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Assuredly the creation of the heavens and the Earth is greater than the creation of 

mankind: but most of mankind know not. (The Believer ) 

And HE (ALLAH) is Who created the night and the day, and the sun and the moon. They 

float, each in an orbit.  (XXI- The Prophets) 

And verily in the heaven We have set mansions of the stars, and We have beautified it for 

beholders. (XV-Al-Hijr) 
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ABSTRACT 

The objective of this study is to investigate linear and nonlinear propagation of kinetic 

Alfven waves (KAWs) and coupled kinetic Alfven-acoustic (CKAA) waves in non 

Maxwellian plasmas. Theoretical frame works that employed Maxwellian, kappa and 

Cairns distributions could not explain observations of flat top and spiky distributions. 

Generalized (𝑟, 𝑞) distribution function encompasses both low energy and high energy 

parts of the observed velocity distributions and provides good quantitative fits of the 

observed data. KAWs has been observed to play an important role in acceleration and 

heating of plasma particles in space and laboratory plasmas. The study is carried out by 

using two-potential theory and solitary structures are obtained by applying Sagdeev 

potential approach. A comprehensive study has been carried out to ascertain how the 

formation of compressive and rarefactive solitary structures of KAWs and CKAA waves 

depend on the low and high energy parts of the electron distribution function. It has been 

shown that out results agree well with Fast and Freja observations of the nonlinear KAWs. 

An important feature of our study is the formation of rarefactive solitary structures. The 

analysis of compressive and rarefactive solitary structures of CKAA waves reveals that flat 

top at low energies of the electron distribution are responsible for the formation of 

compressive solitary structures whereas the spikes at low energies allow the formation of 

both compressive and rarefactive solitary structures. We have extended our investigations 

of CKAA waves for electron-positron-ion (e-p-i) plasmas, particularly highlighting the role 

of nonthermal electrons and positrons following generalized (𝑟, 𝑞) distribution. The 

significance of this study is to emphasize the existence of density dip solitons for spiky 

distribution at low energy. The relevance of the study presented in this thesis with reference 

to astrophysical, space and laboratory plasmas has also been discussed. 
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Chapter 1 

INTRODUCTION 

1.1 Space and Astrophysical  Plasmas 

Plasma is the pervasive state of matter in this universe, existing in molecular clouds, 

galaxies, stars, interstellar medium, upper atmosphere, planet’s ionospheres and laboratory 

plasma devices. It is a quasineutral gas of charged species (mostly ions and electrons), may 

also contain some neutrals, which exhibit collective behavior. These charged particles 

interact with each other through short range atomic forces (during collisions) and long 

range electromagnetic forces. In some cases, the Gravitational force also plays its role. The 

long range electromagnetic forces are the key for collective behavior of plasma [1]. 

Space plasma physics generally deals with the two-way electrodynamic interaction 

between electric and magnetic fields present in space and charged particles. For instance, 

Earth’s magnetosphere manipulates the solar wind and in return, its magnetic field becomes 

distorted due to flow of these charged particles. In the past, solar-terrestrial research was 

carried out on the Earth with the help of magnetometers and optical devices like cameras, 

photometers and spectrometer. Now days, the realm of study has changed a lot since after 

the successful launch of Explorer-1 in 1958. The satellites provide in-situ measurements of 

strongest interaction regions and the emanating research provides an improved vision about 

the phenomenon occurring in space plasma environment [2]. Even though most of the 

satellite observations are limited to our Earth, the information obtained about the 

electrodynamic processes is directly applicable to other plasmas in cosmos like stellar 

environments and cosmic bodies [3].  

All stars are composed of plasma, even intergalactic matter and galaxies are in plasma state. 

These stars vary in luminosity, size, temperature and density and are characterized by their 

densities and temperatures. The densities of stars increase in order from white dwarfs to 

neutron stars and then black holes. The extremely dense plasmas of these stars can be 

studied by including quantum effects and are not discussed here. Proximity of Sun and 

Earth makes it possible to study electrodynamics and energy transportation in space plasma 
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(plasma between Sun and Earth), which is applicable to other solar systems as well. This 

whole process of energy transportation is going on in plasma medium and is controlled by 

strong electrodynamic interactions between charged particles and magnetic field of the Sun 

and outer planets. The magnetic field has certain active and passive roles in this mutual 

interaction and can be studied according to magnetohydrodynamic (MHD) principles. For 

instance, it may possibly channel particles, heat the plasma and thermally insulate one 

plasma region from neighboring regions. It may possibly apply force on particles, create 

structures, accelerate plasma, store and release energy abruptly, support many waves and 

drive instabilities. The inspiration to study space plasmas originates from our desire to 

know about natural plasmas and the prerequisite of this study is to have some detail about 

these plasmas. 

1.1.1 Stellar and Solar Wind 

The huge pressure and temperature difference between solar corona and interstellar space 

causes emission of solar plasma and strong radiations into interplanetary space. This flow 

of solar plasma and radiations from sun to outward space is called solar wind and was 

deduced in 1950s from the observed variations of geomagnetic field due to increased solar 

activity and then confirmed by space probes in 1960s. Now days, satellite observations 

provide better understanding of solar wind that permeates space between Sun and Earth 

[2]. 

 

Figure 1.1: Solar wind and interplanetary magnetic field (IMF) 

configuration. 
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This tenuous, hot and collisionless plasma has an average speed of 400 𝐾𝑚/𝑠𝑒𝑐 and is 

frozen-in with a weak interplanetary magnetic field (IMF) which has an average value of 

5 𝑛𝑇 near Earth’s orbit [Russel, solar wind and IMF tutorial]. This magnetic field is 

oriented parallel to ecliptic plane (Earth’s orbital plane around Sun) in an Archimedean 

spiral configuration and is largely variable in magnitude and direction. 

1.1.2 Magnetosphere of Planets and Cosmic Bodies 

Stars, cosmic bodies and many of the planets are magnetized and surrounded by 

magnetosphere. The magnetic field of Earth and other planets interacts with the 

interplanetary solar wind and induces currents at large scale; in return, the planetary 

magnetic field is confined into a magnetosphere around these planets. Planetary magnetic 

field serves as an obstacle to the highly conducting and supersonic solar wind and the 

pressure and momentum flux of solar wind confine it into a magnetosphere cavity. The 

point where the magnetic field establishes an equilibrium with the solar wind is called 

magnetopause, which has a long tail having two antiparallel magnetic field bundles in anti-

solar direction. 

Shocks could be formed in front of planets, in their magnetotail, in the solar corona and in 

solar wind. The shock in front of Earth is named as bow shock, which slows down the 

supersonic solar wind into subsonic through an irreversible process, compresses the plasma 

and changes its density causing it to flow around the magnetosphere. Travelling of sound 

wave is an adiabatic process but sudden change in density of shock regions changes the 

temperature, field strength and flow speed and the process is no more adiabatic. Therefore 

the entropy changes on both sides of the shock. In the bow shock frame, the low-entropy 

side of the shock where the flow is supersonic is called upstream side and the high entropy 

side where the flow speed has reduced to subsonic is called downstream side of the shock. 

Its position varies according to pressure and momentum flux of solar wind and is curved 

shaped, lying symmetrically on both sides of Sun-Earth line at about 10-15 Earth radii 

(𝑅𝐸 = 6378 𝐾𝑚) whereas the solar magnetic field (IMF) generally makes an angle of 45𝑜 

to this line. The bow shock is few 𝑅𝐸 thick in front of magnetopause and the subsonic flow 

region of solar wind just after bow shock to the magnetopause is called magnetosheath. 

Solar wind is a collisionless plasma and is strongly bounded by the magnetic field; 

therefore, MHD like description is suitable to understand the macroscopic properties of the 
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upstream and downstream plasma of shocks. The magnetic field lines of magnetopause 

map down to the ionosphere. The magnetopause currents change largely due to any change 

in solar wind dynamics and is sensed on Earth as an impulsive increase in geomagnetic 

field (of the order of few tens of nano tesla). 

Debye length 𝜆𝐷 = ( 𝑜𝑘𝑇𝑒

𝑛𝑒𝑒2
)
1
2⁄

and plasma frequency 𝜔𝑝𝑒 = (
𝑛𝑒𝑒

2

𝜖𝑜𝑚𝑒
)
1
2⁄

 are the main 

characteristic parameters of plasma, which are mainly dependent upon electron plasma 

density and temperature of the plasma. Approximate values of these parameters across the 

plasma universe are mentioned in Table. 1.1 [3] [4]. 

 

Table 1.1: Approximate plasma parameters across the Universe. 

PLASMA 𝒏    (𝒎−𝟑) 𝑻   (𝑲) 

STELLAR INTERIOR 1033 107 

INTERSTELLAR 106 106 

SOLAR WIND 107 105 

SOLAR CORONA 1012 − 1013 106 

EARTH’S IONOSPHERE 108 − 1012 103 − 104 

EARTH’S MAGNETOSPHERE 105 − 107 107 − 109 

TOKAMAK 1020 105 

ICF 1028 105 

 

1.1.3 Auroras 

Auroras are the spectacular dancing lights in the upper atmosphere around the north and 

the south poles. The magnetic poles of Earth capture the fast electrons of solar wind and 

collision of these electrons with the atmospheric particles results into ionization of these 

particles and formation of luminous auroras. These electrons make their way to the poles 

through the solar cusp region, lying between northern and southern hemispheres of the 

Earth’s magnetosphere, especially during magnetic storms and substorms. The auroral 

emissions produce waves of wavelengths of the order of kilometers, which are prevented 

to travel to Earth by ionosphere of the Earth. 
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Figure 1.2: Two-dimensional view of Earth’s magnetosphere showing 

different regions. 

 

1.2 Multi Fluid Theory 

Theoretical modelling of plasmas require quite different choice of approximations, 

depending upon circumstances, and is categorized into following four principal approaches 

[5]. 

Particle orbit Theory deals with interaction of individual charge particles with specified 

electric and magnetic fields. Although, it is not real plasma theory but gives a better 

understanding of the basic plasma phenomenon. It is helpful in studying very low density 

plasmas like van Allen radiation belts, solar corona, cosmic rays, cathode ray tubes and 

high energy accelerators where dynamics of a charged particle in the presence of external 

fields play important role.  

Kinetic theory is a statistical approach, which provides microscopic description of strongly 

interacting gases like plasma. The necessity of this approach is to have knowledge of the 

distribution function of the system under consideration and solve the respective kinetic 

equations that administer the evolution of distribution function. In most of the cases, where 

interaction between plasma particles is governed by long range electric and magnetic fields 
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and short range interactions due to binary collisions are ignorable, the appropriate choice 

of kinetic equation is Vlasov equation.  

One-fluid theory is extremely simplified fluid theory and is well applicable to study very 

low frequency processes in highly conducting magnetized plasmas. Plasma is considered 

as a single conducting fluid described by bulk macroscopic parameters and governing set 

of equations is called magnetohydrodynamic (MHD) conservation equations. 

Multi-fluid theory is a hydrodynamic approach to study plasma and well describes collision 

dominant systems where the temporal scale of study is long as compared to relaxation time 

of each species. Hence, collection of each type of particles maintains a local equilibrium 

distribution function at a particular temperature and acts as a distinct fluid. Plasma consists 

of two or more intermixed fluids, depending upon the number of species in the plasma, 

which interact with other fluids via collisions and has specified fluid parameters like mass 

density, charge density, bulk velocity and pressure. Fluid motion is described by well-

established hydrodynamic equations of mass conservation, momentum conservation and 

energy conservation and electrodynamic interaction is described by well-known Maxwell’s 

equations 

The study presented in this thesis, our system’s approximations allow us to use multi fluid 

theory and model the system. The fluid parameters are distinguished by index 𝑠 having 

mass 𝑚𝑠, charge 𝑍𝑠𝑒, velocity 𝑣𝑠, mass density 𝜌𝑠 = 𝑚𝑠𝑛𝑠, number density 𝑛𝑠 and pressure 

𝑝𝑠. If 𝜎 = ∑ 𝑛𝛼𝑞𝛼𝛼  is electric charge density and 𝑱 = ∑ 𝑛𝛼𝑞𝛼𝒗𝛼𝛼  is the current density 

then Maxwell’s equations are 

𝜵. 𝑬 =
𝜎

𝜖𝑜
                                                             (1.1) 

𝜵.𝑩 = 0                                                             (1.2) 

𝜵 × 𝑬 = −
𝜕𝑩

𝜕𝑡
                                                       (1.3) 

𝜵 × 𝑩 = 𝜇𝑜𝑱 +
1

𝑐2
𝜕𝑬

𝜕𝑡
                                                   (1.4) 



 
 

7 
 

The continuity equation describes conservation of mass of the fluid, which means density 

of any particular species, in a small volume of configuration space, is conserved in the 

presence of particle sources (𝑆𝑠) or losses (𝐿𝑠). The equation is 

𝜕𝑛𝑠
𝜕𝑡

+ 𝜵. (𝑛𝑠𝒗𝑠) = 𝑆𝑠 − 𝐿𝑠 

Here 𝜵 = (𝜕𝒙, 𝜕𝒚, 𝜕𝒛) is the gradient operator in configuration space. In many cases, the 

sources and sinks are so small that we can neglect R.H.S of the above equation, so 

𝜕𝑛𝑠
𝜕𝑡

+ 𝜵. (𝑛𝑠𝒗𝑠) = 0 

When mass is constant, we can rewrite continuity equation in terms of total time derivative 

operator 
𝐷

𝐷𝑡
=

𝜕

𝜕𝑡
+ 𝒗𝑠. 𝛁 which shows time derivative observed in a reference frame 

moving with fluid. 

𝐷𝜌𝑠

𝐷𝑡
+ 𝜌𝑠𝛁. 𝒗𝑠 = 0                                                   (1.5) 

To solve the system, we need information about velocity of the particles that could be 

obtained from equation of motion. The equation of motion describes the conditions that 

guarantee conservation of momentum for fluid or response of the fluid element to all 

internal and external forces. 

𝜌𝑠
𝐷𝒗𝑠
𝐷𝑡

= 𝑛𝑠𝑞𝑠(𝑬 + 𝒗𝑠 × 𝑩) − 𝜵.𝑷𝑠 −∑𝜈𝑠𝑠′(𝒗𝑠 − 𝒗𝑠′)

𝑠′

 

Here, 𝜈𝑠𝑠′ is the collision frequency of particle of species 𝑠 with particle of species 𝑠′, 𝑷𝑠 

is stress tensor and 𝜵.𝑷𝑠 shows forces per unit volume including scalar pressure 𝑝 and 

viscosity (tangential shear force). In special cases when we ignore viscosity effects or 

consider isotropic medium then non-diagonal terms are all equal and give a scalar pressure  

−𝜵.𝑷𝑠 = −𝛁𝑝𝑠. So, equation of motion becomes 

𝜌𝑠
𝐷𝒗𝑠

𝐷𝑡
= 𝑛𝑠𝑞𝑠(𝑬 + 𝒗𝑠 × 𝑩) − 𝛁𝑝𝑠                                       (1.6) 
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To solve the momentum conservation equation, we need information about pressure 

associated with each species. It is dependent upon thermal motions of the particles and 

described by thermodynamic equation of state that relate pressure and density. In simplified 

case of isothermal plasmas when the frequencies are slow enough that particles have 

sufficient time to exchange energies and maintain a constant temperature 𝑇𝑠. The pressure 

is dependent on density alone, i.e. 

𝛁𝑝𝑠 = 𝐾𝐵𝑇𝑠𝛁𝑛𝑠. 

On contrary, when temporal variations are fast enough that particles cannot exchange 

energies, then the following adiabatic equation of state is applied 

𝑝𝑠 = 𝐶𝑠𝜌𝑠
𝛾𝑠. 

Here 𝐶𝑠 is a constant and 𝛾𝑠 =
𝐶𝑝 

𝐶𝑣 
, the ratio of specific heat at constant pressure and constant 

volume, and is called adiabatic index. In collisionless and isotropic plasma, it is constant 

and depends upon degree of freedom 𝛾𝑠 = 3 2⁄  for one dimensional case and 𝛾𝑠 = 5
2⁄  for 

three dimensional case. So we can write ∇𝑝𝑠 as  

𝛁𝑝𝑠 = 𝛁(𝑛𝑠𝐾𝐵𝑇𝑠)                                                     (1.7) 

1.3 Alfven Waves 

In a compressible and non-conducting medium, the fundamental wave modes are the sound 

waves [6]. These waves obey adiabatic equation of state (𝑝𝑠 = 𝐶𝑠𝜌𝑠
𝛾𝑠) and propagate in the 

form of compressions and rarefactions with sound velocity 𝑐𝑠, given as 

𝑐𝑠 = (
𝛾𝑝

𝜌
)

1
2⁄

= (
𝛾𝐾𝐵𝑇

𝑚
)

1
2⁄

 

In a compressible, conducting medium like plasma, ambient magnetic field cause low 

frequency ion oscillations, which are called hydromagnetic waves. The wave mode 

propagating perpendicular to magnetic field is magnetosonic mode and the wave mode 

propagating in the direction of equilibrium magnetic field 𝐵𝑜 is called Alfven wave, named 

after the scientist who first studied it in 1942. These are low frequency waves and dispersion 
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relation is derived in magnetohydrodynamic regime, fulfilling the criteria that the 

frequency of the wave is much less than the ion gyrofrequency (
𝜔

𝛺𝑐
≅ 0). Under these 

assumption, the background velocity distribution function characterizes the velocity 

distribution of the guiding centres i.e., the wavelength of the wave is much larger than the 

ion larmor radius (
𝜌𝑖

𝜆
≅ 0) [7]. The geometry of this waves is 𝑩 = 𝐵𝑜�̂�, 𝒌 = 𝑘�̂�, 𝑬1 = 𝐸1�̂� 

and can be visualize in the following cartoon. 

 

 

Figure 1.3: Geometry of Alfven wave in uniform plasmas. 

 

Considering a uniform and collisionless plasma medium consisting of singly charged ions 

and electrons. The inductive electric field has associated magnetic field as described by 

Eqs. (1.3) and (1.4). By solving these equations for small amplitude oscillations and 

applying plane wave solution, we can write 

𝜖𝑜(𝜔
2 − 𝑐2𝑘2)𝐸1 = −𝑖𝜔𝑛𝑜𝑒(𝑣𝑖𝑥 − 𝑣𝑒𝑥) 

Writing equation of motion Eq. (1.6) for ions and electrons in component form and ignoring 

the thermal motions, we get relation for velocity of ions in component form as  

𝑣𝑖𝑥 =
𝑒𝑘

𝑚𝑖𝜔
𝜑1 (1 −

𝛺𝑐
2

𝜔2
)

−1

𝐸1 

𝑣𝑖𝑦 =
𝑒𝑘

𝑚𝑖𝜔

𝛺𝑐
𝜔
(1 −

𝛺𝑐
2

𝜔2
)

−1

𝐸1 

Similarly solving for electrons, we have 
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𝑣𝑒𝑥 = −
𝑒𝑘

𝑚𝑒𝜔
𝜑1 (1 −

𝜔𝑐
2

𝜔2
)

−1

𝐸1 

𝑣𝑒𝑦 =
𝑒𝑘

𝑚𝑒

𝜔𝑐
𝜔2

(1 −
𝜔𝑐
2

𝜔2
)

−1

𝐸1 

Here, 𝜔𝑐 =
𝑒𝐵𝑜

𝑚𝑒
, 𝛺𝑐 =

𝑒𝐵𝑜

𝑚𝑖
 , 𝛺𝑝 = √

𝑛𝑜𝑒2

𝜖𝑜𝑚𝑖
 . In the limit 𝜔2 ≪ 𝜔𝑐

2, 𝑣𝑒𝑥 = 0 and 𝑣𝑒𝑦 = −
𝐸1

𝐵𝑜
, 

therefore, we can write 

𝜔2 − 𝑐2𝑘2 = 𝛺𝑝
2 (1 −

𝛺𝑐
2

𝜔2
)

−1

 

Further, in the low frequency limit  𝜔2 ≪ 𝛺𝑐
2, we get 

𝜔2 − 𝑐2𝑘2 = −𝜔2
𝛺𝑝
2

𝛺𝑐2
= −𝜔2

𝜌

𝜖𝑜𝐵𝑜2
 

𝜔2

𝑘2
=

𝑐2

1 +
𝜌𝑐2

𝜖𝑜𝐵𝑜2

 

The denominator satisfies the relation of relative dielectric constant for low frequency 

waves, as 

𝜖𝑅 =
𝜖

𝜖𝑜
= 1 +

𝑐2

𝑣𝐴
2 

and, so 

𝑣𝐴 =
𝐵𝑜

(𝜇𝑜𝜌)
1
2⁄
                                                          (1.8) 

This is the velocity at which magnetic field perturbation travel. The perturbed electric field 

𝐸1 induces magnetic field perturbation in the system such as 𝐸𝑥 =
𝜔

𝑘
𝐵𝑦. This perturbed 

magnetic field when added to the equilibrium field lines, gives an upward ripple to the lines 

of force. While the electric field 𝐸1 itself causes 𝐸1 × 𝐵𝑜 drift in the downward direction. 

