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Abstract

In this dissertation new algorithms have been presented for the numerical

solution of three-dimensional elliptic and parabolic partial differential equa-

tions subject to Dirichlet boundary conditions. A numerical method based on

Haar wavelet collocation technique(HWCT) is being formulated for numer-

ical solution of 3D elliptic partial differential equations(PDEs) and systems

involving such equations. The newly developed numerical technique is ap-

plied to both linear and nonlinear 3D elliptic PDEs and systems involving

such PDEs. The proposed numerical is also applied to the time-invariant

fully nonlinear Navier-Stoke’s model equations. In case of solving linear el-

liptic PDEs, the resulting algebraic system of equations is solved by using

Gauss elimination method. Whereas for nonlinear elliptic PDEs we used

Newton’s or Broyden’s method.

A hybrid numerical method based on finite difference method and 3D

HWCT is developed for the numerical solution of 3D parabolic PDEs and

systems involving such PDEs. This hybrid numerical technique is applied to

both linear and nonlinear parabolic PDEs including systems. In case of non-

linear parabolic PDEs quasilinearization technique was applied to linearize

the nonlinear terms. The time derivatives involved in parabolic PDEs is ap-

proximated by the finite difference method. The numerical simulations of all

newly developed numerical techniques are performed using MATLAB.

The efficiency and accuracy of the proposed numerical methods is vali-

dated via various linear and nonlinear test problems including systems from

the literature. The numerical results of these test problems are compared

with the exact solutions as well as with the existent methods in literature.

The maximum absolute errors and experimental rate of convergence have

been calculated for different number of collocation points. The numerical re-

sults shows better accuracy, efficiency and simple applicability of the newly

developed numerical methods.
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Chapter 1

Introduction

In the present chapter, we introduced different types of partial differential

equations(PDEs) such as, elliptic PDEs, parabolic PDEs and hyperbolic

PDEs. We also give some preliminaries and basic definitions. A summarized

discussion on wavelet collocation technique and its importance is given. An

overview on Haar wavelet family, its strengths, drawbacks and widespread

applicability for practical problems are discussed. Furthermore, at the end of

this chapter, a review of the earlier work done by different authors on varoius

types of PDEs is also given in this dissertation.

1.1 Preliminaries

In this section some basic concepts are summarized which have been fre-

quently used in this thesis.

Partial differential equation

A PDE is a differential equation that contains unknown multivariable func-

tions and their partial derivatives. The PDEs arise in association with many

physical and geometrical problems when the functions involved, depend on
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two or more independent variables. PDEs played significant role in trans-

lating given physical situations or other informations and data, into some

mathematical models. Most of the practical problems in fluid mechanics,

fracture mechanics, elasticity, heat transfer, electromagnetic theory, quan-

tum mechanics, and other different areas of physics lead to PDEs. Similarly,

most of the physical systems are described by PDEs or a set of PDEs. The

PDEs are classified into three categories namely: elliptic PDEs, parabolic

PDEs and hyperbolic PDEs. In this dissertation we will focus only on the

elliptic and parabolic type PDEs.

Elliptic partial differential equations

The elliptic partial differential equation(EPDE) is a type of PDE, in which

eigenvalues of the coefficients matrix are all positive or all negative. A classic

example of an EPDE is the Laplace equation:

∇2u = 0. (1.1)

The elliptic PDEs are applicable to the problems in ideal fluid flow, mass

diffusion, heat diffusion and electrostatics. The EPDEs are often called time-

independent PDEs [1].

Parabolic partial differential equations

The parabolic partial differential equation(PPDE) is defined as, a PDE in

which one of the eigenvalue of the coefficients matrix is zero and all the rest

are positive or negative. A famouse example of the PPDE is the diffusion

equation:

ut = α∇2u. (1.2)

The diffusion equation are applicable to the problems in diffusion of mass,

diffusion of momentum and diffusion of heat etc. In particular, the heat
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equation is a parabolic equation which describe the propagation of heat in a

domain. The PPDEs are often known as time-dependent PDEs [1].

Hyperbolic partial differential equations

A hyperbolic partial differential equation(HPDE) is defined as, a PDE in

which there is only one eigenvalue of the coefficients matrix is negative and

all the rest are positive, or conversely there is only one positive eigenvalue

and all the rest are negative. An example of the hyperbolic PDE is the wave

equation:

utt = c2∇2u. (1.3)

The wave equation applies to the problems in vibrations, gas dynamics, elec-

trostatics and acoustics etc. [1].

Kronecker tensor product

Suppose that P is matrix of order m×n and S is matrix of order r× s, then

the kronecker tensor product of P and S denoted by P⊗ S is the matrix of

order mr × ns and is defined as follows:

P⊗ S =


a11S a12S ... a1nS

a21S a22S ... a2nS

... ... ... ...

an1S an2S ... annS

 .
It is pertinent to mention that the Kronecker tensor product of two matrices

can be implemented easily and efficiently in MATLAB by using the built-in

function kron().

3



Hadamard product

Let R and Q be two vectors having same size, then the Hadamard product

of R and Q is denoted by R ◦Q and is defined as under:

R ◦Q =


r1q1

r2q2

...

rnqn

 ,
where

R = [r1, r2, . . . rn]T and Q = [q1, q2, . . . , qn]T .

1.2 Wavelet

The name wavelet means a small wave. In simple words, a wavelet is an

oscillation that decays fast. Recently, wavelets have become a very powerful

mathematical tool, which provide the possibility to deal with the naturally

occuring quantities. The wavelet transform has got attention of many re-

searcher in different areas, such as quantum mechanics, mathematics, com-

puter science and communications. The wavelets have a very significant role

in digital signals processing and image compression. Wavelet used for such

kind of problems is the recent development in this area. The wavelet approx-

imation make it possible to recover weak signals noise, which is frequently

used in medical sciences, particularly in processing of x-rays and magnetic

resonance images. In addition to that, the wavelet compression works by ex-

amining and converting an image into a set of mathematical expressions [2–4].

Wavelet collocation technique

In the near past, wavelet collocation technique (WCT) has turned to be the

most developed tool in applied mathematics. The applicability of WCT, by
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analyzing various dynamic problems through waves has got great attention

in engineering research. The WCT can be used to find out the approximate

solution of different types of applied problems. The wavelet family forms a

basis for L2-space. Since the L2-space contain square integrable functions.

Therefore, its basis also contain square integrable functions because basis

form a subspace. Thus, every function u in the space of square integrable

functions can be expanded as an infinite sum of wavelet series. This kind of

representation of function u is called wavelet representation of u. Consider

a closed interval I = [c, c
′
] and take a mathematical model defined on the

interval I. We divide the interval I into N subintervals as under:

yj = c+
(
c
′ − c

) j− 0.5

N
, j = 1, 2, . . . , N, (1.4)

where N is any natural number. We call these points yj as collocation

points(CPs). In WCT, we approximate the highest order derivative appear-

ing in the differential equation by wavelet series. To obtain the approximate

expressions for the lower order derivatives and for the unknown function we

will use the process of integration. After substituting the collocation points

we get a system of algebraic equations. Solving this algebraic system we ob-

tained the values of the unknown coefficients of the wavelet family. Further-

more, using the values of these unknown coefficients we get the approximate

solution of the given differential equation.

Haar wavelet

Haar wavelet(HW) is a combination of square shape waves, the first wave in

this system is called as the scaling function and the second curve is marked

as the mother wavelet. The functions in HW family are constant and attain

only three values 1, −1 and 0. Since all these functions are constants; their

derivatives of all order vanish completely. Therefore, we use indirect method

to apply HW approximation. In the indirect method we approximate the
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highest order derivatives of the unknown function by HW. To obtain the

approximate expression for lower order derivatives and the unknown function

we use the process of integration. Consider an interval [c, c
′
] and taking x ∈

[c, c
′
], where c and c

′
are some given constants. Introduce a quantity M = 2J ,

where J is maximal level of resolutions. We subdivide the interval [c, c
′
] into

2M subintervals of same length. Furthermore, we define the quantities j

and k where j varies from 0 to J and k = varies from 0 to m − 1. These

quantities are known as dilation and translation parameters. The wavelet

number identify by i, where i = m + k + 1. To generate a wavelet system

we need two fundamental functions: one is the scaling function which is also

called the father wavelet, and the other is known as mother wavelet. The

scaling function and the mother wavelet for the HW family are defined as

H1(x) =

1 for x ∈ [c, c
′
),

0 otherwise.
(1.5)

H2(x) =


1 for x ∈ [c, c+c

′

2
),

−1 for x ∈ [ c+c
′

2
, c
′
),

0 otherwise.

(1.6)

All other functions in the HW family are obtained from the wavelet defined

in Eq. (1.6) by using the operation of translation and dilation. The repre-

sentation of the ith HW is as under

Hi(x) =


1 for x ∈ [δ1, δ2),

−1 for x ∈ [δ2, δ3), i = 3, 4, . . .

0 otherwise,

(1.7)

where

δ1 = c+ (c
′ − c) k

m
, δ2 = c+ (c

′ − c)k + 1/2

m
, δ3 = c+ (c

′ − c)k + 1

m
.
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Figure 1.1: First eight Haar functions
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The first eight Haar functions [5] are given in Fig. 1.1. In the HW approxi-

mations we need integrals of the HW. We introduce some notations for the

integrals of the HW as under

Pi,1(x) =

∫ x

0

Hi(z)dz,

Pi,η+1(x) =

∫ x

0

Pi,η(z)dz, η = 1, 2, . . . .

These integrals can be calculated analytically by taking the Eq. (1.7) in

account, we obtain [6].

Pi,γ(x) =



0 for x ∈ [0, δ1),

1
γ!

(x− δ1)n for x ∈ [δ1, δ2),

1
γ!

[(x− δ1)n − 2(x− δ2)n] for x ∈ [δ2, δ3),

1
γ!

[(x− δ1)n − 2(x− δ2)n + (x− δ3)n] for x ∈ [δ3, 1), γ = 1, 2, . . . .

(1.8)

Introduce the following symbol

Ci,1 =

∫ 1

0

Pi,1(x)dx, (1.9)

integrating and using Eq. (1.2), we have

Ci,1 =
1

4m2
. (1.10)

Expanding of functions into HW series

Consider a function g(x) ∈ L2(c, c
′
), then the function g(x) can be written

as infinite sum of Haar wavelets as under:

g(x) =
∞∑
i=1

ηiHi(x), (1.11)

8



where ηi represent the unknown coefficients of HW. Truncating at 2M , we

obtain

g(x) =
2M∑
i=1

ηiHi(x). (1.12)

Substituting the CPs we obtain the following form

g(xl) =
2M∑
i=1

ηiHi(xl). (1.13)

The matrix representation of Eq. (1.13) is

g = ηiH, (1.14)

where H is the Haar matrix and ηi,g are the row vectors with 2M dimension.

Solving the above equation we get the values of the unknown Haar coefficients

ηi. Substituting the values of these unknown in Eq. (1.11) we obtained the

HW approximation of the function g(x).

Merits and demerits of Haar wavelet colloca-

tion technique

The merits and demerits of the Haar wavelet collocation technique(HWCT)

are given as under [5]

Merits

The HWCT is the implest wavelet if we compare it with the other wavelet

families. The HWCT is faster and has comparatively good accuracy. In

HWCT if we increase the number of grid points the accuracy also increases.

HWCT is a better choice for solving BVPs because in this technique bound-

ary conditions are taken into account automatically. Moreover, the accuracy

9



of the HWCT is better in detecting singularities of the irregular structures

and transient phenomena. The solution obtained by using HWCT is simpler

than any other numerical techniques.

Demerits

The HWCT has some demerits. The main flaw in HW that it involves jump

discontinuity. Since the function is not differentiable at the breaking points,

therefore, we cannot apply HWCT directly for solving PDEs. Similarly, the

HW family contains constant box functions, therefore, their derivatives of

any order vanish completely. For high accuracy we need a large number of

grids points, which is hard to manage.

Haar Matrix

We defined the matrix H of Haar functions values having order N × N in

the following manner.

H =


H1(x1) H2(x1) . . . HN(x1)

H1(x2) H2(x2) . . . HN(x2)

. . . . . . . . . . . .

H1(xN) H2(xN) . . . HN(xN)

 .
In a similar way we defined

P1 =


P1,1(x1) P2,1(x1) . . . PN,1(x1)
P1,1(x2) P2,1(x2) . . . PN,1(x2)
. . . . . . . . . . . .

P1,1(xN) P2,1(xN) . . . PN,1(xN)

 .
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1.3 Literature review

In literature, the problem of solving EPDEs numerically has got attention of

many researchers in numerical analysis because the analytical solution of el-

liptic type PDEs exist only for those model equations which are very simple.

But when we modeled some practical situations, then the exact solution in

this case is impossible or very difficult to find. Therefore, in such cases, we

used alternative numerical schemes for simulation of such equations. Most

of the numerical schemes transform the model equations containing PDEs

into a set of discretized linear and nonlinear algebraic equations. We solved

this set of model equations by using direct solver. The computational cost

for large systems get worse because of large computational time and com-

puter memory requirement needed for mathematical operations. Imran Aziz

et al. worked on the efficiency of the direct solvers, which are very useful for

solving the problems for which iterative solvers struggle, as discussed in the

problems with high oscillatory solutions [7,8]. During the last few decades, a

large number of numerical techniques are proposed to find out the numerical

solution of EPDEs [9–11]. In [12] U. Anantha developed a numerical scheme

based on finite difference method for solution of linear EPDEs. Jain et al.

proposed a numerical method for the numerical solution of 3D EPDEs in-

cluding systems. The order of convergence of the newly developed method is

4. The method was also applied to 3D fully nonlinear Navier Sokes’ equations

for laminar incompressible viscus flow of fluid and remain successful [13]. The

aforementioned method also gives better result in case of high Reynolds num-

bers. In [14] Mohanty et al. introduced some new numerical methods for the

solution of systems of EPDEs. These newly developed numerical methods

have equally better results in case of high Reynolds numbers, when applied

to the fully nonlinear Navier Stokes’ equations in steady state. A marvelous

volume of literature is available on the development of numerical solution of

Poisson’s equation which is an EPDE [15–21]. Zhang et al. [22,23] presented

11



an efficient numerical schemes for 3D Poisson’s equation. The convection

diffusion equations are discussed in detail and they introduced some numer-

ical techniques for the approximate solutions of these equations in steady

state [24–27]. Dehgan et al. introduced a simple FDS of order 4 for the nu-

merical solution of 3D EPDEs using constant coefficients [28]. In addition to

this, Ranjan Kumar et. al. proposed a new efficient numerical technique for

the solution of 3D EPDEs with Dirichlet BCs. The usefulness of this newly

developed technique is that, it can be applied to singular problems directly.

