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ABSTRACT 

Considering the stochastic urban continuous-time complex system in requisites of urban 

evolution Ue= Ue (Pm Mp, EC, HD) as a function of urban population dynamics P and 

morphological pattern/structure M along with urban environmental/climatically variability 

E concerning human urban infectious dengue disease H, this dissertation studies the 

variation and their interactions of P, M and H with E components for the city of Karachi. 

Chapter 0, Looks into the urban evolution as a complex system, the megacity Karachi has 

challenged numerous problems due to uncontrolled urban population dynamics, 

morphological pattern, their socio-health and climatically impacts on seasonal urban 

vector-borne disease methodology and objectives are debated. Chapter 1, Consider the 

general literature review regards as our selected four functional components (Pm, Mp, EC, 

HD) for the urban complex system. Chapter 2, Studies the Stochastic ARIMA models 

prefer to intend for estimation and forecasting of urban population of the Karachi (from 

1951 to 2016) by diagnostic checking with Bayesian and Non-Seasonal Holt- Winters 

forecasting algorithm. For the most adequate ARIMA (1,2,1) model with Holt-Winter 

forecasting algorithm obtain the small values of MAPE   and high value of the Geary’s α 

statistic normality check test suggests for the prediction in the years of   2020, 2025 and 

2015 to 2030. These results show that the ARIMA (1,2,1) seem to similar Winter’s 

forecast for upcoming 15-years interval. Chapter 3, An investigation of logarithm 

irregular and regular population (from 1729 to 1946 and 1951 to 2015) over three 

centuries of the Karachi city, this work uses statistical probability distribution tails to 

define the dynamics of centuries and the decades as well as whole population intervals. 

The adequate probability distributions analyze with the help of fitting tests (CST, KST 

and ADT) and analytical data plotting. The Lognormal distribution can better explain the 

population behavior in centuries wise total irregular (1729 to 1946) interval, although the 

Weibull distribution is initiate to be the adequate population fitting for the total regular 

(1951 to 2015) interval of Karachi. Additionally, The Log Normal and Weibull 

distributions find the most suitable to the fitting as a heavy tail of the population's 

irregular and regular intervals, the Log normal and Weibull distribution is found sub-

super exponential tails using methods of validation for both intervals. The actual 
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population data analysis indicates that the heavy-tailed distributions are fitted contract 

than the more commonly seen lighter tailed Gamma distribution. So, the Monte Carlo 

Simulation performs the appropriate Lognormal and Weibull distributions for irregular 

and regular data and generate data values (298 and 69) from duration of 1729 to 2020 and 

1951 to 2020.  Now, deliberate the second most important part (urban morphology) of 

this dissertation in chapter 4, studies the 5-districts and 18-town’s population-area 

relationship using our develop novel Oncologic surface mapping Techniques. Also, the 

population census data of subunits (districts and towns) of the Karachi city for the year of 

1981, 1998 and 2002 respectively, we determine population density by using our 

construct spatial surface GIS maps. It is determined that the 18-town form has improved 

than the 5-district pattern. By the help of Mann-Kendall test for spatial population Linear 

Trend Models determine irregular (1729 to 1946) and regular (1951 to 2015) interval. It 

is communicating that regular decade’s intervals for population-morphological evolution 

express that the  trends is statistically significant base on alpha P-values (α= 5%).The 

Persistency of the irregular and regular interval test by Fractal dimension is 1.371 in 1729 

to 1946 and 1.058 in 1951 to 2015.The Hurst exponents both methods (Range increment 

and second moments) are also confirms the prolonged Mean-Tail distributions 

persistency, The Hurst exponent values are more than 0.5 for the centuries and decades 

are too revealing persistency seems to remain relational towards the gradient increases of 

trend close-fitting for these intervals. Our develop morphological spatial maximum dense 

(SMaxP) and minimum densest (SMinP) pivotal techniques for measurement of the one to 

other pivotal distance reveal that on 5-districts and 18-towns base in the census years 

1981,1998 and 2002 with the help of Spatial GIS-based Mapping enquiries and Flatten 

Gradient Density Modeling. To, compute the population densities for all the districts and 

towns, which is also declare that SMinP for town wise density distribution results appear 

to be better than the SMaxP results, Log linear, Exponential, Logarithmic and second 

order polynomial transformation trend models is verified the results. Chapter 5, studies 

the vector-borne dengue fever is the utmost imperative arboviral disease of urban 

population, stirring in the subtropical city of Karachi, Pakistan. Dengue is recorded as an 

urban human disease since it binges in urban morphology and climatic variables, 

including   Land Surface Mean Temperature ( ), Rainfalls (  ) and El Niño Southern 
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Oscillation index ( ) from January 2001 to December 2016. The basic oncological 

statistical treatment with trend analysis of climate and dengue outbreaks are observing 

high in dengue incidences during the months of September to November, as well as the 

descriptive kurtosis value of dengue count (27.765 >3) suggests that leptokurtic and 

increasing flattened tail for dengue data because of the influence of climatic parameters. 

The fractal spectrum analysis also confirms the anti-persistent behavior of dengue for the 

months of September to November (highest seasonal epidemic dengue periods) and the 

normality tests indicate the robust sign of the intricacy of data. In this stage the 

comparative research shows a significant association between monthly dengue and 

climatic variation by probabilistic ARIMAX (p), PARX (p)-NBARX (p) models, 

although Over Dispersion tests values also smallest value of AIC (3.897), NBARX (p) is 

prefer more appropriate model for next twelve months forecasting. Chapter 6, Concludes 

the principle results and Mathematical Oncological methodologies, which are found in 

our selected four functional components (Pm, Mp, EC, HD) for the urban stochastic 

complex system. At the end of this chapter, it has been revealed in addition to the future 

work and suggestions. 
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Chapter 0 

Introduction 

Suppose U be situate an urban function for instance a city by its unabridged infrastructure 

and Ue the urban complex system/evolution related with population and its morphology 

is a dynamical process e, then considering Ue = Ue (Pm Mp, EC, HD) where, Pm is the 

conventional as physical indicators akin to population, population evolution dynamic, Mp 

is the conventional as Morphological indicators such as human settlements pattern 

(population- area (density) interaction), morphological spatial density distribution pattern 

(for example towns and districts areas etc.). EC is the indicator of climatic variability (for 

instance monthly temperature, rainfalls, ENSO etc.), HD is the conventional of social- 

health indicators link to interactions urban human disease (such as vector-Borne dengue 

fever epidemic etc.) and interaction between climatic variable (for instance urban land 

surface temperature, rainfalls, and ENSO etc.). Linking population disease and climatic 

change is a sensitive issue, urban climatic change and population health can be linked 

through adaption (reducing vulnerability to the contrary consequences of climate 

change). We shall develop an urban evolution as a functional complex system. All these 

conventional sets are finite. For simplicity we can dive the suffix e and inscribe down 

Ue= U (P, M, H, E). An urban expansion may turn to mutually decay and evolution. We 

symbolize the evolution of an urban complex in Ue, formerly it resolves the rate of 

increase of Ue w.r.t time with the purpose of      
   

  
 then no more uncertainty, we 

can write down G  
  

  
 . Is accordingly an evolution functional form consequential of 

the dynamical complexity in the contacts of P, M, E and H in a convinced interval of 

time. Additionally, P, M, E, and H are baptized generator, or the intricacy of the 

evolution of system U engage finite parameters liable on interval. Proceeding the 

circumstances can stand arbitrary assembling the intricate state. The study of intricate 

evolution of system G itself liable on P, M, E, and H. Hence, we consider U = U (P, M, 

H, E) is a functional urban system. In the following we shall study the urban population 

and density, morphological patterns and increasing urban human diseases links to 
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climatic variability in terms of urban evolution G in the inconsistency in P, M, and H 

only so that Ge = Ge (P, M, H). We intend to discuss these contacts of P, M and 

connecting E and H. Our generated parameters such as P, M, E and H are subsystems of 

the functional growth system as G. In this perception this study reviews the trends of 

urban population, morphological pattern and increasing population connecting health 

disease are interaction between climatic variable effects stressing upon only the 

components P, M, E and H for urban evolution G. From this, we shall suppose that urban 

evolution of our selected city of Karachi is representative of self-organized system with 

components are extra vagrancies (figure 0.1). 

 

Figure 0.1 Urban population evolution and morphological pattern related to urban 

climate and human disease occurring with respect to stochastic continous intervals for 

urban system. 

 

We shall begin by reviewing the population dynamics, spatial morphological density 

distribution pattern and urban human population links health disease depending climatic 

variability of urban evolution and at that time will discretely study the apparatuses P and 
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M of urban evolution U. The component P and M of U matches to the physical evolution 

of the urban complex U underneath deliberation i.e. the spatial morphological density 

evolution is connected to urban population and its area. As urban morphology of the city 

of Karachi is very complex. The spread of physical structures at different scales, pattern 

of the land use, ownership and control practices, adoption of majority occupations and 

the interaction of regular-irregular population of the city depict a dynamical view of the 

situation. 

The urban population phenomenon associated to its morphological structure /growth 

pattern are complex at initial appears to be limited then in the consciousness of city 

expansion and socio-health happening in health issue due to climatically issues such as 

temperature, rainfalls, and ENSO etc., the factor E and H of U links to the urban 

climatically problems related to factor U respectively. This dissertation is emphasis many 

filaments amongst urban population- morphological structure related to urban human 

health disease depend upon climatic variability. In this regard, Karachi City consider as 

a case study. The subsequent themes are necessary to critic the significance of our 

selection. 

1. Though it is investigated the urban Population dynamics and urban population 

density distribution pattern in terms of morphological growth dynamics of 

Karachi from 1729 to 1946 and 1951 to 2016. Two types of data shall be used in 

this dissertation. 

(a) The historical data irregular interval from 1729 to1946 and the regular interval 

data from 1951 to 2016 respectively. 

(b) The population data of subunits (5-districts and 18-towns) for the census years 

1981, 1998 and 2002 also population densities data will be computed by the help 

of our constructed spatial GIS surface mapping techniques. 

2. Considering population to be a dynamical process various complex stages of 

urban morphology of Karachi will be studied and analyzed to suggest appropriate 

model for rectifying and prediction of the long- short term Spatio- temporal 
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population – Morphological expansion of Karachi city in various eras. This will 

enable to 

(a) Incorporate the technological aspects of urban planning including the role of 

information technology in urban and environmental planning and design. 

3. Though it is considered, the city of Karachi is considered as a subtropical/coastal 

city and constantly persists underneath the menace of natural hazards such as 

storms, floods, cyclone and urban human diseases. 

(a) These physical environmental natural hazards are results of climatic changes. 

4. It is located on the seashores of the Arabian Sea and conscientious a city 

consuming a moderate climate is a complex term and Aedes Agepty mosquitoes 

(causes the vector-borne dengue fever) are extremely understated by ecological 

conditions. The metrological parameters such as temperature and ENSO index are 

causing of the survival and imitation of dengue mosquitoes. These elements act as 

climatic factors in the spatial and temporal distribution of Aedes Agepty 

mosquito’s disease. 

(b)  To examine the effect of seasonal aspects and the association between urban 

climatic parameters and dengue outbreaks in the duration of 2001 to 2016 

respectively. 

This study is mostly concern with (1) and (4) above. About (1-2) we shall study in detail 

the population and morphology of a megacity like Karachi has two-fold objectives. The 

first is to study Population of Karachi has been varying extensively. Characteristics of the 

population growth of Karachi will be determined and demonstrated by its quantitative 

aspects. The population growth pattern of its development and dynamics of its growth 

and in the perspective of this study to make forecasts. situation caused by high population 

growth rates and density of growing population is hazardous and if we consider high 

pollution at the highest level, it will not be exaggerated. It means that must be discuss the 

mathematical characteristics of cancer like properties in human morphology/ settlements 

(Adolphe, 2001; Aytekin, Ulusoy, Erener, & Duzgun, 2009; Batty, Xie, & Sun, 1999). 
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We also believe the boosted environmental level of anthropogenic activities is 

snowballing environmental burden. Therefore, we will emphasize it (4) as well as see 

how the climatic behavior is being treated and whether radicals are under the influence of 

human health disease or not. 

This study intends to discuss the mathematical aspects of our considerable urban 

stochastic complex system we will study urban population and its morphology with 

involve malignant lesions using extensive mathematical analyses and techniques (Hern, 

2009) that can be our develop termed as “Mathematical Oncologic Treatment” which 

is described.  

In the perspective of population and morphology of the urban evolution shall a system U 

= U (P, M, H, E) with P, M, H, E, as components where P = (p (t), M = (p (t)/a (t)= d(t)), 

P and M associate to E = E (Tl (t), Pr(t), En (t), and H = den(t), we have selected urban 

sub parameters symbolically as p, a, d, Tl, , Pr, En, den with t represent the population, 

area, density, land surface temperature, rainfalls, ENSO, human disease (dengue fever) 

with respect to time respectively. The subsystem P and M can auxiliary be considered as 

P(t) with M(t) associate to urban disease H(t) linking to climate E(t), an urban complex. 

The component P plus M as well as H and E in turn G can be considered as physical 

processes. 

0.1 Thesis Structure 

This dissertation is deliberated in seven (07) chapters, exclusive of zero chapters, first 

and last chapters (i.e. general introduction, summary and conclusion) also summarized in 

Figure 0.2. Hence, all chapters are shown significantly study with corresponding 

introduction, methodology, results, and discussion. 

Chapter 0, developing the urban complex system methodology and discusses the general 

problem laterally overall aims and questions to be illuminated. In this chapter, we shall 

develop the urban complex system associated with population and its morphology is a 

dynamical process and debates the probabilistic aspects and extensive mathematical 

techniques that can be used to term as “Oncologic Mathematical Techniques” of our 
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defined urban complex system. The urban population evolution is focus to numerous 

causes of stochastic process. In our develop urban complex Ue (Pm Mp, EC , HD) system for 

the case study of Karachi city can be help to rectify the situation restricting the 

morphological patterns/ structure of in their limits and urban human disease for instance 

dengue out breaks, simultaneously keeping them include in the process of development 

and controlling the appearance, formation and the establishment of new evolutions in 

future. 

Chapter 1, provides a literature review (general description) of urban population and its 

morphological patterns and climate parameters associated to urban human infectious 

disease (dengue fever) is demonstrate. 

Chapter 2, we shall start with analyze of the urban population of the city of Karachi as 

of the time periods 1951 to 2016 is modeled using Box Jenkins AR (p, d, q) techniques 

with Bayesian methodology and non- Seasonal Holt-Winters Algorithm forecasting 

methods. Afterward checking the stationary of the data, model identification and 

parameters estimation besides by the diagnostic checking for criterion and calculating 

forecasting errors. The model ARIMA (1, 2, 1) is novelty to be adequate. Bayesian least 

value and p-significant value of this ARIMA shows the independency and arbitrariness 

of the residuals. We shall select three most adequate forecasting methods, extrapolation 

linear and exponential trend forecasts, Holt-Winters (HWS) algorithm forecasts and 

ARIMA (1, 2, 1) forecasts because of the Normality check test, according to the 

adequate forecasting methods, Population is too forecasted for various years i.e. 2020, 

2025 and 2030. Subsequently, Non-Seasonal Holt-winters and ARIMA (1, 2, 1) are 

suggested for forecasting, then, ARIMA (1, 2, 1) is slightly higher value of MAPE, the 

forecasting by ARIMA (1, 2, 1) is evenly vital for the government of Pakistan along 

with urban planners for future planning. 

Mega city Karachi’s fluctuating population assembly is its increases in uncultivated 

population morphology. In the first stage of Chapter 3 provides a detail study of the 

population distribution in perspective of morphological pattern of the Karachi city. The 

data are alienated into two parts. The irregular and regular time intervals data that series 
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over 1729 to 1946 and 1951 to 2015.So, in the first part, to study the urban morphology 

of the city of Karachi temporal population will be considered as the main parameter. In 

the computation’s various probability distribution techniques such as Normal, 

Lognormal, Gamma, Log Gamma and Weibull distribution tails will be utilized on the 

adequateness test and analytical data plotting. The adequate probability distributions are 

obtained by the AD test, KS test and Chi-Square test. Meanwhile, KS test is not ensuring 

classify tail discrepancies superbly so AD test which is no longer different than KS test. 

In the second part of chapter 3, we shall examine the recital of selective Gamma, 

Lognormal and Weibull distributions as sub-super exponential tails, investigation 

recommends that heavier-tailed performance is better fit than lighter-tailed complements 

by using methods of validations, The Log normal and Weibull distribution heavy right 

tails will be select for irregular and regular intervals. In addition, considering, three data 

sets, first one set data is called irregular ranges from 1729 to1946, the second data set 

from 1951 to 2015 and third from 1729 to 2015 will use to Monte Carlo Simulation, we 

will generate data sample (291 and 69) from 1729 to 2020. By the help of momentous 

Monte Carlo probability simulated distributions will be predict data length and peak of 

succeeding data can be obtained. 

In first part of Chapter 4, we shall study the urban morphological process as a worldwide 

spectacle mainly driven by population dynamics. The data under consideration ranges 

over approximately three centuries (from 1729 to 1946 and from 1951 to 2015). It is clear 

the dynamics of population in different centuries behaves differently. Also, this Era the 

Karachi city converted into a mega-city over world. Historical records show that 

parameters manipulating the population have been different in various eras, to study the 

urban morphology of the city of Karachi temporal population will be considered as the 

main parameter. We shall explore the spatial morphological distribution of the districts 

and towns of Karachi census based on 1981, 1998 and 2002, spatial surface mapping will 

be made, and generate the Spatial population density data by the help of Population 

census records, comparison between the field wise population density distribution and 

our constructed Spatial-population density distribution. The spatial results will be proving 

more useful for takeout Spatial analyze of urban morphological evolution. In the second 

stage of this chapter, we will apply Mann-Kendall statistical test thru linear trend 
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modeling population intervals, population trend modeling determination of regular and 

irregular data intervals, further study the trends, underlying Fractal dimension and Hurst 

exponent by the persistency properties will be initiate the approximately three centuries 

(1729 to 2015; regular and irregular population data intervals) records of the population 

of Karachi city, The trend modeling with Mann-Kandle has been observed smoothing of 

data intervals also underlying the calculating of Fractal dimension for roughness and 

smoothness of irregular and regular time periods .Additionally, persistency analysis for 

Hurst exponent by range increment and second moment methods are also estimated. In 

this stage of chapter 4, we shall compute fractal dimension and Hurst exponent causal of 

the probability distributions persistency. These will be expressing the prolonged Mean-

Tail increasing analysis. The Regular population data intervals will more prolong if the 

difference between the both population intervals (1729 to 1946 and 1951 to 2015) appear 

larger value of means with prolonged tail prolongs. 

In the third stage Chapter 4, A study of the spatial population density distribution by the 

help of above mention our developed spatial population density Maps of the Karachi city 

with reference to five district systems and eighteen town systems, the distribution of 

population morphology pattern of Karachi was momentously disturbed in this evolution. 

So, we shall accomplish our scrutiny in various the circumstances. For spatial analysis we 

apply the spatial maximum and minimum pivotal techniques (utilizing the densest and 

smallest populated), to calculate the spatial population density distribution pattern. We 

shall govern the apt population density by spatial Flatten Gradient Density Model. The 

Spatial Flatten Gradient Density Surface Modeling (SFGDSM) results are in conformism 

with spatial FGDM. The adequacy and suitability of spatial FGDM is confirm with the 

help of Linear, Exponential Logarithmic and Second order polynomial models. 

The megacity population seems to highly stimulus the environmental and climatically 

situation (Abbas, 2013; M. Hussain, Abbas, & Ansari, 2012). So, we shall propose to 

analyze the disparities and the variation of climatic factors related with the human health 

disease of Karachi and its impacts. The initial part of Chapter 5 we intend to study the 

Oncological Treatment by basic Exploratory Data Analysis of the Aedes Agepty 

mosquito’s disease (vector-borne dengue fever epidemic) in the perspective of climatic 
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variability such as temperature, rainfalls, and ENSO Index in the monthly duration from 

January 2001 to December 2016. 

In the other part we shall investigate Spectrum Scaling Fractal dimension with Higuchi 

algorithm relay to Rescaled Range (R/S) analysis by Hurst exponents will be performing 

to occurrence of the dengue fever with climatic parameters association. The fractal 

dimension relate to Hurst exponent results values will be also indicate to dengue 

epidemic seasonal peak months, Moreover, we will more study the comparative 

examination of a significant association between monthly dengue and climatic variation 

by ARIMAX(p), PARX(p)-NBARX(p) models, NBARX(p) will be prefer more 

appropriate model for next twelve months forecasting. 

In Chapter 6, we shall intend to discuss this dissertation main results and relay to our 

developed urban evolution system Ue (Pm ,Mp ,EC , HD), to deliberate the mathematical 

aspects of urban population and its morphology related to urban human disease of 

Karachi city .our results are also confirmed that the Mathematical Oncologic 

Treatment can help to rectify the situation restricting the population - morphological 

patterns in their limits, simultaneously keeping them included in the process of 

development and controlling the appearance, formation, and the establishment of new 

evolutions in future. The concept of studying the irregular bad patches in the morphology 

of a city has its foundations in (Adolphe, 2001; Aytekin et al., 2009; Batty et al., 1999; 

Hern, 2008; Q. Zhang, Wang*, Gong, & Shi, 2003).This chapter will be conclude that 

these mature mathematical oncological results are helpful to resolve many environmental 

and interdisciplinary problems that are imperative fact of assessment of sustainable 

development. 

0.2 Data Sources and Software scrutiny 

Gazetteers, Pakistan Bureau of Statistics, Urban Resource Centre, Master Plan 

department and Environmental Control Department for independent and before 

independent erase of various population data [Karachi Development Authority (2001), 

Master Plan and Environmental Control Department Project (2000)] and websites 

[census.gov, Total Population by Country (2009)] are acknowledged for population and 



57 

population density data from 1729 to 1946 and 1951 to 2015 respectively. For old Maps 

and GIS data information are acknowledged. Also, the data narrate on monthly dengue 

patient’s extent from January 2001 to December 2016 are attained from the dengue 

survival cells, metrological data are selected from Karachi metrological department, the 

Karachi city weather station (23
◦
N,68

◦
E), which is recorded temperature data on an 

hourly basis. These data are summarized on mean monthly temperature (
o
C) and monthly 

rainfall (mm) (from 2001 to 2016). The monthly ENSO Index (from 2001 to 2016) are 

gotten from the Global Climate observing system, which is supported by the National 

oceanic and Atmospheric Administration (www.ncdc.noaa.gov/teleconnections/enso/). 

Software’s Arc-view 3.2, XLSTAT, FRACTLISE 2.4, MINITAB 17, Easy Fit 5.6 and 

EViews 9, IBM SPSS Statistics 20, ArcGIS Desktop 10.2.2 are utilized for data 

processing, GIS Mapping and analysis. 

 

  

http://www.ncdc.noaa.gov/teleconnections/enso/
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Figure 0.2 The structure plan of our research study by flow chart 
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Chapter 1  

Review of Literature 

In this chapter, we present the brief introduction and significance of urban population 

dynamics, its morphology in the interpretation of population density and human disease 

in the assessment of climatic parameter in means of a literature review. Furthermore, we 

throw light on population and morphological pattern then briefly introduce urban 

population morphological sculpt in it, population census data and its morphological 

deviation of the urban spatial population evolution variation so that we may become able 

to explore the urban area contain extensive identify as having nonlinear, dynamic of 

urban population morphology of the city (Adolphe, 2001; Cheng & Masser, 2003). 

Incarcerating, the intricate dynamics of urban extents, although is the utmost slight 

delinquents in population-morphological modeling. By the various observations have also 

been given wherever necessary. It is just having the intangible and scientific basis of 

functional investigation interested in urban subtleties has stayed complete probable owing 

to the growing considerate as open system erections and procedures of the result (Allen, 

1997). The function of the structure concept of the dynamical form of an urban system 

are ended doable mostly through the earlier work (Cheng & Masser, 2003; Prigogine, 

Allen, & Herman, 1977). The corporeal analogy is base in the planning of urban complex 

hypothesize of the two categories: the first one is stable and other is unstable, or else in 

further utterances, association and reform (Allen, 1997), (Allen, 1982). In our constructed 

urban complex (Ue (Pm Mp, EC, HD) system. Which is presented the previous zero chapter 

this system are provided the basis for developing such innovative concept that is called 

Mathematical Oncologic tools for example ARIMA (p, d, q) modeling, Spectrum fractal 

scaling with and Hurst exponents methodology, Spatio-Temporal modeling, population 

density GIS-based surface mapping, Basic Oncological statistical investigation (EDA), 

ARMAX(p), PARX(p)-NBARX(p) models in what has become known as complex 

system discipline. 
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0.1 1.0 Accuracy of Population and Morphology Protuberance and 

Population Census Data 

The term urban population evolution and its morphology can be explained in a variety of 

ways. For terseness we can consider it the process by which an increasing proportion of 

an area becomes concentrated in the towns and cities. The term is also used to denote a 

process of population concentration. This is the demographic concept based primarily 

on the number of people and space as mentioned in (Abbas, 2007). Obviously, this 

includes urban growth, sprawl, and expansion. An ultimate consequence of urban 

morphology is an increase in population which occurs due to numerous factors such as 

natural increase, migration as well as area annexation and reclassification (Abbas, 2007; 

Chadha, Radhakrishnan, Ramachandran, & Gopinath, 1989). In the figure 1.1 is clearly 

sketching the urban city in the view of population-Morphology crams. 

 

Figure 1.1 The Demographical views of population and its morphogensis (population 

density). 
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The acquiring and recording of the information around every affiliate of a population is 

known as census. Population census is expressed as the modernization of people, living 

houses, population densest, moreover the further essential objects in a country and city 

otherwise region at a meticulous time (Kuhrt, 1995). The population census is a process 

shabby for accruing statistical data, cooperates a fragment in determining. Census data 

are also generally utilized for the research purpose, business and development of the 

city. The first familiar population census held in three thousand eight hundred B.C.E., 

almost six thousand years ago respectively. It was the initial censuses were taken in 500-

499 B.C.E (Kuhrt, 1995). It contains a comprehensive report of the process of steering 

population, and economical censuses (Brodin & Clark, 1997). Censuses are implemented 

in a different way every country of the world. The uniformity of census must divergence 

in decades (after the ten years consequently) to be wholly a symmetrical (Kuhrt, 1995). 

The first-oldest census data out comes from China in the period of the two C.E., it is 

deliberate to be moderate. Then, the census results were shows the largest world's 

population (59.6 million) in Han china (Kuhrt, 1995). The doomsday book was mention 

the most famous census in Europe in the duration of the 1086 population census in the 

year of 1790. Most of the European countries (England, Canada, and France) were started 

the census period 1801, 1836, and 1871 respectively. The first modern census of sub-

continent was held in 1875. A series of census started in various states and provinces of 

India. As part of the first regular census of the population in Indo-Pak in 1881, the rest of 

the remaining British-India (Alborn, 1999).The information of the census is found by the 

survey form which is covered that some topics as the place city and village (rural and 

urban dwelling), sex, age, education, profession, nationality, language, religious and 

ethnicity association (Bureau, 2009; Zakria, 2009). The process for generating world 

urban population Prospects using census flowchart Methodology is depict in figure: 1.2 

(Kuhrt, 1995). The seventeen-century initiated the statistical analysis of census which 

was the modern periodic census. The United States held the first. 
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Figure 1.2 The flow chart for generating world Population methodology by census 

(Roser & Ortiz-Ospina, 2017) 

0.2 1.0.1 Parameters related to Urban Population-Morphological Changing 

Aspects 

This section is discussed parameters which is relate to population evolution. There are 

various parameters, while we are partially to select some parameters in the understanding 

of mathematical aspect. This is basically linked to urban population.  

Supposed that P(t) be the population with respect to stochastic time interval at t and 

concentration rate of an ecosystem a(t) is substrate (demography), formerly, hypothesis 

by means of 

  

  
                 (1.1) 

When the size of population      disbursed further of     , 

  

  
  

 

 
             (1.2) 
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where   is known as produce coefficient. From (1.1) and (1.2) 

                                        (1.3) 

  

  
        

       

 
          (1.4) 

Integrating both sides of Equation 1 by constant k 
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           (1.6) 

Where, k is the efficiency rate, the growth rate to population, P0 is the initial population 

at time t=0. 

1.0.2 Fertility Parameter as a Population Function 

The Fertility is considered as main basic parameter for population evolution, which is 

denoted in mathematically regard as survivor function x as an initial cohort 

(demography), survivor probability is l(x), after that we have the plain hypothesis of 

survival probability, the probability of survival age in the interval i                    

                 is specified under  

   
      

        
           (1.7) 

Toward, calculated the survival probabilities, we may use in mathematical form below  
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   is included initial-year mortality and missing mortality is integrated into fertility 

coefficients. Surviving probability     is   
   

 ,  survivor fraction of p under particular 

time interval, the probability is obtained by 1(p). The parameter of fertility is measured 

by  

         
   

        (1.10) 

        
           

            
         (1.11) 

1.0.3 Mortality Parameter as a Population Function 

The mortality is also disturbed to population, number of people are death in a specific 

time interval is called mortality. Mortality rate is symbolically stated in deaths per 

thousand persons per year. Whenever we consider a human age x, probability of human 

death exact age      and extract age      ?. The probability will be 

(
            

  
 . In mathematical Taylor series around the       is    and 

        expansion as 
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where 
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             (1.15) 

 Hence, probability of survives of human age is    
  from age limits is   to      and 

      , probability of human age      will be human death in time is      (L-B, 

1976).The human age functions        and     
  are distinct as 
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Considering the deaths variable  

                       (1.16) 

        
    ,       (1.17) 

      
         (1.18)  

        
 

 
 ,       (1.19) 

Mortality rate                             

                       (1.20)  

          
 

 
                  (1.21) 

   
  

  
               (1.22) 

Hence, mortality and fertility parameters are computed as population functions, now we 

started to mathematically discussion of other most important population density 

parameter, which is linked to population- Morphology. 

1.0.4  Population Density Parameter as a Morphological Function 

The study of urban morphology is expressed that the any inclination in population density 

is called evolution/ growth rate. In urban morphology used to procedures for relating 

urban patterns are dependent on population density (Apenteng, 2009; Longley & Mesev, 

2002) Mostly, demographers are used to population demographical data (census data; 

yearly based estimated data) for calculating the population variations rate,  

                  (1.23) 
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Where  

      

 

 
 

     
     

 
 
 

      

 
 

                  (1.24) 

and        urban populations in several age groups, the population density in different 

age groups through each time interval is expressed as  

           α         (1.25) 

Here, α is the density is known by   =
   

 
 ; if the parameter   is equal to zero and 

greater than zero, so population density did not occur, when per capacity    is positive 

then population is increased, subsequent to the all age group of population in concerned 

to c(t) may be greater than 1. The c(t) is diagonal element of the matrix C under 

      

     
 
 
 

 
     

 
 
 

   
       

       (1.26) 

Here, it is noted that each age groups are mapped to acquire time       as 

                          (1.27) 

                     (1.28) 

 the population of each age group is 

                                 (1.29) 

Where, b is the  density at birth on the probability survival scale  (Apenteng, 2009) is  

  

   
       (1.30) 
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for eternity the  forecasted matrix are alienated into two parts, the total size of present 

population at t interval and size of population  at        –   , that is the initiation of the 

time interval ,presently age group is i. afterward, number of forecasting would be appear 

at constancy at time τ (Apenteng, 2009), q(t) = λ∀ I  thus 

                   (1.31) 
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       (1.33) 

                  (1.34) 

              (1.35) 

wherever the              is the per-capita function as well as conscription function 

(Apenteng, 2009).The total  number of population is considered that         ,When   

 . 

     

  
         (1.36) 

Also,     is assumed to formulate privilege, and supposedd that 
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               (1.38) 
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                    (1.39) 

Finally,       turn into               in all these      exhibited is over return.  

1.0.5  Life Expectation Parameter as a Population-Morphological Function  

Life expectancy is an essential parameter in decisive of the size of a population to relate in 

a particular birth rate and the total number of populations is proportional to it (Apenteng, 

2009). Life expectancy is performed in long term on static multiplier on population and 

fewer significant to fertility, which is proceeded exponentially, mathematical expression 

below as  
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The probability that a life age   will die at age       is denoted by   
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Hence 

  
     

 

 
 

 

  
       (1.49) 

All above mention mathematical formulation is a basic approached to investigate the 

contemporary tendency of urban human mortality, fertility, migration and life expectancy 

as a recursive system. 

0.3 1.1 Urban Morphology for Dissimilarity to Climate Change 

allied to Human Infectious Diseases 

Adolphe (2001a) supposed to that urban morphology stated that the concert of numerous 

urban procedures raised to the interface among urban morphology and climatic disorder 

and intricacy of urban morphology. Urban morphology is defined in various settle countries 

that categorize and organizes the distribution of urban functions. In urban planning, it is 

supported and detect evolving problems and solve urban disorders (Ebi & Nealon, 2016; 

Le, 2014; Mena, Troyo, Bonilla-Carrión, & Calderón-Arguedas, 2011; Rusch & Perry, 

2011; Troyo, Fuller, Calderón-Arguedas, Solano, & Beier, 2009). 

Urban morphology is applicable to present the several disciplines anxious by the pattern 

of the erect environment and various field as urban design, urban geography, urban 

environment, etc. (Adolphe, 2001; Curdes, 2010; Larkham, 2006; Moudon, 1997). The 

basic concerned of urban morphology is the structure of urban shape in the system of 

population and density. Therefore, it may be defined and connected to urban dissimilarity 

(see figure 1.3).  
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Figure 1.3 Diagram for Urban Dissimilarity 

We generally understand that climate is a complex phrase, and this refers to climate 

circumstances more than an era of time. Climate is a vital substance of specific inquiry, 

mostly it has it effect on vegetable and health. Consequently, it differs from affecting 

human life. The natural risks of storm, flood and desert are the results of climate change. 

Shortly, there are many perspectives in which the climate impacts our everyday life, and 

the weather (maximum or at least the temperature) affects humans, crops, animals and 

mosquitoes’ life cycles (Pereira, Rocha, Sucupira, Carvalho, & Moreira, 2018). It is 

especially Aedes-aegypti mosquito which causes dengue fever (Pereira et al., 2018; Sadiq 

& Brown, 2017). The meteorological variations that vary at a specific time at a specific 

area known as the climate. We come to know that climate change is also dynamic. The 

confirmation is that the climate, we now see that there has been a lot of change in the 

past. Climate change is not fully understood due to its rapid change. The effect of force of 

antibiotic on environmental change is a major problem, about which each person has own 

opinion. Various meteorological parameters are an important decision of many vector-

borne diseases (dengue fever) and adrenaline diseases and time variations in climate and 

infectious diseases are the majority of obvious anywhere climate variations are cleared, 

and in vulnerable populations. The dengue fever various place of the world 

reconnoitering vulnerability on population assemblies give facts that phase and gender 

act on cruelty of the disease (Bhatt et al., 2013). On the contrary, further research must be 

properly recognized in the hazard for directing the groups to control the most dangerous 

population. Climate Change (IPCC) is recognized at the United Nations International 

level due to the major problem of climate change. The IPCC has presented scientific 

evaluation of the current, past and future climate variation 2007 (IPCC) report (I. P. O. C. 

CHANGE, 2007). Furthermost of the events are often allied to climate change, due to 
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natural disorders groundwater pollution and Floods can be caused by floods, it is noted 

that such extreme weather conditions are the first possible. 

 

Figure 1.4 The association of earth and Human systems depend on anthropogenic activties 

and climate change via human health system by flow chart (I. P. O. C. Change, 2007; 

W. G. I. P. o. C. Change & Change, 2007) 

In this view of above mention flowchart cycle (figure 1.4) are based 3
rd

 report (McCarthy, 

Canziani, Leary, Dokken, & White, 2001) are examining the correlation between the Earth 

systems and human systems and its association with climatic changes and impacts from 

socio-demographic and socio-economic. Similarly, the correlation between stratospheric 

ozone air depletion, temperature, precipitation (rainfall), ENSO, stratospheric ozone air 

depletion and virus rate of dengue are revealed the relationship among metrological 
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parameters (climatic parameters) and dengue breaks out to indicate or predict discrepancy 

in dengue occurrence that effects the population and its health. 

0.4 1.1.2 Climatic Parameters and El Niño Southern Oscillation associate to 

Dengue Fever out Breaks 

The association of climatic factors and urban human infectious dengue disease has alleged 

in the 1
st
 decay of 20

th
 century, because several scientists had tried to initiate the correlation 

amid the climate parameters with the dengue epidemics. The vector-borne dengue diseases 

(VBDDs) outbreaks and spreading in urban population is obviously multi-factorial, 

concerning biological, climatically and social factors for the climate influence are long 

smeared as significant (Ebi & Nealon, 2016; Farrar et al., 2007). The metrological 

parameters rainfall means monthly land surface temperature and El Nino Southern 

Oscillation index are serving for the endurance and imitation of dengue vampires. Extreme 

temperature help to decline the interval of the imitate dengue mosquito disease (Cabrera, 

2014). The procedure remained known as “Extrinsic Incubation Period”, in this duration 

the human body has been transmitted through mosquito through mosquito’s salivary 

glands. It is growing rapidly in high temperature mosquito and it is very dangerous for 

humans before affecting the cycle of life. The climate extravagances are taken two chief 

kind are: The statistical varieties of modest climate extremes, as actual highest and lowest 

temperatures, other is complex events, for example, scarcities, floods, or else storms 

(Abbas, 2013; Parmesan & Yohe, 2003) produced in usual and anthropogenic events in the 

20
th

 century, then proportional and climate influences are still beneath argue (Haigh, 2007; 

Rampelotto et al., 2012). These threatening temperature changes are publicized in Fig. 1.5 

(Solomon, Qin, Manning, Averyt, & Marquis, 2007). 
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Figure 1.5 The probabilistic approaches for current to future climate change (Ely & 

Pitman, 2012; Solomon et al., 2007) 

Now, the Normal distribution bell curve in (figure 1.5) is performed natural variation of 

the temperature, which is expressed that in what way climate variation would not be only 

involve average temperatures then also extremes of temperature. Later the forecasted are 

intended for hotter temperatures this hold extra hot and extreme temperature existences 

than what has occurred in the past (Solomon et al., 2007). Subsequently diverse studies 

shown that there is a strong association quantity of human heath disease dengue 

occurrence and extent of temperature (Hii et al., 2009; Sia Su, 2008; Zalina, Desa, 

Nguyen, & Kassim, 2002). 

An ENSO Index is the chief source of the climatic system and its inconsistency with the 

burly assessing on northern south region (Capotondi et al., 2015). ENSO occurrences 

are connected to study perturbations in universal atmospheric flow and related 

irregularity in seasonal to climate condition that produce deeply socio-demographic and 

ecological consequences. Climate factors variability are helping to growth the dengue 

vector then there are numerous other factors to co-operate a vigorous fragment aimed at 

the dengue occurrence. In the hot weather incubation time of virus is minor, it is 
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directed that there is low probability of continued existence of mosquito to grow to be 

catching (Rusch & Perry, 2011). 

 

Figure 1.6 The Climatic change probable for El Niño Southern Oscillation event (Sims, 

Hooda, & Gillmore, 2012) 

The spread of dengue due to the impact ENSO in Pakistan region (Ahmed, 2014) and 

Venezuela  M. J. Bouma & Dye, 1997; Poveda & Rojas, 1996). The similarity of El Niño 

event has empathetic for the forthcoming influences of global climate variation on 

seasonal diseases in the figure 1.6, the beginning of an ENSO event is shown the 

changing weather conditions, ENSO and striking climate change with year, as a purpose 

of erosion timeline owed to climatic  parameters. 

1.2 Transition Probabilities and Population-Morphogenesis 

Inequality 

The issue of studying urban dynamics in the view of population and its morphogenesis 

are seriously significance effect within the 21
st
 centuries (Carter, 1996). The entire 

natural phenomenon is wholly random procedure, which can be tacit and forecasted 

through the researchers although canister not be organized. According to Shove and 
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Elizabeth, 2010 premeditated as well as described that the hypothesis in which peripheral 

possessions of random procedure is conversed, is notorious as probability distributions. 

The passionate statistics results are motivated because of physical processes, which 

generate tremendous occurrences of population dynamics, and the socio-economical 

contacts an arise since of them, are too huge scarce (Zakria, 2009). According to 

(Kalning & Kibitz, 1959) the population is using the matrix technique as well as the 

probability of survivals. The two methods are obtained the transition probabilities for 

phase support protuberance matrices by the incarcerate evoke data (Nichols, Sauer, 

Pollock, & Hestbeck, 1992). Firstly, the maximum likelihood parameter estimates are 

computed from the transition probabilities of interest, the second approach, Pollack’s 

robust design is modified. In mostly, an estimate of probabilistic scrutinize population 

trend increasing than previously experiential are needed. This meadow in the analysis of 

statistical is acquired; it is significance in functional sciences and has largely applied in 

the modeling of population forecast. 

Time series stochastic models are utilized the demographical data. The various scientists 

are studied the urban population from various aspects and protuberances are obtained by 

the diverse techniques. It was too challenging for research scholars at toward to time to 

prediction (forecast) and evaluate these urban dynamics from the population data. The 

predictions of annual population in the equal and unequal time intervals are very intricate 

due to complex system (Grasso et al., 2012). As, methodologies are significantly used to 

evaluate the urban dynamical phenomena from population census data. one of the mainly 

trendy techniques are population demographical and its morphological approach which is 

supported on the estimates about the prospect periods of fertility, mortality, population 

density and urban life expectation functions as parameters. The several studies have 

examined the proportional performance of mathematical models, extrapolation derived 

from population forecasting for time series models (Brockwell & Davis, 2016). 

Many researchers have found that variations of probability distribution applied the 

distribution of Population and city areas sizes across many countries (Brakman, 

Garretsen, & Van Marrewijk, 2001; Eeckhout, 2004; Friedman, Hastie, & Tibshirani, 

2001; Gabaix, 1999). Analysis of these researchers (Stoto, 1983) and (Smith & Sincich, 
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1988) also argued the permanence concluded in particular duration of population 

prediction errors. Population morphology is the pupils inhabiting in a specific ecological 

region (city and country) (Makse, Andrade, Batty, Havlin, & Stanley, 1998). In the urban 

events are studied in mathematical scenario, the predictable trials depend on Euclidean 

geometry, as surface area and density has no result owed to the scale permitted assets of 

morphological system and urban population evolution. Here the various paper’s author 

provides overall review and socioeconomic impact of urban population dynamics during 

the last 20
th

 and 21
st
 centuries and current decades (Liu, Nearing, Shi, & Jia, 2000; J. 

Shen & Chan, 2002). 

The analysis on the observation of urban morphology by (Batty, 2002) and (Frankhauser 

& Sadler, 1991) hypothetical basis of fractal cities also contributed on theoretical and 

empirical approaches on urban growth system. Auspiciously, fractal geometry is given to 

valuable extents relate proceeding of fractal dimensions for spatial analysis. Later, the 

perceptions of fractals are presented into urban phenomena via founds, urban morphology 

has been reduced using methods for fractal scaling invariance. Batty and Longley when 

reviewed the theories and models of fractal cities has developed in several features, 

counting urban population and morphological structures, human health issues, climate 

change and dynamics of urban evolution (Feng & Chen, 2010). 

