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Abstract 

Graph theory has vast applications in every aspect of science particularly in chemistry. It is 

used to find the precise solutions of the problems and also to discuss the molecular 

compounds in the form of graphs. The graph of a chemical compound can be represented 

by a matrix, by a polynomial or by molecular descriptor. The graph polynomials, molecular 

descriptors and the sequences related to molecular descriptors for 2D-molecular graphs 

have numeral applications in chemical graph theory, mathematical chemistry, QSAR, 

QSPR researches and in quantum chemistry as well. In this dissertation counting 

polynomials have been constructed for different molecular graphs and also established the 

relations to analyze their topological indices. We discussed the Omega polynomial, Theta, 

PI and Sadhana polynomials for different 2D-molecular structures. The Omega polynomial 

of a graph        is denoted by       , and defined as        ∑          , 

where   is the length of the strip, and „      ‟ is the total number of strips having 

length  . The Sadhana polynomial is computed as,           ∑         |    |  where 

|    | is the size of the graph  . The Theta and PI polynomial of the graph   have the 

relations,        ∑          and        =∑          |    |    respectively. We 

computed the molecular descriptors i.e Omega (     , Theta (     , PI (      and 

Sadhana indices (      , based on counting polynomials for Benzenoid Coronene graph, 

Concealed non-Kekulean Benzenoid graph and Ring type Benzenoid graph, Pyrene 

Network and P-Type-Surface of Benzenoid network. By working on the Benzenoid 

Coronene graph, we generated the sequences for Omega, Theta, PI and Sadhana indices. 

Moreover, we introduced a novel a technique to construct Theta, PI, Sadhana polynomials 

and their related indices for 2D-planar graphs. We also extended the idea of P. E. John et.al 

and evolved Sadhana Index in-terms of Omega polynomial and Omega index and also, the 

PI index in-terms of Theta polynomial and Theta index for the first time. The Degree based 

molecular descriptors are based on the degree of vertices of a graph such as, the Randic 

index, the Geometric-arithmetic index           , the Atom-Bond connectivity 

index             and derived versions of these indices named, the fifth version of 

Geometric-arithmetic index       and the fourth version of Atom-Bond connectivity index 

       have been studied frequently for some molecular graphs are also the part of this 

work. The relations between     and    indices have been studied for complete graph in 



 
 

v 
 

the last section of chapter six. This work will provide the interesting information about the 

chemical graphs and will be a valuable contribution in the existing knowledge. 
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Preface 
 

Chemical graph theory or Molecular topology is a branch of Graph theory applied in the 

study of molecular structures represents an interdisciplinary science. It categorize the 

physical features involved in structure-property activity relationships and in quantum 

chemistry. Topological characterization of chemical structures allows the classification and 

modeling structures with desired properties. The counting polynomials show the partition 

of graphical structures such as, the Omega and Theta polynomials count the equidistance 

edges, whereas Sadhana and PI polynomials count non-equidistance edges. Also the 

numerical value called molecular descriptor (topological index), describe the properties of a 

graph. Polynomial based topological indices and degree based topological indices show the 

different properties of the graph. In this dissertation, we have studied important counting 

polynomials and their related topological indices for some nano structures of 2D-molecular 

graphs. We have also constructed precise and concise formulas for these chemical 

structures to compute the degree based topological indices for hexagonal boron nitride 

graph and carbon nanotube graphs.   

     The chapter one of this study consists early history of graph theory, chemical graph 

theory, development and applications of chemical graph theory, basic definitions related to 

graph and its properties such as, radius of graph, diameter of graphs, and eccentricity of 

vertex.  

Chapter two contains the background history and methodology adopted in this work. 

History of the previous work includes, the history of counting polynomials, polynomial 

based and degree based topological indices also the work that has been done on counting 

polynomials and related indices in last few years. It also includes the previous work done 

on degree based topological indices.  

      Chapter three, covers the Omega, Theta, Sadhana and PI polynomials for Benzenoid 

Coronene Molecular graph. These polynomials help the readers to discuss the properties of 

the molecular graph without referring to quantum chemistry. The sequences of the 

molecular descriptors for Omega, Theta, PI and, Sadhana indices have been generated for 

Benzenoid Coronene graph.  
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    Chapter four, of this work involves new results to compute PI and Sadhana indices in 

terms of Theta and Omega polynomials respectively. These results provide a direct method 

to compute Sadhana and PI indices without constructing their polynomials. 

 Chapter five comprises the new-fangled results which help the reader to construct Theta, 

Sadhana, PI polynomials and their related topological indices for planar graphs with the 

help of Omega polynomial only. The results obtained in this chapter have been verified by 

working on some Benzene networks, named Ring type network, Pyrene network and 

Benzene Ring embedded in the P-type-surface network. 

 Chapter six implicates some important degree-based topological indices, namely, atom-

bond connectivity index      , geometric-arithmetic index     . It also contains the 

closed formulae to compute the fourth version of the     index, the fifth version of    

index and Randic index, (       for the series of Concealed Non-Kekulean Benzenoid 

graph, Ring Type Benzenoid graph, Hexagonal Boron Nitride graph, Carbon Nanotube 

graph and for complete graph   . The discussions on the newly outcomes of the thesis have 

been given in chapter seven.  

These results are useful contribution to graph theory, quantum chemistry, QSPR, and 

QSAR researches. 
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Chapter 1 
 

Introduction to Graph Theory 
 

Graph-theoretical ideas start when Leonhard Euler worked on Seven Bridges of Konigsberg 

for the first time in 1730. This is an incredible question, is there a continuous walk that 

passes over the seven bridges of Konigsberg without missing a bridge? And if that kind of 

walk exits then, it would be a close walk. It was the binging of graph theory in the form of 

a puzzle and after this several puzzles had been solved considering graphs as a tool. In 

1936, Denes konig wrote a very famous book on graph theory “Theorie der endlichen und 

unendlichen Graphen” (Threlfall, 1936). Afterwards, Frank Haray   published another book 

of this sequel (Farbey Harary., 1966). This book revealed the interaction of graph theory 

with other fields of science and considered the best textbook of graph theory that enables 

mathematicians, chemists, electrical engineers and social scientists to share their 

knowledge. The graphs are very useful tools for describing the relationship between the 

elements, represented by edges and vertices. In general, every object that is connected by 

the vertices and forms networks among the vertices is termed as a graph. Several scientific 

problems can be solved with the help of graphs. Graphs are well known to be used in 

almost every field of science, e.g. physical networks, organic molecules, map colorings, 

signal-flow graphs, and web graphs, tracing mazes as well as tangible interactions 

occurring in social networks, ecosystems and in a flow of a computer programs, graphical 

modeling etc. The graphical modeling can be categories into different classes on the basis 

of their physical appearance, for illustration, in a chemical compound, there are more than 

one bond (edge) between two atoms (vertices) of the compound, an electrical circuit is a 

model in which the direction is denoted by an edge, or a computer program is also a 

connection of loops. Subsequently, in the light of the above discussion, graphs are the 

essential mathematical tool for every field of modern science. In fact, researchers of the 

modern era widely use graph theory to obtain the answers of their scientific problems, save 

time and reduce their efforts.  

The present study focuses on counting polynomials, polynomial based topological indices, 

sequences of topological indices, relations between topological indices and the degree-

based topological indices for 2D molecular structures. 
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1.1 Applications of Graph Theory  

Graph network models are used to analyze and design various structures in multiple areas 

of chemistry. These models include the study of atoms, bonds between the atoms, 

formation of molecules, structural properties of molecular compounds and many others. 

Graph theory is also used in ecosystem biology to indicate the habitat of a species in the 

vertex of the graph, whereas the edges denote immigration paths or movement from one 

habitat to the next. Implementations of graph theoretic concepts are commonly found in 

operation research, such as the traveling salesman problem, the shortest spanning tree in a 

weighted matrix, seeking an optimal worker match, and problem relating the shortest path 

between two points. It has also been used in explanation of transit networks, operation 

structures and game theory. The network activity is applied for the solution of large number 

of combination problems and the most common and important applications of networks are 

planning and scheduling of large complicated projects. The Project Evaluation Review 

Technique (PERT) and Critical Path Method (CPM) are the vital applications of 

networking activity. Graph theory has also occupied an essential place in Engineering, 

Economics, and computer and has strong applications in these areas. In computer games, 

the finite game diagrams are the uses of graph theory in which, the vertices represent the 

positions and the edges represent the movement.  

The involvement of graph theory in mathematics and other scientific disciplines can also be 

seen in the following applications; 

• The Cantor-Schroder-Bernstein Theorem  

• Fermat‟s (Little) Theorem  

• The Nelson-Schreyer Theorem  

• The SNP Assembly Problem  

• Computer Network Security  

• The Timetabling problem  

• Map Coloring and GSM Mobile Phone Networks  

• Knight‟s Tours  
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1.2 Chemical Graph Theory  

Chemical graph theory is a branch of mathematics which is an amalgamation of graph 

theory and Chemistry. It is used to model a molecular compound in order to know the 

physical properties of molecule. It is observed that the graph is used as a strong tool in the 

field of natural science, in particular, in chemistry to understand a molecular structure. In 

chemistry, the development of graph theory started in 17
th

 century when James Joseph 

Sylvester introduced the word‟ „graph‟ for the first time. At that time, the word graph was 

considered as a modern term in chemistry and it was used to describe the structure of a 

molecular compound. According to Sylvester, graphs are the suitable notion to understand 

the structural properties of a chemical compound. Since the graphs had already been used 

in other field of sciences and many researchers found the solutions of their problems by 

using graphs, therefore it was not easy for James Joseph Sylvester to make change in graph 

theory with respect to chemical point of view. Hence James Joseph Sylvester had to use the 

notations of graph theory for the graph of a chemical compound. Thus, the graph theory 

used in chemistry for the structure of a molecular compound is termed as, chemical graph 

theory. So the Chemical graph theory is a field of graph theory that deals with a chemical 

compound's structures which is known as a chemical graph. Chemical graph illustrates an 

appropriate structure for any chemical model. A chemical graph is an essential tool to 

understand different chemical objects such as molecule, crystal, polymers etc. In the graph 

of a chemical compound the atoms are referred to sites and edges are the connections 

between the sites. The sites may consist of atoms, ions, compounds, molecular pieces, and 

group of atoms etc. The relationships between the sites display the connection between 

bonded and unbonded interactions, as well as phases of elementary reaction. 

1.2.1 The Development of Chemical Graph Theory 

The frequently use of chemical graph theory was started during the middle of the 18th 

century. With the passage of time, the use of graph theory in chemistry expanded very 

quickly, the applications began to multiply so rapidly that the chemical graph theory 

separated in different fields to evolve into the collection of different specialisms. It is 

mentioned earlier that the advancement in chemical graph theory has not been particularly 

smooth. Indeed, it can be stated that the periods of great attention in this area have been 

almost entirely overlooked. The episodic nature of the interest by chemists had reflected to 

a large extent the themes of current chemical interest at the time. Thus, in the 1930‟s, many 



4 
 

 

chemists were involved in the synthesis of a whole range of new types of molecules, and so 

determining the number of possible structures which have theoretically some significance. 

It was during the 1930‟s that isomer enumeration studies had their glory days. Chemical 

bonding theory had become a topic of perennial interest, and the topological nature of 

simple bonding theory began to be realized only in the late 1950‟s. In modern years, 

chemical graph theory seems to have been very fashionable among chemist and 

mathematicians as well. 

 

1.2.2 Uses of Chemical Graph Theory  

The chemical structure of a compound can be studied effortlessly by using graph theory 

and it is used for numerous purposes almost in all the field of applied chemistry. In the 

present days the applications of graph theory to study the chemical structures in chemistry 

have reduced the work of chemists and help them to find the solutions of their problems. It 

was used in chemistry during 18th century for the first time. In the 18th century, the 

chemical ideas were integrated into Newtonian ideas, mainly those relating to the basic 

structure of compounds and the forces of the short distances between the particles. A 

Scottish chemist, William Cullen sketched the first chemical graph by using the principles 

of graph theory in 1758, and in his lectures, he described this graph as “affinity diagrams”  

for the depiction of forces existing among the couples of molecules which were 

experiencing in various chemical reactions. Inopportunely, affinity diagrams were only 

intended for his students to understand his lecture notes on chemistry and not published 

elsewhere. A British chemist, Black published the similar diagrams in 1759, and claimed to 

invent them falsely. Over the next few months „affinity diagrams‟ became popular in the 

textbooks of British chemistry. Reproductions of a surviving diagrams of William Cullen, 

are shown in Fig 1.1. 

 

Figure 1.1 First Chemical Graph 1 
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The illustration above is an example of the first chemical diagrams used by Cullen and 

Black in 1758 to describe the chemical relations. In these diagrams the supposed forces are 

expressed in terms of numbers or symbols between the pairs of substances and represented 

the magnitude of the gravitational force that existed between these substances, however 

these numbers or symbols had no actual bases and were used only for the imaginary forces 

acting between the substances. The Irish chemist William Higgins was influenced by the 

importance of affinity diagrams to describe the interactions between the atoms of the 

molecules and he used a series of Cullen‟s diagrams to depict a number of different 

individual molecules. In these diagrams, the symbol P always represents the nitrogen atoms 

while the letters 'e' denote the oxygen atoms. Like Cullen, Higgins also set the random 

numbers between the atoms. This must be made clear that, in contemporary science, the 

edges connecting the pair of atoms are not treated as chemical bonds. Just some three 

quarters of the century later, the theory of chemical bonds developed. Around the time of 

Higgins, the three-dimensional structures of atoms were still not known and so all of his 

diagrams are two-dimensional moreover, the atoms are represented in topologically 

inappropriate locations in these diagrams. However in spite of these evident drawbacks, the 

diagrams open the door for new comers and were quite remarkable at that time. 

 

1.3 Basic Definitions  
 

1.3.1 Graph  

The concept of graphs was presented by Sylvester for the first time in 1874.  Generally a 

graph is denoted by,             where,          , is nonempty finite set of vertices 

and          , is known as edge set. Each pair of vertices which are connected by a line 

is termed an edge of  . In a graph, | | equals the cardinality of the set  ( ), called order of 

the graph and denoted by |    |  while |E|, the cardinality of set E ( ) is the size of the 

graph and represented by |    |. A graph with V vertices and E edges is called a   (V, E) 

graph as shown in the figure below.   
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Figure 1.2: Graph2 

In the above figure a graph            is shown with, |    |    and |    |   . The 

vertex set,                  and edges set is                      . 

 

1.3.2 Pendent Vertex 

A vertex   of a graph   is pendent when it has only a single vertex in its neighborhood. 

Hence, a pendent vertex is a single-degree vertex in a graph  , since that vertex has only 

one neighborhood. 

 

Figure 1.3 Pendent Vertices3 

The only neighborhood of vertices     are         respectively. So,         are the 

pendant vertices of the graph above. 

 

1.3.3 Degree of Vertex 

In a graph  , the total number of edges connected with a vertex   is termed as the degree of 

that vertex. The cumulative number of neighborhood vertices of a vertex   are always 

proportional to the vertex‟s degree.   
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Figure 1.4 Degree of Vertices4 

The neighborhood vertices of a vertex   are three so degree of vertex   is three. Similarly the 

degree of vertices                 are, 4, 2, 5, 3, 2, 2, 3, 2 respectively.  