Furthermore, this technique is also applicable to the systems of EPDEs and

the problems in polar coordinates. The author also discussed the convergence

analysis of the newly developed techniques given in [29]. Latest contributions

in this area consist of FEM [30], MM [31, 32], simple FDM [33], SCM [34],

SGM [35], FDM [36] and ACBWM [37].

Parabolic partial differential equations model many physical problems in

different field of science and engineering. Most of the evolutionary processes

are described by PPDEs. The PPDEs are also frequently used to model var-

ious biological systems. The time-dependent PPDEs are used to model the

basic fluid flow equations. The model equations for viscus fluid are governed

by PPDEs or system of PPDEs. The time-dependent Navier Stokes’ equa-

tions which model motion of the fluid substances are also parabolic. The

model equations for heat transfer are mostly parabolic. Therefore, the nu-

merical solution of PPDEs are of great importance. In the last few decades,

many researcher have taken keen interest to solve PPDEs numerically. Vari-

ous numerical technique are developed for Numerical solution of PPDEs. But

every numerical technique has its own limitations and shortcomings. There-

fore, it is still a challenging task for the researchers to introduced numerical

schemes for solution PPDEs which work efficiently and accurately. Many

authors worked on 1D PPDEs and developed various numerical schemes to

solve these equations numerically [38–41]. Several numerical schemes have

been established for solving 2D time-variant parabolic PDEs [42–53]. Ma
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et al. presented a high order numerical scheme by using operator method

for solving linear parabolic equations of multi-dimensions [54]. In fluid me-

chanics the viscus incompressible time-variant Navier Stoke’s equations are

fundamental governing equations, which are parabolic equations. The nu-

merical solution of such equations are important for studying incompressible

fluid flow problems. A number numerical schemes have been developed for

the solution of such equations as discussed in [55]. Jain et al. introduced

a fourth order finite difference scheme for time-variant nonlinear parabolic

equations with constant coefficients [56]. Mohanty et al. presented a high

order implicit finite difference method for the numerical solution of system

of 2D parabolic problems involving nonlinear terms [57]. The aforesaid nu-

merical scheme was applied to time-variant Navier-Stoke’s equations both

in cartesian and polar coordinates and remain successful. In 2003, Imran

Aziz et al. proposed a numerical scheme for 1D and 2D parabolic PDEs [58].

Furthermore, Mohanty et al. derived the off-step discretization method for

2D time-variant nonlinear PPDEs involving nonlinearity and singular per-

turbation [59]. In 2012, Setia et al. proposed a high accuracy discretization

method for the numerical solution of system of 2D linear PPDEs [60]. Re-

cently a considerable number of researchers worked on the numerical solu-

tion of 3D time-dependent PPDEs and introduced some different numerical

schemes [61]. In 1994, Jain et al. [62] developed a numerical technique for

the numerical solution of time-dependent 3D PPDEs. The newly developed

method gives better results when it was applied to the fully nonlinear Navier

Stokes’ equations. The method gave outstanding results when it was ap-

plied to the Navier Stokes’ equations. Mohanty et al. [63] proposed a high

accuracy difference scheme for 3D singular parabolic equations with vari-

able coefficients. In 2003, Ranjan Kumar et al. proposed a high accuracy

numerical technique for 3D linear PPDEs [64, 65]. In [66] Othman et al.

established a fourth order numerical method to find out numerical solution

of 3D PPDEs with term involving mixed derivatives. Recently Gopal et
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al. introduced discretization schemes to solve 3D nonlinear hyperbolic and

parabolic PDEs numerically. [67,68]. In [69], Mohanty et al. presented a new

numerical technique based on off-step discretization for solution of systems

of 3D PPDEs, with initial and boundary conditions. The estimated results

of the proposed method are very outstanding. The proposed method is of

order 4 in space and of order 2 in time, which is a reasonably good accuracy

for practical problems. Another advantage of this method is that it can be

applied directly to the problems involving singularity without any changes in

the method. The method is also successfully applied to the fully nonlinear

Navier Stokes’ equations.

Wavelets are very important and developed tool in applied mathematics.

Wavelets are rich area for research and frequently used in the approximation

theory. A large number of research articles are available regarding wavelets

approximation theory. A big account of literature of some earlier work re-

garding wavelets can be found in [3, 70–77]. Wavelets have some specific

advantages over the Fourier method in analyzing the physical phenomena

where the signals contain discontinuities and sharp corner. Wavelets have got

great importance independently in the field of mathematics, electrical engi-

neering, quantum mechanics and seismic geology. In the near past, wavelets

have led many new applications not only in imaging processes and simula-

tions but they are also used in making data base for finger prints. In future,

the researchers may put wavelet analysis for weather prediction, diagnosing

breast cancers, heart abnormalities, finger prints verifications, in processing

of digital signals, data and image compression. It is also frequently used in

the analysis of protein and DNA tests. The wavelet are also applicable in

analyzing heart beating rate and blood pressure. It also plays a very use-

ful role in recognition of speech and ECG anlysis. Wavelet approximation

also gives outstanding results while applying it into computer graphics and

internet traffic, prediction of earthquake, radar system, turbulence, human

vision and de-noising the noisy data [2]. Different types of wavelet collocation
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techniques are used for the numerical solutions of ODEs, PDEs, fractional

PDEs, integral equations and numerical integration [78–84]. Some of the

well known wavelets which are used to solve different types of equations for

example Chebyshev [85], Legendre [86], Daubechies [87], Battlelemarie [88],

and Haar wavelets [89].

Haar wavelets(HWs) got attention of a considerable number of authors

because of its simplicity. HWs are widely used in various field of science and

engineering. In civil engineering Haar wavelet is used for approximating the

depth of the soil temperature. HWs are also used to model moisture of the

soil. In addition to that, it is used for the improvement of the calculus of

variation, control theory, strokes problems and in the field electrical engineer-

ing. In computer science it is used for digital image and signal processing. In

Physics HWs is frequently used in quantum field theory. HWs are used for

solving ODEs, PDEs, integral equations and fractional differential equations

in mathematical sciences. HWs are applied for solving problems in bioengi-

neering, biomedical applications and biosensor in Biotechnology. HWs are

very useful and frequently used to solve the rise in vibration theory, in heat

and mass transfer problems and fluid flow problems in the field of mechani-

cal engineering. In chemical engineering HWs are used for solving reaction-

diffusion equations and chemical kinetic problems [90]. The functions in the

HWs family are piecewise constant functions. The pioneering work in sys-

tems analysis using HWs method was first introduced by Chen and Hsiao [91].

Later on Hsiao worked on dynamical systems using HWs. He introduced ten-

sor product of matrices for removing singularities [91]. Cattani first time used

HWs approach to find out the numerical solution of PDEs [92, 93]. Mehdi

et al. applied HWs collocation technique for solving homogeneous and in-

homogeneous harmonic differential equations numerically [94]. Hariharan et

al. introduced HWs method for the numerical solution of Fisher, Fitz Hugh,

Klein-Gordan and Cahn’s equations. He also applied HWs method for Finite

length beam equations, convection-diffusion equations, some linear and non-
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linear PPDEs and some traveling wave equations [95–105]. During the last

few decades, many researchers have taken keen interest in the HWs approx-

imations. A huge literature is available regarding on HWs. Some the latest

research work using HWs techniques are given in [6, 106–117].
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Chapter 2

Numerical method for second

order 3D elliptic partial

differential equations

2.1 Introduction

In this chapter, we have discussed numerical method based on HWCT for the

numerical solution of 3D, second order linear and nonlinear EPDEs. The nu-

merical solution of 3D EPDEs has a great importance in the approximation

of PDEs. The exact solution for most of the partial differential equations is

impossible or difficult to find in some of the situations and the same time

we are not sure that the unique solution of the problems exist or not. Due

to these difficulties in analytical solutions, a large number of numerical tech-

niques are introduced in order to get best approximation to the solutions

of these problems. Many of the natural processes can be sufficiently well

described by PDEs. The EPDEs are describe a special state of a physical

system. The EPDEs are commonly used to model various problems in science

and engineering. The EPDEs are frequently used in potential theory. The

model equations in potential theory are mostly elliptic type. Furthermore,

17



most of the dynamic problems are governed by EPDEs. The application

of EPDEs can also be found in electromagnetic and mechanics. The heat

conductance equations in steady state are also elliptic. The linear and non-

linear convection diffusion equations which model the transport phenomena

are also elliptic. The Poisson equation which models the electric and gravita-

tional potential are elliptic. Poisson equation has a widespread applications

in electrostatics, mechanical engineering, and theoretical physics. Similarly,

the steady state fully nonlinear Navier Stokes’ equations which model the

motion of the fluid substances are also EPDEs. NavierStokes’ equations are

very important equations because they describe the physical behavior of var-

ious phenomena of scientific and engineering interest. The model equations

for weather and ocean currents are mostly elliptic type. The EPDEs pro-

vides best model equations for water flow through pipe line and flow of air

around a wing. These model equations are very useful in designing vehicles

and airplanes. These equations also play an important role in designing of

power stations and pollution analysis [57, 59,68].

In this chapter, we considered 3D linear and nonlinear elliptic model

PDEs, with Dirichlet boundary conditions. The 3D linear elliptic equations

considered in this chapter will have the following form:

α1(x, y, z)
∂2u

∂x2
+ α2(x, y, z)

∂2u

∂y2
+ α3(x, y, z)

∂2u

∂z2
+ β1(x, y, z)

∂u

∂x
+ β2(x, y, z)

∂u

∂y

+β3(x, y, z)
∂u

∂z
+ γ(x, y, z)u(x, y, z) = f(x, y, z),

(2.1)

whereas the nonlinear elliptic equation will be in the following form;

Φ

(
∂2u

∂x2
,
∂2u

∂y2
,
∂2u

∂z2
,
∂u

∂x
,
∂u

∂y
,
∂u

∂z
, u(x, y, z), x, y, z

)
= f(x, y, z), (2.2)

where α1, α2, α3, β1, β2, β3, γ and f are functions of x, y and z or constants.

The computational domain for the above equations is [0, 1] × [0, 1] × [0, 1].

18



Moreover, the above equations are subject to the Dirichlet boundary condi-

tions which are given below.

u(0, y, z) = g(0, y, z), u(1, y, z) = g(1, y, z),

u(x, 0, z) = g(x, 0, z), u(x, 1, z) = g(x, 1, z),

u(x, y, 0) = g(x, y, 0), u(x, y, 1) = g(x, y, 1).

(2.3)

The proposed method will be applied to some benchmark linear and nonlinear

problems to confirm the accuracy and diverse applicability of the method.

2.2 Numerical solution of 3D elliptic PDEs

In this section we will consider Haar wavelet collocation method for the

numerical solution of linear as well as nonlinear 3D EPDEs. As we are

considering standard domain [0, 1]× [0, 1]× [0, 1] for 3D EPDEs . Therefore

the collocation points for this domain are obtain in the following manner.

First of all, the interval [0, 1] along x-axis is divided into subinterval by

considering the following subdivision points,

xj =
j − 0.5

2M
, j = 1, 2, . . . , 2M.

In similar manner the interval [0, 1] along y-axis and z-axis are also divided

accordingly and are given as follow,

yj =
j − 0.5

2M
, j = 1, 2, . . . , 2M.

zj =
j − 0.5

2M
, j = 1, 2, . . . , 2M.

Let x = [x1, x2, . . . xN ]T , y = [y1, y2, . . . , yN ]T , z = [z1, z2, . . . , zN ]T . We

defined the notations x̂, ŷ, ẑ as follows:

x̂ = x⊗ 1N ⊗ 1N ,

ŷ = 1N ⊗ y⊗ 1N ,

ẑ = 1N ⊗ 1N ⊗ z,
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where 1N denotes a column vector of size N having all entries equal to 1.

Let us introduce the following notations:

uxx =
∂2u

∂x2
(x̂, ŷ, ẑ), uyy =

∂2u

∂y2
(x̂, ŷ, ẑ), uzz =

∂2u

∂z2
(x̂, ŷ, ẑ), (2.4)

ux =
∂u

∂x
(x̂, ŷ, ẑ), uy =

∂u

∂y
(x̂, ŷ, ẑ), uz =

∂u

∂z
(x̂, ŷ, ẑ),

and

u = u(x̂, ŷ, ẑ). (2.5)

Suppose that the second order partial derivative can be expressed by Haar

wavelet series as under

∂2u

∂x2
=

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,kHi(x)Hj(y)Hk(z). (2.6)

Integrating from 0 to x we obtain

∂u

∂x
(x, y, z)− ∂u

∂x
(0, y, z) =

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,kPi,1(x)Hj(y)Hk(z), (2.7)

this implies that

∂u

∂x
(x, y, z) =

∂u

∂x
(0, y, z) +

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,kPi,1(x)Hj(y)Hk(z). (2.8)

To obtain the value of the unknown ∂u
∂x

(0, y, z) integrating the above equation

from 0 to 1 we have

u(1, y, z) = u(0, y, z)+
∂u

∂x
(0, y, z)(1−0)+

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,kPi,2(1)Hj(y)Hk(z).

(2.9)

Rearranging we get

∂u

∂x
(0, y, z) = u(1, y, z)− u(0, y, z)−

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,kPi,2(1)Hj(y)Hk(z).

(2.10)
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Now Eq. (2.8) implies

∂u

∂x
(x, y, z) = u(1, y, z)− u(0, y, z) +

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,k(Pi,1(x)− Pi,2(1))Hj(y)Hk(z).

