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Abstract

The present thesis entitled ”Algebras of block Toeplitz matrices and matrix

valued truncated Toeplitz operators and related problems” includes a part of

research work carried out by the author during the last four years at the Abdus Salam

school of Mathematical sciences Government college university Lahore Pakistan and

Simion Stoilow Insitute of the Mathematics of the Romania Academy Bucharest Ro-

mania. The thesis comprises five chapters and each chapter is subdivided into various

sections.

The maximal algebras of scalar Toeplitz matrices are known to be formed by gener-

alized circulants. A similar simple description cannot be obtained for block Toeplitz

matrices. The identification of algebras consisting of block Toeplitz matrices is a

harder problem, that has received little attention up to now. We consider the case

when the block entries of the matrices belong to a commutative algebra A. We in-

troduce and investigate certain families of maximal commutative algebras of block

Toeplitz matrices. After obtaining some general results, we classify all the maximal

algebras for certain particular cases of A.

In the last decade, a large amount of research has concentrated on a generaliza-

tion of Toeplitz matrices, namely truncated Toeplitz operators. For matrix valued

truncated Toeplitz operators, which are compressions of multiplication operators to

model subspaces of the vector valued Hardy space H2(E) , likewise block Toeplitz

matrices case the problem of charactarizing the maximal algebras becomes now very

hard and there seem to be no chances to treat it in a general way. However, under

certain assumptions we obtain criteria for commutation relations for matrix valued

3
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4

truncated Toeplitz operators. The results show an analogy to the case of Toeplitz

matrices which will be the basis for extension of Sedlock classes of truncated Toeplitz

operators to matrix valued case.
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Introduction

Linear algebra is one of the most known mathematical disciplines because of its rich

theoretical foundations and its many useful applications to science and engineering.

It is a principal branch of mathematics that is related to mathematical structures

closed under the operations of addition and scalar multiplication and that includes

the theory of systems of linear equations, matrices, determinants, vector spaces, and

linear transformations. Linear algebra deals with vectors and matrices and, more

generally, with vector spaces and linear transformations. It is widely used in abstract

algebra and functional analysis and has a concrete representation in analytic geometry

and it is generalized in operator theory.

The study of matrices occupies a singular place within mathematics and linear

algebra in particular. It is still an area of active research, and it is used by every

mathematician and by many scientists working in various specialties. One of the

most well-studied and understood classes of structured matrices are Toeplitz ma-

trices, named after the German mathematician Otto Toeplitz (1881-1940), that is,

matrices whose entries are constant along diagonals, represent a well studied class of

structured matrices (see, for instance, [7, 8, 13]). These matrices arise naturally in

several fields of mathematics, as well as applied areas as signal processing or time

series analysis. The theory of Toeplitz matrices is a very wide area and even a huge
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monograph can deal with only some selected topics. The algebraic theory of these

matrices is now extensive, having been developed over many years by a number of

important algebraists. The literature on them is immense and ranges from thousands

of articles in periodicals to huge monographs. Several monographs on Toeplitz ma-

trices were written during the last decade. Among the monographs dedicated to the

subject are [8], [7], and [13].

In particular, multiplication properties of Toeplitz matrices have been discussed

in [12]. We refer the reader to [9] for the multiplication properties of Toeplitz matrices

in which the authors discusses in more detail the reason for a product of Toeplitz ma-

trices not to be Toeplitz and deduces characterizations of different classes of Toeplitz

matrices. Since the product of two Toeplitz matrices is not necessarily a Toeplitz ma-

trix, then it is interesting to investigate subsets of Toeplitz matrices that are closed

under multiplication—that is, algebras of Toeplitz matrices. It is not obvious that

such nontrivial algebras exist (besides the obvious case of the scalar multiples of the

identity); but it turns out that one can identify all such maximal algebras [12]; they

are given by the so-called generalized circulants [5].

The related general theory of block Toeplitz matrices is much less developed mostly

due to intrinsic algebraic difficulties that appear with respect to the scalar case. Be-

sides its theoretical interest, the subject is also important in view of the applications

to multivariate control theory. As references for block Toeplitz matrices one can

use [1] and [6].

The investigation of algebras of block Toeplitz matrices has been proposed as an

open problem in [12], and it does not appear that much progress has been made since.

The general problem of characterizing all maximal algebras of block Toeplitz matrices
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seems very hard. In the current thesis we make a few steps in this direction, describing

a certain family of such algebras. We pursue this investigation, obtaining some general

structure properties of such algebras, as well as classifications in particular cases.

To a certain extent, functional analysis can be described as an infinite dimensional

linear algebra combined with analysis, in order to make sense of ideas such as conver-

gence and continuity. The far reaching influence of linear algebra on linear functional

analysis is well known. One of the main concerns of functional analysis and operator

theory has generally been the study of operators which are connected with the spaces

of holomorphic and integrable functions. The class of truncated Toeplitz operators

(TTOs), that are compressions of classical Toeplitz operators, has turned out to be

one of the most important class from this point of view. They represent a general-

ization of classical Toeplitz matrices; in particular, the characterization of algebras of

Toeplitz matrices in [12] has been generalized to truncated Toeplitz operators in [26].

Matrix valued truncated Toeplitz operators (MTTOs) are formally introduced in

[24] and their basic properties are proven . It is notable that the Toeplitz matrices

are the simplest case of TTOs while block Toeplitz matrices are the simplest case

of MTTOs. There arises a natural question that what are the maximal algebras

of MTTOs? Likewise block Toeplitz matrices the problem of the classification of

maximal algebras of MTTOs is very much hard and there seem to be no chances to

find general classification. However, under supplementary assumptions we will prove

elementary facts concerning the product of MTTOs which will provide the basis for

solving this problem.
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0.1 Aims of Thesis

The motivation for this thesis comes mainly from [12] and [26] in which the authors

completely classified all the maximal algebras of Toeplitz matrices and truncated

Toeplitz operators respectively. The first aim of the thesis is to find characterizations

of maximal algebras of block Toeplitz matrices with entries in a fixed commutative

algebra. It is probably too hard to hope for a complete characterization, but the

purpose is to identify possible classes of such algebras for block Toeplitz matrices.

The Toeplitz matrices represent the simplest case of truncated Toeplitz operators,

and block Toeplitz matrices the simplest case of matrix valued truncated Toeplitz

operators. The analysis of block Toeplitz matrices will thus represent, on one side,

an object of study by itself, while on the other side it will indicate possible directions

of extensions to matrix valued truncated Toeplitz operators. The second task of the

thesis is to obtain the results which will be basis for the investigation of algebras of

matrix valued truncated Toeplitz operators.

0.2 Thesis Overview

This thesis is structured as follows;

The first chapter is an introduction of the thesis; it presents aims of thesis as well as

thesis overview.

Chapter 1 discusses all of the basic concepts and necessary results which will be used

throught in this thesis. The exposition is complete, but brief; it contains results and

proofs, with little accompanying illustrative or explanatory material. For the average

reader, it will serve as a concise review of the topics treated, and, at the same time,

as a collection of results available for easy reference. Then, as we will be interested
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in block Toeplitz matrices whose entries are themselves elements of maximal com-

mutative subalgebra of matrices, we discuss in Section 1.2 various concrete maximal

algebras of scalar matrices.

Chapter 2 In this chapter, firstly we will obtain interesting elementary facts about

the commuting block Toeplitz matrices and products of block Toeplitz matrices. Af-

terwards, by means of Section 2.3 some general properties of maximal algebras are

deduced.

Chapter 3 deals with the study of general algebras of block Toeplitz matrices. We

will introduce a certain general family of maximal algebras of block Toeplitz matrices,

we will consider and prove some basic results. Finally, in the last three subsections we

discuss that family corresponding to the different maximal commutative subalgebras

considered in Section 1.2.

Chapter 4 is devoted to the study of algebras of block Toeplitz matrices with entries

in a singly generated algebra. In Section 4.2 we will completely characterize all the

maximal algebras of such type.

Chapter 5 is concerned with the investigation of the possible extensions of the results

to matrix valued case of TTOs. In Section 5.1 the model spaces and their operators

are introduced. By means of Section 5.2 we review necessary things concerning TTOs

and MTTOs. Finally we will study the multiplicative properties of MTTOs and will

prove elemntary results about their product.



Chapter 1

Preliminaries

In this chapter we first give a summary of the basic notations, terminology and

results that we shall encounter throughout in this thesis. New definitions shall be

defined wherever necessary. For the terminology not explicitly shown and for a more

motivated introduction, the reader can consult [2], [3], [4], and [12].

1.1 Basic Notations and Definitions

Let C denote the complex plane. An algebra is a vector space A over C which is

closed to multiplication. A subset A1 of an algebra is called a subalgebra if it is itself

an algebra; it is commutative if A1Ã1 = Ã1A1 for every A1, Ã1 ∈ A1. A subalgebra

A1 of A is maximal commutative if for any commuatative subalgebra A2 the inclusion

A1 ⊂ A2 implies that A1 = A2.

We designate the algebra of all d× d matrices with entries from C byMd and by

Mp×q the linear space of p × q matrices over C. If A is a subalgebra of Md, then

A′ denotes the commutant of A (the set of all d× d matrices commuting with every

element of A). It is not difficult to see that A′ is also an algebra. Let C[X] denote

the ring of all polynomials in X with coefficients in C. For diagonal matrices we will

6
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use the notation

diag
(
a0 a1 · · · ad−1

)
=


a0 0 . . . 0

0 a1 . . . 0
...

...
. . .

...

0 0 . . . ad−1

 .

Classical Toeplitz matrices are square matrices whose entries are constant along their

diagonals; that is, they are of the form

T = (ti−j)
n−1
i,j=0 =


t0 t−1 . . . t1−n

t1 t0 . . . t2−n
...

...
. . .

...

tn−1 tn−2 . . . t0

 ; t1−n, t2−n, · · · , tn−1 ∈ C.

The linear space of all n×n Toeplitz matrices will be denoted by Tn. If we replace

the scalar entries of Toeplitz matrix by d × d matrices, we obtain block Toeplitz

matrices. Thus a block Toeplitz matrix is actually an nd× nd matrix, but which has

been decomposed in n2 blocks of dimension d, and these blocks are constant along

the diagonals. We will use the notation T = (Ti−j)
n−1
i,j=0, for a block Toeplitz matrix,

and we will denote by Tn,d the linear space of all n×n block Toeplitz matrices whose

entries are d× d matrices; thus

Tn,d = {T = (Ti−j)
n−1
i,j=0 : Tj ∈Md}.

The scalar case is Tn = Tn,1. We denote byMn,d the space of all n×n block matrices

whose entries are matrices of order d; we also write the scalar case Mn =Mn,1. We

prefer to label the indices from 0 to n − 1; so T ∈ Mn,d is written T = (Ti,j)
n−1
i,j=0,

with Ti,j ∈Md. Then Tn,d ⊂Mn,d is the space of block Toeplitz matrices.

If A is the collection of d× d matrices, we will use the following notations:



8

• Mn,d[A] is the collection of n× n block matrices whose entries all belong to A;

• Tn,d[A] is the collection of n×n block Toeplitz matrices whose entries all belong

to A;

• Dn,d[A] is the collection of n×n diagonal block Toeplitz matrices whose entries

all belong to A.

Obviously Dn,d[A] ⊂ Tn,d[A] ⊂ Mn,d[A]. The notation will be used mainly when

A is an algebra. A matrix T = (Ti,j)
n−1
i,j=0 has 2n − 1 diagonals, corresponding to

i− j = k(k = 1− n, 2− n, . . . , n− 1). In our context an important role is played by

a related notion.

Definition 1.1.1. A cyclic diagonal of order k (where k = 0, 1, . . . , n−1) is a matrix

T = (Ti,j)
n−1
i,j=0 with Ti,j 6= 0 only for i− j = k or i− j = k− n. Equivalently, we may

say that Ti,j 6= 0 only for i− j = k mod n.

We will denote by CDk the linear space of all cyclic diagonals of order k and by

CDTk the linear space of Toeplitz cyclic diagonals; so CDTk = CDk ∩ Tn,d. It is clear

from the definition that a block cyclic diagonal A of nonzero order is determined by

the two elements Ak and Ak−n.

The following lemma is related to the product of cyclic diagonals.

Lemma 1.1.1. (i) Suppose A ∈ CDk, B ∈ CD`. Then:

1. If k + ` ≤ n− 1, then AB ∈ CDk+`.

2. If k + ` ≥ n, then AB ∈ CDk+`−n.

(ii) Suppose A = (Ai−j)
n−1
i,j=0 ∈ CDTk , B = (Bi−j)

n−1
i,j=0 ∈ CDT` , and C = AB.
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1. If k + ` ≤ n − 1, then C = (Cij) ∈ CDk+`, and its nonzero entries are

given by the following formulas:

Cj+k+`,j = AkB` if j + k + ` ≤ n− 1,

Cj+k+`−n,j = Ak−nB` if j + k + ` ≥ n, j + ` ≤ n− 1,

Cj+k+`−n,j = AkB`−n if j + ` ≥ n.

