 

ln𝑥5 and lny 0.97 (highest) implies that there is a very strong positive relationship 

exists between employed population and tax revenue, the next in order is the 

correlation coefficient value of 0.6075 between ln𝑥3 and lny i.e. between 

unemployment rate and tax revenue. Contrasting to the expectations, the relationship 

between the unemployment rate (ln𝑥3) and tax revenue comes up 0.6076 with a 

positive sign implies that there is a positive correlation exists between these two 

variables.  

 

Table - 11: Correlation Matrix 

  Y X1 X2 X3 X4 X5 

Y 1 

     X1 0.20502 1 

    X2 0.246441 0.336247 1 

   X3 0.607595 -0.16009 -0.17722 1 

  X4 -0.54542 0.13107 -0.22716 -0.27026 1 

 X5 0.97024 0.347945 0.250252 0.52214 -0.43752 1 

 

The stagnant unemployment rate throughout the data that ranges between 3% and 7% 

is responsible for this positive correlation as by the passage of time population grows 

and if for growing population the unemployment rate remains constant, the number of 

contributors in the tax revenue increases. There is no evidence of multicolinearity is 

reflected in the correlation matrix as the coefficient of correlation between regressors 

are all below 0.5 except between unemployment rate and employed population. 
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5.3.4    Stationarity (Unit Root Test) 

To determine the stationarity of time series, Augmented Dickey Fuller (ADF) Test is 

used. The test result indicates that for the variable GDP Growth, the null hypothesis of 

unit root is not rejected. The results are summarized in table 12. (Detailed Results are 

in Annexure 3). 

The results of unit root tests indicate that the null hypothesis of “It has a unit root” is 

not rejected in the case of variables 𝑥1,𝑥2,𝑥3, 𝑥5 and y as the p values are 0.4401, 

0.0683, 0.4217, 0.9996 and 1.0000 respectively. It is suggested that the lagged values 

of the variables Crude Oil Prices (𝑥1), CPI Inflation (𝑥2), Unemployment Rate (𝑥3) 

and Employed Population (𝑥5) can be taken in the regression model rather than taking 

them at level. It can be noticed that explanatory variables, one year lag of Crude Oil 

Prices (lnx1(-1)), one year lag of CPI Inflation (lnx2(-1)) and lag of GDP Growth 

(lnx4(-1)) are found statistically significant. 

 

Table - 12: Unit Root Test of Variables 

 

 

 

 

 

Variables t P Value (Sig.) Lagged Values (Sig.) 

Crude Oil Prices (lnx1) 

CPI Inflation (lnx2) 

Unemployment Rate (lnx3) 

GDP growth (lnx4) 

Employed Population (lnx5) 

Tax Revenue (lny) 

-1.5616 

-2.2933 

-1.7613 

-3.6299 

1.4244 

0.6624 

0.4401 

0.0683 

0.4217 

0.0159 

0.9996 

1.0000 

0.1064 

0.0086 

0.0990 

0.0016 

0.0855 

0.0000 
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5.4 Proposed Mathematical Model 

In formulating a mathematical model for ITR of Pakistan, we used the linear equation 

(𝑿′𝑿)𝒃 = 𝑿′𝒚 



























2046.4036063.1586341.1819810.22642084195508.111

6063.1589728.725585.704960.888826.1685524.44

6341.1815585.706179.839797.1007742.1871930.50

9810.2264960.889797.1008206.1348493.2388421.62

8419.4208826.1687442.1878493.2389800.4456833.116

5508.1115524.441930.508421.626833.11631
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8.1236

5.477

9.558

6.696

9.1285

9.340

 

 

The estimated regression coefficients are obtained by using the relation                                  

𝒃 =   𝑿′𝑿 −𝟏𝑿′𝒚=𝑨−𝟏𝒈 

b =







































2202.11497.05936.00782.02768.04444.2

1497.01625.00286.00443.00599.06826.0

5936.00286.08311.01020.01895.01706.0

0782.00443.01020.01772.00393.01588.0

2768.00599.01895.00393.02437.00622.0

4444.26826.01706.01588.00622.06417.10
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9.558

6.696

9.1285

9.340

 

 

The coefficients are obtained using MATLAB 

b=

































1291.5

2318.0

5081.0

2391.0

2850.0

3612.7
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Therefore, the Income Tax Revenue in the Pakistan can be estimated by using the 

following mathematical model 

𝑙𝑛 𝑦  = −7.3612 − 0.2850 𝑙𝑛 𝑥1 −1  + 0.2391 𝑙𝑛 𝑥2 −1  + 0.5081 ln(𝑥3)

− 0.2318 ln 𝑥4 −1  + 5.1291 ln(𝑥5) 

The mathematical model has been verified by some statistical tools using Eviews. 

 

Table – 13: The Fitted Model 

Dependent Variable: LNY   

Method: Least Squares   

Date: 02/22/16   Time: 11:50   

Sample (adjusted): 1982 2012   

Included observations: 31 after adjustments  

     
     Variable Coefficient Std. Error t-Statistic Prob.   

     
     C -7.361169 0.793389 -9.278132 0.0000 

LNX1(-1) -0.284981 0.120051 -2.373835 0.0256 

LNX2(-1) 0.239056 0.102368 2.335262 0.0279 

LNX3 0.508117 0.221724 2.291666 0.0306 

LNX4(-1) -0.231769 0.098030 -2.364273 0.0261 

LNX5 5.129118 0.268655 19.09183 0.0000 

     
     R-squared 0.975385     Mean dependent var 10.99706 

Adjusted R-squared 0.970463     S.D. dependent var 1.415126 

S.E. of regression 0.243210     Akaike info criterion 0.182202 

Sum squared resid 1.478776     Schwarz criterion 0.459747 

Log likelihood 3.175876     Hannan-Quinn criter. 0.272675 

F-statistic 198.1323     Durbin-Watson stat 1.297560 

Prob(F-statistic) 0.000000    
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It can be noticed that explanatory variables, one year lag of Crude Oil Prices (ln𝑥1(-

1)), one year lag of CPI Inflation (ln𝑥2 (-1)) and lag of GDP Growth (ln𝑥4(-1)) are 

found statistically significant. The model has an R
2 

value of 0.975 that implies that the 

combination of explanatory variables included in the mathematical model is 

accountable for explaining 97.53% variation in the Tax Revenues. Durbin Watson 

statistics value of 1.297 is greater than 1 does indicate that there is no serious problem 

of positive serial correlation.  

The regression coefficient in the fitted regression model indicates that the employed 

population emerged as the major significant determinant of tax revenue, and a given 

unit increase in the employed population (in million) increases tax revenue by 

5.129%. Next in the order is the unemployment rate that ended up with a sign 

contradictory to the theoretical framework. One year lag of Crude oil prices gave the 

sign same as Urrutiaet. al. (2015) and can be interpreted as any given 1 % increase in 

the crude oil prices causes a fall in tax revenue of 0.23% and a 1 % increase in CPI 

causes tax revenue to increase by the extent nearly same as that of crude oil prices. 

5.5   MATHEMATICAL MODEL DIAGNOSTICS  

(a) Test for Serial Correlation: 

To determine the existence of positive serial correlation, Serial Correlation LM test is 

conducted in which residuals are regressed on its two lags along with explanatory 

variables. The results are indicated in the following table.  The probability (p 

value=0.1627) of the F Statistic indicates that the null hypothesis of no serial 

correlation is not rejected and the lagged values of residuals are found statistically 

insignificant.(See Annexure 4 & 5). 

(b) Multicolinearity: 

To detect the existence of significant correlation among regressors, Variance Inflation 

factor scores are obtained and it is found that all the VIF values are less than 10, it 

implies that the problem of multicolinearity does not exist. (See Annexure 6). 
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(c) Normality of Residuals: 

The normality histogram of residuals indicates that the residuals are approximately 

normally distributed, the measure of skewness (closer to zero) and kurtosis (closer to 

3). The probability associated to the Jarque-Bera test is greater than 0.66 implies that 

the null hypothesis that residuals follow normal distribution is not rejected and it can 

be concluded that residuals follow approximately normal.   