(2.11)

Again integrating the above equation from 0 to x and using the boundary

conditions, we obtain

u(x, y, z) =g(0, y, z) + x(g(1, y, z)− g(0, y, z))+

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,k(Pi,2(x)− xPi,2(1))Hj(y)Hk(z).
(2.12)

Substituting the collocation points as defined above we obtain

∂2u

∂x2
(xl, ym, zn) =

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,kHi(xl)Hj(ym)Hk(zn) (2.13)

∂u

∂x
(xl, ym, zn) =g(1, ym, zn)− g(0, ym, zn)

+
N∑
i=1

N∑
j=1

N∑
k=1

ai,j,k(Pi,1(xl)− Pi,2(1))Hj(ym)Hk(zn),

l,m, n = 1, 2, ...N,

(2.14)

and

u(xl, ym, zn) = g(0, ym, zn) + xl(g(1, ym, zn)− g(0, ym, zn))

+
N∑
i=1

N∑
j=1

N∑
k=1

ai,j,k(Pi,2(xl)− xlPi,2(1))Hj(ym)Hk(zn),

l,m, n = 1, 2, ...N.

(2.15)

In matrix notations Eqs. (2.13)-(2.15) can be expressed as

uxx = A2a, (2.16)
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ux = r11 + A1a, (2.17)

u = r1 + Aa, (2.18)

where

A2 = H⊗H⊗H,

A1 = (P1 − 1NkT )⊗H⊗H,

A = (P2 − x̂kT )⊗H⊗H,

r1 = g(0N3 , ŷ, ẑ) + x̂ ◦ (g(1N3 , ŷ, ẑ)− g(0N3 , ŷ, ẑ)),

r11 = g(1N3 , ŷ, ẑ)− g(0N3 , ŷ, ẑ),

a = [a1, a2, . . . aN3 ]T .

The notation 0N3 is used to denote a column vector of size N3 having all

entries equal to zero and k is a column vector of size N having following

entries:

k = [p1,2(1), p2,2(1), . . . , pN,2(1)]T , (2.19)

and
∂2u

∂y2
=

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(x)Hj(y)Hk(z). (2.20)

Integrating from 0 to y we obtain

∂u

∂y
(x, y, z)− ∂u

∂y
(x, 0, z) =

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHj(x)Pj,1(y)Hk(z). (2.21)

this implies that

∂u

∂y
(x, y, z) =

∂u

∂y
(x, 0, z) +

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(x)Pj,1(y)Hk(z). (2.22)

To obtain the value of the unknown ∂u
∂x

(0, y, z) integrating the above equation

from 0 to 1 we have

u(x, 1, z) = u(x, 0, z)+
∂u

∂y
(x, 0, z)(1−0)+

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(x)Pj,2(1)Hk(z).

(2.23)
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Rearranging we get

∂u

∂y
(x, 0, z) = u(x, 1, z)− u(x, 0, z)−

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(x)Pj,2(1)Hk(z).

(2.24)

Now Eq. (2.22) implies

∂u

∂y
(x, y, z) = u(x, 1, z)− u(x, 0, z) +

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(x)(Pj,1(y)− Pj,2(1))Hk(z).

(2.25)

Again integrating the above equation from 0 to x and using the boundary

conditions, we obtain

u(x, y, z) =g(x, 0, z) + y(g(x, 1, z)− g(x, 0, z))+

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(x)(Pj,2(y)− yPj,2(1))Hk(z).
(2.26)

Substituting the collocation points as defined above, we obtain

∂2u

∂y2
(xl, ym, zn) =

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(xl)Hj(ym)Hk(zn). l,m, n = 1, 2, ...N,

(2.27)

∂u

∂y
(xl, ym, zn) = u(xl, 1, zn)− u(xl, 0, zn) +

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(xl)(Pj,1(ym)− Pj,2(1))Hk(zn).

(2.28)

and

u(xl, ym, zn) =g(xl, 0, zn) + y(g(xl, 1, zn)− g(xl, 0, zn))+

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(xl)(Pj,2(ym)− ymPj,2(1))Hk(zn).
(2.29)

In Matrix notation we have

uyy = B2b, (2.30)
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uy = r22 +B1b, (2.31)

u = r2 + Bb, (2.32)

where

B2 = H⊗H⊗H,

B1 = H⊗ (P1 − 1NkT )⊗H,

B = H⊗ (P2 − ŷkT )⊗H,

r2 = g(x̂,0N3 , ẑ) + ŷ ◦ (g(x̂,1N3 , ẑ)− g(x̂,0N3 , ẑ)),

r22 = g(x̂,1N3 , ẑ)− g(x̂,0N3 , ẑ),

b = [b1, b2, ...bN3 ]T .

Similarly, we obtain

uzz = C2c, (2.33)

uz = r33 + C1c, (2.34)

u = r3 + Cc, (2.35)

where

C2 = H⊗H⊗H,

C1 = H⊗H⊗ (P1 − 1NkT ),

C = H⊗H⊗ (P2 − ẑkT ),

r3 = g(x̂, ẑ,0N3) + ẑ ◦ (g(x̂, ŷ,1N3)− g(x̂, ŷ,0N3)),

r33 = g(x̂, ŷ,1N3)− g(x̂, ŷ,0N3),

c = [c1, c2, . . . cN3 ]T .

In order to express the Haar coefficients bi, i = 1, 2, . . . N3 in terms of Haar

coefficients ai, i = 1, 2, . . . N3, we compare Eq. (2.18) with Eq. (2.32) and

obtain

r1 + Aa = r2 + Bb. (2.36)

Bb = Aa + r1 − r2. (2.37)
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Eq. (2.37) yields the following:

b = (B−1A)a + B−1(r1 − r2). (2.38)

Using the above expression of b in term of a, we can express the expressions

of uyy and uy given in Eq. (2.30) and Eq. (2.31), respectively, in terms of a

and are given as follows:

uyy = B2(B
−1A)a + B−1(r1 − r2), (2.39)

uy = r22 + B1(B
−1A)a + B−1(r1 − r2). (2.40)

In a similar way, in order to express the Haar coefficients ci, i = 1, 2, . . . N3

in terms of Haar coefficients ai, i = 1, 2, . . . N3, Eq. (2.18) is compared with

Eq. (2.35). Thus, we obtain the following relation.

c = (C−1A)a + C−1(r1 − r3). (2.41)

Using the above relation, the expressions of uzz and uz given in Eq. (2.33)

and Eq. (2.34), respectively, are expressed in terms of a and are given as

follows:

uzz = C2(C
−1A)a + C−1(r1 − r3), (2.42)

uz = r33 + C1(C
−1A)a + C−1(r1 − r3). (2.43)

Linear case

Next we consider the EPDE given in Eq. (2.1). Substituting the Haar

approximations, we obtain the following system in matrix notations.

α1(x̂, ŷ, ẑ)(A2a) + α2(x̂, ŷ, ẑ)(B2b) + α3(x̂, ŷ, ẑ)(C2c)

+β1(x̂, ŷ, ẑ)(r11 + A1a) + β2(x̂, ŷ, ẑ)(r22 + B1b) + β3(x̂, ŷ, ẑ)(r33 + C1c)

+ γ(x̂, ŷ, ẑ)(r1 + Aa) = f(x̂, ŷ, ẑ).

(2.44)
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Replacing b and c by their expression given in Eqs. (2.38) and (2.41), re-

spectively, we obtain the linear system

Ka = B, (2.45)

where

K = (α1(x̂, ŷ, ẑ)⊗ 1TN3) ◦A2 + (α2(x̂, ŷ, ẑ)⊗ 1TN3) ◦ (B2(B
−1A))

+(α3(x̂, ŷ, ẑ)⊗ 1TN3) ◦ (C2(C
−1A)) + (β1(x̂, ŷ, ẑ)⊗ 1TN3) ◦A1

+(β2(x̂, ŷ, ẑ)⊗ 1TN3) ◦ (B1(B
−1A)) + (β3(x̂, ŷ, ẑ)⊗ 1TN3) ◦ (C1(C

−1A))

+ (γ(x̂, ŷ, ẑ)⊗ 1TN3) ◦A,

(2.46)

and

B = f(x̂, ŷ, ẑ)− α2(x̂, ŷ, ẑ) ◦ (B2B
−1(r1 − r2))− α3(x̂, ŷ, ẑ) ◦ (C2C

−1(r1 − r3))

−β1(x̂, ŷ, ẑ) ◦ r11 − β2(x̂, ŷ, ẑ) ◦ r22 − β2(x̂, ŷ, ẑ) ◦ (B1B
−1(r1 − r2))

−β3(x̂, ŷ, ẑ) ◦ r33 − β3(x̂, ŷ, ẑ) ◦ (C1C
−1(r1 − r3))− γ(x̂, ŷ, ẑ) ◦ r1.

(2.47)

From Eq. (2.45), we obtain

a = K−1B. (2.48)

Finally the numerical solution can be easily obtained by using the vector a

of the unknown Haar coefficients and Eq. (2.18).

Nonlinear case

In a similar manner, for nonlinear EPDEs given in Eq. (2.2), we substitute

the Haar expressions for the unknown function u(x, y, z) as well as its deriva-

tives, and then discretizing using collocation points we obtain the following

nonlinear system in matrix form:

Φ(A2a,B2b,C2c,A1a + r11,B1b + r22,C1c + r33,Aa+r1, x̂, ŷ, ẑ)

= f(x̂, ŷ, ẑ).

(2.49)
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This nonlinear system may be solved by using Newton’s method or Broyden’s

method or any other iterative solver.

2.3 Numerical illustrations

In this section some test problems have been tested using the aforemen-

tioned proposed numerical technique. These test problems contain linear

and nonlinear 3D elliptic problems. The MAEs for all the test problems are

calculated. For some of the numerical examples the experimental rate of

convergence Rc(T ) are estimated which theoretically confirmed by Majak et

al. We can defined the rate of convergence in the following manner:

Rc(N) =
log[Ec(T/2)/Ec(T )]

log(2)
,

where Ec(T ) denotes MAEs errors at the CPs using T number of CPs.

In case of linear problems the resulting systems will be solved by using

Gauss elimination method. Whereas for nonlinear problems we used Broy-

den’s method. The starting points for Broyden’s method was taken to be

zero and the iterations were terminated when the convergent criterion 10−5

was satisfied.

Example 2.1. Consider the following 3D Poisson equation [118]:
∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2
= sinπx sin πy sin πz,

w(x, y, z) = 0, x, y, z ∈ ∂Ω,

(2.50)

For (x, y, z) ∈ Ω, where Ω = {(x, y, z)/ 0 < x, y, z < 1, }. The exact

solution is given by

w(x, y, z) =
−1

3π2
sin πx sin πy sin πz.
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Table 2.1: MAEs for Test Problem 2.1

T Ec(T ) Rc(T )

2× 2× 2 8.9227× 10−4 —

4× 4× 4 6.4125× 10−4 0.4766

8× 8× 8 2.0157× 10−4 1.6696

16× 16× 16 5.3267× 10−5 1.9200

32× 32× 32 1.3501× 10−5 1.9802

This is a linear second order 3D Poisson equation. The newly developed

is tested on aforementioned 3D EPDE. The MAEs and numerical rate of

convergence is also calculated and given in the Table 2.1. The MAEs for this

test problem are steeping down to order of 10−5 for N = 32× 32× 32, which

is a reasonably good accuracy for practical problems. This newly developed

numerical scheme gives more accurate solution when the CPs are increased,

however, it will increase the computational cost as well. An important char-

acteristic of the HWCT is that by increasing the number of CPs more accu-

rate solution can be obtained. The table also shows the convergence rate of

the method for different numbers of CPs points for this test problem. As the

number of CPs are increased the convergence of the proposed method are

approaching to 2, which can also be confirmed theoretically by the results

proved by J. Majak et al. [119,120].

Remarks:

This problem has also been solved by Zhi Shi et al. [118]. They have assumed

Haar approximation of the mixed derivative given as follows:

∂6u

∂x2∂y2∂z2
= sin(πx)

2M∑
i,j=1

aijhi(y)hj(z) i, j = 1, 2, ...2M.
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This approximation can only be assumed in the case when the information

that the mixed derivative given in the above equation can be written in the

form f(x)g(y, z) is known. This means that their method can only be appli-

cable to a very small class of elliptic equations for which the above mentioned

information is known. Moreover by imposing that condition they have re-

duced a 3D problem to a 2D problem. Hence their work is not applicable

to general form of 3D elliptic problems. On the other hand our method is

designed for general type of 3D elliptic equations.

Example 2.2. Consider the following linear problem [121]:

e2x
∂2u

∂x2
+e2y

∂2u

∂y2
+e2z

∂2u

∂z2
+ex+y+z

(
∂u

∂x
+
∂u

∂y
+
∂u

∂z

)
= f(x, y, z), 0 < x, y, z < 1.

(2.51)

The exact solution is given by

u(x, y, z) = cos x+ cos y + cos z.

This is a another linear test problem with variable coefficients of the deriva-

tives involved in the equation. We have computed the MAEs for this test

problem using different numbers of collocation points not only for the un-

known function u(x, y, z) but also for the first and second order partial deriva-

tives. This is another important characteristic of Haar wavelet collocation

method that after computing Haar coefficients one can easily compute the

values of the derivatives at any point. These numerical results are are shown

in Table 2.2. A small lose of accuracy is observed in the maximum absolute

errors for higher order derivatives. The point wise exact and approximate

solutions are also given in the Table 2.3.

