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Abstract

We study two types of problems: In first two Chapters we study evolution inclusions

and use discrete approximations to obtain some new qualitative results, although

the technique is not essentially new. In last two Chapters, we study the numerical

approximation of impulsive differential equations and impulsive functional differential

equations.

In first Chapter, we study differential inclusions on evolution triple. We replace the

Lipschitz condition with Kamke one which is much weaker. The general approach

of Mordukhovich appears to be very flexible and up to some technical difficulties

it can be used for larger class of problems. We prove a new variant of the well

known lemma of Filippov–Pliss. Afterwards we extend the well known Bogolyubov’s

theorem and the relaxation stability of the optimal control system. Examples of

control systems governed by partial differential equations are provided, where our

results are applicable.

In second Chapter, we study autonomous evolution inclusions with one-sided Lip-

schitz right-hand side with negative constant. We prove the existence of a unique

strong forward attractor and a unique strong backward attractor when the one-sided

Lipschitz constant is positive. As a corollary some surjectivity and fixed point results

are proved. Example of a parabolic system, satisfying our assumptions is provided.

In third Chapter, we study higher order numerical approximations of solutions

x



xi

of impulsive differential equations with non-fixed times of impulses. Using a Runge-

Kutta method under natural assumptions on the impulsive surfaces and the impulses

we calculate good approximations of the jump times, which enables us to extend the

classical results for higher order of convergence of explicit and implicit Runge-Kutta

methods to more complicated systems. We provide numerical examples to show some

applications of our theory. To our knowledge there are no related results in the

literature of impulsive differential equations with non-fixed time of impulses.

In last Chapter, we study impulsive functional differential equations with non

fixed times of impulses and their discrete approximations with the Euler’s method.

Under the assumption that right-hand side is Lipschitz with respect to a new norm

introduced here we show the O(h) approximations via Euler’s method (with respect

to defined metrics) of the unique solution of given delay impulsive differential system.

Some examples of impulsive delay differential equations are given at the end. Notice

that in general the higher-order methods are not applicable here.



Introduction

Optimal control is the rapidly expanding field developed during the last half-century

to analyze optimal behavior of a constrained process that evolves in time according to

prescribed laws. Its applications now embrace a variety of new disciplines, including

economics and production planning. Optimal control is among the most important

motivations and fruitful applications of modern methods of variational analysis and

generalized differentiation. In contrast to the classical calculus of variations, is the

presence of pointwise constraints on control functions, which may be (and often are)

defined by highly irregular sets consisting, e.g., of finitely many points. In particular,

this is the case of typical problems in automatic control that provided the primary

motivation for developing optimal control theory [59].

It is wellknown that under restrictive conditions on value function the classical

Pontryagin maximum principle can be easily proved as a corollary of Bellman equation

in dynamic programming. Relaxation of these restrictive conditions (smoothness

of value function) was one of the main target for developing nonsmooth analysis

[23]. Furthermore, the necessary optimality conditions have been observed in Euler

Lagrange form [39]. A great development of this theory was done by F. Clarke (see

[24]). One of the most flexible approach is that of Mordukhovich with discretization of

the optimal control problem [56, 58, 59] (see also [5]), the problem then is devoted to

1
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the problem of nonlinear programming in appropriate Banach space. Afterward using

the properties of Mordukhovich sub–differential and passing to limits Euler Lagrange

optimality condition can be derived. It is interesting that Mordukhovich approach up

to the limiting can be successfully done in case when the locally Lipschitz function

is replaced by the essentially larger class of Kamke one (we refer to [32], where it is

shown that the Kamke condition is essentially weaker than Lipschitz one) as we do

in first Chapter.

Studying asymptotic properties of dynamical systems some times it is very useful

to show that there exists a set attracting all the trajectories no matter what is the

starting point. The existence of attractors and some other properties are extensively

studied by P. Kloeden, J. Valero, P. Mlarin-Rubio etc [21, 48]. The attractors of

parabolic systems are very good presented in [38]. In their work they used strongly

the kind of compactness condition under one-sided Lipschitz condition. These as-

sumptions can be replaced by one-sided Lipschitz (OSL) condition with negative

constant [35, 37]. We use OSL assumption in second Chapter.

The impulsive differential equations are developed during the last half-century.

The theory is presented the most comprehensively in the books of V. Lakshmikan-

tham , D. Bainov, P. Simeonov [51] and also A. Samoilenko , N. Peresyuk [67]. The

connection to the so called hybrid systems is presented in [6, 7]. The impulsive sys-

tems are mainly of two kinds with fixed times of impulses and impulses of variable

times. The first kind of systems are extended now to measure driven systems. That

theory has a good impulse from the papers of Alberto Bressan [17, 18]. Recently

Wolenski and Zabic proposed their sampling method which remove some difficulties

of determination the solution with graph completion [73, 74, 75]. In thesis we study
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only the impulsive systems with variable times of jumps (impulses). They are more

complicated and in some sense more interesting than the systems with fixed times of

jumps. Many of their qualitative properties extensively investigated. The existence of

solutions of a very complicated such system (boundary value, hyperbolic, fractional)

are comprehensively studied by M. Benchohra, J. Henderson and S. Ntouyas [15].

Optimal control and stability of zero solution are studied by T. Yang [76]. Recently

V. Plotnikov and N. Kitanov proved continuous dependence of the initial conditions

and on the right-hand side with respect to ”measure of distance” [63] (see also [1],

where ε-neighborhood with respect to measure of distance is used). Extending their

approach R. Baier, T. Donchev proved the first order approximation of differential

inclusions via Euler’s method [11]. This work and previous work of T. Donchev [33]

are the first successful results in numerical approximations of nonfixed time of im-

pulsive systems. We study higher order approximations of (Runge–Kutta) impulsive

systems.

The impulsive system described with functional differential equations is much

harder. The existence of results with fixed point approach are proved in [15]. We refer

also to [69], where some qualitative properties of such systems as well as stability of

zero solutions are studied. In all these works the solutions are provided with uniform

distance which indeed works very good in most particular cases. In general theory,

however, this norm is not applicable, because it can not estimate the distance between

the functions with different points of impulses. We introduce new norm which allows

us to use Euler’s method for impulsive functional differential equations in the most

general Hale’s form. In this case higher order methods are not applicable in general

even for the systems without impulses.
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In rest of the introduction we describe the problems studied in the thesis and our

main contributions.

The thesis consists of four chapters with introduction.

0.1 Basic definitions

Here we consider some definitions and basic results related to differential inclusions

in evolution triple, we refer the reader to [45] for more details.

Definition 0.1.1. (Support function) Let E be a Banach space with dual E∗. For
the closed bounded set A in E, the support function is σ(l, A) = sup

a∈A
〈l, a〉, where

l ∈ E∗.
Definition 0.1.2. (LSC) Given two Banach spaces E, B. A multifunction F : E ⇒ B
is said to be lower semi continuous (LSC) at x ∈ E if for any xn → x and any
fx ∈ F (x) there exists fi ∈ F (xi) with fi → fx, F (·) is said to be continuous if
it is continuous with respect to Hausdorf distance DH(A,C) = max{sup

a∈A
inf
b∈C
|a −

b|, sup
b∈C

inf
a∈A
|a− b|}.

Definition 0.1.3. (Almost LSC) The multifunction F : I × E ⇒ B is said to be
almost continuous (LSC) if for every ε > 0 there exists Iε ⊂ I with Lebesgue measure
meas(I \ Iε) < ε and F is continuous (LSC) on Iε × E.

Definition 0.1.4. (USC) F is upper semi continuous (USC) at x ∈ E when for every
ε > 0 there exists a δ > 0 such that F (y) ⊂ F (x) + εU for every y ∈ x + δU, where
U is the open unit ball in E.

Definition 0.1.5. (UHC) F is said to be upper hemicontinuous (UHC), when its
support function is USC as real-valued function. The multifunction F : I×E ⇒ B is
said to be almost UHC when for every δ > 0 there exists Iδ ⊂ I with meas(I \Iδ) > δ
such that F is UHC on Iδ × E.

Definition 0.1.6. An operator A : X → X∗ is said to be hemicontinuous if A(x +
λy)→ A(x) as λ→ 0+ with respect to the weak topology of X∗ for every x, y ∈ X.

Definition 0.1.7. Let f : E → R be locally Lipschitz continuous around x̄, then
∂cf(x̄) := {x∗ ∈ E∗ : 〈x∗, y〉 ≤ f ◦(x̄, y)∀ y ∈ E} is called Clarke subdifferential of f
at x̄, where f ◦(x̄, y) is Clarke’s directional derivative of f at x̄ in the direction of y
defined as:

f ◦(x̄, y) := lim
t→0+,x→x̄

sup
1

t
(f(x+ ty)− f(x)).
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0.2 Differential inclusions in evolution triple

Let H be a separable Hilbert space, identified with its dual. Let X be a separable

and reflexive Banach space embedded continuously and densely into H. Then H is

embedded continuously and densely into the dual space X∗ of X. The triple X ⊂ H ⊂

X∗ is called an evolution triple. Further we assume that the embedding operator

i : X 7→ H is compact. We denote by (·, ·) the scalar product in H and by 〈·, ·〉 the

dual pairing. We refer the reader to [45] and [66], where the theoretical background

is presented.

Let I = [0, 1] (or an interval [0, T ]). Following [45] we denote by C∞0 (0, 1) the

strong inductive limit of C∞K (0, 1) (the space of all functions with compact support

which have derivatives of arbitrary order). Denote by D∗(0, 1,X) the space of all

linear continuous maps from C∞K (0, 1) into X. Let h ∈ D∗(0, 1,X). For any k ≥ 1 we

let Dkh(ϕ) = (−1)kh(Dkϕ) ∈ D∗(0, 1,X) (the kth distributional derivative of h(·)) for

all ϕ ∈ C∞0 (0, 1). The elements of D∗(0, 1,X) are called vector-valued distributions.

Assume p, q > 0 and
1

p
+

1

q
= 1. Let Wpq = {x ∈ Lp(I,X) : ẋ ∈ Lq(I,X∗)}. Here

and further the derivatives are understood in the sense of vector-valued distributions.

Notice that Wpq ⊂ C(I,H) and the embedding is continuous. Furthermore, for

any x, y ∈ Wpq, we have
d

dt
(x(t), y(t)) = 〈ẋ(t), y(t)〉 + 〈x(t), ẏ(t)〉 and

d

dt
|x(t)|2 =

2〈ẋ(t), x(t)〉.

We refer to [45] Ch. 1 and to [66] Ch. II Sect 7 and 8, where all facts of differential

equations (inclusions) on evolution triples not given here can be found (see also [68]).

Consider the following differential inclusion:

ẋ(t) + Ax ∈ F (t, x), x(0) = x0 ∈ H, t ∈ I = [0, 1]. (0.2.1)
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.

Definition 0.2.1. A function x ∈ Wpq(I) is said to be a solution of (0.2.1) if x(0) =
x0 ∈ H and there exists a measurable selection fx(t) ∈ F (t, x(t)) such that

ẋ(t) + Ax(t) = fx(t) a.e on I, x(0) = x0. (0.2.2)

Let A : X 7→ X∗ be an operator such that:

H(A) A is hemicontinuous, monotone, i.e. 〈x − y, Ax − Ay〉 ≥ 0 for all x, y ∈ X.

Furthermore, for any z ∈ X:

(i) ‖A(z)‖∗ ≤ C(1 + ‖z‖p−1) (‖ · ‖∗ is the norm in X∗) with C > 0, 2 ≤ p <∞,

(ii) 〈A(z), z〉 ≥ c[z]p with [·] be a semi-norm of X such that [z] + β|z| ≥ γ‖z‖ for

some c > 0 and β, γ > 0.

Let F : I × H ⇒ H be multifunction with nonempty convex weakly compact

values such that

(1) t→ F (t, x) is measurable;

(2) x→ F (t, x) is hemicontinuous;

(3) |F (t, x)| ≤ a2(t) + b2(t)|x| a.e. with a2, b2 ∈ L2(I).

Theorem 0.2.1. (Theorem 2.9 [45]) If H(A), (1)–(3) hold, x0 ∈ H and X embedded
compactly in H. Then, the solution set of (0.2.1) is nonempty and C(I,H) compact.

Assume that, F : I ×H ⇒ H is a multifunction such that

(F1) [t, x]→ F (t, x) is graph measurable;

(F2) x→ F (t, x) is LSC;

(F3) |F (t, x)| = {|u| : u ∈ F (t, x)} ≤ a(t) + b(t)|x| with a, b ∈ L2(I).

Theorem 0.2.2. (Theorem 2.4 [45]) If H(A), F1–F3 hold and x0 ∈ H, then the
solution set S(x0) of (0.2.1) is nonempty.
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0.2.1 Bolza optimal control problem

The principal goal of the developments in control theory is to derive necessary op-

timality conditions in a range of optimal control problems for evolution systems by

using methods of variational analysis and generalized differentiation. The main atten-

tion is paid to optimal control optimization problems of the Bolza-type governed by

evolution inclusions and control systems with both discrete-time and continuous-time

in the presence of endpoint constraints [59].

We consider Bolza-type problem for evolution systems with endpoint constraints.

Such models cover more conventional control systems governed by parameterized

evolution equations with control regions generally dependent on state variables. The

latter do not allow us to use control variations for deriving necessary optimality

conditions. We develop the method of discrete approximations, which is certainly of

numerical interest.

The optimal control problem considered here is in the form of Bolza:

min J [x] := φ(x(1)) +

∫ 1

0

g(t, x(t), fx(t))dt, (0.2.3)

subject to (0.2.1) with endpoint constraints x(1) ∈ Υ ⊂ H. Here fx(t) = ẋ(t) +

Ax(t) ∈ F (t, x(t)).

In first Chapter we prove strong discrete approximation of (0.2.1), (0.2.3) un-

der Kamke condition on the right-hand side of (0.2.1). Afterward, a variant of Bo-

golyubov’s theorem which enables us to derive relaxation stability is proved.

The main results in first Chapter are:

1) Theorem 1.2.2, which gives us sufficient conditions for strong approximations of

the system (1.1.1),

2) Theorem 1.3.3, which is a new variant of Bogolyubov’s theorem (proved here with
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weaker assumption than in the literature [26, 36]), and

3) Theorem 1.5.1, where an approximation of continuous optimal control problem

with discrete one is proved.

The results of first Chapter are published in [28].

0.3 Existence of attractors in evolution inclusions

Given an evolution triple: X ⊂ H ⊂ X∗ and a compact metric space U (with metrics

ρU) we consider the following parametric evolution inclusion:

ẋ(t) + A(x) ∈ F (x, η), x(0) = x0, η ∈ U, t ∈ I = [0, T ]. (0.3.1)

Studying (0.3.1) on [0,+∞), we say that x(·) is a solution, when it is a solution of

(0.3.1) on [0, T ] for every T > 0 with respect to Definition 0.2.1.

Let F : H × U ⇒ H have nonempty convex weakly compact values. We will use

one–sided Lipschitz (OSL) condition in the form:

There exists a constant L > 0 such that

σ(x− y, F (x, η))− σ(x− y, F (y, η)) ≤ −L‖x− y‖2.

The reachable set of (0.3.1) is:

Reachz(t) = {y ∈ H : ∃ solution x(·) of (0.3.1) with x(t) = y andx(0) = z}.

The closed set V ⊂ H is said to be a strong attractor of (0.3.1) if and only if

1) lim
t→∞

Ex(Reachx0(t), V ) = 0 for every x0 ∈ H.

2) ReachV (t) = V for every t > 0, i.e. V is invariant.

If V satisfies only 1) and it is minimal, than V will be called minimal attractor.
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V is said to be strong backward attractor when in 1) t → ∞ is replaced by

t → −∞ and in 2) t > 0 by t < 0. It is easy to see that backward attractor is a

forward attractor of (0.3.1) if t is replaced by −t.

The existence of attractors is also studied in case of m-dissipative evolution inclu-

sions without compactness condition, having the form:

ẋ ∈ Ax+ F (x) on I = [0, T ], x(0) = x0 ∈ D(A), (0.3.2)

in a Banach space E with uniformly convex dual E∗. When A is m-dissipative and

F is a multifunction we study the limit of the reachable set when T → +∞. For

this purpose we set D(A) = {x ∈ E : Ax 6= ∅} - the domain of A, and R(A) =⋃
x∈D(A)

Ax - the range of A. The map J(x) = {e ∈ E∗ : 〈e, x〉 = |x|2 = |e|2} is called

duality map. When E∗ is uniformly convex, then J(·) is single valued and uniformly

continuous on the bounded sets (see [27]). The operator A is called m-dissipative

when R(I − λA) = E for every λ > 0 and 〈J(x − y), u − v〉 ≤ 0 for all x, y ∈ D(A)

and all u ∈ Ax, v ∈ Ay. Notice that the m-dissipative operators are multivalued in

general.

When A is m-dissipative it generates a semigroup {S(t) : t ≥ 0} of contractions

on D(A), i.e. |S(t)x − S(t)y| ≤ |x − y| for every t ∈ I, x, y ∈ D(A) (see [52] for

instance). The semigroup S(·) is called compact when S(t) is a compact map for

every t > 0. It is called equicontinuous if the family of functions {S(·)x : x ∈ B}

is equicontinuous at every t > 0 for all bounded B ⊂ D(A). Let f(·) be integrable

in the sense of Bochner. The continuous function x(·) : I → D(A) is said to be an

integral solution of

ẋ(t) ∈ Ax(t) + f(t), x(0) = x0, (0.3.3)

if x(0) = x0 and for every u ∈ D(A), v ∈ Au, 0 ≤ s ≤ t ≤ 1 the following inequality
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holds true

|x(t)− u|2 ≤ |x(s)− u|2 + 2

∫ t

s

〈J(x(τ)− u), f(τ) + v〉 dτ

(note that we consider only uniformly convex E∗) - see [52] for instance.

Definition 0.3.1. The continuous function x(·) is said to be a solution of (0.3.2)
when it is an integral solution of (0.3.3) for some integrable f(t) ∈ F (x(t)).

If write ẋ(t) ∈ Ax+w(t), x(0) = y0, then it means that x(·) is a (integral) solution

of (0.3.3) with f(·) replaced by w(·) and x0 by y0.

We will essentially use the following theorem proved in [52]:

Theorem 0.3.1. Let f(·) be integrable. If A is m-dissipative then the differential
equation (0.3.3) has a unique solution x(·), such that x(t) ∈ D(A) for every t ∈ I.
Furthermore if y(·) is a solution of (0.3.3), when f(·) is replaced by g(·) and x0 by
y0, then

|x(t)− y(t)|2 ≤ |x0 − y0|2 + 2

∫ t

0

〈J(x(s)− y(s)), f(s)− g(s)〉 ds,

and |x(t)− y(t)| ≤ |x0 − y0|+
∫ t

0

|f(s)− g(s)| ds.

Given ε > 0 the solution of

ẋ(t) ∈ Ax(t) + F (x(t) + f(t)), x(0) = x0

is called ε–solution of (0.3.2) if f(·) is strongly measurable and |f(t)| ≤ ε.

The main results in Chapter 2 are: Theorem 2.2.1 which proving the existence of a

unique strong attractor for the system (0.3.1), its Corollary 2.2.3 which stating some

surjectivity and fixed point theorems for monotonic operators. In Theorem 2.2.8 we

prove the approximations of the solution set and reachable set of evolution system

(0.3.1) and hence its attractor on infinite time interval. Finally, Theorem 2.4.1 gives

sufficient conditions for existence of attractor of (0.3.2).

The results in the Chapter 2 without Section 2.4 are published in [30].
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0.4 Impulsive differential equations with nonfixed

time of impulses

The differential equations have been used in modeling the dynamics of changing pro-

cesses. The dynamics of many evolving processes are subject to abrupt changes, such

as shocks, harvesting and natural disasters. These phenomena involve short-term

perturbations from continuous and smooth dynamics, whose duration is negligible

in comparison with the duration of an entire evolution. In models involving such

perturbations, it is natural to assume these perturbations act instantaneously or in

the form of impulses. As a consequence, impulsive differential equations have been

developed in modeling impulsive problems in physics, population dynamics, ecology,

biological systems, biotechnology, industrial robotics, pharmcokinetics, optimal con-

trol, and so forth. Again, associated with this development, a theory of impulsive

differential equations has been given extensive attention [12, 15].

The impulsive differential equations are mathematical models of evolution pro-

cesses along with a continuous and jump change of their state. For description of

continuous change of such processes ordinary differential equations are used, while

the moments and magnitude of change by jumps are given by jump conditions.

We study the impulsive systems with variable times of impulses, where the im-

pulsive effects occur when trajectories hit a hypersurface H(t, x) = 0. This kind of

impulsive differential system can be written as:

ẋ(t) = f(t, x), H(t, x) 6= 0, (0.4.1)

∆x = S(t, x), H(t, x) = 0.
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In this case, the switching set is given by

Ωt = {(t, x) : H(t, x) = 0},

and the jumping operator Jt is given by

Jt : (t, x)→ (t, x+ S(t, x)).

