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Abstract 

 

Acquired Immunodeficiency Syndrome (AIDS) was first acknowledged in the world 

in 1981. Highly Immunodeficiency Virus (HIV) was recognized as a cause of AIDS in 

1983. By that time, nearly 96,000 people were living with HIV in Pakistan. The epidemic 

is of great public health concern because HIV is infectious and causes severe morbidity 

and death at last. However, successful treatment of HIV/AIDS requires high levels of 

adherence to prescribed medications. Epidemiologically, there are two approaches to 

control widespread disease—prevention and treatment. Although there is no cure, 

treatment exists that has transformed this disease from an acutely lethal infection into 

a manageable chronic illness. Therefore, the vision of this thesis, to build up 

mathematical models that can explain the spatial division of HIV/AIDS in Pakistan and 

gives assurance of treatment adherence within the country. For this purpose, we will 

study spatial cluster and autocorrelation analysis including trend surface analysis, 

semivariogram and different types of kriging etc. with the help of ArcGIS 10.  

 We are also interested to study the HIV infection rate in Pakistan using mathematical 

statistics techniques that will be very helpful to produce maps of risk areas. Multilevel 

models will be performed using WinBUGS(c) for the significant spatial effects and relative 

risk factors in explaining the variation of HIV/AIDS. Thus, the areas with high risk can 

indicate typically and it is to be helpful for health policy makers, manage quick risk 

assessment and resource allocation. 

We will also try to make a model to express some major drug with their side effects 

and high levels of adherence to prescribed medications by using fuzzy matrix theory 

which is one of the best tools to analyze raw data involving elusiveness. Lastly, 

examines the biological consequences and public health implication of poor adherence 

in order to highlight the severity of this problem. 

We are also interested to make a comparative study model to improve the 

understanding level of the people about intervention of the disease and motivate them 

to change their risk behavior and social norms. Awareness to disease can help people 

to adopt suitable preventive procedures to keep themselves away from the risk. 
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Chapter 1 

 

Introduction 

 

1.1 Background 

 

The short but complex history of AIDS is now well known in the academic circles 

around the globe and general awareness among the populations of the world today is 

fairly high as compared to the initial years after its detection. Upon its discovery, the 

retrovirus presented a unique set of challenges to the doctors, scientific researchers, as 

well as the disease control departments in various countries.  

Since then, HIV has become the main reason of mortality in the world with some 

parts in Africa facing a pandemic of disastrous scales. Just like the plague – terrifyingly 

called ‘the black death’ – of the previous centuries which decimated the populations of 

Europe, Asia, and even the Indian sub-continent as the start of the 20th century, the 

AIDS has captured our minds and imaginations as a catastrophe of the first order 

(UNDP-2004).   

 With the emergence of latest data on HIV spread, it is noticed that now Asia, and 

especially south Asian region (including Afghanistan) is turning into a high risk zone for 

HIV infection. With its population of more than 1.5 billion people, south Asia is one of 

the most densely populated places on earth with high poverty levels, low literacy rates, 

uncontrolled drug abuse, non-existent government infrastructures and intervention 

controls in most of the parts of its constituent countries, and low awareness levels. 

Another contributing factor is the large proportion of immigrant workers out of these 

countries working in many parts of the world who are mostly engaged in the lower 

stratum of economy like construction, workers, transport, and freight carriers. This 

immigrant people has been known as a high risk group mostly responsible for 

transmitting the infection to their families and newly born siblings. 

Although the comparative rate of spread of HIV/AIDS is quiet minor in south Asia 
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than Africa but the trend indicates that soon Asia would take the lead in this regard 

which would present major health, social, and economic challenges not only for the 

exposed communities but also their local and national governments. 

By population and area, Pakistan is the second largest country in south Asia after 

India and ahead of Bangladesh. As per the latest available data of registered HIV cases 

and careful estimates by NGOs, Pakistan is closely trailing behind India and Nepal in 

the prevalence of HIV in the general population (UNGASS-2010) as per the data 

presented by National Aids Control Program (NACP) of the government of Pakistan 

(AIDS-ASIA-2007). The country has moved from low prevalence high risk region to a 

concentrated phase area. 

Considering that the first detected case of HIV in Pakistan was in 1986, the 

progress of disease to a concentrated phase within 28 years is distressing. As per NAPC 

current estimates,  there are an estimated 97,400 cases (although NACP only shows 

4000 reported cases since 1987) with a prevalence level of 0.1 percent among the 

general adult population out of a total population of 170 million (AIDS-ASIA-2007). 

Compared to India, which has a level of approximately 0.5 percent (UNAIDS-2014). 

Amongst a population of more than 1.1 billion, Pakistan’s infection rate is somewhat low 

but still sufficient to cause an epidemic and different factors are enhancing the risk that 

Pakistan might move from concentrated to a general epidemic region fairly soon in the 

future (UNAIDS/WHO-2005). 

 It has identified the major risk groups in Pakistan as the commercial sex workers 

(CSW), injecting drug users (IDUs), unscreened blood transfusions, and long distance 

freight transport drivers (UNAIDS/WHO-2005). Overall, the causes of the spread of 

infection in Pakistan are the same as seen in other third world countries of the region.   

 

1.2 Pakistan – Country Profile 

 

Pakistan is situated in the South –Asian region also known as the Indian 

subcontinent. It was declared an Islamic republic after gaining independence from the 

British Colonial Rule in 1947. Its geographical position situates Afghanistan to its west, 
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china and central Asia to the north, India to the east and Arabian Sea on its south. Out 

of the countries bordering it, only Iran is among the low prevalence group while India 

and Afghanistan are both high risk high prevalence countries (UNGASS-2011).  

 

 

Figure 1.1. Map of Pakistan 

 

As per the last official census of Pakistan conducted in 1998, Pakistan had a total 

population of 132 million with an average annual growth rate of 2.69% (USAID-2004). 

This puts the estimated population figure in 2014 close to the mark of 170 million. The 

major portion of the population is young with 43% of it under age of 15 and 53% lying in 

the bracket of 15-64 years. Official figures for literacy are slightly more than 50% but 

realistic figures by different news reports and analysts put it around 30% with relatively 

higher literacy in males than females. More than 97% confess the Muslim faith with 

Christians, Hindus, Sikh, and parses making the rest of the 3 percent. 

Administratively the country is divided into four provinces namely Punjab, Sindh, 

Baluchistan, and Khyber pakhtunkhwa (KPK), one tribal area (FATA) with several sub 

units, one Federal Capital Territory Islamabad, and two special status regions Kashmir, 
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and Gilgit Baltistan. Karachi is the biggest city of the country situated on the bank of 

south Arabian coastline of Sindh and in far southern area of the country.  

 

1.3 The HIV/AIDS State 

  

As per official reports by the NACP, Pakistan has become a region of ‘concentrated 

epidemic’ among high risk populations (e.g. CSW, IDU etc.) and may even cross into 

‘general epidemic’ in the adult population if control measures are not employed 

aggressively (USAID 2005). In 2012, the instance of infection among high risk groups 

was: 

• 37.8% in IDUs. 

• 5.2% in transgender sex workers or HSWs. 

• 0.8% in female sex workers or FSW. 

In a study (UNO-2005), it states that the major factors - among the younger population 

- for disease spread are: 

• Curiosity about sex and drugs with almost no awareness programs at the school, 

family, or peer level. 

• Negative peer pressure. 

• Poverty and economic pressures bringing frustration.  

The Human Development Report released by government of Pakistan in 2009  has 

further elaborated this problem as: 

• Increasing poverty 

• Large scale labor in-migration from rural areas to HIV / AIDS high risk zones. 

• Increase in Drug use. 

• Low condom use rates. 

As an example, (UNGASS-2010) report indicates that out of the screened population 

20.8% IDUs were found to be infected. However, a figure of 37.8% infected among the 

IDUs, which shows an almost 90% increase in the infected persons among the IDU high 

risk group within two years Earlier, it was estimated that geographically the trend of the 
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disease spread within the major urban areas and especially Karachi but lately this trend 

has seen a marked shift from major cities to smaller ones and even rural towns. 

   

  

 

 

Figure 1.2. The number of infected and reported patients infected with   

 HIV. 

 

The case of the town of Jalalpur in Gujrat District, which was widely reported in 

media, and also taken up by the NACP is a pertinent example. During a voluntary 

counseling and testing campaign by a local NGO, out of a population sample of 246, 

some 94 persons tested positive for HIV/AIDS, which amounts to approximately 38% 

local infection rate although the sample is too small to be statistically viable for the 

region (UNICEF 2005). Similarly, in Larkana, a relatively small city in northern city, the 

apparently sudden outbreak of HIV/AIDS among IDUs was detected as early as 2003. 

Out of a tested sample of 893, 47 tested positive for the infection (NACP 2014). 

 

1.4 Mode of HIV/AIDS Transmission in  Pakistan   

http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3107810/figure/F1/
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The Government of Pakistan conducted a nationwide Demographic Health 

Survey (DHS) in 2007-08 including the areas of FATA and AJK. The survey revealed a 

total of 1998 patients carrying the virus. Out of these 1998 patients, 1765 were in the 

initial stages of the infection, while the rest of the 233 individuals had crossed into the 

advanced stages of the disease by developing AIDS.  

As per the collected data, in absolute numbers Sindh has the highest  

 prevalence of HIV infection while the area of AJK has the lowest amount of   infection 

prevalence among its high risk groups (NACP-2014).  
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Figure 1.3  The number of reported patients infected with HIV/AIDS in   different 

regions of Pakistan (NACP- 2014). 

 

Gender wise stratification reveals a very high number of male patients at 86.8% 

of reported HIV positive cases, while 13.2 % were females. As the overall population in 

Pakistan is quite young, this fact is also revealed in the DHS, which shows that slightly 

more than the halves of the reported cases were between the ages of 20 and 40 years 

(NACP- 2014). 

 

 

 

1.5 A Report on HIV/AIDS Available Data in  Pakistan. 

  

 A report of HIV/AIDS available data in Pakistan is given below. The major 

resources explained below have a national stance except few ones from local surveys. 

 

1.5.1 National Sentinel Surveillance Data. 

 

 Within Pakistan, the government runs National AIDS Control Program (NACP-

2010) is among the pioneers providing treatment to HIV/AIDS patients through its four 

provincial sub-programs and 20 treatment Centers across the country. The NACP not 

only treats, but also plans interventions and procedures, conducts trailing, provides 

testing kits, coordinates the efforts of government/NGOS and international donors, and 

maps the spread of infection in localities throughout the country along with building up 

detailed databases on the disease.  

To combat the increasing threat of HIV/AIDS and to set strategic priorities to control the 

epidemic the Government of Pakistan prepared a National Strategic Framework (NSF) 

through consultative process in the year 2000. 
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The enhanced HIV/AIDS control program of 2003 was the result of the 

recommendations put forward by the NSF, which set forth a broad based agenda 

including control responses. As a result, the Canadian International Development 

Agency (CIDA) joined in efforts to establish a country wide HIV/ AIDS monitoring system 

under the auspices of Canada-Pakistan HIV/AIDS Surveillance Project (HASP). The 

project took off in the year 2004 and has been in operation since then. Together, HASP 

and NACP have been instrumental in comprehensively expanding the HIV/AIDS 

monitoring systems and control responses through effective coordination between 

NGOs, donors, provincial offices of the NACP, and other national/international 

stakeholders like WHO, and various research establishments. Consequently, they have 

been successful in designing and implementing of second generation Surveillance 

system (SGSS) for HIV/AIDS. 

  This advanced SGSS gives essential tools to researchers / analysts and field 

operators to collect biological data as well as detailed ‘life pattern’ type behavioral data 

from the target population. The obtaining and maintaining of such historical data at 

regular intervals then helps in mapping and will increase awareness among policy 

makers and donor agencies in understanding and identifying high risk groups, and area 

concentrations etc. In turn, the mapping and monitoring of such groups and 

geographical areas provides insight for implementation of focused intervention 

protocols. Besides the intervention strategies, the data also provides information for 

policy makers to understand the outcome of existing procedures for improvement in 

policies and identification of future courses of action. 

 

1.5.2  Reported Cases of AIDS 

 

 As per historical records and news reports of the time, the first death due to HIV / 

AIDS was reported in 1986 in a sailor of African origin. Due to the hype created by this event 

and the international paranoia surrounding this incurable ‘plague’ of our times, the Federal 

Government of Pakistan took steps by forming a Federal Committee to counter the threat of 

AIDS in 1987. On the recommendations of this committee, the National Aids Control 

Program (NACP-2010) in Pakistan was formed. 
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As the infection was reputed to be a Sexually Transmitted Disease (STD) and unsafe / 

unusual sexual practices were the cause of it, the public imagination in Pakistan’s 

conservative and religious society never took the threat of HIV / AIDS seriously for a few 

years. The first case was reported in 1993 of an HIV infected baby in Karachi, who had 

unfortunately contracted this infection. Since then, at least 5,800 Pakistanis have been 

reported to die due to this infection. The estimate of the total number of infected patients is 

now touching the mark of 100,000 although sources claim it to be much higher than that. 

The prevalence level is increasing in the Injection Drug Users (IDUs). 

Medical professionals are of the opinion that now the disease is spreading much faster, 

risking Pakistan to cross into a ‘concentrated epidemic’ zone. As per these professionals, 

more than a decade ago most of the patients reported with HIV were those individuals who 

had acquired it while in contact with commercial sex workers (CSW) in the Gulf countries 

where a large Pakistani expatriate community is employed for construction and other low 

skilled jobs. These poor, semi-literate, unsuspecting patients then acted as carriers and 

transmitted the disease to their spouses back home.  

 However, the modes of transfer have changed rapidly in the past decade or so. Now 

the Key Vulnerable Groups (KVG) include male / female / transgender sex workers, IDUs, 

truck drivers and cleaners, street children, and unaware people who are a victim of unsafe 

medical procedures mostly in rural or remote areas. The issue of long distance freight truck 

drivers and staff is of great interest. Researchers have observed world-wide that transit or 

staging areas – where there is significant movement of population – play a key part in the 

spread of infectious and contagious diseases. That is why major concentrations of HIV 

positive patients are also observed in Pakistan among those areas which are on major 

trucking routes like Peshawar, Larkana, and Karachi etc. These areas are host to various 

KVGs like IDUs, CSWs, and trucking professionals. 

 As the estimates of the HIV spread in Pakistan are rapidly expanding since 1980s it 

is unclear whether it is because of an increased level of awareness and better detection 

methods or the infection itself is increasing its footprint in real terms. As per medical experts, 

the detection methods have remained primarily the same i.e. simple blood tests. The 

challenge arises due to social pressures and circumstances, because it is directly related to 

the issue of when and where to test and how many people should go through it. Should it 
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be voluntary or enforced? The results of the testing may be kept confidential or shared with 

concerned agencies etc. All in all, timely detection of the infection within an area remains a 

key factor which is also the weakest link in the chain of anti HIV measures. 

 The issue, how many cases of HIV infection are present in Pakistan is a controversial 

and speculative matter. According to official sources, the number of cases in the two most 

populous provinces of Punjab and Sindh is only 14,000, which is of course vehemently 

contested by NGOs and private care organizations. In the absence of reliable data it is very 

hard to formulate any models to predict the spread of the infection with a fair degree of 

accuracy. Experts argue that the rate of spread is a direct function of the number of new 

patients detected in a single time cycle. On the other hand, contrary to this requirement, the 

existing figures or estimates only give a picture of the present reported cases or prevalence. 

The observations quoted above aside, there is general agreement that the rate of spread in 

KVGs has increased in the last few years. 

 

1.6 The Scope of This Research Work 

 

The research mentioned in the following sections concentrate on constructing the 

models that try to spatially forecast the spread of HIV / AIDS contagion in Pakistan 

through hot spot identification and monitoring and establishment of co-relations of these 

areas with other high risk spots. The study also looks at other methods adopted by 

agencies like WHO / UNAIDS in analyzing the spread of disease in Pakistan. 

Due to non-cooperation of official agencies collecting such data, other venues like 

open source data in published reports and journals was utilized. This, however, does 

not seriously affect the modeling process as once the modeling protocols and 

parameters are identified and established to construct a basic model the subsequent 

task of expanding and refining it would be easier for users and would become more 

accurate as more data is made available. 

The scope and consequently the outcome of the research to a large extent depend 

on the quality and quantity of data available on the subject. In turn, the quality and 

suitability of data directly depends on its source. Two types of below data are proposed 

in this study: 
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• reported data of AIDS and HIV  

• Sentinel surveillance centers reports on HIV/AIDS  

This data set is to be included into the entire theme for development of appropriate 

models to predict the spread of HIV/AIDS in Pakistan. The process is also helped by 

exploring similar modeling procedures developed for other regions so that these could 

also be applied for comparative analysis in raw or modified form (keeping in mind the 

peculiarities of Pakistani society) to augment the subject study.  

The biggest hurdle in such estimation modeling is that in the initial or ‘asymptomatic’ 

phase of the sickness, the carriers are mostly ignorant of the infection. These unreported 

or undiagnosed persons could be considered ‘Hidden’ or ‘dormant’. The correct 

estimation of the spread, influence, and the size of these dormant carriers is extremely 

important as it forms the basis of the estimation modeling to correctly identify and predict 

the infected populace in a definite geographical area within a given time period. We 

have endeavored to estimate the dormant population in Pakistan utilizing back-

projection modeling procedures. 

Information obtained is of individual nature containing such fields as date, age, sex, 

marital status, income group, and result of the screening examination. The gender and 

age data forms the basis of stratified modeling and each of these stratums is then 

studied separately. Logistic regression tools have been applied to this data set to 

compare and verify the extent of infection and its concentration among sub-sections of 

the population. Co-variables are also identified and studied for any interactive 

relationship with the overall spread of the infection. This also helps in determining a 

correction factor to adjust for under-reporting of the affected populations in different 

national or regional surveys. 

Six zones within Pakistan have been selected for comparative analysis and study, 

and an attempt has been made to construct spatial models for this purpose. A particular 

effort has been made, utilizing spatial auto-correlation, variogram, and kriging methods 

to study and analyze the tendency for the infection to form into geographical clusters. 

For this purpose, subject data was obtained by the national sentinel surveillance 

program through a survey conducted upon pregnant women in different provinces of 

Pakistan. 
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1.7 Concluding Remarks 

 

• In this study, we have proposed reported data of HIV/AIDS and Sentinel surveillance 

centers’ reports on HIV/AIDS. This data set is to be included into the entire theme for 

development of appropriate models to predict the spread of HIV/AIDS in Pakistan. 

• Six zones within Pakistan were studied including four main administrative units called 

provinces namely the Punjab, Sindh, Baluchistan, and KPK. Apart from these four 

provinces, the country also has two autonomous regions Azad Jammu & Kashmir 

(AJK) and Gilgit-Baltistan (GB), one Federal administered tribal area (FATA) in the 

province of KPK, and one Federal Capital Territory (FCT) of Islamabad were also 

selected for comparative analysis and study. 

• For the analysis of adverse effects of current HIV/AIDS medication. We have carried 

out a study on HIV/AIDS infected patients. This data was availed by two well reputed 

research medical institutes of Pakistan. Those patients are by now under usual 

treatment with dissimilar regime of antiretroviral medications and arranged a chart in 

which they are facing side effects related with this medicine. 

• Due to non-cooperation of official agencies collecting such data, other venues like 

published reports and journals was utilized. This, however, does not seriously affect 

the modeling process as once the modeling protocols and parameters are identified 

and established to construct a basic model with the subsequent task of expanding 

and refining it would be easier for users and would become more accurate as more 

data is made available. 
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Chapter 2  

 

Literature Review 

 

2.1 Geographical Information System (GIS) 

 

A geographic information system (GIS) is a computer system lets us visualize, analyze, 

store, manipulate and interpret data to identify relationships, patterns, trends and 

presents all types of spatial or geographical data. GIS has a wide range that can cover 

a number of different technologies, processes, and methods. It has many applications 

related to engineering, epidemiological research, planning, management, 

transport/logistics, insurance, telecommunications, and business. 

 

2.1.1 The Role of Spatial Tools such as GIS  

 in Epidemiological Research 

 

 With the increase in world population and the population density the spread 

of contagious and fatal diseases around the globe has become a real threat. In this 

regard, monitoring, analyzing, and understanding of the basic determinants, 

attributes of an infection and its spread pattern within different populations and 
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groups and placing preventive controls is now vital (ESRI-1999).  

Health of an individual or a group is largely based on its life style, habit patterns, and 

living environment (Matheron-1963). Thus it is necessary that any epidemiological 

research should include careful inquiries into the outbreaks of disease including building 

of data bases to record appropriate life style and social attributes that a target population 

may possess, which would then be helpful in making specific statistical models.  

As health and health standards are basically dependent on the environmental and 

social conditions of a particular group. While the diagnostic and prevention 

methodologies are to be developed keeping in mind a unique set of population. The 

spread of a particular infection can logically be treated as a geographically bound 

phenomenon. Consequently, it is necessary for the researchers to utilize mapping and 

spatial modeling techniques to combat the spread of disease in an area.  

The importance of maps and geographical/environmental survey data in controlling 

epidemics was realized as early as in the 19th century (John Snow-1855). 

  In his study, Snow contemplated and then successfully demonstrated the 

urban planning maps. The spread of the deadly cholera in Soho, London was 

due to the contaminated water supply which followed a systematic pattern. In 

the modern times Matheron (1963) also emphasized the importance of spatial analysis 

to understand the spread dynamics of HIV / AIDS. Kabel (1990) has also published the 

findings in implementing successful awareness interventions and care delivery protocols 

for HIV through spatial modeling techniques (Kabel-1990). 

 With the introduction of computerized tools such as the ArcGIS 10 (Geographic 

Information System), the options available to health researchers in depicting, predicting, 

and monitoring of contagious infections have increased manifold. In other words, it has 

become a vital resource for epidemiological data collection, management, and analysis.  

With a vastly flexible modeling tool as GIS, the public health officials, policy makers, 

and researchers are now increasingly turning to construction of spatial models for 

various disease events to study these in relation to their specific environment and 

infrastructure social, health, educational etc. (Tiwari-2006). Some strategic value 

sets inherent in the GIS are: 



 
 

xviii 
 

• Mapping and analysis of geographical spread, intensity, and variation of 

infections. 

• Trend surface analysis. 

• Identification of gaps and boundaries. 

• Identification of high risk groups. 

• Predictions and forecasting along with publication of information materials, 

advisories etc. 

Planning and implementing preventive protocols and control interventions and then 

monitoring the effectiveness of these measures. Monitoring the supply and utilization of 

materials, human resources, care centers etc. including spatial models to help predict 

spread of a certain infection such as AIDS also helps in the increased understanding to 

plan preventions and make important decisions.(UNAIDS 2008,Yalagy 2008). This is 

the reason why researchers at official agencies such as WHO, UNICEF etc. are 

increasingly relying on the GIS for research and analysis. 

 

2.1.2 GIS for health 

 

 The increasing interest in mapping infection events or occurrences has spurred 

the development of maps and models for accurate representation and analysis of 

contagious infections and their variations in a specific region. This has accompanied 

into a higher use of spatial modeling to analyze collected data both visually and 

statistically. Such modeling has a number of research and / or operational utilities and 

can be categorized as (Don-1995).  

• Health Event Mapping used to provide a fair estimate of the risk posed by a 

specific infection across an area or region, which in turn helps in resource 

allocation, quarantine measures, and logistic chains.  

• Infection clustering used to gain insight into the concentration areas of infection, 

their correlation, and further spread. 

 

2.1.3  GIS Operation 
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The major usages of a GIS in research are  

• Data storage and management. 

• Analytical and / or Mathematical Analysis. 

• Visual representation of the data and findings on geographical overlays.  

Utilization of the GIS in disease related analyses is supported by a variety of methods 

like representation of mathematical data on spatial overlays, buffer and grid generation 

and correlation, neighborhood and network assessment, and surface modeling through 

raster techniques. When combined with statistical data and procedures, these visual 

modeling methods ensure accurate, valid conclusions (Boulos 2004).  

 For the layman users, GIS is helpful in gaining quick access to visually 

represented information (simply by clicking a particular point on the map) about a 

definite geographical area such as a city, metropolitan area, district, or any other defined 

space. More advanced uses of such GIS based tools is to answer unique questions 

through spatial techniques with the help of data stored in relevant database 

management systems. Such data management is integral to the GIS and serves two 

major purposes: 

• Geographical / topographical data of target areas. 

• Special data explaining certain attributes of spatial features. 

In The overall framework of spatial analysis new geographic boundaries can be added 

or the old ones modified as per the situation, multiple map overlays can be applied with 

new variables to calculate for polyvariate statistical analysis, data fields with user 

defined intervals and unique symbolizes can be integrated, autocorrelations can either 

be assessed or applied afresh, and probabilities can be calculated utilizing regression 

coefficients for different scenarios with a high degree of reliability, ease, and in record 

times. 

 Another great importance of such spatial mapping is in the investigation of any 

significant health event in or around a geographical location or feature by creating virtual 

zones within which the size of the infected population can be calculated by integrating 

available incidence data. Through this procedure, planners can optimally strategize for 

placing optimum number of care centers within or around a zone.  
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A statistical technique for spatial modeling involves: 

• Point pattern analysis. 

• Cluster data analysis. 

• Geo stats. 

To smoothly integrate these statistical functions in the GIS, a host of computational and 

logarithmic techniques have been developed such as kriging, grid estimation, and 

density kernel estimation. To carry out epidemiological pattern research, the most 

suitable technique is to apply the geostats on land escapes. Techniques such as auto-

correlation, pattern assessment, and clustering take in account the inherent variations 

involved in the spatial information collected through various means. This spatial 

prediction depends upon on a stochastic model (Boulos - 2004; ghio - 2005; Graham - 

2004). 

