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Abstract

In a graph G, an automorphism group is the set of all permutations of the vertex set

of G that preserve adjacency and non-adjacency of vertices in G. A fixing set 0 of

a graph G is a subset of vertices of G such that only the trivial automorphism fixes

every vertex in 0. Fixing number of a graph G is the cardinality of a smallest fixing

set of G. For a pair (α, β) of G, the fixing neighborhood is the set of all those vertices

of G, such that the orbits of α and β under the action of the stabilizer of G are not

equal. The fixed number of a graph is the minimum number κ such that every subset

of vertices of G of cardinality κ is a fixing set of G.

In this thesis, we discuss automorphism related parameters of graphs associated to

finite vector spaces. We study some properties of automorphisms of graphs associated

to finite vector spaces and find the fixing neighborhood of pair of vertices of graphs.

We also find fixed number of graphs. It is shown that, for every positive integer

N , there exists a graph G with Fxd(G) − Fix(G) ≥ N , where Fxd(G) is the fixed

number and Fix(G) is the fixing number of G.

The fractional versions of graph-theoretic invariants multiply the range of appli-

cations in scheduling, assignment and operational research problems. For this inter-

esting aspect of fractional graph theory, we introduce the fractional version of fixing

3
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number of graphs and local metric dimension of graphs. A function ℘ : V (G)→ [0, 1]

is a fixing function of G if ℘(Fix(α, β)) ≥ 1 for any pair (α, β) ∈ V∫ (G). The

fractional fixing number is the minimum value of fixing function among all fixing

functions of G. We characterize graphs with the fractional fixing number |V (G)|
2

and

obtain fractional fixing number of some graphs such as vertex-transitive graphs and

distance transitive graphs. We also study the fractional fixing number of corona and

composition product of graphs.

We define local resolving neighborhood of edges of graphs to define the fractional

version of local metric dimension of graphs. The local resolving neighborhood of an

edge of G contains all those vertices of G that resolve the end vertices of the edge.

We define fractional local metric dimension of graphs. We study the properties and

bounds of fractional local metric dimension of graphs and characterize graphs. We

determine the fractional local metric dimension of the strong and cartesian product

of graphs.

For a connected graph G, a set Φ ⊆ V (G) is a κ-resolving set for G if and only if

for all pairs of distinct vertices of G, there exist at least κ vertices of G that resolve

the pairs of vertices of G. The number of vertices of a smallest κ-resolving set of G is

the κ-metric dimension of G. We undertake the study of 2-metric dimension of some

graphs in terms of girth and their twin classes. We generalize the concept of local

metric dimension of graphs and introduce κ-local metric dimension of graphs. We

also define κ-local metric dimensional graphs. We characterize κ-local dimensional

graphs. For κ = 2, we give realizable results for 2-local metric dimension of different

families of graphs.
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Graph invariants that are used to study chemical, biological and thermodynamic

properties of chemical graphs are known as topological indices. We discuss the topo-

logical indices of generalized Sierpiński and extended Sierpiński graphs. The gener-

alized Sierpiński graphs are defined by applying the process of replication on some

base graph. We give bounds on sum-connectivity index, atom-bond connectivity

index, harmonic index and Zagreb indices of generalized Sierpiński graphs and ex-

tended Sierpiński graphs. We also study the first and second Zagreb indices, the first

and second Zagreb polynomials and the multiplicative versions of Zagreb indices of

H-Naphtalenic nanotubes in a very compact form.



Introduction

An interesting branch of mathematics which has multiple applications in all areas of

life is known as graph theory. Within discrete mathematics, graph theory is assumed

to be one of the most significant and vibrant fields. It has applications in areas of

physics, chemistry, electrical and civil engineering, computer programming, mathe-

matical research, genetics, economics, networking and telecommunications. In graph

theory, many research problems got the attention of researchers over the last few

decades. One of them is the study of different techniques to distinguish the adjacent

vertices of graphs or to distinguish all the vertices of graphs. Many of these involve

metric dimension, fixing number and local metric dimension of graphs. Some variants

are also assigned to graphs are known as topological indices of graphs. Some of the

indices involve degrees of vertices such as ABC, χ and Zagreb indices.

In this thesis, we discuss different parameters to distinguish all the vertices of

graphs. We also define new parameters to distinguish all the vertices of graphs. We

study some distance related parameters of graphs. We also discuss the properties of

automorphisms of some families of graphs. Chapter wise break up of this thesis is

followed as:

Chapter 1 is on basic concepts and definitions of graph theory which are used later

6
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in the next chapters of this thesis. We also discuss automorphisms of graphs in this

chapter. Some graph products are also defined. Chapter 2 emphasize the concept of

distinguishing graphs using distance, automorphism and related parameters. Metric

dimension dim(G), fixing number Fix(G) and topological indices of graphs are pre-

sented with their historical background and applications. The relationship between

dim(G) and Fix(G) of graphs is also studied. Variants of dim(G) and Fix(G) such

as `dim(G) and Fixf (G) are discussed in this chapter.

In Chapter 3, we analyze the characteristics of automorphisms of G(g) in terms

of skeletons of vertices. We discuss some properties and the cardinality of fixing

neighborhood of pair of vertices of G(g). The fixed number of graphs is also discussed.

We find the fixed number of G(g). We give a realizable result about the existence

of a graph G, for every positive integer N , such that Fxd(G)− Fix(G) ≥ N , where

Fxd(G) is the fixed number of graph.

In Chapter 4, we give an integer programming problem for the problem of finding

the Fixf (G) of a graph. We also show that by relaxing conditions of this problem,

a linear programming problem is formulated which is a fractional version of fixing

number of graphs. We characterize graphs with the fractional fixing number |V (G)|
2

.

We also study fractional fixing number of some families of graphs. In this chapter, we

also study the fractional fixing number of corona product and composition product

of graphs.

In Chapter 5, we characterize the graphs G with `dimf (G) = |V (G)|
2

and give some

bounds. We study fractional local metric dimension for different families of graphs

and also discuss the differences between dimf (G) and `dimf (G) of some families of
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graphs. We also discuss `dimf (G) of the strong and Cartesian product of graphs. We

establish bounds on `dimf (G) of these graph products.

In Chapter 6, we study bounds on 2-metric dimension dim2(G) of graphs with

respect to the girth of graphs and characterize all graphs such that the bound is

tight for them. We also determine dim2(G) of certain graphs with girth 4 such as

regular bipartite graphs. We obtain results for (µ − 1)-regular bipartite graph and

(µ−2)-regular bipartite graphs. We study the relationship of dim2(G) of some graphs

with twin vertices in graphs. In this chapter, we define κ-local metric dimension

dimκ(G) of graphs and κ-local metric dimensional graphs and characterize κ-local

metric dimensional graphs. In the last section of this chapter, characterization of

dimκ(G) of graphs is given in terms of the order of graphs.

In Chapter 7, we study the topological indices of generalized Sierpiński and ex-

tended Sierpiński graphs with an arbitrary base graph. Bounds for atom-bond con-

nectivity index, harmonic index, Zagreb indices and sum-connectivity index for the

generalized Sierpiński graphs and extended Sierpiński graphs have been determined.

We give results on Z1 and Z2, PZ1 and PZ2 indices of H-Naphtalenic nanotubes.



Chapter 1

Fundamental Concepts

Graph theory is a field of mathematics which deals with the study of graphs. Graphs

are mathematical objects used to model pairwise phenomena that happen in different

areas such as social, physical, biological and information systems. A graph is a

convenient way of describing a real-world phenomenon that contains a set of points

with some relationship between them. In such situations, points can be drawn as

vertices and their relationship can be used to draw edges between the vertices. For

example, a road map of any city/country can be modeled as a graph as shown in

Figure 1.

Figure 1.1: Road map shown as a graph

9
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In this chapter, we discuss basic concepts of graphs which will be used in the

chapters to follow. We also study the concept of automorphisms of graphs and some

graph products.

1.1 Preliminaries

A graph G = (V (G), E(G)) comprises of a vertex set V (G) and an edge set E(G),

where vertex set V (G) is a non-empty set of points called vertices and elements of

edges set E(G) are called edges. An edge is an unordered pair of vertices α, β ∈

V (G), we denote it by αβ and α, β are end vertices of the edge. If αβ ∈ E(G), then

α is adjacent to β. The number of vertices and edges in G is called the order and

the size of G and we denote it by µ and λ respectively. Graphs considered herein

are simple, undirected and finite unless otherwise stated. A simple graph is shown in

Figure 1.2.

Figure 1.2: Graph

A graph Q ⊆ G is a subgraph of G if V (Q) ⊆ V (G) and E(Q) ⊆ E(G). Let G be
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a graph of order µ and α be any vertex ofG, then a subgraphQ of order µ−1 is a graph

with V (Q) = V (G) \ {α} and edge set E(Q) = E(G) \ {αβ ∈ E(G),∀β ∈ E(G)}.

This subgraph is an induced subgraph. Let G be a graph of size λ and αβ ∈ E(G),

then a subgraph K with size λ − 1 and V (K) = V (G) is a graph with the edge set

E(Q) = E(G) \ {αβ}. This subgraph K is a spanning subgraph.

A graph G is trivial graph if µ = 1 and λ = 0 otherwise G is non-trivial graph.

A graph G with µ ≥ 2 is complete graph Kµ if αβ ∈ E(G) for all α, β ∈ V (G). A

graph G is bipartite graph Gr,s if V (G) = X ∪ Y , where X and Y are two subsets

with cardinalities r and s, respectively and E(G) = {ζυ; ζ ∈ X ∧ υ ∈ Y }. If G is

a bipartite graph and ζυ ∈ E(G) for all ζ, υ in X and Y respectively, then Gr,s is a

complete bipartite graph Kr,s. Kr,s is a star graph if either r or s is one.

A path graph Pµ is an alternate sequence of distinct vertices and edges. If end

vertices are equal in the path, then this is called a cycle Cµ. The number of edges of

a path(cycle) is the length of path(cycle). If a graph G contains one (or more) cycle,

then the length of a shortest cycle in G is called girth of G, we denote it by .(G)ג

G is the complement graph of G if V (G) = V (G) and E(G) = {αβ;αβ /∈ E(G)}.

Let α, β ∈ V (G), then α and β are connected in a graph G if α and β can be

connected by a path between them. A graph G is a connected graph if every two

distinct vertices are connected in G, otherwise G is disconnected. Any connected

graph having no cycle is called a tree. For a graph G if αβ ∈ E(G), α and β are

neighbors of each other. The open neighborhood of a vertex β in G is the

set ℵG(β) = {α;α ∈ V (G) ∧ αβ ∈ E(G)}. The closed neighborhood of β is

ℵG[β] = ℵG(β) ∪ {β}. |ℵG(β)| is the degree of any vertex β of G and we denote it



12

a
b

c

d

ef

g

Figure 1.3: a, b are twin vertices

by degG(β). For a graph G, δ(G) = min
α∈V (G)

degG(α) and ∇(G) = max
α∈V (G)

degG(α). If

degG(β) = 0, then β is an isolated vertex in G and β is a leaf in G if degG(β) = 1.

A graph G is κ-regular if degG(β) = κ for all β ∈ V (G).

The distance, we denote it by dis(α, β) rather than d(α, β) between α and β

in G is the length of a shortest α − β path in G. The eccentricity Ξ(β) of β is

max
α∈V (G)

dis(β, α). The diameter ϑ(G) of G is max
β∈V (G)

Ξ(β). The radius rad(G), of G

is min
β∈V (G)

Ξ(β).

Two distinct vertices α, β ∈ V (G) are twins if dis(α, γ) = dis(β, γ) for all γ ∈

V (G)\{α, β}. Two distinct vertices α, β are adjacent twins if ℵ[α] = ℵ[β], also

known as true twins and α, β are non-adjacent twins if ℵ(α) = ℵ(β), also known

as false twins. A vertex ζ is called a twin if there exists a vertex υ ∈ V (G) − {ζ}

such that ζ and υ are twins in G. The relation of twin is an equivalence relation



13

on V (G) and an equivalence class of the relation is a twin class. For two distinct

vertices α, β ∈ V (G), <(α, β) = {ζ ∈ V (G) : dis(ζ, α) 6= dis(ζ, β)} is resolving

neighborhood of α, β.

1.2 Automorphisms of Graphs

Let G1 and G2 be two graphs with V (G1) = V (G2) and E(G1) = E(G2), then these

graphs are equivalent or identical graphs. This hard-line approach restricts the

identification and classification of graphs. Sometimes two graphs having the same

structure are not equivalent. For example, two non equivalent graphs shown in the

Figure 1.4 are structurally not different. This structural equivalence between two

non-equivalent graphs helps in developing the concept of isomorphic graphs.

A bijective mapping ρ : V (G1)→ V (G2) is an isomorphism of graphs G1 and G2,

then for any αβ ∈ E(G1) if and only if ρ(α)ρ(β) ∈ E(G2). That is bijective mapping

preserves adjacency and the two graphs G1, G2 are isomorphic to each other. In

Figure 1.4, the two graphs are isomorphic to each other. An automorphism of G is

an isomorphism of a graph G to itself. The automorphism group Υ(G) of G under

the operation of composition is the set of all automorphisms of a graph G. The orbit

Ø(β) of a vertex β ∈ V (G) is the set Ø(β) = {ρ(β) : ρ ∈ Υ(G)}. Let α, β ∈ V (G) and

℘(α) = β for ℘ ∈ Υ(G), then α is similar to β and we denote it by α ≺ β, otherwise

α ⊀ β. An automorphism ℘ ∈ Υ(G) is said to fix a vertex β ∈ V (G) if β ≺ β. The

stabilizer §β of a vertex β in G is the set §β = {ρ; ρ ∈ Υ(G), ρ(β) = β}. Also, §β

is a subgroup of Υ(G). Let us consider sets S(G) = {β ∈ V (G) : |Ø(β)| ≥ 2} and

C(G) = {α : |Ø(α)| = 1}. Then V (G) is the disjoint union of S(G) and C(G). Also
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Figure 1.4: Non-equivalent Graphs

VS(G) = {(α, β) ∈ S(G) × S(G) : α 6= β and Ø(α) = Ø(β)}. If G is a rigid graph

(i.e., a graph with Υ(G) = id), then VS(G) = ∅. For β ∈ V (G), the subgroup §β has

a natural action on V (G) and the orbit of α under this action is denoted by Oβ(α)

i.e., Oβ(α) = {℘(α) : ℘ ∈ §β}.

A vertex ζ ∈ S(G) in G fix a pair (α, γ) ∈ S(G) × S(G), if Oζ(α) 6= Oζ(γ) in

G. The fixing neighborhood of pair (α, γ) ∈ S(G) × S(G) is the set Fix(α, γ) =

{ζ ∈ S(G) : Oζ(α) 6= Oζ(γ)}. For each ζ ∈ V (G), the set Fζ = {(α, γ) ∈ S(G) ×

S(G) : Oζ(α) 6= Oζ(γ)} is the fixed neighborhood of ζ. For α, γ ∈ V (G) with

Ø(α) 6= Ø(γ), Fix(α, γ) = V (G). The fixing graph, F (G), of G is a bipartite

graph with bipartition (S(G), V∫ (G)) and a vertex ζ ∈ ∫(G) is adjacent to a pair

(α, γ) ∈ V∫ (G) if ζ ∈ Fix(α, γ). For a set 0 ⊆ S(G), ℵF (G)(0) = {(α, γ) ∈ V∫ (G) :

ζ ∈ Fix(α, γ) for some ζ ∈ 0}.
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1.3 Graph Products

Different operations are applied on graphs to form new graphs from older ones. In

this subsection, we define some graph products. Let G and H be two graphs, then

we have the following products that will be used in this thesis.

The Cartesian product G�H of G and H is a graph with V (G�H) = {(α,G) :

α ∈ V (G) and G ∈ V (H)} and two vertices (α1, G1)(α2, G2)E(G�H) if and only if

• α1α2 ∈ E(G) and G1 = G2 in H or

• α1 = α2 in G and G1G2 ∈ E(H).

The strong product G�H of G and H is a graph with V (G�H) = {(α,G) :

α ∈ V (G) and G ∈ V (H)} and two vertices (α1, G1)(α2, β2) ∈ E(G�H) if and only

if

• α1α2 ∈ E(G) and G1 = G2 or

• α1 = α2 and G1G2 ∈ E(H) or

• α1α2 ∈ E(G) and G1G2 ∈ E(H).

Let |V (G)| = ν and |V (H)| = µ. The Corona product G � H of G and H is

the graph obtained from G and H by taking one copy of G and ν copies of H and

joining each vertex from the ιth-copy of H by an edge with the ιth-vertex of G. Let

α ∈ V (G) then Hα be the copy of H corresponding to the α-vertex of G. We write

Hα = {(α, γ) : γ ∈ V (H)} for α ∈ V (G).

The composition product(lexicographic product) G[H] of G and H is the

graph with V (G)× V (H) = {(α, γ) : α ∈ V (G) and γ ∈ V (H)}, where (α, γ)(ζ, υ) ∈
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E(G[H]) whenever αζ ∈ E(G) or α = ζ and γυ ∈ E(H). For α ∈ V (G) and

γ ∈ V (H), H(α) = {(α, υ) ∈ V (G[H]) : υ ∈ V (H)} and G(γ) = {(ζ, γ) ∈ V (G[H]) :

ζ ∈ V (G)}.

Given a graph H and a family of graphs I = {Iβ}β∈V (H), indexed by V (H), their

generalized lexicographic product H[I], is the graph with V (H[I]) = {(β, γ) :

β ∈ V (H) and γ ∈ V (Iβ)} and E(H[I]) = {(β1, γ1)(β2, γ2) : β1β2 ∈ E(H), or β1 =

β2 and γ1γ2 ∈ E(Iβ1)}.



Chapter 2

Literature Review

A field of research in graph theory whose popularity has increased in recent past

years is the study of different methods to distinguish all the vertices of graphs. These

methods involve neighborhoods in graphs, distances in graphs and automorphisms

in graphs. Different parameters has been defined using these properties of graphs

to distinguish all of the vertices of graphs. In this chapter, we introduce graph

distinguishing parameters in graph theory with their historical backgrounds.

2.1 Metric Dimension of Graphs

Robot navigation can be structured and studied using graph theory. In robot naviga-

tion, getting information about the location of a robot is an important task. Suppose

that we navigate a robot in the presence of sensors that can automatically communi-

cate about the distance from different landmarks. In this way, we can find a subset

of points in the network such that the location of the robot in the network is iden-

tified. This idea generates distance-based parameters to distinguish the vertices of

graphs. Distance-based parameters are the most popular techniques to distinguish

17
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Figure 2.1: Graph with metric dimension 3

the vertices of graphs during the past few decades. One of these parameters is the

metric dimension of graphs in which the distance in graphs is used to distinguish all

the vertices of graphs. In this technique, a subset of vertices of graph G is chosen

and with respect to this subset special codes are assigned to the vertices of the graph.

These codes are formulated by the shortest distances between the vertex and the

vertices of the subset of graph G. If all the vertices of G have distinct codes then

the smallest possible cardinality of the subset of vertices of G is the metric dimension

of G. Note that in this technique each element of V (G) of G is distinguished by its

shortest distance from the subset of vertices of the graph. Formally, for a given graph

G, let Φ = {ζ1, ζ2, ..., ζκ} ⊆ V (G) be an ordered set and for every υ ∈ V (G), the

representation of υ with respect to Φ is (dis(υ, ζ1), dis(υ, ζ2), ...,
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dis(υ, ζκ)), we denote it by r̄(υ|Φ). If for all α, β ∈ V (G), r̄(α|Φ) 6= r̄(β|Φ), then

Φ is a resolving set for G. The metric basis of G is a resolving set with min-

imum cardinality and the cardinality of metric basis is the metric dimension

of G, we denote it by dim(G). For example, let G be the graph as in Figure

2.1. V (G) = {υ1, υ2, ..., υ7} and let Φ = {υ1, υ3, υ4}. Representations of vertices

are r̄(υ1|Φ) = (0, 1, 1), r̄(υ3|Φ) = (1, 0, 1), r̄(υ4|Φ) = (1, 1, 0), r̄(υ2|Φ) = (1, 1, 1),

r̄(υ5|Φ) = (2, 2, 1), r̄(υ6|Φ) = (2, 1, 2) and r̄(υ7|Φ) = (1, 2, 2). Note that represen-

tation of all the vertices of G are distinct, therefore Φ is a resolving set of G. and

dim(G) = 3.

Slater in 1975 presented the idea of resolving set for graphs and named it as locat-

ing set [64]. Later in 1976, Harary and Melter, independently, studied resolving sets

and initiated the idea of metric dimension of graphs [41]. Problem of metric dimension

of graphs has been studied with different conditions for different families of graphs.

Many variants of metric dimension has been introduced in recent past. Chartrand et

al. introduced independent metric dimension of graphs [14] and partition dimension

of graphs [15, 16]. Sebo and Tannier studied the strong metric dimension [62]. For

more detail on variations of metric dimension of graphs, a survey by Saenpholphat

and Zhang [61] is referred.

One of the most interesting variations of metric dimension of graphs is a fractional

metric dimension of graphs. The motivation behind the development of the fractional

idea has multiple aspects. One of the interesting aspects is that the fractional version

multiplies the range of applications in operation research, scheduling or in various

kind of assignment problems. Theorems in their fractional version are mostly easier to
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prove. Mostly for fractional and classical coefficients of graphs, bounds are same or it

may form conjecture in fractional version. Most of the times, the conjecture becomes

refined theorem in their fractional version. The fractional version of parameters has

drawn the attention of researchers to a wealth of new problems and conjectures.

Fractional graph theory has modified the concept of integer-valued graph theory to

the non-integral values.

For two distinct vertices α and α in G, <(α, β) = {ζ ∈ V (G) : dis(ζ, α) 6=

dis(ζ, β)}. Resolving set of G can be defined also using <(α, β). A vertex set Φ ⊆

V (G) is a resolving set ofG if Φ∩<(α, β) 6= ∅ for any two distinct vertices α, β ∈ V (G).

Let ρ be a function such that ρ assigns a number between 0 and 1 to each vertex

of G i.e., ρ : V (G) → [0, 1]. Φ is a resolving function of G if for α, β ∈ V (G),

ρ(<(α, β)) ≥ 1. min ρ(V (G)) is known as the fractional metric dimension of G,

we denote it by dimf (G).

Currie et al. [17] initiated the concept of fractional metric dimension and defined

it as the optimal solution for the integer programming problem with linear relax-

ation. The fractional metric dimension of graphs was further studied by Arumugam

and Mathew in 2012 [3]. The authors characterized graphs with fractional metric

dimension |V (G)|
2

. The fractional metric dimension of graphs and graph products has

also been studied in [3, 30–32, 54, 68]. In this thesis, we introduce fractional version

of two parameters of graphs, defined in related chapters.

The problem of metric basis has limitations in large networks due to the failure of

vertices. When failure occurs at some vertex of a resolving set it can harm resolving

process of other vertices of graph. To avoid harm of the failure of any vertex, we
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generalize the metric dimension problem and require that the set Φ will contain

k or more vertices to resolve any pair of distinct vertices of G. That is: For a

connected graph G, a set Φ ⊆ V (G) is a k-resolving set for G if and only if

for any pair of different vertices of α, β ∈ V (G), there exists at least κ vertices

ζ1, ζ2, ..., ζκ ∈ Φ such that dis(α, ζι) 6= dis(β, ζι), where 1 ≤ ι ≤ κ. A κ-metric basis

is a κ-resolving set with minimum cardinality in G and the κ-metric dimension of

G is cardinality of κ-metric basis, we denote it by dimκ(G). This extension of metric

dimension was introduced by A. Estrada-Moreno et. al [25]. It was shown that for

κ1, κ2 ∈ {1, 2, ..., κ}, and κ1 ≤ κ2, dimκ1(G) ≤ dimκ2(G). In this thesis, we define

and study κ-local metric dimension of graphs.

For κ = 2, the κ-metric dimension is called 2-metric dimension. The 2-metric

dimension of graph is defined in literature in another way, that is: a resolving set Φ

of a graph G is a 2-resolving set if for each γ ∈ Φ, Φ\{γ} is a resolving set. The

minimum cardinality of a 2-resolving set is the 2-metric dimension of G, we denote

it by dim2(G). The idea of 2-metric dimension was introduced as a variation of

metric dimension by Hernando et al. [42]. Authors studied that for every graph G,

relationship between dim(G) and dim2(G) is dim2(G) ≤ dim(G)(1 + 2.5dim(G)−1). In

this thesis, we study 2-metric dimension of graphs in terms of girth of graph.

2.2 Local Metric Dimension of Graphs

Another problem that got attention of researchers is to distinguish adjacent vertices of

graphs instead of all the vertices of graphs. To solve the problem various parameters

have been used such as domination number of graph. In this method neighborhood



22

Figure 2.2: Graph with local metric dimension 2

of vertices is used to distinguish vertices of graphs. Distinguishing adjacent vertices

using distance gives arise to a parameter named as the local metric dimension of

graph. A subset Φ` ⊂ V (G) is a local resolving set of G if Φ`∩<(α, β) 6= ∅ for any

two adjacent vertices α, β ∈ V (G). The local metric dimension of G is minimum

cardinality of a local resolving set of G, we denote it by `dim(G). The local metric

basis is a local resolving set of G with order `dim(G). Graph with local metric

dimension 2 is shown in Figure 2.2.

The study of distinguishing adjacent vertices in a graph G rather than all the

vertices of G by distance was initiated by Okamoto et al. [57]. This motivated the

study of local resolving sets and local metric dimension in graphs. The authors

studied bounds in terms of order, diameter and other properties of graph. They

also characterized complete graphs and bipartite graphs. Author also discussed that

every resolving set is a local resolving set but converse is not true [57]. The local

metric dimension of a graph was computed by Alberto et. all [60] using primary

subgraphs and also studied the local metric dimension of corona product of graphs
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[59]. In this thesis we define two new variants of local metric dimension of graphs.

