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ABSTRACT 

 

In the current world, nanoscience is in the attention of scientists and investigators due to its 

utilization in industries. For example, the usage of nanoliquids as heat flow control in the heat 

valves by use of nanoliquids, cooling down the radiator temperature of vehicles, the coolant 

in nuclear reactors, reduce the heat from computer processors, etc. In medical industries, 

cancer patients are treated with the support of drugs and radiations that are carried in 

operators assembled of iron base nanoliquids. Recently Nanofluids have attracted the focus of 

many scientists and researchers because of the shear many applications at the domestic and 

industrial levels. Nanofluids are enforced to intensify the thermal performance of such fluids 

which acts as the base liquid (ethylene glycol, lubricant oil, and water). 

In this thesis modeling of the nanofluid flow problem with the Cattaneo–Christov heat flux 

model for magnetohydrodynamic non-Newtonian nanofluids flow with homogeneous-

heterogeneous reaction are analyzed. A Magnetohydrodynamic steady flow of three 

combined nanofluids (Jefferey, Maxwell, and Oldroyd-B) over a stretched surface are 

investigated. The surface is considered as linear. The Cattaneo-Christov heat flux is 

considered to study the relaxation properties of the fluid flow. The influence of 

homogeneous-heterogeneous reactions (active for autocatalysts and reactants) is taken into 

account. The modeled problem is solved analytically by the homotopy analysis method. The 

impressions of the magnetic field, Prandtl number, thermal relaxation time, Schmidt number, 

homogeneous reaction strength, and heterogeneous reaction strength are pondered through 

graphs. Also, the impacts of these parameters on skin friction, Nusselt number, and Sherwood 

number are presented through tables. The comparison between analytical and numerical 

methods is presented graphically and numerically as well. 

In chapter one incorporates the investigation of anticipating thoughts and rudimentary 

phrasings having exchange identified with the thought about issues in the thesis. An outline 

of a couple of critical results that are utilized in this thesis has additionally been talked about. 

It covers the depiction of Newtonian and non-Newtonian liquids, nanofluids, the thin film 

flows, carbon nanotubes going with mathematical models, essential conditions, and models. 

The essential thought of HAM is additionally given. A Literature review of the work is given 

in chapter 02. 

Chapter 03 is based on an analysis of the MHD flow of three combined nanofluids (Maxwell, 

Oldroyd-B, and Jeffrey) over a linearly stretching surface. The present model composed of 



  
 

x 

Cattaneo-Christov heat flux.  The impact of homogeneous-heterogeneous reactions is taken in 

this model. Boundary layer methodology is used in the mathematical expansion. The effects 

of dimensionless parameters on the liquid stream are introduced through graphs and tables. 

In chapter 04, the three-dimensional thin-film Casson fluid flow over an inclined steady 

rotating plane was examined. The thin film flow was thermally radiated and the 

suction/injection effect was also considered. By the similarity variables, the PDEs were 

converted into ODEs. The obtained ODEs were solved by the HAM with an association of 

the MATHEMATICA program.  

In chapter 05, entropy generation in nanofluid based SWCNTs and MWCNTs over a 

permeable extending sheet and radiative heat flux impacts are analyzed. It is desired that the 

current study contributes as a boost for sculpting more advanced Magnetohydrodynamic 

Nanofluid flows notably in the cooling of microchips, nuclear reactors, in fuels, extraction of 

geothermal power, micro actuation process and biomedicines. 

Chapter 06 deals with the investigation of the thermal characteristics of the Darcy-

Forchheimer hydromagnetic hybrid nanofluid flow through a stretching cylinder. The model 

equations which consist of continuity, momentum, and energy equations are converted to a 

set of coupled ordinary differential equations through similarity variables transformations and 

appropriate boundary conditions. Brownian motion and Thermophoresis effects are mainly 

focused on this work. The impacts of some interesting parameters over velocity, temperature, 

and concentration profiles are studied graphically. The present study will help understand the 

thermal characteristics of heat transfer liquids. In chapter 7, we gave the conclusion of the 

detail. 

Key Words: Nanofluid; Oldroyd-B Fluid; Heat Flux; MHD; Casson Nanofluid; Thin Film; 

Thermal Radiation; Magnetic Field;  Entropy; Carbon Nanotubes; Molecular Liquids; 

Electric Field; Hybrid Nanofluid; Brownian Motion; Thermophoresis Effect; HAM and 

Numerical Technique. 
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CHAPTER 1 

PRELIMINARIES 

1.1. Introduction 

This section incorporates the investigation of anticipating thoughts & rudimentary 

phrasings having exchange identified with the thought about issues in the thesis. An 

outline of a couple of critical results that are utilized in this thesis has additionally been 

talked about. It covers the depiction of Newtonian and non-Newtonian liquids, 

nanofluids, the thin film flows, carbon nanotubes going with mathematical models, 

essential conditions, basic equations, and examples. The essential thought of the 

homotopy analysis method HAM is additionally given.  

1.2. Objectives of the Study 

Major objectives of this study were the following: 

1. To investigate the analysis of magnetohydrodynamic MHD flow of three 

combined nanofluids (Maxwell, Oldroyd-B, and Jeffrey) over a linearly 

stretching surface by using Cattaneo-Christov heat flux model with 

homogeneous-heterogeneous reactions. 

2. To obtain the analytical and numerical solutions using appropriate techniques. 

3. To examine the three-dimensional Casson nanofluid thin film flow over an 

inclined rotating disk with the influence of heat generation/consumption and 

thermal radiation. 

4. To analyze the important terms of the Nusselt and Sherwood numbers 

physically and numerically for the temperature and concentration profiles. 

5. To explore the entropy generation in MHD flow of carbon nanotubes in a 

rotating channel with four different types of molecular liquids by using the 

homotopic method to solve the modeled problem. 

6. To observe the thermal features of the Darcy–Forchheimer hydromagnetic 

hybrid nanofluid (Al2O3-Cu/H2O) flow over a porous extending cylinder. 

7. To study the impacts of various interesting factors graphically for velocity, 

temperature, and concentration profiles. 

8. To discuss the main issues regarding the nanofluid motion and heat 

transmission analysis in perspective of the acquired results. 

9. To publish the findings of this study in high impact factor journals. 
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1.3. Fluids  

A substance that is proficient in flowing when stress is functional on it is known as 

fluid. The fluid holds the nature of the poured container. Fluids consist of liquids, 

gases, and plasma. Fluids with zero viscosity are real fluids. In the real world, fluids 

like this do not occur. The fluids with some viscosity are real fluids. Fluids have 

abundant importance in our daily life. Taking the example of the water in human body, 

the human brain, and heart are consists of 73% of water, the lungs are consist of 83% 

of water, kidneys, and muscles are consist of 79% of water. In short, life is impossible 

without fluids. Fluids are divided into Newtonian and non-Newtonian fluids. 

Newtonian fluid holds Newton‟s viscosity law while non-Newtonian does not 

[172,173]. Mathematically it is written as: 

y  V                                (1.3.1) 

Here the term   is used for shear stress,   indicates viscosity of the fluid and 
yV  is 

the shear rate. The Non-Newtonian fluid is discreet substantial because of its 

widespread use in the polymer manufacturing, food industry, paper production, and 

some other related productions, like fiber coating, rubber production, colloidal 

suspension, making of glass socks, and plasma studies. High viscosity and density of 

non- Newtonian fluids create it hard to flow. To control this difficulty the flow can be 

prompted by pressure, radiation, or temperature change. For this motive, some models 

are suggested for the exploration of non-Newtonian fluids. Casson model is likewise 

one of the non-Newtonian fluid models which have shear thinning properties and show 

yield stress. Figures 1.1 and 1.2 deliberate the examples of Newtonian and non-

Newtonian fluids respectively.  

 

Figure 1.1: Newtonian fluid 
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               Blood                                Toothpaste                                   Grease 

 

   
                 Paint                                   Ketchup                               Polymer melt 

 

Figure 1.2: Non-Newtonian fluid 

 

1.3.1. Non-Newtonian Fluids (Independent of Time) 

Assessment among time independent non-Newtonian fluids is exposed in figure.1.3. 

 

Figure 1.3: Behaviour of different fluids 
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1.3.2. Bingham Fluid 

The fluid does like an inflexible body with small stress is called Bingham fluid. The 

Bingham fluid flow is similar to the viscous fluid flow. Examples of such fluid are 

Chocolate, Toothpaste, Mustard, etc. at small and extraordinary shear rates, Bingham 

plastic fluid is illustrated as in the below figures. 

 

 

Figure 1.4: Behaviour of different fluid 

 

1.3.3. Thixotropic Fluids 

Actually, thixotropic is the fluid shear thinning quality. Those non-Newtonian fluids 

which are thick under normal situations are thixotropic, but it becomes thinner when 

agitated, shaken or in other words, stressed.  

 

 

       Paints       Gums           Cosmetics  

 

Figure 1.5: Examples of thixotropic fluids 
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1.3.4.  Dilatants Fluid                                        

The deceptive viscosity of liquids escalates where stress is applied [152], then these 

types of fluids are called dilatants fluids. The connection between apparent viscosity 

and shear stress is direct. Examples are corn flour, the starch in water, ethylene glycol, 

quicksand, and potassium silicate in water. 

 

 

Figure 1.6: Newtonian fluid versus dilatants 

 

1.3.5. Pseudoplastic Fluids 

When the viscosity de-escalates by applying stress on the fluids, then these types of 

fluids are entitled Pseudoplastic fluids. The relationship between apparent viscosity 

and shear stress is inverse, mathematically as 
1

S
   [153, 154].  

Blood, nail polish, syrup, whipped cream, molasses, latex paint, ketchup, paper pulp in 

water, and sand in water are various examples of pseudoplastic fluids. Graphical 

illustration of such type fluid is given in figure 1.7. 

 

  

%5b152%5d
https://en.wikipedia.org/wiki/Quicksand
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Figure 1.7: Newtonian fluid versus pseudo plastic  

 

Table 1.1: Tabular demonstration of fluids types 

 Fluids Kinds     Density        Viscosity 

Ideal fluid  Consistent        0  

Real fluids  Inconsistent      0  

Newtonian fluids  Consistent/Inconsistent   ( )y

u

y






  

Non-Newtonian 

fluids 

 

 

Consistent/Inconsistent   ( )y

u

y






  

Incompressible 

fluids 
 Consistent     0 / 0  

Compressible fluids  Inconsistent     0 / 0  



  
 

7 

1.4. Transport Phenomena 

The greater part of the occasions when transport marvels happen if liquids have a 

distinction in motions, heat, and concentration. By the assistance of this helpful 

singularities momentum, energy and mass can be conveyed.  

1.4.1. Heat Transfer 

Normally, heat transfers from the region which has a high temperature for the region 

which has a low temperature. Transfer of heat move fundamentally alters the inside 

energy of the two frameworks tangled by the law of thermodynamics. The mechanism 

used for the transformation of heat is conduction, convection, radiation, and 

vaporization where heat motor is mandatory to change it from cold zone to warm zone. 

A few models for heat transformation are Greenhouse impact, Radiation cooling time, 

Body cooling, and Home heating vitality. 

 

Figure 1.8:  Heat transfer phenomena 

1.4.2. Conduction 

The heat transfer between two objects which are in contact with one another called 

conduction. The more rapid heat changes when the subject is a better conductor. A 

matter like metal is a better conductor of heat. The conduction processes occur when 

object particles will obtain greater essentialness and the vibratory movement will 

deliver. These atoms by then, at that point crash into neighboring particles and 

interchange a portion of the energy to them. This methodology is continued and allows 

the imperativeness from all the more heated to the colder region of the material. 
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1.4.3. Convection 

During the process of chemical reactions, warm vitality is exchanged from sizzling 

spots to icy spaces by the strategy called convection. Convection happens when more 

sweltering areas of fluids climb to colder regions in the fluids. At that point, the colder 

fluids supplant the more blazing areas which have clambered greater. Water rising in a 

tub is a plunge period of convection. Another translation is the environment. The soils 

shallow are heated by the sun, the warm-air growths and icy air intervene. 

1.4.4. Radiation 

The process in which energy is discharged as electromagnetic radiation, by an extreme 

surface in totally bearings and voyages legitimately to its place of ingestion at the 

equal speed of light. The mathematical equation for thermal radiation is as [155-158] 

316
,

3

C
y r yy

T
q T

K


                                                                          (1.4.4.1) 

In the event that the temperature-subordinate material properties are represented in the 

estimation, the radioactive motion can be corresponding to a considerably greater 

intensity of total temperatures. An exhaustive thought of radiation move would 

develop the plan and the task of such gadgets. To this end, radioactive exchange counts 

should be made with thoroughness, which requires the utilization of precise radioactive 

properties. Radioactive exchange oversees the temperature appropriation of the sun 

and the otherworldly and nature of the direction of sun powered outflow. Accepting 

this ghostly and nature of direction of radioactive vitality engendering is significant for 

sun oriented vitality use. 

 Given that we need cleaner and increasingly supportable vitality creation for the 

developing populace of earth, execution of proficient and ideal radiation move 

standards for sun based vitality stockpiling and use is required to significantly affect 

our encompassing and the earth. Radioactive vitality can engender in a space. The 

physical medium should be available for the transportation of heat between two 

objects. At the point when no medium is available, radiation turns into the main 

method of vitality move, as on account of warmth spillage through the emptied space 

in the dividers of a Dewar cup or canteen bottle. It is likewise the most significant 

exchange component for gadgets working in space, where remaining heat should 

eventually be dismissed by radiation. Taking the example of a space station, the 
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warmth dismissal radiators are significant segments, needing cautious structure for 

streamlined execution.  

The satellites‟ control of temperature likewise relies upon radioactive exchange. Each 

surface temperature in this framework is gotten by creating a vitality equalization of 

retained sun powered vitality, transmitted and returned vitality from the earth for close 

earth circles, wellsprings of inward vitality, for example, on-board hardware. Without 

point by point spatial, precise and ghastly computations of radioactive transition, the 

solid task of satellites under extraordinary sun powered radiation would be risked. 

Radiation move can be significant even at the run of the mill room and air temperature. 

To be sure, radioactive cooling by means of chilled dividers is very compelling and 

environmentally engaging for hotter atmospheres. Radiation can likewise enter into 

permeable media and go about as a volumetric warmth age source; its effect is all 

around perceived in the plan of fiberglass protection frameworks, where also at the 

normal intensity of heat it tends to be as huge as the vitality stream by conduction. 

1.4.5. Mass Transfer 

Over a past few years, the investigators have got interested in mass transmission. 

Principally, the mass transmission is made because of the respect in the concentration 

of a fluid. Mass exchange encases both mass diffusion on a sub-atomic scale and the 

bulk mass transmits convection procedure. Evaporation water atoms from ocean/sea 

are because of high temperature water is the appropriate example.  

1.5. Nanofluids 

Nanofluids are the suspension (mixture) of basefluid (water, gasoline oil, kerosene oil, 

ethylene glycol) and nanometer-sized particles. Nanoparticles are made of carbon 

ceramics (TiC, SiC), metal nitrides (SiN, AlN), oxide ceramics (CuO, Al2O3), metals 

(Ag, Au, Cu) and carbon (CNTs, diamonds, graphite), etc. Conventional fluids (base 

fluids) are utilized as cooling agents in many technological and industrial processes. 

The liquid coolants are mainly employed to keep the operating temperature of different 

equipment in the specified range by transferring heat from them.  At present, the 

investigations show that the thermal conductivities of different fluids used in liquid 

coolants are much smaller as compared to those of solid metals. Sheikholeslami et al. 

[159-161] recognized the concept of acceleration of the clearing with the help of 

nanoparticles. The natural laminar and convective heat energy transfer is a significant 
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process in engineering and industry due to its numerous applications. Currently, a lot 

of research is in progress to investigate the different heat energy transfer characteristics 

of the newly developed fluid called “hybrid nanofluid” due to an extensive range of 

engineering and technological uses like medical manufacturing, microfluidics, 

transportation, generator cooling, naval structures, and solar heating.  

A hybrid nanofluid refers to a combination in a base fluid of two different types of 

nanoparticles.  Therefore, if nanoparticles materials are picked correctly, they will 

enhance each other's positive aspects.  The metallic nanoparticles such as aluminum, 

copper, and zinc have high thermal conductivities. However, because of their reactivity 

and stability, the use of these metallic nanoparticles for nanofluid applications is 

limited. On the other hand, ceramic nanoparticles have lower thermal conductivity 

relative to metal nanoparticles, but they have many desirable possessions such as 

chemical inertness and stability.  

In the case of closed cavities, heat transfer study appeared in several applications and 

has been widely deliberated in the literature. In open cavities, the processes of natural 

convection give significant results by simulating more complex geometries at the open 

end. In open cavities, natural convection is related to different engineering systems, 

such as the cooling of electrical equipment, room air conditioning, and solar thermal 

central receiver systems.  

Ceramic materials like alumina have numerous excellent possessions such as chemical 

inertness and good stability. Yet compared to metallic nanoparticles, alumina's thermal 

conductivity is small.  Metallic nanoparticles, such as copper, have greater thermal 

conductivity.  Yet reactivity and stability are two significant factors that impede these 

metallic nanoparticles from being used. The inclusion of small quantities of copper 

particles in an alumina matrix will significantly increase the thermal possessions 

without affecting the nanofluid's stability. 

Metals such as: 

 Aluminum, silver, copper, and nickel 

 Graphite 

 Diamond 

 Carbon nanotubes 

 Metallic oxides 

 And nitrides 
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In the latest years, the philosophy of nanofluids has added a reputation for its 

expansion in modern technology. Choi was the first person to suggest basic clues to 

nanofluids in 1995. In research laboratories, these novel nanofluids are set by swinging 

solid small particles in a base fluid. The consistent structure is the solid material of 

today, which has better behavior features than the base fluid, for instance, the thermal 

conductivity of the fluid of base and their density. Nanofluids are observed a 

significant factor in the cooling of electrical gadgets and big partitions in industrial 

zones, in the treatment of cancer, controlling the cholesterol, oil, drinks, food, paper, 

harmless surgery, and heat exchangers due to their elevated thermal conductivity. The 

base liquid particle size is generally near to 50 nm and is considered an optimal choice 

for the method of heat exchange. Generally water, kerosene oil, the oil used in engines, 

ethylene, toluene, lubricating oils, etc. are considered base oils. These are mostly, 

depending on the method being introduced, are very predominant. Nano-particles 

could be planned in research stations, mineral oils, and plants that can be used as a 

base fluid within the making ready of Nanofluids. In general, the three main 

characteristics of Nano liquid high quality coolants are: 

 It improved the thermal conductivity  

 Enlarged the rate of heat transfer 

 Increase the critical flux of heat. 

There are two precious capabilities which are vital to the heat transfer manner: 

 High stability.  

 Greater in thermal-efficiency 

To generate nano liquids we often use two techniques, which are: 

 The technique of Single-step.  

 The technique of two-steps. 

Nanoparticles (i.e. tiny stable substances) are immediately spread into commonplace 

(i.e. conventional) or based fluids to form Nano liquids through the use of the single- 

step technique.  

In two-step technique: first nano-sized particals are prepeard from the given materials 

using any chemical or physical procedure and then, it is evaporated in the base fluid by 

applying a strong magnetic force. 
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Figure 1.9: Structure of Nanofluids [141] 

1.5.1. Applications of Nanofluids  

Nanofluids are used in distinctive fields of present day technology and engineering, 

including: 

 Microelectronic cooling 

 Nanomaterial processing 

 Polymer coating 

 Fluidized bed 

 For the Purification of crude-oil 

  Supply of powdery products 

  Pollutants from the environment 

 Sterilization process 

 Oil industry 

 Engine coolant 

 Automatic transmission oil 

 combustion chamber     
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                               Oil Industry                                                               Engine Coolant 

   

                     Environment Pollution                                                       Polymer Coating 

   

                      Combustion Chamber                                              Purification of Crude-Oil 

Figure 1.10: Applications of Nanofluids 
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1.5.2. Various Practical Applications of Nanofluids  

The various practical applications are shown in the following given figure 

 

Figure 1.11: Practical applications of Nanofluids 

 

1.6. Carbon Nanotubes 

Carbon nanotubes are typically divided into a single (SWCNTs) and multi-walled 

(MWCNTs) carbon nanotubes. Single and multi-walled CNTs are similar in persuaded 

attributes however they likewise have certain obvious changes [147-151]. These 

progressions and structures have pivotal visual and microelectronic topographies, mind 

-boggling resources and adaptability, and high thermal steadiness. The phrasing of 

carbon nanotubes (CNTs) is exhibited from the outset time by Iijima [147] delivering 

multi-wall carbon nanotubes (MWCNTs). Donald Bethune was the principal to 

examine the SWCNTs. It has numerous applications in basic resources, Textiles, 

Concrete, Bridges, Fire assurances, electromagnetic (Light bulb fiber, Bucky paper, 

Solar cells, Magnets, Electromagnetic reception apparatus), electroacoustic 

(Loudspeaker), compound (Water channel, Air contamination channel, Sensors, 

Chemical Nanowires), mechanical (Waterproof, Oscillator), optical, malignant growth 
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treatment, platelet enactment, in medication tissues recovery, conveyance, and so on. 

Because of such applications, the scientists are intrigued chipping away at CNTs. 

Figure (1.11) demonstrates the configuration of single and multi-walled CNTs. 

 

 

Figure 1.12: Structures of SWCNTs and MWCNTs 

 

1.6.1. Basic Models of Thermal Conductivities for CNTs 

The thermal conductivities models have discussed here. The thermal conductivity 

model for CNTs is offered by Maxwell [162] as: 

Some basic models for thermal conductivity are discussed here. The model for CNTs 

thermal conductivity was initially introduced by Maxwell as:  
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                                            (1.6.1.1) 

Where   is the volume fraction. Jeffery expected it as  
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(1.6.1.2) 

 Davis [163] improved the model in (1.6.1.2) as:  
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(1.6.1.3) 

A new model defined by Hamilton and Crosser is as: 

1
( 1) ( 1)
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                                            (1.6.1.4) 

In equation (1.6.1.4), the symbol   signifies the particles shape factor. 

Recently, Xue [164] suggested a very significant model for CNTs space distribution 

which is as: 

2   1
2 

.

2   1
2 

nf f nf

f nf fnf

f f f nf

f nf f

ln

ln

  

  

   

  

 
      

 
      

                                                   (1.6.1.5) 

1.7. Some Basic Models of Fluids 

1.7.1. Oldroyd-B Fluid 

Oldroyd-B is the significant is important model of non-Newtonan fluid. This model of 

fluid tells about the term of relaxation time. Mathematically it is defined as:  
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     1 1 1 1 1 .t tD


          u. u u                                              (1.7.1.1) 

The Cauchy stress tensor is  

- ,I S                                                                                  (1.7.1.2) 

 

 1 21 ,t tS D S D S                                                               (1.7.1.3) 

 

0 ,T

1  ,  L L  L gradV ,     I                                                      (1.7.1.4) 

Here 1 1 2,  ,  , ,  and pI   S A  are the isotropic stress,extra tensor of stress, Rivlin 

Ericksen stress tensor, relaxation time, retardation time and  viscosity cofficient. 

From the above model, we can deduce different  form of fluids depend on relaxation 

and retardation times. The fluid becomes viscous if relaxation and retardation times are 

equal. The model becomes Maxwell fluid if the retardation time is zero and changes to 

Oldroyd-B fluid with  condition 1 21 0    .  

1.7.2. Maxwell Fluid 

The Cauchy expression   and extra stress tensor S are  

p  I S                                                                                 (1.7.2.1) 

where S  is 

1 1tD S +S A
                                                           

               (1.7.2.2) 

 

T

t tD L L   S S S S                                                                        (1.7.2.3) 

 

T

t tD L L   A A A A                                                                       (1.7.2.4) 

where L V  is velocity gradient. 

1A  is defined as: 

( )L  V  and 1

TL L A                                                             (1.7.2.5) 

1.7.3. Jeffery Fluid 

The Jeffery fluid model is defined as 
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 3

2

tD





 S L L                                                                     (1.7.3.1) 

 S , denote Cauchy stress tensor, dynamic viscosity and  
T

   L v v . 2 3 and    

is ratio of relaxation and retardation time respectively. 

1.8. Governing Equations  

Fluid flow is working on the basis of governing equations. Here, in this section, some 

basic equations are discussed.  

1.8.1. Continuity  

Equation of continuity working on law of mass conservation principle. According to 

this equation “mas can neither be created nor destroyed.” If m  is the system mas, then 

the mathematical expression for this equation is as [144-146]. 

0,
m

t





                                                                         (1.8.1.1)      

  

 

Figure 1.13: Field of fluid flow in a controlled volume 

 

1.8.2. Continuity Equation: Differential Approach  

Assuming the small fluid portion with density  , and velocity components are u,v,w  

along , ,x y z
 ways correspondingly. Then the volume is equal to dV dxdydz [144-146]. 

Within the control volume, the mass is  
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.dV dxdydz                       (1.8.2.1) 

 

Figure 1.14: Control Volume  

 

The total flow of the fluid through the corresponding regions is:  
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    (1.8.2.2)  

Accumulating (i), (ii), (iii) and multiplying by
1

dxdydz
, we get  

     u 0.t x y z
v w              (1.8.2.3) 

This equation is called equation of continuity.   

1.8.3. Equation of Continuity: Integral Approach  

Considering the control surface S  which bounds the volume V  then the total mass 

rate flux across S , the area dA  is [144-146]. 

 

.
s

VdA        (1.8.3.1) 
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Figure 1.15: Control Volume 

 

The accumulative mass rate is: 

.
V t

dV
 
 
 
        (1.8.3.2) 

Here V indicates the volume, in view of mass conservation law 

S V t

VdA dV 
 

  
 

         (1.8.3.3) 

According to Gauss„s divergence  

    .
S V V

VdA div V dV V dV                          (1.8.3.4) 

In view of the above, we ensure; 

 
V V t

V dV dV 
 

   
 

 
      

        (1.8.3.5) 

Therefore, 

  0.t V         (1.8.3.6) 

or 

  

  V 0t

t

p div dt  

                                                       

(1.8.3.7) 
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For incompressible flow case, the above equation is  

   .t p div    V                                                                       (1.8.3.8) 

For steady flow case  

   0div  V                                                                              (1.8.3.9) 

For incompressible flow case 

     
  0div V                                                                             (1.8.3.10) 

The standard form of the continuity is  

                

0x y zu v w  
                                                                          

(1.8.3.11) 

1.8.4.  Navier-Stokes Equations  

These equations are derived by using the fundamental physical laws. Using one of the 

Newton law written as [144-146]. 

mF a                                                                (1.8.4.1)    

We consider a small fixed volume of liquid component with , ,dx dy dz  moving in a 

stream as given in figures 1.15 and 1.16. 

 

 

Figure 1.16:  The fluid component 
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 Figure 1.17: Infinitesimally slight, moving fluid flow component showing forces in 

the different directions. 

 

Newton‟s 2
nd

 law,  

x xF ma       (1.8.4.2)    

Equation (1.8.4.2) become    

(dx dydz).B xgF            (1.8.4.3)    

The surface forces due to stress exerted on the sides of the fluid element is of two 

kinds; Normal stress and shear stress. Along the x –direction, the two types of stresses; 

Shear stress and Normal stress are denoted as ( )x y   and ( )x x   correspondingly.  

