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ABSTRACT 

Numerical Investigation of Two-Dimensional Low Reynolds 

Numbers Fluid Flow in Confined and Unconfined Channels 

using Lattice Boltzmann Method 
The main motivation of this research thesis is to document and interlink the flow 

patterns and variation of physical parameters for different separation ratios and 

Reynolds numbers for some important engineering applications related problems. The 

systematic analyses at low Reynolds numbers for multiple bluff structures was limited 

and in some cases are far from complete. There are some applications of flow at low 

Reynolds number, for example in micro-devices, such as cooling of fibers and micro-

electro-mechanical-systems devices. Lattice Boltzmann method is used for systematic 

numerical investigations. The developed code is tested and the obtained results are in 

good agreement with the available results for flow past isolated cylinder. In case of flow 

past four side-by-side cylinders seven different flow regimes are identified for different 

range of separation ratios and Reynolds numbers. In case of channelized flow problem 

the hydrodynamic forces of the cylinder are strongly depends on the expansion ratio of 

the channel.  The primary vortex shedding frequency role becomes dominant at higher 

spacings and the secondary cylinder interaction frequencies are dominant at low 

spacings. The gap flows effect the developing process of shed vortices at low spacings 

just near downstream of the cylinders. In case of blockage effect the irregular variation 

of wake structure observed throughout the computational domain. In case of nine 

cylinders the flip-flopping nature was observed at low separation ratios. Overall four 

different flow regimes were observed in case of nine cylinders array. As a result the 

secondary interaction frequencies dominate the flow. The shedding frequencies roles 

are dominant at the critical spacing between the cylinders. The drag and lift forces are 

completely irregular at low separation ratio and almost periodic at large separation 

ratios. In case of nine cylinders the physical parameters showing abrupt changes once 

the flow regime transformation occurs. The shear layers reattachment and wake and 

gap flow interactions considerably influenced the forces on the cylinders. The 

lessajesious representation of forces clearly states about the inphase and antiphase 

nature of the flow behind the individual cylinder. The obstruction at the channel 

entrance completely converts the laminar behavior of flow to unstable flow without any 

regular movement of shed vortices behind the cylinders. A classification map, 

demarcated by the separation ratios and Reynolds numbers, is derived for observed flow 
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regimes in case of side-by-side cylinders and nine cylinders array. Physical features of 

each flow regime such as wake structure evolution, streamlines visualization, vortex 

dynamics, gap flow, time analysis of forces, shedding frequencies and hydrodynamic 

forces are thoroughly discussed for each problem.     

Keywords: Flow regimes; Fluid-structure interaction; Hydrodynamic forces; Lattice 

Boltzmann method; Reynolds number; Separation ratio; Strouhal number 
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Literature Review and Lattice Boltzmann Method 
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1.1 Literature Review 

Analytically it’s too difficult to examine the wake behind the bluff body. Therefore, 

experimental measurements and numerical examinations are available for flow past 

bluff bodies as compared to analytical solutions. The experimental measurements are 

too expensive and the numerical simulations can provide information’s for more than 

one parameter at the same time. The effect of Reynolds number (Re = U∞D/υ, where υ, 

D and U∞ are the kinematic viscosity, diameter of the obstacle, and incoming inflow 

velocity, respectively), transition from steady to unsteady and vortex dynamics for flow 

past a cylinder was studied by many researchers [1-5]. These researchers also examine 

the behavior of drag forces (CD = 2Fx/ρU2
∞D, where ρ and Fx are the fluid density and 

streamwise forces) and lift forces (CL = 2Fy/ρU2
∞D, Fy stands for the transverse forces) 

in detail. Sohankar et al. [5] numerically observed that the Strouhal number (St = 

fsD/U∞, where fs is the vortex shedding frequency) and root-mean-square value of lift 

coefficient (CLrms) increased with increasing the Reynolds numbers. The St will be 

calculated using the fast Fourier transform (FFT) of lift coefficient. Okajima [6] and 

Norberg [7] experimentally studied the vortex shedding frequencies for flow around 

rectangular cylinders. Davis and Moore [8] and Franke et al. [9] were found that the 

forces behave periodic once the alternate shedding occurs behind the bluff structure. 

The forces play an important role in applications and its reduction is also important 

[10]. 

The analysis of fluids interaction with structures is of great importance in engineering 

applications. Applications at high Reynolds numbers are high-rise buildings, chimneys, 

cooling towers, suspension bridges, marines, and heat exchangers, etc. Electronic 

equipments and micro-electro equipments are the applications at low values of Re. In 

case of side-by-side the jet flow strongly influence the shedding behind the cylinders at 

low separation ratio (G = S/D, where S is the distance between two cylinders surfaces). 

In tandem arrangement the shear layers generated from the upstream cylinder affect the 

shedding behind the downstream cylinder. This confirms that the Re, G and cylinders 

arrangement plays a crucial role in case of multiple bluff structures [11]. Wang et al. 

[12] experimentally studied the effect of Re and G and examined the intrinsic features 

of various flow regimes for two circular tandem cylinders. A review of flow pas circular 

cylinders in different arrangements can be easily found in Zdravkovich [11], Chen [13] 

and Sumner et al. [14].  
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Alam and Zhou [15] experimentally investigated the flow characteristics in terms of 

transition, narrow and wide street. They found that the flow between the cylinders 

continuously switch to macro and micro scales. Due to these switching different 

shedding frequencies observed for the two cylinders. The periodic or quasi-periodic 

loading of the forces on the structures generally occurs on the structures as a result of 

vortex shedding and mostly studied in engineering systems. Therefore, some numerical 

studies are available at high and low Re values for understanding the forces amplitudes 

[16-18]. Bearman and Wadcock [19] experimentally studied the effect of G and 

observed asymmetric nature of flow between 0.1 and 1 at Re = 25,000. Williamson [20] 

experimentally found that the synchronized vortex shedding occurs for G ranging 

between 1 and 5 at low Reynolds numbers. Kang [21] investigated the impact of G and 

observed six different flow regimes for two side-by-side circular cylinders. Wang and 

Zhou [22] experimentally observed that the gap flow is the main reason among the flow 

transition behind the cylinders. As a result of interaction with the vortices near 

downstream of the cylinders the flow behaves like flip-flop. Kolar et al. [23] 

experimentally investigated that freestream vortical structures considerably decayed the 

generated vortices between the cylinders. The shedding frequencies and the 

aerodynamic forces are considerably different for more than two cylinders due to 

number of gap flows. Mizushima and Takemoto [24] reported that the bi-stable and 

flopping behavior exist at the downstream region behind the row of square bars. The 

gap flow and shear layers from the freestream strongly influenced the wake mechanism 

just near downstream. Mizushima and Akinaga [25] found experimentally and 

numerically that the inphase and antiphase vortex shedding occurs at G = 1 and 3, 

respectively, for flow past row of circular and square bars. Inoue et al. [26] studied the 

sound generation of flow behind two cylinders arranged in transverse direction. Inoue 

and Suzuki [27] systematically discussed the sound generation for flow past three side-

by-side cylinders at Re = 150. Kumar et al. [28] examined the flow regimes transitions 

by changing the G values at Re = 80 for flow past row of cylinders. Researchers mostly 

observed the dependence of flow features around side-by-side cylinders on the values 

of Re and G [29-40]. It was observed from the Refs. [29-35] that the unstable nature of 

wake mechanism can be seen at low values of G. Because at these spacings the gaps 

flow interact with the wakes near downstream of the bodies. On the other hand, at large 

values of G, the independent movement observed behind the bodies in alternate fashion 

with almost similar shedding frequencies. One of the important aspects of bistable flow 
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regimes is the secondary cylinder interaction frequencies in case of transversely 

arranged cylinders. The secondary frequencies mostly observed during the FFT analysis 

of CL. These frequencies tell us how the wake structure interaction becomes stronger 

behind the structures [36-40]. It is clear from the above literature that these previous 

researchers mostly considered the high Reynolds numbers. The information’s in terms 

of flow transitions, behavior of force coefficients, wake patterns and vortex shedding is 

far from complete at low Reynolds numbers.    

To control the fluid forces and shedding suppression actually motivates the study of 

inline cylinders. Vikram et al. [41] analyze that the upstream cylinder experiences 

higher lift than the downstream one in case of two inline square cylinders. Inoue et al. 

[42] found that the flow regime mostly depends on the value of G not on the Reynolds 

numbers. Kim et al. [43] experimentally proposed that G = 2.5 is the critical spacing at 

Re = 53,00 and 16,000 for two inline cylinders. Sohankar [44] numerically studied the 

flow features of three observed regimes by varying the G values for inline cylinders. 

He observed the single-slender body, reattach and binary flow regimes. Abbasi et al. 

[45] numerically studied the flow features of four different observed flow patterns at 

low Reynolds numbers at G = 1.3 and 6. Manzoor et al. [46] numerically investigated 

the aerodynamic forces variation for four inline square cylinders and co-related with 

the change in flow regimes. Islam et al. [47] studied systematically the mean drag 

coefficient (CDmean), St, root-mean-square value of drag coefficient (CDrms) and CLrms 

for aligned bodies in detail and also the inherent features of flow past the bodies. 

Igarashi and Suzuki [48] studied the separation and reattachment of flow around three 

inline circular cylinders. Sayers [49] studied the role of three and four cylinders located 

at equal distances from each other and observed various flow features. Sewatkar et al. 

[50] experimentally and numerically studied the various flow regimes for flow past six 

aligned square cylinders by changing the value of G. They found the same Strouhal 

value for all cylinders at large spacing and negative drag value for the second and third 

cylinders. Liang et al. [51] studied the spacing effect between 2.1 and 4. They didn’t 

examine the larger spacing where the fully developed shed vortices also generated and 

studied by some researchers. Cheng and Moretti [52] studied experimentally the wake 

behind a row of nine tubes for G = 3 and Re = 200. Gal et al. [53] experimentally 

measures the intensity of wakes behind a row of cylinders for small spacing ratios. The 

irregular wake nature observed due to jet interaction with the outer and inner shed 

vortices behind the cylinders as they move forward. Ziada and Oengoren [54] 
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experimentally investigated the vortex shedding behavior for flow past in an inline tube 

bundle by changing the values of G. Sakamoto et al. [55] discussed the flow stability 

and instability for two tandem square cylinders. Bao et al. [56] investigated numerically 

the various flow regimes characteristics for flow past an array of cylinders at different 

Re and G. They found direct shear layers reattachment at low values of G and the 

complete generation of vortices between the cylinders at large value of G. Patil and 

Tiwari [57] studied numerically the blockage effect for flow past two tandem square 

cylinders and systematically present the variation of forces. Etminan [58] examined the 

flow transition from laminar to turbulent flow for two tandem cylinders by changing 

the values of Re from low to high range. Lankadasu and Vengadesen [59] analyze the 

interference effect between two tandem cylinders by changing the spacing values and 

also the shear parameter value. Sharma et al. [60] examined numerically the effect of 

Re for flow past two tandem circular cylinders. Further work on flow past circular and 

square tandem cylinders is cited in Refs. [61-70]. 

The arrangement of cylinders in an inline square configuration plays an important role 

in marine structures and also in offshore engineering applications. The flow features 

are more complex in this arrangement because the gap flow effect and shear layers 

reattachment both plays role and interact with the wake structure behind the cylinders. 

When the spacing is too low there are too much chances of structures failure. Therefore, 

the systematic and detail examination for such kind of problems is very important. 

Sayers [71] experimentally discussed the significant of spacing for flow around four 

circular cylinders and observed changes in integral parameters. Lam and Lo [72] 

examined experimentally the Strouhal number for four cylinders and discussed the 

intrinsic characteristics of three different kinds of flow regimes by changing the G 

value. Lam and Fang [73] investigated experimentally the force coefficients in detail 

for flow around four circular cylinders and proposed that spacing 2.7 is the critical 

spacing value. Lam et al. [74] numerically found some interesting flow features that 

were already founded by different researchers for flow past side-by-side cylinders. 

Abbasi et al. [75] studied numerically the effect of G and Re for flow past four square 

cylinders in inline square configurations. They found four different flow regimes and 

observed that spacing equal to one is the critical spacing in terms of instability. 

Interesting readers are also referred to some other investigations [76-80]. 

Another important aspect in terms of engineering applications is to systematically 

examine the eddy size and strength of flow changes due to some abrupt expansion and 
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backward-facing steps. The obstruct expansion at the front of the flow past bluff 

structure considerably changes the flow features as compared to isolated flow features. 

Acrivos and Schrader [81] examined numerically the effect of various expansion ratios 

and observed steady solution. Flow instability was observed by Milos and Acrivos [82] 

by changing expansion ratios. Chedron et al. [83] observed that the flow behaves 

symmetric at low Re values and showing asymmetric behavior for Re > 185 by 

changing the height of the entrance of the channel. Hung and Macagno [84] numerically 

examined the two-dimensional conduit flow features for some sudden expansion ratios 

and discussed stability of flow for high Re values. Kumar and Yajnik [85] examined 

numerically the confined effect of the channel in the transverse direction and found two 

different types of flow separations. Scott et al. [86] studied the axisymmetric abrupt 

expansion for different Reynolds numbers and found that the eddy downstream location 

and reattachment length are considerably affected. Napolitano and Cinnella [87] 

investigated numerically the axially-symmetric and planar sudden expansion of channel 

flows for various Re values and obtained good results. Researchers mostly examined 

the confined effect of the channel in transverse direction, conduit at the entrance of the 

channel and high Reynolds numbers numerically to know the changing behavior of 

eddy size, the reattachment and separation of flows [88-102].    

1.2 Lattice Boltzmann Method   

The importance of lattice Boltzmann method (LBM) will be briefly described in this 

chapter and some important derivations will be presented in the appendices given in the 

end of the thesis. LBM is an advanced and one of the most capable techniques in the 

field of computational fluid dynamics (CFD). This method was newly introduced in 

1988, and derived from one of the earlier methods of lattice gas automata (LGA) [103]. 