The dynamics of the dengue disease is obscured because its transition process depends on 

urban morphological functions such as urban environmental/ ecological and climate 

change. Climatic variability and metrological factors are served to raise the dengue 

outbreak. Climatic change recompenses a main role on the upbringing of dengue virus. 

The several researches has discussed that strong relationship among the extreme climate 

by human health disease concerned to temperature and ENSO on dengue outbreaks (Chen 

et al., 2010; Hii et al., 2009; Lowe et al., 2011; Troyo et al., 2009). To our acquaintance, 

this research is the original to mathematically discover the possible relationship among 

four selective components (Pm Mp, EC, HD) of our developed urban system over to the city 

of Karachi. 
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Chapter 2 

Model identification and Forecasting of ARIMA through Bayesian and 

Holt-Winters Non- Seasonal Algorithm: Urban Population as a case 

study 

In the mainly rational, a population is the entire numeral of pupils live in a particular area 

such as country, city, any district or towns and naturally, Population is a special nature of 

organism living in a specific location (Stoto, 1983; Zakria, 2009). Habitually, population 

in over the entire world has been fulfilled on a serious basis and provides information 

about population size and structure during census years (Zakria, 2009). It is usually 

recognized that with the growth of population, the number of related issues is produced in 

the vein of victuals, education, health, traffic etc. Consequently, the criminal offence rate 

as well elevate between such humanities due to substantial burden of the population 

(Zakria, 2009). Multicultural societies of the world are adopting different measures and 

strategies to edge the magnitude of population conferring to their possibility and 

situations. The logical backward is that the existing and forthcoming economy and the 

country's planning depends on the population. The developed countries are very alert 

since their present, past and future population trends, sizes and needs (Rayer, 2004; 

Tayman, Smith, & Lin, 2007). In historical back ground are indicated that the developing 

countries are less conscious of their population and requirements. One those countries 

have a batter economic and social position that is more attentive of the distribution of 

present and future population. The fact is, without maximum knowledge of the 

population, today a world cannot be the right way of logical and technical progress over 

to current world. Given the significance of population spreading, every country is held 

each decade during the census then every five years after surveying the population data, 

some surveys are done. 

Population data being a most essential benefit in the previous and current period, the 

researchers are hub on substantial trends of the population. Because the generally 

researches are on population trends, dimension also gender distribution (Dhamo & Puka, 

2010). To prediction the population, various exponential and logistic regression along 
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with Linear model, Non Linear model and higher degree auto regression models, The 

simple growth and decay models are individual worn (Shryock, Siegel, & Larmon, 1973). 

Population forecasting module technology is usually for using fertility, mortality and 

migration (Arnold, Srinivasan, Muttiah, & Williams, 1998; Beamish & Priestley, 1981). 

An ARIMA model is moreover applied to hindcasting and forecasting the population 

data. 

In this chapter, we utilize the ARIMA models depend on previous population data sets 

and the dynamical process of population and its stochastic properties of error tenures. The 

focal rewards of ARIMA models are: (a) they oblige census data merely for the 

populations are being forecasted, and (b) Mathematical characteristic are delivered for 

extending probabilistic interludes to forecasts (G. Box, 1994; G. E. Box, 1976; Chatfield, 

2000; Ledolter, 1981; Shumway & Stoffer, 2006). ARIMA models are usually used for 

prediction resolutions, but in the techniques are applied  in the development and stability 

of the most complex models, more than maximum extrapolation methods and Non-

seasonal Holt-Winter  algorithms. 

0.5 2.0 About the Data 

Population protuberance for several developing countries including Pakistan could be 

quite a challenging task for the demographers typically due to need of accessibility of 

enough reliable data. The intense urban population trends in the city of Karachi of the 

yearly time interval from 1951 to 2016 (66 years) are discussed in this chapter. The 

population census data records from 1951 to 1998 have been taken from Federal Bureau 

of Statistics Pakistan, the missing Data values have been found by using Interpolation 

method. This chapter are used ten AR (2) ARIMA models to investigation the dynamic of 

population fluctuations of the Karachi city in per year.  

0.6 2.0.1 The Model –ARIMA Methodology 

The Box - Jenkins ARIMA (p, d, q), the time-to-step prediction series (forecasting) for this 

chapter is widely calculated as the most capable prediction (forecasting) technique and is 

widely employed. The Box Jenkins Auto regressive Modeling method includes three-phase 
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model, parameter estimation and model diagnostic checking. Urban population time series 

(per year) in the city of Karachi may be exhibited as a stochastic time series procedure and 

accordingly we have obtained the standard Box and Jenkins methodology. This 

methodology is involved the major steps as: identification for model, Estimation for model, 

Diagnostic Checking for model, fitting of model, and forecasting (G. E. Box, 1976; Dhamo 

& Puka, 2010; Hamilton, 1994; Pankratz & Pankratz, 1983). To produce the appropriate 

ARIMA (p, d, q) model for per year population. The procedures of the ARIMA model are 

expressed the different iterative phases. Box and Jenkins propose the subsequent 

methodology: 

 

Figure 2.1 The Methodology of an ARIMA (p, d, q). 

Autoregressive integrated moving average model is moreover utilized to the population 

data (Dhamo & Puka, 2010; Zakria, 2009). The order of an ARIMA model is frequently 

used in notation ARIMA (p, d, q). The pure ARIMA is mathematically expressed 

   
      

    
           (2.1) 
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Here, 

  is indicate the data time series  of observed data (Aytekin et al.) , at  shows the 

independent random error ,  is the expected value (mean) in  B be the operator of back 

shift so as to BXt = Xt-1 and Ø(B) is the auto regressive operator which is presented as a 

mathematical expressions in the back shift operator                  ,  θ 

(B) is the moving average operator denoted  as an expression  in the back-shift  operator 

(Abbas, 2013; Ljung & Box, 1978). The ARIMA notation with constant term as inscribed 

                 , else                       , here,          

                     .The frequently ARIMA model with data time series 

as well called ARIMA is  inscribe as 

             
   

   
         

    

    
         (2.2) 

Where,    is i
th

 time series at time t,    i
st
 the time lag or (delay) for the outcome if the i

th
 

time series,       is numerator time delay other i
th

 time series and     ) is denominator 

of the reassign function for i
th

 time series. The model is obtained is  

                          (2.3) 

Where     is the reassign function time   series modeled as a ratio of         

expression:                          is the series of noise:     θ              , 

this is the factor Modeled  

      
          

          
      (2.4) 

Where                                  and    are to represent 

autoregressive and moving average orders of the ARIMA model (Ong, Huang, & Tzeng, 

2005) . 

Auto Regressive Integrating Moving Average model (ARIMA) defined as the existing 

performance of variables inform of the linear relations with their previous values. 

ARIMA model indicate into two parts (G. Box, 1994; Clement, 2014; Ljung & Box, 
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1978; Ong et al., 2005). The first part, an integrated (I) and the element (d) is denoted 

that the differencing order to be accomplished the series to conquer stationarity. The 

other part of ARIMA involves of an Auto Regressive Moving Average model for the 

series provide the stationary over to differentiation. The Auto Regressive Moving 

Average (ARMA) part is auxiliary decomposed into Auto Regressive and Moving 

Average components (Clement, 2014; Pankratz & Pankratz, 1983). The Auto Regressive 

(AR) parts are confined the relationship among the present values of the time series data 

and such previous values, AR(1) and AR(2) denotes the existing observation is associated 

with instant past values at time (Clement, 2014). The moving Average (MA) parts are 

represent the period of the manipulate of a random shock, MA (1) and MA (2) indicates 

that a value of the data series in interval t is interrelated with the astonish at time t = 1 and 

t = 2. The Auto Correlation Functions (ACF) and Partial Autocorrelation Functions 

(PACF) are applied to evaluation the values of p and q. The ACF and PACF are 

constructing by real value, differenced, and transformed data. The Box – Jenkins 

transformation is applied to transform the population data in this chapter. Subsequently, 

model   identification, various ARIMA models are integral on the 1
st
 and 2

nd
differenced 

of the time series of population data. For the assortment of the adequate model 

substantiation statistics are suggested specifically, diagnostic checking test and the 

Bayesian Information Criterion (BIC) in the view of adequate forecasted error tests etc. 

These statistics are calculated for all applicant model and which model has least values of 

errors with BIC is suggested as an adequate ARIMA model assuming that it is to be 

nearby of the unknown certainty of the series produced (Harvey, 1990). The comparison 

with the various ARIMA models to fit the similar values of the data set by the Bayesian 

Information Criterion (BIC) and analysis and evaluated. Correspondingly, graphical 

validation approaches are depicting such as normal probability plot, histogram, residual 

plots, lag plots of original data as well as differenced data and PACF, ACF plots of the 

residuals for the verification of adequate model, later than, choice an adequate ARIMA 

(p, d, q) stochastic process and we use to forecast the number population in Karachi on 

the future beside the Confidence Interval (CI). All the predicted and fitted population is 

depicted alike the graph are depicted to examine the model adequacy. The Box - Jenkins 

methodology of ARIMA (p, d, q) stochastic process are adopted in this chapter is 
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extended, considered as the most efficient forecasting techniques are utilized. It absorbs 

the subsequent treads for model: identification, l estimation, diagnostics check and 

prediction (forecasting) (G. E. Box, 1976; Clement, 2014; Pankratz & Pankratz, 1983). 

0.7 2.0.1.1 Identification of AR Model 

The main stride in the procedure of Auto Regressive models are conformed toward the 

stationarity of the data. The ARIMA model of the series are needed to subsist a stationary 

of data values; we must transform a data in a stationary time series because of 

differencing in anticipation of it becomes stationary. By observing the plots of the time 

series data, ACF and PACF (Clement, 2014; Makridakis, Wheelwright, & Hyndman, 

1998). These plots are helping to investigate and fix the differencing level. The 

appropriate value of d is the one that provides increase to a rapid decrease of the ACF 

towards zero. In a different approach of examining for stationarity is to fit the 1
st
 order 

Auto Regressive model towards the actual time series data and test whereas the factors 

 is fewer than one. The identification of the appropriate of model, generally ARIMA is  

                          (2.5) 

To difference   as various times as is required to turn stationarity     

                            (2.6) 

          
                     (2.7) 

Where,                

     =          
                (2.8) 

 

                (2.3)       (2.9)  

To identify the resulting ARIMA process. The differencing of Y series and identification 

of ARIMA models are effect on the autocorrelation and the partial autocorrelation 
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functions. Non-stationary stochastic procedure are pointed the estimated failure , ACF to 

conclude out rapidly (Clement, 2014; Dhamo & Puka, 2010). To, attain the stationarity of 

time series data, difference (d) is required (Clement, 2014). The differencing (d), required 

to attained stationarity is achieved then ACF is 

              (2.10)  

The ACF of an AR (p), as   PACF has a sever off subsequent to lag p. These functions are 

the divergence of data series specified no require for more differencing as series it be 

inclined to be there tailing off rapidly (Chatfield, 2000; Clement, 2014; Narany, Aris, 

Sefie, & Keesstra, 2017). The stationeries time series data with lags is in the prediction 

form are described the Autoregressive standings, lags of the errors of forecast is also 

entitled Moving Average, then a series which requires to be differenced to be prepared 

the stationary is called to be present an integrated adaptation of a stationary series. 

The AR(p) models and the linear smoothing models (exponential) is belonged to the 

entire of ARIMA models. A non-seasonal ARIMA model is secret because an ARIMA 

(p, d, q) model, where, p is the number of autoregressive terms, d is the digit of non-

seasonal differences require for stationarity, and q is the number of lagged forecast errors 

in the predicted model calculation. The ARIMA (p, d, q) is determined as pursues. Initial, 

supposed   y denotes the d
th 

  difference of Y, it is denoted 

if differencing (d) is 0:    yt = Yt      (2.11) 

if differencing (d) is 1:             yt = Yt- Yt-1       (2.12) 

if differencing (d) is 2:          yt = (Yt- Yt-1) - (Yt-1  -Yt-2)     (2.13) 

in expressions of y, the formed 

                                  (2.14) 

                                      (2.15) 

To detect the suitable ARIMA model for Y, accordingly, obtaining the differencing (d) 

order must to stationary of the series and take out the disgusting structures of seasonality, 
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possibly in combination among a variety-alleviate transformation for instance sorting or 

reduce (Clement, 2014; Meyler, Kenny, & Quinn, 1998). If the stationery series may 

silent has auto correlated errors, it is suggested that prediction equality of various values 

of AR and MA expressions (p and q ≥ 1) are too necessary in the predicting form. 

Thus, using equation (L Benguigui & Daoud), an ARIMA (p, d, q) if p, d and q=1 thus  

                     (2.16) 

                       (2.17)a 

                            (2.17)b 

In the population time series data, the ACF and PACF are helping to identify the 

appropriate number of lagged in AR and MA terms. An autocorrelation is a correlation 

coefficient (M. Hussain et al., 2012). Conversely, as a proxy of association among the 

two diverse variables, the relationship is involved both values at the similar variable at 

time Yt and Yt+k. The ACF denoted the degree of persistence over the particular lags of 

variable. Let   be the ACF at lag k then mathematically expressed as 

                    (2.18) 

   =    (         )=     
 
 
      =     , Var (      (2.19)a 

      =
  

  
 =   =

                   

        
    (2.19)b 

  =      
            

       
 =      

         

       
 =       (2.19)c 

The variance and covariance both are calculated in the equivalent unit, so    is only 

number. Instantly, the value of correlation coefficient is too deception negative value -1 

and positive value + 1. If we plot ACF (  ) against k, after that the ensuing figure is 

recognized, while the Correlogram of the population (M. Hussain et al., 2012). In 

commonly, we obtained the sample autocorrelation function (SACF) as a result we must 

calculate the covariance at lag k ( k) and variance    which are delineated as per: 
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   =
                    

 
     (2.20)a 

        =  
         

 
     (2.20)b 

Where, the sample size is n and    is the mean, so the ACF at lag k is 

   =
   

   
      (2.21) 

Which demonstrates the ratio of covariance at lag k of variance. The figure of     verse k 

is called correlogram figures and table results are depicted in § 2.4. In commonly, the 

partial correlation linking the two variable is the sum of correlation amid them it is not 

elucidate through their joint correlations with particular situate of further variables. The 

PACF measure the degree of association between the both random variables, with the 

outcome of a set of calculating of random variable unconcerned. 

      
    +   

    +……………………+              (2.22) 

0.8 2.0.1.2 Model Estimation 

The estimation of the ARIMA models’ parameters is acquired as of the values of the 

fitted autocorrelation of the differenced of time series data values. These initial values are 

used for fitting of least square estimate. In performing it is declared the not every 

parameter in the models is considerable. In the mathematical appearance, as (Clement, 

2014). 

 
         

                    
         (2.23) 

The ratio is suggested annoying a model in which several of the limits are set to zero 

(Enders & Hoover, 2003). Then, we require re-estimating the model after all parameter is 

situating to zero. The normality test for the residuals, are investigate the ACF and PACF 

residuals plots, residuals histogram, residual Probability plots and residual Quintile plots 

etc.  As well as, a normal probability plot and a lag plot is prepared to identify removal 
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from normality. Plots of the AC and PAC Functions of the residuals from partially 

identifiable ARIMA (p, d, q) models are discuss and depicted in § 2.6. 

0.9 2.0.1.3 Diagnostic Checking of ARIMA Models 

The diagnostic checking is a procedure that is used to ensure residuals of the fitted 

ARIMA models. The residual is ought to execute the models’ If these models are not 

complete, then another model is selected for a series of time (Dhamo & Puka, 2010; 

Makridakis et al., 1998; Shumway & Stoffer, 2006). It is concerned through the 

diagnostic checking test for the fitness of ARIMA model. As, the Residual figures of the 

ACF and PACF, it may be appear thus every point is haphazardly distributed which is 

completed and shows pattern of irregularity of values which is indicates that the model is 

adequate (Dhamo & Puka, 2010; Pankratz & Pankratz, 1983). The autocorrelations of the 

individual residuals are very small values and verify at the correlation structure of the 

residuals as a result of graphs the autocorrelation of the significance error bounds of 

±2/√n, (Dhamo & Puka, 2010; Ljung & Box, 1978). Also, the statistical assumption of 

the parameters and the adequate forecasted error by using the BIC for estimated ARIMA 

models will be made and predicting concert of the adequate model is assessed by evaluate 

the best fitted model. There are various diagnostic criteria are employed to assess the 

exactness of each model. The R-Square error, Mean Square Error (MSE), MAE, RMSE, 

MAPE are used to measure the accuracy and forecasting error of each model. The Ljung 

–Box Q statistic are applied for testing the appropriateness of the independency of the 

residuals. The Akaike Information Criterion (AIC) and Bayesian information criterion 

(BIC) are calculated the best suitable models by defining the AR (p) numeral parameters 

in the model. These statistical measures of data sample predictions are determined by: 

The R-Square Error 

The R-square error is the quantity is in accordance with the appropriate depression line 

(regression). It is called coefficient of determination. The R-square values of fitted model 

is indicating the variability of the data around its mean.  
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Mean Square Error (MSE) 

    
 

 
         

  
         (2.24) 

Mean square error is a procedure for estimating the average of the squares error,it is 

compute data points are close a fitted regression line. Where        are actual and 

predicted population data values at time t, n is the integer of observation in selected time 

period. 

Root Mean Square Error (RMSE) 

RMSE =    
           

   

 
      (2.25) 

Root Mean Square Error is presently square rooot of the mean square error,that is 

probably the most simply interpreted statistic,RMSE  is the distance on averge of a data 

point from the fitted regression  line. 

Mean Absolute Error (MAE) 

    
 

 
         

 
         (2.26) 

Mean Absolute Error is a compute to  forecasting  accurateness of a predicting method, how close forecast 

to the ultimate outcome of data points.    

Mean Absolute Percentage Error (MAPE) 

MAPE=
   

 
 

        

    
 
         (2.27) 

Mean absolute percentage error evaluate the quality of the fit, while removing the scale 

effect and not relatively penalizing bigger errors. 

Where        are actual and predicted population data values at time t , n is the observed 

number  of selected time period. 
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Forecasted Error (EF): 

   
                               

             
     (2.28) 

Forecasted Error is evaluated the variation among the actual values and predicted value 

of any time series data. 

The Ljung – Box Q-Statistics  

The Ljung-Box via Q-Statistics extended by Box and Peirce. The Q statistics are 

normally applied to confirm a sample time series data set. In mathematically, it can be 

described as: 

Q = n        
         (2.29) 

Where, n = sample size, m = lag length of data time series to test autocorrelation,    = 

data time series autocorrelation coefficient (for lag k). The significance of the statistical 

of all being value of ACF, the dual hypothesis test for the    up to specific lags are 

directly equals to zero. 

   Q =           
     

   

 
        (2.30) 

The hypothesis test is: 

 0: Residual is white noise (Data are non-stationary) 

 1: Residual is not white noise 

Rejecting of the null hypotheses  0 in two procedures: p-value< 5 percent, the entire 

value of statistical error is higher than the critical value at 1 percent and 5 percent 

significance level. If the time series data sample value of   overdo the critical value of    

distribution by m degree of freedom, then single value of autocorrelation ρ is zero by the 

significance level. 
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The Log-Likelihood Estimator 

The parameters for population time series depend on the population per year. The 

stationary ARIMA (p, d, q) as a Gaussian process reliant on the parameter  

                            (2.31)a 

The p.d.f to estimate x is  

             
 

      
 

   
 

 
         

     (2.31)b 

where      is eminent as the auto covariance matrix and x
+
  is  the transpose of x.  The 

log-likelihood of above condition is specified in 

                    .                                             (2.31)c 

 The x´ is the   is founded (Feldman and Taqqu, 1998). The log-likelihood is written as           

               
        (2.31)d 

 

The Akaike Information Criterion (AIC) 

An AIC is determined the most fitting model by significant value of AIC: 

         +
      

 
       (2.32) 

Here, n involve the sample size and σ
2
 is the mean square error, p and q is the order of 

Auto Regressive (AR) and Moving Average (MA). 

The Hannan-Quinn Information Criterion (HIC)  

According to Akaike Information Criterion the most adequate ARIMA model has the 

least reserve from the true model and achieved the least value w.r.t the AIC. As well as 

the sample size n, σ
2
 is the mean squared error the p and q order of AR and MA 

parameter and difference of the AIC is called as the HIC describes  
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         +
                 

 
      (2.33) 

The Bayesian Information Criterion (BIC) 

The Bayesian information criterion is intimately linked to AIC. Akaike is so stirred by 

Schwarz’s Bayesian formalism that Schwarz established Bayesian, at this instant 

frequently submitted to while the ABIC for “A Bayesian Information Criterion “or more 

unceremoniously “Akaike’s Bayesian information criterion” (Akaike, 1977; Clement, 

2014; Schwarz, 1978). 

         +
               

 
      (2.34) 

The size of the sample is n and σ
2
 is the mean squared error of the   fitted model. 

0.10 2.1 The Bayesian Information Criterion suggestions for 

adequacy of ARIMA Models 

The BIC or Schwarz criterion are recognized as SBC, SBIC  complete set of BIC models 

is a standard for the model selection (Clement, 2014). The BIC is situate, in extent, 

likelihood function, it is directly associated to AIC (Clement, 2014). While, the adequacy 

of fitting models, to increase the like-hood by manipulating the values of parameters, 

while stack thus can result in excess of fitting. The BIC determines consequence 

parameters in the model (Abbas, 2013). This consequence is greater in BIC than in AIC 

(Makridakis et al., 1998). The BIC has been generally obtained for identification of 

model in time series and linear exponential regression. The consequence expression 

greater value in BIC than in AIC (Clement, 2014). The BIC is preparing beneath the 

structure of the Bayesian modeling. One of the reliable criteria that presented that 

suitability in large and small data sets. It is distinct as per 

                          (2.35)a 
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The BIC is in accordance with a data that has been received by the data distributors in the 

exponential in the family it is. BIC formula is 

        
                                 (2.35)b 

It is expressed as; x: The experiential sample data value; n: The data values in x, the 

numbers of scrutiny’s, or equally the sample size; k: The numbers of parameters are 

computed. The predictable   model is a linear regression, k is regressor number, as well as 

the intercept.       : The probability of the experiential sample data specified of 

parameters, or else, the likelihood of the certain the sample data values; L: The likelihood 

functions of exploit value for the forecasted model. By the hypothesis of the model errors 

and the boundary condition that the derivative of the log likelihood due to the accurate 

variance is zero, this is develop into that positive to an additive constant, which is depend 

simply on n and not on the model (Clement, 2014). 

            
                    

 (2.36)a 

The variance of error in this case is defined as 

           
  

 

   
    

 
       )    (2.36)b 

Moreover, in the normality assumption, 

                          (2.36)c 

It is a constant included that trails shift as of log-likelihood to  2
; conversely, by the BIC 

to verify the adequate ARIMA model the value turn into smaller. Particularly, several 

forecasted models, the model by the least value of BIC is the chosen. The BIC is a rising 

function of  2
and an rising function of k (Clement, 2014). Specifically, the value of BIC 

increases in the number variables and   unexplained variations in the dependent variable. 

Therefore, least value of BIC is involving each one less variable, enhanced fit, otherwise 

together. The BIC castigate complimentary parameters extra adequate than act the Akaike 

Information Criterion, although n is on the size depending and comparative scale of n and 
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k. It is significant to the BIC value is used to evaluate the estimated models are being 

compared using the likelihood estimator and forecasting error test. 

Adequacy Tests for forecasting Errors   

Now, these Errors included the measurement of the difference among actual values and 

forecasted values through the ARIMA models. We are employed population time series 

data from 1951 to 2016and forecast the population from 2020, 2025 and 2030 through 

Diagnostic Checking together Bayesian and Maximum likelihood method. A Bayesian 

technique is supposed to be superior in population prediction / forecasting, but it is 

minimum value of RRMSE and RASE associate versa, suggested by (Abbas, 2013; 

Zawiah, Jemain, Ibrahim, Suhaila, & Sayang, 2009; Zin, Jemain, & Ibrahim, 2009) it is 

detected that the above apprehended adequacy tests via the subsequent formulas as; 

Relative Absolute Squared Error and Relative Root Mean Squared Error 

RASE =  
 

 
  

        

    
  

         (2.37) 

 

RRMSE =   
 

 
  

        

    
 

 
 
         (2.38) 

Where      is observed values of i
th

 statistical orders of yearly population from 1951to 

2015 as     is the estimated values of this time interval in RRMSE and RASE.  

The REMS Error is obtained in the view of AIC, HIC and BIC fit values. The REMSE   

indicate lower values for HIC: BIC and highest values of AIC: BIC fraction. The 

minimum value of REMSE is initiate, that is further dependable of an ARIMA 

methodology. 
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0.11 2.2 The Holt- Winters Algorithm for Forecasting 

The Holt-Winters (HWS) algorithm is one of the forecasting techniques, which is suited 

for series that have non-seasonality and stationary time series. This algorithm has two 

main steps, one-step Holt-Winters algorithm is handle time series data ,nearby is all trend 

and exponential smoothing variation and the second –step of algorithm are  produce 

forecasts of  data comprising a trend plus noise (Brockwell & Davis, 2016; Carriero, 

Kapetanios, & Marcellino, 2012; Walters & Cai, 2008). Assuming, the observation of 

time series is   ,       , ……   , as the Holt -winters algorithm contain the non-seasonal 

trend with noise expressed is  

         , t=1………, ,                             (2.39) 

 where mt is a gradually changing trend component, Yt is noise component w.r.t 

stationary time series and Xt is simulated and predicted time series.  

Also, the exponential smoothing  For α ∈ [0,1], moving averages of           t=1……,  

defined by  

        + (1-        )               (2.40)a 

     =          (2.40)b 

If the series is stationary, the observation   ,       , ……    form is:                       

                         (2.41) 

then,     is constant and the exponential smoothing forecast of        created on the 

observed values. The simple clue is to permit for a time- varying trend via requiring the 

forecasts to have the mathematical expression (Brockwell & Davis, 2016). 

If the time series data have non-constant trend thus the generalization of the forecast 

function in equation (2.41) that revenue into interpretation is    

      (2.42) 
,...3,2,1   ,ˆˆ 


hhbaYP

tthtt
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Where, and  is the estimated and slope estimated trend at time t. The Holt-Winters 

proposed method for obtaining the quantities  and in above mention (2.42) 

Representing in the       , one-step forecast       , So we have mathematical form:  

                     (2.43) 

Similarly, the exponential smoothing, we now take the estimated level at time n+1 is the 

linear form of the observed and forecast values at time    , i.e. 

                                     (2.44) 

Then the estimated slop at time n+1 as linear form of             and   the estimated 

value of slope     at time n. Thus, 

                               (2.45)a 

By solving equation (2.44) and (2.45). We require the initial conditions. The natural 

selection is to procedure   

       and                   (2.45)b 

Then the equation (2.44) and (2.45) can be solved sequentially for     and    , i = 3..., n, 

and the forecasts (2.43) then have the form: 

     (2.46) 

Forecasting values are -depending in the (2.44) and (2.46) the smoothing parameters α 

and β. These can also give randomly values (between 0 and 1). Consequently, one-step 

sum of squares minimize errors are obtained  

Forecasted sum of squares error=    

          
 
             (2.47) 

t
â

t
b̂

t
â

t
b̂

,....3,2,1   ,ˆˆ 


hhbaYP
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Now, we discuss the relationship between the above equation (2.44) to (2.45) and the 

Kalman filtering equations for a linear trend form.  

Assume that series      f the linear model in observation equation 

                (2.48) 

 
    

    
   

  
  

  
  

  
   

  

  
       (2.49) 

The non-seasonal decomposition form 

                                      
       (2.50) 

where, 

Supposing, Mt is a random walk satisfying  

                    , and {  } ~WN (0,   
 )     (2.51) 

The model can be prolonged to integrate a linear form by slope βt at time t. In equation 

(2.51) is changed in  

                          (2.52) 

                          (2.53) 

 Now,     and     is the filtered estimates of Mn and Bn, correspondingly, 

                      (2.54)a 

                       (2.54)b 

The Kalman recursion is written as 

      
     

     
    

       

   

    
                       (2.55) 
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 Where, G = [1,0]. Supposing that,            
 

     
 is steady- state solution 

(Brockwell & Davis, 2016).;                   
    

 , For this model, then    

       
   for  all n, so that  equation (2.55)  found to the equations  

                
   

       
                   (2.56) 

               
   

       
                   (2.57) 

By Solving equation (2.56)   used for (             and replacing into the equation 

(2.57), we have found find the 

                                  (2.58) 

                                   (2.59) 

With the values of   
   

       
 ;   

   

   
. These equationsare concurred with the Holt-

winters forecasting algorithm equations (2.58-2.59). These Equations are involving  ,    

coefficients to the variances    
  and   

  can be recruited (Brockwell & Davis, 2016).  

0.12 2.2.1  The Non-Seasonal Holt-Winters and ARIMA Forecasting 

The Holt-winters (HWS) algorithm is one of the forecasting techniques, which is suited 

for series that have no seasonality of ARIMA models. This algorithm has two main steps, 

one-step HWS algorithm is handle time series in which there are all  trend and 

exponential smoothing variation, second - step of algorithm are  generate forecasts of  

time series data containing a trend plus noise (Carriero et al., 2012; Walters & Cai, 2008). 

 

As we know, the non-seasonal Holt-Winters forecasted is expressed 
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Ht = αAt + (1 - α) (Ht-1 + Tt-1)       0 ≤ α ≤ 1      (2.60) 

Tt = γ (Ht - Ht-1) + (1 - γ)Tt-1          0 ≤ γ ≤ 1      (2.61) 

Where, smoothed value and constant is Ht, α and γ, the trend value and actual value is Tt 

and at of the time series (Carriero et al., 2012; Walters & Cai, 2008). For this research, 

Holt-winter Forecasted with ARIMA, α and γ are calculated in reducing the squared 

prediction error and the initial values for H and T are:  

H3 = A2 

T3 = Y2 - Y1 

The Holt-winters exponential smoothing by parameter in obtained 

        + (1-        )                    1.5.7     (2.62) 

                           (2.63) 

The Holt-winters and ARIMA content the Forecasts relations in mathematical expression:  

                                ,         (2.64) 

                        , {   }                (2.65) 

The exponential smoothing parameter α for forecasting can be interpretation as fitting an 

associate of an ARIMA model with two-parameters (2.65) to the data and by the sample 

forecast set in          . 

Similarly, Holt–Winters forecasting as fitting value of the ARIMA model with three-

parameters 

                                          (2.66) 

As we know, the Holt-Winters forecasting is calculating to exponential smoothing of the 

time series,   Here, we have also compared the Holt-Winters Forecasted results with 

Extrapolation linear and exponential trend Forecasting. 
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0.13 2.2.2 Extrapolation Trend Forecasting 

For the more verification of Holt-winters (HWS) algorithm, we have chosen the linear and 

exponential extrapolation forecasting. The linear approach accepts that the population will 

increase or decrease in the upcoming time interval. The exponential method obtained that 

the population would be raise or decline exponentially in imminent era as in the present 

interval. In mathematical terms, the linear and exponential techniques can be formed as:  

Linear Forecasting:          FLy = Pi + (l / A) (Pi - Pf )            (2.67) 

 Exponential Forecasting:     FEy = Pi exp [(ln (Pi / Pf) / A) l]      (2.68) 

where l is the total number of the forecast interval, A is the actual time interval, FLy is the 

forecasted year for linear forecasted value, FEy  is the forecasted year for exponential 

forecasted value, Pi is the population in the initial year and Pf is the population of the final 

year. 

0.14 2.2.3 Forecasting Performance Evaluation: Normality Check 

Test 

When a model is selected a normality check tests are finalized to explore that the model 

is adequate for forecasting. The Geary’s α statistic test and Sample Kurtosis b2 statistic 

test are indicated that the consistent residuals could not track a normal distribution and 

later the described confidence intervals valor not signify the actual values(Chatfield & 

Yar, 1988; Walters & Cai, 2008). The mathematical expression is given below:  

                             Geary’s α residual test          

 
          

   
 

 
 

           
   

 
     (2.69) 

                              Kurtosis b2 statistic test          
               

   

               
    

     (2.70) 

where n is the residuals in the forecasted series being modeled,       the value of residual i 

and    is the mean value of the residuals.  
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Mean Absolute Percentage Error (MAPE) is computed in dividing the difference among 

actual value At and predicted value Ft (called as the predicted error) in the actual value At, 

here i is the data series, t is the predicting time interval and m is the predicting process.  

MAPE= 
   

 
 

        

    
 
       (2.71) 

Mean absolute percentage error evaluate the quality of the fit, while removing the scale 

effect and not relatively penalizing bigger errors.   
     are actual and predicted 

population data values at time t, n is the number of observation in selected time period. 

Based on above mention normality check tests, we have compared the ARIMA, Holt-

winters and Extrapolation Trend forecasting methods and one best fitted forecast are 

calculated and suggest for population forecasting over to Karachi city. 

2.3 The Investigation of Stochastic Population Data  

Having discussed the ARIMA models and its fundamental concepts and a hypothetical 

basis of time series that will allow the analyzing of the population data. For a stochastic 

ARIMA models are required to be stationary; we can transform a time series data in a 

stationary time series by differencing in expectation of turn in to stationary. This section 

is presented a step by step analysis of population data interval of Series. In the Figure 2.2 

presented the time series plot of yearly population of Karachi from the year of 1951 to 

2016 respectively. The figure 2.2 are shown up growing trend and obtained that the actual 

time series is non-stationary. In the Figures 2.3 and 2.4 represented the trend of the 

population after taking the 1
st 

and 2
nd 

difference of the population data. The Figure 2.4 

indicated that the second differenced of population series is approximately stationary. 
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Figure 2.2 Population Trend time series plot of Karachi during 1951 to 2016 

 

Figure 2.3 Population Trend time series plot after 1st Differencing 
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Figure 2.4 Population Trend Plot of Karachi after 2nd Differencing 
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non-stationary behavior indicated by population growth. The autocorrelations ACF figure 
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second difference (d=2) of the series are made. The figure 2.4 are shown the second 

differencing of the stationary equivalent, as the figures of the ACF and PACF of the 

2
nd

differenced of population time series are given in figure 2.5 and figure 2.6 respectively. 

The ACF and PACF of the (2
nd

) second differenced population data time series are 

indicated no require for further differencing as be inclined to exist tailing off rapidly.  

 

Figure 2.5 Autocorrelation Function of differencing Population of Karachi 

 

Figure 2.6  PACF of differencing Population of Karachi 
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In Figure 2.7 depicted the population trend of the natural logarithm population of Karachi 

from 1951 to 2016 respectively. The performance of the logarithmic population time 

series is slightly differed from the Figure 2.2. In Figure 2.8 and 2.9 depicted the trend of 

the population after taking the 1
st
 and 2

nd
 differencing of the natural logarithm of the 

stochastic population data series. Certainly, the first differencing plot of the trend of 

actual population is unusual as the first difference plot of trend of logarithmic population 

except the second (2
nd

) differencing plot is approximately stationary and behaves more 

complicated method than that of trend of actual Population after 2nd differencing Figure. 

As a result, the 2nddifferenced logarithmic population time series is being used for 

onward analysis. It suggests that the log transformation is suitable preference to construct 

the stationary time series. 

 

Figure 2.7 The Logarithmic population time series plot of Karachi during 1951-2016 

 



105 

 

Figure 2.8 Logarithmic Population Trend time series plot of Karachi after 1st 

Differencing 
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Figure 2.9 Logarithmic Population Trend time series plot of Karachi after 2nd 

Differencing 

In the figure 2.10 and 2.11 depicted of ACF and PACF plots for logarithm population 

with the second (2
nd

) difference are shown altogether different lags are within the 95% 

CI. A sign that the selected skimping model strength without moving average are 

predictable.  In PACF graph are depicted all points at various lags of the figure are within 

the 95% CI excluding dual opinions, at lag 1 and 5. The point at lag 5 is obviously 

positive limit while point at lag 1 is closed to the negative limit; furthermore, points at 

various lags in PACFs are evidently (95 % C.I limits). In table 2.2 is indicated values of 

autocorrelation coefficients and partial autocorrelation coefficients, t-statistics, Ljung 

Box statistics and P-values consistent to the different lags from 1 to 10 for 2
nd

difference 

of log population series. The appearances of this correlogram are diverse as that of the 

features of correlogram of the considerable population. It is achieved that every 

correlation coefficient are performed pointedly from zero, accordingly the 2
nd

difference 

of the log population sequence seemed to be stationary. The correlogram is that it aids in 

calculating these values of p and q for the ARIMA model. 
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Figure 2.10 ACF Plot of differencing logarithmic Population 

  

 

Figure 2.11 PACF Plot of differencing logarithmic Population 
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Figure 2.12 The lags plot of logarithmic population data 

 

Figure 2.13 The lags plot of first difference logarithmic population data 
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Figure 2.14 The lags plot of second difference of logarithmic population data 

 

In Figure (2.15 a, b, c, d) depicted the four-residual graphical evaluation of second 

difference logarithmic population for the suitability of the model. The 1
st
 plot is the PP 

plot for the residuals/errors which is not as virtuous and obligate for an appropriate 

model. While, various of the residuals in this plot are in scattered pointes then maximum 

residuals are revealed in the straight line. The 2
nd

 histogram of the residuals of model 

adequacy it has not illustrate in the normality of the residuals but fortuitously the bulk of 

the residuals lie at center, hence some residuals are very high which obscure the foremost 

cause of exertion. The 3
rd

 and 4
th

 plots for the residuals VS fitted values and sort of the 

data, practically all the residuals in satisfactory limits which shown the adequacy of the 

second difference logarithmic population suggested for ARIMA models. 
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Figure 2.15 (a-b) The normal probability plot of the residuals and plot of fitted value vs 

residual 

 

  

Figure 2.15 (c-d) The plot of observe Vs residual and plot of Histogram frequency vs 

residual   
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Estimation of Model 

The trend in our second difference logarithmic population data time series are fitted in a 

linear regression line. The regression line is exposed in Figure 2.16. The regress trend 

equation line is:  

Yt = 0.05015- 0.000260P, P is the population per year, t is the time. The statistical results 

are exposed is Multiple R-squared: 0.758, Adjusted R-squared: 0.7569, Mean Square 

Deviation: 0.0003 and Mean Correspondingly Absolute Deviation: 0.0127 and Mean 

Absolute Percentage Error: 41.1490, by examining the shape of ACF and PACF, we 

predict that the regress trend line equation can be an ARIMA (p, d, q). 

 

Figure 2.16 The regression fitted time series plot of log population (1951-2015) 

 

Based on the model of Box and Jenkins (1970),  the different order parameter  (p, d, 

q)values for autoregressive (AR), auto regressive integrated moving average (ARIMA) 

models and moving average (MA) e.g. AR(1), AR(2), MA(1), MA(2), ARIMA{(1,2,1), 

(1,2,2), (2,2,1), (2,2,2), (3,2,1), (3,2,2), (4,2,1), (4,2,2), (5,2,1) and (5,2,2) }are estimated 

in §2.6.1. 
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0.15 2.3.1 Analysis of ARIMA Models Identification 

Concerning, an attempt the fitness of the ARIMA model. From Log-population figures of 

the residual ACF and PACF, values are randomly distributed, and may be determined 

that there is an asymmetrical pattern, which cruel that the model is acceptable. 

Correspondingly, the separate residual autocorrelations are minor and normally within 

±2   significance destined. The ACF and PACF plot of second (2
nd

) differenced of 

logarithm population series is denoted by yt for yt= 1, 2, 3,……………, 66, where Yt 

= zt. 

It is observed that ACF and PACF yt are described by correlations to turn in symbol and 

incline to clammy out with increasing lag. As a result, the ARIMA of order (p, d, q) are 

proposed since both the ACF and PACF of the yt appear to be tailing off. Consequently, 

we have selected ten ARIMA (p, d, q) models of population data by d= 2, differenced 

stochastic process and it to most appropriated models are preferred to forecast the 

population in Karachi on the future.  
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Figure 2.17 (a-b) ARIMA (5,2,2) and ARIMA (5,2,1) model for logarithmic population 

data  

  

Figure 2.17 (c-d) ARIMA (4,2,2) and ARIMA (4,2,1) model for logarithmic population 

data  

   

6 

6.2 

6.4 

6.6 

6.8 

7 

7.2 

7.4 

0 10 20 30 40 50 60 70 

LP
o

p
u

la
ti

o
n

 

Time interval(1951-2016) 

ARIMA (5,2,2) 

LPopulation ARIMA (LPopulation) 

6 

6.2 

6.4 

6.6 

6.8 

7 

7.2 

7.4 

0 20 40 60 

Lp
o

p
u

la
ti

o
n

 

TIME INTERVAL(1951-2016) 

ARIMA (5,2,1) 
Lpopulation ARIMA (Lpopulation) 

6 

6.5 

7 

0 20 40 60 

LP
O

P
U

LA
TI

O
N

 

TIME INTERVAL (1951-2016) 

ARIMA (4,2,2) 

Lpopulation 

6 

6.2 

6.4 

6.6 

6.8 

7 

7.2 

7.4 

0 20 40 60 

LP
O

P
U

LA
TI

O
N

 

TIME INTERVAL (1951-2016) 

A R I M A  ( 4 , 2 , 1 )  
Lpopulation ARIMA (Lpopulation) 

6 

6.2 

6.4 

6.6 

6.8 

7 

7.2 

7.4 

0 20 40 60 

L
P

o
p

u
la

ti
o

n
 

Time interval (1951-2016) 

ARIMA (3.2.2) 
LPopulation ARIMA (LPopulation) 

6 

6.2 

6.4 

6.6 

6.8 

7 

7.2 

7.4 

0 20 40 60 

L
P

o
p

u
la

ti
o

n
 

Time interval (1951-2016) 

ARIMA (3,2,1) 
LPopulation ARIMA (LPopulation) 



 

123 

Figure 2.17 (e-f) ARIMA (3,2,2) and ARIMA(4,2,1) model for logarithmic population 

data 

   

Figure 2.17 (g-h) ARIMA (2,2,2) and ARIMA (2,2,1) model for logarithmic population 

data 
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Figure 2.17 (i-j) ARIMA (1,2,2) and ARIMA (1,2,1) model for logarithmic population 

data 

  

6 

6.2 

6.4 

6.6 

6.8 

7 

7.2 

7.4 

0 20 40 60 

L
P

o
p

u
la

ti
o

n
 

Time interval(1951-2016) 

ARIMA(1,2,2) 

LPopulation ARIMA (LPopulation) 

6 

6.2 

6.4 

6.6 

6.8 

7 

7.2 

7.4 

0 20 40 60 

LP
O

P
U

LA
TI

O
N

 

TIME INTERVAL(1951-2016) 

A R I M A  ( 1 , 2 , 1 )  

Lpopulation ARIMA (Lpopulation) 



 

125 

According to result table 2.3 to 2.12 and Figure 2.17 (a) to 2.17(j) comprised in the model 

parameters for estimate and diagnostic checking of fit measures of our selected ten 

ARIMA (p, d, q) models.  

If the P-value ≥0.05, Consequently to an evaluation of ARIMA model parameter is less 

than 0.05, the hypothesis H0 = 0 is rejected correspondingly, if the P-value ≤0.05  

subsequently to obtained the parameters of ARIMA is greater than 0.05, then hypothesis 

H0 = 0 is not rejected, which proposed that the variable would not be integrated in the 

model.  