 

Figure 1.18: Shear stress and normal stress  
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On the shape „abcd‟ face, there is only one force defined as, 
yxdxdz .  At a distance dy  

above „abcd‟ face, we have the „efgh‟ face with a sheer force of yx

yx dy dxdz
y




 
  

 
 

in conflicting x-direction. On „dcgh‟ face force zxdxdy  applied and on face „abfe‟

zx
zx dz dxdy

z




 
  

 
. On face „adhe‟, perpendicular to horizontal directions, the 

pressure force pdydz  to the normal stress xxdydz . In the conflicting „bcgf‟ face is dx 

from „adhe‟ face the pressure, ,dx dydz
x

 
  

 
 which acts against the fluid element 

flow and the normal shear 
xx

xx dx dydz
x




 
  

 
 in positive x directions. Therefore for 

the moving fluid component; 

 

.

xx
x xx xxnet

yx zx
yx yx zx zx

F dydz dx dx
x x

dy dxdz dz dxdy
y z


 

 
   

     
            

      

       
         

     

                        (1.8.4.4)    

On simplification of (1.7.4.4), we have, 

.xx zx
x

p
F dz dydx

x x z

   
   

   
                   (1.8.4.5)    

In case of 2D flow  

.

v v v
dv dx dy dt

x y t

u u u
du dx dy dt

x y t

   
      


     

   

        (1.8.4.6)    

After dividing dt  it reduced as  

.

dv v dx v dy v

dt t dt x dt y

du u dx u dy u

dt t dt x dt y

   
      


     

   

                                       (1.8.4.7)    

But , ,
dx dy

u v
dt dt

    thus equation (1.8.4.7)   become, 
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.

u u u
du u v dt

x y t

v v v
dv u v dt

x y t

   
    

    


            

     (1.8.4.8)    

The simplified form is  

.
yxxx zx

x

u u u
u v

x y t x x y z


      
        

       
    (1.8.4.9)   

  

.
xy yy zy

y

v v v
u v

x y t y x y z


      
        

       
           (1.8.4.10) 

 

.
zyzx zz

z

w w w
u v

x y t y x y z


      
        

       
   (1.8.4.11) 

Thus the L.H.S of (1.8.4.9) is written as  

 . .
V

V V
t


 

  
 

        (1.8.4.12) 

For Newtonian fluids  

, ,

,

xy yx yz zy

zx xz

u v v w

y x z y

u w

z x

 



      
            

      

  
     

  

            (1.8.4.13) 

On the other hand, normal viscous stress α volumetric strain rate, thus, 

2 , 2 , 2 ,

. 2 , . 2 ,

. 2 .

xx zz yy

xx yy

zz

u w v

x z y

u v
V V

x y

w
V

z

  

   

 

  
     

  

 
       

 


   



                    (1.8.4.14) 

Where   represents coefficient of molecular viscosity and   represents coefficient 

bulk viscosity. According to the Stokes hypothesis if we substitute 
2

,
3

   the new 

form of the above equations is   
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 (1.8.4.15) 

Thus equation  (1.8.4.15) becomes 

 
2 2 2

2 2 2

( u)
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u u u
uV

t x y z


 

    
     

    
               (1.8.4.16) 

In vector form the Navier-Stokes equation is 

2(V. )V .
V

V
t

 
 

     
 

      (1.8.4.17) 

1.8.5. The Energy Equation 

Energy equation is derived from thermodynamics first law.   

F                                           (1.8.5.1) 

Where dQ  the heat is added to the system, dE  is the internal energy, and dW  is the 

loss of energy because of work done.   

The moving fluid component with velocity V, the work done is  f V dx dy dz  . To 

derive the momentum equation, using the above concept, the entire work is: 

 

 

Figure 1.19: Energy fluxes versus moving fluid element 
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    ,u u u dydz u dxdydz
x x

    
        

   
             (1.8.5.2) 

And the shear stresses is  

,yx yx yx yxu u u dxdz u dxdydz
y y

      
            

       

              (1.8.5.3) 

Total rate of work done due surface forces is (figure 1.17) 

  .xx yx zxu u u u dxdydz
x x y z

        
            
        

               (1.8.5.4) 

.Considering all the surface forces and incorporating the body force contribution we 

get  
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  (1.8.5.5) 

Where F  is total rate of work. Now we calculate the total heat flux which is 

produced due to the heat flux, heat transmission across the surface due to gradients of 

temperature.Since ,m dxdydz so we then obtain  

 Volumetricheating of theelement  .dxdydz . Across face ' 'bcgf the heat transfer  

,x xQ Q dx dydz
x

 
 
 

                                 (1.8.5.6) 

The total heat transferred x-direction is  

.x x x xQ Q Q dx dydz Q dxdydz
x x

    
     

   
             (1.8.5.7) 

The heat transfer in opposite faces is   

.
yx z

T

QQ Q
Q dxdydz

x y z

  
    

   
              (1.8.5.8) 

The total heat flux is  

.
yx z

T

QQ Q
Q q dxdydz

x y z

    

     
    

    (1.8.5.9) 

Relation between heat transfer and temperature gradient is written as   
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, , .x y zQ Q Q
x y z

  
  

     
  

                  (1.8.5.10) 

Where    is the thermal conductivity, substituting (1.8.5.10) in equation (1.8.5.9) we 

have 

.Q q dxdydz
x x y z

   
        

        
        

                (1.8.5.11) 

The entire energy of the moving fluid is  

2

.
2

Rateof changeof
D V

energy inside e dxdydz
Dt

the fluid element



 
  

    
  

 

       (1.8.5.12) 

Substituting equations (1.8.5.9), (1.8.5.10) and (1.8.5.11) into equation (1.8.5.12), 

obtaining; 
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1.9. Magnetohydrodynamics (MHD) 

Magnetohydrodynamics (MHD) incorporates the exchange of effect of the attractive 

field over the movement of liquid which is electrically conducting. It communicates 

the common association of the electromagnetic documented and instigated attractive 

field because of the progression of liquid as it is electrically conducting. This would 

alter the attractive field in certain areas because of their shared association. The 

progression of liquid is aggravated because of mechanical powers created by 

electromagnetic recorded field. The conditions which show MHD are the mix of 

Navier-Stokes and Maxwell's conditions. Instances of MHD incorporate metals, 

plasma, ionized gases, fluid, metals, and so forth. 
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1.9.1. Derivation of MHD Term 

Magnetohydrodynamic (MHD) field was introduced by Hannes Alfven [8]. In the 

fields of engineering and technologies, MHD has various viable uses. For example; 

fluid metal cooling reactors, plasma, precious stone development, electromagnetic 

throwing, MHD sensors, and attractive medications. There is no need for a turbine and 

any generator shaft for the MHD generator. In an MHD generator, the thermal vitality 

in plasma is straightforwardly changed over to electrical vitality. The energy equation 

when MHD is included is as: 

 

 

Figure 1.20: Derivation of MHD 

 

0.tD div     V T f J B                                                  (1.9.1.1) 

where J  denotes the density of the eleectric current, and the magnetic flux is 

represented by B . General Ohm‟s law is          

,J V                                                                    (1.9.1.2) 

where the electrical conductivity is represented by ,  electric field is  , the imposed 

magnetic field is designated by
0 1    . Taking in consideration 0E , 1 0b  and

 0 00, ,0   , the magnetic field strength is denoted by 0B , then the current density 

with the above assumptions is J . After simplifying, we get 2

0B v J B .  
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1.10. Some Useful Dimensionless Numbers 

1.10.1. Nusselt Number  

A non-dimensional number indicates the ratio of convective to conductive heat 

transfer. It is previously initiated by German mathematician Nusselt. It informs us 

regarding how much the heat move is upgraded because of smooth movement. Note 

that the smooth movement consistently brings about increment in heat move and 

subsequently Nusselt is constantly more prominent than 1 for convection. Nusselt 

discusses the nature of heat move as opposed to its amount. Thus, one can think about 

various arrangements that will at present have the option to evaluate their heat move 

execution. It is designated by uN .  

The mathematical expression for Nusselt number is  

,u
h L

N
k

 




   
                                                                                      (1.10.1.1) 

1.10.2. Prandtl Number  

It is the ratio of momentum diffusivity to the thermal diffusivity of the fluid. It is 

symbolized by Pr .  Little estimations of the Pr , when Pr << 1, implies the thermal 

diffusivity commands. While with huge qualities, Pr >> 1, the momentum diffusivity 

commands the conduct. For instance, the recorded an incentive for fluid mercury 

shows that the thermal conduction is progressively noteworthy contrasted with 

convection, so thermal diffusivity is overwhelming. In any case, for motor oil, 

convection is viable in moving vitality from territory in contrast with unadulterated 

conduction, so force diffusivity is dominant. The Pr quantities of gases are around 1, 

which demonstrates that both force and thermal disseminate through the liquid at about 

a similar rate. Heat diffuses all around rapidly in fluid metals ( Pr <<1) and in all 

respects gradually in oils ( Pr >>1) with respect to energy. Therefore the thermal 

boundary layer is a lot more slender for fluid metals and a lot thicker for oils with 

respect to the speed limit layer. Mathematically it is written as: 

*

*
Pr ,




                                                                                       (1.10.2.1) 
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1.10.3. Reynolds Number  

It is a dimensional number represented by Re and is used to indicate the behavior of 

the fluid flow. At low Re, the stream behave as a laminar flow while at high Re, the 

stream behave as a turbulent flow. Mathematically it is written as: 

Re ,
U L



 

                                                                              (1.10.3.1) 

1.11. Basic Concept of Homotopy Analysis Method 

The greater part of scientific issues is perplexing in their inclination and the careful 

arrangement is practically exceptionally troublesome or even impractical, so for the 

arrangement of such issues, Numerical and Analytical methods are utilized to locate 

the inexact arrangement. HAM is one of the significant and prominent systems for the 

arrangement of such kinds of issues. The HAM is a semi-analytical method to solve 

nonlinear ODEs or PDEs. HAM technique possesses the view of the homotopy from 

topology to build up a united arrangement answer for nonlinear frameworks. This is 

executed by applying a homotopy-Maclaurin to bargain with the nonlinearities in the 

framework. As it is an arrangement improvement strategy, that isn't exactly subject to 

little or enormous characteristic parameters. 

In this manner, it is reasonable for pitifully as well as emphatically nonlinear models, 

preceding a portion of the major states of the fundamental annoyance strategies. At the 

point when the fundamental overseeing conditions have been changed to an 

arrangement of nonlinear differential and coupled conditions by utilizing appropriate 

comparability factors. We use HAM to get the arrangement of the displayed issue 

because of its quick and stable assembly. HAM confined the helping parameters which 

change and oversee the intermingling of the bases capacities. 

The elementary idea of HAM was introduced by Lieo [165-170]. He deduced the idea 

from topology to derive HAM. He assumed two homotopic functions 1G , 2G  which 

are continuous in two topological spaces A , B  and mapping from A  to B . If there is a 

function   , which continuous, then 1G
 
is said to be homotopic to 2G  . 

 : 0,1 .A B  
                                                                            

(1.11.1)
 

 , x A 
 

   1,0x G x 
     

and       2,1x G x                                                (1.11.2) 
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The mapping   is called homotopic. Consider an equation of the form  
 

  ( , ) = 0,u y t                                                                                    (1.11.3) 

Here   symbolizes the nonlinear operator and ( , )u y t  is the self-determining 

inconstant and u  is an unknown function. Creating the zeroth order   

0(1- ) [ ( ( , ); ) - ( ( , ))] ( ( , )) [ ( ( , ); )]L HG u y t u u y t h u y t G u y t                           (1.11.4) 

When 0 and 1   then Eq. (1.9.4) reduces 

 0( ;0) ( ),     ( ;1) ( , ),  U u U U v y t                                                                     (1.11.5) 

By Taylor series, expend  , ;y t 
 
w.r.t , we get 

0

1

( , ; )  u ( , ) ( , ) ,i i

i

y t y t U y t  




                                                                     (1.11.6) 

 

where 

1 ( , ; )
( , ) = / 0.

!
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                                                                    (1.11.7) 

When it converges at 1  , therefore  

0

1

( , )  u ( , ) ( , ).i

i

u y t y t u y t




                                                                    (1.11.8) 

The series solution is  

0 1( ( , ), ( , )........... ( , )).nu u y t u y t u y t                                                         (1.11.9) 

Differentiating        order of (1.11.9) 
thm  times about   and then multiplying it 

with 
1

!i
 and in conclusion injecting  0,   we get  

-1 1[ ( ) - ( )]   ( ),i i i i iu u H v   L R                                                                (1.11.10) 

Here       
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                            (1.11.11)                                  

such that  ,iu y t   for   1i   is a linear equation with boundary limitations.  

1.12.  Mathematical Model 

The Mathematical model shows the conduct of a framework in the language of 

mathematic in the form of an abstract. The method of evolving a mathematical model 

is characterized by mathematical modeling.  Computer scientists, specialists, 

physicists, and market analysts utilize these models. Mathematical Modelling turns 

into a difficult activity in view of the entanglement of the framework. Therefore, some 

assumptions and guesses are essential for theoretically closed models. General weather 

forecasting, global warming, flight recreation, tropical storm determining, nuclear 

winter, and the nuclear arms race are the examples and goals of mathematical models. 

A Mathematical model is simplified with flowing image 

 

Figure 1.21: Mathematical Model 

1.13. Thin Film Flows 

Thin film flow is commonly known as the flow in which one measurement is smaller 

than the others. It is for all intents and purposes of seeing in various industries. It exists 

in each part of nature and in various fields of technology; consequently, it is basic to 

comprehend their mechanics for viable uses. Expectedly, the thickness of thin film 

layers is relatively smaller in one direction the characteristic length scale in others, and 
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under the influence of external forces, i.e. gravity, surface tension, and pressure, flow 

takes place in the longer dimension. Normally it is experienced about regular daily 

existence, as slipping on a wet washroom floor and another case of thin film flow is 

dew dropped down on window screen or windowpane affected by gravity. In the latest 

years, due to extreme uses in numerous industries and technologies thin film flow has 

persuaded many researchers to its own side.  Some basic examples of thin film flows 

are:  

 The tear film in the eye  

 Raindrops on a window screen 

 Process of coating 

 Tertiary oil recovery                                         

 Manufacture of microchip 

                                                                             

  
         Fluid film on a rough surface                      Rain drops on a window screen 

 

   
              Fabrication of microchip                                  the tear film in the eye 

 

Figure 1.22: Examples of thin film flows 
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CHAPTER 2 

INTRODUCTION AND LITERATURE REVIEW 

 

Within the past few decades, experts in the field of fluid mechanics have focused on 

the flow of Newtonian fluid and power-law fluid. This can be traced to the fact that at 

every point, the viscous stresses arising in the flow of many fluids are linearly 

proportional to the local strain rate (i.e. rate of change of its deformation over time). A 

fluid composed of nanoparticles is called nanofluid. Nanoparticles of materials such as 

metallic oxides, carbide ceramics, nitride metals, ceramics, semiconductors, single, 

double or multi walled carbon nanotubes, alloyed, nanoparticles, etc. have been used 

for the preparation of nanofluids. Nanofluids have many characteristics in heat 

transfer, including microelectronics, local refrigerator, cooler, machining, and heat 

exchanger. The idea of nanofluid was introduced by Choi [1]. He is generally 

acknowledged as the main distribution that presents the idea of nanofluids. He explains 

nanofluids as a fluid containing littler scale particles known as nanoparticles around 1 

to 100 nm in measure.  

The liquid coolants are mainly employed to keep the operating temperature of different 

equipment in the specified range by transferring heat from them.  At present, the 

investigations show that the thermal conductivities of different fluids used in liquid 

coolants are much smaller as compared to those of solid metals. The natural laminar 

and convective heat energy transfer is a significant process in engineering and industry 

due to its numerous applications. Currently, a lot of research is in progress to 

investigate the different heat energy transfer characteristics of the newly developed 

fluid called “hybrid nanofluid” due to an extensive range of engineering and 

technological uses like medical manufacturing, microfluidics, transportation, generator 

cooling, naval structures, and solar heating. 

 A hybrid nanofluid refers to a combination in a base fluid of two different types of 

nanoparticles.  Therefore, if nanoparticles materials are picked correctly, they will 

enhance each other's positive aspects.  The metallic nanoparticles such as aluminum, 

copper, and zinc have high thermal conductivities. However, because of their reactivity 

and stability, the use of these metallic nanoparticles for nanofluid applications is 

limited. On the other hand, ceramic nanoparticles have lower thermal conductivity 

relative to metal nanoparticles, but they have many desirable possessions such as 



  
 

35 

chemical inertness and stability. The nanofluid scientific model was set up Boungiorno 

[2]. The idea of nanoparticles and state of nanoparticles are huge angles to improve the 

warm conductivity of working liquids are referred to in [3-6]. They considered five 

states of nanoparticles and found that all the five diverse states of nanoparticles 

increment the warmth transmission qualities. In a pivoting framework alongside an 

attractive field, Sheikholeslami et al. [7] talked about the nanofluid stream and warmth 

transmission. The learning of attractive properties of electrically directing liquids is 

known as magnetohydrodynamics (MHD) [8]. Haq et al. [9] were contemplated CNTs 

in chambers with MHD. Abro et al. [10] diagnostically examined MHD Jeffery liquid 

under the effect of warm radiation. The other related works can be examined Khan 

[11-16]. Dawar et al. [17] analyzed Eyring–Powell liquid stream under the effect of 

warm radiation over a permeable medium. The ongoing investigation of nanofluid with 

the current applications can be found in the exploration of [18-22]. The micro rotation 

effect on MHD Nanofluid was studied by Shah et al. [23]. 

The Fourier‟s [24] recommended the law of heat conduction normally works for heat 

transmission features from the time it was presented in the literature. By including the 

relaxation time parameter Cattaneo [25] it has improved this law for heat conduction. 

Christov [26] has named this theory the Cattaneo-Christov heat flux theory, by further 

modifying the Cattaneo theory by exchanging the time derivative with Oldroyd-B 

upper convicted derivative. Mustafa [27] scrutinized the model [26] for heat 

transmission in a rotating Maxwell nanofluid flow. Chen [28] probed the influence of 

heat transfer and the viscous dissipation of nanofluid flow over a stretching sheet. 

Sheikholeslami et al. [29–33] reflected the three dimensional magnetohydrodynamics 

(MHD) nanofluids flow in equivalent rotating plate. Shah and others. [34–37] 

analytically and numerically deliberated the applications of nanofluids with different 

properties, behavior, and influences.  

Dawar [38] studied Williamson nanofluid over a widening surface. Shah [39] 

inspected the micropolar nanofluid Hall current impact. Maleki et al. [40] scrutinized 

the non-Newtonian nanofluids flow and heat transmission over a porous surface. Nasiri 

et al. [41] deliberated the smoothed particle by a hydrodynamics approach for 

numerical simulation of nanofluid flows. Rashidi et al. [42] used the nanofluids in a 

circular tube heat exchanger and examined the entropy generation. Safaei et al. [43] 

studied numerically and experimentally the nanofluids convective heat transfer in 

closed conduits. Mahian et al. [44, 45] presented the advances in the simulation and 
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modeling of the flows of nanofluids. Due to its relaxation properties, Non-Newtonian 

nanofluids have significant applications in the area of fluid mechanics. Kartini et al. 

[46] scrutinized the flow of Jeffrey nanofluid with Magnetohydrodynamic impact. 

Ahmad and Ishak [47] deliberated the flow of Jeffrey nanofluid with MHD and 

transverse magnetic field impacts in a porous medium. Hayat et al. [48] probed the 

Oldroyd-B nanofluid flow thermal radiation impacts. Raju [49] deliberated the flow of 

Jeffrey nanofluid with  homogenous-heterogeneous reaction impacts. The articles that 

are related to Jeffrey nanofluid can be found in [50–54]. Hayat et al. [55] inspected the 

MHD Maxwell nanofluid flow using suction/injection. Raju et al. [56] presented the 

heat transmission in three-dimensional Ferro-nanofluid. Sandeep and Sulochana [57] 

investigated the mixed convection micropolar nanofluid.  

Raju et al. [58] deliberated the impacts of an inclined magnetic field, thermal radiation, 

and cross diffusion on the two-dimensional flow. Nadeem et al. [59] presented the heat 

and mass transfer in Jeffrey nanofluid. Makinde et al. [60] pondered the temperamental 

liquid stream with convective limit conditions. Sheikholeslami [61] talked about the 

hydro-warm conduct of nanofluids stream on account of its outer warmed plates. Shah 

et al. [62] exhibited the Darcy-Forchheimer stream of radiative carbon nanotubes in a 

turning outline. Chai et al. [63] exhibited a survey of the warmth move and 

hydrodynamic qualities of the nano/microencapsulated stage. Shah et al. [64] inspected 

the electro-magneto micropolar Casson Ferrofluid over an extending/contracting sheet. 

Dawar et al. [65] broke down the MHD CNTs Casson nanofluid in pivoting channels. 

Khan et al. [66] thought the Williamson nanofluid stream over a direct extending 

surface. Imtiaz et al. [67] examined the unsteady MHD flow due to a curved 

stretchable surface with homogeneous–heterogeneous reactions. Hayat et al. [68] 

deliberated the flow of nanofluids with homogeneous–heterogeneous reaction impacts 

over a non-linear stretched sheet with variable thickness. A recent study about 

nanofluid with the application can be seen [69–72]. 

Energy is a requirement of production for every industry and is used in every 

engineering field. Important sources of energy are gas turbines, exchange membrane, 

and fuel cells [73], hydraulic-fracturing [74, 75], etc. Suspensions of nanoparticles in 

liquids demonstrate an imperative improvement of their assets at unassuming 

nanoparticle focuses. Various specialists have chipped away at nanofluids and 

concentrated their job in warmth move examination, as atomic reactors and different 

transportations. Nanofluids are shrewd liquids, where warmth move can be diminished 
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or expanded in the base liquids. This examination work centers around researching the 

immense scope of employments that include nanofluids, underscoring their advanced 

warmth move assets, which are manageable, and the characterizing highlights that 

these nanofluids protect that make them reasonable for such employments. Also, 

nanofluids are another sort of vitality transference liquid that is the suspension of base 

liquids and nanoparticles. For cooling prerequisites, regular warmth move fluids can't 

be utilized, because of their lesser warm conductivity. By embedding nanoparticles 

into typical liquids, their warm establishment can be advanced extensively.  

Bhatti et al. [171] investigated the concurrent effects of the differing attractive field of 

Jeffrey nanofluid. They analyzed the effect of physical parameters over the stream 

field. Xiao et al. [75] inspected the general penetrability of nanofibers with the narrow 

weight impact utilizing the Fractal-Monte Carlo strategy. They watched the effect of 

the implanting parameters with applications. Vajravelua and Kumar [76] have 

observed magneto hydrodynamics viscous fluid flow between two horizontal and 

parallel plates with rotations, where one of the plates was stretched and the other was 

permeable. They obtained a numerical solution and studied the effect of physical 

parameters. Ellahi et al. [77] examined the MHD non-Newtonian nanofluid with a 

temperature-subordinate thickness move through a pipe. The microchannel warmth 

sink stream investigation cooled by a Cu water nanofluid by applying the least square 

strategy and the permeable media approach was seen by Hatami et al. [78]. Hatami et 

al. [79] investigated nanofluid laminar stream between turning circles with warmth 

move. Srinivas Acharya et al. [80] researched nanofluid blended convection stream 

with particle slip and Hall impacts between two concentric chambers. Khan et al. [81] 

researched limit layer nanofluid move through an extending surface. Khanafer et al. 

[82] depicted two-dimensional Buoyancy driven stream with upgraded warmth move 

fenced in the area using nanofluids. Mahanthesh et al. [83] researched precarious 

MHD three-dimensional Eyring-Powell nanofluid stream with warm radiation through 

an extending sheet.  

Rashidi et al. [84] investigated nanofluid with entropy age and MHD stream on an 

unfaltering permeable turning circle. Rashidi et al. [85] researched 3-D film buildup on 

a relentless slanted pivoting circle. Gul et al. [86] considered the warmth and mass 

exchange examination of a fluid film over a slanted plane. They thought about the 

number and non-whole number request results affected by implanted parameters. Saleh 

et al. [87] contemplated carbon-nanotubes suspended nanofluid stream with convective 
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conditions utilizing the Laplace change. Sheikholeslami et al. [88] inspected the 

nanofluid stream in a semi-annulus fenced in area with warmth move and MHD 

impacts. Sheikholeslami et al. [89] explored stream in a semi-permeable channel of 

MHD nanofluid with a diagnostic examination. Afterward, these examiners [90] 

thought insecure nanofluid course through an extending surface. Hayat et al. [91] 

investigated the limit layer stream of Maxwell nanofluid. Malik et al. [92] investigated 

MHD move through an extending Trying-Powell nanofluid. Nadeem et al. [93] 

analyzed the progression of Maxwell fluid with nanoparticles through a vertically 

extending surface. Raju et al. [94] inspected stream with free convective warmth move 

through a cone of MHD nanofluid. Rokni et al. [95] investigated stream with the 

warmth move of nanofluids through plates.  

Nadeem et al. [96] examined the stream on an extending sheet of nano non-Newtonian 

fluid. Shehzad et al. [97] explored the convective limit states of Jaffrey nanofluid 

stream with an MHD impact. Sheiholeslami et al. [98] investigated stream with an 

attractive field and warmth move of nanofluid. Mahmoodi et al. [99] analyzed stream 

for cooling uses of nanofluid with warmth move. As of late, Shah et al. [100–103] 

researched a pivoting framework in the impacts of corridor momentum and warm 

radiations of the nanofluid stream. Further hypothetical examinations were analyzed by 

Sheikholeslami utilizing various marvels for nanofluids, with present utilization and 

assets with uses of various techniques, which can be found in [104–107]. Pour and 

Nassab [108] inspected the convectional stream of nanofluids utilizing the numerical 

system. The impact of the physical parameters was seen in their investigation. The 

investigation of thin film has accomplished considerable introductions because of its 

regular utilizations in the field of innovation, industry, and designing in a short interim 

of time.  

The examination of slim fluid stream is vital, because of its down to earth utilizes, for 

example, link and fibber undercoat. A few understood employments of the dainty film 

are the fluidization of gadgets, flexible sheet drawing, and consistent arrangement. 

Concerning utilizes, researchers must create examine on the extending sheet of fluid 

movies. Sandeep et al. [110] examined non-Newtonian nanoliquids dainty movies 

liquid stream with warmth move. Wang [111] distinguished a temperamental 

progression of dainty film liquid through an extending sheet. Usha et al. [112] 

examined insecurely limited meager fluid past an extending sheet. Liu et al. [113] 

examined the slender film stream with warmth move on an extending surface. Aziz et 
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al. [114] saw the stream on an extending sheet of a slender liquid film for the creation 

of warmth inside. Tawade et al. [115] analyzed liquid stream with warm radiation and 

warmth transmission of a dainty film. Liquid film stream on an extending sheet with 

warmth move was explored by Andersson et al. [116]. Additionally, agents [117–122] 

inspected the progression of the fluid film on an extending surface for further unique 

cases. Hatami et al. [127] inspected a 3-D nanofluid stream on an enduring turning 

plate. A comparative related investigation about nanofluid can be seen in [124–126]. 

Jawad et al. [128] analyzed the Darcy-Forchheimer nanofluid slim film stream with 

Joule scattering and Navier's incomplete error of the MHD impact. Jawad et al. [129] 

contemplated 3-D single-divider carbon nanotubes pivoting stream with the effect of 

nonlinear warm radiation and gooey scattering within the sight of fluid suspensions. A 

recent study can be seen in [130-140]. 

The main of this thesis is given in details as: 

In chapter 01 incorporates the investigation of anticipating thoughts and rudimentary 

phrasings having exchange identified with the thought about issues in the thesis. An 

outline of a couple of critical results that are utilized in this thesis has additionally been 

talked about. It covers the depiction of Newtonian and non-Newtonian liquids, 

nanofluid, carbon nanotubes going with mathematical models, essential conditions, 

and models. The essential thought of HAM is additionally given.  

Chapter 03 is based on an analysis of the MHD flow of three combined nanofluids 

(Maxwell, Oldroyd-B, and Jeffrey) over a linearly stretching surface. The present 

model composed of Cattaneo-Christov heat flux.  The impact of homogeneous-

heterogeneous reactions is taken in this model. Boundary layer methodology is used in 

the mathematical expansion. The effects of dimensionless parameters on the liquid 

stream are introduced through graphs and tables. 