If the equation H(t, x) = 0 has a finite number of solutions with respect to t, we

denote these solutions by t = τi(x) for i = 1, 2, · · · , r, then 0.4.1 can be rewritten as:

ẋ(t) = f(t, x), t 6= τi(x), (0.4.2)

∆x = Si(x), t = τi(x).

If τi(·) dot not depend on x for i = 1, 2, · · · , r, then (0.4.2) becomes a system with

fixed time of impulses. We restrict ourselves just to study the impulsive differential

systems with non–fixed time of impulses in the form (0.4.2), which is more compli-

cated. The solutions of system (0.4.2) starting at different initial conditions have

different points of discontinuity. A solution of system (0.4.2) may hit the same hyper-

surface H(t, x) = 0 many times and cause so called ”beating phenomenon” or ”pulse

phenomenon”. Different solutions of system (0.4.2) may coincide after some time and

behave like a single solution thereafter and thus cause ”confluence”.

Existence of solution:

Consider the following impulsive differential equation:

ẋ(t) = f(t, x), t 6= τi(x), t ∈ I = [0, 1], (0.4.3)

∆x = Si(x), t = τi(x),

x(t0) = x0, t0 ≥ 0,
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where f : I × Rn → Rn and Si : Rn → Rn. We assume that τi(x) < τi+1(x). The

following theorem is proved in [76].

Theorem 0.4.1. Assume that
(i) f : I × Rn → Rn is continuous;
(ii) τi : Rn → R+ are differentiable;
(iii) if t1 = τi(x1) for some (t1, x1) ∈ I × Rn and i ≥ 1, then there exists a δ > 0

such that 〈f(t, x),∇τi(x)〉 6= 1 if the gradient ∇τi(·) exists for (t, x) ∈ I × Rn with
t− t1 ∈ (0, δ) and |x− x1| < δ.
Then, for each (t0, x0) ∈ I×Rn, there exists a solution x : [t0, t0 +a)→ Rn of (0.4.3)
for some a > 0.

Remark 0.4.1. If τi(·) are only locally Lipschitz, then (iii) can be replaced by 〈f(t, x), η〉 6=
1 for every η ∈ ∂cτi(x). If moreover, f(t, ·) is locally Lipschitz, then the solution is
also unique.

Under some natural extra conditions studied in Chapter 3 the solution can be

extended on the whole interval.

In Chapter 3 main results are: the method of approximation of impulsive times

and Theorem 3.2.3, where O(hp) order of approximation of (3.1.1) under s-stage

Runge–Kutta method is proved. Some numerical examples are then provided.

Almost all results of Chapter 3 are contained in [10].

0.5 Delay differential equations with nonfixed time

of impulses

Impulsive functional differential equations are a natural generalization of impulsive

ordinary differential equations (without delay) and of functional differential equations

(without impulses). At the present time the qualitative theory of such equations

undergoes rapid development. In the literature under uniform metrics (cf. [74])

many results on the stability and boundedness of their solutions are obtained.
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The necessity to study impulsive functional differential equations is due to the fact

that these equations are an useful mathematical machinery in modeling many real

processes and phenomena studied in optimal control, biology, mechanics, medicine,

bio-technologies, electronics, economics, etc. we refer to [69], where many practi-

cal examples are provided. The delay differential inclusions and delay differential

equations have played an important role in areas involving hereditary phenomena

for which a delay argument arises in the modeling equation or inclusion. There are

also a number of applications in which the delayed argument occurs in the derivative

of the state variable, which are sometimes modeled by neutral differential equations

or neutral differential inclusions. Indeed, the states of many evolutionary processes

are often subject to instantaneous perturbations and experience abrupt changes at

certain moments of time. The duration of the changes is very short and negligible

in comparison with the duration of the process considered, and can be thought of

as momentarily changes or as impulses. Systems with short-term perturbations are

often naturally described by impulsive differential equations (cf.[69]).

We shall restrict ourselves just to study the impulsive delay differential equations

with nonfixed time of impulses.

Denote I = [0, 1]. Given τ > 0, consider the following finite dimensional impulsive

functional differential equation:

ẋ(t) = f(t, xt); x0 = ϕ ∈ PL([−τ, 0],Rn), t 6= τj(x(t)), t ∈ I. (0.5.1)

x(τj(x(t)) + 0)− x(τj(x(t))) = χj(x(t)), t = τj(x(t)), j = 1, . . . , p. (0.5.2)

where PL([−τ, 0],Rn) ≡ PL is the set of all piecewise Lipschitz functions which are

left continuous (with constant L to be determined) with no more than p jumps and

f : PL → Rn. Moreover, τj : Rn → R are the impulsive surfaces, where the jumps
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χj : Rn → Rn occur.

Definition 0.5.1. A piecewise AC function x(·) is said to be a solution of (0.5.1)–
(0.5.2) if it is left continuous, satisfies (0.5.1) for almost all t 6= τi(x(t)) and satisfies
(0.5.2) when t = τi(x(t)).

Let PL be equipped with the uniform norm i.e., ‖α‖ = sup
s∈[−τ,0]

|α(s)|. The following

theorem is a corollary of Theorem (8.2) of [15].

Theorem 0.5.1. Let f : I ×Rn → Rn be continuous and let |f(t, α)| ≤ K(1 + ‖α‖),
for K > 0. Furthermore, assume that

(1) τi(x) ≤ τi+1(x) and τi(x+ χi(x)) ≤ τi(x) < τi+1(x+ χi(x)).
(2) There exist constants Ci such that |χi(x)| ≤ Ci for i = 1, 2, · · · , p.
(3) τi(·) are continuously differentiable and 〈f(t, α),∇τi(x)〉 6= 1, i = 1, 2, · · · , p

for every x and every α ∈ PL with α(0) = x.
Then the system (0.5.1)–(0.5.2) admits a solution x(·) on I.

Remark 0.5.1. If in addition f(t, ·) is locally Lipschitz then the solution is also unique.

Unfortunately, the uniform metric is not appropriate when the initial condition

or right hand-side vary.

Example 0.5.1. Let us consider

x(t) =

{
0 t ∈ [0, 1]

1 t ∈ (1, 2]

and

y(t) =

{
0 t ∈ [0, 1 + 10−100]

1 t ∈ (1 + 10−100, 2]

On every interval 0 ≤ a ≤ 1 < 1 + 10−100 < b ≤ 2 one has that max
t∈[a,b]

|x(t)− y(t)| = 1,

although these two functions are practically identical.
Clearly the Lipschitz condition with respect to the uniform norm is without prac-

tical use in such cases.

We show the O(h) approximation via Euler’s method (with respect to defined

metrics) of the unique solution of system (0.5.1)–(0.5.2).
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We define the appropriate norm as:

‖α‖M = inf
A⊂[−τ,0]

{ sup
s∈[−τ,0]\A

|α(s)|+ meas(A)}. (0.5.3)

Remark 0.5.2. The norm introduced in (0.5.3) corresponds to the used in [72] norm of
measurable functions. It is in accordance with ε-neighborhoods of [1] and the measure
of distance in Chapter 3.

In Chapter 4, main result is: Theorem 4.2.1, where the existence, uniqueness of

the solution and O(h) order of approximation with the Euler’s method are proved.

The last Chapter contains the results of [29].



Chapter 1

Discrete approximations and
optimization of evolution inclusions

In this chapter we study discrete approximations of nonconvex valued evolution inclu-

sions with the right-hand side satisfying Kamke condition which is more general than

the Lipschitz one and more convenient than the variant of the one-sided Lipschitz

condition used in [36]. We extend an interesting previous result of Mordukhovich to

a large class of evolution systems appearing in the theory of parabolic partial differen-

tial equations. Examples of control systems governed by partial differential equations

are provided.

1.1 Preliminaries

We study differential inclusions in evolution triple. Such problems arise for example

in parabolic systems. We replace the commonly used Lipschitz condition with Kamke

one. The later is satisfied by a quite large class of almost continuous multifunctions.

We extend the main results of [36]. Here the proofs are simplified and the techniques of

Mordukhovich appear to be applicable for a large class of evolution inclusions and the

results are directly applicable for parabolic optimal control problems. Furthermore,

almost all (in Baire sense) convex valued differential inclusions with Caratheodory

17
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right hand sides in Rn satisfy our assumptions (cf. [32]).

Statement of the problem.

Given an evolution triple X ⊂ H ⊂ X∗ we study the following evolution inclusion:

ẋ(t) + Ax ∈ F (t, x), x(0) = x0 ∈ H, t ∈ I = [0, 1]. (1.1.1)

The optimal control problem considered here is in the form of Bolza:

min J [x] := φ(x(1)) +

∫ 1

0

g(t, x(t), fx(t))dt, (1.1.2)

subject to (1.1.1) with endpoint constraints x(1) ∈ Υ ⊂ H. Here and further in

the chapter fx(t) = ẋ(t) + Ax(t) ∈ F (t, x(t)). Throughout the chapter we assume

that g(·, ·, ·) is almost continuous and bounded on the bounded sets. One of the

main difficulties here is the discontinuity of A, which is the main obstacle to study

g(t, x(t), ẋ(t)) as in the problems in Rn.

We study strong approximation of the solution set of (1.1.1). Afterwards we ex-

tend the well known Bogolyubov’s theorem and the relaxation stability of the optimal

control system (1.1.1)–(1.1.2). Our main target is to show that the approach of Mor-

dukhovich is applicable for infinite dimensional optimal control problems and up to

obtaining optimality conditions (which require Lipschitz assumptions) to almost all

Caratheodory differential inclusions in case of Rn.

Further we need the following assumptions:

H(F) F (·, ·) is almost continuous with closed bounded values.

(i) F : I ×H ⇒ H has linear growth, i.e. |F (t, x)| ≤ a(1 + |x|) for some positive

constant a.

(ii) F (·, ·) is Kamke continuous (KC), i.e. there exists a Kamke function v(·, ·)

such that

DH(F (t, x), F (t, y)) ≤ v(t, |x− y|)
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for every x, y ∈ H.

Recall that the Caratheodory function: v : I × R+ → R+ is said to be Kamke

function when v(t, 0) ≡ 0, it is integrally bounded on the bounded sets and the unique

solution of ṙ(t) = v(t, r(t)), r(0) = 0 is r(t) ≡ 0. In the sequel we assume that the

Kamke function v(t, ·) is monotone nondecreasing.

Kamke functions sometimes are called Picard functions. We refer the interested

reader to [8] where these functions are comprehensively studied.

Notice that KC is much weaker than the Lipschitz one. For example in Rn

almost all (in Baire sense) Caratheodory multifunctions with convex compact values

are locally KC, while the locally Lipschitz ones are of the first Baire category (cf.

[32]).

The original Mordukhovich approach requires the right-hand side F (·, x) to be

continuous on a set Ĩ, not depending on x and with a full measure. Here we assume

only measurability (compare with [36]).

Denote by B the closed unit ball in H. The following theorem is a trivial corollary

of Theorem 2.2 [45] p. 19.

Theorem 1.1.1. Under the assumptions H(A) and H(F) for every x0 ∈ H, the

solution set of

ẋ(t) + Ax ∈ co F (t, x(t) + B) + B, x(0) = x0, (1.1.3)

is nonempty and C(I,H) compact. Furthermore, ẋ(·) ∈ Lq(I,X∗).

Since the solution set of (1.1.3) is C(I,H) compact, one has that there exists a

constant M with ‖x(t)‖ ≤M for every t ∈ I and every solution x(·) of (1.1.1). Define

w(h) = max{‖y(t + h) − y(t)‖ : t, t + h ∈ I, y(·) is a solution of (1.1.3)}. We let

h(v) := max{|v(t, s)− v(t, r)| : |s− r| ≤ w(h), s, r ≤ M}. It follows from H(F) (i)

that ‖F (t, x‖ ≤ a(1 +M).
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1.2 Approximation of evolution inclusions

In this section we study numerical approximations of (1.1.1). The numerical ap-

proximations of differential inclusions are studied by many authors. We note only

[3, 53, 70] and the references are there in. The main target in these works is the

accuracy of approximation.

Discrete approximations are used in optimal control problems in [56, 57, 60] in

order to derive necessary optimality conditions. This problem is comprehensively

studied in [59]. One of the main merits of those papers is that it is clearly seen

when Lipschitz condition can be relaxed. It is essential only to derive the necessary

optimality conditions (cf. also [4, 24]).

The following proposition is a variant of the well known lemma of Filippov–Pliss

in a form appropriated here.

Lemma 1.2.1. (Lemma of Filippov–Pliss) Let x(·) be a solution of

ẋ(t) + Ax ∈ F (t, x(t)) + f(t)B, x(0) = x0,

where f(·) is a Lebesgue integrable positive function. Under H(A), H(F) for every

ε > 0 there exists a solution y(·) of (1.1.1) such that |x(t) − y(t)| ≤ r(t), where

r(0) = |x0−y0| and ṙ(t) = v(t, r)+f(t)+ε. Furthermore |ẋ(t)+Ax(t)− ẏ(t)−Ay| ≤
v(t, r(t)) + f(t) + ε for a.a. t ∈ I.

Proof. Fix ε > 0 and define

G̃ε(t, z) = {u ∈ F (t, z) : ‖u− h(t)‖ < f(t) + ε+ v(t, ‖y(t)− z‖)},

where h(t) ∈ F (t, y(t)) is such that ẏ(t) +Ay(t) ∈ h(t) + f(t)B. Then (ẏ(t) +Ay(t) +

f(t))B
⋂
F (t, y(t)) is non-empty.

From Proposition 2.38 (p. 50) of [44] we know that G̃(·, ·) is LSC iff Gε(·, ·) =

G̃ε(·, ·) is LSC.
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We claim that Gε(·, ·) is almost LSC. It is enough to see that Gε is LSC if y(·),

h(·), F (·, ·) and v(·, ·) are continuous.

For û ∈ G̃ε(t̂, ẑ) we have ‖û − h(t̂))‖ < f(t̂) + v(t̂, ‖y(t̂) − ẑ‖) + ε − δ, (δ > 0).

Furthermore, Un(û) := û+ int( δ
2n
B) is open and Un

⋂
Gε(t, z) is non-empty for every

n.

Let (t̂, ẑ) be fixed and (ti, zi)→
(
t̂, ẑ
)
.

Since F (·, ·) is continuous one has that there exists a sequence ui ∈ F (ti, zi)

such that ui → û. Furthermore, there exists N such that for every i > N one

has: |h(ti) − h(t̂)| < δ

10
, |f(ti) − f(t̂)| < δ

10
, DH(F (t̂, ẑ), F (ti, zi)) <

δ

10
and∣∣v(ti, ‖y(ti)− zi)‖)− v(t̂, ‖y(t̂)− ẑ‖)

∣∣ < δ

10
. Consequently ‖ui − h(ti)‖ < f(ti) +

ε+ v(ti, ‖y(ti)− zi‖), i.e. ui ∈ G̃(ti, zi) for all i > N and hence Gε(·, ·) is almost LSC.

We know from Theorem 2.4 of [45] p. 23 that there exists a solution of

ẋ(t) + Ax(t) ∈ Gε(t, x(t)), x(0) = x0, i.e.

‖ẋ(t) + Ax(t)− ẏ(t)− Ay(t)‖ ≤ v(t, ‖x(t)− y(t)‖) + f(t) + ε,

where ‖x(0)− y(0)‖ = ‖x0− y0‖ and 〈x(t)− y(t), ẋ(t)− ẏ(t)〉 ≤ 〈x(t)− y(t), Ax(t)−

Ay(t)〉+ (v(t, ‖x(t)− y(t)‖) + f(t) + ε) ‖x(t)− y(t)‖.

Consequently,
d

dt
‖x(t)− y(t)‖ ≤ v(t, ‖x(t)− y(t)‖) + f(t) + ε.

Given a grid 0 = t0 < t1 < t2 < · · · < tn = 1 we study discrete approximations of

(1.1.1) as follows:

ẋ(t) + Ax(t) = fi, fi ∈ F (ti, xi), x(ti) = xi, t ∈ [ti, ti+1]. (1.2.1)

Theorem 1.2.2. Under H(A), H(F) there exists a sequence {∆k}∞k=1 of subdivisions

of I such that for every solution x(·) of (1.1.1), there exists a sequence of approximate

solutions {xk(·)}∞k=1 with xk(·) corresponding to ∆k such that lim
k→∞
|x(t) − xk(t)| = 0

uniformly on I as well as lim
k→∞
|fx(t)− fxk(t)|L1 = 0.
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Proof. First we show that the conclusion of theorem holds true in case of the

scheme (with uniform subdivisions):

ẋ(t) + Ax(t) = fi(t), fi(t) ∈ F (t, xi), x(τi) = xi, t ∈ [τi, τi+1]. (1.2.2)

Afterwards we approximate the solutions of (1.2.2) by the solution of (1.2.1).

Let x(·) be solution of ẋ(t) + Ax(t) = fx(t); x(0) = x0; fx(t) ∈ F (t, x). Given

ε > 0 we take y(t) to be such that ẏ(t) + Ay(t) = f iy(t), where f iy(t) ∈ F (t, yi) and

‖fx(t)− f iy(t)‖ < v(t, ‖x(t)− yi‖) + ε.

Therefore ‖fx(t) − f iy(t)‖ ≤ v(t, ‖x(t) − y(t)‖) + ‖v(t, ‖x(t) − yi‖) − v(t, ‖x(t) −

y(t)‖)‖.

We have ‖fx(t)− f iy(t)‖ ≤ v(t, ‖x(t)− y(t)‖) + h(v).

Consequently,

〈x(t)− y(t), ẋ(t)− ẏ(t)〉 = 〈x(t)− y(t), fx(t)− f iy(t)− Ax(t) + Ay(t)〉

= 〈x(t)− y(t), fx(t)− f iy(t)〉+ 〈x(t)− y(t),−Ax(t) + Ay(t)〉.

Furthermore, 〈x(t)− y(t),−Ax(t) + Ay(t)〉 ≤ 0 and hence

〈x(t)− y(t), ẋ(t)− ẏ(t)〉 ≤ [v(t, ‖x(t)− y(t)‖) + h(v) + ε] ‖x(t)− y(t)‖. Thus
d

dt
‖x(t)− y(t)‖ ≤ v(t, ‖x(t)− y(t)‖) + h(v) + ε. Since v(·, ·) is a Kamke function

one can choose h so small that ‖x(t) − y(t)‖ < ε and |fx(t) − fy(t))|L1 < ε, where

fy(t) = f iy(t), t ∈ [ti, ti+1].

Let y(·) be a solution of (1.2.2). Consequently, ẏ(t) + Ay ∈ F (t, y(t) + w(h)B).

Due to H(F ) (ii) we have ẏ(t)+Ay ∈ F (t, y(t))+h(v)B. The lemma of Filippov–Pliss

then applies.

Let z(·) be solution of ż(t) + Az(t) = fi; z(ti) = zi; fi ∈ F (ti, xi) and let t ∈

[ti, ti+1]. Then ‖fx(ti) − fi‖ ≤ v(ti, ‖x(ti) − zi‖). Consequently, ‖fx(ti) − fi‖ ≤

v(t, ‖x(t)− z(t)‖) + ‖v(ti, ‖x(ti)− zi‖)− v(t, ‖x(t)− z(t)‖)‖ and hence ‖fx(t)− fi‖ ≤

v(t, ‖x(t)− z(t)‖) + s(t), where s(t) = max |v(ti, ‖x(ti)− zi‖)− v(t, ‖x(t)− z(t)‖)|.
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Therefore,

〈x(t)− z(t), ẋ(t)− ż(t)〉 = 〈x(t)− z(t), fx(t)− fi − Ax(t) + Az(t)〉

= 〈x(t)− y(t), fx(t)− fi〉+ 〈x(t)− z(t),−Ax(t) + Az(t)〉.

Furthermore, 〈x(t)− y(t),−Ax(t) + Az(t)〉 ≤ 0 and hence

〈x(t)− z(t), ẋ(t)− ż(t)〉 ≤ (v(t, ‖x(t)− z(t)‖) + s(t))‖x(t)− z(t)‖. Thus
d

dt
‖x(t)−z(t)‖ ≤ v(t, ‖x(t)−z(t)‖)+s(t), i.e. ‖x(t)−y(t)‖ ≤ r(t), where r(0) = 0

and ṙ(t) = v(t, r) + s(t), furthermore, ‖fy(t)− fx(t)‖ ≤ v(t, r(t)) + s(t).

To complete the proof we have to see that there exists a sequence of subdivisions

∆N such that for every solution x(·) of (1.2.2) and every ε > 0 there exists N(ε) such

that for any N > N(ε) there exists an approximate solution y(·) (via the scheme

(1.2.1) with subdivision ∆N) such that |x(t)− y(t)| < ε, while |ẋ(t) +Ax(t)− ẏ(t)−

Ay(t)|L1 < ε.