 

 Fig – 4: Normality of Residuals 

 

(d) Difference between Actual and Predicted Value: 

The relationship between actual values and fitted values and the residuals are 

compared in the graph that clearly indicates that the residuals are independently 

distributed. There is no trend exists between the actual values of the dependent 

variable and residuals. Also, the fitted time series model gives the predicted values 

closer to the actual values (see Annexure 7). Chi Square goodness of fit test is used to 

compare the actual and predicted values. The calculated value of Chi Square statistics 

is 0.1353 (see Annexure 7) which is not statistically significant and supported the null 

hypothesis that there is no significant difference exists between actual and predicted 

values. The graph of actual, predicted and residuals is also drawn (see Annexure 8). 
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5.6     SUMMARY OF FINDINGS 

The original data does not follow normality assumption and consequently the natural 

log transformation has been taken of all the variables. The ADF test results indicated 

that the unit root exists ln transformation of the variables Crude oil prices (ln𝑥1), CPI 

(ln𝑥2), Unemployment rate (ln𝑥3) and Employed population (ln𝑥5), therefore their 

one lags are taken as regressors in the fitted model. The model diagnostics indicate no 

existence of multicollinearity among regressors as the values of Variance Inflation 

Factor for all regressors are found less than 10. The Durbin Watson value of nearly 

1.30 indicates that there is no problem of positive serial correlation and the residuals 

are independently distributed. The application of Breusch-Godfrey Serial Correlation 

LM test result also confirmed it. 

5.7 CONCLUSION 

Crude oil prices, CPI, Unemployment rate, GDP and Employed population appeared 

as significant determinants of Income Tax Revenue in Pakistan. We noticed that the 

mathematical model has an appearance of negative sign with GDP growth indicates 

that the increase in GDP reduces the tax revenue. This specifies the need for policy 

reform as it reflects that even though the GDP is growing, but it does not contribute to 

the simultaneous growth in the tax revenues. Another reason for this inverse 

relationship may be due to the weaknesses or loopholes in the legal framework 

regarding tax collections that exists in the country. It is not very difficult for the tax 

payers to escape from the tax net or for the corporate sector to transform their profits 

into losses in their annual Profit and Loss Statements.  

Crude oil price is another explanatory variable that appeared with a negative sign. It 

may be due to the fact that at higher international oil prices, the government is left 

with relatively little opportunity to earn higher amounts of tax revenue as compared to 

the case of scenario of low price. The margin of tax revenues in the era of higher oil 

prices is low as compared to the years when the oil prices are low. Malik (2008) 

elaborated the effect of Crude oil prices on tax revenues as the “Taxes on petroleum 

items are the biggest source of indirect incomes in Pakistan. With the rise in global oil 

price government adjusted its petroleum development levy (major source of indirect 

taxes) thus having a negative impact on total revenues.” 
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Unemployment rate ended up with a positive relationship with the tax revenue is 

again another finding contradictory to the economic theory that proposes that if the 

unemployment rate reduces, it increases the tax revenue collection.  

5.8 RECOMMENDATIONS  

The study concludes that all considered factors are significant which can affect the 

Income Tax Revenue of Pakistan. In such situation, the Pakistani government should 

give more consideration on implementing programs to improve these factors 

otherwise the increasing gap between rich and poor segments of the society would be 

damaging for the country as it increases the chances of social conflict and crimes. The 

income tax is the main source of direct tax and used as a tool by reducing income 

inequalities therefore a socioeconomic cost and benefit analysis is required before 

taking any decision on the income tax. Also, it is recommended to look for other 

factors like poverty incidence, property tax, poll tax, tax efforts, income distribution, 

and the number of taxpayers and including more series of data to estimate Income 

Revenue of Pakistan more precisely. Further, the reasons of contradictory 

relationships of the three important determinants of tax revenue are to be further 

investigated in detail and the tax reforms or policies should be designed in such a 

manner that there will be no possibility to evade tax liability that anyone is liable for. 
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6.1 INTRODUCITON: 

Calculating the shortest path between two locations in a road network is a significant 

problem in network analysis. Roads play a pivotal role in day to day activities of 

masses live in places and areas. They travel for various purposes that are, to study, to 

work, to shop and to supply their goods and the like, from one place to another place. 

Even in this modern era, roads remain one of the mediums used most frequently for 

travel and transportation. 

Karachi is the largest and the most populous city in Pakistan and the 7th largest and 

most populous urban city in the world and the second largest in the Muslim World. 

The city is a hub of higher education in South Asia and the Muslim world. It is 

the capital of Sindh province of Pakistan. It has an approximated populace of more 

than 23.5 million individuals as of 2013, and area of around  3,527 km
2
  resulting in a 

density of more than 6,000 people for each  square kilometer. It is Pakistan's center of 

banking, industry, financial activity and trade and is home to Pakistan's leading 

organizations, incorporating those involved in software development, entertainment, 

fashion, advertising, medical research, publishing,  textiles, the arts, shipping and  

the automotive industry, and there are places which frequently visit by the inhabitants 

for their miscellaneous requirements. Federal Board of Revenue (FBR) is one of the 

departments that deal with taxation and revenue generation in the country. 

In 1924, after the enactment of the Central Board of Revenue Act, the Central Board 

of Revenue was formed on April 1, 1924. Then, in 1944 a separate Revenue Division 

was developed under the Ministry of Finance. After independence, this course of 

action proceeded up to 31 August 1960 when on the suggestions of the Administrative 

Reorganization Committee, CBR was made a connected bureau of the Ministry of 

Finance. Further changes were made in 1974 to streamline the organization and its 

capacities. Therefore, the post of Chairman CBR was created with the status of ex 

officio Additional Secretary and Secretary Finance was relieved of his responsibilities 

as ex officio Chairman of the CBR. In 2007 after the establishment of FBR Act 

2007 the Central Board of Revenue was given the status of the Federal Board of 

Revenue in July 2007. 
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It is the supreme federal agency of Pakistan, which audits, enforces and collects revenue 

for the Government of Pakistan and also conducts audits of taxpayers 

(en.wikipedia.org/wiki/Federal_Board_of_Revenue_(Pakistan). A common man 

residing near or distant areas of Karachi often visit FBR for different purposes such as 

to settle their business / property and tax related issues, employee to work,  students 

and researchers to gather information and to collect data used in their research and so 

on. Being ignorant of the shortest routes people sometimes have to travel long 

distances, consume extra precious time, money and bare undesirable mental stress. . 

For a consistency of the study, we focused on two different areas of the city i.e. Nagan 

Chowrnagi (NC) as a source or starting node and FBR (located at tower) as a 

destination node. The first chosen area is one of the densely populated areas of Karachi, 

Pakistan. A large number of middle and lower-middle class resides there and its 

adjoining areas. On the other hand, the second chosen area is a business hub, which 

includes many national and international offices like FBR. 

In order to facilitate the masses, an effort is being made to develop a prototype based 

on Dijkstra‟s Algorithm (DA) to establish a shortest route, that will  help individuals 

in navigation and subsequently alleviate difficulties faced by  them in travelling/ road 

networks. 

6.2 METHODOLOGY: 

DA is considered an appropriate in finding the optimal path between two nodes in a 

network. As such, it is used in this study to achieve the desired objectives. The 

description of the DA is as follows. 

Let 𝑢𝑖be the shortest distance from source node 1 to node i, and the length of arc (i, j) 

is defined as 𝑑𝑖𝑗 (≥0). Then the algorithm labels an immediate successor of node j as 

[𝑢𝑖 , i] = [𝑢𝑖+𝑑𝑖𝑗 , i], 𝑑𝑖𝑗 ≥0. 

The starting node is labeled as [0, -], which indicates the node has no predecessor. 

There are two types of labeling nodes in DA: temporary (TEM) and permanent (PER). 

If the shortest route to a node can be determined, then the status of the temporary 

label (TEML) is modified, and converted to PER. 
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Step I:  Initialize by assigning a permanent label (PERL) [0, -] to source node (node 

1). Set i = 1, 

Step II: (a) Calculate the TEMLs [𝑢𝑖+𝑑𝑖𝑗 , i], for every node j that can be approached 

from node i, provided j is not PERL. If node j is already assigned [𝑢𝑗 , k] through 

another node k and if 𝑢𝑖+𝑑𝑖𝑗 , <𝑢𝑗 , then node j is labeled as [𝑢𝑖+𝑑𝑖𝑗 , i] instead of [𝑢𝑗 , 

k].  

(b) If PERL‟s are assigned to all the nodes, stop. Or else, choose the label [𝑢𝑟 , s] 

having the shortest distance (=𝑢𝑟 ) among all the TEMLs. Set i = r and go to step I 

(Taha, H. A. 1982).  