 A lot of tangible or intangible factors that are directly or indirectly related to the 

spread of the infection e.g. socio-economic conditions, ethno-religious traits, census 

figures etc. that are unique to the target population or area can be resolved with a high 

degree of accuracy through the analytical functions integral to GIS (Boulos 2004; Koua 

2004; Moran 2007). Socio-economic variables include poverty levels, literacy, life 

expectancy, migration / immigration of labour, living standards, unemployment etc. 

ethno-religious or cultural variables include faith based orientation and habit patterns, 

linguistic and / or ethnic composition, endogamy, attitudes towards sex, drug use etc. 

(Moran 2007). 

 

2.1.4 Temporal dimension 

 

 Appropriately defined units of time and intervals play a vital role in statistical 

analysis and even more so in the epidemiological statistics because of the direct relation 

of the age of epidemic with its spread and treatments. Consequently, no spatial 

modeling can be valid if the time dimension is not included. Many epidemiological 

researches are being done around the world utilizing statistical assessments of spatio-

temporal clustering in a target population statistical analysis (Ahuai-2006; Kulldorff- 

1998; Lia-2007; Odio-2004). Temporal, spatial and space time scan statistics are then 
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used (Kulldroff-1995; Turnbul-1990; Wheeler-2003) to solve the inherent problems 

involved in the monitoring of the geo spread of any infection with special regards given 

to the areas with high prevalence of the sickness. These techniques then help in 

understanding the reasons behind concentration and prevalence of infection in those 

areas and their importance in the overall spread of the disease.   

 

 

2.1.5  Data Mining 

 

In the field medicine and a data sensitive field such as epidemiology, the over bearing 

task for researchers is to find, filter, sort, and process the appropriate data sets from 

ever expanding data bases. The process of finding relevant data and / or data patterns 

is called ‘data mining’. Majority of the machines and applications performing these 

mining tasks are specialized and require specialized learning of processes. However, 

quick and reliable access to appropriate data through such mining or discovery 

techniques gives definite advantages to the users especially in time critical 

environments (Kuo-2007; Lavrac-2007; Mulinssa-2006). 

There are two of the most popular mining algorithms are: 

• Predictive data mining to generate forecasts. 

• Descriptive data mining to find relationships, clustering, group structuring 

(stratification) (lavrac-2007). 

 

2.1.6 Research perspective: GIS and  

 HIV/AIDS 

 

 HIV/AIDS epidemic has started to challenge recent developmental achievements 

and to raise fundamental issues of human rights concerning people living with HIV/AIDS. 

The study conducted by Mahal A. Rao.B (2003) is an intense review to elaborate on the 
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major elements of the national and international economic research to data on 

HIV/AIDS, The study highlights the fact that very little work on the influence of HIV on 

technological progress exists at present, except mainly through its impact on biomedical 

research. Economics can contribute usefully to thinking about and measuring the 

potential impacts of the HIV/AIDS epidemic and in the development of optimal strategies 

to address it. 

 As an old Chinese proverb goes ‘A picture is worth a thousand words’, visual 

representation of data, especially on maps, is an effective way of communicating 

information which is useful in attracting people’s attention to voluntarily participate in 

group health measures, and preventive interventions carried out pioneering work in this 

regard in the Atlas of AIDS (Smallman et al.-1992). Successive researchers used GIS 

services to map the spread and prevalence of STDs and other infections in a region to 

gain insight as to the access of general population to care and prevention centers (Law-

2004; Pillay-2002).  

 The researchers in these studies went so far as calculating the distance between 

health care centers and the regions of high disease prevalence, highlighting practical 

difficulties, gaps, waste of resources through useless overlapping, thus helping planners 

to devise better prevention strategies. In this regard, further work has been carried out 

by Busgeet (2004) in developing an HIV/AIDS database, integrated with specialized 

software called the SIMS or Spatial Information Management System. The aim of SIMS 

is to help determine the most appropriate time and place of intervention protocols. 

Hence, the quality of care and treatment, easy access to care, and effective 

communication of relevant information can be ensured through SIMS. 

 However, the SIMS can only provide effective picture if accurate data about the 

infected population, infrastructure, and resources is fed to it. However, in case of funding 

constraints faced by smaller governments e.g. state or municipality level have also 

suggested the use of open source software with essential functionalities. Spatial 

modeling by utilizing either the empirical or theoretical frameworks have yielded good 

results in studies carried on the HIV/AIDS epidemic in Africa. Similarly, Casetti and Fan 

(1991) and Gould et al. (1991) have also developed spatial and temporal models to 

predict the prevalence and spread of HIV for the USA.  
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2.2 Fuzzy Matrix Theory 

 

 In this section, fuzzy matrix theory and models are presented which are working 

for the study of socio-economic and psychosomatic problems. Yet applied 

mathematicians used these fuzzy models to study social and psychological problems. 

Doctors, scientists, entrepreneurs and mathematicians used these models.  

Here for self-knowledge, we study some properties of fuzzy matrices and operations.  

 If [0, 1] represents the entity interval, if x ∈ [0, 1]. 

 We can say [o, 1] shows a fuzzy basic interval and consider [a, b] is a fuzzy interval. 

⟹ [a, b] ⊆ [0, 1]. Consider   [–1, 1] is a fuzzy interval and –1 ≤ x ≤ 1. 

As a result, 0 ≤ 𝑥 ≤ 1,  

Thus [0, 1] is an uncountable set.  

Let X be any universal set.  

 𝜒Α: X → [0, 1].  

Where set A is defined by its characteristic function𝜒Α.  

Therefore a fuzzy set contains each likely individual in the domain. By Aristotelian logic, 

if A is a fuzzy set with relevant object x then it is not necessary x is a member of A but 

we can say might be true only to some degree. It is usually in the fuzzy sets to present 

the degrees of relationship and degrees of veracity by the interval [0, 1]. The fuzzy sets 

usually express the regular conversion of membership to non-membership and vice 

versa.   But it also give us the description of the measurement of uncertainties and 

gives a significant presentation of concepts which is not clear by a simple natural 

language. The basic concept of the fuzzy set, generally explains the crisp set. The crisp 

set distributes the entities into two groups within the given domain: individuals which are 

belong to the set and those which are not belong to the set. In a fuzzy set, the entire 

individual either they are members or not, be stated by 0 and 1 respectively. The global 

function assigns the those values to the entries of the universal set which can include 

in a specific collection and show the members grade of these entries in this given set. 

The membership function with higher degree is defined as fuzzy set. The fuzzy sets 

have been explained as per need in our study. 
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2.3 UNAIDS/WHO Methods 

 

During review of literature, It is observed that UNAIDS/WHO worked out on few 

generalized models based on the types of the outbreak. We have studied during our 

research all those methods which are used by UNAIDS/WHO (UNAIDS-2001; UNAIDS-

2008) in prognostic the estimates of HIV/AIDS occurrence. 

The existence HIV/AIDS rate in Pakistan can be calculated by dividing expected 

number of HIV/AIDS cases in a trial to its population size. In the adult population size 

from 16-50 years, we can calculate the prevalence rate among the women under trial 

multiply by whole adults counting of same age group as above. UNAIDS/WHO also used 

this method in estimating the sero-prevalence rate in high-risk groups. 

Through recent studies,(WHO-2003; FOWLER-2008; MONTANA- 2008) it has been 

confirmed that the antenatal sero-surveillance center generally overestimate the 

younger women/men.(Guowsl-2008) declared that these centers by 20% overestimates 

the prevalence rate and suggested that raw data provided by the antenatal sero-

surveillance centers can be refined  multiply available data by 0.8 to reduce the 

overestimation. 

 

2.4 Spatial Statistics  

 

The spatial analysis is a tool used for studying the correlation effects taking from 

geographical pattern of data (Griffith - 2005). The geographical pattern of infection is 

estimated to investigating the occurrence of spatial autocorrelation. Griffith (1999) 

declare that interpretation is correlated due to their comparative locality resulting in 

spread out of information from one place to another place. We can define the spatial 

autocorrelation by the relationship among the particular quantitative variables that 

results the geographical pattern and can compute the similarity index along region. The 

intensity and a spatial occurrence is linked to itself (Cliff-1981). Thus, in Pakistan the 

spatial distribution is identified by the understanding of the location occurrence rates 
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and the geographic associations between them. 

There are two types of spatial autocorrelation – negative and non-negative spatial 

autocorrelation. If its value is non negative, then the existence rate is similar between 

the close sites vice versa. We can employ the tools given below to investigate whether 

systematic spatial variation occur or not.  

 

 

 

2.4.1 Cluster Analysis  

 

Cluster analysis is basically a tool to identify the similarities among the patterns (Jain 

et. Al- 99). Sites or States were clustered into same group because of alike occurrence 

rates, to examine the spatial structure of infection in Pakistan. To attain this, the 

hierarchical agglomerative clustering model in S- plus© can be used (Banned-1993). 

The clustering process involves the computation of the intervariable similarities and 

grouping their mutual dissimilarities (UNAIDS - 2006). For an example similarity among 

the variables i and j is  √1 − 𝑟𝑖𝑗
2     

If d  is symmetric then 

 d(l, m)  =  d(m, n),   

And d(𝑙, 𝑙) = 0  and 

 𝑑(𝑙, 𝑛) ≤  𝑚𝑎𝑥(𝑑(𝑙, 𝑛), 𝑑(𝑚, 𝑛)). Then d is metric (Vennable - 2002).  

 The Euclidean distance is very popular to evaluate the closeness in two or three-

dimensional space. The number of clusters can be attaining by the dendrogram for 

ordinary cluster in the data. The technique is skewed and may not give up the best 

possible clusters. A cluster k is given as  

 

 𝑘 ≈ √
𝑛

2
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Here n is the total number of entities. 

The agglomeration coefficient’s graph demonstrates the clusters with reasonable 

quantity. Then the regular quantity of clusters is formed in the graph and coefficient can 

be changed as a pointer of the clusters. The clusters with dissimilarities have been 

combined if quantity of clusters increased. Hence, the quantity of clusters proceeding 

to the combination is more suitable (Ketchen-1996).  

 

 

2.4.2   Statistical tools. 

 

The Moran's I (Moran-1948) and Geary's c (Geary-1954) are two techniques which are 

frequently used for the measurement of spatial autocorrelation. They give us 

suggestion and degree of spatially autocorrelation exists in the occurrence data. Mutual 

techniques provide the relations among the sites and states. We consider binary 

adjacency weights by wij = 1 if areas  and  are very close and zero else. Otherwise 

another options for weights can be considered (Griffth - 2005).  

The Moran’s Indexing level is as follows 

 

I =
N ∑ ∑ wij(xi−x̅ )(xj−x̅)ji

∑ ∑ wij ∑ (xi−x̅)2
iji

                                                                         (2.1) 

 

By using null hypothesis, its estimated value is given below: 

   

𝐸(𝐼) = −(𝑁 − 1)−1                                                              (2.2) 

 

The test of implication is completed by means of analytical probability and variances 

assumed asymptotically normal distributed. Therefore, the Z test is 

 

𝑍 = (𝐼 − 𝐸(𝐼))(𝑆𝐸(𝐼))−1                                     (2.3)  
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The Moran's I deals covariance among two data points. It has value which is differ 

between -1 and 1, if standards among 0, 1 pointed out a non-negative spatial correlation. 

If values lies from -1 to 0 pointed out negative relationship, and values come to 0 this 

indicate that autocorrelation does not exist spatially. The values equal to 1 or -1 

represents the Perfect correlations. 

A Moran scatter Graph gives us a pattern and strength of spatial autocorrelation. 

While the Geary c statistic will remain non negative and having choice stuck between 0 

and 2. It highlights the distinction among couple of observations and covariation like in 

Moran's I. Therefore very approachable to disparity in undersized regions. The 

dissimilarity among one value and an outlier assessment follow an inconsistent results. 

The predictable worth of the Geary coefficient will be 1, If the HIV spot are spatially 

unconnected with one another, while less than 1 involves non negative autocorrelation, 

while more than 1 point out negative autocorrelation 

 

𝑐 =
(𝑁−1) ∑ ∑ 𝑤𝑖𝑗(𝑥𝑖−𝑥𝑗)2

𝑗𝑖

2 ∑ ∑ 𝑤𝑖𝑗 ∑ (𝑥𝑖−�̅�)2
𝑖𝑗𝑖

                         (2.4)    

 

2.4.3 Variogram  

 

A Variogram is a tool for the assessment of spatial correlation among distance and 

direction. Its estimator is denoted by 𝛾(h), Matheron (1963) was expressed it as 

  

�̂�(ℎ) =
1

2|𝑁(ℎ)|
∑ (𝑍(𝑠𝑖) − 𝑍(𝑠𝑖))2

𝑁(ℎ)                     (2.5) 

 

Where 𝑁(ℎ)  is a Euclidean distances and si - sj = h, the spatial distance between 

site si and sj, and Z (si), Z (sj) denote the spatial data at si and sj, respectively. Here, Z 

(si) is the pragmatic number of non-negative HIV cases in the site si. If Z (si) is basically 

stationary then the semivariogram or the variogram will be a suitable constraint of the 
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stochastic procedure. In case of second-order, the function is 

 

COV(H)  =  C [Z(𝑠𝑖), Z(𝑠𝑖 +  H)]     

 

Also that when H=0 then 𝐶𝑂𝑉(𝐻) = 𝐶 [𝑍(𝑠𝑖), 𝑍(𝑠𝑖 + 𝐻)]  is equal to zero and   

E(Z(𝑠𝑖)) is equal to μ. 

With the above condition, the covariance function can be explained as : 

 

𝑉𝑎𝑟[𝑍(𝑠𝑖) −  𝑍(𝑠𝑖 + 𝐻)] = 𝑉𝑎𝑟(𝑍(𝑠𝑖 + 𝐻)) −

                                                    2𝑐𝑜𝑣𝑎𝑟(𝑍(𝑠𝑖). 𝑍(𝑠𝑖 + 𝐻)) +

                                                     𝑉𝑎𝑟(𝑍(𝑠𝑖)  

(2.6) 

And  

 

�̂�(ℎ) = ∑ {(𝑍(𝑠𝑖) − 𝑍}̅̅ ̅{(𝑍(𝑠𝑗) − �̅�}𝑋
1

2|𝑁(ℎ)|𝑁(ℎ)                         (2.7) 

 

Where 

 
�̅� = ∑ 𝑍(𝑠𝑖)𝑛

𝑖
𝑛⁄  

 

If the progression is intrinsic, then the covariance function does not exist then the 

semivariogram can assume (Schbenberger-2005).  

The function  ∆(ℎ) =
𝐴(ℎ)

𝐴(0)
=  

𝐴(0)−𝛾(ℎ)

𝐴(0)
         (2.8) 

 

Where ∆(h) is known as the correlogram. When h=0 the variogram is known as the 

nugget effect. 𝑖. 𝑒, lim
ℎ→0

𝛾 (ℎ)  tends to zero. 

 

If A0 > 0,  

 

Then A0 is the nugget effect. (Matheron-1963). However Cressie (1991) claimed as 
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 limit 
‖ℎ‖→0

𝐸  (𝑌(𝑠𝑖 + ℎ) − 𝑌(𝑠𝑖))  → 0.(Y (si + h) - Y (si))  0.  

 

Thus, A0 > 0 is calculation error if the continuity be expected on the micro-scale 

stage. if the data is too large then there will be a difficulty of shaping c0. It follows that 

by extrapolating variogram approximate from interval nearest to zero. 

In geographic space close sites are considered to have more resemblance than the 

sites at a distance. Consequently, the variation increases as h increases until the 

correlation among the sites is approximately equal to zero. At this point, the variogram 

levels will be happening. This point is the amplitude of the variogram.  

 

2.4.4  Kriging  

 

The Kriging is a geostatistical method. It is used for the spatial estimation of HIV 

prevalence guess in Pakistan. By using the spatial linear models (Berki-2004; Cresse-

1991), we suggest to attain HIV occurrence estimates that signified by the map. The 

method is helpful in demonstrating the spatial correlation. Cressie (1991) reviewed 

various kinds of kriging methods like simple, ordinary and universal. Universal kriging is 

a version of ordinary kriging which contains trend. It performs local estimates and the 

underlying trend (Kaluzny-1998). Therefore, universal kriging has similarity of both the 

trend. The highest degree polynomial is required for the prediction to be locally 

sufficient. On the other hand, the option of the variogram or covariance function 

influenced by kriging. The semivariogram is produced not having nugget influence, 

explained by direct interpolation at the sampling sites. When both semivariogram and 

nugget effects are used then a smoother deduction is achieved the same as predictions 

which is to be very close with the indicated plane with a lesser amount of residuals 

(Berki-2004).  

Ordinary kriging calculates a weighted linear grouping of experimental data for 

estimating the observed site or particular unnoticed site. These weights are selected in 

such a way that the average error tends to zero and the error variance is reduced (Issak-
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1989). 

 The spatial information Z(s) is as follows: 

 

𝑍(𝑠) = +𝜌(𝑠) + 𝜇(𝑠) 

 

Where 𝜌(𝑠) is approximately equal to (0, ∑ ), 

 

𝐸[𝑍(𝑠)] =  𝜇(𝑠). 

 

Cressie (1991) attained the kriging intended for .regular kriging in requisites of the 

semivariogram. 

 

𝛾′ = (𝛾(𝑠0) + 1 
1−1′Γ−1𝛾(𝑠0)

1′Γ−11
 )

′

Γ−1                                  (2.9) 

And 

 

𝑝𝑜𝑘(𝑍; 𝑠0) =  𝜆′𝑍(𝑠)                                      (2.10) 

 

With variance 

 

𝜎𝑜𝑘
2 (𝑠0) = 2𝜆′𝛾(𝑠0) −  𝜆′Γ𝜆             (2.11) 

 

Wherever   Γ =  𝛾(ℎ)      𝑎𝑛𝑑      𝛾(𝑠0) =  𝜆(𝑠0 − 𝑠1), 𝐼 = 1,2,3 … . 𝑛 

 

2.5  Mapping of Risk Factors 

 

We are interested to examine the variation of the probability of HIV infection in Pakistan. 

We have to produce an even maps of risk factors. The HIV occurrence rates will be 

expected and represent with the spatial models. Therefore, the areas with elevated 

danger can be mentioned in general and be helpful to health policy makers, manage 
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quick risk assessment and resource allocation (Lawson-2000). 

 

2.5.1  The Relative Risk Ratio (RRR)  

 

Let 𝑂𝑖 represents the estimated number of non-negative cases of HIV in the 𝑖𝑡ℎ region 

and 𝐸𝑖  is the estimated number of HIV non negative cases in the 𝑖𝑡ℎ region and the risk 

in this region be symbolized by 𝜃𝑖𝜇𝑖 . The estimated cases of non-negative 𝜃𝑖 is 

unspecified to be disseminated as Poisson with  𝐸𝑖𝜃𝑖 . Hence, the likelihood is as follows: 

 

𝐿(𝜃) =  ∏
exp(−𝐸𝑖𝜃𝑖)

𝑂𝑖
(𝐸𝑖𝜃𝑖)𝑂𝑖  ∝  ∏ 𝜃𝑖

𝑂𝑖exp (− ∑ 𝐸𝑖𝜃𝑖  )  

𝑛

𝑖=1

 

𝑛

𝑖=1

 
𝑛

𝑖=1
 

         

And 

 

𝑙𝑛𝐿(𝜃) =  ∑ 𝑂𝑖𝑙𝑛𝜃𝑖 − ∑ 𝐸𝑖𝜃𝑖
𝑛
𝑖=1

𝑛
𝑖=1   

 

Differentiating 

  

�̂�𝑖 =
𝑂𝑖 

𝐸𝑖
 

 

Wherever 

 

𝐸𝑖 = 𝑁𝑖

∑ 𝑂𝑖
𝑛
𝑖=1

∑ 𝑁𝑖
𝑛
𝑖=1

 

 

Where, 𝑁𝑖  is the whole quantity of women tested in all region included in the   survey 

time. 
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Clayton and Kaldor and Lawson et al. (2000) indicated few restrictions of the use of 

maximum risk for disease mapping which is given as: 

The variance is huge in areas with short inhabitants and the small regions with huge 

inhabitants with little cases.  

These can shape the boundaries of the map and can control its outline as no description 

is in use of the changeable residents dimension on the map.  

• It does not distinguish among areas wherever no occasion is experiential.  

• It does not disclose the original arrangement in the data.  

The difference of the estimator of the comparative risk is relative to 𝐸𝑖, therefore regions 

with undersized inhabitants have very huge comparative risk consider the expected 

cases (𝐸𝑖) in the denominator is very small. On the other hand, regions with huge 

inhabitants have elevated standards of 𝐸𝑖  and therefore short comparative risk condition 

is that the small number of cases. The existence of the outcome levels on the map to 

keep away from the failing of MR have a tendency to provide extra benefit to areas with 

outsized populations therefore further possible to manage implication, yet surplus 

menace is little ( Mollie A-1999). 

To prevail over these restrictions, a variety of models have been planned by many 

authors. Downer (1996) projected the soft approximation of disease through penalizing 

the Poisson maximum likelihood guess by means of the inter-site distance. Now we are 

using Bayesian methods for disease mapping.  

 

2.5.2 Empirical Bayesian Approach  

 

It is required to recognize acute rates for region with small inhabitants go ahead to 

the advancement of empirical Bayesian estimation. Some authors Tsutakawa RK 

(1985), Biggar J (1990), Diggle P (1998) have projected modified models which are 

commonly free but are conditional on an original spatial procedure.  

The Bayesian technique have kinds of information: the information described by the 

Poisson likelihood (Mollie A-1999). The empirical Bayesian estimator supposed that the 

comparative risks pursue a few sharing 𝑓(𝜃) and Bayesian conclusion regarding the 
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unidentified comparative risk 𝜃 is depended on the marginal latter division 

 

𝑔(𝜃 𝑂⁄ , 𝛾) =  ∫ 𝑔(𝑂 𝜃⁄ )𝑓(𝜃 ∕ 𝛾)𝑑𝜃
𝑖

 

  

Wherever O represents the HIV infected cases and 𝛾  is the identified hyper-parameter. 

In case of relative risk, the probability density function is denoted by 𝑓(𝜃𝑖). The observed 

HIV counts for the likelihood function is given as 

 

𝑔(𝑂 𝜃⁄ ) =  ∏ 𝑔(𝑂𝑖 ∕ 𝜃𝑖)

𝑛

𝑖

 

 

The former division reveals earlier regarding the comparative risks and is 

parameterized through the hyper-parameter 𝛾 provided like𝑓(𝜃 𝛾⁄ ). The empirical 

Bayesian trends take up the approximation of the hyper-parameters those are attained 

by making the best use of the marginal likelihood. 

 

𝑔(𝑂 ∕ 𝛾) =  ∫ 𝑔(𝑂 ∕ 𝜃)𝑓(𝜃 ∕ 𝛾)𝑑𝜃
𝑖

 

 

Thus the approximation of the hyper-parameters can be evaluated from the data. 

The marginal posterior distribution depends upon area and is given as 

𝑔(𝜃𝑖 𝑂𝑖⁄ , 𝛾) ∝ 𝑔(𝑂𝑖 𝜃𝑖⁄ )𝑓(𝜃𝑖 𝛾⁄ ) 

 

Thus, empirical Bayesian is calculated by the maximum likelihood estimates 

(Dempster-1997).  

 

2.5.3 The Bayesian Gamma-Poisson Model  
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Clayton (1981) used a random-effect model in which probability density function is 

utilized for the recognition of comparative risks along the areas. Clayton and Kaldor both 

recommended the gamma distribution with measured factor 𝑎  and outlined factor 𝑣.  

Then 

 

𝑓 (
𝜃𝑖

𝛾
) =

𝑎𝑣𝜃𝑖
𝑣−1 exp − 𝛼𝜃𝑖

Γ(𝑣)
 

 

Based on 𝜃𝑖  , 𝑜𝑖 are the HIV counts, which are Poisson variants having mean  𝜃𝑖  𝐸𝑖  . 

This means that the marginal density of 𝑂𝑖  is 

 

𝐸(𝑂𝑖) = 𝐸𝑖

𝑣

𝛼
 

 

𝑣𝑎𝑟(𝑂𝑖) = 𝐸𝑖

𝑣

𝛼
+ 𝐸𝑖

2
𝑣

𝛼2
  

 

The maximizing marginal likelihood can be used to estimate the negative binomial 

mode. The empirical Bayesian estimate is 

 

𝐸 (
�̂�𝑖

𝑂𝑖
, 𝛼, 𝑣) =

𝑂𝑖 + �̂�

𝐸𝑖 + �̂� 
 

 

The advantage of The Gamma-Poisson model is to estimate the full posterior that 

gives the confidence interval, mean and variance by means of maximum likelihood 

which is similar to Bayesian methods (Marshall RJ-1991). 

The model is constructing the earlier mean of the covariates (Manton KG-1987). It is 

absolute the gamma-Poisson model in which weighted moments  determine variance 

and a prior mean and try to elaborate the hurdles taking place in iterative methods 

(Marshal-1991). The Gamma-Poisson model was structured using the gamma scale 

parameter having geographic outcomes (Tsutakawa-1988). The Poisson likelihood and 
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Gamma framework can be estimated the comparative risks for geographic regions. 

Make out Lawson (2001) intended for thorough random properties in disease mapping. 

Langford IH (1999) recommended a covariates function as: 

 

𝐸(log(𝜃𝑖)) = 𝑥𝑖
𝑇𝛽 

 

And 

 

𝐸(𝜃𝑖) =
𝑣

𝛼𝑖
= exp[𝑥𝑖

𝑇𝛽] 

 

The above model takes for granted that no extra-Poisson variation exists here.  

