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Notations

Throughout in this document the following notations and abbreviations will appear:

ZA = The set of all integer numbers.

ZN = The set of all non-negative integer numbers.

ZP = The set of all positive integer numbers.

ZN [a, b] = {a, a+ 1, a+ 2, a+ 3, ...b} for all a, b ∈ ZN .

RA = The set of all real numbers.

RN = The set of all non-negative real numbers.

CA = The set of all complex numbers.

Mn(CA) = The set of all square matrices of order n over CA .

HS = A real or complex Hilbert Space.

BS = A real or complex Banach Space.

‖v‖ = Norm of vector v.

<:; :> = The inner product.

BLO = Bounded linear operator.

B(BS) = The Banach algebra of all BLO’s acting on BS.

I
id = The identity operator of B(BS).

ρ(BLO) = The spectrum of a BLO.

r(BLO) = The spectral radius of a BLO.

DS = Discrete semigroup of BLO’s acting on BS or HS.

ix



x

DS(1) = The algebraic generator of the discrete semigroup of BLO’s acting on BS or

HS.

EF = Discrete evolution family of BLO’s acting on BS or HS.

UES = Uniformly exponentially stable.

Dif Eq’s = Difference equations.
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Abstract

C. Buşe and A. Zada in 2010 [10], proved a result for discrete systems as: The system

Tα+1 = ATα is UES if and only if for each i ∈ RN , b ∈ CAn, A ∈ Mn(CA), α ∈ ZN
and n ∈ ZP the solution of the Cauchy problem Tα+1 = ATα + eiiαb with T0 = 0 is

bounded.

The above result is generalized in chapter 3 of this thesis by replacing A (square

size matrix) on DS(1) and the forcing term eiiαb by general periodic sequences so the

new statement become: The system Tα+1 = DS(1)Tα is UES if and only if for each

∂-periodic bounded sequence g(α) with g(0) = 0 then the corresponding solution of

the Cauchy problem Tα+1 = DS(1)Tα+1 + g(α + 1),

T0 = 0
(DS(1), 0)

is bounded. This generalization is not smooth, here we have also supposed that the

operator eiiα
∑∂−1

ν=1 e
iiνν(∂ − ν)x is not equal to zero for every non zero x in BS.

This result is published in our research paper [38] with the link:

http://link.springer.com/article/10.1007/s12346-014-0124-x.

In the same chapter the above result is extended toward non-autonomous problems

as: Let EF = {EF(α, ξ) : ξ, α ∈ ZN } be a discrete ∂-periodic evolution family on

BS, i is any real number and g(α) ∈ W. If the sequence Tα =
α∑
ξ=1

eiiξEF(α, ξ)g(ξ)

is bounded then EF is UES. This result is published in our research paper [39] with

the link: http://www.hindawi.com/journals/aaa/2014/784289/.
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xiv

The results of the chapter 3 are also extended from periodic space to the space

AAP0(ZN , BS), where AAP0(ZN , BS) is explained in chapter no 4. We have proved

that the discrete semigroup DS = {DS(α) : α ∈ ZN } is UES if and only if for each

g(α) ∈ AAP0(ZN , BS) the solution of the Cauchy problemTα+1 = DS(1)Tα + g(α + 1),

T0 = 0

belongs to AAP0(ZN , BS). Our proof uses the approach of discrete evolution semi-

groups. This result is published in our research paper [42] with the link:

http://www.ems-ph.org/journals/showabstract.phpissn=0232-2064vol=34iss=4rank=6.

Further we have produced some more results related to the uniform exponen-

tial stability of discrete semigroups and discrete evolution families toward self adjoint

discrete semigroups and ∂-periodic positive discrete evolution families. We have stud-

ied the uniform exponential stability of self adjoint discrete semigroups over Hilbert

spaces. Which is extended toward self adjoint ∂-periodic discrete evolution families.

In the last the previous result is extended toward positive discrete ∂-periodic evo-

lution families over Hilbert spaces. All these results are published in our research

paper [40] with the link:

http://www.uab.ro/auajournal/upload/641146AUALatextemplate− 23.pdf.



Chapter 1

Introduction

In 1666, Isaac Newton conceived the idea of gravitational field and concluded that the

rate of change in the momentum of a free particle of a mass is equal to gravitational

force exerted upon it in the gravitational field. His equality is an example of what is

now called a differential equation.

The knowledge of differential equations have played an excellent role in the devel-

opment of mathematics. The phenomenal success of extension of differential equations

in engineering, physics, mathematics and other branches of science have a rich history.

Differential equations are used in almost all branches of science to model dynamical

processes. Differential equations provide the most simple model of any physical phe-

nomenon in which one or more variables depend continuously on time without any

random influences. If a differential equation is derived for some physical situation, it

is clearly desirable to know about the solution of the equations, for more information

about the differential equations the book [1] is recommended.

Due to the advent of digital systems specially the advancement in computer sys-

tems, differential equations needed to turn its discrete version such a discrete version

of differential equations is called the difference equations. The history reveals that it

1
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is indisputable fact that the Dif Eq’s come into sight much earlier than differential

equations and were used to solved different equations of physical phenomena. Due

to its huge applications recently Dif Eq’s acquired much more attention which they

really deserve. The attention is due to the invention of computers, in computers the

solution of differential equations are determined by the method in which differential

equations are turned into their approximate Dif Eq’s. Similarly it is used in almost

all digital systems like digital signal, digital watches etc [2, 3].

The study and literature of Dif Eq’s has prevailed up with an accelerated pace in

the previous few decades. Now such equations occupies a valuable position in both

applied and pure mathematics. It is expected that in future Dif Eq’s will also sustain

its importance in all over the sciences. In the coming paragraphs we will give a brief

history of Dif Eq’s in the light of semigroups and evolution families of BLO’s where

the detail study of semigroups and evolution families of BLO’s are present in chapter

2.

Computing by recursive relation method is an old idea. Early in 2000 B.C Babylo-

nians used the idea of recursion to find the solution of different equations [3]. Similarly

Dif Eq’s are studied by different mathematicians like Fibonacci introduced the idea

of his famous rabbit problem in 1202. This Fibonacci problem was formulated in the

form of difference equation as fα+2 = fα + fα+1 where α ∈ ZN , by Albert Girard in

1634. The recursive method got much more attention when the idea of mathematical

induction was presented by Francisco Maurolico.

It is a natural question that what will be the ultimate behavior or long term

behavior of Dif Eq’s formulated for a physical phenomena, in other words what will
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happen to the dependent variable(s) when the independent variable(s) tends to in-

finity. This long term behavior is known as the asymptotic behavior of Dif Eq’s. It

is very important to investigate the asymptotic behavior of Dif Eq’s and system of

Dif Eq’s due to their uses in different branches of science. The idea of asymptotic be-

havior of sequences including the solutions of linear Dif Eq’s was presented by Henri

Poincáre in 1886.

In the study of discrete semigroup and discrete evolution families Dif Eq’s are

mainly divided into autonomous Dif Eq’s (Tα+1 = DTα, Tα+1 = DTα + fα) and

non-autonomous Dif Eq’s (Tα+1 = DαTα, Tα+1 = DαTα + fα), where fα is called

the forcing term, D is an operator and α ∈ ZN . One of the most common problem

related to Dif Eq’s is the study of its asymptotic behavior or long term behavior.

For the autonomous systems of Dif Eq’s there are a lot of spectral criteria which

characterizes different types of stabilities and asymptotic behavior of such autonomous

systems. Unfortunately these spectral characterizations are no longer valid for the

systems of non-autonomous Dif Eq’s. This is principally due to the fact that the

forcing term which arises in the solution of non-autonomous systems of Dif Eq’s can

not be seen as classical convolutions.

The solutions of autonomous and non-autonomous systems of Dif Eq’s lead to the

idea of discrete semigroups and discrete evolution families of BLO’s respectively. Thus

to study the asymptotic behavior of such systems it is important to have a strong

knowledge about discrete semigroups and discrete evolution families of BLO’s. In the

next paragraphs we will give the literature review related to our research work.

A. L. Cauchy (1789-1857) asked a question in his book “Cours d’analyse” [4].

“Determine such a function a(i) which remains continuous between any two arbitrary
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real limits of the variable i and also for every real values of the variables i and j,

a(i+ j) = a(i)a(j) is satisfied”.

If we restate the above statement in recent times notions it will specifies that:

Find all the functions a(.) : RN → CA which satisfies the following equation:

a(i+ j) = a(i)a(j) with a(0) = 1, i, j ∈ RN . (1.0.1)

The validity of the above equation can be easily verified by the exponential function

a(i) = eki, for any k ∈ CA and i ∈ RN satisfies (1.0.1).

This function a(i) = eki acquired more significance from the two properties given

below. From one side, it satisfies (1.0.1) and from the other side it also satisfies

d(a(i))

di
= ka(i) with a(0) = I

id. (kACP )

The next immediate improvement in the above function was to extend it toward

the square matrices of order n, so in this situation the Cauchy problem has gain the

following form: “Determine all the functions a(.) : RN → Mn(CA), which satisfies

(1.0.1)”.

In 1888, Peano (1858-1932) introduced a plan to write a system of differential

equations compactly as a single matrix where the matrix has scalar entries [5]. Simi-

larly a system of Dif Eq’s can also be compactly expressed as a single matrix, but its

solution is different then differential equations.

In 1892, Aleksandr Lyapunove (1857-1918) gave his classical Lyapunove stability

theorem which is stated as: A system of differential equations is asymptotically stable

if all eigenvalues of the coefficient matrix have real part less than zero [6]. The classical

Lyapunove stability theorem for a system of Dif Eq’s is stated as: A system of Dif Eq’s

is asymptotically stable if all the eigenvalues of the coefficient matrix have modulus
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less than one. Due to the difference between their solution and asymptotic stability

differential equations and Dif Eq’s need separate attentions.

In 1970, Datko [7] introduced a striking result about the asymptotic stability of

strongly continuous semigroup DS = {DS()}≥0 was obtained as: a strongly contin-

uous semigroup of BLO’s acting on BS is UES if and only if

∫ ∞
0

‖DS()y‖d <∞, for all y ∈ BS.

Pazy in 1972 [8] extended the result of Datko to more stronger form which he

stated as: a strongly continuous semigroup DS = {DS()}≥0 acting on BS is UES if

and only if for each x ∈ BS the following result holds

∫ ∞
0

‖DS()x‖qd <∞, for all q ≥ 1.

Rolewicz in [9] generalized the result of Pazy to one more step, this result is stated

as: if ∫ ∞
0

Ω(‖DS(t)x‖)dt <∞,

then the semigroup DS is UES, where Ω : RN → RN is a non-decreasing and non-

negative function such that Ω(0) = 0, we call this function as an RN -function.

C. Buşe and A. Zada in 2010 [10], proved a result for discrete systems as: The

system Tα+1 = ATα is UES if and only if for each i ∈ RA and each b ∈ CAn, n ∈ ZP

where A ∈Mn(CA) the solution of the Cauchy problem Tα+1 = ATα+eiiαb, α ∈ ZN

with T0 = 0 is bounded.

There are different approaches to find asymptotic behavior or long term behavior

of system of Dif Eq’s. One of the most common and efficient approach is discrete
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semigroups and discrete evolution families respectively for the autonomous and non-

autonomous Dif Eq’s. Many well known mathematicians has been worked in this area,

including its continuous case, like: Agarwal [2], Lakshmikantham [3], Datko [7],

Pazy [8,11], Rolewicz [9], Alsharawi [12], Balint [13], Brikhoff [14], Buşe [15–24,

35,46,51], Diagana [25], Engel and Nagal [26], Fink [27], Goldstein [28], Neerven

[29–32], Perron [33], Phong [34], Yosida [36], Zabczyk [37], Zada [10, 38–44],

Zheng [45], Clark [47], Elaydi [48], Räbiger and Schnaubelt [49], Besicovitch

[50], Corduneanu [52], Daletckii [53], Greiner [54], Krein [55], Naito and Minh

[56], Douglas [57], A. L. Sasu and B. Sasu [58–60], Nickel [61], Latushkin [62],

Loomis [63], Morante [64], Storozhuk [65], Weiss [66], Prüss [67], Huang [68],

Arendt and Batty [70] etc.