2. If k+ ` ≥ n, then C = (Cij) ∈ CDk+`−n, and its nonzero entries are given

by the following formulas:

Cj+k+`−n,j = Ak−nB` if j + ` ≤ n− 1,

Cj+k+`−n,j = AkB`−n if j + ` ≥ n, j + k + ` ≤ 2n− 1,

Cj+k+`−2n,j = Ak−nB`−n if j + ` ≥ n, j + k + ` ≥ 2n.

Proof. (i) Let Cnd = H0⊕· · ·⊕Hn−1, where for each j = 0, 1, . . . , n− 1, Hj is a copy

of Cd. An nd × nd matrix A induces a linear operator on Cnd which we also denote

by A.

If A ∈ CDk, then, for 0 ≤ j ≤ n − k − 1 it maps Hj into Hj+k, while for

n − k ≤ j ≤ n − 1 it maps Hj into Hj+k−n. In other words, A maps Hj into

H(j+k mod n).

Similarly, if B ∈ CD`, then B maps Hi into H(i+` mod n). It follows then ime-

diately that AB maps Hi into H(i+`+k mod n). This means, if k + ` ≤ n − 1, that

AB ∈ CDk+`; while, if k + ` ≥ n, that AB ∈ CDk+`−n.

(ii) Suppose now that A = (Ai−j)
n−1
i,j=0 ∈ CDTk , B = (Bi−j)

n−1
i,j=0 ∈ CDT` . Then for

0 ≤ j ≤ n − k − 1 A maps Hj into Hj+k, and its action coincides with that of Ak,

while for every n − k ≤ j ≤ n − 1 A maps Hj into Hj+k−n, and its action coincides

with that of Ak−n. The action of B is similar to that of A. To determine the action

of C = AB, we will consider only the case k + ` ≤ n− 1; the other is similar.
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(a) If j + k + ` ≤ n − 1, then A maps Hj+` to Hj+`+k and B maps Hj to Hj+`+k

and this corresponds to the entry Cj+k+`,j (since Hj is mapped into Hj+`+k), so

Cj+k+`,j = AkB`.

(b) If j + ` ≤ n − 1, j + k + ` ≥ n, in this case B maps Hj to Hj+` and A maps

Hj+` to Hj+`+k−n and corresponding entry is Cj+k+`−n,j = Ak−nB`.

(c) If j + ` ≥ n, Hj is mapped to Hj+`−n by B and Hj+`−n to Hj+`+k−n by A.

Therefore, Cj+k+`−n,j = AkB`−n.

The lemma is thus proved.

So the product of two cyclic diagonals is still a cyclic diagonal, while the product

of two block Toeplitz cyclic diagonals is in general not block Toeplitz.

In the spaceMn,d we define the projections Ek, k = 1, 2, . . . , n− 1 as follows: the

(i, j) entry of Ek(A) is equal to the entry of A if i−j = k or i−j = k−n, and is equal

to 0 otherwise. In other words Ek(A) “ selects” only the cyclic diagonal of order k of

a matrix A. We will also denote by E0 the projection onto the main diagonal. It is

clear that Ek leaves Tn,d invariant.

The group Sn−1 of permutations of {1, 2, · · · , n − 1} acts on Tn,d by permuting

cyclic diagonals as follows. Suppose σ ∈ Sn−1 and A ∈ Tn,d. A cyclic diagonal of

order k is characterized by the elements Ak and Ak−n. Then B = σ(A) is defined by

Bk = Aσ−1(k), Bk−n = Aσ−1(k)−n. Note that the main diagonal is left fixed by this

action.

It is well known that the product of two scalar Toeplitz matrix is not necessarily a

Toeplitz matrix. The main multiplicative properties of Tn can be found in [12]. The

next theorem summarizes then in a convenient form.
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Theorem 1.1.2. The following statements are equivalent:

1. A is a maximal subalgebra of Tn.

2. A is a maximal commutative subalgebra of Tn.

3. There exist a, b ∈ C, not both zero, such that

A =
{
T =



t0 bt1 . . . btn−1

atn−1 t0 . . . btn−2

...
...

. . .
...

at1 at2 . . . t0


: t0, t1, . . . , tn−1 ∈ C

}
. (1.1.1)

It is immediate that the algebra A defined by (1.1.1) depends only on the quotient

a/b. Shalom denotes , for any complex numbers α, by Πα the set of all Toeplitz

matrices of the form (1.1.1), where a = 1, b = α and by Π∞ the set of all Toeplitz

matrices of the form (1.1.1), where a = 0 and b = 1 (i.e., the set of all upper triangular

Toeplitz matrices). These algebras appear among the generalization of circulants in

[5].

In the rest of thesis we will assume that the entries of the n × n block Toeplitz

matrices belong to a fixed commutative algebra A ofMd; that is, the block Toeplitz

matrices belong to Tn,d[A]. In this thesis whenever we will speak about maximal

algebras, this will mean maximal algebras contained in Tn,d[A].
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1.2 Examples of Maximal Commutative Subalge-

bras of Md

As stated above, the entries of the block Toeplitz matrices that we will consider

belong to a fixed maximal commutative subalgebra ofMd. There are many examples

of such subalgebras ofMd, and their classification is far from being achieved (see, for

instance, [2, 3, 4]). Here is a non-exhaustive list to which we will refer in the sequel.

We will give the proof only for the first case, referring to the references for the other

subalgebras.

Example 1.2.1. If we fix a basis in Cd, then the algebra of diagonal matrices Dd is

maximal commutative.

Suppose that C is a commutative subalgebra of Md such that Dd ⊆ C and let

A = (aij)
d−1
i,j=0 be any arbitrary element of C. Let B ∈ Dd be a diagonal matrix of the

form

B =


b0 0 · · · 0
0 b1 · · · 0
...

...
...

0 0 · · · bd−1

 ,

where bi 6= bj for every i 6= j, i, j = 0, 1, . . . , d − 1. Since Dd ⊆ C and C is a

commutative subalgebra ofMd. Then we have AB = BA. Compairing entries on ith

row and jth column of AB and BA respectively, we have

aijbj = biaij for every i, j = 1, 2, . . . , d− 1. (1.2.1)

If aij 6= 0 for some i 6= j, then bi = bj, which is a contradiction to our assumption

that all the entries on the main diagonal of B are distinct. Thus aij = 0 for all i 6= j

and hence A ∈ Dd.
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Example 1.2.2. The generalized circulant algebras Πα defined after Theorem 1.1.2

are maximal commutative subalgebras. In particular, Π0 is the algebra of lower tri-

angular scalar Toeplitz matrices, while Π∞ is the algebra of upper triangular scalar

Toeplitz matrices.

Example 1.2.3. Fix positive integers p, q, such that p+ q = d. Consider the family

of matrices that have the form

Op,q =


λIp X

0 λIq

∣∣∣λ ∈ C, X ∈Mp×q


with respect to the decomposition Cd = Cp⊕Cq. It is shown in [2] that, for |p−q| ≤ 1,

Op,q is a maximal commutative algebra. We will call it a Schur algebra.

Definition 1.2.1. If M ∈ Md then M is called nonderogatory if its minimal poly-

nomial is equal to its characteristic polynomial. Equivalently, this means that in the

Jordan form of M any eigenvalue is associated to a single Jordan cell.

Example 1.2.4. Suppose that M is a nonderogatory matrix. Then it is also proved

in [2] that the algebra P(M) generated by M is maximal commutative.

These examples show the large variety of maximal commutative subalgebras of

matrices. We will use them as main test cases for our development.



Chapter 2

Algebras of Block Toeplitz
Matrices and Related Problems

In this chapter we will obtain some general properties of maximal algebras of block

Toeplitz matrices. If A,B are two block Toeplitz matrices, then in the rest of thesis

we will use the notation AᵀB to indicate that the product AB is also a block Toeplitz

matrix. If S is a set of block Toeplitz matrices, then we write AᵀS if AᵀB for every

B ∈ S.

2.1 Commuting Block Toeplitz Matrices

We have already noted that the class of block Toeplitz matrices is not closed with

respect to multiplication. Precise criteria in this direction are given in the following

result, obtained in [12].

Lemma 2.1.1. (i) Suppose A = (Ai−j)
n−1
i,j=0 and B = (Bi−j)

n−1
i.j=0 are two block

Toeplitz matrices. Then AB is a block Toeplitz matrix if and only if

AiBj−n = Ai−nBj for all i, j = 1, 2, . . . , n− 1. (2.1.1)

14
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(ii) Ak is block Toeplitz for all k ∈ N if and only if

AiA
m
0 Aj−n = Ai−nA

m
0 Aj (2.1.2)

for all i, j = 1, 2, . . . , n− 1 and m ∈ N.

Proof. (i) Suppose that AB is a block Toeplitz matrix. If C = AB, then for every

i, j = 1, 2, . . . , n− 1, we have

Ci,n−j =
n−1∑
k=0

Ai−kBk+j−n (2.1.3)

Ci−1,n−j−1 =
n−1∑
k=0

Ai−k−1Bk+j−n+1 (2.1.4)

Subtracting (2.1.3) and (2.1.4) yields

Ci,n−j − Ci−1,n−j−1 = AiBj−n − Ai−nBj (2.1.5)

Since AB is a block Toeplitz matrix then its entries along the diagonals have same

value then we have from (2.1.5)

AiBj−n = Ai−nBj for every i, j = 1, 2, . . . , n− 1.

Conversely suppose that (2.1.1) is true then for every i, j = 1, 2, . . . , n− 1, we have

Ci,n−j − Ci−1,n−j−1 = AiBj−n − Ai−nBj

= 0

From it follows that AB is a block Toeplitz matrix.

The proof of (ii) is much more intricate and we refer to [12] for its details.
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Condition (2.1.1) states a relation between the cyclic diagonals of order i and j

of A and B, respectively. If two cyclic diagonals satisfy (2.1.1), we will say that they

are compatible. Thus Lemma 2.1.1 may be restated as saying that AB is a Toeplitz

matrix if and only if any cyclic diagonal of nonzero order of A is compatible with any

cyclic diagonal of nonzero order of B. In particular, the condition does not depend

on the main diagonals of the two matrices.

The following corollary gathers some consequences of Lemma 2.1.1.

Corollary 2.1.2. Suppose A and B are block Toeplitz matrices.

(i) If A ᵀB and σ, τ ∈ Sn−1, then σ(A) ᵀ τ(B).

(ii) If A ᵀB and the entries of A commute with the entries of B, then AB = BA.

(iii) If B is an algebra of block Toeplitz matrices with entries in a commutative algebra

A, then B is commutative.

(iv) A ᵀDn,d and Dn,d ᵀ A.

Proof. (i) If any cyclic diagonal of A is compatible with any cyclic diagonal of B,

then the same is true about σ(A) and τ(B).

(ii) Fix i, j. If C = AB, C ′ = BA, we have then

Ci,j =
n−1∑
k=0

Ai−kBk−j

C ′i,j =
n−1∑
k=0

Bi−kAk−j

Applying commutativity of entries and rewriting the sum by denoting t = i + j − k,

we obtain

C ′i.j =
n−1∑
k=0

Ak−jBi−k =

i+j∑
t=i+j−(n−1)

Ai−tBt−j
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If i + j = n − 1, then the last sum coincides exactly with the formula for Ci,j. So

C ′i,j = Ci,j. Let us then suppose, for instance, that i + j < n− 1. Then only part of

the sum is the same, and rest yields

Ci,j − C ′i,j =
n−1∑

k=i+j+1

Ai−kBk−j −
−1∑

i+j−(n−1)

Ai−kBk−j

=
n−1∑

k=i+j+1

(Ai−kBk−j − Ai−k+nBk−j−n)

By Lemma 2.1.1 (i) each of the terms in the sum is zero, and so Ci,j − C ′i,j = 0. A

similar argument works for i+ j > n− 1.

(iii) is an immediate consequence of (ii).

(iv) follows from Lemma 2.1.1 (i).

In the scalar case A = C, Corollary 2.1.2 (iii) recaptures the commutativity of the

generalized circulants Πα.

Definition 2.1.1. A subalgebra A is said to be inverse-closed if, whenever A ∈ A

and A is invertible, it follows that A−1 also is in A.

Let us note, for further use, the following simple result.

