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Abstract 

Path planning and trajectory generation for nonholonomic mobile robot in dynamic 

environment is a difficult problem. It has to consider the nonholonomic constraints of robot 

as well as the detection and avoidance of the possible collision with dynamic obstacles. In 

this research an adaptive path planning technique has been proposed for mobile robot motion 

in an environment with dynamic obstacles. A trajectory is formulated between the starting 

and target positions for the three wheeled mobile robot. For this purpose kinematics and 

dynamic models of the mobile robot have been used. Inverse kinematics model has been 

developed by the wheel space technique for calculating the required wheels displacements to 

reach the target location. 

A collision-free motion of robot between its starting and goal positions is required to 

be executed therefore, a safe global path which is a sequence of control points is planned, 

incorporating the prior knowledge of environment. Artificial potential function has been 

implemented for calculating intermediate target positions between the initial and final 

position of mobile robot, to avoid obstacles in its path. A feasible global path is calculated for 
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the known environment and a time based trajectory is generated. This global path is set as a 

reference path for the wheeled mobile robot. When dynamic obstacles moving with certain 

velocity come in the path of mobile robot, it has to modify the path to avoid possible 

collision.  

An algorithm is proposed in this dissertation which efficiently detects and avoids the 

possible collision with dynamic obstacles. This novel algorithm detects possible collision 

with dynamic obstacle even if its velocity is not uniform. Expected collision of obstacle 

coming in the path of mobile robot is detected by measuring the relative velocity of obstacle 

and mobile robot at each time step. The reactive scheme of algorithm is activated for 

changing the velocity of mobile robot to avoid the expected possible collision and the local 

path planner plans a modified path to be executed by the mobile robot. 
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β Heading Angle of robot 

v Linear velocity of robot 

θ orientation of robot 

qi i
th

 configuration 

qinit Initial configuration 

qtarget final configuration 

N Number of encoder count/wheel revolution 

∆E Change in encoder counts 

∆ELt Change in differential distance of left wheel 
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Chapter 1 

INTRODUCTION 

Obstacles detection and avoidance is a key issue in the field of wheeled mobile robots 

research. Wheeled mobile robots move freely in their workspace have greater risks of 

colliding with different objects, people and other vehicles in their path. This mobility 

feature of these robots makes them suitable for performing tasks of various natures but 

also adds some difficulties for obstacle avoidance. An autonomous wheeled mobile robot 

is expected to follow a smooth trajectory without any collision.  

Planning a collision free path and trajectory for mobile robots is a well known 

problem for researchers in this field. Before generating trajectory for mobile robot a 

motion planner is required to plan a feasible path between its initial and final position. 

For quality of task performance and safe navigation, precise path planning is required 

with complete information of surrounding. Basically path planning problem is a form of 

geometrical problem which can be solved by geometrical description of mobile robot and 

its workspace, starting and target configuration of mobile robot and evaluation of degrees 

of freedom (DOF) of mobile robot. 

Trajectory planning in general requires a path planner to compute geometric 

collision free path. This free path is to be converted into a time based trajectory. This 
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trajectory is then fed to the motion controller which requires a time optimal trajectory for 

trajectory tracking control. The collision free path is assumed to be a sequence of points 

in three dimensional (3-D) that the robot has to follow.  

The mobile robot has to operate in complicated and dynamic environment 

autonomously without human interference therefore; it should be intelligent to collect 

proper information of surrounding and should react when some change occurs in its 

surroundings. This is necessary for perceiving and acting within the environment and to 

reach the desired target position while avoiding collisions with surrounding static and 

dynamic obstacles. Therefore, motion planning plays an important role for mobile robots.  

The area of motion planning for wheeled mobile robot is vast and a number of 

methods have been proposed in literature for solution of this problem. For example, 

Koditschek et al. have proposed the approach of artificial potential function [1]. The 

advantage of this approach is that it is simple in implementation and is very useful for 

real time applications. The draw back of this method is the local minimum problem 

produced in certain situations when the attractive forces are cancelled out by repulsive 

forces. Borenstein et al. have incorporated the geometrical constraints and proposed the 

method of vector field histogram [2]. Normally these techniques have been used for path 

planning of holonomic robot systems with static obstacles in environment. Evangelos 

Papadopoulos et al. have obtained segmented path and have re-planned the path by an 

optimal algorithm known as D* or D-Star [3]. Advantage of D* is that it does not need to 

replan the path upon new information every time and so computational cost is reduced. 
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The drawback is the large amount of memory requirement. In several other techniques 

configuration time-space based method has been used [4-5], in which planning has been 

done in space and time independently [6]. These techniques does not produce efficient 

path. Among other techniques are artificial potential fields based approach [7-11], 

cooperative collision avoidance and navigation [12-13] and fuzzy based method [14]. The 

advantage of these techniques is that they does not require complete/accurate model of 

the environment and are thus easy to implement on line. The disadvantage is that they 

stuck in certain application and moreover they are not efficient for the avoidance of 

dynamic obstacles avoidance. 

1.1 Problem Statement 

In this research work, the problem of path planning and trajectory generation for 

mobile robot in unstructured environment has been considered. Trajectory generation for 

nonholonomic mobile robot having local motion constraints is quite complex: especially, 

when surrounding environment is unstructured. A global path from the current position to 

its target position needs to be planned for mobile robot. The environment can contain 

both static and/or dynamic obstacles: therefore, it is necessary to consider obstacles 

during the path planning. A feasible trajectory for mobile robot between the given 

starting and target positions is required to be formulated. A local path planner is required 

to update the global planned path whenever an unknown obstacle appears such that 

during robotic motion there is no collision of obstacles with mobile robot.  
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1.2 Scope of the Study 

For motion planning, kinematics and dynamic model of wheeled mobile robot is 

the basic requirement. In kinematics motion of mobile robot is considered ignoring the 

dynamic constraints of robot. However, in applications the torque and inertias are to be 

considered therefore dynamic model of mobile robot is required to be developed for 

calculating torques and inertias. Lagrange equations have been used for developing the 

dynamic model. Using any search algorithm, different paths are calculated between the 

initial and final position and among them the one is chosen which is collision free and 

satisfies the constraints. This is feasible path and if it exists then trajectory is generated 

by assigning a time value to each point of the path. The generated feasible trajectory is 

fed to the controller to be executed by the mobile robot. Obstacles in environment of 

robot should be detected so that there is no possible collision. An efficient algorithm for 

obstacle avoidance has been proposed for mobile robot which considers both static and 

dynamic objects in its surrounding and ensures collision free trajectory to be executed by 

the mobile robot.  

1.3 Objectives 

The primary objective of this research work is to generate an efficient path and 

trajectory for the three wheeled mobile robot in an environment having static and 

dynamic obstacles and can be summarized as:  

• To develop Kinematics and Dynamic models of the wheeled mobile robot. Both 
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forward and inverse kinematics models are required to formulate motion of 

mobile robot while dynamic model is required to consider the effects of mass and 

inertia.  

• To calculate new/intermediate target positions between the initial and target 

position of mobile robot in case of obstacles in its path. 

• To plan global path based on global knowledge of environment and generate 

feasible trajectory for mobile robot satisfying both boundary and nonholonomic 

constraints. 

• To develop Path Following Controller for execution of planned trajectory of 

mobile robot in structured environment. 

• To develop an algorithm for detection and avoidance of obstacles coming in path 

of mobile robot.  

• To activate local path planner on detection of a possible collision by the 

algorithm, for a feasible local path formulation among obstacles. 

A novel algorithm has been developed for detection of possible collision of 

obstacle with mobile robot and avoidance of this collision in unstructured environment 

updating the planned path of mobile robot on detection of possible collision of obstacle 

with mobile robot. This algorithm detects the possible collision of mobile robot with 

obstacles even if they are moving with time variant velocity  
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1.4 Thesis Organization 

The thesis consists of six chapters and is organized as follow: 

Chapter 2 is about the architecture of wheeled mobile robot in which the overall 

architecture of global path planning, trajectory formulation and mobile robot has been 

presented. Path planning for holonomic and nonholonomic system has been 

differentiated. Kinematics and dynamic model of mobile robot have been described in 

this chapter. 

Chapter 3 describes different techniques for trajectory generation. A number of 

path planners have been described. Various techniques have been described for 

generating various trajectories. The generation of feasible trajectory if exists has been 

described. The developed path following controller has been discussed in detail. 

Chapter 4 discusses various obstacle avoidance techniques. Several methods for 

static path planning have been presented. Velocity planning has been used to cope with 

variations in environment of robot: whereas, a technique has been developed for the 

detection and avoidance of dynamic obstacle in environment. The nonholonomic 

constraints and their motion restrictions have been presented in this chapter. 

Chapter 5 discusses différent navigation techniques. A number of different cases 

for robot motion have been considered and results have been presented. Separate results 

have been presented for static and dynamic obstacles avoidance. 
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Chapter 6 is about conclusion in which a summary of the whole research work is 

given and contributions that we have made for planning Path and trajectory generation 

for mobile robot in static and dynamic environment. Recommendations for future work 

have also been given at the end of this dissertation. 
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Chapter 2 

PLATFORM ARCHITECTURE 

2.1 Introduction 

Industrial robots are supposed to perform complex tasks, operate in hazardous 

environments dangerous for people. These robots can lift heavy objects, can spray, paint, 

pick and place, perform assembly work and tasks repeatedly with greater accuracy and 

precision as compared to human beings. These robots may find applications such as in 

industries, entertainment, space exploration, medical and agriculture etc. Autonomous 

mobile robots also known as Automated Guided Vehicles (AGV), can move 

autonomously and usually operate in complex workspace.  

AGVs may be used in applications of carrying heavy payloads in areas such as 

warehouses, industries and hospitals etc. These robots are equipped with different types 

of sensors for getting information about obstacles in its environment to navigate 

autonomously within the space or may be provided with a priori map. These robots are 

called intelligent in the sense that they perform variety of tasks of disorder nature. 

For wheeled mobile robots path planning approaches can generally be classified 

into two categories, one uses exact representations of world while other uses a discretized 

representation. Advantage of discretization is that in this representation computational 
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complexity of path planning can be controlled by adjusting cell size while, in exact 

methods computational complexity is a function of the number of obstacles which is 

normally not controllable. Even with discretized worlds, path planning for out-door 

environments is computationally expensive, and on-line performance is typically 

achieved by using specialized computing hardware. 

In this chapter the configuration of mobile robot platform and the developed 

kinematics and dynamic models have been described. 

2.1.1 Problem Identification 

A collision free motion of mobile robot is to be planned between the initial and 

final configurations. Mobile robots are generally complex systems having 

electromechanical elements, mechanical devices, embedded controllers as software 

programs and have digital circuits. They have mechanical constraints of nonholonomics, 

limited energy resources, computations, sensing and communication capabilities. Mobile 

robots may operate in uncertain environment where static and dynamic obstacles can 

appear. With these constraints and complexity robot motion planning and control is a 

difficult task for developing a computationally efficient framework. 

2.1.2 Proposed Methodology 

Motion planning algorithm for a mobile robot determines a continuous motion of 

robot from its current state to the desired state. An example of mobile robot motion in an 
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environment having obstacles can be stated as “start from an initial point 1 and go to the 

final point 2 avoiding obstacles”. An algorithm for collision avoidance has to generate 

and test paradigm [15]. A simple method is to find a straight line path from point 1 to 

point 2 which is to be tested for a possible collision of robot within its environment. If 

collision is detected then based on the information of this collision detection a new path 

has to be generated. This process is continued until there is no collision detected. The 

overall flow chart of global path planning and trajectory formation is shown in Figure 

2.1, and a simple solution to the above stated problem is a three level process. 

Specification level: The robot obstacle free configuration space is partitioned into 

cells. The relation between adjacent cells is determined and is represented in the form of 

graph. Any path formed by connecting cell containing point 1 to the cell having point 2 

and avoiding obstacles satisfies the specification. 

Execution level: A path between these points is chosen using some optimality 

criterion and satisfying the constraints of mobile robot  

Implementation level: In this phase a desired trajectory is generated in such a 

manner that all the given cells in a path can be visited in given order. Robot controllers 

are constructed and programmed such that the reference trajectory is followed. 
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 Figure 2.1 Flow chart for calculation of global path and trajectory planning. 
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2.2 Platform Configuration 

In robotics research, real time collision-free motion planning for mobile robots is 

an important issue. The size of mobile robot is normally very small as compared to the 

size of its working environment therefore, a mobile robot can be considered as a point 

robot. As in practice cars in traffic planning of large cities and tanks in field of military 

operations are represented by points. However, in situations where size of robot is 

comparable to the free space or when length of the robot is larger than its width then 

shape and size of the robot may be considered, since the parameter of the robot in this 

case plays role in developing its model. 

2.2.1 Mechanical Structure 

The platform used in this research is a three wheels mobile robot having 

nonholonomic constraints meaning that the robot is globally controllable but not locally 

(explained in section 2.5.1 in detail). This robot is two degrees of freedom and has a 

differential drive system where the two rear wheels are driven by Direct Current (DC) 

servomotors separately. It is assumed to be located on a two dimensional plane and 

global Cartesian coordinate system is defined at the reference point O. In counter 

clockwise from x-axis the heading direction θ (t) is taken positive. Figure 2.2 shows the 

basic configuration of the mobile robot in which the following notations has been used: 

r = Radius of the wheels 

l = Distance between the centre of the front wheel and the axes of the rear wheels. 
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θ = Orientation of robot with respect to x-axis 

L = Distance between the centre of rear wheels. 

β = Heading direction of front wheel of robot 

  

  Figure 2.2 Architecture of Mobile Robot. 

.2.2.2 Steering Mechanism 

A mobile robot is required to move smoothly and should be able to determine its 

current position and heading in the real world. The steering of the mobile robot used in 

this research is based on the differential wheel drive in which the mobile robot moves to 
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any arbitrary direction by the difference of velocities of the rear wheels. 

2.2.3 Motion control card 

Two bi directional DC servomotors with built in reduction gear heads and optical 

encoders are employed to drive the two wheels constituting the rear axle of mobile robot. 

Positional feedback is obtained from optical encoders mounted on the motor shafts. There 

is no inherent control of position in DC motors. A motion control card is implemented 

directly with on board computer. Motors are driven by two servo amplifiers mounted on 

motion control card. The motion control card consists of interface section, servo 

controller section for the two rear wheel motors and servo amplifier for both motors. A 

distributed servo control card is implemented to execute the commands generated by the 

supervisory control. Its internal ROM has algorithm for the following four types of 

modes: 

• Position control mode in which the desired control is specified. 

• Proportional velocity control mode in which the desired velocity is 

specified. 

• Integral velocity control mode in which velocity control and maximum 

acceleration is specified. 

• Trapezoidal profile velocity control mode in which the final position along 

with the desired maximum velocity and acceleration are specified. 
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2.2.4 Sensory System 

Mobile robot should be able to collect its surrounding information and must be 

capable of detecting any hindrance in its path to avoid any collision of obstacles in its 

environment. It should also be able to determine its position with respect to its starting 

position. There are various types of sensors available for this purpose. 