To find the asymptotic behavior and uniform exponential stability of different

types of discrete semigroups and discrete evolution families a lot of work has been

done. But much more attention is needed to completely cover the space. In the

onward paragraphs the chapter wise summary of my thesis is given as:

Chapter 2. This chapter contains on some basic definitions of Banach spaces,

Hilbert spaces, BLO’s, periodicity of sequences, discrete semigroups of BLO’s, discrete

evolution families and their periodicity. These definitions are included to make the

thesis self contained.

Chapter 3. This chapter contains two sections. In the first section our study is

about the UES of discrete semigroup DS = {DS(α) : α ∈ ZN }. We have generalized

the result in [10] as: the system Tα+1 = DS(1)Tα is UES if and only if for each

real number i and each ∂-periodic sequence g(α) ∈ A (A is defined in chapter 3)

with g(0) = 0, the corresponding solution of the Cauchy problem Tα+1 = DS(1)Tα +
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eii(α+1)g(α + 1) with T0 = 0 is bounded. This generalization is not smooth, here we

have also supposed that the operator eiiα
∑∂−1

ν=1 e
iiνν(∂− ν)x is not equal to zero for

every non zero x in BS. We also include some other results in this section which are

helpful in the proof of our main result.

All the results of this section is published in our research paper [38] with the link:

http://link.springer.com/article/10.1007/s12346-014-0124-x.

The second section of the chapter is continuation of the first section toward ∂-

periodic discrete evolution family. The main result of this section is stated as: Let

EF = {EF(α, β) : α, β ∈ ZN } be a ∂-periodic discrete evolution family acting on BS

and i be any real number, z(α) ∈W (W special type of space of sequences which is

explained there) with z(0) = 0 and Aα is a ∂-periodic sequence of operators. If the

corresponding solution of the Cauchy problemTα+1 = AαTα + eii(α+1)z(α + 1),

T0 = 0
(Aα,i, 0)

is bounded, then EF is UES. The results of this section is taken from our research

paper [39] with the link:

http://www.hindawi.com/journals/aaa/2014/784289/.

Chapter 4. The results of this chapter are the extensions in the results of the

first section of chapter 3 toward the new space AAP0(ZN , BS). Its main result is

stated as: The discrete semigroup DS = {DS(α) : α ∈ ZN } is UES if and only if for

each g(α) ∈ AAP0(ZN , BS) the corresponding solution of the Cauchy problemTα+1 = DS(1)Tα + g(α + 1),

T0 = 0

belongs to the space AAP0(ZN , BS). Where DS(1) is the algebraic generator of
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DS and BS is a complex Banach space. Discrete evolution semigroup approach has

been used to prove the results. We have also proved some other important results

related to this result. All the results of this chapter is published in our research pa-

per [42] with the link http://www.ems-ph.org/journals/showabstract.phpissn=0232-

2064vol=34iss=4rank=6.

Chapter 5. This chapter is also the extension of chapter 3 which is related to

the uniform exponential stability of self adjoint discrete semigroups and ∂-periodic

positive discrete evolution families. In this chapter we have included four sections.

In the first section we have recalled some definition and statements of results about

strong Rolewicz type approach from [24]. In the second section we will study the

uniform exponential stability of self adjoint discrete semigroups over Hilbert spaces.

In the third section we have extended the results of second section toward self adjoint

∂-periodic discrete evolution families. The fourth section is the extension of the third

section toward positive discrete ∂-periodic evolution families over Hilbert spaces. The

results of this chapter is taken from our research paper [40] with the link:

http://www.uab.ro/auajournal/upload/641146AUALatextemplate− 23.pdf.

Chapter 6. In this chapter we have included two sections. In the first section we

have concluded or summarized all the results of this thesis. In the second section we

have included that how in future any one can proceed these results, means we have

included the open problems of the thesis.



Chapter 2

Preliminaries

This chapter consists on some basic definitions about Banach spaces, Hilbert spaces,

BLO’s, periodicity of sequences, discrete semigroup of BLO’s, discrete evolution fam-

ilies of BLO’s with their periodicity and discrete evolution semigroup. Here we have

also given some examples to clarify these definitions. These definitions are useful for

the results given in the incoming chapters.

2.1 Banach Spaces

In this section we will study some literature about Banach spaces BS’s. BS are the

linear space on which norm is defined with the addition that it is complete as a

metric space. The study of Banach spaces need some literature about the normed

linear spaces. In this chapter we have denoted the words “normed linear space” by

NLS and the word “linear space” by LS .

2.1.1 Norm Linear Spaces

Let ||.|| denote a function from a linear space LS into RA that satisfies the following

three exioms:

9
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(i) ||ui|| ≥ 0 and ||ui|| = 0 if and only if ui = 0, for all ui ∈ LS .

(ii) ||ui + uj|| ≤ ||ui||+ ||uj||, for all ui, uj ∈ LS .

(iii) ||cui|| = |c|||ui||, for any scalar c and ui ∈ LS .

The property (iii) is known as homogeneity property and ||ui|| is called the norm of

the vector ui.

The pair (LS , ||.||) is called a NLS . If LS is a NLS with norm ||.||, it is readily checked

that the formula d(ui, uj) = ||ui − uj||, for all ui, uj ∈ LS , so d is a metric on NLS .

Thus a NLS is naturally a metric space. In the following we have given some famous

examples of NLS ’s.

• RA is a NLS with the norm ||vi|| = |vi| where |vi| denotes the modulus of vi all

over in this thesis.

• The set of all complex numbers CA is a NLS with the norm ||z|| = |z|.

• The spaces RAm and CAm are NLS ’s as well, which are called m−dimensional

Euclidean space and unitary space respectively with the norm ||x||p = (
∑n

i=1 |xi|p)
1
p .

• lp = The space of all complex sequences y = {yi} with
∑∞

i=1 |yi|p < ∞, p ≥ 1

form a NLS with the norm ||y||p = (
∑∞

i=1 |yi|p)
1
p .

• l∞ = The space of all bounded sequences y = {yi} is a NLS with the norm

||y||∞ = sup{yi}.

• The space of ∂-periodic sequences with supremum norm starting from zero is

NLS .

In the next paragraphs we have given some literature about Cauchy sequences and

completeness of a norm linear spaces.
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Definition: A NLS with norm ||.|| over the scalar filed K, then a sequence {gα} in

NLS is said to be a Cauchy sequence if for any δ > 0 we can find an integer α0 > 0

such that

||gβ − gα|| < δ,

whenever β, α ≥ α0.

Definition: A NLS is called complete if all the Cauchy sequences in NLS , say {gα}

in NLS converges to a limit point which also lies in NLS .

Definition: A NLS which is complete as a metric space is known as Banach space.

Examples: The spaces of real and complex numbers (RA and CA), are NLS respec-

tively with the norm defined by ||z|| = |z|. We also know that every Cauchy sequence

in real and complex numbers converges in RA and CA respectively. Therefor RA and

CA are complete NLS ’s and hence BS’s.

2.1.2 Hilbert Spaces

The literature about Hilbert spaces has been introduced by Von Neumann and he

along with Hilbert, Stone, Riesz and some others mathematicians set the foundations

of this important space. The literature about the structure of Hilbert spaces may be

found in many textbooks written on functional analysis. One of the most authentic

book on Hilbert spaces is [69]. The prerequisite definition for Hilbert space is the

inner product space. Let HS be a linear space then the inner product is a mapping

〈., .〉 : HS ×HS 7→ CA which satisfies the given four conditions:

(i) 〈$i +$j, $k〉 = 〈$i, $k〉+ 〈$j, $k〉, for all $i, $j, $k ∈ HS.

(ii) 〈$i, $j〉 = 〈$j, $i〉, for all $i, $j ∈ HS and bar denotes the complex conjugate.

(iii) 〈λ $i, $j〉 = λ〈$i, $j〉, ∀ $i, $j ∈ HS and λ is any complex or real scalar.
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(iv) 〈$i, $i〉 ≥ 0 and 〈$i, $i〉 = 0, if and only if $i = 0, ∀ $i ∈ HS.

The pair (HS, 〈., .〉) is called pre Hilbert space or inner product space.

Definition: A complete pre Hilbert space is also called Hilbert space.

Examples: RA , CA , RAn and CAn where n ∈ ZP are the most popular examples of

Hilbert spaces with specific inner product function.

Remark 2.1.1. A Banach space will become a Hilbert space if its norm also obey the
parallelogram law. In other words if we have a Banach space BS such that

‖$i +$j‖2 + ‖$i −$j‖2 = 2‖$i‖2 + 2‖$j‖2,

for all $i, $j ∈ BS then BS is actually a Hilbert space.

Remark 2.1.2. Every Hilbert space is Banach space with ‖hi‖2 = 〈hi, hi〉 but the

converse is not true. If we take lp = RAn with the norm ||u||n = (
∑n

i=1 |ui|n)
1
n , n 6= 2

and n is an integer greater than 1, is a norm linear space but not a Hilbert space
because it does not satisfy parallelogram law.

2.1.3 Bounded Linear Operators

In this section we will study about bounded linear operators BLO’s. In literature

linear operator is also known with name of linear transformation and vector space

homomorphism.

Definition: Let (BS1, ||.||1) and (BS2, ||.||2) be two Banach spaces over K where

K is the scalar field. A mapping ϑ : D(ϑ) ⊆ BS1 7→ BS2 satisfying the property

ϑ(a1x + a2y) = a1ϑ(x) + a2ϑ(y) for all x, y ∈ D(ϑ) and a1, a2 ∈ K, is called a linear

transformation or a linear operator.

Definition: Let (BS1, ||.||1) and (BS2, ||.||2) be two Banach spaces over the same field

K. An operator ϑ : D(ϑ) ⊆ BS1 7→ BS2 is called bounded if there exists real constant

N > 0, such that ||ϑ(w)||2 ≤ N ||w||1, for all w ∈ BS1.

Definition: Let (BS1, ||.||1) and (BS2, ||.||2) be two Banach spaces over the same



13

field K. An operator ϑ : D(ϑ) ⊆ BS1 7→ BS2 is called bounded linear operator if it is

bounded and linear at the same time.

Definition: Let (BS1, ||.||1) and (BS2, ||.||2) be two Banach spaces over the same field

K. An operator ϑ : D(ϑ) ⊆ BS1 7→ BS2 is said to be power bounded if there exists

real constant N > 0, such that ||ϑn(w)||2 ≤ N ||w||1, for all w ∈ BS1, where n is a

positive integer.

Definition: A BLO ϑ : D(HS) ⊆ HS 7→ HS is said to be positive if 〈ϑ(w), w〉 ≥ 0,

for every w ∈ HS.

Definition: The adjoint of a BLO ϑ1 is another BLO ϑ2 which satisfies the property

〈ϑ1(u), v〉 = 〈u, ϑ2(v)〉, where u, v ∈ HS. The adjoint of a BLO ϑ1 is denoted by ϑ1
∗.

Definition: A BLO ϑ is said to be self adjoint if ϑ = ϑ∗.

Definition: A subspace M of a Hilbert space HS is called invariant subspace under

a BLO ϑ if ϑ(M) ⊆M .

The collection of all BLO’s from BS1 to BS2 is denoted by B(BS1, BS2) and from

BS to BS is denoted by B(BS). The set of all BLO’s B(BS1, BS2) and B(BS) satisfies

all the properties of Banach algebra. In the next section we will discuss some types

of periodicity of sequences.