The adequacy of model among ten ARIMA models are analyzed using the residual serial 

correlation for the best fitted model with residual ACF and PACF plots. The ACF and 

PACF residual plots are depicted in Figure 2.18 (a-b) to 2.27(a-b). These residuals are 

calculated fitting of the ARIMA model on the 2
nd

difference logarithm urban population 

of the city of Karachi. All the ACF and PACF of the residuals at 0 to 18 lags are within 

the lower and upper bound (95%) C.I which assets the suggested adequate an ARIMA 

model.  
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Figure 2.18 (a): ACF plot of ARIMA (1,2,1)     Figure: 2.18(b) PACF plot of ARIMA (1,2,1) 
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Figure 2.19 (a): ACF plot of ARIMA (1,2,2) Figure: 2.19(b) PACF plot of ARIMA 

(1,2,2) 

 

  

Figure 2.20 (a): ACF plot of ARIMA (2,2,1)  Figure: 2.20(b) PACF plot of ARIMA 

(2,2,1) 
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Figure 2.21 (a): ACF plot of ARIMA (2,2,2)     Figure 2.21(b): PACF plot of ARIMA (2,2,2) 

  

Figure 2.22(a): ACF plot of ARIMA (3,2,1)        Figure 2.22(b): PACF plot of ARIMA (3,2,1) 

 

Figure 2.23 (a): ACF plot of ARIMA (3,2,2)    Figure 2.23(b): PACF plot of ARIMA (3,2,2) 
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Figure 2.24(a): ACF plot of ARIMA (4,2,1)        Figure 2.24(b): PACF plot of ARIMA (4,2,1) 

   

Figure 2.25(a): ACF plot of ARIMA (4,2,2)        Figure 2.25(b): PACF plot of ARIMA (4,2,2) 

   

Figure 2.26(a): ACF plot of ARIMA (5,2,1)        Figure 2.26(b): PACF plot of ARIMA (5,2,1) 
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Figure 2.27(a): ACF plot of ARIMA (5,2,2)          Figure 2.27(b): PACF plot of ARIMA (5,2,2)  

 

Similarly, in table 2.13 to 2.14 are displayed the ACF and PACF residuals for all selected 

models at lags of 18 are within the 95% C.I which vigor the suggested adequate data 

series that the autocorrelation decreases as the number of lags increase. The ACF and 

PACF results are shown most insignificancy of the residuals serial correlations are found 

after fitting the two most adequate model ARIMA (1,2,1) and ARIMA (2,2,1). This 

suggests that ACF and PACF function shows a definite pattern exists in each division are 

clearly shown in figure 2.18 (a-r). Conversely, because the pattern does not repeat, it can 

be verifying that no seasonality is included in the data, which means that autocorrelation 

is almost static, The PACF plot exhibited a large value for the first lag, but least values of 

PACF plots for successive lags, which means there is a trend in the data. All lags, except 

lag 1 and lag 2 are obviously with in the bands, this is also indicated that the residual is 

random and are not correlated, which is the first suggestion that the both of ARIMA 

model’s parameters (table 2.15) are adequate for our population data interval. As a result, 

we obtained that the two ARIMA (1, 2, 1) and ARIMA (2,2,1) models out of ten selected 

ARIMA models are declared as adequate model in the view of residual serial of the ACF 

and PACF of lower bound and upper bound (95% C.I) and the lesser values of standard 

error.  
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0.16 2.3.2 ARIMA Models Diagnostic Checking 

The testimony the ARIMA models are some intention is to resolve the best model among 

the ten models that has minimized error involving the actual data values and estimated 

values. For this purpose, the statistical test has obtained appropriateness of the models. 

Appropriated models are selected to statistical significance values of modified, R– 

square, Mean Square Error (MSE), Root Mean Square Error (RMSE), Mean Absolute 

Error (MAE), Mean Absolute Percentage Error (MAPE) and Final Prediction Error. In 

Table 2.3 to 2.12 consisted of the parameter estimates and Diagnostic checking decide of 

ten ARIMA models. In Table 2.15 for Diagnostic checking test of all selective models are 

provide utmost appropriate ARIMA (1,2,1) and ARIMA (2,2,1) models but they give 

practically the similar indication. Conferring to the systematic perspective, if more than 

one model provides the similar information, researchers would present mandatory 

models, which have minimum parameters as it evaluates and analyzes the model 

parameters (Zakria, 2009). It is suggested that the explanatory variable must be excluded 

in the model.  

Moreover, the low value of MSE and RMSE specify an adequacy for the fit model. The 

Maximum value of the R-Square and MAPE indicate a better forecast over the mean. 

Over, the ARIMA (1,2,1) and ARIMA (2,2,1) models are adequate in the decision that 

the ACF and PACF of the residuals. The ARIMA (1, 2, 1) and (2,2,1) are declared as 

adequate models which is inventory at the Table 2.13 and 2.14. One way to check if the 

model is satisfactory is to analyze the diagnostic checking test. The population data 

seems to be not seasonal. In the figure 2.19 and 2.20 are investigated normal probability 

plot of the residuals of our selected two most adequate ARIMA models. Evaluating the 

model adequacy is the probability of the residuals are show ARIMA (1,2,1) and ARIMA 

(2,2,1) models of the residual’s probability plot are in fluctuating positions then utmost 

residuals are on the straight line, in accumulation, a normal probability plots of models 

are made to identify departures from normality.  
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Figure 2.28 Normal Probability Residual plot of ARIMA (1,2,1) 

Figure 2.29 Normal Probability Residual plot of ARIMA (2,2,1) 
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autocorrelations values are statistically equal to zero .so that, it seems to most appropriate 

ARIMA models. 

In the section§2.6.4, the Bayesian Information Criterion (BIC) are selected to find the 

most significant appropriate model, these criterions: The AIC, BIC and HIC and Log-

Likelihood Estimator to verify and confirm the adequacy and suitability of the model. 

The models of the Ljung-box statistic are not pointedly different from zero, indicating 

that the model has taken the correlation in the data related to the time. The ACF and PCF 

plots of the actual and logarithm population time intervals are not stationarity. Second 

differencing made transformation of the data series to acquire be stationarity. An ARIMA 

(1,2,1) model are identified, the parameters of the model are estimated and diagnostically 

checked to verify it is suitable and statistical adequate on both p value (0.05 α–levels) of 

significance under the diagnostic checking tests. 

Investigating the few adequate test AIC, HIC and BIC values for the ARIMA models. It is 

shown the fitness of the adequate ARIMA model smallest value (lowers) of AIC and BIC, 

whereas further spans that performed is not increase the likelihood estimator over the 

consequence quantity increase them (Makridakis et al., 1998; Tayman et al., 2007). When 

the lowest values for AIC and BIC data are preferred, select the ARIMA model. The BIC 

value is chosen to evaluate the AIC value, because it is less than one parameterized model 

to lead (Brockwell & Davis, 2016; Meyler et al., 1998; Tayman et al., 2007). These 

statistical adequate test results are more analyze and concluded in the § 2.5.4. 

2.3.3 Forecasting with the ARIMA Models 

The main purpose for estimating the population models is to employ them as input to a 

demographic ARIMA model that can be used for forecasting the population of Karachi. 

In our ARIMA models, we consider the non-seasonal patterns of population data and 

using various diagnostic checking measurements, we preferred the two adequate ARIMA 

(1,2,1) and ARIMA (2,2,1) models with the finest criteria and lowest error measurements. 

Conferring to the Diagnostic Checking method, if our selected more than one model 

provides similar information, the insignificancy of models is shown less number of 
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parameters for improve the assessment and interpretation of parameters. As a result, in 

the perspective of all diagnostic checking, Parameter estimates and forecasted error test 

the proposed appropriate model is ARIMA (1,2,1) and ARIMA (2,2,1) models are 

identified. The parameters of the fitted model are estimated by parameters descriptive 

values Hessian error, asymptotic error with 95 % confidence interval of lower and upper 

bounds statistic in table 2.16 and 2.17. 

Also, the ACF, PACF and p-values for   the residuals of the both of ARIMA models are 

within the confidence interval, least value of error so we have no evidence to reject the 

model. The lag plot of the residuals of the autocorrelations of ARIMA (1,2,1) and 

ARIMA (2,2,1) model, the autocorrelations values are statistically equal to zero. 

Based on diagnostic checking criteria, again the all selected ARIMA models delivered 

the reliable results and obtainable ARIMA (1,2,1) and ARIMA (2,2,1) are the most 

adequate which vigor the proposed appropriate models. We are shown the actual values 

and forecasted ARIMA models values and residual (95% confidence intervals) according 

to the time interval from 1951 to 2016 is presented in figure 2.21 and 2.22. Now, we have 

selected the only one most significant, appropriate, and adequate ARIMA model. The 

correctness of best fitted model is calculating by using AIC, AIC, HIC and BIC, which 

further emphasized the consistency of ARIMA model is demonstrate §2.5.4. 
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Figure 2.30 Time series actual and forecasted ARIMA (1,2,1) plot 

 

Figure 2.31 Time series actual and forecasted ARIMA (2,2,1) plot 
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2.3.4 Best Fitted ARIMA Model by Bayesian Approach   

To get adequate ARIMA (p, d, q) models, we are employed the Bayesian Information 

Criteria (BIC) approach, which aims to optimize the exchange between adequacy test for 

fitness and model prudence. The Relative Root Mean Squared Error (RRMSE), Relative 

Absolute Squared Error (Hart) for adequacy of model selection forecasted errors and 

Log-Likelihood Estimator are used which is support on the ratio of diagnostic checking 

tests (AIC, HIC and BIC) (Clement, 2014; Hart, 1991). The AIC and HIC are associated 

to BIC. For adequate goodness of fit tests are obtained for ARIMA (1, 2, 1) and (2,2,1) in 

the observation of BIC. Our result represented the least value of REMSE, highest value 

of Log-Likelihood and smallest values of HIC: BIC ratio and high values for the 

proportion AIC: BIC for ARIMA (1, 2, 1) and ARIMA (2,2,1) specifically with respect to 

the selected ten ARIMA models depicted the Table 2.15. 

Our selected ten out of two estimated ARIMA (1,2,1) and ARIMA (2,2,1) models are 

very closed for fitted and estimated model since BIC criteria and goodness of fit 

forecasted error terms, So, An ARIMA model with the least value of BIC is the one to be 

favored. A suitability and significant aptness of the model via BIC. An ARIMA (1,2,1) 

model had the less BIC value of −360.46 MAPE of 0.1201, RMSE of 0.01293 and R-

square of 0.98 similarly, An ARIMA (2,2,1) had the least value of BIC of -356.372, 

MAPE of 0.1603, R-square of 0.9806 and RMSE of 0.01292.  

The BIC Analyzing is established that the ARIMA (1,2,1) model is statistically fitted, due 

to the least value of RMSE indicated, which is specified a good estimation to the mean. 

An ARIMA (1,2,1) model is suitable in the sagacity that the residual ACF and PACF is 

depict in figure revealed random discrepancy, as a result, from the zero origin, the values 

less then higher than entirely irregular, later the model fitted is adequate. The figure 2.21 

already displayed the actual and fitted data values for the adequate ARIMA (1,2,1).  

ARIMA (1,2,1)  HIC: BIC = 1.02233,   AIC: BIC =   1.02423, MAPE = 0.1201 

The ARIMA (1,2,1) model fitted to the urban population data of Karachi (from 1951 to 

2016) is a most adequate model than the ARIMA (2, 2, 1) model close-fitting to the 

similar population data Series by Box-Jenkins in 1976. This confirmed that using the BIC 
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method an improved Box-Jenkins ARIMA Models be able to acquire. For the more 

confirmation of appropriate model for forecasting population time series, we have 

selected two more method the extrapolation forecasting (linear and exponential trend) 

and Holt-winters (HWS) algorithm forecasting from the period of 5 to 15 years. We also 

estimated the accuracy of the population forecasting may be affected by the move from 

extrapolation linear and exponential trend forecasting methods to Holt-Winters algorithm 

in the basis of normality check test. 

2.4   Forecasting   using Trend Extrapolation Methods  

If a time series has been transformed, then forecasts are formed in various type of trend 

extrapolation methods. The most commonly used ones are Linear and Exponential 

forecasting. Now, we considered the linear and exponential extrapolation methods for 

forecasting of population time periods series form as:  

For 5- years, 10-years, and 15-years Linear Forecasting; 

   FL05   = 6.0560 + (0.076923) (1.307111)  

   FL10 = 6.0560 + (0.1428571) (1.307111)    

   FL15 = 6.0560 + (0.2) (1.307111)     

  For 5- years, 10-year, and 15-year for   Exponential Forecasting:  

   FE5= (6.0560) exp [(ln (1.307111) / 65) 5]  

   FE10= (6.0560) exp [(ln(1.307111) / 70) 10] 

   FE15= (6.0560) exp [(ln(1.307111) / 75) 15] 

Wholly, above mention equations are indicated the forecasts value of population time 

series, but we need to best forecasted method in the interpretation of the normality check 

tests are recommend checking that the forecasts are acceptable. Our result of linear and 

exponential forecasts is depicted table 2.18, in the view of the normality check test as 

Geary’s α statistic residual and Sample Kurtosis b2 Forecasted Error and Mean Absolute 

Percentage Error values fitted for the exponential trend extrapolation for 15 years 
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forecasts. Then, applying the Holt-Winters forecasting is probably to investigate the most 

adequate forecasts for annual population data than ARIMA modeling. 

2.5 Forecasting using the Holt-Winters algorithm Method 

As we have discussed, Holt- Winters algorithm in §2.5.4. the population data seems to be 

non-seasonality, The ARIMA and Non-seasonal Holt-Winters forecasting are shown very 

low MSE values and forecasting values best fit in lower and upper bound limits (table 

2.19 and 2.20), which is also expected that accuracy of ARIMA (1,2,1) model and Holt-

Winters is similar for forecasting methods. the Geary’s α forecasts residual test, Sample 

Kurtosis b2 statistic error test and MAPE values for the ARIMA and Holt-Winters models 

are very close to the MAPE values for the and exponential trend extrapolation techniques. 

The normality check Geary’s α statistic values and Sample Kurtosis b2 statistic values are 

shown that the ARIMA and Holt-Winters forecasted residuals values did not appear 

normal distribution.  

 

Figure 2.32 Logarithm Population ARIMA (1,2,1 ) and Holt-Winters Forecasting for 5 to 15 years. 
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In statistic, the transformations in MAPE values for ARIMA and Holt–Winters algorithm 

forecasts fixed not exceed 5 percentage values, then, as a comparison of  all above 

methods, also ARIMA and Holt-Winters forecasted normality MAPE values are 

comparatively small, the ARIMA (1,2,1) forecast seemed to be the most accurate for the 

period of 5,10 and 15 years estimated time intervals, the exponential model appeared to be 

the most accurate model for the 5-year forecasts and Holt-Winters algorithm forecasted 

appearances to be 5 to 15 years estimated time intervals are depicted table 2.21. 

These forecasting methods are rectifying transformation from Holt-Winters to ARIMA 

modeling. 

                                                      (2.72) 

Subsequently, ARIMA (1,2,1) is appear most appropriate forecasts for the population of 

the city of Karachi for the next 5 to 15 years(table 2.22). The estimated future values of 

the urban population of the city of Karachi from 1951 to 2030 using exceeding model 

(Eq. 5.21), Forecasting depend on the fitted model are calculated up to lead time of 18, 

the one-step forecasting and the 95% C.I are presented in table 2.22. The ACF and PACF 

of the residuals are too support the suggestion of appropriate model.  

The actual population of the city of Karachi in the year of 2015 appeared to be natural 

logarithm form is 7.363, it is very closed to our ARIMA (1,2,1) forecasted population is 

7.361 approximately. The ARIMA (1,2,1) model are more fitted /better than the other 

selected ARIMA models. However, the ARIMA (1,2,1) and the Holt-Winter algorithm 

forecasting for the year of 2020,2025,2030 and 2015 to 2030 are better than the 

Extrapolation Linear and Exponential trend forecasts.  
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0.17 2.6 Conclusion 

In this chapter, urban population of the city of Karachi for regular time interval from 

1951 to 2016, is represented using ten selected ARIMA (p, d, q) models with comparison 

for most adequate ARIMA, for the most reliable and adequate future forecasts are found 

by comparison of the ARIMA model to trend extrapolation linear and exponential 

methods to move Holt-winters algorithm forecasting method. We also confirmed the 

suitability of the ARIMA forecasting the evolution of urban population in the Karachi 

city. The ARIMA (1,2,1) and ARIMA (2,2,1) model to the second difference of natural 

logarithmic population data is a most appropriate model in the assessment of diagnostic 

test and Bayesian approach. The Bayesian information criteria’s value for the model 

ARIMA (1,2,1) is −360.46, and P-value is 0.022 which indicated the randomness and 

independency of the residuals. 

The population data set is indicated significantly increasing trends during all this time 

intervals. But at the same time interval the population growth of the fifth census of the 

time interval are shown that population is sixty percent increase (for last 15 years), the 

during of period from 1998 to2015, the population process seems to be stationary and the 

forecasting process can be more constructive. The ARIMA modeling is uncomplicated, 

easy to apply and involves minimum information in population forecasts. Consequently, 

we have applied more forecasting methods (extrapolation Linear and Exponential trend 

forecasting and Holt-Winters algorithm forecasting). The results for the annual population 

data confirmed that forecasting will be improved by using the ARIMA method for period 

of 5 to 15 years according to the normality check test (Geary and MAPE), although 

Extrapolation Linear and Exponential outstrip than ARIMA and  Holt-Winters seems to 

ARIMA than ARIMA outperformed Holt-Winters for the 15-year forecasts. The Holt-

Winters methods are slightly superior for the 5-year’s data according to the MAPE, 

although ARIMA outperformed Holt-Winters when forecasting the long- and short-time 

intervals. 
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Chapter 3 

Analysis of   Heavy Right Tail- Distributions Fitting with Monte Carlo 

Simulation based on Population Data: Urban Population-Morphology 

Consider as a Test Case 

This chapter investigates the urban morphological population dynamics in the perception 

of the probability distributions and its right heavy tails fitting with Monte Carlo 

Simulation for urban population morphology based on population data over Karachi. In 

the previous three centuries are marked, various cities of all over the world were become 

small towns to big cities. Then numerous big cities grown into mega cities. Expansion of 

such cities, accessible possessions and management depends on the suitable monitoring 

and scrutiny of their population (Bairoch & Goertz, 1986; Rayer, 2004). The city of 

Karachi is also in such cities. By the 18th century, it increased from a small village to one 

megacity. Urban morphology of the city of Karachi is very complex. Urban morphology 

of the city of Karachi that is the form, shape, spread and distribution of settlements within 

and around while its transformation from a village to a metropolitan and the interaction of 

its population with itself and with other population is the consequence of a complex 

process which can be studied in several ways. The urban morphology of the city is very 

uneven due to diversity in the factors influencing the population dynamics (Abbas, 2013; 

M. A. Hussain, Abbas, Ansari, & Zaffar, 2012, 2013). The overall scenario of this study 

is interpreted of the process of morphological dynamics of the formation of irregular 

population data and regular population data under consideration from 1729 to 2015; 

irregular from 1729 to 1946 and regular 1951 to 2015 data segments. We have considered 

the dissimilarity of the urban morphology is linked to population vagueness of the city is 

the main task of intervals. 

0.18 3.0  Data and Methodology 

The last three centuries of irregular and regular logarithm population data sets over to 

Karachi region (from1729 to1946 and from 1951 to 2015) are the main consult of this 

chapter. The five more suitable univariate probability distributions Normal, Lognormal, 

Gamma, Log gamma and Weibull are selected for calculate the population morphological 
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variations in certain intervals, these investigations are depending on diagnostic fitting test 

and analytical data plotting. In the other part of the study, performance of the three Sub 

and Super Exponential Lognormal, Gamma and Weibull distributions as heavier-longer 

and lighter-shorter tails fitting for both intervals from 1729 to 1946 and from 1951 to 

2015 are used. These tails fitting is obtained by methods for Validation and normality 

tests. In other hand, Weibull and Lognormal distribution tails are found as heavier 

distribution by using MLLE and probability of correct selection (PCS) for both intervals, 

In the final section, Monte Carlo simulation are applied to simulate and forecasts the data, 

in the connection of overhead results also the Lognormal and Weibull distributions are 

found to generate the 288 and 69 data values. 

3.1 Relationship of Univariate Probability Distributions 

The probability distribution is form of mathematical function, which provides the 

occurrence of probabilities in different outcomes in any random phenomenon. The set of 

real numbers of sample space is known as univariate probability distribution (Leemis & 

McQueston, 2008). A univariate probability distribution is used to disperse a probability 

to several outcomes of a random phenomenon. When the set of completely possible 

outcomes to any random phenomenon is countable, the probability distribution can be 

defined in a Probability Mass Function (p. m. f) and related random variable is discrete or 

continuous. Then, the univariate probability distribution of the mix two cases is called as 

Mixed Discrete-Continuous distribution. 

In the relationship among the distributions are mention figure (3.1) represented by 

Leemis (1986) (Leemis, 1986) that shown the possessions and relationship among 

various joint univariate distributions are concerned these distribution is specified by(N. 

Johnson, Kotz, & Balakrishnan, 1995; N. L. Johnson, Kemp, & Kotz, 2005; N. L. 

Johnson, Kotz, & Balakrishnan, 1994; Leemis & McQueston, 2008) In figure 3.1 

contained relationships of  five univariate probability distributions with properties are 

content: 
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Figure 3.1 Connotation of Univariate Probability Distributions(Leemis, 1986; Leemis & 

McQueston, 2008)  

Let’s come to deliberate some possessions that applied to specific distributions 

enumerated in mentioned figure 3.1. 
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Univariate Distribution Properties 

i. Linear Combination (L) 

The property of L is showed that random independent variables taking this certain 

distribution originate as of the similar distribution intimate, if                  for i =1, 2, 

…, n; 

             are constants              are independent formerly 

             
 
       

  
     

   
          (3.1) 

ii. Product (P) 

The property of P is indicated that dependent random variable taking certain distribution 

derived from the comparable distribution intimate. 

   
 
                   

 
       

  
            (3.2) 

iii. Forgetfulness (F) 

The property of F is normally considered as the memoryless property and singular form 

of the residual property, which is shown that the conditional distribution of a variable is 

alike to absolute distribution. This property is applicable only Exponential distribution, 

exponential distribution is associated to Weibull distribution. 

iv. Minimum (M) 

The property of M is directly that the least of independent and equally distributed random 

variables from distribution emanates from the analogous distribution intimate. 

                                
 

   
 

  
  

   

       (3.3) 

v.  Variate generation (V) 

The variate v represents that the converse CDF of any random variable can be articulated 

in closed form as. 
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                               (3.4) 

vi. Convolution (C) and Scaling (S) 

The property of L is implying that the C and S, the C and S are not recorded on a 

distribution taking the L property. Also, 

                       (3.5) 

About of the possession put on in limited cases. The minimum possession put on to the 

Weibull distribution, unbiased once the shape parameter is static. The Weibull distribution 

   indicated that the property is effective in this limited case. 

In the prospective of overhead univariate distributions discussion, the Normal distribution 

(ND) can be transformed into Log normal and Gamma Distribution and Gamma 

Distribution in to Log gamma in to chi-square to Exponential to Weibull distribution, it 

all can be converted into Normal and Log normal Distribution (J. D. Gibbons & 

Chakraborti, 2003; Shpilberg, 1977). The Lognormal distribution procedure is the 

random variables from the artefact of various independent variables increased serene (J. 

D. Gibbons & Chakraborti, 2003; Law, Kelton, & Kelton, 1991; Prabhu, Montgomery, & 

Runger, 1994). 

At this point, we have designated five suitable fitted probability distribution models and 

obtained the suitability of fitted distribution via adequate fitting test, analytical data 

plotting and normality statistical tests. 

3.1.1  Appropriate Distributions Fitting 

We initially study the above expressed five (Normal, Lognormal, Gamma, Log-gamma 

and Weibull) most appropriated univariate probability distributions, and then stab to 

obtained the best suitable distribution models based on adequate fitting test and analytical 

data plotting and normality test. These investigations are developed to more explain the 

probability distributions of the both irregular and regular population data intervals of 

Karachi (§ 3.2.1). 
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It is illustrious that the research of the distributions and statistical limitations of the 

population data could give imminent close the hereditary physical procedures. It is also 

clear that segments of irregular and regular population data sets might be follow mixed 

discrete-continuous different probabilistic distributions. In above discussed figure are 

generally found that the normal distribution is a usually involved in stochastic processes 

in continuous time intervals in calculating probability, the normal distribution is formed 

to be the most appropriate distribution related to other distributions in case that length of 

data set is large and missing value are occurred. Also, it is explained numerous 

phenomena happening in nature in event the data is symmetrically distributed. These 

probability distributions function and parameters are defined by way of 

The five more suitable probability distributions with Parameters Estimation 

Appropriate 

Probability Distributions 
Parameters Estimation 

Normal:  

            = 
 

     
 

 
 

         
 

  is the mean   is St. Dev 

Log-Normal: 

         
 

      
 

             

    

Mean µ=   
  

 , 

Variance          
     

    

Gamma: 

 

      
       

  
  

Mean µ= αβ, 

Stand deviation          

Log-Gamma: 

         = 
                      

  
    

 
 

       
 

Mean and variance (1-β)
-α

 + γ -1, 

Γ and β are the parameters 

 

Weibull: 

                    
 

Mean     
 

 

     
 

 
) 

variance 

     
  
     

 

 
     

 

 
   

 

Now, approaching to judge the suitability of the distribution of the data, the aberration 

from regularity by adequacy test is to be patterned. An adequate fitting test and analytical 
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data plotting also used to check the fitting of the appropriate distributions. Here we used 

few below mention mechanisms as; 

a) Adequate Fitting test 

i. Kolmogorov-Smirnov test 

ii. Anderson-Darling test 

iii. Chi square test 

b) Analytical Data Plotting 

i. Histogram with fitted probability density function 

ii. Probability-Probability (P-P) plots 

iii. Probability- Correlation Coefficient Plot 

iv. Cumulative Hazard Function plots (CHF) 

v. Cumulative Distribution Function plots (CDF) 
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Symbolization of Test Fitting for Selective Distributions 

Adequate 

Fitting 

Test 

Formula 

Analytical 

Data 

Plotting 

Formula 

Kolmogorov-

Smirnov 
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it plots           domain 

of parameters in P-P plots 
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Darling 

       

S= 
      

 
 
            

               

Probability- 
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Coefficient Plot 

  

 
                

   

                   
   

 

Chi Square 
    

         
 

   

 

   

 

              , 

Cumulative 

Distribution 

Function plot 

             

Hypothesis 

for 

Kolmogorov-

Smirnov 

Ho the null hypothesis is 

rejected; KS statistic D > 

critical value. The value of 

Probability > D is the p-

value. 

Cumulative 

Hazard Function 

plots (CHF) 

            

 

 

            
    

 

Hypothesis 

for 

Anderson 

Darling 

Ho the null hypothesis is 

rejected; the AD test value 

is greater than the critical 

value, prob > A 
2 
is the p-

value, p-value < level of 

significance alpha 

Histogram of 

Probability 

Density Function 

     

 

   

 

n observations, 

k total bins 

(M. D. Kale & Butar, 2005; Metzler & Klafter, 2004; Thode, 2002) 

The Distribution fitting test is applied that which exact distribution is allied by an actual 

data set. The adequate fitting test is performed by AD, KS and Chi-square ranking, the 

two irregular and regular population data sets underneath deliberation (§3.4.2). 

Altogether the tests are more of analytical data plotting results inspection and utilization 
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of right-tail scrutiny.  The adequate test detected divergences in the tails expressly and is 

used exactly to detect the discrepancy of these tails (Hassan, Abbas, Ansari, & Jan, 2014; 

M. D. Kale & Butar, 2005; Cristiano Maio & Cliff Schexnayder, 1999). However, KS 

adequate test is made on the Empirical cumulative distribution function (CDF) of the 

hypothesized distribution, these tails inconsistencies are not detect very fit, KS is not the 

most appropriate test for tail analysis (Law et al., 1991; Michael, 1983). Then, An  AD 

test is better to the KS test, then it stretches more perception evidence linked to the 

distribution tails, the forte of this test is not depend on the quantity of intervals, The 

adequate chi square ( 2
) test is basically equates a data histogram with the probability 

density  function. 

An analytical data plotting is a method for evaluating data sets of irritating of hypotheses, 

perfecting the tools of conformist statistics. Giving to Tukey’s approach, the further 

significance in statistics is convinced to hypothesis testing and additional rank is required 

to be assumed for via data to endorse a hypothesis test. The histogram and probability 

plots are assessments of the data in graphical formed. These performances deliver an 

alertness around by the distribution of data further down enquiry and complete 

description of the basic structure of the models. It tried to find shapes and stimulating 

novel structures (C Maio & C Schexnayder, 1999; Michael, 1983; Thode, 2002). The 

application of P-P plots is depending on the assessment of the CDF in the distribution of 

a fitted curve. The CHF plot is comprised suggestion nearby the rapid probability, data 

inconsistencies and the physical spectacles is intricated (AbouRizk, Halpin, & Wilson, 

1994; C Maio & C Schexnayder, 1999). The CDF and CHF plots  are provided that to 

selection of sub and super heavy tails. 

The results analysis of both irregular and regular small and large data based on  

population intervals (from 1729 to  1946 and from 1951to 2015) using the selective 

univariate distributions and its tails analysis, more appropriate distributions are computed 

to comparing the adequate fitting test and analytical data plotting, less value of  AD test  

suggest to suitability of tail fitting, as well two types of  sub and super (heavy and lighter) 

tail fitting are more applicable in our data intervals. 
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In the under, we are investigating to concert of these three tails that analogous to the 

Gamma, Lognormal and Weibull distributions tail fitting, considering as sub-super 

exponential empirical tails, their appropriateness is based on  validation methods (PDF, 

EPF, PCS and MLE). The standing from finest to obscenest relate of their performance is 

Lognormal, Weibull, and Gamma distributions by comparing the results of MSE. 

3.2 Sub and Super Exponential -Tail Fitting 

The most fitted probability as a tail fitting are generally secret into two 

categories(Kalbfleisch & Prentice, 2011b; Metzler & Klafter, 2004; Vose, 2008). The sub 

and super tails, the sub exponential tails inclining to zero a lesser deduce quick than an 

exponential tail is applied towards designate exponential distribution and the super 

exponential categrory in tails instand to zero much quickly than an exponential tail, heavy 

tail is less rapily than an exponential tail (Kalbfleisch & Prentice, 2011b; Klüppelberg, 

1989; Metzler & Klafter, 2004; Papalexiou, Koutsoyiannis, & Makropoulos, 2013). The 

distribution function F of sub exponential is stated as 

      
      

         
         ∀           (3.6) 

The investigation of heavy -tail is more applicable for population modeling, it is 

predicted more frequent for large magnitude of population data as compared to light tail. 

Let indicating the population and nonzero population sample with p and p|p >0, 

conforming tail distribution for nonzero data sample, its symbolization, is distinct as per 

(Adler, Feldman, & Taqqu, 1998). 

                                     (3.7) 

 

Where           is slightly suitable probability distribution function are selected to 

obtain the non-zero population variation? Subsequently we only consider in the constant 

fragment of the distribution, and much exactly on the right tail, for representation ease we 
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neglect the subscript in           symbolizing the conditional exceedance Probability 

Function just as   , detail in methods for validation §  3.4.1(Klüppelberg, 1988, 1989) 

Methods for Validation of Exponential Tail Fitting 

i. Probability density function (PDF) 

ii. Exceedance Probability Function (EPF) 

iii. Probability of correct selection (PCS) 

iv. Maximum Likelihood Estimation 

Normality Test 

i. MSE (Mean, SD, Variance, Coefficient of variance) 

ii. Skewness and Kurtosis 

The distribution functions F and G with sustenance boundless to the right is known as 

tail-equivalent (Adler et al., 1998; Kalbfleisch & Prentice, 2011a). Supposed that the 

      

   
   

     

     
                              (3.8)a 

                     

 
                        (3.8)b 

Probability Density Function (PDF) and Exceedance Probability Function (EPF) for the 

Lognormal distribution is specified, respectively, 

       
 

    
 

     
 

 
 
 

   
      (3.9)a 
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    (3.9)b 
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The Lognormal distribution is considered as a heavy-tail distribution, includes the two 

scale and shape parameters β >0 and γ >0 that pedals the performance of the tail. 

Lognormal distribution is belonged to the sub exponential family. 

The Weibull distribution may be formed as per an interpretation of the exponential 

distribution, its Probability Density Function and Exceedance Probability Function are 

taken, correspondingly, 

       
 

 
 

 

 
  

 

 
  

 
   

 

 
   

                  (3.10)a 

       
   

 

 
   

    (3.10)b 

The parameters scale and shape are  >0 and γ>0 directs too the tail’s comportment. For γ 

<1 the distributions fit to the sub exponential intimate by a tail heavier than the 

exponential, although for γ <1 the distribution is defined as hyper exponential in a tail 

turpentine than the exponential. Various distributions could supposed tail-equivalent by 

the Weibull for an exact parameter, for example, the generalized exponential, the Gamma 

and the Normal. The Weibull distribution fit in to the exponential intimate. The PDF and 

EPF are stated, in 

       
 

     
 

 

 
  

 

 

 
   

 

 
  

               (3.11)a 

       
    

 

 
 

    
     (3.11)b 

                            

 
   and               

 
     (3.12) 

 

Usually, we assumed that the gamma distribution tail acts alike the exponential tail. 

whereas it is not tail-equivalent by the exponential. 
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     (3.13) 

In Case, 0 < γ < 1 the Gamma distribution takes as the lighter tail, whereas for γ > 1 its 

confirmations as much heavier tail. 

The Lognormal and Weibull distributions are belonged to sub exponential heavy-tailed, 

sub- super exponential, reliant on the shape parameter value, although gamma 

distribution has basically a light exponential tail distribution (Werner & Upper, 2004). 

All three distribution tails we liken here, the statistic is suggested that heavier-tailed 

distributions (Lognormal and Weibull) in overall achieved better than lighter-tailed 

complements. Furthermore, these are used to determine the probability of correct 

selection (PCS) for picking the accurate model. 

Probability of Correct Selection (PCS) 

Now, we have selected Lognormal and Weibull heavy exponential tails formed, if these 

distributions are fitted. The data radiant, and discovered the MLE among distribution 

functions (Protassov, 2004). It is supposedd that the PDF of a Lognormal by scale and 

shape parameter η > 0 and σ > 0 for Lognormal and Weibull is 

           
 

     
  

 

  
       

 
 

 

           (3.14)  

                           
     ,     (3.15) 

It is denoted in LN (σ, η) and WE (β, θ) correspondingly, the PDF of a Weibull 

distribution, by shape β > 0 and scale θ > 0 parameters is (Kim & Yum, 2008). 

Suppose that the    θ  ) and        ) are Maximum Likelihood Functions of the WE (β, θ) 

and LN (σ, η) parameters (Kundu, Gupta, & Manglick, 2005; Kundu & Manglick, 2004). 

We have selected the Weibull or Lognormal as the suitable fitted tail distributions if 

                         > 0 or < 0      (3.16) 
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The parameters     θ  ) and          symbolize the log-likelihood functions of the 

Lognormal and Weibull may be formed as paths 

                   
 
                                      (3.17)  

                  
 
                                       (3.18) 

Assume, these two distribution   LN (σ, η) and WE (β, θ) are fitted for data sets, in 

equation (3.27), appropriate tail Tn by mean μLN(Tn) and μWE(Tn) and variance σLN(Tn) 

and σWE(Tn). if data shown best fitting for LN (σ, η) then, Tn is designate μLN(Tn) and 

σLN(Tn) so, proofed that the PCSLN = P (Tn≤ 0) and PCSWE = P (Tn>0). Meanwhile, 

Weibull is selected Tn> c and Lognormal otherwise. At this point, constant c ≠ 0 for 

changeable data as example. The method of validation PCS and Mean square error 

estimations is confirm that heavier-tailed Lognormal and Weibull distributions contract in 

the actual population data sets, the generally use lighter tailed distribution. 

0.19 3.2.1 Fitting the Irregular and Regular Population Data to 

appropriate Tail-Distributions 

This section is examined the probability distributions for urban populations data intervals 

(irregular centuries (from 1729 to 1946) and regular decays (1951 to 2015) respectively. 

To evaluate the suitable distribution as a model of population deviation is crucial for any 

forecast and inconsistency, prevailing fitting tests for above mention five distributions are 

approached by the help of adequate fitting Tests (Anderson-Darling (ADT) test, 

Kolmogorov-Smirnov D-test (KST) and Chi-Squared test (CST)) are indicated the 

appraisal of urban population dissimilarity are seemed in several periods owing to 

morphological development and environmental actions. The appropriate fitted distribution 

models for irregular centuries and regular decays data sets with total intervals are found by 

the three fitting tests values (Tables 3.1 and 3.2). 

Adequate Fitting Test 
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In table 3.1 are shown the results for suitable fitted distributions for irregular centuries 

intervals (from 1729 to 1946 (18
th

 to 20
th

), 1729 to1798 (18
th

), 1810 to 1898 (19
th

) and 

the half century approximately 1901to 1946 (20
th

) are ranked Anderson-Darling (AD), 

Kolmogorov-Smirnov (KS) and chi square (  ) (CS) adequate tests, in view of these test 

Lognormal distribution are more fitted for total irregular data interval (18
th

 to 20
th

 

centuries 1729 to 1946) then, Lognormal distribution is found  heavy right long tail 

distribution for total interval reasons behind is mean parameter value is greater than other 

distribution that displayed a high value of  skewness or kurtosis and Anderson-Darling 

(AD) test value is also confirmed, although adequate Anderson-Darling Test for 

lognormal is established long-heavy tail distribution is more significant apropos the 

mean-tail behavior, Similarly the irregular centuries data sets from 1729 to 1798 and 

1810 to 1898 to be tested by adequate fitting test, these  two individually century data 

intervals followed Log gamma right short tail due to small and missing simple data 

values, this most appropriate distribution on based of AD test, KS test and CS test, the 

half century wise data interval from 1901 to 1946 indicated log gamma heavy right tail 

distribution came out on the ranked of adequate  fitted AD, KS and CS test results. 

The adequate fitting AD, KS and CS test results are demonstrated that the five selected 

probability distribution of total regular (from 1951 to 2015) data interval for AD and KS 

adequate fitting test are observed same Weibull heavy right tail distribution, other regular 

decades data intervals from 1951 to 1960, 1961 to 70, 1971to1980, 1981 to 1990, 1991 to 

2000 intervals are followed Log gamma except 1961 to 1970 interval only followed 

gamma distribution, Conferring to AD and KS test for distributions are performed  the 

right tailed scrutiny in table 3.2 depict the interrelated statistics. The adequate AD test 

fewer values for all intervals are considerable on the Mean-Tail analysis. In our all cases 

also, the data values showed a heavy Right-Tails. 
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Histogram Plots by Fitted Probability Density Functions 

The Probability Density Histogram plots for the irregular total and each century are 

acquired in figures (3.2 to 3.5).here  is the interpretation of best fitted histogram for five 

selected distributions, total irregular interval is indicated lognormal distribution is more 

appropriate, its two location and scale parameters are described that length and spread out 

the data values, then smallest value for the adequate AD test already indicated that the 

data interval is followed lognormal distribution. Each centuries data interval is followed 

Log gamma and Weibull distribution, figures are shown that right tail behavior for all 

selected distributions, also adequate fitting test is computed that log gamma tail is 

converted to Lognormal prolonged tail for centuries intervals. 

 

Figure 3.2 The Histogram Curve Fitting by PDF to Total Irregular interval (1729-1946) 
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Figure 3.3 The Histogram Curve Fitting by PDF to Total Irregular interval (1729-1798) 

 

 

Figure 3.4 The Histogram Curve Fitting by PDF to Total Irregular interval (1810--1897) 
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Figure 3.5 The Histogram Curve Fitting by PDF to Total Irregular interval (1901-1946) 
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The histogram plots for total regular interval and decades intervals, depending on less 

value of AD decays data are shifting to increasing sub to sub-super exponentially right 

tail distribution (Lognormal to Weibull), while AD test provided more significant results 

than the other adequate KS and CS test concerning the performance of the tail. Weibull 

distribution is predictable to be most appropriate for the total regular data interval. Log 

gamma Distribution is found to be most appropriate for the decades of regular intervals in 

depicted figure 3.6 to 3.12.  Our statistical adequate fitting test results are confirmed that 

all of data intervals performed right-Tail distribution. It is also noted that Weibull 

distribution is distinct case of gamma distribution, then Gamma exponential distribution 

which is a distinct instance of Gamma distribution. Then Gamma is to diminish to 

Lognormal distribution. 

 

 

Figure 3.6 The Histogram Curve Fitting by PDF to Total Regular interval (1951-2015) 
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Figure 3.7 The Histogram Curve Fitting by PDF to Total Regular interval (1951-1960) 

 

Figure 3.8 The Histogram Curve Fitting by PDF to Total Regular interval (1961-1970) 
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Figure 3.9 The Histogram Curve Fitting by PDF to Total Regular interval (1971-1980) 

 

 

Figure 3.10 The Histogram Curve Fitting by PDF to Total Regular interval (1981-1990) 
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Figure 3.11 The Histogram Curve Fitting by PDF to Total Regular interval (1991-2000) 

 

 

Figure 3.12 The Histogram Curve Fitting by PDF to Total Regular interval (2001-2015) 
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Probability -Probability Plots 

The P-P plots are detected that the aberration of data values commencement to 

Cumulative distribution Function values are higher in event of Log gamma distribution as 

compared to Log normal and Gamma distribution. Since smaller the deviation of 

observed data points from CDF values, on based of CDF values adequate test more 

confirmed, P-P plots is used to obtain the skewness and interpretation of a suitable 

distribution. 

 

Figure 3.13 (a-b): Probablity Plot for Irregular interval (1729- 1946) and (1729- 1798) 

 

Figure 3.14 (a-b) Probablity Plot for Irregular intervals (1810-1897) and (1901- 1946) 
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Figure 3.15 Probablity Plot for Regular interval (1951- 2015) 

 

Figure 3.16 (a-b): Probablity Plot forRegular interval (1951- 1960) and (1961- 1970) 

 

Figure 3.17 (a-b): Probablity Plot for Regular interval (1971- 1980) and (1981- 1990) 
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Figure 3.18 (a-b): Probablity Plot for Regular interval (1991- 2000) and (2001- 2015) 

CDF and CHF Plots 

 

In figures 3.19 (a-b) and 3.20 (a-b) are displayed the CDF and CHF plots  for total 

irregular population interval which is indicated that a most of data points are 

monotonically increasing pattern, data followed a dispersed outline telling, the data are 

not spread as normal (X ~ N(0,1). The counterbalance among the line and the points 

indicated,  µ ≠ 0 in data sample. According to the both of adequate AD and KS tests are 

computed the fitness of Lognormal which shown that the higher the sample size the 

appropriateness of Log normal will be increased. Similarly, The CDF and CHF plots for 

total regular interval, also followed Weibull distribution, although shifting from left to 

right. Then β > 1, signifying monotonic growing data values with respect to time interval. 