6.3 PROBLEM FORMULATION: 

The given network provides routes with their distances in Kilometers 

(www.google.com/maps/) between area 1 (node 1) and ten other areas (nodes 2, 3, 4, 

5, 6, 7, 8, 9, 10, 11). The selected nodes are those areas of Karachi, Pakistan which 

are traversed more frequently. So, we consider this road network to implement the 

DA to obtain the shortest path from node 1 to node 11. 
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Fig - 5: Network Diagram 
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Detail of the nodes is listed in table 14 

Table – 14: Detail of Nodes 

List of Nodes Location of Nodes 

Node 1  Nagan Chowrangi (NC) - Source 

Node 2  KDA Chowrangi (KDAC) 

Node 3  Sohrab Goth (SG) 

Node 4  Karimabad (KB) 

Node 5  Nipa Chowrngi (NPC) 

Node 6  Nazimabad No. 4 (NZ) 

Node 7  Hassan Square (HS)  

Node 8  Mazar-e- Quaid (MQ) 

Node 9 Finance Trade Center (FTC) 

Node 10 Karsaz (KZ) 

Node 11 Federal Board of Revenue (FBR) -   Destination 

 

6.4 SOLUTION OF THE PROBLEM: 

According to the DA we start with iteration 1. 

The status of temporary and permanent nodes is represented by TEM and PER 

respectively. 

Iteration 1: Assign node 1 as PERL [0,-] i.e. the starting node. 

Iteration 2: Nodes 2 and 3 are successors of node 1. Thus, the status of labeled nodes is 

Node Label Status 

1 [0 , - ] PER 

2 [6 , 1] TEM 

3 [4.4 , 1] TEM 

 

  Between the two TEML‟s [6, 1] and [4.4, 1], node 3 has the minimum distance 

(𝑢3 = 4.4 ) .   Thus, node 3 is assigned as PER. 
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Iteration 3: Nodes 4 and 5 are successors of node 3, and the detail of labeled nodes is 

Node Label Status 

1 [0 , - ] PER 

2 [6 , 1] TEM 

3 [4.4 , 1] PER 

4 [10, 3] TEM 

5 [10.7 , 3] TEM 

 

Since min {6, 10, 10.7} = 6. Thus, the status of TEML [6, 1] at node 2 is changed to 

PER (𝑢2 = 6). 

 

 Iteration 4: Nodes 4 and 6 are successors of node 2, so the status of labeled nodes is 

 

Node Label Status 

1 [0 , - ] PER 

2 [6 , 1] PER 

3 [4.4 , 1] PER 

4 [9.2, 2] TEM 

5 [10.7 , 3] TEM 

6 [10.5 , 2] TEM 

 

Node 4‟s TEML [10, 3] in iteration 3 is modified to [9.2, 2] in iteration 4 indicating 

that a smaller distance has been determined through node 2. 

Since min {9.2, 10.7, 10.5} = 9.2 the status of TEML [9.2, 2] at node 4 is converted to 

PER (𝑢4 = 9.2). 
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 Iteration 5: Node 7 is a successor of node 4 and the status of labeled nodes is 

Node Label Status 

1 [0 , - ] PER 

2 [6 , 1] PER 

3 [4.4 , 1] PER 

4 [9.2, 2] PER 

5 [10.7 , 3] TEM 

6 [10.5 , 2] TEM 

7 [12.6 , 4] TEM 

 

Since min {10.7, 10.5, 12.6} = 10.5 the status of node 6 is converted to PER (𝑢6 =

10.5). 

 

Iteration 6: Nodes 7 and 8 are the successors of node 6, so the status of labeled nodes 

is changed as 

Node Label Status 

1 [0 , - ] PER 

2 [6 , 1] PER 

3 [4.4 , 1] PER 

4 [9.2, 2] PER 

5 [10.7 , 3] TEM 

6 [10.5 , 2] PER 

7 [12.6 , 4] TEM 

8 [17.1 , 6] TEM 

 

Since min {10.7, 12.6, 17.1} = 10.7 the status of TEML [10.7, 3] at node 5 is 

converted to PER (𝑢5 = 10.7). 
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Iteration 7: Nodes 7 and 9 are the successors of node 5, and then the detail of labeled 

nodes is   

Node Label Status 

1 [0 , - ] PER 

2 [6 , 1] PER 

3 [4.4 , 1] PER 

4 [9.2, 2] PER 

5 [10.7 , 3] PER 

6 [10.5 , 2] PER 

7 [12.6 , 4] TEM 

8 [17.1 , 6] TEM 

9 [25 , 5] TEM 

 

 Since min {12.6, 17.1, 25} = 12.6 the status of node 7 is converted to PER (𝑢7 =

12.6). 

 

Iteration 8: Nodes 8 and 10 are the successors of node 7. Thus the detail of labeled 

nodes is modified  

Node Label Status 

1 [0 , - ] PER 

2 [6 , 1] PER 

3 [4.4 , 1] PER 

4 [9.2, 2] PER 

5 [10.7 , 3] PER 

6 [10.5 , 2] PER 

7 [12.6 , 4] PER 

8 [17.1 , 6] TEM 

9 [25 , 10] TEM 

10 [17.1 , 7] TEM 
 

 

Since min {17.1, 25, 17.1} = 17.1 so the status of TEML [17.1, 7] at node 10 is 

converted to PER (𝑢10 = 17.1). 
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Iteration 9: Node 11 is the successor of node 10. So the status of labeled nodes 

updated 

Node Label Status 

1 [0 , - ] PER 

2 [6 , 1] P ER 

3 [4.4 , 1] P ER 

4 [9.2, 2] PER 

5 [10.7 , 3] PER 

6 [10.5 , 2] PER 

7 [12.6 , 4] PER 

8 [17.1 , 6] TEM 

9 [25 , 10] TEM 

10 [17.1 , 7] PER 

11 [32.7 , 10] TEM 

 

Since min {17.1, 25, 32.7} = 17.1 the status of node 8 is converted to PER (𝑢8 =

17.1). 
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Iteration 10: Node 11 is the successor of node 8. Thus, the detail of labeled nodes is 

Node Label Status 

1 [0 , - ] PER 

2 [6 , 1] PER 

3 [4.4 , 1] PER 

4 [9.2, 2] PER 

5 [10.7 , 3] PER 

6 [10.5 , 2] PER 

7 [12.6 , 4] PER 

8 [17.1 , 6] PER 

9 [25 , 10] TEM 

10 [17.1 , 7] PER 

11 [26.1 , 8] TEM 

 

Node 11‟s TEML [32.7, 10] in iteration 9 is modified to [26.1, 8] in iteration 10 

indicating that a smaller distance has been obtained through node 8. 

Between [25, 10] and [26.1, 8], node 9 has the smallest distance. Thus, the status of 

node 9 is changed to PER (𝑢9 = 25). 
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Iteration 11: Now node11 is the only TEML left. 

Node  Label  Status 

1 [0 , - ] PER 

2 [6 , 1] PER  

3 [4.4 , 1] PER  

4 [9.2, 2] PER  

5 [10.7 , 3] PER  

6 [10.5 , 2] PER  

7 [12.6 , 4] PER  

8 [17.1 , 6] PER  

9 [25 , 10] PER  

10 [17.1 , 7] PER  

11 [26.1 , 10] TEM 
 

So its status is converted to PER (𝑢11 = 26.1). Because it does not lead to any other 

node. 

 

Iteration 12:  

Node  Label  Status 

1 [0 , - ] PER 

2 [6 , 1] PER  

3 [4.4 , 1] PER  

4 [9.2, 2] PER  

5 [10.7 , 3] PER  

6 [10.5 , 2] PER  

7 [12.6 , 4] PER  

8 [17.1 , 6] PER  

9 [25 , 10] PER  

10 [17.1 , 7] PER  

11 [26.1 , 10] PER  
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Therefore, the shortest route of the discussed road network is 

       (11) → [26 .1 , 8] → (8)   [17.1 , 6]  (6)   [10.5 , 2 ]  (2)  [6 ,1 ]   (1) 

 

6.5 EMPIRICAL RESULTS: 

With the help of DA, the shortest route/optimal path has been calculated from node 1 

(NC) to node 11 (FBR) and the required route is 1  2  6  8  11 with a total 

length of 26.1 Km. Thus, the masses residing in NC and its surrounding areas may 

follow this route NC KDAC  NZ  MQ  FBR. The route so established will be 

extremely valuable and address all the difficulties being faced by the people while 

travelling to their desired destinations and spend substantial money which is a burden 

on the pockets of financially hard-pressed people. 