Lemma 2.1.3. If A is a maximal commutative subalgebra of Md, then A is inverse

closed.

Proof. If A is a commutative subalgebra, then A ⊂ A′, and A is a maximal commu-

tative subalgebra if and only if A = A′. Suppose then A ∈ A is invertible. Since

AB = BA implies A−1B = BA−1, it follows that A−1 ∈ A′ = A.
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2.2 Products of Block Toeplitz Matrices

We start with the following simple observation.

Lemma 2.2.1. If A,B are block Toeplitz matrices such that AᵀB, then Ei(A)ᵀEj(B)

for every i, j = 0, 1, . . . , n− 1.

Proof. The proof follows immediately from Lemma 2.1.1 (i). If any cyclic diagonal of

nonzero order of A is compatible with any cyclic diagonal of nonzero order of B, it is

obvious that the same is true for Ei(A) and Ej(B).

Lemma 2.2.2. Suppose D is a block Toeplitz cyclic diagonal. Then Dk are also block

Toeplitz cyclic diagonals for every k ∈ N.

Proof. Suppose D ∈ CDTp . The result is immediate for p = 0, we shall assume that

p ≥ 1. The fact that Dk is a cyclic diagonal follows from Lemma 1.1.1. To prove

it is a block Toeplitz, we check condition (2.1.2) in Lemma 2.1.1 (ii). If m ≥ 0 we

have Dm
0 = 0, and so both sides are 0. For m = 0 both sides of (2.1.2) are again 0,

except when i = j = p. Then the equality follows from the commutation of Dp and

Dp−n.

Lemma 2.2.3. Suppose E,F are block Toeplitz cyclic diagonals, and the entries of E

commute with those of F . If A is a block Toeplitz matrix such that A ᵀE and A ᵀ F ,

then A ᵀ (EF ).

Proof. Formulas (2.1.1) are true for the pairs A,E and for A,F . In order to show

that A ᵀ (EF ), we have to check them for A and C = EF . One has to consider

different cases, according to the formulas in Lemma 1.1.1. We give the proof only for
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one case; the others are similar.

Suppose E ∈ CDTk , F ∈ CDT` , and k + ` ≤ n− 1. We have then C ∈ CDTk+`, and

Ck+` = EkF`

Ck+`−n = either Ek−nF` or EkF`−n.

Since C is a cyclic diagonal of order k + `, the only relations (2.1.1) that we have to

check are

AiCk+`−n = Ai−nCk+`

for i = 1, 2, . . . , n− 1. This becomes in the first case

AiEk−nF` = Ai−nEkF`

and in the second

AiEkF`−n = Ai−nEkF`.

The first follows from (2.1.1) for A,E, while the second follows from (2.1.1) for A,F

(since by hypothesis EkF`−n = F`−nEk and EkF` = F`Ek).

Corollary 2.2.4. Let B be a commutative algebra of block Toeplitz matrices with

entries in a maximal commutative algebra A. Suppose D is a block Toeplitz cyclic

diagonal with entries in A, such that D ᵀB. Then the algebra B1 generated by B and

D is formed by block Toeplitz matrices.

Proof. Lemma 2.2.2 implies that for every k ∈ N, Dk is a block Toeplitz cyclic

diagonal. Using recurrence, it follows from Lemma 2.2.3 that Dk ᵀ B for all k, and

therefore Dk is also in the commutant of B by Corollary 2.1.2 (ii). The algebra B1 is

then formed by polynomials in D with coefficients in B, and any monomial of the type

BDk is block Toeplitz. It follows that B1 is formed by block Toeplitz matrices.
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2.3 General Properties of Maximal Algebras of Block

Toeplitz Matrices

The next theorem is our main result about general maximal algebras contained in

Tn,d[A], with A a maximal commutative algebra of d× d matrices.

Theorem 2.3.1. Suppose B is a maximal subalgebra of Tn,d[A].

(i) Dn,d[A] ⊂ B.

(ii) If A ∈ B, then Ek(A) ∈ B for all 0 ≤ k ≤ n− 1.

(iii) B coincides with the vector space generated by Ek(B), for k = 0, 1, . . . , n− 1.

(iv) B is invariant with respect to the action of Sn−1.

(v) Ek(B) 6= {0} for every k = 0, 1, . . . , n− 1.

Proof. (i) If D is a diagonal block Toeplitz matrix, it follows from Corollary 2.1.2

(iv) that D ᵀ B. If D /∈ B, we may apply Corollary 2.2.4 and obtain the algebra

B1 ⊃ B composed of block Toeplitz matrices. But maximality implies B1 = B, which

proves (i).

Suppose A ∈ B, and fix k. It is immediate from (2.1.1) that Ek(A) ᵀ B; so

Corollary 2.2.4 and maximality of B imply that Ek(A) ∈ B, this proves (ii).

(iii) Suppose that L(B) denotes the linear space and A(B) the algebra generated

by Ek(B), for k = 0, 1, . . . , n − 1. Then (ii) implies that B ⊂ L(B) ⊂ A(B). But

maximality of B implies B = A(B), which prove (iii).

To prove (iv), it is enough, by (iii), to show that if D is a cyclic diagonal in B

and σ ∈ Sn−1, then σ(D) ∈ B. For any A ∈ B we have D ᵀ A; therefore, applying
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Corollary 2.1.2 (i) to σ and τ =identity, it follows that σ(D) ᵀ A. So σ(D) ᵀ B, and

we may apply Corollary 2.2.4 to σ(D) and B. The algebra B1 obtained contains σ(A)

and must be equal to B by maximality.

For (v), let us first note that B cannot be equal to Dn,d[A]; indeed, the algebra

generated by Dn,d[A] and any cyclic diagonal is formed by block Toeplitz matrices by

Corollary 2.2.4 and it contains Dn,d[A] strictly. Therefore Ek(B) 6= {0} for at least

one value of k ≥ 1. Applying (iv) it follows that Ek(B) 6= {0} for all k ≥ 1.

The main part of Theorem 2.3.1 can be summarized as follows. First, a maximal

subalgebra of Tn,d[A] is generated as a linear subspace by the cyclic diagonals it

contains. Secondly, a cyclic diagonal being characterized by two matrices Ak and

Ak−n, the space of all pairs of such matrices are the same for different values of k.



Chapter 3

Some Maximal Algebras of Block
Toeplitz Matrices

Our aim in this chapter is to introduce a general class of a maximal commutative

algebras of block Toeplitz matrices and prove some basic results. We discuss this

class corresponding to the different maximal subalgebras considered in Section 1.2.

3.1 A Family of Maximal Algebras of Block Toeplitz

Matrices

We will fix a maximal commutative subalgebra A of Md. We are interested in iden-

tifying maximal subalgebras of Tn,d that are contained in Tn,d[A].

The class we will consider is inspired by the generalized circulants Πα in Sec-

tion 1.2. We start by noting that we can also define

Πα = {T = (ti−j)
n−1
i,j=0 : atj = btj−n for j = 1, 2, . . . , n− 1}.

Let us then fix A,B ∈ A′, and define the family FAA,B by

FAA,B =
{
T = (Ti−j)

n−1
i,j=0 : Tj ∈ A, ATj = BTj−n, j = 1, 2, . . . , n− 1

}
. (3.1.1)

22
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We will use the following simple lemma.

Lemma 3.1.1. Suppose A,B ∈Md satisfy the condition

KerA ∩KerB = {0}. (3.1.2)

If T is any d× d matrix such that AT = BT = 0 then T = 0.

Proof. To prove T = 0 we will show that Tx = 0 for all x ∈ Cd. The assumption that

ATx = 0 and BTx = 0 for all x ∈ Cd implies that Tx ∈ KerA and Tx ∈ KerB. It

follows that Tx ∈ KerA∩KerB. But since we have KerA∩KerB = {0}, it follows

that Tx = 0 and hence T = 0.

We obtain then the main result of this section.

Theorem 3.1.2. Suppose A is a commutative subalgebra of Md, and A,B ∈ A′.

Then the family FAA,B is a linear subspace of Tn,d[A]. If A,B satisfy condition (3.1.2),

then FAA,B is an algebra.

Proof. It is easy to see that FAA,B is a linear space. Let us then assume that con-

dition (3.1.2) is satisfied. To show that FAA,B is closed under matrix multiplication,

suppose that T and U are two arbitrary elements of FAA,B; so

T = (Ti−j)
n−1
i,j=0, ATj = BTj−n for all j = 1, 2, . . . , n− 1,

U = (Ui−j)
n−1
i,j=0, AUj = BUj−n for all j = 1, 2, . . . , n− 1.

(3.1.3)

The entry at the position (i, j) of TU is

(TU)i,j =
n−1∑
k=0

Ti−kUk−j, i, j = 0, 1, . . . , n− 1, (3.1.4)

and therefore

(TU)i,j − (TU)i+1,j+1 = Ti−n+1Un−1−j − Ti+1U−1−j.
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Multiplying with A and with B respectively and using formulas (3.1.3), it follows that

A((TU)i,j − (TU)i+1,j+1) = 0,

B((TU)i,j − (TU)i+1,j+1) = 0.

We may then apply Lemma 3.1.1 to conclude that

(TU)i,j − (TU)i+1,j+1 = 0,

and thus V := TU ∈ Tn,d[A]. Therefore V = (Vi−j)
n−1
i,j=0.

To prove that V ∈ FAA,B, consider j = 0 in (3.1.4). Then

AVi = A(TU)i,0 = A(
n−1∑
k=0

Ti−kUk) =
n−1∑
k=0

Ti−kAUk

=
n−1∑
k=0

Ti−kBUk−n = B(
n−1∑
k=0

Ti−kUk−n) = B(TU)i,n = BVi−n.

Therefore V ∈ FAA,B. Since we have already noted that FAA,B is a linear subspace,

it follows that FAA,B is an algebra in Tn,d.

Remark 3.1.3. Condition (3.1.2) is sufficient in order to prove that FAA,B is an

algebra. However, it is not necessary; an example will appear in Section 3.3 below.

The next result concerns the maximality of FAA,B as a commutative algebra in Tn,d.

Theorem 3.1.4. Let A be a commutative subalgebra ofMd. The following assertions

are equivalent:

1. A is a maximal commutative subalgebra of Md.

2. The family FAA,B is a maximal commutative algebra in Tn,d.
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Proof. Suppose that A is a maximal commutative subalgebra of Md. Suppose that

F is a commutative algebra in Tn,d such that FAA,B ⊂ F . Let T = (Ti−j)
n−1
i,j=0 be any

arbitrary element of F . For an arbitrary U ∈ A define Ŭ = diag

(
U U · · ·U

)
.

Then Ŭ ∈ FAA,B. Since FAA,B ⊂ F and F is a commutative algebra in Tn,d, we have

T Ŭ = ŬT . Comparing corresponding entries of T Ŭ and ŬT , we obtain TjU = UTj

for all j, |j| ≤ n − 1. Since U ∈ A and A is a maximal commutative subalgebra of

Md, it follows that Tj ∈ A for all j.

Now let T ∈ F be any arbitrary element of the form T = (Ti−j)
n−1
i,j=0 and consider

the matrix

J =



0 0 0 . . . A

B 0 0 . . . 0

0 B 0 . . . 0

...
...

...
. . .

...

0 0 . . . B 0


It is easy to see that J ∈ FAA,B. Using formula (3.1.4) for JT , one obtains

(JT )i,j =


ATn−1−j for i = 0, j = 0, 1, . . . , n− 1,

BTi−1−j for i 6= 0, j = 0, 1, . . . , n− 1.

(3.1.5)

Since F is contained in Tn,d, the entries along the main diagonals of JT should be

equal. In particular,

(JT )0,j = (JT )1,j+1

for j = 1, 2, . . . , n − 2. By (3.1.5) this means ATn−1−j = BT−j−1, or, by denoting

i = n− 1− j,

ATi = BTi−n
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for i = 1, 2, . . . , n− 1. Therefore T ∈ FAA,B. Consequently F ⊂ FAA,B. whence FAA,B is

a maximal commutative algebra in Tn,d.

Conversely, suppose that FAA,B is a maximal commutative algebra in Tn,d. If A1 is

a subalgebra of Md such that A ⊂ A1, then FAA,B ⊂ F
A1
A,B. The maximality of FAA,B

implies that FAA,B = FA1
A,B, whence it follows easily that A = A1. Therefore A is a

maximal commutative subalgebra of Md.

Theorem 3.1.5. We have FAA,B = FAA′,B′ if and only if AB′ = A′B.

