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Abstract

The current research emphasizes on estimation of the states and the control of linear systems

in finite time. The research contributions are presented mainly in three aspects with the

common objective of achieving finite time.

For sampled-data systems, estimation in finite time has been achieved using impulsive

observers. Two type of such observers, namely current and prediction have been employed.

The problem of continuous reconstruction through sampled measurements in finite time has

been tackled using both current and prediction impulsive observers together. The classical

output regulation problem has also been addressed for achieving regulation in finite time, in

the presence of deterministic disturbances.

To tackle the stochastic nature of the discrete time system, a finite horizon estimation has

also been proposed in the presence of measurement noise. The use of deterministic input

has been proposed to formulate the estimation in closed loop form. The recursive forms

of the filter have been presented considering the finite length of measurements. Finite im-

pulse response filter construction is selected with a distinguishing feature of built-in stability,

reduced memory requirements and accelerated arithmetic processing on fixed size data.

One of the novelty of this research is to encompass the alternate concept of finite time

stability used in the literature, which is not related to classical or Lyapunov stability. For the

continuous-time system with uncertainty, robust state feedback control law is constructed

to achieve finite time stability. In particular, a sufficient condition in terms of differential

linear matrix inequalities for achieving a guaranteed bound for the cost function satisfying

simultaneously the finite time stable constraint is given. This condition is then exploited to

design a state feedback control law which makes the closed loop system finite time stable.
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2.1 Current impulsive observer errors ē(t) for sampling time Ts = 0.25s . . . . 23

2.2 Comparison of proposed impulsive observer errors ē(t) for Ts = 1s . . . . 23
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3.2 Weighting function designed for current and prediction impulsive inputs . . 39
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Chapter 1

Introduction

In the theory of control system design, the methods employing the states of the system can

only be effectively applied provided we have true knowledge of the states. Availability of

states in the system is ensured by adopting appropriate sensors and transducers for each state.

This framework is not practically feasible in most of the situations, due to complex design,

increased cost or non-existence of requisite sensors for all the states. Therefore, the tech-

niques to reconstruct the state information from the available output called as observer, has

gained much interest. The art of estimation techniques started developing observers that ex-

ploits the knowledge of both the plant input and the output. The Luenberger state estimators

and Kalman filters are considered as the pioneer in describing the state observers. The esti-

mation of the states are considered as the key tool needed for a successful implementation of

the controller. Many state-space based control problems have been solved using observers,

such as optimal control [1], H∞ control [2], constrained control [3] and MPC [4], just to

name a few. Furthermore, observers can be used to estimate disturbances that need to be

rejected in closed loop [5], as well as to estimate the residuals in fault detection schemes [6].

The classical theory for the construction of observers adequately undertakes the estima-

tion of continuous systems. Given the discrete-time nature of almost all control systems

implementation, in practice observers need to be implemented in the sampled-data systems

context. In the straightforward approach, we approximate the continuous-time behaviour

through discrete time model based on sampling time. The sampling time is selected rela-

tively fast compared with the dynamics of the system [7, Ch. 8]. On the other hand, the
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direct design of discrete-time observers allows to exploit some of the peculiarities of the

discrete-time domain, such as the capability of reaching zero estimation error in a finite

number of steps. However, classic deadbeat observers ( [7, Ch. 4.4]) computes a discrete

time estimation of the plant state that is updated in correspondence of the sampling times.

Different approaches have been proposed in literature to directly design sampled-data

observers (see [8]). In [9], generalized sampled-data hold functions (GSHF) have been used

to reconstruct the continuous-time control input based on sampled measurement. When

GSHF is added to sampled-data control systems, the hybrid nature of the closed loop system

is exploited to produce a continuous-time control input. However, a discrete controller is

still required in this design technique. Therefore, in this dissertation it is desired to propose

an alternate solution by employing the impulsive observer in which any classical continuous

controller can be used without using the zero order hold (ZOH) or GSHF with sampled

output measurements.

Notation for Left and Right Continuous Functions

Since we are presenting both types of impulsive observers together, i.e. prediction and

current, we clarify the use of notation for representing each observer states. A func-

tion f(t) is declared as left-continuous if, being ť a time instant where f(·) is discontinu-

ous, then f(ť−) , lim
ε→0+

f(ť − ε) = f(ť), and f(ť+) , lim
ε→0+

f(ť + ε). Similarly, a func-

tion f(t) is declared as right-continuous if, being ť a time instant where f(·) is discontin-

uous, then f(ť−) , lim
ε→0+

f(ť − ε), and f(ť+) , lim
ε→0+

f(ť + ε) = f(ť). In the considered

framework, the current estimated states are left-continuous, i.e. x̄(ť−) = x̂(ť) and predicted

estimated states are right continuous, i.e. x̂(ť+) = x̂(ť), where ť ∈ T represents the sampling

instant. The resetting set is defined as T = {t0, t1, . . . }.
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1.1 Finite Time Estimation, Continuous Reconstruction and Regulation

Convergence time is one of the requisite performance measures in the control engineering

practice for a continuous-time linear system. In the case of discrete-time systems, it can

easily be achieved through deadbeat controllers or observers, there is a need to develop such

behaviour for continuous-time systems. A continuous-time observer is proposed in [10] with

two standard observers and a delay, to obtain finite time convergence, which does not depend

on the observer dynamic. In [11], an impulsive observer is proposed to tackle the finite time

estimation problem. In [12], the finite time observer design for linear switched system is

studied. A robust hybrid observer for linear system that converges in finite time, under

unknown constant noise is presented in [13]. Finite time state observer for linear systems

using a parametric design method has been proposed in [14].

The common trend of these design approaches is that the continuous-time output is con-

sidered available and hence its knowledge is exploited to perform the observer design and to

achieve better performance. However, under the sampled-data scenario, the continuous-time

output is not available and the algorithms available in literature cannot be implemented as

such. Therefore, there is a need to provide solution under such constraints; this motivates

us to develop the impulsive observer based approach, which is best suited for the sampled

plant, with the impulsive observer updated at sampled time instants.

Neither pure continuous-time nor pure discrete-time observers can be efficiently adopted

in the context of continuous-control systems with sampled plant measurements. The prac-

tical reference scenario is the one that considers a control system with multi-rate sampling,

where the output is available at a relatively slow sampling time if compared to the sampling

time used to update the control action. In this case a continuous-time observer can be de-

signed under the assumption of sampled input (i.e. sampled plant output), which can be then

3



digitized at the highest sampling frequency used to update the control action.

The approach proposed in this research extends the results already presented in liter-

ature to apply on the hybrid type systems, such as the impulsive dynamical linear sys-

tems (IDLS [15, 16]); IDLS are linear systems whose continuous states may undergo fi-

nite jump discontinuities (resets) at discrete time instants, called resetting times. Within the

family of IDLS, there are two major categories. IDLS can be either time-dependent or state-

dependent. In this research we limit our results while dealing with the former type, in which

the resetting/jumps in the states are based on the instant of time values. For simpler propo-

sition, the time-driven values are considered to be known constituting a set of time resetting

values.

In this thesis we model the sampled-data system as a time-dependent IDLS with sampled

output and we propose an observer which is modeled as a time-dependent IDLS and that

allows to achieve finite-time convergence to zero estimation error in the minimum number

of steps, without the need of nonlinear behaviors [17]. The proposed observer is called

current impulsive observer. As a result, the proposed approach can be applied to the case of

sampled output IDLS controlled by continuous-time observer.

1.1.1 Current Impulsive Observer

The current impulsive observer first undergoes the state jumps at the resetting times defined

in a jump set and then it follows the continuous state estimation between two consecutive

resetting times according to the dynamics of the flow set of the system. The estimated state

trajectory has jumps at the sampling time followed by a continuous flow of states.

Being targeted for sampled output plants, the proposed impulsive observer is efficient and

attractive, since it requires reduced online processing and less memory. Another inherent

advantage of using sampled measurement, is the reduction in bandwidth usage, since only

4



the samples at the sampling times are passed on from the plant to the observer. Therefore,

exploiting the computationally powerful aspect in this framework, finite-time estimation of

the state is achieved in discrete steps.

Current impulsive observer based systems can be considered as class of hybrid systems,

whose stability has been studied in [18]. A convenient way to model such class of hybrid

systems is through IDLS [19], that is by both differential and difference equations such as

˙̄x(t) = Acx̄(t) +Bcu(t) , x(t0) = x̄0 , t 6= ti (1.1a)

x̄(t+) = Adx̄(t) +Bdw[i] , t = ti (1.1b)

where ti is the i − th resetting time, x̄(t) is the continuous-time state that undergoes jumps

or resets at ti, u(t) is the continuous input and w[i] is the discrete input, i.e. the plant

sampled output. Equation (1.1a) is the continuous time state flow, while the time-driven

jump described by (1.1b) is the resetting law. The IDLS (1.1) can represent a current type

impulsive observer in which the states are reset each finite resetting time ti.

1.1.2 Current and Prediction Observers in Discrete Systems

Reviewing the case of discrete linear system, the state estimation is achieved through current

observer states x̄(i) or prediction observer states x̂(i). These states are expressed in the stan-

dard predictor-corrector form, familiar in Kalman filter, with residual or innovation defined

as ξ(i) , y(i)− ŷ(i) and the correction is Hc(i)ξ(i) .

x̄(i) = x̂(i) +Hc(i)ξ(i) , i ∈ N (1.2)

Consider a discrete linear time invariant (LTI) system with known matrices (Ad, Bd, C,Hc, Hp).

The relation between current and prediction estimation is reproduced [7] for basic under-
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standing in Fig. 1.1. The prediction observer x̂(i) is governed by following equation.

x̂(i+ 1) = Adx̂(i) +Bdu(i) +Hp(i)ξ(i) , x̂(i0) = x̂0 (1.3)

From Fig. 1.1, we can also write relation between prediction and current state estimates as,

x̂(i) = Adx̄(i− 1) +Bdu(i− 1) (1.4)

Bd Z−1 C

Hc

Σ

Ad Σ

Σu +

+

+

+

-
+

x̂

x̄

y

Figure 1.1: Current and prediction estimates for discrete time systems

The current and prediction estimates are defined based on exploiting the current index i for

the measurement or the past index i − 1 respectively. The concept prevailing for prediction

observer for discrete system is applied to construct the prediction impulsive observer.

1.1.3 Prediction Impulsive Observer

All the existing designs of impulsive observers are based on current type impulsive observer,

in which the state updates appear at the same time instant the observation is received. It

may result in missing updates due to computation time delays in the system loop or drift

in the sampling instant. Analogous to the discrete case, there exists an alternate approach

of prediction observer, in which the estimates are calculated based on previous measure-

ments [7]. With this technique, the computation delay, less than the sampling time, is easily

compensated in the state estimation, without loss of the observed measurement. Hence, the
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prediction impulsive design is proposed to enhance the already achieved results in [20].

The remarkable outcome of this research consists in describing the structure of an im-

pulsive observer based on the prediction type observer for LTI system for the first time, as

per author’s best knowledge. The proposed scheme is used to achieve predefined finite time

convergence for the sampled-data system using non-pathological sampling time. The predic-

tion impulsive gain matrix is designed such that we achieve a nilpotent matrix for deadbeat

convergence. The estimation error is ensured to be zero with non-asymptotic convergence,

under some standard assumptions.

The prediction type impulsive observer provides logical convergence using the previous

sampled estimates. This will ensure the valid estimate of the states, especially under fast

sampling rates. The possibility of losing the sampled measurement due to delay in the

computation of impulsive gain for high order systems, which are assumed to be less than

the sampling rate, are effectively encountered in this scheme. Therefore, the proposed de-

sign technique provides more practical approach to implement deadbeat type observer for

sampled-data systems.

1.1.4 Continuous Reconstruction using Dual Impulsive Observers

The existing techniques of using an impulsive observer results in finite time estimation.

However, there are jumps at the sampling instants, which are not desired for the application

of smooth control law. To achieve continuous reconstruction in finite time, without any

impulsive jumps at the sampling times, we introduce the technique of using dual impulsive

observers. The estimated output from the prediction and current impulsive observers are

intermixed through a specially designed weighting functions such that the jumping instant

at the resetting time is avoided.

The inherent property of current and prediction impulsive observer of being left-
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continuous and right-continuous respectively is exploited to remove the jump in the additive

combination through appropriate weighting. A continuous reconstruction of states is applied

for the first time in [21], from the output of two impulsive observers for the sampled-data

system to achieve the asymptotic convergence without any jumps.

1.1.5 Finite Time Regulation

Output regulation is used to solve many practical problems, especially related to the robotics,

control and automation processes. In this framework, the closed loop stability is maintained

while tracking the reference inputs and rejecting the external disturbances utilizing an ap-

propriate feedback loop. The known exogenous system, containing the model of reference

inputs and external disturbances, is used in the stabilizer on the principle of internal model,

for robust regulation to tolerate for plant uncertainty. In general, system matrices are not

always accurate, for example in a nonlinear system, these are acquired by linearizing around

variations in the nominal operating point or in other cases, the limitations of system identifi-

cation techniques create uncertainties in the system matrices. Therefore, one way to analyze

the effect of inaccurate modeling is to include the disturbances in the system model.

The problem of output regulation for linear systems has been comprehensively explained

in 1970s in [22,23,24], to mention just a few. The problem has been solved for time-varying

linear systems in [25] and the solution for nonlinear system is presented in [26, 27]. Re-

cently, the problem for hybrid system has also been addressed in [28]. In all these solutions,

the common and obvious classical approach has been used for regulation of continuous time

system through asymptotic convergence. However, for some applications like fault detec-

tion, weapon pointing system, robotic movement, etc, it is required to achieve convergence

in finite time.

Since the achievement of finite time state estimation in [10], using dual observers for
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continuous time systems, the idea of using an impulsive observer to achieve finite time con-

vergence has been introduced for linear [29] and nonlinear systems in [11,30]. This approach

is best exploited for finite time estimation of sampled-data system in [20], even for a plant

with an impulsive exogenous system as an input or disturbance [31]. This scheme has also

been proved to be well suited for the problem of output regulation in our previous work [18].

However, in all the existing results, finite time tracking has not been focused, particularly for

linear systems. In many other systems, the continued research has proved the effectiveness

of finite time tracking and successfully resolved the problems in the framework of nonlinear

systems under nonholonomic constraints in [32] and for cooperative control of multi-agent

systems in [33]. The similar benefits of finite time tracking for linear systems are targeted

to achieve better control performance in terms of higher accuracy in steady-state condition,

with a faster convergence rate and effective disturbance rejection properties, etc. In the next

section we address the stochastic nature of linear system with finite horizon estimation.

1.2 Finite Horizon Estimation with Measurement Noise

Some of the fundamental signal processing applications of estimation theory include fil-

tering, smoothing and prediction. Least squares approach, which was developed by Karl

Friedrich Gauss in 1795, serves as the elementary unit for many recent adaptive filters, e.g.

least mean square (LMS). Another adaptive filtering approach is the recursive least square

(RLS) and its variants. Linear regression model is used to build some more variants of RLS.

Moreover, the state-space frameworks of LMS and RLS are state-space least mean square

(SSLMS) and state-space recursive least square (SSRLS), respectively. From the perspective

of control systems, in the design of state estimator, the stability becomes an inherent issue

of recursive adaptive filters. The filter stability is guaranteed, if only finite measurements of

input/output of a system are utilized to produce state estimates. This fact will be explained
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with more detail in the foregoing discussion.

In state-space framework, Kalman filter is a well-known and one of the most renowned fil-

ter. If the required information is accurately available, Kalman filter is an optimal estimator.

Due to this reason, Kalman filter performs better than RLS and LMS in tracking applications.

The required information includes the system model, and statistics of measurement and pro-

cess noises. On the contrary, since RLS and LMS are based on linear regression model, they

do not need the information about statistics of process and measurement noise [34].

In recent past, some other state-space filters have also been proposed that do not demand

noise statistics. They perform better in scenarios where noise statistics are not completely

known. Such filters include SSLMS [35], SSRLS [36]. The advantages of model based

filtering include less steady state errors and fast convergence rate. SSRLS provides better

tracking performance and faster convergence rates by addressing the limitations of RLS.

A variant of SSRLS called SSRLS with adaptive memory tunes itself to cater for the sys-

tem uncertainties [37]. As a tradeoff, the boost in performance has resulted in expanded

memory requirements, specifically for large data and higher order system model. Also, the

infinite impulse response (IIR) filter may cause stability problems. Consequently, finite im-

pulse response (FIR) filter, which has the features of finite memory and inherent stability is

considered as apparent candidate to acquire faster convergence.

In [38], the idea of finite horizon filtering had been introduced with the aim to address

the stability and convergence employing a maximum likelihood criterion. The concept of

the limited memory filter is appreciated by many researchers [39, 40, 41] considering the

inherent advantages. In [42], the receding horizon state estimation for an unforced LTI

environment is discussed. Considering the deadbeat property of discrete-time systems, a

robust FIR structure is proposed in [43]. Under the uncertain or unknown initial condition

case, estimation filters are developed in [44,45,46,47]. The limitation of this solution is that
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it requires the information about statistics of observation noise and process noise. A receding

horizon estimator is formulated in [48] considering the effect of bounded disturbances. An

optimal FIR estimator is derived in [49,50,51] which is less sensitive to noise as compared to

Kalman filter. Two optimal FIR filters for time variant and time invariant systems are derived

in [52] and [53], respectively, with results better than the Kalman filter. It is worth noting that

the researchers considered only process noise previously. The deterministic input signal u(t)

have not been included in the design of finite horizon estimation. Such arrangement is not

well-suited to get the solution of control problems. Due to this reason, the finite horizon

estimations were limited to be applied only to open loop estimation problems. The FIR filter

proposed in this thesis is able to tackle the problems in the perspective of control systems

by incorporating the use of deterministic input. The direct applicability of the proposed

design is considered in finite horizon control algorithms in [54, 55] and in model predictive

control [56].

1.3 Guaranteed Cost Control for Robust Finite Time Stability

Continuous time linear systems with uncertainty are dealt to obtain robust finite time stabil-

ity. It deals with the design of a robust state feedback control law for a class of uncertain

linear time varying systems. Uncertainties are assumed to be time varying, in one-block

norm bounded form. The proposed state feedback control law guarantees finite time stabil-

ity and satisfies a given bound for an integral quadratic cost function. The contribution of

this thesis is to provide a sufficient condition in terms of differential linear matrix inequali-

ties for the existence and the construction of the proposed robust control law. In particular,

the construction of the feedback control law is framed as a feasibility problem which can be

solved in the convex optimization framework. The effectiveness of the proposed approach is

shown by means of the results obtained on a numerical and a physical example.
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1.3.1 Finite Time Stability

Historically, the idea of finite time stability (FTS) has its roots in a noteworthy paper by

Dorato [57], and has been revamped in recent years (see the book [58] and the references

therein), because it allows control system designers to overcome some limitations intrinsic

to the classic Lyapunov stability concept. Indeed, FTS is not concerned about the asymptotic

behavior of the state trajectory of a system, but considers its transient behavior over a given

finite time interval. This is important for application where the system state is required to

operate in a fixed region for a given time-frame. In a general setting, a system is FTS, if as-

suming that the initial conditions are inside a prescribed region (which usually is limited by

an ellipsoid), then the state trajectories do not cross a given outer boundary (which usually is

again an ellipsoid) for a specified finite time interval. FTS attracts control system designers,

because it guarantees that the system transient performances satisfy given bounds. In con-

trast, the classical Lyapunov approach only deals with the steady state behavior of the state

trajectory without giving quantitative bound on the state trajectories.