For selective distributions, CDF plots shown cumulative form. 
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Figure 3.19 (a-b) CDF and CHF plots for irregular interval (1729-1946) 

 

Figure 3.20 (a-b) CDF and CHF plots for Regular interval (1951-2015) 

Now, we are calculated the mean and standard deviation to check the inconsistency of 

population irregular and regular data 

Time Interval (Mean ± St. Dev): (     

1729 to 1798, 1810to 1897,  

1900 to1946 

(922.08±29.163), (120.76±30.69), (111.67±38.46) 

 

1951 to 1960, 1961 to 1970,  

1971 to 1980, 

1981to 1990, 1991 to 2000,  

2001 to 2015 

(255.9±3.748), (439.41±6.975), (707.93±6.975), 

(707.93±10.640), (961.35±4.0920), (106.10±2.187), 

(611.09±3.532) 

 

1729 to1946, 1951 to 2015 (269.4±15.53), (150.90 ± 3.212) 

Cumulative Distribution Function

Sample Gamma Log-Gamma Lognormal Normal Weibull

x
5.65.45.254.84.64.44.243.83.63.43.23

F
(x

)

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

Cumulative Hazard Function

Gamma Log-Gamma Lognormal Normal Weibull

x
5.85.65.45.254.84.64.44.243.83.63.43.2

H
(x

)

3.2

2.8

2.4

2

1.6

1.2

0.8

0.4

0

Cumulative Distribution Function

Sample Gamma Log-Gamma Lognormal Normal Weibull

x
7.367.347.327.37.287.267.247.227.27.187.167.147.127.17.08

F
(x

)

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

Cumulative Hazard Function

Gamma Log-Gamma Lognormal Normal Weibull

x
7.367.347.327.37.287.267.247.227.27.187.167.147.127.17.08

H
(x

)

3.6

3.2

2.8

2.4

2

1.6

1.2

0.8

0.4

0



 

167 

All applied tests results are confirmed that each interval of population is prolong right-tail 

with greater value of mean, it is also developed a relationship between mean and 

distribution tail, hence which is known as Mean-Tail analysis 

3.2.2 Sub and Super Exponential Tail-Fitting for Population Data Intervals 

By computing the results of the irregular from 1729 to 1946 centuries depended and 

regular from 1951 to 2015 decade depended population intervals of Karachi city. The 

statistical results for these selective sub and super exponential heavy and light tails 

suitable Gamma distribution, Lognormal and Weibull distributions are presented in table 

3.3 to 3.5.  To evaluate which, tail has the more suitable and fitted using AD Test and the 

smaller value of MSE (Mean, Median, SD, Variance, Skewness and Kurtoses) are 

measured well fitted.  In all above discussion also evidenced that Lognormal and Weibull 

distribution are more fitted most of decade and centuries population data intervals. Before 

evaluating sub and super exponential tails (gamma, lognormal and Weibull) are 

compared to reveal the overall performance of the fitted tails that is, the probability tail 

with the smaller AD Test is ordered as 1 and the one in the main as 3 in Figure 3.22 (a) 

and 3.22 (b) are depicted. 

 

Figure 3.21a: The appripiate to worst order distribution Tails fitting (1729 to 1946) by 

AD Test and KS Test. 
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Figure 3.22 b The appropriate to worst order distribution Tails fitting (1951 to 2015) by 

AD Test and KS Test. 

According to adequate test and analytical data plotting results are clearly declared the 

total and most of the data sample of irregular and regular intervals are closeness of the 

Gamma, Weibull and Lognormal tail -distribution. So, these three distributions as 

considered here as Sub-Super Exponential Heavy-Light Tails Analysis, comparing the 

Gamma, Lognormal and Weibull distributions tails for irregular and regular intervals 

from 1729 to 1798, 1810 to 1898, 1901 to 1946, 1951 to 2000, 2001 to 2015, 1729 to 

1946 and 1951 to 2015 respectively, results are based on MSE (mean, standard deviation, 

variance, Coeff Variance, Skewness and Kurtosis are displayed in table 3.3 to 3.5. 

Again, shape parameters of respect three distribution tails are depicted in figure 3.23(a-c) 

and 3.24 (a-c) for Irregular total data (from 1729 to1946) and regular total data (from 

1951 to 2015); Log normal and Weibull distribution achieved finest Right-Heavy Tails, 

the Gamma distribution, achieved the Right-Light Tails. 

0.13694 

1.7646 

0.16153 0.17004 

2.437 3.3567 
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Figure 3.23(a-c): The Irregular interval shape parameters of Distribution tails 
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Figure 3.24 (a-c): The regular interval shape parametrs of Distribution tails 
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Mainly, the above mention shape parameters plots for irregular and regular total interval 

explored that Sub exponential Lognormal tail is vigorous one although the Sub-Super 

exponential Weibull tail is other one suitable fitted, as well, we have noted that heavy 

tails incline, particularly once the data is minor. Therefore, we supposed that even in the 

cases wherever the Gamma tail performed very well, that heavy-tailed distributions are 

preferable for long span of prediction. 

We have applied methods of validations for more reliability and application of Sub-Super 

heavy and light tails analysis, table results are indicated that all the intervals are 

performed Lognormal and Weibull heavy tails. More validation Maximum-Likelihood 

Estimators in large value of sample for total regular interval is Lognormal (      = 

(2.5741, 3.607); Weibull (β, θ) = (1.0682, 0.44024), for total irregular data interval is 

Lognormal (  ,    = (0.728, 1.5402) and Weibull (β, θ) = (6.8623, 1.564). 

The log-likelihood values link to total irregular Lognormal (-99.43) and Weibull (-99.23) 

distributions, total regular Lognormal (-98.43) and Weibull (-98.03). It directed that the 

total higher sample size is chosen Lognormal and Weibull individual, signifying the log 

Normal and Weibull in chosen (Table 3.6). 

It is too detected by other methods of validation CDF for both total intervals WE1729-1946 

(1.0682, 0.44024), LN1729-1946 (2.5741, 3.607), LN1951-2015(0.728, 0.5402) and WE1951-

2015(6.8623, 1.564); in Figure 3.25(a-b). 

 

Figure 3.25(a-b): The CDF for irregular interval and regular intervals. 
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Since the Figure 3.25 (a-b), the familiarity of the distribution functions. Hence, 

uncertainty the values are approaching from slightly one of them, it may simply exhibit in 

the further. The PCS are indicated that the distribution converts further delicate 

uncertainty the sample size is not very larger, or it is expurgated. The Lognormal is 

unimodal hazard function although the Weibull distribution can increase (β> 1) as well as 

decreasing (β ≤ 1) hazard functions. The CHF of over lapping Lognormal and Weibull 

distribution functions for both intervals are depicted in figure 3.26 (a-b). 

 

Figure 3.26 (a-b): The  CHF  over lapping distributions WE(1.0682, 0.44024), 

LN(2.5741, 3.607) LN(0.45, 1.50) ;(1.67, 0.48) and LN(0.45, 1.50) 

Supposed d, that the both of CDF are identically closed, smoothly, a less sample, it is 

actual significant to variety the finest probable result founded on at all data are accessible 

at indicator. Finally, it has explored that Lognormal tail is utmost suitable for large 

irregular population set (from 1729 to 1946) and Weibull tail is well for short illustration 

population set (from1951 to 2015). In § 3.2 already determined the Lognormal and 

Weibull are fitted. 

Finally, we are performing the Monte Carlo Probability simulation and generate the 

missing data for both intervals are measured. 
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0.20 3.3 Monte Carlo Simulation for Irregular and Regular 

Population Intervals 

Monte Carlo probability simulation is applicable to recognize the influence of ambiguity 

in urban systems such as population forecasting, financial, project management, other 

forecasting models, which is valuable simulation when forecasting an indefinite future. In 

a Monte Carlo simulation, a random value is preferred for separately of errands, depend 

on the array of evaluations. This simulation is computed to the parameters of model 

millions time, to each time by different randomly-selected values. 

Monte Carlo simulation are used to hind cast and forecast of the data intervals, stated 

previous sections are already found the suitable distribution tails of each population data 

intervals. By these distributions, we have performed probability simulation, most of cases 

indicated that the simulated and real data revealed similarity. 

Supposed that total population in a duration of sample size x, x ≤ x is stated as 

              
     

                                                 (3.10) 

Pr (t) =       increasing population probability of r, w.r.t in the observed data interval 

S(x)   =     Population interval probability; P is ≤ x 

S
r
(x) =     the distribution function r

th
 intricacy in population interval S(x) 

where mean and variance are obtained as 

         
                    then                

      
      . 

Accomplished simulation and generating the missing data (from 1729 to 1946 irregular 

centuries) and (from 1951 to 2015 regular decade) are restrained. Together, the larger 

data intervals (1729 to 2015) are also considered. Initial, the interval from 1729 to 1929 

which is a fragment of the irregular data interval is measured. The more suitable 

distribution is initiated to Log normal, at that time we used to novelty the most suitable 

distribution of the data from 1930 to 1946.Then, the data from 1729 to 2020 is generated 
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by Log normal distribution as initiated directly above. The mean and standard deviation 

from1729 to1929 and 1729to 2020 seem to be (983.15 ± 30.8) and (696.39 ± 30.55).  

 Lognormal distribution and Weibull distribution seem to be the most apt distributions for 

the all data intervals, whether the simulation is achieved to respect to lognormal 

distribution and Weibull distributions respectively. For the first simulation, data from 

1729 to 1929 is used and for the second simulation data from 1951 to 2000 is used. The 

remaining data is used for the verification. Finally, Monte Carlo stochastic simulation 

forecasts data values generate are made from1930 to 1950 and 1729 to 2020 for the first 

data set, the most fitted distribution for this interval is initiate that the lognormal 

distribution is useful to select the fitted distribution of the duration of the time intervals 

1930 to 1946, it is again found to be Lognormal. Finally, the duration of the consider data 

set from 1729 to 2020 is determined by using the Lognormal from 1951 to 2020 and 2001 

to 2020 for the second data set. Using Log gamma the data interval from 2001to 2020, 

from 1951 to 2020 and from 2001 to 2015 are simulated. 

0.21 3.4 Mathematical Calculation and Data Fitting 

The detailed of the simulation process for various data intervals are given in the 

following. The Simulated model equation of Probability density function for LND. For 

selected sub interval (1729-1929). 

For sample size N= 200 years: 
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For Monte Carlo simulation sample size N= 16 years: 

LND1930-1946  
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For Monte Carlo forecasted simulation N=292 years 

LND1729-2020 =
 

   
       

 
  

 

        
             

         (3.13) 

      
      

         

 
 
 

                              .                 

Now, Applied the similar measures on the data interval from 1951 to 2000 the Log 

gamma distribution is instigated.   Using LGD the data interval from 2001 to 2020, from 

1951 to 2020 and from 2001 to 2015 are generated. The generated data are followed that 

Gamma, Log gamma and Weibull respectively. 

The Log gamma is selected sub interval (1951-2000) 

Simple size N = 49 years: 

LGD 
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For Monte Carlo simulation sample size N= 20 years: 

LGD2001-2020   
                

                          
   

     

       
 
   (3.14)b 
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Mean= 
 

 
 

      

       
 

Variance    
 

   
      

           

For Monte Carlo simulation sample (1951-2020) 

WD =           
                                         

       (3.15)a 

      
 

 
     

 

  
            

 
       

    
 

         
  

 
 

 
      

 

  
 –      

 

  
  

 

    

Simple size N= 69 
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     (3.15)b 
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For Monte Carlo simulation sample (2001-2015) 

       
 

     
       

  

     (3.16)a 

        

             

For accuracy Simple size N= 15 
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Figure 3.27: Lognormal right tail distribution fitting by Monte Carlo Simulate population 

data (1729 to2020). 

 

Figure 3.28:  Weibull heavy right tail distribution fitting by Monte Carlo Simulate 

population data (1951 -2020). 
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These Monte Carlo simulated outcomes are showed in Table. 3.7 and Figs 3.27 and 3.28. 

The mean and standard deviation of the generated data for the intervals from1729 to 1946 

and 1951 to 2000, from 2001 to 2020, 1951 to 2020 and 2001 to 2015 come out to be 

(503.11 ± 30.620), (641.79 ± 4.154), (631.24 ± 3.932), (689.09 ± 24.737)  and (677.09 ± 

4.737) respectively. Mean values are greater than the modes values indicated that the 

heavy gradually lengthier tails. Consequently, the shape of the distribution is skewed.  

0.22 3.5 Conclusion 

This chapter is revealed probability distribution tails fitting for Karachi city population 

intervals. First data sample is irregular and the final data regular intervals. These data 

intervals are tried for the more suitable distribution tails fitting. These five selections to 

be Normal, Lognormal, Gamma, Log gamma and Weibull Distribution. The suitability is 

distributed with the help of adequate fitting tests and analytical data plotting. Log normal 

is initiate to stand most apt for the irregular total data. These centuries 18
th

, 19
th

, 20
th

 are 

followed Log gamma under AD Test. Weibull is originated to be more suitable for the 

total regular data set. For the decade wise data sets (from 1951 to 1960, from 1961 to 

1970, from 1971to 1980, from 1981 to 1990, from 1991 to 2000 and from 2001 to 2015) 

Log gamma are initiate to be most suitable in view of AD Test. Each of the data intervals 

are shown prolonged Right-Tail. To more discussion is considered performance of three 

probability distribution tails that resemble to the sub and super exponential Lognormal, 

the Weibull, and the Gamma distributions, sub exponential tails (Lognormal and Weibull 

are most fitted most of intervals while the exponential-hyper exponential tails (Gamma) 

are the better fitted for small size of data intervals. These highlights are important for 

population phenomena; it is to assess the tail behavior correctly.  

In this research finally, we are performed Monte Carlo probability simulation using the 

most appropriate distributions. The simulated data and the actual data showed similarity 

excluding at a some insufficient. The inconsistency of regular population data intervals 

from 1951 to 2015 is very prominent. It is more spread as related to irregular data 

intervals. Consequently, the data interval is most appropriate to hind cast and forecast. 

All the results are suggested that heavier-tailed distributions are in well pact by the 

observed population intervals than the more frequently used lighter tailed distributions.  
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CHAPTER 4 

Urban Structural Dissimilarities Using Spatial- GIS Mapping with 

Fractal -Hurst Range Increment and Second Order Moment 

Methodologies:  Population Morphogenesis as a case study  

Urban morphological process is a worldwide singularity mostly obsessed by population 

dynamics (Lucien Benguigui, Czamanski, & Marinov, 2001). In this chapter the urban 

morphology of the city of Karachi temporal population will be considered as the main 

parameter. This archetypal city (Karachi) is established from a trivial settlement to a 

urban city since 18
th

 to 21
st
 centuries. The Karachi city's vibrant dynamic process has 

gone through various stages, some very peaceful, quiet, and haphazard (Abbas, 2013; 

Abbas & Ansari, 2010a, 2011). This complicated situation is considered as a study of this 

case. The process of dynamic and its ideological pattern of urban population differs from 

each other in different centuries (Abbas & Ansari, 2010a; Khatun, Falgunee, & Kutub, 

2017; Uz Zaman, Alam, & Islam, 2010). However, during this period, the factors 

affecting population growth are different in different ages, the dynamic patterns of 

population development are similarly different. In general, since 20
th

century after 

creating of Pakistan, the Karachi region has exhibit remarkable urban population growth. 

Urban development journey is very interesting from 1729 to 2015. Karachi has changed 

from one small village to a mega polis during this period. Meanwhile, the issues affecting 

population evolution through these periods are diverse in different ages, according to 

dynamical patterns of population development are random and chaotic. The urban 

population data is most helpful example for investigation of population – morphogenesis. 

In this chapter 4, bring out the Spatial and structural change of urban population density 

Pattern with the help of satellite images and temporal data. We are constructed the GIS, 

population density distribution maps by the help of GIS-based Spatial -Temporal 

Surface Density Modeling.  Our developed morphological maps of Karachi city are used 

to analyze the pattern of Population density and extent of city sprawl, with respect to the 

districts and town wise distribution. By the help of Mann-Kendell test and linear trend 

model we have determined the irregularities and regulates in population time series, In 
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addition, this research also determines the fractal growth of city of Karachi from 1729 to 

1946 and from 1951 to 2015. The Hurt Exponent estimation is explored the persistency 

and anti-persistency of the consistency in the population fluctuation approximately three 

centuries, thus, preceding to the research is morphological shape of the  Karachi city 

(districts  and  towns) based on the study of the  population density patterns are  required. 

We are study urban morphology and the involved population density using extensive 

mathematical analyses and techniques that can be termed as “Oncologic Mathematical 

Techniques”. The population density is calculated by using Spatial-Temporal models to 

analyze the population density distribution pattern over to districts and towns of the 

Karachi city. Throughout this study, we are applied to analyze the variation of urban 

Population Morphological Evolution Dynamics.  

0.23 4.0 Data Preparation and Methodology to Measure Urban 

Population Dynamics, Structural Pattern and Morphological 

Evolution   

The deliberation of present chapter is to obtained the aberration of urban population 

dynamical process, we have selected the two different intervals, irregular (duration 1729 

to 1946) and regular (duration 1951 to 2015) population intervals. We have described the 

input data processing scheme. The two types of input data are (i) the gazetteer data from 

1729 to 1946 and (Hii et al.) census data from 1951 to 2015 respectively. Population and 

its density are used as the first /second input for the Oncological Mathematical 

Techniques for fractal dimension and spatial temporal surface mapping. Initially, 

discussing the population of the city are temporal population distribution evolution and 

urban sprawl expansion (morphology) during three centuries. This section brings out the 

extent of urban population morphological pattern in the view of population density 

distribution of subunits (Districts and Towns) of Karachi Metropolitan city pattern taking 

place over a period of 1981, 1998 and 2002 early three decades using GIS-based Spatial 

Density Mapping. These intervals population density GIS maps are constructed from the 

shape file of Karachi City accessible on the internet. These regular intervals exposed 

varied population-density distribution would be consider by the field data with in satellite 
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images. In section 2, the time series trend analysis for population irregular and regular 

intervals are determined, due to missing data (irregular sampling), under the Mann-

Kendall test to calculate population trend modeling. Moreover, this section is obtained 

the fractal growth of the city Karachi region from 1729 to 2015 using the Fractal 

dimension method. Besides, Hurst exponent estimation values are calculated the 

persistency and anti-persistency behaviors over to the population fluctuations around to 

three centuries (from 1729 to 2015) respectively. In the section 3, also measure, the 

densest and least pivot centroid point (radial) density for the morphological population 

density pattern of the Karachi Metropolitan Areas (KMAs) in the perspective of GIS-

based Surface Density maps for the census years 1981, 1998 and 2002 respectively. The 

densest pivotal density and least pivotal density are constructed and evaluated the 

appropriateness of the density distribution of selected KMA. This section also tried to 

study the population density related to the radial distance from most dense and most least 

pivot for districts and towns wise to analyze the population density gradient of KMAs, 

Examining the density gradient has been altered in stochastic intervals and the influences 

of the population revolution in the Karachi.  

In this section 4, we concluded the study of population in terms of spatial population 

density its morphological distribution pattern in the view of our developed Spatial 

Temporal surface density mapping are used to find the “Oncologic treatment” for urban 

phenomena’s, then it can be obliging to examine the population density pattern and its 

morphology are reflect the provocation of its antiquity and values of particular areas. 

Throughout this study, Oncologic treatment such as fractal dimension and spatial 

temporal modeling should be applied to analyze the dissimilarity of urban morphology in 

terms of Population evolution.  

0.24 4.1  Spatial Mapping for Population Density Pattern  

Urban morphology of the city of Karachi that is the form, shape, spread and distribution 

of settlements within and around while its transformation from a village to a metropolitan 

and the interaction of its population with itself and with other population is the 

consequence of a complex process which can be studied in several ways. The city of 
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Karachi is distributed in high population density of Sindh province. The extension of a 

city also exhibited certain spatial population density distribution patterns. Preceding to 

the year of 2000, five districts of Karachi city were spread for administrative tenacities. 

Karachi was distributed into eighteen subunits in the year of 2002 (Abbas & Ansari, 

2010a). This changeover momentously disturbed the population structural pattern of 

Karachi. We are used the population census data of subunits (districts and towns) of the 

Karachi city for the period of 1981, 1998 and 2002 respectively, we are calculated 

population density by using our constructed GIS maps. 

According to our constructed spatial population density map GIS, In Figure 4.1(a)-(c) 

illustrates, the Morphogenesis pattern of the urban density in proportion to urban 

population of Karachi region according to 1981, 1998 and 2002 census records. This is 

demonstrated that the size of a city is closely related to the population density within the 

districts and towns. The GIS population density maps of subunits (Districts and Towns) 

are created from the Visualize ESRI shape files of Karachi city available on the internet. 

Population data for each district and towns are at that encoded and to finish and linked by 

the boundary of Karachi city shape files. By measuring pivot (center) distance for every 

polygon are resulting with “feature to point” selection in ArcGIS. As exhibited in Figure 

4.1(a)-(b) are calculated the Spatial Population Density distribution in Map of 

morphogenesis pattern of the city of Karachi are distributed five districts Centre, East, 

South, West and Malir in 1981 year similarly 1998 population distribution of Karachi 

region. 

As well, we are calculated spatial population density from the years 1981 and 

1998Correspondingly, population density distribution patterns can be observed for five 

districts of the city Karachi spatial maps are created on the population census records in 

1981 and 1998, their outcomes are demonstrated as under. 
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Spatial Population Density Map fallouts in the view of 1981 population census data 

Spatial  District 
Census base 

Log-Population 

Log-Population 

Density 

Spatial 

Population 

density 

West_ Spatio 5.960327 2.277391 14.383520 

Central_Spatio 6.13258 4.293731 8.73627 

Malir_Spatio 5.633034 4.011003 4.898815 

East_Spatio 6.172431 4.029416 1.463121 

South_Spatio 6.097363 4.011003 0.542855 

Total 29.99574 17.60385 30.02458 

 

Spatial population density Map interpretation in 1998 population census data  

Spatial District 

Census base 

Log-

Population 

Log-Population 

Density 

Spatial 

Population density 

West_ Spatio 6.323442 3.355432362 33.18784 

Central_Spatio 6.357541 4.518691569 14.666086 

Malir_Spatio 5.991851 2.636186895 11.191999 

East_Spatio 6.438703 4.295688026 2.701168 

South_Spatio 6.241805 4.155445357 0.757054 

Total 31.35334 18.96144421 62.50415 
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Figure 4.1a Spatial Morphological map showing district wise population density distribution for urbanized Karachi in 1981 
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Figure 4.1b Spatial Morphological map showing district wise population density distribution of urbanized Karachi in 1998
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In the first step demonstration of the spatial mapping, the total population density on the 

basis of census records(1981 and 1998) as compared to our constructed GIS spatial maps 

figure 4.1(a) to 4.1(b) and chart results for spatial pattern of 5-districts be demonstrate 

here now, in 1981  and 1998 districts wise census records are shown total logarithm 

population is (29.99574)for the year of 1981 and other total logarithm population 

(31.35334) is the year of 1998 then both years census base population density (17.60385) 

and (18.96144421) as our constructed spatial population density for 1981 is 

(30.02458)and 1998 is (62.50415) are obtained. West district (0.363115) and Malir 

district (0.358817) are confirmation of highly increase in population from the time 

intervals for the census year of 1981 to 1998. spatial population density changes this 

duration for west district is (14.383520) to (33.18784) and Malir district is (4.898815) to 

(11.191999), these outcomes are decided spatial population density is most consistent due 

to enormous densities of total and each district. We must finalize that spatial distribution 

pattern is much better and revealed as compare to field wise population density 

distribution. Spatial area is depending three-dimensional longitude and latitude 

measurement, So, Spatial measurement of population density is most reliable as compare 

to field density.  

Furthermore, the changeover from 5- districts spatial population density patterns to the 

18- towns of spatial morphological pattern. In figure 4.1(c) illustrates, the spatial density 

pattern in proportion to urban population of Karachi region according to subunits 

(districts and towns wise) population density in 2002 census records. Correspondingly, 

the similar technique is functional to the population data in 2002 separately. The results 

are demonstrated in the succeeding eighteen towns. 
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Spatial Population Density Map outcomes for eighteen town’s population distribution in 

2002  

Spatial District 
Census base 

log-population 

Population 

density 

Spatial population 

density 

Saddar 5.971074 156.79 466.458584 

Jamshed Town 6.046977 192.4413 614.497155 

North Nazimabad 5.877039 182.5595 436.2605402 

Gulberg 5.837954 201.5159 488.013900 

S.I.T.E 5.851224 112.9405 253.785273 

Shah Faisal 5.707498 175.7721 464.179361 

Gulshan-e-Iqbal 5.977427 71.5951 177.327867 

Landhi 6.005348 104.694 236.62660 

Korangi 5.91898 80.98107 193.634883 

New Karachi 6.016559 205.3905 494.155906 

Baldia 5.790089 85.45407 225.293439 

Malir 5.781585 137.6025 359.179550 

Orangi 6.040942 189.3605 523.092847 

Bin Qasim 5.682013 3.485434 8.552524 

Kemari 5.766145 5.494789 13.778796 

Gadap 5.643131 1.235741 2.073458 

Lyari 5.965285 466.958 1557.89760 

Liaquatabad 5.993692 367.0693 878.270643 

Total 105.873 2741.34 7393.079 
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189 

 

Figure 4.1c Spatial map showing town wise population density distribution of urbanized Karachi in 2002
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Before 2002, the city of Karachi is distributed in five districts for the administrative 

purposed. The five district population and spatial population-area (density) distribution 

has been intended, Karachi was divided into eighteen towns in the year 2002 (Abbas & 

Ansari, 2010a; Garmendia & Salvador, 2007). Now, we have determined the population 

-areas (density) spatial distribution pattern in eighteen towns. In figure 4.1(c) is exhibit 

spatial population density in eighteen towns, above mention chart was fallout the exact 

census wise population and population density by mean of associate to our constructed 

GIS spatial distribution pattern for population density of each town be revealed, 

eighteen towns wise population distribution are exposed total logarithm population is 

(105.873) then population density is (2714.36) in found spatial population density in 

km for GIS map is (7393.079). Lyari town (466.958) and Liaquatabad town (367.0693) 

and Jamshed town (192.4413) are densest towns out of 18 towns in the year of 2002. 

these most densest towns are located west and central districts in 1998, Spatial 

distribution pattern for population density Lyari (1557.89760), Liaquatabad 

(878.270643) and Jamshed (614.497155), it is clearly decided town wise spatial 

distribution pattern of population density is very much   better as compare to districts.  

The exceeding creative GIS spatial mapping are examined the population density of 

1981, 1998 and 2002 in subunits of Karachi Metropolitan Area (Brakman et al.). The 

least density is more than twice, whereas the maximum density is approximately triple 

times. These figures are shown the population density is increasing gradually from the 

year 1981 to onwards. Our results are concluded spatial population density is most 

effective and reliable as compare to population density of census (field data. The GIS 

spatial population density distribute on map for town wise is most consistent and 

suitable for urban planning as compare the districts wise population density 

distribution. 

Thus, previous, this research of the population density pattern of the subunits in 

districts or towns of the city of Karachi from specific time intervals in §4.7. Spatial 

GIS-based surface modeling of the spatial patterns of these districts and towns with 

SMax P and SMinP is also required. 
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0.25 4.2  Estimating Spatial Population Trends with Temporal 

Model 

The trend of Population dynamics is a major challenge in the inclination of urban 

development. Population trend can be described as an average change per unit (Dennis, 

Munholland, & Scott, 1991; Kumaraswamy, 2003; Lindley, 2003; Link & Sauer, 1998). 

There is a vigorous delinquent in analyzing time series of trend estimation, in ecological 

studies are obtained from small and large data length over time for different interval of 

population dynamical change (Abbas & Ansari, 2010b; Caplan & Dennis, 2006). In trend 

of these variations (Bart, Collins, & Morrison, 2003; Becker, Eick, & Wilks, 1995; 

Kumaraswamy, 2003) is recognized as under.  

Data interval = trend + stochastic variations 

D(t)= T(t)+   ξ(t)              (4.1) 

D(t) : is the data intervals w.r.t  t = t1, t2, t3…..tn ;  it is denoted series  

 T(t) :  the  deterministic function in time  

 ξ (t) : is the  stochastic variations or  a random variable 

The spatial trend are investigated about the  ε(t), Whether or not the data are satisfied 

these, requires confirmation.  Null hypothesis and alternative Test: 

H0: T(t) is not the depending on time, it is considered as constant term 

HA: T(t) is not the constant term it is gradually changing in the form of monotonic  

Alternative test statistic: It is distinct among the null and alternative hypothesis (H0 and 

HA), in existence of ξ (t) and derived the Null distribution. 

These variables have been held for a long time in linear trends analysis, according to any 

changes related to the time, there is a tendency to calculate and change is expressed in the 

mathematically form,  
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Linear trend + normal white noise                     (4.2) 

 On running Mann-Kendall test is very useful for trend analysis in short and long period 

or demographical data.  

0.26 4.3  Mann-Kendall test for Linear Trend Temporal 

Modeling  

Mann- Kendall test is generally rummage-sale premeditated used for the investigation of 

trend in urban phenomena.  This test has two main advantages, firstly this test  is  a non-

parametric test for normally distribution of data is not requisite and other one is the test 

has truncated understanding to sudden disruptions owing to inhomogeneous timeseries 

(Bart et al., 2003; Karmeshu, 2012; Kumaraswamy, 2003).Conferring, the hypothesis H0 

accepts that there is no trend because the order of data is  random  and independent, the 

test is  in contrast to the alternative hypothesis H1, which accept that is a trend (Balmford, 

Green, & Jenkins, 2003; Bart et al., 2003; Inchausti & Halley, 2001).The calculation 

producer for the Mann Kendall test deliberates n data values  along with Ti and Tj is the 

subcategory of data here, i = 1,2,3…..n-1  and j = i +1, i +2 ………..n.  

                  
 
     

   
                      (4.3) 

                

               

                

                

                    (4.4) 

Where, Ti and Tj  are  the  first and second  data values  are assessed as an order of  

timeseries intervals , j and  j>i respectively(Dennis, Ponciano, Lele, Taper, & Staples, 

2006). Uncertainty, data as a forecasted time interval is highest value from a past time 

interval, the statistic S is raised in 1. Similarly, the forecasted time interval data is lower 

than from past, S is decremented by 1.  

Assuming, the data interval sample size is  <  , the value of    derived via Mann 

Kendall also used to the two tailed hypothesis tests. By confident probability equal to H0 

≠H1 if the total value of S generations or else outdo a stated   

 
, wherever   

 
  is the S, the 



 

193 

probability < α/2 to seem no trend. The positive or negative value of S is specified 

upwards or downwards trend (Lindley, 2003). For the sample size       the statistic 

Kandel S is nearly usually dispersed through the      and     as trails:  

       , variance     for Mann-Kendall S – statistic is described as: 

   =
                            

  
                                  (4.5) 

ti   is to range i. The Statistic Zs test is obtained as express 

    

   

 
        

         
   

 
       

                                            (4.6) 

The    test is determined for the consequence of trend. In fact, the    stands the test of 

null of hypothesis, H0, the coefficient value of |Zs| < |Zα/2|, anywhere alpha (α). is selected 

significance level (5% with the coefficient Z0.025 = Zα/2 = 1.962) before the H0 is 

inacceptable indicating the trend is very substantial (Kumaraswamy, 2003) The Mann-

Kendall‘s tau value is ±1 and +1, with a positive correlation value representing that 

together variables increases collected while negative correlation that one variable 

increases, the other one decrease (Lindley, 2003; Motiee & McBean, 2009). 

Var[S]=        
 

  
              

 

                           (4.7) 

Where          

 

      
 

           
                         

 
                      (4.8) 

N and    is total and actual data for autocorrelation  in sample time series         is the  

autocorrelation among positions of the observation intended for lag i and p is extreme lag 

beneath deliberation (Karmeshu, 2012; Ryding, Millspaugh, & Skalski, 2007; Sinha & 

Cherkauer, 2008). 
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Here, we are calculated about three centuries of urban population of the city of Karachi. 

The Mann-Kendall statistical analyzing are founded for selection of linear trend analysis. 

All results are under: 

Mann- 

Kendall statistic 
1729-1798 1810-1897 1901-1946 1729-1946 1951-2015 

Kendall's tau 0.978 0.744 1.000 0.966 0.999 

Kendall statistic (S) 89.000 58.000 45.000 643.000 1889.0 

Var(S) 1232.00 1236.00 5676.23 5845.000 27104.3 

Alpha 0.05 0.05 0.05 0.05 0.05 

p-value (Two-tailed) <.001 <.001 <.001 <.001 <.001 

|zs| 4.443 4.165 5.486 3.997 13.622 

|zα/2| 1.960 1.960 1.960 1.960 1.960 

|ts| 4.443 4.165 5.486 3.997 13.622 

| tα/2| 2.160 2.179 2.262 2.028 2.000 

 

 In the view of the Mann-Kendell results our irregular and regular time series 

linear trend equations and plots are shown in the underneath. Consecutively, the Mann-

Kendall test on irregular and regular population data, in above results are obtained for the 

period of 1729 to 1798, 1810 to 1898 ,1901 to 1946 and 1951 to 2015 respectively. The 

Mann- Kendell test (S) expressed that the population trend is increased for all above time 

period, The S statistic, nevertheless, is the very strong trend in the regular time interval 

for the period of 1951 to 2015 as compare to irregular time interval (1729 to1946). So, 

irregular centuries wise interval has mostly better trend. Supposed that p< 

         0.05), H0 is rejected, which is indicated that trend in the timeseries, although 

accepting H0 is also indicated no trend are detected(Ingram, 1998; Maimaitiming, 

Xiaolei, & Huhua, 2013; Ott, 1994; Song & Zhang, 2004). The null of hypothesis test is 

performed at 95%, Confidence Interval for both irregular and regular population data for 

the period of 1729 to 2015. 
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By using the Mann Kendall results are calculated population linear trend with respect to 

temporal model for the regular and irregular centuries and decayed wise model for each 

era is as certain. To construct linear trend the model is described by the equation, 

                               (4.9) 

The parameter a0, b0 are the slope/gradient and intercept separately. a0, b0 denotes the 

evolution rate of the population per year. Pn is yearly population and tn denoted the time 

(year) beneath deliberation. In this perspective we can use the model equation (4.9) to 

construct population trend model. The error term is computed with the help of least 

squares method, which gives following equation 

                                  (4.10) 

Due to the different sample size also just consider for both irregular centuries and regular 

decays and total intervals. The Population trend model for irregular interval from total 

1729 to 1946, 1729 to 1798, 1810 to 1898 and 1901 to 1946 is computed with the 

following equation  

Irregular Population Interval 

 From 1729 to 1946: Tir = 0.4538P+ 2.4802               (4.11) 

 From 1729 to 1798 :    Tir = 0.1293P + 2.7602               (4.12) 

 

Figure 4.2-4.3 Linear Trend Irregular Population interval from 1729-1946 and 1729-

1798 
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From 1810 to 1898: Tir = 0.1098p + 3.8109            (4.13) 

From 1901 to 1946: Tir = 0.077p + 4.9467              (4.14) 

 

Figure 4.4-4.5 Linear Trend Irregular Population interval from 1810-1897 and 1901-

1946 

 

Correspondingly, the spatial population trend with temporal models are constructed for 

regular decays(annual)prudent intervals from total 1951 to 2015, 1951 to 1960, 1961 to 

1970, 1971 to 1980,1981 to1990,191 to 2000 and 2001 to 2015 are obtained by following  

Regular population interval 

 From 1951 to 2015: Tr = 0.0196p - 32.153       (4.15) 

 From 1951 to 1960: Tr = 0.0299p + 6.0055       (4.16) 
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Figure 4.6-4.7 Linear Trend Regular Population interval from 1951-2015 and 1951-1960 

 

 From 1971 to 1980: Tr = 0.0226p + 6.5137              (4.18) 

 From 1961 to 1970: Tr = 0.0208p + 6.2894              (4.17) 

 

Figure 4.8-4.9 Linear Trend  Regular Population interval from 1961 to 1970. 

 From 1981 to 90: Tr = 0.0217p + 6.726      (4.19) 

 From 1991 to 2000: Tr = 0.0086p + 6.9404     (4.20) 
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Figure 4.10-4.11 Linear Trend Regular Population interval from 1981-1990 and 

1991-2001. 

 

 From: 2001 to 2015 Tr= 0.0206p + 7.0475      (4.21) 

 

Figure 4.12 Linear Trend Irregular Population interval from 2001 to 2015 
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The above mention trend equations and Figures are indicated the century wise 

procedure started from the 1729 to 2015 (18
th

 to 21
st
) and subsequently decay (annual) 

wise from the 1951 to 2015 (second half of 20
th

 and first decay (annual) of 21
st
 

centuries) for analyzes the data. These irregular and regular population models are 

exhibit spatial trend equations. The trend population fitted for centuries wise 1729 to 

1798, 1810 to 1898, 1901 to 1946, 1951 to 2015 and decays wise 1951 to 1960, 1961 to 

1970, 1971 to 1980, 1981 to 1990, 1991 to 2000, 2001 to 2015 linear trend model 

equations, thru their coefficient, R-square are depicted in table 4.1. A general upward 

(increasing) trend excepting some values of irregular century’s fluctuation of upward to 

downward can be observed (Table 4.1 and Figure 4.2 to 4.5). It is clear from Table 4.1 

that increasing trends during regular decays (annual) population trend are higher in the 

irregular century’s population data decreasing as compared to the regular data (Figure 

4.6 to 4.12). It is important to noted that regular decays wise interval of population 

growth pattern are shown that the trends for statistically significant based on P-values 

(α= 5%) alpha analysis.  

Overall, there are orthodoxy in calculation from the Mann-Kendall and the Linear Trend 

intended for irregular and regular population from 1729 to 2015 about three centuries. 

Due to Kendall coefficient |Zs| is highest to coefficient of |Zα|. The highest value of (Zs = 

13.622) in 1951 to 2015 indicated regular intervals are shown best performance for trend 

analysis. 

Kendall's tau values are greater and most significant (0.978) in 1729 to 1946 and (0.999) 

in 1951 to 2015 as well as the Linear trend line also shown that there is fast increasing 

trend in both interval then 1901 to 1946 and after independent of Pakistan 1951 to 2015 

period as compare to other centuries trend are too indicated increase.  

0.27 4.4  Fractal Dimension  

Fractal dimensions are frequently assessment of diverse facts that are allied to fractals 

(Abbas & Ansari, 2010a; Balmford et al., 2003; Hoskin, 2000; Meakin, 1998). In urban 

analysis, Batty, Longley and Xie were studies fractal dimension is a tool for calculating 

the urban density (population-areas) (Batty & Longley, 1987a, 1987b, 1994; Garmendia 
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& Salvador, 2007) The box counting method for fractal dimension in measured a ranges 

scale from 0 to 2 (Hoskin, 2000; Katsev & L’Heureux, 2003).Conversely, an urban FD 

is 1<D<2 (Batty & Longley, 1987b, 1994; Hoskin, 2000; Inchausti & Halley, 2001).  

The fractal dimension D could be state  

                            (4.22) 

Where, B (p, r) is Hausdorff dimension with radius r and center p and dist (x, p) is the 

detachment among point x and point p. Supposed x be a subset of Rn enclosed by N(r) 

exposed of radius reduced or else equal to r. Once r inclines to 0, N(r) increases is 

approximately 1/r conferring to power, 

          
       

    
       (4.23) 

Where, D is termed Hausdorff dimension on for meanwhile, log r    the symbol - is 

required that D is positive (Abbas, 2013; Garmendia & Salvador, 2007). 

                    (4.24) 

N(r) is increments of asymptotically by     

  
    

    
  

 

    
  

    
 
                       (4.25) 

where n
N  is units required to navigate a curve by a scale n

r  (Abbas, 2013; Batty & 

Longley, 1987b; G. Shen, 2002; Wiens, 1999). Similarly, the self-affinity dimension may 

be stated as several power law e.g. Hurst exponent H , DH  2  (M. Kale & Butar, 

2011; M. D. Kale & Butar, 2005; Katsev & L’Heureux, 2003).The fractal dimension D, 

as specified by Hausdorff and calculated by (Ravi & Butar, 2010), can be expressed 

        
              
             
                     

         (4.26) 
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If d = D, h is a finite positive value, which is numerically described the size of data 

intervals. The calculating of equation (4.23) and (4.25) must be appropriating to the 

limiting process, henceforth errors are initiated that the range scale values of D. 

Measuring of population and population Density in Fractal Natural  

The classical example of urban city in relation of fractal cities is the population density 

distribution with measuring of a city boundaries. It is detected that the central distance r 

depending on the population size p, r   power of p. 

               (4.27) 

The logarithmic transformation of a power is a linear equation 

                         (4.28) 

Consequently, d is the slope of abscissa the logarithm of the step size and of ordinate the 

logarithm the span of the city boundaries restrained (Hoskin, 2000; Ravi & Butar, 2010). 

The power laws with various scales require formula 

      y = f(x) = const x
c 

      (4.29) 

for some exponent c. scale invariance involves 

                        (4.30a) 

                         (4.30b) 

Where   

             

                                       (4.31)  

This consents for determined the fractal dimension by using the linear regression. We 

have considered the urban population and fractal dimension of urbanized city over the 

time intervals.  
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                            (4.32) 

The estimation of Fractal Dimension is regressed to the population with Log linear 

functions. Generally, Log linear trend model is used to the population size by fractal 

dimensions can explore the goodness of fit for Log (pop) verse D (Batty & Longley, 

1987a; Ravi & Butar, 2010). The rapport amid fractal dimension and urban population 

of the Karachi city is studied, considering the urbanized population density for irregular 

interval from 1729 to 1946 and regular intervals from 1951 to 2015 and the 

corresponding urban population are used. Considering, the population as the function of 

fractal dimension. Population, Fractal dimension of urbanized Karachi city are utilized 

as a significant parameter for urban form and growth modeling, the Log population (p) 

verse Fractal Dimension (D) for irregular interval from (1729 to1946) is  

Log(P)ir= 0.8647D + 3.1933                       4.32(a) 

 and regular population interval from (1951to2015) is 

    Log(P)r=0.2035D + 6.1014                          4.32(b) 

Since irregular(from1729 to 1946) and regular (from 1951 to 2015) population intervals 

approximetly  18
th

  to 20
th

  century and 20
th

  to 21
st
  centuries are used and the value of 

coefficent of determination (0.9867 and 0.9884) are high postively correlated log-linear 

functions of urban population verse fractal dimensions are depicted in table 4.2 and 

figure 4.13  to 4.14. 

 For 1729 to 1946:  Log(P) = 0.8647D + 3.1933                     (4.33) 

 1951 to 2015: Log(P)= 0.2035D+ 6.1014(4.8)                         (4.34) 
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Figure 4.13-4.14 FD verses log (pop) functions  for Irregular and Regular Intervals  

Since, The FD of urbanized cities are generally used as an important parameter for urban 

dynamical system, our selected data intervals (total irregular and regular) are determine 

high values of fractal dimension (1.371 and 1.058), log-linear functions of urban 

population related to fractal dimensions can formed, it has been cleared in the recognized 

work evaluated in under. 