In chapter 04, the three-dimensional thin-film Casson fluid flow over an inclined 

steady rotating plane was examined. The thin film flow was thermally radiated and the 

suction/injection effect was also considered. By the similarity variables, the PDEs were 

converted into ODEs. The obtained ODEs were solved by the HAM with an 

association of the MATHEMATICA program.  

In chapter 05 entropy generation in nanofluid based SWCNTs and MWCNTs over a 

permeable extending sheet and radiative heat flux impacts are analyzed. It is desired 

that the current study contributes as a boost for sculpting more advanced 
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Magnetohydrodynamic Nanofluid flows notably in the cooling of microchips, nuclear 

reactors, in fuels, extraction of geothermal power, micro actuation process and 

biomedicines. 

Chapter 06 deals with the investigation of the thermal characteristics of the Darcy-

Forchheimer hydromagnetic hybrid nanofluid flow through a stretching cylinder. The 

model equations which consist of continuity, momentum, and energy equations are 

converted to a set of coupled ordinary differential equations through similarity 

variables transformations and appropriate boundary conditions. Brownian motion and 

Thermophoresis effects are mainly focused on this work. The impacts of some 

interesting parameters over velocity, temperature, and concentration profiles are 

studied graphically. The present study will be helpful in understanding the thermal 

characteristics of heat transfer liquids. In chapter 7, we gave the conclusion of the 

detail. 
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CHAPTER 3 

INFLUENCE OF CATTANEO-CHRISTOV HEAT FLUX ON MHD 

JEFFREY, MAXWELL, AND OLDROYD-B NANOFLUIDS WITH 

HOMOGENEOUS-HETEROGENEOUS REACTION 

3.1. Introduction 

The present chapter is based on analysis of the MHD flow of three combined 

nanofluids (Maxwell, Oldroyd-B, and Jeffrey) over a linearly stretching surface. The 

present model composed of Cattaneo-Christov heat flux.  The impact of homogeneous-

heterogeneous reactions is taken in this model. Boundary layer methodology is used in 

the mathematical expansion. The effects of dimensionless parameters on the liquid 

stream are introduced through graphs and tables. 

3.2. Mathematical Modeling and Formulation 

Contemplate incompressible electrically conducting three combined nanofluids 

(Jeffrey, Maxwell, and Oldroyd-B) confined by a linear overextended sheet. The fluid 

flow is taken in a two-dimensional steady state with a stable surface temperature. Here

x  axis is viewed as with the surface, while y  axis is symmetrical with x  axis in 

chosen coordinate system. The stretching velocity in x  axes direction is defined as

( ) wU x x . The conclusion of homogeneous-heterogeneous reactions on the fluid 

flows of two chemical species I  and J  is taken into account. In y  axis direction a 

uniform magnetic field 0B  is acting. The heat transmission procedure is applied 

through the Cattaneo-Christov heat flux theory. 

In case of cubic autocatalysis, the Homogeneous reaction is [45, 46] 

2
2 3 , ,cI J J rate k ij  

                                                                                            (3.2.1)
 

The heterogeneous reaction is defined as 

, ,sI J rate k i                                                          (3.2.2) 

where , , , , ,c s I J i jk k are the rate constants, chemical species, and concentrations of 

chemical species respectively.  

Applying assumptions we get 

0,x yu v                                                             (3.2.3) 
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                      (3.2.4) 

 

  . ,p x yc u v q                                                             (3.2.5) 

 

2
,x y I yy cui vi D i k ij                                                     (3.2.6) 

 

2
.x y J yy cuj vj D j k ij                                                        (3.2.7) 

Here ,, , , f fu v     are velocity components in their respective directions, dynamic 

viscosity, density, and kinematic viscosity respectively. 1 2 3, ,  
 
are the relaxation 

time, proportion of reduction to retardation times, and retardation time, respectively. 

0,, f   indicate the temperature, electrical conductivity, and the transverse magnetic 

field. 

     The problem is deliberate constructed on the succeeding situations: 

i. Oldroyd-B nanofluid when 1 2 30, =0 and 0    .  

ii. Maxwell nanofluid when 1 2 30, =0 and 0    .  

iii. Jeffrey nanofluid when 1 2 30, 0 and 0     .  

The heat flux theory which was presented by Cattaneo-Christov: 

  1 ,t

q

t
q q V V q q V q k





                                        (3.2.8) 

So, ,k q  represent heat conductivity & heat flux. Applying classical Fourier‟s law 

equation (3.2.8) reduced as  

 1 . . .q V q q V k                                                    (3.2.9) 

The heat transfer equation proceeds as: 

 1 ,x y E yyu v                                                   (3.2.10) 

Where E is given as: 

2 2
2 .E x x y y x y y x xy xx yyuu vv uv vu uv u v                               (3.2.11) 

The accompanying boundary circumstances are: 
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0

( ) , 0, , , ,    0,

0,  , , 0  ,   ,

 w I y s J y sw v D iu U k i D j k i y

u i i

x

j y

x



       

  



  


                     (3.2.12) 

p

k

c



  indicates the thermal diffusivity, ID and 

J
D  indicate the diffusion 

coefficients, 
w

 denotes temperature of surface, 


 for surrounding fluid temperature & 

 is non-negative stretching rate constant with 
1

 as the dimension. Picking  

   

     

1
21

2

0 0

, ( ) , ,

, , .

w

u xF v y

i i j i h

F

G


   











 



   

  
  
  

 
 
 

                                        (3.2.13) 

Final ODEs after inserting all assumptions   

      2 1
1 (1 ) 2 0,F F FF MF F FF F F FF F                    

2 2 2

2 2
               

(3.2.14) 

  2
Pr 0,G FG FF G F G                                                         (3.2.15) 

 

 2
0,Sc F K h                                                                  (3.2.16) 

 

 2
0,h Sc Fh K h                                                              (3.2.17) 

with boundary circumstances  

0, 1, 1, ,   at  0,

0, 0, 1, 0  at  ,

sF F G K h Ks

F G h

    

 

        

     
                                  (3.2.18) 

In the above equations, 

2

0nf

f

M





 indicates the magnetic field, 1 1 2 3 and     

are the Debora numbers with respect to relaxation and retardation time, Pr
f




represents the Prandtl number, 1  indicates the thermal relaxation time, 
f

I

Sc
D


 is 

the Schmidt number, 
2

0c

w

k i
K

U
 indicates the homogeneous reaction strength, 
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0

s
s

I f

k
K

D i




 represents the heterogeneous reaction strength, and J

I

D

D
  indicates the 

diffusion coefficient,  

When 
I J

D D then 1  and as a result 

  ( ) 1.h                                                               (3.2.19) 

Now equations (3.16) and (3.17) yield 

  21 0.Sc F K                                                         (3.2.20) 

The subjected boundary conditions are 

(0) (0), ( ) 1.sK                                                              (3.2.21)  

Skin friction coefficient through dimensionless scale is: 

1
12

2

1
Re (0).

1
x xCf F










 
 
 

                                                    (3.2.22) 

The dimensionless form of xu  and xSh  are found as: 

(0), (0).x xu G Sh                                                     (3.2.23) 

3.3. Solution by HAM 

To evaluate the equations (3.2.14), (3.2.15) and (3.2.20) with boundary conditions 

(3.2.18) and (3.2.21) using HAM. The preliminary assumptions picked below as: 

0 0 0

1
( ) ,  G ( ) ( ) .

1e
F

e e



 
   


                                    (3.3.1) 

Linear operators are selected as: 

( ) '''  =0,

L (G)-G''+ =0,

L ( )- =0.

F

G

L F F F

G


  

 

 

                                                     (3.3.2) 

With following possessions: 

1 2 3 4 5 6 7( ) 0,  L ( ) 0, L ( ) 0,
F G

L r r e r e r e r e r e r e
     



  
                                         (3.3.3) 

where ( 1 7)ir i   . 
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         (3.3.4) 
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2 2
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F F F

   

         
     

    




    
  

    

  
  

  

      (3.3.5)  

   
2

3 2

2

( ; ) ( ; )
( ; ), ( ; ) ( ; ) ( ; ) 2 ( ; ) ( ; ) ,N F Sc F



     
               

 

 
    

 

 
 
      

(3.3.6) 

The zero
th

-order problem for equations (3.2.14), (3.2.15) and (3.2.20) are: 

Where 

0 0 0

1 ( ; ) 1 ( ; ) 1 ( ; )
( ) ,G ( ) and ( ) .

! ! !
q q q

F G
F

q q q
  

      
   

  
  

  
  

  
         (3.3.7) 

3.4. Convergence of HAM 

In this segment, we discuss the superior effect of concerned parameters graphically. 

The convergence of the equation is subjected entirely through the auxiliary constraints

, ,F G 
. The optional division of ,  are plotted through  curves (0), (0), (0)F G   

for the
nd

2 ordered approximated solution of HAM. The operational region of  is

2.2 0.2, 2.1 0.1, 2.4 0.1F G           . The convergence of HAM through 

curve on (0)F  , (0)G  and (0) is presented in figure 1. 

 



  
 

46 

 

Figure 3.1: The joint -curves graphs 

3.5. Outcomes and Conversation 

This segment deal the study of velocity function ( )F  , heat function ( )G  & 

concentration function ( )   within the defined domain has been discussed.  

 

 

     Figure 3.2: Impact of M on ( )F  , when 0.5, 0.6, 0.8, Pr 0.7, 0.9sSc         

The impression of   on ( )F  is deliberated in the figure. 3.2. The theory of Lorentz 

deliberated that the magnetic profile grows reverse force to the fluids flow. This force 

reduces the motion, while improves the wideness of the boundary layer. Therefore 
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with the escalating magnetic field the velocity profile ( )F  declines. From here we 

also conclude that Jeffrey nanofluid is greatly subjected by a magnetic field as 

compared to the other two. 

 

    Figure 3.3: Impact of Pr  on ( )G  , when 0.5, 0.6, 0.8, 0.1, 0.9sSc          

In figure 3.3 we perceived that ( )G  diminishes when Pr  is enhances. Physically the 

chunkiness of the boundary coating increase with the reduction in thermal diffusion. In 

addition, it can also be seen from the figure that Pr is more effective on Jeffrey and 

Maxwell nanofluids as compared to Oldroyd-B nanofluid.  

 

 

   Figure 3.4: Impact of   on ( )G  , when 0.6, Pr 0.7, 0.8, 0.1, 0.9sSc          
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In figure 3.4 the effect of thermal relaxation parameter  on ( )G  has been described. 

From here we see that ( )G  reduces with the escalation in . It is attributable to the 

fact that as we escalate , the material particles need more time for the heat 

transmission to its nearest particles. In addition, it can be said that the material shows a 

non-conducting behavior with higher values of which results in a reduction in ( )G  .  

 

 

 

      Figure 3.5: Impact of Sc on ( )  , when 0.1, Pr 0.7, 0.8, 0.1, 0.9s          

 

In figure 3.5 the effect of Sc on ( )  has been described. Physically, the Schmidt 

number is related to hydrodynamic layer‟s thickness and boundary layer. The 

escalating Sc escalates the momentum of boundary layer flow which results upsurge in 

concentration profile, where ( )  upsurges with the rise in Sc . 
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       Figure 3.6: Result of  on ( )  , at 0.1, Pr 4, 0.6, 0.9, 0.1sSc         

 

 In figure 3.6 the impact of  on ( )  has been described. From here we conclude that 

larger K results reduction in ( )  . It may be caused by the fact that the reaction rates 

control diffusion coefficients.  

 

 

        Figure 3.7: Result of sK on ( )  , at Pr 0.7, 0.1, 0.6, 0.1, 0.8Sc         
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To a certain extent similar results are displayed in figure 3.7. In figure 3.7 the impact 

of s on ( )  has been described. From this figure we have concluded that the 

mounting tenets of s shows dropping behavior in ( )  . 

 

 

   Figure 3.8: Impression of   on xCf
 

 

 

    Figure 3.9: Impression of   on xNu  
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 In figures 3.8 & 3.9 the impact of  on xCf and xNu for Jeffrey, Maxwell, and 

Oldroyd-B nanofluids has described. It is obvious from the figures that the growing 

values of   show decreasing to both xCf and xNu . Magnetic forces have inverse 

variation with the skin friction of the fluid flow. That‟s why the increasing magnetic 

field condenses xCf of the fluids flow. Similarly, the behavior of the heat transfer rate 

is due to the fact that the growing magnetic force on the fluids flows phenomena, the 

fluids particles require additional time to transmission the hotness to the nearest 

particle. Hence heat transfer rate diminishes with the intensifying magnetic field.  

 

 

Figure 3.10: Result of Pr on xNu
 

 

Figure 3.11: Result of  on xNu  
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The impression of Pr and   on xNu for nanofluids flow has been described in figures 

3.10 and 3.11. From here we conclude that the escalation in Pr upsurges the heat 

transmission rate while the increasing   condenses the heat transfer rate for 

nanofluids flow.  

 

        Figure 3.12: Total Residual error for Jeffery, Maxwell and Oldroyd-B 

nanofluids 

Figure 3.12 shows the Total Residual error for all three types of nanofluid flow. 

3.6. Discussion on Tables 

Table 3.1 demonstrates the conclusion of the emergent parameter on skin friction. This 

shows the impression of magnetic field parameter M on skin friction coefficient. The 

magnetic field parameter shows a reduction in the skin friction coefficient. Table 3.2 

demonstrates the conclusion of incipient parameter on heat flux. Heat transition 

decreases with the rise in thermal relaxation parameter   while escalates with 

intensification in Pr. From table 3.2, we also conclude that the thermal relaxation 

parameter has more effect on Jefferey nanofluids by way of associated with the other 

two nanofluids. Table 3.3 demonstrates the conclusion of the emerging parameter on 

the Sherwood number. The Sherwood number reduces with the rise of Schmidt 

number, while upsurges with the escalation of the strength of homogeneous reaction   

and the strength of heterogeneous reaction s .  
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Table 3.1: Distinction in xCf for different  

   

 

 

 

   Ref.[47] 

Present 

results for 

Jeffrey 

nanofluid 

    xCf  

 

 

 

 

  Ref.[47] 

Present 

results for 

Maxwell 

nanofluid 

    xCf  

 

 

 

 

  Ref.[47] 

Present 

results for 

Oldroyd-B 

nanofluid 

    xCf  

1.0 -1.210458 -1.210462 -1.504151 -1.504153 -1.071019 -1.071022 

2.0 -1.431584 -1.431587 -1.804788 -1.804791 -1.248081 -1.248084 

 

Table 3.2: Distinction in xNu for different and Pr  

  Pr  Ref.[47] 

Jeffrey 

nanofluid 

    xNu  Ref.[47] 

Maxwell 

nanofluid 

xNu  Ref.[47] 

Oldroyd-B 

nanofluid 

xNu  

1.0  ---------- 0.610394 ---------- 0.595298 ---------- 0.610846 

1.2  ---------- 0.607503 ---------- 0.593311 ---------- 0.607993 

 6.0 0.418081 0.513786 0.421167 0.511247 0.426476 0. 5154367 

 7.0 0.439695 0.626865 0.441919 0. 548966 0.447670 0. 5477974 

 

Table 3.3: Distinction in xSh for different ,   Sc  and   s  

Sc    s  Jeffrey Maxwell Oldroyd-B 

1.2   -0.096477 -0.095593 -0.096771 

1.5   -0.096782 -0.095890 -0.097081 

 1.5  -0.058030 -0.047238 -0.049135 

 1.7  -0.056699 -0.037230 -0.039262 

  0.5 -0.018933 -0.037233 0.012399 

  0.8 -0.160028 0.046603 -0.125205 
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3.7. Comparison of Analytical Solution and Numerical Solution  

An analytical solution means an exact solution. To study the behavior of the system, an 

analytical solution can be used with varying properties. Regrettably, there are many 

practical systems lead to the analytical solution, and analytical solutions are of limited 

use. That‟s why we use a numerical approach to make a close answer to a practical 

result. Those solutions which cannot be used in the complete mathematical expression 

are numerical solutions. Since In nature, there are almost no problems are exactly 

solvable that's the problem why it's difficult than all the exactly solvable problems and 

there are about three or four of them in nature that's all have already been solved 

unfortunately even numerical methods can't give any exact solution. Numerical 

techniques can handle any completed physical geometries which are often impossible 

to solve analytically. In this article, both analytical and numerical approaches are 

tested. Comparison of HAM and ND-Solve method for ( )F  , ( )G  , ( )   are 

deliberated through graphs 3.13-3.15 and tables 3.4-3.6 respectively. 

 

Figure 3.13: Analytical & numerical assessment for ( )F   
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Figure 3.14: Analytical & numerical assessment for ( )G 
 

 

Figure 3.15: Analytical & numerical assessment for ( )   
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Table 3.4: Symmetry of HAM versus numerical solutions for ( )F  , when

2Pr 1.0Sc     , 1 2 2 0.1            

 


 

HAM 

( )F 
 

Numerical 

( )F   

Absolute Error 

AE 

0.0 3.33067×10
-16

 0.000000 3.33067×10
-16

 

0.1 0.0950433 0.093334 0.002876 

0.2 0.180827 0.173972 0.009647 

0.3 0.258260 0.242791 0.016488 

0.4 0.328165 0.300578 0.020276 

0.5 0.391281 0.348033 0.019089 

0.6 0.448277 0.385777 0.011828 

0.7 0.499753 0.414357 0.085396 

0.8 0.546251 0.434262 0.111989 

0.9 0.588258 0.445923 0.142335 

1.0 0.626213 0.449730 0.176483 

 

Table 3.5: Symmetry of HAM versus numerical solutions for ( )G  , when

Pr 1.0sSc     , 1 2 3 0.1            

 


 

HAM 

( )G 
 

Numerical 

( )G   

Absolute Error 

AE 

0.0 1.000000 1.00000 0.000000 

0.1 0.915165 0.887477 0.002876 

0.2 0.835725 0.775917 0.009647 

0.3 0.761845 0.666195 0.016488 

0.4 0.693506 0.559077 0.020276 

0.5 0.630563 0.45522 0.019089 

0.6 0.572791 0.355165 0.011828 

0.7 0.519912 0.259342 0.250570 

0.8 0.471618 0.168073 0.303545 

0.9 0.427594 0.0815811 0.346013 

1.0 0.387518 5.60459×10
-9

 0.387517 
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Table 3.6: Symmetry of HAM versus numerical solutions for ( )  , when

Pr 1.0sSc     , 1 2 2 0.1            

 


 

HAM 

( ) 
 

Numerical 

( )   

Absolute Error 

AE 

0.0 0.396762 0.404080 0.007318 

0.1 0.429884 0.436425 0.006841 

0.2 0.464667 0.468606 0.003939 

0.3 0.499830 0.500349 0.000519 

0.4 0.534490 0.531418 0.003072 

0.5 0.568056 0.561618 0.006438 

0.6 0.600146 0.590789 0.009357 

0.7 0.630533 0.618810 0.011723 

0.8 0.659102 0.645589 0.013513 

0.9 0.685811 0.671065 0.014746 

1.0 0.710675 0.695202 0.015473 
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CHAPTER 4 

THREE-DIMENSIONAL CASSON NANOFLUID THIN FILM 

FLOW OVER AN INCLINED ROTATING DISK WITH THE 

IMPACT OF HEAT GENERATION/CONSUMPTION AND 

THERMAL RADIATION 

4.1. Introduction 

 In this chapter, the 3D nanofluid thin-film flow of Casson fluid over an inclined 

steady rotating plane is examined. A thermal radiated nanofluid thin film flow is 

considered with suction/injection effects. Using similarity variables, PDEs are 

converted into a system of ODEs. Obtained ODEs are resolved by the homotopy 

analysis method (HAM) with the combination of MATHEMATICA software. The 

essential terms of the Nusselt and Sherwood numbers were also examined physically 

and numerically for the temperature and concentration profiles. It was observed that 

the radiation source improves energy transport to enhance the flow motion. These 

outputs are examined physically and numerically and are also discussed.  

4.2. Problem Formulation 

Here we take into account a steady 3D Casson nanofluid thin-film flow over a rotating 

disk. The disk is rotating in his own plane due to the angular velocity Ω (Figure 4.1). 

With a horizontal axis, an angle β is made by the inclined disk. W and h indicate 

spraying velocity and nanofluid thickness respectively. g  is considered gravitational 

acceleration. T0 and Tw specify the film surface and surface temperatures of the disk. 

C0 and Ch indicate the film surface and the disk surface concentrations. The pressure is 

taken along the z-axis. In view of [8–10], the following equations are considered for 

the above assumptions. 

0u u ux y z                                                                 (4.2.1) 

 

   
1

1 sinnf y x z nf yy xx zzvu uu wu u u u g  


      
 
 
 

                                (4.2.2) 

 

 
1

1
nf

x y z yy xx zz

nf

uv vv wv v v v


 

 
     

 
                                           (4.2.3) 
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                            (4.2.4) 

 

 
 nf

y x z yy xx zz

cp nf

k
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                                                      (4.2.5) 

 

   
0

T
y x z yy xx zz yy xx zz

D
vC uC wC D C C C T T T

T
       

 
 
 

                             (4.2.6) 

 

 

Figure 4.1: Geometry of the problem 

with boundary conditions  

0 0
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                                          (4.2.7) 

The transformations of the form 

     

     

       

   

0

1 2

1 2

0

sin

sin

2 ,  

,  

w w

w

vnf

C Cw
vnf

u f x g y gk

v f y g x gs

w f T T T T

C C z


  


  

  

  



   
 
 

    


    


    

 

                                            (4.2.8) 

Implementing (4.2.8), (4.2.1) is obvious and (4.2.2 - 4.2.7) are reduced as 
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1 2 2
1 2 0f f g ff


      

 
 
 

                                                         (4.2.9) 

 

1
1 2 0k gs kf kf


     

 
 
 

                                                        (4.2.10)  

  

1
1 2 2 0g gf g f


     

 
 
 

                                                        (4.2.11) 

 

1
1 2 0s kg sf s f


      

 
 
 

                                                        (4.2.12) 

Equations (4.2.5) & (4.2.6) take the forms: 

 2 3
1 1

1 4

4
1 2 Pr 0

3

A A
R I f j

A A
     

 
 
 

                                             (4.2.13) 

 

2 0
Nt

Scf
Nb

                                                               (4.2.14) 

 

         

       

       

 0, 0 0, 0 0,  0 0,  1

0,  0 0,   0, 0 0,

 0, 0 0,  0 0, 1.

f f f

g g k k

s s

   

 

   

     

    

    

                                 (4.2.15) 

 

Physical  is defined as: 

  

 

  

 
,Pr ,  ,  ,  

b h T Hf p p

f cf ff

D C c D T cv
Sc Nb Nt S

D c T c

  

     
    


                       (4.2.16) 

where the normalized thickness constant is presented as: 

nf

h
v




                                                                        (4.2.17) 

That is: 

 
2

W
f  


 


                                                                (4.2.18) 

In case of Pr = 0 & θ(δ) = 1, we obtained the exact solution as : 
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1

0


                                                                      (4.2.19) 

Nusselt number Nu is defined as: 

 

 
 4

0

0
znf w

f w

Tk
Nu A

k T T
  


                                                  (4.2.20) 

The Sherwood number is defined as: 

 
 

0

0
z w

w

C
Sh

C C
 


                                                       (4.2.21) 

4.3. Solution by Homotopy Analysis Method  

Equations (4.2.9 - 4.2.14) with (4.2.15) are treated by HAM. The operators ˆ ˆ,
f

L L
  

and 

ˆL


 are taken as  

ˆ ˆ ˆ

ˆ ˆˆ

ˆ ˆ ˆ ˆ( ) , ( )=k , ( )=g ,

ˆ ˆ ˆˆ( )=s , ( )= , ( )=  

gf k

s

L f f L k L g

L s L L
 
   

  

  
                                             (4.3.1) 

 

The modeled equations (4.2.9) to (4.2.14) with (4.2.15) were solved both numerically 

and analytically. The comparison of these both techniques is shown both graphically 

and numerically in tables 4.1– 4.6. The excellent agreement between the HAM and the 

numerical methods is derived from these tables. 

Table 4.1: Comparison of HAM and numerical solution for f(η) 

f(η) HAM Numerical Absolute Error 

0.0 0.000000 −2.812710 × 10
−10

 2.812710 × 10
−10

 

0.1 0.003258 0.003258 5.703240 × 10
−8

 

0.2 0.012408 0.012408 2.280140 × 10
−7

 

0.3 0.026573 0.026573 5.104210 × 10
−7

 

0.4 0.044948 0.044948 8.995600 × 10
−7

 

0.5 0.066795 0.066793 1.388520 × 10
−6

 

0.6 0.091431 0.091429 1.965710 × 10
−6

 

0.7 0.118224 0.118221 2.615740 × 10
−6

 

0.8 0.146586 0.146583 3.327870 × 10
−6

 

0.9 0.175966 0.175962 4.078740 × 10
−6

 

1.0 0.205842 0.205837 4.847430 × 10
−6
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Table 4.2: Comparison of HAM and numerical solution for k(η) 

k(η) HAM Numerical Absolute Error 

0.0 0.000000 3.431260 × 10
−8

 3.431260 × 10
−8

 

0.1 0.082367 0.082366 2.022930 × 10
−7

 

0.2 0.155134 0.155134 4.388100 × 10
−7

 

0.3 0.218705 0.218705 6.667190 × 10−7 

0.4 0.273439 0.273438 8.749510 × 10−7 

0.5 0.319620 0.319619 1.071030 × 10−6 

0.6 0.357437 0.357436 1.231030 × 10−6 

0.7 0.386981 0.386980 1.356500 × 10−6 

0.8 0.408247 0.408246 1.432420 × 10−6 

0.9 0.421138 0.421137 1.471570 × 10−6 

1.0 0.425484 0.425483 1.467400 × 10−6 

 

Table 4.3: Comparison of HAM and numerical solution for g(η) 

g(η) HAM Numerical Absolute Error 

0.0 1.000000 1.000000 1.286450 × 10
−8

 

0.1 0.950141 0.950139 2.377450 × 10
−6

 

0.2 0.903441 0.903436 4.705070 × 10
−6

 

0.3 0.860810 0.860803 6.954740 × 10
−6

 

0.4 0.822957 0.822948 9.080750 × 10
−6

 

0.5 0.790417 0.790406 0.000011 

0.6 0.763566 0.763553 0.000013 

0.7 0.742641 0.742627 0.000014 

0.8 0.727756 0.727740 0.000015 

0.9 0.718908 0.718892 0.000016 

1.0 0.715997 0.715981 0.000016 
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Table 4.4: Comparison of HAM and numerical solution for s(η) 

s(η) HAM Numerical Absolute Error 

0.0 0.000000 −7.170820 × 10
−9

 7.170820 × 10
−9

 

0.1 −0.019540 −0.019539 1.154300 × 10
−6

 

0.2 −0.038351 −0.038349 2.304890 × 10
−6

 

0.3 −0.055850 −0.055846 3.427710 × 10
−6

 

0.4 −0.071593 −0.071588 4.501730 × 10
−6

 

0.5 −0.085251 −0.085246 5.509380 × 10
−6

 

0.6 −0.096596 −0.096590 6.416000 × 10
−6

 

0.7 −0.105479 −0.105471 7.187270 × 10
−6

 

0.8 −0.111819 −0.111811 7.792270 × 10
−6

 

0.9 −0.115595 −0.115587 8.183170 × 10
−6

 

1.0 −0.116839 −0.116831 8.326040 × 10
−6

 

 

Table 4.5: Comparison of HAM and numerical solution for θ(η) 

θ(η) HAM Numerical Absolute Error 

0.0 0.000000 −1.777730 × 10
−9

 1.777730 × 10
−9

 

0.1 0.116628 0.116628 1.151200 × 10
−7

 

0.2 0.232964 0.232964 2.309850 × 10
−7

 

0.3 0.348690 0.348690 3.439950 × 10
−7

 

0.4 0.463468 0.463469 4.517690 × 10
−7

 

0.5 0.576946 0.576946 5.526490 × 10
−7

 

0.6 0.688763 0.688763 6.424670 × 10
−7

 

0.7 0.798558 0.798559 7.163620 × 10
−7

 

0.8 0.905975 0.905976 7.751320 × 10
−7

 

0.9 1.010670 1.010670 8.130730 × 10
−7

 

1.0 1.112300 1.112300 8.304690 × 10
−7
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Table 4.6: Comparison of HAM and numerical solution for ϕ(η) 

ϕ(η) HAM Numerical Absolute Error 

0.0 0.000000 −2.935480 × 10
−9

 2.935480 × 10
−9

 

0.1 0.109309 0.109309 8.676730 × 10
−8

 

0.2 0.218448 0.218448 1.752770 × 10
−7

 

0.3 0.327225 0.327226 2.613220 × 10
−7

 

0.4 0.435439 0.435440 3.434820 × 10
−7

 

0.5 0.542882 0.542883 4.241530 × 10
−7

 

0.6 0.649351 0.649352 4.969910 × 10
−7

 

0.7 0.754655 0.754656 5.581250 × 10
−7

 

0.8 0.858619 0.858620 6.055710 × 10
−7

 

0.9 0.961090 0.961091 6.356540 × 10
−7

 

1.0 1.061940 1.061940 6.465200 × 10
−7

 

4.4. Results and Discussion 

The influence of the embedded parameters Brownian motion parameter Nb, magnetic 

field M, Schmidt number Sc, Casson parameter γ, and thermophoretic parameter Nt, 

was examined for the axial f(η), radial k(η), drainage g(η) induced s(η) (velocities),  

temperature field θ(η), and concentration profile ϕ(η) correspondingly.  