We define fractional local metric dimension and local κ-metric dimension of graphs

in the respective chapters.

2.3 Fixing Number of Graphs

Albertson and Collins [1] introduced the idea of symmetry breaking of graphs. The

concept of fixing set of graph was originated by the idea of symmetry breaking. A

determining set of G is a subset D ⊆ V (G) with the property that, whenever

℘, ρ ∈ Υ(G) such that ℘(β) = ρ(β) for all β ∈ D, then ℘(α) = ρ(α) for every

α ∈ V (G). A determining set with the minimum cardinality is the determining

number Det(G) of a graph G. Concept of determining sets of a graph was initiated

by Boutin in [8]. For further work on determining sets and its relation with other

parameters, see [8, 11]. Erwin and Harary independently introduced an equivalent

concept: the fixing number of a graph G [22]. A fixing set of G is a subset 0 ⊂ V (G)

with trivial §0, i.e., only trivial automorphism fixes all the vertices of 0. Fixing set

with minimum cardinality is the fixing number of G, we denote it by Fix(G). In

Figure 2.3, graph with fixing number 1 is shown.

The fixing number of graphs is also used to study the symmetry of graphs and the

relationships of groups and graphs [36]. The equivalence of determining and fixing

set of graphs was also established in [36]. Fixing sets have been studied extensively

to destroy the automorphisms of various graphs [8, 9, 11,36,40].

Fixing number and metric dimension are two closely related invariants. The two

invariants coincides on many families of graph like path graph, cycle graph etc. The
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Figure 2.3: Graph with fixing number 1

difference of two invariant on families of graphs is studied in [11, 22] in terms of the

order of graph. Boutin [8] studied fixing sets in connection with distance determining

set (she used the name for resolving sets).

We defined the fixing neighborhood of a pair of vertices of a graph in [7] in order

to study all those vertices of the graph whose fixing can destroy an automorphism

that maps the two vertices of the pair on each other. The fixing neighborhood of pair

of vertices contains all such vertices of graph that destroy all automorphisms between

those two vertices of graph. Motivated by the definition of resolving number of a

graph, Javaid et. al. defined the fixed number of a graph in [49] where the authors

found characterization and realizable results based on the fixed number.
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2.4 Topological Indices of Graphs

Dealing with chemical problems, chemists found that most of the properties of organic

compounds depend on their molecular structure. Theoretical chemists initiated the

concept of utilization of topological indices to study properties of such organic com-

pounds. This motivation gives rise to numerous topological indices in literature [66].

Two zeroth-order and two first-order connectivity indices were introduced as topolog-

ical indices by Todeschini et al. to study the structure and properties of compounds

in an optimization study. On the bases of indices, new formulae developed for dif-

ferent compound properties such as heat capacity, refractive index, glass transition

temperature, dielectric constant and cohesive energy.

The graph is associated with a numeric quantity that is related to the physico-

chemical properties and describes the topology of graph is known as topological

index and it is invariant under graph automorphism. Topological indices are dis-

tributed in classes on the bases of degrees and distances in graphs. Chemical graph

theory and chemistry related problems are solved using degree-based topological in-

dices.

Wiener intoduced the first topological index in 1947 and calculated the boiling

points of paraffins in [67]. Zagreb indices, derived in 1972 by Gutman and Trinajstic

[39], are used to study molecules and complexity of selected classes of molecules. The

first and second Zagreb indices are defined as:

Z1(G) =
∑
α∼β

(deg(α) + deg(β))

and
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Z2(G) =
∑
α∼β

(deg(α) · deg(β))

Zagreb indices have found an interesting use in the QSPR/QSAR modeling. Anti-

inflammatory activities of certain chemical compounds are studied using zagreb in-

dices. The concept of new multiplicative versions of Z1(G) and Z2(G) indices of a

graph G were initiated by Ghorbani and Azimi in 2012 [35]. These indices were

denoted by PZ1(G) and PZ2(G), respectively. These indices are defined as:

PZ1(G) =
∏

αβ∈E(G)(degα + degβ)

and

PZ2(G) =
∏

αβ∈E(G)(degαdegβ).

and the first and second Zagreb polynomials are defined as:

Z1(G, ζ) =
∑

αβ∈E(G) ζ
(degα+degβ)

and

Z2(G, ζ) =
∑

αβ∈E(G) ζ
(degαdegβ).

Shirdel et. al. introduced a new version of Zagreb index on the bases of distance and

named it as Hyper-Zagreb index in 2013 [63]. It is defined as:

HZ(G) =
∑

αβ∈E(G)(degα + degβ)2

The harmonic index, another variant of degree based topological indices, is defined

as follows:
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H(G) =
∑
α∼β

2
deg(α)+deg(β)

.

The harmonic index is one of the variant of degree based topological indices which

has also been studied in relationship with eigenvalues by Favaron et al. [29]. The

atom-bond connectivity index ABC is a degree based index and is defined by

Estrada et al. [23].

ABC(G) =
∑
α∼β

√
deg(α)+deg(β)−2
deg(α)deg(β)

.

This index is used to study the stability of linear and branched alkanes, also the

strain energy of cycloalkanes. The sum-connectivity index was proposed by Zhou

et al. [71] and studied in relationship with Randić index in [20]. The sum-connectivity

index χ(G) is defined as:

χ(G) =
∑
α∼β

1√
deg(α)+deg(β)

.

In [46], [69], the Augumented Zagreb index was introduced and defined as:

AZ(G) =
∑

αβ∈E(G)(
degαdegβ

degα+degβ−2
)3.



Chapter 3

Automorphism Related
Parameters of Graphs Associated
to Finite Vector Spaces

A new area of research in graph theory is associating graphs with various algebraic

structures. Beck [6] initiated the concept of associating a graph to commutative

rings to address coloring problem. Bondy et al. [5, 10] studied commuting graphs

associated to groups. Power graphs associated to groups were discussed in [12,13,55].

In [58,65] intersection graphs were associated to vector spaces. Das assigned a graph

to finite dimensional vector spaces [18] and named it non-zero component graph.

In [19], the author discussed edge-connectivity and the chromatic number of the

graph. Metric dimension and partition dimension of non-zero component graphs are

studied in [2]. Murtaza et. al. studied locating-dominating sets and identifying

codes of non-zero component graphs [56]. In this chapter, we study automorphisms

of non-zero component graphs as defined by Das and its properties. We find the fixing

neighborhood of pairs of vertices of the graph and the fixed number of the graph.

Let g be a vector space of dimension n̂ on the field of q̂ elements and {θ1, θ2, ..., θn̂}

28
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Figure 3.1: Non-zero component graph with n̂ = 3

be a basis of g. The non-zero component graph of g, we denote it by G(g), is a graph

with vertex set consisting of non-zero vectors of g and two vertices are adjacent

if there unique linear combination has at least one θι in common with a non-zero

coefficient [18]. It is studied on [18] that for two different bases corresponding non-

zero component graphs are isomorphic. In [18], Das studied the automorphisms of

G(g) and discussed that an automorphism assigns the basis of G(g) to a basis of a

special kind, that is to say, multiples of non-zero scalars of a permutation of basis

vectors.

Theorem 3.0.1. [18] Let ϕ : G(g)→ G(g) be a graph automorphism. Then, ϕ maps

{θ1, θ2, ..., θn̂} to another basis {θ′1, θ′2, ..., θ′n̂} such that there exists a permutation σ

from symmetric group on n̂ elements, where each θι is of the form cιθσ(ι) and each c′ιs

are non-zero.

The skeleton of a vertex α ∈ V (G(g)) denoted by ðα, is the set of all those basis
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vectors of g that have non-zero coefficients in the linear combination of basis vectors

of α. In [56], we partition the vertex set of G(g) into n̂ classes =ι, (1 ≤ ι ≤ n̂), where

=ι = {β ∈ g : |ðβ| = ι}. For example, if n̂ = 4, then =3 = {θ1 + θ2 + θ3, θ1 + θ2 +

θ4, θ1 + θ3 + θ4, θ2 + θ3 + θ4}.

In this chapter, we study automorphisms of non-zero component graphs. We

discuss the relation between vertices and their images in terms of their skeletons.

We discuss the some properties and the cardinality of fixing neighborhood of pair of

vertices of non-zero component graphs. In the last section of this chapter, we discuss

fixed number of graphs. We find the fixed number of non-zero component graphs.

We give a realizable result about the existence of a graph G, for every positive integer

N , such that Fxd(G)− Fix(G) ≥ N , where Fxd(G) is the fixed number of graph.

3.1 Automorphisms of Non-Zero Component Graphs

Let g is a vector space of dimension n̂ ≥ 3 over the field of 2 elements and G(g) is

the corresponding non-zero component graph.

Lemma 3.1.1. [56] If β ∈ =s for s (1 ≤ s ≤ n̂), then deg(β) = (2s − 1)2n̂−s − 1.

Lemma 3.1.2. Let α, β ∈ V (G(g)) such that α ∈ =r and β ∈ =s where r 6= s and

1 ≤ r, s ≤ n̂, then α 6∼℘ β for all ℘ ∈ Υ(G(g)).

Proof. Since r 6= s ⇒ (2r − 1)2n̂−r − 1 6= (2s − 1)2n̂−s − 1. Thus deg(α) 6= deg(β) by

Lemma 3.1.1 and hence α 6∼℘ β.

From Lemma 3.1.2, we have the following straightforward remarks.
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Remark 3.1.1. Since
n̂∑
ι=1

θι ∈ =n̂ is the only element in =n̂. Therefore, by Lemma

3.1.2, ℘(
n̂∑
ι=1

θι) =
n̂∑
ι=1

θι for all ℘ ∈ Υ(G(g)).

Remark 3.1.2. Let α, β ∈ V (G(g)), then (α, β) ∈ S(G(g))× S(G(g)) if and only if

both α, β ∈ =ι for some ι, 1 ≤ ι ≤ n̂− 1.

Lemma 3.1.3. Let θl ∈ =1 be a basis vector and ℘ ∈ Gθl. Let α ∈ V (G(g)), then

θl ∈ ðα if and only if θl ∈ ð℘(α).

Proof. Let θl ∈ ðα, then α is adjacent to θl. Suppose on contrary θl 6∈ ð℘(α), then

℘(α) is not adjacent to θl = ℘(θl), a contradiction. Conversely, let θl ∈ ð℘(α), then θl

is adjacent to ℘(α). Suppose on contrary θl 6∈ ðα, then α is not adjacent to θl = ℘(θl),

a contradiction.

Lemma 3.1.4. Let θl, θm ∈ =1 be two distinct basis vectors of g and ℘ ∈ Υ(G(g))

be an automorphism such that θl ∼℘ θm. Let α ∈ V (G(g)), then we have:

1. If θl ∈ ðα and θm 6∈ ðα, then θl 6∈ ð℘(α) and θm ∈ ð℘(α).

2. θl, θm ∈ ðα if and only if θl, θm ∈ ð℘(α).

Proof. (i) If θl ∈ ðα and θm 6∈ ðα, then α is adjacent to θl and non-adjacent to θm.

We discuss four possible cases:

1. If both θl, θm 6∈ ð℘(α), then ℘(α) is non-adjacent θm = ℘(θl), a contradiction.

2. If both θl, θm ∈ ð℘(α), then ℘(α) is adjacent to θl = ℘(θm), a contradiction.

3. If θl ∈ ð℘(α) and θm 6∈ ð℘(α), then ℘(α) is adjacent to θl = ℘(θm), a contradiction.
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4. If θl 6∈ ð℘(α) and θm ∈ ð℘(α), then ℘(α) is adjacent to θm = ℘(θl) and non-

adjacent to θl = ℘(θm).

As in Case (4), ℘ is preserving the relation of adjacency and non-adjacency, hence

proved.

(ii) Let θl, θm ∈ ðα, then α is adjacent to both θl and θm. We discuss four possible

cases:

1. If both θl, θm 6∈ ð℘(α), then ℘(α) is non-adjacent θm = ℘(θl), a contradiction.

2. If both θl, θm ∈ ð℘(α), then ℘(α) is adjacent to θl = ℘(θm) and θm = ℘(θl).

3. If θl ∈ ð℘(α) and θm 6∈ ð℘(α), then ℘(α) is non-adjacent to θm = ℘(θl), a

contradiction.

4. If θl 6∈ ð℘(α) and θm ∈ ð℘(α), then ℘(α) is non-adjacent to θl = ℘(θm), a

contradiction.

Since, ℘ preserves the relation of adjacency in Case (2), therefore θl, θm ∈ ð℘(α).

Converse part can be proved by the similar arguments.

Lemma 3.1.5. Let α, β ∈ =ι for some ι (1 ≤ ι ≤ n̂ − 1) and α ∼℘ β for some

℘ ∈ Υ(G(g)). The following statements hold:

1. If θ ∈ ðα ∩ ðβ, then ℘(θ) ∈ ðα ∩ ðβ.

2. If θ ∈ ðα − ðβ, then ℘(θ) ∈ ðβ − ðα.

Proof. (i) Since θ ∈ ðα ∩ ðβ, therefore θ is adjacent to both α and β. Suppose on

contrary ℘(α) 6∈ ðα ∩ ðβ, then ℘(α) is non-adjacent to either α = ℘(β) or β = ℘(α),
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a contradiction.

(ii) Let θ ∈ ðα − ðβ, then θ is adjacent to α and non-adjacent to β. Since ℘ is an

automorphism, therefore ℘(θ) must be adjacent to ℘(α) = β and non-adjacent to

℘(β) = α. Hence, ℘(θ) ∈ ðβ − ðα.

Lemma 3.1.6. Let α ∈ V (G(g)) and θ ∈ ðα (or θ /∈ ðα). If ℘ ∈ §α, then ℘(θ) ∈ ðα

(or ℘(θ) /∈ ðα).

Proof. Proof follows from the fact that θ and α are adjacent(non-adjacent), therefore

℘(θ) must be adjacent(non-adjacent) to ℘(α) = α.

Lemma 3.1.7. Let g be a vector space of dimension n̂ ≥ 4. Let θl, θm ∈ =1 be any

two basis vectors where m 6= l and 1 ≤ m, l ≤ n̂. Let θl ∼℘ θm for some ℘ ∈ Υ(G(g)).

1. Let α ∈ =2 be such that ðα = {θl, θm}, then ℘ ∈ §α.

2. Let α ∈ =n̂−2 be such that ðα = =1 − {θl, θm}, then ℘ ∈ §α.

3. Let α, β ∈ =n̂−1 be such that ðα = =1−{θl} and ðβ = =1−{θm}, then α ∼℘ β.

Proof. (i) As θl, θm ∈ ðα, therefore by Lemma 3.1.4(ii), θl, θm ∈ ð℘(α). Since, α ∈ =2

is the only element of =2 which have both θl and θm in its skeleton, therefor ℘(α) = α.

(ii) As θl, θm 6∈ ðα, therefore by Lemma 3.1.4(ii), θl, θm 6∈ ð℘(α). Since α is the only

element of =n̂−2, which does not have both θl and θm in its skeleton. Therefore,

℘(α) = α.

(iii) As θm ∈ ðα and θl 6∈ ðα, therefore by Lemma 3.1.4(i), θm 6∈ ð℘(α) and θl ∈ ð℘(α).

Since β is the only element of =n̂−1, which have θl and does not have θm in its skeleton,

therefore α ∼℘ β.
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3.2 Fixing Neighborhood in Non-Zero Component

Graphs

In this section, we discuss fixing neighborhood in non-zero component graphs.

Lemma 3.2.1. Let θl, θm ∈ =1 be two distinct basis vectors of a vector space g of

dimension n̂ over the field of 2 elements and α ∈ V (G(g)) be such that either θl ∈ ðα

or bm ∈ ðα. If ℘ ∈ §α(G(g)), then θl 6∼℘ θm. Moreover, Fix(θl, θm) = {α ∈ (G(g)):

either θl ∈ ðα or θm ∈ ðα}.

Proof. Without loss of generality, assume θl ∈ ðα and θm 6∈ ðα, then α = ℘(α) is

adjacent to θl and non-adjacent θm. Suppose on contrary θl ∼℘ θm, then θm = ℘(θl)

must be adjacent to α = ℘(α), a contradiction. Hence θl 6∼℘ θm and consequently,

Fix(θl, θm) = {α ∈ S(G(g)) : either θl ∈ ðα or θm ∈ ðα}.

Theorem 3.2.2. Let g be a vector space of dimension n̂ over the field of 2 elements

and G(g) be its non-zero component graph. Let α, β ∈ =ι for some ι (1 ≤ ι ≤ n̂− 1),

then

Fix(α, β) = {G ∈ S(G(g)) : |ðG ∩ ðα| 6= |ðG ∩ ðβ|}.

Proof. Let G ∈ S(G(g)) be such that |ðG ∩ ðα| 6= |ðG ∩ ðβ|, then there are two

possible cases:

Case 1: Either ðG ∩ ðα = ∅ or ðG ∩ ðβ = ∅. Without loss of generality, consider

ðG ∩ ðα = ∅. Let ℘ ∈ §G. We claim that OG(α) 6= OG(β) i.e., α 6∼℘ β. Suppose on

contrary α ∼℘ β. Since ðG ∩ ðβ 6= ∅, therefore let θ ∈ ðG ∩ ðβ. Then θ ∈ ðβ − ðα.

By Lemma 3.1.5(ii), ℘(θ) ∈ ðα − ðβ. Also ℘(θ) ∈ ðG by Lemma 3.1.6. Hence



35

℘(θ) ∈ ðα ∩ ðG, a contradiction that ðG ∩ ðα = ∅.

Case 2: Both ðG∩ðα 6= ∅ and ðG∩ðβ 6= ∅. Since |ðα| = |ðβ| and |ðG∩ðα| 6= |ðG∩ðβ|,

therefore |ðα ∪ ðG| 6= |ðβ ∪ ðG| and hence

|ðβ − {ðα ∪ ðG}| 6= |ðα − {ðβ ∪ ðG}|.

Moreover, ðβ − {ðα ∪ ðG} and ðα − {ðβ ∪ ðG} are disjoint sets of basis vectors and

at least one of them is non-empty. Without loss of generality assume ðβ −{ðα ∪ ðG}

is non-empty and let θ ∈ ðβ −{ðα ∪ ðG}. For ℘ ∈ §G, we claim that OG(α) 6= OG(β)

i.e., α 6∼℘ β. Suppose on contrary α ∼℘ β. Since θ ∈ ðβ and θ /∈ ðα ∪ ðG, therefore

θ ∈ ðβ − ðα and θ /∈ ðG. By Lemma 3.1.5(ii), ℘(θ) ∈ ðα − ðβ and by Lemma

3.1.6 ℘(θ) /∈ ðG. Thus g(θ) ∈ ðα − {ðβ ∪ ðG}. Thus, if θ ∈ ðβ − {ðα ∪ ðG}, then

℘(θ) ∈ ðα−{ðβ ∪ðG}, which is a contradiction as ðβ−{ðα∪ðG} and ðα−{ðβ ∪ðG}

are disjoint sets with

|ðβ − {ðα ∪ ðG}| 6= |ðα − {ðβ ∪ ðG}|

and ℘ is a bijective function.

Lemma 3.2.3. Let g be a vector space of dimension n̂ over the field of 2 elements

and G(g) be its non-zero component graph. Let α, β ∈ =ι for some ι (1 ≤ ι ≤ n̂− 1),

then we have:

1. Fix(α, β) ∩ {ðα ∩ ðβ} = ∅

2. Fix(α, β) ∩ =1 = {ðα ∪ ðβ} − {ðα ∩ ðβ}.

Proof. (i) Let θ ∈ {ðα ∩ ðβ}, then Sθ = {θ} ⊂ {ðα ∩ ðβ}. Since |ðα| = |ðβ|,

therefore |Sθ ∩ ðα| = |Sθ ∩ ðβ|. Hence by Theorem 3.2.2, θ /∈ Fix(α, β). Thus
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{ðα ∩ ðβ} 6⊂ Fix(α, β).

Conversely, let θ ∈ Fix(α, β) is a basis vector. Since |ðα| = |ðβ| and by Theorem

3.2.2, |ðθ ∩ ðα| 6= |ðθ ∩ ðβ| implies that {θ} = ðθ 6⊂ {ðα ∩ ðβ}, thus θ /∈ {ðα ∩ ðβ}.

Therefore, Fix(α, β) 6⊂ {ðα ∩ ðβ}. Hence Fix(α, β) ∩ {ðα ∩ ðβ} = ∅.

(ii) Let θ ∈ Fix(α, β) ∩=1, then by Theorem 3.2.2, |ðθ ∩ ðα| 6= |ðθ ∩ ðβ|, also |ðα| =

|ðβ|, which implies that at least one of ðθ ∩ ðα and ðθ ∩ ðβ is non-empty. Also by (i),

θ /∈ ðα∩ðβ. Thus either θ ∈ ðα−ðβ or θ ∈ ðβ−ðα. Hence, θ ∈ {ðα∪ðβ}−{ðα∩ðβ}.

Conversely, let θ ∈ {ðα ∪ ðβ} − {ðα ∩ ðβ}. Then either ðθ ⊂ ðα or ðθ ⊂ ðβ. In both

cases |ðθ ∩ ðα| 6= |ðθ ∩ ðβ|, as |ðα| = |ðβ|. Hence by Theorem 3.2.2, θ ∈ Fix(α, β).

Since θ is basis vector, therefore θ ∈ Fix(α, β) ∩ =1.

Theorem 3.2.4. Let g be a vector space of dimension n̂ over the field of 2 elements

and G(g) be its non-zero component graph. Let α, β ∈ =ι for some ι (1 ≤ ι ≤ n̂− 1),

then

Fix(α, β) = Fix(α−
∑

θ∈ðα∩ðβ

θ, β −
∑

θ∈ðα∩ðβ

θ).

Proof. Let G ∈ Fix(α, β), then by Theorem 3.2.2,

|ðα ∩ ðG| 6= |ðβ ∩ ðG| ⇔ ðα ∩ ðG 6= ðβ ∩ ðG

⇔ {ðα ∩ ðG} − {ðα ∩ ðβ} 6= {ðβ ∩ ðG} − {ðα ∩ ðβ}

⇔ {ðα − (ðα ∩ ðβ)} ∩ {ðG − (ðα ∩ ðβ)} 6= {ðβ − (ðα ∩ ðβ)} ∩ {ðG − (ðα ∩ ðβ)}.

Since Fix(α, β) ∩ {ðα ∩ ðβ} = ∅ by Lemma 3.2.3(i). Therefore,

⇔ {ðα − (ðα ∩ ðβ)} ∩ ðG 6= {ðβ − (ðα ∩ ðβ)} ∩ ðG

⇔ |{ðα − (ðα ∩ ðβ)} ∩ ðG| 6= |{ðβ − (ðα ∩ ðβ)} ∩ ðG|. Hence by Theorem 3.2.2,

⇔ G ∈ Fix(α−
∑

θ∈ðα∩ðβ
θ, β −

∑
θ∈ðα∩ðβ

θ).
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Theorem 3.2.5. Let G(g) be the non-zero component graph of a finite dimensional

vector space g of dimension n̂ ≥ 3 over the field of 2 elements. Let α, β ∈ =ι′ for

some ι′, (1 ≤ ι′ ≤ b n̂
2
c), such that ðα ∩ ðβ = ∅. Then

|Fix(α, β) ∩ =ι| =



(
n̂
ι

)
−
(
n̂−2ι′

ι

)
−

∑
1≤ ≤ ι′

0≤ k≤ n̂−2ι′

ι= 2+κ

(
ι′



)2(n̂−2ι′

κ

)
, if 1 ≤ ι ≤ n̂− 2ι′

(
n̂
ι

)
−

∑
1≤ ≤ ι′

0≤κ≤ n̂−2ι′

ι= 2+κ

(
ι′



)2(n̂−2ι′

κ

)
, if n̂− 2ι′ < ι ≤ n̂− 1.

where , κ are two numbers such that ι = 2+ κ.

Proof. First we count the vertices in =ι − Fix(α, β). Let w ∈ =ι − Fix(α, β) for

some ι, (1 ≤ ι ≤ n̂ − 1), then by Theorem 3.2.2, |ðw ∩ ðα| = |ðw ∩ ðβ|. Since

|ðα| = |ðβ| = ι′, therefore |ðw ∩ ðα| = |ðw ∩ ðβ| = , where (0 ≤  ≤ ι′). If  = 0,

then ðw ∩ ðα = ðw ∩ ðβ = ∅, and ðw contains ι (1 ≤ ι ≤ n̂ − 2ι′) basis vectors of

=1−{ðα∪ðβ}. Since ι elements out of n̂−2ι′ elements of =1−{ðα∪ðβ} can be chosen

in
(
n̂−2ι′

ι

)
ways, therefore there are

(
n̂−2ι′

ι

)
elements w in each =ι, (1 ≤ ι ≤ n̂ − 2ι′)

such that ðw∩ðα = ðw∩ðβ = ∅ and hence these elements belong to =ι−fix(α, β). If

1 ≤  ≤ ι′, then the set ðw of cardinality ι contains  vertices from each of two disjoint

sets ðα and ðβ of cardinality ι′ if and only if ι = 2+κ, where κ = |ðw−{ðα∪ðβ}|. As

 vertices can be chosen out of ι′ vertices of ðα in
(
ι′



)
ways,  vertices can be chosen

out ι′ vertices of ðβ in
(
ι′



)
ways and the remaining κ vertices of ðw can be chosen

out of n̂ − 2ι′ vertices of =1 − {ðα ∪ ðβ} in
(
n̂−2ι′

κ

)
ways. Thus, by the fundamental



38

principle of counting, there are
(
ι′



)2(n̂−2ι′

κ

)
vertices w in each =ι for each possibility

of the numbers  and κ, such that |ðw∩ðα| = |ðw∩ðβ| = . Therefore, the number of

vertices in each =ι such that |ðw∩ðα| = |ðw∩ðβ| 6= 0 is
∑

1≤ ≤ ι′
0≤κ≤ n̂−2ι′

ι= 2+κ

(
ι′



)2(n̂−2ι′

κ

)
. Hence,

the proof follows by the fact that the cardinality of =ι for each ι, (1 ≤ ι ≤ n̂− 1) is(
n̂
ι

)
.

