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Abstract

High-energy-density system (HEDS), the matter having energy density that corresponds

to pressures above about one million atmosphere are very important due to their wide

occurrence in nature and are relevant to many fields like astrophysics and material sci-

ence etc. Knowledge of thermodynamic properties of HEDS are very important while

designing and analyzing experiments using gas-dynamics simulations. Theoretically

calculating these properties for a wide range of density and temperature is a compli-

cated task with many open questions to be addressed, and is the source of motivation

for this research.

This work presents calculations of these properties using average atom approach

by improving Screened Hydrogenic Model with l-splitting. The continuum lowering

part of the model is improved by adding level screened charge dependent energy along

with exchange and correlations that correctly accounts for electron degeneracies. The

ionic contributions to these properties are calculated using Cowan and scaled binding

energy models whereas ion population fractions are calculated using classical theory of

fluctuations. Thermodynamic properties are then calculated using standard thermody-

namic theory.

A modular computer program named SHOPEOS is written in FORTRAN 95

that contains the original model and the improved models. SHOPEOS is capable of

calculating electronic as well as ionic contributions of thermodynamics properties like

electron level screened charges, level energies, average charge state, chemical potential,

ion population fractions (IPF) and finally thermodynamics properties like pressure, en-

ergy, entropy, shock hugoniot profiles, specific heat at constant volume and pressure for

a wide range of density and temperature under local thermodynamic equilibrium (LTE)

conditions.

By using SHOPEOS average charge state, IPF, thermodynamics properties, and

shock hugoniot profiles are calculated for a wide range of density and temperature for

beryllium, carbon, aluminum, iron, and gold plasmas. These results show an excellent

xv



agreement among different published theoretical models and experimental data. The

maximum deviation of 0.5% is found in case of average charge state calculations as

compared with published results whereas in case of IPF calculations a very good qual-

itative and quantitative behavior is found among different models. Finally, results of

thermodynamic properties and shock hugoniot profiles showed an excellent agreement

with published results.
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1 High Energy Density Systems

Optical spectra from cosmological matter like stars, planets and stellar matter that is

detected in observatories around the globe depicts that these matters exhibit extreme

conditions pressures and temperatures that are generally not encountered on earth. The

state of matter under these extreme conditions cannot be explained using as classical

plasma, ideal gas or dense plasma theories. With the availability of intense energy

sources like high power lasers, ions and particles beams, and different pinch machines,

it is now possible to create these extreme environmental condition environment or sim-

ply high-energy-density matter, the so called High-Energy-Density Systems (HEDS),

in the laboratories. Understanding of these HEDS is very important due to their wide

occurrence in the cores of giant planets and stars. It is so important that a full dedi-

cated sub-branch of physics namely High-Energy-Density Physics (HEDP) is now es-

tablished and growing very rapidly. This high speed growth is in both ways: achieving

milestones in experimental endeavors as well as in the theoretical grounds. Modeling

and calculating radiative and thermodynamic properties is an active research area.

This chapter provides the basic understanding, fundamentals, properties and un-

derlying physics of HEDS which are essential for modeling HEDS. This chapter is or-

ganized as follows. In start, motivation for the current research is introduced in sec. 1.1.

Then the overview of thesis is presented in sec. 1.2 Afterwards, a brief introduction to

the definition ,fundamentals and experimental foundations of HEDS is given along with

a short historic account in sec 1.3. The physical regimes that are connected and emerg-

ing from HEDS span are discussed in sec 1.4. The common properties of HEDS are

presented in sec1.5 that are essential for modeling their thermodynamic properties.

1.1 Motivation of Research

Understanding of HEDS is of great interest to many areas of research and applications,

for instance, in material science research, ICF experiments and astrophysics to mention

a few. Hydrodynamic (gas-dynamics) simulations are often used in modeling and ana-
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Introduction to HEDS

lyzing the experiments in this regime, particularly to predict space- and time- dependent

density-temperature profiles. To close the set of hydrodynamic equations (conservation

of mass, momentum and energy) in these simulations a knowledge of thermodynamic

properties ( pressure, energy, specific heat at constant pressure and at constant volume

etc.) is required. These fundamental properties are described in a functional form and

known as equation of state (EOS) of that matter. This is usually expressed in the form

of pressure and energy as a function of density and temperature. These functions are

strictly required to be smooth over desired range of density and temperature along with

the condition that energy and pressure are thermodynamically consistent. This requires

that the specific heat at constant volume and sound speed be positive throughout the

density and temperature regime involved in the simulations.

The importance of EOS data for a particular regime is many fold as this is not

only required to close the set of hydrodynamic equations but also to determine the ma-

terial compressibility and mass ablation rate that in turn control the implosion velocity

[1]. Particularly, in reference to HEDS this describes the material response to pressure.

These data can be obtained either by using sophisticated theoretical models or from

the specially designed experiments. This is not a trivial task as theoretically it is a very

complicated problem to encompass a wide range of density and temperature with differ-

ent physics issues to be addressed and experimentally it is also very difficult to perform

such experiments.

Many efforts [2, 3, 4, 5, 6, 7] have been made to calculate EOS data both theo-

retically and experimentally [8, 9, 10] for a wide range of phase diagram but still there

are many open questions to be addressed and a large room for the improvement ( details

are presented in chapter 4). The main goal of this research is the calculation of EOS

for HEDS. This objective is achieved in this research by improving an average atom

model namely SHML theoretically and then implementing this into a computational

code (SHOPEOS) that can be used either in-line with hydrodynamic simulations or

EOS tables for desired density-temperature range can be generated (details of the mod-

els and their implementation is discussed in separate chapters). This work is mainly

inspired by the work of More et al [5] among many others [11, 12, 13].
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1.2 Overview of the Thesis

This thesis presents the computation of thermodynamic properties of HEDS under LTE

conditions using an I-SHML for electronic part calculations. This thesis is divided

in eight chapters such that the current chapter 1 introduces the formal definition of

HEDS with a short description on basic properties, complexities, and the idea of ba-

sic physics involved in modeling thermodynamic properties for HEDS. Chapter 2, is

focused on statement of problem for this research which is the basic understanding of

modeling thermodynamic properties of HEDS that essentially requires the atomic mod-

els for ionic and electronic part separately. A detailed account for modeling I-SHML

is presented in chapter 3, that provides average atom data for electronic contribution to

thermodynamic properties. Moreover the analytical model for calculation of ion popu-

lation fraction calculation using classical theory of fluctuation is also presented in this

chapter.

Chapter 4 is dedicated for the analytic details of the modeling for thermody-

namic properties from electronic and ionic contribution . The electronic contribution

to thermodynamic properties are established from I-SHML model while ionic con-

tributions are modeled using standard Cowan’s model while cold part is provided by

using scaled binding energy model. In addition, this chapter also provides the basic

shock wave physics and understanding of Rankine-Hugoniot equation used computa-

tion of shock hugoniot. With these analytical models for thermodynamic properties,

the next step is their computation which is achieved by development of computer utility

SHOPEOS that is covered in chapter 5. This chapter provides the basic flow chart of

computations and basic functionality of the modules which construct SHOPEOS.

The results of the computations are presented in chapter 6 and chapter 7. Chap-

ter 6 presents the result of computation from SHOPEOS for average charge state and

ion population fraction for different materials at wide range of density and temperature

which are compared with different existing standard models and recent experiments.

Similarly chapter 7 layout the computations for EOS, shock hugoniot and specific heat

along shock hugoniot for different material. The results of computed shock hugoniot

are compared with different experiments and some recent models that shows excellent
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agreement. At the end, chapter 8 summarizes the thesis research and concludes the

findings of computations carried out in this study with an additional note for further

research direction.

1.3 Introduction

The states of matter used to describe the extreme state of matter found on earth are

plasmas and condensed matter in addition to gas, liquid and solid states. But the matter

at core of giant planets to surface of shinning stars is at much higher temperature and is

extremely dense. Due to these extreme conditions of environment, matter will likely be

in an entirely different physical state and will behave in entirely different manner. These

states of matter under extreme environment cannot be classified as plasma or condensed

matter. Rather they are defined as a new class of systems called HEDS. Formal defi-

nition of HEDS came from a National Academies report [14] in 2003 titled Frontiers

in High Energy Density Physics: the X-games of Contemporary Science. According to

them, HEDS refers broadly to the system of macroscopic collections of matter having

energy density of 1011J/m3 or equivalently having pressure of 1 megabar (1Mbar= 100

Gpa = 1011 Pa) is a HEDS and this is very opportune time to understand and explore

such systems. They also recommends the continuous support and encouragement to

explore the behavior of matter under extreme conditions of temperature, pressure, den-

sity and electromagnetic fields. Since then this field is growing rapidly with answering

many open questions in this field and still having many more to be answered. The first

text book on this subject was written by Ya. Zeldovich and Yu. Raizer in (1966)[15],

Physics of Shock Waves and High-Temperature Hydrodynamic Phenomena. [16]. The

next comprehensive literature was published in 2006 by R. P Drake with a second edi-

tion in (2018) [17]. There are subsequent contributions on this topic by Larsen [18][1].

To understand the importance of one megabar of pressure, consider a one mil-

ligram of hydrogen that is confined in one cubic centimeter volume. The pressure of this

confined hydrogen gas would be one megabar if we heat this up to a temperature of 10,

000, 0000 C. At such high temperature matter is essentially in the plasma state where

atoms have been split into electrons and ions. Moreover, at this pressure ordinary solid

matter is compressible. Matter at these extreme conditions of temperature and pressure
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is quite common in the universe, for example, the pressure at the center of the Earth is

approximately equal to 3.6 Mbar, of the Jupiter to 40 Mbar and at the center of the Sun

is 200,000 Mbar [18, 1]. With the development of new energy drivers, it is now possible

to create such conditions in laboratories and new experiments are being designed to ex-

plore and understand the physics involved in HEDS. In this respect, HEDS span a wide

range of areas of physics including plasma physics, materials science, condensed matter

physics, atomic and molecular physics, nuclear physics and astrophysics. In order un-

derstand ,explore and distinguish it from other disciplines of physics, a new dedicated

field of physics is introduced as High Energy density Physics (HEDP). The intellectual

challenge of HEDP lies in the complexity and nonlinearity of the collective interaction

processes which occurs in HEDS.

The subject came into highlight by the efforts of early physicists who developed

the classical theories of astrophysics to explain the hot stellar structures. It started with

Eddington , Chandrasekhar and Schwarzschild and many others to address the physics

of matter under these extreme condition [18, 1].But these theories were limited due to

lack of experimental verification and analysis. The experimental development and in-

vestigation of HEDS started around 1940 [18] when scientists tried to explore nuclear

energy. In early experiments, they concentrated huge amount of energy on a very small

volume to create high energy density conditions. Their work has laid the milestones in

creation and diagnostics of such systems. The main contributors were Oppenheimer,

Sakharov, Teller, Bethe and Fermi[18]. These extreme conditions are now created in

laboratories with the help of high energy drivers including high power lasers, Z-Pinch

Machines, High intensity X-rays Free Electron Lasers (XFEL), and powerful particle

accelerators (electron and ion beams) etc.[16] These systems are typically encountered

in astrophysics, laser matter interaction experiments, intense electron as ion beam ex-

periments, inertial confinement fusion, exploding wires, high velocity impact experi-

ments and in self pinching discharges. The main focus of HEDP is the understanding

of physics of fundamental features of HEDS and systemic development of the atomic

models to predict the radiative and thermodynamic properties of HEDS. The radiative

and thermodynamic properties calculated from atomic models is then utilized in mod-

eling for HEDS. HEDS are generally described by fluid description of plasma and are
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studied using fluid dynamics, magnetohydrodynamics and radiation hydrodynamics.

The exploration of HEDS is solely related to understanding and development

of HEDP because more refined information is required to design and interpret the new

experiments under HEDS regiem[16]. HEDS exhibits very unusual and unique proper-

ties e.g., they form a strongly coupled plasma which may be multi component plasma

with complex structure and that plasma as a whole can have variable degeneracy i.e.,

from partially degenerate to strongly degenerate. In order to understand the features of

HEDS, it is necessary to introduce some fundamental definition of parameters adopted

from plasma physics. The parameter for the temperature or the degree of hotness of

matter in HEDS is Fermi temperature and is defined as, kBTF = EF, where kB is the

Boltzmann constant and EF is the Fermi energy given by

EF =
�
2

2me
(3π2ne)

2/3 (1.1)

where � = h/2π is the reduced Plank’s constant, me is the mass of electron and ne is

the electron density. Similarly to classify the strength of interaction energy among the

ions in HEDS, one uses coupling constant Γij which is the ratio of average Coulomb

potential energy Uij between two species (electrons or ions) i and j , to the average

kinetic energy, Kij. The most general definition of coupling constant for two species i

and j is

Γij =
Uij

Kij
(1.2)

The higher values of coupling constant gives the signatures that interaction between

the species is very strong in comparison with average kinetic energy. In this case

the system is said to be strongly correlated which cannot be explained using classical

plasma physics. From this definition one gets three type of coupling constants which

are electron-ion coupling constant, Γei, electron-electron coupling constant, Γee and ion-

ion coupling constant Γii. Ion-ion coupling constant Γii can be represented in different

ways[19] (SI units)

Γii =
1

4πε0

(Z e)2/Rws

(kBT)

Γii =
1

4πε0

(
Z2e2

kBT

)(
4πne

3Z

)1/3

Γii = 6.98× 10−5 Z5/3n
1/3
e

T
(1.3)
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where ε0 is the permittivity for the free space, kB is Boltzmann constant, T is the ionic

temperature, Z is the ion charge, e is the charge of electron and Rws is the inter-particle

spacing which is also known as ion-sphere radius or Wigner-Seitz radius defined as.

Rws =

(
4πρNA

3A

)−1/3

=

(
4πni

3

)−1/3

(1.4)

Depending upon the value of Γii three different types of plasma can be identified: For

Γii � 1 plasma is said to be classical ideal plasma where kinetic energy dominates

the particle motion with negligible particle coupling. Plasmas are said to be weakly-to-

moderately coupled for Γii < 1, and for Γii ≥ 1 plasmas are said to be strongly coupled.

The latter two cases are of interest regarding to the HEDS studies where the plasma can

no longer be considered as a thermal bath of electrons and standard plasma approaches

fail to describe these states. This intriguing regime is of great importance to many fields

of physics and is very difficult to create experimentally in isolation for characterization.

In the same way, the degeneracy is accounted in HEDS by a dimensionless

parameter, called quantum degeneracy parameter Θ, defined as

Θ =
Te

TF
=

2mekBTe

�2(3π2ne)2/3
(1.5)

Θ can also be used in determining the statistics of the plasma. In regions where Θ >> 1.

the electrons have an ordinary MaxwellBoltzmann distribution of energies. On the con-

trary, the regions where Θ << 1, the electrons are fully degenerate, and thus requires

Fermi Dirac statistics for modeling distribution of energies. It is obvious from Eq. 1.5

that the quantum behavior is expected at high densities and low temperatures. At very

large number densities a strongly coupled degenerate plasma becomes weakly coupled

due to the quantum diffraction effects that prevents electron from getting arbitrarily

close. This is due to the fact the kinetic energy starts increasing as uncertainty in mo-

mentum is increasing decreasing the value of Γii. In this case the quantum degeneracy

parameter, rs, is considered to distinguish between classical and degenerate plasmas.

For instance, electron systems having value of rs � 1 are known as weakly coupled

degenerate plasmas [19] and electron systems having value of rs ≥ 1 are known as

strongly coupled degenerate plasmas (the valence electrons in metals have values of

rs = 2− 6 [19]).
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1.4 Regimes of High Energy Density Systems

HEDS has shown new horizons for exploring different regimes for the matter having

large variations in density and temperatures. Due to immense density, the matter is in

the condensed state and these exotic states of matter exists simultaneously as solids and

plasmas having immense electric and magnetic fields with in them. They often form

structural patterns which is characteristic of crystalline solids unlike that are found in

conventional solid state physics. For studying such system with varying density and

temperature range are best classified by using phase space representation. A schematic

phase diagram showing different regimes of HEDS is plotted in 1-1 The left corner of
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Figure 1-1 A temperature vs density phase diagram showing the connec-

tion of regime of high energy density systems with known regimes of or-

dinary matter. At the left bottom there is ordinary plasma that connects

to stellar matter of stars and planets (middle of figure). The regime of

high energy density systems starts from red line at the middle of figure

corresponding 1 Mbar which includes short pulse laser mater interaction

regime (at top), high energy density astrophysics (shown as supernovas

at the top right corner) and inertial confinement fusion (at right bottom

side). Adopted from book [18]

1-1 shows the plasmas consists of partially ionized air at temperatures around 3 eV

and densities of the order of < 103g/cm3. For low density, ionization begins when

the temperature is about 1 eV. The line separating ionized and un-ionized gas increases
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in temperature as the density increases, reflecting the increasing density of electrons

that can recombine with the ions. As the density approaches 1 g/cm3, hydrogen is

completely ionized for any temperature; this occurs because of pressure ionization and

continuum lowering [18, 1] which will be discussed in chapter 2. Moving to the lower

center of the diagram1-1, one finds planetary interiors for instance the core of the Earth

is a warm dense matter consisting mostly of iron, at a temperature of ≈ 0.5 eV having

density of ≈ 13 g/cm3 and a pressure of ≈ 3.3 ∼ 3.6 Mbar. The cores of the giant

gas planets, like Jupiter, consist largely of H and He at a temperature of ≈ 13 eV, a

density of ≈ 1.5 g/cm3, and a pressure of ≈ 3045 Mbar. Our Sun is found at the

center of this figure and its surface has a temperature of ≈ 0.5 eV, but at a much lower

density,≈ 2 × 107g/cm3 . While the Suns core is at a temperature of ≈ 1.25 KeV, a

density of ≈ 150g/cm3, and a pressure of ≈ 340 Gbar [16, 17, 18, 1]. At the right-hand

side of diagram 1-1 is the region of compact astrophysical objects, like white dwarf

stars, that are much denser than our sun. The interior of a typical white dwarf star is at

a temperature of ≈ 0.42 KeV and a density of ≈ 106g/cm3. Likewise the neutron stars

are off the figure to the right, with typical densities of ≈ 1012g/cm3 for hot neutron

stars (T ≈ 108 KeV), ≈ 1014g/cm3 for cold neutron stars (T ≈ 104 KeV). All these

astrophysical objects maintain such extreme conditions in static equilibrium because

the static compression is supplied by immense force of gravity [16, 17, 18, 1]. The man

made HEDS are found from middle to top of the Figure.1-1. In the laboratories one do

not have immense amount gravity to create dense plasma in static equilibrium. Instead,

the extreme states of matter are created dynamically. There are basically three ways to

create such conditions in laboratories by using energy from huge energy drivers to target

materials. The jargon for these three ways are ‘Cooking’, ‘Shooting’ and ‘Zapping’.

In ‘Cooking’, target material is bombarded with high energy X-ray free electron laser

(XFEL). While by ‘Shooting’ means to use heavy energy ion beams as a projectile

for target material. The last ‘Zapping’ way includes the use of Z-Pinch machines or

using intense high power lasers. The important thing to mention that the plasmas that

are created by these techniques have a very short lifetime compared to the lifetimes of

astrophysical plasmas, but these short-lived plasmas can be created to be in the same

extreme states as astrophysical plasmas. The whole regime of HEDS can be elaborated
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with an example of laser matter interaction [16, 17, 18, 1]. A high-intensity laser beam,

when incident on a piece of solid material, deposits its energy into the material and

creates matter that has a wide range of extreme conditions, as illustrated in Fig.1-2.

There are three distinct regions of extreme conditions. Region 1 contains the ablated

Figure 1-2 A typical diagram for laser matter interaction experiments that

are studied under high energy density systems. Schematic diagram shows

the location and formation of different plasma regions within and outside

the material as a high power laser beam (shown as blue arrows) is shined

over a small target area in the material. The location where laser is shined

becomes hot (shown as red oval shape) and forms a dense hot plasma. The

shock wave from dense plasma travels inwards with in the material where

it forms a degenerate (quantum) plasma. The ablated material from the

target surface with low density is classical plasma (shown as green fog ).

material, and is at much higher temperature and much lower density than the initial

cold solid material. The material in Region 1 is in a classical plasma state, in which the

Coulomb interaction between any two ions is modified by the Coulomb potential of all

the other ions. The characteristic range of the modified, or screened, Coulomb potential

is given by the ionic Debye length.

λD =

√
kBTi

4πni(Z∗)2e2
(1.6)
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where Ti is the ion temperature, ni is the ion number density, Z ∗ is the ion charge state,

and e is the electron charge. In the classical plasma, Region 1, the Debye length is large

compared to the average distance between the ions, which is Rws , the Wigner Seitz

radius defined in 1.4. This means that in classical plasma the ion Coulomb potential

is well screened, so each ions electrical repulsion of like charges has little effect on its

neighboring ions. Another way of saying this is that the temperature is high enough

and the density is low enough that the plasma coupling parameter Γii is much less than

1. The plasma is then said to be weakly coupled. The boundary between Region 1 and

Region 2 is where Γii = 1. Region 2 contains matter that, like in Region 1, is also in

a plasma state, but here the plasma ions are no longer weakly coupled. The plasma in

this region is dense plasma in which charged particle collisions play a much larger role.

When Γii >> 1 the plasma is said to be strongly coupled. In this state, the plasma

is at temperatures higher than in the cold material, but it is in a compressed state, at

densities higher than the density of the cold uncompressed material[16, 17]. The ions

are distorted by close proximity to their neighbors, with the material resembling a liquid

metal. The electrons become degenerate at sufficiently high density when the quantum

mechanical Pauli exclusion principle alters the occupation of the free electron states.

[18, 1]The electrons in this region follows Fermi-Dirac Statistics and it may contain

partially degenerate plasma. The typical areas where HEDS are found are briefed below.

1.4.1 High Energy Density Astrophysics

There has been a direct connection between laboratory and astrophysical high energy

density conditions. During the past decade, a new subfield of laboratory astrophysics

has emerged, made possible by large laser facilities and Z-pinch generators. On these

facilities, macroscopic collections of matter can be created under astrophysically rele-

vant conditions and their properties measured. Examples of processes and issues that

can be experimentally addressed include compressible hydrodynamic mixing, strong-

shock phenomena, magnetically collimated jets, magnetohydrodynamic turbulence, ra-

diative shocks, radiation flow, high-Mach-number jets, complex opacities, photoionized

plasmas, equations of state of highly compressed matter, and relativistic plasmas. These

processes are relevant to a wide range of astrophysical phenomena, such as supernova

and supernova remnants, astrophysical jets, radiatively driven molecular clouds, accret-
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ing black holes, planetary interiors, and gamma-ray bursts.

1.4.2 Laser-Plasma Interactions

The nonlinear optics of intense lasers in plasmas is an exciting area of emerging re-

search. Ultrahigh-power, short-pulse lasers are generating extraordinary fluxes of very

energetic electrons and ions with the highest electric and magnetic fields produced on

Earth. Another challenging area of research is the collective interaction of multiple, in-

teracting, long-pulse laser beams as they filament, braid, and scatter. Research on laser-

plasma interactions impacts plasma physics, astrophysics, inertial confinement fusion,

and stockpile stewardship. It may also lead to ultrahigh-gradient particle accelerators,

novel light sources, advanced diagnostics, and new approaches to fusion.