2.2 Periodicity of Sequences

In this section we will study about different types of periodicity. There are many

physical phenomena which retrace their path. The retraction of a physical phenom-

ena is mainly divided into three parts.

(i) Exactly retraction.
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(ii) Almost retraction.

(iii) Asymptotically almost retraction.

2.2.1 Periodic Sequences

The sequence for the physical phenomena which exactly retrace their path is known as

periodic sequence. Mathematically a sequence s1, s2, s3, ... is called periodic sequence

if it satisfies sn+∂ = sn for all n ∈ ZN , where ∂ ≥ 2 is called the period of the sequence.

The sequence of non-negative integers power of −1 is +1,−1,+1,−1,+1,−1,+1.

This is the most common example of periodic sequence with period 2. Similarly

SHM (simple harmonic motion) is also a type of periodic motion. If fn and gm are

two ∂-periodic sequences then its sums and products are also ∂-periodic sequences.

The set of all ∂-periodic sequences in BS is denoted by P (ZN , BS). Clearly P (ZN , BS)

is vector space over the scalar fields of RA and CA .

Remark 2.2.1. Periodic sequence need not to be bounded e.g fn = tan(no) where
n ∈ ZN .

2.2.2 Almost Periodic Sequences

The notion of almost periodicity of sequences was introduced by Harald Bohr and later

it was generalized by Vyacheslav Stepanov, Hermann Weyl and Abram Samoilovitch

Besicovitch. Beside these, many other mathematicians and physicists also have been

worked on almost periodicity. Almost periodicity is that property of a sequence that

appear to repeat their paths through a same phase but not exactly. The famous

example of almost periodic sequence is the planetary system in which planets move

in an orbits with periods that are not commensurable. An almost periodic sequence is
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a sequence that is periodic to within some desired level of accuracy. Mathematically a

sequence fr in BS is said to be almost periodic sequence if for any positive real number

δ there exists a positive integer M(δ) such that any set consisting of M consecutive

integers contains at least one integer q with the property that ‖ f(r+∂) − f(r) ‖< δ ;

r ∈ ZN , here ∂ is called an δ almost period of fr. For example consider the sequence

g(r) = sin2πr + sin2πr
√

2. This sequence is not periodic for any value of ∂ which

satisfies the equation of the form g(r+∂) = g(r). But this sequence clearly satisfies the

definition of almost periodic sequence.

Remark 2.2.2. Almost periodic sequences are the type of such sequences which lies
between periodic and non-periodic sequences.

More explanation about periodic and almost periodic sequences we recommend

[50,52].

2.2.3 Asymptotically Almost Periodic Sequences

In literature a sequence is said to be asymptotically almost periodic if its terms ap-

proach to some periodic sequence. Mathematically a sequence s1, s2, s3, ... is asymp-

totically almost periodic sequence if there exists a periodic sequence r1, r2, r3, ... for

which limn→∞(sn−rn) = 0. For example the sequence 1/3, 2/3, 1/4, 3/4, 1/5, 4/5, ...

is asymptotically almost periodic sequence, because its terms approaches to a se-

quence 0, 1, 0, 1, 0, 1, ..., which is a periodic sequence of period 2.

Remark 2.2.3. In asymptotically almost periodic sequences sn, n ∈ ZN we see that
in initial stages it is non-periodic sequences but for greater values of n it is seem to
be almost periodic sequence but when n → ∞ its behavior is totally like a periodic
sequence. For example in 1/3, 2/3, 1/4, 3/4, 1/5, 4/5, ... . Clearly it become
periodic when n→∞. So our observation reveals that asymptotically almost periodic
sequences enjoys all the three property at the same time i.e non periodicity, almost
periodicity and periodicity.

In the next section we have given the literature about discrete semigroups of BLO’s.
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2.3 Discrete Semigroups

As discrete semigroups of BLO’s are naturally arises from autonomous system of Dif

Eq’s. So in the first subsection we have given the literature about the autonomous

system of Dif Eq’s. In the second subsection we have given the relationship of Dif

Eq’s and discrete semigroups. The third subsection is consisted on some types of

discrete semigroups.

2.3.1 Autonomous System of Difference Equations

Here we have consider the system of Dif Eq’s given by

y1(γ) = c11y1(γ) + c12y2(γ) + · · ·+ c1kyk(γ)

y2(γ) = c21y1(γ) + c22y2(γ) + · · ·+ c2kyk(γ)

y3(γ) = c31y1(γ) + c32y2(γ) + · · ·+ c3kyk(γ)

...
... =

...
...

...
...

...
... =

...
...

...
...

yk(γ) = ck1y1(γ) + ck2y2(γ) + · · ·+ ckkyk(γ),

where γ ∈ ZN . The above system of Dif Eq’s can compactly be expressed in the

vector form as given below

yγ+1 = Cyγ, (2.3.1)
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where

C =



c11 c12 c13 . . . c1k

c21 c22 c23 . . . c2k

c31 c32 c33 . . . c3k
...

...
...

...
...

ck1 ck2 ck3 . . . ckk


.

The system (2.3.1) is called autonomous system of Dif Eq’s, i.e. the matrix C has

constant entries.

2.3.2 Relation of Autonomous Difference Equations and Dis-
crete Semigroups

The idea of discrete semigroup is naturally arises from autonomous system of Dif

Eq’s. We start with the following difference equation

yγ+1 = Pyγ

y(0) = y0,

where P ∈ B(BS), yγ ∈ BS and γ ∈ ZN . The solution of this difference equation can

be found by recursion relation as follows.

As

y1 = Py0

y2 = P 2y0

...

yγ = P γy0.

Thus the solution of above difference equation is given by yγ = P γy0. Clearly the

solution yγ = P γy0 mainly depend upon the initial condition y0 and P γ. If the initial
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condition y0 is given then the only option to study is P γ. If we put DS(γ) = P γ

then in DS we can easily observe that DS(γi + γj) = DS(γi).DS(γj). The equation

DS(γi + γj) = DS(γi).DS(γj) where γi, γj ∈ ZN is known as functional equation. In

continuous case the functional equation was first observed by A. L. Cauchy (1789−

1857) in 1821 [4]. Now we are in the position to define discrete semigroup.

Definition: The family DS = {DS(α) : α ∈ ZN } of all BLO’s acting on BS, which

satisfies the given two conditions below:

• DS(0) = Iid.

• DS(α + β) = DS(α)DS(β) for all α, β ∈ ZN ,

is called the discrete semigroup. It is clear from the definition of discrete semigroup

DS that DSr(1) = DS(r) for all r ∈ ZN , where DS(1) is known as the generator of

DS . The growth bound of DS is expressed by ω0(DS) and is defined as: ω0(DS) :=

infr∈ZN {ω ∈ RA : there exists Nω ≥ 1 such that ‖DS(r)‖ ≤ Nωe
ωr}. It is well known

that the family DS is UES if ω0(DS) is less than zero or equivalently if there exist

N ≥ 1 and ω > 0 such that ‖DS(r)‖ ≤ Ne−ωr for all r ∈ ZN . A discrete semigroup

DS is called asymptotically stable if limr→∞ ‖DS(r)y‖ = 0 for all y ∈ BS. Clearly

we can see that every UES discrete semigroup is asymptotically stable. For further

details we refer [11,30].

2.3.3 Some Types of Discrete Semigroups

Here we have given some special types of discrete semigroups which is used in the

incoming chapters.

Definition: A bounded linear operator S acting on HS is said to be positive if

〈S(α), α〉 ≥ 0, for every α ∈ HS. DS is said to be positive if all of its operators are
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positive.

Definition: The adjoint of a BLO S acting on HS is another BLO S ′ acting on

HS which satisfies the property 〈S(u), v〉 = 〈u, S ′(v)〉, here u, v ∈ HS. The adjoint

of a BLO S in literature is denoted by S∗.

Definition: A BLO S is said to be self adjoint, if S = S∗. DS is said to be self

adjoint, if each operator in DS is self adjoint. For more details we refer [30].

The next section is about discrete evolution families with some of its important prop-

erties.

2.4 Discrete Evolution Families

Discrete evolution families of BLO’s are naturally arises from the non-autonomous

Dif Eq’s, so in the first subsection we will study about the non-autonomous system

of Dif Eq’s. In the second subsection we will study the relation of discrete evolution

family and non-autonomous Dif Eq’s. In the third subsection we will study about

the periodicity of discrete evolution family. The fourth subsection consists on some

types of discrete evolution families.
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2.4.1 Non-autonomous System of Difference equations

First we consider the system of Dif Eq’s given by

y1(γ) = c11(γ)y1(γ) + c12(γ)y2(γ) + · · ·+ c1k(γ)yk(γ)

y2(γ) = c21(γ)y1(γ) + c22(γ)y2(γ) + · · ·+ c2k(γ)yk(γ)

y3(γ) = c31(γ)y1(γ) + c32(γ)y2(γ) + · · ·+ c3k(γ)yk(γ)

...
... =

...
...

...
...

...
... =

...
...

...
...

yk(γ) = ck1(γ)y1(γ) + ck2(γ)y2(γ) + · · ·+ ckk(γ)yk(γ).

The above system of Dif Eq’s can compactly be expressed in the vector form as given

below

yγ+1 = C(γ)yγ, (2.4.1)

where

C(γ) =



c11(γ) c12(γ) c13(γ) . . . c1k(γ)

c21(γ) c22(γ) c23(γ) . . . c2k(γ)

c31(γ) c32(γ) c33(γ) . . . c3k(γ)
...

...
...

...
...

ck1(γ) ck2(γ) ck3(γ) . . . ckk(γ)


,

γ ∈ ZN . The system (2.4.1) is called non-autonomous system of Dif Eq’s, i.e. the

matrix C has variable entries. In the next section we have given about evolution

families and its relationship with non-autonomous system of Dif Eq’s.

2.4.2 Relation of Non-autonomous Difference equations and
Discrete Evolution Families

To find the relationship between non-autonomous Dif Eq’s and discrete evolution

families first we will define discrete evolution family. The family EF = {EF(α, β) :
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α, β ∈ ZN where α ≥ β} of BLO’s acting on BS, is called discrete evolution family

if it satisfies the following two properties:

• EF(α, α) = I
id, α ∈ ZN .

• EF(α, β)EF(β, γ) = EF(α, γ), where α ≥ β ≥ γ, α, β, γ ∈ ZN .

Discrete evolution families are naturally arises from the solution of non-autonomous

difference equation. In the following we will study an example of a non-autonomous

difference equation whose solution leads to a discrete evolution family of BLO’s. Let

us consider the Cauchy’s problem

Tα+1 = KαTα + g(α + 1) , T0 = g(0), (Kα, gα)

where Kα is BLO and α ∈ ZN .

The solution of (Kα, gα) is

Tα =
α∑
γ=0

EF(α, γ)g(γ),

where

EF(α, γ) =

Kα−1Kα−2 . . . Kγ, if γ ≤ α− 1

Iid, if γ = α.

Now it is easy to study that the above family EF(α, γ)α≥γ≥0 satisfies all the properties

of a discrete evolution family. EF is said to be exponentially bounded, if there exist

ω ∈ RN and Mω ≥ 0 such that

‖EF(α, γ)‖ ≤Mωe
ω(α−γ), for all α ≥ γ. (2.4.2)

The growth bound of exponentially bounded discrete evolution family EF is defined

by the minimum value of ω ∈ RN such that (2.4.2) holds. The growth bound of
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exponentially bounded EF is denoted by ω0(EF). The discrete evolution family EF

is UES if its growth bound is negative. Clearly we can see that every UES discrete

evolution family is asymptotically stable. For more details see [10, 41, 47, 49]. In the

next subsection we have given the important properties of discrete evolution families

regarding its different types of periodicity.