Example 2.3. Consider the following linear problem [121]:

∂2u

∂x2
+

1

x2
∂2u

∂y2
+
∂2u

∂z2
+

1

x

∂u

∂x
= f(x, y, z), 0 < x, y, z < 1. (2.52)

29



Table 2.2: MAEs for Test Problem 2.2

u(x, y, z)

T Ec(T ) Rc(T )

2× 2× 2 6.0041× 10−4 —

4× 4× 4 1.0641× 10−4 2.4963

8× 8× 8 3.3368× 10−5 1.6731

16× 16× 16 8.5155× 10−6 1.9703

ux(x, y, z) uy(x, y, z) uz(x, y, z)

Ec(T ) Rc(T ) Ec(T ) Rc(T ) Ec(T ) Rc(T )

2× 2× 2 8.1836× 10−3 — 8.1836× 10−3 — 8.1836× 10−3 —

4× 4× 4 2.2311× 10−3 1.8749 2.2311× 10−3 1.8749 2.2311× 10−3 1.8749

8× 8× 8 6.0555× 10−4 1.8814 6.0555× 10−4 1.8814 6.0555× 10−4 1.8814

16× 16× 16 1.5430× 10−4 1.9725 1.5430× 10−4 1.9725 1.5430× 10−4 1.9725

uxx(x, y, z) uyy(x, y, z) uzz(x, y, z)

Ec(T ) Rc(T ) Ec(T ) Rc(T ) Ec(T ) Rc(T )

2× 2× 2 1.4831× 10−2 — 1.4831× 10−2 — 1.4831× 10−2 —

4× 4× 4 4.2498× 10−3 1.8031 4.2498× 10−3 1.8031 4.2498× 10−3 1.8031

8× 8× 8 1.5735× 10−3 1.4334 1.5735× 10−3 1.4334 1.5735× 10−3 1.4334

16× 16× 16 5.0434× 10−4 1.6415 5.0434× 10−4 1.6415 5.0434× 10−4 1.6415
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Table 2.3: Appr and Ex solutions for Test Problem 2.2

(x,y,z) Approximate solution Exact solution Absolute errors

(0, 0, 0) 3.000000000000000 3.000000000000000 0.0000000000

(0.1, 0.1, 0.1) 2.985008033543719 2.985012495834077 4.4622× 10−6

(0.2, 0.2, 0.2) 2.940174508725575 2.940199733523725 2.5224× 10−5

(0.3, 0.3, 0.3) 2.865973507539119 2.866009467376818 3.5959× 10−5

(0.4, 0.4, 0.4) 2.763155701175666 2.763182982008655 2.7280× 10−5

(0.5, 0.5, 0.5) 2.632875837728292 2.632891500168721 1.5662× 10−5

(0.6, 0.6, 0.6) 2.476022958771090 2.476006844729035 1.6114× 10−5

(0.7, 0.7, 0.7) 2.294553722381835 2.294526561853465 2.7160× 10−5

(0.8, 0.8, 0.8) 2.090135734447257 2.090120128041496 1.5606× 10−5

(0.9, 0.9, 0.9) 1.864824453236405 1.864829904811993 5.4515× 10−6

(1, 1, 1) 1.620906917604419 1.620906917604419 0.0000000000
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Figure 2.1: MAEs for test problem 2.3.

The exact solution is given by

u(x, y, z) = x2 cos πy cos πz.

This is a singular linear problem. The calculated numerical results in the

form of MAEs are shown in Fig 2.1. In the figure the squares denote the

number of collocation points while the line represent the MAEs. From the

figure we can see that the accuracy of the proposed numerical technique is

improved when we increased the CPs.

Example 2.4. Consider Convection diffusion equation [121]:

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
+λ(x, y, z)

∂u

∂x
+µ(x, y, z)

∂u

∂y
+φ(x, y, z)

∂u

∂z
= f(x, y, z), 0 < x, y, z < 1,

(2.53)

where

λ(x, y, z) = Rex(1− 2y)(1− z),

µ(x, y, z) = Rey(1− 2z)(1− x),

φ(x, y, z) = Rez(1− 2x)(1− y).
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Table 2.4: MAEs for Test Problem 2.4

Re=10 Re=100 Re=1000

T Ec(T ) Rc(T ) Ec(T ) Rc(T ) Ec(T ) Rc(T )

2× 2× 2 — — — — — —

4× 4× 4 1.6800× 10−1 — — — —

8× 8× 8 1.1836× 10−1 0.5053 1.7035× 10−1 — — —

16× 16× 16 3.7039× 10−2 1.6761 3.9912× 10−2 2.0936 2.1565× 10−1 —

32× 32× 32 9.7236× 10−3 1.9295 9.8589× 10−3 2.0173 2.9451× 10−2 2.8723

The exact solution is given by

u(x, y, z) = sin πx+ sin πy + sin πz + sin 3πx+ sin 3πy + sin 3πz.

This is a convection diffusion problem involving Reynolds number. The nu-

merical results of the test problems for different numbers of CPs by changing

the values of Reynolds number are shown in Table 2.4. Like every other

numerical technique, the accuracy of the proposed numerical method also

deteriorates in case of high Reynolds number. For Re = 10 and Re = 100,

an accuracy of order 10−3 is obtained for T = 32 × 32 × 32 number of col-

location points, while it is decreased to order of 10−2 for Re = 1000 for the

same number of collocation points.

Example 2.5. Consider the nonlinear convection equation:

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= u

(
∂u

∂x
+
∂u

∂y
+
∂u

∂z

)
+f(x, y, z), 0 < x, y, z < 1. (2.54)

The exact solution is

u(x, y, z) = ex sin
(πy

2

)
sin
(πz

2

)
.
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Table 2.5: MAEs for Test Problem 2.5

T Ec(T ) No. of iterations Rc(T )

2× 2× 2 9.3314× 10−4 5 —

4× 4× 4 9.2203× 10−4 6 0.0173

8× 8× 8 2.5331× 10−4 7 1.8639

16× 16× 16 6.4487× 10−5 8 1.9738

This is a nonlinear test problem. Table 2.5 shows the maximum absolute

errors, numbers of iterations taken by Broyden’s method and convergence

rates for various numbers of CPs. We observed that the proposed method

have equally good performance in case of non linear problems as well. The

method is converging rapidly as the numbers of iteration taken by the Broy-

den’s method are small. The point wise exact and approximate solutions of

this problem are also shown in the table 2.6.

Example 2.6. The following nonlinear 3D EPDE is considered with param-

eter β: [13]

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
+ β

(
∂u

∂x

)2

= f(x, y, z), 0 < x, y, z < 1, (2.55)

where β > 0 is a parameter. The exact solution is

u(x, y, z) = ex + ey + ez.

This is another nonlinear test problem involving a parameter beta. The

MAEs and convergence rates for various values of parameter beta using dif-

ferent numbers of CPs are reported in Table 2.7. The table shows very good

performance for the values, β = 5, β = 10 and β = 15.
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Table 2.6: Approximate and Exact solutions for Test Problem 2.5

(x,y,z) Approximate solution Exact solution Absolute errors

(0, 0, 0) 0.000000000000000 0.000000000000000 0.00000000000

(0.1, 0.1, 0.1) 0.028034665060509 0.027045457409953 9.8920× 10−4

(0.2, 0.2, 0.2) 0.117981647072039 0.116633584916079 1.3480× 10−3

(0.3, 0.3, 0.3) 0.275466851850289 0.278215853902863 2.7490× 10−3

(0.4, 0.4, 0.4) 0.504117665461966 0.515412756720925 1.1295× 10−2

(0.5, 0.5, 0.5) 0.844352171693876 0.824019248777620 2.0332× 10−2

(0.6, 0.6, 0.6) 1.204287780188699 1.192592237740634 1.1695× 10−2

(0.7, 0.7, 0.7) 1.601514234675673 1.598703425342831 2.8108× 10−3

(0.8, 0.8, 0.8) 2.011124235911472 2.013020680659937 1.8964× 10−3

(0.9, 0.9, 0.9) 2.398031342039269 2.399412338761300 1.3809× 10−3

(1, 1, 1) 2.718281828459046 2.718281828459046 0.0000000000

Table 2.7: MAEs for Test Problem 2.6

β = 5 β = 10 β = 15

T Ec(T ) Rc(T ) Ec(T ) Rc(T ) Ec(T ) Rc(T )

2× 2× 2 1.5069× 10−3 — 3.0291× 10−3 — 3.9780× 10−3 —

4× 4× 4 2.5580× 10−4 2.5599 8.5561× 10−4 1.8238 1.3012× 10−3 1.6122

8× 8× 8 5.8616× 10−5 2.1241 2.0982× 10−4 2.0278 3.3744× 10−4 1.9471

16× 16× 16 1.4285× 10−5 2.0367 5.2767× 10−5 1.9914 8.4638× 10−5 1.9952
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2.4 Summary

In the present chapter, HWCT is used to solve 3D EPDEs. The newly devel-

oped numerical technique is applied to both linear and nonlinear second order

3D EPDEs. The method is tested on several benchmark test problems. An

important feature of the proposed technique is that the MAEs are decreased

when the CPs are increased. The computational rates of convergence are

also given in the Tables for various test problems which is approaching to 2

in most of the cases, which shows very close resemblance with the theoretical

work done by some authors.

36



Chapter 3

Numerical method for systems

of 3D elliptic partial differential

equations

3.1 Introduction

In the present chapter, we have extended the proposed numerical technique

discussed in chapter 2 of this dissertation for systems of 3D EPDEs including

the steady state fully nonlinear Navier Stoke’s equations using Haar wavelet

collocation method. Navier Stoke’s equations are very important equations

in the study of fluids dynamics. There is no part of our daily lives that is

not influenced by fluid. The life as we know it would not exist without fluids

and without the behavior of the fluid explored. The water we drink and

the air we breathe which make up most of our body mass are fluids. In a

warm room motion of air keeps us relax, and it is the air which provides us

oxygen to sustain life. Similarly, most of our body liquids are water based.

Inside our body the proper motion of these fluids, even down to cellular level,

is very important for good health. It is obvious that for carbon based life

fluids is essential. One possible application of the fluid dynamics is found
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in biological systems. The fluid is involved in our transportation systems

in many ways; the sound of speakers of TV or any other device would not

reached our ears in the absence of air. They have a role in our recreational

activities like football and basketball are inflated by air [122].

The above discussion makes its very important to study, analyze and

predict the fluid motion with its applications. A great contribution was made

by Claude-Louis Navier and George Gabriel Stokes in this regard. The Navier

Stoke’s equations provide us a mathematical model of fluid motion. These

model equations are frequently used to model the weather, ocean currents,

water flow in a pipe and air flow around a wing. These model equations in

their full and simplified forms are very helpful in the designing of aircraft and

cars, the study of blood flow, in the designing of power stations, the analysis

of pollution, and many other important things.

Let us consider system of two linear second order 3D EPDEs:

α1(x, y, z)
∂2u

∂x2
+ α2(x, y, z)

∂2u

∂y2
+ α3(x, y, z)

∂2u

∂z2
+ β1(x, y, z)

∂u

∂x
+ β2(x, y, z)

∂u

∂y

+β3(x, y, z)
∂u

∂z
+ γ(x, y, z)u(x, y, z) = f(x, y, z),

(3.1)

and

α
′

1(x, y, z)
∂2v

∂x2
+ α

′

2(x, y, z)
∂2v

∂y2
+ α

′

3(x, y, z)
∂2v

∂z2
+ β

′

1(x, y, z)
∂v

∂x
+ β

′

2(x, y, z)
∂v

∂y

+β
′

3(x, y, z)
∂v

∂z
+ γ

′
(x, y, z)v(x, y, z) = g(x, y, z),

(3.2)

where α1, α2, α3, β1, β2, β3, γ, α
′
1, α

′
2, α

′
3, β

′
1, β

′
2, β

′
3, γ

′
f and g are functions

of x, y and z or constants. The computational domain for the both the

equations is [0, 1] × [0, 1] × [0, 1]. Furthermore the equations are subject to
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the Dirichlet boundary conditions given as follow

u(0, y, z) = g(0, y, z), u(1, y, z) = g(1, y, z),

u(x, 0, z) = g(x, 0, z), u(x, 1, z) = g(x, 1, z),

u(x, y, 0) = g(x, y, 0), u(x, y, 1) = g(x, y, 1).

(3.3)

and

v(0, y, z) = h(0, y, z), v(1, y, z) = h(1, y, z),

v(x, 0, z) = h(x, 0, z), v(x, 1, z) = h(x, 1, z),

v(x, y, 0) = h(x, y, 0), v(x, y, 1) = h(x, y, 1).

(3.4)

Some testing problems have been taken at the end to examine the widespread

applicability of the proposed method.

3.2 Numerical solution of systems of second

order 3D elliptic PDEs

Let x = [x1, x2, . . . xN ]T , y = [y1, y2, . . . , yN ]T , z = [z1, z2, . . . , zN ]T . Define

the notations x̂, ŷ, ẑ as follows:

x̂ = x⊗ 1N ⊗ 1N ,

ŷ = 1N ⊗ y⊗ 1N ,

ẑ = 1N ⊗ 1N ⊗ z,

where 1N denotes a column vector of size N having all entries equal to 1.

Let us introduce the following notations:

uxx =
∂2u

∂x2
(x̂, ŷ, ẑ), uyy =

∂2u

∂y2
(x̂, ŷ, ẑ), uzz =

∂2u

∂z2
(x̂, ŷ, ẑ),ux =

∂u

∂x
(x̂, ŷ, ẑ),

uy =
∂u

∂x
(x̂, ŷ, ẑ),uz =

∂u

∂x
(x̂, ŷ, ẑ),u = u(x̂, ŷ, ẑ)

(3.5)
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and

vxx =
∂2v

∂x2
(x̂, ŷ, ẑ), vyy =

∂2v

∂y2
(x̂, ŷ, ẑ), vzz =

∂2v

∂z2
(x̂, ŷ, ẑ),vx =

∂v

∂x
(x̂, ŷ, ẑ),

vy =
∂v

∂x
(x̂, ŷ, ẑ), vz =

∂v

∂x
(x̂, ŷ, ẑ), v = v(x̂, ŷ, ẑ).