Among the methods, compensations are big relaxation of execution, an infinite 

potential for parallelization, and an environment which creates developments of a fairly 

transparent scheme. Its forebear, the process of LGA, existed of the higher effective 

cellular automata (CA), with a historical success as far assisted in 1973 [104]. A cellular 

mechanism is a discrete computer order of a lattice structure with a transformation 

defined by mathematical instructions. This was an effort to model the act of an 

individual particle in a fluid flow by interactive guidelines which remained simple as 

achievable. Therefore, LGA can be realized as a remarkable elementary procedure of 

molecular dynamics (MD) [103]. Confining the movement of particles within nodes in 

a hexagonal structure and providing a simple procedures for the collisions process of 
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the fluid particles in such way is to be sufficient to achieve activities compatible to the 

governing equations of fluid (such as the continuity equation and the Navier-Stokes 

equations (N-S) [105]. LBM was presented to outflow definite flaws of LGA, however 

recalling their different properties such as simplicity and parallelization. LBM is 

dealing with the distribution functions (DF) of particles, instead of dealing with a single 

particle. Therefore, both the schemes (LGA and LBM) are much related. The greatest 

significant resemblance is that the LBM also contributes a behavior related to the 

governing equations of the fluid flows. In the case of simplicity LGA is much simpler 

method as compared to LBM, however implementation wise LBM is simpler technique 

then LGA. 

However the simple LBM is applied to calculate the behavior of incompressible 

isothermal fluids, compressible isothermal fluids and various lattice systems exist and 

develop it in various techniques, supporting it to calculate difficult fluid flows such as 

thermos hydrodynamics flows, and magneto hydrodynamics flows. Though the field of 

LBM is quiet new, but generally a number of books [106-109] have been printed on 

this scheme. So these can be really a great deal in their objectives and performance of 

the scheme, but it is very valuable by using an analysis. 

The Boltzmann equation is given below in absence of external forces 

∂tf + e.∇f = Ω.                                                                                                            (1.1)                                                                                                                      

Here f, e and Ω are the distribution function, velocity direction of particles and collision 

operator, respectively. In 1954, Bhatnagar, Gross, and Krook (BGK) [110] introduced 

a simplified collision operator and is replaced by 

Ω = (f(eq) - f)/λ,                                                                                                           (1.2)                                                                                                                   

where f(eq) and λ are the equilibrium distribution function and relaxation time for 

stability, respectively. 

Substituting Eq. (1.2) into Eq. (1.1), we get 

∂tf + e.∇f = (f(eq) - f)/λ.                                                                                               (1.3)                                                                                                           

Equation (1.3) can be written as a discrete Boltzmann equation 

∂tfi + ei.∇fi = (fi
(eq) - fi)/λ.                                                                                            (1.4) 

Equation (1.4) can be further discretized as 

fi(x + eiδt, t + δt) = fi(x, t) + δt[fi
(eq)(x, t) – fi(x, t)]/λ.                                                (1.5)             

Here x, t, δt are the position of particles, time and time increment, respectively.  

Equation (1.5) is generally solved in the following two basic steps: 
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fi
*(x, t + δt) = fi(x, t) + δt[fi

(eq)(x, t) – fi(x, t)]/λ,                                                         (1.6) 

fi(x + eiδt, t + δt) = fi
*(x, t + δt).                                                                                (1.7)                                                                                         

Equations (1.6) and (1.7) are called the collision and streaming steps, respectively. fi
* 

represents the post-collision state of the collision.  

The macroscopic density (ρ) and the velocity u can be calculated from the following 

formulae: 

ρ = ∑ifi,                                                                                                                     (1.8)                                                                                                                                        

u = 1/ρ∑ifiei.                                                                                                             (1.9)                                                                                    

It has been confirmed that the Eqs. (1.8) and (1.9) satisfy the incompressible Navier-

Stokes equations for flow dynamics [107, 111, 112].  

The equation of state can be written as, 

P = ρcs
2.                                                                                                                   (1.10)                                                                                                                              

Here cs is used for speed of sound [111].  

In order to recover the N-S equations from Eq. (1.5), the Chapman-Enskog expansion 

[113] is used.  The n2m9 lattice structure is presented in Figure 1.1.   

 

 

Figure 1.1. Lattice arrangement on square structure. 

The detail derivation of the Navier-Stokes equations from the lattice Boltzmann 

equation on the square lattice by using the Chapman-Enskog expansion will be 

presented here. One can also find the derivation in Ref. [115]. The velocity vectors for 

two-dimensional problem are defined as 
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e0 = (0, 0), 

ei=1,2,3,4 = [cos((i-1)/2)π, sin((i-1)/2)π], 

ei=5,6,7,8 = [cos((i-1)/2 + 0.25)π, sin((i-1)/2 + 0.25)π] 

The tensors with odd orders are equal to zero. The second order tensor satisfies 

∑ieбiαeбiβ = 2e2
αδαβ,    α, β = 1, 2,                                                                             (1.11)                        

Here δαβ is the Kronecker delta. Similarly, one can define the fourth-order tensor (see 

Chen et al. [115]). The lattice Boltzmann BGK equation is 

fбi(x + εeбi, t + δt) = fбi(x, t) + δt[fбi
 (eq)(x, t) – fбi(x, t)]/λ.                                         (1.12)                                               

The general form of fбi
 (eq)(x, t) can be written as 

fбi
 (eq)(x, t) = Aб + Bб(eбi.u) + Cб(eбi.u)2 + Dбu2.                                                      (1.13)                                                         

The coefficients Aб, Bб, Cб, and Dб can be determined by using the density (ρ) but not 

the velocity (u).  

The Taylor expansion of Eq. (1.12) up to O(ε2) is given by 

ε[∂t + (eбi.𝛁)] fбi + ε2[∂t + (eбi.𝛁)]2 fбi +  

O(ε3) = -[ fбi(x, t) - fбi
 (eq)(x, t)]/ λ.                                                                            (1.14) 

Now by applying the Chapman-Enskog expansion [113] to Eq. (1.14), we get 

fбi = fбi
 (0) + ε fбi

 (1) + ε2 fбi
 (2) + O(ε3)                                                                        (1.15)                                                                                 

In further calculations for simplicity we will use fбi
 (0) instead of fбi

 (eq).  

Furthermore, with conservation laws ∑б∑i fбi
 (0) = ρ, ∑б∑ifбi

 (0) eбi = ρu and constraints 

∑б∑i fбi
 (q) = 0, ∑б∑ifбi

 (q) eбi = 0 for q ≥ 1. These constraints control the influence of 

non-equilibrium distribution in the local value of density and momentum to 

successfully recover the continuity equations and momentum equations. One can use 

these constraints to find the values of Aб, Bб, Cб, and Dб as 

A0 + 4A1 + 4A2 = ρ,                                                                                                (1.16a)                                                                                                

2C1 + 4C2 +D0 + 4D1 + 4D2 = 0,                                                                          (1.16b)                                                                                     

and 

2B1 + 4B2 = ρ.                                                                                                        (1.16c)                                                                                                                

t0 = t, and t1 = εt,…,   must need to be introduced for changes in different time scales 

∂t = ∂t0 + ε∂t1 + …,                                                                                                  (1.17)                                                                                                

Putting Eqs. (1.15) and (1.17) into Eq. (1.14), the equation to order of ε is 

(∂t0 + eбi.𝛁) fбi
 (0) = - fбi

 (1)/λ.                                                                                     (1.18)                        

The equation to order ε2 after using Eq. (1.18) is 

 ∂t0fбi
 (0) + (∂t0 + eбi.𝛁) fбi

 (0)(1 – 1/2λ) fбi
 (1) = 1 fбi

 (2)/λ.                                            (1.19)                                                   

Summation of Eq. (1.18) with respect to б and i is given the first-order continuity 

equation 
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∂t0ρ + 𝛁.(ρu) = 0,                                                                                                    (1.20)                                                                                                                 

Similarly, multiplying Eq. (1.18) by eбi and taking the summation with respect to б and 

i gives   

∂t0(ρu) + 𝛁.Π(0) = 0.                                                                                                (1.21)                                                                                              

where Π = ∑б∑i(eбi eбi) fбi is the momentum flux tensor. Similarly, the equations of 

order of ε2 can be obtained from Eq. (1.19) by applying he same procedures as given 

above 

∂t1ρ = 0,                                                                                                                   (1.22)                                                                                                                                  

∂t1(ρu) + 𝛁.(1 – 1/2λ)Π(1) = 0.                                                                                 (1.23)                                                                       

Substituting Eq. (1.15), Π(0) can be written as 

Π(0)
αβ = [2A1 + 4A2 + (4C2 + 2D1 + 4D2)u2] δαβ + 8C2uαuβ + 

 (2C1 – 8C2)uαuβδαβ.                                                                                                (1.24)                 

In Eq. (1.24), the first term represent the pressure term and the remaining terms are the 

nonlinear terms. We need to find the velocity-independent pressure, for this we need to 

choose the coefficient of u2 to satisfy  

4C2 + 2D1 + 4D2 = 0.                                                                                              (1.25)                                                                                                            

The non-isotropic term for Galilean invariance need to be eliminated by choosing 

2C1 – 8C2 = 0.                                                                                                         (1.26)                                                                                                                     

Now Eq. (1.14) becomes 

Π(0)
αβ = [2A1 + 4A2]δαβ + 8C2uαuβ.                                                                          (1.27)                                                                                   

We further assume that 

8C2 = ρ                                                                                                                    (1.28) 

and 

2A1 + 4A2 = cs
2ρ,                                                                                                     (1.29)                                                                                                                 

Here cs is the speed of sound. Now Eq. (1.17) becomes 

Π(0)
αβ = cs

2ρδαβ + ρuαuβ.                                                                                          (1.30)                                                                                                   

Now substituting Eq. (1.30) into Eq. (1.21), we obtain 

 ∂t0(ρu) + 𝛁.( ρuu) = -𝛁(cs
2ρ).                                                                                (1.31)                                                                                             

Equations (1.21) and (1.31) are the Euler equations that are derived for the order of ε 

and the pressure term is (P = cs
2ρ). Now to calculate 𝛁.Π(1), putting the non-equilibrium 

distributions of Eq. (1.18) and also using Eqs. (1.11) and (1.30) leads to 

 Παβ
(1) = -λ[∂t0((cs

2ρ)δαβ + ρuαuβ) + ∂γB1uφ2δαβγφ + ∂γB2uφ(4Δαβγφ - 8δαβγφ)].          (1.32)                       

To be isotropic, we need to set 
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2B1 – 8B2 = 0.                                                                                                         (1.33)                                                                                                                        

From Eq. 1.16(c), B1 and B2 can be determined as 

B1 = ρ/3, B2 = ρ/12.                                                                                                 (1.34)                                                                                                             

After substituting these into Eq. (1.32) and simplified the last term, we get 

Παβ
(1) = -λ[(1/3-cs

2)∂γ(ρuγ)δαβ+∂α(ρuβ)/3+∂β(ρuα)/3-uα∂β((cs
2ρ)-uβ∂α((cs

2ρ)-

∂γ(ρuαuβuγ)].                                                                                                            (1.35)    

Combining Eqs. (1.20), (1.22), (1.23) and (1.31) with Eq. (1.35) gives the correct form 

of the continuity equation up to O(ε2) 

∂tρ + 𝛁.(ρu) = 0,                                                                                                      (1.36)                                                                                                        

and the momentum equations after simplifications and using the values of A0 = 4ρ/9, A1 

= ρ/9, A2 = ρ/36 and c2
s = 1/3.  

∂t(ρuα)+∂β(ρuαuβ)=-∂α(cs
2ρ)+∂β(2υρχαβ)-ε∂β(λ-0.5) ∂γ(ρuαuβuγ)+O(ε2),                  (1.37)                                  

where χαβ = (∂αuα + ∂βuβ)/2 is the strain-rate tensor and P = cs
2ρ. The kinematic viscosity 

is given below 

υ = (2λ – 1)ε/6.                                                                                                        (1.38)                                                                                                                    

These are the exact two-dimensional Navier-Stokes equations [106, 107, 115]. From 

Eqs. 1.16(b) and (1.21) the remaining coefficients are determined: 

D0 = -2ρ/3, D1 = -1ρ/6, D2 = -1ρ/24.                                                                       (1.39)                                                                                   

The Eqs. (1.1) to (1.10) and (1.36) and (1.37) are briefly presented in the LBM section 

of our published and accepted works for understanding and implementations for the 

new readers interested to work in this field. Here in this thesis we also had given the 

detail derivation of Navier-Stokes equations using the Chapman-Enskog expansion 

above.  

1.3 Boundary Conditions 

The distribution of two-dimensional lattice structure [109] at different locations of the 

rectangular domain is presented in Figure 1.2. The solid lines and dotted lines represent 

the velocity particles within and outside of the domain, respectively. From stability 

point of view the square structure is chosen for this study. At each time step the particles 

collide and they move to next in different directions. At each time step the particles are 

coming back to its original position due to bounce-back scheme and then take part in 

collisions and propagations.   
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Figure 1.2. Arrangement of n2m9 lattice arrangement on computational domain. 

 

The bounce-back [109, 111] representation of no-slip boundary condition is presented 

in Figure 1.3. The dotted lines represent the particles within the flow domain and the 

solid lines represent the particles outside the domain. In bounce-back the particles 

coming back to its original position before the next time step to take part in collision.  

 

Figure 1.3. Graphical representation of the bounce-back scheme.  

The geometric representation of the periodic conditions [108] is given in Figure 1.4. 

One can adopt the periodic boundary conditions when there is an increased in grid 
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points in the transverse direction. Mostly this can be used for the side-by-side arranged 

cylinders. In Figure 1.4, L1 and L2 present the two symmetry lines within the domain.  

 

Figure 1.4. Representation of periodic boundary conditions. 

1.4 Analysis of Flow Past an Isolated Cylinder 

The flow past an isolated cylinder is presented in Figure 1.5. D, Lul, Ldl, L and H are the 

diameter of the cylinder, upstream location from the entrance, downstream location up 

to the exit, length of the channel and height of the domain, respectively. The uniform 

inflow velocity is incorporated at the entrance of the channel. Convective boundary 

conditions [111] are adopted at the exit of the domain due to reasonably large enough 

space behind the cylinder. For the cylinder surfaces and walls of the domain we adopted 

the no-slip boundary condition [109]. The forces are measured by using the method of 

momentum exchange [114]. This analysis will help to analyze the complex flow 

features in coming chapters. In this situation the shear layers moves parallel behind the 

cylinder and not cross over and moves freely once there is enough space from the inlet 

and also the exit location is far away. The analysis of velocity distribution will help to 

know the speed of velocity at the centre and at near the walls positions.  The uniform 

grid distribution over the cylinder and whole computational domain is shown in Figure 

1.6. This mesh is based on the unit lattice structure of LBM chosen for this thesis.  
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Figure 1.5.  Computational domain of flow past an isolated cylinder.  