 

1.3.4 Adjacent Vertices 

Two vertices   and   of a graph   are adjacent, whenever an edge connects them. In other 

words, if two vertices   and   create an edge between them then they are said to be 

adjacent. 

 

Figure 1.5 Adjacent Vertices5 

 

In the figure above, the vertex   adjacent to the vertices        , while vertex   is adjacent 

to        .  

 

1.3.5 Adjacent Edges 

 If a common vertex occurs with two or more distinct edges, then such edges are considered 

adjacent edges. It omits the angle between the sides as well as the length of the edge. 

 

Figure 1.6 Adjacent Edges6 
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The pair of edges       and       are adjacent. 

 

1.3.6 Loop and Multiple Edges 

 A loop is an edge connected to a vertex to itself, while in a graph             more than 

one edge between two vertices of the graph are named the multiple edges or parallel edges 

of the graph. 

 

Figure 1.7 Loop and Multiple Edges7 

It is clear from the figure 1.7 that the edge formed by vertex   to itself is a loop and there 

are two edges between         so called parallel edges. 

 

1.3.7 Walk 

A walk   is a sequence in which vertices and edges appear alternatively from one vertex to 

some other vertex of the graph. A walk in graph             is denoted by   and it is 

given as; 

  {                            } 

A walk „w‟ is considered as a path if no vertex appears more than once in it. 

 

Figure 1.8 Walk Graph 8 

Consider the figure 1.8 a walk is taken as                          .  
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1.3.8 Cycle 

A cycle is a non-empty, closed path from the first vertex to itself and except the beginning 

vertex, there is no repeated vertex in it. A directed, closed walk from the first vertex to the 

last vertex with no replicated vertex is named directional cycle. A graph that has no cycles 

is considered an acyclic graph, whereas a directed graph with no directed cycles is named a 

directed acyclic graph. 

 

 

 

Figure 1.9(a) Undirected Cycle9                       Figure 1.9(b) Directed Cycle10 

 

The graph in figure 1.9(a) has cycles but not directed cycle and figure 1.9(b) the cycle is a 

directed cycle from any vertex          . 

 

1.3.9 Hamiltonian Path 

 A Hamiltonian graph (also called the Hamilton path) is a path from one vertex to the other 

vertex of the graph which covers exactly one copy of the graph's vertex set. If a 

Hamiltonian path exists with adjacent endpoints, then the resulting graph is referred as a 

Hamiltonian cycle (or Hamiltonian cycle). 

 
Figure 1.10 Hamiltonian Path11 

The path,                   is Hamiltonian path.  
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1.6 Types of Graphs  
 

1.6.1 Regular and Irregular Graph 

A graph is regular if each graph vertex has the same number of edges attached to it, i.e., 

each vertex has the same degree or valence. A regularly directed graph must fulfill the high 

regularity requirement, that is to say, in degree and out degree vertices are equal. If each 

vertex has degree   then it is called a regular graph of degree  .  

 

         Figure 1.11(a) Irregular Graph12                           Figure 1.11(b) Regular Graph13 

 

1.6.2 Directed Graph 
 

A directed graph or digraph consists of a finite nonempty set   of points together with a 

collection of ordered pairs of distinct points       called edges. The elements of   are lines 

directed from one vertex to another vertex, mentioned in the figure below. 

 
Figure 1.12 Directed Graph14 

The direction between the vertices of the above graph are         . 
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1.6.3 Undirected Graph 

 In undirected graph            , the directions are not mentioned between the edges of 

the graph.  

 

 

Figure 1.13 Undirected Graph15 

 

1.6.4 Simple and Multiple Graph 
 

A graph             having no loop or parallel edges is called simple graph, whereas the 

multiple edges graph is known as multiple graph. 

 

 

 

Figure 1.14(a) Simple Graph16                                    Figure 1.14(b) Multiple Graph17 

Figure 1.14(a) has no parallel edge is a simple graph, and figure 1.14(b) is multiple graph.  

 

1.6.5 Tree Graph 

A tree graph is a mathematical construction which can be analyzed as both a graph and as a 

representation of the data structure. The both formations are equal, because a tree contains 

a set of elements and interactions between elements whereas data structure also has the 

identical properties. A tree is a set of edges and vertices containing no closed loops or 

cycles. Cayley studied trees for the first time in 1857 and McKay described a tree up to 18 

vertices whereas Royle continued tree up to 20 vertices. A tree has     edges, and   
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vertices. In comparison, a connected graph is a tree if it has   nodes and     edges. In the 

figure below, several trees with chemical compounds are given. 

 

 

 
Figure 1.15 Tree Graph18 

 

1.6.6 Connected Graph 

A graph in which every pair of vertices is connected by a path is considered as connected 

graph. It is always possible to travel through one vertex to another, so no vertex is isolated 

in connected graph. If a graph is not connected then it is disconnected graph congaing at 

least one isolated vertex. 

 

 
 

 
Figure 1.16 Connected Graph19 
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1.6.7 Complete Graph 

A complete graph with   nodes represents     edges associated with each vertex. A 

complete graph    is a triangle and    is a tetrahedron. The Császár polyhedron, a non-

convex polyhedron with the topology of a torus, has the complete graph    as its skeleton. 

 

 
 

Figure 1.17 Complete Graph20 

The graph displayed in figure 1.17 is complete graph, since each vertex of the graph creates 

an edge with every other vertex. 

 

1.6.8 Complete Bipartite Graph 

A complete bipartite graph is a graph whose vertices can be partitioned into two 

subsets    and    such that no edge has both endpoints in the same set, and every possible 

edge that could connect vertices in different subsets is the part of the graph.  

The notation every two used for bipartite graph is              in which 

vertices    ∈     and    ∈  , and      is an edge in G. A complete bipartite graph with 

partitions of size |  |    and |  |   , is denoted by Km,n and every two bipartite graphs 

with the same notation are isomorphic. 

 
 

Figure 1.18 complete bipartite graph21 
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1.6.9 Complementary Graph 
 

Let   and   be the same vertex set graphs and if there are two neighboring vertices in H 

then they are not neighboring in  . To generate the complement of a graph, produce all the 

missing edges to form a complete graph, and removes all the edges that were previously 

there. In other words, let   be a graph, then complement of a graph   is a graph   having 

same vertex set but the edge set different from  . 

 

 

 

 

 

 

Figure 1.19 Complementary Graph 22 

In the figure above, the graph   is the complement of  . 

 

1.6.10 Labeled Graph 

A labeled graph         is a finite series of graph vertices   and the set of edges E. The 

assigning of the numbers to the vertices is referred as the vertex labeling and graph is called 

vertex labeled graph and if this assignment is applied to the edges then it is termed as edge 

labeling and graph itself is edge labeled graph. 
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Figure 1.20 Labeled Graph23 
 

1.6.11 Rooted Graph 

 The topology of a graph can be extended by considering the multiple vertices or multiple 

edges as roots, such graphs are called the rooted graphs. In this context the graphs with 

several vertices are often named the vertex-rooted graph to differentiate them from edge-

rooted graphs. These graphs are also called multiple rooted graphs. 

 

 

  
 

Figure 1.21 Rooted Graph24 

 
The above graph is an example of rooted graph.  

 

1.6.12 Planar Graph 

It is a graph that can be entrenched in the plane, i.e., it can be drawn on the plane in such a 

way that its edges meat only at their vertices. In other words, in a planar graph, no edges 

overlap the other and this drawing is called a planar embedding of the graph. A plane graph 

can also be defined as a mapping from every node to a point on a plane and from every 
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edge of a plane curve on that plane such that the extreme points of each curve are the points 

mapped from its end nodes and all curves are disjoint except at their extreme points. 

 
 

Figure 1.22 Planar Graph25 

 

1.6.13 Chemical Graph 

A molecular graph or chemical model in chemical graph theory and in computational 

chemistry is a schematic representation of the structural composition of a chemical 

substance in graphic terms. A chemical graph is a labeled graph whose vertices represent 

the compound atoms, and the edges correspond to chemical bonds. 

 

 
Figure 1.23 Chemical Graph26 

The graph shown in figure 1.23 is a chemical graph that is the skeleton graph of two mono 

cycloalkanes      . 

 

1.6.14 Benzenoid Graph 

A benzenoid graph is a finite planar graph connected without cut vertices and in which each 

interior region is bounded by a regular hexagon of length one. If any triple of hexagons of 
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  has an empty intersection, a benzenoid graph   is catacondensed, otherwise it is 

precondensed. 

 

Figure 1.24 Benzenoid Graph27 

1.7 Sub Graph and Spanning Sub Graph 

A graph whose vertex set and edge set are the subsets of another graph. A graph   

        is a sub graph of the graph             

           

                  ∈            ∈       

Note: A sub-graph does not generally need to have all possible edges. If a sub-graph has 

every edge, then it is an induced sub-graph. 

 
Figure 1.25 Sub Graph28 

The graph   is the sub graph of graph  . 
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Let   be a graph, then a spanning sub graph of a graph   is a sub graph of   which 

includes every vertex of  . It is also called a factor of    In the figure given below the 

vertex set of the graphs   and   are same, but the edge set of graph   is the proper sub 

graph of the edge set of graph   then   is the spanning sub graph of  . 

 
Figure 1.26 Spanning Sub Graphs29 

1.8 Distance 
 

 In a graph G, the length of a path from a vertex   to a vertex   is defined as the number of 

edges from a vertex   to vertex  . The distance between two vertices in a graph   is the 

shortest path between the vertices and there can exist more than one shortest path between 

two vertices. The distance between two vertices   and   of a graph   is given by.  

        Minimum number of edges between     

In the graph given below, we determined the distance of the vertex   to every other vertex 

and mentioned in the table underneath. 

 
Figure 1.27 Simple Connected Graph30 
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1.8.1 Eccentricity and Radius 

 Let G be a graph and v be a vertex of G. Then the eccentricity of the vertex   is the 

maximum distance from v to any vertex of the graph. That is;  

                   ∈      . 

The radius of   is the minimum eccentricity among the vertices of G. Therefore; 

Radius                ∈      . 

The diameter of   is the maximum eccentricity among the vertices of G. Thus; 

Diameter     = max {e ( ),   ∈     }. 

The girth of a graph   is the length of a shortest cycle in  . 

The center of   is the set of all the vertices whose eccentricity equal to the radius. Hence,  

              ∈                      . 

 

Figure 1.1: Distance of vertex   from other veretices of the graph given in figure 1.27. 1 
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Chapter 2 
 

Historical Background and Methodology  
 

This analysis begins with the history and methodologies used to accomplish this work and 

covers the origins of counting polynomials, polynomial-based topological indices, degree-

based topological indices, as well as a short survey on counting polynomials and associated 

topological indices over the past decade.  

2.1 Partition of Graph   

D.Ž. Djokovic (Djokovic, 1973) pioneered the concept of co- distance edges and co- 

graphs, however, in the recent years, the idea of co-distance edges have been modified to 

edge cuts by John and fellows (John et al., 2007). The definition of the edge cut plays a 

leading role in the development of counting polynomials as well as polynomial-based 

indices. Some theories for counting polynomials are explained in detail. 

Let        be a simple connected planar graph with the vertex set         and edge 

set         and the two edges         and        of the graph   are said as co-

distance edges (briefly;      ) if there exist the relations,                    , for 

            and                       or vice versa. For some edges of a simple 

connected graph   the reflexive, symmetric and transitive properties are satisfied: 

            (1) 

                     (2) 

                             (3) 

But, the transitive property (3) is not always valid. 

Let the set            ∈                 , consists all the edges of   which are co-distant 

to the edge e and if all the members of the set      satisfy the relationships (1-3), then this 

set is named the orthogonal cut or simply “oc” of the graph  , similarly if the edge set of G 

is the union of disjoint orthogonal cuts such that,       = Ø for i   j, i, j =1, 2, … k, then 

G is called co-graph. We now assume that there is a plane demonstration F to the graph  . 

If S is the set of all the faces representing the graph  's inner regions, then each edge 

occurs in at most two S members, and suppose T is the set of edges outside the graph  . let 

e be an edge of   and if there is no edge    different from e such that e co    and {e,   } lie 



21 
 

 

in the same face of   then, we define H= {  } and   is an edge of  . There exists the edge 

   such that e co   . Continuing this process by    to construct the sequence e co   co   co 

… co  . If  ∈T then define H = {               } if not, there exists an edge   of   

different from   such that    co e and {e,  } lies in the same face of  . By this algorithm a 

sequence                             is constructed and this sequence is called a 

quasi-orthogonal cut or a     strip. It is stated above that „a     strip‟ is not necessarily 

transitive. It can be noticed that a qoc strip starts and ends either out of   or in the same 

beginning polygon (if   is a closed graph). Every "oc" strip is a qoc strip but the converse 

is not always true. For a connected planar bipartite graph G, suppose              are 

    strips, then we say that X = {             } is the edge partition of the graph  . To 

ensure this, we assume that   ∈   is an arbitrary edge of G and by using the similar 

argument as those given above, there exists a sequence ft 

                                      and there exists              such that 

{                 }  j. From this, we conclude that e ∈ Ej and so E             

  . To complete our claim, we must prove            for            . Suppose     

             ,                   and  ∈      . Then there are               

              such that            . But every edge appears at most in two members 

of S, so by using an inductive argument        . Therefore, X is a partition of E. 

2.2 Counting Polynomial  

In 1936, P. Polyo laid the concept of counting polynomials (Polyo, 1936) but unfortunately, 

at that time, this topic unable to gain due place in the main steam research topic of that era.  

However, from the last five decades, the counting polynomials and polynomial based 

topological indices (molecular descriptors) have received the attention from the researchers 

due to their significant role in graph theory, especially in chemical graph theory. Many 

scholars focused on counting polynomials and introduced several graph polynomials which 

we reviewed in this section. 

 

2.2.1 Z-Counting Polynomial and Z-index 

Haray Wiener was studying the boiling point of paraffin when he noticed the total bonds 

between carbon atoms (Edges). The number of bonds between the atoms of carbon is called 

the Wiener index (Wiener, 1947). In the theory of chemical graphs H Wiener 's idea was 
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extended by H. Hosyo and set the framework for counting polynomial by constructing Z-

Counting polynomial and Z-Index (Hosoya, 1971). The Z-Counting polynomial is given by 

the following relation; 

      ∑          
   . 

Where        is the number of Kekule structures for an unsaturated structure of a 

molecular graph and Z-Index (  ) is the value of the Z-Counting polynomial “       

at    .  

So, Z-Index takes the form; 

   ∑        
         . 

 

2.2.3 Independent Polynomial 

Ivan Gutman pioneered the definition of an independent polynomial for a graph   which 

counts the independent vertices of the graph  . Let    be the number of independent vertex 

set of cardinality   in a graph  , then the independent polynomial of a graph   is (Gutman 

et.al, 1983); 

       ∑    
     

   . 

Here      is the independence number.  

 

2.2.4 Sextet Polynomial 

H. Hosyo established the sextet polynomial for the cutting resonant rings from a benzenoid 

molecule (Hosoya, 1988). The sextet polynomial posed by H. Hosyo is;  

      ∑          
   . 

Here,        are the sextet patterns occur in a polyhex graph and can be obtained by 

replacing    in sextet polynomial by the following relation; 

       ∑        
   . 