6.6 CONCLUSION: 

In this study, we considered a real application of the classical Dijkstra‟s Algorithm for 

searching of an optimal path, i.e. the shortest route between two important places of 

the mega city Karachi, Pakistan, has been established. This practice of  identifying the 

shortest path for transportation purpose in the fast developing environment is also 

considered essential, as it minimizes transportation cost, reduce time and distance. It 

further gives reliability and flexibility in movement, particularly in natural calamities, 

disasters, accidents and enable one‟s to make the right decision for the best route in 

certain conditions. 
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7.1    INTRODUCTION: 

The tax-to-GDP ratio is a budgetary estimation that looks at the measure of duties 

accumulated by a legislature to the measure of income that the nation gets for its 

goods. That fee is calculated in terms of the GDP, which is the total of all products 

and goods sold, individual and government venture, and net exports. By comparing 

this amount to the amount that is collected in tax revenue, policy makers can evaluate 

a country‟s development and get an idea of how much the economy of a particular 

government is energized by its expense accumulation. 

Tax-GDP are related, at the point when tax incomes progress at a slower rate than the 

GDP of a nation, the tax to-GDP proportion drops; when GDP grows faster than tax 

income, the proportion increases. Expanding that nation's tax-GDP ratio may become 

essential if its financial deficiencies are high. This is on account of the higher the 

monetary shortfall, the more the gap between the income the government is creating 

from tax and different sources and the consumption it is causing in running the 

government. To bridge the gap between expenditure and income, the government 

needs more revenue, which it can get from tax revenues.  

Pakistan has one of the lowest tax to GDP proportions in the world as only 0.9 percent 

of the number of inhabitants in the nation pays income tax. Generally, the ratio has 

stayed stagnant at around 10-11% and really has shown a reduction in recent years. 

Today Pakistan has a lower tax to GDP ratio than other Asian nations like Malaysia 

(15.5), Indonesia (12), Sri Lanka (11.6), Thailand (17), Philippines (14.4) and India 

(17.7). In the literature, several reasons are discussed for the variations in tax revenue 

collection between developed and developing countries. These incorporate divergence 

in financial framework, nature of taxes, clearness and efficacy of the tax management 

framework and tax collection strategies etc. 

In a recent  report “ Unlocking Pakistan‟s Tax Revenue Potential “ by IMF, it has 

observed in categorical terms that „ regardless  of recent improvement under the 

program, Pakistan‟s tax returns stays very low contrasted with comparator developing 

nations and the tax endeavor projected for the country‟s level of development . This 

indicates narrow tax bases, overgenerous tax concessions and exemptions, powerless 

and dividend income organizations, and fundamental segments of the economy'. The 
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low tax to GDP ratio has made the task of development and macro-economic 

stabilization increasingly difficult as the taxes collected in the country is barely 

sufficient to cover debt servicing, defense and establishment expenditure and left no 

space for growth and development. There is a dire need of developing consistency in 

tax policy and plugging loopholes in the system to increase tax-to-GDP ratio. 

A government usually introduces its financial plan every year. The budget indicates 

the resources and utilization of funds for the fiscal year. Taxes in many countries are 

the key source of federal revenues. These types of taxes are levied on the income and 

on the consumption expenditures of numerous financial divisions inside the economy. 

From a macroeconomic point of view, an understanding of tax bases and their 

association with other financial factors in the economy is beneficial in deciding the 

degree to which tax revenues can be produced in a given economy at a certain time 

period. Hence, an exact estimation is important and of high importance to the 

economic community and the business world. In the endeavor to comprehend the 

business and monetary frameworks, mathematical models are used due to the detailed 

and analytical capabilities. Forecasts are essential for making decisions, planning, 

understanding and implementing imminent choices. In connection to this, financial 

matters need to utilize both quantitative and qualitative techniques in clarifying the 

fiscal condition of the market. In spite of the fact that in many occasions, it utilizes the 

quantitative strategies of mathematics. Several well-known economists Thomas 

Malthus, Evsey Domar and Pierre Verhaulst, utilized mathematical tools and tried to 

describe their most outstanding contributions to the field of economics usually as a 

model or a formal mathematical statement of an assumed relationship between several 

variables. In most of the developed models the relationships among the variables are 

expressed in terms of equations and system of equations. Least square linear 

regression, exponential smoothing and moving averages are among the well known 

models (Ramos, R. A., 2013). 

Thus, the primary objective of this study is to explore the trend and applied linear and 

nonlinear mathematical models such as a linear trend model, Quadratic trend model, 

and exponential growth model to get the best fit model in explaining and forecasting 

tax to GDP ratio of Pakistan by using time series. The data are taken from the World 

Bank Development Indicator over the period of 1991-2013 (23 years) and forecasting 

of the data is done up to 2025. We evaluate the performance of the competing models 
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on the basis of the minimum values of the forecasting errors, namely mean squared 

deviation (MSD), mean absolute percentage error (MAPE) and mean absolute 

deviation (MAD). The empirical evidence derived from our investigation 

recommends Quadratic model is suitable for estimating future forecasts of tax to GDP 

ratio. The forecast values have an increasing trend this may be due to hectic efforts of 

Federal Board of Revenue (FBR) to surpass the revenue collection targets set for the 

fiscal years.  Insights gained from this study will facilitate the policy makers and 

government to take result oriented measures for improving tax to GDP ratio. 

7.2   METHODOLOGY: 

In this study linear and nonlinear models such as a linear trend model, quadratic trend 

model, and the exponential Growth model is applied to find the best fitted model to 

forecast tax to GDP ratio of Pakistan. The best fit model is obtained on the basis of 

three accuracy measures. 

7.2.1   Forecasting Models: 

For forecasting and trend analysis the following models proposed by Boken (2000) 

and Rimi et al. (2011) are utilized.  

1. Linear Trend Model 

The simplest model of the time series is the linear trend model 

𝑌 =  𝛽𝑂 + 𝛽1𝑡 

Where  

Y = annual tax to GDP ratio 

t = time period 

𝛽𝑂𝑎𝑛𝑑 𝛽1are the regression coefficients of the model. 
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2. Quadratic Trend Model: 

A linear trend is not suitable for all time series. Some data have curvature which must 

be defined by a more complex model such as a quadratic trend model, which have the 

following form     

𝑌 =  𝛽𝑂 + 𝛽1𝑡 + 𝛽2𝑡
2 

3. Exponential Growth Model: 

The exponential growth trend model which is also known as logs linear trend model 

describes exponential growth or decay.  The model is  

𝑌 =  𝛽𝑂𝑒
𝛽1𝑡  

7.2.2   Diagnostic Measures for the Selection of Best Forecasting Model: 

Forecasting errors also termed as accuracy measures are utilized to select the best fit 

model. These are mean absolute deviation (MAD), mean absolute percentage error 

(MAPE) and mean squared deviation (MSD). 

1. Mean Absolute Percentage Error (MAPE): 

It measures the accuracy of fitted time series values as a percentage of the error. It is 

very simple and easy to comprehend as compared to the other statistics. For example, 

if the MAPE is 7, on average, the forecast is off by 7% (Hyndman .R.J ,2014) .The 

equation is: 

  (𝑌𝑡 − 𝑌𝑡  )/𝑌𝑡  
𝑛
𝑡=1

𝑛
× 100,     (𝑌𝑡 ≠ 0) 

Where 

 𝑌𝑡  = the actual value, 

𝑌𝑡 =the fitted value, and  

n = the number of observations 
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2.  Mean Absolute Deviation (MAD): 

MAD defines the accurateness of the fitted time series data in the same units as the 

data, which aid in conceptualizing the degree of error. It is the average of the absolute 

deviations, whereas an absolute deviation is the absolute value of the difference of the 

actual data and the fitted values.  Outliers have less of an effect on MAD than on 

MSD (Hyndman et. Al., 2006).The equation is: 

  𝑌𝑡 − 𝑌𝑡  𝑛
𝑡=1

𝑛
 

3. Mean Squared Deviation (MSD): 

It is a commonly utilized measure of precision of fitted time series values. It is always 

calculated the same denominator regardless of the model. It is a more sensitive 

measure of an unusually large predicted error than MAD. It sums up the squared 

deviations instead of summing the absolute deviations. The equation is: 

  𝑌𝑡 −𝑌𝑡
  

2
𝑛
𝑡=1

𝑛
 

Minimum figures of all these measures specify a good fitting of the model and the 

best model further yields the smaller error of forecasting (Karim et al., 2010). 
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7.3   RESULTS AND DISCUSSION: 

The time series parameter of tax to GDP ratio of Pakistan during 1991 – 2013 has 

been depicted in figure 6, which illustrates the mix of upward and downward trend. 