1.3.2 Robust Finite Time Stability

Among others, some fundamental results on FTS of linear system have been extensively

discussed in [58,59], the robustness problem has been considered in [60] for uncertain linear

systems, whereas stochastic systems are studied in [61, 62, 63]. FTS for nonlinear systems

have been comprehensively addressed in [64]. The concept is also dealt with IDLS in [65,

66, 67, 68]. In these papers the problem of analysis and/or synthesis have been considered

and solved for various class of systems. Unfortunately in the design of a control system it is,

often, necessary to consider various performance index, so as multi-objective control design

techniques are desirable from an engineering point of view. From this point of view, integral

quadratic performance index are among the ones more considered in the literature, since the
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birth of the linear quadratic optimal control theory [1].

In the context of robust control, the idea of considering an integral quadratic cost con-

straint for linear systems can be found in the initial work of Petersen [69, 70, 71], whereas

the problem of impulsive switched systems is considered in [72]. More recent work can be

found in [73, 74, 75].

1.3.3 Robust Finite Time Stability with Guaranteed Cost Control

The idea of solving a guaranteed cost control (GCC) problem, together with a FTS constraint,

has been considered in the initial work in [76]. In this thesis we produce the extended work

done in [77] by considering the presence of uncertainties in the considered system. With

respect to the existing literature, the novel contribution of this thesis is to consider a multi-

objective design problem, where the closed loop system has to simultaneously satisfy the

FTS conditions and the GCC constraints, in the presence of time-varying uncertainties.

A similar multi-objective problem has been considered in [78], but in the context of In-

put Output Finite Time Stability (IO-FTS). In this case initial conditions of the controlled

system are zero, but the system is subject to a disturbance input; IO-FTS and a H∞ bound

are then simultaneously considered. Here we consider the different case where the initial

conditions are not zero, and instead of an H∞ constraint we consider a quadratic integral

cost constraint. Moreover differently from [78], our approach allows to explicitly consider

actuator constraints.

Note that, although not directly discussed here, the presence of external disturbances can

be taken into account in our design methodology, if these disturbances can be generated by

an autonomous exogenous system. It will be sufficient to apply our design methodology to

a suitable augmented system.
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1.4 Thesis Organization

The thesis is organized into seven chapters. The main focus is towards achieving finite

time estimation for sampled-data linear systems. The case of uncertainty in the system is

considered under finite time stability, whereas, the stochastic characterization in the process

and measurement noises are also addressed.

Chapter 2 discusses the finite time estimation for a linear system with sampled measure-

ments. Current impulsive observer is employed to achieve the finite time estimation. The

estimation is guaranteed under standard assumptions for observability of the system. The

case is also extended to impulsive dynamical linear systems, with jumps at discrete inter-

vals.

Chapter 3 introduces the utilization of prediction impulsive observer, based on the con-

cept existing for pure discrete systems. The delay in computation time and the measurement

time are adequately addressed, once the correction is applied at the instant of next sampled

measurements. The current impulsive observer is appropriately engaged with the predic-

tion impulsive observer so as to achieve continuous finite time reconstruction using dual

observers.

Chapter 4 describes the use of an impulsive observer scheme in achieving the regulation of

a linear system with sampled output. The results of finite time output regulation are presented

using current impulsive observer. The impulsive technique is also applied to achieve finite

time tracking which is well-suited to replace the solution of existing asymptotic tracking

convergence.

Chapter 5 considers the presence of observation noise for the discrete linear systems.

Without statistical information observation noise, the finite horizon estimation is considered

within a specified bound. The batch as well as recursive forms are derived. The use of deter-
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ministic control input in this framework is employed to solve closed loop control problems.

Chapter 6 explains the alternate concept of finite time stability. It considers the uncertain

continuous linear system and defines a bound for the integral quadratic cost function. State

feedback is employed to make the system finite time stable with guaranteed cost control.

The resulting feasibility problem is solved through differential matrix inequalities (DLMIs).

Chapter 7 summarizes the work along with the conclusive statements and suggests some

recommended extensions for subsequent research.
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Chapter 2

Finite Time Estimation

1 This chapter tackles the problem of impulsive observer design for the class of linear time

invariant system with sampled outputs. The proposed design approach includes continuous-

time evolution and discrete jumps at specified time instants. The resulting observer is capa-

ble to track the system states in a predefined finite time. The estimation error is shown to

be uniformly exponentially stable for any applicable convergence time selected under non-

pathological sampling. The performance of this scheme is illustrated with an example to

show the convergence behavior and its applicability.

2.1 Sampled-data Scenario

Consider a class of LTI system as

ẋ(t) = Ax(t) +Bu(t) , x(t0) = x0 , t > 0 (2.1a)

yi = Cx[i] , i ∈ N (2.1b)

where x(t) ∈ Rn is the state vector, x0 ∈ Rn is the initial condition, u(t) ∈ Rm is the

input vector and yi ∈ Rp is the sampled output vector available at each sampling time

instant ti = iTs, with uniform sampling period Ts. We consider the case when only sampled

measurements yi are available at the output, whereas, the continuous-time plant output y(t)

is not accessible. A ∈ Rn×n, B ∈ Rn×m and C ∈ Rp×n are known matrices satisfying the

following assumption.

Assumption 2.1.1. Let rank(B) = m, rank(C) = p. The matrix pair (A,C) is observable,

1Portion of this chapter appears in [20] and [31]
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that is

rank

(
sI − AT CT

)
= n, ∀ s ∈ C .

The proposed observer for the plant (2.1) is

˙̄x(t) = Ax̄(t) +Bu(t) , x̄(t0) = x̄0 , t 6= ti (2.2a)

x̄(t+) = x̄(t) +Hc(yi − Cx̄(t)) , t = ti (2.2b)

where x̄(t) ∈ Rn represents the estimated states, x̄0 ∈ Rn defines the initial condition,

Hc ∈ Rn×p is the observer gain and ti is the resetting time. The following assumption is

made on the resetting time set Tc = {t0 , t1 , t2 , . . . , ti , . . .}, in order to ensure that no Zeno

behavior occurs in IDLS (1.1).

Assumption 2.1.2. We consider a countable infinite resetting time set T such that the spac-

ing between two consecutive resetting times Ts = ti+1 − ti is constant and Ts > 0, indeed

preventing the existence of accumulation of points and excluding Zeno type behavior.

For the constraint on sampling time, we propose following assumption.

Assumption 2.1.3. Sampling time Ts is assumed to be non-pathological, so that for ev-

ery eigen value λj = σ(A), if Re(λj) = Re(λk), then Im(λj − λk) 6= 2πr/Ts, for r =

±1,±2, . . . .

We can now describe the finite time observer as,

Definition 2.1.1. Under Assumption 2.1.1, given the LTI system (2.1) if there exists a con-

stant matrix Hc ∈ Rn×p, such that the estimation error ē(t) = x(t) − x̄(t) converges to

zero in the predefined finite time t, then the impulsive observer (2.2) is called as a finite time

observer.
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Note that in (2.2) there is no correction in continuous-time run of the observer, since y(t)

is not available. This constraint limits us applying the techniques available in the existing

literature [10]- [14]. Our proposed observer is updated with sampled measurements at re-

setting time instants ti. The next theorem states how the estimation parameters must to be

chosen in order to make proposed observer converges in finite time, that is how to design a

finite time observer.

2.2 Finite Time Estimation using Current Impulsive Observer

Theorem 2.2.1. If the observer gain matrix Hc ∈ Rn×p and the constant Ts are such that all

the eigenvalues of the matrixQ = eATs−HcCe
ATs are placed at zero, then the observer (2.2)

of the LTI system (2.1) is a finite time observer. Furthermore, the finite convergence time is

given by τ = tn − t0 = nTs, i.e. x̄(t) = x(t),∀ti > n.

Proof. Let take the derivative of the estimation error

˙̄e(t) = ẋ(t)− ˙̄x(t) , t 6= ti . (2.3)

The dynamics of the error can be expressed as

˙̄e(t) = Aē(t) , t 6= ti . (2.4)

From (2.2b), the error update equation at the resetting times ti becomes

ē(t+i ) = x(ti)− [x̄(t)−Hc(yi − Cx̄(t))] , t = ti . (2.5)

After simplification, the error update equation becomes

ē(t+i ) = (I −HcC)ē(ti) . (2.6)

Now, exploiting the fact that the discretization of (2.4) with sampling period Ts gives (see
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also [79])

ē(ti) = eATs ē(t+i−1) , (2.7)

The resetting law (2.7) can be rewritten as

ē(t+i ) = (I −HcC)eATs ē(t+i−1) . (2.8)

Furthermore, the solution of the continuous error equation (2.4) with initial condition

taken at ti, can be written as (see also [80])

ē(t) = eA(t−ti)ē(t+i ) , t 6= ti . (2.9)

Combining the (2.8) and (2.9), we obtain

ē(t) = eA(t−ti)
i∏

j=1

Qj ē0 , (2.10)

where Qj = (I −HcjC)eATs , and ē(t+0 ) = ē(t0) is the initial condition for e(t). Therefore,

at t = tn it results

ē(t+n ) = Qnē0 . (2.11)

Since σ(Q) = λi = 0 , i = 1, 2, ...n because of deadbeat observer design [79], it follows

that Q is a nilpotent matrix [80] such that Qn = 0.

Finally, we can conclude from (2.11) that ē(t) = 0,∀ t ≥ tn. This proves that the impul-

sive observer (2.2) estimates the exact system states of (2.1) in finite time τ = tn−t0 = nTs,

that is observer (2.2) is a finite time observer.
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2.3 Discrete Equivalent of Impulsive System

It should be remarked that the eigenvalues of Q can be placed at origin if the associated

discrete-time system.

g[i+ 1] = Agg[i] , (2.12a)

yg[i] = Cgg[i] , (2.12b)

is observable, where g ∈ Rn , yg ∈ Rp, Ag = eATs , and Cg = CeATs . The observability

condition for the pair (Ag, Cg) is

rank

(
Cg CgAg Cg(Ag)

2 . . . Cg(Ag)
n−1

)T
= n .

The observer gain matrixHc can be calculated using Ackerman’s formula, for system (2.1)

with a single output.

HT
c =

(
0 0 . . . 1

)


ATg C
T
g

...

(ATg )nCT
g



−1

(ATg )n . (2.13)

The observer gain matrix Hc for the proposed observer is exactly the same as described for

the associated discrete-time system (2.12), as a current observer gain, defined in [79]. More-

over, the proposed observer has the same values at sampling instants as that of a discrete-

time current observer. However, for the proposed impulsive observer, the state trajectories

between the samples are not constant, but flow according to the continuous-time dynamics

of (2.1a). Therefore, we named our proposed observer as a current impulsive observer.

It is well known that observability may become vulnerable due to sampling. In partic-

ular, when the continuous-time system has oscillatory modes and the sampling period Ts

is half the period (or an integer multiple) of an oscillatory mode, the mode cannot be ob-
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served [79]. In order to avoid such a problem, for every eigenvalue λj , if Reλj = Reλi

then Im(λj − λi) 6= 2πr/Ts, where r = ±1,±2, . . .; that is, in order to avoid loss of

observability, non-pathological sampling time T is chosen.

To get the homogenous model, consider the input u(t) is generated by some exogenous

system as,

ω̇(t) = Sω(t) , ω(t0) = ω0 (2.14a)

u(t) = yr(t) = Qrω(t) . (2.14b)

The above model can be used to generate different kinds of input sources, like a constant,

a parabola, a ramp, a sine, etc., by changing the matrix S accordingly [18].

2.4 Homogenous System

Combining equations (2.1), (2.2), and (2.17), the closed loop system can be described as an

IDLS. Indeed, the augmented impulsive system can be written as

χ̇(t) = Acχ(t) , t 6= ti (2.15a)

χ(t+) = Adχ(t) , t = ti . (2.15b)

From equation (2.15a), it can be readily noticed that, because of non-availability of

continuous-time output, the impulsive observer state estimation x̄(t) is not linked with the

system states x(t). Therefore, no correction gain can be applied to smooth the free trajectory

run during inter-sample time. Hence, the trajectory curve is compromised under sampled

measurement constraint. However, this does not affect the convergence time of the proposed

current impulsive observer.

Equation (2.15b) shows that the system states x(ti) and the exogenous state ω(ti) are not

impulsive, however, the discrete jumps for the observer state x̄(ti) makes the overall closed
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loop system an IDLS. Equation (2.15) can also be compactly described as a homogenous

system.

The proposed observer designed for sampled outputs, is considered efficient and attractive,

since it requires reduced online processing and less memory. Another inherent advantage of

using sampled measurement, is the reduction in bandwidth usage, since only the samples

at time instants ti are passed on from the system to the observer. With this simplified and

effective design structure, finite time convergence is achieved only in n state updates.

2.5 Results of Current Impulsive Observer

Similar to what has been proposed in [11], let the design of an impulsive observer for a

spring mass system be described as

A =



0 0 1 0

0 0 0 1

−2 1 −1 0

2 −2 0 2


, B =



0

0

1

0


, CT =



1

0

0

0


.

Let us set the sampling time equal to Ts = 0.25s. The observer gain matrix is chosen

according to the conditions of Theorem 2.2.1

HT
c =

(
1.0 27.996 6.449 22.774

)
,

keeping in view the Schur stability of discrete dynamics of impulsive observer (2.2b). The

sinusoidal input u(t) = sin(ωt) is applied to the plant.

The simulation results are shown in Figure 2.1, that shows that the estimation error ē(t)

converges in finite time τ = 1s, using the proposed impulsive finite time observer. These

results are compared with the estimation error ζ(t) produced in [11]. The proposed observer

outperforms the technique proposed in [11] in transient behavior, as we go for slow sampling
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at Ts = 1s, as shown in Figure 2.2.
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Figure 2.1: Current impulsive observer errors ē(t) for sampling time Ts = 0.25s
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Figure 2.2: Comparison of proposed impulsive observer errors ē(t) for Ts = 1s

2.6 Sampled-data Impulsive Dynamical Linear System

We consider the proposition that the dynamics of the underlying plant can be characterized

as an IDLS, as defined in Section 1.1.1, such that the finite jumps occur at the sampling

23



times. Consider the case of an impulsive input based system described as,

ẋ(t) = Ax(t) +Bu(t) , x(t0) = x0 , t /∈ Tp (2.16a)

u(t+) = Ju(t) , t ∈ Tp (2.16b)

yi = Cx(iTs) , i ∈ N , (2.16c)

where x(·) ∈ Rn is the plant state and u(·) ∈ Rm is the control input. yi ∈ Rp is the

uniformly sampled output, available at each sampling time instant iTs and J ∈ Rm×l

define the impulsive input jumps. Indeed, we assume that the continuous-time output of the

plant is not available and only its samples can be used to perform state estimation. In (2.16b)

t denotes the i-th resetting time; note that the resetting time set Tp = {t1 , t2 , . . .} does not

need to coincide with the sampling times iTs for any i ∈ N. However, in this section ,we

will make following assumption in order to simplify the discussion.

Assumption 2.6.1. The resetting times Tp = {t1 , t2 , . . .} is equal to the sampling time set,

i.e. ti = iTs for all ti ∈ Tp.

Furthermore, the exogenous input w(·) ∈ Rl is used to model the time-dependent state

jumps. As it has been shown in [18], the impulsive input u(·) can be obtained as output of

the model

ω̇(t) = Srω(t) , ω(t0) = ω0 , t /∈ Tp (2.17a)

u(t) = Qrω(t) , t /∈ Tp (2.17b)

u(t) = Jrω(t) , t ∈ Tp , (2.17c)

given a suitable choice of ω0 ∈ Rl, Qr ∈ Rm×l, Jr ∈ Rl×l and Sr ∈ Rl×l.

24



2.7 Impulsive Observer for IDLS Plant

In order to estimate the state of the sampled output IDLS (2.16), the following time-

dependent IDLS is proposed observer

˙̄x(t) = Ax̄(t) +Bu(t) , x̄(t0) = x̄0 , t /∈ To (2.18a)

x̄(t+) = x̄(t) +Hc(yi − Cx̄(t)) , t ∈ To (2.18b)

where x̄(·) ∈ Rn represents the state vector of estimation, x̄0 ∈ Rn defines the initial condi-

tion, Hc ∈ Rn×p is the observer gain. Note that the resetting times set for the observer (2.18)

is assumed equal to the set of the output sampling times iTs. It is worth to notice that, in the

case of the observer, assuming the resetting times equal to the sampling time, allows to have

an impulsive update of the state estimation in correspondence of each new output sample.

Hence, it will be To = {Ts , 2Ts , 3Ts , . . .}.

2.8 Examples for Estimation of Impulsive Input Systems

In this section we apply the proposed current impulsive observer to obtain simple and effi-

cient way for estimation under impulsive inputs. The following two examples show how the

proposed observer performs compared to other approaches proposed in literature.

2.8.1 Example of Spring-Mass System

Similar to what has been proposed in [11], the impulsive observer design for a spring mass

system described as

A =



0 0 1 0

0 0 0 1

−2 1 −1 0

2 −2 0 2


, B =



0

0

1

0


, CT =



1

0

0

0


.
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Instead of a pure sinusoid, the impulsive input is generated through the autonomous system

by setting (2.17)

Sr =

 0 −1

1 0

 , ω0 =

 1

0.8

 , J =

(
1 0

)

Jr =

 1 0

0 −1

 , Qr =

(
1 0

)
,

and the resetting time is chosen equal to Ts = 1s.

In order to make an impulsive observer (2.18) for this system, the initial conditions for the

plant are equal to

xT0 =

(
5 −2 3 4

)
,

and for observer the initial conditions are taken equal to

x̄T0 =

(
0 0 0 0

)
,

as it was done in [11]. The observer gain matrix is chosen according to Theorem 2.2.1 and

turns out to be

HT
c =

(
1.0 0.9430 0.4628 −0.6558

)
,

The impulsive sinusoidal input u(t) (2.17b) is then applied to the plant as shown in Fig-

ure 2.3. The result of estimation errors ē(t) are shown in Figure 2.4. These results are com-

pared with the estimation error ζ(t) produced in [11]. The proposed observer outperforms

the technique proposed in [11] not only in the transient behavior, but also in convergence

time of the state estimates, regardless the relatively slow sampling period Ts = 1s, as it is

shown in Figure 2.4.
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Figure 2.3: Impulsive input states for the IDLS considered in Example 2.8.1.
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Figure 2.4: Comparison of proposed impulsive observer errors ē(t) for Example 2.8.1.

2.8.2 Example of Power-Line Ripples Estimation

The proposed current impulsive observer is applied to the estimation of a ripple disturbance

modeled as an IDLS, which was originally presented in [5]. Also in this case, in order to

obtain the IDLS model of the ripple modeled in [5], we have exploited the autonomous
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system (2.17), by setting the parameters equal to

Sr =

 0 −1

1 0

 , ω0 =

 1

0

 , J =

(
1 0

)

Jr =

 1 0

0 −1

 , Qr =

(
1 0

)
,

and the resetting time is chosen equal to Ts = π/6 s. In order to make an impulsive ob-

server (2.18) for this system, initial conditions are taken equal to

x̄0 =

 1

1

 ,

and the observer gain matrix obtained by exploiting Theorem 2.2.1 is

Hc =

 1.0

1.7321

 .

It is worth to notice that Assumption 2.6.1 and the fact that we set the resetting times of

the observer equal to the sampling times, does not represent a limitation in this case, since

the approach proposed in [5] also relies on the knowledge of the resetting times. The simu-

lation results presented in Figures 2.5 and 2.6 have been obtained by using the same ripple

parameters as in [5]. In particular, Figure 2.5 shows the generated impulsive input depicting

the ripples on the power lines (xr1 in [5]), while Figure 2.6 shows that the estimation er-

ror ē(t) result which shows that the observer converges after the second step of observation.