 

2.5.4 Variance Component Models  

 

In this part of the thesis, we study the risk of HIV infection at both individual and 

group level. Thus, it is possible to collect the information on HIV positivity at three levels 

and can construct the three level or a two level model. Langford et al (1999) completed 

the multilevel models for disease atlas.  

The Poisson multilevel model includes an assessment of the extra-Poisson variation 

in the model.  

 

log(𝜇𝑖) = log(𝐸𝑖) +  𝛼 + 𝑥𝑖
𝑇𝛽 + 𝜇𝑖 

 

Where 𝜇𝑖  is the extra-Poisson variation due to dissimilarity between basic populations 

of observed area? Now log (𝐸𝑖) accounts for the at risk community. 

 

𝜇𝑖  ~ 𝑁(𝑜, 𝜎𝑢) 
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And 

 

𝑙𝑜𝑔 (𝜃𝑖)~ 𝑁(𝜇𝑖 , 𝜎𝑢) 

 

Where 

 

𝜇𝑖 = 𝑥𝑖 
𝑇𝛽 

 

We can construct the lot of models for many advanced levels of ecological 

aggregation (Langford IH-1999). For a two level model, site 𝑖  shelled within the state𝑗  , 

then 

 

𝑂𝑖𝑗~𝑝𝑜𝑖𝑠𝑠𝑜𝑛(𝑂𝑖𝑗 , 𝐸𝑖𝑗) 

 

And  

 

𝑙𝑜𝑔(𝜇𝑖𝑗) = 𝑙𝑜𝑔 (𝐸𝑖𝑗) +  𝛼 + 𝑥𝑖𝑗
𝑇 𝛽 +  𝜇𝑖𝑗 + 𝑣𝑗 

 

𝜇𝑖𝑗 ~𝑁(0, 𝜎𝑢), ~𝑁(𝑜, 𝜎𝑣) 

 

And a three-level model  

 

𝑂𝑖𝑗𝑘 ~ 𝑝𝑜𝑖𝑠𝑜𝑛(𝜃𝑖𝑗𝑘𝐸𝑖𝑗𝑘) 

 

And 

𝑙𝑜𝑔(𝜇𝑖𝑗𝑘) = 𝑙𝑜𝑔 (𝐸𝑖𝑗𝑘) +  𝛼 + 𝑥𝑖𝑗𝑘
𝑇 𝛽 +  𝜇𝑖𝑗𝑘 + 𝑣𝑗𝑘 + 𝑦𝑘 

 

𝑢𝑖𝑗𝑘 ~ 𝑁(0, 𝜎𝑢  ), 𝑣𝑗𝑘~ 𝑁(0, 𝜎𝑣), 𝑦𝑘  ~ 𝑁(0, 𝜎𝑦) 
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Where  𝑢𝑖𝑗𝑘, 𝑣𝑗𝑘  𝑎𝑛𝑑 𝑦𝑘  are the random effects for the sites, state and zones respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter 3 

 

Spatial Analysis of HIV/AIDS 
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3.1 Explanation for Spatial Analysis  

 

 There were 35 million people living with HIV at the end of 2013.  While from the 

beginning of the epidemic, around 78 million [71 million–87 million] people have been 

infected with HIV and 39 million [35 million–43 million] people have been killed of AIDS-

related illnesses. (UNAIDS 2014). 

 Pakistan has become the sixth most populous country in the world (Muhammad Ilyas 

2011). The country has four main administrative units called provinces namely the 

Punjab, Sindh, Baluchistan, and KPK. Apart from these four provinces, the country also 

has two autonomous regions Azad Jammu & Kashmir (AJK) and Gilgit-Baltistan (GB), 

one Federal tribal area (FATA) in the province of KPK, and one Federal Capital Territory 

(FCT) of Islamabad. Table 3.1 depicts the areas with their population and area size 

(NACP 2010).  

 

 

 

 Territory Capital Population Land Area 

(Sq. km.) 

Islamabad Capital Territory Islamabad 805235 906 

Punjab 

Baluchistan 

Lahore 

Quetta 

73621290 

6565885 

205345 

347190 

    

Sindh 

Khyber Pakhtunkhwa 

Azad Jammu Kashmir 

Karachi 

Peshawar 

Muzaffarabad   

30439893 

17743645 

12000000 

 

140914 

74521 

13297 

 

 

Table 3.1.  Pakistan’s provinces and territory arranged by land area. 

  

Pakistan comprises of a multi-ethnic, multi-lingual and culturally diverse society. 



 
 

xxxix 
 

Each federating unit has its unique demography, socio-economic and ethno-religious 

trends. Amongst the provinces Baluchistan has the biggest land area with the lowest 

population in the country. On the other hand by population size Punjab followed by Sindh 

is the most populous province. The largest city of Pakistan is Karachi located on the 

coast of Sindh, while the second largest city of Pakistan Lahore is in Punjab. As such, 

these two provinces also have the largest number of reported HIV / AIDS cases (in 

absolute numbers) in the high risk groups. Table 3.2 depicts the data of HIV / AIDS 

prevalence in these federating units (NACP-2011). 

 

 

 

 

 

Counties HIV Cases AIDS Cases Total HIV/AIDS 

Federal Central Territory 334 37 371 

Punjab 394 43 437 

Sindh 490 84 574 

KPK 349 53 402 

Baluchistan 180 12 192 

Azad Jammu Kashmir 18 4 22 

 

Table 3.2.  Pakistan Demographic Health Survey. 
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Figure 3.1:     Reported HIV/AIDS infected population clusters in   Pakistan 

using ArcGIS 

 

Like other third world countries in Asia, urbanization is also seeing a `growing trend in 

Pakistan. However, 63% population is still categorized as rural. Due to poverty, weak 

economic performance, terrorism, and illiteracy Pakistan scores quite poorly on the 

Human Development and Gender Inequality Indices (HDI and GII respectively), where 

Pakistan’s individual score is 0.504 and 0.537 respectively with an official literacy rate 

of 55.5% (M Ilyas-2011).  Although independent experts believe it to be much lower 

around 30%.  

Likewise, Pakistan is also experiencing the HIV / AIDS infection spread pattern just like 

other Asian countries. Pakistan, has initially been categorized as ‘low prevalence high risk’ 

country during the 1990s, has since moved on to ‘concentrated epidemic’ phase in the early 

2000s in its high risk groups also known as the Key Vulnerable Populations (Commercial 

Sex Workers, Truck Drivers, and Injecting Drug Users). A serious concentration of HIV 

cases were found in some suburban communities where unsafe injecting practices are 
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being followed in informal health care settings along with high prevalence in IDUs. The 

NACP carried out an Integrated Bio-Behavioral Surveillance (IBBS) survey, whose 

round IV was completed in 2011, which confirms meteoric rise in the HIV prevalence 

among the IDUs touching 38%. This IBBS survey was conducted by the Government of 

Pakistan HIV/AIDS Surveillance Project (HASP) through its official NACP with the 

assistance of Canadian International Development Agency (CIDA). 

The survey which was carefully carried out by trained staff across the country in 19 

urban centers gives unique insight into the rising trend of infection among the high risk 

groups e.g. almost 27% prevalence in 2011 among IDUs compared to 20.8% in 2008; 

among Male Sex Workers (MSWs) the prevalence rose to 1.6% in 2011 from 0.9% in 

2008; the segment of Female Sex Workers (FSWs) showed a rise to 0.6% in 2011 from 

0.2% in 2007. However, there was a drop in figures for the Transgender Sex Workers 

where a drop in prevalence was recorded at 5.2% in 2011 from a high of 6.1% in 2008.  

 

    

      Figure 3.2:  HIV Prevalence trend amongst MARPS 

 

S/No Major Cities/Zones No of HIV/AIDS 

cases 

No Of deaths 

(approx.) 

1 Karachi 2388 716 

2. Hyderabad 2268 680 

3. Larkana 4240 1272 
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4. Lahore 1405 421 

5. Faisalabad 1152 645 

6. Sargodha 1829 548 

7. Peshawar 1072 321 

8. D.G.Khan 1436 431 

 

Table 3.3 HIV Prevalence trend amongst MARPS 

 Source: HASP IBBS round III  

The above these trends in graphical form suggesting a clear rise in prevalence among 

IDUs and HSW, a moderate rise in FSW with a mild drop in MSW. 

 

3.2 Ascertain Spatial Correlation Behaviors  

 

In this section, we have analyzed the data in the light of how the prevalence rates of 

HIV / AIDS are geographically co-related to each other bound by definite dimensions of 

distance and direction. Due to religious, cultural, and socio-economic similarities which 

transcend political boundaries, it is hypothesized that geographically co-located 

communities will demonstrate similar traits in infection spread when compared to those 

areas which are relatively farther apart, or do not have the same socio-economic or 

religious attributes. 

 

3.3 Trend surface Analysis 

 

As shown in figure 3.3, majority of counties in Pakistan were investigated and it 

was observed that Sindh, Khyber Pakhtunkhwa and Federal Central Territory were 

shown to belong to high level of infection (shaded by dark color). From figure 3.3 it is 

also seen that HIV/AIDS patients were raised in the southern and northern parts of the 

country. However, there is only Baluchistan territory which is still at low level of infection. 

Commented [X1]: FIGURE 1??? 
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Figure 3.3. Number of HIV/AIDS cases in Pakistan, illustrated by using ArcGIS. 

 

Geographically, the HIV/AIDS is found to be increasing in thickly populated areas of 

Pakistan (HASP-2008). Trend Surface Analysis provides a good picture of the 

geographical variation of HIV/AIDS in the different regions of Pakistan. The list of the 

different directions and trends for the study period is shown in table 3.1. Incidence 

generally increased vertically from North to South while the intensity rate decreased 

linearly from East to West. It has been observed that HIV/AIDS cases start increasing 

from the southern area and then moves towards to the center of the region and then 

shows decreasing trend towards the Northern side. When it is observed along the 

latitudinal axis, there are more HIV/AIDS cases in the East in comparison with the West. 
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3.4      The Moran and Geary’s Statistics 

 

 Spatial Autocorrelation depends on characteristic values and phase 

simultaneously. For a given set of data, it evaluates whether the pattern is clustered, 

dispersed, or random. The study uses Arc GIS tool to calculate a z-score, p-value and 

the Moran's I Index value to assess the outcome of that Index. 

The Moran’s I index statistic is given as: 

 

𝐼 =
𝑁 ∑ ∑ 𝑊𝐼,𝐽𝑍𝐼𝑍𝐽  𝑁

𝐽=1
𝑁
𝐼=1

𝑠0 ∑ 𝑍𝐼
2𝑁

𝐼=1
 

      (3.1) 

 

Where 𝑧𝑖 the deviation of an attribute for the feature I is from its mean (𝑥𝑖 − �̅�), 𝑤𝑖,𝑗 is the 

spatial weight between feature i and j, n is equal to the total number of features and 𝑠0 is 

the cumulative of all the spatial weights:                

𝑆0 =  ∑ ∑ 𝑤 𝑖,𝑗   
𝑛

𝑗=1

𝑛

𝑖=1
 

 

ZI-Score for the statistic is computed as: 

      

𝑍𝐼 =
𝐼 − 𝐸[𝐼]

√𝑉[𝐼]
 

  (3.2) 

   

Where: 

𝐸[𝐼] =  −1/ (𝑛 − 1) 

 

𝑉[𝐼] = 𝐸[𝐼2] − [𝐸(𝐼)]2 

 

(3.3) 

 𝐸[𝐼2] =
𝐴−𝐵

𝐶
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Where 

 

𝐴 = 𝑁(𝑁2 − 3𝑁 + 3)𝑆1 − 𝑁𝑆2 + 3𝑆0
2                      

 

𝐵 = 𝐷[(𝑛2 − 𝑛)𝑆1 − 2𝑛𝑆2 + 6𝑆0
2] 

 

𝐶 = (𝑁 − 1 (𝑁 − 2)(𝑁 − 3)𝑆0
2 

𝐷 =  
∑ 𝑧𝐼

4𝑁
𝑖=1

(∑ 𝑧𝐼
2𝑁

𝑖=1 )2
 

  

𝑆1 = (
1

2
) ∑ ∑ (𝑊𝐼𝐽 + 𝑊𝐽𝐼)

2
𝑁

𝐽=1 I≠1

𝑁

𝐼=1

 

𝑆2 =  ∑ (∑ 𝑊𝐼,𝐽 
𝑁

𝐽=1
+ ∑ 𝑊𝐽,𝐼

𝑁

𝐽=1
)

𝑁

𝐼=1

2

  

   

  In case of reg ional  leve l  o f  data, the unit i and j were consider as adjacent units, 

then 𝑤𝑖,𝑗𝑧𝐼𝑧𝑗  should be 1 otherwise, it should be 0. If Moran’s I ≠ 0 and P < 0.05, 

means it  has a cluster of HIV infections.  Moran’s I  ≥  0 then the HIV/AIDS is considered 

to be positive auto correlated. 

General Getis-Ord helps us to measure the high or low concentration of infection in a 

specified study region. 

The general G statistic of overall spatial association is given as: 

 

𝐺 =  
∑ ∑ 𝑊𝐼,𝐽𝑋𝐼𝑋𝑗

𝑁
𝐽=1

𝑁
𝐼=1

∑ ∑ 𝑋𝐼𝑋𝐽
𝑁
𝐽=1

𝑁
𝐼=1

 , 𝐽 ≠ 𝐼 

 

(3.4) 

 

Where 𝑥𝑖 and 𝑥𝑗  are feature values for 𝑖  and 𝑗, and 𝑤𝑖,𝑗  is the spatial weight between 

feature 𝑖 and𝑗. 
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The ZG- score for the statistic is computed as: 

 

𝑍𝐺 =
𝐺 − 𝐸[𝐺]

√𝑉[𝐺]
 

 

(3.5) 

Where   

 

𝐸[𝐺] =
∑ ∑ 𝑤𝐼.𝐽

𝑁
𝐽=1

𝑁
𝐼=1

𝑁(𝑁 − 1)
 ∀ 𝐽 ≠ 𝐼 

           

𝑉[𝐺] = 𝐸[𝐺2] − [𝐸(𝐺)]2 

 

Additional calculations are as follows:    

 

𝐸[𝐺2] =
𝐴 + 𝐵

𝐶
 

 Where 

𝐴 = 𝐷0 ∑ 𝑥𝑖
4 

𝑁

𝑖=1
+ 𝐷1 (∑ 𝑥𝑖

𝑛

𝑖=1
)

2

∑ 𝑥𝑖
4)  + 𝐷2 (∑ 𝑥𝑖

𝑛

𝑖=1
)

2

 ∑ 𝑥𝑖
2) 

𝑛

𝑖=1

𝑛

𝑖=1
 

 

𝐵 = 𝐷3 ∑ 𝑥𝑖

𝑛

𝑖=1
∑ 𝑥𝑖

3
𝑛

𝑖=1
+ 𝐷4 (∑ 𝑥𝑖

𝑛

𝑖=1
)

4

 

 

𝐶 =  [∑ 𝑥𝑖)2   
𝑛

𝑖=1
− ∑ 𝑥𝑖

2
𝑛

𝑖=1
]

2

× 𝑛(𝑛 − 1)(𝑛 − 2)(𝑛 − 3) 

  

𝐷0 = (𝑁2 − 3𝑁 + 3)𝑆1 − 𝑁𝑆2 + 3𝑤2 

𝐷1 =  −[(𝑁2 − 𝑁)𝑆1 − 2𝑁𝑆2 + 6𝑤2] 

𝐷2 =  −[2𝑁𝑆1 − (𝑁 + 3)𝑆2 + 6𝑤2] 
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𝐷3 = 4(𝑁 − 1)𝑆1 − 2(𝑁 + 1)𝑆2 + 8𝑤2 

𝐷4 = 𝑆1 − 𝑆2 + 𝑤2 

𝑊 =  ∑ ∑ 𝑊𝐼𝐽

𝑁

𝐽=1,𝐼≠1

𝑁

𝐼=1
 

𝑆1 = (
1

2
) ∑ ∑ (𝑊𝐼𝐽 + 𝑊𝐽𝐼)

2𝑁
𝐽=1,𝐼≠1

𝑁
𝐼=1  

 𝑆2 =  ∑ (∑ ∑ 𝑊𝐼𝐽
𝑁
𝐽=1,𝐼≠1 + ∑ 𝑊𝐼,𝐽

𝑁
𝐽=1

𝑁
𝐼=1 )

2𝑁
𝐼=1   

   

From above calculation, it can be determined how concentration is high or low for a 

particular study area. 

The conclusion from the trend surface study and the Moran’s Index value which is equal 

to 0.1368 with value of P which is equal to 0.0000002 and also the value of Getis 

statistics having 0.075409 with P value which is tends to 0.000000 as shown in figure 

3.4(data source: table 3.3) mention that the HIV/AIDS cases in Pakistan are very highly 

auto correlated. 

 

 

MORAN'S 

INDEX:  
0.13685
5 

 

Z-SCORE:  
8.06234
1 

 

P-VALUE:  
0.00000
0 
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Figure 3.4.  Spatial Autocorrelation Report 

 

Geographically, HIV/AIDS epidemic may vary because of factors such as source of 

infection, means of transmission and population properties. Thus the difference between 

general and local autocorrelation may exist. Along with the latitudinal axis, it can be 

observed that HIV/AIDS cases increase on the north and south ends while it increases 

gradually towards center and along the longitude axis, it is perceived that it increases 

gradually from west and then grows towards east.  

 

Figure 3.5  High-Low Clustering Report 

 

Counties Gi Z Score Gi P Value 

Sindh 1.461732 0.24554 

Punjab -0.340546 0.565946 

Baluchistan -0.113006 0.224360 

Khyber Pakhtoon Khawa 2.048963 0.48229 

Central Territory 5.428020 0.000000 

Azad Jammu Kashmir 1.920055 0.271167 

 

OBSERVED GENERAL G: 0.07540 
Z-SCORE:  5.971563   
P-VALUE:  0.000000 
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Table 3.4. The Counties with Gi Z score and Gi P Value. 

 

 

Figure 3.6  High-Low Cluster mapping using ArcGIS. 

Counties LMi Index LMi  LMi  Correlation 



 
 

l 
 

Z Score P Value 

Sindh 1.388911 0.657892 0.616040 High-high 

Punjab 0.110466 0.051707 0.866939 High-high 

Baluchistan 1.132401 0.394629 0.691069 High-high 

KPK 3.974899 1.212348 0.497605 High-high  

FCT 62.132258 19.397813 0.220519 High-high 

AJK -1.516786 -0.382205 0.539838 High-low  

 

Table 3.5. Local Moran’s I values. 

 

 All counties listed in table 3.5 are showing a statistically significant 

Autocorrelation (p < 0.000000). The central territory had the highest LMi Index  with 

value 62.132268 also other counties Sindh, Baluchistan and Khyber Pakhtunkhwa 

(KPK) showed high positive correlation (p<000000). On the other hand, although Azad 

Jammu Kashmir (AJK) has a large number of reported infected cases, but it is 

surrounded by areas of lesser infectious activity, which shows a negative auto-

correlation (value -1.516786). The area of Federal Capital Territory (FCT) is highly 

autocorrelated and a confirmed hotspot for HIV/AIDS in this region.  

The seven levels in the LMi’s I map for HIV/AIDS cases in Pakistan show a considerable 

autocorrelation (P <0.0000001). Six counties shows trend of positive auto correlated,  
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Figure 3.7  Spatial Autocorrelation mapping using ArcGIS 

 

i.e. these counties were consider as high-burden counties and were also shown to be 

surrounded by counties with large numbers of cases. The central territory had the 

highest indexes (Table 3.3). Other counties, i.e. Sindh and KPK also showed high 

positive correlations (P <0.00001). However, with a local Moran’s I of - 0.00043. 
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Pakistan is a developing country with a population of more than 150 million.  Pakistan 

hosts the largest number of refugees worldwide. According to a report, there are 1.6 

million refugees in Pakistan as per the data published by the United Nations High 

Commission for Refugees (UNHCR). 

 

Figure 3.8  Major refugee-hosting countries at the end 2012 (UNHCR). 

 

The largest share of Pakistan’s refugees comes from Afghanistan and this is the major 

cause for expanding the HIV/AIDS diffusion in its different regions. In addition, those 

counties which are attached with Afghanistan like KPK gradually develop such a society 

where HIV/AIDS easily flourished. By the trend surface analysis, it is seen that the 

epidemic has increasing trend in the north east and south west regions.  
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It is practically observed that of the “hot spots” are to be found in those areas where 

majority of refugees are settled especially in central territory, KPK and Karachi, there is 

another reason which is that the huge truck terminal at Mauripur in Karachi, one of the 

busiest rout in South Asia, sees 20,000 trucks pass through this terminal each day. 

There are thousands of truck drivers which is one of the groups, most susceptible to 

HIV/AIDS, because they are engaged in such behavior like multiple sex partners and 

drug use. . But Baluchistan is a region which shows less HIV/AIDS surveillance although 

it is surrounded by those regions which are highly susceptible by HIV/AIDS like Sindh 

and very close to KPK and lot of refugees coming from Afghanistan settled here. Main 

reason is that their conservative customs, unawareness and less literacy rate show less 

incidence of HIV/AIDS otherwise figure might be entirely different. 

 

3.5  The Semivariogram Clouds  

 

We developed the semivariogram tool designed for feasible spatial modeling and 

possible spatial outliers intrinsic in the infection occurrence data. It will be observed the 

allocation of the variance among the regions at some preferred Euclidean distances. 

 

Figure 3.9. Variogram cloud plots of the HIV prevalence Using ArcGIS 

 

are finishing the gap. Using the latitudes and longitudes regions, the distance is 

estimated from the far north to the south.   

Using data collected from Pakistan Health survey given in table 3.2, we employed the 
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semivariogram to examine the spatial correlation which was considered in the above 

correlogram plot. The semivariogram will be better to explain the extent and intensity of 

spatial correlation. While the directional semivariogram describes the directional data 

with distance. 

 

3.6 Kriging  

 

Kriging with a trend  previously recognized as universal Kriging which is much like 

ordinary kriging, except that instead of fitting just a local mean in the neighborhood of 

the estimation point, we fit a linear or higher-order trend in the (x,y) coordinates of the 

data points. A local linear trend model would be given by 

𝑚(𝑢) = 𝑚(𝑥, 𝑦) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑦 

 

Including such a model in the kriging system involves the same kind of extension as we 

used for ordinary kriging, with the addition of two more Lagrange parameters and two 

extra columns and rows in the K matrix whose (non-zero) elements are the x and y 

coordinates of the data points.  

 

 

Figure 3.10   Universal Kriging using ArcGIS  

 

 It is more appropriate to model the dependence structure of spatial division by means 

of empirical spherical semivariogram. In figure 3.10 plot of wireframe of kriged 
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estimation shows vibrant spatial pattern of HIV prevalence. The low prevalence rate can 

observe from west to east and far-off north while reflect very high prevalence rate in 

north and central regions and moderately high in the south. This spatial structure 

describes the spatial leaning effectively.   

 

 

Figure 3.11    kriging estimate, illustrated by ArcGIS 

In the above analyses, we used Pakistan Demographic Health Survey for four provinces, 

Islamabad Capital ]Territory, and Azad Jammu Kashmir. Above analysis can be 

implemented with the data at site level and we have seen the results obtained are similar 

to those given below. Parameter values are mentioned in table 3.2. 

Spherical semivariance model expression 

𝑣(ℎ) = 𝑐0 + 𝑐(
3ℎ

2𝛼
−

1

2
(

ℎ

𝛼
 )

3

; 

0 < ℎ ≤  𝛼  

𝑣(ℎ) = 𝑐0 + 𝑐; ℎ >  𝛼                                           𝑣(𝑜) = 0 
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Exponential semivariance model expression 

𝑣(ℎ) = 𝑐0 + 𝑐 (1 − EXP (−
ℎ

𝑟
)) ; 

ℎ > 0 

 𝑣(𝑜) = 0 

 

 

Gaussian semivariance model expression 

𝑣(ℎ) = 𝑐0 + 𝑐(1 − EXP(
ℎ2

𝑟2
)); 

ℎ > 0 

 

𝑣(𝑜) = 0  
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Circular semivariance model expression 

𝑣(ℎ) = 𝑐0 + 𝑐( 1 −
2

𝜋
𝑐𝑜𝑠−1 (

ℎ

𝛼
) + √1 − (

ℎ2

𝛼2) ;                        0 < ℎ ≤  𝛼 

𝑣(ℎ) = 𝑐0 + 𝑐; ℎ >  𝛼,  ,     

𝑣(𝑜) = 0 

 

 

 

 

3.7 Concluding Remarks 
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• For this research we utilized the mapping and spatial mathematical modeling 

techniques to combat the spread of disease in different regions of Pakistan. With the 

introduction of computerized tools such as the ArcGIS10.1 (Geographic Information 

System), we have availed this option in depicting, predicting, and monitoring of 

contagious infections. 

• By using the spatial techniques, we have developed spatial model which gives the 

results to explore the spatial arrangement of HIV/AIDS incidence rates in Pakistan.  

• By the trend surface analysis, it is concluded that the epidemic has an increasing 

trend in the north east and south west regions as shown in figure 3.3. Results also 

showed that ‘hotspot’ are to be found in those areas where majority of refugees are 

settled especially in the central territory, KPK and Karachi. 

• By variogram cloud, we examined complete spatial arrangements and outliers which 

were inherent in the HIV incidence data set. 