 

Figure 4.2: Influence of γ on f(η) 
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Figure 4.3: Presentation of γ on g(η) 

 

 

Figure 4.4: Presentation  of γ on k(η) 
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Figure 4.5: The influence of γ on s(η) 

Figures 4.2 – 4.5 display the influence of the Casson fluid parameter γ on all 

velocity profiles. Rising γ creates conflict in the path of fluid flow and declines 

nanoparticle motion. It is perceived that an intensification of the Casson fluid 

parameter γ leads to a decrease of f(η), k(η), g(η), and s(η). The opposite trend is 

found in case of the z-direction, that is the enormous value of γ decreases the f(η), 

k(η), g(η), and s(η). 
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Figure 4.6: The influence of Pr on θ(η) 

The impact of Pr on θ(η) is shown in figure 4.6. It is intriguing to take note of that 

θ(η) diminishes with huge estimations of Pr and increments with littler qualities. 

Actually, the thermal diffusivity of nanofluids has more prominent qualities by 

lessening Pr and this impact is conflicting for bigger Pr. Consequently, the more 

prominent estimations of Pr drop the thermal limit layer 

 

Figure 4.7: The influence of R on θ(η) 
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The influence of the radiation parameter R on θ(η) is given figure 4.7. It is 

detected that if R increases then temperature θ(η) is augmented. 

 

Figure 4.8: Consequence of Nb on ϕ(η) 

The impression of Nb on θ(η) is exposed in figure 4.8. The opposite impact was 

made for ϕ(η) and θ(η), which means expanded Nb diminishes the fixation profile 

ϕ(η). The focus limit layer thickness diminished because of the rising estimations 

of Nb and therefore the fixation field ϕ(η) declined. 

 

Figure 4.9: The influence of Nt on ϕ(η) 

The highlights of the thermophoretic parameter Nt on the focus profile ϕ(η) is 

exhibited in figure 4.9. The improvement of Nt increments ϕ(η). In this way Nt relies 
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upon the temperature angle of the nanofluids. The active vitality of the nanofluids 

ascends with the expanding estimation of Nt and subsequently ϕ(η) increments. 

 

 

Figure 4.10: The influence of (Sc) on ϕ(η) 

Figure 4.10 distinguishes the impact of Sc. The dimensionless number Sc is expressed 

as the proportion of energy and mass diffusivity. Clearly the amassed Sc diminishes 

the ϕ(η) and thus the limit layer thickness is diminished. 

 

        Figure 4.11: The impact of (Pr) on Nusselt number 
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         Figure 4.12: The influence of (R) on Nusselt number 

 

           Figure 4.13: The influence of k on Nusselt number 

Figures 4.11 and 4.12 demonstrate the effects of Pr and R. It can be seen that mounting 

values of Pr and R enhance Nu. In fact, the coaling phenomenon is enhanced with 

increased values of these parameters. Figure 4.13 identifies that Nu shrinkages for the 

cumulative values of k.  
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CHAPTER 5 

ENTROPY GENERATION IN MHD FLOW OF CARBON 

NANOTUBES IN A ROTATING CHANNEL WITH FOUR 

DIFFERENT TYPES OF MOLECULAR LIQUIDS 

5.1. Introduction  

The greatest endowment of present-day science is the introduction of nanoparticles. 

These particles can move freely through smaller scale channels. Because of enhanced 

convection between the surface of base fluid and nanoparticles, the nano-suspensions 

show high conductivity. Additionally, the advantages of suspending noparticles in base 

liquids are expanded warmth limit, surface zone, successful warm conductivity, 

impact, and collaboration among particles. The point of this examination is to review 

the imaginative origination of entropy cohort in SWCNTs and MWCNTs that are 

hanged in the four disparate. In view of its novel consideration because of their 

propelled warm conductivities, selective highlights, and applications. The governing 

equations have been converted to ODEs with the help of suitable variables. The 

homotopic approach [42-46] is utilized to solve the resultant equations. The Impact of 

various physical factors is analyzed in detail. 

5.2. Problem Formulation 

The CNTs nanofluid based on kerosene oil between two porous plates is considered. 

Plates are separated with distance h . The coordinate  , ,x y z system is taken with x-

asxis parallel; y-axix is taken normal to plate, while z is taken along xy plane. The 

plates are placed at 0  ,y y h   and rotating with constant angular velocity   along 

y-asix. Both the plates are rotated in the same direction is denoted by 0  , in opposite 

direction is denoted by 0  , while 0  means no motion. Here lower plate is moving 

quicker than the upper plate with velocity  U x >0w c c .  
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Figure 5.1: Sketch of the Problem 

 

After applying the problem assumptions basic equations are considered as  

0,
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above 

2 2

, ,
2

nf nf

x
P P


    respectively indicate the identified pressure, electrical 

conductivity, dynamical viscosity of nanoparticles. Heat equation is given by 
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Where rQ  is   

44
,

3
rQ

k y
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Eq (5.6) reduced to 
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Also noticed that: 
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The boundary conditions are 

0 0

, 0, =  at  0,

=0,  =-Z , = ,  at  . 

w hu U cx v w y

w u v y h

      

   
                                             (5.2.9) 

Using similarity variables: 

1
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d
 



                        (5.2.10) 

We see that the governing reduced to 
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Subjected to BCs 

0, 1, 0, 1,  at 0,
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df
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where 0Z
s

ch
 represents suction/injection parameter.  

In the above equations 
2
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f

ch
R


  is the Reynolds number, 

2
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R




  is the 

rotationoparameter, Pr
f p

f

c
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  is the Prandtlpnumber,  

3

*

16

3

hRd
kk

 
  is the thermal 

radiation parameter,   

The skin-friction and Nusselt number are given as [22]                                                                     
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5.3. Entropy Analysis 

For a nanoparticles entropy generation is 
.g tS  is given as  
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For our problem 
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On the other hand  
.g cS  is given as  
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While  Ns  is given by 
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                                                                      (5.3.5) 

To get value of Ns , making use of eqns. (5.3.3) and (5.3.4) along with (5.2.10) eqn. 

(5.3.5) reduced to 
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Where 1R , Br  and   are given as 
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While Be  is given by 
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                                                 (5.3.9) 

5.4. Solution of the Problem 

To evaluate the equations (5.2.11), (5.2.12) and (5.2.13) with boundary conditions 

(5.2.14) using HAM. The preliminary assumptions picked below as: 

2

0

1
( ) ( 1) ,  g ( ) 0,

2
f Q            and 0 ( ) 1 .                                         (5.4.1) 

Linear operators are selected as: 
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( ) ''' 0,  

L (g)-g''=0,  

L ( )- 0.

f

g

L f f


 

 

 

                                                       (5.4.2) 

With following possessions: 

2

1 2 3 4 5 6 7( ) 0,  L ( ) 0,L ( ) 0,gf
L t t t t t t t


                                                     (5.4.3) 

5.5. Results and Discussion 

To discuss the impact of various parameters on flow figures 5.3-5.22 have drawn, 

where each result has discussed in detail in the following lines.  

 

 

               Figure 5.2: Presenation of  on
df

d
, at 1 20.7, 0.6, 1.0, 0.8,.R R s   

 

 

Figure 5.2 displays the impact of ( ) on 
df

d
. The escalation in ( ) upsurges the 

df

d
. 

We have observed that MWCNTs has much greater increase in the velocity. 
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                 Figure 5.3: Presentation of 1R on
df

d
, when

20.04, 0.6, 0.8, 1.0.R s    
 

 

The effect of 1R  on 
df

d
is discussed in figure 5.3. Escalating values of 1R

 
reducing the

df

d
.  

 

 

                   Figure 5.4: Presentation of 2R on
df

d
, at 1 0.5, 0.8, 0.04, 1.0.R s     
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From figure 5.4, we see that
df

d
 gives increasing behavior due to numerous rising 

values of 2R . We have seen that higher plates stretches further strong disparity to 
df

d
. 

 

 

 

                    Figure 5.5: The plot of  on
df

d
, when

 

                                                    1 20.04, 0.5, 0.6, 0.8.R R s    
 

 

The effect of  on is 
df

d
shown in figure 5.5. The rising in porosity parameter   rises 

the 
df

d
. The porous media plays an important role during the fluid flow phenomena. 

Actually, the porous media reduces the fluid velocity. Therefore, the increasing porous 

media reduces the velocity function. 
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       Figure 5.6: Impressions of  suction  0s  on
df

d
, at 

 

                                                 1 20.6, 0.9, 1.0, 0.04.R R     
 

 

Figure 5.6 depicts the effects of suction  0s  & injection  0s   to the upper plate 

for
df

d
. Augmented value of S enhances velocity of flow. 

 

 

        Figure 5.7: Presentation of  injection  0s  on
df

d
, at    

 

                                                  1 20.6, 0.6, 1.0, 0.4.R R     
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Figure 5.7, depicted that
df

d
diminish for  0s  . Actually, the internal energy of the 

fluid reduces that why fluid motion decreases.  

 

 

 
Figure 5.8: Presentation of   to ( )g  , at 1 20.7, 0.8, 1.0.R R   

 

 

The effect of  on ( )g  is depicted in figure 5.8. The increasing  increases the ( )g  . 

The MWCNTs has much greater increase in velocity function as compared to the 

SWCNTs is observed form here. 

 

 
  Figure 5.9: Presentation of 1R on ( )g  , at 2 0.6, 1.0, 0.4.R    
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Figure 5.9 is displayed the impression of 1R on ( )g  . It is observed that ( )g 

diminishes with increasing in 1R .  

 

 

 

     Figure 5.10: Presentation of  2R on ( )g  , at 10.04, 0.6, 1.0.R   
 

 

The effect of 2R on ( )g  is in figure 5.10. From figure 5.10, we see that the expanding 

estimations of 2R gives diminishing conduct in ( )g  .  
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              Figure 5.11: Presentation of  on ( )g  , at 1 20.5, 0.6, 0.4.R R   
 

 

Figure 5.11 presented effect of  on ( )g  . The porosity parameter has reverse impact 

on ( )g  , ( )g  diminishes with the augmentation in  . 

 

 

 
            Figure 5.12: Presentation of   on ( )  , where 1 0.8,Pr 7.1, 0.9.R Rd  
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From figure 5.12 we saw that there is unimportant dissimilarity in ( )  with the 

heightening estimations of . We additionally have seen that the MWCNTs have 

nearly a lot more ( )  noteworthy when contrasted with SWCNTs. 

 
           Figure 5.13: Impression of  1R on ( )  , at Pr 7.1, 0.9, 0.4.Rd     

Figure 5.13 depicts effect of 1R on ( )  . The raising estimations of 1R
 

shows 

heightening in ( )   are appeared in figure 5.13. As the separation from the surface 

heightens the ( )  diminishes.  

 
          Figure 5.14: Presntation of Pr on ( )  , at 1 0.6, 0.8, 0.4.R Rd   
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Figure 5.14 showed impression of Pr on heat profile. Augmented value of Pr  reduces 

the temperature of the fluid.  

 

 

       Figure 5.15: Presentation of Rd on ( )  , at 1 0.6, 0.4,Pr 6.6.R   
 

Figure 5.15 discussed the effect of Rd on ( )  . It is seen that heightening estimations 

of Rd displays speeding up in ( )  . 

 

 

     Figure 5.16: Presntation of   to Ns , at 11.9, 1.5, 0.4, 2.25,R 1.Rd Br     
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Figure 5.16 demonstrate effect of  on Ns . Increasing the value of  diminish the 

entropy generation   

 

 

 

      Figure 5.17: Presentation of 1R on Ns , at     

                                         1.5, 0.4, 1.9, 2.2, 1.Rd Br          

 

Figure 5.17 shows the effect of Reynolds number 1R on Ns . Here we saw that with 

exceptionally little expanding in 1R  the entropy generation raise all around rapidly, 

however at 0.4 0.6  a little expanding happen in Ns .  
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       Figure 5.18: The plot of Br on Ns , 10.04, 0.9, 0.5, 0.25,R 1.0.Rd      
 

 

Figure 5.18 demonstrates impact of Br on Ns . The Ns raises with the acceleration in

Br . Furthermore, an expansion in Ns delivered by liquid rubbing and joule scattering 

happens with the heightening estimations of Br .  

 

 
              Figure  5.19: Effect of Rd  on Ns , at 

 

                                             11.5, 0.4,R 1, 1.5,, 1.2.Br       
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Figure 5.19 demonstrates impact of Rd  on Ns . In the regeion 
5

0
10

   and 

5
1

10
    heightening estimations of Rd shows expanding conduct in Ns .  

 

 

 

 

             Figure 5.20: Presentaion of   on Be , at 0.4, 1.9, 1.5, 2.2.Rd Br      

 

Figure 5.20 demonstrates impact of   on Be . It is obvious the raising estimations of 

  displays diminishing conduct in Be .  
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          Figure 5.21: Impact of Br on Be , at 0.4, 1.9, 1.5, 1.5.Rd       

 

Figure 5.21 demonstrates impact of Br on Be . Expanding Br stretches heightening 

conduct in Be . 

 

 

              Figure 5.22: Presentation of Rd on Be , when   

                  0.4, 1.2, 1.5, 1.2.Br       
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Figure 5.22 demonstrates impact of Rd  on Be .In the region 
5

0
10

  and 
5

1
10

 

the expanding estimations of Rd display expanding conduct in Be , where at 
5

10
 the 

Rd  not display expanding or diminishing conduct.  

 

             Table 5.1: The numerical values of skin friction when 0.04.   

1R  2R  s  s   fC  

0.2 0.2 0.3 0.5  0.419391 

0.4     0.418104 

0.6 0.1    0.418885 

 0.3    0.418213 

 0.5 0.2   0.417078 

  0.6   0.468820 

  1.1   0.453513 

  1.4 -.5  0.427078 

   -.1  -3.821310 

   0.1  -1.152610 

   .5  -0.900993 
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Table 5.2: Variation in Nusselt number when  0.04.   

1R   2R  Pr  Rd     s   xNu  

0.2  0.3 7.1 0.1  0.3 0.5  -0.001840 

0.4         -0.001938 

0.6  0.3       -0.001937 

  0.5       -0.003874 

  0.7 7.2      -0.005689 

   7.4      -0.004149 

   7.6 0.2     -0.003649 

    1.1     -0.003449 

    2.1  0.1   -0.002689 

      0.2   -0.005650 

      0.3   -0.005628 

      1.3 -.5  -0.005610 

       -.1  -0.000400 

       0.1  -0.003186 

       .5  -0.003509 

 

5.6. Table Discussion  

Tables 5.1 and 5.2 discussed the impacts of various implanting parameters on fC &

xNu . From table 5.1, we came to know that the impact of 1R on skin portion. It is 

obvious from the table that at 0.1, the table shows expanding conduct to 0.3 however 

from 0.3 to 0.5, the table qualities show diminishing conduct. This is a direct result of 

extending the lower plates. It is likewise obvious from the table that the rising 

estimations of 2R shows dropping conduct. The heightening estimations of   shows 

diminishing conduct in fC . The expanding and diminishing estimations of 

suction/infusion parameter s  shows two unique practices. The developing estimations 
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of  0s  presentations declining conduct and furthermore the rising estimations of 

 0s  showcases swelling conduct in fC . 

From table 5.2, we get that the swelling values of 1R  and positive s  . . 0i e s   displays 

growing behavior in local Nusselt number xNu  while 2R ,  and negative s 

 . . 0i e s  displays declining behavior in local Nusselt number xNu . Tables 5.1-5.2 are 

conspired to think about the Physical properties of CNTs, thermophysical properties of 

CNTs and nanofluids of some base liquids, Thermal conductivity (
nfk ) of CNTs with 

various volume division ( ) individually. 
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CHAPTER 6 

DARCY-FORCHHEIMER MHD HYBRID NANOFLUID FLOW 

AND HEAT TRANSFER ANALYSIS OVER A POROUS 

STRETCHING CYLINDER 

6.1. Introduction  

This chapter deals with the investigation of the thermal characteristics of the Darcy–

Forchheimer hydromagnetic hybrid nanofluid (Al2O3-Cu/H2O) flow through a 

permeable stretching cylinder. The model equations, which consist of continuity, 

momentum, and energy equations, are converted to a set of coupled ordinary 

differential equations through similarity variables transformations and appropriate 

boundary conditions. Brownian motion and Thermophoresis effects are mainly focused 

in this work. The impacts of some interesting parameters over velocity, temperature, 

and concentration profiles are graphically studied. The present study will be helpful in 

understanding the thermal characteristics of heat transfer liquids. 

6.2. Mathematical Formulation 

In the current work, we examine the steady and incompressible boundary layer hydro-

magnetic flow of alumina-copper/water hybrid nanofluids through a permeable stretch 

cylinder. An external magnetic field is applied. The hybrid nanofluid flow is affected 

in the axial direction by the stretching of the elastic cylinder. The Darcy–Forchheimer 

impact is included in the momentum equation. The coordinate system is selected in 

such a method that fluid flow is started due to the elongating cylinder in the axial 

direction, where (x, r) shows axial and radial directions. 

 

Figure 6.1: Physical sketch of flow phenomena 
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The energy, mass, and momentum conservation laws in boundary layer approximation 

can be represented as: 

    0ru rv
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Boundary conditions are: 
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We employ the following transformations to convert the model equations into 

dimensionless form: 
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By using   Equation (6.2.6) in Equations (6.2.1) to (6.2.5), we get: 

       2
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We have defined the different parameters in Equations (6.2.7) to (6.2.9) as; 1 ,
nf

k
kc


  is 

the permeability parameter, 

2

Re
cx


 is the local Reynolds number,

  3
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 , is the thermophoresis constraint, Pr

pc

k


 , is  the Prandtl 

number. 
 B w
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  represents the Brownian motion limitation, 

2ca


  is 

the curvature parameter, and 
2

0 0

f

M
c

 


  is the magnetic parameter. The Schmidt 

number is defined by 
B

Sc
D


 , whereas  bF C x K   represents the local inertia 

parameter.  

6.2.1. Important Physical Quantities  

The basic physical quantities of interest are the coefficient of friction ( fC ) and Nusselt 

number ( Nu ) which are defined by: 
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By using the similarity transformations as defined in Equation (6.2.6), the 

dimensionless forms of Equations (6.2.1.2) to (6.2.1.4) are: 
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In Equation (6.2.7), the different constant terms appearing are given by: 

 

 
1 2 3, ,
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                                                      (6.2.1.5) 

 

6.2.2. Hybrid Nanofluid Modelling 

The density hnf , viscosity hnf , thermal expansion coefficient hnf , thermal 

conductivity hnfk  of the hybrid nanofluid and heat capacity  p hnf
c  are given 

according to [131, 142] as: 
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                                                   (6.2.2.6) 

The subscripts 1np  and 2np  represent the nanoparticles of Al2O3 and Cu, whereas bf  

and hnf  represent the base fluid and hybrid nanofluid. The symbol  is the fraction of 

whole volume, which is the combination of two different types of nanoparticles, 

Alumina–Copper dispersed in the transferor fluid in order to develop the hybrid 

nanofluid, which is: 1 2np np    . 
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6.3. Solution by HAM 

For solution process optimal approach is used. Equations (6.2.7- 6.2.9) with boundary 

conditions (6.2.10, 6.2.1.1) are solved by HAM. Basic derivation of the model 

equations through HAM are specified in details below. 

( ) , L ( )= ,L ( )=  ,L f f
f

   
 

                                                             (6.3.1) 

Linear operators L⌢
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,L⌢
q
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f
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2
( ) 0, L ( ) 0, L ( ) 0 ,  5 71 2 3 4 6

L e e e e e e e
f

   
 

                           (6.3.2)                                       

6.4. Results and Discussion 

We discuss in this section the effect produced by the different physical parameters of 

interest on the velocity profile ( ( )f  ), temperature profile ( ( )  ), and concentration 

profile ( ( )  ) during the hybrid nanofluid flow of a boundary layer through a 

stretching cylinder. Figure 6.1 describes the geometry of the nanofluid flow. We have 

plotted the effects that are produced by these different parameters in the figures 6.2–

6.14. 

Figures 6.2 to 6.6 display the variation of (η)f   with respect to the variations in the 

magnetic parameter M permeability parameter 1k , inertial parameter F , curvature 

parameter , and convection parameter .  From figure 6.2; it is observed that ( )f   

decreases almost exponentially with η at a given value of the M. The velocity profiler 

( )f   decreases with the higher values of M. This is because of the Lorentz force, which 

resists force that acts in the direction opposite to the flow direction. This opposes force 

slows down the fluid motion. Figure 6.3 represents the impact of the permeability 

parameter 1k  over the velocity profile ( )f  . The higher value of the permeability 

parameter 1k  decreases ( )f  . Actually, an increasing permeability produces resistance in 

the flow path, and that resistance reduces the fluid flow motion. Figure 6.4 shows the 

influence of F on velocity profile. Figure 6.4 illustrates that on rising F ,
 

inner 

nanofluid fluid velocity is diminished, while there is no impact of F  on thickness of 

the fluid. There is hardly an influence of F  on free surface velocity, which is obvious 

from figure 6.2. In state of the porous gap with larger pores sizes, and porous medium 

expanded by fluid-solid interaction, which increases the viscous interference. Hence, 
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an increase in F  causes a better flow resistance, so the velocity of fluid is reduced. We 

describe the effect of the curvature parameter   on the velocity profile ( )f   in figure 

6.5. From figure 6.5, we demined that a higher value of curvature parameter   

augmented the fluid flow motion. The influence of the convection parameter   on 

velocity profile ( )f   is illustrated in figure 6.6. The increasing behavior for the motion 

of nanofluid is found with augmentation of convection parameter  , because of the 

buoyancy impact. 

 

     Figure 6.2: The influence of M  on ( )f   when 1 0.2, 0.1, 0.3, 0.4k F      . 

 

        Figure 6.3: The variation of ( )f  with 1k , for 0.6, 0.5, 0.3, 0.4M F      . 



  
 

98 

 

 

  Figure 6.4: The influence of F  on ( )f   when 10.5, 0.4, 0.2, 0.6M k      . 

 

    Figure 6.5: The effect of   on ( )f   when 10.6, 0.5, 0.3, 0.4M k      . 
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     Figure 6.6: The variation of ( )f  with , when 10.6, 0.5, 0.3, 0.4M k      . 

 

The variations of bN (Brownian motion parameter), tN (thermophoresis parameter), 

Pr (Prandtl number), and  (curvature parameter) on temperature profile ( )   are 

respectively shown in figures 6.7–6.10. We have shown the effect that is produced by 

the variation of Brownian motion bN  on ( )  in figure 6.7. Brownian motion is the 

arbitrary movement of small colloidal particles suspended in a fluid, brought about by 

the collision of the fluid atoms with the particles. An expansion in the Brownian 

motion impact yields a noteworthy movement of nanoparticles, which offers ascend to 

the fluid kinetic energy and henceforth temperature increments. It is seen that, at fixed

bN , initially the profile drops to the lowest value at around η = 0.4, and then rises and 

reaches to a maximum at the largest value of η. By changing bN  to larger values, there 

is an upshift in the temperature function from about η = 0.4 to η = 3.0. This shows that 

there is an enhancement in the average kinetic energy of the hybrid nanofluid with the 

higher values of bN . The influence of the thermophoresis parameter ( tN ) on ( )   is 

displayed in figure 6.8. It is initiated that rise in tN  leads to augmenting both the liquid 

temperature. The augmented value of tN  Shows stouter thermophoretic force due to 

temperature gradient, which transfers the nanoparticles from the warm surface to the 

quiescent fluid. The thermophoresis force is generated by a temperature gradient, 
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which fashions a degenerate flow away from the surface. Figure 6.9 depicts the effects 

that are produced by the variation of the Prandtl number  rP  over the temperature 

function ( )  . Figure 6.9 is portraying the declining behavior of temperature curves 

for growing values of Prantl number  rP , since the thickness of the thermal boundary 

layer reduced by enhancing  rP . Figure 6.10 illustrates the variation of ( )   with 

respect to the changing values of the curvature parameter  . It is apparent that ( )   

increases with increasing values of  . 

 

 

      Figure 6.7: The influence of bN  on ( )   when 0.8,Pr 4, 0.5tN    . 
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    Figure 6.8: The effect of tN  on ( )   when 0.4,Pr 4, 1.2bN    . 

 

       Figure 6.9: The influence of Pr  on ( )   while 0.4, 0.6, 5b tN N    . 
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     Figure 6.10: The influence of   on ( )   when 0.7, 0.5,Pr 4b tN N   . 

 

The impacts of Sc ,
bN ,

tN and   on ( )   are presented in figures 6.11-6.14. Figure 6.11 

shows the profile of ( )   for dissimilar values of Sc . We observe that ( )   increases 

with the higher values of Sc . The impact of 
bN  and 

tN  on the concentration profile is 

shown in figures 6.12 and 6.13. Figure 6.12 shows that the concentration profile 

reduced as the values of 
bN  reduces. Enhancing the thermophoresis process boosts the 

traveling of particles from higher to lower temperature deference, which results in 

maximizing the concentration of nanoparticles in the flow regime. Figure 6.13 shows 

the influence of 
tN  on the concentration profile. The higher values of 

tN  corresponds 

increasing trends in concentration profile and related momentum boundary layer. 

Figure 6.14 shows that ( )   increase with the higher values of   in quite the same 

manner.  
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     Figure 6.11: The influence of Sc  on ( )   while 0.4, 0.8, 0.7t bN N   . 

 

  Figure 6.12: The influence of bN  on ( )   when 0.4, 0.5, 0.6tN Sc    . 
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         Figure 6.13: The influence of tN  on ( )   when 0.4, 0.5, 0.6tN Sc    . 

 

 
 

    Figure 6.14: The influence of   on ( )   when 0.6, 0.5, 0.4t bSc N N   . 
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6.5. Table Discussion 

In table 6.1, numerical calculation of surface drag force at different value of   and   

with variation of magnetic parameter M  in range of 0 to 1 are shown. It is observed 

that the surface drag force is augmented in for all value of M  when   is increases. 

The surface drag force reduces all values of M  when   is segmented. In table 6.2, 

numerical calculation of heat flux at different value of ,  NtNb  and Pr with variation of 

magnetic parameter   in range of 0 to 0.2 are shown. Increasing ,  NtNb , and Pr  heat 

flux is decreases with variation of  . The present results are compared with previous 

published results for validation. Both results are with good agreement. Table 6.3 shows 

the physical properties of some nanoparticles. 

 

Table 6.1: Computed numerical values of skin friction coefficient Cf for numerous   

           Values of k, M, and c, when 1 2, and , 2%, 3%np npM     . 