Corollary 3.2.6. Let g be a vector space of dimension n̂ over the field of 2 elements

and G(g) be its non-zero component graph. Let α, β ∈ =ι′ for some ι′, (2 ≤ ι′ ≤ n̂−1),

such that ðα ∩ ðβ 6= ∅. If r = ι′ − |ðα ∩ ðβ|, then

|Fix(α, β) ∩ =ι| =
(
n̂

ι

)
−

∑
0≤ ≤ r

0≤κ≤ n̂−2r
ι= 2+κ

(
r



)2(
n̂− 2r

κ

)
−
(
n̂− 2r

ι

)
,

where , κ are two numbers such that ι = 2+ κ.

Proof. Since the skeletons of α −
∑

θ∈ðα∩ðβ b and β −
∑

θ∈ðα∩ðβ θ are disjoint and

α−
∑

θ∈ðα∩ðβ θ, β −
∑

θ∈ðα∩ðβ θ ∈ =r. Therefore by Theorem 3.2.5,

|Fix(α−
∑

θ∈ðα∩ðβ

θ, β −
∑

θ∈ðα∩ðβ

θ) ∩ =i|

=

(
n̂

ι

)
−

∑
0≤ ≤ r

0≤k≤ n̂−2r
ι= 2+κ

(
r



)2(
n̂− 2r

κ

)
−
(
n̂− 2r

ι

)
.

Also by Theorem 3.2.4,

|Fix(α, β) ∩ =ι| = |Fix(α−
∑

θ∈ðα∩ðβ

θ, β −
∑

θ∈ðα∩ðβ

θ) ∩ =ι|.

Hence proved.
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3.3 Fixed Number of Graphs

In this section, we give a realizable result about the existence of a graph in terms of

the difference of fixed number and fixing number of the graphs. We find an upper

bound on the size of fixing graph of a graph G. We also find fixed number of non-zero

component graphs.

The open neighbourhood of a vertex α in a graph G is ℵG(α) = {β ∈ V (G) : β

is adjacent to α in G}. The fixed number of a graph G, Fxd(G), is the minimum

number η such that every subset of vertices of G of cardinality η is a fixing set of G.

Note that 0 ≤ Fix(G) ≤ Fxd(G) ≤ |V (G)| − 1.

In the next theorem, we will prove the existence of a graph G for a given positive

integer N such that Fxd(G)− Fix(G) ≥ N .

Theorem 3.3.1. For every positive integer N , there exists a graph G such that

Fxd(G)− Fix(G) ≥ N .

Proof. We choose η ≥ max{3, N+3
2
}. Let G be a bipartite graph and V (G) = U ∪W ,

where U = {α1, ..., α2η−2} and ordered set W = {G1, G2, ..., Gη−1} and both U and

W are disjoint. Before defining adjacency, we assign coordinates to each vertex of U

by expressing each integer  (1 ≤  ≤ 2η − 2) in its base 2 (binary) representation.

We assign each α (1 ≤  ≤ 2η − 2) the coordinates (aη−1, aη−2, ..., a0) where am

(0 ≤ m ≤ η − 1) is the value in the 2m position of binary representation of . For

integers ι (1 ≤ ι ≤ η − 1) and  (1 ≤  ≤ 2η − 2), we join Gi and α(aη−1, aη−2, ..., a0)

if and only if i =
∑η−1

m=0 am. This completes the construction of graph G.

Next we will prove that Fix(G) = 2η − (η + 1). We denote ℵ(Gι) = {α ∈ U : α
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is adjacent to Gι, (1 ≤  ≤ 2η−2)} and it is obvious to see that ℵ(Gι) ∩ ℵ(G) = ∅ as

if α(aη−1, aη−2, ..., a0) ∈ ℵ(Gι) ∩ ℵ(G), then ι =
∑η−1

m=0 am = . Number of vertices

in each ℵ(Gι) is the permutation of η digits in which digit 1 is appears ι times and

digit 0 appears (η − ι) times, hence |ℵ(Gι)| =
(
η
ι

)
. As ℵ(Gι) ∩ ℵ(G) = ∅, so a

fixing set 0 with the minimum cardinality must have
(
η
ι

)
−1 vertices from each ℵ(Gι)

(1 ≤ ι ≤ η − 1), for otherwise if α, β ∈ ℵ(Gι) and α, β 6∈ 0 for some ι, then there

exists an automorphism ℘ ∈ Υ(G) such that ℘(α) = β because α and β have only

one common neighbor Gι, which is a contradiction that 0 is a fixing set. Moreover

0 ⊆ U as each Gι (0 ≤ ι ≤ η − 1), is fixed while fixing at least
(
η
ι

)
− 1 vertices in

each ℵ(Gι). Hence, Fix(G) =
η−1∑
ι=1

(
η
ι

)
− (η − 1) = 2η − (η + 1)

Next we will find Fxd(G). As order of G is 2η + η − 3 and set of all vertices of G

except one vertex forms a fixing set of G. It can be seen that Fxd(G) = 2η + η − 4,

for otherwise if Fxd(G) < 2η + η − 4 and α, β ∈ ℵ(Gι) for some ι, then the set

E = W ∪ U \ {α, β} consisting of 2η + η − 5 is not a fixing set, which implies that

Fxd(G) = 2η+η−4. Hence for the graph G, we have Fxd(G)−Fix(G) = 2η−3 ≥ N

as required.

Javaid et al. defined the fixing graph of a graph G in [49] where the authors

gave a method for finding fixing number of a graph with the help of its fixing graph.

The authors found a lower bound on the size of fixing graph of a graph for which

Fxd(G) = Fix(G). We give an upper bound on the size of fixing graph of such a

graph.

Theorem 3.3.2. Let G be a graph of order µ ≥ 2 such that Fix(G) = Fxd(G) = η,
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then

|E(F (G))| ≤ µ(
(
µ
2

)
− η + 1).

Proof. Let |S(G)| = r and |V∫ (G)| = s, then r ≤ µ and s ≤
(
r
2

)
≤
(
µ
2

)
. Let β ∈ S(G).

We will prove that degF (G)(β) ≤ s−η+1. Suppose degF (G)(β)  s−η+2, then there

are at most η − 2 pairs in V∫ (G) which are not adjacent to β. Let V∫ (G)\ℵF (G)(β) =

{(α1, β1), (α2, β2), ..., (αt, βt)}, where t ≤ η − 2. Note that, αι fixes (αι, βι) for each ι

with 1 ≤ ι ≤ t. Hence, αι is adjacent to pair (αι, βι) in F (G) for each ι, 1 ≤ ι ≤ t

and so ℵF (G)({β, α1, α2, ..., αt}) = V∫ (G). Hence, Fix(G) ≤ t+ 1 ≤ η − 1, which is a

contradiction. Thus,

degF (G)(β) ≤ s− η + 1 ≤
(
µ

2

)
− η + 1.

Consequently, |E(F (G))| ≤ µ(
(
µ
2

)
− η + 1).

A set of vertices A ⊂ V (G) is referred as non-fixing set if §A(G) \ {id} 6= ∅. The

following remark is useful in finding the fixed number of non-zero component graph

of a graph G.

Remark 3.3.1. [49] Let G be a graph of order µ. If r, (1 ≤ r ≤ µ − 2) is the largest

cardinality of a non-fixing subset of G, then Fxd(G) = r + 1.

The following result gives the fixed number of non-zero component graph.

Theorem 3.3.3. Let g be a vector space of dimension n̂ ≥ 3 over the field of 2

elements and G(g) be its non-zero component graph, then Fxd(G(g)) = 2n̂−1.

Proof. We choose a pair of basis vectors θl, θm ∈ =1 and define a set A = {ζ ∈

V (G(g)) : either θl, θm ∈ ðζ or θl, θm /∈ ðζ}. Take B = V (G(g)) − A = {υ ∈
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V (G(g)) : either θl ∈ ðυ, θm /∈ ðυ or θl /∈ ðυ, θm ∈ ðυ}. We choose two vertices

α, β ∈ B∩=ι for some ι (1 ≤ ι ≤ n̂), such that ðα−ðthetaeta = {θl} and ðβ−ðα = {θm}.

This implies

{ðα − ðβ} ∪ {θm} = {ðβ − ðα} ∪ {θl}.

We prove that A is a non-fixing set of G(g) by proving that there exist a non-trivial

℘ ∈ GA such that α ∼℘ β. Now let G ∈ A be an arbitrary vertex of set A. We discuss

two cases of G.

Case 1: If θl, θm ∈ ðG, then θl ∈ ðG∩ðα and θm ∈ ðG∩ðβ. Also {ðG∩ðα}∪{θm} =

{ðG ∩ ðβ} ∪ {θl} implies

|{ðG ∩ ðα} ∪ {θm}| = |{ðG ∩ ðβ} ∪ {θl}|.

This implies |ðG ∩ ðα| = |ðG ∩ ðβ|. Therefore by Theorem 3.2.2, G /∈ Fix(α, β) and

α ∼℘ β for some ℘ ∈ §G.

Case 2: If θl, θm /∈ ðG, then ðG∩ðα = ðG∩ðβ implies |ðG∩ðα| = |ðG∩ðβ|. Therefore

by Theorem 3.2.2, G /∈ Fix(α, β) and α ∼℘ β for some ℘ ∈ §G.

Since the choice of G is arbitrary in A. Therefore, §A − {id} 6= ∅. Hence, A is a

non-fixing set of G(g).

Next we prove that any superset of set A is a fixing set of G(g). Let ς ∈ B be

an arbitrary vertex and A′ = A ∪ {ς}. Without loss of generality assume θl ∈ ðς and

θm /∈ ðς . We choose α, β ∈ B \ {ς} such that ðα − ðβ = {θl} and ðβ − ðα = {θm},

then θl ∈ ðς ∩ ðα and θm /∈ ðς ∩ ðβ. This implies |ðς ∩ ðα| 6= |ðς ∩ ðβ|. Therefore

by Theorem 3.2.2, ς ∈ Fix(α, β). In particular ς ∈ Fix(θl, θm), thus θl �℘ θm where

℘ ∈ §A′ . Hence §A′ is trivial and A′ is a fixing set of G(g). Thus A is non-fixing set
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of G(g) with the largest cardinality.

Since =ι for each ι (2 ≤ ι ≤ n̂), contains
(
n̂−2
ι−2

)
elements which have both θl and

θm in their skeletons. Also =ι for each ι (1 ≤ ι ≤ n̂ − 2), contains
(
n̂−2
ι

)
elements

which do not have both θl and θm in their skeletons. Therefore,

|A| =
n̂−2∑
ι=1

(
n̂− 2

ι

)
+

n̂∑
ι=2

(
n̂− 2

ι− 2

)
= 2n̂−1 − 1 + 2n̂−2 = 2n̂−1 − 1.

Hence by Remark 3.3.1, Fxd(G(g)) = 2n̂−1.

Theorem 3.3.4. [49] Let G be a connected graph of order µ. Then Fxd(G) = µ− 1

if and only if ℵG(β) \ {α} = ℵG(α) \ {β} for some α, β ∈ V (G).

Let g be a vector space of dimension n̂ over the field of q̂ ≥ 3 elements and

G(g) be its non-zero component graph. Then =ι, for each ι (1 ≤ ι ≤ n̂), has
(
n̂
ι

)
sets of vertices each of cardinality (q̂ − 1)ι whose skeletons are same. Hence their

neighborhoods are also same. Thus each of these
(
n̂
ι

)
sets of vertices form twin classes

of vertices. Thus from Theorem 3.3.4, we have the following result:

Theorem 3.3.5. Let g be a vector space of dimension n̂ over the field of q̂ ≥ 3

elements and G(g) be its non-zero component graph, then Fxd(G(g)) = |G(g)| − 1.

Proof. Since G(g) has twin vertices, therefore result follows by Theorem 3.3.4.



Chapter 4

Fractional Fixing Number of
Graphs

In this chapter, we introduce a fractional version of fixing number of graphs by intro-

ducing the idea of fixing function of graphs. In the following paragraph, we introduce

some relevant terminology needed for the exposition of this idea.

A fixing set 0 of G is minimal if no proper subset of 0 is a fixing set of G. In

families of graphs like path, cycle, complete graph and complete bipartite graphs

minimum fixing sets and minimal fixing sets have the same cardinality. This is not

the case always. For example, let C4µ, µ ≥ 2, be the cycle graph with V (C4µ) =

{β1, β2, · · · , β4µ}. Attach two pendent vertices with β1 and β2µ+1. Let us denote the

resulting graph by C. It is easy to check that {β2} and {βµ+1, β2µ+1} are minimal

fixing sets of C. In this example, there exists a minimal fixing set whose cardinality

is different from that of a minimum fixing set. We call the maximum cardinality of a

minimal fixing set of a graph G, the upper fixing number of G, denoted by Fix+(G).

Note that Fix(G) ≤ Fix+(G).

In this chapter, we define fractional fixing number of graphs and fixed graphs. We

44
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give an integer programming problem for finding fixing number of graphs. We also

show that by relaxing conditions, a linear programming problem is formulated which

leads to the fractional version of the fixing number of graphs. In next sections, we

characterize graphs G with the fractional fixing number |V (G)|
2

and fractional fixing

number of some families of graphs. In last two sections, we study the fractional fixing

number of corona and composition product of graphs.

4.1 Fixing Neighborhood in Graphs and Fixed Graphs

For two distinct vertices α and β in a graph G, define `α,β : V (G)→ V (G),

ια,β(ζ) =


β, if ζ = α,

α, if ζ = β,

ζ, otherwise.

Then `α,β is an automorphism of G if and only if α and β are twins. Hence, we have

the following result;

Lemma 4.1.1. Let G be a graph and α and β be distinct vertices in G . Then

{α, β} ⊆ Fix(α, β). Moreover, we have Fix(α, β) = {α, β} if and only if α and β

are twins.

For two distinct vertices α and β in G, <(α, β) = {ζ ∈ V (G) : dis(ζ, α) 6=

dis(ζ, β)} where dis(ζ, α) is the distance between ζ and α.

Lemma 4.1.2. Let α and β be two distinct vertices in G. Then <(α, β) ⊆ Fix(α, β).

Proof. If ζ ∈ <(α, β), then dis(ζ, α) 6= dis(ζ, β), which implies that Øζ(α) 6= Øζ(β)
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since automorphisms preserve the distances in the graph G. Hence, the required

result follows.

Note that in order to destroy automorphisms, only those vertices α, β ∈ V (G) are

of interest for which Ø(α) = Ø(β) and |Ø(α)| ≥ 2. So it is sufficient to consider V∫ (G)

instead of V (G)×V (G). If 0 is a fixing set, then it is clear that 0∩Fix(α, β) 6= ∅ for

any pair (α, β) ∈ V∫ (G). Moreover, for each pair in V∫ (G) can be fixed by elements of

S(G) only. If Fix(α, β) = S(G), for all α, β ∈ S(G), then Fix(G) = 1 but converse is

not true. To see this, consider the Cartesian product of P4 and P5, denoted by P42P5

and V (P42P5) = {αι|1 ≤ ι ≤ 4, 1 ≤  ≤ 5}. Note that S(P42P5) = V (P42P5) and

Fix(P42P5) = 1. But Fix(α11, α15) 6= S(P42P5) because α13 does not fix the pair

(α11, α15).

Now we formulate fractional version of fixing number of a graph and its integer

programming formulation.

Suppose V (G) = {β1, β2, ..., βµ} and V∫ (G) = {s1, s2, ..., sr}, r ≥ 1. Let H = (hι) be

the r × µ matrix with

hι =

 1, if sιβ ∈ E(F (G)),

0, otherwise,

for 1 ≤ ι ≤ r and 1 ≤  ≤ µ.

The integer programming formulation of the fixing number is given by:

Minimize ρ(ζ1, ζ2, ..., ζµ) = ζ1 + ζ2 + ...+ ζµ,

subject to the constraints
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Hζ ≥ [1]r and ζι ∈ {0, 1}

where ζ = [ζ1, ζ2, ..., ζµ]T , [1]κ is the κ × 1 matrix whose all entries are 1, and [0]µ is

the µ× 1 matrix whose all entries are 0.

If we relax the condition, ζι ∈ {0, 1} for every ι and require that ζι ≥ 0 for all ι, then

we obtain the following linear programming problem:

Minimize ρ(ζ1, ζ2, ..., ζµ) = ζ1 + ζ2 + ...+ ζµ

subject to the constraints

Hζ ≥ [1]r and ζ ≥ [0]µ.

In terms of the fixing graph F (G) of G, solving this linear programming problem

amounts to assigning non-negative weights to the vertices in V (G) so that for each

pair in V∫ (G), the sum of weights in its neighborhood is at least 1 and such that the

sum of weights of the vertices of G is as small as possible. The smallest value for ρ is

called the fractional fixing number of G.

Definition 4.1.1. Let G be a connected graph of order µ. A function ℘ : V (G) →

[0, 1] is a fixing function FF of G if ℘(Fix(α, β)) ≥ 1 for any pair (α, β) ∈ V∫ (G),

where ℘(Fix(α, β)) =
∑

ζ∈Fix(α,β)

℘(ζ) and |℘| =
∑
β∈V

℘(β). The fractional fixing num-

ber, denoted by Fixf (G), is the minimum value of FF .

In the next theorem, we show that dimf (G) is an upper bound of Fixf (G).

Theorem 4.1.3. For any connected graph G, we have Fixf (G) ≤ dimf (G).

Proof. If G is a rigid graph, the Fixf (G) = 0 ≤ dimf (G). Now suppose that G is a

non-rigid graph. By Lemma 4.1.2, each resolving function of G is a fixing function of
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G. Therefore, our desired inequality holds.

4.2 Characterization of Graphs with Fixf(G) =
|V (G)|

2

In this section, we characterize the graphs having Fixf (G) = |V (G)|
2

. For graphs

with Fix(G) = 1, it follows that Fixf (G) = 1 because the characteristic function of a

minimal fixing set is an FF ofG, it follows that 1 ≤ Fixf (G) ≤ Fix(G) ≤ Fix+(G) ≤

µ−1. Note that fixing function plays an important role while finding fractional fixing

number of a graph. To define fixing function that meets all conditions, we need to

know cardinalities of fixing neighborhoods of (α, β) ∈ V∫ (G). For a graph G of order

µ, we define

⊥(G) = min{|Fix(α, β)| : (α, β) ∈ V∫ (G)}.

Now, we express the fractional fixing number of G in terms of ⊥(G) in the following

proposition:

Proposition 4.2.1. Let G be a connected graph of order µ. Then Fixf (G) ≤ µ
⊥(G)

.

Proof. Let ℘ : V (G) → [0, 1] defined by ℘(β) = 1
⊥(G)

. For any two distinct vertices

α and β, we have ℘(Fix(α, β)) = |Fix(α,β)|
⊥(G)

≥ 1. Clearly ℘ is a fixing function of G.

Hence, Fixf (G) ≤ |℘| = µ
⊥(G)

.

By above proposition and Lemma 4.1.1, we have the following result:

Corollary 4.2.2. For a connected graph G of order µ, we have Fixf (G) ≤ µ
2
.



49

In the rest of this section, we characterize all graphs G attaining the upper bound

in Corollary 5.1.8.

Lemma 4.2.3. For a non-rigid graph G, we have

Fixf (G) ≤ |V (G)| − |C(G)|
2

,

Proof. Define a function ℘ : V (G)→ [0, 1],

℘(ζ) =

 0, if ζ ∈ C(G),

1
2
, otherwise.

Note that |V (G)| − |C(G)| ≥ 2. Pick any two distinct vertices α and β in G. If

Ø(α) 6= Ø(β), then Fix(α, β) = V (G), and so ℘(Fix(α, β)) = |℘| ≥ 1. If Ø(α) =

Ø(β), then ℘(α) = ℘(β) = 1
2
, which implies that ℘(Fix(α, β)) ≥ 1 by Lemma 4.1.1.

It follows that ℘ is a fixing function. Hence, the desired result holds.

Given a graph H and a family of graphs I = {Iβ}β∈V (H), indexed by V (H), their

generalized lexicographic product, denoted by H[I], is defined as the graph with the

vertex set V (H[I]) = {(β,G)|β inV (H) and G ∈ V (Iβ)} and the edge set E(H[I]) =

{{(β1, G1), (β2, G2)}|{β1, β2} ∈ E(H), or β1 = β2 and {G1, G2} ∈ E(Iβ1)}.

Theorem 4.2.4. Let G be a non-trivial graph of order µ. Then the following condi-

tions are pairwise equivalent.

(i) Fixf (G) = µ
2
.

(ii) Each vertex in G has a twin.

(iii) There exist a graph H and a family of graphs I = {Iβ}β∈V (H), where Iβ is a

non-trivial null graph or a non-trivial complete graph, such that G is isomorphic to

H[I].
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Proof. We show that (i) indicates (ii), (ii) indicates (iii), and (iii) indicates (i). Sup-

pose (i) holds. Then C(G) = ∅ by Lemma 4.2.3. If there exists a vertex α in G such

that α does not have a twin, then the following function ℘ : V → [0, 1],

℘(ζ) =

 0, if ζ = α,

1
2
, if ζ 6= α,

is a fixing function of G by Lemma 4.1.1, which implies that Fixf (G) ≤ µ−1
2

, a

contradiction. So (ii) holds.

Suppose (ii) holds. For ζ, υ ∈ V (G), define α ≡ β if and only if ζ = υ or ζ, υ are

twins. It is clear that ≡ is an equivalence relation. Suppose

Ø1, . . . ,Øm

are the equivalence classes. Then the induced subgraph on each Øι, denoted also by

IØι , is a non-trivial null graph or a non-trivial complete graph. Let H be the graph

with the vertex set {Ø1, . . . ,Øm}, where two distinct vertices Øι and Ø are adjacent

if there exist ζ ∈ Øι and y ∈ Ø such that ζ and υ are adjacent in G. It is routine to

verify that G is isomorphic to H[I], where [I] = {IØι : ι = 1, . . . ,m}. So (iii) holds.

Suppose (iii) holds. For β ∈ V (H), write

V (Iβ) = {G1
β, . . . , G

q(β)
β }.

Then q(β) ≥ 2, and (β,Gι
β) and (β,G

β) are twins in H[I], where 1 ≤ ι <  ≤ q(β).

Let $ be a fixing function of H[I] with |$| = Fixf (H[I]). By Lemma 4.1.1, we get

$((β,Gι
β)) +$((β,G

β)) ≥ 1 for 1 ≤ ι <  ≤ q(β),
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which implies that
q(β)∑
κ=1

$(β,Gκ
β) ≥ q(β)

2
,

and so

Fixf (G) = Fixf (H[I]) = |$| =
∑

β∈V (H)

q(β)∑
κ=1

$((β,Gκ
β)) ≥

∑
β∈V (H)

q(β)

2
=
|V (H[I])|

2
=
µ

2
.

So (i) holds. We accomplish the proof.

For following families of graphs, each vertex in these graph has a twin. Using

Theorem 5.1.3, we get the fractional fixing number of these families of graphs:

Example 4.2.5. Fixf (G) = |V (G)|
2

for each of the following graphs:

1. G = Kµ, µ ≥ 2.

2. G = Kµ − e, where µ ≥ 4 and e is an arbitrary edge of Kµ.

3. G = K2t − L,ᵀ ≥ 2 and L is a perfect matching in K2ᵀ.

4. G is complete κ-partite graph Kµ1,µ2,...,µκ , where κ ≥ 2 and µι ≥ 2.

The join graph G+H is the graph obtained from G and H by joining each vertex

of G with every vertex of H. Note that, if each vertex in Gι has a twin for ι ∈ {1, 2},

then each vertex in G1 +G2 has a twin. Hence, we have:

Corollary 4.2.6. Let Θ denote the collection of all connected graphs G with Fixf (G) =

|V (G)|
2

. If G1, G2 ∈ Θ, then G1 +G2 ∈ Θ.

Corollary 4.2.7. If Fixf (G) = µ
2
, then Fixf (G+Kκ) = µ+κ

2
, for κ ≥ 2.
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Theorem 4.2.8. Any connected graph H can be embedded as an induced subgraph of

a connected graph G with Fixf (G) = |V (G)|
2

.

Proof. Let V (H) = {α1, α2, · · · , αµ}. Consider the graph G formed from H by re-

placing each vertex αι of H by αι1 and αι2 , and joining αιd to αᵀ , where d,ᵀ ∈ {1, 2},

whenever αι and α are adjacent in H. Hence, αι1 and αι2 are twins in G, and so

Fixf (G) = |G|
2

, and H is an induced subgraph of G.

4.3 Fractional Fixing Number of Some Families of

Graphs

In this section, we determine the fractional fixing number of some families of graphs.

A graph G is vertex-transitive if its automorphism group Υ(G) acts transitively on

the vertex set. For any two vertices β and G in V (G), §β and §G are isomorphic and

index of §β in Υ(G) is equal to the order of V (G). In the following result, we give

the fractional fixing number of a vertex-transitive graph G in terms of the parameter

⊥(G).