Proof. Suppose that AB′ = A′B, and take T = (Ti−j)
n−1
i,j=0 ∈ FAA,B. If we multiply the

defining relation ATj = BTj−n with A′, we obtain, using AB′ = A′B,

A(A′Tj −B′Tj−n) = 0. (3.1.6)

Similarly, multiplication with B′ leads to

B(A′Tj −B′Tj−n) = 0. (3.1.7)

From (3.1.6) and (3.1.7) it follows easily, using (3.1.2), that A′Tj = B′Tj−n, and so

T ∈ FAA′,B′ . The reverse inclusion is proved in the same manner.

Conversely suppose that FAA,B = FAA′,B′ . The matrix T = (Ti−j)
n−1
i,j=0 defined by

Tj = B and Tj−n = A is obviously in FAA,B. It must then be in FAA′,B′ , whence

AB′ = A′B.

As a consequence of Theorem 3.1.4, we will consider in the sequel only maximal

commutative algebras A, whence A = A′. We will therefore take in the definition of

the algebras FAA,B matrices A,B ∈ A.

These algebras include an important general class of maximal block Toeplitz al-

gebras, as shown by the next result.
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Theorem 3.1.6. Let A be a maximal commutative subalgebra ofMd and B an algebra

contained in Tn,d[A]. Suppose B contains an element T such that Tr is invertible for

some r 6= 0. Then B ⊂ FAA,B for some A and B.

Proof. Let T = (Ti−j)
n−1
i,j=0 and U = (Ui−j)

n−1
i,j=0 be two elements of B. Since B is an

algebra contained in Tn,d, the product TU ∈ B if and only if

TiUj−n = Ti−nUj for all i, j = 1, 2, . . . , n− 1. (3.1.8)

Suppose r > 0. Since we have assumed that Tr is invertible, it follows from (3.1.8)

that

Uj−n = T−1
r Tr−nUj for all j = 1, 2, . . . , n− 1.

The subalgebra A is inverse closed by Lemma 2.1.3, and so T−1
r Tr−n ∈ A. It follows

then that, if we take A = I and B = T−1
r Tr−n, then B ⊂ FAA,B. A simlar argument

works for r < 0, finishing the proof.

As a consequence, we obtain a class of maximal subalgebras.

Theorem 3.1.7. Let A be a maximal commutative subalgebra ofMd and B a maximal

subalgebra of Tn,d[A]. Suppose B contains an element T such that Ti is invertible for

some i 6= 0. Then B = FAA,B for some A and B.

In the next sections we will investigate the algebras FAA,B corresponding to several

cases of maximal subalgebras A.

3.2 Diagonal Entries

To discuss the cases of entries belonging to the algebra of diagonal matrices with

respect to a given basis, we use the next lemma, which describes the structure of such
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block Toeplitz matrices.

Lemma 3.2.1. Suppose T = (Ti−j)
n−1
i,j=0 is a block Toeplitz matrix, such that each Tj

is diagonal. Then there is a change of basis that brings T into the following form

T ′ = diag

(
T ′1 T ′2 · · ·T ′d

)
,

where for every k = 1, 2, . . . , d, T ′k is a scalar Toeplitz matrix of order n.

Proof. Suppose that the original basis is

E = {e0
1, e

0
2, · · · e0

d, e
1
1, e

1
2, · · · e1

d, · · · en−1
1 , en−1

2 , · · · en−1
d },

and Tj = diag

(
tj1 tj2 · · · tjd

)
for all j, |j| ≤ n− 1. The new basis is then

E ′ = {e0
1, e

1
1, · · · en−1

1 , e0
2, e

1
2, · · · en−1

2 , · · · e0
d, e

1
d, · · · en−1

d }

(it is obtained by “reshuffling”). With respect to E ′, T has the required form T ′ =

diag

(
T ′1 T ′2 · · ·T ′d

)
, where, for each k = 1, 2, . . . , d, T ′k = (tr−s,k)

n−1
r,s=0, i.e., T ′k is a

Toeplitz matrix of order n.

It is clear from the proof that E ′ depends only on the basis E , not on the particular

matrix T .

Proposition 3.2.2. Suppose that B is any commutative algebra of block Toeplitz

matrices contained in Tn,d[Dd]. Then B ⊂ FDd
A,B for some A,B ∈ Dd.

Proof. Applying Lemma 3.2.1, we obtain a basis E ′ with respect to which any element

T ∈ B has the form T ′ = diag

(
T ′1 T ′2 · · ·T ′d

)
, where for each k = 1, 2, . . . , d, we

have T ′k = (tr−s,k)
n−1
r,s=0; that is, T ′k is a scalar Toeplitz matrix. Since B is closed

with respect to multiplication, each of the component blocks has to be closed with
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respect to multiplication. It follows that for every k = 1, 2, . . . , d, T ′k ∈ Παk
for some

αk ∈ C ∪ {∞}.

We may then define B = diag

(
b1 b2 · · · bd

)
and A = diag

(
a1 a2 · · · ad

)
as follows:

— if αk 6=∞, then ak = αk and bk = 1;

— if αk =∞, then ak = 1 and bk = 0.

Then KerA ∩KerB = {0}, and it is easily checked that B ⊂ FDd
A,B.

We actually can say more in this case. After reshuffling of basis vectors, it is easy

to see that Tn,d[Dd] is isomorphic to the direct sum of d copies of Tn,1. Any maximal

algebra splits with respect of this decomposition, and is therefore a direct sum of the

generalized circulants Πα defined in the preliminaries. So the maximal algebras are

in one-to-one correspondence with d-tuples (α1, α2, · · · , αd), with αi ∈ C ∪ {∞}.

Corollary 3.2.3. If B is a maximal subalgebra of Tn,d[Dd], then B = FDd
A,B for some

A,B ∈ Dd.

3.3 Entries in the Schur Algebras

Let us remember the definition of the Schur algebras from Section 1.2. Fix positive

integers p, q, such that p + q = d. The family of matrices that have with respect to

the decomposition Cd = Cp ⊕ Cq the form

Op,q =

{(
λIp X

0 λIq

)∣∣∣λ ∈ C, X ∈Mp×q

}
,

for |p− q| ≤ 1, Op,q, a maximal commutative algebra, that is called a Schur algebra.

We start with the following simple lemma.
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Lemma 3.3.1. An element T ∈ Op,q is invertible if and only if λ 6= 0.

Proof. Let T ∈ Op,q be an element of the form

T =

λIp X

0 λIq

 .

Then T is invertible if and only if det(T ) = λd 6= 0 if and only if λ 6= 0.

Suppose now that B is a maximal commutative subalgebra that has its entries in

the Schur algebraOp,q. If at least one element of B has an invertible off-diagonal entry,

then we can apply Theorem 4.5 and obtain that B = FOp,q

A,B for some A,B ∈ Op,q. The

next theorem shows that there is only one other maximal commutative subalgebra

contained in Tn,d[Op,q].

Theorem 3.3.2. The set S of block Toeplitz matrices that have entries in Op,q, and

all off diagonal entries are noninvertible forms a maximal commutative algebra. It is

of type FOp,q

A,B for some A,B that do not satisfy condition (3.1.2).

Proof. First we will show that S is an algebra. Clearly S is a linear subspace. we

have to show only that it is closed under block matrix multiplication. For this let

T = (Ti−j)
n−1
i,j=0 and U = (Ui−j)

n−1
i,j=0 be any two arbitrary elements of S then TU ∈ S

if and only if

TiUj−n = Ti−nUj for all i, j = 1, 2, . . . , n− 1.

Since each Ti and Ui is noninvertible, Lemma 3.3.1 implies that for every i 6= 0, Ti

and Ui are strictly upper triangular 2× 2 block matrices. Therefore

TiUj−n = Ti−nUj = 0 for all i, j = 1, 2, . . . , n− 1, (3.3.1)

whence it follows that TU ∈ S.
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We will show that S is a maximal commutative subalgebra contained in Tn,d[Op,q].

Suppose U = (Ui−j)
n−1
i,j=0 commutes with S and denote

Uk =

λkIp Xk

0 λkIq

 , λk ∈ C, Xk ∈Mp×q.

Suppose, for instance, that k ≥ 1. Take then T = (Ti−j)
n−1
i,j=0 ∈ S defined by

Ti =

0 0

0 0

 , Ti−n =

0 Y

0 0

 , i = 1, 2, . . . , n− 1,

with Y some nonzero matrix in Mp×q. Then

TiUk−n = 0, Ti−nUk =

0 λkY

0 0

 , i = 1, 2, . . . , n− 1.

It follows then that λk = 0. A similar argument works for k < 0. Therefore U ∈ S,

whence S is maximal commutative.

To obtain S = FOp,q

A,B , take two linearly independent matrices X, Y ∈ Op,q, and

define

A =

0 X

0 0

 , B =

0 Y

0 0

 .

If T = (Ti−j)
n−1
i,j=0 ∈ S, then ATj = BTj−n = 0 for all j = 1, 2, . . . , n−1. So S ⊂ FOp,q

A,B .

To prove the reverse, take T = (Ti−j)
n−1
i,j=0 ∈ F

Op,q

A,B . If

Ti =

λi Xi

0 λi

 ,

then

ATi =

0 λiX

0 0

 , BTi−n =

0 λi−nY

0 0

 .
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Since X, Y are linearly independent, condition (3.1.1) implies λi = λi−n = 0 for

i = 1, 2, . . . , n− 1. Therefore Ti is not invertible, so it belongs to Op,q.

It is interesting to note that in this case FAA,B is an algebra, although A,B do

not satisfy condition (3.1.2). Note that we cannot write S = FAA,B with some A,B

satisfying condition (3.1.2). Indeed, for a noninvertible matrix A ∈ Op,q we have

Cp⊕{0} ∈ kerA. Therefore, to satisfy condition (3.1.2), at least one of A and B has

to be invertible. Suppose then that

A =

(
λ X

0 λ

)
, B =

(
µ Y

0 µ

)
.

For a noninvertible T = (Ti−j)
n−1
i,j=0, with

Ti =

(
0 Xi

0 0

)
,

condition (3.1.1) becomes (
0 λXi

0 0

)
=

(
0 µXi−n

0 0

)
,

or λXi = µXi−n If at least one of λ, µ is nonzero, this equality is not satisfied by

every T ∈ S.

Corollary 3.3.3. If B is a maximal subalgebra of Tn,d[Op,q], then B = FOp,q

A,B for some

A,B ∈ Op,q.
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3.4 Entries in a Singly Generated Algebra: an Ex-

ample

Suppose M is a nonderogatory matrix, with minimal polynomial pM , and A is the

algebra generated by M , that is

A = P(M) := {p(M) : p ∈ C[X]} = {p(M) : p ∈ C[X], degree of p < degree of pM}.

The next lemma is well known; we include the proof for completeness.

Lemma 3.4.1. An element p(M) ∈ P(M) is invertible if and only if p and pM are

relatively prime.

Proof. If gcd(p, pM) = r then there are s, u ∈ C[X] such that ps+pMu = r. Plugging

M we have

p(M)s(M) + pM(M)u(M) = r(M)

Since pM is a minimal polynomial then we have p(M)s(M) = r(M).

If p and pM are relatively prime, it follows from here that p(M)s(M) = I, and

thus p(M) is invertible.

Conversly, suppose that p is invertible. If r 6= 1, then p = rq for some q ∈ C[X],

i.e., p(M) = r(M)q(M). Since p(M) is invertible then so must be r(M) and q(M).

Let pM = rs, where the degree of s is strictly less than degree of pM . We have

0 = pM(M) = r(M)s(M), and as r(M) is invertible, s(M) = 0, Hence pM is not

minimal which is a contradiction.

As a consequence of Theorem 3.1.6, we have then the next result.
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Corollary 3.4.2. Suppose B ⊂ Tn,d is an algebra with entries in P(M). Suppose B

contains an element T such that for some j 6= 0, Tj = p(M) with p and pM relatively

prime. Then B ⊂ FP(M)
A,B for some A,B ∈ P(M).

In particular, if B is maximal, then B = FP(M)
A,B for some A,B ∈ P(M).

However, not all maximal subalgebras of Tn,d are of type FP(M)
A,B . We will obtain

in the next chapter a complete classification of these maximal subalgebras. But we

may already discuss in the rest of this section an example, namely the particular case

of a nilpotent matrix with index of nilpotency 2; that is, we assume that M 6= 0 and

M2 = 0.

Theorem 3.4.3. Suppose M 6= 0 is a nonderogatory matrix such that M2 = 0. The

set B of all block Toeplitz matrices that have entries in P(M), and all off diagonal

entries are noninvertible, form a maximal commutative algebra that is not of the type

FP(M)
A,B .

Proof. It is easy to see that B is an algebra: if T, S ∈ B, then any nondiagonal entry

of TS is a sum of products, and each of the products contains at least one term that

has M as a factor, and is thus noninvertible.