To this end we will use the fact that F (·, ·) and v(·, ·) are almost continuous.

Therefore there exists a sequence of nonempty pairwise disjoint compacts {In}∞n=1

with meas

(
∞⋃
n=1

In

)
= 1 such that F (·, ·) and v(·, ·) are continuous on Iε×H (Iε×R+).

Fix ε > 0, there exists kε with Iε =

(
kε⋃
n=1

In

)
and measure meas(Iε) > 1− ε.

Due to the proof of Theorem 1.1.1 we can assume without loss of generality that

for any δ > 0 there exists ε such that

∫
I\Iε

max{‖F (t, x)‖, v(t, s)}dt < δ2

20
.

Let x̃(·) be a solution of (1.2.2). We take a subdivision with points belonging to

Iε and approximate x̃(·) via scheme (1.2.1) by an approximate solution x(·) such that

|x̃(t)− x(t)| < δ2

25
and |fx(t)− fx̃(t)|L1 <

δ

25
.

The step functions are dense in L1(I,H). Thus there exists a grid ∆ of I such

that its every point is on Iε and a function u(·) which is constant on every subinterval

and

∫
I

‖fx(t) − u(t)‖dt < δ

25
. Since the points tj of ∆ belong to Iε without loss of
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generality we assume that d(u(t), F (t, x(t))) <
δ

15
. Furthermore, v(·, ·) is uniformly

continuous on Iε× [0, 2M ] and hence F (·, ·) is uniformly continuous on Iε×H. Due to

H(F) we may assume without loss of generality that DH(F (tj, xj), F (t, x(t))) ≤ δ

15
for tj ∈ ∆ and t ∈ [tj, tj+1]

⋂
Iε.

We construct an approximate solution y(·) via scheme (1.2.1) using the points of

∆. For every grid point tj ∈ ∆ we choose fy(tj) to be such that |fy(tj) − u(tj)| ≤

v(tj, ‖x(tj)− y(tj)|) +
δ

25
. We define y(t) = y(tj) + (t− tj)fy(tj). Therefore,

‖ẋ(t)− ẏ(t)‖ ≤ v(t, ‖x(t)− y(t)‖) +
δ

25

+ |v(tj, ‖x(tj)− y(tj)‖)− v(t, ‖x(t)− y(t)‖)|

≤ v(t, ‖x(t)− y(t)‖) + δ + h when t ∈ Iε.

Thus there exists a sequence of subdivisions such that for every solution x(·) of (1.1.1)

there exists a sequence of approximate solutions yi(·) defined by (1.2.1) such that:

‖x(t)− yi(t)‖C(I,H) → 0 and

∫
I

‖fx(t)− fyi(t)‖dt→ 0.

Also there exists a sequence zi(·) of approximate solutions obtained by (1.2.2) such

that

‖zi(t)− yi(t)‖C(I,H) → 0 and

∫
I

‖fzi(t)− fyi(t)‖dt→ 0,

this completes the proof.

Remark 1.2.1. The technique used in the proof is similar to the one developed in [36],

however, the proofs are different in detail because of different assumptions. Moreover,

our proof is shorter than the proof in [36].

1.3 Relaxation stability

In this section we will prove a Bogolyubov type theorem for relaxation stability.
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We study the Lagrange problem (1.1.1) with the cost functional

1∫
0

g(t, x(t), fx(t))dt. (1.3.1)

Recall that fx(t) = ẋ(t) + Ax(t).

The equation (1.1.1) together with (1.3.1) generates the following system:

ẋ(t) + Ax ∈ F (t, x), x(0) = x0, (1.3.2)

L̇(t) = g(t, x(t), fx(t)), L(0) = 0. (1.3.3)

Let G(t, x) := {(u, v) ∈ H ×R| u ∈ F (t, x), v = g(t, x, u)}. One can rewrite (1.3.2)–

(1.3.3) as

ẏ(t) + A1y ∈ G(t, y), y(0) = (x0, 0), (1.3.4)

where y = (x, L) and A1(x, L) = (Ax, 0).

The relaxed (convexified) form of (1.3.4) is given by

ẏ(t) + A1y ∈ co G(t, y), y(0) = (x0, 0) ∈ H × R. (1.3.5)

Let δ(x,Ω) :=

1 x ∈ Ω

∞ x /∈ Ω.

Define the extended real valued function gF (t, x, v) = g(t, x, v)+δ(v, F (t, x)). Further

denote by ĝ(t, x, ·) = (gF )∗∗v (t, x, ·) the bipolar of gF (t, x, ·).

As it is shown in [26] v = (p, s) ∈ co G(t, y) iff p ∈ co F (t, x) − Ax and s =

ĝ(t, x, p).

Definition 1.3.1. A function z(·) is said to be quasi-trajectory of (1.3.4) if there

exists a sequence {zn(·)}∞n=1 of solutions of żn(t) + A1zn(t) = gn(t), zn(0) = (x0, 0)

such that:

1) lim
n→∞

‖zn(t)− z(t)‖ = 0 uniformly on I,

2) and lim
n→∞

∫ 1

0

dist(gn(t), G(t, zn(t))dt = 0.
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Lemma 1.3.1. Under H(A), H(F) the quasi-trajectory set of (1.3.4) coincides with

the solution set of (1.3.5).

Proof. We follow with essential modifications the proof of the corresponding

result in [36]. Due to growth condition and compactness of the solution set of 1.3.5

one can assume without loss of generality that G(t, y) is bounded.

Suppose that sup{|u| : u ∈ co G(t, y)} ≤ k − 1

2
with some k >

1

2
for all (t, y).

Given ε > 0 we define a function η : I → H such that η̇(t) + A1η ∈ G(t, η(t)) + εB,

η(0) = y0, where t ∈ Iε for some compact set Iε ⊂ I with meas(Iε) > 1− ε such that

|η̇(t) + A1η| ≤ k on Iε and that |η(t)− z(t)| ≤ ε for all t ∈ I. Consider

η̇(t) + A1η ∈ co G(t, η(t)), η(0) = y0.

For δ > 0 we choose ε such that meas(Iε) > 1 − δ

20
and

∫
Iε

|G(t, η(t))|dt < ε

10
.

For ζ > 0 there exists a compact set Iζ ⊂ I with meas(Iζ) > 1 − ζ2 and an AC

function κ : I → H with piecewise constant derivative satisfying: ‖ż − κ̇‖L1 ≤

ζ and dist(κ̇(t), co G(t, κ(t))) ≤ ζ

10
on Iζ . There exists ϑ ∈

(
0,
ζ

10

)
such that

DH(G(t, z(t)), G(t, y)) ≤ ζ

20
and DH(co G(t, z(t)), co G(t, y)) ≤ ζ

20
whenever |z(t)−

y| ≤ ϑ and t ∈ Iζ . According to Egorov’s theorem there exists a piecewise constant

function µ : I → H such that |ż(t) − µ(t)| ≤ ϑ

20
for t ∈ Iζ and ‖ż − µ‖L1 ≤ ϑ.

Clearly, |z(t)− µ(t)| ≤ ϑ on I. Divide I = [0, 1] into pairwise disjoint and depending

on ζ > 0 intervals {Ik}nk=1(n = n(ζ) ∈ N) with lengths not greater than ζ2 such

that µ(·) is constant on each {In} and DH(G(t, µ(t)), G(t1, µ(t1))) ≤ ζ

10
whenever

t, t1 ∈ In
⋂
Iζ . For every n ∈ N we take tn ∈ In

⋂
Iζ and consider the projection

ρn := projµ(tn)co G(tn, κn(tn)). Such a projection exists because co G(·, ·) admits

convex weakly compact (in H × R) values. We have |ρn − µ(tn)| ≤ ζ

10
for all n ∈ N.

There exist βik > 0 and sik ∈ G(tk, κ(tk)), i = 1, 2, . . . ,mk, such that

mk∑
i=1

βik = 1
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and

∣∣∣∣∣ρk −
mk∑
i=1

βiks
i
k

∣∣∣∣∣ ≤ ζ

10
whenever mk ∈ N is sufficiently large. For every fixed k ∈ N

we divide the interval Ik into mk pairwise disjoint subintervals I ik with meas(I ik) =

βikmeas(Ik). Now we define the integrable function sζ : I → H by sζ(t) := sik for

t ∈ I ik, i = 1, 2, . . . ,mk and we let η(t) := y0 +

∫ t

0

sζ(τ)dτ , t ∈ I.

Thus we have |ηζ(t) − κ(t)| ≤ ζ

4
and |ηζ(t) − z(t)| ≤ ζ

2
for all t ∈ I. There

exists ζ = ζ(ε) < ε so small that DH(G(t, z(t)), G(t, y)) ≤ ε

3
on Iε ⊂ Iζ whenever

|z(t) − y| ≤ ζ. Consequently dist(η̇(t);G(t, η(t))) ≤ DH(G(tk, κ(tk)), G(t, κ(t))) +

DH(G(t, κ(t)), G(t, η(t))) ≤ ζ
10

+ ε
3
.

Hence η(t) is the required quasi-trajectory of (1.3.4).

Now we are going to prove the following relaxation theorem:

Theorem 1.3.2. Under the assumptions H(A) and H(F) the solution set of (1.3.4)

is dense in the solution set of (1.3.5).

Proof. Consider η(t) = (ψ(t), φ(t)) with ψ : I → H and φ : I → R. We

have ψ̇(t) + Aψ(t) ∈ F (t, ψ(t)) + εB on Iε, ψ(0) = x0. Define the multifunction

χϑ(t, s) := {µ ∈ F (t, s) : dist(µ, F (t, ψ(t))) < v(t, |ψ(t)− µ|) + ε+ ϑ}, where t ∈ Iε,

we let

Rϑ(t, s) =

{
χϑ(t, s) if t ∈ Iε
F (t, s) otherwise,

it is easy to check that Rϑ(·, ·) admits nonempty, closed and bounded values. Fur-

thermore, it is almost LSC. Due to Theorem 1.2.4 of [45] pp 23 vol II, there exists a

solution ψϑ(·) of

ψ̇ϑ(t) + Aψϑ(t) ∈ Rϑ(t, ψϑ(t)), ψϑ(0) = x0,

therefore |ψ̇(t)−ψ̇ϑ(t)| ≤ v(t, |ψ(t)−ψϑ(t)|)+ε+ϑ, t ∈ Iε and one has |ψ(t)−ψϑ(t)|2 ≤

rδ(t) for all t ∈ I, where rδ(·) is the maximal solution of ṙδ(t) = v(t, |rδ(t)|) + δ,

rδ(0) = 0, where δ = ε+ ϑ.
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Since v(·, ·) is a Kamke function one has that lim
δ→0

rδ(t) = 0 uniformly on I. One

can use triangle inequality to show that the trajectory (ψϑ(t), φϑ(t)) is uniformly close

to the quasi-trajectory η(t) = (ψ(t), φ(t)) from the previous proof.

The following theorem is true:

Theorem 1.3.3. (Bogolyubov’s theorem) Under the assumptions: H(A), H(F) for

every solution y(·) of (1.3.5) there exists a sequence of solutions xk(·) of the original

system (1.1.1) such that:

lim
k→∞
‖xk(t)− y(t)‖C(I,H) = 0,

lim
k→∞

∫
I

g(t, xk(t), ẋk(t) + Axk(t))dt =

∫
I

ĝ(t, y(t), ẏ(t) + Ay(t))dt.

Proof. Recall that y(·) = (x(·), L(·)) is a solution of

ẏ(t) + A1y ∈ G(t, y), y(0) = (x0, 0) ∈ H × R iff it is a solution of (1.3.2)–(1.3.3).

Let x(·) be a solution of ẋ(t) + Ax(t) ∈ co F (t, x(t)), x(0) = x0. Consider the

pair (x(·), L(·)) with L(t) =

∫ t

0

(
ĝ(t1, x(t1), ẋ(t1) + Ax(t1)

)
dt1, t ∈ I. There exists a

sequence yk(·) = (xk(·), Lk(·)) such that xk(t)→ x(t) and Lk(t)→ L(t) uniformly on

I as k →∞, where xk(·) is a sequence of solutions of the original system (1.1.1). Thus

lim
k→∞

∫
I

(g(t, xk(t), ẋk(t) + Axk(t)) dt =

∫
I

(ĝ(t, y(t), ẏ(t) + Ay(t)) dt and lim
k→∞
‖xk(t)−

y(t)‖C(I,H) = 0.

As a corollary we derive the following theorem of relaxation stability:

Theorem 1.3.4. Under the assumptions: H(A), H(F) the infima of the original

problem coincides with the minima of the relaxed one.

1.4 Examples.

We will present two examples of parabolic systems satisfying our assumptions.
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1.4.1 Example 1.

Let Ω = Ω1 ×Ω2 ⊂ R6 be bounded domain with C1 boundary Γ. Let W be a metric

compact and Du be the gradient at u. Consider the following system:(
∂u
∂t
− div (a(x,Du))

∂v
∂t
− div(‖u‖p−2u)

)
∈ f(t, x, y, u(t, x), v(t, y),W ), (1.4.1)

(u(0, x), v(0, y)) = (u0(x), v0(y)) on Ω, u|(0,1)×Γ = 0,

g(t, u, v, f) =

∫
Ω

ĝ(t, x, y, u, v, f(t, x, y, u, v, w)dx dy,

where f(t, x, y, u(t, x), v(t, y),W ) =
⋃

w:I→W

f(t, x, y, u(t, x), v(t, y), w(t)). Furthermore,

the integrand ĝ is bounded on the bounded sets, measurable on t, x, y and continuous

on the other variables.

Our hypotheses on the data of (1.4.1) are the following:

H(a) a : Ω1 × R3 × U → R3.

(i) for all y ∈ R3, a(·, y) is measurable,

(ii) for every x ∈ Ω, a(x, ·) is continuous and monotone,

(iii) for almost all x ∈ Ω and for all y ∈ R3, we have ‖a(x, y)‖ ≤ ā(x) + c|y|p−1

with c > 0, ā ∈ Lq(Ω), 2 ≤ p <∞ and
1

p
+

1

q
= 1,

(iv) for almost all x ∈ Ω and all y ∈ R3, we have ‖a(x, y)‖ ≥ c1‖y‖p with c1 > 0.

H(f) f : I × Ω× R2 × U ⇒ R2 is a multimap such that

(i) (t, x)→ f(t, x, u, v, w) is measurable for every (u, v, ω).

(ii) f(t, x, ·, ·, ·) is continuous for a.a. (t, x).

(iii) |f(t, x, u, v, ω)| ≤ a2(x)+c2(|u|2/q+ |v|2/q) with a2 ∈ Lq(Ω), c2 > 0, for almost

all (t, x) and all (u, v, w).

(iv) Denote z = (u, v). Then there exists a Kamke function p(·, ·) with

|f(t, x, z1)− f(t, x, z2)| ≤ p(t, x, |z1 − z2|).
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Let E = W 1,p
0 (Ω), H = L2(Ω) and E∗ = W−1,q(Ω). A : E → E∗ is defined by

〈A(u), v〉 =

∫
Ω

(a(x,Du), Dv)dx. The p−Laplacian differential operator is monotone

(cf. [66] p. 70). Also F (t, u, v, ω)(x) := f(t, x, u(x), v(x), ω). It is not difficult to see

that all our assumptions H(a), H(f) hold true.

1.4.2 Example 2.

Let Ω ⊂ Rn be a bounded domain with C1 boundary ∂Ω ≡ Γ. Also 2 ≤ p < ∞ and
1

p
+

1

q
= 1. Consider the following system:

∂x

∂τ
−

n∑
k=1

Dk(|Dkx|p1−2Dkx) = u(t, z), u(t, z) ∈ f(t, z, x(t, z)),

x(0, z) = x0(z) a.e. on Ω, (1.4.2)
n∑
k=1

|Dkx|p−2Dkx cos(~n, ek)Rn = hx(t, z) on I × Γ,

g(t, x, fx) :=

∫
Ω

ĝ(t, z, x, u(t, z))dz dt. (1.4.3)

Here ~n is the outward normal on Γ, and {ek}nk=1 is the canonical basis in Rn. Also

Dk =
∂

∂zk
is the usual partial derivative for Ω. Furthermore ĝ(·) is measurable on

t, z, continuous on x, u and bounded on the bounded sets.

We will use the following hypotheses:

f1. f : I × Ω × Rn ⇒ Rn is with compact values, f(·, z, x) is measurable, while

f(t, ·, ·) is continuous.

f2. There exist a function v̂ such that for all x, y ∈ Rn,

DH(f(t, z, x), f(t, z, y)) ≤ v̂(t, z, |x− y|),

and v(t, r) =

∫
Ω

v̂(t, z, r)dz is a Kamke function.

f3. f satisfies the linear growth condition, i.e. there exists a bounded integrable

A : Ω→ R+ such that |f(t, x, u)| ≤ A(z)(|x|+ 1) and

∫
Ω

A(z)dz = a > 0.
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Let either n > 2 and 2 ≤ p ≤ 2n

n− 2
, or n ≤ 2 and 2 ≤ p <∞.

Further we suppose that hx ∈ L2
(
I,W 1− 1

p
,p(Γ)

)
, then the evolution triple is

X = W 1,p
0 (Ω), H = L2(Ω) and X∗ = W−1,q(Ω).

Let F : I ×H ⇒ H be the Nemitsky operator corresponding to function f , i.e.

F (t, x)(v) := {u(t) =

∫
Ω

u(t, z)v(z)dz : u(t, z) ∈ f(t, z, x(t, z))}.

We define A : X→ X∗ by:

〈A(x), w〉 =
n∑
k=1

∫
Ω

Dk(|Dkx|p−2Dkx(z)Dkw(z)dz,

for all x,w ∈ X. So one can write this problem in the form of (1.1.1).

Following [45] Chapter 1 Section 7 one can show that the system satisfies con-

ditions H(A). Furthermore, it is easy to check that F (·, ·) is almost continuous,

satisfying the linear growth and Kamke conditions. Therefore the conditions H(A),

H(F) hold true. Consequently, this problem can be covered by our model.

1.5 Discrete approximations of the generalized Bolza

problem

The generalized Bolza problem (P ) is described as follows:

minimize J [x] := φ(x(1)) +

∫ 1

0

g(t, x(t), ẋ(t) + Ax(t))dt over the trajectories x :

I → H of (1.1.1) subject to the endpoint constraints x(1) ∈ Υ ⊂ H.

For relaxation stability along with (P ) consider the relaxed generalized Bolza

problem (R) given by

minimize Ĵ [x] := φ(x(1)) +

∫ 1

0

ĝ(t, x(t), ẋ(t) + Ax(t))dt subject to endpoint con-

straints x(1) ∈ Υ ⊂ H and the differential inclusion ẋ(t) + Ax(t) ∈ co F (t, x(t)),

x(0) = x0 for a.e. t ∈ I.



32

In this section we study discrete approximations of the generalized Bolza problem,

such approximations are studied in case of delay systems in [61, 71].

The following definition is an extension to the similar one of [56].

Definition 1.5.1. The arc x̄(·) is said to be an intermediate local minimum (ILM)

if there exists a ε > 0 such that J [x̄] ≤ J [x] for any other trajectory x(·), satisfying

|x̄(t)− x(t)| < ε, ∀t ∈ T and

∫ 1

0

|ẋ(t)− ˙̄x+Ax(t)−Ax̄(t)|2 dt < ε. Analogously the

arc y(·) is said to be relaxed intermediate local minimum (RILM) if it is feasible and

provides ILM for the relaxed system.

We want to construct a sequence of discrete problems (PN) as N ∈ N whose

optimal solutions exist and strongly approximate the given relaxed intermediate local

minimizer x̃(·) as N →∞.

We find a sequence of partitions ∆N with grid points {tNi : i = 0, 1, · · · , N} of I

and a sequence of approximate solutions ỹN(·) defined by (1.2.1) such that x(·) = x̃(·)

and yN(·) = ỹN(·).

Denote by σN(y) :=
N∑
i=0

∫ ti+1

ti

∣∣ẏ(τ) + Ay(τ)− ˙̃x(τ)− Ax̃(τ)
∣∣2 dτ , then the prob-

lem (PN) for each N ∈ N consists of minimizing the cost functional defined by

JN [y] := φ(y(tN)) +
N∑
i=0

∫ ti+1

ti

g (τ, y(ti), ẏ(τ) + Ay(τ)) dτ + σN(y),

over trajectory y(·) to the discrete inclusion (1.2.1) subject to:

σN(y) ≤ ε

2
and |y(ti)− x̃(ti)| ≤

ε

2
for all i = 0, 1, · · · , N , such that

y(tN) ∈ Υ + δNB with δNB := |ỹN(tN)− x̃(tN)|, where δN ↓ 0 as N →∞.

Theorem 1.5.1. There exists a sequence of subdivisions ∆N of I = [0, 1] such that:

If x̃(·) is (RILM), then lim
N→∞

JN [y] = J [x̃].