 

2.2.5 PI Polynomial 

In the history of graph polynomials, A. R. Ashrafi and fellows introduced the    

polynomial for planar graph   that is constructed on the basis of the non-equidistance 

edges of a graph   (Ashrafi et al., 2006). 

Mathematical relation of    polynomial is generated as; 

        ∑              
 . 
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In this relation‟        is the total number of non- equidistance edges of the graph. Ali 

Raza Ashrafi proved that the Wiener polynomial, and    polynomial both have the same 

characteristics. 

 

2.2.6 Omega Polynomial 

The Omega polynomial is the counting polynomial, determined by Mircea.V Diudea. A 

variety of research papers on the omega polynomial, and Omega index have been published 

over the last few years. It is based on the edge cuts of the graph and interpreted as (Diudea, 

2006); 

       ∑         
 . 

Here „ ‟ is the length of quasi orthogonal cut and        is the total number of quasi 

orthogonal cuts.  

 

2.2.7 Theta Polynomial  

It has also been designed by Mircea. V. Diudea by applying the quasi orthogonal cuts of a 

graph   (Vizitiu & Diudea, 2008) and constructed as; 

       ∑           
 . 

Here,         and   have the same meanings as mentioned above.  

 

2.2.8 Sadhana Polynomial 

Ali Raza Ashrafi and co-authors defined the Sadhana polynomial in terms of quasi 

orthogonal cuts (Ashrafi et al., 2008). Many scholars worked on this polynomial due to the 

growing interest in counting polynomials, and published numerous papers on Sadhana 

polynomial. The mathematical form of Sadhana polynomial is; 

        ∑        |    |  
 . 

Here |    | is the size of the graph.  

2.3 Topological Index and Molecular Descriptors  

A molecular descriptor or topological index is a numerical value that is measured for a 

molecular graph of a chemical compound and indicates the characteristics of the 

compound. It was first introduced by H. Wiener in 1947, when he was working on the 
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boiling point of paraffin. He named this index as the path number and latter it is known as 

the Wiener index. After the introduction of the Wiener Index in the chemical graph theory, 

the researchers focused on topological indices and have introduced 400 topological indices 

so far. Topological indices have valuable applications in Quantitative structure–property 

relationship (QSPR) and Quantitative structure–activity relationship (QSAR) researches. 

Quantitative structure–activity relationship (QSAR) is the ultimate consequence of the 

procedure that starts with an appropriate description of molecular structures (chemical 

compound) and results with some conclusion, hypothesis, and prediction of the actions of 

molecules. The QSAR analysis is premised on the idea that the structure of a molecule 

comprises all the characteristics which are responsible for its chemical, physical and 

biological properties, and these characteristics should be present in one or more molecular 

descriptors. The scholars who worked more on the topological indices are, H. Wiener, H. 

Hosyo, Balban, I. Gutman, A. R Ashrafi, Muhammad Raza Farhani, M. V. Diudea, and P. 

V. Kidkhar etc.  

2.4 Polynomial Based Topological Indices 

Topological indices that are constructed on the basis of the graph polynomials termed as 

the polynomial based topological indices. Here we discussed the Omega, Sadhana, PI and 

Theta Indices for planar graph  . 

 

2.4.1 Omega Index 

It is argued that the Omega Polynomial was introduced by M.V. Diudea and he also 

defined Omega Index      that is the value of first derivative of Omega polynomial 

at    , (Diudea, 2006).  

       ∑         
 . 

The first derivative of Omega Polynomial is; 

        ∑             . 

Then Omega index is computed by substituting     in the above equation, that is;  

     ∑         . 

The        counts the total number of edges of the graph  . 
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2.4.2 Theta Index 

Like Omega index, the Theta Index is also contributed by M. V Diudea. Theta polynomial 

at    and Omega index have the same characteristics. The relation for theta polynomial 

is (Diudea, 2006); 

       ∑           
 . 

First derivative of Theta polynomial is; 

  (G, x) ∑               
 . 

By substituting     in the above equation, Diudea found the relation of Theta index as 

given below; 

     ∑         

 
 

= ∑         
 . 

 

2.4.3 PI Index 

A. R Ashrafi and the co-authors (Ashrafi et al., 2006) defined PI polynomial but, the PI 

index was calculated by Peter John and co-researchers. It is easy to measure the PI index 

with the support of PI polynomial (John et al., 2007). The mathematical relation of PI 

polynomials is; 

       ∑                
 . 

Differentiating the above relation, we attain;  

        ∑                         
 . 

By evaluating the above expression at    , the PI index takes the value; 

     ∑                   . 

 

2.4.4 Sadhana Index 

P.V. Khadikar and his co-workers generalized the concept of Ali Raza Ashrafi and 

established the relationship for the Sadhana Index through working on the Sadhana 

polynomial. The exponents in Sadhana polynomial represent the number of non-

equidistance edges for a graph   (Aziz et al., 2009). The Sadhana index for a graph G is 

defined by taking the first derivative of Sadhana polynomial; 

         
 

  
∑              
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 ∑                        
 . 

And Sadhana index is defined as; 

   
 
               . 

      ∑                . 

2.5 Relation between Polynomial Based Topological Indices 

Peter John along with his fellows (John et al., 2007) has found the relationship between the 

PI and the Sadhana Indices and presented the method for measuring the PI index by using 

Omega and Theta indices; 

      ,                    -
   

. 

P. E. John developed this relationship to estimate the PI Index without constructing PI 

polynomial moreover, in the same year, he has also provided a method for measuring the 

Cluj-Ilmenau Index             by using the Omega Polynomial. The relation for Cluj-

Ilmenau index in terms of omega polynomial at     is; 

       [       ]  [                ] . 

P.E. Johon also showed that the PI and Cluj indices had the same results for the bipartite 

graphs. 

           . 

 2.6 Recent Work on Counting Polynomial 

Ali Raza Ashrafi et.al, built the PI polynomials of ladder graph having 2n vertices, 

generalized Peterson graph, tree graphs and complete bipartite graph. They also discussed 

the PI polynomial, PI index, upper bond of PI index, degree of PI polynomial and fixed 

term of the PI polynomial for connected graphs (Ashrafi et al., 2008). The upper bond of PI 

index computed by A. R Ashrafi is; 

            . 

The equality holds if the graph is a tree or cycle of odd length. 

A.R.Ashrafi and the co-investigators (Ashrafi. et al., 2008) generated the Sadhana 

polynomial, and Sadhana index for v-Phenylenic and nanotori. The polynomial          
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and corresponding       of v-Phenylenic nanotubes consisting   vertical and   horizontal 

rings are respectively; 

         ∑  |    |   

          

   

   |   |     |    |           

   |    |          |    |          |    |  . 

                                      

M. V. Diudea established the counting polynomials for different families of graphs and  he 

also constructed the Omega polynomial of the 3D- infinite network (Diudea. et al., 2008).  

Along with his colleagues, Ali Raza Ashrafi published an article on counting polynomials 

for fullerene graph       . The two polynomials and the Sadhana Index of        is 

constructed in this article, which are given below (Ashrafi. et al., 2009); 

                                     . 

                                                       

        . 

                        . 

 

M. Ghorbani and Mohsen Jaddi intended the        and         for the leapfrog 

fullerenes              as under (Ghorbani & Jaddi, 2010); 

Case i. When 2 does not divides   

                
     

       
   
  (   

   
   )   

   
  

 ( 
   

   )      
   
 . 

Case ii. When 2 divides   

                
 
       

 
  ( 

   

   )   
   
        

 
      

 
  .  

The         of graph of leapfrog fullerenes        is; 

Case i. When 2 does not divides   

                | |  
   
    | |    

   
  (   

   
   )  | |  

   
  

 ( 
   

   )  | |     
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Case ii. When 2 divides   

                | |  
 
    | |    

 
  ( 

   
   )  | |  

   
  

 (  | |    
 
   | |    

 
 ). 

 

Modjtaba Ghorbani also found the graph polynomials for triangular benzenoid graph and 

Polyomino chains of 8– Cycles (Ghorbani & Ghazi, 2010). The counting polynomials 

established for triangular benzenoid graph having   triangles are; 

                      . 

           | |    | |      | |       . 

The graph of Polyomino chains of 8– Cycles has two distinct strips of lengths 2 and 3, thus 

the Omega and Sadhana polynomials for Polyomino chains of 8– Cycles are of the form; 

                        . 

                                 . 

 

Ghorbani‟s efforts in the field of chemical graph theory, particularly on counting 

polynomials and their topological indices unlocked the way for new researchers to deliver 

their innovative ideas regarding counting polynomials and their indices. He considered the 

molecular graph           Fullerenes having   number of vertices, and added Omega and 

Sadhana polynomial, and their related topological indices for           graph in the history 

of chemical graph theory (M. Ghorbani, 2010). The Omega and Sadhana polynomials for 

          Fullerenes         are given as, 

 (           )                           . 

  (           )                                       . 

 

Modjtaba Ghorbani organized a survey on Omega type polynomials for nano structures of 

molecular compounds. In this survey, he found the concept of Omega polynomial for 

product of bipartite graphs. Other molecular graphs mentioned in this survey are, molecular 

graph of nanocones, 2-dimensional graph of a TWHH [   ](R) nanotube, fullerene graph 

        , fullerene graphs      for    , fullerene graph          , Leapfrog graph, 

       for    , 2D graph of a nano star, the graph of a TUC4C8(R) nanotube, 



29 
 

 

TUC4C8(S) nano torus and included some other classes of fullerene graph (M. Ghorbani 

2011).  

Mircea V. Duidea and Beata Szefler considered the graph of poly benzene multi tori 

eclipsed isomers to design the Omega polynomial, and Omega index for this graph (Diudea 

& Szefler, 2012). 

                                                    

                                  

               . 

                    Total number of edges. 

 

Muhammad Raza Farhani (Mohammad Reza Farahani, 2007) evolved the relations to form 

PI polynomial, and  PI index for an Infinite family of linear polycene parallelogram 

benzenoid graph             ∈ [     ] and                         and 

the PI polynomial and PI index designed for the graph P (a, b) are given as; 

                                   

  ∑               

 

   

                  

                 . 

 (      )                   
 

 
               

    
  

 
   . 

The Omega polynomial was determined by Mahboubeh Saheli and others for two 

manifestations of the Crystal networks diu 15 and 15X (Saheli et.al, 2014). The Omega 

polynomial for Diu 15 and 15X network are respectively;  

                                              

                                     . 

                                            

         . 

Mahboubeh Saheli also introduced a relation to evaluate the number of atoms, the total 

number of bonds between the atoms and the culj value for the above mentioned two 

models. 
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The Omega polynomial for the hexagonal system  (    ) of Benzenoid Graph is given 

below (Mohammad R. Farahani & Vlad, 2014); 

Case i. When       

 (      )                ∑        
                 . 

Case ii. When       

 (      )                ∑          
               . 

Abdul Qadir big and co-authors put their contribution in the field of counting polynomials 

by analyzing the topology of the benzenoid carbon nanotubes and generated the Omega, 

Sadhana and PI polynomials for some Benzenoid structures (Baig et.al, 2015). The Omega, 

Sadhana and PI polynomials for circumcoronene series       ∈   are; 

       

  {               (         )

          (         )                 }  

                          (         ) 

                     …2+2k        }. 

         ∑        (∑       

   

   

)(  (   ∑          
   ))

   

   

 

                   ∑       

   

   

 

   ∑            
   . 

The Omega Polynomial for the Benzenoid Hexagonal parallelogram graph 

            ∈   constructed by A. Q. Baig is as follows; 

                               ∑         
       . 

                              ∑         
       . 

                                ∑       
       . 

Similarly the Sadhana polynomial is; 

                             ∑         
    

           ∑         
    

               ∑         
   ∑         

       . 
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                            ∑       
    

                ∑       
    

               ∑       
                           . 

 

                               ∑       
   

 
     

        ∑       
   

 

               ∑       
                             . 

And the PI polynomial has the form; 

                                         ∑         
    

                ∑         
    

  ∑         
                ∑         

       . 

                             ∑       
    

                      ∑       
    

   ∑       
                ∑       

            . 

 

                                                     ∑       
    

                ∑       
    

  ∑       
                ∑       

           . 

 

The four polynomials constructed for phenylene having   hexagons and five strips 

               with length                are as under (Mojarad et al., 2016); 

                 ∑      
   . 

                  ∑     
    

   . 

                     ∑           
   . 

                     ∑     
         

   . 

The omega and related polynomials for the hexagonal squeeze having   hexagons 

containing five strips                of lengths         , have been calculated as; 

                   ∑       
   . 

                   ∑            
   . 

                       ∑          
   . 
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                       ∑                 
   . 

 

Muhammad Imran and Sikandar Hayat contributed their research by working on certain 

polyomino chains of various shapes and derived the polynomial for these shapes (M. Imran 

and S. Hayat 2016). The graphical polynomials constructed by Imran et.al, for the graph of 

2-polyomino chain system   
  for         are;  

 (  
      )                              . 

  (  
      )                                   

            . 

  (  
      )                                     

            . 

Liang Yan and fellows created the relationship for PI and Sadhana Polynomials and their 

associated topological indices for Titania nanotubes                ∈   . The Sadhana 

polynomial and Sadhana Index for Titania nanotube graph are (Yan. et.al, 2016). 

                  ∈                                     . 

  (               ∈   )                    . 

Similarly, PI polynomial and PI index for Titania nanotubes are; 

                 ∈                              

                      . 

 (               ∈   )                            

         . 

Najmeh Soleimani considered the linear [n]-Tetracene structure to construct four 

polynomials. The Tetracene structure is the 4-ringed member of the series of acenes 

(Soleimani et.al, 2017) and has the following four counting polynomials; 

    [ ]                . 

    [ ]                   . 

     [ ]                       . 

    [ ]                          . 

And the Theta, Sadhana and PI indices for the linear [n]-Tetracene structure are computed 

as; 
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   [ ]            . 

    [ ]             . 

   [ ]              . 

In the same article Najmeh Soleimani et.al modelled, the Omega, theta, PI and Sadhan 

polynomials for V-Tetracenic nanotube G [p.q], consisting      vertices such that; 

   [   ]                   ∑       
                . 

            [   ]                       ∑         
    

                  . 

    [   ]                             ∑           

   

   

 

                     . 

   [   ]                                

  ∑             

   

   

         

                  . 

The relations for computing the related indices of V-Tetracenic nanotube  [   ] are; 

   [   ]                   
 

 
   

 

 
 . 

    [   ]                              . 

   [   ]                            
 

 
   

 

 
 . 
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2.7 Degree Based Topological Indices 
 

2.7.1 Randic Index 

Milan Randic published his article titled, “On characterization of molecular branching” in 

which he introduced a degree based topological index, named as Randic index (Randić, 

1975). 

The relation for Randic connectivity index is given as; 

     ∑
 

√    
  ∈    . 

Generalization of the Randic connectivity index is recognized as the general-product 

connectivity index and is computed as under; 

      ∑       
 

  ∈    . 

Here   is a real number and       are the degrees of vertices         respectively. 

In the recent years, new degree centered topological indices have been introduced on the 

basis of degrees of vertices and the mostly studied degree based topological indices are; 

1. Atom-Bond-Connectivity Index (         ) 

2. Geometric-Arithmetic Index  (        ) 

Here, we examined the historical background and the derived versions of these indices. 