Theorem 4.3.1. Let G be a vertex-transitive graph, then Fixf (G) = |V (G)|
⊥(G)

.

Proof. Let ⊥(G) = p. Then there exists a pair of distinct vertices (α, β) ∈ V∫ (G) such

that |Fix(α, β)| = p. Suppose Fix(α, β) = {e1, e2..., ep}. For any automorphism ρ of

G, Fix(ρ(α), ρ(β)) = {ρ(e1), ρ(e2), ..., ρ(ep)}. Let $ be a fixing function of G with

Fixf (G) = |$|. Then

$(ρ(e1)) +$(ρ(e2)) + ...+$(ρ(ep)) = $(Fix(ρ(α), ρ(β))) ≥ 1,
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which implies that

∑
ρ∈Υ(G)

($(ρ(e1)) +$(ρ(e2)) + ...+$(ρ(ep))) ≥ |Υ(G)|.

Since G is vertex transitive, we have

|§e1|.|$|+ |§e2|.|$|+ ...+ |§ep |.|$| ≥ |Υ(G)|

which implies that Fixf (G) ≥ |V (G)|
p

. By Proposition 6.1.12, we have the required

result.

Since cycle Cµ of order µ is vertex transitive, therefore we have the following

result:

Corollary 4.3.2. For the cycle Cµ, we have

Fixf (Cµ) =


µ
µ−2

, if µ is even ,

µ
µ−1

, if µ is odd .

A non-trivial connected graph G is distance-transitive if given any two ordered

pairs of vertices (α1, β1) and (α2, β2) such that dis(α1, β1) = dis(α2, β2), there is an

automorphism σ of G such that (α2, β2) = (σ(α1), σ(β1)).

Lemma 4.3.3. Let α and β be two distinct vertices in a distance-transitive graph G.

Then <(α, β) = Fix(α, β).

Proof. Note that all distance-transitive graphs are vertex-transitive. Then G is non-

rigid. Take any ζ ∈ Fix(α, β). Then Øζ(α) 6= Øζ(β). If dis(ζ, α) = dis(ζ, β), then

there is an automorphism σ of G such that (ζ, β) = (σ(ζ), σ(α)), which implies that
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β ∈ Øζ(α), and so Øζ(α) = Øζ(β), a contradiction. Hence, we have Fix(α, β) ⊆

<(α, β). Therefore, we get the desired result by Lemma 4.1.2.

According to the above lemma, we get the following result immediately.

Theorem 4.3.4. For a distance-transitive graph G, we have Fixf (G) = dimf (G).

The Hamming graph, denoted by Hµ,κ, has the vertex set {(ζ1, . . . , ζµ)|1 ≤ ζι ≤

κ, 1 ≤ ι ≤ µ}, with two vertices being adjacent if they differ in exactly one co-

ordinate. Let Y be a set of size µ, and let
(
y
κ

)
denote the set of all κ-subsets of

Y . The Johnson graph, denoted by J(µ, κ), has
(
Y
κ

)
as the vertex set, where two

κ-subsets are adjacent if their intersection has size κ− 1.

It is well-known that Hµ,κ and J(µ, κ) are distance-transitive. The fractional

metric dimension of Hµ,2 was computed in [3]. Feng at el. [30] compute dimf (Hµ,κ)

for κ ≥ 3 and dimf (J(µ, κ)). Combining all these results and Theorem 4.3.4, we get

Corollary 4.3.5. Let µ and κ be positive integers at least 2.

(i) Fixf (Hµ,κ) =

 2, if κ = 2,

κ
2
, if κ ≥ 3.

(ii) If µ ≥ 2κ, then

Fixf (J(µ, κ)) =


3, if (µ, κ) = (4, 2),

35
17
, if (µ, κ) = (8, 4),

µ2−µ
2κµ−2κ2

, otherwise.

The next result is a generalization of Theorem 5.1.3. Note that for C(G) = ∅, the

next theorem coincides with Theorem 5.1.3.
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Theorem 4.3.6. Let G be a connected graph of order µ. Then Fixf (G) = µ−|C(G)|
2

if and only if each vertex in S(G) has a twin.

Proof. By Lemma 4.2.3, Fixf (G) ≤ µ−|C(G)|
2

. Let $ be any fixing function of G.

Then by Lemma 4.1.1, $(α) + $(β) ≥ 1 for all α, β ∈ S(G). Adding these µ −

|C(G)| inequalities, we get Fixf (G) ≥ |$| ≥
µ−|C(G)|∑

ι=1

$(αι) ≥ µ−|C(G)|
2

. Therefore,

Fixf (G) = µ−|C(G)|
2

. Converse part of this theorem is straight forward from Theorem

5.1.3.

The friendship graph Fµ is obtained by joining µ copies/blocks of the cycle graph

C3 with a common vertex.

Corollary 4.3.7. For friendship graph Fµ, Fixf (Fµ) = µ.

Proof. For 1 ≤ ι ≤ µ, let Hι = (ζ, aι, bι, ζ) be the µ blocks of Fµ. Note that C(Fµ) =

{ζ} and Fix(aι, bι) = {aι, bι}. By Lemma 4.1.1, aι and bι are twins. Hence by

Theorem 5.1.5, Fixf (Fµ) = |V |−|C(Fµ)|
2

= µ.

The fan graph F1,µ of order µ+ 1 is defined as the join graph K1 + Pµ.

Corollary 4.3.8. For fan graph F1,µ with µ ≥ 3,

Fixf (F1,µ) =

 2, if µ = 3,

1, if µ ≥ 4.

Proof. Note that each vertex in Fix1,3 has a twin, so by Theorem 5.1.3, Fixf (F1,3) =

2. Now, suppose µ ≥ 4. Take a vertex α ∈ V (F1,µ) of degree 2. Then for each

(ζ, υ) ∈ V∫ (F1,µ), we have α ∈ Fix(ζ, υ). Since F1,µ is not a rigid graph so one has

Fix(F1,µ) = 1, which implies that Fixf (F1,µ) = 1, as desired.
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For β ∈ V (G), G − β is the graph obtained by deleting β from the vertex set of

G along with its incident edges.

Proposition 4.3.9. Let G be a connected graph and β ∈ G, then Fixf (G) − 1 ≤

Fixf (G− β).

Proof. Let ℘ : V (G − β) → V (G − β) be a fixing function of G − β such that

Fixf (G− β) = |℘|. Now, the function ℘′ : V (G)→ V (G) defined by

℘′(α) =

 ℘(α), if α 6= β,

1, if α = β.

is a fixing function of G and hence Fixf (G) ≤ |℘′|. Thus Fixf (G − β) = |℘| =

|℘′| − 1 ≥ Fixf (G)− 1.

In the following result, the fractional fixing number of trees has been computed.

Let a non-path tree T of order µ ≥ 4, then Fixf (T ) ≥ 1. A vertex of degree one is

called a leaf.

Theorem 4.3.10. The fractional fixing number of a tree T graph of order µ satisfies

the following properties:

1. 0 ≤ Fixf (T ) ≤ µ−1
2

and bounds are tight.

2. For µ, κ ∈ N with 2 ≤ κ ≤ µ − 1 and κ 6= µ − 2, there exists a tree T of order

µ such that Fixf (T ) = κ
2
.

3. A tree T with Fixf (T ) = 0 can exists only if µ = 1 or µ ≥ 7.
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Proof. 1. By definition, Fixf (T ) ≥ 0. Moreover, T contains at most µ− 1 leaves

and Theorem 5.1.5 implies that fractional fixing number is at most µ−1
2

. Upper

bound is sharp for star graph, K1,µ−1.

2. Consider µ, κ ∈ N with 2 ≤ κ ≤ µ − 3, a α − β path Pµ−κ with leaves

{β1, β2, ..., βκ} attached with β. By Theorem 5.1.5, its fractional fixing number

is κ
2
. The star K1,µ−1 serves as an example for κ = µ− 1.

3. It was proved in [11] that a tree T graph with Fix(T ) = 0 can exists only if

µ = 1 or µ ≥ 7. This implies Fixf (T ) = 0 can exists only if µ = 1 or µ ≥ 7.

There exists families of graphs for which for which dimf (T ) and Fixf (T ) are

equal. Consider a tree graph T obtained by connecting a single vertex α to κ paths

Pm, Pm+1, ..., Pm+κ−1 with lengths m,m + 1, ...,m + κ − 1, respectively. It is clear

that such a tree is a rigid graph and Fixf (T ) = 0 and it was shown in [54] that

dimf (T ) = κ
2
. Hence there exist graphs for which the difference between dimf (T )

and Fixf (T ) can be arbitrarily large.

Corollary 4.3.11. For the wheel Wµ, µ ≥ 5, we have

Fixf (Wµ) =


µ
µ−2

, if µ− 1 is even,

µ
µ−3

, if µ− 1 is odd.

Proof. Let V (Wµ) = {α1, α2, ..., αµ−1, α} with α is the center of the wheel and Cµ−1 =

(α1, α2, ..., αµ−1), µ ≥ 4, is the rim. Since the center vertex α does not belong

to S(Wµ), therefore the automorphism group of Wµ is same as that of cycle Cµ−1.

Therefore, we have the required result.
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In [3], it was shown that dimf (Wµ) = µ−1
4

for µ ≥ 7. Please note dimf (Wµ) −

Fixf (Wµ)→∞ as µ→∞.

4.4 Fractional Fixing Number of Corona Product

of Graphs

For ζ, υ ∈ V (G�H), we denote the fixing neighborhood of ζ, υ by FixG�H(ζ, υ) and

FixG(ζ, υ) denotes the fixing neighborhood of ζ, υ in G.

Lemma 4.4.1. Let G be a connected graph of order ν ≥ 2 and H be an arbitrary

graph. Let (ζ, υ) ∈ V∫ (G�H).

1. If {(ζ, υ)} ⊆ V∫ (Hα) for some α ∈ V (G), say ζ = (α, β1) and υ = (α, β2), then

FixG�H(ζ, υ) = FixH(β1, β2).

2. If {ζ, υ} 6⊆ V∫ (Hα) for any α ∈ V (G), then there exists a vertex α0 of G such

that Hα0 ⊆ FixG�H(ζ, υ).

Proof. (1) If {(ζ, υ)} ⊆ V∫ (Hα) for any α ∈ V (G), then it is clear that there exists

α ∈ §V (G�H)\Hα such that α(ζ) = υ, therefore we have FixG�H(ζ, υ) ⊆ Hα. Note

that (r, s) ∈ FixG�H(ζ, υ) is equivalent to s ∈ FixH(β1, β2). Hence, the desired result

follows.

(2) Note that for ζ ∈ V (G) and υ ∈ Hα or υ ∈ V (G) and ζ ∈ Hα, (ζ, υ) /∈ V∫ (G�H).

Now, we have two cases:

Case 1: Let (ζ, υ) ∈ V∫ (G), then for α ∈ Υ(G), α(ζ) = υ if and only if α(Hζ) = Hυ.
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This implies that Hζ and Hυ ⊆ FixG�H(ζ, υ).

Case 2: Let ζ ∈ Hα1 and υ ∈ Hα2 for two distinct vertices α1, α2 ∈ V (G). It is

clear that by fixing any vertex of Hα1 or Hα2 , ζ cannot be mapped on υ. Therefore,

Hα1 ⊆ FixG�H(ζ, υ).

Fixing number of corona product of non-rigid graphs has been studied by Javaid

et al. and they proved that Fix(G � H) = νF ix(H) [48]. It is interesting to note

that a similar result is true for the fractional fixing number of G�H as well.

Theorem 4.4.2. Let G be a connected graph and H be a non-rigid graph with

|V (G)| = ν ≥ 2. Then Fixf (G�H) = νF ixf (H).

Proof. Let ℘ be a fixing function of G � H with |℘| = Fixf (G � H). For each

α ∈ V (G), define ℘α : V (H) → [0, 1] such that β 7→ ℘((α, β)). For (β1, β2) ∈ V∫ (H),

by Lemma 4.4.1,

℘α(FixH(β1, β2)) =
∑

β∈FixH(β1,β2)

℘((α, β)) = ℘(FixG�H((α, β1), (α, β2))) ≥ 1,

which implies that

|℘α| ≥ Fixf (H).

Since V (H) ⊆ V (G�H), we have

|℘| ≥
∑

α∈V (G)

|℘α|.

Hence, Fixf (G � H) ≥ νF ixf (H). Now, we show that Fixf (G � H) ≤ νF ixf (H).

Note that for any pair (α, β) ∈ V∫ (G), Hα ⊆ FixG�H(α, β) and Hβ ⊆ FixG�H(α, β).
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Let $ : V (H)→ [0, 1] is a fixing function of H such that |$| = Fixf (H). Define

$′ : V (G�H)→ [0, 1], w 7→

 $(ν), if G = (ζ, υ),

0, if G ∈ V (G).

Note that $′ is a fixing function of G � H. Hence, Fixf (G � H) ≤ νF ixf (H) and

the result follows.

Theorem 4.4.3. Let G be a connected graph of order at least 2 and H be a rigid

graph. Then

Fixf (G�H) = Fixf (G).

Proof. If G is a rigid graph, then G�H is a rigid graph, and so Fixf (G�H) = 0 =

Fixf (G). In the following, suppose that G is not a rigid graph. Then G �H is not

a rigid graph.

Let ℘ be a fixing function of G�H with |℘| = Fixf (G�H). Define

℘′ : V (G)→ [0, 1], α 7→ ℘(α) +
∑
β∈Hα

℘((α, β)).

For any (α1, α2) ∈ V∫ (G), we have

FixG�H(α1, α2) = FixG(α1, α2) ∪
⋃

α∈FixG(α1,α2)

Hα,

which implies that ℘′(FixG(α1, α2)) = ℘(FixG�H(α1, α2)) ≥ 1, and so ℘′ is a fixing

function of G with |℘′| = |℘|. Therefore, one has Fixf (G) ≤ Fixf (G�H).

Let $ be a fixing function of G with |$| = Fixf (G). Define

$′ : V (G�H)→ [0, 1], α 7→

 $(α), if α ∈ V (G),

0, otherwise.
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Note that H is a rigid graph. For (ζ, υ) ∈ V∫ (G � H), we have (ζ, υ) ∈ V∫ (G), or

(ζ, υ) = ((α1, β), (α2, β)) for some ((α1, α2), β) ∈ V∫ (G)× V (H). It follows that $′ is

a fixing function of G�H with |$′| = |$|. Thus, we get Fixf (G�H) ≤ Fixf (G).

Hence, the desired result follows.

Let H be a graph with maximum degree less than |V (H)| − 1. If H is a rigid

graph, then K1 � H is a rigid graph, and so Fixf (K1 � H) = 0 = Fixf (H). If H

is not a rigid graph, then Fixf (K1 � H) = Fixf (H) by a similar proof of Theorem

4.4.2. Consequently, we have

Theorem 4.4.4. Let H be a graph with maximum degree less than |V (H)|−1. Then

Fixf (K1 �H) = Fixf (H).

Now, we compute Fixf (K1 �H) if H has maximum degree |V (H)| − 1.

Theorem 4.4.5. Let H be a graph with maximum degree |V (H)| − 1. Suppose the

number of vertices with degree |V (H)| − 1 in H is κ. Then

Fixf (K1 �H) =

 Fixf (H) + 1, if κ = 1,

F ixf (H) + 1
2

if κ ≥ 2.

Proof. Note that there are κ + 1 vertices with degree |V (H)| in K1 � H and all of

them are twins. The rest of the proof is similar to the proof of Theorem 4.4.2.
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4.5 Fractional Fixing Number of Composition Prod-

uct of Graphs

Let G be a connected graph and H be an arbitrary graph containing H1, H2, · · · ,

Hκ components with κ ≥ 1, |V (H)| ≥ 2 for each  = 1, 2, . . . , κ. For any vertex

α ∈ V (G) and 1 ≤ ι ≤ κ, we define the vertex set Hι(α) = {(α, β) ∈ V (G[H]) : β ∈

V (Hι)}. Let |V (Hι)| = νι, 1 ≤ ι ≤ κ. For every (α, β) ∈ V (G[H]), degG[H](α, β) =

degG(α)·|V (H)|+degH(β). If G is a disconnected graph having κ ≥ 2 components G1,

G2, . . . , Gκ, then G[H] is also a disconnected graph having κ components such that

G[H] = G1[H] ∪G2[H] ∪ . . . ∪Gκ[H] and each component Gι[H] is the composition

product of connected component Gι of G with H, therefore throughout this section,

we will assume G to be connected. For ζ, υ ∈ V (G[H]), the fixing neighborhood of

ζ, υ is denoted by FixG[H](ζ, υ). For a subgraph Q of a graph G, F(Q) = {ζ ∈ V (G) :

ζ ∈ Fix(α, β) for(α, β) ∈ V∫ (Q)}.

Lemma 4.5.1. [48] Let G and H be two non-rigid graphs. For two distinct vertices

α, β ∈ V (G), if ς ∈ H(β), then ς 6∈ FixG[H](ζ, υ) for (ζ, υ) ∈ V∫ (H(α)).

Lemma 4.5.2. [48] Let G[H] be the composition product of two non-rigid graphs G

and H. Let H1, H2, . . . , Hκ, κ ≥ 1, be the non-trivial components of H. Then for

α ∈ V (G) and ζ ∈ H(α), ζ 6∈ F(Hι(α)), 1 ≤ ι,  ≤ κ and ι 6= .

Lemma 4.5.3. Let G and H be two non-rigid graphs. Let H1, H2, · · · , Hκ, κ ≥ 1, be

the non-trivial components of H. Let {ζ, υ} ⊆ V∫ (G[H]).

(1)If {ζ, υ} ⊆ V∫ (Hι(α)), for some α ∈ V (G), say ζ = (α, β1) and υ = (α, β2), then
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FixG[H](ζ, υ) = {α} × FixHι(β1, β2).

(2) If {ζ, υ} ⊆ V∫ (G(β)) for some β ∈ V (H) say ζ = {α1, β} and υ = {α2, β} then

FixG[H]{ζ, υ} ⊇ FixG(α1, α2)× {β}.

Proof. (1) holds from Lemma 4.5.1 and 4.5.2 and (2) is obvious.

Lemma 4.5.4. Let G and H be two non-rigid graphs. Let H1, H2, · · · , Hκ, κ ≥ 1,

be the non-trivial components of H. Let ℘ be a fixing function of G[H] such that

Fixf (G[H]) = |℘|. Then for α ∈ V (G), ℘αι : V (Hι(α)) → [0, 1], (α, ζ) 7→ ℘(α, ζ),

is a fixing function of Hι(α). Moreover, if $ι is a fixing function of Hι such that

Fixf (Hι) = |$ι| then |℘αι | ≥ |$ι|.

Proof. For (α, β1), (α, β2) ∈ V∫ (Hι(α)), by Lemma 4.5.3,

℘αι (FixHι(α)(α, β1), (α, β2)) =
∑

G∈FixHι (β1,β2)

g(α,G) = ℘(FixG[H](α, β1), (α, β2)) ≥

1,

which implies that ℘αι is a fixing function of Hι(α).

Suppose |℘αι | < |$ι|. Then there exist two distinct vertices ζ, υ in Hι(α) such

that ℘αι (FixHι(α)(ζ, υ)) < 1. Then ℘αι (FixHι(α)(ζ, υ)) = ℘(FixG[H](ζ, υ)) < 1, which

contradicts the fact that ℘ is a fixing function of G[H]. Hence, |℘αι | ≥ |$ι|.

Theorem 4.5.5. Let G and H be two non-rigid graphs of orders ν and µ respectively.

Let H1, H2, · · · , Hκ, κ ≥ 1, be the non-trivial components of H. Then

ν

(
κ∑
ι=1

Fixf (Hι)

)
≤ Fixf (G[H]) ≤ νµ

2
.

Proof. Upper bound follows from Corollary 5.1.8. Let ℘ be a fixing function of G[H]

with |℘| = Fixf (G[H]). Then for α ∈ V (G), ℘αι : V (Hι(α)) → [0, 1], (α, ζ) 7→
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℘(α, ζ), is a fixing function of Hι(α) and |℘αι | ≥ Fixf (Hι), by Lemma 4.5.4. Then

|℘| ≥
∑

α∈V (G)

κ∑
ι=1

|℘αι |. Hence, Fixf (G[H]) ≥ ν

(
κ∑
ι=1

Fixf (Hι)

)
.

Theorem 4.5.6. Let G be a non-rigid and H a rigid graph. Then Fixf (G[H]) =

Fixf (G).

Proof. For (α1, α2) ∈ V∫ (G), FixG[H]((α1, ζ), (α2, ζ)) = FixG(α1, α2)× V (H) for any

ζ ∈ V (H). Let ℘ be a fixing function of G[H] with |℘| = Fixf (G[H]). Define

℘′ : V (G)→ [0, 1], α 7→
∑

β∈V (H)

℘(α, β). Then

℘′(FixG(α1, α2)) =
∑

β∈V (H)

℘(FixG[H]((α1, β), (α2, β))) ≥ 1, which implies that ℘′

is a fixing function of G. Hence, Fixf (G[H]) ≥ Fixf (G).

Let $ be a fixing function of G with |$| = Fixf (G). Define

$′ : V (G[H])→ [0, 1], G 7→

 $(α), if G = (α, β) for some fixed β ∈ V (H),

0, otherwise .

For (ζ, υ) ∈ V∫ (G[H]), ζ = (b, ς) and υ = (c, ς) for some (b, c) ∈ V∫ (G),

$′(FixG[H](ζ, υ)) = $′(FixG[H]((b, ς), (c, ς)) = $(FixG(b, c)) ≥ 1, which implies

that $′ is a fixing function of G[H]. Hence, Fixf (G) ≥ Fixf (G[H]). Hence, the

desired result follows.



Chapter 5

Fractional Local Metric Dimension
of Graphs

In this Chapter, we introduce the fractional version of local metric dimension of

graphs. We study local fractional metric dimension of some graphs and establish

some bounds on fractional local metric dimension of graphs. We also determine the

fractional local metric dimension of the strong and Cartesian product of graphs.

For αβ ∈ E(G), we define the local resolving neighborhood as £(αβ) = {ζ ∈

V (G); dis(α, ζ) 6= dis(β, ζ)}. £(αβ) = V (G), for all αβ ∈ E(G), if and only if

`dim(G) = 1. In [57], it was shown that `dim(G) = 1 if and only if G is a bipartite

graph. Hence, £(αβ) = V (G) for all αβ ∈ E(G) if and only if G is a bipartite graph.

Now, we define the fractional local metric dimension of a graph as follows;

Definition 5.0.1. A function ρ : V → [0, 1] is a local resolving function £<F of G if

ρ(£(αβ)) ≥ 1 for all αβ ∈ E(G), where ρ(£(αβ)) =
∑

ζ∈£(αβ)

ρ(ζ). The weight of local

resolving function ρ is defined as |ρ| =
∑

β∈V (G)

ρ(β). The minimum weight of a local

resolving function of G is called the fractional local metric dimension £dimf (G) of

G.

65
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In this chapter , we characterize the graphs G with the fractional local metric

dimension |V (G)|
2

and give bounds on fractional local metric dimension of graphs. We

study fractional local metric dimension of some families of graphs and also discuss the

differences between the fractional metric dimension and the fractional local metric

dimension of some families of graphs. We also study the fractional local metric

dimension of strong and Cartesian product of graphs. We establish bounds on the

fractional local metric dimension of these graph products.

5.1 Characterization Results and Bounds on `dimf(G)

In a connected graph G, since every resolving set is a local resolving set, therefore

every resolving function is also a local resolving function but every local resolving

function is not a resolving function. Thus

`dimf (G) ≤ dimf (G)

Since, the characteristic function of a minimal local resolving set is an £<F of G,

therefore

1 ≤ `dimf (G) ≤ `dim(G) ≤ µ− 1.

Thus, if a graph G has `dim(G) = 1, then `dimf (G) = 1. We have the following

result:

Lemma 5.1.1. Let G be a graph of order µ ≥ 2, then `dimf (G) = 1 if and only if G

is a bipartite graph.
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Proof. The sufficiency is immediate using the bounds given above. Conversely, let G

be a graph with `dimf (G) = 1, then |£(αβ)| = µ for all αβ ∈ E(G). Suppose G is not

a bipartite graph and G contains an odd cycle Cs = {βι : βι ∼ βι+1, 1 ≤ ι ≤ s, βs+1 =

β1}, where s ≤ µ is odd. Note that |£(βιβι+1)| = s − 1 for all βιβι+1 ∈ E(Cs),

ι ∈ {1, 2, ..., s}, a contradiction. Hence, G is a bipartite graph.

Although there is a striking difference between fractional metric dimension and

fractional local metric dimension of graphs, however the same results hold for the

local metric dimension of graph when graph has true twin vertices. Let G be a graph

and αβ ∈ E(G), then dis(α, ζ) = dis(β, ζ) for all ζ ∈ V (G) − {α, β} if and only

if α and β are true twins. We have the following result about the local resolving

neighborhood of true twin vertices:

Lemma 5.1.2. Let G be a graph and αβ ∈ E(G). Then {α, β} ⊆ £(αβ). Moreover,

we have £(αβ) = {α, β} if and only if α and β are true twins.

Proof. The proof simply follows from the fact that £(αβ) = {α, β} if and only if

dis(α, ζ) = dis(β, ζ) for all ζ ∈ V (G) \ {α, β}.

We state the result as follows:

Theorem 5.1.3. Let G be a connected graph of order µ ≥ 2. Then the following

statements are pairwise equivalent.

(i) `dimf (G) = µ
2
.

(ii) Each vertex in G has a true twin.