   

 C 0f M 

Present 

Results 

 C 0f M 

Results 

[143] 

 C 0.5
f

M 

Present 

Results 

 C 0f M 

Results 

[143] 

 C 1.0M
f



Present 

Results 

 C 0f M 

Results 

[143] 

0.0 0.5 0.8987 0.8976 1.0227 0.9557 1.1439 1.0110 

0.2 - 0.9052 0.9756 1.0292 1.0346 1.1504 1.0908 

0.3 - 0.9085 1.0157 1.0325 1.0748 1.1537 1.1311 

0.4 - 0.9118 1.0562 1.0358 1.1152 1.1570 1.1716 

0.2 0.0 1.0222 1.0296 1.1450 1.0897 1.2650 1.1468 

 0.5 0.9052 0.9756 1.0292 1.0346 1.1504 1.0908 

 0.8 0.8350 0.9441 0.9597 1.0023 1.0817 1.0580 

 1.0 0.7862 0.9233 0.9134 0.9811 1.0359 1.0364 
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Table 6.2: Numerical computed values of Nusselt number for numerous values 

        values of 1 2Pr, , and ,when 0.5, 2%, 3%np npNb Nt M      

Pr  

Nb
 

 

Nt  

 
 0Nu    

 0Nu  

Results 

[143] 

 0.1Nu    

 0.1Nu  

Results 

[143] 

 0.2Nu    

 0.2Nu  

Results 

[143] 

0.7 0.5 0.5 0.1630 0.1653 0.1636 0.0897 0.1642 0.0198 

0. 9 - - 0.1582 0.2296 0.1584 0.1609 0.1586 0.0964 

1.2 - - 0.1512 0.2703 0.1508 0.2060 0.1505 0.1448 

1.5 - - 0.1444 0.3287 0.1435 0.2704 0.4227 0.2139 

0.7 0.1 0.5 0.1751 0.1312 0.1764 0.0592 0.1776 0.0225 

 0.5 - 0. 1630 0.2086 0.1636 0.1377 0.1642 0.1036 

 0.6 - 0.1600 0.2387 0.1604 0.1692 0.1609 0.1372 

 0.7 - 0.1570 0.2544 0.1573 0.1861 0.1577 0.1555 

0.7 0.5 0.0 0.1769 1.9523 0.1782 1.9867 0.1795 2.0244 

 - 0.5 0. 1630 1.5141 0.1636 1.5219 0.1642 1.5334 

 - 0.6 0.1603 1.0774 0.1608 1.0588 0.1613 1.0442 

 - 0.7 0.15767 0.6423 0.15804 0.5974 0.15844 0.5569 

 

 

Table 6.3:  Physical properties of water, alumina and Copper   

Water, 

Alumina 

and 

Copper 

Particles 

Physical Property 

5 110 /K    1 1/ Jkg Kcp    3/ kgm   1 1/ wm Kk    
3 1 110 / kgm s     

Alumina 

(Al2O3) 
0.85 765 3970 40 - 

Copper 

(Cu) 
1.65 385 8933 400 - 

Water 

(H2O) 
21 4179 997.1 0.613 0.894 
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CHAPTER 7 

CONCLUSION 

 

In this thesis first article, the MHD flow of three combined nanofluids (Jefferey, 

Maxwell, and Oldroyd-B) over a linear stretched surface has been investigated. The 

present model made out of Cattaneo-Christov heat flux. The effect of homogeneous-

heterogeneous reactions is taken in this model. Boundary layer methodology is used in 

the mathematical expansion. The effects of dimensionless parameters on the liquid 

stream are presented through graphs and tables. The problem is solved analytically by 

HAM. The convergence of HAM is presented through the graph.  

In chapter 04, the three-dimensional thin-film Casson fluid flow over an inclined 

steady rotating plane was inspected. The thin film flow was thermally radiated and the 

suction/injection effect was also considered. By the similarity variables, the PDEs were 

converted into ODEs. The obtained ODEs were solved by the HAM with an 

association of the MATHEMATICA program. The vital terms of the Nusselt and 

Sherwood numbers were also examined physically and numerically for the temperature 

and concentration profiles. 

In chapter 05, entropy generation in nanofluid based SWCNTs and MWCNTs over a 

porous extending sheet and radiative heat flux impacts are scrutinized. It is anticipated 

that the current study contributes as a boost for sculpting more advanced 

Magnetohydrodynamic nanofluid flows notably in the cooling of microchips, nuclear 

reactors, in fuels, extraction of geothermal power, microa ctuation process and 

biomedicines. 

Chapter 06 deals with the exploration of the thermal characteristics of the Darcy-

Forchheimer hydromagnetic hybrid nanofluid flow through a stretching cylinder. The 

model equations which consist of continuity, momentum, and energy equations are 

converted to a set of coupled ordinary differential equations through similarity 

variables transformations and appropriate boundary conditions. Brownian motion and 

Thermophoresis effects are mainly focused on this work. The impacts of some 

interesting parameters over velocity, temperature, and concentration profiles are 

studied graphically. The present study will help understand the thermal characteristics 

of heat transfer liquids.  
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7.1. Conclusion 

The concluding remarks are as under: 

 The upsurges in the magnetic field diminish the velocity field. 

 The upsurges in the Prandtl number and thermal relaxation parameter diminish 

the temperature field and the thermal boundary layer thickness. 

 The upsurges in Schmidt number upsurges the concentration field. 

 The larger homogeneous reaction and heterogeneous reaction strengths falloff 

the concentration field. 

 Larger amounts of the thermal radiation parameter and thermophoretic 

parameter enhances the thermal boundary layer. 

 The Casson fluid parameter produces a resistance force and its increasing value 

decreases the fluid motion. 

 Augmented value of  , 2R and S augmented velocity of the fluid. 

 Shear stress  decreases with increasing   but the reverse trend is observed in 

Nusselt number. 

 Fluid concentration diminishes with enhancing the values of Schmidt number. 

 Velocity profile becomes smaller corresponding to higher Hartman number. 

 The velocity field is an escalating function of the suction/injection parameter. 

 The temperature of the fluid is diminished when the estimates of the thermal 

stratified parameter are increased. 

 The concentration of nanoparticles is a decreasing function of the Schmidt 

number and Brownian motion parameter.  

 Skin friction co-efficient enhanced when Hartman's number increased. 

 Entropy generation number and Bejan number can be controlled by varying the 

numerical values of the temperature difference parameter. 

 Brownian parameter is decreasing function for the concentration field whereas 

concentration grows for the thermophresis parameter. 

 The velocity profile decreases exponentially with the increasing of M , while it 

rises with the rising values of the permeability, inertial, curvature and   

convection parameters.  

  The temperature profile of the hybrid nanofluid increases almost in the same 

manner with the increasing values of bN , Reynold number and convection 
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parameter. The variation is more prominent for the intermediate values of the 

independent variable . 

  The temperature profile decreases with the higher values of the Prandtl 

number. The drop in ( )   is more significant from   = 0.2 to  = 3.6. 

Furthermore, the temperature function drops at a maximum rate for the highest 

value of Pr , i.e. Pr 6.0 .  

  The ( )   increases with the higher values of Sc from  = 0.3 to  = 2.6, while 

it reduces with the rising values of the Brownian motion parameter from  = 

0.4 to = 3.2. 
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Abstract: This research article deals with the determination of magnetohydrodynamic steady flow of
three combile nanofluids (Jefferey, Maxwell, and Oldroyd-B) over a stretched surface. The surface
is considered to be linear. The Cattaneo–Christov heat flux model was considered necessary to
study the relaxation properties of the fluid flow. The influence of homogeneous-heterogeneous
reactions (active for auto catalysts and reactants) has been taken in account. The modeled problem is
solved analytically. The impressions of the magnetic field, Prandtl number, thermal relaxation time,
Schmidt number, homogeneous–heterogeneous reactions strength are considered through graphs.
The velocity field diminished with an increasing magnetic field. The temperature field diminished
with an increasing Prandtl number and thermal relaxation time. The concentration field upsurged
with the increasing Schmidt number which decreased with increasing homogeneous-heterogeneous
reactions strength. Furthermore, the impact of these parameters on skin fraction, Nusselt number,
and Sherwood number were also accessible through tables. A comparison between analytical and
numerical methods has been presented both graphically and numerically.

Keywords: Magnetohydrodynamic (MHD); Jefferey, Maxwell and Oldroyd-B fluids; Cattaneo–Christov
heat flux; homogeneous–heterogeneous reactions; analytical technique; Numerical technique

1. Introduction

A fluid composed of nanoparticles is called nanofluid. Nanoparticles of materials such as
metallic oxides, carbide ceramics, nitride metals, ceramics, semiconductors, single, double or
multi walled carbon nanotubes, alloyed, nanoparticles, etc. have been used for the preparation
of nanofluids. Nanofluids have many characteristics in heat transfer, including microelectronics,
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local refrigerator, cooler, machining, and heat exchanger. The idea of nanofluid was introduced
by Choi [1]. The Fourier’s [2] recommended law of heat conduction normally works for heat
transmission features from the time it was presented in the literature. By including the relaxation
time parameter Cattaneo [3] it has improved this law and this term overwhelms the paradox
of heat conduction. Christov [4] has named this theory Cattaneo-Christov heat flux theory,
by further modifying the Cattaneo theory by exchanging the time derivative with Oldroyd-B upper
convicted derivative. Mustafa [5] scrutinized the model [4] for heat transmission in a rotating
Maxwell nanofluid flow. Chen [6] probed the influence of heat transfer and viscous dissipation of
nanofluid flow over a stretching sheet. Sheikholeslami et al. [7–11] deliberated the three-dimensional
magnetohydrodynamics (MHD) nanofluid flow in parallel rotating plates. Sheikholeslami [11–15]
analytically and numerically deliberated the applications of nanofluids with different properties,
behavior, and influences. Dawar et al. [16] examined the flow Williamson nanofluid over a stretching
surface. Shah et al. [17] examined the micropolar nanofluid flow in rotating parallel plates with Hall
current impact. Maleki et al. [18] scrutinized the non-Newtonian nanofluids flow and heat transfer over
a porous surface. Nasiri et al. [19] deliberated the smoothed particle by a hydrodynamics approach
for numerical simulation of nanofluid flows. Rashidi et al. [20] used the nanofluids in a circular
tube heat exchanger and examined the entropy generation. Safaei et al. [21] studied numerically
and experimentally the nanofluids convective heat transfer in closed conduits. Mahian et al. [22,23]
presented the advances in the simulation and modeling of the flows of nanofluids.

Due to its relaxation properties, Jeffrey, Maxwell, and Oldroyd-B nanofluids have significant
applications in the area of fluid mechanics. Ahmad et al. [24] scrutinized the flow of Jeffrey nanofluid
with Magnetohydrodynamic impact. Ahmad and Ishak [25] deliberated the flow of Jeffrey nanofluid
with MHD and transverse magnetic field impacts in a porous medium. Hayat et al. [26] probed
the Oldroyd-B nanofluid flow with heat transfer and thermal radiation impacts. Raju et al. [27]
deliberated the flow of Jeffrey nanofluid with a homogenous-heterogeneous reaction and non-linear
thermal radiation impacts. The articles that are related to Jeffrey nanofluid can be found in [28–32].
Hayat et al. [33] inspected the MHD Maxwell nanofluid flow using suction/injection. Raju et al. [34]
presented the heat and mass transmission in three-dimensional non-Newtonian nanofluid and
Ferrofluid. Sandeep and Sulochana [35] investigated the mixed convection micropolar nanofluid
flow over a stretching sheet. Raju et al. [36] deliberated the impacts of an inclined magnetic field,
thermal radiation and cross diffusion on the two-dimensional flow. Nadeem et al. [37] presented the
heat and mass transfer in Jeffrey nanofluid. Makinde et al. [38] deliberated the unsteady fluid flow
with convective boundary conditions. Sheikholeslami [39] discussed the hydro-thermal behavior of
nanofluids flow because of its external heated plates. Shah et al. [40] presented the Darcy-Forchheimer
flow of radiative carbon nanotubes in a rotating frame. Chai et al. [41] presented a review of the
heat transfer and hydrodynamic characteristics of nano/microencapsulated phase. Shah et al. [42]
examined the electro-magneto micropoler Casson Ferrofluid over a stretching/shrinking sheet.
Dawar et al. [43] analyzed the MHD CNTs Casson nanofluid in rotating channels. Khan et al. [44]
deliberated the Williamson nanofluid flow over a linear stretching surface. Imtiaz et al. [45] examined
the unsteady MHD flow due to a curved stretchable surface with homogeneous–heterogeneous
reactions. Hayat et al. [46] deliberated the flow of nanofluids with homogeneous–heterogeneous
reaction impacts over a non-linear stretched sheet with variable thickness. The recent study about
nanofluid with application can be seen [47–50].

The present work is based on an analysis of MHD flow of three combine nanofluids
(Maxwell, Oldroyd-B, and Jeffrey) over a linear stretching surface. The present model composed
of Cattaneo–Christov heat flux. The impact of homogeneous-heterogeneous reactions were taken in
this model. A boundary layer methodology was used in the mathematical expansion. The impact of
dimensionless parameters on the fluid flow have been presented through graphs and tables.
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2. Mathematical Modeling and Formulation

The incompressible electrically conducted three combined nanofluids (Jeffrey, Maxwell,
and Oldroyd-B) were confined by a linear stretched surface. The fluid flow was taken in a
two-dimensional steady state with stable surface temperature. x-axis was considered parallel to the
surface, while y-axis was orthogonal to x-axis in the chosen coordinate system. The stretching velocity
in x-axes direction was defined as Uw(x) = ζx. The conclusion of homogeneous-heterogeneous
reactions on the fluid flows of two chemical species I and J were taken in account. In the y-axis
direction a uniform magnetic field B0 was acting. The heat transmission procedure was applied
through Cattaneo–Christov heat flux theory.

In case of cubic autocatalysis, the Homogeneous reaction is [45,46]

I + 2J → 3J, rate = kcij2, (1)

While on the catalyst surface, the heterogeneous reaction has been defined by

I → J, rate = ksi, (2)

where kc, ks, I, J, i, j are the rate constants, chemical species, and concentrations of chemical species,
respectively.

In the absence of viscous dissipation and thermal radiation, the boundary layer equations leading
to the flow of viscoelastic fluids can be written as follows [47]:

ux + vy = 0, (3)

uux + vuy = −λ1
(
u2uxx + 2uvuxy + v2uyy

)
+

υ f
1+λ2

{
uyy + λ3

(
uuxyy + uyuxy + υuyyy − uxuyy

)}
− σB2

0
ρ f

u,
(4)

ρcp
(
uTx + vTy

)
= −∇.q, (5)

uix + viy = DI iyy − kcij2, (6)

ujx + vjy = DJ jyy + kcij2. (7)

Here u, v, µ, ρ f , υ f are velocity components in their respective directions, dynamic viscosity,
density, and kinematic viscosity respectively. λ1, λ2, λ3 are the relaxation time, a proportion of the
relaxation to retardation times, respectively. T, σf , B0 indicated the temperature, electrical conductivity
and the transverse magnetic field.

The problem is studied based on the following conditions:

i Oldroyd-B nanofluid when λ1 6= 0, λ2= 0 and λ3 6= 0.
ii Maxwell nanofluid when λ1 6= 0, λ2= 0 and λ3 = 0.
iii Jeffrey nanofluid when λ1 = 0, λ2 6= 0 and λ3 6= 0.

The heat flux theory which was presented by Cattaneo–Christov:

q + λ1

{
∂q
∂t

+ V · ∇q− q · ∇V + (∇ ·V)q + qt

}
= −k∇T, (8)

where k, q represented thermal conductivity and heat flux. Classical Fourier’s law was assumed by
setting λ1 = 0 in Equation (8). By assuming the condition (∇.V = 0) and steady flow with (qt = 0),
Equation (8) became:

q + λ1(V.∇q− q.∇V) = −k∇T. (9)
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The heat transfer equation proceeded as:

uTx + vTy + λ1ΦE = α
(
Tyy
)
, (10)

where ΦE is given as:

ΦE = uuxTx + vvyTy + uvxTy + vuyTx + 2uvTxy + u2Txx + v2Tyy. (11)

The accompanying boundary conditions were:

u = Uw(x) = ζx, v = 0, T = Tw, DI iy = ksi, DJ jy = −ksi at y = 0,
u→ 0, T→ T∞, i→ i0, j→ 0 at y→ ∞,

(12)

where α = k
ρcp

indicated the thermal diffusivity, DI and DJ indicated the diffusion coefficients,
Tw denoted the temperature at the surface, T∞ for the surrounding fluid temperature and ζ for
non-negative stretching rate constant with T−1 as the dimension.

u = ζxF′(η), v = −(ζυ)
1
2 F(η), η =

(
ζ
υ

) 1
2 y,

G(η) = T−T∞
Tw−T∞

, i = i0φ(η), j = i0h(η).
(13)

Apparently the equation of continuity is satisfied and Equations (4)–(13) become:

F′′′ + κ2

(
F′′ 2 − FF′ ′′′

)
−M(1 + λ2)F′ − (1 + λ2)

{
F′2 − FF′′ + κ1

(
F2F′′′ − 2FF′F′′

)}
= 0, (14)

G′′ + Pr
{

FG′ −Ω
(

FF′G′ + F2G′′
)}

= 0, (15)

φ′′ + Sc
(

Fφ′ − Kφh2
)
= 0, (16)

δh′′ + Sc
(

Fh′ + Kφh2
)
= 0, (17)

with boundary conditions:

F = 0, F′ = 1, G = 1, φ′ = Ksφ, δh′ = −Ksφ at v = 0,
F′ → 0, G → 0, φ→ 1, h→ 0 at η → ∞,

(18)

In the above equations, M =
σn f B2

0
ρ f ζ indicated the magnetic field, κ1 = λ1ζ and κ2 = λ3ζ were the

Debora numbers with respect to relaxation and retardation time, Pr =
υ f
α represented the Prandtl

number, Ω = ζλ1 indicated the thermal relaxation time, Sc =
υ f
DI

is the Schmidt number, K =
kci20
Uw

indicating the homogeneous reaction strength, Ks =
ks

DI i0

√
ζ

υ f
represented the heterogeneous reaction

strength, and δ =
DJ
DI

indicated the diffusion coefficient, When DI = DJ then δ = 1 and as a result:

φ(η) + h(η) = 1. (19)

Now Equations (16) and (17) yield:

φ′′ + Sc
{

Fφ′ − Kφ(1− φ)2
}
= 0. (20)

The subjected boundary conditions are:

φ′(0) = Ksφ(0), φ(∞)→ 1. (21)
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Skin friction coefficient through the dimensionless scale is:

Re
1
2
x C fx =

(
1 + κ1

1 + κ2

)
F′′ (0). (22)

where Rex is called the local Reynolds number.
The dimensionless form of Nux and Shx were found as:

Nux = −G′(0), Shx = −φ′(0). (23)

3. Solution by Homtopy Analysis Method (HAM)

To evaluate the Equations (14), (15) and (20) with boundary conditions (18) and (21) using HAM
with the following procedure.

The initial assumptions were picked as below:

F0(η) = 1− e−η , G0(η) = e−η , φ0(η) = e−η . (24)

The linear operators were taken as LF, LG and Lφ:

LF(F) = F′′′ − F′, LG
(
G
)
= G′′ − G, Lφ(φ) = φ′′ − φ, (25)

With the following properties:

LF(r1 + r2e−η + r3eη) = 0, LG(r4e−η + r5eη) = 0, Lφ(r6e−η + r7eη) = 0, (26)

where ri(i = 1− 7) were the constants:
The resulting non-linear operators NF, NG and Nφ were specified as:

NF
[
F(η; τ)

]
= ∂3F(η;τ)

∂η3 + κ2

{(
∂2F(η;τ)

∂η2

)2
− ∂F(η;τ)

∂η
∂4F(η;τ)

∂4η

}
−M(1 + λ2)


(

∂F(η;τ)
∂η

)2
− F(η; τ)

∂2F(η;τ)
∂η2 +

κ1

(
F2
(η; τ)

∂3F(η;τ)
∂η3 − 2F(η; τ)

∂F(η;τ)
∂η

∂2F(η;τ)
∂η2

)
,

(27)

NG
.

[
F(η; τ), G(η; τ)

]
= ∂2G(η;τ)

∂η2 +

Pr
{

F(η; τ) ∂G(η;τ)
∂η −Ω

(
F(η; τ) ∂F(η;τ)

∂η
∂G(η;τ)

∂η + F2
(η; τ) ∂2G(η;τ)

∂η2

)}
,

(28)

Nφ

[
F(η; τ), φ(η; τ)

]
=

∂2φ(η; τ)

∂η2 + Sc
{

F(η; τ)
∂φ(η; τ)

∂η
−K

(
φ

3
(η; τ)− 2φ

2
(η; τ) + φ(η; τ)

)}
, (29)

The zeroth-order problem for Equations (14), (15) and (20) were:

(1− τ)LF
[
F(η; τ)− F0(η)

]
= τ}F NF

[
F(η; τ)

]
, (30)

(1− τ)LG
[
G(η; τ)− G0(η)

]
= τ}G NG

[
F(η; τ), G(η; τ)

]
, (31)

(1− τ)Lφ

[
φ(η; τ)− φ0(η)

]
= τ}φNφ

[
F(η; τ), φ(η; τ)

]
. (32)

The related boundary conditions where:

F(η; τ)
∣∣
η=0 = 0, ∂F(η;τ)

∂η

∣∣∣
η=0

= 1, ∂F(η;τ)
∂η

∣∣∣
η→∞

= 0,

G(η; τ)
∣∣
η=0 = 1, G(η; τ)

∣∣
η→∞ = 0,

∂φ(η;τ)
∂η

∣∣∣
η=0

= Ksφ(η; τ)
∣∣
η=0, φ(η; τ)

∣∣
η→∞ = 1,

(33)
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where τ ∈ [0, 1] is the embedding parameter, }F, }G,}φ that were used to control the solution
convergence. When τ = 0 and τ = 1 we have:

F(η; 1) = F(η), G (η; 1) = G(η) and φ(η; 1) = φ(η), (34)

Expanding F(η; τ), G (η; τ) and φ(η; τ) by Taylor’s series:

F(η; τ) = F0(η) +
∞
∑

q=1
Fq(η)τq,

G(η; τ) = G0(η) +
∞
∑

q=1
Gq(η)τq,

φ(η; τ) = φ0(η) +
∞
∑

q=1
φq(η)τ

q.

(35)

where:

Fq(η) =
1
q!

∂F(η; τ)

∂η

∣∣∣∣
τ=0

, G q(η) =
1
q!

∂G(η; τ)

∂η

∣∣∣∣
τ=0

and φq(η) =
1
q!

∂φ(η; τ)

∂η

∣∣∣∣
τ=0

. (36)

The }F,}G and }φ are taken in such a way that the series (35) converges at τ = 1, we have:

F(η) = F0(η) +
∞
∑

q=1
Fq(η),

G(η) = G0(η) +
∞
∑

q=1
Gq(η),

φ(η) = φ0(η) +
∞
∑

q=1
φq(η).

(37)

The following are satisfied by the qth-order problem.

LF
[
Fq(η)− χqFq−1(η)

]
= }FUF

q (η),
LG
[
Gq(η)− χqGq−1(η)

]
= }GUG

q (η),

Lφ

[
φq(η)− χqφq−1(η)

]
= }φUφ

q (η).
(38)

Which have the following boundary conditions:

Fq(0) = F′q(0) = F′q(∞) = 0,
Gq(0) = Gq(∞) = 0,

φ
′
q(0)−Ksφq(0) = φq(∞) = 0.

(39)

Here

UF
q (η) = F′′′q−1 + κ2

(
q−1
∑

k=0
Fq−1−kF′′k −

q−1
∑

k=0
Fq−1−kFiv

k

)
−M(1 + λ2)F′q−1−

(1 + λ2)

{
q−1
∑

k=0
F′q−1−kF′ −

q−1
∑

k=0
Fq−1−kF′′k + κ1

(
q−1
∑

k=0
Fq−1−k

k
∑

j=0
Fk−jF

′′′
j − 2

q−1
∑

k=0
Fq−1−k

k
∑

j=0
F′k−jF

′′
j

)}
,

(40)

UG
q (η) = G′′q−1 + Pr

{
q−1

∑
k=0

Fq−1−kG′k −Ω

(
q−1

∑
k=0

Fq−1−k

k

∑
j=0

F′k−jG
′
j +

q−1

∑
k=0

Fq−1−k

k

∑
j=0

Fk−jG
′′
j

)}
, (41)

Uφ
q (η) = φ

′′
q−1 −KSc

(
q−1

∑
k=0

φq−1−k

k

∑
j=0

φk−jφj − 2
q−1

∑
k=0

φq−1−kφk + φq−1

)
, (42)
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where:

χq =

{
0, if τ ≤ 1
1, if τ > 1

(43)

4. HAM Solution Convergences

In this segment we graphically discussed the superior effect of the concerned parameters.
The convergence of Equation (36) was subjected entirely through the auxiliary constraints }F,}G,}φ.
This is a collection in a way that it controls and converges the series solutions. The optional division of
}, was plotted through }-curves F′′ (0), G′(0), φ′(0) for the 2nd ordered approximated solution of HAM.
The operational region of } is −2.2 < }F < 0.2,−2.1 < }G < −0.1,−2.4 < }φ < 0.1. The convergence
of HAM through the }-curve on velocity profile F′′ (0), temperature profile G′(0) and concentration
profile φ′(0) is presented in Figure 1.
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5. Results and Discussion

In this segment the impact of emerging parameters on velocity function F′(η), temperature
function G(η) and concentration function φ(η) within the defined domain have been discussed.
The impact of M on F′(η) is deliberated in Figure 2. The Lorentz force theory deliberated that the
magnetic field grows at a reversed force to the fluids flow. This force reduced the momentum boundary
layer while it improved the thickness of the boundary layer. Therefore, with the escalating magnetic
field M the velocity profile F′(η) declined. From here we concluded that Jeffrey nanofluid was greatly
subjected by the magnetic field compared to the other two. In Figures 3 and 4 the impact of Pr and
Ω on G(η) were presented respectively. In Figure 3 we perceived that G(η) diminished with the
rise in Pr. Physically the thickness of the boundary layer increased with the reduction in thermal
diffusion. In addition, it can also be seen from the figure that Pr is more effective on Jeffrey and
Maxwell nanofluids compared to the Oldroyd-B nanofluid. In Figure 4 the effect of thermal relaxation
parameter Ω on G(η) has been described. From here we saw that G(η) reduced with the escalation
in Ω. This was attributable to the fact that as we escalate Ω, the material particles need more time
for heat transmission to its nearest particles. In addition, it can be stated that this material shows a
non-conducting behavior with higher values of Ω which results in a reduction in G(η). The impact of
Sc, K and Ks on φ(η) are schemed in Figures 5–7 respectively. In Figure 5 the effect of Sc on φ(η) has
been described. Schmidt number is the ratio of momentum diffusivity to mass diffusivity. Physically,
the Schmidt number is related to hydrodynamic layer’s thickness and boundary layer. The escalating
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Sc intensifies the momentum of the boundary layer flow which results in an increase in concentration
profile. It is clear from the figure that φ(η) upsurges with the rise in Sc. In Figure 6 the impact of K on
φ(η) has been described. From here we concluded that larger K results in a reduction in φ(η). This may
have been caused by the fact that the reaction rates controlled the diffusion coefficients. To a certain
extent similar results are displayed in Figure 7. In Figure 7 the impact of Ks on φ(η) has been described.
From this figure we have concluded that the growing values of Ks showed a drop in behavior in φ(η).
This results from an agreement with the general physical behavior of the homogeneous reaction K and
the heterogeneous reaction Ks. In Figures 8 and 9 the impact of M on C fx and Nux for Jeffrey, Maxwell
and Oldroyd-B nanofluids have been described. It is clear from the figures that the growing values of
M were decreasing for both C fx and Nux. The magnetic field was applied perpendicular to the flow
of fluids and had an inverse variation with the skin friction of the fluid flow. This is the reason why
the increasing magnetic field reduced the skin friction of the fluids flow. Similarly, the behavior of
the heat transfer rate was due to the growing magnetic force on the fluids flow phenomena, with the
fluid particles requiring more time to transfer the heat to the nearest particle. This was because the
heat transfer rate reduced with the escalating magnetic field. The impact of Pr and Ω on Nux for
the nanofluids flow has been described in Figures 10 and 11. From here we have concluded that the
escalation in Pr increased the heat transfer rate while the increased Ω reduced the heat transfer rate for
the nanofluids flow. Figure 12 shows the Total Residual error for the three types of nanofluid flow.
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Tables Discussion

In this section we have demonstrated the effect of emerging dimensionless parameters on the
presented model of nanofluids. Table 1 displayed the conclusions associated with emerging parameters
of skin fraction coefficients. This shows the impression of magenatic field parameter M on skin fraction
coefficients. The magenatic field parameter shows a reduction in the skin fraction coefficient. Table 2
demonstrated the conclusion of incipient parameters on local Nusselt numbers. The heat transfer
rate decreases with the rise in thermal relaxation parameter Ω while escalates with the increase in
Prandtl number Pr. Table 2 shows that the thermal relaxation parameter has more effect on Jefferey
nanofluids in comparison to Maxwell and Oldroyd-B nanofluids. Table 3 demonstrated the conclusion
of an emerging parameter on the Sherwood number. The Sherwood number reduces with its rise,
which upsurges with the escalation of the strength of homogeneous reaction K and the strength of
heterogeneous reaction Ks.