In the limit 𝜔2 ≪ 𝛺𝑐
2, ions and electrons are in frozen in condition and lines of force just 
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act as mass loaded strings under tension and Alfven waves are transverse vibrations of these 

elastic strings. 

1.4 Dispersive Alfven Waves 

Shear Alfven wave is a non dispersive wave and is derived under the MHD approximation 

(
𝜌𝑖

𝜆
≅ 0). It was first highlighted in ref. [7] that the effect of finiteness of ion larmor radius 

on the dispersion relation of Alfven waves in homogenous plasmas, i.e. when (
𝜌𝑖

𝜆
≅ 1). The 

disparity in the transverse velocities of ions and electrons generates a longitudinal electric 

field and energizes the particles, causing the dispersion of wave. The inclusion of parallel 

electric field leads to modification of shear Alfven waves into dispersive Alfven waves. In 

the limits, when the short parpendicular wavelength is comparable to the ion thermal larmor 

radius (𝜌𝑖 =
𝑐𝑠

𝛺𝑖
); the wave is called kinetic Alfven wave and when the perpendicular 

wavelength is comparable to electron inertial length (𝛿𝑒 =
𝑐

𝜔𝑝
), the wave is called inertial 

Alfven wave. The dispersion relation for dispersive Alfven wave is 

𝜔2 = 𝑉𝐴
2𝑘𝑧

2 1+𝜆𝑠

1+𝛿𝑒
2𝑘𝑥

2                                                      (1.9) 

where 𝜆𝑠 = 𝑘𝑥
2𝜌𝑠

2 compares the larmor radius with perpendicular wavelength.  

Both dispersive Alfven wave modes can efficiently interact with electrons and ions due to 

presence of parallel electric potential. Therefore, these modes can play important role in 

auroral beam formation, fast ion generation in auroral ionosphere and energy transportation 

in confinement devices [8]. 

1.4.1 Kinetic Alfven Wave 

In plasmas, when the plasma beta satisfies the condition 
𝑚𝑒

𝑚𝑖
< 𝛽(=

2 𝜇0𝑛𝑘𝐵𝑇

𝐵0
2 ) < 1 and the 

wave dynamics and scale size become comparable to the ion gyrofrequency (𝛺𝑖 =
𝑒𝐵𝑜

 𝑚𝑖
) and 

gyroradii (𝜌𝑖 =
𝑐𝑠

𝛺𝑖
), the ions no longer follow field lines. The electrons, on the other hand, 

remain stuck to field lines because of their smaller larmor radii by comparison with ions. 

The resulting charge separation due to finite larmor radius effect produces a parallel electric 
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field, which makes shear Alfven waves dispersive. This low frequency dispersive wave is 

called kinetic Alfven wave (KAW) whose parallel electric field can energize charges, which 

is the well-known feature of ionosphere-magnetosphere coupling.  

From Eq. (1.9) the ratio of larmor radius term 𝜆𝑠 and electron inertial term 𝛿𝑒
2 gives us 

𝜌𝑖
2

𝛿𝑒
2 ∝

𝛽
𝑚𝑒

𝑚𝑖
 and the larmor radius effect is dominant over the electron inertial effect when 

𝑚𝑒

𝑚𝑖
< β 

and we the dispersion relation of KAW is given as 

𝜔2 = 𝑉𝐴
2𝑘𝑧

2(1 + 𝜆𝑠)                                                (1.10) 

Due to the transition of fluid scale into kinetic scale at 𝑘⊥𝜌𝑖~1 and 𝑘⊥ > 𝑘∥ (where ⊥ and ∥ 

refer to the directions of the wave vector perpendicular and parallel to the local magnetic 

field) shear Alfven wave becomes KAW, which has been observed to play an important role 

in acceleration and heating of plasma particles in space and laboratory plasmas [8]. 

1.5 Solitary Structure 

Solitary waves are localized solutions of nonlinear dispersive partial differential equations 

(PDEs) which decay or approach a constant at infinity. Solitons are solitary waves of 

permanent form exhibiting elastic scattering property. Solitary waves were first noticed on 

August 1834 by Scottish engineer John Scott Russel along the union canal linking Edinburg 

with Glasgow. Waves are described mathematically by PDEs and the simplest type of 

waves are linear waves e.g., sound waves and light waves [9]. The simplest wave equation 

to describe such waves moving with constant velocity 𝑣𝑜 is 

(
𝜕2

𝜕𝑡2
− 𝑣𝑜

2 𝜕2

𝜕𝑥2
) 𝑓(𝑥, 𝑡) = 0                                              (1.11) 

This equation can be separated into two parts, both having two travelling wave solutions.  

(
𝜕

𝜕𝑡
− 𝑣𝑜

𝜕

𝜕𝑥
) (
𝜕

𝜕𝑡
+ 𝑣𝑜

𝜕

𝜕𝑥
) 𝑓(𝑥, 𝑡) = 0 

The first part gives solution moving to right and second part gives solution travelling to 

left. The rightward moving solution is 𝑓(𝑥, 𝑡) = 𝑓(𝑥 − 𝑣𝑜𝑡) and for a periodic wave of 

smaller amplitude, the solution is the plane wave 𝑓(𝑥, 𝑡) = exp [𝑖(𝜔𝑡 − 𝑘𝑥)]. The 
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dispersion relation relates phase velocity 𝑣𝑜 to the angular frequency 𝜔 and wave number 

𝑘 as 𝜔 = 𝑣𝑜𝑘. In this case the dispersion relation is independent of 𝑘, so the wave is non-

dispersive. It physically means that the wave pulse, carrying superimposed plane waves 

with different 𝑘, does not change its shape and travel with same speed. Waves with 

permanent shape are very important for practical applications of energy transfer and 

communication. A soliton is a special case of dispersive waves, which retains its shape. 

When the dispersion effects are added into simple wave equation Eq. (1.11), it takes the 

form 

(
𝜕

𝜕𝑡
+ 𝑣𝑜

𝜕

𝜕𝑥
+ 𝛿

𝜕3

𝜕𝑥3
) 𝑓(𝑥, 𝑡) = 0                                          (1.12) 

For sinusoidal perturbations, suppose that plane wave solution is 𝑓(𝑥, 𝑡) ∝ exp [𝑖(𝜔𝑡 −

𝑘𝑥)] and dispersion relation becomes 𝜔 = 𝑣𝑜k − 𝛿𝑘
3. The phase velocity of the wave is, 

𝜔

𝑘
= 𝑣𝑜 − 𝛿𝑘

2 and group velocity is, 
𝜕𝜔

𝜕𝑘
= 𝑣𝑜 − 3𝛿𝑘

2 and for 𝛿 > 0 both velocities are less 

than 𝑣𝑜. Due to dependence of phase velocity on 𝑘, each plane wave spreads out while 

travelling and its shape is not preserved. 

When the wave amplitude is large, plane wave solution is no more applicable because linear 

perturbation theory fails and we cannot ignore nonlinearities. The simple example of 

nonlinear nondispersive wave equation is 

(
𝜕

𝜕𝑡
+ 𝑣(𝑔)

𝜕

𝜕𝑥
) 𝑓(𝑥, 𝑡) = 0                                        (1.13) 

The speed  𝑣(𝑔) = 𝑣𝑜 + 𝑎𝑔
𝑚 depends upon the amplitude 𝑔 and has solution 𝑓(𝑥, 𝑡) =

𝑓(𝑥 − 𝑣(𝑔)𝑡). If 𝑣 = 𝑣(𝑔) is increasing function of 𝑔, the speed of the wave increases 

with increase in amplitude which causes steepening and then breaking of the wave. When 

the nonlinear effect is balanced by dispersion, it results into solitary wave having equation 

of following form 

(
𝜕

𝜕𝑡
+ 𝑣𝑜

𝜕

𝜕𝑥
+ 𝑎𝑔𝑚

𝜕

𝜕𝑥
+ 𝛿

𝜕3

𝜕𝑥3
) 𝑓(𝑥, 𝑡) = 0                                 (1.14) 

The solution of nonlinear dispersive wave is a travelling wave, which retains its shape after 

collision with other solitons. This unique property of elastic collision, inspired Zakusky and 

Russel [10], to name these waves as solitons. Figure 1.4 depicts the formation of a soliton. 
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Figure 1.4: A soliton is formed when a balance is achieved between 

nonlinear steepening and dispersion. 

 

1.5.1 Finite Amplitude Solitary Structures 

Korteweg and deVries (KdV) formulated nonlinear dispersive PDE, known as KdV 

equation, to study shallow water solitary waves, which has the form 

𝜕𝑣

𝜕𝑡
+ (𝑐𝑜 + 𝑣)

𝜕𝑣

𝜕𝑥
+ 𝑎

𝜕3𝑣

𝜕𝑥3
= 0                                        (1.15) 

The KdV equation is nonlinear dispersive PDE having soliton solution which decays or 

approaches to zero at infinity [11]. 

To study the dispersive character of KdV equation, we get linearized version of above 

equation in a uniform background in a frame moving with speed 𝑣 such as 𝑣0 = 0.  

𝜕𝑣

𝜕𝑡
+ 𝑐𝑜

𝜕𝑣

𝜕𝑥
+ 𝑎

𝜕3𝑣

𝜕𝑥3
= 0                                                  (1.16) 
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Applying plane wave solution, we get dispersion relation as 
𝜔

𝑘
= 𝑐𝑜 − 𝑎𝑘

2, where 𝑐𝑜 is the 

phase speed of linear wave at long wavelength limit. It shows that dispersive behavior is 

dependent upon 𝑎, phase velocity decreases by increasing 𝑘 for 𝑎 > 0 and increases by 

increasing 𝑘 for 𝑎 < 0. 

1.5.2 Arbitrary Amplitude Solitary Structures 

Nonlinear PDEs exhibit strong temporal and spatial dependence. To solve the set of 

nonlinear equations, we can reduce them into ordinary differential equations (ODEs) by 

choosing a comoving frame of reference. There are several established numerical analysis 

methods to solve ODEs by using suitable boundary conditions. To comprehend wave 

features, one may require analyzing numerical solutions for different parameters and initial 

conditions. If nonlinear PDEs are reduced into equations similar to the equation of an 

oscillator in a potential well 𝐹(𝜓), with potential 𝜓  playing the role of displacement and  

𝑑

𝑑𝜉
 is akin to time derivative. The pseudo potential 𝐹(𝜓) plays the role of force responsible 

for these oscillations and can be determined by integrating using the boundary conditions. 

The solution gives trajectory of the pseudo particle 𝜓 moving in pseudo potential 𝐹(𝜓) at 

pseudo time 𝜉. The equation can be written as 

1

2
(
𝑑𝜓

𝑑𝜉
)
2

+ 𝐹(𝜓) = 0                                                   (1.17) 

The soliton solution is the localized solution obtained numerically when the Sagdeev 

potential satisfies following conditions  

i. 𝐹(𝜓 = 0) = 0  

ii. 𝐹′(𝜓 = 0) = 0  

iii. 𝐹′′(𝜓 = 0) < 0, and 

iv. 𝐹′(𝜓 = 𝜓𝑚) > 0   

When the Sagdeev potential 𝐹(𝜓) satisfy the above said conditions then it can be 

represented in Fig. 1.5(a) and its soliton solution is represented in Fig. 1.5(b). 
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Figure 1.5: (a) Sagdeev potential showing particle trajectory in the 

potential well and (b) soliton solution obtained numerically. 

 

 

1.6 Density Depletions Observations 

Electromagnetic fluctuations have been frequently observed by satellites in auroral region 

[12-16]. Furthermore, several authors have reported observations of localized 

electromagnetic perturbations, which are associated with nonlinear Alfven waves [17-19] 

or SKAWs [20-23]. These coherent structures have large perpendicular wavelength and are 

linked with large field aligned currents, parallel electric fields and strong electron heating. 

The field lines resonate at the locations of large density gradients cause generation of 

nonlinear Alfven waves [24-28]. Some reported density structures observed by Freja are 

shown in Fig. 1.6. 



 
 

17 
 

 

Figure 1.6: Density depletions observed by Freja, (a) Plasma density 

derived from Langmuir probe current from orbit 2398,  (b) Details of data 

shown in (a) and (c) Plasma density from a nonlinear current structure from 

orbit 6889 [29]. 

 

 

Figure 1.7- Density fluctuations associated with SKAWs (a) wide spread 

distributed turbulence, (b) electromagnetic spikes, (c) and (d) two examples 

of SKAWs observed from orbit 2033 [20]. 
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The density fluctuations associated with low frequency electromagnetic turbulence 

observed by Freja during the auroral region crossing are shown in Fig. 1.7. In certain 

localized regions, the observations showed intense electromagnetic spikes Fig. 1.7(b). The 

transverse scale of these localized structures is of the order of discrete auroral arcs and 

could be accounted for plasma energization in localized regions. Therefore, these structures 

are linked with SKAWs as shown in Fig. I.7(c) and (d). On the basis of these observations, 

[30,31] reported ion flux bursts on large spatial scales in core ion heating regions and 

corresponded theses flux bursts to SKAWs. 

The Viking satellite measured density and potential fluctuations on large spatial and 

temporal scales, reported in [32] in auroral regions. The observed double layer structures 

have scale lengths up to 100 𝑚 and density dips of 50 %. The observation, shown in Fig. 

1.8, revealed ion beam, weak double layers and solitary waves at the edge of the auroral 

region, whereas the density depletions ranged from 1 − 10𝑐𝑚−3. Large amplitude solitary 

structures were also reported in [33] having strong density depletions and parallel electric 

field observed by Freja spacecraft in the topside ionosphere, which were related with 

SKAWs, shown in Fig. 1.9.  

 

 

Figure 1.8: Electron number density measured from Viking satellite [32]. 

 

 

Figure 1.9: Density depletions associated with electromagnetic fluctuations 

and considered as SKAWs [33].  
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1.7 Distribution Function 

Plasma contains large number of interacting charged particles and can be analyzed 

statistically having prior knowledge of phase space and distribution function. In the 

simplest case, when the plasma is in thermal equilibrium its distribution function is 

attributed as homogenous, isotropic and time independent. Determination of distribution 

function is foremost problem for non-equilibrium systems. However, in many cases 

velocity distribution of plasma particles is far from equilibrium. These are the cases when 

some external energy sources constrain the non-equilibrium system to relax into its 

equilibrium state or the time of study is shorter than the relaxation time of the system. 

Distribution function is the key element of kinetic theory containing all physical 

information about the system. A point in 6𝑁 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 phase space or 𝛤 − 𝑠𝑝𝑎𝑐𝑒 

completely describes microscopic state of the system containing 𝑁 number of particles and 

is defined by 3𝑁 position coordinates and 3𝑁 velocity coordinates. A volume element in 

phase space is a six dimensional cube at position (𝒓, 𝒗) and is represented by 𝑑3𝑟𝑑3𝑣. It 

contains particles lying inside 𝑑3𝑟 = 𝑑𝑥𝑑𝑦𝑑𝑧 at position 𝒓 having velocities inside 𝑑3𝑣 =

𝑑𝑣𝑥𝑑𝑣𝑦𝑑𝑣𝑧 about velocity 𝒗 [5]. 

 

 

Figure 1.10: (a) volume element in configuration space (b) volume element 

in phase space. 

 

(a) (b) 
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The number of points inside volume element 𝑑3𝑟𝑑3𝑣 is function of position and time. 

Suppose that 𝑑6𝒩𝑠(𝒓, 𝒗, 𝑡) represent the number of particles of any particular species 𝑠 

inside volume element 𝑑3𝑟𝑑3𝑣 about coordinates (𝒓, 𝒗) and at time instant 𝑡, then the 

distribution function 𝑓𝑠(𝒓, 𝒗, 𝑡) is defined as “the density of representative points of type 𝑠 

inside unit volume of phase” and can be written as 

𝑓𝑠(𝒓, 𝒗, 𝑡) =
𝑑6𝒩𝑠(𝒓,𝒗,𝑡)

𝑑3𝑟𝑑3𝑣
                                                          (1.18) 

 

 

Figure 1.11: Volume element 𝑑3𝑟𝑑3𝑣 in phase space around point (𝑟, 𝑣). 

 

The statistical averaging of distribution function over various physical quantities in velocity 

space helps to infer macroscopic variables of physical interest. The number density is a 

macroscopic variable and is independent of velocity of the particles. It can be deduced by 

integrating distribution function over whole velocity space. 

𝑛(𝒓, 𝑡) = ∫ 𝑑𝑣𝑥

∞

−∞

∫ 𝑑𝑣𝑦

∞

−∞

∫ 𝑑𝑣𝑧 𝑓𝑠(𝒓, 𝒗, 𝑡)
∞

−∞

= ∫ 𝑓𝑠(𝒓, 𝒗, 𝑡)𝑑
3𝑣

∞

−∞

 

If, 𝑑𝑉 = 𝑑𝑣𝑥𝑑𝑣𝑦𝑑𝑣𝑧 is three dimensional volume element in velocity space, then 

probability is 

∫ 𝑓(𝒓, 𝒗, 𝑡)𝑑𝑉 = 1
∞

−∞
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Here 𝑓 is normalized distribution function 

𝑓𝑠(𝒓, 𝒗, 𝑡) = 𝑛𝑠(𝒓, 𝑡)𝑓(𝒓, 𝒗, 𝑡) 

1.7.1 Maxwellian Distribution Function 

In the absence of any free energy source and collisions, conducting gases of plasma attain 

thermal equilibrium. The velocities of the particles are distributed randomly around the 

average velocity of the particles. For stationary state plasmas, the average velocity is zero 

and the distribution obeys statistical Gaussian distribution of errors [34]. 

𝑔(∆𝑥) = (𝜋(∆𝑥)2)−1 2⁄ 𝑒𝑥𝑝 (−
(∆𝑥)2

〈∆𝑥〉2
) 

In case of plasmas ∆𝑥 corresponds to the velocity component of the particle i.e. 𝑣𝑥 and 〈∆𝑥〉 

is the variance from average velocity of the particles i.e., 〈𝑣𝑥〉 ∙ 𝑔(∆𝑥). When multiplied 

with density 𝑛 of the particles yields distribution function of plasma in thermal equilibrium 

𝑓(𝑣𝑥) =
𝑁

(𝜋〈𝑣𝑥〉2)1 2⁄
𝑒𝑥𝑝 (−

𝑣𝑥
2

〈𝑣𝑥〉2
) 

In three-dimensional case, it can be generalized as 𝑣2 = 𝑣𝑥
2 + 𝑣𝑦

2 + 𝑣𝑧
2, so multiplying the 

three component Maxwellian distributions we get three dimensional Maxwellian 

distribution function 

𝑓(𝑣) =
𝑁

(𝜋〈𝑣〉2)3 2⁄
𝑒𝑥𝑝 (−

𝑣2

〈𝑣〉2
) 

Here 𝑣 is thermal velocity of the particles having mass 𝑚 and 𝑘𝐵𝑇 is average thermal 

energy of the particles, so 〈𝑣〉 = (
2𝑘𝐵𝑇

𝑚
)
1 2⁄

and 

𝑓(𝑣) = 𝑁 (
𝑚

2𝜋𝑘𝐵𝑇
)
3 2⁄

𝑒𝑥𝑝 (−
𝑚𝑣2

2𝑘𝐵𝑇
)                                    (1.19) 

The integral of distribution function over velocity space gives macroscopic density of the 

plasma in thermal equilibrium and is sketched in Fig. 1.12. 
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Figure 1.12: Maxwellian velocity distribution. 

 

The Maxwellian distribution function is an exponential function and depends upon the ratio 

of kinetic energy and thermal energy (average energy). Considering the distribution of 

electrons which are localized by any external potential field such as 𝐸 = −∇𝜓 and 

replacing the kinetic energy by the total energy of the electrons. The Maxwellian 

distribution becomes 

𝑓𝑒(𝑣) = 𝑁 (
𝑚𝑒

2𝜋𝑘𝐵𝑇𝑒
)
3 2⁄

𝑒𝑥𝑝 (−
𝑈

𝑘𝐵𝑇𝑒
)                                (1.20) 

Writing the distribution in terms of total energy 𝑈 =
𝑚𝑒𝑣

2

2
+ 𝑒𝜓 as variable of the system 

and using the concept that  integral of distribution gives macroscopic density of the 

particles, one gets 

𝑓(𝑈) = 2 (
2(𝑈+𝑒𝜓)

𝑚𝑒
)
1 2⁄

𝑓(𝑣)                                       (1.21) 

 and is called Boltzmann distribution function [34]. 

Integrating Eq. (1.20) over the velocity space, we get the relation for number density of 

electrons [35]. 

 𝑛𝑒 = 𝑛𝑜𝑒𝑥𝑝 (−
𝑒𝜓

𝑘𝐵𝑇𝑒
)                                                  (1.22) 
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1.8 Non-Maxwellian Distribution Functions 

Most distribution functions observed in space plasma regimes are far from equilibrium. 

They have complicated shapes like tails at high energy, spikes or flat tops at low energies. 

In this study we have manipulated some most commonly used non-Maxwellian 

distributions. 