1.4.3 Beam-Plasma Interactions

Short-pulse electron beams with densities greater than the plasma electron density, like

the laser pulses described above, can be used to drive electron-accelerating plasma

waves (or Driven waves). In this case, the electron beam ejects all plasma electrons from

the propagation channel, and in turn the ion channel that has been formed constitutes

a very powerful charged particle lens. High-power charged particle beam interactions

with plasmas produce a wealth of high energy density physics and are of longstanding

interest in inertial fusion energy. In addition to external beams interacting with plasmas,

interesting electron and ion beams can be generated from within the plasma itself. Rel-

ativistic electron beams of unprecedented peak currents, exceeding the Alfvn current by

orders of magnitude, have been produced in petawatt-laser solid-target interaction ex-

periments. High-brightness ion beams with energies exceeding 5 MeV per nucleon have

also been produced by petawatt lasers. Their development remains an exciting physics

challenge. Ion beams of unprecedented peak current, exceeding the Alfvn current for

the ions by orders of magnitude, have been produced in petawatt-lasersolid-target inter-

action experiments.

1.4.4 Inertial Confinement Fusion

Among all the most celebrated field in HEDP is that of Inertial Confinement Fusion

(ICF). Many of the high energy density physics areas described above are relevant to the
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development of inertial fusion as an energy source, using either intense heavy ion beams

or high repetition rate lasers as drivers. The current goal of the inertial confinement

fusion program is to achieve ignition in the laboratory, where more energy is produced

in fusion reactions than is incident on the imploding deuterium tritium fusion pellet. It

is anticipated that ignition will be achieved on the National Ignition Facility, currently

under construction. Conditions in ignited plasmas mimic those in stars. Inertial fusion

energy has the further goal of using ignited targets to drive an economical electric power

plant.

1.5 Properties Of High Energy Density Systems

The critical differentiating characteristic of HEDS compared with ordinary matter, is

the configuration of energy over space or simply the distribution of energy over the

volume that is to say energy density. The energy density is an equivalent measure of

pressure of the system. The atoms in HEDS are so closely packed that their energy states

interact strongly with each other by breaking columbic barrier and hence changing the

structure of matter altogether. The phenomenon occurring in extreme environments

deposit huge amount of energy over a very small volume and in very short time scale

making them unique systems having special properties which distinguishes them from

the conventional systems. Some common properties of HEDS are described below.

1.5.1 Nonlinear and collective responses

A systems is said to be non linear if ratio of acting force and reaction forces is not

constant and this ratio may depend upon other parameters or variables of the systems.

HEDS often have a significant nonlinear response to an applied energy source. For ex-

ample, an electromagnetic wave (radiations) propagating in a plasma generates many

nonlinear responses from the plasma, including stimulated (parametric) instabilities

such as Raman and Brillouin scattering, and relativistic instabilities generated at higher

intensities. At still higher intensities, the vacuum itself can become nonlinear. This non

linearity in response of materials under HEDS is of great interest in scientific commu-

nity and special attention is being paid for analysis of non linear phenomenon. Another

related defining characteristics of HEDS is their collective response to external stimuli

[1]. For example the response of a metal to a strong shock wave and instabilities. The
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details of non linearity and collective response of HEDS are still limited research and

development is going on this respect[18, 1].

1.5.2 Full or partial degeneracy

Degeneracy is related to the measure of availability degenerate states i.e, energy states

of same energy but having different quantum number representation available to par-

ticles in the system. Degeneracy is purely a quantum phenomenon and accounts for

distinguishability of particles of same type. Effect of degeneracy is of quantum sta-

tistical nature and completely alters the scenario from classical to quantum domain.

For instance at very high temperatures the systems become classical plasma and obeys

Boltzman distribution on the other hand at very low temperatures and high density the

system become degenerated and obeys Fermi Dirac statistics. In context of HEDS,

where degeneracy is very high due to energy density , the response of such systems

is determined by their quantum-mechanical properties i.e., by Pauli exclusion princi-

ple rather than by their temperature. For instance, many astrophysical and laboratory

HEDS are partially or fully degenerate. These regions of degeneracies occurs in the

centers of large planets, brown dwarfs, white dwarfs, neutron stars, and various phases

of an inertial confinement fusion implosion. Similarly in the case of the neutron star,

the degeneracy of the neutrons determines the system characteristics. Thus degener-

acy is a very special property of HEDS that plays a significant role in modeling and

categorizing HEDS.

1.5.3 Dynamic systems

HEDS are dynamic systems in a sense that they evolve under the influence of extreme

conditions. But their evolution in time is rather very complex due to the fact that the

phase changes of target materials occurs at very fast scale (of the order of femto second

to nano seconds). HEDS are described in fluid picture where the fluid flow involves the

Reynolds (ratio of the inertial forces to the viscous forces) and Mach numbers (ratio

of speed of fluid flow to speed of sound). Reynolds number and Mach number serve

as yardsticks for measuring hydrodynamic instabilities. For instance at high values of

the Reynolds number the turbulence creates the ultimate nonlinear response. The Mach

number measures compressibility, the ratio of kinetic to thermal energy, and the ability
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Introduction to HEDS

of the flow to form and sustain shocks. The information about transition to turbulence in

HEDS is very limited both theoretically or experimentally and is still an active research

area.

1.5.4 Radiative and Thermodynamic Properties

As mentioned earlier, HEDS spans a wide range of densities and pressure in phase

space due to which they have unusual radiative (mean free path, optical length, opacity

etc.) and thermodynamic (e.g, pressure, internal energy, specific heat capacity, ther-

mal expansion coefficient etc.) properties based on varying degeneracy and non lin-

earity. For instance, emission and absorption spectrum of radiation from HEDS shows

complex energy structures and simultaneous presence of different ions. Atomic data

obtained from atomic physics codes is still an open area for research and development

with many challenges in context of HEDS. Similarly the thermodynamic properties like

energy and pressure obtained from shock wave analysis gives remarkable variation in

these properties which are still unanswered. Thus EOS and Opacity data of HEDS are a

distinct property of HEDS which not only categorizes HEDS but also used in modeling

of HEDS.
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2 Modeling Thermodynamic Properties of
High Energy Density Systems

Modeling thermodynamic properties of HEDS is an essential as well as critical aspect

for understanding the HEDS and predicting the experiments under HEDS. The accu-

racy and validity of thermodynamic properties data primarily lies on the authenticity of

atomic physics model used to describe electronic and ionic structures [5]. This chapter

provides the theoretical backgrounds of atomic models used in modeling of thermody-

namic properties of HEDS.

The description of this chapter is such that the sec. 2.1 gives an overview of

simulation of HEDS which require the contributions from electronic and ionic part.

The sec. 2.2 provides a short account of modeling thermodynamic properties of HEDS

in which electronic contributions are discussed in sec. 2.2.2 and ionic contributions are

briefed in sec. 2.2.1 . Next, in sec. 2.3 gives a basic idea of under lying physics of

atomic physics models used to describe the electronic structure calculations in dense

plasma. The sec. 2.3.1 gives a brief introduction to well established and state of the

art models currently used in modeling dense plasma. These model include Ion sphere

model presented in sec. 2.3.2, Average atom model given in sec. 2.3.3, Thomas Fermi

model outlined in sec. 2.3.4, quantum statistical model described in sec. 2.3.5 and

screened hydrogenic model elaborated in sec. 2.3.6.

2.1 Modeling of High Energy Density Systems

Recent developments in high pressure experimental techniques has attained static pres-

sure up to 400 GPa and dynamic pressure up to 1 TPa at temperatures higher than few

tens of kilo Kelvin [20]. With these achievements, new and modified theoretical mod-

els [5, 21, 6, 22, 23, 24, 25] are reported to understand and explain these isotherms.

Theoretical modeling and computer simulation plays a vital role in not only designing

the critical experiments but also quantitatively interpret experiments. HEDS simula-

tions are also vital in a sense that one need to check the complexity and non-linearity
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of HED plasmas as the length and time scales of HEDS vary over several orders of

magnitudes. HEDP spans a wide range of phase space and are created by high energy

drivers which impart a large amount of energy over a very small volume so as to make

energy density of the system maximal. The old classical kinetic theory for plasma is

not suitable to describe the phenomenon occurring in HEDS. It is so because the veloc-

ity distribution obtained from the solution of Boltzman equation does not incorporate

the local transients, fluctuations and shocks which are generally encountered in HEDP

modeling. Moreover the distribution function become intractable on length and time

scales which are required for the problem. Therefore some other description is required

for describing HEDS [15, 18, 1].

The basic understanding of HEDS comes from considering a typical HEDS ex-

periment. Typically, the material in the start of HEDS experiments has solid form and

under the influence of huge pressure from energy drivers exhibits the characteristics of

gas or liquid phases which can be collectively categorized as fluid that is in plasma state

due to immense environment conditions. A fluid (meaning free to flow) is a phase which

distinguishes it from an elastic solid. One important feature of the solids is that they can

deform under very high pressure (around 1Mbar) and during this deformation stresses

are developed in the solid that depend on the displacements of atoms and molecules.

On the other hand, in the fluids, stress is primarily distributed in all directions i.e, it

forms an isotropic pressure that depends on the local temperature and density of the

material. The stress is independent of how far a fixed volume under consideration may

have moved from its starting point. This feature of fluid makes the density as a param-

eter that exhibits how the dynamical motion or kinematics will change the state of the

system. The evolution of density profile gives the signature of fluid flow and depicts

the change in volume occupied by the fluid. These characteristic of the fluids provides

the foundations for modeling HEDS because fluid description can accommodate shock

jump conditions and diffusive radiation transport and heat transport. Moreover, the

mean free path of atoms varies inversely with the density so as a consequence, the fluid

approximation becomes valid at higher densities and breaks down at low densities.

The fluids are generally modeled using hydrodynamics which is a branch of

physics that deals with the motion (or simply dynamics) of fluids as well as the forces
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Figure 2-1 Schematic diagram showing different aspects for simulation of

high energy density systems using hydrodynamics. Different atomic mod-

els are available for choosing ionic and electronic contributions to equation

of state and opacity data.

acting on solid bodies immersed in fluids. The basic equations for hydrodynamics are

conservation mass, momentum and energy. Hydrodynamic equations for HEDS are

based on assumption a compressible fluid that is non-viscous and nonconducting. But

this is of no interest for materials under HEDS. To make them realistic fluids for HEDS

simulations, friction is added as artificial viscosity term and radiation heat transport is

included on diffusion approximations. In addition ,the ideal fluid is characterized by its

mass density ρ, pressure P, which gives the momentum flux of the particles across any

infinitesimal element of area, and by the internal energy per unit mass, E. The internal

energy includes the kinetic energies of all the particles, but, since kinetic energy may

be stored temporarily in atomic excitation, the excitation energy is included as well,

to make a conserved quantity. Density, pressure and internal energy are three of the

thermodynamic functions. For a system with a fixed mass such as the cell under con-

sideration, only two of these are independent, for example density and internal energy.

The pressure can be calculated from the other two using the known equation of state of

the material, and all the other thermodynamic functions such as temperature, entropy,

Helmholtz free energy, etc., can be computed as well.

An important perspective for modeling HEDS is the frame of reference relative

to fluid in which the simulations are being performed. Conventionally there are two
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frames of references Eulerian and Lagrangian. In Eulerian frame of reference the ob-

server is assumed to be at a fix point in space and watches the fluid element to flow.

This description results in the properties of the system on geometrical formulation. On

the contrary, in Lagrangian frame , the observer moves with the fluid mass element and

hence results in the rate of change of the system properties along the motion of the

system. The two formulation are interconvertible through transformation equation.

The whole scenario of the simulations for HEDS is presented the following

Fig. 2-1. It is shown in the Fig. 2-1 that modeling of materials under HEDS are

performed using hydrodynamic simulation or radiation hydrodynamic simulations. If

radiations are not present in the system or radiations are not invoked explicitly then

simple hydrodynamic is used. For closure of hydrodynamic equations one needs EOS

data only. While if radiations are taken into account then the additional information in

the form of opacity data is also required for radiation transport.

2.2 Modeling Thermodynamic Properties of High Energy Den-

sity System

Effect of environment on a system under consideration is completely described by

studying thermodynamics of that system. Essentially, the thermodynamics of the sys-

tem can be represented by its EOS. EOS is a relation between different thermodynamic

variables that describes the state of the system or equivalently the effect of change of

thermodynamic variables on the system. EOS has its fundamental importance in mod-

eling HEDS not only for its theoretical calculations but also for its measurements. For

instance, fundamental experiments like those occurring in high energy density labora-

tory astrophysics (HEDLA), shock wave modeling of explosives and for ICF are de-

signed on the basis of prior estimate for temperature, pressure and energies that may

be encountered under these conditions. By EOS, one generally means pressure and

energy of the system that are function of density and temperature of the system. For

performing simulation related to HEDS, EOS is provided explicitly to close the sys-

tem of hydrodynamic equations in a thermodynamically consistent manner. EOS and

opacity data are derived from atomic structure models used to described such state of

matter. These models includes descriptions of electrons and ions for which there are
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number of models available for each of them as well as for different regions and condi-

tions of interests. These models are of core importance because the success of HEDS

simulation solely relies on accurate, authentic and thermodynamically consistent equa-

tion of state and opacity data. The development of EOS starts with the development

of partition function of the system. Helmholtz free energy can be obtained from parti-

tion function. Generally, all the thermodynamic variables of the systems can be derived

from Helmholtz free energy in a thermodynamically consistent manner. In this scenario

temperature dependence is also vital in sense that one has liberty to chose electron, ion

and radiation temperature independently. Generally electron and ion temperatures are

taken equal and radiation temperature is treated independently.

2.2.1 Models for ionic contribution to Thermodynamic prop-

erty

It is evident from figure 1-1 of chapter 1 that matter under HEDS covers solid and fluid

regions as density of the system changes dynamically for HEDS created in laboratories.

Thus a detailed description for each region is not possible as phases of matter changes

dynamically in rather short time scales. Moreover, temperature variations provides an

additional constraints for simple and single description of ionic part. Generally, ions in

plasma are treated as a separate entity apart from electrons. It is assumed that the mass

of the ions is greater than that of electrons. Ionic contribution to pressure dominates at

low temperature e.g., T < 10 eV, and from low densities up to solid density. In contrast

at higher densities and temperature the ion pressure is much less than electron pres-

sure. Modeling the ionic contributions requires the fundamental understanding of static

and dynamic systems. For static conditions, there are many theories like Density Func-

tional theory (DFT), ab-inito calculations that were presented over decades for detailed

descriptions. However for dynamical systems, which is the case under consideration of

HEDS, a simple, analytic and general purpose theory covering fluid and solid region

with acceptable accuracy is necessary. This theory was provided by More [5] based on

the work of [26] which uses empirical scaling laws for fluid and solid regions. This

theory is mostly adopted for fast and inline calculations and will be discussed in detail

in section 4.4.
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2.2.2 Models for electronic contribution to Thermodynamic

property

In the HEDP regime, internal energies are much greater than the typical electron bind-

ing energies, so atoms have been stripped of some or all their electrons, or they have

been compressed together so closely that the electron occupation states are different

from those in the isolated atom. For HEDS conditions the unbound electrons and ions

must often be treated as separate fluids, sometimes with different temperatures, and the

electronic specific heat is no longer negligible. Matter at extreme conditions is typically

in a plasma state, although, in some instances, the charged particles of the plasma can

be in an ordered state and possess some of the characteristics of a solid. The interac-

tions between the plasma electrons and ions define the properties and behavior of the

matter. The most general assumption for modeling HEDS is that our dense plasmas are

isotropic (that is, material properties are not dependent on direction) which is the basis

of all atomic model.

With these assumptions, the main contribution to pressure from electrons comes

at temperatures above 10 eV from free electrons. Bound electrons contribute less than

free electrons. Its is due to the fact that in Plasma, at any density and temperature, there

are many ions of an atom are present, each with different ionization state e.g, singly ion-

ized, doubly ionized and so on up to nuclear charge. The key parameters for describing

electrons are excitation state and the ionization state (as well as average ionization or

average charge state). In all electrons model excitation and ionization play a funda-

mental role in modeling plasma. In context of HEDS, electrons in plasma state may

become highly degenerate, partially degenerate, and non degenerate. While depending

upon the coupling mechanism, they may be weakly coupled or strongly coupled and

even may interact with radiations (radiation dominated plasma) as well. This makes

the electronic picture more complex and there are different models of explaining these

different regions each with its cons and pros. For instance there are detailed level mod-

els which calculate the electron structure data for isolated atoms or isolated ions with

high accuracy but at very high computational cost like Hartree-Fock (HF) model and

Multi Configuration Dirac Fock (MCDF) models. The electrons structure data is then
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used in different ionization and excitation models. For example, there is well known

Saha ionization model. More recently there had been purposed another class of average

atom model called Screened Hydrogenic Model with l Splitting (SHML)[27] which is

widely used in scientific community for electronic structure calculations not only for

isolated atom/ion data but also for atom embedded in hot and dense plasma environ-

ment. The ease of use and analytic simplicity makes it a favourable candidate for inline

calculations and will be discussed in details in sec 2.3.6.

2.3 Introduction to Atomic Physics Models

The empirical Bohr atomic successfully explained the spectra of very simple atoms for

instance hydrogen and hydrogen like elements but failed to explain the structure of com-

plex atom [26]. Quantum mechanics provided the theoretical grounds required for Bohr

model and laid the foundation of modern atomic physics. The core of quantum mechan-

ics lies in the solution of Sc̈hrodinger equation which is a wave equation for a particle

moving in a potential. The solution of Sc̈hrodinger equation gives the wave functions

and energy levels associated with particle in a given potential. Most of problem occur-

ring in the field of plasma and atomic physics requires the solution of a central potential

type i.e, spherically symmetric potential having dependence on radial coordinate and

no dependence on azimuthal φ and angular coordinate θ. The Sc̈hrodinger equation for

particle in a central potential V (r) having permissible energy ε is given by

− 1

2

d2R (r)

dr2
+

[
−V (r) +

l(l + 1)

2r2

]
R (r) = εR (r) (2.1)

where l is an integer known as the angular orbital quantum number associated with

coordinate θ and r is the radial coordinate. The energy ε of particle can be negative

representing bound states as well as positive which refers to unbound or free states.

Both states of the particle are considered in the solution of Sc̈hrodinger equation. The

bound state energies of the system in a potential V (r) are discrete in nature i.e, they

are fully described by the three quantum numbers n, l,m which are integers. First the

quantization of energies provide an integer called the principal quantum number n. The

quantization of orbital angular momentum gives the value of l. The projection of angu-

lar momentum along azimuthal direction is also quantized and gives the value of m. The

free energy states can take any positive value representing continuum states of energies
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for fixed value of orbital quantum number l which itself can take any integral value. It is

very interesting to note that the analytical solutions of Sc̈hrodinger are known for only

limited class of central potentials like Coulomb potential, Screened Coulomb potential

and harmonic oscillator etc. which are well known in quantum mechanics. But they

have a remarkable applicability in modern physics. The biggest challenge for atomic

physics today is the solution for many body interacting problem which to till date is

not possible even with the help of modern computers [26, 28]. In many body prob-

lem, dynamics of each particle is related to dynamic of every other particle in a rather

complex way that cannot be simply described by one particle state. For this reason,

some approximations have to be made in order to get results close to reality. In this

regard many approaches were made but the most celebrated is the approach by Hartree

and Hartree-Fock models in which they have used the concept of self consistent field

(SCF) [29, 22, 30]. The self consistent field is an approximation to many body problem

in which one can associate a ‘wave function’ to each particle in an approximate way

within a many body system. The interaction of one particle with all other remaining

particles is compensated by introducing a ‘field’ produced by the sum of these one par-

ticle ‘wave function’ of all other remaining particles. This ‘field’ must be ‘consistent’

in a sense that ‘field’ experienced by the one particle as a solution of Sc̈hrodinger wave

function is exactly the same ‘field’ as generated by the ‘wave functions’ all the other

remaining particles. For establishing SCF, one introduces not the wave functions of

each particle but square of the wave functions which gives the probability density of

finding the particle with given energy. This essence of SCF produces very fruit full

results calculating the ionization and excitation energies of isolated atoms and different

codes were developed in order to calculate the atomic data. The major contributions

were made by Cowan and Hartree and there followers [26, 31, 32, 33, 34].

2.3.1 Atomic Physics Models for High Energy Density Sys-

tems

Nature does not have isolate atom or ion rather the atoms within matter are present in

bulk amount and are subject to environmental conditions having finite temperature and

density. Evidently the isolated atom obtained from isolated atom SCF theories is not
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appropriate and valid to explain matter usually encountered in laboratories. To explain

the behaviour of atom or rather matter under certain finite temperature and density con-

ditions, the scientists purposed a term for environmental conditions as plasma. The term

plasma was first coined by Irving Langmuir in the 1928 and afterwards plasma theory

was developed. Plasma which in text books regarded as fourth state of matter consists

of free ions and stripped their free electrons i.e., ionized electrons. Thus the most fun-

damental and important feature of the plasma theory is the calculation of ionization

state which is removal of an electron from an atom. So the SCF theory was modified

to include temperature effects by introduction of occupation statistics (Boltzman distri-

bution or Fermi-Dirac distribution) and density effects are pronounced with the help of

wave functions and boundary conditions on it [29] or by imposing empirical methods

[6]. For modeling plasmas, the first ionization theory was purposed by Maenad Saha in

1920 that was purposed for spectral classification of stars and was later applied to mod-

eling stellar interiors. The Saha equation assumes non-degenerate free electrons and

interaction energies between electrons are totally neglected. It give the ratio between

densities of ions in successive ionization states using Boltzman statistics. This model

is valid only for weakly ionized plasma, where the screening of the ion charge by other

ions and the free electrons is negligible which are valid at low density and very high

temperature. Saha theory breaks down at higher densities due to the fact that energies

associated with particle interactions become important and degeneracies plays a vital

role in calculation of population fractions. In order to address the effect of degener-

acy on electrons obeying Fermi-Dirac (FD) statistics, the concept of an average atom

approximation (model) was purposed which was very successful in explaining plasma

environment that will be discussed in coming section. Average atom approximation

means that all the properties of the system can be obtained by considering a single atom

(a fictitious atom not a physical one) which represents all the atoms and matter can be

thought to be composed of replicas of this single atom. With this assumption ,the aver-

age atom can give an average behaviour of material properties in a plasma environment.

This assumption is not realistic generally for all density temperature conditions for an

element rather it is only valid at very high temperatures and density conditions i.e., for

hot dense plasmas. There is a class of models purposed for calculating radiative and
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thermodynamic properties of hot dense plasma that will be briefly discussed in coming

subsections.