Table 1. Distinction in −C fx for different M.

M Ref. [47]
Present Results

for Jeffrey
Nanofluid

Ref. [47]
Present Results

for Maxwell
Nanofluid

Ref. [47]
Present Results
for Oldroyd-B

Nanofluid

1.0 1.210458 0.210462 1.504151 1.504153 1.071019 1.071022

2.0 1.431584 1.431587 1.804788 1.804791 1.248081 1.248084

Table 2. Distinction in Nux for different Ω and Pr.

Ω Pr Ref. [47] Jeffrey
Nanofluid Ref. [47] Maxwell

Nanofluid Ref. [47] Oldroyd-B
Nanofluid

1.0 ———- 0.610394 ———- 0.595298 ———- 0.610846

1.2 ———- 0.607503 ———- 0.593311 ———- 0.607993

6.0 0.418081 0.513786 0.421167 0.511247 0.426476 0.5154367

7.0 0.439695 0.626865 0.441919 0.548966 0.447670 0.5477974

Table 3. Distinction in Shx for different Sc, K and Ks.

Sc K Ks Jeffrey Maxwell Oldroyd-B

1.2 −0.096477 −0.095593 −0.096771

1.5 −0.096782 −0.095890 −0.097081

1.5 −0.058030 −0.047238 −0.049135

1.7 −0.056699 −0.037230 −0.039262

0.5 −0.018933 −0.037233 0.012399

0.8 −0.160028 0.046603 −0.125205

6. Comparison of Analytical Solutions and Numerical Solutions

An analytical solution means an exact solution. To study the behavior of systems, an analytical
solution can be used with varying properties. Regrettably there are many practical systems that lead to
an analytical solution, and analytical solutions are often of limited use. This is why we use a numerical
approach to generate answers that are closer to practical results. These solutions which cannot be used
as complete mathematical expressions are numerical solutions. In the natural worldthere are almost no
problems that are exactly solvable, which makes the problem more difficult than all the exactly solvable
problems. There are three or four of them in nature that have already been solved, unfortunately
even numerical methods cannot always give an exact solution. Numerical techniques can handle
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any completed physical geometries which are often impossible to solve analytically. In this article
both analytical and numerical approaches are tested to solve the modeled problem. A comparison
of HAM and ND-Solve technique for F′(η), G(η) and φ(η) are deliberated in Figures 13–15 and
Tables 4–6, respectively.
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Table 4. Symmetry of HAM versus numerical solutions for F′(η), when Sc = Pr = K2 = 1.0,
κ = κ1 = κ2 = λ2 = M = K = 0.1.

η
HAM
F
′
(η)

Numerical
F
′
(η)

Absolute Error
AE

0.0 3.33067 × 10−16 0.000000 3.33067 × 10−16

0.1 0.0950433 0.093334 0.002876

0.2 0.180827 0.173972 0.009647

0.3 0.258260 0.242791 0.016488

0.4 0.328165 0.300578 0.020276

0.5 0.391281 0.348033 0.019089

0.6 0.448277 0.385777 0.011828

0.7 0.499753 0.414357 0.085396

0.8 0.546251 0.434262 0.111989

0.9 0.588258 0.445923 0.142335

1.0 0.626213 0.449730 0.176483

Table 5. Symmetry of HAM versus numerical solutions for G(η), when Sc = Pr = Ks = 1.0, κ = κ1 =

κ2 = λ3 = M = K = 0.1.

η
HAM
G(η)

Numerical
G(η)

Absolute Error
AE

0.0 1.000000 1.00000 0.000000

0.1 0.915165 0.887477 0.002876

0.2 0.835725 0.775917 0.009647

0.3 0.761845 0.666195 0.016488

0.4 0.693506 0.559077 0.020276

0.5 0.630563 0.45522 0.019089

0.6 0.572791 0.355165 0.011828

0.7 0.519912 0.259342 0.250570

0.8 0.471618 0.168073 0.303545

0.9 0.427594 0.0815811 0.346013

1.0 0.387518 5.60459 × 10−9 0.387517

Table 6. Symmetry of HAM versus numerical solutions for φ(η), when Sc = Pr = Ks = 1.0, κ = κ1 =

κ2 = λ2 = M = K = 0.1.

η
HAM
φ(η)

Numerical
φ(η)

Absolute Error
AE

0.0 0.396762 0.404080 0.007318

0.1 0.429884 0.436425 0.006841

0.2 0.464667 0.468606 0.003939

0.3 0.499830 0.500349 0.000519

0.4 0.534490 0.531418 0.003072

0.5 0.568056 0.561618 0.006438

0.6 0.600146 0.590789 0.009357

0.7 0.630533 0.618810 0.011723

0.8 0.659102 0.645589 0.013513

0.9 0.685811 0.671065 0.014746

1.0 0.710675 0.695202 0.015473

7. Conclusions

In this article the MHD flow of three combined nanofluids (Jefferey, Maxwell, and Oldroyd-B)
over a linear stretched surface have been scrutinized. The problem was solved analytically by HAM.
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The convergence of HAM has been presented through graphical presentations. The concluding remarks
are as follows:

â The upsurges in magnetic field diminishes the velocity field.
â The upsurges in Prandtl number and thermal relaxation parameters diminish the

temperature field.
â The upsurges in Schmidt number upsurges the concentration field.
â The larger homogeneous reaction and heterogeneous reaction strengths falloff from the

concentration field.
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Nomenclature

B0 Magnetic field strength (NmA−1)
C fx Skin friction coefficient
DI , DJ Diffusion coefficients
F Velocity profile
G Temperature profile
I, J Chemical species
i, j Concentration
K Strength of homogenous reaction
Ks Strength of heterogeneous reaction
k Thermal conductivity (Wm−1K−1)
M Magnetic parameter
Nux Nusselt number
Pr Prandtl number
q Heat flux (Wm−2)
Rex Local Reynolds number
Sc Schmidt number
Shx Sherwood number
T Fluid temperature (K)
Tw Surface temperature (K)
T∞ Temperature at infinity (K)
u, v Velocity components (ms−1)
x, y Coordinates
α Thermal diffusivity (m2s−1)
η Similarity variable
µ Dynamic viscosity (mPa)
υ f Kinematic viscosity (mPa)
ρ f Density (Kgm−3)
λ1 Relaxation time
λ2 Relaxation to retardation time
λ3 Retardation time
ζ Stretching rate
κ Deborah number
Ω Thermal relaxation parameter
σ Electrical conductivity (Sm−1)
φ Dimensional concentration profile
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Abstract: In this research, the three-dimensional nanofluid thin-film flow of Casson fluid over an
inclined steady rotating plane is examined. A thermal radiated nanofluid thin film flow is considered
with suction/injection effects. With the help of similarity variables, the partial differential equations
(PDEs) are converted into a system of ordinary differential equations (ODEs). The obtained ODEs are
solved by the homotopy analysis method (HAM) with the association of MATHEMATICA software.
The boundary-layer over an inclined steady rotating plane is plotted and explored in detail for the
velocity, temperature, and concentration profiles. Also, the surface rate of heat transfer and shear
stress are described in detail. The impact of numerous embedded parameters, such as the Schmidt
number, Brownian motion parameter, thermophoretic parameter, and Casson parameter (Sc, Nb,
Nt, γ), etc., were examined on the velocity, temperature, and concentration profiles, respectively.
The essential terms of the Nusselt number and Sherwood number were also examined numerically
and physically for the temperature and concentration profiles. It was observed that the radiation
source improves the energy transport to enhance the flow motion. The smaller values of the Prandtl
number, Pr, augmented the thermal boundary-layer and decreased the flow field. The increasing
values of the rotation parameter decreased the thermal boundary layer thickness. These outputs are
examined physically and numerically and are also discussed.

Keywords: Casson fluid; rotating disk; condensation film; heat generation/consumption; thermal
radiation; HAM
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1. Introduction

Energy is a requirement of production for every industry and is used in every engineering
field. Important sources of energy are gas turbines, exchange membrane, and fuel cells [1],
hydraulic-fracturing [2,3], etc. Suspensions of nanoparticles in fluids show a vital enrichment
of their possessions at modest nanoparticle concentrations. Numerous researchers have worked on
nanofluids and studied their role in heat transfer analysis, like nuclear reactors and other transportations.
Nanofluids are smart fluids, where heat transfer can be decreased or increased in the base fluids.
This research work focuses on investigating the vast range of uses that involve nanofluids, emphasizing
their enriched heat transfer possessions, which are governable, and the defining features that these
nanofluids preserve that make them suitable for such uses. Moreover, nanofluids are a new kind
of energy transference fluid that are the suspension of base fluids and nanoparticles. For cooling
requirements, usual heat transfer liquids cannot be used, due to their lesser thermal conductivity.
By implanting nanoparticles into normal fluids, their thermal enactment can be enriched considerably.
Choi [4] is widely accepted as the first publication that introduces the concept of nanofluids. He clarifies
nano liquids as a liquid containing smaller scale particles known as nanoparticles about 1 to 100 nm
in measure.

Bhatti et al. [5] explored the simultaneous impacts of the varying magnetic field of Jeffrey nanofluid.
They examined the impact of physical parameters over the flow field. Xiao et al. [3] examined the
relative permeability of nanofibers with the capillary pressure effect using the Fractal-Monte Carlo
technique. They observed the impact of the embedding parameters with applications. Ellahi et al. [6]
investigated the MHD non-Newtonian nanofluid with a temperature dependent viscosity flow
through a pipe. The microchannel heat sink flow exploration cooled by a Cu water nanofluid by
applying the least square method and the porous media approach was observed by Hatami et al. [7].
Hatami et al. [8] explored nanofluid laminar flow between rotating disks with heat transfer. Srinivas
Acharya et al. [9] investigated nanofluid mixed convection flow with ion slip and Hall effects between
two concentric cylinders. Khan et al. [10] investigated boundary-layer nanofluid flow through
a stretching surface. Khanafer et al. [11] described two-dimensional Buoyancy driven flow with
enhanced heat transfer enclosure utilizing nanofluids. Mahanthesh et al. [12] investigated unsteady
MHD three-dimensional Eyring-Powell nanofluid flow with thermal radiation through a stretching
sheet. Rashidi et al. [13] explored nanofluid with entropy generation and MHD flow on a steady porous
rotating disk. Rashidi et al. [14] investigated 3-D film condensation on a steady inclined rotating disk.

Gul et al. [15] studied the heat and mass transfer analysis of a liquid film over an inclined plane.
They compared integer and non-integer order results under the influence of embedded parameters.
Saleh et al. [16] studied carbon-nanotubes suspended nanofluid flow with convective conditions using
the Laplace transform. Sheikholeslami et al. [17] examined nanofluid flow in a semi-annulus enclosure
with heat transfer and MHD effects. Sheikholeslami et al. [18] investigated flow in a semi-porous
channel of MHD nanofluid with an analytical investigation. Later, these investigators [19] deliberated
unsteady nanofluid flow through a stretching surface. Hayat et al. [20] explored the boundary layer
flow of Maxwell nanofluid. Malik et al. [21] explored MHD flow through a stretching Erying-Powell
nanofluid. Nadeem et al. [22] examined the flow of Maxwell liquid with nanoparticles through a
vertical stretching surface. Raju et al. [23] examined flow with free convective heat transfer through a
cone of MHD nano liquid. Rokni et al. [24] explored flow with the heat transfer of nanofluids through
plates. Nadeem et al. [25] investigated flow on a stretching sheet of nano non-Newtonian liquid.
Shehzad et al. [26] investigated the convective boundary conditions of Jaffrey nanoliquid flow with an
MHD effect. Sheiholeslami et al. [27] explored flow with a magnetic field and heat transfer of nano
liquid. Mahmoodi et al. [28] examined flow for cooling applications of nanonfluid with heat transfer.
Recently, Shah et al. [29–32] investigated a rotating system in the effects of hall current and thermal
radiations of nanofluid flow. Further theoretical investigations were examined by Sheikholeslami
using different phenomena for nanofluids, with present usages and possessions with applications of
numerous methods, can be found in [33–37]. Pour and Nassab [38] examined the convectional flow of
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nanofluids using the numerical technique. The influence of the physical parameters was observed in
their study.

The exploration of thin film has achieved substantial presentation due to its frequent usages in the
field of technology, industry, and engineering in a short interval of time. The investigation of thin liquid
flow is necessary, due to its practical uses, such as cable and fibber undercoat. Several well-known uses
of thin film are the fluidization of devices, elastic sheet drawing, and constant formation. Regarding their
uses, it is vital that scientists develop research on the stretching sheet of liquid films. Sandeep et al. [39]
studied non-Newtonian nanoliquids’ thin films’ fluid flow with heat transfer. Wang [40] detected an
unsteady flow of thin film fluid through a stretching sheet. Usha et al. [41] investigated unsteadily
finite thin liquid past a stretching sheet. Liu et al. [42] investigated thin film flow with heat transfer on
a stretching surface. Aziz et al. [43] perceived the flow on a stretching sheet of a thin fluid film for
the production of heat inside. Tawade et al. [44] examined fluid flow with thermal radiation and heat
transmission of a thin film. Fluid film flow on a stretching sheet with heat transfer was investigated
by Andersson et al. [45]. Also, investigators [46–51] examined the flow of liquid film on a stretching
surface for further dissimilar cases. Hatami et al. [52] examined 3-D nanofluid flow on a steady rotating
disk. A similar related study about nanofluid can be seen in [52–56]. Jawad et al. [57] examined
Darcy-Forchheimer nanofluid thin film flow with Joule dissipation and Navier’s partial slip of the
MHD effect. Jawad et al. [58] studied 3-D single-wall carbon nanotubes rotating flow with the impact
of nonlinear thermal radiation and viscous dissipation in the presence of aqueous suspensions. Other
related work can be seen in [59–63].

In view of the above important discussion, the aim of the current study is to investigate liquid
film flow over an inclined plane. The momentum, thermal, and concentration boundary-layers under
the influence of physical constraints for heat and mass transfer analysis will be examined physically
and numerically.

2. Problem Formulation

Consider a steady three-dimensional Casson nanofluid thin-film flow over a rotating disk.
The rotation of the disk is due to the angular velocity (Ω) in its own plane as displayed in Figure 1.
An angle, β, is made by the inclined disk with the horizontal axis. Also, h denotes the film thickness of
the nanofluid, and W represents the spraying velocity. The radius of the disk is very large as compared
to the liquid film thickness and hence the termination influence is unnoticed. g is gravitational
acceleration, T0 is the temperature at the film surface, while Tw represents the surface temperature of
the disk. Likewise, C0 and Ch are the concentration on the film and on the disk surfaces, respectively.
Pressure is a function of the z-axis only and the ambient pressure (P0) at the sheet of the film is kept
constant. The equations of continuity, momentum, concentration, and energy for a steady state are
shown in Equations (1) to (6) [8–10]:

ux + uy + uz = 0 (1)

ρn f
(
uux + vuy + wuz

)
=

(
1 +

1
γ

)
µn f

(
uxx + uyy + uzz

)
+ g sin β (2)

uvx + vvy + wvz =

(
1 +

1
γ

)
µn f

ρn f

(
vxx + vyy + vzz

)
(3)

uwx + vwy + wwz =

(
1 +

1
γ

)
µn f

ρn f

(
wxx + wyy + wzz

)
− g cos

β

Ω′
−

Pz

ρn f
(4)

uTx + vTy + wTz =
kn f(
ρcp

)
n f

(
Txx + Tyy + Tzz

)
(5)

uCx + vCy + wCz = Dβ

(
Cxx + Cyy + Czz

)
+

(
DT

T0

)(
Txx + Tyy + Tzz

)
(6)
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In the above equations, u, v, and w represent the velocity components in the x, y, and z
axis, respectively.

The boundary conditions are as follows:

u = −Ωy, v = Ωx, w = 0, T = Tw, C = Ch
uz = vz = 0, w = 0, T = Tw, C = C0, P = P0

at z = 0
at z = h

(7)

Consider the similarity transformations of the form:

u = −Ωyg(η) + Ωx f ′(η) + gk(η) sin β
Ω′

v = Ωxg(η) + Ωy f ′(η) + gs(η) sin β
Ω′

w = −2
√

Ωvn f f (η), T = (T0 − Tw)θ(η) + Tw

ηφ(η) = C−Cw
C0−Cw

, η = z
√

Ω
vn f

(8)

The transformations introduced in Equation (8) are implemented in Equations (2) to (7). Equation (1) is
proved identically and Equations (2) to (6) are obtained in the forms:(

1 +
1
γ

)
f ′′′ − f ′2 + g2 + 2 f f ′′ = 0 (9)

(
1 +

1
γ

)
k′′ + gs− k f ′ + 2k f = 0 (10)(

1 +
1
γ

)
g′′ − 2g f ′ + 2g′ f = 0 (11)(

1 +
1
γ

)
s′′ − kg− s f ′ + 2s′ f = 0 (12)

If θ(η) and φ(η) are a function of z only, Equations (5) and (6) take the forms:(
1−

4
3

R
)
θ′′ + 2Pr

A2A3

A1A4
(I1 f ′ + j1)θ = 0 (13)

φ′′ + 2Sc fφ′ +
Nt
Nb
θ′′ = 0 (14)
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f (0) = 0, f ′(0) = 0, f ′′ (δ) = 0, φ(0) = 0, φ(δ) = 1
g(0) = 0, g′(δ) = 0, k(0) = 0, k′(δ) = 0
s(0) = 0, s′(δ) = 0, θ(0) = 0, θ′(δ) = 1.

(15)

Physical parameters and other dimensionless numbers of interest are defined as:

Pr =
v f
α f

, Sc = µ
ρ f D , Nb =

(ρc)pDb(Ch)

(ρc) fα

Nt =
(ρc)pDT(TH)

(ρc) fαTc
, S = α

Ω

(16)

Here, Pr is the Prandtl number, Sc is the Schmidt number, Nb is the Brownian motion parameter, and Nt
is the thermophoretic parameter.

Where the normalized thickness constant is presented as:

δ = h

√
Ω

vn f
(17)

The condensation velocity is defined as:

f (δ) =
W

2
√

Ων
= α (18)

The pressure can be attained by the integration of Equation (4).
For the exact solution, let Pr = 0 and using θ(δ) = 1, the exact solution is:

θ′(0) =
1
δ

(19)

An asymptotic limit for small, δ, is defined in Equation (17). The reduction of θ’(0) for rising δ is not
monotonic. So, Nu is defined as:

Nu =
kn f

k f

(Tz)w

(T0 − Tw)
= A4δθ

′(0) (20)

The Sherwood number is defined as:

Sh =
(Cz)w

C0 −Cw
= δφ′(0) (21)

3. Solution by Homotopy Analysis Method

The optimal approach is used for the solution process. Equations (9) to (14) with boundary
conditions (15) are solved by HAM. Mathematica software is used for this aim. The basic derivation of
the model equation through HAM is given in detail below.

Linear operators are denoted as L f̂ , Lθ̂ and Lφ̂ is represented as

L f̂ ( f̂ ) = f̂ ′′′ , Lk̂(k̂)= k′′ , Lĝ(ĝ)= g′′ ,

Lŝ(ŝ)= s′′ , Lθ̂
(
θ̂) =θ̂′′ , Lφ̂

(
φ̂) =φ′′

(22)

The modelled Equations (9) to (14) with boundary conditions (15) are solved analytically as well as
numerically. The comparison between the analytical and numerical solution is shown graphically as
well as numerically in Tables 1–6 for the velocities, temperature, and concentration profiles. From these
tables, an excellent agreement between the HAM and numerical (ND-Solve Techniques) methods
is obtained.
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Table 1. Comparison of HAM and numerical solution for f (η).

f (η) HAM Solution Numerical Solution Absolute Error

0.0 0.000000 −2.812710 × 10−10 2.812710 × 10−10

0.1 0.003258 0.003258 5.703240 × 10−8

0.2 0.012408 0.012408 2.280140 × 10−7

0.3 0.026573 0.026573 5.104210 × 10−7

0.4 0.044948 0.044948 8.995600 × 10−7

0.5 0.066795 0.066793 1.388520 × 10−6

0.6 0.091431 0.091429 1.965710 × 10−6

0.7 0.118224 0.118221 2.615740 × 10−6

0.8 0.146586 0.146583 3.327870 × 10−6

0.9 0.175966 0.175962 4.078740 × 10−6

1.0 0.205842 0.205837 4.847430 × 10−6

Table 2. Comparison of HAM and numerical solution for k(η).

k(η) HAM Solution Numerical Solution Absolute Error

0.0 0.000000 3.431260 × 10−8 3.431260 × 10−8

0.1 0.082367 0.082366 2.022930 × 10−7

0.2 0.155134 0.155134 4.388100 × 10−7

0.3 0.218705 0.218705 6.667190 × 10−7

0.4 0.273439 0.273438 8.749510 × 10−7

0.5 0.319620 0.319619 1.071030 × 10−6

0.6 0.357437 0.357436 1.231030 × 10−6

0.7 0.386981 0.386980 1.356500 × 10−6

0.8 0.408247 0.408246 1.432420 × 10−6

0.9 0.421138 0.421137 1.471570 × 10−6

1.0 0.425484 0.425483 1.467400 × 10−6

Table 3. Comparison of HAM and numerical solution for g(η).

g(η) HAM Solution Numerical Solution Absolute Error

0.0 1.000000 1.000000 1.286450 × 10−8

0.1 0.950141 0.950139 2.377450 × 10−6

0.2 0.903441 0.903436 4.705070 × 10−6

0.3 0.860810 0.860803 6.954740 × 10−6

0.4 0.822957 0.822948 9.080750 × 10−6

0.5 0.790417 0.790406 0.000011
0.6 0.763566 0.763553 0.000013
0.7 0.742641 0.742627 0.000014
0.8 0.727756 0.727740 0.000015
0.9 0.718908 0.718892 0.000016
1.0 0.715997 0.715981 0.000016

Table 4. Comparison of HAM and numerical solution for s(η).

s(η) HAM Solution Numerical Solution Absolute Error

0.0 0.000000 −7.170820 × 10−9 7.170820 × 10−9

0.1 −0.019540 −0.019539 1.154300 × 10−6

0.2 −0.038351 −0.038349 2.304890 × 10−6

0.3 −0.055850 −0.055846 3.427710 × 10−6

0.4 −0.071593 −0.071588 4.501730 × 10−6

0.5 −0.085251 −0.085246 5.509380 × 10−6

0.6 −0.096596 −0.096590 6.416000 × 10−6

0.7 −0.105479 −0.105471 7.187270 × 10−6

0.8 −0.111819 −0.111811 7.792270 × 10−6

0.9 −0.115595 −0.115587 8.183170 × 10−6

1.0 −0.116839 −0.116831 8.326040 × 10−6
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Table 5. Comparison of HAM and numerical solution for θ(η).

θ(η) HAM Solution Numerical Solution Absolute Error

0.0 0.000000 −1.777730 × 10−9 1.777730 × 10−9

0.1 0.116628 0.116628 1.151200 × 10−7

0.2 0.232964 0.232964 2.309850 × 10−7

0.3 0.348690 0.348690 3.439950 × 10−7

0.4 0.463468 0.463469 4.517690 × 10−7

0.5 0.576946 0.576946 5.526490 × 10−7

0.6 0.688763 0.688763 6.424670 × 10−7

0.7 0.798558 0.798559 7.163620 × 10−7

0.8 0.905975 0.905976 7.751320 × 10−7

0.9 1.010670 1.010670 8.130730 × 10−7

1.0 1.112300 1.112300 8.304690 × 10−7

Table 6. Comparison of HAM and numerical solution for φ(η).

φ(η) HAM Solution Numerical Solution Absolute Error

0.0 0.000000 −2.935480 × 10−9 2.935480 × 10−9

0.1 0.109309 0.109309 8.676730 × 10−8

0.2 0.218448 0.218448 1.752770 × 10−7

0.3 0.327225 0.327226 2.613220 × 10−7

0.4 0.435439 0.435440 3.434820 × 10−7

0.5 0.542882 0.542883 4.241530 × 10−7

0.6 0.649351 0.649352 4.969910 × 10−7

0.7 0.754655 0.754656 5.581250 × 10−7

0.8 0.858619 0.858620 6.055710 × 10−7

0.9 0.961090 0.961091 6.356540 × 10−7

1.0 1.061940 1.061940 6.465200 × 10−7

4. Results and Discussion

The three-dimensional flow of the liquid film through a steady rotating inclined surface with
mass and heat transmission was examined. The influence of the embedded parameters, magnetic field,
M, Casson parameter, γ, Schmidt number, Sc, Brownian motion parameter, Nb, and thermophoretic
parameter, Nt, was investigated for the axial velocity, f (η), radial velocity, k(η), drainage flow, g(η),
and induced flow, s(η), temperature field, θ(η), and concentration profile,φ(η), respectively. Figures 2–5
display the influence of the Casson fluid parameter, γ, on f (η), k(η), g(η), and s(η). Rising γ generates
resistance in the flow path and decreases the flow motion of nanoparticles. It is observed that an
increase of the Casson fluid parameter, γ, leads to a decrease of f (η), k(η), g(η), and s(η). The opposite
trend is found in case of the z-direction, that is the enormous value of γ decreases the f (η), k(η), g(η),
and s(η). The influence of Pr on θ(η) is displayed in Figure 6. It is interesting to note that θ(η) decreases
with large values of Pr and increases with smaller values. In fact, the thermal diffusivity of nanofluids
has greater values by reducing Pr, and this effect is inconsistent for larger Pr. Hence, the greater values
of Pr drop the thermal boundary layer. The influence of the radiation parameter, R, on θ(η) is presented
in Figure 7. It is observed that if R increases, then the boundary layer area θ(η) is augmented. The effect
of Nb on θ(η) is displayed in Figure 8. The converse influence was created for φ(η) and θ(η), which
means augmented Nb decreases the concentration profile, φ(η). The concentration boundary layer
thickness decreased due to the rising values of Nb and as a result, the concentration field, φ(η), declined.
The features of the thermophoretic parameter, Nt, on the concentration profile, φ(η), are presented in
Figure 9. The enhancement of Nt increases φ(η). Thus, Nt depends on the temperature gradient of the
nanofluids. The kinetic energy of the nanofluids rises with the increasing value of Nt, and as a result,
φ(η) increases. Figure 10 identifies the influence of Sc. The dimensionless number, Sc, is stated as the
ratio of momentum and mass diffusivity. It is obvious that the amassed Sc reduces the φ(η) and as a
result, the boundary layer thickness is decreased.
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Figures 11 and 12 demonstrate the effects of Pr and R. It can be seen that rising values of Pr and R
increase Nu. In fact, the coaling phenomenon is enhanced with increased values of these parameters.
Figure 13 identifies that Nu reduces for the amassed values of k.
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5. Conclusions

In this article, the three-dimensional thin-film Casson fluid flow over an inclined steady rotating
plane was examined. The thin film flow was thermally radiated and the suction/injection effect was
also considered. By the similarity variables, the PDEs were converted into ODES. The obtained ODEs
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were solved by the HAM with association of the MATHEMATICA program. The main features of the
study are highlighted as:

• Smaller values of the Prandtl number enhance the thermal boundary layer.
• An increasing value of the magnetic field stops the fluid motion.
• Larger amounts of the thermal radiation parameter and thermophoretic parameter enhances the

thermal boundary layer.
• The Casson fluid parameter produces a resistance force and its increasing value decreases the

fluid motion.
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Nomenclature

Nb Brownian motion parameter
T Cauchy stress tensor
C Concentration of the fluid
h Film thickness
M Magnetic parameter
Nu Nusselt number
Pr Prandtl number
Nt Thermoporetic parameter
R Radiation parameter
x, y, z Rectangular coordinates
Re Reynold number
Sh Sherwood number
Cf Skin friction coefficient
W Spraying velocity
T∞ Temperature of the fluid at large distance
f Transformed dependent variable
u Velocity component in x-direction
v Velocity component in y-direction
µ Coefficient of viscosity
γ Casson fluid parameter
% Density of the fluid
p Fluid pressure
I Identity tensor chord
v Kinematic viscosity
Ω Rotation parameter
τ Shearing stress
ψ Stream function
β Thickness of the fluid
η Transformed independent variable
∞ Condition at infinity
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The greatest endowment of present-day science is nanofluid. The nanofluid can ready to move 

unreservedly through smaller scale channels with the spreading of nanoparticles. Because of 

improved convection between the base fluid surfaces and nanoparticles, the nanosuspensions 

express high warm conductivity. Additionally, the advantages of suspending nanoparticles in 

base liquids are expanded warmth limit, surface zone, successful warm conductivity, impact, 

and collaboration among particles. The point of this examination is to review the imaginative 

origination of entropy generation in the nanoparticles of single and multi-walled carbon 

nanotubes are suspended in the four disparate. Kerosene oil is taken as based nanofluids in view 

of its novel consideration because of their propelled warm conductivities, selective highlights, 

and applications. The leading equations have been converted to differential equations with the 

help of suitable variables. the homotopic approach has been utilized to solve the modeled 

problem. The impact of physical factors are discused in details. 