• We developed a kriging system model that gives us the spatial correlation and 

structure that helped in defining a geographical trend among different regions of 

Pakistan.  

 

 

 

 

 

 

 

 

 

Chapter 4     
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Mathematical Epidemic Model of HIV/AIDS in Pakistan 

 

A nonlinear fractional differential equation model is discussed for transmission and 

control of HIV/AIDS in Pakistan. We also discussed the disease free equilibrium and 

stability behavior of the model. 

 

4.1 Introduction  

 

AIDS is the disease which is caused by the human immunodeficiency virus (HIV).  HIV 

primarily targets CD4+ cells and without treatment this leads to the collapse of the host 

immune system and ultimately death. The clinical syndrome was called acquired 

immune deficiency syndrome ( AIDS) in 1982 and four years later the causative virus 

was named HIV-I. A large number of modeling studies has been focused on HIV since 

its discovery. Presently there is no remedy for HIV so that once the AIDS stage of HIV 

infection is attained then ultimately death follows. Usually HIV is much less infectious 

than the short duration bacterial STI because the value of 𝑅𝑜 is possibly minimum as 

compared to short duration bacterial STI.  However, HIV is infectious for far longer than 

the short-duration STIs, increasing its 𝑅𝑜 relative to short-duration bacterial STIs. 

Depending on the research questions, we may also need to consider that the 

infectiousness of HIV-infected individuals varies obviously with time since infection. 

 

4.2  Preliminaries 

 

 In recent advanced research, fractional calculus field is developed as it has many 

application in engineering and medical sciences. Application of fractional derivative will 

be discussed to understand some more related definitions. These are given below: 

Definition 4.1 Gamma function ⌈𝑧 is given by  

⌈𝑧 = ∫ 𝑒−𝑢𝑢𝑧−1𝑑𝑢  
∞

0
 ∀𝑧 ∈ 𝑅 4.1 
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We can also define function ℊ(𝑡) by using gamma function which will be more suitable 

for offering alternative form of the fractional integral  ℊ(𝑡) is given by  

ℊ0(𝑡) =
𝑡
𝛼 − 1

+
⌈(𝛼)

 

4.2 

 

Definition 4.2   In terms of the gamma function, Beta integral and its solution can be 

shown as  

𝛽(𝑝, 𝑞) = ∫ (1 − 𝑢)𝑝−11

0
𝑢𝑞−1du 

 = 
⌈𝑝⌈𝑞

⌈(𝑝+𝑞)
  =𝛽(𝑝, 𝑞) 

 

 4.3 

Beta function is significant association in fractional calculus. 

Definition 4.3  The Mittage-Leffler can be defined as 

 𝐸𝛼(𝑧) = ∑
𝑧𝑘

⌈(𝛼𝑘+1)
 ∞

𝑘=0  

In two argument 𝛼  and 𝛽  

𝐸𝛼,𝛽(𝑧)    =          ∑
𝑧𝑘

⌈(𝛼𝑘 + 𝛽)

∞

𝑘=0

      𝛼 > 0, 𝛽 >    0 

 

4.4 

 

Mittage-Leffler shows the similar part in the solution of differential equation of non-

integers. 

Definition 4.4     let the function f (t)            

 ∫ 𝑓(𝑡)𝑑𝑟

𝑡

0

=
1

(𝑛 − 1)!
∫(𝑡 − 𝜏)𝑛−1𝑓(𝜏)𝑑𝑟

𝑡

0

 

 

4.5 

For all 𝛼𝜖𝑅+       𝐽𝛼𝑓(𝑡) = 𝑓𝛼(𝑡) =
1

⌈(𝛼)
∫ (𝑡 − 𝜏)𝛼−1𝑡

0
𝑓(𝜏)𝑑𝜏 

Definition 4.5   For the  Grunwald-Letnikov formulation 

As we know 
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𝑓′(𝑧) = lim
ℎ→0

𝑓(𝑡 + ℎ) − 𝑓(𝑡)

ℎ
 

Also 

𝑓′′(𝑧) = lim
ℎ→0

𝑓′(𝑡 + ℎ) − 𝑓′(𝑡)

ℎ
 

𝑓′′(𝑧) = lim
ℎ1→0

lim
ℎ2→0

𝑓(𝑡 + ℎ1, ℎ2) − 𝑓(𝑡 + ℎ1)
ℎ1

− lim
ℎ2→0

𝑓(𝑡 + ℎ2) − 𝑓(𝑡)
ℎ2

ℎ
 

Let ℎ1  =  ℎ2 = ℎ     then 

𝑓′′(𝑡) = lim
ℎ→0

𝑓(𝑡 + 2ℎ) − 2𝑓(𝑡 + ℎ) + 𝑓(𝑡)

ℎ2
 

For the nth derivative, 

𝑑𝑛𝑓(𝑡) = 𝑓′(𝑧) = lim
ℎ→0

1

ℎ𝑛 ∑ (−1)𝑚 (
𝑛
𝑚)

𝑛

𝑚=0

𝑓(𝑡 − 𝑚ℎ) 

The general formula of the Grunwald-Letnikov fractional derivative  

𝑑𝛼𝑓(𝑡) = lim
ℎ→0

1

ℎ𝑛 ∑ (−1)𝑚 ⌈(𝛼 + 1)

𝑚! ⌈𝛼 − 𝑚 + 1

𝑡−𝑛
ℎ

𝑚=0

𝑓(𝑡 − 𝑚ℎ) 

 

4.6 

 (
−𝛼
𝑚

) = (−1)𝑚 ⌈(𝛼+𝑚)

⌈(𝛼)  𝑚!
 

Then 

𝑑−𝛼𝑓(𝑡) = lim
ℎ→0

ℎ𝛼 ∑ (−1)𝑚 ⌈(𝛼 + 𝑚)

𝑚! ⌈𝛼

𝑡−𝛼
ℎ

𝑚=0

𝑓(𝑡 − 𝑚ℎ) 

 

4.7 

Definition 4.6 Caputo defined the fractional derivative of a function𝑓(𝑡 ) as 

𝑑𝛼𝑓(𝑡) =
1

⌈(𝑛 − 𝛼)
∫(𝑡 − 𝑥)𝑛−𝛼−1

𝑑𝑛

𝑑𝑡𝑛

𝑡 

𝑎

f(x)dx
ℎ→0

   ;   𝑛 − 1 < 𝛼 < 𝑛 

      

  

4.8 
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In our research, we will generalized HIV/AIDS model to a fractional order system of 

order 𝛼 in the sense of caputo definition because it is equivalent to ordinary differential 

equation when 𝛼 = 1 

Lemma 1: Let 𝑥∗ = (𝑥1
∗, 𝑥2

∗, … … . . 𝑥𝑛
∗ )𝑇 be an equilibrium point of the fractional 

differential equations: 

𝐷𝛼𝑋(𝑡) = 𝐹(𝑥), 𝛼 ∈ [0,1] and X(0)=𝑋0 

Where 𝑋 = (𝑥1
∗, 𝑥2

∗, … … . . 𝑥𝑛
∗ )𝑇 and 𝐹 = (𝑓1, 𝑓2 , … … . 𝑓𝑛)𝑇. Then 𝑥∗is locally asymptotically 

stable if all the eigen values of the jacobian matrix 𝛽(𝑥∗) of the above system satisfies: 

|arg (𝑒𝑖𝑔𝐵(𝑥∗)| >
𝛼𝜋

2
 

Where 𝐵(𝑥∗) = [𝑏𝑖,𝑗]
𝑋=𝑥∗   𝑖, 𝑗 = 1,2,3, … … … , 𝑛 and 𝑏𝑖,𝑗 =

𝜕𝑓𝑖

𝜕𝑋𝑗
 

Definition 4.7 The Riemann – Lioville fractional derivative of order 𝛼 > 0, 𝑚 − 1 < 𝛼 <

𝑚, 𝑚𝜖𝑁  is defined as  

𝐷
𝛼
𝑡𝑜

𝑓(𝑡) =
1

⌈(𝑚 − 𝛼)
(

𝑑

𝑑𝑡
)𝑚 ∫(𝑡 − 𝑠)𝑚−𝛼−1

𝑡

𝑡𝑜

𝑓(𝑠) 𝑑𝑠 ;  𝑚 − 1 < 𝛼 < 𝑚 

 

4.9 

Definition 4.8     An invariant set M with respect to a system of O.D.E. 

  𝑧 . = 𝑓(𝑧) if  𝑧(0)ϵM ⟹ z(𝑥) ∈ M     ;   ∀x ∈ R 

A positive invariant set with respect to 𝑧 . = 𝑓(𝑧)   if  

z(0) ∈ M ⟹ z(𝑥) ∈ M ∀ x ≥ 0  

Definition 4.9    Given a system of differential equation 𝑥 . = 𝑓(𝑡) is an equilibrium 𝑥∗of 

this system is a point in the state space for which x (t)= 𝑥∗ is a solution for f (t) = 0 ∀ 𝑡 

Definition 4.10   (a) Let 𝑥 = 𝐹(𝑥)  be an equation then its equilibrium solution x is said 

to be locally stable if  ∀ 휀 > 0, then ∃ a  𝛿 > 0  

s.t 

‖xo − x‖2 < δ    With initial condition 𝑥(𝑡0) = 𝑥0  

 and  

Satisfies the condition that  

‖xt − x‖2 < ε  ∀t ≥ t0  

If the equilibrium is not locally stable it is said to unstable. 
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(b) An equilibrium solution x is said to be locally asymptomatic stable if it is locally stable 

and if there exist 𝑟 > 0 

s.t 

‖𝑥𝑜 − 𝑥‖2 < 𝑟 ⟹  lim
𝑡→∞

‖𝑥(𝑡) − 𝑥‖2 = 0  

Definition 4.11    (Routh – Hurwitz Criteria) 

Consider the characteristic equation  

ℱ𝑛+𝑎1ℱ𝑛−1+𝑎2ℱ𝑛−1 + 𝑎3ℱ𝑛−2 + ⋯ … … . . +𝑎𝑛−1ℱ + 𝑎𝑛 = 0 

determine the n eign values ℱ of a real nxn square matrix A. Then the Eign values ℱ all 

have positive real parts if  𝐻1, 𝐻2, , … … … … 𝐻𝑛 < 0  

Where  

Hn = ||

a1 1 … … . 0
a3 a2 … … . 0
:
:
0

: … … .
: … … .
0 … … .

:
:

an 

|| 

The steady state is stable (i.e.𝑅𝑒ℱ < 0)   ∀ 𝜆 

Iff 𝐻𝑗 ≥ 0   ∀  𝑗 = 1,2, … … . . 𝑛 

4.3   Description of the Model 

 

To construct the model, all parameters are supposed to be non-negative. We divide the 

population into four subclasses, the susceptible class s(t), the infective class I(t) that do 

not know that they have HIV and the known infective class J(t) and the AIDS class A(t). 

Thus we formulated the fractional order system model as: 

𝐷𝛼𝑠(𝑡) = 𝜇(𝑘 − 𝑠) − 𝑐𝛽1(𝐼𝑠 + 𝛽2𝐽𝑠) 

𝐷𝛼𝐼(𝑡) = 𝛾𝐽 − 𝑐𝛽1(𝐼 + 𝛽2𝐽)𝑠 − (𝜇 + 𝑡1)𝐼 

𝐷𝛼𝐽(𝑡) = 𝑡1𝐼 − (𝜇 + 𝑡2 − 𝛾)𝐽 

𝐷𝛼𝐴(𝑡) = 𝑡2𝐽 − 𝜇𝐴 − 𝑑𝐴 

 

 

4.10 
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Table 4.1. Parameters with their description used in the above model. 

 

Parameters Description 

𝜇 Constant death rate  

 𝑘 Average value of connections of an individual per unit time   

𝛽1 Probability of transmission of disease as per connection by 

an infected individual in the primary stage 

𝛽2 Probability of transmission of disease as per connection by 

an infected individual in the advanced stag 

𝑡1    Transfer rate constant from asymptomatic phase to 

symptomatic phase 

𝑡2 Transfer rate constant from asymptomatic phase to 

symptomatic phase 

A Individual with AIDS 

𝛾 Treatment rate from symptomatic phase to asymptomatic 

phase 

D disease related death 

 

 

4.4 Basic Reproduction Ratio. 
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The basic reproduction rate (𝑅𝑜) is considered to be the estimation of the transmission 

intensity of a disease. It is defined as the value of secondary infections produced by a 

distinctive case of an infection in an entirely susceptible population. Mathematical 

epidemiology is very helpful to identify the threshold conditions of an infectious disease 

and the threshold conditions are generally described by the reproductive number 𝑅0. 

This basic reproductive rate is affected by several factors including: 

• The time period of infectivity 

• The infectiousness of the organism 

• It can estimate the susceptible people by which the infected patient comes in contact 

In general,  

if 𝑅0 > 1 then the disease will stay to spread within a population. 

 If 𝑅0< 1 then the disease will ultimately vanish from a population. 

Now we investigate the dynamic behavior of system. First we understand the basic 

reproduction number 𝑅0 by the method of next generation matrix then we obtain the 

equilibrium of the system (4.10).Setting the time derivatives in the equations (4.10) to 

be equal to zero. 

The equilibrium point at 𝑠𝑐 = 𝑁 and 𝐼𝑐 = 𝐴𝑐 = 0 which represents the disease free 

equilibrium. 

Then 𝑆𝑐 = (𝜇 + 𝛼)
𝑁

𝛽
 

𝑰𝒄 =  
𝜇𝑁

𝛽
(𝑅0 − 1) 

If model has one infected compartment, we obtain 𝑅0 

𝑅0 = 𝛽.
1

𝜇 + 𝛼
=

𝛽

𝜇 + 𝛼
 

Where 𝛽 is the rate of transmission and the infectious period? 

 

 

4.5 The Next Generation Matrix    
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The Next Generation Method introduced by the Van den Driessche and Vatmough. This 

is the method of finding 𝑅0. In a case where we have more than one infected 

compartment. Suppose we have n compartment in an infected class and m compartment 

in non-infected compartment.  

Let 𝑥 ∈ 𝑅𝑛  

𝑦 ∈ 𝑅
 

𝑚   

If we denote rate of secondary infection by ℱ and 𝒱 the rate of disease progression, 

death and recovery. 

We have 

ℱ = [
𝜔𝛽𝑘 𝜔𝛽𝜃1𝑘 𝜔𝛽𝜃2𝑘(1 − 𝑞) 

0 0 0
0 0 0

] 

 

𝒱 = [

(𝜇 + 𝜌) 0 0
−𝜎 (𝜇 + 𝜎) 0
0 −𝜌 (𝜇 + 𝜎)(𝜇 + 𝜌)

] 

 

Using adjoint method 

𝒱  −1   =
1

(𝜇 + 𝜌)(𝜇 + 𝜎)
[

(𝜇 + 𝜌)(𝜇 + 𝜎) 0 0

𝜎(𝜇 + 𝛿) (𝜇 + 𝜎)(𝜇 + 𝛿) 0
𝜎𝜌 0 (𝜇 + 𝜎)(𝜇 + 𝜌)

] 

 

Leading Eigen values are denoted by the equation given below: 

 

𝜌(ℱ𝒱  −1   ) =
𝜔𝛽𝑘

𝜇 + 𝜎
[1 +

𝜃1𝜎  

𝜇 + 𝜌
+ 𝜌

𝜃2𝜌𝜎(1 − 𝑞)

(𝜇 + 𝜌)(𝜇 + 𝛿)
 

 

Where  

𝑅1 =
𝜔𝛽𝑘

𝜇 + 𝜎
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𝑅2 =
𝜔𝛽𝑘𝜃1

(𝜇 + 𝜌)(𝜇 + 𝜎)
 

𝑅3 =
𝜔𝛽𝑘𝜃2

(𝜇 + 𝜌)(𝜇 + 𝜎)(𝜇 + 𝛿)
 

4.11 

If 𝑅0 > 1, a positive endemic equilibrium Λ∗ = (𝑆∗, 𝐼∗, 𝐽∗, 𝐴∗ ) is given by the following: 

 

𝑆∗ =
(𝜎 + 𝜇)(𝛼𝜇 + 𝛽𝜔Γ + 𝛼𝜇(𝑅0 − 1))

𝛽𝜔Γ(𝛼𝜇 + 𝛽𝜔Γ)
 

𝐼∗ =
𝜇(𝑅0 − 1)

𝛼𝜇 + 𝛽𝜔Γ
 

𝐽∗ =
𝛼𝜇(𝑅0 − 1)

(𝜎 + 𝜇)(𝛼𝜇 + 𝛽𝜔Γ)
 

𝐴∗ =
𝜌𝛼𝜇(𝑅0 − 1)

(𝜎 + 𝜇)(𝛼𝜇 + 𝛽𝜔Γ)(δ + μ)
 

Where 

𝑅0 =
𝑐𝛽𝑘(𝜇 + 𝑡2 + 𝛾 + 𝑏𝑡1)

(𝜇 + 𝑡1)(𝜇 + 𝑡2) + 𝜇𝛾
 

(P.Driessche-2002) 
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4.6    Stability and Equilibrium  

Theorem 4.1   A model A is asymptotically stable in an invariant region if 

 𝑅𝑜 < 1. If𝑅𝑜 > 1, then the system is unstable. 

Proof. Consider the function 𝒯 =𝒯(𝐼(𝑡), 𝐽(𝑡), 𝐴(𝑡)), and we have to prove that a Lyapunov 

function at the point (𝐼, 𝐽, 𝐴) = (0, 0, 0). 

𝒯 = 𝑎1𝐼 + 𝑎2𝐽+𝑎3𝐴   

Formerly   𝒯′ = 𝑎1𝐼′ +  𝑎2𝐽′+𝑎3𝐴′   

Now mentioning that S (t) < K ∀ t  
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While λ <𝜔𝛽(𝐼 + 𝜃1𝐽 + 𝜉𝐴), 

It gives that we can mark: 

𝒯′ < 𝒯1𝐼 + 𝒯2𝐽 + 𝒯3𝐴 

Where the coefficients values of 𝒯𝑖 : 

𝒯1 = 𝑎1[𝜔𝐾𝛽 − (𝜇 + 𝜎)] + 𝑎2 𝜎 

 𝒯2 = 𝑎1𝜃1𝜔𝐾𝛽 − 𝑎2(𝜇 + 𝜌) + 𝑎3 𝜌   

𝒯3 = 𝑎1𝜉𝜔𝐾𝛽 − 𝑎3(𝜇 + 𝛿)  

 

 

4.13 

Now substituting the values of 𝑎1, 𝑎2, 𝑎3 and ξ, we get, 

𝒯2 = 𝑎1𝜃1𝜔𝐾𝛽 − 𝜔𝑘𝛽[𝜃1 (𝜇 + 𝛿) + 𝑎3 𝜌 

𝒯2 = 𝑎1𝜃1𝜔𝐾𝛽 − 𝑎1𝜃1𝜔𝐾𝛽 − 𝜔𝐾𝛽𝜌𝜉(𝜇𝜌) + 𝜔𝑘𝛽𝜉(𝜇 + 𝜌)𝜌 

=0 

Similarly, for 𝒯3 we have  

 𝒯3 = 𝜉𝜔𝐾𝛽(𝑚𝜇 + 𝜌)(𝜇 + 𝛿) − 𝜉𝜔𝐾𝛽(𝑚𝜇 + 𝜌)(𝜇 + 𝛿)   

=0 

Then for 𝒯1 

𝒯1 = 𝑎1[𝜔𝐾𝛽 − (𝜇 + 𝜎)] + 𝑎2 𝜎 

 = (𝜇 + 𝜎)[
𝜔𝑘𝛽

(𝜇+𝜎)
+

𝑎2𝜎

𝑎1(𝜇+𝜎)
− 1] 

 = (𝜇 + 𝜎)[
𝜔𝑘𝛽

(𝜇+𝜎)
+

𝜃1𝜔𝐾𝛽(𝜇+𝛿)+𝜉𝜎

(𝜇+𝜌)(𝛽+𝛿)(𝜇+𝜎)
− 1] 

= 𝑎1(𝜇 + 𝜎)[
𝜔𝑘𝛽

(𝜇+𝜎)
{1 +

𝜃1𝜎

(𝜇+𝜌)
+

𝜌𝜉𝜎

(𝜇+𝑟ℎ𝑜)(𝜇+𝛿)
} − 1] 

= (𝑅0 − 1) ((𝜇 + 𝜌)(𝜇 + 𝛿)(𝜇 + 𝜎)) ≤ 0 

Since 𝑅0 ≤ 0 It follows that 𝒯 is a Lyapunov function as asserted.  

     ∎ 

The characteristic equation of the Jacobian matrix for the system 4.10 is 

𝑝(𝜆) = −(𝜆 + 𝜇 + 𝑑)(𝜆3 + 𝑞1𝜆2 + 𝑞2𝜆 + 𝑞3 = 0) 

The coefficients 𝑞1,𝑞2, and  𝑞3 are calculated in (S. Samko-1993) 
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The Eigen values of above equation 𝜆 = −𝜇 − 𝑑, and the roots of the above equation  

 𝜆3 + 𝑞1𝜆2 + 𝑞2𝜆 + 𝑞3 = 0 

Let 𝑃(𝐷) be the discriminant of a polynomial𝑃(𝜆). Then 

𝑃(𝐷) = 18𝑞1𝑞2𝑞3+(𝑞1𝑞2)2 − 4𝑞3𝑞1
3 − 4𝑞2

3 − 27𝑞3
3 4.14 

Where 𝑞1,𝑞2, 𝑞3 are clearly defined in (V. Lakshmikantham-2008). 

The system is asymptotically stable if it satisfied the conditions given below:  

For 𝑃(𝐷) > 0  and 𝛼𝜖[0,1]s.t  𝑞1,𝑞3  > 0 and 𝑞1𝑞2 > 𝑞3  (Routh-Hurwitz conditions) 

If  𝑃(𝐷) < 0  and 𝛼𝜖[0, 2
3⁄ ] s.t   𝑞1,𝑞2  ≥ 0 then 𝑞3  > 0 

And  𝑃(𝐷) < 0  s.t  𝑞1,𝑞2  < 0 

Now examined the consequences of incubation period on the stability performance of 

system (4.10). Let τ denotes the incubation period from the start of treatment in the 

stage (J) which is symptomatic. By using different techniques until and unless the 

influence of this treatment happens. Therefore, we modified system (4.10): 

𝐷𝛼𝑠(𝑡) = 𝜇(𝑘 − 𝑠) − 𝑐𝛽1(𝐼𝑠 + 𝛽2𝐽𝑠) 

𝐷𝛼𝐼(𝑡) = 𝛾𝐽(𝑡 − 𝜏) − 𝑐𝛽1(𝐼 + 𝛽2𝐽)𝑠 − (𝜇 + 𝑡1)𝐼 

𝐷𝛼𝐽(𝑡) = 𝑡1𝐼 − (𝜇 + 𝑡2 − 𝛾)𝐽(𝑡 − 𝜏) 

 

4.15 

Where  0 ≤ 𝑡 ≤ 𝜏 and 𝑠(0) = 𝑠0 , 𝐼(0) = 𝐼0 , and  𝐽(𝑡) = 𝐽0 

We are going to study the activities of the disease free equilibrium. 

Theorem 4.2    The disease free equilibrium point Λ∗ of system (4.10) with α ∈ (0, 1] is 

asymptotically stable when𝑒𝑣𝑒𝑟  𝑅0 < 1 for any incubation period  𝜏 ≥  0 if: 

𝛾 = 𝛿2- min {𝑄1, 𝑄2} < 0 4.16 

Proof: 

The Jacobin matrix of the fractional differential equations (4.10) at Λ∗is 

𝐵(Λ∗) = [

− µ −𝑐𝛽𝑘 −𝑐𝛽𝑘

0 𝑐𝛽𝑘 − (𝜇 + 𝑘1) c β k + δ𝑒−𝜆𝜏 

0 𝑘1 −(𝜇 + 𝑘2 + 𝛿𝑒−𝜆𝜏)

] 
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The characteristic equation of B(Λ∗) is 

( 𝜆 + µ )[𝜆2  + (𝑚1  + 𝑛1 𝑒−𝜆 𝜏)𝜆 + (𝑚2  + 𝑛2𝑒−𝜆 𝜏)]  =  0 

 

4.17 

Its coefficients are 

m1  =  2 µ + t1  + t2  − nβt, 

𝑛1  = 𝛿 , 𝑚2  =  ( µ + 𝑡2)( µ + 𝑡1  − 𝑐 𝛽𝑡) − 𝑛 𝛽𝑡 𝑡1 

𝑛2  = 𝛿 (µ −  𝑐𝛽𝑡). 

From Eq. (4.17) the eigenvalues are 𝜆1    =  − µ and 𝜆2,3 are the roots of the equation: 

𝜆2  + (𝑚1  + 𝑛1 𝑒−𝜆 𝜏)𝜆 + (𝑚2  + 𝑛2𝑒−𝜆 𝜏) = 0 4.18 

Since 

 𝑅𝑒𝜆𝑖  <  0, 𝑖 =  1, 2, 3 𝑓𝑜𝑟  𝜏 =  0. 

 By increasing τ 

We try to find about it if 𝑅𝑒  𝜆2,3 change sign to be positive.  

If we get pure imaginary Eigen values ( 𝜆2,3  =  ±𝑖𝜔 ).  

