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Abstract 
 

 
The research work presented in this thesis focuses upon mild and severe stenosis in human 

common carotid artery and femoral artery bifurcation. The intensity of the effects of these 

stenoses is investigated on different aspects. 
 

In this thesis, the main attention is focused upon intensity of shear stress, flow separation region 

and length of reattachment. Results of numerical simulation are compared with the experimental 

results for a slightly higher than a critical Reynolds number. For results regarding reattachment 

length, it has been observed that the results obtained using numerical technique considering 

laminar flow simulations are consistent. 

 

The development of atherosclerotic disease has been investigated by taking various constriction 

ratios of stenosis. The Common Carotid artery has also been taken into account for the purpose 

of numerical simulations.  
 

The numerical calculations are performed on the stenosed carotid artery bifurcation under 

laminar flow conditions. The results are obtained at mean Reynolds number (=200) with flow 

division ratio of about 70:30, which depicts the entire systolic and diastolic pulse wave. Here, we 

have considered two mesh geometries having various ratios of stensosis ranging from 20% to 

80%. At stenosis 20% or above, we found that two flow zones emerged in the internal carotid 

artery i.e the area where wall shear stresses are very high that may cause the damage to the 

endothelial cells.  The other zone is relevant with low shear stresses, known as elongated flow 

recirculation area, where the duration of the reversal of flow is amplified during pulse cycle. The 

recirculation zone may cause the retardation of mass transport through the arterial wall and may 

consequently speed up evolution of atherosclerosis near the stenosis at downstream.  
 

Furthermore, from the results of streamlines, velocity vectors, velocity contours, reverse flow 

duration and line plots, it has been observed that the atherosclerotic lesions may evolve rapidly 

between 30% and 50% stenosis. However, the trend of development of these atherosclerotic 



lesions may continue beyond 50% stenosis, but at below the above reported rate.  This suggests 

that the rate of development of atherosclerotic lesions decreases with increasing percentage of 

stenosis beyond 50% and upto 70%.  

 

In a very interesting result at 75% stenosis, we observed a significant change in the flow 

behavior that causes the development of atherosclerotic lesions at a very fast rate.  On the basis 

of these findings, we focused our studies upon stenosis above 75%. The narrower the flow 

regime may cause the laminar flow into turbulent flow. This required a stable and consistent 

numerical scheme that may not diverge in the turbulent region. 

 

In this regard, a robust Semi-Implicit Pressure-Correction Taylor-Galarkin Finite Element 

scheme is applied to capture accuracy, and to maintain stability and consistency of the numerical 

algorithm at severe stenosis which may cause the laminar flow region into turbulent flow region. 

 

In the present study, it is observed that the presence of 80% plaque altered the flow regime from 

laminar to turbulent. However, the presence of 45% to 55% constriction in both test models has 

not changed the flow properties notably from laminar to turbulence flow behavior.  

 

Using more practical settings in the calculations and applying proper numerical technique as 

used in this research work; one may understand the trend of development of the plaque and its 

measurement in Carotid Artery Bifurcation.  
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Chapter 1 
 
Introduction 
 

In this chapter, the motivations for the thesis are discussed. A summary of 

previous research works on related topics is presented. The specific objectives of the 

thesis are listed. 

Experimental and numerical techniques have been used by many scholars to investigate 

the formation of plaque and its size.  

These scholars in their research work have also computed shear stress at various Reynolds 

numbers with different obstruction  ratios in the diseased carotid arteries. Clinical and 

postmortem studies have shown that the  Atherosclerotic lesions on human blood vessel 

walls do not develop randomly and do not occur throughout the circulation but rather 

local at certain selected location in the arterial tree, such as the branching sites and curved 

segments of large arteries. Arteries most often affected by atherosclerosis are: 

• carotid arteries in the neck region,  

• the coronary arteries in the heart,  

• the iliac arteries in the abdominal region,  

• the femoral and tibia arteries in the legs 
 

There are a large number of investigations which have led to understanding of the flow 

disorders due to stenosis related to many theoretical and experimental studies. Deplano 

and Siouffi (1999) considered a model of stenosis both numerically and using a Doppler 

ultrasonic velocimeter. They reported that velocity field is highly dependent on flow wave 

form,particularly downstream of the stenosis. Ojha et al. (2001) obtained velocity profiles 

for the pulsatile flow through tubes with mild to moderate stenosis severity using the 

photochromic tracer methods. Tang et al. (2001) experimentally simulated blood flow in 

carotid artery with fluid-wall interaction. They measured non-linear stress–strain 

relationship and expressed that stress distribution has a much localized pattern and both 

maximum tensile stress and maximum compressive stress occur inside the stenotic 

section. Lee (2002), Siegel et al. (1994), Reese and Thompson (2010) reported their 

numerical results for Newtonian flow through axially symmetric stenoses under steady 
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flow conditions. Considering pulsatile flow, Buchanan et al. (1999) reported that different 

flow patterns formed for the highest Womersley number (the ratio of transient inertial 

effects to viscous effects) under consideration (Wo¼12.5). Long et al. (2001) simulated 

pulsatile blood flow in three axisymmetrical and three symmetrical stenosed tube models 

with different levels of stenosis severity. They focused on the flow separation zone (FSZ) 

and the wall shear stress (WSS) distributions for all models. Liao et al. (2004), Toufique 

Hasan and Dipak Kanti, 2008 investigated the effect of constriction ratio of stenosis, 

Womersley number and Reynolds number on the flow behavior through stenosed arteries. 

All of these researches neglected non-Newtonian property of blood. Taking the non-

Newtonian properties of the blood into consideration, Tu and Deville (2008) simulated the 

blood flow through stenoses using Herschel–Bulkley, Bingham and power-law fluids in a 

rigid circular tube with a partial occlusion. They acclaimed that the disturbances are 

stronger by their vorticity intensity and persist after the geometrical obstacle especially for 

severe stenoses. Chan et al. (2007) compared Carreau and power law models with 

Newtonian model for a 45% stenosis with a trapezoidal profile and concluded that in 

terms of velocity, pressure and WSS, Carreau model has very little difference while 

power law model has much more significant vortices and smaller WSS. Sankar and Lee 

(2009) solved the flow through mild stenosis using Herschel–Bulkley model. They found 

that, the plug core radius, pressure drop and wall shear stress increase with the increase of 

yield stress or the stenosis height. Shaw et al. (2009) investigated Casson fluid flow 

through a stenosed bifurcated artery and observed that in both the femoral and coronary 

arteries the variation of axial velocity and the flow rate with yield stress is uniform. 
 

Baghdadi (2002) and Salzar and et al. (2007) have reported that millions of people 

worldwide are affected by the atherosclerosis that leads to diseases as heart failure, brain 

stroke and long-term disability. According to WHO reports (2006,2008), if this this trend 

continues, the number of deaths due to heart failures and strokes, may rise to 20 million 

by 2015. Boyd et al., (2006) used a 2D carotid artery model to investigate the validity of 

Newtonian viscosity near wall shear stress in a two-dimensional carotid artery model. 

Golpayeghani et al. (2008) in their numerical work have used incompressible Navier-

Stokes equations. They studied the effects of local stenosis in carotid artery. The 

parameters of interest they focused upon were the time-dependent velocity profile in 

various regions and flow separation and reattachment points on the wall. They also 

investigated wall shear stress variation in whole artery and compared the results with non-
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Newtonian fluid.  

In a study by Rockman et al. (2013) it is reported that certain races are known to be at 

increased risk for stroke, and the prevalence of carotid artery stenosis (CAS) is thought to 

vary by race. They studied the prevalence of CAS in different races by analyzing a 

population of subjects (3,291,382) who underwent  vascular screening examinations. The 

subjects consisted Cau-casian (90%), African American (3.1%), Hispanic (2.4%), Asian 

(1.9%), and Native American (2.8%) individuals. He found that the prevalence of CAS 

was 3.4% in females and 4.2% in males. Native American subjects had the highest 

prevalence of CAS across all age categories and in both sexes. Caucasian subjects had the 

second highest prevalence of CAS across most age decades and in both sexes. Among 

males, African American individuals had the lowest prevalence of CAS in nearly all age 

categories. In contrast to males, Asian females had the lowest prevalence of CAS 

compared with females of other races in most age groups.  

Most diseases and their treatments involve complex physical responses and interactions 

between biological systems. Simulation methods can therefore, dramatically increase our 

understanding of these diseases, improve their treatment and follow-up.  

Computational simulations have evolved as a powerful tool in studies of the role of  

hemodynamics in the disease development (Li and Kleinstreuer. 2005; Stuhne and 

Steinman 2004; Evegren et al. 2010) as well as design of medical devices Qiao et al. 

2006) and prediction of the outcomes of surgeries (Migliavacca et al. 2006; Soerensen et 

al. 2007). Image-based computational fluid dynamics studies of anatomically realistic 

arterial geometries appeared in the late 2002’s, either using magnetic resonance imaging 

(Krams et al. 1997; Botnar et al. 2000; Ladak et al. 2001; Zhao et al. 2002) or ultrasound 

imaging (Chandran et al. 1996; Gill et al. 2000; Lee et al. 2004). Nowadays, there is 

extensive experimental and computational investigation on the pathophysiology of 

atherosclerosis looking for correlations between its focal nature and local hemodynamics 

(Schumann et al. 2008; De Santis et al. 2010; Morbiducci et al. 2010; Rocha et al. 2010; 

De Santis et al. 2013; Anastasiou et al. 2012). 

Joao et al. (2014) in their recent work presented the blood flow hemodynamics based on 

three wall WSS descriptors. In their findings it was revealed that the WSS-based 

descriptors were significantly correlated and extremely sensitive to variation in geometry, 

and were able to capture flow disturbances at the same sites. That identification might 

allow testing hypotheses and to address important clinical vascular problems, improving 

diagnostic and treatment of carotid atherosclerosis.  
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1.1 Motivation 
 

Deposition of cholesterol and other fatty tissues along human arterial walls can 

form a constriction and therefore restrict the blood flow. The disease which causes the 

build-up of plaque in the artery is part a the broader circulatory disease called 

atherosclerosis, and it is a form of arteriosclerosis1. As the plaques form, the walls 

become thick, fibrotic and later calcified, and the lumen narrows, reducing the flow of 

blood of the tissues the artery supplies. This build-up can lead to stroke or heart attack or 

the disfunction of other organs. Arteriosclerosis is the leading cause of death and 

disability among North Americans and Europeans. “Stroke” is a portmanteau term 

covering any disease or neurological disorder that results in the marked restriction or 

cessation of flow affecting the brain. There are basically two different kinds of stroke: 

hemorrhagic and ischemic.2 Hemorrhagic strokes, which account for 20 percent of all 

strokes, take place when vascular lesions rupture, releasing blood into the surrounding 

brain tissue. The remaining 80 percent of strokes are ischemic in character, caused by the 

obstruction or clogging of the major arteries in the cerebral circulation. 

The earliest microscopic change in the formation of atherosclerosis is the 

accumulation of lipids in the intima3. Theses deposits called “fatty streaks” are covered by 

an intact layer of endothelium4 which leaves the vessel wall undeformed and narrow the 

cross-sectional area of an artery, as shown in Figure 1.1. The narrowed cross-section is 

often called a stenosis. At subsequent stages, rising plaque levels become visible, the 

endothelium may break down, and particles are directly deposited by the blood stream at 

critical locations. The exact mechanisms by which these fatty substances initially are 

found in the artery walls to form a locally-growing plaque are not clearly understood. 

However, in general a patient’s inherited physiology, hemostatic factors, hypertension, 

homocysteine, biochemical processes, smoking habits, daily diet, and stress levels may all 

affect parthenogenesis.5 

 
1 A group of diseases characterized by thickening and loss of elasticity of the arterial walls occurring in 
three forms, atherosclerosis, Monckeberg’s arteriolosclerosis, and arteriolosclerosis. 
2 Ischemia refers to decreased blood supply to a tissue, a potentially reversible condition; uncorrected, it 
leads to infarction, or tissue death due to anoxia. 
3The innermost coat of a blood vessel. 
4The Layer of epithelial cells that lines the cavities of the heart as well as the blood and lymph vessels.  
5 Formation of abnormal fatty deposits in an arterial wall. 
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Figure 1.1: Segment of artery (A) Normal artery (B) abnormal artery 

 

 
 
Figure 1.2 Development of atherosclerotic lesions from (A) normal to (B, C) mild to (D) 

severe  
The failure of arterial prostheses has been found to be caused by intimae hyper 

plasma, a feature of the normal healing response of arteries at graft anastomoses6 (Glagov  

and Zarins ,2001),  or the progression of atherosclerosis. Proximal or distal to the 

prostheses, intimae hyperplasia, is commonly found at the distal end of any vascular 

synthetic grafts (De Weese ,1997,Inzoli  et al,1984,Echave  et al,1991) and following 

many endovascular procedures i.e., dilatation, stinting of an artery, and etc. While no 

clear of graft intimal hyperplasia has been identified, numerous biological and 

 
6 An abnormal increase in the number of normal cells in normal arrangement in an organ or tissue  which 
reduces the internal diameter and increases its total volume. 
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biomechanical factors have been proposed. 

While, it is unlikely that investigating a few risk factors may lead to a successful 

description of the multi-component disease, a better understanding of key physical factors 

causing atherosclerotic lesions is vital to developing a comprehensive theory, and may be 

helpful in the early detection and fight against atherosclerosis. 

 
1.2 Evolution of Atherosclerosis 
  

Clinical and postmortem studies show that the atherosclerotic lesions on human 

blood vessel walls do not develop randomly and do not occur throughout the circulation 

but rather local at certain selected sited in the arterial tree, such as the branching sites and 

curved segments of large arteries (Stebbens , 1960, Strong  and McGill ,1962, Schwartz  

et al,1962 ,Caro  et al,1971,Toshihisa  and Takeshi ,2002)). Examples of arteries most 

often affected by atherosclerosis include the carotid arteries in the neck region, the 

coronary arteries in the heart, the iliac arteries in the abdominal region, and the femoral 

and tibia arteries in the legs, see Figure 1.2. From a fluid mechanics point of view these 

sites are where flow phenomena exhibit unique characteristics. In these sites, flood flow is 

disturbed, and separation of streamlines from the vessel wall the physiological processes 

themselves are not the sole factor. 
 

 For the last four decades, it has been accepted that the physics of blood flow and 

homodynamic factors are of importance in the intention and development of 

atherosclerotic lesions and hyperplasia (Schettler  et al,1995, Strandness  et al , 1999, 

Zarins, Giddens  et al,1995, Deshpande  et al,1988 ,Caro ,1983,Fry, 1981, Zarins ,Giddens 

et al,1995). Among the hypothesis proposed to account for the localization of 

atherosclerosis, the causative effects of High shear stress, originally claimed by 

(Fry,1981), and of low shear, as claimed by (Caro et al,1983), have received much 

attention. Fry believed that endothelial injury caused by high shear stress was responsible 

for atherogenesis. However, observations by Caro confirmed that atherosclerotic lesions 

developed more frequently in areas with low shear stress and with flow recirculation than 

in area with high shear stress and unidirectional flow condones (Zarins ,Giddens  

et al,1995, Ku ,Giddens D.P et al,1997). 

Several hypotheses have been put forward (Asakura . and karino .,2002) to explain 

the mechanism by which low vessel wall shear stress might promote the development of 

atherosclerotic lesions. The endothelial cells undergo morphological alterations in 
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response to changes in the degree and orientation of shear stress; elongated endothelial 

cells located in regions of high shear stress see their long axes aligned parallel to the 

direction of flow, and polygonal endothelial cells in low shear stress regions become 

aligned in haphazard directions. It has been postulated by (Asakura and Karino,2002)  that 

theses alterations may be responsible for changes in endothelial cell permeability to 

atherogenic lipoprotein particles. Low shear stress stimulates the expression of 

endothelium mRNA As well as the release of endothelia into the culture medium from 

cultured porcine endothelial cells (Yoshizumi  et al,2001), an increased synthesis of 

endothelia may in turn promote local smooth muscle cell and fibroblast proliferation 

(Caro et al, 1971)  also suggested that low wall shear reates setard the transport of 

circulating particles away from the wall, resulting the increased intimae accumulation of 

lipids. Moreover, as blood flow through healthy vessels may influence the formation of 

deposits, so may the appearance of atherosclerotic plaques on homodynamic in the 

vicinity of the lesion (Bharadvaj et al,1994, Clark et al,1995). From a fluid mechanism 

perspective. Any obstruction has a pronounced effect on flow. The down stream flow 

from a stenosis becomes irregular and causes changes to local parameters such as velocity 

field, pressure drops, and wall shear stress distribution. Therefore, the additional of the 

disease changes in flow and shear further contribute to build-up and helps the progression 

of the disease. 

 
Figure 1.3 Human body showing major blood vessels 
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Figure 1.4: Inner diagram of Cardiac blood vessel 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1.5: Diagram of the Common, Internal and External Carotid Arteries carry out 
blood from heart and moving towards brain and facial tissues. [Courtesy of Human 
Anatomy and Physiology, the Benjamin/Cummings Publishing Company, Icn, 2001.] 
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Assessment of the actual risks to a patient with arterial disease must consider all of 

these factors. Therefore, detailed insight regarding the flow phonemena occurring in the 

bends and bifurcations contributes to a better understanding of the role of hemodynamics 

in the initiation and progression process of atherosclerosis. The ability to completely 

describe the flow through stenosed vessels would therefore provide the added possibility 

of early diagnosis of the disease, and hence preventive treatments would become 

clinically possible. 

In vivo data particularly for human subjects are usually difficult to obtain under 

well-controlled conditions with accurate instrumentation. In vitro experiments that 

simulate important characteristics of an in vivo situation are useful, however, the 

measurement of important parameters such as wall shear stress, is difficult. On the other 

hand data collection using hot-film or hot wire instrumentation suffers from inaccuracies 

in areas of high turbulence intensities, large flow angularities, and regions of flow 

separation and reversal flow. 

Numerical simulation of blood flow could be used to study various aspects of 

cardiovascular disease and, consequently, help explore possible diagnostic techniques. It 

offers a non-invasive means of obtaining detailed flow patters associated with disease by 

supplying information beyond that which is available in an experimental study. The 

particular role of wall geometry together with the type and character of the flow can be 

defined widely in a numerical study. While different authors have provided useful 

information pertaining to flow patters, in many cases important restriction and limitations 

were applied [e.g. the use of only low Reynolds number (Lee J.S and Fung Y.C,1982), the 

application of a steady (McDonald ,1991,Deshpande ,1988)or simple pulsatile flow 

instead of a pulsatile physiological flow (O’Brien and Ehrillich ,1997), the assumption of 

a square occlusion (Pollard A,1993), the ignorance of the possible turbulence flow in 

certain geometries (Cheng  et al,2004), the violation of boundary conditions due to a too 

short computational region, of the termination of the simulation before a full cycle 

because of computational difficulties. One of the important features neglected in the 

majority of numerical works is the assumption of laminar flow where flow disturbance 

can be found distal to the stenosis by experimentation.  

Therefore, it s appropriate to numerically study the blood flow through a stenosis 

in large arteries under more realistic conditions. Finer mesh, appropriate boundary 

conditions with large computational domain, physiological pulse wave from and flow 

disturbances will be of great consideration. The human carotid artery bifurcation is a 
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typical area where the relationship between local hemodynamics and artherogenesis can 

be studies (Zarins ,Giddens et al,1995). Many studies on the flow patterns in carotid artery 

bifurcations have been carried out, both theoretically under laminar flow (Rindt,2001, 

Rindt,2002 and Perktold,2002) and experimentally (Zarins ,Giddens D.P et 

al,1995,Bharadvaj  et al,1994, Bharadvaj et al,1991, Ku ,Giddens 1995, Ku ,Giddens 

,1997) yet very little information is available regarding bllod flow in a carotid bifurcation 

with a stenosis. Moreover, a comparison of flow characteristics between diseased arteries 

and healthy ones may help in identifying hemodynamic properties that could be employed 

in a non-invasive diagnostic procedure. 

Therefore, to arrive at a better understanding of the role of hemodynamics in the 

genesis of atherosclerosis in the normal and stenosed arteries and stenosed carotid artery 

bifurcation, numerical two and three-dimensional simulations of pulsatile, discertized 

Navier-Stokes equations were carried out over the entire flow domain, thus providing 

more detailed physical information with regard to space and time. The following four 

major projects are formulated for this Ph.D program: 

Steady laminar flow simulation through a severe axisymmetric stenosis. 

Pulsatile laminar flow simulation through a severe axisymmetric stenosis 

Pulsatile laminar flow through a stenosed carotid bifurcation 
 
 
 
 
 

 
(a) 

 
      (b) 

 
 
 
 
 
      (c) 
 
Figure 1.6: Examples of geometric configuration of an asymmetric stenosis. a) h/D=0.66;  

       b) h/D=0.5; c) h/D=0.3 

D 
h 

D 
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Figure 1.7: Geometric configuration of a carotid artery bifurcation 
 
1.3  OBJECTIVES: 
 

It goes without saying that studying the evolution of the disease in relation with 

flow dynamics is of the utmost importance. The analysis of the velocities measured at and 

downstream of stenoses and the comparison with healthy arteries can be used to estimate 

the severity of vessel constriction, and may be helpful in early detection of atherosclerosis 

by a non-invasive diagnostic procedure. Early detection would also create possibilities for 

a large-scale investigation of the population of carotid artery bifurcation disease, hence 

promoting a more adequate approach to the disease. Since it is believed that the 

hemodynamical aspects of blood flow play an important role in both the genesis and 

diagnosis of atherosclerotic disease, the dissertation exposes the effect of a minor and a 

severe stenosis on various aspects of flow downstream of stenosis under the following 

forms: axisymmetric and asymmetric large segment arteries, and human carotid artery 

bifurcation. The major parameters of interest in this research are the time-averaged 

velocities, time – dependent shear stress, separation zone and reattachment length, and 

also the detection of any flow turbulence when a stenosis is present. Comparing the 

results of the flow field in non stenosed and stenosed carotid artery bifurcation models 

may help define the parameters of disturbance which may possibly used for early 

detection of atherosclerotic disease and a better understanding of the progression of the 

disease. 

In the laminar flow simulations, the computer simulation were based on the steady/time 

dependent [pulsatile], two-dimensional Navier stokes equations for an incompressible 

Newtonian  fluid: 
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The momentum equation 
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In the case of any turbulent flow simulation, the averaged Reynolds equations were 
applied. 
 
The objectives of the theoretical studies were as follows: 
 
1. Simulate the blood flow at various stages of atherogenesis. 
2. Simulate laminar and turbulent flow in an axisymmetric and asymmetric 
 stenosis. 
3. Simulate the blood flow in a stenosed carotid artery bifurcation. 
 