Hence, also in this case, the application of current impulsive observer allows to get better

performance with a relatively simple and efficient observer structure.
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Figure 2.5: Impulsive input states for Example 2.8.2.
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Figure 2.6: Estimation error ē(t) of proposed impulsive observer for Example 2.8.2.

2.9 Summary of Current Impulsive Observer Design

A novel approach for the design of an impulsive observer for linear time invariant system

has been presented. In particular, the proposed current impulsive observer is capable to
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estimate the state of the plant in a predefined finite time. The proposed design is well suited

to be applied to impulsive dynamical linear system with time dependent jumps. Uniform

exponential convergence of the estimation error has been proved. In the next chapter we will

describe the structure of a prediction impulsive observer.
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Chapter 3

Continuous Reconstruction in Finite Time

For an LTI system, we analyze the sampled-data accruing from the system,

ẋ(t) = Ax(t) +Bu(t) , x(t0) = x0 , t ≥ t0 (3.1a)

yi = Cx[i] , (3.1b)

where x(t) ∈ Rn represents the system states, x0 ∈ Rn, defines the initial states, u(t) ∈ Rm

acts as the input and yi ∈ Rp is the sampled output measurements with uniform sampling

time Ts, such that the sampling time instants are ti = iTs. The proposition can be extended to

non-uniform sampling time ti defined in the set as T = {t0, t1, . . . }. The matrices A,B,C

are of suitable dimensions that satisfy the standard assumptions defined in Section 2.1 as

Assumption 2.1.1- 2.1.3 for impulsive observer design .

The sampled-data system (3.1) can be expressed in the form of an IDLS with continuous

and discrete dynamics [58, Ch. 7.7]. The continuous flow of the system is governed by

differential equations and the finite jumps at sampling instants are expressed in difference

equations. In general, IDLS are considered as the class of hybrid systems in which the state

trajectory is reset depending on the resetting space set or resetting time set. Here we are

interested in time-dependent resetting of states. For more details, readers are suggested to

peruse [15].

For sampled-data system (3.1), an impulsive observer structure in the form of IDLS is an

appropriate choice for state estimation. Current impulsive observers have been successfully

employed for the state estimation [20] and regulation [18] of sampled-data linear systems.
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The fundamental relation (1.2) serves as the basis to design a prediction impulsive observer.

3.1 Prediction Impulsive Observer

1 This section introduces the novel idea of using a prediction type impulsive observer for

sampled-data linear time invariant systems. After the successful introduction of the current

impulsive observer, this new technique is a logical extension as existing in the case of dis-

crete systems. Despite having only discrete output measurements at the sampling points,

the continuous states of the plant are estimated. The proposed estimation is able to achieve

deadbeat convergence for any non-pathological sampling time. The approach is simulated

through a numerical example for its efficacy and applicability.

3.1.1 Structure of Prediction Impulsive Observer

The design of an observer for the sampled-data system (3.1) in the form of an IDLS is

proposed as,

˙̂x(t) = Ax̂(t) +Bu(t) , x̂(t0) = x̂0 , t 6= ti+1 (3.2a)

x̂(t) = x̂(t−) +Hp(yi − ŷi) , t = ti+1 (3.2b)

where the observed state is represented by x̂(t) ∈ Rn and the correction gain is represented

by Hp ∈ Rn×p (which will be derived in the next section) and ti+1 is the resetting time.

Note that ŷi = Cx̂(ti) represents the estimated output at t = ti prior to the resetting jump at

instants t = ti+1 in (3.2b). Here we consider the uniform sampling instants Ts with standard

assumptions.

Contrary to current impulsive observer, there is no jump at t0, therefore the initial run

(at t = t0) of the prediction impulsive observer state x̂(t) will follow the continuous flow set

defined in (3.2a). Due to non-availability of continuous observations, there is no correction

1Portion of this chapter appears in [81]
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term in the continuous flow of estimation. The state estimate at the completion of continuous

flow is represented as x̂(t−) in (3.2b). The jump in the predicted estimated state x̂(t) is a

discontinuity from left, therefore, only derivative from right exists at jump points.

With known sampling time Ts, the impulsive correction is applied just before the next

sampled measurement. In other words, the predicted impulsive estimated states x̂(t) are

updated at t = ti+1 based on the previous sampled observations at t = ti, as considered in

the design of discrete time case.

3.1.2 Finite-time Estimation using Prediction Impulsive Observer

We produce a sufficient condition in the following theorem for prediction impulsive observer,

such that the IDLS form (3.2) is exploited to realize deadbeat convergence corresponding to

the results achieved in [31] for current impulsive observer .

Theorem 3.1.1. Deadbeat estimation after n steps can be realized for sampled-data sys-

tem (3.1), if the gain matrix Hp in (3.2b) is designed so as to make the matrix R =

eATs −HpC, a nilpotent matrix.

Proof. Consider the error in prediction states x̂(t) is defined as ê(t) , x(t) − x̂(t). From

this we can write the derivative form of the estimation error as,

˙̂e(t) = ẋ(t)− ˙̂x(t) , t 6= ti+1 . (3.3)

From (3.1a) and (3.2b), we can get the continuous time flow of the estimation error as,

˙̂e(t) = Aê(t) , ê(t0) = ê0 , t 6= ti+1 . (3.4)

The standard solution of continuous time LTI system (3.4) can be written as,

ê(t) = eA(t−t0)ê(t0) , t 6= ti+1 . (3.5)

To discretize the continuous time system (3.4), we use uniform sampling rate of Ts. Discrete
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solution of (3.5) can be written as

ê(t−) = eATs ê(ti) , t = ti+1 . (3.6)

Since estimation error ê(t) is the difference of non-impulsive states x(t) and impulsive

states x̂(t), therefore, the impulsive part of estimation error is derived from (3.2b),

ê(t) = x(t)− [x̂(t−) +Hp(yi − ŷi)] , t = ti+1 . (3.7)

Considering non-impulsive system (3.1), the continuous states is equivalent to x(t−) = x(t),

we get,

ê(t) = ê(t−)−Hp(yi − ŷi) , t = ti+1 . (3.8)

From (3.6), we get the estimation error at sampling instants as,

ê(t) = (eATs −HpC)ê(ti) , t = ti+1 . (3.9)

The continuous solution of (3.4) can be generalized when we consider the start of flow

equation at any sampling instant ti+1,

ê(t) = eA(t−ti+1)ê(ti+1) , t ≥ ti+1 . (3.10)

Combining (3.9) and (3.10) for t = ti+1 and t ≥ ti+1 respectively, we obtain

ê(t) = eA(t−ti+1)Rê(ti) , ∀t (3.11)

where R = eATs −HpC. Starting from the initial estimated error ê0, we can write,

ê(t) = eA(t−ti+1)

i∏
j=0

Rê(tj) , (3.12)

Therefore, at t = tn it results

ê(t) = eA(t−ti+1)Rnê0 . (3.13)
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As R is made a nilpotent matrix, therefore σ(R) = 0. After n steps, the matrix be-

comes, Rn = 0.

Considering the update equation (3.2b) at sampling instants ti+1, it will take n sampling

instants to achieve deadbeat estimation. Hence finite estimation is proved.

The selection of impulsive gain matrixHp is based on standard pole placement techniques

for linear systems. The existence of such matrix is only ensured through Assumption 2.1.1.

Constructing the matrixR as a nilpotent matrix is equivalent to σ(R) = 0. Therefore, we can

consider a discrete system derived from the continuous system (3.1a) with sampling time Ts

as,

xd(i+ 1) = Adxd(i) , yd(i) = Cxd(i) (3.14)

where Ad = eATs and the standard observability condition requires the matrix pair (Ad, C)

be observable, i.e.,

rank(C CAd CA2
d . . . CA

n−1
d ) = n.

For a single output system, Ackerman’s formula provides the Hp matrix for associated

discrete equation [20].

The stability of the system (3.1) is ensured through standard techniques of using state

control law through u(t), after the states are estimated in time t = nTs.

3.1.3 Results of Prediction Impulsive Observer

We consider a numerical example to implement the proposed structure of prediction impul-

sive observer. The sampled-data system is in the IDLS form (3.1), with following matrices.

A =



−1 2 2 0

2 −3 0 −1

−1 −2 0 −3

1 −1 0 −2


, B =



3

2

1

1


, CT =



1

3

2

1


, xT0 =



5

−2

3

4


.
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Figure 3.1: Impulsive observer state errors for current ē(t) and prediction ê(t) type

The sinusoidal input with a DC offset u(t) = 1 + sin(t) is considered. The sampling time

is taken as Ts = 1s to indicate the effectiveness of prediction impulsive observer over emu-

lation or discrete design methods. Estimated states have inter-sample continuous trajectory

as per the dynamics of the system. Deadbeat convergence is achieved using Theorem 3.1.1.

Therefore, the prediction gain matrix is,

HT
p =

(
−0.0851 −0.0728 −0.3306 0.1827

)

The simulation results show the deadbeat convergence of the states occurring in n steps.

Compared to existing structure of current impulsive observer [20], the results in Fig. 3.1 are

commensurable. More importantly, from the results of two types of impulsive observer, the

relation of continuous flow of states starting from current to prediction type, especially at

the jump points is prominent. This perspective is considered as an attractive and thought-

provoking, which will be presented in the detailed version of this work.
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3.2 Continuous Reconstruction Observer

In this section we aim to fuse two types of observers to get the continuous estimate of states

from the sampled output system in finite time. Besides other benefits of this scheme, particu-

larly we can exploit all the existing control techniques available for continuous time systems,

since the continuous estimates x̂(t) have been reconstructed. We re-write the main structural

equations for current type impulsive observers, which is considered as left-continuous sys-

tem and then we produce the prediction type impulsive observer, which is considered as right

continuous system.. The current impulsive observer for the sampled-data plant (3.1) is,

˙̄x(t) = Ax̄(t) +Bu(t) , x̄(t0) = x̄0 , t 6= ti (3.15a)

x̄(t+) = x̄(t) +Hc(yi − Cx̄(t)) , t = ti (3.15b)

The prediction impulsive observer for the sampled-data plant (3.1) is,

˙̂x(t) = Ax̂(t) +Bu(t) , x̂(t0) = x̂0 , t 6= ti+1 (3.16a)

x̂(t) = x̂(t−) +Hp(yi − ŷi) , t = ti+1 (3.16b)

3.2.1 Current and Prediction Observers Equivalence

The two types of impulsive observers have been derived from the existing structure in dis-

crete time system, as discussed in Section 1.1.2. We apply the property of equivalence to

produce the result of continuous reconstruction. The values of each observer state are equal

at sampling points, as the design is based on discrete time system. Therefore we can write it

as,

x̄(t) = x̂(t) , t = ti (3.17)
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The solution of current impulsive states expressed in continuous and discrete parts as

x̄(t) = eA(t−ti)x̄(ti) +

∫ t

ti

eA(t−σ)Bu(σ)dσ , t 6= ti (3.18a)

x̄(t+) = x̄(t) +Hc(yi − ȳi) , t = ti (3.18b)

The solution of prediction impulsive states expressed in continuous and discrete parts as

x̂(t) = eA(t−ti)x̂(ti) +

∫ t

ti

eA(t−σ)Bu(σ)dσ , t 6= ti+1 (3.19a)

x̂(t) = eAT x̂(ti) + eAT
∫ t

ti

e−AσBu(σ)dσ +Hp(yi − ŷi) , t = ti+1 (3.19b)

Solving (3.18) and (3.19), we get the relation between the gains of current and prediction

observers.

Hc = A−1Hp (3.20)

3.2.2 Weighting Function for Continuous Reconstruction

The impulsive nature of current and prediction observer is to be compensated through a prop-

erly designed weighting function, as per our the problem. The output from the prediction and

current impulsive observers are passed through the weighting function simultaneously. The

main idea of passing through the weighting functions is to perform the switching between

the two impulsive observers, so as to result in a continuous states at the output to avoid the

jump points. For this purpose, we define the weighting function µ(t) as,

µ(t) = 0 , t = ti (3.21a)

µ(t) = γ(t) , t ∈ (ti, ti+1) (3.21b)

µ(t) = 1 , t = ti+1 (3.21c)

The shape of weighting function µ(t) is shown in Fig. 3.2. The dynamics of weighting func-

tion does not contain any jumps. The current impulsive observer states are given minimum
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relative weights (nearly zero) in the beginning and similarly prediction impulsive observer

states are given minimum relative weights (nearly zero) at the ending and vice-versa. This

mixing / fusing of impulsive states for each sampled interval continues and we get the con-

tinuous reconstruction states at the output.
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Figure 3.2: Weighting function designed for current and prediction impulsive inputs

3.2.3 Design of Continuous Reconstruction States

From the impulsive current states x̄(t) and the impulsive prediction states x̂(t), we design

a continuous reconstruction states x̃(t) using the weighting function µ(t) as follows. The

inherent characteristic of current impulsive observer states are left continuous, whereas, the

prediction impulsive states are right continuous. Therefore, this inherent characteristic is

exploited to synthesize the smooth transitions at the jump points through weighting function.

x̃(t+) = x̄(t+)µ(t) + x̂(t)(1− µ(t)) , t = ti (3.22a)

x̃(t) = x̄(t)µ(t) + x̂(t)(1− µ(t)) , t ∈ (ti, ti+1) (3.22b)

x̃(t−) = x̄(t)µ(t) + x̂(t−)(1− µ(t)) , t = ti+1 (3.22c)

The value of weighting function µ(t) is selected such that initially (t = ti) at the satrt of

sampling period, it is zero µ(t) = 0, so the continuous reconstruction states x̃(t) take start
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( t = ti) with prediction impulsive sates x̂(t). From (3.22a), at t = ti, we get,

x̃(t+) = x̄(t+)µ(t) + x̂(t)(1− µ(t)) , t = ti (3.23a)

x̃(t+) = x̂(t) (3.23b)

Similarly, the value of weighting function µ(t) is selected such that at the end (t = ti+1) of

sampling period, it is one µ(t) = 1, so the continuous reconstruction states x̃(t) end ( t = ti)

with current impulsive sates x̄(t). From (3.22c), at t = ti+1, we get,

x̃(t−) = x̄(t)µ(t) + x̂(t−)(1− µ(t)) , t = ti+1 (3.24a)

x̃(t−) = x̄(t) (3.24b)

Other than the starting or ending, i.e. t ∈ (ti, ti+1), we get the following dynamics

from (3.22b) as,

x̃(t) = x̄(t)µ(t) + x̂(t)(1− µ(t)) , t ∈ (ti, ti+1) (3.25a)

x̃(t) = x̄(t)γ(t) + x̂(t)(1− γ(t)) , t ∈ (ti, ti+1) (3.25b)

From (3.23), (3.24), (3.25) we conclude that the reconstructed states x̃(t) are continuous and

not impulsive in nature for specifically designed weighting function µ(t).

3.2.4 Example for Continuous Reconstruction

Consider the system described in Section 3.1.3 as,

A =



−1 2 2 0

2 −3 0 −1

−1 −2 0 −3

1 −1 0 −2


, B =



3

2

1

1


, CT =



1

3

2

1


, xT0 =



5

−2

3

4


.

40



Observer Gains

HT
p =

(
−0.0851 −0.0728 −0.3306 0.1827

)
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Figure 3.3: Continuous error states ẽ(t) along with current ē(t) and prediction ê(t)

In this example we estimate the states using both the prediction and current impulsive

observers. The we combine the output of both the observers through the weighting func-

tion (3.22). The result is shown in Fig. 3.3, in which the continuous reconstruction error

states ẽ(t), the current estimation error ē(t) and the prediction estimation error ê(t) are plot-

ted together to highlight jump points in impulsive states and smooth flow in reconstruction

states. The jumps in the current impulsive observer at the start and for prediction impulsive

observer at the end of sampling period are compensated through weighting function.

3.3 Summary of Continuous Reconstruction in Finite Time

The merging of prediction and current impulsive observers is done to produce the contin-

uous estimation of states for the sampled-data linear systems. The left continuous current

impulsive sates and right continuous prediction impulsive states are merged together to pro-

duce a smooth continuous output, without any jumps. The current impulsive states are not

differentiable from right at the sampling points and the prediction impulsive states are not

differentiable from left at the sampling points. Whereas, the continuous reconstruction states

are differentiable at every point and follow a smooth dynamics.
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Chapter 4

Finite Time Regulation and Tracking

1 In this chapter we proceed to exploit the application of the proposed impulsive observers

in a regulation problem of sampled-data LTI systems. Here we illustrate the implementation

using current impulsive observer only. The results using prediction impulsive observer can

be achieved in a similar manner.

4.1 Finite Time Regulation

This chapter is concerned with the impulsive regulation of output feedback linear time in-

variant systems. Accessibility to sampled form of the plant output and the tracking signal

output is a considerable restriction. An impulsive estimation technique is proposed for the

finite time state estimation under the given constraints. The controller constructed in this

framework is of continuous type, which is applied to achieve the regulation such that the

estimation and tracking errors converge exponentially. The scheme is applied on a magnetic

levitation system, to show the effectiveness of the design.

4.1.1 Sampled-data System with Disturbances

We the class of linear time-invariant (LTI) system for regulation problem, under the con-

straint of sampled output, described as,

ẋ(t) = Ax(t) +Bu(t) + d(t) , x(t0) = x0 , (4.1a)

yi = Cx(ti) , i ∈ N , (4.1b)

1Portion of this chapter appears in [18] and [82]
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where x(·) ∈ Rn is the plant state, u(·) ∈ Rm is the control input, d(·) ∈ Rn is the ex-

ternal disturbances entering into the system, A,B,C are system matrices of appropriate

dimensions and yi ∈ Rp is the sampled output, available after each uniform sampling time

interval Ts. The considered constraint limit us to use only the samples of the continuous time

plant to perform the state estimation.

The inclusion of the disturbance d(t) in the system (4.1), represents the combined effect

of the parameter perturbation and the uncertainty in the system. To make the proposition

simpler, we assume that the total effect can be represented by the disturbance vector, which

can be easilty generated through the output of a known model.

It is expected that the reference signal and the disturbances are entering through a known

model of an exogenous systemw(·) ∈ Rq. The output ofw(·) is used to generate the tracking

reference signal yr(t) and the disturbance d(t).

ω̇(t) = Sω(t) , ω(t0) = ω0 , (4.2a)

yr(t) = Qω(t) , (4.2b)

d(t) = Pω(t) , (4.2c)

where S ∈ Rq×q, Q ∈ Rp×q and P ∈ Rn×q. Using the above model (4.2), a large class

of functions can be generated including step functions, ramp functions, sinusoidal functions

and their combinations for arbitrary amplitudes and phases.

The main focus of this section is to design an impulsive observer that converges in finite

time such that the system (3), is able to follow a reference input yr(t) to achieve the regula-

tion error ε(t) = y(t)− yr(t) asymptotically reducing to zero, in the presence of the known

structured disturbances d(t). The constraint is that only sampled measurement, of the plant

output y(t) and reference output yr(t) are available for measurement.
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4.1.2 Output Regulation

Combining (4.1) and (4.2), we can write augmented system

Ẋ (t) =

ẋ(t)

ω̇(t)

 = AX (t) + BU(t) , X (0) = X0 (4.3a)

Yi(t) = EX (ti) , (4.3b)

the augmented matrices are

A =

A P

0 S

 , E =

[
C Q

]
,B =

B
0


Where X (t) is an augmented state vector including the continuous-time state of the linear

system (4.1) and the exogenous system (4.2). To achieve regulation, following assumptions

are to be satisfied.