Keywords: 
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radiation, HAM 

1. INTRODUCTION

Entropy is turmoil of a framework and encompassing. It 

happens when heat transmission happens, in light of the fact 

that some extra developments happen when it moves. For 

instance, sub-atomic vibration, and grinding, relocations of 

particles, active vitality, turn developments and so on. Because 

of which loss of valuable warmth happens and in this way 

radiation can't transmit completely into work. Disarray in a 

framework and encompassing made because of these extra 

developments. For this minute tumult results in naturally 

visible dimension which happens in view of some superfluous 

irreversibility’s. The Bejan [1] formulated the entropy 

generation rate. Sarojamma et al. [2] investigated the entropy 

generation in a thin film flow over a stretching sheet. Soomro 

et al. [3] have as of late analyzed numerically the entropy 

generation in MHD water-based CNTs. Mansour et al. [4] 

have been examined numerically the entropy generation rate 

in a laminar viscous flow in a roundabout flow and have 

thought that the entropy generation rate is high close to the 

divider and persistently diminishes along the sweep far from 

the outside of the pipe. Over a penetrable extending surface 

Rashidi at al. [5] have inspected the entropy generation for 

stagnation point flow in a permeable medium. The other 

related investigation about the entropy generation can be seen 

in [6-8]. 

The study of heat transfer flow is significant in numerous 

engineering applications, for instance, the design of thrust 

bearing, drag reduction, transpiration cooling, radial diffusers 

and thermal recovery of oil. Heat transfer has a vital role in 

handling and processing of non-Newtonian mixtures. In recent 

years, CNTs attained more interest for scientists and 

researchers because of the wide range applications in several 

industrial and engineering processes [9-15]. 

Choi [16] investigates nanofluid first time. Nanofluid 

scientific model was set up by Boungiorno [17]. The nature of 

nanoparticles and shape of nanoparticles are significant 

aspects to improve the thermal conductivity of working fluids 

are cited in [18-21]. They considered five shapes of 

nanoparticles and found that all the five different shape of 

nanoparticles increase the heat transmission characteristics. In 

a rotating system along with magnetic field, Sheikholeslami et 

al. [22] discussed the nanofluid flow and heat transmission. 

The learning of magnetic properties of electrically conducting 

fluids is known as magnetohydrodynamics (MHD) [23]. Haq 

et al. [24] were studied CNTs in cylinders with MHD. Abro et 

al. [25] analytically studied MHD Jeffery fluid under the 

impact of thermal radiation. The others related works can be 

studied Khan [26-31]. Dawar et al. [32] examined Eyring–

Powell fluid flow under the impact of thermal radiation over a 

porous medium. The recent analysis of nanofluid with modern 

application can be seen in the research of [33-37]. The micro 

rotation effect on MHD Nanofluid was studied by Shah et al. 

[38- 41]. 

The foremost aim of this research is the investigation of 

numerical simulation of nanofluid flow through a permeable 

space. Working fluid is Kerosene Oil based nanofluid. Non-

Darcy model was utilized to employ porous terms in 

momentum equations. Radiation effect has been reported for 

various shapes of nanoparticles. Impacts of, radiation 

parameter and magnetic force, on nanofluid behavior were 

demonstrated. HAM approach has used.  
To investigate the entropy generation in a two-dimensional 

nanoparticle of SWCNTs and MWCNTs based on (water, 
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engine oil, ethylene glycol and kerosene oil) in a rotating 

parallel porous plate in the main focus of this research work. 

To get the solution of the modeled problem, the HAM [42-46] 

is applied. 

 

 

2. PROBLEM FORMULATION 

 

The CNTs nanofluid based on kerosene oil between two 

porous plates are considered. Plates are separated with 

distance h . The coordinate ( ), ,x y z
 
system is taken with x-

axis parallel, y-axis is taken vertical to the plate, and z is taken 

along xy plane. The plates are positioned at 0,y y h= =  and 

roating with constant angular velocity   along y-asix. Both 

the plates are rotated in the same direction is denoted by 0  , 

in opposite direction is denoted by 0  , while 0 =
 
means 

the static case. The lower plate is moving quicker than the 

upper plate with velocity ( )U x >0w c c= .  

 

 
 

Figure 1. Physical representation of the flow problem 

 

After applying the problem assumptions basic equations are 

considered as 
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where 
2 2

, ,
2

nf nf

x
P P


  = − indicate the modified pressure, 

electrical conductivity, and the dynamic viscosity of nanofluid 

respectively. In the absenteeism of 
P

z




represents the meshes 

cross flow beside z-axis. Mathematically, the phenomenon of 

heat transmission can be indicated as 
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 =  signifies the fluid temperature, thermal 

diffusivity and radiative heat flux respectively. 

where Qr  is   
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As 4 3 44 3h h =  −   the equation (6) becomes 
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The needed formulas are: 
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The similarity variables are 
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The non-dimensional system of equations is 
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The relevant boundary conditions are 

 

0, 1, 0, 1,  at 0,

, 0, 0, 0,  at 1.
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In equation (14), 0Z
s

ch
=

 
is the suction and injection 

parameter.  

In the above equations 
2
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=  is the Reynolds number, 
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=  is the rotation parameter, Pr

f p

f
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=  is the Prandtl 

number, 
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=  is the thermal radiation parameter,   

The skin friction and Nusselt number is defined as [22]; 

 

( )
( )

( )2

2

0 0
, 1 .

nf nf

f x

f f

kd f d
C Nu Rd

k dd

 

 
= = − +     (15) 

 

 

3. ENTROPY GENERATION AND BEJAN NUMBER  

 

For a nanofluid, the local entropy rate .g tS  per unit volume 

is  
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where ( )T
x y

 
 = +

 
 and   is related to viscous 

dissipation.  

In our case 
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The characteristic entropy generation rate 
.g cS  is defined as:  
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The entropy generation Ns  is defined is: 
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To calculate the entropy generation Ns , using equations (18) 

and (19) to gather with (10) in equation (20), we obtain as 
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where
1R is the Reynolds number,

 
Br  is t the Brinkman 

number and  is the non-dimensionless temperature whose 

expression are given by: 
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The Bejan number Be  is defined as: 
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4. SOLUTION BY HAM 

 

We use HAM [40-45] to solve Eqns. (11, 12, and 13) with 

(14) by the succeeding process.  

The primary suppositions are chosen as follows: 
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The linear operators are chosen as L ,L  and Lgf 
: 
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which have the succeeding properties: 
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In organize to solve Eqns. (11, 12, and 13) are: 
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The equivalent boundary conditions are: 

 

0

0

1

1

0 1

0 1

1

( ; )
( ; ) 0,  1,  

( ; )
( ; ) ,  0,

 ( ; ) 0,  ( ; ) 0,

( ; ) ,  ( ; ) 0,

d

sf
f

df
f s

g g







 

 

 
 



 
 



   

     

=

=

=

=

= =

= =

=

= =

= =


= =

=

           (34) 

 

where [0,1]   is the emerging parameter. In case of 

0 and 1 = =  we have: 
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Expanding ( ; ), ( ; ) and ( ; )f g        by Taylor’s 

series 

 

0
1

0
1

0
1

( ; ) ( ) ( ) ,  

( ; ) ( ) ( ) ,

( ; )  ( ) ( ) .

q

q
q

q

q
q

q

q
q

f

g

f f

g g



    

    

      



=



=



=

= +

= +

= +

          (36) 

 

where 

 

0

0

0

,

.

( ; )1
( ) ,

!

( ; )1
g ( )

!

( ; )1
and ( )

!

q

q

q

f

d

df

q d

dg

q d

d

q







 




 




  
 



=

=

=

=

=

=

  

         (37) 

 

As the series (36) converges at 1 = , changing 1 =  in 

(36), we get: 
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The thq -order problem gratifies the following: 
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The equivalent boundary conditions are: 
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5. RESULTS AND DISCUSSION 

 

To investigate the flow and heat transfer performance for 

both SWCNTs and MWCNTs based on kerosene nanoliquids, 

consequences are schemed in Figures 2-22, telling the 

disparity in the velocities profiles (df/dη and g(η)), temperature 

profile θ(η), Entropy generation Ns and Bejan number Be 

within the circumscribed defined domain.  

The impacts of embedded parameters on velocity function 

df/dη are displayed in Figures 2-11. Figure 2 displays the 

impact of (φ) on df/dη. The escalation in (φ) upsurges the df/dη. 

We have observed that MWCNTs has much greater increase 

in the velocity as compared to the SWCNTs. The impact of R1 

on df/dη is depicted in Figure 3. The escalating values of R1
 

reducing the df/dη. This effect is due to the stretching of the 

plate. Figure 4 depicts the effect of R2 on df/dη. From Figure 4, 

we see that df/dη gives increasing behavior due to numerous 

rising values of R2. We have seen that the upper half of the 

plates gives more dominant variation to df/dη. The effect of   
on df/dη shown in Figure 5. The rising in porosity parameter 

  rises the df/dη. The porous media plays an important role 

during the fluid flow phenomena. Actually, the porous media 

reduces the fluid velocity. Therefore, the increasing porous 

media reduces the velocity function. Figure 6 and 7 depict the 

effects of suction (s>0) and injection (s<0) parameters at the 

upper plate for
 

df/dη. From Figure 6, we see that df/dη 

escalates with suction(s>0), that is df/dη increases with 

positive values of s. While from Figure 7, it is observed that 

df/dη diminishes with injection (s<0), that is df/dη reduces 

with negative values of s. It is fairly obvious that the presence 

of CNTs nanoparticles has improved df/dη, while df/dη 

upsurges further when (s>0) exists. But the reduction in df/dη 

is because of the fact that (s<0) engages the internal heat 

energy from the surface. The effect of φ on g(η) is depicted in 

Figure 8. The increasing φ increases the g(η). The MWCNTs 

has much greater increase in velocity function as compared to 

the SWCNTs is observed form here. Figure 9 is displayed to 

see the impact of R1 on g(η). The g(η)
 
reduces with increasing 

in R1. The effect of R2 on g(η)
 
is presented in Figure 10. From 

Figure 10, we see that the expanding estimations of R2
 
gives 

diminishing conduct in g(η). It can likewise be seen that the 

aggravation in g(η)
 
is higher at the mode of the channel when 

contrasted with upper and lower surface of the channel. Figure 

11 is plotted to see the effect of  on g(η). The porosity 

parameter has reverse impact on g(η), that is the g(η)
 

diminishes with the heightening in  . 

Figures 12-15 are plotted to see the effect of rising 

parameters on temperature function θ(η)
 
for both SWCNTs 

and MWCNTs based on kerosene nanoliquids. Figure 12 is 

plotted to see the correlation between the SWCNTs and 

MWCNTs with the heightening estimations of φ. From Figure 

12 we saw that there is unimportant dissimilarity in θ(η)
 
with 

the heightening estimations of φ. We additionally have seen 

that the MWCNTs have nearly a lot more θ(η)
 
noteworthy 

when contrasted with SWCNTs. Figure 13 depicts the effect 

of R1 on θ(η). The raising estimations of R1 shows heightening 

in θ(η) is appeared in Figure 13. As the separation from the 

surface heightens the θ(η)
 
diminishes. Figure 14 is plotted to 

see the effect of Pr show on θ(η). From here we see that the 

raising estimations of shows decrease in θ(η). Physically, the 

nanofluids have an enormous warm diffusivity with little Pr, 

however this impact is revers for higher Pr, accordingly the 

temperature of fluid shows diminishing conduct. Figure 15 is 

plotted to see the effect of Rd on θ(η). Thermal radiation has 

driving principle in heat transmission when the coefficient of 

convection heat transmission is little. From here we see that 

the heightening estimations of Rd shows speeding up in θ(η). 

Figures 16-22 are plotted to see the impacts of developing 

parameters for both SWCNTs and MWCNTs based on 

kerosene nanoliquids on entropy generation Ns and Bejan 

number Be. For the most part, Ns is more for SWCNTs when 

contrasted with MWCNTs. Figures 16 demonstrates the effect 

of  on Ns. It is obvious from figure the assume that the 

heightening estimations of   shows diminishing conduct in 

Ns. Figure 17 shows the effect of Reynolds number R1 on Ns. 

From here we saw that with exceptionally little expanding in 

R1 the entropy generation raise all around rapidly, however at 

0.4<ξ<0.6
 
a little expanding happens in Ns. It is because of 

extending of the lower plate. Figure 18 demonstrates the 

impact of Brinkman number Br on Ns. The Ns raises with the 

acceleration in Br. Furthermore, an expansion in Ns delivered 

by liquid rubbing and joule scattering happens with the 

heightening estimations of Br. Figure 19 demonstrates the 

impact of radiation parameter Rd on Ns. From the figure we 

see that at 0 <ξ< 0.5 and 0.5 <ξ< 1.0
 
the heightening 

estimations of Rd shows expanding conduct in Ns. Yet, at the 
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mean position (i.e. ξ= 0.5) the thermal radiation has no 

impact on Ns. It is because of the extending of the lower plate. 

Figure 20 demonstrates the impact of   on Be. It is obvious 

from the assumes that the raising estimations of   shows 

diminishing conduct in Be. Figure 21 demonstrates the impact 

of Br on Be. Expanding Br gives heightening conduct in Be. 

Figure 22 demonstrates the impact of Rd on Be. From the 

figure we see that at 0 <ξ< 0.5
 

and 0.5 <ξ< 1.0
 

the 

expanding estimations of Rd show expanding conduct in Be, 

while at ξ= 0.5
 

the radiation parameter does not show 

expanding or diminishing conduct. It is because of the 

extending of the lower plate. 

 

 
 

Figure 2. The plot of  on 
𝑑𝑓

𝑑𝜂
, when 

1 20.5, 0.6, 0.8, 1.0R R s = = = =  

 

 

Figure 3. The plot of
1R on

df

d
, when

20.04, 0.6, 0.8, 1.0R s = = = =  

 

 

Figure 4. The plot of 
2R on

df

d
, when

10.04, 0.5, 0.8, 1.0R s = = = =  

 

 

Figure 5. The plot of  on 
df

d
, when 

1 20.04, 0.5, 0.6, 0.8R R s = = = =  

 

 

Figure 6. The plot of suction ( )0s  on
df

d
, when

1 20.04, 0.5, 0.6, 1.0R R = = = =  

 

 

Figure 7. The plot of injection ( )0s  on
df

d
, when

1 20.04, 0.5, 0.6, 1.0R R = = = =  

 

 
 

Figure 8. The plot of  on ( )g  , when 

1 20.5, 0.6, 1.0R R = = =  
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Figure 9. The plot of 
1R on ( )g  , when 

20.04, 0.6, 1.0R = = =  

 

 
 

Figure 10. The plot of 
2R on ( )g  , when 

10.04, 0.5, 1.0R = = =  

 

 
 

Figure 11. The plot of  on ( )g  , when

1 20.04, 0.5, 0.6R R = = =  

 

 
 

Figure 12. The plot of   on ( )  , when 

1 0.5,Pr 7.1, 0.9R Rd= = =  

 
 

Figure 13. The plot of 
1R on ( )  , when

0.04,Pr 7.1, 0.9Rd = = =  

 

 
 

Figure 14. The plot of Pr on ( )  , when 

10.04, 0.5, 0.9R Rd = = =  

 

 
 

Figure 15. The plot of Rd on ( )  , when 

10.04, 0.5,Pr 7.1R = = =  

 

 
 

Figure 16. The plot of  on Ns , when 

10.04, 0.9, 0.5, 0.25,R 1.0Rd Br = = = = =  
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Figure 17. The plot of 
1R on Ns , when 

0.04, 0.9, 0.5, 0.25, 1.0Rd Br  = = = = =  

 

 
 

Figure 18. The plot of Br on Ns , when 

10.04, 0.9, 0.5, 0.25,R 1.0Rd  = = = = =  

 

 
 

Figure 19. The plot of Rd  on Ns , when 

10.04,R 1.0, 0.5, 0.5, 0.25Br  = = = = =  

 

 
 

Figure 20. The plot of  on Be , when 

0.04, 0.9, 0.5, 0.25Rd Br = = = =  

 
 

Figure 21. The plot of Br on Be , when 

0.04, 0.9, 0.5, 0.25Rd  = = = =  

 

 
 

Figure 22. The plot of Rd on Be , when 

0.04, 0.25, 0.5, 0.25Br  = = = =  

 

Table 1. The numerical values of skin fraction when 
0.04 =  

 

1R  
2R  s  s  

fC  

0.2 0.2 0.3 0.5 0.419391 

0.4    0.418104 

0.6 0.1   0.418885 

 0.3   0.418213 

 0.5 0.2  0.417078 

  0.6  0.468820 

  1.1  0.453513 

  1.4 -.5 0.427078 

   -.1 -3.821310 

   0.1 -1.152610 

   .5 -0.900993 

 

Table 1 and 2 are conspired to see the impacts of various 

implanting parameters on ( )~C f and Nux. From table 1, we see 

that the impact of R1
 
on skin portion. It is obvious from the 

table that at 0.1, the table shows expanding conduct to 0.3 

however from 0.3 to 0.5, the table qualities show diminishing 

conduct. At the mode of the channel the ( )~C f changes its 

conduct from raising to lessening. This is a direct result of 

extending of the lower plates. It is likewise obvious from the 

table that the rising estimations of R2
 
shows dropping conduct. 

The heightening estimations of   shows diminishing conduct 

in ( )~C f. The expanding and diminishing estimations of 

suction/infusion parameter s shows two unique practices. The 

developing estimations of (s<0) presentations declining 

conduct and furthermore the rising estimations of (s>0) 
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showcases swelling conduct in ( )~C f. From table 2, we get 

that the swelling values of R1 and positive s (i.e. s > 0) displays 

growing behavior in local Nusselt number Nux while R2, M and 

negative s (i.e. s < 0) displays declining behavior in local 

Nusselt number Nux. Tables 3-5 are conspired to think about 

the Physical properties of CNTs, thermo physical properties 

CNTs and nanofluids of some base liquids, Thermal 

conductivity (knf) of CNTs with various volume division (φ) 

individually. 

 

Table 2. The numerical values of Nusselt number when 
0.04 =  

 

1R  
2R  Pr  Rd    s  

xNu  

0.2 0.3 7.1 0.1 0.3 0.5 -0.001840 

0.4      -0.001938 

0.6 0.3     -0.001937 

 0.5     -0.003874 

 0.7 7.2    -0.005689 

  7.3    -0.004149 

  7.4 0.2   -0.003649 

   1.1   -0.003449 

   2.1 0.1  -0.002689 

    0.2  -0.005650 

    0.3  -0.005628 

    1.3 -.5 -0.005610 

     -.1 -0.000400 

     0.1 -0.003186 

     .5 -0.003509 

 

 

6. CONCLUSION 

  

Entropy generation examination for the two-dimensional 

mixed convection flow of nanofluid based on kerosene over a 

porous extending sheet with suction/injection and radiative 

heat flux impacts are analyzed. SWCNTs and MWCNTs are 

utilized in this model. With the assistance of closeness factors, 

the arrangement of overseeing partial differential conditions is 

changed into ordinary differential conditions. The effects of 

implanted parameters are appeared. On the accomplished 

examination, the key comments are recorded beneath. 

a. The velocity function df/dη escalates with the escalation 

in φ, R2 and suction parameter s, and reduces with the 

escalation in R1,   and injection parameter s. 

b. The velocity function g(η)
 
indicates acceleration conduct 

with heightening in φ and show decreasing conduct with 

heightening in, and R1, R2
 
and  . 

c. The temperature function θ(η) shows raising conduct with 

the acceleration in φ, and Rd shows diminishing conduct with 

the heightening in R1
 
and Pr. 

d. The entropy generation Ns shows escalating behavior 

with the escalation Br. Also with a very small increase in R1 

shows increasing behavior very quickly, while within the 

region 0.4<η<0.6, Re shows small increasing behavior. Rd 

shows increasing behavior in entropy generation Ns  within 

the region 0<η<0.5 and 0.5<η≤<1.0, and has no effect at mean 

position (i.e. η=0.5).  

e. The Bejan number Be shows increasing behavior with the 

increase in Br. Rd shows increasing behavior in Bejan number 

Be within the region 0<η<0.5 and 0.5<η≤<1.0, and has no 

effect at mean position (i.e. η=0.5). 
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Abstract: This research work deals with investigation of the thermal characteristics of the
Darcy–Forchheimer hydromagnetic hybrid nanofluid (Al2O3-Cu/H2O) flow through a permeable
stretching cylinder. The model equations, which consist of continuity, momentum, and energy
equations, are converted to a set of coupled ordinary differential equations through similarity variables
transformations and appropriate boundary conditions. Brownian motion and Thermophoresis effects
are mainly focused in this work. The impacts of some interesting parameters over velocity, temperature,
and concentrations profiles are graphically studied. The present study will be helpful in understanding
the thermal characteristics of heat transfer liquids.

Keywords: porous media; magnetohydrodynamics; hybrid nanofluid; stretching cylinder;
flow characteristics; nanoparticles; convective heat transfer

1. Introduction

The liquid coolants are mainly employed to keep the operating temperature of different equipment
in the specified range by transferring heat from them. Presently, the investigations show that the
thermal conductivities of different fluids used in liquid coolants are much smaller when compared to
those of solid metals. The natural laminar and convective heat energy transfer is a significant process in
engineering and industry due to its numerous applications. Currently, a lot of research is in progress to
investigate the different heat energy transfer characteristics of the newly developed fluid called “hybrid
nanofluid” due to an extensive range of engineering and technological uses, like medical manufacturing,
microfluidics, transportation, generator cooling, naval structures, and solar heating. A hybrid nanofluid
refers to a combination in a base fluid of two different types of nanoparticles. Therefore, if nanoparticles
materials are correctly picked, then they will enhance each other’s positive aspects. The metallic
nanoparticles, such as aluminum, copper, and zinc, have high thermal conductivities. However, the use
of these metallic nanoparticles for nanofluid applications is limited because of their reactivity and

Coatings 2020, 10, 391; doi:10.3390/coatings10040391 www.mdpi.com/journal/coatings

http://www.mdpi.com/journal/coatings
http://www.mdpi.com
https://orcid.org/0000-0002-6165-8055
https://orcid.org/0000-0001-5022-2558
https://orcid.org/0000-0002-5539-4225
https://orcid.org/0000-0001-5263-4871
http://dx.doi.org/10.3390/coatings10040391
http://www.mdpi.com/journal/coatings
https://www.mdpi.com/2079-6412/10/4/391?type=check_update&version=2


Coatings 2020, 10, 391 2 of 18

stability. On the other hand, ceramic nanoparticles have lower thermal conductivity relative to metal
nanoparticles, but they have many desirable possessions, such as chemical inertness and stability.
In the case of closed cavities, heat transfer study appeared in several applications and has been widely
deliberated in the literature [1–3]. In open cavities, the processes of natural convection give significant
results by simulating more complex geometries at the open end. In open cavities natural convection
is related to different engineering systems, such as the cooling of electrical equipment, room air
conditioning, and solar thermal central receiver systems etc. [4–6]. Skok et al. [4] have undertaken an
experimental survey of the open cavity natural convective flow numerically. They found some good
agreements between the experimental data and the numerical results. For larger values, their results
are very significant. Chan and Tien [7] studied the two-dimensional (2-D) natural convection flow in
narrow open cavities and conducted relative studies while using open square cavities with protracted
domains. The small thermal conductivities of the base fluids used in the natural convection are showed
to be an essential obstacle for increasing the heat energy transformation rate beyond a definite limit.
As a ground breaking work, Choi et al. added solid nanoparticles to the base fluid to enhance its thermal
conduction, and called it nanofluids [8]. Mahmoudi et al. [9] numerically deliberated the enhancement
of natural convective heat energy transfer flow. Sheremet et al. performed the numerical investigation of
non-steady natural convection in a permeable open corrugated cavity through a two-phase model [10].
They showed that the Nusselt number reduces by enhancing the number of iterations. Presently,
Tassaddiqet al. [11]investigated couple stress magneto-hydrodynamic nanofluid thin film flow over
an exponential stretching sheet with joule heating and viscous dissipation. Tahar and Chamkha [12]
discussed the flow of a hybrid nanofluid through horizontal and confocal elliptical cylinders with
natural convection enhancement. Moreover, it has been determined that the key aim of including
the nanomaterials in a transferor liquid is to augment its thermal conductivity. It shall also be noted
that stable nanofluids have significant attributes, such as small nanoparticle concentration and higher
thermal conductivities. Hence, the majority of the studies in the past have been carried out to attain high
thermal conductivity through the use of a single nanomaterial [13–16]. Currently, many articles have
considered the topic of hybrid nanofluids [17–20]. Mixed nanomaterials display important chemical
and thermo-physical characteristics that do not happen in a single component. Hybrid nanomaterials
are mainly categorized into three types [21–23]. In current years, numerous numerical and experimental
works that are associated to hybrid nanofluids have been published, and their results display that they
are more suitable than the conventional nanofluids. Suresh et al. [24] discussed a copper-alumina
nanocomposite powder, which was mixed by using thermochemical method, and prepared a hybrid
nanofluid through a two-step procedure. In another study, Suresh et al. [25] examined the heat energy
transfer characteristics of hybrid nanofluid (alumina-copper)/water metal nanomaterials and polymer
nanomaterials. Nadeem et al. [26] deliberated the MHD Maxwell nanofluid flow through a stretch sheet.
Rockney et al. [27] studied the MHD nanofluid flow involving heat energy transfer through two plates.
Shehzad et al. [28] investigated a nanofluidic flow by using the Jaffrey fluid model with MHD convective
boundary conditions. Mahmood et al. discussed the flow of nanofluids for cooling purposes [29].
Nanofluid flow through a porous medium by incorporating the heat conduction through channels
have explored by Fakour et al. [30]. Hatami et al. [31] described the laminar flow of nanofluids through
rotating disks. Nadeem et al. [32] investigated the non-orthogonal and nanofluid non-Newtonian flows
with heat energy transformation. Sheikholeshlami et al. [33] thoroughly investigated the nanofluid
flow through a semi-porous channel. Akbar et al. [34] studied the viscosity and buoyancy impacts
during the nanofluid MHD flow over a stretch surface. Fakour et al. [35] have undertaken the nanofluid
flow through vertical channels. Maskeen et al. [36] have examined nanofluid flow by using water
as base fluid and investigated the enrichment of heat energy transfer through the stretching sheet.
Akilu et al. [37] deliberated the flow with the thermo-physical properties of water-based composite
nanofluids. Hayat et al. [38] considered the Newtonian nanofluid flow through a cylinder along with
the heating impacts. Further study can be read in [39–42].
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Ceramic materials like alumina (Al2O3) have numerous excellent possessions, such as chemical
inertness and good stability. Yet, alumina’s thermal conductivity is small when compared to
metallic nanoparticles. Metallic nanoparticles, such as copper, have greater thermal conductivity. Yet,
reactivity and stability are two significant factors that impede these metallic nanoparticles from
being used. The inclusion of small quantities of copper particles in an alumina matrix will
significantly increase the thermal possessions without affecting the nanofluid’s stability. Jena et al. [43]
clarified the synthesis of Cu-Al2O3 nanocomposites while using hydrogen reduction techniques
from chemically formulated Cu-Al2O3 mixtures. Niihara [44] and Oh et al. [45,46] revealed the
manufacture of Al2O3-Cu nanocomposite made from fine powder mixtures of Al2O3 and CuO
nanoscale. The proposed nanocomposites had a new concept of material design, thermal properties,
and enhanced mechanical dramatically.