The ratio has the highest value of 13.82 in 1996 and the lowest value of 8.75 in 2006.  

20
13

20
12

20
11

20
10

20
09

20
08

20
07

20
06

20
05

20
04

20
03

20
02

20
01

20
00

19
99

19
98

19
97

19
96

19
95

19
94

19
93

19
92

19
91

14

13

12

11

10

9

Year

T
a

x
-t

o
-G

D
P

Figure - 6 :Time Series Plot of Tax-to-GDP

 

Figure – 6: Time Series Plot of Tax-To-GDP 

Smaller values of the diagnostic measures specify the best fitted model with minimum 

forecasting errors. The best forecast model for tax-to-GDP ratio of Pakistan is a 

Quadratic Model because the MAPE, MAD and MSD results are minimum for 

Quadratic Model which are 7.00201, 0.77889 and 0.87497, respectively (Table- 15 ). 
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Table - 15: Selection criteria for Best Forecasting Model  

Forecasting Models Criteria 

MAPE MAD MSD 

Linear Trend 7.57727 0.81977 0.98786 

Quadratic Trend 7.00201 0.77889 0.87497 

Exponential Growth 7.35128 0.80267 0.95429 

Twelve years (2014-2025) forecast values of tax-to-GDP ratio are calculated by using 

the best fit model i.e. Quadratic model and is presented in table 16. The results 

indicated an increasing trend (Figure 9) which is a satisfactory situation and the 

Government and policymakers must take some serious actions to further improve the 

tax to GDP ratio on priority basis. 

 

Table – 16: Twelve Years Forecast of Tax-to-GDP Ratio 

Year Forecast Year Forecast 

2014 9.6037 2020 9.9855 

2015 9.6245 2021 10.1091 

2016 9.6625 2022 10.2498 

2017 9.7176 2023 10.4076 

2018 9.7898 2024 10.5825 

2019 9.8791 2025 10.7746 

 

 



86 
 

2021201620112006200119961991

14

13

12

11

10

9

Year

Ta
x-

to
-G

D
P MAPE 7.00201

MAD 0.77889

MSD 0.87497

Accuracy Measures

Actual

Fits

Forecasts

Variable

Figure - 7 : Trend Analysis Plot for Tax-to-GDP
Quadratic Trend Model

Yt = 14.241 - 0.399*t + 0.00856*t**2

 

Figure – 7: Trend Analysis Plot for Tax-to-GDP 

 

7.4 PROPOSED MATHEMATICAL FORECASTING MODEL: 

The best forecast model for tax-to-GDP ratio of Pakistan is a Quadratic Model 

because the MAPE, MAD and MSD results are minimum for this model. 

Therefore, the tax-to-GDP ratio of Pakistan can be forecasted by the following 

mathematical model  

𝑦 𝑡 = 14.241 − 0.399 𝑡 + 0.00856 𝑡2  

Also, the difference between actual and fitted values clearly indicates that there is no 

significant difference exists between actual and predicted values (Table 17). 
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Table – 17: Difference between Actual and Forecasted Values 

Actual Forecasted Residual 

 12.2300  13.8507 -1.62065 

 12.9900  13.4776 -0.48765 

 12.8300  13.1218 -0.29177 

 12.7500  12.7830 -0.03301 

 13.2500  12.4614  0.78863 

 13.8200  12.1569  1.66314 

 12.7400  11.8695  0.87053 

 12.8300  11.5992  1.23079 

 13.1700  11.3461  1.82393 

 10.0900  11.1100 -1.02005 

 10.0400  10.8912 -0.85115 

 10.3100  10.6894 -0.37938 

 10.7800  10.5047  0.27527 

 10.2800  10.3372 -0.05720 

 9.60000  10.1868 -0.58680 

 8.75000  10.0535 -1.30352 

 9.23000  9.93736 -0.70736 

 9.49000  9.83833 -0.34833 

 8.94000  9.75641 -0.81641 

 9.98000  9.69163  0.28837 

 9.19000  9.64396 -0.45396 

 10.1000  9.61342  0.48658 

 11.1300  9.60000  1.53000 
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7.5 CONCLUCION: 

The study concludes that the Quadratic Trend Model is suitable for forecasting future 

forecasts of tax-to-GDP ratio of Pakistan on the basis of best precision measures 

techniques. The forecasted values by using the developed model projected increasing 

trend for the coming 10 years 2014 – 2020, respectively. The analysis presents an idea 

to national policy makers and analysts a tool that they can use to evaluate taxes from 

year to year because taxes are linked to monetary activity and low tax-to-GDP can 

make the task of development and macro-economic stabilization increasingly 

difficult. As the taxes collected in the country would be barely sufficient to cover debt 

servicing, defense, and establishment expenditure and left no space for growth and 

development, so the ratio should stay relatively consistent. Also, the government and 

policymakers can draw policy and strategy to address the factors such as tax evasion, 

undocumented economy, law and order situation, political instability, illiterate or 

semi- literate population, exclusion of women from active economic activity, narrow 

tax base, non-payment of taxes by the affluent, corruption etc. which results in low 

tax-to-GDP ratio. 
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8.1   RESULTS AND DISCUSSION: 

Tax policy has a significant influence on economic growth of any country. If the tax 

ratio is not an adequate level, it hinders economic growth and deprives the public of 

their wealth. In order to maintain economic stability and to provide economic ease to 

the inhabitants of any society, it is necessary for the country‟s tax policy makers to 

allocate the best tax ratios. Therefore, an attempt is made to calculate best tax ratios 

by using weighted goal programming. The optimal solution is obtained as  

𝑥𝑠 = 0.30  

𝑥𝑝 = 6.20 

𝑥𝑓 = 1 

𝑑−
4 = 9 

 Where 𝑥𝑓 , 𝑥𝑠  ,𝑥𝑝  𝑎𝑛𝑑 𝑑−
4represent tax ratios for food and drug, general sales, and 

petroleum tax and the amount by which fourth goal is underachieved respectively. 

It is expected that the calculated tax ratios will benefit the general public, particularly 

the financially hard pressed common men and will allow the decision makers to 

modify the template of a tax policy by addressing various goals determined by the 

country.  

The role of financial strategy about regulating the levels and composition of income, 

expenditure and the general public debt with the interest to reach fiscal threshold over 

the time frame is important for the economic performance of the country. This 

integrates various fundamental policy issues, including the suitable size of the state, 

the role of the federal authorities in accelerating economic progress, social 

development and redistribution of the advantages associated with the economic 

development, increasing employment and social equity by reducing disparity in 

income and wealth between income classes and present and future generations, and 

ensuring productivity by promoting the optimal allocation of resources. One of the 

primary sources of government funds is the taxes, they collect. To ensure a healthy 

and financial position of any country, its government must monitor not only the 

expenditure but also the collection of tax revenues on a regular basis. Thus, we 

formulated the mathematical model to estimate the Income Tax Revenue of Pakistan. 
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 Also the effect of Crude Oil Prices (𝒙𝟏), Inflation Rate (𝒙𝟐), Unemployment rate 

(𝒙𝟑), Real Gross Domestic Product Growth Rate (𝒙𝟒) and Employed Population (𝒙𝟓) 

on Income Tax Revenue (y) is studied. Therefore, the Income Tax Revenue in 

Pakistan can be estimated using the following mathematical model 

ln 𝑦  = −7.3612 − 0.2850 ln 𝑥1 −1  + 0.2391 ln 𝑥2 −1  + 0.5081 ln(𝑥3)

− 0.2318 ln 𝑥4 −1  + 5.1291 ln(𝑥5) 

Insights gained from this investigation may provide opportunities for the Government 

to analyze taxation in Pakistan.  

Karachi is the mega city of Pakistan having approximately 13 million populations, 

lacks in mass transit services for the general public. To facilitate the general public 

living in Nagan Chowrangi and surrounding areas visiting FBR for miscellaneous 

requirements, a shortest path with the help of Dijkstra‟s algorithm is recommended to 

save their precious time, money and avoid mental agony, The following final iteration 

gives the detailed information in this regard. 