Proof. Consider the system ẋ(t) + Ax(t) ∈ F (t, x(t)), x(0) = x0,
˙̂
L(t) = ĝ(t, x, ẋ(t) + Ax(t)), L(0) = 0.

(1.5.1)
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It is easy to see that the system (1.5.1) satisfies all conditions of Theorem 1.2.2. Let

x(·) be a solution to relaxed system. Obviously L̂(t) =

∫ t

0

ĝ(τ, x(τ), ẋ(τ) +Ax(τ))dτ ,

τ ∈ I = [0, 1]. Consider the pair (x(·), L̂(·)), then due to Bogolyubov’s theorem

there exists a sequence of solutions to the original system converging to x(·) and cost

function converging to L̂(t).

We find a sequence ∆N of subdivisions of I and a corresponding sequence of

approximate solutions yN(·) = (xN(·), LN(·)) such that xN(t) → x(t) and LN(t) →

L(t) as N →∞, where xN(·) is a sequence of solutions to the original system (1.1.1),

therefore by Theorem 1.2.2 lim
N→∞

JN(y) = J [x̃].

Theorem 1.5.2. Let ỹ(·) be a relaxed intermediate local minimum to Bolza’s problem

(P), then the following results are true:

(a) Each discrete approximation problem (PN) admits an optimal solution.

(b) Any sequence ỹN(·) of the optimal solutions of the discrete approximation

problem converges to ỹ(·) in C(I,H) and the cost functions of ỹN(·) converges to cost

function of ỹ.

(c) If Υ ≡ H then both (a) and (b) are satisfied for any strong local minimizer

ỹ(·) to the original system.

Proof. (a) It is easy to see that the set of feasible solutions to (PN) is nonempty

for all N ∈ N as N → ∞. Due to Theorem 1.2.2 the approximate trajectories ỹN(·)

are feasible to (PN) as N → ∞. This result is true for any intermediate local min-

imum. According to Weierstrass existence theorem it is easy to see the existence of

optimal solutions to (PN) in (a) and (c).

(b)
N∑
i=0

∫ ti+1

ti

g(τ, ỹN(ti),
ỹN(τ)− ỹN(ti)

τ − ti
+AỹN(τ))dτ →

∫ 1

0

g(τ, x̃(τ), ˙̃x(τ)+Ax̃(τ))dτ

as N →∞ and moreover, φ is continuous at ỹ(1). Thus JN [ỹN ]→ J [x̃] as N →∞.

To prove that lim
N→∞

∫ 1

0

| ˙̃yN(τ) + AỹN(τ) − ˙̃x(τ) − Ax̃(τ)|2dτ = 0, suppose the

contrary, lim
N→∞

∫ 1

0

| ˙̃yN(τ) + AỹN(τ) − ˙̃x(τ) − Ax̃(τ)|2dτ → ς > 0 and fN(·) → v(·)

weakly in Lq(I;H), where ς > 0 and v(·) ∈ Lq(I;H). Thus fN(·) → v(·) weakly in
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Lq(I;X∗). From corollary 2.3 of [45] p. 22 we know that the map p : Lq(I;X∗) →

C(I,H), which to every g ∈ Lq(I;X∗) assigns the unique solution of ẋ(t)+Ax = g(t),

x(0) = x0 is completely continuous. Consequently ˙̃y(t) + Aỹ(t) = v(t).

These trajectories ỹN are feasible to (PN) and ȳN are optimal to these problems

as N →∞, therefore JN [ȳN ] ≤ JN [ỹN ]. Furthermore, φ(x̃(1)) +

∫ 1

0

ĝ(τ, x̃(τ), ˙̃x(τ) +

Ax̃(τ))dτ + ς ≤ J [x̄]. Therefore we conclude that Ĵ [x̃] < J [x̄] = Ĵ [x̄], which is a

contradiction.

(c) Consider any strong local minimizer x̄(·) to Bolza’s problem (P) with no end-

point constraints. According to (b) it must be relaxed intermediate local minimum

to (P). On contrary suppose that for any ε > 0 there exists a trajectory x̃(·) to

the inclusion ẋ(t) + Ax(t) ∈ co F (t, x(t)), x(0) = x0 such that |x̃(t) − x̄(t)| < ε on

I = [0, 1] and Ĵ [x̃] < Ĵ [x̄] ≤ J [x̄]. According to Bogolyubov’s theorem we find a

sequence of absolutely continuous trajectory xN(·) to the original system (1.1.1) such

that xN(t)→ x̃(t) uniformly on I = [0, 1] and lim
N→∞

inf J [xN ] < Ĵ [x̃] < J [x̄], which is

a contradiction. The proof is therefore completed.

Now we will show briefly how the approximate system can be considered as an

abstract nonlinear programming problem. It is also not difficult (although not so

short) to prove necessary optimality conditions for a discrete problem. Unfortunately

we are not able to prove such conditions for our optimal control problem without

Lipschitz assumptions on F (t, ·).

We have ˙̃yN(τ) + AỹN(τ) = fN(τ). For every N ∈ N consider the following

problem of mathematical programming (MPN)

min JN [yN(·)] = Φ(yN(tN)) +
N−1∑
i=0

hig(ti, yN(ti), fN(ti))

+
N−1∑
i=0

∫ ti+1

ti

|fN(ti)− f̃(t)|dt,
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under the constrains:

fN(ti) ∈ F (ti, yN(ti)),

yN(ti+1) = yN(ti) + hifN(ti)− aN(ti),

where aN(ti) =

∫ ti+1

ti

AyN(t)dt.

We refer the reader to [58, 68] for the basic facts in nonsmooth analysis. Let Υ ⊂ X.

The Mordukhovich (limiting) normal cone to Υ at x̃ ∈ X is:

N(x̃; Υ) := lim sup

x
Υ−→x̃,ε→0+

Ñε(x; Υ), where x
Υ−→ x̃ means x→ x̃ with x ∈ Υ and

Ñε(x; Υ) :=

{
x∗ ∈ X∗ : lim sup

v
Υ−→x

〈x∗, v − x〉
‖v − x‖

≤ ε

}
.

Consider an extended real valued function defined by ψ : U → (−∞,+∞]. The

Mordukhovich subdifferential of ψ at ũ is:

∂ψ(ũ) := lim sup

u
ψ−→ũ,ε→0+

∂̃εψ(u), where u
ψ−→ ũ means u→ ũ with ψ(u)→ ψ(ũ) and

∂̃εψ(u) :=

{
u∗ ∈ U∗ : lim inf

v→u

ψ(v)− ψ(u)− 〈u∗, v − u〉
‖v − u‖

≥ −ε
}
.

Given a multimap G : U ⇒ V and a point (ũ, ṽ) ∈ gph G, the (limiting) coderivative

(introduced in [55] see also [57]) of G at (ũ, ṽ) is the map

D∗ G(ũ, ṽ) : V ∗ ⇒ U∗ with

D∗ G(ũ, ṽ)(v∗) := {u∗ ∈ U : (u∗,−v∗) ∈ N((ũ, ṽ); gph G)}.

We notice that G is locally Lipschtiz at ũ ∈ dom G with modulus mG if and only

if there exists δ > 0 such that sup{‖u∗‖ : u∗ ∈ D̃∗ G(u, v)(v∗)} ≤ mG‖v∗‖, whenever

u ∈ ũ+ δB.

Definition 1.5.2. Let Z is a metric space and X is a Banach space. The set valued

mapping S : Z ⇒ X is said to be sequential normal compactness (SNC) at (z̄, x̄) ∈
gph S if for any sequences (εk, zk, xk, x

∗
k), εk ↓ 0, (zk, xk) → (z̄, x̄), x∗k → 0, then

|x∗k| → 0 as k →∞.

A set Υ ⊂ X is sequentially normally compact (SNC) at x̄ ∈ Υ if xk → x̄,

x∗k ∈ N̂εk(xk,Υ) and x∗k → 0 for all (εk, xk, x
∗
k) ∈ [0,∞)×Υ×X∗ with εk ↓ 0.
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Consider the nonlinear programming problem (NP):

minψ(z) subject to

ψj(z) ≤ 0, j = 1, 2, · · · , s

f(z) = 0, z ∈ Qj ⊂ Z, j = 1, 2, · · · , l,

and let Q = Q1 ∩Q2 ∩ · · · ∩Qj.

The following proposition is proved in [59] (Proposition 6.16 p 175).

Proposition 1.5.3. If z̄ is local minimum of (NP), where Z and E are Asplund

Spaces and Qj are locally closed. Assume that ψj are Lipschtiz, f is Fredholm and

each Qj is sequentially normal compact of z̄. Then there exist µj, for j = 1, 2, · · · , l
as well as e∗ ∈ E∗ and z∗j ∈ Z, for j = 1, · · · , s not all zero such that µjψj(z̄) = 0,

z∗j ∈ N(z̄, Qj), for j = 1, · · · , l and −
l∑

j=1

z∗j ∈ ∂(
s∑
j=1

µjψj)(z̄) +D∗Nf(z̄)(e∗).

As a corollary of above proposition we can derive necessary optimality conditions

for the discrete problem (DP):

minψ(x0, xN) + h
N−1∑
j=0

Vj(xj, fj(xj)) subject to

xj+1 = xj − aN(tj) + hjfj(xj), j = 0, · · · , N − 1,

(x0, xN) ∈ Q ⊂ H2, fj(xj) ∈ F (tj, xj),

where Fj : H ⇒ H, moreover ψ and Vj are real-valued on H2, and h > 0, N ∈ N are

fixed numbers.

The following theorem is very similar to Theorem 6.17 [59] p. 186 and the proof

is almost the same.

Theorem 1.5.4. Let {xj : j = 0, · · · , N} be a local optimal solution to (DP) also

Q and Fj are locally closed and SNC ( sequentially normally compact) at (x̄0, x̄N)

and (x̄, fj(x̄)) respectively and Vj are locally Lipschtiz around the corresponding point

x̄j for all j = 0, · · · , N . Then there exist λ ≥ 0 and {pj ∈ X∗ : j = 0, · · · , N}
not all zero such that (fj(pj), pj+1) ∈ λ∂Qj(xj, fj(xj)) + N((xj, fj(xj); gphF ) for all

j = 0, · · · , N − 1 and transversality condition (p0,−pN) ∈ λψ(x̄0, x̄) +N(x̄0, x̄N , Q).
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Remark 1.5.1. It is an open and very interesting problem to derive necessary opti-

mality conditions without Lipschitz assumption on F (t, ·). We refer to [25] where

such conditions are derived for optimal control of sweeping process with one-sided

Lipschitz assumptions.



Chapter 2

Attractors, approximations and
fixed sets of evolution systems

In this chapter we study autonomous evolution inclusions with one-sided Lipschitz

right-hand side with negative constant on an evolution triple. As it is known the

solution set is compact on every closed bounded interval. Using this fact we prove the

existence of a unique strong forward attractor and a unique strong backward attractor

when the one-sided Lipschitz constant is positive. As a corollary some surjectivity

and fixed point results are proved. Example of a parabolic system, satisfying our

assumptions is provided.

In the last section we prove the existence of unique strong attractor for multivalued

perturbations of m-dissipative differential inclusions in Banach spaces with uniformly

convex dual.

2.1 Preliminaries

In this chapter we study parabolic systems in the form of differential inclusions in

evolution triple. Given an evolution triple X ⊂ H ⊂ X∗ and a compact metric space

U with metric ρU . We study the following evolution inclusion (in parametric form):

ẋ(t) + A(x) ∈ F (x, p), x(0) = x0, p ∈ U, t ∈ I. (2.1.1)

38
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Notice that p ∈ U is a parameter, i.e. (2.1.1) is not considered as a control system.

Sometimes we skip the parameter p, i.e. write F (x) except F (x, p).

In this chapter we prove that under one sided Lipschitz assumption the system

(2.1.1) admits nonempty solution set as well as a minimal invariant attractor. We

extend the main results of [37, 38]. The existence of attractors of dynamical systems

is important and has been studied extensively. We notice the books [9, 22] and also

the papers [2, 21, 48, 49, 54].

Further, we need the following standing hypothesis (SH):

H(A) from the introduction.

H(F) F : H × U ⇒ H has nonempty closed convex values and it is bounded on

the bounded sets.

(i) F (·, p) is Upper Hemicontinuous (UHC) (its support function is upper semi-

continuous as a real valued function, or equivalently F (·, p) has a closed graph in

H × Hw), and F (x, ·) is continuous. Here Hw is for H equipped with the weak

topology.

(ii) (One sided Lipschitz (OSL) condition) There exists a constant L > 0 such

that

σ(x− y, F (x, p))− σ(x− y, F (y, p)) ≤ −L|x− y|2, (2.1.2)

where σ is the support function.

The following lemma is in fact a different form of Theorem 1.2.2 of [44].

Lemma 2.1.1. Let A and F satisfy (SH) and let (2.1.2) be weakened by:

σ(x− y, F (x, p))− σ(x− y, F (y, p)) ≤ L|x− y|2.

Then for any T > 0 the set of solutions to (2.1.1) is nonempty and C([0, T ], H)

compact.

Proof. Since F (·) is bounded on bounded sets, one has that there exists δ > 0 such

that the solution set of (2.1.1) is nonempty and C([0, δ], H) compact thanks to The-

orem 1.2.2 of [45].
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If x(·) is a solution of (2.1.1), then replacing y by 0 in (2.1.2) we get

σ(x, F (x, p))− σ(x, F (0, p)) ≤ L|x|2.

Furthermore, 〈x − y, Ay − Ax〉 ≤ 0 and hence 〈x,A0 − Ax〉 ≤ 0. Consequently

σ(x, F (x)− Ax)− σ(x, F (0)− A0) ≤ L|x|2.

Thus 〈x(t), ẋ(t)〉 ≤ σ(x, F (x) − Ax) ≤ L|x|2 + σ(x, F (0) − A 0), which implies

that 〈x, ẋ〉 ≤ L|x|2 + |x|(|F (0)|+ |A0|). The latter implies that
1

2

d

dt
|x(t)|2 ≤ L|x|2 +

|x|(|F (0)|+ |A0|).
The set P = {t ∈ I : |x(t)| 6= 0} is an open set and hence it is a countable

union of open intervals. Taking P =
∞⋃
i=1

(pi, qi) on every such an interval one has that

1

2

d

dt
|x(t)|2 = |x(t)| d

dt
|x(t)|. Hence

d

dt
|x(t)| ≤ L|x(t)|+ |F (0)|+ |A0|.

Let v(·) be a solution of v̇(t) = Lv(t) + |F (0)|+ |A0|, v(0) = |x0|.
We know that v(·) is strongly increasing and hence v(t) > 0 for all t > 0, therefore

either |x(t)| = 0 or
d

dt
|x(t)| ≤ v̇(t). Hence |x(t)| ≤ v(t). Thus we have |x(t)| ≤

eLt(|F (0)|+ |A 0|+ |x0|), which shows that x(·) exists on [0,∞) as well as the solution

set of (2.1.1) is C([0, T ], H) compact for any T <∞.

2.2 Main properties of reachable set

In this section we prove the existence of attractor to the system (2.1.1). We provide

also an approximation scheme for the attractor which is more flexible than the scheme

used in [38].

Theorem 2.2.1. Under (SH) there exists a unique strong attractor of (2.1.1).

Proof. Since p is fixed, we will skip it and write F (x) instead of F (x, p) for notation

convenience.

From Lemma 2.1.1 we know that the solution set of (2.1.1) is nonempty C([0, T ], H)

compact for every T > 0. Furthermore if x(·) is a solution of (2.1.1), then similarly

to the proof of Lemma 2.1.1 we have

〈ẋ(t), x(t)〉 ≤ 〈x(t), Ax(t)− A 0〉+ σ(x(t), F (x(t)))− σ(x(t), F (0)),

i.e. 〈ẋ(t), x(t)〉 ≤ −L|x(t)|2 + |A 0|· |x(t)|+ |x(t)|· |F (0)|.
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Thus
d

dt
|x(t)|2 ≤ −2L|x(t)|2 +2|x(t)|(|A 0|+ |F (0)|). We want to derive some a priori

bound of |x(t)| for any t ∈ [0,∞).

If |x(t)| 6= 0 then
d

dt
|x| ≤ −L|x|+ |A0|+ |F (0)|.

Since
d

dt
|x(t)|2 = 2|x(t)| d

dt
|x(t)|, one has that

d

dt
|x(t)| ≤ −L|x(t)| + C, where

C = |A0|+ |F (0)|.
Consequently, for |x(t)| 6= 0 one has that |x(t)| ≤ C

L
or |x(·)| decreases. It is not

difficult to see that

|x(t)| ≤ max

{
|x0|, C

L

}
= M. (2.2.1)

So one can assume without loss of generality that there exists a constant K = K(x0)

such that |F (x)| ≤ K. Thus the solution set is not empty and it is C([0, T ], H)

compact for every T > 0. Consider the reachable set Reach(t). It follows from (2.2.1)

that |Reachx0(t)| ≤M of (2.1.1).

Next we fix both t̄ and s̄.

Let ẋ(t) + Ax(t) = fx(t), where fx(t) ∈ F (x(t)) and let x(0) = x̄0. Define the

multifunction:

G(t, y) := {z ∈ F (y) : 〈x(t)− y, fx(t)− z〉 ≤ −L|x(t)− y|2}.

It is easy to see that G(·, ·) is almost UHC, i.e. for every interval [0, T ] and every

ε > 0 there exists a compact Iε ⊂ [0, T ] such that G is USC on Iε × H. Given y0

there exists a solution y(·) of

ẏ(t) + Ay(t) ∈ G(t, y(t)), y(0) = ȳ0.

Since 〈x− y, Ax−Ay〉 ≥ 0, one has that 〈x(t)− y(t), ẋ(t)− ẏ(t)〉 ≤ −L|x(t)− y(t)|2.

Consequently,
d

dt
|x(t)−y(t)|2 ≤ −2L|x(t)−y(t)|2 and hence |x(t)−y(t)| ≤ e−Lt|x0−

y0|. Thus DH(Reachx0(t),Reachy0(t)) ≤ e−Lt|x0 − y0|.
If x̄0 ∈ Reachx0(t̄) and ȳ0 ∈ Reachx0(s̄) then |x(t) − y(t)| ≤ 2Me−Lt → 0 as

t → ∞. Therefore DH(Reach(t̄ + t,Reach(s̄ + t)) ≤ 2Me−Lt. It is easy to see that

the net {Reachx0(t)}t>0 is a Cauchy net. Thus there exists an attractor V (u) = Λ =

lim
t→∞

Reachx0(t) such that it does not depend on x0 and moreover, DH(Reachx0(t),Λ)

is decreasing and ẋ + Ax ∈ F (x); x(0) ∈ Λ. Thus the compact set Λ is the unique

strong attractor of (2.1.1). .

We need the following variant of Filippov - Pliss lemma on infinite interval.
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Lemma 2.2.2. (Lemma of Filippov - Pliss) Under (SH) there exists a constant

C such that for small ε > 0 if x(·) is a solution of ẋ+Ax ∈ F (x+εB)+εB, x(0) = x0

on [0,∞) then there exists a solution y(·) of ẏ+Ay ∈ F (y), y(0) = y0 on [0,∞) such

that |x(t)− y(t)| ≤ C
√
ε for all t ∈ R+.

Proof. Denote G(y) = F (y) + εB. If ẋ(t) + Ax ∈ F (x + εB) + εB, then ẋ(t) +

Ax ∈ G(x(t) + gx(t)B), where |gx(t)| ≤ ε. Also ẋ + Ax = fx(t), where fx(t) ∈
G(x(t) + gx(t)B). Define R(t, y) := {v ∈ G(y) : 〈x + fx(t) − y, ẋ(t) + Ax − v〉 ≤
−L|x+fx(t)−y|2}. It is easy to see that R(·, ·) is almost UHC with nonempty convex

weakly compact values. Let ẏ(t) + Ay ∈ R(t, y). Evidently σ(l, G(x))− σ(l, G(y)) =

σ(l, F (x)) − σ(l, F (y)), for any l ∈ H. Hence 〈x(t) − y(t), fx(t) − fy(t)〉 ≤ −L|x +

f(t)− y|2. This implies that

〈x− y, fx − fy〉 ≤ −L|x− y|2 + |L|(|x+ fx(t)− y|2 − |x− y|2)

≤ −L|x− y|2 + |L|(|fx(t)||2x+ fx(t) + 2y|)
≤ −L|x− y|2 + |L|ε(2|x|+ 2|y|+ ε)

≤ −L|x− y|2 + (4M + ε)ε|L|.

Here M = max

{
|x0|, C

L

}
is similar to one in the proof of Theorem 2.2.1. Conse-

quently

〈x− y, ẋ(t)− ẏ(t)〉 ≤ −L|x− y|2 + |L|(4M + ε)ε.

This implies that |x−y|2 ≤ v, where v̇ ≤ −2Lv+2(4M+ε)L+ε. Hence v ≤ (4M+ε)ε.