2.4.3 Periodicity of Discrete Evolution Families

Discrete evolution family EF is called ∂-periodic if it satisfies the property that EF(α+

∂, β + ∂) = EF(α, β), where α ≥ β, ∂ ≥ 2, α, β, ∂ ∈ ZN . Periodic discrete evolution

family is also naturally arises from the solution of non-autonomous periodic difference

equation. In the following we will study an example of a non-autonomous periodic

difference equation whose solution leads to a periodic evolution family of BLO’s. Let

us consider the Cauchy’s problem

Tα+1 = PαTα + g(α + 1) , T0 = g(0), (Pα, gα)

where Pα is a periodic BLO and α ∈ ZN .

The solution of (Pα, gα) is

Tα =
α∑
γ=0

EF(α, γ)g(γ),

where

EF(α, γ) =

Pα−1Pα−2 . . . Pγ, if γ ≤ α− 1

I
id, if γ = α.

It can easily be check that the above family EF(α, γ)α≥γ≥0 satisfies all the properties

of periodic discrete evolution family.

Remark 2.4.1. For a large value of α, periodic discrete evolution family have a big
advantage over the non-periodic discrete evolution family because here much time can
be saved in calculations.
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Similarly if for each x ∈ BS and s ∈ ZN the function α→ EF(α + s, α)x ∈ BS is

almost periodic then EF is said to be almost periodic discrete evolution family.

2.4.4 Some Types of Discrete Evolution Families

Now we going to study some types of discrete evolution families which is used in the

incoming chapters.

Definition: A BLO B, acting on a HS, is said to be positive if 〈B(β), β〉 ≥ 0 for

every β ∈ HS. A discrete evolution family is said to be positive if each operator in

EF is positive.

Definition: Discrete evolution family EF is said to be self-adjoint if every operator

EF(α, β) with α ≥ β, become self-adjoint.

Definition: Discrete evolution family EF is said to be normal if every operator

EF(α, β) with α ≥ β, become normal.

In the next section we will study about discrete evolution semigroup.

2.5 Discrete Evolution Semigroups

For the autonomous systems of Dif Eq’s there are a lot of spectral criteria which

characterizes different types of stabilities and asymptotic behavior of such autonomous

systems. Unfortunately these spectral characterizations are no longer valid for the

non-autonomous systems of Dif Eq’s. This is principally due to the fact that the

forcing term which arises in the solution of non-autonomous systems of Dif Eq’s can

not be seen as classical convolutions. This situation of a non-autonomous system

of Dif Eq’s lead to the idea of discrete evolution semigroup. Now we have defined

discrete evolution semigroup associated to evolution family EF as follows.
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Let EF := {EF(α, β) : α, β ∈ ZN , α ≥ β} be the discrete evolution family of BLO’s

acting on some Banach space BS. The discrete evolution semigroup V := {V(α), α ∈

ZN } associated to the family EF can be defined as:

(V(β)W)(α) =

{
EF(β, α− β)W(α− β), if α ≥ β,

0, if 0 ≤ α < β,

where eachW ∈ X(ZN , BS) where X(ZN , BS) is the space of bounded sequences from

ZN to BS. For more details about evolution semigroups see [23, 49].



Chapter 3

Asymptotic Behavior of Discrete
Semigroups and Discrete Evolution
Families Over Periodic Sequences

This chapter contains two main sections. In the first section we will study the asymp-

totic behavior or ultimate behavior of discrete semigroups arises from the autonomous

linear Dif Eq’s. In particular we have provided sufficient conditions on the basis of

known quantities in a given system so that all its solutions tends to zero or remain

bounded as the independent variable(s) tends to infinity. Practically the results we

have discussed are very important because it is expected that these results will save

our time and energy as we do not need the explicit form of their solutions. All the

results of the first section are taken from our research paper [38], with the internat

link:

http://link.springer.com/article-/10.1007/s12346-014-0124-x.

The second section is the extension of the first section toward discrete evolution

families. Here we have also provided sufficient conditions on the basis of some known

quantities for a non-autonomous linear difference system of equations so that all of

its solutions tends to zero or remain bounded as the independent variable(s) tends

25
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to infinity. These results are also important because it is expected that these results

will save our time and energy as we do not need the explicit form of their solutions.

All the results of this section is taken from our research paper [39] with the link:

http://www.hindawi.com/journals/aaa/2014/784289/.

3.1 Asymptotic Behavior of Discrete Semigroups

Over Periodic Sequences

For the sake of the better understanding of the main results of this section we need

to study some terminologies and results from the literature to make this section self

contained. Let P ∂
0 (ZN , BS) be the space of ∂-periodic sequences from ZN to BS in

which each sequence start from zero and q ≥ 2 with supremum norm. Also it is

well known that for any LB ∈ B(BS) then r(LB) := limβ→∞ ‖LBβ‖
1
β . Specifically

r(DS(1)) := limβ→∞ ‖DS(1)β‖
1
β .

Lemma 3.1.1. Let LB ∈ B(BS) and Mi is any positive real constant if the inequality

sup
m∈ZN

‖
β∑
k=0

eiikLB
k‖ = Mi <∞, for all i ∈ RA , (3.1.1)

hold then r(LB) < 1 [46].

Consequently from the above lemma next lemma is stated as.

Lemma 3.1.2. A discrete semigroup DS = {DS(α)}α≥0 is UES if r(DS(α)) < 1 [46].

In the next lemma we have combined the above two lemmas.

Lemma 3.1.3. A discrete semigroup DS = {DS(α)}α≥0 is UES if there exists a
positive real constant Mi such that

sup
α∈ZN

‖
β∑
k=0

eiikDS(α)k‖ = Mi <∞, for all i ∈ RA , (3.1.2)

hold.
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Recently C. Buse and A. Zada in [10], proved a result for a discrete systems as:

The system Tα+1 = ATα is UES if and only if for each i ∈ RA and each b ∈ CAn,

where A is a square matrix of order n then the corresponding solution of the discrete

Cauchy problem Tα+1 = ATα + eiiαb, α ∈ ZN with T0 = 0 is bounded. In this

chapter we have not only enhanced this result but also used an easy approach to

prove the result. Before going to our result here we will construct a new space of

sequences which will be required in the proof of the result.

Let us divide α by ∂ i.e. α = M∂ + r where α,M ∈ ZN and r ∈ {0, 1, . . . , ∂ − 1}.

For each k ∈ ZN , we consider a subset Bk := {1 + k∂, 2 + k∂, . . . , ∂ − 1 + k∂}

of {0, 1, 2, . . . , α}. Also let BM := {M∂ + 1,M∂ + 2, . . . ,M∂ + r} if r ≥ 1 and

C := {0, ∂, 2∂, . . . ,M∂} then clearly

∪M−1k=0 Bk ∪BM ∪ C = {0, 1, 2, . . . , α}.

So according to the above partition we have constructed a space of sequences A of

the form

g(ξ) =


(ξ − k∂)[(1 + k)∂ − ξ]DS(ξ − k∂)x, if ξ ∈ Bk,

ξ(∂ − ξ)DS(ξ)x, if ξ ∈ BM ,

0, if ξ ∈ C.

Clearly A is the subspace of P ∂
0 (ZN , BS)

Here we are in the position to state and prove the main result in this section.

Theorem 3.1.4. Let DS(1) be the algebraic generator of DS = {DS(α) : α ∈ ZN }
acting on BS and i ∈ RA. Then the following two results holds.
(1) If the system Tα+1 = DS(1)Tα is UES then for each i and each ∂-periodic bounded
sequence g(α) with g(0) = 0, then the corresponding solution of the Cauchy problem{

Tα+1 = DS(1)Tα + eii(α+1)g(α + 1),

T0 = 0
(DS(1),i, 0)
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is bounded.
(2) If for each i and each ∂-periodic sequence g(α) in A the corresponding solution
of the Cauchy problem (DS(1),i, 0) is bounded, here we have also supposed that the
operator eiiα

∑∂−1
ν=1 e

iiνν(∂−ν)x is not equal to zero for every non zero x in BS, then
DS is UES.

Proof. (1) Suppose that if DS is UES then we have shown that the corresponding

solution Tα of (DS(1),i, 0) is bounded.

Given that DS is UES thus there exist two positive constants M ′ and i such

that ‖DS(α)‖ ≤ M ′e−iα, for all α ∈ ZN . The corresponding solution of the Cauchy

problem (DS(1),i, 0) is given after some easy calculation as:

Tα =
α∑
ξ=0

eiiξDS(α− ξ)g(ξ). (3.1.3)

Taking norm of both sides

‖Tα‖ = ‖
α∑
ξ=0

eiiξDS(α− ξ)g(ξ)‖

≤
α∑
ξ=0

‖eiiξDS(α− ξ)g(ξ)‖

=
α∑
ξ=0

‖eiiξ‖‖DS(α− ξ)‖‖g(ξ)‖

=
α∑
ξ=0

‖DS(α− ξ)‖‖g(ξ)‖

≤
α∑
ξ=0

M ′e−i(α−ξ)M ′′

where M ′′ is the supremum of g(ξ)

= M ′′′e−iα
α∑
ξ=0

eiξ as we can put M ′′′ = M ′M ′′

≤ M ′′′.

So ‖Tα‖ ≤ M ′′′, this shows that the corresponding solution of the Cauchy problem
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(DS(1),i, 0) is bounded.

(2). Now we have to prove the second part of the theorem. As we know that the

corresponding solution of the Cauchy problem (DS(1),i, 0) is Tα =
∑α

ξ=0 e
iiξDS(α−

ξ)g(ξ). Where the sequence g(ξ) ∈ A.

Thus

Tα =
α∑
ξ=0

eiiξDS(α− ξ)g(ξ)

=
∑

ξ∈∪M−1
k=0 Bk∪BM∪C

eiiξDS(M∂ + r − ξ)g(ξ)

=
∑

ξ∈∪M−1
k=0 Bk

eiiξDS(M∂ + r − ξ)g(ξ)

+
∑
ξ∈BM

eiiξDS(M∂ + r − ξ)g(ξ)

+
∑
ξ∈C

eiiξDS(M∂ + r − ξ)g(ξ)

=
M−1∑
k=0

(∂−1+k∂)∑
ξ=1+k∂

eiiξDS(M∂ + r − ξ)g(ξ)

+
M∂+r∑
ξ=M∂+1

eiiξDS(M∂ + r − ξ)g(ξ)

= K1 +K2.

Where
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K1 =
M−1∑
k=0

(∂−1+k∂)∑
ξ=1+k∂

eiiξDS(M∂ + r − ξ)(ξ − k∂)[∂ − (ξ − k∂)]DS(ξ − k∂)x

=
M−1∑
k=0

DS(M∂ + r − k∂)

(∂−1+k∂)∑
ξ=1+k∂

eiiξ(ξ − k∂)[∂ − (ξ − k∂)]x

=
M−1∑
k=0

DS(M∂ + r − k∂)eiik∂
∂−1∑
ν=1

eiiνν(∂ − ν)x

=
M−1∑
k=0

e−ii(M∂+r−k∂)DS(M∂ + r − k∂)eii(M∂+r)

∂−1∑
ν=1

eiiνν(∂ − ν)x

=
r+M∂∑
ω=r+∂

e−iiωDSω(1)eiiα
∂−1∑
ν=1

eiiνν(∂ − ν)x

=
α∑

ω=r+∂

e−iiωDSω(1)V (x)

with V (x) = eiiα
∂−1∑
ν=1

eiiνν(∂ − ν)x with the given assumption that V (x) 6= 0,

and

K2 =
r−1∑
ρ=0

eii(M∂+r−ρ)DS(ρ)g(M∂ + r − ρ)x

=
r−1∑
ρ=0

eii(M∂+r−ρ)DS(ρ)g(r − ρ)x as g(ξ) is ∂ − periodic.

Hence,

α∑
ξ=0

eiiξDS(α− ξ)g(ξ) =
α∑

ω=r+∂

e−iiωDSω(1)V (x) +
r−1∑
ρ=0

eii(α−ρ)DS(ρ)g(r − ρ)x.