2.2.4.1 Incremental optical encoder 

Optical encoders are rotary devices mounted on the shaft of motor for identifying 

the actual position of shaft from a zero starting position. They have pairs of infrared LED 

and photo transistors mounted on opposite sides of code wheel with slots through which 

light pass to the detecting transistors. By the rotation of code wheel pulses are generated 

which in turn is attached to the motor shaft and are counted by a binary counter. Relative 

lag and lead between the two waveforms gives the direction of motion and logic can be 

developed for the counter to increase or decrease the counts depending on the direction of 

motion. Resolution of the optical encoder is determined by the number of slots on code 

wheel. The optical encoder has 15 slots on code wheel mounted on the motor shaft. 

2.2.4.2 Ultrasonic Range System 

Ultrasonic ranging system is used for finding the range of surrounding object. The 

time of flight concept is used for finding the range of any object in the vicinity of mobile 

robot. Ultrasonic wave signal is transmitted by the transmitter bounced off the object and 
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received by the receiver. Normally, sound waves of frequency above 20 kHz are used to 

measure objects upto 10 meters. 

    

   Figure 2.3 Ultrasonic range finders. 

The time of travel is recorded and knowing the speed of sound the distance of the object 

from the ultrasonic sensor is calculated as: 

tvs ∆=2         (2.1) 

Where 

s=distance of the object 

v=speed of sound 

The transmitter and receiver are normally placed closed enough that the above relation 

can be implemented. 

2.2.4.3 Infrared Proximity Sensor 

If ultrasonic range sensors fail to detect object during the motion of mobile robot 
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it will collide with the obstacle in its path. For emergency condition an infrared proximity 

sensor is installed at the front end of mobile robot for avoiding collision in case of failure 

of ultrasonic range sensor to detect the object in front of the mobile robot. . They have 

normally wavelength greater than 780 nm. 

2.3 Related Work 

In early research work the concept of configuration space of a mechanical system for 

robot manipulators was popularized [16]. The study of motion planning was reduced to 

path finding for a point in the configuration space for a mechanical system. Different 

algorithms were developed for the path planning of mobile robots [17]. These algorithms 

were extended in the later research and the idea of nonholonomy was popularized for the 

robot motion planning [18]. The very famous problem of car parking was solved. This 

nonholonomic motion planning became a very active research area [19].  

A three level symbolic approach has been presented in [20]. This approach fits 

into the above three level hierarchy. As motion specification is not rich enough to 

describe a large class of tasks of interest in practical applications it may need to attain 

point 1 or point 2, visiting targets in a sequence or convergence to a region. The search 

performed at execution level is highlighted too much rather than path finding. This search 

is related to classical problem of environment model checking in formal analysis In 

symbolic approach a framework has been described in which various current methods 

and ideas can be placed to provide a picture of what has been done and what is to be 

done. The aim of symbolic control is to enable the usage of methods of formal logic, 
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language and automata theory for solving effectively complex planning problems for 

robots and teams of robots.  

The results described in [20] have been divided into two groups of top-down 

approach and bottom up approaches. In top-down approach formal logic tools have been 

employed instead of abstracting models of robots. In the bottom up approaches means 

have been provided by which these abstractions are possible and effective. The two ends 

have not been tied and much work is needed to be done in both these directions for 

obtaining generally applicable methods. The indoor environment is usually structured 

while outdoor environment is normally unstructured therefore, in robot motion planning 

out door environment is difficult than indoor environment.  

It is quite difficult to develop a useful mobile robot that can respond more 

effectively and reliably to practical situation [20]. Some of the challenges typically 

researchers have to overcome are proper design, choice of sensors, methods for 

localization, navigation and planning. By configuration of the robot different parameters 

of the robot are affected e.g. if height of robot is increased its stability decreases and 

acceleration is then constrained. Similarly if base is increased it becomes more stable but 

turning constraints arises as radius of curvature increases. Wheels linear velocities limits 

depend on angular velocity of mobile robot and the output velocities from path planner 

must be within the velocity limits of robot and in the same manner accelerations limits 

must be met. 

There are two types of accelerations to be incorporated, dynamic acceleration 
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depends on dynamic model of robot and no-slippage acceleration depends on the friction 

force acting between the wheels and surface on which robot moves. This acceleration 

depends on the friction coefficient between surface and wheels of mobile robot while the 

dynamic acceleration depends on mass of robot, radius of the wheel and parameters of 

the actuators. The no-slippage as well as dynamic acceleration do not depend on the 

orientation of robot. Output dynamic acceleration from path planner must be within the 

dynamic acceleration limits to avoid actuator saturation. The no-slippage acceleration 

must lie within the slip limits to avoid slipping of the wheel on surface. 

Different approaches have been suggested and used for motion planning of 

mobile robots [21–22]. Most of the previous models deal with static environments only 

and require a local collision testing method at each step of the robot movement. To detect 

local collisions, Barraquand et al. model uses a divide-and-conquer technique [23]. 

Zelinsky’s model uses a hierarchical testing procedure for collision, based on Distance 

Space Bubbles [24]. These approaches use a two-step procedure, in the first step a 

collision-free holonomic path is computed between the given initial and desired target 

position of robot and this collision free path is then transformed into a sequence of 

feasible paths in the second step. 

The computational cost and quality of solution of second step depend on shape of 

holonomic path. For example, Moutarlier et al. proposed a model for planning the 

shortest path in configuration space of a mobile robot [25]. This model is based on 

Lagrange method for optimizing a function. Paromtchik et al. proposed an iterative 
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algorithm of motion generation for parking a mobile robot [26]. M. Khatib et al. 

proposed a motion planning model for mobile robots based on bubble method to find 

locally reachable space and parameterization method to satisfy the kinematics constraint 

[27]. Jiang et al. proposed a time-optimal motion planning method for a robot with 

kinematics constraints [28]. The proposed procedure consists of the following three 

stages:  

a.  Planning path for a point robot.  

b. Planned path is computed for a robot with size and shape.  

c. Optimizing cost functions to achieve time-optimal solution.  

Podsedkowski proposed a path planner for a nonholonomic mobile robot using a 

search based algorithm [29]. This algorithm requires a local collision-checking procedure 

and minimization of cost functions. Sekhavat et al. have proposed a multi-level approach 

to motion planning of a nonholonomic mobile robot [30]. In this approach, a path is 

found that ignores the nonholonomic constraints in the first level. At every next level new 

path is generated by transformation of the path generated at previous level and 

nonholonomic constraints have been considered in the final level. C. J. Ong et al. have 

proposed a new search based model for path planning with penetration growth distance 

[31]. Unlike other models it searches over the collision paths instead of searching over 

free workspace.  

There are some learning based models for motion planning of mobile robots. 
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Gambardella et al. proposed a learning method for path planning of a robot in cluttered 

workspace where dynamic local minima can be detected [32]. It can avoid local minima 

in deadlock situations through learning. Svestka et al. have proposed probabilistic 

learning approach to motion planning of mobile robot, which involves learning and query 

phases and uses a local method to compute feasible paths for robot [33]. Fujii et al. 

proposed a multilayer reinforcement learning model for path planning of multiple mobile 

robots [34]. However, the robot motion planning is not efficient using learning based 

approach and is computationally expensive especially, in its initial learning phase. 

Map of outdoor environment is normally insufficient because there are chances 

that unknown new objects may come during robot movement. Hence, path planning of 

unstructured environment should use efficient representations of workspace to be updated 

for new information. D-star (known as D*) algorithm has been used for incremental 

optimal path re-planning and a data structure called framed quadtrees has been 

implemented in [35]. Simulation results of the algorithm show that this framed quadtrees 

data structure calculates shorter path.  

The proposed method in [36] requires general-purpose computing only, in which an 

optimal path is pre computed off-line by available map. This path is efficiently modified 

as new map information becomes available on-line. These methods use uniform grid 

representations must allocate large memory that may never be traversed and may not 

contain any obstacles. Efficiency in map representation has been obtained by the use of 

quadtrees at a cost of optimality.  

A-star search method can be used to produce a path for the entire and perfect maps. 
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For unstructured environments A-star search method becomes computationally expensive 

because it must re plan the entire path to the goal every time new information is added. 

D-star does not require complete re-planning of path every time new information comes 

in. Incremental re-planning makes it possible to greatly reduce computational cost, as it 

only updates the path locally, when possible, to obtain the globally optimal path. D-star 

produces the same results as planning with A-star for each new piece of information but 

is much faster. The reason is that D star adjusts optimal path costs by increasing and 

lowering the costs only locally and incrementally as needed. This is basically the 

dynamic version of A-star which maintains optimality. 

Instead of a regular grid, Quadtrees can be used to reduce memory requirements. 

Quadtrees are created by recursively subdividing each map square with non-uniform 

attributes into four equal-sized sub-squares. The process is repeated until a square is 

uniform or the highest resolution of the map is reached. As paths generated by quadtrees 

are suboptimal because they pass through the center of each quad tree-node. So a 

modified data structure can be used in which cells of the highest resolution may be added 

around perimeter of each quad tree region. The drawback of framed-quadtrees data 

structure is the requirement of large amount of memory than regular-grids in highly 

cluttered environments because of the overhead involved in the book-keeping. 

2.4 Holonomic Mobile Robots 

A holonomic mobile robot is one which can move freely in their environment 

without any local constraints on their motion. If it is three degrees of freedom mobile 
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robot then it can move freely along their three degrees. These three degrees are 

translations along axes in two-dimensional (2-D) Cartesian workspace and orientation 

with respect to the base point of robot. Practically in many realistic robotic applications, 

wheels of mobile robot cannot slide therefore these mobile robots are not holonomic. 

They are nonholonomically constrained and are not freely movable robots. Control 

variables of these robots i.e. robot velocity and their curvature of moving curve should be 

discretized [37–38]. For example there are at most six possible next configurations for a 

given robot configuration in Podsedkowski’s model [39]. In Kreczmer’s model there are 

at most ten possible next configurations [40].  

2.5 Nonholonomic Mobile Robots 

Nonholonomic mobile robots have constrained equations involving time 

derivatives of system configuration variables. Some of the nonholonomic mobile robots 

having mechanical bound on steering angle are also called car-like robots and their 

turning radius is lower-bounded. Examples of nonholonomic systems include mobile 

robots, underwater vessels, under actuated manipulators and free-floating robots. At 

kinematics level these systems are subjected to non integrable equations.  

2.5.1 Nonholonomic Constraints 

Nonholonomic systems have nonholonomic constraints with non integrable 

equations which arise when the system has fewer controls than configuration variables. 

For example a car-like robot has two controls i.e. linear and angular velocities, while it 
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moves in a 3-dimensional configuration space. In this case any path in the configuration 

space does not necessarily correspond to a feasible path for the system [41-42]. That is 

why the purely geometric techniques developed in motion planning for holonomic 

systems do not apply directly to nonholonomic systems.  

The constraints due to obstacles are expressed directly in the manifold of 

configurations, nonholonomic constraints deal with the tangent space. Nonholonomic 

motion planning itself is difficult task even in the absence of obstacles. There isn’t any 

general algorithm to plan motions for any nonholonomic system such that the system is 

guaranteed to reach exactly to a given goal [43]. Existing results are for approximate 

methods in which the system reaches approximately to the goal while exact methods have 

been used for special classes of systems. Obstacle avoidance is another issue that must be 

considered. Both the constraints of the obstacles (configuration parameters of the system) 

and nonholonomic which link the parameter derivatives must be incorporated. Geometric 

techniques for obstacle avoidance should be combined with the control theory for 

nonholonomic motions.  

Mathematically nonholonomic constraints can be written as:  

( ) 0=Α
•

qq           (2.2) 

In the above equation  

A = Full rank matrix )( nm × , m<n 
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q = State space vector, q ε R
n
 

.

q  = Derivative of q. 

For mobile robots this equation is due to rolling without slipping whereas, for 

underwater vessels [44] and free floating robots [45] the above Equation (2.2) is due to 

angular conservation law. For achieving nonholonomic system from the constraint, 

rearranging columns the above equation can be rewritten as: 
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Where  

A1 and A2 are )( rr ×  full rank matrices. 

The constraints equation (2.2) can be transformed into equivalent control system 
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dim u = t = n – m < dim q = n                (2.5) 

Where the controls, u = 
.

2q  
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And 

 It is the identity matrix of (s x s)  

The above Equation (2.4) matches with the equation of holonomic manipulators 

[50]: 

•••

=
∂

∂
= qqJq

q

qk
x )(

)(
       (2.6) 

Where 

k: Q → X     k (q) =x   dim Q ≥ dim X     (2.7) 

Equation 2.6 represents the kinematics of holonomic manipulator. Where J is the 

Jacobian matrix, X is the task space and Q is the configuration space. 

The main difference between a holonomic and a nonholonomic system is that for 

holonomic systems dim Q = dim X, whereas for nonholonomic systems Dim Q > dim X. 

That is for nonholonomic systems the dimensions of configuration space are always 

greater than the dimensions of the control space. The requirement for nonholonomic 

motion planning is to find steering controls system (Eq.2.2) from the given starting 

configuration of robot to the target configuration. For nonholonomic systems and also for 

holonomic systems the problem is equivalent to solving the problem of inverse 

kinematics model which has been developed and tested in this research. 

Static constraints relate to the solution of kinematics model of mobile robot and 
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calculating feasible path. Dynamic constraints are accommodated in the dynamic model 

of the system in which torques and inertias of the system are required. For mobile robot 

the constraints are for pure rolling without slipping  

0cossin
..

=− θθ yx      (2.8) 

In this equation is the orientation angle of mobile robot with respect to x-axis. It 

becomes much clear when kinematics constraints are considered into a set of differential 

equations and allowable controls are specified explicitly. From driver’s point of view, a 

car has two degrees of freedom: accelerator and steering wheel. The midpoint of the rear 

wheels axle is taken as the reference point. Let the distance between both rear and front 

axles is 1. We denote the velocity of the car by v and the angular velocity by ω. The angle 

between front wheel and main direction of car is represented by β. The control system is 

as: 
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The above developed kinematics model has a singular configuration at β=90º. So this 

condition of β=90º should be avoided. The above system is a nonlinear system with 

controls v and β. The constraint on turning radius is expressed by  

maxmax ,
2

ωω
π

ββ ≤<≤      (2.10) 



 28 

The constraint on control must hold for all t in the domain of definition. Obstacle 

avoidance adds a second level of difficulty where we should take into account both the 

constraints due to obstacles (i.e., dealing with configuration parameters of system) and 

nonholonomic constraints linking parameter derivatives. It becomes necessary to 

combine geometric techniques considering obstacle avoidance together with control 

theory techniques addressing special structure of nonholonomic motions. Such a 

combination is possible through topological arguments. 

In Kino dynamics modeling, mobile robots with wheels as control systems may 

be addressed with a differential geometric point of view by considering only classical 

hypothesis of “rolling without slipping". Such a modeling provides directly kinematics 

models of the robots nevertheless, complete chain from motion planning to motion 

execution requires considering the ultimate controls that should be applied to true system. 

With this point of view, the kinematics model should be derived from the dynamic one 

and both view points converge to the same modeling. Heuristic planers have been 

developed that solve particular difficult problems in impressively low running times. 

However, the same planners also fail or consume prohibitive time on seemingly simpler 

ones. 