1.8.1 Cairns Distribution Function 

To model the nonthermal character of electrons, in electrostatic structures observed by 

Freja, Cairns et al., [36] proposed one dimensional nonthermal distribution function called 

Cairns distribution function, given as 

𝑓ᴧ(𝑣) =
𝑛𝑜

3ᴧ+1

1

√2𝜋𝑣𝑒
2
(1 +

ᴧ𝑣4

𝑣𝑒
4 ) 𝑒𝑥𝑝 (−

𝑣2

2𝑣𝑒
2)                                 (1.23) 

Where, 𝑣𝑒 is thermal energy of electrons and ᴧ is nonthermal parameter. By writing the 

Cairns distribution functions in terms of total energy of the electrons 𝑈 =
𝑚𝑣2

2
+ 𝑒𝜑 and 

integrating over the velocity space, one gets the expression of total electron density. For 

Cairns distribution function, the total electron density is given as 

𝑛𝑒 = 𝑛𝑒𝑜 [1 + (
4ᴧ

1+3ᴧ
) 
𝑒𝜓

𝑇𝑒
 + (

4ᴧ

1+3ᴧ
) (

𝑒𝜓

𝑇𝑒
)
2

] 𝑒𝑥𝑝 (−
𝑒𝜓

𝑘𝐵𝑇𝑒
)                    (1.24) 

 

  

 

Figure 1.13- Cairns velocity distribution. 
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1.8.2 Power Law and Kappa Distribution Function 

In the natural environment of space plasmas e.g., soalr wind, Earth’s magnetosphere and 

astrophysical plasmas, particle distribution functions possessing high energy tail are 

observed frequently. These plasmas are modelled by generalized Lorentzian (kappa) 

distribution function [37,38] and has the form   

𝑓𝜅(𝑣) =
𝑛

𝜋3 2⁄

1

𝜃3
𝛤(𝜅+1)

𝜅3 2⁄ 𝛤(𝜅−1 2⁄ )
(1 +

𝑣2

𝜅𝜃2
)
−(𝜅+1)

                        (1.25) 

Here 𝑓𝜅(𝑣)is is normalized kappa distribution function, 𝑘 is the nonthermal parameter or 

spectral index, 𝜃 = [(2𝜅 − 3) 𝜅⁄ ]1 2⁄ (𝑇 𝑚⁄ )1 2⁄  is modified thermal velocity when 𝜅 > 3 2⁄  

and  𝛤 is gamma function. At high velocities, it obeys as inverse power law distribution as 

𝑓𝜅(𝑣) ∝ (energy)
−(𝜅+1) and at high values of 𝜅 it obeys gaussian distribution and shows 

Maxwellian character. Hence, generalized Lorentzian distribution is superposition of 

Gaussian and power law disyribution and they differ substantially in the high energy tail as 

shown in the Fig. 1.14. 

 

 

Figure 1.14: Kappa velocity distribution function. 
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By writing above distribution functions in terms of total energy of the electrons 

(𝑈 =
𝑚𝑣2

2
+ 𝑒𝜓) and integrating over the velocity space, one gets the expression of total 

electron density. For kappa distribution function, the total electron density is given as 

𝑛𝑒 = 𝑛𝑒𝑜 (1 − 
𝑒𝜓

(𝜅−
3

2
)𝑇𝑒
  )

−(𝜅−1/2)

                                  (1.26) 

1.8.3 Generalized (𝒓, 𝒒) Distribution Function 

Generalized (𝑟, 𝑞) distribution function well models flat tops and spikes at low energies 

and high energy tail in the profile of observed distributions in space plasmas [39]. 

𝑓𝑟𝑞(𝑣) =
𝐴

𝜋 𝐵3/2 (𝑣𝑡ℎ)
3 
[1 +

1

𝑞−1
(

𝑣2

𝐵 (2𝑇𝑒/𝑚𝑒)
)
𝑟+1

]
−𝑞

                        (1.27) 

where, 

𝐴 =
3 Γ[𝑞] (𝑞 − 1)−3/(2+2 𝑟)

4  Γ [𝑞 −
3

2 + 2 𝑟] Γ [1 +
3

2 + 2 𝑟]
 

𝐵 =
3 (𝑞 − 1)−1/(1+𝑟) Γ [𝑞 −

3
2 + 2 𝑟] Γ [

3
2 + 2 𝑟]  

2 Γ [𝑞 −
5

2 + 2 𝑟] Γ [
5

2 + 2 𝑟]
 

The spectral indices 𝑟 and 𝑞 represent the flat top and high energy tail in the profile of the 

distribution of the particles, obeying the conditions 𝑞 > 1 and 𝑞(𝑟 + 1) > 5/2. In the 

limits 𝑟 = 0, 𝑞 → ∞ and 𝑟 = 0, 𝑞 → (𝜅 + 1), the generalized (𝑟, 𝑞) distribution function 

reduces to the Maxwellian and kappa distributions, respectively. The (𝑟, 𝑞) distribution is 

shown for different values of 𝑟 and 𝑞 in Figs. 1.15 – 1.17. 
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Figure 1.15: Generalized (𝑟, 𝑞) velocity distribution function for different 

values of 𝑞. 

 

 

 

Figure 1.16: Generalized (𝑟, 𝑞) velocity distribution function for different 

values of 𝑟. 
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Figure 1.17: Generalized (𝑟, 𝑞) velocity distribution function for different 

values of 𝑞 but for negative 𝑟. 

 

1.9 Space Observations of Non Maxwellian Distributions 

The satellite missions have observed particle distribution functions that deviate 

significantly from Maxwellian distribution [40-43] in many regions of space plasmas: e.g. 

in solar wind, planetary magnetosphere, thermosphere and interstellar medium. Most space 

observations of distribution functions exhibit deviation from Maxwellian distribution due 

to existence of high-energy tails and shoulders or flat tops in the low energy part of the 

distribution profile[37-39,44-58]. The suprathermal tails of the electron distribution 

function are frequently observed to follow the inverse power law in velocity space. The 

high energy tails were first observed in plasma sheet by using the kappa distribution 

function also known as generalized Lorentzian distribution [37]. The spectral index 𝜅 is a 

measure of high energy particle concentration forming the tail of the distribution function 

and reduces to Maxwellian as 𝜅 → ∞. The results of the study of ion-acoustic solitary 

structures using the Cairns distribution [36] showed good agreement with the structures 

observed by Freja and Viking [32,59]. However, there are numerous space observations 

showing flat top or spiky distribution of particles in velocity space. While analyzing the 

Vela-4 observations of shock crossings in the magnetosheath region of Earth’s 

magnetosphere. Montogomery et al., [60] reported flat top electron distributions and 
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concomitant density jumps within a few RE of downstream shock region. Complying these 

observations, shown in Fig. 1.18, he proposed that this nonthermal behavior is responsible 

for destabilization of electrostatic ion structures, which cause strong ion heating via Landau 

damping. 

 

 

Figure 1.18: Two dimensional cuts of electron velocity distribution in 

magnetosheath near bow shock at 𝑇𝑒 = 7.2 × 10
5 K and 𝑛 = 14 cm−3. 

 

Feldman [61-63] further elaborated electron heating mechanism in the electrostatic shock 

structures based on Vella-4, ISSE-2 and ISSE-3 observations. He interpreted that at slow 

shocks, electrons heating is dominant in the direction perpendicular to the ambient 

magnetic field and results into Maxwellian like distribution at low energies, keeping 

magnetic moment conserved. However, in the shocks, parallel heating of electrons 

dominates ensuing a flat top distribution as shown in Fig. 1.19 and Fig. 1.20 and this 

instigates a parallel beam of electron due to macroscopic electric field in the parallel 

direction. 
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The study concluded that the strength of fast mode shock governs beam-driven instabilities 

and associated flat-topped distribution of electron. This discovery of superthermal electron 

beam, owing to the flat top electron distribution observations, led to adequate explanation 

of high frequency electrostatic noise and whistler mode generation in the downstream 

shock region [64]. 

 

 

Figure 1.19: Two dimensional cuts through electron velocity distribution 

measured by ISEE-2 during a crossing of Earth’s bow shock from solar 

wind to magnetosheath [61]. 

 

Figure 1.20: Two dimensional cuts through electron velocity distribution 

measured parallel and perpendicular to magnetic fiels downstream of 

interplanetary shock by ISEE-2 [63]. 
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In addition to Earth’s bow shock, the instabilities driven by superthermal electron beam 

reasonably explain wave generation in the interstellar shock and magnetosheath of Venus, 

Jupiter and Saturn because of similarity of electric field spectrum of four planets [65]. Later 

on, the presence of non-Maxwellian bulk distribution functions was considered as the cause 

of discrepancies in the electron temperature measurements at low energies (in the thermal 

range). The shape of these bulk distribution of electrons, was more likely flat-topped, 

determined from reported enhancements of collisional transport fluxes in the areas having 

strong spatial gradients [66]. Recent studies of flat top observations of Cluster in the 

reconnection regions of earth’s magnetospheres (X-line, off-equatorial region, neutral 

sheet) showed that the acceleration process of the electrons having flat top distribution is 

quite different from those exhibiting superthermal tails [67]. The analogy between electron 

densities measured in the mid altitude cusp region and flat-top electron velocity 

observations of Cluster in the magnetosheath elucidated to understand transportation of 

solar wind particles in Earth’s cusp region [68]. 

 

Figure 1.21: Electrons and ions phase space distributions shown in top and 

bottom rows respectively. Positive and negative values of V‖ and V⊥ 

correspond to velocities parallel and perpendicular to magnetic field. The 

flat top electron distributions are analogous to magnetosheath distribution 

while. Ions distributions are mixture of magnetosheath, magnetosphere and 

ionosphere distribution [68]. 
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Theoretical analysis of whistler wave perturbations by considering that electrons possess 

generalized (𝑟, 𝑞)  distribution function in the downstream bow shock region, provided 

good agreement with the Cluster spacecraft data, both qualitatively and quantitatively [54]. 

Contrary to the previous studies of whistler waves [50,69], based on the Maxwellian 

distribution, the results adequately explained triggering of lion roars in the magnetosheath 

and provided realistic fits with the wave and electron data as shown in Fig. 1.22. 

 

Figure 1.22: Parallel and perpendicular cuts (represented by solid circles 

and solid squares respectively) of observed distribution function fitted by 

(𝑟, 𝑞) distribution function (solid lines)[39]. 

 

Counter streaming electron distributions have been observed in auroras by Viking [70]. 

Goldman [71] theoretically analyzed the dependence of half widths of untrapped 

distributions of increasing flatness on the respective velocities of bipolar structures and the 

results were in good agreement with POLAR observations. The investigations of dust ion 

acoustic solitary waves in the presence of flat top electrons showed that the solitary wave 

structure has been modified due to presence of the flat top electrons [72].  
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The amply large amount of data on flat topped, spiky and suprathermal distributions of 

charged particles convince us to use realistic distribution function that better fit the 

observed data and help us to understand waves and instabilities in real plasmas. Vasyliunas 

[37] acquainted us with 𝑘-distribution function by empirically fitting the observed data but 

the choice of parameter 𝑘 was not easily justifiable theoretically. Later on, generalized 

kappa and Cairns distributions were presented.  

The use of generalized kappa [38] and Cairns [36] distribution functions in the theoretical 

models has satisfactory resolved many unsolved problems in different space regions. 

However, some space plasma observations could not be explained by using the above-

mentioned distribution functions. Generalized (𝑟, 𝑞) distribution function [39] is the more 

general distribution function which encompasses both low-energy and high-energy parts of 

the observed velocity distributions as elaborated in Fig. 1.17 [49]. Kiran et al.,[51] got the 

best fit of solar wind proton data observed by Cluster by means of generalized (𝑟, 𝑞) 

distribution. Afterwards, Qureshi et al., [54] put forth an outstanding solution to the whistler 

wave perturbation and generation of lion roars in Earth’s magnetosheath by employing 

generalized (𝑟, 𝑞) distribution.  

The concomitant results were in good agreement with Cluster observations. Recently, 

Sumbul et al., [73] has effectively investigated electron acoustic instability in four-

component plasma having cold, hot and strahl electrons with the help of generalized (𝑟, 𝑞) 

distribution. Ensuing results fitted well the electron velocity distributions observed from 

Cluster’s PEACE experiment [74]. More recently, Qureshi et al.,[58] examined 

perturbations of magnetosphere density by solar wind, when the density corresponds to 

cusp values. They proposed that both hot and cold species of electron are bearing 

generalized (𝑟, 𝑞) distribution and fitted the real frequencies and growth rates with 

observations from Cluster. The enhancement of hot electron’s density markedly increased 

growth rate of whistler mode and was found to be promising energy transport mechanism 

in earth’s magnetosphere. 

Therefore, in recent years, generalized (𝑟, 𝑞) distribution has become a better choice when 

we have flat tops or spikes at low energies and/or high energy tails in the profile of the 

distribution function [54,57]. Theoretical frame works, based on kinetic and fluid treatment 

of space plasmas, that employed generalized (𝑟, 𝑞) distribution function showed better 



 
 

33 
 

agreement with the observed data and brought exact understanding of the physical 

processes happening in space plasmas [53,56,57,75,76]. Several authors have relied upon 

generalized (𝑟, 𝑞) distribution for adequate treatment of space and laboratory plasmas [77-

85]. 

1.10 Layout of Thesis 

This thesis is organized as follows: In the second chapter, linear and nonlinear propagation 

of kinetic Alfven waves (KAWs) have been investigated in two-fluid electron-ion plasmas. 

Here the electrons are assumed to follow generalized (𝑟, 𝑞) distribution. The dispersion 

relation is derived by using two-potential theory. The propagation characteristics of KAWs 

are explored in both linear and nonlinear regimes by varying the flatness parameter 𝑟 and 

the tail parameter 𝑞. The limiting cases are also discussed. In the third chapter, coupled 

kinetic Alfven-acoustic (CKAA) waves have been studied using the two-potential theory 

in non-Maxwellian electron-ion plasmas where electrons follow generalized (𝑟, 𝑞) 

distribution function. The dependence of compressive and rarefactive solitary structures of 

CKAA waves upon the low and high energy parts of the electron distribution function have 

been discussed in detail. The results are compared with kappa, Cairns and Maxwellian 

distributions and important differences are highlighted. In the fourth chapter, investigations 

of CKAA waves have been extended for three component electron-ion-positron (e-p-i) 

plasmas. The linear and nonlinear studies are carried out by considering that electrons and 

positrons follow generalized (𝑟, 𝑞) distribution function. In this regard, two-potential 

theory is employed to derive the dispersion relation. Arbitrary amplitude solitary structures 

are studied by using Sagdeev potential approach. Effect of nonthermal parameters 𝑟 and 𝑞 

upon the solitary structures have been ascertained the outcomes are compared with kappa 

and Maxwellian distribution functions. In the last chapter, a summary of the thesis is 

presented. 
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Chapter 2 

NONLINEAR KINETIC ALFVEN 

WAVES IN NON-MAXWELLIAN 

PLASMAS 

In a conducting fluid, isotropic magnetic pressure gives rise to magnetic tension along the 

field lines. This process is analogous to the theory of stretched string and leads to parallel 

propagating large amplitude shear Alfven waves (named after the scientist who discovered 

them in 1942) with velocity, 𝑉𝐴 =
𝐵𝑜

√µ𝒐𝑛𝑖 𝑚𝑖
. These non-dispersive transverse waves follow 

frozen in flux condition and do not undergo geometric attenuation for long distances. Shear 

Alfven waves have promising features of energy transportation in space and cosmic 

plasmas, however, they cannot transfer energy along the field lines. In plasmas, when the 

plasma beta satisfies the condition 
𝑚𝑒

𝑚𝑖
< β(=

2 𝜇0𝑛𝑘𝐵𝑇

𝐵0
2 ) < 1 and the wave dynamics and 

scale size become comparable to the ion gyrofrequency (𝛺𝑖 =
𝑒𝐵𝑜

 𝑚𝑖
) and gyroradii (𝜌𝑖 =

𝑐𝑠

𝛺𝑖
) 

respectively, the ions no longer follow field lines. The electrons, on the other hand, remain 

stuck to field lines because of their smaller Larmor radii by comparison with ions. The 

resulting charge separation due to finite Larmor radius effect produces a parallel electric 

field, makes shear Alfven waves dispersive. This low frequency dispersive wave is called 

kinetic Alfven wave (KAW) whose parallel electric field can energize charges, which is 

the well-known feature of ionosphere-magnetosphere coupling. Due to the transition of 

fluid scale into kinetic scale at 𝑘⊥𝜌𝑖~1 and 𝑘⊥ > 𝑘∥ (where ⊥ and ∥ refer to the directions 

of the wave vector perpendicular and parallel to the local magnetic field), shear Alfven 

wave becomes KAW. The energy dissipation mechanism by these modified Alfven waves 

was first discussed by Hasegawa and Chen [86]. Also these waves play an important role 

in acceleration and heating of plasma particles in space and laboratory plasmas [8,87]. 

Plasma heating by resonant absorption of Alfven waves was proposed by many authors 

[88,89], however, Hasegawa and Chen [86] conjectured that this resonant absorption might 

be due to convective dissipation of the KAW. A year later, same authors [90] studied the 

KAW in both collisional and collisionless regimes and showed that these waves dissipate 

both linearly and nonlinearly and, consequently, heat the plasma. 
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When the dispersive nature of KAW is balanced by nonlinear steepening, it results into the 

formation of solitary KAWs (SKAWs). Hasegawa and Mima [91] used Sagdeev potential 

approach to study the dynamics of arbitrary amplitude SKAWs for the sufficiently small 𝛽, 

i.e. 
𝑚𝑒

𝑚𝑖
≪ 𝛽 ≪ 1. The resulting exact solution showed density hump solitons with a kink 

due to perturbed parallel electric field 𝐸‖. Soon after that, Yu and Shukla [92] included the 

parallel ion inertia effect for the small but finite 𝛽 and the resulting solution also showed 

sub-Alfvenic density hump solitons. Shukla et.al. [93] studied SKAWs by considering 

complete ion nonlinearity and found density dips (cavitons) along with the usual hump 

solitons. Later, Wu et al. [94] studied solitary KAWs by employing two-fluid model using 

Sagdeev potential approach and obtained both hump and density solitons for 𝛽~
𝑚𝑒

𝑚𝑖
. In bi-

ion plasmas, Yang and Wu [95] also obtained hump and density dip solitons while studying 

nonlinear KAWs for 𝛽~
𝑚𝑒

𝑚𝑖
. In-situ measurements of space plasmas gave an impetus to 

theoretical work on SKAWs due to observations of spiky electric field structures associated 

with KAWs in auroral-ionosphere and magnetosphere through FREJA and FAST data 

[20,94,96,97]. A detailed and comprehensive review of KAWs in auroral plasma regimes 

and their comparison with satellite observations was presented by Stasiewicz et al. [12]. 

Hitherto, most of the studies on SKAWs were made by assuming electrons in thermal 

equilibrium and following the Maxwellian distribution. However, space observations of 

distribution functions showed significant deviation from Maxwellian distribution due to the 

presence of high energy tails and/or shoulders or flat tops in the distribution profile 

[38,39,44-49,53,54]. Such nonthermal distributions are mostly described by kappa [37,38], 

Cairns [98] and generalized (𝑟, 𝑞) distributions [39,49,53,54]. In recent years, generalized 

(𝑟, 𝑞) distribution has become a better choice when we have flat tops or spikes at low 

energies and/or high-energy tails in the profile of the distribution function [51,54,56]. These 

non-Maxwellian distributions present realistic fits to the observed distributions and there is 

a strong need to re-derive dispersion relations, regions of stability and instability by using 

these nonthermal distribution functions to have an exact understanding of the physical 

processes happening in space plasmas. Masood et al. [55] did pioneering work on linear 

and nonlinear investigation of both compressive and rarefactive solitary kinetic Alfven 

waves based on non-Maxwellian kappa and Cairns distributions in low-𝛽 plasmas. They 

obtained both compressive and rarefactive solitary structures in contrast to Maxwellian case 
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where only compressive structures were obtained. Their study established the dependence 

of nature of the solitary structures on the shape of the distribution function, i.e. on the high 

energy tail. However, their investigation did not include dependence on the low energy part 

of the distribution due to the same shape of both distributions (kappa and Maxwellian). 

Recently, Khalilpour [78] studied the propagation of hot electron beam modelled by 

generalized (𝑟, 𝑞) distribution function through the solar wind to simulate the Langmuir 

waves using quasilinear equations. Since generalized (𝑟, 𝑞) distribution has flat top or 

spikes at low energies, it is necessary to employ (𝑟, 𝑞) distribution to have a clear picture 

of the dependence of solitary structures on both high and low energy parts of the 

distribution function. 

In the present work, we have studied the SKAWs by considering the nonthermal 

generalized (𝑟, 𝑞) distribution. We have employed fluid model for the low-𝛽 case and 

investigated SKAWs both in linear and nonlinear regimes. A detailed numerical analysis 

has also been performed to ascertain the existence conditions of compressive and 

rarefactive solitons. The results have been discussed in the light of the data reported by 

Freja, and FAST satellites. The work is arranged as follows: first section presents the model 

distribution function, second section consists of governing fluid equations and linear 

analysis. The third section comprises of nonlinear model and fourth section comprises of 

numerical investigations and finally the results are discussed in the last section.  