 

2.7.2 Geometric-Arithmetic Index (        ) 

The basic definition of the geometric - arithmetic index was proposed by K.C das, which 

has the following form; 

       ∑
√           

 

 
           

    ∈    
. 

 

 Where       is the cumulative number of edges associated with the vertex   ∈      

and     ∈     . On the basis of         , the researchers introduced some other variants 

of         . Some of these variants are reviewed here. 

2.7.3 First Version of Geometric-Arithmetic Index  

By replacing the       by    (the degree of vertex  ) in general Geometric-arithmetic 

index   Vukičević introduced the first version of Geometric-arithmetic index (Vukičević & 

Furtula, 2009). 
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                    ∑
√     

 

 
       

    ∈    
. 

Here           are the degrees of vertices         respectively  

 

2.7.4 Second Version of Geomatric-Arithmatic Index 

The concept of closer vertices was given by K.C. Das and N. Trinajistic in 2010 and 

through this concept of closer vertices, Fath-Tabar created the following formula to 

calculate     index (F. Tabar et al., 2010); 

         ∑
√    
 

 
      

  ∈    
. 

Where,    is the set of all the number of vertices closer to vertex   than  , similarly    is 

the set of all the number of vertices closer to vertex   than   and given as;  

   [  ∈                      ]. 

   [  ∈                      ]. 

 

2.7.5 Third Version of Geometric-Arithmetic Index 

Let     ∈      be an edge in a graph   and   be any vertex of   then the distance of   

from   is defined as; 

                            . 

 

Let    be the set of all the edges whose distance from the vertex   to edge   is less then 

distance of a vertex   to edge  , and also    be the set of all the edges whose distance 

from the vertex   to edge   is less then distance of a vertex   to edge  , then; 

   [  ∈                      ]. 

   [  ∈                      ]. 

On the basis of these two sets the third version of Geometric-arithmetic index has the form 

(B. Zhou et al., 2010); 

         ∑
√    

 

 
       

  ∈    
. 

 

2.7.6 Fourth Version of Geometric-Arithmetic Index 

M. Ghorbani and A. Khaki presented a revised version     of    index, which based on 

the eccentricity of a vertex of the graph   (A Graovac et al., 2011). Let  ∈      then 
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eccentricity         is the largest distance of vertex   from any vertex   of  . Largest 

eccentricity is the diameter and minimum eccentricity is the radius of a graph  . 

Eccenticity of a vertex   is defined as; 

Let    ∈      then the eccenticity       of vertex   is; 

                     ∈           . 

On the basis of the eccentricity of a graph  , the fourth version of GA index is defined as; 

         ∑
 √    

       
  ∈    

. 

 

2.7.7 Fifth Version of Geometric-Arithmetic Index 
 

Ante Graov with co-authors introduced the fifth version of Geometric-arithmetic index, 

which is similar to       index (A Graovac et al., 2011) because both are constructed by 

using the degrees of vertices. 

         ∑
 √    

       
  ∈    

. 

Some other versions of GA index are linked with resolvent-based centrality matrix such as 

                                indices. 

2.8 Atom-Bond Connectivity Index       
 

 The Atom-Bond Connectivity Index       is one of the characterized topological index 

among the degree dependent topological indices and, that is correlated with the dynamic 

properties of a molecular graph. Many scholars have been working on this index from the 

last few years, providing the closed formulae for calculating the     index and derived 

variants of the index. 

 

2.8.1 General Atom-Bond Connectivity Index        

In 1975, Millan Randic introduced the basic concept of the Connectivity Index, which 

represents the molecular branching of a molecule. This feature of a molecular graph was 

not suffice to understand the details of a molecular compound. The justification of this 

Connectivity Index was given by Estrada and fellows who laid the groundwork for the 

construction of Atom-Bond Connectivity Index       (Estrada et.al, 1998). The general 

Atom-Bond Connectivity Index, defined by Estrada et al, is; 
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       ∑ √
       

       ∈    . 

Here,           are the degrees of vertices         respectively.  

 

2.8.2 Second Version of Atom-Bond Connectivity Index (    ) 

Following the useful contribution of the ABC index in 1998, Graovac and co-researchers 

developed the second version of the Atom-Bond Connectivity Index '    ' based on the 

total number of neighborhood vertices. (Ante Graovac & Ghorbani, 2010).  

          ∑ √
       

    
  ∈    

. 

Here           have the same meanings as defined in      .  

 

2.8.3 Third Version of Atom-Bond Connectivity Index (      

Muhammad Raza Farhani added the third version of Atom-Bond Connectivity Index 

(      in existing information; 

          ∑ √
       

    
  ∈    

. 

Here,    be the set of all the edges whose distance from the vertex   to edge   is less then 

distance of a vertex   to edge  , and also    be the set of all the edges whose distance 

from the vertex   to edge   is less then distance of a vertex   to edge   (Farhani, 2012). 

 

2.8.4 Fourth Version of Atom-Bond Connectivity Index (      

The fourth version of Atom-Bond Connectivity Index is defined according to the  sum of 

degrees of neighboring vertices of a graph G and is given as (Ghorbani & Hosseinzadeh, 

2010); 

  

          ∑ √
       

    
  ∈    

. 

 

Here           are the sum of degrees of neighboring vertices of         respectively. 
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2.8.5 Fifth Version of Atom-Bond Connectivity Index (      

The fifth version of Atom-Bond Connectivity Index has proposed on the basis of the 

eccentricity and computed by the following relation; 

          ∑ √
       

    
  ∈    

. 

Where,    is the eccentricity of vertex   in graph   (Çalimli, 2011).  

 

2.9 Recent Work on Degree Based Topological Indices 

In theoretical chemistry, topological indices based on the degree of vertices are of great 

importance. Scientists have now concentrated on topological indices depending on degrees 

and introduced the innovative concepts associated with those indices. Here, we have been 

reviewing some of the latest research on topological indices based on degrees. 

Yan Yuan determined the Geometric-Arithmetic index for the hydrocarbon graphic system 

with four as the highest degree of vertices. For number of vertices,     and number of 

edges „  such that         , he contributed the following bonds for GA index; 

  

  
  

 

  
        (  

 √ 

 
)  (  

 √ 

 
)  . 

 He also found the lower bond of    index for the molecular graph having degree of vertex 

one and four. In this work, Yan Yuan et.al have presented some results on bonds of    

index for molecular trees having distinct degree of vertices (Yuan. et.al, 2010). 

Kinkar ch, Das and Nenad Trinajstic held a distinction between the first geometric index 

and the connectivity index through focusing on chemical trees and certain molecular 

graphs. In this endeavor, Kinkar ch, Das and N. Trinajstic obtained the results for 

molecular graph and molecular trees as well as for general graphs. He verified that the 

geometric-arithmetic index is greater than the atom bond connection index if the disparity 

of maximum degree and minimum degree of vertices is less than or equal to three. He also 

provided an open question to evaluate such findings for trees and general graphs (Das & 

Trinajstić, 2010).  

The relationship between the second and third geometric-arithmetic indices for chemical 

trees and general trees was investigated by Boris Furtula and Ivan Gutman. They identified 

the conclusion that, the second geometric index and the third geometric index are linearly 
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co-related when the number of vertices and pendent vertices are fixed. These findings have 

made it possible to clarify the relationships between the geometric index and its versions. 

(Furtula & Gutman, 2011).  

Jinsong Chen and co-authors (Chen, Liu, & Guo, 2012) discussed the greatest           

for connected graph having   number of vertices and derived the interesting results on 

connectivity and     indices and stated the following theorems. 

 Let   be a graph containing   vertices such that the vertex connectivity index is not more 

than   (1      ) then; 

       
      

      
√      √

       

      
 

 
              

      
√     

         √
      

          
  

                                     

Equality hold                      

Lu Gan and his companions developed the     index for trees with a given degree 

sequence and proved that the     index has the lowest value for greedy tree among all the 

trees. He verified this result by giving the example of a greedy tree having (4, 4, 3, 3, 3, 3, 

3, 2, 2) as the degree sequence. He also determined the tree with a given degree sequence 

which has the highest     index. The illustration given to support his conclusion, the 

optimal tree was chosen which was defined by him in this article having following degree 

sequence (6, 5, 5, 5, 4, 4, 4, 4, 4, 4, 3, 2, 2), that revealed the maximum value of     index 

(Gan, Liu, & You, 2012). 

Jinsong Chen contributed the Atom-Bond Connectivity index of Zigzag chain polyomino 

graph and also determined the sharp upper bond for the atom-bond connectivity index of 

catacondensed polyomino graph consisting "h" squares  (Chen, Liu, & Li, 2013). The 

    index for Zigzag polyomino graph    having    squares is; 

         √                                                                     

         √  
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        √            
√ 

 
 

√  

 
                     . 

 
For certain graphs such as fan graph, wheel graph, gear fan graph, gear wheel graph and 

their corresponding r-corona molecular graphs, Wenfei Xi and Wei Gao (Xi & Gao, 2014) 

developed the geometric arithmetical index and Zagreb indices. In the same year Ling ping 

Zhong Qing Cui, a Chines mathematician studied the relationship between atom-bond 

connectivity index and first geometric arithmetic index for simply connected graphs with 

three or greater than three vertices. In this work Lingping Zhong Qing Cui also proved the 

result of Das and Trinajstic given in 2010 (Zhong & Cui, 2015) that is; 

For a simply connected graph   with vertices     and minimum degree of vertex     

and maximum degree     and                   and       Then. 

√    

 
             

The equality holds iff    is a regular graph of degree  . 

He has also introduced the result in which, he proved that for simply connected graph   

with vertices     if   
  √      

 
 then 

             

G. Sridhara estimated the     index, fourth version of     index, Randic index and fifth 

version of geometric arithmetic index (   ) for Graphene structure (Sridhara, Rajesh 

Kanna, & Indumathi, 2015).  

The     index computed by G. Sridhara of Graphene structure having   rows of hexagonal 

rings, and   rings in each row is; 

       
(    √ )      √  

 √ 
                            

         
(    √ )  (   √ )   √     √ 

 √ 
                           . 

The fourth version of atom bond connectivity index for grapheme is calculated as under; 

          
 √ 

 
               . 

                                                    . 

                                                       

                                                                          . 

The value of the Randic connectivity index for grapheme structure is as below; 
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(   √ )      √  

 
                      . 

     
(   √ )   (  √ )           √  

 
                             . 

And the geometric arithmetic index of hexagonal structure of grapheme is; 

      
(   √ )  (    √ )

 
                                                   . 

       
( √    )        √        √  

 
                            . 

The Atom bond connectivity index for 2D-carbon Nano cones (  [ ]) with   sided cyclic 

graph as inner cycle and hexagonal faces graph surrounded the inner cyclic consisting   

number of layers with     and    , was computed by E. Aslan and evaluated as 

(Aslan, 2015).  

         [ ]    
       √ 

  
   

√  

 
        √

  

  
 

   

 
      . 

Mohammed. A and others (Mohammed et al., 2016) have built the general method for 

determining the atomic bond connectivity index for the molecular structure of cyclo alkyne 

and alkyne structure. The relation to estimate the Atom bond Connectivity index of 

Alkynes (       ) and cyclo alkynes (    ) are; 

             
 

√ 
 

√      

 
 

√       

 
           

          
 

√ 
. 

Wei Gao computed the    ,     ,   ,     and    indices (general Randic index) for the 

molecular structure of copper dioxide  consisting   columns and   number of octangons in 

each row (Gao et al., 2017). The          of copper oxide when       are of the form; 

         . √  
 √  

 
/  . √  

 √  

 
/  .√  

 √  

 
/   

 ( √  
 √  

 
). 

 

        .
 √ 

 
 

  √ 

 
/  .  

 √ 

 
 

  √ 

 
 

 √ 

 
/   
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 (
 √ 

 
 

  √ 

 
)   ( 

 √ 

 
   

  √ 

 
 

 √ 

 
). 

Similarly the general Randic index is; 

 

                                                    

        
 

 
                                          

 

        .
 √   √ 

 √ 
/  .

 √   √   

√ 
/  .

√  √ 

 √ 
/   

 (
 √   √   √   

 √ 
)                                                       

 

 
 . 

 

        ( √   √ )  ( √   √   √   )  

 ( √   √ )    √   √     √             
 

 
 . 

The fifth version of geometric arithmetic index for             is; 

 

           . 
√  

 
 

 √  

  
  /  .  

 √ 

 
 

√  

 
 

  √  

  
/  

 (
√  

 
 

 √  

  
)   (

  √ 

 
    

  √  

  
 

 √ 

 
 

√  

 
). 

In the same way, the relation to evaluate the fourth version of atom bond connectivity index 

for             is given below; 

            . 
√   

  
 

 

√ 
 √  /  .

 √ 

 
 

√ 

 
 

√   

  
 

 

√ 
/  

 (
√   

  
 

 

√ 
)   (

 √ 

 
 

 

√ 
 

  

√ 
 

 √  

 
 

 √  

 
 

 √  

 
 

√   

  
). 

2.10 Statement of the problem 

 Here are the list of some open problems.  

1. Although, there exist many techniques to compute topological indices but the 

generation of the sequences to compute the Omega, Theta, PI and Sadhana indices for 

Benzenoid Coronene graph has not been discussed yet.  

2. A generalized method for computing the PI index in terms of Theta polynomial, as well 

as the Sadhana index in terms of Omega polynomial and Omega index has not been 

defined so far.   
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3. In the chemical graph theory, the counting polynomials are constructed separately for a 

graph. However, a generalized relationship to construct these polynomials and their 

related indices by a single polynomial for 2D planar graphs still has not been designed. 

4. The Closed formulae for the computation of the Geometric-arithmetic indices and the 

Atom bond connectivity indices for the Hexagonal Boron Nitride graph, Carbon 

Nanotubes, Concealed Non-Kekulean Benzenoid Network and for the Ring Form 

Benzenoid Network have not been discussed up till now.  

5. The Randic index for Concealed Non-Kekulean Benzenoid Network and Ring Type 

Benzenoid Network also not been computed.  

6. The general relationships between Geometric-arithmetic and Atom bond connectivity 

indices for complete graph is still unexplained. 
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Chapter 3 
 

Sequences of Molecular Descriptors Related to Some Counting 

Polynomials of a Benzenoid Graph 
 

In this chapter, we introduce a novel concept of generating the sequences of 

molecular descriptors (topological indices) for Benzenoid Coronene graph. As a 

consequence of these generalized sequences, the molecular descriptors for the 

Benzenoid Coronene graph          can be calculated without further calculation at 

any level of the graph. In addition, we formulate the four counting polynomial, and 

their indices for Benzenoid Coronene graph. 

3.1 Benzenoid Coronene Graph  

Benzenoid graphs are geometric figures in shape and composed of congruent hexagons, 

which are arranged according to certain rules. The sides of the hexagon are called the edges 

and, the points, where two edges meet are called vertices. There are three different ways to 

generate a benzenoid structure. Ivan Gutman and Sven J Cyvin (Gutman & Cyvin, 1947) 

discussed the Benzenoid structure with detail in their book, “Introduction to the Theory of 

Benzenoid Hydrocarbons”. They defined that, the Benzenoid structures that oriented in 

such a way that they have peaks (vertices pointing upward) denoted by   , and valleys 

(vertices pointing downward) denoted by ⋁, where peaks and valleys are special vertices of 

degree two such that peaks lies above the neighboring vertices and valleys lies below the 

neighbors. We considered the Benzenoid Coronene graph          shown in the figure 3.1, 

which has three sets of rings denoted by      , and the size of Benzenoid Coronene graph 

         is 3         .  