2.3.2 Ion Sphere Model

The fundamental approach of all ion sphere (IS) models lies in assumption of charge

neutrality inside the ion sphere [35, 29]. In other words, this assumption corresponds to

all the models that consider a nucleus of charge Z and the same number Z of electrons

inside the ion sphere volume. This assumption ensures that the electrostatic potential

and field are exactly zero on the ion sphere boundaries. It is implicitly assumed that the

charge distributions of the ions and electrons beyond the boundaries exactly cancel and

results in a zero potential beyond the ion sphere. In this way the Thomas-Fermi model

also belongs to this category of models. The greatest limitation of the TF theory is the

fact that it cannot account for the detailed electron shell structure and other quantum

mechanical properties of the ion. It is suitable only for finding average quantities such as

the potential or the average electron density. For spectroscopic purposes, more detailed

quantum mechanical description of the ionic structure is required. The ion sphere model

tries to overcome this difficulty by solving the accurate Sc̈hrodinger or Dirac equations

for the bound electrons, while the free electrons are treated statistically, generally by

means of the Fermi-Dirac distribution. The ion sphere model assumes an ion having

Zb bound electrons which are positioned at r = 0 and Zf free electrons (Zb + Zf =

Z) occupy the rest of the ion sphere volume. The ion sphere model treats the bound

electrons by accurate quantum mechanical means that is by solving the Sc̈hrodinger or

Dirac equations for each bound electron in a potential generated by the nucleus, bound

electrons and the free electrons. The Pauli exclusion principle is taken into account

by adding a Slater (or other) exchange potential. The plasma correlation effects are

accounted for by confining the ion together with charge neutrality condition (Zb + Zf

= Z) inside the ion sphere, assuming that there are no other ions in this sphere. The

free electrons are treated statistically by Fermi-Dirac statistics thereby accounting for

the possibility of polarization of the free electrons near the nucleus.
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2.3.3 Average Atom models

The calculations for Detail level are sophisticated and require complex computations

for a huge number of electronic configurations. For robust simulations of HEDS, one

is interested in macroscopic response (average behaviour) of the material rather than

microscopic response (detailed analysis) of the material. For this reason the scientists

has developed another class of model called average atom (AA) model. The average

atom model provides a formulism for the computation of several macroscopic proper-

ties of high energy density plasmas, particularly those of high Z. The basic equations

were developed by B. Rozsnyai [36]. The average atom (AA) model assumes that the

thermodynamic and optical properties of a multi electron system can be obtained by

considering a single atom which is the representative of all the atoms in the material.

This fictitious atom has only one single electronic configuration with certain fixed lev-

els. The different levels of this single configuration are populated by electrons accord-

ing to Fermi Dirac statistics. This single configuration represents the average value of

electron populations, excitations and ionizations energies of all the configurations that

are present in a plasma. As this single configuration represents the average value, so

the electron populations in the levels are non integers unlike detail level calculations.

In this sense, AA has no physical significance in comparison with detail level calcu-

lations where occupation number of electrons in a level for a given configuration are

integers. AA model gives reasonable results for average charge state and energy levels

for hot dense plasma conditions. The starting point of the AA model is the statistical

Thomas-Fermi (TF) model along with ion sphere (IS) model (that will be discussed in

next section). The fictitious ion of the AA model consists of Zb bound electrons, which

are distributed into various atomic shells like , 1s, 2s, 2p,..., according to the population

probabilities determined by the Fermi-Dirac statistics. The AA model is applicable to

high density plasmas regime where degenerate electrons play a vital role in terms of

pressure ionization and continuum lowering phenomenons. These degenerate electrons

obey Fermi-Dirac statistics. On the other hand, AA model breaks down in low density

plasmas regime where electron interactions are weak and they obey Boltzman’s statis-

tics and consequently Saha model gives better results. There are many flavours of AA

models which are briefed below.
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2.3.4 Thomas Fermi Model (TF)

Thomas-Fermi theory (TF) was presented by L. Thomas (1926) and independently by

E. Fermi(1928) and generalized by Fermi, Leighton and Sands in 1949. TF assumes

degenerate electrons obeying the Fermi-Dirac statistics and the semiclassical approx-

imation for electrons, i.e., it is assumed that the electrons of atoms are continuously

distributed in phase space according to the Fermi-Dirac statistics. TF theory was the

first version of average of average atom model using the concept of SCF [29] and it

comes in many flavours [35]. The TF model treats the bound and free electrons sta-

tistically in a self consistent potential generated by both of them. The Pauli exclusion

principal is taken into account through the Fermi-Dirac statistics and evaluated in term

of semiclassical approximation [35, 29]. The model accounts for the plasma correlation

effects by confining the ion, together with a total of Z, Z = Zb + Zb electrons, in an

ion sphere enclosure, assuming that no other ion can penetrate into this sphere. The

TF model assumes that the plasma consists of one kind of ions only, that represents

the average ionic species. TF models assumes that both bound and free electrons as a

continuous “fluid”, distributed uniformly in phase space with two electrons in every h3

of volume. The electron density in spatial space is calculated by integrating over all the

momenta such that [35]

ρ(	r) =
1

π2

∫ ∞

0

p2dp

1 + exp
(

p2/2+V (�r)−μ
kBT

) (2.2)

which is solved for potential with the help of Poisson equation

1

r

d2

dr2
(rV (r)) = 4πρ(	r) (2.3)

under the assumption of boundary conditions which are

V (r = Rws) = 0 (2.4)
dV (r)

dr

∣∣∣∣
r=Rws

= 0

27



Modeling Thermodynamic properties of HEDS

here Z is atomic number of the material and Rws is Wigner Seitz radius that defines the

boundary of compressed atom at any density as

Rws =

(
4πρNA

3A

)−1/3

=

(
4πni

3

)−1/3

(2.5)

in which ni is the ions number density in (number of ions/cm3), NA the Avogadro

number and A is the molar mass of the element. The μ in Eq.(2.2) is the electron

chemical potential which is obtained by charge neutrality condition via∫ Rws

0

4πρ(	r)r2 dr = Z (2.6)

The drawback of this models is that the charge state distribution among different

ions must be computed by other means. Moreover TF theory does not account for

atomic shell effects, energy quantization and other quantum mechanical details of the

electronic configurations [29] due semiclassical approximation. TF theory has analytic

simplicity having scaling properties i.e., if tables of TF formalism are developed for

Z=1 then using scaling transformation the properties for any other values of Z can be

calculated. This opportunity of scaling property has made it a favourable candidate for

its wide use in inline calculations.

2.3.5 Quantum Statistical Model

The Quantum Statistical Model (QSM) for dense matter was first proposed by Rozsnyai

[36] following the work by Feynman [2]. It belongs to class of average atom model in

connection with IS model that uses quantum statistics for the modeling of bound and

free electrons. Likewise in IS model, it also employs the charge neutrality condition

for bound and free electrons inside the ion sphere whose radius is determined by ion

density. This model includes shell structure details by using Sc̈hrodinger or Dirac equa-

tion to find bound and free electron densities. Moreover, it also pays special attention

to dense plasma effects like pressure ionization and continuum lowering [29]. Pressure

ionization is the effect in dense plasma environment where bound electron energy levels

are shifted to continuum due to the pressure exerted by neighbouring atoms. This is a

purely quantum mechanical effect and is a characteristic of dense plasma environment.

Similarly, continuum lowering is the shift in energy level of bound electrons due to in-

teraction between free and bound electrons within an average atom. This interaction
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between bound and free electrons results in raising the bound electron energy towards

continuum or in plain words one says that continuum is lowered. This phenomenon

is also a characteristic of dense plasma. There are different approaches available to

quantify the amount of pressure ionization and continuum lowering. In QSM the pres-

sure ionization is accommodated through the solution of Sc̈hrodinger equation in terms

of wave function and energy levels using boundary conditions for confined potential.

While continuum lowering is defined by introduction of continuum edge or simple

boundary of continuum which is obtained in as self consistent manner. The poten-

tial used in QSM consists of Coulomb potential part, Interaction potential of electrons

(Hartree Potential) and exchange potential given as

V (r) =
Z

r
− 4π

⎛
⎝1

r

r∫
0

ρ (r′) r′2 dr′ +

Rws∫
0

ρ (r′) r′ dr′

⎞
⎠+

3

2

[
3

π
ρ (r)

]1/3
(2.7)

with boundary conditions as

V (r)|r=Rws
= 0 (2.8)

rV (r)|r=0 = Z

The total electron density consists of bound and free electron density written as

ρ (r) = ρb (r) + ρf (r) (2.9)

where bound electron density is given by

ρb (r) =
1

4πr2

∑
εnl<ε0

2 (2l + 1)

1 + exp
(

εnl−μ
kBT

)ψ2
nl (r) (2.10)

and free electron density is formulated as

ρf (r) =
(2kBT )

3/2

2π2

∞∫
max(0;ε0+V (r))

x dx

1 + exp (x− υ (r)− η)
(2.11)

in which υ (r) = V (r)/kBT and η = μ/kBT . The charge neutrality condition

is ensured via ∫ Rws

0

4πρ(	r)r2 dr = Z (2.12)
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for determination of chemical potential μ. The effective boundary of continuum ε0 is

found by balancing the total number of bound states with total degeneracy.

Rws∫
0

[max (V (r) + ε0; 0)]
3/2r2dr =

∑
nl

2 (2l + 1) ∀ εnl < ε0 (2.13)

Equations (2.7) to (2.13) are solved in a self consistent manner by starting as-

sumption from TF theory. This model gives very good results for high temperature and

high density region and it is very difficult to obtain convergence at low temperature

[29].

2.3.6 Screened hydrogenic model

Under LTE conditions for hot and dense plasmas although QSM models are available

but they generally cannot be used for in line calculations. Detail level calculations being

accurate and detailed has a draw back of high computational cost. In context of HEDS,

one is interested in average behaviour rather than detail level information yet having

acceptable accuracy [37]. Moreover for calculation of atomic data they are not ana-

lytically simple and one needs to compute different integrals and differential equations

which have there own numerical limitation. As mentioned earlier that the simulation

of HEDS requires fast, reliable and thermodynamically consistent data for EOS and

opacity. For addressing this problem, a simple analytical average-atom model, called

screened hydrogenic atom model, was first introduced by Strmgren in the 1920s and

developed in detail by many authors (Mayer, 1948; Lokke and Grasberger, 1977). This

model is based on a screening theory using Wentzel-Kramers-Brillouin (WKB) calcula-

tions, which gives the electron energy levels as a function of the shell populations. This

model utilizes Hartree-Fock approximation by which the shell populations are replaced

by their averages which are determined under LTE conditions. The details of SHM can

be found in reference [37, 38, 39, 40] for further assistance. This model was improved

by More which finally take the form of screened hydrogenic model (SHM)[5]. This

model was build by fitting the energy level data of 800 ionization potentials for 30 ele-

ments to a systemic screening constants. These screening constant data can reproduce

the energy levels with an root mean square deviation of 25 percent in a very simple

analytical expression having dependence on screened nuclear charge and occupation
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number.

The SHM average-atom model does not attempt to calculate the level (shell)

populations of many different atomic configurations. Rather, only one sequence of

levels is considered, which has a few discrete energy levels and the occupation of these

levels represents an average over the many possible configurations. The average atom

is not a real entity with an integer number of bound electrons. Rather a fictitious atom

with a non integer number of electrons that are distributed among the levels in a way

that approximates the average over the configurations. The emphasis on this model is

on calculating the shell populations as the fundamental set of variable. The total energy

of the atom/ion is given by

Eion = −
nmax∑
n=1

Pn
Z2

n

2n2
(2.14)

Where Zn is the screened charge level for a principal quantum number n is given

by

Zn = Z −
nmax∑

q=1, q �=n

σ (n, q)Pq − 1

2

(
1− 1

2n2

)
σ (n, n)Pn (2.15)

and Pn is occupation number of electron in the state n that is governed by the

equation for Fermi-Dirac Statistics as

Pn =
Dn

1 + exp [(ε̃n − μ) /kT ]
(2.16)

In above equation, ε̃n and Dn are energy level and density dependant degen-

eracy for the state n respectively. ε̃n are the modified energy level due to addition of

continuum lowering given as

ε̃n = εn +ΔI (2.17)
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where

ΔI =
9

5

Z∗e2

(Rws/a0)
(2.18)

εn = − e2

2a0

(
Zn

n

)2

+ ε0n

ε0n =
1

2

e2

rn
σ (n, n)Pn +

nmax∑
q=n+1

e2

rq
σ (q, n)Pq

Dn accounts for pressure ionization and given empirically by

Dn =
2n2

1 +
(
a r0n
Rws

)b (2.19)

where a and b are the two free parameters adjusted by comparison with results of av-

erage charge state from TF. Whereas r0n is the expectation value of orbital radius of

isolated atom, defined as

r0k = a0
n2

2Zn

(2.20)

where a0 is Bohr radius (cm) and Rws is the Wigner Seitz radius (cm) defined in 2.5

The average ionization is calculated by charge neutrality condition

Z = Z −
nmax∑
n

Pn (2.21)

while chemical potential is governed by uniform electron density model as

Z =
4√
π

A

ρNA

(
mkT

2π�2

)3/2

f1/2(η) (2.22)

f1/2(η) is the Fermi-Dirac Integral, fα(η), with α = 1/2

fα(η) =

∞∫
0

xα

1 + ex−η
dx , η =

μ

kT
(2.23)
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3 Development of Improved Screened
Hydrogenic Model with l splitting

This chapter discuss the developments made in improving continuum lowering part of

SHML theory and is the basis of current study. This chapter is organised such that sec.

3.1 deals with the historic developments made in SHM. Next sec. 3.2 describes the

SHML model . Sec 3.3 describes its mathematical structures and improvements made

in the current study.

3.1 Previous Improvements in Screened Hydrogenic Model

The screened hydrogenic atom model by More [5] got popularity in scientific commu-

nity and has been found useful for calculations of equation of state of hot dense matter

and plasma opacities [41]. There have been many improvements made in SHM from

time to time due to its wide use in scientific community. The first modification was

introduced by Marchand [39] in More screening constants. Then afterwards, Blottiau

[40]introduced the concept of continuum lowering and density effects in SHM. The

major limitation of SHM by More [37] is limited to energy resolution up to principal

quantum number ’n’ i.e., the one-electron states described by these constants are degen-

erate with respect to orbital angular momentum l. After the development of SHM by

More, Perrot [38] reinvestigated the SHM and suggested the improvements to account

for orbital angular quantum number l. This was done by taking fluctuation in electron

density into account but the degeneracy in energy levels for orbital angular momentum

l was introduced in a rather empirical manner. Faussurier [27] extended the work of

More and presented the l splitting in SHM model by fitting the energy level database

of isolated atom calculated by standard codes. The ease of implementation and accept-

able accuracy made SHM a favourable candidate for their use in EOS and opacity data

and also motivated the current research to further investigate the SHM. There are still

improvements being made in this model like the construction of relativistic screening

constants [42] leading to development of relativistic screened hydrogenic model. Fine
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structure splitting are also presented by [43].

3.2 Screened hydrogenic model with l-splitting

Even with the help of empirical adjustment, the energy spectra of many atoms were

not successfully explained by Perrot model of SHML [21, 38]. For this reason many

attempts were made [39] but the successful effort was presented by the Faussurier [27].

Faussurier presented his own SHML model and fitted the screening constants data using

a larger data base of excited and ionization energies i.e,15,636 energy levels from codes

like MCDF [44] and SUPERSTRUCTURE [45]. Comparison between the energy

levels computed using their screening coefficients and the values in the data base yields

a mean and root mean square errors better than 5 percent and 16 percent respectively and

are substantially better than those of More [27]. It is now used in scientific community

for dense plasma calculations. Another interesting feature of this model is that the dense

plasma effects pressure ionization and continuum lowering can be tuned which in other

formal models are absent.

3.2.1 Mathematical Structure

The SHML model is based on central field approximation in which each electron of a

level k moves in an independent effective Hydrogenic potential characterized by Zk/r

where Zk is the level screened charge and k = 1+ lk+nk(nk−1)/2 is the index for the

state level. For dense plasma conditions, all the atoms in plasma can be characterized

by a single atom which represents the average behaviour of all the atoms in plasma.

This assumption built the basis of average atom model. This atom have fixed number

of states, each with fixed electron occupation number i. e. fixed electronic configura-

tion. The main assumption in any AA model (including SHML) is that the electrons

in different levels are not statistically correlated. With these foundations this section

presents the most important equations of SHML model as implemented by [27, 6]. The

complete derivation of these equations can be found in [6] in relation to dense plasma.

The total energy of the electronic configuration in SHML is given by

Eshm = −Ryd
kmax∑
k

Pk
Z2

k

n2
k

(3.1)
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where Ryd is Rydberg constant, kmax is the total number of sub shells and Zk is the

level screened charge

Zk = Z −
kmax∑
k′
σkk′

(
1− δkk′

D0
k

)
Pk′ (3.2)

where δkk′ is Kronecker delta, σkk′ is a set of screening constants that represent the

interaction of an electron at level k with another electron at level k ′ in the multi electron

system,Dk is the density dependant degeneracy for the sub shell k (a detailed discussion

is presented in next section) and Pk is the occupation number (average number of

electrons in k) given by

Pk =
Dk

1 + exp [(εk + ΔI − μ) /kT ]
(3.3)

where ΔI is continuum lowering (CL) energy of average atom (that will be discussed

in next section along with discussion of Dk , μ is the chemical potential and kT is the

thermal energy and εk are the sub shell energies calculated as

εk = −Ryd Z
2
k

n2
k

+ 2Ryd

kmax∑
k′

σkk′

n2
k′

(
1− δk,k′

D0
k

)
Pk′Zk′ (3.4)

Once the occupation numbers are calculated, the average charge state can be calculated

by charge neutrality condition as

kmax∑
k

Pk +Z = Z (3.5)

where

Z =
4√
π

A

ρNA

(
mkT

2π�2

)3/2

f1/2(η) (3.6)

f1/2(η) can be calculated from the Fermi-Dirac Integral, fα(η), with α = 1/2

fα(η) =

∞∫
0

xα

1 + ex−η
dx , η =

μ

kT
(3.7)

After defining all the variables of Eq. 3.5 one gets

kmax∑
k

Dk

1 + exp [(εk + ΔI ) /kT − η]
+

4√
π

A

ρNA

(
mkT

2π�2

)3/2

f1/2(η) − Z = 0 (3.8)
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This equation is implemented in I-SHML and solved self-consistently by using isolated

atom data and initial guess for Z and η. The convergence criteria should be greater

than the Z values in order to resolve the SHML equations. For this study absolute con-

vergence criteria of 10−6 have been chosen on chemical potential i.e, one assume the

convergence to be archived when chemical potential differs less than 10−6 in successive

iterations. Since chemical potential is derived from Z so the values of Z will also be

sensitive up to 10−6 in successive iterations . The chosen limit is checked for tempera-

ture greater than and equal to 2 eV and is found to be very good as Z values are much

greater than 10−6 . Of course lower values of convergence criteria may be chosen but

that will be somewhat time consuming and will not effect the Z for decimal places less

than six for higher temperatures. However for temperatures below 2 eV down to very

low temperatures (like 0.001 eV), which is not the case under consideration, there are

strong oscillations in iterations due to presence of Fermi factor as the Fermi factor be-

comes sharp at low temperatures. At these temperatures value of Z approaches zero or

to the vale of convergence criteria. Here the convergence criteria will effect the Z and

chemical potential values and over all self-consistent system.

3.2.2 Degeneracy Lowering

Considering the plasma conditions of HED regime, the prescription of charge state

calculation for isolated atom would not be valid as neighbouring atoms exert a sig-

nificant pressure on each other due to density. Therefore some of the bound energy

levels may shift to the continuum level and are no longer bound to a particular level.

This phenomenon of shifting bound states into continuum due to density is termed as

Degeneracy Lowering (DL) or pressure ionization (PI). [6] have used the form of Dk

proposed by [4, 37] that reduces the bound level degeneracy smoothly from isolated

atom degeneracy D0
k = 2(2lk + 1) to fully ionized value of zero and is given by

Dk =
D0

k

1 +
(
azm

r0k
Rws

)bzm (3.9)

where azm and bzm are the two free parameters and they will be discussed in detail in the

following paragraph. Whereas r0k is the expectation value of orbital radius of isolated

atom, defined as

36



Improved Screened Hydrogenic Model

r0k = a0
3n2

k − lk(lk + 1)

2Z0
k

(3.10)

where a0 is Bohr radius (cm) and Rws is the Wigner Seitz radius (cm) defined in Eq.2.5
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Figure 3-1 Schematic Diagram for Pressure Ionization or Degeneracy

Lowering.

The ratio r0k/Rws is a measure of pressure ionizing fraction. Therefore, the lev-

els for which r0k ≤ Rws is satisfied they remain bound and the levels for r0k > Rws is

satisfied are pressure ionized. This is schematically elaborated in Fig. 3-1. The average

charge state Z results are very sensitive to the values of azm and bzm due to stability of

pressure ionization phenomenon. These are empirical tunable parameters are linked to

continuum lowering parameter czm (that will be discussed in coming paragraph) through

charge neutrality condition. To our knowledge, up till now there is no reliable physical

model available for azm and bzm that account for DL on strong theoretical basis. There

is one model purposed in literature which is based on WKB approximation [46, 4]. This

model enforces the Dk to vanish for r0k > Rws which may cause abrupt changes in av-

erage charge state calculations which is not viable for SHML. For sake of completeness

of SHML these values are selected to match Thomas Fermi (TF) average charge state

results at very high density and at low temperature. In [6], they have calculated the
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azm values by fixing bzm = 1 for all the elements up to Z = 86 and by getting a close

agreement between the Z of SHML with that of TF at high density and low tempera-

ture limit. The same technique is used by [47] for the choice of azm and bzm but for

zero temperature Thomas Fermi model results. In one of literature study, Rickert [41]

have empirically chosen azm = 3.0 and bzm = 4.0 for all the elements by observing

the stability of iterations against azm and bzm for different elements. On the other hand,

the current form eq(3.9) has two advantages that at first smoothly reduces the values

from 2(2lk+1) to 0 and secondly this form is less sensitive to summation of population

values used to calculate Z.

3.2.3 Continuum Lowering

The other important related phenomenon to this density effect is the Continuum Low-

ering (CL) or the Ionization Potential lowering ΔIshm. Another name of this process

is Ionization Potential depression. This is the amount of binding energy reduction by

which an atom is ionized due to interaction of bound and free electrons and depends

upon density and Z. In ion sphere model, it is approximated by volume averaged inter-

action energy of bound and free electrons defined in a familiar form expressed in other

work except that has been expressed in atomic units as

ΔIshm = czm 3.6

(
Za0
Rws

)
(Ryd ) (3.11)

where czm is a tunable (multiplier) parameter that describe the impact of free electrons

on the bound electronic structure. As pointed out by Faussurier, one has to carefully

chose this multiplier which depends upon the material and on the thermodynamic con-

ditions. The amount of CL actually accounts for average interaction energy of bound

and free electrons and hence it will matter if one has included self interaction energy of

bound electrons or not. It also depends upon degree of ionization with respect volume

or density under consideration. As this multiplier directly effects the bound energy lev-

els in dense plasma, many authors [37, 48]have chosen it differently according to the

situation. This makes the calculation of ΔIshm very critical because of proper choice

for czm , if one use czm = 1, for instance in SHML, double counting of degeneracy

level occurs. The double counting, mean that two or more bound states lying close to

one another near continuum can be ionized by same amount CL energy. These states
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cannot be distinguished on the basis of ion sphere model of Eq. (3.11) and ionization

will depend upon value of czm. This is due to the fact that in ion sphere model all lev-

els are shifted by the same amount that results in unrealistic values of charge state as

shown in Fig. 3-2. In [6], Faussurier et al discuss the effect of value of czm on charge

state by taking 0 < czm < 1. The current study propose to use level charge dependent

calculations of CL in SHML model to come out of this situation, where as in SHML

one has to be very careful to make it independent of plasma conditions.