(3.6)

In matrix notations the first and second order partial derivatives of functions

u with respect to x, y and z can be expressed as

uxx = A2a, (3.7)

ux = r11 + A1a, (3.8)

u = r1 + Aa, (3.9)

and

uyy = B2b, (3.10)

uy = r22 + B1b, (3.11)

u = r2 + Bb. (3.12)

Similarly, we have

uzz = C2c, (3.13)

uz = r33 + C1c, (3.14)

u = r3 + Cc, (3.15)

In similar manner the first and second order partial derivative of function v

can be expressed as under

vxx = A2a
′
, (3.16)

vx = r
′

11 + A1a
′

(3.17)

v = r
′

1 + Aa
′

(3.18)

and

vyy = Bb
′
, (3.19)
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vy = r
′

22 + B1b
′

(3.20)

v = r
′

2 + Bb
′
. (3.21)

Similarly, we have

vzz = C2c
′
, (3.22)

vz = r
′

33 + C1c
′
, (3.23)

v = r
′

3 + c
′
, (3.24)

where

A2 = H⊗H⊗H,

A1 = (P1 − 1NkT )⊗H⊗H,

A = (P2 − x̂kT )⊗H⊗H,

B2 = H⊗H⊗H,

B1 = H⊗ (P1 − 1NkT )⊗H,

B = H⊗ (P2 − ŷkT )⊗H,

C2 = H⊗H⊗H,

C1 = H⊗H⊗ (P1 − 1NkT ),

C = H⊗H⊗ (P2 − ẑkT ).

k = [p1,2(1), p2,2(1), . . . , pN,2(1)]T . (3.25)

r1 = g(0N3 , ŷ, ẑ) + x̂ ◦ (g(1N3 , ŷ, ẑ)− g(0N3 , ŷ, ẑ)),

r11 = g(1N3 , ŷ, ẑ)− g(0N3 , ŷ, ẑ),

r2 = g(x̂,0N3 , ẑ) + ŷ ◦ (g(x̂,1N3 , ẑ)− g(x̂,0N3 , ẑ)),

r22 = g(x̂,1N3 , ẑ)− g(x̂,0N3 , ẑ),

r3 = g(x̂, ẑ,0N3) + ẑ ◦ (g(x̂, ŷ,1N3)− g(x̂, ŷ,0N3)),

r33 = g(x̂, ŷ,1N3)− g(x̂, ŷ,0N3).
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r
′

1 = h(0N3 , ŷ, ẑ) + x̂ ◦ (h(1N3 , ŷ, ẑ)− h(0N3 , ŷ, ẑ)),

r
′

11 = h(1N3 , ŷ, ẑ)− h(0N3 , ŷ, ẑ),

r
′

2 = h(x̂,0N3 , ẑ) + ŷ ◦ (h(x̂,1N3 , ẑ)− h(x̂,0N3 , ẑ)),

r
′

22 = h(x̂,1N3 , ẑ)− h(x̂,0N3 , ẑ),

r
′

3 = h(x̂, ẑ,0N3) + ẑ ◦ (h(x̂, ŷ,1N3)− h(x̂, ŷ,0N3)),

r
′

33 = h(x̂, ŷ,1N3)− h(x̂, ŷ,0N3).

The notation 0N3 is used to denote a column vector of size N3 having

all entries equal to zero and k is a column vector of size N having following

entries: k = [p1,2(1), p2,2(1), . . . , pN,2(1)]T .

a = [a1, a2, . . . aN3 ]T , b = [b1, b2, ...bN3 ]T , c = [c1, c2, . . . cN3 ]T .

a
′
= [a

′

1, a
′

2, . . . a
′

N3 ]T , b
′
= [b

′

1, b
′

2, ...b
′

N3 ]T , c
′
= [c

′

1, c
′

2, . . . c
′

N3 ]T .

In order to express the Haar coefficients bi, i = 1, 2, . . . N3 and ci, i =

1, 2, . . . N3 in terms of Haar coefficients ai, i = 1, 2, . . . N3 using the relations

as discussed in Chapter 2 of this thesis we can write

b = (B−1A)a + B−1(r1 − r2), (3.26)

and

c = (C−1A)a + C−1(r1 − r3). (3.27)

Similarly, we have

b
′
= (B−1A)a

′
+ B−1(r

′

1 − r
′

2), (3.28)

and

c
′
= (C−1A)a

′
+ C−1(r

′

1 − r
′

3). (3.29)

Substituting all these values in the Eqs. (3.1) and (3.2) we obtain the fol-

lowing linear systems

α1(x̂, ŷ, ẑ)(A2a) + α2(x̂, ŷ, ẑ)(B2b) + α3(x̂, ŷ, ẑ)(C2c)

+β1(x̂, ŷ, ẑ)(r11 + A1a) + β2(x̂, ŷ, ẑ)(r22 + B1b) + β3(x̂, ŷ, ẑ)(r33 + C1c)

+ γ(x̂, ŷ, ẑ)(r1 + Aa) = f(x̂, ŷ, ẑ).

(3.30)
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and

α
′

1(x̂, ŷ, ẑ)(A2a
′
) + α

′

2(x̂, ŷ, ẑ)(B2b
′
) + α

′

3(x̂, ŷ, ẑ)(C2c
′
)

+β
′

1(x̂, ŷ, ẑ)(r
′

11 + A1a
′
) + β

′

2(x̂, ŷ, ẑ)(r
′

22 + B1b
′
) + β

′

3(x̂, ŷ, ẑ)(r
′

33 + C1c
′
)

+ γ
′
(x̂, ŷ, ẑ)(r

′

1 + Aa
′
) = f(x̂, ŷ, ẑ).

(3.31)

Replacing values of b, c and b
′
, c
′

we get the linear systems of the form

D1a = F, (3.32)

and

D2a
′
= G, (3.33)

where

D1 = (α1(x̂, ŷ, ẑ)⊗ 1TN3) ◦A2 + (α2(x̂, ŷ, ẑ)⊗ 1TN3) ◦ (B2(B
−1A))

+(α3(x̂, ŷ, ẑ)⊗ 1TN3) ◦ (C2(C
−1A)) + (β1(x̂, ŷ, ẑ)⊗ 1TN3) ◦A1

+(β2(x̂, ŷ, ẑ)⊗ 1TN3) ◦ (B1(B
−1A)) + (β3(x̂, ŷ, ẑ)⊗ 1TN3) ◦ (C1(C

−1A))

+ (γ(x̂, ŷ, ẑ)⊗ 1TN3) ◦A,

(3.34)

F = f(x̂, ŷ, ẑ)− α2(x̂, ŷ, ẑ) ◦ (B2B
−1(r1 − r2))− α3(x̂, ŷ, ẑ) ◦ (C2C

−1(r1 − r3))

−β1(x̂, ŷ, ẑ) ◦ r11 − β2(x̂, ŷ, ẑ) ◦ r22 − β2(x̂, ŷ, ẑ) ◦ (B1B
−1(r1 − r2))

−β3(x̂, ŷ, ẑ) ◦ r33 − β3(x̂, ŷ, ẑ) ◦ (C1C
−1(r1 − r3))− γ(x̂, ŷ, ẑ) ◦ r1.

(3.35)

and

D2 = (α
′

1(x̂, ŷ, ẑ)⊗ 1TN3) ◦A2 + (α
′

2(x̂, ŷ, ẑ)⊗ 1TN3) ◦ (B2(B
−1A))

+(α
′

3(x̂, ŷ, ẑ)⊗ 1TN3) ◦ (C2(C
−1A)) + (β

′

1(x̂, ŷ, ẑ)⊗ 1TN3) ◦A1

+(β
′

2(x̂, ŷ, ẑ)⊗ 1TN3) ◦ (B1(B
−1A)) + (β

′

3(x̂, ŷ, ẑ)⊗ 1TN3) ◦ (C1(C
−1A))

+ (γ
′
(x̂, ŷ, ẑ)⊗ 1TN3) ◦A,

(3.36)
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G = g(x̂, ŷ, ẑ)− α′2(x̂, ŷ, ẑ) ◦ (B2B
−1(r

′

1 − r
′

2))− α
′

3(x̂, ŷ, ẑ) ◦ (C2C
−1(r

′

1 − r3))

−β ′1(x̂, ŷ, ẑ) ◦ r
′

11 − β
′

2(x̂, ŷ, ẑ) ◦ r
′

22 − β
′

2(x̂, ŷ, ẑ) ◦ (B1B
−1(r

′

1 − r
′

2))

−β ′3(x̂, ŷ, ẑ) ◦ r
′

33 − β
′

3(x̂, ŷ, ẑ) ◦ (C1C
−1(r

′

1 − r
′

3))− γ
′
(x̂, ŷ, ẑ) ◦ r

′

1.

(3.37)

Solving these linear systems by using any linear solver we get the values

of the unknowns ai, a
′
i, i = 1, 2, . . . N3. Substituting the values of these

unknowns in Eqs. (3.9) and (3.18) we can easily obtain the approximate

solution.

For nonlinear systems of second order 3D EPDEs we followed the similar

procedure but in nonlinear case after discretizing we obtain a nonlinear sys-

tem which can be solved by using Newton’s method or Broyden’s method etc.

The above numerical method can be generalized for any number of second

order 3D EPDEs.

3.3 Numerical illustrations

In the present section, we have taken some benchmark numerical examples

to check the performance the newly developed numerical technique. We have

applied the newly developed method to linear as well as nonlinear systems.

Furthermore, as an application the newly developed scheme is applied to the

fully nonlinear Navier’s Stokes model equation in cartesian coordinates by

considering incompressible, viscus and laminar flow of fluid. The numerical

results for the aforementioned systems are reasonable and acceptable for

practical problems.

Example 3.1. Consider the following linear system:

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
=u+ v + f(x, y, z), 0 < x, y, z < 1,

∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2
=u+ v + g(x, y, z),

(3.38)
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Table 3.1: MAEs for Test Problem 3.1

T u(x, y, z) v(x, y, z)

2× 2× 2 6.4318× 10−4 1.8667× 10−4

4× 4× 4 5.1273× 10−4 1.7137× 10−4

8× 8× 8 1.3595× 10−4 4.4542× 10−5

The exact solutions are

u(x, y, z) =ex cos y cos z,

v(x, y, z) =ex sin y sin z.

Example 3.2. Consider the following non linear system: [13]

2
∂2u

∂x2
+ 3

∂2u

∂y2
+ 4

∂2u

∂z2
=αuv

(
∂u

∂x
+
∂v

∂x
− ∂u

∂y
− ∂v

∂y
− ∂u

∂z
− ∂v

∂z

)
+ f(x, y, z),

5
∂2v

∂x2
+ 3

∂2v

∂y2
+ 4

∂2v

∂z2
=βuv

(
∂u

∂x
+
∂v

∂x
− ∂u

∂y
− ∂v

∂y
− ∂u

∂z
− ∂v

∂z

)
+ g(x, y, z),

(3.39)

where 0 < x, y, z < 1 and α, β > 0, are parameters. The exact solutions are

u(x, y, z) =ex cos y cos z,

v(x, y, z) =ex sin y sin z.

Example 3.3. Consider Navier stokes model equations in cartesian coordi-
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Table 3.2: MAEs for Test Problem 3.2

α = 5, β = 10

T u(x, y, z) v(x, y, z)

2× 2× 2 1.1402× 10−3 8.2398× 10−4

4× 4× 4 6.5799× 10−4 3.6681× 10−4

8× 8× 8 1.7957× 10−4 9.9408× 10−5

16× 16× 16 4.5196× 10−5 2.4388× 10−5

α = β = 100

2× 2× 2 4.7193× 10−3 2.9920× 10−3

4× 4× 4 2.2229× 10−3 1.0347× 10−3

8× 8× 8 6.7377× 10−4 2.8239× 10−4

16× 16× 16 1.3299× 10−4 5.4251× 10−5

nates: [121]

1

Re

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
=u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
+ f(x, y, z), 0 < x, y, z < 1,

1

Re

(
∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2

)
=u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
+ g(x, y, z),

1

Re

(
∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2

)
=u

∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z
+ h(x, y, z),

(3.40)

where Re > 0, is a constant called Reynolds number. The exact solutions

are

u(x, y, z) = sin πx cos πy cos πz,

v(x, y, z) =− 2 cosπx sinπy cosπz,

w(x, y, z) = cos πx cosπy sin πz.

We have solved this problem for Re = 1 and the numerical results are shown

in Table 3.3. A good performance of the proposed method can be observed
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Table 3.3: MAEs for Test Problem 3.3

Re = 1

T u(x, y, z) v(x, y, z) w(x, y, z)

2× 2× 2 2.8447× 10−3 9.1306× 10−3 2.8447× 10−3

4× 4× 4 2.8317× 10−3 6.0643× 10−3 2.8317× 10−3

8× 8× 8 1.4786× 10−3 3.0308× 10−3 1.4786× 10−3

16× 16× 16 3.7790× 10−4 7.8002× 10−4 3.7787× 10−4

Re = 10

2× 2× 2 2.4889× 10−2 6.7929× 10−2 24889× 10−2

4× 4× 4 4.5338× 10−3 1.1035× 10−2 4.5337× 10−3

8× 8× 8 1.5631× 10−3 5.1186× 10−3 1.5631× 10−3

16× 16× 16 4.2250× 10−4 1.3313× 10−3 4.2251× 10−4

from this table. The numerical rates of convergence for this test problem are

also approaching to 2.

3.4 Summary

In the present chapter, Haar wavelet collocation method is used for solving

linear and nonlinear systems of 3D EPDEs. The proposed method is applied

to some linear and nonlinear systems including the time-invariant fully non-

linear Navier Stokes’ equations. We can see that the proposed method has

equally good performance in the case of linear and nonlinear systems as well.
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Chapter 4

Numerical method for second

order 3D parabolic partial

differential equations

4.1 Introduction

In this chapter, a new hybrid collocation method based on Haar wavelet and

finite difference method is presented for numerical solution of 3D PPDEs

with Dirichlet boundary conditions. An important advantage of the method

is that it can be applied to linear, nonlinear and systems of the three 3D

parabolic equations respectively given as follow:

α1(x, y, z, t)
∂2u

∂x2
+ α2(x, y, z, t)

∂2u

∂y2
+ α3(x, y, z, t)

∂2u

∂z2
+ β1(x, y, z, t)

∂u

∂x

+ β2(x, y, z, t)
∂u

∂y
+ β3(x, y, z, t)

∂u

∂z
+ γ(x, y, z, t)u(x, y, z, t) =

∂u

∂t
+ f(x, y, z, t),

(4.1)
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and

Φ

(
∂2u

∂x2
,
∂2u

∂y2
,
∂2u

∂z2
,
∂u

∂x
,
∂u

∂y
,
∂u

∂z
,
∂u

∂t
, u(x, y, z, t), x, y, z, t

)
= f(x, y, z, t),

(4.2)

where α1, α2, α3, β1, β2, β3, γ and f are functions of x, y, z and t or constants.