Node  Label  Status 

1 [0 , - ] PER 

2 [6 , 1] PER  

3 [4.4 , 1] PER  

4 [9.2, 2] PER  

5 [10.7 , 3] PER  

6 [10.5 , 2] PER  

7 [12.6 , 4] PER  

8 [17.1 , 6] PER  

9 [25 , 10] PER  

10 [17.1 , 7] PER  

11 [26.1 , 10] PER  

 

Therefore, the shortest route of the discussed road network is 

(11) →  [26 .1 , 8] →  (8) →  [17.1 , 6] → (6)  → [10.5 , 2 ] → (2) → [6 ,1 ]  → (1) 
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Thus, the masses residing in NC and its surrounding areas may follow this route 

NC→KDAC→ NZ→ MQ→ FBR. The route so established will be extremely 

valuable and address all the difficulties being faced by the people while travelling to 

their desired destinations and spend substantial money which is a burden on the 

pockets of financially hard-pressed people. 

The tax-to-GDP ratio is a budgetary estimation that looks at the measure of taxes 

accumulated by a legislature to the measure of income that the nation gets for its 

goods. Pakistan has one of the lowest tax to GDP proportions in the world as only 0.9 

percent of the number of inhabitants in the nation pays income tax. Generally, the 

ratio has stayed stagnant at around 10-11% and really has shown a reduction in recent 

years. The low tax to GDP ratio has made the task of development and macro-

economic stabilization increasingly difficult as the taxes collected in the country is 

barely sufficient to cover debt servicing, defense and establishment expenditure and 

left no space for growth and development. Thus, there is a dire need of a timely 

forecast of tax-to GDP ratio for developing consistency in tax policy and plugging 

loopholes in the system to increase tax-to-GDP ratio. In order to present a vision to 

national policy makers and analysts a metric that they can use to compare tax receipts 

from year to year we developed a mathematical model for predicting future estimates 

of tax-to-GDP ratio. 

𝑦 𝑡 = 14.241 − 0.399 𝑡 + 0.00856 𝑡2  
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8.2      CONCLUSION: 

Tax policy has a significant influence on economic growth of any nation. If the tax 

policy and tax ratios are not at an adequate stage, it hinders economic growth and also 

deprives the public of their riches. In order to maintain socioeconomic stability, 

control fiscal deficit, and to provide relief to the inhabitants of any nation, it is 

necessary for the country‟s tax policy makers to allocate the best tax ratios. A 

government usually introduces its financial plan every year. The budget indicates the 

resources and usage of funds for the financial year. Taxes in many countries are the 

key origin of federal revenues. These types of taxes are levied on the income and on 

the consumption expenditures of numerous financial divisions inside the economy. 

From a macroeconomic point of view, an understanding of tax bases and their 

connection with other financial factors in the economic system is beneficial in 

determining the stage to which tax revenues can be raised in a given economic system 

at a certain time point. Hence, an exact estimation is important and of high importance 

to the economic community and the business world. As such, to address the issues 

different mathematical models are being produced by using operation research 

techniques such as multi-objective optimization, multiple regression analysis, 

forecasting model and Dijkstra‟s algorithm. It is anticipated that these models will 

definitely facilitate the policy shapers in the tax structuring of the state and also to 

facilitate the nation, ensuring the economic prosperity and subsequently bring boom 

and well being in the condition of the land. 
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8.3     RECOMMENDATIONS: 

Following are the recommendations consider mandatory for the taxation in the 

country. 

1. Develop a tax system that protects the common interest of taxpayers. 

2. Evaluate the causes responsible for the deviation in tax income collection such 

as, monetary structure, types of taxes, transparency and efficacy of tax 

administration structure and tax collection strategies. 

3. To give awareness to the masses on the advantages of giving tax, which increase 

the confidence of the general population. 

4. Take effective measures to enhance the literacy rate of the country as it is one of 

the most imperative elements in the achievement of tax revenue collection. 

5. Documentation of the economy is the pillar of an effective tax structure and it 

comes from a literate tax base. 

6. Indirect taxes have an adverse impact in a nation when there is uneven 

dissemination of income and the analysis of Pakistan‟s tax structure revealed 

that its tax framework is extremely reliant on indirect taxes. Therefore, in case 

of Pakistan, the direct tax base should be expanded as opposed to indirect tax as 

rich and poor increasing gap would be damaging for the country. 

7. Efficient mobilization of revenue can help to reduce the budget deficit and allow 

direly needed public goods and services. 

8. The government should lower the tax rate as higher tax rate results decline in 

productivity because people opt to work less and evades taxes and become less 

productive. 

9. Issues of tax evasion and revenue corruption are equally important so it must be 

addressed on a priority basis and result oriented measures must be adopted in 

this regard. 

10. There is a dire need of developing consistency in tax policy and plugging 

loopholes in the system to increase tax to GDP ratio because low tax to GDP 

ratio make the task of development and macroeconomic stabilization difficult as 

the tax collected in the country are barely sufficient to debt servicing, defense 

and establishment expenditure and left no space for growth and development. 
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11. It is imperative to levy specified penalties for individuals who violate provisions 

of law. 
 

12.  In order to bridge the gap and tax evasion there is a dire need to strengthen the 

tax investigation system. 

13. Proper database must be developed in order to measure actual revenue collection 

vis a vis expected revenues. 

14. Political instability in Pakistan is one of the key causes behind lower tax income 

Taxation and law and order situation is indirectly proportional to each other 

because taxes requires steadiness in execution and steadiness in execution 

comes with political stability. Thus, increasing tax revenue can be attained if 

appropriate actions be taken towards political stability and maintaining law and 

order situation. 

15. Pakistan is an agricultural country, it relies on agriculture heavily. It is the only 

country in the world who has not charged tax on agriculture. The contribution of 

this segment in total tax revenues is around 1 % , whereas industrial and services 

sectors contribute 63% and 26 % in total tax collection, respectively (Economic 

Survey of Pakistan). Around 53% of the tax can be generated if government 

applies tax on agriculture. So for an efficient tax system, it is essential to charge 

tax on agriculture sector. 
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ANNEXURE 1 

Original Data 

x1 x2 x3 x4 x5 y 

92.97 11.9 3.55 7.9 26.15 7,028 

77.94 5.9 3.9 6.5 26.08 8,309 

68.96 6.4 3.85 6.8 26.81 8,442 

65.36 6.1 3.75 5.1 27.02 8,573 

59.09 5.6 3.65 7.6 26.98 9,071 

31.09 3.5 3.3 5.5 28.53 9,592 

36.88 4.7 3.071 6.5 28.68 10,354 

29.73 8.8 3.142 7.6 29.42 11,528 

34.9 7.8 3.141 5 30.18 13,407 

41.79 9.1 6.3 4.5 29.57 15,000 

35.02 11.8 5.9 5.1 30.07 19,079 

32.39 9.5 5.2 7.7 30.92 27,913 

27.39 10 4.3 1.8 31.68 35,018 

24.94 12.4 4.3 3.7 31.78 41,467 

25.96 12.3 5 5 32.56 59,064 

30.78 10.4 5.3 4.8 34.59 75036 

27.43 11.4 5.8 1 35.42 95598 

17.26 6.2 5.7 2.6 36.23 80,400 

23.42 4.1 6.1 3.7 37.8 97,135 

37.54 4.4 7.2 4.3 38.1 103,189 

30.68 3.1 7.4 2 38.3 105,337 

29.92 3.3 7.8 3.2 39.4 117,462 

35.55 2.9 7.7 4.8 40.5 138,800 

47.04 7.4 7.4 7.4 42.4 136,542 

60.44 9.1 7.1 7.7 46.95 145,366 

68.27 7.9 6.1 6.2 47.65 157,448 

72.98 7.6 5.1 4.8 49.09 173,768 

100 20.3 5 1.7 50.79 367,300 

58.75 13.6 4.9 2.8 53.21 443,341 

77.1 13.9 5 1.6 53.84 520,400 

91.37 11.9 5 2.7 55.85 602,500 

88.93 9.7 5 3.5 56.58 718,600 
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ANNEXURE 2 

Transformed Data 

ln(x1(-1)) ln(x2(-1) ln(x3) ln(x4(-1) ln(x5) ln(y) 

  

0.55022835 

 