 

Figure 1.6.  Uniform mesh distribution of the computed domain. 

The effect of computational time for Re = 60 and 175 is presented in Figure 1.7(a, b). 

At low Reynolds number it takes more time to form vortex shedding behind the cylinder 

(Figure 1.7(a)). As the Reynolds number increased the shedding starts quickly (Figure 

1.7(b)). The shedding at Re = 175 starts almost 200000 time steps earlier than 65. 

 

Figure 1.7(a, b).  Effect of computational time for starting shedding.  

The flow in the streamwise direction for various cross-sections is presented in Figure 

1.8(a-d).  The graphs confirm that the velocities are not too affected as they travel to 
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the exit of the computational domain. The amplitude of lift forces also becomes larger 

at higher Reynolds number as compared to low Re values. This is due to the strong 

vortex shedding behind the cylinder. The periodic nature observed in both cases with 

almost same amplitude without any modulation.    

 

Figure 1.8(a-d).  Effect of streamwise velocity at different cross-sections.  

The vorticity contours for flow past a single square cylinder at different Reynolds 

numbers is presented in Figure 1.9(a-f). The well-known von Karman vortex street in 

the form of alternate shedding is observed behind the cylinder. The negative vortices 

(dotted lines) and positive vortices (solid lines) generated from the upper and lower side 

of the cylinder, respectively.  The number of shed vortices increased while increasing 

the values of Re.  
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Figure 1.9(a-f). Vorticity representation of flow past a single cylinder. 
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Sharma and Eswaran [4] had similar observation in terms of shed vortices behind the 

single cylinder. The variations of alternate shed are consistent with the velocity 

distribution presented in Figure 1.8(a-d) for different cross-sections in the streamwise 

direction.  There are some information’s of boundary layers at both walls but they not 

affect the generation of vortices as they move forward. We also noted that the selected 

domain is reasonably well enough for computations and its effect are already mentioned 

in our published works of this thesis.   

The time variation of CD and CL at different Re are presented in Figure 1.10(a, b). The 

amplitude of CD is almost double as compared to CL. The periodic nature observed for 

all values of Re without any modulation. These kinds of forces behavior were also 

observed by Davis and Moore [8]. This means that our developed code can capture all 

the important features of bluff structure. As the drag becomes reduced the amplitude of 

lift becomes larger as a result of strong shedding. The drag period repeat it almost about 

1000 time steps while the lift takes almost double time.   

 

Figure 1.10. Time variation of (a) drag coefficient and (b) lift coefficient. 

The FFT analyses of CL by changing the value of Re is given in Figure 1.11(a-f). No 

harmonics observed in the spectra and only a dominant single peak clearly seen in the 

graphs for chosen Re. The amplitude of the spectra increased with the increase of 

Reynolds numbers due to the increase of shed vortices behind the isolated cylinder. As 

the shedding increased the more will be the shed vortices behind the cylinder. There is 

an increase up to Re = 150 (St = 0.1703) and then showing decreasing behavior at Re = 

175 (St = 0.1670). This analysis further confirms the validity of the developed code that 

to be used for the work presented in this thesis. The co-relation of CD and CL by 



18 

 

changing the value of Re is shown in Figure 1.11(a-f). One can clearly see the will 

known eight figures ensures the regular shedding behind the cylinder. These all features 

confirm that the velocity distribution is almost same over the entire domain. The initial 

modulations shows that the shedding starts late at low Reynolds numbers and becomes 

faster at high Re values. We also observed this in Figure 1.7(a, b) which tell us about 

the computed time of starting the vortex shedding in alternate form. The lessajesious 

graphs given in Figure 1.12(a-e) further confirms that the code successfully capture all 

the two-dimensional silent features of flow past the cylinder by changing the Reynolds 

number up to 175. The eight-figure confirms the periodic generation of shed vortices 

behind the cylinder without any serious effect.      

 

Figure 1.11(a-f). Spectra representation of CL by changing Re values. 

Furthermore, we compare the three important physical parameters CDmean, St and CLrms 

with some available data in literature in Figure 1.13(a-c). Almost the same variation 

observed between the present and available results by changing the value of Re. The 

overall good agreement observed between the present results and available results 

especially with the results of Sen et al. [3]. The CLrms are exactly the same that were 

observed by Paven et al. [2]. Our CLrms results also perfectly match with the available 

results of Sharma and Eswaran [4]. The CDmean shows the same trend that was observed 

by other researchers. As the Reynolds numbers increases our St results close to the 

results of Sohankar et al. [1].  
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Figure 1.12(a-e). Lessajesious representation of CD and CL for various Re values. 

 

Figure 1.13(a-c). Comparison of present and available data for isolated cylinder. 

1.5 Thesis Layout 

The rest of the thesis is organized in different chapters of the published work as follows: 
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(i) The Section 1.4 of this chapter is also presented in our published papers as a code 

validation.   

(ii) The fluid dynamics and variation of force statistics for flow around transversely 

arranged four cylinders are presented in Chapter two. This work is available online in 

Ref. [116]. The details are given below: 

“Shams-ul-Islam, Naqib Ullah and Chao Ying Zhou. Fluid dynamics of flow around 

side-by-side arranged cylinders. Arabian Journal for Science and Engineering. 45:5907-

5923 (2020). (Impact Factor = 1.711)”   

(iii) The effect of expansion ratios at the entrance for flow past a single square cylinder 

is presented in Chapter three. The work presented in this chapter is published and 

accepted in two papers. One paper explain the effect of expansion ratios and the second 

one present detail analysis of Reynolds number for some expansion ratios. The details 

are given in Refs. [117, 118].  The details are given below: 

“Naqib Ullah, Shams-ul-Islam and Chao Ying Zhou. Low Reynolds number 

channelized fluid flow of asymmetric plane to a non-asymmetric plane with a sudden 

expansion by using lattice Boltzmann method. AIP Advances. 10:015023(1-16) (2020) 

(Impact Factor = 1.579)” 

“Shams-ul-Islam, Naqib Ullah and Chao Ying Zhou. Numerical investigation of 

various spacing ratios at the entrance for channelized fluid flow. Ukrainian Journal of 

Physics (submitted after minor revision) (Impact Factor = 0.59)” 

(iv) The effect of obstructions at the channel entrance for flow past a single cylinder is 

presented in Chapter four. This work is accepted for publication in “Canadian Journal 

of Physics” given in Ref. [119]. 

The details are given below: 

“Shams-ul-Islam, Naqib Ullah and Chao Ying Zhou. Numerical analysis of blockage 

effects on the flow between parallel plates by suing lattice Boltzmann method. 

Canadian Journal of Physics. (Accepted). (Impact Factor = 1.016)” 

(v) The various observed flow regimes and variation of physical parameters for flow 

past nine square cylinders in an inline square configuration is presented in Chapter five. 

This work is submitted to the “Journal of Mechanical Science and Technology” for 

possible publication [120].  

The details are given below: 
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“Naqib Ullah and Shams-ul-Islam. Wake interaction and force statistics around 

cylinders in an in-line square configuration. Journal of Mechanical Science and 

Technology. (Submitted for possible publication) (Impact Factor = 1.345)” 

(vi) The conclusion and future work will be presented in Chapter six.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



22 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter 2 

Fluid Dynamics of Flow Around Side-by-Side Arranged 

Cylinders 
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The work of this chapter is already published in “Arabian Journal for Science and 

Engineering [116]. The complete detail is given in Section 1.5. The mathematical 

equations and boundary conditions used in this paper are already discussed in detail in 

Section 1.2. The code validation is given in Section 1.4. We will not present it here 

again to avoid the repetitions. The findings will be discussed in more details in various 

graphical forms for qualitative analysis. The quantitative analysis with SC comparison 

is also a part of this chapter to knowing more about the sensitivity of the integral 

parameters. The comparison is also given with other available works in terms of 

differences and similarities.   

2.1 Problem Statement 

The flow past four transversely arranged cylinders is presented in Figure 2.1. The same 

initial and boundary conditions are used that we already mentioned in Section 1.4 for 

flow past an isolated cylinder. For this problem we adopted the periodic boundary 

conditions [108, 109] for lower and upper walls. C1, C2, C3 and C4 represents the first, 

second, third and fourth cylinder, respectively. For this chapter work we are choosing 

Re = 60, 80, 100, 120, and 140 and G = 0, 0.25, 0.5, 0.75, 1, 1.25, 1.5, 1.75, 2, 2.5, 3, 

3.5 and 4. The grid distribution for different G values is given in Table 2.1. The uniform 

mesh distribution of the geometry is presented in Figure 2.2.  

 

 

Figure 2.1. Arrangement of cylinders side-by-side from bottom to top. 
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Figure 2.2. Uniform mesh distribution over the cylinders and domain. 

Table 2.1. Distribution of nodes for different G values. 

G L × H G L × H 

0 681 × 221 1.75 681 × 326 

0.25 681 × 236 2 681 × 341 

0.5 681 × 251 2.5 681 × 371 

0.75 681 × 266 3 681 × 401 

1 681 × 281 3.5 681 × 431 

1.25 681 × 296 4 681 × 461 

1.5 681 × 311   

 

2.2 Vorticity Contours and Streamlines Visualization 

The various flow characteristics and forces statistics will be examined by changing the 

values of Re and G. The mechanism of wakes for different observed flow regimes (FR) 

is given in Figures 2.2(a-c) and 2.5(a-d) in vorticity form. The streamlines 

representation is also given in Figures 2.4(a-c) and 2.6(a-d). Eight various types of FR 

were examined, namely, weakly interactive flow regime (FRI), unstable flow regime 

(FRII), base-bleed flow regime (FRIII), two-rows flow regime (FRIV) as given in 

Figure 2.20. FRI is further classified into three different regimes: asynchronously weak 

interactive with inphase-antiphase characteristics (FRIA), asynchronous weak inphase 

interaction (FRIB), and synchronized weak interaction with inphase-antiphase 

characteristics (FRIC). FRIII was also classified in two more regimes: weak (FRIIIA) 

and strong (FRIIIB) base-bleed flow features. Each FR has their own features such as 

vorticity contours, variation of forces at different times, FFT representation of CL and 

variation of integral parameters. Only selected cases will be shown in this chapter for 
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the sake to brevity to avoid the repetitions of the computed results. Wake structure 

behavior past multiple side-by-side (MSBS) cylinders acts differently for various types 

of flows and also behaves differently in terms of width and length with and without 

interaction with the gap flow near downstream of the MSBS. We assigned the names 

to FR after wake structure examination, time-variation of forces and FFT analysis of 

the CL of cylinders. Just near downstream of the MSBS will be more focused because 

there is a direction interaction of the gap flow and shed generated from the two different 

sides of the structures. At (Re, G) = (120, 1.5), (100, 1.75) and (140, 4) the different FR 

are presented in the vorticity visualization in Figure 2.3(a-c). It is noted that the 

cylinders generate and shed vortices behind the MSBS for all Re and G values with 

different features. The interaction of wakes and gap flow clearly seen at far downstream 

of the MSBS at (Re, G) = (120, 1.5) and (100, 1.75) in Figure 2.3(a, b). The freely 

independent movement of wakes behind all the cylinders was observed at (Re, G) = 

(140, 4) in Figure 2.3(c). On the basis of these flow features we call it FRI. FRI is 

further classified into three different regimes based on different characteristics. FRIA, 

FRIB and FRIC are presented in Figure 2.3(a), (b) and (c), respectively. The interaction 

is weak for all these regimes and there exists fully developed shed vortices near 

downstream. These vortices with each other either behave inphase or antiphase on 

inphase-antiphase. On the basis of these features we further divided into three different 

regimes.  The results are also presented in streamlines in Figure 2.4(a-c) for knowing 

the separation of vortices from different positions at the cylinders surfaces. The 

streamlines also showing that the shed behavior is either inphase or antiphase behind 

the individual cylinder. Due to gap flows the size of vortex near the middle cylinders 

are more affected and merger as they more in the streamwise direction. These 

streamlines clearly illustrates the transition of flow regimes from one state to another 

one as the Re or G changes. The streamlines in Figure 2.4(a) shows the interesting 

wiggling nature behind the middle cylinders once they developed fully near 

downstream. As a result the negative vortex street observed above from C4 and the 

positive vortex street observed below behind C1. It is interesting to note that the G 

strongly affects the flow features as compared to Reynolds numbers. The more flow 

regimes observed in the range between 0.25 and 2 by changing the value of G. As G ≥ 

2, the effect is almost negligible and the isolated behavior observed.  
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Figure 2.3(a-c). Vorticity visualization at different combinations of G and Re. 
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Figure 2.4(a-c). Streamlines representations at different combinations of G and Re. 

These flow features can be further verified by examining the time variation of CL 

coefficients of the cylinders (Figure 2.8(a-d)). Figure 2.8(b) also shows the repulsive 

forces between the outer and inner cylinders. In Figure 2.5(a) at (Re, G) = (120, 1) the 

vortices behave quite differently from the above ones. The free-stream vortices are 
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quickly coalesced with the gap flows just behind the MSBS. Some wakes are wider and 

some are narrow as they move forward and not pertains the regular shape up to the exit 

of the domain. Based on the discontinuous movement and random switching between 

the vortices the flow is called the unstable or flip-flop flow regime (FRII). The CL 

variation with time shows the irregular behavior with different amplitudes. No periodic 

nature was observed for the lift coefficients (Figure 2.10(a)). Compared to FRI the 

influence of gap flows are more and dominates the downstream wake mechanism. 