It follows that |x(t)− y(t)| ≤
√

(4M + ε)ε = C
√
ε.

If x(·) is a solution of ẋ+Ax ∈ F (x+εB)+εB, then there exists a solution y(·) of

ẏ+Ay ∈ F (y) + εB such that |x(t)− y(t)| ≤ C
√
ε. Obviously ẏ+Ay = f1(y) +f2(y),

where f1(y) ∈ F (y) and |f2(y)| ≤ ε. Further we define S(t, u) := {v ∈ F (u) :

〈y(t)− u, f1(y) + f2(y)− v〉 ≤ −L|y(t)− u|2 + |f2(y)||y(t)− v|}.
Let ż + Az ∈ S(t, z), z(0) = x0 = y0. We have

〈y(t)− z(t), ẏ(t)− ż(t)〉 ≤ 〈y − z, Az − Ay〉 − L|y − z|2 + ε|y − z|
≤ −L|y − z|2 + ε|y − z|.

As in the proof of Theorem 2.2.1 we derive
d

dt
|y(t)− z(t)| ≤ −L|y(t)− z(t)|+ ε.

Hence |y(t) − z(t)| ≤ ε

L
. By the triangle inequality we obtain |x(t) − z(t)| ≤

C(
√
ε+ ε).
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Notice that although many versions of the Filippov - Pliss lemma were proved in

the case of finite intervals (cf. [35]) to our knowledge there are no such kind of results

in the literature in the case of R+.

Now we prove some corollaries of Theorem 2.2.1.

Corollary 2.2.3. Skip again p. Under (SH) the operator O(z) = F (z) − Az is

surjective. If the OSL condition in (SH) is relaxed to

σ(x− y, F (x))− σ(x− y, F (y)) ≤ l|x− y|2, (2.2.2)

where l < 1, then O(·) has a fixed point.

Notice that the fixed point belongs to X.

Proof. Fix h > 0. From the proof of Theorem 2.2.1 we know that

DH(Reachx0(h),Reachy0(h)) ≤ η(h)|x0 − y0| with η(h) = e−Lh ∈ (0, 1).

If x0 ∈ Λ then Reachx0(h) ⊂ Λ. Thus the multimap x0 ⇒ Reachx0(h) is a set valued

contraction mapping Λ into itself.

Therefore there exists a fixed point z ∈ Λ such that z ∈ Reachz(h) and hence

there exists a periodic solution zh(·) of (2.1.1) with period h. Let h → 0+ then the

net of the corresponding h–periodic solutions {zh(·)}h>0 satisfies the conditions of

Arzela-Ascoli’s theorem. Hence lim
h→0+

zh(t) = z(t), which shows that z(·) is periodic

with period 0. Consequently z(t) is constant and hence ż(t) = 0. Thus 0 ∈ F (z)−Az.

We have to show that for every z there exists x such that F (x)−Ax = z. We replace

F (x) by F (x)− z. As it was shown there exists q such that 0 ∈ F (q)−Aq− z, which

implies that z ∈ F (q)− Aq.
In the case (2.2.2) we have σ(x−y, F (x)−x)−σ(x−y, F (y)−y) ≤ (η−1)|x−y|2. If

G(x) = F (x)−x, then there exists z such that 0 ∈ G(z)−Az, i.e. z ∈ F (z)−Az.

The following corollary would be of interest, because here G(·) does not satisfy

(2.1.2) in general, although due to Theorem 2.2.1 it follows easily from the main

results of [46, 47, 54]. Here we prefer to provide a different proof.

Corollary 2.2.4. Let G(x, p) ⊂ F (x, p) be UHC with convex, weakly compact values.

Under (SH) for every p the evolution inclusion

ẋ(t) + A(x) ∈ G(x, p), x(0) = x0, (2.2.3)
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admits a unique minimal attractor VG(p) ⊂ V (p). Furthermore, VG(·) is USC.

Proof. We skip p again. Since G(x) ⊂ F (x), one has that the solution set of (2.2.3)

is contained in the solution set of (2.1.1). Denote by Reach(t̂, G, x0) the reachable set

of (2.2.3) at t = t̂. Let V (p) be the unique strong attractor of (2.1.1), then

lim
t→∞

Ex(Reach(t, G, x0), V (p)) = 0.

Hence V (p) is also an attractor of (2.2.3), and t→ Ex(Reach(t, G, x0), V (p)) is strictly

decreasing. Fix ε > 0 and denote A(t, ε) =
⋃
s≥t

Reach(t, G, V (p+ εB)).

However, lim
t→∞

Ex(A(t, ε), VG) = 0 and A(t, ε) ⊂ A(s, ε) whenever t > s. De-

note VG(ε) =
⋂
t>0

A(t, ε) therefore VG(ε) 6= ∅, VG(ε) ⊂ V (p) and hence VG(ε) is

nonempty compact set. For every x0, ε > 0 there exists T = T (x0, ε) such that

Ex(Reach(t, G, x0), V (p)) < ε for all t > T .

Hence for t > T one has that Reach(t, G, x0) ⊂ V (p) + εB.

Thus lim
t→∞

Ex(Reach(t, G, x0), VG(ε)) = 0 and it holds for any x0 ∈ H. Since

VG(ε) ⊂ VG(δ) for ε > δ, one has that VG =
⋂
ε>0

VG(ε) 6= ∅ is a compact set and

moreover, lim
ε→0

VG(ε) = VG.

In the same way one can prove the following corollary:

Corollary 2.2.5. Let G(x, p) ⊂ F (x, p) be LSC with closed values. Under (SH) for

every p0 the evolution inclusion (2.2.3) admits a unique minimal attractor VG(p0) ⊂
V (p0).

As an immediate corollary of Lemma 2.2.2, we have the following theorem.

Theorem 2.2.6. Under (SH) if lim
i→∞

DH(Graph(F (·, pi)), Graph(F (·, p)))MB = 0

for any bounded set MB and pi → p, then Λ(pi) → Λ(p), where Λ(pi) is the unique

invariant attractor of (2.1.1).

Proof. Let DH(Graph(F ), Graph(G)) < ε on 2MB. It follows from Lemma 2.2.2

that the distance between the solution sets of ẋ + Ax ∈ F (x) and ẏ + Ay ∈ G(y)

is less than C
√
ε. Consequently DH(Reach(F (t)),Reach(G(t))) ≤ C

√
ε and hence

DH(Λ(pi),Λ(p)) ≤ C
√
ε.
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The following two theorems extend theorem 3.2 and theorem 3.4 of [38].

Theorem 2.2.7. Under (SH) there exists a closed bounded set B∞ with B∞ =

lim
t→∞

Reach(t, x0). Moreover,

(i) B∞ attracts the reachable sets, i.e. DH(ReachC(T ), B∞) < DH(C,B∞) for

any bounded C 6= B∞ and T > 0;

(ii) ReachB∞(T ) = B∞ for every T > 0;

(iii) B∞ does not depend on x0;

(iv) B∞ is a strongly invariant set for (2.1.1), i.e., every solution x(·) of (2.1.1)

with x(0) ∈ B∞ satisfies x(t) ∈ B∞ for every t > 0;

(v) B∞ depends continuously on p.

Remark 2.2.1. It is easy to see that B∞ is the unique strong attractor.

Consider the sequence {tk}∞k=1 with ti < ti+1 in [0,+∞) and lim
k→∞

tk = +∞. Fix

p ∈ U . We study the discrete problem

ẋ(t) ∈ −Axi + F (xi, p), x(0) = x0, xi = x(ti), t ∈ (ti, ti+1], (2.2.4)

at fixed p ∈ U . Further, we will show that the reachable set of the evolution in-

clusion (2.2.4) tends to the attractor of (2.1.1) for appropriately chosen sequence of

subdivisions, i.e. we approximate the attractor of (2.1.1).

Theorem 2.2.8. Under (SH) there exist approximation steps ti+1 − ti such that the

system (2.2.4) has the same strong attractor as (2.1.1).

Proof. Let x(·) be a solution of (2.1.1). Then we construct an approximate solution

as follows.

Assume that the approximate solution y(·) is already defined on [0, tk], where k is

non-negative integer. We take fk(t) ∈ F (yk, p) such that

〈x(t)− yk, fx(t)− fk(t)〉 ≤ −L|x(t)− yk|2, (2.2.5)

and ẏ(t) + Ay = fk(t) on [tk, tk+1]. Thus

〈x(t)− y(t), ẋ(t)− ẏ(t)〉 ≤ 〈x(t)− y(t), Ay(t)− Ax(t)〉 − L|x(t)− yk|2.
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Consequently on [0, tk], we have

〈x(t)− y(t), ẋ(t)− ẏ(t)〉 ≤ −L|x(t)− y(t)|2

+|L|
∣∣|x(t)− y(t)|2 − |x(t)− yk|2

∣∣ (2.2.6)

≤ −L|x(t)− y(t)|2 + |L||y(t)− yk|(2|x(t)|+ |y(t)|+ |yk|).

Having in mind the proof of Theorem 2.2.1, we conclude that under (SH) there

exists a constant M > 0 such that |x(t)| ≤ M for every solution x(·) of (2.1.1) and

every t ∈ [0,∞). It follows from Lemma 2.1.1 that the solution set of

ẋ(t) + Ax ∈MB, x(0) = x0

is C([0, T ], H) compact for any T > 0. Since the system (2.1.1) is autonomous, one

has that there exists modulus of continuity

Ω(δ) = max
s,t∈[0,∞)

{|x(t)− x(s)| : |t− s| ≤ δ, ∀ solution x(·) of (2.1.1)}.

It follows from (2.2.6) that 〈x(t) − y(t), ẋ(t) − ẏ(t)〉 ≤ −L|x(t) − y(t)|2 + 4MΩ(h),

where h = ti+1 − ti. Thus 2
d

dt
|x(t) − y(t)|2 ≤ −2L|x(t) − y(t)|2 + 8MΩ(h). Hence

|x(t) − y(t)| ≤ e−Lt|x0 − y0| +
√

8MΩ(h). Fix ε > 0, and let hi be so small that√
8MΩ(h) <

ε

2
. If T is such that e−LT |x0 − y0| ≤ ε

2
, then for t > T we get

|x(t)−y(t)| ≤ ε. Consider now the sequences {εk}∞k=1, {Tk}∞k=1 and {hk}∞k=1 such that√
8Mh <

ε

2k+1
, e−L(Tk+1−Tk) ε

2k
≤ ε

2k+1
and lim

k→∞
Tk = ∞. Using the approximation

scheme (2.2.4) on [Tk, Tk+1] with step hk, we get lim
t→∞
|x(t) − y(t)| = 0. Obviously

neither hk nor Tk depend on the concrete solution x(·). Consequently one can use

such a scheme to approximate the whole solution set of (2.1.1). Then we infer that the

reachable set of the approximate solutions set, i.e. of (2.2.4) has the same attractor

as (2.1.1).

We are going to study backward behavior of the system (2.1.1). Consider the

system

ẋ(s) ∈ Ax+G(x), x(0) = x0, s ∈ [0,−∞). (2.2.7)

where A and −G(·) satisfy (SH) without the OSL condition. The following theorem

holds:
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Theorem 2.2.9. If σ(x − y,G(x)) − σ(x − y,G(y)) ≥ L|x − y|2 with L > 0, then

(4.1.3) admits a unique strong backward attractor, furthermore the operator D(x) =

Ax+G(x) is surjective. Moreover, if L > 1, then D(·) admits a fixed point.

Proof. If one changes t = −s then the system becomes

ẋ(t) + Ax ∈ −G(x), x(0) = x0, t ∈ [0,∞).

It is easy to see that σ(x−y,−G(x))−σ(x−y,−G(y)) ≤ −L|x−y|2. One can apply

Theorem 2.2.1 and Corollary 2.2.3.

2.3 Example

In this section we present an example of parabolic systems satisfying (SH).

Let Υ ⊂ Rm be a bounded domain with a smooth boundary ∂Υ ≡ Γ, QT =

(0, T ) × Υ, T ∈ (0,∞). Also 2 ≤ p < ∞ and p + q = pq. Let β = (β1, β2, · · · , βm),

where βj is nonnegative integer for all j = 1, 2, · · · ,m and ‖β‖ =
m∑
j=1

βj. For n ∈ N,

W n,p(Υ) denotes the standard Sobolev space with the norm defined by

‖ψ‖Wn,p = (
∑
|β|≤n

‖Dβψ‖pLp(Υ))
1
p .

Recall that Dβ is the standard differential operator
∂β

∂xβ1

1 · · · ∂x
βm
m

.

Taking W n,p
0 (Υ) = {ψ ∈ W n,p| Dαψ|Γ = 0, |α| < n − 1}, then one has C∞0 ↪→

W n,p
0 (Υ) ↪→ L2(Υ) ↪→ W−n,p

0 (Υ). Furthermore, it turns out that the embedding

W n,p
0 (Υ) ↪→ L2(Υ) is compact. Denote X ≡ W n,p

0 (Υ), H ≡ L2(Υ), then X∗ ≡

W−n,p
0 (Υ).

Consider the following two dimensional system:

∂

∂t
z(t, x) +

∑
|β|≤n

(−1)|β|DβAβ(x, z(t, x)) ∈ g(x, z(t, x)), on QT , (2.3.1)

z(0, x) = z0(x), and Dαz(t, x) = 0 on [0,∞)× Γ for all |α| ≤ n− 1.
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Assume that z0(0) = 0.

The solution z(t, x) ≡ z̄(x) is called steady state solution. Notice that z̄(x) 6=

z0(x), however z̄(0) = 0.

The steady state solution is said to be weakly stable if for any ε > 0 there exists

δ > 0 such that if |z0(x)− z̄(x)| < δ then there exists a solution z(·, ·) of (2.3.1) with

|z(t, x)− z̄(x)| < ε.

If moreover lim
t→∞
|z(t, x) − z̄(x)| → 0, then z̄(·) is called weakly asymptotically

stable.

For z1, z2 ∈ W n,p
0 (Υ) we define a(z1, z2) =

∫
Υ

∑
|β|≤n

Aβ(x, z1(t, x))Dβz2dx and the

function Aβ : Υ×RN → R2

(
N =

(m+ n)!

m!n!

)
that satisfies the following properties:

a1. x → Aβ(x, z) is measurable on Υ for z ∈ RN , z → Aβ(x, z) is continuous on

RN for any x ∈ Υ.

a2. For z, z̄ ∈ RN there exist positive constants b1, b2, b3 and b4 such that

∑
|β|≤n

〈Aβ(x, z)− Aβ(x, z̄)〉(z − z̄) ≥ 0,

∑
|β|≤n

Aβ(x, z)z ≥ b1

∑
|δ|≤n

|zδ|p − b2,

|Aβ(x, z)| ≤ b4 + b3

∑
|δ|≤n

|zδ|p−1.

It is easy to verify that z̄ → a(z, z̄) is a continuous linear form on X for any z1 ∈ X.

Hence there exists an operator A : X→ X∗ such that

〈A(z), z̄〉X,X∗ = a(z, z̄).

Let the function g : Υ× R2 ⇒ R2 satisfies the following properties:

(1) g(·, ·) is almost UHC with nonempty closed convex bounded values.
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(2) g(·, ·) is bounded on the bounded sets and there exists a constant L > 0, such

that

σ((z1 − z2), g(x, z1))− σ((z1 − z2), g(x, z2)) ≤ −L|z1 − z2|2

for almost all x ∈ Υ.

For h ∈ H and t ∈ I, we consider

b(h, η) =

∫
Υ

σ(η, g(x, h))dx.

Then for η → b(h) there exists an operator B : H ⇒ H such that

b(h, η) = σ(η,B(h)).

Therefore our problem can be written as:

ż(t) + A(z(t)) ∈ B(z(t)), t ∈ [0,∞). (2.3.2)

The last evolution inclusion is in the form (2.1.1) although without containing

parameters.

From the proof of Corollary 2.2.3 we know that for every T > 0 the system (2.3.2)

admits a T -periodic solution and hence the system

∂

∂t
z(t, x) +

∑
|β|≤n

(−1)|β|DβAβ(x, z(t, x)) ∈ g(x, z(t, x)), on QT , (2.3.3)

Dαz(t, x) = 0 on [0,∞)× Γ for all |α| ≤ n− 1

also admits a T -periodic solution.

The surjectivity of the operator O(z) implies that the system∑
|β|≤n

(−1)|β|DβAβ(x, z(x)) ∈ g(x, z(x)), on QT ,

Dαz(x) = 0 on Γ for all |α| ≤ n− 1

admits a steady state solution ẑ(·) ≡ z(x), i.e. O(ẑ) = 0.

Every such a solution is weakly asymptotically stable and weakly attracting.
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2.4 M-dissipative evolution inclusions without com-

pactness

In this section we study existence of attractors for evolution given by UHC perturba-

tions of m-dissipative equations. In the literature the existence of attractor is proved

for dynamical systems under compactness type assumptions, which are essential. Here

we do not assume any compactness conditions. We refer to [52, 66, 68] for basic facts

of such kind of equations. The existence of the solutions and needed properties of the

solution set are discussed in [34].

We consider the following differential inclusion:

ẋ ∈ Ax+ F (x) on I = [0, T ], x(0) = x0 ∈ D(A), (2.4.1)

in a Banach space E with uniformly convex dual E∗. When A is m-dissipative and F

is a multifunction we are looking for integral solutions of (2.4.1). We study the limit

of the reachable set when T → +∞.

The main assumptions in this sections are:

A. The operator A is m-dissipative and generates an equicontinuous semigroup.

F1. F (·) is UHC with nonempty convex weakly compact values.

F2. F is OSL with negative constant −L. Furthermore it is bounded on the

bounded sets.

The following theorem is the main result in this section:

Theorem 2.4.1. Under the assumptions A, F1, F2 the problem (2.4.1) admits a

nonempty C([0, T ], E) closed solution for any T > 0. Furthermore, there exists a

constant M = M(|x0|) such that |x(t)| ≤M for any t ∈ [0,∞) and any solution x(·).

The reachable set Reachx0(t) has a limit for every x0 ∈ D(A) which is the unique

strong attractor of (2.4.1).

Proof. First we will prove the existence of M . Notice that without loss of generality
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one can suppose 0 ∈ D(A), otherwise we replace A by the m-dissipative B(x) =

A(x+ l), where l ∈ D(A).

Let x(·) be a solution of ẋ ∈ Ax+F (x+B). Consequently, 〈J(x− 0), Ax−A0〉+
σ(J(x− 0), F (x+ B))− σ(J(x− 0), F (B)) ≤ 0− L|x|2. Thus

d

dt
|x(t)|2 ≤ −L|x|2 + |x| [|A0|+ |F (B)|] .

Since L
2
> 0, one has that either d

dt
|x(t)|2 < 0 when |x(t)|2 > C

2
, or |x(t)| ≤

√
2C
2

.

Hence |x(t)|2 ≤ |x0|2 +
4

L
C for every t > 0.

Therefore M = max

{
|x0|,

√
2(|A0|+|F (B)|)

2

}
. Let N = |F (MB)|. Since A generates

equicontinuous semigroup, one has that the solution set of

ẋ ∈ Ax+ F (MB), x(0) = x0, (2.4.2)

is uniformly continuous and equicontinuous, i.e. there exists a module w : R+ → R+

such that |x(t) − x(s)| ≤ w(|t − s|), w(0) = 0, w(·) is monotone nondecreasing and

continuous. Denote by wJ(h) := sup
x(·)
{|x(t)−x(s)| : |t−s| ≤ h}, where the supremum

is taken with respect to the solutions of (2.4.2).

From Lemma 2.1 of [34] we know that for every ε > 0 there exists ε–solution y(·).
Furthermore, there exists a strongly measurable f(t) ∈ F (y(t) + εB) such that ẏ ∈
Ay+f(t) and a strongly measurable s(·) such that |s(t)| ≤ ε, and f(t) ∈ F (y(t)+s(t)).

We follow the proof of Lemma 2.2 of [34] to show that for every δ > 0 there exists a

δ–solution z(·) such that |y(t)− z(t)|2 ≤ rε,δ(t), where rε,δ(0) = |y0 − z0|2, and

ṙε,δ(t) = −2Lrε,δ(t) + C (w(ε) + w(δ) + wJ(ε) + wJ(δ)) . (2.4.3)

Indeed suppose the needed z(·) exists on [0, S]. There exists a strongly measurable

v(t) ∈ F (z(S)) such that

〈J(y(t) + s(t)− z(S)〉 ≤ −L|y(t) + s(t)− z(S)|2.

Using standard calculations one can show the existence of z(·) on an interval larger

than [0, S]. Due to Zorn’s lemma we have that z(·) exists on [0,∞).