1.41747169 3.846832 

1.968342831 1.07554696 0.59106461 0.89762709 1.41630759 3.919549 

1.891760401 0.77085201 0.58546073 0.81291336 1.42829681 3.926445 

1.838597253 0.80617997 0.57403127 0.83250891 1.43168534 3.933133 

1.815312044 0.78532984 0.56229286 0.70757018 1.43104195 3.957655 

1.77151399 0.74818803 0.51851394 0.88081359 1.45530177 3.981909 

1.492620722 0.54406804 0.48727982 0.74036269 1.45757915 4.015108 

1.566790912 0.67209786 0.49720618 0.81291336 1.46864267 4.061754 

1.473194909 0.94448267 0.49706794 0.88081359 1.47971924 4.127332 

1.542825427 0.8920946 0.79934055 0.69897 1.47085132 4.176091 

1.621072371 0.95904139 0.77085201 0.65321251 1.47813343 4.280556 

1.544316142 1.07188201 0.71600334 0.70757018 1.49023949 4.445807 

1.510410948 0.97772361 0.63346846 0.88649073 1.50078517 4.544291 

1.437592032 1 0.63346846 0.25527251 1.50215389 4.617703 

1.396896449 1.09342169 0.69897 0.56820172 1.5126844 4.771323 

1.414304688 1.08990511 0.72427587 0.69897 1.53895056 4.87527 

1.488268615 1.01703334 0.76342799 0.68124124 1.54924856 4.980449 

1.438225808 1.05690485 0.75587486 0 1.55906833 4.905256 

1.237040791 0.79239169 0.78532984 0.41497335 1.5774918 4.987376 

1.369586891 0.61278386 0.8573325 0.56820172 1.58092498 5.013633 

1.574494268 0.64345268 0.86923172 0.63346846 1.58319877 5.022581 

1.486855355 0.49136169 0.8920946 0.30103 1.59549622 5.069897 

1.475961589 0.51851394 0.88649073 0.50514998 1.60745502 5.142389 

1.550839605 0.462398 0.86923172 0.68124124 1.62736586 5.135266 

1.672467313 0.86923172 0.85125835 0.86923172 1.6716356 5.162463 

1.781324456 0.95904139 0.78532984 0.88649073 1.6780629 5.197137 

1.834229903 0.89762709 0.70757018 0.79239169 1.69099303 5.23997 

1.863203859 0.88081359 0.69897 0.68124124 1.70577821 5.565021 

2 1.30749604 0.69019608 0.23044892 1.72599326 5.646738 

1.769007871 1.13353891 0.69897 0.44715803 1.73110505 5.716337 

1.887054378 1.1430148 0.69897 0.20411998 1.74702318 5.779957 

1.960803625 1.07554696 0.69897 0.43136376 1.75266294 5.856487 
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ANNEXURE 3:  

Unit Root Tests 

Unit Root Test (Crude oil prices - x1) 

Null Hypothesis: X1 has a unit root  

Exogenous: Constant   

Lag Length: 0 (Automatic based on SIC, MAXLAG=8) 

     
     
   t-Statistic   Prob.* 

     
     

Augmented Dickey-Fuller test statistic -1.663011  0.4401 

Test critical values: 1% level  -3.646342  

 5% level  -2.954021  

 10% level  -2.615817  

     
     

*MacKinnon (1996) one-sided p-values.  

     

     

Augmented Dickey-Fuller Test Equation  

Dependent Variable: D(X1)   

Method: Least Squares   

Date: 03/12/16   Time: 21:19   

Sample (adjusted): 1982 2014   

Included observations: 33 after adjustments  

     
     

Variable Coefficient Std. Error t-Statistic Prob.   

     
     

X1(-1) -0.147380 0.088622 -1.663011 0.1064 

C 7.246162 4.994986 1.450687 0.1569 

     
     

R-squared 0.081906     Mean dependent var -0.231212 

Adjusted R-squared 0.052290     S.D. dependent var 12.83810 

S.E. of regression 12.49794     Akaike info criterion 7.947697 

Sum squared resid 4842.154     Schwarz criterion 8.038394 

Log likelihood -129.1370     F-statistic 2.765605 

Durbin-Watson stat 2.209217     Prob(F-statistic) 0.106390 
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Unit Root Test (CPI Inflation - x2) 

 

Null Hypothesis: X2 has a unit root  

Exogenous: Constant   
Lag Length: 0 (Automatic based on SIC, MAXLAG=8) 

     
     
   t-Statistic   Prob.* 
     
     

Augmented Dickey-Fuller test statistic -2.806354  0.0683 

Test critical values: 1% level  -3.646342  

 5% level  -2.954021  

 10% level  -2.615817  
     
     

*MacKinnon (1996) one-sided p-values.  

     

     

Augmented Dickey-Fuller Test Equation  

Dependent Variable: D(X2)   

Method: Least Squares   

Date: 03/12/16   Time: 21:23   

Sample (adjusted): 1982 2014   

Included observations: 33 after adjustments  
     
     

Variable Coefficient Std. Error t-Statistic Prob.   
     
     

X2(-1) -0.393766 0.140312 -2.806354 0.0086 

C 3.206974 1.306362 2.454889 0.0199 
     
     

R-squared 0.202585     Mean dependent var 

-

0.142424 

Adjusted R-squared 0.176862     S.D. dependent var 3.363130 

S.E. of regression 3.051265     Akaike info criterion 5.127682 

Sum squared resid 288.6168     Schwarz criterion 5.218379 

Log likelihood -82.60675     F-statistic 7.875623 

Durbin-Watson stat 1.940607     Prob(F-statistic) 0.008583 
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Unit Root Test (Unemployment Rate - x3) 
 

Null Hypothesis: X3 has a unit root  

Exogenous: Constant   

Lag Length: 0 (Automatic based on SIC, MAXLAG=8) 

     
     
   t-Statistic   Prob.* 

     
     

Augmented Dickey-Fuller test statistic -1.700537  0.4217 

Test critical values: 1% level  -3.646342  

 5% level  -2.954021  

 10% level  -2.615817  

     
     

*MacKinnon (1996) one-sided p-values.  

     

     

Augmented Dickey-Fuller Test Equation  

Dependent Variable: D(X3)   

Method: Least Squares   

Date: 03/12/16   Time: 21:24   

Sample (adjusted): 1982 2014   

Included observations: 33 after adjustments  

     
     

Variable Coefficient Std. Error t-Statistic Prob.   

     
     

X3(-1) -0.151261 0.088949 -1.700537 0.0990 

C 0.858295 0.477291 1.798263 0.0819 

     
     

R-squared 0.085325     Mean dependent var 0.074242 

Adjusted R-squared 0.055820     S.D. dependent var 0.729563 

S.E. of regression 0.708908     Akaike info criterion 2.208511 

Sum squared resid 15.57908     Schwarz criterion 2.299208 

Log likelihood -34.44043     F-statistic 2.891825 

Durbin-Watson stat 1.602874     Prob(F-statistic) 0.099043 
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Unit Root Test (GDP Growth - x4) 
 

Null Hypothesis: X4 has a unit root  

Exogenous: Constant   

Lag Length: 0 (Automatic based on SIC, MAXLAG=8) 

     
     
   t-Statistic   Prob.* 

     
     

Augmented Dickey-Fuller test statistic -3.455138  0.0159 

Test critical values: 1% level  -3.646342  

 5% level  -2.954021  

 10% level  -2.615817  

     
     

*MacKinnon (1996) one-sided p-values.  

     

     

Augmented Dickey-Fuller Test Equation  

Dependent Variable: D(X4)   

Method: Least Squares   

Date: 03/12/16   Time: 21:26   

Sample (adjusted): 1982 2014   

Included observations: 33 after adjustments  

     
     

Variable Coefficient Std. Error t-Statistic Prob.   

     
     

X4(-1) -0.513295 0.148560 -3.455138 0.0016 

C 2.321738 0.760765 3.051847 0.0046 

     
     

R-squared 0.278028     Mean dependent var -0.096970 

Adjusted R-squared 0.254739     S.D. dependent var 1.982026 

S.E. of regression 1.711053     Akaike info criterion 3.970787 

Sum squared resid 90.75883     Schwarz criterion 4.061485 

Log likelihood -63.51799     F-statistic 11.93798 

Durbin-Watson stat 2.064976     Prob(F-statistic) 0.001616 
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Unit Root Test (Employed Population - x5) 
 

Null Hypothesis: X5 has a unit root  

Exogenous: Constant   

Lag Length: 0 (Automatic based on SIC, MAXLAG=8) 

     
     
   t-Statistic   Prob.* 

     
     

Augmented Dickey-Fuller test statistic  1.776076  0.9996 

Test critical values: 1% level  -3.646342  

 5% level  -2.954021  

 10% level  -2.615817  

     
     

*MacKinnon (1996) one-sided p-values.  