As we have assumed Tα is bounded i.e.

‖Tα‖ = sup
α≥0
‖

α∑
ξ=0

eiiξDS(α− ξ)g(ξ)‖ <∞.

Thus

sup
α≥0
‖

α∑
ω=r+∂

e−iiωDSω(1)V (x) +
r−1∑
ρ=0

eii(α−ρ)DS(ρ)g(r − ρ)x‖ <∞.
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Which implies that

sup
α≥0
‖

α∑
ω=r+∂

e−iiωDSω(1)V (x)‖ <∞,

i.e.

sup
α≥0
‖

α∑
ω=r+∂

e−iiωDSω(1)‖ <∞.

Thus by Lemma (3.1.3) DS is UES.

Corollary 3.1.5. The system Tα+1 = DS(1)yα is UES if and only if for every ∂-
periodic bounded sequence g(α) ∈ A with g(0) = 0 and every real number i the
corresponding solution of the Cauchy problem (DS(1),i, 0) is bounded.

3.2 Asymptotic Behavior of Discrete Evolution Fam-

ilies Over Periodic Sequences

In this section we will extend the results of the previous section toward periodic dis-

crete evolution family. we will study the ultimate or asymptotic behavior of solutions

of non-autonomous linear difference systems. Specially we have provided a sufficient

conditions on solutions of non-autonomous linear difference systems in which some of

quantities are known in a given system then how all its solutions remain bounded or

tend to zero as the independent variable tends to infinity.

We recall some definitions and results from the literature to clarify the main result

of this section. If EF is exponentially bounded, that is there exist two constants i.e

ω ∈ RA and Mω ≥ 0 such that

‖EF(α, ξ)‖ ≤Mωe
ω(α−ξ), for all α ≥ ξ. (3.2.1)

The growth bound of exponentially bounded EF is defined by ω0(EF) := inf{ω ∈

RA : there exist Mω ≥ 0 such that (3.2.1) holds}. EF is said to be UES if its growth

bound is negative.
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Let us take the following discrete Cauchy problem:Tα+1 = AαTα + eii(α+1)g(α + 1), α ∈ ZN

T0 = 0 .
(Aα,i, 0)

Where Aα is the sequence of ∂-periodic operators i.e. A(α+∂) = Aα for all α ∈

ZN and a fixed ∂ ≥ 2. Then the corresponding solution of the discrete Cauchy

problem (Aα,i, 0) is

Tα =
α∑
ξ=1

eiiξEF(α, ξ)g(ξ).

Where

EF(α, ξ) =

Aα−1Aα−2 . . . Aξ, if ξ ≤ α− 1

I, if ξ = α.

Clearly the family {EF(α, ξ)}α≥ξ≥0 is a discrete ∂-periodic evolution family.

In the next paragraph we have recalled some statements of lemmas from [46] so

that this section will be self contained.

Lemma 3.2.1. Let BLO ∈ B(BS) and Mi is positive constant, if the inequality

sup
α∈ZN

‖
α∑
ξ=0

eiiξ(BLO)ξ‖ = Mi <∞, for all i ∈ RA , (3.2.2)

hold then r(BLO) < 1.

Lemma 3.2.2. The discrete ∂-periodic evolution family EF is UES if r(EF(∂, 0)) < 1.

In the literature EF(∂, 0) is known as Poincare map or manodramy operator. In

the next lemma we combine the above two lemmas.

Lemma 3.2.3. The ∂-periodic discrete evolution family EF is UES if the inequality

sup
α∈ZN

‖
α∑
ξ=0

eiiξ(EF)ξ‖ = Mi <∞, for all i ∈ RA , (3.2.3)

hold here Mi is positive constant.
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To prove the major result in this section we need to construct a new space of

sequences. In this regard here we divide α by ∂ i.e. α = M∂ + r for some α, ∂,

M ∈ ZN , where r ∈ {0, 1, . . . , ∂ − 1}.

For each k ∈ ZN , we consider the set Bk := {1 + k∂, 2 + k∂, . . . , (k + 1)∂ − 1}, also

let BM := {M∂ + 1,M∂ + 2, . . . ,M∂ + r} if r ≥ 1 and C := {0, ∂, 2∂, . . . ,M∂} then

clearly

∪M−1k=0 Bk ∪BM ∪ C = {0, 1, 2, . . . , α}.

So according to the above partition we can construct a space of sequences W of the

form

g(ξ) =


(ξ − k∂)[(1 + k)∂ − ξ]EF(ξ − k∂, 0), if ξ ∈ Bk,

ξ(∂ − ξ)EF(ξ, 0), if ξ ∈ BM ,

0, if ξ ∈ C.

Clearly W is the subspace of P ∂
0 (ZN , BS).

Now we are in position to state and prove the major result of this section.

Theorem 3.2.4. Let EF = {EF(α, ξ) : ξ, α ∈ ZN } be a discrete ∂-periodic evo-
lution family on BS, i is any real number and g(α) ∈ W. If the sequence Tα =
α∑
ξ=1

eiiξEF(α, ξ)g(ξ) is bounded then EF is UES.

Proof.

As the corresponding solution of the Cauchy problemTα+1 = AαTα + eii(α+1)g(α + 1)

T0 = 0,

in terms of discrete evolution family EF(α, ξ) is Tα =
∑α

l=0 e
iiξEF(α, ξ)g(ξ) where
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g(ξ) ∈W

Tα =
α∑
ξ=1

eiiξEF(α, ξ)g(ξ) =
M∂+r∑
ξ=1

eiiξEF(M∂ + r, ξ)g(ξ)

=
∑

ξ∈∪M−1
k=0 Bk∪BM∪C

eiiξEF(M∂ + r, ξ)g(ξ)

=
∑

ξ∈∪M−1
k=0 Bk

eiiξEF(M∂ + r, ξ)g(ξ)

+
∑
ξ∈BM

eiiξEF(M∂ + r, ξ)g(ξ)

+
∑
ξ∈C

eiiξEF(M∂ + r, ξ)g(ξ)

=
M−1∑
k=0

∂−1+k∂∑
ξ=1+k∂

eiiξEF(M∂ + r, ξ)g(ξ)

+
M∂+r∑
ξ=M∂+1

eiiξEF(M∂ + r, ξ)g(ξ)

+
∑
ξ∈C

eiiξEF(M∂ + r, ξ)g(ξ)

=
M−1∑
k=0

∂−1+k∂∑
ξ=1+k∂

eiiξEF(M∂ + r, ξ)(ξ − k∂)[(1 + k)∂ − ξ]EF(ξ − k∂, 0)

+
M∂+r∑
ξ=M∂+1

eiiξEF(M∂ + r, ξ)ξ(∂ − ξ)EF(ξ, 0)

+
∑
ξ∈C

eiiξEF(M∂ + r, ξ)0

=
M−1∑
k=0

∂−1+k∂∑
ξ=1+k∂

eiiξEF(M∂ + r, ξ)(ξ − k∂)[(1 + k)∂ − ξ]EF(ξ − k∂, 0)

+
M∂+r∑
ξ=M∂+1

eiiξEF(M∂ + r, ξ)ξ(∂ − ξ)EF(ξ, 0)

= X1 +X2,



35

where

X1 =
M−1∑
k=0

∂−1+k∂∑
ξ=1+k∂

eiiξEF(M∂ + r, ξ)(ξ − k∂)[(1 + k)∂ − ξ]EF(ξ − k∂, 0)

and

X2 =
M∂+r∑
ξ=M∂+1

eiiξEF(M∂ + r, ξ)ξ(∂ − ξ)EF(ξ, 0).

Now to further simplify X1

X1 =
M−1∑
k=0

∂−1+k∂∑
ξ=1+k∂

eiiξEF(M∂ + r, ξ)(ξ − k∂)[(1 + k)∂ − ξ)]EF(ξ − k∂, 0)

=
M−1∑
k=0

∂−1+k∂∑
ξ=1+k∂

eiiξEF(M∂ + r, ξ)(ξ − k∂)[(1 + k)∂ − ξ)]EF(ξ, k∂)

=
M−1∑
k=0

∂−1+k∂∑
ξ=1+k∂

eiiξEF(M∂ + r, k∂)(ξ − k∂)[(1 + k)∂ − ξ)]

=
M−1∑
k=0

EF(M∂ + r, k∂)
∂−1+k∂∑
ξ=1+k∂

eiiξ(ξ − k∂)[(1 + k)∂ − ξ)]

=
M−1∑
k=0

EF(M∂ + r, k∂)
∂−1+k∂∑
ξ=1+k∂

eiiξ(ξ − k∂)[∂ − (ξ − k∂)]

=
M−1∑
k=0

EF(r, 0)EF
M−k(∂, 0)eiik∂

∂−1∑
v=1

eiivv(∂ − v)

= EF(r, 0)
∂−1∑
v=1

eiivv(∂ − v)
M−1∑
k=0

eiik∂EF
M−k(∂, 0)

= EF(r, 0)
∂−1∑
v=1

eiivv(∂ − v)
M∑
m=1

eii∂(m−M)EF
m(∂, 0)

= EF(r, 0)
∂−1∑
v=1

eiivv(∂ − v)e−ii∂M
M∑
m=1

eii∂mEF
m(∂, 0)

= H(i, ∂)
M∑
m=1

eii∂mEF
m(∂, 0),
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where H(i, ∂) = EF(r, 0)
∑∂−1

v=1 e
iivv(∂ − v)e−ii∂M 6= 0, also

X2 =
M∂+r∑
ξ=M∂+1

eiiξEF(M∂ + r, ξ)ξ(∂ − ξ)EF(ξ, 0)

=
M∂+r∑
ξ=M∂+1

eiiξEF(M∂ + r, 0)ξ(∂ − ξ)

= EF(M∂ + r, 0)
M∂+r∑
ξ=M∂+1

eiiξξ(∂ − ξ).

Hence,

α∑
ξ=0

eiiξEF(α, ξ)g(ξ) = H(i, ∂)
M∑
m=1

eii∂mEF
m(∂, 0)x

+EF(M∂ + r, 0)
M∂+r∑
ξ=M∂+1

eiiξξ(∂ − ξ)

As Tα+1 is bounded, so we have X1 is bounded i.e. sup
M≥0‖

∑M
m=0 e

ii∂mEF
m(∂, 0)‖ <

∞, now applying Lemma (3.2.3) we obtained that EF is UES and this completes the

proof.



Chapter 4

Asymptotic Behavior of Discrete
Semigroups and Almost Periodic
Sequences

In this chapter we will extend the results of chapter 3 to the space AAP0(ZN , BS),

where the space AAP0(ZN , BS) is explained in the incoming paragraphs. We proved

here some new results about the discrete semigroup DS = {DS(m) : m ∈ ZN }. Where

the original statement of the main result of this chapter as: The discrete semigroup

DS = {DS(m) : m ∈ ZN } is UES if and only if for each g(m) ∈ AAP0(ZN , BS) the

corresponding solution of the Cauchy problemTm+1 = DS(1)Tm + g(m+ 1),

T0 = 0

belongs to AAP0(ZN , BS), where DS(1) is the algebraic generator of DS and BS is

a complex Banach space. The discrete evolution semigroup approach has been used

to prove the results. All the results of the current chapter are compiled from our

published research paper [42] with the internat link:

http://www.ems-ph.org/journals/showabstract.phpissn=0232-2064vol=34iss=4rank=6.

To prove the main results of this chapter first we have studied its literature background

37
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and related results in the next section.

4.1 Introduction to the Problem

Suppose that A is a BLO acting on BS. It is a well known result of M. G. Krein [53,55]

which is stated as: the system x(t) = Ax(t) is UES if and only if for every i ∈ RA

and each x0 ∈ BS the corresponding solution of the Cauchy problem x(t) = Ax(t) + eiitx0,

x(0) = 0

is bounded. The proof of this important result can be found in [13]. This result was

extended toward strongly continuous semigroups acting on complex Hilbert spaces

in [31] under a some slightly different assumption.