Assumption 4.1.1. Pair (A,B) is stabilizable.

Assumption 4.1.2. Pair (A, E) is detectable.

Assumption 4.1.3. σ(S) ⊂ C+ , λ ∈ C|Re[λ] ≥ 0

Assumption 4.1.4. The non-pathological sampling time Ts is selected for A, i.e., consider-

ing the complex eigen values λj , λk such that λj − λk 6= 2πi/Ts, where i ∈ Z.

Theorem 4.1.1. Under Assumptions 4.1.1 - 4.1.4 the output regulation is achieved if and

only if there exist matrices Ξ and Υ such that the following equality between the matrices is

qualified

ΞS = AΞ +BΥ + P (4.4a)

0 = CΞ +Q (4.4b)
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This theorem is applied for sampled-data output for regulations in which the observer

states X̄ (t), such that

U(t) = KX̄ (t) (4.5a)

4.1.3 Finite Time Impulsive Observer

Most physical systems in nature follow the impulsive behavior, such that there appear an

instantaneous change in the system states due to a change in operating conditions or some

disturbances in the environment, for a very short time. Therefore, the states experience a

jump from one point to another due to this impulsive effect. These jumps are represented

through difference equations, whereas, the continuous dynamics are represented by differ-

ential equations. Considering the observer states X̄ (t) depicts the impulsive system defined

for the system in (4.1), following impulsive observer is proposed.

˙̄X (t) = AX̄ (t) + BU(t) , X̄ (t0) = X̄0 , t 6= ti (4.6a)

X̄ (t+) = X̄ (t) +Hc(Yi − EX̄ (t)) , t = ti (4.6b)

where X (·) ∈ Rn+s is the observer state, Hc ∈ R(n+s)×p is the observer gain and ti is the

resetting time sequence such that Ts = ti − ti−1 = Constant and Ts > 0.

It is assumed that the system (4.3) satisfies the following two assumptions:

Assumption 4.1.5. rank(B) = m and rank(E) = p

Assumption 4.1.6. The matrix pair (A, E) is observable, that is, rank
[
λI −AT E

]
=

n+ s,∀λ ∈ C.

There is no correction in continuous-time run of the observer, because the output Y(t)

is not available. This constraint limits us applying the techniques available in the existing

literature [10, 11, 12, 13]. Our proposed observer is updated with sampled measurements at
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resetting time instants ti. The next theorem states how the estimation parameters are to be

chosen such that the observer (4.6) converges in finite time.

Theorem 4.1.2. Let the observer gain matrix Hc ∈ R(n+s)×p and the constant Ts define the

sampling time such that the matrix F = eATs − HcEeATs has all its eigen values at zero,

then the observer (4.6) estimates the system (4.1) in finite time, τ = tn+s − t0 = (n + s)Ts,

i.e. X̄ (t) = X (t),∀t > tn+s.

Proof. We define the estimation error as

ξ(t) = X (t)− X̄ (t) (4.7)

Taking the derivative of estimation error ξ(t), we get

ξ̇(t) = Ẋ (t)− ˙̄X (t) , t 6= ti . (4.8)

After simplification, the dynamic of the error is given by

ξ̇(t) = Aξ(t) , t 6= ti . (4.9)

From (4.6b), the error update equation at the resetting times ti becomes

ξ(t+) = X (t)− [X̄ (t)−Hc(Yi − EX̄ (t))] , t = ti . (4.10)

After simplification, the error update equation becomes

ξ(t+) = (I −HcE)ξ(t) , t = ti . (4.11)

Now, exploiting the fact that the discretization of (4.9) with sampling period Ts gives (see

also [79])

ξ(ti) = eATsξ(t+i−1) , (4.12)
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The resetting law (4.12) including continuous flow is rewritten as

ξ(t+i ) = (I −HcE)eATsξ(t+i−1) . (4.13)

Furthermore, the solution of the continuous error equation (4.9) with initial condition taken

at ti, can be written as (see also [80])

ξ(t) = eA(t−ti)ξ(t+i ) , t 6= ti . (4.14)

Combining the (4.13) and (4.14), we obtain

ξ(t) = eA(t−ti)
i∏

j=1

Fjξ0 , (4.15)

where Fi = (I −HciE)eATs , and ξ(t+0 ) = ξ(t0) is the initial condition for ξ(t). Therefore,

at t = tn+s it results

ξ(t+n+s) = Fn+sξ0 . (4.16)

Since σ(F) = λi = 0 , i = 1, 2, ...(n + s) because of deadbeat observer design [79], it

follows that F is a nilpotent matrix [80] such that Fn+s = 0.

Finally, we can conclude from (4.16) that ξ(t) = 0,∀ t ≥ tn. This proves that the im-

pulsive observer (4.6) estimates the augmented system states of (4.3) in finite time τ =

tn+s − t0 = (n+ s)Ts, that is observer (4.6) is a finite time observer.

4.1.4 Finite Time Regulation Example

Applying the proposed scheme for regulation on a standard magnetic levitation system. In

this system the mass is levitated. Using specific parameter values, the numerical values of

the system matrices after linearization are as under:

A =

 0 1

196.2 −0.02

 , B =

 0

−4.4294

 , CT =

1

0

 .
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Sampling time T = 0.1s with unit sinusoidal reference w = 1rad/s and disturbance w =

0.5rad/s are considered. The initial condition for the plant is equal to x0 = [0.05 0]T and

for the reference input is equal to ω0 = [1 0]T . For 0 ≤ t ≤ (n + s)Ts observer gain

matrix Hc is chosen according to Theorem 4.1.2.

The estimation error ē(t) of the system (4.1) using impulsive observer is shown in Fig. 4.1,

in which states are converged in finite time τ = 0.2s (in the absence of exogenous system

and output regulation). In Fig. 4.2, the estimation error ξ(t) for the augmented system (4.18)

through impulsive observer (4.6) is shown for the first state. And in Fig. 4.3, error in the

output regulation ε(t) = ȳ(t)− yr(t) is shown.
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Figure 4.1: Estimation error ē(t) using impulsive observer.

4.2 Finite Time Tracking

This part of the research is focused to establish a sufficient condition for achieving finite

time tracking for the linear systems. The achievements in [18] is further extended to realize

the proposed results using the impulsive correction scheme. The main contribution of this

research lies in providing an efficient and highly preferable solution against the existing
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Figure 4.2: Estimation error ξ1(t) = X1(t)− X̄1(t)
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Figure 4.3: Output regulation error ε(t)

asymptotic tracking convergence.

After achieving finite time regulation, now we presents the design of an impulsive observer

based correction scheme to achieve the output regulation of a linear system having additive

disturbances at the input. The sampled measurement is only available for the plant and
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the reference signal to achieve the output regulation. Impulsive observer could estimate the

states in finite time for any applicable non-pathological sampling time. Moreover, finite time

tracking is achieved for the plant states and the observer states using impulsive correction.

The advantages of the proposed design are shown through simulation results of a magnetic

levitation system.

4.2.1 State Feedback Regulation

In general, there exists two basic approaches of achieving the regulation, based on the feed-

back and feedforward methodology, i.e. static state feedback and dynamic output feedback.

To simplify the discussion, we consider the static state feedback regulation scheme. In this

case the controller is composed of two components, the feedback gain matrix K ∈ Rm×n

and the feed-forward gain matrix G ∈ Rm×q. The controller output is given by following

equation.

u(t) = Kx(t) +Gω(t) (4.17)

Using the above state feedback controller, the closed loop system can be written as,

ẋ(t) = Acx(t) +Bcω(t) , x(t0) = x0 , (4.18a)

ω̇(t) = Sω(t) , ω(t0) = ω0 , (4.18b)

ec(t) = Cx(t) +Qω(t) , (4.18c)

where Ac = (A+BK) and Bc = (P +BG).

Here ec(t) represents the tracking error. Now we formally define output regulation for the

considered system (4.18).

Definition 4.2.1 (Output Regulation). The output regulation is achieved, if the closed loop

system (4.18) satisfies following two conditions,

1. The matrix Ac is Hurwitz,
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2. For all x0 and ω0, the trajectories of (4.18) satisfy,

limt→∞ ec(t) = limt→∞(Cx(t) +Qω(t)) = 0,

N

It is pertinent to mention that in the closed loop system (4.18), ω(·) is appearing as distur-

bance in (4.18a) and defining a reference signal for tracking in (4.18b). To achieve the output

regulation with reference tracking and disturbance rejection, following standard assumptions

are made.

Assumption 4.2.1. σ(S) ⊂ C+ , {λ ∈ C|Re(λ) ≥ 0}

Assumption 4.2.2. The matrices (A,B) is stabilizable

Assumption 4.2.3. The matrices


A P

0 S

 , [C Q

] is detectable

Assumption 4.2.4. rank


A− λI B

C 0


 = n+ p.

Assumption 4.2.5. The sampling period Ts is non-pathological.

Lemma 4.2.1. Considering the Assumptions 4.2.1 and 4.2.2, let the feedback gain ma-

trix K render the closed loop system matrix Ac Hurwitz, then the linear output regulation is

achieved by using controller (4.17) if and only if there exist two constant matrices Ξ ∈ Rn×q

and Υ ∈ Rm×q, that satisfy the following linear matrix equation.

ΞS = AΞ +BΥ + P , (4.19a)

0 = CΞ +Q , (4.19b)
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Proof. Put x̃ = x − Ξω, in equation (4.18), then using well-known mathematical tools of

linear algebra, equation (4.19) can be easily derived.

The equation (4.19) is commonly called as Francis regulator equation. The feed-forward

gain matrix G is defined as,

G = Υ−KΞ . (4.20)

4.2.2 Output Feedback Regulation

The above solution is a classical solution, which have been thoroughly solved [22,23,24]. In

the context of classical regulation theory, asymptotic tracking convergence has been dealt,

whereas in this note, finite time convergence is achieved while tracking a reference signal.

Design of an impulsive observer has been exploited to solve the problem of output regulation

in [18], for sampled-data plant (4.1). The proposed observer is considered to belong to a class

of hybrid systems, in particular, an impulsive dynamical linear system (IDLS). The formal

definition is given below(interested reader can consult [15] for details).

Definition 4.2.2 (IDLS). An IDLS is a linear continuous-time system that exhibits finite

jumps in the state trajectory. This jump can be either state-dependent, if the state jumps

whenever the trajectory enters a resetting set, or time-dependent resetting law, if the state

jumps are time-driven and occur at predefined time instants called resetting times. N

In this chapter we propose the following time-dependent IDLS observer, to be used for

estimating the state of the sampled output system (4.1).

˙̄x(t) = Ax̄(t) +Bu(t) + Pω̄(t) , x̄(t0) = x̄0 , t /∈ T (4.21a)

x̄(t+) = x̄(t) +Hc(yi − Cx̄(t)) , t ∈ T (4.21b)

where x̄(·) ∈ Rn represents the state vector of estimation, x̄0 ∈ Rn defines the initial con-

dition, Hc ∈ Rn×p is the impulsive observer gain matrix. We take into account the simpler
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proposition case i.e., the resetting time set T of the proposed impulsive observer (4.21) is

assumed to coincide with the set of the output sampling times iTs. It means that for every

new output sample received, there is a corresponding impulsive correction added to the state

estimation. Hence, the resetting times set will be T = {Ts , 2Ts , 3Ts , . . .}.

In order to avoid Zeno behavior in the proposed IDLS, the following assumption on the

resetting time set T is just a technicality.

Assumption 4.2.6. The resetting time set T is considered to be a countable and infinite,

such that the minimum spacing between two consecutive resetting times δ(i) = ti+1 − ti

strictly comply with the condition that δ(i) > 0.

4.2.3 Sampled-data Regulation

In this chapter we achieve the regulation of sampled output system (4.1), in two phases i.e.

finite time estimation and then finite time tracking. In both the phases, the scheme of an

impulsive observer is employed to achieve finite time convergence and finite time tracking

to replace the classical asymptotic convergence and tracking respectively. To this end, we

describe the problem of finite time estimation.

Problem 4.2.1. Find the observer gain matrix Hc ∈ Rn×p, such that the impulsive observer

in (4.21) is able to achieve finite time estimation of the plant (4.1).

Theorem 4.2.2. Problem 4.2.1 is solved if all the eigenvalues of the matrix F = eAcTs −

HcCe
AcTs are equal to 0.

Proof. The detailed proof is produced in [20]. The essence behind is to choose a nilpotent

matrix F, such that after n resets, the estimation error is kept at zero.
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Remark 4.2.1. The method of calculating the impulsive observer gain matrix Hc is based

on standard pole placement techniques in linear systems, however, it’s existence is ensured

through Assumption 4.2.5.

Considering the constraint of the plant (4.1), the structure of impulsive observer (4.21) is

best suited for estimation of plant and exogenous system states. Similar constraint is consid-

ered for exogenous system, i.e., only sampled output yr(i) is available from the exogenous

system (4.18b).

˙̄ω = Sω , ω̄(t0) = ω̄0 , t /∈ T (4.22a)

ω̄(t+) = ω̄ + L(yr(t)−Qω̄(t)) , t ∈ T (4.22b)

where L ∈ Rq×p is the impulsive observer gain matrix which is designed on the basis of

Theorem 4.2.2. After getting the estimates x̄(·)and ω̄(·), for plant and exogenous system

respectively, the control law (4.17) is updated as,

u(t) = Kx̄(t) +Gω̄(t) (4.23)

From static feedback (4.17) case, we move on to a dynamic feed back structure (4.23),

constructed from the sampled outputs. To achieve the output regulation, we make following

assumption to state our next theorem.

Assumption 4.2.7. It is also assumed that Ac and S have no common eigen values.

Theorem 4.2.3. Considering the closed loop system (4.18), the output regulation is

achieved, if there exists a unique matrix Ξ ∈ Rn×q, which satisfies the following equation,

ΞS = AcΞ + Bc , (4.24a)

0 = CΞ +Q . (4.24b)
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Proof. Let x̌ = x̄− Ξω̄, then equation (4.18) can be written as,

˙̌x = Acx̌ , (4.25a)

ě = Cx̌+ (CΞ +Q)ω̄. (4.25b)

Here we assume that the matrix Ac is Hurwitz, therefore, limt→∞ x̌(t) = 0, hence equa-

tion (4.24a) is proved.

From equation (4.25b), as t→∞, x̌(t)→ 0, therefore,

lim
t→∞

(CΞ +Q)ω̄(t) = 0.

Since, ω̄(t) 6= 0, hence equation (4.24b) is proved.

Remark 4.2.2. From the result of above proof, it is highlighted that there exists a subspace

in Rn characterized by hyperplane Cx̄ + Qω̄ = 0, such that the closed loop system (4.18)

trajectories x(·), will move toward this subspace asymptotically.

4.2.4 Finite Time Convergence and Tracking

A sufficient condition to achieve finite-time regulation together with finite-time tracking for

the sampled output LTI system (4.1) is discussed as the main result of this chapter.

In this section we consider the case of a dynamic control scheme using impulsive ob-

server based feedback. For the sampled-data structure, two finite time impulsive observers

are designed as in [20], to obtain x̄(t) and ω̄(t). These estimates will be used to design the

feedback control structure (4.23). The system (4.18) can be augmented with the impulsive

observers (4.21) and (4.22), to define the composite states as ϕ(t) =

[
x(t)T x̄(t)T

]T
and

ϑ(t) =

[
w(t)T w̄(t)T

]T
, so that the tracking of plant output (4.1) to the reference sig-

nal (4.2) is now converted to the asymptotic output regulation of composite system (4.26) to

origin.
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ϕ̇(t) = Aϕ(t) + Bϑ(t) , ϕ(t0) = ϕ0 , t /∈ T (4.26a)

ϑ̇(t) = Swϑ(t) , ϑ(t0) = ϑ0 , t /∈ T (4.26b)

ϕ(t+) = ϕ(t) + Hxϕ(t) , t ∈ T (4.26c)

ϑ(t+) = ϑ(t) + Lwϑ(t) , t ∈ T (4.26d)

Yi = Cxϕ(ti) + Qωϑ(ti) , i ∈ N (4.26e)

where,

A =

A BK

0 Ac

 ,B =

P BG

0 Bc

 , Sw =

S 0

0 S

 ,

Hx =

 0 0

HC −HC

 , Lw =

 0 0

LQ −LQ

 ,

Cx =

(
C 0

)
,Qω =

(
Q 0

)
.

Here Yi represents the tracking error. Finite time estimation is achieved for the plant

states and exogenous system states using Theorem 4.2.2 and asymptotic output regulation is

achieved using Theorem 4.2.3.

Remark 4.2.3. It is pertinent to mention that after t ≥ (n + q)Ts, the plant states x(·) and

observer states x̄(·) are equal.

Before stating our main theorem, we define the time set Tnq as the domain for finite time

tracking,

Tnq = T \ {t < (n+ q)Ts} (4.28)

Using above notation, we define the jump set (for resetting) and flow set (for continuous

time) of an impulsive observer IDLS as:-
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1. t ∈ Tnq, it means t ∈ T \ {t < (n+ q)Ts}

2. t /∈ Tnq, it means t ≥ (n+ q)Ts \ T

Theorem 4.2.4. There exists an impulsive correction matrix Hc ∈ Rn×p such that finite time

tracking is achieved, when following impulsive correction is added at resetting times t ∈ Tnq,

x̄(t+) = x̄(t)−Hc(Cx̄(t) +Qw̄(t)) , ∀t ∈ Tnq . (4.29)

Proof. Considering the Remark 4.2.2 together with an Assumption 4.2.1, there exists a cen-

ter invariant subspace, which is characterized as the steady state of the system (4.26). The

problem of output regulation is solved if the steady state part of the trajectory ϕ(·) is included

in the kernel of the hyperplane defined in (4.26e). Tracking error of the observer states ε(t)

is defined as,

ε(t) = x̄(t)− Ξw̄(t) . (4.30)

In classical regulation theory, this error goes to zero asymptotically.

lim
t→∞ ε(t) = 0 . (4.31)

In order to make this error zero in finite time, impulsive observer technique is implemented to

drive the states to converge at reference. Continuous time dynamics of closed loop observer

states are according to (4.21),

˙̄x(t) = Acx̄(t) +Bcw̄(t) , x̄(t0) = x̄0 , t /∈ Tnq . (4.32)

The associated Sylvester equation (4.24a) has a unique solution using Theorem 4.2.3. Con-

sidering the tracking error, using the derivative of (4.30), after simplifications,

ε̇(t) = Acε(t) , t /∈ Tnq . (4.33)
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This convergence is converted in finite time by adding impulsive correction to this error,

ε(t+) = x̄(t+)− Ξω̄(t+) , t ∈ Tnq . (4.34)

The discretized form of (5.5), considering the uniform sampling time Ts, can be written as,

ε(t) = eAcTsε(ti−1) , t ∈ Tnq . (4.35)

From above, the resetting law can be written as,

ε(t+) = (I −HcC)eAcTsε(ti−1) , t ∈ Tnq . (4.36)

Where the impulsive correction matrix Hc is based on (4.32), taking tracking error as the

output. Hence it provides the desired correction in ε(t). The solution of continuous error

equation (5.5), with initial condition taken at ti, can be written as,

ε(t) = eAc(t−ti)ε(t+i ) , t /∈ Tnq . (4.37)

The impulsive update in (4.36) and continuous-time dynamics in (4.37) are alternately oper-

ated as in [31], to achieve finite time convergence and resultantly using (4.34), the observer

state impulsive correction can be written as in (4.29).