Here now, the log- population increasing from (3.0) 1729 to (5.729345) in 1946 and 

from (6.056015) 1951 to (7.363111) in 2015, although FD, increases from (1.371) in 

1729 to 1946 and (1.058) in 1951 to 2015, Similarly, Fractal Dimension (FD) for 

centuries wise intervals, from (1.203) in 1729 to1798 (18
th

), (1.190) in 1810 to 1898 

(19
th

), (1.211) in 1901 to1946 (20
th

) (second half of 20
th

 and first decay of 21
st
) and 

regular decade-wise intervals from (1.175) in 1951 to 1960, (1.227) in 1961 to 1970, 

(1.173) in 1971 to 1980, (1.163) in 1981 to 1990, (1.153) in 1991 to 2000, (1.137) in 

2001 to 2015. It indicated that centuries irregular population and decade regular 

population intervals by inequality 1<D<1.5 are depicted in table4.3 and 4.4 and figure 

4.15-4.16.The association of population and Fractal Dimension are correlated, FD is 

rationally good measure for whole regular intervals. 
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Figure 4.15 Fractal Dimemtion for centuries wise time interval (1729 to 2015) 

 

Figure 4.16 Fractal Dimension for Regular time interval (1951-2015) 

4.4.1 Hurst Exponent associated to Fractal Dimension Scales 

The Hurst exponent is an appropriate technique for assuming the possessions of a time 

series lacking of accruing of hypothesis about stationary (Abbas, 2013; Batty & 

Longley, 1987a; M. Hussain, Abbas, & Ansari, 2011; Jan et al., 2014; Staudenmayer & 

Buonaccorsi, 2006), it can also be useful in urban environmental studies and frequently 

applied in urban population studies (Jan et al., 2014; Katsev & L’Heureux, 2003; 

Meakin, 1998). The Hurst exponent is an appropriate technique for assuming the 
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possession of a time series lacking of accruing of hypothesis about stationary (Abbas, 

2013; Batty & Longley, 1987a; M. Hussain et al., 2011; Jan et al., 2014; Staudenmayer 

& Buonaccorsi, 2006), It is commonly used to assessment of the short and long 

memory of any time series under the measurement of fractal scaling. Supposed that a 

stochastic data series has considered x(t) is a fractal nature formerly x(b t) is 

statistically analogous to b
H 

x(t), Superscript H is formed the Hurst Exponent, which is 

mostly applied to noisy data series, the stochastic series could be measure into three 

scale range 0<0.5<1, if 0 < H < 0.5 and 0.5 <H < 1 then it entitles an  persistent and 

anti-persistent series can be considered as summarize the relationship and nature of 

process as (Abbas, 2013; Batty & Longley, 1987b, 1994; M. Hussain et al., 2012; Ravi 

& Butar, 2010). 

This technique is too directly associated to the fractal dimension. However, the modern   

approach for calculating the Hurst exponent comes from fractal mathematics. In 

numerous gears, whereas it may be deals in urban systems such as linked ecological and 

environmental data (Abbas, 2013; Abbas & Ansari, 2010b; Hoskin, 2000; Meakin, 1998; 

Wiens, 1999).  

Let {y(t)} is notorious as a random or Brownian process on the continuous time 

series, if for a time step ∆t, is an increments of ∆y(t) = y(t + ∆t) - y(t) are Proportional 

variance ∆t, the successive increments ∆y(t) and  y(t + ∆t) is not correlated. If the 

Hurst exponent H, 0 <H <1 and exchanging Proportional of variance ∆t by variance 

proportional to ∆t 
2H 

(Batty & Longley, 1987a, 1987b, 1994). The succeeding 

increments have a correlation   , autonomous of time t, distinct in 

          
 

 
                         (4.35) 

Uncertainty, {y(t)} is a fractal process by Hurst exponent H, before, ∀ c > 0,  

    
 

  
             (4.36) 

 This is additional fractal form of similar statistical properties. 
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4.4.2 Determination of Hurst by Range increment and Second Order Moment 

Generation Techniques  

To determine the Hurst exponent on the propose of a fractal dimension of any real-life 

data (Garmendia & Salvador, 2007). In the stochastic process of fractal any        , the 

conforming    has an interpretation value 0 and equals 

                  (4.37) 

Where the average of     is an unbiased estimator of        also    =      of  

      also     =        

Later,     is the second moment and    is a time step of the consisting of spatial 

increment (Ravi & Butar, 2010). 

                                               (4.38) 

                                                            (4.39) 

By Subtracting the above two equations (4.38) and (4.39) 

                                                     

        
                (4.40) 

Consequently, 

  
 

      
                                             (4.41) 

For example, the Hurst exponent is independent of the time phase are obtained, by 

determination of the form (4.41) is found to test fractal formed. 
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Hurst exponent may be calculated from the coefficient correlation among the 

successive increments, by (          
 

 
     .Under the above statement 

that the    has an predictable value of 0, we can obtain  concluded by the description 

  
                                 

                                        
        (4.42) 

The expectation of the following equation are the unbiased estimators for the 

expectation. 

 

                                

                   

                
      (4.43) 

Hurst exponent is obtained from below equation 

                                      (4.44) 

 It can be confirmed by repeating of the calculation for various values of   . In equations 

(4.42) and (4.44) obtained the fractal exponent unfluctuating as soon as the prospect 

predicted value and                 is not zero (Batty & Longley, 1987a, 1987b). 

The range increment is the variance among the highest and lowest values of y(t). 

supposed that the R(  ) is denoted by the average range in the all intervals of deviation 

of the  is in the fractal process {y(t)},In the equation under, 

    
 

             (4.45) 

Where, {y(t)} and {yc(t)} is the similar expected series(Batty & Longley, 1987a, 1987b; 

Ott, 1994;Batty, 1987). It suggests that the range process {yc(t)},     is 
 

  
 time the range 

is {y(t)} is time period     . Substituting      by     we obtained 

                (4.46) 
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Where                                                               time step.  

Here, in measuring the Hurts exponent by two methods:  second moment growth and 

Range Increment of the irregular centuries and regular temporal series of the urban 

population of the Karachi city, which implies that directly above mention equation (4.46) 

R(  ) should  be increment closer than    . So that, the discrete time series has compute  

Brownian motion , then value range is H > 0.5 as an alternative of H = 0.5 (Garmendia & 

Salvador, 2007). 

Hurst coefficients calculation by comparison of H RangeM and H2ndM 

Irregular interval 
Second Moment Growth 

(H2ndM) 
Range  increment(H Range) 

1729 to1798 0.59 ± 0.06 0.72 ± 0.02 

1810 to 1898 0.51 ± 0.04 0.66 ± 0.03 

1901 to 1946 0.56 ± 0.07 0.79 ± 0.03 

1729 to 1946 0.60 ± 0.09 0.83 ± 0.05 

 

Regular Interval 
Second Moment Growth 

(H2ndm) 

Range Increment(H Range) 

1951 to 1960 0.56 ± 0.07 0.69 ± 0.03 

1961 to 1970 0.58± 0.02 0.60 ± 0.03 

1971 to 1980 0.66 ± 0.02 0.90 ± 0.06 

1981 to 1990 0.68 ± 0.02 0.82 ± 0.03 

1991 to 2000 0.72 ± 0.02 0.82 ± 0.05 

2000 to 2015 0.82 ± 0.01 0.87 ± 0.01 

1951 to 2015 0.85 ± 0.06 0.99 ± 0.02 
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Figure 4.17a Population time series of total and centuries wise irregular interval by H > 

1/2 

 

 

Figure 4.17b The total and decades wise regular population interval by H > 1/2. 
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As mention exceeding, the Hurst  exponent are  compute through the  range increment 

method and second order moment method are vastly substantial  for both of centuries 

irregular and  decade regular intervals, it could be clearly obtained that the Hurst 

exponent values  for range increment  method  greater than  the second order moment 

increase method,  Hurst coefficient of  second order moment and Hurst range increment 

(H2ndM = 0.60 and; HRange = 0.83) for total irregular interval (1729 to 1946)  similarly 

(H2ndM = 0.85 and; HRange = 0.99) for total regular interval (1951 to 2015). The results 

are confirmed range increment method is most reliable for total centuries and decay wise 

intervals, for regular decay wise time intervals has too short, these methods are also 

applicable and confirmed the prediction when data series that are small (mention in above 

table). By observing Hurst estimations methods are fitted over the intervals. The Hurst 

exponent are obtained thru the range increment method is larger value, the second order 

moment increment method, which is found that the simple series are small, the H values 

are linearly correlated.  

In the above mention irregular interval from 1729 to 1946 H depicted in figure 4.17(a-b) 

are indicated for graph axis y(H) increases similar t, formerly it inclines to endure to 

increase meant for t0> t. All irregular and regular population time intervals Hurst 

exponents H > 1/2 these all values is a positive correlation range increment values are 

high persistence as compare second moment method value (see above chart and figure 

4.17(a-b), the relation between the values obtained by range and second moment 

approaches propose that still is possible to associate the values from diverse states.  

0.28 4.5  Error Calculations on the Hurst Exponent 

 Hurst exponent H can be calculated by using a spectrum of power is often checked to 

determine the fractal scaling detection in the stochastic series (Halden & Hawthorne, 

1993; Holton, Mackridge, & Philippaki-Warburton, 1997; Hoskin, 2000; Meakin, 1998), 

the power spectrum S(w) frequently attained the performing a Fourier transform on the 

series follows the power law performance over a substantial frequency scale as specified 

by 
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             (4.47) 

where w is the proportion and the exponent β is associated to the H by using β from 

(4.47) is used to obtain the Hurst exponent, H, by the subsequent scientific memories  

  
   

 
       (4.48) 

FD and H the dynamical performance of the data (Hassan, Abbas, & Ansari, 2017). 

Fractal scaling are revealed to ascend after the scaling is projected by manipulative the 

extent of the data or else in assessing scaling in the power spectrum. Now, determined the 

expected results by the help of irregular and regular population data intervals in the 

beneath. 

Hurst Exponents are computed through FD (table.4.3). The Hurst exponents for both 

intervals (centuries wise from 1729 to 1946, 1729 to 1798, 1810 to 1897, 1901 to 1946 

and 1951 to 2015 then decay wise intervals from 1951 to 1960, 1961 to 1970, 1971 to 

1980, 1981 to 1990, 1991 to 2000 and 2001 to 2015 come out to be (0.629, 0.797, 0.81, 

0.789) and (0.942, 0.825, 0.773, 0.827, 0.837, 0.847, 0.863) respectively. The Hurst 

exponent value for total and both population intervals are between 0.5< H < 1, boosting 

the positive and increasing upcoming trend value as revealed in fitted trend in Fig.4.16 

and 4.17. Our results are confirmed the detail that if FD is directly reverse to Hurst 

exponent process, FD increased then Hurst H decreased. The intervals shall prolong 

uncertainty the difference among the both intervals of population evolution are greater 

mean values and the tail prolongs. All probability distributions show persistency 

perceives in table. 4.4 and 4.5. The Mean-Tail Analysis (MTA) verified the Fractal 

Dimension-Hurst (FD-H) analysis are shown in figure 4.18 to 4.19 as well as table 4.4 

and 4.5 are also indicated mean-tail relationship in the view adequate test for best fitted 

probability distributions, these table results also verified Fractal dimension with Mean-

Tail analysis. Correspondingly, that is too vigorous to communicate that the values of 

Hurst exponent are proportional to the gradients of the intervals. Lastly, these periods are 

also revealing persistency by means of the Hurst exponent are more than 0.5 and 

appeared to be relational to the growing gradient of appropriate trend for each decay. 
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Figure 4.18a The FD-H analysis for irregular time interval (1729 to 1946) 

 

 

Figure 4.18b The FD-H analysis for irregular time interval (1951-2015) 
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Our estimation shown that this trend will be continue which might be effect in the rapid 

conversion of natural morphology (Colbeck, Nasir, & Ali, 2010; Uz Zaman et al., 

2010). Except this extend of urban morphology pattern is efficiently managed, the 

existing chaotic situations and its associated troubles like environmental degradation, 

redundancy and rise of criminal activities are likely to multiply (Ravenel, Scalzetti, 

Huda, & Garrisi, 2001).  

Now, we are investigating the Spatial-Temporal population density modeling for 

morphogenic in the assessment of districts and towns judicious of spatial population-

density distribution in the under section § 4.2. 

0.29 4.6  Morphological Pattern using Spatial GIS-based 

Analysis  

Based on Karachi census wise population data for the years 1981,1998 and 2002, this 

section is attempted to investigate the urban morphological pattern in past and present   

distribution of population and areas of governmental division of the Karachi into subunits 

(districts and towns) by using Spatial-Temporal GIS-based Analysis. The spatial maps 

are created from the shape file of the Karachi city are accessible on the internet, in the 

leading heads-up digitizing of shape file of Karachi city are located districts and towns 

boundaries, having exclusive ID for 5-districts and towns are shaped in a spreadsheet. 

Population data for each sub units are subsequently encoded and lastly joined with the 

subunit’s boundary shape files. For the resolution of distance extent, pivot (centroid) of 

each polygon is consequent by “maximum and minimum density as pivot point” by using 

ArcGIS options.  

Before applying the Spatial-Temporal surface density Model we used to our earlier 

developed maximum densest and minimum densest pivotal technique thru minor changing 

(Abbas & Ansari, 2010a; Garmendia & Salvador, 2007) in district and town wise scenario 

to scrutinize the variation in population density by distance from  maximum densest pivot 

to minimum densest  pivots similarly minimum densest pivot to maximum densest pivots, 

Straight line pivotal radius (distance) from each pivot of subunits (districts and towns) are 
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measured using field calculation in ArcMap, the distinctive table including  total population 

of each  districts and towns, density of the years of 1981 and 1998 west and south districts 

are found as maximum pivot and  minimum pivot, as per population density of town wise 

of the year of 2002 data records, Lyari town  is maximum densest town as well as Gadap 

town is minimum are calculated to a spreadsheet so that Spatial-temporal surface density 

modeling are be formulated. The GIS-based surface modeling of the spatial pattern of 

population density has transformed noticeably. To obtain the district and town with 

appropriate population density distribution put on spatial pivotal techniques which 

developed the distance of locations below deliberation from an exact pivot. 

The density data is depended on 1981 and 1998 census is exist five districts while, 2002 

evaluations are existing 18 towns. The 1981 and 1998 district wise population density data 

links to the 5- districts of Karachi viz. the Central, South, West, East and Malir districts are 

depicted in figure 4.1(a) to 4.1(b). While, the 2002 town wise communicated to the 18-

towns of Karachi viz. Saddar, Jamshed, Gulshan-Iqbal, Gulberg, Liaquatabad, Shah Faisal, 

Malir, Landhi, North Nazimabad town, North Karachi, New Karachi, Korangi, Orangi, 

Lyari, Gadap, Bin Qasim, Baldia and Kemari (figure 4.1(c)). Now, the morphological 

density distribution pattern of spatial maximum densest Pivot and spatial minimum densest 

Pivot of the city of Karachi are found by using our constructed spatial GIS maps.   

Here and now, We are simulated the urban population densest district or town and the less 

density  district or town between the five districts, 18-towns to be the pivot developed to 

the spatial maximum dense Pivotal and spatial minimum Pivot Mapping with measurement 

pivot distance to other least and. It is intended to develop two redeveloped techniques 

termed as Spatial-Maximum and Minimum Temporal techniques that utilize the data 

related to densest and least populated district or towns as pivot. These techniques are help 

to determine the best population-area (morphological) distribution pattern. Such techniques 

we have earlier developed in (Abbas & Ansari, 2010a), but that were specific to field data 

only. Now these techniques would be redeveloped to be able to use GIS and Satellite data. 

In the following we are determined the outcomes one by one. 
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0.30 4.7 Morphological Maximum Densest Pivot and Minimum 

Densest Pivot  

We have calculated the Spatial Maximum Densest Pivot (SMaxP) and Spatial Minimum 

Densest Pivot (SMinP) distance by using our constructed spatial morphological 

population density distribution maps of the five districts in the years 1981 and 1998. 

Let MMaxDd1…MMaxDd5 be the Morphological maximum density of the five districts 

D1……...D5 respectively arranged in the downward i.e. Dd1>Dd2>…>Dd5.  The densest 

district among MMaxDd1…MMaxDd5 is the Spatial Maximum Densest Pivot (SMaxP)) 

represented by SMaxDd (Dd1in densest). The spatial distances Sdi (SPD0, Ddi) and Sdj 

(Ddi,Ddk), i, j, k = 1…5 as displayed in below are formerly computed . Here and now 

(SPD0,Ddk, Ddi) described the district wise SMax P pattern as depicted in spatial maps 

4.1(a) and 4.1(b)  in the year of 1981 and 1998, the district of west with spatial density 

(14.3835 and 33.1878) are considered as the densest district and thus is studied as 

SMaxP, subsequently central district has spatial density (8.7362 and 14.6660), east 

district has spatial density (1.4631 and 2.7011), Malir has spatial density (4.8988 and 

11.1919) and south most least densest all over districts with  spatial density(0.542855 

and  0.75704). To calculate the spatial maximum distance from SMaxP is at the largest 

spatial distance are measured (20.312244) in South with spatial densities variation 

(0.21504), Central districts has second most spatial densest variation (4.898 to 8.736 

and 11.191 to14.666) and nearest spatial distances are measured (9.049855) stands next 

to the MDP other districts are closest densest to SMaxP at a spatial distance for the year 

of 1981 and 1998 shown under chart and figure 4.20(a) and 4.20(b). It is cleared here, 

spatial MMaxDd is similar so, the pivotal distance and other points are no change in 

spatial distance measurement for the both intervals nonetheless spatial population 

density is different it is gradually increased between one to other time interval.   
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Calculating Spatial Maximum Pivots distance to measurement based on our 

constructed Spatial Population density Maps in 1981 

Spatial 

Pivots 
Spatial District 

Spatial density 

variation 

Spatial Distance 

of pivot (Max to 

Min) 

SPD0 WSpatio_Max 5.647 0 

SPD1 CSpatio_Max 3.838 9.049855 

SPD2 MSpatio_Max 3.435 36.358586 

SPD3 ESpatio_Max 0.921 19.366104 

SPD4 SSpatio_Max 0.542 20.312244 

Similarly, in the view of our constructed spatial population density maps for the census 

year (1998) in five districts. 

 

Calculating spatial Maximum Pivots measurement based on our constructed Spatial 

Population density Maps in 1998. 

Spatial Pivots 
Spatial 

District 

Spatial density 

variation 

Spatial Distance 

of pivot (Max to Min) 

SPD0 WSpatio_Max 18.521 0 

SPD1 CSpatio_Max 3.475 9.049855 

SPD2 MSpatio_Max 8.49 36.358586 

SPD3 ESpatio_Max 1.944 19.366104 

SPD4 SSpatio_Max 0.757 20.312244 
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Figure 4.20a Spatial Morphological distribution of Population density simulated by spatial maximum Denset pivotal mapping 

Mapping in five districts of Karachi in 1981.  
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Figure 4.20b: Spatial Morphological distribution of Population’s density simulated by spatial maximum Densest Pivotal Mapping in 

five district of Karachi in 1998
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As, spatial minimum densest district as a pivot to other districts distance are determined 

on the basis of our constructed maps 4.21(a) and 4.21(b) for the two census records 

which was held in the year of 1981 and 1998.Spatial minimum pivotal (SMminP) is 

exactly the same as the spatial maximum pivotal (SMmaxP) except that all calculations 

now will be made with reference to the SMP. 

Let us see again we are constructed the spatial minimum pivotal with distances Smindi 

(SPD0,Dldi) and Smindj (Dldi, Dldk), i, j, k = 1…5, Now (SPD0,Dldk, Dldi) described the 

district wise spatial minimum pivot pattern for the census year of 1981 and 1998 as 

depicted in spatial map 4.21 (a) and 4.21(b) in  below are then minimum spatial densest 

district are selected  as pivot ; spatial  distance for SMminP to other districts are also 

calculated. South district with spatial density (0.5428 and 0.757) is the minimum pivotal 

district and so is considered as SMmin P in both intervals. East district has spatial lowest 

density (1.4631 and 2.7011) with distance (9.431474) stands next to the SMminP and 

Malir district has spatial density (4.8988 and 11.1919) at spatial largest distance 

(43.670087) from the SMminP. Central is at the distance (13.8998) and density (8.7362 

and 14.660) from the SMminP whereas, West district has density (14.3835 and 33.1878) at 

a spatial distance (20.31) all the calculation are mention under. 
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Calculating spatial Minimum pivots measurement based on our constructed Spatial 

population density Maps in 1981. 

Spatial Pivots Spatial District 
Spatial density 

variation 

Spatial Distance 

of pivot  (Max to 

Min) 

SPD0 SSpatio_Min 0.542 0 

SPD1 ESpatio_ Min 0.542-1.463 9.431474 

SPD2 MSpatio_ Min 1.463-4.898 43.670087 

SPD3 CSpatio_ Min 4.898-8.736 13.899841 

SPD4 WSpatio_ Min 8.736-14.383 20.312244 

Calculating spatial Minimum pivots on the base of our constructed Spatial district 

wise population density Maps in 1998. 

Spatial Pivots 
Spatial  

District 

Spatial density 

variation 

Spatial Distance 

of pivot  (Max to Min) 

SPD0 SSpatio_Min 0.542 0 

SPD1 ESpatio_ Min 0.542-1.463 9.431474 

SPD2 MSpatio_ Min 1.463-4.898 43.670087 

SPD3 CSpatio_ Min 4.898-8.736 13.899841 

SPD4 WSpatio_ Min 8.736-14.383 20.312244 
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Figure 4.21(a): Spatial Morphological distribution of Population’s density simulated by spatial minimum Densest Pivotal Mapping in 

five districts of Karachi in 1981. 
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Figure 4.21(b): Spatial Morphological distribution of Population’s density simulated by spatial minimum Densest Pivotal Mapping in 

five districts of Karachi in 1998.
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Since, the year of 1981 and 1998 in the Karachi city are distributed in five districts. 

subsequently, by the better administrative purpose of Karachi city are divided into eighteen 

towns in the year of 2002. These two types of distribution are offered increase to a 

phenomenal debate that whether the five districts system is healthier for the administrative 

planning of city or else the towns system. Now here, toward only focused the determination 

of spatial maximum pivots density and spatial minimum pivots density with respect to 

spatial distance for the distribution of 18 -towns in 2002.  

So, we are reapplied above mention producer in eighteen town wise 2002 data sets. 

supposed S … be the spatial density of the eighteen towns … , the maximum 

densest towns are arranged in the descending order i.e S > >…> . The densest 

town among MMaxDT1…MMaxDT18 is the spatial maximum densest pivot (SMax P)) 

represented by SMaxPT (  in our situation). The maximum spatial distances di  (SMax 

PT, ) and dj  (PT, ), i, j, k = 1…18 is shown in map: 4.22(a). Now (SMaxPT, PTi , di) 

described the town wise SMaxP the pattern with distance measurement is display in spatial 

mapping and chart results in below and followed by most one densest town as pivot 

distance to further seventeen towns then as well calculation. The town of Lyari by spatial 

density (1557.89) is the densest town, then it is measured as SMaxP. Liaquat Abad town 

has spatial density (878.270) and density viewpoints succeeding to the SMaxP. whereas, 

Gadap town has least density (2.073458) at the largest spatial distance (45.2603) from the 

SMaxP, all results are displayed in below: 
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Figure 4.22(a): Spatial Morphological distribution of Population’s density simulated by spatial maximum Densest Pivotal Mapping in 

eighteen towns of Karachi in 2002. 
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Manipulative the spatial Maximum pivots on the base of our constructed Spatial 

town wise population density Maps in 2002 

Spatial Pivots Spatial District 
Spatial Pivots 

(Max- Min) 

SPT-0 Lyari              Spatio_Max 0 

SPT-1 Liaquat Abad   Spatio_Max 6.005458 

SPT-2 Jamshed       Spatio_Max 6.223939 

SPT-3 Orangi         Spatio_Max 9.377449 

SPT-4 New Karachi   Spatio_Max 14.919506 

SPT-5 Gulberg       Spatio_Max 10.414021 

SPT-6 Saddar        Spatio_Max 4.827807 

SPT-7 Shah Faisal     Spatio_Max 16.804191 

SPT-8 North Nazimabad Spatio_Max 9.736255 

SPT-9 Malir              Spatio_Max 20.964291 

SPT-10 S.I.T.E     Spatio_Max 4.566914 

SPT-11 Baldia         Spatio_Max 8.741712 

SPT-12 Korangi       Spatio_Max 13.742573 

SPT-13 Gulshan-e-Iqbal Spatio_Max 12.966007 

SPT-14 Landhi        Spatio_Max 19.557876 

SPT-15 Kamari        Spatio_Max 14.9672 

SPT-16 Bin Qasim    Spatio_Max 40.097766 

SPT-17 Gadap        Spatio_Max 45.260374 
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We have considered that the minimum densest town as the Spatial Minimum Pivot 

(SMminP). So, in the our constructed spatial map set up ST18 is the smallest pivot SMinP.  

SMinP is the similar as the SMaxP excluding the all analysis, at presented to be created in 

location to the SMaxP. The previous  SMaxP technique are reapplied in terms of  spatial 

minimum densest pivot with other towns  .The spatial minimum distances di  (SMinPT, 

LTi) and dj  (PT , LTi), i, j, k = 1…18 (SMinP , , di) define the town SMinP pattern as 

depicted in map 4.22(b) and chart results are shown the characteristic SMinP patterns of 

the towns … . The Gadap town  has minimum least density (1.236) thus considered 

the  SMinP, the the Bin Qasim town by least density (8.5524) is nearby then succeeding to 

SMinP at a distance (6.00545).similarly, the Lyari town is at the spatial largest distance 

(45.2) and most densest (1557.83) from the SMinP. All results are under  
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Manipulative the spatial Minimum pivots on the base of our constructed Spatial 

town wise population density Maps in 2002 

Spatial Pivots Spatial District 
Spatial Pivots 

(Max- Min) 

SPT-0 Gadap Spatio_Min 0 

SPT-1 Bim Qasim Spatio_Min 6.005458 

SPT-2 Kiamari Spatio_Min 6.223939 

SPT-3 Landhi Spatio_Min 9.377449 

SPT-4 Gulshan-e-Iqbal Spatio_Min 14.919506 

SPT-5 Korangi Spatio_Min 10.414021 

SPT-6 Baldia Spatio_Min 4.827807 

SPT-7 S I T E Spatio_Min 16.804191 

SPT-8 Malir Spatio_Min 9.736255 

SPT-9 North Nazim abad Spatio_Min 20.964291 

SPT-10 Shah Faisal Spatio_Min 4.566914 

SPT-11 Saddar Spatio_Min 8.741712 

SPT-12 Gulberg Spatio_Min 13.742573 

SPT-13 New Karachi Spatio_Min 12.966007 

SPT-14 Orangi Spatio_Min 19.557876 

SPT-15 Jamshed Spatio_Min 14.9672 

SPT-16 Liaquat Abad Spatio_Min 40.097766 
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SPT-17 Lyari Spatio_Min 45.260374 
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Figure 4.22(b): Spatial Morphological distribution of Population’s density simulated by spatial minimum Densest Pivotal Mapping in 

eighteen towns of Karachi in 2002
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In view of the above constructed spatial maps with its result are appeared that the town 

astute population density spreading of the city is healthier than the districts, nonetheless 

our imminent research shall be strain on confirmation of the spatial maps results of the 

SMaxP and SMinP techniques for the spreading of the city districts and towns. The 

enhancement of our analysis results, we would be apply on Spatial-temporal models 

(improved named is GIS-based surface modeling). The GIS density delineation 

methodology are shown the spatial morphological pattern of density has reformed 

significantly. This research also observed that the more verified the Spatial-Temporal 

Population Density Gradient Models as well as density gradient seemed to be resulting the 

negative exponential model by Colin Clarke. Spatial-Temporal Population density models 

are studied population density per distance from maximum and minimum pivots, the 

functional density  method  scrutinizes  just how  density  diverges  by the  most dense and 

less dense pivots and the pattern of density  function are determined then found  that the 

district wise else town wise by the most appropriate population density distribution  of the 

city. We shall apply spatial temporal population density gradient model which usages the 

distance of town and district as the places beneath reflection from a definite pivot. We have 

considered the dense density and the least dense density amid the 5- districts and 18- towns, 

the pivotal calculation of the spatial maximum distance measurement and spatial minimum 

distance measurement. In the subsequently, we applied the SMaxP  and SMinP techniques 

outcomes for determining the spatial  surface density distribution pattern for our earlier 

developed (Abbas & Ansari, 2010a) flatten gradient population density models 

sequentially. 
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4.8 Spatial - Temporal Modeling: Flatten Gradient Population 

Density Models 

The basic concept of population density gradient were introduced by Colin Clarke in 

1950s. The results of his theory is found out that the population density declines the 

smoothly exponential through distance as of the Central location of the city which is 

usually known as (CBD) of the city (Dennis et al., 2006; Garmendia & Salvador, 2007; 

Khatun et al., 2017). According to Clarke population density model are derived 

mathematically calculation, 

D(x) = D0 e
-bx

                        (4.49) 

D(x) is  denoted population  per area with the distance  x kilometers beginning the pivot 

point (city center), D0 is pivotal population  density as per induced, e is the natural 

logarithm (2.718 approximately) and b is coefficient of the density gradient (Abbas, 2013; 

Balmford et al., 2003; Clark, 1951; Corner, Ongee, & Dewan, 2014).Urban scientist 

Sherratt (1960)  and tanner (1961) were developed two models which was independently 

also found the similar results that the population are exponentially declines same distance 

departed from the center creating a depression in the density gradient curve (Corner et al., 

2014; Khatun et al., 2017; Nilufar, 2010; Pacione, 2009).In our earlier study (Abbas & 

Ansari, 2010a, 2011)we have already revised model then seemed as FGDM which are 

usage to explored the districts wise population density distribution over to Karachi Katchi-

abadies (Abbas & Ansari, 2010a, 2011) our  developed model is denoted as                    

D= D0 e
- r              

(4.50) 

D(r)   Density at a distance r, 

r     =   Distance between one to other location point, 

D0   =   density at an initial point,   

e        Natural logarithm (approx 2.71828) , 

      Coefficient gradient varies (2,1.5,1.0.5,0.2). 
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The FGDM usage an only pivot named the monocenter to obtain the population density 

distribution which is restrained to various gradient coefficient  through distance 

increased from the pivot (Abbas, 2007, 2013; Boarnet, 1994; Clarke & Gaydos, 1998; 

Curry, 1972; Fujita & Ogawa, 1982; Hart, 1991; M. Hussain, Abbas, & Ansari, 2010; 

Simon, 2000; Wang & Guldmann, 1996) suggested the modifications to Colin Clarke 

model (Bart et al., 2003;Turcotte, 1997). The description of the spatial population 

distribution pattern of the city of Karachi is based on the district wise data for the census 

years 1981, 1998 and 18 town’s wise for the census year of 2002 data. 

At this point, we have applied FGDM to found the distribution of spatial population 

density of the 5
-
 districts and 18

-
towns of Karachi by using SMaxP and SMinP techniques 

for resolving the spatial population density distribution pattern in the tables.4.6 to 

4.7(SMaxP in 1981 and 1998) and 4.8 to 4.9 ((SMinP in 1981 and 1998)and 4.10 to 4.11 

represented. As per β varies from 0.2 to 2.0, the population density values go on 

decreasing and the related curves figures are flattened in figure. 4.23(a-b) to 4.23(c-d). 

Additionally, for any gradient range value of  =0.2, 0.5, 1, 1.5 and 2, the population 

density declines as we go far-off as of the specific pivot for any districts and towns i.e the 

 gradient range fluctuating in directly inverse as per the population density.  

In case of SMaxP for gradient β =2, the densities of Malir district (1.29E
-31

) and South 

district (1.24E
-18

) for the year of 1981 approach small densities, similarly the districts of 

Malir (2.94E
-31

) and south(1.72E
-18

) also approached least densities for the year of 1998 

in depict table 4.6 and 4.7, by means of the density gradient verves on decreasing 

consistently. 

 In existence of  SMinP for the gradient value of = 2,the spatial densities of Malir (5.74E
-

38
) and West (3.27E

-17
) in the year 1981 as well as the densities, Malir (1.31E

-37
) and west 

(7.55E
-17

) in the year 1998.Table 4.8 and 4.9 indicated the gradient density values are 

further decreasing as the distance increases, the densities become more flatten for the 

larger values of  .we have found SMinP results are most reliable and adequate extra 

minimum least densities as compare to SMaxP as just of SMinP the associated spatial 

population density curves are flattened depicted in figures. 
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Figure 4.23(a-b): Flatten Gradient densities (SMaxP, SMinP,) curves for 1981. 
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Figure 4.23(c-d) Flatten Gradient densities (SMaxP, SMinP,) curves for 1998 

Considering the Flatten Gradient Density Model to investigate the spatial density 

structure of the 18- towns of the city by sustenance of spatial Maximum SMaxP and 

spatial minimum SMin pivots. the maximum densest town as the MMaxDT1 and then 

minimum densest town as MMinDT0. we are determined the densities by using of their 
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spatial distances measure from the pivots to other location and the gradient coefficients  

vacillating (2, 1.5, 1,0.5,0.2).   

In table:  4.10 to 4.11 and figure 4.24(a-b) shown the values of the all gradient  = 0.2, 

0.5 ,1,1.5,2.0 are calculated by of SMaxP and SMinP for eighteen towns wise distribution. 

In the SMaxP for   = 2.0, the spatial densities of Gadap (1.01E
-37

) and Bin Qasim town 

(1.27E
-32

). These towns are associated in past Malir District in place of five district wise 

distribution in 1998, the   gradient drives on decreasing and the spatial density convert 

to decreasing as flatter.  

As we said directly above SMinP for the   = 2.0, the spatial densities of Kemari Town 

(6.1E
-43

) Saddar Town (7.15E
-36

), Lyari Town (7.58E
-35

) and Jamshed Town (8.54E
-33

). 

All of towns become least densities as distance is increased, the gradient   = 0.2 to 2 is 

falling and the spatial density outcome spare flat confirming the merging of the actual 

Clarke population density model {D(x) = D0 e
-bx

}to the our earlier developed FGDM{D(r) 

= D0 e
- r

}. 

Overall, the SMinP   for the town wise distribution are appeared to be improved than the 

districts wise distribution with all SMinP as if of MMinDT0 the assist by density curves 

flatten considerable as associated to the conforming of MMinDT0 districts wise density 

curves as depictedd in table 4.11. According to figure 4.24(a-b) SMinP curves are grasped 

that the of city sizes are increasing the densities would be more flatter gradients. 

 

  



 

196 

0 2 4 6 8 10
0

5000

1 10
4

1.5 10
4

ß=0.2

ß=0.5

ß=1

ß=1.5

ß=2

FGDM(Mono-P ivotal) For District Sout h

r

D
(r

)

1.003 10
4



2.067 10
5



D r 0.2( )

D r 0.5( )

D r 1( )

D r 1.5( )

D r 2( )

100 r  

 

0 10 20 30 40
0

50

100

150

ß=0.2

ß=0.5

ß=1

ß=1.5

ß=2

Urban   Densit y Pat tern  For GBM (n=10)

r

D
(r

)

128.385

0

D r 0.2( )

D r 0.5( )

D r 1( )

D r 1.5( )

D r 2( )

350 r  

Figure 4.24(a-b): The flatten gradient town wise density using SmaxP and SminP. 

It is also obvious that as far away from the pivot (center) the density declines viz, 

gradient coefficient diverges in reverse as the density. Our results are concluded that 
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spatial FGDM with the help of SMinP distance measurement technique is suitable and 

appropriated for districts and towns wise population density distribution, meanwhile town 

wise population densities distribution pattern is more reliable for city planning and 

development. These towns wise related density curves flatten further and more to  end 

formed the  straight line. 

To forecast the practicable spatial population density spreading for the deeds of the 

spatial density arches by various   gradient is considered. In § 4.6 applied spatial-

population density surface attempts to confirming and analyzing the spatial FGDM 

results of spatial density in various gradient  which is obtained by minimum distance 

measurement in our developed SMminP   techniques in § 4.10. 

4.9 Spatial-Population Density Gradient Surface Modeling 

This section as well base on the confirmation and appropriateness of our developed 

spatial population density with respect to minimum pivotal distance by spatial GIS 

mapping results (Khatun et al., 2017; Nilufar, 2010). Now, studying three-dimensional 

population density surface is depiction as D= Sf (x,y,PD) wherever x and y is the longitude  

and latitude along with PD  is population density. Our earlier development spatial FGDM 

can be generalized in standings of Spatial flatten gradient density model in several 

morphological distribution patterns as  

DTr = ST(r)       (4.51) 

Where, DTr, the  temporal density on distance r as of the minimum pivot of the locations, 

ST(r) the spatial – population temporal density function of the distance r.  

From 1981 and 1998, five districts  of the Karachi city has most similar spatial pattern of 

population density distribution, Spatio-West population density (14.38) to increase 

(33.18) and Spatio-Central  district (8.736) to increase (14.66), these are highest densest 

districts for both intervals, In 2002, Eighteen Town wise spatial  pattern of population 

density distribution are found highest density peak in  Lyari town (1557.89), liquated 

town (878.27) and Jamshed town (614.49)and Saddar town (466.45). it is noted that these 
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town are old developed (planned) areas of the city of Karachi, which was already proofed 

in the years of 1981 and 1998 in  most dense district Spatio-West and Spatio-Central  

Similarly Jamshed town and Saddar town  are initiated another densest oldest city area 

which was located in Spatio-south  district.  

Specifically, we have selected four inherited linear models are used to check the fitness 

of spatial pivotal minimum distance verse spatial densest for the period of 1981, 1998 

and 2002 in 5-districts and l8-towns wise population density gradient in the Karachi 

metropolitan areas. The density gradient be situated through mathematical models, the 

trend line are enhanced of inherited linear models and the coefficient of determination 

test value are formed to obtain the most fitted model and signification of the density 

gradient. The Linear model, exponential model, logarithmic model and second order 

polynomial model are tested in following. 

 

District wise distribution in 1981: Spatial Pivotal Distance Verse Spatial Population   

Density Gradient 

 

 Type of model  Model formula R
2
 value 

Linear D(r) =-3.495r+16.49 0.944 

Logarithmic D(r) =-8.91ln(r)+14.54 0.963 

Exponential D(r)=42.12e
-0.83r

 0.968 

Second order Polynomial   D(r) =0.704r
2
-7.719r+21.41 0.958 
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Figure 4.24(a): Linear Trend Model for population density gradient of Districts of 

Karachi 1981 

 

Figure 4.24(b): Log Trend Model for population density gradient of Districts of 

Karachi 1981 
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Figure 4.24(c): Exponential Trend Model for population density gradient of 

Districts of Karachi 1981 

 

Figure 4.24(d): Polynomial Trend Model for population density gradient of 

Districts of Karachi 1981 
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The above mention results are shown the SMinP verse Spatial population density gradient 

using to four fitted trend equations and R
2
value for the year 1981 (figure: 4.24(a) to 

4.24(d)). Examining the coefficient of determination R
2
 values of the trend models for the 

district wise distribution is the best fitted R
2
(0.968) and R

2
 (0.963) are suggested by the 

for exponential and Logarithmic trend models (Figure 4.24 (b) and Figure 4.24(c)).  The 

exponential trend model is explained 99.8 percent of the density variation in 1981 

respectively. 

 

District wise in 1998: Spatial Pivotal Distance verse Spatial Population Density 

Gradient 

 

Type of model Model formula R
2
 value 

Linear D(r) = -7.682r + 35.54 0.883 

Logarithmic D(r) = -20.0ln(r) + 31.71 0.97 

Exponential D(r)  = 103.4e
-0.92r

 0.980 

Second order  polynomial D(r) = 2.009r
2
 - 19.74r + 49.61 0.967 
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Figure 4.25(a): Linear Trend Model for population density gradient of Districts of 

Karachi 1998 

 

Figure 4.25(b): Exponential Trend Model for population density gradient of Districts of 

Karachi 1998 
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Figure 4.25(c): Logarithmic Trend Model for population density gradient of Districts of 

Karachi 1998 

 

Figure 4.25(d): Polynomial Trend Model for population density gradient of Districts of 

Karachi 1998 
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Hence, in 1998, Results are revealed the SMinP verse Spatial population density gradient 

by to four selected fitted trend equations besides coefficient of determination R
2 

values 

in displayed figures: 4.25(a) to 4.25(d). Investigating the trend models for the district 

wise distribution in the view of R
2
 values are the nearest to close-fitting R

2
 (0.980) and 

R
2
 (0.97) are predicted thru the exponential and Logarithmic trend models (Figure 4.25 

(b) - 4.25(c)). The exponential trend model is described 96.3 percent of the five districts 

wise population spatial density variation in 1981 although in 1998 it individual 

explicates only 98.0 percent. The SMinP in gradient  values have been confirmed the 

declined in all four trend models, and the pivot (center) interrupt has also decreased 

from 1981 to 1998. 

 

Town wise in 2002:  Spatial Pivotal Distance Verse Spatial Population Density 

Gradient 

 

Type of model Model formula R
2
 value 

Linear D(r)=-6153r+98344 0.762 

Logarithmic D(r)=-4496ln(r)+13081 0.979 

Exponential D(r)= 300162e
-0.29r

 0.961 

Second order polynomial D(r) = 391.8r
2
 – 13597r + 12315 0.828 
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Figure 4.26(a): Linear Trend Model for population density gradient of Town of 

Karachi 2002

 

Figure 4.26(b): Exponential Trend Model for population density gradient of 

Town of Karachi 2002 
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Figure 4.26(c): Polynomial Trend Model for population density gradient of Town of 

Karachi 2002 

 

Figure 4.26(d): Logarithmic Trend Model for population density gradient of Town of 

Karachi 2002 
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Examining of the eighteen towns of population densities gradient in the interpretation of 

SMinP results for 2002 in Karachi Metropolitan Areas (Brakman et al.), all of four trends 

models with coefficient of determination R2values have appeared in above chart and 

figures: 4.26(a) to 4.26(d). Among the four trend models are tested, R2 values of the 

exponential and logarithmic trend models is (0.961) and (0.97) are very efficient and 

appropriate for verification and prediction of spatial population density, it has been 

concluded that SMinP with spatial flatten gradient population densities are rapidly 

increased from the year 1998 to onwards, the exponential trend model more fits better 

than the other three trend models. The town wise population density gradient curve has 

flattened over distance with respect to time. Population density spatial map for SMinP 

with respect to spatial FGDM results are confirmed then the densities more flatten over 

distance.   