 
1.4 Literature Review 
 
 

The steady and unsteady flow downstream of a stenosis can be laminar, 

transitional or turbulent. The flow Reynold number [UmD/ν] and the stenosis percentage 

[1-(d/D)2]] are the main parameters that determine which flow regime is present. In this 

study, Um was the cross-sectional mean velocity in the unobstructed portion of the artery, 

D the unobstructed diameter of the artery, and ν the kinematic viscosity of the fluid. The 

parameter d was the diameter of the stenosis at its narrowest point. In the flow was 

pulsatile, the womersley number 1
2

D ωα
ν

=  where ω is the essential angular frequency 

of the velocity waveform, was also important, as it measures the relative importance of 

unsteady to viscous influences. The effects of pulsatility had to be considered in every 

method prior to applying any steady flow results to an in vivo situation. 
 

Steady laminar flow has been examined by many authors, both theoretically and 

experimentally, but not many have investigated pulsatile flow. Numerical solutions using 

turbulence models may be used where the flow becomes turbulent. These models involve 

two equations, one describing the turbulent kinetic energy frequency k and the other 
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describing the dissipation rate  ε or turbulent frequencyω. These equations are used to 

model the turbulent shear stress terms in the time-averaged momentum equation. The 

standard turbulent models have been designed for high Reynolds numbers and cannot be 

used in low Reynolds number flow simulations such as in the case of arterial blood flow 

(Wilcox ,2005). 

(Back and Roschke, 1984) studied flow patterns through an 86% axisymmetric 

stenosis. They considered three distinct regimes of flow reattachment. In the first regime, 

at low Reynolds number, the reattachment length was governed by the growth of the 

laminar shear layer, and the reattachment point moved downstream with increasing flow 

rate. In the second regime, while simultaneously developing instabilities in the shear layer 

that corresponded with a critical Reynolds number of 90, the reattachment point moved 

back towards the stenosis. In the third regime, which occurred beyond a flow Reynold 

number of 325, the shear layer was highly disturbed and the reattachment point was near 

the stenosis, moving very slowly downstream with increasing flow rate. 
 

 (Young and Tsai ,1985) studied some flow characteristics in arterial stenoses models 

under steady flow conditions. In the case of steady flow these experimental yielded, a 

description of the extent of separated flow regions and a measure of pressure losses across 

the constriction. The nature of flow distal to the partial occlusions [laminar, transitional or 

turbulent] was also discussed. Moreover, the observations that streamlines departed from 

laminar behavior relatively low Reynolds numbers were of interest in their work. 

Flow disturbance distal to modeled stenoses under steady and pulsatile flow was studied 

by (Cassanova and Giddens,1990) who used Reynolds number of 318 to 2540 and a 

pulsatile flow frequency parameter of 15. Their results indicated that the more abrupt and 

sharp-edged the stenosis the greater the flow disturbance at a given Reynolds number 

when compared to the smoothly contoured configuration. The greater the degree of 

blockage, the greater the disorder created in the distal field. The effect of the distal wall 

interactions they obtained at low Reynolds numbers was that the wall retarded the 

development of vortices, whereas the high Reynolds numbers, it reduced the energy was 

transferred into a random distribution of eddy sizes. Finally, the pulsatility destabilized 

the flow, which was clearly evident in the energy spectra results. 
 

(Yongchareon and Young, 1991) investigated the initiation of turbulence in models of 

arterial stenosis. Three severely constricted models [89% area reduction] were used with 
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Reynolds numbers ranging from 200 to 1000. From this work it can be said that the 

critical Reynolds number ranging from 200 to 1000. From this work it can be said that the 

critical Reynolds number for the development of turbulence under pulsatile flow through 

a stenotic obstruction depended on numerous factors including the shape and size of the 

stenosis and the nature of the base flow waveform. Turbulence developed at Reynolds 

number well below the critical value for an obstructed tube. Also, for the severe stenoses 

the critical Reynolds number decreased as the stenosis shape became more abrupt.  
 

The flow patterns under steady flow through axisymmetric stenoses at moderate 

Reynolds number [500 <Re<2000] using LDA (Laser Doppler Anemometry) were 

investigated by Ahmed and Giddens (1996). The Reynolds values were representative of 

large arteries in humans. 

Stenoses of 25, 50 and 75% area reduction were studied. Their results showed that flow 

disturbances of discrete oscillation frequency may be more valuable than turbulence as an 

indicator of early stenosis development. In addition, despite the fact that post-stenotic 

turbulence existed for the greater degrees of stenosis and Reynolds numbers. The 

resulting wall shear stresses were only three to four times greater than the Poiseuille value 

and were considerably less than the wall shear stress within the stenosis itself. 
 

 (Ahmed and Giddens,1983) reported flow disturbance measurements through a 

constricted tube at moderate Reynolds numbers under steady flow. The upstream 

Reynolds number ranged between 500 and 2000. Depending on the degree of stenosis and 

the Reynolds number, the flow field contained discrete oscillation disturbances of a 

frequency, of a turbulent nature, or both, for mild stenoses [50% area reduction0, the 

intensity of flow disturbances was relatively low until the Reynolds number exceeded 

1000. the authors verified the following factors. Flow separation and associated intense 

turbulence were expected to occur in the immediate poststenotic filed of locally 

constricted arteries prior to the stenoses becoming flow-restricting or “hemodynamically” 

significant. An area of relatively constant centerline velocity occurred in the poststenotic 

filed. This velocity rapidly decreases when transition to turbulence occurred. In the area 

immediately downstream of the constriction, the mean velocity profiles exhibited a jet-

like response with large velocity gradients. Flow disturbances originated in this shear 

layer for steady upstream flow conditions. 
 

 (Ahmed and Giddens,1996) studied the pulsatile flow field distal to axisymmetric 
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constrictions in a straight tube using laser Doppler anemometry. The upstream centerline 

velocity waveform was sinusoidal, with a Womersley number of 7.5 and a mean Reynolds 

number of 600. Stenosis models of 25.50 and 75% area reduction were used. The authors 

found that a permanent area of poststenotic flow separation did not exist, even for the 

severest constriction, in contrast to results for steady flow. Values of wall shear stress 

were greatest near the throat of the constriction and were relatively low in the poststenotic 

region, including that of the most intense flow disturbance. In addition, turbulence was 

found only in the 75% stenosis model and was created only during one segment of the 

cycle. According to their results, in the Reynolds number typical of that found in the 

human carotid artery, turbulence did not occur until the stenosis exceeded 50% in area 

reduction. For the 25% area reduction the flow was stable throughout with no notable 

flow disturbances. For the 50% stenosis, an organized disturbance was associated with the 

systolic acceleration phase; however, no turbulence was detected, however. For most of 

the cycle in the 75% stenosis areas of intense turbulence were observed, however, the 

authors mentioned that more moderate constrictions may not, in fact, create a turbulent 

flow. They added that the effect of plasticity was to disturb the distal flow somewhat more 

than steady flow did not exist under pulsatile conditions. 
 

 An in vivo demonstration of flow recirculation and turbulence downstream of 

graded stenoses was performed by (Hutchison et al.,1997), who found the development of 

post-stenotic turbulence was shown to follow the development of vorticity in the shear 

layer between the jet and the recirculation zone. Also, they showed [in lower Reynolds 

numbers and degree of stenosis] that true turbulence did not develop, but rather a coherent 

disturbance [vorticity] was manifested by discrete frequency velocity oscillations. 

 

 (Siouffi et al.,1996) discovered a major difference between the pulsatile flow and 

steady flow recirculation zones. Under pulsatile flow, the recirculation was not isolated 

from other parts of the flow. The fluid in this zone was swept downstream with each 

cycle. Under steady flow, fluid element remained in the recirculation zone for 

significantly longer periods of time. 

 

(Lee and Fund,1982) were the first to use numerical approach to the problem, 

simulated blood flow through an axisymmetric constriction for Reynolds number up to 

25. Their calculations was done for a low Reynolds number and there was no significant 
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results, physiologically. 

 

 (Deshpande et al.,1988) obtained results for much higher Reynolds numbers. For a 

constriction with a 56% area reduction, the Reynolds number results were as high as 

2000. These numerical results concurred reasonably well with experimental results 

(Young and Tsai,1985) in terms of pressure drop and separation and reattachment points. 

Disagreements were attributed to difficulties in measuring the separation and reattachment 

points, and to the increasingly three-dimensional nature of the flow as the Reynolds 

number increased. 

 

 (Tu et al.,2004) studied pulsatile flow through arterial stenoses using the finite 

element simulation method. According to their results, pulsatile blood flow through a 

stenosis demonstrated that the unsteadiness effect played a very important role on 

measured parameters such as wall shear stress and recirculation length. They found that 

the flow pattern changed remarkably with time;; the pressure and wall shear stress also 

showed time dependence. Also, the pressure drop at the stenosis increased with an 

increase in the Womersley parmater, and the shear stress on the wall showed that 1], the 

maximum value coincided with the maximum flow rate, and 2], the peak value was 

slightly larger for a smaller Womersley number. 

 

 (Resenfeld,2007) numerically studied pulsatile flow distal to a constriction. He 

imposed a pulsating incoming flow with a non-vanishing mean at the entrance, and 

investigated the flow filed for a wide range of Reynolds and Strouhal  numbers [45 < Re < 

1500, 0.02 < St < 12]. In most cases [except at the two ends of the Strouhal number or for 

Re < 90], propagating vortices were found downstream of the constriction with a wavy 

flow between them. The size and number of coexisting vortices depended more on St than 

Re. The strength and structure of the vertical regions depended on both Re and St. 

 
1.4.1 Carotid Artery Bifurcation [CAB] 
 
 A human artery that has received much attention is the carotid artery bifurcation 

[CAB], in which atherosclerotic lesions are frequently observed. Atherosclerosis in this 

region is the major cause of transient ischemic attacks which may result from a reduction 

in blood flow due to narrowing of the arterial lumen, but are most often caused by 
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thrombus7 or emboli8. By encouraging the aggregation of platelets, atherosclerotic 

plaques promote the development of emboli or thrombi. Ischemic attacks are more 

common in men, and the prevalence increases with age, meaning that around age 60 the 

gender difference being to disappear. In one study of 909 men and women aged 40 to 79 

years, atherosclerotic lesions were detected in 47.8% of the men and 36.3% of the women 

(Back  and Roschke ,1984). Another study of 1350 men and women aged 18 to 99 years 

reported the global prevalence rate of carotid atherosclerosis to be approximately 25%. 

However, the rates were much lower for those aged 39 or less than for those older than 39 

(Prati  et al, 2004). Homodynamic phenomena are considered to be among the possible 

initiating factors in atheorgenesis. A brief review of investigations this phenomena are 

given as follows. 

 

Experimental analysis  

 

  (Bharadvaj et al.,1994) carried out an experimental study on steady flow in the 

CAB and found complex axial and secondary flow patterns. Comparing the flow field in 

the model bifurcation with the sites of atherosclerotic involvement their results indicated 

that areas of predilection for disease coincided with regions of flow or reversed axial flow 

and low or oscillatory shear stress. 

 In his study, (Olson,1981 concluded that the flow phenomena occurring in the 

daughter branches of a symmetrical bifurcation originated mainly from curvature effects. 

 (Ku and Giddens,1995) investigated flow behavior under physiological flow 

conditions. Hydrogen-bubble visualizations showed that during systolic acceleration, a 

low shear region was formed at the non-divider side of the carotid sinus9. This region 

extended during the systolic declaration. At the onset of diastole, a small vortex was 

observed at the edge of the low shear region near the divider wall. The same authors 

performed LDA experiments in three dimensional model of the carotid bifurcation. 

 The flow behavior in mildly stenosed carotid artery bifurcations [less than 25% 

area reduction] has been less intensively investigated. (Van de Vosse et al.,1998) 

computed the veolicty field in a two-dimensional axial velocity profiles in the bifurcation. 

The effect of the geometry variation on the axial velocity profiles and a dilatation of the 

 
7 A thrombus is a blood clot 
8 an emboli is any traveling obstruction, dislodged from plaque 
9 A dilation of the proximal portion of the internal carotid portion of the CCA. 
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proximal portion of the internal carotid or distal portion of the common carotid artery, 

containing in its wall, prereceptors that are stimulated by changes in blood pressure. The 

will shear appeared to be relatively small. 

 (Plamen et al., 2006) et al. studied hydrogen-bubble visualization experiments in 

Plexiglas models of a non-stenosed and a 25% stenosed carotid artery bifurcation. The 

experiments showed that vortex formation occurred symmetrically at the onset of diastole. 

This vortex formation was found in a shear layer located at the interface of an area with 

low shear rates at the flow divider wall. Comparisons of the hydrogen bubble profiles in 

the 0% and 25% stenosed models showed that the stenosis only slightly changed the 

global flow phenomena. However, striking differences were found in the stability of the 

shear layer. In the same study, the effect shape of the flow pulse was also investigated. 

The shape of the flow pulse had a significant impact on the velocity field. 

 (Palmen,2006) applied LDA to show that significant difference existed between 

the flow field in a non-stenosed carotid artery bifurcation and a mildly stenosed one. The 

stability of the shear layer and the area of flow reversal were affected by the stenosis in 

the sinus. Analysis of the velocity signals in the temporal and frequency domain provided 

promising parameters to characterize the presence of the stenosis. 

 

Numerical analysis  

    

Numerical studies of steady and pulsatile models were carried out in recent years 

in healthy carotid arteries. (Siouffi et al.,1996) studied the effect of unsteadiness on the 

flow through bifurcations with rectangular cross sections. Comparing between steady and 

unsteady velocity profiles by using flow visualization, the specific effect of unsteadiness 

was brought to light. The authors concluded that, for unsteady flow types, the 

recirculation zone was not a dead water zone separated from the mainstream and was 

probably very dangerous because of the thrombus formation. The motion of a particle in 

this zone followed the motion of the mainstream with continuous exchange. In addition, 

when comparing the physiological unsteady flows with steady flows, the behavior of the 

instantaneous shear stress differed significantly, resulting in an alternatively positive and 

negative shear along the wall. By their results, they concluded that the unsteadiness of 

flow was of great importance and must be taken into account. 

 A two-dimensional numerical simulation of pulsatile flow in a carotid bifurcation 

model was studied by (Perktold and Hilbert,1998). Using the finite element method in a 
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numerical simulation, they concluded that the zones commonly associated with disease 

coincided with zones of reversed or stagnated flow. 

 The geometric factor in the atherogenesis of atherosclerosis in the human carotid 

artery bifurcation was numerically studied by (Perktold and Resch,2002). The angle 

reduction between the two branches where they are inwardly curved resulted only in 

minor variations of fluid dynamic variables in the bifurcation sinus. They obtained that 

the location of the reversed flow zone was situated in the sinus. From a surgical 

standpoint it was reported that in higher level carotid bifurcations [Larger bifurcation 

angle] atherosclerotic plaques occurred preferentially in the upper [downstream] section 

of the sinus, whereas in lower level carotid bifurcations [low bifurcation angle] 

atherosclerotic plaques occurred preferentially in the lower [upstream] section of the 

sinus. These surgical findings on various locations of plaque agreed, with their results on 

the location of the separated and reversed flow zones, which supported the (Caro’s,1993) 

low shear hypothesis on atherogenesis. 

 (Kleinstruser et al.,2003) studied the hemodynamics of a stenosed carotid 

bifurcation and its plaque-mitigating design. Considering transient two-dimensional 

laminar flow in a diseased carotid artery segment with realistic inlet and outflow 

conditions, the detailed velocity profiles, pressure field, and wall shear stress 

distributions, as well as the coupled, localized plaque formations were simulated. Based 

on their results, varying key geometric factors, a plaque-mitigating design of a CAB were 

proposed. 

 A numerical analysis of pulsatile non-Newtonian flow was performed by (Perktold 

et al.,2007). The basic goal was to verify Newtonian flow simplification in a human CAB 

simulation. The comparison of non-Newtonian results [where viscous thinning for 

increasing shear rates was taken into account] with Newtonian results demonstrated that 

under flow conditions such as these in the human carotid, the Newtonian simplification 

yielded no change in the essential flow characteristics. In both non-Newtonian and 

Newtonian flow, essential flow separation occurred along the systolic deceleration. In the 

Newtonian case the duration of reversed flow was longer.       

  
1.4.2 GRID SIZE AND COMPUTATION TIME. 
 

In numerical simulation, the calculation time is the most important factor in 

determining the calculation. In this section, a short bibliography is presented on the 

numerical calculation for various studies on arterial flow. In fact, comparing the different 
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authors gave insight as to the calculation time that was considered in carrying out this 

research work. Some other numerical parameters are also mentioned. 
 

(Perktold et al, 2002) did a numerical 3-D Simulation of pulsatile flow in an arterial T-

bifurcation. Although no computational time was given, other information for the problem 

setup was provided. In their study, blood through the arteries was assumed to be an 

incompressible, homogeneous Newtonian fluid. The full Navier-Stokes equations were 

considered and were spatially discretized using the Galerkin finite element method, where 

the differential equations were rewritten with an equivalent variational formulation in 

appropriate function spaces. The finite element method expressed the velocity 

components and the pressure in terms of interpolation functions over each element of the 

subdivided flow domain. The three-dimensional brick elements were used. The applied 

finite element subdivision of the computational domain [where symmetry was taken into 

account] created 5848 eight-node, isoparametric 3-D brick elements and results for a total 

node number of 27934 with the three velocity components and the pressure. The 

calculation was carried out under Physiological flow conditions and for the time-mean 

Reynolds number Re=85 where Re=UR/ν. 

 

(Perktold et al., 2002) studied numerical flow in a human carotid artery bifurcation, where 

the basic discussion was the geometric factor involved in atherogenesis. The calculations 

were based on the pulsatile, Three-dimensional Navier-Stokes equations, where 

Newtonian blood viscosity and rigid vessels were assumed. The numerical simulation of 

the flow field was carried out using a pressure correction finite element procedure. The 

procedure was used for time-dependent flow problems under low and moderate Reynolds 

numbers, and was based on pressure correction, using Glerkin finite element method as 

well as simple implicit finite differences for the time derivatives. Three-dimensional 

eight-node, isoparametric brick elements with trilinear velocity approximation and 

piecewise constant pressure were used. No information regarding computation time was 

provided.  

These same authors numerically studied the three-dimensional pulsatile flow and wall 

shear stress in the carotid artery bifurcation (Perktold, Resch et al, 2003). The same 

assumptions was considered in this study, where the computer simulation was based on 

the time dependent, three-dimensional Navier strokes equations for incompressible fluid 

flow. Using the finite element method, the discretization of the CAB model [where 
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symmetry was considered] created 9090 nodes, for each velocity component, and 7228 

pressure nodes. The node numbering was optimum: the resulting bandwidth [diagonal and 

a number of one-sided subdiagonals] of the matrix for each velocity component was W = 

189. The transient calculation was carried out on a mini super- computer CONVEXC1-

XP. The CPU time necessary for the calculation of the unknown velocity and pressure 

node values at a time step, where three to four iteration steps were applied, was 

approximately 7 to 9.5 minutes. One pulse cycle was approximately 14 hours. The applied 

accuracy condition of pulsatility of the solution required the calculation of a two and a 

half pulse cycle. 
 

(Steinman et al.,2005)  studied a numerical simulation of flow in a two dimensional end 

to side anastomosis model where the idealized case of unsteady laminar flow of a 

Newtonian fluid was considered in a two dimensional rigid walled model of anastomosis. 

It was assumed that there was no flow through the proximal end of the host artery 

corresponding to the case of graft implantation in a severely stenosed artery. The 

momentum and continuity equations in primitive variable form were solved by applying 

Galerkin finite element discretization in conjunction with penalty function decoupling (i.e, 

∇.u+εp=0 where ε=10-6). Quadrilateral element mesh was used for the simulation. For the 

steady and near sinusoidal code verification studies, The for the simulation. For the steady 

and near sinusoidal code verification studies, the mesh involved 752 elements and 4766 

velocity degrees of freedom. The computational domain extended 16 channel heights 

upstream along the host artery from the toe of the anastomosis and 10 channel heights 

upstream along the graft from the toe of the anastomosis. Also, time stepping was treated 

in an implicit manner, using the first order, accurate Euler Backward scheme; the 

resulting nonlinear equations were solved by Newtonian iteration. Simulation was carried 

out on a Cray XMP and on a Sun SPARC station II. For the unsteady cases, 60 time steps 

per cardiac cycle were used, and the resulting simulation took approximately one Cray 

CPU hour per cardiac cycle. For simulations of unsteady [periodic] flow, numerical 

convergence was considered to have occurred when the Euclidean vector norms of the 

velocity field at all corresponding times in two successive cycles differed  by  less than 

10-3.   In general three cycles were required to satisfy the criterion. 

(Rindt, 2001) studied a three-dimensional flow field in the carotid artery 

bifurcation. The Navier Stokes and continuity equations were used to determine the 

velocity and pressure. To eliminate the unknown pressure from the discretized Navier-
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Stokes equation, a penalized formula was used for the continuity equation. The local time 

derivative in the Navier Stokes equation was approximated by a finite difference method. 

A special-purpose mesh generator was used for the division of the CAB into bricks with 

27 nodes. Discretization of the Navier Stokes and continuity equations, in combination 

with a penalty function approach led to a system matrix with a symmetric profile. For the 

construction of an approximate solution of the Navier Stokes and continuity equations, the 

Sepran finite element package was used in this study. To save of memory usage, a profile 

storage technique was used. Super and mini super-computer were used in this study. 
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Chapter 2 
 
Rheology and Basic Equations of Fluid Flow 
 
 
 
2.1 Introduction 

 
In this thesis, we have need to refer to viscous and viscoelastic fluids, 

necessitating a brief background for these materials and their behaviour under flow. 

Hence, introducing the field of rheology, to which our primary concern is computational 

rheology. 

 

The term “Rheology”, founded by Professor M. Reiner and Professor E. Bingham, 

may be defined as the science of deformation and flow of matter. It is used to describe the 

properties of a large range of materials such as oils, foods, inks, polymers, clays, solids, 

asphalts, etc. Rheology is applicable to all materials, including the classical extremes of 

Hookean elastic solids and Newtonian viscous liquids (Bharadvaj,1991). A fluid is a 

substance that deforms continuously under the action of applied shear/extensional forces 

and stresses. Fluids may be classified as Newtonian or non-Newtonian. From the late 17th 

century, Newtonian fluids were considered as a standard to describe general fluid 

behaviour. The deformation of two different Newtonian fluids will occur at different rates 

under the action of the same applied shear stress. For example, Glycerine exhibits a much 

larger resistance to deformation than water. The Newtonian viscosity, μ, depends only on 

temperature and pressure, and is independent of time and shear rate. Examples of 

materials with such viscosity are water, sugar solution, milk, and mineral oil.  
 