Different flow features were found for the outer (1 and 4) and middle (2 and 3) cylinders 

in this case. The outer cylinders (C1 and C4) show more interaction, wide wakes and 

larger wake length. While in case of middle cylinders (C2 and C3) showing less 

interaction, narrow wakes and considerably less amplitude for lift coefficients. The FFT 

of CL in Figure 2.14(a-d) reveals that the wide and narrow wakes behind the cylinders 

1 and 4 and cylinders 2 and 3 strongly interact and produces more harmonics to the 

spectra due to strong merging. Alam et al. [30] had almost observed the same flow 

characteristics at 0.25 < G < 1 and Re = 100 behind the MSBS circular cylinders and 

also using different numerical scheme. At Re = 100 Kang [21] studied the same wide 

and narrow distribution of wakes behind three circular cylinders. The spectra shows 

0.1918, 0.2729, 0.2266 and 0.2069 Strouhal values for cylinders 1, 2, 3 and 4, 

respectively. The higher values observed for the cylinders 2 and 3 as a result of narrow 

wakes behind these two cylinders (Figure 2.14(a-d)). The other harmonics are called 

the secondary cylinder interaction frequencies that were proposed by Kumar et al. [28] 

behind rows of cylinders. The largest peak in the spectra is called the leading frequency 

or the primary vortex shedding frequency. The gap flows are the main sources of these 

observed harmonics in the spectra. For the FRII the measurement of dominant 

frequency is extremely difficult and sometimes need the logarithmic scaling. Around 

x/D ≈ 300 one can see the interaction of gap flows with the wake structures and stopping 

and fully developed shed vortices as they move forward.  This spacing is also called the 

critical spacing for MSBS square cylinders. With the increase of Re values at G = 0.25 

the length of wakes are considerably affected and the shedding frequency becomes less 

and less. At critical spacing the separation points occurs at the surfaces instead of 

corners.          
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Figure 2.5(a-d). Vorticity visualization at different Re and G values. 
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Figure 2.6(a-d). Streamlines representations at different Re and G values. 

At Re = 60 and 140 and G = 0.25 the third flow regime FRIII was observed. 

Furthermore, the two different types of FRIII are given in Figure 2.5(b, c) in the form 

of contours visualization. Flow in the form of single vortex-street observed behind the 

outer cylinders. The influence of gap flow is less at Re = 60 as compared to Re = 160. 

As the result the hydrodynamic forces and the shedding frequencies are considerably 
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affected and they showing discontinuous movement. The weak and the strong base-

bleed observed for the Re = 60 (FRIIIA) and 140 (FRIIIB), respectively. In FRIIIA the 

size and shape are more regular for the wake as compared to FRIIIB as a result of weak 

and strong gap flows at these two Reynolds numbers. The freestream shed vortices from 

the outer cylinders are fully interact with the gap flows for low spacing between the 

cylinders. As a result only alternate behaviour observed behind the cylinders with 

bigger width and length as compared to isolated flow (see Figure 1.9). It is also noted 

that these shed are generated from the freestream surfaces of the cylinders 1 and 4. The 

behaviors are completely changes for G = 0.25 and 0.5 (Figure 2.5(d)). The negative 

and positive rows of shed vortices observed from the freestream sides of C4 and C1, 

respectively. The influence of flows within gaps is almost negligible and not influenced 

further downstream to effect the wakes. The lift forces show a constant behavior 

because there is no shedding behind the inner cylinders (Figure 2.10(d)). And the FFT 

analysis of CL shows few minor peaks. The shed observed behind the outer cylinders 

and as a result the continuous behavior of CL observed. The C1 and C4 reveals the same 

shedding frequency (St1 = St4 = 0.0003) in Figure 2.15(e).  

The streamlines presented in Figure 2.6(a-d) clearly explains the sensitivity of shed 

movement behind the cylinders as a result of gap flows which influences the wake 

mechanism especially at lower spacings. The internal energy of vortex moves further 

and shows the affect up to x/D ≈ 28 (Figure 2.6(a)). There is no fixed position for vortex 

separation at the rear surface of the cylinders. At small spacing the cylinders behave 

like isolated cylinder but the vortex size is more as compared to normal shed vortices 

that have the same size. Here the size is almost four times in the horizontal direction. 

The streamlines confirmed the developed sheds but with different length and width 

(Figure 2.6(b)). As the Reynolds number increased for the same spacing the strong 

effect is observed in streamlines visualization (Figure 2.6(c)). This means the Re make 

the flow nature completely change in terms of vortex length and width as they move 

forward. The strong recirculation region is observed at the middle. As G slightly 

increased and Re drops a lot so one can see the symmetric nature for middle cylinders. 

The separate variation of vortices from the lower and upper surfaces of the C1 and C4, 

respectively, observed in Figure 2.6(d). The beautiful symmetry observed within the 

middle of the middle cylinders.  
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2.3 Time Analysis of Forces 

The time variation of forces are presented in Figures 2.7(a-c), 2.8(a-d), 2.9(a-c) and 

2.10(a-d) for various values of G and Re. The drag forces at low spacings are periodic 

(Figure 2.4(a, b)) and show some modulation at relatively large value of G (Figure 

2.7(c)). This is due to the transitions of flow regimes from one to another. The more 

drastic behavior observed for Re = 120 and 140 in Figure 2.8(a) and (c), respectively.   

 
Figure 2.7(a-c). Time variation of drag coefficients at different combinations. 

The modulation in CD tells us that the layers are moving parallel but at far downstream 

also cross over. At large spacing the same shedding pattern occurs behind the outer and 

middle cylinders. As a results one can see only the blue and green lines in the CD plot 

for G = 4. The modulation tells us how the waves are moving forward after the minor 

effect of gap flows near downstream and propagates over the entire domain and in all 

directions. The flow features of FRIB also observed in the time variation of lift forces 

of the MSBS cylinders in Figure 2.9(a). Almost the same amplitude observed for the 

cylinders 1 and 4 and also larger in amplitude as compared to cylinders 2 and 3 for 

FRIA and FRIB. The lift forces confirm the inphase variation of shed vortices behind 
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the cylinders. It is interesting to know that all the cylinders almost have the same 

Strouhal value (St = 0.1749) without any other harmonics during the FFT analysis. 

Kumada et al. [29] had similar experimental findings at higher Reynolds numbers for 

G between 1.225 and 2.75.  

 

Figure 2.8(a-d). Instant change of CD for different G and Re combinations.  

Alam et al. [30] also had similar findings at G ≥ 2 and Re = 100 for flow past MSBS 

circular cylinders. The time variation of CL coefficients t G = 0.25 for two different 

Reynolds numbers 60 and 140 are presented in Figure 2.10(b, c). The most 

discontinuous variation of CL coefficients are observed at G = 1 and Re = 160 in Figure 

2.10(a). At Re = 60, the constant behavior observed for CL2 and CL3. Moreover, the 

positive and negative behavior observed for CL1 and CL4, respectively. At Re = 140, the 

lift variation are completely irregular and no periodic nature observed. The irregular 

behavior confirms the synchronization of wakes in terms of shed vortices behind the 

cylinders. The shedding period with time either becomes larger or smaller as the time 

progress. In all chosen cases the drag forces are more affected than lift forces because 

it is directly in contact with the oncoming flow. Moreover, the gap flows also affected 

almost at near downstream positions behind the cylinders. The more space for moving 

fluid the more effect observed in drag forces.   
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Figure 2.9(a-c). Time variation analysis of lift coefficients. 

Furthermore, the effect of Re and G are analyzed with the help of lessajesious 

representation of CD and CL in Figures 2.11 and 2.12(a-h). As G increased from 1 to 1.5 

the flow nature almost becomes stable and no irregular behavior observed in Figure 

2.11(e-h) for the same Reynolds number. At Re = 120 and G = 1.5 we already observed 

the symmetric nature of flow behind the C2 and C3. As a result a balloon observed in 

Figure 2.11(f, h). This confirms that there is reasonably enough space for gap flows at 

G = 1.5 as compared to G = 1. The Re effect is also observed in Figure 2.12(a-h) for G 

= 0.25. The figures-eight are almost seen for all cylinders but there shapes are varied in 

terms of width and length. The reason is that a large size of shed vortices observed 

behind the cylinders at this spacing value.   
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Figure 2.10(a-d). Time analysis of CL at various combinations. 

If we compare Figures 2.11 and 2.12(a-h) with the force statistics Figures 2.16 to 

2.19(a-e), some interesting similarities were observed in terms of flow transition. At Re 

= 120 for both spacing values the same CDmean value observed (Figure 2.16(d)). While 

at G = 0.25, for two different Reynolds numbers the big difference observed for central 

and outer cylinders CDmean values. At Re = 120, by changing the spacing value the jump 

observed in vortex shedding in Figure 2.17(d) and the outer cylinders values are higher 

than the isolated cylinder value. No jump and differences observed at G = 0.25 for both 

Reynolds numbers (Figure 2.17(a, e)). The CDrms are considerably affect for both 

Reynolds numbers (Figure 2.18(a, e)). In case of Re = 120, by changing the spacing the 

CDrms are not affected too much (Figure 2.18(d)). The CLrms are strongly affected by 

changing the value of Re and observed higher and lower values for outer and inner 

cylinders as compared to isolated cylinder value (Figure 2.19(a, e)). The same values 

observed at Re = 120 by changing spacing value with slight increasing (Figure 2.19(d)).     
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Figure 2.11(a-h). CD-CL representation at different G values. 
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Figure 2.12(a-h). CD-CL representation at different Re values. 

2.4 FFT Analysis of Lift Coefficients 

The FFT analysis of CL at different Re and spacings is given in Figure 2.13(a-f). The 

same Strouhal value observed for the outer (St1 = St4 = 0.2041) and inner (St2 = St3 = 

0.2036) cylinders in FRIA which ensures the inphase-antiphase flow behaviour behind 
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the MSBS cylinders. Due to asynchronous nature no other harmonics were observed in 

the spectra. These spectra further confirm that the sheds are fully developed near 

downstream of the cylinders without any significant influence of the gap lows. The 

independent movement also ensures that there is a weak interaction of adjacent wakes 

and behaves like an isolated cylinder.   

 
Figure 2.13(a-f). FFT representation of CL by changing spacings and Re values.  

The CL1 and CL3 behave inphase as the time progress. The periodic nature of lift forces 

further confirms the dominancy of the primary shedding frequency. Again the same 

values observed for the outer (St1 = St4 = 0.1749) and inner (St2 = St3 = 0.1814) 

cylinders given in Figure 2.13(e, f). Alam et al. [30] not observed FRIA and FRIC for 

MSBS circular cylinders at Re = 100. This ensures that the square and circular structures 

behave differently and the square one is bluffer than the circular one. At G = 1 and Re 

= 120 in Figure 2.14(a-d) the FFT analysis shows the complex nature of wakes and 

irregular variation of lift forces as a result of strong influence of gap flows. To obtain 

the exact shedding value is more difficult due to random variation of forces and a lot of 

multiple harmonics. As a result we didn’t observe any free movement of shed vortices 

behind the cylinders without any interaction of adjacent wakes.  
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Figure 2.14(a-d). Spectra analysis of lift coefficients at Re = 120 and G = 1. 

The spectra of CL at Re = 60 and G = 0.25 and 0.5 and also at Re = 140 and G = 0.25 

are given in Figure 2.15(a-f). At G = 0.25 ne can see more harmonics for C2 and C3 for 

both Reynolds numbers. In all cases the same Strouhal values are observed for the outer 

and middle cylinders. St1 = St4 = 0.0748 and St2 = St3 = 0.0711 are the Strouhal values 

at (Re, G) = (60, 0.25). At (Re, G) = (140, 0.25), we observed St1 = St4 = 0.0792 and 

St2 = St3 = 0.0796 Strouhal values. The other harmonics in the spectra confirms the 

mutual interaction of gap flows and wakes behind the MSBS cylinders. Alam et al. [30] 

also observed almost the same features for St at MSBS circular cylinders case. 
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Figure 2.15(a-f). FFT representation of CL by changing parametric values. 

2.5 Force Statistics     

The variation of physical parameters as a function of G for different Reynolds numbers 

will be presented in this section with single cylinder (SC) value for comparison. The 

variation of CDmean of cylinders 1, 2, 3 and 4 is given in Figure 2.16(a-e). Almost the 

same values observed for the outer and middle cylinders for all combinations. The 

smaller CDmean values of cylinders observed for FRI, FRII and FRIII. As G increased 

the CDmean values almost approaches to SC given value due to considerably large 

enough space within the cylinders in the transverse direction. Due to irregular variation 

of shed vortices one can see some minor differences in the values of outer and middle 

cylinder for spacing up to 1.5. This means the gap flows showing some influence and 

direct reattachment with the adjacent wakes as they moving forward. The smooth 

decreasing behavior of CDmean shows that the drag forces are not affected too much by 

the gap flows and the adjacent wakes and reduced while increasing the values of G for 

fixed Reynolds number. The maximum and minimum CDmean values for the cylinders 

are observed at G = 0 and 4, respectively.   
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Figure 2.16(a-e). Variation of CDmean as a function of G. 

The Strouhal variation of four cylinders as a function of G is given in Figure 2.17(a-e). 

It is to be noted that once the shedding occurs behind the cylinders then its value can 

be calculated using the FFT. For example, no St1 and St4 value observed for the G = 

0.5 and Re = 60 case due to constant behavior of lift forces for these two cylinders (see 

Figure 2.17(a)). We also not observed any shedding behind these two cylinders. This is 

actually happened in case of FRII. The adjacent wakes interaction and gap flow 

influences are almost vanishes for G ≥ 2.5 and the shed are fully developed behind the 

MSBS cylinders. Furthermore, as G increases the regular shedding observed and the 

Strouhal values almost becomes identical and approaches to SC value. The more abrupt 

changes observed up to G = 1.5 as a result of regular transformation of flow regimes. 
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The maximum and minimum values of St changes with increasing G for different 

Reynolds numbers.   

 

 
Figure 2.17(a-e). Variation of Strouhal values as a function of G. 

The CDrms values of four cylinders are given in Figure 2.18(a-e). The discontinuous and 

constant variation observed for 0 ≤ G ≤ 1.5 and 1.75 ≤ G ≤ 4 at Re = 100 for all cylinders. 

The CDrms values are higher than the given SC value for all combinations considered in 

this study. The outer and inner cylinders completely show abrupt changes for FRII. The 

maxima for CDrms were observed for the FRIIIA. The CDrms are more sensitive as 

compared to the drag forces. The continuous changes in the CDrms confirm the transition 

of flow regimes. It was also observed that the influence of G is more as compared to 

SC Re values.  
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Figure 2.18(a-e). Variation of CDrms by changing the values of G. 

The rms of CL of four cylinders is given in Figure 2.19(a-e). The CLrms values are 

significantly affected than the other parameters. The more abrupt changes observed for 

0.5 spacing. The CLrms showing an increasing and decreasing behavior and approaches 

to SC value as the value of G increasing. In most flow regimes the lift forces are more 

affected and showing irregular behavior as compared to G = 4. At large spacings the 

lift forces are almost periodic and no modulation occurs in its amplitudes. The 

noticeable change observed for CLrms2 and CLrms3 in case of unstable variation of wakes 

behind the cylinders at Re = 140. It is found that the CLrms2 and CLrms3 are more affected 

and showing discontinuous variation by changing spacing values. In Figure 2.20 we 

write full name flow regime instead of FR mentioned during the results and discussion 

section. 
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Figure 2.19(a-e). Variation of CLrms by changing G values. 