 

Figure 3.1 Benzenoid Graph          (Coronene) 31 
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In above figure, the vertices that lies at the top of the graph are called peaks, whereas the 

vertices lies at the bottom of the graph are valleys in the graph.  

 

Figure 3.2 Benzenoid Coronene Graph        , for            32 

Theorem 3.1: For Benzenoid Coronene graph         , the Omega and Theta polynomial for 

all α  ,    ,    , are: 

i.                                           . 

ii.          (                                       

        . 

Proof: Benzenoid graph, as shown in figure 3.1 has six strips (cuts) of different 

lengths                       . The length of these strips:                     are 

respectively. Total number of strips of type                      and the length of strips are 

given in table 3.1. 

 

Table 3.1 Qausi-Orthogonal Cuts and Number of Qausi-Orthogonal Cut of each Length1 

 

S. No Strips 

(c) 

Length 

of strip 

(c) 

Total number of 

strips of length c 

=(      ) 

1        1 

2        1 

3         1 

4           

5        

6        
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1. As Omega polynomials for a graph G (V, E) is defined as;  

       ∑              (3.1) 

 By substituting the values from table 3.1 in equation 3.1, we get the relation as under;  

                                                   . 

Hence the omega polynomial calculated from the strips of Benzenoid graph          is; 

                                      . 

We constructed the first four Omega polynomials for the Benzenoid Coronene graph  

         in the table given below; 

 Table 3.2 First Five Omega Polynomials for Benzenoid Coronene Graph          2 

S. No              

1 3 2 1                      

2 4 3 2                      

3 5 4 3                      

4 6 5 4                      

5 7 6 5                       

 

2. The relation to construct the theta polynomial is as; 

        ∑           .     (3.2) 

Now we use the values from table 3.1 in the above equation, and developed the Theta 

polynomials for          as; 

        (1)(                                   

                              . 

       (                                       

        . 

The first five Theta polynomials for Benzenoid Coronene graph           are given in table 

3.3. 
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Table 3.3 First Five Theta Polynomials for Benzenoid Coronene Graph          3 

S. No              

1 3 2 1                         

2 4 3 2                          

3 5 4 3                          

4 6 5 4                          

5 7 6 5                          
 

Theorem 3.2: Let         be the Benzenoid Coronene graph, then Sadhana and   

polynomials of Benzenoid graph          for all α  ,    ,     are,  

i.                                              

ii.                                             . 

iii.                                          

                                     

                          . 

Proof: Let                       be the six strips related to the Benznoid graph          and 

the lengths of the strips                      are                   respectively. 

The number of strips of length                  and   are 1, 1, 1,     , 2, and 2. 

The size of Benzenoid graph          shown in figure 3.1 is           . So by the 

definition of sadhana and    polynomials are,          =∑         |    |   and         

=∑          |    |  . By using the strips of Benzenoid graph         , the Sadhana and   

polynomials are; 

                                             

                                             . 

                                          

                                                  

             . 
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Table 3.4 First Five Sadhana Polynomials for Benzenoid Coronene Graph          4 

S. No. α             

1 3 2 1                            

2 4 3 2                            

3 5 4 3                            

4 6 5 4                            

5 7 6 5                             
 

Table 3.5, First Five PI Polynomials for Benzenoid Coronene Graph          5 

S. No. α            

1 3 2 1                               

2 4 3 2                                

3 5 4 3                                

4 6 5 4                                

5 7 6 5                                
 

3.2 Molecular Descriptors of          

The numerical value of the derivatives of these counting polynomials at    , evolve the 

interesting properties of the compound called the molecular descriptors (or topological 

indices) of the graph. The relations to calculate the molecular descriptors for Benzenoid 

Coronene graph are discussed underneath: 

 Omega Index 

As in theorem 3.1 the omega polynomial for Benzenoid Coronene graph is; 

                                      .   

Differentiating the above equation we get; 

 

  
        

 

  
                                 . 

                                              

   . 
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Evaluating the derivative of omega polynomial at x=1, we procured the required omega 

index as given below; 

                                           

 ∑ 

 

  

 |    | 

       

Table 3.6, First Five Omega Indices for Benzenoid Coronene Graph          1 

S. No            

1 3 2 1 27 

2 4 3 2 38 

3 5 4 3 49 

4 6 5 4 60 

 

 

Theta Index 

Since the theta polynomial for the graph of benzenoid given in theorem 3.1 is; 

         (                                       

        . 

Taking the derivative of the above equation, we obtained; 

 (      )

  
  

 

  
                               

                   . 

                                                  

                              . 

                                     . 

                ∑          . 
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Table 3.7, First Four Theta Indices for Benzenoid Coronene Graph          2 

S. No            

1 3 2 1 87 

2 4 3 2 140 

3 5 4 3 199 

4 6 5 4 264 

 

Sadhana Index 

On the basis of the strips, α  ,     ,    , the Sadhana polynomial constructed in 

theorem 3.2 is given as; 

                                             

                                               

        (3.3) 

Now, differentiate equation 3.3 with respect to  ; 

 (       )

  
 

 

  
                                      

                                              . 

                                 

                         

                          

                                

                           

                          . 

                                        

                                   

                              . 

                                           . 



51 
 

 

      ∑           . 

Table 3.8, First Four Sadhana Indices for Benzenoid Coronene Graph          3 

S. No α           

1 3 2 1 216 

2 4 3 2 380 

3 5 4 3 588 

4 6 5 4 840 

 

PI Index  

In theorem 3.2, the PI polynomial for benzenoid coronene graph is given as; 

                                         

                                     

                              (3.4). 

Differentiating equation 3.4 with respect to  ; 

 

 
       

  

  
                                  

                                     

                          . 

                                     

                              

                              

                                

                          

                         . 
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                            . 

 ∑        
 

 

Table 3.9, First Four PI Indices for Benzenoid Coronene Graph          4 

S. No α           

1 3 2 1 642 

2 4 3 2 1304 

3 5 4 3 2202 

4 6 5 4 3336 

 

3.3 Sequences for Molecular Descriptor  

The main objective of this chapter is to set up the sequences for computing the molecular 

descriptors of the Benzenoid Coronene graph. By using these sequences, we can calculate 

the omega, theta, Sadhana and PI descriptors without constructing related polynomials. 

This is an informal way to calculate these descriptors.  

Generalized sequences of polynomial based molecular descriptors in terms of   rings for 

the series of Benzenoid Coronene graph are as under; 

       (   )                (3.5) 

                                        (3.6) 

                                                             (3.7) 

                                                      (3.8) 

By using the above relations, we have calculated the following sequences for omega, theta, 

PI and Sadhana indices for Benzenoid Cronene graph; 
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Remark: The relation for Omega index and Theta polynomial without derivative at    , 

gives the same result. 
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Chapter 4 

 

A Generalized Method for Computing PI and Sadhana 

Indices 
 

The aim of this chapter is to construct a general relation for Sadhana and PI indices in 

terms of Omega and Theta indices respectively. In addition, we consider the series of 

Non-Kekulean Benzenoid graph as an example to verify the newly formulated results.  

4.1 Series of Concealed Non-Kekulean Benzenoid Graph 

The kekulean and non-kekulean structures in benzenoids have important properties with 

respect to chemical point of view. Mostly, it is known that benzenoids having different 

numbers of starred and unstarred vertices contains no kekulean structure. They have color 

excess and are referred to as non-kekulean benzenoids. Similarly, the benzenoid having 

equal number of starred and unstarred vertices necessarily possess kekulean structure. 

According to Gutman, the equality of starred and unstarred vertices is necessary and 

sufficient condition for a benzenoid structure to be Kekulean. However, it is not true, non-

Kekulean with equal number of starred and unstarred vertices were detected relatively 

early, and were letter referred to as concealed non-Kekulean  The total number of edges in 

the series of concealed non - Kekulean Benzenoid graph,     is       , where   is 

the number of connected edges in the middle of the graph. It has been demonstrated that 

there exist exactly eight systems of this category. If we eliminate the edge-cut, then the 

graph is decomposed into two parts and is baptized as non-Kekulean structure of Benzenoid 

graph.  
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Figure 4.1 Concealed Non - Kekulean Benzenoid Graph for    33 
 

 

Figure 4.2 Concealed Non - Kekulean Benzenoid Graph for    34 
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Figure 4.3, Concealed Non - Kekulean Benzenoid Graph for    35 

 

Theorem 4.1 The Omega polynomial for the Series of concealed non - Kekulean Benzenoid graph 

is; 

        ∑    

 

   

  ∑    

 

   

          

Proof: The concealed non - Kekulean Benzenoid graph       has six strips of different 

lengths, namely                        and the length of these strips:               

and 6. The number of strips of length                   are                    

repectively. 

Since, Omega polynomial is defined as,          =∑          . By using the length of 

strips and number of strips, we have constructed the omega polynomial of concealed non - 

Kekulean Benzenoid graph. 

            ∑    

 

   

  ∑    

 

   

          

From the above relation the omega polynomials for    , 2, 3, 4, 5 are given below. 

                                    for     

                                   for     
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                                for     

                                                      for     

                                                   for    . 

Theorem 4.2 The Theta polynomial for the series of concealed non-Kekulean Benzenoid graph is; 

             ∑           
     ∑           

             . 

Proof: Let                       be the six strips related to conceal non-Kekulean 

Benzenoid graph      . And the length of these strips are:               and    

respectively.The number of strips of length                   are                 

  . Then by the definition of theta polynomial,         =∑           . Hence the omega 

polynomial calculated from the strips of concealed non - Kekulean Benzenoid graph 

becomes; 

             ∑           
     ∑           

             . 

For    , 2, 3, 4, 5 the Theta polynomial constructed from the above equation are as 

under; 

                   . 

                          . 

                              . 

                              . 

                              . 

Theorem 4.3: The Sadhana polynomial for the series of Concealed Non-Kekulean 

Benzenoid graph is:  

                                                                   

Proof: In the series of concealed non-Kekulean Benzenoid graph, the total number of edges 

are |    |         and there are six strips of different lengths, namely                

and   . The lengths of these strips are              , and   respectively; and the 

number of strips of length                   are                   . So, by the 

definition of Sadhana polynomial,         =∑         |    |  . Sadhana polynomial 

constructed from the strips of concealed non-Kekulean Benzenoid graph is: 
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             . 

First five Sadhana polynomials for the series of concealed non-Kekulean Benzenoid graph 

are; 

                      . 

                            . 

                                 . 

                                . 

                                 . 

Theorem: 4.4 The   polynomial for the series of Concealed Non-Kekulean Benzenoid 

graph is:  

                                                              

                

Proof: The   Polynomial is define as,        =∑           |    |  . By using the strips 

of concealed non-Kekulean Benzenoid graph and the size of the graph, the π polynomial 

has become. 

                                                               

                

The first five PI polynomials for Benzenoid graph are; 

                      . 

                             . 

                                  . 

                                  . 

                                  . 
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4.2 Topological Indices for the Series of Concealed Non-

Kekulean Benzenoid Graph 

 

Topological indices for a graph G has been calculated by evaluating the first derivatives of 

counting polynomials at    .  At    , the value of the first derivative of Omega 

polynomial gives the total number of edges of the graph, where at     the Theta 

polynomials gives the same result. The relations for the topological indices related to these 

polynomials is as follows: 

             ∑     |    |        (4.1) 

             ∑                    (4.2) 

             ∑                          (4.3) 

{ ds       }
   

 ∑                         (4.4) 

Using the relation (1) and (2) John et al proposed the following formula to calculate the    

index in terms of Omega and Theta indices as under. 

                       ,                    -
   

.         (4.5) 

But in this thesis we have converted the John formula only in terms of theta polynomial and 

examined that the Omega index and the Theta polynomial at x=1 gives the same result, so 

relation (5) in terms of only Theta polynomial will be given as:  

           ,                   -
   

  

The Sadhana index          was defined by Khadikar et al in 2010 has the form. 

        ∑        |    |     . 

Where        is the number of strips of length    The Sadhana polynomial           was 

defined by Ashrafi and co-authors in 2008. But here, we have defined the Sd (G) in terms 

of Omega index, that is: 

                                . 
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Table 4.1 First Five Topological Indices for Concealed Non - Kekulean Benzenoid Graph1 

  Ω(                    

1 31 79 882 372 

2 48 178 2126 672 

3 65 287 3938 1040 

4 82 406 6318 1476 

5 99 535 9266 1980 

 

 

Table 4.2,       and Sd (G) Indices in Terms of Omega and Theta Indices2 

      
  [       ] 

         
   

 

 

     

 [      ]  

        
   

  

      
                       

    

1 882 882 372 

2 2126 2126 672 

3 3938 3938 1040 

4 6318 6318 1476 

5 9266 9266 1980 

In the above table, PI and Sadhana indices are computed directly without constructing PI 

and Sadhana polynomials. It is a generalized method to compute these indices for a graph. 
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Chapter 5 

A Novel Method to Construct Counting Polynomials and 

Related Indices 

 

In this study, a new concept evolved to construct the counting polynomials such as, 

Sadhana Theta and PI polynomials in terms of omega polynomial for a planar graph by 

introducing a star expression that is a building block to convert equidistance edges into 

non-equidistance edges. Furthermore, we have introduced new relations to calculate Theta, 

PI and Sadhana Indices by using Omega polynomial.  Also, we considered Ring typed 

Benzenoids Network, Pyrene network, P-type-Surface Network to verify all results.  

5.1 Main Results 

For 2D molecular graphs, the groundbreaking theorems for the creation of counting 

polynomials and related topological indices have been given below. 

Theorem 5.1: Let   be a planar graph and        be the Omega polynomial related to 

planar graph G, then; 

i. The Theta polynomial        is         . 

ii. The Sadhana polynomial          is              . 

iii. The PI polynomial         is                . 

Proof:  

i. Since Omega polynomial is defined as        ∑           then the first derivative 

        with respect to   gives; 

        ∑                 

Multiplying   on both sides, we have; 

         ∑                

Right hand side of the above equation is the Theta polynomial is defined by M. V. Diudea 

(2006). Hence theta polynomial for a planar graph   in terms of Omega polynomial is; 

                .                                 (5.1) 
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ii. Again, if we consider the Omega polynomial        ∑          . Suppose 

        ∑  |    |   
  is a Star (say) expression, where |    | is the size and   is the 

length of strips in a planar graph  . Multiply both sides of Omega polynomial by Star 

expression, we get; 

                      ∑         |    |  .    

Since the right hand side of the above relation is the Sadhana polynomial in terms of 

Omega polynomial of a planar graph  , and same as proposed by A. R. Ashrafi and co-

author (2008). Hence, Sadhana polynomial for a planar graph   became; 

                                (5.2) 

iii. Now, if we consider the relation (1), that is,           ∑            and 

multiply Star expression on both sides, we get the PI polynomial in terms of omega 

polynomial for a planar graph  . The PI polynomial introduced Ali Raza Ashrafi and co-

authors (2006) and right hand side of equation (5.3) are identical. 

                ∑          |    |  .    