(iii) There exist a graph H and a family of graphs I = {Iβ}β∈V (H), where Iβ is a

non-trivial complete graph, such that G is isomorphic to H[I].
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Proof. (i) ⇒ (ii) Suppose (i) holds. If there exists a vertex α in G such that α does

not have a true twin, then the following function ρ : V (G)→ [0, 1],

ρ(ζ) =

 0, if ζ = α,

1
2
, if ζ 6= α,

is a local resolving function of G by Lemma 5.1.2, which implies that `dimf (G) ≤ µ−1
2

,

a contradiction.

(ii) ⇒ (iii) Suppose (ii) holds. For ζ, υ ∈ V (G), define ζ ≡ υ if and only if ζ = υ or

ζ, υ are true twins. It is clear that ≡ is an equivalence relation. Suppose Ø1, . . . ,Øm

where m ≤ µ the equivalence classes. Then the induced subgraph on each Øι, where

ι ∈ 1, ...,m denoted also by IØι , is a non-trivial null graph or a non-trivial complete

graph. Let H be the graph with the vertex set {Ø1, . . . ,Øm}, where two distinct

vertices Øι and Ø are adjacent if there exist ζ ∈ Øι and υ ∈ Ø such that ζ and

υ are adjacent in G. It is routine to verify that G is isomorphic to H[I], where

I = {IØι : ι = 1, . . . ,m}.

(iii) ⇒ (i) Suppose (iii) holds. For β ∈ V (H), write

V (Iβ) = {w1
β, . . . , w

a(β)
β }.

Where |Iβ| = a(β). Then a(β) ≥ 2, and (β, wιβ) and (β, wβ) are true twins in

H[I], where 1 ≤ ι <  ≤ a(β). Let $ be a local resolving function of H[I] with

|$| = `dimf (H[I]). By Lemma 5.1.2, we get

$((β, wιβ)) +$((β, wβ)) ≥ 1 for 1 ≤ ι <  ≤ a(β),

which implies that
∑a(β)

κ=1 $(β, wκβ) ≥ a(β)
2

, and so `dimf (G) = `dimf (H[I]) = |$| =∑
β∈V (H)

∑a(β)
κ=1 $((β, wκβ)) ≥

∑
β∈V (H)

a(β)
2

= |V (H[I])|
2

= µ
2
.
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The join graph G1 + G2 is the graph obtained from G1 and G2 by joining each

vertex of G with every vertex of H. Note that, if each vertex in Gι has a true twin

for ι ∈ {1, 2}, then each vertex in G1 + G2 has a true twin. We have the following

result:

Corollary 5.1.4. Let Θ denotes the collection of all connected graphs G with `dimf (G) =

|V (G)|
2

. If G1, G2 ∈ Θ, then G1 +G2 ∈ Θ.

The next result is a generalization of Theorem 5.1.3. The clique of a graph G is

a complete subgraph in G.

Theorem 5.1.5. Let G be a connected graph of order µ and W1,W2, ....,Wκ be inde-

pendent cliques in G with |Wι| ≥ 3 for all ι, (1 ≤ ι ≤ κ). Then `dimf (G) =
κ∑
ι=1

|V (Wι)|
2

if and only if for all αβ ∈ E(G) \ E(Wι), £(ζυ) ⊆ £(αβ) for some ζυ ∈ E(Wι) for

some ι, (1 ≤ ι ≤ κ).

Proof. LetG be a graph with `dimf (G) =
κ∑
ι=1

|V (Wι)|
2

, then there exists a local resolving

function ρ : V (G)→ [0, 1] defined as:

ρ(β) =


1
2

if β ∈ V (Wι), 1 ≤ ι ≤ κ,

0 otherwise.

ρ(£(αβ)) ≥ 1 for all αβ ∈ E(G) \ E(Wι), for all ι, 1 ≤ ι ≤ κ is possible only when

£(ζυ) ⊆ £(αβ) for some ζυ ∈ E(Wι), for some ι, (1 ≤ ι ≤ κ), since ρ assigns 0 to

the vertices of V (G) \ V (Wι) for all ι, 1 ≤ ι ≤ κ.

Conversely, suppose that for all αβ ∈ E(G) \ E(Wι), £(ζυ) ⊆ £(αβ) for some

ζυ ∈ E(Wι), for some ι, (1 ≤ ι ≤ κ). Let ρ : V (G) → [0, 1] be the function defined
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as:

ρ(β) =

 1/2 if β ∈ V (Wι), 1 ≤ ι ≤ κ,

0 otherwise.

It is clear that ρ(£(αβ)) ≥ 1 for all αβ ∈ E(G), since £(ζυ) ⊆ £(αβ). Hence ρ is a

local resolving function of G and `dimf (G) ≤
κ∑
ι=1

|V (Wι)|
2

. To show that
κ∑
ι=1

|V (Wι)|
2
≤

`dimf (G), suppose that ρ is local resolving function of Wι and not a local resolving

function of G. Then there exist αβ ∈ E(G) such that ρ(£(αβ)) < 1. This leads

to a contradiction to our supposition that £(ζυ) ⊆ £(αβ). Hence, `dimf (G) =
κ∑
ι=1

|V (Wι)|
2

.

A lollipop graph £ν,µ is a graph obtained by joining a complete graph Kν to a

path Pµ with an edge.

Corollary 5.1.6. Let £ν,µ be a lollipop graph with ν ≥ 3 and µ ≥ 2. Then `dimf (£ν,µ) =

ν
2
.

Proof. Since for all αβ ∈ E(Pµ), £(ζυ) ⊆ £(αβ) for some ζυ ∈ E(Kν), hence by

Theorem 5.1.5 and Theorem 5.1.3, `dimf (£ν,µ) = ν
2
.

Let G be a graph of order µ, we define `(G) = min{|£(αβ)| : αβ ∈ E(G)}.

Remark 5.1.1. Let r̂(G) = min{|<(α, β)| : α, β ∈ V (G)} as defined in [30]. Note that

for any graph G, r̂(G) ≤ `(G).

In the following result, we express the fractional local metric dimension of G in

terms of `(G).

Proposition 5.1.7. Let G be a graph, then `dimf (G) ≤ |V (G)|
`(G)

.
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Proof. Let ρ : V (G)→ [0, 1], defined by ρ(ζ) = 1
`(G)

. For any two adjacent vertices ζ

and υ, we have ρ(£(ζυ)) = |£(ζυ)|
`(G)

≥ 1. Clearly, ρ is a local resolving function of G.

Hence, `dimf (G) ≤ |ρ| = |V (G)|
`(G)

.

By Lemma 5.1.2, {α, β} ∈ £(αβ) so it is clear that |£(αβ)| ≥ 2 for all αβ ∈ E(G).

We have the following corollary of Proposition 5.1.7.

Corollary 5.1.8. For a graph G of order µ, `dimf (G) ≤ µ
2
.

Lemma 5.1.9. Let G be a graph and Q be a subset of V (G) with cardinality |V (G)|−

`dim(G) + 1, there exists an edge ζυ ∈ E(G) such that £(ζυ) ⊆ Q.

Proof. Suppose there exists a subset Q with cardinality |V (G)| − `dim(G) + 1 such

that £(ζυ) * Q, for all ζυ ∈ E(G). Then £(ζυ) ∩ {V (G)\Q} 6= ∅. So V (G)\Q

is a local resolving set of G. Therefore, `dim(G) − 1 = |V (G)\Q| < `dim(G), a

contradiction.

Theorem 5.1.10. Let G be a graph. Then `(G) = |V (G)| − 1 if and only if G is

isomorphic to an odd cycle.

Proof. It is easy to verify that `(G) = |V (G)|−1 when G is an odd cycle. Conversely,

let G be a graph of order µ ≥ 4 and `(G) = |V (G)| − 1. We further suppose that

G is not a bipartite graph, since `(G) = µ for a bipartite graph of order µ. Thus

G contains an odd cycle. Let Cp : ζ1, ζ2, ..., ζp are the vertices of odd cycle, where

p ≤ µ is odd. Let ∇(G) be the maximum degree of G. We claim that ∇(G) = 2.

Suppose to the contrary that ∇ ≥ 3, then odd cycle Cp must be a proper subgraph

of G. Since G is connected, therefore there exists a vertex υ ∈ V (G) \ V (Cp) such
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that υ is adjacent to any vertex, say ζp of Cp. Since Cp is an odd cycle, therefore

dis(ζp, ζ p−1
2

) = dis(ζp, ζ p+1
2

). Thus ζp, υ /∈ £(ζ p−1
2
ζ p+1

2
). Hence |£(ζ p−1

2
ζ p+1

2
)| ≤ µ − 2

which is a contradiction. Hence ∇(G) = 2 and G is isomorphic to an odd cycle.

Using Lemma 5.1.10, we have the following result:

Theorem 5.1.11. Let G be a graph of order µ. Then

`dimf (G) ≥ µ

µ− `dim(G) + 1
.

Proof. Write s = µ − `dim(G) + 1. Suppose ρ is a local resolving function of G

with |ρ| = `dimf (G). Let τ = {T : T ⊂ V (G), |T | = µ − `dim(G) + 1} and

|τ | =
(|V (G)|

s

)
. For each Q ∈ τ , ρ(Q) ≥ 1 by Lemma 5.1.9. Hence,

∑
Q∈τ

ρ(Q) ≥
(
µ
s

)
.

Since
∑
Q∈τ

ρ(Q) =
(
µ−1
s−1

)
|ρ|, so we accomplish our result.

Theorem 5.1.12. For every integer ε, δ, there exist graphs G and H such that

dimf (G)− `dimf (G) ≥ δ and dimf (H)− `dimf (H) ≤ ε.

Proof. For the first inequality, we consider complete bipartite graph Kµ,µ, for which

dimf (Kµ,µ) = µ [3] and `dimf (Kµ,µ) = 1. The difference between fractional metric

dimension and fractional local metric dimension is µ− 1 > δ, where δ can be as large

as we like. For the second inequality, we consider cyclic graph Cµ of even order for

which dimf (Cµ) = µ
µ−2

[3], and `dimf (Cµ) = 1. The difference between fractional

metric dimension and fractional local metric dimension is 2
µ−2

< ε, where ε can be as

small as we like.

Let G be the complete κ-partite graph Ka1,a2,...,aκ , for κ > 2, of order µ =
κ∑
ι=1

aι.

Let V (G) be partitioned into κ-partite sets V1, V2, ..., Vκ, where |Vι| = aι for 1 ≤ i ≤ κ.
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Okamoto et al. proved that `dim(Ka1,a2,...,aκ) = κ− 1 [57].

Lemma 5.1.13. Let G be the complete κ-partite graph Ka1,a2,...,aκ, for κ > 2, of order

µ =
κ∑
ι=1

aι. Then `dimf (Ka1,a2,...,aκ) = κ− 1.

Proof. Firstly, we show that `dimf (G) ≤ κ−1. It is clear that all ζυ ∈ E(Ka1,a2,...,aκ)

if and only if ζ ∈ Vι and υ ∈ V, ι 6=  and ι,  ∈ {1, 2, ..., κ}. Note that for all

ζυ ∈ E(Ka1,a2,...,aκ), £(ζυ) = Vι ∪ V. One of the possible choices of local resolving

function ρ of G is that ρ is defined as: ρ assigns 1 to only one vertex of Vι ∪ V and

0 to all other vertices of Vι ∪ V. This implies ρ(£(ζυ)) ≥ 1 for all ζυ ∈ E(G) and

|ρ| = κ− 1. Thus `dimf (G) ≤ κ− 1.

To prove κ − 1 ≤ `dimf (G), suppose on contrary that `dimf (G) = κ − 2. The

minimum weight κ−2 of a function ρ among all the local resolving functions of G will

be possible only when ρ assigns 0 to all vertices of Vr∪Vs, for some r, s ∈ {1, 2, ..., κ}.

This implies ρ(£(ζυ)) < 1 for ζυ ∈ E(G) where ζ ∈ Vr and υ ∈ Vs, which is a

contradiction. Hence `dimf (G) = κ− 1.

A graph G is vertex-transitive if its automorphism group Υ(G) acts transitively on

the vertex set. The index of a subgroup is defined as the number of distinct cosets of

the subgroup in that group. In a vertex-transitive graph G, for any two vertices β and

G in V (G), §β and §G are isomorphic and the index of §β in Υ(G) is equal to the order

of V (G). For a vertex-transitive graphs, if `(G) = r̂(G), then `dimf (G) = dimf (G).

For example, an odd cycle of order µ is a vertex-transitive graph and `(Cµ) = r̂(Cµ) for

odd µ. Petersen graph is a vertex-transitive graph and `(G) = 6 = r̂(G). Therefore,

`dimf (P ) = 5
3

= dimf (G). But in general, `dimf (G) 6= dimf (G) for vertex-transitive
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graphs. For instance, hypercube Qµ is a vertex-transitive graph with dimf (Qµ) = 2 6=

1 = `dimf (Qµ). In the following result, we give the fractional local metric dimension

of a vertex-transitive graph G in terms of the parameter `(G).

Theorem 5.1.14. Let G be a vertex-transitive graph. Then `dimf (G) = |V (G)|
`(G)

.

Proof. Let `(G) = z, then there exists an edge αβ ∈ E(G) such that |£(αβ)| = z.

Suppose £(αβ) = {m1,m2...,mz}. Let $ ∈ Υ(G), £($(α)$(β))

= {$(m1), $(m2), ..., $(mz)}. Let ℘ be a local resolving function ofG with `dimf (G) =

|℘|. Then

℘($(m1)) + ℘($(m2)) + ...+ ℘($(mz)) = ℘(£($(α)$(β))) ≥ 1,

which implies that

∑
$∈Υ(G)

(℘($(m1)) + ℘($(m2)) + ...+ ℘($(mz))) ≥ |Υ(G)|.

Since G is vertex-transitive, we have

|§m1|.|℘|+ |§m2|.|℘|+ ...+ |§mz |.|℘| ≥ |Υ(G)|

which implies that `dimf (G) ≥ |V (G)|
z

. By Proposition 5.1.7, we have the required

result.

Let G be a connected graph, for β ∈ V (G), G− β is known as the vertex deletion

subgraph of G obtained by deleting β from the vertex set of G along with its incident

edges.
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Proposition 5.1.15. Let G be a graph and β ∈ V (G), then `dimf (G) − 1 ≤

`dimf (G− β).

Proof. Let ρ : V (G − β) → [0, 1] be a local resolving function of G − β such that

`dimf (G− β) = |ρ|. Consider a function ρ′ : V (G)→ [0, 1] defined as:

ρ′(α) =

 ρ(α), if α 6= β,

1, if α = β.

is a local resolving function of G and `dimf (G) ≤ |ρ′|. Thus `dimf (G − β) = |ρ| =

|ρ′| − 1 ≥ `dimf (G)− 1.

The fan graph F1,µ of order µ + 1 is defined as the join graph K1 + Pµ. Let

V (K1) = {α} and V (Pµ) = {α1, α2, ..., αµ}.

Lemma 5.1.16. Let F1,µ be a fan graph with µ ≥ 3, then

`dimf (F1,µ) =

 2, if µ = 3,

µ
3
, if µ ≥ 4.

Proof. Since l(F1,3) = 2, therefore `dimf (F1,3) ≤ 2 by Proposition 5.1.7. Now, we

show that 2 ≤ `dimf (F1,3). Since l(F1,3) = 2 and |£(ζυ)| 6= 4 for any ζυ ∈ E(F1,3).

Thus a function ρ : V (F1,3) → [0, 1] is a local resolving function for F1,3 if it assign

1/2 to each vertex of F1,3. Otherwise there exists an edge ζυ ∈ E(F1,3) such that

£(ζυ) < 1. Hence `dimf (F1,3) = 2.

Let F1,µ be a fan graph with µ ≥ 4. Note that {α} = V (K1) does not locally resolve

any ζυ ∈ E(F1,µ) for ζ, υ 6= α. Let ρ;V (F1,µ) → [0, 1] is a local resolving function
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defined as:

ρ(β) =

 1/3, if β 6= α,

0, if β = α.

ρ(£(ζυ)) ≥ 1 for all ζυ ∈ E(F1,µ). Thus |ρ| = µ
3
. Hence `dimf (F1,µ) ≤ µ

3
.

Now we show that µ
3
≤ `dimf (F1,µ). Note that `(F1,µ) = 3 for µ ≥ 4. ρ is a local

resolving function as defined above. If ρ assigns 0 to any vertex from V (Pµ), then

there exists an edge ζυ ∈ E(F1,µ) such that ρ(£(ζυ)) < 1. Hence `dimf (F1,µ) = µ
3

for µ ≥ 4.

5.2 Fractional Local Metric Dimension of Strong

and Cartesian Product of Graphs

Let disG�H((α1, β1), (α2, β2)) denotes the distance between (α1, β1) and (α2, β2). For

(α1, β1)(α2, β2) ∈ E(G�H), the local resolving neighborhood of edge (α1, β1)(α2, β2)

is denoted by £G�H((α1, β1)(α2, β2)) and £G(α1α2) denotes the local resolving neigh-

borhood of α1α2 ∈ E(G). The following result gives the relationship between the

distance of vertices in G�H and the distance of vertices in graphs G or H.

Remark 5.2.1. [27] Let G and H be two connected graphs. Then

disG�H((α1, β1), (α2, β2)) = max{disG(α1, α2), disH(β1, β2)}.

Lemma 5.2.1. Let G and H be two graphs of order µ1 ≥ 2 and µ2 ≥ 2, respectively.
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Then

£G�H((αι, β)(ακ, βl)) ⊆


V (G)×£H(ββl), if ι = κ,

£G(αιακ)× V (H), if  = l,

{V (G)×£H(ββl)} ∪ {£G(αιακ)× V (H)} otherwise.

Proof. Let (αι, β)(ακ, βl) ∈ E(G � H). If ι = κ, then ββl ∈ E(H). Let (αι, b) ∈

£G�H((αι, β)(αι, βl)), then disG�H((αι, b), (αι, β)) 6= disG�H((αι, b), (αι, βl)). By

Remark 5.2.1, we have disH(b, β) 6= disH(b, βl), therefore b ∈ £H(ββl). Thus

(αι, b) ∈ {V (G)× £H(ββl)}. Analogously, if  = l, then αιακ ∈ E(G). Let (a, β) ∈

£G�H((αι, β)(ακ, β)), then disG�H((a, β), (αι, β)) 6= disG�H((a, β), (ακ, βl)). By

Remark 5.2.1, we have disG(a, αι) 6= disG(a, ακ), therefore a ∈ £G(αιακ). Thus

(a, β) ∈ {£G(αιακ) × V (H)}. Finally, if αιακ ∈ E(G) and ββl ∈ E(H), then two

vertices (αι, β) and (ακ, βl) are locally resolved by either (a, β) or (αι, b) or both.

Let (a, β) ∈ £G�H((αι, β)(ακ, βl)), we have

disG�H((αι, β), (a, β)) = disG(αι, a) 6= disG(ακ, a)

= max{disG(ακ, a), 1} = disG�H((a, β), (ακ, βl)).

Thus, (a, β) ∈ {£G(αιακ) × V (H)}. Similar arguments hold for (αι, b) ∈

£G�H((αι, β)(ακ, βl)). Hence, (a, β), (αι, b) ∈ {V (G) × £H(ββl)} ∪ {£G(αιακ) ×

V (H)} and we have the desired result.

Now, we discuss some results involving the diameter or the radius of G. For any

two vertices ζ and υ in a connected graph G, the collection of all vertices which lie

on an ζ − υ path of the shortest length is known as the interval I[ζ, υ] between ζ and
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υ. Given a non-negative integer κ, we say that G is adjacency κ−resolved if for every

two adjacent vertices ζ, υ ∈ V (G), there exists G ∈ V (G) such that disG(υ,G) ≥ κ

and ζ ∈ I[υ,G], or disG(ζ,G) ≥ κ and υ ∈ I[ζ,G]. For example, path graphs and

cyclic graphs of order µ ≥ 2 are adjacency dµ
2
e−resolved.

Lemma 5.2.2. Let G be a non-trivial graph of diameter ϑ(G) < κ and let H be an

adjacency κ−resolved graph of order µ2 and let (αι, β)(αr, βl) ∈ E(G�H). Then

£G�H((αι, β)(αr, βl)) ⊆ {£G(αιαr)× V (H)}.

Proof. Let £G�H((αι, β)(αr, βl)) be the local resolving neighborhood of (αι, β)(αr, βl) ∈

E(G�H). We differentiate the following two cases.

Case 1: If  = l, then αιαr ∈ E(G). Let (α, β) ∈ £G�H((αι, β)(αr, β)) then

disG.�H((αι, β), (α, β)) 6= disG�H((αr, β), (α, β)). By Remark 5.2.1, we have

disG(αι, α) 6= disG(αr, α), thus α ∈ £G(αιαr).

Case 2: If ββl ∈ E(H). Since H is adjacency κ−resolved, there exists β ∈ V (H)

such that (disH(β, βl) ≥ κ and β ∈ I[β, βl]) or (disH(β, β) ≥ κ and βl ∈ I[β, β]).

Say disH(β, βl) ≥ κ and β ∈ I[β, βl]. In such a case, as ϑ(G) < κ, for every

α ∈ £G(αιαr) we have disG�H((αι, β), (α, β)) = max{disG(αι, α), disH(β, β)} <

disH(β, βl) = max{disG(α, αr), disH(β, βl)} = disG�H((αr, βl), (α, β)).

Hence, £G�H((αι, β)(αr, βl)) ⊆ {£G(αιακ)× V (H)}.

Theorem 5.2.3. Let G be a non-trivial graph of diameter ϑ(G) < κ and let H be an

adjacency κ−resolved graph of order µ2. Then

`dimf (G�H) ≤ µ2.`dimf (G)
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Proof. Let (ζ, υ) ∈ E(G�H). Let ℘ : V (G)→ [0, 1] be a local resolving function of

G with |℘| = `dimf (G). We define a function $ : V (G�H)→ [0, 1],

(ζ, υ) 7→

 ℘(ζ), if (ζ, υ) ∈ Gυ,

0, otherwise.

Note that $ is a local resolving function of G�H. Since G has µ2 copies in G�H,

therefore |℘| ≤ µ2.`dimf (G). Hence, `dimf (G�H) ≤ µ2.`dimf (G).

Theorem 5.2.4. Let G and H be two graphs of order µ1 ≥ 2 and µ2 ≥ 2, respectively.

Then

2 ≤ `dimf (G�H) ≤ µ1.`dimf (H) + µ2.`dimf (G)− 2`dimf (G).`dimf (H).

Proof. Since P2 � P2 = K4 and `dimf (P2 � P2) = 2. So, the lower bound follows.

Let (α, β) ∈ V (G � H). Let ℘1 : V (G) → [0, 1] be a local resolving function of G

with |℘1| = `dimf (G) and ℘2 : V (H) → [0, 1] be a local resolving function of H

with |℘2| = `dimf (H). We define a function $ : V (G�H)→ [0, 1], with $(α, β) =

℘1(α) + ℘2(β). Note that $ is a local resolving function of G �H. Since G has µ2

and H has µ1 copies in G�H, therefore |$| = µ1.`dimf (H) + µ2.`dimf (G). Hence,

`dimf (G�H) ≤ µ1.`dimf (H) + µ2.`dimf (G)− 2`dimf (G).`dimf (H).

For the sharpness of upper bound in Theorem 5.2.4, let G = Kµ and H = Kν .

Since Kµ �Kν
∼= Kµν , therefore

`dimf (Kµ �Kν) =
µν

2
= µ.`dimf (Kν) + ν.`dimf (Kµ)− 2`dimf (Kµ).`dimf (Kµ).

Now, we discuss general bounds for the fractional local metric dimension of Carte-

sian product of graphs.
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Remark 5.2.2. [27] Let G and H be two connected graphs. Then

disG�H((α1, β1), (α2, β2)) = disG(α1, α2) + disH(β1, β2).

Lemma 5.2.5. Let G and H be two graphs, then

£G�H((αι, β)(ακ, βl)) =


⋃

β∈£H(ββl)

⋃
α∈V (G)

{αβ}, if ι = κ,

⋃
α∈£G(αιακ)

⋃
β∈V (H)

{αβ}, if  = l.

Proof. For (αι, β)(ακ, βl) ∈ E(G�H) if ι = κ, then ββl ∈ E(H). Let (αι, β) ∈

£G�H((αι, β)(αι, βl)), then disG�H((αι, β), (αι, β)) 6= disG�H((αι, β), (αι, βl)). By

Remark 5.2.2, we have disH(β, β) 6= disH(β, βl), therefore β ∈ £H(ββl). Thus

(αι, β) ∈
⋃

β∈£H(ββl)

⋃
α∈V (G)

{αβ}. Now let (αι, β) ∈
⋃

β∈£H(ββl)

⋃
α∈V (G)

{αβ}, then disH(β, β) 6=

disH(β, βl). By Remark 5.2.2, we have disG�H((αι, β), (αι, β)) 6= disG�H((αι, β), (αι, βl)).

Thus (αι, β) ∈ £G�H((αι, β)(αι, βl)). Similar arguments hold for  = l. Hence, we

have the desired result.

Theorem 5.2.6. Let G and H be two graphs. Then `dimf (G�H) ≥ `dimf (G).

Proof. Let ρ be a local resolving function of G�H with |ρ| = `dimf (G�H). We

define a function ρG : V (G) → [0, 1] such that ρG(α) = min{1,
∑

β∈V (H)

ρ(α, β)}. For

α1α2 ∈ E(G), we show that ρG(£G(α1α2)) ≥ 1. If there exists an ζ ∈ £G(α1α2)

with ρG(ζ) = 1, then ρG(£G(α1α2)) ≥ 1. Now, let for any α ∈ V (G), ρG(α) =∑
β∈V (H)

ρ(α, β). Then

ρG(£G(α1α2)) =
∑

α∈£G(α1α2)

∑
β∈V (H)

ρ(α, β)
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By Lemma 5.2.5,

= ρ(£((α1, β0)(α2, β0)) ≥ 1,

Thus ρG is a local resolving function of G. Since

|ρG| ≤
∑

α∈V (G)

∑
β∈V (H)

ρ(α, β) = |ρ|,

hence `dimf (G�H) ≥ `dimf (G).