To show that B is maximal commutative, suppose that TU = UT for all T ∈ B.

Take T with

Ti = 0, Ti−n = M for i = 1, 2, . . . , n− 1. (3.4.1)

Formula (2.1.1) tells us that 0 = MUj for all j = 1, 2, . . . , n − 1, whence it follows

that Uj cannot be invertible. Similarly, by taking T with

Ti = M, Ti−n = 0 for i = 1, 2, . . . , n− 1, (3.4.2)
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we obtain Uj−n is noninvertible for all j = 1, 2, . . . , n − 1. Therefore U has all its

off-diagonal entries noninvertible, and therefore it belongs to B.

Suppose now that B = FP(M)
A,B for some A,B ∈ P(M). In particular, using again

T from (3.4.1) it follows from (3.1.1) that BM = 0. Similarly, using (3.4.2) we obtain

AM = 0. So A and B are noninvertible elements in P(M), say A = aM , B = bM .

If a = b = 0, then FP(M)
A,B = Tn,d[P(M)] 6= B. Otherwise, suppose at least one of

a, b is nonzero. If we define T by

Ti = bId, Ti−n = aId, i = 1, 2, . . . , n− 1.

and Ti = 0 for other values of i, then clearly ATi = BTi−n for all i = 1, 2, · · · , n− 1,

and therefore T ∈ FP(M)
A,B . But obviously T /∈ B, so B 6= FP(M)

A,B .



Chapter 4

Classification of Algebras of Block
Toeplitz Matrices with Entries in a
Singly Generated Algebra

In this chapter we will determine all maximal subalgebras of Tn,d[P(M)], where M

is a nonderogatory matrix and P(M) is the algebra generated by M . It will be seen

that in this case we have many different subalgebras all of whose nondiagonal entries

are noninvertible.

4.1 A Class of Maximal Algebras

Let M ∈ Md be a fixed nonderogatory matrix with minimal (and characteristic)

polynomial p. In this chapter we will use bold letters to denote polynomials; 1 will

be the unit in C[X].

Definition 4.1.1. Suppose p+,p−,χ ∈ C[X] are three polynomials, such that p+p−

divides p, while χ and p are relatively prime; denote q = p/p+p−. We define

B(p+,p−,χ) to be the set of matrices A = (Ai−j)
n−1
i,j=0, where:

(a) Ai ∈ P(M) for all i with −(n− 1) ≤ i ≤ n− 1;

36
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(b) Ai = p+(M)ai(M), Ai−n = p−(M)ai−n(M) for i ≥ 1, where ai ∈ C[X];

(c) q divides ai − χai−n for all i ≥ 1.

Theorem 4.1.1. Any B(p+,p−,χ) is a commutative algebra of block Toeplitz ma-

trices.

Proof. (i) It is easy to check that B(p+,p−,χ) is a vector space that is linearly

generated by its subspaces Bk := B(p+,p−,χ) ∩CDk, k = 0, 1, . . . , n− 1.

Fix then k, `, and take A ∈ Bk, B ∈ B`. Therefore, if A = (Ai−j)
n−1
i,j=0, B =

(Bi−j)
n−1
i,j=0, all entries ofA,B are zero exceptAk = p+(M)ak(M), Ak−n = p−(M)ak−n(M),

B` = p+(M)b`(M), B`−n = p−(M)b`−n(M), and there are polynomials u,v ∈ C[X]

such that

ak − χak−n = qu,

b` − χb`−n = qv.

(4.1.1)

We want to use Lemma 2.1.1 to show that C = AB is also a block Toeplitz matrix.

Formula (2.1.1) has to be checked only for i = k, j = `, since for other values of i, j

both terms are zero. It becomes then

p+(M)p−(M)ak(M)b`−n(M) = p+(M)p−(M)ak−n(M)b`(M).

Using (4.1.1), we have

p+(M)p−(M)ak(M)b`−n(M)− p+(M)p−(M)ak−n(M)b`(M)

= p+(M)p−(M)[χ(M)ak−n(M) + q(M)u(M)]b`−n(M)

− p+(M)p−(M)ak−n(M)[χ(M)b`−n(M) + q(M)v(M)]

= p(M)[u(M)b`−n(M)− ak−n(M)v(M)] = 0.
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Therefore Lemma 2.1.1 implies that C = AB is a block Toeplitz matrix.

We have now to prove that C = (Ci,j)
n−1
i,j=0 satisfies the condition in the definition

of B(p+,p−,χ). As a consequence of Lemma 1.1.1, we have to consider two cases.

The first case is k + ` ≤ n − 1. Then C ∈ CDk+` by Lemma 1.1.1. We already

know that C is a block Toeplitz matrix, so it is enough to take Ck+`,0 and Ck+`−n,0.

Also, we will assume k, ` ≥ 1; if one of them is 0 the formulas are simpler.

By Lemma 1.1.1 we have

Ck+`,0 = p+(M)2ak(M)b`(M),

Ck+`−n,0 = p+(M)p−(M)ak(M)b`−n(M).

So

Ck+`,0 = p+(M)ck+`(M), Ck+`−n,0 = p−(M)ck+`−n(M),

where we may take

ck+` = p+akb`, ck+`−n = p+akb`−n.

Then

ck+` − χck+`−n = akp+(b` − χb`−n).

Since q divides b` −χb`−n, it also divides ck+` −χck+`−n, which is what we wanted

to prove.

The second case k+ ` ≥ n is similar. We have thus shown that if A and B belong

to two of the subspaces Bk, then C = AB also belongs to one of these subspaces. This

fact extends by linearity to the whole of B(p+,p−,χ), which is therefore an algebra.

Finally, it is a commutative algebra as a consequence of Corollary 2.1.2 (iii).

The following result shows, in particular, that any two algebras of this type are

not comparable.
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Theorem 4.1.2. Suppose p+,p−,χ,p
′
+,p

′
−,χ

′ ∈ C[X] are such that p+p− and p′+p′−

divide p, χ and p are relatively prime, and χ′ and p are also relatively prime. The

following assertions are equivalent:

1. B(p+,p−,χ) = B(p′+,p
′
−,χ

′).

2. B(p+,p−,χ) ⊂ B(p′+,p
′
−,χ

′).

3. We have

(i) p′+ = a+p+ and p′− = a−p− for some nonzero scalars a+, a−,

(ii) q divides a+χ
′ − a−χ.

Proof. The implication (1) =⇒ (2) is obvious. For (3) =⇒ (1), suppose (i)-(ii) are

true; thus p′+ = a+p+, p′− = a−p−, with a± ∈ C \ {0}, and a+χ
′ − a−χ = qr for

some r ∈ C[X]. If A ∈ B(p+,p−,χ), then

Ai = p+(M)ai(M) = p′+(M)a−1
+ ai(M), Ai−n = p−(M)ai−n(M) = p−(M)a−1

− ai−n(M),

and ai − χai−n = qb for some b ∈ C[X].

So, if we denote a′i = a−1
+ ai, a′i−n = a−1

− ai−n, then

a′i − χ′a′i−n = a−1
+ ai − χ′a−1

− ai−n = a−1
+ a−1

− (a−ai − χ′a+ai−n)

= a−1
+ a−1

− (a−ai − χa−ai−n + qrai−n)

= a−1
+ (ai − χai−n) + a−1

+ a−1
− qrai−n = a−1

+ q(b + a−1
− rai−n)

is a multiple of q. Therefore A ∈ B(p+,p−,χ). So B(p+,p−,χ) ⊂ B(p′+,p
′
−,χ

′);

but, since (3) is a symmetrical condition, it follows that B(p+,p−,χ) = B(p′+,p
′
−,χ

′),

and so (1) is true.
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So we are left to prove that (2) =⇒ (3). Suppose then that B(p+,p−,χ
′) ⊂

B(p′+,p
′
−,χ

′). Define Ẽ = (ei−j) ∈ CDT1 by

ei =


p+(M)χ(M) for i = 1,

p−(M) for i = 1− n,

0 otherwise.

(4.1.2)

It is immediate that Ẽ ∈ B(p+,p−,χ), whence E ∈ B(p′+,p
′
−,χ

′). Therefore e1 =

p′+(M)a′1(M), whence p+χ−p′+a′1 is a multiple of p. So p+χ is divisible by p′+. But

χ and p are relatively prime, whence χ and p′+ are also relatively prime. It follows

that p+is divisible by p′+. The case of p− and p′− is similar. Let us now fix α, β ∈ C

and define J(α, β) ∈ CDT1 by

J(α, β)i,j =


αq(M)p+(M)χ(M) for i− j = 1,

βq(M)p−(M) for i− j = 1− n,

0 otherwise.

It is immediate that J(α, β) ∈ B(p+,p−,χ), so it also belongs to B(p′+,p
′
−,χ

′).

By the definition of this latter algebra, there exist polynomials a′1, a
′
1−n such that

αq(M)p+(M)χ(M) = p′+(M)a′1(M), βq(M)p−(M) = p−(M)a′1−n(M) and q di-

vides a′1 − χ′a′1−n. So there exist polynomials u,v and w such that

αqp+χ = p′+a′1 + pu, (4.1.3)

βqp− = p−a′1−n + pv, (4.1.4)

a′1 − χ′a′1−n = q′w. (4.1.5)
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Multiply (4.1.3) by p′−, (4.1.4) by p′+χ
′ and substracting, we obtain, using (4.1.5),

αqp+χp′− − βqp−p′+χ
′

= p′+p′−(a′1 − χ′a′1−n)

+ p
(
p′−u− p′+χ

′v
)

= p
(
w + p′−u− p′+χ

′v
)
.

The right hand side is divisible by p, and so the same must be true about the left

hand side for any values of α, β, which means that both terms have to be divisible by

p.

But qp+p′−χ divisible by p implies qp+p′− divisible by p (since χ and p are

relatively prime). Since we have shown that p′− divides p−, it follows that qp+p′−

divides qp+p− = p. So qp+p′− is a nonzero scalar multiple of p, which is not possible

if p′− is a strict divisor of p−. So p′− = a−p− for some nonzero scalar a−. A similar

argument yields p′+ = a+p+.

Let us consider now again the matrix Ẽ defined by (4.1.2). Since Ẽ ∈ B(p+,p−,χ
′),

we have p+(M)χ(M) = p′+(M)b′1(M) = a+p+(M)b′1(M), p−(M) = p′−(M)b′1−n(M) =

a−p−(M)b′1−n(M) for some polynomials b′1,b
′
1−n such that q divides b′1 − χ′b′1−n.

So there are polynomials u,v and w such that

χ = a+b′1 + p−du, (4.1.6)

1 = a−b′1−n + p−dv, (4.1.7)

b′1 − χ′b′1−n = dw (4.1.8)

Multiplying (4.1.6) with −a−, (4.1.7) with a+χ
′, adding the equations, and us-

ing (4.1.8), we obtain

a+χ
′ − a−χ = −a+a−dw − a−p−du + a+p−dχ′v,
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whence d divides a+χ
′ − a−χ. This ends the proof of the theorem.

Remark 4.1.3. (i) Some particular cases of these algebras are worth mentioning.

If p+ = p, p− = 1, and χ = 1, then the condition (b) of Definition 4.1.1 says

that Ai = 0 for i ≥ 1, and it is not subject to any conditions for i ≤ 1. Also,

since q = 1, condition (c) does not entail any restriction. So B(p,1,1) is the

algebra of upper triangular block Toeplitz matrices with entries in A. Similarly,

B(1,p,1) is the algebra of lower triangular block Toeplitz matrices with entries

in A.

(ii) Another noticeable case is p+p− = p. Then the condition (i) in Definition 4.1.1

as well as (3) (ii) in Theorem 4.1.2 are automatically satisfied, whence B(p+,p−,χ)

does depend on its third argument.

4.2 The Classification Theorem

The purpose of this section is to show that the algebras defined in the previous

section are almost all the maximal algebras of block Toeplitz matrices with entries in

P(M). The word “almost” means that we need to add two more algebras B(p,1,1),

B(1,p,1), of upper, respectively lower triangular block Toeplitz matrices.

We start with a linear algebra lemma.

Lemma 4.2.1. Let W1,W2, · · ·Wn be the subspaces of linear space VC such that for

every k = 1, 2, . . . , n, Wk 6= VC then VC 6=
n⋃
k=1

Wk.

Proof. We will use induction on n. For n = 1 the result is obvious.

Suppose then that it is true up to n−1, and assume now that VC =
n⋃
k=1

Wk. Then
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in each Wk there is an element wk ∈ Wk, but wk /∈
⋃
k′ 6=k

Wk′ , since otherwise we would

have VC =
⋃
k′ 6=k

Wk′ . Then consider the set R = {αw1 + (1 − α)w2 : α ∈ (0, 1)}.