The computational domain for the above equations is [0, 1] × [0, 1] × [0, 1].

Moreover, the above equations are subject to the Dirichlet boundary condi-

tions which are given below.

u(x, y, z, 0) = u0(x, y, z), 0 < x, y, z < 1, t > 0 (4.3)

u(0, y, z, t) = g(0, y, z, t), u(1, y, z, t) = g(1, y, z, t),

u(x, 0, z, t) = g(x, 0, z, t), u(x, 1, z, t) = g(x, 1, z, t),

u(x, y, 0, t) = g(x, y, 0, t), u(x, y, 1, t) = g(x, y, 1, t).

(4.4)

The proposed method is applied to several benchmark problems from the

literature. The numerical experiments confirm the accuracy and diverse ap-

plicability of the proposed method.

4.2 Numerical solution of second order 3D

linear and nonlinear parabolic PDEs

In this section, we consider the second-order 3D parabolic PDE given in Eq.

(4.1). In the present method, space derivatives are approximated using Haar

wavelet whereas time derivative is approximated by the Euler’s formula.

Let x = [x1, x2, . . . xN ]T , y = [y1, y2, . . . , yN ]T , z = [z1, z2, . . . , zN ]T .

Define the notations x̂, ŷ, ẑ as follows:

x̂ = x⊗ 1N ⊗ 1N ,

ŷ = 1N ⊗ y⊗ 1N ,

ẑ = 1N ⊗ 1N ⊗ z,
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where 1N denotes a column vector of size N having all entries equal to 1.

Let us introduce the following notations:

uxx =
∂2u

∂x2
(x̂, ŷ, ẑ, t), uyy =

∂2u

∂y2
(x̂, ŷ, ẑ, t), uzz =

∂2u

∂z2
(x̂, ŷ, ẑ, t), (4.5)

ux =
∂u

∂x
(x̂, ŷ, ẑ, t), uy =

∂u

∂y
(x̂, ŷ, ẑ, t), uz =

∂u

∂z
(x̂, ŷ, ẑ, t),

and

u = u(x̂, ŷ, ẑ, t). (4.6)

Suppose that the second order partial derivative can be expressed by Haar

wavelet series as under

∂2u

∂x2
=

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,kHi(x)Hj(y)Hk(z). (4.7)

Integrating from 0 to x we obtain

∂u

∂x
(x, y, z, t)− ∂u

∂x
(0, y, z, t) =

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,kPi,1(x)Hj(y)Hk(z), (4.8)

this implies that

∂u

∂x
(x, y, z, t) =

∂u

∂x
(0, y, z, t) +

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,kPi,1(x)Hj(y)Hk(z). (4.9)

To obtain the value of the unknown ∂u
∂x

(0, y, z, t) integrating the above equa-

tion from 0 to 1 we have

u(1, y, z, t) = u(0, y, z, t)+
∂u

∂x
(0, y, z, t)(1−0)+

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,kPi,2(1)Hj(y)Hk(z).

(4.10)

Rearranging we get

∂u

∂x
(0, y, z, t) = u(1, y, z, t)−u(0, y, z, t)−

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,kPi,2(1)Hj(y)Hk(z).

(4.11)
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Now Eq. (4.9) implies

∂u

∂x
(x, y, z, t) = u(1, y, z, t)− u(0, y, z, t) +

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,k(Pi,1(x)− Pi,2(1))Hj(y)Hk(z).

(4.12)

Again integrating the above equation from 0 to x and using the boundary

conditions, we obtain

u(x, y, z, t) =g(0, y, z, t) + x(g(1, y, z, t)− g(0, y, z, t))+

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,k(Pi,2(x)− xPi,2(1))Hj(y)Hk(z).
(4.13)

Substituting the collocation points as defined above we obtain

∂2u

∂x2
(xl, ym, zn, t) =

N∑
i=1

N∑
j=1

N∑
k=1

ai,j,kHi(xl)Hj(ym)Hk(zn) (4.14)

∂u

∂x
(xl, ym, zn, t) =g(1, ym, zn, t)− g(0, ym, zn, t)

+
N∑
i=1

N∑
j=1

N∑
k=1

ai,j,k(Pi,1(xl)− Pi,2(1))Hj(ym)Hk(zn),

l,m, n = 1, 2, ...N,

(4.15)

and

u(xl, ym, zn, t) = g(0, ym, zn, t) + xl(g(1, ym, zn, t)− g(0, ym, zn, t))

+
N∑
i=1

N∑
j=1

N∑
k=1

ai,j,k(Pi,2(xl)− xlPi,2(1))Hj(ym)Hk(zn),

l,m, n = 1, 2, ...N,

(4.16)

and
∂2u

∂y2
=

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(x)Hj(y)Hk(z). (4.17)
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Integrating from 0 to y we obtain

∂u

∂y
(x, y, z, t)− ∂u

∂y
(x, 0, z, t) =

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHj(x)Pj,1(y)Hk(z). (4.18)

this implies that

∂u

∂y
(x, y, z, t) =

∂u

∂y
(x, 0, z, t) +

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(x)Pj,1(y)Hk(z). (4.19)

To obtain the value of the unknown ∂u
∂x

(0, y, z, t) integrating the above equa-

tion from 0 to 1 we have

u(x, 1, z, t) = u(x, 0, z, t)+
∂u

∂y
(x, 0, z, t)(1−0)+

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(x)Pj,2(1)Hk(z).

(4.20)

Rearranging we get

∂u

∂y
(x, 0, z, t) = u(x, 1, z, t)−u(x, 0, z, t)−

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(x)Pj,2(1)Hk(z).

(4.21)

Now Eq. (4.19) implies

∂u

∂y
(x, y, z, t) = u(x, 1, z, t)− u(x, 0, z, t) +

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(x)(Pj,1(y)− Pj,2(1))Hk(z).

(4.22)

Again integrating the above equation from 0 to x and using the boundary

conditions, we obtain

u(x, y, z, t) =g(x, 0, z, t) + y(g(x, 1, z, t)− g(x, 0, z, t))+

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(x)(Pj,2(y)− yPj,2(1))Hk(z).
(4.23)
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Substituting the collocation points as defined above, we obtain

∂2u

∂y2
(xl, ym, zn, t) =

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(xl)Hj(ym)Hk(zn). l,m, n = 1, 2, ...N,

(4.24)

∂u

∂y
(xl, ym, zn, t) = u(xl, 1, zn, t)− u(xl, 0, zn, t) +

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(xl)(Pj,1(ym)− Pj,2(1))Hk(zn).

(4.25)

and

u(xl, ym, zn, t) =g(xl, 0, zn, t) + y(g(xl, 1, zn, t)− g(xl, 0, zn, t))+

N∑
i=1

N∑
j=1

N∑
k=1

bi,j,kHi(xl)(Pj,2(ym)− ymPj,2(1))Hk(zn).

(4.26)

Time derivative

Let t = t0 + n∆t be the time discretization and ∆ be the change in time,

where t0 is the starting time of every time step and t is the end of time step.

For the time interval [t0, t], the time derivatives involved in the Eqs (4.1) and

(4.2) are estimated by the Euler’s formula,

∂u(x, y, z, t)

∂t
≈ u(x, y, z, t+ ∆t)− u(x, y, z, t)

∆t
. (4.27)

In matrix notations Eqs. (4.14)-(4.16) can be expressed as

uxx = A2a, (4.28)

ux = r11 + A1a, (4.29)

u = r1 + Aa, (4.30)
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where

A2 = H⊗H⊗H,

A1 = (P1 − 1NkT )⊗H⊗H,

A = (P2 − x̂kT )⊗H⊗H,

r1 = g(0N3 , ŷ, ẑ, t) + x̂ ◦ (g(1N3 , ŷ, ẑ, t)− g(0N3 , ŷ, ẑ, t)),

r11 = g(1N3 , ŷ, ẑ, t)− g(0N3 , ŷ, ẑ, t),

a = [a1, a2, . . . aN3 ]T .

The notation 0N3 is used to denote a column vector of size N3 having all

entries equal to zero and k is a column vector of size N having following

entries:

k = [p1,2(1), p2,2(1), . . . , pN,2(1)]T . (4.31)

Similarly, we obtain

uyy = B2b, (4.32)

uy = r22 +B1b, (4.33)

u = r2 + Bb, (4.34)

where

B2 = H⊗H⊗H,

B1 = H⊗ (P1 − 1NkT )⊗H,

B = H⊗ (P2 − ŷkT )⊗H,

r2 = g(x̂,0N3 , ẑ, t) + ŷ ◦ (g(x̂,1N3 , ẑ, t)− g(x̂,0N3 , ẑ, t)),

r22 = g(x̂,1N3 , ẑ, t)− g(x̂,0N3 , ẑ, t),

b = [b1, b2, ...bN3 ]T ,

and

uzz = C2c, (4.35)

uz = r33 + C1c, (4.36)
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u = r3 + Cc, (4.37)

where

C2 = H⊗H⊗H,

C1 = H⊗H⊗ (P1 − 1NkT ),

C = H⊗H⊗ (P2 − ẑkT ),

r3 = g(x̂, ẑ,0N3) + ˆz, t ◦ (g(x̂, ŷ,1N3 , t)− g(x̂, ŷ,0N3), t),

r33 = g(x̂, ŷ,1N3 , t)− g(x̂, ŷ,0N3 , t),

c = [c1, c2, . . . cN3 ]T .

In order to express the Haar coefficients bi, i = 1, 2, . . . N3 in terms of Haar

coefficients ai, i = 1, 2, . . . N3, we compare Eq. (4.30) with Eq. (4.34) and

obtain

r1 + Aa = r2 + Bb. (4.38)

Eq. (4.38) yields the following:

b = (B−1A)a + B−1(r1 − r2). (4.39)

Using the above expression of b in term of a, we can present the expressions

of uyy and uy given in Eq. (4.32) and Eq. (4.33), in term of a respectively

and it is given as follows:

uyy = B2(B
−1A)a + B−1(r1 − r2), (4.40)

uy = r22 + B1(B
−1A)a + B−1(r1 − r2). (4.41)

In a similar way, in order to express the Haar coefficients ci, i = 1, 2, . . . N3

in terms of Haar coefficients ai, i = 1, 2, . . . N3, Eq. (4.30) is compared with

Eq. (4.37). Thus, we obtain the following relation.

c = (C−1A)a + C−1(r1 − r3). (4.42)
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Using the above relation, the expressions of uzz and uz given in Eq. (4.35)

and Eq. (4.36), respectively, are expressed in terms of a and are given as

follows:

uzz = C2(C
−1A)a + C−1(r1 − r3), (4.43)

uz = r33 + C1(C
−1A)a + C−1(r1 − r3). (4.44)

Next we consider the parabolic PDE given in Eq. (4.1). Substituting the

Haar approximations, we obtain the following system in matrix notations.

(α1(x̂, ŷ, ẑ, t)(A2a) + α2(x̂, ŷ, ẑ, t)(B2b)

+α3(x̂, ŷ, ẑ, t)(C2c) + β1(x̂, ŷ, ẑ, t)(r11 + A1a)

+β2(x̂, ŷ, ẑ, t)(r22 + B1b) + β3(x̂, ŷ, ẑ, t)(r33 + C1c)

+γ(x̂, ŷ, ẑ, t)(r1 + Aa)−Aa/∆t)∆t

= f(x̂, ŷ, ẑ, t) + r1 − u0.

(4.45)

Replacing b and c by their expression given in Eqs. (4.39) and (4.42), re-

spectively, we obtain the linear system

Ka = B, (4.46)

where

K = (α1(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦A2 + (α2(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦ (B2(B
−1A))

+(α3(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦ (C2(C
−1A)) + (β1(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦A1

+(β2(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦ (B1(B
−1A)) + (β3(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦ (C1(C

−1A))

+ (γ(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦A/∆t,

(4.47)

and

B = f(x̂, ŷ, ẑ, t) + r1 − u0 − (α2(x̂, ŷ, ẑ, t) ◦ (B2B
−1(r1 − r2)) + α3(x̂, ŷ, ẑ, t) ◦ (C2C

−1(r1 − r3))

+ β1(x̂, ŷ, ẑ, t) ◦ r11 + β2(x̂, ŷ, ẑ, t) ◦ r22 + β2(x̂, ŷ, ẑ, t) ◦ (B1B
−1(r1 − r2))

+ β3(x̂, ŷ, ẑ, t) ◦ r33 + β3(x̂, ŷ, ẑ, t) ◦ (C1C
−1(r1 − r3)) + γ(x̂, ŷ, ẑ, t) ◦ r1)∆t.

(4.48)
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From Eq. (4.46), we obtain

a = K−1B. (4.49)

Finally the numerical solution can be easily obtained using the vector a and

Eq. (4.30).

In a similar manner, for nonlinear parabolic PDEs given in Eq. (4.2), we

substitute the Haar expressions for the unknown function u(x, y, z) as well as

its derivatives, used forward difference formula for time derivative and then

discretizing using collocation points we obtain the following nonlinear system

in matrix form:

Φ(A2a,B2b,C2c,A1a + r11,B1b + r22,C1c + r33,Aa + r1,

u(x, y, z, t+ ∆t)− u(x, y, z, t)

∆t
, x̂, ŷ, ẑ, t) = f(x̂, ŷ, ẑ, t).

(4.50)

This nonlinear system may be solved by any iterative solver.

4.3 Stability Analysis

To approximate we use implicit scheme for the following PDE

∂U

∂t
= LU, (4.51)

where L is a differential operator. We have

U (n+1) − U (n)

dt
= LU (n+1), (4.52)

after simplification we get

U (n+1) = (I − dtL)−1U (n). (4.53)

The above equation can further be simplified as follows:

U (n+1) = (I − dtH)−1U (n), (4.54)
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where I is the identity matrix and H represent the weights Haar matrix for

corresponding differential operator L. Let the eigenvalue of H be λ and the

eigenvalue of identity matrix I is 1 then the stability condition, according to

the equation (4.54) can be written as

(I − dtλ)−1 ≤ 1, (4.55)

the above equation will be satisfied if λ ≤ 0 because only in the case, I−dtλ
is positive and its inverse will be less than or equal to 1.

4.4 Error Analysis

In this section we present the error analysis of our proposed numerical method.