2.6 Mobile Robots Kinematics 

Kinematics is the study of motion of a system without regard as to how this 

motion is produced in which the forces and torques that produce this motion is not 



 29 

considered. Kinematics model of wheeled mobile robot can be obtained with a 

differential geometric point of view by considering “rolling without slipping" and local 

coordinates systems are assigned to robot. There are two types of kinematics models, 

forward and inverse kinematics models. 

Forward and inverse kinematics models for wheeled mobile robot have been 

developed and presented in section 2.7. Mobile robots research is classified into the 

following three different categories of position estimation, path planning and driving 

control.  

For formulating the kinematics model the following assumptions are made [46]. 

1. Mobile Robot has only planner motion 

2. Mobile Robot is rigid and its wheels are non deformable. 

3. The system performs pure rolling without any translational slip 

4. There is no slipping along the orthogonal direction of rolling. 

Generally path planner computes a collision-free path in the environment as a 

sequence of points in 3-D to be traversed by mobile robot. The computed path is 

transformed in trajectory which is fed to motion controller. These three dimensions are x, 

y and θ (orientation of robot with respect to x-axis). Cubic Spline function has been 

incorporated. This parametric Spline function is of the following type. 

x=x (t)       (2.11) 

y=y (t)       (2.12) 

θ= θ (t)      (2.13) 
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Mathematically the general form of this parametric cubic Spline function can be 

written as: 

3 2

1 2 3 4( )
x x x x

x t a t a t a t a= + + +     (2.14) 

3 2

1 2 3 4( ) y y y yy t a t a t a t a= + + +     (2.15) 

3 2

1 2 3 4( )t a t a t a t aθ θ θ θθ = + + +     (2.16) 

2.6.1 Boundary Conditions 

The wheeled mobile robot has to start its motion from rest, attains a suitable speed 

and stops at the target location. Trajectory of mobile robot is restricted by some 

constraints which are required to be satisfied during its motion. In addition to 

nonholonomic constraint, these include position/orientation, velocity and acceleration 

constraints. The mobile robot starts its motion from rest and should come to rest at the 

target position. This is the position constraint of the mobile robot, i.e. X (t=0) = Xinit and 

X(t=T) = Xtarget. Velocity and acceleration constraints are that the mobile robot should 

start from rest at initial position with certain acceleration to reach its maximum velocity 

and near the target location it should decelerate to stop at the goal position. Therefore, the 

initial and final velocity and acceleration of mobile robot should be zero. Hence the 

boundary conditions for the mobile robot become: 

.. ..

1 1 0
n n

q q q q
⋅ ⋅

= = = =       (2.17) 
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2.6.2 Transformation Matrix 

To transform reference Cartesian system from global axis to local axis 

transformation matrix is to be calculated. Transformation matrix has been obtained for 

relating wheels motion of robot with global position of robot. Let a frame x0 y0 z0 is 

rotated about z0 axis through an angle θ as shown in Figure 2.4. The required 

transformation matrix can be found by convention of the right hand threaded screw along 

positive z-axis. 

i0.i1 = cos θ,  j1.i0 = -sin θ,  j0.j1 = cos θ,  

i1.j0 = sin θ,  k0.k1 =1 

   

Figure 2.4 Transformation of a frame through an angle θ about z-axis. 
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The rest of dot products are all zero then the transformation matrix obtained is: 
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Putting the values in this equation the following rotation matrix is formed. 

cos sin 0

( ) sin cos 0
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     (2.18) 

2.7 The Developed Forward Kinematics Model 

In forward kinematics position and orientation of mobile robot is determined as a 

function of the given position of the axes. Mobile robot considered in this dissertation has 

been made by odometry which is based on the measurement of real displacement of two 

drive wheels of mobile robot. The difference in position and heading angle is obtained by 

the sum and difference of movements of left and right wheels as shown in Figure 2.5. 
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Figure 2.5 Forward Kinematics of Mobile Robot System. 

Let the variations in the counts of encoder is represented by ∆E. If the incremental 

variation in counts of encoder of the left wheel is represented by ∆ELt then the differential 

distance moved by the left wheel is given by 

LtLt ECl ∆=∆ .
       (2.24)

 

If increasing variation in the counts of encoder for the right wheel is represented 

by ∆ERt then the distance moved by the right wheel of mobile robot system is given by 

RtRT ECl ∆=∆ .        (2.25) 

Where  
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NG

r
C

π2
=        (2.26) 

N = Number of encoder counts/ revolution of wheel. 

r = Radius of wheel. 

G = Gear ratio between actual and output shaft of motor. 

The differential change in the centre of wheel is obtained as: 

2

RtLt ll
l

∆+∆
=∆       (2.27) 

The orientation of mobile robot system is calculated as: 

L

ll RtLt ∆−∆
=∆θ       (2.28) 

Where  

L = Distance between the rear wheels. 

∆lLt and ∆lRt are the angular steps of left and right wheels respectively. 

Let the position vector of the system is represented as: 

[ ]T
yxX θ,,=       

 (2.29) 

Then the next position is calculated as: 

iii lAXX ∆+=+ .1       (2.30) 
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And 

[ ]T

RtLt lll ∆∆=∆      
(2.33) 

When robot turns counterclockwise its heading angle is reduced and is increased 

for clockwise turning of robot. Precision of odometry system depends on ground level 

and contact between ground and wheel. The value of longitudinal error is given by: 

NG

r P
le

ηπ
η

2
=       (2.34) 

In above equation:  

ηle = Lost pulses  

ηp = Longitudinal error  

2.8 Developed Inverse Kinematics Model 

In inverse kinematics problem motion of axes are calculated to produce the 
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required motion of system i.e. to reach the desired position and orientation the required 

wheels displacements are calculated. The initial position and orientation is known as a set 

of wheel displacement. There are two methods for the calculation of trajectory 

generation. 

a) Wheel space method 

b) Cartesian space method 

 

 Figure 2.6 Description of Inverse Kinematics of Mobile Robot. 

Wheel space method is suitable from control point of view when kinematics and 

dynamics are formulated where each point of desired position and heading is specified 

with respect to the Cartesian space. Inverse kinematics converts these targets into a set of 

required wheel displacement. Path planner incorporates inverse kinematics to generate 

velocity commands for both the wheels of robot. The centre of rear wheel base is the 

reference point for calculation. A planned path is the combination of straight lines, turns 

and backward movements. 

In straight line motion mobile robot follows a time movement in a straight line. 

For straight line motion left and right wheel velocities are equal. That is the velocities of 

both the left and right wheels are equal to the required velocity of mobile robot. 
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reqLTRt VVV ==       (2.35) 

In turning motion wheel velocity is calculated as a function of required angular 

velocity and is given by: 

reqcurreq RV ω×=       (2.36) 

Where 

  Rcur =Radius of curvature 

When robot is turning in clockwise direction, then the value of radius of curvature 

is increased by half the width of wheels axle for left wheel, whereas it is reduced by the 

same amount for the right wheel. The equations for the left and right wheels velocities are 

then obtained as:  

reqcurLt

L
RV ω
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2
      (2.37) 

reqcurRt

L
RV ω








−=

2
      (2.38) 

For counter clockwise turning the value of radius of curvature for left wheel is 

reduced by half the axle length and that of right wheel is increased by an amount of half 

the axle length.  
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2.9 Dynamics Modeling 

Dynamics is the study of motion considering how this motion is produced, that is 

in dynamics modeling the forces and torques are considered for motion hence, mass and 

inertia of robot are taken into account. The angular velocity for each wheel of robot can 

be calculated as: 

r

Vmax

max =ω       (2.39) 

Where 

 r = Radius of wheels 

The maximum angular acceleration can be calculated as: 

r

amax

max =α       (2.40) 

The torque producing the maximum acceleration can be calculated as: 

maxmax .. αα loadmotracc JJt +=     (2.41) 

Total torque for producing the required acceleration is 

fricaccreq ttt +=      (2.42) 

The dynamic model of mobile robot has been developed by considering its motion for the 

following two different types of path segments. 
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• Straight line path segment. 

• Turn around a curve (curved path segment). 

2.9.1 Straight Line Path Segment 

In case of straight line motion both wheels have same velocities and total mass m 

of robot is assumed to be symmetrically distributed about center of axle. It is also 

assumed that each wheel has half the load and both wheels have same load inertia. 

2

2

2G

mr
J load =       (2.43) 

Where 

G = Gear ratio. 

m = mass of mobile robot. 

r = radius of wheels. 

Jload = Load inertia of wheel. 

2.9.2 Turn around a curve 

Force for each wheel of mobile robot is different in turning around an arc having 

a radius of curvature Rcur and the load inertia for each wheel is calculated as: 
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−

=      (2.45) 

Jc is the moment of inertia of mobile robot about center of arc. It is given in terms 

of moment of inertia of mobile robot about its center Jr as: 

2
mRJJ rc +=      (2.46) 

The minimotor selected for driving the rear wheels of robot has a stall torque of 0.0541 

N-m with the maximum speed of 5900 rpm. Considering the straight line motion of 

mobile robot with a maximum velocity of 0.4m/s and acceleration of 0.1 m/s
2
, these 

selections were made. As the maximum velocity and accelerations are restricted and 

during turn the wheel bear maximum load so the maximum angular velocity of mobile 

robot about its centre of curvature with radius Rcur is limited to  

2

4.0
max L

Rcur +

=ω      (2.47) 

2.10  Summary 

The platform architecture has been presented in this chapter. The configuration of 

mobile robot has been described. Motion planning for holonomic system is simple but 
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most of the practical systems used are nonholonomic in nature. These systems have non-

holonomic constraints, involving equations with time derivatives of configuration 

variables of system, which are non integrable. This is due to more configuration variables 

than the controls. Motion planning for nonholonomic mobile robot is a difficult task 

specially, when there are obstacles in environment of mobile robot. The kinematics 

model for the mobile robot has been developed and presented in this chapter. Both 

forward kinematics and inverse kinematics models have been developed and presented in 

this chapter. The inverse kinematics has been developed for calculating angular linear 

velocities of wheels to reach the target position. The dynamic model of mobile robot has 

also been developed and presented. For this purpose motion of robot has been considered 

in different path segments. 
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Chapter 3 

TRAJECTORY GENERATION 

3.1 Introduction 

In robotic research, a smooth trajectory planning is always considered essential. 

Before controlling the movement of a robotic system it is necessary to first formulate all 

possible global paths for robot in its environment. In first step checking the existence of 

path is carried out and in second step path is formulated such that there is no collision 

with obstacles in environment of the mobile robot. Then a feasible path is chosen if it 

exists, by the path planner which does not consider time based elements. On the other 

hand for movements of robots, time needs to be considered and therefore, the formulated 

path must be converted into trajectory and the generated trajectory is given to motion 

controller of mobile robot.  

Various techniques for trajectory generation have been discussed in this chapter 

and the procedures for trajectory generation from feasible paths have been considered. 

Kinematics and dynamic models have been employed for trajectory formulation and the 

path considered is basically concatenation of different path segments. The path following 

controller program is developed and implemented using C++ and is presented in this 

chapter. 
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3.2 Path Planning 

Path planning plays a very important role in various fields of application and 

research and in robotics path planning is one of the basic problems. In its general form 

the task of path planning is to plan a path for mobile robot between its starting position 

and the given final (goal) position in some environment. This path is planned globally in 

which position, velocity profile and acceleration is calculated and action is then taken 

accordingly to move mobile robot on the planned path. The traversed path is then 

observed and data is collected from the environment for the motion to be reflected for 

uncertainties in the environment.  

A path is a sequence of neighboring accessible cells in the grid. Before planning 

the path for mobile robot, environment is first discretized into a rectangular grid. Each 

grid cell consists of a single unit; however, the cells of this grid are either accessible or 

not. As shown in Figure 3.1, a matrix with six basic hops is formed.  
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.    

Figure 3.1 Adjacent cells selection of 6 basic hops for path planning. 

Path can also be computed by using Dijkstra’s shortest path algorithm [47], or A-

star search algorithm [48]. The problem of path planning arises when set of all possible 

states is continuous rather than discrete. The solution of this problem is to discretize the 

problem in a suitable way. 

The problem of path planning has been a very active research area for the last few 

years. A detailed introduction has been presented in [49]. M. de Berg et al. have 

discussed various algorithms of path planning for application of different robots [50]. H. 

Choset et al. have presented the implementation of different motion planning algorithms 

[51]. S. LaValle has also discussed various path planning algorithms in detail [52]. 

Path planner has to plan path between initial and final position of robot in which 

decision and complete problems are encountered.  
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3.2.1 Decision Problem of Path Planner 

The decision Problem addresses whether a collision-free path exists or not. That is 

in this step of the path planning, it is required to decide whether there is a feasible path 

between initial and final configuration of mobile robot or not. When decision problem is 

solved then complete problem needs to be solved.  

3.2.2 Complete Problem of Path Planner 

Complete Problem addresses the computation of collision-free admissible path if 

it exists. Normally complete problems are solved by approximated algorithms, exact 

solutions exist but only some special small time controllable systems can be solved by 

exact solutions. 

The work done on motion planning of mobile robot has been mainly concentrated 

on path planning in static environments. In this case path has been formulated for a 

mobile robot between its initial and final position in an environment having fixed 

(stationary) obstacles, whose coordinates and geometry is known. However, in practical 

applications the working environment of mobile robots can have humans or other 

vehicles etc. therefore, these applications of mobile robots require path planning in 

dynamic environment, where both stationary and moving obstacles can exist. Hence, path 

should be planned for mobile robot to avoid collisions not only with stationary obstacles 

but also with unknown dynamic obstacles.  
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Path planning and Trajectory generation in dynamic environments is the major 

part of this thesis. Two types of problems have been considered in which the trajectories 

of the moving obstacles is assumed to be known and in the other one trajectories of the 

moving obstacles are unknown and have to be calculated in real time by means of 

sensors. 

3.3 Configuration Space 

Motion planning problem is normally formulated in configuration space. Let the 

configuration space is represented by C. This configuration space is partitioned into the 

following two sets. 

• Free configuration space 

• Forbidden configuration space 

3.3.1 Free Configuration Space (CS) 

To formulate the problem of motion planning for wheeled mobile robot, it is 

necessary to construct free configuration space as denoted by C. To construct the 

configuration space of a mobile robot different parameters are required such as the joint 

angles. The minimum number of parameters, required for a particular robot, is the 

number of its degrees of freedom (DOF). Every DOF of the robot represents one 

dimension of the configuration space. In this research work two Degrees of Freedom are 

used for Wheeled mobile Robot by using a two dimensional workspace. Therefore, two 
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parameters (x, y) are required in the x-axis and y-axis respectively.  

3.3.2 Forbidden Configuration Space 

In real applications workspace of mobile robot contains obstacles so some 

configurations become forbidden for robot. For example, if there is a collision with an 

obstacle at a configuration C in workspace of robot, then this configuration C is called 

forbidden configuration. Forbidden configuration space is normally formed by collisions 

of obstacles in the workspace, but it can also occur due to self collisions as in case of 

manipulator the gripper can collide with its base or with an arm. This is also forbidden 

configuration space and is called self collision. So, all the internal constraints of a robot 

can cause forbidden configurations. 