In R there are infinitely many elements, so two different one among these elements

must belong to some subspace say Wk′ . But then R ⊂ Wk′, hence the contradiction

w1, w2 ∈ Wk′ . Therefore VC 6=
n⋃
k=1

Wk.

In the rest of this section M is again a fixed nonderogatory matrix with minimal

polynomial p. Suppose B =
{
B = (bi−j(M))n−1

i,j=0 : bj ∈ C[X]
}

is a maximal algebra

in Tn,d, with entries in P(M).

Denote by Bu and Bl the collection of all upper, respectively lower triangular block

Toeplitz matrices with entries in P(M).

Lemma 4.2.2. Bu and Bl are maximal subalgebras of Tn,d[P(M)].

Proof. We will show the statement for Bu; a similar proof works for Bl. Obviously Bu

is a linear subspace of Tn,d[P(M)]. Moreover, one checks easily that the product of two

upper triangular matrices is again an upper triangular matrix. If A = (ai−j(M))n−1
i,j=0

and B = (bi−j(M))n−1
i,j=0 be two upper triangular block Toeplitz matrices then

ai(M)bj−n(M) = ai−n(M)bj(M) = 0 for all i, j = 1, 2, . . . , n− 1.

Therefore by Lemma 2.1.1 AB is an upper triangular block Toeplitz matrix.

Now we will show that Bu is a maximal algebra. Let U be any algebra of

Tn,d[P(M)] such that Bu ⊂ U . Suppose that A = (ai−j(M))n−1
i,j=0 be an arbitrary
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element of U and consider the fixed element U ∈ Bu of the form

U =



0 0 0 · · · I

0 0 0 · · · 0
...

...
...

...

0 0 0 · · · 0


Then

AU =



0 0 0 · · · 0 a0(M)

0 0 0 · · · 0 a−1(M)

...
...

...
...

0 0 0 · · · 0 a1−n(M)


since U is an algebra of block Toeplitz matrices then entries along the diagonals of

AU must be equal. Then compairing entries along diagonals at the positions (i, n−2)

to (i + 1, n − 1), yields a−i(M) = 0 for every i = 0, 1, . . . , n − 1. Therefore A ∈ Bu

and from it follows that U = Bu.

In the same manner one can easily prove that Bl is also a maximal algebra. We

will call then an algebra B generic if it is neither contained in Bu nor in Bl. The next

lemma gives some properties of generic maximal algebras.

Lemma 4.2.3. Suppose B is a generic maximal algebra in Tn,d with entries in P(M).

Then:

(i) For any value of j there exists at least an element B ∈ B with bj 6= 0.

(ii) If we define sj to be the greatest common divisor of all bj with B ∈ B and p,

then s1 = · · · = sn−1 and s−1 = · · · = s−(n−1).
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Consequently, if we denote the first polynomial in (ii) by s+ and the second by

s−, any element B ∈ B can be written bj(M) = s+(M)b̃j(M) if j ≥ 1 and

bj(M) = s−(M)b̃j(M) if j ≤ −1.

(iii) There exists an element A ∈ B such that ãj and p are relatively prime for every

−(n− 1) ≤ j ≤ n− 1.

(iv) s+s− divides p.

Proof. (i) Suppose j ≥ 1 is such that bj = 0 for all B ∈ B. It follows by Theorem 2.3.1

(iv) that bi = 0 for all B ∈ B and i ≥ 1. Then B is formed only by upper triangular

matrices. A similar argument implies that if j ≤ −1 is such that bj = 0 for all B ∈ B,

then B is formed only by lower triangular matrices.

(ii) is also an immediate consequence of Theorem 2.3.1 (iv).

(iii) Denote by t+
1 , t

+
2 , . . . , t

+
r+

the first degree factors of p/s+ and by t−1 , t
−
2 , . . . , t

−
r−

the first degree factors of p/s−. Define the subspaces

Ei,r = {B ∈ B : t+
r |b̃i}, i = 1, 2, . . . , n− 1, r = 1, 2, . . . , r+,

Ei,r = {B ∈ B : t−r |b̃i}, i = 1− n, 2− n, . . . ,−1, r = 1, 2, . . . , r−.

Take i ≥ 1; then Ei,r 6= B, since otherwise we could take s+t+
r instead of si (actually,

instead of s+ by (ii)). Similarly, Ei,r 6= B for i ≤ −1, since otherwise we could take

s−t−r instead of s−. By Lemma 4.2.1 it follows that there exists A ∈ B which does

not belong to any of Ei,r; that A is the required element.

(iv) Take A ∈ B obtained at point (iii); we may also assume, for simplicity, that

A ∈ CD1. For an arbitrary B ∈ B, using again the notation of (ii), condition (2.1.1)

implies that

p|s+s−(ã1b̃i−n − ã1−nb̃1) (4.2.1)
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for all i ≥ 1 .

Since s+, s− are both divisors of p, if s+s− does not divide p it follows that among

the divisors of p of degree 1 there exists at least one, say t, that is a divisor of s+ and

has strictly larger degree in s+s− than in p. If s+ = ts′+, then (4.2.1) implies that p

divides also s′+s−(ã1b̃i−n − ã1−nb̃1).

Consider then the Toeplitz cyclic diagonal A′ of order 1 defined by

A′1 = s′+(M)ã1(M), A′1−n = s−(M)ã1−n(M).

It is not in B since s′+ is a strict divisor of s+ and ã1 is relatively prime with p, but it

satisfies (2.1.1) for all B ∈ B. By Corollary 2.2.4 the algebra generated by B and A is

formed by block Toeplitz matrices, and it would contain B strictly—a contradiction.

It follows therefore that s+s− divides p.

We will then denote d = p/s+s−. Fixing A as in Lemma 4.2.3 (iii), take i ≥ 1.

Since ãi−n is relatively prime to p, we may choose γi ∈ C[X] such that p divides

γiãi−n − 1, and define

ξi = ãiχi.

Lemma 4.2.4. With the above notations, d divides ξi − ξj for any i, j ≥ 1.

Proof. Theorem 2.3.1 (ii) implies that Ek(A) ∈ B for all k ≥ 1. Therefore Ei(A)Ej(A) ∈

B is a block Toeplitz matrix and satisfies (2.1.1). Thus

s+(M)s−(M)ãi(M)ãj−n(M) = s+(M)s−(M)ãj(M)ãi−n(M),

whence

ãiãj−n − ãjãi−n = du
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for some u ∈ C[X]. Multiplying with γiγj, we have

γiãiγjãj−n − γjãjγiãi−n = γiγjdu.

The definitions of γi,γj and ξi, ξj imply then that

ξi − ξj = dv

for some v ∈ C[X].

Define then ξ = ξ1. We get now close to the main result of this section.

Corollary 4.2.5. Suppose that B is a maximal generic algebra in Tn,d, with entries

in P(M). If s+, s−, ξ are defined as above, then B = B(s+, s−, ξ).

Proof. It is enough to prove that B ⊂ B(s+, s−, ξ), since maximality implies that the

inclusion is actually an equality.

Take B ∈ B. Since AB ∈ B, it follows by Lemma 2.1.1 that

s+(M)s−(M)ãi(M)b̃j−n(M) = s+(M)s−(M) ãi−n(M)b̃j(M),

which is equivalent to

ãib̃j−n − ãi−nb̃j = du

for some u ∈ C[X]. Multiplying with γi, we obtain the relation

ξib̃j−n − b̃j = dv

for some v ∈ C[X]. A final application of Lemma 4.2.4 implies that we can replace

in the last equality ξi by ξ1 = ξ. Therefore B ∈ B(s+, s−, ξ), which finishes the

proof.
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We can now finish the classification by removing the genericity condition.

Theorem 4.2.6. (i) A maximal algebra B of block Toeplitz matrices with entries

in P(M) is of type B(p+,p−,χ) for some polynomials p+,p−,χ, with p+p−

dividing p and χ,p relatively prime.

(ii) All algebras B(p+,p−,χ) are maximal algebras.

Proof. (i) If B is generic, we know from Corollary 4.2.5 that the statement is true by

taking p+ = s+, p− = s−, χ = ξ. If B is not generic, then, by definition, it must

be contained either in Bu = B(p,1,1) or in Bl = B(1,p,1). But these are both

maximal algebras, so B has to be one of them.

(ii) Consider the algebra B = B(p+,p−,χ). If p+ and p− are strict divisors of p,

one sees easily that B is not contained in Bu or Bl, and so, by (i), it must be contained

in some maximal algebra B(p′+,p
′
−,χ

′). Then, by Theorem 4.1.2, it must be equal

to it. This ends the proof of the theorem.

Example 4.2.7. Suppose p(X) = Xm for some positive integer m. The divisors

of p are nonzero multiples of Xk for 0 ≤ k ≤ m, while a polynomial is prime with

Xm precisely when it has nonzero free term. It is not hard to check that the above

classification yields a one-to-one correspondence between maximal algebras and the

union T ∪ P , where:

• T is the set of triples (k+, k−,χ), with k+, k− nonnegative integers such that

k+ +k− < m, while χ is a polynomial of degree less or equal to m−k+−k−− 1

with nonzero free term. The corresponding maximal algebra is B(Xk+ , Xk− ,χ).

• P is the set of pairs (k+, k−), with k+, k− nonnegative integers with k++k− = m.

The corresponding maximal algebra is B(Xk+ , Xk− ,1).
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In the second case it is easy to see that for k+, k− < m the algebra B(Xk+ , Xk− ,1)

is not equal to FAA,B. Indeed, assuming this true, let Y = (Yi−j)
n−1
i,j=0 be defined by

Yi = Mk+ for i ≥ 0 and Yi = 0 for i < 0. Then Y ∈ B(Xk+ , Xk− ,1), so we should

have AMk+ = 0. Therefore A = a(M) is not invertible. Since invertible elements in

P(M) are characterized by nonzero free term, it follows that a(M) has M as a factor.

Similarly, by considering Y ′ = (Y ′i−j)
n−1
i,j=0, defined by Y ′i = Mk− for i ≤ 0 and

Y ′i = 0 for i > 0, one obtains that B = b(M) is not invertible, and thus b(M) has

also M as a factor. Therefore kerA ∩ kerB ⊃ kerM , and condition (3.1.2) cannot

be satisfied.



Chapter 5

Multiplication Properties of

Matrix Valued Truncated Toeplitz

Operators

The material included in this chapter is reflected correctly in its title. We present

complete proofs to many results and omit mainly the proofs of several well-known

ones.

5.1 Model Spaces and Operators

This last chapter of the thesis is devoted to investigate possible extensions of the

results in the previous chapters. However, the problem becomes now very hard and

there seem to be no chances to treat it in full generality. We will obtain some pre-

liminary results that we hope will be the basis for future research.

The previous part of the thesis has been dedicated to the extension of properties

50
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from classical Toeplitz matrices to block Toeplitz matrices. There is a direction of

research in the last decade which views Toeplitz matrices as particular cases of the

so-called model spaces, that are defined as follows.

As above let C denote the complex plane, D the unit disc, T one dimensional torus

in C. In the sequel E will denote a fixed Hilbert space of dimension d. We designate

the algebra of bounded linear operators on E by L(E) and by L(E,K) the linear

space of all bounded linear operators from a Hilbert space E to a Hilbert space K.

The space L2(E) is defined as usual, by

L2(E) = {f : T −→ E : f(eit) =
∞∑

n=−∞

ane
int : an ∈ E,

∞∑
n=−∞

‖an‖2 <∞}

endowed with the inner product

〈f, g〉L2(E) =
1

2π

∫ 2π

0

〈f(eit), g(eit)〉Edt

where dt denotes the ordinary Lebesgue measure on [0, 2π]. The norm induced by the

inner product is given by

‖f‖L2(E) =
1

2π

∫ 2π

0

‖f‖2
Edt.

If dimE = 1 (i.e., E = C) then L2(E) consists of scalar-valued functions and is

denoted by L2.

The Hardy space H2(E) is the subspace of L2(E) formed by the functions with

vanishing negative Fourier coefficients; it can be identified with a space of E- valued

functions analytic in D, from which the boundary values can be recovered almost

everywhere through radial limits. One can also view H2(E) as the direct sum of d

standard H2 spaces. We have the orthogonal decomposition

L2(E) = [zH2(E)]∗ ⊕H2(E).
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The spaces L∞(E) ⊂ L2(E) is formed by the essentially bounded functions with

values in E; then H∞(E) ⊂ H2(E) are the functions in L∞(E) with vanishing nega-

tive Fourier coefficients.