C. Buşe and A. Zada in 2010 [10], proved a result for discrete systems as: The

system Tα+1 = ATα is UES if and only if for each i ∈ RA and each b ∈ CAα, where

A ∈Mn(CA) the solution of the Cauchy problem Tα+1 = ATα + eiiαb, α ∈ ZN with

T0 = 0 is bounded.

Similarly in chapter 3 of this thesis and in our paper [38], we have proved that the

system Tα+1 = DS(1)Tα is UES if and only if for each ∂-periodic bounded sequence

g(α) with g(0) = 0 then the corresponding solution of the Cauchy problemTα+1 = DS(1)Tα + g(α + 1),

T0 = 0
(DS(1), 0)

is bounded.

In this chapter we have extended the last quoted result to the spaceAAP0(ZN , BS).

The next section is about some spaces of sequences which is used in the main results

of this chapter.
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4.2 Different Spaces of Sequences

Let us study the following different spaces of sequences:

• X(ZA , BS) is the spaces of all BS-valued bounded sequences with the supremum

norm.

• C0(ZA , BS) is the sub space of X(ZA , BS) consisting of all BS-valued sequences

g(m) such that lim
|m|→∞

‖g(m)‖ = 0.

• P∂(ZA , BS) is the space of ∂-periodic BS-valued (with ∂ ≥ 2) sequences g(m).

• P∂0(ZA , BS) ⊆ P∂(ZA , BS), with g(0) = 0.

• AP(ZA , BS) is the space of all BS-valued almost periodic sequences.

Let B ∈ B(BS), it is well known result that r(B) = lim
m→∞

‖Bm‖
1
m . The resolvent set

of all B is defined as ρ(B) := CA\σ(B), where σ(B) denote the spectrum of B ∈ B(BS)

i.e., the set of all λ ∈ CA for which B − λIid is an invertible operator in B(BS).

The operator B is said to be power bounded if there exists a positive constant N

such that ‖Bα‖ ≤ N for all α ∈ ZN .

We recall the statement of the following lemma from [13], so that the chapter will

be self contained.

Lemma 4.2.1. Let D ∈ B(BS) if

sup
m∈ZN

∥∥ m∑
k=0

eiikDk
∥∥ = mi <∞, for all i ∈ RA , (4.2.1)

holds, then r(D) < 1.

Further let DS(1) ∈ B(BS) be the algebraic generator of DS . Consider the discrete

system Tm+1 = DS(1)Tm, m ∈ ZN the solution of the this system is Tm = DS(m)T0
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i.e. there exists a bijection between the discrete semigroups DS = {DS(m) : m ∈ ZN }

and the problem Tm+1 = DS(1)Tm.

Also consider the following discrete Cauchy problem:Tm+1 = DS(1)Tm + g(m+ 1), m ∈ ZN ,

T0 = 0,
(DS(1), 0)

where g(m) with g(0) = 0 is a ∂-periodic bounded sequence. The solution of the

above Cauchy problem is given by

Tm =
m∑
l=0

DS(m− l)g(l). (4.2.2)

In [38] we gave, the uniform exponential stability of the system in terms of

the boundedness of the solution of the Cauchy problem (DS(1), 0) on the space

P ∂
0 (ZN , BS) , where ∂ ≥ 2. The system Tm+1 = DS(1)Tm is UES if and only if

for each ∂-periodic bounded sequence g(m) with g(0) = 0 the corresponding solution

of the Cauchy problem (DS(1), 0) is bounded.

4.3 Evolution Semigroups and Uniform Exponen-

tial Stability of Discrete Semigroups

Let DS = {DS(m); m ∈ ZN } is an exponentially bounded discrete semigroup of

BLO’s on Banach space BS. For every m ∈ ZN and each F ∈ C0(ZA , BS) the

sequence
(
K(m)F

)
, given by γ → (K(m)F )(γ) := DS(m)F (γ − m) : ZA → BS

belongs to C0(ZA , BS), moreover the family K = {K(m) : m ∈ ZA} is a discrete

semigroup on C0(ZA , BS). If DS = {DS(m); m ∈ ZN } is a ∂-periodic discrete

semigroup, m ∈ ZA and G ∈ AP(ZA , BS) then the sequence
(
S(n)G

)
given by

γ → (S(m)G)(γ) := DS(m)G(γ − m) : ZA → BS, belongs to AP(ZA , BS) and
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the one parameter discrete family S = {S(m) : m ∈ ZA} is discrete semigroup on

AP(ZA , BS). K and S are called discrete evolution semigroups on C0(ZA , BS) and

AP(ZA , BS) respectively.

Let us consider the spaces C0(ZN , BS) and AP(ZN , BS) consisting of sequences

f, g : ZN → BS for which there exists F ∈ C0(ZA , BS) such that F (α) = f(α) for all

α ∈ ZN and also there exists G ∈ AP(ZA , BS) such that G(α) = g(α) for all α ∈ ZN .

Also consider the subspaces of above spaces as:

• C00(ZN , BS) ⊆ C0(ZN , BS), consisting of all BS-valued sequences f such that

f(0) = 0.

• AP0(ZN , BS) ⊆ AP(ZN , BS), consisting of all BS-valued sequences g such that

g(0) = 0.

• AAP0(ZN , BS) = C00(ZN , BS) ⊕ AP0(ZN , BS) i.e. AAP0(ZN , BS) consisting

of all BS-valued sequences H such that there exists f ∈ C00(ZN , BS) and g ∈

AP0(ZN , BS) with the condition that H = f + g. Clearly H(0) = 0.

For each H ∈ AAP0(ZN , BS) and every α ∈ ZN consider the sequence V(α)H

given by (
V(α)H

)
(β) =

{
DS(α)H(β − α), if β ≥ α,

0, if 0 ≤ β < α.
(4.3.1)

The semigroup V = {V(α) : α ∈ ZN } is called the evolution semigroup associated to

DS = {DS(α) : α ∈ ZN } on the space AAP0(ZN , BS).

Lemma 4.3.1. The discrete semigroup V := {V(α) : α ∈ ZN } leave the space
AAP0(ZN , BS) invariant.

Proof. Let us take H = f + g where f ∈ C00(ZN , BS) and g ∈ AP0(ZN , BS) such
that H(0) = 0 also let F ∈ C0(ZA , BS) and G ∈ AP(ZA , BS) such that F (β) = f(β)
and G(β) = g(β) for all β ∈ ZN . It can be seen that for all α ∈ ZN we have

V(α)H = (1{0,1,2... }S(α)G) +
(
1{α,α+1,... }K(α)F − 1{0,1,...,α−1}S(α)G

)
.
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As {S(α)}α∈ZA is the evolution semigroup on AP(ZA , BS) and 1B is the characteristic
function on the set B. If we put g1 := 1{0,1,2... }S(α)G and f1 := 1{α,α+1,... }K(α)F −
1{0,1,2...α}S(α)G then g1 ∈ AAP0(ZN ,BS), f1 ∈ C00(ZN , BS) and (f1 + g1)(0) = 0,
thus V acts on AAP0(ZN , BS).

Before going to next lemma we mention here the following remark.

Remark 4.3.2. Let A := V(1) − Iid, where V(1) is called the algebraic generator of
the discrete evolution semigroup V. Then for discrete evolution semigroups the first
order Taylor formula is

V(ξ)f − f =
ξ−1∑
l=0

V(l)Af , ξ ∈ ZN , with ξ ≥ 1, for all f ∈ AAP0(ZN ,BS).

With the help of the above remark the following lemma is obtained.

Lemma 4.3.3. Let DS = {DS(ξ); ξ ∈ ZN } be a ∂-periodic discrete semigroup of
BLO’s on BS, V = {V(ξ) : ξ ∈ ZN } is the evolution semigroup associated to DS on
the space AAP0(ZN , BS), and A = V(1) − I. Let Ω, f ∈ AAP0(ZN , BS). Then the
following two statements are equivalent.
1. AΩ(ξ) = −f(ξ)

2. Ω(ξ) =
ξ∑
l=0

DS(ξ − l)f(l) for all ξ ∈ ZN .

Proof. First we show that (1⇒ 2):
Using the above Taylor formula we have
V(ξ)Ω− Ω =

∑ξ−1
m′=0 V(m′)AΩ = −

∑ξ−1
m′=0 V(m′)f.

Hence for every ξ ∈ ZN ,

Ω(ξ) = (V(ξ)Ω)(ξ) +

ξ−1∑
m′=0

(V(m′)f)(ξ)

= DS(ξ)Ω(0) +

ξ−1∑
m′=0

DS(ξ)f(ξ −m′)

=

ξ∑
l=0

DS(ξ − l)f(l).
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(2⇒ 1) (Means the converse statement): as A = V(1)− I, thus

AΩ(ξ) = (V(1)− I)Ω(ξ)

= V(1)Ω(ξ)− Ω(ξ)

= DS(1)

ξ−1∑
l=0

DS(ξ − 1− l)f(l)− Ω(ξ)

=

ξ−1∑
l=0

DS(ξ − l)f(l)−
ξ∑
l=0

DS(ξ − l)f(l)

= −f(ξ).

This completes the proof.

The following theorem gives a characterization of the uniform exponential stability

for the discrete semigroup DS = {DS(ξ) : ξ ∈ ZN } on the space AAP0(ZN , BS).

Theorem 4.3.4. Let DS , V and A be as in Lemma (4.3.3). The following statements
are equivalent:

• (1) DS is UES.

• (2) The evolution semigroup V associated to DS on AAP0(ZN , BS) is UES.

• (3) A is an invertible operator.

• (4) For every f ∈ AAP0(ZN , BS) the sequence
m∑
l=0

DS(m − l)f(l) belongs to

AAP0(ZN , BS).

• (5) For every f ∈ AAP0(ZN , BS) the sequence
m∑
l=0

DS(m− l)f(l) is bounded on

ZN .

• (6) For any f ∈ Pq0(ZN , BS) the sequence t 7→
m∑
k=0

DS(m− l)f(l) is bounded on

ZN .

Proof. First we show that (1)⇒ (2):
As DS is UES then there exist M and ν the two positive constants such that
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||DS(m)|| ≤ Me−νm for all m ∈ ZN . Let f ∈ AAP0(ZN , BS) then for any m ∈ ZN ,
we have

‖DS(m)f‖AAP0 = sup
m′≥m

‖DS(m)f(m′ −m)‖

≤ Me−νm‖f(m′ −m)‖AAP0

= Me−νm‖f‖AAP0 .

Thus the evolution semigroup V associated to DS on AAP0(ZN , BS) is UES.
(2) ⇒ (3):
It is well known result that the evolution semigroup V is UES if and only if r(V(1)) < 1.
Then the assumption assure us that 1 ∈ ρ(V(1)) and so V(1)− I is invertible i.e. A
is invertible. (3) ⇒ (4): As V(1) − I is invertible thus for every f ∈ AAP0(ZN , BS)
there exists a unique u ∈ AAP0(ZN , BS) such that [V(1)−I]u = −f . Thus by Lemma

(4.3.3) we get that u(m) =
m∑
l=0

DS(m − l)f(l) and by Lemma (4.3.1) u(m) belongs

to AAP0(ZN , BS) i.e.
m∑
l=0

DS(m− l)f(l) ∈ AAP0(ZN , BS). (4)⇒(5) and (4)⇒(6) are

obvious. (6)⇒ (1): This is a direct consequence of Corollary (3.1.5) given in chapter
3, this completes the proof.

Remark 4.3.5. A similar result in the continuous case was stated in [18], Theorem
3.7. There the authors did not closed the chain with (6)⇒ (1). But in our case with
the help of Corollary (3.1.5), we close the chain i.e. (6)⇒ (1).