Therefore a path can be defined as a continuous function f: [0, S] →C. Where, S is 

the length of the path. Path planning problem has to find a collision-free path between 

given initial configurations qi and the target configuration qt. That is in terms of the 

configuration space C, finding a path f, if it exists such that: 

f (0) = qi and f (S) = qt 

Path planning also requires that this path should be optimized with respect to time 

and distance etc. 
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3.3.3 Two-Dimensional Configuration Spaces 

The geometry of obstacles in environment is assumed to be represented by 

polygonal representation and for simplicity the robot is assumed to be a point in two-

dimensional workspace therefore, configuration space matches workspace. To solve the 

path planning problem, the obstacles are represented in the forbidden configuration 

space. The following two approaches are used for solving the problem of path planning. 

A simple method is to convert the free configuration space into vertical 

trapezoidal regions and a graph is formed by connecting the neighboring free cell. This 

graph represents roadmap of feasible path through workspace [53]. If n is the number of 

vertices of the obstacles then the number of iterations required to compute this graph is of 

the order of O (n log n). 

Second method is formation of visibility graph in which visible vertices of 

obstacles are considered in configuration space C and a graph is formed by connecting 

these vertices. If n is total number of vertices of obstacles and m is number of visible 

edges in this graph, then iterations required for formation of graph is of the order of O(n 

log n + m) [54]. This also optimizes the shortest paths between each pair of vertices [55]. 

The above methods are used when robot is assumed as a point source. The 

problem becomes complicated when actual geometrical shape of robot is considered. In 

this situation workspace of robot is not equal to its configuration space. Therefore, in this 

case all the points on the robot do not lie in free configuration space. Hence in case when 
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shape of robot is considered, some points of robot lie in free configuration while some 

points lie in forbidden configuration space hence, all obstacles in environment of robot 

can’t be treated in the same fashion. That is in this case the obstacles are categorized in 

two types. 

• Those obstacles which lie in workspace of robot. 

• The obstacles that lie outside configuration space of robot. 

This problem can be solved by incorporating the Minkowski sum [56]. A 

randomized algorithm is used for considering the robot as a point in the configuration 

space [57]. In this manner any approach of path planning applicable to point robots can 

be implemented. 

3.3.4 Higher Dimensional Configuration Spaces 

When a three dimensional workspace is considered for a robot then two 

dimensional configuration space (CS) is not sufficient it should also be a three 

dimensional CS and is formulated in the same manner as two dimensional CS is 

formulated [58]. For a three dimensional, visibility graph can’t be plotted and the method 

of Trapezoid decomposition can be applied [59- 60].  

3.4 Trajectory Planner 

Once the path of mobile robot between initial and final positions is calculated by 

the path planer this path is to be regenerated into time based trajectory for motion 
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controller of mobile robot by the trajectory planner. To transform a planned path into an 

admissible trajectory is a typical problem in the field of robotics which has been 

investigated in literature mainly considering the robot manipulators. There are various 

approaches which address geometric constraints of obstacle avoidance and Kino 

dynamics. These techniques explore phase space using discretization and graph search 

methods providing approximated solutions and are time consuming. Only few of them 

deal with obstacle avoidance for nonholonomic mobile robots.  

To plan a trajectory for a wheeled mobile robot is basically the problem of 

execution of optimal path between the given starting position and goal position [61]. A 

path for mobile robot is formulated from the optimal path planning. This formulated path 

has the shortest distance with minimum tracking error and having minimum traveling 

time. . Trajectories can be obtained from time based graph, distance based graph and with 

descretized configuration space, but the trajectories obtained by descretized configuration 

space are efficient [62]. A configuration space can be obtained by implementing distance 

to final configuration. From which a distance-based graph is obtained to generate 

trajectories but the time-based graph produce better trajectories. Discretized configuration 

space considers the index of manipulability to configurations produces the efficient 

trajectories. 

For the solution of path in the given static obstacle environment the method of 

attractive and repulsive forces has been implemented. This method is straight forward 

and is also very effective for mobile robot path planning [63]. As stated earlier the initial 
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and goal positions of mobile robot are given and the overall path is the combination of 

different path segments for which intermediate points are chosen.  

3.4.1 Selecting intermediate goal position by calculation of attractive 

and repulsive forces 

In this technique an attractive force is acted on mobile robot by the target position and a 

repulsive force by the obstacle in its environment. The amplitude of repulsive force is 

given by: 

to

rep
X

F
1

=       (3.1) 

Where Xto is the distance between robot and the obstacle at the current location. As 

shown in Figure 3.2, the following values are calculated by the path planning algorithm.  
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 Figure 3.2 Selection of intermediate goal position. 

toto xxx −=∆       (3.2) 

toto yyy −=∆       (3.3) 

22

tototo yxX ∆+∆=      (3.4) 

Where tox∆  and toy∆  are the distances between the mobile robot and obstacle 

along x-axis and y-axis respectively. Projection of repulsive force upon x-axis and y-axis 
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is: 

θcos.repx FF =      (3.5) 

θsin.repy FF =      (3.6) 

Where θ is the angle between orientation of robot and repulsive force and can be 

obtained as: 

to

to

x

y

∆

∆
= arctanθ      (3.7) 

The vectors of coordinates of repulsive force are: 
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Attractive force is defined using Xtg as: 

tgtg xxx −=∆       (3.10) 

tgtg yyy −=∆       (3.11) 

22

tgtgtg yxX ∆+∆=      (3.12) 
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The resultant vector is the sum of the vector of attractive force and the vector of 

repulsive force give the next/new target position of mobile robot can be obtained as: 

tgrepn xxx ∆+=      (3.13) 

tgrepn yyy ∆+=      (3.14) 

3.4.1.1 Avoiding standstill situation  

If the target point, robot and obstacle make a straight line then a standstill 

situation is created. To avoid such situation when the sum of forces is zero and robot is 

away from target a stochastic force, Fn normal to the trajectory is introduced. The fuzzy 

rule for the action of this force is as: 

smallisF

Else

robottonormaland

elisFThen

FandFbetweenangleandFFIF

n

n

repattrrepattr

arg

1o≤=

 

3.4.1.2 Considering Relevant Obstacles  

There may be a large number of obstacles in the environment of mobile robot exerting 

force of repulsion, may produce irregular trajectories. To reduce the number of obstacle 

by ignoring irrelevant obstacle the concept of visibility field fo the mobile robot can be 

used [64-65]. The visibility field of mobile robot can be represented by a circle of radius 
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Rvis. Those obstacles will be in the visibility field of mobile robot for which  

visto RX <  

All the obstacles in this area should not be taken as they may not affect the trajectory of 

robot [66]. To determine the obstacle effecting the motion of robot we consider only 

those obstacles nearest to mobile robot. Let the distance between obstacle and goal 

position is represented by Xgo, and is given by: 

22 )()( ogoggo yyxxX −+−=    (3.15) 

The rule for visibility now becomes 

   

motionroboteffectnotdoesObstacle

Else

motionstroboteffecobstacle

Then

RXandXXIf vistogotg

'

)()( <>

 

This rule can further be improved to ignore those entire obstacles which are behind the 

robot, as they do not affect it path. Therefore the rule after further restriction becomes: 

   

motionroboteffectnotdoesObstacle

Else

motionstroboteffecobstacle

Then

XXandRXandXXIf tgtovistogotg

'

)()()( <<>
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3.4.2 Admissible Paths and Trajectories 

To formulate admissible trajectory for mobile robot first step is to develop its 

kinematics model. The solution of differential drive system representing kinematics 

model of robot manipulator is admissible trajectory from the provided initial and final 

conditions. Basically trajectory is the image of a path in some configuration space C in 

which this trajectory is a continuous function in real time interval [0, T].  

3.4.3 Trajectory Generation for Nonholonomic Systems  

If the obstacles are not considered even then computing admissible path for 

nonholonomic mobile robot between two configurations is a difficult task. Let wheel 

mobile robot has to move from its initial location qi(x1 y1, θ1) to the target location qt(x2, 

y2, θ2), it has to perform translational and rotational motion to the location (∆x, ∆y, atan 

∆y/∆x)  

There are several approaches for trajectory planning of nonholonomic systems. 

Most of existing approaches deal with nonholonomic systems and object avoidance in 

two ways, one is to focus on motion planning ignoring obstacles and then to modify 

results from a holonomic planner. The approach of approximating a holonomic path into 

a sequence of admissible collision free paths has two steps. 

• With geometric path planner a collision free path if it exists is planned. 

• Path is subdivided into sub paths and these sub paths are joined together to 
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form a collision free path. 

To apply above technique it is necessary that a collision free path has been 

calculated geometrically ignoring kinematics constraints and a geometric routine must 

satisfy that the path is collision free. Steering method consists of the shortest admissible 

path and gives sequence of admissible paths whose length is related with first collision 

free path. When path is closer to obstacle it should be further subdivided. In optimal 

trajectory planning a path is provided to mobile robot having shortest distance, minimum 

driving time and minimal tracking error. 

Block diagram for trajectory generation of mobile robot is shown in Figure.3.3. 

The technique of point to point trajectory has been implemented. Intermediate points 

between the initial and final positions are assigned such that there is no collision. The 

coordinates of these points are converted into wheel displacements to form segmented 

paths. Time elements are assigned to these points and so segmented trajectory is formed. 

These segments are combined to form the overall trajectory. Motion planners compute 

path which is to be transformed into trajectories. Transformation of path into a trajectory 

should be elaborated by simplifying the kinematics model of the robot. The path must be 

smoothed before computing trajectory. As shown in block diagram of trajectory 

generation for mobile robot platform the paths are computed between the given initial 

and final configuration of robot by motion planners in first step which is transformed into 

trajectory. The kinematics model for robot is simplified for achieving this task of 

transformation. 
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Figure 3.3  Block diagram of path and trajectory generation. 

     Motion  

     Planner 

 

  Global Map 

 

  Global Path  

  Local Path 

     Planner 

 

  Local Path 

  Trajectory  

  Generation 

 

   Local Map 

 

  Sensors Data 

   Obstacle  

  Avoidance 



 59 

Transformation of a planned path to an admissible trajectory is a critical problem 

in robotics research. In literature this issue has been addressed mostly to static robot 

manipulators. Different techniques have been developed for this purpose incorporating 

kinematics and dynamics model of robot and geometrical constraints of obstacle 

avoidance. These approaches uses search graph techniques and discretization methods. 

Normally these algorithms suggest approximated solutions and are usually time-

consuming. Very few have considered nonholonomic robot for obstacles avoidance.  

3.5 Steering Methods 

In steering method geometric constraints on state are ignored for solving the 

problem of path planning. If a solution for path exists then using geometric path planner a 

collision free path is planned and in the second step this path is subdivided into sub paths 

and these sub paths are joined together to form a collision free path. Before applying the 

above technique it must be guaranteed that:  

• A collision free path has been calculated, geometrically, ignoring kinematics 

constraints. 

• A geometric routine must satisfy that the path is collision free. 

The steering methods consist of the shortest admissible paths and give the sequence of 

admissible paths whose length is related to the first collision free path. When path is 

closer to obstacle it should be subdivided more. 
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3.6  Steering Controls 

From information obtained through map building and localization, visual servoing can be 

used for controlling the movement of robot [67]. For controlling steering angle a simple 

method can be used for the following situations. 

� Steering Trajectory about obstacles 

� Steering Trajectory in the direction of traveling path.  

In steering trajectory about obstacles the distance between obstacle and robot is 

calculated. Let the distance between robot and obstacle is Xto. The mobile robot has to 

avoid collision with object by maintaining a minimum distance Distmin. The steering 

angle β can be calculated as: 

)sin(
min

1

Dist

X to−−= θµβ      (3.16) 

Where  

 µ  = Proportionality constant and is known as steering gain. 

 β = Heading angle of steering wheel. 

A smooth steering trajectory in the direction about object is obtained and the value of µ  

causes soft turning of mobile robot tangentially. 

In steering trajectory in the direction of traveling path the steering method is applied for 

steering robot towards traveling path. In this case robot is directed towards waypoints and 

control law reduces to: 

µθβ =      (3.17) 
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3.7 The Developed Path Following Controller (PFC) 

During execution of trajectory by mobile robot its wheels are rotated and a curve 

is traced resulting in translation and rotation of robot. The space curve executed by 

mobile robot is called its path of trajectory and this path should be smooth. Motion of 

robot in fact is the change in its position and orientation with respect to global 

coordinates. When motion is required to be specified in detail, then path becomes 

combination of lines and arcs. 

Intermediate points are assigned in its path, and mobile robot is required to pass 

through these points. The target trajectory changes sequentially and motion is obtained. 

The required trajectory is obtained by velocity profile in global coordinates. Path 

controller is a feedback control system in which the input to path controller is the 

trajectory output. The following different criteria are to be identified. 

1. The trajectory must be accurate and predictable. 

2. The trajectory should be generated and executed efficiently. 

3. The proposed trajectory should be feasible. 

4. Position, velocity and acceleration should be smooth function of time. 

5. There should be as minimum jerks as possible. 

The path following controller has been developed in software and executes the 

planned trajectory of mobile robot in structured environment. The flow chart is shown in 

Figure 3.4. The surrounding information is accommodated in this path following 
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controller. The following types of motions are 

specified.

  

Figure 3.4 Flow chart of path following controller. 
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3.7.1 Straight Line Motion 

In this type of motion the mobile robot moves in a straight line as shown in Figure 

3.5. In this case the velocity of the left wheel is equal to the velocity of the right wheel. If 

mobile robot moves forward the required velocity is positive and it is negative for the 

backward movement. That is: 

VLt=VRt=Vreq      (3.18) 

Initially mobile robot is at position (x1, y1, θ). It travels a distance ∆l to reach its next 

position (x2, y2, θ). These commands are executed as shown in Figure 3.5. The next 

position is determined as: 

θsin12 lxx ∆+=      (3.19) 

θsin12 lyy ∆+=      (3.20) 

The velocity profile for straight line motion is shown in Figure 3.6. 
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Figure 3.5 Straight line path segment. 

 

 

Figure 3.6 Velocity profile for straight line path segment. 
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3.7.2 Turning Motion 

In this motion mobile robot travels along an arc of radius Rcur. The turning motion is 

shown in Figure 3.7. In this type of motion heading angle changes and left and right 

wheel velocity also differs. In clockwise turn left wheel velocity is greater than the right 

wheel velocity and vice versa. 

 

θ1
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y-axis
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Figure 3.7 Turning motion of Mobile Robot. 

 

In this case the velocity profile for each wheel is dependent on the radius of curvature and 

the required angular velocity. Mathematically: 

reqcurLt

L
RV ω








+=

2
     (3.21) 
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reqcurRt

L
RV ω








−=

2
     (3.22) 

L is the distance between the two wheels. Angular velocity is positive for clockwise turn 

and negative for anticlockwise turn. The velocity profile is shown in Figure 3.8. 

 

Figure 3.8 Velocity profile for turning motion. 

 

The computer generates appropriate reference command for executing the required path 

segment. The following three factors are used for the reference state. 

1 Present state of mobile robot 

2 Path Planner 

3 Acceleration and deceleration of the system. 

Path planner includes two types of segment commands, i.e. segment type and the required 

state at end of segment. 

In Figure 3.9, a planned path is shown consisting of three path segments, two straight 

lines and one turn segment. The data of path is given in table 3.1. 