An analyzing the population density by spatial gradient surface model in the city areas of 

Karachi. We have to concluded population densities pattern due to the morphology of 

city reproduced the effect of its history, health and commercial values of convinced 

subunit areas (such as Towns), while the third world countries cities have certain 

resemblances in developed countries cities as concerns of the population density anxieties 

(Abbas, 2013; Khatun et al., 2017; Kremer, 1993). Our developed spatial results are 

indicated that the density slowly declines by distance as of the pivot sense that it imitates 

to the Clarke population density model as well as our developed FGDM. Though by time, 

the transformation of population density per unit distance, i.e the spatial population 

density gradient ( = 0.2, 0.5 ,1,1.5,2.0) has declined as flatten . Since the trend, it should 

be incidental that the density gradient can be flatten by distance and duration over further 

or fewer static density throughout Karachi metropolitan areas else, additional 

multifaceted population with respect to area (density) distribution pattern may ascend 

which involves further research. 
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4.10 Conclusion 

Urban Morphogenesis is a scorching global issue of this current era, in this context there 

is a major concern for urban population evolution. The problem is that all urban 

activities, great threats to economies of cities, and importance to communication. This 

intricate disorder made it enormously apt to considering Karachi city as a test case. The 

population evolution of Karachi as increase constantly, this chapter carried out population 

disparity of the Karachi city intense, our innovative Mathematical Oncologic techniques, 

which is based on the GIS and remote sensing to illustrated population density pattern 

and spatial population growth variation. The first stage we have created spatial mapping 

for population density using census wise population (districts and towns) for the year of 

1981, 1998 and 2002, then our constructed spatial GIS map GIS, In Figure 1(a)-(c) 

illustrates, the Morphogenesis patterns of the urban density in proportion to urban 

population of Karachi region according to 1981,1998 and 2002 census records. 

Urban population and its morphology of Karachi as a dynamical process via adapted 

oncological mathematical modeling for example Mann-Kendall by trend modeling, 

Fractal dimension with second moment growth and range increment methods of  Hurst 

Exponents and Spatial -Temporal Population surface density modeling for the selective 

intervals. 

The urban morphological density pattern depend on the population growth of the city of 

Karachi are investigation of all of data sets using the fractal dimension methods. 

Conforming the urban logarithm population rising from (3.0 to 5.729345)1729 to 1946 

and from (6.056015 to 7.363111) 1951 to 2015, while fractal dimension D, increases 

from 1729 to 1946 in 1.624906 and from 1951 to 2015 in (1.058) respectively. It is 

investigated that 18
th

 to 21
st
 (first falloff 21

st
) population of Karachi has significantly 

increased, a positive correlation amid urban population and the Fractal dimension 

shown the fractal dimension is an efficient better measure of urban spatial structure. 

The Fractal dimensions can increase on the dimension of spatial analysis and urban 

modeling and its role in Fractal analysis. 
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The reliable trend modeling in the view of Mann Kendall statistical test are necessary 

for any forecasting to urban population phenomena. to concluded, all data sets are too 

exposed persistency and Hurst exponent are more than 0.5 and seemed to be relational 

to the cumulative occurrence of gradient, We have also determined the Hurst exponent 

by using the second order moment techniques and range increment technique; range 

increment method initiate the greater values as compare to second order moment 

technique for Hurst exponents of irregular and regular data time series. Hurst exponents 

are calculated over Fractal dimension, also confirmed that the fractal dimension is 

reverse process it is increased at that point Hurst exponent is decreased.  

Urban morphological spatial form of the all districts of the city of Karachi based on 

1981 and 1998 census and formerly the eighteen towns of Karachi based on 2002 are 

used to develop the spatial population density distribution pattern by our constructed 

GIS-based Spatial Density Mapping. In the subsequent phase has studied the spatial 

density of each of the five districts and eighteen towns by using our developed SMaxP 

technique (utilizing the maximum densest districts and Town) and the SMinP (utilizing 

the minimum densest district and town) which are helped to determine the 

appropriateness of the spatial population distribution pattern with respect to distance 

measurement. By using the spatial density distribution pattern we have determined the 

spatial density pattern by spatial Flatten Gradient Density Model (SFGDM). The spatial 

population-density distribution patterns in both (SMaxP and SMinP) these cases are 

studied and compared in best distributed pattern amid the districts or towns. In the final 

stage we have found SMinP technique is most appropriate for five districts and eighteen 

town’s population wise population density distributions, In this regard we have develop 

Spatial-Population Density Gradient Surface Modeling to studied the population 

density for five districts and eighteen towns for the year of 1981, 1998 and 2002 census 

record of Karachi city. We have found towns wise distribution are most flatten mean 

most reliable for density distribution of the city of Karachi. Moreover, confirm the 

calculations and adequate of Spatial FGDM are examined by the Linear, Exponential 

and Logarithmic and second order polynomial trend model. So, these results also 

conclude the spatial morphological densities structure/ pattern and its variation over 

gradient distance and duration are flattening the density. Our urban population and its 
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morphogenesis models are planning remain enormous and expanded. The conclusion of 

this chapter would be supportive in formation of essential numerical models for 

prediction and empathetic of the dynamics of populations discrepancies. It will help to 

establish a basis to prepare Mathematical oncological processing so that the city's 

worst management and planning can be improved. 
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Chapter 5 

Urban Human Infectious Dengue Disease associated with Urban 

Climate and Morphological Contexts Using Oncological Treatment: 

Spectrum Fractal Scaling Algorithms, ARIMAX (p) and   PARX (p) – 

NBARX (p) Probabilistic Models 

Dengue virus is itemized as an urban human disease as it binges easily to urban 

morphological contexts, because of the uneven rising of urban population and infectious 

diseases consequently of climate alteration. Dengue fever epidemic are connected to 

climatic factors are helpful to monitor and prevent the transmission of vector-borne, 

Aedes-aegypti mosquito (Pereira et al., 2018). The vector-borne dengue disease is the 

more significant arboviral disease in the world, according to morbidity and mortality, 

which estimates that twelve thousand (12000) to twenty-four thousand (24000) deaths per 

year (Engels, Chitsulo, Montresor, & Savioli, 2002; R. V. Gibbons & Vaughn, 2002). 

Dengue infection takes a main concerned for health establishments in the world 

frequently in the tropical states. Overall, global factors around dengue viruses and Ae. 

aegypti have been affected by such factors as population growth or development and 

unplanned areas such as slums as well as unplanned urban morphology with respect to 

urban climate (Kuno). Dengue infection is recorded as an urban disease as it facilitates 

urban circumstances because an unprecedented increase in urban population. 

Dengue  fever epidemic in southern Asia, including in Pakistan, since 1996 had increased 

dengue outbreak. In recent decades, dengue has become tropical countries in a growing 

urban health problem (Ahmed, Siddiqi, Quaiser, & Siddiqui, 2015). The disease is 

assumed to be spread mostly as an outcome of in effectible vector and disease 

surveillance; insufficient human health infrastructure; urban population morphological 

structures and urban climate variation. The association of climate parameters and the 

dengue  fever epidemic in the beginning of the 20th century, in that time, some scholars 

are strained to connect the relation between these climate parameters and the dengue 

outbreaks. The climate parameters rainfall, urban land temperature and El Niño-Southern 

Oscillation index are helping outs is reduced to the time interval for the imitation of the 



 

212 

dengue fever virus (Le). In the high temperature vector borne Aedes Agepty mosquito’s 

disease (mosquito grown to infectious rapidly and high probability to human beings 

before its impact on the effect of the   risk. Climatic revolution and climate factors are 

being used to serve dengue vector then there are many additional parameters similarly co-

operating a vigorous role for the dengue outburst (Gill, 1920; C. Gill, 1921; C. A. Gill, 

1921; Rusch & Perry, 2011). The vector-borne dengue diseases (VBDDs) epidemics and 

spreading in urban (morphological environment) population is apparently multi-factorial, 

about the biological, climatically and social factors for climate change is long since 

smeared as significant in figure 5.1. 

 

Figure 5.1 Vector Borne dengue disease transmission related to urban morphology and 

climatic parameters 

Urban morphology is defined in various settle countries that categorize and organizes the 

distribution of urban functions. In urban planning, it is supported and detect evolving 
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problems and solve urban disorders (Rusch & Perry, 2011; Troyo et al., 2009); Curdes, 

2010) as our constructed figure 5.1 is also clearly mention the dynamics of the dengue 

disease is obscured because its transition process depends on urban morphological 

functions such as urban environmental/ ecological and climate change. 

Karachi city is the most populated city of Pakistan and has the most important port and 

financial center. The urban population is projected in 23.5 million in the period of April 

2016 and a population density approximately six thousand kilometers per square then the 

World's third largest city is population (Atique, Abdul, Hsu, & Chuang, 2016). The city 

of Karachi has faced many problems with uncontrollable urban population (urban 

morphogenesis), urban management and planning. The city of Karachi is located to the 

subtropical climate region. Karachi and its suburbs lie in semi-arid Zone. Rainfall in the 

region is very uncertain and irregular. Karachi is two important spells; summer and 

winter, whereas spring and autumn is rapid. During the summer the summer continues for 

the long run. Karachi has a moderate climate, which occasionally becomes dry, 

otherwise, intensely humid. The average monthly wind speed during the year varies from 

3.2 to10.7 knot per hours. The hottest months are May, June, September and October. 

The mean daily maximum temperature ranges between 33.33◦C to 46.6◦C lowest 

temperature recorded being 5◦C. An ENSO index, which has led to increasing the risk of 

dengue spread. 

In epidemiology, a typical example of infectious dynamic is complex behavior 

(Mandelbrot, 1982; Focks & Chadee; D. Gubler, Kuno, Sather, Velez, & Oliver; D. J. 

Gubler). There are some standard approaches about the distribution of predictor and 

resultant variables (Balmaseda et al., 2005; D. Gubler et al., 1984; Weaver & Vasilakis, 

2009) in the standard modes of data epidemiology. We generally understand that 

invisible, random noise in epidemiology study, which can be determined and corrected in 

statistical data. To study these types of systems, the novel Mathematical Oncological 

approaches are to apply EDA, Fractal Scaling Power Law along Higuchi’s algorithm and 

R/S Hurst exponent theory and Probabilistic Modeling.  
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0.31 5.0  Data Analysis and Methodology 

In chapter 5, we have tried to explore the association of climatic parameters as well as 

urban morphological contexts under urban population health scenario. Two types of data 

are used, one is the climate (weather) parameter and other is dengue counts, i.e. dengue 

patient’s data series from January 2001 to December 2016, the climate data mean 

monthly temperature, monthly rainfall and El Niño Southern Oscillation Index (from 

January 2001 to December 2016) are considered. This research described the urban 

environmental issues that influence of dengue disease in the future of urban climatic 

parameters, on municipal activities and to grow adaptive solutions for dengue-adaptation 

for Karachi city. This study is constructed on applying oncological basic statistical 

treatment (Descriptive and Exploratory data analysis of selective parameters on monthly 

and yearly basis), Moreover, determination of the persistency and anti-persistency 

behavior of the series by using Spectrum Fractal scaling dimension method. In other 

section obtained the relationship of climatic parameters Mean Monthly Temperature and 

Climatic ENSO index data and another belongs to dengue fever outbreak monthly data of 

the city of Karachi by using ARMAX(p), PARX(p) and NBAX(p) probabilistic 

modeling, Detailed discussions are given in the following sub-sections. 

0.32 5.1  Descriptive Data Analysis and Interpretation of Dengue 

Epidemic with Climate Parameters 

The initial segment is shown that climate factors (land surface temperature, rainfall and 

ENSO index) monthly data is a crucial outcome on dengue infectious in Pakistan, 

Karachi. Table 5.1, descriptive statistical results for ENSO Index, land surface 

temperature, Monthly, rainfall and dengue epidemic, the least dengue patient were 

diagnoses 43 cases in 2001, the highest dengue outbreaks were 2500 to 6043 occurred in 

the duration of 2010 to 2015.The mean dengue for the total monthly period is 

129.6667and the standard deviation is 31.7e
01

. 
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Figure 5.2 The time series monthly plot for dengue count for the duration of 2001 to 

2016. 

First, we determine the robust test of equality of means (Dengue fever counts and mean 

monthly temperature, dengue fever counts and ENSO index; (rainfall and dengue counts 

are not more effective relationship in our selected intervals, that why no need to applied 

two tailed t-test), in addition to the t-test, F-test and Pr>F statistics for detected all data 

series. these plots are given main indications about the predictable for certain data series. 

From Figure 5.3(a-b), represented the two-tailed test plots for dengue count with Mean 

monthly temperature and ENSO index as consider an independent sample. 
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 Figure 5.3(a): The two tailed t-test for dengue with mean monthly temperature 

 

Figure 5.3(b):  The two tailed t-test for dengue count with monthly ENSO index 

Normality test is performed to test whether the data under consideration is normally 

distributed or not. This test is founded on the examination of two statistical procedures 

the forms skewness and the spare kurtosis. The data are generally scattered if those 

measures are near to zero. The reception of Jurque-Bera test is depend on skewness and 

kurtosis. Thus, normality test is checked the skewness and kurtosis on which the Jurque-

Bera test is based. The Skewness determines the notch of irregularity of the data. 

Skewness = 
          

   

              (5.1) 

The Kurtosis trials the notch of peakness of the data. It is determined as 

Kurtosis = 
          

   

       
        (5.2) 

Where   , S  and n  is called as  the mean, standard deviation and total samples (Corrado 

& Su, 1997). 

We observed that dengue epidemic and mean monthly temperature as positively skewed 

and Monthly ENSO index data series shown negative skewed. The Dengue data has 

kurtosis value is greater than 3 indicated leptokurtic in temperance positive kurtosis with 

flatten tail, all descriptive statistical test results shown a robust positive connotation amid 
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mean temperature, rainfall and dengue outbreak, ENSO is exposed the significant 

negative effect on dengue transmission (Table 5.1). 

5.1.1 Exploratory Data analysis using monthly Land Surface Temperature verses 

Dengue 

According to the exploratory data analysis, Figure 5.4 exhibited a time series of mean 

monthly temperature data plot over January 2001 to December 2016 respectively. The 

monthly temperature in the city of Karachi fluctuates in the months of February, March, 

July, August and September between 22.9◦C to 31.7◦C, summer season are viewed a 

perfect condition for the development of Acedes species also spread of the dengue 

disease. The city of Karachi has two summers seasons, it has been observed a seasonal 

pattern concerning hot conditions, The first season is started from the month of April to 

June and second summer seasons is starting from September to November, it is most 

perfect season of the occurs of dengue (Ahmed, 2014). 

 

Figure 5.4 Mean monthly temperature plot for the period of 2001 to 2016 

Furthermore, Figure 5.5 depicted a time series plot of monthly temperature versus dengue 

fever data over the Karachi city from 2001 to 2016. While, several studies apropos 
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dengue spread have driven on the connotation by temperature (Chen et al., 2010; Lowe et 

al., 2011). 

 

Figure 5.5 Time series plot of mean monthly temperature verse monthly dengue count 

(2001 to 2016) 

In the above plot for mean monthly temperature is brutality of the dengue data are gotten 

a highest of 6043 records when the temperature was about 30.32◦C in year of 2015. Then 

the land surface temperature was higher than 30◦C the dengue outbreaks are very 

moderate in the Karachi city. These outcomes were through the connotations initiate 

concerning the temperature indexes in earlier researches of the several areas of the world, 

(Githeko, Lindsay, Confalonieri, & Patz, 2000; Hii et al., 2009; Johansson, Cummings, & 

Glass, 2009; Troyo et al., 2009). Exploratory data analysis also confirmed the various 

studies finding that hottest temperatures distress the blowout of the dengue fever in 

numerous behaviors (Brunkard, Cifuentes, & Rothenberg, 2008b; Thomas, 2006). 

0.33 5.1.2 Exploratory Data analysis using Monthly Rainfall verse Dengue 

Count 

From the exploratory analyses of the monthly rainfall during 2001 to 2016 depicted in 

Figure 5.6. This time series plot is shown a series of rainfall from 0 to 270.4 mm. it is 
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also revealed two summer periods with a seasonal pattern are concerted rainfall 

(>50mm). The first summer from May to June and the next from September to 

November. The maximum is 270.0 mm in September 2003 and 212 in September 2012. 

The shape is confirmed an yearly discrepancy is required to be totally implicit in 

standings of dengue outbreaks over Karachi. On the other hand, the months of January, 

February, March and June are noted as the driest months by less echelons of rainfall (<10 

mm). 

 

Figure 5.6 Time series plot for monthly rainfall from 2001 to 2016. 
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Figure 5.7 Time series plot rainfall verse dengue count 

In above figure depicted that time series plot are made to evaluate the relationship 

between rainfall and dengue count. The monthly rainfall versus dengue (covering 192 

months) from 2001to 20016. Analysis is indicated that the annual rainfall data series has 

no trend, so we would select the probabilistic models as an alternative of deterministic 

models. 

5.1.3  Exploratory Data analysis using ENSO Index verse Dengue Count 

The El Nino Southern Oscillation (Benson, Wheatcraft, & Meerschaert) related to the 

dengue counts of the Karachi city, from 2001 to 2016 (Figure 5.8). 
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Figure 5.8 Time series plot of monthly ENSO index from 2001 to 2016. 

Figure 5.9 displayed a time series plot of monthly ENSO index versus dengue counts on 

the Karachi from 2001 to 2016(192 months). It is perceived an apparent influence on the 

dengue outbreaks once the sea surface temperature ranges from 27◦C to 28◦C, then a 

high-pitched decay when the ENSO is less than 27◦C. To conclude, it is notable that the 

detected trends depend on the EDA. 

 
Figure 5.9 Time series plot monthly ENSO Index verse Dengue count for the durtion of 

2001 to 2016. 

-6.00 

-4.00 

-2.00 

0.00 

2.00 

4.00 

6.00 

JA
N

 

JU
N

 

N
O

V
 

A
P

R
 

S
E

P
 

F
E

B
 

JU
L

 

D
E

C
 

M
A

Y
 

O
C

T
 

M
A

R
 

A
U

G
 

JA
N

 

JU
N

 

N
O

V
 

A
P

R
 

S
E

P
 

F
E

B
 

JU
L

 

D
E

C
 

M
A

Y
 

O
C

T
 

M
A

R
 

A
U

G
 

JA
N

 

JU
N

 

N
O

V
 

A
P

R
 

S
E

P
 

F
E

B
 

JU
L

 

D
E

C
 

M
A

Y
 

O
C

T
 

M
A

R
 

A
U

G
 

Ja
n

 

Ju
n

 

N
o
v
 

2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 

E
N

S
O

 

Time Interval 

-500 

0 

500 

1000 

1500 

2000 

2500 

1
.6

0
 

-0
.3

0
 

0
.7

0
 

-0
.8

0
 

-0
.3

0
 

0
.5

0
 

-2
.2

0
 

-0
.8

0
 

0
.6

0
 

0
.3

0
 

2
.7

0
 

-1
.0

0
 

-1
.3

0
 

-0
.5

0
 

2
.9

0
 

0
.5

0
 

1
.8

0
 

0
.4

0
 

-1
.8

0
 

3
.0

0
 

3
.8

0
 

1
.6

0
 

1
.8

0
 

-0
.1

0
 

-0
.1

0
 

1
.3

0
 

2
.4

0
 

-0
.3

0
 

-1
.4

0
 

-1
.9

0
 

1
.4

0
 

-1
.3

0
 

D
en

g
u

e 
C

o
u

n
t 

ENSO 



 

222 

Next to Studying, The relationship among metrological parameters, ENSO with dengue 

occurrence existing unique challenges. Temperature, Rainfall and ENSO index linked to 

dengue occurrence are differed on seasonal gauges consequential in time-lagged 

connotation between the three parameters. In this view of various studies, we are 

investigated the dengue out breaks by temperature and ENSO. Similarly, the association 

of temperature and virus rate of dengue are exposed the association among climate and 

dengue outbreaks to designate that the variation in dengue outbreaks that paraphernalia of 

the urban human population. The EDA interpretation of mean monthly Rainfall, 

Temperature, ENSO and the incidence of dengue outbreaks. 

5.2 The Generalized Linear Trend with Fractal Scaling Law 

Generalized Linear models (GLMs) is applied in the state where an independent system 

of random variables is reserved besides a function is related to a linear interpreter 

founded on identified to covariates (Ahmed, 2014).The GLMs are postulate in three main 

components: 

Observation   =   Systematic Components   + Random Components (a) 

The systematic components of GLM is acquired a linear function of explanatory variables 

which is usage as a predictors; A random components which recognizes the probability 

distribution of the response variable; in the final stage a relationship between the 

systematic and random components (Ahmed, 2014; Hardin & Hilbe). The reliable trend 

analysis is required for any prediction, monitoring of local weather such as temperature 

and rainfall and global climate ENSO index (Cabrera, 2014). The trend equation to attend 

the influence of climatic parameters on dengue count data. 

Data interval = trend + stochastic variations 

D(t)= T(t)+ ξ(t)        (5.3) 

D(t) is data intervals with respect to t = t1, t2, t3….tn ;  it is denoted arithmetic series T(t):  

the deterministic function in interval and ξ (t) is the stochastic variations or a random 

variable. To use the more adequate mathematical expression, trend analysis for 

temperature, rainfall, ENSO index series with dengue count series and obtained the 
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following trend equations for twelve months of the year from the   period of 2001 to 2016. 

The annual trend equations are shown that the slopes of the annual dengue trend are the 

higher than as compare to temperature, rainfall and ENSO index (Figure 5.10 to 5.13). 

The temperature and ENSO trend for every year shown that there are changes more 

obviously or temperature is changed for each year and below Seasonal patterns can be 

affected seasonally. Rainfall trend equation is point out negative slope with zero trend 

(Figure 5.13). The rainfall is not more effective due to lack of rainfalls in Karachi region 

as contrast to other tropical regions, Also the ANOVA analysis is examined from the F-

value and Pr>F are shown that the annual trends for dengue the equation is higher slope 

value (5.338) sketched statistically significant (Table 5.2). 

The Trend equation for Dengue fever counts, Land Surface Temperature, ENSO index 

and Rainfall series (a = 0.05 level) are obtained and followed. 

Dengue fever counts   Yt = 5.338D-12.5 

Mean annual temperature        Yt =   0.033T+ 19.55 

ENSO Index    Yt = 0.043E +0.417 

Mean annual Rainfall   Yt = -0.282R+5.75 

 
Figure 5.10 Linear Trend  for annual Dengue fever outbreaks (2001 to 2016) 
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Figure 5.11 Linear Trend  for annual mean temperature (2001 to 2016). 

 
Figure 5.12 Linear Trend  for annual ENSO Index(2001 to 2016) 
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Figure 5.13 Linear Trend for annual Rainfall  (2001 to 2016) 

 

Figure 5.14 Trend analysis for monthly ENSO index,Temperature, Rainfall with 

Dengue counts 

Month 

(ENSO) Model(ENSO) (Mean Tem) Model(Mean Tem) 

(Rainfall) Model(Rainfall) (Dengue) Model(Dengue) 
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in figure 5.14, all of parameters (ENSO, Mean Temperature, Rainfall and dengue) are 

expressed the dengue and temperature positive association, ENSO is scatter and rain is no 

trend, it is clearly indicated mean monthly temperature significant and more effective 

parameters for dengue fever outbreaks. It is important to note that (Table 5.3 and 5.4). 

The Seasonal and monthly trend values for the months of September to November are 

highest based on coefficient of determination of all parameters in months (Table 5.5). It is 

showing that the influence of dengue fever outbreaks duration second summer 

(September to November) is higher as compared to first summer which shown higher 

increasing rate due to temperature and ENSO Index. 

 

Figure 5.15 The monthly seasonal time series pattern of Dengue epidemic at Karachi 

region from 2001 to 2016 

The yearly time variation of dengue outbreaks have been displayed in Fig. 5.14. It has 

shown a vibrant disparity for the yearly, indicated enormous number of dengue 

epidemic transmission and seasonal / monthly pattern is displayed in Fig. 5.15 that 

exposed the seasonal peak for outbreaks of dengue from August to November; 
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coefficient determination and basic statistical analysis for seasonal months is depicted 

(Table 5.5 and 5.6). 

For more elucidate the seasonality of the dengue outbreaks, Normal distribution is one, 

resulting in a random interaction of physical parameters studying (M. Hussain et al., 

2011). Mathematically, is described as a general distribution. Normal distribution 

formula, The Normal probability distribution function is distinct as per 

         = 
 

     
 

 
 

         

 where, mean ( ) and standard deviation (   of data set. 

From Table 5.6, Seasonal and total months (yearly) oncological statistical results 

summary are described that the Skewness coefficient value for dengue and ENSO is 

positive except land temperature is negative Skewness, the positive Skewness for dengue 

epidemic indicated the  right skew, irregularity and deviation of the normal distribution, 

Kurtosis exemplify the peaked affirmed a quite smooth distribution and positive value of 

kurtosis confirmed a peaked distribution in exhibited in fig 5.16, we  are examined that 

the histogram for normal distribution is positive skewed to the right which is depiction of  

total dengue epidemic. In our situation, we have selected ADT and KST to find the 

normality of dengue epidemic peak seasonal in monthly data series, Total yearly and 

peak seasonal month high dengue incidences with temperature and ENSO index are 

noticed in the months of September, October and November depicted in figure 5.16(a-c). 
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Figure 5.16 (a)The  monthly  seasonal plots of histograms of dengue for (a) August (b) 

September (c) October (d) November and (e) Total months for 2001 to 2016 

 
Figure 5.16 (b) The monthly  seasonal plots of histograms of Mean Temperature (

o
C) for 

(a) August (b) September (c) October (d) November and (e) Total months for 2001 to 

2016. 
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Figure 5.16 (c) The monthly seasonal plots of histograms of ENSO for (a) August (b) 

September (c) October (d) November and (e) Total months for 2001 to 2016. 

Now, We are tested in occurrences of positive trends by Fractal structure with respect to 

persistency and anti-persistency behavior of data series using Fractal Scaling Power law 

in the view of Spectral exponent β, Hurst Exponent H related to Higuchi’s algorithm and 

rescaled range (R/S) approach, this theory of non-linear dynamical systems are provided 

novel tools used for the classification of uneven data series data over Fractal scaling laws. 

0.34 Fractal Scaling Power Law 

The fractal theory is a unified concept of scale dependence and complexity, both of 

whom think of both ecological /morphological patterns and practices (Bérubé & Jébrak, 

1999; Goldberger & West, 1987). Various methods are considered to calculate the Fractal 

Dimension (FD), an analogous to these methods are relying severely proceeding the 

power law as designed to logarithmic scale, which is the assets connecting fractal 

dimension to power laws (Komulainen). The fractal dimension D is the subsequently 

calculation 
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Wherever N is the fragment of object, R is length, this equation is related to power laws 

as followed 

            
 

 
                             (5.5) 

The calculation process is clearly divided into (N) while decreased its linear extent, or 

else scale (1/R). once we used to the power scaling laws, it is  noted  that data for a 

natural phenomenon that followed, the  exponential growth as power laws is biased 

closed to  the lower fraction of the range, where that for a singularity by logarithmic 

growth saturation tends to be biased closed to the fraction of the range (Komulainen). 

0.35 Spectral Exponent β 

The stochastic system is symbolized in the time discrepancy X(t), the resolved of their 

relation power is known spectral analysis. Supposed that a sequences X(t) is over an 

interval T, the mean indicator       is specified through, 

      
 

 
       

 

 
         (5.6) 

Variance     signal      

Let’s X(t) may be correspond to in the symmetry of  f, amplitude A (f, T), thus Fourier 

transform of X(t) 

                   
 

 
                

 

 
       (5.7) 

              
 

  
                  (5.8) 

The inverse Fourier transform is 

            
 

  
                 (5.9) 

In actual data series, the data are in a finite interval 0 < t < T.  The Fourier Transform 

method is a significant implement to evaluation of systems (Brigham & Brigham, 1988; 

Cervantes-De la Torre, González-Trejo, Real-Ramirez, & Hoyos-Reyes, 2013). The 
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power spectral density of X(t) is denoted as 

           
 

 
               (5.10) 

The measure s(f) df is the power of time series allied to the rate in the interval [f, f + 

df].  Supposed that series is fractal, in that case it is also satisfied the subsequent power 

law relationship: 

              (5.11) 

β is a constant that described the diversity of vigorous performance of the series X(t). 

when, 

β = 0 for white noise and uncorrelated power spectrum independent, further applicable 

situation is β = 1, the 1/f noise systems, reasonably correlated. For Brownian noise, β = 2, 

sturdily interrelated (Cervantes-De la Torre et al., 2013). 

0.36 Hurst Exponent Rescaled Range (R/S) 

Hurst exponent is commonly applied to obtain the symmetrical fractal scaling in a data 

series (Turcotte, 1997). Supposed that the X(t) and X(bt) is corresponding to b HX(t), 

universally H is the Hurst exponent (Barunik & Kristoufek, 2010; Cervantes-De la Torre 

et al., 2013). The rescaled range R/S is distinct as the sequence of observation (Xt) form 

     = 
 

 
    

   
       (5.12a) 

Y =       =            
   
        (5.12b) 

R ( ) =                  -                   (5.13c) 

S ( ) =  
  

  
             

    
    

 

    (5.13d) 

  R / S ( ) = 
     

     
    (5.13e) 

We can now apply 
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          (5.14) 

The Hurst exponent varies among 0 and 1. Supposing   0 ≤ H ≤ 0.5 and 0.5 < H ≤ 1, the 

procedure is an anti-persistent besides persistent process. 

5.3 Fractal Higuchi’s Algorithm 

The Fractal Higuchi’s Algorithm is functional to determine the Fractal dimension 

(Higuchi 1988). The Power Spectral analysis are applied to analyze to evaluate the data 

series, particularly uncertainty the Power Spectrum tracked the Power Law (equation 

5.11). The exponent β in (equation 5.11) is measured the invariant index instead of the 

time series. The Higuchi’s Algorithm calculated the fractal dimension is 

 

X(1),  X(2), X(3), …, X(n)      (5.15) 

Again erected   
  is inscribed as per 

  
 ; X(m), X (m + k), X (m + 2k), …, X     

   

 
     (5.15a) 

By m = 1, 2, 3,…, k  denoted Gauss notion, which is the maximum numbers. Where m 

signified as total time and k initial time interval. Considering, a finite time interval at 

regular duration. In this research assume that k = 3 and m= 16 

  
    X(1), X(4), . …, X (16) ;      

    X (2), X (7), ……, X (14) 

  
    X (3), X (8), …, X (15);                                             (5.15b) 

Where k usual of Lm (k) is intended by means of  

 Lm(k) = 
 

 
                         

 
   

 
 

   
    (5.16) 

Where the term 
    

 
   

 
   

 show that the stabilization aspect. 
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The typical value        designates the spans memory to the series. The association as 

trails 

                  (5.17) 

Thus, the fractal dimension D. 

Higuchi’s algorithm may stand functional series. It is represented that benefit concluded 

spectral analysis and Hurst’s exponents. The spectral exponent β is linked in the D and H, 

known  as the Hausdorff, through the resulting relationship (Cervantes-De la Torre et al., 

2013), 

                (5.18) 

The algorithm of Higuchi (Cervantes-De la Torre et al., 2013; Higuchi, 1988) are 

exposed that uncertainty 1 ≤ β ≤ 3, then D = (5 − β)/2; the following limits are detained           

If     then                             (5.19) 

if     then           (5.20) 

Because that the fractal dimension D for dengue and climate parameters data series are in 

the interval, equations (5.18), (5.19 (a)) and (5.19(b) may be used for analyzing it. 

Scrutiny of Spectrum Scaling Fractal Dimension (R/S) with Higuchi’s Consequences 

Firstly, we have determined complexity of the vector-borne dengue fever transmission by 

using the spectral analysis with Rescaled range method. Therefore, we have total annual 

dengue disease occurrence, and the occurrences of the peak seasonal months of the year 

(September, October and November) are enchanting for applying analysis on. After 

applying the trend analysis method, we get some appropriate results (α=0.05 level), 

which has helpful for further persistency/anti-persistency scrutinizing, 

Total Annual Fractal trend equation                  Y(t)= 65.81D-30.327 

Seasonal Peaked Months 
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Month of August Fractal   Trend   is                   Y(t) =15.015D-33.825 

 Month of September Fractal Trend is                 Y(t) = 40.438D-120.6 

 Month of October Fractal Trend is                    Y(t) = 71.379D-107.23 

 Month of November Fractal Trend is                 Y(t) = 38.15D+17.1. 

Based on our oncological statistical treatment, we are getting that the slope line of total 

annual trend is become the highest, correspondingly, months of September and October 

are indicated more frequent months for dengue epidemic. consequently, the output of 

normal probability distribution function (pdf) of dengue total months shown peak 

seasonal months data series exciting, indicated that month of September to November did 

not untilled normal distribution (figure 5.17). Exceeding, the land surface temperature 

and ENSO normal probability histogram of the total annual months and seasonal months 

(August to November) exposed an increasing right tail appropriate distribution (figure 

5.16 (b-c)). The positive kurtosis value for dengue seasonal months are suggested an 

increasing nature  in  fig5.16 (c), for normal distribution histogram. It is suggested that 

the role of climatic influence is also relevant for dengue transmission. 
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Figure 5.17 The monthly time series for normal pdf plot for dengue counts from 2001 to 

2016. 

To further investigation the fluctuating behavior of total annual and months dengue 

fever epidemic, the estimated values of the fractal dimension has been tabulated in table 

5.7. The dengue epidemic fractal dimension results are shown the trend of anti-

persistency in the months of September to December, nonetheless the total annual 

(months) for dengue, Temperature and ENSO time series data sets are shown persistent 

(increasing positive trend correlation), the fractal actions of the seasonal pattern of 

dengue epidemic with respect to climate land surface temperature and ENSO index 

(months of September to November) indicated the anti-persistency (negative correlated) 

peak months for dengue epidemic data series, climate parameters time series for every 

months are shown persistency, all over climatic time series are increasing trend and 

positive correlated. The slope of the appropriate seasonal pattern (September to 

November) for dengue epidemic and climate parameters fitted lines calculated log R/S 

verse seasonal months as specify table 5.7. The Fractal dimension D of dengue 

epidemic for annual and peak months values are displayed in figure 5.18 and 5.19. 
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Figure 5.18 The time series plot of Fractal and trend equation for total annual dengue 

epidemic for Karachi region wherever the slope of fitted line evaluation for 

the year 2001- 2016. 

 

Figure 5.19 The time series plot of Fractal and trend equation for Seasonal Peak monthly 

dengue counts with slope of fitted  yearly line from 2001 to 2016. 

The Hurst exponent attained for individual months including seasonal peak months for 

dengue epidemic thru Temperature and ENSO index time series during the month of 

January to December (from 2001 to 2016). The results for self-affine fractal  dimension 

values correlated to Hurst exponent values exposed in table 5.7, dengue transition 

seasonal peak months for September to November indicated anti-persistence of series for 

the months excluding December and July which confirmed persistent, temperature and 

ENSO Index all months are shown persistent as the fractal dimension value D< 1.5 and 

the value of H is greater than 0.5, Moreover,  we have selected  Anderson-Darling test 

that associates whether epidemiological dengue disease seasonal months data is nonlinear 

or linear, evidence found here has confirmed the non-linearity and anti-persistency 

behavior of dengue peak season (September to November) monthly data time series  that 

reduces the linearity from dengue series data, the ADT statistics values for the month of 

September is A=2.156, October is A=2.351 and November is A=2.365 (null of 
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hypothesis H0 rejected), we have concluded that the peak season of the dengue epidemics 

is detached the linearity  because the non-linearity are occurred. The results allowed that 

the dengue transmission in seasonal periods should be rejected because of non-linear 

dependence and evidence suggested that the non-linear inherent structure is contemporary 

in epidemic dengue data, the unbiased of this research are in the fractal nature of it. 

Moreover, The results are achieved that entirely total months and seasonal peak months 

on climatic parameters (Temperature and ENSO index) attentiveness strong persistency 

behavior (positive correlation), Hurst Exponent values is very closed to 1. Meanwhile 

peak seasonal data set for dengue epidemics shown anti-persistent behavior (negative 

correlation) excluding the august, further months January, February, April, May and June 

that revealed persistence i.e. positive correlation, Our R/S results has highlighted that 

Higuchi’s method are also appropriate for humans health disease (dengue fever) 

evolution through temperate and ENSO to recognize the fractal nature of data sets. The 

fractal dimension is also confirmed a numeric interpreter that determines the 

morphological structural complexity of the biological elements of its symptoms. 

As a result of all above statistical testing and linear trend by fractal structure for time 

series data interpretation, Firstly, we must find the variance stability test for investigation 

of the Auto Regressive time series analysis, among the climate (ENSO index) and 

Weather (Mean monthly temperature) over to dynamic of dengue transmission. It is noted 

that rainfall parameter is not more effective in Karachi region. We must focus the 

association of dengue outbreaks by mean monthly land surface temperature and ENSO 

index for Statistical modeling. 

5.4 The Variance Stabilization Test for Auto Regressive Stationarity 

Model 

Most of time series are initially performed that non-stationary behavior of data, in this 

stage data series does not predictable and modeled. Whenever a variable is not 

stationarity, by enchanting the first and second differing produced a stationary process. 

The statistics have non-stationary series of mean or variance (Dunn & Smyth, 2005; 
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Wangdi et al., 2010), then numerous stationary series have identifiable patterns for their 

ACF and PACF. The ACF is applied for ensuing two persistence, to detect non-

randomness data. If data is not random, then identify the appropriate time series 

techniques, also to checked the linearity of the data  series Xt. 

ACF=           
              

                 
       1 ≤      ≤ 1            (5.19) 

For stationary Var (Xt) = Var (Xt-s). 

The autocorrelation described as the correlation among the unbiased data points. This 

technique is established as lag function in equation (5.19) related to dengue and 

temperature, dengue and ENSO time series are depicted in Figure 5.20(a). Hurst 

Exponent are assessed by AR (1) correlation residual of the entire monthly dengue 

epidemic with climatic parameters land temperature and ENSO to remove the linearity of 

the data set. It indicates that the climatic data set has linear robust short range depends 

clearly on the series of time series (auto correlation function of dengue incidence and 

climatic parameters indicate the 95% C.I (figure 5.20 (a) to 5.20(c)). The temperature 

plot indicated delay positive correlation with dengue epidemic (figure 5.20 (b), ENSO 

index plot exhibits negative associate with dengue epidemic (figure 5.20(c)). 

 

454035302520151051

1.0

0.8

0.6

0.4

0.2

0.0

-0.2

-0.4

-0.6

-0.8

-1.0

Lag

A
u

to
co

rr
el

at
io

n



 

239 

Figure 5.20(a): The monthly time series plot of cross autocorrelation function (5% 

significance limit) of dengue epidemic data at Karachi region from 2001 to 2016. 

 

Figure 5.20(b): The monthly time series plot of cross autocorrelation function (5% 

significance limit) of mean Temperature (
o
C) data at Karachi region from 2001 to 2016. 
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Figure 5.20 (c): monthly time series plot of cross autocorrelation function (5% 

significance limit) of ENSO index data at Karachi region from 2001 to 2016 

One more test is Augmented Deckey Fuller (ADF) is performed in “augmenting” the 

following equations 

     
    

    
       (5.20) 

                    
   (              (5.20a) 

Here, 

                 
         (5.20b) 

Variance of h
th

 PACF is formed in below equation (wei 2006, Scelik 2017) 

   
                                 

                               
    (5.21) 

 
                                 

                               
                        (5.21a) 

The further method to describe stationary series, then at least one AR parameter should 

be in the interval of -1 <yt< 1[7,17,18]. In (1979) Dickey and Fuller consider null 

hypothesis (unit root for the series, ρ =1, H0 = unit root; Ha ≠ unit root, series is 

stationary. By calculating p-value < α (0.95) (assumed), The two-possible alternative 

hypothesis are: Ha: |ρ|<1, Ha (2) :|ρ|>1, the series is explosive as under  

DFT =  
  

        
       where SE is standard error    (5.22) 

Time series are frequently partial by special phenomena’s such as climate change, 

environmental regulations, by performance of the variance stability  and unit root test for 

Stationarity at the first and second differencing for climatic parameter and the dengue 

counts (Cabrera, 2014). The variance at level (alpha 0.05) and the stationary at level of 

time series data that should be established by Augmented Dickey-Fuller unit root statistic 

(Jan, Zai, Afradi, & Aziz, 2018). 
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Conferring to ADF test, the land surface means monthly temperature and dengue series 

confirm no reliability in level forms since the exceeding hypothesis situations are not 

fulfilled. Because these series are not in stationary appearance thus, we must obtain the 

first difference to made it stationary in order to get AR model. Meanwhile the ADF 

absolute value is ADF> critical significance values at level 1%, 5% and 10% level and p-

values are less than 5% (p< 0.05) also. As a result, the first difference of temperature, 

ENSO index and dengue time series is stationary. Table 5.8 presents the variance 

stabilization for dengue count, land surface temperature and ENSO index series by with 

and without Box-Cox transformation. In this analysis, the value of deprived of 

transformation for dengue and temperature were high variance, ENSO index almost 

stabilized, as well as dengue count and temperature found Square root and log box 

transformation. Fig 5.21 to 5.23 described the all parameters behavior. 

This research is additional performance of Dickey-fuller unit root test for time series 

stationarity at level, first difference and second difference are showed in table 5.9(a-c). 

The p value of all selective series were less than 0.05 (p < 0.05), We have attained some 

result dengue frequently followed Poisson process and square root was more appropriate 

variance stabilization procedure for Poisson process and temperature was apt for log 

transformation for continuous variable. The ENSO index was less variance value, No 

more need to variance stability test. 

 

Figure 5.21: Square root transformation before - after  varaince stability for dengue 

epidomics 
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Figure 5.22:  Log transformation series before- after variance stablity for  mean monthly 

land surface  temperature 
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Figure 5.23: Variance stability for ENSO index 

0.37 5.5 Best Fitted AR Time Series Model 

As time series are obtained by stationary with Integrated order I (1) also the AR and MA 

features by exogenous of an Auto Regressive Integrated Moving Average exogenous 

(ARIMAX) model denoted only to a stationary series.  Afterward scrutiny of stationary 

of data series, we have selected ARIMAX model is an extension of ARIMA, which is 

used to forecast the dengue effect payable to climate parameters and the numeral cases in 

a preceding month. The predictors in the model mean monthly temperature and Enso 

lagged at one month. 
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0.38 5.6 Auto Regressive Integrated Moving Average Exogenous–

Transfer Function Modeling 

The Auto Regressive Integrated Moving Average with Exogenous immersion is known 

(ARIMAX) model. The ARIMAX model is a one than one variable time series analysis 

method, which is comprised an extra covariate in the ARIMA (X. Zhang et al., 2016). An 

ARIMAX is the delay of ARIMA, residual modeling integrating of the independent 

variable (Johansson et al. 2009). In mostly, an ARIMAX model may be detected stated as 

                                                           (5.23) 

Where      is a covariate at time since, {   and   }, is the stationary transfer model 

(FTM) symbolized as 

                              (5.24) 

Where else: 

`  = variable dependent,    = variable independent, C= constant term, 

   = the stochastic commotion, i.e. the independent of the dependent series is noise. 

When    and    are hypothetical to trail ARMA model, equation (5.24) termed as the 

ARMAX model (Wangdi et al., 2010). As concerns, ARIMAX model is further in given 

the error equation, it is moving average of white noise (Eunice, 2017, (Wangdi et al., 

2010)). The equation can have expressed as: 

       
    

    
               

    

    
        (5.25) 

With                            
        

         (5.26a) 

             
        

        (5.26b) 

             
        

                           (5.26c) 
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                     are filters of finite order and functions of parameter vector p, 

         
      

      
 
 
       (5.27) 

The ARIMAX is an usual implement for the regulator scheming and representation. The 

ARIMAX structure is imminent stated in figure 5.24 

 

Figure 5.24: The ARIMAX model structure 

This ARMAX model is comparatively different from ARMA model, as the two different 

series      – dependent series,    is linked to independent series   

                              (5.28) 

       = Transfer Function 

  = distributed lag   

  =   backshift operator, so 
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             (5.29) 

  = Independent variable  

  = Dependent variable  

  = Dead time revealed directly above previously 

Nt series can be decided as an ARIMA model assumed as: 

   
         

                                (5.30) 

where it is zero mean and normally distributed white noise. 