Fluids which do not obey the Newtonian postulate are called non-Newtonian 

fluids. At a given temperature and pressure the viscosity of such fluids may depend upon 

other factors such as shear rate in the fluid. Non-Newtonian fluids are commonly 

classified as having time-independent or time-dependent behaviour. The viscosity of a 
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non-Newtonian time-independent fluid is dependent not only on temperature but also on 

shear rate. Fluids in which viscosity decreases with increasing shear-rate are called shear-

thinning or pseudo-plastic. Most non-Newtonian fluids fall into this group; examples 

include polymer solutions, colloidal suspensions, paint, shampoo, slurries, fruit juice 

concentrates, and ketchup. In contrast, if the fluid viscosity increases with increasing 

shear-rate, the fluid is termed as dilatant or shear thickening. Suspensions of starch and 

wet sand are examples of dilatant fluids. Pseudo-plastic fluids are more common in 

industrial applications than dilatant fluids. Bingham plastics are a special class of non-

Newtonian viscous fluids, which resist a small shear stress, i.e. yield stress, τy, prior to the 

onset of flow. Above this yield value, such fluids behave like Newtonian fluids. Examples 

are oil paints, toothpastes, grease, drilling mud, tomato paste, hand cream, ketchups and 

clay suspensions.  
 

In contrast, the viscosity of time-dependent non-Newtonian fluids depends not 

only on temperature and shear-rate, but also on the time the shear stress has been applied. 

For thixotropic fluids, the viscosity decreases in time; examples include yoghurt and 

paint. The opposite behaviour is called rheopexy. Rheopectic fluids exhibit a viscosity 

that increases with time, under a constant applied force, e.g. gypsum paste.  In industries, 

thixotropic fluids are more common than rheopectic fluids. 
 

The most universal dimensionless numbers, used to determine the type of flow, 

are Reynolds (Re) and Weissenberg (We)/ (Deborah (De)) numbers. These are defined, 

according to convention, by 

 

 ch ch ch
1

0 ch

U L U, ,  and 
L T

ρ λ
= = λ =

µ
Re We De 1   (2.1) 

 
where ρ represents the fluid density, µ0 fluid viscosity, Uch a characteristic velocity scale 

of the flow, Lch a characteristic length of the geometry, λ1 is a characteristic time of the 

fluid material,  and T is a characteristic time of the flow deformation process.  
 

In incompressible and isothermal Newtonian flow, the Reynolds number is 

expressed as the ratio of inertial forces to viscous forces, i.e. high Re corresponds to 

turbulent flow, whilst low Re implies laminar flow. In contrast, We (or De) is used to 

measure elastic effects in non-Newtonian flows. The definition of We as given in (2.1), 

which states that We is the product of relaxation time (or characteristic time of a fluid 
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material λ1) with shear-rate, is valid only for steady-state simple shear flows. However, in 

the solution of actual flow problems, De is the appropriate choice. It is the ratio of a 

characteristic time of the fluid material (λ1) to a characteristic time of the flow 

deformation (T). The time T is infinite for Hookean elastic solids, and zero for Newtonian 

viscous liquids. However, some mobile liquids with small characteristic time can appear 

as elastic solids in rapid deformation (Toshihisa  and Takeshi,2002). 
 
2.2 Basic equations 
 

This section deals with the formulation of basic equations on a macroscopic level, 

in order to predict the behaviour of a flow system.  These equations are derived from the 

conservation of mass and momentum, adopting a Cartesian co-ordinate system, 

displacement vector x and time t. 

 
2.2.1 The continuity equation 
 

The principle of conservation of mass may be expressed in differential form as 

 

 .( ) 0∂ρ
+∇ ρ =

∂
u

t
  (2.2) 

 

where t, u, and ρ are time, velocity and density of the fluid, respectively. For 

incompressible isothermal fluids, where density is constant, equation (2.2) reduces 

 . 0∇ =u   (2.3) 
 

Almost all liquids are incompressible and satisfy the continuity equation (2.3). 

However, some liquids are slightly compressible (Oka,2003); for example, fluids with 

bubbles and foams. In the present study, consideration is given only to those liquids 

which are essentially incompressible, and satisfy equation (2.3). 

 
2.2.2 Momentum equation 

 
The momentum transport equation of a fluid particle may be obtained from the 

principle of Newton’s second law of motion, which states that the sum of all external 

forces acting on the system is equal to the time rate of change of linear momentum of the 

system. The resultant forces include (i) all body forces e.g. gravitational, electric and 
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magnetic forces (ii) surface forces due to the Cauchy stress tensor. Thus the resultant 

momentum equation may be described as follows: 

  

 ρ( + . ) = . + ρ
t

∂
∇ ∇

∂
u u u σ F   (2.4) 

 

where σ denotes the Cauchy stress tensor, and F the body forces. From the principle of 

conservation of angular momentum, which relates the absence of torque, the Cauchy 

stress tensor may be considered as symmetrical (i.e. σij = σji). For incompressible fluids, 

stresses are expressed via the stress tensor τ, which differs from the symmetric Cauchy 

stress tensor σ by an isotropic term: 

 

 = +σ Ip- τ    (2.5) 

 

where p is an isotropic pressure field, and I is a unit tensor. 

 

  For Newtonian fluids, the stress tensor τ is defines as 

 

 2= µD  τ   (2.6) 

 

where the rate of deformation tensor D, is defined as  

 

 t1 ( )
2

= ∇ +∇D u u   (2.7) 

 

For an incompressible Newtonian viscous fluid, in the absence of body forces and 

using a linear relation between extra-stress tensor and the rate of deformation tensor, the 

celebrated Navier-Stokes equation emerges, 

 

 2 . p
t

∂
ρ = µ∇ − ∇ −∇
∂
u u u uρ .  (2.8) 

 
This equation may be derived  from equations (2.4), (2.5) and (2.6). 
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Fluids that cannot be described by the Navier-Stokes equation are called non-

Newtonian fluids. Usually, such fluids possess elastic as well as viscous properties, and 

are called viscoelastic fluids. The relationship between stress and deformation is more 

complicated than that of equation(2.6). Most importantly, it depends upon the whole 

history of the deformation, and not simply on its current state. Mathematical models for 

viscoelastic fluids are constantly being developed and tested, in an attempt to improve the 

modelling process for these fluids. The corresponding equations of momentum and state 

will be discussed in sec.2.4. 
 

2.3 Rheometry and material functions 
 

The behaviour of non-Newtonian fluids is often completely different from that of 

classical Newtonian fluids, and the knowledge of density and viscosity alone is not 

sufficient to predict a complete description of their flow. In contrast to Newtonian fluids, 

these fluids must be characterised by generalised material functions. Understanding the 

rheological properties of such non-Newtonian fluids is a vital step in the development of 

accurate physical models. 
 

Rheometry is concerned with the experimental characterisation of non-Newtonian 

fluids in the development of rheological equations of state (or constitutive equations), 

using simple shearing flows (or viscometric flows), such as Poiseuille and Couette flows, 

where kinematics are partly known and the stress is calculated. Other flows such as small 

amplitude oscillatory shear flow and extensional flow are also important in the study of 

non-Newtonian fluids. Generally, the behaviour of polymeric liquids in extensional flow 

is more difficult to analyse and can only be obtained within restrictive operating windows 

(in small regimes). Complex flows are the combination of such instances (i.e. shear and 

extensional flows). Flow characteristics of such complex flows cannot be predicted on the 

basis of shear viscosity alone. In the present study, both shear and extensional flows are 

considered. 
 

In a simple steady shear flow, the velocity field is defined as: 

 x y zv y , v v 0,
•

= γ = =   (2.9)

where 
•

γ  is called the shear rate and vx, vy and vz are the velocity components. The steady 
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shear material functions, viscosity (µ), first (N1) and second (N2) normal stress differences 

are defined by: 

 xy = •

σ
µ

γ
,  (2.10) 

 N1 = xx yyσ σ ,−   (2.11) 

 N2 = yy zzσ σ .−   (2.12) 

Sometimes the normal stress coefficients are used: 

 

 xx yy
1 2

σ σ
ψ ,

γ
−

=


  (2.13) 

 

  yy zz
2 2

σ σ
ψ .

γ
−

=


  (2.14)      

   

It is generally conceded that the second normal difference N2 is small in 

comparison to N1 (see Barnes et al. ,2001). 
 

Measurements of the extensional properties of fluids are important in many 

industrial processes, as well as in fundamental research, since many complex flows 

contain strong extensional components, including fibre spinning, extrusion and coating 

flows. Over the years, several attempts have been made to develop various experimental 

techniques to extract the extensional properties of fluids(Berg et al,2007,Tirtaatmadja and 

Sridhar,2007,Matta and RP,2002,Spiegelberg and McKinley,2008). 
 

In a simple shear-free flow, (or homogeneous pure uniaxial elongation), long-

chain molecules are stretched out when experiencing large velocity gradients. The 

following velocity field describes such flows when a rod of material is stretched 

homogeneously along its x-axis: 

 x y zv x, v y, v z,
2 2
ε ε

= ε = − = −
 

   (2.15)

where ε  is an extension rate. The extension rate tensor for this flow contains only 

diagonal components; hence the extension rate ε  is a constant. In addition, we require 

that the volume remains constant in such elongational flow.  
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All shearing-stress components vanish in such flows and so, by symmetry 

xy xz 0σ = σ = . The stress response for an incompressible fluid is then measured through 

the first normal stress difference (N1):   
 

 xx yy yy zz e ( , t)σ −σ = σ −σ = εµ ε    (2.16) 
 

where eµ  is the extensional viscosity that characterises the flow behaviour.  
 

The zero-extensional-rate extensional viscosity ( 0
eµ ) is approximately three times 

the zero-shear-rate viscosity. This relation is also true for all values of extensional ( eµ ) 

and shear (µ) viscosities for Newtonian liquids, that is e 3µ = µ (Barnes,2001). A fluid for 

which eµ increases with increasing ε  is said to be ‘tension-thickening’ or ‘strain-

hardening’. In contrast, if eµ  decreases with increasing ε , the fluid is termed  ‘tension-

thinning’ or ‘strain-softening’. 
 

The velocity field in biaxial extensional flow is defined as 
 

 x y zv x, v y , v 2 z,= ε = ε = − ε     (2.17) 

where ε  is a constant. This type of extension is equivalent to pulling out a sheet of liquid 

in two orthogonal directions simultaneously, with an equivalent decrease in sheet 

thickness. The corresponding stress field can be written in the form 
 

 zz xx zz yy eb ( , t),σ −σ = σ −σ = εµ ε    (2.18) 

  

 xy xz yz 0,σ −σ = σ =   (2.19) 

 

where µeb is the biaxial extensional viscosity. The relation between uniaxial and biaxial 

viscosity, (see Walters ,1992), is given by 
 

 µeb = µe(-2 ε ).  (2.20) 

 

In planar extensional flow, the sheet is stretched in the x-direction while its width 

in the z-direction is held constant. The kinematic conditions for such a flow are defined 

by 

 x y zv x, v y , v 0,= ε = −ε =    (2.21) 
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and planar extensional viscosity µep is given by 

  

 xx yy ep ( , t).σ −σ = εµ ε    (2.22) 

 

In the present study, consideration is given to both shear (reverse-roller coating) 

and uniaxial extensional (filament-stretching) flows. 

 
2.4 Constitutive Equations 
 

During the last few decades, great interest has been expended upon the study of 

non-Newtonian flows.  A large number of constitutive equations in differential form have 

been proposed in the literature, and used to describe the behaviour of viscoelastic liquids 

(Barnes,2001,Larson,2000). Generally, the constitutive models can be divided into two 

major classes: integral and differential type. The numerical integration of the constitutive 

equation  of integral type was analysed using both FD methods (FIDAP,2008) and FE 

methods (Tobin  and Chang,1988, Boughner ,1983). Integral models have the advantage 

that they admit more naturally a broad spectrum of relaxation times. Models of the 

differential type, on the other hand, are more easily incorporated into numerical schemes, 

as per se, they do not necessitate backtracking along material paths. The choice of 

constitutive equations depends on the problem investigated. In this thesis, only models of 

differential type are considered for the numerical simulations of incompressible 

isothermal complex flows. Below we describe some of the more popular constitutive 

models and their rheological equations. We retain the Oldroyd-B model in the present 

study. 
 

2.4.1 Generalised Newtonian Model 
 

The stress-tensor in generalised Newtonian flows may be described in the form of 

a Reiner-Rivlin model by  

 

 d d2 (II , III )= µ D,τ   (2.23) 

 

where IId and IIId are the second and third invariants of the rate-of-strain tensor D 

respectively and are defined by 
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 2
d

1II tr( )
2

= D   (2.24) 

and 

 dIII det( )= D   (2.25) 

 

where IIId vanishes in shear flow.  

 

2.4.2 Power Law Model 

 

This model describes the behaviour of the simpler generalized Newtonian fluids. 

It is mostly popular due to the number analytical solutions available which can be derived 

for this model. The Cauchy Stress tensor for this model can be described as:  

 ij

n

Dijij DIIKp
)

2
1(

42
−

+−= δτ     (2.26)  

and, η(S) is defined as: 

  η(S) = K S(n−1)/2 and S = DII4  

 

where n the Power law index and K is called the index of flow consistency.  

Based on flow index, the Power-law fluids behaves as a Newtonian when n=1, shear-

thinning (Psuodoplastic) for n < 1 and shear-thickening for n > 1. 
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Chapter 3 

 Numerical Scheme and Finite Element Descritization 
 

In this chapter, we describe the finite elements method used for discretization of 

Navier Stoke’s and Continuity equations in pulsatile flow. The hypothesis along with 

detailed solution procedures and calculations steps is also presented. 
 

3.1 Description 
 

The numerical analysis of blood flow in physiological geometries is complicated 

by a number of features: unsteady flow, complex arterial geometry, non-Newtonian fuild 

rheology, possibility of turbulence, and wall distension. A comprehensive numerical 

treatment including all of these effects has yet to be achieved; generally, one or more of 

the above mentioned featured is ignored or simplified. 
 

3.1.1 Unsteady flow 
 

Due to the nature of the cardiac cycle, blood flow is highly unsteady, which makes it 

one of the main obstacles in physiological flow studies. Therefore, including unsteady 

flow effects is essential to understanding flow features such as recirculation zones and 

wall shear stress. However, there are at least two reasons why steady flow studies are 

useful. 
 

• Understanding steady flow patterns provides a basis for understanding the much more 

complicated flow field expected under pulsatile flow 

• Large arteries experience a relatively constant forward flow during diastole, which 

occupies approximately two-thirds of the cardiac cycle  
 

With these considerations in mind, two physiological pulsatile cycles were used in the 

flow simulations with s asymmetric stenosis and a stenosis carotid artery bifurcation in 

order to analyze the variations of different parameters during a pulse cycles, which were 

important in this research program. 
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3.1.2 Arterial Geometry 
 

One of the most unique features of the circulatory system is its complex, tapered, 

branching network of distensible vessels. Although each factor must be taken into account 

when analyzing the overall system and the study of regional blood flow, the problem is 

simplified if the attention is focused on the effect of a localized stenosis. In this case, the 

taper of the vessel proximal and distal to the stenosis was negligible in comparison to the 

gross change is geometry created by the stenosis. In addition, time-dependent variations 

in vessel size caused by the pulsating arterial pressure were also small in comparison to 

changes induced by the stenosis. Thus, consideration of the stenosis as a rigid-walled 

constriction was a reasonable approximation for the study of local blood flow 

characteristics and by the fact the arteriosclerosis is an main reason for hardening of the 

arteries.  

Numerical studies usually use either an idealized and numerically convenient geometry, 

or one which is an average of a number of samples. The simplified two dimensional 

geometric idealization yields basic information, however an appropriate analysis requires 

that we consider the three-dimensional effects. The major exception is the secondary flow. 

When the flow is not unidirectional, secondary flow very likely occurs in 3-D flows 

where it is completely absent in 2-D flow situations. However, the occurrence of 

secondary flow depends not only on geometry but also on the flow. 

Reynolds number. The results of 2-D simulation provide the qualitative information on 

the nature of peak values of the significant parameters in both the time and space 

domains. They can also provide a solid qualitative understanding of the main centerline 

flow characteristics, and allow for parametric studies (E.g. varying the flow or 

geometrical parameters) which would otherwise be prohibitively expensive for 3-D cases.  
 

3.1.3 Non-Newtonian Fluid 
 

Blood consists of formed elements (Red blood cells, white blood cells, platelets) 

Suspended in plasma. Although plasma is a Newtonian fluid, blood exhibits non-

Newtonian behavior at low shear rates (Merrill ,1977) and can exhibit significant 

viscoelastic behavior. However, at higher shear rates commonly found in the larger 

arteries (above approximately 1 mm in diameter), blood generally behaves like 

Newtonian fluid (Taylor ,1959). The effects of Newtonian and no-Newtonian fluid on 
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various flow parameters were studies by (Sharp et al.,2008)), who reported substantial 

evidence indicating that abnormal flow phenomena, such as elevated shear stress, high 

turbulence levels, prolonged stasis2, and lysis3 of blood cells was observed at hear stresses 

in the ranges of 1500 dyn/cm2 for erythrocytes, 300 for leukocytes, and 100-150 for 

platelets (Sutera ,1977, Ojha .et al,2002). 
 

Threshold values depend on the nature and duration of shear. Hemolysis and/ or 

sub hemolytic damage to red blood cells may occur due to turbulent stress in the 

downstream wake of the stenosis.  Much lower values of shear stress cause aggregation 

and adhesion of platelets (Sutera ,1989, Ojha.et al,2002). Moderate shear stress results in 

the aggregation of white cells (Dewitz ,1989). Shear stress lower the 0.1 dyn/cm2  has 

been known to cause the deformation of red cells, (Goldsmith ,1983 ,Gold smith ,1984). 

Therefore, because white cells and platelets are also deformable, and as many of the 

functions of these cells are membrane-relate, it is shear stress of quit small magnitude. 

Indeed, the release of serotonin (an activator of thrombogenesis) by the platelets has been 

shown to increase with an applied average oscillatory shear stress of only 16.5 dyn/cm2 

(Goldsmith ,1983). 
 

Although there are regions of low shear stress in a the carotid bifurcation, there 

are several reasons why a Newtonian approximation is acceptable in modeling this flow. 

First is the fact that the Non-Newtonian behavior of normal human blood is only 

significant at very low shear stresses. Blood behave as a Newtonian fluid for τ>1.5 

dyn/cm2 (Bharadvaj et al,1994). In large arteries such as the carotid artery bifurcation, the 

shear stress value is greater than this value. According the sharp (Sharp et al,2008), the 

differences in local velocities, comparing Newtonian flow to Non-Newtonian flow, were 

(in all cares) less than 2% and 3% of the peak, local velocity and wall shear stress values, 

respectively.. 

In light of these facts, it appears very reasonable that viscoelasticity has a minor as 

straight tubes and blood is treated as Maxwell fluid. Even in more complex, yet normal 

arterial geometries, It would be hard to argue that viscoelasticity is significant locally. 
 

3.1.4. Turbulence 
 

 Generally speaking, most numerical studies us laminar flow to simulate blood 

flow in the arterial system. The use of laminar flow model is null when laminar and 

turbulent flow coexist. Experimental studies have revealed that laminar flow may become 
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highly disturbed distal to a moderate or severe stenosis. In these cases the critical 

Reynolds number at which flow becomes transitional or turbulent downstream to a 

stenosis is significantly reduced. For instance, it has been documented that the critical 

Reynolds number is 1100 for a 50% stenosis and 400 for a 75% stenosis (Jones 

,1997,Yongchareon  and Young ,1991). Disturbed flow distal to a stenosis may either 

remain laminar or transition to turbulent flow, depending on the flow rate through the 

stenosis and  the geometry of the stenosis. 

Laminar flow modeling usually underestimates shear stresses and pressure loss 

through an arterial stenosis if transitional/ turbulent flow occurs distal to the stenosis. 

Moreover laminar flow modeling cannot provide flow information such as turbulent 

kinetic energy and spectrum in the transitional/ turbulent flow region,  two factors which 

have a profound impact on the blood vessel wall (Turbulence flow may induce the arterial 

wall to vibrate and may directly lead to the adaptive change of the arterial wall) 

(Cassanova  and Giddens ,1990) and on blood cells (turbulent shear stress is more 

damaging of post-stenotic dilatation are also related to turbulence (Cassanova  and 

Giddens ,1990). 

 

Therefore, in this study, a simulation with a Reynolds number lower than its 

critical value was carried out under laminar flow; but with a Reynolds number higher than 

its critical value, the effects of turbulence were considered. This perspective presented in 

this thesis is a key point that has not been considered in other numerical studies. 
 

3.2. Numerical Background 

Based on the numerical approximations outlined in the previous section, the 

present work considered the flow of a Newtonian fluid in the following geometries: 

axisymetric stenosis, asymmetric stenosis, and stenosed carotid artery bifurcation. 

The finite elements method (FEM) is developed based on the weak formulation of the 

equations of viscous, incompressible fluids under isothermal conditions. The finite 

elements procedure begins with the division of the continuum region of interest into a 

number of simple shapes regions called elements. Within each element, the dependent 

variable υi and p are interpolated by functions of compatible order in terms of values to 

be determined at a set of nodal points. For purposes of developing the equations for these 

nodal point unknowns, an individual elements may be separated from the assembled 

system. 
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3.2.1 Galerkin Discretization 
 

To transform form a continues problem (infinite number of degrees of freedom) to 

a spatially discrete system of equations (finite number of  degrees of freedom), the 

momentum and continuity equations are spatially discretized using the Galerkin finite 

elements method where the differential equations are reformulated with an equivalent 

variational formulation in appropriate function spaces. The FEM expresses the velocity 

components and the pressure in terms of interpolation functions over each element of the 

subdivided flow domain.  
 

3.2.2 Governing equations  
 

Flow of an incompressible, homogeneous, and isothermal fluid is governed by the 

momentum and mass conservation equations.  
 

3.2.2.1. Momentum Conservation  
 

Application of the principle of conservation of linear momentum to a fluid 

element leads to the equations. 
 

ijijijj
i fuu

t
u

ρσρ +=





 +

∂
∂

,     (3.1) 

 

Where i,j represents two or three-dimensional flows, ui is velocity, ρ is fluid density, σ is 

the stree-tensor, and  fi  is the body force per unit mass. Most commonly, ρ fi is the force 

due to gravity (fi is the gravitational acceleration). More, generally, this term can be 

interpreted as nay linear combination of various forces. 
 