Time 

VRt 

VLt 

Time 
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 Figure 3.9 Segmented Path for the path following controller. 
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Table 3.1: Parameters of different path segments 

 

Path  

Segment 

Path 

Type 

Distance  

(meters) 

Linear 

Velocity 

(m/s) 

Angular 

Velocity 

(rad/s) 

Orientation 

Angle 

(degrees) 

Radius of 

Curvature 

(meters) 

L1 Straight 2.0 0.3 - - - 

L2 Turn - - 0.75 90 0.4 

L3 Straight 1.75 0.3 - - - 

 

3.8 Summary 

Conversion of feasible paths into trajectories is not an easy task for mobile robots. 

Specially when there are obstacles in environment of mobile robot the problem of 

trajectory formation becomes much difficult. Paths have been estimated for mobile robot 

using its configuration space. The configuration space has been divided into free and 

forbidden configuration spaces for considering obstacles around the robot. Trajectories 

have been calculated for wheeled mobile robot from its feasible paths. For the steering 

control the calculated path has been divided into sub paths. A collision free path has been 

calculated by joining these sub paths. For steering control, steering angle has been 

calculated by using the method for steering mobile robot about an obstacle. This method 

has been reduced for navigating mobile robot towards its waypoints. 
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Chapter 4 

OBSTACLE AVOIDANCE 

4.1 Introduction 

Object detection and avoiding collision is a major problem in the field of robotic 

research. This has been among the key problems for the researchers working in field of 

manipulators as well as in mobile robotics and therefore always remained the centre of 

focus. Various techniques have been developed to solve this problem necessary to avoid 

obstacles for intelligent vehicles and robot manipulators. Numerous approaches have 

been formulated for objects detection and avoidance of mobile robots. Majority of these 

are devoted to detection and avoidance of fixed objects. 

Earlier laser scanners have been implemented for the detection of objects. These scanners 

are considered to be very precise and perfect. A beam of laser is used for hitting a target 

in all directions. The laser provides fast single-line laser scans and is used to map location 

and size of possible obstacles. The direction finding speed of the vehicle can be 

controlled by this beam [68]. This technique has been implemented only for stationary 

objects present in surrounding of the system. For avoiding moving objects robot reduces 

its speed to zero waiting for object to pass away from the path of robot. 

In this research work an efficient technique has been developed for detection of 
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possible collision of mobile robot with moving objects. Initially algorithm determines the 

occurrence of collision and then calculates actions required by mobile robot for obstacle 

avoidance of dynamic objects. The relative velocity of obstacle and robot is calculated at 

every sampling time. This technique works for obstacle with time variant velocity. 

4.1.1 Static Obstacle Avoidance 

The purpose of static path planning is to find a path for mobile robot in an 

environment with stationary obstacles. In this case obstacles have known geometry and 

are static in environment of mobile robot i.e. to calculate such a path which avoids all 

static obstacles in the environment. Mobile robot has to move among stationary obstacles, 

so it is constrained by its workspace and geometry. 

Mathematically, it can be stated that the system has to move from the given initial 

position ( )T

iiiinit yxX θ,,=  to the desired final position ( )T

ffffin yxX θ,,= . The problem 

is to achieve for mobile robot the trajectory [ ]T
ttytxtX )(),(),()( θ= and traveling time T 

between these two points. To solve this problem various constraints on mobile robot 

system must be satisfied. These constraints include boundary, Nonholonomic, non 

collision and physical constraints on Kino dynamic performance.  

The boundary conditions must be satisfied. In our case there are the following two 

boundary conditions relating to the position and velocity of the robot respectively.  

The first boundary condition which must be satisfied is that the mobile robot has 
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to start from its initial position and must reach its desired target point. Mathematically, 

Xinit = X (t=0) and Xfin = X (t=T)    (4.1) 

The second boundary condition which must be satisfied is that initial and final 

velocity of the mobile robot must be zero. i.e. 

 0)()0( ====
••

TtXtX      (4.2) 

Different techniques can be applied to this problem. These techniques can broadly 

be classified into the following three types. 

1. Exact Techniques. 

2. Approximate Techniques. 

3. Hybrid Techniques. 

4.1.1.1 Exact Techniques 

In these techniques free configuration space of mobile robot is formulated 

precisely. These techniques provide exact solution if it exists. In first step sub trajectories 

are executed which are obtained between initial and final configuration and these sub 

trajectories are combined together to generate the overall trajectory. The drawback of 

these techniques is the exact representation of workspace. Three different ways used for 

space representation are roadmap, cell decomposition and boundary representation [69]. 

Basic purpose of different techniques is to fulfill the following two criteria. 
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• To connect the free configuration space for a roadmap. 

• Coverage and connectivity should be obtained. 

That is every free configuration must be connected to roadmap and a feasible path 

through roadmap should exist if it exists for all pairs of configurations space [70]. A 

method is considered a complete method if above two criteria are fulfilled, which means 

that if a feasible path exists it must be executed, if not executed then it must be reported 

[71]. Practically these criteria are very difficult to meet. 

4.1.1.2 Approximate Techniques 

Approximate Techniques are used for solution of path planning problems in 

which high accuracy is not required. In these methods time required for path planning is 

reduced by approximating free space representation of environment. When it becomes 

very difficult to represent a space explicitly, then implicit representation of space is 

preferred. Collision checking algorithms are used for specifying configuration [72, 73], 

these algorithms can determine that whether it (configuration) occur in forbidden space or 

in free space. 

These representations can not guarantee complete coverage of connectivity. 

Random sampling can be used to develop a roadmap. One such technique known as 

probabilistic roadmap technique in which a feasible path is formulated by local path 

planner [74, 75]. Collision checking is used for connectivity [76]. This method does not 

report failure of a feasible path and hence, probabilistic roadmap method is not complete 
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but for infinite time it converges [77]. X-N. Bui et al. have proved that this method 

converges exponentially [78]. There are further two types of the approximate techniques, 

approximate cell decomposition and approximate artificial potential field. 

Approximate Cell decomposition: In this method configuration space is divided in 

three different cells marked as full cell, Empty cells and mixed cell respectively. Cells 

which exist completely in configuration space of objects in environment are called full, 

those cells which lie entirely in free configuration space of objects are called empty cells 

and cells which lie partially in configuration space and partially in free configuration 

space are called mixed cell. This method has two main drawbacks one is restriction of 

degrees of freedom (DOF) of robot and second drawback is that motion constraints are 

fully represented.  

Approximate Artificial Potential Field: These types of methods are normally 

implemented for real time solutions of obstacles avoidance of mobile robot in which two 

types of forces are incorporated, attractive force between mobile robot and target position 

and repulsive force between robot and obstacle. This method is simple and needs not the 

exact representation of free configuration space. Hence, this is a fast path planning 

technique but the main drawback of this method is local minimum.  

4.1.1.3 Hybrid Techniques 

Hybrid techniques are mixture of various methods and take into account mixed 

methods and task managers. Mixed methods are formed by grouping of artificial potential 
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field and approximate cell decomposition methods [79], while task manager incorporates 

amalgamation of some basic planners [69]. In these, one planner is fast and implements 

heuristic while the other planner is absolute but its response is a bit slow.  

4.1.2  Dynamic Obstacle Avoidance 

When obstacles are moving the environment of robot changes therefore, above 

approaches can not be applied because when computation starts for path planning it 

outdates immediately. A technique which can be used to overcome this situation is to 

reserve some time for planning before computations start [80, 81], this time should be 

nominal, neither too small nor too large. If it is very small then very little time is left for 

path planning and on the other hand if it too big then it causes latency and since this time 

can’t be predicted therefore, online path planning is used. The concept partial takes this 

time for incremental paths till the time is over [82]. In this approach this time is some 

times not enough to plan the whole path up to the target. 

The concept of anytime planning is similar but it solves for the whole path [83]. 

The quality in anytime planning is a bit poor. Offline planning techniques are better for 

applications which don’t need to be planned in real time. They have the best applications 

in structured environment. A technique has been used based on the Random Profile 

Approach, which is implemented for the calculation of point to point trajectory between 

the given initial and final position of the wheeled mobile manipulators [84]. Different 

constraints of nonholonomic, geometry, kinematics and dynamic have been considered. 
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A point to point task has been defined in operational and generalized coordinates. The 

shortcoming of this method is that for obstacles avoidance only static obstacles have been 

considered.  

A technique using the method of imaginary artificial potential field has been 

implemented for the calculation of global path [85]. To generate a collision free global 

trajectory, intermediate points known as subgoal has been selected at the intersection of a 

circle and the global path. The circle is drawn from the origin of mobile robot having 

radius of two meters. This technique has been developed for purely holonomic mobile 

robot and moreover it does not consider the changes in velocity of the dynamic obstacle. 

A technique is using a time optimal solution of motion planning, combining 

reinforcement learning techniques with cell mapping [86]. This technique has been 

applied to a nonholonomic mobile robot having only static obstacles in its environment. 

4.1.2.1 Velocity Planning  

In velocity planning moving obstacles are considered in which velocity of mobile 

robot as well as that of objects is taken into account. The velocity of mobile robot is 

varied to avoid possible collision with surrounding objects. To accomplish this task the 

information about future movements of objects is necessary therefore an exact solution is 

very difficult.  

If velocity of object is known and it is moving with uniform velocity then 

approach of velocity obstacle can be applied [87]. In this approach relative velocity of 
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robot system and object is determined and if this relative velocity vector falls inside the 

cone, it is assumed that a collision will occur. The short coming of this method is that it is 

only applicable for those objects which are moving with uniform velocities. For time 

variant velocity objects this technique can not be implemented as in that case collision 

between object and robot can’t be detected.  

Therefore for object whose velocity is varying their accurate tracking is required 

and for this purpose suitable position and velocity is required to be estimated. For mobile 

robot to take suitable decision at the right time, adequate sensing of surrounding is 

required. If environment is sensed properly for significant objects, it will help in making 

right decisions. Tracking of objects is required for solution of velocity and position 

estimation and tracking of object is done by data association in which the association of 

present and previous data is performed. Data is associated for track management which 

makes decision that whether tracking is appropriate or must be re tracked. 

Tracking is required both for static and dynamic objects and different techniques 

have been developed for tracking mechanism. Localization and mapping is implemented 

for those objects whose position remains fixed at a place (static obstacles). Various 

techniques have been developed by researcher for tracking dynamic (moving) obstacles. 

A technique has been developed for correlation among fixed objects and those moving 

with certain velocity [88]. In this technique probability has been calculated for cells and 

for examining cells two dimensional network images has been used. 

The information has been obtained by sensors data to check that whether each cell 
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is filled or empty. This technique has further implemented for more than one moving 

objects [89]. Another mechanism known as Spatio-temporal has been used for the 

tracking of several moving objects. In which temporal plot has been adopted for tracking 

and detection. The problem of occlusion has not been addressed in this mechanism so 

moving objects are misplaced due to the occlusion problem. 

A modification of Newton algorithm applied to nonholonomic motion planning 

with energy optimization. The energy optimization is performed either by optimizing 

motion in the null space of the Jacobian matrix derived from nonholonomic system or 

coupling this motion with movement toward the goal. Resulting controls are smooth and 

easily generated by motors or thrusters. The two methods can be used when kinematics 

are considered to steer any drift less nonholonomic systems particular free-floating 

objects, under actuated manipulators and mobile robots.  

4.2 Nonholonomic Constrained Mobile Robot 

If a system has restrictions in its velocity but these don’t cause restrictions in its 

position then it is called a nonholonomically constrained system. In other words its local 

movement is restricted but its global movement is not restricted. Mathematically it means 

that velocity constraints can’t be integrated to position constraints. Parallel parking is an 

example of nonholonomic constraints. 

For mobile robot the constraint are for pure rolling without slipping. A car-like 

robot is a simplified model of the constraints on the movement of a real car. It takes into 
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account the following nonholonomic constraints. 

 

θθ cossin
••

= yx      (4.3) 

It is a non integrable differential equation so it represents nonholonomic 

constraint. This specifies the tangent direction along any feasible path for the robot and  

• Another kinematics constraint is imposed by structure of robot, where its heading 

angle is restricted. 

maxmin βββ ∠∠      (4.4) 

• It is a bound on the curvature of the path. 

min

max

1

r
cur =        (4.5) 

Whenever the mobile robot moves, these nonholonomic constraints are imposed. 

4.2.1 Global Coordinate Model 

The accurate location of the robot in global coordinate system can be specified by 

four variables as shown in Figure 4.1. The coordinates (x, y) give position of centre of 

rear wheels axle. The orientation and heading angles are given by θ and β respectively. 
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Figure 4.1 Global Coordinate System of Mobile Robot. 

From the constraint shown in Figure 4.1, velocity of robot in x and y direction can 

be written as: 

θcos1vx =
•

      (4.6) 

θsin1vy =
•

      (4.7) 

As shown in the Figure 4.1, the location and velocity of front wheel can be 

written as: 
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Applying the no slippage constraint to the front wheel gives 

)cos()sin( 11 βθβθ +=+
••

yx     (4.10) 

Putting equations (4.6) and (4.7) in (4.9) and then in (4.10), we get: 
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•

      (4.11) 

The complete kinematics model is then given as: 
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Where v1 is the linear velocity of the rear wheels and v2 the angular velocity of the 

steering wheel. To avoid singular configuration steering wheel is restricted by 90
º
. 
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4.2.2 Movement between Different Configurations 

When mobile robot moves along its path it can travel in three different types of 

movements between its neighboring configurations. They are called direct, indirect and 

reverse movements. The movement of mobile robot from a configuration q1 to its 

adjacent configuration can be stated as shown in Figure 4.2, in which q2, q3 and q4 are 

next possible configurations. 

 

Figure 4.2 Movement from configuration q1 to the adjacent configurations q2, q3 or 

q4. 
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A path segment p(x) in Cartesian coordinates is known as a direct segment if the 

value of its 2
nd

 differential doesn’t alter sign along this path.  

0
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0
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2
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≤
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dx

xpd

dx
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Direct segment can have a number of different curvatures but the sign of its 2
nd

 

differential remain the same in a region. 

A path segment p(x) in Cartesian coordinates is called an indirect path segment if the sign 

of its 2
nd

 differential changes at least once. 

A reverse movement involves the movement of robot in opposite direction. In 

reverse movement the direction of path changes by 180 degrees. It has more than one 

directional changes. This movement is performed between two configurations due to the 

limited steering angle and space. For example car parking is an example of reverse 

movement. 

In path planning the direct path movement takes the least time and thus has the 

highest priority. Indirect movement take larger time, has lower priority, whereas, reverse 

movement has the least priority because it takes the largest time. On the other hand if a 

configuration can be reached from another configuration by direct movement it can also 

be reached by indirect as well as by reverse movements. Similarly if a configuration can 

be reached from another configuration by indirect movement but not by direct movement, 

it can also be reached by reverse movements. Therefore the reverse movement is the most 

flexible movement and direct movement is the least flexible. 
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4.2.3 Formation of Path 

The overall path of the mobile robot is the combination of these segmented 

collision free paths. In the proposed method several configurations are generated such 

that there is a direct path between these configurations. The algorithm for three types of 

path transfers is shown in Figure 4.3. 
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  Figure 4.3 Algorithm for three path transfers. 
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For the formation of direct path segment between two configurations, tangential 

circles to these configurations are drawn. A tangent line to these circles is also drawn 

representing the direct path segment. As shown in Figure 4.4, radii of these circles can 

vary as r1≥ rmin and r2≥ rmin. Increasing r1 and r2 increasing the length of the path.  