It is easy to see that lim
ε→0+

(w(ε) + wJ(ε)) = 0. Consequently one can choose a

sequence {εi}∞i=1 and a corresponding sequence of εi–solutions {xi(·)}∞i=1 such that
∞∑
i=1

‖xi+1(t) − xi(t)‖ converges uniformly on [0,∞). Thus xi(·) → x(·) uniformly on

[0,∞). It is standard to show that x(·) is a solution.
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Notice that here it is essentially that E∗ is uniformly convex (cf. [16]).

Furthermore, choosing appropriate sequence {εi}∞i=1 one can show that for every

ε–solution x(·) and every δ > 0 there exists a solution y(·) of (2.4.1) such that

|x(t)− y(t)| ≤ δ +
√
rε(t), where

ṙε(t) = −2Lrε(t) + C(w(ε) + wJ(ε)), rε(0) = |x0 − y0|2. (2.4.4)

Notice that the last assertion is a variant of Filippov–Pliss lemma(cf. [35]).

As a corollary we have that the Hausdorff distance between the reachable sets

satisfies:

DH(Reachx0(t),Reachy0(t)) ≤ e−Lt|x0 − y0|. (2.4.5)

ConsequentlyDH(Reachx0(s),Reachx0(t)) ≤ 2Me−Lmin{s,t}, i.e. Reachx0(·) is a Cauchy

net and hence there exists A = lim
t→∞

Reachx0(t). The proof is therefore complete

thanks to (2.4.5).

Remark 2.4.1. It is easy to see that we are able to prove similar to Theorems 2.2.6,

2.2.7 and Theorem 2.2.8, however, we are not able to prove surjectivity of A + F (·).
Notice also that in our case the reachable set is not necessarily closed, although the

attractor is a closed set.



Chapter 3

Runge-Kutta Methods for
Impulsive Differential Systems

In this chapter we study numerical approximation of impulsive differential equations

with non-fixed times of impulses when the right-hand side is sufficiently smooth. It

appears that Runge–Kutta methods (mainly of second and fourth orders) are efficient

also in this case. The assumptions on the impulsive surfaces are mild.

3.1 Preliminaries

One of the most important questions in the theory of differential equations is the

approximation of solutions.

For ordinary differential equations (ODE), Runge-Kutta methods (explicit or im-

plicit ones) are often preferable than the multi–step ones (Adams etc), because they

offer a bundle of methods which are more flexible and can be adapted in order of con-

vergence and stability to the specific differential equation. We mention only the book

[20] where Runge–Kutta methods used in the paper are comprehensively studied and

[50] where numerical approximations of ordinary differential equations are studied.

The last book is used when we solve the provided numerical examples.

53
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Many real problems are described with impulsive differential equations, e.g. me-

chanical systems with impulsive forces, population dynamics or processes in economy

(see [19]). We refer the reader to [15, 51, 62, 67] for the theory.

The papers [42, 43, 65, 73] study numerical approximation of impulsive systems, if

the impulsive times are fixed. The numerical approximation of time varying impulsive

system is more difficult. The first successful attempt is [11], where the first order

approximation of multivalued impulsive systems is studied.

Impulsive systems can be modeled measure driven systems (see e.g. [73]), the

impulses are realized via discrete and singular measures which lead to discontinuous

behavior of the solutions. In [73], the pure convergence of the Euler-type discretization

is proved by graph completion techniques.

We refer the reader to [6] for connection between impulsive systems. The inter-

ested to measure driven systems reader can consult [73] and the references there in.

Here we do not consider the last two approaches.

The book [15] is devoted mainly to existence of solutions of impulsive systems in

very general form. The optimal control of such a systems is described in [76].

We study higher order numerical approximation of the solution of an impulsive

differential system having the form:

ẋ(t) = f(t, x(t)), x(0) = x0 t ∈ I = [0, 1], t 6= τi(x(t)),

∆x|t=τi(x(t)) = Si(x(t)), i = 1, . . . , r. (3.1.1)

Here, f : I ×Rm → Rm is a sufficiently smooth function, Si : Rm → Rm are impulses

(jumps) and τi : Rm → R are the impulsive surfaces. Notice that a time of impulse

for the solution x(·) is a fixed point of one of the maps t→ τi(x(t)), i = 1, . . . , r. For

convenience we will often drop the dependence on x(·) in the notation τ ?i for the fixed

point τ ?i = τi(x(τ ?i )).
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This form of an impulsive system is e.g. studied in [76] Sect. 1.4 also in [51]

Sect. 1.1. It is more general than the systems with fixed times of impulses, where

the functions τi are constants (see e.g. [51, 62, 76]).

Recall (compare [64, p. 34]) that the piecewise absolutely continuous function x(·)

is said to be a solution of (3.1.1) if:

Definition 3.1.1. a) x(·) is left continuous and satisfies (3.1.1) for all t ∈ I, t 6=
τi(x(t)), i = 1, . . . , r.

b) It has (possible) jumps on t = τi(x(t)), defined by:

∆x
∣∣
t=τi(x(t))

= x(t+ 0)− x(t) = Si(x(t)).

Standing hypotheses (SH)

We suppose that f(·, ·) is sufficiently smooth (hence locally Lipschitz) with growth

condition, i.e. there exists a continuous function v : I × R+ → R+ with |f(t, x)| ≤

v(t, |x|) such that the maximal solution of ṙ = v(t, r), r(0) = r0 exists on I for any

initial condition r0 > 0.

A1. τi(·) are N -Lipschitz and Si : Rm → Rm are µ-Lipschitz.

A2. τi(x+ Si(x)) 6= τj(x) ∀ j 6= i for every x ∈ Rn.

For i = 1, . . . , r, we assume that either A3 or A4 holds:

A3. τk(x) ≥ τk(x + Sk(x)), τi(x) < τi+1(x) for every x ∈ Rn and there exists a

constant α < 1 such that

〈f(t, x),∇τi(x)〉 ≤ α

for i = 1, . . . , r and for every x ∈ Rn, where ∇τi(·) exists.

A4. τi(x) ≤ τi(x + Si(x)) and τi(x) > τi+1(x) for every x ∈ Rm. There exists a

constant κ > 1 such that 〈f(t, x),∇τi(x)〉 ≥ κ holds.

Remark 3.1.1. Evidently SH has to be checked only on a neighborhood of the domain

U , where the values of the solutions are contained.
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For example, if we know a priori a region G ⊂ Rn such that x ∈ G, then it is

enough to check SH for a given ε > 0 only on the subset G + εB1(0) of the state

space.

Notice also that due to the growth condition we may assume that |f(t, x)| ≤ K,

i.e. every exact solution is piecewise K–Lipschitz.

The multiple hitting of one switching surface is called beating phenomena. We

will show that if SH holds true, then this phenomena is impossible.

Lemma 3.1.1. Let A1, A2 and A3 resp. A4 hold and let x(·) be a solution of

(3.1.1), then the fixed-point equation t = τi(x(t)) w.r.t. the time t admits no more

than one solution.

Proof. Define ϕi(t) = τi(x(t)). If τ ? is a jump time of x(·), then ϕi(τ
? + 0) ≤

ϕi(τ
?) in case of A3 ), since

ϕi(τ
? + 0) = τi(x(τ ? + 0))− (τ ? + 0) = τi(x(τ ?) + Si(x(τ ?)))− τ ?

≤ τi(x(τ ?))− τ ? = ϕi(τ
?) = 0.

Let (s, t) be the interval of continuity of x(·). From Lemma 1 of [11] we know that in

case of A3 〈f(t, x), ∂cτi(x)〉 ≤ α and in case of A4 〈−f(t, x), ∂cτi(x)〉 ≤ −κ. Recall

that ∂cτi(·) is Clarke subdifferential (Definition 0.1.7). Applying the chain rule for

Clarke’s yields:

ϕi(t)− ϕi(s) = s− t+ τi(x(t))− τi(x(s))

≤ s− t+

∫ t

s

σ(ẋ(r), ∂c(τi(x(r)))dr ≤ (t− s)(α− 1) < 0.

The inequality ϕi(·) < ϕi+1(·) follows immediately from τi(x) < τi+1(x).

Similarly, in case of A4 ) we have ϕi(τ
? + 0) ≥ ϕi(τ

?) and analogously

ϕi(t)− ϕi(s) > 0.

Therefore, the functions ϕi(·) are strongly monotone for every i except in the

jump times and hence ϕi(τ) = 0 has at most one solution, which is a jump time. The

following theorem is a corollary of Theorem 0.4.1.
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Theorem 3.1.2. Under assumption SH the problem (3.1.1) has an unique solution.

The solution exists on the whole interval I.

We cite [11, Corollary 2] as one key estimate for our approach.

Corollary 3.1.3. Under the conditions of Lemma 3.1.1 there exists a constant λ > 0

such that the solution x(·) of (3.1.1) satisfies τi+1(x(t)) − τi(x(t)) ≥ λ for every

t ∈ [0, 1] and i = 1, 2, . . . , r − 1.

3.2 Runge-Kutta approximation of the solution

In this section we study discrete approximation of the impulsive system (3.1.1) with

the Runge-Kutta scheme (3.2.1) below.

A s-stage Runge-Kutta (RK method) approximates iteratively the value of x(·)

on a given time grid. For a given natural number N set h =
1

N
and let tj = jh,

j = 0, 1, . . . , N be a uniform grid on [0, 1]. From a calculated value ηh(tj), the RK

method computes iteratively for the system (3.1.1) without impulses

ηh(tj+1) = ηh(tj) + h
s∑

ν=1

bνkν , (3.2.1)

kν = f

(
tj + cνh, ηh(tj) + h

ν∑
l=1

aνlkl

)
(ν = 1, . . . , s). (3.2.2)

The RK method is accurate up to order p, if it provides the exact approximation of

a polynomial solution x(·) up to degree p. It follows that under appropriate smooth-

ness conditions on the right-hand side of the ODE and with suitable choice of the

coefficients bν , cν , aν,l in (3.2.1)–(3.2.2), that the grid function ηh(·) of the RK ap-

proximation satisfies

max
j=0,...,N

‖ηh(tj)− x(tj)‖ ≤ Chp, (3.2.3)

where x(·) is the solution of (3.1.1) without impulses.
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We will now apply the Runge-Kutta methods to impulsive systems and set

ϕi,h(tj) = τi(ηh(tj))− tj, (j = 0, 1, . . . , N).

For this purpose, we calculate approximations with the RK method for the differential

system in (3.1.1) for subsequent grid points tj, j = 1, . . . , N . If ϕi,h(tj) = 0 for some

j, then we have found the jump point of the approximate solution. Otherwise, on

each interval [tj, tj+1] we check, whether one of the functions ϕi,h(·) changes its sign.

If it does (for some i), then the discrete trajectory ηh(·) needs to jump within the

interval (tj, tj+1) which is hopefully close to the i-th jump of the exact solution x(·).

Let us discuss two strategies to find the approximating jump time τ ?i,h ∈ [tj, tj+1]

of ηh(·), i.e. τi(ηh(τ
?
i,h)) = τ ?i,h.

A. interval bisection

start: Let us set a1 := tj, b1 := tj+1, h1 := h, l := 1 and choose some constant

C3.

repeated step: After the calculation of ϕi,hl(·) we consider two cases:

(i) If sign(ϕi,hl(al)) = sign

(
ϕi,hl(al +

hl
2

)

)
, then we set al+1 = al +

hl
2

, bl+1 =

bl.

(ii) If sign(ϕi,hl(bl)) = sign

(
ϕi,hl/2(al +

hl
2

)

)
, then we set al+1 = al, bl+1 =

al +
hl
2

.

In both cases, hl+1 = hl
2

and we set l = l + 1. If hl+1 > C3h
p, we continue with

the repeated step. Otherwise, we stop and take τ ?i,h = al+1+bl+1

2
as approximate

jump time.

B. piecewise linear:

The piecewise linear interpolation of ϕi,h(·) on [tj, tj+1] is given by

p
(1)
i,h(t) = ϕi,h(tj) +

t−tj
h
· (ϕi,h(tj+1)− ϕi,h(tj)).
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The zero of p
(1)
i,h(·) is given by

τ ?i,h = tj − h · τi,h(ηj)−tj
τi,h(ηj+1)−τi,h(ηj)−h .

C. combined strategy:

We use the strategy B at even iteration steps and strategy A at odd ones.

If we consider a RK method up to order 2, we do not need a better approxima-

tion of the jump time. Otherwise, we can repeat the procedure with the linear

interpolation combined with the interval bisection as in A.

The error for the approximation of the jump time is O(h2) in strategy B and O(hl+1)

in A which motivates the stopping criterion resulting in the common estimate O(hp)

for both strategies.

Let us note that we need to calculate approximate values by the Runge-Kutta

method with half of the step size hl before evaluating the tests in A (i)–(ii) which

causes additional execution time. Notice that these strategies do not require τi(·) to

be smooth but only locally Lipschitz.

Studying the problem (3.1.1) we say that two solutions x(·) and y(·) are in distance

ρ(x(·), y(·)) ≤ ε if they intersect successively the impulsive surfaces, i.e. τi(x) <

τi+1(y) and vice versa. Moreover
r∑
i=1

(
τ+
i − τ−i

)
< ε and |x(t) − y(t)| < ε for every

t ∈ I \

(
r⋃
i=1

[τ−i , τ
+
i ]

)
. Here τ−i = min{τi(x), τi(y)} and τ+

i is the maximal one.

We need the following lemma which is Lemma 2 of [63].

Lemma 3.2.1. Let a1, a2, b, d ≥ 0 and let δ+
0 = δ−0 = δ0. If for i = 1, 2, . . . , r

δ+
i ≤ a1δ

−
i + d, δ−i ≤ a2δ

+
i−1 + b

then δ−i ≤ (a2d+ b)
i−1∑
j=0

(a1a2)j + δ0(a1a2)i, where δ0 ≥ 0.
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Lemma 3.2.2. Let x(·) be a solution of the impulsive system and ηh(·) be a discrete

solution. Assume that h = 1/N and the RK-method is accurate up to order p. Denote

by τ ?1 the jump time of x(·) and by τ ?1,h the jump time of ηh(·) and assume that x(·) is

Lipschitz continuous on the interval [a, τ ?1 ] ⊂ I. Under assumption SH with A3 or

A4 we have for sufficiently small step sizes h that

|τ ?1 − τ ?1,h| ≤
NC

1− α
· hp resp. |τ ?1 − τ ?1,h| ≤

NC

κ− 1
· hp .

Proof. We denote

τ1(x(τ ?1 )) = τ ?1 , τ1(ηh(τ
?
1,h)) = τ ?1,h.

If h is sufficiently small, then we have τ+
1 < τ−2 , where τ+

i = max{τ ∗i , τ ?i,h}, τ−i =

min{τ ∗i , τ ?i,h}.

Now, we will use A1 and A3. Assume that τ ?1,h ≤ τ ?1 .

τ1(x(τ ?1 ))− τ1(x(τ ?1,h)) =

∫ τ?1

τ?1,h

∂cϕ1(s)ds

⊂
∫ τ?1

τ?1,h

f(s, x(s))> · (∂cτ1)(x(s))ds.

Applying A3, we get

τ1(x(τ ?1 ))− τ1(x(τ ?1,h)) ≤ α · (τ ?1 − τ ?1,h).

Furthermore, A1 together with the error estimate (3.2.3) yields

τ1(ηh(τ
?
1,h))− τ1(x(τ ?1,h)) ≤ N · Chp,

τ ?1 − τ ?1,h = τ1(x(τ ?1 ))− τ1(ηh(τ
?
1,h))

≤ τ1(x(τ ?1 ))− τ1(x(τ ?1,h)) + τ1(x(τ ?1,h))− τ1(ηh(τ
?
1,h))

≤ α · (τ ?1,h − τ ?1 ) +N · Chp,

(1− α) · (τ ?1 − τ ?1,h) ≤ N · Chp,

|τ ?1 − τ ?1,h| ≤
NC

1− α
· hp
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It follows from the last inequality and Corollary 3.1.3 that τ ∗1 < τ ∗2,h for sufficiently

small step sizes h.

The other case τ ?1 < τ ?1,h is analogously to prove.

In the case of assumption SH with A4 one can use similar arguments to prove

that |τ ?1 − τ ?1,h| ≤
NC

κ− 1
· hp.

Theorem 3.2.3. Under assumption SH the measure of distance between the exact

solution y(·) and the approximate solution ηh(·) is O(hp) for N being big enough.

Proof. We will give the proof under assumption SH with A4. The proof is

essentially the same, if A3 holds instead of A4.

Let x(·) be the solution of (3.1.1). It is well known that if x̃(·) is a solution of

(3.1.1) with initial condition x̃(0) = x̃0 then |x(t) − x̃(t)| ≤ eLt|x0 − x̃0| on a time

interval before the first jump time of one of the two functions.

First we assume that ηh(·) and x(·) intersect the impulse surfaces in successively,

i.e. ηh(·) do not intersect the i + 1-th surface before x(·) to intersect i-th and vice

versa. We let δ−i = |x(τ−i )− ηh(τ−i )| and δ+
i = |x(τ+

i + 0)− ηh(τ+
i + 0)|.

Let a2 = max
t∈I

eLt and let b = O(hp).

Assume that τ−i ≤ τ+
i with τ−i = τi(ηh(τ

−
i )) and τ+

i = τi(x(τ+
i )) (the proof is

essentially the same if it is not the case). Due to Remark 3.1.1 we have that the



62

solution x(·) is K–Lipschitz. Thus:

|x(τ+
i )− ηh(τ−i )| ≤ |x(τ+

i )− x(τ−i )|+ |x(τ−i )− ηh(τ−i )|

≤ K(τ+
i − τ−i ) + δ−i , (3.2.4)

τ+
i − τ−i = τi(x(τ+

i ))− τi(ηh(τ−i ))

≥ |τi(x(τ+
i ))− τi(x(τ−i ))| − |τi(x(τ−i ))− τi(ηh(τ−i ))|

≥ |τi(x(τ+
i ))− τi(x(τ−i ))| −Nδ−i ,

τi(x(τ+
i ))− τi(x(τ−i )) =

∫ τ+
i

τ−i

∂cϕi(t)dt

≥
∫ τ+

i

τ−i

(
min

l∈(∂cτi)(x(t))
〈l, ẋ(t)〉

)
dt ≥ κ(τ+

i − τ−i ), i.e.

Nδ−I ≥ (κ− 1)(τ+
i − τ−i )⇒ τ+

i − τ−i ≤
Nδ−i
κ− 1

.

The last inequality together with Corollary 3.1.3 implies that τ+
i < τ−i+1 for sufficiently

small h.

Consequently for δ+
i we have with (3.2.4):

δ+
i = |ηh(τ+

i + 0)− x(τ+
i + 0)|

≤ |ηh(τ−i )− x(τ−i )|+ |Si(ηh(τ−i ))− Si(x(τ+
i ))|+

∫ τ+
i

τ−i

|η̇h(t)− ẋ(t)|dt

≤ δ−i + 2K(τ+
i − τ−i ) + µ(K(τ+

i − τ−i ) + δ−i ) = a1δ
−
i ,

where a1 =
2KN + (κ− 1)(1 + µ+ µKN)

κ− 1
. Hence Lemma 3.2.1 (with d = 0 and a1,

a2, b just defined) applies. The rest of the proof is standard and it is omitted.

Remark 3.2.1. The monotonicity is needed only in a neighborhood of the impulsive

surface. If not all of the conditions of A3 hold (in the case of only one jump surface),

i.e. τ1(x) < τ1(x+ S1(x)) and there exists constant α < 1 such that

σ(f(t, x), ∂Clτ1(x)) ≤ α

the beating phenomena will probably occurs, however, our numerical approach is still

applicable.
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3.3 Numerical examples

In this section we consider some numerical test examples to study study various

approaches for the numerical approximation. More realistic applications are already

mentioned in the introduction (see e.g. [19]) and in [76] in which impulsive circuits

in nanoelectronic and electronic devices are studied. Here, the charge resp. the flux

show impulsive behavior and the model use the formulation (3.1.1) or very similar

jump conditions.

We provide a one dimensional example with unknown exact solution and a two-

dimensional with known exact solutions.

We know that our paper is (to our knowledge) a first attempt to study higher

order approximation of impulsive systems with non-fixed times of jumps.

In numerical calculation we use the explicit Runge–Kutta method and implicit

Runge–Kutta method for NDSolve from Wolfram Mathematica 8. We refer the reader

to [?] for further detail of explicit and implicit Runge–Kutta methods for NDSolve.

Here we calculate the jump points via the second strategy (B). We stop, if the

distance between two successive iterations is less than 0.1hp.

Example 3.3.1. Consider the following differential equation:

ẋ(t) =
√

1 + x2 +
sin(x)

2
√

1 + x2
− t, t 6= τ(x(t)) and t ∈ I = [0, 1], (3.3.1)

x(0) = 0.1 and τ(x) = cos(x)− x, S(x) =

∣∣∣∣sin(x)

2

∣∣∣∣ .
The system (3.3.1) satisfies A1, A2, A3.

The assumptions A2 is evident because we have only one jump time. The function

τ(·) is even analytic. S(·) is Lipschitz with a constant
1

2
, i.e. A1 holds.