 
Figure 2.20. Flow regimes as a function of G and Re. 
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Chapter 3 

Low Reynolds Number Channelized Fluid Flow of 

Asymmetric Plane to a Nonasymmetric Plane  
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The work of this chapter is already published in “AIP Advances [117]. The basic LBM 

equations together with the boundary conditions used in this paper are already discussed 

in detail in Section 1.2. The code validation is given in Section 1.4. We will not present 

it here again to avoid the repetitions.  

3.1 Problem Geometry 

The proposed problem is presented in Figure 3.1. The same parameters and boundary 

conditions are used that already discussed for the isolated cylinder in Section 1.4. In 

this problem we used the parabolic velocity profile at the entrance of the domain and 

G(= 1, 5 and 10)  is the spacing between the entrance walls. The entrance of the channel 

will be varied by putting two attach obstacles to the lower and upper walls about 5D. G 

= 1, 5 and 10 actually means to opening 1D entrance position of the channel to 10%, 

50% and 100% to examine how the turbulent flow becomes laminar. The squeezing 

actually forces to increase the pressure and velocity at the inlet position. This analysis 

will help how to minimize the turbulent effect. For squeezing we put some solid 

obstacles attached with the channel walls. These kinds of flows are significant in 

practical applications. So this transition from turbulent to laminar will be presented in 

different forms to fully understand the importance of the problems.   

 

Figure 3.1. Flow past in presence of expansion at the entrance. 

The effect of D is firstly discussed in different forms to know how much the grid points 

influence the final results and the computational time. Lul = 10D, Ldl = 35D and H = 

11D are fixed in each case. The vorticity representation is given in Figure 3.2(a-c). It is 

clear from these graphs that the length and width at D = 12 is more as compared to other 

two values. The boundary layers effect from the two walls and more unstable separation 

from the face corners are observed also for D = 12. The size becomes more rounded as 

D increased and more symmetric. 
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Figure 3.2(a-c). Effect of D of flow mechanism behind the cylinder. 

The effect of computational time for different values of D is presented in Figure 3.3(a-

c). The CL variation confirms about the starts of shedding and unsteady nature of the 

flow once the codes is running. The highest amplitude in Figure 3.3(a) indicates the 

largest length and width of shed vortices. In case of D = 12 and 20 the shedding starts 

about 55,000 and 80,000, respectively. Interestingly at D = 30, the lift starts from the 

very first time but shows instability for almost 30,000 time steps and after that the flow 

becomes stable.  
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Figure 3.3(a-c). CL generation for different values of D. 

In Figure 3.4(a-c) we also showing the drag forces variation in periodic form. It is 

observed that the amplitude is constant and each period repeat itself after some time. 

The CDmean value is also given in these graphs for comparison. The maximum CDmean 

values observed at D = 12 as compared to other two values. The difference between 

CDmean values of D = 20 and 30 is almost negligible. The reduction of drag is very 

important in practical engineering applications.  

The shedding frequency for different D values is given in Figure 3.5(a-c). As D 

increased the shedding value also increased. This means the shed vortices are more 

rounded and its length and width are becomes reduced. The spectrum confirms that the 

primary frequency plays a major role and no disturbance occurs behind once they move 

forward up to the exit of the domain. The highest amplitude in spectra observed for D 

= 12. On the basis of all discussions and findings we choose D = 20 for further 

computations with good accuracy and less computational time. The same value is also 

used in Chapter one investigations for different Reynolds numbers. For more than one 

cylinder such investigations and effect of computational domain is given in our 

published work in Arabian Journal for Science and Engineering in 2020.   
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Figure 3.4(a-c). CD time variation for different values of D. 

 

Figure 3.5(a-c). Shedding frequency variation for different values of D. 

3.2 Vorticity Contours and Streamlines Visualizations 

The results in the form of streamlines for different Reynolds numbers at G = 1 is 

presented in Figure 3.6(a-d). There is a small opening gap at the entrance of the channel 

for flow. After the blockage the flow quickly moves upward and downward and 

generated eddies behind the blockages at the entrance. These disturbances affect the 

normal flow past isolated cylinder in a confined channel. As we increased the Re values 

the more disturbances occurs behind the cylinder and varies up to the exit of the 

computational domain. These irregular variation of eddies shows that there is no von 

Karman vortex street behind the isolated cylinder which observed normally (for 
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comparison one can see Figure 1.9(b-e)). So in such problems the lower values of G 

can create more unstable solutions which will be the main cause of structure failures in 

some cases. The generation of other eddies are mainly due to fluid being swept upward 

and downward from the entrance position and then moving forward to interact with the 

isolated cylinder.   

 
Figure 3.6(a-d). Effect of Re in the form of streamlines.  

The vorticity representation is also given in Figure 3.7(a-d). Due to narrow space at the 

entrance up to x/D ≈ 5 the flow shows completely chaotic nature and more towards 

downward. This turbulence effect on the flow behind the cylinder and no regular pattern 

of shedding can be seen at far downstream of the domain. As the Reynolds number 

increased the movement of turbulence shifted to upward direction and considerably 

influences the normal shedding of flow behind the isolated cylinder. One can see clearly 
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the regular movement of shed vortices behind the isolated cylinder for these Reynolds 

numbers without any entrance blockage (see Figure 1.9(b-f)).  

 

Figure 3.7(a-d). Vorticity representation ate different Re values. 

The streamlines visualization for Re = 100, 140, 160 and 200 at G = 5 is given in Figure 

3.8(a-d). As compared to spacing one, there is reasonably enough space at the entrance 

position of the confined channel for flow to pass through an isolated cylinder. The one 

big eddy behind the lower and upper obstructions are clearly seen but not changes too 

much by changing the values of Re. The main cylinder is almost 13D away from the 

entrance but still affected due to these eddies and not showing the regular variation 

behind the cylinder while moving through the computational domain. These 
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disturbances further show the influence on the wake as they move forward. The eddies 

actually shows and tells us more about the forces fluctuations. Largest eddy extract 

some kinetic energy from the mean flow. Large eddies evolve into smaller eddies as a 

result of rotational potential energy of the largest eddy. Generally large eddies occurs 

for high Reynolds number where the inertia forces dominates over viscous forces. This 

is a kind of energy cascading. In case of laminar flow eddies are not possible. These 

eddies shows how the kinetic energy is taken from the mean flow and then dissipates 

into viscous forces. This further mean that these eddies have extracted as much energy 

that can sustained up to the exits of the domain. The turbulence is generated by the 

entrance expansion of the domain. The small eddies confirms that at far downstream 

the viscous forces are equally important as the inertial forces. The large eddy behind 

the obstruction confirms that the angular momentum is conserved. These graphs show 

the non-isotropic nature of flow. The Re effect at G = 10 for flow past an isolated 

cylinder in confined channel is presented in Figure 3.10(a-d). This means that after 

removing the obstructions at the entrance the incoming flow normally interact with the 

isolated cylinder and showing unsteadiness just behind the cylinder. The streamlines 

confirms the regular alternate shedding behavior that we already observed in Figure 

1.9(a-d) for isolated cylinder in the form of contours. At G = 10, the flow becomes 

laminar and no large eddies exists in the far domain. It’s fluctuating over a wide range 

of time scale. The vorticity also tells us about the interaction between the large scale 

and small scale eddies. Overall it is observed that even a small blockage at the entrance 

of the channel confined or unconfined considerably affect the normal flow features that 

can be seen in normal circumstances. To find the unfavorable situations is very 

important before conducting experiments which are too much costly.  In near future we 

will try to develop finite element base LBM for such types of problems and to know 

how to control such disturbances.  
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Figure 3.8(a-d). Effect of Reynolds numbers for G = 5.  

 

The vorticity representation is also given in Figure 3.9(a-d). There is reasonably enough 

space at the entrance up to x/D ≈ 5 as compared to the previous cases but still the flow 

shows completely chaotic nature. In all cases after the entrance blockage the positive 

vortex moves towards upward direction and the negative vortex moves towards 

downward direction. These disturbances still effect the normal shed generation behind 

the isolated cylinder due to velocity increase.  
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Figure 3.9(a-d). Vorticity representation ate different Re values. 
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Figure 3.10(a-d). Re effect in the form of streamlines for G = 10.  

3.3 Forces Variation with Time 

The forces variation with respect to time for different Reynolds numbers at G = 1 is 

given in Figure 3.11(a, b). The irregular variation confirms that there is not enough 
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space at the entrance for the incoming flow to past isolated cylinder. The variation is 

more verse as the Re values increased. The highest amplitude in terms of CD and CL 

observed for Re = 125. Without obstructions at the entrance one can see the regular 

periodic nature of forces with time variation (see Figure 1.10(a, b)). As a result the 

vortices features are considerably changed behind the structure. For G = 5, when the 

shear layers begins behind the blockages to roll up from the lower and upper sides over 

the isolated cylinder, a few stagnation points forms just behind the cylinder and also far 

downstream of the cylinder confirms from the phase diagram of CD and CL. As a result, 

the irregularity that observed for G = 1 is less and still not get the regular shape.  

 

Figure 3.11(a, b). Forces variation with time at G = 1 by changing Re values.  

Another important aspect is that the blockage at the entrance changes the parabolic 

nature of flow to rotational free stream flow.  The regular shape observed at G = 10. 

Increasing the value of G up to 5 the influence of Re is somehow reduced (Figure 3.13(a, 

b)). The drag forces are showing some small modulation. The lift forces are still affected 

due to upward and downward movement of shed vortices behind the obstructions and 

then interaction with the isolated cylinder. Almost the same lift amplitude is observed 

for all chosen Reynolds numbers. Figure 3.13(a, b) show the regular periodic variation 

of forces at G = 10 by changing the values of Re. No modulation observed for both CD 

and CL from Re = 75 to 200. The highest CD and CL amplitude is observed for Re = 200. 

This means there are more shed vortices behind the cylinder as compared to other 

Reynolds numbers. The drag is double as compared to lift for all Reynolds numbers. 

Such variation confirms the von Karman vortex street flow features after the cylinder 

and moves freely.    
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Figure 3.12(a, b). Time representation of forces at G = 5.  

 

Figure 3.13(a, b). Forces behavior at different times at G = 10 for various Re values.  

The velocity distribution in streamwise direction for different Re values at G = 1 and 

10 are presented in Figures 3.14 and 3.15(a-d), respectively. To clearly know about 

these complex flow features and how they are often generates turbulence to simple 

models is very important. The blockage at the entrance is one of the factors that our 

velocity distribution is strongly depending. The velocity profiles show many inflection 

points within the obstruction and main cylinder.  
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Figure 3.14(a-d). Velocity distribution along streamwise direction for G = 1.  

These inflection points explain the shear layers instability behind the isolated body. The 

long wavelength actually caused by interaction of the two shear layers. This shows the 

flow is absolutely unstable. This long amplitude of velocities has strong consequences 

for the structures from designing point of view. Change in G is extremely abrupt, 
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because it is limiting to zero, when it is just entering the channel and it almost non zero 

when it has transverse a small distance inside the channel. So that means if we have a 

slight change in transverse direction for that we observed a large change in velocity 

distribution. So and velocities has not changes that much as G has changed by 

transverse reasonably. Compared to exiting studies in literature this study shows that G 

at the entrance position of the channel has got greater proportion than the change in 

other parameters that were available in previous studies. At G = 10 (Figure 3.15(a-d)), 

the velocity profiles area almost constant. After introducing such blockage at the 

entrance the velocity of flow at any channel section is not constant throughout. The 

non-uniform velocity distribution is due to the lockage at the entrance and frictional 

resistance along the channel boundary. Contours of equal velocity are known as isovels. 

The velocity contours clearly tell us about the non-uniform distribution of velocities. 

The velocity at the channel boundary is zero while it is maximum at certain depth below 

the free surface. 

The lessajesious representation of forces for different Re values at G = 10 is presented 

in Figure 3.16(a-d). A very complex change in lessajesious occurs due to narrow gap 

flow at the entrance of the channel. This is due to the unstable reattachment of shear 

layers from the gap at the entrance. As a result of such reattachment the stagnation point 

is clearly seen near the lower corner of the cylinder. Furthermore, due to strong 

influence of gap flow the extensive recirculation zones are observed behind the cylinder 

and within the blockages at the entrance and between the cylinders. The irregular eddies 

at the front of cylinder strongly hits the isolated cylinder and this interaction generates 

a very complex nature of flow structure in the vicinity of the isolated cylinder.  No 

regular shape observed for G = 1 (not shown). This means that there is no regular shed 

variation behind the cylinder and strongly affected by the narrow gap at the entrance of 

the channel for incoming flow. The instability becomes less while increasing the value 

of G. At G = 10 (see Figure 3.16(a-d)), the instability are completely vanishes and one 

can see the fully eight-figure shape. This eight-figure shape confirms the regular 

behavior of shedding after the cylinder without any instability. Once there is an alternate 

generation of positive and negative vortices then the CD-CL relation shows regular 

pattern.  
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Figure 3.15(a-d). Velocity distribution along streamwise direction for G = 10.  
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Figure 3.16(a-d). Lessajesious representation of CD and CL at G = 10.  

3.4 Power Spectra Analysis of Lift Coefficient 

The FFT analysis of lift force for different Reynolds numbers at G = 1, 5 and 10 are 

presented in Figures 3.17-3.19(a-d). The more harmonics are clearly seen in the spectra 

as a result of low space at the entrance of the channel. We already observed the irregular 

nature of lift coefficients for different Reynolds numbers at G = 1 (see Figure 3.17(a, 

b)). The power spectra becomes more clear and visible at G = 5 (Figure 3.18(a-d)). 

There is one largest peak which corresponds to the shedding frequency of the cylinder 

with few minor peaks. These few peaks show the little effect of incoming flow on the 

isolated cylinder. Furthermore, at G = 10 (Figure 3.19(a-d)) shows only primary vortex 

shedding frequency and the other frequencies roles are completely vanishes. At G = 10 

the amplitude of spectra increased by varying the values of Re. The more harmonic 

confirms the turbulence nature of flow that were already observed in vorticity and 

streamlines graphs’ given above. The minor peaks in Figure 3.18(a-d) also showing the 

irregular shape of positive and negative vortices moves upward and downward, 

respectively.  
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Figure 3.17(a-d). Spectra representation of CL at G = 1. 