     

     

Augmented Dickey-Fuller Test Equation  

Dependent Variable: D(X5)   

Method: Least Squares   

Date: 03/12/16   Time: 21:34   

Sample (adjusted): 1982 2014   

Included observations: 33 after adjustments  

     
     

Variable Coefficient Std. Error t-Statistic Prob.   

     
     

X5(-1) 0.028670 0.016142 1.776076 0.0855 

C -0.138091 0.631920 -0.218527 0.8285 

     
     

R-squared 0.092358     Mean dependent var 0.947576 

Adjusted R-squared 0.063080     S.D. dependent var 0.950829 

S.E. of regression 0.920351     Akaike info criterion 2.730569 

Sum squared resid 26.25844     Schwarz criterion 2.821267 

Log likelihood -43.05439     F-statistic 3.154446 

Durbin-Watson stat 1.876294     Prob(F-statistic) 0.085538 
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Unit Root Test (Tax Revenue-y) 
 

Null Hypothesis: Y has a unit root  

Exogenous: Constant   

Lag Length: 0 (Automatic based on SIC, MAXLAG=7) 

     
     
   t-Statistic   Prob.* 

     
     

Augmented Dickey-Fuller test statistic  5.093568  1.0000 

Test critical values: 1% level  -3.661661  

 5% level  -2.960411  

 10% level  -2.619160  

     
     

*MacKinnon (1996) one-sided p-values.  

     

     

Augmented Dickey-Fuller Test Equation  

Dependent Variable: D(Y)   

Method: Least Squares   

Date: 03/12/16   Time: 21:36   

Sample (adjusted): 1982 2012   

Included observations: 31 after adjustments  

     
     

Variable Coefficient Std. Error t-Statistic Prob.   

     
     

Y(-1) 0.190675 0.037434 5.093568 0.0000 

C 543.6802 7223.159 0.075269 0.9405 

     
     

R-squared 0.472194     Mean dependent var 22953.94 

Adjusted R-squared 0.453994     S.D. dependent var 43164.66 

S.E. of regression 31895.33     Akaike info criterion 23.64065 

Sum squared resid 2.95E+10     Schwarz criterion 23.73316 

Log likelihood -364.4300     F-statistic 25.94443 

Durbin-Watson stat 1.998950     Prob(F-statistic) 0.000020 
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ANNEXURE 4 

 

Test for Independence of Residuals results 

Breusch-Godfrey Serial Correlation LM Test:  

     
     

F-statistic 1.967346     Prob. F(2,23) 0.1627 

Obs*R-squared 4.528563     Prob. Chi-Square(2) 0.1039 

     
     

     

Test Equation:    

Dependent Variable: RESID   

Method: Least Squares   

Date: 02/22/16   Time: 14:02   

Sample: 1982 2012   

Included observations: 31   

Presample missing value lagged residuals set to zero. 

     
     

Variable Coefficient Std. Error t-Statistic Prob.   

     
     

C -0.551567 0.815941 -0.675989 0.5058 

LNX1(-1) -0.027424 0.119216 -0.230038 0.8201 

LNX2(-1) 0.012571 0.099033 0.126935 0.9001 

LNX3 0.009211 0.214002 0.043041 0.9660 

LNX4(-1) 0.108252 0.109104 0.992193 0.3314 

LNX5 0.128563 0.267448 0.480700 0.6353 

RESID(-1) 0.452535 0.239869 1.886593 0.0719 

RESID(-2) 0.005877 0.218549 0.026892 0.9788 

     
     

R-squared 0.146083     Mean dependent var 8.36E-15 

Adjusted R-squared -0.113805     S.D. dependent var 0.222019 

S.E. of regression 0.234312     Akaike info criterion 0.153313 

Sum squared resid 1.262753     Schwarz criterion 0.523374 

Log likelihood 5.623650     Hannan-Quinn criter. 0.273944 

F-statistic 0.562099     Durbin-Watson stat 1.733215 

Prob(F-statistic) 0.778609    
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ANNEXURE 5 

 

Test for Homoscedasticity Results 

Heteroskedasticity Test: Breusch-Pagan-Godfrey 

     
     

F-statistic 3.687064     Prob. F(5,25) 0.0123 

Obs*R-squared 13.15738     Prob. Chi-Square(5) 0.0219 

Scaled explained SS 5.390640     Prob. Chi-Square(5) 0.3701 

     
     
     

Test Equation:    

Dependent Variable: RESID^2   

Method: Least Squares   

Date: 02/22/16   Time: 14:03   

Sample: 1982 2012   

Included observations: 31   

     
     

Variable Coefficient Std. Error t-Statistic Prob.   

     
     

C -0.234703 0.147563 -1.590529 0.1243 

LNX1(-1) -0.030609 0.022328 -1.370874 0.1826 

LNX2(-1) 0.057923 0.019039 3.042246 0.0055 

LNX3 0.088109 0.041239 2.136559 0.0426 

LNX4(-1) 0.057110 0.018233 3.132290 0.0044 

LNX5 0.015413 0.049967 0.308469 0.7603 

     
     

R-squared 0.424432     Mean dependent var 0.047702 

Adjusted R-squared 0.309318     S.D. dependent var 0.054429 

S.E. of regression 0.045235     Akaike info criterion -3.181916 

Sum squared resid 0.051155     Schwarz criterion -2.904370 

Log likelihood 55.31970     Hannan-Quinn criter. -3.091443 

F-statistic 3.687064     Durbin-Watson stat 1.860140 

Prob (F-statistic) 0.012304    
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ANNEXURE 6 

 

Test for Multicollinearity Results 

Variance Inflation Factors  

Date: 02/22/16   Time: 14:12  

Sample: 1981 2014  

Included observations: 31  

    
    
 Coefficient Uncentered Centered 

Variable Variance VIF VIF 

    
    

C  0.629466  329.8920  NA 

LNX1(-1)  0.014412  108.6636  1.653585 

LNX2(-1)  0.010479  23.88483  1.316194 

LNX3  0.049161  69.49624  1.952261 

LNX4(-1)  0.009610  11.85534  1.452957 

LNX5  0.072176  491.9865  2.195246 
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ANNEXURE 7 

Values of actual and predicted Y 

Actual (a) Predicted (p) Residual  (a-p) 
2
/p 

8.85766 8.76155 0.0961 0.001054 

9.02509 8.79735 0.22775 0.005896 

9.04097 8.96514 0.07583 0.000641 

9.05637 9.07921 -0.02283 5.74E-05 

9.11284 8.95452 0.15832 0.002799 

9.16868 9.36994 -0.20125 0.004322 

9.24513 9.30986 -0.06474 0.00045 

9.35253 9.55622 -0.20369 0.004342 

9.50353 9.74923 -0.2457 0.006192 

9.61581 10.0547 -0.43885 0.019154 

9.85634 10.1514 -0.29504 0.008575 

10.2368 10.0898 0.14707 0.002144 

10.4636 10.5743 -0.11065 0.001158 

10.6327 10.4331 0.19958 0.003818 

10.9864 10.553 0.43342 0.017801 

11.2257 10.8345 0.3912 0.014125 

11.4679 11.4954 -0.02752 6.59E-05 

11.2948 11.3688 -0.07403 0.000482 

11.4839 11.3824 0.10149 0.000905 

11.5443 11.3644 0.17993 0.002849 

11.5649 11.6238 -0.0589 0.000298 

11.6739 11.6776 -0.00373 1.19E-06 

11.8408 11.6319 0.20891 0.003752 

11.8244 11.793 0.03136 8.34E-05 

11.887 12.2468 -0.35981 0.010571 

11.9669 12.2432 -0.2764 0.00624 

12.0655 12.3387 -0.27322 0.00605 

12.8139 12.8634 -0.04945 0.00019 

13.0021 13.0239 -0.02178 3.64E-05 

13.1624 13.1895 -0.02713 5.58E-05 

13.3088 13.1581 0.15073 0.001727 

13.4851 13.132 0.35302 0.00949 

      0.135326 
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ANNEXURE 8 

Graph of Actual & Predicted Values and Residuals 
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