3.3 Improved Screened hydrogenic model with l-splitting

The SHML model is limited by choice of parameters of azm, bzm and czm to which Z

is very much sensitive. This research is based on the improvement of SHML model

by modifying azm, bzm and czm parameters along with there effect on Z and related

variables. This new model is named Improved Screened hydrogenic model with l-

splitting (I-SHML). In SHML model azm and bzm controls the amount of DL while

czm limits the CL which are adopted on adhoc basis. To provide a theoretical basis

it is purposed that a Level charge dependent calculation of CL should be introduced

in comparison with ion sphere model of CL. The problem in ion sphere model is that

the potential of free electron is derived from classical electrostatics and is assumed to

depend upon fixed number of electrons, i.e., Z without accounting for degeneracy of

free electrons. In I-SHML , Z is dependant on degeneracy through Eq. (3.3). So to

make the free electron potential degeneracy dependant, the free electron potential is

modified as [49, 50]

ΔIinteraction =
Za0
Rws

[
3−
〈(

r

Rws

)2
〉

kk

]
(Ryd ) (3.12)

where 〈r2〉kk represents the mean square radii for electrons in the state k and is equiva-

lent to the quadruple matrix element which in the hydrogenic approximation in the field

of a charge Zk is given as

〈
r2
〉
kk

= 0.5
a20n

2
k

Z2
k

[
5n2

k − 3lk (lk + 1) + 1
]

(cm2) (3.13)

Thus the final form of ΔIinteraction is

ΔIinteraction =
Za0
Rws

[〈
3− 0.5

a20n
2
k

Z2
kR

2
ws

[
5n2

k − 3lk (lk + 1) + 1
]〉

kk

]
(Ryd )

(3.14)
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Figure 3-2 Schematic diagram for comparison between I-SHML and Faus-

surier’s continuum lowering models. Blue colour represents the unper-

turbed levels and the red colour shows the perturbed levels in both cases.

Now the calculations of the degeneracy is properly accounted. Fig.3-2 presents schematic

comparison of two CL models. This figure shows that in I-SHML model of CL, differ-

ent energy levels are affected by different amount of CL energy according level screened

charge. This is in contrast to the Faussurier model where a fixed amount of CL is added

in all energy levels. The Scales in the Fig.3-2 are relative. The states lying near to the

continuum are more affected as compared to the states near the ground level. The blue

lines shows the energy levels without CL effects while red lines shows the energy levels

after the CL energy is added in both cases. In addition to the level interaction, one needs

to add the exchange and correlation effects in ΔIinteraction that will be presented in the

following subsection.

3.3.1 Exchange and Correlation Effects

SHML model assumes central field approximation for many electron systems in which

each particle moves in an independent effective hydrogenic potential. This approxi-

mation is not truly valid because free electrons in AA cannot be treated as true free

particles and must have some background interaction with other electrons. Therefore,

one need to incorporate exchange and correlation effects especially near solid density.

Exchange energy is measure of reduction in energy due to spatial separation between

the electrons with same spin while correlation energy is measure of reduction in energy

due to spatial separation between electrons of opposite spin. This study considers only
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local density approximation (LDA). According to page 90 of [49] the exchange term

derived by authors [51, 52, 26] is given by

Ex = −0.916
Z

Rws
(Ryd ) (3.15)

The correlation effects are obtained from Padé approximal interpolation using plane

wave approximation as defined in page 90 of [49] by the author [53] as.

Ec = 0.0621814

{
ln

x2

x2 + bx+ c
+

2b√
4c− b2

arctan

√
4c− b2

2x+ b

− bx0
x20 + bx0 + c

[
ln

(x− x0)
2

x2 + bx+ c
+

2(b+ 2x0)√
4c− b2

arctan

√
4c− b2

2x+ b

]}
(3.16)

where b = 3.72744, c = 12.9352, x0 = −0.10498 and x =
√
Rws. Hence the effective

continuum lowering energy becomes

ΔI = ΔIinteraction + Ex + Ec (3.17)

3.4 Ion Population Fraction Calculations

Ion population fraction (IPF) calculations are very important to understand the radiative

spectrum emitted from hot dense matter. IPF calculations requires the detailed knowl-

edge of the all the ions and correlation interaction between the electrons of an ion which

are present in a plasma environment. The simultaneous presence of multi-charge ions in

hot and dense plasma predicted by radiative spectra in different experiments is of crit-

ical importance [54]. This is closely relevant to the astrophysical plasma, the plasma

found in giant planets like Jupiter and the plasma created in the inertial confinement

fusion (ICF) experiments [55, 18].

3.4.1 An introduction

The calculations of ion population fractions (IPF) are very important for many thermo-

dynamic and radiative properties of such hot dense plasmas. These calculations start

with the construction of grand partition function (GPF) for interacting electrons in hot

and dense plasma. The GPF contains all information of how different ions have their

energy partitioned among themselves in hot dense plasma. The simplest form of GPF is

its construction for Fermi gas where the particles are not interacting among themselves
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and then to develop GPF for hot dense plasma for interacting electrons. Now this GPF

contains information of the level population, level charges and level energies of interact-

ing electrons. To find the solution of this GPF (to make it factorizable) for interaction

electrons (the case of hot and dense plasma) over all possible configurations is not a

trivial task as can be done in case of non-interaction electrons. In the latter case, a close

form of the generating function can be obtained or one can easily factorize the GPF. For

interacting electrons systems, the number of terms in GPF increase rapidly and one has

to define some cut-offs on electron population to get reasonable results. Thus it would

be difficult to factorize GPF due to the presence of cross-interaction terms for differ-

ent electrons of a configuration and due to the conservation of number of electrons for

each charge state in a consistent manner. For this purpose, atomic code with detailed

calculations would be needed that include all relevant atomic physics processes for the

calculation of electron populations for different ions.

The practical applications and calculations, the IPF models are broadly divided

into detailed level (DL) models [56, 57] and average atom (AA) models like [29, 12,

58, 59] that are used in codes THERMOS, CASSANDRA [22] and OPAQS [30] etc.

Within AA approximation, there are different classes of models. For instance, there is

a famous class that is based on finite temperature density functional theory (FTDFT)

which is basically a electron density variational model[7, 60, 61] based on Khon-Sham

equations that is developed in codes like Multi Average ion model (Multi-AIM)[62].

While AA models based on screening constants i.e., SHML[27, 6] is used in codes

like ATMED [63]and SCAALP[64] etc. Another class of models uses a parametric

potential method to generate speedy atomic data as implemented in Los Alamos Na-

tional Laboratory code OPAL[65]. There is new development on theoretical basis at

Los Alamos implemented in code ChemEOS[66] which is based on a chemical pic-

ture representation for a plasma of interacting ions, atoms and electrons. This code

uses free-energy-minimization technique for Helmholtz free energy of the interacting

species to get thermodynamic functions for equation of state and IPF for radiative prop-

erties calculation in ATOMIC code[67].

Since all average atom models represent an average electron populations for a

given temperature and density and does not include different ionization stages, there-
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fore these cannot be used to study the experimental spectroscopic data. Moreover the

fundamental assumption of AA is that electrons in different levels are statistically un-

correlated which limits their direct use for IPF calculations. To use AA models for

such studies started with Green [68] where they have calculated the correlation energy

and population levels for interacting electrons for using average atom prescription un-

der local thermodynamic equilibrium (LTE) conditions. They have used the complex

operators to form GPF for such system. Another attempt was made by Perrot [69] by

calculating correlation energy by minimizing the Helmholtz free energy using Density

Functional Theory (DFT) for AA model. He has included the bound-bound, bound-

free and free-free electron interactions contributions to the calculation of IPF. Wilson

[70] introduced the saddle point technique for correlation energy calculations. In this

method, GPF summation is transformed into multidimensional integrals from which is

easier to get IPF. This work was extended by Faussurier [71, 72] by proposing classi-

cal theory of fluctuations in saddle point technique for the calculation of IPF. Faussurier

[71, 72] proposed his version of screened hydrogenic model with l-splitting (SHML) for

the in-line calculation of EOS and opacity for high energy density system and included

IPF calculation by improving Saddle point technique.

3.4.2 Improvement in Ion Population Fraction Calculations

The simultaneous presence of different ions in plasma cannot be modeled within AA

approximation, directly. In order to model IPF in hot dense plasma using the AA model,

one starts with quantum statistical representation of GPF which is written in terms of

energy levels of the particles within GFP. The energy levels further require the informa-

tion of number of particles, their population level and corresponding charge. Formally

the ion population fractions were calculated by using isolated atom data of energies in

Saha-Boltzman equation with CL taken into account along with some empirical cut off

for the partition function. The problem with Saha-Boltzman equation is that it breaks

down at higher ion densities [73]. Moreover Saha-Boltzman is limited for non de-

generate electrons at high temperature and low to moderate densities. The inclusion

of different configurations interactions has been added which improves the results but

does not solves the problem of breakdown for higher densities. Another approximate

solution is the use of binomial distribution for ion population fraction which is based
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on ideal Fermi Dirac gas model e.g used in NIMP model( Non LTE ionized material

Package)[11]. But that itself is based on the fact that there is no correlation between

electron probabilities which are dominant at higher densities and at low temperature.

The result for binomial distribution and Saha Boltzman distribution matches for low

density and very high temperatures but fail to predict average charge state and IPF re-

sults at lower temperatures and at higher densities where strong interactions between

electrons is dominant. More over isolated energies are used under the approximation

that the kinetic temperature is comparable to isolated energies, which is questionable till

to date[71, 72]. For the development of IPF in I-SHML, the current study follows the

work of [71] for the development of systematic integer charge state distribution around

the average charge state using classical theory of fluctuations. The detailed derivation

and discursion of these equations can be found in [71] as well as [28, 2] for detailed

derivations and discussion. According to [71] the GPF for Z + 1 ion system can be

factorized and is given by

Z =
Z∑

Z′=0

⎛
⎜⎝
√

(2π)kmax

det (ω)

e
− 1

2

(
ΔZ′
σ
Z′

)2

√
2πσZ′

⎞
⎟⎠ (3.18)

where ΔZ ′ = Z − Z ′ is deviation of ionization state Z ′ from average charge state Z

with the ion charge limitation 0 ≤ Z ′ ≤ Z . σ2
Z′ is the ionization variance around the

average charge state and is defined as

σ2
Z′ =

kmax∑
k,k′

Ck,k′ (3.19)

where Ck,k′ is the correlation matrix computed from average atom values as

Ck,k′ = (ω)−1
kk′ = ΔPkΔPk′ (3.20)

where ΔPk = Pk
Z′ − Pk is the deviation of occupation number of level k of ionization

stateZ ′ from average atom occupation number Pk. Pk
Z′

represents the occupation num-

ber of kth level in Z ′ ion. While ωkk′ is symmetric, definite, positive matrix constructed

from electron-electron interaction energy matrix Vkk′ using average atom values for Dk

and P̄k as

ωkk′ = β Vkk′ +
δkk′

ω2
k

(3.21)
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where β = 1
kBT

is the inverse of thermal temperature which is in eV and Vkk/ is the

interaction energy of electron in level k with the electron in the level k ′ given as.

Vkk/ =
∂2Eshm

∂P k∂P k/
(3.22)

where Eshm is the total energy of the average atom given by eq(3.1) and

ω2
k =

P̄k

(
Dk − P̄k

)
Dk

(3.23)

It is clearly seen from equations (3.14),(3.15) and (3.17) that at higher temperatures, β

tends to zero and consequently

Ck,k′ ≈ δkk′ ω
2
k

correlation effects become negligible and one has non interacting gas which is Fermi

Dirac gas and from Eq. (3.13) σ2
Z′ approaches binomial distribution value

kmax∑
k

ω2
k. On

the other hand at lower temperatures correlation effects dominates and one encounters

interacting electrons distribution given by electron-electron interaction energy matrix

Vkk′.

Ck,k′ ≈ kBT (V −1)kk/

In this way σ2
Z′ will gives the signatures for interaction effects over the wide range of

density and temperatures for the calculation of IPF. Once σ2
Z′ is calculated using AA

I-SHML, the normalized IPF can be calculated using σ2
Z′ as

FZ′ =
e
− 1

2

(
ΔZ′
σ
Z′

)2

Z∑
Z′=0

e
− 1

2

(
ΔZ′
σ
Z′

)2 (3.24)

The above equation gives fast calculation of IPF and it inherently includes interaction

energy between different electrons through Vkk/ and exchange and correlation effects

in Z. In this way the IPF results obtained from above equations are better than SHML

and are comparable with other standard codes over the wide range of density and tem-

peratures.
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4 Calculations of Thermodynamic properties
for High Energy Density Systems

The current chapter describes the introduction of theoretical development of thermody-

namic properties that will be implemented in SHOPEOS. The development of I-SHML

in previous chapter 2 provides the building blocks for calculations of thermodynamic

properties for SHOPEOS. This chapter is organised in such a way that in sec. 4.1 intro-

duces the basics of elementary thermodynamic properties. The next sec. 4.2 presents

the mathematical theory for thermodynamic properties for HEDS. Afterwards, sec.4.3

describe the mathematical structure for electronic part of thermodynamic properties

using I-SHML along with its limitations. The ionic contribution to thermodynamic

properties is described by Cowan model which is elaborated in sec. 4.4 along with its

limitations. Finally, sec.4.5 describes the Scaled Binding Energy model (SBEM) in de-

tail which is used for modeling the cold part calculations for thermodynamic properties.

4.1 Introduction to Thermodynamic Properties

The main goal of thermodynamic properties calculations is to develop an accurate and

thermodynamically consistent relationship between different thermodynamic variable,

such as pressure and energy, to density and temperature which are readily measurable.

This essentially means to develop EOS of the system which describes fundamental

thermodynamic properties of matter and have critical importance in modeling HEDS

experiments which are measured by investigation of shock hugoniot analysis. Thus

shock hugoniot is a measure of authenticity for EOS calculations that are theoretically

obtained. This information can only be obtained by using sophisticated theoretical mod-

els or from experiments [3, 74, 10, 75, 9, 76, 77, 78, 79].

In experiments , the materials are probed by different techniques and resulting

change in state of material is measured in terms of thermodynamic variables like, tem-

perature kBT , pressure and density ρ for system under consideration. In context of

HEDS experiments, EOS has a substantial interest for its fundamental research and has
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a wide range of applications [3, 74, 80, 10, 75, 9, 76, 77, 78, 79]. States of material ac-

cessed by HEDS experiments posses a wide region in the phase diagram. For instance,

it covers hot compressed matter, strongly coupled plasmas and degenerate plasma. It is

an active research area with many challenging questions because the current informa-

tion available for these states from experiments is very limited and theoretical modeling

is a very complicated task [76, 77, 78, 79, 80].

In context of HEDS simulation based on theoretical models, EOS has its fun-

damental importance because of its essential requirement in hydrodynamic equations.

Different models of EOS containing ionic contribution and electronic contribution are

presented in literature [81, 82, 83, 8, 37, 6]. Efforts are being made to develop more

and more accurate detailed description of ionic as well as electronic part [18, 1, 76, 77,

78, 79, 80, 84, 85, 86, 87].

For description of EOS under HEDS conditions, it is important to locate the

range of thermodynamical variables involved in creating HEDS. As shown in 1-1 of

chapter 1 that a wide range of variations in temperature, pressure and energy are present

under HEDS conditions which arise due to different phases of matter in the phase di-

agram. In elaboration of different phases, a schematic phase diagram .4-1 shows the

variation of material response to applied conditions where different phases of matter

are shown on pressure verses temperature diagram. Each phase of matter is linked with

other phase of matter. Staring from left in .4-1, there is a triple point where three phases

of matter i.e., vapour, liquid and solid coexists. Beyond that there is a vapour phase up

to critical point and then there is gaseous phase. The critical point is where the liquid-

vapour phase coexists. The corresponding temperature to critical point is called critical

temperature and respective pressure is called critical pressure from which critical vol-

ume can also be calculated. In the center, above the vapour phase, there is liquid phase

that is separated from vapour phase by a curve joining triple point and critical point.

Above the liquid phase there are two more phases which are compressible liquid and

supercritical fluid. These two are separated by a line passing through the critical point.

The region above the critical point and to left of triple point is region of solid phase.

So essentially, all of these phases of matter are entirely different and requires different

physics for modeling. It is now clear from diagram that it is not possible for a single
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theory of physics to explain all these phases of matter in terms of equations of state.

Figure 4-1 Schematic diagram showing different phases of matter in pres-

sure vs temperature plot. Different phases occurs at different conditions

of pressure and temperature making them impossible to accommodate in

a single theory

In principle, approach to model different phases can be made using ab ini-

tio calculations and other molecular dynamics calculations separately. But these are

formidable due to computational complexity, computational cost and difficulty for solv-

ing many body theory over a wide range of HEDS. Consequently, for practical purposes,

it is necessary to introduce some simplifying assumptions and approximations into the

governing equations. The price of simplification, however, is typically a loss of general-

ity and the resulting theory is valid only over a selected region of the phase diagram. It

is therefore neither convenient nor essentially required to formulate the detailed dynam-

ics and kinetics of individual atoms, ions, or electrons in whole density and temperature

range for simulation of HEDS. Rather, a sufficiently accurate average behaviour model

of constituents satisfying global fluid and solid phase behaviour is required. As de-

scribed in chapter 1, the hydrodynamic equations are used for modeling the response

of target material under HEDS which require EOS as an essential ingredient for their

closure. The EOS is presented in terms of pressure and energy which may be provided

48



Model for Equation of State

either in the form of tables or may be analytically calculated.

4.2 Computations of Thermodynamic Properties

In mathematical sense, EOS is a fundamental property of a thermodynamic system

which can be characterized by an extensive functional form like

G (u, v, w) = 0 (4.1)

where the variables u, v, w can be any thermodynamic variable like, volume V, pres-

sure P, entropy S, internal energy E or temperature T. It may be in the form of tables

relating different thermodynamic variables or in the form or graphs which essentially

are described by map theory. For particle calculations, EOS is formulated by construct-

ing partition function Z of the systems. In considering HEDS, electrons and ions are

treated as separate entities and hence they require different partition functions. In this

way electrons and ions temperature can take, in principal, two different values. But

under LTE conditions, they are assumed to be same with a superficial assumption that

the contribution of electrons and ions under equilibrium is additive to sufficient accu-

racy, which may not be true in general. Conventionally, thermodynamically consistent

variables are calculated from Helmholtz free energy calculations which is derived from

the partition function Z of the system under consideration. Ions and electrons for EOS

calculations are treated as separate entities each having its contribution for Helmholtz

free energy F , pressure P , internal energy E, entropy S, specific heats Cv at constant

volume and at constant pressure Cp of the system . The total EOS can be written as

Ftot = Fc + Fe + Fi (4.2)

where Ftot is the total Helmholtz free energy. Fc is the contribution Helmholtz free

energy to from cold curve and Fc,Fc are the component of Helmholtz free energy due

to electron and ions respectively. From this construction, the thermodynamic variables

can be separated for electron and ion. i.e.,

Ptot = Pc + Pe + Pi (4.3)

Etot = Ec + Ee + Ei (4.4)

Stot = Sc + Se + Si (4.5)
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From Helmholtz energy the thermodynamic variables can be calculated as follows [80,

5].

F = −kBT log (Z) (4.6)

P = −
(
∂F

∂V

)
T

(4.7)

E = −T 2

(
∂

∂T

(
F

T

))
V

(4.8)

S = −
(
∂F

∂T

)
V

(4.9)

The specific heat at constant volume and at constant pressure are represented as [77]

Cv = T

(
∂S

∂T

)
v

= −T
(
∂2F

∂T 2

)
v

=

(
∂E

∂T

)
v

(4.10)

Cp =

(
∂E

∂T

)
p

+ P

(
∂V

∂T

)
p

(4.11)

= −T ∂
2F

∂T 2
+

T
(

∂2F
∂V ∂T

)2
∂2F
∂T 2

Similarly speed of sound at constant temperature and at constant entropy are given as

[77]

cT = V 2∂
2F

∂V 2
(4.12)

cS = V 2∂
2F

∂V 2
−
V 2
(

∂2F
∂V ∂T

)2
∂2F
∂T 2

(4.13)

Each thermodynamic variable in above equations in EOS has its inter-related

dependence on other thermodynamic variables. For example, the pressure appears in

the momentum equation, energy appears in conservation equation, while the specific

heat Cv is required for the energy equation with the condition Cv > 0 [77] ensures

stability of the heat conductivity . Similarly specific heat Cp is required where isobaric

process are involved and also required for Gruenesian parameter γ = Cv

Cp
. Apart from

that the experimentalist are interested in measuring cT for estimation of bulk modulus of

material and also for measuring shock velocity and particle velocity with in the material.

On the same footing cS is of main interest where isentropic compression are involved

e.g., in laser matter interaction experiments while the condition cS > 0 [77] gives the

signature of existence of acoustic perturbations.
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The average atom calculations are not accurate near zero temperature due to

presence of Fermi factor [81, 23, 25, 24]. The convention for zero temperature is equiv-

alent to some fixed reference temperature T0 which is taken to be room temperature

(300 Kelvin or 0.0259 eV) for hugoniot calculations. The accuracy of calculations at

T0 is very critical for the shock hugoniot calculations. For this purpose, correction to

thermodynamic variables for electronic calculations at zero temperature is obtained by

subtracting the electronic contributions of respective thermodynamic function at room

temperature from the electronic thermal contributions at any density and temperature

conditions. In doing so, the correct form of Helmholtz energy, pressure and internal

energy take the form as

Fe (ρ, T ) = FI−SHML (ρ, T )− FI−SHML (ρ, T0) (4.14)

Pe (ρ, T ) = PI−SHML (ρ, T )− PI−SHML (ρ, T0) (4.15)

Ee (ρ, T ) = EI−SHML (ρ, T )− EI−SHML (ρ, T0) (4.16)

4.3 Electron Contribution to EOS: I-SHML Model

Conventionally, the Thomas Fermi model was used for modeling electronic contribu-

tion to EOS for dense plasmas. Thomas Fermi has limitation of validity at temperatures

greater than 10 eV [5]. Moreover, Thomas Fermi model ignores electronic shell struc-

tures and treats the electrons as a continuous fluid which hinders its application at low

temperature and at large densities [5]. In recent decades, SHML [6] was introduced to

overcome these limitations and electronic part based on SHML had calculated average

charge state, level population, level charge, level energies and chemical potential. In

this research, I-SHML model, which is an improvement SHML, has been developed

for electronic part calculations. Once the I-SHML values are obtained for average atom

self-consistently, one can easily calculate the electron EOS. EOS calculations starts

with the construction of Helmholtz free energy Fe in terms of I-SHML as described

in Chapter 2 with the notations used previously. The Rydberg units are taken in this

sections i.e., energies are normalized by Rydberg energy equivalent to 13.6 eV and

� = 1, 2me = 1 and e2 = 2. Fe consists of three parts i.e., the contribution from bound

electron Fbound, contributions from free electron Ffree and finally the contribution from
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Fbound−free. The expression for Fe becomes

FI−SHML = Fbound + Ffree + Fbound−free (4.17)

The Fbound represents the contribution of bound electrons to Helmholtz free energy and

has the form in I-SHML context as

Fbound = −
imax∑
i=1

Pi

(
Zi

ni

)2

+ (kBT )
imax∑
i

[
Pi ln

(
Pi

Di

)
+ (Di − Pi) ln

(
Di − Pi

Di

)]
(4.18)

Where Zi, Pi and Di represents average atom values of level screened charge, occu-

pation number, and level degeneracy respectively which are obtained from I-SHML.