 

Figure 3.18(a-d). Spectra representation of CL at G = 5.  
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Figure 3.19(a-d). FFT representation of CL at G = 10 for Re. 

3.5 Variation of Integral Parameters 

The variation of physical parameters for various Re values at G = 1 is given in Figure 

3.20(a-d). For comparison the single cylinder (SC) value is also given. It is interesting 

to note that the CDmean are considerably reduced as compared to SC value (Figure 

3.20(a)). The minimum CDmean value is observed at Re = 120. The largest St value is 

observed at Re = 100 (Figure 3.20(b)). The increasing and decreasing behavior of St 

value indicates the size and width effect of shed vortices by changing the Reynolds 

numbers. The maximum and minimum value of CDrms and CLrms are observed at Re = 

100. Due to irregular variation of shed vortices the CDrms and CLrms are somehow higher 

than the isolated cylinder values. The shear layers are not moving parallel and they 

cross over each other at every instant. As a result the CDrms and CLrms are strongly 

affected and not follow the increasing or decreasing behavior. Due to strong interaction 

between the fluid particles the velocity distribution are not same and they showing 

discontinuous motion once they move forward.  
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Figure 3.20(a-d). Changeover of physical parameters as a function of Re.

 

Figure 3.21(a-d). Changes of integral parameters as a function of Re for G = 5. 

The variation of integral parameters as a function of different Reynolds numbers at G 

= 5 is given in Figure 3.21(a-d). The minimum CDmean and St are observed for all Re 

values. On the other hand, the higher CDrms and CLrms values observed as compared to 



65 

 

isolated cylinder. The highest CLrms confirms that the shed size is bigger than the normal 

size of shed vortices. The variation of various physical parameters for different values 

of Re at G = 10 is given in Figure 3.22(a-d). The values at this spacing are 100 percent 

match with the values of flow past an isolated cylinder without any obstruction at the 

entrance. One can see only the red color due to exact values in the plot.  

 
Figure 3.22(a-d). Variation of integral parameters as a function of Re for G = 10. 
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Chapter 4 

Effect of Upstream Blockages at the Front of Isolated 

Cylinder  
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This work is accepted in Canadian Journal of Physics [119] for publication. The effect 

of two attached rectangular cylinders of different aspect ratios will be presented to the 

incoming flow before passing through the isolated cylinder. This blockage is some 

distance away from the exact entrance to know more as compared to the previous 

problem already discussed in Chapter three. The comparison will be given with isolated 

cylinder already discussed in detail in Chapter one without any blockages at the front.  

4.1 Problem Representation 

The main objective of this chapter is to just emphasize the fundamental underlying of 

flows past bluff structures in presence of entrance obstacles of the domain. We want to 

know the propagation of disturbances creates through these obstacles. These obstacles 

are actually the source of disturbance for such laminar flows. Actually, we are 

considering low Mach number flows and also incompressible. For this study we are 

choosing only three values for G (=1 mean 20%, 2 means 40% and 3 means 60%) 

blockages to know what will happen to the channel flow passing through the isolated 

body. Further to know, the shedding will be remains the same or increase or decrease. 

The geometric representation of square cylinder at two small blocks of different heights 

are located at the front and attached with the walls of the unconfined domain. The same 

boundary conditions and computational domain is used that already mentioned in 

Section 1.4 for flow past a single square cylinder. The governing equations and its 

derivation are already given in Section 1.2. The spacing between the two obstacles at 

the front will be varied which are located at some distance from the entrance position.    

 

Figure 4.1. Flow past an isolated cylinder in presence of obstacles at the front. 

 

4.2 Vorticity and Streamlines Visualization of Results 

The vorticity contours visualization and streamlines representation for different 

Reynolds numbers at G = 1 is presented in Figures 4.2 and 4.3(a-d), respectively. The 
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vorticity shows that the shedding generates behind the cylinder but the blockages and 

boundary layers influences the development process of vortices at far downstream of 

the domain. The effect is almost negligible for Re = 75 and 100 but considerably large 

for the Reynolds numbers 125 and 150.  

    

 
Figure 4.2(a-d). Vorticity representation at different Re values for G = 1.  

The symmetry completely broken and there is no alternate behavior of positive and 

negative vortices that generally observed for isolated cylinder without blockages (see 

Figure 1.9(d, f)). This means that as the Re value increased the small blockages at any 

position can create the turbulence to laminar flow. When G = 1, the flow features is 

almost symmetric with respect to the oncoming flow and as a result there is a clear 

recirculation zone behind the isolated cylinder for all Reynolds numbers. There is a 

clear vortex shedding for Re = 75 and 100 and becomes unstable for Re = 125 and 150. 

The more waviness in the streamlines plots for Re = 125 and 150 shows the unstable 
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variation of shed vortices. This means that even a small value of the obstacles at the 

front can affect the flow features and Re dependent. As a result the regular vortex street 

disappears behind the cylinder. The clockwise vortex is smaller as compared to 

anticlockwise vortex. The present results show that in case of obstacles as a blockage 

in unconfined channel the flow around a square cylinder is also strongly depended on 

Re values.    

 

 
Figure 4.3(a-d). Streamlines representation at spacing equal to one.  

Figures 4.4(a-d) and 4.5(a-d) shows the vorticity and streamlines visualization at G = 2 

for various Reynolds numbers, respectively. It is clear from the vorticity graphs that as 

the blockage increased the velocity of the oncoming flow increased and affect the 

separation point as well as the developing process of shed vortices. The positive vortex 

stops the developing process of negative vortex at near downstream (Figure 4.4(a)). As 

the Reynolds numbers increased the there is some evidences of positive vortices 
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development but the negative vortices are completely disappears. The effect continues 

until the exit of the domain.  

 
Figure 4.4(a-d). Vorticity representation for G = 2 at different Re values.  

When G = 2 (Figure 4.5(a-d)), some important changes in the flow filed is observed by 

changing the values of Re. The irregular generation of clockwise and anticlockwise 

vortex from the front obstacles strongly affects the regular movement of vortices. The 

regular behavior of shedding is fully destroyed due to quick reattachment of unstable 

flow behind the cylinder. The spacing between the alternate shedding due to cross over 

of shear layers behind the cylinders are no more constant. The positive shed vortices 

from the lower corner of the cylinder are larger than those vortices shed negatively from 

the upper corner of the cylinder. The irregular streamwise and transverse vortex spacing 
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confirms the different intensity between the vortices interaction behind the cylinder 

with those generated by the front obstacles.   

 
Figure 4.5(a-d). Streamlines representations for G = 2 at different Re values.  

The effect at G = 3 for different Reynolds numbers in contours form and streamlines 

representation is shown in Figures 4.6 and 4.7(a-d), respectively. As there is small 

spacing for the oncoming flow before passing through the isolated cylinder the effect 

is more and the flow completely becomes turbulent. The Reynolds number further 

increased the instability as they increased from 75 to 150. The irregular shapes of 

positive vortices dominate the flow as compared to negative vortices.  
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Figure 4.6(a-d). Vorticity representation for G = 3 at different Re values.  

As the value of G increased, the regular alternate shed vortices behind the cylinder are 

completely destroyed. These are the more dramatic changes in the wake as compared 

to G = 1. Not a complete fully developed single positive or negative shed vortex can be 

seen in the computed domain. As a result, the Karman vortex street has completely 

disappeared. The present computed results suggest that the size of obstacles at the front 

of bluff body completely changes the flow characteristics that are generally observed 

in normal situations. The flow becomes more irregular as G increases. The eddies 

confirms the recirculation of flow at far downstream position.  
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Figure 4.7(a-d). Representation of streamlines at G = 3 for different Re values.  

4.3 Time History Analysis of Drag and Lift Coefficients 

The time variation of drag and lift force of different Reynolds numbers at G = 1 are 

presented in Figure 4.8(a, b). In the case of Re = 75 and 100, the forces at different 

instants are periodic. This is basically related to the stable generation of wake behind 

the cylinder. As the Reynolds number increased the forces becomes unstable and no 

regular pattern occurs for CD and CL amplitudes. Furthermore, the CL amplitude also 

increases with the Re increase. The fluctuation tells us how the waves are moving 

forward after the disturbance at the entrance and propagates over the entire domain and 

in all directions and as a result the forces behave irregular. A non-linear variation 

observed in the phase diagram of CD and CL for Re = 125 and 150 (not shown). This 

non-linear variation confirms that the normal generation of shed vortices behind the 
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isolated cylinder was controlled and delayed by the obstacles at the front. Furthermore, 

by increasing the Reynolds numbers increases the convective speed of the incoming 

flow as a result of shear layers.     

 
Figure 4.8(a, b). Time variation of forces at G = 1.  

The velocity distribution along the streamwise direction for different G by changing Re 

values are presented in Figures 4.9(a-d), 4.11(a-d) and 4.14(a-d). The flow is not 

symmetric due to recirculation behind the cylinder. The flow that separates out between 

the front and the rear separates out between going above and going below from the 

lower and upper surface of the cylinder. The layers are moving parallel in laminar case 

and cross over in case of turbulent flows. The blockage increases the volumetric flow 

rate. The streamlines shows that the tangent is continuously changed everywhere. Due 

to flow separation the rear pressure is half. If there is a wider opening the turbulent 

becomes laminar. One of the applications is the blood pressure measurements where 

the blockage of vessels can affect the blood flow. When there is 100% opening the flow 

is fully laminar (see Figure 1.9). The curves can look different at each instant in time. 

Suggests that the direction of the flow at each instant change. As the velocity increased 

the pressure decreases which are the well know Bernoulli principle.  
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Figure 4.9(a-d). Velocity distribution for spacing one in streamwise direction.  

The blockages not allow the fluid particles to move freely and they strongly interact 

with each other and increase the velocity that given initially. At the edges the velocities 

going down and as a result the pressure is going up. The less will be the pressure the 

more will be the speed of velocity. As they move forward the pressure becomes higher 

and the speed of velocity gets lower. The velocity high at the centre means that the fluid 

particles move freely without too much interaction (see Figure 4.14(a-d)). While the 
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particles interaction becomes more and more with near the walls. There is obvious 

interaction between the middle particles also because there is some viscosity.  

The different times variation of CD and CL at G = 2 for various Re values and its 

correspondence CD-CL relation are shown in Figures 4.10(a, b) and 4.12(a-d), 

respectively. The CD and CL coefficients becomes more fluctuated at G = 2. For all Re 

values, the CD fluctuates at twice the amplitude of the CL.  The irregularity in forces 

could be related to the unstable behavior of flow that actually generated the obstacles 

at the front of the isolated cylinder and affect the wake. The frequencies of both forces 

also increased as compared to G = 1 (see Figure 4.12)).  

As G increased the delay in the vortex formation process occurs and as a result non-

linear interaction becomes more for all Reynolds numbers considered in this study. This 

means that the small spacings at the front obstacles completely control the lift role 

behind the cylinder. The time variation of forces at G = 3 for various Re values is given 

in Figure 4.13(a, b). The co-relation of CD and CL is also given in Figure 4.15(a-d). 

 
Figure 4.10(a, b). Time history analysis of forces at G = 2.  
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Figure 4.11(a-d). Velocity distribution in streamwise direction for G = 2.  
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Figure 4.12(a-d). Lessajesious plots for G = 2.  

As the value of G increased, the nonlinear effect is more dominant. This CD and CL 

show that the front obstacles influence the free movement of vortices generated by the 

isolated cylinder. It is observed that the wake mechanism behind the cylinder gradually 

loses stability as the value of G increases.    

 
Figure 4.13(a, b). Forces variation with time at G = 3.  
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Figure 4.14(a-d). Velocity distribution in streamwise direction for G = 3.  
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Figure 4.15(a-d). CD-CL variation at G = 3.  

4.4 FFT Analysis of Lift Coefficient 

The FFT analysis of lift forces at G = 1, 2 and 3 by changing the Reynolds number from 

75 to 200 are presented in Figures 4.16(a-d)-4.18(a-d). When Re = 75 and 100, there is 

only one dominant frequency peak in the spectra. More than one peak is observed when 

Re = 125 and 150 at G = 1. This means that the flow becomes complex than the flow 

behavior observed for Re = 75 and 100. But the spectra still ensures that at G = 1 in 

presence of obstacles at the front still the stable flow features exists behind the isolated 

cylinder. The flow becomes more unstable at G = 2 and the power spectra shows more 

peaks along with the dominant frequency. It is something interesting that in case of high 

blockage the power spectra shows less peaks for Re = 125 and 150 as compared to Re 

= 75 and 100. This flow features is quite different from the available results of flow 

past a single square cylinder without any blockage at the front. The secondary cylinder 

interaction frequencies clearly illustrate the influence of spacing for the oncoming flow 

before interacting with the isolated body. The interesting nature of flow observed at 

higher blockage once the Reynolds value increased (Figure 4.18(c, d)). The power 

spectra don’t show any other harmonics so this means initial disturbance actually stops 

the regular generation of fully developed vortices behind the body.  This also confirms 

that the onset of vortex shedding will be quickly generates as compared to isolated case 

without any blockages.    
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Figure 4.16(a-d). FFT representation of CL at G = 1.  

 
Figure 4.17(a-d). FFT representation of CL for spacing equal to two.  
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Figure 4.18(a-d). Spectra analysis of lift coefficient at G = 3.  

4.5 Force Statistics Analysis 

The variation of statistical parameters as a change of Re at different spacings (G = 1, 2 

and 3) are given in Figures 4.19(a-d)-4.21(a-d). The computed result of isolated 

cylinder is also included for comparison. In general the CLrms values increases as the 

Reynolds number increases for all chosen values of G. The Strouhal value increase with 

increasing Re for G = 2. It can be seen that the CDmean value of the cylinder is lower 

than the SC for G = 1 (Figure 4.19(a)) and higher for G = 2 (Figure 4.20(a)) and 3 

(Figure 4.19(a)). The CDrms shows a sudden jump at G = 1 from Re = 100 to 125. The 

trend of CDrms and CLrms are completely changes as compared to G = 1 while increasing 

the value of G. The vortex shedding are completely suppressed and almost constant at 

G = 3 for all Re values (Figure 4.21(b)). The integral parameters are more sensitive at 

G = 1. The CDrms discontinuity confirms that the large size of positive shed vortices 

fully dominates the flow and also stops the developing process of negative shed 

vortices.  The irregular jumps in CLrms further confirms the secondary frequencies of 

shedding that already observed in the spectra analysis given above.  
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Figure 4.19(a-d). Force statistics parameters as a function of Re at G = 1.  