Corollary 4.3.6. The system Tm+1 = DS(1)Tm is UES if and only if for every g(m) ∈
AAP0(ZN , BS) the corresponding solution of the Cauchy problem{

Tm+1 = DS(1)Tm + g(m+ 1), m ∈ ZN ,
T0 = 0,

belongs to AAP0(ZN , BS).



Chapter 5

Asymptotic Behavior of Self
Adjoint, Positive and Periodic
Discrete Semigroups and Discrete
Evolution Families

In this chapter we have included four sections. In the first section we will recall

some statements of results about strong Rolewicz type approach from [24]. In the

second section we will study the uniform exponential stability of self adjoint discrete

semigroups over Hilbert spaces using strong Rolewicz type approach. In the third

section we extended the results of second section toward self adjoint discrete evolution

families. The fourth section is the extension of the third section toward positive

discrete evolution families over Hilbert spaces. The results of this chapter is taken

from our research paper [40] with the link:

http://www.uab.ro/auajournal/upload/641146AUALatextemplate− 23.pdf.
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5.1 Uniform Exponential Stability by Rolewicz Type

Approach

In this section we will review some results which is helpful in the proof of the incoming

sections. In 1970, one of the striking result about the asymptotic stability of strongly

continuous semigroup DS = {DS(j)}j≥0 was obtained by Datko [7], which states

that “a strongly continuous semigroup of BLO’s acting on BS is UES if and only if∫∞
0
‖DS(j)y‖dj <∞, for all y ∈ BS”.

In 1972, Pazy in [8] made extension in the result of Datko to more general form

which stated that “a strongly continuous semigroup DS = {DS(j)}j≥0 acting on BS,

is UES if and only if for each y ∈ BS the following result holds true
∫∞
0
‖DS(j)y‖pdj <

∞, for all p ≥ 1”.

Rolewicz in [9] generalizes the result of Pazy to one step ahead. He stated that

“if
∫∞
0

Ω(‖DS(j)y‖)dj < ∞, then the semigroup is UES, where Ω : RN → RN is

non-negative non-decreasing function such that Ω(0) = 0. We call this function as an

RA-function”.

Here we have recalled few statements of lemmas from [24], so that the thesis will

be self-contained.

Lemma 5.1.1. Let us consider a complex Banach space BS and let D ∈ B(BS). If
the spectral radius of D is equal or greater than 1, then for all 0 < δ < 1 and any
sequence (am) with am → 0 (as m→∞) and ‖(am)‖∞ ≤ 1, there exist a unit vector
u0 ∈ BS, such that

‖Dmu0‖ ≥ (1− δ) · |am|, for all m ∈ ZN .

In this chapter throughout (jm) will be the sequence of non-negative real numbers,

such that 1 ≤ ∂ ≤ jm+1− jm ≤ η for every m ∈ ZN and some positive real number η.

Lemma 5.1.2. Let EF = {EF(j, s)}j≥s≥0 be a strongly continuous ∂-periodic evo-
lution family of BLO’s which is acting upon a Banach space BS and let (jm) be a
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sequence as mention for the given chapter. If the evolution family is not UES, then
there exists a positive constant c, having the properties: for every CA-valued sequence
(bm) with bm → 0 (as m→∞) and ‖(bm)‖∞ ≤ 1, there exist a unit vector u0 ∈ BS,
such that

‖EF(jm, 0)u0‖ ≥ c · |bm+1|, for all m ∈ ZN . (5.1.1)

An evolution family EF is said to satisfy the strong discrete Rolewicz condition,

equation (2.4) in [24], if
∞∑
m=0

Ω(‖EF(jm, 0)y‖) <∞. (5.1.2)

Lemma 5.1.3. Let Ω be an RA-function and also let EF = {EF(j, s)}j≥s≥0 be a
strongly continuous ∂-periodic evolution family acting on a Banach space BS. If the
family EF satisfies

∑∞
m=0 Ω(‖EF(jm, 0)y‖) <∞ then it is UES.

5.2 Self Adjoint Discrete Semigroup Acting on Hilbert

Space

In this section we will study the uniform exponential stability of self adjoint discrete

semigroups over Hilbert spaces using strong Rolewicz type approach.

LetDS be a self-adjoint discrete semigroup of BLO’s acting onHS (complex Hilbert

space). When DS is self-adjoint i.e. (DS(α) = DS∗(α), for every α ∈ ZN ) then

〈DS(2α)y, y〉 = 〈DS(α)DS(α)y, y〉 = ‖DS(α)y‖2.

Let K1 and K2 be two self-adjoint operators. Then we have the following inequal-

ity:

‖〈K1K2y, x〉‖2 ≤ 〈K1
2x, x〉〈K2

2y, y〉 for all x, y ∈ HS. (5.2.1)

Now we are in the position to state and prove the major result of this section.

Theorem 5.2.1. Let Ω be an RA-function and also let DS = {DS(α)}α∈ZN be a
self-adjoint discrete semigroup of BLO’s acting on HS (a complex Hilbert space) then

1. If the series
∑∞

α=0 Ω(|〈DS(α)y, y〉|) is bounded for all y ∈ HS with ‖y‖ = 1 then
DS is UES.
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2. If DS is UES and
∑∞

i=0 Ω(yi) = Ω(
∑∞

i=0(yi)) for any yi ∈ RN then the series∑∞
α=0 Ω(|〈DS(α)y, y〉|) is bounded for all y ∈ HS with ‖y‖ = 1.

Proof: Case 1. As DS is a self-adjoint discrete semigroup then it is defined for

all n ∈ ZN . Let α ∈ ZN [2n+ 1, 2n+ 2] and β ∈ ZN [4n, 4n+ 1], then 0 ≤ 2α− β and

0 ≤ 4α− 2β. It is clear that DS is defined for all 2α− β and 4α− 2β further we can

calculate that 2 ≤ 4α − 2β ≤ 8. As DS is the set of all bounded linear operator so

‖DS(4α − 2β)(x)‖ ≤ Neω(4α−2β) ≤ Ne8ω, where ‖x‖ = 1. Now with the help of the

inequality (5.2.1), we can express

|〈DS(2α)y, x〉|2 = |〈DS(2α− β)DS(β)y, x〉|2

≤ 〈DS(4α− 2β)x, x〉〈DS(2β)y, y〉

≤ Ne8ω〈DS(2β)y, y〉.

Hence for a unit vector y ∈ HS, we have

|〈DS(2α)y, y〉|2 ≤ Ne8w〈DS(2β)y, y〉.

It is given that Ω is non-decreasing function, so again we can express

Ω(
1

Ne8w
‖DS(α)y‖4) ≤ Ω(〈DS(2β)y, y〉).

So by taking summation on both sides of the above inequality

∞∑
α=0

Ω(
1

Ne8w
‖DS(α)y‖4) ≤

∞∑
α=0

Ω(〈DS(2β)y, y〉).

As we know
∞∑
α=0

Ω(〈DS(2β)y, y〉) <∞,

therefor
∞∑
α=0

Ω
( 1

Ne8w
‖DS(α)y‖4

)
<∞.
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Hence by using Lemma (5.1.3) we can say that DS is UES.

Case 2. Let DS is UES, then there exists v ∈ RN and N ≥ 0 such that

‖DS(α)‖ ≤ Ne−vα,

‖DS(α)y‖ ≤ Ne−vα,

equivalently we can express the above statement as

〈DS(α)y, y〉 ≤ N2e−vα,

as Ω is non-decreasing so we can write

Ω(〈DS(α)y, y〉) ≤ Ω(N2e−vα),

again taking summation on both sides

∞∑
α=0

Ω(〈DS(α)y, y〉) ≤
∞∑
α=0

Ω(N2e−vα)

= Ω(
∞∑
α=0

N2e−vα)

= Ω(
∞∑
α=0

N2

evα
)

∞∑
α=0

Ω(〈DS(α)y, y〉) ≤ Ω(
N2ev

ev − 1
).

As

Ω(
N2ev

ev − 1
) <∞,

hence
∞∑
α=0

Ω(〈DS(α)y, y〉) <∞.

The incoming section is continuation of above section toward self-adjoint dis-

crete evolution families over complex Hilbert spaces. Here we have also used strong
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Rolewicz type approach to study the uniform exponential stability of self adjoint

discrete evolution families.

5.3 Self Adjoint Periodic Discrete Evolution Fam-

ily Acting on Hilbert Space

In this section we have studied the uniform exponential stability of self-adjoint discrete

evolution families over complex Hilbert spaces using strong Rolewicz type approach.

Here we have also used the preliminaries results which are given at the start of this

chapter. We start from the theorem about the uniform exponential stability of self

adjoint discrete evolution families.

Theorem 5.3.1. Let EF = {EF(α, β) : α, β ∈ ZN where α ≥ β} is a self-adjoint
q-periodic (q ∈ ZP ) discrete evolution family acting on HS (a complex Hilbert space)
then the given two statement are true:

1. If the series
∑∞

α=0 Ω(‖EF(α, 0)y‖) is bounded for all y ∈ HS with ‖y‖ = 1 then
EF is UES.

2. If EF is UES and
∑∞

i=0 Ω(yi) = Ω(
∑∞

i=0(yi)) for any yi ∈ RN then the series∑∞
α=0 Ω(‖EF(α, 0)y‖) is bounded for all y ∈ HS with ‖y‖ = 1.

Proof: Case 1. Using the technique of Theorem 5.3.1, with the assumption that

α ∈ ZN [4nq, 4nq+q] and β ∈ ZN [8nq], then clearly β ≤ 2α. Further we can calculate

that 0 ≤ 2α − β ≤ 2q so clearly ‖EF(2α, β)(x)‖ ≤ Ne2qw where ‖x‖ = 1, w is a real

number. Now with the help of the inequality (5.2.1), we can express

|〈EF(2α, 0)y, x〉|2 = |〈EF(2α, β)EF(β, 0)y, x〉|2

≤ 〈E2
F(2α, β)x, x〉〈E2

F(β, 0)y, y〉

|〈EF(2α, 0)y, x〉|2 ≤ ‖EF(2α, β)x‖2‖EF(β, 0)y‖2

≤ N2e4qw‖EF(β, 0)y‖2.
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So for any unit vector y ∈ HS, we have

1

Ne2qw
| 〈EF(2α, 0)y, y〉| ≤ ‖EF(β, 0)y‖.

Since Ω is non-decreasing function, so we got the above inequality as below

Ω(
1

Ne2qw
|〈EF(2α, 0)y, y〉|) ≤ Ω(‖EF(β, 0)y‖).

By taking summation on each sides of the above inequality

∞∑
α=0

Ω(
1

Ne2qw
|〈EF(2α, 0)y, y〉|) ≤

∞∑
β=0

Ω(‖EF(β, 0)y‖).

As we have
∞∑
β=0

Ω(‖EF(β, 0)y‖) <∞.

So we got

∞∑
α=0

Ω(
1

Ne2qw
|〈EF(2α, 0)y, y|〉) <∞.

Equivalently, we can write

∞∑
α=0

Ω(
1

Ne2qw
‖EF(α, 0)y‖2) <∞.

Now with help of the Lemma 5.1.3 we can write that EF is UES.

Case 2. If EF is UES, then there exists v ∈ RN and N ≥ 0 such that

‖EF(α, β)‖ ≤ Ne−v(α−β).

Putting β = 0, we get

‖EF(α, 0)‖ ≤ Ne−vα.

‖EF(α, 0)y‖ ≤ Ne−vα.
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Since Ω is non-decreasing function, so we can write

Ω(‖EF(α, 0)y‖) ≤ Ω(Ne−vα).

Taking summation on both sides

∞∑
α=0

Ω(‖EF(α, 0)y‖) ≤
∞∑
α=0

Ω(Ne−vα)

= Ω(
∞∑
α=0

Ne−vα)

= Ω(
∞∑
α=0

N

evα
)

= Ω(
Nev

ev − 1
)

∞∑
α=0

Ω(‖EF(α, 0)y‖) ≤ Ω(
Nev

ev − 1
).