In our method we expand the higher order derivatives involved in the differ-

ential equation into Haar wavelet series, instead of solution of the differential

equation [91,123]. The approximate solution of the 3D PPDEs as defined in

(4.1) after Euler’s approximation of time derivatives is as under

u∗(x, y, z, t) = u0 + [
N∑
i=1

N∑
j=1

N∑
k=1

ai,j,k(1 + ((pi,2(xl)− xlpi,2(1))

+(pi,1(xl)− pi,1(1)))hj(ym)hk(zn))

+
N∑
i=1

N∑
j=1

N∑
k=1

bi,j,k(1 + hi(xl)(pj,1(ym)− pj,1(1))hk(zn))

+
N∑
i=1

N∑
j=1

N∑
k=1

ci,j,k(1 + hi(xl)hj(ym)(pk,1(zn)− pk,1(1)))− f ]∆t.

(4.56)

Then the error at jth level of resolution is denoted by Em, where m = 2j as

defined in the definition of Haar wavelet above, can be written as

Em = u(x, y, z, t)− u∗(x, y, z, t) (4.57)
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Em = [
∞∑

i=N+1

∞∑
j=N+1

∞∑
k=N+1

ai,j,k(1 + ((pi,2(xl)− xlpi,2(1))

+(pi,1(xl)− pi,1(1)))hj(ym)hk(zn))

+
∞∑

i=N+1

∞∑
j=N+1

∞∑
k=N+1

bi,j,k(1 + hi(xl)(pj,1(ym)− pj,1(1))hk(zn))

+
∞∑

i=N+1

∞∑
j=N+1

∞∑
k=N+1

ci,j,k(1 + hi(xl)(pk,1(ym)− pi,1(1))hk(zn))− f ]∆t,

(4.58)

where

u∗(x, y, z, t) = u0 + [
N∑
i=1

N∑
j=1

N∑
k=1

ai,j,k(1 + ((pi,2(xl)− xlpi,2(1))

+(pi,1(xl)− pi,1(1)))hj(ym)hk(zn))

+
N∑
i=1

N∑
j=1

N∑
k=1

bi,j,k(1 + hi(xl)(pj,2(ym)− pj,1(1))hk(zn))

+
N∑
i=1

N∑
j=1

N∑
k=1

ci,j,k(1 + hi(xl)(pk,1(ym)− pi,1(1))hk(zn))− f ]∆t.

(4.59)

Let us define the ||.||2 as:

||Em||22 =

∫ 1

0

∫ 1

0

∫ 1

0

(u(x, y, z, t)− u∗(x, y, z, t))2dxdydz. (4.60)

Then using the Lipschitz condition and definition of inner product < . >,

the modified form of equations 82 and 96 in [124] can be written as

||Em||22 =

(
∞∑

i=N+1

∞∑
j=N+1

∞∑
k=N+1

H2

24j+4m4m3

)
∆t, (4.61)

where H is some positive constant. After simplification, we obtain

||Em||22 =
H2

m724

(
∞∑

i=N+1

∞∑
j=N+1

∞∑
k=N+1

H2

24j

)
∆t, (4.62)
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after expanding and simplification, we get

||Em||22 =
H2

m724

(
∞∑

j=J+1

(
1

2j
)

)
∆t, (4.63)

after summing the above series, we obtain

||Em||22 ≤
H2

m8
∆t. (4.64)

From equation 4.64 as m → ∞ and ∆t is either fixed or ∆t → 0, then

the truncation error approaches to zero, which shows the consistency of the

proposed method based on Haar wavelet approximation.

4.5 Numerical illustrations

In this section we carried out some numerical tests by applying the newly

developed numerical technique to some benchmark test problems from liter-

ature. These test problems include some linear and nonlinear second order

3D PPDEs. The aforesaid numerical technique is also utilized for systems of

3D PPDEs. The MAEs have been calculated at the collocation points using

T number of collocation points.

Example 4.1. Consider the following second order linear 3D parabolic par-

tial differential equation.{
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
=
∂u

∂t
, t > 0, x, y, z ∈ Ω, (4.65)

where Ω = [0, 1]× [0, 1]× [0, 1], with Dirichlet boundary conditions and the

initial condition,

u(x, y, z, 0) = sin
π(x+ y + z)

3
.

The exact solution is given by

u(x, y, z, t) = e
−π2t

3 sin
π(x+ y + z)

3
.
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Table 4.1: L∞ errors at t = 1.0 for Example 4.1

∆t N = 2× 2× 2 N = 4× 4× 4 N = 8× 8× 8 N = 16× 16× 16

1
10

7.2097 ×10−4 1.2308 ×10−3 1.3619 ×10−3 1.3953×10−3

1
20

3.2452 ×10−4 5.6444 ×10−4 6.3168 ×10−4 6.4911×10−4

1
100

4.3060 ×10−5 9.2815 ×10−5 1.1552 ×10−4 1.2186×10−4

1
200

9.8882 ×10−6 3.7313 ×10−5 5.4824 ×10−5 5.9862 ×10−5

1
1000

1.7876 ×10−5 6.5640 ×10−6 6.8412 ×10−6 1.0857×10−5

1
2000

2.0770 ×10−5 1.2016 ×10−5 8.7911 ×10−7 4.7678 ×10−6

This is a linear 3D PPDE. The proposed method is applied to this test

problem. The maximum absolute errors for u(x, y, z, t) at different number

of collocation points are calculated at t = 1.0 and ∆t = 10−2, ∆t = 10−3,

∆t = 10−4 are given in Table 4.1. Better performance of the proposed

numerical method can be observed from the table.

Example 4.2. Consider the following 3D parabolic equation [69]:{
∂2u

∂x2
+

1

x2
∂2u

∂y2
+

csc2 y

x2
∂2u

∂z2
+

2

x

∂u

∂x
+

cot y

x2
∂u

∂y
=
∂u

∂t
+ f(x, y, z, t), t > 0, x, y, z ∈ Ω,

(4.66)

where Ω = [0, 1] × [0, 1] × [0, 1], with Dirichlet boundary conditions. The

exact solution is given by

u(x, y, z, t) = e−4tx6z cos y.

This is a singular linear 3D parabolic equation. The maximum absolute

errors at different time steps are shown in Table 4.2. From the table we

can see that the accuracy of the proposed numerical method is improved by

increasing the number of collocation points.
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Table 4.2: L∞ errors at t = 1.0 for Example 4.2

∆t N = 2× 2× 2 N = 4× 4× 4 N = 8× 8× 8 N = 16× 16× 16

1
10

1.9562 ×10−4 9.7423 ×10−5 7.1605×10−5 7.5853× 10−5

1
20

1.8690 ×10−4 7.9663 ×10−5 5.6828×10−5 6.0816× 10−5

1
100

1.8078 ×10−4 7.0363 ×10−5 4.8241×10−5 5.1441× 10−5

1
200

1.8006 ×10−4 6.9273 ×10−5 4.7341 ×10−5 5.0422× 10−5

1
1000

1.7949 ×10−4 6.8412 ×10−5 4.6631×10−5 4.9618× 10−5

1
2000

1.7942 ×10−4 6.8305 ×10−5 4.6543×10−5 4.9518 ×10−5

Example 4.3. Consider the following 3D parabolic equation [69]:{
∂2u

∂x2
+

1

x2
∂2u

∂y2
+
∂2u

∂z2
+

1

x

∂u

∂x
+ =

∂u

∂t
+ f(x, y, z, t), t > 0, x, y, z ∈ Ω,

(4.67)

where Ω = [0, 1] × [0, 1] × [0, 1], with Dirichlet boundary conditions. The

exact solution is given by

u(x, y, z, t) = e−10tx6z cos y.

This is a singular linear 3D parabolic equation. The maximum absolute

errors at different time steps are shown in Table 4.3. From the table we

can see that the accuracy of the proposed numerical method is improved by

increasing the number of collocation points.

Example 4.4. Consider the following non linear parabolic equation:

4
∂2u

∂x2
+6

∂2u

∂y2
+8

∂2u

∂z2
+β

(
∂u

∂x

)2

=
∂u

∂t
+f(x, y, z, t), 0 < x, y, z < 1, (4.68)

where β > 0 is a parameter. The exact solution is

u(x, y, z) = x3 + y3 + z3 + t3.
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Table 4.3: L∞ errors at t = 1.0 for Example 4.3

∆t N = 2× 2× 2 N = 4× 4× 4 N = 8× 8× 8

1
10

1.6800× 10−6 1.4484× 10−6 1.4440× 10−6

1
20

9.9312× 10−7 5.4350× 10−7 5.4025× 10−7

1
100

6.4994× 10−7 1.2389× 10−7 1.2039× 10−7

1
200

6.1537× 10−7 1.5786× 10−7 1.4893× 10−8

1
1000

5.8880× 10−7 1.8390× 10−7 1.3456× 10−8

This is a non linear test problem involving a parameter β. Table 4.4 shows

the numerical results of this test problem for different values of t and N by

taking ∆t = 0.001. We observed that the accuracy of the proposed have

equally good performance in case of non linear problems as well.
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Table 4.4: L∞ errors at ∆t = 0.001

for example 4.4

t N = 2× 2× 2 N = 4× 4× 4 N = 8× 8× 8 N = 16× 16× 16

0.1 1.5707 ×10−6 2.3967 ×10−6 2.5431×10−6 2.5788×10−6

0.2 3.1332 ×10−6 4.9244 ×10−6 5.2633×10−6 5.3457 ×10−6

0.3 4.6957 ×10−6 7.4521 ×10−6 7.9836×10−6 8.1125×10−6

0.4 6.2582 ×10−6 9.9799 ×10−6 1.0703 ×10−5 1.0879×10−5

0.5 7.8207 ×10−6 1.2507 ×10−5 1.3424×10−5 1.3646×10−5

0.6 9.3832 ×10−6 1.5035 ×10−5 1.6144×10−5 1.6413×10−5

0.7 1.0945 ×10−5 1.7563 ×10−5 1.8864 ×10−5 1.9180×10−5

0.8 1.2508 ×10−5 2.0090 ×10−5 2.1584×10−5 2.1947×10−5

0.9 1.4070 ×10−5 2.2618 ×10−5 2.4304×10−5 2.4714×10−5

1.0 1.5633 ×10−5 2.5146 ×10−5 2.7025×10−5 2.7481×10−5

4.6 Summary

In the present work, Haar wavelet collocation method is used to solve 3D

parabolic linear and nonlinear PDEs. The stability analysis and error analy-

sis of the proposed hybrid method is also discussed. The method is applied to

several test problems including linear as well nonlinear PDEs. An important

feature of the method is that the maximum absolute errors are decreased by

increasing the number of collocation points.
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Chapter 5

Numerical method for systems

of 3D parabolic partial

differential equations

5.1 Introduction

In this chapter, we have discussed the extension of the proposed hybrid

method given in chapter 4 of this thesis, which consist of Haar wavelet method

and finite difference method for systems of second order 3D PPDEs. In the

present method the time derivative is approximated by forward difference

method whereas the space derivatives are approximated by Haar wavelet

series. Consider the following system of two linear second order 3D PPDEs:

λ1(x, y, z, t)
∂2w

∂x2
+ λ2(x, y, z, t)

∂2w

∂y2
+ λ3(x, y, z, t)

∂2w

∂z2

+η1(x, y, z, t)
∂w

∂x
+ η2(x, y, z, t)

∂w

∂y
+ η3(x, y, z, t)

∂w

∂z

+ρ(x, y, z, t)w(x, y, z, t) =
∂w

∂t
+ f(x, y, z, t),

(5.1)
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and

λ
′

1(x, y, z, t)
∂2w

′

∂x2
+ λ

′

2(x, y, z, t)
∂2w

′

∂y2
+ λ

′

3(x, y, z, t)
∂2w

′

∂z2

+η
′

1(x, y, z, t)
∂w

′

∂x
+ η

′

2(x, y, z, t)
∂w

′

∂y
+ η

′

3(x, y, z, t)
∂w

′

∂z

+ρ
′
(x, y, z, t)v(x, y, z, t) =

∂w
′

∂t
+ g(x, y, z, t),

(5.2)

where λ1, λ2, λ3, η1, η2, η3, ρ, λ
′
1, λ

′
2, λ

′
3, η

′
1, η

′
2, η

′
3, ρ

′
f and g are functions of

x, y, z and t or constants. For (x, y, z, t) ∈ Ω, where

Ω = {(x, y, z, t)/ 0 < x, y, z < 1, t > 0}.

Furthermore the equations are subject to the following initial and boundary

conditions:

w(0, y, z) = g(0, y, z), w(1, y, z) = g(1, y, z),

w(x, 0, z) = g(x, 0, z), w(x, 1, z) = g(x, 1, z),

w(x, y, 0) = g(x, y, 0), w(x, y, 1) = g(x, y, 1).

(5.3)

and

w
′
(0, y, z) = h(0, y, z), w

′
(1, y, z) = h(1, y, z),

w
′
(x, 0, z) = h(x, 0, z), w

′
(x, 1, z) = h(x, 1, z),

w
′
(x, y, 0) = h(x, y, 0), w

′
(x, y, 1) = h(x, y, 1).

(5.4)

5.2 Numerical solution for system of second

order 3D parabolic PDEs

Let x = [x1, x2, . . . xN ]T , y = [y1, y2, . . . , yN ]T , z = [z1, z2, . . . , zN ]T . Define

the notations x̂, ŷ, ẑ as follows:

x̂ = x⊗ 1N ⊗ 1N ,

ŷ = 1N ⊗ y⊗ 1N ,

ẑ = 1N ⊗ 1N ⊗ z,
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where 1N denotes a column vector of size N having all entries equal to 1.