The same impulsive correction is provided to plant states x(t) through observer states x̄(t)

and w̄(t), so as to make non-impulsive plant to track in finite time after completion of esti-

mation, as mentioned in Remark 4.2.3.

Theorem 4.2.5. The impulsive correction matrix Hc ∈ Rn×p is constructed so as to achieve

the finite time tracking, when following impulsive correction is added at resetting times t ∈

Tnq,

x(t+) = x(t)−Hc(Cx̄(t) +Qw̄(t)) , t ∈ Tnq . (4.38)
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Proof. Tracking error of plant states ε(t) is defined as,

ε(t) = x(t)− Ξw(t) . (4.39)

Same procedure is followed as in Theorem 4.2.4.

Results of Theorem 4.2.4 and Theorem 4.2.5 can be augmented to analyze the composite

states ϕ(·) in (4.26).

ϕ̇(t) = Aϕ(t) + Bϑ(t) , ϕ(t0) = ϕ0 , t /∈ Tnq (4.40a)

ϕ(t+) = ϕ(t)− Hxpϕ(t) + Hxwϑ(t) , t ∈ Tnq (4.40b)

where Hxp =

0 HcC

0 HcC

 and Hxw =

0 HcQ

0 HcQ

. Therefore, the initial phase for t ∈ T is

for finite time convergence and the final phase t ≥ (n+q)T = Tnq is for finite time tracking.

4.2.5 Simulation Results of Finite Time Tracking

In this section we apply the proposed finite time tracking for regulation of a standard mag-

netic levitation system. A linearized magnetic levitation system, defined in [18] is described

as,

A =

 0 1

196.2 −0.02

 , B =

 0

−4.4294

 , CT =

1

0

 .

Sampling time Ts = 0.1s with unit sinusoidal reference w = 1rad/s and disturbance w =

0.5rad/s are considered. The initial condition for the plant is equal to x0 = [0.05 0]T and

for the reference input is equal to ω0 = [1 0]T . For 0 ≤ t ≤ (n + q)Ts observer gain

matrix H and L are chosen according to Theorem 4.2.2 as,

HT =

(
1.8715 26.3488

)
, LT =

(
1 −9.9667

)
.
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For t ≥ (n + q)Ts impulsive correction matrix HT
c =

(
1.0 3.0

)
is chosen according to

Theorem 4.2.4 and 4.2.5.

When Theorem 4.2.2 and 4.2.3 are applied, as considered in [18], the tracking error of

observer states is produced in Fig. 4.4 having an initial impulsive phase for state conver-

gence and an asymptotically decaying phase for tracking error convergence. However, when

Theorem 4.2.4 is applied, as proposed in this chapter, the exponential decay of the tracking

error of the observer states ê(t) is converted to finite time tracking as shown in Fig. 4.5.

More importantly, when Theorem 4.2.5 is applied, the tracking error of the plant states e(t)

is shown in Fig. 4.6.
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Figure 4.4: Tracking error of observer ε(t).

4.3 Summary of Finite Time Regulation and Tracking

For linear time invariant system, the problem of output regulation is presented, using an im-

pulsive observer based control scheme. The convergence of impulsive observer is guaranteed

in a finite time. The proposed scheme is well suited to be applied to continuous-time linear
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Figure 4.5: Finite time tracking error of observer ε(t).
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Figure 4.6: Finite time tracking error of plant ε(t).

system having only sampled measurements at its output. The output regulation is achieved

in the presence of deterministic disturbances. Existing asymptotic convergence and tracking

for continuous time linear systems is converted to a deadbeat like response of a discrete time

system. Numerical simulations demonstrate the effectiveness of the proposed design, under

sampled output constraint, achieving the regulation as well as the finite time tracking.
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Chapter 5

Finite Horizon Estimation with Observation Noise

1 In this chapter, we present a finite horizon estimator for linear time-varying systems. The

batch processed solution as well as recursive solution is formulated for the considered prob-

lem. The deterministic input has not been incorporated by most of the authors while dis-

cussing the case of a finite or a moving horizon filter. Avoiding the expanding memory size

of all the past observations, the horizon is kept at a desired length to eliminate the effect

of past observations. The effect of observations is controlled through a weighting factor, so

that the nearest past observations are considered to have more contribution. This amounts

to less memory and faster computation of the estimates, by choosing the appropriate size of

the moving window. The finite horizon of input and output measurements guarantees filter

stability. Moreover, unlike Kalman filter, the proposed filter does not require process and

observation noise statistics for estimation. However, to ensure stability of estimation, we

have assumed certain bounds. This feature makes the filter an appealing choice, especially

in situations where accurate knowledge of process and measurement noise is not available.

5.1 Finite Horizon Estimation

In this section finite horizon estimation design technique is introduced for discrete-time sys-

tems in comparison with standard estimation techniques.

5.1.1 The System Model

We use discrete model for deriving the estimator forms in batch and recursive forms, how-

ever, the sampled-data linear system model is also applicable for the proposed estimation,

1Portion of this chapter appears in [83]
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as it will be clear in the example section. In the domain of state-space discrete time varying

linear systems, we propose the finite horizon estimation considering the following system

model

x(i+ 1) = G(i)x(i) + F (i)u(i) , x(i0) = x0 (5.1a)

y(i) = D(i)x(i) + v(i) (5.1b)

where i ∈ Z represents the discrete time index, x(·) ∈ Rn represents the system state vec-

tor, y(·) ∈ Rq represents the output of the system and u(·) ∈ Rm represents the control

input. The system model and interface matrices G(·) ∈ Rn×n, F (·) ∈ Rn×m, D(·) ∈ Rq×n

are discrete time-varying matrices. It is assumed that these matrices are deterministic and

all parameters are certain. However, the measured output y(i) is distorted due to the effect

of measurement noise v(i) ∈ Rq. We get the uncertain measurements at the output due to

observation noise v(i). The characteristic of the noise v(i) is not restricted to any particular

class. In the considered system, the statistical information of noise is not required. How-

ever, for the noise v(i), it is assumed to have a certain bound for achieving the bounded

convergence. We consider the starting index as i0, where the initial state x0 is known. The

measured output y(i) is available for i > i0. The standard assumption for the observability

is considered with l-step observable matrix pair
(
G(i), D(i)

)
[80]. Considering the discrete

system (4.1a), the state transition matrix is given as,

G(p, q) =


G(p− 1)G(p− 2) . . . G(q) : p > q

I : p = q

(5.2)
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which is governed by following transitions in the discrete indices p, q, r ∈ Z

G−1(p, q) = G(q, p) , ∀p, q (5.3a)

G(p, r) = G(p, q)G(q, r) , r ≤ q ≤ p (5.3b)

G(p+ 1, p) = G(p) , (5.3c)

in which, it is assumed that the matrix G(i) is invertible.

5.1.2 Classical Approach

The standard observer structure is considered to be of Luenberger-type. Considering the

measured output y(i) and the input u(i) are available, we get,

x̂(i+ 1) = G(i)x̂(i) + F (i)u(i) +Hg(i)(y(i)− ŷ(i)) , x̂(i0) = x̂0 (5.4a)

ŷ(i) = D(i)x̂(i) (5.4b)

where x̂(i) is the estimated state based on prediction, Hg(i) is the correction gain applied on

the difference between the estimated output ŷ(i) and the measured output y(i). This form

is used when the all the measured output data is available. Considering the finite length of

measurement along with the input signal, the idea of finite horizon observer is applied.

5.1.3 Adaptive Estimation in State Space Adaptive

Motivated by the state-space framework of Kalman filter, the underlying concept of LMS

and RLS have been extended in the form of SSLMS in [35] and the SSRLS in [36] using the

state space model of the governing environment and some variants of it. It has been proved

to exhibit faster convergence rates and superior tracking performances over the existing ap-

proaches, other than the capability to handle multiple input multiple output (MIMO) systems

conveniently.
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5.1.4 Expanding Memory Filter

In an expanding memory filter, all past observations are considered, according to weights, to

evaluate each current estimate. This leads to the design of SSRLS based IIR filter in which,

the memory of the filter is expanded on each successive iteration i. The design of SSRLS is

based on the the well-known estimator form used in Kalman filter,

x̄e(i) = x̂e(i) +K(i)ε(i) (5.5)

where x̄e(i) is the estimated state, x̂e(i) is the predicted state, K(i) is the observer gain,

and ε(i) = y(i) − ŷe(i) is the prediction error for expanding memory case. The relation

between Hg(i) and K(i) is discussed in [79], in which the prediction error ε(i) is considered

as innovations with reference to Kalman filter. To overcome the limitation of expanding

memory size, the design is further extended to achieve finite horizon filter.

5.1.5 Finite Horizon Filter

Since the introduction of the concept of SSRLS in [36], the idea is further extended to

achieve finite time estimation using least square approach. In order to achieve simultane-

ously the stability of the estimator and adequate filtering of the observation noise, the finite

horizon technique is the most suited approach. In this method, only a finite number of mea-

surements p are used. The finite horizon state estimate x̄p(i) is determined by the following

form of an equation.

x̄p(i) = f1(i)x̄p(i− 1) + f2(i)u(i− 1)− f3(i)u(i− p) + f4(i)y(i)− f5(i)y(i− p) (5.6)

where f1(i) . . . f5(i) are matrices of appropriate dimensions designed in this chapter that

constitute the structure of the proposed observer. We wish that at i-th recursion, the es-

timator should add the impact of delayed input u(i − 1) and the current output y(i) and

simultaneously remove the influence of the oldest input u(i − p) and the output y(i − p).
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Alternatively speaking, the observations are purposefully windowed to ensure the stability

of the observer. Contrary to the classical approach of exponential forgetting of the old val-

ues, a sliding window of size p is used for estimation. The shape and size of the sliding

window can be tailored as per the problem. The effect of the oldest2 inputs and the outputs

are removed as the new ones arrive, thus making the estimator finite horizon. In the rest of

this chapter we proceed to find the appropriate values of f1(i) . . . f5(i) to design the finite

horizon estimation (5.6).

5.1.6 Evaluation of Error Performance

In the absence of observation noise v(i), the purpose of finite horizon estimation is to achieve

finite time convergence in error, when the recursion index i ≥ p. In the context of finite

horizon approach with p measurements, the objective of proposed observer (5.6) under the

stochastic framework of (5.1), is to construct n × 1 state estimation x̄p(i) such that we take

the expectation E(·) of the error in estimation as,

lim
i≥p

E
(
x(i)− x̄p(i)

)
= 0 (5.7)

Another performance measure is the behavior of mean-square deviation [84] given

by E
((
x(i)− x̄p(i)

)2
)

.

5.2 Finite Horizon Least Square Approach

The conventional method to develop an estimator using a finite set (batch) of output measure-

ment and input data is based on the typical method of least squares [36]. Let p-observations

be collected in the interval [i−p+1, i]. Considering y(i) as the current output measurement,

2In the interval [i−p+ 1, i], the current index value is at i-th recursion and the oldest is the (i−p)-th index
values.
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one step past measurement y(i− 1) can be equated using the system model (5.1).

y(i− 1) = D(i− 1)x(i− 1) + v(i− 1)

= D(i− 1)G(i− 1, i)x(i)−D(i− 1)G(i− 1, i)ζ(i− 1) + v(i− 1)

(5.8)

where ζ(i) , F (i)u(i). Therefore, we can write a vector equation of length pq as,

Yp(i) = Rp(i)x(i)− Πp(i) + Vp(i) (5.9)

where Yp(i) ∈ Rpq×1, Rp(i) ∈ Rpq×n,Πp(i) ∈ Rpq×1, Vp(i) ∈ Rpq×1. Define λ as forgetting

factor such that 0 < λ ≤ 1 , Qp(i) ∈ Rpq×pq.

Yp(i) ,



y(i− p+ 1)

...

y(i− 1)

y(i)


, Rp(i) ,



D(i− p+ 1)G(i− p+ 1, i)

...

D(i− 1)G(i− 1, i)

D(i)


,

Vp(i) ,



v(i− p+ 1)

...

v(i− 1)

v(i)


, Qp ,



λp−1Im 0 · · · 0 0

...
... . . . ...

...

0 0 · · · λIm 0

0 0 · · · 0 Im


,

Πp(i) ,



D(i− p+ 1)G(i− p+ 1, i)
(∑p−2

j=0 G(i, i− j)ζ(i− j − 1)
)

...

D(i− 1)G(i− 1, i)ζ(i− 1)

0


.

(5.10)
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Then solving the vector equation (5.9) for a batch of p, can be written as,

x̄p(i) =
(
RT
p (i)QpRp(i)

)−1

RT
p (i)Qp

(
Yp(i) + Πp(i)

)
(5.11)

The estimate x̄p(i) is calculated for the interval [i− p+ 1, i]. Then discrete index i is incre-

mented for the evaluation of next estimate, moving the batch window ahead. The forgetting

factor λ in matrix Qp assigns the respective weightage within the moving batch, by dimin-

ishing the oldest information the most and by maximizing the most recent information. In

case equal weightage is allotted for the moving batch window, the matrix Qp becomes an

identity matrix, i.e. Qp = Ip, a rectangular window for the batch interval [i− p+ 1, i].

5.2.1 Finite Horizon Recursive Estimates

Recursive algorithms are adopted to avoid the expanding length of the past observations,

such that only last observation y(i) is used. To start the recursion, we need to know a priori

state estimate x̄p(i − 1), which is our estimate prior to receiving the observation y(i). In a

recursive estimate, the state estimate x̄p(i) is evaluated using i-th index measurement values,

as opposed to the batch processed solution in (5.11), in which updated state is obtained using

a batch of p measurements. Keeping the batch process solution as the basis of recursive

calculations, we define the terms as follows,

Ψp(i) , RT
p (i)QpRp(i) (5.12a)

Ωp(i) , RT
p (i)QpYp(i) (5.12b)

Γp(i) , RT
p (i)QpΠp(i) (5.12c)

Therefore, the recursive estimate in (5.11) is defined as,

x̄p(i) , Ψ−1
p (i)

(
Ωp(i) + Γp(i)

)
(5.13)
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The estimate x̄p(i) in (5.13) is equivalent to (5.11) defined in terms of i-th recursion of its

variables. Therefore, the recursive values of Ψp(i),Ωp(i),Γp(i) are defined in terms of other

variables such as, η(i),Φ(i),∆(i),Θ(i), for which the derivations are posted in Section 5.3.

Here we define variables as,

η(i) , G(i− p, i) (5.14a)

Φ(i) , D(i− p)η(i) (5.14b)

∆(i) , λΨp(i− 1)− λp
(

Φ(i)G(i, i− 1)
)T

Φ(i)G(i, i− 1) (5.14c)

Θ(i) , G(i, i− 1)Θ(i− 1) +G(i, i− 1)ζ(i− 2)−G(i, i− p)ζ(i− p− 1) (5.14d)

To work out the matrix inversion of Ψ−1
p (i) and ∆−1(i), we substitute matrix inversion

lemma [84] to get the recursive estimates in time-saving and efficient way. The recursive

forms to evaluate (5.13) are given as follows.

Ψ−1
p (i) =G(i, i− 1)∆−1(i)GT (i, i− 1)−G(i, i− 1)∆−1(i)GT (i, i− 1)DT (i)

×
(
I +D(i)G(i, i− 1)∆−1(i)GT (i, i− 1)DT (i)

)−1

×D(i)G(i, i− 1)∆−1(i)GT (i, i− 1) (5.15a)

Ωp(i) =λGT (i− 1, i)Ωp(i− 1) +DT (i)y(i)− λpGT (i− p, i)DT (i− p)y(i− p)

(5.15b)

Γp(i) =λGT (i− 1, i)Γp(i− 1) +
(

Ψp(i)−DT (i)D(i)
)
ζ(i− 1)

− λpΦT (i)Φ(i)Θ(i) (5.15c)

In the framework of recursive values (5.15), the finite estimation is calculated (5.13) at each

discrete index i under the moving window [i−p+1, i] of a fixed length p. At each increment

of discrete index the delayed input u(i− 1) and the current output y(i) are inserted to obtain

the updated state estimate and the influence of the oldest input u(i− p) and output y(i− p)
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are eliminated.

5.2.2 Equivalent Form of Finite Horizon Estimate

An equivalent form is derived, based on (5.13). The finite state estimate can be interpreted

into a more simpler form as,

x̄p(i) =λΨ−1
p (i)GT (i− 1, i)Ψp(i− 1)x̄p(i− 1) + Ψ−1

p (i)DT (i)y(i)

− λpΨ−1
p (i)ΦT (i)y(i− p) + Ψ−1

p (i)ζ(i)− λΨ−1
p (i)GT (i− 1, i)Γp(i− 1)

(5.16)

The estimate is of the same form as desired in (5.6) and therefore the corresponding values

of mapping coefficients f1(i) . . . f5(i) are obvious.

5.2.3 Finit Horizon Estimate for Time Invariant Case

When the system model (5.1) under consideration is in time-invariant form, the result

of (5.16) is seamlessly translated to get the time-invariant forms. In this case the further

simplification of η(i) is made for a steady state solution. Therefore (5.16) simplifies to,

x̄p(i) =λΨ−1
p A−TΨpx̄p(i− 1) + Ψ−1

p Γp(i)− λΨ−1
p A−TΓp(i− 1)

+ Ψ−1
p DTy(i)− λpΨ−1

p (GT )−pDTy(i− p)
(5.17)

5.2.4 Structure of Recursive Startup

To start the recursion, proper initialization is required. We consider the initialization length

as β ≥ l. Using the past β measurements in the starting interval [i− β + 1, i], we can write

the equation for initial batch of length β,

Yb(i) = Rbx(i)− Πb(i) + Vb(i) (5.18)

where Yb ∈ Rβq×1, Rb ∈ Rβq×n,Πb(i) ∈ Rβq×1 and Qb ∈ Rβq×βq

Batch process solution in terms of least square is similar to (5.11), except the batch is of
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fixed length β in the starting interval [i− β + 1, i].

x̄b(i) = (RT
b QbRb)

−1RT
b Qb

(
Yb(i) + Πb(i)

)
= Ψ−1

b (i)
(

Ωb(i) + Γb(i)
) (5.19)

where Ψb(i) ∈ Rn×n = RT
b QbRb , Ωb(i) ∈ Rn×1 = RT

b QbYb(i) , Γb(i) ∈ Rn×1 =

RT
b (i)QbΠb(i)

In the start, 1 ≤ i < l, the estimate x̄b is not defined as the matrix Ψb(i) is rank deficient

due to l-step observability. As l ≤ i ≤ β, the meaningful estimate x̄b starts appearing in the

following two ways.

5.2.5 Delayed Recursion

In this initialization, the estimate will be provided at end of the initialization length (β). For

finite horizon estimation in recursive form (5.13), the delayed recursion [36] is an appropriate

method to initialize the estimator. It is a more practical and suitable mechanism of estimating

the initial state x0 of the system (5.1).

5.2.6 Expanding Memory Initialization

It is customary to take zero a priori state estimate, if no other estimate is available. To

avoid the delay, we can get the updated recursive estimate at every index. To obtain an

estimate, (5.15) is modified, at the cost of some conservatism 3 .

Ψb(i) =λGT (i− 1, i)Ψb(i− 1)G(i− 1, i) +DT (i)D(i) (5.20a)

Ωb(i) =λGT (i− 1, i)Ωb(i− 1) +DT (i)y(i) (5.20b)

Γb(i) =λGT (i− 1, i)Γb(i− 1) +
(

Ψb(i)−DT (i)D(i)
)
ζ(i− 1) (5.20c)

As i > β, the initialization phase is terminated and the estimates x̄p(i) are based on a moving

window of size p-measurements using proposed algorithm in (5.15), while considering the

3As in this starting interval interval [i− β + 1, i], the effect of the oldest input and output are not removed.
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unknown initial values obtained through initialization phase. It must be noted that to start the

recursion with valid past values, the initialization length β has to be equal to or greater than

horizon length p, to cater for a valid past data values such as y(i − p), ζ(i − p). Therefore,

method of delayed recursion is considered to be more appropriate for initialization.