2.1 Model Distribution 

Observations of electron velocity distribution functions in space plasmas often show 

significant deviations from Maxwellian distribution in terms of superthermal tails [38] and 

flat tops or spikes at low energies [39,51]. While studying Lion roars in the magnetosheath, 

Masood et al. [50] could not quantitatively and qualitatively justified the presence of lion 

roars in the Cluster data because they used bi-Maxwellian distribution for their theoretical 

analysis instead of using observed flat top distributions. Later, Qureshi et al. [54] studied 

the same problem with generalized (𝑟, 𝑞) distribution and found excellent fit not only with 

the observed distributions but also with the lion roars frequently observed in the terrestrial 

magnetosheath. Such flat top electron distributions were first reported by Montgomery et 

al. [60] and later by Feldmann et al. [63] around the bow shock using Vella 4 observations. 

Aziz et al. [99] employed the bi (𝑟, 𝑞) distribution function for electrons to study the 
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nonlinear coupling of electrostatic and electromagnetic waves with trapping. Recently, 

Shah et al., [56] studied the nonlinear electron acoustic solitary waves using (𝑟, 𝑞) 

distribution and showed that both compressive and rarefactive solitary structures could be 

obtained depending upon the choice of values of spectral indices 𝑟 and 𝑞. In the present 

work, we have employed the generalized (𝑟, 𝑞) distribution function as given below.  

𝑓𝑟𝑞(𝑣) =
𝐴

𝜋 𝐵3/2 (𝑣𝑡ℎ)
3 
[1 +

1

𝑞−1
(
𝑣2−2𝑒𝜓/𝑚𝑒

𝐵 (2𝑇𝑒/𝑚𝑒)
)
𝑟+1

]
−𝑞

                               (2.1) 

where 

𝐴 =
3 Γ[𝑞] (𝑞−1)−3/(2+2 𝑟)

4  Γ[𝑞−
3

2+2 𝑟
]Γ[1+

3

2+2 𝑟
]
                                                        (2.2) 

𝐵 =
3 (𝑞−1)−1/(1+𝑟) Γ[𝑞−

3

2+2 𝑟
]Γ[

3

2+2 𝑟
] 

2 Γ[𝑞−
5

2+2 𝑟
]Γ[

5

2+2 𝑟
]

                                               (2.3) 

Here 𝑣𝑡ℎ = (2𝑇𝑒/𝑚𝑒)
1/2 is the thermal velocity, 𝑇 is the particle’s temperature, 𝜓 is the 

electrostatic potential (such as 𝑣2 ≥ 2𝑒𝜓 𝑚𝑒⁄ ), Γ is the gamma function, 𝑟 and 𝑞 are the 

spectral indices representing flat top and high energy particles in the profile of the 

distribution function obeying the conditions 𝑞 > 1 and 𝑞(𝑟 + 1) > 5/2 [39].  The (𝑟, 𝑞) 

distribution in the limits 𝑟 = 0, 𝑞 → ∞ and 𝑟 = 0, 𝑞 → (𝜅 + 1) reduce to the Maxwellian 

and kappa distributions, respectively.  

By integrating the distribution function (2.1) over the velocity space, we can obtain total 

electron density, as  

𝑛𝑒 = 𝑛𝑒𝑜[1 + 𝛼1 Ψ + 𝛼2 Ψ
2]                                                (2.4) 

where 𝛹 =
𝑒 𝜓 

𝑇𝑒
, and 

 𝛼1 =
(𝑞−1)

− 
1

(1+𝑟) 

2 𝐵 

Г(
1

2(1+𝑟)
)  Г(𝑞−

1

2(1+𝑟)
)

Г(
3

2(1+𝑟)
)  Г(𝑞−

3

2(1+𝑟)
)
                                             (2.5) 

𝛼2 =
−3(𝑞−1)

− 
2

(1+𝑟)  

8 𝐵2 

Г(1−
1

2(1+𝑟)
)  Г(𝑞+

1

2(1+𝑟)
)

Г(1+
3

2(1+𝑟)
)  Г(𝑞−

3

2(1+𝑟)
)
                                       (2.6) 
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In the limit of 𝑟 → 0, 𝑞 → ∞, the coefficients 𝛼1 → 1,   𝛼2 →
1

2
 and 𝑛𝑒 = 𝑛𝑒𝑜 (1 +  𝛹 +

 
1

2
 𝛹2) [35]. 

2.2 Governing Equations and Linear Analysis 

In this paper, we study nonlinear KAWs by introducing the finite Larmor-radius effect. For 

obliquely propagating waves, finite perpendicular wavelength gives rise to dispersion and 

the nonlinearity originates from compressible nature of the wave. We assume low-β plasma 

(≫ 𝑚𝑒/𝑚𝑖) and assume that the variations exist in x-z plane such as 𝑘𝑧 = 𝑘 cos 𝜃 and 𝑘𝑥 =

𝑘 sin 𝜃, 𝐵𝑧 = 𝐵0 and 𝐵𝑥 = 0. Because of oblique propagation and low-β assumption, we 

can use two potential theory such that 

𝑬𝑥 = −
∂ϕ

∂x 
 ,      𝑬𝑧 = −

∂ψ

∂z
 , 𝑬𝑦 = 0                                      (2.7) 

From Eq. (1.6), the equation of motion of ions is 

𝑚𝑖 (
𝜕𝒗𝒊

𝜕𝑡
+ (𝒗𝑖. 𝛁)𝒗𝑖) = 𝑒(𝑬 + 𝒗𝑖 × 𝑩)                                       (2.8) 

For motion perpendicular to 𝑩, we can neglect (𝒗𝑖. ∇)𝒗𝑖 and by following [91] can write 

the x-component as 

𝑣𝑖𝑥 = −
𝑚𝑖

𝑒 𝐵0
2

𝜕2ϕ

𝜕𝑥 𝜕𝑡
                                                               (2.9) 

By using Ampere’s law and induction equation, Eqs. (1.1) and (1.3) respectively, we obtain 

𝜕4

𝜕𝑥2𝜕𝑧2
(ϕ − 𝜓) = µ𝒐

𝜕2

𝜕𝑡 𝜕𝑧
𝑗𝑧                                           (2.10) 

From Eq. (1.5), the ion continuity equation can be written as  

𝜕𝑛𝑖

𝜕𝑡
+

𝜕

𝜕𝑥
(𝑛𝑖𝑣𝑥) = 0                                                 (2.11) 

where the role of parallel inertia term is ignored due to low-β assumption. Using electron 

continuity equation, from Eq. (1.5), and total current density relation 𝑱 = ∑ 𝑛𝛼𝑞𝛼𝒗𝛼𝛼 , we 

can arrive at the following equation. 
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𝜕𝑗𝑧

𝜕𝑧
= 𝑒

𝜕𝑛𝑒

𝜕𝑡
                                                            (2.12) 

By solving Eqs. (2.9)–(2.12), we arrive at the linear dispersion relation for KAWs given 

here as under 

𝜔 = 𝑉𝐴𝑘𝑧√1 +
𝜆𝑠

𝛼1
                                                          (2.13) 

Here 𝑉𝐴 is the Alfven velocity,  𝛺𝑖 =
𝑒 𝐵𝑜

𝑚𝑖
 is the ion-cyclotron frequency, 𝜆𝑠 = 𝑘𝑥

2 𝜌𝑠
2 is the 

coupling parameter,  𝜌𝑠 =
𝑐𝑠

 𝛺𝑖
 and  𝑐𝑠 = √

𝑇𝑒

𝑚𝑖
 is the ion sound speed. In the limiting case of 

𝑟 → 0, 𝑞 → ∞, the coefficient 𝛼1 → 1 and we get dispersion relation for Maxwellian 

distribution [35] while for  𝑟 → 0, 𝑞 → 𝑘 + 1, 𝛼1 → 𝛾  and we retrieve the dispersion 

relation for non-Maxwellian kappa distribution [55]. 

 

 

Figure 2.1: Linear dispersion relation of KAW for different values of 𝑟 and 

𝑞 when 𝜃 = 60𝑜 and 𝛽 = 0.1. 
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Figure-2.1 shows the linear dispersion relation of KAWs for different values of 𝑟 and 𝑞. 

Note that the frequency for the generalized (𝑟, 𝑞) distribution turns out to be greater than 

the one for Maxwellian distribution (shown in black line) for positive values of 𝑟 (red lines) 

keeping 𝑞 fixed. On the contrary, for the negative values of 𝑟 (blue lines), real frequency 

for generalized (𝑟, 𝑞) distribution is found to be lower than the Maxwellian frequency 

keeping 𝑞 fixed. 

2.3 Nonlinear Analysis  

We investigate SKAWs using fully nonlinear pseudopotential or Sagdeev potential 

approach and introduce the co-moving frame 𝜉 = 𝐾𝑥𝑋 + 𝐾𝑧𝑍 −𝑀𝜏 to obtain the stationary 

solutions. To simplify the analysis, we use the following normalized variables 

 𝑁 =
𝑛𝑒,𝑖

𝑛𝑜
 , Ф =

𝑒 ϕ 

𝑇𝑒
 , 𝛹 =

𝑒 𝜓 

𝑇𝑒
 , 𝑀 =

𝑣

𝑐𝑠
 , 𝜏 =  𝛺𝑖𝑡 , 𝑙 =

𝑙

𝜌𝑖
                (2.14) 

By solving Eqs. (2.9)-(2.12), we get the following set of equations 

−𝑀
𝜕𝑁𝑖

𝜕𝜉
+ 𝐾𝑥

𝜕

𝜕𝜉
(𝑁𝑖𝑉𝑥) = 0                                                     (2.15) 

𝑉𝑖𝑥 = 𝑀𝐾𝑥  
𝜕2𝛷

𝜕𝜉2
                                                             (2.16) 

2𝐾𝑥
2𝐾𝑧

2 𝜕4

𝜕𝜉4
(𝛷 − 𝛹) = −𝛽𝑀2 𝜕

2𝑁𝑒

𝜕𝜉2
                                             (2.17) 

Here 𝑉𝐴 = √
2

𝛽
𝑐𝑠 and 𝑀𝐴 =

𝑣

𝑉𝐴
= √

𝛽

2
 𝑀. Using plasma approximation 𝑁𝑖 = 𝑁𝑒 = 𝑁 and 

integrating Eq. (2.15) using the boundary conditions 𝜉 → ∞, 𝑁 → 1, 𝑉 → 0, we get 

𝐾𝑥𝑉𝑖𝑥 = 𝑀(1 −
1

𝑁
)                                                       (2.18) 

The above equation can then be written by using Eqs. (2.4) and (2.16) as  

𝐾𝑥
2  
𝜕2𝛷

𝜕𝜉2
=

α1 Ψ + α2 Ψ
2

1+α1 Ψ + α2 Ψ2
                                                   (2.19) 

Twice integrating Eq. (2.17) and comparing it with Eq. (2.19), we get 
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𝐾𝑥
2  
𝜕2Ψ

𝜕𝜉2
= α1 Ψ + α2 Ψ

2  −
𝑀𝐴

2

𝐾𝑧
2 (α1 Ψ + α2 Ψ

2 + α1
2 Ψ2)                (2.20) 

Integrating Eq. (2.20) by using the above mentioned boundary conditions, we obtain the 

following equation which is analogous to the energy integral.  

1

2
(
𝜕Ψ

𝜕𝜉
)
2

+ 𝑆(Ψ) = 0                                                        (2.21) 

where 

𝑆(Ψ) =
1

𝐾𝑥
2 [−α1 (1 −

𝑀𝐴
2

𝐾𝑧
2)

Ψ2

2
+ {α1

2 𝑀𝐴
2

𝐾𝑧
2 − α2 (1 −

𝑀𝐴
2

𝐾𝑧
2)}

Ψ3

3
]                     (2.22) 

is the Pseudopotential or the so-called Sagdeev potential. 

2.4 Numerical Results 

Both compressive and rarefactive solitary structures can be obtained if Sagdeev potential 

(2.22) satisfies the following general conditions [100], respectively 

𝑆(Ψ)|Ψ=0 = 0           𝑆
′(Ψ)|Ψ=0 = 0                  𝑆′′(Ψ)|Ψ=0 < 0 

𝑆(Ψ)|Ψ=Ψ𝑚𝑎𝑥 = 0                                                       𝑆′(Ψ)|Ψ=Ψ𝑚𝑎𝑥 > 0
 

and 

𝑆(Ψ)|Ψ=0 = 0           𝑆
′(Ψ)|Ψ=0 = 0                  𝑆′′(Ψ)|Ψ=0 < 0 

𝑆(Ψ)|Ψ=Ψ𝑚𝑖𝑛 = 0                                                       𝑆′(Ψ)|Ψ=Ψ𝑚𝑖𝑛 < 0
 

We can obtain compressive and rarefactive solitary structures if the Mach number 𝑀𝐴 

satisfies the following conditions  

√
3 𝛼1+2 𝛼2

3 𝛼1+2 𝛼2+2 𝛼1
2  𝑘𝑧 < 𝑀𝐴 < 𝑘𝑧                                            (2.23) 

and 

 0 < 𝑀𝐴 < √
3 𝛼1− 2 𝛼2

3 𝛼1−2 𝛼2 −2 𝛼1
2   𝑘𝑧                                            (2.24) 
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Figure 2.2: Sagdeev potentials (a) and corresponding compressive solitons 

(b) for different Mach numbers when  𝑟 = 2,  𝑞 = 3, 𝜃 = 60𝑜 and 𝛽 = 0.1. 

 

 

Based on Eqs. (2.22)-(2.24), the expression for maximum and minimum potential can be 

written as 

Ψ𝑚𝑖𝑛/𝑚𝑎𝑥 = −
3(𝛼1𝑘𝑧

2−𝛼1𝑀𝐴
2)

2( 𝛼2𝑘𝑧
2−𝛼12𝑀𝐴

2−𝛼2𝑀𝐴
2)

                                  (2.25) 

Figure-2.2(a) shows the Sagdeev potential for different values of Alfvenic Mach number 

𝑀𝐴, satisfying the condition (23) (i.e. the compressive solitary structures case) for positive 

𝑟, keeping 𝑟, 𝑞 and 𝜃 fixed. The corresponding compressive solitary structures are shown 
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in Fig.-2.2(b). We can see that as 𝑀𝐴 increases, both the amplitude and width of the soliton 

experience a decrease. 

Figure-2.3(a) shows the Sagdeev potential for different values of 𝑀𝐴 for negative value of 

𝑟, satisfying the condition (23), keeping 𝑟, 𝑞 and 𝜃 fixed and the corresponding compressive 

solitary structures are shown in Fig.-2.3(b). We can see that the increase in Alfven Mach 

number 𝑀𝐴 enervates the amplitude of the soliton and mitigates its width. Investigating the 

condition (24) (i.e. the rarefactive solitary structure case) for positive values of 𝑟 gives 

unphysical results (i.e. imaginary values of 𝑀𝐴). 

 

 

Figure 2.3: Sagdeev potentials (a) and corresponding compressive solitons 

(b) for different Mach numbers when 𝑟 = −0.1,  𝑞 = 3, 𝜃 = 60𝑜 and 𝛽 =

0.1. 
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 Figure-2.4(a) shows the Sagdeev potential for different values of 𝑀𝐴, satisfying the 

condition (24), with fixed values of  𝑞, 𝜃 and negative 𝑟. The corresponding rarefactive 

solitary structures are shown in Fig.-2.4(b) where both width and amplitude of the soliton 

show an increase with the increase in 𝑀𝐴. 

 

Figure 2.4: Sagdeev potentials (a) and corresponding rarefactive solitons 

(b) for different Mach numbers when 𝑟 = −0.1, 𝑞 = 3, 𝜃 = 60𝑜 and 𝛽 =

0.1. 

Figure-2.5 depicts the variation of maximum amplitude Ψ𝑚 of the soliton (see Eq. (25)) 

with the Alfven Mach number 𝑀𝐴, for different propagation angles 𝜃 and 𝑟. Solid curves 

represent positive values of 𝑟 and dashed curves show negative 𝑟 values. It can be seen that 

Ψ𝑚 decreases as 𝑀𝐴 increases for both positive and negative 𝑟 values satisfying the 

condition (23). However, it is found that the range of variation Ψ𝑚 as a function of 𝑀𝐴 is 

greater for negative values of r by comparison with their positive counterparts. We also 

observe that as the propagation angle enhances, Ψ𝑚 shifts towards lower values of 𝑀𝐴.  
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Figure 2.5:  Maximum amplitude of the compressive solitons Ψ𝑚 against 

the Alfven Mach number, 𝑀𝐴, for different values of propagation angle 𝜃 

and for positive values of 𝑟 = 1, 𝑞 = 3 (solid lines) and negative values of 

𝑟 = −0.1, 𝑞 = 3 (dashed lines). 

 

 

Figure 2.6:  Maximum amplitude of the rarefactive solitons Ψ𝑚 against the 

Alfvenic Mach number 𝑀𝐴 for different values of propagation angle 𝜃 and 

for negative values of 𝑟 = −0.1, 𝑞 = 3. 
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Figure 2.7: Maximum amplitude of the solitons Ψ𝑚 against the different 

values of positive 𝑟 when 𝑀𝐴 = 0.47, 𝜃 = 60𝑜 (a) and negative values of 𝑟 

when 𝑀𝐴 = 0.46, 𝜃 = 60𝑜 (b). 

 

Figure-2.6 shows the maximum amplitude of rarefactive solitons Ψ𝑚 as a function of 

Alfven Mach number 𝑀𝐴. It is found that Ψ𝑚 increases with an increase in 𝑀𝐴 for negative 

values of 𝑟 satisfying the condition (24). It is observed again that the Ψ𝑚 shifts towards 

lower values of 𝑀𝐴 by increasing the angle of propagation. 

 Figure-2.7 depicts the variation of maximum amplitude of the soliton with the flatness 

parameter 𝑟. In Fig.-2.7(a), maximum amplitude of the compressive soliton Ψ𝑚 is plotted 

against positive 𝑟 for different values of 𝑞. We find that Ψ𝑚 enhances with positive values 

of 𝑟, however, the maximum amplitude remains higher for larger values of 𝑞. Note that the 
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growth of  Ψ𝑚 is less prominent for higher values of 𝑟. In Fig.-2.7(b), maximum amplitude 

of the compressive solitons Ψ𝑚 is plotted against negative values of 𝑟 for different values 

of 𝑞. We observe that the maximum amplitude increases as negative values of 𝑟 decreases, 

however, the maximum amplitude remains higher for larger values of 𝑞 like Fig.-2.7(a). 

 

 

Figure 2.8: Maximum amplitude of the solitons Ψ𝑚 against 𝑞 for different 

values of positive 𝑟, when 𝑀𝐴 = 0.47, 𝜃 = 60𝑜 (a) and for different values 

of negative 𝑟, when 𝑀𝐴 = 0.47, 𝜃 = 60𝑜 (b). 

 

Figure-2.8 depicts variation of maximum amplitude of the soliton with spectral index 𝑞 for 

different positive values of 𝑟 (Fig.-2.8(a)) and for different negative values of 𝑟 (Fig.-

2.8(b)). In Fig.-2.8(a), we observe that the maximum amplitude increases with 𝑞 but 
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becomes almost constant for 𝑞 > 4 and is higher for larger values of 𝑟. In Fig.-2.8(b), we 

find that the maximum amplitude increases with 𝑞 and is observed to be lower for larger 

negative values of 𝑟. Note that unlike the positive values of 𝑟, the maximum amplitude 

keeps increasing and does not settle to a constant value beyond a certain value of 𝑞. 

Figure-2.9 shows the comparison between the Sagdeev potential structures obtained for 

(𝑟, 𝑞), kappa and Maxwellian distribution functions. Figure-2.9(a) makes a comparative 

study of Sagdeev potentials for different distributions i.e. (𝑟, 𝑞) distribution (red lines), 

Maxwellian (black line), and kappa distribution (blue line). We find that the amplitude is 

greatest for (𝑟, 𝑞) distribution whereas it is smallest for kappa distribution keeping all the 

other parameters fixed. The negative Sagdeev potentials are shown in Fig.-2.9(b) in which 

we can see that the amplitude of the Sagdeev potential obtained for same values of plasma 

parameters is greatest for (𝑟, 𝑞) distribution (red line), intermediate for kappa distribution 

(blue line) while it is smallest for negative value of 𝑟 (red dashed line). It should be noted 

that there is no formation of solitary structures for Maxwellian distribution (black line) 

indicating that rarefactive solitary structures can only be obtained for non-Maxwellian 

distributions which confirms the results of [55]. 