Taking into account that L(E) is a Hilbert space endowed with the Hilbert-

Schmidt norm, we may similarly define H2(L(E)) ⊂ L2(L(E)) and H∞(L(E)) ⊂

L∞(L(E)). Note, however, that we prefer to consider on L∞(L(E)) and H∞(L(E))

the equivalent norm obtained by considering on L(E) the operator norm instead of

the Hilbert-Schmidt norm.

The space L2(L(E)) may be identified with the matrices with all the entries in

L2. We have an orthogonal decomposition

L2(L(E)) = [zH2L(E)]∗ ⊕H2(L(E)).

The space L∞(L(E)) acts on L2(E) by means of multiplication: to Φ ∈ L∞(L(E))

we associate the operator MΦ defined by MΦ(f) = Φf for all f ∈ L2(E).

Let S denote the forward shift operator (Sf)(z) = zf(z) on H2(E) ; it is the

restriction of Mz to H2(E). Its adjoint (the backward shift) is the operator

(S∗f)(z) =
f(z)− f(0)

z

One sees easily that I − SS∗ is precisely the orthogonal projection onto the space of

constant functions.

The main object of study is formed by the model spaces and the operators acting

on them. These are defined as follows. First, an inner function is an element Θ ∈

H2(L(E)) whose boundary values are almost everywhere unitary operators in L(E).

The inner function is called pure if ‖Θ(0)‖ < 1; this is equivalent to requiring that Θ

has no constant unitary part.
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Consider then a pure inner function Θ, with values in L(E). The model space

associated to a pure inner function Θ, denoted by KΘ and is defined by

KΘ = H2(E)	ΘH2(E).

Just like the Beurling-type subspaces ΘH2(E) constitute nontrivial invariant sub-

spaces for the unilateral shift S on H2(E), the subspaces KΘ play an analogous role

for the backward shift S∗. The orthogonal projection onto KΘ will be denoted by PΘ.

It is also known that KΘ ∩H∞(E) is dense in KΘ.

The analogous space of matrix-valued functions is denoted by MΘ; it is the or-

thogonal complement of ΘH2(L(E)) in H2(L(E)).

The model operator SΘ ∈ L(KΘ) is defined by the formula

(SΘf)(z) = PΘ(zf)

The adjoint of SΘ is given by

(S∗Θf)(z) =
f(z)− f(0)

z
;

it is the restriction of the left shift in H2(E) to the S∗ -invariant subspace KΘ.

Consider the case Θ(0) = 0, so Θ = zΘ1, which is the one we will consider

in the sequel. Then I − SΘS
∗
Θ is the projection P0 onto the constant functions,

which are contained in KΘ, while I − S∗ΘSΘ is the projection PD∗ onto the space

D∗ = {Θ1x : x ∈ E} (which is also contained in KΘ). For any operator A we define

displacement operator of A to be ∆(A) = A− SΘAS
∗
Θ.

The scalar valued model spaces and operators are obtained when dimE = 1; that

is, when E = C. We have then the classical spaces H2 ⊂ L2 and L∞. The inner

function is a scalar inner function θ, and the model space is Kθ = H2 	 θH2. In
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particular, in case θ(z) = zn, Kθ becomes the n-dimensional space of polynomials of

degree at most n− 1.

Definition 5.1.1. A conjugation on a complex Hilbert space H is a function C :

H −→ H that is

(i) conjugate linear: that is C(αx+ βy) = αCx+ βCy for all x, y ∈ H and

α, β ∈ C,

(ii) involutive: C2 = I,

(iii) isometric: ‖Cx‖ = ‖x‖ for all x ∈ H.

The following result is an immediate consequence of a theorem in [24].

Lemma 5.1.1. Suppose Θ(0) = 0, so Θ = zΘ1. Let Γ be a conjugation on E, and

suppose that Θ(eit)∗ = ΓΘ(eit)Γ a.e. on T. Then the map CΓ defined by

CΓ(f) = zΘ1Γf (5.1.1)

is a conjugation on zKΘ1.

5.2 Truncated Toeplitz Operators and Matrix val-

ued Truncated Toeplitz Operators

If φ ∈ L∞, then the compression of the multiplication operator Mφ to H2 is called

a Toeplitz operator and is denoted by Tφ. That means that Tφ = PH2Mφ|H2, where

P 2
H is the orthogonal projection of L2 onto H2. More than a decade ago, Sarason has

introduced in [25] the so-called truncated Toeplitz operators. Remember that Pθ is

the orthogonal projection onto the model space Kθ. If φ ∈ L∞, then the truncated
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Toeplitz operator Aθφ is defined to be the compression of Mφ to Kθ. That means that

Aθφ = PθMφ|Kθ. In particular, we see that with this notation Sθ = Aθz.

Let us now remember that for θ(z) = zn the space Kθ is formed by the polynomials

of degree at most n− 1. The monomials zk, k = 0, 1, . . . , n− 1 form an orthonormal

basis of Kzn . If we write the matrix of an operator with respect to this basis, then one

can see that truncated Toeplitz operators correspond precisely to Toeplitz matrices.

The theory of Toeplitz matrices has therefore been an inspiration for research in

the domain of truncated Toeplitz operators. In particular, it is interesting that an

analogue of Theorem 1.1.2 has been obtained by Sedlock in [26], where he shows that

all maximal algebras inside the space of truncated Toeplitz operators on some Kθ are

indexed by α ∈ C ∪ {∞}.

Passing now beyond the scalar case, let us suppose that Θ is a pure inner function.

The analogue of truncated Toeplitz operators have been defined in [24], where they

are called matrix valued truncated Toeplitz operators.

Suppose then that Φ ∈ L2(L(E)). Consider the linear map f −→ PΘ(Φf), defined

on KΘ ∩H∞(E). If it is bounded, then it uniquely determines an operator in L(KΘ),

denoted by AΘ
Φ, and called a matrix valued truncated Toeplitz operator (MTTO).

The function Φ is then called a symbol of the operator. We will usually drop the

superscript Θ, as we consider a fixed inner function. We denote by T (KΘ) the space

of all MTTOs on the model space KΘ.

Note that if Φ ∈ L∞(L(E)) (that is, it is bounded), then it follows that f −→

PΘ(Φf) defines a bounded linear operator on the whole of KΘ, and thus AΘ
Φ ∈ T (KΘ).

But we may have bounded MTTOs which have no bounded symbols, which is one of

the complications of the theory. However, a result of [24] tells that any operator in
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T (KΘ) has a symbol in MΘ + (MΘ)∗; this is why we will restrict in the sequel to

considering operators AΘ
Φ with Φ ∈MΘ + (MΘ)∗.

In the particular case Θ(z) = znIE, the MTTOs obtained are actually familiar

objects, namely block Toeplitz matrices of dimension n, in which the entries are the

matrices of dimension d.

It is immediate that

A∗Φ = AΦ∗ ;

so T (KΘ) is a self adjoint linear space.

The operator SΘ is a simple example of MTTO; it is obtained by taking Φ(z) =

zIE. This example is rather special because the symbol is scalar valued.

5.3 Multiplication Properties of MTTOs

In view of the result of Sedlock cited above [26], a natural area of research would be

to investigate the maximal algebras of MTTOs. However, at this point the difficulties

of this entire program seem too big, and we will concentrate in the rest of the thesis

to a first step that should be discussed. This is a basic question related to possible

algebras: namely when is the product of two MTTOs still an MTTO. In the case

of block Toeplitz matrices this is solved by the simple Lemma 2.1.1 (i). However,

there is no such simple result in the general case, and we need some supplementary

assumptions to obtain the main result, Theorem 5.3.6. The path we take is suggested

by [21], but the matrix valued situation is much more complicated.

As supposed above, we will consider a fixed inner function Θ and different MTTOs

acting on KΘ. The symbols of these operators will be Φ,Ψ, . . . . We first need to quote



57

a result from [27, Chapter VI] (we use a particular, simpler case).

Proposition 5.3.1. Suppose Θ be an inner function, and Φ ∈ H∞(L(E)) such that

ΦΘ = ΘΦ. Then

(1) ΘH2(L(E)) is invariant with respect to MΦ (and consequently KΘ) is invariant

under M∗
Φ.

(2) AΦSΘ = SΘAΦ and consequently A∗ΦS
∗
Θ = S∗ΘA

∗
Φ

The next result from [24] characterizes MTTOs among all operators on KΘ.

Proposition 5.3.2. A bounded operator A on KΘ belongs to T (KΘ) if and only if

there exist operators B,B′ on KΘ such that

∆(A) = BP0 + P0B
′

In this case A = AΦ+Φ′∗, where Φ,Φ′ ∈ H2(L(E)).

We will consider in the rest of the thesis a fixed inner function Θ ∈ H∞(E)

subjected to the condition Θ(0) = 0. Then Θ = zΘ1, where Θ1 ∈ H∞(E) is also

inner. We have the orthogonal decomposition

KΘ = E ⊕ zKΘ1 . (5.3.1)

Take now Φ ∈MΘ + (MΘ)∗. We can write then

Φ = zΦ+ + z̄Φ∗− + Φ0 (5.3.2)

with Φ± ∈MΘ1 and Φ0 ∈ L(E). If Φ(eit) =
∞∑
−∞

Φne
int with Φn ∈ L(E), then

Φ+(z) =
∞∑
n=1

Φnz
n =

∞∑
n=1

(∫
Φ(eit)e−int dt

)
zn

=

∫
Φ(eit)

(
∞∑
n=1

e−intzn

)
dt =

∫
Φ(eit)

eitz

1− eitz
dt.

(5.3.3)
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Remember that two operators A,B are said to doubly commute if AB = BA and

AB∗ = B∗A (whence it follows that also A∗B∗ = B∗A∗ and A∗B = BA∗).

Lemma 5.3.3. Suppose that Θ(0) = 0 and Φ,Ψ ∈MΘ+(MΘ)∗ such that Φ(eit)Ψ(eis) =

Ψ(eis)Φ(eit) for any t, s.

(i) For any s, t we have Φ+(eit)Ψ(eis) = Ψ(eis)Φ+(eit) and Φ−(eit)Ψ(eis) = Ψ(eis)Φ−(eit).

(ii) If the values of Φ,Ψ doubly commute with those of Θ, then the same is true for

Φ±,Ψ±.

(iii) If Γ is a conjugation on E such that Φ(eit)∗ = ΓΦ(eit)Γ, then Φ±(eit)∗ =

ΓΦ±(eit)Γ.

Proof. We will give the proof only for one of the equalities in (i); the rest are similar.

Using (5.3.3), we have

Ψ(eis)Φ+(z) = Ψ(eis)

∫
Φ(eit)

eitz

1− eitz
dt =

∫
Ψ(eis)Φ(eit)

eitz

1− eitz
dt

=

∫
Φ(eit)Ψ(eis)

eitz

1− eitz
dt =

(∫
Φ(eit)

eitz

1− eitz
dt

)
Ψ(eis) = Φ+(z)Ψ(eis).

By taking radial limits a.e., one obtain the required commutativity.

The next lemma gives an identification of elements in MΘ.

Lemma 5.3.4. The map Φ 7→ JΦ, defined by

JΦ(x)(z) = Φ(z)x. (5.3.4)

is a bijection between MΘ and L(E,KΘ).

Proof. Fixing a basis e1, e2, · · · , ed in E and defining the map J : E −→ KΘ as

J(ek) = φk, k = 1, 2, . . . , d, (5.3.5)
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where φk ∈ KΘ for every k = 1, 2, . . . , d. If we arrange φk as a column vectors

then we obtain Φ ∈ MΘ. Conversely if we have Φ ∈ MΘ then we obtain the map

JΦ : E −→ KΘ which sends ek to kth column of Φ, for every k = 1, 2, . . . , d. The

definition said that if Φ ∈MΘ then the relation between JΦ and Φ is simply

JΦ(x)(z) = Φ(z)x.

We denote by J0 the embedding of E in KΘ; that is for every x ∈ E, J0(x) = x. It

is easy to see that in a given basis the matrices of functions in zMΘ1 are characterized

by the fact that columns are functions in zKΘ1 .

Finally, we define CΓ(Φ) by giving the action of JΦ on x ∈ E by

JCΓ(Φ)x = CΓ(ΦΓx), (5.3.6)

where CΓ is defined by (5.1.1).

The next lemma is the main technical result of this chapter.

Lemma 5.3.5. Suppose that Θ(0) = 0 and Φ,Ψ ∈MΘ+(MΘ)∗ such that Φ(eit)Ψ(eis) =

Ψ(eis)Φ(eit) and the values of Φ,Ψ doubly commute with Θ(eit). Then there exist op-

erators X, Y ∈MΘ such that

∆(AΦAΨ) = JzΦ+J
∗
zΨ− − JCΓ(zΦ−)J

∗
CΓ(zΨ+) +XP0 + P0Y

Proof. For any Φ ∈MΘ + (MΘ)∗ we will denote Φ̂ = Φ− Φ0.