Since grid graph Pµ�Pt is a bipartite graph and by Lemma 5.1.1, we deduce

`dimf (Pµ�Pt) = 1.

Lemma 5.2.7. Let G be a graph of order µ, then `dimf (K2�G) ≤ `dimf (G).

Proof. Let V (K2) = {ζ, υ}, V (G) = {α1, α2, ..., αµ} and H = K2�G. Then V (H) =

{(ζ, αι), (υ, αι) : ι = 1, 2, ..., µ}. Let ρ be a local resolving function of G with |ρ| =

`dimf (G). Now we define ℘ : V (H) → [0, 1] by ℘((ζ, αι)) = ℘((υ, αι)) = ρ(αι)
2
, ι =

1, 2, ..., µ. We claim that ℘ is a local resolving function for H. Let αβ ∈ E(H), if α =

(ζ, αι) and β = (ζ, α), then {{ζ} × £G(αια)} ⊆ £H(αβ) and hence ℘(£H(αβ)) ≥

ρ(£G(αια)) ≥ 1. If α = (ζ, αι) and β = (υ, αι), then £H(αβ) = V (H) and hence

℘(£H(αβ)) ≥ 1. Thus, ℘ is a local resolving function of H with |℘| = |ρ|. Hence,

`dimf (H) ≤ |ρ| = `dimf (G).

Remark 5.2.3. When G is a bipartite graph and an odd cyclic graph, the bound given

in Lemma 5.2.7 is sharp. If G is bipartite graph, then `dimf (K2�G) = 1 = `dimf (G).

If µ is an odd integer with µ ≥ 3, then `dimf (K2�Cµ) = µ
µ−1

.
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Let G and H be graphs with V (H) = µ, Arumugam et al. proved that the

fractional metric dimension of G�H ≥ µ
2

if dimf (H) = µ
2

[4]. Similar result holds for

the fractional local metric dimension with an alternative proof as follows:

Theorem 5.2.8. Let G and H be two connected graphs with order ν, µ respectively

and `dimf (H) = µ
2
. Then `dimf (G�H) ≥ µ

2
.

Proof. Since `dimf (H) = µ
2
, by Theorem 5.1.3, every vertex of H has a true twin.

Let β has a true twin γ in H then £H(βγ) = {β, γ}. By Lemma 5.2.5, it follows that

£G�H((α, β)(α, γ)) = {(ζ, β) : ζ ∈ V (G)} ∪ {(ζ, γ) : ζ ∈ V (G)}.

Now, let ρ be a local resolving function of G�H. Then ρ(£G�H((α, β)(α, γ))) ≥ 1

for all (α, β)(α, γ) ∈ E(G�H). Hence
∑

ζ∈V (G)

ρ((ζ, β)) +
∑

ζ∈V (G)

ρ((ζ, γ)) ≥ 1 for all

βγ ∈ E(H). Adding these µ inequalities, we get

∑
ζ∈V (H)

∑
ζ∈V (G)

ρ((ζ, β)) +
∑

ζ∈V (G)

ρ((ζ, γ)) ≥ µ.

This implies 2|ρ| ≥ µ. Hence `dimf (G�H) ≥ µ
2
.

Corollary 5.2.9. Let G and H be two connected graphs with order ν, µ respectively

and `dimf (G) = ν
2

and `dimf (H) = µ
2
. Then `dimf (G�H) ≥ max{`dimf (G), `dimf (H)}.

The bound given in Theorem 5.2.8 is sharp for H = Kµ as follows:

Theorem 5.2.10. Let G be any graph with |V (G)| < µ, for all µ ≥ 3. Then

`dimf (G�Kµ) = µ
2
.

Proof. Let |V (G)| = ν with ν < µ. Let V (G) = {α1, α2, ..., αν} and V (Kµ) =

{β1, β2, ..., βµ}. Since by Theorem 5.1.3, `dimf (Kµ) = µ
2
, then by Theorem 5.2.8,
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`dimf (G�Kµ) ≥ µ
2
. We claim that |£G�Kµ((αι, βr)(α, βs))| ≥ 2µ for all (αι, βr)(α, βs) ∈

E(G�Kµ). For (αι, βr)(α, βs) ∈ E(G�Kµ), we have two cases. If ι = , then

r 6= s and by Lemma 5.2.5, we have £G�Kµ((αι, βr)(αι, βs)) = {(αt, βr) : 1 ≤ t ≤

ν} ∪ {(αt, βs) : 1 ≤ t ≤ ν}. So |£G�Kµ((αι, βr)(αι, βs))| = 2ν. If r = s, then ι 6= 

and by Lemma 5.2.5, we have {(αι, βt) : 1 ≤ t ≤ µ} ∪ {(α, βt) : 1 ≤ t ≤ µ} ⊆

£G�Kµ((αι, βr)(α, βr)). So |£G�Kµ((αι, βr)(α, βr))| ≥ 2α > 2β.

Now the function ρ : V (G�Kµ)→ [0, 1] defined by ρ((α, β)) = 1
2ν

for all (α, β) ∈

V (G�Kµ) is a local resolving function of G�Kµ with |ρ| = |V (G�Kµ)|
2ν

= µ
2

and

`dimf (G�Kµ) ≤ µ
2
. Hence, `dimf (G�Kµ) = µ

2
.

From Corollary 5.2.9, we have the following result.

Theorem 5.2.11. For 2 ≤ κ ≤ µ, µ ≥ 3, `dimf (Kκ�Kµ) = µ
2
.

Proof. The result follows from Theorem 5.2.10, when κ < µ. Consider the case

when κ = µ. Since by Theorem 5.1.3, `dimf (Kµ) = µ
2
, then by Theorem 5.2.8,

`dimf (Kκ�Kµ) ≥ µ
2
. Let V (Kκ) = {α1, α2, ..., ακ} and V (Kµ) = {β1, β2, ..., βµ}. We

claim that |£Kκ�Kµ((αι, βr)(α, βs))| ≥ 2µ for all (αι, βr)(α, βs) ∈ E(Kκ�Kµ). For

(αι, βr)(α, βs) ∈ E(G�Kµ), we have similar cases as in the proof of Theorem 5.2.10

and we have |£Kκ�Kµ((αι, βr)(α, βs))| ≥ 2µ.

Now the function ρ : V (Kκ�Kµ)→ [0, 1] defined by ρ((α, β)) = 1
2µ

for all (α, β) ∈

V (Kκ�Kµ) is a local resolving function of kκ�Kµ with |ρ| = µ
2

and `dimf (Kκ�Kµ) ≤
µ
2
. Hence, `dimf (Kκ�Kµ) = µ

2
.



Chapter 6

Variants of Metric Dimension of
Graphs

In this chapter, we study bounds on 2-metric dimension of graphs in terms of girth of

graphs and prove that dim2(G) ≤ µ− (G)ג + 3 for a graph G with order µ and girth

(G)ג 6= 4, and characterize all graphs such that this bound is tight for them. We also

determine 2-metric dimension of certain graphs with girth 4 such as regular bipartite

graphs. We obtain results for (µ − 1)-regular bipartite graphs and (µ − 2)-regular

bipartite graphs. We study the relationship of 2-metric dimension of some graphs

with twin vertices in graphs. We define κ-local metric dimension of graphs and κ-

local metric dimensional graphs and characterize κ-local metric dimensional graphs.

In the last section of this chapter, characterization of κ-local metric dimension of

graphs is given in terms of order of graphs, and discuss some results related to 2-local

metric dimension of graphs.

84
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6.1 2-Metric Dimension and Girth of graphs

In a 2-resolving set Φ for G, if any pair α, β ∈ V (G) is resolved by γ ∈ Φ, then

there exist a vertex γ′ ∈ Φ which also resolves α, β, we call such a vertex, a resolving

alternate of γ. Another useful property in determining 2-metric dimension of graphs

is the following lemma:

Lemma 6.1.1. [50] A resolving set Φ of G is 2-resolving set if and only if every pair

of vertices in G is resolved by at least two vertices of Φ.

The aim of this section is to find an upper bound for 2-metric dimension of graphs

in terms of the girth of graphs and characterize all graphs which attain this bound.

The bound is presented in following result.

Lemma 6.1.2. Let G be a graph of order µ and (G)ג 6= 4, then dim2(G) ≤ µ −

(G)ג + 3.

Proof. Let (G)ג = ε and Cε = {β1, β2, ..., βε, β1} be a shortest cycle in G. Since

{β1, β2, β3} is a 2-metric basis of Cε, V (G) \ {β4, ...βε} is a 2-resolving set for G of

size µ− (G)ג + 3. Therefore, dim2(G) ≤ µ− (G)ג + 3.

A vertex β ∈ V (G) is cut vertex in G if G\{β} has at least two components. If β

is a cut vertex, then each resolving set for G is disjoint from at most one component

of G \ {β}. In analogy of resolving set as in [47], let H1 and H2 be two components

of G \ {β} and Φ be a 2-resolving set for G. Then it is clear that if Φ ∩ V (H) =

Φ∩V (H2) = ∅ then for any two vertices adjacent to β, representations of the vertices

are not distinct with respect to Φ. This shows that Φ is not resolving set. Thus Φ
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can’t be disjoint from more than one component.

Similarly, If Φ is not disjoint from two components of V (G) then it can be easily

verified that Φ\{β} is a 2-resolving set forG. Hence we have the following proposition:

Proposition 6.1.3. Let β be a cut vertex in a graph G. Then each 2-resolving set for

G is disjoint from at most one component of G \ {β}. Moreover, if Φ is 2-resolving

set for G which is not disjoint from at least two components of G \ {β}, then Φ \ {β}

is a 2-resolving set for G.

Corollary 6.1.4. Let G be a graph, α ∈ G be a vertex with degG(α) = 1. and β

be a neighbor of α. If Φ is a 2-resolving set for G, then (Φ ∪ {α}) \ {β} is also a

2-resolving set for G.

Proof. Let Φ be a 2-resolving set for G. Clearly Φ ∪ {α} is a 2-resolving set for

G. Note that, β is a cut vertex of G and < {α} > is a component of G \ {β}. If

Φ ∩ (V (G)) \ {α, β} 6= φ, then by proposition 6.1.3, (Φ ∪ {α}) \ {β} is also a 2-

resolving set for G. If Φ ⊆ {α, β, } where γ is a resolving alternate of α, then by

proposition 6.1.3, G \ {β} has exactly two components. On the other hand, for each

ζ ∈ V (G) \ {α, γ}, r̄(ζ|{α, β, γ}) = {a, a − 1, b}, for a, b ≥ 1. Since {α, β, γ} is a

2-resolving set for G. The first and the third coordinates of the metric representation

of all vertices in V (G) \ {α, γ} are different from each other. Therefore, {α, γ} =

({β, γ} ∪ {α, γ} \ {β} is also a 2-resolving set for G.

Lemma 6.1.5. For a graph G of order µ containing a cycle, if dim2(G) = µ−ג(G)+3,

then G is 2-connected.
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Proof. Suppose on contrary, that β is a cut vertex of G. Let Cε = (β1, β2, ..., βg, β1) be

the shortest cycle in G. Since β is a cut vertex, there exist a component H of G\{β},

such that V (Cε) ⊆ V (H)∪{β}. Since every three adjacent vertices is a 2-basis set in

a cycle, Φ = V (G) \ {β4, ...βε} is a 2-resolving set for G of order dim2(G). Note that,

Φ has non empty intersection with at least two components of G\{β}. Therefore, by

proposition 6.1.3, Φ\{β} is a 2-resolving set for G. Therefore, |Φ\{β}| = dim2(G)−1.

Let β ∈ {β4, ...., βε}, say β = βι, 4 ≤ ι ≤ ε and H = V (G)\{β1, ...βι−3, βι+1, ...βε} is a

2-basis of G which contains β = βι and intersects at least two components of G\{β}.

Thus, by proposition 6.1.3, H \ {β} is a 2-resolving set for G of order smaller than

dim2(G). This contradiction implies that G is a 2-connected.

Theorem 6.1.6. For a graph G with G 6= Kν,µ, if G can be partitioned into twin

classes of cardinality at least two, then G has girth 3 and dim2(G) = µ.

Proof. Suppose G can be partitioned into twin class, and girth ε ≥ 4. Since G 6= K2,2,

and G is connected, so there is a vertex υ ∈ V (G) such that υ is adjacent with at

least one vertex of Cε. So Cε can not be partitioned into twin classes of cardinality

at least two. This contradicts our assumption.

Since in cycle Cµ of order µ, (G)ג = µ, we have the following result:

Corollary 6.1.7. Let Cµ be a cycle of order µ 6= 4, then dim2(G) = 3.

Now, we study 2-metric dimension of some graphs having girth (G)ג = 4. We

discuss the 2-metric dimension of regular bipartite graph G(µ, µ). For µ ≥ 3, let G be

an µ− 1-regular bipartite graph with V1(G) = {ζ1, ζ2, ..., ζµ}, V2(G) = {υ1, υ2, ..., υµ},
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and E(G) = {ζιυ| 6= ι}. Certainly, for  6= ι, dis(ζι, υι) = 3, dis(ζι, υ) = 1, and

dis(ζι, ζ) = 2.

The following result gives 2-metric dimension of an (µ− 1)-regular bipartite graph:

Theorem 6.1.8. For µ ≥ 3, if G(µ, µ) is an (µ − 1)-regular bipartite graph, then

dim2(G) = µ.

Proof. Suppose |Φ| = µ− 1 and |Φ∩ Vι(G)| ≤ µ− 2 for some ι, then there exists two

vertices in Vι(G) with representation different only at one place.

Now suppose, Φ = {ζ1, ζ2, ..., ζµ−1} ⊆ V1(G). Since dis(ζι, ζ) = 2, the vertex

ζµ ∈ V1(G) \ Φ has 2 at all places in its representation. Whereas vertices ζι ∈ Φ,

1 ≤ ι ≤ µ− 1 have zero at ιth place and 2 at all other places in its representation. It

is clear that the vertex ζµ and ζι, 1 ≤ ι ≤ µ− 1 are distinct at only one place in their

representations. A contradiction that Φ is 2-resolving set.

Now, let Φ = {ζ1, ζ2, ..., ζµ}. For distinct ι,  ∈ {1, 2, ...µ}, we have r̄(υι|Φ) different

at two places from r̄(υ|Φ) since dis(ζι, υι) = 3 and dis(ζι, υ) = 1. Hence every two

distinct vertices α, β ∈ V (G) have representations different at two places. Therefore,

Φ is a 2-resolving set of G.

Let H be an (µ − 2)-regular bipartite graph with H = Kν,ν \ E(C2ν), V1(G) =

{ζ1, ζ2, ..., ζµ}, V2(G) = {υ1, υ2, ..., υµ}, and E(G) = {ζιυ|ι 6= ,  − 1}. For ι 6= ,

dis(ζι, υι) = 3, dis(ζι, υι−1) = 3, dis(ζι, υ) = 1 and dis(ζι, ζ) = 2.

Lemma 6.1.9. For µ ≥ 4, let G be an (µ− 2)-regular bipartite graph with |V1(G)| =

|V2(G)| = µ. Let G′ ⊆ G be such that G′ = Kν,ν \ E(C2ν) with 2 ≤ ν ≤ µ. If Φ is a
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2-resolving set of G, then Φ contains a basis of G′.

Proof. Let Φ′ be a 2-resolving set of Φ′. Suppose that there exists á ∈ Φ′ such that

á /∈ Φ. Note that for every β ∈ V (G′) ∩ Vι(G) and G ∈ V (G \ G′) ∩ V(G) with

ι,  ∈ {1, 2}, we have βG ∈ E(G), if ι 6= , and βG is not in E(G) otherwise. There-

fore, since á /∈ Φ, for ι,  ∈ {1, 2} and ι 6= , if á ∈ Vι then we obtain two possibilities

below:

1. Two different vertices ζ, υ ∈ V(G) ∩ V (G′) exists such that ζ, υ are resolved

only one vertex of Φ.

2. A vertex ζ ∈ Vι ∩ V (G′) exists such that ζ and á have representations different

at only one place.

In both possibilities we have a contradiction.

Theorem 6.1.10. For ν ≥ 5, let H be a connected graph with H = Kν,ν \ E(C2ν).

Then dim2(H) = ν.

Proof. It is clear that dim2(H) ≥ ν, as it is similar to the proof for (µ − 1)-regular

bipartite graph.

We will prove that dim2(H) ≤ ν. For distinct ι,  ∈ {1, 2, ..., ν}, we have r̄(υι|Φ) differ-

ent at two places from r̄(υ|Φ) since dis(ζι, υι) = 3, dis(ζι, υι−1) = 3 and dis(ζι, υ) = 1.

Hence, Φ is 2-resolving set of cardinality ν.

From above theorem, we have the following straight forward result:



90

Corollary 6.1.11. For µ ≥ 4, let G be an (µ − 2)-regular bipartite graph with

|V1(G)| = |V2(G)| = µ. Let G′ ⊆ G such that G′ = Kν,ν \E(C2ν) with 2 ≤ ν ≤ µ and

Φ is a 2-resolving set of G. Then G′ contributes at least ν vertices in Φ.

Now, we give some general results on the relationship of the 2-metric dimension

of some graphs with twin vertices in graphs. It is obvious that for a graph G of order

µ, 2 ≤ dim2(G) ≤ µ. Let Ø1,Ø2, ...Øt twin classes of a graph with |Øι| ≥ 2 and

ß =
∑

1≤ι≤t |Øι|.

Lemma 6.1.12. [25] Let G be a graph and let Φ be a 2-resolving set of G. Then

dim2(G) ≥ ß.
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Figure 6.1: The tree T (κ, g)

A complete κ-ary tree T (κ, g) with g levels is a rooted tree with κ branches at

each internal vertices and g level deep. Level of κ-ary tree is a shortest distance

between a root and branches. Let ζ is the root, ζ1, ..., ζκ are said to be the children
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of ζ, ζι1, ..., ζικ are the children of ζι for any ι ∈ {1, ..., κ} and in the similar way,

ζιι...ι1, ..., ζιι...ικ with ιι...ι︸ ︷︷ ︸ are g entries, are children of ζιι....ι, 1 ≤  ≤ κ with ιι...ι︸ ︷︷ ︸
are g − 1 entries as shown in Figure7.3. Following result gives a family of graphs for

which 2-metric dimension is same as number of twins.

Proposition 6.1.13. For any integer κ, g ≥ 2, dim2(T (κ, g)) = ß

Proof. By above lemma 6.1.12, it is clear that dim2(T (κ, g) ≥ ß. To prove

dim2(T (κ, g)) ≤ ß, we prove that Φ = {ζιι...ι1, ζιι...ι2, ..., ζιι..ικ}, with ιι...ι︸ ︷︷ ︸ are g en-

tries for 1 ≤ ι ≤ κ, is 2-resolving set. Since children of ζιι...ι with g − 1 entries, form

twin classes, therefore all ζ ′ιι...ιs with g entries are in 2-resolving set. Hence all ζιι...ι

children with g entries have representation different on at least two positions. Root

vertices ζιι...ι with g− 1 entries have ones only at (ιι...ι)th positions, for 1 ≤ ι,  ≤ κ,

and 2g− 1 at all other positions. Similarly, root vertices ζιι...ι with g− 2 entries have

2 only at (ιι...ι)th positions, for 1 ≤ ι,  ≤ κ, and 2g − 2 at all other positions. The

root vertex ζ has representation (gg...g) which is distinct on at least two positions

from all other vertices. Hence Φ is 2-resolving set.
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Figure 6.2: The tree T ∗(κ, g)

Let T ∗(κ, g) be a tree of order κ+ 2 + 2(g − 1)2 with κ ≥ 1 and g ≥ 1, is defined
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as:

V (T ∗(κ, g)) = {ζ, ς} ∪ {ς1, ..., ςκ} ∪ {ζ(ι,):1≤ι,≤g−1} ∪ {υ(ι,) : 1 ≤ ι,  ≤ g − 1}, and

edge set of T ∗(κ, g) is defined as

• ζζ(ι,) ∈ E(T ∗(κ, g)), for 1 ≤ ι,  ≤ g − 1

• ζ(ι,)υ(ι,) ∈ E(T ∗(κ, g)), for 1 ≤ ι,  ≤ g − 1 and

• ζς, ςς1, ..., ςςκ ∈ E(T ∗(κ, g))

This result shows that 2-metric dimension can be more than number of twins in the

graph.

Proposition 6.1.14. Let T ∗(κ, g) with κ, g ≥ 1. Then, dim2(T ∗(κ, g)) = (g−1)2+κ.

Proof. It is clear that ß = κ, therefore, all vertices will be in 2-metric dimension of

T ∗(κ, g). Now from the structure of it can be observed that cardinality of vertices

ζ(a,b) is (g − 1)2 and we have to include all these vertices in 2-resolving set Φ. If we

take (g − 1)2 − 1 vertices in 2-resolving set Φ then the remaining vertex ζ(ν,µ) and

vertex ζ(a,b) belonging to Φ, have representations different only at one place. Hence,

dim2(T ∗(κ, g)) ≥ (g − 1)2 + κ.

Now, Let Φ1 = {ζ(a,b); 1 ≤ a, b ≤ g − 1} and Φ2 = {ς l ; 1 ≤ l ≤ κ} and we order the

vertices of Φ1 from {1, 2, ..., (g − 1)2} and vertices of Φ2 from {(g − 1)2 + 1, ..., (g −

1)2 + κ}. Suppose that Φ = Φ1 ∪Φ2. Then, for any ι, , a, b, Where 1 ≤ ι ≤ (g − 1)2,
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(g − 1)2 + 1 ≤  ≤ (g − 1)2 + κ and 1 ≤ a, b ≤ (g − 1). For α ∈ V (T ∗(κ, g)),

r̄(α|Φ) =



(2, 2, ..., 2, 0ι, 2, ...2, 3, ..., 3), α = ζ ι(a,b)

(3, 3, ..., 3, 2, ..., 2, 0j, 2, ..., 2), α = ς l

(3, 3, ..., 3, 1i, 3, ..., 3, 4, ...., 4), α = υ(a,b)

(1, 1, ..., 1, 2, 2, ...., 2), α = ζ

(2, 2, ..., 2, 1, 1, ..., 1), α = ς

It is clear that representation of all the vertices is different from each other on at least

two positions. Hence, Φ is a 2-resolving set for T ∗(κ, g) of cardinality (g − 1)2 + κ.

If G1 and G2 are connected, then G1�G2 is connected. we have

%G1�G2((α, β), (β, ζ)) = %G1(α, β) + %G2(β, ζ).

Let G1 ∗G2 denote Cartesian and strong products of graphs. Let R = V (G1 ∗G2) of

graphs G1 and G2. The projection of R onto G1 is the vertex set containing α ∈ V (G1)

for which there corresponds a vertex (α, β) ∈ R. Similarly, the projection of R onto

G2 is the vertex set β ∈ V (G2) for which there corresponds a vertex (α, β) ∈ R.

A column of G1 ∗ G2 is vertex set containing {(α, β) : β ∈ V (G2)} for some vertex

α ∈ V (G1), and a row of G1�G2 is the vertex set containing {(α, β) : α ∈ V (G1)}

for some vertex β ∈ V (G2). Observe that each row induces a copy of G1, and each

column induces a copy of G2.

Lemma 6.1.15. Let R ⊆ V (G1 ∗ G2) for graphs G1 and G2. Then every pair of

vertices in a fixed row of G1 ∗ G2 is resolved by two vertices of R if and only if the
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projection of R onto G1 is a 2-resolving set of G1. Similarly, every pair of vertices in

a fixed column of G1 ∗G2 is resolved by two vertices of R if and only if the projection

of R onto G2 is 2-resolving set in G2

Proof. For the Cartesian product of graphs G1 and G2, consider two vertices (α, β)

and (α,G) in a column. For every other vertex (β, ζ) ofG1�G2, we have %G1�G2((α, β),

(β, ζ)) − dis((α,G), (β, ζ)) = %G2(β, ζ) − %G2(G, ζ). Thus %G1�G2((α, β), (β, ζ)) 6=

%G1�G2((α,G), (β, ζ)) if and only if %G2(β, ζ) 6= %G2(G, ζ). That is (α, β) and (α,G)

are resolved by (β, ζ) if and only if β and G are resolved by ζ in G2. Similarly, if

β and G are resolved by resolving alternate υ of ζ, then (α, β) and (α,G) are also

resolved by resolving alternate of (β, ζ). Hence (α, β) and (α,G) are resolved by two

vertices of R if and only if β and G are resolved by two vertices of the projection of

R onto G2. We have the analogous result for the projection onto G2 by symmetry.

For the strong product of graphsG1 andG2, letR = (V1×R2)∪(R1×V2), whereR1 and

R2 are 2-basis forG1 andG2, respectively. Let (αι, β) and (ακ, βl) be two different ver-

tices of G1�G2. Let αα1 , βα2 ∈ R1 such that αι, βκ are resolved by αα1 and αα2 and let

βG1 , βG2 ∈ R2 such that β, βl are resolved by βG1 and βG2 .If ι = κ i.e in a row (αι, β)

and (ακ, βl) are resolved by (αι, βG1), (αι, βG2) ∈ (V1×R2) ⊂ R. Analogously, if  = l,

then (αι, β) and (ακ, βl) are resolved by (αα1 , β), (αα2 , β) ∈ (R1 × V2) ⊂ R.