Figure-2.10 depicts the density dip solitons obtained for (𝑟, 𝑞) distribution function for 

different combinations of 𝑟 and 𝑞 but for the fixed value of 𝑀𝐴 = 0.2. We can see that the 

density dips reach up to 75 % of the background values for a particular choice of 𝑟 and 𝑞 

values. For negative values of 𝑟, the density depressions can also reach up to 70 % of the 

background values (Fig. 2.4). 
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Figure 2.9: Compressive Sagdeev potentials for Maxwellian (black), kappa 

(blue) and (𝑟, 𝑞)- distribution for positive 𝑟 (solid red) and for negative 𝑟 

(red dashed), when 𝑀𝐴 = 0.44  and 𝜃 = 60𝑜 (a) and rarefactive Sagdeev 

potentials for Maxwellian (black), kappa (blue) and (𝑟, 𝑞) distribution for 

positive 𝑟 (solid red) and for negative 𝑟 (red dashed) when 𝑀𝐴 = 0.22  and 

𝜃 = 60𝑜 (b). 
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Figure 2.10: Density cavitons for different values of 𝑟 and 𝑞 when  𝑀𝐴 =

0.2 and  𝜃 = 60𝑜. 

 

 

2.5 Discussion and Conclusion 

Wu et al. [94] and Yang and Wu [95] studied solitary KAWs in two fluid and bi-ion plasmas 

respectively and found both density dip and hump solitons for 
𝑚𝑒

𝑚𝑖
~𝛽 in Maxwellian 

plasma. In this paper, we have studied solitary KAWs using non-Maxwellian (𝑟, 𝑞) 

distribution function to obtain solitary structures by following fully nonlinear Sagdeev 

potential technique. We have found both compressive and rarefied solitary structures when 

electrons follow (𝑟, 𝑞) distribution for 
𝑚𝑒

𝑚𝑖
≪ 𝛽 in sharp contrast with Maxwellian case, 

where only compressive solitary structures have been obtained [91]. For compressive 

solitary structures, both width and amplitude experience a decrement for increasing Alfven 

Mach number 𝑀𝐴. For rarefactive solitary structures, there is an increase in amplitude and 

width of solitons with the increase in 𝑀𝐴. In addition to that, it has been found that as the 

angle of propagation increases, the maximum amplitude of the solitary waves shifts toward 

the lower values of Mach number. The wave can, however, propagate in a smaller range of 

𝑀𝐴 for positive values of  𝑟 as opposed to negative  𝑟 values. For both compressive and 

rarefactive solitary structures, the amplitude obtained for the case of (𝑟, 𝑞) distribution has 

been found to be greater than the amplitudes obtained for kappa and Maxwellian distributed 
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electrons. We have also found that rarefactive solitary structures can be obtained only for 

negative values of spectral index 𝑟 confirming the strong dependence of such rarefactive 

solitary structures on the shape of the distribution at low energies. Therefore, not only high 

energy particles (in the case of kappa and (𝑟, 𝑞)  distributions) are responsible for the 

formation of rarefactive solitary structures but spikes at low energies (in the case of (𝑟, 𝑞) 

distribution only) also play an important role in the formation of rarefactive solitary 

structures.  

We can also analyze our theoretical results in the light of observations of KAWs from 

different regions of space plasmas. Freja observed density dips of 10-30 % [22] and 50 % 

[20] from auroral region associated with the KAWs. Stasiewicz et al. [101] also showed 

Freja observations of density dips up to 60%. Density dips up to 90 % were then reported 

by Stasiewicz et al., [12] using Fast data from cusp region. Our model predicts the 

maximum density dips of about 65 % of the background value (Fig. 10) which is consistent 

with Freja and Fast observations. The observed values of magnetic field and temperature 

at Freja orbit are 𝐵 = 1 − 4 104 𝑛𝑇 and 𝑇 = 1 − 10 𝑒𝑉, respectively [22,101]. If we 

consider these observed values, the spatial scale length of the density depletions can be 

from 10 – 350 m corresponding to the Fig.-10 since the parameter 𝜉 is normalized by the 

ion-gyroradius. These spatial scales are also in agreement with the observed scale sizes of 

density depletions [22]. Furthermore, observations of density fluctuations by Freja were 

not only compressive but rarefactive as well, which is also consistent with our theoretical 

results. Therefore, our results not only show strong dependence of the solitary structures 

on the shape of the distribution but also interpret the density depletion observations from 

different regions of space plasmas in a more satisfactory manner. The present study shows 

yet again that modelling of the plasma waves with actual distributions found in space 

plasmas gives us far better results than their Maxwellian counterpart. 
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Chapter 3 

COUPLED KINETIC ALFVEN-ACOUSTIC 

WAVES IN ELECTRON-ION PLASMA 

The in-situ observations of KAWs and concomitant electron and ion acceleration in the 

magnetosheath, auroral magnetosphere and ionosphere by Freja, FAST [102] and 

Magnetospheric Multiscale Satellite (MMS) [87] have confirmed the conservative energy 

exchange between the electromagnetic fluctuations and plasma particles. These waves not 

only interact with MHD scale Alfven waves [103,104] but also with small scale ion 

cyclotron, lower hybrid and Langmuir waves [105-107]. The effect of adiabatically trapped 

electrons on coupled kinetic Alfven-acoustic (CKAA) waves in low-β plasmas [108] and 

in degenerate plasmas [109] were also studied. 

Numerous satellites have observed particle distribution functions that deviate significantly 

from Maxwellian distribution in many regions of space plasmas, e.g. in solar wind, 

planetary magnetosphere, thermosphere and interstellar medium [40-43]. Most space 

observations of distribution functions exhibit deviation from Maxwellian distribution due 

to existence of high energy tails and shoulders or flat tops in the low energy part of the 

distribution profile [37-39,44-58]. The suprathermal tails of the electron distribution 

function are frequently observed to follow the inverse power law in velocity space. The 

high energy tails were first observed in plasma sheet by using the kappa distribution 

function also known as generalized Lorentzian distribution [37]. The spectral index 𝜅 is a 

measure of high energy particle concentration forming the tail of the distribution function 

and reduces to Maxwellian as 𝜅 → ∞.  

The results of the study of ion acoustic solitary structures using the Cairns distribution [36] 

showed good agreement with the structures observed by Freja and Viking [32,59]. 

However, some space plasma observations could not be explained by using the above 

mentioned distribution functions. Generalized (𝑟, 𝑞) distribution function is a more general 

distribution function which incorporates both low and high energy parts of the observed 

velocity distributions (where 𝑟 and 𝑞 are the spectral indices representing the flat top or 

shoulders and high energy tail, respectively [39,49-52,54-58,75]). Therefore, (𝑟, 𝑞) 
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distribution is a better choice to explain distribution profile of charged particles. Several 

studies of space plasmas showed that the theoretical frame works that employed non-

Maxwellian distribution functions showed better agreement with the observed data [55,98]. 

Linear and nonlinear investigations of solitary kinetic Alfven waves (SKAWs) in low-𝛽 

plasma systems by using kappa and Cairns distributions gave both density dip and hump 

solitons [55] contrary to the Maxwellian distribution where only density hump solitons 

were obtained. Recent investigation of linear and nonlinear analysis of SKAWs in low-𝛽 

plasmas employing generalized (𝑟, 𝑞) distribution also gave both compressive and rarefied 

structures [57]. These results were not only in agreement with Freja and FAST observations 

but also elucidated existence of rarefied solitary structures and their dependence on shape 

of distribution function in a more satisfactory manner. 

In this chapter, for the first time, generalized (𝑟, 𝑞) electron distribution function is 

employed to investigate coupled kinetic Alfven-acoustic (CKAA) waves in low-𝛽 plasmas 

and its comprehensive comparison is made with kappa, Cairns and Maxwellian 

distributions. The present work is arranged in the following manner. In section-3.1, we give 

a general relation of electron density in terms of generalized (𝑟, 𝑞), kappa, Cairns and 

Maxwellian distribution functions. In section-3.2, governing set of equations of the system 

under consideration are presented and the linear dispersion relation of the CKAA waves is 

derived. In section-3.3, nonlinear analysis of CKAA waves is presented and, in this regard, 

Sagdeev potential is obtained. In section-3.4, existence conditions for the solitary waves 

are given and the effect of double spectral indices 𝑟 and 𝑞 on the propagation characteristics 

of nonlinear CKAA waves are thoroughly examined. Finally, the main findings of the paper 

are recapitulated in section-3.5. 

3.1 Density Expressions for Nonthermal Distributions 

By integrating generalized (𝑟, 𝑞), Maxwellian, kappa, Cairns and distribution functions 

over the velocity space, one can obtain a general expression for the total electron density 

in the following form 

𝑛𝑒 = 𝑛𝑒𝑜[1 + 𝛼1 Ψ + 𝛼2 Ψ
2]                                               (3.1) 
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where coefficients 𝛼1 and 𝛼2 depend upon the type of distribution function. In case of 

generalized (𝑟, 𝑞) distribution function, these constants are given in Eqs. (2.5) and (2.6) 

[57]. 

For kappa, Cairns and Maxwellian distributions, 𝛼1 and 𝛼2 take the following forms [55] 

𝛼1 = 

{
 
 

 
 

(𝜅−
1

2
)

(𝜅−
3

2
)
                                                                          (kappa)

1 −
4ᴧ

1+3ᴧ
                                                                   (Cairns)

1                                                                           (Maxwellian)

              (3.2) 

𝛼2 =

{
 
 

 
 
(𝜅−

1

2
)(𝜅+

1

2
)

2(𝜅−
3

2
)
2                                                                     (kappa)

1
2⁄                                                                                  (Cairns)

1
2⁄                                                                        (Maxwellian)

             (3.3) 

Here, the parameter ᴧ represents percentage of nonthermal species (electrons in this case) 

for Cairns distribution function, given by Eq. (1.16), and in the limit ᴧ → 0, the Cairns 

distribution function reduces to the Maxwellian distribution function [36]. The spectral 

index 𝜅 is nonthermal parameter defined for kappa distribution function and is a measure 

of slope of the energy spectrum of high energy particles. It has the constraint 𝜅 > 3/2 and 

in the limiting case when 𝜅 → ∞, the kappa distribution function, given by Eq. (1.18), 

reduces to the Maxwellian distribution function. 

3.2 Governing Set of Equations 

In this paper, we study the nonlinear coupling of kinetic Alfven waves (KAWs) and ion 

acoustic waves (IAWs) in the low frequency limit by considering parallel ion inertia and 

current densities. We derive the electron density by employing the kinetic theory and find 

the ion density using the quasi-neutrality condition 𝑛 = 𝑛𝑒 ≈ 𝑛𝑖. We further consider the 

propagation in x-z plane by taking 𝐵𝑧 = 𝐵𝑜 and  𝐵𝑥 = 0. We apply the two-potential theory 

in the low-𝛽 assumption [8], i.e. 
𝑚𝑒

𝑚𝑖
< β < 1 and write the expressions of electric fields in 

the following manner: 



 
 

55 
 

𝐸𝑥 = −
𝜕𝜙

𝜕𝑥 
,   𝐸𝑧 = −

𝜕𝜓

𝜕𝑧
,   𝐸𝑦 = 0                                            (3.4) 

where 𝜓 and 𝜙 represent parallel and perpendicular electrostatic potentials, respectively. 

The ion and electron continuity equations are  

𝜕𝑛𝑖

𝜕𝑡
+

𝜕

𝜕𝑥
(𝑛𝑖𝑣𝑖𝑥) +

𝜕

𝜕𝑧
(𝑛𝑖𝑣𝑖𝑧) = 0                                               (3.5) 

𝜕𝑛𝑒

𝜕𝑡
+

𝜕

𝜕𝑧
(𝑛𝑒𝑣𝑒𝑧) = 0                                                        (3.6) 

The equation of motion for ions is 

𝑚𝑖 (
𝜕𝒗𝒊

𝜕𝑡
+ (𝒗𝒊. 𝛁)𝒗𝒊) = 𝑒(𝑬 + 𝒗𝒊 × 𝑩)                                            (3.7) 

By using Ampere’s law and following [91], we obtain 

𝜕4

𝜕𝑥2𝜕𝑧2
(ϕ − 𝜓) = µ𝒐

𝜕2

𝜕𝑡 𝜕𝑧
𝑗𝑧                                                     (3.8) 

where current density is 

𝑗𝑧 = 𝑛𝑒𝑒(𝑣𝑖𝑧 − 𝑣𝑒𝑧)                                                          (3.9) 

Using the above relation of current density (3.9) and electron continuity equation (3.6), we 

arrive at the following expression 

𝜕𝑗𝑧

𝜕𝑧
= 𝑒

𝜕𝑛𝑒

𝜕𝑡
+ 𝑒

𝜕

𝜕𝑧
(𝑛𝑖𝑣𝑖𝑧)                                                  (3.10) 

Upon linearizing and solving Eqs. (3.5)-(3.10), we get the following linear dispersion 

relation for CKAA wave [8,109]  

(1 −
𝑉𝐴
2𝑘𝑧

2

𝜔2
) (1 −

𝑐𝑠
2𝑘𝑧

2

𝛼1𝜔2
) =

𝑉𝐴
2𝑘𝑧

2

𝑎𝜔2
𝜆𝑠                                        (3.11) 

Here 𝑉𝐴 =
𝐵𝑜

µ𝒐𝑛𝑖 𝑚𝑖
 is the Alfven velocity,  𝛺𝑖 =

𝑒 𝐵𝑜

𝑚𝑖
,  𝑐𝑠 = √

𝑇𝑒

𝑚𝑖
 , 𝜌𝑠 =

𝑐𝑠

 𝑚𝑖
 and 𝜆𝑠 = 𝑘𝑥

2𝜌𝑠
2. In 

the above dispersion relation (3.11), second term on L.H.S. is the acoustic term, which 
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reduces to unity when phase velocity becomes much greater than sound velocity and we 

get the dispersion relation of KAWs [91] given as follows 

𝜔2 = 𝑉𝐴
2𝑘𝑧

2 (1 +
𝜆𝑠

𝛼1
)                                                     (3.12) 

 

 

Figure 3.1: Linear dispersion curves for coupled kinetic Alfven-acoustic 

wave for (𝑟, 𝑞) distribution (𝑟 = 3, 𝑞 = 2), Cairns (𝛼 = 0.2), Kappa (𝜅 =

2) and Maxwellian distribution function when 𝜃 = 60𝑜and 𝛽 = 0.1. 

Figure-3.1 is plotted to elucidate the difference between the linear dispersion relations of 

CKAA waves for different electron velocity distributions, i.e. Cairns (green line), (𝑟, 𝑞) 

(red line), Maxwellian (black line) and kappa (blue line) distributions. The graph shows 

that there are two modes in the linear dispersion relation; fast mode and the slow mode. 

Fast mode is known as kinetic Alfven branch and slow mode is known as ion-acoustic 

branch. We can see that real frequency is highest for Cairns distribution whereas it is lowest 

for kappa distribution for both modes. However, for kinetic Alfven branch, the differences 

between dispersion relations of different distributions are significant only at large values of 
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wave vector. We also note that real frequency for (𝑟, 𝑞) distribution is between the Cairns 

and Maxwellian curves for slow mode, approaches towards Cairns by increasing the values 

of either 𝑟 or 𝑞, and approaches towards Maxwellian by decreasing either 𝑟 or 𝑞 (not shown 

here).  

 

 

Figure 3.2: Variation in real frequency of coupled kinetic Alfven-acoustic 

wave for different propagation angles when (𝑟 = 1, 𝑞 = 2) and 𝛽 = 0.1. 

 

Figure-3.2 is plotted for different propagation angles, i.e. 𝜃 = 60o (black line), 𝜃 = 55o  

(red line) and 𝜃 = 50o (blue line) keeping the other parameters constant. We can see that 

as the angle of propagation increases the real frequency of both modes decrease and in this 

case the change is more pronounced for the fast mode. Figure-3.3(a) depicts the comparison 

between the variation of flatness parameter 𝑟 = 1 (thin red line) and 𝑟 = 3 (thick red line), 

variation of kappa 𝜅 = 2 (thin black line) and 𝜅 = 4 (thick black line), and Cairns 

distribution 𝛼 = 0.15 (thin blue line) and 𝛼 = 0.20 (thick blue line). There is a noticeable 

increase in frequency by increasing nonthermal parameters 𝑟, 𝜅 and 𝛼. It is pertinent to 

mention here that the values of positive ‘r’ chosen here have been found to mimic the 

electron velocity distributions observed in the terrestrial magnetosheath and in its 

magnetosphere and have been shown to explain results that could not have been explained 

by employing the Maxwellian distribution[54,58]. Figure-3.3(b) is plotted for different 
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negative values of 𝑟, i.e. 𝑟 = −0.1 (black line), 𝑟 = −0.2 (red line) and 𝑟 = −0.3 (blue 

line) keeping the other plasma parameters constant. We can see that as the negative value 

of 𝑟 increases, the real frequency for both slow and fast modes decrease although the change 

is much more pronounced for the slow mode by comparison with the fast mode 

 

 

 

Figure 3.3: Variation in real frequency of coupled kinetic Alfven-acoustic 

wave when 𝜃 = 60𝑜,  𝛽 = 0.1 (a) for variation of nonthermal parameters 

𝑟, 𝛼 and 𝜅 corresponding to (𝑟, 𝑞), Cairns and Kappa distributions, 

respectively; (b) for variation in negative values of 𝑟. 
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3.3 Nonlinear Analysis 

To investigate the nonlinear solitary structures, we make use of Sagdeev potential approach 

[91,92]. For this purpose, we simplify our analysis by using the following dimensionless 

variables  

 𝑁𝑒,𝑖 =
𝑛𝑒,𝑖

𝑛𝑜
 , Ф =

𝑒 𝜙 

𝑇𝑒
 , 𝛹 =

𝑒 𝜓 

𝑇𝑒
 , 𝑀 =

𝑣

𝑐𝑠
 , 𝑇 =  𝛺𝑖  𝑡 , 𝑙 =

𝑙

𝜌𝑖
             (3.13) 

and introducing a co-moving frame as 𝜉 = 𝐾𝑥𝑋 + 𝐾𝑧𝑍 −𝑀𝑇. After writing equation of 

motion for ions in component form, Eqs. (3.5-3.8) take the following form  

−𝑀
𝜕𝑁𝑖

𝜕𝜉
+ 𝐾𝑥

𝜕

𝜕𝜉
(𝑁𝑖𝑉𝑖𝑥) + 𝐾𝑧

𝜕

𝜕𝜉
(𝑁𝑖𝑉𝑖𝑧) = 0                                     (3.14) 

−𝑀
𝜕𝑉𝑖𝑧

𝜕𝜉
+ (𝐾𝑥𝑉𝑖𝑥 + 𝐾𝑧𝑉𝑖𝑧)

𝜕𝑉𝑖𝑧

𝜕𝜉
= −𝐾𝑧

𝜕𝛹

𝜕𝜉
                                     (3.15) 

𝑉𝑖𝑥 = 𝑀𝐾𝑥  
𝜕2𝛷

𝜕𝜉2
                                                         (3.16) 

𝛺𝑖
2𝑚𝑖

𝑒 𝑐𝑠
𝐾𝑥
2𝐾𝑧

2 𝜕4

𝜕𝜉4
(𝛷 − 𝛹) = −𝑀µ𝒐𝐾𝑧

𝜕2

𝜕𝜉2
𝐽𝑧                                    (3.17) 

𝐾𝑧

𝑐𝑠

𝜕𝐽𝑧

𝜕𝜉
= −𝑀𝑒𝑛𝑜𝑒

𝜕𝑁𝑒

𝜕𝜉
+ 𝑒𝑛𝑜𝑒𝐾𝑧

𝜕

𝜕𝜉
(𝑁𝑖𝑉𝑖𝑧)                                 (3.18) 

Integrating and solving Eqs. (3.14) - (3.18) for the equilibrium conditions 𝜉 → ∞, 𝑁 →

1, 𝑉 → 0, we get 

2𝐾𝑥
2𝐾𝑧

2 𝜕2

𝜕𝜉2
(𝛷 − 𝛹) = 𝛽𝑀2(𝑁𝑒 − 1) − 𝛽𝑀𝐾𝑧(𝑁𝑖𝑉𝑖𝑧))                           (3.19) 

𝐾𝑥𝑉𝑖𝑥 + 𝐾𝑧𝑉𝑖𝑧 = 𝑀(1 −
1

𝑁𝑖
)                                              (3.20) 

𝐾𝑧𝑉𝑖𝑧 =
𝑁𝑖𝐾𝑧

2

𝑀
𝛹                                                         (3.21) 

Here 𝑉𝐴 = √
2

𝛽
𝑐𝑠, 𝑀𝐴 =

𝑉

𝑉𝐴
= √

𝛽

2
 𝑀. 
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Using plasma approximation 𝑁𝑖 ≈ 𝑁𝑒 = 𝑁 , and putting Eqs. (3.16) and (3.17) in Eq. 