As

Ω(
Nev

ev − 1
) <∞,

hence
∞∑
n=0

Ω(‖EF(α, 0)y‖) <∞.

5.4 Positive Periodic Discrete Evolution Family Act-

ing on Hilbert Space

In this section we extended results of the third section toward positive discrete evolu-

tion families over Hilbert spaces. Here we recalled a definition: A BLO B, acting on

HS is said to be positive if 〈By, y〉 ≥ 0 for every y ∈ HS. A discrete evolution family

is said to be positive if each operator in EF positive. Now we have included the last

theorem of this chapter.
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Theorem 5.4.1. Let EF = {EF(α, β) : α, β ∈ ZN where α ≥ β} is a positive dis-
crete q-periodic (q ∈ ZP ) evolution family acting on HS then the given two statement
are true:

1. If the series
∑∞

α=0 Ω(〈EF(α, 0)y, y〉) is bounded for all y ∈ HS with ‖y‖ = 1
then EF is UES.

2. If the evolution family EF is UES and
∑∞

i=0 Ω(yi) = Ω(
∑∞

i=0(yi)) for any yi ∈
RN then the series

∑∞
α=0 Ω(〈EF(α, 0)y, y〉) is bounded for all y ∈ HS with

‖y‖ = 1.

Proof: Case 1. Using the technique of Theorem 5.3.1, with the assumption that

α ∈ ZN [nq, nq+q] and β ∈ ZN [4nq, 4nq+2q], then β ≤ 4α. Further we can calculate

that 0 ≤ 4α− β ≤ 2q, so clearly ‖EF(4α, β)(x)‖ ≤ Ne2qw where ‖x‖ = 1, w is a real

number. Now with the help of the inequality (5.2.1), we can express

|〈E1/2
F (4α, 0)y, x〉|2 = |〈E1/2

F (4α, β)E
1/2
F (β, 0)y, x〉|2

≤ 〈EF(4α, β)x, x〉〈EF(β, 0)y, y〉

|〈E1/2
F (4α, 0)y, x〉|2 ≤ 〈EF(4α, β)x, x〉〈EF(β, 0)y, y〉

≤ Ne2qw〈EF(β, 0)y, y〉.

Hence for each unit vector y ∈ HS, we have

1

Ne2qw
|〈EF(2α, 0)y, y〉|2 ≤ 〈EF(β, 0)y, y〉.

As Ω is non-decreasing function, so the above inequality can be written as

Ω(
1

Ne2qw
|〈EF(2α, 0)y, y〉|2) ≤ Ω(〈EF(β, 0)y, y〉).

Also by taking summation on both sides

∞∑
α=0

Ω(
1

Ne2qw
|〈EF(2α, 0)y, y〉|2) ≤

∞∑
β=0

Ω(〈EF(β, 0)y, y〉).
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As we know
∞∑
β=0

Ω(〈EF(β, 0)y, y〉) <∞,

so we got
∞∑
α=0

Ω(
1

Ne2qw
|〈EF(2α, 0)y, y〉|2) <∞, (5.4.1)

the above inequality can be expressed as

∞∑
α=0

Ω(
1

Ne2qw
‖EF(α, 0)y‖4) <∞.

Now by using Lemma (5.1.3) we can write that EF is UES.

Case 2. Let EF is UES, then there will exists v ∈ RN and N ≥ 0 such that

‖EF(α, β)‖ ≤ Ne−v(α−β),

putting β = 0 we get

‖EF(α, 0)‖ ≤ Ne−vα,

‖EF(α, 0)y‖ ≤ Ne−vα,

equivalently we can write that

〈EF(α, 0)y, y〉 ≤ N2e−vα.

Since Ω is non-decreasing function so we can write

Ω(〈EF(α, 0)y, y〉) ≤ Ω(y2e−vα).
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Taking summation on both sides

∞∑
α=0

Ω(〈EF(α, 0)y, y〉) ≤
∞∑
α=0

Ω(N2e−vα)

= Ω(
∞∑
α=0

N2e−vα)

= Ω(
∞∑
α=0

N2

evα
)

= Ω(
N2ev

ev − 1
)

∞∑
α=0

Ω(〈EF(α, 0)y, y〉) ≤ Ω(
N2ev

ev − 1
).

As

Ω(
N2ev

ev − 1
) <∞,

hence
∞∑
n=0

Ω(〈EF(α, 0)y, y〉) <∞.

This completes the proof.



Chapter 6

Conclusion and Future Research
Work

In this chapter we have included two sections. In the first section we have summarized

all the results of this thesis. In the second section we have elucidated that how in

future any one can proceed these results.

6.1 Conclusion

Suppose that A is a BLO acting on BS. It is a well known result of M. G. Krein [53,55]

which is stated as: the system x(t) = Ax(t) is UES if and only if for every i ∈ RA

and each x0 ∈ BS the corresponding solution of the Cauchy problem x(t) = Ax(t) + eiitx0,

x(0) = 0

is bounded. The proof of this classic result can be found in [13].

This result was extended toward strongly continuous semigroups acting on com-

plex Hilbert spaces under a some slightly different assumption in [31]. For counter

examples one may concern [54]. C. Buşe and A. Zada in 2010 [10], proved a result for

discrete systems as: The system Tα+1 = ATα is UES if and only if for each i ∈ RA

56
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and each b ∈ CAn, where n ∈ ZP and A ∈ Mn(CA), the solution of the Cauchy

problem Tα+1 = ATα + eiiαb, α ∈ ZN with T0 = 0 is bounded. The above result

is extended in chapter 3 of this thesis and in our published paper [38], by replacing

A (square size matrix) on DS(1) (DS(1) is the algebraic generator of DS) which is

more generalized form of the previous result. Beside this, here we have also replace

the forcing term eiiαb by general periodic sequences which is another addition so the

new statement become: Let Tα+1 = DS(1)Tα is UES if and only if for each ∂-periodic

bounded sequence g(α) with g(0) = 0 then the corresponding solution of the Cauchy

problem Tα+1 = DS(1)Tα + g(α + 1),

T0 = 0
(DS(1), 0)

is bounded. This generalization was not smooth, here we have also supposed that the

operator eiiα
∑∂−1

ν=1 e
iiνν(∂ − ν)x is not equal to zero for every non zero x in BS.

The above results are also extended toward non-autonomous problems as: Let

EF = {EF(α, ξ) : ξ, α ∈ ZN } be a discrete evolution family on BS, i is any real

number and g(α) ∈ W. If the sequence Tα =
α∑
ξ=1

eiiξEF(α, ξ)g(ξ) is bounded then

EF is UES.

The results of chapter 3 are also extended from periodic space to the new space

AAP0(ZN , BS), where this new space AAP0(ZN , BS) is explained in chapter 4. Here

we have proved that the discrete semigroup DS = {DS(α) : α ∈ ZN } is UES if and

only if for each g(α) ∈ AAP0(ZN , BS) the solution of the Cauchy problemTα+1 = DS(1)Tα + g(α + 1),

T0 = 0
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belongs to AAP0(ZN , BS). Our proof uses the approach of discrete evolution semi-

groups. More details are seated in chapter 4 or also see our published research pa-

per [42].

Further we have also made some extensions related to uniform exponential stabil-

ity of discrete semigroups and discrete evolution families toward self adjoint discrete

semigroups and ∂-periodic positive discrete evolution families. We have studied the

uniform exponential stability of self adjoint discrete semigroups over Hilbert. These

results are extended toward self adjoint ∂-periodic discrete evolution families. At the

end the previous result is extended toward positive discrete ∂-periodic evolution fam-

ilies over Hilbert spaces. Details are given in chapter 5 or see our published research

paper [40].

To find the asymptotic behavior of different types of discrete semigroups and

discrete evolution families a lot of work has been done. But much more attention

is needed to complectly cover the space. In the onward section we have given some

open problems which can carry our research work ahead.

6.2 Future Research Work

The results in this thesis can be extended with the following manner in future:

Open Problem 1. The main result of section 1 in chapter 3 i.e: In the system

Tα+1 = DS(1)Tα + g(α), here g(α) can be replace by any other space of sequences

instead of periodic sequences like non-periodic, almost periodic sequences, almost

automorphic sequences and so on.

Open Problem 2. The main result of section 2 in chapter 3 i.e: In the system
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Tα+1 = AαTα where Aα is a ∂-periodic sequence of operators, here Aα may be replace

by almost automorphic sequences and almost periodic sequences.

Open Problem 3. In the main result of chapter 4 i.e: the discrete semigroup

DS = {DS(α) : α ∈ ZN } is UES if and only if for each g(α) ∈ AAP0(ZN , BS) the

solution of the Cauchy problemTα+1 = DS(1)Tα + g(α + 1),

T0 = 0

belongs to AAP0(ZN , BS). Here we can replace the space of sequences AAP0(ZN , BS)

by a lot of other types of spaces.

Open Problem 4. The main results of sections 3 and 4 of chapter 5 can easily

be check for almost periodic discrete evolution families.

Open Problem 5. We can construct new definition of normal discrete evolution

families. Than the main results of sections 3 and 4 of chapter 5 can easily be check

for normal discrete evolution families.

Open Problem 6. All the results of this thesis can be related to different physical

problem.
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[10] C. Buşe and A. Zada, Dichotomy and boundedness of solutions for some discrete

Cauchy problems, Topics in Operator Theory, Volume 2, Systems and Math-

ematical Physics, Advances and Applications, (OT) Series Birkhauser Verlag

Basel/Switzerland, Vol. 94, 165-174, (2010).

[11] A. Pazy, Semigroups of linear operators and applications to partial differential

equations, Springer-Verlag, (1983).

[12] Z. Alsharawi, Periodic discrete dynamical Systems, Ph.D thesis, Central Michi-

gan University, UK, (2006).

[13] S. Balint, On the Perron-Bellman theorem for systems with constant coeffi-

cients. Ann. Univ. Timisoara, Vol. 21, 3-8, (1983).

[14] H. Goldstine, A History of Numerical Analysis from the 16th through the 19th

Century, Springer-Verlag, New York, USA, (1977).
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[24] C. Buşe and G. Rahmat, Weak Rolewicz theorem in Hilbert spaces, Electronic

journal of Differential Equations, Vol. 2012 , No. 218, 1-10, (2012).

[25] P. H. Bezandry and T. Diagana, Almost periodic stochastic processes, Springer,

NewYork, NY, USA, (2011).

[26] K. Engel and R. Nagel, One parameter semigroups for linear evolution equa-

tions, Springer-Verlag, NewYork, USA, (2000).

[27] A. M. Fink, Almost periodic differential equations, Lecture Notes in Mathemat-

ics, Springer, Berlin, Germany, Vol. 377, (1974).

[28] J. Goldstein, Semigroups of linear operators and applications, Oxford U. Press,

New York, USA, (1985).

[29] J. M. A. M. Van Neerven, Exponential stability of operators and operator semi-

groups, Journal of Functional Analysis, Vol. 130, No. 2, 293-309, (1995).

[30] J. M. A. M. Van Neerven, The asymptotic behavior of semigroups of linear

operators, Birkh auser Verlag, (1996).

[31] J. M. A. M. Van Neerven, Individual stability of strongly continuous semigroups

with uniformly bounded local resolvent, Semigroup Forum, Vol. 53, 155-161,

(1996).



64

[32] J. M. A. M Van Neerven, Characterization of exponential stability of a semi-

group of operators in terms of its action by convolution on vector-valued func-

tionspaces over RN , J. Diff. Eq. Vol. 124, 324-342, (1996).

[33] O. Perron, Die stabilitats frage bei differential gleichungen, Math. Z., Vol. 32,

703-728, (1930).

[34] V. Q. Phong, On stability of C0 semigroups, Proceedings of the American Math-

ematical Society, Vol. 129, No. 10, 2871-2879, (2002).
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