Similarly the contribution of free electrons to Helmholtz free energy Ffree simplifies as

Ffree = Z̄ (kBT )

[
η − 2

3

I3/2 (η)

I1/2 (η)

]
(4.19)

here Z̄ is average charge state, η is the degeneracy parameter and Iα is Fermi-

Dirac Integral as described in chapter 2. Finally for the part of interaction energy of

bound and free electrons to Helmholtz free energy Fbound−free is given by

Fbound−free =

(
9

10

)
Z̄2e2

Rws

(4.20)

By using the definition of pressure from Helmholtz free energy one has a total electron

pressure Pe consisting of corresponding three parts as

PI−SHML = Pbound + Pfree + Pbound−free (4.21)

where Pbound is pressure amounting for bound electrons

Pbound = ρ2 (kBT )
∑
i

[
ln

(
Di − Pi

Di

)
∂Di

∂ρ

]
(4.22)

Here

∂Di

∂ρ
=

−bzmDi

3ρ

⎛
⎜⎝
(
azm

r0k
Rws

)bzm
1 +
(
azm

r0k
Rws

)bzm
⎞
⎟⎠

Similarly, pressure for free electron Pfree will become

Pfree = ρZ̄ (kBT )

[
2

3

I3/2 (η)

I1/2 (η)

]
(4.23)
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Finally the pressure resulting from interaction of bound and free electrons will be

Pbound−free

Pbound−free = −ρ(ΔI) Z̄
6

+ ρ2ΔI
∑
k

fk
∂Dk

∂ρ
(4.24)

The same analysis goes for total electron energy Ee as this can also be expressed in

terms of Fe as .

EI−SHML = Ebound + Efree + Ebound−free (4.25)

This also consists of three parts as energy from bound electrons Ebound, energy

from free electron Efree and energy from bound-free interaction Ebound−free as

Ebound = −
imax∑
i=1

Pi

(
Zi

ni

)2

(4.26)

Efree = Z̄ (kBT )

[
I3/2 (η)

I1/2 (η)

]
(4.27)

Ebound−free = −(ΔI) Z̄

2
(4.28)

On the same lines , using the definition of entropy from Eq. 4.9, one finds the entropy

of bound electrons Sbound as

Sbound = −kB
imax∑
i

[
Pi ln

(
Pi

Di

)
+ (Di − Pi) ln

(
Di − Pi

Di

)]
(4.29)

and the entropy of free electrons Sfree as

Sfree = −Z̄ (kB)η + Z̄ (kB)

[
5I3/2 (η)

3I1/2 (η)

]
(4.30)

The electronic contribution to entropy using I-SHML will be

SI−SHML = Sfree + Sbound (4.31)

From Eq. 4.10, the specific heat at constant volume comes in I-SHML for-

mulism as

Ce
v = −kB

∑
i

[
εi +ΔI − 3kBT

I 1
2
(η)

I− 1
2
(η)

](
∂Pi

∂T

)∣∣∣∣
ρ

+ kBZ̄

[
5

2

I 3
2
(η)

I 1
2
(η)

− 9

2

I 1
2
(η)

I− 1
2
(η)

]
(4.32)
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and specific heat at constant pressure becomes using Eq. 4.11

Ce
p = Ce

v+kBρ
2T 2

(∑
i

[
εi +ΔI − 3kBT

I 1
2
(η)

I− 1
2
(η)

](
∂Pi

∂ρ

)∣∣∣
T
− ΔIZ̄

6ρ
− Z̄

[
I 3
2
(η)

I 1
2
(η)

− 3
I 1
2
(η)

I− 1
2
(η)

])2

∑
i

[
εi +ΔI − 3kBT

I 1
2
(η)

I−1
2
(η)

](
∂Pi

∂T

)∣∣
ρ
+ Z

[
5
2

I 3
2
(η)

I 1
2
(η)

− 9
2

I 1
2
(η)

I− 1
2
(η)

]
(4.33)

The terms ∂Pi

∂T
and ∂Pi

∂ρ
in above equations 4.32 and 4.33 are computed by solving the

matrix equations

∑
j

Mi,j
∂Pj

∂ρ

∣∣∣∣
ρ

= fi
∂Di

∂ρ
+Difigi

[
−βΔI

3ρ
+

2

ρ

I1/2 (η)

I−1/2 (η)

]
(4.34)

∑
j

Mi,j
∂Pj

∂T

∣∣∣∣
ρ

= −Difigi

[
εi +ΔI − 3

β

I1/2 (η)

I−1/2 (η)

]
(4.35)

Where the anti-symmetric matrix M is defined as

Mi,j = δi,j +Difigi

[
β Vi,j − β

ΔI

Z
+

2

Z

I1/2 (η)

I−1/2 (η)

]
(4.36)

4.3.1 Limitation of SHML

Despite SHML simplicity it has some limitation in applicability. As discussed in previ-

ous section 2.3 ,the accuracy of SHML lies purely on the quality of screening constant

data which are derived from fitting the ionization and excitation energy data from other

detailed level codes. In deriving screening constant data the first ionization energy data

for many elements is ignored to get a stable fitting. This is the cost of analytic sim-

plicity that has been paid. This simplicity effects the convergence of iteration in SHML

whenever the level energies and temperature corresponds to the first ionization energies.

Especially at low temperatures one cannot get proper convergence due to inclusion of

Fermi Dirac factor and inaccurate description of energies. Due to this reason low tem-

perature electronic structure data typically below 3 eV faces numerical instabilities and

inaccuracies. This is the limit of application for SHML. So, in conclusion the SHML

calculation are valid for temperatures greater than 3 eV.

4.4 Ionic Contribution to EOS: Quotidian Equation of State

The quotidian equation of state (QEOS) is an empirical general-purpose equation of

state model used in hydrodynamic simulation of high-pressure phenomena. The QEOS
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model was laid down by More et al. in 1988 with some simplifying assumptions to

classify the complexity of the dense plasma systems. The first assumption is about

treating the electrons and ions on the same footing. From standard thermodynamics, it

is evident that the thermodynamic quantities generally depend on both the electron and

ion temperatures. However, a theory incorporating both temperatures is not simple and

does not produce a useful model. Therefore in order to present a tractable model, one

treats the equation of state with superficial assumption that the quantities having depen-

dence on electronic and ionic components are simply additive, which in general is not

true. This simply means that thermodynamic variables like energy and pressure from

electrons and ions can be added. The second assumption is another simplification about

modeling the phases of matter. In QEOS model the distinction between liquid phase

and gas phase is not made and collectively taken as a single fluid phase. Thus in QEOS

there are only two phases of matter fluid and solid. As described in previous section

4.3, it is not convenient to develop a detailed analysis of constituents for each phase of

matter rather a simplified, analytic and sufficiently accurate model covering different

phases is required. For this simplification QEOS uses empirical scaling laws governed

by combining Debye, Gruneisen and Lindemann laws for thermodynamic properties

like Helmholtz energy, pressure , energy and entropy for both fluid and solid phases

separately. Even with these simplifying assumptions, QEOS model yields pressure and

energy values to sufficient accuracy (within 10-15 percent) [5], for which principal

Hugoniot is in reasonable agreement with the experiment. Moreover, the model gives

a good approximation to the overall trends of the EOS values as functions of density

and temperature for a wide range of materials which is vital for simulation of HEDS.

The theory gives smooth and usable predictions for ionization state, pressure, energy,

entropy, and Helmholtz free energy. The ionic form for Helmholtz free energy Fi, pres-

sure Pi and energy Ei can be written in terms of scaling function f(u) laws as

Fi (ρ, T ) =

(
kT

AMp

)
f (u) (4.37)

Pi = ρ2
∂Fi

∂ρ
=

kρ2

AMp

∂θD
∂ρ

f ′ (u) (4.38)

Ei = −T 2 ∂

∂T

(
Fi

T

)
=

kθD
AMp

f ′ (u) (4.39)
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where the scaling parameters is u and w are obtained from Debye temperature θD and

melting temperature Tm as

u = θD/T (4.40)

w = Tm/T (4.41)

The above relations can be coupled to give well known law

w/u2 = αT/ρ2/3 (4.42)

The distinction between solid and fluid is made by imposing assumptions based on

values of u and w. For fluid one has w < 1 while solid is divided into two categories a

high temperature solid u < 3 and w > 1 and low temperature solid u > 3 and w > 1

as.

f (u, w) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−11
2
+ 9

2
w1/3 + 3

2
log
(

u2

w

)
if w < 1

−1 + 3 log u+
(

3u2

40
− u4

2240
+ u6

181440

)
if w > 1 ∧ u < 3

9u
8
+ 3 log (1− e−u)− π4

5u3 + e−u
(
3 + 9

u
+ 18

u2 +
18
u3

)
, if w > 1 ∧ u > 3

(4.43)

and its derivative is given by

f ′ (u) =

⎧⎨
⎩

3
u
+
(

3u2

20
− u3

560
+ u5

30240

)
if w > 1 ∧ u < 3

9
8
+ 3eu

(eu−1)
+ 3π4

5u4 − 3e−u
(
1 + 3

u
+ 9

u2 +
18
u3 +

18
u4

)
if w > 1 ∧ u > 3

(4.44)

To complete the model, More purposed empirical but phenologically better analyti-

cal relation for density dependant Debye temperature θD, melting temperature Tm and

Gruneisen parameter as

kTm = 0.32

[
ξ2b+10/3

(1 + ξ)4

]
(4.45)

kθD =

[
1.68

(Z + 22)

] [
ξb+2

(1 + ξ)2

]
(4.46)

γs = b+
2

(1 + ξ)
(4.47)

where the terms have following meanings

b = 0.6Z1/9

ξ =
ρ

ρref
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ρref = A/
(
9Z1/3

)
α = 0.0262

(
A2/3

Z0.2

)
(Z + 22)2

The form of EOS in fluid and solid regions is derived in following sections.

4.4.1 Solid Phase

The solid phase is divided into two categories as high temperature solid and low tem-

perature solid. The corresponding scaled thermodynamic variables in high temperature

solid are given below

Ei =
3kT

AMp

(
1 +

u2

20
− u2

1680

)
(4.48)

Pi = γsρEi = γsρ
3kT

AMp

(
1 +

u2

20
− u2

1680

)
(4.49)

Si =
k

AMp

(
4− 3 log u+

3u2

40
− 3u4

2240

)
(4.50)

Similarly for low temperature solid the scaled thermodynamic variables will be

Ei =
kθD
AMp

f ′ (u) =
kθD
AMp

[
9

8
+

3

(eu − 1)
+

3π4

5u4
− 3e−u

(
1 +

3

u
+

9

u2
+

18

u3
+

18

u4

)]
(4.51)

Pi = γ (ρ) ρ
kθD
AMp

[
9

8
+

3

(eu − 1)
+

3π4

5u4
− 3e−u

(
1 +

3

u
+

9

u2
+

18

u3
+

18

u4

)]
(4.52)

Si =
k

AMp
[uf ′ (u)− f (u)]

=
k

AMp

[
3u

(eu − 1)
− 3 log

(
1− e−u

)
+

4π4

5u4
− 3e−u

(
4 + u+

12

u
+

24

u2
+

24

u3

)]
(4.53)

4.4.2 Fluid Phase

The EOS equations for fluid regime are obtained as

Ei =
3

2

kT

AMp

(
1 + w1/3

)
(4.54)

Pi = ρ
3kT

AMp

(
1 + γFw

1/3
)

(4.55)
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Si =
k

AMp

(
7− 3w1/3 +

3

2
log

w

u2

)
(4.56)

with the help of fluid Grneisen parameter from solid Grneisen parameter as

1 + γF = 3γs

It is important to note that the fluid model is only dependant on melting temperature

while solid phase is described by Debye temperature. With these equations the whole

regime is coveted giving analytical form.

4.4.3 Limitations of QEOS

QEOS despite its good description of EOS has some fundamental drawbacks. First of

all it does not correctly predicts the melting temperature of many elements against the

experimental data due to which solid phase under strong compression is not adequately

predicted. Moreover, the phase transitions are ignored in QEOS model which causes an

overestimate of pressures and energies which causes deviations in compression mod-

eling and energy transport respectively. Another limitation is the use of temperature

dependant empirical pressure multipliers. Similarly the critical point estimations are

not well established as Thomas Fermi model gives unrealistic results at low tempera-

tures (below 5 eV). The last limitation is the absence of a realistic cold curve which is an

essential part of ionic equation of state. With these limitations , QEOS needs improve-

ments and modifications which are still under development in scientific community.

4.5 Cold Curve Modeling: Scaled Binding Energy model

To compensate the ionic cold part of EOS, a recent development in the ion equation of

state model is made by the development of scaled binding energy model. The scaled

binding energy model gives a very good description of solid phase and provides a better

model for density dependant Grunesien parameter and melting temperature for solid

phase. The SBEM model [88, 89, 90], as the name suggests, uses a scaling parameter

’a’ to model the binding energy at zero temperature (cold energy curve) of any material

using some scaling function. The scaling parameter ’a’ is the ratio of separation of ions

from normal radius to scaled length of the material which are defined as

a =
r − rsolid

l
(4.57)
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and l is material characteristic scale length given by

lsolid =

[
EcohesiveAMp

12πBsolid rsolid

]1/2
(4.58)

and rsolid is normal radius of the ion obtained from Wigner Seitz radius at normal den-

sity and r is the radius obtained from Wigner Seitz radius at density under consideration.

The cold energy is given in terms of scaling function ε (a) as

Ecold (a) = Ecohesive [1 + ε (a)] (4.59)

and cold pressure derived from cold energy takes the form as

Pcold (a) = −AdEcold

dV
(4.60)

= −3kBsolid

[
ε′ (a)

(1 + ka)2

]

The cold curve bulk modulus is given as

B (a) = −V dPcold

dV
(4.61)

= Bsolid

[
ε′′ (a)

(1 + ka)
− 2kε′ (a)

(1 + ka)2

]

From this scaling parameter ‘a’ , a universal SBEM form is constructed which

covers all the region of matter i.e., solid liquid and gas. The special form of SBEM is

adopted with the help of four fitting parameters ,s1, s2, s3 and s4 as follows.

ε(a) =
e−a

(1 + ka)2
(
s1a

3 + s2a
2 + s3a

1 + s4a
0
)

(4.62)

where k is the compressibility given as

k =
lsolid
rsolid

(4.63)

with the corresponding e first three consecutive derivatives are as

ε′(a) =
e−a (−a ((a− 3)as1 + (a− 2)s2 + s3) + s3 − s4)

(ak + 1)2
(4.64)

− 2e−ak (a3s1 + a2s2 + as3 + s4)

(ak + 1)3
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ε′′(a) =
e−a (a((a− 6)a+ 6)s1 + ((a− 4)a+ 2)s2 + (a− 2)s3 + s4)

(ak + 1)2

+
4e−ak ((a− 3)a2s1 + (a− 2)as2 + (a− 1)s3 + s4)

(ak + 1)3

+
6e−ak2 (a3s1 + a2s2 + as3 + s4)

(ak + 1)4
(4.65)

ε′′′(a) =
e−a (−((a− 6)(a− 3)a− 6)s1 − ((a− 6)a+ 6)s2 − (a− 3)s3 − s4)

(ak + 1)2

− 6e−ak (a((a− 6)a+ 6)s1 + ((a− 4)a+ 2)s2 + (a− 2)s3 + s4)

(ak + 1)3

− 18e−ak2 ((a− 3)a2s1 + (a− 2)as2 + (a− 1)s3 + s4)

(ak + 1)4

− 24e−ak3 (a3s1 + a2s2 + as3 + s4)

(ak + 1)5
(4.66)

The four fitting parameters are computed with constraints on the derivative of the SBEM

with respect to a which are as follows.

ε(0) = −1

ε′(0) = 0

ε′′(0) = 1

ε′′′(0) = −3k(B′
Solid − 1) (4.67)

With these constraints the fitting parameters s1, s2, s3 and s4 become

s1 = −
(
k2 +

(B′
Solid − 1)

2
k − 1

3

)

s2 = −k (k + 2)

s3 = − (2k + 1)

s4 = −1 (4.68)

SBEM calculations require a fixed number of physical data for each element. In

the I-SHML implementation of the QEOS model, the physical data required are
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1. the melting point of each element in eV,

2. the boiling point of each element in eV

3. the latent heat of vaporization of each element in eV

4. the density of the solid phase for each element in grams per cubic centimeter

5. the bulk modulus at solid density for each element in GPa

6. the pressure derivative of the bulk modulus at solid density for each element

4.5.1 Limitation of SBEM

As discussed in previous section that SBEM is valid for solids i.e, calculation of various

variables like γ(ρ), Tm(ρ) and θD(ρ) are valid at solid density and above. Due to this

reason, the complete scaling at fluid regions cannot be deduced and hence the EOS

for fluid cannot be obtained from SBEM. This is a very strong limitation for which

improvements are needed which are under development.

4.6 Modeling Shock Waves in High Energy Density System

A shock front or simply shock wave is a disturbance of very large amplitude over a very

sort time scale with in a fluid that changes the dynamics of fluid in an abrupt manner.

Hence the material subjected to a strong shock wave is compressed, heated and ionized.

Due to this property i.e, deposition of large energy over short dimension in a short time

makes them a favourable candidate for analysis of HEDS. Inherently, the matter under

HEDS is created in the laboratory by dynamically compressing the target material with

shock waves generated by a driver like a high-power laser, a Z-pinch, or a gas-gun

projectile. The thermodynamics and the hydrodynamics of HEDS can not be predicted

without a sound knowledge of the EOS. For instance, the theory of stellar evolution is

studied under HEDS conditions and requires a well suited EOS model for analysis. The

observation of brown dwarf has been made possible due its prediction made by EOS

model [18, 1]. Different parameters of evolution for brown dwarf like internal structure

and cooling rate, solely depends upon the details and accuracy of EOS model around

solid density and with in temperature range of few eV. The same typical conditions are

found in laser experiments under HEDS.
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Shock waves physics is well celebrated and is the soul of the simulation codes

that describe the properties and behavior of matter at extreme conditions. A natural

example of shocks occurring in nature is in the gravitational collapse of any massive

star at the end of its fuel (which is hydrogen) lifetime. Due to gravitational collapse

a very strong shock is formed which ejects the envelope of the star into space that we

observe as a supernova explosion. Shocks play a prominent role also in the physics

of astrophysical jet formation, in accretion processes, and in cosmic ray acceleration.

Most of laboratory astrophysics data are analyzed by shock wave data [18, 1].

Shock fronts are such violent disturbances across which the thermodynamic

functions as well as the velocity of the fluid change so rapidly as to be discontinuous.

For shock waves the linear treatment of small-amplitude (acoustic) waves no longer ap-

plies and they are not a true wave since periodic motion does not occur in them. The

discontinuity in the quantities at the shock requires width of the shock front to be of the

same order as that of collisional mean free paths with respect to the undisturbed medium

ahead of the shock front. In the case of a very strong shock, the use of the term ”mean

free path” becomes ambiguous because of the dissociation, excitation,and ionization of

the atoms/molecules composing the medium. This region of discontinuity is not in a

state of thermodynamic equilibrium. The most significant aspect is that the regions of

compression tend to overtake the rarefaction that precedes it, and the leading part of the

profile progressively steepens. Eventually this profile becomes a ”discontinuity,” which

is identified as a shock front [18, 1]. These discontinuous behaviour in thermodynamic

quantities is studied with the help of well known Rankine Hugoniot equations which

are described in the following section.

4.6.1 Shock Hugoniot Equation

Shock waves in HEDS are studied with the help of jump conditions across the discon-

tinuity of shock wave. These conditions are called Rankine Hugoniot conditions. The

RankineHugoniot conditions, also referred to as Rankine Hugoniot jump conditions or

Rankine Hugoniot relations, describe the relationship between the states on both sides

of a shock wave in a one-dimensional flow in fluids or a one-dimensional deformation in

solids. They are simply the conservations of mass, momentum and energy on both sides
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of shock. They are named in recognition of the work carried out by Scottish engineer

and physicist William John Macquorn Rankine and French engineer Pierre Henri Hugo-

niot. The shock wave modeling is based under some assumptions. A key assumption

for the validity of the Rankine-Hugoniot equations is that the shock is steady in time so

that the rise time is short compared to the characteristic time for which the downstream

quantities of pressure, density, and specific energy are constant. Furthermore, shock

wave transports the energy forward at the shock velocity (which is supersonic)[1]. As a

result, it produces heats (due to ionization, excitation and dissociation of the medium)

and accelerates the particles of the medium as it passes, so that the fluid behind the

shock carries kinetic energy and internal energy (their energy densities are equal in

strong shocks, in the frame of reference in which the upstream fluid is at rest, known

as the laboratory frame). Due to conservation of energy, the shock wave heats the fluid

behind the shock so that the motion of the shock wave relative to the heated fluid is sub-

sonic. As a result, changes in the source of the energy are communicated to the shock

front at the (new, higher) sound speed.

For elaboration purpose, consider a volume of fluid initially at rest with constant

density ρ0 and pressure P0, and assume the column of fluid has unit cross section. Let

a piston move from the left end into the gas at constant velocity U . A discontinuity

in the fluid will develop, moving with velocity us. We designate the variables in the

undisturbed material ahead of the discontinuity (the upstream side) with the subscript 0

and those behind the front (the downstream side) with subscript 1. This configuration is

sketched in Figure 4-2. At the end of a short period of time t, an amount of fluid equal

to ρ0ust is set in motion. This mass of gas has been compressed to a density ρ1. For

zero shock thickness, the conservation of mass requires

ρ1(us − U) = ρ0us (4.69)

This mass of gas acquires momentum ρ0usUt which is equal to the impulse due

to the pressure forces for which conservation of momentum requires

ρ0usU = P1 − P0 (4.70)
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Figure 4-2 A one-dimensional steady-state shock in a reference frame

moving with the shock front whose speed is us in the laboratory frame.

In this reference frame, the fluid flows from right to left

where P1 is the downstream pressure. The law of conservation of energy states

that the increase in the sum of the kinetic and internal energies of the compressed gas

is equal to the work done by the external force P1Ut, thus

ρ0us(E1 − E0 +
U2

2
) = P1U (4.71)

These equations can be solved but it is very convenient to transform these equa-

tions into a moving frame. For this purpose, the transformation is made to a coordinate

system in which the observer is moving with the shock front then only three unknowns

us, ρ1 and P1 are required. Since us is the propagation velocity of the discontinuity

through the undisturbed fluid, the velocity at which the fluid flows into the discontinu-

ity (on which the observer is riding) is u0 = −us. Likewise, the propagation velocity of

the discontinuity with respect to the gas moving behind it is u0−U , thus u1 = U−us is

the velocity of the fluid flowing out of the discontinuity. Then the conservation of mass

flux becomes
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ρ0u0 = ρ1u1 (4.72)

Similarly the conservation of momentum takes the form

P0 + ρ0u
2
0 = P1 + ρ1u

2
1 (4.73)

and finally the conservation of energy is looks like

E0 +
P0

ρ0
+
u20
2

= E1 +
P1

ρ1
+
u21
2

(4.74)

The equations 4.72, 4.73 and 4.74 constitute the Rankine-Hugoniot equations.

They can also be derived from other approaches as well. If we eliminate the u0 and u1

from relation 4.74 with the help of equations 4.72 and 4.73 we get the standard form of

Rankine-Hugoniot equations

E1 −E0 =
(P1 + P0)

2
∗ (V0 − V1) (4.75)

which is well celebrated Hugoniot curve. The Hugoniot curve does not describe

the trajectory of the shock-compressed material in pressurevolume space as it is under-

going the shock compression. Rather, the Hugoniot curve describes a locus of points

for the equilibrium pressure behind the shock for a given compression and for given

initial conditions.