 

Figure 4.4 Formation of direct path segments between two configurations q1 and q2. 

Tangential circles with radii r1=r2=rmin and r1> rmin and r2> rmin are shown.  

 

Similarly indirect paths can be formed. In this case an intermediate configuration 

is added between the two configurations. As shown in Figure 4.5, qint is added between 

two configurations q1 and q2. qint is intersection point of two tangential circles. The path 

segment is combined length of two arcs; one from q1 to qint and the other from qint to q2. 
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Figure 4.5 Changing an indirect movement into two direct movements by adding an 

intermediate configuration qint between the two configurations q1 and q2. 

 

Another case of converting an indirect movement into direct movement by adding 

two intermediate configurations has been shown in Figure 4.6, two tangential circles of 

radius rmin have been drawn at the two configurations q1 and q2. A tangent line of the two 

circles is drawn with the addition of two intermediate configurations qint1 and qint2 at both 

the ends. The path segment is the combination of arc from q1 to qint1, straight line from 

qint1 to qint2 and the arc of qint2 to q2. As shown in figure that path segment in this case 

requires a smaller change in the orientation of the robot because of smaller radii of 

tangential circles rmin at the two configurations q1 and q2   
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Figure 4.6 Changing an indirect movement into three direct movements by adding 

two intermediate configuration qint1 and qint2 between the two configurations q1 and q2. 

 

If reverse movements are required between two configurations q1 and q2 then this 

path will require piecewise direct and /or indirect movements. As shown in Figure 4.7, a 

path between two configurations q1 q2 containing two reverse movements. The mobile 

robot moves a direct transfer from q1 to qint1(parallel with q2). The location of qint2 is 

found in the free space with the same orientation as that of q2. qint2 is reached by indirect 

movement from qint1. The location of the configuration of qint3 is the same as that qint2 but 

with opposite direction. In this fashion the configurations of qint4 and qint5 are determined. 

The overall path segment from q1 to qint1 to qint2 to qint3 to qint4 to qint5 to q2 has two reverse 

movement with the adjacent configuration reached either by indirect or direct 

movements. The number of reverse movement depends on the local free space, steering 

capability of the robot and on the location of q2 from q1. 
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Figure 4.7 Formation of reverse path segment from q1 to q2 having piecewise indirect 

movements. 

 

4.3 Obstacle Avoidance Methodology 

A new approach for the representation of dynamic environment has been presented. The 

obstacles are of different types, e.g. static and dynamic. The static obstacles are stationary 

in the environment. The dynamic obstacles change their position in the environment. For 

dynamic obstacles if the motion of the obstacles are known then the requirement is to 

find an optimized path under certain conditions. 

The objective of this dissertation is not the optimization problem. The theme of 

this research is to solve the problem of obstacle avoidance in unknown environment. This 

path needs not be optimal. In literature either static obstacles are considered or the 

obstacles moving with uniform velocity are considered for which the future trajectory is 
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calculated assuming the velocity of obstacle remains the same. In our technique, from the 

present and past motion of the obstacle obtained from the sensors, the obstacle detection 

and avoidance decision is made even if their velocity is not uniform. The present velocity 

of the system is achieved from these positions. Figure 4.8 shows the flow chart of 

trajectory planning in case obstacles. 
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Figure 4.8 Flow chart of trajectory planning in case of obstacles. 
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4.3.1 Dynamic Obstacle Avoidance 

A fixed global Coordinates frame (xg, yg, zg) is assigned to the environment. The 

dynamic obstacles are assumed to move in this coordinates frame. The robot has to move 

from point 1 to another point 2 in this reference frame. The straight line between these 

points is the required reference path. A local coordinate system (xr, yr, zr) is assigned to 

the robot. These two coordinates system have common origin. The x-axis of this local 

coordinate frame is along this reference path. 

The robot move along x-axis of its local coordinates. The algorithms developed 

for obstacle avoidance employs the transformation of all the motions to this reference 

path coordinates. The positions and velocities of mobile robot system are formulated in 

this reference coordinates. These positions and velocities are again transformed in the 

global coordinates frame. The angle φ between the x-axis of the global and local 

coordinate system is obtained as: 

12

121tan
xx

yy

−

−−=φ      (4.13) 

x1, y1 and x2, y2 are the positions of the system at point 1 and 2 respectively in the 

global coordinates frame. These positions are transformed in the local frame as: 

gr RXX =       (4.14) 

Where  



 92 

  








−
=

θθ

θθ

CosSin

SinCos
R      (4.15) 

Velocity of the system is: 

  
••

= gr XRX       (4.16) 

Motion of mobile robot is shown in Figure 4.9. 
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It starts it motion and accelerates with acceleration amax to achieve its maximum speed 

vmax. After achieving its speed it continues its motion with velocity vmax for certain 

distance. Then the robot decelerates with - amax and stops at the target point. 
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Substituting (4.17) and (4.18) in (4.19) 
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The above equation can also be written as 
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In the above equations,  

L= Total distance between point 1 and point 2. 

•

rtx = Velocity of the mobile robot along x - axis in its local frame 

••

rtx =Acceleration of the mobile robot along x - axis in its local frame 

Total time for the motion of the mobile robot can be obtained as: 

••

•

•− +=

rt

rt

rt x

x

x

L
t 41        (4.27) 
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4.4 Proposed Algorithm for Obstacle Avoidance 

Let the mobile robot is assumed to be a circular shape of radius rb. The obstacle is 

also assumed to be a circular shape of radius ro. For simplicity the robot has been 

considered as a point source and the radius of the obstacle is enlarged by the radius of the 

robot. Figure 4.10 represents the vector relationship. The position of the mobile robot and 

the obstacle are expressed in the local coordinate frame of the robot system. All 

measurements are done relative to the local frame assigned to the robot. 

toX
•tX

•

•

oX
•

oX

  

Figure 4.10 Calculation of collision avoidance for moving obstacle. 

In this figure,  

Xt = Position vector of robot in its local coordinates. 
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Xo= Position vector of obstacle in this local coordinate frame. 

Xto= Xo - Xt = Relative position of obstacle and robot. 

Distance between obstacle and robot can be calculated as: 

Dto= norm (Xto) 

•••

−= otto XXX  = Relative velocity of robot w.r.t. obstacle. 

φ = Angle between vector Xto and tangent line from mobile robot to the obstacle 

φ can be obtained as: 

22
,arctan( exttoent rDr −=φ     (4.28) 

Ψ = Angle between the vector(s) Xto and 
•

toX  

In this algorithm collision of the obstacle with robot is tested. It has been 

observed that if the measure of angle Ψ is greater than the measure of angle φ, then there 

will be no collision of the robot with the obstacle. On the other hand if this angle is 

smaller then the robot will collide with the obstacle. This criterion is checked during each 

sample time. In the case of collision the robot velocity is altered in the y-axis. Algorithm 

is shown in Figure 4.11 and the flow chart of the algorithm is shown in Figure 4.12, 

which can be implemented through the following steps separately for collision detection 

and avoidance. 
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4.4.1 Algorithm Steps for Collision Detection and Avoidance 

   

  Figure 4.11 Algorithm for collision detection and avoidance. 
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4.4.2 Steps for Collision Detection 

1. Given the radius of mobile robot (rb) and obstacle (ro) (both assumed to be 

circular). 

2. Calculate enlarged radius of robot (rext= rb+ro ) 

3. Given max velocity and acceleration of robot  

4. Initial and final position of robot in global frame 

5. Starting position and velocity of obstacle 

6. Position of robot in its local frame, Xt. 

7. Velocity and acceleration of robot in its local frame (
⋅⋅⋅

tt XX , ) 

8. Position of obstacle in local coordinate frame, Xo. 

9. Relative position of obstacle and robot is calculated, Xto=Xo-Xt. 

10. Distance between obstacle and robot is calculated as: Dto=norm (Xto) 

11. Relative velocity of obstacle and robot is calculated, 
⋅⋅

⋅
⋅

−= otto XXX  

12. Tangent line between robot and obstacle. 

13. Angle ø between Xto and tangent line is calculated 

14. Angle Ψ between vector Xto and ⋅

toX  is calculated 

15. Collision detection is checked by comparing angle Ψ and angle ø. 

4.4.3 Steps for Collision Avoidance 

1. If Ψ > ø. Then no collision 

2. If Ψ <ø. Then there will be collision. 
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3. If step 16 is true, continue robot movement along desired path. 

4. If step 17 is true, then  

5. Change velocity of robot such that step 17 becomes false for this 

6. Calculate two unit vectors, Xp along Xto and Xv along ⋅

toX  respectively. 

7. If Xp < Xv then increase velocity of robot. 

8. If Xp > Xv then decrease velocity of robot. 
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Figure 4.12 Flow chart of developed algorithm for obstacle detection and avoidance 
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4.4.3  Increasing or Decreasing Motion 

When the measure of the angle Ψ is smaller than the angle φ a collision is likely 

to be occurred. In this case the robot velocity in y-axis is either increased or decreased to 

make Ψ greater than φ. For this purpose two unit vectors are compared. As shown in 

Figure 4.13, these two unit vector are Xp and Xv along Xto and 
•

Xto  respectively. If Xp is 

smaller than Xv then increase velocity in the y direction. If this is greater then reduce 

velocity in the y axis. 

oX−
•

toX
•

tX
•

ry
•

oX
•

   

 Figure 4.13 Changing the movement of robot in y -axis 

If the robot start collision avoidance earlier then it gets more time for avoidance 

but as the velocity of obstacle can vary so it may not be necessary to update its path too 

early. The robot should remain on its desired reference path as long as possible. The 

position of robot to change its path can be calculated for the worst case in which the 
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velocity of robot is equal to velocity of obstacle and is moving towards the robot. The 

relative distance between the robot and obstacle at which the robot should start to avoid 

collision has been calculated to be: 

ext
y

r
r rxDis

r

ext +=
⋅⋅

−

−

⋅

max

2
max2     (4.30) 

The relative distance in the above worst case is longer than the distance needed in 

other cases. 

When the robot has passed by the obstacle, this algorithm calculates the point 

where the robot has to adopt its original reference trajectory. When the angle Ψ is smaller 

than the angle φ, then this angle is made greater by moving the robot in the y-axis, so that 

the robot can pass the obstacle without collision. When the robot has passed the obstacle 

it has to return to its original reference path. As shown in Figure 4.14, robot starts from 

point1. At point 2 the robot is just passing aside the obstacle. Point 3 is the point when 

the robot has to return to its reference path.  



 104 

1−

•

toX

2−

•

toX 3−

•

toX

3−toX

 

Figure 4.14 Returning position of robot to its original desired path. 

This point 3 is a junction point. At this point two tangent lines meet each other. 

One is the tangent line of the obstacle from the robot. The second line is the tangent line 

of the obstacle and parallel to y- axis. 

4.5  Summary 

In this chapter various techniques for obstacle avoidance has been discussed. 

Some techniques are specific for the objects which remain stationary at their position. 

Different approaches have been discussed for moving objects.  All the methods have 

some limitations. A new methodology has been presented in this chapter for the detection 

and avoiding both the stationary and moving objects. 

The developed algorithm is quite suitable for complex situations. This approach 

can be applied for different mobile robot systems. This new concept formulates the 
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relative velocity of the mobile robot and that of the object. This relative velocity concept 

is proposed for formulating the kinematics and dynamic constraints of a non-holonomic 

three-wheeled mobile robot. First the trajectories are calculated and then a feasible 

trajectory among them is calculated. 

The acceptable velocity and accelerations are calculated which are within the 

ranges of the mobile robot. For this purpose local coordinates frames are assigned. All 

calculations are performed in these coordinates and are then transformed in the global 

coordinates. The kinematics equation of the mobile robot has been considered. From 

these equations the relative velocities for the robot has been derived. The translational 

and rotational velocities of the wheels are formulated. This does not depend on the 

orientation of the robot. Some linear velocities of the robot are limited by the angular 

velocities of the wheels. The velocity ranges commanded by the planner must be within 

the conduit for successful movement. The accelerations must be within the allowable 

ranges of the robot. The dynamic accelerations have been considered for the actuators 

and the no slippage acceleration by the friction force of the wheels. The capability of 

actuator torque is used for calculating the dynamic acceleration. On the other hand the no 

slippage acceleration is executed by the coefficient of the friction. It does not depend on 

mass of robot and radius of driving wheels.  
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Chapter 5 

NAVIGATION 

5.1 Introduction 

Development of an intelligent control system is required for an appropriate 

control action to be executed according to uncertainties associated within sensory 

systems and the surrounding dynamic environment. In navigation the planned motion is 

fed to the robot which is observed to act upon the position, velocity and acceleration 

profiles of the motion and if uncertainties are reflected then this motion is planned 

locally.  

There are the following four main classes of navigation functions. 

1. Roadmap methods. 

2. Exact cell decomposition. 

3. Approximate cell decomposition. 

4. Potential field 

Currently, there exist three broad categories of intelligent architectures: 

centralized (deliberative), behavior-based (reactive), and hybrid (deliberative-reactive). 

Centralized architectures [90, 91] create a complete model of the static environment by 

combining all available sensory data. Then it employs deliberative planning in order to 
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generate a series of actions within the context of the static model to accomplish a given 

task. After successful execution of an action, the robot stops, gathers more information, 

and repeats the process. An important aspect of this architecture is the top-down approach 

of planning, where high level constraints are integrated into low level control commands. 

Centralized intelligent controller can coordinate multiple goals and constraints within a 

complex environment. However, planning a series of actions by sensor fusion in a 

centralized architecture introduces a potentially harmful delay [92]. Moreover, the system 

may fail entirely if any single part fails, e.g., sensor fusion or planning is not functioning 

properly. This leads to inappropriate use of centralized controller for a real time system, 

where the environment is dynamic or uncertain.  

On the other hand, behavior-based architectures [93, 94] are composed of 

independent task-achieving modules, or behaviors. Each behavior receives a particular 

sensory perception which is related to a given task, thus avoiding the need for sensor 

fusion. Moreover, task-achieving aspect of each behavior leads to distributive control 

process, which reduces planning complexity and increases responsiveness to a dynamic 

environment. Behavior-based architectures possess bottom-up approach of decision-

making as they do not integrate high level constraints in action generation process. They 

are also more robust because if any behavioral unit of the system fails, the other units 

continue to function independently. However, a completely distributed system does not 

reflect the multiple objectives and constraints that the system is subjected to at any given 

moment, thus leading to significantly suboptimal performance [92, 95] and unreliable 

decision-making [96]. Additionally, the interactions, both between the behavioral units 
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and between the system and its environment, are less predictable and more difficult to 

understand and modify as compared to a purely centralized system. 