                                 
         

                             (5.31) 

The Transfer Function Model is comparable iterative procedure as purpose of the 

univariate Box-Jenkins ARIMA model stages, i.e. identification, estimation and 

diagnostic checking. The linear transfer identification method (LTF) to novelty the order 

of validation transfer order (b, r,  h) (Pankratz, 2009; Wangdi et al., 2010). Initial, distinct 

of the allowed form dispersed lag model, given to specialist judgement formerly 

described less order used for disturbance series Nt. 

We used to appropriate in one or more-time series model to predicted of alternative data 

series, by using the transfer function (TF). The ARIMAX-TF may be calculated the fitted 

model and prediction of the retort series. We are initiated to shape ARIMAX-TFM for 

connection of climate parameters in dengue occurrence, assumed the variation of climate 

condition could be interrupt trend in monthly dengue which would be expressed to more 

substantial change. 
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0.39  

0.40  

0.41 5.7 Adequacy Test for order selection of Model 

The order selection of the model is dependent as the order of model is varied, and the 

function is examined. A collection of in model for AIC and Final prediction error are 

used (Brunkard et al. 2008). AIC initially anticipated by Akaike (Johansson et al. 2009; 

Zhang et al. 2016), purposed of the excellent a suitable model for extrapolation made on 

the use of the proportional entropy, as vital based of the order selection for model. The 

AIC criterion is identified the Sum square errors (SSE), N is data values and p 

parameters. The less value is chosen in model criterion (Brunkard et al. 2008; Rahim et 

al. 2008). 

         
   

 
          (5.32) 

The Final Prediction Error (FPE) criterion is analogous of the AIC, although various 

penalizing period 

    
   

 
   

  

   
       (5.33) 

The criterions FPE individual embrace for collection of the model structures, which is 

stretchy adequate to comprise the accurate structure. In the selection of a model, it must 

deliberate under parameterized model structures (Rahim et al. 2008). 

In this research, the dengue count, temperature and ENSO Index monthly data series are 

obtained stationary, after taking first and second difference I (1) and I(2) respectively. 

The model orders are preferred by order selection criteria in ARIMAX (2, 1,2) model. 

The best model order I(1) based on the least error values of FPE and AIC criterion and 

Alpha (α=0.05)significant and other statistical test for unit square root Transformed 
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dengue cases, Log Transformed temperature and ENSO index depicted in table 5.10 and 

5.11. 

 

0.42 5.8 Transfer Function- ARIMAX Model Building 

Three different types of model are constructed to analyze the relationship among Dengue 

cases and meteorological and Climatic variables. These models are: 

Model 1: DSQ Dengue Cases = DL Temperature 

Model 2: DSQ Dengue Cases = D ENSO Index 

Model 3: DSQ Dengue Cases = DL Temperature+ D ENSO Index 

In table 5.11 presented the estimated parameters for dengue as deliberate model 1(DSQ 

dengue count = DLT) which involved the transformation of square root transformation 

for dengue records as the dependent variable and difference log transformation of 

temperature as the independent variable. In the model, the temperature coefficient value 

is (12.858) suggested that the dengue incidences in 12.85% for each centigrade increased 

in temperature. The intercept and alpha evaluation values are 0.067030 and 0.0361. The 

coefficient values are revealed consequence. 

As well, table 5.11 all the results of model 2 (DSQ dengue count cases = DENSO) which 

is alteration of square root transformation for dengue and ENSO, these parameters are 

contemplated to dependent variable and independent variable, the difference of 

coefficient value of ENSO is -0.129050 designated that the dengue incidence are 

increased and 0.1 % for decreased in ENSO index. It is also showed that intercept 

=0.0690 and alpha value is 0.001 for statistically significant. 

Too, table 5.11 epitomized model 3 (DSQ dengue count cases = DLT + DENSO), which 

is originated on climatic and weather both parameters as independent variables and 
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square root transformation of dengue as dependent variable. The constant (intercept) is 

0.06919, evaluation for alpha is 0.0001. 

In addition, An ARIMAX (2,1,2) is more suitable model, the ARIMAX (2,1,2) model for 

monthly dengue outbreaks and climate parameters are presented divergences of the 

several months and there are positive relations among the temperatures at lag one and 

dengue epidemics.  The results are indicated that climatic variables as a statistically 

significant the effect of climate conditions on the spread of dengue shown a greater 

positive effect of temperature on dengue in second summer(warm) to cool intervals. Too, 

there was a positive effect of August, September, October, November and December on 

the effect of dengue spread in august to forward of the consecutive year. To evaluate the 

association among temperature with dengue had positive connotation at lag one month 

and ENSO required an inverse connotation. 

Generalized Auto Regressive (GAR) methodology is used in a various extents is owing to 

the flexibility of the tactic which is permitted the presence of a varied set of distribution 

fitting to the exponential intimate (Zuur, Ieno, Walker, Saveliev, & Smith, 2009).  Most 

of the researchers are proved on their research, the Poisson distribution are applicable to 

positive integers and countable data   (Flowerdew & Lovett, 1989; Meredith Jr, Fazeli, & 

Schwartz, 1993; Wise et al., 2008).  The Poisson regression analysis are applied as the 

allocation of dengue counts data is in a form of Poisson distribution function. 

0.43 5.9 Correlation of Poisson Auto Regressive AR (p) and Moving 

Average MA(p) Models 

Supposed that                    is the count retort at the time t to and xt  be the 

dimensions related through yt  intended  to contain the trend and seasonality of the 

responses over time. 

Poisson AR(p) 

                               (5.34) 
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Subsequent, Poisson AR(1) model is specified as formed, where                The 

random errors                with       
      ,       Are independent also     

denotes the binomial thinning operation such that                         ). 

Poisson MA(p) equation obtained as an extension of stationary Poisson MA(1) model, a 

mathematical equation is given by 

0.44 Poisson MA(q) 

                               (5.35) 

Where       
  

   
  with        

  ,     and       are independent (Rahim, Ibrahim, 

Taib, Rahim, & Sam, 2008). 

0.45 5.9.1 Poisson Auto Regression Exogenous Model 

This research segment is used an innovative approach to build the probabilities associated 

by considering the key features of the distribution of the potential for possible prospects 

of dengue incident Poisson auto Regression Exogenous (PARX(p) and Binomial Auto 

Regression Exogenous (NBARX(p)) models are categorized to the strength then consent 

of serial requirement, as it is identified, the Poisson model is general linear models, 

Poisson regression model necessary equivalence of mean, and variance is known equi-

dispersion statement. In repetition, various count data are revealed that variance outdid 

the mean named over dispersion (M. A. Hussain et al., 2012, 2013). The Poisson 

probability distribution is mostly suitable for counting data, with df stated 

          
     

  
                    (5.36) 

Where,      = probability and     Poisson distribution parameter. It can be showed that 

                        (5.37) 

                
  

  
           ;                    (5.38) 
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As     is increased and the conditional variance of y is decreased then the Poisson 

regression model is assumed as a nonlinear model (Ali, Iqbal, & Sharif, 2013; Sia Su, 

2008). 

The Poisson models are frequently more dispersed for disease intention, thus a model is 

required that is negative binomial, it is accurately dealing on binge(Ali et al., 2013; Hilbe, 

2011). The negative binomial model is a disruption of the Poisson model for the 

occurrence rate, which permits struggles that typically occurrence of  the dengue counts . 

0.46 5.9.2 Negative Binomial auto Regression Exogenous Model 

The NBARX(p) model is denoted in  re inscription of  Poisson regression model as 

                          (5.39) 

The Negative binomial regression model decaled the conditional variance of y to exceed 

the conditional mean. The mean λ random variables have been changed with        : 

                          (5.40) 

Where,   is the random error and adopt in uncorrelated to    

                                               (5.41) 

Supposed    gamma distribution with        and     
 

 
  parameters. The expected 

value of y for the Negative binomial distribution alike Poisson distribution then the 

conditional variance varies: 

         
  

  
     

  

  
              

         

  
      (5.42) 

λ and v are positive, the conditional variance of y requirement of surpass the conditional 

mean, v is the same for all individuals: 

             (5.43) 



 

251 

for α > 0, α is the dispersion parameters as the value of α increases the conditional 

variance of y 

            
  

  
       

  

                 
         

        (5.44) 

                    
 
      (5.45) 

If       ,      

                     
 
     (5.46) 

As fitting, the interpretation of model suggestion test for negative binomial regression is 

the similar as per for Poisson auto regression. 

0.47 5.9.3 Over Dispersion Tests for PARX (p) and NBARX(p) models 

The evocative assortment is made to determine the portrayal of data to contract the 

suitable models. This stage of suitable model is intricate over dispersion Test, Residual 

deviance and selection of most suitable assessment, thorough step as follow. 

Deviance Test for Over Dispersion 

The over dispersion test may be noticed as deviance or Pearson chi-squared value , which 

is alienated to degree of freedom. Deviance is  specified in 

             
  

   
           

 
         (5.47) 

Pearson Chi-Squared Test for Over Dispersion  

     Pearson      
        

   
 

 
 
         (5.48) 

The alternative test for the appropriateness of the over dispersion parameter is used as 

score test. The hypothesis are taken in         ;          (Cao, 2017; Dunn & 

Smyth, 2005; Schantz-Dunn & Nour, 2009). The survival of over dispersion parameter   
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in the Negative Binomial regression models are established once the null hypothesis is 

rejected (Hilbe, 2011). 

To obtain the hypothesis         ;         ,  

Score Test for Over Dispersion  

  

           
     

 
    

 

     
  

   

       (5.49) 

Where      is the forecasted The PARX(p) are acquired  equi-dispersion (equality mean 

and variance) postulation. Various  counts data  are looked that  the variance exceeded 

into that is mean shown over dispersion case  (Brunkard, Cifuentes, & Rothenberg, 

2008a; Sadiq & Brown, 2017).The residuals deviance between  the normal quartiles Q-

Q plots based on Poisson model and Negative binomial models, residual deviance is 

tested the adequate of the suitable model. Deviance is a quota of discrepancy in 

detected formerly close-fitting values (Cao, 2017). 

0.48 5.10 Interpretation of PARX(p) and NBARX(p) Models 

The PARX(p) and NBARX(p) model finding in terms of   statistical results are depicted 

in Table 5.12 (the deviance, P-values, degree of freedom, Pearson chi-square, C.I, AIC 

and standard errors test) for dengue, temperature and ENSO index data series also 

sighted that judgment of PARX(p)-NBARX(p). These results shown that dengue and 

temperature are sturdily absolutely linked in the view of the P-value. In the figures 5.24 

and 5.25, are specified that the normal Q-Q plots via deviance residuals constructed on 

Poisson and Negative binomial models, it is performed that the data distribution 

effected skewed negative and did not trail the straight line. 
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Figure 5.24: The PARX(p) by Q-Q plot  between all data sets 

 

Figure 5.25: The Q-Q plot for NBARX(p) all data sets 
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Towards the Pearson correlation test of the PARX(p) model, the value of the deviance 

(96.2) and Pearson chi-squared (86.172) that deviance divided by its degree of 

freedom(df) is greater than df>1 (table 5.12), it is shown over dispersion is presented. It 

has     2.121 and chi-square in degree of freedom      = 2.17. Since   >     , 

which is subsidiary of Poisson model on the dengue epidemic also significantly appeared 

over dispersion. Consequently, the ratio among the residual deviance and the degree of 

freedom is distant larger than one, the hypothesis of data    , the dispersion parameters 

≠1, which is exposed over dispersion in the data series.  

The another more similar model is functional to griped over dispersion circumstance on 

the PARX(p) model is NBARX(p) model. The NBARX(p) is formed to adapt the model 

thus that the wreck of over dispersion, PARX(p) and NBARX(p) parameters are very 

analogous, both are significant α=5%. Equally, the standard error and P-values are 

itemized over estimate and descending partial for the PARX(p) model. 

The NBARX (p) model was an appropriate fitted, Pearson correlation between the mean 

monthly temperature observed a strong positive and monthly ENSO index exposed 

negative correlation, The NBARX(p) model involved  that  predicted dengue epidemics, 

temperature and ENSO index are chosen as the best fitted model owed to correlation 

among ENSO and temperature which is precious the significance of entity climate 

parameters to forecasted dengue outbreaks. The result of the models is found that the land 

surface mean temperature is most suitable for prediction of dengue in the model. 

Which is noted that the Negative Binomial model was fitted that thee predictable dengue 

then the dispersion parameter taken by PARX(p) Model,  which  was the NBARX(p) 

model is  chosen the least value AIC .All three model, signifying that the NBARX model 

is a most suitable as comparison of least error values of  an ARIMAX (2,1,2) and 

PARX(p) model, which is  minimum  error value of NBARX(p) is (MAPE (9.65) and 

AIC (3.897). Our results are found that one-period ahead recursive forecast for twelve 

months (January to December 2017) denoted in table 5.13. 
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0.49 5.11 Conclusion 

Dengue epidemic transmission in Pakistan, including in the city of Karachi is 

occasionally discussed, Dengue infection measuring, and geographical distribution 

emerges in South Asia. The country of Pakistan is one of country of the South Asia 

region which has experienced dengue transfer since 1996. This chapter is explored that 

correlation among climate parameters relate to dengue outbreaks in Karachi, Pakistan. 

We have found that huge of urban population is not only create social problems also 

produced health issues. We have performed to time series study to investigate the 

epidemiological aspects by using mathematical oncological treatment, By the intention of 

investigation of the linear and nonlinear variations in the dengue epidemic, basic 

oncological statistical analysis and Fractal spectrum analysis related to the range scaled 

dimension Hurst exponent methodology and Higuchi’s Algorithm are found that the 

scarce seasonal jagged months September to November for high arboviral dengue disease 

of humans and robust linear interdependence obviously survive in seasonal epidemic of 

dengue in Karachi region. 

Finally, An ARIMAX (2,1,2) results are shown that temperature (12.5), F- test (10.68), 

AIC (15.89) and ENSO (0.06), F-test (11.27), AIC (16.03), the relationship among 

temperature thru dengue has been a robust positive connotation at lag one month and 

ENSO has an inverse association. In the meantime, the  data series of dengue counts are 

minor decayed to AR procedure, this is recruited variance stability is indicated  Poisson 

process, So, we are selected the Poisson AR(p)and Negative Binomial (p) exogenous 

models for non-stationary  of count data, this is an indicated that the NBARX (p) is the 

more reliable and fitted model as compared to PARX (p), the findings provided a 

healthier outcomes in the month of September to November and obtained one-period 

forward recursive prediction for the twelve months (from January to December 2017) 

while NBARX results are initiated that the adequate fitting for dengue next twelve 

months predictions 

In the forthcoming, this research will be extended to include  dengue outbreaks in urban 

morphological structure, in which our developed  urban population density map for  
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eighteen towns (7-Districts) will be more helpful for individual investigate the dengue 

influence in different  towns  of city .In addition, the new multivariate analysis approach 

will be employed to increase the perception of data analysis, thus providing scientists 

more efficiently to the urban environment in the Karachi region.  
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CHAPTER 6 

CONCLUSIONS AND FUTURE OUTLOOK 

This chapter includes our developed urban complex system components outcomes are 

found from this dissertation. Conferring to the chapter successive, summary and 

conclusion, principal results are also discussed. Besides future work and suggestions 

remain revealed at the finale of this chapter.    

0.50 6.0 Summary and Conclusion  

An urban evolution is considered as a functional stochastic continues-time intervals 

complex Ue= Ue (Pm, Mp, HD, EC) where, P is performed that corporal dials analogous 

population dynamical changing with respect to time, M is established of corporeal 

morphological indicators such population density and morphological pattern resembling 

subunits (5-districts and 18-towns astute spatial  population-density distribution) etc., H 

is the indicator of urban-infectious vector borne human disease aspects and E is also the 

last indicator of our suggested system related to climate / metrological parameters in the 

vein of health disease (dengue fever epidemic) association to climatic variability 

(temperature, rainfalls and ENSO etc.). In the Chapter zero is given the impression of 

beings the urban population relating its morphology Ge =
dt

dUm
 resulting from the 

intricate relations of Pm, Mp, HD and Ec  in a specific time intervals) over  the  Karachi city 

as a function of  Ge = G (P, M) and P(H, E) somewhere P and M are components  of the 

system G with P = P (p (t), A (t)), M=D(t)) additional sub components  H=HD(t) and 

E(t)= (T (t), R(t), Enso(t)) (p, A, D, H, T, R and t represent the population, area, density, 

urban human disease (dengue outbreaks), temperature, rainfalls, ENSO index with 

respect to time respectively). P and M be able to extend to population and population 

morphological pattern (population area relationship is called density) consequently P  P 

(p (t), A (t), MP= PM (p (t)/ A (t)), P and MP are the population then morphological spatial 

pattern connecting of population density of Karachi city. We are contemplated of urban 

complex evolution to the communications of these urban components P, M and H (see 

figure 6.1), also developed new approaches and terminology that is called Mathematical 
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Oncological Treatment / Methods. The adaptive methodology of this dissertation is 

summarized in figure 6.2. 

 
Figure 6.1 Stochastic Population and Morphology interrelated to Urban Human Diseases 

Archetypal for Urban Evolution System 
   

  
   with respect to Continuous- time 

intervals. 
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Figure 6.2 Flow Chart label by Mathematical Oncological Methodology under urban evolution system (             



 

270 

We have studied Stochastic Modeling with the help of the ARIMA (p, d, q) models with 

respect to diagnostic checking and Bayesian Information Criterion for most suitable 

model selection. Meanwhile, evaluation of appropriate ARIMA and sideways to Non-

seasonal Holt-winter algorithm for forecasting of urban Population of Karachi from 1951 

to 2015. Coming to the various probability distributions tail are performed intended for 

both intervals (from 1729 to 1946) and (from 1951 to 2016) separately as well as total 

both intervals of population. Lognormal and Weibull distribution seemed to be the most 

apt heavy tail distributions for the all data intervals, whether the Monte Carlo simulation 

is achieved to respect to Lognormal distribution and Weibull distributions respectively. 

Once concluded, our constructed urban evolution functional system G with individual 

situation of the population dynamics (in lieu of the subsystem/parameter P of G).  

Also, we have considered PM  PM (pop (t) / area (t), Density (p (t) (in lieu of the 

component M of G); where, P and D corresponds to the population and spatial density 

distribution in the concert morphological pattern of the city of Karachi respectively. 

Population trend analysis based on the Mann-Kendall statistic values are determined the 

irregular centuries wise (1729 to 1946) and regular decades (1951 to 2015) wise as well 

as total population data intervals. Moreover, Fractal Dimension (D) is  regressed to the 

population with Log linear functions for the goodness of fit for D vs Log(pop), the results 

are shown that urban population morphology of the Karachi also satisfies the inequality 

1<D<1.5, which shown persistency in forthcoming population results of trend and 

probability distributions approaches. Persistency analysis for long -short time intervals by 

help of two methods for Hurst exponents as range increment, second order moment 

increment also ropes our interpretation.  

As an alternative of the component Mp of G; rectify and sort out the problems / 

development of the urban morphogenesis. In the years of 1981, 1998 and 2002 census 

data are used to study the spatial population density (GIS spatial surface mapping) for 5- 

districts and 18- towns of Karachi (instead of the component Mp of G). Scheming the 

spatial distances among innumerable settings (for example districts and towns) in the aid 

of Smax P and SMinP techniques. Spatial population density distributions are additional 
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deliberate via Spatial temporal models.it is found that the town wise spatial population 

density distribution shape is healthier than the district silhouette.  

Concluding part of this dissertation, we have unified to urban morphology (Mp) and urban 

climate parameters (EC) linking to the urban human disease HD, the factor HD and EC is 

the most respected part of our established urban evolution system Um= Um= Um (Pm Mp   

HD EC) for the Karachi city. Considering, dengue infectious disease persisted as urban 

health problem in subtropical city of Karachi. The Basic oncological treatment such as 

EDA, Fractal spectrum analysis and Probabilistic models (ARMAX(p), PARX(p)-

NBARX(p) are revealed that climatic parameters (Land surface mean monthly 

temperature, monthly rainfall and monthly ENSO index) as a statistically significant 

effect on dengue infectious in Karachi for the duration from January 2001 to December 

2016, as well as  results are concluded that climate effects on dengue outbreaks from the 

months September to November and also we have obtained that one-period ahead 

recursive forecast from January to December 2017, although NBARX(p) is found the 

appropriate for rectify  of dengue outbreaks for further  forecasts. 

This research opens innovative prospects in the studies related over to population and 

morphology of Karachi and initiates mathematical aspect of the study of a communal 

phenomenon. Our results will be useful for urban planners and demographers for 

sustainable future development, dengue survival cells, health insurance statistician, 

economists, metro-logiest and environmentalists etc. 

0.51 6.1 Principal Results 

The principal results discussed and attained in this dissertation that should be valuable for 

the scientific society of the world are as under: 

1. An urban evolution continuous-time complex system Ue= Ue (Pm, Mp, HD, EC) based 

on population morphogenesis, this results are focused on urban population evolution 

and climate influence on the human health problem. 



 

272 

2. The ARIMA (p, d, q) models with diagnostic checking and Bayesian method, as 

well as Holt-Winter (non-seasonal) logarithm and extrapolation Linear and 

Exponential forecasting approaches are used to evaluate then prediction the regular 

population data interval (from 1951 to 2016) over to Karachi city. 

3. These forecasting algorithms are found to most adequate ARIMA (1, 2, 1) model 

for the accurate and entire time intervals 1951 to 2015 to 2030, i.e. 2020, 2025, and 

2030 respectively. 

4. The adequate probability distributions for the irregular (from 1729 to 1946) and 

regular (from 1951 to 2015) population intervals are obtained and selected with the 

help of ADT and KST test. 

5. The comparative analysis for centuries wise irregular population and decade wise 

regular population data intervals are predictable for the Log gamma distribution 

except total irregular (lognormal) and total regular (Weibull) appeared that all the 

intervals specifically regular time periods are revealed prolonged Right Mean -Tail 

very well. 

6. The Stochastic Monte Carlo simulation are considered to obtain the most adequate 

probability distributions for hind casting and forecasting of the irregular and regular 

population data intervals. 

7. In most of the population intervals our selected simulated data (from1930 to1950 

and 1729 to 2020 for the first data set and from 1951 to 2020 and 2001 to 2020) and 

the real data exhibited similarity except at a few decades. The variability of regular 

population data set 1951 to 2015 is more prominent. 

8. By using Mann-Kendall statistic, underlying trend analysis of population growth 

dynamics for the both intervals and its persistency in the view of Fractal Dimension 

(FD) estimation. 

9. The Persistency of the irregular and regular data is confirmed by Hurst exponent 

method. The Hurst exponents for the H2ndM (0.60±0.09) and H-Range (0.83 ± 
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0.05) in total irregular interval (1729 to 1946) consistently H2ndM (0.85 ± 0.06 H-

Range (0.93 ± 0.02) for total regular interval (1951 to 2015). The range increment 

method is most persistent laterally by means of most applicable for the short and 

long intervals. 

10. The range increment method is more persistent as compare to the second order 

moment increment method for centuries and decade wise intervals.  

11. Urban morphogenesis distributions considered as a dynamical process. The more 

suitable aspect of the study of the city morphology probably in the urban population 

density. 

12. We have established a spatial population density mapping approached in new 

scenario, the 5-districts and 18-Towns of Karachi population data base 1981 and 

1998 census data (5-districts) and 2002 (18 Towns) are used to study the spatial 

population density distribution with the help of our developed spatial maximum 

pivotal (Smax P) and spatial minimum pivotal (SMin P) techniques. We are found 

variation of district and towns future more, suggest town wise pattern is better than 

the district wise distribution. 

13. The Mean-Tail Analysis (MTA) for irregular and regular population data are 

verified to the Fractal Dimension-Hurst (FD-H) scrutiny. 

14. Mean-Tail relationships are confirmed that the adequacy of probability distribution 

tails fitting. 

15. Our developed spatial FGDM determined urban spatial densities various distance 

gradient coefficient  (= 0.2, 0.5, 1.0, 1.5, 2). The density curves are vastly flattened 

in case of Smin P with  =2. So, we used Smin P with  =2 seem to more suitable for 

the population density distribution of the 18 towns of Karachi. 

16. Our developed Spatial Temporal surface density mapping is used to initiate the new 

terminology Mathematical Oncologic Treatment. It is also stated that spatial pivotal 
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measurement is more adequate for population density distribution as compare to 

field wise pivotal distance measurement.    

17. We are also explored the investigates that there is a relationship among climatic and 

metrological parameters along with dengue fever epidemic /outbreaks in Karachi, 

Pakistan. 

18. To investigate the epidemiological aspects by using basic statistical oncological 

analysis, too concluded influence of climatic variability on dengue transmission in 

the city of Karachi for sixteen years monthly (from 2001 to 2016) time series data. 

19. An ARIMAX (2,1,2) is more adequate model, the ARIMAX (2,1,2) for monthly 

dengue cases and climatic factors showed variations among the various month and 

there were positive relationships between the mean monthly temperatures at lag one 

and dengue cases in Karachi region. 

20. An ARIMAX(p), (PARX(p))  and (NBARX(p)) scrutiny, climate factors are  shown  

momentous part  in the seasonal peak months September to November in dengue 

incidences. 

21. Our comparative results are showed a suitable association between monthly dengue 

and climatic discrepancy in ARIMAX(p), PARX(p)-NBARX(p) models, NBARX 

(p) is favorite model for next twelve months forecasting. 

22. Our study has evidenced that Fractal Dimension with Hurst Exponent Rescaled 

range method is of enormous consequence for the urban human vector -borne 

disease. 

23. The fractal dimension is conducted that clearly expressed that seasonal pattern of 

dengue epidemic due to land surface temperature and ENSO index (months of 

September to November) indicated the anti-persistency, total data set and both of 

climate parameters time series are persistent. 

24. We are initiated that the new terminology Mathematical Oncologic Treatment for 

rectified by urban spatial morphology evolution and prediction and human diseases 
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problems, also, these results will be helpful to the future research study on the 

epidemiology and oncology fields. 

25. This research is further support that historical plus economic factors are 

manipulating the shape and change of population and morphology (population 

density) in Karachi Metropolitan Areas (KMAs). 

0.52 Work and Suggestions 

Since we have stated in the start of this dissertation, the urban complex evolution G is a 

functional system = G (Pm Mp HD EC) where the components Pm, Mp , HD   and EC 

symbolize to the physical evolution (population), the Morphological pattern (population 

density, structures etc.), socio-human health and climatically/environmental (temperature, 

rainfall and ENSO) variation link with human seasonal diseases (dengue fever etc.). An 

effective relationship between climatic parameters (rainfall and Temperature) and ENSO 

data with respect to dengue disease is developed in this dissertation. Proceeding, the 

principles results attained in this dissertation about forthcoming research and proposals 

are absorbed. Direction of imminent studies are declared underneath: 

In the future, this research will be extended to include seasonal dengue outbreaks in 

urban morphological structure, in which our developed urban population density map for 

eighteen towns (7-Districts) will be more helpful for individual investigate the dengue 

influence in different districts and towns of city. In addition, the new multivariate 

analysis approach will be employed to increase the perception of data analysis, thus 

providing scientists more efficiently to the urban environment in the Karachi region. 

More aspect of the future study of Solar- terrestrial activities such as Cornel index, K-

index and climate parameters temperature, rainfall and humidity, these parameters are 

developed association of space weather and earth’s climate effect on seasonal urban 

human infectious disease Malaria, Dengue fever, Chikungunya etc, that will be unified 

lengthy data set is used in the models. A virtuous pact research is required for the 

assessment of the climatic variability concerning in the increasing of infectious disease in 

the numerous seasons.  
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The Slums areas (Katchi-Abadies (KAs)) are unplanned create hurdles in the appropriate 

urban planning and the development of a smooth socio-economic scenario, which is not 

discussed in this dissertation owing to unavailability of authorized data. Thus, we will be 

considering the KAs as leisurely of Urban Malignancies. Analysis of the dynamics of 

this outlook is the key objectives of our future study. It will be cared that it is not possible 

to eliminate such malignancies in view of the arousal of humanitarian difficulties. So, the 

essence of the development via a treatment that can be termed as Mathematical 

Oncologic Procedure would be maintained.    
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Appendix 

Table 2.1 The 2nd
 difference ACF and PACF for Actual population 

LAG ACF 
ACF 

T-Statistics 
LBQ1 PACF 

PACF 

T-Statistics 

1 0.897932 7.18 54.06 0.897932 7.18 

2 0.807641 4.00 98.50 0.007015 0.06 

3 0.740449 2.99 136.46 0.072431 0.58 

4 0.651917 2.33 166.38 -0.137325 -1.10 

5 0.578380 1.91 190.33 0.028625 0.23 

6 0.521987 1.63 210.18 0.027928 0.22 

7 0.453360 1.36 225.41 -0.070320 -0.56 

8 0.383516 1.12 236.50 -0.054548 -0.44 

9 0.325391 0.93 244.63 -0.007578 -0.06 

10 0.268841 0.76 250.29 -0.015423 -0.12 

 

Table 2.2 The 2nd
 difference ACF and PACF for Logarthium -Population 

LAG ACF 
ACF 

T-Statistics 
LBQ1 PACF 

PACF 

T-Statistics 

1 0.486433 3.89146 15.8646 0.486433 3.89146 

2 0.185463 1.22239 18.2080 -0.067010 -0.53608 

3 0.225838 1.45493 21.7397 0.213399 1.70719 

4 0.053884 0.33619 21.9441 -0.189423 -1.51538 

5 0.099325 0.61863 22.6505 0.214478 1.71583 

6 0.220599 1.36581 26.1945 0.070413 0.56330 

7 0.070267 0.42290 26.5604 -0.081811 -0.65449 

8 -0.101960 -0.61193 27.3446 -0.187607 -1.50086 

9 -0.091833 -0.54795 27.9922 -0.003373 -0.02699 

10 -0.164199 -0.97519 30.1012 -0.129765 -1.03812 

 

 

 

 



 

302 

Table 2.3 The Parameter estimates and Adequate Test of ARIMA (1,2,1) 

Variable Coefficient Std. Error t-Statistic P-value <(α=0.05) 

AR(1) 1.002934 0.000369 2717.577 0.0000 

D(2) 0.216959 0.014872 14.58796 0.0000 

MA 0.969078 0.045511 21.29312 0.0000 

 

 

Table 2.4 The Parameter estimate s and Adequate Test of ARIMA (1,2,2) 

Variable Coefficient Std. Error t-Statistic P-value <(α=0.05) 

AR(1) 1.002952 0.000250 4014.866 0.0000 

D(2) 0.212186 0.016455 12.89483 0.0000 

MA(1) ((1)) 0.689875 0.127380 5.415881 0.0000 

MA(2) -0.290769 0.120917 -2.404705 0.0193 

 

 

Table 2.5 The Parameter estimates and Adequate Test of ARIMA (2,2,1) 

Variable Coefficient Std. Error t-Statistic P-value <(α=0.05) 

AR(1) 0.647847 0.144242 4.491379 0.0000 

AR(2) 0.356178 0.144674 2.461933 0.0168 

D(2) 0.202331 0.023276 8.692796 0.0000 

MA(1) 0.981168 0.019484 50.35731 0.0000 
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Table 2.6 The Parameter estimates and Adequate Test of ARIMA (2,2,2) 

Variable Coefficient Std. Error t-Statistic 
P-value 

<(α=0.05) 

AR(1) 0.711055 0.424149 1.676426 0.0991 

AR(2) 0.292786 0.425409 0.688247 0.4941 

D(2) 0.203302 0.024981 8.138244 0.0000 

MA(1) 0.907250 0.412201 2.200988 0.0318 

MA(2) -0.071784 0.399434 -0.179713 0.8580 

 
 

Table 2.7 The Parameter estimates and Adequate Test of ARIMA (3,2,1) 

Variable Coefficient Std. Error t-Statistic 
P-value 

<(α=0.05). 

AR(1) 0.576849 0.147040 3.923084 0.0002 

AR(2) 0.296043 0.207811 1.424575 0.1598 

AR(3) 0.131692 0.147522 0.892697 0.3758 

D(2) 0.184653 0.033765 5.468742 0.0000 

MA(1) 0.952775 0.058113 16.39520 0.0000 

 

Table 2.8 The Parameter estimates and Adequate Test of ARIMA (3,2,2) 

Variable Coefficient Std. Error t-Statistic 
P-value  

<(α=0.05) 

AR(1) -0.164647 0.114048 -1.443656 0.1545 

AR(2) 0.685842 0.062588 10.95797 0.0000 

AR(3) 0.486369 0.111131 4.376519 0.0001 

D(2) 0.230924 0.013210 17.48093 0.0000 

MA(1) 1.963926 0.069659 28.19327 0.0000 

MA(2) 0.994994 0.069256 14.36692 0.0000 
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Table 2.9 The Parameter estimates and Adequate Test of ARIMA (4,2,1) 

Variable Coefficient Std. Error t-Statistic 
P-value 

<(α=0.05) 

AR(1) 0.757856 0.136508 5.551725 0.0000 

AR(2) 0.223390 0.167116 1.336738 0.1869 

AR(3) 0.325149 0.158828 2.047184 0.0455 

AR(4) -0.303578 0.126686 -2.396304 0.0201 

D(2) 0.194362 0.019228 10.10839 0.0000 

MA(1) 0.905575 0.076883 11.77860 0.0000 

 

Table 2.10 The Parameter estimates and Adequate Test of ARIMA (4,2,2) 

Variable Coefficient Std. Error t-Statistic P-value <(α=0.05) 

AR (1) 0.340499 0.247976 1.373109 0.1755 

AR(2) 0.467098 0.180356 2.589872 0.0124 

AR(3) 0.411099 0.125993 3.262861 0.0019 

AR(4) -0.213860 0.134059 -1.595274 0.1166 

D(2) 0.179750 0.022846 7.867800 0.0000 

MA (1) 1.406934 0.244286 5.759360 0.0000 

MA(2) 0.489010 0.226259 2.161283 0.0352 

 

Table 2.11 The Parameter estimates and Adequate Test of ARIMA (5,2,1) 

Variable Coefficient Std. Error t-Statistic 
P-value 

<(α=0.05) 

AR (1) 0.811538 0.148255 5.473940 0.0000 

AR (2) 0.102823 0.184673 0.556785 0.5801 

AR (3) 0.386415 0.155360 2.487225 0.0161 

AR (4) -0.371557 0.169156 -2.196536 0.0325 

AR (5) 0.073823 0.137355 0.537461 0.5932 

D (2) 0.179750 0.022846 7.867800 0.0000 
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MA (1) 0.877358 0.085727 10.23430 0.0000 

 

 

Table 2.12 The Parameter estimates and Adequate Test of ARIMA (5,2,2) 

 

  

      
Variable Coefficient Std. Error t-Statistic P-value <(α=0.05) 

AR (1) 0.582099 0.325889 1.786185 0.0800 

AR (2) 0.225173 0.273525 0.823227 0.4142 

AR (3) 0.476726 0.139791 3.410288 0.0013 

AR (4) -0.310525 0.187337 -1.657572 0.1035 

AR (5) 0.030450 0.163385 0.186370 0.8529 

D (2) 0.183372 0.020483 8.952172 0.0000 

M (1) 1.161687 0.310469 3.741716 0.0005 

MA (2) 0.297431 0.280699 1.059606 0.2943 
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Table 2.13 ACF and PACF analysis of ARIMA (1,2,1) 

Lag 
Auto 

Cor.  

Std 

error 

Lower 

bound 

(95%) 

Upper 

bound 

(95%) 

Partial 

Auto Cor. 

Std 

error 

Lower 

bound 

(95%) 

Upper 

bound 

(95%) 

0 1.000 0.000 
  

1.000 0.000 
  

1 0.950 0.123 -0.241 0.241 0.950 0.123 -0.241 0.241 

2 0.899 0.206 -0.404 0.404 -0.039 0.123 -0.241 0.241 

3 0.849 0.259 -0.507 0.507 -0.016 0.123 -0.241 0.241 

4 0.800 0.298 -0.584 0.584 -0.019 0.123 -0.241 0.241 

5 0.751 0.329 -0.645 0.645 -0.024 0.123 -0.241 0.241 

6 0.705 0.354 -0.694 0.694 -0.003 0.123 -0.241 0.241 

7 0.658 0.375 -0.735 0.735 -0.036 0.123 -0.241 0.241 

8 0.615 0.392 -0.768 0.768 0.022 0.123 -0.241 0.241 

9 0.573 0.406 -0.796 0.796 -0.032 0.123 -0.241 0.241 

10 0.530 0.418 -0.820 0.820 -0.020 0.123 -0.241 0.241 

11 0.488 0.428 -0.840 0.840 -0.026 0.123 -0.241 0.241 

12 0.446 0.437 -0.856 0.856 -0.027 0.123 -0.241 0.241 

13 0.405 0.444 -0.869 0.869 -0.016 0.123 -0.241 0.241 

14 0.367 0.449 -0.880 0.880 -0.007 0.123 -0.241 0.241 

15 0.328 0.454 -0.889 0.889 -0.027 0.123 -0.241 0.241 

16 0.289 0.457 -0.896 0.896 -0.032 0.123 -0.241 0.241 

17 0.252 0.460 -0.902 0.902 -0.010 0.123 -0.241 0.241 

18 0.216 0.462 -0.906 0.906 -0.023 0.123 -0.241 0.241 
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Table 2.14 ACF and PACF analysis of ARIMA (2,2,1) 

Lag 
Auto

cor. 

Std 

error 

Lower 

bound 

(95%) 

Upper 

bound 

(95%) 

Partial 

Auto Cor. 

Std 

error 

Lower 

bound 

(95%) 

Upper 

bound 

(95%) 

0 1.000 0.000 
  

1.000 0.000 
  

1 0.950 0.123 -0.241 0.241 0.950 0.123 -0.241 0.241 

2 0.899 0.206 -0.404 0.404 -0.039 0.123 -0.241 0.241 

3 0.849 0.259 -0.507 0.507 -0.016 0.123 -0.241 0.241 

4 0.800 0.298 -0.584 0.584 -0.019 0.123 -0.241 0.241 

5 0.751 0.329 -0.645 0.645 -0.024 0.123 -0.241 0.241 

6 0.705 0.354 -0.694 0.694 -0.003 0.123 -0.241 0.241 

7 0.658 0.375 -0.735 0.735 -0.036 0.123 -0.241 0.241 

8 0.615 0.392 -0.768 0.768 0.022 0.123 -0.241 0.241 

9 0.573 0.406 -0.796 0.796 -0.032 0.123 -0.241 0.241 

10 0.530 0.418 -0.820 0.820 -0.020 0.123 -0.241 0.241 

11 0.488 0.428 -0.840 0.840 -0.026 0.123 -0.241 0.241 

12 0.446 0.437 -0.856 0.856 -0.027 0.123 -0.241 0.241 

13 0.405 0.444 -0.869 0.869 -0.016 0.123 -0.241 0.241 

14 0.367 0.449 -0.880 0.880 -0.007 0.123 -0.241 0.241 

15 0.328 0.454 -0.889 0.889 -0.027 0.123 -0.241 0.241 

16 0.289 0.457 -0.896 0.896 -0.032 0.123 -0.241 0.241 

17 0.252 0.460 -0.902 0.902 -0.010 0.123 -0.241 0.241 

18 0.216 0.462 -0.906 0.906 -0.023 0.123 -0.241 0.241 
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Table 2.15 The Selected ARIMA (p, d, q) model and Diagnostic Test 

 

 

 

 

 

 

 

 

 

 

 

 

Criterion (5,2,2) (5,2,1) (4,2,2) (4,2,1) (3,2,2) (3,2,1) (2,2,2) (2,2,1) (1,2,2) (1,2,1) 

R-Square 0.9414 0.9388 0.9514 0.9356 0.9450 0.9301 0.9697 0.9806 0.9718 0.9897 

SSE 0.0102 0.0103 0.0102 0.0102 0.0993 0.0102 0.0105 0.0107 0.0147 0.0100 

MSE 0.0159 0.0187 0. 016 0. 0134 0.0155 0.0159 0.0016 0.0166 0.0177 0.0127 

Variance 0.0150 0.0002 0.0002 0.0002 0.0099 0.0102 0. 0189 0. 01956 0. 0167 0.0147 

MAPE 0.1578 0.1397 0.1996 0.1795 0.1645 0.1882 0.1977 0.1603 0.1702 0.1201 

EF 0.0184 0.0186 0.0187 0.0188 0.0183 0.0093 0.0152 0.0194 0.0096 0.0101 

Durbin-Watson 2.1222 1.9958 1.9252 1.8492 1.8040 1.7590 1.9423 1.9797 2.1344 1.6804 

Log-likelihood -375.4 -375.4 -375.399 -375.39 -375.58 -375.22 -373.73 -373.007 -372.962 -372.94 

AIC -359.402 -361.401 -361.399 -363.400 -363.581 -365.229 -366.942 -365.008 -363.738 -364.96 

BIC -342.130 -346.289 -346.287 -350.446 -350.628 -354.434 -360.465 -356.372 -352.943 -360.46 

HIC -356.783 -359.401 -359.399 -361.926 -362.108 -364.194 -366.542 -364.330 -362.703 -364.28 

AIC/BIC 1.05048 1.04364 1.0436406 1.036962 1.036943 1.030455 1.017967 1.02423 1.03058 1.02423 

HIC/BIC 1.04282 1.03786 1.037865 1.03275 1.03274 1.02753 1.01685 1.02232 1.02765 1.02233 
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Table 2.16 The Parameters descriptive statistic of most adequate ARIMA (1,2.1) Model. 

 

Parameter Value 
Hessian 

St error 

Lower 

bound 

(95%) 

Upper 

bound 

(95%) 

Asympt. 

Std error 

Lower 

bound 

(95%) 

Upper 

bound 

(95%) 

AR (1) -0.262 0.144 -0.545 0.020 0.130 -0.518 -0.007 

MA (1) -0.876 0.099 -1.071 -0.682 0.065 -1.004 -0.749 

 

 

Table 2.17 The Parameters descriptive statistic of most adequate ARIMA (2,2,1) Model. 

Parameter Value 
Hessian 

Std error 

Lower 

bound 

(95%) 

Upper 

bound 

(95%) 

Asymptotic. 