Then Putting the value of 𝜆 =  ±𝑖𝜔 in Eq. (4.18), then we get: 

𝜔𝑛1 𝑠𝑖𝑛𝜔𝜏 + 𝑛2 𝑐𝑜𝑠𝜔𝜏 = 𝜔2   − 𝑛2 

𝜔𝑛1 𝑐𝑜𝑠𝜔𝜏 − 𝑛2𝑠𝑖𝑛𝜔𝜏 = −𝜔𝑚1 

   4.19 

Removing τ from the above equations (4.19), we get 

𝑦2  + (𝑚1
2  − 2𝑚2 − 𝑛1

2)𝑦 + (𝑚2
2 − 𝑛2

2)  =  0                      4.20 

Where y = 𝜔2 , hence there is no positive roots for Eq. (4.18)  

If  𝑚1
2  − 2𝑚2 − 𝑛1

2 > 0 and  𝑚2
2 − 𝑛2

2 > 0.  

In this case the values of Re𝜆2,3  will remain positive. Since 
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𝑚1
2  − 2𝑚2 − 𝑛1

2                                                                                     

=  (2 µ + 𝑡1  + 𝑡2  − 𝑐 𝛽𝑡)2  − 2[( µ + 𝑡2)( µ + 𝑡1  

− 𝑛𝛽𝑡) − 𝑐 𝛽𝑡𝑚𝑡1] − 𝛿2   >  0 

 

 

4.21 

By applying the condition (22) we have: 

𝑚2
2 − 𝑛2

2 = (𝑚2 + 𝑚2)(𝑚2 − 𝑛2) 

 Since we can write: 

 𝑚2 + 𝑛2 = [( µ + 𝑡1)( µ + 𝑡2) +  𝛿µ ](1 − 𝑅0)  >  0  

Where 𝑅0  <  1, and 

𝑚2  − 𝑛2  =  [( µ + 𝑡1  − 𝑛𝛽𝑡) − 𝑛 𝛽𝑚𝑡𝑡1  − 𝛿 ( µ − 𝑛 𝛽𝑡)]( µ + 𝑡2)

=  [ 𝛿𝑡1(1 + 𝑅0)(𝑡2  + µ(1 − 𝑚)) + (1 − 𝑅0) ( µ + 𝑡2  + 𝑚𝑡1)( µ

+ 𝑡1)( µ + 𝑡2) − µ𝛿2 ]/( µ + 𝑡2  + 𝛿 + 𝑚𝑡1)  >  0 

By using (4.16) proof is completed. 

 

4.7 Numerical Analysis, Simulation and Discussion.   

 

The local stability of the model for fractional order time derivative is evaluated using 

fractional Routh-Hurwitz stability criterion. The fractional derivative is described in Caputo 

sense. The results obtained through numerical procedure show that the technique is 

effective and reliable. To study the behavior of system numerically a fourth order Range- 

Kutta method is needed for this we used a computer simulation software Berkeley Madonna 

and data was collected from Pakistan Demographic Health Survey for this purpose. We 

intend the numerical simulations that shows the stability and equilibrium state of the disease 

and effectiveness of the model. In this study, we have proposed reported data of HIV/AIDS 

and Sentinel surveillance centers’ reports on HIV/AIDS. These parameter values is to be 

included into the entire theme for development of appropriate models to predict the spread 

of HIV/AIDS in Pakistan. 

Table 4.2: Values of parameters of the model         
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Parameters Description values 

𝜇 Death rate constant 0.085 

k Average number of contacts of an individual per 

unit time   

1.4 

𝛽1 In the first stage, Probability of disease 

transmission per contact by an infective person 

0.75 

𝛽2 Probability of disease transmission per contact 

by an infective person in the second stage 

0.34 

I Asymptomatic phase 1.95 

S Susceptible class 0.01 

J Symptomatic phase 0.058 

𝑡1 Transfer rate constant from asymptomatic phase 

to symptomatic phase 

0.31 

𝑡2 Transfer rate constant from symptomatic phase 

to asymptomatic phase 

0.014 

A Individual with AIDS 0.02 

𝛾 Treatment rate from symptomatic phase to 

asymptomatic phase 

0.01 

D disease related death 0.073 

 

We examined the prediction, incident rate and intensity of HIV and secondary infection 

through this model .It has been seen that (Figure 4.1), the incidence of HIV/AIDS is 

predicted to rise steadily that shows recruitment rate of new higher risk individuals. It 

will be increasing with raised in susceptible individuals. While earlier prevalence rate is 

increased then attained constant trend. This is because the higher risk individual 
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exterminates through the population and new higher risk partners are not inducted at 

the similar rate. Therefore, partner rate change will be dropped with the passage of time. 

If nothing else changes, HIV prevalence will become steady with the stability in the new 

HIV infections and per year number of HIV deaths, (Figure 4.2). Equilibria and 

corresponding stability of the system (Figure 4.4) are analyzed and obtain some 

significant results. These shows that HIV infection control efficiently if we increase the 

incubation time period and minimize the intensity of secondary infections with the proper 

treatment. However, it is very difficult to explain HIV trend because variation in HIV 

prevalence and incidence are also due to the natural dynamics of infection and result of 

intervention.  

 

Figure 4.1 Prediction of people living with HIV/AIDS. 

 

Figure 4.2 Prediction of prevalence of HIV/AIDS 
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Figure 4.3 prediction of number of deaths due to AIDS 

 

 

 

 

 

Figure 4.4 Incubation time rate of J (t) for 𝜏 =  100, 300, 500 
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Figure 4.5  Estimated trend of HIV in Pakistan.  

Source: UNAIDS/WHO, 2008 

 

4.8 Concluding Remarks 

 

Some of the main theoretical findings of the study are: 

• This chapter has been highlighted the fact that the reproductive number plays an 

important role in understanding transmission dynamics of epidemics and predicting 

epidemics transmission. 

• In our study, a nonlinear mathematical model having Equilibria and corresponding 

stability of the system are analyzed and obtain some significant results i.e. HIV 

infection control efficiently if we increase the incubation time period and minimize the 
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intensity of secondary infections with the proper regimen fractional order 𝛼 is 

presented. Otherwise leads to the collapse of the host immune system and ultimately 

death. The illustration of results with numerical solutions are carried out by using 

Berkeley Maddona.  

• In Pakistan the effect population mobility, specifically labor migration and refugees is 

also thought to have been important in explaining the rapid spread of HIV/AIDS. One 

of the effects labor migration is likely to have had is to increase the prevalence of the 

overlap of sexual partnership.   
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Chapter 5 

 

 Disease Mapping Models  

 

In this part of the thesis, we studied the risk of HIV infection at both individual and group 

level. Thus, we collected the information on HIV positivity and constructed multilevel 

models to develop for disease atlas. 

 

5.1 Standardized Mortality Ratio Model 

 

In the study of disease risk of the given data to identify the geographical variation, first 

we assumed Poisson likelihood model which is called the classical standardized 

mortality ratio model then introduce another model ranges from plain risk structure to 

additional complex risk structure and prior distributions are assumed for relative risk. 

Suppose that the area is alienated into m distinct small areas. Suppose θi be the 

unidentified relative risk within the 𝑖𝑡ℎ region which is explained by the standardized 

mortality ratio (SMR)   

𝜃𝑖 =
𝑂𝑖

𝑒𝑖
⁄  

 

                                                                                    (5.1) 

  

Where  𝑂𝑖   denote the observed cases and 𝑒𝑖 is the expected cases of deaths fori =

1,2, … . . , m.  

Where 

𝑒𝑖 = 𝑛𝑖(∑ 𝑜𝑖/ ∑ 𝑛𝑖
𝑖𝑖

) (5.2) 

Where 𝑛𝑖 is the counting of individuals at risk in the 𝑖𝑡ℎ area per year?  
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If we consider mortality rates λi as parameters as an alternative of relative risks,  

Then   𝜆i =  oi/ni.  

 Since Σioi/Σini is consider as a constant. 

In disease mapping 

  oi|θ  ~ iid Poisson(eiθi).  

Where 

θi =  oi/ei. 

𝑣𝑎𝑟(�̂�𝑖) = 𝜃𝑖/𝑒𝑖 (5.3) 

 

5.2 Bayesian Poisson-gamma Modeling 

 

While Poisson – gamma model in Bayesian mapping was already presented in earlier 

literature review portion but here it is designated in better modified form. For relative 

risk (RR), we can combine gamma distribution with Poisson distribution which gives us 

the result in gamma posterior distribution. 

Theorem 5.1 Suppose 𝑒𝑖 and 𝑂𝑖 be discrete random variables then  

 𝑒 ~ 𝑃Oisson (𝜇1) 

And   𝑜 ~ Poisson (𝜇2) 

Where e and o be independent then their sum 𝑧 = 𝑒 + 𝑜 is distributed as  

𝑍~ Poisson (𝜇1 + 𝜇2) 

Proof:  Probability Generating function of e and o is being given as     

𝑃𝑒 (𝑠) = 𝑒−𝜇1(1−𝑠) 

              𝑃𝜃 (𝑠) = 𝑒−𝜇2(1−𝑠)  Respectively 

By using the property  

  𝑃𝑒+𝑂(𝑠)=𝑃𝑒(𝑠)𝑃𝑂(𝑠)    (condition of probability generating function) 

 = 𝑒−𝜇1(1−𝑠)𝑒−𝜇2(1−𝑠) 

 = 𝑒−(𝜇1−𝜇2)(1−𝑠) 

Which is again PGF for discrete random variables with Poisson ((𝜇1 + 𝜇2) 
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          ∎ 

  If gamma (a, b) is known after that relative risk has developed the posterior 

distribution. We are going to represent this model in two phases. 

𝑉𝑎𝑟(𝜃𝑖) | 𝑜𝑖 , 𝛼, 𝑣) =  𝑔1𝑖(𝛼, 𝑣, 𝑜𝑖) =
(𝑜𝑖 + 𝑣)

(𝑒𝑖 +  𝛼)2
 

Let us assume  

𝑜𝑖 ~ 𝑖𝑛𝑑 Poisson (𝑒𝑖,𝜃𝑖),   𝑖 = 1,2, … . . , 𝑚 .   

And also θi~iid gamma (v, α). Signifies gamma (v, α); v, α > 0.which are shape and 

scale parameters respectively. Then we have  

𝑓(𝜃𝑖|𝛼, 𝑣) =
𝛼𝑣

𝑟(𝑣)𝑒𝛼𝜃𝑖
𝜃𝑖

𝑣−1  

And 

𝑀𝑒𝑎𝑛(𝜃𝑖) =
𝑣

𝛼
=  𝜇, 𝑉𝑎𝑟 (𝜃𝑖) = 𝑣/𝛼2  

Where 

θi|𝑜𝑖 , α, v, ~ind gamma(𝑜𝑖 + v, ei +  α),  

The Bayesian estimators  and posterior variance of  θi are attained by replacing α to ei +

 α and v to 𝑜𝑖 + v  such that: 

�̂�𝑖
𝐵(𝛼, 𝑣) = 𝐸(𝜃𝑖  |𝑜𝑖  , 𝛼, 𝑣) =

𝑜𝑖+𝑣

𝑒𝑖+ 𝛼
    therefore  

𝑉𝑎𝑟(𝜃𝑖) | 𝑜𝑖 , 𝛼, 𝑣) =  𝑔1𝑖(𝛼, 𝑣, 𝑜𝑖) =
(𝑜𝑖 + 𝑣)

(𝑒𝑖 +  𝛼)2
  

           ∎ 

The maximum likelihood (ML) estimator of α and v  

𝑙(𝛼, 𝑣) =  ∑ [𝑚
𝑖=1 ∑ log(𝑣 + 𝑘) + 𝑣𝑙𝑜𝑔(𝛼) − (𝑜𝑖 + 𝑣) log(𝑒𝑖 +  𝛼)]

𝑜𝑖−1
𝑘=0   

 

(5.4) 

While closed expressions for α̂ML and v̂ML do not exist.  

From (5.2) we get simple instant estimators θ̂e. =  
1

m
Σi(

ei
e⁄ )θ̂i  and the weighted 

sample variance 
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 Se
2 =  

1

m
Σi(ei /e.)(θ̂i − θ̂e)2  to their possible standards and then resolve the 

evaluated moment equations for α and v, where   e. = Σi(ei /m). where these 

estimators,�̂� and �̂�, follow: 

�̂�

𝑎 ̂
= �̂�𝑒.       (5.5) 

�̂�

�̂�2
=  𝑠𝑒

2 − (�̂�𝑒./𝑒.)     (5.6) 

  

(5.3) is given much improved undertaking estimators. Therefore, instant estimators 

might be utilized as initial standards for maximum likelihood (ML) reiterations, placing 

the �̂� and 𝑣 in equation (5.3), obtained the empirical Bayesian estimator (EBE) for 𝜃𝑖  as  

�̂�𝑖
𝐸𝐵 =  �̂�𝑖

𝐵(�̂�, �̂�) =
𝑒𝑖

𝑒𝑖 + �̂�
 𝜃�̂� + (1 − 

𝑒𝑖

𝑒𝑖 + �̂�
) �̂�𝑒 .,      (5.7) 

Where  𝜃𝑖
𝐸𝐵 is the average of the standardized mortality ratio (SMR) and           𝜃𝑖   and 

𝜃𝑒 is the artificial estimators. 

 If 𝑆𝑒
2 < (�̂�𝑒/𝑒)  then 𝜃𝑖

𝐸𝐵  is considered the artificial estimator 𝜃𝑒 .  

Definition:  The bias of T=T(x) is bias  𝜃(T) =𝐸𝜃𝑇 − 𝑦(𝜃) ,The estimator T is called 

unbiased if  𝑏𝑖𝑎𝑠 𝜃(𝑇)= 0, for all 𝜃 

Thus unbiasedness means that there is no systematic error: 𝐸𝜃𝑇 = 𝑔(𝜃)  for all  

The empirical Bayesian estimator (EBE) is not biased intended for 𝜃𝑖 with order 𝑚−1, for 

large 𝑚.  

We used Jackknife method to find a virtually impartial estimator of synthetic estimator 

(𝜃𝑖
𝐸𝐵). The jackknife method is specified by 

𝑀𝑆𝐸𝑗(�̂�𝑖
𝐸𝐵) =  �̂�1𝑖 +  �̂�2𝑖  (5.8) 

  

Where 

�̂�1𝑖 = 𝑔1𝑖(𝛼,̂ �̂�, 𝑜𝑖) −
𝑚 − 1

𝑚
∑[𝑔1𝑖(�̂�−𝐼 , �̂�−𝐼 , 𝑜𝑖) − 𝑔1𝑖(�̂�, �̂�, 𝑜𝑖)]

𝑚

𝑙=1
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�̂�2𝑖 =
𝑚 − 1

𝑚
∑(�̂�𝑖,−𝑙

𝐸𝐵 − �̂�𝑖
𝐸𝐵

)
2

𝑚

𝑙=1

 

 

�̂�𝑖
𝐸𝐵 = 𝑘𝑖(𝑜𝑖 , �̂�, �̂�) 𝑎𝑛𝑑  �̂�𝑖,−𝑙

𝐸𝐵 = 𝑘𝑖(𝑜𝑖 , �̂�−𝑙 , �̂�−𝑙) 

 

Where 𝑀𝑆𝐸𝐽(𝜃𝐼
𝐸𝐵) is particular region in such a way that it depends on 𝑜𝑖 . 

 (5.6) accepted unstable measured 𝛼𝑖, while considered a log linear modeling happening 

𝐸(𝜃𝑖) =
𝑣

𝛼𝑖
:        log(𝐸(𝜃𝑖)) = 𝑧𝑖

𝑇𝛽 

Now Empirical Bayes (EB) estimators are given by: 

 

   (5.9) 

�̂�𝑖
𝐸𝐵(𝛼, 𝛽) = 𝐸[𝜃𝑖|𝑜𝑖 , 𝛼, 𝛽] = [

𝑜𝑖 +  𝛽

(𝑒𝑖 + 𝛼𝑖)
] 

 

(5.10) 

And 

𝑉𝑎𝑟(𝜃𝑖|𝑜𝑖𝑖
, 𝛼𝑖 , 𝛽) = 𝑔1𝑖(𝛼𝑖 , 𝛽, 𝑜𝑖) =

(𝑜𝑖 +  𝛽)

(𝑒𝑖 + 𝛼𝑖)2
 (5.11) 

It has been studied Poisson-gamma regression model then planned precise calculations 

for the posterior mean and variance of 𝜃𝑖, posterior quantities of interest may be 

computed, in particular, the posterior mean 𝐸[𝜃𝑖|𝑜𝑖] and posterior variance  𝑉𝑎𝑟(𝜃𝑖|𝑜𝑖) 

for each area 𝑖 = 1,2, … , 𝑚. 

  𝑜𝑖~𝑝𝑜𝑖𝑠𝑜𝑛(𝑒𝑖𝜃𝑖)∀𝑖 

While 𝑔𝑎𝑚𝑚𝑎(𝑎 + 𝑜𝑖 , 𝑏 + 𝑒𝑖) is denoted 

 𝐸[𝜃𝑖|𝑜𝑖 , 𝑎, 𝑏] =
𝑎+𝑜𝑖

𝑏+𝑒𝑖
=

𝑒𝑖

𝑏+𝑒𝑖
𝑆𝑀𝑅𝑖 + (1 −

𝑒𝑖

𝑏+𝑒𝑖
)

𝑎

𝑏
 

Since the weight which is inversely proportional to the standardized mortality rate (SMR) 

variance. In case of uncommon disease and minor area the variance is greater than 𝑤𝑖 

and posterior mean inclines to a universal mean 𝑎 𝑏⁄ , if regions with rich data then the 

posterior mean is equal to 
𝑜𝑖

𝑒𝑖
⁄  .  

 The above method is useful to HIV/AIDS data which was collected by the major 

cities of Pakistan. The data base for the records from UNGASS Pakistan Report Which 
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was prepared by National AIDS Control Program Islamabad 2010 as mentioned in table 

3.3. 

Node  Mean  sd  MC error 2.5% median 97.5% Sampl

e 

B 26.92 12.18 0.5494 8.526 25.0 55.55 10000 

A 9.138 3.757 0.2223 3.309 8.639 17.44 10000 

Var 0.01642 0.01153 4.202E-4 0.005736 0.01352 0.04571 10000 

Mean 0.345 0.04695 4.922E-4 0.2642 0.3412 0.4483 10000 

 

Table 5.1 Poisson Gamma model (Posterior statistics for parameters) 

 

Cities Node  Mean  Sd  MC 

error 

2.5% Media

n 

97.5% Sampl

e 

Karachi theta[1] 0.3004 0.01115 1.123E-4 0.2788 0.3001 0.3227 10000 

Hyderabad theta[2] 0.3002 0.01154 1.172E-4 0.2781 0.3 0.3232 10000 

Larkana theta[3] 0.3002 0.008432 8.37E-5 0.284 0.3002 0.3172 10000 

Lahore theta[4] 0.3002 0.0144 1.425E-4 0.2724 0.3 0.329 10000 

Faisalabad theta[5] 0.5549 0.02178 2.386E-4 0.5133 0.5546 0.5992 10000 

Sargodha theta[6] 0.3004 0.01281 1.317E-4 0.276 0.3002 0.326 10000 

Peshawar theta[7] 0.3004 0.01653 1.616E-4 0.2685 0.3001 0.3334 10000 

D.G. Khan theta[8] 0.3005 0.01425 1.415E-4 0.2729 0.3002 0.3291 10000 

 

Table 5.2     Posterior means in eight cities of Pakistan by using  

  Poisson – gamma model. 

It has been monitored the convergence of each parameter after running 2000 iterations 

which is an orientate number. 

 

a chains  2:1

iteration
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b chains  2:1

iteration
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 Figure 5.1 Suggested plot for Poisson – gamma model      

 for less than 2000 iterations. 

a chains  2:1

iteration
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b chains  2:1

iteration
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Figure 

5.2 Suggested plot for Poisson – gamma model after greater than 2000 iterations. 

Further iterations can be carried out and table 5.1 and 5.2 pointed out the succeeding 

values with more than 4000 reiterations for parameters of the above model. It indicates 

in the table 5.1 that the mean equals to 0.345 of relative risk, larger than that of the 

mean of the standardized mortality ratio (SMR) and standard deviation will remain 

almost 26%. 



 
 

lxxxv 
 

 

Figure 5.3.   Posterior likely relative risk (RR) for hereditary differences in  

Pakistan Using ArcGIS. 

 

In the figure 5.3 map shows the estimated relative risk (RR) for each region in Pakistan 

constructed with Poison – gamma model. It is seen that posterior risks is reduced here. 

The lowermost predictable risk has become 0.30002 while the uppermost is 

0.5549.Therefore, remove arbitrary variability from the data because of the little sum 

total. With these smoother map in the relative risk estimates. We again experienced 
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high value threat in the central regions and gets lowest value in the south-west. 

 

5.3 Bayesian Log-Normal Modeling 

 

In fact a gamma prior distribution is mathematically convenient for calculation of relative 

risk (RR) but with few drawbacks, it is not allowing to show spatial correlation between 

the risks of close areas. A log-normal two stage model is being proposed which is very 

flexible for the relative risk. There will be no change in the first-stage model while the 

second-stage linking model is tainted to 𝜉𝑖 = log(𝜃𝑖) ~𝑖𝑖𝑑𝑁(𝜇, 𝜎2), 𝑖 = 1,2, … , 𝑚. 

Theorem 5.3     𝑋 = 𝑁(𝜇, 𝜎2) is sufficient for the random variable 

 Z=
𝑋−𝜇

𝜎
~𝑁(𝜇, 𝜎2)  

Proof:   𝑓(𝑧) = 𝑃(𝑍 ≤ 𝑧) 

 =𝑃(
𝑋−𝜇

𝜎
≤ 𝑧) 

                 =𝑃(𝑋 ≤ 𝜎𝑧 + 𝜇) 

                 =∫
1

𝜎√2𝜋
𝑒−

1

2
(

𝑋−𝜇

𝜎
)2𝜎𝑧+𝜇

−∞
𝑑𝑥 

                 = ∫
1

𝜎√2𝜋
𝜎𝑒−

1

2
𝜔2𝑧

−∞
𝑑𝜔,  where 𝜔 = 

𝑋−𝜇

𝜎
 

Hence 𝐹(z) = 𝐹′(𝑧) =    
1

√2𝜋
𝑒−

1

2
𝑧2

 

         ∎ 

In the logit-normal models, it is very difficult to apply empirical Bayes (EB) intended for 

the log-normal models as dissimilar for the Bayes estimator, 𝜃𝑖
𝐵(𝜇, 𝜎2) and the 

variance,𝑉𝑎𝑟(𝜃𝑖|𝑜𝑖, 𝜇, 𝜎2) exist (J. N. K. Rao- 2003).  

Theorem 5.4    E (z) = 𝑒𝜎2+𝜇 and Var (z) = 𝑒2𝜇+𝜎2
(𝑒𝜎2

-1)  

Whenever z ~𝑁(𝜇, 𝜎2) 

Proof:  Suppose t be a non-negative integer.  

E(𝑧𝑡) = ∫ 𝑧𝑡∞

0
𝑓(𝑧)𝑑𝑧 
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 = ∫
1

𝑧𝜎√2𝜋
𝑧𝑡∞

0
𝑒−

1

2
(

ln 𝑧−𝜇)

𝜎

2

𝑑𝑧 

Replacing 𝑥 =  𝑙𝑛(𝑧) in the above integral, we have 

𝐸(𝑧𝑡) =  ∫
1

𝑧𝜎√2𝜋
𝑧𝑡∞

0
𝑒−

1

2
(

x −𝜇)

𝜎

2

𝑑𝑥 = 𝐹𝑥(𝑡) 

While 𝐹𝑥(𝑡) represent the moment generating function (MGF).  

𝑋~𝑁(𝜇, 𝜎2), So, 

𝑒
1

2
𝜎2𝑡2+𝜇𝑡+

 = 𝐹𝑥(𝑡) 

In the same way, taking t=2, we get 

𝑒2𝜇+2𝜎2
 = 𝐸(𝑧2) 

Hence, we get 

 Var (z)= E(𝑧2) - 𝐸(𝑧)2 = 𝑒2𝜇+𝜎2
 (𝑒𝜎2

− 1)   ∎ 

While the posterior density, 𝑓(𝜉|𝑜, 𝜇, 𝜎2) that suggested an obvious approximation to 𝜉𝑖
𝐵 

where 𝜉 = (𝜉𝑖, … , 𝜉𝑚)𝑇 and 𝑜 = (𝑜1, … , 𝑜𝑚)𝑇 Maximum likelihood estimators then used in 

the approximate formula for 𝜉𝑖
𝐵 to develop EB estimators 𝜉𝑖

𝐸𝐵of 𝜉𝑖 and  �̂�𝑖
𝐸𝐵 = exp(𝜉𝑖

𝐸𝐵) 

of  𝜃𝑖. 

Using tool WinBUG and value of parameters are used from table 3.2: 

𝑜𝑖~𝑝𝑜𝑖𝑠𝑜𝑛(𝑒𝑖𝜃𝑖) 

𝑙𝑜𝑔𝜃𝑖 = 𝛼 + 𝑣𝑖 

𝑣𝑖~𝑁(0, 𝜏𝑣
2) 

Major 

Cities/Zones 

 Node  Mean  Sd  MC error 2.5% Median 97.5% Sample 

Karachi theta[1] 0.3008 0.01124 1.19E-4 0.2791 0.3008 0.3233 8000 

Hyderabad theta[2] 0.3005 0.01133 1.2E-4 0.2791 0.3002 0.3231 8000 

Larkana theta[3] 0.3006 0.008359 9.151E-5 0.2845 0.3005 0.3174 8000 

Lahore theta[4] 0.301 0.01423 1.747E-4 0.274 0.3006 0.3293 8000 

Faisalabad theta[5] 0.5488 0.02226 3.031E-4 0.5065 0.5483 0.5929 8000 

Sargodha theta[6] 0.3005 0.01251 1.316E-4 0.2764 0.3003 0.3257 8000 

Peshawar theta[7] 0.3012 0.01616 1.874E-4 0.2704 0.3009 0.334 8000 

D.G.Khan theta[8] 0.3015 0.0142 1.632E-4 0.2742 0.3013 0.33 8000 
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 Table 5.3  Relative Risk estimation among the cities of Pakistan 
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Figure 5.4   plot for tau in the log normal model. 
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Figure 5.5  G & R merging investigative for  τ in the log normal  

model more than 4000 iteration using software-WinBUG) 

For convergence, it is required 2000 and more iterations. The Gelman and Rubin 

investigative plot has shown in figure 5.5 displays autocorrelation for the parameter   𝜏𝑣. 