For a fluid the stress tensor can be written as: 
 

ijijpi τδσ +−=               (3.2) 
 

Where p is pressure, τij is the deviatoric stress tensor and is δij the Kronecker delta. The 

material properties of a fluid determine the constitutive relation between the deviatoric  

stress and the shear rate tensor defined by 
 

( ), ,
1
2ij i j j iu uε = +      (3.3) 

 



 37 

For viscous incompressible fluid used in this study it is assumed in FIDAP that this 

constitutive relation has the form  
 

2ij ijτ µε=       (3.4) 

 

where µ is the dynamic viscosity. 

3.2.2.2. Mass Conservation 

 

Application of the principal of mass conservation to the fluid results in the equation. 

 

    ( ) 0j j
u

t
ρ ρ∂

+ =
∂

     (3.5)  

 

For an incompressible fluid the equation of the state simply takes the form that the 

density is constant, 

ρ = ρ0       (3.6) 

 

( )0 0( . )u u u p div u f
t

ρ µ ρ∂ + ∇ = −∇ + ∇ + ∂ 
     (3.7) 

 

The continuity equation is also expressed in the following way: 
 

. 0 . . 0u v wu i e
x y z

∂ ∂ ∂
∇ = + + =

∂ ∂ ∂
              (3.8) 

 

The form of equation (3.7) is known as the Navier-Stokes (N-S) form of the 

momentum equation. The advection (convection) term of these equations has an intrinsic 

non-linear form in which it does complicate the nature of the N-S equations. In spite of 

this complication, the computer simulations of local blood flow phenomena in arteries 

require these equations in complete form because the omitting of the nonlinear part of the 

N-S equations cannot be successfully accomplished with the occurrence of flow 

separation and secondary flow motion which occurs in stenosed arteries.  
 

3.2.3 Non-Dimensionalization  
 

Working with dimensionless formulation of problems has many significant 

advantages. Non dimensionalization means, in essence, choosing a typical or 
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characteristic value for each variable and relating the actual value of the variable to the 

characteristic value. Scaling the fundamental variables with respect to typical values and 

constructing dimensionless parameters provides a measure of the relative importance of 

the various terms in the equations and identifies the dominant physical phenomena. This 

in turn allows an estimate of the difficulty of the problem and gives insight into meshing 

requirements as, for example, when thin boundary layers occur.  

 Along the requirements of this study, depending on the reference time scaling, the 

continuity and Navier-Stokes equations may be written in two non-dimensional forms 

with no body forces: 
*2

* * * 2 *
*

4 1.
Re Re

u u u p u
t

α ∂
+ ∇ = −∇ + ∇

∂
   (3.24) 

Or 
*

* * * 2 *
*

1.
Re

u u u p u
t

∂
+ ∇ = −∇ + ∇

∂
            (3.25) 

Where u* = (u*,v*,w*), p*
 and t* denote the normalized non-dimensional flow velocity, 

pressure, and time, respectively. The velocity components u*, v* and w* are related to the 

Cartesian coordinates x*, y* and z*
. The normalization is done with respect to a 

characteristics length D (diameter of an unconcluded artery), a characteristic velocity Um 

(mean flow velocity in space and time) and a characteristic time T (pulse period). Re and 

α denote the time-mean Reynolds number and the Womersley number, respectively, and 

are defined as: 

Re mU D
ν

=   ; 
v

D ωα
2

=    (3.26) 

In equation (3.24), the no-dimensional units of lengths, time, velocity and pressure are: 

* xx
D

= ;  *t tω= ;  *
m

uu
U

= ;   *
2
m

pp
Uρ

=             (3.27) 

* xx
D

= ; *
1

m

tt
LU −= ;  *

m

uu
U

= ;   *
2
m

pp
Uρ

=    (3.28) 

Where x, t, u and p indicate physical units. The other mathematical symbols have 

standard meaning: ω is angular frequency, ρ is constant fluid density, and ν is kinematic 

molecular viscosity. In the present study, the no-dimensional form of equation (3.25) was 

used. 
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3.2.4 Formulation of the Discrete Problem  

 

The main purpose of the finite element method is to solve numerically complex 

continuous systems for which it is not possible to construct any analytic solution. In order 

to employ finite element discretization, a physical problem should be characterized by a 

variational formulation. Weighted residues were used for transforming the differential 

formulation into an equivalent variational formulation. By this method, any set of partial 

differential equations is transformed into an integral expression which depends on the 

choice of weighting functions employed. The manipulations required to transform the 

field equations into a discrete system are therefore outlined in this section.  

 In order to derive the weak formulation of equations (3.24 and 3.25), it is 

necessary to provide the following definitions. 

 

A norm . on X, where X is a vector space, is a function from X to R such that 

 

 x 0 and x 0≥ = if and only if x=0, (3.29) 

  

  x x x  and scalr (R,C)α = α ∀ ∈ α ∈X , (3.30) 

  

  x y x y x, y+ ≤ + ∀ ∈ X .  (3.31) 
 

A vector space, equipped with a norm, is termed a normed-vector space. 

A metric space is a pair (X, h), where X is a set of elements and h a distance (or 

metric function) 2h : X R→  such that for all x, y, z ∈X: 
 

 h(x, y) 0, h(x, y) 0 x y≤ = ⇒ = ,  
 

 h(x, y) h(y, x)= ,  
 

 h(x, z) h(x, y) h(y, z)≤ + .  
 

Every normed-space is a metric space, where h (x,y) = x y− .  

A sequence j j 1{x }∞
=  is termed a Cauchy sequence, if  

  



 40 

A metric space (X, h) is called complete, if every Cauchy sequence in X 

converges. Every complete metric space is called a Banach space.  
 

Let Ck(Ω) denote the set of functions which together with all derivatives up to and 

including the k-the derivative are continuous. Let us denote the notation Lp(Ω) as the set 

of all functions for which 

 p 1/ p
p

f ( f (x) dx)≡ ∫ .    

space, which is complete with respect to the norm defined by the inner product. Let 

us denote L2 ( )Ω as the space of square-integrable functions over ( )Ω , and let , be the 

scalar product defined as  
 

 2v, w vw d  for v,w L ( )
Ω

= Ω ∈ Ω∫ ,   

 

where the L2-norm is given by 
 

 1/ 2

0,
w w, w

Ω
= .    

 

A Sobolov space can be defined as a subspace 1 2H ( ) L ( )Ω ∈ Ω , for which the H1-

norm is finite and defined by  
 

 1/ 2
1,

w ( w, w w, w ) .
Ω

= + ∇ ∇    

 

Similarly, a Sobolov space 2H ( )Ω is a space for which the H2-norm, given by 
 

 2 2 1/ 2
2,

w ( w, w w, w w, w )
Ω

= + ∇ ∇ + ∇ ∇ ,   

is also finite. 
 

Thus, we have 
 

 1{ H ( )}Φ = φ∈ Ω ,     

  

 2{ L ( )}Ψ = ψ ∈ Ω .    
 

In discretization, within each element, the velocity and pressure fields are 

approximated by  
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( ) ( ) ( ) ( )

( ) ( ) ( )

1

1

,

( , )

N
T

i m i i
m
N

T
l

l

u x t x u t u t

p x t x p t p t

ϕ

ψ

=

=

= = Φ

= = Ψ

∑

∑
             (3.32) 

 

Where ui, and p are column vectors of element nodal-point unknowns, and φ and 

ψ are column vectors of the interpolation functions. j ( )φ ∈Φx  are piecewise quadratic 

basis functions for velocity and k ( )ψ ∈ Ψx are linear basis functions for pressure. In two 

dimensions, triangular meshes are employed on the spatial domain Ω. 

The same basic functions are herein used for all components of the velocity; these 

functions could be different for each component and but cost-effective restriction. 

Substituting of these approximations in the field equations and boundary conditions 

yields the following set of equations:  

 

f1(φ, ψ, ui, p)  = R1  Momentum 

f2(φ, ui)  = R2  Continuity    (3.33) 

 

where R1 and R2 are the residuals resulting from the use of the approximations of 

equation (3.9). The Galerkin form of the Method of Weighted Residuals seeks to reduce 

the errors to zero (in the sense of weight) by making the residuals orthogonal to the 

interpolation functions of each element (i.e.,φ, ψ). These orthogonal conditions are 

expressed as. 

 

(f1, φ)  =  (R1,  φ)   =  0 

(f2, ψ)  =  (R2,  ψ)  = 0         (3.34) 

 

 

3.3. Finite Element Analysis 

 

For the simulation of complex flow problems, analytical methods are beyond 

grasp, and we must therefore appeal to numerical methods. In this respect, one seeks 

accurate, stable and robust schemes. The framework of the current study for viscous 
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flows, is based on a Taylor-Galerkin/pressure-correction (TGPC) algorithm, as proposed 

by Townsend and Webster (Sutera ,1989). This algorithm was developed to solve viscous 

incompressible flows of generalized non-Newtonian and viscoelastic fluids. The 

pioneering work on Taylor-Galerkin schemes was presented by Donea (Giddens  et al 

,1988) for time-dependent one-dimensional convection-diffusion problems. The 

discretisation of time-terms in the Donea formulation was based upon Euler, leapfrog and 

Crank-Nicolson time-stepping procedures. Zeinkiewicz et al. (Young  and Tsai ,1985) 

developed Taylor-Galerkin methods further, introducing the two-step Lax-Wendroff 

explicit form for one-dimensional problems and considered the case of conservation laws 

(multi-dimensional, compressible flows). As a counterpart, pressure-correction schemes 

for viscous incompressible (Stokes to Navier-Stokes) flow have been available since the 

early theoretical work of (Temam,1972) and (Chorin,1989). Second-order pressure-

correction versions were introduced by (Van Kan,1998) for viscous incompressible flows, 

utilising FD discretisation and Crank-Nicolson time-splitting. The combination of these 

ideas first emerged for viscous, incompressible non-Newtonian flows (including 

viscoelastic) in Townsend and Webster. This was initially proposed with explicit time 

discretisation for viscous momentum terms. Hawken et al. advanced the implementation 

for viscous flows to a semi-implicit form, with Crank-Nicolson splitting for viscous 

flows. This form was then taken up in the viscoelastic context subsequently by Carew et 

al.  

 

The present numerical approach as implemented, possesses many of the above features. 

The formation applies a temporal discretisation in a Taylor series, prior to a Galerkin 

spatial discretisation. A two-step Lax-Wendroff approach is involved, based on a Taylor 

series expansion up to second-order in time. Finally, a projection (or pressure-correction) 

method is applied to complete the fractional step structure. Once this semi-discrete 

structure is extracted spatial discretisation may be imposed, here in FE form. 

 

3.3.1 Time-stepping scheme 

Through the use of explicit temporal semi-discretisation over a time step [tn, tn+1] 

on equation (3.25), we may gather 
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 n 1 n n n+1
2

2 ( ) [ .(2 ) ] p
t

+ − = ∇ µ τ ∇ ∇
∆

u u D u uRe Re+ - . -  (3.35) 

 n+1. 0∇ =u . (3.36) 

This is Euler time-stepping for equation (3.25). Taylor-Galerkin alternatives 

emerge as follows. 

In order to obtain the solution of u and p at time level (tn+1), in terms of u and p 

at time-level tn, the semi-discrete equation (3.35) can be modified into fractional stages 

as: 

Stage 1a:   

 
1n n n2

2
2 ( ) [ .(2 ) p]

t
+

− = ∇ µ ∇ ∇
∆

u u D u uRe Reτ+ - . - ,  (3.37) 

with solution at time level tn+1, given by 

 
1n+n+1 n n n 12

2( ) [ .(2 ) ( . )] ((1- ) p p )
t

+− = ∇ µ + ∇ θ ∇ + θ∇
∆

u u D u uRe Reτ - -  (3.38) 

where 0 1.≤ θ ≤  For second-order accuracy in time the Crank-Nicolson choice of =0.5 

is adopted on pressure terms. Hence, equation (3.38) can be expressed as: 

 
1n+n+1 n n n 12

2( ) [ .(2 + ) - ( . )] p q
t

+− = ∇ µ ∇ ∇ − θ∇
∆

u u D u uRe Reτ -  (3.39) 

where qn+1 = pn+1-pn is a pressure-difference term. To find u and p at time-level tn+1, 

separately, an intermediate non-divergence-free velocity field u* is introduced over a 

stage 1b: 

Stage 1b:  

 
1n+* n n2

2
Re ( ) [ . Re( )] [ .(2 ) p]

t
− = ∇ ∇ + ∇ µ ∇

∆
u u u u D -τ - . .  (3.40) 

As a consequence, pressure is evaluated through stage 2, 

Stage 2: 

 2 n+1q
t

∇ = ∇
θ∆

uRe * ,  (3.41) 



 44 

so that, finally, an incompressible velocity field at tn+1 is recovered at  stage 3, 

Stage 3: 

 n 1 * n+1Re ( ) q .
t

+ − = θ∇
∆

u u -   (3.42) 

 

These fractional-stages are processed consecutively for the primitive variables, 

from one time-step to the next, proceeding from the given initial conditions. The solution 

may be sought at steady-state or to observe evolving transient structure. In stage 1a, a 

velocity field at time-step [tn+1/2], is evaluated using the information gathered at the 

previous time step [tn]. In stage 1b, a non-divergence-free velocity field u* is calculated 

employing the two-step Lax-Wendroff scheme. This is then used in stage 2, through a 

Poisson equation, to determine the pressure-difference over the full time-step interval, [tn, 

tn+1]. At stage 3, the velocity field is corrected, utilising the pressure- difference and the 

non-divergence-free velocity fields.  

 

The weighted-residual equivalent form of equations ((3.37),(3.40)-(3.42)) can be 

introduced by projecting the momentum equation (3.7) onto a space of test function Φ 

and the incompressibility constraint (3.8) onto test function space Φ. The test function φ 

must satisfy homogeneous Dirichlet boundary conditions on Φ (components of test 

functions vanish on parts of the boundary, where the velocity components are prescribed). 

Thus the system of fractional-staged equations ((3.37),(3.40)-(3.42)), may be expressed in 

a weak form as: 

Stage 1a: 
1n n n n2

2
2 ( )d [ .(2 ) ]d ( ) Re [( . ) )] d ,

t
+

Ω Ω Ω Ω

φ − Ω = φ ∇ µ + Ω − φ ∇ − φ ∇ Ω ∀φ∈Φ
∆ ∫ ∫ ∫ ∫u u D u uRe pτ      

Stage 1b: 
1n* n n2

2
2 ( )d [ . Re( . )] d [ .(2 ) - ] d ,

t
+

Ω Ω Ω

φ − Ω = φ ∇ − ∇ Ω+ φ ∇ µ ∇ Ω ∀φ∈Φ
∆ ∫ ∫ ∫u u u u DRe pτ  (3.43) 

     

Stage 2: 2 n 1 *2 q d ( )d ,
t

+

Ω Ω

ψ∇ Ω = ψ ∇ Ω ∀ψ ∈ Ψ
∆ θ∆∫ ∫ uRe Re

t
  (3.44) 
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Stage 3: 

 
n 1n 1 *( )d q d ,

t
++

Ω Ω

φ − Ω = −θ φ∇ Ω ∀φ∈Φ
∆ ∫ ∫u uRe   (3.45) 

 

Following the notation of (Cuvelier et al.,1998), the velocity and pressure fields 

are approximated by U(x,t) = Uj(t)φj(x) and P(x,t) = Pk(t)ψk(x), where U, P represent the 

vectors of nodal values of velocity and pressure, respectively. j ( )φ ∈Φx  are piecewise 

quadratic basis functions for velocity and k ( )ψ ∈ Ψx are linear basis functions for 

pressure. In two dimensions, triangular meshes are employed on the spatial domain Ω. 

To avoid severe diffusive stability constraints, Hawken et al., adopted a semi-implicit 

Crank-Nicolson representation with =0.5. Aside from the natural implicitness 

introduced through FE temporal discretisation, this introduces semi-implicitness through 

the diffusion terms, over stage 1a and 1b (3.43). The corresponding semi-implicit Taylor-

Galerkin/Pressure-correction (SITpak) form of equations ((3.43)-(3.45)) may then be 

expressed in matrix-form as: 

Stage 1a:  

 
1n n n T n22( M S)(U U ) { [ S N(U)]U B F} L P

t 2
+

2
2

µ
+ + = − µ + − +

∆
T +Re Re  (3.46) 

Stage 1b:  

1n* n T n2( M S)(U U ) { [ S N(U)]U B F} L P
t 2

+
2

2
µ

+ − = − µ + − +
∆

T +Re Re  (3.47) 

Stage 2: 

n 1 n *2K(P P ) LU
t

+ − = −
∆
Re  (3.48) 

Stage 3:  

n 1 * T n 1 n1M(U U ) L (P P ).
t 2

+ +− = −
∆
Re   (3.49) 
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where M, S, N(U), L, K, are consistent mass-matrix, diffusive matrix, convection matrix, 

pressure-gradient matrix, pressure-stiffness matrix, respectively. These matrices can be 

expressed through indicial notation as,  

 

ij i j

ij i l l j

j
k ij i

k

ij i j

ij i j

M d ,

N(U) U d ,

((L ) ) d ,
x

K d ,

S d .

Ω

Ω

Ω

Ω

Ω

= φ φ Ω

= φ φ ∇φ Ω

∂φ
= ψ Ω

∂

= ∇ψ ∇ψ Ω

= ∇φ ∇φ Ω

∫

∫

∫

∫

∫

  (3.50) 

 

  The elastic stress matrix B and vector F containing contributions of natural boundary 

conditions, are given; viz 

 

 

2

1 2
jk

ij i1 2
k

i i 2

B B 0
, (B ) d ,

x0 B B

F d .

Ω

Γ

  ∂φ
= = φ Ω  ∂ 

= φ Γ

∫

∫

B

2g
 (3.51) 

For axi-symmetric formulations, d rdrdzΩ = ; in a Cartesian reference frame 

d dxdyΩ = . 

Here, we have chosen to adopt the same boundary conditions for u* as for un+1, 

proposed in Townsend and Webster. For steady-flow BCs, this implies that velocity on Γ1 

will remain fixed across all time-steps. Hence, homogeneous Neumann boundary 

conditions are imposed on temporal pressure-difference gradients, which arise naturally in 

the weak weighted-residual form of equation (3.41). For time-independent boundary 

conditions, this choice is exact. For time-dependent boundary conditions, for smooth 

pressures, we observe pn+1- pn = O(∆t) and therefore, by equation (3.42), the error in the 

boundary conditions will be O(∆t2). A fixed datum on (pn+1- pn) completes the 

specification. 
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3.3.2  Penalty Approach  

 

The set of equations resulting from the Galerkin’s finite element method are 

difficult to solve, because it has a special character due to the absence of the pressure 

parameter in the discretized continuity equation which partially decouples it from the 

momentum equations. When a direct method is used, the absence of the pressure 

unknowns in the discretized presence of zeros in main diagonal and the use of a direct 

solving technique necessitates applying a partial pivoting. Partial pivoting procedures, 

however, are very time and memory consuming and should be avoided if possible.  

 

 One way of avoiding this problem is to introduce a pressure variable in the 

continuity equation. This method is called the “penalty function method” which has been 

described in detail by Cuvelier et al. (1998). The substituted equations are called a 

“perturbed system of equations” in which the continuity requirements are weakened and 

replaced by  

ui,j = -∈p 

Where ∈,the penalty parameter, is small-typically ∈∼10-5-10-9. Physically, this can be 

equated to simulating the flow of a slightly compressible fluid. It can be shown that for 

both the Stokes and Navier-Stokes equations, if (u∈,p∈) is the solution of the perturbed 

system, then under certain conditions. 

||u – u∈||+|| p – p∈|| < C∈ ; C=C(Ω,ƒ)   (3.52) 

Thus, the perturbed system can be solved, replacing the original system without losing 

any significant accuracy, provided ∈ is small enough. The variable p∈ is then recovered 

by post-processing from the velocity field by  

,
1

i jp u∈ ∈
=

−
∈

      (3.53) 

The penalty form of the continuity equation (i.e, perturbed system of equations) can be 

discretized in the same way as the unperturbed continuity equations by Galerkin’s finite 

element method, which leads to  

CTU = ∈MpP     (3.54) 

Where Mp is the pressure matrix.  

 



 48 

3.4.Solution methods for resultant algebraic systems 

 

The solution of large, sparse systems of equations resulting from the finite element 

discretisation of the governing equations (3.1) leads to sets of non-linear algebraic 

equations, consisting of matrices (3.46)-(3.49) associated with various terms of the 

original differential equations. For the solution of these systems, linearization is 

incorporated, and for resultant linear systems, both direct and iterative methods of 

solution are employed.  

 

Direct methods normally give rise to large matrices for large problems albeit 

sparse, and this can cause significant computational overhead. In contrast, iterative 

methods, such as Jacobi or Gauss-Seidel, take full advantage of the sparsity pattern that 

arises in the associated matrices. Here, an element-by-element approach is adopted that 

avoids explicit mass-matrix assembly, necessitating storage of only element contributions. 

 

A general system of the following form emerges 

 

 Mx = b  (3.55) 

 

Here, M is the mass matrix, x is the unknown solution-difference vector over a 

time-step [tn, tn+1], and b is the associated right hand-side vector. We have used a Jacobi-

iteration method in stage 1 and 3, and a direct method (Cholesky decomposition) in stage 

2 for pressure. The mass-matrix M is banded, symmetric and positive-definite (SPD). Its 

particular structure renders iterative methods appropriate.  

 

To calculate the unknown vector x, in equation (3.55), at time-level tn+1 requires 

computation of M-1, or some equivalent elimination method. This is achieved by 

diagonally preconditioning the matrix M (often termed, mass lumping).  

 

Mass lumping is a technique that is used widely to diagonalize a banded matrix 

M. A mass-matrix that is unlumped is referred to as a consistent mass-matrix. In the 

present work, an absolute-value, row-sum mass-lumping approach is adopted (see Ding et 

al.). Consider a mass-matrix M of order [n x n] given by 
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11 1n
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M =


  



 

  

The matrix M is then replaced by lumped matrix Md , defined by 

 

 d d
ijm 

 M =  

where 

 d n
ij

ik
k=1

0 if i j
m

m if i=j

≠



∑

=  

 

In Jacobi iterative form, equation (3.55) can be written as 

 

 d (k 1) d k( )+ = − ω + ωM x M M x b   (3.56) 

 

Here, Md is a diagonal matrix of the mass matrix, xk is an unknown vector of 

iteration k of the Jacobi iteration, and ω represents an acceleration parameter, ω> 0. When 

ω=1, the conventional Jacobi scheme emerges. In contrast, for ω> 1, the scheme is termed 

accelerated Jacobi iteration. For efficiency, the relaxation parameter ωis taken as unity 

throughout this thesis. For justification, and more detail, the reader is referred to Hawken 

et al. and Ding et al. 