It follows easily from Lemma 5.3.3 that Φ0Ψ(eis) = Ψ(eis)Φ0 and Φ0Ψ̂(eis) =

Ψ̂(eis)Φ0. In the same way one can obtain Ψ0Φ(eis) = Φ(eis)Ψ0 and Ψ0Φ̂(eis) =

Φ̂(eis)Ψ0. A similar argument works for double commutation with Θ.
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Since Φ0,Ψ0 ∈ H2(L(E)) commutes with Θ then Proposition 5.3.1 SΘ commutes with

AΦ0 and AΨ0 , and therefore

∆(AΦAΨ) = ∆(AΦ̂AΨ̂) + ∆(AΦ̂AΨ0) + ∆(AΦ0AΨ̂) + ∆(AΦ0AΨ0).

= ∆(AΦ̂AΨ̂) + Ψ0∆(AΦ̂) + Φ0∆(AΨ̂) + Φ0Ψ0∆(I)

= ∆(AΦ̂AΨ̂) + Ψ0∆(AΦ̂) + Φ0∆(AΨ̂) + Φ0Ψ0P0.

By Proposition 5.3.2 there exist operators B = zΦ+ and B′ = zΦ− such that

∆(AΦ̂) = zΦ+P0 + P0z̄Φ∗− with Φ± ∈MΘ1 . Similarly ∆(AΨ̂) = zΨ+P0 + P0z̄Ψ∗− and

Ψ± ∈MΘ1 .

Using Lemma 5.3.3, we have

∆(AΦAΨ) = ∆(AΦ̂AΨ̂) + Ψ0(zΦ+P0 + P0z̄Φ∗−) + Φ0(zΨ+P0 + P0z̄Ψ∗−) + Φ0Ψ0P0

= ∆(AΦ̂AΨ̂) + (Ψ0zΦ+ + Φ0zΨ+ + Φ0Ψ0)P0 + (Ψ0P0z̄Φ∗− + Φ0P0z̄Ψ∗−)

Since P0 is the projection onto the constants then it must commute with Φ0 and Ψ0.

Therefore

∆(AΦAΨ) = ∆(AΦ̂AΨ̂)+(Ψ0zΦ+ +Φ0zΨ+ +Φ0Ψ0)P0 +P0(Ψ0z̄Φ∗−+Φ0z̄Ψ∗−) (5.3.7)

Now, by using the definition of ∆,

∆(AΦ̂AΨ̂) = AΦ̂AΨ̂ − SΘAΦ̂AΨ̂S
∗
Θ

= AΦ̂AΨ̂ − AΦ̂SΘAΨ̂S
∗
Θ + AΦ̂SΘAΨ̂S

∗
Θ − SΘAΦ̂AΨ̂S

∗
Θ

= AΦ̂∆(AΨ̂) + ∆(AΦ̂)SΘAΨ̂S
∗
Θ − SΘAΦ̂PD∗AΨ̂S

∗
Θ

= AΨ̂(zΦ+P0 + P0z̄Ψ∗−) + (zΦ+P0 + P0z̄Φ∗−)SΘAΨ̂S
∗
Θ − SΘAΦ̂PD∗AΨ̂S

∗
Θ

or

∆(AΦ̂AΨ̂) = AΦ̂zΨ+P0+AΦ̂P0z̄Ψ∗−+zΦ+P0SΘAΨ̂S
∗
Θ+P0z̄Φ∗−SΘAΨ̂S

∗
Θ−SΘAΦ̂PD∗AΨ̂S

∗
Θ.

(5.3.8)
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Since the constant functions are in KΘ , we have P0PΘ = PΘP0. Also since P0zf = 0,

then

P0SΘf = P0PΘzf = PΘP0zf = 0,

So the third term in the left hand side of (5.3.8) is 0. The second term is

AΦ̂P0z̄Ψ∗− = PΘ(zΦ+ + z̄Φ∗−)P0z̄Ψ∗−.

But, since Φ+ ∈ MΘ1 , then, for any constant function x, Φ+x ∈ KΘ1 , zΦ+x ∈ KΘ,

and therefore PΘzΦ+P0 = zΦ+P0. Also, for any constant function x, z̄Φ∗−x ⊥ H2(E),

so PΘz̄Φ∗−P0 = 0. So

∆(AΦ̂AΨ̂) = AΦ̂zΨ+P0 + zΦ+P0z̄Ψ∗− + P0z̄Φ∗−SΘAΨ̂S
∗
Θ − SΘAΦ̂PD∗AΨ̂S

∗
Θ. (5.3.9)

Since J0 is the embedding of the constants into KΘ, we have, for f ∈ KΘ and x ∈ E,

〈J∗0f, x〉 = 〈f, J0x〉 = 〈f(0), x〉

whence J∗0f = f(0). So

JΦJ
∗
0f = JΦf(0) = Φ(z)f(0) = ΦP0f, for any f ∈ KΘ.

By taking adjoint we have J0J
∗
Φ = P0Φ∗. Therefore we can write (5.3.9) as

∆(AΦ̂AΨ̂) = AΦ̂JzΨ+J
∗
0 + JzΦ+P0J

∗
zΨ− + P0z̄Φ∗−SΘAΨ̂S

∗
Θ − SΘAΦ̂PD∗AΨ̂S

∗
Θ. (5.3.10)

Since D∗ is the space spanned by Θ1E, we can define an isometry V : E → KΘ by

the formula V x = Θ1x, and, moreover, PD∗ = V V ∗. Also, we have

AΦ̂V x = PΘΦ̂V x = PΘzΦ+V x+ PΘz̄Φ∗−V x. (5.3.11)

Then, using the commutativity between Θ and Φ+,

zΦ+V x = zΦ+Θ1x = zΘ1Φ+x = ΘΦ+x ⊥ KΘ,
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and so the first term in (5.3.11) is 0.

We have also

z̄Φ∗−V x = z̄Φ∗−Θ1x = Θ1z̄Φ∗−x = Θ1z̄Φ∗−ΓΓx

= z̄(zΘ1Γ(zΦ−Γx)) = z̄CΓ(zΦ−Γx). = z̄JCΓ
(zΦ−)x.

Since CΓ is a conjugation on zKΘ1 , z̄CΓ(zΦ−Γx) ∈ KΘ, and therefore

PΘz̄Φ∗−V x = z̄Φ∗−V x = z̄CΓzΦ−Γx = z̄JCΓ(zΦ−)x.

So

SΘAΦ̂V x = zz̄CΓzΦ−Γx = CΓzΦ−Γx = JCΓ(zΦ−)x.

Similarly, we obtain

SΘAΨ̂∗V x = CΓzΨ+Γx = JCΓ(zΨ+)x.

Consequently,

SΘAΦ̂V = JCΓ(zΦ−), SΘAΨ̂∗V = JCΓ(zΨ+),

Finally, the last term in (5.3.9) is

SΘAΦ̂PD∗AΨ̂S
∗
Θ = SΘAΦ̂V V

∗AΨ̂S
∗
Θ = JCΓ(zΦ−)J

∗
CΓ(zΨ+). (5.3.12)

Combining (5.3.10) and (5.3.12) we get

∆(AΦ̂AΨ̂) = AΦ̂JzΨ+J
∗
0 + JzΦ+P0J

∗
zΨ− + J0J

∗
zΦ−SΘAΨ̂S

∗
Θ − JCΓ(zΦ−)J

∗
CΓ(zΨ+)

so we have

∆(AΦAΨ) = AΦ̂JzΨ+J
∗
0 + JzΦ+P0J

∗
zΨ− + J0J

∗
zΦ−SΘAΨ̂S

∗
Θ − JCΓ(zΦ−)J

∗
CΓ(zΨ+)

+ (Ψ0zΦ+ + Φ0zΨ+ + Φ0Ψ0)P0 + P0(Ψ0z̄Φ∗− + Φ0z̄Ψ∗−)

(5.3.13)
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Now we have the relations

JφJ
∗
0 = ΦP0, J0JΦ = P0Φ∗

So the second term in (5.3.13) becomes

zΦ+P0(zΦ)∗ = JzΦ+J
∗
0J0J

∗
zΦ− = JzΦ+J

∗
zΦ−

Also, since J0 : E −→ KΘ is the embedding of the constants, while P0 : KΘ −→ KΘ

is the projection onto the constant functions, it follows immediately that

P0J0 = J0, J
∗
0P0 = J∗0

Therefore we can write the first and third term in (5.3.13) as

AΦ̂JzΨ+J
∗
0 = AΦ̂JzΨ+J

∗
0P0, J0J

∗
zΦ−SΘAΨ̂S

∗
Θ = P0J0J

∗
zΦ−SΘAΨ̂S

∗
Θ.

So we have

∆(AΦAΨ) = AΦ̂JzΨ+J
∗
0P0 + JzΦ+J

∗
zΨ− + P0J0J

∗
zΦ−SΘAΨ̂S

∗
Θ − JCΓ(zΦ−)J

∗
CΓ(zΨ+)

+ (Ψ0zΦ+ + Φ0zΨ+ + Φ0Ψ0)P0 + P0(Ψ0z̄Φ∗− + Φ0z̄Ψ∗−)

= JzΦ+J
∗
zΨ− − JCΓ(zΦ−)J

∗
CΓ(zΨ+) + [AΦ̂JzΨ+J

∗
0 + Ψ0zΦ+ + Φ0zΨ+ + Φ0Ψ0]P0

+ P0[J0J
∗
zΦ−SΘAΨ̂S

∗
Θ + Ψ0z̄Φ∗− + Φ0z̄Ψ∗−]

= JzΦ+J
∗
zΨ− − JCΓ(zΦ−)J

∗
CΓ(zΨ+) +XP0 + P0Y

(5.3.14)

where, X = AΦ̂JzΨ+J
∗
0 +Ψ0zΦ+ +Φ0zΨ+ +Φ0Ψ0 and Y = J0J

∗
zΦ−

SΘAΨ̂S
∗
Θ +Ψ0z̄Φ∗−+

Φ0z̄Ψ∗−.

Theorem 5.3.6. Suppose Θ(0) = 0 and Φ,Ψ, χ,Ω ∈MΘ+(MΘ)∗ such that Φ(eit)Ψ(eis) =

Ψ(eis)Φ(eit), χ(eit)Ω(eis) = Ω(eis)χ(eit), and the values of Φ,Ψ, χ,Ω doubly commute

with those of Θ. Then AΦAΨ − AχAΩ ∈ T (KΘ) if and only if

JzΦ+J
∗
zΨ− − JCΓ(zΦ−)JCΓ(zΨ+) = Jzχ+J

∗
zΩ− − JCΓ(zχ−)JCΓ(zΩ+).
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Proof. By Lemma 5.3.5 there exists operators X, Y ∈MΘ such that

∆(AΦAΨ−AχAΩ) = JzΦ+J
∗
zΨ−−JCΓ(zΦ−)JCΓ(zΨ+)−Jzχ+J

∗
zΩ−+JCΓ(zχ−)JCΓ(zΩ+)+XP0+P0Y

By Proposition 5.3.2, we have AΦAΨ−AχAΩ ∈ T (KΘ) if and only there exist operators

B,B′ such that

∆(AΦAΨ − AχAΩ) = BP0 + P0B
′

The last two equations say that AΦAΨ − AχAΩ ∈ T (KΘ) if and only if there exist

X ′, Y ′ such that

JzΦ+J
∗
zΨ−−JCΓ(zΦ−)JCΓ(zΨ+)−Jzχ+J

∗
zΩ−+JCΓ(zχ−)JCΓ(zΩ+) = X ′P0 +P0Y

′. (5.3.15)

Since Θ(0) = 0 then we can write KΘ = E⊕KΘ1 . With respect to this decomposition,

the left hand side of (5.3.15) has zeroes on the first row and column, while the right

hand side is the general form of an operator that has zeroes in the lower right corner.

Now it is clear that for (5.3.15) to be true both sides have to be zero, which proves

the theorem.

The last result, which is an immediate corollary of Theorem 5.3.6, is the equivalent,

in this particular case, of Lemma 2.1.1(i).

Corollary 5.3.7. Suppose Θ(0) = 0 and Φ,Ψ ∈MΘ+(MΘ)∗ such that Φ(eit)Ψ(eis) =

Ψ(eis)Φ(eit) and the values of Φ,Ψ doubly commute with Θ(eit). Then AΦAΨ ∈ T (KΘ)

if and only if

JzΦ+J
∗
zΨ− = JCΓ(zΦ−)JCΓ(zΨ+).

.
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