 
Figure 4.20(a-d). Representation of integral parameters as a function of Re at G = 2.  

For G = 3, the values of important flow parameters show a larger difference than those 

of the other G values as compared to SC value. The higher CDrms and CLrms for the flow 

past single cylinder in presence of obstacles are due to the higher amplitudes of the 

unsteady wake behind the cylinder. Further, the difference between the CDmean of 
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isolated cylinder alone and in presence of obstacles is also increasing with G value.  

The CLrms increase is almost linear. The CDmean increases when G increased because the 

base pressure of the cylinder also becomes high as a result of gap flow. The gap flow 

delays the regular vortex formation process and as a result the St value are smaller than 

the isolated cylinder. The continuous changes in physical parameters confirm the 

regular changes in flow features. The CDrms shows three different trends by changing 

the values of G.    

 
Figure 4.21(a-d). Forces parameters variation as a function of Re at G = 3.  
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Chapter 5 

Flow Features Around Nine Cylinders in Square 

Configuration 
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The work of this chapter is submitted to Journal of Mechanical Science and Technology 

[120] for possible publication and is currently under review. In open literature to the 

best of ours’ knowledge there is no such experimental as well as numerical work for 

array of square cylinders in square configuration.  

 5.1   Problem Description 

The cylinders arrangement, computational domain, initial and boundary conditions 

are presented in Figure 5.1. As shown in Figure 5.1, the nine cylinders are arranged 

in a square configuration and labeled as C1,…,C9. Note that, in this study C1, C4 

and C7are the upstream cylinders, C2, C5 and C8 are the midstream cylinders and 

C3, C6 and C9 are the downstream cylinders. The same initial and boundary 

conditions are used that we already mentioned in Section 1.4 for flow past an 

isolated cylinder. For this problem we adopted the periodic boundary conditions 

[108, 109] for lower and upper walls. One can see the variation of G in Table 5.1. 

Note that, in this study C1, C4 and C7 are the upstream cylinders, C2, C5 and C8 are 

the midstream cylinders and C3, C6 and C9 are the downstream cylinders. We 

consider four different Reynolds number (Re = 75, 100, 125 and 150) for this study. 

The uniform grid distributions for computations are also presented in Figure 5.2. 

We consider the unit lattice structure and flows for low Mach number.  

 

Figure 5.1. Flow past array of cylinders in a unconfined channel. 
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Figure 5.2. Uniform grid points distribution for flow past array of cylinders. 

Table 5.1. Variation of nodes by changing the spacing value. 

G L × H G L × H 

0.5 501 × 501 3 601 × 601 

1 521 × 521 4 641 × 641 

1.5 541 × 541 5 681 × 681 

2 561 × 561   

 

5.2 Vorticity and Streamlines Visualization 

Figures 5.3(a-e) and 5.4(a-e) represents the vorticity and streamlines representation for 

various values of Re and G. Solid and dotted line in Figure 5.3(a-e) represents the 

positive and negative vortices, respectively. The separated shear layers reattachment is 

observed from the first columns of cylinders (C1, C4 and C7) on the second columns of 

cylinders (C2, C5 and C8). Moreover, the shear layers reattachment from the second 

column of cylinders is observed on the surface of the last column of cylinders (C3, C6 

and C9) (see Figure 5.3(a)).  No recirculation zone is observed within the cylinders due 

to quick shear layers reattachment (see Figure 5.4(a)). Due to steady nature we can’t 

observed any variation in lift forces (not shown), and as a result no shedding is observed 

behind the last column of cylinders. Furthermore, no shedding frequency observed due 

to steady nature of the flow. Two bubbles one positive and one negative observed within 

the two gaps behind the last column of cylinders. Due to such flow features the flow is 

called the steady flow regime. Similar flow regime for flow around four square 

cylinders in an in-line square configuration at (Re, G) = (60, 1) were observed 
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numerically by Abbassi et al. [75] numerically. On the basis of above characteristics 

the flow regime is so-called the steady flow regime. The vorticity contours and 

streamlines visualization at (Re, G) = (150, 1) are presented in Figures 5.3(b) and 5.4(b), 

respectively. The bistable flow regime characteristics observed behind the last column 

of cylinders (C3, C6 and C9). From the first row of the cylinders (C1, C2 and C3), the 

separated outer share layer from C1 enveloped around C3 and no reattachment is 

observed on the surfaces of C2 and C3. Furthermore behind C3 it is rolled up into second 

vertices. Similar characteristics observed for the third row of cylinders (C7, C8 and 

C9).We also observed the narrow and wide wakes of the shed vortices. At x/D ≈ 6.3 a 

large scale of negative vertex observed as a result of jet flow. Moreover, the length and 

width of shear layers from C6 are almost disappeared at x/D ≈ 6. The positive and 

negative vortices further downstream stops the developing process of each one before 

the exit of the domain. These flow features variation can creates local instabilities which 

can be global as the turbulence increased.  
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Figure 5.3(a-e). Vorticity visualization of flow past nine cylinders array. 

Meanwhile, the outer and inner shear layers from C3 and C9 are showing stretching and 

suspension behaviors in the streamwise direction, respectively.  This is a different kind 

of observation that was observed by Zhang and Zhou [35]. They observed narrow and 



91 

 

wide wakes for the outer and middle cylinders, respectively. Almost similar type of 

characteristics was observed by Mai et al. [79]. The streamlines visualization in Figure 

5.3(b) furthermore verified the bi-stable flow characteristics. Due to shear layers 

reattachment reverse flow are observed for small spacing. Moreover, some small 

recirculation zones observed behind C6 and two large scales. These large and small scale 

recirculation zones also confirmed the wide and narrow wakes behavior observed in 

vorticity visualization (see Figure 5.2(b)). This flow features were not observed for four 

cylinders arranged in in-line square configuration. Mai et al. [79] also experimentally 

observed such kind of flow feature for nine-cylinders. Due to bistable flow features the 

time variation of forces are showing irregular behavior (see Figure 5.5(a-f)). The last 

columns of cylinders are more affected as compared to first and second columns of 

cylinders.  

The identified wiggling shedding flow pattern flow characteristics are presented in 

Figure 5.2(c) for (Re, G) = (150, 2). The separated share layers reattachment observed 

between the first and second column of cylinders. The impinging of shed vortices 

observed behind the last column of cylinders (C3, C6 and C9). Due to such flow features 

an unstable nature of generated shed vertices observed throughout the computational 

domain.  
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Figure 5.4(a-e). Streamlines visualization of flow past nine cylinders array. 

An inner and outer side free shear layers from C1 and C7 are showing reattachment and 

no-reattachment behaviors, respectively. As a result, one can get the wiggling behavior 

of flow. Complete and incomplete shed vertices also observed behind the second 
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column of cylinders (C2, C5 and C8) presented in Figure 5.3(c). The pressure distribution 

of flow past an array of cylinders is presented in Figure 5.5(a-e). The pressure is almost 

constant at the inlet position before passing through the array of cylinders. In case of 

steady flows the negative pressure observed behind the cylinders throughout the 

domain. It is important to be known the equation of state can be used to determine the 

pressure while using LBM. In other computational schemes, one can need to use the 

Laplace equation to calculate the pressure. So this is one of the big advantages of LBM 

also. These graphs also tell that as the pressure increased the velocity drops. The 

pressure at the central place of the domain and within the gaps is less as compared to 

locations near the walls. The positive values of pressure observed at the front faces of 

the cylinders. These pressure plots confirm how much sensitive is the arrangement of 

arrays of cylinders and especially the spacing between the cylinders. Such analysis also 

helps to find the critical spacing and also the critical Reynolds numbers for multiple 

bluff bodies. The onset of vortex shedding is also important in such cases to know from 

which Re value the flow becomes unsteady.  
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Figure 5.5(a-e). Pressure distribution of flow past nine cylinders array. 

5.3  Time Trace Analysis of Forces 

In weakly interactive flow regime we observed share layers reattachment between first 

and second columns of cylinders and no reattachment observed between the second and 
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third (C3, C6, C9) columns of cylinders. In terms of vorticity contours and streamlines 

visualization we further observed three different types of flow structures for usually 

interactive flow regime at (Re, G) = (150, 4) and (75, 4) and presented in Figures 5.9(d, 

e) and 5.10(d, e). One can see the impingement and reattachment of share layers 

between the first and second columns of the cylinders. Consequently the weakly 

generated shed vortices observed behind the last column of cylinders throughout the 

domain. At (Re, G) = (75, 4), we observed the steady behavior behind C6 and anti-phase 

shedding behavior behind C3 and C9 (Figure 5.10(e)). Due to such flow characteristics, 

one can clearly see the re-circulation zones within and behind the lower and upper rows 

of cylinders. Furthermore, only bubbles observed within the cylinders (Figure 5.9(e)). 

Mai et al. [79] also observed the weakly interactive flow patterns experimentally. The 

lift coefficients signals clearly indicated the steady and anti-phase nature of the flow.  

 
Figure 5.6(a-f). Time representation of forces for array of cylinders. 

This is attributed as ‘steady weakly interactive flow pattern’. As the Reynolds number 

increased up to 150, nearly unsteady behavior of shed vortices is observed behind C4 

and C5 cylinders and completely unsteady nature of flow behind C6 cylinder (Figure 

5.9(d)). In Figure 5.10(d), streamlines further confirmed the unsteadiness between the 

middle rows of cylinders. As a result, lift forces of middle cylinders indicates some 
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modulation Figure 5.10(d-f). The fully developed shed vortices clearly seen behind the 

last columns cylinders. The left coefficients are showing periodic behavior. The time 

behavior of left forces of lower and upper rows confirmed the anti-phase nature of flow 

behind the C3 and C9 cylinders. We can call this flow pattern ‘nearly unsteady weakly 

interactive flow pattern’. As a result large spacing, the share layers reattachment also 

disappears. Williamson [20] experimentally at (Re, G) = (200, 3) found the in phase 

and antiphase vertex shedding features for flow around two circular cylinders. The 

streamlines visualization plot (Figure 5.10(d)) also confirms the weakly interactive flow 

pattern. The lift coefficients signals also indicated the free movement of shed vortices 

(see Figure 5.9(a-f)). 

 
Figure 5.7(a-f). Time analysis of forces for flow past nine cylinders array. 

We also observed the effect of Re on flow patterns (see Figure 5.3(a-e)). The middle 

row of the cylinders affected too much by changing the value of Re. This is due to jet 

flow explained by Abbassi et al. [75]. The transition of flow patterns clearly see in 

vorticity graphs (see Figure 5.3(a-e)). This is clearly indicates the effect of Reynolds 

numbers. For example, at (Re, G) = (150, 4) and (75, 4), we observed the circulation 

zones and steady behavior between C5 and C6, respectively. No modulation found in 

Figure 5.6(a-f) for all cylinders due to quick reattachment and steady behavior after the 
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last column of cylinders. So one can only see the straight line. Furthermore, once the 

drag forces of cylinders 1, 2 and 3 and cylinders 7, 8 and 9 are equal then only the blue 

line is visible and overwrites the black line.  

 

Figure 5.8(a-f). Forces analysis with different times for array of cylinders. 

 

The time variation of forces for Re = 150 and G = 1 is presented in Figure 5.7(a-f). Due 

to reasonable amount of gap flow between the cylinders both the drag and lift forces 

showing some irregular behavior by changing the time. The drag forces of cylinders 3, 

6 and 9 are more affected as compared to first column of cylinders due to obstruction 

at the front. The drag is more affected as compared to lift forces. The highest drag forces 

observed for the cylinders 1, 2 and 3. Similarly, the highest lift forces observed for the 

cylinders 7, 8 and 9. These irregular variations ensure the undisturbed motion of the 

shed vortices behind the cylinders due to jet and vortices interaction just near 

downstream of the last column of cylinders. Figure 5.8(a-f) further confirms the 

influnec of G at Re = 150 because of strong mutual wakes interaction. There is no 

regular pattern of forces with time for all cylinders as a result one can see the unstable 
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movement of vortices behind the cylinders. As compared to G = 1, there is enough 

space for gap flow and more effect is occurs behind the cylinders. The first column of 

cylinders is highly affected due to direct influnec of incomming flow. This clearly 

indicates that G = 2 is the critical spacings between the nine cylinders array.    

 
Figure 5.9(a-f). Forces variation with different times for array of cylinders. 

The effect of Re at G = 4 are shown in Figures 5.9(a-f) and 5.10(a-f). Due to 

considerably large enough space between the cylinders the lift forces are almost 

periodic and some minor modulation exists in the drag forces due to direct influence of 

fluid flow in the streamwise direction. The highest lift amplitudes observed for Re = 

150 (Figure 5.9(e)). As compared to Re = 150, the lift variation of cylinders 4, 5 and 6 

are steady at Re = 75 (see Figure 5.10(d-f)) due to steady nature and shear layers 

reattachment. For both Reynolds numbers cylinders 7, 8 and 9 drag forces are more 

disturbed as compared to other cylinders drag forces.  
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Figure 5.10(a-f). Amplitude variation of forces with time for array of cylinders. 

5.4   FFT Analysis of Lift Coefficients 
The FFT representation for spacing equal to two at Re = 150 is given in Figure 5.11(a-

i). The middle cylinders 4, 5 and 6 are more affected due to shed vortex interactions 

and gap flows. As a result the spectrum shows more peaks together with the largest 

peak. The other cylinders a spectrum shows only one minor peak because there is not 

enough space to generate fully developed shed vortices within the cylinders. The small 

peaks represent the stopping process of shed development. While increasing the spacing 

up to 4 (see Figure 5.12(a-i)) for the same Reynolds numbers the power spectra shows 

completely different behavior. The irregular nature of spectra almost vanishes and the 

other cylinders also confirm the regular vortex shedding behind the cylinders. There is 

enough space for the gap flows to fully developed the shed vortices and not interact 

with the vortices behind the last column of the cylinders. This FFT analysis shows that 

G = 4 is reasonably enough space between the nine cylinders array to avoid unstable 

situations. The only one or two small peaks confirm the reattachment of shear layers 

because it is too difficult to say that which one is the primary vortex shedding 

frequency. In all cases mostly cylinders 4, 5 and 6 are affected due to three main 

reasons: (i) reattachment of shear layers; (ii) effect of gap flow on shedding and (iii) the 



102 

 

stopping mechanism behind the cylinder 6 as a result of two gap flows. The shedding 

frequencies tell about the complete information’s about the stability and instability of 

the structures.  