4.6.2 Solution of RankineHugoniot equation

The solution of RankineHugoniot equation is solely dependant on initial conditions. If

initial conditions are specified then the system left with only three equations with four

unknowns u1, E1, P1, V1. So another relationship is required for unique solution (four

equations and four unknowns) of the system. From this point onward, RankineHugoniot

equations are solved either with the help of experimental data or by using analytical

or tabular EOS. The experimental solution is constructed by finding the relationship

between particle velocity and shock velocity that is found with extensive experimental

measurement of both quantities. Most commonly, a linear fit is made between particle

velocity and shock velocity but that is not always the case. Higher order relations
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between particle velocity and shock velocity are also used for solution. This is the

standard procedure for finding the solution of general shock physics problems.

On the other hand analytical or tabular EOS provides the fourth relationship

which solves the RankineHugoniot equation. In this research, the Hugoniot relation-

ships are calculated using the developed EOS model and the conservation equations.

First it is assumed that the material is initially at normal conditions, i.e. P0 = 0,E0 = 0,

and u0 = 0, and these conditions correspond to the principle hugoniot. For simplicity

the subscripts 1 is replaced with H and after some mathematical manipulation of the

variables we get the relation for shock velocity as

us = up
V0

V0 − V
(4.76)

The pressure becomes

PH =
up

2

V0 − V
(4.77)

and energy takes the form

EH =
up

2

2
(4.78)

It is now possible that pressure and energy can be expressed as a function of particle

velocity and specific volume. The Hugoniot states are found by substituting equation

4.78 into the EOS and finding where pressure form EOS PEOS and pressure form from

the Hugoniot relationships PH are the same which is equivalent to finding the zero of

the relation

PEOS − PH = 0 (4.79)

This equation gives ρH , TH , PH ,EH , up and us. The other quantities of interest like

average charge state, chemical potential and specific heat etc. along the shock hugoniot

can also be obtained in the same way. A general tabular grid of ρ and T for quantities

of interest is made. Then the quantities of interest are interpolated for ρH and TH in that

table which gives the value of quantity of interest along the shock hugoniot.
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5 Development of computer utility:
SHOPEOS

This chapter is dedicated for achievement of this research, that is, the development of

a computer code name SHOPEOS (Screened Hydrogenic model Opacity and EOS).

SHOPEOS computes the thermodynamic properties of HEDS that are described in

previous chapters 2,3 and 4 for electrons and ions. This computer utility is written

FORTRAN 95 programm language and is of modular type and contains the physics

of electronic contributions from I-SHML and ionic contributions from Cowan’s model

with scaled binding energy model. The study in this chapter flows such that in sec.5.1

presents the main features of the code. Next sec.5.2 discuss the self consistent com-

putations. The main modules and subroutines are presented in Sec.5.3. While sec.5.4

layouts the numerical issues encountered and limitations of the computations. The ad-

vantages and dis advantages of SHOPEOS are briefed in sec. 5.5. At the end in sec.5.7

improvements in current calculations are suggested/recomended and new tasks for the

model are presented which will be implemented in near future.

5.1 Introduction to SHOPEOS

SHOPEOS is computer code written for the computation of electronic data and EOS.

It computes isolated screened level charge and isolated energy levels for a given single

isolated atom electronic configuration using SHML [27]. It also capable of computing

average atom data based on embedded atom in plasma environment representation us-

ing SHML[6]. In SHOPEOS, the electronic data calculations are based on improved

version of SHML i.e, I-SHML which are already discussed previous chapters 2 and 3.

In average atom approximation, it can compute average atom level screened nuclear

charge, level occupations, level degeneracies, level energies, electron-electron level in-

teraction energies, average charge state, chemical potential and level wave functions

under hydrogenic approximation. In addition, it also computes ion population fraction

calculations which are essentially required for calculation of radiative properties. The
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EOS calculations are based ionic and electronic components. The electronic compo-

nent for EOS is based on I-SHML presented in chapter 3 that calculates , Helmholtz

energy, pressure, energy, entropy and specific heat etc. While the ionic component

is based upon QEOS model by More [5] with cold part component improvement by

SBEM [88]. The ionic component also computes Helmholtz energy, pressure, energy,

entropy and specific heat etc.

SHOPEOS is written in FORTRAN 95 program language and is of modular

type. The description of modules will be discussed in 5.3. It can not only generate

tables of EOS data e.g.,average charge state, pressure, energy and specific heat etc. but

can be used be used for in-line calculations of these variables that will be briefed in

5.4. The current accuracy of the calculations is  10−10, which is sufficient for in-

line calculations and can be extended to desired accuracy. The calculation of radiative

opacity data is currently under development and it is beyond the scope of this study.

For elaboration purpose, a schematic flow chart for SHOPEOS is shown in fig.

5-1 in which calculations are started with input data and it performs electronic and ionic

part calculations independently. The ionic contributions are computed from Cowan

model described in sec. 4.4 by using eqs. 4.37, 4.38, 4.39. While the cold part calcula-

tions described in 4.5 are modeled using eqs. 4.57, 4.58, 4.59 and 4.60. The electronic

part calculations have options for electronic data calculations which can either be ob-

tained using SHML model or by using I-SHML model. The data from the electronic

and ionic part contributions is then combined to give a complete thermodynamically

consistent EOS from which shock hugoniot calculations can be performed. The data

from shock hugoniot can be post processed for plotting thermodynamic variables and

related quantities along the shock hugoniot.

The flow chart for I-SHML model calculations is independently shown in 5-2.

It starts with reading the input data from a input file and computes the isolated atom,

which includes level screened charge, level energies, level radii, data using ground state

electronic configuration. It then starts SCF scheme for computing the average atom data

using isolated atom data and guess values of average charge state and chemical poten-

tial. It calculates the average atom level screened charge, level energies ,level radii ,
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Figure 5-1 Basic Flow Chart of SHOPEOS
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Figure 5-2 Basic Flow Chart of I-SHML calculations
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level occupations , chemical potential and average charge state in a self consistent man-

ner. Once the average atom data is obtained, it is now able to compute ion population

fraction and EOS data.

5.2 Self consistent Computations for I-SHML

The I-SHML model consist of highly non-linear algebraic equations which are solved in

a self consistent manner. The computations starts with given isolated atom configuration

data which gives level screen charges Eq. 3.2, level energies Eq. 3.4 and expectation

values of radii in hydrogenic approximation 3.10. The guess values of average charge

state and chemical potential are obtained from analytical Thomas Fermi model for start

of iteration. The self consistent iterations are then started for given density and temper-

ature with these input approximations such that level occupations Eq. 3.3 are obtained

by calculating level degeneracies Eq. 3.9, level energies Eq. 3.4 , continuum lowering

Eq. 3.12, Eq. 3.13, Eq. 3.14, Eq. 3.17 and chemical potential from guessed values.

From these level occupations the average charge state is again calculated using Eq. 3.5

from which chemical potential is obtained from Eq. 3.8. This computed value of chem-

ical potential is then compared with the guessed value of chemical potential by absolute

accuracy criteria of 10−6. If accuracy criteria is satisfied the calculations are terminated

otherwise the iterations are repeated with obtained values of level occupations , average

charge state and chemical potential until the accuracy criteria is met.

During these iterations, there may be a situation where average charge state be-

comes negative which is nonphysical. This happens when plasma is degenerate i.e., low

temperature and high density where pressure ionization play a dominant role. Moreover

the continuum lowering also plays its part by making contribution to free electrons.

Since arbitrary degeneracies are allowed Eq. 3.9, so under these conditions one may

encounter nearly empty states (Pk  0) or full occupied sates (Pk  2(2l + 1)) making

average charge state negative. For these situations, there is a an algorithm devised by

Mancini and Fontan[91] which has been implemented in SHOPEOS computations. This

algorithm uses point successive iterations with over-relaxation parameter to change the

abrupt fluctuations in population level with smooth variations. This method smoothly

reduces the level populations with density so that average charge state come out of neg-
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ative regime. The details of this algorithm are described in ref [91]. The convergence

of this algorithm is very slow as compared to SCF calculations which are very efficient

at high temperatures.

5.3 Description of Modules

SHOPEOS is written in a modular way so as to make it user friendly and efficient. The

scheme of the code is very simple. The main modules calls the input module for obtain-

ing the input parameters which are screening constant, element atomic number Z , mass

number A, lower density limit (g/cc), higher density limit (g/cc), solid density (g/cc)

ρ0, lower temperature limit (eV), higher temperature limit (eV), melting temperature

(eV) T 0
m, solid density bulk modulus (Gpa) B0, pressure derivative of bulk modulus

at solid density, Grüneisen coefficient at solid density γ0 and cohesive energy at solid

density (eV) E0. The data from this module is then shared with all other modules. The

ionic data along with cold curve data is computed separately. The electronic data is

computed separately by calculating isolated atom data and average atom data. The SCF

calculations for average atom data are performed for level occupations, level screened

charge, level energies, continuum lowering energies, chemical potential and average

charge state. Once the SCF convergence is achieved, the out put module is called which

generates the data in the form of files as well as tables. The ascii files are generated for

average charge state, chemical potential, pressure, energy, entropy and specific heat for

temperature vs density grid points. The tables are generated in SESAME format i.e, 5

column data in d15.8 format. The tables are generated for pressure, energy and average

charge state.

5.4 Numerical Issues and Limitations

There were some numerical issues encountered regarding the stability of SCF calcula-

tions for SHOPEOS. For high temperature plasmas, regardless of the density, there was

no problem in convergence and results are obtained with in four to seven iterations. But

at low temperature and lower density e.g., less than 3 eV and less than solid density

there were numerical stability issues due to main two reasons. First of all 1st ionization

potential data of many elements has been removed to make a fit to screening constants

data. That is why there are oscillations in the iterations whenever temperature corre-
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sponds to 1st ionization of the element is reached. The second reason for numerical

instability is due to presence of Fermi factor which offers oscillations at lower temper-

atures. But as the target here in this research is for hot dense plasma, SCF calculations

present in these calculations are very much accurate and free from oscillations. In EOS

calculations there were bugs encountered in pressure calculations. The bound electron

pressure calculations eq. requires the difference Dk − Pk and its division by Dk. This

term is problematic since whenever Dk − Pk  0 the logarithm of this term will di-

verge and similarly for dense plasma where Dk  0 for higher states also diverges the

computations. In order to overcome these numerical issues Dk − Pk is set equal to

max[Dk − Pk, 10
−10] whenever Dk − Pk  0 is encountered .Similarly Dk is taken as

max[Dk, 10
−10].

5.5 SHOPEOS Testing

Computational model I-SHML described in Sec. 3.2 is tested against existing literature

with known output and results for average charge state, ion population fraction and EOS

are presented in the coming chapters 5 and 6 along with discussion. Very close agrement

is found in comparison with other standard results which shows the authenticity and

validity of our computations. The results of average charge state and ion population

fractions are presented in well reputed journals [92, 93].

5.6 Advantages and Disadvantages

The advantages and disadvantages of using SHOPEOS based on I-SHML model can be

summarised in following points

5.6.1 Advantages of I-SHML

The main advantages of SHOPEOS can be summarised in following points.

• Since I-SHML is an improvement over SHML, SHOPEOS offers a better option

in comparison with SHML.

• The comparison of average charge state with other existing standard codes in

chapter 6 shows that SHOPEOS is very much suited for hot dense plasma stud-

ies with very low computational cost. Beside average charge state, it provides

energy level screened charges, level energies and chemical potential with very
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low computational cost as compared to detail level calculations and average atom

models.

• The comparison of ion population fraction with other standard models in chapter

5 shows that it offers a wide range applicability over density and temperature

regime in contrast to Saha model. It is so because Saha model breaks down

at higher densities while our models does not suffer from any ambiguity and

numerical instability. Moreover its results are in very good agreement with detail

level calculations which shows that it is good candidate for ion population fraction

calculations with very low computational cost.

• The comparison of shock hugoniot results from SHOPEOS with published liter-

ature and experiments in chapter 6 has shown very good agreement. So it can

be used for modeling and diagnostic of shock wave experiments with very low

computational cost.

• It can be used for inline calculations.

• It is user friendly, modular, efficient and yet quantitatively accurate.

5.6.2 Disadvantages of I-SHML

Due to inherent limitations in SHML, the disadvantages of SHOPEOS can be sum-

marised in following points.

• Comparison of shock hugoniot calculations from I-SHML with other models in

chapter 6 shows that hugoniot curve is highly sensitive to the choice of free pa-

rameters azm and bzm. Despite huge efforts, the inherent free parameters azm and

bzm for pressure ionization cannot be removed. However author thinks that more

efforts can provide a strong theoretical foundations to these free parameters azm

and bzm and is the task for future development.

• The inherent oscillations are present at very low temperatures and low densities

due to presence of Fermi Factor and screening parameters as discussed in Sec.5.4.

But having said that, these discrepancies are way beyond the scope of current

study which is for hot dense plasma.
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• The computations of EOS data for mixture of elements is not yet fully imple-

mented in SHOPEOS and are under development.

• Currently ion-ion correlations and electron-ion correlations functions are not in-

cluded which are very essential for HEDS diagnostic. However it is a task for

near future development.

5.7 Future Recommendations

As there is always a room for improvements so does is in the case of SHOPEOS. The

first improvement can be made in continuum lowering model by introducing tempera-

ture effects as reported in recent literature [94]. However this model requires extensive

study which will be done in future development.

Similarly the free parameters of pressure ionization azm and bzm can be provided

strong theoretical basis by using hydrogenic atom in a spherical cavity formalism [95,

96, 97]. This is due to the reason that pressure ionization is strongly dependant on

the boundary condition of the potential as well as wave function. These studies can

either provide a new form of pressure ionization in hydrogenic approximation or at

least provide a theoretical basis for azm and bzm so that the empirical adjustment can be

overcome in I-SHML. The author is currently working on it and development will be

made in near future.

Radiative properties requires information about occupation level, screened level

charge, energy levels, degeneracies,chemical potential and level wave function data.

Radiative properties like mean free path and opacity etc. are still need to be imple-

mented which is the work for the future development. In addition to radiative proper-

ties, Non-LTE calculations for radiative properties are also required to be implemented

which is also task of future work.
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6 Calculation of Average Charge State and
Ion Population Fraction

I-SHML model is successfully implemented in SHOPEOS that is now fully developed

for calculation of average charge state and ion population fraction. Average charge state

Z and ion population fraction (IPF) plays a vital role in deriving all the thermodynamic

and radiative properties of plasmas. Hence it is necessary to compare and benchmark

the Z and IPF against published literature and state of the art codes. For this reason the

results for average charge state and ion population fraction using SHOPEOS are pre-

sented in this chapter. This chapter is categorised in such a way that sec. 6.1 comprises

of the results of average charge state using I-SHML and its comparison with SHML to

show the validity of our computations. Sec. 6.2 discusses the results of I-SHML having

effect of CL and DL while sec.6.3gives the comparison of I-SHML results with other

models to show the accuracy and validity of I-SHML. Sec. 6.4 shows the IPF calcula-

tions using I-SHML for different elements and its comparison with SHML which shows

the improvement of our results. Sec. 6.5 provides the details of results of comparison

of I-SHML with other average atom models and detailed level models which shows the

validity and accuracy of I-SHML computation of IPF.

6.1 Comparison of average charge state with SHML

The equations of SHML are implemented in SHOPEOS and are solved self consistently.

The stability of self-consistency highly sensitive to three empirical parameters azm, bzm

and czm. Among these azm and bzm incorporate DL while czm accounts for CL that

demonstrate the impact of free electrons on bound electronic structure. As discussed in

Ref. [6], that the selection of czm parameter is very sensitive for determination of Z.

In contrast I-SHML provides a modified CL model without worrying about the proper

selection of czm. To show the sensitivity of czm on Z, the comparison of Z is made

between I-SHML and SHML Ref.[6] for beryllium in Fig. 6-1, carbon in Fig. 6-2 and

aluminum in Fig. 6-3 respectively. In these figures, Z has been calculated for a wide
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Computation of Charge State and Ion Fraction

(a) SHML:- azm=4.3, bzm=1.0, czm=1.0 (b) SHOPEOS:- azm=4.3, bzm=1.0, czm free

Figure 6-1 Comparison of Z between (a) SHML and (b) SHOPEOS for

beryllium in the density range of 10−3 g/cc to 103 g/cc and temperature

range of 2 eV to 1000 eV

range of density and temperature and used the same values of azm and bzm in these

figures. The Z at constant temperature with a density range are shown by taking czm =

1 for SHML model while I-SHML is free from using this empirical parameter.

Consequently the difference in Z arises in these figures is only due to different

CL model. The curves at left hand side are from SHML model and right hand side

curves are from I-SHML. It can be clearly seen that ionization curves cross each other

in SHML model, left hand side curves, at low temperatures (up to 50 eV) which is not

a realistic and physical picture for plasma. This unrealistic behaviour of Z arises due to

double counting of degeneracy effect as described in sec. 3.2.3. The smooth ionization

curves on right hand side from I-SHML are free from these unrealistic results.

This discrepancy is resolved in I-SHML by taking level interaction correction in

CL calculations in which all levels are shifted according to the level screened charges

for a particular state k. This effect is clearly depicted in Fig. 3-2. The energy levels are

further improved by inclusion of exchange and correlation effects in CL calculations. It

is clear from these results that czm value dependent model of CL can give good agree-

ment of simulation and experimental results but may fail to give satisfactory results for

the whole density-temperature regime. The outcome of these correction is that there is
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(a) SHML:- azm=3.9, bzm=1.0, czm=1.0 (b) SHOPEOS:- azm=3.9, bzm=1.0, czm free

Figure 6-2 Comparison of Z between (a) SHML and (b) SHOPEOS for

carbon in the density range of 10−3 g/cc to 103 g/cc and temperature range

of 5 eV to 1000 eV

(a) SHML:- azm=3.4, bzm=1.0, czm=1.0 (b) SHOPEOS:- azm=3.4, bzm=1.0, czm free

Figure 6-3 Comparison of Z for SHML (a) with SHOPEOS (b) for alu-

minum in the density range of 10−3 g/cc to 103 g/cc and temperature range

of 5 eV to 1000 eV
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no need of czm parameter which requires a prior knowledge of experimental Z to find

it and which in general may lead to unrealistic result at other density and temperatures.

The numerical implementation of CL and DL in atomic structure formalism is still un-

der development in scientific community though many improvements are made [98]. In

this regard I-SHML is self sufficient.

6.2 Comparison of average charge state at different parame-

ters

To check the validity of azm and bzm against modified CL in I-SHML, comparison tables

are made for Z using prescribed values of azm , bzm and czm in [6]. The czm values are

compared at 0.0, 0.5, 1.0. The results of Z for Beryllium and Carbon are presented in

Table(6.1) and Table(6.2) respectively.

Table 6.1 Comparison of Z for beryllium plasma computed at density of

1.85 g/cc and different temperatures with czm=0.0, 0.5 and 1.0 as a com-

parison for table 9 of [6].

T (eV) Exp [8, 99] SHML [6] I-SHML

czm=0.0 czm=0.5 czm=1.0

2.5 2.27 1.53 1.65 2.85 1.35

12 2.30 1.77 2.12 2.66 1.97

22 2.35 2.13 2.41 2.68 2.29

53 2.67 2.78 2.95 3.14 2.94

To isolate the effect of continuum lowering and degeneracy lowering the com-

parison is made for the Z using different continuum lowering models against different

values of azm and bzm in figure (6-4). Here it can be seen that Ion sphere results matches

the Ecker and Kroll results but Stewart and Pyatt model deviates at moderate density.

At higher densities all the models predict the same values of Z .
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Table 6.2 Comparison of Z for Carbon plasma at different densities and

temperatures (eV) with czm=0.0, 0.5 and 1.0 as a comparison for table 10

of [6].

ρ (g/cc) T (eV) Exp [8, 99] Faussurier [6] I-SHML

czm=0.0 czm=0.5 czm=1.0

0.2 40 4.35 3.90 4.02 4.12 4.18

50 4.25 4.08 4.16 4.23 4.10

0.7 5 0.25 1.21 1.56 2.19 1.18

20 2.50 2.60 3.06 3.63 3.14

1.0 5 1.25 1.39 1.75 2.44 1.35

(a) Without Exchange and Correlation

Effects, azm=4.3, bzm=1.0, czm=1.0

(b) With Exchange and Correlation

Effects, azm=4.3, bzm=1.0, czm free

Figure 6-4 Effect of Exchange and Correlation on Z of beryllium for dif-

ferent continuum lowering models at temperature = 2 eV and density

range of 10−3 g/cc to 103

80



Computation of Charge State and Ion Fraction

6.3 Comparison of average charge state with published liter-

ature

I-SHML with all the corrections and modifications incorporated is compared for Z

with other standard published literatures. At the start, the comparison is made with the

results from [100] as shown in Fig. 6-5. Here the results of different standard codes

are presented for Aluminum at solid density for temperature range of 5eV to 100eV.

The results of all models slightly disagree with each other below 15eV due to sharp

gradients in Fermi Dirac distribution at lower temperatures. The difference also arises

due to different potentials, DL and CL models e.g. REODP[100] and UBCAM[100]

uses Stewart and Pyatt Model. Despite this difference, the qualitative and quantitative

behavior of our results agree well with other codes beyond 15 eV.

Figure 6-5 Comparison of Z at solid density for aluminum with other

codes taken from [100], azm=3.0, bzm=4.0, czm=free

Next comparison is made with other standard codes results provided in [42]. The

results are presented for Aluminum, Germanium and Iron in Table 6.3, Table 6.4 and

Table 6.5 respectively. The results are in good agreement with other codes particularly

at high temperature for the reason being that at higher temperature the main contribution
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Table 6.3 Comparison of average charge state for aluminum plasma com-

puted at density of 1 g/cc and temperature T=500 eV and T=1000 eV.

Code T=500 eV T=1000 eV

CASSANDRA 12.25 12.87

CORONA 12.14 12.80

OPAL 12.31 12.88

THERMOS 12.28 12.88

ATMED 12.26 12.88

LEDCOP 12.33 12.88

SHOPEOS 12.50 12.95

Table 6.4 Comparison of average charge state for germanium plasma com-

puted at density of 0.01 g/cc and temperature T=300 eV and T=500 eV.

Code T=300 eV T=500 eV

CASSANDRA 26.60 29.74

CORONA 26.90 29.83

OPAL 26.71 29.82

THERMOS 26.79 29.82

ATMED 26.77 29.82

SHOPEOS 26.95 29.87
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Table 6.5 Comparison of average charge state for iron plasma computed

at different densities and temperatures eV.

ρ (g/cc) 1 0.0127 7.86

Code/T (eV) 500 1000 59 200

CASSANDRA 22.32 23.91 12.49 14.68

CORONA 21.96 23.67 12.93 13.22

OPAL 22.53 23.86 12.79 13.37

THERMOS 22.35 23.91 12.79 14.13

ATMED 22.29 23.87 12.94 14.17

LEDCOP 22.68 23.94 12.83 14.42

SHOPEOS 22.95 24.17 13.39 15.46

of electron population comes from center of the electron distribution function which

become very sharp at higher temperature. So even with different DL and CL model the

average results deviates very little.

6.4 Comparison of Ion Population Fraction with SHML

IPF calculations are implemented in I-SHML model using equations (3.12) to (3.18).