(3.20), we obtain 

𝐾𝑥
2 𝜕

2𝛷

𝜕𝜉2
=

α1 𝛹 + α2 𝛹
2

1+α1 𝛹 + α2 𝛹2
−

𝐾𝑧
2

𝑀2
(1 + 𝛼1𝛹 + α2𝛹

2)𝛹                        (3.22) 

In the above relation, we have used value of density from Eq. (3.1). Similarly, rearranging 

Eq. (3.19), we obtain 

𝐾𝑥
2 𝜕

2𝛹

𝜕𝜉2
= 𝐾𝑥

2 𝜕
2𝛷

𝜕𝜉2
−
𝑀𝐴
2

𝑘𝑧
2 (α1𝛹 + α2𝛹

2) +
𝛽

2
(1 + α1𝛹 + α2𝛹

2)2𝛹                  (3.23) 

Comparing Eqs. (3.22) and (3.23) and ignoring higher powers of  𝛹, the resulting equation 

is 

𝐾𝑥
2 𝜕

2𝛹

𝜕𝜉2
= α1𝛹 + α2Ψ

2 −
𝑀𝐴
2

𝐾𝑧
2 (α1𝛹 + α2𝛹

2 + 𝛼2
2𝛹2) −

𝐾𝑧
2

𝑀2 (𝛹 + 2α1𝛹
2) +

𝛽

2
(𝛹 +

3α1𝛹
2)     (3.24) 

By integrating the above equation using the same boundary conditions given above, we 

obtain  

1

2
(
𝜕Ψ

𝜕𝜉
)
2

+ 𝑆(Ψ) = 0                                                        (3.25) 

where 

𝑆(Ψ) =
1

𝐾𝑥
2

[
 
 
 
 (−α1 (1 −

𝑀𝐴
2

𝐾𝑧
2) −

𝛽

2
(1 −

𝐾𝑧
2

𝑀𝐴
2))

𝛹2

2
+

(𝛼1
2 𝑀𝐴

2

𝐾𝑧
2 − 𝛽α1(

3

2
−

𝐾𝑧
2

𝑀𝐴
2) − α2 (1 −

𝑀𝐴
2

𝐾𝑧
2 ))

𝛹3

3 ]
 
 
 
 

                        (3.26) 

is called the Sagdeev potential which gives us an insight into Sagdeev potential for (𝑟, 𝑞), 

Cairns and kappa distributed electrons depending upon the coefficients α1 and α2 given in 

Eqs. (3.2) and (3.3). 
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3.4 Results and Discussion 

The compressive solitary structures can be obtained if the Sagdeev potential  𝑆(Ψ) satisfies 

the following conditions[100] 

𝑆(Ψ)|Ψ=0 = 0           𝑆
′(Ψ)|Ψ=0 = 0                  𝑆′′(Ψ)|Ψ=0 < 0 

𝑆(Ψ)|Ψ=Ψ𝑚𝑎𝑥 = 0                      𝑆
′(Ψ)|Ψ=Ψ𝑚𝑎𝑥 > 0

 

and 

Existence regime-1:               𝑀𝐴1 < 𝑀𝐴 < 𝑘𝑧                                                  (3.27) 

Existence regime-2:             𝑀𝐴2 < 𝑀𝐴 < 𝑀𝐴3                                                (3.28) 

where          

              𝑀𝐴1 =
√(ᾶ1+Ῡ1)

2𝛿1
,     𝑀𝐴2 = √

𝛽

2α1
𝑘𝑧 ,       𝑀𝐴3 =

√(ᾶ1−Ῡ1)

2𝛿1
                           (3.29) 

ᾶ1 =
3α1𝑘𝑧

2

𝛿1
+
2α2𝑘𝑧

2

𝛿1
+
3𝑘𝑧

2𝛽

2𝛿1
+
3α1𝑘𝑧

2𝛽

𝛿1
                                          (3.30) 

 𝛿1 = 6α1 + 4𝛼1
2 + 4α2                                                  (3.31) 

Ῡ1 = √((−6α1𝑘𝑧2 − 4α2𝑘𝑧2 − 3𝑘𝑧2𝛽 − 6α1𝑘𝑧2𝛽)2 − 4𝛿1(3𝑘𝑧4𝛽 + 4α1𝑘𝑧4𝛽)) (3.32) 

We can also obtain the rarefactive solitary structures if the Sagdeev potential  𝑆(Ψ) satisfies 

the following conditions [100] 

𝑆(Ψ)|Ψ=0 = 0           𝑆
′(Ψ)|Ψ=0 = 0                  𝑆′′(Ψ)|Ψ=0 < 0 

𝑆(Ψ)|Ψ=Ψ𝑚𝑖𝑛 = 0                      𝑆
′(Ψ)|Ψ=Ψ𝑚𝑖𝑛 < 0

 

and 

𝑀𝐴4 < 𝑀𝐴 < 𝑀𝐴5                                                 (3.33) 

where 

𝑀𝐴4 =
√(ᾶ2−Ῡ2)

2𝛿2
   , 𝑀𝐴5 =

√(ᾶ2+Ῡ2)

2𝛿2
                                    (3.34) 

ᾶ2 = −
3α1𝑘𝑧

2

𝛿2
+
2α2𝑘𝑧

2

𝛿2
−
3𝑘𝑧

2𝛽

2𝛿2
+
3α1𝑘𝑧

2𝛽

𝛿2
                                (3.35) 
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𝛿2 = −6α1 + 4𝛼1
2 + 4α2                                         (3.36) 

Ῡ2 = (√((6α1𝑘𝑧2 − 4α2𝑘𝑧2 + 3𝑘𝑧2𝛽 − 6α1𝑘𝑧2𝛽)2 − 4𝛿2(−3𝑘𝑧4𝛽 + 4α1𝑘𝑧4𝛽)))    (3.37) 

For both compressive and rarefactive solitary structures, the maximum amplitude of soliton 

is 

Ψ𝑚𝑖𝑛/𝑚𝑎𝑥 = −
3(𝑀𝐴

2−𝑘𝑧
2)(−2α1𝑀𝐴

2+𝑘𝑧
2𝛽)

4α2𝑀𝐴
2(𝑀𝐴

2−𝑘𝑧
2)+2α1(2α1𝑀𝐴

4+2𝑘𝑧
4𝛽−3𝑘𝑧

2𝑀𝐴
2𝛽)

                (3.38) 

It is pertinent to mention here that no solitary structures exist for the fast mode, however, 

they have been found to exist for the slow mode and, therefore, the subsequent discussion 

of solitary waves is only for the slow mode.  

Figure-3.4(a) shows the variation of Sagdeev potential of compressive solitary structures 

for different Alfvenic Mach number 𝑀𝐴 for positive 𝑟 and existence regime-1. 

Corresponding compressive solitary structures are shown in Fig.-3.4(b) in which we can 

see that amplitude decreases but width of the solitary wave slightly increases with the 

increase in 𝑀𝐴. Figure-3.5(a) shows the variation of Sagdeev potential for different 

Alfvenic Mach number 𝑀𝐴 of compressive solitary structures for positive 𝑟 and existence 

regime-2. Corresponding compressive solitary structures are shown in Fig.-3.5(b), in which 

we can see that the amplitude increases but width of the solitary wave slightly decreases 

with the increase in 𝑀𝐴 which is contrary to the behavior observed in Fig.-4 for existence 

regime-1. Figure-3.6(a and b) depicts the profiles of Sagdeev potential and corresponding 

compressive solitons for different 𝑀𝐴 for negative 𝑟 and existence regime-1. It is clear from 

the Fig.-3.6(b) that for existence regime-1, the amplitude and width of the solitary structure 

decrease with the increase in 𝑀𝐴. Figure-3.7 depicts the Sagdeev potential profiles and 

corresponding compressive solitons for different 𝑀𝐴 for negative 𝑟 and existence regime-

2. It is clear from the Fig.-3.7(b) that for existence regime-2, the amplitude and width of 

soliton increase with the increase in 𝑀𝐴.  
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Figure 3.4: Variation in (a) Sagdeev potential and (b) corresponding 

compressive solitons in existence regime-1 for respective change in 

Alfvenic Mach number when  𝑟 = 1,  𝑞 = 3, 𝜃 = 60𝑜 and 𝛽 = 0.1. 

 

 

 

 



 
 

64 
 

 

 

 

 

 

Figure 3.5: Variation in (a) Sagdeev potential and (b) corresponding 

compressive solitons in existence regime-2 for respective change in 

Alfvenic Mach number when  𝑟 = 1,  𝑞 = 3, 𝜃 = 60𝑜 and 𝛽 = 0.1. 
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Figure 3.6: Variation in (a) Sagdeev potential and (b) corresponding 

compressive solitons in existence regime-1 for respective change in 

Alfvenic Mach number when  𝑟 = −0.2,  𝑞 = 4, 𝜃 = 60𝑜 and 𝛽 = 0.1. 
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Figure 3.7: Variation in (a) Sagdeev potential and (b) corresponding 

compressive solitons in existence regime-2 for respective change in 

Alfvenic Mach number when  𝑟 = −0.2,  𝑞 = 4, 𝜃 = 60𝑜 and 𝛽 = 0.1. 
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Figure 3.8: Comparison of (a) Sagdeev potential, (b) rarefactive solitary 

structures for Maxwellian, (𝑟, 𝑞), Cairns and Kappa distributed electrons 

when 𝑀𝐴 = 0.44,  (c) different existence regimes when 𝜃 = 60𝑜 and 𝛽 =

0.1  and (d) different existence regimes when 𝜃 = 60𝑜 and 𝛽 = 0.2. 
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Figure-3.8 delineates a comparison between compressive structures of non-thermal 

distribution functions (generalized (𝑟, 𝑞), kappa and Cairns) and their existence regimes 

for the same Mach number. Figure-3.8(a) shows Sagdeev potentials and corresponding 

compressive solitary structures are shown in Fig.-3.8(b). We can see that amplitude of the 

compressive structure for generalized (r, q) distribution is larger than the Maxwellian 

distribution function for positive values of r and smaller than it for negative values of r. In 

addition, the amplitude is maximum for Cairns distribution and minimum for kappa 

distribution. Figure-3.8(c) depicts the maximum potential Ψ𝑀 against 𝑀𝐴 justifying the 

conditions (3.27) and (3.28) when 𝛽 = 0.1. We can clearly see that for non-thermal 

distributions, compressive solitary structures are obtained for two distinct regimes of 𝑀𝐴. 

For regime-1, compressive solitary structures can be obtained for a wider range of 𝑀𝐴 for 

both the cases of negative 𝑟 values of (𝑟, 𝑞) and kappa distributions by comparison with 

positive values of 𝑟 for the generalized (𝑟, 𝑞), Maxwellian and Cairns distributions for 

which the range of 𝑀𝐴 is very small. For regime-2, compressive solitary structures can be 

obtained for a wider range of 𝑀𝐴 for the case of (𝑟, 𝑞) distribution function as compared to 

kappa and Cairns distributions. Figure-3.8(d) depicts the maximum potential Ψ𝑀 against 

𝑀𝐴 justifying the conditions (3.27) and (3.28) when 𝛽 = 0.2. We can clearly see that for 

existence regime-1, there is a slight increase in range of 𝑀𝐴 with the change in plasma 𝛽. 

For regime-2, compressive solitary structures can be obtained for a much wider range of 

𝑀𝐴 by comparison with Fig.-3.8(c) by increasing the value of 𝛽. Figure-3.9 shows Sagdeev 

potential structures (Fig.-3.9(a)) and corresponding rarefactive solitons (Fig.-3.9(b)) for 

different negative values of 𝑟. The figure depicts that amplitude and width of solitons 

decrease as the negative value of 𝑟 increases. 

A comparison between rarefactive potentials and corresponding solitary structures of 

different nonthermal distributions (generalized (𝑟, 𝑞), kappa and Cairns) is shown in Fig.-

3.10(a) and Fig.-3.10(b) respectively. It is important to mention here that no rarefactive 

solitary structures are formed for the positive 𝑟 values of generalized (𝑟, 𝑞) distribution. 

We note that soliton amplitude is maximum for kappa, intermediate for Cairns and smallest 

for negative 𝑟 values of  (𝑟, 𝑞) distribution for the same values of other plasma parameters. 

We can also note that the soliton width is maximum for Cairns, intermediate for kappa and 

minimum for (𝑟, 𝑞) distribution. Figure-3.10(c) depicts the maximum potential Ψ𝑀 of 

rarefied solitary structures against the Mach number for different values of negative 𝑟 and 
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its comparison with kappa and Cairns distributions satisfying condition (3.33). It can be 

seen that rarefactive solitary structures exist for a wider range of 𝑀𝐴 for negative values of 

𝑟 keeping 𝑞 fixed (note that the rarefactive solitary structures are formed for negative values 

of 𝑟 only for 𝑞 = 3). It can also be noted that rarefactive solitary structures are possible 

only for one value of kappa, i.e. 𝜅 = 2 because the amplitude of the solitary structures for 

larger values of kappa give unphysical results (i.e. it gives imaginary values of Mach 

number). There is also a possibility of having rarefactive solitary structures for Cairns 

distribution but only for values 𝛼 > 0.2.  

 

 

 

 

Figure 3.9: Variation in (a) Sagdeev potential and (b) corresponding 

compressive solitons for respective change in negative values of 𝑟 when  

𝑞 = 3, 𝜃 = 60𝑜 and 𝛽 = 0.1. 
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Figure 3.10: Comparison of (a) Sagdeev potential and (b) rarefactive 

solitary structures for (𝑟, 𝑞), Cairns and Kappa distributed electrons when 

𝑀𝐴 = 0.2 and (c) comparison of existence range of Ψ𝑀 for (𝑟, 𝑞) (different 

negative values of 𝑟), Cairns and Kappa distributed electrons. Other 

parameters are 𝜃 = 60𝑜 and 𝛽 = 0.1. 
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Figure 3.11: Dependence of maximum amplitude Ψ𝑀 of compressive 

solitons upon 𝑟 and 𝑞 for 𝛽 = 0.1 when 𝜃 = 60𝑜.  

 

 

Figure 3.12: Dependence of maximum amplitude Ψ𝑀 of compressive 

solitons upon 𝑞 and  𝛽 for different values of 𝑟 and propagation direction 

𝜃 = 60𝑜. Solitary structures are not possible for 𝛽 > 0.25. 
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The dependence of maximum amplitude Ψ𝑀 of compressive solitons upon 𝑟 (we are taking 

positive values of 𝑟 here) and 𝑞 can be seen in Fig.-3.11. We can see that there is a marked 

increase in Ψ𝑀 with increasing 𝑟 but there is less increase in Ψ𝑀 as we enhance the values 

of 𝑞. Figure-3.11 also depicts that Ψ𝑀 is lowest for kappa distribution (𝑟 = 0, q = 3) and 

increases as kappa approaches towards Maxwellian (𝑟 = 0, q = 15), however, Ψ𝑀 remains 

higher for (𝑟, 𝑞) distribution for all values of 𝑟 and 𝑞.  

Figure-3.12 portrays Ψ𝑀 verses 𝑞 and 𝛽 for a fixed angle of propagation 𝜃 and Mach 

number 𝑀𝐴, whereas each surface represents a particular value of 𝑟. It illustrates that Ψ𝑀 

does not show any significant change with 𝑞 and 𝛽 for 𝑟 < 2 but for 𝑟 > 2 it shows 

considerable increase with the increase in 𝛽 and 𝑞 < 8. We also note that there is a slight 

decrease in Ψ𝑀 by increasing 𝑞 for 𝑟 > 2 but for higher values of 𝑞, Ψ𝑀 remains almost 

constant. 

3.5 Summary and Conclusion 

In this chapter, coupled kinetic Alfven-acoustic (CKAA) waves in a low-𝛽 plasma are 

studied for the first time by employing generalized (𝑟, 𝑞) distribution. A thorough 

investigation of the linear and nonlinear propagation of CKAA is made for different shapes 

of the distribution function that are frequently encountered in space plasmas by altering the 

double spectral indices 𝑟 and 𝑞. A detailed comparison is made between Maxwellian, 

kappa, Cairns and generalized (𝑟, 𝑞)  distributions. It is found that real frequency of CKAA 

waves is maximum for Cairns distribution, intermediate for generalized (𝑟, 𝑞) and 

minimum for kappa distribution. For all nonthermal distributions, the real frequency 

increases by increasing the nonthermal parameters (𝑟, 𝑞), 𝜅 and 𝛼. In case of (𝑟, 𝑞) 

distribution, the real frequency decreases when distribution becomes spikier. Also, by 

increasing angle of propagation, the real frequency decreases. 

In a plasma with (𝑟, 𝑞) distributed electrons, compressive solitary structures are formed for 

both positive and negative values of 𝑟 whereas rarefactive solitary structures are formed 

only for negative values of 𝑟. Compressive structures are formed in two distinct ranges of 

permissible Mach number for both positive and negative values of  𝑟 whereas for rarefactive 

solitary structures there is only one range of Mach number. A comparison of compressive 

solitary structures between different non-Maxwellian and Maxwellian distributions is made 
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which shows that amplitude of compressive soliton is highest for Cairns distribution, 

intermediate for (𝑟, 𝑞) and Maxwellian distributions and lowest for kappa distribution. For 

positive values of 𝑟, the amplitude is larger than Maxwellian curve whereas for negative 

values of 𝑟 it is smaller than Maxwellian curve. Investigation of the existence conditions 

of rarefactive solitary structures reveals that for (𝑟, 𝑞) distribution, rarefactive structures 

are possible for larger range of Mach number for different values of negative 𝑟 whereas the 

amplitude and width of rarefactive structures decrease as the distribution becomes spikier. 

In comparison, for kappa and Cairns distributions, rarefactive solitary structures are formed 

for a very small range of Mach number and only for one specific value of non-thermal 

parameter 𝛼 or 𝜅. Comparison of rarefactive solitary structures for nonthermal distributions 

shows that amplitude of rarefactive solitons is maximum for kappa distribution, 

intermediate for Cairns distribution and minimum for (𝑟, 𝑞) distributions. The width of 

rarefactive structures is maximum for Cairns, intermediate for kappa and minimum for 

(𝑟, 𝑞) distribution. The maximum amplitude Ψ𝑀 shows strong dependence upon 𝑟 and 

remains higher than Maxwellian and kappa (which have lowest values of  Ψ𝑀). In addition 

to that,  Ψ𝑀 does not show significant dependence upon spectral index 𝑞 and plasma 

parameter 𝛽 for smaller values of 𝑟 but for 𝑟 > 2 there is a marked increase in Ψ𝑀 at higher 

values of 𝛽 and lower values of 𝑞. 

It is found that flat tops at low energies of the distribution function are essentially 

responsible for the formation of compressive solitary structures with larger amplitude as 

compared to the kappa or Maxwellian distributions which represent Gaussian peak at low 

energies. However, amplitude of rarefactive solitary structures decreases as the distribution 

becomes spikier and amplitude increases as the distribution tends to show Gaussian peak 

with most nonthermal tail. However, both compressive and rarefactive solitary structures 

are possible with spiky distribution. By employing (𝑟, 𝑞) distribution, it is shown that 

nonthermal population is primarily responsible for the formation of large amplitude 

rarefactive solitary structures. Our results support the arguments [36] that in case of 

thermally distributed electrons, the solitary solutions are in the form of enhanced density 

but when nonthermal electron population is considered, both positive and negative density 

perturbations are possible. Therefore, results presented in this study are fundamentally 

imperative to understand the role of high as well as low energy part of the distribution in 
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the formation of compressive and rarefactive solitary structures in both space and 

laboratory plasmas.  
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Chapter 4 

COUPLED KINETIC ALFVEN-ACOUSTIC 

WAVES IN ELECTRON -POSITRON-ION 

PLASMA 

Electron-positron-ion plasmas are known to have marked role in the realm of plasma 

physics because of their existence in early universe astrophysical plasmas of [110], 

magnetospheres of Pulsars [111], solar atmosphere [112] and active galactic nuclei [113]. 

Alfven’s exposition of plasma universe model [114] opened opportunities of 

interdisciplinary research, linking plasma physics with antimatter physics and astrophysics. 

Positrons are supposed to be created primarily by annihilation in astrophysical situations of 

Pulsars [111] and active galaxies [113]. These highly dense and magnetized astrophysical 

objects emit strong electromagnetic pulses, cosmic rays and relativistic jets into interstellar 

medium and these interactions sources secondary positrons into low density space plasmas 

[115,116]. As ions and electrons are ubiquitous in interstellar medium and space plasmas, 

the outflow of positrons this outflow of positrons into interstellar medium and space 

plasmas constitutes three-component e-p-i plasma. On earth, e-p-i plasmas are created in 

Tokamak by positron beam injection [117]. Existence of positrons in laboratory 

experiments is also reported in single antimatter plasmas [118,119], laser-plasma 

interaction [120-123] and interaction of highly energetic electrons with high-Z materials 

[124]. Therefore, a great deal of investigation is being done on the linear and nonlinear 

properties of e-p-i plasmas since last few decades [125-130]. In this context, waves 

excitations and propagations in e-p-i plasmas are of crucial importance to have a better 

insight into astrophysical and laboratory plasmas.  

Kinetic Alfven waves (KAWs) have long been linked with energy transfer mechanisms in 

space and laboratory plasmas. These waves may cause turbulent heating in the solar wind 

and magnetosheath [87], drive energy into Earth’s auroral regions causing outflow of 

charged particles and transfer undesirable energy from core regions to the rector edges of 

fusion plasmas. The unique behavior of KAWs is attributed to finite larmor radius effect, 

which makes these waves dispersive in nature. When the dispersive effects are balanced by 

nonlinearity it results into solitary kinetic Alfven waves (SKAWs) and have earned great 
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attention because these solitary structures are observed largely by Freja (in auroral oval) 

[20] , FAST (in polar cap) [97] and more recently by MMS (in Earth’s magnetosphere) 

[87]. In the realm of space plasmas, non-Maxwellian or high energy particles have been 

observed frequently specially in the collision plasmas of solar wind, magnetosphere and 

auroral zone. The velocity space distribution of particles in these regions have been 

observed to depart from the Maxwellian distribution function and high energy tails, 

shoulders and flat tops are observed in the distribution profile [38,39,44-49,53,54]. In e-p-

i plasmas, electrons and positrons have equivalent masses and time scales and it is highly 

desirable to study the dynamics of ions in such plasmas when particles are following non-

Maxwellian distribution function. 