Hybrid Architectures [97, 98] combine the goal-directed solution of centralized 

architecture and the responsiveness of behavior-based architectures. The top level of 

hybrid architecture is a deliberative planner, which assimilates all available information 

and creates long-term global plans. The lowest level consists of a behavior-based 

architecture, which recommends real-time responses to sensory stimuli. The most 

important part of hybrid architecture is the intermediate level, called behavior coordinator 

or sequencer [99]. A behavior coordinator takes into account the high level constraints of 

a deliberative planner and real-time responses of individual behaviors. As a result, it can 

generate an action, which satisfies the objectives of both the planner and behaviors. This 

work attempts to employ a fuzzy logic based behavior coordination system to achieve 

robust performance in mobile robot navigation. Fuzzy rules are used for combining high 

level constraints of a deliberative planner with real time responses of individual behaviors 

to generate an action, which satisfies the objectives of both the planner and behaviors. 

5.2 Identifying the Problem 

The goal is to find a collision free path for mobile robot. For safe navigation the 

global path planner must be integrated with the local path planner. The purpose of global 

planner is to generate a safe path for the mobile robot in configuration space for the given 

environment. The overall architecture of motion planning is shown in Figure 5.1. From 
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the global map a feasible safe path is generated and from the sensors data local path is 

generated.  The local path planner produces three force-based behaviors by using sensory 

data and safe path information. The obstacle avoidance behavior for avoiding collision 

with objects; follow the wall for movement in safe direction and the path following 

behavior for reaching the target position. 
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Figure5.1 Overall architecture of motion planning  
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5.3 Structure of Fuzzy Controller 

The work presented in this chapter incorporates a version of Mamdani Model of 

fuzzy control for mobile robot. This is a simple fuzzy system whose structure is shown in 

Figure 5.2. K. Tanaka, and M. Sugeno has have proved that the fuzzy controller is 

asymptotically stable [100]. 

 

  Figure5.2 Structure of Mamdani model 
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5.4 The Experimental Methods 

The scheme proposed here implements a fuzzy logic based behavior for achieving 

a robust performance. The approach presented here for mobile robot navigation is the 

combination of the following three independent methods.  

• Obstacle avoidance 

• Follow the wall 

• Path Following 

5.4.1 Obstacle Avoidance Mechanism 

 For obstacle avoidance a repulsive force is used, generated by each obstacle. This 

repulsive force is inversely proportional to the distance between obstacle and robot. The 

sum of these repulsive forces can be calculated as: 
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    (5.1) 

Where  Xto= Distance between robot and obstacle. 

  xo, yo = Coordinates of obstacle. 

  x1, y1 = Coordinates of robot. 
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  F
A
= Sum of repulsive forces. 

The unit vector directed to the sum of repulsive forces can be obtained as: 

A

AA

F

F
F =
∧

        (5.2) 

As shown in Figure 5.3, this unit vector is directed to the sum of repulsive forces 

produced by the obstacle. 

Λ 
A

F

Starting

Target

    Λ P
F

 

Figure5.3 Unit vectors of various schemes. 

There are two inputs and one output. The inputs are the sensors data µ(sd1) and 
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µ(sd2). µ(sd1) is closest distance to the object and µ(sd2) is the absolute angle difference 

between the orientation of the robot and the expected avoidance angle. µ(sd2) data also 

represents that whether the object is in front of the robot or it is at the left or right side of 

the robot.  The weight ω
A
 is the output of this scheme. 

Lower values of µ(sd1) produce higher values of the weight ω
A
. On the other 

hand higher values of µ(sd2) produce higher values of ω
A
. The maximum value of µ(sd2) 

is 180
◦
 when the object is in front of the robot. In this case an opposite repulsive force to 

the direction of robot is acting. Three fuzzy set for each input is used and thus produces 9 

fuzzy rules. The fuzzy sets are Small, Medium and High as shown in Figure 5.4. The 

output of this scheme is ω
A
. The output is partitioned into five fuzzy sets of Very Small 

(V.S), Small(S), Medium (M), High (H) and Very High (V.H). 

The fuzzy rules can be defined as  

If {(µ (sd1) is Dq
A
)} and (µ (sd2) is C r 

A
)} Then {ω

A 
is Wt

A
}  

Here ‘and’ represents the min. operation. Dq, C r, and Wt are the fuzzy sets in the 

expected ranges associated with the membership functions (MF), mapping  µ(sd1), 

µ(sd2) and  ω
A
 respectively, to the graded membership value in [0,1]. For q = 1…..Q, r = 

1...…R, the number of fuzzy rules is Q*R. 

Here 

 t = [QA-(q-1)] + (r-1)      (5.3) 
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 Figure5.4 Membership functions for sensors data µ (sd1) 

 

5.4.2 The Approach of Follow the Wall 

 In follow the wall technique a force perpendicular to the obstacle avoidance force 

is acted. The direction of this force is such that the robot moves towards the target in safe 

direction. Mathematically: 

AF

FF
∧∧

⊥        (5.4) 

As shown in Figure 5.3 above, this unit vector is directed to the safe path towards 

the target. In this scheme we take two inputs and one output. The two inputs are the 

sensors data µ(sd1) and µ(sd2). These two inputs represent the fuzzy sets. µ(sd1) 

represents the minimum distance between robot and the obstacle while µ(sd2) is the 

difference between the robot orientation and the angle to avoid the obstacle. Output is the 

weight ω
F 

and it is partitioned into five fuzzy sets of Very Small (V.S), Small(S), Medium 
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(M), High (H) and Very High (V.H) as shown in Figure 5.5. Small values of µ(sd1)
F
 

deduce higher values of ω
F
.  The response of µ(sd2) is a bit different. µ(sd2) between 0-

90º means the obstacle is either on the left or right side of the robot. In this region high 

values of µ(sd2) deduce higher values of ω
F
. From 90º-180º small values of µ(sd2) 

deduce higher values of ω
F
. The generalized fuzzy rule is: 

If (input is µ(sd))   then (output is ω) 

In our case the fuzzy rule becomes: 

If {(µ(sd1) is Dq
F
)} and (µ(sd2) is C r 

F
)} Then {ω

F 
is Wt

F
} 

Where   

[ ]
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Table 5.2 represents the nine fuzzy rules formed in this case. 

 

Figure 5.5 Membership functions for the weights ω
A
. 
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5.4.3 Path Following Scheme 

The path following scheme is defined for the robot to follow a safe path towards 

its target. As the path is divided into sub paths therefore it is a unit vector directed to the 

next sub goal. 

∧∧ −
+

−
= y

R

yy
x

R

xx
F bbP 00     (5.6) 

This is a unit vector directed towards the target with respect to the present 

position of the mobile robot. In the above equation (xb, yb) represent the coordinates of 

the robot. (x0, y0) represent the coordinates of the next sub goal. 

In this scheme we take three inputs and one output. The three sensors inputs are 

the fuzzy sets of the sensors data µ(sd1), µ(sd2) and µ(sd3). µ(sd1) represents the 

minimum distance between robot and the obstacle. µ(sd2) is the difference between the 

robot orientation and the angle to avoid the obstacle, while µ(sd3) is the distance to the 

closest sub goal. Output is the weight ω
P 

and it is partitioned into seven fuzzy sets: Very 

Small (V.V.S), Very Small (V.S), Small(S), Medium (M), High (H) Very High (V.H) and 

Very High (V.V.H). Higher values of µ(sd2) and µ(sd3) deduce higher values of ω
P
. 

While higher values of µ(sd1) deduce lower values of ω
P
. The generalized fuzzy rule is: 

If (input is sd)   then (output is ω) 

In our case the fuzzy rule becomes: 

If {(µ (sd1) is Dq
P
) and (µ (sd2) is C r 

P
) and (µ (sd3) is A s

P
)} Then {ω

P 
is Wt

P
} 

Where  
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t = (q-1) + (r-1) + [S – (s-1)].    (5.7) 

If we represent the related weights of each individual scheme by ω then the 

synchronized performance generated can be represented as: 

P

P

F

F

A

A
FFFF
∧∧∧

++= ωωω     (5.8) 

The purpose of the synchronized performance is to generate suitable values of ω. 

These suitable values of ω will have to satisfy each scheme by using fuzzy logic. 

Velocity commands for the mobile robot are generated by the orientation of the 

synchronized performance. 
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Table5.1 Rule base for the output weight, ω
A  

                                              (µ (sd1) and µ (sd2) are the two inputs) 

 

     

 

Table5.2 Rule base for the output weight, ω
F
 

  (µ(sd1) and µ(sd2)  are the two inputs) 

   

µ(sd2)

µ(sd1)

S M H

S

M

H

W3
F

W4
F

W2
F

W3
F

W5
F

W2
F

W1
F

W3
F

W1
F

 



 120 

Table5.3 Rule base for the output weight, ω
P 

  (µ(sd1) and µ(sd2)  are the two inputs) 

   

µ(sd2)µ(sd1),

S M H

S, S

S, M

S, H

W3
P

W2
P

W1
P

µ(sd3)

M, S

M, H

M, M

H, S

H, M

H, H

W3
P

W4
P

W2
P

W4
P

W5
P

W3
P

W4
P

W3
P

W2
P

W5
P

W4
P

W3
P

W5
P

W4
P

W6
P

W5
P

W4
P

W3
P

W5
P

W6
P

W4
P

W7
P

W6
P

W5
P
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5.5 Situation Reliant Routine 

If the mobile robot is far from the nearest sub goal and is at a suitable distance 

from the obstacle then increase the weightage of path following scheme. If the obstacle is 

located at a short distance and is either on the left or right side of the robot then increase 

the weightage of follow the wall scheme. If the obstacles are in front of the robot and is 

nearby then increase the weightage of obstacle avoidance scheme.  

Some functioning procedures are required to be adopted for the execution of a 

planner. To evaluate the strength of various planners the following functioning 

procedures are defined. For safe movement of the robot there should be no collision with 

the obstacle. 

Average Rate of change of velocity 

( ) ( )
( )1
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−−
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ϖϖ
δϖ      (5.9) 

Where L is total number of decision cycles, lp (k-1) is length of (k-1)
th

 cycle and  

( )kϖ  is the rotational velocity at k
th

 cycle. 

Average distance to the obstacle is: 
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k
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∑=      (5.10) 

Where d(k) is the distance to the obstacle in k
th

 cycle. Larger values of dave show 
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safer traveling. 

4.  For smoother trajectory average radius of curvature should be larger. Average 

radius of curvature is: 

( ) ( )ii
L

L

i
ave ρρρ ,

2

1

3=
∑

−
=     (5.11) 

For fast traveling total traveling time ttot should be the minimum. 

To optimize the traveled distance the total distance d tot should be the minimum. 

Figure 5.6, shows the path generated by our scheme in the presence of different obstacles.  

  

Figure5.6 Path generated in presence of different obstacles. 
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Figure 5.7 shows the situations where a U shaped obstacle is placed in front of the 

robot. In the conventional method the robot traps, where the repulsive forces represent 

the obstacles and attractive forces represents the target. As the attractive forces cancels 

the repulsive forces therefore the robot stuck in this situation as shown in Fig.5.7 (a). The 

attractive force is inversely proportional to the square of the distance to the target while 

the repulsive force is inversely proportional to the square of the distance between the 

robot current position and obstacle. In certain applications when the obstacles location is 

such that the algebraic sum of the force of repulsion due to obstacle and the force of 

attraction due to target becomes zero, the robot stuck in the environment. This problem is 

known as local minimum problem. So the robot can’t reach the target because it is 

trapped in local minimum. As our approach depends on the environment situation 

therefore each scheme is weighted according to the environment. Suitable scheme is 

selected by giving it higher weights. When the repulsive forces cancel out the attractive 

forces the weight of Follow the wall scheme is higher and the robot doesn’t trap. As 

shown in Figure 5.7 (b) when the robot comes out of the trapping situation then the 

weight of path following is higher to reach the target efficiently. 
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Figure5.7 Motion planning in U shaped obstacle. (a) Attractive force by target cancels 

out repulsive force by obstacle so robot is trapped due to local minimum. (b) 

Weight of Follow the wall scheme is given higher priority so robot comes out 

of trap situation.  
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5.6 Results and Discussion 

For experimental results of proposed scheme a three wheeled mobile robot has 

been used. On board ultrasonic range sensors are used for range measurements and 

obstacle detection and avoidance. Various results have been obtained for different cases. 

These cases are categorized in two different categories of static and dynamic obstacles. In 

case of static obstacles the mobile robot has to avoid all static obstacles present in its 

environment while in the dynamic case, the technique is to detect possible collision of 

obstacle with mobile robot and avoid collision of robot with moving obstacles in its 

surrounding environment. 

5.6.1 CASE STUDY 

5.6.1.1 Case 1 

In this case the starting position of mobile robot in global coordinate system is P1 

(10cm, 10cm). The target position provided to mobile robot is set at P2 (233cm, 233cm). 

There is a static obstacle placed at location (169cm, 169cm) in the required path of 

mobile robot as shown in Figure 5.8.  
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Figure 5.8 Motion of mobile robot (a) avoiding static obstacle. (b) Velocity profile of 

mobile robot. (c) Position of mobile robot. 

Trajectory of mobile robot is generated and fed to the controller of mobile robot. 

The acceleration of mobile root used is 0.1 m/sec
2
. The mobile has to follow a straight 

line trajectory. The reference trajectory of a straight line is provided to the controller of 

mobile robot. The mobile robot starts its motion and when senses the obstacle in its path, 

it changes its motion in the y direction to avoid static obstacle. Velocity and position 

profiles of mobile robot are also shown. 

5.6.1.2 Case 2 

During this experiment the mobile robot is again placed at the starting position P1 

(10cm, 10cm) in the global coordinate system. The target position is set at P2 (210cm, 
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210cm). There is a static obstacle placed at location (169cm, 169cm) in the required path 

of mobile robot.  
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Figure 5.9 Motion of mobile robot updating its planned path upon detection of obstacle 

in its path and after avoiding obstacle move on updated path to reach its target 

position 

The normal acceleration of mobile robot is 10 m/sec
2
. Maximum acceleration 

which the mobile robot can attain is 20 cm/sec
2
. The mobile has to follow a straight line 

trajectory. The reference trajectory of a straight line has been provided to the controller of 

the mobile robot. The mobile robot starts its motion and when senses the obstacle in its 

path, it changes its motion in the y direction at an angle of slightly more than 10º to avoid 

static obstacle. During its motion when the robot senses obstacle it update its planned 



 128 

path and after passing the obstacle follows the new planned path to achieve its target. 