Theorem 6.1.16. Let G1 and G2 be two graphs of order µ1 ≥ 2 and µ2, respectively.

Then

dim2(G1 �G2) ≤ µ1.dim2(G2) + µ2.dim2(G1)− dim2(G1).dim2(G2).

Proof. Let V1 = {u1, u2, ..., uµ1} and V2 = {β1, β2, ..., βµ2} be the set of vertices of G1
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and G2, respectively. Let R = (V1×R2)∪ (R1×V2), where R1 and R2 are 2-basis for

G1 and G2, respectively. Let (αι, β) and (ακ, βl) be two different vertices of G1�G2.

Let αα1 , βα2 ∈ R1 such that αι, βκ are resolved by αα1 and αα2 and let βG1 , βG2 ∈ R2

such that β, βl are resolved by βG1 and βG2 . If ι 6= κ and  6= l, then we assume that

(αι, β) and (ακ, βl) are resolved by only one vertex and neither (αι, βG2) nor (ακ, βG2)

resolves the pair (αι, β) and (ακ, βl) that is,

%G1�G2((αι, β), (αι, βG1)) = %G1�G2((ακ, βl), (αι, βG1) (6.1.1)

dG1�G2((αι, β), (ακ, βG2)) = %G1�G2((ακ, βl), (ακ, βG2) (6.1.2)

by equation 6.1.1, we have %G2(β, βG2) = max{%G1(ακ, βι), %G2(βl, βG2)} By equation

6.1.2, we have %G2(βl, βG2) = max{%G1(αι, ακ), %G2(β, βG2)}. Since %G2(β, βG2) 6=

%G2(βl, βG2) and %G1(β, βG2) 6= %G1(βl, βG2), we obtain:

%G2(βl, βG2) = %G1(ακ, βι) (6.1.3)

%H(βl, βG2) = %G(αι, ακ) (6.1.4)

from equation 6.1.3 and 6.1.4, we have

%H(β, βG2) = %H(βl, βG2)

which is a contradiction with statement that β, βl are resolved by βG2 in H.

By above lemma, we have the following result for the Cartesian product of graphs:

Theorem 6.1.17. For all graphs G1 and G2, and for every 2-resolving set of G1�G2,the

projection of R onto G1 is a 2-resolving set of G1, and the projection of R onto G2
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is 2-resolving set of G2. In particular,

dim2(G1�G2) ≥ max{dim2(G1), dim2(G2)}.

6.2 κ-Local Metric Dimensional Graphs

Concept of local metric dimension of graphs arises to resolve neighboring vertices

of graphs. Similar to the limitations of the metric basis, local metric basis also has

weakness related to the supposed uniqueness of the vertex resolving an adjacent pair

of vertices of graphs. For example, some sensors are placed in a network for collect-

ing data from all nodes. Assume that these sensors are communicated with a set of

nodes R which provide them the distance to the neighboring nodes. If any node is

unexpectedly blocked then the sensor cannot collect information. To overcome this

weakness, we extend the concept of local resolving set of graphs and require that R

contain κ nodes for every adjacent pair of vertices of graphs and we call this problem

κ-local metric dimension problem.

Given a graph G, a set Φ` is κ-local resolving set for G if and only if every element

of E(G) is resolved by at least κ elements of Φ`, i.e., for αβ ∈ E(G), there exists at

least κ vertices G1, G2, ...., Gκ ∈ Φ` such that

dis(α,Gι) 6= dis(β,Gι), 1 ≤ ι ≤ κ.

A κ-local resolving set of G with minimum cardinality is a κ-local metric basis and
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its cardinality is the κ-local metric dimension `dimκ(G) of G. Note that for every κ-

local resolving set Φ`, |Φ`| ≥ κ and if κ > 1, then Φ` is also a (κ−1)-local resolving set.

A κ-local metric dimensional graph is a graph G with κ-local metric basis where

κ is the largest integer. If G is a κ-local metric dimensional graph, then for every

positive integer κ′ ≤ κ, G has at least a κ′-local metric basis. Since every element of

E((G) is resolved by at least the corresponding vertices.

Remark 6.2.1. If G be a κ-local metric dimensional graph of order µ ≥ 2, then

2 ≤ κ ≤ µ.

To characterize κ-local metric dimensional graph, we need to define some termi-

nology. We define set of local distinctive vertices of αβ ∈ E(G) as:

£G(αβ) = {G ∈ V (G); dis(α,G) 6= dis(β,G)}.

The set of local distinctive vertices of αβ is

£G∗(αβ) = £G(αβ)− {αβ}

.

Theorem 6.2.1. For a connected graph G, κ = min
(αβ)∈E(G)

|£G(αβ)| if and only if G

is κ-local metric dimensional.

Proof. If G is a κ-local metric dimensional graph, then for any κ-local metric basis

`Φ and (αβ) ∈ E(G), we have |`Φ ∩£G(αβ)| ≥ κ. Thus, κ ≤ min
(αβ)∈E(G)

|£G(αβ)|.

Now, we suppose that κ < min
(αβ)∈E(G)

|£G(αβ)|. In such case, for every (α′β′) ∈ E(G)

such that |`Φ∩£G(α′β′)| = κ, there exists a local distinctive vertex Gα′β′ ∈ £G(α′β′)\
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`Φ. Hence, the set `Φ ∪ (
⋃

(α′β′)∈E(G)|`Φ∩£G(α′β′)|=κ
{Gα′β′}) is a local (κ + 1)-resolving

set, which is a contradiction. Therefore, κ = min
(αβ)∈E(G)

|£G(αβ)|.

Let ζυ ∈ E(G) such that

min
(αβ)∈E(G)

|£G(αβ)| = |£G(ζυ)| = κ.

The set
⋃

(αβ)∈E(G)

£G(αβ) is a κ-local resolving set of G and κ′ > κ vertices of G do

not resolve ζυ. Hence G is a κ-local metric dimensional graph.

Now, we give specific results related to some classes of graphs. Note that for

ζυ ∈ E(G), ζ, υ are true twins if and only if £G(ζυ) = {ζ, υ}. Therefore, we have

the following straightforward result:

Corollary 6.2.2. A graph G with order µ ≥ 2 is 2-local metric dimensional if and

only if G has true twin vertices.

Complete graph Kµ of order µ is 2-local metric dimensional graph.

Proposition 6.2.3. Let Cµ be a cycle graph of order µ. If µ is odd, then Cµ is

(µ− 1)-local metric dimensional.

Proof. For any αβ ∈ E(Cµ), there is only one vertex G ∈ V (Cµ) such that dis(α,G) =

dis(β,G). Therefore, by Theorem 6.2.1, Cµ is (µ− 1)-local metric dimensional.

By Remark 6.2.1, every graph of order µ is κ-local metric dimensional with κ ≤ µ.

Now, we give characterization of graphs with κ = µ.

Theorem 6.2.4. Let G be a graph of order µ. Then G is µ-local metric dimensional

if and only if G is bipartite.
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Proof. Suppose G is bipartite graph with partite set Q and P . Since, for s ∈ Q and

ᵀ ∈ P , dis(s, ζ) = dis(ᵀ, υ) = 2p and dis(s, υ) = dis(ζ, ᵀ) = 2p + 1 for some p ∈ Z+

and ζ ∈ Q, υ ∈ P . If `Φ = Q ∪ P then note that representations of all adjacent

vertices are distinct on at least µ positions. Hence, G is µ-local metric dimensional.

Conversely, let G be a µ-local metric dimensional graph. Suppose to the contrary

that G is not bipartite graph. Then G contains an odd cycle Cµ. By Proposition

6.2.3, G is κ-local metric dimensional for κ ≤ (µ − 1), a contradiction. Hence, G is

bipartite graph.

6.3 κ-Local Metric Dimension of Graphs

In this section, we study the κ-local metric dimension of several families of graphs.

For a graph G of order µ, the κ-local metric dimension exists monotonically as follows:

Theorem 6.3.1. Let G be a κ-local metric dimensional graph and κ1, κ2 be two

integers. If 1 ≤ κ1 < κ2 ≤ κ, then `dimκ1(G) < `dimκ2(G).

Proof. Suppose Φ` be a κ-local metric basis and ζ ∈ Φ`. Since at least κ vertices of

Φ` resolves every element of E(G), therefore Φ` − {ζ} is a (κ− 1)-local resolving set

for G. we conclude that,

`dim(κ−1)(G) ≤ |Φ` − {ζ}| < Φ` = `dimκ(G).

Proceeding in analogy, we obtain that `dimκ1(G) < `dimκ2(G). By finitely repeating

the process we obtain result.
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From Theorem 6.3.1, the following straightforward result holds:

Corollary 6.3.2. 1. For every ᵀ ∈ {1, ...κ}, `dimᵀ(G) ≥ `dim(G) + (ᵀ− 1).

2. For every ᵀ ∈ {1, ...,ᵀ− 1}, `dimᵀ(G) < µ.

3. If G is not bipartite graph, then for every ᵀ ∈ {1, ..., κ}, `dimᵀ(G) ≥ ᵀ+ 1.

The following lemma give relationship between local resolving set and local 2-

resolving set.

Lemma 6.3.3. Let G be a graph and `Φ′ be a local resolving set of G. Then `Φ′ is a

2-local resolving set if and only if every αβ ∈ E(G) is resolved by at least two vertices

ζ, υ of Φ′`.

Proof. Let Φ′` be a 2-local resolving set of G. Assume contrarily that ζυ ∈ E(G) are

resolved by only one vertex G ∈ Φ′`, then Φ′`\{G} is not local resolving set since ζ and

υ have same representation with respect to Φ′`\{G}, which leads to a contradiction.

Now suppose that every αβ ∈ E(G) is locally resolved by at least two vertices

ςυ ∈ Φ′`. Then Φ′`\{G} for every G ∈ Φ′`, is a local resolving set for G.

Theorem 6.3.4. For every pair r̃, s̃ ∈ Z+ with 1 ≤ r̃ ≤ s̃−1, there exists a connected

graph G of order s̃ with `dim2(G) = r̃ + 1.

Proof. The result is holds for G = Kl, when r̃ = s̃ − 1. Now, suppose that 1 ≤ r̃ <

s̃ − 2. Let G be a graph obtained by Kr̃+1 with vertex set Φ′` = {β1, β2, ...., βr̃+1}

and the path βr̃+2, βr̃+3, ...βs̃ when joined by an edge βr̃+1βr̃+2. Since Φ′` is a 2-local

resolving set, `dim2(G) ≤ r̃+ 1. Suppose to the contrary `dim2(G) ≤ r̃. Let Φ′′` be a
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2-local resolving set with r̃ vertices. Note that every 2-local resolving set must contain

at least r̃ vertices from Φ′` and we may suppose that Φ′′` = {β1, β2, ...., βr̃}. But, the

representation of βr̃ and βr̃+1 with respect to Φ′′` is distinct at only one position. It

leads to a contradiction. Thus `dim2(G) = r̃ + 1.

Let £κ(G) be the union of the sets £G(αβ) whenever |£G(αβ)| = κ, i.e.,

£κ(G) =
⋃

|£G(αβ)|=κ

£G(αβ).

Lemma 6.3.5. If G is a κ-local metric dimensional graph, then `dimκ(G) ≥ |£κ(G)|.

Proof. Since every αβ ∈ E(G) is only resolved by the elements of £G(αβ), if |£G(αβ)| =

κ, then for every κ-local metric basis Φ`, £G(αβ) ⊆ Φ` and, as a result, £κ(G) ⊆ Φ`.

The result follows.

Proposition 6.3.6. Let G be a κ-local metric dimensional graph of order µ. Then

`dimκ(G) = µ if and only if V (G) = £κ(G).

Proof. Let V (G) = £κ(G). Since for every κ-local metric dimensional graph G,

`dimκ(G) ≤ µ, by Lemma 6.3.5, we obtain that `dimκ(G) = µ.

Now, let `dimκ(G) = µ. Note that for every αβ ∈ E(G), we have |£G(αβ)| ≥ κ.

If there exists at least one vertex ζ ∈ V (G) such that ζ /∈ £κ(G), then for every

αβ ∈ E(G), we have |£G(αβ) − {ζ}| ≥ κ. This implies V (G) − {ζ} is a κ-local

resolving set of G, a contradiction. Hence, V (G) = £κ(G).

In previous section, we proved that a bipartite graph G of order µ is local µ-metric

dimensional. This implies that for all αβ ∈ E(G), |£G(αβ)| = µ, i.e., V (G) = £κ(G).
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Therefore, `dimµ(G) = µ, for bipartite graph G of order µ.

Notices that true twins also form the equivalence relation on V (G). These classes are

called as the true twin equivalence classes. We have the following result:

Lemma 6.3.7. Let G be a connected graph and let T̂1, T̂2, ..., T̂p be the true twin

equivalence classes of G with |T̂ι| > 1, for 1 ≤ ι ≤ p. Then `dim2(G) ≥
∑

1≤ι≤p
|T̂ι|.

Proof. Since for αβ ∈ E(G), we have that £2(αβ) = αβ if and only if there exists T̂ι

such that α, β ∈ T̂ι, we deduce £2(G) =
p⋃
ι=1

T̂ι. Therefore, by Lemma 6.3.5, we get

the required result.

This bound is tight. For example, in complete graphs Kµ all the vertices are true

twins therefore, `dim2(Kµ) = µ.



Chapter 7

Topological Indices of Generalized
Sierpiński Graphs and
H-Naphtalenic Nanotubes

Sierpiński graphs S(Kµ, t̂) were originated from the topological study of the Lip-

scomb’s space. The wk-recursive network is a class of graphs, which was firstly stud-

ied in computer science [21,34]. The graphs S(G, t̂) have been studied from different

points of views. Colorings of these graphs have been found in [33,44], crossing number

and several metric variants such as unique 1-perfect codes, average distance of these

graphs have been studied in the literature. For more literature on Sierpiński graphs,

see [37, 43,45,52,70].

In this chapter, we study generalized Sierpiński graph with arbitrary base graph.

We discuss topological indices of generalized Sierpiński graphs. We study bounds for

sum-connectivity index χ, harmonic indexH, atom-bond connectivity index ABC and

Zagreb indices Z1, Z2 for the generalized Sierpiński graphs. We determine bounds

also for extended Sierpiński graphs. The vertex-degree-based topological indices such

as H index ABC index and Z1, Z2 indices can be studied in terms of topological

103
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indices of the base graph of generalized Sierpiński graphs, therefore we choose these

indices for the study of topological indices of generalized Sierpiński and extended

Sierpiński graphs. We give results on Zagreb indices Z1, Z2 and first and second

Zagreb polynomials PZ1, PZ2 of H-Naphtalenic nanotubes. We also give closed

formulae for PZ1 and PZ2 of H-Naphtalenic nanotubes. In the last, we find Hyper

Zagreb index and Augumented Zagreb index is given.

The generalized Sierpiński graph S(G, t̂) is a graph with V t̂ is the vertex set of

S(G, t̂) and V = V (G). The vertex set V t̂ is the set of words ζ1ζ2...ζt̂ of length t̂

where ζr ∈ V , 1 ≤ r ≤ t̂. {ζυ} ∈ E(S(G, t̂)) if and only if there exists ι ∈ {1, ..., µ}

such that:

1. ζ = υ, if  < ι;

2. ζι 6= υι and {ζι, υι} ∈ E(G);

3. ζ = υι and υ = ζι if  > ι.

S(Kµ, 3) are Tower of Hanoi graphs. The Sierpiński graph is a graph with G = Kµ,

introduced in [51, 52]. Gravier et al. constructed the generalized Sierpiński graphs

S(G, t̂) in [38].

In this chapter, for αβ ∈ E(G) α is adjacent to β is denoted by α ∼ β. Notice

that if {ζυ} is an edge of S(G, t̂) then there is an edge {α, β} of G and a word w

such that ζ = wαββ...β and υ = wβαα...α. Extreme vertices are the vertices of the

form αα...α. Note that for any graph G of order µ and any integer t̂ ≥ 2, S(G, t̂)

has µ extreme vertices and, if α has degree deg(α), then the extreme vertex αα...α
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Figure 7.1: Generalized Sierpiński Graphs S(1, C4) and S(3, C4)

of S(G, t̂) also has degree deg(α). The degrees of vertices of the form βαα...α and

αββ...β are equal to deg(α)+1 and deg(β)+1, respectively. For better understanding

of S(G, t̂), please see the Figure 1.

It is clear that α as a vertex of V (S(G, t̂)) has degree degS(G,t̂)(α) ∈ {deg(α),

deg(α) + 1} where deg(α) is degree of α in G. We use the terminology of paper [24].

=S(G, t̂)(deg(α), deg(β)) is the number of copies of {α, β} edge with degrees deg(α)

and deg(β) in S(G, t̂). For α, β ∈ V (G), the number of triangles of G containing α

and β will be denoted by τ(α, β) and the number of triangles of G will be denoted by

τ(G). For any pair of adjacent vertices αβ ∈ E(G), we have |ℵ(α) ∩ ℵ(β)| = τ(α, β),

|ℵ(α)∪ℵ(β)| = deg(α)+deg(β)−τ(α, β) and |ℵ(α)−ℵ(β)| = deg(α)−τ(α, β). From

now onward, for a graph of order µ, we will use function ψµ(t̂) = 1+µ+µ2+...+µt̂−1 =

µt̂−1
µ−1

.
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Lemma 7.0.1. [24] For any integer t̂ ≥ 2 and any edge {αβ} of a graph G of order

µ,

1. =S(G, t̂)(deg(α), deg(β)) = µt̂−2(µ− deg(α)− deg(β) + τ(α, β)).

2. =S(G, t̂)(deg(α), deg(β) + 1) = µt̂−2(deg(β)− τ(α, β))− ψµ(t̂− 2)deg(α).

3. =S(G, t̂)(deg(α) + 1, deg(β)) = µt̂−2(deg(α)− τ(α, β))− ψµ(t̂− 2)deg(β).

4. =S(G, t̂)(deg(α)+1, deg(β)+1) = µt̂−2(τ(α, β)+1)+ψµ(t̂−2)(deg(α)+deg(β)+1).

7.1 Topological Indices of Generalized Sierpiński

Graphs

In the following theorem, we present a lower bound for ABC index for generalized

Sierpiński graphs in terms of ABC index of G.

Theorem 7.1.1. For any graph G of order µ ≥ 3, δ(G) ≥ 2 and any integer t̂ ≥ 2,

ABC(S(G, t̂)) ≤ ψµ(t̂)ABC(G).

Proof. The ABC index of S(G, t̂) can be expressed as

ABC(S(G, t̂)) =
∑
α∼β

1∑
ι=0

1∑
=0

=S(G,t̂)(deg(α) + ι, deg(β) + )
√

(deg(α)+ι)+(deg(β)+)−2
(deg(α)+ι)(deg(β)+)

by using Lemma 7.0.1:

=
∑
α∼β
{µt̂−2(µ− deg(α)− deg(β) + τ(α, β))

√
deg(α)+deg(β)−2
deg(α)deg(β)

+µt̂−2(deg(β)− τ(α, β))− ψµ(t̂− 2)deg(α)
√

deg(α)+deg(β)−1
deg(α)(deg(β)+1)
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+µt̂−2(deg(α)− τ(α, β))− ψµ(t̂− 2)deg(β)
√

deg(α)+deg(β)−1
(deg(α)+1)deg(β)

+µt̂−2(τ(α, β) + 1) + ψµ(t̂− 2)(deg(α) + deg(β) + 1)
√

deg(α)+deg(β)
(deg(α)+1)(deg(β)+1)

}.

Since δ(G) ≥ 2,
√

deg(α)+deg(β)−1
deg(α)(deg(β)+1)

≤
√

deg(α)+deg(β)−2
deg(α)deg(β)

,
√

deg(α)+deg(β)−1
(deg(α)+1)deg(β)

≤
√

deg(α)+deg(β)−2
deg(α)deg(β)

and
√

deg(α)+deg(β)
(deg(α)+1)(deg(β)+1)

≤
√

deg(α)+deg(β)−2
deg(α)deg(β)

. We deduce:

ABC(S(G, t̂)) ≤
∑
α∼β
{µt̂−2(µ− deg(α)− deg(β) + τ(α, β)) + µt̂−2(deg(β)− τ(α, β))−

ψµ(t̂− 2)deg(α) + µt̂−2(deg(α)− τ(α, β))− ψµ(t̂− 2)deg(β)+

+µt̂−2(τ(α, β) + 1) + ψµ(t̂− 2)(deg(α) + deg(β) + 1)}
√

deg(α)+deg(β)−2
deg(α)deg(β)

=
∑
α∼β
{µt̂−1 + µt̂−2 + ψµ(t̂− 2)}

√
deg(α)+deg(β)−2
deg(α)deg(β)

=
∑
α∼β

ψµ(t̂)
√

deg(α)+deg(β)−2
deg(α)deg(β)

which gives the desired result:

ABC(S(G, t̂)) ≤ ψµ(t̂)ABC(G).

Now, we compute a lower bound for H index for generalized Sierpiński graphs.

Theorem 7.1.2. For any graph G of order µ ≥ 2, size λ ≥ 1 and any integer t̂ ≥ 2,

H(S(G, t̂)) ≤ ψµ(t̂)H(G).

Proof. The H(G) index of S(G, t̂) can be expressed as

H(S(G, t̂)) =
∑
α∼β

1∑
ι=0

1∑
=0

=S(G,t̂)(deg(α) + ι, deg(β) + ) 2
(deg(α)+ι)+(deg(β)+)

.

By using Lemma 7.0.1 and 2
deg(α)+deg(β)+

≤ 2
deg(α)+deg(β)

, for  = 1, 2. We have:
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H(S(G, t̂)) ≤
∑
α∼β
{µt̂−2(µ− deg(α)− deg(β) + τ(α, β)) + µt̂−2(deg(β)− τ(α, β))−

ψµ(t̂− 2)deg(α) + µt̂−2(deg(α)− τ(α, β))− ψµ(t̂− 2)deg(β)+

+µt̂−2(τ(α, β) + 1) + ψµ(t̂− 2)(deg(α) + deg(β) + 1)} 2
deg(α)+deg(β)

=
∑
α∼β
{µt̂−1 + µt̂−2 + ψµ(t̂− 2)} 2

deg(α)+deg(β)

=
∑
α∼β

ψµ(t̂) 2
deg(α)+deg(β)

.

We get the required result:

H(S(G, t̂)) ≤ ψµ(t̂)H(G).

Bounds on the Zagreb first and second indices for generalized Sierpiński graphs

are presented in the following theorems.

Theorem 7.1.3. For any graph G of order µ ≥ 2, size λ ≥ 1 and any integer t̂ ≥ 2,

Z1(S(G, t̂)) ≤ 2λψµ(t̂)(µ− rad(G) + 1).

Proof. The Z1(G) index of S(G, t̂) can be expressed as

Z1(S(G, t̂)) =
∑
α∼β

1∑
ι=0

1∑
=0

=S(G,t̂)(deg(α) + ι, deg(β) + )((deg(α) + ι) + (deg(β) + )).

It is clear that deg(α) + deg(β) ≤ deg(α) + deg(β) + 1 ≤ deg(α) + deg(β) + 2. Using

Lemma 7.0.1 and the above inequality we get:

Z1(S(G, t̂)) ≤
∑
α∼β
{µt̂−2(µ− deg(α)− deg(β) + τ(α, β))

+µt̂−2(deg(β)− τ(α, β))− ψµ(t̂− 2)deg(α) + µt̂−2(deg(α)− τ(α, β))− ψµ(t̂−

2)deg(β) + µt̂−2(τ(α, β) + 1) + ψµ(t̂− 2)(deg(α) + deg(β) + 1)}(deg(α) + deg(β) + 2)

=
∑
α∼β
{µt̂−1 + µt̂−2 + ψµ(t̂− 2)}(deg(α) + deg(β) + 2)
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=
∑
α∼β

ψµ(t̂)(deg(α) + deg(β) + 2)

By using deg(α) ≤ µ− Ξ(α) and rad(G) ≤ Ξ(α), we get:

deg(α) + deg(β) + 2 ≤ 2(µ− rad(G) + 1)

Using the above inequality, we get the required result:

Z1(S(G, t̂)) ≤ 2λψµ(t̂)(µ− rad(G) + 1).

Theorem 7.1.4. For any graph G of order µ ≥ 2, size λ ≥ 1 and any integer t̂ ≥ 2,

Z2(S(G, t̂)) ≤ λψµ(t̂)(µ− rad(G) + 1)2.

Proof. The Z2(G) index of S(G, t̂) can be expressed as

Z2(S(G, t̂)) =
∑
α∼β

1∑
ι=0

1∑
=0

=S(G,t̂)(deg(α) + ι, deg(β) + )((deg(α) + ι) · (deg(β) + )).

It is clear that deg(α) · deg(β) ≤ deg(α) · (deg(β) + 1) ≤ (deg(α) + 1) · deg(β) ≤

(deg(α) + 1) · (deg(β) + 1). Using Lemma 7.0.1 and the above inequality we get:

Z2(S(G, t̂)) ≤
∑
α∼β
{µt̂−2(µ− deg(α)− deg(β) + τ(α, β)) + µt̂−2(deg(β)− τ(α, β))−

ψµ(t̂− 2)deg(α) + µt̂−2(deg(α)− τ(α, β))− ψµ(t̂− 2)deg(β)+

+µt̂−2(τ(α, β) + 1) + ψµ(t̂− 2)(deg(α) + deg(β) + 1)}(deg(α) + 1) · (deg(β) + 1)

=
∑
α∼β
{µt̂−1 + µt̂−2 + ψµ(t̂− 2)}(deg(α) + 1) · (deg(β) + 1)

=
∑
α∼β

ψµ(t̂)(deg(α) + 1) · (deg(β) + 1)

Since (deg(α) + 1) · (deg(β) + 1) ≤ (µ− rad(G) + 1)2. Using the above inequality, we

get the required result:
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Z2(S(G, t̂)) ≤ λψµ(t̂)(µ− rad(G) + 1)2.