The objective of this study is to extend our investigations of arbitrary amplitude solitary 

structures of coupled KAWs in three component e-p-i plasmas where particles are obeying 

generalized (𝑟, 𝑞) distributions. We have modeled or problem using two potential theory 

and making use of Sagdeev potential approach. We have particularly focused on exploring 

the influence of nonthermal parameters 𝑟 and 𝑞 upon the the solitary structures. 

4.1  Governing Set of Equations 

In this section, we are investigating coupling of kinetic Alfven waves (KAWs) in three 

component electron-positron-ion plasma under low-𝛽 assumption, here we suppose singly 

charged ions only. From quasi-neutrality condition we deduce that  

𝑛𝑝𝑜

𝑛𝑒𝑜
= 𝛤 ;

𝑛𝑖𝑜

𝑛𝑒𝑜
= 1 − 𝛤 ;  

𝑛𝑝𝑜

𝑛𝑖𝑜
=

𝛤

1−𝛤
                                         (4.1) 

The wave propagation is limited to 𝑥𝑧 plane and a uniform magnetic field 𝐵𝑜 is present 

along z-axis such as 𝐵 = 𝐵𝑜�̂�, therefore electrons and positrons are considered inertia less 

and are described by non-thermal distribution function along magnetic field direction while 

the ion dynamics are governed by MHD equations. The electron and positron follow 

generalized (𝑟, 𝑞) distribution given in Eq. (1.27) and total electron and positron density is 

obtained by integrating the distribution function over the velocity space, as  

𝑁𝑒 =
𝑛𝑒1

𝑛𝑒𝑜
= [1 + 𝛼1 Ψ + 𝛼2 Ψ

2]                                              (4.2) 
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𝑁𝑝 =
𝑛𝑝1

𝑛𝑝𝑜
= [1 − 𝛼1𝛿 Ψ + 𝛼2 𝛿

2Ψ2]                                          (4.3) 

𝑁𝑖 =
𝑛𝑖1

𝑛𝑖𝑜
=

1

1−𝛤
𝑁𝑒 −

𝛤

1−𝛤
𝑁𝑝                                                   (4.4) 

where 𝛿 =
𝑇𝑒

𝑇𝑝
 and 𝛼1, 𝛼2 being the coefficients of linear and nonlinear terms respectively, 

are given in Eqs. (2.5) and (2.6). In the limiting cases, 𝛼1 and 𝛼2 reduce to kappa, Cairns 

and Maxwellian distributions given in Eqs. (3.2) and (3.3) respectively. 

The low-𝛽 assumption, i.e. 
𝑚𝑒

𝑚𝑖
< β < 1 allows us to use two potential theory [8], as 

𝐸𝑥 = −
𝜕𝜙

𝜕𝑥 
, 𝐸𝑧 = −

𝜕𝜓

𝜕𝑧
, 𝐸𝑦 = 0                                            (4.5) 

where 𝜓 and 𝜙 represent parallel and perpendicular electrostatic potentials, respectively. 

The electron, positron and ion continuity equations from Eq. (1.5), when electrons and 

positrons are magnetized, are  

𝜕𝑛𝑒

𝜕𝑡
+

𝜕

𝜕𝑧
(𝑛𝑒𝑣𝑒𝑧) = 0                                                   (4.6)                                                  

𝜕𝑛𝑝

𝜕𝑡
+

𝜕

𝜕𝑧
(𝑛𝑝𝑣𝑝𝑧) = 0                                                 (4.7)                                                  

𝜕𝑛𝑖

𝜕𝑡
+

𝜕

𝜕𝑥
(𝑛𝑖𝑣𝑖𝑥) +

𝜕

𝜕𝑧
(𝑛𝑖𝑣𝑖𝑧) = 0                                          (4.8) 

Relation for current density is 

𝑗1𝑧 = 𝑒(𝑛𝑖𝑣𝑖𝑧 + 𝑛𝑝𝑣𝑝𝑧 − 𝑛𝑒𝑣𝑒𝑧)                                          (4.9) 

Using Eq. (1.6), the equation of motion for ions is 

𝑚𝑖 (
𝜕𝒗𝒊

𝜕𝑡
+ (𝒗𝒊. 𝛁)𝒗𝒊) = 𝑒(𝑬 + 𝒗𝒊 × 𝑩)                                      (4.10) 

By using Eqs. (1.1) and (1.3), we get 

𝜕4

𝜕𝑥2𝜕𝑧2
(ϕ − 𝜓) = µ𝒐

𝜕2

𝜕𝑡 𝜕𝑧
𝑗𝑧                                                (4.11) 
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4.2 Linear Analysis 

To find the dispersion relation of coupled kinetic Alfven-acoustic wave under the low 

frequency limit 𝜔 <  𝛺𝑖, where  𝛺𝑖 =
𝑒 𝐵𝑜

𝑚𝑖
, the equation of motion is solved in component 

form for sinusoidal perturbations and we get relation for perturbed ion velocities in terms 

of parallel potential, as  

𝑣𝑖1𝑥 =
𝑒𝑘𝑥𝑘𝑧

2𝑣𝐴
2

𝑚𝑖𝜔𝛺𝑖
2(1−

𝑘𝑧
2𝑣𝐴
2

𝜔2
)

𝜓                                                  (4.12) 

𝑣𝑖1𝑧 =
𝑒𝑘𝑧

𝑚𝑖𝜔
𝜓                                                       (4.13) 

 Where, 𝑉𝐴 =
𝐵𝑜

µ𝒐𝑛𝑖 𝑚𝑖
 is the Alfven velocity and 𝑘𝑧 = 𝑘 cos 𝜃, 𝑘𝑥 = 𝑘 sin 𝜃 are parallel and 

perpendicular wave vectors, respectively. Solving Eqs. (4.6) - (4.10) and using above 

expressions of 𝑣𝑖1𝑥 and 𝑣𝑖1𝑧, we get linear dispersion relation of coupled kinetic Alfven-

acoustic wave, as 

(1 −
𝑘𝑧
2𝑣𝐴

2

𝜔2
) (1 −

𝑘𝑧
2𝑐𝑠
2(1−𝛤)

𝛼1𝜔2(1+𝛿𝛤)
) =

𝜆𝑠𝑘𝑧
2𝑣𝐴

2(1−𝛤)

𝛼1𝜔2(1+𝛿𝛤)
                                  (4.14) 

The physical quantity 𝜆𝑠 = 𝑘𝑥
2𝜌𝑠

2 is the coupling parameter, 𝑐𝑠 = √
𝑇𝑒

𝑚𝑖
 and 𝜌𝑠 =

𝑐𝑠

 𝑚𝑖
. In the 

above dispersion relation, 1st term on the L.H.S is Alfvenic term and second term is the 

acoustic term, which reduces to unity when phase velocity dominates sound velocity, we 

get the dispersion relation of KAW, as 

𝜔2 = 𝑉𝐴
2𝑘𝑧

2 (1 +
𝜆𝑠(1−𝛤)

𝑎1(1+𝛿𝛤)
)                                                   (4.15) 

In the limiting case when 𝛤 = 0, above relation reduces to dispersion relation of KAWs for 

two component electron-ion plasmas given in Eq. (2.13) [131]. 

Linear dispersion relation of coupled kinetic Alfven acoustic (CKAA) wave, plotted in 

Fig.-4.1, shows that there are two distinct modes in the graph of dispersion relation,  the 

fast mode (black line) is called kinetic Alfven branch and the slow mode (Red lines) is 

named as the acoustic branch. It is clear from the figure that frequency of both modes 
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increases by increasing positron concentration (𝛤) from 𝛤 = 0 to 𝛤 = 0.1. Further increase 

in 𝛤 decreases the frequency of slow mode but fast mode remains unaffected. Figure-4.2(a) 

and (b) depict plots of Alfvenic Mach number (𝑀𝐴) in terms of sub-Alfvenic and super-

Alfvenic modes of linear CKAA wave. It can be seen that for super-Alfvenic mode, 𝑀𝐴 

increases with increase in wave number and for sub-Alfvenic mode, 𝑀𝐴 decreases with 

increase in wave number. 

 

 

 

Figure 4.1: Linear dispersion curves for coupled kinetic Alfven-acoustic 

wave in e-p-i plasma for different positron, when 𝜃 = 60𝑜and 𝛽 = 0.1. 
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Figure 4.2: Linear dispersion curves for coupled kinetic Alfven-acoustic 

wave in e-p-i plasma in terms of Alfvenic Mach number (𝑀𝐴) (a) Sub-

Alfvenic velocity (b) Super-Alfvenic velocity, when 𝜃 = 60𝑜and 𝛽 = 0.1. 
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4.3 Nonlinear Analysis 

To examine nonlinear characteristics of coupled kinetic Alfven-acoustic wave for e-p-i 

plasma, we employ fully nonlinear Sagdeev potential methodology as described by 

Hasegawa and Mima [91]. The first step is to normalize the physical parameters with the 

dimensions of our system. The densities are normalized by their equilibrium values  

(𝑁𝑗=𝑖,𝑒,𝑝 =
𝑛𝑗1

𝑛𝑗𝑜
), potentials by electron thermal potential (Ф =

𝑒 𝜙 

𝑇𝑒
, 𝛹 =

𝑒 𝜓 

𝑇𝑒
), spatial 

scale by ion gyroradii (𝑙 =
𝑙

𝜌𝑖
), time by ion cyclotron period  (𝑇 =  𝛺𝑖  𝑡 ). Sound speed is 

related to Alfven velocity as, 𝑉𝐴 = √
2

𝛽
𝑐𝑠. For convenience we define dimensionless 

parameter Mach number (𝑀 =
𝑣

𝑐𝑠
) and Alfvenic Mach number (𝑀𝐴 =

𝑣

𝑉𝐴
= √

𝛽

2
 𝑀 ). 

Further introducing a commoving frame 𝜉 = 𝐾𝑥𝑋 + 𝐾𝑧𝑍 −𝑀𝑇, Eqs. (4.6)-(4.9) and Eq. 

(4.11) are modified into following equations: 

−𝑀
𝜕𝑁𝑖

𝜕𝜉
+ 𝐾𝑥

𝜕

𝜕𝜉
(𝑁𝑖𝑉𝑖𝑥) + 𝐾𝑧

𝜕

𝜕𝜉
(𝑁𝑖𝑉𝑖𝑧) = 0                                     (4.16) 

𝐾𝑧

𝑐𝑠

𝜕𝐽𝑧

𝜕𝜉
= −𝑀𝑒𝑛𝑜𝑒

𝜕𝑁𝑒

𝜕𝜉
−𝑀𝑒𝑛𝑜𝑝

𝜕𝑁𝑝

𝜕𝜉
+ 𝑒𝐾𝑧

𝜕

𝜕𝜉
(𝑁𝑖𝑉𝑖𝑧)                              (4.17) 

𝛺𝑖
2𝑚𝑖

𝑒 𝑐𝑠
𝐾𝑥
2𝐾𝑧

2 𝜕4

𝜕𝜉4
(𝛷 − 𝛹) = −𝑀µ𝒐𝐾𝑧

𝜕2

𝜕𝜉2
𝐽𝑧                                    (4.18)    

Solving equation of motion Eq. (4.10) for parallel and perpendicular propagation and 

normalizing it, we get  

𝑉𝑖𝑥 = 𝑀𝐾𝑥  
𝜕2𝛷

𝜕𝜉2
                                                         (4.19) 

−𝑀
𝜕𝑉𝑖𝑧

𝜕𝜉
+ (𝐾𝑥𝑉𝑖𝑥 + 𝐾𝑧𝑉𝑖𝑧)

𝜕𝑉𝑖𝑧

𝜕𝜉
= −𝐾𝑧

𝜕𝛹

𝜕𝜉
                                     (4.20) 

Simultaneously solving Eqs. (4.17) and (4.18), making use of Eq. (4.1), we get 

2𝐾𝑥
2𝐾𝑧

2 𝜕4

𝜕𝜉4
(𝛷 − 𝛹) =

𝛽

1−𝛤
(𝑀2 𝜕

2𝑁𝑒

𝜕𝜉2
− 𝛤𝑀2 𝜕

2𝑁𝑝

𝜕𝜉2
− (1 − 𝛤)𝑀𝐾𝑧

𝜕2𝑁𝑖𝑉𝑖𝑧

𝜕𝜉2
)          (4.21) 

Integrating Eq. (4.21) for the conditions 𝜉 → ∞, 𝑁 → 1, 𝑉 → 0, we get 
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2𝐾𝑥
2𝐾𝑧

2 𝜕2

𝜕𝜉2
(𝛷 − 𝛹) =

𝛽𝑀2

1−𝛤
(𝑁𝑒 − 𝛤𝑁𝑝 − 1) − 𝛽𝑀𝑁𝑖𝐾𝑧𝑉𝑖𝑧                     (4.22) 

Integrating Eqs. (4.16) 𝜉 → ∞, 𝑁 → 1, 𝑉 → 0 and solving simultaneously along with Eqs. 

(4.19) and (4.20) for the equilibrium conditions, we get  

𝐾𝑥
2  
𝜕2𝛷

𝜕𝜉2
= (

𝑁𝑖−1

𝑁𝑖
) −

𝐾𝑧
2 

𝑀2 𝑁𝑖𝛹                                       (4.23) 

Solving Eq. (4.22) and Eq.(4.23) after incorporating density relations from Eqs. (4.2)-(4.4) 

and ignoring higher powers of 𝛹, we get 

𝐾𝑥
2  
𝜕2𝛹

𝜕𝜉2
= (

𝛽

2
(1 −

𝐾𝑧
2 

𝑀𝐴
2 ) + 𝛼1𝑝1 (1 −

𝑀𝐴
2

𝐾𝑧
2))𝛹 + (𝛽𝛼1𝑝1 (

3

2
−
𝐾𝑧

2 

𝑀𝐴
2 ) + 𝛼2𝑝2 (1 −

𝑀𝐴
2

𝐾𝑧
2) −

𝑀𝐴
2

𝐾𝑧
2 𝛼1

2𝑝1
2)Ψ2                                 (4.24) 

where 𝑝1 =
1+𝛿𝛤

1−𝛤
, 𝑝2 =

1−𝛿2𝛤

1−𝛤
. Integrating Eq. (4.23), we came up with energy integral 

equation 

1

2
(
𝜕Ψ

𝜕𝜉
)
2

+ 𝑆(Ψ) = 0                                                        (4.25) 

Here  𝑆(Ψ) is called Sagdeev potential and is given as 

𝑆(Ψ) =
1

𝐾𝑥
2

[
 
 
 
 (−𝛼1𝑝1 (1 −

𝑀𝐴
2

𝐾𝑧
2) −

𝛽

2
(1 −

𝐾𝑧
2 

𝑀𝐴
2 ))

𝛹2

2
+

(𝛼1
2𝑝1

2 𝑀𝐴
2

𝐾𝑧
2 − 𝛽𝛼1𝑝1 (

3

2
−
𝐾𝑧

2 

𝑀𝐴
2 ) − 𝛼2𝑝2 (1 −

𝑀𝐴
2

𝐾𝑧
2))

𝛹3

3 ]
 
 
 
 

            (4.26) 

Above relation gives us an insight into Sagdeev potential for (𝑟, 𝑞), Cairns and kappa 

distributed electrons depending upon the coefficients α1 and α2 given in Eqs. (3.2) and 

(3.3). In the limiting case when 𝛤 = 0, both  𝑝1 = 𝑝2 = 1 and sagdeev potential of e-p-i 

plasma, Eq. (4.26), reduces into Sagdeev potential for e-i plasma, Eq. (3.26) [saba et al, 

2019].  

4.4 Results and Discussion 
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The compressive solitary structures can be obtained if the Sagdeev potential  𝑆(Ψ) satisfies 

the following conditions [100] 

𝑆(Ψ)|Ψ=0 = 0           𝑆
′(Ψ)|Ψ=0 = 0                  𝑆′′(Ψ)|Ψ=0 < 0 

𝑆(Ψ)|Ψ=Ψ𝑚𝑎𝑥 = 0                      𝑆
′(Ψ)|Ψ=Ψ𝑚𝑎𝑥 > 0

 

and 

Existence regime-1:               𝑀𝐴1 < 𝑀𝐴 < 𝑘𝑧                                                  (4.27) 

Existence regime-2:             𝑀𝐴2 < 𝑀𝐴 < 𝑀𝐴3                                                (4.28) 

where          

              𝑀𝐴1 =
√(�̃�1+ᴧ̃1)

2б1
,     𝑀𝐴2 = √

𝛽(1−𝛤)

2α1(1+𝛿𝛤)
𝑘𝑧 ,       𝑀𝐴3 =

√(�̃�1−ᴧ̃1)

2б1
                   (4.29) 

𝜈1 =
3α1𝑘𝑧

2

б1
+
2α2𝑘𝑧

2

б1
+
3𝑘𝑧

2𝛽

2б1
+
3α1𝑘𝑧

2𝛽

б1
−
3𝑘𝑧

2𝛽𝛤

2б1
+
3α1𝑘𝑧

2𝛿𝛤

б1
+
3α1𝑘𝑧

2𝛽𝛿𝛤

б1
−
2α2𝑘𝑧

2𝛿2𝛤

б1
 

(4.30) 

 б1 = 6α1 + 4𝛼1
2 + 4α2 + 6α1𝛿𝛤 + 8𝛼1

2𝛿𝛤 − 4α2𝛿
2𝛤 + 4𝛼1

2𝛿2𝛤2        (4.31) 

ᴧ̃1 =

√(
(−6α1𝑘𝑧2 − 4α2𝑘𝑧2 − 3𝑘𝑧2𝛽 − 6α1𝑘𝑧2𝛽 + 3𝑘𝑧2𝛽𝛤 − 6α1𝑘𝑧2𝛿𝛤 − 6α1𝑘𝑧2𝛽𝛿𝛤 + 4α2𝑘𝑧2𝛿2𝛤)2 −

4б1(3𝑘𝑧4𝛽 + 4α1𝑘𝑧4𝛽 − 3𝑘𝑧4𝛽𝛤 + 4α1𝑘𝑧4𝛽𝛿𝛤)
) 

(4.32) 

We can also obtain the rarefactive solitary structures if the Sagdeev potential  𝑆(Ψ) satisfies 

the following conditions [100] 

𝑆(Ψ)|Ψ=0 = 0           𝑆
′(Ψ)|Ψ=0 = 0                  𝑆′′(Ψ)|Ψ=0 < 0 

𝑆(Ψ)|Ψ=Ψ𝑚𝑖𝑛 = 0                      𝑆
′(Ψ)|Ψ=Ψ𝑚𝑖𝑛 < 0

 

and 

𝑀𝐴4 < 𝑀𝐴 < 𝑀𝐴5                                                 (4.33) 

where 

𝑀𝐴4 =
√(�̃�2−ᴧ̃2)

2б2
, 𝑀𝐴5 =

√(�̃�2+ᴧ̃2)

2б2
                                   (4.34) 
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𝜈2 = −
3α1𝑘𝑧

2

б2
+
2α2𝑘𝑧

2

б2
−
3𝑘𝑧

2𝛽

2б2
+
3α1𝑘𝑧

2𝛽

б2
+
3𝑘𝑧

2𝛽𝛤

2б2
−
3α1𝑘𝑧

2𝛿𝛤

б2
+
3α1𝑘𝑧

2𝛽𝛿𝛤

б2
−
2α2𝑘𝑧

2𝛿2𝛤

б2
 (4.35) 

 б1 = −6α1 + 4𝛼1
2 + 4α2 − 6α1𝛿𝛤 + 8𝛼1

2𝛿𝛤 − 4α2𝛿
2𝛤 + 4𝛼1

2𝛿2𝛤2        (4.36) 

ᴧ̃2 =

√(
(6α1𝑘𝑧2 − 4α2𝑘𝑧2 + 3𝑘𝑧2𝛽 − 6α1𝑘𝑧2𝛽 − 3𝑘𝑧2𝛽𝛤 + 6α1𝑘𝑧2𝛿𝛤 − 6α1𝑘𝑧2𝛽𝛿𝛤 + 4α2𝑘𝑧2𝛿2𝛤)2 −

4б1(−3𝑘𝑧4𝛽 + 4α1𝑘𝑧4𝛽 + 3𝑘𝑧4𝛽𝛤 + 4α1𝑘𝑧4𝛽𝛿𝛤)
)     

(4.37) 

For both compressive and rarefactive solitary structures, the maximum amplitude of soliton 

is 

Ψ𝑚𝑖𝑛/𝑚𝑎𝑥 = −
3(𝑀𝐴

2−𝑘𝑧
2)(−2α1𝑀𝐴

2(1+𝛿𝛤)+𝑘𝑧
2𝛽(1−𝛤))

4α2𝑀𝐴
2(𝑀𝐴

2−𝑘𝑧
2)(1−𝛿2𝛤)+2α1(1+𝛿𝛤)(2α1𝑀𝐴

4(1+𝛿𝛤)+2𝑘𝑧
4𝛽−3𝑘𝑧

2𝑀𝐴
2𝛽)

    (4.38) 

In the limiting case, when 𝛤 = 0, Eq. (4.38) reduces into Eq. (3.38) for electron-ion plasma 

[131]. 