 

For truncation criteria of the time-stepping loop, relative increment norms L2 and 

Lµ  are used on primitive variables. These truncation criteria  are defined as: 

 

 
n 1 n

r
n 1r

r

E(x) .
+

+

−
= ≤ ε

X X
X

  (3.57) 

 

where Xn represents the solution vector at time step n.  ∆t signifies the time-step and ε a 

(small) tolerance factor to represent the error, respectively. For r=2, the L2 error norm, 

i.e., a root-mean-square measure of the relative difference between numerical solutions at 
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successive time-steps, is recovered. L (r )∞ = ∞  gives the maximum relative difference in 

the numerical solution between successive time-step cycles.  

 

3.5 Solution Procedures  

 

The solution of the nonlinear system of matrix equations represents the most time- 

consuming step of the analysis, which is approximately 80% of the total computer time. 

Therefore, the decision as to which solution algorithm to use for this phase can govern 

and ultimately limit the size of the finite element model that can be treated.  

SITpak algorithm[Chandio and Webster, 2002] is used in this study to solve the nonlinear 

system of matrix equations (arising from the FEM discretization of the flow equations) is 

one in which each conservation equation (velocity component, pressure) is solved 

separately in a sequential manner. This algorithm is referred to as the Segregated 

algorithm. The following lines provide a detailed description of this algorithm.  

The fully coupled solution approach requires the formation of the global system matrix 

which includes all of the unknown degrees of freedom associated with the discretized 

problem. For unusually large two-dimensional and most three-dimensional problems, the 

computer storage required for the global system matrix can become excessive, typically 

exceed the available computer resources, namely, the combination of CPU and peripheral 

disk storage.  

The segregated solution algorithm has been designed to address large-scale 

sirnula.tions. It is essentially based on the implicit approach and has many features in 

common with the standard implicit approach found in the SITpak. The global matrix is 

decomposed into smaller sub-matrices, each governing the nodal unknowns associated 

with only one conservation equation. These smaller sub-matrices are then solved 

sequentially using the direct Gaussian elimination method. As the storage required for the 

individual sub-matrices is considerably less than that needed to store the global system 

matrix, the storage requirements of the segregated approach are substantially less than. 

that of the fully coupled approach. In addition, the savings in storage becomes more 

pronounced as the size of the problem and the number of conservation equations involved 

increase. It is important to point out that owing to its sequential nature, the segregated 

algorithm will require more iterations to converge to a. solution. On the other hand, the 
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CPU time required to perform one iteration in the segregated method is substantially less 

than one iteration in the fully coupled solver. 

In the segregated algorithm, equation 2.18 is never formed directly. Rather, in two-

dimensional Navier-Stokes equations, it is decomposed into the following set of 

decoupled sub-matrix systems for the two components of the momentum and the 

continuity equation:  

 

0

u x u

v y v

T T
x y

K u C p f
K v C p f

C u C v

− =
− =

− =

    (3.58) 

 

In the above equations, the Ku and Kv, matrices incorporate the combined effects of 

advection and diffusion, and in the case of time dependent flows, the effects of the 

temporal terms. The Cx and Cy matrices and their transposes are the pressure gradient and 

velocity divergence operators, respectively. Finally, the righthand-side ƒu , ƒυ and ƒT 

vectors represent the combined effects of gradient type boundary conditions, source/sink 

processes, and in the case of time-dependent flows, contributions from the previous time 

level.  
 

3.6  Boundary and Initial Conditions  
 

To solve the velocity and the pressure from the momentum and continuity equations 

for t > t0 in a domain Ω with boundary S, it is necessary to prescribe appropriate boundary 

and initial conditions on each segment of the boundary of the computational domain. Two 

types of boundary conditions are applied on every point of the boundary S of the 

domainΩ.  

• The condition on each parameter (Dirichlet or essential boundary condition)  

u = us  on  Su 

Where Su, represents the part of S where u is specified.  

• The condition on u
n

∂
∂

or flux condition (Neumann or natural boundary condition)  

s
u f
n

∂
=

∂
    on      Sƒ 
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Where Sf is the remaining part of boundary S where the flux is specified.  

For the momentum and continuity equations in a D-dimensional space (D=2,3), D 

boundary conditions are required for the velocity or stress in D independent directions. In 

their general form, these boundary conditions read as  
 

u.n or (σ.n) . n ≈  σn 

u.td or (σ.n) . td  ∼ σtd    (3.59) 
 

prescribed on S for t > t0, with n the normal unit vector and td the tangential unit vector on 

S.  

For the internal flows under consideration here, four types of boundary groups are 

generally encountered to impose the boundary and initial conditions: inlet, wall, outlet 

and symmetry. On the inlet boundary, u is constrained via Dirichlet boundary conditions 

to describe specified, time-dependent velocity profiles, hence fixing the flow into the 

system. In this case, the equation for an inlet node was simply:  
 

uinlet = u(t)         (3.60)  
 

For the wall boundaries, the no-slip condition was valid implying that the fluid 

velocity along any of these had to be equal to zero; therefore,  
 

uwall = 0         (3.61)  
 

The outflow boundary condition is imposed in a truncated computational domain. 

This boundary condition is more complicated because, when incorrectly applied, it can 

corrupt the upstream solution. At an outflow boundary the surface stress vector σi at a 

point on the boundary of a fluid element is defined by  
 

σi = σij nj  ;  σij = -pδij + µ (ui,j + uj,i)   (3.62)  
 

Where σij , is the stress tensor and ni is the unit normal vector at the boundary. The 

normal component of the stress vector is  

 

σn = σi ni  =  -p +µ(ui,j +uj,i)ninj     (3.63) 
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The natural boundary condition forces σn is set to equal to zero (in a weighted 

sense). If as in most cases, the viscous contribution to the normal stress is small, then the 

effect of this boundary condition is to force the pressure p to be close to zero at the 

outflow.  

 

3.7 Computational Considerations  

 

3.7.1 Choice of elements 

 

The first step in the application of the finite element method to any problem is the 

division of the domain into a finite number of non-overlapping sub-regions, termed 

elements. In two dimensions, the obvious choices for elements are triangles or 

quadrilateral. Both shapes have been used successfully within the finite element context. 

Quadrilaterals were used by Brooks and Hughes, Obiad and Townsend, Yao and 

McKinley and Sizare and Legat and. Alternatively, triangles have been implemented by 

Taylor and Hood and Chandio et al(). 

 

 

    
 

 

       (a)       (b)  

 

Figure 3.1: Common triangular elements for incompressible flows; (a) Taylor-Hood 

element, (b) Crouzeix-Raviart element. 

 

The type of the element selected can be from either the Taylor-Hood family 

(continuous pressure), (see fig3.1.a) or from the Crouzeix-Raviart family (discontinuous 

pressure) (see fig3.1.b) (Cuvelier,1998). The intention is to use a primitive-variable 
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formulation for the momentum equation. An element is required to interpolate velocity 

(and stress) and pressure fields. The element selected is the Taylor-Hood triangular 

element; with three corner- or vertex-nodes and three mid-point or edge-nodes, see figure 

3.1.a. Velocity (or stress) variables through quadratic interpolation are associated with all 

six nodes, whilst pressure is linked to the three corner-nodes only. Thus, with this basis, 

the element is capable of exactly interpolating a quadratic velocity field and linear 

pressure field. This choice appears to be a reasonable compromise between accuracy and 

simplicity. 

 

3.7.2 Numerical integration and FE shape functions 

 

For triangular (simplex) element shapes, we may appeal to canonical coordinates 

to generalize the element reference, through area coordinates (also known as natural or 

barycentric coordinates) denoted by ξi (i = 1,…,3). This coordinate system permits exact 

evaluation of integrals, arising from finite element discretisation. As in figure 3.2, each ξi 

coordinate varies linearly, taking a value zero on one of the sides and varying to a value 

of unity at the opposite vertex.  

Thus, the shape functions for a linear triangular element (with 3 nodes on its 

vertices), can be defined as  

 

 Ni = ξi, i=1,2,3  (3.64) 

 

where equations (3.64 satisfy the following consistency relation  

 

 
3

i
i 1

1
=

ξ =∑ .  (3.65) 

  

For a quadratic triangular element (with six nodes, three vertices and three mid-

side nodes), the shape functions adopt the form, 
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N 4 ,
N 4 ,
N 4 .

= ξ ξ −
= ξ ξ −
= ξ ξ −
= ξ ξ
= ξ ξ
= ξ ξ

  (3.66) 

  

 

 
 

Figure 3.2: Barycentric coordinate systems. 

 

A useful feature of the barycentric coordinate system is that exact integration 

formulae apply. These may be generalised for n-dimensional simplex regions, viz, 

 i n 1

n 1

i
m m i
i n 1 n 1

e
i

i

(m !)
... de n! e ,

n (m ) !

+

+

+ +
ξ ξ =

 + 
 

∏
∫

∑
  (3.67) 

 

where mi are non-negative integers and |e| denotes the volume of the n-simplex regional 

element. 

Since higher-order interpolation functions, for example, quadratic, cubic, etc, may 

be defined hierarchically upon linear-forms, all orders of function may be accommodated 

in this fashion. Nevertheless, matrix integrals may be evaluated numerically using 

quadrature rules, appealing to the inverse coordinate-transformation Jacobian matrix (see 

below). This is particularly relevant for non-linear integrals, that defy characterisation 

through polynomial reference to base interpolation functions. Solving two-dimensional 
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problems generates double spatial integrals; equivalently, triple for three-dimensional 

forms. Mapping a typical 2D-elemental region onto the canonical unit square, Gauss-

Legendre quadrature rules are appropriate of the form: 

  

 
q qN N

1 1

i j i j1 1
i 1 j 1

f (x, y)d w w f(x , y )
+ +

− −
= =

Ω =∑∑∫ ∫   (3.68) 

where Nq implies the number of quadrature points to the rule, { } qN
i i 1

w ,
=

the selected set of 

weights over the quadrature points.  

 

 

   
 

Figure 3.3: (a) Local triangle and (b) global triangle. 

 

 To evaluate integrals on general regions, using equation (3.68), we must introduce 

a transformation from the element area of type dΩe = dxdy to dΩ’ = dξdη. This is 

accomplished via 

 

 ed dxdy det( )d det( )d d′Ω = = Ω = ξ ηJ J   (3.69) 

 

The coordinate system (ξ,η) is constructed, as illustrated in fig.3.3, and the 

coordinates (ξ,η) at nodes 1,2 and 3 are (0,0), (1,0) and (0,1), respectively. J represents 

the Jacobian coordinate transformation matrix, given by 
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x y

x y

∂ ∂ 
 ∂ξ ∂ξ =

∂ ∂ 
 ∂η ∂η 

J .  (3.70) 

 

3.7.3 Convergence Criteria 

 

For the different methods to solve nonlinear equations, iteration for the steady-

state solution or at a given time step is terminated when two convergence criteria are 

satisfied simultaneously:  

1i i

i

U U DTOL
U

−−
≤     (3.72) 

and  

0

R RTOL
R

≤      (3.73) 

 

Where U is the solution vector and R the residual force vector. DTOL and RTOL are 

defined as velocity convergence tolerance and residual vector convergence tolerance, 

respectively. The norm || . || is a root mean square norm summed over all of the equations 

for the model. The relative error in the residual vector is computed relative to the residual 

vector evaluated using the initial solution vector U0.  

 In the case of the segregated solver used in this study to solve the nonlinear 

equations, only the DTOL convergence criteria is used. For this solver, this norm is 

computed separately for each degree of freedom being solved, for; i.e. the vector U 

comprises all the nodal values of a particular degree of freedom. For a turbulent problem, 

this would include the two components of velocity, pressure, turbulent kinetic energy, and 

dissipation. Convergence is considered to be obtained when all of these norms are 

simultaneously less than the specified DTOL tolerance. The DTOL value used in this 

study for laminar and turbulent flow simulation were 10-6 and   10-3respectively.   
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Chapter 4 

Laminar Flow Simulation 
 

In this chapter, a series of steady and pulsatile laminar flow simulation in large 

stenosed arteries are described in which the important fluid mechanics and hemodynamic 

factors including flow separation, reattachment point, and pressure drop, are considered in 

arteries which are locally constricted. 

 

4.1 INTRODUCTION 

 

The partial occlusion of arteries due to atherosclerosis is one of the most frequently 

occurring abnormalities in humans. This local obstruction is called a stenosis. The stenosis 

definition is the ratio of the minimum cross-sectional area, A1, to the unobstructed lumen area 

A0. The commonly used term “percent stenosis” is defined as: 

 

% Stenosis = 1

0

1 100A
A

 
− × 

 
  

 

A one to 39 percent stenosis is considered mild, 40 to 59 percent is considered moderate, 60 

to 79 percent severe, and 80 to 99 percent critical. A stenosis may be caused by the 

impingement of extravascular masses, but is more frequently the result of intravascular 

atherosclerotic plaques which develop at the wall of the artery or an arterial prosthesis and go 

forward in to the lumen. The development of a localized arterial stenosis may lead to 

disordered blood flow within the downstream area o the constricted regions 

(Zienkiewicz,1993). The degree of perturbation is strongly influenced by the severity of the 

stenosis, and for moderate to severe stenoses, highly disturbed regions of flow distal to the 

stenosis commonly occur under physiological flow conditions. 

Wall shear stress distribution, velocity distribution, separation phenomena, 

reattachment length, and turbulence are the specific fluid mechanics parameters that are 

affected by the presence of a stenosis. 
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This chapter explains that our investigation is first motivated by an interest in detailed 

fluid dynamics associated with a stenosis at various stages of disease development in an 

artery. 

 

The computational simulation is carried out under axisymmetric steady laminar flow on 

stenoses ranging from 20% to 75% at selected Re numbers from 10 to 1000. The stenosis 

length ratio (L/D) also varied from 10 to 40. The density ρ and the dynamic viscosity μ of the 

blood are taken as 1.05 g/cm3 and 0.035 g/cm sec, respectively. The Navier-Stokes equations 

for viscous steady flow are solved by SITpak Finite Element Method (FEM). 

The flow simulation results from this segment of the study are applied to theoretically 

discuss the prediction on the hemodynamic performance of polyester protein-impregnated 

arterial prostheses after implantation at different stages of capsule development. Finally, the 

computational flow simulation was made with a severer, 86% stenosis for selected Re 

numbers ranging from 5 to 633. Comparing the result obtained in this study with 

experimental result (Ainser et al,2000) clearly showed that the initializing of instability and 

transition from laminar to turbulent flow developed at relatively small Re numbers (compared 

to its traditional value of 2300 for pipe flow) called critical Reynolds number, indicating that 

the laminar flow simulation failed in the case of the severe stenosis and high Reynolds 

number. From a clinical viewpoint, several important problems such as post-stenotic 

dilatation are consideration of the disordered flow downstream of the stenosis. 

 
4.2 Numerical Calculation of Steady Laminar Flow 
 
4.2.1 Assumptions 
 

Blood flow in arteries is unsteady, arterial walls are distensible, and blood is a suspension 

and the stenosis is not symmetric. To simplify the analysis, the following assumptions are 

made in this chapter: 

 

• Incompressible Newtonian flow. 

• Steady laminar Poiseuille flow upstream of the stenosis. 

• Axisymmetric stenosis. 

• Rigid arterial wall. 

 

Because this study modeled stenoses in only the major arteries of the human body (i.e., 

fermoral artery and abdominal aorta), the Newtonian assumption was valid. Blood 
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approaches Newtonian behavior as the size of the vessel containing the blood increases. 

When a stenosis forms alsong the wall of a human artery, there is a hardening of the arterial 

wall in the localized region near the stenosis. As the arterial wall in a stenosed region loses its 

elasticity and becomes less plaint, the use of rigid walls in the numerical and experimental 

methods is valid; thus other studies based on these assumptions, at best, were the first 

approximations to the biological problems. Therefore, our analyses were restricted to the 

steady laminar flow of a Newtonian fluid through a rigid wall of artery which had a localized 

axisymmetric stenosis. 

 

4.2.2 MODELING OF THE AXISYMMETRIC FLOW 

 

The model used in this study lay in the upper half of the global Cartesian coordinate 

system (i.e., the half pane having positive Y coordinates). The correct model orientation is as 

follows: global Cartesian X direction along the symmetry axis is the axial (z) direction of our 

flow, and global Cartesian Y direction is the radial (r) direction  of flow. The azimuthal (θ) 

component is perpendicular to the plane of the model. 

 

4.2.3 GOVERNING EQUATIONS 

 

For the axisymmetric confined flow of an incompressible fluid, the continuity and 

Navier-Stokes equations in cylindrical polar coordinates (taken as the governing relations for 

the problem) are given in vector and component form as follows: 

 

∇.u= 0           i.e.     
0u v w

x y z
∂ ∂ ∂

+ + =
∂ ∂ ∂     (4.1) 

 
 

 

( )0 0( . )u u u p div u B
t

ρ µ ρ∂ + ∇ = −∇ + ∇ + ∂      (4.2) 

    

and in component form: 

  0r z rv v v
r z r

∂ ∂
+ + =

∂ ∂  

 



 63 

2 2

2 2 2
1 1r r r r r r

r z
v v p v v v vV V
r z r r r r r r

µ
ρ

 ∂ ∂ ∂ ∂ ∂ ∂
+ = − + + − + ∂ ∂ ∂ ∂ ∂ ∂ 

 

2 2

2 2
1 1z z z z z

r z
v v p v v vV V
z z z r r r z

µ
ρ

 ∂ ∂ ∂ ∂ ∂ ∂
+ = − + + + ∂ ∂ ∂ ∂ ∂ ∂ 

   (4.3) 

 

Where r and z are the physical coordinates with the z-axis located along the symmetrical axis 

of the artery. No secondary or swirling flows are considered; therefore, the total velocity is 

defined by vr and vz, the radial and axial components, respectively. The pressure, density and 

kinematic viscosity are denoted by p, ρ, and ν, respectively. For the calculations reported 

here, the conditions at a considerable distance upstream and downstream of the stenosis are 

assumed to correspond to Poiseuille flow through a long, circular artery with a constant 

cross-section as: 
2

1z
rv U
D

  = −  
   

 

vr=  0        (4.4) 

 

where U is the maximum velocity of the parabolic profile and D is the diameter of the artery 

in the unoccluded portion. 

The Navier-Stokes and continuity equations are nondimensionalized using a characteristic 

scale D and a characteristic velocity scale U to obtain: 
 

divu*= 0 

( )* * 2 *1.
Re

u p u∇ = −∇ + ∇      (4.5)  

where u* and p* are dimensionless values for the velocity and pressure, respectively. 

Nondimensional variables are defined as 

* * * *; ; ; and r z
r z

r z v vr z v v
D D U U

= = = =        (4.6) 

where the Reynolds number, Re, is defined as 4Re m
Dπµ

=


in which ṁ is the mass flow rate.

          
 
 
 
 
 
 
 



 64 

4.2.4 GEOMETRY AND BOUNDARY CONDITIONS 

 

The geometry and boundary conditions for various degrees of axisymmetric stenosis 

are show in Figure 4.1. The form of stenosis was chosen as an abrupt expansion. The axial 

velocity boundary conditions were specified by UZC. In this model, including the symmetry 

line in the flow region, the symmetry boundary condition was set on this line. The radial 

velocity component URC was sonctrianed to zero and the axial velocity component was left 

free. The diameter ratios are 0.9, 0.7 and 0.5 corresponding to the 20%, 50% and 75% 

stenosis, respectively. These values are in non-dimensional form relative to the main artery 

diameter. A parabolic velocity profile with a non-dimensional maximum velocity equal to 

two was imposed at the inflow which was located 10D (i.e., unobstructed diameter, D) 

upstream of the stenosis. The assumption of a parabolic profile was that fully developed flow 

was attained before the flow reached the stenosis. At the outflow boundary, radial velocity 

(URC) was explicitly imposed at zero, resulting in zero normal and tangential stresses at the 

outflow boundary. The outflow boundary was located 15D downstream. Therefore, the total 

length in the horizontal direction was 30D from inlet boundary. 
 

 

                                                           d 

 

                            5D                 10D                                                   15D  

 

 

 

 

Figure 4.1 Geometry of an arterial segment with a d% local stenosis and boundary conditions. 
 

The no-slip boundary conditions were imposed on the wall as follows 

   vr = vz = 0 at r = ro (z)    (4.7) 

Where ro (z) describe the local wall radius as a function of z. the 6 node triangular elements 

are used with fine meshes near the walls along the stenosed region. The specification of this 

element was explained in chapter two. 

 

 

 

 

D 

Inlet 
URC=0 

UZC=-8y2+2                               Symmetry line: URC=0                                             

Outlet 

Wall: U=0 
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Meshes/Experiment Reattachment La/D 

Experiment 8.7 

Present, Coarse Mesh 1 7.7 

Present, Coarse Mesh 2 8.1 

Present, Dense Mesh 1 8.4 

Present, Coarse Mesh 2 8.45 

Figure 4.2 Comparison of non-dimensional numerical reattachment lengths with different 
grid sizes. 

 
Figure 4.3: The finite element meshes around 80% stenosis. Top to bottom are shown coarse 
mesh1, coarse mesh2, dense mesh1 and dense mesh2.  
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Grid dependence tests are performed on a 80% stenosis with five grids downstream of 

the stenosis height, consisting of coarse mesh1, coarse mesh1, dense mesh1 and dense mesh2 

having 1×8×16, 1×16×16, 2×8×16 and 2×16×16, elements respectively. The test focused 

primarily on the reattachment length. The numerical computed reattachment length compared 

with experimental value (see Figure 4.6) is presented in Figure 4.2. The predicted 

reattachment lengths increased with grid refinement approaching the experimental length. 

The reattachment lengths did not show a significant variation between two finest grids, 

therefore, further mesh refinement was not performed because of prohibitive computing time. 

Hence, all subsequent computations are done with a 2×16×16 elements on the stenosis height 

corresponding to 18800 elements for the entire geometry. Figure 4.3 shows the zoomed 

geometry meshed around stenosis with different grid points. Reynolds numbers are selected 

in the range of 10 to 1000 where Re number was based on the bulk velocity at the inlet 

boundary and the unobstructed artery diameter. The Newton-Rapshon numerical method was 

used to solve the nonlinear equation solution. The convergence criteria used was the 

reduction of filed residuals to 1000000th of their original value. 
 