5.3 Derivations of Recursive Forms

In order to derive the recursive forms of (5.13), we consider the direct variables Ψ−1
p (i),Ωp(i),Γp(i)

and indirect variables Ψp(i), η(i) for calculation of recursive forms as following.

5.3.1 Derivation of Recursive Ψp(i)

Using definition of Ψp(i) from (5.12a) and definitions of Rp(i) and Qp from (5.10), we get

the direct form of Ψp(i) at i-th recursion.

Ψp(i) =λp−1GT (i− p+ 1, i)DT (i− p+ 1)D(i− p+ 1)G(i− p+ 1, i)

+ λp−2GT (i− p+ 2, i)DT (i− p+ 2)D(i− p+ 2)G(i− p+ 2, i)

+ · · ·+ λGT (i− 1, i)DT (i− 1)D(i− 1)G(i− 1, i) +DT (i)D(i)

(5.21)

First we delay the values one step to get all terms with time index i changed with i − 1,

and then multiply the delayed equation by λGT (i− 1, i) from left hand side (LHS) and then

multiply the product equation by G(i− 1, i) from right hand side (RHS). The result of these

arithmetic calculations are,

λGT (i− 1, i)Ψp(i− 1)G(i− 1, i) = λpGT (i− p, i)DT (i− p)D(i− p)G(i− p, i)

+ λp−1GT (i− p+ 1, i)DT (i− p+ 1)D(i− p+ 1)G(i− p+ 1, i)

+ · · ·+ λ2GT (i− 2, i)DT (i− 2)D(i− 2)G(i− 2, i)

+ λGT (i− 1, i)DT (i− 1)D(i− 1)G(i− 1, i)

(5.22)

We add the term DT (i)D(i) and subtract the term λpGT (i − p, i)DT (i − p)D(i − p)G(i −

p, i) on both sides of (5.22), resultantly the LHS becomes the same as the RHS of (5.21).
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Therefore, we can find Ψp(i)

Ψp(i) = λGT (i− 1, i)Ψp(i− 1)G(i− 1, i) +DT (i)D(i)

− λpGT (i− p, i)DT (i− p)D(i− p)G(i− p, i)
(5.23)

5.3.2 Derivation of Recursive η(i)

In the finite horizon estimation (5.13), we need to have the recursive form of Ψ−1
p (i). As an

intermediate step, we first derive the recursive form of η(i), which is used indirectly in the

derivations of recursive Ψ−1
p (i) through Φ(i). It also provides us directly p step multiplica-

tions of state transition matrices as indicated in (5.14a),

η(i) = G−1(i, i− p)

= G−1(i− p)G−1(i− p− 1) . . . G−1(i− 2)G−1(i− 1)

(5.24)

First we delay the values one step to get all terms with time index i changed with i − 1

in (5.24), and then multiply the delayed equation by G(i − p − 1) from LHS and then

multiply the product equation by G−1(i − 1) from RHS. Resultantly the LHS becomes the

same as the RHS of (5.24). The result of these arithmetic calculations are,

η(i) = G−1(i− p)Ψ(i− 1)G−1(i− 1) (5.25)

5.3.3 Derivation of Recursive Ψ−1
p (i)

Using definition of Φ(i) from (5.14b) and from (5.23), we get

Ψp(i) = λGT (i− 1, i)Ψp(i− 1)G(i− 1, i)− λpΦT (i)Φ(i) +DT (i)D(i) (5.26)
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In (5.26), multiply from LHS by GT (i, i − 1) and then multiply from RHS by G(i, i − 1),

we get

GT (i, i− 1)Ψp(i)G(i, i− 1) =λη(i− 1)− λpGT (i, i− 1)ΦT (i)Φ(i)G(i, i− 1)

+GT (i, i− 1)DT (i)D(i)G(i, i− 1)

(5.27)

Using definition of ∆(i) from (5.14c) and from (5.27), we get

GT (i, i− 1)Ψp(i)G(i, i− 1) = ∆(i) +GT (i, i− 1)DT (i)D(i)G(i, i− 1) (5.28)

We apply the lemma for matrix inversion [84], then simplify the terms, resultantly (5.28) can

be written as, in which I represents an appropriate dimension identity matrix,

Ψ−1
p (i) =G(i, i− 1)∆−1(i)GT (i, i− 1)−G(i, i− 1)∆−1(i)GT (i, i− 1)DT (i)

×
(
I +D(i)G(i, i− 1)∆−1(i)GT (i, i− 1)DT (i)

)−1

×D(i)G(i, i− 1)∆−1(i)GT (i, i− 1)

(5.29)

Similarly applying the lemma for matrix inversion for calculating ∆−1(i) we get,

∆−1(i) =λ−1Ψ−1
p (i− 1)− λp−2Ψ−1

p (i− 1)GT (i, i− 1)ΦT (i)

×
(
−I + λp−1Φ(i)G(i, i− 1)Ψ−1

p (i− 1)GT (i, i− 1)ΦT (i)
)−1

× Φ(i)G(i, i− 1)Ψ−1
p (i− 1)

(5.30)

5.3.4 Derivation of Recursive Ωp(i)

Using definition of Ωp(i) from (5.12b) and definitions of Rp(i), Qp and Yp(i) from (5.10),

we get the direct form of Ωp(i) at i-th recursion.

Ωp(i) =λp−1GT (i− p+ 1, i)DT (i− p+ 1)y(i− p+ 1)

+ λp−2GT (i− p+ 2, i)DT (i− p+ 2)y(i− p+ 2) + . . .

+ λGT (i− 1, i)DT (i− 1)y(i− 1) +DT (i)y(i)

(5.31)
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First we delay the values one step to get all terms with time index i changed with i− 1, then

multiply the delayed equation by λGT (i − 1, i) from LHS. The result of these arithmetic

calculations are,

λGT (i− 1, i)Ωp(i− 1) =λpGT (i− p, i)DT (i− p)y(i− p)

+ λp−1GT (i− p+ 1, i)DT (i− p+ 1)y(i− p+ 1)

+ · · ·+ λ2GT (i− 2, i)DT (i− 2)y(i− 2)

+ λGT (i− 1, i)DT (i− 1)y(i− 1)

(5.32)

Adding DT (i)y(i) to both sides, we get

λGT (i− 1, i)Ωp(i− 1) +DT (i)y(i) = λpGT (i− p, i)DT (i− p)y(i− p)

+ λp−1GT (i− p+ 1, i)DT (i− p+ 1)y(i− p+ 1)

+ · · ·+ λ2GT (i− 2, i)DT (i− 2)y(i− 2)

+ λGT (i− 1, i)DT (i− 1)y(i− 1) +DT (i)y(i)

(5.33)

Comparing it with (5.31), we can write the recursive form of Ωp(i) as

Ωp(i) = λGT (i− 1, i)Ωp(i− 1) +DT (i)y(i)− λpGT (i− p, i)DT (i− p)y(i− p) (5.34)
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5.3.5 Derivation of Recursive Γp(i)

Using definition of Γp(i) from (5.12c) and definitions of Rp(i), Qp and Πp(i) from (5.10),

we get the direct form of Γp(i) at i-th recursion.

Γp(i) =λp−1GT (i− p+ 1, i)DT (i− p+ 1)D(i− p+ 1)G(i− p+ 1, i)
(
ζ(i− 1)

+G(i, i− 1)ζ(i− 2) + · · ·+G(i, i− p+ 2)ζ(i− p+ 1)
)

λp−2GT (i− p+ 2, i)DT (i− p+ 2)D(i− p+ 2)G(i− p+ 2, i)
(
ζ(i− 1)

+G(i, i− 1)ζ(i− 2) + · · ·+G(i, i− p+ 3)ζ(i− p+ 2)
)

+ · · ·+ λ2GT (i− 2, i)DT (i− 2)D(i− 2)G(i− 2, i)
(
ζ(i− 1)

+G(i, i− 1)ζ(i− 2)
)

+ λGT (i− 1, i)DT (i− 1)D(i− 1)G(i− 1, i)ζ(i− 1)

(5.35)

First we delay the values one step to get all terms with time index i changed with i − 1

in (5.24), and then multiply the delayed equation by λGT (i − 1, i) from LHS and then

multiply the product equation by G(i− 1, i)G(i, i− 1) = I from RHS. Resultantly the LHS

becomes the same as the RHS of (5.24). The result of these arithmetic calculations are,

λGT (i− 1, i)Γp(i− 1) = λpGT (i− p, i)DT (i− p)D(i− p)G(i− p, i)

×
(
G(i, i− 1)ζ(i− 2) +G(i, i− 2)ζ(i− 3) + · · ·+G(i, i− p+ 1)ζ(i− p)

)
+ λp−1GT (i− p+ 1, i)DT (i− p+ 1)D(i− p+ 1)G(i− p+ 1, i)

×
(
G(i, i− 1)ζ(i− 2) +G(i, i− 2)ζ(i− 3) + · · ·+G(i, i− p+ 2)ζ(i− p+ 1)

)
+ · · ·+ λ3GT (i− 3, i)DT (i− 3)D(i− 3)G(i− 3, i)

(
G(i, i− 1)ζ(i− 2)

+G(i, i− 2)ζ(i− 3)
)

+ λ2GT (i− 2, i)DT (i− 2)D(i− 2)G(i− 2, i)
(
G(i, i− 1)ζ(i− 2)

)
(5.36)
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Using direct form of Ψp(i) from (5.21), we can write

Ψp(i)−DT (i)D(i) = λp−1GT (i− p+ 1, i)DT (i− p+ 1)D(i− p+ 1)G(i− p+ 1, i)

+ λp−2GT (i− p+ 2, i)DT (i− p+ 2)D(i− p+ 2)G(i− p+ 2, i) + . . .

+ λGT (i− 1, i)DT (i− 1)D(i− 1)G(i− 1, i)

(5.37)

Multiply (5.37) from LHS by ζ(i− 1), we get

(
Ψp(i)−DT (i)D(i)

)
ζ(i− 1) = λp−1GT (i− p+ 1, i)DT (i− p+ 1)

×D(i− p+ 1)G(i− p+ 1, i)ζ(i− 1)

λp−2GT (i− p+ 2, i)DT (i− p+ 2)D(i− p+ 2)G(i− p+ 2, i)ζ(i− 1) + . . .

λGT (i− 1, i)DT (i− 1)D(i− 1)G(i− 1, i)ζ(i− 1)

(5.38)

Adding both sides of (5.38) in (5.36), we get

λGT (i− 1, i)Γp(i− 1) +
(

Ψp(i)−DT (i)D(i)
)
ζ(i− 1) = λpGT (i− p, i)DT (i− p)

×D(i− p)G(i− p, i)
(
G(i, i− 1)ζ(i− 2) +G(i, i− 2)ζ(i− 3)

+ · · ·+G(i, i− p+ 1, i)ζ(i− p)
)

+ λp−1GT (i− p+ 1, i)DT (i− p+ 1)D(i− p+ 1)G(i− p+ 1, i)
(
ζ(i− 1)

+G(i, i− 1)ζ(i− 2) +G(i, i− 2)ζ(i− 3) + · · ·+G(i, i− p+ 2)ζ(i− p+ 1)
)

+ . . .

+ λ3GT (i− 3, i)DT (i− 3)D(i− 3)G(i− 3, i)
(
ζ(i− 1) +G(i, i− 1)ζ(i− 2)

+G(i, i− 2)ζ(i− 3)
)

+ λ2GT (i− 2, i)DT (i− 2)D(i− 2)G(i− 2, i)
(
ζ(i− 1) +G(i, i− 1)ζ(i− 2)

)
(5.39)
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The RHS of (5.39)(excluding the first term) is equivalent to (5.35), therefore we can write

the recursive form of Γp(i) as

Γp(i) =λGT (i− 1, i)Γp(i− 1) +
(

Ψp(i)−DT (i)D(i)
)
ζ(i− 1)

− λpGT (i− p, i)DT (i− p)D(i− p)G(i− p, i)
(
G(i, i− 1)ζ(i− 2)

+G(i, i− 2)ζ(i− 3) + · · ·+G(i, i− p+ 1)ζ(i− p)
) (5.40)

We define Θ(i) as,

Θ(i) , G(i, i− 1)ζ(i− 2) +G(i, i− 2)ζ(i− 3) + · · ·+G(i, i− p+ 1)ζ(i− p) (5.41)

Replacing time index i by i− 1, and pre-multiplying both sides by G(i, i− 1) gives us,

G(i, i− 1)Θ(i− 1) =G(i, i− 2)ζ(i− 3) +G(i, i− 3)ζ(i− 4)

+ · · ·+G(i, i− p)ζ(i− p− 1)

(5.42)

Adding G(i, i− 1)ζ(i− 2) to both sides, we get

G(i, i− 1)Θ(i− 1) +G(i, i− 1)ζ(i− 2) = G(i, i− 1)ζ(i− 2)

+G(i, i− 2)ζ(i− 3) +G(i, i− 3)ζ(i− 4) + · · ·+G(i, i− p)ζ(i− p− 1)

(5.43)

From (5.41) and (5.43), we get following recursion for Θ(i)

Θ(i) = G(i, i− 1)Θ(i− 1) +G(i, i− 1)ζ(i− 2)−G(i, i− p)ζ(i− p− 1) (5.44)

Therefore, the recursive form of Γp(i) in (5.40) can be written in terms of Θ(i) and Φ(i) as

Γp(i) =λGT (i− 1, i)Γp(i− 1) +
(

Ψp(i)−DT (i)D(i)
)
ζ(i− 1)

− λpΦT (i)Φ(i)Θ(i)

(5.45)

5.4 Evaluation of Stability and Convergence

We investigate the efficiency of the proposed estimation technique (5.13) based on the sta-

bility results and error convergence characteristics. Some necessary assumptions are made
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before stating two lemmas, related to convergence in mean.

5.4.1 Stability for Time Invariant Case

The construction of the finite horizon estimation produces a framework of a filter which is

of FIR type, for which the stability is always guaranteed. Considering the time-invariant

form (5.17) gives more insight of this fact, specially once representing it in z-domain, the

filter becomes,

X̄(z) =Ψ−1
p

p−1∑
j=0

λj(GT )−jz−jDTY (z)

+ Ψ−1
p

p−1∑
j=1

λj(GT )−jDTDG−j
j∑

k=1

Gi−1Fz−kU(z)

(5.46)

5.4.2 Assumptions of Convergence Analysis

The bound on convergence can be developed once we know the characteristic of the

noise v(i) in the system. However, this knowledge is not essential to calculate the finite

horizon estimation (5.13), but it helps to study the estimation errors and deviations in the

finite horizon framework.

Assumption 5.4.1. It is assumed that the expected value of the measurement noise v(i) is

zero, i.e.

E
(
v(i)

)
= 0 (5.47)

Assumption 5.4.2. There is a finite and bounded variance σ2
v for the measurement

noise v(i),

E
(
v(i)vT (j)

)
=


σ2
vI : i = j

0 : i 6= j

(5.48)

This makes the measurement noise v(i) of the type as white noise.
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5.4.3 Convergence in Mean

Lemma 5.4.1. Expected value of the finite estimation error
(
x(i)− x̄p(i)

)
is zero under the

observability of
(
G(i), D(i)

)
such that the index i > p, where p is the size of finite horizon.

Proof. Using direct form of Ψp(i) from (5.21), we can write

Ψp(i) =

p−1∑
k=0

λkGT (i− j, i)DT (i− j)D(i− j)G(i− j, i) (5.49)

Similarly using direct form of Ωp(i) from (5.31), we can write

Ωp(i) =

p−1∑
k=0

λkGT (i− j, i)DT (i− j)y(i− j) (5.50)

and direct form of Γp(i) from (5.35), we can write

Γp(i) =

p−1∑
j=1

λkGT (i− j, i)DT (i− j)D(i− j)G(i− j, i)
j∑

k=1

G(i, i− k+ 1)ζ(i− k) (5.51)

Considering the matrix G(i) as invertible, we may write (5.1b) as

y(1) = D(1)x(1) + v(1)

= D(1)
(
G(1, 2)x(2)−G(1, 2)ζ(1)

)
+ v(1)

= D(1)

(
G(1, 2)

(
G(2, 3)x(3)−G(2, 3)ζ(2)

)
−G(1, 2)ζ(1)

)
+ v(1)

(5.52)

where we have used the properties (5.2) and (5.3). Moreover,

x(1) =G(1, 2)x(2)−G(1, 2)ζ(1)

x(2) =G(2, 3)x(3)−G(2, 3)ζ(2)

...

x(i) =G(i, i+ 1)x(i+ 1)−G(i, i+ 1)ζ(i)

(5.53)

are obtained from system (5.1). We may generalize the results of (5.52) to achieve backward
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in-time calculations,

y(i−j) = D(i−j)G(i−j, i)x(i)−
j∑

k=1

D(i−j)G(i−j, i−k+1)ζ(i−k)+v(i−j) (5.54)

We replace y(i− j) from (5.54) in (5.50) and make use of (5.49) and (5.51), we get

Ωp(i) =

p−1∑
j=0

λjGT (i− j, i)DT (i− j)
(
D(i− j)G(i− j, i)x(i)

−
i∑

k=1

D(i− j)G(i− j, i− k + 1)ζ(i− k) + v(i− j)
)

Ωp(i) =

(
p−1∑
j=0

λjGT (i− j, i)DT (i− j)D(i− j)G(i− j, i)
)
x(i)

−
p−1∑
j=0

λjGT (i− j, i)DT (i− j)
( j∑
k=1

D(i− j)G(i− j, i− k + 1)ζ(i− k) + v(i− j)
)

Ωp(i) = Ψp(i)x(i)−
p−1∑
j=0

λjGT (i− j, i)DT (i− j)
( j∑
k=1

D(i− j)G(i− j, i− k + 1)ζ(i− j)
)

+

p−1∑
j=0

λjGT (i− j, i)DT (i− j)v(i− j)

Ωp(i) = Ψp(i)x(i)− Γp(i) +

p−1∑
j=1

λjGT (i− j, i)DT (i− j)v(i− j)

(5.55)

We assume that Ψp(i) is invertible for k ≥ l,

Ψ−1
p (i)

(
Ωp(i) + Γp(i)

)
= x(i) + Ψ−1

p (i)

p−1∑
j=0

λjGT (i− j, i)DT (i− j)v(i− j) (5.56)

From (5.13) we can write

x̄p(i) = x(i) + Ψ−1
p (i)

p−1∑
j=0

λjGT (i− j, i)DT (i− j)v(i− j) (5.57)

Using the Assumption 5.4.1, the expected value of the estimate can be written as,

E
(
x̄p(i)

)
=x(i) + Ψ−1

p (i)

p−1∑
j=0

λjGT (i− j, i)DT (i− j)E
(
v(i− j)

)
=x(i)

(5.58)
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For i > p, we get a unbiased state estimate, which confirms the finite time mean convergence.

5.4.4 Mean Square Deviation

Before stating our Lemma, we define a variant form of Ψp(i), in which λj is replaced by λ2j .

Ωσ(i) ,
p−1∑
j=0

λ2jGT (i− j, i)DT (i− j)D(i− j)G(i− j, i) (5.59)

Lemma 5.4.2. The deviation in mean square sense is evaluated as the expected

value of the autocorrelation of the estimation error E
(
eT (i)e(i)

)
as Dσ(i) =

Tr
(

Ψ−1
p (i)Ωσ(i)Ψ−1

p (i)
)
σ2
v under the observability of

(
G(i), D(i)

)
such that the in-

dex i > p, where p is the size of finite horizon.