Hence, PI polynomial in terms of Omega polynomial is; 

                      .                (5.3) 

So, in this way, the relations (5.1), (5.2) and (5.3) are the Theta, Sadhana and PI 

Polynomials in terms of Omega polynomial for a planar graph  . 

Theorem 5.2: Let        be Omega polynomial for 2D planar graph then, the Theta, 

Sadhana, and PI indices of the 2D graphs are; 

i.                             . 

ii.       {∑  |    |      |    |             ∑  |    |           }
   

. 

iii.      {∑  |    |        |    |            ∑  |    |              }
   

. 

i. In theorem 5.1, the theta polynomial is defined in terms of omega polynomial as 

underneath; 

               . 

 Differentiating the above equation with respect to  . 
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(        ). 

                          . 

                                    . 

The above relation is the value of theta index in terms of Omega polynomial. Hence; 

                            .    (5.4) 

ii. Consider the relation (5.2) of Sadhana polynomial from theorem 5.1; 

        ∑  |    |          . 

Taking the derivative of Sadhana polynomial on both sides; 

 

  
        

 

  
∑  |    |          . 

        =∑  |    |      |    |             ∑  |    |           .  

The value of the first derivative of Sadhana polynomial at     is the Sadhana index. So; 

              

{∑  |    |      |    |             

∑  |    |           }
   

. 

      

{∑  |    |      |    |             

∑  |    |           }
   

.                               (5.5) 

iii. The PI polynomial in terms of Omega polynomial given in equation (5.3) is; 

       ∑  |    |             . 

Differentiating the above equation with respect to  , we obtained; 

        ∑  |    |        |    |          
 

 

 ∑  |    |              . 

             

{∑  |    |        |    |            

∑  |    |              }
   

. 
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Hence the PI index is; 

     

{∑  |    |        |    |            

∑  |    |              }
   

.    (5.6) 

We used Omega Index and Omega polynomial to determine the Sadhana Index, but here a 

unique approach is given to evaluate the three indices Theta, PI and Sadhana using only 

Omega polynomial. 

5.2 Ring Type Benzenoid Graph (Rn)  
 

To illustrate the above theorem, we consider the Ring Type Benzenoid graph as shown in 

Figure 6.5. This graph has             number of edges where “n” is the number of 

rings from center to bottom or top. In Ring Type Benzenoid graph, the rings are attached in 

such a way that they form a ring type shape. Number of rings on each side of the graph are 

equal. Two graphs           of the series of Ring Type Benzenoid graph is shown in 

figures 5.1 and 5.2, below. 

 

Figure 5.1 Ring type Benzenoid Graph   36 
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Figure 5.2 Ring Type Benzenoid Graph   37 

 

Theorem 5.3: Let Rn be the Ring type Benzenoid graph, then Omega polynomial of Rn 

is; 

        ∑                               
   .  

Proof:  The Ring Type Benzenoid graph shown in figure 6.5 has n+1 number of strips of 

different lengths such that     strips have length                  and other 

two strips have lengths        and        respectively. The number of strips 

„      ‟ having length,                  are six for each strip and number of 

strips with length        and        are        and    repectively. 

Since Omega polynomial of a graph is defined as:  

        ∑          .  

Where „ ‟ is the length of strip. By substituting values in above relation and simplifying, 

we get the required Omega Polynomial for Ring Type Benzenoid graph as follows; 

        ∑                               
   . 
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Theorem 5.4: let        be the Omega Polynomial for the Ring Type Benzenoid Graph   

then, Theta, Sadhana, and PI polynomial of   are; 

i.         ∑                                      
   

                              .  

ii.           ∑                                     
   

                                    . 

iii.        

 ∑                                  
   

                                                         . 

Proof:  

i. As the Omega polynomial of Ring Type Benzenoid graph shown in figure 6.5 

is; 

        ∑                               
   . 

Then by using theorem 5.1,  

          ∑                                      
   

       . 

Hence theta polynomial for ring type benzenoid graph is; 

        ∑                                      
   

       . 

ii. We defined the Sadhana Polynomial in theorem 5.2 as under; 

        ∑  |    |          .    

Here |    | is the size of the graph. The size of the ring type benzenoid graph 

is |    |             . Using this value in equation 5.2, and simplifying, we 

get, 

          ∑                                     
   

              . 

iii. In theorem 5.1, PI polynomial is constructed as; 
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       ∑  |    |             .    

Substituting the value of |    |              in equation 5.3, and simplifying, we 

obtained PI polynomial for Ring Type Benzenoid graph as;  

       

 ∑                                  
   

                                   . 

Theorem 5.5:  Let        be the Omega polynomial for Rn then the relations for Theta, 

Sadhana and PI indices for Ring Type Benzenoid network are; 

i.        6∑                                 
   . 

ii.        ∑                                   
   

                                     . 

iii.        ∑                                   
   

                                                       . 

Proof:  

i. In theorem 5.2, the Theta index in terms of omega polynomial is given in 

equation (5.4). By substituting the first and second derivative of omega 

polynomial of Ring Type Benzenoid network in equation (5.4), we obtained the 

following relation for Theta index; 

      6∑                                 
   . 

 

ii. The equation (5.5) is the general relation for Sadhana index in terms of omega 

polynomial for planar graphs. By putting the omega polynomial for Ring Type 

Benzenoid network from theorem 5.4 and its derivative in equation (5.5), we 

achieved the required index. 

       ∑                                   
   

                   . 

iii. We derived a general equation of PI index for planar graphs in theorem 5.2, 

given in equation (5.6). 

The relation to evaluate PI index with the help of omega polynomial for Ring 

Type Benzenoid graph is of the form; 
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        ∑                                   
   

                                      . 

 

5.3 Pyrene Network PY (n) 

The Pyrene network PY (n) is a simple connected 2D-planar graph consists of hexagons. It 

is a benzenoid structure having          number of edges where “n” is the number of 

horizontal rings in the middle of the graph. In the figure below the Pyrene network graph, 

PY (4) has been shown.  

 

Figure 5.3 Pyrene Network, PY (4) 38 

The Pyrene network PY (n) has n types of edges. The length of co distance edges „c‟ and 

number of quasi orthogonal cuts of length „c‟ have been shown in the table given below.  

Table 5.1, Edge Partition of Pyrene Network PY (n) 1 

Types of edges Length of co distance 

edges „c‟ 

Number of „qoc‟ 

of length „c‟ 

            

     (       )       for (    
   ) 

2  for (    
   ) 
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Theorem 5.6: The Omega polynomial for Pyrene network PY (n)       is; 

                   ∑        
   . 

Proof:  The edge partition of the Pyrene network PY (n) has been shown in table 5.1. Since 

omega polynomial of a graph is defined as:  

        ∑          .  

Where „ ‟ is the length of strip and        is the number of cuts of length c. By 

substituting values from table in the above equation and simplifying, we get the required 

omega polynomial for Pyrene network as follows; 

                   ∑        
   . 

Theorem 5.7: Let        be the omega polynomial for Pyrene network PY(n), then, theta, 

Sadhana, and PI polynomial are; 

i.                         ∑             
   .  

ii.                           ∑               
   . 

iii.                              ∑                    
   . 

Proof:  

i. As omega polynomial of Pyrene Network PY(n)       is;; 

                   ∑        
   . 

The general equation for theta polynomial in term of omega polynomial is as given;  

               . 

We used the values from table 5.1 in the above equation to obtain         as under; 

                        ∑             
   . 

ii. By theorem 5.1,          |    |         .    

Here |    | is the size of the graph. The size of the Pyrene network, PY(n)     

 , |    |          . The star expression for Pyrene network is             , 

where c is as appeared in Omega polynomial. Using this value in equation        

 |    |         , and simplifying, we get, 
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                          ∑               
   . 

iii. The  PI polynomial is defined as (theorem 5.1);  

       ∑  |    |             .    

Substituting the value of |    |           in above equation and simplifying, we 

obtained PI polynomial for Pyrene network PY (n)       as;  

                             ∑                    
   . 

Theorem 5.8: Let        be the Omega polynomial for Pyrene network then, Theta, 

Sadhana, and PI indices for a Pyrene Network PY (n) 2D-planar graph are; 

i.                    ∑          
   . 

ii.                         ∑                
   . 

iii.                             ∑                     
   . 

Proof:  

i. In the last theorem, Theta polynomial for Pyrene Network is formed as; 

                        ∑             
   . 

The first derivative and its value at      is; 

                        ∑            
   . 

                           ∑          
   . 

Hence by the definition, the Theta index is; 

                   ∑          
   . 

ii. By using the definition of Sadhana index, we computed the following relation 

for      ; 

                                ∑                
   . 

                                                ∑                
   . 

iii. Similarly the PI index „    ‟ for the  PY (n) network is obtained by adopting 

the following steps; 

                                          ∑                    
   . 

                                  



71 
 

 

  ∑                     
   . 

                           

   ∑                      
   . 

5.4 P-Type-Surface of Benzene Network 

The graph   of Benzene Ring Embedded in the P-type-surface network is shown in figure 

5.4. The number of vertices in                network are 24mn among which 

          vertices are of degree 2 and            vertices are of degree 3. 

The size of P-type-surface network is „32        . 

 

Figure 5.4, Benzene Ring Embedded in the P-Type-Surface of 2D-Network39 

This graph has      types of edges regarding the types of strips contained in it. In the 

table given below, the length of the co-distance edges 'c' and the number of quasi 

orthogonal length cuts 'c.' have been shown. 
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Table 5.2, Edge Partition of Benzene Ring Embedded in the P-type-Surface of 2D-Network1 

Types of edges Length of co distance 

edges „c‟ 

number of „qoc‟ of length 

„c‟ 

   (     )      for (     ) 8  for (     ) 

      2  2    

      2    2    

      (2        )       for         4 

       4  2 

 

Theorem 5.9: The Omega polynomial of Benzene Ring Embedded in the P-type-surface of 

2D-network             is; 

        ∑     
                           ∑       

    

    . 

Proof:  The edge partition of benzene ring embedded in P-type-surface network     

       has been shown in table 5.2. As the Omega polynomial of a graph is defined 

as:  

                                  ∑          .  

Where „ ‟ is the length of strip and        is the number of cuts of length c. By 

substituting values from table 5.2 in the above relation and simplifying, we get the required 

omega polynomial for P-type-surface network as follows.  

         ∑     
                          

  ∑       
        . 

Theorem 5.10: let        be the omega polynomial of benzene ring embedded in the P-

type-surface in 2D-network             then, theta, Sadhana, and PI polynomial 

are; 

i.         ∑         
                  

                    ∑             
         . 

ii.           ∑                
                      

                                ∑              
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             . 

iii.         ∑                    
                          

                           

   ∑                     
                 . 

Proof:  

i. As omega polynomial of P-type-surface of benzene       is;; 

        ∑   

 

   

                        ∑     

 

   

 

     . 

Since in theorem 5.1, the Theta polynomial in term of omega polynomial is stated as.  

               . 

Hence the Theta polynomial is obtained by simplifying the above relation as under; 

        ∑       

 

   

               

                   

  ∑             
         . 

ii. By using theorem 5.1,          |    |             

Here |    | is the size of the graph. The size of the P-type-surface network is,     

 , |    |            . Using this value in equation          |    |         , 

and simplifying, we get, 

            ∑              

 

   

                   

                                               ∑              
    

             . 

iii. In theorem 5.1, PI polynomial is defined as,  

       ∑  |    |             . 
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Substituting the value of |    |             in above equation and simplifying, we 

obtained PI polynomial for the graph shown in figure 2,       as;  

        ∑                    
                         . 

                                     

   ∑                    
                 . 

Theorem 5.11: The Theta, Sadhana, and PI indices for benzene Ring Embedded in P-type-

surface of 2D-network are; 

i.       ∑       
                              

  ∑              
   . 

 

ii.        ∑                 
                       

                                  

  ∑               
   . 

 

iii.       ∑                     
                           

                          

  ∑                                    
   . 

Proof:  

i. The first derivative of Theta polynomial and its value at    , generating in 

theorem 5.10 is; 

         ∑          

 

   

                  

                     ∑            

 

   

 

          .  

 

              ∑      
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  ∑              
   . 

Hence the Theta index is; 

      ∑      
 

   
                           

  ∑             
 

   
 

. 

ii. The Sadhana index for benzene ring embedded in the P-type-surface is the value of 

the first derivative of Sadhana polynomial at     and given as; 

       ∑                
 

   
                    

                                  

  ∑               
   . 

iii. Similarly the relation for PI index is constructed as given below; 

 

       ∑                     
    

                        

                          

  ∑                                    
   . 

P. E. John et.al proposed the following formula to calculate the    index; 

     ,                    -
   

.  (5.7) 

In chapter four of this thesis, we have extended the John‟s idea and contributed a formula to 

compute PI index by using Theta polynomial only, that is; 

                                 (5.8) 

Moreover, we also introduced an efficient and novel technique to compute Sadhana index 

in terms of Omega polynomial as below.  

       =                             (5.9) 
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Table 5.3, Verification of Equations (5.8), (5,9) for Ring Type Benzenoid Network2 

n Ω(       

              

     

              

              

                          

    

2 54 222 2694 756 

3 156 1044 23292 4056 

4 312 2910 94434 11856 

5 522 6252 266232 26100 
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Chapter 6 
 

Degree Based Topological Indices for 2D Networks  
 

In first two sections this chapter, we constructed the closed formulae to compute    , 

       , and     indices of graphical structures of Boron Nitride Carbon Nanotubes, 

Ring type Benzenoid and Concealed-Non Kekulean graphs. In addition, we also formulated 

the Randic index for the Ring-type Benzenoid graph and the Concealed-Non Kekulean 

graph. Furthermore, we have established the relationship between Atom-Bond Connectivity 

Index and Geometric Arithmetic Index for Complete Graph. 

 

6.1 Topological Analysis of Carbon and Boron Nitride 

Nanotubes 
 

6.1.1 Hexagonal Boron Nitride Graph  

The hexagonal boron nitride graph      is a simple connected planner graph. The 

Hexagonal Boron Nitride graph is shown in figure 6.1, has same number of horizontal and 

vertical rings. If    is the number of horizontal rings, then the cumulative number of rings 

are „   . The order of the Graph ( | |  is       , and the size   | |  is,        

 . The Boron Nitride graph is    covalent structure that has two forms, the cubic and 

hexagonal forms. In this work, we used the hexagonal boron nitride graph. The melting 

point of boron nitride compound is below the pressure at,        ‟ which shows great 

thermal stability of   . In this structure, the boron and nitrogen atoms are linked 

alternatively to form hexagonal structure. In this network, equal number of boron and 

nitrogen atoms take part to form hexagons. The bond length between the atoms is, 0.145 

nm B-N-B angle, or N-B-N is     . The BN hexagonal structure is single layered and 

found in nanotubes. In this unit, we gave the closed formulae to evaluate the degree based 

topological indices of the hexagonal boron nitride graph. 
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Figure        , Hexagonal Boron Nitride graph40 

 

Figure 6.2,    , Hexagonal Noron Nitride graph41 

Theorem 6.1: For,     the     and            for hexagonal    network are; 

i.               (
 

√ 
 

 

 
)   

 

 
  √    . 

ii.            
 