4.3 RESULTS 
 

The results of this simulation are presented as various contour plots of streamline 

functions, velocity profile, wall shear rate, pressure drop, wall pressure distribution and 

reattachment length downstream from the stenosis. A useful parameter to find the 

reattachment point was the length of the recirculation region that was characterized by its 

length La, the distance between the outlet of the stenosis and the reattachment point where the 

derivation of spatial velocity av/ar reduced to zero at the wall. As a result of this recirculation 

zone, there were negative velocities and therefore an inversion of the direction of the 

streamlines. The Reynolds number is an important factor in the flow as it depended above all 

on the value of the flow rate. We emphasize here its impact on the length of the recirculating 

zone. 
 

4.3.1 SEPARATION AND REATTACHMENT POINT 
  

Theoretical analyses and experimental observations have indicated that a region of 

separated flow will commonly downstream from a stenosis at low Re numbers (Chahed .et al, 

2003, Tobin .andChang,1988). The zone of separation is region of relatively low shear stress 

therefore, the fluid inside the vortex region may act differently than the fluid outside. 
 



 67 

Of particular interest here was the Re number at which separation was initiated and 

the location of the separation and reattachment points. At low Reynolds numbers, the 

separation occurred near the downstream end of the constriction, and the separation point 

moved slowly upstream, while the reattachment as the Re number increased. The length of 

the laminar vortex elongated with increasing Re number. Figure 4.4.a and 4.4.b illustrate the 

calculated streamlines for different Reynolds number. The vortex length was determined by 

the axial distance of the reattachment point from the stenosis end. The letter R indicates the 

location for the reattachment point. 

The variation in reattachment length (La/D) was plotted as a function of upstream 

Reynolds number and is shown in Figure 4.5. The length of the vortex distal to the stenosis 

(d/D) had a highly significant effect on vortex length. For instance, at a Re of 1000, the 

relative vortex length distal to the stenosis with a constriction (d/D) of 0.9 (20% stenosis) was 

only approximately 0.48D, yet for the stenosis with a constriction of 0.5, the relative vortex 

length increased to 43.86D at the same Reynolds number. Interestingly, however, the 

computation shows that the stenosis length L/D had very little effect on the size of the vortex. 

The theoretical solutions were all limited to laminar flow. However, it is well known that 

separated flow is very unstable; it was therefore not surprising to find that perturbations 

develop in a constricted artery at low Re number. The computational results presented here 

do not provide the flow instabilities that occur at a “critical” Reynolds number. The critical 

Re number is the value at which flow instability is first observed.  
 

 
Re=10 

 
Re=100 

Figure 4.4.a: Laminar flow recirculation region downstream of the 50% stenosis (a)  Re=10,  
      (b) Re=100 
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(a) Re=400 

 

 
(b) Re=1000 

Figure 4.4.b: Laminar flow recirculation region downstream of the 50% stenosis (a) Re=400   
                     (b) Re=1000 
 

 

Figure 4.5: The variation in reattachment length L/D as a function of the upstream Reynolds 
number 
 

As an experimental example, we consider the work of (Back and Roschke,1984) who 

studied flow patterns through an 86% axisymmetric stenosis. They considered two distinct 

regimes of flow reattachment. At low Reynolds number, the reattachment length as governed 
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by the growth of the laminar shear layer and the reattachment point moved downstream with 

increasing flow rate. In the second regime, as the Re number was increased beyond 325 

(corresponding critical Reynolds number for the 86% stenosis), instabilities developed 

simultaneously in the shear layer where the flow become instabilities developed 

simultaneously in the shear layer where the flow become  increasingly unstable; the 

reattachment point then moved back towards the stenosis. In the third regime, which occurred 

above a flow Reynolds number of about 850, the flow was highly disturbed, accompanied by 

an increasing reattachment length. The variation of reattachment length as a function of 

upstream Reynolds number obtained by (Back and Roschke,1984) is shown in Figure 4.6. 

 

 
Figure 4.6: The variation of reattachment length as a function of upstream Reynolds number. 
The numerical results of this study (80% stenosis and L/D = 20) are compared with the 
experimental data. 

 

The numerical flow simulation under laminar flow for the same degree of stenosis 

(80%) and Reynolds number ranging from 5 to 633 was performed and compared with the 

L a
 / 

D 

Re 
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experimental results. The comparative results on the variation s in reattachment length as a 

function of the upstream Reynolds number are also given in Figure 4.6. it was observed that 

the critical Reynolds number, the reattachment length continued to increase, in contrast to the 

experimental results which showed a decreasing reattachment length with increasing 

Reynolds number. 

 

4.3.2 PRESSURE DISTRIBUTION ALONG THE VESSEL WALL 

 

 It is apparent that crucial element in the assessment of the effect of a stenosis on distal 

blood flow is the pressure drop across the stenosis of prime concern, are the numerous factors 

which influence ∆p. it can be readily demonstrated from dimensional analysis that the 

pressure drop across a constriction with a specified shape is expressible in the form 

 

 

 

where ∆p is the pressure drop over the length Z, A1 and Ao are the unobstructed and 

obstructed areas, respectively, and L is stenosis length. Thus, the dimensionless pressure drop 

is a function of the Reynolds number, area reduction and stenosis length, and for a given 

constriction, it is function only of the Reynolds number Figure 4.7 illustrates the variations in 

wall pressure along the vessel wall distal to the stenosis with various (d/D) at a Reynolds 

number of 500. The pressure is defined in a nondimensional form. To nondimensionalize, the 

pressure values are divided in to a constant value of , where p and U are density and 

flow mean velocity, respectively- Z/D is the distance measured from the throat of the 

stenosis. 
 

At a given Reynolds number, the presence of stenosis increased the resistance 

experienced by the flow. According to Figure 4.7, there was a rapid fall in pressure as we 

approached the stenosis. The pressure on the vessel wall increased according to the distance 

from the origin of the stenosis, reaching a maximum value at the reattachment point. Further 

downstream of the re-attachment point, the pressure gradually decreased due to the viscous 

effect. Again, the present study predicted that the severity of the stenosis would affect the 

pressure in the vortex flow region.  
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Z/D 

Figure 4.7: Non-dimensional wall pressure distribution distal to the stenosis. Wall pressure 
variations are given distal to various degree of stenoses (Z/D) at Re = 500.] 
 

Figure 4.8 shows that when the stenosis was severe (for instance d/D = 0.5 or 80% 

stenosis), the pressure at the vessel wall become negative within the vortex.  Figure 4.9 shows 

the effect of a Reynolds number on wall pressure distribution. With increasing flow rate or 

Re, the negative value of the pressure distributions in stenoses with varying La/D and shows 

that at the same flow rate (Re = 500), the length of the stenosis only slightly affected the non-

dimensional pressure at the vessel wall distal to the stenosis. 

 

p/
ρ

U
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Z/D 

Figure 4.8: Non-dimensional wall pressure distribution distal to the stenosis. Variations in 
wall pressure distal to the 80% stenosis (d/D = 0.5) at various Reynolds numbers. 
 

 
Figure 4.9: Non-dimensional wall pressure distribution distal to the stenosis. Variations in wall 
pressure distal to the 80% stenosis (d/D = 0.5) at various stenosis lengths. 
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ρ
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4.3.3 WALL SHEAR STRESS 

A significant factor in arterial stenosis is the shear stress at the wall of the artery. 

Figure 4.10 shows the wall shear rate distribution as a function of distance from the origin of 

the stenosis with various constrictions (d/D) at a Re of 500. The highest and lowest absolute 

values in wall shear rate appeared near the axial location of the vortex center and at the 

reattachment point, respectively. In the vortex region, the wall shear rates produced negative 

values, indicating that wall shear stresses were acting in different directions on both sides of 

the reattachment point. Downstream of the reattachment point, the wall shear rate approached 

the value found in a fully developed Poiseuille flow. When the stenosis was not served, the 

absolute value of the wall shear rate remained lower in the vortex than in the fully developed 

Poiseuille flow. 

 

Z/D 
Figure 4.10: Wall shear rate plot as a function of the normalized axial distance from the 
stenosis. Wall shear rate distributions are given distal to the stenoses with various degrees of 
stenosis (d/D) at Re = 500. 
 
However, at a constriction (d/D) of 0.5 (80% stenosis), the wall shear rates was higher in the 

vortex region than it was downstream of the reattachment point.  
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Figure 4.11: Wall shear rate plot as a function of the normalized axial distance from the stenosis. 
Effect of the Reynolds number on all shear rate distal to a 80% stenosis degree (d/D) of 0.5. 
 

 
Figure 4.12: Wall shear rate plot as a function of the normalized axial distance from the 
stenosis. Effect of stenosis Length on wall shear rate is given distal to 80% stenosis degree 
(d/D) of 0.5 and Re = 500. 
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When the Reynolds number increased from 500 to 1000, the highest wall shear rate doubled 

accordingly (Figure 4.11). Figure 4.12 presents a comparison of wall shear rates for various 

stenosis lengths (L/D) at Re=500 and d/D = 0.5 (80% stenosis), indicating that the stenosis 

length did not affect the wall shear rate distribution. In this severe stenosis, the absolute value 

of the wall shear rate remained higher in the vortex than downstream point. 

 

4.3.4. PRESSURE DROP THROUGH THE STENOSIS 
 

The pressure drop through stenosis of various constrictions (d/D) and lengths (L/D) 

was calculated from the computational results and plotted in Figures 4.13 and 4.14 as a 

function of Reynolds number, stenosis severity, and length. When the (d/D) was low, the 

pressure drop through the stenosis increased gradually and almost linearly with the blood 

flow rate or Reynolds number (Figure 4.13). However, in a severe stenosis (d/D = 0.5) (80% 

stenosis), regardless of its length (L/D), the pressure drop was no longer a linear function of 

flow rate (Figures 4.13 and 4.14). At this level of severity, the pressure drop curve generally 

had two phases: a gradually rising phase over the Reynolds number range of 0 to 

approximately 300 and phase with a much steeper slope over a Reynolds number of 300 (see 

Figure 4.14). Figure 4.14 also shows that the greater the stenosis, the higher the pressure drop 

through the stenosis. 

 
Figure 4.13: Pressure drop through a stenosis with various stenoses degree (d/D). 
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Figure 4.14: Pressure drop through a stenosis with various lengths (L/D). 
 

4.4 DISCUSSIONS 
 

Three basic regimes of flow are encountered in a steady laminar flow through a constricted 

artery. 

• In the mild stenosis, for very Re numbers, no separation is evident and the flow 

remains laminar throughout. 

• For larger Re numbers, the flow remains laminar but separation occurs and a zone of 

back-flow appears. 

• The third regime is one in which the flow downstream from the separation point 

becomes unstable and where transition towards turbulence occurs and persists well 

beyond the reattachment point. 

 

Figure 4.6 presents (Back and Roschke,1984) experimental data and (Macagno and 

Hung,1979) theoretical results for flow reattachment lengths downstream of an abrupt 

channel expansion through the range of laminar, transitional and highly disturbed flow. At 

low Re numbers (i.e up to 200), our data (Figure 4.6) is in general agreement with the (Back 

and Roschke,1984) results whereby the reattachment length depended on the dimension less 
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geometric ratio d/D. Also, the velocity profile had a significant effect on the reattachment 

length which, with a parabolic entrance profile, was more stable at low Re numbers. 
  

(Young and Tsai,1985) studied several asymmetric and axisymmetric stenoses, and 

reported that the pressure drop and maximum shear stress for an asymmetric stenosis were 

higher than for the corresponding axisymmetric stenosis with the same degree of occlusion. 

Moreover, the separation Reynolds number tended to be lower for the asymmetric contour 

and the flow field distal to this type of constriction appeared to be more conducive to the 

occurrence of instabilities, in contrast to the axisymmetric case. 
 

These calculations indicated extended regions of flow recirculation and large values 

of wall shear stresses along the proximal wall of the stenosis. Both of these phenomena were 

considered as contributing factors in arterial diseases. It appeared that the natureof the flow 

upstream from an abrupt expansion had a significant effect on the flow reattachment length 

downstream. (Back and Roschke,1984) suggested that the shape of the reattachment length 

curve was general for all abrupt channel expansions. 
 

The level of the curve, and the maximum reattachment length and Reynolds number 

at which this occurred depended on the flow geometry and flow conditions upstream from the 

expansion. Also, the shape and size of the stenosis was important in the quantitative 

determination of specific hydrodynamic factors that also influenced the separation and 

reattachment phenomena. 
 

Despite extensive theoretical work with laminar flow simulation, the brief 

calculations in this chapter were carried out to bring to light the turbulence aspect in 

numerical calculations. By comparing the results obtained in this study on the laminar flow 

simulation for a higher than critical Reynolds number with experimental results presented in 

the literature (Back and Roschke,1984, Yongchareon and Young,1991) were believe that the 

numerical results are not reliable beyond the critical Reynolds number. Therefore, it is 

necessary to use a model to capture all laminar, transitional, turbulent and re-laminarized 

flow. The direct numerical simulation (DNS) would be the ideal way to obtain the transitional 

Reynolds number in which the flow becomes unstable; however, is extremely costly and also 

requires extensive computer resources. However, most of the standard turbulence models 

have been designed for high Reynolds numbers. 
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Chapter 5  

Pulsatile Blood flow simulation in Common Carotid 
Artery Bifurcation 
 In this chapter, results are presented on the pulsatile flow simulation carried 

out in a non-stenosed and stenosed model of carotid artery bifurcation. The effect of 

both the variation of stenosis and of the geometry on the axial velocity distribution, 

the reattachment point, and wall shear stress are investigated to evaluate the feasibility 

of detection of a stenosis under various flow conditions. The possible turbulence 

existence was evaluated by turbulent flow simulation. 
 

5.1 Introduction 
 

 Because most atherosclerotic lesions are found near bifurcations, this 

diversion of flow is thought to play an important role in their formation. The inherent 

geometry of a healthy arterial bifurcation itself causes localized increases and 

decreases in the flow velocities as blood passes through the Junction. These changes 

in flow patterns are related to changes in shear stress distribution involved in the 

process of parthenogenesis. The conditions become more complex after placing of 

lesions in the bifurcation region. A partial blockage dramatically alters the flow 

through a vessel. Flow volume is relatively unaffected until the stenosis becomes 

severe (critical stenosis), but then flow begins to drop precipitously. 

Therefore, by the initiation of atherosclerotic process and plaque building up in such a 

region, there are additional changes in flow and shear which can contribute to the 

further accumulation of plaques or cause fragments of the plaque to break off and 

travel as mobile emboli to downstream locations. It is there in the smaller vessels, that 

these embolis can suddenly lodge, occluding the vessel, and stops the blood 

circulation (Clark et al ,1995). 
 

Understanding the physics of flow through a stenosed bifurcation is a matter of 

considerable human importance; 33 percent of all cases of stroke are caused by 
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atherosclerotic lesions and thrombosis, and another 31 percent are attributed to 

emboli. 

The human carotid bifurcation has received much attention because it is here that 

atherosclerotic lesions are frequently observed. From clinical practice it is also known 

that the non-divider side of the carotid sinus in the internal carotid artery and the apex 

of the bifurcation are sensitive to the development of atherosclerotic lesions (Gijsen  

et al ,2008). But the mechanism or mechanisms by which these lesions are created are 

still the subject of debate. Figure 5.1 shows a photograph of a normal carotid artery 

bifurcation and occluded artery with varying degrees of stenosis. The main culprit in 

the formation of atherosclerotic plaques, however, is hemodynamic, particularly the 

shear stress imposed by the moving blood on the vessel wall. The relationship 

between local hemodynamics and atherogenesis in the carotid sinus, is well 

established (Caro et al ,,1983). 

 
Figure 5.1 Photographs of carotid artery bifurcation. (Stroke. 2007;38:1924-1931, 
American Heart Association.) 

 

The clinical non-invasive diagnosis of a stenosis is often based on the detection of 

axial velocity disturbances induced by these stenoses (Merode et al ,2001). A 
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comparison of the quantitative axial velocity measurements in stenosed and non-

stenosed models of the carotid bifurcation could very well make possible the detection 

of stenosis in its early stages. 

Although a great number of studies dealing with flow patterns of the non-stenosed 

carotid artery bifurcation have been done, very little information is available 

regarding the presence of a stenosis in a carotid artery bifurcation. In literature, there 

are a number of references to the non-stenosed carotid bifurcation on in experimental 

flow studies, some of which are cited here: Bharadvaj et at.,1994), (Zarins et al.1995), 

(Ku and Giddens,1995,1999). Numerical investigations of the flow dynamics in the 

carotid artery bifurcation have been carried out by (Rindt, 2001), (Rindt et al.,2002)  

under steady flow conditions, and (Perktold and Resch,2002) under pulsatile flow 

conditions in a non-stenosed carotid artery. (Gijsen et al.,2008) investigated the axial 

flow field in stenosed carotid artery bifurcation models. Using a 25% mild stenosis, 

they found that a shear layer separated the low-velocity area near the non-divider wall 

from the high-velocity area near the divider wall. No disturbances were found 

downstream of the stenosis near the non-divider wall. 

In this chapter, we report our study of the progression of disease in a carotid artery 

bifurcation under pulsatile flow conditions. To understand the role of the severity of 

stenosis and various forms of carotid sinus, numerical models of carotid artery with 

known characteristics were studied. We have focused on the computed results for 

velocity profiles, time-dependent recirculation zone, and wall shear stress (the force 

per unit area in the flow direction which a fluid creates on the vessel wall) 

distribution. 

5.2  Description of Carotid Artery Bifurcation  

The geometry of the Carotid Artery Bifurcation is very complicated, and its 

geometry is hard to define because of its predilection for atherosclerotic lesions, 

resulting in the filling in of certain segments of the bifurcation at an older age, 

(Bharadvaj,1991) who determined a standard geometry from over 100 angiograms.  

reduce the complexity of the in vivo situation, he modeled the main branch and both 

daughter branches as straight tubes with circular cross-sections and all of the branches 

were supposed to lie in one plane. All diameter values were averaged in a 

straightforward manner. 

In vivo flow rate measurements revealed that the Reynolds number and flow divi-
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sion ratio over the daughter branches of the Carotid Artery Bifurcation varied 

considerably during a flow cycle. The flow rate at peak systole can be 3 to 4 times 

larger than the flow rate in the diastolic phase. According to (Ku et at., 1997), a 

Reynolds number of 800 at peak systole and a mean Reynolds number of 300 are 

typical conditions for a normal adult human carotid. The flow division ratio can vary 

between 55/45 (55% through the internal carotid artery) at peak flow rate and 75/25 at 

minimal flow rate. At higher shear rates, blood is assumed to behave similar to a 

homogeneous Newtonian fluid. However, blood consists of red and white blood cells, 

platelets, proteins, and chylomicrons suspended in a fluid called plasma. As a 

consequence, non-Newtonian behavior may be expected due to the alignment of the 

blood cells in the flow direction at higher shear rates and Rouleux1 formation at low 

shear rates. According to (Perk et al,2007),the comparison of non-Newtonian results 

(where viscous thinning for increasing shear rates was taken into account) and 

Newtonian results demonstrated that under flow conditions similar to those as in the 

human carotid, the Newtonian simplification yielded no change in the essential flow 

characteristics. Consequently, in the present study, only pure Newtonian fluid was 

considered and the artery walls were considered as rigid walls. The reasons why we 

supposed the artery walls to be rigid walls were discussed in Chapter 3. 
 

It is well understood that the above-mentioned simplifications and other biological 

parameters that are neglected in numerical and in vitro simulations may lead to flow 

patterns which differ somewhat from those in the in vivo situation. Therefore, it is 

believed that the results from this study supply more insight into the complicated flow 

field occurring in the carotid artery bifurcation. Besides, the incorporation of flexible 

walls and non-Newtonian blood flow behavior in a numerical model is only 

meaningful if the results from a simplified analysis are validated with experimental 

results. 

The present study therefore investigated the numerical simulation of pulsatile flow 

in rigid two-dimensional models of the carotid artery bifurcation. For the construction 

of an approximate solution, several numerical methods were available, of which the 

finite difference method and the finite element method were the most important. An 

 

1 Rouleaux formation occurs when red blood cells stack on to each other due to an abnormal shape.  
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advantage of the finite element method was its flexibility with regard to mesh 

refinement and geometry description. Therefore, applying the finite element method 

to flow problems in complex geometries with high velocity gradients was considered 

as more appropriate for the space discreti2ation. 

 
5.3  Geometry of Carotid Artery Bifurcation  
 

The carotid artery bifurcation consists of a main branch, the common carotid 

artery, which asymmetrically divides into two daughter branches which are the 

internal and external carotid arteries. Normally, the common carotid artery is almost 

straight and has a constant diameter over its total length of about 10 cm. The left 

common carotid artery branches off directly from the aortic arch, whereas the right 

one originates from the in nominate artery, also a side branch of the aortic arch. Most 

internal carotid arteries are practically straight, some of them are slightly curved, and 

a few of them show highly curved segments 2 to 8 cm after their origin. The external 

carotid artery has many bifurcating branches, the first one of which, the superior 

thyroid artery, originates after 0.5 to 2 cm. The internal carotid artery supplies the 

brain with blood and the external carotid artery supplies the extra cranial facial 

structures. 

To use suitable dimensions of carotid artery bifurcation in numerical and 

experimental studies, several investigators studied the geometry of the carotid artery 

bifurcation; however, normal data of healthy subjects are difficult to obtain because 

this bifurcation is the preferred site of atherosclerotic lesions. The most detailed 

research was carried out by (Bharadvaj,1991) who determined angiographically a 

mean geometry of the carotid artery bifurcation. In Table 5.1, the results of some 

investigations are summarized. If the dimensions reported in literature are given as a 

function of age, the presented results refer to subjects of approximately 50 years of 

age, as because most of the available data is derived from subjects in this age 

category. The dimensions are relative to the diameter of the common carotid artery 

with the exception of this particular diameter, which is given in mm. The symbols C, I 

and E refer to the Common, Internal, and External carotid artery, respectively. The 

DC refers to the diameter measured X diameter from the original point of branch. The 

bifurcation angle is represented by AIE and the angle between the common carotid 

artery and both daughter branches by AI and AE, respectively. The geometry, as 
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determined by (Bharadvaj,1991), appear as reasonable description of the diameter of 

the common carotid artery and the angles between the daughter branches and the main 

branch. 

5.4  Geometrical model and flow conditions 
 In the previous section, we mentioned that essential variations in the anatomy 

of the human carotid artery bifurcation occur. Two models of the carotid artery 

bifurcation, M-l and M-2, were considered for our research. The basic geometrical 

parameters of carotid artery bifurcation are found in the literature.(Palmen ,2006, 

Zarins et al,1995, Bharadvaj,1991) obtained in a comprehensive experimental study. 