It is easy to see also that τ(x + S(x)) ≤ τ(x), since τ(·) is monotone decreasing

in I.

The solutions of (3.3.1) are positive and hence the right-hand side is also positive.

Since τ ′(x) = − sin(x)− 1 < 0, A3 holds.
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Notice that we do not know the exact solutions. The results of the explicit and

implicit fourth order Runge-Kutta methods are denoted by η
(exp)
4 resp. η

(imp)
4 and

the results of the explicit and implicit second order Runge-Kutta methods are de-

noted by η
(exp)
2 , η

(imp)
2 respectively. For both methods the approximate jump time

is calculated by strategy B (piecewise linear interpolation) until the difference be-

tween two successive iterations become less than 0.1h4. The jump time calculated

by implicit Runge–Kutta method with order 4 and step size h = 0.001 is τ
(imp)
4 =

0.43733663175019977. While calculated by implicit Runge–Kutta method with order

2 it is τ
(imp)
2 = 0.4373366409657893. Moreover |τ (imp)

4 − τ (imp)
2 | = 9.22 · 10−9.

Similarly the jump time calculated by explicit Runge–Kutta method with order

4 and step size h = 0.001 is τ
(exp)
4 = 0.4373366317501979. Calculated by explicit

Runge–Kutta method with order 2 it is τ
(exp)
2 = 0.4373366133233689. Furthermore,

|τ (exp)
4 − τ (exp)

2 | = 1.84 · 10−8.

In Table 3.1, r1 = |η(imp)
4 − η(imp)

2 | and r2 = |η(exp)
4 − η(exp)

2 |.

The results are in Table 3.1 showing that explicit and implicit method do not differ

much for impulsive systems:

tj η
(imp)
4 η

(imp)
2 r1 η

(exp)
4 η

(exp)
2 r2

0.2 0.3040525249345 0.3040525156 9.3E-9 0.3040525249345 0.304052544 1.9E-8
0.4 0.4958231809836 0.4958231643 1.7E-8 0.4958231809836 0.495823214 3.3E-8
0.6 0.9616842809419 0.9616842525 2.8E-8 0.9616842809419 0.961684338 5.7E-8
0.8 1.1742683067699 1.1742682715 3.5E-8 1.1742683067699 1.174268377 7.0E-8
1.0 1.3776231086063 1.3776230650 4.4E-8 1.3776231086063 1.377623196 8.7E-8

Table 3.1: Comparison of discrete solutions for Example 3.3.1

Example 3.3.2. Consider the following two-dimensional system:

ẋ(t) = −3x+ y2,

ẏ(t) = x− y − y2, t 6=τi(x, y) and t ∈ I = [0, 1], (3.3.2)

x(t0) = c2, y(t0) =c ∈ (0, 1],

τ1(x, y) =
x2 + y2

3
, τ2(x, y) =

y2

2
+

1

2
,

Si(x, y) = −

(
x

2
,

(
1−
√

2

2

)
y

)
, i =1, 2.

The system (3.3.2) satisfies A1, A2 and A3.
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It is easy to see that the solution of the systems without impulses is x(t) =

c2e−2(t−t0), y(t) = ce−(t−t0). Therefore 0 < x(t) ≤ 1 and 0 < y(t) ≤ 1. These

bounds also hold for the solutions of the impulsive system.

So it is enough to verify our hypotheses on the compactum K = [0, 1]2 in state

space.

A1 obviously holds. Since x, y ≤ 1, one has that τ2((x, y) + S2(x, y)) =
y2

4
+

1

2
>

x2 + y2

3
= τ1(x, y). Similarly, τ1((x, y) + S1(x, y)) = x2

12
+ y2

6
< y2

2
+ 1

2
= τ2(x, y)

follows.

Evidently τ ′1(x, y) = 2
3
(x, y) and τ ′2(x, y) = (0, y).

Let us now study 〈f(t, (x, y)), τ ′i(x, y)〉. For the first scalar product, consider

−3x2 + xy2 + xy − y2 − y3 ≤ −2x2 − y3 − x2 + 2xy − y2 ≤ −2x2 − y3 ≤ 0. For

the second one, consider y · f2(t, (x, y)) = xy − y2 − y3 ≤ x2 + y2

2
− y2 − y3 ≤ 1

2
.

Thus α <
1

2
after evaluating the maximal value w.r.t. y for given x. To prove that

τ1(x, y) < τ2(x, y) one has to check that
x2

3
<
y2

6
+

1

2
, which is evident because x ≤ 1.

In our numerical calculations x(0) = y(0) = 1 and h = 0.01. The exact jump

times are τ ?1 = 0.29063009855084715 and τ ?2 = 0.578592475741907. The approximate

jump times calculated by the implicit Runge-Kutta method with order 4 and step size

h = 0.01 are τ ?1,h = 0.29063009853561733 and τ ?2,h = 0.5785924757179516. The errors

in the calculation of the jump times are |τ ?1 − τ ?1,h| = 1.523 · 10−11 and |τ ?2 − τ ?2,h| =

2.396 · 10−11.

The numerical results are in Table 3.2, where r1(tj) = |ηh,1(tj) − x(tj)|, r2(tj) =

|ηh,2(tj)− y(tj)| and h = 0.01.

tj x(tj) ηh,1(tj) r1(tj) y(tj) ηh,2(tj) r2(tj)
0.2 0.6703200460356 0.6703200461813 1.46E-10 0.8187307530780 0.8187307530044 7.35E-11
0.4 0.2246644820586 0.2246644821304 7.18E-11 0.4739878501171 0.4739878500639 5.32E-11
0.6 0.0752985529781 0.0752985529916 1.35E-11 0.2744058180470 0.2744058180135 3.35E-11
0.8 0.0504741294987 0.0504741295134 1.48E-11 0.2246644820586 0.2246644820320 2.66E-11
1.0 0.0338338208092 0.0338338208249 1.57E-11 0.1839397205857 0.1839397205668 1.89E-11

Table 3.2: Exact and approximate values with error terms for Example 3.3.2

The approximate jump times calculated by the implicit Runge-Kutta method with

order 4 and step size h = 0.1 are τ ?1,h = 0.290629654617067 and τ ?2,h = 0.57859236754094.
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The errors in the calculation of the jump times are |τ ?1 − τ ?1,h| = 4.44 · 10−7 and

|τ ?2 − τ ?2,h| = 1.08 · 10−7.

The numerical results are in Table 3.3, where r1(tj) = |ηh,1(tj) − x(tj)|, r2(tj) =

|ηh,2(tj)−y(tj)| and h = 0.1. For both, trajectories and jump times, the approximation

error is around 4 digits worse for h = 0.1 than for h = 0.01 (see Table 3.2) which is

the expected behavior for a method of convergence order 4.

tj x(tj) ηh,1(tj) r1(tj) y(tj) ηh,2(tj) r2(tj)
0.2 0.67032004604 0.6703215231 1.48E-6 0.81873075308 0.8187299992 7.54E-7
0.4 0.22466448206 0.2246647783 2.96E-7 0.47398785012 0.4739873546 4.95E-7
0.6 0.07529855298 0.0752986814 1.28E-7 0.27440581805 0.2744055773 2.41E-7
0.8 0.05047412950 0.0504741905 6.10E-8 0.22466448206 0.2246643191 1.63E-7
1.0 0.03383382081 0.0338338503 2.95E-8 0.18393972059 0.1839396051 1.16E-7

Table 3.3: Exact and approximate values with error terms for Example 3.3.2

Example 3.3.3. Here we study the following nonlinear system:

ẋ = y + x2, ẏ = x+ y2 + 2xy, t 6= τi(x, y) and t ∈ I = [0, 1],

x(0) = y(0) = 0.15, τ(x, y) = 6(x+ y)− 5, S(x, y) =
( x

10
,
y

10

)
. (3.3.3)

SH hold true for the system (3.3.3).

Evidently the system (3.3.3) satisfies A1 and A2. We should prove that the

solution of the system exists on I and A4 holds.

Evidently x(t) > 0 and y(t) > 0, which implies that x(·) and y(·) strongly mono-

tone increase. Thus x(t) > 0.15 and y(t) > 0.15 for any t > 0. Since τ ′(x, y) = (6, 6),

one has that τ ′(x, y)·f(x, y) > 1.44 > 1 for x > 0.1 and y > 0.1. Adding the first equa-

tion to the second in (3.3.3), we derive (x+y)′ = (x+y)+(x+y)2 and set z = x+y.

Thus ż = z + z2, z(0) = 0.3. This ODE is the equation of Bernoulli. Using standard

calculations we derive z(t) =
3et

13− 3et
. After the jump we have z(τ ?) =

3.3eτ
?

13− 3e
.

Since max{x(t), y(t)} ≤ z(t), the solution exists on I.

Clearly, τ((x, y) + S(x, y))− τ(x, y) = 0.6(x+ y) ≥ 0.12 > 0 for x, y ≥ 0.1.

The jump point τ is a solution of the equation

33et + 3tet = 65 + 13t. (3.3.4)

After inserting the expression for z(·) = x(·) + y(·), the first equation then becomes:

ẋ(t) =
3et

13− 3et
− x+ x2, x(0) = 0.15, (3.3.5)
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because y(t) = ẋ(t)− x2.

We solve first the equation (3.3.5) for x(·) (denoted by xe) with the exact time

of jump described by the fixed-point equation (3.3.4). Afterwards we compute nu-

merically the solution of (3.3.3) with the implicit Runge-Kutta method in Mathe-

matica, denote its first component by η?h and compare their values. The exact jump

time is τ ?1 = 0.7518477349233581. The jump time calculated by implicit Runge–

Kutta method with order 2 and step size h = 0.01 is τ 2
0.01 = 0.7518228459446,

while calculated by implicit Runge–Kutta method with order 4 and step size h =

0.01 it is τ 4
0.01 = 0.7518477357959691. Furthermore, |τ ?1 − τ 2

0.01| = 2.49 · 10−5 and

|τ ?1 − τ 4
0.01| = 8.73 · 10−10. Taking r1 = |x(tj) − η2

0.1(tj)|, r2 = |x(tj) − η2
0.01(tj)|

and r3 = |x(tj) − η4
0.01(tj)|, we can again observe that the approximation error for

the trajectory values and the jump times is around 4 digits better for h = 0.01 and

the method of order 4 than for order 2, which is the expected behavior for methods

differing by 2 in the convergence order.

tj x(tj) η20.01(tj) r2 η40.01(tj) r3
0.2 0.19063893841 0.190639944 1.0E-6 0.190638938404 2.4E-12
0.4 0.24756940440 0.247572570 3.2E-6 0.247569404391 1.1E-11
0.6 0.33039069221 0.330398792 8.1E-6 0.330390692180 3.4E-11
0.8 0.50521601584 0.505240062 2.4E-5 0.505216014795 1.0E-9
1.0 0.75804905656 0.758127295 7.8E-5 0.758049054956 1.6E-9

Table 3.4: Comparison of the exact and approximative values of Example 3.3.3

Denote by τ ip the approximate jump time calculated by the implicit Runge-Kutta

method with order p in i-th iteration. The numerical results for different iterations

are shown in Table 3.5. As it is seen from the Table 3.5 the convergence is probably

p, h τ1p τ2p τ3p τ4p τ5p
2, 0.01 0.751799 0.75182253 0.751822842 0.7518228459 0.7518228459
4, 0.01 0.751823 0.75184742 0.751847732 0.75184773574 0.751847735796

Table 3.5: Iterations for approximating the jump time of Example 3.3.3

not so good as one might have expected. Nevertheless, the jump time calculated by the

RK method of order 4 is a better approximation for τ ?1 than the one given by the RK

method of order 2.

In future research, we will solve the example using strategy C in order to calculate

the jump points more efficiently.
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3.4 Concluding remarks

We considered higher order Runge Kutta methods for impulsive differential equations.

We show that the order of approximation (with respect to the measure of distance

introduced in [11] and similar form in [1]) is the same as in the case of ordinary

differential equations. We provide illustrative examples.

As we shown with first numerical results gained by fourth order Runge-Kutta

methods, impulsive systems with variable times of impulses allow the approximation

with higher order methods provided that the jumping time is calculated with a suit-

able accuracy. The first strategy repeats the interval bisection together with sign

checks for the monotone functions ϕi(·) governing the jump times until the accuracy

of order O(h4) is gained. The second strategy prefers to apply a linear interpolation

and takes the zero of the interpolant of the discrete grid function for an approximation

of the jump time of the continuous solution.

It is interesting that the explicit Runge-Kutta method produces values very close

to the implicit method of the same order. Furthermore, the coupling of the accuracy

of approximating the jump times to the expected error term of the Runge-Kutta

method achieves that the errors before and after the jump do not differ essentially in

all three examples. Nevertheless, a loss of accuracy in the convergence order 4 can

be observed in Table 3.4 after the jump point τ ?1 ≈ 0.75, although the accuracy in

approximating the jump time itself is very good.

The theoretical basis of the proofs is the existence of a lower bound for the differ-

ence of the jump times as well as the propagation of errors through jumps stated in

Theorem 3.2.3. Here, an appropriate measure is used which allows (bigger) differences

of theoretical and approximate solutions around (different) jump times on suitable

small neighborhoods.
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Notice also [14] where the approximate solutions via a Runge–Kutta method are

defined for any t ∈ I, the so-called continuous Runge-Kutta method or dense output

methods. Such an extension permits studying of functional differential equations.

In future research, more applications and connections to the formulation in [6, 73]

and also a more systematic evaluation of higher order methods and the stability of

implicit and explicit methods involving some multi-step (Adams) methods will be

studied.



Chapter 4

Numerical Approximations of
Impulsive Delay Differential
Equations

This chapter deals with numerical approximations of impulsive delay differential equa-

tions with non-fixed time of impulses with Euler’s method. The right-hand side is

assumed to be Lipschitz with respect to the norm of the measurable functions, which

allows us to estimate the distance between functions with different times of jumps.

Illustrative examples are provided. The higher order Runge–Kutta or Adams meth-

ods are not applicable for general functional differential equations without impulses,

because the map x→ xt is not continuously differentiable but only Lipschitz.

4.1 Introduction

We study impulsive functional differential equations with non-fixed times of impulses

and their discrete approximations with the Euler method.

70



71

Denote I = [0, 1]. Given τ > 0. Consider the following finite dimensional impul-

sive functional differential equation

ẋ(t) = f(t, xt); x0 = ϕ ∈ PL([−τ, 0],Rn), t 6= τj(x(t)), t ∈ I. (4.1.1)

x(τj(x(t)) + 0)− x(τj(x(t))) = χj(x(t)), t = τj(x(t)), j = 1, . . . , p. (4.1.2)

where PL([−τ, 0],Rn) ≡ PL is the set of all piecewise Lipschitz functions which are

left continuous (with constant L to be determined) with no more than p jumps and

f : I ×PL → Rn. Moreover, τj : Rn → R are the impulsive surfaces, where the jumps

χj : Rn → Rn occur.

We define new kind of metric which do not take in account the discontinuity of

right-hand side forced by the jumps of the solution. However, that is not the case if

we study impulsive systems with constant (or variable) delay. That time we associate

two more equalities which permit jumps of right-hand side on the jump point of

solution. Let q : I → [0, τ ] be monotone nonincreasing and L1-Lipschitz.

f(t+ 0, xt) = f(t, xt) + u1(χj(x(t)), t = τj(x(t)) and

f(t+ 0, xt) = f(t, xt) + u2(χj(x(t− q(t))), t− q(t) = τj(x(t− q(t))).

Definition 4.1.1. Let g(·) ∈ PL has jumps on τi, i = 1, 2, · · · , p. The sequence

{gk(·)}∞k=1 is said to converge to g(·) in PL if it converges uniformly to g(·) on every

compact set A ⊂

(
[−τ, 0] \

m⋃
j=1

{τj}

)
.

The function h : PL → Rn is said to be continuous at g(·) if lim
j→∞

h(gj) = h(g) for

any sequence gj → g.

Further in this chapter we assume that f(·, ·) is continuous except the point t =

τj(x) or t− q(t) = τj(x).

We refer reader to [15, 51, 62] for general theory of impulsive differential equations.
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Definition 4.1.2. A piecewise absolutely continuous function x(·) is said to be a

solution of (4.1.1)–(4.1.2) if it is left continuous, satisfies (4.1.1) for almost all t ∈ I
and satisfies (4.1.2) when t = τi(x(t))

The standing hypotheses (SH) used in this chapter are:

(H1) There exists a constant A such that |f(t, α)| ≤ A(1 + |α|C) where |α|C) =

sup
s∈[−τ,0]

|α(s)|.

(H2) The functions χj : Rn → Rn are Lipschtiz with a constant P .

(H3) τj(·) are Lipschitz with a constant Q and τi(x) 6= τj(x+χj(x)) for every x ∈ Rn

and any i 6= j.

(H4) For any x where the gradient ∇τj(x) exists and for every α ∈ PL with α(0) = x

and every t ∈ I we suppose either

i) 〈∇τj(x), f(t, α)〉 ≤ β < 1, τj(x) ≥ τj(x+ χj(x)) and τj(x) < τj+1(x) or

ii) 〈∇τj(x), f(t, α)〉 ≥ γ > 1, τj(x) ≤ τj(x+ χj(x)) and τj(x) > τj+1(x)

Let ε > 0. Consider the system:

ẋ(t) ∈ f(t, xt) + εB, x0 = ϕ ∈ PL, t 6= τj(x(t)), t ∈ I = [0, 1]. (4.1.3)

where B is the closed unit ball in Rn.

Given a solution x(·) of (4.1.3)–(4.1.2) we define a function:

gxj (t) = τj(x)− t (4.1.4)

The zeros of (4.1.4) coincide with the jump times.

Lemma 4.1.1. Under (SH), if x(·) is a solution of (4.1.3)–(4.1.2) then it meets

every τj(·) (i.e., has a jump on i− th surface) no more than once.

Proof. Evidently the condition H4 holds true for some β < β′ < 1 (γ > γ′ > 1) when

f(xt) is replaced by f(xt) + εB when ε > 0 is sufficiently small.
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Let ∂cτj(x) be Clarke’s sub differential of τj(·) (Definition 0.1.7). As it is shown in

[11] under H4 i) one has that 〈`j(x), f(·, α)〉 ≤ β for every `j(x) ∈ ∂cτj(x). Further

we assume that ε > 0 is sufficiently small that H4 holds true and for convenience we

write β except β′.

Suppose x(·) is a solution of (4.1.3)–(4.1.2) such that it has jump on t̃ = τj(x(t̃))

defined by x(t̃ + 0) − x(t̃) = χj(x(t̃)). Under the assumption H4 i) it follows from

(4.1.4) that

gxj (t̃+ 0) = τj(x(t̃+ 0))− (t̃+ 0)

= τj(x(t̃) + χj(x(t̃))− t̃ ≤ τj(x(t̃))− t̃ = gxj (t̃).

Assume that x(·) is continuous on the interval [ta, tb] ⊂ I. Using chain rule for

Clarke’s sub–differential we derive

gxj (tb)− gxj (ta) = (ta − tb) + τj(x(tb)− τj(x(ta)

≤ (ta − tb) +

∫ tb

ta

〈ẋ(s), ∂cτj(α(s))〉 ds

≤ (ta − tb) +

∫ tb

ta

βds = (tb − ta)(β − 1) < 0.

Hence gxj (tb) < gxj (ta) for ta < tb, so gxj (·) is strictly decreasing. Since τj+1(x) > τj(x),

one has that it is impossible the graph of the solution x(·) to intersect surface τi(·)
after τi+1(·).

Similarly, in case of H4 ii) one can prove that gxj (·) is strictly increasing.

Therefore for every j the functions gxj (·) are strictly monotonic (except the points

where it has jumps). It follows that gxj (t) = 0 has at most one solution, which is

possible jump time.

Lemma 4.1.2. Under (SH) there exist constants M and C such that every solution

of (4.1.3)–(4.1.2) (if it exists) satisfies |x(t)| ≤ M and |f(t, xt)| + ε ≤ L for any

t ∈ [0, 1], Moreover, there exists λ > 0 such that τj+1(x(t)) − τj(x(t)) ≥ λ for every

solution x(·) of (4.1.3)–(4.1.2).

Proof. The proof of the existence of M and C is standard. For example one can

show using the Gronwall inequality that for every solution x(·) we have |x(t)| ≤
2( max
s∈[−τ,0]

|ϕ(s) + δ)|e(A+δ)t(1 + A)(1 + P + δ)p(1 + L)p.