 
( √   )  

 

 
(     √ )  

Proof: The Hexagonal Boron Nitride graph presented in figure 6.1, has three sorts of edges 

with regard to the degrees of vertices and given in table underneath: 

Table 6.1 Edge Parcel of BN Graph on the Premise of Degree of Vertices1 

(     ) Number of edges 

(2, 2) 6 

(2, 3)        

(3, 3)             
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i. The ABC index of a graph   is defined as; 

       ∑ √
       

      ∈    . 

Sustaining the values from the table 6.1, and simplifying, we obtained the following result: 

        √
 

 
       √

 

 
            √

 

 
. 

             (
 

√ 
 

 

 
)   

 

 
  √    . 

ii. The geometric-arithmetic index      is defined as: 

       ∑
 √    

     
  ∈    . 

By using the values from table 6.1 in above equation and simplifying the above 

expression, we have constructed the following result. 

        
√ 

 
       

√ 

 
            

√ 

 
. 

                             
 

 
( √   )  

 

 
      √  . 

Theorem 6.2: The      and             of    graph for,      are, 

i.             
 

 
   . √

  

  
  √

  

  
 

  

 
/    √

 

 
 

 √ 

 
  √

 

 
 

ii.                 √
  

  
  √

  

  
 

  

 
. 

iii.               (
  √  

  
 

 √ 

 
  )  (

  √  

  
 

 √  

 
 

 √ 

 
 

  √ 

 
 

                            ). 

Proof: The hexagonal boron nitride graph contains six types of edges based on sum of 

the degrees of neighborhood vertices. The partition of the edges based on the sum of 

degrees of the neighborhood vertices is shown in table given below: 
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Table 6.2, Edge Partition of BN Graph Based on Sum of the Degrees of Neighborhood Vertices2 

(     ) Number of edges 

(4, 5)   

(5, 5)   

(5, 7)   

(6, 7)        

(7, 9)        

(9, 9)             

 

i. The fourth version of ABC index is defined as 

            

(         ∑ √
       

    
  ∈    . 

Now by using the values from table 6.2, and simplifying, we have calculated      index of 

   graph, given below; 

            √
 

  
  √

 

  
  √

  

  
       √

  

  
       √

  

  
 

            √
  

  
. 

           
 

 
   ( √

  

  
  √

  

  
 

  

 
)    √

 

 
 

 √ 

 
  √

 

 
 

   √
  

  
  √

  

  
 

  

 
 . 

ii. The fifth version of geometry index is defined as; 

         ∑
 √    

     
  ∈    . 

We calculated     index of    graph by substituting the values from table 6.2. Easy 

simplification of the above expression provided the     index of Hexagonal Boron Nitride 

graph as follows. 

           
√  

 
  

√  

  
   

√  

  
        

√  

  
       

√  
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√  

  
. 

              (
  √  

  
 

 √ 

 
  )   

  √  

  
 

 √  

 
 

 √ 

 
 

  √ 

 
 

  . 

6.1.2 Graph of Carbon Nanotubes  

The carbon nanotube graph       is a simple connected planner graph shown in figure 

6.3. It has two sets of rings, in such a way that a set consists of   number of vertical rings, 

and same number of horizontal rings, whereas the other set contains,     vertical rings, 

and,   horizontal rings. The     graph has          number of vertices, and 

          edges. The Carbon nanotubes have much importance from the research, and 

application point of view. Most of the carbon nanotubes have diameter close to 1 nm but 

the length of bond between carbons-carbon atoms and angle between the atoms depend 

upon the structure of the carbon nanotubes. Here, we consider the    , (   ) 

rectangular section of the carbon nanotube graph for all    . 

 

 

Figure 6.3 Graph of carbon nanotubes 42 

 

Figure 6.4 Graph of carbon nanotubes with    43 

Theorem 6.3: For the Carbon Nanotube (CNT) graph for    , the                    

are;  
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i.              ( √  
  

 
)   √ . 

ii.             (
     √ 

 
)      

  √ 

 
 . 

Proof: The Carbon Nanotube       graph is shown in figure 6.3. There are three types of 

edges with respect to the degrees of vertices in     graph. The edge partition of     

graph on the basis of degrees of vertices is given in table below: 

Table 6.3 Edge Partition of     Graph on the Basis of Degree of Vertices3 

(     ) Number of 

edges 

(2, 2)      

(2, 3)      

(3, 3)        

 

i. The     index of a graph   is defined as; 

       ∑ √
       

      ∈    . 

By using the values from table 6.3 in the above relation, we obtained,     index of Carbon 

Nanotube graph as given below: 

               √
 

 
       √

 

 
         √

 

 
. 

             ( √  
  

 
)   √ . 

ii. The geometric-arithmetic index      for a graph   is; 

       ∑
 √    

       ∈    . 

By putting the values from table 6.3, and simplifying the expression, we obtained the 

required geometric-arithmetic index; 

             
√ 

 
        

√ 

 
          

√ 

 
. 

            (
     √ 

 
)      

  √ 

 
 . 
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Theorem 6.4: The      and             of carbon nanotube graph for     are;   

i.             
 

 
   .

 

 
√

 

 
 √

  

 
 

  √ 

  
  √

  

  
 √

  

 
 

  

 
/  

  
 

 
√

 

 
 √

  

 
 

√ 

 
  √

 

 
  √

  

  
  √

 

 
 √

  

 
 

  

 
 . 

ii.                 (
 √  

  
 

  √  

  
 

 √ 

 
 

  √ 

  
   )   

(
  √  

  
 

 √  

 
  

  √  

  
 

 √ 

 
 

  √ 

 
 

  √ 

  
  )  

Proof: For    , carbon nanotube graph has nine types of edges based on sum of the 

degrees of neighborhood. The distribution of edges based on sum of degrees of the 

neighborhood is shown in table given below: 

Table 6.4, Edge Partition of CNT Graph Based on Sum of the Degrees of Neighborhood Vertices. 4 

 

(     ) Number of 

edges 

(4, 5)   

(5, 5)  n 

(5, 7)   

(5, 8)        

(6, 7)         

(7, 9)      

(8, 8)        

(8, 9)        

(9, 9)           

 

i. The fourth version of     index has the equation below;           

          ∑ √
       

    
  ∈    

 

We have built the relation for      index for carbon nanotube graph by using the values 

from the table 6.4, as given; 
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             √
 

  
   √

 

  
  √

  

  
       √

  

  
        √

  

  
 

       √
  

  
       √

  

  
       √

  

  
 

            √
  

  
. 

            
 

 
   (

 

 
√
 

 
 √

  

 
 

  √ 

  
  √

  

  
 √

  

 
 

  

 
)  

  
 

 
√

 

 
 √

  

 
 

√ 

 
  √

 

 
  √

  

  
  √

 

 
 √

  

 
 

  

 
 . 

ii. The fifth version of geometry index is defined by Agraovac is; 

         ∑
 √    

     
  ∈    . 

We calculated the     index of, graph of carbon nanotube by substituting the values from 

table 6.4, and after easy simplification, the required index is   

               .
 √  

  
 

  √  

  
 

 √ 

 
 

  √ 

  
   /   

  
  √  

  
 

 √  

 
 

  √  

  
 

 √ 

 
 

  √ 

 
 

  √ 

  
   . 

 

Preposition 6.1: The        and               of carbon nanotube graph for     are;  

i.             
 

 
  √

 

 
  

√ 

 
 √

  

 
 √

  

 
 

  

 √  
. 

ii.              
  √ 

  
 

  √ 

 
 

 √ 

 
 

  √  

  
 √  . 

Proof: The carbon nanotube graph has eight types of edges based on sum of the degrees of 

neighborhood. The partition of the edges depending on the degrees of the neighborhood is 

shown in table given below; 
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Table 6.5, Edge Partition of CNT Graph on the Basis of Sum of the Degrees of Neighborhood Vertices 

for    5 

(     ) Number 

of edges 

(4, 5)   

(5, 5)   

(5, 7)   

(5, 8)   

(7, 9)   

(8, 8)   

(8, 9)   

(9, 9) 1 

i. As we know that the,        index is defined as         

          ∑ √
       

    
  ∈    

 

By means of the values from the table 6.5 in the above expression simplifying, we 

calculated the      index of carbon nanotube graph. 

            
 

 
  √

 

 
  

√ 

 
 √

  

 
 √

  

 
 

  

 √  
. 

ii. As, We know that; 

         ∑
 √    

     
  ∈    . 

We intended the     index of carbon nanotube graph by using the values from table 6.5 

and after easy procedure, our required index is.   

             
  √ 

  
 

  √ 

 
 

 √ 

 
 

  √  

  
 √  . 

6.2 Topological characterization of Benzenoid Series 

The most important among the degree based topological indices are; Atom-Bond 

Connectivity index      , and Geometric- Arithmetic index       These indices 

depict many chemical and physical attributes such as boiling point, strain energy 

and consistency of a chemical compound. In this section, we discussed 
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the    ,       ,   ,       and Randic indices for the series of ring type 

Benzenoid graph and concealed Non-Kekulean Benzenoid graph. The results 

obtained are of great interest and have useful applications in quantum mechanics. 

6.2.1 Series of Concealed Non-Kekulean Benzenoid Graph 

Due to the rings in the benzenoid form, the kekulean and non-kekulean structures of 

benzene are distinct. The specific attachment of the rings in the benzenoid system provides 

the transformation in the structures of the benzenoid graph and because of this change in 

the structure, the degrees of the vertices also change. In the Series of concealed non-

Kekulean Benzenoid graph there is a bridge to join two graphs for     and similarly for 

   , there are two edges involved as bridges and for     there are   bridges. Due the 

increment in the cut edges are more than previous graph, therefore the partitions of edges 

on the basis of degree of vertices will change also. On the other hand, the edge partition of 

the graph on the basis of the sum of the degrees of neighboring vertices is clearly different. 

So by continuing this theory, the Series of Concealed non-Kekulean Benzenoid graph has 

two types of vertices with respect to degree and three types of edges regarding to the 

degrees of neighboring vertices. The graph also has eight types of edges, based on the sum 

of the degrees of neighboring vertices and the total number of edges in the Series of 

concealed non - Kekulean Benzenoid graph, shown in chapter four are               

where   is the number of connected edges of the graph. It has been demonstrated that there 

exist exactly eight systems in this category. If we remove the edge-cut, which consists of 

the connected edges, the graph will then be decomposed into two parts. Such a 

configuration is called Benzenoid graph concealed non-Kekulean graph. 

 

Theorem 6.5: The atom-bond connectivity       index of concealed non-Kekulean 

Benzenoid graph   n   is *
  

 
  √ +     √   . 

Proof: For         respectively the concealed non-Kekulean Benzenoid has been shown 

in figure         and     and it can be clearly seen that there are three types of edges 

centered on the degrees of vertices.  
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Table 6.6, Edge Partition of Concealed Non-Kekulean Benzenoid Graph on the Basis of the Degree of 

Vertices1 

(     ) Number of edges 

(2, 2) 8 

(2, 3)        

(3, 3)       

 

The     index of a graph   is; 

       ∑ √
       

      ∈    . 

The graph's     index took the form below, using the values of table 6.6. 

         √
 

 
       √

 

 
        √

 

 
. 

        *
  

 
  √ +     √   . 

Theorem 6.6: The fourth version of the atom-bond connectivity index        of 

Concealed non-Kekulean Benzenoid graph is; 

.
 √ 

 
  √

  

  
 

  

 
/   

√
 

 

 
 

√  

 
 

 √ 

 
  √

 

 
  √

 

 
 

  

 
 , for n  . 

Proof: The concealed non-Kekulean Benzenoid graph has been classified into eight types 

of edges regarding the sum of the degrees of the neighborhood vertices. 
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Table 6.7 Edge Partition Concealed Non-Kekulean Benzenoid Graph on the Basis of the Sum of Degrees of 

the Neighboring Vertices2 

(     ) Number of edges 

(4, 5) 8 

(5, 7)   

(6, 7 )    

(6, 8)   

(7, 9)        

(8, 8)   

(8, 9)   

(9, 9)        

 

    The        index is computed by the relation; 

          ∑ √
       

    
  ∈    . 

By putting the values from the table 6.7, we have calculated the        index for 

concealed non-Kekulean Benzenoid graph. 

            √
 

  
  √

  

  
   √

  

  
  √

  

  
       √

  

  
  √

  

  
 

 √
  

  
         √

  

  
. 

           .
 √ 

 
  √

  

  
 

  

 
/   

√
 

 

 
 

√  

 
 

 √ 

 
  √

 

 
  √

 

 
 

  

 
 . 

Theorem 6.7: The geometric-arithmetic      index of concealed non-Kekulean Benzenoid 

graph for     is, 

        (   
 √ 

 
)     

  √ 

 
. 

Proof: In Concealed Non-Kekulean Benzenoid graph, there are three types of edges 

regarding the degrees of vertices, listed in table 6.6. 

The    is defined as; 
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       ∑
 √    

       ∈    . 

By using the values from table 6.6 in the above equation we get the required index as 

under; 

         
√ 

 
       

√ 

 
         

√ 

 
. 

       (   
 √ 

 
)     

  √ 

 
. 

Theorem 6.8: The fifth version of the geometric-arithmetic index       of concealed non-

Kekulean Benzenoid graph (   ) is; 

         (   
 √ 

 
 

 √  

  
)    

√  

 
 

 √ 

 
 

  √ 

 
   

√ 

 
   

√ 

  
 

  . 

Proof: The table 6.7 shows that the concealed non-Kekulean Benzenoid graph has eight 

types of edge based on the sum of the degrees of the neighboring vertices. The relation for 

    index is; 

         ∑
 √    

     
  ∈    . 

We evaluated the     index for concealed non-Kekulean Benzenoid graph by utilizing the 

values from table 6.7 in the above equation; 

            
√  

 
   

√  

  
  n

√  

  
  

√  

  
       

√  

  
  

√  

  
 

  
√  

  
          

√  

  
. 

We obtained the following result from the expression given above. 

          (   
 √ 

 
 

 √  

  
)    

√  

 
 

 √ 

 
 

  √ 

 
   

√ 

 
   

√ 

  
 

  . 

Proposition 6.2: For    , the      index and     index for concealed non-Kekulean 

Benzenoid graph are, 

i.               √
 

 
 

 √ 

 
  √

  

  
  √

 

 
  √  . 
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ii.           
  √ 

 
 

 √  

 
 

 √  

  
 

 √ 

 
  . 

Proof:  

i. For      the concealed non-Kekulean Benzenoid graph has six types of vertices 

centered on the neighborhood's degree number, and its edge partition is listed in 

table below: 

Table 6.8, Edge Partition of the Concealed Non-Kekulean Benzenoid Graph of Degree Sum of Neighborhood3 

(     ) Number of edges 

(4, 5) 8 

(5, 7)   

(6, 7 )   

(7, 7)   

(7, 9)   

 

The fourth version of the atom-bond connectivity index has the relation; 

          ∑ √
       

    
  ∈    . 

The      index is obtained by putting the values from table 6.8. 

            √
 

  
  √

  

  
  √

  

  
 √

  

  
  √

  

  
. 

Easy simplification of the above expression gives the following result: 

            √
 

 
 

 √ 

 
  √

  

  
  √

 

 
  √  . 

ii. The following description defines the fifth version of the geometric-arithmetic 

index; 

         ∑
 √    

     
  ∈    . 