The geometries for both models of M-l and M-2 used in the present study are based 

on (Bharadvaj,1991) data. 

 
Table 5.1: Dimensions of the carotid artery bifurcation relative to the diameter of the 
common carotid artery (whose diameter is presented here in mm). 
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For each model, four cases are considered: a normal (0%), 25%, 40%, and 55% 

stenosis, based on local diameter. In the range of Reynolds numbers used here, the 

severity of the stenosis was chosen so as to avoid turbulence flow downstream of the 

stenosis and maintain laminar flow. The possibility of any disturbances downstream 

of a stenosis is however explained in the next part of this chapter. 

 

The two geometries, M-l and M-2, differed only in the diameter of the sinus. The 

mid-sinus diameter of M-l was ds = 1.0D and that of M-2 was ds== 1.15D, where D is 

the diameter of the common carotid artery (D = 8 mm in the two models). The area of 

the mid-sinus cross-section in model M-2 was increased by a factor 1.32 compared to 

the mid-sinus area in model M-l. The angle between the common carotid artery and 

the internal carotid is 25°, and between the common carotid and the external carotid 

25°. In all of the cases, the branching plane was the plane of symmetry. Figure 5.2 

illustrates the two bifurcations of non-stenosed models M-l and M-2, and the essential 

geometric data.  

 

Points 1 to 7 of figure 5.3 indicate different flow cross-sections where numerical 

results are obtained. The mid-sinus cross-section (where the maximum sinus width 

occurs) is marked as 3 in all models. The distance of these maximum-diameter cross-

sections from the divider tip was ls = 0.86D in both models. 

  

To investigate the role of various levels of stenosis on flow behavior, two different 

types of stenosis are proposed. In model M-l, the form used was an abrupt stenosis 

and in model M-2 it was a streamlined stenosis. The stenosed carotid bifurcations in 

the two models of normal artery and 60% stenosis are shown in Figures 5.3 and 5.4. 

The calculations were carried out under constant pulsatile flow conditions. The 

velocity pulse wave form was taken from (Bharadvaj et al.,1994).   

Figure 5.5 shows the velocity pulse wave in normalized quantities. The pulse 
frequency was 75 strokes per minute. The corresponding Womersley parameter was 

α=5.9 where α is defined as 1
2

D ωα
υ

= , where D is the diameter of the common 

carotid, ω the essential angular frequency of the velocity waveform and υ the 
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kinematic viscosity. The mean flow rate in the common carotid was assumed at 300 
cm3/min (300 ml/min). This value was in the lower physiological range. The mean 

inflow Reynolds number is Re. = 200 where Re m
DU
υ

= . In a definition of Re, the 

common carotid radius D = 8 mm and the time-averaged and space-averaged mean 

inflow velocity Um = 10 cm/sec, kinematic blood viscosity υ = 0.035 cm2/sec and 

density ρ = 1060 kg/m3 are considered. The ratio of internal to external flow division 
is assumed at 70:30 percent, flow rate in the ICA becomes therefore 210 ml/min, and 
90 ml/min in the ECA. 
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Figure 5.2: Model geometry of the human carotid artery. (a) model M-1 and (b) model M-2.  
 
 
 
 
 
 
 

M-1 

M-2 



 87 

 
 
 

 

Figure 5.3. Finite Element Mesh for M-1 and M-2 normal carotid artery. Total 
number of modes 3159, total number of elements 1492 and total number of pressure 
nodes 834. 
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Figure 5.4.  Finite Element mesh of M-1 and M-2 with 60% stenosis. 

 

M-1 

M-2 
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                                                  T/Tp 

 

 
                                                  T/Tp 

Figure 5.5: Non-dimensional pulsatile velocity waveform versus non-dimensional 
pulse time. (a) at the inlet of a common carotid bifurcation; (b) at the interna1 and 
external carotid. Tp denotes the time for one pulse period. 
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5.5  Laminar flow simulation 
5.5.1  Mathematical equations 

 The mathematical analysis of flow phenomena in complicated segments of 
large arteries required the time-dependent, non-linear Navier-Stokes equations for 
viscous, incompressible Newtonian fluid flow. The Newtonian approximation of the 
specific natural behavior of blood is acceptable in large arteries where relatively high 
shear rates occur (Chandio et al, 2002) and has already been discussed in Chapter 3. 
The vessel walls are assumed to be rigid. 

Based on these assumptions, the non-dimensional form of Navier-Stokes and 
continuity equations described Chapter 3 are used to simulate the pulsatile laminar 
incompressible fluid flow in a carotid artery bifurcation. Normalization is carried out 
with respect to the diameter of the common carotid artery (D = 8 mm) and the mean 
inflow velocity (Um = 10 cm/sec). 

5.5.2  Boundary and initial conditions 

 The solution of Navier-Stokes and the continuity equations are assumed to 
satisfy appropriate boundary conditions. In local arterial flow calculations, the 
assumption of boundary conditions required special consideration. Usually, no 
experimental data are available for the shape of the time-dependent inflow velocity 
profiles and for the outflow conditions. Therefore, mathematical arguments had to be 
applied to simulate the physiological conditions in an acceptable and approximate 
manner. The assumption of fully developed flow at the entrance to the bifurcation 
agrees with those of (Ku et al.,1998) and (Ku and Giddens,1997). At an outflow 
boundary of an arterial segment, the condition describing zero-surface traction can 
often be advantageously assumed. This condition  can be written as: 

i ij jnσ σ=  

, ,( )ij ij i j j ip u uσ δ µ= − + +   (5.1) 

 

In bifurcation flow, two outflow boundaries appear. For a prescribed flow division 
ratio, the condition describing surface forces cannot be applied directly at both 
outflow boundaries. Here, at the external outflow boundary an appropriate time-
dependent velocity profile based on 30% of the total flow rate was applied, while at 
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the internal outflow boundary equation 5.1 is applied. The external and internal 
outlets are placed far enough downstream so as not to have a negative effect on the 
flow field in the area of interest. Here, the outlet at the internal carotid artery and 
external carotid artery are placed 10.0D and 3D from the flow divider section, 
respectively (see Figure 5.2). At the rigid vessel wall the no-slip condition is applied. 

Semi-implicit Taylor-Galerkin-Pressure Correction (Chandio and Webster, 2001) 
is applied to compute the pressure and velocity components in the domain of interest. 
Fortran 90 is used for coding purpose. This code uses the finite element method 
(FEM) combined with the Galerkin form of the method of weighted residuals to solve 
the full Navier-Stokes and Continuity equations. With FEM, the fluid domain is 
subdivided into a number of small regions called finite elements. The partial 
differential equations of fluid mechanics covering the entire flow region were 
replaced by ordinary differential or algebraic equations in each element. The system 
of these equations is then solved simultaneously to determine the velocities and 
pressures throughout the region. The entire procedure has been explained in Chapter 
3. 

The I-DEAS, commercial software is used to generate the actual geometries and 
meshes of the problem allowing to the user to define points, lines, arcs and other 
information and affording considerable ease in altering the mesh density. A separate 
Computer programme is made to specify general information and other data such as 
boundary and initial conditions, values for density and viscosity, and solution 
methods. Tecplot software is used as a post-processor to generate the desired output. 

The computations are performed on IBM compatible Dual core machines.. In 
order to reduce the computational requirements related to the size of the global 
system matrix, a segregated solver (in the pressure projection form) was chosen as the 
solution method to basically solve both sequentially and separately for each active 
degree of freedom in the problem, therefore requiring reduced computer resources 
compared to those required by fully coupled solution techniques. For the solution of 
symmetrical and non-symmetrical linear systems, conjugate gradient-based iterative 
solvers were adopted. The trapezoidal implicit finite difference method was used to 
solve the time derivatives. 

The finite element subdivision of the computational flow domain resulted in 1492 
elements. The total node number for the two velocity components and the pressure 
are 3159. To obtain periodicity in the solution, three pulse cycles are calculated. One 
pulse discretized into 150 time increments. 
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5.5.3  Results 

5.5.3.1  Pulsatile velocity field 
 

 Figure 5.5 presents the axial flow velocity profiles at specified pulse phase 
angles during the pulse cycle (systolic peak flow T/Tp = 0.225, minimum flow rate 
T/Tp = 0.4 and the beginning of the diastolic phase T/Tp = 0.6). The velocity profiles 
in the common carotid artery are presented at three different locations and are shown 
in Figure 5.6. The results for both models in non-stenosed form and with a 40% and 
60% stenosis are presented in Figures 5.7, 5.8 and 5.9. In the bifurcation section, the 
flow was pushed toward the divider wall of the internal carotid as well as the external 
carotid. Elevated axial velocities and velocity gradients appeared near the divider 
wall. The flow momentum keeps it going in a straight line before being forced to 
make a turn to follow the bifurcation. 

In the non-stenosed models, the flow velocity decreased near the non-divider wall 
in the carotid sinus. The presence of a stenosis accelerated the flow in the carotid 
sinus with a high velocity gradient. At the systolic part of the pulse cycle, the velocity 
profiles in the non-stenosed models displayed a forward-directed flow in the entire 
sinus. This phenomenon was completely different in the stenosed models. The 
velocity profiles were forward-directed in the entire stenosis; however the negative 
velocities were observed downstream of the stenosis. For the severe stenosis, the 
negative velocities were also observed along the divider wall side which was absent in 
the systolic part of the pulse cycle in the non-stenosed models. At T/Tp = 0.4 
(minimum flow rate), the reversed flow representing the negative velocities developed 
in the carotid sinus. These negative velocities covered the entire carotid sinus for each 
model studied. In the case of the 40% and 60% stenosis (in both models), these 
negative velocities extended towards the outside of the carotid sinus, combined with a 
negative velocity along the divider wall far from the carotid sinus. These negative 
velocities extended more in the models with an abrupt stenosis. At T/Tp = 0.6, 
negative velocities persisted in the entire sinus for all models under investigation. In 
this part of the pulse cycle, for the M-2 with 55% stenosis the reversed flow extended 
towards the outside of the stenosis. 
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Figure 5.6: Non-dimensional velocity profiles of the common carotid artery at various 
locations of non-stenosed models of M-1 and M-2. X = 1 D, 3 D and 40 are distance 
from inlet boundary. DW = divider wall side ; NDW = Non-divider wd side. 
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          (a)       (b) 
 
Figure 5.7: Non-dimensional velocity profiles of the interna1 carotid artery, a) mode1 M-1, 
normal artery (0% stenosis); b) mode1 M-2, normal artery (0% stenosis). DW= divider wall 
side ; NDW = Non-divider wall side. 
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           (a)             (b) 
Figure 5.8: Non-dimensional velocity profiles of the interna1 carotid artery; a) model M-l, 
40% stenosis; b) model M-2, 40% stenosis. DW = divider wall side ; NDW = Non-divider 
wall side. 
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Figure 5.9: Non-dimensional velocity profiles of the internal carotid artery, 60% 
stenosis  (a) model M-1; b) model M-2. DW = divider wall side ; NDW =Non-divider 
wall side. 

5.5.3.2 Comparison of flow recirculation zone 

 
 An essential part of this study was to identify of the location and extension of 
flow separation and flow recirculation in the stenosed and non-stenosed models in the 
carotid sinus during the pulse cycle. These zones characterized by a low flow velocity 
are identical to low shear zones, which are highly significant in the development of 
early atherosclerotic lesions. Figures 5.10 through 5.15 show the extension of the 
reversed flow zones at 40% and 60% stenosis in the two models with streamlined 
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contours at various periods of pulse cycle. The results for models M-l and M-2 are 
shown in a comprehensive manner in Figure 5.16. The difference between the 
duration and the extent of the flow recirculation zone with and without a stenosis is 
explained by the results for the non-stenosed models of M-l and M-2 which are also 
given in Figure 5.16. From this figure, it can be seen that the flow deceleration 
promoted an increased reversed flow. In the non-stenosed models, without the 
extreme flow separation at the pulse phases of high flow deceleration in the systolic 
part of the cycle, the zones of reversed flow were concentrated in the sinus. In the 
presence of a stenosis in the carotid sinus, this recirculation zone was also observed 
downstream of the stenosis. 

The location of the recirculation zones was measured from the flow divider tip and 
points 1 to 7 in the internal carotid where numerical results are presented are indicated 
on Figure 5.2. For the 25% stenosis in M-l, the presence of stenosis decreased the 
duration of the recirculation zone at point 2, whereas it increased at points 4 and 5. It 
had no effect on points 6 and 7. For the 40% stenosis in M-l, the same history was 
repeated for points 1, 2, 4 and 5 whereas for point 6 the recirculation duration in the 
pulse cycle increased but was not significant. For the 60%, stenosis the sole 
difference, when compared to the other cases, was the long duration of flow reversal 
at point 5 and its extension to location 7, a result which was not present in the other 
cases. The same history was repeated for M-2. In this model, the results for the 25% 
and 40% stenosis were the same as those for M-l; however for the 55% stenosis, the 
duration of reversed flow decreased at point 5 and no extension of recirculation zone 
found at location 7. Another interesting feature discovered in this study of streamlined 
contours was the existence of a reversed flow along the divider wall of the carotid 
bifurcation in the presence of 40% and 55% stenoses in both models which was 
absent in the non-stenosed models. This reversed flow was found in a short part of the 
pulse cycle for the 40% stenosis and in a long part of the cycle for the 55% stenosis. 
The length of the recirculation zone was at its longest at T/Tp = 0.4. As a result, it can 
be said that different forms of carotid sinus does not significantly affect the duration 
of the recirculation zone where the presence of a stenosis increases the duration of 
flow reversal in the pulse cycle. Comparing the two types of stenosis in M-l and M-2, 
it was observed that the abrupt stenosis extended the reversed flow towards the 
outside of the carotid sinus. Figure 5.16 compares the recirculation duration for the 
same degree of stenosis in models M-l and M-2. 
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          (a)      (b) 

 

            
 (c)                                       (d) 
 
Figure 5.10: Streamlines demonstrating the region of flow reversal ; Mesh M-l; normal 
carotid artery (0% stenosis) at (a) t=0.1, (b) t=0.225, (c) t=0.4 and (d) t=0.6 periods of pulse 
cycle.  
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 (a)      (b) 

               
 (c)                                       (d) 

 
Figure 5.11: Streamlines demonstrating the region of flow reversal ; Mesh M-l; stenosed 
carotid artery (40% stenosis) at (a) t=0.1, (b) t=0.225, (c) t=0.4 and (d) t=0.6 periods of pulse 
cycle.  
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 (a)      (b) 

                 
 (c)                                       (d) 

 
 
Figure 5.12: Streamlines demonstrating the region of flow reversal ; Mesh M-l; stenosed 
carotid artery (80% stenosis) at (a) t=0.1, (b) t=0.225, (c) t=0.4 and (d) t=0.6 periods of pulse 
cycle. 
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 (a)      (b) 

 

        
 (c)                                       (d) 
Figure 5.13: Streamlines demonstrating the region of flow reversal ; Mesh M-2; normal 
carotid artery (0% stenosis) at (a) t=0.1, (b) t=0.225, (c) t=0.4 and (d) t=0.6 periods of pulse 
cycle. 
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 (a)      (b) 
 

             
 
 (c)                                       (d) 
 
Figure 5.14: Streamlines demonstrating the region of flow reversal ; Mesh M-2; stenosed 
carotid artery (40% stenosis) at (a) t=0.1, (b) t=0.225, (c) t=0.4 and (d) t=0.6 periods of pulse 
cycle. 
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 (a)      (b) 
 
 

 
    (c)                                        
 

 
    (d) 
 
Figure 5.15: Streamlines demonstrating the region of flow reversal ; Mesh M-2; stenosed 
carotid artery (80% stenosis) at (a) t=0.1, (b) t=0.225, (c) t=0.4 and (d) t=0.6 periods of pulse 
cycle.  

5.5.3.3 Comparison of wall shear stress 
 

Wall shear stress distribution was examined along the non-divider wall at T/Tp = 
0.225, 0.4, and 0.6. Flow separation, flow reattachment and recirculation flow can be detected 
from wall shear stress distribution. In this study, we focused our attention on the wall shear 
stress distribution in the carotid sinus in the presence of varying degrees of stenosis. 
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Peak flow rate T/Tp = 0.225 

At T/Tp = 0.225, in non-stenosed models M-l and M-2, the wall shear stress 

distribution at the internal carotid revealed the tendency of flow separation at the 

upstream of carotid sinus center. In model M-2 the maximum wall shear stress 

occurred at the downstream sinus end and was approximately 84 dyn/cm2 compared 

to 67 dyn/cm2 in model M-l. The presence of a stenosis altered the wall shear stress 

distribution along the carotid sinus. The value of wall shear stress is discussed for 

varying degrees of stenosis in our two models. For the 40% stenosis, at T/Tp = 0.225,  

the wall shear stress value increased at the stenosis. The peak value was 

approximately 357 dyn/cm2 for M-l and 112 dyn/cm2 for M-2. The location of peak 

value in both models was situated inside the stenosis. Comparing the wall shear stress 

distribution downstream the stenosis for both models and comparing with the non-

stenosed models, it was shown that the presence of a stenosis decreased the wall shear 

stress value beyond the stenosis to negative values. This observation was not present 

in the non-stenosed models on any systolic part of pulse cycle. The peak negative 

value was 29 dyn/cm2 for M-l with an abrupt stenosis. This value for the streamlined 

contour stenosis model was approximately 20 dyn/cm2. For the 60% stenosis the 

maximum wall shear stress reached approximately 470 dyn/cm2 for M-l and 160 

dyn/cm2 for M-2. The maximum absolute negative value downstream of the stenosis 

reached close to 78 dyn/cm2 at M-l and 32 dyn/cm2 at M-2. The significant point was 

found in M-l for the 60% stenosis. At T/Tp = 0.225, the presence of stenosis created 

another recirculation zone (representing low shear stress phenomena) along the 

divider wall of carotid bifurcation; however, when compared to the other models 

under study it was located far from the carotid sinus where this recirculation zone was 

absent. 

Minimum flow rate T/Tp == 0.4 

 At T/Tp == 0.4, the wall shear stress distribution indicated a significant 

reversal flow along the non-divider wall of the carotid sinus. In the non-stenosed 

models the recirculation zone was elongated almost completely along the non-divider 

side of the carotid sinus. The maximum absolute value of wall shear stress was 

approximately 11 dyn/cm2 and 12.5 dyn/cm2 for models M-l and M-2, respectively. 

The presence of stenosis changes the wall shear stress distribution along the non-

divider wall side of carotid sinus. In comparison with the non-stenosed models the 

location of maximum absolute value of its negative value moved downstream of the 
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stenosis, which meant that the presence of a stenosis caused a very long recirculation 

zone and flow reattachment farther from the stenosis. The maximum absolute value of 

wall shear stress was approximately 17 and 14 dyn/cm2 for models M-l and M-2, 

respectively. For both models, the flow reattached farther for the 60% stenosis. The 

absolute value of shear stress was approximately 20 and 25 dya/cm2 for models M-l 

and M-2, respectively. At T/Tp == 0.4, the same recirculation zone along the divider 

wall of the carotid bifurcation was observed in models M-l and M-2 with a 40% and 

60% stenosis. The length of this recirculation zone was longer in model M-l with an 

abrupt stenosis. 

The beginning of the diostolic phase T/Tp = 0.6  

 The recirculation zone was observed for both the stenosed and non-stenosed 
models. The wall shear stress distribution differed according to the model. When 
comparing the two non-stenosed models, it was observed that the recirculation zone 
was longer in model M-l; flow therefore reattached farther to the wall of model M-l 
than to model M-2. Here model M-l with a 40% abrupt stenosis displayed a longer 
recirculation zone than did the normal model M-l and model M-2 with the same 40% 
stenosis. The same observation was made for the 60% stenosis, where model M-l 
showed a longer recirculation zone over model M-2. The only recirculation zone 
along the divider wall was noticed in model M-l with the 60% stenosis. The results of 
wall shear stress are shown in Figures 5.18, 19 and 5.20. 
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(a) (b) 
 

Figure 5.18: Wall shear stress distribution along the non-divider wall side of an 
interna1 carotid artery; 0% stenosis a) mode1 M-1; b) mode1 M-2. 
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  (a) 
 
Figure 5.19: Wall shear stress distribution dong the non-divider wd side of an internal 
carotid artery; 40% stenosis a) model M-1,; b) model M-2 
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Figure 5.20: Wall shear stress distribution dong the non-divider wall side of an 
interna1 carotid artery. a) model M-1, 60% stenosis; b) model M-2, 60% stenosis. 

5.5.4 Discussion 

 

 Studies on vascular hemodynamics are very important and should be 
considered in the research on vascular diseases. Hemodynamic factors, particularly 
wall shear stress, are considered to be among the possible initiating factors in 
atherogenesis. A finding by (Zarins et al.,1995) showed that regions of reduced wall 
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shear stress, flow separation, flow reversal, and departure from axial flow are 
associated with maximum intimal thickening and atherosclerotic plaque formation in 
the carotid artery bifurcation. Because blood flow pattern is very much dependent on 
the blood vessel geometry, and as blood flow through healthy vessels may influence 
the formation of deposits, so may the appearance of atherosclerotic plaques, altering 
hemodynamic parameters in the vicinity of a lesion. A comparison of flow 
characteristics between diseased branching and healthy ones may help in identifying 
hemodynamic properties which could be optimized in a- non-invasive diagnostic 
procedure. 

 In this chapter, we report the detailed numerical study of the effect of stenosis 
on pulsatile blood flow in the sinus region of the carotid bifurcation. To understand 
the role of blood vessel geometry, two carotid bifurcation models with different forms 
of sinus were investigated. Model M-l displayed a straight sinus and model M-2, a 
streamlined sinus. The severity of stenosis influenced in which the flow remained 

laminar during the pulse cycle. The case of a more severe stenosis using k-ω 

turbulence modeling is discussed in the next section. 
To measure the effects of the different shapes of stenosis on flow patterns, two 

types of stenosis were also considered. In model M-l, an abrupt stenosis was used, 

where a streamlined contour was used in model M-2. Although a 25% stenosis in a 

straight artery does not affect flow patterns downstream of a stenosis (Saad and 

Giddens [3]), the present flow simulation confirmed that the presence of a mild (25%) 

stenosis in the carotid sinus had relatively little effect on flow pattern downstream of 

the stenosis. However, when the stenosis increased to 40% and 60%, the change in 

flow patterns and wall shear stress distribution was more pronounced. The presence of 

a severe stenosis created two distinct flow zones in the internal carotid artery. The 

first one was inside the carotid sinus and displayed high wall shear stress. The second 

one was located immediately downstream of the stenosis, where flow reversal with 

low wall shear stress occurred. In certain periods of a pulse cycle, this reversed flow 

extended beyond the sinus section to reach the wall on the flow-divider side. 