 
Figure 5.11(a-i). Power spectra analysis of nine cylinders lift coefficients. 
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Figure 5.12(a-i). FFT representation of CL of nine cylinders. 

The relation between the drag and lift forces of each cylinder is presented in Figures 

5.13(a-i) and 5.14(a-i) for two selected spacings G = 1 and 4, respectively. The 

complete irregular patterns observed at G = 1 for all cylinders as a result of small 

spacings. This means there is no regular shedding behind the cylinders and the merging 

and distortion of shed vortices continuously occurs. Such instability for the two outer 

rows of cylinders are almost vanishes at G = 4. The middle row of cylinders still shows 

some complex nature due to shear layers reattachment and gap flows from the upper 

and lower sides. These figures also confirm the inphase and antiphase states of the flow. 

For example, at G = 4, the first and seven cylinders are antiphase (Figure 5.14(a, g)). 

The cylinders two and eight present the inphase variation (Figure 5.14(b, h)).  
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Figure 5.13(a-i). Lessajesious representation at Re = 150 and G = 1. 

 

Figure 5.14(a-i). CD-CL co-relation of nine cylinders at Re = 150 and G = 4. 

5.5 Variation of Physical Parameters 

Figure 5.15(a-l) presents the graphs of mean drag coefficients against gap spacing ratios 

for all nine cylinders. The mean drag coefficients are simplified as CDmean1, CDmean2, 

CDmean3, CDmean4, CDmean5, CDmean6, CDmean7, CDmean8, and CDmean9, where the subscripts 
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“1”, “2”, “3”, “4”, “5”, “6”, “7”, “8”, and “9” denote the nine cylinders, respectively. 

Similar definition is applied for Strouhal number St1, St2,…, the root-mean-square 

(rms) drag coefficients CDrms1, CDrms2,…, and the rms lift coefficients CLrms1, CLrms2,…, 

and CLrms9. For all chosen Reynolds numbers, the upstream cylinders have almost the 

same men drag coefficients and considerably larger than the isolated cylinder.  

The CDmean of the midstream and downstream cylinders is, however, considerably 

smaller as compared to values of single cylinder. Some miner difference at G ≥ 1.5 for 

cylinders (C1, C7), (C2, C8) and (C3, C9) are observed in terms of mean drag coefficients. 

This might be due to weaken interference between the internal free shear layers with an 

increase of G between all nine-cylinder arrays. One noticeable feature in Figure 5.15(h, 

k) is that CDmean5 is negative at (Re, G) = (125, 2), (125, 3), (150, 1.5), (150, 2), and 

(150, 3). The negative values of mean drag coefficient also observed numerically by 

Abbasi et al. [75], for around four square cylinders in in-line square configuration. This 

is due to shielding flow feature as they claimed. The negative vertices of drag occur due 

to strong back flow. This could be explained as the fact that, the forces are mainly 

influenced the upstream column of cylinders and the midstream column of cylinders 

are completely reattaches at small gap spacing ratios. It is found that the value of 

CDmean3, CDmean6 and CDmean9 are relatively lower, then the rest for all Re values. At G = 

4, the weakly interactive flow totally dominated the wakes and as a result CDmean value 

of cylinders almost approached to that for single cylinder.  

The variations of the Strouhal number with G for cylinders are shown in Figure 5.16(a-

l). It is observed that the Strouhal number variations with G at each Re are considerably 

changed as compared to isolated cylinder. The solid line denotes the St of the flow over 

a single cylinder for comparison. In the case of steady flow pattern, there is no primary 

vortex shedding frequency for nine cylinders at G = 0.5 for all Reynolds numbers and 

G = 1 for Re = 75. Therefore, these values are not presented in Figure 15(a-l). An 

amplitude of Strouhal numbers on cylinders C1, C2, C3, C7, C8, and C9 in circumstance 

of shedding vortex flow pattern is same at G = 5 for Re = 125 and 150 (St1 = St2 = St3 

= St7 = St8 = St9 = 0.3087). 
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Figure 5.15(a-l). Variation of CDmean as a function of G. 

For Re = 75, at gap spacing ratio up to 3, the Strouhal value for all cylinders are below 

single cylinder value (Figure 15(a-c)) except C4, C5 and C6 cylinders at G = 2. The more 

abrupt changes are observed for midstream cylinders and downstream cylinders for 
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various Reynolds numbers (Re = 100, 125 and 150). These variances are mostly related 

to the bistable, unstable wiggling shielding and weakly interactive flow patterns 

observed for these Reynolds numbers. For example, in bistable flow for the narrow 

wake high shedding frequency observed and low vortex shedding frequencies observed 

for the two wide wakes. Due to weakly interactive flow, Strouhal values of cylinders 

are close to that of flow over a SC for all value of Re at G = 4 and 5. Strouhal number 

is small for all cylinders at (Re, G) = (100, 1), (125, 1) and (150, 1) when the flow is 

bistable. In case of fully weakly interactive flow the St for all cylinders approached to 

single cylinder value for (Re, G) = (100, 5), (125, 5) and (150, 5), associated with a free 

movement of shed vortices behind the downstream cylinders throughout the 

computational domain.  

At G = 4 and 5,a difference in St values for all cylinders are observed due to the 

transition of flow from steady weakly interactive to nearly unsteady weakly interactive 

and then to fully weakly interactive flow. The midstream and downstream cylinders St 

switches to a larger value so quickly when G is increased to unstable wiggling shielding 

flow pattern where a merging of shed vortices occurs when they move downstream (see 

Figure 5.16(e, f, h, i, k, l)). Interestingly, each flow pattern exhibited distinct variations 

and relationship.    

The CDrms are the root-mean-square values (rms) of drag coefficients of nine-cylinder 

array presented in Figure 5.17(a-l). Single cylinder statistics are furthermore presented 

for resemblance. The CDrms of the nine cylinders is not same due to the flow features 

explained already for different observed flow patterns. The CDrms is more sensitive as 

G increased for all Re. At G = 4 and 5, the CDrms6 almost approached to isolated single 

cylinder value. In general, the CDrms of cylinders is minor than the SC values. Based on 

Figure 5.17(a-l), it is possible to say that CDrms is too dependent on G as compared to 

Re values. At Re = 150, the nine cylinders are showing abrupt changes at G = 3, 4 and 

5 due to flow patterns transition. At fixed Re, the flow patterns regularly changed by 

varying the G (see Figure 5.17) and as a result more scattered behavior observed for 

CDrms of all cylinders.  The root mean square lift coefficients, namely, CLrms, is given in 

Figure 5.18(a-l). It is remarkable to be noted that the significant jumps of CLrms indicated 

the occurrence of transformation of flow patterns from one to another. The CLrms of the 

cylinders is more sensitive to gap spacing ratio and becomes more pronounced as the 

Reynolds numbers increased.  
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Figure 5.16(a-l). Variation of Strouhal values as a function of G. 

The more scattered variation of CLrms observed due to regular flow transition even at 

the larger gap spacing ratios at weakly interactive flow pattern. This data variation also 

confirmed the variation of wakes behind and within the cylinders. This further 

confirmed the irregular variation of lift coefficients signals already discussed above. 
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Figure 5.17(a-l). Variation of root-mean-square value of drag coefficients as a 

function of G. 



110 

 

 

 
Figure 5.18(a-l). Variation of CLrms as a function of G. 

Figure 5.19 presents the classification of different flow patterns observed for different 

G and Re, namely, steady, bistable, unstable wiggling shielding and weakly interactive 

flow patterns. Three different kinds of flow characteristics in the weakly interactive 

flow pattern at higher G = 3-5 are identified, such as steady weakly interactive flow, 
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nearly-unsteady weakly interactive flow and fully weakly interactive flow patterns. 

Filled circle with black color present steady flow, filled square symbol with red color 

present bistable flow, filled diamond symbol present with blue color unstable wiggling 

shielding flow, filled circle with green color symbol present steady weakly interactive 

flow, filled star symbol with gray color present nearly-unsteady weakly interactive 

flow, and filled diamond symbol with black color present fully weakly interactive flow. 

 
Figure 5.19. Flow regimes map for different Re and G. 
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Chapter 6 

Conclusion and Future Work 
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6.1 Conclusion 

In this thesis, the single-relaxation-time lattice Boltzmann method is employed to 

systematically analyze the transitions of flow regimes for side-by-side cylinders, array 

of cylinders in inline square configuration, channel expansion and blockage effect of 

channel walls. Reynolds numbers and separation ratios are varied from 60 to 150 and 

0.5 to 10, respectively. The main findings of various problems are summarized as 

bellow: 

(i) In case of flow past an isolated cylinder by changing the Reynolds numbers the flow 

features are successfully captured by our own developed code. The well-known von 

Karman vortex street behavior was observed for chosen values of Re at downstream 

location. The forces are fully periodic and the FFT analysis further confirms the regular 

variation of forces. The overall good agreement was found between the present and 

available results in the literature.  

(ii) In case of four cylinders arranged transversely the flow features were strongly 

dependent on the spacings rather than Reynolds number. Eight different types of flow 

regimes were observed, namely, weak interaction, flip-flopping, two-rows vortex street, 

inphase-antiphase asynchronous weak interaction, inphase asynchronous weak 

interaction, inphase-antiphase synchronized weak interaction, weak base-bleed and 

strong base-bleed flow regimes. Independent movement of shed vortices were observed 

for weak interaction flows and irregular variation of wake structure behind the cylinders 

were found for the flip-flopping flow regime. The forces in flip-flopping are completely 

irregular and multi-peaks were observed in the spectra analysis. The outer and middle 

cylinders attain the maximum and minimum St as a result of wide and narrow wakes, 

respectively.  The FFT analysis of CL shows continuous and broad banded peaks. 

Furthermore, in synchronized FR, the forces behave regularly and the primary vortex 

shedding frequency dominates the flow. The abrupt changes in St occur due to FR 

transition and mostly observed for spacing between 0 and 2. Mean drag coefficient of 

outer and middle cylinders had a significant variation for spacing between 1.5 and 2.5 

for Re = 120.   

(iii) In case of nine cylinders array four different flow regimes were identified: steady, 

bistable, unstable wiggling shielding and weakly interactive flow regimes. In case of 

steady flow regime, the shear layers reattachment was found behind the last column of 

cylinders throughout the computational domain. In case of bistable flow regime, the jet 

flow between the cylinders and shear layers reattachment completely stopped the 
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independent movement of shed vortices. Due to such irregular motion of shed vortices 

the forces are completely chaotic in nature without any regular pattern. The unstable 

wiggling flow regime was observed for the first time. In this flow regime the jet flow 

makes the flow unstable and the quick reattachment of shed vortices forces the structure 

mechanism behind the last column of cylinders to behave wiggling. In weak flow 

regime the positive and negative vortices are shed independently behind each cylinder 

without any merging and interactions throughout the computational domain. This is due 

to reasonably large enough space between the cylinders. Negative assessment of CDmean 

are recognized for (Re, G) = (125, 2), (125, 3), (150, 1.5), (150, 2) and (150, 3) for 

cylinder C5. This is due to the shear layers detached from C4, after shielding behindC4 

instantly.  

(iv) The flow features past isolated cylinder in case on confined channel by changing 

the expansion ratio of the channel at the entrance. At G = 1, the normal width and length 

of shed vortices are affected due to small spacing at the entrance of the channel. As a 

result the forces are completely irregular and the FFT analysis show number of small 

peaks together with the primary vortex shedding frequency. As the value of separation 

ratio increased the spectra shows only single dominate peak and the forces are almost 

periodic. For G = 10, the CLrms value are almost approaching to isolated cylinder value 

for Re = 75, 100, 125 and 150. The reduction in CDmean was observed for all Re values 

at G = 1, 5 and 10.  The Strouhal value is more affected at G = 1 because of its irregular 

variation of shed vortices behind the cylinder. In other words, G = 1, is the critical 

expansion ratio in case of confined channel flow. The Strouhal number are not affected 

by changing Re for fixed G = 5 and 10. On the other hand, the CDrms and CLrms decrease 

with increasing G. The bifurcation phenomena of asymmetric state to a non-asymmetric 

occurs with the increase of Re for different expansion ratio. It has been found that the 

wake alteration, forces fluctuations and shedding frequency sensitivity strongly depend 

on the entrance position for the flow. The size and position of the recirculation regions 

considerably changes with the variation of the Re. 

(v) The flow features and physical parameters are considerably affected by two 

obstructions placed at the upstream position of the flow past isolated cylinder. At G = 

1, the alternate and regular shedding behind the cylinder are showing irregular behavior 

by increasing the Reynolds numbers. The streamlines confirm that the eddies were also 

generated behind the obstructions in the channel. As G increased there is a little space 

for flow at the entrance and the wake mechanism completely chaotic due to more 
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blockages. As a result the drag and lift forces are fully modulated and not follow the 

same path throughout the domain. The lift forces are more affected as compared to drag 

forces by varying the Reynolds numbers. The role of primary shedding frequency is 

almost vanishing due to strong blockage. The higher CDmean values observed as 

compared to isolated cylinder because of strong blockage at the front of cylinder. The 

Strouhal values are more affected due to influence of secondary frequencies as a result 

of strong blockage.   

     

6.2 Future Work 

In near future the thermal and three-dimensional aspects of flow past bluff bodies in 

various configurations from low to high Reynolds numbers will be studied. Recently 

we developed and tested the thermal code for horizontal and vertical ellipse for different 

Reynolds numbers and the results are presented in the form vortices and isotherms for 

different Reynolds numbers in Figures 6.1(a-c) and 6.2(a-c). The wavy channels will 

be also studied in near future and some results are presented in Figure 6.3(a-c) for our 

newly developed code with thermal aspects also.  

 
Figure 6.1(a-c). Vorticies (right) and isotherms (left) columns across vertical ellipse. 

 
Figure 6.2(a-c). Vorticies (right) and isotherms (left) columns across horizontal 

ellipse. 
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Figure 6.3(a-c). Different representations of flow in a wavy channel at Re = 100. 
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