The Darcy–Forchheimer law is the law for porous media flows with Reynolds numbers more
than approximately 1 to 10, and the inertial impacts can also become important. Sometimes a term of
inertia is applied to the equation of Darcy, defined as the word Forchheimer. The non-linear behavior
of the pressure difference vs. flow data can be taken into account by this term. In 1856, Hennery
Darcy has developed the flow of a steady fluid through porous media, when he was carrying out
his work of moving the water through sand bags. Though his outcome was not very much reliable
at that time because he did not deliver a positive consequence. Yet, based on his research, a Dutch
scientist, known as Forchheimer, came in 1901. Forchheimer, gave his ideas and expressions more
extensive. Forchheimer added the velocity term square in the momentum equations for calculating
inertial forces as well as limit layer flow [47]. Muskat later added the name ’Forchheimer term’ [48]
Pal and Mondal [49] later investigated Darcy–Forchheimer’s model over a stretch face, where they
defined that the value of the electric field parameter increases with a lessening in the nanoparticles
concentration sketch. Ganesh et al. [50] conducted a study on the nanofluid flow of Darcy–Forchheimer
MHD over a stretched/shrinking sheet and determined that the temperature value rises with the
presence of viscous-dissipation effects. Hayat et al. [51] investigated the Darcy–Forchheimer flow with
heat flux and variable thermal conductivity between Cattaneo and Christov. Muhammad et al. [52]
an updated Darcy–Forchheimer flow of Maxwell nanofluid model due to convective boundary
conditions. They used the pores medium, and found that the concentration and temperature-profile of
nanoparticles increased with the value of the porosity parameter. Jawad et al. [53] have been studied
MHD Nanofluid Darcy–Forchheimer thin film flow with Navier’s partial slip and joule dissipation.
Uddin et al. [54] have been deliberated flow with nonlinear thermal Radiation of Darcy–Forchheimer
Sisko nanomaterial. Mohamed et al. [55] have studied flow of Carreau nanofluid over a convectively
heated nonlinear stretching surface in the presence chemically reactive species. Lahmar et al. [56] have
investigated unsteady nanofluid squeezing flow with the effects of an inclined magnetic field and
variable thermal conductivity. Mohamed et al. [57] have discussed FEM for blood-based SWCNTs flow
with electromagnetic radiation through a circular cylinder in a porous medium. Mohamed et al. [58]
have described SQLM for external yield stress effect on three-dimensional (3D) MHD nanofluid flow
in a porous medium. Mohamed [59] has studied MHD boundary-layer flow of two-phase nanofluid
model over an exponentially stretching sheet with a heat generation and Chemical reaction effect.
Mohamed [60] has investigated unsteady flow of water-NPs over a stretching sheet in a saturated
porous medium in the stagnation-point region with chemical reaction. Other related study can be read
in [61–63].

The aim of this research work is the investigation of the thermal characteristics of the Darcy–
Forchheimer hydromagnetic hybrid nanofluid flow through a stretching porous cylinder. The model
equations with appropriate boundary conditions are solved analytically. Thermophoresis and Brownian
motion impacts are mainly focused in this work. The impacts of modeled parameters over velocity,
temperature, and concentrations profiles are graphically studied.
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2. Mathematical Formulation

2.1. Flow Modelling

In the current work, we examine the steady and incompressible boundary layer hydro-magnetic
flow of alumina-copper/water hybrid nanofluids through a permeable stretch cylinder. An external
magnetic field is applied. The hybrid nanofluid flow is affected in the axial direction by the stretching of
the elastic cylinder. The Darcy–Forchheimer impact is included in momentum equation. The coordinate
system are selected in such a method that fluid flow is started due to elongating cylinder in the axial
direction, where (x, r) shows axial and radial directions.

The energy, mass, and momentum conservation laws in boundary layer approximation can be
represented as:

∂
∂x

(ru) +
∂
∂x

(rv) = 0 (1)(
u
∂
∂x

u + v
∂
∂r

u
)
= νhn f

1
r
∂
∂r

(
r
∂u
∂r

)
−

1
ρhn f

[
σ0β

2
0u + (ρβ)hn f g(T − T∞) −

νn f

k
u− Fu2

]
, (2)

(
u
∂
∂x

T + v
∂
∂r

T
)
=

khn f(
ρcp

)
hn f

(
∂
∂r

(
r
∂
∂r

T
)
+

1
r
∂
∂r

T
)
+ τ

DB
∂
∂r

C
∂
∂r

T +
DT

T∞

(
∂
∂r

T
)2, (3)

(
u
∂
∂x

C + v
∂
∂r

C
)
= DB

(
∂2

∂r2 C +
1
r
∂
∂r

C
)
+

DT

T∞

(
∂2

∂r2 T +
1
r
∂
∂r

T
)
. (4)

Boundary conditions are:

r = a u = cx, v = 0, T = Tw, C = Cw,
r→∞u = 0, T = T∞, C = C∞.

(5)

We employ the following transformations to convert the model equations into dimensionless
form are [36]:

η = r2
−a2

2a

√
c
ν , u = cx f ′(η), v = − a

r
√

cν f (η),

θ(η) = T−T∞
Tw−T∞ ,φ(η) = C−C∞

Cw−C∞

(6)

By using Equation (7) in Equations (1) to (6), we get:

A1((1 + 2ηγ) f ′′′ + 2γ f ′′ ) + A2
(

f f ′′ − f ′2(1− Fx)
)
− f ′(M + k1A2) + A3λθ = 0 (7)

(1 + 2ηγ)θ′′ + γθ′ + Pr(1 + 2ηγ){Nbθ
′φ′ + Ntθ

′2
}+ Pr fθ′ = 0 (8)

(1 + 2ηγ)φ′′ + γφ′ +
Nt

Nb
{(1 + 2ηγ)θ′′ + γθ′}+ Sc fφ′ = 0 (9)

f (0) = 0, f ′(0) = θ(0) = 1 (10)

f (∞) = θ(∞) = φ(∞) = 0 (11)

We have defined the different parameters in Equations (8)–(10) as; k1 =
νn f
kc , is the permeability

parameter, Re = cx2

ν is the local Reynolds number, Nt =
τDT(Tw−T∞)x3

T∞ν is the thermophoresis constraint,

Pr =
νρcp

k is the Prandtl number. Nb =
τDB(Cw−C∞)

ν represents the Brownian motion limitation,

γ =
√

ν
ca2 is the curvature parameter, and M =

σ0β
2
0

cρ f
is the magnetic parameter. The Schmidt number is

defined by Sc = ν
DB

, whereas F = Cbx/
√

K represents the local inertia parameter.
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2.2. Important Physical Quantities

The basic physical quantities of interest are the coefficient of friction (C f ) and Nusselt number
(Nu), which are defined by:

C f =
2τw

ρb f u2
w

, τw = µhn f

(
∂
∂r

u
)

r=a
(12)

Nu =
xQw

kb f (Tw − T∞)
, Qw = −khn f

(
∂
∂r

T
)

r=a
(13)

Sh =
xQw

DB(Cw −C∞)
, Qw = −DB

(
∂
∂r

C
)

r=a
(14)

By using the similarity transformations as defined in Equation (7), the dimensionless forms of
Equations (13)–(15) are:

C f
√

Re =
µhn f

µb f
f ′′ (0),

Nu
√

Re
= −2

(khn f

kb f

)
θ′(0),

Sh
√

Re
= −φ′(0) (15)

In Equation (8), the different constant terms appearing are given by:

A1 =
µhn f

µb f
, A2 =

ρhn f

ρb f
, A3 =

(ρβ)hn f

(ρβ)b f
(16)

2.3. Hybrid Nanofluid Modelling

The density ρhn f , viscosity µhn f , thermal expansion coefficient βhn f , thermal conductivity khn f of

the hybrid nanofluid, and heat capacity
(
cp

)
hn f

are given according to [18,19], as:

ρhn f =
(
1−ϕnp2

){
(1−ϕnp1)ρ f + ϕnp1ρnp1

}
+ ϕnp2ρnp2, (17)

µhn f = µb f
(
1−ϕnp1

)−2.5(
1−ϕnp2

)−2.5
, (18)(

ρcp
)
hn f

=
(
1−ϕnp2

)
{

(
1−ϕnp1

)(
ρcp

)
f
+ ϕnp1

(
ρcp

)
np1
}+ ϕnp2

(
ρcp

)
np2,

(19)

(ρβ)hn f =
(
1−ϕnp2

)
{

(
1−ϕnp1

)
(ρβ) f + ϕnp1(ρβ)np1}+ ϕnp2(ρβ)np2, (20)

khn f

kb f
=

knp2 + (n− 1)kb f − (n− 1)ϕnp2
(
kb f − knp2

)
knp2 + (n− 1)kb f + ϕnp2

(
kb f − knp2

) , (21)

kn f

kb f
=

(n− 1)kb f + knp1 − (n− 1)ϕnp1
(
kb f − knp1

)
(n− 1)kb f + knp1 + ϕnp1

(
kb f − knp1

) , (22)

The subscripts np1 and np2 represent the nanoparticles of Al2O3 and Cu, whereas b f and hn f
represent the base fluid and hybrid nanofluid. The symbol ϕ is the fraction of whole volume, which is
the combination of two different types of nanoparticles, Alumina–Copper dispersed in the transferor
fluid in order to develop the hybrid nanofluid, which is: ϕ = ϕnp1 + ϕnp2.

2.4. Solution by HAM

For solution process optimal approach is used. Equations (8)–(10) with boundary conditions (11
and 12) are solved by HAM. Basic derivations of the model equations through HAM are specified in
details below.

L_
f
(
_
f ) =

_
f
′′′

, L_
θ
(
_
θ) =

_
θ
′′

, L_
φ
(
_
φ) =

_
φ
′′

, (23)
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Linear operators L_
f
, L_

θ
and L_

φ
are signified as

L_
f
(e1 + e2η+ e3η

2) = 0, L_
θ
(e4 + e5η) = 0, L_

φ
(e6 + e7η) = 0 , (24)

The consistent non-linear operators are reasonably selected as N_
f
, N_

θ
and N_

φ
and identify as:

N_
f

[_
f (η; ζ),

_
θ(η; ζ)

]
= A1

(
(1 + 2ηγ)

_
f ηηη + 2γ

_
f ηη

)
+ A2

(
_
f
_
f ηη −

_
f

2
ηη(1− Fx)

)
−

_
f η(M + k1A2) + A3λ

_
θ ,

(25)

N_
θ

[_
f (η; ζ),

_
θ(η; ζ),

_
φ(η; ζ)

]
= (1 + 2ηγ)

_
θηη + γ

_
θη + Pr(1 + 2ηγ){Nb

_
θη

_
φη + Nt

_
θ

2

η}+ Pr
_
f
_
θη , (26)

N_
φ

[_
φ(η; ζ),

_
f (η; ζ),

_
θ(η; ζ)

]
= (1 + 2ηγ)

_
φηη + γ

_
φη +

Nt

Nb
{(1 + 2ηγ)

_
θηη + γ

_
θη}+ Sc

_
f
_
φη. (27)

For Equations (8)–(10) the 0th-order system is shown as

(1− ζ)L_
f

[_
f (η; ζ) −

_
f 0(η)

]
= p}_

f
N_

f

[_
f (η; ζ),

_
θ(η; ζ)

]
(28)

(1− ζ) L_
θ

[_
θ(η; ζ) −

_
θ0(η)

]
= p}_

θ
N_
θ

[_
f (η; ζ),

_
θ(η; ζ),

_
φ(η; ζ)

]
(29)

(1− ζ) L_
φ

[_
φ(η; ζ) −

_
φ0(η)

]
= p}_

φ
N_
φ

[_
φ(η; ζ),

_
f (η; ζ),

_
θ(η; ζ)

]
(30)

Whereas, BCs are

_
f (η; ζ)

∣∣∣∣∣
η=0

= 0, ∂
_
f (η;ζ)
∂η

∣∣∣∣∣∣
η=0

=
_
θ(η; ζ)

∣∣∣∣∣
η=0

= 1

_
f (η; ζ)

∣∣∣∣∣
η=∞

=
_
θ(η; ζ)

∣∣∣∣∣
η=∞

=
_
φ(η; ζ)

∣∣∣∣∣
η=∞

= 0,
(31)

While the embedding constraint is ζ ∈ [0, 1], to regulate for the solution convergence }_
f
, }_

θ
and

}_
φ

are used. When ζ = 0 and ζ = 1, we have:

_
f (η; 1) =

_
f (η),

_
θ(η; 1) =

_
θ(η) ,

_
φ(η; 1) =

_
φ(η), (32)

Expand the
_
f (η; ζ),

_
θ(η; ζ) and

_
φ(η; ζ) through Taylor’s series for ζ = 0

_
f (η; ζ) =

_
f 0(η) +

∑
∞

n=1

_
f n(η)ζ

n
_
θ(η; ζ) =

_
θ0(η) +

∑
∞

n=1

_
θn(η)ζn

_
φ(η; ζ) =

_
φ0(η) +

∑
∞

n=1

_
φn(η)ζ

n

(33)

_
f n(η) =

1
n!
∂
_
f (η; ζ)
∂η

∣∣∣∣∣∣∣∣
p=0

,
_
θn(η) =

1
n!
∂
_
θ(η; ζ)
∂η

∣∣∣∣∣∣∣∣
p=0

,
_
φn(η) =

1
n!
∂
_
φ(η; ζ)
∂η

∣∣∣∣∣∣∣∣
p=0

. (34)

Whereas, BCs are:
_
f (0) = 0, f ′(0) =

_
θ′(0) = 1

_
f (∞) =

_
θ(∞) =

_
φ(∞) = 0.

(35)
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Now

<

_
f

n (η) = A1

(
(1 + 2ηγ)

_
f
′′′

n−1 + 2γ
_
f
′′

n−1

)
−

w−1∑
j=0

_
f w−1− j

_
f
′′

j − f
′′2
n−1(1− Fx)


−

_
f
′

n−1(M + k1A2) + A3λ
_
θn−1 ,

(36)

<

_
θ
n (η) = (1 + 2ηγ)

_
θ
′′

n−1 + γ
_
θ
′

n−1 + Pr(1 + 2ηγ){Nb

w−1∑
j=0

_
θ
′

w−1− j
_
φ j + Nt

_
θ
′2

n−1}+ Pr
w−1∑
j=0

_
θ
′

w−1− j
_
f j , (37)

<

_
φ
n (η) = (1 + 2ηγ)

_
φ
′′

n−1 +
Nt

Nb
{(1 + 2ηγ)

_
φ
′′

n−1 + γ
_
φ
′

n−1}+ γ
_
φ
′

n−1 + Sc
w−1∑
j=0

_
f w−1− j

_
φ
′

j , (38)

While

χn =

{
0, if ζ ≤ 1
1, if ζ > 1.

(39)

3. Result and Discussion

We discuss in this section the effect produced by the different physical parameters of interest on the
velocity profile ( f ′(η)), temperature profile (θ(η)), and concentration profile (φ(η)) during the hybrid
nanofluid flow of a boundary layer through a stretching cylinder. Figure 1 describes the geometry of
the nanofluid flow. We have plotted the effects that are produced by these different parameters in the
Figures 2–14.
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3.1. Velocity

Figures 2–6 display the variation of f ′(η) with respect to the variations in the magnetic parameter
M permeability parameter k1, inertial parameter F, curvature parameter γ, and convection parameter
λ. From Figure 2 it is observed that f ′(η) decreases almost exponentially with η at a given value of the
M. The velocity profiler f ′(η) decreases with the higher values of M. This is because of the Lorentz
force, which resists force that acts in the direction opposite to the flow direction. This opposes force
slow down the fluid motion. Figure 3 represents the impact of the permeability parameter k1 over
the velocity profile f ′(η). The higher value of permeability parameter k1 decreases f ′(η). Actually,
an increasing permeability produces resistance in the flow path and that resistance reduces the fluid
flow motion. Figure 4 show the influence of F on velocity profile. Figure 4 illustrates that on rising F,
inner nanofluid fluid velocity is diminished, while there is no impact of F on thickness of the fluid.
There is hardly an influence of F on free surface velocity, which is obvious from Figure 2. In state of
porous gap with larger pores sizes, and porous medium expanded by fluid-solid interaction, which
increases the viscous interference. Hence, an increase in F causes a better flow resistance, so the velocity
of fluid is reduced. We describe the effect of the curvature parameter γ on the velocity profile f ′(η) in
Figure 5. From Figure 5, we demined that a higher value of curvature parameter γ augmented the
fluid flow motion. The influence of convection parameter λ on velocity profile f ′(η) is illustrated in
Figure 7. The increasing behavior for the motion of nanofluid is found with augmentation of convection
parameter λ, because of the buoyancy impact.

3.2. Temperature

The variations of Nb (Brownian motion parameter), Nt (thermophoresis parameter), Pr (Prandtl
number), and γ (curvature parameter) on temperature profile θ(η) are respectively shown in
Figures 7–10. We have shown the effect that is produced by the variation of Brownian motion
Nb on θ(η) in Figure 7. Brownian motion is the arbitrary movement of small colloidal particles
suspended in a fluid, brought about by the collision of the fluid atoms with the particles. An expansion
in the Brownian motion impact yields noteworthy movement of nanoparticles, which offers ascend to
the fluid kinetic energy and henceforth temperature increments. It is seen that, at fixed Nb, initially the
profile drops to the lowest value at around η = 0.4, and then rises and reaches to maximum at the largest
value of η. By changing Nb to larger values, there is an upshift in the temperature function from about
η = 0.4 to η = 3.0. This shows that there is an enhancement in the average kinetic energy of the hybrid
nanofluid with the higher values of Nb. The influence of the thermophoresis parameter (Nt) on θ(η) is
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displayed in Figure 8. It is initiated that rise in Nt leads to augmenting both the liquid temperature.
The augmented value of Nt Shows stouter thermophoretic force due to temperature gradient, which
transfers the nanoparticles from the warm surface to the quiescent fluid. Thermophoresis force is
generated by temperature gradient, which fashions a degenerate flow away from the surface. Figure 9
depicts the effects that are produced by the variation of the Prandtl number (Pr) over the temperature
function θ(η). Figure 9 is portraying the declining behavior of temperature curves for growing values
of Prantl number (Pr), since the thickness of the thermal boundary layer reduced by enhancing (Pr).
Figure 10 illustrates the variation of θ(η) with respect to the changing values of the curvature parameter
γ. It is apparent that θ(η) increases with increasing values of γ.

3.3. Concentration

The impacts of Sc, Nb, Nt and γ on φ(η) are presented in Figures 11–14. Figure 11 shows the
profile of φ(η) for dissimilar values of Sc. We observe that φ(η) increases with the higher values of
Sc. The impact of Nb and Nt on the concentration profile is shown in Figures 12 and 13. Figure 12
shows that the concentration profile reduced as the values of Nb reduces. Enhancing thermophoresis
process boosts the traveling of particles from higher to lower temperature deference, which results in
maximizing the concentration of nanoparticles in the flow regime. Figure 13 show the influence of Nt

on the concentration profile. The higher values of Nt corresponds increasing trends in concentration
profile and related momentum boundary layer. Figure 14 shows that φ(η) increases with the higher
values of γ in quite the same manner.

3.4. Table Discussion

In Table 1, numerical calculation of surface drag force at different value of γ and λ with variation
of magnetic parameter M in range of 0 to 1 are shown. It is observed that the surface drag force is
augmented in for all value of M when γ is increases. The surface drag force reduces all values of M
when λ is segmented. In Table 2, numerical calculation of heat flux at different value of Nb, Nt and
Pr with variation of magnetic parameter γ in range of 0 to 0.2 are shown. Increasing Nb, Nt, and Pr
heat flux is decreases with variation of γ. The present results are compared with previous published
results for validation. Both results are with good agreement. Table 3 shows the physical properties of
some nanoparticles.

Table 1. Computed numerical values of skin friction coefficient Cf for numerous values of k, M, and c,
when λ, M andγ, ϕnp1 = 2%,ϕnp2 = 3%.

γ λ
Cf (at M = 0)

Present Results
Cf (at M = 0)
Results [36]

Cf(at M = 0.5)
Present Results

Cf(at M = 0)
Results [36]

Cf (at M = 1.0)
Present Results

Cf (at M = 0)
Results [36]

0.0 0.5 0.8987 0.8976 1.0227 0.9557 1.1439 1.0110
0.2 - 0.9052 0.9756 1.0292 1.0346 1.15049 1.0908
0.3 - 0.9085 1.0157 1.0325 1.0748 1.1537 1.1311
0.4 - 0.9118 1.0562 1.0358 1.1152 1.1570 1.1716
0.2 0.0 1.0222 1.0296 1.1450 1.0897 1.2650 1.1468

0.5 0.9052 0.9756 1.0292 1.0346 1.1504 1.0908
0.8 0.8350 0.9441 0.9597 1.0023 1.0817 1.0580
1.0 0.7862 0.9233 0.9134 0.9811 1.0359 1.0364
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Table 2. Numerical computed values of Nusselt number for numerous values of Pr, Nb, Nt and γ,
when M = 0.5, ϕnp1 = 2%,ϕnp2 = 3%.

Pr Nb Nt Nu (atγ = 0) Nu (atγ = 0)
Results [36] Nu (atγ = 0.1) Nu (atγ = 0.1)

Results [36] Nu (atγ = 0.2) Nu (atγ = 0.2)
Results [36]

0.7 0.5 0.5 0.1630 0.1653 0.1636 0.0897 0.1642 0.0198
0. 9 - - 0.1582 0.2296 0.1584 0.1609 0.1586 0.0964
1.2 - - 0.1512 0.2703 0.1508 0.2060 0.1505 0.1448
1.5 - - 0.1444 0.3287 0.1435 0.2704 0.4227 0.2139
0.7 0.1 0.5 0.1751 0.1312 0.1764 0.0592 0.1776 0.0225

0.5 - 0. 1630 0.2086 0.1636 0.1377 0.1642 0.1036
0.6 - 0.1600 0.2387 0.1604 0.1692 0.1609 0.1372
0.7 - 0.1570 0.2544 0.1573 0.1861 0.1577 0.1555

0.7 0.5 0.0 0.1769 1.9523 0.1782 1.9867 0.1795 2.0244
- 0.5 0. 1630 1.5141 0.1636 1.5219 0.1642 1.5334
- 0.6 0.1603 1.0774 0.1608 1.0588 0.1613 1.0442
- 0.7 0.15767 0.6423 0.15804 0.5974 0.15844 0.5569

Table 3. Physical properties of water H2O, alumina (Al2O3), and Copper (Cu).

Water, Alumina and
Copper Particles

Physical Property
β × 10−5/K−1 cp/Jkg−1K−1 ρ/kgm−3 k/wm−1K−1 µ × 10−3/kgm−1s−1

Alumina (Al2O3) 0.85 765 3970 40 -
Copper (Cu) 1.65 385 8933 400 -
Water (H2O) 21 4179 997.1 0.613 0.894

4. Conclusions

We have investigated in this work the Darcy–Forchheimer hybrid nanofluid (Al2O3-Cu/H2O)
boundary layer hydromagnetic flow over a stretch cylinder. The model equations are converted to a
set of coupled ODEs by employing similarity transformations and appropriate boundary conditions.
The impact of variation of dissimilar physical parameters over velocity profile, concentration,
and temperature profile are graphically studied. We conclude the following:

• The higher value of permeability parameter k1 decreases f ′(η).
• Increase in F causes a better flow resistance, so velocity of fluid is reduced.
• The velocity profile decreases exponentially with the increasing of M, while it rises with the rising

values of the permeability, inertial, curvature, and convection parameters.
• The augmented value of Nt shows stouter thermophoretic force due to the temperature gradient,

which transfers the nanoparticles from the warm surface to the quiescent fluid. Thermophoresis
force is generated by temperature gradient, which fashions a degenerate flow away from
the surface.

• The temperature profile of the hybrid nanofluid increases almost in the same manner with the
increasing values of Nb, Reynold number and convection parameter. The variation is more
prominent for the intermediate values of the independent variable η.

• The temperature profile decreases with the higher values of the Prandtl number. The drop in
θ(η) is more significant from η = 0.2 to η = 3.6. Furthermore, the temperature function drops at a
maximum rate for the highest value of Pr, i.e., Pr = 6.0.

• The φ(η) increases with the higher values of Sc from η = 0.3 to η = 2.6, while it reduces with the
rising values of Brownian motion parameter from η = 0.4 to η = 3.2.
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Nomenclature

u, v [m/s] Components of Velocity
x, r [m] Axial and radial Coordinates
β0 [kg/s2

·A] Strength of Magnetic field
a [m] Characteristic radius
T [K] Temperature
f ′ Dimensional velocity
θ Dimensional temperature
Ec Eckert number
q′′′ Hear source/sink
α [m2/s] Thermal diffusivity
cp [J/Kg ·K] Specific heat
ρ [kg/m3] Density
F Local inertial parameter
Uw [m/s] Stretching velocity
σ∗ [− ] Stephan-Boltzmann constant
k∗ [− ] Mean absorption coefficient
φ [nm] Volume fraction of the nanoparticles
η similarity variable
Pr [− ] Prandtl Number
C f [− ] Skin friction coefficient
Nu [− ] Nusselt number
Re [− ] Local Reynolds number
k̃ Coefficients of mean absorption
Q̃ Radiative heat flux
c Starching rate
k [W/mK] Thermal conductivity
Sc Schimid number
∆T [− ] Temperature difference
υ [m2/s] Kinematic viscosity
τw [kg/m · s2] Shear stress
γ Curvature parameter
M [− ] Magnetic parameter
Rd [− ] Thermal radiation parameter
µ [kg/ms] Dynamic viscosity
σ [W/mK] Electrical conductivity
λ Convection parameter
Subscripts
b f Base fluid
n f Nanofluid
∞ Ambient
hn f Hybrid nanofluid
W Wall
P particles
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