Using data from table 5.7, figure 5.6 shows that the spatial patterns in relative risk (RR) 

are related to the results attained by poison – gamma model.  
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Figure 5.6 log normal model for relative risk (RR) using ArcGIS. 

 

  

 

5.4 Monitoring Convergence  
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To explain convergence rate, three different criteria were used; the history trace, Monte 

Carlo error and Gelman-Rubin diagnostics (Gilks WR-1996). To achieve the purpose of 

maintaining an equilibrium distribution of the Markov chain, we have two chains with 

different starting values (Gilks WR-1996).  By this equilibrium state, sample values joint 

distribution is estimated to congregate to joint posterior distribution. More iteration from 

this inactive point has come from later distribution. The burn-in period, this is the phase 

from initial iteration till to the time of convergence to the posterior distribution. This 

period is usually discarded and further iterations were performed from the joint later 

division for inference. Observing of the convergence depend upon the relevant 

parameters in the model. Using time series plot, parallel chain patterns were expected 

till they have common characteristics and the counting of iterations raises. In this Poison 

Normal model, the chain plot is shown in figure 5.2. For 2000 iterations there were two 

parallel red and blue lines run simultaneously from diverse opening values. The 

convergence of β parameters is entirely different for the fixed values. While β [5] 

converges fast as compare β [4] which converges even after 4,000 iterations. By 

centering the parameters could overcome this problem of convergence of the 

parameters (Spiegelhalter D, J-2004). To achieve the convergence in the random part 

of the model is comparatively easier as in the fixed part. It is clear from the plots; zone 

wise variances converged from the start and remained stable to the end. The 

convergence rate can be observed by the Gelman-Rubin convergence test. Figure 5.3 

shows the time series plot of test component. Figure 5.5 shows the convergence at the 

5,000 iterations but for burn- in period for the model 10,000 iteration were required. We 

can run more iterations to improve the inference.  

5.5  Normal-Normal Modeling 

 

In Pakistan the spatial variation of HIV prevalence rates might be different if multilevel 

structure is included. At the site level, large variation pointed out the HIV prevalence 

rate in the Pakistan. We shall observe the distribution of infection into the eight cities as 

per availability of data from the reliable source. The peoples in the neighbor areas share 

common socio-cultural, behaviors can transmit HIV. By applying the multilevel modeling 
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techniques, we can make it possible to express the correlation effects between the 

neighborhood groupings. 

 A  Bayesian analysis of the relative risk using Normal- Normal model is as follows: 

 
S/No 

 
Major Cities / Zones 

 
Log rr estimates 

 
Standard 
Statistical error 

1 Karachi 0.3008 0.01124 

2. Hyderabad 0.3005 0.01133 

3. Larkana 0.3006 0.008359 

4. Lahore 0.3001 0.01423 

5. Faisalabad 0.5488 0.02226 

6. Sargodha 0.3005 0.01251 

7. Peshawar 0.3012 0.01616 

8. D.G.Khan 0.3015 0.0142 

 

Table 5.4.   Relative Risks among the eight largest cities 

 

The model having the spatial property is given as 

𝑙𝑜𝑔𝑅𝑅𝑖~𝑁(𝛽𝑖) 

𝛽𝑖 ~𝑁(𝜃,𝜏2) 

𝑅𝑅𝑖 = relative risk for the city  

𝜎𝑖 = Standard estimated error for  

𝛽𝑖  = relative risk for the city i 

𝜃  = Pooled RR 

𝜏2
 = city level heterogeneity for the true RR 

𝜃~𝑁𝑜𝑟𝑚𝑎𝑙(0.1 × 106)     

1
𝜏2⁄ ~𝑔𝑎𝑚𝑚𝑎(0.001,0.001) 

We specified non informative priors for the mean and variance i.e. normal prior with 

large variance for  and the Gamma distribution for1
𝜏2⁄ . But a Gamma distribution is 

positive and have very big standard deviation with the above parameters. We do not 
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required to mention prior for ’s because we already put a Normal distribution 

assumption on them. 

Node Mean SD MC error 2.5% median 97.5% Samples 

Tau 0.09686 0.03829 0.001181 0.05339 0.08927 0.1772 2000 

theta              0.2337 0.2337 0.003771 0.2023 0.6377 1.123 2000 

Karachi 
beta[1] 

0.3013 0.01122 2.696E-4 0.2801 0.3011 0.3236 2000 

Hyderabad 
beta[2] 

0.3012 0.01125 2.134E-4 0.279 0.3011 0.3234 2000 

Larkana 
beta[3] 

0.3012 0.00824 1.771E-4 0.285 0.3013 0.3167 2000 

Lahore 
beta[4] 

0.3022 0.01357 2.934E-4 0.2754 0.3022 0.3283 2000 

Faisalabad 
beta[5] 

0.5344 0.02279 5.19E-4 0.4889 0.5342 0.5802 2000 

Sargodha 
beta[6] 

0.3011 0.01226 3.12E-4 0.2767 0.3011 0.3246 2000 

Peshawar 
beta[7] 

0.3024 0.01589 3.588E-4 0.2713 0.3025 0.3326 2000 

D.G.Khan 
beta[8] 

0.3022 0.01391 3.021E-4 0.2756 0.3022 0.3298 2000 

 

Table 5.5.   Bayesian estimate of the true city-specific RR using WinBUG. 

    The mean of beta[i] in the above table represent the Bayes estimate of the true city-specific 

RR .What happens if we amend the prior distribution on θ to be more informative?  

Let   𝑡ℎ𝑒𝑡𝑎~𝑑𝑛𝑜𝑟𝑚(2,10) 

Notice how the Bayesian estimate is pulled closer to 2, the prior mean. 

Node  Mean       SD    MC 
error 

  2.5%    median  97.5%          Sample 

Theta 0.3836            0.1648 0.01477  0.2816 0.3583  0.5489 2000 

 

Table 5.6 Bayesian estimate closer to 2. 

Now consider mortality rates in eight cities of Pakistan listed above. The data is shown below: 

S/No Major Cities/Zones No of HIV/AIDS 
cases 

No Of deaths 
(approx.) 

1 Karachi 2388 716 

2. Hyderabad 2268 680 

3. Larkana 4240 1272 

4. Lahore 1405 421 

5. Faisalabad 1152 645 
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6. Sargodha 1829 548 

7. Peshawar 1072 321 

8. D.G.Khan 1436 431 

 

Table 5.7 Number of HIV/AIDS cases in the major cities of Pakistan. 

Source: HASP IBBS round III  

For fixed – effect 

𝑟𝑖~𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑝𝑖 , 𝑛𝑖) 

Where 𝑟𝑖 = No of deaths in city i and 𝑛𝑖= No of HIV/AIDS cases. Here we assume that true 

deaths probabilities (𝑝𝑖) are independent (i.e. fixed effects) for each city i. It is assumed to be 

equivalent to the standard non informative prior distribution for the 𝑃𝑖′𝑠 namely: 

Priors: 

𝑝𝑖~𝐵𝑒𝑡𝑎(1,1) 

It is to be noted that Beta distribution is continuous distribution and takes values between 

0 and 1. 

Random-effect: 

𝑟𝑖~𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑝𝑖 , 𝑛𝑖)  

log [
𝑝𝑖

1 − 𝑝𝑖
]~𝑁𝑜𝑟𝑚𝑎𝑙(𝜇𝑖 , 𝜏2) 

In this model, we assume that the logit of each mortality’s rate is dependent to each 

other. 

Standards priors:  

𝜇 ~ 𝑁𝑜𝑟𝑚𝑎𝑙(0.1 𝑥 106) 

1
𝜏2⁄ ~𝑔𝑎𝑚𝑚𝑎(0.001,0.001) 

Results: 

For Fixed Effect analysis 

Major 
Cities/Zones 

Node  mean SD  MC 
error 

2.5% median 97.5% sample 

Karachi p[1] 0.2999 0.009496 1.44E-4 0.2815 0.2997 0.3192 4000 

Hyderabad p[2] 0.3002 0.009364 1.411E-4 0.2822 0.2999 0.3186 4000 

Larkana p[3] 0.3001 0.007067 1.172E-4 0.286 0.3001 0.314 4000 

Lahore p[4] 0.3 0.0124 1.843E-4 0.2757 0.2999 0.3248 4000 
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Faisalabad p[5] 0.5603 0.01445 2.548E-4 0.5311 0.5607 0.588 4000 

Sargodha p[6] 0.2998 0.01062 1.504E-4 0.2791 0.2997 0.3207 4000 

Peshawar p[7] 0.2998 0.01421 2.165E-4 0.2727 0.2999 0.3282 4000 

D.G.Khan p[8] 0.3003 0.01219 1.849E-4 0.2769 0.3001 0.3246 4000 

 

Table 5.8. Fixed effects values  

For Random Effect Analysis: 

Major 
Cities/Zones 

Node  Mean SD  MC error 2.5% median 97.5% sample 

Karachi p[1] 0.3004 0.00954 1.476E-4 0.2819 0.3006 0.3186 4000] 

Hyderabad p[2] 0.3002 0.009633 1.538E-4 0.2817 0.3002 0.3189 4000 

Larkana p[3] 0.3004 0.006921 1.055E-4 0.287 0.3002 0.314 4000 

Lahore p[4] 0.3 0.0125 1.911E-4 0.2773 0.2998 0.3246 4000 

Faisalabad p[5] 0.554 0.01525 2.38E-4 0.5248 0.5543 0.5828 4000 

Sargodha p[6] 0.3001 0.01094 1.85E-4 0.2801 0.3 0.3212 4000 

Peshawar p[7] 0.3 0.01424 2.39E-4 0.2739 0.2996 0.3272 4000 

D.G.Khan p[8] 0.3006 0.0119 1.925E-4 0.278 0.3005 0.3243 4000 

 Tau 0.5841 7.51 0.1606 0.2443 0.3961 0.7766 4000 

 pop.mean 0.3296 0.03907 5.721E-4 0.2658 0.3276 0.4054 4000 

 

Table 5.9 Random Effect values 

 

Hence using the random effects model, we estimate the mortal ity mean probability as 

0.3296 and standard deviation 0.5841 

Bayesian analysis has the ability to estimate any function of the parameters by examining 

the corresponding posterior distribution. We can track the mortality rate among the cities.
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Figure 5.7    Mortality Rate among the cities.  

 

 

 

 

 

Comparison: 

 



 
 

xcvi 
 

S/NO Node  mean SD  MC error 2.5% Median 97.5% Sample 

I Larkana & 

Karachi 

0.493 0.5 0.008406 0.0 0.0 1.0 4000 

II Karachi & 

Lahore 

0.5172 0.4997 0.008439 0.0 1.0 1.0 4000 

III Karachi & 

peshawar 

0.5105 0.4999 0.008911 0.0 1.0 1.0 4000 

IV Larkana & 

Hyderabad 

0.5092 0.4999 0.007743 0.0 1.0 1.0 4000 

 

Table 5.10 Comparison of intensity of HIV/AIDS among the cities. 
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Figure 5.8   Comparison of intensity of HIV/AIDS among the cities using WinBUG.  

       

The main purpose of the above study was to develop such a model that could depict 

and forecast the HIV/AIDS epidemic. The spatial effect was studied by fitting spatial 

multilevel models. The value of parameters are used in table 5.7. Variation of infection 

rate in the eight cities of Pakistan was very prominent in the models. Spatial effects 

significantly minimized the random variability in HIV occurrence from corner to corner of 
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the cities. Thus, by these models, those are relatively exact and provide a precise map 

of the division of HIV incidence in Pakistan.  

 

 

5.7 Concluding Remarks 

 

• While studying the data for disease risk, we identified geographical variation. First we 

assumed Poisson likelihood model and then introduced other model ranging from 

plain risk structure to additional complex risk structure.  

• In Bayesian mapping, we described poison Gamma model in more modified form and 

then we combined gamma distribution with Poisson distribution which gave us the 

result in gamma posterior distribution. 

• We have generated predictable relative risk maps based on the poison – gamma 

model for different regions in Pakistan which are able to show the highest and lowest 

predictable risk of the region. 

• We have proposed two stage model which is mathematically more convenient for the 

relative risk and allowing to show spatial correlation between the risks of nearby areas 

as compared to gamma prior distribution. Therefore, a log-normal two stage model 

has been proposed which is very flexible for the relative risks that show the spatial 

patterns with same results obtained by poison – gamma model.  

• The people in the neighbor areas, sharing common socio-cultural behaviors, can 

transmit HIV. By applying the multilevel modeling techniques, we made it possible to 

express the correlation effects between the neighborhood groupings.  

• Using Bayesian analysis of the relative risk and Normal- Normal distribution to develop 

such a model that could depict and forecast the HIV/AIDS epidemic. The spatial 

effects were studied and it is concluded that the variation of infection rate in the eight 

cities of Pakistan was very prominent. 
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Chapter 6 

 

Medication Adherence 

 

6.1 INTRODUCTION 
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HIV/AIDS is responsible for 2.8 million deaths in a single year and persistent suffering 

in its 38.6 million present victims (UNAIDS-2006).  HIV weakens our immune system. 

But the terrible effects of HIV take time to change into Acquired Immune Deficiency 

Syndrome (AIDS), allowing an unsuspecting host to further spread infection. There is 

no vaccine. There is no cure. Once HIV/AIDS takes hold within a population, its grave 

penalty begins to come out.  The most dynamic age groups are hardest hit destabilizing 

the area’s economy and leaving millions of orphaned children (UNAIDS-2006).  Some 

regions are so adversely affected by the epidemic that the term ‘under developing 

country’ has been coined to describe nations smothered by HIV/AIDS (Berger-2002). 

 Epidemiologically, there are two approaches to managing widespread disease 

prevention and treatment. Many public health programs have emphasized prevention 

measures over treatment provision in developing countries primarily because they are 

less expensive.  While prevention is absolutely vital in the fight against HIV/AIDS, 

especially where resources are limited, this uneven focus may have promoted the 

terribly insufficient medical care available to the same populations. International public 

health authorities Joia Mukherjee and Paul Farmer write, Prevention of HIV infection is 

often promoted as the only feasible option in resource poor settings despite the 

existence of drugs to treat it.  As experts argued that prevention should take priority 

over treatment for AIDS based on cost effectiveness. However, cost effectiveness 

analyses fail to take into account the most important reason for implementing 

widespread HIV treatment—treating sick people (Mukherjee et al-2003). 

It is essential that in the midst of managing a pandemic, we do not get lost in the 

incomprehensible numbers and remember that, above all, this terrible virus holds up 

people of their lives.  We now have antiretroviral medications to treat HIV/AIDS, granting 

more years of life to HIV-positive individuals and improving the quality of that time. 

Fortunately, access to this critical treatment is expanding throughout the world. 

The hard work of governments, non-profit organizations and international funding 

groups has aided numerous people by providing the life-prolonging therapies. However, 

we must also realize that the initiation of HIV/AIDS treatment is exactly that, the 

beginning.  Because HIV/AIDS is a chronic condition, treatment must be maintained for 
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the rest of the patient’s life. This sustained adherence depends on a multitude of factors, 

many of which fall outside of the patient’s immediate control. From economic pressures 

to cultural misconceptions, patients are confronted by considerable obstacles that could 

expose their antiretroviral treatment. 

Without the proper compliance to prescribed medications, HIV will ultimately 

prevail within the non-adherent patient. However, the ramifications of poor adherence 

are more severe than just poor treatment outcome. These consequences extend beyond 

the individual, undermining our ability to treat HIV/AIDS and threatening the world as a 

whole.   

If adherence is not effectively addressed in parallel with treatment expansion, 

then “the provision of antiretroviral drugs will produce chaos, not control” (Horton-2000).  

Firstly, in this section we shall try to explain country’s relevance for an analysis of 

adherence. Secondly, represents the necessary background information about 

HIV/AIDS, available treatments and then modeled its adverse effects. This study 

addresses the community factors within Pakistan that affect a patient’s ability to adhere 

to his or her medication regimen. By discussing multiple examples across various 

sectors of society, aims to illustrate the complexity and diversity of the issues 

surrounding adherence. Lastly, examines the biological consequences and public health 

implications of poor adherence in order to highlight the severity of this challenge.   

 

6.2 The Biological Research 

 

HIV stands for Human Immunodeficiency Virus; In other words it is a virus that 

particularly targets and destroys the immune system in humans.  Like other viruses, HIV 

is a particle which is smaller than a cell, holds genetic material confined through a 

protein wrapper. One time HIV enters the body, it tries to find out its target—our immune 

system. The human immune system is a set-up of vessels and specific connections 

through which cells called leukocytes (white blood cells) observe physiological 

circumstances and contribute the information about damage places and unknown 

attacks. These leukocytes are in many types thus they can lucratively recognize and 
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supervise a range of physiological harms. HIV search out helper T-cells, a definite type 

of leukocyte so as to notices outer antigens and communicate the threat to the immune 

system. HIV contaminates helper T-cells, with a some additional types of cells, as they 

show surface proteins called CD4-receptors under normal circumstances, let’s make out 

certain types of pathogens (Weeks and Alcamo 2006).  But after infection, the CD4-

receptor performs as a lock and HIV has the key, permits the virus into the cell. Within 

the host cell, HIV’s defensive pod disbands; discharges the ribonucleic acid (RNA) 

based genetic material and viral enzymes. Viral reverse transcriptase (RT) transliterate 

the RNA chain into deoxyribonucleic acid (DNA)—the genetic material found in human 

cell nuclei. Normal cellular processing copies DNA into RNA copies which are then used 

to make proteins. Thus RT’s synthesis of DNA from RNA is backward, earning HIV its 

classification as a ‘retrovirus’.  The fresh viral DNA strand moves to the nucleus of the 

host cell where a new viral enzyme, integrate it into the host genome.  At this stage, HIV 

is eternally assimilated into the host cell and referred to as a provirus where it can lie 

dormant for many years.  The ultimate stimulation of the HIV provirus makes new RNA 

strands which make viral proteins by taking over the host cell’s biological machinery and 

possessions. Finally, a third viral enzyme, protease, cuts the proteins into vigorous 

forms. These workings assemble at the cell surface and rise as new HIV particles, 

enduring to multiply the infection. 

As the early phase of the disease patents itself with symptoms comparable to the 

common cold, the HIV infection gradually develops in vigor and ruthlessness.  

Ultimately, it injures the bulk of CD4-positive T-cells (CD4) which are vital to the function 

of the immune system. Appropriate diagnosis depends on a lot of factors, however once 

an individual attains a CD4 count lesser than 200 cells/µL of blood—a considerable drop 

from normal levels of about 1000 cells/µL—they are usually diagnosed with Acquired 

Immunodeficiency Syndrome (AIDS) (Centers for Disease Control and Prevention 

1992). The phase from initial infection to AIDS gets between 10-12 years on usual.  

Clinically, the development of HIV/AIDS is watched by laboratory tests which account 

the concentration of HIV RNA—called viral load (VL)—and the CD4 count.  Away from 

opportunistic infections, the direct penalty of AIDS frequently include chronic diarrhea, 
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wasting syndrome, lingering fever, dementia and a type of cancer called Kaposi’s 

sarcoma (Weeks and Alcamo-2006).   

On the other hand, the degradation of the immune system is not a reason of death 

but in its place makes the body unable to fight off normally against pathogens. 

Opportunistic diseases affect from organism’s crossways a broad range, with: protozoa, 

fungi, bacteria and other viruses, which develop the body’s devastated resistance. 

AIDS-related illnesses involve several areas of the body such as the pulmonary, gastro-

intestinal and neurological systems.  The types of opportunistic diseases that are mainly 

established in a population depend on the region; for example, tuberculosis has a really 

high frequency rate amongst HIV-positive individuals in many countries while it is 

comparatively uncommon in the US.  Deliberation of these resulting infections is 

fundamental in the whole treatment, as these opportunistic diseases straight kill persons 

by means of AIDS. 

 

6.3 Antiretroviral Treatment 

 

Despite the discouraging outlook of HIV/AIDS progression, hope lies in the fact 

that viable treatments have been developed over the last two decades to curb the lethal 

course of this illness. The first antiretroviral drug approved by the FDA in 1987 was AZT 

(zidovudine designed to treat cancer.  This drug was successful in that it slowed disease 

progression and instilled optimism in the HIV/AIDS-affected community. Regretfully, it 

was later shown that treatment with AZT does not increase overall survival rate (Institute 

of Medicine 2005a) . This outcome, which will be explained below, spurred drug 

development in several different directions ultimately producing four distinct classes of 

drugs. 

The first were nucleoside reverse transcriptase inhibitors (NRTI), AZT included, 

which stop the process of elongation performed by the viral enzyme RT. As mentioned 

earlier, without functional RT, viral RNA cannot be converted to DNA, stopping HIV in 

its tracks.  To produce DNA, this enzyme strings nucleosides, the building blocks of 

genetic material, together in a sequence that complements a template strand of RNA.  

NRTIs work by resembling a nucleoside in every aspect except the portion that couples 
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with the next nucleoside in sequence.  If RT incorporates a NRTI into its DNA copy the 

reaction cannot continue, which leaves the enzyme blocked and the DNA strand 

unfinished.  If RT were a machine that manufactures a long metal chain by connecting 

the links one at a time, administering a NRTI is essentially throwing scrap metal on the 

conveyer belt until the machine chokes and breaks down.  A second group of medication 

targets RT with a different approach. Non-nucleoside reverse transcriptase inhibitors 

(NNRTIs) directly react with the RT enzyme and inhibits its activity.  In the same analogy, 

NNRTIs take a sledgehammer to the chain-making-machine—the overall outcome is the 

same. 

Researchers did not stop at RT when developing HIV-enzyme inhibiting drugs; 

protease was also a target for drug development.  Substances that fit into the active site 

of this enzyme are called protease inhibitors (PI) and prevent new viral proteins from 

being cleaved into viable forms.  This slows the progress of HIV infection because new 

viruses cannot effectively form and grow from the host cell without the appropriate 

proteins. The last class of antiretroviral drugs, fusion inhibitors (FI), halts HIV before it 

can enter and infect host cells.  This drug became available for clinical use in 2003, but 

is reserved for patients in which the other treatments have failed (Institute of Medicine-

2005b). FI works by blocking the interaction between HIV and the CD4-receptors of the 

host cells.  FIs carry promise because they could potentially prevent HIV infection even 

after system exposure. 

Researchers continue to expand the current treatment strategies as well as invent 

completely novel approaches, yet the most significant advance in alleviating the 

morbidity and mortality resulting from HIV infection has not been a single drug discovery 

but the utilization of combination treatment.  The use of three or more antiretroviral 

(ARV) drugs from at least two of the classes is termed highly active antiretroviral 

treatment (HAART or ART) and is the recommended form of treatment by the Institute 

of Medicine 2005a.  With the advent of HAART in 1996, HIV/AIDS has begun to 

transform into a manageable chronic illness instead of an acutely lethal infection.  The 

effect of this therapy was immediately apparent; the number of AIDS-related deaths 

decreased by 43% in the US from 1995 to 1997 by the report of Institute of Medicine-

2005a . 
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6.4  Adherence to ART 

 

Despite the many successes, none of the previously mentioned treatments are a 

cure. Once an individual becomes infected with HIV, must manage the disease and 

associated therapy for the rest of his life.  Successful ART is defined as “maximal and 

durable suppression of viral load, restoration and preservation of immunologic function, 

improvement of quality of life, and reduction of HIV-related morbidity and mortality” 

(Dybul et al.-2002).  This positive outcome is possible with ART, but it requires strict 

and accurate adherence to the prescribed treatment.   

Most favorable adherence has been defined based on the virology, immune, and 

experimental results of patients whose adherence was calculated throughout the 

longitudinal studies. For PI-based ART course of therapy, (Paterson et al.-2000) 

explains most favorable result in patients who take ≥95% of the medications prescribed 

by their physician. Specifically, they showed that there was a significant decrease, from 

80% to 50%, in virology success, or reduction of a patient’s VL, with patients who had 

<95% adherence.  Although this sharp drop in positive virology outcomes was not shown 

in NNRTI-based regimens, there was still a linear relationship between adherence and 

virology outcome (Nachega et al. 2007).  This suggests that as the patient’s adherence 

level to NNRTI-based regimens increases, there is a respective increase toward a 

positive outcome continuing up to perfect, 100%, adherence.  Therefore, the majority of 

literature defines the cut-off for optimal adherence to either PI- or NNRTI-based 

regimens between the relatively high levels of ≥ 90-95%. Because of this important 

adherence threshold, publications addressing adherence most often report the 

percentage of patients with optimal adherence instead of just the average adherence 

rate.  

With such a large pill load, maintaining such exceptional levels of adherence 

requires precise and rigorous treatment management. A patient taking the first-line ARV 

regimen must take five pills in 24 hours. Compared to patient’s that can afford the 

combination pills that include several drugs within one pill, this is a very high frequency.  