The most significant effect of a stenosis manifested itself in the altered features of 

the wall shear stress distribution. The severe stenosis led to a. remarkable variation in 

wall shear stress. In the absence of a stenosis, the absolute value of wall shear stress in 

the mid-sinus varied between 2.6 and 7 dyn/cm2 for carotid artery bifurcation model 
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M-l, whereas in model M-2 it decreased to between 0 and 6 dyn/cm2. In the presence 

of a 25% stenosis, the wall shear stress varied between 5 and 187 dyn/cm2. When the 

stenosis grew to 40% and 60%, the variation became 4-370 dyn/cm2 and 30-470, 

respectively for model M-l. These significant variations in wall shear stress in the 

presence of a stenosis were unphysiological, promoting intimal thickening and 

possibly causing fragments of plaque to break off and travel within the blood flow as 

mobile emboli (Clark et al.,1995). During a pulse cycle, the wall shear stress in the 

carotid sinus in model M-l reached as high as 370 dyn/cm2 for the 40% stenosis and 

470 dyn/cm2 for the 60% stenosis. High wall shear stress resulting from the stenosis 

may therefore lead to mechanical damage to the endothelial lining in the sinus (Fry 

,1981). 

In a numerical study on intimal thickening under shear in a carotid bifurcation, 
(Lee and Chiu,2008) concluded that intimal thickening had a tendency to fill up the 
recirculation/low shear region in the carotid sinus, thereby reducing the possibility of 
flow reversal. In the present study, the size of the flow recirculation zone did indeed 
decrease with the growth of stenosis. However, the reduction of the flow recirculation 
zone only continued with the development of the stenosis up to 25%, and later, the 
recirculation zone began to increase in size with the growth of the stenosis. The 
present numerical analysis also suggests that the presence of a stenosis may lead to an 
increased duration of flow reversal with low wall shear stress in a pulse cycle. This in 
turn may lead to increased length of exposure of the luminal surface to circulating 
atherogenic agents, enhanced transendothelial diffusion, or intimal entrapment of 
atherogenic particles in this area (Ku ,1995,Asakura and Karino,2002,Karino  et 
al,1991). 

Consequently, the presence of a severe stenosis produced two phenomena of low 
and high shear stress mentioned by (Caro et al.,1983) and (Fry,1981) which are 
important in the initiation and development of atherosclerotic lesions in arteries. It has 
been shown that endothelial cells undergo morphological alterations in response to 
changes in the degree and orientation of shear stress. Elongated endothelial cells 
located in areas of high shear stress have their long axes aligned parallel in the 
direction of flow, and polygonal endothelial cells in low shear stress regions are 
aligned in haphazard directions. It has also been shown that the presence of a stenosis 
increased the duration of reversed flow (low shear stress) in the pulse cycle. (Asakura 
and Karino,2002) postulated that these alterations may be responsible for the changes 
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in endothelial cell permeability to atherogenic lipoprotein particles. They also been 
hypothesized that a reduction or stagnation in the velocity of blood flow permits 
increased uptake of atherogenic particles as a result of increased residence time or 
prolonged contact with the endothelium, which allows "concentration-induced" 
endocytosis. Once lipoprotein particles are incorporated into the intima, they may 
then drift because of regional pressure differences to areas of low shear stress, which 
may act as low pressure "sinks" for atherogenic particles and facilitate for their 
permanent residence in these area. Finally, the flow simulation of this segment of 
thesis provided quantitative and qualitative data on the effect of arterial stenosis on 
blood flow patterns in the carotid bifurcation and the progression of the disease. 

5.5.5 Conclusion 

 Stenosis development in the carotid sinus significantly influenced the blood 

flow pattern at the bifurcation. The flow patterns in the carotid sinus in the non-

stenosed models revealed the tendency of atherosclerotic lesions to form beside the 

non-divider wall side of the carotid bifurcation. The hemodynamic calculation 

analysis in this study showed that, for various stages of the pulse cycle, the 

development of lesion went beyond forming inside and outside of the carotid sinus, 

reaching beside the non-divider side of the internal carotid. 

The presence of a severe stenosis created two distinct flow zones in the internal carotid 

artery: a high wall shear area at the stenosis which may cause mechanical damage to the 

endothelial lining, and an elongated flow recirculation zone with low wall shear stress. The 

presence of a stenosis may then lead to an increased duration of flow reversal with low wall 

shear stress in a pulse cycle, which may in turn accelerate the development of atherosclerosis 

downstream of the stenosis. Furthermore, the results obtained regarding the streamlined 

contour, velocity profiles and duration of reversed flow in a pulse cycle show that lesions may 

develop very rapidly up to a stenosis of between 25% and 40%. Beyond a 40% stenosis and 

up to a 75% stenosis, hemodynamically speaking the development of lesions is not 

significant. These interesting findings have prompted us to pursue our study of a influence of 

a more severe stenosis using suitable turbulence modeling which will be the subject of an 

upcoming section. 
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Stroke work output is the energy used during each heartbeat to pump blood into the 
arteries. 
Volume-pressure work is the energy for the heart to move the blood from the low 
pressure veins to the high pressure arteries. 
Kinetic energy is the energy used to accelerate the blood to its velocity of ejection 
through the aortic and pulmonary valves. 
The additional work output of each ventricle to create kinetic energy of blood flow is 
proportional to the mass of blood ejected times the square of velocity of ejection. 
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Chapter 6 
 
Conclusions and recommendations 

 Now days, it has been reported that the major cause of mortality in modern 

world is due to the atherosclerosis which subsequently results in Cardiovascular 

disorders. Atherosclerosis is a degenerative disease which affects relatively large 

arteries by the progressive thickening and eventual hardening of vessel walls through 

the accumulation of fatty or lipid material rich in cholesterol. Both clinical and 

postmortem studies indicate that in humans, atherosclerotic lesions do not develop 

randomly throughout the circulation, but are localized at certain selected sites in an 

arterial tree where complex flow occurs, as in the coronary or carotid bifurcation, or 

the abdominal and femoral arteries (Zarins ,2005). 

 

In addition to the physiological process, hemodynamic disturbances have been 

strongly correlated with the localization of atherosclerotic lesions on the vessel walls. 

From a fluid mechanics point of view, blood flow in these regions is very complex 

and exhibits unique characteristics. Turbulence and wall shear stress have all been 

considered as important hydrodynamic factors. Wall shear stress has received the 

most attention with much current research directed towards its influence on the 

transport of macromolecules between blood and arterial wall. 

 

In order to understand the normal and pathological behavior of the human 
vascular system, detailed knowledge of blood flow and the response of blood vessels 
are required. It is also expected that the same mechanisms which play a role in the 
initiation of arterial blockage are involved in the continued development of the 
stenosis, although the relative influence of various hydrodynamic factors may change 
as the stenosis develops. Two basic questions therefore arise:  

1) Firstly, what mechanisms are responsible for the initiation of the atherosclerotic 
lesions7  

2) Secondly, what additional mechanisms (if any) are involved in the continued 
development of the lesions to eventually form localized severe constrictions?  
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The first question has been studied by many authors but not many on the second. 
Answer to the second question by comparison of quantitative parameters in stenosed 
and non-stenosed models of different geometry of arteries could make possible the 
detection of stenosis in an earlier stage. 
Therefore, we investigated the blood flow in large stenosed arteries and in a stenosed 
carotid artery bifurcation under both steady and pulsatile flow. In Chapter 1, a 
complete review of literature is given including both experimental and numerical 
studies. In Chapter 2, a comprehensive definition is provided of Rheology and Basic 
Equations of Fluid Flow. In chapter 3, numerical scheme and finite element method 
discretization of Navier-Stokes equations are described. The simplifications in the 
numerical study of flow simulation in the large arteries were also explained. Galerkin 
discretization of N-S equations, along with boundary and initial conditions, and 
solution procedures are also brought in this chapter.  
In Chapter 4, we report on the steady laminar flow simulation which was carried out 
on various degrees of stenosis; the results are compared with experimental data. Three 
basic flow regimes were encountered under initial laminar flow through a constricted 
artery. In the mild stenosis, for very low Re numbers, no separation was observed and 
the flow was laminar throughout. For larger Re numbers, the flow remained laminar, 
however separation occurred along with a zone of back-flow. In the third regime, the 
flow downstream from the separation point became unstable, and a transition towards 
turbulent flow occurred, persisting well beyond the reattachment point. By comparing 
the results of reattachment length obtained in this study with the laminar flow 
simulation for the Reynolds number which was higher than the critical Reynolds 
number with experimental results (Black  and Roschke , 1984, Yongchareon  and 
Young , 1991).  
 

Chapter 5 reviews a pulsatile flow simulation which was carried out in non-
stenosed and stenosed models of a carotid artery bifurcation. The effect of both the 
variation of stenosis and of the variation of the geometry on the axial velocity 
distribution, the reattachment point, and wall shear stress, were investigated to 
evaluate the potential for possible early detection of the stenosis under various flow 
conditions. 

Based on our knowledge, numerical simulations in the carotid artery bifurcation 
have all been limited to laminar flow. However, experiments show that under 
pulsatile flow conditions, laminar flow becomes turbulent at the beginning of the 
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deceleration phase. Therefore, laminar flow results are not reliable. Consequently, the 
turbulence effects of blood flow have also been considered in this study. 

To understand the role of blood vessel geometry, two carotid artery bifurcation 
models with different forms of sinus were investigated. Model M-l displayed a 
straight sinus and model M-2, a streamlined sinus. The severity of stenosis influenced 
how laminar remained the flow during the pulse cycle 

To evaluate the contribution of the different shapes of stenosis on flow patterns, 
two types of stenosis were also considered. In model M-I, an abrupt stenosis was 
used, while a streamlined contour was used in model M-2. The finite element method 
was used in the calculation. Results showed that although a 25% stenosis in a straight 
artery does not affect flow patterns downstream of a stenosis (Saad and 
Giddens,1995)), the present flow simulation revealed that the presence of a mild 
(25%) stenosis in the carotid sinus had relatively little impact on flow pattern 
downstream of the stenosis. However, when the stenosis increased to 40% and 55%, 
the change in flow patterns and wall shear stress distribution was more pronounced. 
The presence of a stenosis greater than 25% created two distinct flow zones in the 
internal carotid artery: The first one was inside the carotid sinus and displayed high 
wall shear stress, while the second was located immediately downstream of the 
stenosis, where flow reversal with low wall shear stress occurred. In certain periods 
of a pulse cycle, this reversed flow extended beyond the sinus section to reach the 
wall on the flow-divider side. 

The most significant effect of a stenosis manifested itself in the altered features of 
the wall shear stress distribution. A severe stenosis led to a remarkable variation in 
wall shear stress. In the absence of a stenosis, the absolute value of wall shear stress 
in the mid-sinus varied between 2.6 and 7 dyn/cm2 for carotid artery bifurcation 
model M-l, whereas in model M-2 it decreased to between 0 and 6 dyn/cm2. In the 
presence of a 25% stenosis, the wall shear stress varied between 5 and 187 dyn/cm2. 
When the stenosis grew to 40% and 55%, the variation became 4-370 dyn/cm2 and 
30-470, respectively for model M-l. These significant variations in wall shear stress 
in the presence of a stenosis were unphysiological (i.e., a critical wall shear stress 
level of approximately 400 dynes/cm2 make endothelial cell erosion from the 
intima.], promoting intimal thickening and possibly causing fragments of plaque to 
break off and travel within the blood flow as mobile emboli (Clark et al,1995). 

In the second part of Chapter 5, the turbulent flow simulation of stenosed carotid 
artery bifurcation is presented in two parts: first, the model validation and second, the 
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application of a low-Re turbulence model to various degrees of stenosis with various 
geometries. In the absence of either experimental or numerical results in the stenosed 
carotid artery, the model had to be validated to its application under pulsatile flow 
conditions. 

The model validation was carried out on non-stenosed model M-l. In this model, 
the computations were carried out in both the laminar simulation and using the low-
Ac turbulence modeling. Results were compared with those of the laminar flow 
simulation obtained in the previous section. The calculations were then continued to a 
40%, 60% and 75% stenosis. In the non-stenosed models flow remains laminar under 
the range of the Reynolds number used in this study. The computations with low-Re 
turbulence modeling confirmed this claim. The velocity profiles and wall shear stress 
results were compared. There was a good agreement between the laminar flow results 
and the low-.Re turbulence modeling results. The calculations were extended to the 
40%, 60%. and 75% stenoses located in the sinus area of the internal carotid. The 
primary task was to investigate whether these stenoses resulted in intense turbulence 
flow or not. The findings of our previous calculations under laminar flow were also 
used to compare two different calculation results. The velocity profiles and wall shear 
stress results for the 40% stenosis in models M-l and M-2 were in very good 
agreement with the laminar flow simulation results. Moreover, the turbulent kinetic 
energy results (presented in Figure 5.28) show that there was a tendency for laminar 
flow to become transient in some part of the cycle and in different areas of the internal 
carotid artery. At point 3 in models M-l and M-2, the maximum turbulence intensity 
values reached 2.48% and 2.62% , respectively, but dissipated immediately over a 
relatively short distance as they progressed further downstream of the stenosis and 
flow relaminarized thereafter. The turbulence intensity was not sufficiently strong to 
seriously affect the wall shear stress. From this, we conclude that the 40% stenosis 
produced no turbulent flow downstream of the stenosis. 

For the 60% stenosis, the velocity profiles and wall shear stress results in the k-ω; 

turbulence modeling were consistent for most of the period of the pulse cycle under 
laminar now simulation up to and into the stenosed region. Small discrepancies were 
observed in the velocity profiles at point 6 located downstream of the stenosis. 
However, wall shear stress values showed no significant change, particularly in model 
M-l. In this stenosis the mean and maximum values of turbulence intensity in the 
pulse cycle displayed no significant increase. The maximum turbulence intensity also 
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occurred at the stenosis location, but not downstream. Therefore, the 60% stenosis did 
not alter the flow properties from laminar to turbulent downstream of the stenosis. 

The most significant changes occurred with the 75% stenosis model M-l. The 
maximum velocity reached 100 cm/sec at the center of the stenosis and the length of 
the recirculation zone increased downstream of the stenosis. The wall shear stress 
distribution results along the non-divider wall side showed a jump in wall shear stress 
value as shown in Figure 5.34. The value of shear stress in this severe stenosis 
reached 40 dyn/cm2, compared to 7 and 4 dyn/cm2 on the same model with a 40% and 
60% stenosis. It is believed that this increase in wall shear stress corresponds to the 
occurrence of intense turbulence behind the stenosis. The value of turbulent kinetic 
energy given in Figure 5.30 explains this conclusion. Unlike the 40% and 60% 
stenosis, where the flow was affected mostly in the core region due to the smaller jet 
kinetic energy and its dissipation immediately thereafter, for the 75% stenosis, the 
value of turbulent kinetic energy increased downstream of the stenosis, with 
maximum value occurring at point 6. 
Finally, the present study in stenosed carotid artery bifurcation documents intensely 
turbulent regions during part of the cycle for the 75% stenosis, but also demonstrates 
that more moderate constrictions may not, in fact, create turbulent flow. Therefore, 
care must be taken in assuming that coarctation in in vivo studies automatically render 
the distal flow turbulent. On the other side, in numerical investigations the assumption 
of the laminar flow in stenosed carotid bifurcation may lead to unrealistic results. Our 
findings with a moderate and severe stenosis showed a good agreement with clinical 
observations that an obstruction of more than 70% produces sounds that are detectable 
with a stethoscope. 

Certain important phenomena relevant to the progression of atherosclerosis 
plaques are illuminated by the new contributions of the research reported here. In the 
presence of a moderate stenosis the flow behavior downstream of the stenosis is so 
complicated. Although, the flow in upstream of a stenosis is laminar, it may become 
turbulent in a short distance downstream of the stenosis and relaminarize thereafter. 
With all these realities, most of the previous numerical studies were limited to the 
laminar flow simulation resulting inaccurate information and false conclusion 
regarding to the hemodynamic parameters such as velocity profiles, separation area, 
reattachment length, and wall shear stress. The occurrence of turbulence alters the 
wall shear stress values significantly and is the determinant factor in the initiation and 
the progression of the atherosclerosis. 
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In this study, therefore, the aspects of turbulent flow were considered. The good 
agreement between our results and the experimental data showed that the 
methodology used in this study was reliable and it can be used to get more realistic 
data of velocity profiles and wall shear stress downstream of a moderate and a severe 
stenosis. 

In the case of the carotid artery bifurcation studied in Chapter 5, many studies 
have been carried out in a healthy carotid artery bifurcation both experimentally and 
numerically. It is a well-documented research program. Moreover, there are very few 
studies which provide the information such as velocity profiles and wall shear stress 
while the stenosis occurs. Recently, Chandio and Ubaid . Although, these studies 
have confirmed the finding of (Caro,1983) that the atherosclerotic lesions occurs in 
the low wall shear area, but, there are no information that how does the stenosis 
progress? Moreover, the majority of the numerical studies used laminar flow 
simulation in which the experimental studies indicate the presence of turbulence 
during the pulse cycle. We therefore studied blood flow simulation in a stenosed 
carotid artery bifurcation. The new information regarding to the mean velocity value 
and wall shear stress were provided. Besides physiological factors, we 
hemodynamically found that in carotid artery bifurcation the atherosclerotic lesions 
may progress very fast up to a 40% stenosis but become slower at higher degrees. 

There has been considerable interest in the role of elevated shear stresses as a 
factor in atherogenesis. Of importance in this regard are (Fry’s,1980) results which 
demonstrated that shear stresses of the order of 400 dyn/cm2 caused acute endothelial 
cell damage to arteries walls. He has later shown (Fary’s1985) that much lower 
stresses can cause reorientation of these cells over a prolonged period of time. 
Another phenomenon which is of great significance is that of the "sudden" 
cerebrovascular accident or my-ocardial infarction. Plaques may, if sufficiently high 
shear stresses are imposed (see Figures 5.19 and 5.34), disgorge emboli which may 
move distally to precipitate these accidents. 

The occurring of turbulence under pulsatile flow conditions on the flow 
characteristics was investigated by applying the same methodology as we used in 
Chapter 5. The finding of this section was in good agreement with the clinical 
observations. In addition, the results indicated that the weak perturbations occurred a 
healthy artery and more intense perturbations in the case of severe stenoses. These 
new findings lead us to get more realistic information of the atherosclerosis 
hemodynamic. 
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Finally, to achieve the main objectives of this thesis: the effect of minor and 
severe stenoses on flow behavior in downstream of a stenosis, local changes of the 
wall distensibility in minor stenosis at stenosed sites may alter the results. Since the 
development of atherosclerosis at an early stage of the disease is attended by a 
stiffening of the arterial wall, it might be expected that the detection of minor stenoses 
will be enhanced when information on the hemodynamics is combined with 
measurements of local changes of the wall distensibility at stenosed sites. 

In the present work, the calculations were carried out under a constant angle of 
25° between the internal and external carotid artery geometry configuration. In order 
to provide a more general understanding of the flow behavior in these geometries, it is 
important to investigate effect of the varying the angles between the internal and 
external carotid together with those branches with the common carotid artery. The 
effects of various inlet pulse wave form may also be investigated. While three-
dimensional numerical simulations are ultimately preferred, the utility (and cost-
effectiveness) of two-dimensional simulations should not be underestimated in the 
context of these parametric studies. 

Experiments who seek to measure the local wall shear stress fields in these 
complex geometries under physiological conditions should be aware of the high 
spatial variation in wall shear stress, otherwise important features may be overlooked 
by imprecise measurement techniques. 

In clinics, it is often found that human diseased arteries are touched by more than 
one obstruction in which the flow behaviors downstream of stenosis would be 
different comparing to one stenosis. We therefore suggest a flow simulation under 
laminar and turbulent flow considering a multi-stenosis geometry. 

In the present study, the arterial wall was considered impermeable. However, the 
transport of nutrients and lipids in the neighborhood of an atherosclerotic plaque is of 
importance. It is generally believed that the separated flow regions retards mags 
transport through the arterial wall and reduce mass flux through the arterial wall. This 
factor may be investigated by mass transport calculation through an permeable arterial 
wall. We therefore suggest to continue the calculation considering nitration velocity 
through the arterial wall. 
 
Diagnostic techniques 

The arteriograms is used for obtaining information about the presence (and size) 
of a stenosis. It is an invasive technique which is usually only used when the disease 
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is rather advanced and accompanied by other symptoms. The MRA technique as a 
noninvasive technique used for detection of carotid artery bifurcation, limits spatial 
resolution and also flow sensibility in the extracranial vessels, which reduces the ac-
curacy of stenosis qualification. In this case, it is not reasonable to assume that a. 
signal void may be a result of other causes, such as abnormal vessel orientation or 
flow turbulence from ulceration. 
Phonoangiography is also a noninvasive technique. In this method, the essential 
measurement is the frequency spectrum of the sounds, from which a characteristic 
frequency is obtained. With this so called "break frequency", the diameter of the 
stenosis can be estimated if the peak systolic velocity can be measured or estimated. 
This method is, of course, only applicable if turbulence develops at the stenosis with a 
sufficient intensity to produce measureable vibrations at the skin surface. In the 
second part of Chapter 5, we showed that the generation of turbulence is, in turn, 
primarily a function of stenosis severity. Since intense turbulence was not generated 
for mild stenoses a.t flow rates encountered physiologically (see Section Turbulent 
flow simulation in Chapter 5) this technique is probably not highly suitable for the 
early detection of vascular disease. Also, in the presence of very severe stenosis, the 
flow rate may be reduced so that again intense turbulence may not be produced even 
though the stenosis is severe. 

Actually, as a non-invasive, diagnostic procedures utilize ultrasonic flowmeters 
which use the Doppler effect as a basis for their operation. The ultrasonic flowmeter 
can, in principle, be used to obtain transcutaneous measurements of blood velocities 
in intact arteries. There are several technical difficulties associated with the use of 
these devices for accurate quantitative measurements, but nevertheless, ultrasonic 
techniques have been utilized m the diagnosis of vascular disease. 

Finally, since most of the noninvasive diagnostic techniques involve the relation-
ship of ultrasonic signals to basic flow characteristics, the fluid mechanics of stenoses 
plays an important role in the interpretation of information obtained from ultrasonic 
flowmeters. We therefore believe, the methodology used in this study may help in 
providing more precise data in detection of the arterial stenosis, especially, for mild 
stenosis in femoral and carotid arteries. 
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