Std error 

Lower 

bound 

(95%) 

Upper 

bound 

(95%) 

AR (1) -0.235 0.174 -0.576 0.106 0.143 -0.515 0.045 

AR (2) 0.043 0.167 -0.284 0.370 0.141 -0.233 0.320 

MA (1) -0.897 0.117 -1.126 -0.669 0.067 -1.028 -0.766 

 

 

Table 2.18 The Most Appropriate Models forecasts by Normality test 

Model 
Time 

Interval 

Forecasted 

Year 

Geary’s α 

statistic test 
MAPE SSE RMSE MPE 

ARIMA (1,2,1) 

1951-

2015 
2030 

0.950 0.150 0.011 0.013 0.015 

Holt-Winters 0.979 0.160 0.014 0.015 0.018 

Linear 0.861 0.460 0.034 0.079 0.047 

Exponential 0.861 0.560 0.043 0.095 0.055 
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Table 2.19 The Predictions and residuals for the Years 1951-2016 by ARIMA (1,2,1) 

Year Log population ARIMA (1,2,1) Residuals Standardized residuals 

1951 6.056 6.056 0.000 0.000 

1952 6.056 6.056 0.000 0.000 

1953 6.091 6.069 0.022 1.703 

1954 6.121 6.106 0.015 1.165 

1955 6.140 6.142 -0.002 -0.149 

1956 6.189 6.166 0.023 1.778 

1957 6.195 6.210 -0.014 -1.105 

1958 6.273 6.227 0.046 3.544 

1959 6.279 6.292 -0.013 -0.975 

1960 6.299 6.316 -0.017 -1.279 

1961 6.310 6.328 -0.017 -1.319 

1962 6.323 6.339 -0.016 -1.230 

1963 6.349 6.349 0.000 -0.016 

1964 6.390 6.372 0.018 1.391 

1965 6.399 6.412 -0.014 -1.076 

1966 6.404 6.427 -0.023 -1.792 

1967 6.437 6.430 0.007 0.551 

1968 6.452 6.457 -0.005 -0.352 

1969 6.467 6.477 -0.010 -0.740 

1970 6.507 6.490 0.017 1.301 

1971 6.548 6.526 0.022 1.734 

1972 6.557 6.570 -0.013 -1.018 

1973 6.572 6.585 -0.013 -1.012 

1974 6.600 6.596 0.004 0.306 

1975 6.615 6.622 -0.007 -0.516 

1976 6.649 6.640 0.009 0.707 

1977 6.688 6.670 0.018 1.418 

1978 6.695 6.710 -0.015 -1.145 

1979 6.718 6.723 -0.005 -0.421 

1980 6.736 6.741 -0.005 -0.351 

1981 6.735 6.760 -0.025 -1.899 

1982 6.776 6.761 0.015 1.195 

1983 6.795 6.793 0.002 0.136 
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1984 6.810 6.819 -0.009 -0.669 

1985 6.844 6.833 0.011 0.890 

1986 6.853 6.864 -0.011 -0.840 

1987 6.879 6.878 0.001 0.078 

1988 6.902 6.899 0.003 0.228 

1989 6.927 6.924 0.003 0.267 

1990 6.933 6.948 -0.015 -1.180 

1991 6.950 6.958 -0.008 -0.595 

1992 6.965 6.970 -0.005 -0.383 

1993 6.971 6.986 -0.015 -1.193 

1994 6.974 6.992 -0.018 -1.414 

1995 6.978 6.993 -0.015 -1.157 

1996 6.986 6.996 -0.010 -0.789 

1997 6.989 7.002 -0.013 -0.990 

1998 6.999 7.005 -0.005 -0.400 

1999 7.021 7.013 0.008 0.628 

2000 7.042 7.033 0.010 0.736 

2001 7.064 7.056 0.008 0.624 

2002 7.085 7.078 0.007 0.560 

2003 7.106 7.100 0.006 0.502 

2004 7.128 7.122 0.006 0.451 

2005 7.149 7.144 0.005 0.405 

2006 7.171 7.166 0.005 0.363 

2007 7.192 7.188 0.004 0.326 

2008 7.213 7.210 0.004 0.292 

2009 7.235 7.231 0.003 0.262 

2010 7.256 7.253 0.003 0.235 

2011 7.278 7.275 0.003 0.211 

2012 7.299 7.296 0.002 0.190 

2013 7.320 7.318 0.002 0.170 

2014 7.342 7.340 0.002 0.153 

2015 7.363 7.361 0.002 0.137 

2016 7.385 7.383 0.002 0.123 
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Table 2.20 Holt- Winter forecasting for the Years 2016 to 2030 

 

Table 2.21 Forecasted Populations for the Years   2020, 2025, 2030. 

Model 
2020 

(Log Population) 

2025 

(Log Population) 

2030 

(Log Population) 

Linear 6.1565 6.2427 6.3174 

Exponential 6.1476 6.2273 6.2972 

ARIMA (1,2,1) 7.465 7.566 7.667 

Holt-winter 7.470 7.577 7.684 

 

  

Time Interval Prediction sqrt (MSE) Lower Upper 

2016 7.38451 .01436 7.35636 7.41265 

2017 7.40590 .02126 7.36423 7.44757 

2018 7.42730 .02930 7.36987 7.48472 

2019 7.44870 .03828 7.37366 7.52373 

2020 7.47009 .04810 7.37582 7.56436 

2021 7.49149 .05867 7.37649 7.60648 

2022 7.51288 .06995 7.37579 7.64997 

2023 7.53428 .08188 7.37381 7.69475 

2024 7.55568 .09443 7.37061 7.74075 

2025 7.57707 .10757 7.36625 7.78790 

2026 7.59847 .12127 7.36079 7.83615 

2027 7.61986 .13551 7.35426 7.88547 

2028 7.64126 .15028 7.34672 7.93580 

2029 7.66266 .16554 7.33820 7.98712 

2030 7.68405 .18130 7.32872 8.03939 
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Table 2.22 One-step forecast for the Years 2016-2030 by ARIMA (1, 2, 1) . 

Intervals Forecast 95% Lower Limit 95% Upper Limit 

2016 7.4032 7.356 7.413 

2017 7.4044 7.3791 7.4298 

2018 7.4247 7.3912 7.4583 

2019 7.4449 7.4022 7.4876 

2020 7.4651 7.4141 7.5161 

2021 7.4853 7.4260 7.5447 

2022 7.5056 7.4379 7.5731 

2023 7.5257 7.4498 7.6017 

2024 7.5459 7.4615 7.6303 

2025 7.5661 7.4731 7.6591 

2026 7.5863 7.4846 7.6880 

2027 7.6065 7.4960 7.7170 

2028 7.6267 7.5072 7.7462 

2029 7.6469 7.5182 7.7756 

2030 7.667 7.5291 7.8051 
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Table 3.1 Adequate fitting ADT and KST test Ranking for Irregular Population duration (1729-1946) 

Time 

Intervals 
Distributions 

AD 

Test 
Ranking KS Test Ranking Parameters 

1729 to 

1946 

Lognormal 0.64336 1 0.12303 1 =2.5741, =3.607 

Weibull 1.3585 2 0.14263 2 a=0.44024, =10.682 

Log gamma 6.1849 3 0.17427 3 a=1.9105, =1.888 

Gamma 6.4362 4 0.42195 4 a=0.09997, =9223.2 

Normal 11.001 5 0.47155 5 =2916.3, =922.08 

1729 to 

1798 

Log gamma 2.031 1 0.17077 2 a=0.40652, =4.8383 

Lognormal 2.2291 2 0.31678 3 =2.9726, =1.9669 

Weibull 2.5985 3 0.33042 1 a=0.28673,=24.191 

gamma 3.3948 4 0.47423 5 a=0.15478,=7801.9 

Normal 4.032 5 0.50893 4 =3069.4,  =1207.6 

1810 to 

1897 

Log gamma 0.8469 1 0.22326 2 a=4.1309,  =0.95608 

Lognormal 1.1789 2 0.2681 3 =1.867,  =3.9495 

Weibull 2.4208 3 0.20246 1 a=0.90391, =56.856 

Gamma 4.148 4 0.56957 5 a=0.08427, =13252.0 

Normal 4.3095 5 0.52637 4 =3846.8  =1116.7 

1901 to 

1946 

Log gamma 0.22722 1 0.12948 1 a=99.811  =0.05468 

Lognormal 0.28722 2 0.14414 3 =0.51828,  =5.458 

Gamma 0.3199 3 0.14218 2 a=3.0093,  =89.522 

Weibull 0.52703 4 0.17481 4 a=1.9106 , =2.7663 

Normal 0.64697 5 0.21036 5 =155.3,  =269.4 
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Table 3.2 Adequate ADT and KST fit ranking for regular population intervals (from1951 to 2015) 

Time 

Intervals 
Distributions 

AD 

Test 
Ranking 

KS 

Test 
Ranking Parameters 

1951 to 

2015 

Weibull 1.7646 1 0.13694 1 a=1.564 , =6.8623 e
6 

Lognormal 2.437 2 0.16153 3 =0.728,  =15.402 

Log-gamma 2.4829 3 0.16184 4 a=440.36,  =0.03498 

Normal 2.501 4 0.15041 2 
=3.5324e

6
 , =6.1109

e
6 

Gamma 3.3567 5 0.17004 5 a=2.9928,  =2.0419 e
6 

1951 to 

1960 

Log-Gamma 0.32478 1 0.16843 1 a=4527.6,  =0.00314 

Gamma 0.33471 2 0.16951 2 a=22.067,  =68380.0 

Log-normal 0.37712 3 0.18116 4 =0.2003,  =14.207 

Normal 0.38551 4 0.17174 3 
=3.2122 e

5,
  =1.5090 

e
6 

Weibull 0.46533 5 0.1936 5 a=4.8098,  =1.5842 e
6 

1961 to 

1970 

Gamma 0.16277 1 0.10956 1 a=46.618 , =54903.0 

Normal 0.16526 2 0.12435 4 
=3.7486 e

5,
  =2.5595 

e
6 

Log gamma 0.16811 3 0.11675 2 a=10112.0,  =0.00146 

Lognormal 0.19319 4 0.11769 3 =0.13912 , =14.746 

Weibull 0.36939 5 0.14575 5 a=7.5648,  =2.6342 e
6 

1971 

to1980 

Log-gamma 0.29596 1 0.16641 3 a=9280.3,  =0.00165 

Gamma 0.29638 2 0.16349 2 a=39.677,  =1.1075 e
5 

Normal 0.30839 3 0.1545 1 
=6.9759 e

5,
  =4.3941 

e
6 

Lognormal 0.34688 4 0.17776 4 =0.15052,  =15.284 

Weibull 0.39287 5 0.18138 5 a=6.485,  =4.5696 e
6 

1981 to 

1990 

Log-gamma 0.16901 1 0.10302 1 a=10706.0,  =0.00147 

Gamma 0.17079 2 0.10944 2 a=44.267,  =1.5992 e
5 

Normal 0.17407 3 0.12046 4 
=1.0640e

6,
  =7.0793 

e
6 

Lognormal 0.1986 4 0.11526 3 =0.14452,  =15.762 

Weibull 0.28389 5 0.12382 5 a=6.8304 , =7.3606 e
6 

1991 to 

2000 

Log-gamma 0.16227 1 0.11831 1 
a=1.4179 

e
5,
  =1.1339e

-4 

Gamma 0.16334 2 0.11918 3 a=551.95,  =17417.0 

Normal 0.1644 3 0.11848 2 
=4.0920 e

5
 , =9.6135 

e
6 

Lognormal 0.18526 4 0.13096 4 =0.04051 , =16.078 
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Weibull 0.31661 5 0.14476 5 a=24.542,  =9.7358 e
6 

2001 to 

2015 

Log gamma 0.02065 1 0.16227 1 
=2.1874e

5
 , =1.0610

e
7 

Gamma 0.16334 2 0.11918 3 a=2352.8,  =4509.5 

Normal 0.1644 3 0.11848 2 
a=6.1267e

5
 , =2.640e

-

5 

Lognormal 0.18526 4 0.13096 4 =0.01979,  =16.177 

Weibull 0.31661 5 0.14476 5 a=24.542 , =9.7358 e
6 

 

Table 3.3 Gamma adequate distribution tails fitting for irregular  population  

Intervals Mean SD Variance 
Coefficient of 

variance 
skewness Kurtosis 

1729-1946 9.2204 2.9161 8.5041 3.1627 6.3255 6.018 

1951-2012 6.1108 3.5323 1.2477 0.5780 1.1560 2.0048 

1729-1798 1.2075 3.0694 9.4214 2.5418 5.0836 3.8764 

1810-1897 1.1167 3.8469 1.4799 3.4448 6.8895 7.1199 

1901-1946 2.6939 1.5529 2.4117 0.5764 1.1529 1.9938 

1951-2000 5.0310 3.0619 9.3756 0.6086 1.2172 2.2224 

2001-2015 1.0610 2.1873 4.7845 0.02061 0.0412 0.0025 

 

Table 3.4 Lognormal appropriate distribution tails  fitting for irregular-regular  

population 

Intervals Mean SD Variance 
Coefficient 

of variance 
skewness Kurtosis 

1729-1946 1.0123 2.7787 5.72124 7.4491 2.07639 0.0248 

1951-2012 1.3663 3.3223 2.8327 0.8360 3.09229 0.7963 

1729-1798 5.9292 4.9176 2.4183 82.938 5.70771 2.2409 

1810-1897 2.9658 16.684 2.7836 5.6253 1.94891 1.2084 

1901-1946 2.6835 14.896 2.2191 0.5551 1.83640 1.5393 

1951-2000 5.1496 4.0317 1.6255 0.7829 2.82869 1.6666 

2001-2015 1.0610 21.9315 4.8099 0.0206 0.0646 0.00745 

 

Gamma  (2.99277; 2.04187E+6)

X

1.5E+71E+75E+60

P
(X

)

1.3E-7

1.2E-7

1.1E-7

1E-7

9E-8

8E-8

7E-8

6E-8

5E-8

4E-8

3E-8

2E-8

1E-8

0
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Table 3.5 Weibull appropriate distribution tails fitting for irregular-regular population intervals 

 

 

 

 

 

 

 

 

 

Table 3.6 The tails fitting for adeqaute distribution  

Interval Model 
Shape/Location 

Parameter 

Scale 

Parameter 
Log likelihood SSE 

fitted 

Model 

1729-

1946 

Lognormal 

Weibull 

2.5741 

1.0682 

3.607 

0.44024 

-99.43 

-99.23 

2.151 

2.910 
Lognormal 

1729-

1798 

Lognormal 

Weibull 

2.9726 

24.11 

1.9669 

0.28673 

-87.20 

-86.50 

0.002 

0.208 
Lognormal 

1810-

1897 

Lognormal 

Weibull 

1.867 

56.856 

3.9495 

0.90391 

-70.34 

-70.70 

0.032 

0.298 
Lognormal 

1901-

1946 

Lognormal 

Weibull 

0.51828 

2.7663 

5.458 

1.9106 

-55.00 

-56.28 

0.015 

0.230 
Lognormal 

1951-

2000 

Lognormal 

Weibull 

0.691432 

5.55827 

15.2154 

1.64022 

-43.14 

-43.64 

3.754 

5.91 
Lognormal 

2001-

2015 

Lognormal 

Weibull 

0.01979 

9.7358 

16.177 

24.542 

-33.14 

-34.64 

4.393 

3.790 
Lognormal 

1951-

2015 

Lognormal 

Weibull 

0.728 

6.8623 

1.5402 

1.564 

-98.43 

-97.03 

4.33 

5.91 
Weibull 

Data interval Mean SD Variance 
Coefficient 

of variance 
Skewness Kurtosis 

1729-1946 2.7835 7.5014 5.6271 2.6949 0.8713 1.6413 

1951-2012 6.1661 4.0287 1.6231 0.6533 0.9998 0.1587 

1729-1798 2.7658 1.6520 2.7292 5.9730 3.3668 3.4848 

1810-1897 5.9682 6.613 4.3733 1.1080 2.3295 8.4068 

1901-1946 2.4542 1.3361 1.7872 0.5447 0.6934 0.3680 

1951-2000 4.9726 3.1106 9.6762 0.6255 0.9215 0.9269 

2001-2015 1.0568 2.6218 6.8740 0.0248 -1.0268 1.8868 
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Table 3.7 Monte Carlo simulation of probability distributions  and statistical analysis for  population data set III(1729-2015) 

Population 

Data Sets 
Distribution 

Parameters 

a,  ,   

ADT (α=0.05) median mode Variance Skewness Kurtoses 

1729-1929 LND 2.5778,     3.3179 0.82776 14 2.18e
3
 9.5303e

6
 3.3708 10.972 

1930-1950 LND 2.529,           2.875 0.11864 0.82776 - 1.2309e
6
 4.5172 20.567 

1729-2020 LND 2.9053,        3.2819 0.20899 21.435 - 9.3351e
6
 6.835 49.656 

1951-2000 LGD 474.56,        0.03206 1.0237 4.2903e
6
 6.77e

5
 9.3756e

12
 0.38083 -1.3319 

2001-2020 LGD 855.88,        0.01791 0.20367 4.4114e
6
 2.10e

5
 6.9994e

12
 0.82939 0.06987 

1951-2020 WD 
1.2958,      4.0119e

6
,     

1.3915e
6
 

0.32631 4.3349e
6 

 8.0111e
12

 1.1929 1.5804 

2001-2015 GD 3.5557,      1.5755e
6
 0.15759 4.9150e

6
 1.62215 8.8263e

12
 0.69557 -0.26682 
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Table 4.1 Linear Trend models for irregular centuries and regular decades wise 

Data Interval 
Linear Trend 

Model 

Slope of trend 

Model 

Coefficient of 

Determined(R
2
) 

1729-1946 Tir = 0.4538p+ 2.4802 0.4538 0.9897 

1729-1798 Tir = 0.1293p + 2.7602 0.1293 0.962 

1810-1897 Tir = 0.1098p + 3.8109 0.1098p 0.8501 

1901-1946 Tir = 0.077p + 4.9467 0.077 0.9662 

1951-2015 Tir = 0.0196p - 32.153 0.0196 0.9902 

1951-1960 Tir = 0.0299p + 6.0055 0.0299 0.9738 

1961-1970 Tir = 0.0208p + 6.2894 0.0208 0.9807 

1971-1980 Tir = 0.0226p + 6.5137 0.0226 0.9848 

1981-1990 Tir = 0.0217p+ 6.726 0.0217 0.9882 

1991-2000 Tir = 0.0086p + 6.9404 0.0086 0.9043 

2001-2015 Tir = 0.0206p + 7.0475 0.0206 0.9972 

 

 

Table 4.2 Temporal analysis for logarithm population with fractal dimension and Hurst Exponents 

Time 

Interval 
F. D Log(p) R2 

Log(p) 

estimated 
Log(p) actual 

Hurst 

Exponent 

1729-1946 1.371 
y = 0.8647p + 

3.1933 
0.9867 4.378804 5.72835 0.629 

1951-2015 1.058 
y = 0.2035p + 

6.1014 
0.9884 6.316703 7.033741 0.942 
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Table 4.3 Fractal Dimension and Hurst Exponents for Irregular and Regular intervals 

 

Data Interval Hurst Exponent Fractal Dimension 

1729-1946 0.629 1.371 

1729-1798 0.797 1.203 

1810-1897 0.81 1.190 

1901-1946 0.789 1.211 

1951-2015 0.942 1.058 

1951-1960 0.825 1.175 

1961-1970 0.773 1.227 

1971-1980 0.827 1.173 

1981-1990 0.837 1.163 

1991-2000 0.847 1.153 

2001-2015 0.863 1.137 

 

 

Table 4.4 Probability distributions and Fractal Dimension by adequate test (1729 to 1946) 

Irregular 

Centuries Wise 

Intervals 

Mean Deviation ADT KST CST 
Fractal 

Dimension 

1729-1798 1.2076 3.0694 Log-gamma Log gamma 
Log-

gamma 
1.203 

1810-1897 1.1167 3.8468 Log-gamma Weibull 
Log-

gamma 
1.190 

1901-1946 2.694 1.553 Log-gamma Log gamma - 1.211 

1729-1946 9.220 2.9163 Log-normal Log-normal Weibull 1.371 
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Table 4.5 Probability distributions  and Fractal Dimension by adequate test (1951 to 2015) 

Regular 

Decay-wise 

intervals 

Mean Deviation ADT KST CST 
Fractal 

Dimension 

1951-1960 1.5090e
6 3.2122e

5 Log Gamma Log Gamma Lognormal 1.175 

1961-1970 2.5595 e
6 3.7486 e

5 Gamma Gamma Lognormal 1.227 

1971-1980 4.3941 e
6 6.9759 e

5 Log Gamma Normal Lognormal 1.173 

1981-1990 7.0793 e
6 1.0640e

6 Log Gamma Log Gamma Normal 1.163 

1991-2000 9.6135 e
6 4.0920 e

5 Log Gamma Log Gamma Normal 1.153 

2001-2015 10.0610 e
6 2.1874 e

5 Normal Normal Normal 1.137 

1951-2015 61.109 e
6 3.5324 e

6 Weibull Weibull Weibull 1.058 

 

 

Table 4.6 Spatio-Maximum flatten gradient district wise densities for the period of 1981 

Spatial District  =0.2             =1.5   =2 

WSpatio _ Max 14.38352 14.38352 14.38352 14.38352 14.38352 

CSpatio_Max 1.429768188 0.094662 0.001026 1.11E-05 1.2E-07 

MSpatio_Max 0.003404273 6.24E-08 7.94E-16 1.01E-23 1.29E-31 

ESpatio_Max 0.030420183 9.12E-05 5.68E-09 3.54E-13 2.21E-17 

SSpatio_Max 0.009340814 2.11E-05 8.19E-10 3.18E-14 1.24E-18 
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Table 4.7 Spatio-Maximum flatten gradient district wise densities for the period of 1998 

Spatial District   =0.2   =0.5   =1   =1.5   =2 

WSpatio_Max 33.18784 33.18784 33.18784 33.18784 33.18784 

CSpatio_Max 2.40023525 0.158914375 0.001722 1.87E-05 2.02E-07 

MSpatio_Max 0.007777518 1.42476E-07 1.81E-15 2.31E-23 2.94E-31 

ESpatio_Max 0.056160786 0.000168366 1.05E-08 6.54E-13 4.08E-17 

SSpatio_Max 0.013026501 2.94022E-05 1.14E-09 4.43E-14 1.72E-18 

 

Table 4.8 Spatio-Minimum flatten gradient district wise densities for the period of 1981 

Spatial District   =0.2   =0.5   =1   =1.5   =2 

SSpatio_Min 0.542855 0.542855 0.542855 0.542855 0.542855 

ESpatio_ Min 0.221856839 0.01309971 0.000117 1.05E-06 9.4E-09 

MSpatio_ Min 0.000788779 1.61158E-09 5.3E-19 1.74E-28 5.74E-38 

CSpatio_ Min 0.542002386 0.008375561 8.03E-06 7.7E-09 7.38E-12 

WSpatio_ Min 0.247494803 0.000558621 2.17E-08 8.43E-13 3.27E-17 

 

Table 4.9 Spatio-Minimum flatten gradient district wise densities for the period of 1998 

Spatial District   =0.2   =0.5   =1   =1.5   =2 

SSpatio_Min 0.757054 0.757054 0.757054 0.757054 0.757054 

ESpatio_ Min 0.409585122 0.024184273 0.000217 1.94E-06 1.74E-08 

MSpatio_ Min 0.001802072 3.68187E-09 1.21E-18 3.98E-28 1.31E-37 

CSpatio_ Min 0.909891019 0.014060543 1.35E-05 1.29E-08 1.24E-11 

WSpatio_ Min 0.571057567 0.001288936 5.01E-08 1.94E-12 7.55E-17 
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Table 4.10 Spatio-Maximum flatten gradient Town wise densities for the period of 2002 

S. No Town Name  =0.2   =0.5   =1   =1.5   =2 

T-0 Lyari Town 155789.8 155789.8 155789.8 155789.8 155789.8 

T-1 Liaquat Abad Town 26424.14 4360.735 216.5165 10.75035 0.53377 

T-2 Jamshed Town 17697.64 2735.323 121.758 5.419838 0.241254 

T-3 Orangi town 80179605 4811623 44259.29 407.1151 3.744812 

T-4 New Karachi town 2500.185 28.45342 0.016383 9.43E-06 5.43E-09 

T-5 Gulberg Town 6079.695 267.3353 1.46447 0.008022 4.39E-05 

T-6 Saddar Town 17761.31 4173.19 373.356 33.40244 2.988362 

T-7 Shah Faisal Town 1610.988 10.41603 0.002337 5.24E-07 1.18E-10 

T-8 North-Nazimabad 6223.942 335.3861 2.578363 0.019822 0.000152 

T-9 Malir Town 542.4709 1.006871 2.82E-05 7.91E-10 2.22E-14 

T-10 S I T E Town 10180.97 2586.864 263.6822 26.87745 2.739651 

T-11 Baldia Town 3921.508 284.7803 3.599741 0.045502 0.000575 

T-12 Korangi Town 1239.706 20.08269 0.020829 2.16E-05 2.24E-08 

T-13 Gulshan-e-Iqbal 1326.062 27.11717 0.041468 6.34E-05 9.7E-08 

T-14 Landhi Town 47.34652 0.134006 7.59E-06 4.3E-10 2.43E-14 

T-15 Kiamari Town 69.05208 0.774685 0.000436 2.45E-07 1.38E-10 

T-16 Bim Qasim Town 0.28135 1.68E-06 3.3E-15 6.47E-24 1.27E-32 

T-17 Gadap Town 0.02429 3.08E-08 4.57E-18 6.8E-28 1.01E-37 
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Table 4.11 Spatio-Minimum flatten gradient district town wise densities for the period of 2002. 

S.No. Town Name  =0.2   =0.5   =1   =1.5   =2 

T-17 Gadap Town 207.3458 207.3458 207.3458 207.3458 207.3458 

T-16 Bim Qasim Town 0.295729 1.9E-06 4.23E-15 9.4E-24 2.09E-32 

T-15 Kiamari Town 0.040166 6.32E-09 2.9E-20 1.33E-31 6.1E-43 

T-14 Landhi Town 0.704888 3.62E-06 5.55E-15 8.5E-24 1.3E-32 

T-13 Gulshan-e-Iqbal 19.18644 0.000683 2.63E-11 1.01E-18 3.9E-26 

T-12 Korangi Town 3.63732 9.36E-06 4.53E-15 2.19E-24 1.06E-33 

T-11 Baldia Town 5.337348 1.95E-05 1.68E-14 1.45E-23 1.25E-32 

T-10 S.I.T.E Town 6.743487 2.92E-05 3.36E-14 3.87E-23 4.45E-32 

T-9 Malir Town 33.0884 0.000925 2.38E-11 6.14E-19 1.58E-26 

T-8 
North Nazim abad 

Town 
35.77198 0.00084 1.62E-11 3.11E-19 5.99E-27 

T-7 Shah Faisal Town 25.71476 0.000335 2.42E-12 1.75E-20 1.26E-28 

T-6 Saddar Town 4.868074 5.19E-06 5.77E-16 6.43E-26 7.15E-36 

T-5 Gulberg Town 42.9322 0.00112 2.57E-11 5.9E-19 1.36E-26 

T-4 New Karachi town 112.839 0.012313 3.07E-09 7.64E-16 1.9E-22 

T-3 Orangi town 246886.5 2.531485 1.23E-08 5.93E-17 2.87E-25 

T-2 Jamshed Town 12.67058 3.75E-05 2.29E-14 1.4E-23 8.54E-33 

T-1 Liaquat Abad Town 33.15797 0.000243 6.74E-13 1.87E-21 5.17E-30 

T-0 Lyari Town 18.25042 2.31E-05 3.44E-15 5.11E-25 7.58E-35 
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Table 5.1 Descriptive statistical analysis for dengue fever patients and climatic parameters from 2001 to 2016 

 

  

 

Variable 

Range Minimum Maximum Mean 
Std. 

Deviation 
Variance Skewness Kurtosis R

2 MSE MAPE 
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ic
 

Dengue count 2510.0 0.00 2510.00 129.66 22.877 31.7e
01 100.490 4.965 0.214 8.206 679.045 0.394 8.206 6.7945 

ENSO Index 10.00 -5.20 4.80 0.2786 0.1130 1.56594 2.452 0.371 0.943 1.173 2.910 0.044 2.497 4.050 

Temperature 

(
o
C) 

17.40 16.39 33.79 27.273 0.3177 4.40316 19.388 -.739 0.044 2.497 124.050 0.52 1.173 2.910 

Rainfall(mm) 270.40 0.00 270.40 15.196 2.881 40.033 160.265 3.990 0.175 -0.715 0.349 0.342 9.45 8.79 
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Table 5.2 Descriptive ANOVA analysis for Yearly data series 

ANOVA ENSO Mean Temperature Rainfall Dengue 

R
2 0.442 0.52 0.342 0.394 

F 36.419 42.156 39.877 40.278 

Pr > F < 0.0001 0.00294 0.0005 0.0006 

 

 

Table 5.3 The annual Trend analysis for dengue fever and temperature , ENSO and rainfall 

Yearly 
Trend equation 

for Dengue count 

Trend equation 

for Land 

temperature 

Trend model 

Sea surface   

ENSO 

Trend 

Rainfall 

2001- 2016 Yt= 5.338D-12.5 
Yt= 0.033T + 

19.55 
0.417+0.043E -0.282R+5.75 
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Table 5.4 Trend Analysis performance for monthly dengue count and climatic 

parameters (2001 to 2016). 

Months 
Trend equation 

for Dengue count 

Trend equation for 

Land temperature 

Trend model 

Sea surface   ENSO 

Trend 

Rainfall 

January Yt= 5.338D-12.5 Yt= 0.033T+ 19.55 Yt= -0.043E+0.417 Yt-0.282R+5.75 

February Yt= 3.438D- 6.02 Yt= 0.0166T+ 1.667 Yt=-0.015E+0.822 Yt= -0.269R+6.942 

March Yt= 2.59D+ 0.1 Yt= 0.0497T+ 26.12 Yt=-0.06E+1.227 Yt= 0.142R+2.072 

April Yt=    4.75 D-11.0 Yt=   0.090 T+29.19 Yt= 0.097E-0.257 Yt= 0.3971R-1.5 

May Yt= 7.19D-23.62 Yt= 0.0655T+31.091 Yt= 0.088E-0.727 Yt= 0.021R-0.097 

June Yt= 7.71D-23.72 Yt= 0.0715T+31.582 Yt=0.041E-0.217 Yt=-0.55R+19.515 

July Yt= 7.558D-13.5 Yt= 0.100T+29.631 Yt= 0.0021E+0.02 Yt=-4.366R+9.208 

August Yt= 15.01D-33.82 Yt= 0.049T+29.145 Yt= -0.325E-0.03 Yt= -0.66R+60.928 

September Yt= 40.43D-120.6 Yt=    0.063T+29.377 Yt= -0.036E+0.44 Yt= 2.44R+12.153 

October Yt= 71.37D-107.23 Yt= 0.0785T+28.894 Yt= -0.067E+0.58 Yt= -0.439R+5.987 

November Yt= 38.15D+17.1 Yt= 0.0349T+25.303 Yt=-0.026E+0.41 Yt= 0.0388R+0.195 

December Yt= 19D-1.0 Yt= -0.0038T+20.756 Yt= 0.046E+0.027 Yt= -0.509R+13.59 
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Table 5.5 Comparison of Coefficient of Determination (R2) for Linear trend 

Months 

Coefficient    

Determination 

(Dengue) 

Coefficient    

Determination 

(Temperature) 

Coefficient    

Determination 

(Rainfall) 

Coefficient 

Determination 

(ENSO) 

January 0.399 0.0307* 0.085* 0.013* 

Feb 0.3824 0.0018* 0.0281 0.009* 

March 0.3568 0.0332* 0.0062 0.0338 

April 0.479 0.1592 0.0635 0.148 

May 0.4791 0.2138 0.0949 0.173 

June 0.4152 0.2925 0.0056 0.049* 

July 0.3706 0.1555 0.0780* 0.000007* 

August 0.5013 0.3087 0.0021* 0.0119* 

September 0.5123 0. 508 0.0388* 0.0124* 

Oct 0.6071 0.686 0.059* 0.045* 

Nov 0.721 0. 541 0.0192* 0.0099* 

December 0.2544 0.0002* 0.0222* 0.0112* 

*Statistically not significant trends as revealed by P-value analysis. 
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Table 5.6 Summary basic statistics total monthly and seasonal months for dengue epidemic with 

Temperature and ENSO Index for 2001 to2016. 

Statistics Parameters August September October November 
Total 

Months 

Mean 

Dengue 85.5 92.1 503 346 127.3 

Temp 29.642 29.876 29.435 25.595 27.273 

ENSO -0.18 0.22 0.423 0.293 0.279 

Minimum 

Dengue 3 4 8 5 0 

Temp 28.639 Minimum 28.116 23.74 16.39 

ENSO -2.4 -2.7 -2.8 -1.5 -5.2 

Maximum 

Dengue 284 1225 2510 1902 2510 

Temp 30.406 30.73 30.555 26.673 33.79 

ENSO 3 3.7 2.9 2.2 4.8 

Median 

Dengue 52 107 193 204 26.5 

Temp 29.645 30.16 29.5 25.64 29.211 

ENSO -0.3 0.3 -0.1 0.1 0.1 

Range 

Dengue 281 1221 2502 1897 2510 

Temp 1.768 2.663 2.439 2.933 17.4 

ENSO 5.4 6.4 5.7 3.7 10 

IQR Dengue 97 221 386 250 97 



 

330 

Statistics Parameters August September October November 
Total 

Months 

Temp 0.803 0.973 1.332 1.11 6.612 

ENSO 1.9 1.6 2.2 2.2 2.175 

St. 

Deviation 

Dengue 98.4 356.5 774 450 326.6 

Temp 0.535 0.748 0.785 0.738 4.403 

ENSO 1.374 1.516 1.637 1.251 1.566 

Skewness 

Dengue 1.33 2.2 1.89 2.37 4.87 

Temp -0.54 -1.09 -0.22 -0.93 -0.74 

ENSO 0.69 0.45 -0.07 0.22 0.37 

Kurtosis 

Dengue 0.52 4.36 2.54 5.09 26.33 

Temp -0.18 0.89 -1.09 1.51 -0.72 

ENSO 0.88 1.29 -0.58 -1.46 0.61 

KS-statistic 

Dengue 0.264 0.327 0.364 0.362 0.348 

Temp 0.166 0.181 0.108 0.149 0.19 

ENSO 0.135 0.201 0.124 1.149 1.081 
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Table 5.7 The detail procedure of rescaled range analysis and Fractal dimension for 

dengue epidemic, climate temperature and ENSO Index over Karachi region to estimate 

Hurst for year 2001 to 2016. 

Months 
 

R/S Log2(R/S) D H Nature Correlation 

Jan 

Dengue 2.824092 1.4977 1.467 0.533 Persistence Positive 

ENSO 3.405797 1.7679 1.022 0.978 Persistence Positive 

Temp 3.612069 1.8528 1.013 0.987 Persistence Positive 

Feb 

Dengue 3.694836 1.8855 1.474 0.526 Persistence Positive 

ENSO 4.052468 2.0188 1.018 0.982 Persistence Positive 

Temp 4.434032 2.1486 1.029 0.971 Persistence Positive 

Mar 

Dengue 4.763689 2.252 1.481 0.519 Persistence Positive 

ENSO 3.457946 1.7899 1.044 0.956 Persistence Positive 

Temp 4.145946 2.0517 1.058 0.942 Persistence Positive 

April 

Dengue 3.962779 1.9865 1.437 0.503 Persistence Positive 

ENSO 4.183058 2.0645 1.041 0.959 Persistence Positive 

Temp 3.948609 1.9813 1.023 0.977 Persistence Positive 

May 

Dengue 2.442341 1.2882 1.419 0.581 Persistence Positive 

ENSO 3.164955 1.6621 1.008 0.992 Persistence Positive 

Temp 4.27065 2.0944 1.011 0.989 Persistence Positive 

Jun 

Dengue 2.90625 1.5391 1.488 0.512 Persistence Positive 

ENSO 3.994066 1.9978 1.01 0.99 Persistence Positive 

Temp 4.085614 2.0305 1.007 0.993 Persistence Positive 

Jul 

Dengue 8.433962 3.0762 1.788 0.212 
Anti-

Persistence 
Negative 

ENSO 4.178971 2.0631 1.039 0.961 Persistence Positive 

Temp 4.305465 2.1061 1.027 0.973 Persistence Positive 

Aug Dengue 1.911208 0.9344 1.313 0.687 Persistence Positive 



 

332 

Months 
 

R/S Log2(R/S) D H Nature Correlation 

ENSO 3.926016 1.973 1.045 0.955 Persistence Positive 

Temp 3.347506 1.743 1.002 0.998 Persistence Positive 

Sep 

Dengue 9.869565 3.3029 1.816 0.184 
Anti-

Persistence 
Negative 

ENSO 4.38557 2.1327 1.056 0.944 Persistence Positive 

Temp 3.507872 1.8105 1.018 0.982 Persistence Positive 

Oct 

Dengue 3.494382 1.805 1.555 0.445 
Anti-

Persistence 
Negative 

ENSO 3.670295 1.8758 1.027 0.973 Persistence Positive 

Temp 3.785166 1.9203 1.018 0.982 Persistence Positive 

Nov 

Dengue 15.94915 3.9954 1.882 0.118 
Anti-

Persistence 
Negative 

ENSO 2.964487 1.5677 1.037 0.963 Persistence Positive 

Temp 4.245527 2.0859 1.007 0.993 Persistence Positive 

Dec 

Dengue 32.89831 5.0399 1.941 0.059 
Anti-

Persistence 
Negative 

ENSO 3.285036 1.7159 1.057 0.943 Persistence Positive 

Temp 4.822924 2.2699 1.014 0.986 Persistence Positive 

Total 

Dengue 7.938716 2.9889 1.184 0.816 Persistence Positive 

ENSO 6.402647 2.6786 1 1 Persistence Positive 

Temp 3.961964 1.9862 1.001 0.999 Persistence Positive 
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Table 5.8 Dengue epidomics with  mean temperature and ENSO index by Variance Stabilization 

Variance Dengue epidemics 
Temperature 

(
o
C) 

ENSO Index 

(
o
C) 

Without transformation 99964.74 19.286 2.439 

With transformation 65.1304 0.0306 - 

Cox-Box Transformation 
Square root 

transformation 
Log transformation - 

 

Table 5.9(a) The ADF test statistic for Dengue epidemic 

 

 

Table 5.9(b) The ADF test statistic for Land Surface Temperature ( ) 

     
     

Augmented Dickey-Fuller test statistic 

t-Statistic Prob.* 

  
  
-12.05558 0.0000 

Test critical values: 1% level  -3.465014  

 5% level  -2.876677  

 10% level  -2.574917  

     
 

 

 

     
     

Augmented Dickey-Fuller test statistic 

t-Statistic Prob.* 

  
  

-7.275562 0.0000 

Test critical values: 1% level  -4.007084  

 5% level  -3.433651  

 10% level  -3.140697  
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Table 5.9(c): The ADF test statistic for ENSO 

     
     

Augmented Dickey-Fuller test statistic 

t-Statistic Prob.* 

  
  

-15.08680 0.0000 

Test critical values: 1% level  -3.465014  

 5% level  -2.876677  

 10% level  -2.574917  
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Table 5.10 Unit root test for Stationarity checking  

 

Series Level 1st   Difference 2nd   Difference 

 

Varian

ce 

t-

statisti

cs 

Prob 

Varian

ce 

t-

statisti

cs 

Prob 

Varian

ce 

t-

statisti

cs 

Prob 

Dengue 65.1304 

-

3.4336

5 

0.000

0 

29.6238 

-

2.8773

6 

0.000

0 

51.9225 -1.9426 

0.000

0 

ENSO 

(
o
C) 

2.439 

- 

3.4336

5 

0.001

5 

2.149 

-

2.8766

7 

0.000

0 

6.428 -1.9425 

0.000

0 

Temperatu

re (
o
C) 

0.0306 

-

303467

8 

0.125

8 

0. 151 

-

8.0555

8 

0.000

0 

0.161 

-

1.6028

1 

0.000

0 
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Table 5.11 An ARIMAX (2,1,2) Model Selection Parameter Estimates for Log Transformed 

temperature and Square root dengue cases and ENSO 

Data 

series 

Paramete

r 

Coefficien

t 

Value 

t-

statistic 

Prob 

value 
AIC 

Log-

likelihoo

d 

F- 

statistic 
FPE 

Sq 

(Count) 

C 

AR (1) 

AR (2) 

MA (1) 

MA (2) 

0.0690 

1.3554 

-0.6082 

-1.4939 

0.4939 

3.9237 

7.6414 

-4.6139 

-0.3032 

0.1694 

0.000

1 

0.000

0 

0.000

0 

0.762

1 

0.865

6 

16.02

6 

 

-

569.6050 

 

12.31 

 

6.027

2 

 

Sq 

(Count) + 

L (Temp) 

C 

DLTEMP 

AR (1) 

AR (2) 

MA (1) 

MA (2) 

0.0670 

12.858 

1.4950 

-0.7025 

-1.6186 

0.6186 

4.09732 

2.11169 

9.30400 

-

6.11462 

-

0.57411 

0.30980

2 

0.000

1 

0.036

1 

0.000

0 

0.000

0 

0.566

6 

0.757

1 

15.89 
-

568.4540 

10.6896

4 

 

4.027

2 

 

Sq 

(Count) + 

d (ENSO) 

C 

DLINDE

X 

AR (1) 

AR (2) 

MA (1) 

MA (2) 

0.069097 

-0.129050 

1.361786 

-0.610114 

-1.501291 

0.501291 

3.95434

6 

-

0.37417 

7.29880

5 

-

4.52550 

-

0.31075 

0.18180

1 

0.000

1 

0.708

7 

0.000

0 

0.000

0 

0.756

3 

0.855

9 

16.03 

 

-

567.4540 

11.2706

2 

 

5.027

2 

 

Sq(count)

+ 

L(Temp)+ 

ENSO 

 

C 

DLTEMP 

DLINDE

X 

AR (1) 

AR (2) 

0.06919 

13.588 

-0.13050 

0.85671 

-1.4357 

3.95434

6 

-

0.37417 

7.29880

5 

0.000

1 

0.048

7 

0.000

0 

15.98 

 

-

564.1627 

10.164 

 

6.027

2 
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MA (1) 

MA (2) 

-1.567 

0.5865 

-

4.52550 

-

0.31075 

0.18180

1 

0.36474

5 

0.000

0 

0.556

3 

0.755

9 

0.735

7 

 

Table 5.12 Deviance and Pearson Chi-Square values test for PARX (p) – NBARX(p) Models 

Model 
Devia

nce 

Degree

s     of 

freedo

m (df) 

Devi

ance 

/ df 

Pear

son 

   

Pear

son   

  /d

f 

Disp

ersi 

   

AI

C 

Stand

ard 

Error 

95% 

confid

ence 

interv

al 

P- 

value 

PARX(

p) 
96.2 30 3.260 

86.1

72 
2.17 2.921 

16.3

2 

0.006

3 
4.85 

4.8

7 

0.0

79 

NBAR

X(p) 
87.09 30 2.927 

99.5

3 
3.30 0.773 9.55 

0.072

4 
4.72 

5.0

0 

0.0

77 

 

Table 5.13 Recursive Forecasting Evaluation for next twelve months (January 2017-Dec2017) 

 

Model Time lag MAPE MDAPE AIC 

ARMAX (2,1,2) 12 months 20.25 16.224 5.047 

PARX 12 months 14.15 12.56 4.897 

NBARX 12 months 9.65 10.45 3.897 
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