In order to remain >95% adherent to ART, a patient could miss no more than seven out 
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of the 150 pills the patient takes per month, and they must be taken at the prescribed 

time. Moreover, like any other substance in the bloodstream, ARVs are metabolized and 

excreted with time. In order to maintain absorption of the viral-suppressing drugs in 

blood at efficient levels, it is also very important that patients take their medications 

within an hour of the chosen time (Bartlett 2005). As patients do not perfectly adhere to 

their regimen plan and take their drugs in improper timing, blood concentrations can fall 

below the intensity necessary to hold back HIV or go up to levels that is harmful to the 

patient. 

 

 

 

6.5 Toxicities of Medication. 

Now Practitioners are concerned on the subject of the toxicity linked to HIV/AIDS 

Medication. Patient took drugs for a longer time to keep least value of viral load. This 

infection has no treatment but just uphold the quality of life and escalating the life span 

of the patients. A study shows that with advanced Combination of  antiretroviral drugs 

can minimize the morbidity and mortality rate but side effects associated with this ARV 

has been increased up to 25% . Therefore, it is a mixed blessing.  Patients stop to 

continue treatment, results in treatment failure. 

Several techniques have been applied to improve treatment duration. While 

advancement of new antiretroviral agents carried on efforts to maximize the 

effectiveness of presently available treatments include effort to better understand and 

manage side effects. Each antiretroviral medication is linked with its own particular side 

effects or may p roduce  problems only in specified situation. Similarly, specific adverse 

effects may occur. One of the drug classes used in HAART is the nucleoside reverse 

transcriptase inhibitors (NRTIs), which normally obtain  the “backbone” of the 

antiretroviral cocktail; this group contains zidovudine (AZT), lamivudine, didanosine 

(ddI), stavudine (d4T), abacavir (ABC) and the newly released nucleotide analogue 

tenofovir. Two NRTIs are often mixed with 1 medication from either of the 2 residual 

classes, the non-nucleoside reverse transcriptase inhibitors (NNRTIs) and the 
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protease inhibitors (PIs).The NNRTI class comprises nevirapine (NVP), delavirdine 

(DLV) and efavirenz (EFV). The dosages and adverse effects of all 3 classes of 

medications are listed in Table 6.1. 

In this chapter we review the adverse effects of HAART therapy, with specific 

attention to the metabolic abnormalities associated with HIV treatment, including 

dyslipidemias, diabetes mellitus, insulin resistance, and the lipodystrophy syndrome and 

lactic acidosis associated with NRTI mitochondrial toxicity. Our plan is to assist 

physicians gain a working knowledge of these side effects, with the eventual goal of 

improving the tolerability and effectiveness of HIV treatment, promoting the early 

detection and reversal of severe side effects, and dropping the latent for adverse drug 

interactions. 
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Fig. 6.1: Side effects of antiretroviral therapy. In some cases, only a      

certain drug causes the effect.( Dybul-2002) 

 

Available drugs can be grouped in to five sets as shown in table 6.1 given below. 

ARV drugs class Abbreviations First approved HIV 
treatment       (year) 

Mode of action 
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Nucleoside/Nucleotide 

Reverse Transcriptase 

Inhibitors 

NRTIs, 

nucleoside 

analogues, 

nukes 

1987 NRTIs inhibit reverse 

transcriptase enzyme 

which is helpful in virus 

replication. 

Non-Nucleoside Reverse 

Transcriptase Inhibitors 

NNRTIs, 

non-nucleosides, 

non-nukes 

1997 NNRTIs also inhibit the 

reverse transcriptase 

protein which prevents HIV 

from replicating within cells.  

Protease Inhibitors PIs 1995 PIs is protease inhibitor  

Fusion or Entry Inhibitors  2003 Fusion or entry inhibitors 

stop HIV from entering and 

binding with human 

immune cells. 

Integrase inhibitors  2007 Integrase inhibitors inhibits 

enzyme, which is the 

requirement of HIV to pop in 

its genetic material into 

human cells. 

 

Table 6.I:  There is a list of the following Drugs available freely in the             

 open market with mode of action. 

The above data is obtained from AIDS info ‘A service of the U.S. Department of Health 

and Human Services’, which is supportive in our study. The most common detailed 

severe side effects with HIV therapy are listed below: 

Drug Class Brand names available in 
market 

Possible Serious Side Effects 

ucleoside Reverse 

Transcriptase 

Inhibitors. 

(NRTIs) 

• Abacavir sulfate 

• tavudine 

Tenofovirdisoproxil fumarate 

• Zidovudine 

 

The most frequently reported serious side 

effects include peripheral paresthesia, 

hypercholesterolemia, 

hypertriglyceridemia, hyperglycemia, skin 

rash, and mood disorders. Other less 

serious side effects include headache,oral 

paresthesia,GI disturbances, fatigue, and 

taste disorders 

 

Non-Nucleoside 

Reverse 

Transcriptase 

Inhibitors. 

(NNRTIs) 

 

• Delavirdine 

• Efavirenz 

• Etravirine 

• Nevirapine 

 

Hepatic failure, acute kidney failure. 

Pancreatitis, hemolytic anemia, 

rhabdomyolysis, Substantial increases in 

liver enzymes and hepatic failure, Skin 

rashes, suicidal ideation, Severe 

depression, Granulocytopenia (occurring 

more frequently in children), Stevens-

Johnson syndrome and psychiatric 

symptoms.  
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Protease 

Inhibitors (PIs) 

• Amprenavi 

• Darunavir 

• Indinavir sulfate 

• Ritonavir 

• Saquinavir 

• Tipranavir 

PR Interval Prolongation, hyperglycemia, 

hypercholesterolemia, 

hypertriglyceridemia, skin rash, 

nephrolithiasis/urolithiasis, peripheral 

paresthesia, acute hemolytic anemia and 

mood disorders 

Fusionor 

Entry Inhibitors 

• Enfuvirtide  

• Maraviroc 

 

Hepatoxicity, hypo cellularity, pancreatitis, 

Bone marrow, skin papilloma, anxiety, 

decreased appetite, asthenia, herpes- 

simplex, cough expression, pruritus, 

insomnia, myalgia, and weight loss. Heart 

rate elevations and blood pressure, 

Lymphoid atrophy local injection site 

reactions, sinusitis, conjunctivitis, 

peripheral neuropathy, 

 

Integrase 

inhibitors 

 

• Raltegravir 

Psychiatric Disorders, depression (mainly in 

patients with a previous history of 

psychiatric problem) with suicidal ideation. 

Muscle spasm, Skin and Subcutaneous 

Tissue Disorders, rash, Stevens-Johnson 

syndrome,  

 

Table 6.2:  (Brand names with likely stern side effects) 

Source (Tirmizi - 2014) 

6.6  Description and Methodology of the  Model. 

We are using fuzzy matrix theory which is considering a tool to examine available data 

with imprecision. These fuzzy matrices can be applied to social and natural situations 

to find out likely outcomes. W. B.Vasantha and V. Indira welcomed this theory to analyze 

the passenger transportation problem. This Study is carried out by using fuzzy 

optimization methods which was previously used to determine passenger transportation 

problem. Now we shall relate these fuzzy matrices techniques for the analysis of 

adverse effects of current HIV/AIDS medication. We have carried out a study on 195 

HIV/AIDS infected patients from Agha Khan Medical University and Hospital and Baqai 

Medical University and Hospital Karachi (Pakistan). These patients are by now under 

usual treatment with dissimilar regime of antiretroviral medications and arrange a chart 

in which they are facing side effects related with this medicine. Then a model was made 

by using fuzzy matrix theory to identify the intensity of adverse effects in different t ime 

intervals. We transformed this data into matrix form as given in table 6.3. The average 
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time dependent matrix (ATD) is derived by dividing each elements of the matrix by the 

time period and taking the average µj and standard deviation 𝜎𝑗 of each column of the 

average time dependent matrix (ATD) matrix. We choose a parameter α belongs to [0, 

1] and form the refined Time dependent matrix by   

if 𝑎𝑖𝑗 ≤ (𝑢𝑗 −   𝛼 ∗ 𝜎𝑗)                        then 𝑒𝑖𝑗 =  −1  

else if  𝑎𝑖𝑗 ∈ (𝑢𝑗 −  𝛼 ∗ 𝜎𝑗 , 𝑢𝑗 + 𝛼 ∗ 𝜎𝑗)                   then 𝑒𝑖𝑗 =  0 

else if 𝑎𝑖𝑗 > (𝑢𝑗  +  𝛼 ∗ 𝜎𝑗)                  then 𝑒𝑖𝑗 =  1. 

 

Where aij are belong to the average time dependent matrix (ATD). Like this manner, we 

obtain the Refined Time Dependent (RTD) fuzzy matrix. The elements of this matrix are 

–1, 0, or 1. These elements and the sum of rows give the matrix of intensity of side 

effects. We also merge these matrices for different values of α belongs to the interval 

[0, 1], from the above method we get two types of matrices - the row sum matrix and the 

(CETD) matrix. Then we obtained the results which are based on these row sums 

values. Graphical understanding of these results is very simple that can be easily 

understood by a layman. 

• ESTIMATION OF SIDE EFFECTS OF HIV/AIDS MEDICATION USING 4X8 

FUZZY MATRIX. 

 

On the account of patient’s history we select the following eight most important side 

effects (A1, A2, A3, A4, A5, A6, A7, A8). We examined these side effects in four intervals 

of times mentioned below: 

A1 - Liver disease 

A2 - Heart disease 

A3 - Kidney disease 

A4 - Septicemia 

A5 - Osteoporosis  

A6 - hyperglycemia 

A7 - Severe depression 

A8 - Pancreatitis 



 
 

cxi 
 

 

Treatment 
time  
duration 
(years) 

A1 
Liver 
diseases 
 

A2 
Heart 
diseases 

A3 
Kidney 
diseases 
 

A4 
Septi-
cemia 

A5 
Osteop
orosis 

A6 
Hyper-
glycaemia 

A7 
Severe  
depression 

A8 
Pancreatitis 
 

0 - 2.9 13 17 04 19 04 09 22 17 

3 - 6.9 69 44 52 78 17 17 35 35 

7 - 9.9 48 61 39 45 30 30 39 61 

10 – 15 51 70 86 51 41 10 30 72 

 

Table 6.3: The above data was taken by the history of patients (n=195) 

       

 

 Average Time Dependent Data Matrix (ATD Matrix)     

                A1                  A2                  A3        A4               A5         A6            A7              𝐴8   

                                                                                              

    [

4.33 5.66 1.33
 17.25 11    13

  16
10.2

   20.33
   14

   13
   17.2

    

6.33 1.33 3
   19.5 4.25 4.25

   15
10.2

   10
   8.2

   10
2

    

7.33 5.67
   8.75 8.75

   13
6

   20.33
   14.4

] 

 

 A1 A2 A3 A4 A5 A6 A7 A8 

Average 12.23 13.04 11.33 13.07 6.07 4.95 9 12.56 

S.D 6.13 6.31 6.88 5.90 3.99 3.72 3.20 6.66 

 

Table 6.4: The Average and the Standard Deviation Data.  

 

       The RTD matrix for 𝛼 = 0.1     the row sum matrix 

              

          A1            A2    A3     A4        A5    A6        A7      𝐴8   
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      [

−1 −1 −1
  1 −1    1
  1
−1

   1
   1

   1
   1

    

−1 −1 −1
   1 −1 −1
   1
−1

   1
   1

   1
−1

    

−1 −1
   1 −1
   1
−1

   1
   1

]    [

−8
   0
   8
   0

]  

    The RTD matrix for  α = 0.25    the row sum matrix 

          A1            A2    A3     A4        A5    A6        A7      𝐴8   

      [

−1 −1 −1
  1 −1    1
  1
−1

   1
   1

   1
   1

    

−1 −1 −1
   1 −1 −1
   1
   1

   1
   1

   1
−1

    

−1 −1
   1 −1
   1
−1

   1
   1

]                 [

−8
   0
   8
   2

]  

 

 

    The RTD matrix for 𝛼 = 0.45            the row sum matrix 

          A1            A2    A3     A4        A5    A6        A7      𝐴8   

      [

−1 −1 −1
  1 −1    1
  1
−1

   1
   1

   1
   1

    

−1 −1 −1
   1    1   1
   1
   1

   1
   1

   1
−1

    

−1 −1
   1 −1
   1
−1

   1
   1

]      [

−8
   4
   8
   2

]  

    

 The RTD matrix for 𝛼 = 0.75            the row sum matrix 

       

           A1            A2    A3     A4        A5    A6        A7      𝐴8   

      [

−1 −1 −1
  1    1    1
  1
1

   1
   1

   1
   1

    

−1 −1    1
   1    1    1
   1
   1

   1
   1

   1
−1

    

   1 −1
   1    1
   1
−1

   1
   1

]      [

−4
   8
   8
   4

]  
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Fig 6.2: The graph depicting the side effects of HIV/AIDS medication with       the 

passage of time for different parametric values (𝛼).  

 

The Combined Effective Time Dependent Data        the row sum matrix 

       (CETD) matrix 

          

             A1          A2    A3  A4      A5   A6       A7  A8   

          [

−4 −4 −4
  4   −2    4
  4
−2

   4
   4

   4
   4

    

−4 −4   −2
   4    0      0
   4
   2

   4
   4

     2
 −4

    

 −2   −4
   4   −2
   4
−4

     4
     4

]                         [

−28
   12
   30
   8

] 
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Fig 6.3: Graph of The Combined Effective Time Dependent Data (CETD)       

matrix. 

 

From figure 6.3 above it has been shown that side effects start from the initial stage of 

treatment and attain peak level just after five to ten years of treatment. Due to these 

adverse effects patient shows lake of adherence with the drug. It is very difficult to 

continue the treatment for a long time that results in treatment failure (Tirmizi-2014).      

 

6.7 Incomplete Control of HIV 

 

 Simply, drugs never effects in those patients who don’t receive them.  As before known, 

ARVs work by slow down specific enzymes which are vital to the copying of HIV. The 

commonly intake of medications achieve this by straight interaction with an enzyme 

within a contaminated cell. Just the once HIV has been included into the host’s DNA, 

and triggered, the cell constantly assembled viral proteins. In case to frustrate this 

persistent risk, the drug concentration within an ART patient must be high enough to all 

over interact with and completely slow up viral replication. By stopping the HIV life-cycle 
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in its tracks, ARVs successfully limit cellular destruction and the subsequent spread of 

HIV within the body.   

Although, a patient with reduced adherence to ART will have lessen or unreliable 

drug absorption in his or her body, send-off chance for HIV to replicate. If HIV is allowed 

to multiply unabated, viral load (VL) will rebound.  This inverse relation between 

adherence levels and virus inclusion has been shown transversely studies in diverse 

populations (Bangsberg et al. 2000; Haubrich et al. 1999; Orrell et al, 2003; Paterson et 

al. 2000). In one of the most thoroughly studies, (Bangsberg et al., 2000) write, “A strong 

relationship was found between adherence and concurrent HIV-1 viral load…A reduce 

of 10% in adherence was linked with a repetition of the HIV RNA level telling that small 

dissimilarity in adherence may outcome in main differences in virology control.”  The 

compassion of VL to adherence indicates the implication of several barrier to patient’s 

ability to get their medication. Additionally, (Nachega et al., 2007) demonstrates that 

devotion powerfully affected the probability of sustaining viral suppression over time.  

Biologically, success in the treatment of HIV/AIDS depends largely on the suppression 

of a patient’s VL because morbidity from immune destruction is directly correlated with 

the concentration of HIV particles.  As discussed beneath, a raise in VL during treatment 

is the first step in a series of consequences.  When patients do not take their medication 

properly, the drugs cannot work to slow down HIV and diminish the patient’s VL.  This 

partial control of HIV in non-adherent patients has some severe inference on equally 

the entity level and ultimately for public health as a whole.   

 

6.8 Amplified Probability of Spread of Infection 

   

Spread of HIV happens through the exchange of bodily fluids that anchorage high 

enough attentiveness of the virus, together with blood, semen, vaginal secretions and 

breast milk.  If reduced observance cause VL bounce back, then the quantity of virus 

within these fluids will also raise.  Higher absorption of HIV in physical fluids 

consequences in an increased probability that infection will arise during a replace. A 

research in Thailand investigating spread of HIV among non-negative husbands and 

wives supports the argument that elevated VL increases the probability of spread.  The 
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researchers established that the possibility of spread increased by 81% with every log 

increment increase in VL (Tovanabutra et al.- 2002).  The threat of spread approximately 

doubles while the VL increases by 10-fold. One more group create alike inclination in 

transmission rates from mother to child.  while breast-feeding mothers were prescribed 

a course of therapy of ARVs, thus lowering their VL, erect transmission was 

considerably compact (Volmink et al.- 2007).   

This weakened probability of spread due to ART discloses how, physiologically, 

treatment is a form of avoidance.  This shows how deprived adherence has considerable 

implications for widespread public health.  Because the probability of transmission is as 

a result reliant on VL, it is totally serious that VL be kept as low as possible to discourage 

the spread of HIV.  Best adherence to the prescribed ARV course of therapy is the best 

approach to make the most of the suppression of HIV, maintain VL low and lessen 

spread.  If best possible adherence is maintained, not simply will it be improved for the 

health of the individual, it will lessen the transmission of HIV throughout the population.  

 

6.9 Concluding Remarks  

 

Our plan was to assist physicians to gain a working knowledge of the side effects of 

HIV/AIDS medication with the eventual goal of improving the tolerability and 

effectiveness of HIV treatment, then a model was made by using fuzzy matrix theory to 

identify the intensity of adverse effects at different time intervals of medication. The 

results from the above model showed that side effects start from the initial stage of 

treatment and attain peak level just after five to ten years of treatment. Due to these 

adverse effects patient shows lack of adherence with the drug. Thus mathematical 

analysis during this study gave us significant optimal solution to minimize the random 

variability in HIV occurrence from corner to corner of the cities of Pakistan. 
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Chapter 7 

 

Comparative study of transmission and control of 

HIV/AIDS in Pakistan 

 

The main objective of this study to improve the understanding level of the people about 

intervention of the disease and motivate them to change their risk behavior and social 

norms. Awareness to disease can help people to adopt suitable preventive procedures 

to keep themselves away from the risk.  

 

7.1 INTRODUCTION 

 

HIV/AIDS is nowadays considered as the greatest public health disaster of modern time. It 

has become the challenge for the global population for decades. In the previous chapter 5, 

we developed spatial multilevel models which described and estimated the HIV/AIDS 

epidemic in different regions of Pakistan. Variation of infection rate in the eight cities of 
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Pakistan was very prominent in the models. Spatial effects significantly minimized the 

random variability in HIV occurrence from corner to corner of the cities. Thus these models 

are relatively exact and provide a precise map of the division of HIV incidence in Pakistan.  

But in chapter 6, we studied about several techniques, which can be applied to improve 

the treatment o f  HIV/AIDS. In chapter 6, we reviewed the side effects of ARV 

treatment, including diabetes mellitus, insulin resistance, dyslipidemias and lactic 

acidosis associated with NRTI mitochondrial toxicity and the lipodystrophy syndrome. 

Our plan is to support doctors gain a practical knowledge of these side effects, with 

the goal of improving the tolerability and efficacy of HIV treatment, helping the early 

diagnosis and minimize severe side effects of the drug  

All these efforts seems useless without cooperation of patient. In 2010, four treatment 

centers were established in major cities like Karachi, Lahore, Peshawar and Islamabad 

of Pakistan. They have arranged to make available treatment of HAART to 8000 

infected people free of cost. It is surprisingly to know that only hundred patient are 

registered up to now. Infected people are very unwilling to visit such centers because 

they feared to be looked down upon by the society.  

While Pakistan is a developing country and Pakistan’s per capita income is up to $1,513. 

Anti-retroviral drugs (ARV) are very expensive, and the majority of the world’s infected 

individuals including Pakistani’s cannot afford medication and treatment for HIV and 

AIDS at their own level. The cost of standard treatment is approximately $300–500, 

(Rs.30,000-50,000) per year in Pakistan. Therefore, there is a need of alternate solution 

to acquire optimal results. 

Literacy rate of Pakistan is just fifty five percent that is very lowest in the world Therefore, in 

our research we emphasized on comparative study which coordinate the field of protective 

activities on the basis of educational and informational campaigns. The health educational 

projects about HIV, can enhance awareness, improves integrity into society and helps family 

solidarity. Government and nongovernmental interventions in Pakistan should begin flash 

campaigns to give information and educational materials to the people about the preventive 

measures of the disease. Then this emphasis can move towards the treatment campaigns 

that will be great achievement in decreasing the new HIV infections.  



 
 

cxix 
 

In this study we are going to generate a mathematical model having two susceptible 

classes depending on changes in behavior with educational activities.  

 

7.2   Preliminaries 

 

As we have explained above, mathematical models are used in comparing, forecasting, 

applying, estimating and optimizing a number of findings, prevention and treatment and 

control programs (W. Herbert-2000). We introduce the given below definitions and 

theorems necessary to optimize the model of HIV/AIDS. 

 

7.2.1 Optimal control method 

 

Optimal control theory is being used as a mathematical tool in decisions making about 

complex biological situations and it is a part of calculus of variations. Optimal control 

methods are used in generating and evaluating optimal strategies to control many types 

of infectious diseases (S.Lenhart-2007). For example, it can be used to calculate the 

percentage of the population in time base epidemic model to lessen the infected people 

and the cost of treatment policy.  

The performance of a dynamic system is defined by the state variable (s). We assume 

that we can control state variable‘s’ by applying a suitable control ‘x’. We observed that 

the dynamic system (state x) be subject to another control u. We can generate minimize 

or maximize objective function 𝐽(𝑢(𝑡), 𝑥(𝑡), 𝑡) by adjusting the control that achieves the 

preferred goal, and the required costs to attaining it. The optimal control is acquired 

when the preferred objective is attained with the minimum cost. The function depends 

on the state variable ’x’ and the control ’u’. Even though There are different techniques 

for estimating the optimal control for a particular model but Pontryagin Maximum 

Principle is very specific and gives us the best calculation of the optimal control for the 

ordinary differential equations model with constraints (Lenhart-2007). 

An optimal control problem showed the following properties: 
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(i) Controllability: capability to use controls to direct a system from one point to 

another. 

(ii)  Observability: assuming system info from control input and observe output.  

(iii) Stabilization: applying controls towards force stability. 

The main purpose of the optimal control problem is to give solution with some initial 

conditions that need to fulfil by an optimal control and related state.  

We are going to explain the logical difference between the necessary and sufficient 

conditions of solution sets. 

Considering the following optimal control problem: 

𝑚𝑖𝑛
𝑢

{∅ (𝑡𝑓,𝑥(𝑡𝑓,)) + ∫ 𝑔𝑜(𝑡, 𝑥(𝑡), 𝑢(𝑡))𝑑𝑡

𝑡𝑓,

0

} 

 

7.1 

Where state vector is 

𝑓(𝑥(𝑡)) = [𝑥1(𝑡), 𝑥2(𝑡), … … … 𝑥𝑛(𝑡)]𝑇 ∈ 𝑅𝑛  

 

 

 

And the control vector is. 

(𝑢(𝑡)) = [𝑢1(𝑡), 𝑢2(𝑡), … … … 𝑢𝑛(𝑡)]𝑇 ∈ 𝑅𝑚 

The state and the control variables are directed by the ordinary differential equations of 

first order:   

𝑑𝑥

𝑑𝑡
=  𝑓(𝑡, 𝑥(𝑡), 𝑢(𝑡))   

7.2 

 𝑥𝑜  =  𝑥(0), 0 ≤  𝑡 ≤  𝑡𝑓 

The functions given below are differentiable w.r.t. every component of x and u, and 

piecewise continuous w.r.t.’t’. 

𝑓(ℎ𝑜): 𝑇 × 𝑅𝑛  × 𝑅𝑚  →  𝑅𝑛       

 𝑓(𝑔𝑜) ∶  𝑇 × 𝑅𝑛 × 𝑅𝑚  →  𝑅𝑛 
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7.2.2 Pontryagin’s Maximum Principle 

 

The Pontryagin’s Maximum Principle is used to change the objective function of 

maximization or minimization with the state variable ‘x’ into pointwise maximizing or 

minimizing of the Hamiltonian w.r.t the control.  

The Hamiltonian 𝐻(𝑡, 𝑥, 𝑢, 𝜆) is a four variables function where x and u are functions of 

‘t’ .While 𝜆 is an adjoint variable with function of 𝑡. 

Theorem 7.1.  There exists a piecewise differential adjoint variable 𝜆(𝑡) whenever  

𝑢∗(𝑡) and 𝑥∗(𝑡) are optimal, such that 

𝐻(𝑡, 𝑥∗(𝑡), 𝑢(𝑡), 𝜆(𝑡)) ≤ 𝐻(𝑡, 𝑥∗(𝑡), 𝑢∗(𝑡), 𝜆(𝑡)); ∀ 𝑢 

Where the Hamiltonian H is 

𝐻 =  𝑓(𝑡, 𝑥(𝑡), 𝑢(𝑡))  +  𝜆(𝑡)𝑔(𝑡, 𝑥(𝑡), 𝑢(𝑡)) 

 And 

𝜆(𝑡)

𝑑𝑡
= −

𝜕𝐻(𝑡, 𝑥∗(𝑡), 𝑢∗(𝑡), 𝜆(𝑡))

𝜕𝑥
 

𝜆(𝑡𝑓)  =  0. 

Necessary conditions:  If 𝑢∗(𝑡) and 𝑥∗(𝑡) are optimal, then the below conditions must 

satisfy: 

𝜆(𝑡)

𝑑𝑡
= −

𝜕𝐻(𝑡, 𝑥∗(𝑡), 𝑢∗(𝑡), 𝜆(𝑡))

𝜕𝑥
 

𝜆(𝑡𝑓)  =  0, 

then 

𝜕𝐻(𝑡,𝑥∗(𝑡),𝑢∗(𝑡),𝜆(𝑡))

𝜕𝑢
=  0. 