We have to show the existence of λ. Suppose the contrary. Let xk(·) be a se-

quence of solution of (4.1.3)–(4.1.2) such that lim
k→∞

(τi+1(xk) − τi(x
k)) = 0. Since
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every solution has no more than p jump pints one can show that there exists a

subsequence denoted again by {xk(·)}∞k=1 such that τj(x
k) → τj for j 6= i, i + 1

j = 1, . . . , p and lim
k→∞

τi+1(xk) = lim
k→∞

τi(x
k) = τi. Next fix ν > 0 and note that

there exists k̃ such that for all k > k̃ |τj − τj(x
k) <

ν

2
. Every xk(·) is L–lipschitz

on
[
τj +

ν

2
, τj+1 −

ν

2

]
and hence there exists a subsequence {xkm(·)}∞m=1 uniformly

converging on I \
p⋃
j=1

(
τj −

ν

2
, τj +

ν

2

)
. Also this subsequence admits an uniformly

converging on I \
p⋃
j=1

(
τj −

ν

22
, τi +

ν

22

)
subsequence. When τi+1(xk) = τi(x

k) < ν

we must replace the interval (τi +
ν

2
, τi+1 −

ν

2
) with ∅. We can show that for every

natural k there exists a converging on I \
p⋃
j=1

(
τj −

ν

2k
, τj +

ν

2k

)
subsequence.

Hence there exists a subsequence of xk(·) which converges uniformly on

I \
p⋃
j=1

(
τi −

δ

2
, τi +

δ

2

)
for every δ > 0. The limit function x(·) is L–Lipschitz on

I\

(
p⋃
i=1

{τi}

)
. It is standard to prove that x(·) is a solution of (4.1.3)–(4.1.2) with jump

points τj, j 6= i, i+ 1 and τi(x(τi) +χi(x(τi)) = τi+1(x(τi), that is a contradiction.

Remark 4.1.1. The last assertion of Lemma (4.1.2) is in some sense compactness of

the solution set.

4.2 Approximation Scheme

In this section we study Euler’s discrete approximations of (4.1.1)–(4.1.2). First

we will study the connection between the solution sets of (4.1.1)–(4.1.2) and (4.1.3)–

(4.1.2). The main target of the paper is to study Euler’s approximation of the solution

set extending the approach of [11, 33, 63]. Such a problem in case of fixed times of

impulses with a constant time delay are studied in [31, 42]. The accuracy of Euler’s

method is O(h). To the authors knowledge in the existing literature concerning func-

tional differential equations or inclusions the space PL is equipped with the uniform



75

norm see e.g. [13, 15, 69] see also Theorem 0.5.1.

In many papers the common assumption is f(t, ·) to be continuous with respect

to the uniform metrics. This norm is, however, not appropriate when the solutions

have different jump points. We give an (sophistical in some sense) example.

Example 4.2.1. Let

h(t) =

0 t ∈
[
−1

2
, 1√

5

]
−1

2
t ∈
[

1√
5
, 1
]

Consider the following functional differential equation

ẋ = max
s∈[t−0.5,t]

|x(s)− h(s)|, t ∈ [0, 1], x(s) = ε, s ∈
[
−1

2
, 0

]
. (4.2.1)

Here τ(x) =
1√
5

(
1 + x2

) 1
4 and χ(x) = −1

2
. It is easy to see that h(·) is a solution

of (4.2.1) for ε = 0. On the other hand for every ε > 0 the solution xε(·) satisfies

|xε(1)− h(1)| > 5−
√

5

10
.

We will study the system (4.1.1)–(4.1.2) with respect to metric ‖α‖M defined in

0.5.3. Recall that:

‖α‖M = inf
A⊂[−τ,0]

{ sup
s∈[−τ,0]\A

|α(s)|+ meas(A)}.

The function f : PL → Rn is said to be Lipschitz with a constant L, if for every

α, β ∈ PL one has |f(α)− f(β)| ≤ L‖α− β‖M .

Notice that the choice of norm is very important. For example it is possible to

endow PL with Lebesgue L1 norm ‖α‖L1 =
1

τ

∫ τ

0

|α(s)|ds ≤ ‖α‖C . However, if we

restrict PL to the L–Lipschitz function then ‖α‖L1 ≤ ‖α‖C but there exists no positive

constant C such that ‖α‖L1 ≥ C‖α‖C . In our case such a constant is for example
1

max{1, L}
.

As in [11] we define a measure of the distance between approximate solutions x(·)

and y(·) of (4.1.1)–(4.1.2) as
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ρ(x(·), y(·)) ≤ δ iff

1)

p∑
i=1

(τ+
i − τ−i ) ≤ δ, and τ+

i < τ−i+1

2) |x(t) − y(t)| ≤ δ on I \
p⋃
i=1

[τ−i , τ
+
i ]. Here τ+

i = max{τi(x), τi(y)} and τ−i =

min{τi(x), τi(y)}.

Notice that the measure of distance defined above is in accordance with the norm

in PL, i.e. ‖ · ‖M .

(H5) f(t, ·) is Lipschitz with a constant K from PL into Rn, while f(·, α) is Lip-

chitz with constant K̂ on every interval (τj, τj+1]. The functions u1(·) and u2(·) are

Lipschiutz with a constant K̂.

The Lipschitz constants of u1(·) and u2(·) are in general different, however, we

assume to be equal to K̂ for convenience. The jumps of f(·, α), i.e. first kind discon-

tinuity occurs for example in the systems with fixed time lags.

The assumption that f(·, ·) is Lipschitz function on I × PL turns out that is very

restrictive, because for ordinary differential equations with impulses the right hand

side is discontinuous on the jump points of x. Our second condition includes also

discontinuities of the right hand side at the delay points, i.e. we include also the

nonfixed time delays.

Theorem 4.2.1. Under (SH) there exists δ > 0 such that for every ε ∈ [0, δ] the

system (4.1.3)–(4.1.2) has a solution xε(·). If (H5) also holds, then there exists a

constant C̃ such that the distance between xε(·) and the solution y(·) of (4.1.1)–(4.1.2)

satisfies the inequality ρ(x, y) ≤ C̃ε.

Proof. Assume that the initial point is a jump point. So we have x(0+) = ϕ(0) +

χ1(ϕ(0)). Due to Lemma 4.1.2 there exists λ > 0 such that every solution of (4.1.3)–

(4.1.2) will have no jump points on [0, λ). It is standard to show the existence of

solutions on [0, λ]. Assume that the constructed solution x(·) has a jump at s ≥ λ
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which can be assure by using Zorn’s lemma. Next our analysis continues in similar

way. Notice here that we are able to provide PL with the uniform norm because may

extend a local solution, and all extensions possess the same jump points in sufficiently

small extension of the existence interval. The proof of the existence of the solution

of (4.1.3)–(4.1.2) for any ε ∈ [0, δ] is therefore standard. Further have to show the

second statement.

Let x(·) be a solution of (4.1.3)–(4.1.2) and let x(·) be a solution of (4.1.1)–(4.1.2).

Suppose first that x(·) and y(·) have jumps successively, i.e. τi(x(·)) < τi+1(y(·)), and

τi(y(·)) < τi+1(x(·)).
Introduce the notations:

τ−i = min{τi(x(·)), τi(y(·))}, τ+
i = max{τi(x(·)), τi(y(·))}.

δ−i = |x(τ−i )− y(τ−i )| and δ+
i = |x(τ+

i )− y(τ+
i )|.

We have no impulses up to τ−1 . Thus δ−1 ≤ eKτ
−
i ε because d

dt
|x(t) − y(t)| ≤

K (‖xt − yt‖+ ε). Thus |x(t) − y(t)| ≤ eKtε thanks to Gronwall’s inequality. It is

easy to see that
d

dt
|x(t)− y(t)| ≤ K‖xt − yt‖M + ε.

Consider the interval [τ+
i , τ

−
i+1]. For t > τ+

1 the distance between xt and yt depends

on the distance between jumps of x(·) and y(·) as well as on jumps of f(·, β). In the

second case the velocities of x(·) and y(·) are different on the intervals [τ̃−i , τ̃
+
i ], where

τ̃−i − q(τ̃−i ) = τ−i and τ̃+
i − q(τ̃+

i ) = τ+
i .

Therefore, |x(t)−y(t)| ≤ r(t), where ṙ(t) = K

(
|x(t)− y(t)|+ (1 + K̂)

i∑
j=1

(τ+
j − τ−j )

)
.

Indeed since ṙ(·) > 0 one has that r(·) increases and hence r(t) = sup
s∈[t−τ,t]

r(s). Con-

sequently one can assume without loss of generality that

d

dt
|x(t)− y(t)| ≤ K

(
|x(t)− y(t)|+ (1 + K̂)

i∑
j=1

(τ+
j − τ−j )

)
+ ε.

Suppose that τ−i = τi(x(·)). Consequently,

τ+
i −τ−i ≤ |τi(x(τ−i ))−τi(y(τ−i ))|+τi(y(τ+

i ))−τi(y(τ−i )) ≤ Q|x(τ−i )−y(τ−i )|+β(τ+
i −τ−i ).

Thus τ+
i −τ−i ≤

Qδ−i
1− β

in case H4 (i). Analogously one can show that τ+
i −τ−i ≤

Qδ−i
γ − 1

in case H4 (ii). Consequently,
d

dt
|x(t)− y(t)| ≤ K

(
|x(t)− y(t)|+ a

i∑
j=1

δ−j

)
+ ε.

Therefore |x(t) − y(t)| ≤ eK(t−τ+
i )

(
δ+
i + ε+ a

i∑
j=1

δj

)
, where a =

Q

1− β
or a =
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Q

γ − 1
.

Furthermore, we have:

δ+
i = |x(τ+

i )− y(τ+
i + 0)| ≤ |x(τ−i )− y(τ−i )|+

∫ τ+
i

τ−i

|ẋ(t)− ẏ(t)|dt

+|χi(x(τ−i ))− χi(y(τ+
i ))| ≤ δ−i + 2L(τ+

i − τ−i ) + P (|x(τ−i )− y(τ−i )|+ |y(τ+
i )− y(τ−i )|)

≤ δ−i + 2L(τ+
i − τ−i ) + P (δ−i +Q(τ+

i − τ−i )) ≤ (1 + P )δ−i +
Q(2 + P )L

1− β
δ−i = a1δ

−
i ,

where a1 = 1 + P +
(2 + P )QL

1− β
(in case H4 (ii) a1 = 1 + P +

(2 + P )QL

γ − 1
).

Consequently, δ−i+1 ≤ eK(τ−i+1−τ
+
i )

(
a1δ
−
i + a

i∑
j=1

δj + ε

)
. Thus δ−i+1 ≤ C−i+1ε and

δ+
i ≤ C+

i ε.

Since there are no more than i jumps of f(·, xt) and f(·, yt) with τ−i +hi(τ
−
i ) < τ−i+1

and τ+
i + hi(τ

+
i ) < τ−i+1, one has that

C−i+1 = eK(τ−i+1−τ
+
i )

(
(2 + K̂)a1C

−
i + 2a

i∑
j=1

C−j + 2

)
≤ eKt

(
a1C

−
i + a

i∑
j=1

C−j + 1

)
,

where C+
i = a1C

−
i and C−1 = eKτ

−
1 . As it has been shown that

p∑
i=1

(τ+
i − τ−i ) ≤

a

p∑
i=1

δ−i , thus without loss of generality there exists a generic constant C̃ such that

|x(t) − y(t)| ≤ C̃ε for all t ∈ I \

(
p⋃
i=1

[τ−i , τ
+
i ])
⋃

(

p⋃
i=1

Ii

)
, where Ii = [τ̃−i , τ̃

+
i ] (recall

that τ̃−i − q(τ̃−i ) = τ−i ).

The proof in case H4 (ii) is the same.

Thus there exists a generic constant C such that ρ(x(·), y(·)) ≤ Cε.

It remains to show that τ+
j < τ−j+1. Since x0 ≡ y0 one can assume that t = 0 is not a

jump point. Having in mind that τ+
1 −τ−1 ≤

Qδ−1
1− β

in case H4 (i), or τ+
1 −τ−1 ≤

Qδ−1
γ − 1

in case H4 (ii), then for sufficiently small δ−1 one has that τ+
1 − τ−1 <

λ

3
. Thus we

can show by induction that τ+
j − τ−j <

λ

2
for j = 1, . . . , p. The proof is therefore

complete thanks to Lemma 4.1.2.
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Now we describe the Euler scheme.

Let ∆m = {ti =
i

m
: i = 0, 1, · · · ,m} be a uniform partition of I. To (4.1.1)–

(4.1.2) we juxtapose the following discrete system:

We set xm0 = ϕ and define for i = 0, 1, · · · ,m− 1 the quantity

xm(t) = xmi (0) + (t− ti)f(ti, x
m
i ) if gj(ti+1) · gj(ti) > 0, ∀j = 1, . . . , p. (4.2.2)

If gj(ti+1) · gj(ti) < 0 then we calculate t̄ =
|gj(ti)|ti+1 + |gj(ti+1)|ti
|gj(ti)|+ |gj(ti+1)|

and define xm(t)

on [ti, t̄] by (4.2.2) and xm(t) = (t − t̄)f(t̄ + 0, xmt̄ ) on (t̄, ti + 1]. Of course we take

h less then λ defined in Lemma 4.1.2. Also if gj(ti+1) · gj(ti) = 0, then we can find

exact jump point of xm(·).

Furthermore, if s̄−p(s̄) = τJ , s̄ ∈ (ti, ti+1) then we define xm(·) on [ti, s̄] by (4.2.2)

and xm(t) = xm(s̄) + (t− s̄)f(s̄+ 0, xms̄ ).

Recall that f(t̄+ 0, xmt̄ ) and f(s̄+ 0, xms̄ ) are defined in the system description.

Theorem 4.2.2. If SH and H5 hold then there exists a constant C̄ such that the

distance between the approximate solution x(·) (derived via Euler’s scheme (4.2.2))

and the exact solution y(·) of (4.1.1)–(4.1.2) satisfies ρ(x(·), y(·)) ≤ C̄h.

Proof. Let y(·) be a solution of (4.1.1)–(4.1.2). We define an approximate solution

x(·) using the Euler scheme. Namely we define the approximate solution x(·) as in the

original Euler scheme (4.2.2) if gj(ti)·gj(ti+1) > 0 for j = 1, . . . , p or gj(ti)·gj(ti+1) = 0

for some j. In the later case we have either τj(z
m) = ti when gj(ti) = 0 or τj(z

m) = ti+1

when gj(ti+1) = 0. When gj(ti) · gj(ti+1) < 0 then the exact jump time of zm(·) is

τj(z
m) = τj ∈ (ti, ti+1). We define zm(t) = zmi (0) + (t − ti)f(ti, z

m
i ) when t ∈ [ti, τj],

zm(τj + 0) = zm(τj) + χj(z
m(τj)) and zm(t) = zm(τj + 0) + (t− τj)f(τj, z

m
τj

).

If there exists t̄ ∈ (ti, ti+1) such that t̄−q(t̄) = τj, i.e. ti−q(ti) < τj < ti+1−q(ti+1)

then we define zm(t) = z(ti)+(t− ti)f(ti, z
m
i ) on (ti, t̄], and zm(t) = z(t̄)+(t− t̄)f(t̄+

0, zmt̄ ).

Since f(t, ·) is K–Lipschitz and since f(·, α) is K̂–Lipschitz, one has that

żm(t) ∈ f(t, zmt ) + (KL+ K̂)hB.

It follows from Theorem 4.2.1 that ρ(y(·), zm(·)) ≤ O(h). It is easy to see that if

h is sufficiently small then gj(·) are strictly monotone and our considerations are

correct.
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4.3 Numerical examples

In this section we provide some examples. Since the practical calculation of the

solution set of differential inclusions is impossible (one should find uncountable set of

solution), we find some of them to be able to make a picture. Also in the examples

we will assume that there is only one jump surface.

Example 4.3.1. Consider the following system:

ẋ(t) = −1 + x− y + y

(
t− 1

2

)
, x(s) = 1 + s, s ∈ [−1, 0], t ∈ [0, 1]

ẏ(t) = −1 + y + x(t− 1), y(s) = 1 + s, s ∈
[
−1

2
, 0

]
, t 6= τ(x, y) (4.3.1)

τ(x, y) =
(x

7

)2

+
(y

8

)2

+ 0.3, χ(x, y) = (−0.1x, 0.1y).

The exact solution of 4.3.1 is

x(t) =


1
2
(−3 + 5et − 4t− 2tet) 0 ≤ t ≤ τ,

−1.5 + et(2.46385− 1.07615t)− 2t τ ≤ t ≤ 0.5,

0.5 + et(0.317898− 0.423432t) 0.5 ≤ t ≤ τ + 0.5,

0.5 + 0.317898et − 0.423432tet 0.5 + τ ≤ t ≤ 1,

y(t) =

{
et − t 0 ≤ t ≤ τ,

1.07615et − t τ ≤ t ≤ 1.

The exact jump time is τ = 0.33262611482849125 and approximate jump time cal-

culated by Euler’s method with stepsize 0.1 is: τap = 0.33161173229329427 and

|τ−τap| = 0.0010143825351969782. In the tables shown below r1(tj) = |x(tj)−xap(tj)|
and r2(tj) = |y(tj)− yap(tj)|.

tj x(tj) xap(tj) r1(tj) y(tj) yap(tj) r2(tj)
0.2 0.90922634377 0.907947678752 0.0013 1.021402758160 1.017464733371 0.0039
0.4 0.73345991763 0.732595398635 0.0009 1.205426306685 1.193277187134 0.0122
0.6 0.61632203813 0.621083197291 0.0048 1.360872119008 1.333589695857 0.0273
0.8 0.45360309413 0.468221246098 0.0146 1.595014614556 1.546588685662 0.0484
1.0 0.21312929304 0.236438129120 0.0233 1.925277456052 1.847798650855 0.0775

Table 4.1: Exact and approximate values with error terms for Example 4.3.1, h = 0.1
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Figure 4.1: Exact and approximate solution for Example 4.3.1, h = 0.1

tj x(tj) xap(tj) r1(tj) y(tj) yap(tj) r2(tj)

0.2 0.90922634377 0.909189634431 0.000037 1.0214027582 1.021280705349 0.00012
0.4 0.73345991763 0.733444051714 0.000016 1.2054263067 1.205100606818 0.00033
0.6 0.61632203813 0.616432306028 0.000110 1.3608721190 1.360278401251 0.00059
0.8 0.45360309413 0.453921304124 0.000318 1.5950146146 1.594050188560 0.00096
1.0 0.21312929304 0.213764304371 0.000635 1.9252774561 1.923807845405 0.00147

Table 4.2: Exact and approximate values with error terms for Example 4.3.1, h =
0.001

Furthermore, the approximate jump time calculated by Euler’s method with stepsize

0.001 is τap = 0.33261555333458287 and |τ − τap| = 0.000010561493908378683.

Example 4.3.2. This example is one dimensional functional differential equation,

which contains maxima.

Notice that such kind of equations is very difficult to be solved using higher order

methods if it is possible at least

ẋ(t) = x(t) + max
s∈[t− 1

2
,t]
x(t)− t, t ∈ [0, 1] , x(s) = −s, s ∈

[
−1

2
, 0

]
, (4.3.2)

τ(x) = 0.2 +
x

20
, and χ(x) = −x

2
.

It is possible to find the exact solution with exact jump time: τ = 0.20342299116479148.
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The exact solution of the Example 4.3.2 is given as:

x(t) =


1
2
(3− 3et + 4t) 0 ≤ t ≤ τ,

1.5− 1.52793et + 2t; τ ≤ t ≤ 0.45− τ,
0.93154− 0.891002et + t; 0.45− τ ≤ t ≤ 0.95− τ,
−0.43154 + 0.512412et − 0.54042tet; 0.95− τ ≤ t ≤ 1.

The approximate jump time calculated by Euler’s method with step h = 0.1 is τap =

0.2042912939333775 and |τ − τap| = 0.0008683027685860156. The exact and approx-

imate solutions for this example are in the Table given below.

t xex(t) xap(t) |xex(t)− xap(t)|
0.2 0.0678958627597451 0.085 0.0171041372402549
0.4 0.0023221011909763 0.01100096349939089 0.0086788623084146
0.6 -0.0919704469239976 -0.0698409968458669 0.0221294500781307
0.8 -0.2533273637721405 -0.2262076923892424 0.0271196713828981
1.0 -0.5076731876170391 -0.5048112717347611 0.0028619158822779

Table 4.3: Exact and approximate values with error terms for Example 4.3.2

Figure 4.2: Exact and approximate solution for Example 4.3.2

4.4 Conclusion

Having in mind the above stated notes we conclude that the model of J. Hale (see

[40], [41]) doesn’t describe precisely the impulsive differential equations. A lot of
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authors in the known literature devoted to the functional differential equations with

impulses use the uniform norm. Introducing such a norm in the case of numerical

approximation it turns out that the above stated norm requires both the exact and

approximate solution to have jumps at one and the same points, i.e. the jump points

must coincide each other. This is a very strong restriction that makes one to introduce

another improper norms for most of the concrete examples. It is easily seen that the

calculations with such norms are very complicated. Therefore we intend to study in

other different work the properties of impulsive functional differential equations with

several different norms of their arguments.
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