Proof. Taking the difference of the system states with the estimated states is characterize as

the estimation error,

e(i) , x(i)− x̄p(i) (5.60)

Then we represent the deviation Dσ(i) in terms of estimation error,

Dσ(i) , E
(
eT (i)e(i)

)
= Tr

(
E
(
e(i)eT (i)

))
(5.61)

For i > p, using (5.57), we get

e(i) = −Ψ−1
p (i)

p−1∑
j=1

λjGT (i− j, i)DT (i− j)v(i− j) (5.62)
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Inserting the value of estimation error in (5.61) and from (5.12a)

Dσ(i) = E
(

Ψ−1
p (i)

p−1∑
j=0

p−1∑
k=0

λjλkGT (i− j, i)DT (i− j)v(i− j)vT (i− k)D(i− k)G(i− k, i)

Ψ−1
p (i)

)

= Tr
(
E
(
Ψ−1
p (i)

p−1∑
j=0

p−1∑
k=0

λjλkGT (i− j, i)DT (i− j)v(i− j)vT (i− k)D(i− k)G(i− k, i)

Ψ−1
p (i)

))

= Tr
(

Ψ−1
p (i)

p−1∑
j=0

p−1∑
k=0

λjλkGT (i− j, i)DT (i− j)E
(
v(i− j)vT (i− k)

)
D(i− k)G(i− k, i)

Ψ−1
p (i)

)
(5.63)

As the characteristics of measurement noise have been assumed to be white as per Assump-

tion 5.4.2,

Dσ(i) = Tr
(

Ψ−1
p (i)

(
p−1∑
j=0

λ2jGT (i− j, i)DT (i− j)D(i− j)G(i− j, i)
)

Ψ−1
p (i)

)
σ2
v

(5.64)

Using the definition of Ωσ(i) in (5.59), with λ in Ψp(i) is replaced by λ2.

Dσ(i) = Tr
(

Ψ−1
p (i)Ωσ(i)Ψ−1

p (i)
)
σ2
v (5.65)

This proved the evaluation of mean square deviation of the estimation error.

5.5 Examples for Finite Horizon Estimation

We consider a numerical and physical example as a time-varying systems to illustrate the

effectiveness of the proposed scheme. The problem of gyroscope is studied in the sampled-

data constraints to achieve regulation under finite measurements. The results of batch pro-

cessing and recursive computations are numerically indistinguishable, therefore, we use the

recursive computations to reduce the processing time.

5.5.1 Discrete Time Varying System

We analyze a numerical example of the form (5.1), such that the input u(i) is given as u(i) =

cos(0.65k + 1). The variance of noise v(i)is taken as σ2
v = 0.1. The corresponding matrices
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in (5.1) are taken as,

G(i) =

e0.65 sin(0.35i) sin(0.23i)

0 e0.75 cos(0.65i)

 , F (i) =

0.35 + sin(0.65i)

0

 , H =

[
1 0

]
,

The considered system is bounded and stable. The initial states at i0 = 10 are assumed

as x0 =

[
1.2 0.5

]T
. We focus on estimating the noisy output of the system. Using pro-

posed finite horizon estimation with the window size p = 10, the output is estimated with

zero mean error. Fig. 5.1 illustrates the application of the proposed algorithm for the states
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Figure 5.1: Estimated system states error with horizon size p=10.

estimation error. The effect of increasing the moving horizon window size p = 40 will result

in a more smooth estimate at the cost of memory size as shown in Fig. 5.2. The mean value

of the resulting estimations approaches zero, hence the result of Lemma 5.4.1 is satisfied.
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Figure 5.2: Estimated system states error with p=40.

5.5.2 Control of Gyroscope Motion

We apply the proposed scheme of finite horizon estimation to control the motion of the gy-

roscope. The considered system is a continuous time varying system, with linearized model

of of gyroscope motion as described in [83]. All the parametric values, initial conditions,

discretization values and reference commands are set according to [83]. The length of the

horizon is set to p = 20. The state estimation error is observed in the presence of obser-

vation noise. Under the application of a constant reference, the regulation is also observed

along x−axis and y−axis spinning motion.

Fig. 5.3 shows the respective errors (e1 − e4) in the states estimation using the proposed

finite horizon approach. Fig. 5.4 shows the output regulation errors such that the regulation

is achieved in x and y axes corresponding to outputs. The mean value of the resulting
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estimation is approaching zero, as i ≥ p. pon-inclusion of deterministic input in the literature

limited us to produce a fair comparison of the results, since the presence of process noise is

by no means an alternative of the matter under discussion. The complexity of incorporating

the controllable input has been avoided by most of the researchers in making finite horizon

filter.
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Figure 5.3: Estimated system state errors.
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Figure 5.4: Regulated output errors.

5.6 Summary of Finite Horizon Estimation

For the discrete linear time-varying systems, we have identified a finite horizon estimator.

This structure makes the estimator inherently stable. Recursive solution is derived based

on batch processed approach. The information of measurement noise is not considered es-

sential to achieve the convergence. The stochastic nature of the noise is analyzed for the

convergence behavior of the estimator. The closed loop control problems are solved by ex-

ploiting the availability of the deterministic input. The proposed method has achieved the

finite horizon estimation for the sampled-data as well as discrete time-varying systems in

the presence of stochastic noise at the measurement output. Under the scope of finite length

of measurement data, there can be many modifications and variants of this work, applied

to signal processing and control system domains. Likely forthcoming development of the

suggested scheme is expected in nonlinear systems.

86



Chapter 6

Guaranteed Cost Control of Finite Time Stability

1 The chapter is focused on uncertain linear time-varying systems, with uncertainties in

the so-called norm bounded one-block form (for more details see [85] and the references

therein). The aim is to describe some sufficient conditions allowing to solve the simultaneous

problem of guaranteeing FTS and an integral quadratic cost constraint. Both the analysis and

state feedback synthesis problems are considered.

6.1 Finite Time Stability

We shortly recall the definitions related to FTS of a linear time-varying system (see [58]).

Definition 6.1.1 (FTS). Considering the given time interval Ω from initial time t0 to T ,

where T > t0 ∈ R and Ω = [t0, t0 + T ], if there exists a constant matrix R ∈ Rn×n and a

time-varying matrix Γ(·) ∈ Rn×n for which Γ(t0) < R, then,

ẋ(t) = A(t)x(t) , x(t0) = x0 , (6.1)

then finite-time stability of the system with respect to (Ω, R,Γ(·)) is ensured if,

xT0Rx0 ≤ 1⇒ x(t)TΓ(t)x(t) < 1 , (6.2)

where A(t) ∈ Rn×n, R,Γ(t) are positive definite matrices and t ∈ Ω. N

In general terms, a system is categorized as FTS, if for all initial conditions within a

given inner bound, its state trajectories remain inside a prescribed outer bound over the time

interval of interest.
1Portion of this chapter appears in [76] and [77]
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Remark 6.1.1. Since quadratic functions are used in condition (6.2), the FTS property re-

sults in ellipsoidal bounds on initial conditions and state trajectory. Different type of function

can be used to obtain other type of bounds (for example polytopic ones see [58, chap6] for

more details).

6.2 Finite Time Stability with Guaranteed Cost Control

Definition 6.2.1 (FTS-GCB). System (6.1) is considered as finite time stable with a guar-

anteed cost bound (FTS-GCB) corresponding to
(
Ω, R,Γ, Q

)
, where R is a given positive

definite matrix, Γ(·) and Q(·) are given piecewise continuous positive definite matrix-valued

functions of suitable dimensions defined in Ω, if

xT0Rx0 ≤ 1⇒


xT (t)Γ(t)x(t) < 1 ,

Jq ,
∫

Ω

xT (t)Q(t)x(t)dt < 1 .

(6.3)

N

The property of guaranteeing an integral quadratic cost bound to the system trajectories

has been introduced in [69] for the case of linear time-invariant system over infinite time

horizon. In our case, the FTS-GCB property requires that, if the initial conditions for the

system (6.1) are inside a given ellipsoid, then the trajectory of the states remain inside a

given ellipsoid (whose boundary can be time-varying), and a bound on an integral quadratic

cost function is satisfied.

Remark 6.2.1. The term integral quadratic cost is considered implicit in all subsequent

mention of guaranteed cost in this chapter to simplify the notation.

The following lemmas play a fundamental role in the derivation of the main results of this

thesis. These lemmas give sufficient conditions for FTS-GCB of system (6.1).
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Remark 6.2.2. To formulate simple and concise expressions, we will often drop the time

dependency, if this is not the cause of ambiguity.

Lemma 6.2.1. If there exist two positive definite and piecewise continuously differentiable

matrix functions P1(t) and P2(t) such that, for t ∈ Ω,

P1(t0) < R (6.4a)

P1 > Γ (6.4b)

Ṗ1 + ATP1 + P1A < 0 (6.4c)

P2 > 0 (6.4d)

P2(t0) < R (6.4e)

Ṗ2 + ATP2 + P2A+Q < 0 (6.4f)

then system (6.1) is FTS-GCB with respect to (Ω, R,Γ, Q).

Proof. Proof is done in [76]. For completeness it is also reported here.

The system (6.1) FTS is ensured through inequalities (6.4a)-(6.4c). These have been

proved as necessary and sufficient conditions in [58, Chap. 2]. The alternate expression in-

volving the state transition matrix is circumvented to avoid the computational complexity of

determining state transition matrix and to facilitate the system design and stabilization pro-

cess. We only need to show that inequalities (6.4d)-(6.4f) implies that the integral quadratic

cost bound is guaranteed, i.e. if xT0Rx0 ≤ 1, then

Jq =

∫
Ω

xT (t)Q(t)x(t)dt < 1 ,

is satisfied.

Consider a time-varying quadratic Lyapunov function V2(t, x) = x(t)TP2(t)x(t), then
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along the trajectory of (6.1), we have

V̇2 = xT (Ṗ2 + ATP2 + P2A)x = −xT (Q+H)x , (6.5)

where, by inequality (6.4f), H ∈ Rn×n is a positive definite matrix. Now integrating left

side of (6.5), we get

∫ t0+T

t0

V̇2dt = V2

(
x(t0 + T )

)
− V2

(
x(t0)

)
= x(t0 + T )TP2(t0 + T )x(t0 + T )− xT0 P2(t0)x0 ,

and integrating right side of (6.5), we get

∫ t0+T

t0

V̇2dt = −
∫ t0+T

t0

xT (Q+H)xdt ,

therefore, (6.5) can be written as

xT0 P2(t0)x0 = x(t0 + T )TP2(t0 + T )x(t0 + T ) +

∫ t0+T

t0

xTQxdt+

∫ t0+T

t0

xTHxdt .

P2 and H being positive definite matrices, therefore we have

xT0 P2(t0)x0 >

∫ t0+T

t0

xTQxdt .

Finally by using inequality (6.4e) and considering initial bounds xT0Rx0 ≤ 1 we have

Jq =

∫ t0+T

t0

xTQxdt < 1 .

This completes the proof.

At the cost of some conservativeness, the search of two piecewise continuously differ-

entiable matrices P1 and P2 satisfying the conditions of Lemma 6.2.1, can be reduced to

discover the existence of only one such matrix using the following result.

Lemma 6.2.2. If we can find a matrix function P (·), which is a positive definite piecewise
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continuously differentiable, for t ∈ Ω,

P > 0 (6.6a)

P (t0) < R (6.6b)

P > Γ (6.6c)

Ṗ + ATP + PA+Q < 0 (6.6d)

then the system (6.1) is FTS-GCB with respect to (Ω, R,Γ, Q).

Proof. The proof is easily obtained from Lemma 6.2.1 by letting P1 = P2 = P .

In the next step we consider the case in which we want to make a given linear system

FTS-GCB by means of state feedback. We start with the case of no uncertainties (∆ = 0 in

system (6.17)).

ẋ(t) = A(t)x(t) +B(t)u(t) , x(t0) = x0 . (6.7)

The control input u(t) is driven by a memoryless state feedback matrix K(t) ∈ Rm×n, i.e.

u(t) = K(t)x(t) . (6.8)

Our aim is to choose the state feedback matrix K(t) in such a way to make system (6.7)

FTS-GCB. Before addressing the problem and stating our main results, we give the following

definition of finite-time stability with guaranteed cost control (FTS-GCC).

Definition 6.2.2 (FTS-GCC). Consider a matrix R and a piecewise continuous matrix-

valued functions Γ(·), Q(·), Y (·) and Z(·) all positive definite of suitable dimensions, possi-

bly time-varying in Ω, then system (6.7), in the presence of the control law (6.8) is FTS-GCC

with respect to (Ω, R,Γ, Q, Y, Z) for t ∈ Ω, if

xT0Rx0 ≤ 1 , (6.9)
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implies

xT (t)Γ(t)x(t) < 1 , (6.10a)

uT (t)Y (t)u(t) < 1 , (6.10b)

Jqz ,
∫

Ω

(
xT (t)Q(t)x(t) + uT (t)Z(t)u(t)

)
dt < 1 . (6.10c)

N

If the control law (6.8) satisfies the FTS-GCC conditions (6.10), then the closed loop

system

ẋ(t) =
(
A(t) +B(t)K(t)

)
x(t) , x(t0) = x0 , (6.11)

is FTS-GCB with respect to (Ω, R,Γ1, Q1), where Γ1 and Q1 are suitable matrices for the

closed loop system (6.11) as discussed in the proof of Lemma 6.2.1.

Problem 6.2.1. Given system (6.11), find the state feedback matrix-valued function K(·) in

such a way to satisfy the FTS-GCC conditions (6.10) with respect to (Ω, R,Γ, Q, Y, Z).

In the sequel we assume that the matrix Γ, defining the outer bound ellipsoid, as described

in Definition 6.1.1, can be written as

Γ = STS , (6.12)

since Γ > 0, this is always possible.

A sufficient condition for the solution of Problem 6.2.1 is given by the following theorem.

Theorem 6.2.3. If there exist a positive definite piecewise continuously differentiable matrix
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X(t) and a piecewise continuous matrix-valued function L(t) such that
Θ11 X LT

X −Q−1 0

L 0 −Z−1

 < 0 (6.13a)

SXST − I < 0 (6.13b)X LT

L Y −1

 > 0 (6.13c)

X(t0) > R−1 (6.13d)

X > 0 (6.13e)

where,

Θ11 , −Ẋ +XAT + AX + LTBT +BL

then Problem 6.2.1 is solved by letting K = LX−1.

Proof. Proof is done in [76]. For completeness it is also reported here.

We exploit Lemma 6.2.2 for the feedback system (6.11) to determine that it satisfies FTS-

GCB definition. Indeed, if we can find matrix-valued functions P (·), K(·) which are piece-

wise continuously differentiable, then substituting (A + BK) and (Q + KTZK) in place

of A and Q in the statement of Lemma 6.2.2, we obtain

P > 0 (6.14a)

P (t0) < R (6.14b)

P > Γ (6.14c)

Ṗ + (A+BK)TP + P (A+BK) + (Q+KTZK) < 0 (6.14d)
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The inequality (6.14d) can be written as

Ṗ + ATP +KTBTP + PA+ PBK +Q+KTZK < 0 .

Let P = X−1 and L = KX , we get

−Ẋ +XAT + AX + LTBT +BL+XQX + LTZL < 0 .

Using definition of Θ11, we get

Θ11 +XQX + LTZL < 0 .

Using Schur complement, inequality (6.13a) is verified.

Using P = X−1, inequality (6.14c) can be written as

X−1 − STS > 0 ,

I −XSTS > 0 .

Therefore, inequality (6.13b) is verified.

The condition (6.10b) can be written as

xTKTY Kx < 1 .

Using condition (6.10a) and let L = KX , we get

X − LTY L > 0 .

Therefore, inequality (6.13c) is verified.

The proof is completed by noting that (6.13e) and (6.13d) are easily obtained from (6.14a)

and (6.14b) respectively.

Remark 6.2.3. The weighting matrices Y (·) and Z(·) provide constraints on the control
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input u(t).

6.3 Robust Finite Time Stability with Guaranteed Cost Control

Considering the presence of uncertainties, the concept of FTS is readily extended to robust

finite time stability (RFTS). Here we consider the case where uncertainties, in the so-called

norm bounded one-block form, are added to the system (6.1).

Definition 6.3.1 (RFTS). Consider
(
Ω, R,Γ(·)

)
, as in Definition 6.1.1, and the uncertain

system

ẋ(t) =
(
A(t) + F (t)∆(t)E(t)

)
x(t) , x(t0) = x0 , (6.15)

where ∆(·) is an uncertain matrix satisfying the norm bound

∆(t)T∆(t) ≤ I ⇔ ‖∆(t)‖2 ≤ 1 , (6.16)

and F (·), E(·) are weighting matrices of suitable dimensions. Then system (6.15) is said

to be RFTS with respect to
(
Ω, R,Γ(·)

)
, if condition (6.2) is satisfied for all ∆(·), such that

‖∆(t)‖2 ≤ 1 and t ∈ Ω. N

When dealing with uncertain system (6.15), we resort to the concept of quadratic finite-

time stability (QFTS).

Definition 6.3.2 (QFTS). Given
(
Ω, R,Γ(·)

)
, as in Definition 6.1.1, the uncertain sys-

tem (6.15) is said to be QFTS with respect to
(
Ω, R,Γ(·)

)
, if and only if we can find a

matrix-valued function P (·), which is a positive definite and the following DLMI/LMI con-

ditions are satisfied:

Ṗ (t) +
(
A(t) + ∆A(t)

)T
P (t) + P (t)

(
A(t) + ∆A(t)

)
< 0 ,

P (t) > Γ(t) ,

P (t0) < R ,
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for any admissible uncertainty realization ∆(·), and for all t ∈ Ω. N

Remark 6.3.1. The DLMIs involved in the definition of QFTS implies RFTS (see [58, Lemma

4.1]), therefore, it follows that QFTS is a stronger property than RFTS, in the sense that

QFTS implies RFTS, whereas, the inverse may not be true in general.

In this chapter, we take the linear time-varying system with uncertainty of the form as,

ẋ(t) = A(t)x(t) + F (t)u∆(t) +B(t)u(t) , x(t0) = x0 , (6.17a)

u∆(t) = ∆(t)v∆(t) , (6.17b)

v∆(t) = E1(t)x(t) + E2(t)u(t) , (6.17c)

where x(t) ∈ Rn, u(t) ∈ Rm, F (t) ∈ Rn×p, E1(t) ∈ Rq×n and E2(t) ∈ Rq×m. The time-

varying system matrices A(t), B(t),E1(t), E2(t), and F (t) are piecewise continuous in the

time interval Ω. The uncertain time-varying matrix ∆(t) ∈ Rp×q is assumed to be Lebesgue

measurable and satisfying the spectral norm bound ‖∆(t)‖2 ≤ 1 ,∀t ∈ Ω. A schematic of

system (6.17) is shown in Fig. 6.1. Note that we have not considered direct feedthrough

matrix from u to u∆ to simplify the main results; however, such assumption can be easily

removed.

In this thesis we extend the concept of FTS by introducing an integral quadratic cost bound

on the trajectories of system (6.17). However, to simplify the discussion, we first consider

the case without uncertainties, and present some preliminary results for system (6.1)

Before stating our main theorem, we end this section by giving definitions of robust finite

time stability with guaranteed cost bound (RFTS-GCB) and robust finite time stability with

guaranteed cost control (RFTS-GCC) for the uncertain system (6.15).