To check the correctness of IPF implementation, first comparison is made with SHML

for aluminum plasma in Fig.6-6a and corresponding average charge state in Fig.6-6b.

The difference in the results is due to inclusion of improved CL with exchange and cor-

relation effects. For more elaboration of this point, a comparison is made with SHML

in Fig.6-7 for the ionization variance σZ and the corresponding average charge state

of the two models in Fig.6-8 over a wide range of temperature (from 1 eV to 1 KeV)

at different mass densities of aluminum plasma. It is obvious from Fig.6-7 that there

is no difference between the two models at low mass densities and noticeable differ-

ence at higher mass densities. This is due to the fact that at higher densities the effect

of exchange and correlation in the calculation of CL is higher as compared to lower

densities.

In SHML model, all bound levels are shifted by the same amount of CL which

83



Computation of Charge State and Ion Fraction

(a) (b)

Figure 6-6 (a) Comparison of Ion population percent fraction between I-

SHML and SHML for aluminum plasma at density 0.0135 g/cc as function

of temperature. (b) Comparison of average charge state between I-SHML

and SHML model for aluminum plasma at density 0.0135 g/cc as function

of temperature

Figure 6-7 Comparison of ionization variance between SHML model and

I-SHML model for aluminum plasma for temperature range of 1ev to

10000 eV at densities 0.0001 g/cc, 0.01 g/cc, 1.0 g/cc and 10.0 g/cc.
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Figure 6-8 Comparison of Z for aluminum between SHML and I-SHML

model for temperature range of 1ev to 10000 eV at densities 0.0001 g/cc,

0.01 g/cc, 1.0 g/cc and 10.0 g/cc

causes unrealistic results of average charge state. It is observed that σZ in Fig.6-7 at

1 g/cc varies abruptly for SHML results. This due to the fact that ionization variance

is the measure of fluctuation of ionization i.e., if ionization varies abruptly so does the

σZ . At low temperatures and near sold density where plasma is degenerate, the SHML

models gives unrealistic charge state. As can be seen clearly in Fig.6-8, the average

charge state by SHML abruptly changes between 2 eV to 5 eV at 1g/cc because of

inappropriate choice of CL as mentioned in Sec. 3.2.3. At 10g/cc the results of average

charge state changes smoothly over the entire range of temperatures and consequently

σZ changes smoothly. As compared to SHML, I-SHML model with proper modified

CL gives smooth and consistent results of average charge state for the cases of 1g/cc

and 10g/cc.

6.5 Comparison of Ion Population Fraction with Published

Literature

The results of IPF has also been compared with the results of few other models as well.

The most important is the model of the Shuji Kiyokawa [62] that uses a multi aver-
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Figure 6-9 Comparison of charge state distribution of Fe plasma at ion

density 0.0081 g/cc and temperature of 25 eV,50 eV, 100 eV and 300 eV

respectively, between Multi-AIM and I-SHML model.

Figure 6-10 Comparison of IPF of I-SHML (solid lines) with binomial dis-

tribution model (dazed lines) for aluminum at solid density 2.7 g/cc and at

temperatures 30 eV, 60 eV, 80 eV, 160 eV, 240 eV, 500 eV.
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age ion (Multi-AIM) formulism developed for hot dense plasma. Multi-AIM use finite

temperature density functional theory (FTDFT) where pair correlation functions are ob-

tained self consistently by minimizing the free energy of the system. They have also in-

cluded the exchange and correlation potentials in their calculations and self consistency

for IPF is achieved using Saha equation. Comparison is made for IPF calculations for

low density (0.0081 g/cc) iron plasma at different temperatures with Multi-AIM model

in Fig.6-9. A very good agreement at low temperatures 25 eV is found with increasing

temperatures. A slight change of IPF peak position and profile shape is found. The

I-SHML model is showing the better structural profile due to the exchange and cor-

relation potential in this model, The data for the comparison is taken from the tables

provided in reference.

Figure 6-11 Ion population fractional of average ions in an Al plasma at

ion density of 2.77 g/cc and temperature of 100 eV, where the red line in-

dicates that obtained by Multi-AIM, the blue line indicates Perrot’s result

[13], black line is for the binomial distribution. The I-SHML results are

drawn by wine colour line that stands for with Correlation and sea green

line for without Correlation.

Similarly in the Fig. 6-10, comparison is shown for IPF calculations of solid
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Figure 6-12 Comparison of charge state distribution of Fe plasma at ion

density 7.874 g/cc and temperature of 100 eV, among Binomial model,

Multi-AIM and I-SHML results with and without correlation.

density aluminum plasma with binomial distribution model by Son et. all [101]for a

temperature of 30 eV to 500 eV . This model uses a two step method for construc-

tion of IPF. In first step it performs the average atom calculations using self consistent

Hartree Fock method and in the next step it computes the IPF using binomial distribu-

tion formula by selecting limited number of possible excited configuration. They also

presented the effect of CL energy on average charge state using average atom model.

The peaks in the binomial model has lower values for all temperatures. This is due to

the fact that this model is ideal for Fermi Dirac gas and under estimates the IPF pre-

dictions. For elaboration of this point, the data of IPF have been compared with and

without correlation effects for solid density aluminum plasma and iron plasma in Fig.

6-12 and Fig.6-11 respectively among different models.

The comparison of I-SHML calculations with ChemEOS model is presented in

Fig.6-13 for iron plasma . A very close agreement between the two models is found.

this is due to the reason that ChemEOS model is based on interacting particle theory

that uses Plank-Larkin partition function with particles interaction taken into account.

This shows the validity of I-SHML model. Comparison with detail level calculations
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Figure 6-13 Comparison of IPF of I-SHML with the ChemEOS code for

Iron at ion density 1023 and at temperature 192.91 eV

Figure 6-14 Comparison with detail level calculation of [102] for alu-

minum plasma at temperature of 400 eV and at different densities of 1g/cc,

5g/cc, 20g/cc.
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Figure 6-15 Comparison with detailed term accounting model of [56] for

aluminum plasma at temperature of 20 eV and density 0.01 g/cc.

is also made to check validity of IPF calculations. In this respect , a comparison is

drawn for IPF calculation in Fig. 6-14 for aluminum plasma at 400 eV temperature

and at different densities with detail level calculations by Li et. all [102]. The results

are in excellent agreement due to high temperature. This shows that I-SHML model

gives very reasonable results for hot dense plasma in comparison with detailed level

calculation.

Similarly, another comparison is made with the results published by Zeng et. all

[56] in which detailed term accounting approximation are used for the calculation of IPF

for aluminum plasma at 20 eV and low density of 0.01 g/cc. The average charge state

is the same but profiles deviate because Jiaolong calculation relay on Saha ionization

model and they have used a large number of configuration for there calculation. Also

they have used Debye Huckle model for CL model which is also the cause of deviation.

6.6 Summary and conclusion

In this chapter the results of Z and IPF from SHOPEOS are compared with published

literature and discussed. The comparison is made for different values of tuning param-

eter azm, bzm and czm and for different density and temperature ranges. The elements
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considered are Aluminum, Beryllium, Carbon and Iron. A very good quantitative and

qualitative agreement is found for Z and IPF and shows the validity and authenticity of

SHOPEOS. The maximum difference of Z values from comparison with experimental

results is from -0.92 to +0.92 which amounts to average deviation of 0.46 value which

is very much reasonable. This also shows that SHOPEOS is a very good candidate for

Z calculations for HEDS.
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7 Calculation of Thermodynamic properties
and Shock Hugoniot

This chapter presents the results of calculations for thermodynamic properties from

developed program SHOPEOS and shock hugoniot calculations based on EOS devel-

oped from SHOPEOS for different materials. The investigation for shock hugoniot

calculations are made for different continuum lowering models and at different pres-

sure ionization parameters,azm and bzm. In SHOPEOS, the electronic contributions

to EOS are based on I-SHML model while ionic contributions are based on cowan’s

model with cold curve taken from SBEM that are discussed in previous chapter 4. In

calculating EOS, the phase transitions of the material are not considered for instance

no liquid-vapor phase transition is considered due to the fact that focus of current study

is dense plasma beyond solid density. Consequently, Maxwell corrections and bonding

corrections are not implemented.

The description of chapter proceeds in such a way that in sec. 7.1 gives the

electron EOS results for aluminum, which includes electron pressure, electron internal

energy, electron entropy and electron free energy for different values of pressure ion-

ization parameters azm and bzm. The specific heat at constant volume and at constant

pressure are also shown for beryllium, aluminum, iron and gold. These elements are se-

lected so as to cover low, mid and high Z materials to show the wide range applicability

SHOPEOS. The results of shock hugoniot based on EOS from SHOPEOS are presented

and discussed for beryllium, aluminum, iron and gold in sec. 7.2. The special features

of electronic shell structures are seen at higher densities and Schottky anomalies are

observed in specific heat at constant volume calculations along the shock hugoniot. A

very excellent agreement is found with experimental and theoretical results for beryl-

lium, aluminum, iron. While the hugoniot data for gold is compared against Thomas

Fermi model. The data for specific heat at constant volume along the hugoniot for gold

is also presented as there was no data available for its comparison.
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Figure 7-1 Pressure ionization parameter bzm study: Comparison of pres-

sure isotherm of aluminum for bzm=1 (Dotted Lines with symbols) and

bzm=3 (Solid lines with symbols) values at temperature range of 10 eV to

10000 eV and density range of 10−3 g/cc to 10+3 g/cc

7.1 Thermodynamic properties of Aluminum Plasma

Aluminum is considered as a reference material whose thermodynamic properties are

well reported in literature. For the sake of benchmark, electronic thermodynamic prop-

erties like pressure, internal energy, Helmholtz free energy and entropy are calculated

using SHOPEOS.

The electronic part is computed with I-SHML model and is very sensitive to

the choice of tuning parameters like azm and bzm. These calculations are performed

to investigate the pressure ionization effect that are compared for different pressure

ionization parameters by taking azm = 3.4 and bzm =1 and 3. To show the sensitivity

of EOS data on parameters azm and bzm, comparison of isotherms for pressure, energy,

entropy and Helmholtz free energy are plotted in Figs 7-1, 7-2, 7-3 and 7-4. It is evident

from these figure that at densities below solid density and at very high temperatures

there is no appreciable difference in the curves showing that pressure ionization does not

play an important role at these conditions but for lower temperatures and densities above
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Figure 7-2 Pressure ionization parameter bzm study: Comparison of en-

ergy isotherm of aluminum for bzm=1 (Dotted Lines with symbols) and

bzm=3 (Solid lines with symbols) values at temperature range of 10 eV to

10000 eV and density range of 10−3 g/cc to 10+3 g/cc

Figure 7-3 Pressure ionization parameter bzm study: Comparison of free

energy isotherm of aluminum for bzm=1 (Dotted Lines with symbols) and

bzm=3 (Solid lines with symbols) values at temperature range of 10 eV to

10000 eV and density range of 10−3 g/cc to 10+3 g/cc
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Figure 7-4 Pressure ionization parameter bzm study: Comparison of en-

tropy isotherm of aluminum for bzm=1 (Dotted Lines with symbols) and

bzm=3 (Solid lines with symbols) values at temperature range of 10 eV to

10000 eV and density range of 10−3 g/cc to 10+3 g/cc
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Figure 7-5 Specific heat at constant volume using SHOPEOS with azm =

3.4 and bzm = 1 for aluminum over temperature range of 0.0259 eV to 100

KeV and density range of 1.00 g/cc to 10000 g/cc
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Figure 7-6 Specific heat at constant pressure using SHOPEOS with azm =

3.4 and bzm = 1 for aluminum over temperature range of 0.0259 eV to 100

KeV and density range of 1.00 g/cc to 10000 g/cc.

solid densities there is difference in the curves because the plasma becomes degenerate

at these conditions and continuum lowering and pressure ionization plays its part. These

effects are pronounced for shock hugoniot calculations which will be discussed in the

coming section. The specific heat at constant volume and pressure are also plotted in

7-5 and 7-6 respectively, over temperature range of 0.0259 eV to 100 KeV and density

range of 1.00 g/cc to 10000 g/cc. The shoulders or bumps are clearly evident in specific

heat plots showing the signatures for quantum shell effects that will be discussed in next

section.

7.1.1 Calculations of Specific Heats as Thermodynamic prop-

erty

Specific heat at constant volume and at constant pressure are very important quantities

as they are used to derive further thermodynamic properties like bulk modulus, grune-

sian coefficient, compressibility and thermal expansion coefficient of the materials and

most importantly they are required in shock hugoniot calculations. For sake of sim-
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Figure 7-7 Specific heat at constant volume using SHOPEOS with azm =

4.3 and bzm = 1 for beryllium over temperature range of 0.0259 eV to 10

KeV and density profiles for range of 1.86 g/cc to 18.6 g/cc

plicity, the specific heat at constant volume and at constant pressure are taken as an

example of thermodynamic data for beryllium, aluminum, iron and gold are presented

in 7-7,7-8, 7-9,7-10, 7-11,7-12 7-13 and 7-14 respectively. These three dimensional

graphs shows the appearance of shell strictures. These shell structures arise to quantum

nature of the models used to describe the thermodynamic properties. The electronic

specific heat at constant volume having quantum shell effects, serve as an important

quantity for measuring the ionization of successive shells directly and also as a measure

of release of shell energy indirectly. The release of energy due to ionization from shells

gives a signature of bump on specific heat value. So whenever K, L or M shells are

ionized complectly there is sudden break in the specific heat which tends to a saturation

value of an ideal gas Z that corresponds to Z independent particles. This phenomenon

of saturation vale of specific heat to ideal gas value is a called Schottky anomaly and is

clearly evident in our calculations.
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Figure 7-8 Specific heat at constant pressure using SHOPEOS with azm =

4.3 and bzm = 1 for beryllium over temperature range of 0.0259 eV to 10

KeV and density profiles for range of 1.86 g/cc to 18.6 g/cc

Log of Density (g/cc) Log of Temperature (eV)

0
5

10

15

20

4

C
v

/(
1.

5
k B

)

10

30

5

40

3
0

2 -5

Figure 7-9 Specific heat at constant volume using SHOPEOS with azm =

3.0 and bzm = 1 for iron over temperature range of 0.0259 eV to 100 KeV

and density profiles for range of 1.00 g/cc to 10000 g/cc
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Figure 7-10 Specific heat at constant pressure using SHOPEOS with

azm = 3.0 and bzm = 1 for iron over temperature range of 0.0259 eV

to 100 KeV and density profiles for range of 1.00 g/cc to 10000 g/cc
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Figure 7-11 Specific heat at constant volume using SHOPEOS with azm =

2.7 and bzm = 1 for copper over temperature range of 0.0259 eV to 100

KeV and density profiles for range of 1.00 g/cc to 10000 g/cc
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Figure 7-12 Specific heat at constant pressure using SHOPEOS with

azm = 2.7 and bzm = 1 for copper over temperature range of 0.0259

eV to 100 KeV and density profiles for range of 1.00 g/cc to 10000 g/cc
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Figure 7-13 Specific heat at constant volume using SHOPEOS with azm =

2.1 and bzm = 1 for gold over temperature range of 0.0259 eV to 100 KeV

and density profiles for range of 19.3 g/cc to 193 g/cc
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Figure 7-14 Specific heat at constant pressure using SHOPEOS with

azm = 2.1 and bzm = 1 for gold over temperature range of 0.0259 eV

to 100 KeV and density profiles for range of 19.3 g/cc to 193 g/cc

7.2 Results of Computation for Hugoniot

As described in chapter 4 the hugoniot curve is the locus of points for the equilibrium

pressure behind the shock for a given compression and for given initial conditions. This

means that there would be a different curve for different initial conditions. In actual

calculations, shock hugoniot calculations are very much sensitive to initial conditions

in addition to the physics of ions and electros involved in EOS calculations, for instance

the inclusion of bound electron structure in EOS revels the shell structures in shock

hugoniot calculations as reported in recent literatures [6, 81, 23, 24, 25, 82, 83]. These

shell structures arise due to quantum mechanical treatment of bound electrons and is

subject of great interest in high pressure studies. The maximum compression limit

ξlimit is achieved by a hugoniot can be estimated by assuming full ionization gas model

having γ as specific heat ratio which is blown by a single shock of infinite extent as.

ξlimit =
γ + 1

γ − 1
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Within free electron gas model, the gas is assumed to monoatomic gas having γ =

5/3 which results in limiting value of ξlimit = 4 which is evident in our calculations.

The initial conditions in computations are taken as ρ = ρ0, kBT0 = 0.0025eV =

300 Kelvin, Ptot(ρ0, T0) = 0.0 for beryllium, aluminum and iron and copper. These

figures are drawn in comparison with the results cited in [6, 81, 23, 24, 25, 82, 83].

The emphasis of computation of hugoniot results is to investigating the effect of

different continuum lowering models and pressure ionization parameters azm and bzm

on shock hugoniot. To see the effect of continuum lowering, SHOPEOS results are

compared with zero continuum lowering and SHML continuum lowering model with

czm =1, for the same values of pressure ionization parameters azm and bzm. Similarly,

to show the effect of pressure ionization, SHOPEOS results are compared for different

values of azm and bzm for SHOPEOS continuum lowering model.

From investigation of continuum lowering studies on shock hugoniot for dif-

ferent materials, it is observed from the hugoniot results from SHOPEOS model mod-

ifies the maximum compression and shell structures due to inclusion of degeneracies

and exchange and correlation effects which are entirely absent in SHML model. For

comparison purpose, the zero continuum lowering results serve as a limiting value of

compression. The maximum compression from SHOPEOS and SHML results lies be-

yond the zero continuum lowering maximum compression. Similarly, comparisons of

pressure ionization for different bzm shows that maximum compression is enhanced for

higher values of bzm parameter by fixing azm for same continuum lowering model. This

comparison study is not reported earlier as far as author’s knowledge is concerned.

SHOPEOS models predicts the electron thermodynamic domain for pressure,

energy and temperature where RH curves strongly depend on the electronic shell struc-

ture. The region where electronic shell structures are prevailed, starts beyond four times

the solid density of the material where the shoulders appear in RH curves of pressure,

energy and temperature. These shoulders for electronic shell structure corresponds to

the occurrence of ionization in successive shells owing to average atom approximation

picture. The basis of formation for these shoulders or shell structures is the release
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of bound electron energy stored in shells which is effected by presence of free elec-

trons pressure. It happens beyond solid density when ionization starts to increase due

to pressure ionization and continuum lowering phenomenon. At this point shock en-

ergy increases which increases ionization process i.e, it depopulates the successive low

energy levels electron which results in compression of the material. The increase of

ionization results in increase free electron pressure as well which consequently com-

pensates the on going compression. This balancing process goes on up till the density

of the system reaches the single infinite shock compression density which is 4 times

of solid density. It is due to the reason that the maximum compression in density of

any solid material from a shock of an infinite strength can reach the 4 times of its solid

density [15]. At this point, the maximum compression has been achieved and electrons

from the innermost cores are now ionized which completes the ionization process. This

ionization leads to formation of shoulders on RH curve. Beyond 4 times the solid den-

sity, the high energy density plasma approaches the limit of ideal gas for both nuclei

and electrons.

7.2.1 Beryllium case

Beryllium, being a low Z material example, is considered whose hugoniot profiles for

thermodynamic variables pressure, energy and temperature are obtained and plotted in

Figs. 7-15, 7-15 and 7-15 respectively for azm = 4.3 taken from SHML model while

bzm is taken 1.0, and 4.0 respectively for comparison of pressure ionization study as

shown in Fig. 7-18. The specific heat at constant volume for beryllium along the shock

Hugoniot is plotted in 7-19 for SHOPEOS model with azm = 4.3 and bzm = 1.0 to show

the Schottky anomaly effect. The solid density is taken to be 2.26 g/cc, bulk modulus

as 116.8 Gpa, pressure derivative of bulk modulus at zero temperature and solid density

as 4.6 and cohesive energy as 3.078 eV/atom.

103



Computation of EOS and Shock Hugoniot

Figure 7-15 Effect of continuum lowering models on pressure along shock

hugoniot for beryllium at fixed pressure ionization parameters azm = 4.3

and bzm = 1. The continuum lowering models taken are SHOPEOS,

SHML and no continuum lowering.

Figure 7-16 Effect of continuum lowering models on energy along shock

hugoniot for beryllium at fixed pressure ionization parameters azm = 4.3

and bzm = 1. The continuum lowering models taken are SHOPEOS,

SHML and no continuum lowering.
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Figure 7-17 Effect of continuum lowering models on temperature along

shock hugoniot for beryllium at fixed pressure ionization parameters

azm = 4.3 and bzm = 1. The continuum lowering models taken are

SHOPEOS, SHML and no continuum lowering.

Figure 7-18 Effect pressure ionization on pressure along the shock hugo-

niot for beryllium at azm = 4.3 and bzm = 1 , 4 for fixed continuum lower-

ing model of SHOPEOS.
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Figure 7-19 Specific heat at constant volume for beryllium along the shock

Hugoniot for azm = 4.3 and bzm = 1 using SHOPEOS

7.2.2 Aluminum case

Aluminum, being a moderate Z material example, is considered whose hugoniot profiles

for thermodynamic variables pressure, energy and temperature are obtained and plotted

in Figs. 7-20, 7-21 and 7-22 respectively for azm = 3.4 taken from SHML model while

bzm is taken 1.0, and 3.0 respectively for comparison of pressure ionization study as

shown in Fig. 7-23. The specific heat at constant volume for aluminum along the shock

Hugoniot is plotted in 7-24 for SHOPEOS model with azm = 3.4 and bzm 1.0 and 3.0.

The solid density is taken to be 2.69 g/cc, bulk modulus as 75.8 Gpa, pressure derivative

of bulk modulus at zero temperature and solid density as 4.10 and cohesive energy as

3.036 eV/atom.
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Figure 7-20 Effect of continuum lowering models on pressure along shock

hugoniot for aluminum at fixed pressure ionization parameters azm=3.4

and bzm=1. The continuum lowering models taken are SHOPEOS, SHML

and no continuum lowering.

Figure 7-21 Effect of continuum lowering models on energy along shock

hugoniot for aluminum at fixed pressure ionization parameters azm=3.4

and bzm=1. The continuum lowering models taken are SHOPEOS, SHML

and no continuum lowering.
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Figure 7-22 Effect of continuum lowering models on temperature along

shock hugoniot for aluminum at fixed pressure ionization parameters

azm=3.4 and bzm=1. The continuum lowering models taken are SHOPEOS,

SHML and no continuum lowering.

Figure 7-23 Effect pressure ionization on pressure along the shock hugo-

niot for aluminum at azm = 3.4 and bzm = 1 , 3 for fixed continuum

lowering model of SHOPEOS.
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Figure 7-24 Specific heat at constant volume for aluminum along the shock

Hugoniot for azm=3.4 and bzm=1 and 4 using SHOPEOS

7.2.3 Iron case

Iron, being a mid Z material example, is considered whose hugoniot profiles for ther-

modynamic variables pressure, energy and temperature are obtained and plotted in Figs.

7-25, 7-26 and 7-27 respectively for azm = 3.0 taken from SHML model while bzm is

taken 1.0. For the comparison of pressure ionization study in pressure hugoniot pro-

file is made by taking azm = 12.0 and bzm =3.0 which is shown in 7-28. The specific

heat at constant volume for beryllium along the shock Hugoniot is plotted in 7-29 for

SHOPEOS model with azm = 3.0 and bzm =1.0. The solid density is taken to be 7.87

g/cc, bulk modulus as 163.4 Gpa, pressure derivative of bulk modulus at zero tempera-

ture and solid density as 5.38 and cohesive energy as 3.59 eV/atom.
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Figure 7-25 Effect of continuum lowering models on pressure along shock

hugoniot for iron at fixed pressure ionization parameters azm = 3.0 and

bzm = 1. The continuum lowering models taken are SHOPEOS, SHML

and no continuum lowering.