 The nonlinear analysis reveals that compressive solitary structure could be obtained for 

two distinct regimes of 𝑀𝐴, for both flat-top and spiky distribution. It is relatable to previous 

study of CKAA wave in electron-ion plasma [131] that solitary structures exist only for sub 

Alfvenic mode and not for super Alfvenic mode for all the subsequent discussion. 

Figure-4.3(a) shows plots of Sagdeev potential of compressive solitary structures for 

variation in positron concentration (𝛤) for positive values of 𝑟 and existence regime-1. 

Corresponding solitary structures are shown in Fig.-4.3(b). The figure shows that both 

width and amplitude of solitons decrease by increasing 𝛤. Figure-4.4(a) presents variation 

of Sagdeev potential of compressive solitary structure for variation in positron 

concentration for existence regime-2 and positive values of 𝑟. Corresponding solitary 

structures are shown in Fig.-4.4(b). It can be seen that amplitude of the solitons increases 

but width decreases by increasing 𝛤. The effect of positron concentration upon Alfvenic 

Mach number is seen in Fig.-4.5. It is clear from the figure that 𝑀𝐴 shifts towards lower 

values by increasing 𝛤, also its range increases slightly. Figure-4.6(a) shows variation of 

Sagdeev potential of compressive solitary structures for different positron concentration for 

negative values of 𝑟 and existence regime-1. Corresponding solitary structures are shown 

in Fig.-4.6(b). The plot depicts that width and amplitude of compressive structures are 

maximum for 𝛤 = 0 and reduce by increasing 𝛤. Figure-4.7(a) shows plots of Sagdeev 



 
 

85 
 

potential of compressive solitary structures for different positron concentration for negative 

values of 𝑟 and existence regime-2. Corresponding solitary structures are showing in Fig.-

4.7(b). The figure reveals similar trend as previous case of regime-1 but amplitude is higher 

in this case.  

 

  

 

Figure 4.3: Variation in (a) Sagdeev potential and (b) corresponding 

compressive solitons in existence regime-1 for respective change in 𝛤, when  

𝑟 = 1,  𝑞 = 3, 𝜃 = 60𝑜 and 𝛽 = 0.1. 
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Figure 4.4: Variation in (a) Sagdeev potential and (b) corresponding 

compressive solitons in existence regime-2 for respective change in 𝛤, when  

𝑟 = 1,  𝑞 = 3, 𝜃 = 60𝑜 and 𝛽 = 0.1. 

 

Figure 4.5: Variation in range of 𝑀𝐴 in existence regimes for variation in 

𝛤, when 𝜃 = 60𝑜,  𝛽 = 0.1 and 𝜃 = 60𝑜. 
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Figure 4.6: Variation in (a) Sagdeev potential and (b) corresponding 

compressive solitons in existence regime-1 for respective change in 𝛤, when  

𝑟 = −0.1,  𝑞 = 3, 𝜃 = 60𝑜 and 𝛽 = 0.1. 
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Figure 4.7: Variation in (a) Sagdeev potential and (b) corresponding 

compressive solitons in existence regime-2 for respective change in 𝛤, when  

𝑟 = 1,  𝑞 = 3, 𝜃 = 60𝑜 and 𝛽 = 0.1. 

 

Rarefactive structures exist only for negative 𝑟 and for one existence regime only. Figure-

4.8(a) shows variation of Sagdeev potential of rarefactive structures for different values of 

positron concentration and negative values of 𝑟, corresponding rarefactive solitons are 

shown in Fig.-4.8(b). The figure elucidates that there is large increase in the width and 

amplitude of rarefactive structures with the increase in 𝛤. 
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Figure 4.8: Variation in (a) Sagdeev potential and (b) corresponding 

rarefactive solitons for respective change in 𝛤, when  𝑟 = −0.1,  𝑞 = 3, 𝜃 =

60𝑜 and 𝛽 = 0.1. 

 

Figure-4.9 (a) presents comparison between compressive structures of Maxwellian, kappa 

(𝜅 = 2) and generalized (𝑟, 𝑞) (𝑟 = 1, 𝑞 = 3) distribution function when positron 

concentration changes from 𝛤 = 0 (dashed lines) to 𝛤 = 0.1 (solid lines). Figure-4.9 (a) 

shows variation in Sagdeev potential and corresponding solitary structures are shown in 

Fig-4.9 (b). The figure clearly depicts that in the absence of positrons (𝛤 = 0), width and 

amplitude of solitons for (𝑟, 𝑞) distributed plasma is slightly greater than Maxwellian one 

and much greater than kappa distributed  plasma. For e-p-i plasma (𝛤 = 0.1), the hierarchy 

remains the same but width and amplitude decrease for all the three cases. 
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Figure 4.9: Comparison of (a) Sagdeev potential, (b) compressive solitary 

structures for Maxwellian, kappa and (𝑟, 𝑞) distributed electrons and 

positrons for respective change in 𝛤, when 𝑀𝐴 = 0.41, 𝜃 = 60𝑜 and 𝛽 =

0.1. 

 

 

4.5 Conclusion 

This chapter encompasses detail analysis of coupled kinetic Alfven acoustic (CKAA) 

waves in three component e-p-i plasmas. The study specially emphases the role of positron 

concentration on linear and nonlinear evolution of the wave in e-p-i plasmas, where 

electrons and positrons are following generalized (𝑟, 𝑞) distribution. Linear analysis 

illustrates that CKAWs has two distinct modes, the fast mode and the slow mode. The 
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dependence of these modes on the nonthermal parameters 𝑟 and 𝑞 has been discussed in 

detail in the previous study of two component plasma [131]. In this chapter, some further 

investigations of these modes have been presented by focusing on three component e-p-i 

plasma and compared both cases. Linear analysis reveals that frequency of both modes is 

highly sensitive to positron population but increasing the positron population reduces slow 

mode frequency. Fast mode is Alfvenic mode and is independent of density perturbations. 

Addition of positrons largely increases the frequency of fast mode but after a certain 

frequency further increase in positron density has no impact upon frequency of linear wave. 

Analyzing the existence conditions of compressive and rarefactive solitons reveal that 

compressive solitons are possible only for sub-Alfvenic Mach number with two existence 

regimes for their propagation valid for both spiky as well as flat top cases. On the other 

hand, rarefactive solitary structures are possible only for spiky distributions and within 

single regime of 𝑀𝐴. The results show disparity from previous investigations in Maxwellian 

and kappa distributed e-p-i plasmas where only compressive structures were obtained 

[126,129]. Consequently, we can support the arguments of [36,57] that nonthermal species 

give rise to both positive and negative density perturbations. Compressive structures suffer 

from reduction of scale length and velocity due to inclusion of positron component. The 

addition of positrons hinders the speed of solitons for high sub Alfvenic velocities and 

speed grows for low sub Alfvenic velocities. Solitary structures are obtained when finite 

Larmor radius effect balances the nonlinear steepening, which is linked with the ion 

concentration of plasma. The higher values of  𝛤 means lower concentration of ions 

therefore density hump solitons become narrower and their existence range decreases in e-

p-i plasmas as compare to e-i plasma [131]. Presence of positron increases the scale length 

and velocity of rarefactive structures, inspiring us to implement our model for satisfactory 

analysis of density depletions observed in space plasmas. We can also predict existence of 

density perturbations in early universe astrophysical plasmas, pulsars, laser plasma 

interaction in confinement devices and antimatter research. 

 

  



 
 

92 
 

Chapter 5 

SUMMARY AND CONCLUSION 

Space observations of distribution functions showed significant deviation from Maxwellian 

distribution due to the presence of high energy tails and/or shoulders or flat tops in the 

distribution profile [38,39,44-49,53,54]. Such nonthermal distributions are described by 

kappa [37], Cairns [36] and generalized (𝑟, 𝑞) distributions [39,49,53,54] depending upon 

the shape of the distribution. In recent years, generalized (𝑟, 𝑞) distribution has become a 

better choice when distributions contain flat tops or spikes at low energies and/or high 

energy tails in the profile of the distribution function [51,58,73]. The (𝑟, 𝑞) distribution 

presents realistic fits to the observed distributions and there is a strong need to re-derive 

dispersion relations and existence regimes for linear as well nonlinear waves to have an 

exact understanding of the physical processes happening in space plasmas. 

There are numerous observations of flat top and spiky distributions in space plasmas. 

Electron heating mechanism and beam generation in the interplanetary shocks and earth’s 

bow shock were reasonably justified in the light of flat top observations of vella-4 [60], 

ISEE-2 [61] and ISEE-3 [63]. The electron beam instability caused by flat top electron 

distributions not only explained whistler mode generation in downstream shock region of 

Earth [64] but also in the interstellar shocks and magnetosheath of Venus, Jupiter and 

Saturn owing to the similarity of electric field spectrum of four planets [65]. Later on, the 

discrepancies in the electron temperature measurements at low energies (in the thermal 

range) were successfully resolved by determining the shape of the non-Maxwellian bulk 

distribution functions that were more likely flat top [66]. Study of flat top observations of 

Cluster in the reconnection regions of earth’s magnetospheres (X-line, off-equatorial 

region, neutral sheet) revealed that the heating mechanism of electrons having flat top 

distributions is quite different from superthermal electrons [67] and elucidated to 

understand transportation of solar wind particles in earth’s cusp region [68]. Theoretical 

analysis of untrapped flat top distributions showed good agreement with POLAR 

observations [71]. Presence of flat top electrons largely modified the dust ion acoustic 

solitary wave structure [72]. 
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The amply large amount of data on flat top, spiky and suprathermal distributions of charged 

particles persuade us to use realistic distribution function that better fit the observed data 

and help us to understand waves and instabilities in real plasmas. In this regard, Vasyliunas 

[37] first time employed 𝜅-distribution function by empirically fitting the observed data but 

the choice of parameter 𝜅 was not easily justifiable theoretically. Later on, generalized 

kappa [38] and Cairns [36] distribution functions were used in many theoretical models and 

the results were satisfactory as compared to the Maxwellian cases. However, observations 

of flat top and spiky distributions could not be explained by using the above mentioned 

distribution functions. Generalized (𝑟, 𝑞) distribution function [39] is the more general 

distribution function which encompasses both low energy and high energy parts of the 

observed velocity distributions [49]. Numerous studies have been performed where (𝑟, 𝑞) 

distribution has been employed to analyze different wave modes in space plasms. The 

results provided good quantitative fit of the Cluster data of electron velocity distributions 

in magnetosheath and proton velocity distribution of solar wind [51,54,56]. Recently, 

generalized (𝑟, 𝑞) distribution has become better choice to model nonthermal electrons not 

only in general cases but also in the special cases where electrons have two and three 

species, respectively [58,73]. Ensuing results fitted well the electron velocity distributions 

observed from Cluster experiment [74] and elucidated the energy transport mechanism in 

earth’s magnetosphere and cusp regions. Theoretical frame works, based on kinetic and 

fluid treatment of space plasmas, that employed generalized (𝑟, 𝑞) distribution function 

showed better agreement with the observed data and brought exact understanding of the 

physical processes happening in space plasmas [56,57,75]. Several authors have relied 

upon generalized (𝑟, 𝑞) distribution for adequate treatment of space and laboratory plasmas 

[77-84,131].                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                     

Kinetic Alfven waves (KAW) has been observed to play an important role in acceleration 

and heating of plasma particles in space and laboratory plasmas [8,87]. Plasma heating by 

resonant absorption of Alfven waves was proposed by many authors [88,89], however, 

Hasegawa and Chen [86] conjectured that this resonant absorption might be due to 

convective dissipation of the KAW. Later studies, in both collisional and collisionless 

regimes, showed that these waves dissipate both linearly and nonlinearly [90]. In-situ 

observations of electric field spiky structures associated with KAWs in auroral-ionosphere 

and magnetosphere, formerly through FREJA and FAST [12,20,94,96,97] and lately by 
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Magnetospheric Multiscale Satellite (MMS) [87], gave an impetus to theoretical work on 

solitary kinetic Alfven waves (SKAWs).  

In chapter-2, we have studied solitary KAWs using non-Maxwellian (𝑟, 𝑞) distribution 

function to obtain solitary structures by following fully nonlinear Sagdeev potential 

technique. We have found both compressive and rarefied solitary structures when electrons 

follow (𝑟, 𝑞) distribution in sharp contrast with Maxwellian case, where only compressive 

solitary structures have been obtained [91]. For compressive solitary structures, both width 

and amplitude experience a decrement for increasing Alfven Mach number 𝑀𝐴. For 

rarefactive solitary structures, there is an increase in amplitude and width of solitons with 

the increase in 𝑀𝐴. In addition to that, it has been found that as the angle of propagation 

increases, the maximum amplitude of the solitary waves shifts toward the lower values of 

Mach number. The wave can, however, propagate in a smaller range of 𝑀𝐴 for positive 

values of  𝑟 as opposed to negative  𝑟 values. For both compressive and rarefactive solitary 

structures, the amplitude obtained for the case of (𝑟, 𝑞) distribution has been found to be 

greater than the amplitudes obtained for kappa and Maxwellian distributed electrons. We 

have also found that rarefactive solitary structures can be obtained for both positive and 

negative values of spectral index 𝑟 confirming the strong dependence of such rarefactive 

solitary structures on the shape of the distribution at low energies. Therefore, not only high 

energy particles (in the case of kappa and (𝑟, 𝑞)  distributions) are responsible for the 

formation of rarefactive solitary structures but spikes at low energies (in the case of (𝑟, 𝑞) 

distribution only) also play an important role in the formation of rarefactive solitary 

structures.  

We analyzed our theoretical results in the light of observations of KAWs from different 

regions of space plasmas. Freja observed density dips of 10-60 % [20,22,101] from auroral 

region associated with the KAWs and from Fast data density dips up to 90% from cusp 

region [12]. Our model predicts the maximum density dips of about 65 % which is 

consistent with Freja and Fast observations. The observed values of magnetic field and 

temperature at Freja orbit are 𝐵 = 1 − 4 104 𝑛𝑇 and 𝑇 = 1 − 10 𝑒𝑉, respectively 

[22,101]. If we consider these observed values, the spatial scale length of the density 

depletions can be from 10 – 350 m. These spatial scales are also in agreement with the 

observed scale sizes of density depletions [22]. Furthermore, observations of density 

fluctuations by Freja were not only compressive but rarefactive as well, which is also 
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consistent with our theoretical results. Therefore, our results not only show strong 

dependence of the solitary structures on the shape of the distribution but also interpret the 

density depletion observations from different regions of space plasmas in a more 

satisfactory manner.  

In chapter-3, for the first time, we employ generalized (𝑟, 𝑞) distribution to study the 

nonlinear coupling of kinetic Alfven waves (KAWs) and ion acoustic waves (IAWs) in 

low-𝛽 plasmas by considering parallel ion inertia and current densities. The existence 

conditions and propagation characteristics of coupled kinetic Alfven-acoustic (CKAA) 

waves are thoroughly investigated followed by a comparison between Maxwellian and 

nonthermal distributions such as kappa and Cairns distributions. It is found that real 

frequency of CKAA waves is maximum for Cairns distribution, intermediate for 

generalized (𝑟, 𝑞) and minimum for kappa distribution. For all nonthermal distributions, 

the real frequency increases by increasing the nonthermal parameters (𝑟, 𝑞), 𝜅 and 𝛼. In 

case of (𝑟, 𝑞) distribution, the real frequency decreases when distribution becomes spikier. 

Also, by increasing angle of propagation, the real frequency decreases. 

In a plasma with (𝑟, 𝑞) distributed electrons, compressive solitary structures are formed for 

both positive and negative values of 𝑟 whereas rarefactive solitary structures are formed 

only for negative values of 𝑟. Compressive structures are formed in two distinct ranges of 

permissible Mach number for both positive and negative values of  𝑟 whereas for rarefactive 

solitary structures there is only one range of Mach number. Investigation of the existence 

conditions of rarefactive solitary structures reveals that for (𝑟, 𝑞) distribution, rarefactive 

structures are possible for larger range of Mach number for different values of negative 𝑟 

whereas the amplitude and width of rarefactive structures decrease as the distribution 

becomes spikier. In comparison, for kappa and Cairns distributions, rarefactive solitary 

structures are formed for a very small range of Mach number and only for one specific 

value of nonthermal parameter 𝛼 or 𝜅. Comparison of rarefactive solitary structures for 

nonthermal distributions shows that amplitude of rarefactive solitons is maximum for kappa 

distribution, intermediate for Cairns distribution and minimum for (𝑟, 𝑞) distributions. The 

width of rarefactive structures is maximum for Cairns, intermediate for kappa and 

minimum for (𝑟, 𝑞) distribution. The maximum amplitude shows strong dependence upon 

𝑟 and remains higher than Maxwellian and kappa. 
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It is found that flat top at low energies of the distribution function are essentially responsible 

for the formation of compressive solitary structures with larger amplitude as compared to 

the kappa or Maxwellian distributions which represent Gaussian peak at low energies. 

However, amplitude of rarefactive solitary structures decreases as the distribution becomes 

spikier and amplitude increases as the distribution tends to show Gaussian peak with 

enhanced nonthermal tail. However, both compressive and rarefactive solitary structures 

are possible with spiky distribution. By employing (𝑟, 𝑞) distribution, it is shown that 

nonthermal population is primarily responsible for the formation of large amplitude 

rarefactive solitary structures. Our results support the arguments [36] that in case of 

thermally distributed electrons, the solitary solutions are in the form of enhanced density 

but when nonthermal electron population is considered, both positive and negative density 

perturbations are possible.  

Electron-positron-ion (e-p-i) plasmas are known to have marked role in linking plasma 

physics with antimatter physics and astrophysics [114]. Positrons are supposed to be 

created, primarily, by annihilation in astrophysical situations of Pulsars [111] and active 

galaxies [113]. The outflow of positrons into interstellar medium and space plasmas 

through strong electromagnetic pulses, cosmis rays and relativistic jets constitutes three-

component e-p-i plasma. On earth, e-p-i plasmas are created in Tokamak by positron beam 

injection [117]. Existence of positrons in laboratory experiments is also reported in single 

antimatter plasmas [118,119], laser-plasma interaction [120-123] and interaction of highly 

energetic electrons with high-Z material [124]. Hitherto, most of the studies on SKAWs in 

three component plasmas were made by assuming electrons and positrons in thermal 

equilibrium and following the Maxwellian distribution.  

In chapter-4, we extended our investigations of arbitrary amplitude solitary structures of 

coupled KAWs in three component e-p-i plasmas where particles are obeying generalized 

(𝑟, 𝑞) distribution. We particularly focused on exploring the influence of positron 

concentration and nonthermal parameters 𝑟 and 𝑞 upon the solitary structures. Linear 

analysis showed that CKAWs has two distinct modes, the fast mode and the slow mode. 

The dependence of these modes on the nonthermal parameters 𝑟 and 𝑞 has been discussed 

in detail in the previous study of two component plasma [131]. It is found that frequency 

of both modes is highly sensitive to positron population but increasing the positron 

population reduces the slow mode frequency. Fast mode is Alfvenic mode and is 



 
 

97 
 

independent of density perturbations. Addition of positrons largely increases the frequency 

of fast mode but after a certain value further increase in positron density has no impact 

upon frequency of linear wave. 

Based on the existence conditions of compressive and rarefactive solitons, we concluded 

that compressive solitons are possible only for sub-Alfvenic Mach number with two 

existence regimes for their propagation valid for both spiky as well as flat top cases. On the 

other hand, rarefactive solitary structures are possible only for spiky distributions and 

within single regime of 𝑀𝐴. The results showed disparity from previous investigations of 

Maxwellian and kappa distributed e-p-i plasmas where only compressive structures were 

obtained [126,129]. Consequently, we supported the arguments of [36,57] that nonthermal 

species give rise to both positive and negative density perturbations. Compressive 

structures suffered the reduction in scale length and velocity due to the inclusion of positron 

component. The addition of positrons reduces the speed of solitons for high sub Alfvenic 

velocities and speed increases for low sub Alfvenic velocities. We also predicted the 

existence of density perturbations in early universe astrophysical plasmas, pulsars, laser 

plasma interaction in confinement devices and antimatter research based on our model 

results. 

The present study concluded that modelling of the plasma waves with real distributions 

found in space plasmas gives us far better results than their ideal Maxwellian counterpart. 

Therefore, results presented in this study are fundamentally imperative to understand the 

role of high as well as low energy part of the distribution in the formation of compressive 

and rarefactive solitary structures in both space and laboratory plasmas.  
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