Definition 6.3.3 (RFTS-GCB). System (6.15) is said to be RFTS-GCB with respect

to (Ω, R,Γ, Q), whereR is a given positive definite matrix, Γ(·) andQ(·) are given piecewise
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Figure 6.1: Structure of the considered uncertain system with state feedback.

continuous positive definite matrix-valued functions of suitable dimensions defined in Ω, if

for every uncertain time-varying matrix ∆(t), satisfying the norm bound (6.16), the follow-

ing condition hold

xT0Rx0 ≤ 1⇒


xT (t)Γ(t)x(t) < 1 ,

Jq ,
∫

Ω

xT (t)Q(t)x(t)dt < 1 .

(6.18)

N

From the above definition, it follows that an uncertain system of type (6.15) is RFTS-

GCB, if it is FTS-GCB for all possible realizations of the uncertain matrix ∆(t). However, to

make an uncertain system RFTS, using a control input u(t), we also introduce the following

definition of RFTS-GCC.

Definition 6.3.4 (RFTS-GCC). Given a positive definite matrixR and positive definite piece-

wise continuous matrix-valued functions Γ(·), Q(·), Y (·) and Z(·) of suitable dimensions,

possibly time-varying in Ω, then system (6.17), in the presence of the control law (6.8), is

RFTS-GCC with respect to (Ω, R,Γ, Q, Y, Z) defined in Ω, if

xT0Rx0 ≤ 1 , (6.19)
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implies

xT (t)Γ(t)x(t) < 1 , (6.20a)

uT (t)Y (t)u(t) < 1 , (6.20b)

Jqz ,
∫

Ω

(
xT (t)Q(t)x(t) + uT (t)Z(t)u(t)

)
dt < 1 . (6.20c)

∀∆ such that ‖∆(t)‖2 ≤ 1. N

Now we are ready to describe our main results, which deals with RFTS under GCB and

GCC for uncertain linear time-varying systems.

6.4 Theorems on RFTS-GCC

In this section we precisely state the problem we deal with and state our main results. Con-

sidering the uncertain linear time-varying systems of the form (6.15) and (6.17), we trans-

form the Lemma 6.2.2 and Theorem 6.2.3 of Section 6.1, into equivalent statements to make

the uncertain systems (6.15) and (6.17) simultaneously RFTS and, respectively, GCB, and

GCC. At first, we consider the unforced system (6.15).

Theorem 6.4.1. If there exist a positive definite piecewise continuously differentiable matrix-

valued function P (t), and a positive definite piecewise continuous scalar function λ(t), such

that, for t ∈ Ω

λ > 0 (6.21a)

P > 0 (6.21b)

P (t0) < R (6.21c)

P > Γ (6.21d)Ṗ + ATP + PA+Q+ λET
1 E1 PF

F TP −λI

 < 0 (6.21e)
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Then system (6.15) is RFTS-GCB.

Proof. Inequalities (6.21) already imply the QFTS conditions (see [58, Theorem 4.1]) and

hence RFTS, so we have only to show that these also guarantee that if xT0Rx ≤ 1, then

the bound on the integral quadratic cost function Jq (6.18) is satisfied. Define time-varying

quadratic Lyapunov function

V (t, x) = xT (t)P (t)x(t) .

Differentiating with respect to time t along the trajectories, we have

V̇ = ẋTPx+ xT Ṗ x+ xTPẋ

V̇ = xT (A+ F∆E1)TPx+ xT Ṗ x+ xTP (A+ F∆E1)x

V̇ = xT (Ṗ + ATP + PA+ ET
1 ∆TF TP + PF∆E1)x .

Now, from [70, Theorem 2.2], for any λ > 0 we have that

ET
1 ∆TF TP + PF∆E1 ≤ λET

1 E1 +
1

λ
PFF TP +Q ,

therefore, we get,

V̇ ≤ xT (Ṗ + ATP + PA+ λET
1 E1 +

1

λ
PFF TP +Q)x < 0 .

From above, it follows that the matrix

H∆ = −(Ṗ + ATP + PA+ ET
1 ∆TF TP + PF∆E1)

is positive definite, moreover

V̇ = −xT (Q+H∆)x .

The remaining part of the proof is completed by following the same steps as in the proof of
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Lemma 6.2.1 (by replacing H in (6.5) with H∆).

Completing all the progressive steps, finally we refer back to the uncertain system (6.17).

If the control law (6.8) satisfies the RFTS-GCC conditions (6.20), then the closed loop sys-

tem

ẋ =
(
A+BK + F∆(E1 + E2K)

)
x , x(t0) = x0 , (6.22)

is RFTS-GCB with respect to (Ω, R,Γ2, Q2), where Γ2 and Q2 are suitable matrices for the

closed loop system (6.22) satisfying Theorem 6.4.1.

Problem 6.4.1. Given system (6.22), find the state feedback matrix-valued function K(·)

in such a way to satisfy the FTS-GCC conditions (6.20) corresponding to the matri-

ces (Ω, R,Γ, Q, Y, Z).

To solve Problem 6.4.1, we present the following theorem in the form of sufficient condi-

tion.

Theorem 6.4.2. If there exist a positive definite piecewise continuously differentiable matrix

X(t), a piecewise continuous matrix-valued function L(t) and a positive definite scalar

function β(t), such that following conditions are satisfied,
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Φ11 X LT XET
1 + LTET

2

X −Q−1 0 0

L 0 −Z−1 0

E1X + E2L 0 0 −βI


< 0 (6.23a)

SXST − I < 0 (6.23b)X LT

L Y −1

 > 0 (6.23c)

X(t0) > R−1 (6.23d)

X > 0 (6.23e)

where

Φ11 , Θ11 + βFF T .

Then Problem 6.4.1 is solved with K = LX−1.

Proof. From Theorem 6.4.1 we know that the system (6.22) is RFTS-GCB, if there exist a

positive definite piecewise continuously differentiable matrix function P (t) and a positive

definite piecewise continuous scalar function λ(t), such that,

λ > 0 (6.24a)

P > 0 (6.24b)

P (t0) < R (6.24c)

P > Γ (6.24d) Ψ11 PF

F TP −λI

 < 0 (6.24e)
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where

Ψ11 , Ṗ + (A+BK)TP + P (A+BK) + (Q+KTZK) + λ(E1 + E2K)T (E1 + E2K) .

After taking Schur complement, inequality (6.24e) can be written as,

Ṗ + (A+BK)TP + P (A+BK) + (Q+KTZK) + λ(E1 + E2K)T (E1 + E2K) +
1

λ
PFF TP < 0 .

Let P = X−1, L = KX and λ = β−1, we get

Θ11 + βFF T + LTZL+XQX +
1

β
(E1X + E2L)T (E1X + E2L) < 0 .

Using definition of Φ11, we get

Φ11 + LTZL+XQX +
1

β
(E1X + E2L)T (E1X + E2L) < 0 .

Using Schur complement, the inequality (6.23a) is proved.

The remaining part of the proof is completed by noting that inequalities (6.23b) – (6.23e)

have already been treated in the proof of Theorem 6.2.3.

6.5 Numerical Solution of DLMIs

Solutions of Problem 6.2.1 and Problem 6.4.1 requires to solve a set of differential linear

matrix inequalities over the interval Ω. As shown in [58], these DLMIs feasibility problem

can be recast in terms of LMIs. This is obtained by splitting the total time interval Ω in a

number of subintervalsN , each of length Ts, and assuming a piecewise affine behavior (with

respect to t) for the DLMIs variables. The resulting LMIs could be solved using off-the-shelf

optimization softwares, such as YALMIP, SeDuMi, MATLAB LMI toolbox etc. For example

DLMIs of the matrix-valued functions P (·) in (6.6), (6.21) and X(·) in (6.13), (6.23) are
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transformed to LMIs. These matrices are assumed to have piecewise affine structure as,

P (t) =



P0 + P1(t− t0) : ∀t ∈ [t0, t0 + Ts]

P0 +

j∑
h=1

PhTs + Pj+1(t− jTs − t0) : j = 1 . . . J

∀t ∈ [t0 + jTs, t0 + (j + 1)Ts] .

Where P0 and Pjs are the optimization variables. The problem is adequately solved provided

the length of Ts is sufficiently small in the domain Ω such that Pjs can approximate a generic

continuous matrix-valued P (·). Using similar structure, X(·) is also approximated as a

piecewise continuous matrix-valued function.

6.6 Examples

In this section we apply the techniques developed in this chapter to two illustrative examples;

in particular, the second example, based on the model of an inverted pendulum on a cart,

shows how to design a state feedback controller that satisfy prescribed bounds on the state

trajectory in the presence of uncertainties.

6.6.1 Numerical Example

Consider a fourth order LTI system, with system matrices defined by

A =



−3.0000 −1.0000 −0.7500 −0.5000

2.0000 0 0 0

0 2.0000 0 0

0 0 0.5000 0


, B =



0.50

0.50

0.50

0.05


,

and with the following weighting matrices

R = 15In ,Γ = 4In , Q = 2In , Y = 8 , Z = 4 .
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We assume that the time interval of interest is Ω = [0, 10]. Considering the open

loop case (i.e. K = 0), since the DLMIs (6.6) are feasible, by Lemma 6.2.2 we can

conclude that the system is FTS-GCB. As an example, Fig. 6.2 shows that both the fi-

nite time stability and the guaranteed cost bound are respected when the initial condition

x0 =

(
0.05 0.05 0.05 0.05

)T
, satisfying xT0Rx0 ≤ 1 is chosen.
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Figure 6.2: Open loop behavior without
uncertainties
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Figure 6.3: Open loop behavior with un-
certainties (∆ = 0.6)

Now we modify the system by introducing a norm bounded one-block from uncertainty,

such that,

F =

(
0.5 0.5 0.5 0.5

)T
, E1 =

(
0.5 0.5 0.5 0.5

)
, E2 = 0.1,∆ = 0.6

With the presence of uncertainties the property of finite time stability and of guaranteed

cost bound are no more verified. Indeed as it is shown in Fig. 6.3, if we choose ∆ = 0.6

the bounds on the state trajectory and on the quadratic cost are not satisfied (here again we

choose x0 =

(
0.05 0.05 0.05 0.05

)T
as initial condition). It follows that our system is

not RFTS-GCB, and indeed the DLMIs (6.21) result to be not feasible.

To make the system RFTS-GCB, we introduce a control input u(t) as in (6.8) and look
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for a feedback matrix K(·), using the conditions (6.23) of Theorem 6.4.2. Since the

DLMIs (6.23) are feasible, we are able to find a state feedback matrix K(·) such that makes

the closed loop system RFTS-GCB. This is shown in Figs 6.4- 6.6, where the behavior of

the system for 100 randomly chosen realization of the uncertain parameter ∆ is shown.
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Figure 6.4: Closed loop behavior for 100 randomly chosen realizations of ∆.
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Figure 6.5: Closed loop behavior of the xTΓx for 100 randomly chosen realizations of ∆.

6.6.2 Inverted Pendulum on a cart

In this section we consider the problem of controlling an inverted pendulum on a cart as

shown in Fig. 6.7. The linearized model of the system is reported in equation (6.25), where

the state vector is x =
(
η η̇ θ θ̇

)T
, with θ being the pendulum angle, and η being the hor-
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Figure 6.6: Closed loop behavior of the uTY u for 100 randomly chosen realizations of ∆.

Table 6.1: Inverted pendulum parameters.

mc cart mass 0.5 Kg
mp pendulum mass 0.2 Kg
Lp pendulum length 0.3 m
Ip pendulum moment of inertia 0.006 Kg ·m2

bc coefficient of friction of the cart 0.1 N/(m · s)
η cart horizontal position
η̇ cart horizontal velocity
θ pendulum angular position
θ̇ pendulum angular velocity
u cart controlling input for stabilization

izontal position of the cart (see Fig. 6.7). The parameters of the model are reported in

Table. 6.1.

ẋ(t) =



0 1 0 0

0 − bc(Ip+mpL2
p)

Ip(mc+mp)+mpmcL2
p

m2
pL

2
pg

Ip(mc+mp)+mpmcL2
p

0

0 0 0 1

0 − −bpmpLp

Ip(mc+mp)+mpmcL2
p

mpLpg(mc+mp)

Ip(mc+mp)+mpmcL2
p

0


x(t)

+



0

Ip+mpL2
p

Ip(mc+mp)+mpmcL2
p

0

mL
I(M+m)+mML2


u(t) . (6.25)
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Figure 6.7: Example of a cart with an inverted pendulum.
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Figure 6.8: Cart position η of pendulum, angle θ and control input u(t).

The interval of interest is defined as Ω = [0, 3] and the respective weights for each matrix

are,

R = 8In ,Γ = In , Q = 3In , Y = 1× 10−4 , Z = 0.5× 10−4 .

We also consider the presence of uncertainties in the model parameters, by considering a

norm bounded one-block form uncertainty characterized by the following matrices,

F =

(
0 0.9 0 0.9

)T
,

E1 =

(
0 0.05 0.3 0

)
,

E2 = 0.012 .
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Figure 6.9: Performance indices achieved by the RFTS-GCC for state-feedback control.

We try to achieve the following FTS performance bound

|η| < 0.5 m,

|θ| < 12◦ ,

|u| < 6 N ,

in Ω when xT0Rx0 ≤ 1. Fig. 6.8 shows the obtained closed loop behavior when the system

driven by the initial condition, x0 = [0.4, 0.1, 0.2, 0.1]T . The designed control law allows to

satisfy the RFTS-GCC property as shown in Fig. 6.9.

6.7 Summary of Robust Finite Time Stability

The novel contribution consists in establishing a framework for linear time-varying system,

which guarantees FTS by constructing a control law through state feedback, while simulta-

neously satisfying an integral quadratic cost constraint, with the main aim of contributing

to the solution of practical problems defined over a finite time interval. The solution will

be characterized as a feasibility problem for a set of suitable DLMIs, that can be solved by

means of well know convex optimization techniques. The main focus is to address the finite-
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time stabilization problem for linear time-varying uncertain system. Sufficient conditions

are given to design a state feedback controller which is able to achieve not only finite time

stability of the plant, but also to guaranteed cost a given bound for an integral quadratic cost

function. In the design procedure, we get some DLMIs, which are required to be solved for

the feasibility problem. Simulations show the ease to analyze a system in the presence of

uncertainties in the so-called norm bounded one-block form.
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Chapter 7

Summary, Conclusions and Recommendations

This dissertation has been aimed to achieve the results of estimation, stability and control in

finite time for linear systems, in continuous, discrete and sampled-data forms. We summa-

rize the contributions and achievements made in this thesis. The conflicting views of finite

time stability prevailing in the literature has been presented together. The scope of this thesis

is covering the deterministic as well as stochastic linear systems. In the deterministic case,

the robustness to model uncertainty has been dealt. For the stochastic case, the measurement

noise case has been addressed in finite horizon.

7.1 Summary

Impulsive observer scheme is applied to achieve finite time estimation for sampled-data lin-

ear systems. The output regulation is achieved using finite time estimation of states. The

finite time tracking is presented as an alternative to the existing classical asymptotic track-

ing. The two types of impulsive observers are classified as the prediction type impulsive

observer and the current type impulsive observer similar to what exists for discrete systems.

The continuous reconstruction of states is achieved in finite time without any jumps at the

sampling instants using dual impulsive observers .

In the domain of discrete systems, the state space adaptive filters are preferred in estima-

tion problems, particularly when the exact knowledge of noise statistics are not available.

These filters are based on least square estimation and also provide a recursive forms for fast

computing. The batch processing solution require expanding memory forms. The concept

of finite horizon estimation is used to get the benefit of inherent stability in finite impulse
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response design as well as reduced memory requirements. Exploiting the deterministic input

in this framework to handle the closed loop systems for stabilization and control.

The alternate description of finite time stability used in the literature, which is not related

to Lyapunov stability, is also encompassed within the scope of this research for complete-

ness. Finite time stabilization problem for linear time-varying uncertain systems is dis-

cussed. A sufficient condition is derived under the constraint of finite time stability in the

form of differential linear matrix inequalities. The state feedback robust control law is syn-

thesized in the convex optimization framework to achieve desired cost bound. Finite time

stability in uncertain linear systems is guaranteed within a predefined cost bound.

7.2 Conclusions

With the achievements in the area of finite time estimation, the continuous linear systems

with sampled measurements can be tackled for designing an observer using impulsive ob-

server scheme. The design of observer gain matrix is proposed under standard assumptions

for observability. Finite time convergence is achieved as the sampled steps are passed equal

to the system order, making the multiplying matrix as nilpotent.

The scheme of using impulsive observers has achieved encouraging results as it is applied

to impulsive dynamical linear systems with jumps in the fixed time intervals. The influence

of impulsive input is considered to achieve the desired finite time convergence. The approach

also provides the way to estimate the impulsive ripple disturbance using impulsive observers.

The structure of prediction-type impulsive observer is introduced for applications in esti-

mation of sampled-data linear systems. The combination of current and prediction impulsive

observers have been successfully applied for finite time continuous reconstruction, under

sampled measurement constraints. The inherent symmetry in the designs of left and right

continuous states are exploited to remove the jumps in the final output states.
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The problem of linear system regulation is also solved considering an exogenous input

driving the system. The estimation of states in finite time enables the tracking a sinusoidal

input as an example. The finite time tracking is also achieved, once the impulsive correction

method is employed in the design of impulsive observers. The hyperplane to achieve the

regulation is determined, so that the system is moved in this subspace through impulsive

correction.

Finite horizon estimation for discrete time varying system is accomplished using adaptive

estimation technique based on least squares. The solution is derived in the batch form to

compute the estimate using finite batch of input and output. However, to achieve the fast

computations, the recursive forms are derived. An important aspect in this case is the use of

deterministic input, to solve the problems of closed loop feedback systems. In the presence

of observation noise, the proposed estimator is able to converge within some bounds in

finite time. The proposed technique does not demand any information about the nature and

statistics of noise to estimate the states.

In the preview of finite time stability, a multi-objective cost function is designed to en-

sure the guaranteed stability using state feedback scheme for linear time varying systems.

The solution of the convex optimization problem is designed through the differential linear

inequalities. The existence of integral cost function provide a sufficient condition for achiev-

ing the robust finite time stability under the effect of norm bounded uncertainty added to the

system.

7.3 Recommendations for Future Work

After achieving the results of finite time estimation and tracking for linear systems, the area

of nonlinear systems is already under focus for this research. Preliminary analysis has been

done to produce sufficient conditions. The scope is open for the research community for its
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applications in the related fields. Further extensions on the guaranteed cost control of finite

time stability are also suggested. Following are the major recommended directions of work.

• Apply the finite time estimation and tracking techniques to linearizable or a class of

nonlinear systems.

• Consider the effect of uncertainty or noise for finite time estimation, for which a bound

of error may be defined.

• Apply the estimation techniques through impulsive observers to an impulsive plant

system such as the switched capacitor circuits in power electronics converters.

• The proposed finite horizon observer be developed based on least mean square adap-

tive estimation.

• Estimator/predictor form of expanding memory and finite memory adaptive filters be

proposed for unforced and forced discrete linear systems.

• Sampled-data expanding memory and finite memory estimation can be achieved using

the estimator/predictor forms in impulsive estimation.

• The proposed finite horizon estimation be extended to nonlinear systems.

• Based on the proposed estimator/predictor form of finite horizon filter, there is a direct

extension to develop sampled-data Kalman filter.

• Considering the guaranteed cost bound to achieve robust finite time stability, the cases

of output feedback, impulsive and discrete system are expected to conclude with en-

couraging results.
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