5.6.1.3 Case 3 

. During this experiment mobile robot is also placed at the starting position P1 

(10cm, 10cm) in global coordinate system. The target position is set at P2 (100cm, 

100cm). There is a static obstacle placed at location (70cm, 75cm) in the required path of 

the mobile robot. 
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Figure 5.10 The robot updates its desired trajectory after obstacle’s avoidance 

 

The maximum acceleration of mobile robot is 0.1 m/sec
2
. The mobile robot has to 

follow a straight line trajectory. The reference trajectory of a straight line has been 
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provided to the controller of the mobile robot. The mobile robot starts its motion and 

when senses the obstacle in its path, it changes its motion in the y direction to avoid the 

static obstacle and re plans its path. During its motion when the robot senses obstacle it 

update its original path which is suitable for indoor environment 

5.6.1.4 Case 4 

In this case all the conditions are the same as in case3.  
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 Figure 5.11 The robot follows the desired trajectory after obstacle avoidance 

The mobile robot starts its motion and in its path there is a static obstacle. After 

avoiding the obstacle it returns to its desired trajectory. It does not re plan its path rather 

it returns to its original path and requires less computational cost.  
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5.6.1.5 Case 5 

The obstacle is placed near to the starting position of the robot. In this case the 

initial and final position of mobile robot is the same. The starting position is P1 (10cm, 

10cm) in global coordinate system. The final position is set at P2 (90cm, 90cm). There is 

a static obstacle placed at location (50cm, 50cm) in the required path of the system path. 
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 Figure 5.12 Obstacle detection and avoidance at a relative near position to the starting 

position and the mobile robot returning to its desired planned path 

. The maximum acceleration of the mobile robot is 0.1 m/sec
2
. The mobile has to 

follow a straight line trajectory. The reference trajectory of a straight line has been 

provided to the controller of the mobile robot. The mobile robot starts its motion and 
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when senses the obstacle in its path, it changes its motion in the y direction to avoid the 

static obstacle. During its motion when the robot passes the obstacle it tries to return to its 

reference 

5.6.2 Moving obstacles 

In these cases the robots as well as the obstacles are moving in the environment of 

the robot. For mobile obstacle in addition to the trajectory of mobile robot, the trajectory 

of the obstacle is also required to be calculated for collision free motion of the robot. In 

Figure 5.13, the mobile robot is shown with three moving obstacles in its environment. A 

circle showing the range of the sensors mounted on the robot. Obstacle 1 is in the sensing 

range of the robot while obstacles 2 and 3 are out of its range, so they can’t be detected. 

The robot has to move from it initial position q1(x0, y0) at an angle θo to its target position 

q2 (xf, yf) at an angle θf. 
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Figure 5.13 Mobile robot is traveling with velocity vb making an angle θo with the x-

axis. A circle is drawn representing the sensing range of the robot. Obstacle 1 

is in this range while obstacles 2 and 3 are out of this range. Therefore 

obstacle avoidance can’t be initiated at this point for obstacle 2 and 3. 

5.6.2.1 Case 1 

In this case the mobile robot is moving with a velocity of about 32.36 cm/sec. at a 

location (40cm, 70cm) towards its target. A moving obstacle with velocity 22.6cm /sec is 
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approaching. Without the application of obstacle avoidance algorithm it has been 

observed that the robot collide with the obstacle in its path. 
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Figure 5.14 Robot is moving at location q1 (40m, 70cm) with a velocity 

vb=32.36cm/sec. An obstacle with velocity vo=22.6cm/sec collide with the 

robot during its motion. 

 

Robot is moving at location q1 (40cm, 70cm) with a velocity vb=32.36cm/sec. An 

obstacle with velocity vo=22.6cm/sec at location qo (270cm, 70cm) is approaching 

towards the robot. At this location it is out of its sensing range. As it enters its sensing 

range it is detected and the algorithm detects a possible collision as shown in Figure 5.15. 



 134 

X-Axis

(40, 70)

vo(

t)

r1

Moving obstacle

Robot

vb(t)

(270, 70)

Expected collision

Collision detected

(210, 190)

(205, 175)

0

10

20

30

4 9 14

Time(s)

V
e

lo
c

it
y

(c
m

/s
)

0

10

20

30

40

4 9 14

Time (s)

v
e

lo
c

it
y

(c
m

/s
)

Velocity of Robot

Velocity of Obstacle

 

Figure 5.15 Robot is moving at location q1 (40m, 70cm) with a velocity 

vb=32.36cm/sec. An obstacle with velocity vo=22.6cm/sec at location qo (270cm, 70cm) 

is approaching towards the robot. At this location it is out of its sensing range. As it 

enters its sensing range it is detected and the algorithm detects a collision. 

 

As a possible collision is detected, the algorithm alters the motion of the robot to 

avoid collision with obstacle coming in its path. The robot departs from its path at an 

angle of 30ºwithin its permissible limits. The collision is avoided as shown in Figure 5.16 

and the robot reaches its target successfully. 
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Figure 5.16 Robot is moving at location q1 (40m, 70cm) with a velocity 

vb=32.6cm/sec. An obstacle with velocity vo=22.36cm/sec at location qo 

(270cm, 70cm) is approaching towards the robot. At this location it is out of 

its sensing range. As it enters its sensing range it is detected and the algorithm 

detects a collision. The motion of the robot is changed to avoid collision. 

Robot turns at 30º to avoid collision. 

 

5.6.2.2 Case 2 

In this case the velocity of the obstacle is not constant but is time variant. The 

velocity profile of robot and obstacle is shown in the Fig. 5.17 (b) and.(c) respectively. 

During its motion at time t=4s the mobile robot detect an obstacle in its sensing range. 

The algorithm detects that no collision of obstacle with robot will occur. As the velocity 

of obstacle changes therefore, at time t=6s the algorithm detect a collision of the obstacle 
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with robot. Due to its kinematics constraint it can’t turn an angle greater than 40º so it 

reduces its speed to let the obstacle pass away. When the obstacle has gone it increases it 

speed toward its target.  
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Figure 5.17 Mobile robot senses an obstacle at t=4s.The algorithm detects no 

collision. Obstacle velocity is time variant and at t=6s algorithm detect a possible 

collision. Due to its kinematics constraints it can’t avoid collision by turning, so reduces 

its linear speed. When obstacle has passed it increases its velocity and achieves it target 

successfully. 

5.6.2.3 Case 3 

In this case the situation is when the mobile robot is moving towards its target. 

There is a moving object approaching in the path of the mobile robot. The moving object 
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is detected by the mobile robot. Figure 5.18 shows the velocity curve of the mobile robot. 

It is clear from the figure that the robot gains speed from time t=0 to t=10 seconds. That 

is it attains its maximum velocity of 0.5 m/s. Then the moving object is detected which 

has the probability to collide with the robot, so velocity of robot decreases. From time 

t=12 seconds to t=14 seconds the object has passed by the mobile robot. During this time 

period the mobile robot’s velocity is decreased till the moving object has gone. Then the 

robot accelerates at t=14seconds when there is no risk of collision. This is a practical 

example of mobile robot moving towards its target. 
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Figure 5.18 Velocity curve of mobile robot in case of one obstacle. Starts movement and 

in 10 seconds gains max velocity of 0.5m/s (At time t=10 sec robot detects 

an obstacle coming in its path so robot reduces its velocity. At time, t=14 

sec obstacle has passed so robot increases velocity towards its target). 
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5.6.2.4 Case 4 

The mobile robot stars its motion from its given starting position. It accelerates to 

its maximum velocity of 0.4 m/s
2
. During its motion senses a moving obstacle. The 

velocity of the obstacle is such that it will collide with the robot. So, the robot reduces its 

speed till the obstacle passes by it. The system again returns to its desired path and stop at 

the target position. 
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Figure 5.19 Velocity profile of mobile robot for obstacle avoidance. 

 

5.6.2.5 Case 5 

In this case study the system has to plan its trajectory between its initial and final 

position. A reference path is planned between these two positions. There is a moving 

obstacle whose velocity is unknown. The algorithm detects collision between the system 

and obstacle. Therefore, to avoid collision the system moves away from its reference 

path. As shown in Figure 5.20, the mobile robot returns to its normal path after the 
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obstacle has passed away. 
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Figure 5.20 The motion of mobile robot avoiding moving obstacle 

 

5.6.2.6 Case 6 

During its motion the system detects a dynamic obstacle having chances of 

possible collision. The position of the obstacle is relatively near. Hence, the robot 

increases its speed in the y-axis. When the object has gone and there are no chances of 

collision the robot follows its normal path. 
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Figure 5.21 The motion of mobile robot is shown for avoiding moving obstacle. The 

velocity unit vector is less than the position unit vector. So, it increases its 

speed in the y axis. 

 

5.6.2.7 Case 7 

In this case also when the object is detected by the sensors of the system, the 

algorithm determine a possible collision between the robot and the object. The magnitude 

of the position unit vector is greater than the magnitude of the velocity unit vector. 

Hence, the motion is altered by increasing in the y axis.  
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Figure 5.22 The motion of mobile robot is shown in case of obstacle detection for 

moving obstacle. The position unit vector is greater than the velocity unit 

vector. So, it increases its speed in the y axis. 

. 

5.6.2.8 Case 8 

In this case the system has planned a global path, ignoring the obstacles. During 

its motion on the formulated path an unknown moving objects is detected. The robot 

locally re plans its path to avoid the obstacle. It successfully avoids the obstacle and 

returns to its original path. 
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Figure 5.23 The path followed by the mobile robot. It first globally plans its path, 

ignoring obstacles. When an unknown moving obstacle is detected, it re plans 

its path locally leaving the originally planned path. After avoiding the obstacle 

it returns to its original path.  

5.6.2.9 Case 9 

This is a special case when more than one unknown objects come in the path of 

the vehicle. The system goes away from its reference planned path to avoid the moving 

obstacle in its path. When the obstacle has passed away another moving object is sensed 

having the probability of collision with the vehicle. The system has to avoid collision 

with this object and goes further away from its reference path. In this way the system is 
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equally away from the reference path as from the target. So, at this point the algorithm re 

plan its reference path. The system then follows this path towards its target. 

 

Figure 5.24 Path followed by the mobile robot in case of moving objects 

5.7 Results Showing Kinematics Constraints 

The system is a three wheel mobile robot having the two rear wheels as driving wheels 

and the front steering wheel. The maximum velocity and acceleration which this robot 

can attain is 40 cm/s and 20cm/s
2
 respectively with a maximum turning angle of about 

40
◦
. 
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5.7.1 Case 1 

In this case the robot has to move from a starting position q1 (200 cm, 200 cm) to 

a target position q2 (300 cm, 410 cm) through obstacles as shown in the Figure 5.25. The 

robot follows direct transfer from its starting configuration. After passing through the 

obstacle it needs to turn a curve having radius greater than its allowable radius of 

curvature. Therefore, it performs a backwards movement at this location.  

 

Figure 5.25 Movement of robot is shown among obstacle. When a configuration can’t 

reach by direct or indirect movement, it is reached by reverse movement. 

5.7.2 Case 2 

In this case the robot has to transfer from its initial configuration to its final 

configuration which is parallel to its initial configuration. The location of its initial and 

final configurations are q1 (100cm, 100 cm) and q2 (200 cm, 100 cm) respectively. 
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Figure 5.26 Movement of robot between two parallel configurations 

 

5.8 Summary 

In this chapter a new approach has been implemented for the mobile robot motion 

planning. In this approach we have combined the path following technique with the fuzzy 

background dependent behavior inflection for the wheel mobile robot. In certain 

situations when the force of attraction produced by the target becomes equal to the force 

of repulsion produced by the obstacle, the robot stuck in the environment. This is local 

minimum problem produced in certain specific situation. The proposed technique 

removes the problem of local minima produced in the existing path following methods. 

Planned and immediate types of approaches have been implemented for global and local 

motion planning.  



 146 

The planned approaches are formed by using the a priori knowledge of the 

environment, where as the immediate approaches are incorporated by using the sensory 

data of the obstacles. This approach also incorporates the Path following scheme for 

integrating the obstacle avoidance for global motion planning. Fuzzy rules have been 

used for generating the weights during navigation. The developed technique employs the 

fuzzy situation dependent unification of the schemes by using sensory data. The 

conventional approaches normally trap in local minimum. Some techniques involve large 

number of integration to solve the problem of local minimum.   The technique presented 

in this research produces better performance. 

Various results have been presented in this chapter. The mobile robot has to move 

from certain starting configuration to the given final configuration in its workspace. 

Various obstacles have been considered in the path of mobile robot. These obstacles 

include static and dynamic obstacles. It has been observed that mobile robot successfully 

achieve its target of reaching its target position.  

Global path has been formulated between the initial and final position of mobile 

robot which is the concatenation of different path segments including straight and curved 

path segments. The kinematics constraints of mobile robot have been considered. The 

robot travels its path in three different path transfers, that is direct, indirect and reversal 

maneuvers due to its constraint of the minimum turning radius.  

Results also show the detection and avoidance of moving obstacle in the 

environment of mobile robot. When an obstacle enters in the sensing range of mobile 
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robot the developed algorithm detects the possible collision of obstacle with robot. and if 

it detects a collision then reactive behavior is incorporated to avoid the possible collision 

and its path is updated. The results show the developed algorithm is also very useful for 

non holonomic robot and avoiding obstacle moving with time variant velocities. 
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Chapter 6 

CONCLUSIONS AND FUTURE WORK 

6.1 Conclusions 

In this dissertation a technique is developed for detection and avoidance of static 

and dynamic obstacles in the environment of nonholonomic mobile robot. During 

execution of a planned path by mobile robot unknown obstacle can appear and the 

planned path can no longer remain valid. The path should be modified to ensure collision 

free motion to achieve its target successfully. 

• Initially the inverse kinematics model of mobile robot was used for calculating the 

appropriate wheels displacements and motion profile to reach the target position.  

• Based on the available information of the surrounding environment of mobile robot 

a feasible path was calculated. For this purpose intermediated configuration known 

as sub-goals are assigned and segmented path consisting of straight and curved 

paths are formulated between these sub-goals. 

• Path planner formulates a feasible global path by combining the segmented paths 

considering the nonholonomic and boundary constraints. The trajectory planner 
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converts path generated by the path planner into a time based trajectory. 

• During execution of trajectory by mobile robot when the on board sensors detect 

unknown obstacles the task manager shifts from global path planner to local path 

planner.  

• For smooth collision free trajectory an algorithm has been developed for detection 

and avoidance of possible collision of unknown obstacle with mobile robot. 

• Local path planner plans modifies the global path and formulate an updated path to 

avoid possible collision with obstacle detected by the algorithm. 

• The proposed algorithm also considers the changes in velocity of the obstacle. A 

technique has been proposed for determining the kinematics and dynamic 

constraints of a non holonomic three-wheeled mobile robot. The constraints are the 

formulation of acceptable velocity and acceleration for the system. By selecting the 

appropriate values for the wheels velocity and acceleration the required orientation 

is obtained.  

• Results have been obtained and presented in this research for the validation of the 

proposed developed algorithm. Different cases have been studied for different 

obstacles. Fixed obstacles are static in the environment of mobile robot. Dynamic 

obstacles are also categorized in two types, those obstacles moving with known 

uniform velocity and the obstacle whose velocity is not uniform. These results show 

that the algorithm is very effective. The robot follows the desired path and if there 
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are obstacles in its path, the algorithm alters the path of the robot from its desired 

path and a local path is planned.  

6.2 Future Recommendations 

The research work presented here has given the ideas of extension of the present 

work. It is planned to extend this work further in future. The models developed in this 

research are specific to the robot described here. The kinematics and dynamic models are 

required to be simulated and should be validated. 

It is planned that the system will have a manipulator placed on the mobile 

platform. It will be used for porting things between two points in hazardous environment. 

The experience gained in developing the path planning and navigation algorithm here 

will be very helpful for that system. In this system ultrasonic range sensors has been used 

for collecting data of the environment. CCD cameras will be used in the future work. 

Visual system is to be implemented for the problem of navigation. 

The algorithm developed here has limitations. For example, if there are two 

intelligent obstacles. They are working collectively to block the path then the developed 

algorithm fails to avoid collision. This problem is to be considered in the future research.  
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