Figure 7-26 Effect of continuum lowering models on energy along shock

hugoniot for iron at fixed pressure ionization parameters azm = 3.0 and

bzm = 1. The continuum lowering models taken are SHOPEOS, SHML

and no continuum lowering.
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Figure 7-27 Effect of continuum lowering models on temperature along

shock hugoniot for iron at fixed pressure ionization parameters azm =

3.0 and bzm = 1. The continuum lowering models taken are SHOPEOS,

SHML and no continuum lowering.

Figure 7-28 Effect pressure ionization on pressure along the Shock Hugo-

niot for iron at azm = 3.0 , 12.0 and bzm = 1 , 3 respectively for fixed

continuum lowering model of SHOPEOS.
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Figure 7-29 Specific heat at constant volume for iron along the shock

hugoniot for azm = 3.0and bzm = 1 using SHOPEOS showing Schottky

anomaly.

7.2.4 Copper case

Copper is another case of mid Z example considered whose hugoniot profiles for ther-

modynamic variables pressure, energy and temperature are obtained and plotted in Figs.

7-30, 7-31 and 7-32 respectively for azm = 2.7 taken from SHML model while bzm is

taken 1.0. For the comparison of pressure ionization study in pressure hugoniot pro-

file is made by taking azm = 12.0 and bzm =2.7 which is shown in 7-33. The specific

heat at constant volume for beryllium along the shock Hugoniot is plotted in 7-29 for

SHOPEOS model with azm = 2.7 and bzm =1.0. The solid density is taken to be 8.92

g/cc, bulk modulus as 137.4 Gpa, pressure derivative of bulk modulus at zero tempera-

ture and solid density as 5.52 and cohesive energy as 3.10 eV/atom. 7-34.
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Figure 7-30 Effect of continuum lowering models on pressure along shock

hugoniot for copper at fixed pressure ionization parameters azm = 2.7 and

bzm = 1. The continuum lowering models taken are SHOPEOS, SHML

and no continuum lowering.

Figure 7-31 Effect of continuum lowering models on energy along shock

hugoniot for copper at fixed pressure ionization parameters azm = 2.7 and

bzm = 1. The continuum lowering models taken are SHOPEOS, SHML

and no continuum lowering.
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Figure 7-32 Effect of continuum lowering models on temperature along

shock hugoniot for copper at fixed pressure ionization parameters azm =

2.7 and bzm = 1. The continuum lowering models taken are SHOPEOS,

SHML and no continuum lowering.

Figure 7-33 Effect pressure ionization on pressure along the Shock Hugo-

niot for iron at azm = 2.7 , 12.0 and bzm = 1 , 2.7 respectively for fixed

continuum lowering model of SHOPEOS.

114



Computation of EOS and Shock Hugoniot

Figure 7-34 Specific heat at constant volume for copper along the shock

hugoniot for azm = 2.7and bzm = 1 using SHOPEOS showing Schottky

anomaly.

7.2.5 Gold case

Gold case is taken as high Z example whose hugoniot profiles for thermodynamic vari-

ables pressure, energy, temperature are obtained and plotted in Figs. 7-35, 7-36 and

7-37respectively for azm = 2.1 taken from SHML model while bzm is taken 1.0. For

the comparison of pressure ionization study in pressure hugoniot profile is made by

taking azm = 8.0 and bzm =4.0 which is shown in 7-38. The specific heat at constant

volume for gold along the shock Hugoniot is plotted in 7-39 for SHOPEOS model with

azm = 2.1 and bzm =1.0. The solid density is taken to be 19.3 g/cc, bulk modulus as

180.0 Gpa, pressure derivative of bulk modulus at zero temperature and solid density as

5.81 and cohesive energy as 3.81024 eV/atom.

A single density maximum, corresponding to the ionization of the K shell elec-

tron is observed in the case of Be in Figs. 7-15,7-16,7-17. For Al there are two density

maxima corresponding to the K and L shell electrons in 7-20, 7-21,7-22. For Fe in

Figs. 7-25, 7-25, 7-25 and Cu in Figs. 7-30, 7-30, 7-30 and for the case of Au in Figs.

7-35, 7-35, 7-35 there are more than two density maximas or inflexions correspond-

ing to the K, L and M shell electrons. The L shell ionization feature gives the largest
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Figure 7-35 Effect of continuum lowering models on pressure along shock

hugoniot for gold at fixed pressure ionization parameters azm = 2.1 and

bzm = 1. The continuum lowering models taken are SHOPEOS, SHML

and no continuum lowering.

Figure 7-36 Effect of continuum lowering models on energy along shock

hugoniot for gold at fixed pressure ionization parameters azm = 2.1 and

bzm = 1. The continuum lowering models taken are SHOPEOS, SHML

and no continuum lowering.
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Figure 7-37 Effect of continuum lowering models on temperature along

shock hugoniot for gold at fixed pressure ionization parameters azm =

2.1 and bzm = 1. The continuum lowering models taken are SHOPEOS,

SHML and no continuum lowering.

Figure 7-38 Effect pressure ionization on pressure along the Shock Hugo-

niot for iron at azm = 2.1 , 8.0 and bzm = 1 , 4.0 respectively for fixed

continuum lowering model of SHOPEOS.
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Figure 7-39 Specific heat at constant volume for gold along the shock

hugoniot for azm = 2.1and bzm = 1 using SHOPEOS showing Schottky

anomaly.

density increase. It is important to note that these shell structures are absent in TF the-

ory because it uses semi classical approximation to solve Poisson equation for electron

density. So, inherently, TF theory does not take into account shell description owing

to Schrodinger equation. These corrections for TF theory are corrected in QSM model

[81, 82, 84, 85, 23, 25, 24]. It is important to note that the results in [6] are based on

Thomas Fermi model for temperatures below 3 eV while current study results are based

on I-SHML model only.

Figure 7-24 show the Specific heat at constant volume for aluminum with I-

SHML at fixed azm=3.4 and bzm=1 and 4. In this figure there are 3 bumps on RH curve

for azm=3.4 and bzm=1. 1st one is around 10 eV, 2nd around 100 eV and 3rd around

500 eV. The first bump around 10 eV is missing in azm=3.4 and bzm=4. this shows the

sensitivity of model for choice of azm and bzm parameters. The last peak around 500

eV is present in both profiles and that corresponds to ionization of K-shell. This effect

is not as important for the 2s and 2p bound states (L shell), since their energy levels are

not as far from the continuum (a few tenth of eV). For Be Fig. 7-19 the models show a

single density maximum, corresponding to the ionization of the K electron shell. For Fe

Fig. 7-29 and Cu Fig. 7-34 and Au Fig. 7-39 there are more than two density maxima
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or inflexions corresponding to the K, L and M electron shells. The L shell ionization

feature gives the largest density increase.

It is should be noted that the shock-wave dat analysis allows one to investigate

the material properties in very wide region of the phase diagram. For instance it may

go from compressed solid to different phases like hot dense liquid, hot dense plasma,

liquid-vapor regime or quasi gas states. As a consequence, the resulting high pressure,

energy and temperature information covers a broad range of the phase diagram. But

this information has a heterogeneous character which is not complete from the thermo-

dynamic point of view, in principal. Its generalization can be done only in the form of

a thermodynamically complete EOS.

7.3 Summary and Conclusion

The results of EOS and shock hugoniot calculations based on SHOPEOS model are pre-

sented in this chapter. In SHOPEOS, the electronic contributions are based on I-SHML

4 model while ionic contributions are taken from Cowan model 4. EOS calculations

are compared for aluminum only by taking pressure ionization parameters azm = 3.4

and bzm = 1, 3 to show the sensitivity of azm and bzm. The shock hugoniot calcula-

tions are carried out for beryllium, aluminum, iron and gold which includes pressure,

energy, temperature, shock velocity, particle velocity, specific heat at constant pressure

and specific heat at constant volume. The results are compared with the published liter-

ature and found a very good qualitative and quantitative agreement. However, like EOS,

shock hugoniot also shows sensitivity for azm and bzm parameters. It has been observed

from the analysis of hugoniot of different elements that the bzm parameter changes the

maximum compression value for fix value of azm. This effect was not reported earlier

by [6]. It was noted that not all values of azm and bzm are admissible for calculations of

hugoniot and are sensitive to one another for calculation of hugoniot. This is due to the

reason that pressure ionization is included in this model on empirical basis and more

dedicated study is required for a systemic and consistent pressure ionization model.
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8 Summary, Conclusion and Future
Recommendation

This chapter summarizes the research carried out in this thesis along with major

conclusions and future research directions in separate sections respectively.

8.1 Summary of the Research

Chapter 1 presents the introduction to the area of research carried out in this thesis that

is about modeling thermodynamic properties of high energy density systems which are

conventionally defined as the system having energy density 1012ergs/cc or equivalently

systems having pressures greater than or equal to 1 Mbar. Such energy density systems

are found in stars, core of giant planets and in stellar matter like brown dwarf and white

dwarf etc. Global observatories have found that these systems posses unusual extreme

conditions of pressures and temperature that are unlikely known on earth. Due to these

extreme conditions, the matter in these systems is in unusual states that cannot be cate-

gorized as classical plasma, ideal gas or dense plasma. These systems are now classified

as high energy density systems and are studied a class of physics called high energy

density physics. In this respect, high energy density systems span a wide range of ar-

eas of physics including plasma physics, materials science, condensed matter physics,

atomic and molecular physics, nuclear physics, fluid dynamics, magnetohydrodynam-

ics, and astrophysics. The advent of modern powerful lasers and ion beam accelerators

has made it possible to create such conditions in laboratories. Nowadays these systems

are found in controlled fusion technologies, impulse technologies, flyer plate experi-

ments and Z-pinch machines. With these developments a number of scientific areas are

represented in high energy density physics, many of the techniques have grown out of

ongoing research in plasma science, astrophysics, beam physics, accelerator physics,

magnetic fusion, inertial confinement fusion, and impulse technologies.

These systems have unique properties like they have nonlinear response to en-

ergy sources applied on them. Due to high value of energy density the response of these
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systems is collective in nature which means that the external disturbance faces quick

and collective behaviour from these systems. In presence of dense plasma environment,

there are strong interaction between the fields of neighbouring atoms which signifi-

cantly alters the ion-ion and electron-ion energies and results in degeneracy lowering

phenomenon while the interaction of bound and free electrons with in an atom results

in continuum lowering. Due to these properties, they form a strongly coupled and cor-

related system having variable degeneracy. For this reason these systems are usually

described in fluid picture using hydrodynamic equations which explicitly require pres-

sure and internal energy as function of density and temperature i.e., EOS that essentially

are thermodynamic properties of the system. Modeling thermodynamic properties are

of HEDS poses new challenges and have opened new horizons for discoveries. Ac-

curate description of thermodynamic properties is an active area of research nowadays

and they are source of motivation for current research.

Chapter 2 describes the introduction to theoretical models for modeling ther-

modynamic properties of HEDS that is core of this research. It starts with the brief

description of hydrodynamic simulations. The material under HEDS, can be properly

described by fluid dynamics because the length and time scales for gradients and tran-

sients (that give rise to shocks) can only be accommodated by fluid theory and not

by kinetic theory. The hydrodynamic simulations for HEDS explicitly require infor-

mation of thermodynamic properties of the system. These thermodynamic properties

include pressure, energy and specific heat etc., as a function of density and tempera-

ture which are fundamentally described by equation of the state (EOS) of the system.

EOS development requires contributions from electronic and ionic part in addition to

cold contributions which are modeled at T=0 Kelvin at any density. For modeling these

three parts, there are different models available each with its cons and pros. Taking

electronic calculations for example, there is Debye Huckle model that is valid for low

density plasma. Then there is Saha model that is suited for thermodynamics of gases

that are at low density and at high temperatures. There is a well celebrated Thomas

Fermi model for hot dense plasma but it lacks the description of bound shells and hence

does not fully explain the continuum lowering and pressure ionization. Thus, electronic

part is very much sensitive to choice of model used to describe electronic structure. For
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modeling electronic contribution to thermodynamics of HEDS, a quantum statistical

model for dense matter in average atom approximation was purposed by Rozsnyai [36]

that solves the S̈chrodinger equation along with Poisson equation using Fermi-Dirac

statistics. It is now well known in scientific community for qualitative and quantita-

tive results for thermodynamic properties of high energy density systems. On the basis

of average atom model, further development was provided by Zimmerman [4] and by

More [37] by which they developed Screened hydrogenic model by fitting the binding

energies data into screening constants. This model uses average atom approach assum-

ing central field approximation based on self consistent field calculations. This model

soon got popularity in scientific community due to its very low computational cost and

reasonably accurate data. This model is greatly enhanced by Faussurier [27, 6] in his

Screened hydrogenic model with l-splinting (SHML) by fitting in refined binding ener-

gies data with resolution up to l-dependant energies. This model is now widely accepted

in scientific community and further modifications are being going on.

Chapter 3 explains in detail the improvements proposed in continuum lowering

part of SHML that lead to a new improved Screened Hydrogenic Model with l- splitting

(I-SHML). The I-SHML model modifies the continuum lowering contributions to en-

ergy levels. In addition exchange and correlation effects are also included in continuum

lowering contributions which alters the energy level. The result of these changes is that

degeneracy of the levels is correctly taken into account and double of degeneracy is

restrained. As a consequence average charge state results are improved. The improved

model i.e., I-SHML along with original model SHML are implemented numerically in

the form of a computer program named SHOPEOS and is the leading achievement of

this research.

Chapter 4 gives the analytic details of the of modeling thermodynamic proper-

ties carried out in this thesis which are calculated from electronic and ionic contribution

. The electronic contribution for thermodynamic properties comes from established I-

SHML model and is gives details for pressure, internal energy, entropy, specific heat

at constant volume and constant pressure. The ionic contributions are modeled using

standard Cowan’s model while cold part is provided by scaled binding energy model.

The Cowan’s model is based on empirical laws for fluid and solid regions. The solid
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region is composed of two domains that include high temperature solid and low temper-

ature solid. The analytic details are provided for pressure, energy and entropy for each

region. The cold curve from Cowan model is not accurate for predicting experimental

shock hugoniot results. For improving the cold component for shock hugoniot calcula-

tions, scalded binding energy model is used that provides cold curve data in the form

of pressure and energy as an function of density only. With the developed EOS having

electronic and ionic contributions, shock hugoniot calculations can be performed with

given initial conditions. In this study, the ionic part is modeled using state of the art

and well established Cowan model while cold part is provided by scaled binding energy

model which is well known in literature.

Chapter 5 describes the results main achievement of this research which is the

development of a computer program named SHOPEOS. SHOPEOS is written in FOR-

TRAN 95 in a modular fashion to make it robust for computations and it contains the

physics of electronic as well as ionic contributions to thermo-physical properties. The

flow chart and brief introduction to functionality of modules is presented. Under LTE

conditions and using average atom approximation, SHOPEOS can calculate electron

level screened charge, level energies, average charge state and chemical potential which

are used to calculate electronic contribution to properties like ion population fraction

and thermodynamic properties like pressure, energy, entropy, specific heat at constant

volume and specific heat at constant pressure etc. The ion population fractions are

incorporated using classical theory of fluctuations for grand partition function of elec-

trons. The thermodynamic properties are derived by standard thermodynamic theory

based on Helmholtz free energy minimization.

In Chapter 6, the results of average charge state and ion populations are pre-

sented. By using SHOPEOS, average charge state data is calculated for beryllium,

carbon, aluminum and iron and is benchmarked with not only with SHML but also

with other existing published literature and has maximum deviation of 0.5%. with the

experimental results. On the basis of I-SHML, the study is extended further to study

the effect of continuum lowering and pressure ionization on ion population fraction for

dense plasmas. Ion population fraction results also shows remarkable prediction for alu-

minum and iron plasma but also shows very good quantitative and quantitative results

123



Summary, Conclusion and Future Recommendation

for low temperature dense plasma systems where system is strongly degenerate. At

these conditions Saha equation normally breaks down while SHOPEOS models gives

very good predictions for Ion population fraction. Ion population fraction are mainly

used for calculation of radiative properties like opacity. The effect of pressure ioniza-

tion and continuum lowering on opacity can be studied but that is beyond the scope of

this thesis and they are the part of future development for opacity calculations.

Chapter 7 provides the main results of computation for EOS and shock hugo-

niot calculations. With the help of SHOPEOS, EOS quantities like pressure , energy,

entropy and Helmholtz free energy are calculated for aluminum plasma as standard test

case and compared for different pressure ionization parameters azm and bzm to show

the sensitivity of these parameters. Shock hugoniot is a good authenticity check for a

proper EOS. The results of shock hugoniot profiles comprising of pressure, energy and

temperature are computed for beryllium, aluminum, iron and gold plasma which shows

the well known electronic shell structures that arise due to quantum treatment of bound

electrons in recent literature. These profiles are compared at different values of pressure

ionization parameters azm and bzm and different continuum lowering models. These

shock hugoniot profiles are compared against different recent theoretical models and

experimental results and has shown an excellent agreement. Specific heat at constant

volume are computed along the shock hugoniot which shows the Shottkey anomalies

showing the authenticity of our computations. These results are the evidence/(or serve

as evidence) that SHOPEOS is an good tool for calculating thermodynamic properties

of HEDS over a wide density and temperature regime.

8.2 Conclusion

The current research is dedicated to investigate the thermodynamic properties of High-

energy-density system (HEDS) which are formally defined as the matter having energy

density that corresponds to pressures above about one million atmosphere are very im-

portant due to their wide occurrence in nature and are relevant to many fields like astro-

physics and material science etc. The matter in these systems is in under extreme con-

ditions of temperature and pressure which makes them complex system having unique

properties for instance they may form a highly condensed matter with strongly cou-

124



Summary, Conclusion and Future Recommendation

pled plasma with variable degeneracy having non linear collective response to external

stimuli. Moreover the dynamics of times and space within these systems very over sev-

eral order of magnitude for which fluid picture is used modeling these systems. These

conditions for HEDS can now be made in laboratories and thermodynamic properties

of HEDS are very essential ingredient for designing and predicting experiments using

gas-dynamics simulations for HEDS. Theoretically calculating these properties for a

wide range of density and temperature is a complicated task with many open questions

to be addressed, and is the source of motivation for this research.

This work presents calculations of these properties for electronic contributions

using average atom approach by improving Screened Hydrogenic Model with l-splitting.

Under HEDS conditions two major phenomenon occurs in electronic structures calcu-

lation i.e, continuum lowering and pressure ionization. The continuum lowering part of

the model is improved by adding level screened charge dependent energy along with ex-

change and correlations that correctly accounts for electron degeneracies. The pressure

ionization is included on adhoc basis at the cost of two tuning parameters azm and bzm

. The purposed model improves the average charge state which is a vital variable for

modeling thermodynamic properties of HEDS. The effect of continuum lowering and

pressure ionization on average charge state are presented and published in [93]. The ion

population i.e, number of different ion species owning to different integer charge state

are also calculated using classical theory of fluctuations and are published in [92]. The

ionic contributions to these properties are calculated using Cowan model and cold curve

contributions are based on scaled binding energy models. Thermodynamic properties

are then calculated using standard thermodynamic theory.

After the development of the thermodynamic properties, a modular computer

program named SHOPEOS is written in FORTRAN 95 that contains the original model

and the improved models. SHOPEOS is capable of calculating electronic as well as

ionic contributions of thermodynamics properties like electron level screened charges,

level energies, average charge state, chemical potential, ion population fractions (IPF)

and finally thermodynamics properties like pressure, energy, entropy, shock hugoniot

profiles, specific heat at constant volume and pressure for a wide range of density and

temperature under local thermodynamic equilibrium (LTE) conditions.
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By using SHOPEOS average charge state, IPF, thermodynamics properties, and

shock hugoniot profiles are calculated for a wide range of density and temperature for

beryllium, carbon, aluminum, iron, and gold plasmas. These results show an excellent

agreement among different published theoretical models and experimental data. The

maximum deviation of 0.5% is found in case of average charge state calculations as

compared with published results whereas in case of IPF calculations a very good qual-

itative and quantitative behavior is found among different models. Finally, results of

thermodynamic properties and shock hugoniot profiles showed an excellent agreement

with published results.

8.3 Future Research Directions

SHOPEOS has proven itself for the calculation of thermodynamics and related quan-

tities for different materials under wide range of density and temperature conditions.

However there are still many conditions where SHOPEOS is not completely valid. For

instance during the initial phase of laser matter interactions, the LTE assumption is not

strictly valid. Therefore, non LTE formulism needs to be developed and implemented

in SHOPEOS to address such situations.

Likewise, there are certain conditions where an intermediate state of it that can

neither be described as normal condensed matter (because of its temperature) nor as

weakly coupled plasma ( because Coloumb potential is not small perturbation to the

system). This is so called the warm dense matter (WDM) region of the phase diagram

and should be addressed by including electron-ion and ion-ion correlation. This is rel-

evant to X-ray Thomson scattering experiments for ICF research.

In the same way, the phase transitions are very critical for accurate description of

pressures internal energies and temperatures of matter under WDM conditions and high

pressure studies. These should also be included in modeling thermodynamic properties

and is an important next step for in depth investigation of materials.

Another major aspect for modeling HEDS are radiative properties like opacity

calculations. The inclusion of opacity modeling and implementation would also be the

natural next step for understanding such states of matter.
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[30] R. Kouser, G. Tasneem, M. S. Shahzad, S. Sardar, A. Ali, M. H. Nasim, and

M. Salahuddin, “ Radiative properties of matter based on quantum statistical

method ,” Chinese Phys. B, vol. 26, no. 7, p. 075201, Jun 2017.

[31] D. R. H. F. R. S, “ The calculation of atomic structures ,” Reports on Progress in

Physics, vol. 11, no. 1, pp. 113–143, jan 1947.

[32] J. C. Slater, Quantum Theory of Molecules and Solids Vol. 4: The Self-Consistent

Field of Molecules and Solids . McGraw Hill, New York, 1963.

[33] J. A. D. Matthew and B. T. Sutcliffe, “The HartreeFock Method for Atoms: A

Numerical Approach,” Phys. Bull., vol. 29, no. 4, pp. 178–178, apr 1978.

[34] J. A. D. Matthew, Self-Consistent Fields in Atoms , 1st ed. Oxford: Elsevier,

1976, vol. 27, no. 3.

[35] D. Salzmann, Atomic Physics in Hot Plasmas , 1st ed. New York: Oxford

University Press, 1998.

[36] B. F. Rozsnyai, “ Relativistic hartree-fock-slater calculations for arbitrary tem-

perature and matter density ,” Phys. Rev. A, vol. 5, no. 3, pp. 1137–1149, mar

1972.

[37] R. M. More, “Electronic energy-levels in dense plasmas,” J. Quant. Spectrosc.

Radiat. Transf., vol. 27, no. 3, pp. 345–357, mar 1982.

[38] F. Perrot, “Fast calculation of electronic structure in plasmas: The screened hy-

drogenic model with l-splitting,” Phys. Scr., vol. 39, no. 3, pp. 332–337, mar

1989.

130



References
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