We developed the required geometric- arithmetic index by placing the values from table 6.8 

in the above expression and simplified it. 
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√  

 
   

√  

  
  

√  

  
  

√  

  
   

√  

  
. 

          
  √ 

 
 

 √  

 
 

 √  

  
 

 √ 

 
  . 

6.2.2 Ring Type Benzenoid Graph (  ) 

A (finite) "benzenoid" has often been a collection of (a finite) number of fused regular 

hexagons to make a connected sub graph embedded in the planar honeycomb net, which 

has two types of vertices with degree two and three. On the basis of the degree of vertices, 

the series of ring type benzenoid graph contains three sets of edges while six sets on the 

basis of the sum of the degrees of neighboring vertices. In table 6.9 and 6.10, respectively, 

the cardinality of the edges based on degree of vertices and sum of degrees of neighboring 

vertices has been shown. The series of ring type benzenoid graph is revealed in the figure 

below.   

 
Figure 6.5, Series of Ring type Benzenoid Graph44 

Theorem 6.9: The atom-bond connectivity index (   ) of the ring type benzenoid graph, 

shown in figure 6.5 is, 

     ( √    )      √ ,  for    . 

Proof: The Benzenoid Ring Type graph consists of three types of edges concerning the 

degrees of the vertices shown in the table below: 

Table 6.9, Edge Partition of Ring Type Benzenoid Graph on the Basis of the Degree of Vertices. 4 

(     ) Number of edges 

(2, 2)    

(2, 3)         

(3, 3)             
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The     index of a graph is calculated by the formula given below; 

       ∑ √
       

      ∈    . 

Hence by using the values from table 6.9 in the above expression we acquired; 

          √
 

 
        √

 

 
              √

 

 
. 

After simplification, we obtain the following result 

             ( √    )      √ . 

Theorem 6.10:  For,    , the fourth version of  the atom-bond connectivity index 

       of ring type Benzenoid graph is; 

     ( 
  

 
   

√ 

 
 √    √

  

 
 

 

 
√
 

 
)  

  

 
 

  √ 

 
 √   

  √
  

 
 

 

 
√

 

 
  √

 

 
. 

Proof: Edges partition on the basis of the sum of degrees of the neighboring vertices is 

shown in table 6.10. 

 The ring type Benzenoid graph      has six types of edges on the basis of the sum of the 

degrees of neighborhood. 

Table 6.10, Edge Partition of Ring Type Benzenoid Graph on the Basis of the Sum of Degrees of the 

Neighboring Vertices5 

 

(     ) Number of edges 

(4, 5) 12 

(5, 5)        

(5, 8 )         

(8, 8)        

(8, 9)         

(9, 9)             
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          ∑ √
       

    
  ∈    . 

Now by using the values from the table 6.10, we have calculated the      index for Ring 

type Benzenoid graph as given below. 

             √
 

  
       √

 

  
        √

  

  
       √

  

  
 

        √
  

  
              √

  

  
. 

After simplifying the above expression, we attained the following result; 

                ( 
  

 
   

√ 

 
 √    √

  

 
 

 

 
√
 

 
)  

  

 
 

 
  √ 

 
 √    √

  

 
 

 

 
√

 

 
  √

 

 
. 

Theorem 6.11: The geometric-arithmetic      index of a Ring Type Benzenoid graph for, 

   , is; 

                              (
  √ 

 
   )   

      √ 

 
. 

Proof: There are three types of edges with respect to the degrees of vertices of the ring type 

Benzenoid graph. The edges partition of the ring type benzenoid graph depend on the 

degrees of vertices is given in table 6.9. 

The geometric-arithmetic index      has the form; 

       ∑
 √    

       ∈    . 

By using the values from table 6.9 in the above equation, we developed the required result. 

          
√ 

 
        

√ 

 
               

√ 

 
. 

            (
  √ 

 
   )   

      √ 

 
. 
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Theorem 6.12: The fifth version of the geometric-arithmetic index       of    graph is, 

     (
  √  

  
 

   √ 

  
   )   

  √  

  
 

  √ 

 
 

   √ 

  
   , for    . 

Proof: Table 6.10 displays that there are six type of edges based on the sum of the degrees 

of the adjacent vertices and as we know that     is; 

         ∑
 √    

     
  ∈    . 

We have calculated the     index from the values of table 6.10 in the above equation, as 

under; 

            
√  

 
        

√  

  
        

√  

  
        

√  

  
 

       
√  

  
               

√  

  
. 

               (
  √  

  
 

   √ 

  
   )   

  √  

  
 

  √ 

 
 

   √ 

  
   . 

Theorem 6.13: The Randic indices of Concealed non-Kekulean Benzenoid, and Ring type 

Benzenoid graphs are; 

. √
 

 
 

  

 
/     √

 

 
 , and      ( √    )   √    

respectively. 

Proof: The general equation of Randic index is ; 

       ∑
 

√      ∈    . 

The partition of edges on the basis degree of vertices for concealed non-Kekulean 

Benzenoid graph is given in table 6.6 and substituting the values from table in the above 

expression, we introduced the Randic index for concealed non-Kekulean Benzenoid graph 

as below. 

 
 

 

 

       
      

√ 
 

       

 
. 

 . √
 

 
 

  

 
/     √

 

 
. 

Similarly, edge partition of the ring type Benzenoid graph is listed in table 6.9, and by using 

these entries, we constructed the relation of Randic index for ring type Benzenoid graph; 
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√ 
 

       

√ 
 

           

√ 
. 

     ( √    )   √   . 

6.3 Degree Based Indices for Complete Graph    
 

6.3.1 Complete graph 
 

A complete graph is a simple connected graph, in which any pair of vertices has an edge 

between them. If the direction between all the edges of the graph is specified then it will be 

titled as a complete digraph. It is the regular graph of the degree       with empty 

complement. The symbol used for this graph is   , here   the order of the graph. The 

cardinality of edges in the complete graph is the same as the triangular number sequence 

for all values of n and are computed by the relation 
      

 
.  

 

Figure 6.6, Complete Graph    for          45 

Theorem 6.14: For complete graph    the    and     indices are identical for all    . 

Proof:  Since the complete graph is a regular graph of degree    , it thus has two same 

sets of edges, the set centered on the degree of vertices and the other set of edges depending 

on the sum of the degrees of neighboring vertices.  The edge partition of     graph on the 

basis of the degrees of vertices and on sum of degrees of neighborhood is given in the table 

6.11. 

Table 6.11 Edge partition of    graph1 

S. no.  (     ) (     ) Number of 

edges in  

(     ) 

Number of 

edges in  

(     )  

 

1 (     ,      ) (             )       

 
 

      

 
 

  

We obtained the final result as follows by using the values from the table above into the 

equation below; 
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       ∑
 √    

       ∈    . 

        
      

 

 √      

      
.  

        
      

 
.                                     (6.1) 

Furthermore, the number of edges based on the sum of degrees of neighborhood vertices  

(     ) are same as for (     ), so by using the values in the expression for    , we 

reached the desired result. 

         ∑
 √    

     
  ∈    . 

           
      

 

 √      

       
. 

           
      

 
.                                                           (6.2) 

It is obvious from the equations       and       that             . 

Theorem 6.15: The     and        indices of    graph are  

i.         
√      

     
      .  

ii.             
√        

      
      .  

Proof:   

i. In table 6.11, the partition of edges on the basis of vertex degree has been given, 

and submitting the values in equation below, we have; 

       ∑ √
       

      ∈    . 

         
      

 
√

             

      
. 

         
      

 

√      

     
. 

By putting the equation 6.1 in the above relation, we achieved the result; 
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√      

     
      . 

ii. To obtain the fourth version of atom bond connectivity index, we use the edges 

based on degree sum of neighborhood vertices in the following equation; 

          ∑ √
       

    
  ∈    . 

            
      

 
√

                       

      
. 

           
      

 

√      

      
. 

By theorem 6.14, 
      

 
       , so we developed the desired result from the above 

relation; 

           
√        

      
      . 
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Chapter 7 

 

Results and Discussion 

Counting polynomials and molecular descriptors are the effective methods of providing the 

partition of graphs and highlighting the structural features of graphs. These are used in 

QSAR and QSPR researches, quantum chemistry, mathematical chemistry and in some 

other branches of applied chemistry to predict and understand the characteristics of a 

molecular compound. In this dissertation, we examined, some important counting 

polynomials for some nano-structures of 2D molecular graphs and their respective 

topological indices. We have also determined the precise and succinct formulas to measure 

certain degree dependent topological indices for some benzene structures, namely, 

hexagonal boron nitride graphs, and carbon nanotube graphs. The main results of this 

research started from chapter three wherein, we considered the Benzene Coronene graph to 

determine the Omega, Sadhana, Theta and PI polynomials as well as the relationships for 

computing the indices of these polynomials. Moreover, we introduced a new concept and 

set the sequences to calculate these indices. These sequences have been derived on the basis 

of number of rings of the graph and are useful for direct computation of the polynomial 

related indices for Benzene Coronene graph without generating the corresponding counting 

polynomials. The four sequences designed to quantify the topological indices for   

         , in terms of     are as underneath. 

            (   )                

                        

                            

                                  

The relationship between the topological indices based on polynomials has been studied in 

chapter four, and we defined a new and efficient technique for calculating, the Sadhana 

index in terms of the Omega polynomial, and also the PI index in terms of the Theta 

polynomial for the first time. It was quite difficult to construct the relationships for Omega, 

Theta, PI and Sadhana indices by differentiating their associated polynomials at each next 

step of the graph and evaluating the derivatives at each level but here, the consequences are 
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beneficial to measure the Sadhana and PI indices by using Omega and Theta indices only, 

and, we confirmed these findings by implementing on the series of a concealed non-

Kekulean Benzenoid graph. The general relations suggested in this research to assess the 

Sadhana and PI indices are mentioned below; 

       [      ]              

                               

The innovative results conducted in chapter five will be the opening for the development of 

counting polynomials and would be suitable only by using the Omega Polynomial to 

generate the Theta, PI, and Sadhana, polynomials and their corresponding indices. As well 

as supporting our results, we considered the Ring Type Benzenoid network, the Pyrene 

network and the P-type-surface network as examples to verify all the findings produced in 

this chapter. We have also verified the latest relationships carried out in chapter four to 

calculate the Sadhana and PI indices. The current observations of chapter five are provided 

below; 

Let   be a 2D planar graph and        be the Omega polynomial of  , then the Theta, 

Sadhana and PI polynomial for the graph   are respectively; 

                

                      

      =               . 

Where          |    |    called star expression. We have also presented general 

frameworks for calculating the related topological indices only in terms of Omega 

Polynomial and given as; 

                             

      {∑  |    |      |    |           
 

 ∑  |    |          
 

}
   

 

               {∑  |    |        |    |            ∑  |    |            }
   

 

Degree based topological indices have vital implication in QSAR/QSPR researches. 

Recently introduced degree based topological indices are, the Atom Bond Connectivity 

Index, Geometric Arithmetic Index, Fourth Version of Atom Bond Connectivity Index, 

Fifth Version of Geometric Arithmetic Index and Randic Index have been discussed for the 

Hexagonal Boron Nitride structure, Carbon Nanotube, Ring type Benzenoid graph and 
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Concealed Non-kekulean Benzenoid graphs in chapter six. The relation between     

index and    indices also been discussed in chapter six for general Complete graph. 
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Conclusion 

 

The purpose of this thesis is to take some steps towards a deeper understanding of graph 

polynomials, polynomial-based topological indices, and relationships to compute these 

indices, such as the construction of counting polynomials and their indices with the help of 

omega polynomials is a valuable contribution to the existing knowledge and saves scholars' 

time. Also the technique to compute Sadhana index with the help of Omega polynomial as 

well as the PI index by Theta polynomial and Theta index, are good efforts which will 

reduce the work of the researchers. The sequences generated in chapter three are helpful in 

computing the topological indices at any level of the graph without constructing the related 

polynomials for Benzenoid Coronene graph. Some degree based topological indices also 

the part of this work and show the characteristics of graph. For molecular graph such as 

Hexagonal Boron Nitride graph, Carbon Nanotube graph, Concealed Non-kekulean 

Benzenoid graph and Ring Type Benzenoid graph, the degree based topological indices 

have been computed. Moreover we discussed the relation between     index and    

indices for complete graph   . The objectives of this dissertation are the positive 

contribution to Quantitative structure–activity relationship and Quantitative Structure-

Property Relationship and delivered worthwhile framework to describe the characteristics 

of molecular graphs. In addition, the results of the present study are extracted by focusing 

on certain 2D molecular graph which do not span all aspects relating graph polynomials, 

polynomial-based topological indices and degree-based topological indices, however it 

seems that graph polynomials and polynomial-based topological indices in terms of Omega 

polynomial, Sadhana index from Omega polynomial, and PI index obtained from Theta 

polynomial may attract the attentions from researchers , particularly from PhD students. 
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Summary  

Chemical graph theory is an accelerating field of applied chemistry and integrates graph 

theory and chemistry. Many examples of chemical graph theory can be found in QSAR, 

QSPR researches, demonstrating the structural properties of molecules and can be 

identified by counting polynomials, molecular descriptors based on polynomials, molecular 

descriptors based on degree and many more. This thesis centered on counting polynomials 

and related indices, sequences of the indices, degree-dependent indices, and on some new 

techniques for the construction of counting polynomials and their indices. It has been 

divided into seven chapters such that an overview and implementation of graph theory, 

chemical graph theory with its development, and some simple concepts relating to graphs 

have been covered in chapter one. Chapter two starts with the partition of the graph in 

terms of co graphs and qausi orthogonal cuts. It also includes the background history of 

certain counting polynomials such as Omega, Sadhana, Theta and PI polynomials with 

related indices, history of degree based topological indices named, the Randic Index, 

Geometric-Arithmetic Index, derived version of geometric-arithmetic index, Atom Bond 

Connectivity index and its derived version. Chapter three comprises the four counting 

polynomials and their indices. In addition, we introduced a new concept of generating the 

sequences of the Omega, Theta, PI and Sadhana indices for the Benzenoid Coronene graph. 

The Concealed Non Kekulean Benzenoid graph has been considered in chapter four, here 

we extended the idea of P. E John and contributed an efficient method for computing the PI 

index in terms of Theta polynomial, as well as the Sadhana index in terms of Omega 

polynomial and Omega index. Chapter five presented a novel approach to constructing the 

counting polynomial for 2D-planar structures, and using this technique, Theta, Sadhana and 

PI polynomials are built with the aid of Omega polynomial only. To support our results, we 

considered the some networks of 2D-molecular structures such as Ring type Benzenoid 

Network, Pyrene Network and P. Type-Surface of Benzene Network and also proved all the 

novelty produced in this chapter. The Closed formulae for the computation of the 

Geometric-arithmetic indices and the Atom bond connectivity indices for the Hexagonal 

Boron Nitride graph, Carbon Nanotubes, Concealed Non-Kekulean Benzenoid Network 

and for the Ring Form Benzenoid Network are built in chapter six. The Randic index is 

also computed for Concealed Non-Kekulean Benzenoid Network and for Ring Type 

Benzenoid Network. Moreover, we found the general relationships between Geometric-
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arithmetic and Atom bond connectivity indices for network of complete graph. The 

findings of this research emerged in chapter seven, and the advantage of these 

consequences are explored in detail. 
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