Sufficient conditions:  𝑢∗(𝑡), 𝑥∗(𝑡) and 𝜆(𝑡𝑓)  fulfil the below conditions: 

𝜆(𝑡)

𝑑𝑡
= −

𝜕𝐻(𝑡, 𝑥∗(𝑡), 𝑢∗(𝑡), 𝜆(𝑡))

𝜕𝑥
 

𝜆(𝑡𝑓)  =  0, 

𝜕𝐻(𝑡,𝑥∗(𝑡),𝑢∗(𝑡),𝜆(𝑡))

𝜕𝑢
=  0, 



 
 

cxxii 
 

is sufficient for 𝑢∗(𝑡) and 𝑥∗(𝑡) are optimal. 

 

7.2.3  Sensitivity analysis 

 

Sensitivity analysis is used to decide whether the infectious disease will spread in the 

population or not. We perform the analysis by calculating the sensitivity indices of the 

basic reproduction number 𝑅𝑜.In the sensitivity analysis, we apply the normalized 

forward sensitivity index of a variable which is defined as  

𝑟𝑘
𝑗𝑜 ∶=

𝜕𝐽𝑜

𝜕𝑘
 ×

𝑘

𝐽𝑜
 

 

7.3 

Where an invariant J depends on a parameter ’k’. 

 

7.2.4  Brownian Motion 

 

R. Brown is defined the perpetual, irregular random motion of small particles absorbed 

in a liquid or gas, which is known as Brownian motion. The molecules of the surrounding 

medium can be explained by perpetual collisions of the particle. The stochastic process 

linked with the Brownian motion is called the Brownian process. Thus Brownian motion 

is playing important role in the field of modern quantitative finance. Definitely, the simple 

continuous time model for financial asset prices assumes that the log-return of a known 

financial asset explained by a Brownian motion. It has a lot of interesting application in 

epidemiology (Mao-1997).  

Definition: Consider a probability space (Ω, 𝐹, 𝑃) with filtration {𝐹𝑡}𝑡≥𝑡𝑂
. Brownian motion 

which is a real valued continuous function {𝐹𝑡}  with the modified process {𝐵𝑡}𝑡≥𝑡𝑂
 has 

the following characteristic: 

(i)  𝐵𝑜  =  0 ; 

(ii)   0 ≤ s < t < ∞, then  𝐵𝑡 − 𝐵𝑠 is normally distributed with zero mean and variance 

equal to t−s; 



 
 

cxxiii 
 

(iii) 𝐵𝑡 − 𝐵𝑠 is independent of {𝐹𝑠} for 0 ≤ s < t <∞ ;   (vi)   𝑡 ≥  0 ,   𝐵𝑡 is continuous. 

(Mao-1997) 

 

 

 

7.2.5   The multi-dimensional 𝐈𝐭�̂�’s formula 

 

Let 𝑥(𝑡) be a 𝐼𝑡�̂�’𝑠 process of d-dimensional on 𝑡 ≥  0 with the stochastic differential 

(Mao-1997), 

 i.e., a stochastic process of the form: 

𝑑𝑥(𝑡)  =  𝑓(𝑡)𝑑𝑡 +  𝑔(𝑡)𝑑𝐵(𝑡),  7.4 

Where 𝑓 ∈  𝐿1(𝑅+; 𝑅𝑑) 𝑎𝑛𝑑 𝑔 ∈  𝐿2(𝑅+; 𝑅𝑑×𝑚).  

Then any 𝑉 (𝑥(𝑡), 𝑡) is again an Ito’s process with the stochastic 

differential, which is given by 

𝑑𝑉 (𝑥(𝑡), 𝑡) = [𝑉𝑡(𝑥(𝑡), 𝑡) + 𝑉𝑥(𝑥(𝑡), 𝑡)𝑓(𝑡) +

1

2
 𝑡𝑟𝑎𝑐𝑒(𝑔𝑇(𝑡)𝑉𝑥𝑥(𝑥(𝑡), 𝑡)𝑔(𝑡)) + 𝑉𝑥(𝑥(𝑡), 𝑡)𝑔(𝑡)𝑑𝐵(𝑡)]  

 

 

      7.5 

Note that 

𝑑𝑡𝑑𝑡 =  0, 𝑑𝐵(𝑡𝑖)𝑑𝑡 =  0, 𝑑𝐵𝑖𝑑𝐵𝑖  =  𝑑𝑡, 𝑑𝐵𝑖𝑑𝐵𝑗  =  0 𝑖𝑓 𝑖 ≠  𝑗.  

 

7.2.6 Stability in probability theory 

 

Consider the general stochastic system: 

𝑑𝑥(𝑡)  =  𝑓(𝑡, 𝑥(𝑡))𝑑𝑡 +  𝑔(𝑡, 𝑥(𝑡))𝑑𝐵(𝑡)  

for 𝑡 ≥  0  with primary conditions 𝑥(0) =  𝑥𝑜. The solution is indicated by 𝑥(𝑡, 𝑥𝑜). 
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 Assume that   𝑓(𝑡, 0) =  𝑔(𝑡, 0) =  0; ∀  𝑡 ≥  0, the equilibrium x = 0 of the system is 

supposed to be: 

 (i)  Probabilistic Stable;  ∀  ∈ >  0, if 

𝑙𝑖𝑚
𝑥𝑜 → 𝑥

 𝑃 (
𝑠𝑢𝑝

𝑡 ≥ 0|𝑥(𝑡, 𝑥𝑜)| ≥∈) = 0 

 (ii)    Exponentially stable; ∀  𝑥𝑜 ∈  𝑅𝑛 if  

𝑙𝑖𝑚
𝑥𝑜 → 𝑥

 (𝑠𝑢𝑝𝑛
1

𝑡
𝑙𝑛|𝑥(𝑡, 𝑥𝑜)| < 0) 

(Lahrouz et al.-2011). 

 

7.2.7  Differential Operator 

 The equation of the differential operator L: 

𝑑𝑥(𝑡)  =  𝑓(𝑥(𝑡), 𝑡)𝑑𝑡 +  𝑔(𝑥(𝑡), 𝑡)𝑑𝐵(𝑡) 𝑡 ≥  𝑡𝑜 , 

By 

𝐿 =
𝜕𝑓(𝑥(𝑡), 𝑡)

𝜕𝑡
+ ∑ 𝑓(𝑥, 𝑡)

𝜕

𝜕𝑥𝑖

𝑑

𝐼=1

+
1

2
∑ [𝑔(𝑥, 𝑡)𝑔𝑇(𝑥, 𝑡)]𝑖,𝑗

𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗
.

𝑑

𝑖,𝑗=1

 

If apply L on a function  𝑉 ∈  𝐶2,1(𝑆ℎ  × 𝑅+; 𝑅+), 

 then 

𝐿𝑉 =  𝑉𝑡(𝑥, 𝑡) + 𝑉𝑥(𝑥, 𝑡) +
1

2
𝑡𝑟𝑎𝑐𝑒[𝑔𝑇(𝑥, 𝑡)𝑉𝑥𝑥(𝑥, 𝑡)𝑔(𝑥, 𝑡)], 

where 𝑉𝑡  =
𝜕𝑉

𝜕𝑡
  , 𝑉𝑥 =

𝜕𝑉

𝜕𝑥1
 , … ,

𝜕𝑉

 𝜕𝑥𝑑
, 𝑉𝑥𝑥 = (

𝜕2𝑉

 𝜕𝑥𝑖 𝜕𝑥𝑗
)

𝑑×𝑑

 

(Mao-1997). 

 In the next section, we formulate our model and discuss briefly about its stability 

analysis.  
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7.3   An Optimal Control Mathematical Model  

 

We are going to develop an optimal control model for HIV/AIDS with HIV prevention 

mass media campaigns and withdrawal of individuals with AIDS. These campaigns are 

offered to dividing susceptible into two subclasses, namely 𝑆 and 𝑠1, where 𝑠1 is the 

class who has decided to change their activities due to an effective educational 

campaign. Consequently class 𝑠1 has lesser transmission rates than the susceptible 

class 𝑠.  

Consider an optimal control ordinary differential equation model: 

s′(𝑡) = −(𝑡𝑟1
+ 𝑡𝑟2

)𝐸(𝑡)𝑠(𝑡) − 𝛼1𝑠(𝑡)𝐽(𝑡) + 𝛬 − 𝑑𝑠(𝑡) 

𝑠1
′ (𝑡) =  𝑡𝑟1

𝐸(𝑡)𝑠(𝑡) − 𝛼2𝑠1(𝑡)𝐽(𝑡) − 𝑑𝑠1(𝑡) 

 𝐽′(𝑡) =  𝛼1𝑠(𝑡)𝐽(𝑡) + 𝛼2𝑠1(𝑡)𝐽(𝑡) + 𝑑𝐽(𝑡) − 𝛿𝐽(𝑡) 

𝐴′(𝑡) = (𝜇 + 𝛿)𝐴 

 

 

 

      7.6 

 With initial condition 𝑠(0), 𝑠1(0), 𝐽(0) and 𝐴(0) 

All parameters in the model are positive. While 𝑁 = 𝑠 + 𝑠1 + 𝐽 + 𝐴 

Where  

𝑠(𝑡) =Susceptible class 

𝑠1(𝑡) = Susceptible class those have changed their behavior educational  

activities about HIV/AIDS. 

𝐽(𝑡) = HIV positive individuals who are sexually active. 

A(𝑡) =Aids patients 

𝐸(𝑡)= Educational activities about HIV/AIDS program. 

𝑡𝑟1
, 𝑡𝑟2

=Transfer rate to the educated susceptible classes 

𝛼1, 𝛼2 = Infection rate 

Its feasible region is  

 𝜔 = {𝑠(𝑡), 𝑠1(𝑡), 𝐽(𝑡), 𝐴(𝑡)𝜖𝑅4; 0 ≤ 𝑁(𝑡) ≤
𝛼

𝑑
} 
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Where 𝑁 = 𝑠 + 𝑠1 + 𝐽 + 𝐴  

Also   𝑁′(𝑡) = ⋀- 𝑑𝑁(𝑡) 

Its solution is  

𝑁(𝑡) = 𝑁(0)𝑒−𝑑𝑡 −
⋀

𝑑
(1 − 𝑒−𝑑𝑡) 

 If 𝑡 = 0   𝑁(0) =
⋀

𝑑
 

Thus every solution of the model 7.6 with initial values will remain in invariant       

region;    

Then the objective function 

𝑧 = ∫ [𝐸2 + 𝐴(𝑠 + 𝑠1) + 𝐽]𝑑𝑡
𝑇

0
 ; 0 ≤ 𝑧(𝑡) ≤ 𝛼 ≤ 1 ,  

Where 𝛼 is the treatment rate and taking E in square form to ensure convexity of the 

problem. Our problem is of minimization i.e. minimize the infected population mean 

increase the susceptible population. Where both objective function and equations 7.6 

are linear in this control system and one can see that there exist an optimal states and 

control. 

For optimal control, we require to drive basic conditions. 

By using Pontryagin’s maximum principle, the Hamiltonian for this problem is stated as  

𝐻(𝑡, 𝑠, 𝑠1, 𝐽, 𝐴, 𝜆1, 𝜆2, 𝜆3, 𝜆4) 

=𝐸2 + 𝐴(𝑠 + 𝑠1) + 𝐽+𝜆1{−(𝑡𝑟1
+ 𝑡𝑟2

)𝐸(𝑡)𝑠(𝑡) − 𝛼1𝑠(𝑡)𝐽(𝑡) + 𝛬 −

𝑑𝑠(𝑡)} + 𝜆2{𝑡𝑟1
𝐸(𝑡)𝑠(𝑡) − 𝛼2𝑠1(𝑡)𝐽(𝑡) − 𝑑𝑠1(𝑡)} + 𝜆3{𝛼1𝑠(𝑡)𝐽(𝑡) +

 𝛼2𝑠1(𝑡)𝐽(𝑡) + 𝑑𝐽(𝑡) − 𝛿𝐽(𝑡)} + 𝜆4(𝜇 + 𝛿)𝐴 

 

     

7.7 

Theorem 7.2.  For a given 𝐸∗ (optimal control), 𝑠∗, 𝑠1
∗, 𝐽∗ and 𝐴∗ be the optimal solution 

are given for the optimal control problem. Then the costate variables satisfying the below 

equations 

𝑑𝜆1

𝑑𝑡
= -[𝐴 + 𝜆1{𝑡𝑟1

𝐸(𝑡) − 𝑡𝑟2
𝐸(𝑡)−𝛼1𝐽(𝑡) − 𝑑}+𝜆2𝑡𝑟1

𝐸(𝑡) + 𝜆3𝛼1𝐽(𝑡)] 

𝑑𝜆2

𝑑𝑡
= -[𝐴 + 𝜆2{−𝛼2𝐽(𝑡) − 𝑑}+𝜆3𝛼2𝐽(𝑡) 
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𝑑𝜆3

𝑑𝑡
= - {1+𝜆1(−𝛼1𝑠(𝑡)) +𝜆2(−𝛼2𝑠(𝑡)) + 𝜆3(𝛼1𝑠(𝑡) + 𝛼2𝑠1(𝑡) − 𝑑 − 𝛿)} 

𝑑𝜆4

𝑑𝑡
= 𝜆4(𝜇 + 𝑑) 

 

7.8 

With the transversally properties 

𝜆1(𝑡) = 𝜆2(𝑡) = 𝜆3(𝑡) = 𝜆4(𝑡) = 0 

And the optimal control adopts the form 

𝐸∗(𝑡) = min [max (
(𝜆1 − 𝜆2)𝑡𝑟1

𝑠(𝑡) + 𝜆1𝑡𝑟2
𝑠(𝑡)

2
, 𝛼)] 

7.9 

Proof: Using Pontryagin maximum principle, we have to calculate partial derivative of 

the Hamiltonian w.r.t state variable. Since the basic conditions hold:   

𝑑𝜆4

𝑑𝑡
= 𝜆4(𝜇 + 𝑑) 

Integrating 

𝜆4 = 𝑚1𝑒(𝜇+𝑑)𝑡 ; 𝑚1 is constant. 

Since 𝜆(𝑡) =0 Then  𝜆4 = 0 

Now calculate −
𝜕𝐻

𝜕𝑠
, −

𝜕𝐻

𝜕𝑠1
, −

𝜕𝐻 

𝜕𝐽
 and −

𝜕𝐻

𝜕𝐴
 and get the equations stated in theorem 

statement.  

Since Hamiltonian is minimized w.r.t the control variable at E* i.e.  

𝜕𝐻

𝜕𝐸
= 2𝐸 − 𝜆1(𝑡𝑟1

+ 𝑡𝑟2
)𝑠(𝑡) + 𝜆2𝑡𝑟1

𝑠(𝑡) 
7.10 

       = 2𝐸 − (𝑡𝑟𝜆1 − 𝑡𝑟𝜆2)𝑠(𝑡) 

Either  
𝜕𝐻

𝜕𝐸
< 0  or > 0  

Now if  

 2𝐸 − 𝜆1(𝑡𝑟1
+ 𝑡𝑟2)𝑠(𝑡) + 𝜆2𝑡𝑟1

𝑠(𝑡) = 0 

 For some value of [0, α] 
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Then we can say given value of E is optimal. 

Also 

2𝐸 − 𝜆1(𝑡𝑟1
+ 𝑡𝑟2)𝑠(𝑡) + 𝜆2𝑡𝑟1

𝑠(𝑡) ≥ 0 

2𝐸 − 𝜆1(𝑡𝑟1
+ 𝑡𝑟2)𝑠(𝑡) + 𝜆2𝑡𝑟1

𝑠(𝑡) ≤ 0 

Then we must have  

𝐸∗(𝑡) = min [max (
(𝜆1 − 𝜆2)𝑡𝑟1

𝑠(𝑡) + 𝜆1𝑡𝑟2
𝑠(𝑡)

2
, 𝛼)] 

Thus 𝐸1
∗(𝑡) also must optimize H and by a related argument we get the certain 

expression for 𝐸1
∗(𝑡).          

7.4     Simulation results of optimal control Model 

 

Optimal control system is solved by R K method order 4, the illustration of results with 

numerical solutions are carried out by using Berkeley Madonna.  

The value of Parameters have been taken from HIV/AIDS Surveillance Reports 

Pakistan. 

Parameters description Values 

𝑠(𝑡) Susceptible class 0.1 

𝑠1(𝑡) Susceptible class those have 
changed their behavior by 
educational activities about 
HIV/AIDS. 

0.85 

𝐽(𝑡)  HIV positive persons who are 
sexually active. 

0.058 

𝐸(𝑡) Educational activities about 
HIV/AIDS program. 

1.95 

𝑡𝑟1
, 𝑡𝑟2

 Transfer rate to the educated 
susceptible classes 

0.001,0.0015 

𝛼1, 𝛼2  Infection rate 0.0019,0.0152 

𝜇 Death rate 0.085 

D Disease related death rate 0.073 

∧ Recruitment rate 0.005 
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A Individual with AIDS 0.02 

 

Table 7.1. Parameters values with their description used in the above model. 

  

Numerical result in figure 7.1 (a) shows that initially susceptible class increased after 

health awareness activities and optimal control treatment. In figure 7.1 (b) we observed 

that population of infected class is sharply increased without health education activities. 

This shows that we required treatment and health awareness. In figure 7.1 (c), it is 

observed that number of infected individuals is decreased due to optimal control system 

also decrease in AIDS individuals as well. Thus we conclude that we can control new 

infected class by propagation of control treatment and health disease awareness 

programs.     

 

(a) 

 

(b) 

 

(c)  

 

(d) 

Figure 7.1 Simulation results of optimal control model. 
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7.5 CONCLUDING REMARKS 

 

Some of the main theoretical findings of the study are: 

• This chapter has highlighted the fact that optimal control system plays an important 

role to understand transmission dynamics of epidemics and predicting epidemics 

transmission. 

• In our study, we have emphasized on comparative study which coordinates the field 

of health awareness activities on the basis of educational and informational 

campaigns.  

• In this study we have generated a mathematical model having two susceptible 

classes depending on changes in behavior with educational activities. We tried to 

create stability between the numbers of infected individuals and the cost of the 

education campaign using optimal control theory. 

• The illustration of results with numerical solutions are carried out by using Berkeley 

Madonna. These results showed that we can control newly infected class by the 

propagation of control treatment and health disease awareness programs. 
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Chapter 8 

 

8.1 A brief review of the study  
 

The basic purpose of this thesis to produce the epidemic models that can                                                                                           

illustrate the risk of HIV/AIDS epidemic and also highlights a patient’s inclination to 

adhere to ART in Pakistan. To accomplish this approach, we discussed two broad 

theories, that is to say spatial epidemiology and fuzzy matrix theory which are the best 

tools to analyze unverified data involving imprecision. Data was collected having the 

goal - prevention and treatment.  

Pakistan is the sixth most populous country in the world. The country has four main 

administrative units called provinces namely the Punjab, Sindh, Baluchistan, and 

Khyber Pakhtunkhwa (KPK). Apart from these four provinces, the country also has two 

autonomous regions Azad Jammu & Kashmir (AJK) and Gilgit-Baltistan (GB), one 

federal tribal area (FATA) in the province of KPK, and Federal Capital Territory (FCT) 

of Islamabad. The data reveals clustering or spatial patterning of HIV occurrence rates 

amongst regions. It shows that the regions are generally clustered in such a way that 

each region having a dissimilar cluster. Moran and Geary coefficients confirm these 

results of major positive autocorrelation. Therefore, these results showed that similar 

prevalence rate and clustering trend raised among the nearby states or sites. The above 
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study of outliers pointed out that the outliers in the semivariogram cloud reduced by time 

which shows that similarity index in the HIV occurrence level among different areas have 

been increased. The semivariogram study favors this decline trend in the spatial 

variation in general. Kriging estimates the spatial sample and tendency with a number 

of local focal points established in the north and south areas of the country. Pakistan is a 

developing country with a population of more than 150 million. Pakistan hosts the largest 

number of refugees worldwide. According to a report, there are 1.6 million refugees in 

Pakistan as per the data published by the United Nations High Commission for Refugees 

(UNHCR). The largest share of Pakistan’s refugees comes from Afghanistan and this is 

the major cause for expanding the HIV/AIDS diffusion in its different regions. In addition, 

those counties which are attached with Afghanistan like KPK gradually develop such a 

society where HIV/AIDS easily flourished. By the trend surface analysis, it is seen that 

the epidemic has increasing trend in the north east and south west regions.  

It is practically observed that hot spots are to be found in those areas where majority of 

refugees are settled especially in central territory, KPK and Karachi, there is another 

reason which is that the huge truck terminal at Mauripur in Karachi, one of the busiest 

rout in South Asia, sees 20,000 trucks pass through this terminal each day. There are 

thousands of truck drivers which is one of the group, most susceptible to HIV/AIDS, 

because they are engaged in such behavior like multiple sex partners and drug use. But 

Baluchistan is a region which shows less HIV/AIDS surveillance although it is 

surrounded by those regions which are highly susceptible by HIV/AIDS like Sindh and 

very close to KPK and lot of refugees coming from Afghanistan settled here. Main reason 

is that their conservative customs, unawareness and less literacy rate show less 

incidence of HIV/AIDS otherwise figure might be entirely different. Pakistan is at high 

risk and chances for outbreak of HIV/AIDS can be increased.  It is required to implement 

rigorous efforts, concentrating on the northern and the southern regions which are the 

hot spots for HIV/AIDS in Pakistan. This epidemic is spreading persistently without 

knowing the borders. Further policies must be applied, otherwise there will be no 

solution to stop this deadly wave. 

In our study, a nonlinear mathematical model having fractional order 𝛼 is presented. 

Equilibria and corresponding stability of the system are analyzed and obtain some 
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significant results i.e. HIV infection control efficiently if we increase the incubation time 

period and minimize the intensity of secondary infections with the proper regimen 

otherwise leads to the collapse of the host immune system and ultimately death. The 

illustration of results with numerical solutions are carried out by using Berkeley 

Madonna. 

Some Ecological factors are considered to be very important in viewing the variation 

in HIV/AIDS prevalence in Pakistan. For this purpose these data were available from 

some major cities of Pakistan for the evaluation of these risk factors. The influence of 

these risk factors on the Geographical variation were obtained by the multilevel variance 

modeling and the spatial influence on the HIV/AIDS sharing was modeled by using 

spatial multilevel models. The prominent variations with in the eight major cities were 

seen. Thus the estimation of these risk factors using these models is considered to be 

very precise and gives accurate map of HIV/AIDS distribution in Pakistan.  

Side effects of antiretroviral medicine have been shown to be a major cause for 

non-adherence to medications. Understanding of the use and side effects of 

antiretroviral medicine are therefore essential in managing HIV-infected patient.   

Although, with all complications, we cannot ignore the importance of medication. 

Different numerous studies have reported that there is always a need of treatment with 

vision of risk-benefit. The net median survival time after infection with HIV is estimated 

to be 9 to 11 years, depending on the HIV subtype, and the median survival rate after 

diagnosis of AIDS in resource-limited settings where treatment is not available ranges 

between 6 to 19 months, depending on the study. But HAART therapy reduced the death 

rate by 80%, and raised the life expectancy for a newly diagnosed HIV-infected person 

to about 20 years. We have observed from the above study that adverse effects start 

from the first day of the treatment and getting peak level after 5-10 years during the 

treatment. Then some supporting medication is needed to maximize the adherence with 

the drug. As we know efficacy and tolerability, these are the factors which make a drug 

‘the drug of choice. The efficacy of combination ARV regimen is increased but adverse 

effects of these therapies may cause worse effects on the body organs, we can say its 

mix blessing because of prolonged treatment and less tolerability, it is very difficult for 

the HIV positive person to continue the treatment that results in treatment failure. There 
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is a need to continue the efforts in the improvement of medication and better 

understanding of the side effects of ARV regimen for HIV Specialist and physician who 

care for HIV/AIDS patients. 

In our study, we have also emphasized on comparative study which coordinates the 

field of health awareness activities on the basis of educational and informational 

campaigns. We have generated a mathematical model based on optimal control system 

which plays an important role to understand transmission dynamics of epidemics. 

 

8.2 Suggestions 

 

A very limited available data of HIV/AIDS in Pakistan is a major hurdle to achieve most 

précised results by the tools which are implemented in this research. Due to 

unavailability or limited data consumed in the modeling do not cover the period from the 

beginning to the present year. The data was collected between the years 2007 – 2008 

because data was not available about the epidemic in Pakistan in the recent years (2009 

- 2013). 

It is suggested that HIV data should be available on the community domain with full 

privacy of the patient and become reachable to the researchers. This data with complete 

details should be published and accessible to the researchers by age and gender for all 

provinces of Pakistan. 

 

8.3 Recommendations 

 

More additional work depends upon the availability of the data by gender and age. It is 

only possible to construct the further models describing the multi behavior of the 

epidemic if data is available by gender wise and age wise. The reason is that the 

intensity of infection may vary by age and sex. It is suggested that distribution of HIV 

varies by states, sites and zones. Therefore, there is a need to construct such a models 

that can describe the trend of infection for each states and zone. Better results can be 
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produced by the ecological analysis and this will happen if ecological covariates 

information were available at lower hierarchical levels. Maximum information can be 

obtained by the data at individual levels than zone levels. Therefore further models can 

be obtained at lower level. The spatiotemporal modeling can be obtained that can 

estimates the trend of epidemic over time. 

 