Now, we study χ index of generalized Sierpiński graphs in the following result.

Theorem 7.1.5. For any graph G of order µ ≥ 2, size λ ≥ 1 and any integer t̂ ≥ 2,

χ(S(G, t̂)) ≤ ψµ(t̂)χ(G).

Proof. The χ(S(G, t̂)) index of S(G, t̂) can be expressed as

χ(S(G, t̂)) =
∑
α∼β

1∑
ι=0

1∑
=0

=S(G,t̂)(deg(α) + ι, deg(β) + ) 1
(deg(α)+ι)+(deg(β)+)

.

Since 1√
deg(α)+deg(β)+1

≤ 1√
deg(α)+deg(β)

and 1√
deg(α)+deg(β)+2

≤ 1√
deg(α)+deg(β)

. By using

Lemma 7.0.1 and these inequalities, we have:

χ(S(G, t̂)) ≤
∑
α∼β
{µt̂−2(µ− deg(α)− deg(β) + τ(α, β)) + µt̂−2(deg(β)− τ(α, β))−

ψµ(t̂− 2)deg(α) + µt̂−2(deg(α)− τ(α, β))− ψµ(t̂− 2)deg(β)+

+µt̂−2(τ(α, β) + 1) + ψµ(t̂− 2)(deg(α) + deg(β) + 1)} 1√
deg(α)+deg(β)

=
∑
α∼β
{µt̂−1 + µt̂−2 + ψµ(t̂− 2)} 1√

deg(α)+deg(β)

=
∑
α∼β

ψµ(t̂) 1√
deg(α)+deg(β)

which gives the desired result:

χ(S(G, t̂)) ≤ ψµ(t̂)χ(G).
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Figure 7.2: Extended Sierpiński Graph
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7.2 Topological Indices of Extended Sierpiński Graphs

The extended Sierpiński graph S(G, t̂+) is formed by inserting a new vertex ζ to

S(G, t̂) and adding edges between the vertex and all extreme vertices of S(G, t̂). This

new vertex is called special vertex and edges are called additional edges of S(G, t̂+).

S. Klavžar and B. Mohar introduced the extended Sierpiński graph S(G, t̂+) in [53].

For s ∈ V (S(G, t̂+)), degS(G,t̂)(s) ∈ {deg(s), deg(s) + 1}. Since order of base graphs

the number of extreme vertices in S(G, t̂) is always the order of G. Therefore, in the

analogy of Lemma 7.0.1, we give the following result for extended Sierpiński graphs.

Lemma 7.2.1. For any integer t̂ ≥ 2 and any edge αβ of a graph G of order µ.

1. =S(G,t̂+)(deg(α), deg(β)) = µt̂−2(µ− deg(α)− deg(β) + τ(α, β)).

2. =S(G,t̂+)(deg(α), deg(β) + 1) = µt̂−2(deg(β)− τ(α, β))− ψµ(t̂− 2)deg(α).

3. =S(G,t̂+)(deg(α) + 1, deg(β)) = µt̂−2(deg(α)− τ(α, β))− ψµ(t̂− 2)deg(β).

4. =S(G,t̂+)(deg(α)+1, deg(β)) = µt̂−2(τ(α, β)+1)+ψµ(t̂−2)(deg(α)+deg(β)+1).

5. =S(G,t̂+)(deg($), degS(G,t̂+)(ζ)) = µ.

By using Lemma 7.2.1, we find topological indices of S(G, t̂+).

Theorem 7.2.2. For any graph G of order µ ≥ 3, δ(G) ≥ 2 and any integer t̂ ≥ 2,

ABC(S(G, t̂+)) ≤ (µ+ ψµ(t̂))ABC(G).

Proof. The ABC index of S(G, t̂+) is
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ABC(S(G, t̂+)) =
∑
α∼β

1∑
ι=0

1∑
=0

=S(G,t̂+)(deg(α) + ι, deg(β) + )
√

(deg(α)+ι)+(deg(β)+)−2
(deg(α)+ι)(deg(β)+)

+=S(G,t̂+)(deg($), degS(G,t̂+)(ζ))

√
deg($)+degS(G,t̂+)(ζ)−2

deg($)degS(G,t̂+)(ζ)

by using Lemma 7.2.1:

ABC(S(G, t̂+)) =
∑
α∼β
{µt̂−2(µ− deg(α)− deg(β) + τ(α, β))

√
deg(α)+deg(β)−2
deg(α)deg(β)

+µt̂−2(deg(β)− τ(α, β))− ψµ(t̂− 2)deg(α)
√

deg(α)+deg(β)−1
deg(α)(deg(β)+1)

+µt̂−2(deg(α)− τ(α, β))− ψµ(t̂− 2)deg(β)
√

deg(α)+deg(β)−1
(deg(α)+1)deg(β)

+µt̂−2(τ(α, β) + 1) + ψµ(t̂− 2)(deg(α) + deg(β) + 1)
√

deg(α)+deg(β)
(deg(α)+1)(deg(β)+1)

+µ

√
deg($)+degS(G,t̂+)(ζ)−2

deg($)degS(G,t̂+)(ζ)
}

Since δ(G) ≥ 2,
√

deg(α)+deg(β)−1
deg(α)(deg(β)+1)

≤
√

deg(α)+deg(β)−2
deg(α)deg(β)

,
√

deg(α)+deg(β)−1
(deg(α)+1)deg(β)

≤
√

deg(α)+deg(β)−2
deg(α)deg(β)

,√
deg(α)+deg(β)

(deg(α)+1)(deg(β)+1)
≤
√

deg(α)+deg(β)−2
deg(α)deg(β)

and

√
deg($)+degS(G,t̂+)(ζ)−2

deg($)degS(G,t̂+)(ζ)
≤
√

deg(α)+deg(β)−2
deg(α)deg(β)

.

We have:

ABC(S(G, t̂+)) ≤
∑
α∼β
{µt̂−2(µ− deg(α)− deg(β) + τ(α, β)) + µt̂−2(deg(β)−

τ(α, β))− ψµ(t̂− 2)deg(α) + µt̂−2(deg(α)− τ(α, β))− ψµ(t̂− 2)deg(β)

+µt̂−2(τ(α, β) + 1) + ψµ(t̂− 2)(deg(α) + deg(β) + 1) + µ}
√

deg(α)+deg(β)−2
deg(α)deg(β)

=
∑
α∼β
{µt̂−1 + µt̂−2 + ψµ(t̂− 2) + µ}

√
deg(α)+deg(β)−2
deg(α)deg(β)

=
∑
α∼β

(µ+ ψµ(t̂))
√

deg(α)+deg(β)−2
deg(α)deg(β)

we get the required result:

ABC(S(G, t̂+)) ≤ (µ+ ψµ(t̂))ABC(G).
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In the following result, we give lower bound for the harmonic index of S(G, t̂+).

Theorem 7.2.3. For any graph G of order µ ≥ 2, size λ ≥ 1 and any integer t̂ ≥ 2,

H(S(G, t̂+)) ≤ (µ+ ψµ(t̂))H(G).

Proof. The H(G) index of S(G, t̂+) is

H(S(G, t̂+)) =
∑
α∼β

1∑
ι=0

1∑
=0

=S(G,t̂+)(deg(α) + ι, deg(β) + ) 2
(deg(α)+ι)+(deg(β)+)

+=S(G,t̂+)(deg($), degS(G,t̂+)(ζ)) 2
deg($)+degS(G,t̂+)(ζ)

.

Since 2
deg(α)+deg(β)+

≤ 2
deg(α)+deg(β)

, for  = 1, 2 and 2
deg($)+degS(G,t̂+)(ζ)

≤ 2
deg(α)+deg(β)

.

By using Lemma 7.2.1 and the above inequalities, we have:

H(S(G, t̂+)) ≤
∑
α∼β
{µt̂−2(µ− deg(α)− deg(β) + τ(α, β)) + µt̂−2(deg(β)− τ(α, β))−

ψµ(t̂− 2)deg(α) + µt̂−2(deg(α)− τ(α, β))− ψµ(t̂− 2)deg(β)

+µt̂−2(τ(α, β) + 1) + ψµ(t̂− 2)(deg(α) + deg(β) + 1) + µ} 2
deg(α)+deg(β)

=
∑
α∼β
{µt̂−1 + µt̂−2 + ψµ(t̂− 2) + {degS(G,t̂+)(ζ)} 2

deg(α)+deg(β)

=
∑
α∼β

(µ+ ψµ(t̂)) 2
deg(α)+deg(β)

which gives the desired result:

H(S(G, t̂+)) ≤ (µ+ ψµ(t̂))H(G).

We calculate the Zagreb indices of S(G, t̂+) in following result.

Theorem 7.2.4. For any graph G of order µ ≥ 2, size λ ≥ 1 and any integer t̂ ≥ 2,

Z1(S(G, t̂+)) ≤ 2λ(µ+ ψµ(t̂))(µ− rad(G) + 1).
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Proof. The Z1 index of S(G, t̂+) is

Z1(S(G, t̂+)) =
∑
α∼β

1∑
ι=0

1∑
=0

=S(G,t̂)(deg(α) + ι, deg(β) + )((deg(α) + ι) + (deg(β) + ))

+=S(G,t̂+)(deg($), degS(G,t̂+)(ζ))(deg($) + degS(G,t̂+)(ζ)).

It is clear that deg(α) + deg(β) ≤ deg(α) + deg(β) + 1 ≤ deg(α) + deg(β) + 2 and

similarly (deg($) + degS(G,t̂+)(ζ)) ≤ deg(α) + deg(β) + 2 . Using Lemma 7.2.1 and

the above inequalities we get:

Z1(S(G, t̂+)) ≤
∑
α∼β
{µt̂−2(µ− deg(α)− deg(β) + τ(α, β)) + µt̂−2(deg(β)− τ(α, β))−

ψµ(t̂− 2)deg(α) + µt̂−2(deg(α)− τ(α, β))− ψµ(t̂− 2)deg(β)

+µt̂−2(τ(α, β) + 1) + ψµ(t̂− 2)(deg(α) + deg(β) + 1) + µ}(deg(α) + deg(β) + 2)

=
∑
α∼β
{µt̂−1 + µt̂−2 + ψµ(t̂− 2) + µ}(deg(α) + deg(β) + 2)

=
∑
α∼β

(µ+ ψµ(t̂))(deg(α) + deg(β) + 2)

Since deg(α) + deg(β) + 2 ≤ 2(µ− rad(G) + 1) Using the above inequality, we get the

required result:

Z1(S(G, t̂+)) ≤ 2λ(µ+ ψµ(t̂))(µ− rad(G) + 1).

Theorem 7.2.5. For any graph G of order µ ≥ 2, size λ ≥ 1 and any integer t̂ ≥ 2,

Z2(S(G, t̂+)) ≤ λ(µ+ ψµ(t̂))(µ− rad(G) + 1)2.

Proof. The Z2 index of S(G, t̂+) is

Z2(S(G, t̂+)) =
∑
α∼β

1∑
ι=0

1∑
=0

=S(G,t̂+)(deg(α) + ι, deg(β) + )((deg(α) + ι) · (deg(β) + ))

+=S(G,t̂+)(deg($), degS(G,t̂+)(ζ))(deg($)) · (degS(G,t̂+)(ζ)).
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It is clear that deg(α) · deg(β) ≤ deg(α) · (deg(β) + 1) ≤ (deg(α) + 1) · deg(β) ≤

(deg(α)+1) ·(deg(β)+1) and ((deg($)) ·(degS(G,t̂+)(ζ))) ≤ (deg(α)+1) ·(deg(β)+1).

Using Lemma 7.2.1 and the above inequalities, we get:

Z2(S(G, t̂+)) ≤
∑
α∼β
{µt̂−2(µ− deg(α)− deg(β) + τ(α, β))

+µt̂−2(deg(β)−τ(α, β))−ψµ(t̂−2)deg(α)+µt̂−2(deg(α)−τ(α, β))−ψµ(t̂−2)deg(β)+

µt̂−2(τ(α, β) + 1) + ψµ(t̂− 2)(deg(α) + deg(β) + 1) + µ}(deg(α) + 1) · (deg(β) + 1)

=
∑
α∼β
{µt̂−1 + µt̂−2 + ψµ(t̂− 2) + µ}(deg(α) + 1) · (deg(β) + 1)

=
∑
α∼β

(µ+ ψµ(t̂))(deg(α) + 1) · (deg(β) + 1)

Since (deg(α) + 1) · (deg(β) + 1) ≤ (µ − rad(G) + 1)2. Using this inequality, we get

the required result:

Z2(S(G, t̂+)) ≤ λ(µ+ ψµ(t̂))(µ− rad(G) + 1)2.

In following result, we calculate the sum connectivity index of extended Sierpiński

graphs S(G, t̂+):

Theorem 7.2.6. For any graph G of order µ ≥ 2, size λ ≥ 1 and any integer t̂ ≥ 2,

χ(S(G, t̂+)) ≤ (n+ ψµ(t̂))χ(G).

Proof. The χ(S(G, t̂+)) index of S(G, t̂+) can be expressed as

χ(S(G, t̂+)) =
∑
α∼β

1∑
ι=0

1∑
=0

=S(G,t̂)(deg(α) + ι, deg(β) + ) 1√
(deg(α)+ι)+(deg(β)+)

+=S(G,t̂)(deg($), degS(G,t̂+)(ζ)) 1√
deg($)+degS(G,t̂+)(ζ)

.
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Since 1√
deg(α)+deg(β)+1

≤ 1√
deg(α)+deg(β)

, 1√
deg(α)+deg(β)+2

≤ 1√
deg(α)+deg(β)

and 1√
deg($)+degS(G,t̂+)(ζ)

≤ 1√
deg(α)+deg(β)

. By using Lemma 7.2.1 and these inequali-

ties we have:

χ(S(G, t̂+)) ≤
∑
α∼β
{µt̂−2(µ− deg(α)− deg(β) + τ(α, β)) + µt̂−2(deg(β)− τ(α, β))−

ψµ(t̂− 2)deg(α) + µt̂−2(deg(α)− τ(α, β))− ψµ(t̂− 2)deg(β)

+µt̂−2(τ(α, β) + 1) + ψµ(t̂− 2)(deg(α) + deg(β) + 1) + µ} 1√
deg(α)+deg(β)

=
∑
α∼β
{µt̂−1 + µt̂−2 + ψµ(t̂− 2) + µ} 1√

deg(α)+deg(β)

=
∑
α∼β

(µ+ ψµ(t̂)) 1√
deg(α)+deg(β)

which gives the desired result:

χ(S(G, t̂+)) ≤ (µ+ ψµ(t̂))χ(G).

7.3 Multiple Zagreb Indices of NPHX [r̂, ŝ]

Allotropes of carbon are known as carbon nanotubes (CNTs). Their shape is cylin-

drical. (CNTs) have wide applicability in different disciplines such as electronic,

electrochemical and mechanical reinforcements in composites.

NPHX [r̂, ŝ] is a trivalent enrichment. The first row possess a string of

C6, C6, C4, C6, C6, C4 . . . and other row have a string of C6, C8, C6, C8, .... In a more

formal way, the complete structure is a flat parquet of C4, C6 and C8 and these

structures can either encase a cylindrical shape or a torus shape. We denote this
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1 2 r

2

s

Figure 7.3: NPHX [r̂, ŝ] 2D-lattice

class of nanotubes by NPHX [r̂, ŝ], where in a row the number of pairs of hexagons

is denoted by r̂ and in a column the number of alternative hexagons is denoted by ŝ.

NPHX [r̂, ŝ] is shown in Figure 7.3. Recently, the Zagreb indices of some nanotubes

such as Titania, Benzenoid and Polyhex can also be found [27] [28] [53] [26].

7.4 Zagreb Indices of NPHX [r̂, ŝ]

In this section, we derive the formulae of the multiple Zagreb indices for H-Naphtalenic

nanotubes. We denote edges of E(G) as Eι where 1 ≤ ι ≤ λ(G). We define

the partitions for the vertex and edge set of NPHX [r̂, ŝ], for δ(G) ≤ κ ≤ ∆(G),

2δ(G) ≤ ι ≤ 2∆(G) and δ2(G) ≤  ≤ ∆2(G), and we have

Vκ = {ζ ∈ V (G) : deg(ζ)) = κ},

Eι = {υζ ∈ E(G) : deg(υ) + deg(ζ) = ι}

E∗ = {υζ ∈ E(G) : deg(υ)deg(ζ) = }.

In molecular graph of NPHX [r̂, ŝ] nanotubes, we can see that deg(ζ) = 2, 3. So, we
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Table 7.1: The cardinalities of vertex and edge partitions of NPHX [r̂, ŝ].
Vertex and Edge sets Partitions Cardinality

V2 4r̂
V3 2r̂(5ŝ− 2)

E5 = E∗6 8r̂
E6 = E∗9 15r̂ŝ− 8r̂

have the vertex partitions as follows,

V2 = {ζ ∈ V (NPHX [r̂, ŝ]) : deg(ζ) = 2},

V3 = {ζ ∈ V (NPHX [r̂, ŝ]) : deg(ζ) = 3}

Similarly, the edge partitions of the graph of NPHX [r̂, ŝ] nanotubes are as follows,

E5 = E∗6 = {υζ ∈ E(NPHX [r̂, ŝ]) : deg(υ) = 2, deg(ζ) = 3}

E6 = E∗9 = {υζ ∈ E(NPHX [r̂, ŝ]) : deg(υ) = 3, deg(ζ) = 3}

Since for every vertex ζ ∈ V (NPHX [r̂, ŝ]), deg(ζ) belongs to exactly one class Vκ for

κ = 2, 3 and δ2(NPHX [r̂, ŝ]) ≤  ≤ ∆2(NPHX [r̂, ŝ]). So, the vertex partitions Vκ

and the edge partitions Eι and E∗ are exhaustive, i.e

⋃∆(NPHX [r̂,ŝ])
κ=δ(NPHX [r̂,ŝ]) Vκ = V (NPHX [r̂, ŝ]),

⋃2∆(NPHX [r̂,ŝ])
ι=2δ(NPHX [r̂,ŝ]) Eι = E(NPHX [r̂, ŝ]),

⋃∆2(NPHX [r̂,ŝ])

=δ2(NPHX [r̂,ŝ]) E
∗
 = E(NPHX [r̂, ŝ]).

The cardinalities of all the vertex and edge partitions can be obtained, which are

presented in Table 7.1.

Theorem 7.4.1. Let NPHX [r̂, ŝ] be the graph, then



120

Z1(NPHX [r̂, ŝ]) = 90r̂ŝ− 8r̂.

Proof. By definition of Z1 index, Z1(NPHX [r̂, ŝ]) = 5|E5|+ 6|E6|. From Table 7.1,

using cardinalities of edge set partitions we have, Z1(NPHX [r̂, ŝ]) = 90r̂ŝ − 8r̂ as

required.

Theorem 7.4.2. Let NPHX [r̂, ŝ] be the graph, then

Z2(NPHX [r̂, ŝ]) = 135r̂ŝ− 24r̂.

Proof. By definition of Z2 index, Z2(NPHX [r̂, ŝ]) = 6|E∗6 |+ 9|E∗9 |. From Table 7.1,

using cardinalities of edge set partitions we have, Z2(NPHX [r̂, ŝ]) = 135r̂ŝ−24r̂.

Theorem 7.4.3. Let NPHX [r̂, ŝ] be the graph, then

PZ1(NPHX [r̂, ŝ]) = 3600r̂2ŝ− 1920r̂2.

Proof. By definition of PZ1 index, PZ1(NPHX [r̂, ŝ]) = 5|E5|)×(6|E6|). From Table

7.1, using cardinalities of edge set partitions we have,

PZ1(NPHX [r̂, ŝ]) = 3600r̂2ŝ− 1920r̂2.

Theorem 7.4.4. Let NPHX [r̂, ŝ] be the graph, then

PZ2(NPHX [r̂, ŝ]) = 6480r̂2ŝ− 3456r̂2.

Proof. By definition of PZ2 index, PZ2(NPHX [r̂, ŝ]) = 6|E∗6 |)× 9|E∗9 |. From Table

7.1, using cardinalities of edge set partitions we have,

PZ2(NPHX [r̂, ŝ]) = 6480r̂2ŝ− 3456r̂2.
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7.5 First and Second Zagreb Polynomial of

NPHX [r̂, ŝ]

In this section, we study Z1 and Z2 polynomials for NPHX [r̂, ŝ].

Theorem 7.5.1. Let NPHX [r̂, ŝ] be the graph, then

Z1(NPHX [r̂, ŝ], ς) = 8r̂x5 + (15r̂ŝ− 8r̂)ς6.

Proof. By definition of first Zagreb polynomial and using cardinalities of edge parti-

tion, we get Z1(NPHX [r̂, ŝ], ς) = 8r̂ς5 + (15r̂ŝ− 8r̂)ς6 as required.

Theorem 7.5.2. Let NPHX [r̂, ŝ] be the graph, then

Z2(NPHX [r̂, ŝ], ς) = 8r̂ς6 + (15r̂ŝ− 8r̂)x̂9

Proof. From definition of second Zagreb polynomial and using cardinalities of edge

partition, we get Z2(NPHX [r̂, ŝ], ς) = 8r̂ς6 + (15r̂ŝ− 8r̂)ς9 as required.

7.6 Hyper Zagreb Index of NPHX [r̂, ŝ]

In this section, we compute the HZ index and AZ index for NPHX [r̂, ŝ].

Theorem 7.6.1. Let NPHX [r̂, ŝ] be the graph, then

HZ(NPHX [r̂, ŝ]) = 540r̂ŝ− 88r̂

Proof. By definition of Hyper Zagreb index,HZ(G) = 52|E5|+62|E6|. Using cardinal-

ities of edge set partitions from Table 7.1, we have, HZ(NPHX [r̂, ŝ]) = 540r̂ŝ− 88r̂

as required.
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Theorem 7.6.2. Let NPHX [r̂, ŝ] be the graph, then

AZ(NPHX [r̂, ŝ]) = 19.390625

Proof. By definition of Augumented Zagreb index, we have AZ(G) =
63|E∗6 |
33|E5| +

93|E∗9 |
43|E6| .

Using cardinalities of edge partitions from Table 7.1 and simplifying, we have,

AZ(NPHX [r̂, ŝ]) = 19.390625 as required.



Summary and Future Work

In this thesis, we studied different parameters to distinguish the vertices of graphs.

We investigated these parameters for different families of graphs. We discussed the

properties of automorphisms of non-zero component graphs. We also found fixed

number of graphs and non-zero component graphs. We gave a realizable result that,

for every positive integer N , there exists a graph G with Fxd(G) − Fix(G) ≥ N ,

where Fxd(G) is the fixed number and Fix(G) is the fixing number of G. However, it

would be interesting to study variants of fixing number of non-zero component graphs

such as fractional fixing number of non-zero component graphs.

We introduced the concept of fractional fixing number of graphs. We introduced

integer programming formulation for fractional fixing number of graphs. We char-

acterized graphs with fractional fixing number Fixf (G) = |V (G)|
2

. We studied the

fractional fixing number of corona product and composition product of graphs. How-

ever, it remains to determine the fractional fixing number of several other families

of graphs and graph products. Metric dimension and fixing number of graphs are

closely related parameters. There are several graphs for which the study of fractional

fixing number of graphs is similar to that of fractional metric dimension of graphs.

123
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We also introduced the fractional version of local metric dimension of graphs and

characterized graphs with `dimf (G) = |V (G)|
2

. We studied the fractional local metric

dimension of strong and Cartesian product of graphs and established some bounds

on the fractional local metric dimension of these graphs.

We also studied bounds on 2-metric dimension of graphs in terms of girth of

graphs and proved that dim2(G) ≤ µ− (G)ג + 3 for a graph G with order µ and girth

(G)ג 6= 4, and characterized all graphs such that this bound is tight for them. We also

determined 2-metric dimension of certain graphs with girth 4 such as regular bipartite

graphs. We defined the generalized version of local metric dimension of graphs that

is κ-local metric dimension of graphs and characterized κ-local metric dimensional

graphs. We characterized κ-local metric dimension of graphs in terms of the order

of graph and also studied some results related to 2-local metric dimension of graphs.

Study of κ-local metric dimension of different families of graphs and graph products

would be an interesting problem. We can also study this parameter for different graph

families associated to algebraic structures such as non-zero component graphs.

We also studied the topological indices of generalized Sierpiński and extended

Sierpiński graphs with an arbitrary base graph. We obtained some upper bounds

in terms of some standard graph-theoretic parameters like order, size, radius and in

terms of topological indices of base graph G. We also determined bounds for atom-

bond connectivity index, harmonic index, Zagreb indices and sum-connectivity index

for the generalized Sierpiński graphs and extended Sierpiński graphs. We also studied

the first and second Zagreb indices of H-Naphtalenic nanotubes. We determined

the first and second Zagreb polynomials and the multiplicative versions of Zagreb
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indices of H-Naphtalenic nanotubes in a very compact form. However, it would be

an interesting problem to study the topological indices of different generalizations of

Sierpiński graphs.
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“Computing the local metric dimension of a graph from the local metric dimen-

sion of primary subgraphs,” International Journal of Computer Mathematics,

vol. 92, no. 4, pp. 686–693, 2015.

[61] V. Saenpholphat, P. Zhang et al., “Conditional resolvability in graphs: a survey,”

International Journal of Mathematics and Mathematical Sciences, vol. 2004,

no. 38, pp. 1997–2017, 2004.
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