Let us introduce the following notations:

wxx =
∂2w

∂x2
(x̂, ŷ, ẑ, t), wyy =

∂2w

∂y2
(x̂, ŷ, ẑ, t), wzz =

∂2w

∂z2
(x̂, ŷ, ẑ, t),

wx =
∂w

∂x
(x̂, ŷ, ẑ, t),wy =

∂w

∂x
(x̂, ŷ, ẑ, t),wz =

∂w

∂x
(x̂, ŷ, ẑ, t),w = w(x̂, ŷ, ẑ, t)

(5.5)

and

w
′

xx =
∂2w

′

∂x2
(x̂, ŷ, ẑ, t), w

′

yy =
∂2w

′

∂y2
(x̂, ŷ, ẑ, t), w

′

zz =
∂2w

′

∂z2
(x̂, ŷ, ẑ, t),

w
′

x =
∂w

′

∂x
(x̂, ŷ, ẑ, t),w

′

y =
∂w′

∂x
(x̂, ŷ, ẑ, t), w

′

z =
∂w

′

∂x
(x̂, ŷ, ẑ, t), w

′
= w

′
(x̂, ŷ, ẑ, t).

(5.6)

In matrix notations the first and second order partial derivatives of functions

w with respect to x, y and z can be expressed as

wxx = A2a, (5.7)

wx = r11 + A1a, (5.8)

w = r1 + Aa, (5.9)

and

wyy = B2b, (5.10)

wy = r22 + B1b, (5.11)

w = r2 + Bb. (5.12)

Similarly, we have

wzz = C2c, (5.13)

wz = r33 + C1c, (5.14)

w = r3 + Cc, (5.15)
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In similar manner the first and second order partial derivative of function w
′

can be expressed as under

w′xx = A2a
′
, (5.16)

w
′

x = r
′

11 + A1a
′

(5.17)

w
′
= r

′

1 + Aa
′

(5.18)

and

w
′

yy = Bb
′
, (5.19)

w
′

y = r
′

22 + B1b
′

(5.20)

w
′
= r

′

2 + Bb
′
. (5.21)

Similarly, we have

w
′

zz = C2c
′
, (5.22)

w
′

z = r
′

33 + C1c
′
, (5.23)

w
′
= r

′

3 + c
′
, (5.24)

where

A2 = H⊗H⊗H,

A1 = (P1 − 1NkT )⊗H⊗H,

A = (P2 − x̂kT )⊗H⊗H,

B2 = H⊗H⊗H,

B1 = H⊗ (P1 − 1NkT )⊗H,

B = H⊗ (P2 − ŷkT )⊗H,

C2 = H⊗H⊗H,

C1 = H⊗H⊗ (P1 − 1NkT ),

C = H⊗H⊗ (P2 − ẑkT ).

k = [p1,2(1), p2,2(1), . . . , pN,2(1)]T . (5.25)
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r1 = g(0N3 , ŷ, ẑ) + x̂ ◦ (g(1N3 , ŷ, ẑ)− g(0N3 , ŷ, ẑ)),

r11 = g(1N3 , ŷ, ẑ)− g(0N3 , ŷ, ẑ),

r2 = g(x̂,0N3 , ẑ) + ŷ ◦ (g(x̂,1N3 , ẑ)− g(x̂,0N3 , ẑ)),

r22 = g(x̂,1N3 , ẑ)− g(x̂,0N3 , ẑ),

r3 = g(x̂, ẑ,0N3) + ẑ ◦ (g(x̂, ŷ,1N3)− g(x̂, ŷ,0N3)),

r33 = g(x̂, ŷ,1N3)− g(x̂, ŷ,0N3).

r
′

1 = h(0N3 , ŷ, ẑ) + x̂ ◦ (h(1N3 , ŷ, ẑ)− h(0N3 , ŷ, ẑ)),

r
′

11 = h(1N3 , ŷ, ẑ)− h(0N3 , ŷ, ẑ),

r
′

2 = h(x̂,0N3 , ẑ) + ŷ ◦ (h(x̂,1N3 , ẑ)− h(x̂,0N3 , ẑ)),

r
′

22 = h(x̂,1N3 , ẑ)− h(x̂,0N3 , ẑ),

r
′

3 = h(x̂, ẑ,0N3) + ẑ ◦ (h(x̂, ŷ,1N3)− h(x̂, ŷ,0N3)),

r
′

33 = h(x̂, ŷ,1N3)− h(x̂, ŷ,0N3).

The notation 0N3 is used to denote a column vector of size N3 having

all entries equal to zero and k is a column vector of size N having following

entries: k = [p1,2(1), p2,2(1), . . . , pN,2(1)]T .

a = [a1, a2, . . . aN3 ]T , b = [b1, b2, ...bN3 ]T , c = [c1, c2, . . . cN3 ]T .

a
′
= [a

′

1, a
′

2, . . . a
′

N3 ]T , b
′
= [b

′

1, b
′

2, ...b
′

N3 ]T , c
′
= [c

′

1, c
′

2, . . . c
′

N3 ]T .

In order to express the Haar coefficients bi, i = 1, 2, . . . N3 and ci, i =

1, 2, . . . N3 in terms of Haar coefficients ai, i = 1, 2, . . . N3 using the relations

as discussed in Chapter 2 of this thesis we can write

b = (B−1A)a + B−1(r1 − r2), (5.26)

and

c = (C−1A)a + C−1(r1 − r3). (5.27)

Similarly, we have

b
′
= (B−1A)a

′
+ B−1(r

′

1 − r
′

2), (5.28)
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and

c
′
= (C−1A)a

′
+ C−1(r

′

1 − r
′

3). (5.29)

Substituting all these values in the Eqs. (5.1) and (5.2) we obtain the fol-

lowing linear systems

λ1(x̂, ŷ, ẑ, t)(A2a) + λ2(x̂, ŷ, ẑ, t)(B2b) + λ3(x̂, ŷ, ẑ, t)(C2c)

+η1(x̂, ŷ, ẑ, t)(r11 + A1a) + η2(x̂, ŷ, ẑ, t)(r22 + B1b) + η3(x̂, ŷ, ẑ, t)(r33 + C1c)

+ ρ(x̂, ŷ, ẑ, t)(r1 + Aa) = f(x̂, ŷ, ẑ, t).

(5.30)

and

λ
′

1(x̂, ŷ, ẑ, t)(A2a
′
) + λ

′

2(x̂, ŷ, ẑ, t)(B2b
′
) + λ

′

3(x̂, ŷ, ẑ, t)(C2c
′
)

+η
′

1(x̂, ŷ, ẑ, t)(r
′

11 + A1a
′
) + η

′

2(x̂, ŷ, ẑ, t)(r
′

22 + B1b
′
) + λ

′

3(x̂, ŷ, ẑ, t)(r
′

33 + C1c
′
)

+ ρ
′
(x̂, ŷ, ẑ, t)(r

′

1 + Aa
′
) = g(x̂, ŷ, ẑ, t).

(5.31)

Replacing values of b, c and b
′
, c
′

we get the linear systems of the form

E1a = Q, (5.32)

and

E2a
′
= Q

′
, (5.33)

where

E1 = (λ1(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦A2 + (λ2(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦ (B2(B
−1A))

+(λ3(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦ (C2(C
−1A)) + (η1(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦A1

+(η2(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦ (B1(B
−1A)) + (η3(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦ (C1(C

−1A))

+ (ρ(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦A,

(5.34)
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Q = f(x̂, ŷ, ẑ, t)− λ2(x̂, ŷ, ẑ, t) ◦ (B2B
−1(r1 − r2))− λ3(x̂, ŷ, ẑ, t) ◦ (C2C

−1(r1 − r3))

−η1(x̂, ŷ, ẑ, t) ◦ r11 − η2(x̂, ŷ, ẑ, t) ◦ r22 − η2(x̂, ŷ, ẑ, t) ◦ (B1B
−1(r1 − r2))

−η3(x̂, ŷ, ẑ, t) ◦ r33 − η3(x̂, ŷ, ẑ, t) ◦ (C1C
−1(r1 − r3))− ρ(x̂, ŷ, ẑ, t) ◦ r1.

(5.35)

and

E2 = (λ
′

1(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦A2 + (λ
′

2(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦ (B2(B
−1A))

+(λ
′

3(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦ (C2(C
−1A)) + (η

′

1(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦A1

+(η
′

2(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦ (B1(B
−1A)) + (η

′

3(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦ (C1(C
−1A))

+ (ρ
′
(x̂, ŷ, ẑ, t)⊗ 1TN3) ◦A,

(5.36)

Q
′
= g(x̂, ŷ, ẑ, t)− λ′2(x̂, ŷ, ẑ, t) ◦ (B2B

−1(r
′

1 − r
′

2))− λ
′

3(x̂, ŷ, ẑ, t) ◦ (C2C
−1(r

′

1 − r3))

−η′1(x̂, ŷ, ẑ, t) ◦ r
′

11 − η
′

2(x̂, ŷ, ẑ, t) ◦ r
′

22 − η
′

2(x̂, ŷ, ẑ, t) ◦ (B1B
−1(r

′

1 − r
′

2))

−η′3(x̂, ŷ, ẑ, t) ◦ r
′

33 − η
′

3(x̂, ŷ, ẑ, t) ◦ (C1C
−1(r

′

1 − r
′

3))− ρ
′
(x̂, ŷ, ẑ, t) ◦ r

′

1.

(5.37)

The resulting linear systems will be solved by using any linear solver to

get the values of the unknowns ai, a
′
i, i = 1, 2, . . . N3. Substituting the

values of these unknowns ai, a
′
i in the Eqs. (5.9) and (5.18) we can easily

obtain the approximate solution the functions w and w
′
.

For nonlinear systems of second order 3D PPDEs we repeat the similar

process but in nonlinear case after discretizing we obtain a nonlinear system

which can be solved by using Newton’s method or Broyden’s method etc.

The above numerical method can be generalized for any number of second

order three-dimensional parabolic partial equations.

71



5.3 Numerical illustrations

Example 5.1. Consider the following system of second order linear 3D

parabolic equations:

∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2
=
∂w

∂x
+
∂v

∂x
+
∂w

∂t
+ f(x, y, z, t), 0 < x, y, z < 1, t > 0

∂2w
′

∂x2
+
∂2w

′

∂y2
+
∂2w

′

∂z2
=
∂w

′

∂x
+
∂w

′

∂x
+
∂w

′

∂t
+ g(x, y, z, t),

(5.38)

The exact solutions are

w(x, y, z, t) = e−4tx6 cos y cos z.

w
′
(x, y, z, t) = e−4tx6 sin y sin z.

This test problem comprises a system of linear parabolic equations. The

numerical results are of this problem for t = 1.0 and at different number of

collocation points are reported in Table 5.1. We see that the accuracy of the

proposed method become better by decreasing the time steps.

5.4 Summary

In this chapter, we developed a hybrid numerical method based on Haar

wavelet collocation method and finite difference method for the numerical

solution of system of second order time-variant 3D PPDEs. In the present

method the time derivative is approximated by Euler’s formula and the space

derivative is approximated by Haar wavelet series. To verify the accuracy,

efficiency and wide applicability, the proposed numerical method is tested on

system of two linear second order equations.

72



Table 5.1: L∞ errors at t = 1.0 for Example 5.1

N = 2× 2× 2 N = 4× 4× 4

∆t u v u v
1
10

3.1304×10−4 3.1170 ×10−4 3.8792×10−4 1.0168 ×10−4

1
20

3.1778×10−4 3.1364 ×10−4 3.2529×10−4 8.4608 ×10−5

1
100

3.2092×10−4 3.1492 ×10−4 2.8173 ×10−4 7.3282 ×10−5

1
200

3.2128×10−4 3.1507 ×10−4 2.7665 ×10−4 7.1955 ×10−5

1
1000

3.2156×10−4 3.1519 ×10−4 2.7264 ×10−4 7.0906 ×10−5

1
2000

3.2160×10−4 3.1520 ×10−4 2.7214×10−4 7.0776 ×10−5

1
10000

3.2163×10−4 3.1521 ×10−4 2.7174×10−4 7.0672 ×10−5

N = 8× 8× 8 N = 16× 16× 16

∆t u v u v
1
10

5.1505 ×10−4 1.8677 ×10−4 5.6101×10−4 2.1897×10−4

1
20

4.4910 ×10−4 1.6213 ×10−4 4.9735×10−4 1.9453 ×10−4

1
100

4.0341 ×10−4 1.4497 ×10−4 4.5316×10−4 1.7747 ×10−4

1
200

3.9809 ×10−4 1.4297 ×10−4 4.4801×10−4 1.7547×10−4

1
1000

3.9389 ×10−4 1.4139 ×10−4 4.4394×10−4 1.7390 ×10−4

1
2000

3.9337 ×10−4 1.4119 ×10−4 4.4344×10−4 1.7370 ×10−4
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Conclusion

In this dissertation we consider two types of second order 3D PDEs, one is

3D EPDEs and systems involving such PDEs and the other is 3D PPDEs

and systems involving such PDEs. We introduced some efficient numerical

methods for the approximate solutions of these equations. We proposed an

efficient numerical method based on 3D HWCT for numerical solution of 3D

EPDEs. The newly developed method is applicable to both linear and non-

linear problems including systems. The numerical results in both cases are

outstanding. The performance of the proposed numerical method is demon-

strated by applying it to some test problems. The MAEs are calculated for

all the test problems. The experimental rate of convergence is also calculated

for some of the problems which are in agreement with the theoretical work

done by Majak et al. In the linear case we used Gauss elimination method

while in nonlinear case we used Broyden’s method.

Next, we extended the newly developed numerical method to the systems

of second order 3D EPDEs. The method is applied to both linear and nonlin-

ear systems including time-invariant Navier Stokes’ equations. The efficiency

and accuracy of the proposed method is validated via some numerical exper-

iments. The method also gives good results in case of time-invariant fully

nonlinear Navier Stokes’ equations as well.

In case of 3D PPDEs, a new hybrid method based on HWCT and FDM is

presented for the numerical solution of 3D PPDEs. In the proposed method

if we approximate the time derivative by Haar functions then the problem
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become more complicated. Therefore, we approximated the time derivative

by FDM. The method is applicable to both linear and nonlinear parabolic

problems including systems. From the numerical results we can observe that

the method has good performance in both the linear and nonlinear cases.

The stability analysis and error analysis of the proposed hybrid method is

discussed. To verify the accuracy, efficiency and widespread applicability, the

proposed numerical methods are tested on some benchmark test problems.

we extended the newly developed hybrid method to the system of 3D

PPDEs. The proposed method is applied to a linear test problem. From the

numerical results we can observe that the method has equally good perfor-

mance in case of systems of 3D PPDEs as well.
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